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2 C. Castaing et al.

1 Introduction

In the present paper, we prove, under appropriate assumptions, the existence of
solutions for a second order evolution inclusion with boundary conditions governed
by subdifferential operators of the form

f@) €ii(t) + Mu(t) + 0p(u(t)),t € [0, T]. @

Here, M is positive, ¢ is a lower semicontinuous convex proper function defined
on R? and d¢(u(t)) is the subdifferential of the function ¢ at the point u(z) and
the perturbation f belongs to L%{d([O, T]). It is well known that this problem is
difficult and needs a specific treatment via the Moreau-Yosida approximation or
epiconvergence approach. See Attouch—Cabot—Redon [4] and Schatzmann [24] for a
deep study of these problems, Castaing—Raynaud de Fitte—Salvadori [11], Castaing—
Le Xuan Truong [8] dealing with second order evolution with m-point boundary
conditions via the epiconvergence approach. These considerations lead us to consider
the variational limits of a fairly general approximating problem

@) il (t) + Mi"(t) + Op,(u" (1)), 1 € [0, T] (ID)

where u" is a Wé’dl ([0, T])-solution, f" weakly converging in Lf{d ([0, TD to f, vn
is a convex Lipschitz function which epiconverges to a lower semicontinuous convex
proper function .. This approximating problem covers various type of problems of
practical interest in several dynamic systems, evolution inclusion, control theory etc.
Here we focus on several variational limits of solutions via the Biting Lemma and
Young measures and other tools occurring in this approach by showing under suit-
able limit assumption on the boundary conditions that (") is L};d ([0, T])-bounded.
This main fact allows to study the variational limit of solutions in this problem, in
particular, the traditional estimated energy for the variational limit solutions is con-
served almost everywhere. The applicability of our abstract framework given therein
(Proposition 3.3) will be exemplified in considering the existence of solution for
second order differential inclusions

f@) eii(t) + Mu(t) + Op(u(t)), t €[0,T]

under m-point boundary condition or anti-periodic conditions and further related
second order evolution inclusions in the literature. This will be done by applying our
abstract result to the single valued approximating problem

J1 @) =" () + M (1) + Ve, (u" (1)), 1 € [0, T] (III)

where V¢, is the gradient of the C!, Lipschitz, convex function ¢, that epi-converges
to a proper convex lower semicontinuous function ¢, and f” weakly converges in
Lfy ([0, T]) to f* so that the variational limit solutions u#*° to (III) are generalized
solutions to the inclusion
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@) € ™) + Mu™ (1) + 0poc ™ (1)), t € [0, T]
with appropriate properties, namely, the solution limit #*° is W};J([O, T1), that is,

u® is continuous and its derivative #2°° is bounded variation (BV for short) and the
estimated energy holds almost everywhere

e+ O = o) + 31l
—t [ aeRds + [ . o
with further related variational inclusion, in particular,
) € ¢ + Mu™ (1) + 0pos (u™ (1)), 1 € [0, T]

almost everywhere, (*° being the biting limit of the L{{d ([0, T])-bounded sequence
(@"). Section 3 is devoted to second order evolution inclusion with boundary con-
ditions. We present the variational limits of the general approximating problem (II)
and the applications of variational limits of the approximating problem (III) to the
existence problem of second order evolution inclusion (I) involving variational tech-
niques, the Biting Lemma, the characterization of the second dual of L ;{d and Young
measures. It is worth to mention that the approximation (III) occurs in practical
cases of second order evolution inclusion governed by subdifferential operators. For
instance, Attouch—Cabot—Redon [4] considered the approximating problem

0=u"(t)+~yu"(t) + Ve, " @)),t €[0,T]
u"(0) = ug, " (0) = uf

where  is positive, Vi, is the gradient of a C', smooth function. Schatzmann [24]
considered the approximating problem

f@) =iin(®) + 0pr(ur(t)),t € [0, T]
ux(0) = uo, 14)(0) = u,

where [ € L%d([O, T1) and Oy, is the Moreau-Yosida approximation to the lower
semicontinuous convex proper function . M. Mabrouk [19] continued the work of
M. Schatzmann [24] by considering the approximating problem

H@) =iix(t) + Vor(ur(®),t €[0,T]
u)(0) = uo, 11(0) = uy,
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with f) € Li{” ([0, T]). In Sect.4, we apply our techniques to the study of both first
order and second order evolution equations with anti-periodic boundary condition
using the approximating problem

[0 =" () + M (1) + Ve, " (1), t € [0, T]
u"(0) = —u"(T),

where u” € W ([0, T1)and f" € L%,([0, T1), see H. Okochi [22], A. Haraux [17],
Aftabizadeh, Aizicovici and Pavel [1, 2], Aizicovici and Pavel [3] and the references
therein.

A general analysis of some related problems in Hilbert space is available, c.f K.
Maruo [19] and M. Schatzmann [24].

2 Some Existence Theorems in Second Order Evolution
Inclusions with m-Point Boundary Condition

We will use the following definitions and notations and summarize some basic results.

e Let E be a separable Banach space, Bg(0, 1) is the closed unit ball of E.

e c(E) (resp. cc(E)) (resp. ck(E))(resp. cwk(E)) is the collection of nonempty

closed (resp. closed convex) (resp. compact convex) (resp. weakly compact con-

vex) subsets of E.

If A is a subset of E, §*(., A) is the support function of A.

L([0, T]) is the o-algebra of Lebesgue measurable subsets of [0, T'].

If X is a topological space, B(X) is the Borel tribe of X.

LIE([O, T], dt) (shortly LlE([O, T1)) is the Banach space of Lebesgue—Bochner

integrable functions f : [0, T] — E.

e A mapping u : [0, T] — E is absolutely continuous if there is a function & €
L% ([0, T1) such that u(t) = u(0) + [y ii(s)ds, ¥t € [0, T].

e If X isatopological space, C¢ (X) is the space of continuous mappingsu : X — E
equipped with the norm of uniform convergence.

e A set-valued mapping F : [0, 7] = E is measurable if its graph belongs to
L([0,T]) ® B(E).

e A convex weakly compact valued mapping F : X — ck(E) defined on a topo-
logical space X is scalarly upper semicontinuous if for every x* € E*, the scalar
function 6*(x*, F(.)) is upper semicontinuous on X.

We refer to [13] for measurable multifunctions and Convex Analysis.

For the sake of completeness, we recall and summarize some results developed
in [9]. By Wé’l([O, T1) we denote the set of all continuous functions in Cg ([0, T'])
such that their first derivatives are continuous and their second derivatives belong to
Ly ([0, T)).
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Lemma 2.1 Assume that E is a separable Banach space. Let0 <y <mp < --- <
Nm—2 < 1, v >0, m > 3 be an integer number, and o; e R (i =1, ..., m — 2) sat-
isfying the condition

m—2

Za,—l—i—eXp( 7= Za,eXp( ¥m)) # 0.

Let G : [0, 1] x [0, 1] — R be the function defined by

1
(@ —exp(—(—5)),0=<s=<r=<1 é B B
G(t,s) = [6 f<s <1 5 (1 —exp(—=1)) ¢(s),
2.1)
where
1 —exp(—y(1 — ) — XM 2 a; (1 — exp(—y(m; — ), 0 <s <171,
I —exp(—y(1 — ) — X2 a; (1 — exp(—y(m; — ), 1 <5 <12,
P(s) =
I —exp(—y(1 —)), Mm—2 <5 <1,
(2.2)
and

m—2 m—2 -1
A= (Z a; — L+ exp(=y) — Z Q; eXp(—’mi)) . (2.3)

i=l i=1
Then the following assertions hold

(i) For every fixed s € [0, 1], the function G(., s) is right derivable on [0, 1] and
left derivable on 10, 1]. Its derivative is given by

(8G) (t.5) = [exp( WmMD=S =T S exp(—10)60s),

ot ) O0<t<s<l1
2.4)
G, _ 0 |
(2) o= [P =02 2 2 i)
2.5)

(ii) G(-,-) and 9C.(-, ) satisfies

|G(t,5)| = Mg and ‘%—?(LS)

< Mg V(t,s)€][0,1] x [0, 1],

m—2
Mg = max{y~!, 1} |:1 + |A] (1 + z |Oéi|)i| .

i=1

where
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(iii) Ifu € W' ([0, 1]) with u(0) = x and u(1) = 37" cuu (), then

1
u(t) = ex(t) +/ G(t, s)(i(s) + yu(s))ds, Vtel0,1],
0

where
m—2

e(t)=x—+ A (1 - Z ai) (1 — exp(—71))x.

i=1

(iv) Let f € L}E([O, 1) and letuy : [0, 1] — E be the function defined by

1
up(t) =ex(t) +/0 G(t,s)f(s)ds Vtel0,1].

Then we have
m—2

ur(0)=x us(l) = Zaiuf(nil

i=1

Further the function uy is weakly derivable on [0, 1] and its weak derivative
iy is defined by

_ 1
g (1) = lim ”f“h; O o+ / %—f(t,s)f(s)ds,

with

m—2
ex(t) =~A (1 — z a;)exp(—’yt)x.

i=1

(v) If f e L}E([O, 11), the function 1 ; is weakly derivable, and its weak derivative
ii p satisfies
ip(t) +yup) = f(t) ae.t€l0,1].

The following is a direct consequence of Lemma 2.1.

Proposition 2.1 Let f € LL.([0, 1]). The m-point boundary problem

[ii(t) +u(t) = f(t), t € [0,1]
w(0) = x, u(l) = 377 au(n)

has a unique Wé'] ([0, 11)-solution u y, with integral representation formulas

up(t) = e(t) + [ G(t,8) f(s)ds, 1 € [0, 1]
(1) = éx(0) + [} 251, 5) f(s)ds, t € [0, 1].
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where
ex(t) = x + A(l = 3157 ) (1 — exp(—71)x
ey =74 (1= Z157 i) exp (—yn)x
A= (S0 o= 1 exp(—) — S0 avexp(—r ()
The following result and its notation will be used in the next section.

Proposition 2.2 With the hypotheses and notations of Proposition 2.1, let E be a
separable Banach space andlet X : [0, 1] = E be a measurable convex weakly com-
pact valued and integrably bounded mapping. Then the solution set of Wé’l ([0, 1)-

solutions to
Iﬁf(n +ig (1) = f(1), f €Sk
up0) =x, up(l)y=3""72cus(m)

is bounded, convex, equicontinuous and sequentially weakly compact in Cg([0, 1]).

Proof Let us set

1
X = [uf €Ce([0, 1] 1 uys(t) = ex(t) +/ G(t,s)f(s)ds, t €[0,1], f € S)'(]
0

with

ex(t) = x + Al = 372 ap)(1 — exp(—y0)x, £ € [0, 1]
eu(t) = vA (1 s ai) exp (—y0)x, t € [0,1]

~1
A = (X0 e — 1+ exp(—y) — T asexp(—y ()

Taking account of the properties of G in Lemma 2.1, it is not difficult to show that
X is bounded, convex, equicontinuous and relatively weakly compact in Cg ([0, 1])
because for each r € [0, T'], fol G(t,s)X (s)ds is convex and weakly compact, see
e.g. [11]. We only need to check the compactness property since other properties
are obvious. Indeed, let u;, € X'. As S)l( is o(L! ,L%O;) sequentially compact, we
may assume that (f,) o(L}, L%"?) converges to f € S,l(. Then we have for each
t €[0,1],

1
w—limug (1) =e (t) +w— lim/ G(t,s) fu(s)ds
n n O

1
=e,(1) +/ G(t,5) foo($)ds :=up (2).
0
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This means that u () converges to uy_(t) in E, for every ¢ € [0, 1]. Hence u,
converges weakly in Cg ([0, 1]) to u s € X. Similarly using the properties of %—? in
Lemma 2.1,

1
Y= {L'tf €Ce([0, 1]t p (1) = ex(®) +/ %—?(r,s)f(s)ds, tel0,1], fe S)l(}
0

is bounded, convex, equicontinuous and sequentially weakly compact in Cg ([0, 1])
with
e =7A (1= 57 ap) exp (=0, 1 € [0,1]

~1
A= (Z?’L}z a; — 1+ exp(—y) — X2 a eXp(—v(m))) :

and we have
. . . [toG
w—limiy (1) = é.(t) +w — hm/ E(l, s) fu(s)ds
n n 0
gle;
=¢,(1) —l—/ ——(t, ) foo(s)ds :=uy ().
o Ot

This means that i z, () converges to it s,_(¢) in E, for every t € [0, 1]. |

Remark In the context of Control Theory, we have stated in the proof of Proposition
2.2, the dependence of the solution with respect to the control f € Sk. Namely, if
uy, is the Wé’l([O, 1])-solution to

{ﬁfn(f) + iy, (1) = fu(t), tel0,1]
w0 = 2. () = XI5 g, )

and if (f,;) converges o(LL, L%?) to fxo € S)l(, then (u g, (¢)) converges to u _(¢) and

(it s, (¢)) convergestoii s (t),in E, forevery ¢t € [0, 1] where u r_ is the Wé’l ([0, 1D)-
solution to . )
[”f;o(t) +yig, (1) = foolt), tze [0, 1]
up, 0y =x, wup (1) =27 auy, ().

The above remark is of importance since it allows to prove further results. Here is
an application to the existence of Wé’l ([0, 17)-solution to a second order differential
inclusion with m-point boundary condition.

Proposition 2.3 Let X : [0, 1] = E be a convex weakly compact valued measur-
able and integrably bounded mapping, F : [0, 1] x E x E = E be a convex weakly
compact valued mapping satisfying
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(1) Foreachx* € E*, the scalar function §*(x*, F(., .,.)) is £,([0, 1]) ® B(E,) ®
B(E,)-measurable,’

(2) For each x* € E* and for each t € [0, 1], the scalar function §*(x*, F(t, ., .))
is sequentially weakly upper semicontinuous, i.e., for any sequence (x,) in E
weakly converging to x € E, for any sequence (y,) in E weakly converging to
y € E, limsup, 6" (x*, F(t, Xy, y,)) < 6" (x*, F(¢, x,)),

(3) F(t,x,y)e X(t)forall (t,x,y) €[0,1] x E x E.

Then the Wé’l ([0, 1])-solutions set to

[ii(t) +~u(t) € F(t,u(t),ut))), t € [0, 1]
w0 =x, u(l)=3""7aumn)

is non empty and weakly compact in the space Cg ([0, 1]).

Proof The sets

1
X = [uf €Ce([0,1] 1 uys(t) = ec(t) +/ G, s)f(s)ds, [ e S,l(, t €0, 1]]
0

(2.3.1)
and
Y= {b'tf €Cp(0, 1] : iy () = ex () +/01 %(t,S)f(S)ds, tef0.1], feSy
(2.3.2)

are bounded, convex, equicontinuous and weakly compact in Cg ([0, 1]). By condi-
tion (3), it is clear that
F(t,up(t),us(t)) C X(t) (2.3.4)

for all r € [0, 1] and for all f € S)'(. Further, recall that S)'( is o(L1., L%.)-compact
(seee.g.[10]). Using (1)—(3), foreach f € S}(,letus consider the convex o (L1, L%)-
compact valued mapping W : S} = Sy, defined by

W(f):={geSk:gt)e F(t,us(t), i), ae.t €0, 1]}

Now we are going to show that W is upper semi continuous on the convex o (L L, L%)-
compact set k. We need to check that the graph of W is o(L},, L% )-closed in
Sk x Sk. Let g, € W(f,) such that f,, o(LL, L%)-converges to f € S} and g,
o(LL, L%.)-converges to g € S)l(. By compactness of X and ), it follows that
up(t) = usp(t)in E;andiiys, (t) — uy(t) in E, forevery t € [0, 1]. From the inclu-
sion g, € W(f,), we have, for each x* € E* and for each A € L, ([0, 1])

1Actually B(E,) = B(E) since E is separable.
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(La(Ox™, gn (1)) < 1a()0"(x™, F(t,uy, (1), 15, (1)),

so that, by integration,

/(x*,gn(t»dt §/<x*,F(t,ufn(t),ufn(t))>dt.
A A
We thus have
[ e gonde =tim [ gy @nar
A nJA
< limsup/ O (x*, F(t,uy (1), 1y, (1))dt
n A
5/5*(x*,F(t,uf(t),uf(t))>dt.
A

Whence we get

/(x*,g(t))dt 5/5*(x*,F(t,uf(t),uf(t))dt
A A

for every A € £,([0, 1]). Consequently
(%, 9(0) < 6" (", F(t,uyp (1), iy (1)) ae.

Taking a dense sequence (ef) in E* with respect to the Mackey topology 7(E*, E),
we get
(e, g()) < 6 (ep, F(t,usp(t),up(1)) a.e.

for all k € N. By [13, Proposition II1.35], we get finally

gt) € F(t,us(t),urp(t))) a.e.

which proves that g inW(f). Whence by Kakutani-Ky Fan fixed point theorem
W admits a fixed point f € S )1( This is a solution to the second order differential
inclusion under consideration. Using Lemma 2.1, such a fixed point f verifies

ip(t)+yup(t) e F(t,up(t),us(t)), ae. t €[0,1]
w0y =x, wup(l)=""72au(m).

The compactness of the solution set follows from the compactness of X. |

Second Order Evolution Inclusions Governed by Subdifferential Operators

We need to recall and summarize some notions on the subdifferential mapping of
local Lipchitz functions developed by L. Thibault [25]. Let E be a separable Banach
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space. Let f : E — R be alocally Lipschitz function. By Christensen [14, Theorem
7.5], there is a set D such that its complementary is Haar-nul (hence D is dense
in E) such that for all x € Dy and forallv € E

Jfx +0v) — f(x)
)

re(x,v) = %i_l)l’(l)

exists and v > ry(x, v) is linear and continuous. Letus set V f (x) = ry(x,.) € E*.
Thenry(x,v) = (V f(x),v), Vf(x) is the gradient of f at the point x. Let us set
Le(x)={lim Vf(x;)|lx; € Df, x; = x}.
j—o00

By definition, the subdifferential O f (x) in the sense of Clarke [15] at the pointx € E
is defined by
0f(x) =coLy(x).

The generalized directional derivative of f at a point x € E in the direction v € E
is denoted by

F(r.v) = limsup LEFAT = fGE+h)
h—0,0—0 5

Proposition 2.4 Let f : E — R be a locally Lipchitz function. Then the subdiffer-
ential O f (x) at the point x € E is convex weak star compact and

J(x,v) = sup{(C7, v)IC" € 0f (x)} Vv eE
that is, f-(x,.) is the support function of 0 f (x).
Proof See Thibault [25, Proposition 1.12]. |
Here are some useful properties of the subdifferential mapping.

Proposition 2.5 Let f : E — R be a locally Lipchitz function. Then the convex
weak star compact valued subdifferential mapping O f is upper semicontinuous with
respect to the weak star topology.

Proof See [25, Proposition 1.17]. Indeed we have

50, 0F (X)) = f(ri v) = limsup LI 5? —fa ]
h—0,0—0

As f'(.;v) is upper semicontinuous and 0 f is convex compact valued in E}, by
[13], O f is upper semicontinuous in E7. |

Proposition 2.6 Let (T, 7) a measurable space, and let f : T x E — R such that
f (., ¢) is T-measurable, for every C € E.
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f(t,.) is locally Lipschitz for every t € T.

Let f, (x; v) be the directional derivative of f(t,.) := f; in the direction v for every
fixed t € T. Let x and v be two T -measurable mappings from T to E. Then the
following hold:

(a) the mapping t — f,;(x(t); v(t)) is T-measurable.
(b) the mapping t — O f;(x(t)) is graph measurable, that is, its graph belongs to
T ® B(EY).

Proof See Thibault [25, Proposition 1.20 and Corollary 1.21]. Note that the con-
vex weak star compact valued mapping ¢ — Of;(x(t)) is scalarly 7 -measurable,
and so enjoys good measurability properties because E} is a locally convex Lusin
space. |

We begin with a second order differential inclusion involving the subdifferential
operator.

Proposition 2.7 Assume that E = RY and h:[0,1]xRYxR? > R? be a
bounded Carathéodory mapping, that is, h is separately Lebesque-measurable
on [0, 11, separately continuous on R? x RY, ||h(t, x, V)|| < a(t), Y(t,x,y) €
[0, T] x R? x R where « is positive Lebesque-integrable. Let f : [0, 1] x E — R
be a mapping such that

(1) Vx € E, f(.,x) is Lebesgue-measurable,

(2) There exists 3 € L}H([O, 1]) such that, for all t € [0, 1], forall x,y € E,

I1Lf @ x) = f@ nIl < BOIx = yll.

Then the following hold
(a) Of,(x) C B(t)Bg, forall (t,x) € [0,1] x E,
(b) The W5 ([0, 1])-solution set to

[ i(t) +~vyu(t) € 0f;(u(t)) + h(t,u®),u()), ae.t €0, 1]
w(©0) =x, u(l)=>"720um)
is compact in the space Cg ([0, T]).

Proof The proof is immediate by applying Proposition 2.3 to the convex compact
valued mapping (¢, x, y) — 0f:(x) + h(t, x, y), taking account of the properties of
the subdifferential mapping and its measurable properties given in Proposition 2.6.

|

We finish this section with a variant which has some importance in the study of
epiconvergence problem for the approximating system

U(t) 4 yu(r) = h(t, u@), u(t)) — Vou(r))

where ¢ is C! and Lipschitz.
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Proposition 2.8 Assume that E =R?, ¢ : E — R is C', Lipschitz, and that h :
[0, 1] x R? x R? — R? is a bounded Carathéodory mapping, that is, h is separately
Lebesque-measurable on [0, 1], separately continuous on R? x RY, ||h(t, x, y)|| <
a(t), V(t,x,y) € [0, T] x R? x R? where v is positive Lebesque-integrable. Then
the Wé’l ([0, 1])-solution set to

[ii(t) 4+ yu(t) = h(t,u(t), u(t)) — Vo(u(r)) ae. t €0, 1]
w(0) = x, u(l) =" uln)

is compact in the space Cg([0, T]).

Proof The proof is immediate by applying Proposition 2.3 with F(¢,x,y) =
h(t,x,y) — Vpx),Y(t, x,y) € [0,1] x E x E and by observing that the subdif-
ferential x — Jp(x) = Vp(x) is bounded and continuous. |

3 Applications. Towards the Variational Convergence in
Second Order Evolution Inclusions

Let us recall a useful Gronwall type lemma [12].

Lemma 3.1 (A Gronwall-like inequality) Let p,q,r : [0, T] — [0, oo[ be three
nonnegative Lebesgue integrable functions such that for almost all t € [0, T]

r(t) < p(t) +q(t)/ r(s)ds.
0

Then . .
r() < p() +q(0) / [p(s) exp( / ¢(r) dm)]ds
0 K

forallt € [0, T].

‘We recall below some notations and summarize some results which describe the
limiting behavior of a bounded sequence in LIH ([0, TT). See [10, Proposition 6.5.17].

Proposition 3.1 Let H be a separable Hilbert space. Let ((,,) be a bounded sequence
in L}{([O, T1). Then the following hold:

(1) () (up to an extracted subsequence) stably converges to a Young measure v
that is, there exist a subsequence () of (C,) and a Young measure v belonging
to the space of Young measure Y ([0, T]; H,) with t — bar(v,) € L}LI([O, T
(here bar(v,) denotes the barycenter of v;) such that

T T
lim / h(t, €, (1)) dt) =/ [/ h(t, x) Vt(dx):| dt
n—oo 0 0 H
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for all bounded Carathéodory integrands h : [0, T] x H, — R,

(2) (¢y) (up to an extracted subsequence) weakly biting converges to an inte-
grable function f € L}i([O, T]), which means that there is a subsequence (C),)
of (¢u) and an increasing sequence of Lebesgue-measurable sets (A,) with
lim, A(A,) =1and f € L},([O, T1) such that, for each p,

Tim_ /A (h(1). G, (1) di = /A (h(D), £(1)) di

forallh € L5 ([0, TY),

(3) () (up to an extracted subsequence) Komlos converges to an integrable func-
tion g € L},([O, T1), which means that there is a subsequence () and an
integrable function g € L}LI([O, T1), such that

1,
lim — "G, )() = g(1), ae. €[0, T,

n—o0o 1

for every subsequence ( f-n)) of (faw))-

(4) There is a filter U finer than the Fréchet filter such that U —lim, (, =1 €
(L), our Where (LSS, .1 is the second dual of L}, ([0, T1).
Let w;, € L}L,([O, T]) be the density of the absolutely continuous part l, of | in
the decomposition | = 1, + [; in absolutely continuous part l, and singular part
L.
If we have considered the same extracted subsequence in (1)—(4), then one has

f@) =g@) =bar(v,) = w,(t) ae.t €[0,T].

By Wli;,1 ([0, T]) (resp. Wé’f([o, T]) we denote the set of all continuous functions
in Cra ([0, T']) such that their first derivatives are continuous and their second deriv-
atives belong to Ll'y([O, T1) (resp. sz[,([O, T1)) and by W;’&([O, T]) we denote the
set of all continuous functions in Cra ([0, T]) such that their first derivatives are of
bounded variation (BV for short).

We begin with a preliminary result which shows the limiting properties of
Wé’dl ([0, 1])-solutions for a second order ordinary differential equation with m-point
boundary conditions.

Proposition 3.2 Let E = R?. Let () nen be a bounded sequence in LIE ([0, 1)). For
eachn € N, let us consider the WZJl([O, 1])-solution u,, : [0, 1] — E of the equation

m—2

i (1) + it (1) = (1), 1 €10, 11 u,(0) =x, up(1) = D i, ().

i=1

Then there exist a subsequence of (u,) still denoted by (u,), a Wé’é([O, 1])-function
u : [0, 1] — E anda Young measurev € Y ([0, 1]; E) suchthatt +— bar(v;) belongs
to LIE([O, 1]) which satisfy the following conditions:
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(a) (u,(.)) converges in Cg ([0, 1]) to u(.) withu(0) = x, u(1) = 27:12 a;u(n;).
(b) (u1,(.)) converges in L}E([O, 1]) to u(.).
(c) (03,) stably converges in Y (|0, 1], E) to v.
(d) Assume further that the negative parts (u,, ii,)~ of the functions (u,, ii,) are
uniformly integrable in Lllz([O, 1]).
Then

1 1 o1
lim inf/ (up (1), iy (1)) dt 2/ (u(t), bar(vy)) dt :/ [/ (u(t), x) V[(dx)] dt.
n—00 Jo 0 JO E

Proof Existence and uniqueness of a Wﬁ’l ([0, 1])-solution for the equation

m—2

iin (1) + ity () = fu(0), 1 € 10,11 u (@) =x, u(l) = D" aiulm).

i=1

are ensured by Proposition 2.1 with integral representation formulas

Un(1) = ex(t) + [} G(t,5) fu(s)ds, t € [0, 1]
(1) = éx(0) + [ 21, ) f(s)ds, t € [0, 1]

where

ex(t) =x + A(l — X7 o) (1 — exp(—y1))x
éx(t) =~A (1 — Z;"z_lz ai) exp (—v1)x

-1
A = (X0 e — L+ ep(—y) = X5 aexp(—y(m))

Since (£, (.)) is bounded in L'E([O, 1]) by assumption, (i, (.)) is uniformly bounded
by using the integral formula for u, and the boundedness of the Green function
G given in Lemma 3.1. So (i,(.)) is uniformly bounded and bounded in vari-
ation. In view of the Helly-Banach theorem (see e.g. [20, p. 11]), we may, by
extracting a subsequence, assume that (i, (.)) pointwise converges to a BV func-
tion v(.). Let us set u(t) = [y v(s)ds for all £ € [0, 1]. Then u € Wy ([0, 11)
with u(z) = v(r) for almost every ¢ € [0, 1]. Then (1,(.)) is uniformly bounded
and pointwise converges to v(.). By Lebesgue’s theorem, we conclude that (i,,(.))
converges in LIE([O, 1]) to u(.). Hence (u,(.)) converges uniformly to u(.) with
u)=x,u(l) = Zf”z_lz a;u(n;). It remains to check (c) and (d). Since (ii,(.)) is
bounded, in view of Proposition 3.1, we may assume that the sequence (d;,) of asso-
ciated Young measures stably converges in ) ([0, 1], E) to a Young measure v such
that # +— bar(v;,) belongs to LL ([0, 1]). Let us prove the last Fatou property (d). We

may suppose that
1

a = lim (un(t),iin(2)) dt € R.

n—oo
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Furthermore, since (i, (.)) is bounded in L}E([O, 1]), in view of Proposition 3.1 we
may suppose that (ii, (.)) weakly biting converges to a function f € LlE([O, 1]), that
is, there exist a subsequence (still denoted by (ii,(.))) of (ii,(.)) and an increasing
sequence of measurable sets (A,) in [0, 1] such that lim,_, o, A(A,) = 1, and such
that, for each p andforeachg € LY (A,, A, N L([0, 1]), )\IA,,), the following holds:

lim (iin(t),g(t))dIZ/ (f(0), g(0))dt.

n—00
Ap Ap

Let ¢ > 0 be given. Pick N € N such that

/A(u(t),f(t))dtZ/ (u(), f()dr —e,

[0.1]

and that
lim sup/ (u, (1), i, (1)) dt <e
[0,1\Ay

n—oo

(this is possible because ({u,,ii,)”), is uniformly integrable by hypothesis). As
[lu, (.) — u(.)|| = O uniformly, it is easy to see that

lim lun (1) — u @I [iin ()| dt = 0.
n—o0 AN

See [6, 16] for a more general case. Whence
lim [ / G (1), i (1)) dt — / (u(t), iin (1)) dt] = 0.
n—oo Ay Ay
An easy computation gives
a > lim (uy (1), i, (t)) — lim sup/ (u, (1), U, (1))~ dt
=00 J Ay n—00 [0,1\AN

> lim (u, (1), it, () dt — .
n—0oQ AN

Finally we get

a > lim (uy (1), i, (t))dt — e

n—0o0

= lim / (u(t), ii,(t))dt — e
n—00 AN

/A (), f@)dr —e
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z/ W (o), £(0) di — 2e.
[0,1]

By virtue of Proposition 3.1 f(#) = bar(v;) a.e. The proof is therefore complete

because . .
/ (u(t), bar(v,)) dt =/ [/ (u(®), x) z/t(dx)} dt. -
0 0 E

The above techniques can be used to prove the existence of a solution for second order
evolution inclusion with boundary conditions governed by subdifferential operators
of the form

f@) €ii(t) + Mu(t) + 0p(u(t)),t € [0, T] 9]

where M is positive, ¢ is a proper convex proper lower semicontinuous function
defined on R?, and O (u(t)) is the subdifferential of the function ¢ at the point u(¢)
and the perturbation f belongs to L%d([O, T1). Similar results in this direction are
obtained by [1-4, 11].

Now we present a fairly general result for the approximating problem via the
epiconvergence approach in a second order evolution problem. The applicability of
our abstract results will be exemplified below.

Proposition 3.3 Assume that M > 0, 0 € L%ﬁ([O, T]). For each n € N, let @, :
R? — R* be a convex, Lipschitz function and let oo, be a nonnegative L.s.c proper
function defined on R? such that @, (x) < oo (x) foralln € Nandforall x € R?. Let
fre Lfy([O, T1) such that || f,(t)|| < B(t), Vn € N, Vt € [0, T]. For eachn € N,

let u" be a Wli‘dl ([0, T)-solution to the problem

fr@) € i (1) + Mu"(t) + 0, (u" (1)), 1 € [0, T]
u"(0) = ul; " (0) = il

Assume that

(i) f" o (L, Las)-converges to f € L}, ([0, T1),
(ii) @, epi-converges t0 Yoo,
(iii) lim, u"(0) = ug® € dom Yoo, lim, @, (u"(0)) = Yoo (uy’), and lim, u"(0) =
ug,
(iv) There exist ro > 0 and xo € R? such that

T
sup  sup / Yoo l(xg + rou(t)) < 400
0

neN yeB, -
VES L @0.7)

where EL:?,([O,TD is the closed unit ball in L%?,([O, T).
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(a)

(b)
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Then up to extracted subsequences, (u") converges uniformly to a
W}g’& ([0, TD-function u®™ and (") pointwisely converges to a BV function v
with v>° = u, and (ii") biting converges to a function (* € Lllld([O, T]) so
that the limit function u™, u* and the biting limit (*° satisfy the variational
inclusion

e+ Mui™+01, ™)

where 01,_ denotes the subdifferential of the convex lower semicontinuous inte-
gral functional 1, defined on L3 ([0, T])

T
I () = / one () dt, Y € L (0, 7).
0

Furthermore lim,, o, (u"(t)) = poo(@™(t)) < 00 a.e. and lim, fOT (U (1))

dt = fOT Yoo (@™ (t))dt. Subsequently, the energy estimate holds true almost
everywhere t € [0, T,

=9} 1 . 00 2 0 ! 1002
Poo (1)) + S 1™ DII" = Poo(g)) + Flitg”||

- / (M (s), i (s))ds + / (s, £(5))ds.
0 0

Further (ii") weakly converges to the vector measure m € /\/lf{d ([0, T so that
the limit functions u® (.) and the limit measure m satisfy the following variational
inequality:

T 1 1
/0 Poo(v(r)) dt Z/O @oo(uoo(l))dl+/0 (=M™ (1) + 1), v(1) —u™ (@) dt

oo
M= TN D 10.71).Coa (0.7
In other words, the vector measure —m + [—Mu*> + f*°]dt belongs to the
subdifferential 0J, (u™) of the convex functional integral J,_ defined on

Cre([0. T1) by J,, (v) = [ poo(t, (1)) dt, Vv € Ca([0, T1).
There are a filter U finer than the Fréchet filter, | € Llof,, ([0, T such that

U —lim[f" —i" — Mi" =1 € LE([0, T,

weak

where Li’{f, ([0, T1).,) 1 i the second dual OfLiy ([0, T']) endowed with the topol-
ogy o(Lg ([0, T1)', L3 ([0, T]) and n € Cra([0, T1),,,oy Such that

wea

weak

lim[ f" — ii" — Mi"] = n € Cra ([0, T1)!
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(c)

where Cra([0, T1).,,.. denotes the space Cra([0, T1) endowed with the weak
topology o(Cra([0, T]), Cra([0, T1)). Let I, be the density of the absolutely
continuous part l, of | in the decomposition | = 1, + I, in absolutely continuous
part l, and singular part l;. Then

T
la(h) = /0 (h(t), f(t) — ¢ () — Mu™(1))dt
forall h € Li’fd([O, T)) so that
I:w(l) =l (f% — (% = Mu™) +6"(;, dom 1)

where @3 is the conjugate of ¢e, Iy the integral functional defined on
Lllzd([O, T1) associated with 7, 1  the conjugate of the integral functional
loy., dom 1, = {u € L3;([0,T]) : I, (u) < oo} and

T
n, h) = /0 (£ = (@) — M (), h(1))dt + (ng, h), Vh € Cpa ([0, T).

with (ng, h) = I;(h), Yh € Cra([0, T)). Further n belongs to the subdifferential
0J,.. (u™®) of the convex lower semicontinuous integral functional J,_ defined
on Cra ([0, T])

T
Joo (1) ::/ Yoo (t))dt, Yu € Cra([0, T]).
0

Consequently the density [ — (> — Mu®> of the absolutely continuous
part ng

T
n, (h) 1=/ (f*@) = () — Mu™(t), h(t))dt, Vh e Cra([0, T])
0
satisfies the inclusion

Ft) — (1) — Mi™ (1) € 0pos(u™(1)), a.e.

and for any nonnegative measure 0 on [0, T] with respect to which ny is
absolutely continuous

”;“‘ (0)do(t)

T dnY T
/()h¢;(d—é(t))d9(l)=/o =), 7

. . N
here h: denotes the recession function of 3.
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Proof Step 1 ||u"(.)|| and p, (u,(.)) are uniformly bounded.
Multiplying scalarly the inclusion

1) — (1) — M (1) € Do (1)
by i" (1) and applying the chain rule theorem [21, Theorem 2] yields
(), 10 — {0, 0(0) — (@ 0), Mty (1) = & i g (1)

that is,

— (M0, 8 O) + @O, 10 = 5 [son(un(r» + %nu"(rw] 63D
Integrating this equality on [0, 7], we get

o) + O

= a0 + S O
- /0 M s). i (5))ds + /0 i (5). £ (5))ds

1
< . (" (0)) + 5||»z"<0)||2

l—

t t
+M/ IIit"(s)IlzderIIf"IIL;d([o,T]) (/ IIﬂ"(s)Ilzds)
0 0
1.
< @n (" (0) + 5 |l )7
t 1 t
+M/ " ()I1ds + =11 f" 122 oy 1+/ [[i2" ()] *ds
0 2 Rd 0

1.
< . (u"(0)) + 5||u”<0)||2
t 1 t
+M/ ||u"<s>||2ds+§||ﬂ||L;([o,n> (1+/ ||u"(s>||2ds).
0 0

Then, from (iii), the preceding estimate and the Gronwall like inequality (Lemma
3.1), it is immediate that

sup sup [[u"(®)]] < +o0 and sup sup @,@" () < +oo. (3.3.2)
n>11€[0,T] n>11€[0,T]

Step 2 Estimation of ||ii" (.)||. As
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(1) = (1) — i (1) — Mi" (1) € Opu(u" (1))
by the subdifferential inequality for convex lower semi continuous functions we have
Pn(X) = @u " (1)) + (x —u" (1), 2" (1))

for all x € R?. Now let v € EL;,([O,T]), the closed unit ball of L, [0, T']). Taking
x = w(t) := xo + rov(?) in the preceding inequality we get

en(w(n) = @ " (@) + (w(t) —u" (1), 2" ().

Integrating the preceding inequality gives
T
/ (xo + rov(t) — u" (1), 2" (1))dt
0
T T
= / (xo —u" (1), 2" (1))dt + ro/ (v(), 2" (1))dt
0 0

T T
5/ wn(XO+rov(t))dt—/ Pn (" (1))dr.
0

0

‘Whence follows
T T
o / (@), 2 (O)dr < / n (o + rov(t))d (333)
0 0
T T
- / (W (D)t — / (xo — u" (1), 2" (1))d1.
0 0

We compute the last integral in the preceding inequality. For simplicity, let us set
vi(t) = u"(t) — xo forall ¢ € [0, T]. By integration by parts and taking into account
(3.3.2), we have

T T
—/0 (xo —u"t (), " (t))dt = _/0 (@), 1" (1) + MO (1)) — f())dt (3.34)

T T
= — [(V"(1), V" (1) +Mv”(t)]g +/O (i;"(z),iJ"(t)+Mv"(t)>dt+/o "), fM@))dt

< — (D). (D) + (0 (0). 3" () — (MU (T, v'(T))
T T T
(MU (0), v (0)) + /0 110" (1)1 2dt + /O (57 (1), M (1)) dt + /O W @), f (o)

By (3.3.2)—(3.3.4), we get

T T
o / (), 2 (Ot < / o (X0 + rov())di + L (33.5)
0 0
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for all ve B L (0,77, Where L is a generic positive constant independent of
n e N. By (iv) and (3.3.5) we conclude that (" = f" — ii" — Mu") is bounded in
Rd ([0, T']), then so is (ii"). It turns out that the sequence (i") is uniformly bounded
by using (3.3.2) and is bounded in variation. By Helly theorem, we may assume that
(") pointwisely converges to a BV function v™ : [0, T] — R and the sequence
(u") converges uniformly to an absolutely continuous function #* with > = v
a.e. At this point, it is clear that (it,,) converges in Li{d([O, T1]) to v™°, using (3.3.2)
and the dominated convergence theorem. Hence (Mu"(.)) converges in L}{d ([0, T
to Mv>(.).
Step 3 Young measure limit and biting limit of ii,,. As (ii,,) is bounded in Llly (0, T,
we may assume that (ii") stably converges to a Young measure v € ) ([0, T']); RY)
with bar(v) : t — bar(y,) € Llll,,([O, T]) (here bar(v;,) denotes the barycenter of ;).
Further by Proposition 3.1, we may assume that (ii") biting converges to a function
(* : t — bar(v,) that is, there exists a decreasing sequence of Lebesgue-measurable
sets (B,) withlim, A(B,) = 0 such that the restriction of (ii,) on each B; converges
weakly in Ly, ([0, T]) to ¢*. Note that (Mi") converges in Ly, ([0, T]) to Mv™
It follows that the restriction of (" = f" — ii" — Mu") to each B}, weakly con-
verges in L] re ([0, T]) t0 2% 1= f — (> — Mv™, because (f") weakly converges
in Ly, ([0, T]) to £, (Mu”) converges in Ly, ([0, T]) to Mv®™ and (ii") biting
converges to (*° € Lllzé,([O, T)). It follows that

lim/(—ii” W), wit) — u (1)) :/(—bar(u,) W), w(t) — ult))dt
g g (3.3.6)

for every B € B, N L([0, T]), and for every w € Lg; ([0, T']), where W"(r) =
Mu"(t) — f" (1) and W) = Mu™ () — (). Indeed we note that (w(t) — u"(t))
is a bounded sequence in Lg; ([0, 1]) which pointwisely converges to w(¢) — u®(t),
it converges uniformly on every uniformly integrable subset of Lllzd ([0, T']) by virtue
of a Grothendieck Lemma [16], recalling here that the restriction of —ii" — W" on
each B, is uniformly integrable. Now, since ¢, lower epiconverges to ¢, for every
Lebesgue-measurable set A in [0, T], by virtue of Corollary 4.7 in [11], we have

+ 00 > lim inf/ o, " (1))dt > / oo (U™ (2))dt. 3.3.7)
n A A
Combining (3.3.2)—(3.3.5)—(3.3.6)—(3.3.7) and using the subdifferential inequality
on(w()) = o (" (1)) + (—id" (1) = W' (@), wt) — u"(1))

gives

/%o(w(t))dt z/%o(u""(t))dwr/<—bar(ut)— W), w(t) —u™(t))dt
B B B
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This shows thatt — — bar(v;) — W(¢) is a subgradient at the point #* of the convex
integral functional I, restricted to Lg; (B},), consequently,

—bar(v;) — W(t) € oo (u™(1)), a.e. onBj,.
As this inclusion is true on each B; and B; 1 [0, T'], we conclude that
—bar(v;) — W(t) € oo (u™(t)), a.e.on[0, T].

Step 4 Limit measure in M%d([o, T of ii". As (ii,) is bounded in LI'{J([O, T)), we
may assume that (ii") weakly converges to the vector measure m € M%d ([0, T]) so
that the limit functions #°°(.) and the limit measure m satisfy the following variational
inequality:
T 1 1
/ oo (v(1)) dt z/ Poo (U™ (1)) dt +/ (=Mu™(t) + f(t), v(t) —u™(t)) dt
0 0 0

+ {=m, v — u™) (M(10.71).Ca (10.77) -

In other words, the vector measure —m + [—Mu™ + f*°]dt = —m — W.dt belongs
to the subdifferential 9J, (u™) of the convex functional integral J; defined

on Cra([0,T]) by J, (v) = fol Yoo (V(t)) dt, Yv € Cra([0, T]). Indeed, let w €
Cra ([0, T]). Integrating the subdifferential inequality

on(w(t)) = p (" (1)) + (—id" (1) = W' (1), w(t) — u"(1))
and noting that ¢ (w(t)) > ¢, (w(r)) gives immediately
T T
/ Yoo (w(1))dt > / on(w(1))dt
0 0
T
> [ o)+ (i @) = W@ w0 — @)
0
‘We note that
T T
lim/ (=W" (@), w(t) — u"(t))dt =/ (=W(@), w(t) —u®™())dt
" Jo 0

because (W" := Mu" — f") is uniformly integrable, and weakly converges to
W := Mu* — f°° and the bounded sequence in w(t) — u”" (¢) pointwise converges
to w — u® so that it converges uniformly on uniformly integrable subsets by virtue
of Grothendieck lemma. Whence follows
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T T T
/ poo(w(n)di > / oo™ (D)1 + / (—W (). w(r) — u™)dr
0 0 0

+(—m,w — u”)(M;dqo,T]),CRd ([0.71))

which shows that the vector measure —m — W.dt is a subgradient at the point ©*
of the of the convex integral functional J,_ defined on Cr« ([0, T1])) by J, (V) :=

I oo (u(1))dt, Yo € Cra ([0, T).
Step 5 Claim lim,, ¢, (u" (1)) = Yoo (u*(t)) < 0o a.e. and lim, fOT (" (2))dt =

fOT Voo (U™ (t))dt < 0o, and subsequently, the energy estimate holds for a.e. ¢t €
[0, T]:

1 . L.
oo (U (D) + SEZDIIP = e (W™ (0)) + S |1 O]
t t
- / (M (s), u™(s))ds +/ (@>(s), f*(s))ds.
0 0
With the above results and notations, applying the subdifferential inequality

Pn(w(®) = " (1)) + (=ii" (1) = W (@), w(t) —u" (1))

with w = ™, integrating on [0, T'], and passing to the limit when n goes to 0o, gives
the inequalities

/ oo (W™ ())dt > lim inf / o (W™ (1)) d1
B n B
> / oo U™ (1))dt = lim sup / on (" (1))
B B

n

onB € B,N L([0, T]) so that

lim/ e, (1))dt = / Poo U™ (2))dt (3.3.8)
nJB B
onB e BIC, N L([0, T). Now, from the chain rule theorem given in Step 1, recall that

d
@" @), f* @) — @" (@), i" () — M, (1)) = 27 Pn n ()],

that is, J
"), z" (1)) = E[%(un(t))].

By the estimate (3.3.2) and the boundedness in Lllzl,([O, T]) of (z"), it is immedi-
ate that (%[gpn (u,(t))]) is bounded in L{{([O, T1) so that (¢, (u,(.)) is bounded in
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variation. By Helly theorem, we may assume that (¢, (1, (.)) pointwisely converges
toa BV function ¢. By (3.3.2), (¢, (4, (.)) converges in L{{([O, T1) to ¢. In particular,
for every k € L. ([0, T']) we have

T

T
lim k(t)(pn(u,,(t))dtz/ k(t)y(t)dt. 3.3.9)
0 0

n—o0o

Combining (3.3.8) and (3.3.9) yields

/wa)dr: lim/wn(u”(t))dt=/sooo(u°°(t))dt
B n—o0 B B

forall € B, N L([0, T]). As this inclusion is true on each B and B, 1 [0, T], we
conclude that

(@) =1im @, Un (1) = oo (™)) a.e.

Hence we getlim,, ¢, (u,, (1)) = poo(u®°(t)) a.e. Subsequently, using (iii) the passage
to the limit when n goes to oo in the equation

n 1 N 2 n 1 -1 2
on(u (t))+zllu OI" = n(u (0))+5llu Ol
—/ (Md”(s),d"(s))ds—i—/ w"(s), f(s))ds
0 0

yields for a.e. t € [0, T']

" "
oo U O+ DI = o) + S 111
t

- / (M (s), i (s))ds + / (% (5), £(5))ds.
0 0

Noting that (") is uniformly integrable and #" is uniformly bounded and pointwise
converges to #*°, by virtue of Grothendieck lemma [16], it converges uniformly on
uniformly integrable (=relatively weakly compact) subsets of Ll'y([O, T1), so that

lim [0, £60ds = [0, £ s

Step 6 Localization of further limits and final step.

As (" = f" —ii" — Mu") is bounded in L;{d([O, T1]), in view of Step 3, it is rel-
atively compact in the second dual L3 ([0, T of Lllld([O, T1) endowed with the
weak topology o (Lg ([0, T1)', Ly ([0, T1)). Furthermore, (z") can be viewed as a
bounded sequence in Cr« ([0, T'])'. Hence there are a filter U/ finer than the Fréchet
filter, [ € L ([0, T])" and n € Cre ([0, T])" such that
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U—-limz" =1€ Lyi([0, T eur (3.3.10)
and
limz" =n € Cre([0, 1), pur (3.3.11)
n

where L;‘fi([O, T1). ear 18 the second dual of Lllld([O, T'1) endowed with the topol-
ogy o(Lg ([0, T1)', L ([0, T1)) and Cra ([0, T1)),,, denotes the space Cr« ([0, T1)

weak

endowed with the weak topology o (Cre ([0, T])’, Cra ([0, T1)), because Cra ([0, T1)
is a separable Banach space for the norm sup, so that we may assume by extract-
ing subsequences that (z") weakly converges to n € Cr« ([0, T])". Using Step 4, we
note that n = —m — W.dt = —m — (Mu™> — f°°).dt. Let I, be the density of the
absolutely continuous part /, of / in the decomposition / = [, + [, in absolutely con-
tinuous part /, and singular part /;, in the sense there is an decreasing sequence (A,)
of Lebesgue measurable sets in [0, 7] with A,, | ¥ such that [;(h) = [;(14,h) for all
h e Ly ([0,T]) and for all n > 1. As (" = f" — ii" — Mu") biting converges to
7% = f° — (™ — Mu* in Step 4, it is already seen (cf. Proposition 3.1) that

T
la(h) = /O (h(@), f7(1) — (1) — Mu™(1))dt

forallh € L;’@ ([0, T]), shortly z° = f*° — (*° — Mu® coincides a.e. with the den-
sity of the absolutely continuous part /,. By [13, 23], we have

I () = Ly (f° = (™ — Mi™®) + 6*(l;. dom I,,_),

where 7, is the conjugate of ¢, I, is the integral functional defined on L;y (0, T
associated with 7, 17 is the conjugate of the integral functional /., and

dom /7, :={ue Ly([0,T]) : I, (u) < oo}.
Using the inclusion
20 = f* = (* = Mi*® € 91, _(u™),
that is,
Lo (f% = 0% = Mu™) = (f% = (% = Mu™, u®) — I, (u®),
we see that
1, (D)= (f"—=¢ = Mi*u>) — I, (u™) + 6"y, dom I,,).

Coming back to the inclusion 7" (¢) € 0y, (u" (1)), we have
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Oa(x) = @, " () + (x —u" (1), 2" (1))

for all x € R?. By substituting x by % (¢) in this inequality, where € Lgi([0, T,
and by integrating

T T T
/ son(h(t))dtz/ <pn(u”(t))dt+/ (h(t) —u" (1), 2" (1)) dt
0 0 0

Arguing as in Step 4 by passing to the limit in the preceding inequality, involving the
epiliminf property for integral functionals fo @n(h(t))dt defined on Lg; ([0, T']), it
is easy to see that

T T
/ Poo(h(1)) dt = / oo (U™ (t)) dt + (h — u™, n).
0 0

Since this holds, in particular, when & € Cr« ([0, T']), we conclude that n belongs to
the subdifferential 0J,,  (u>) of the convex lower semicontinuous integral functional
J,,. defined on Cr« ([0, T'])

T
Joo () :=/ Yoo (t))dt, Yu € Cra([0, T]).
0

Now let B : Cra([0, T]) — L - ([0, T]) be the continuous injection, and let B* :
([0, T]D" — Cra([0, T]) be the adjoint of B given by

(B*l,h) = (I, Bh) = (I, h), Vle Ly(0,T]), VheCre(0,T)).
Then we have B*l = B*l, + B*l, | € Ly;([0, T])" being the limit of (z, = f" —
i" — Mu') under the filter I/ given in Sect 4and! = [, + I; being the decomposition
of / in absolutely continuous part /, and singular part /;. It follows that
(B*l, h) = (B*ly, h) + (B*l, h) = (la, h) + (s, h)
for all & € Cra([0, T']). But it is already seen that

(lay h) = (f* = ¢ = Mi™, h)

/ (f*@) = ¢*@) — Mu> (@), h(t))dt, Yh e Ly ([0, T])

so that the measure B*, is absolutely continuous

(B*l,, h) / (f() = @) — Mu™ (), h(1))dt, Yh € Crae([0,T])



28 C. Castaing et al.
and its density f*° — (*° — Mu satisfies the inclusion
) = (1) — Mi™ (1) € Opoe(u™ (1)), ace.
and the singular part B*[; satisfies the equation
(B*I5, h) = (I, h), Vh € Cra([0, T]).

As B*] = n,using (3.3.10) and (3.3.11), it turns out that n is the sum of the absolutely
continuous measure n, with

T
(ng, h) =/0 (f*@) = ¢*@) — Mu>™ (), h(t))dt, Vh € Cra([0, TT)

and the singular part ny given by
(g, h) = (ls, h), Vh € Crae([0, T]),

which satisfies the property: for any nonnegative measure 6 on [0, 7] with respect
to which ny is absolutely continuous,

T dns T -
/0 s (Wm)de(r)— /0 W),

where A« denotes the recession function of ¢, . Indeed, as n belongs to 9J,,_ (u™)
by applying Theorem 5 in [23] we have

% dn, T dng
JE () =1, ( = ) + /0 B (%(o) o) (3.3.12)

dng
70 (1))do(1),

with ;
I (v) :=/ i (u())dt, Vv € Lllld([O, T)).
0

Recall that

dn, .

= f*—=(* - Mu> € 0l, (u™),

dt

that is,
dna o0 lo'e] - 00 oo oo
Tpx, ( o ) =(f*"—-("—=Mu>*,u )<L:(d([0'T])’L;iI([O’T])) — Ly, (™). (3.3.13)

From (3.3.13), we deduce
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Jo () = (U™, m)(c (10,71).Cu (0,71) — Jipo @)
= (U™, M) (0 (10.71).Coa (10.71) — Lo ™)
T
= / W), ) — C°@) — Mu™(t))dt
0
T s
+/ (u™(), é(t))d9(t)—1¢w(uoo)
0

T
= I, (d““) + / W o), 2 0)d00)).
0

dn
d

dt do

Coming back to (3.3.12) we get the equality

S ()Y aoy = [
/0 or (E(t)) (t)—/o (u™ (@),

Actually, Proposition 3.3 completes Proposition 4.6 in [7], which is a precursor
of some results we present here.
We begin with a second order evolution equation with m-point boundary condition

dn, £))do(t
70 ())do(r)). -

Proposition 3.4 Assume that E =R, M > 0, 3 € L. ([0, T1). For each n € N,
let p, : RY — R* be a C', convex, Lipschitz function and let o, be a nonnegative
L.s.c proper function defined on R? such that ¢, (x) < @e(x) for all n € N and for
allx e R4 Let f : [0, T] x E x E — E satisfying

(1) Foreach (x,y) € E x E the scalar functiont — f(t, x,y)) is Lebesgue mea-
surable,
(2) Foreacht € [0, 1], function f(t,.,.) is continuous on E x E,

(3) Nf@ x, I < B@) forall (1, x,y) €[0,1] x E x E.
Foreachn € N, let u" be a Wé;,l ([0, 11)-solution to the approximating problem

f@ u" (1), a" (1) = il" (1) + Mu"(t) + Ve, " (1)), t € [0, 1]

(Pn) [u”(O) =x €dom po, u,(l)= Z?;z Qi (1))

Assume that
(i) pn epi-converges 1o Yoo,
(ii) lim, u"(0) = ug’,
(iii) There exist ro > 0 and xo € R? such that

T
sup / Voo (xg +1ov(?)) < 400
0

veB
EBLe 0.1

where ELEI([OJ]) is the closed unit ball in L;‘;([O, 1]).
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(b)

(c)

(d)
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Then, up to extracted subsequences, (u") converges uniformly to a W;"}
([0, 1)) -function u™ with u®(0) = x € dom oo, u®(1) =" 2q
u(n;) and (") pointwisely converges to a BV function v with v™° = u,
and (ii") biting converges to a function (*° € L;{,,([O, 1]) so that the limit
Sunction u™, u™ and the biting limit (*° satisfy the variational inclusion

(Px)  f® e(®+ Mu*™+0I, (u™)

where f(t) := f(t,u®(t), u>*),Vt € [0, 1], 01, denotes the subdif-
ferential of the convex lower semicontinuous integral functional I, defined
on L([0, 1) by

1
I () = / oo u(t)) dt, Y € L0, 1]).
0

(U") weakly converges to the vector measure m € M%([O, 1]) so that the
limit functions u™(.) and the limit measure m satisfy the following varia-
tional inequality:

1 1 1
/%o(v(t))dtz/ woo(u"o(t))dw/ (=Mu> (@) + @), v(t) —u™()) dt
0 0 0

o0
= v = W) vt 0.11).e£10.11)°

1 T
Furthermore lim/ pn (" (t))dt = / Voo W™ (t))dt.  Subsequently
" Jo 0
the energy estimate

00 1 - 00 2 1 - 00 2
Yoo | U (t))+5||u Ol SWoo(x)‘FEHU())H

t

t
- / (M (s), 1% (5))ds + / % (5), £(s))ds
0 0

holds a.e.
There are a filter U finer than the Fréchet filter, | € Ly ([0, 11)" such that

U—Tim[f" —ii" — Mi"1 =1 € L0, 11, 0t

where L, ([0, 11),, .0 is the second dual of Lllzd([O, 1]) endowed with the
topology o (Lg; (0, 11)", L. ([0, 11)) and n € Cra ([0, 11, such that

lim[ f" — " — Mu"] =n € Cra([0, 1])

’
weak

where Cra ([0, 1])/, . . denotes the space Cra ([0, 1]) endowed with the weak

weak

topology o (Cra ([0, 1])’, Cre ([0, 1])) s0 that n = —m — (Mu™ — f*)dzs.
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Let 1, be the density of the absolutely continuous part l, of | in the decom-

position | =1, + I, in absolutely continuous part l, and singular part I;.
Then

T
La(h) :/0 (h(t), f(t) = C(t) — Mu™(t))dt
forall h € LY ([0, 1]) so that
I;m(l) =l (f* = (% = Mu™) + 6", dom 1)

where @7 is the conjugate of Yoo, 1y the integral functional defined on
Ll re ([0, 1]) associated with %, 17 the conjugate of the integral functional
Iy, dom 1, = {u € L3;([0, 1]) I, (u) < oo} and

1
(m, h) =/0 (£ = (@) — Ma™ (), h(1))dt + (ng, h), Vh € Cpa ([0, 11)

with (ng, h) = [;(h), Vh € Cra([0, 1]). Further n belongs to the subdiffer-
ential 0J,_ (1) of the convex lower semicontinuous integral functional
Jo.. defined on Cra([0, 1])

1
o () = / () dt. Vu € Coa([0. 1]).
0

(c) Consequently the density f° — (*° — Mu®™ of the absolutely continu-
ous part n,

1
n,(h) 1=/ (f7(1) = () — Mu™(t), h(t))dt, Vh € Cra([0, 1])
0
satisfies the inclusion

) — (@) — Mu™ (1) € 0poe(u™ (1)), a.e.

and for any nonnegative measure 6 on [0, T'| with respect to which ny is
absolutely continuous

1 T
/0 ¢< o O)d0() = / (w

where h: denotes the recession function of ©j.

)do(t)

Proof Existence of a Wli;,l ([0, 1])-solution for the approximating equation

[iin(f) + M, (1) + Vo, (u"(t) = f(t,u" (1), 4" (1)), ae.t €[0,1]
un(o) =X, un(l) = Z:lr‘n:_l2 aiun(ni)
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is ensured by Proposition 2.8 with integral representation formulas

Un (1) = e, (1) + fy} G(t, $)liin (1) + Mii, (5)1ds, 1 € [0, 1]
i (1) = 6. (1) + Jy 291, $)liin (1) + Mity ()1ds, 1 € [0, 1]

ex(t) = x + Al = 202 ) (1 — exp(—y1))x
éx(t) =vA (1 — Zl'.”;lz ai) exp (—y1)x

-1
A = (X5 ar = 1+ exp(—y) = X157 arexp(—v(n)

where G is the Green function given by Lemma 2.1. Then #"(0) = x and u,(1) =
S ity ().

The rest of the proof follows the same lines as that of Proposition 3.3. |

The following is a new variant on the existence of solutions for the second order
evolution inclusion with m-point boundary condition.

Proposition 3.5 Let (Op,) (n € NU {00}) be a sequence of subdifferential oper-
ators associated with a sequence of nonnegative normal convex integrands ()
(n € N U {o0}). Assume that the following conditions are satisfied:

(1) Foreachn €N, |p,(t, x) — @u(t, y)| < Bu(D)llx — yl| forallt € [0, 1] and for
all x, y € RY, where (3, is a nonnegative integrable functions.
(2) For each Lebesgue-measurable set A € [0, 1], for each w € L%?,([O, 1),

lirnsup/ wn(t,w(t))dt < / Poolt, w(t))dt.
A A

n

(3) For each t € [0, 1], p,(t,.) lower epiconverges to puo(t,.), that is, for each
fixed t € [0, 1], for each (x,) in R¢, converging to x € R4, liminf oty x,) >

oot X).
Foreachn e N, letu" : [0, 1] — R? be a Wé’dl([O, 11)-solution to

[i;n(;) + i (t) € Op, (t, u" (1)), ae. t € [0, 1]
W) =x, w1 = XI5 ().
(4) Assume further that

1
sup/ on(t, uy(t))dt < +00
neN J0

and

1
sup/ [0, (t, u" ())|dt < +00.
neN Jo

Then the following hold:
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(a)

(b)

Up to extracted subsequences, (u") converges uniformly to a Wé’é([o, 1]) func-
tion u® with u®*(0) = x, u®*°(1) = Z;’;z a;u™(n;) and (u™) pointwisely con-
verges to the BV function u®, and (ii") stably converges to a Young measure
v>® e Y([0, 11; R witht > bar(v°) € L;{,,([O, 11) (here bar(vy®) denotes the
barycenter of v;°) such that the limit functions u®(.), t>°(.) and the Young limit
measure v*>° satisfy

1 1
/ Goolt, u™(t))dt < liminf/ on(t, u"(t))dt
0 n 0

consequently

1 1
lim/ on(t, u"(t))dt =/ Yoolt, u™(1))dt < 00
n 0 0

and
bar(v;°) + yu™®(t) € Opso(t, u™(t)), a.e.

equivalently the function t — bar(v°) + yu(t) belongs to the subdifferential
01, (u™) of the convex lower semicontinuous integral functional 1, defined
on Ly ([0, T])

T
I, (u) :=/ Goo(t, u(1)) dt, Yu € LE([0, T]).
0

Up to extracted subsequences, (u") converges uniformly to a W};&([O, 1]) func-
tion u® with u®*(0) = x, u®*(1) = Z;’:lz a;u™(n;) and (u™) pointwisely con-
verges to the BV function u®°, (ii") weakly converges to m* € M%d([o, 1]) so
that the limit functions u® (.) and the limit measure m® satisfy the variational
inequality: for every v € Cra ([0, 1]),

1 1 1
/%o(t, v(t))dtz/ sooo(t,uc"’(t))dt+/ (vt (1)), v(t) — u™ (1)) dt
0 0 0

oo o0
M0 = U MO (10,11),Ca (10,11

In other words, the vector measure m™ + yu® dt belongs to the subdifferential
01, (u) of the convex functional integral 1, defined on Cra ([0, 11) by I, (v) =

Jiy @oolt, v(1)) dt, Yo € Cra([0, 1]).

Proof Existence of a Wé;l ([0, 1])-solution u" to

[ii”(t) + " (1) € Do (1, u" (1)), ae.t € [0, 1]
W ©0) =x, u'(l) =37 ()



34 C. Castaing et al.

is ensured by Proposition 2.7 with integral representation formulas

u'(t) = e, (t) + fol G(t,s)[i"(s) +~u"(s)lds, t € [0, 1]
W) = e (1) + fy 291, $)lii" (s) + yii" ()lds, t € [0, 1]

where

ex() =x+ A0 — X7 a1 — exp(—y0)x
eu(t) = vA (1 32 ozl-) exp (—v1)x

-1
A = (IS = 1+ exp(—y) — X0 s exp(—1m))

where G is the Green function given by Lemma 2.1.
Step I (a) As sup,, fol |0, (t, u (1))|dt < +o00, it follows that (ii"” + ~u") is bounded
in Li{d([O, 1]), namely

1
Sup/ [1Gi" () + it (t)||dt < +o0,
n Jo

so that, by the representation formulas given above, it is immediate that (¢") and
(u") are uniformly bounded. Hence (ii") is bounded in L;{d([O, 17) and (11,,(.)) is

bounded in variation because sup, fol |lii, (£)|| dt < 4o00. In view of the Helly—
Banach theorem, we may, by extracting a subsequence, assume that (i"(.)) con-
verges pointwisely to a BV function v*>°(.). Let us set u*°(¢) = fot v (s)ds for
all £ € [0, 1]. Then u*™ € Wy, ([0, 1]). As (it,(.)) is uniformly bounded and point-
wise converges to v™°(.), by Lebesgue’s theorem, we conclude that (i2"(.)) con-
verges in Lllld([O, 1]) to u*°(.). Hence u"(.) converges uniformly to ©#*°(.) with
u®*®0) =x, u*)= 2?1;12 a;u®™(n;). So (a) is proved. From the general com-
pactness result for Young measures, [5, 10] one may assume that #i" stably converge
to an Young measure v*°. Further, by virtue of Proposition 3.1 we may assume that
(ii") biting converges to the integrable function bar(v*>°) : t +— bar(;°), thatis, there
exists a decreasing sequence (B)) of Lebesgue measurable sets with A(NB,) =0
such that the restriction of (i) on each B, converges o(L', L) to bar(v). It follows
that

lim / (i + i (), w(t) — (1)) dit = / (bar(iy) + i (1), w(t) — (1)) dr
? ? 3.5.1)
for every B € B, N L([0, 1]), and for every w € LY ([0, 1]) because the sequence
(w —u") in L, ([0, 1]) is bounded and pointwise converges to w — u, so it con-
verges uniformly on uniformly integrable subsets of Llll,,([O, 1]). Since (¢,) lower
epiconverges to ¢, by Corollary 4.7 in [11], we have
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liminf/gon(t,u"(t))dt z/%o(t,u“(t))dt (3.5.2)
n A A

for every Lebesgue-measurable set A in [0, 1]. Combining (3.5.1), (3.5.2) and
Assumption (2), and integrating the subdifferential inequality

ot w(n)) = @ (r, u" (1)) + (" (1) + " (1), w(t) — u" (1)) (3.5.3)

on each B € B, N L([0, 1]) and for every w € Lg; ([0, 1]), we get

/gpoo(t,w(t))dtz / Poolt, u°°(t))dt+/(bar(z/;’o)+w°°(t),w(t)—u°°(t))dt.
B JB B

This shows that# +— bar(1/°) 4+ v°(¢) is a subgradient at the point #* of the convex
integral functional I, restricted to L3’ (B},), consequently,

bar(v,) + ™ () € Dpoo(t, u™ (1)), a.e. on B;.
As this inclusion is true on each B; and B; 1 [0, 1], we conclude that
bar(v;°) + ™ (t) € Opoo(t, u™(t)), a.e. on [0, 1].

Finally, applying the above subdifferential inequality, and putting w = u* in (3.5.3),
we deduce

B
> lim sup/ wn(t, u™(@))dt
n B
> lim SUP/ Lpn (t, u" (1)) + (" (t) + " (1), u™(t) — u"(1))1dt
n B
= lim sup/ wn(t, u" (t))dt > lim inf/ on(t, u"(t))dt
n B n B

> / Poo(t, u™ (1))dt
B

because
lim/(ii"(t) + " (1), u®™(t) — u"(1))]dt =0
nJB

recalling that 1[it" + ~u"] is uniformly integrable. Whence follows

lim/@n(t,u"(t))dt=/<poo(t,u°°(t))dt.
n B B
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As this inclusion is true on each B in B; and B; 1 [0, 1], we conclude that

1 1
lim/ en(t, u" (2))dt :/ Poolt, u™(r))dt.
n 0 0

Step 2 (b) Repeating the results in Step 1, up to extracted subsequences, (u")
converges uniformly to a W};&([O, 1]) function u*® with u*°(0) = x, u*(1) =
zl'.";lz a;u™(n;) and (u") pointwisely converges to the BV function u*°. As (ii,)
is L'-bounded we may assume that (ii,) weakly converges to a vector measure
m> e M%L,([O, 1]) since the Banach space Cra([0, 1]) is separable and its topo-
logical dual is M%(,([O, 1]). Let w € Cra(([0, 1]). Integrating the subdifferential
inequality

Pu(t, w(t)) = @, u" (1)) + (" () + yi" (), wt) —u"(1))

and passing to the limit gives immediately

1 1 1
/ Poolt, w(t)) dt Z/ Wm(t,uoo(t))df*'/ (v (), w(t) — u™(t)) dt
0 0 0
M w =) (e 10,10, 10,11

which shows that the vector measure m* + i dt belongs to the subdifferential
Ol of the convex functional integral I, _ defined on Cga ([0, 1]) by I, _(v) :=

I} oo, 0(0)) dt, Yv € Cra([0, 11). |
4 Further Applications: Second Order Evolution Problems
with Anti-periodic Boundary Condition

It is worth to focus on the main difference in discussing the various approximating
problems.

(@0 = [id" (1) + Mi" ()] + Ve, (" (1)), 1 € [0, T] (4.1)
(@) € li" (@) + Mu" ()] + O (u" (1)), 1 € [0, T (4.2)
J1(@0) = =[i" (@) + Mi" ()] + Ve (u" (1)), 1 € [0, T] (4.3)
(@) € —[i" (@) + Mi" ()] + O (u" (1)), 1 € [0, T]. 4.4)

Equations (4.1) and (4.2) are usual in second order dynamical systems. We refer to
Attouch et al. [4] and Schatzmann [24] for a deep study of such models. See also the
results developed in Propositions 3.2-3.5. Here, according to a traditional vein, we
prove the existence of generalized solution with the conservation of energy in (3.3)
and (3.4). Meanwhile (4.3) and (4.4) appear in the problem of anti-periodic solution



Some Problems in Second Order Evolution Inclusions ... 37

developed in Aizicovici et al. [1-3]. Here in Proposition 4.3 we present a first result
of the existence of generalized solution for the problem

f@) € lii(t) + Mu()] + Op(u(t))
using the approximating problem (4.2) with application (Proposition 3.4) to problem
fu@),u() eiit) + Mu(t) + 0p(u(t)),t €[0,T]
with m-point boundary condition using the approximating problem
Fu" (@), 1" (1) = i" () + Mi" ()] + Vi (u(t)), t € [0, T]

with m-point boundary condition. Here one can see that the techniques employed
in (4.1) and (4.2) cannot be used to develop similar results to (4.3) and (4.4), in
particular, we cannot obtain the conservation of energy for the variational limits in
(4.3) and (4.4) by contrast with (4.1) and (4.2). So it is worth to mention that our tools
allow to study the approximating problem of anti-periodic solution in the framework
of Haraux—Okochi with anti-periodic solution

fr@) =" @) + Mi" ()] + Ve, (u" (1), t € [0, T],
u, (0) = —u,(T).

In our opinion, the general problem of the existence of energy conservation solution
to second order evolution inclusion of the form

f@) € lii(t) + Mu(t)] + Op(u(t)) (4.5)

where ¢ is a lower semicontinuous convex proper function is a difficult problem
when the perturbation f € L},([O, T]) and H is a separable Hilbert space.

Now, to finish the paper, we show that our abstract result in Proposition 3.3 and the
tool developed therein can be applied to the first order of evolution equation and also
to the second order evolution equation with anti-periodic boundary conditions. H.
Okochi initiated the study for anti-periodic solutions to evolution equations in Hilbert
spaces. Following Okochi’s work, A. Haraux proved some existence and uniqueness
theorems for anti-periodic solutions by using Brouwer’s or Schauder fixed point
theorems. Aftabizadeh, Aizicovici and Pavel have studied the anti-periodic solutions
to second order evolution equation in Hilbert spaces and Banach spaces by using
monotone and accretive operator theory for equations of type (4.3) and (4.4). Here we
show the applicability of our abstract result to the study of evolution equations of type
(4.1) and (4.2) with anti-periodic boundary condition. For notational convenience let
us denote by H the set of of functions f € L? (R, H) such that f is anti-periodic,

loc

thatis, f(t + T) = — f(¢) forall t € R and
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H(0, T :=={f € H:|If DI < B(), 5 € Lg([0, T, 1 € [0, T]}.

We begin with some examples in the first order of evolution equation with anti-
periodic condition.

Proposition 4.1 Let H = R?. Assume that On R? — [0, +00[ are even, convex,
Lipschitz and @, : R? — [0, +00] is proper lower semicontinuous convex function
such that p,(x) < @eo(x) for all n € N and for all x € RY. Let " be sequence in
Hs([0, T]) and let u™ be a Wlig,z([O, T1)-solution to the problem

(1) € i (1) + O (u" (1)) 1 €10, T],
un(T) = —Up (O)
Assume that the following conditions are satisfied:

(i) pn epiconverges to P,
(ll) llm,, u"(O) — ugo e dom Voo and llmn (,0,1(14'1(0)) — L)000(1480)
(iii) f" (L, ([0, T1), Ly, ([0, T1))-converges to f> € Lz, ([0, T1).

Then the following hold

(a) Up to extracted subsequences, (u") converges pointwisely to an anti-periodic
absolutely continuous mapping u® with u>*(T) = —u*(0), (") O'(L%{d, L%{L,)—
convergesto (™ € L%zd([()’ T with(™® = u®, lim,, @, (" () = peo@™(t)) <
~+00 a.e. and lim,, fOT 0, (" (t))dt = fOT Poo (U (1))dt < +00.

(b) f* — (> edl, (u>®) where Ol denotes the subdifferential of the convex
lower semicontinuous integral functional I, defined on Lg; ([0, T])

T
I, (u) ::/ Poou(t))dt, Yu € Ly ([0, T]).
0

Proof Existence of Wli;,z([O, T'1)-solution u" to the problem

fr(@) e a"(t) + 0p,(u" (1)) te€l0,T],
u,(T) = —u,(0)

is ensured. See Haraux [17], Okochi [22].
Step 1 Estimation of u", ", and ¢, (u" (.) Multiplying scalarly the inclusion

fr@) —u"(t) € Op, (u" (1)

by " (t) and applying the chain rule formula [21] for the Lipschitz function ¢, gives

d
@" @), f1(0) — " (0|* = Jrlen@ ). 4.1.1)



Some Problems in Second Order Evolution Inclusions ... 39

Hence by integration of (4.1.1) on [0, T'] and anti-periodicity condition we get the
estimate

||ﬂn||L§,([0,T]) = ||fn||L§,([o,T])~ (4.1.2)

From the Poincaré inequality
" O < VT 11i"|| 2, 0,7 Yt € 10, T1. (4.13)

Integrating (4.1.1) on [0, 7] we get

0 < ou (1)) = u (" (0)) — / @ (s) | Pds + / @), fHNds (41.4)
0 0
< 00 (" (0)) + /0 @ (s), £ (s))ds

so that by using the above estimates (4.1.2)—(4.1.3)—(4.1.4), the weak convergence
of f"in L%I([O, T]) and (ii) we note that ¢, (4" (¢)) is uniformly bounded.

Step 2 Using the results in Step 1, up to extracted subsequences (u") converges
pointwisely to an anti-periodic absolutely continuous mapping u*> with u*(T) =
—u®(0), (") 0(Lga. Ly.)-converges to (™ € Lg, ([0, T) with (* = i*. For sim-
plicity set z"(¢) := f"(t) — tt"(t). Since we have

d
(@), " 0) = —len @ (1))

and (1" (.), z"(.)) is bounded in L{{([O, T1), pu(u"(2)) is of bounded variation and
uniformly bounded.
Claim lim,, ¢, (1, (1)) = oo (too(t)) < 00 ae and lim, [; o, (u,(1)dr = [
Poo (U™ (t))dt < o0.

From the above estimates and Helly theorem, we may assume that (¢, (1, (.))
pointwisely converges to a BV function 6 so that (¢, (i, (.)) converges in Lllz([O, T])
to 6. In particular, for every k € L ([0, T]), we have

T

T
lim k(t)(pn(u,,(t))dt=/ k(t)0(t)dt.
n—oo O O

Coming back to the inclusion z"(¢) € ¢, (u"(t)), and using the fact that @, (x) <
Poo(x),Vn € N, Vx € R?, we have

Poo(X) = 0 (x) = @ (" (1)) + (x — u" (1), 2" (1))

forall x e RY. Leth € Ll"{ﬁ/ ([0, T]). Substituting x by &(¢) in this inequality and by

integrating on each measurable set B gives
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/ oo (h(1)) dt = / en(h(D)) dt > / on (1)) di + / h(t) — u™ (1), 2" (1)) dt
B B B B

and passing to the limit in the preceding inequality when n goes to 400, we get

/(poo(h(t))dt z/9(t)dt+/(h(t)—u°°(t),z°°(t)>dt 4.1.5)
B B B

with z° = f* — 4. In particular, by taking 1 = u® we get the estimate

/ oo (U (1)) dt = / 6(r) di
B B

for all B € L([0, T]). By the epi-lower convergence result [11, Corollary 4.7], we
have

/9(t)dt= lim/apn(u”(t))dt Zliminf/apoo(u"(t))dt Z/(poo(uoo(t))dt
B n—oo B n—oo B B

for all B € L([0, T]). It turns out that v, (u> (1)) = 6(¢) a.e. and

lim / tp,,(u"(t))dt:/gpoo(uoo(t))dt < 0. (4.1.6)

From (4.1.5) and (4.1.6) it follows that f*° — (> € I, _(u*) where O, denotes
the subdifferential of the convex lower semicontinuous integral functional I,
defined on Lg; ([0, T'])

T
I () :=/0 Poo(u (1)) dt, Yu € LZ([0, T1). -

Here is a variant of Proposition 4.1.

Proposition 4.2 Let H = RY. Assume that~y > 0, ¢, : R¢ — [0, +00] is even, con-
vex, Lipschitz, s : RY — [0, 4+00] is proper lower semicontinuous convex function
such that p,(x) < @ao(x) for all n € N and for all x € RY. Let (f") be an anti-
periodic sequence in Hg([0, T]). Let u” be a WII{;}([O, T1) anti-periodic solution to
the problem

[r@) € " (1) + 0pn (" (1)) — yu" (1), t €0, T]

u, (T) = —u,(0).

Assume that the following conditions are satisfied:

(i) pn epiconverges to P,
(ii) lim, u"(0) = u® € dom o and lim, eu"(0)) = oo (U),
(iii) f" o(L%, ([0, T1), L%, ([0, T1))-converges to f> € Lz, ([0, T1).

Then the following hold
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(a) Up to extracted subsequences, (u") converges pointwisely to an anti-periodic
absolutely continuous mapping u®™ with u®(T) = —u®(0), (u") O'(L%{d, Lf{d)—
converges to (> € L%d([O, T with (™ = u®, lim, @, (" (t)) = peo @™ (1)) <
+00 a.e. and lim,, fOT O, (W ())dt = fOT Voo (UX(1))dt < +00.

(b) f* —(* e dl, (u*) where Ol denotes the subdifferential of the convex
lower semicontinuous integral functional I, defined on L%Od (10, T))

T
I (u) 2=/ Poou(t))dt, Yu € Lga([0, T).
0
Proof Existence of u” for the problem

fr@) —a" (1) +yu" (1) € 0p,(u" (1)) t €10, T],
u,(T) = —Lt,l(O),

is ensured. See Haraux [17], Okochi [22].
Step 1 Estimation of u" and u”. Multiplying scalarly the inclusion

SO =i (1) +yu (1) € Doy (u" (1)) (4.2.1)
by " (¢) and applying the chain rule formula [21] for the Lipschitz function ¢, gives
(@" (@), " (@0) = |li" O +y@" (0), " 1)) = %[w(u”(t))]- (4.2.2)

Hence by integration in (4.2.1) and anti-periodicity conditions we get the estimate

a2, qo.rpy = "2, qo.7p)- (4.2.3)

From the Poincaré inequality,
"1 < VT i 112, 00.r) < VT 1"z, 00.7)- (4.2.4)
Integrating (4.2.2), we get
t t
0 < @u(u" (1)) = a(u"(0)) —/ IIb't”(S)Ilzder/ (@"(s), f"(s))ds
0 0
t
+’Y/ (@" (s), u"(s))ds
0

‘We note that
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L. 1 L
/ (u"(s), f"(s))ds < §||fn||L§,([o,T])(1 +/ |li" (s)||*ds) < Const.
0 0
t
’Y/O (u"(s), u"(s))ds < Const.||f”||2L§1([0’T])

so that by using the above estimate, the O'(L%{d (o, 7D, L%d ([0, T])) convergence of
f" and (ii), we conclude that o, (u"(¢)) is uniformly bounded. Now the remainder
of the proof is similar to that of Proposition 4.1. |

We finish the paper with the approximating problem in second order evolution
equation with anti-periodic condition

[ @) = ") + Mu"(t) + Vi, (" (1)),
W' (T) = —u"(0).

where M is a positive constant, ¢, are convex Lipschitz, C ! even, functions that epi-
converges to a lower semicontinuous convex proper function ¢, (f,) is a sequence
in L%,([O, T1) which weakly converges to a function f, € L%,([O, T)). Existence of

a Wli’dz([O, T1) anti-periodic -solution to this approximating problem is well known.
See Haraux [17], Okochi [22].

Proposition 4.3 Let H = RY, M € R*. Assume that ©n : RY — [0, +oo[ is C,
even, convex, Lipschitz and, po, : RY — [0, +00] is proper convex lower semicontin-
uous with ¢, (x) < poo(x), Vx € R%. Let f" € Hz([0, T) Let u” be a Wéf([O, T))
anti-periodic solution to the approximated problem

fr@) =i"@) + Mua"(t) + Vo, " @)),t €[0,T],
u,(T) = —u,(0).

Assume that
(i) fro(L3 ,L%,) converges to f° € L%,([O, T]).
(ii) lim, u"(0) = uy® € dom ¢, lim, @, (" (0)) = poo(us®), and lim, u"(0) =
ugy,
(iii) @, epi-converges t0 Yo,
(iv) There exist ro > 0 and xo € R? such that

T
sup / PoolXo + rov(t))) < 400
UEELQOd([O,T]) 0
R
where ELRNd([O,l]) is the closed unit ball in Li’{f, ([0, T)).
Then the following hold

(a) Up to extracted subsequences, (u") converges uniformly to a W;’&([O, T)) anti-
periodic function u®™ withu®™(T) = —u(0), and (u") pointwisely converges to
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the BV function u, and (ii") biting converges to a function (* € L:v,([O, T
which satisfy the variational inclusion

I —C¢® = Mi™ € dl,_(u™)

where 01, denotes the subdifferential of the convex lower semicontinuous inte-
gral functional 1, defined on L%‘}([O, T

T
I, () :=/ Yoo (u(t))dt, Yu € Ly ([0, T]).
0
Furthermore
lim p, (" (1)) = Yoo U™ (1)) < 00 a.e.
T T
lim/ (" (t))dt =/ Voo (U™ (t))dt < c0.
n 0 0

Subsequently, the estimated energy holds almost everywhere

1 1
oo U™ (1)) + §||u°°<r)||2 = Voo ™(0)) + §||u°°<0>||2

12 t
- M/ |16 (s)]|* ds +/ (@™ (s), f2(s))ds.
0 0
Further (ii") weakly converges to the vector measure m € M?I([O, T)) so that

the limit functions u® (.) and the limit measure m satisfy the following variational
inequality:

T T T
/ Poo(v(1)) dt z/ Poo (U™ (1)) dt +/ (=M™ (t) + 1), v(t) —u™ () dt
0 0 0
+ (=ma v = u%) (it qo,1,cp 0.7
In other words, the vector measure —m + [—Mu®™ + f*°]dt belongs to the sub-

differential 01, (u) of the convex functional integral I, defined on Cy ([0, T'])
byl, (v) = fOT Yoo (t, V(1)) dt, Yv € Cyx([0, T]).

Proof Existence of Wli;,z([O, T'])-solution u" for the approximated problem

fr@) =it @t) + Mu"(t) + Ve, " (1)) 1 €[0,T],
u,(T) = —u,(0)

follows from Haraux [17]. Now we can finish the proof by repeating mutatis mutandis
the machinery developed in Proposition 3.3. Therefore our W};"} ([0, T']) anti-periodic
limit u* of (#") and biting limit (*° of (") satisfies the inclusion
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Fr) — (1) — Mi™ (1) € Opos (u™(1))

and the energy estimate holds

1 iee) o0 1 iee)
Poo (U™ (1)) + 5 |l DI = oo ) + S g IS

t t
- M/ 1% ()11 ds +/ (@>(s), f>(s))ds
0 0
almost everywhere. u
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Through the formulation of a d-property of an abstract probability space, we exhibit
a process under which a game without a PSNE in a specific class of games can be
upgraded to one with: a (counter)example on any n-fold extension of the Lebesgue
interval resolved by its (n + 1)-fold counterpart. The resulting dialectic that we
identify gives insight into both the saturation property and its recent generalization
proposed by He—Sun—Sun (Modeling infinitely many agents, working paper, National
University of Singapore, 2013) [14] and referred to as nowhere equivalence. The
primary motivation of this self-contained essay is to facilitate the diffusion and use
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How Carathéodory came to think of this definition seems mysterious, since it is not in the
least intuitive. It is rather difficult to get an understanding of the meaning of ... measurability
except through familiarity with its implications... Carathéodory’s definition has many useful
implications. The greatest justification of this apparently complicated concept is, however,
its possibly surprising but absolutely complete success as a tool in proving the important
and useful extension theorem.

(Halmos (1950) and Hewitt-Stromberg (1965))!

1 Introduction

In two ground-breaking papers published in 1950-1951, Nash defined for a finite
game what, in anachronistic hindsight, is now termed a pure-strategy Nash equilib-
rium (henceforth PSNE) for a classical setting.” As is well-understood, Nash could
not prove the existence of such an equilibrium for his game-theoretic set-up because
of the obvious reason that it was not true in general. Two decades were to pass
before Schmeidler [44] presented an existence proof for such an equilibrium in a
class of games with a continuum of players, each of whose payoffs were restricted
to depend on a suitably-defined aggregate of all the other players’ actions, rather
than on each individual action as in Nash. In a complete information setting of one-
shot simultaneous play, Schmeidler retained the assumption of a finite-action set for
each player, and pointed out how his existence theorem, apart from being of interest
for its own sake, implies the existence of a mixed-strategy Nash equilibrium, again
as defined and shown by Nash in 1950-1951. Indeed, 1973-1974 were significant

IThe quotations are taken from Nillsen ([37], p. 340). The authors are grateful to Ashvin Rajan for
bringing Nillson’s book to their attention.

2These classical papers are well-known and now collected in [36].
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years for non-cooperative game theory as developed by Nash: Harsanyi in 1973 and
Aumann in 1974 presented scenarios in which pure-strategies taken under incomplete
information can be seen as rationalizing a given mixed-strategy Nash equilibrium
of a classical finite game.® Harsanyi focused on disturbed (perturbed) games, while
Aumann considered games with private information and subjective beliefs. Both
papers used as their subtext Harsanyi’s pioneering papers in 1967-1968 on games
with incomplete information. We shall not have anything to say on Harsanyi’s work;
his formulation and results drew on formalizations of genericity, and thereby applied
to almost all games belonging to a well-specified class as opposed to a given game.*

The equivalence theorem of Aumann, on the other hand, deserves to be even
better known than it is. Given a mixed-strategy Nash equilibrium of a classical finite
player game of complete information, Aumann can be read as posing the question of
what conditions on a space of information and of subjective beliefs would guarantee
that the given equilibrium can be induced by each player playing a pure-strategy,
where the notion of a pure-strategy strategy is now lifted up from being a point in
an action set to being a function, a random variable, from the space of information
to the action set. In other words, Aumann asked for conditions on information and
beliefs that allow an equilibrium probability distribution of a classical finite game to
be induced by random variables in equilibrium. As is by now well-known and well-
understood, Aumann required that a player’s information be independent of, and his
beliefs be atomless on, the pooled information of all the other players. Succinctly
put, and in the vernacular that was subsequently to follow, it required the space
of information be rich enough so as to allow independent atomless supplements.
Aumann’s equivalence theorem is relevant to us here because of the significant role
that it has played for the formulation of games with private information.’

The literature on games with non-atomic measure spaces then bifurcates into two
distinct branches. Schmeidler’s paper originates the theory of large one-shot games
of complete information in which the existence of pure and mixed strategy equilibria,
as well as the relationship between them, as captured by the notion of a purifica-
tion, is investigated. We may also mention here Mas-Colell’s complementation of
Schmeidler’s existence result on non-anonymous (individualized) atomless games by
anonymous (distributionalized) ones.® In Mas-Colell’s setting too, pure and mixed
strategy equilibria, as well as the relationship between them, as captured by the
notion of a symmetrization, is investigated. Radner—Rosenthal [40], henceforth RR,

3These papers are now classical and well-known: for Harsanyi’s papers, see [10], and for Aumann’s,
[1]. In particular, we shall make extensive reference to the 1974 paper of Aumann’s and the 1983
paper of Aumann et al., and these are respectively Chaps.31 and 30 in [1].

4Note that the 1973 paper of Harsanyi’s is available in [10, Sect. B], and so we only reference the
latter in our bibliography; also see Footnote 3 above. For games with incomplete information, see
[10, Sect. 1]; and also Myerson [35].

5The authors have revisited Aumann’s equivalence theorem in [29], and the reader should not
confuse it with the core equivalence theorem. It is important for the record to note that this was the
background paper at Khan’s talk at Tokyo.

6See Khan et al. [21, 22] for the terms large individualized and large distributionalized games, LIG
and LDG respectively, and references to the antecedent literature on the concepts they name.
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is the originating paper for the other branch. It is rooted in Aumann’s equivalence
theorem and is, in its undiluted essence, simply the observation that there are no
independent atomless supplements for an arbitrary measure space of information.
In three decisive examples, only the first of which is our concern here, they showed
that a two-player matching-pennies game, when converted into a game of private
information with each player’s information formalized by the Lebesgue interval, and
the joint space of information by the lower triangle of the Lebesgue square, has no
pure-strategy equilibria in the sense defined by Aumann. As such, there is then no
possibility of an equivalence theorem whereby the mixed strategy equilibrium of the
given matching-pennies game, one in which each player putting equal probability
on each of the two actions, can be induced by a pure-strategy equilibrium of the
game with private information. There is no pure-strategy equilibrium in the game
underlying the RR example, and so it inducing the given mixed strategy equilibrium
of the given matching-pennies game does not arise: it is aborted right at the very
beginning.

The RR example proved decisive for Aumann’s equivalence theorem. However,
if the assumption of independent and atomless information (dispersed and disparate
in the vernacular of RR) was made right at the outset, rather than as an extraction
requirement for the given space of information and beliefs, and the game with private
information as an object of interest in its own right, the question can be reformu-
lated from the search for an equivalence theorem to that for an existence theorem.
Indeed, such an existence theorem is an obvious consequence of Aumann’s result,
paired with Nash’s existence proved. If one allows the additional wrinkle that play-
ers’ payoffs also depend on their private information, one could show the existence
of pure-strategy equilibria for a game of private information. These are the 1982 RR
existence results. Their RR paper thus originates the theory of large one-shot games
of incomplete information in which the existence of pure and mixed strategy equi-
libria, as well as the relationship between them, again formalized by the notion of
purification, is investigated; also see here the contributions of Milgrom—Weber [34]
and their followers; also [42, 46]. But it bears emphasis that the resulting theory, in
so far as pure-strategy equilibria are concerned, is constrained to finite action sets,
just as it is in the Schmeidler—Mas-Colell set up.

The question then arises as to what happens to both branches of this theory of non-
atomic non-cooperative games when the restrictive assumption of finite-action sets
no longer holds. It took another decade beyond the Radner—Rosenthal-Milgrom—
Weber papers for a picture to emerge; see [40]. The outlines of this are by now well-
understood, and the details available in the PNAS announcement and the Handbook
chapter published as Khan—Sun [24], Khan—Sun [25] respectively. This need not
concern us here other than the following summary statement:

(i) Though they require some non-trivial technical work, the results all generalize
to denumerably-infinite action sets with arbitrary atomless measure spaces.
(i) The results do not hold in general for uncountably-infinite action sets with
arbitrary atomless measure spaces.
(iii) The results hold for uncountably-infinite action sets if one restricts attention to
atomless Loeb measure spaces, as in Loeb [30].
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By 2005, it was well-understand that the entire theory could be generalized beyond
atomless Loeb spaces to what were termed saturated or super-atomless measure
spaces. The particular name was hardly the issue: the point was that one could work
with abstract measures spaces of a type identified in Maharam [33], and conveniently
characterized by Hoover—Keisler [11], and that these spaces were not only sufficient
for the existence results, as atomless Loeb spaces were, but also necessary in some
well-specified sense. The actual publications originating this new direction were
Carmona—Podczeck [4] and Keisler—Sun [16].” The point is that the o-algebra of
a saturated or a super-atomless measure spaces is one which, modulo null sets, is
nowhere countably-generated. But what is it really? And what does it mean to say
that it is necessary? This essay is devoted to the pursuit of an answer to this question.
However, it is important for the reader to understand that in the sequel, we do this
only in the context of the use of these measure spaces in finite Bayesian games with
private information — the treatment of large games with complete information does
not concern us here.

A saturated probability space is in some sense an idealized limit space, but to
repeat, what is this sense? Again, even though one grants the validity of the necessity
result, as one must, the question nags as the substantive meaning of this claim. What
does it mean to say that a saturated space is necessary for the existence question? And
why is this result of any substantive (economic or game-theoretic) importance? To be
sure, the mathematical definition of a saturated space, and the various equivalences
underlying it, are clear enough,® but what is its meaning in terms of the language
and vocabulary that mathematical economists and game theorists are used to? and
also what is its characterization in terms of the mathematics with which they work,
and are at ease, with? This essay then is addressed, at least in the first instance, to
these questions. It takes as its point of departure a neglected 1999 (KRS) example on
the non-existence of equilibria in Bayesian games based on an interval as a common
action set, and the Lebesgue interval (LI) as the space of private information or types.’

In [28], the authors introduced the notion of a KRS-like game based on the KRS
example, and that of a measure spaces with the d-property with respect to a measur-
able, measure-preserving function and thereby with respect to a sub-o-algebra. These
two concepts, though not technically intricate or in themselves mathematically deep,
can nevertheless be used to give insight and feel for answers to the questions posed
in the paragraph above. Specifically, we use these two concepts as crucial levers to
show that:

"There is some controversy stemming from the fact that the results in Keisler—Sun [ 16] were obtained
in 2002; see their acknowledgement, and also the use of their results by Noguchi in 2008. It is our
firm intention not to get bogged down in this controversy here.

8See Hoover—Keisler [11], and the comprehensive discussion in Fajardo—Keisler [5]; also the papers
of, Carmona—Podczeck [4] and Keisler—Sun [16]. In a recent important paper, Modukhovich—Sagara
[32] establish the relevance of the property in stochastic models of dynamic programming.

9See Khan—Rath—Sun [17], and also its footnote to the Fudenberg-Tirole text as to the possible
reason why it has remained neglected. Note that this example does not invoke any order structures
on the action sets.
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(i) an equilibrium does exist in the KRS example if the information spaces are
upgraded from the unit Lebesgue interval (LI) to the extended LI presented in
(261,

(ii) there exists an upgraded KRS example of a game without an equilibrium when
modeled on the extended LI,

(ii1) the upgrading process reveals an infinite recursion in that a (counter)example
can always be constructed if the information spaces are modeled on any n-
fold extended!® LI, n a natural number, but one which can be resolved by a
(n 4 1)-fold extended LI, (Proposition2 below),'!

(iv) this “recursive upgrading” or “dialectic” then suggests the formulation of a
KRS-like game, one based on an abstract, atomless probability space, for which
a characterization and existence of PSNE can be established (Proposition 1 and
Theorem 1 below),'?

(v) this infinite recursion establishes the importance of KRS-like games as a diag-
nostic tool to check whether a given information structure guarantees the exis-
tence of a PSNE for a general class of all private information games,

(vi) a visual and analytical content can be imparted into private information struc-
tures that are relatively-diffused, asin He—Sun [13], or saturated, asin [27, 28] B

We now turn to an extended outline and overview of this essay.

After presenting the basic model and the antecedent results in Sect. 2, we recall in
Sect. 3 the principle result in [28] based on the two notions of a notion of a KRS-like
games, and the relative d-property with respect to a measure-preserving map. KRS-
like games are two-player games with the interval [—1, 1] as the (common) action set,
arbitrary atomless probability spaces, and with a structure of payoffs that lead their
equilibrium distributions, potential or otherwise, to have the same sort of structure as
those of the KRS example; see Proposition 1 below.!* To be sure, one could consider
such games modeled on compact metric action spaces,'> but as we shall see in the
sequel, the underlying motivation for such games is to find the simplest setting that
illustrates, and can be used as a criterion for getting a handle on, the difficulties that

10This notation then would lead the LI to be viewed as 0-fold extended LI and the extended LI in
(i) above as a 1-fold extended LI.

' We shall be referring to this below as a “scrambling” operation on a particular game.

121n particular, the upgraded games in (i) and (ii) above belong to the class of KRS-like games that
is being singled out and studied in this paper.

13The references [9, 13, 14] to the relative-saturation property are also relevant in this connection.
Precise definitions of these and other properties referred to in this introduction will be offered in
the sequel.

14This is done on the basis of the fact that there exists a measurable mapping / from an abstract
atomless probability space to the usual Lebesgue unit interval such that its induced distribution is
the Lebesgue measure itself; see [16, Lemma 2.1] and the discussion in Sect. 2 below.

13This is a consequence of the well-known fact that there exists a continuous onto function from any
uncountable compact metric space to [—1, 1]; see, for example, Rath—-Sun—Yamashige referenced
in [25] for this.
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come up in regard to the existence of a PSNE for all private information games. With
Proposition 1 relating to KRS-like games in place, we turn to what we explicitly
identify as measure spaces satisfying the d-property with respect to a measurable,
measure-preserving function, and thereby with respect to a sub-o-algebra. Such a
property of a probability space allows a measurable selection to be chosen from the
so-called d-correspondence, and one that induces a uniform measure on the range
of the correspondence.'® This property is motivated by a recent consideration in the
mathematical literature of correspondences that do not admit measurable selections
with pre-specified properties when based on the Lebesgue interval, but do so under an
extended Lebesgue interval that goes back to Kakutani in the forties, and one whose
o-algebra is countably-generated.!” Sect. 3.4 places on the record sufficiency results
for the existence of PSNE in KRS-like games, Theorem 1 and its three corollaries
based on the d-property. The prominence that we give to measure spaces having the
d-property is, to be sure, new to the literature: it undergirds the principal results of
this entire work.

Section4 is in keeping with the expositional thrust of this essay. It presents a
leisurely introduction to the construction of the Lebesgue extension based on a 1944
lemma of Kakutani’s, and originally introduced in [26]. Since this essay is motivated
to the non-expert reader, we also provide an exposition of the construction of the
Lebesgue interval based on Carathéodory’s theorem. This material of is of course
standard.

Section5 is the dialectical backbone of the paper, and its dynamic turns on two
sharp questions, the first of which is the following.

(a) Does the extended probability space, an extension of the Lebesgue interval,
resolve the KRS counterexample?

Based on the intuitive discussion of the extension in Sects. 4, 5.1 answers this ques-
tion in the affirmative. There exists a PSNE in the KRS example if the information
spaces are modeled on the extension of the Lebesgue interval, rather than on the
Lebesgue interval itself. And so this appears to be all that there is to it.'"® Unfortu-
nately, this success is more illusory than real. We show in Sect.5.2 that the KRS

16This correspondence is reproduced in Fig.2 below, and was referred to in [26] as the Debreu
correspondence simply as a mnemonic; and as indicated there, Hart-Kohlberg ascribe it to Debreu
in an entirely different context and for an entirely different purpose. Our current use of the letter d
for this correspondence, and for the d-property of a measure space based on it, is meant to indicate
a situation where each type of agent has a dual best-response. However, if the reader wishes, he or
she can capitalize d and make a non-obligatory nod in Debreu’s direction.

170ne of these correspondences is precisely the d-correspondence. Another derives from the cele-
brated example of Lyapunov; see Claims 1-3 in [26, Sect. 1]. We underscore for the general reader
the intuitively-obvious fact that the Lebesgue extension is mathematically much simpler than the
saturated extension of the Lebesgue interval in [45]. For Lyapunov’s theorem, see [23] and their
references.

18This, by itself is no longer surprising. It is now understood, at least by the cognoscenti, that one
only needs a o-algebra that is finer than the Lebesgue o-algebra in the sense that it contains a set
of measure 1/2 and which is independent of the Lebesgue o-algebra; see [13] written subsequent
to the first version of this paper.
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example can be modified and resituated on the extended information spaces to yield
another troublesome counterexample without a PSNE. This example is of a finite
game with information spaces “richer” than those used in the KRS example, but
with the payoffs suitably modified and refined to pertain to these spaces. It is this
upgrading of the (counter)example that motivates both a KRS-like game and mea-
sure spaces satisfying the d-property. In any case, one can now reformulate/repeat
the question under discussion, and ask:

(b) Does a further extension of the extended probability space resolve this “new”
counterexample?

Perhaps somewhat surprisingly, the answer is again affirmative in that the techniques
of [26], and recapitulated in Sect.3, are up to the task. However, a recursion now
suggests itself and is indeed executable in the form of a general result. Even though
a finite game I",, based on an n-fold extension of the Lebesgue interval has no Nash
equilibrium, we can construct an (n + 1)-fold extension of the information spaces
for which it has an equilibrium! And none of these constructed games I',, can have
Nash equilibria in any of the sub-extensions. The point is that all these constructed
games are KRS-like games with their information spaces satisfying the d-property. '
Indeed, this recursive non-existence property culminates in a general theorem; see
Proposition?2 in Sect.5.3 below. The question then is what works? how can this
unfortunate recursion be terminated? And it is at this point that our exposition leads
to the punchline that we want to express. The dialectic can only be terminated when
one relies on the idealized limit of a saturated space, or a space satisfying the relative
diffuseness property. These observations relating to the results of [27], and their
extension in [13], constitute the two-paragraphed Sect. 5.4.

The final substantive section of this essay concerns recent work of He—Sun—Sun
[12, 14]. In a comprehensive treatment, the authors have posed the question as to
“which measure spaces are most suitable for modeling many economic agents?” They
propose a class of measure spaces that they refer to as satisfying a condition they
term “nowhere equivalent.” Thus their work represents the next stage of the ongoing
trajectory that we have tried to sketch in this introduction: one that begins with the
Lebesgue interval and includes an atomless Loeb space. However, the authors prin-
cipal focus is on large games and economies, and they do not consider the relevance
of their novel concept to finite Bayesian games of private information, though they
are undoubtedly aware of how their basic argumentation would extend to this setting.
In Sect. 6, we consider how the Lebesgue extension can also be used to resolve a

9There is of course a Godelian parallel here. Let T} be a suitable theory, which is to say, complete
and consistent. Then it admits an undecidable proposition, call it S;. Let 75 be T extended by S,
and denoted 7, = {7 + G}. Observe that although G is trivially deducible in 75, there is another
undecidable in 73, say S» etc. S, is never decidable in 7;,_;. In fact there is a countably-infinite
series of pairs of theories and undecidables | Extensions of this type never work to furnish a general
theory. The authors are grateful to Josh Epstein for bringing the relevance of Godel’s incompleteness
theorem to their attention. Josh also singled out parallels to Galois theory whose pursuit in this paper
would have taken us too far afield.
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question raised in [14], the role that the dialectic that we have identified here also
plays in this setting.

We conclude the paper in Sect. 7 with two further remarks, and with an Appendix
that collects the purely technical arguments of this essay.

2 The Model

A private information game with independent types consists of a finite set of £ players,
each of whom (say i) chooses actions from a compact metric space A; which is not
necessarily finite, and has access to (private) information and events, represented by
a measurable space (7}, 7;), and known only to him, and not necessarily to the other
players. This information, or type, is independently drawn among players, moreover,
the its distribution forms is a probability measure y; on (7;, 7;) that is known to all
players. We refer to {(7;, 7;, p;) : i = 1, ..., £} as the private information structure
of the game. The private information structure is called diffused if for every i, p; is
an atomless probability measure. We shall follow convention and denote the product
Hi':]Aj by A, and Hj?gl‘Aj by A_i.

The payoff function of playeri isu; : A x T; — R, and it depends on the actions
chosen by all the players and on his own private information #; € 7;. We consider
the following assumption on the payoff function.?’

Assumption 1 For each player i,

(1) u;(-, ;) is a continuous function on A for every ¢; € T;;
(ii) foreacha € A, u;(a, -) is 7;-measurable on T;;
(iii) u; is integrably bounded, that is, there is an integrable function ¢; on (T}, 7;, 11;)
such that |u; (a, t;)| < ¢;(t;) holds for each a € A.

We denote a Bayesian game with independent private information by
=T, 7T, i), Aijyu; ci=1,...,¢}.

A pure strategy of a Bayesian game I is a 7;-measurable mapping from 7; to A;.
A pure strategy profile f = (fi, ..., f¢) of a Bayesian game I" is a pure-strategy
Nash equilibrium (PSNE) for the game T" if for every player i, f; yields the maximal
expected utility when the other players choose f_;.

In the reminder of this section, we turn to the state-of-the-art results on the exis-
tence of PSNE in Bayesian games of independent private information that will serve
as the backdrop for the results presented in this paper. In terms of background, the
original existence RR results on games with finite moves, as in [18, 34, 40], were
generalized first to games with countably-infinite moves, and then to those with
uncountably infinite ones; see [25] for discussion and basic references. The latter

20Wwe work with the simplest model; for extensions, see [7, 8, 19, 21, 39].
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generalization invoked an atomless Loeb probability space as the formalization of
the space of private information. In [27], the authors show that a saturated private
information structure is sufficient for the existence of PSNE in private information
games.?! More interestingly, they also show that this saturation property is also nec-
essary in the sense that if at least two players’ private information spaces are modeled
by non-saturated spaces, there is a private information game without a PSNE! As
such, it closes the circle.??

In subsequent work, the sufficiency result has been generalized in an interest-
ing way to which we turn. He—Sun [13] make a distinction between the aspects of
information with respect to which a player chooses a particular strategy as opposed
to those which lead his or her payoff functions to change. Following [14], they
propose the concept of relative-diffuseness in Bayesian games. Given a private infor-
mation structure {(7;, 7;, ;) : i = 1, ..., £} with respect to which the players take
strategies, let F; be the smallest sub-o-algebra of 7; with respect to which this
player’s payoff function is measurable. This private information structure is called
relatively diffused if F; is setwise coarser than 7; in the sense that for every S € 7;
with positive p-measure, there exists an 7;-measurable subset S" C S such that
I (S’AS”) > 0 for any S” € F° where S'AS” = (§'\S”) U (§"\5"). For simplic-
ity, we call {(T;, 7;, ;), Fi 1 i = 1, ..., €} a relative private information structure.
This leads to a natural variation of Assumption 1.

Assumption 1’ Conditions (ii) and (iii) in Assumption 1 are changed to

(i) foreacha € A, u;(a, -) is F;-measurable on T;;
(iii)" u; is integrably bounded, that is, there is an F;-integrable function ¢; on
(T;, Fi, p;i) such that |u;(a, t;)| < ¢;(t;) holds for each a € A.

We now denote a Bayesian game with relatively diffused independent private infor-
mation by
U ={(T, T, p), Fi), Aiyuy si=1,...,¢}.

As before, a pure strategy for player i is still a 7;-measurable function from 7; to her
action space A;. In a phrase, payoffs functions hinge on F; and strategies on 7;.

It is then shown in [13, Theorem 1] that there exists a PSNE in a Bayesian game
satisfying Assumption 1’ if the information on which the players condition their
actions is relatively diffused with respect to the information related to the payofts.
This result is a generalization of the sufficiency result in [27, Theorem 1] based on
saturated probability spaces. These require that for any nonnegligible subset S € 7,
the re-scaled probability space (S, 7%, 15) is not essentially countably-generated.”?
Since the o-algebra generated by any given payoff function satisfying Assumption 1

2ISince Loeb spaces are saturated, the sufficiency result generalizes previous work; see [27].

221t is worthy of emphasis here that, as noted in [27], this necessary and sufficient result was
already conjectured in [16]. Indeed, the necessity claim was first made by Keisler—Sun in 2002; see
the relevant footnote in their paper.

ZHere T is the o-algebra {S N S": §" € T} and 115 is defined on 7% by pu(-) = pu(-)/u(S). The
reader is referred [27] for details and references.
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is always setwise-coarser than the underlying o-algebra of the saturated space, the
relative diffuseness assumption is automatically fulfilled. It is worth underscoring,
however, that there is no necessity result in [13].%

3 KRS-Like Games Revisited

KRS-like games are studied in [28], these games are constructed based on an example
of two-player private information games in [17], and now referred to as the KRS
example. It is a two-player, private information game satisfying Assumption 1 with a
common action set of uncountable cardinality. Each playeri = 1, 2, can take actions
from A; = [—1, 1]. Let (T}, 7;, 1;), i = 1, 2 be two atomless probability spaces, and
let h; : T; — [0, 1] be a 7;-measurable mapping such that the induced distribution
over [0, 1] is the Lebesgue measure 725 The payoff functions for both players are
given as below:

u’l”(al, ax, 1) = uylayr, az, hi (1)) = —lh(t)) — larll + [h1 (1)) — a1] - z(hi (1), a2),
(1

ugz(al,az, n) =up(ay, az, ha(t2)) = —|ha(r2) — lazll — [h2(t2) — a2l - z(ha(12), ay);
2

where the function z: [0, 1] x [—1, 1] — R is defined as follows. For all ¢ €
[0,1/2],0 € [-1,1]

b, if0<b <t
z(t,b) = t, ift <b<1l;
—z(t, =b), ifb < 0;

and for any t € (1/2, 1], z(z,-) = z(1/2, -); see Fig. 1 for the graph of z(¢, ) for
three different values of 7.

In particular, (7;, 7;, i1;) are the usual Lebesgue unit intervals and h; are the
identity maps on [0, 1], this KRS-like game is the original KRS game in [17]. It is
also clear that for each playeri, and foreacht; € T;,u; (-, -, t;) isacontinuous function
on[—1, 1] x [—1, 1]. Fordifferent#; € T;, allu; (-, -, t;) constitute an equicontinuous
family. Thus, for any ay, a; € [—1, 1], u;(ay, az, -) is 7;-measurable function. As a
result, KRS-like games satisfy Assumption 1.

24Even though it constitutes a rather narrow perspective from which to view this paper, one could
in principle, see the results reported here as addressing themselves to the problem left open in [13].

25There always exists such a function #%;, see [2, Proposition 9.1.11].
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Fig. 1 Graph of z(z, -) for Z(t )

different 1 7 2(t,), t >1/2
o 2(0,9)
t 1/2 1 b

When the private information spaces are given, we denote this game by

Puvne = [T T ), A = (=110 i = 1,2
In this games, for each i, a pure strategy of player i is a 7;-measurable function
from T; to [—1, 1]. If (g1, g2) be pure-strategy profile, and v; = ng; !is the induced
distribution on the action set [—1, 1].
We are now ready to introduce the equilibria in KRS-like games. First for any
t € [0, 1], any Borel probability measure v on [—1, 1], let w(¢, ) be the integral of
z(t, -) with respect to v, i.e.,

1
wit,v) = / 2, )dv. 3)
_1

The best-response correspondence in the KRS-like game Iy, 4, is as follows:

—hi(t)) or hi(t1), if w(h(t1), v2) = 0;
Bi(t;;1n) = hi(t), ifw(h(t)), 1n) > 0;
—hl(tl), ifw(hl(t]),uz) < 0.

—hy(t2) or hy(t2), if w(ha(tz), v1) =0;
By(ty; 1) = —hy(t), if w(ha (), v1) > 0;
hz(l‘z), if w(hz(lz), V1) < 0.

Moreover, suppose that there exists a PSNE (g{, ¢g5) in the game I'y, ;,, where
gF is a T;-measurable function from (7;, 7;, 41;) to [—1, 1]. Let v/ be the induced
distribution of g}, i.e., vF = y; o (g¥)~". The equilibrium action distribution of each
player’s strategy also satisfies the following statement.

Proposition 1 (Khan-Zhang [28]) Suppose that v}, V5 are the induced action dis-
tributions of a PSNE of the game T'y, p,, then for i = 1,2, w(h;(t;),v]) =0 for
pi-almost all t; € T;, and v} ([0, s]) = v} ([—s, 0]) = s/2 for any s € [0, 1/2].

Khan and Zhang also find that PSNE in KRS-like games is intimately related to the
following d-property concept of probability spaces.
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Definition 1 (i) Given an atomless probability space (T, F, i) and a F-measurable
measure-preserving map 4 from 7 to the Lebesgue interval ([0, 11, £, 1),%6 (T, F, )
is said to have the relative d-property with respect to / if there is a F-measurable
map g from T to [—1, 1] such that g(¢) € {h(¢), —h(¢)} and g induces the uniform
distribution on [—1, 1]. (ii) Given an atomless probability space (T, G, ;1) where G is
asub-cg-algebraof F, (T, F, u) is said to have the relative d-property with respect
to G if for all G-measurable measure-preserving map s from 7 to the Lebesgue
interval ([0, 1], £, n), (T, F, u) has the relative d-property with respect to /.

It is clear that the usual Lebesgue unit interval ([0, 1], £, n) does not have relative
d-property with respect to the identity map on the interval, which is obviously a
measure-preserving map. The following is straightforward from Proposition 1.

Corollary 1 Fori = 1,2, if an atomless probability space (T;, T;, u;) has relative
d-property with respect to a measure preserving map h; from T; to the Lebesgue
interval, then there exists a pure-strategy Nash equilibrium in the KRS-like game
Fhl-hZ'

Here is a sufficient condition for the relative d-property.

Lemma 1 Given (T, G, u), G as in Definition 1. If there is a F-measurable subset
with u-measure (1/2), and it is independent with G, then (T, F, ) has the relative
d-property with respect to G.

Moreover, the relative d-property of a probability space also furnishes a necessity
condition for modeling the private information spaces such that KRS-likes games all
have PSNE.

Theorem 1 (Khan-Zhang [28]) Given a diffused private information structure
{(T;,T;, i) - i = 1,2}, if for some i, (T;, T;, i1;) does not have relative d-property
with respect to a measure preserving map h; from T; to the Lebesgue unit interval,
then there exists a KRS-like game possessing no pure-strategy equilibrium.

4 A Lebesgue Extension a la Kakutani

In this section, we attempt to lay out for the general reader the basic intuitions
underlying the construction of the Lebesgue extension rather than simply using it as
a black-box that furnishes a pure-strategy equilibrium in a class of games that do not
possess such an equilibrium. To put the point another way, the principles underlying
the extension go beyond the technical to the substantive considerations.

To be sure, the extension of the Lebesgue measure has by necessity to build on the
construction of the Lebesgue measure itself, and we begin this section by recalling

207 maph : (T, F, p) — ([0, 1], £, n) is called measure-preserving if & is F — L£-measurable and
the induced distribution of % is the Lebesgue measure on the unit interval.
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the basic (standard) principles underlying this construction.”’” Towards this end, we
begin by recalling the notion of an outer measure 6 on the power set P(X) of a space
X. This is simply a non-negative function that gives zero value to the empty set, is
monotonic and countably subadditive. This is to say

0(@) =0, A C B==>0(A) < 0(B) and 0(UpenE,) < D 0(E,).
neN

If the outer measure of X is unity, then it is a pre-probability, and what one needs
to get a bona fide probability is to strengthen countable subadditivity to countably
additivity. The point is that on restricting an outer measure to a specific class of subsets
of X, this can be done and it turns into a measure. It is important to understand this
restricted class of sets, and we turn to it.

It is clear that any set A can be disjointly decomposed through another set B by
viewing it as the intersection of it with E and the set of its points that do not belong
to E. In symbols,

A= (ANE)U(A/E) where A, E € P(X).

We can refer to E as a decomposing set, and the sets A N B and A/E as its decom-
positions with respect to it. This much is entirely trivial.”® Now focus on a set E that
decomposes any subset of P(X) in a way that the outer measure of the set and the
sum of the outer measures of the its decompositions with respect to E are identical.
This is to ask for a focus on

Z ={EeP(X):0(A) =0(ANE)+0U(A/E)) forall A € P(X).

Now what is not trivial is that > is a o-algebra, which is to say in the language
of probability theory, a bona fide event space: closed under complementation and
countable unions. And more to the point, the outer measure 6 restricted to this class is
ameasure which is to say countably additive for a disjoint sequence of events. Again,
in the restricted language of probability theory, a pre-probability has been rendered
by restriction to a probability, a result that goes by the name of Carathéodory.?

So far, in the consideration of an abstract set X, we have had nothing to say
as regards a Lebesgue measure. Indeed, we have simply specified a methodology
by which a given outer measure on a power set can be turned into a measure on a
specific distinguished o-algebra chosen from that power set. We now specialize X to
R, and rather than assume an outer measure, construct it. For any two real numbers

27Several excellent treatments of this standard material are available, but we hope that the following
two paragraphs will not only set the stage for what is to follow but will speak to the general reader;
for details, we recommend [6, 37].

28But see Nillson’s singling this equality out in [37, Eq. 5.6, p. 304]. Khan would like to take this
opportunity to thank Metin Uyanik for discussion concerning this “Carathéodory equation.”
2See the epigraph, and the discussion in [37, Sect.5.4].
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a and b, consider as a building block the half-open interval {x e R:a < x < b},
and associate with it the number b — a when b > a, and zero otherwise. Refer to
this association as a function ¢ on half-open intervals on R. This has the intuitive
property® that the number associated with any half-open interval I, £(1), is not
greater than the sum of the numbers associated with any countable cover of half-
openintervals I;, j € N, whichistosay, > jeN £(1;). Two points need to be noticed:
the statement pertains only to half-open intervals and to any countable cover of them,
much less the most parsimonious one. As a consequence, A is not yet an outer measure
on P(R).

Itis now a straightforward matter to use the function A defined on the basic building
blocks to construct a function 6 defined on P(R) by limiting ourselves to the most
parsimonious cover of an arbitrary subset A in R. The symbolism is transparent:

0(a) = inf 1> eap:Ac|]t.
jeN

I:):
{/}/EN jGN

though it bears emphasis that the infimum is taken over all countable covers of A. The
fact that 6 gives the zero value to the empty set, and that it is monotonic is a triviality;
in order to show that it is countably subadditive is a routine computation drawing
what it means to have an infimum.?' But now we can appeal to Carathéodory’s
procedure to obtain a distinguished o-algebra in P(X), the (Lebesgue o-algebra) and
a measure (the Lebesgue measure) on it. This measure space furnishes the Lebesgue
unit interval when it is restricted to the unit interval; and it is the extension of this
space (L = [0, 1], £, ) that is at issue.

Thus, consider the Lebesgue unit interval, L = ([0, 1], £, ) as the primitive
object to which we seek an extension. Even a cursory perusal of the argumentation
underlying the construction of the extended Lebesgue interval shows its dependence
on a 1944 Lemma of Kakutani, [15]. To facilitate the intuition behind the procedures
of this extension, think in terms of an allegory of a “treasure hunt” in which one is
to find bills of denomination ranging from zero to one, K = [0, 1], buried in loca-
tions proxied by numbers between zero to one, L = [0, 1]. The set of locations is
already furnished with a Lebesgue measure-theoretic structure: this is to say that we
have assumed an ability to measure the length of any interval between two locations
(€, ). Let us now also explicitly assume a Lebesgue measure-theoretic structure
([0, 11, K, k) on the set of denominations K, and seek to estimate a measure of the
size of the ‘treasure”— the total of the amount given by the bills of denomination
between (k, k') and buried in the strip of land between (/, I'). To repeat, we aim here
for an exposition that gives the basic intuition behind the construction, and refer any
reader interested in the details of the rigorous argumentation to [26].

30Even though the property is intuitive, relying as it does on the notion of a length of an interval and
what it means to have cover, it nevertheless requires a proof. Henceforth, by cover we shall mean
a cover of half-open intervals.

31See the notes and comments in Fremlin ([6]; Sect. 113); also see [3, 37].
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Kakutani’s Lemma: There exists a partition of uncountable cardinality of L =
[0, 1], denoted by {Cy.: k € K = [0, 11}, such that the Lebesgue outer-measure>? of
Crisoneforallk € K = [0, 1].

Now Kakutani’s lemma furnishes the rudiments from which a “treasure map” C in
the space of all the locations and the denominations can be constructed. The lemma
furnishes a partition of the unit interval indexed by each denomination. Heuristically,
every location is assigned a unique amount of wealth, and the location of bills with
a given denomination level k is rather dispersed among the set of all locations.
Symbolically, we are furnished with {C; € [0, 1]: k € K} such that Uyeo,1;Cx =
[0, 1]and C; # C;, i # j. However, the point is that the length of these Cy cannot
be determined: none of them are in general Lebesgue measurable, but only Lebesgue
outer-measurable, each with unit outer-measure. This is to say that the “smallest”
Lebesgue measurable set containing a given Cy has a unit Lebesgue measure. We
can now take this partition and “unfold” it as the “treasure-map” C where

C = Uke[o,I]Ck x {k} C L xK.

The point is that this set C is also only outer-measurable with unit (square) Lebesgue
measure 17 ® . The “treasure map” is not accurate enough!

To overcome this deficiency, consider the o-algebra generated by C and the sets
in £ ® IC, and extend the square Lebesgue measure 1 @ « to this extended o-algebra
7T . Denote this extended measure by -y, and note that we have a measure-theoretic
structure, (C, 7, ), on C such that the o-algebra 7 is the restriction of the Lebesgue
product o-algebra £ ® K on C. This takes us to the second foothold of the extension
procedure. It is simply that the size of any set of the form ((/, ") x (k, k’)) N C with
respect to -y inherits the size of the rectangle (I, ") x (k, k) in the square. This is to
saythatforall0 </ </’ <land0 <k <k’ <1,

Y[ 1) x kKN NC] = = DK k).

Finally, we project the unit square to the unit interval. This is to say that we consider
the projection p from C to L, and observe it to be a one-to-one measurable map-
ping. Hence it induces a probability structure on [0, 1] by projecting the probability
structure on C.

Denote the new probability structure on [0, 1] by ([0, 1], Z, M), and this is the
extension of the Lebesgue unit interval that we seek. It is now worthwhile to sum-
marize the procedure. Each type has a double identity: an explicit identity or trait
(say, e.g., the location) indexed by elements of L and another implicit identity or
trait (say, e.g., the wealth level) indexed by elements of K, and the two traits
co-exist in single-dimensional set /. The point of consequence is that these two
traits are governed by two independent o-algebras, and the extended Lebesgue

32Given a measure space (T, T, i), the associated outer measure, denoted by p*, is defined as
follows: for any subset E C T, p*(E) = inf {Z,u(E,) : E, € T, E C U, E,}, it bears emphasis
that the infimum is taken over all countable covers of E.
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measure is atomless on both. Next, we turn to this. For all 0 <k <k’ <1, let
Dy = Ugpr <o Crr, which is the set of all implicit traits lying between k and k'.
Notice that p~! (D) = ([0, 1] x [k, k/)) N C, and by virtue of the way that the
extended o-algebra Z was obtained on I, Dy € Z. Furthermore, by virtue of the
way that the extended Lebesgue measure was obtained on Z, we have

(D) =7 [p~" (Du)] =7 [(10,1] x (k, k) N C] =k — k.

That is, the probability of a type whose implicit trait lies between k and k' is exactly
k' — k. That is, the wealth level, viewed as a random variable on the extended
Lebesgue interval, is a measurable measure-preserving map to the Lebesgue interval.

Next, we claim that the two random variables, the wealth level and the location,
are independent. Fix0 < k <k’ < land0 <[ <[’ < 1, consider the probability of
types where the wealth lies between k and £’ and the location lies between / and
!’. Independence of the two random variables simply means that the probability of
the types that lie in the intersection of the two sets is the product of the probabil-
ity that the type lies in each of the sets. But this clear on account of the fact that
p! (Dkk/ N, l’)) = ((l, Uy x (k, k’)) N C, and thus

XD N1 =v[p™" (D N @] =7 [(( 1) x k,E)) N C] =1 = DK — k).
“4)

We thus completes the proof of the independence between the wealth level and the
location.

In summary, the extension proceeds in the following steps: (i) the Kakutani par-
tition of the Lebesgue unit interval, (ii) the lifting of this partition to a set C in the
Lebesgue square, (iii) the extension of the square Lebesgue measure-theoretic struc-
ture to include C, (iv) restriction of this structure to C, and finally, (v) a projection
of this restricted structure to the given Lebesgue interval.*® The point is that one can
now estimate the size of many more sets by A than we could before.

Once this extension is understood, only a little more is involved in understand-
ing that a sequence of Lebesgue extensions {([0, 1], Z,, A\,) : n =0, 1, ...} can be
constructed in which the first countably-generated Lebesgue extension ([0, 1], Z, )
is denoted by ([0, 1], Zy, A\o), and for any n € N, ([0, 1], Z,, A,) is an extension of
([0, 11, Z,,—1, Au—1), where the former is obtained from the latter in precisely the way
that ([0, 1], Z, )\) is obtained from the Lebesgue interval.** We can now record the
following properties of these extensions.

33The details of each of these steps are spelt out in [26]. It is a good exercise for the interested
reader to work out for herself the routine arithmetic behind each of these steps. She should note,
in particular, that the proof of the claim that the outer-measure of C is unity (straightforwardly)
invokes Fubini’s theorem.

34 As in Footnote 32, we send the reader interested in the details to [26]; and in this particular
context, to Sects.5.2.2 and 5.2.3 in that paper.
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Lemma 2 (i) Foreachn € N, 7, is setwise coarser than Z,. (ii) For everyn € N,
there exists an 1,-measurable measure-preserving map h,, such that for any E € T,,,
there exists a Lebesgue measurable subset S C [0, 1] such that \,[ E Ah,; I$H1=0
where A is the symmetric difference operator in I,. (iii) The n-fold Lebesgue
extension does not have d-property with respect to hy,, for all n € N. In partic-
ular, when restricted to h;,'([0, 1/2]), there is no selection of the corresponding
d-correspondence of h,, such that the induced distribution is uniformon[—1/2,1/2].

Remark 1 The m-th fold Lebesgue extension has d-property with respect to Z,,. We
also note that Lemma2(iii) allow us to assert that no matter how large a natural
number 7 is, the n-fold Lebesgue extension extension is not a saturated space. The
point in part (ii) is that ([0, 1], Z,, A,) does not have the relative d-property with
respect to the measure-preserving map 4,,.

5 KRS-Like Games Based on Lebesgue Extensions

In this section, we turn to the KRS example itself, and ask whether one can obtain
a PSNE in the game I'j by jettisoning the usual Lebesgue unit interval, and turning
not to a saturated or super-atomless probability space,?® but to an atomless prob-
ability structure whose measure-theoretic is rich enough only to the point that is
required to show the existence of a PSNE in the specific game I'y. This is to ask
for a measure-theoretic structure that is oriented towards resolving and subduing the
canonical counterexamples. We develop the answer to this question in Sect.5.1 by
using the countably-generated extension of the usual Lebesgue unit interval offered
by the authors in [26]. However, in Sect. 5.2, we show that this “more sophisticated
and enriched” atomless probability space generates its own example of finite-player
games without a PSNE. As already stated informally in the introduction, this counter-
example on the extended information space can in its turn be resolved by a further
enrichment of the (extended) o-algebra. In Sect.5.3, we conclude with a general
result formalizing this dialectic. However, prior to all this, we review for the reader
the highlights of the construction of the extended Lebesgue interval.*

5.1 The KRS Example Resolved

‘We now turn to the non-existence of a PSNE in the game I', and ask whether the use of
extended Lebesgue interval as the space of private information resolves the problem.

33See [4, 16] for definition of these terms.

361t may be worth pointing out that this is the first substantive application, and an exposition, of
this extended Lebesgue interval in the economics literature.
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The affirmative answer to this question can now be routinely outlined. Consider the
game,

To={(Ti, T, ) = (10, 11, Z, X), A; = [=1, 1, u; 1 i = 1,2},

and note that Iy is identical to Ty except for the fact that each player’s private
information space is replaced by the (countably-generated) Lebesgue extension. We
have subdued the counterexample and resolved its negativity by this “tilde” operation
involving a move from Iy to I'y. This move is important for the argument that is
being developed here. We can now present

Claim 1 There exists a PSNE in the game T,

This result is an easy consequence of Proposition 1 and Lemma2(i).

However, a natural question arises as to whether a general theorem can be devel-
oped for Bayesian games with compact metric actions sets based on information
spaces modeled by the extended Lebesgue intervals. as we shall see in the next
subsection, the answer is unfortunately resoundingly negative.

5.2 Yet Another Counterexample

In order to develop the counterexample, we return to Lemma 2(ii), and work with the
measurable the measure-preserving map s from ([0, 1], Z, \) to the usual Lebesgue
interval guaranteed therein. Use this map g to formulate the following KRS-like
game, Iy, p,.

Choo = (T iy i) = ([0, 11, 2, N), Ap = [—1, 1], ul® 1 i = 1,2.)

We can now appeal to Lemma 2(iii) to assert that
Claim 2 There does not exist a PSNE in the game ', p,.

But now one is on a roll. One can ask whether the non-existence of a PSNE in
the KRS-like game I'j, 5, can be is resolved in precisely the same way that the non-
existence issue for the KRS game I'y was resolved. This is to check whether a further
extension of the extended Lebesgue interval would subdue the new example. This
can be done by a consideration of the following game,

Choe = (T Ti, i) = ([0, 11, 70, M), Ay = [—1, 10, ) i = 1,2},

in which each player’s private information space is “upgraded” from ([0, 1], Z, )
to ([0, 1], Z;, A\;). To use the earlier vernacular, the resolution hinges on a further
“tilde” operation involving a move from Iy, s, to T, »,. We can now again record
the following easy consequence of Proposition 1 and Lemma2(i).

Claim 1’ There does exist a PSNE in fho,ho'
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Fig. 2 Lebesgue extensions and KRS-like games

5.3 A General Negative Result

The interesting question is whether there is a general recursion theorem here. We
develop such a result in this subsection. The point is that the argumentation in
Sect.5.2 can be continued inductively ad infinitum. First, a sequence of countably-
generated probability spaces {([0, 1],Z,, A\,) :n=0,1,...} can be constructed,
where the first countably-generated Lebesgue extension ([0, 1], Z, A) is denoted by
([0, 11, Zp, o), and for any n € N, ([0, 1], Z,,, A,) is a countably-generated exten-
sion of ([0, 1], Z,_1, Ay—1). Second, if each player’s private information space is
modeled by ([0, 1], Z,,—1, Ay—1), there exists a KRS-like game I', , 5, , without
any PSNE. Such that there does not exist a PSNE. Third, as far as this KRS-like
game is concerned, the “tilde” operation whereby each player’s private information
space is modeled by the countably-generated space ([0, 1], Z,, \,), again guaran-
tees a PSNE. This argumentation can be succinctly illustrated and summarized by
Fig.2, where C ([—1, 1] x [—1, 1]) means the space of all continuous functions on
[—1,1] x [—1, 1].
In terms of a formal statement, we can offer:

Proposition 2 For each n € N, there does not exist a PSNE in the KRS-like game
Ty, 1, but there does exist one in the game T}, ., where the private information space
for each player in ﬁh,,,h,, is upgraded from the n-fold extension to the (n + 1)-fold
extension.

Proposition2 embraces both a positive and a negative result, and in conclusion, it is
worthy of note that Claims 1 and 2 above follow as its special cases.

5.4 A Discussion of the Results

The positive result in Proposition 2 can be viewed as an illustration of Theorem 1 of
[13] since the relative diffuseness assumption in such KRS-like games are satisfied.
However, as far as the KRS example and the KRS-like games I',, 5, are concerned,
it follows from Lemmal that a rather simpler and more modest extension of the
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underlying private information space suffices: all one has to do is to include a subset
with measure one-half and one that is independent of the underlying o-algebra. It
serves as the “right” model of the private information space.

The negative result in Proposition 2, the non-existence of PSNE in the KRS-like
games 'y, ,, can be viewed as a special case of the necessity result, Theorem 2, in
[27]. There it states that if two players’ private information spaces are both modeled
by non-saturated probability spaces, then there exists a counterexample of a private
information game without any PSNE. In the KRS-like game I'j, ;,, the underly-
ing private information spaces are both n-fold Lebesgue extensions, and thereby
essentially countably generated spaces, and automatically not saturated spaces.®’
However, the non-existence argument here is different from the one in the proof of
Theorem 2 in [27]: here itis arather straightforward consequence of Proposition 1 and
Lemma2(iii). It is in this regard that the approach used in this paper is self-consistent,
as far as the construction of the counterexamples Iy, ,, are concerned.

6 A Condition of He—Sun—-Sun

In work circulated in 2013, He et al. have proposed a far-reaching generalization
of the saturation property in the form of condition they of nowhere equivalence of
two o-algebras of a probability space. They have relied on this condition to present
a comprehensive theory of economies and games with a continuum of agents, and
of the three basic mathematical operations that undergird it: integration, distribution
and conditional expectation. This work is important enough this expository paper
would not be complete in its scope without making some reference to this work. In
this section we relate the Lebesgue extension and the ideas presented above to this
important work.

He—Sun—Sun [14] motivate their condition, and their results based on it, by a
series of examples of games and economies which show pathological features as far
as the existence, closed graph and “determinateness” properties of the equilibria are
concerned. Here we consider Example 3 of [14], henceforth the HSS example. In
this example, there are two large games, both have Lebesgue interval as agent space,
the common action space is [—1, 1]. Moreover, in both games, each player’s payoff
only depends on her own action, not anybody else’s. Namely, for all agent i € [0, 1],
a € [—1, 1], and any action distribution » on [—1, 1],

G2, a,v), ifi €[0,1/2),

. _ N2, 2 . _
Gi(i,a,v)=—(a+i)(a l)’andGZ(l’a’V)_{Gl(Zi—l,a,z/), itie[l/2 1]

3TMore precisely, in the KRS-like game 'y, .h,, the corresponding si,s> in the proof of
[27, Theorem 2] are both one.
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Note that in G, player i’s best strategy, no matter what the strategy of all others,
is always either i or —i, while in G,, the best strategy for Mr i is either 2i or —2i,
for i less than one half, and either 2i — 1 or 1 — 2i for i great than one half. As a
result, in G|, a PSNE will be a Lebesgue measurable map from [0, 1] to [—1, 1]
such that the value at i is either i or —i, or a Lebesgue-measurable selection of the
correspondence @ : [0, 1] — [—1, 1] with @ (i) = {i, —i}. Similarly, a PSNE in G,
is a Lebesgue-measurable selection of the correspondence W : [0, 1] — [—1, 1] with

W(i) = {2i, —2i}, ifi € [0, 1/2),
{2i — 1,1 —-2i}, ifi e [1/2,1].

These two games G| and G, induce the same distribution on the space of payoff
functions, namely space of all continuous functions on the product space of [—1, 1]
and all Borel probability measure on [—1, 1]. However, the set of action distribution
of all PSNE in G, denoted by D(G/) is not the same as that in G,, denoted by
D(G,); see Claim 3 in [14]. Namely, D(G)) is the set of induced distribution by
all Lebesgue-measurable selection of the correspondence ®, and D(G») the set of
induced distribution by all Lebesgue-measurable selection of the correspondence W.
More precisely, the uniform distribution on [—1, 1] is an element of D(G;) but not
of D(G); see Fig. 3 below.

However, if the agent spaces in these two games are both modeled by the Lebesgue
extension as in Sect.4, and if D'(G;) is the set of induced distribution of all
L¢-measurable selections of ® and D’(G,) the set of induced distributions by all
L¢-measurable selections of W, we obtain the following result.

Proposition 3 [f in this example, both agent spaces are modeled by the Lebesgue
extension, then D' (G,) = D' (G)).

e \ N o

Fig. 3 One selection of ® and one of W
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The proof is postponed to the appendix.

To summarize, the problem raised in Example 3 of [14] automatically disappears
when modeling agent space by the Lebesgue extension. This result is not surprising
because the extended sigma algebra in the Lebesgue extension satisfies the conditions
in Theorem 3 of [14]. The following is a concept proposed in [14].

Definition 2 Given an atomless probability space, (T, F, i), and a sub-o-algebra
G of F. F is said to be nowhere equivalent to G if for every D € F with u(D) > 0,
there exists a F-measurable subset Dy of D such that u(DyAD;) > 0 for any D; €
GP.

In the current context, we only need to claim that the extended Lebesgue o-algebra
in Sect. 5 is nowhere equivalent to the original Lebesgue o-algebra. The proof of this
claim is provided in the Appendix.

We conclude this subsection with two observations. First, we note that the HSS
example, and the HSS theorems based on it, concern large games with a continuum
of players; and that the reader can generalize the necessary and sufficient results
presented in [27, 28] to a finite-player Bayesian games, focused on in the essay, where
the analog of the HSS condition is expressed for the spaces of private information.
Second, we leave it to the reader to think out for herself a dialectical argumentation
underlying the HSS example of the kind that we have considered in his essay for the
KRS example.

7 Concluding Remarks

In [27], the authors show that if each player’s private information space is modeled
by a saturated probability space, then every private information game has a PSNE.
As to whether such a saturated private information structure is a “minimal” one for
the existence of PSNE in such games, a complete answer is provided in [28] that if
every KRS-like game has a PSNE, the underlying information space for each player
must be saturated. With these two results in hand, under a given private information
structure, the hypothesis that all KRS-like games have PSNE implies that all private
information games also have PSNE! In other words, KRS-like games are precisely
the “trouble-makers” we need to consider and rule-out to establish a general theory
on the existence of PSNE for a given private information structure. It is in this sense
that we say that KRS-like games serve as a diagnostic tool for the existence of PSNE
in private information games.

The dialectic arguments using Lebesgue extensions provide some further elabora-
tion and elucidation on the above “minimal” requirement on the private information
structure to guarantee the existence of PSNE. Note that in a saturated probability
space, it has a “rich” sigma algebra such that when restricted to any non-negligible
subset, the sub-sigma algebra under the restricted measure cannot be essentially
countably generated, i.e., there is no hope to find a countable number of sets in the
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restricted sub-algebra to generate the restricted sub-algebra itself. However, in the
n-fold extensions of the Lebesgue interval considered in this essay, the underlying
sigma-algebra, no matter how large n is, is essentially countably generated; and, as a
result, each n-fold Lebesgue extension cannot be saturated. This is why there is such
a KRS-like game without a PSNE as claimed in Proposition?2, a result also implied
by the necessity result in [28].

It is worth pointing out another distinction between the Lebesgue extensions con-
sidered in this paper and a saturated space. As is made clear in the construction of the
Lebesgue extension in Sect. 5, the 1-fold Lebesgue extension, the original Lebesgue
o-algebra is enlarged in a way such that it can accommodate at most two inde-
pendent random variables, each of which is a measurable measure-preserving from
the Lebesgue extension to the Lebesgue interval. Similarly, in the n-fold Lebesgue
extension, the underlying o-algebra can at most accommodate n independent ran-
dom variables, each of which is a measurable measure-preserving from the n-fold
Lebesgue extension to the Lebesgue interval. In comparison, in a saturated proba-
bility space, the underlying o-algebra can accommodate at least a countable number
of such pairwise-independent random variables.

We conclude this discussion by an observation that looks at the dialectic of these
results from another, and more critical, point of view. The necessity result ensures
that for this extended probability space, there will always exist a large game without
pure-strategy Nash equilibria, but this game may not have any substantive interest.
It may be an artifice, a purely technical construction testifying to a mathematical
necessity, but with no counterpart in terms of concrete “real-life” applications. Thus,
one could legitimately hold the view that as far as the substantive applications are
concerned, there is little need for a result that proceeds beyond the modest extension
articulated in [26] all the way to a saturated space, or to the spaces satisfying the
HSS condition. This is a point of view explicitly articulated in [26] in the context
of large non-anonymous games, and further discussion and exploration of whether
this is, or is not, only cold comfort for finite games with private information, must
be left for future work that turns to concrete applications. For these, see [34, 43] and
the references therein, especially to the work of Athey and McAdams. Recall also
that the introduction of [34] opens with William Vickrey’s auction paper of 1961.
The reader should keep this cautionary skepticism in mind now that she has worked
through the dialectical argumentation.

8 Technicalities of the Proofs

Proof of Lemma?2. We first prove Part (i). Note that for any natural number 7, the
n-fold Lebesgue extension is constructed from the (n — 1)-fold in a similar way as
([0, 11, Z, X) from the Lebesgue unit interval. As a result, we only need to show that
([0, 11, Z, A) has the relative d-property for all measure preserving map from the
Lebesgue interval to itself.
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It follows from Lemma?2 of [26] that there exists a Z-measurable subset S such
that A\(S) = 1/2, and both S and S¢ is independent with (0, ¢) forall ¢ € [0, 1], where
S¢ is the complement of S. Note that the Lebesgue o-algebra L is generated by these
subsets (0, 1), t € [0, 1], asaresult, both S and S¢ are independent with any Lebesgue
measurable subset. Given any measure-preserving map / from the Lebesgue interval
to itself, let g : ([0, 1],Z, A\) — [0, 1] defined to be g(¢) = h(¢) for all r € S, and
g(t) = —h(t) forallt ¢ S.Itis clear that g is an Z-measurable map.

We finally check that g induces the uniform distribution on [—1, 1]. For
any s € [0, 11, Mz : g(t) € [=s, 01} = A(S° N A7([0, s1) = 5A(h~([0, s]) = §,
where the second equation follows from that S¢ is independent with the Lebesgue
subset 471 ([0, s]) which is of measure s; similarly, \{z : g(¢) € [0, 5]} = 5- We thus
complete the proof of Part (i).

We next prove Part (ii). The existence of this measure preserving mapping 4,
from the n-fold Lebesgue extension to the Lebesgue unit interval is guaranteed by
[26, Corollary 1, p. 1093], the key here is that the n-fold Lebesgue extension is an
atomless (essentially) countably generated space. |

Proof of Proposition 2. The existence of pure-strategy Nash equilibria in I:hmh”, for
all n, follows from Corollary 1 and Part (i) of Lemma?2.

We next prove the non-existence result for the KRS-like game I' j, . By
Proposition 1, it suffices to show that there does not exist an Z,-measurable map
from [0, 1] to the Lebesgue unit interval such that it takes value either h,(¢)
or —h,(t) for all ¢, and it induces the uniform distribution on when restricted
on [—1/2,1/2]. Suppose not, there is such a mapping g. Let § = {¢ : g(r) > 0}.
It is clear that S € Z, and \,(S) = % By the construction of A, in Lemma?2,
there exists an Lebesgue subset E, such that A,l(SAh;l(E)) = 0. By Part (ii)
of Proposition 1, for any s € [0, 1/2], % =Mft:g€l0,s]}=N(SN h;'[O, s =
(B Y(E) N R0, s1) = n(E N0, s]), where the last equation follows from the
measure preserving property. This contradicts the fact that there is no Lebesgue set
which is independent with all sets [0, s], s € [0, 1/2]. [ |

Proof of the claim in Sect. 6. Let D be an Z-measurable subset with A(D) > 0. Note
that [0, 1] = Dy, it is clear that there exists two numbers k, k' € [0, 1], such that
0 < AM(Di N D) < A(D). We next fix such a pair of numbers k, k" and construct a
required subset Dy € D asin Definition2. Namely, for any subinterval [/, I'] C [0, 1],
[,'1N D and Dy differ up to a non-negligible A\-null subset. If this Dy N D and
[Z,']1N D do not differ up to a null set for all /, /', let Dy = Dy N D. Otherwise,
for some [, ', this subset Dy N D and [/, '] N D differ up to a A\-null set. That
is, Dy N [1,1'] € D holds subject to a null set. Let Dy = Dy» N D = Dy N [1,1']
where k" = % It is clear that 0 < A(Dg) < A(D) and Dy is a required subset in
Definition 2, since Dy, is independent with all subsets [a, b] for all a, b. [ |

Proof of Proposition 3. 1tis clear that D' (G) € D'(G,). What remains is to prove the
converse direction. For any distribution o generated by a £¢-measurable selection
of W. Now consider the restricted distribution on [0, 1], still denoted by p. It is
clear that 4 is absolutely continuous with respect to the Lebesgue measure on [0, 1],
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moreover, forany ¢ € [0, 1], u([0, ¢]) is at most of value 7. As such, all the conditions
of Lemma 3 in [26] are satisfied, therefore, there exists S, € £¢ such that for any
t € [0, 1], ([0, £]) = A°(S, N[0, ¢]). Let f be a L-measurable selection of ® such
that f(i) =iifi € S, and f(i) = —i if i ¢ S,. It is clear that this f induces the
same distribution g on [—1,1]. W
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Abstract In the present paper the author introduces a new notion, supermartingale
problems, to describe a family of probability measures on path space, and shows
some results on existence and stability.
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1 Introduction

In mathematical finance, we usually think of a family of probability measures on path
space (e.g. Equivalent Martingale Measures). In market models with no friction, these
measures are equivalent and we can describe them by using a reference measure.
However, in market models with friction, these measures are sometimes mutually
singular (e.g. Boyle—Vorst [1], Kusuoka [4]). In the present paper we introduce a new
notion, supermartingale problems, to describe such a family of probability measures
and show some results on existence and stability.

Letd > 1. We denote by W the space of continuous functions from [0, oo) to R?.
Then W is a Polish space with a usual metric. We think of a filtration {L%W }el0,00) ON
W4 givenby W = o {w(s); s < t},t = 0. Also, we denote the space of probability
measures on W¢ by 2 (W?). Then &2(W¢9) is a Polish space with the Prohorov
metric. Also, we denote by S9 the set of d x d symmetric real matrices, and we
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denote by Si the set of d x d non-negative definite symmetric real matrices. We
regard S¢ as a vector space with an inner product defined by (A, B) g = trace(AB),
A, B € §°.

Definition 1 We say that G : [0, o0) x W? x §¢ x RY — R is an HJ function, if
the following are satisfied.

(1) G(, -, A, b) : [0,00) x W — R is {3‘;‘”} progressively measurable for each
Ae S%and b € RY.

(2) G(t,w,-, ) : 84 x R — R is convex and positive homogeneous for any ¢ > 0
and w € W9,

(3)G(t,w,—A,0) < Oforany A € $¢.

We denote by %”/d the set of HJ functions G : [0, 00) x W? x §¢ x R? —
R.Forany G € %”/d and f € C?(R?), we define L f : [0, 00) x W¢ — R by

1
Left,w) =G, w, E(sz)(w(t))’ (Vw)))

where 32f
2 _ d
o= (i) . e
and ;
(VHX) = (l(x)) eR?, xeR’
ox! i=1,...d

Definition 2 We say that x is a solution to the supermartingale problem associated
with the HJ function G, if u is a probability measure on W satisfying the following.

(1) E® [/ |Lg f(s, w)|ds] < oo forany f € Cg"(Rd) and r > 0.
0

t
2) {f(w(t)) —/ L f(s,w)ds; t 2 0] is a supermartingale under u(dw) for any
0
fe CSO(R").

For any HJ function G and x € R”Y, we denote by Z(G, x) the set of solu-
tions u to the supermartingale problem associated with the HJ function G satisfying
uw(0) =x) = 1.

2 Preliminary Facts

Let E be a finite dimensional vector space with an inner product (-, -)g. Also, let
|- |g : E — [0,00) be a norm on E given by |x|g = (x,x)z/z, x € E. Let ¥(E)
denote the set of convex and positive homogeneous functions defined in E, and
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JAi/ (E) denote the set of non-void compact convex sets in E. We define a map
K :%(E)— #(E)and ® : ¥ (E) — ¢ (E) by

R(f)={E € E; f(x) Z (x,E)g forall x € E}, f € C(E),

and
O(K)(x) =sup{(x,&)g; E€ K}, xe€E, K e X (E).

Then we have the following.

Proposition 1 (1) ® o K is the identity map in 6 (E).
(2) K o @ is the identity map in  (E).

Proof (1) Let f € €(E). It is obvious that (® o Ie)(f)(x) < f(x),x € E.

Let us take an arbitrary point xo in E. Since f is a convex function, there is a
&y € E such that

f(x)if(xo)—i-(x—xo,éo)g, x e E.
Since f is positive homogeneous, for any a > 0
af (x) = f(ax) 2 f(x) + (ax — x0,60) = a(x,§0)g + f(x0) — (x0.60)g,  x € E.

Letting a | 0 we have 0 = f(xo) — (xo, &) . Also, we see that

1
f&x) 2 (x, &)+ Z(f(x()) — (x0,é0)E), x€E.
Letting a — 0o, we have

f(&x) 2 (x, &) x€E.
This implies & € K (f). So we see that
f@x0) < (0, 50)E = (@ 0 K)(f)(x0).
Since xy is arbitrary, we have Assertion (1).
(2)Let K € # (E).Itis obvious thatif n € K, then (x, n)g < ®(K)(x),x € E.

On the other hand, since K is a nonvoid compact convex set, if n ¢ K, there is a
xo € E such that

(x0, mMEe > sup{(x0,&); & € K} = O(K)(xp)
These implies (K o ®)(K) = K. [}

The following is an easy consequence of the previous proposition.
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Proposition 2 For any fi, f» € €(E), Ie(fl) C Ie(fz), if and only if fi(x) <
fo(x) for all x € E. In particular, for any f € €(E) and r > 0, Ie(f) c{¢ e
E; |Elg S 1), ifand only if f(x) S r|x|g forall x € E.

It is easy to see that forany K € £ (E) and x € E, there is aunique y € K such
that |[x — y|g = dg(x, K). We denote by P (x, K) this point y.

Proposition 3 Let K € J¢ (E) and x € E. Then we see that
(-x - P(.X, K),Z - P(x, K))E g OfOrClnyZ €K.
Proof If x € K, the assertion is obvious. So we assume that x ¢ K.

Forany z € K, letz(¢t) =tz+ (1 —t)P(x,K), t € (0,1). Then z(t) e K, t €
(0, 1), and

lx = P(x, K|} S |x —2(0[} = |x — P(x, K) + 1(P(x, K) = 2)|}
=|x — P(x, K)[ + °|P(x, K) = 2)|5 — 2t (x — P(x; K),z — P(x; K)p
for € (0, 1). So we have

tIP(x,K)—2)|% —2(x — P(x; K),z— P(x; K))r 20, t€(0,1).

This implies our assertion. |

Now let us think of the Hausdorff metric d 5 on % (E),ie.,
dij(K, K') = max{sup{dp (&, K); € € K'}, sup{dp(§, K); & € K})

for K, K’ € 2 (E). Then we have the following.

Proposition 4 Forany K, K' € # (E),
df; (K, K') = sup{|®(K)(x) — D(K)(x)|; x € E with |x|g < 1}.

Proof Letr = dg(K, K')andr’ = sup{|®(K)(x) — ®(K')(x)|; x € E with|x|g <
1}. It is sufficient to think of the case that » > 0.

First, we show that r < r’. We may assume that sup{dg (¢, K); & € K'} = r with-
out loss of generality. Since K’ is compact, thereisa &y € K’ suchthatdg (&, K) =r.
So letting xog = r~ (& — P(&, K))), we see by Proposition3 that |xo|z = 1 and
(x0,n — P(&, K))g £0, n € K. So we have

@ (K)(x0) < (x0, P(&0, K)E = (x0,60)E — 1 < ®(K')(x0) — 1

So we see that r < 7.
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Next we show that ' < r. Let x € E with |x|g = 1. Then there is a £ € K
such that ®(K)(x) = (x, £)g. Since there is an n € K’ such that |§ — n|g < r,
we see that ®(K)(x) < (x, n)g +r < ©(K')(x) + r. So we have sup{®(K)(x) —

®(K')(x); x € E, |x|g = 1} < r. This observation shows that ' < r.
This completes the proof. |

Proposition 5 Forany K € # (E) and x¢, x € E,
[P(x1, K) — P(xo, K)|g < 2|x1 — X0l
Proof Let yo = P(x9, K) and y; = P(x;, K). Then by Proposition3 we see that

(x0 — Yo, y1 — Yo)£ < 0. Since (x1 — y1, x1 — y1)e < (X1 — Yo, X1 — Yo)E, We see
that

o — Y1, Y0 — YDE = |x1 — y1l3 — Ix1 — Yol — 2(vo — y1. X1 — Yo)&
S 201 — Yo, X0 — Yo)E + 201 — Yo, x1 — X0)e = 2(y1 — Yo, X1 — X0)E-

Then we have |y; — y()lé < 2|y1 — yolelx1 — xo|g. This implies our assertion. W

Proposition 6 Forany K, K' € J# (E), and x € E,
|P(x,K)— P(x,K')|g
< 2dp (K. K)'*(dy (K. K') +2(dp(x, K) V dg(x, K))
Proof We may assume that d(x, K') < d(x, K) without loss of generality. Let r =
dy(K,K"), y= P(x,K), and y' = P(x, K’). Then we see that |y’ —x|g < |y —
x|g. Note that there is a z € K such that |y’ — z|g < r. Then by Proposition3 we
see that that (z — y, x — y)g < 0. Therefore we see that

lz—xlF =1y —x[z +lz=yIF —2@—y.x =& 2|y — x|z + 1z — Y[}

So we have
lz— Y2 Sy —xle+lz=y1p)* =y —xI%

Sy =xle+r)? =y —xlz Srr 420y —xlp).
So we have
y=Yle Sy —zle+lz—yle S r+r"20 +2dp(x, K')'?
< 2r'2(r + 2dg (x, K)'/?

This implies our assertion. |
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Now let us assume that dim £ = N. Let Z, (E) = {K € JZ(E); vg(K) > 0}.
Here vg is the volume measure in E.
Let ¢ : #,(E) — E be given by

1
ve(K)

¢(K) = / xvep(dx) K e JHL(E).
K

It is easy to see that ¢(K) € K for any K € J#, (E). Also, it is obvious that ¢(K —
é(K)) = 0.

Proposition 7 Let K € %, (E) and assume that ¢(K) = 0. Then ®(K)(x) > 0 for
any x € E\ {0}

Proof Let x € E \ {0}. Since 0 € K, it is obvious that ®(K)(x) = 0. Suppose that
®(K)(x) = 0. Then we see that (x,z)r <0 for any z € K. However, vg({z €
E; (x,2)g =0}) =0. So we see that (x,z)g <0 vg —a.e.z € K. This implies
that

0= / (x,2)EvE(dz) < 0.
K
This is a contradiction. So we see that ®(K)(x) > 0. |
Forany R > 0, let Bg(x,R) ={y € E; |y—x|g SR}, x €E.
Proposition 8 Let K € 7, (E) with ¢(K) = 0. Let
ro(K) = min{®(K)(x) ; x € E, |x|g =1}

and
ri(K) = max{®(K)(x) ; x € E, |x|g =1}

Then ro(K) > 0and B (0, ro(K)) C K C Bg(0, r(K)).

In particular, vyro(K)Y < vp(K) < vyri (KN, where vy = vg(B(0, 1)) and
depends only on N = dim E.

Proof We see that ro(E) > 0 by Proposition 7. Note that
Br(0,R) ={, € E; R|x|g = (x,&)g forall x € E}.

So we see that .
Bg(0, ro(K)) C K(®(K)) C Bg(0, r1(K)).

Therefore we have our assertion from Proposition 1. |
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Proposition 9 Let Ry > Ry > 0, and K € JZ (E) and assume that Bg(0, Ry) C
K C Bg(0, Ry). Then
Ro

N
Bg(C(K), (R_1) Ry) C K.

Proof For any x € E, we have

,C(K)E = , d
(x, c(K)Ee oK) K\BE(O,RU)(X §)eve(d§)

< V(K \ B£(0, Ry))
)

(1 (R ' d(K
= _(R_1) (K)(x).

N
Since B (0, Ry) C K, we see that d(K)(x) = Rolx|z. Soif n € Bp(é(K), (’;—?)
Ry), then for any x € E,

ve(BEg(0, Ro)
ve(Bg(0, Ry)

P(K)(x) = (1 - ) O (K)(x)

(xx,me = (x,n—(K)E + (x, S(K))E

R() N R() N
< (R_) Rolxlg +( 1 - (R—) ®(K)(x) £ D(K) ().
1 1

So by Proposition 1, we have n € I%(dD(K)) = K. So we have our assertion. |

Now for any R; > Ry > 0, let
HRo.R (E)
={K € J (E); thereis an x € E such that Br(x, Ry) C K C Bg(x, R))}.
Then by Proposition9, we have the following.

Proposition 10 Let Ry, > Ry > 0. Then for any K € g, g, (E),

Ry

N
Bg(¢(K), (R_1) Ry) C K.

Proposition 11 Let Ry > Ry > 0. Then for any Ko, K| € g, r (E),

A R R N+1
I6(K1) — &(Ko)|p < 2N (R—l) dE (K, Ko).
0
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Proof Let r =dy(Ky, Ky). There is an xo € E such that Bg(xg, Ry) C Koy C
Bg (xo0, R1).
If x € Ky UK, thereis a y € Ky such that |[x — y|gz < r. Then we see that

Ro + r Ro + " RO( )+ e K
X X0 = — X — X .
Ry +r R0+FO R0+ry Ry+r r Y 0 0

So we see that

( X .
0 1 R 0 R 0

So we have

R
ve(Ki\ Ko) = v ( il (Ko - Ror+rx0)) — ve(Ko)

R N N
=(( ORJ(:r) —I)UE(K0)§((1+R;O) —1)UNR{V.

Similarly we have

N
ve(Ko\ K) £ ((R0R+r) - I)I)NR{V
0

and so we have

r N
ve((KoUK)) \ (Ko N K))) < 2((1 + R—) -~ 1)vNR1”

0
Also, we see that
ve((Ko U K1)\ (Ko N K1) < vp(Ko) + ve(K1) < 2unRY.
So we have

[Ve(Ko) —ve(KD| = ve((Ko U Ky) \ (Ko N KY))

N
<o ((1+)A2) —1)onrRY <2¥1 Ly RY.
R() RO

Note that K; C Bg(xg, Ry + ). So we have

|6(K1) — E(Ko)le
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= | (x — x0)ve(dx) — (x — x0)ve(dx)|g

ve(Ky) Jk, ve(Ko) Jk,

1
e (K1) ( . (x — xo)vep(dx) — [ (x — xo)vE(dx)) |5

A

Ko

BT UL M

vE((Ko UK\ (Ko N Ky)) e (K1) — ve(Ko)l
R R

ve(Ky) (R +r)+ D ]

r (R\"
< 2N+2R— (R—‘) (R +71).
0 0

[IA

Since there is a zg € Ko, such that |¢(K;) — zo|g < r, we see that
Ic(K1) — ¢(Ko)|e = [6(K1) — z0le + 120 — XolE + |¢(Ko) — X0l = 7+ 2R;.

Combining them, we have our assertion. |

Let W : E x J#, (E) — E be given by
W(x, K) =¢(K)+max{t € [0,1]; t(x — ¢(K))+¢(K) € K}(x —¢(K)) (1)

forx € Eand K € . (E).
Then we have the following.

Proposition 12 Let Ry > Ry > 0. Then for any K € g, g,(E), andx,y € E,

R, N+1
W (x, K) = W(y, K)lp = (1+2 (R_o) )x = yle.

Proof Let R, = (Ry/R1)™ Ry. Then by Proposition 10,
Be(¢(K), Ry) C K C Bp(¢(K), 2Ry).

We may assume ¢(K) = 0 without loss of generality.
Let f : E — [0, 1] be given by

f(x) =max{t €[0,1]; tx € K}.

Assume thatx, y € E, x # y, and f(y) £ f(x). Then we see that f(x)x € K, and
that
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1
SRy ———(y —x) € K.
lx — ylE

So we have

R,
Bt 4
R+ |x —yle
R, |x — yle

1
= f(x) x4+ (x)R (y—x) eK.
Ay L A P

Jf )

So we have
R,

> - s
fO) 2 f @

Therefore we have
lx — ylg

fx)—f(y) = f(x)m~

Then

W (x, K) =Wy, K)lg = f)x — fFOyle = (f&) = fFODIxIE+ fFDIx —ylE

[IA

Ix —yle ( 2R1)
———— fxlg+lx =yl S (1+=)Ix — yle.
R2+|x_y|Ef( Mxle +1x = yle = 2, Ix = yle

This implies our assertion. |
Proposition 13 Let Ry > Ry > 0. Let Ky, K| € g, g, (E) and assume that ¢
(K1) = ¢(Kg) = 0. Then for any x € E,

R N+1
< ! E
[W(x, K1) —W(x, Kol ZZ(R—O) dy (Ky, Ko).

Proof Letr = d5(Ky, Ko), and
t; = max{s € [0, 1]; sx € K;}, i=0,1.

Since fpx € Ky, we see that there is a y € K such that |fopx — y|g < r.
Let R, = (Ry/R1)™ Ry. Then by Proposition 10, we see that Bg(0, R;) C K,
C Bg(0,2R)), and so Ryr~'(tox — y) € K. Therefore

" Rz R2 + r
X =
0R2+r Rz—i—ry Ry+r r
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This implies
R

R2+r’

n 2t

and so

2R
to—t1§ r l0§ 4 (1/\—1)
R, +r Ry, +r |x|g

Similarly we have
2R
H—1 = d (1/\—1).
R, +r |x| g

Therefore we have

2R
W (x, K1) — W(x, Ko)lg = |11 — fo|x|z < R—‘r.
2

This implies our assertion. |

Theorem 1 Let Ry > Ry > 0. Then there is a Cg, g, < 00 such that
|W(x1, K1) — W(xo, Ko)lg  Cr.r, (Ix1 — Xole + df (K1, Ko))
forany Ko, K| € g, g, (E), and xo, x| € E.
Proof Note that
W(xi, Ki) = W(x; — e(Ky), Ki — ¢(Ky)) +¢(Ky),  i=0,1.
So by Propositions 12 and 13 we have

[W(x1, K1) — W(xo, Ko)lE
S|W(xy — &(Kp), Ky — (K1) — W(xo — ¢(Ko), Ko — ¢(Ko)) | E + 16(K 1)) — ¢(Ko)) g
S|W(x — &(Kp), Ky — ¢(K1)) — W(xg — ¢(Ko), K1 — ¢(K1)IE

+ W (xg — ¢(Ko), K1 — ¢(K1)) — W(xp — ¢(Ko), Ko — C(Ko)| g +16(K1)) — ¢(Ko)| g

R\ V! R R
< 1+2(R—0) [(x1 — (K1) — (x0 — ¢(Ko))|E

RN
+ 2 (Fo) df (K1 — (K1), Ko — 6(Ko)) + [6(K1) — é(Ko))| -
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Note that

dff (Ky = y1, Ko — y0)
= max{sup{dg(z — y1, Ko — y0); z € K1}, sup{de(z — yo, K1 — y1); z € Ko}}
< max{sup{dg(z, Ko) + |y1 — yole; z € K1}, sup{de(z, K1) + |y1 — YolE; z € Ko}}

= dp; (K1, Ko) +y1 — yol -
This observation shows that
di(Ky — ¢(Ky), Ko — 6(Ko)) < di (K1, Ko) + [6(K1) — ¢(Ko))| e
So by Proposition 11 we have our assertion. |
Example Let Ky € 7 (R?), 6 € [0, m/4], given by

2 . T
Ko ={(x,y) €[0,2] x [0,1]; x = cos” 0, (sinf)y = cosO(1 — x)}, 6 €0, Z].
Then it is easy to see that P((0, 0), Ky) = (cos? @, sin6 cos ), and dy (Kg, Ko) =

1 — cos? 6. So we see that

lim [P((0,0), Kg) — P((0,0), Ko)|? _
910 dy(Kg, Ko) B

1

On the other hand, we have by Theorem 1 we see that

1m < o0
610 dy(Ky, Ko)

3 Square Root

Proposition 14 Let A € Si. Then we have
(A +s1)"? — AP0 <d'Ps'2, s 2 0.

Here 1; denotes the d x d identity matrix.

Proof Let Ay, k =1, ..., d be the eigen values of A. Then we have

d d )»1{+S1 2
1/2 212 2 1/2\2 _1n
1A+ I = AV, =D (0w + 92 = 1) =Z(A > v dx)

k=1 k=1 k
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This implies our assertion. |

Proposition 15 (1) Let A, B € Sj"_, and assume that the minimum eigenvalue
Amin(A) of A is positive. Then if ||B — Al|s¢ < Apin(A)/2, we have

1B — A'?||50 < Apnin(A)"2[|B — Al|sa.
(2) Forany A, B € §¢,
1/2 _ 7172 < 442 _A 1/2
||B |sa < 1B — All;".

(3)Let A, B € S%, and assume that the minimum eigenvalue )i, (A) of A is positive.
Then we have

[|B* — A2 50 < 8d"* hpnin (A)V?||B — Al|ga.

Proof First we prove Assertion (1). Let ¢ = A,in(A)"/?, andlet F : Y — S? be a
linear operator given by

F(D)=A"?D+ DA?, De s
4 then F(D) = ((\/* +
4 € S?. This observation shows that F is bijec-

If A is diagonal and is given by A = (X;8;;)i j=1
A‘;/z)dij)i,jzl ..... afor D= (d;j)i j=1...
tive and

.....

IF~'(D)llse < 2o)7'IDllse D e S

Let B € ¢ satisty ||B — Al|g« < ¢?/2, and let us define D, € %, n=0,1,...,
inductively by Dy = 0 and

D,=F'B-A-D?), n=12,...
Then we see that
IDallga < 26)" (1B = Allga + 1Dp-11150) < ¢/4+ Qo) IDptllfy, n=1,2,...
In particular, we see that || D,|| < ¢/2, n 2 0, inductively. Then we see that

IDys1 — Dyllse < (20)7'|D2 — D2 || 5u

= (20)_1||(Dn - Dn—l)Dn + Dn—l(Dn - Dn—l)”S"
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< -1 < !
S Qo) (IDyllga + [1Dn—1llsa) || Dy — Dn—tllga ZEIIDn—anIIszI, n=12,...

So we see that |
[|Dy — Dy_illse < <5>"*1<2c>*‘||B — Allga

Therefore we see that thereisa D, € S suchthat D, — D, n — 00, and || Duo|| s¢
< ¢ Y|B — Al|g. Since F(Ds) = (B — A) — D2, we see that (D + A/?)? =

o
B. Noting that ||Du||se < ¢/2, we see that Dy, + A% € S9. This implies that
Do, = BY? — A2, So we have Assertion (1).

Now let us prove Assertion (2). Let r = ||B — A||gs. Note that r < (A,i,(A) +
2r)/2. So we have by (1)

(B +2rI)"* — (A +2r 1) |l50 £ Gumin(A) +2r)2r < !/
Then by Proposition 14 we have

1B — AY?||5a

SNB +2rI)'? — (A+2r 1) ?||sa + |1(B +2r1)"* — BY?||s
+ |[I(A +2rI)"? — AY?||ga

<2d'2@r)' 2 4 r12 < 4d' P

This implies Assertion (2).
Assertion (3) is an easy consequence of Assertions (1) and (2). |

4 Existence Theorem

For any probability measure  on W9, let {-Z/}*},c0.00) be a filtration over W¢ given
by
Fl = ﬂ o(FV Uy, tel0,00),

s>t

where
N ={B C WY, there exists an A € (W) such that B C A and u(A) = 0}.
Let EY denote S¢ x RY. Then E¢ has an inner product (-, -) g« given by

((A, a), (B, b)) g« = trace(AB) + (a,b)pe, A,B eS¢ a,beR.
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For G € # ¢, let Kg : [0,00) x W¢ — # (E?) be a progressively measur-
able map given by K¢ (¢, w) = 1%(G(t, w, - 9), (£, w) € [0, 00) x W,
Then we have the following.

Proposition 16 Let G € 57 7. Then Kg(t,w) C (8¢ x RY) for any (t,w) €
[0, c0) x WX,

Proof Suppose that (A, b) € E4\ Si x RY. Then there is a B € Si such that
(A, B)g« < 0. So we have

0<((A,b),(—B,0) g« < G(t,w, —B,0).

This contradicts to the definition of HJ functions (Definition 1(3)). So we have our
assertion. |

Also, we have the following.

Proposition 17 Let G € 3¢ _¢ 4 and xo € RY, and assume that there is a constant
C > O such that |G(t,w, z)| < C|z|ga for any (t,w, z) € [0, 00) x W? x E?. Then
we have the following.

(1) Suppose that . € Z(G, xo). Then {w'(t),t 2 0},i =1,...,d, under pare F! -
semi-martingales. Moreover, there are {F}'},>(-progressively measurable processs
a’:[0,00) x W¢ =R, i,j=1,...,d, and b :[0,00) x W! - R, i=1,
..., d, such that w' (t) — fot bi(s)ds, t 20,i=1,...,d, are F}-martingales,

t
<w",wf>,=/ a’(syds, i,j=1,....d, t20, u—a.sw, (2)
0

and - ‘
({a” ()i j=1,..a» B ())i=1,...a) € Kc(t,w) 20, u—a.sw. 3)

(2) Let . be a probability measure on W. Suppose that it(w(0) = xo) = 1 and that
Wit),t20}),i =1,...,d, under i are ﬁt“-semi-martingales. Suppose moreover
that there are {F|'},>,-progressively measurable processs a : [0, 00) x W? —
R,i,j=1,...,d, and b :[0,00) x WE >R, i=1,...,d, such that w (t) —
fof bi(s)ds,t >0,i=1,...,d,are ﬂ,“-martingales and Egs. (2), (3), are satisfied.
Then i € Z(G, xg).

Proof (1) For any R > 0 let
tr(w) =inf{r = 0; |w()| > R)}.

Then 7 be an %} -stopping time. Forany f € C®(R%),let X/ : [0, 00) x W¢ — R
be given by
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X7 (t,w)y = fw(t)) — f(w(0)) — / (Lo f)(s,w)ds, t=0, we W
0

Then it is easy to see that (X/)™ is a supermartingale for any R > 0. In particular,
X7/ is a semi-martingale. Applying this for f/(x) = x, x € R, we see that

WO =5 =X/ 0+ [ (Lase.mds
0

is a semimartingale. Let M and A’ be a local martingale part and finite total variation
partof w' — x4, i =1,...,d, respectively. Then by Ito’s lemma, we see that

X7, w) = Z/ L (w(s)dM' (s)—i—Z/ S VDA (s)

+ - 2/ P j(w(s))d(Mz MI)(s) — /(ch)(s w)ds,

Ij]

and so

Y i 1 &g o
izl:/o W(w(s))dA (8) + z,-,ZI/O PR w(s)d (M, M7)(s)

_ /O (Lo f)(s, wyds

is a non-increasing process.

Applying this to f= f! and f=—f', i=1,...,d, we see that A'(t) —
Jo (LG f)(s, w)ds and —A'(t) — [ (Lg(— f"))(s, w)ds are non-increasing. So we
see that A’ (¢) is absolutely continuous in ¢. Similarly applying this to f(x) = x'x/
and f(x) = —x'x/, we see that (M, M/)(t) is absolutely continuous in ¢. So we see
that there are {.%/"'},>o-progressively measurable processs a”/ : [0, 00) x W — R,
i,j=1,...,d,and b : [0,00) x W! = R, i =1,...,d, such that

t
Ai(t)z/ bisyds, t=>0,i=1,...,d,
0

and .
(M, M), =/ a¥(syds, i,j=1,....,d, t20, u—a.s.w.
0
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Note that for any f € C*®(R?)

s B1(8))iz1, ) peds

r .
/0 ((E(sz)(W(S)), (VHw(s)), (a" ()} j=1

! 1
—/0 G(s,w, (E(sz)(W(S)), (V)w(s))))ds

is a non-increasing process. Therefore

1
=Gt w, (E(sz)(w(t))’ VHWw®)) aet p—as.w.

Let 77 be a countable subset of C*(R?) given by
d d
H = {Z qijx'x’ +Zrix’; gij,ri €Q, i, j=1,...,d}.
ij=1 i=1

Then we see that for any x € R, {(%(sz)(x), (V)(x)); f € o} isdensein E“?.
So we see that

({a" (D} j=1,ds B (D)iz1.a) € K60, w(D) acet p—a.sw
(2) From the assumption, we see that K (¢, w) C Bga(0, C). Then for any f €
CFRY),

.....

1
S Gtw, (E(sz)(w(t))’ (VHw®)) a.et p—as.w

forany f e C§° (R"), we have Assertion (2). [ |

Theorem 2 Let G € # _#“. Assume that G : [0, 00) x W¢ x E¢ — R is contin-
uous and that there is a constant C > 0 such that |G(t,w, z)| < C|z|ga for any
(t,w, z) €[0,00) x W¢ x E¢. Then we see that (G, x) # 9 for any x € R?,
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Proof Letustakeaney € E. Leta : [0, 00) x W¢ — S%and b : [0, 00) x W9 —
R be given by

(a(t,w), b(t,w)) = P(eo, K (t,w)), (t,w) € [0, 00) x W9,

Then by Proposition 16, we see thata(z, w) € S¢ forall (£, w) € [0, 00) x W. Also,
by Propositions 4 and 6, we see thata : [0, o0) x W¢ — S%andb : [0, 00) x W9 —
R? are bounded continuous functions. Let o : [0, 00) x W — S be given by
o(t,w) =a(t,w)'/2, (t,w) € [0, 00) x W?. Then by Proposition 15, we see that
o : [0, 00) x W¢ — 57 is bounded and continuous. Then by Theorem 2.2 in Ikeda—
Watanabe [2, p. 169], we see that for any x € R? there is a probability measure 1
on W4 such that u(w(0) = x) = 1, wi(t) — fot bi(s,w)ds, i =1,...,d, are mar-
tingales under u, and

t
w,wh), = / a¥(s,w)ds pu—asw
0

So by Proposition 17, we see that u € Z(G, x). |

5 Stability

Since the set Z(G, x) contains many measures in general, we cannot discuss the
uniqueness of a solution. However, in martingale problems the uniqueness of a solu-
tion and the stability of solutions are strongly related (c.f. Kaneko—Nakao [3]). So
we discuss the stability of solutions.

Proposition 18 Let G, G, € %jd, n=1,2,..., and assume the following.
(1) There is an R < o0 such that
|Gt w. &) < RIEpe, (1w, §) €[0,00) x W/ x EY, n=1,2,..., 00.

(2) Foranyt 2 0, G, (¢, -, -) : Wix E! >R, n=1,2,...,00, are continuous.
(3) Foranyt 2 0, G, (t,w, &) = Guo(t, w, £), n — 00, uniformly in compacts with
respect to (w, £) € W9 x E4.

Suppose moreover that Xeo, X, € R n=1,2,...,and x, = Xo0, 1 — 00, and
that o, € (G, x,), n = 1,2, ... Then there are a subsequence {ni}32, and jLo €
H(G oo, Xo0) SUCh that jy, — oo, k — 00.

Proof From the assumption and Proposition 2, we see that K¢, (t, w) C Bg«(0, R)
for any n =1,2,...,00, t € [0,00) and w € W4, Then by Proposition 17 that
U2 Z(G,, x,) isrelatively compact in P (W), So there are a subsequence {1, )
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and u € Z(W4) such that M, — pask — oo. Therefore we see thatforanym = 1,
t>5Z5,>->5 20, feCPMR?) and g € C,p(R™) with g =0,

ER[(fw() — f(w(s)) —/ (L) f)(r,wydr)gw(si), - -+, wism))]

= lim E“”k[(f(W(t))—f(W(S))—/ (Lg, [H(r,w)dr)gw(s), -« - w(sm)] = 0.

This shows that u € Z(G s, Xs0)- |

Ford,r = 1, let .#/?*" be the setof d x r real matrices. Let E4" = RY x .#4*"
and we define innerproduct on E4" by

(b1, C1), (b2, C2)) par = (b1, b2)ga + trace(C,C3)
for (b1, Cy), (ba, Co) € R x .#9*". Also we define g4, : E4" — E9 by
qa,((b,C)) = (CC*,b),  (b,C) e E.

Then we have the following.

Theorem 3 Let Goo, G, € H# 79 n=1,2,..., X0, X, e R, n=1,2,..., and
assume the following.

(1) There is a Cy < 0o such that

Gt w, ©)] £ Col€lgs, (1w, 6) €10,00) x W x EY, n=1,2,..., 0.
(2) Foranyt 20, G,(t,-,) : W¢ x E? - R, n=1,2, ..., 00 are continuous.
(3) There are r = 1, and measurable maps V, : [0, 00) x W? x E* — E%" n =
1,2, ..., 00 satisfying the following.
(i) There is a C; < oo such that for any t € [0, 00), w,w' € wH and & € E“,

[Vt w, ) = Va(t, W', &)l gar = Crsup{lw(s) —w'(s)]; s € [0, 1]}

forn=1,2,...,00.
(ii)Foranyn:1,2,...,oo,tE[O,oo),WEWdandEeEd,

qd,r(vn(tv W7 %‘)) € KG,, (t7 W)

and
qa,r(Va(t,w, ) =&, if§ € Kg, (1, w).
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(iii) For any t € [0, 00) and (w, &) € W x E4, Vy(t,w, &) = Voolt,w, &), n —
0. Also, X, = X0, I —> OO.

@) Foranyt 2 0, G, (t,w, &) = Guo(t,w, &), n — 00, uniformly in compacts with
respect to (w, £) € W9 x E4.

Then H(Gy, x,) — #(Goo, Xs0) as compact sets in (W4 with respect to the
Hausdorff metrics.

Proof Since we already have Proposition 18, it is sufficient to show that for any
€ Z(Goo, Xoo) there are w, € #(Gy, x,) such that i, — p, n — oo, in Z(W9).
Solet u € Z(Goo, Xo0)-

Then we see by Propositions 17 that there are {.%/},>,-progressively measurable
processs b’ : [0, 00) x W¢ — R,i=1,...,d,anda" : [0,00) x W¢ — R,i, j =
1,...,d, such that w'(¢) — foll;i(s)ds, t>20,i=1,...,d, are F/-martingales,

t
wh, wiy, =/ al(syds, i,j=1,...,d, t 20, u—a.s.w,
0

and
@ ()i j=1..a), B ())iz1...a) € Ko (t,w)  a.et 20, p—a.s.w.

Let (5(t), 6(1)) = Vuolt, w, (l;(t), a(t))). Then from the assumption (3)(ii) we
see that b(t) = b(t) and a(t) = 6 (1)6 (1)*.

Then by Representation Theorem (e.g. Theorem7.1" in Tkeda—Watanabe [2] p.
90) we see that there are a filtered probability space (2, .%, P, {%}/c[0.00)) With
usual condition, an r-dimensional {.%,}-Brownian motion {B,},c[0.cc), @ contin-
uous adapted process X : [0, 00) x 2 — R?, progressively measurable processs
b:[0,00) x @ — R%and o : [0, 00) x  — .#%* such that

t r t
Xi(t)zxéo—i—/ bf(s)ds+2/ o (s)dB*(s), i=1,...,d, t €[0,00)
0 k=170

(b(1), 0(1)) = Voo (t, X (), (b(t, X (), alt, X (),
qarb, X()),0, X)) € Kg (t, X(-)as.wa.e.t
and that the probability law of X (-) is .

Letz : [0, 00) x Q — E?begivenbyz(t) = (b(t, X (), at, X ().t € [0, 00).
Then we see that X is a solution to the following SDE

X(t) = X0 +/ Vo (s, X(+), z(5))dB(s), s € [0, 00).
0
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Here we use the notation that for any progressively measurable processes 1 = (b, &) :
[0, 00) x & — RY x 44"

/n(s)dB(s):/ 15(s)ds+Z/ 51(s)d B (s).
0 0 1 /0

Now let us think of the following SDE for eachn =1, 2, ...

Xo(6) = o + / Va(s, Xo(, 2)dB(s), s € [0, 00).
0
Since

Vit w, 2Oy, < 1, (Vi w, 20D gt + 1a,r Vit w, 2012 < €'+ Co

and
Vil w, 200) = Va6, W 2(0) s S €1 max w(s) = w'(s)]
se€l0,

foranyn=1,2,...,1 €[0,00) and w,w' € W4, we see that there is a path-wise
unique solution X,,. Let ,, € (W) be the probability law of X,,(-). Since

qa.r(Vul(s, X, (), 2(5))) € Kg, (1, X, (),
we see by Proposition 17 that u, € Z(G,, x,), n = 1,2, ... Also we have
X () — Xa(9)]

< |xXoo — x| + I/0 (Voo (s, X (), 2(5)) — Viu(s, X (), 2())d B(s)]
+|/0 (Va(s, X (), 2(5)) — Va(s, Xu (), 2(5))d B(s)].

Therefore we see that

E[ sup [X(s) — X, (s)I*]
5s€[0,¢]
Ed.r

< ru(T) +3(4d* + Td)/ E[Va(s, X(5), 2(5)) — Viu(s, Xu(s), 2())|3,, 1ds
0

t
< 1 (T) + 3(4d> + Td)C? / E[ sup |X(s) — X, (s)P1dr
0 s€l0,r]
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foranyt € [0, T], T > 0, where

T
ra(T) = 31xco — x> +3(4d> + Td) / ElVao(s, X (), 2(5)) = Va(s, X (), 2(s)) [, 1ds.
0

Since we see from the assumption that r,,(T) — 0, n — oo, we see by Gronwall’s
inequality that

E[sup |X(s) — X,(s)’] =0, n > 00, t€[0,T], T>0.
s€[0,¢]

This implies that u,, - u, n — oo, in & (W%). So we have our assertion. |

For any y > 0, let S;l 4 be the setof A € Sj'_ such that the minimum eigenvalue
of Apmin(A) of A is greater than or equal to y.
Then we have the following.

Corollary 1 LetGoo, G, € # Fn=1,2,... , Xoo, X, €RY , n=1,2,... and
assume the following.

(1) Foranyt 2 0, G, (¢, -, -) : Wix E! >R, n=1,2,...,00, are continuous.
(2) There is a Cy € (0, 00) such that

|Gu(t,w, )] = Colélp,

and
(Gt w.£) = Gt W, )] = Colg s max w(s) = w/(s)]

foranyt € [0,00), w,w' € W¢ £ e E4 andn=1,2,...,00.
(3) There are Ry > Ry > 0 and y > 0 such that K¢, (t,w) € Ji/RO,R](Ed) and
Kg, (t,w) C S;i+ X Rdforanyn =1,2,...,00,t €[0,00) andw € W¢,
@) Foranyt 2 0, G, (t,w, &) = Goo(t, w, ), n — 00, uniformly in compacts with
respect to (w, &) € W4 x E4. Also, x, = Xoo, I — 0O.

Then X (G, xn) = #(Gos, Xoo) as compact sets in P (W?) with respect to the

Hausdorff metrics.

Proof Let us define ¥4 : E¢ — R? x .#/%*? by
Ya(A,b) = (b, A'?),  (A,b) € E*.
Now let us define V,, : [0, 00) x W? x E¢ — R? x .4/ n=1,2,...,00, by
Va(t,w,2) = Y (¥(z, Kg, (t, w)), t€[0,00), we W', ze E%

Then by Propositions 4 and 15(3), and Theorem 1, we see that V,,’s satisfy the assump-
tion (3) in Theorem 3. This implies our assertion. [ |
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Bolza Optimal Control Problems with Linear
Equations and Periodic Convex Integrands
on Large Intervals

Alexander J. Zaslavski

Abstract We study the structure of approximate solutions of Bolza optimal control
problems, governed by linear equations, with periodic convex integrands, on large
intervals, and show that the turnpike property holds. To have this property means,
roughly speaking, that the approximate optimal trajectories are determined mainly
by the integrand, and are essentially independent of the choice of time intervals and
data, except in regions close to the endpoints of the time interval. We also show
the stability of the turnpike phenomenon under small perturbations of integrands
and study the structure of approximate optimal trajectories in regions close to the
endpoints of the time intervals.
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1 Introduction

The growing significance of the study of (approximate) solutions of variational and
optimal control problems defined on infinite intervals and on sufficiently large inter-
vals has been realized in the recent years [2, 4-11, 15, 18, 19, 21, 22, 25-27].
This is due not only to theoretical achievements in this area, but also because of
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numerous applications to engineering [1, 6, 22, 28], models of economic dynamics
[6, 14, 17, 20, 22, 25, 27] the game theory [12, 22, 24, 25], models of solid-state
physics [3] and the theory of thermodynamical equilibrium for materials [13, 16].
In [26], for the Lagrange optimal control problems, governed by linear equations,
with nonautonomous periodic convex integrands, on large intervals we proved that
the turnpike phenomenon holds and described the structure of approximate optimal
trajectories in regions close to the endpoints of the time intervals. It was established
that in these regions optimal trajectories converge to solutions of the corresponding
infinite horizon optimal control problem which depend only on the integrand. In the
present paper we generalize these results for Bolza problems.
We study the structure of approximate optimal trajectories of linear control
systems
x'(t) = Ax(t) + Bu(1), (1.1)

x(0) = xg

with periodic convex integrands f : [0, 00) x R" x R™ — R!, where A and B are
given matrices of dimensionsn x nandn x m,x(¢t) € R*,u(t) € R™ and the admis-
sible controls are Lebesgue measurable functions.

We assume that the linear system (1.1) is controllable and that the integrand f is
a Borel measurable function.

We denote by |- | the Euclidean norm and by (-, -) the inner product in the
n-dimensional Euclidean space R". Denote by Z the set of all integers. For every
z € R' denote by |z] the largest integer which does not exceed z: |z] = max{i €
Z:i <z}

The performance of the above control system is measured on any finite interval
[Ty, T>] C [0, c0) by the integral functional

T
(T, To, x,u) = S, x(0), u(r))dz. (1.2)
T

We suppose that the integrand f : [0, 00) x R" x R™ — R! satisfies the following
Assumption (A)

1) f@+7,x,u) = f(t,x,u) forall t € [0,00), all x € R" and all u € R™ for
some constant 7 > 0 depending only on f;
(i1) for any ¢ € [0, co) the function f(¢,-, ) : R" x R" — R'is strictly convex;
(iii) the function f is bounded on any bounded subset of [0, c0) x R" x R™;
(iv) f(t,x,u) — oo as |x| — oo uniformly in (¢, u) € [0, 00) X R™;
(v) f(t, x,u)|lul~" — oo as |u| — oo uniformly in (¢, x) € [0, c0) x R".

Assumption (A) implies that f is bounded below on [0, co0) x R" x R™.

Let 7, > T, >0. A pair of an absolutely continuous (a.c.) function
x : [Ty, T,] = R" and a Lebesgue measurable function u : [T}, T>] — R™ is called
an (A, B)-trajectory-control pair if for almost every (a. e.) r € [T}, T>] (1.1) holds.
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Denote by X(A, B, Ti,T;) the set of all (A, B)-trajectory-control pairs
x:[Ty, ] > R",u: [T, T,] - R".

Let J =[a, o0) be an infinite closed subinterval of [0, c0). A pair of func-
tions x : J — R" and u : J — R™ is called an (A, B)-trajectory-control pair if it
is an (A, B)-trajectory-control pair on any bounded closed subinterval of J. Denote
by X (A, B, a, 0o) the set of all (A, B)-trajectory-control pairs x : J — R", u :
J — R™.

In Chap. 2 of [26] we study the structure of approximate optimal trajectories of the
linear control system (1.1) with the integrand f and show that the turnpike property
holds. To have this property means, roughly speaking, that the approximate optimal
trajectories on sufficiently large intervals are determined mainly by the integrand,
and are essentially independent of the choice of time intervals and data, except in
regions close to the endpoints of the time intervals. In Chap. 2 of [26] we also show
the stability of the turnpike phenomenon under small perturbations of the integrand
and study the structure of approximate optimal trajectories in regions close to the
endpoints of the time intervals.

More precisely, in Chap.2 of [26] we consider the following optimal control
problems

1700, T, x, u) — min, (P))

(x,u) € X(A, B,0,T) suchthat x(0) = y, x(T) =z,
1/(0, T, x, u) — min, (Py)
(x,u) € X(A, B,0, T) such that x(0) = y,
17(0, T, x, u) — min, (Ps)
(x,u) € X(A,B,0,T),

where y, z € R" and T > 0. The study of these problems is based on the properties
of solutions of the corresponding infinite horizon optimal control problem associated
with the control system (1.1) and the integrand f.

In [28] we were interested in a turnpike property of the approximate solutions
of problems (P,). In Chap.2 of [26] we established the turnpike property of the
approximate solutions of problems (P;) and (P3), showed the stability of the turnpike
phenomenon under small perturbations of the integrand f and studied the structure
of approximate optimal trajectories in regions close to the endpoints of the time
intervals.

For the problems (P,) and (P3;) we showed that in regions close to the right
endpoint 7 of the time interval these approximate solutions are determined only by
the integrand, and are essentially independent of the choice of the interval and the
endpoint value y. For the problems (P3), approximate solutions are determined only
by the integrand also in regions close to the left endpoint O of the time interval.
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The following result was obtained in [28] (see also Chap. 6 of [22] and Chap.?2
of [26]).

Proposition 1 There exists (x¢,us) € X(A, B, 0, T) which is the unique solution
of the following minimization problem

170, 7, x,u) — min, (x,u) € X(A, B, 0, ) such that x(0) = x(7).

Let a trajectory-control pair (xy,uys) € X(A, B,0,7) be as guaranteed by
Proposition 1. Put
p(f) =770, 7, x5, 1 p). (1.3)

The following results were obtained in [28] (see also Chap.6 of [22] and Chap.2
of [26]).

Theorem 1 Forany (x,u) € X(A, B, 0, 00) either
(i) 170, T, x,u) — Tu(f) = coas T — 00
or (ii) sup{|1f(0, T,x,u)—Tu(f): T >0} < oo.
Moreover, if relation (ii) holds, then
sup{lx(iT+1) —x;(@)|: t €[0,7]} = Oasi — oo, wherei € Z.
We say that (x, u) € X(A, B,0,00) is (f, A, B)-good [22, 25, 26] if
sup{|17(0, T, x,u) — Tu(f)|: T >0} < oo.

The second statement of Theorem 1 describes the asymptotic behavior of (f, A, B)-
good trajectory-control pairs, shows that the corresponding infinite horizon optimal
control problem has the turnpike property and that the function x  is its turnpike.

We say that (x, u) € X(A, B, 0, 00)is (f, A, B)-overtaking optimal [22, 25, 26]
if for each (x, u) € X (A, B, 0, 0co) satisfying x(0) = x(0),

limsup[Z/ (0, T, %, @) —I7(0, T, x,u)] <O0.

T—o0

Theorem 2 Let xy € R". Then there is an (f, A, B)-overtaking optimal trajecto-
ry-control pair (x,u) € X(A, B, 0, 00) satisfying x(0) = xg. Moreover, if (x,u) €
X (A, B,0,00)\ {(x, i)} satisfies x(0) = x, then there are Ty > 0 and £ > 0 such
that

170, T, x,u) > 17(0, T, %, it) + € forall T > Ty.

The next result describes the limit behavior of overtaking optimal trajectories.
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Theorem 3 Let M, € > 0. Then there exists a natural number N such that for any
(f, A, B)-overtaking optimal trajectory-control pair (x, u) € X(A, B, 0, 0o) which
satisfies |x(0)| < M the relation

sup{lx(@7+1) —xs(@)]: t€[0, 7]} <¢ (1.4)

holds for all integers i > N. Moreover, there exists § > 0 such that for any (f, A, B)-
overtaking optimal trajectory-control pair (x, u) € X(A, B, 0, 00) satisfying |x(0) —
x7(0)| <0, the relation (1.4) holds for all integers i > 0.

LetT > 0and y,z € R". Set
o(f,y,z, T) =inf{I7 (0, T, x,u) :
(x,u) € X(A,B,0,T)and x(0) =y, x(T) = z}, (1.5)
o(f,y, T) =inf{I7(0, T, x,u) : (x,u) € X(A, B,0,T)and x(0) = y}, (1.6)
G(f.z, T) =inf{I7(0, T, x,u) : (x,u) € X(A, B,0,T)and x(T) =z}, (1.7)
o(f,T) =inf{I7(0, T,x,u): (x,u) € X(A, B,0,T))}. (1.8)
It follows from assumption (A) and Proposition 2.28 of [26] that

—oo<o(foy,2,T),o(f,y, T),0(f,z,T),0(f, T) < o0.

The next theorem establishes the turnpike property for approximate solutions of
problems (P,) with the turnpike x 7 (-).

Theorem 4 Let M, e > 0. Then there exist an integer N > 1 and § > 0 such that
foreach T > 2Nt and each (x,u) € X(A, B, 0, T) which satisfies

Ix(0) < M, 170, T, x,u) < o(f,x(©0),T)+6

the inequality
sup{lx(@T+1) —xs(@)]: t€[0, 7]} <¢ (1.9)

holds for all integers i € [N, 7~'T — N]. Moreover if |x(0) —x7(0)] <6, then
inequality (1.9) holds for all integersi € [0, 77T — N].

Theorems 1-4 were obtained in [28] (see also Chap. 6 of [22]). Note that under
assumptions of Theorem 4, if |x (|77 T]7) — x £(0)] < 4, then inequality (1.9) holds
for all integers i € [N, 77'T — 1].

The next two results obtained in Chap.2 of [26] establish the turnpike property
for approximate solutions of problems (P;) and (P3) respectively with the turnpike

Xf(-).
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Theorem 5 Let M, s > 0. Then there exist an integer N > 1 and § > 0 such that
foreach T > 2Nt and each (x,u) € X(A, B, 0, T) which satisfies

be(O)], [x(T)| <M, 170, T, x,u) < o(f, x(0), x(T), T) + 4

inequality (1.9) holds for all integers i € [N, 7~ 'T — N]. Moreover if |x(0) —

x¢(0)] <0, then inequality (1.9) holds for all integers i € [0, 77T — N] and if
lx(L77'T|7) — x7(0)| < 0, theninequality (1.9) holds for all integersi € [N, T —
1].

Theorem 6 Letr ¢ > 0. Then there exist an integer N > 1 and § > 0 such that for
eachT > 2Nt and each (x,u) € X(A, B, 0, T) which satisfies

170, T, x,u) <o(f, T)+9

inequality (1.9) holds for all integers i € [N, 7 'T — N]. Moreover if |x(0) —

x7(0)| <0, then inequality (1.9) holds for all integers i € [0, 77T — N] and if
lx(l7~'T|7) — x7(0)| < 0, theninequality (1.9) holds for all integersi € [N, T —
1.

Theorems 4—6 are partial cases of Theorem 2.13 of [26]. The next theorem estab-
lishes a weak version of the turnpike property for approximate solutions of problems
(P1), (P>) and (P3) with the turnpike x ¢ (-).

Theorem 7 Let e, My, M| > 0. Then there exist natural numbers Q, | such that for
each T > Qlt and each (x,u) € X(A, B, 0, T) which satisfies at least one of the
following conditions below

Ix(O), |x(T)| < Mo, 170, T, x,u) < o(f,x(0), x(T), T) + M;;

Ix(0)] < Mo, 17(0, T, x,u) < o(f,x(0),T)+ Mi;

1700, T, x,u) < o(f, T)+ M,
there exist strictly increasing sequences of nonnegative integers

{a;}!_,, (b}, C10,77'T]

such that g < Q,
0<b;—a; <lforali=1,...,q,

b; < a;yy for all integers i satisfying 1 <i < q and that for each integer i €
[0, 77'T — 11\ UI_,la;, b1,

lx(T+1) —x;@) <e, t €[0,7].

Theorem 7 is a partial case of Theorem 2.14 of [26], a stability result.
We say that (x, u) € X(A, B, 0, 00) is (f, A, B)-minimal [3, 25, 26] if for each
T >0,
1700, T, x,u) = o(f, x(0), x(T), T). (1.10)
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The next result which is proved in Sect.2.5 of [26] shows the equivalence of the
optimality criterions introduced above.

Theorem 8 Assume that (x,u) € X(A, B, 0, 00). Then the following conditions are
equivalent:

(i) (x,u) is (f, A, B)-overtaking optimal; (ii) (x,u) is (f, A, B)-minimal and
(f, A, B)-good; (iii) (x, u) is (f, A, B)-minimal and

max{|x(iT+1) —xs(@)|: t € [0, 7]} — 0asintegersi — oo;

(iv) (x, u) is (f, A, B)-minimal and lim inf,_, o, |x(t)| < oo.

The following resultis also proved in Sect. 2.5 of [26]. It shows that if the integrand
f does not depend on the variable ¢, then x ¢ (-) is a constant function.

Theorem 9 Assume that for each x € R", each u € R™ and each t,,t; >0,
f(ti,x,u) = f(t2, x,u). Then x7(t) = x7(0) for all t € [0, 7] and x y(0) does not
depend of T.

Corollary 1 Assume that for each x € R", each u € R™ and each t;,t;, > 0,
f@,x,u) = f(tr, x,u). Then for all t € [0, 7], x¢(t) = x, and uy(t) = u, where
(x4, uy) € R" X R™ is a unique solution of the minimization problem

f(x,u) — min, (x,u) € R" x R™, Ax + Bu = 0.

Note that autonomous integrands are used in order to determine an objective
function in models of economic growth with a technology which does not depend on
time. Nonautonomous periodic integrand can be used for models of economic growth
with a time-depending technology under corresponding periodicity assumptions.
This periodicity can occur if one take into account that every technology has several
steps of developments and usage.

2 Stability of the Turnpike Phenomenon

In this section we state Theorems 2.12-2.14 of [26] which show that the turnpike
phenomenon is stable under small perturbations of the integrand f. We use the
notation, definitions and assumptions introduced in Sect. 1.

Recall that f : [0, 00) X R" x R" — R! is a Borel measurable function satisfy-
ing assumption (A). Let a > 0 and ¢ : [0, c0) — [0, 00) be an increasing function
such that

lim (t) = oo. (2.1)
1—00
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We suppose that for all (¢, x, u) € [0, c0) x R" x R™,

J @, x,u) = max{y(|x]), Y(uDul} —a. (2.2)
Denote by . the set of all Borel measurable functions g : [0, 00) x R" x R™ — R !
which are bounded on all bounded subsets of [0, c0) x R" x R™ and such that for
all (¢, x,u) € [0,00) x R" x R™,

g(t, x,u) = max{y(|x]), Y(u|ul} —a. (2.3)
For the set .# we consider the uniformity which is determined by the following base:
E(N,e,\) ={(g1,8) € A x M : |g1(t,x,u) — g2(t, x,u)| <eforeacht >0,

each x € R" satisfying |x| < N and each u € R" satisfying |u| < N}
(g1, 82) € A x M = (1g1(t, x, )|+ D(|g2(t, x, )| + D7 e A, A]
for each t > 0, each x € R" satisfying |x| < N and each u € R™}, 2.4)

where N > 0, ¢ > 0, A > 1. It is not difficult to see that the space .# with this
uniformity is metrizable and complete.

LetT, > T, >0, y,z € R" and g € .#. For each pair of Lebesgue measurable
functions x : [T1, T>] — R", u : [T\, T] — R™ set

T

I18(Ty, T, x,u) = / g(t, x(t), u(t))dt (2.5)

T

and set
o(g,v,z, T, T5) =inf{I8(Ty, T», x, u) :

(x,u)e X(A,B, T1,T) and x(T1) = y, x(T») = z}, (2.6)
o(g,y,T1, Tr) =inf{I8(T\, Tr, x, u) :

(x,u) € X(A, B, T\, T;) and x(T) = y}, 2.7)
(g, z, Ty, Tr) = inf{I8(Ty, T», x, u) :

(x,u) e X(A, B, T\, T;) and x(T») = z}, (2.8)

o(g, Ty, Tr) =inf{I8(T, Tr, x,u) : (x,u) € X(A, B, T\, T»)}. (2.9)
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Since any g € . is bounded on all the bounded subsets of [0, c0) x R" x R™ it
follows from Proposition 2.28 of [26] and (2.3) that all the values defined above are
finite.

In Chap. 2 of [26] we proved the following three stability results.

Theorem 10 Lete, M > 0. Then there exist an integer Ly > 1 and 0y > 0 such that
for each integer Ly > L there exists a neighborhood % of f in .# such that the
following assertion holds.

AssumethatT > 2L 7,8 € %, (x,u) € X (A, B, 0, T) and that a finite sequence
of integers {S;}]_, satisfy

So=0, Siy1 =S8 €llo, L1],1=0,...,9—1, Sy7e (T - L7, T], (2.10)
I8(SiT, Sipam o x, u) < (Sis1r — SHTR(f) + M
for each integeri € [0, g — 1],
I8 (ST, Sivar, x,u) < o(g, x(Si7), x(Si127), SiT, Sit2T) + o
for each nonnegative integeri < q — 2 and
I8(Sy—27, T, x,u) < 0(g,x(Sg—27), x(T), Sy—o7, T) + do.

Then there exist integers py, p» € [0, 77'T] such that py < p», p1 <2Lo, p» >
77T — 2L, and that for all integersi = pi, ..., p» — 1,

max{|x(iT+1) —xp(t)]: t €[0,7]} <e.

Moreover if |x(0) — x;(0)| < b, then py =0 and if lx(l7~'T]7) — x7(0)] < do,
then p, = [t7'T].

Theorem 11 Let € € (0, 1), My, M| > 0. Then there exist an integer L > 1, § €
(0, ¢) and a neighborhood U of f in # such that for each T > 2LT, each g € U
and each (x,u) € X (A, B, 0, T) which satisfies for each S € [0, T — L],

I5(S,S+ L7,x,u) <o(g,x(S),x(S+L7),S,S+L7)+6

and satisfies at least one of the following conditions below

(@) |x(0)], [x(T)| < My, 15(0, T, x,u) < o(g,x(0),x(T),0,T) + My;
(b) |x(0)] = My, 150, T,x,u) <o(g,x(0),0,T) + Mjy;
(c) 180, T,x,u) <o(g,0,T)+ M,

there exist integers py € [0, L], p» € [|[77'T| — L, 7= 'T] such that for all integers

i=pl9""p2_1y
lx(T+1) —x;@)| <eforallt €0, 7].
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Moreover if |x(0) — x7(0)| <6, then py = 0and iflx(Lr~'T 1) — x¢(0)] < 0, then
pr= 77T

Denote by Card(A) the cardinality of the set A.

Theorem 12 Let € € (0, 1), My, My > 0. Then there are an integer L > 1 and a
neighborhood % of f in M such that for each T > LT, each g € % and each

(x,u) e X(A,B,0,T)

which satisfies at least one of the following conditions below
(a) x|, [x(T)| < My, 180, T, x,u) <o(g,x(0),x(T),0,T) + My;
(b) |x(0)] < Mo, 15(0, T, x,u) <o(g,x(0),0,T) + My;
(c) 1300, T, x,u) <o(g,0,T)+ M,
the following inequality holds:
Card({i € {0, ..., |77 'T| —1}:
max{|x(iT+1) —x;@)|: t €[0,7]} >¢}) < L.

3 Structure of Solutions in the Regions Close
to the End Points

In this section we state results obtained in [26] which describe the structure of solu-
tions of problems (P;), (P,) and (Ps) in the regions close to the end points. Combined
with the turnpike results of Sect.?2 they provide the full description of the structure
of their solutions. We use the notation, definitions and assumptions introduced in
Sects. 1 and 2.

By Theorem 2 for each z € R" there exists a unique ( f, A, B)-overtaking optimal
pair (€@, n®) e X(A, B, 0, o) such that £©(0) = z. Let z € R". Set

7l(z) = Jim irTle[If(O, 7,69 0@y — Tru(H]. (3.1)

In view of Theorems 1, 2 and 8, 7/ (z) is a finite number. Definition (3.1) and the
definition of (f, A, B)-overtaking optimal pairs imply the following result.

Proposition 2 /. Let (x,u) € X(A, B,0,00) be (f, A, B)-good. Then
7/ (x(0)) < Tgr;’ir;fez[lf O, T7,x,u) — TTp(f)]
and for each pair of integers S > T > 0,
o (1)) < I/ (T7, ST, x,u) — (S — T)7u(f) + 7/ (x(S7)). (3.2)

2. Let S > T > 0 be integers and (x,u) € X(A, B, T1, ST). Then (3.2) holds.
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The next result follows from definition (3.1).

Proposition 3 Let (x,u) € X (A, B, 0, 00) be (f, A, B)-overtaking optimal. Then
for each pair of integers S > T > 0,

o x(TT)) = 1/ (T7, ST, x,u) — (S — T)Tu(f) + 7 (x(ST)).
Theorems 2—4 and (3.1), (1.3) imply the following result.
Proposition 4 7/ (x;(0)) = 0.
The following result is proved in Chap.?2 of [26].
Proposition 5 The function ! is continuous at x7(0).

Proposition 6 Ler (x,u) € X(A, B, 0, 00) be (f, A, B)-overtaking optimal. Then

7 (x(0) = . limT Z[If(o, T, x,u) — TTu(f)].

Proposition 7 The function 7/ is strictly convex and continuous.
Proposition 8 For each M > 0 the set {x € R" : 7wl (x) < M} is bounded.

Set
inf(7/) = inf{7/ (z) : z € R"}. (3.3)

By Propositions 7 and 8, inf (/) is finite and there exists a unique 67 € R" such that
7 (8)) = inf(n/).

Proposition 9 Let (x,u) € X (A, B, 0, 00) be (f, A, B)-good such that for all inte-
gers T >0,

170, T7, x,u) — TTu(f) = 7/ (x(0)) — 7/ (x(T7)).
Then (x,u) € X(A, B,0,00) is (f, A, B)-overtaking optimal.

Consider a linear control system
x'(t) = —Ax(t) — Bu(t), x(0) = xg

which is also controllable. There exists a Borel measurable function f : [0, 00) x
R™ x R™ — R! such that for all (x, u) € R" x R™,

ft+7,x,u)= f(t,x,u)forallt >0,
f(t,x,u) = f(r—t,x,u)forallr € [0, T]. 3.4)
Evidently, f satisfies assumption (A). For f we use all the notation and definitions

introduced for f. Itis clear that all the results obtained for the triplet (f, A, B) also
hold for the triplet (f, —A, —B).
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Assume that integers S, > S; > 0 and that (x,u) € X(A, B, S;7, S»7). For all
t €[Si7, Sp7] set

X(@) =x(Sor —t+ S17), u(t) =u(Sar —t + Si7). (3.5)
In view of (3.5) fora.e. t € [S7, S»7],
X)) =—=x'"(S7—t+817) = —Ax (St —t + S17) — Bu(S,m —t + S|7)
= —AXx(t) — Bu(t)

and (x,u) € X(—A, =B, 517, $27). By (3.4) and (3.5),

ST _ SoT _
Fa. 5@, a@ydr = [ Flt x(Sor — 1t + S$i7), u(Sa7 — t + Sy7)dt
N SiT
Sz‘f'
= f( ST —t+ 8517, xS —t + 517), u(Sm —t + S17))dt
S]T
SoT
= f(t, x(@), u())dt. (3.6)
Sl‘f'

For each pair 7, > T} > O and each (x,u) € X(—A, —B, T1, T») set

_ T
(T, o, x,u) = | ft,x(0), u())dt.
T

For each y,z € R" and each T > 0 set
o (f,y,2,T) =inf(I/ (0, T, x, u) :
(x,u) € X(—A,—B,0,T)and x(0) = y, x(T) = z},
0,(];, v, T)= inf{I-f(O, T,x,u): (x,u) € X(—A, —B,0,T) and x(0) = y},
G (f,z2,T) =inf{I7(0,T,x,u): (x,u) € X(—A,—B,0,T)and x(T) = z},
o_(f,T)= inf{If_(O, T,x,u): (x,u) e X(—A,—B,0,T)}. 3.7

Relations (3.5) and (3.6) imply the following result.

Proposition 10 Let S, > S| > 0 be integers, M > 0 and that

(xi,u;) € X(A, B, Si7, 57), i =1,2.
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Then 17(Si7, Sat, x1,u1) > 17 (S17, SoT, X2, t2) — M if and only if
1 (Si7, Sor %1, ity) = 1 (817, Sor, o, 1) — M.

Proposition 10 implies the following result.

Proposition 11 Ler S, > S| > 0 be integers and
(x,u) € X(A, B, S7, S,7).
Then the following assertion holds:
17 (87, 7, x,u) < o(f, (S, — SD)T) + M
ifand only if 17 (S17, So7, %, 1) < o_(f, (S2 — S)T) + M;
1787, 81, x,u) < o(f, x(S17), x($27), (S2 — S|)T) + M
ifand only if 17 (S7, So7, %, 1) < o (f, 2(S17), (S27), (82 — S)T) + M;
(817, o7, x,u) < o(f, x($17), (S — S)T) + M
ifand only if 17 (17, So7, %, it) < G_(f, %(S27), (S — S1)T) + M;
17(S\7, $or, x,u) <G(f, x(S7), (S5 — S)T) + M
ifand only if 17 (S\7, o7, %, 1) < o_(f, #(Si7), (S — S1)T) + M.

By Proposition 1, (xy,uys) € X(A, B, 0, 7) is the unique solution of the mini-
mization problem

If(O, T,x,u) — min, (x,u) € X(A, B, 0, 7) such that x(0) = x(7).

Analogously there exists (xf, u}z) € X(—A, —B, 0, 7) which is the unique solution
of the minimization problem

If(O, T,X,u) — min, (x,u) € X(—A,—B,0,7) such that x(0) = x(7).
In view of Proposition 10 and (3.6), for all 7 € [0, 7],

xpt) =xp(r =), upt) =up(r—1), p(f) = pf). (3.8)
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For each z € R", set

WfQ)=:Thnn¥fZUf«L]W3x,u)—-TTu(fﬂ, (3.9)

where (x,u) € X(—A, —B, 0, 0o) is the unique (f, —A, —B)-overtaking optimal
pair such that x(0) = z. Let (x4, u,) € X(A, B,0,00) be the unique (f, A, B)-
overtaking optimal pair such that 7/ (x,(0)) = inf(7/) and

(i*’ IZ*) S X(_Av _B5 07 OO)
be the unique (f, —A, — B)-overtaking optimal pair such that

7 (%,(0)) = inf(r/).

The following three theorems obtained in Chap.2 of [26] describe the structure
of solutions of problems (P)), (P,) and (Ps) in the regions closed to the end points.

Theorem 13 Let Ly > 0 be an integer, € € (0, 1), M > 0. Then there exist § > 0,
a neighborhood % of f in .4 and an integer L\ > L such that for each integer
T > Ly, each g € % and each (x,u) € X(A, B, 0, TT) which satisfies
xO) <M, 180, TT,x,u) < 0(g,x(0),0,T7) + 0

the following inequality holds:

Xx(TT—1) —x.(t)| <eforallt € [0, LoT].
Theorem 14 Let Ly > 0 be an integer, € > 0. Then there exist § > 0, a neighbor-
hood % of f in # and aninteger L\ > Ly such that for each integer T > L, each
g € % and each (x,u) € X (A, B, 0, TT) which satisfies

18500, T7,x,u) <0(g,0,TT)+0

the following inequalities hold for all t € [0, LyT]:

X(TT—1) =X <&, |x(t) —x: ()] < e.
Theorem 15 Let Ly > 0 be an integer, € > 0, My > 0. Then there exist 6 > 0, a
neighborhood % of f in M and an integer L\ > L such that for each integer
T > Ly, each g € % and each (x,u) € X(A, B, 0, TT) which satisfies

Ix(O), [x(TT)] < Mo, 150, T7,x,u) <0(g,x(0),x(T7),0,T7) +¢
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the inequalities B
x(TT—0)—&@)| e, [x() —&@)| ¢

hold for all t € [0, LoT], where (&§,m) € X(A, B, 0, 00) is the unique (f, A, B)-
overtaking optimal pair such that £(0) = x(0) and

(€,7) € X(—A, =B, 0, 00)

is the unique (f, —A, —B)-overtaking optimal pair such that £(0) = x(TT).

4 Bolza Optimal Control Problems

‘We use the notation, definitions and assumptions introduced in Sects. 1-3. Recall that
f :10,00) x R" x R™ — R'is a Borel measurable function which satisfy assump-
tions (A). Leta > 0 and ¢ : [0, co) — [0, 00) be an increasing function such that

lim () = oo. 4.1
1—00
We suppose that for all (¢, x, u) € [0, 0c0) x R" x R™,

f(@, x,u) = max{y(|x]), Y(uDlul} —a. 4.2)

‘We consider the complete metric space of Borel measurable functions .# introduced
in Sect. 2.

Let a; > 0 and k > 1 be an integer. Denote by 2, the set of all lower semicon-
tinuous functions / : R¥ — R! which are bounded on bounded subsets of R* and
satisfy

h(z) > —a; forall z € RX. (4.3)

We equip the set 2l with the uniformity which is determined by the following base:
Ex(N,e) ={(h1, h2) € W x Ayt |h1(2) —ha(z)| <€
for each z € R satisfying |z] < N}, 4.4)
where N > 0, ¢ > 0. Itis not difficult to see that the uniform space 2l is metrizable
and complete.

Letg e #,h,é€U,,HeA,y € RMandoo > T, > T} > 0. We consider the
following optimal control problems
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I8(T, Tr, x, u) + h(x(T>)) — min,
(x,u) € X(A, B, T\, T,) such that x(T}) = y

and
I8(T), Tp, x, u) + H(x(T)), x(T»)) — min,

(x,u) € X(A, B, Ti,T»)

and define
0(89 h’ vy, Tlv TZ) = inf{lg(Tl9 TZ’ X, I/t) + h(-x(TZ)) :

(x,u) € X(A, B, T1, Tr) and x(T1) = y}, 4.5)
5(g,§. 2, T1, To) = inf{1%(Tq, T, x, u) + E(x(T1))
(x,u) € X(A, B, T\, T») and x(T3) = z}, (4.6)
0(g.h, & T\, To) = inf{I*(Ty, To, x, u) + h(x(T2)) + {(x(T1)) :
(xsu) € X(A9B7 Tl? T2)}1 (47)
o(g, H, T\, Tr) = inf{I*(T1, To, x, u) + H(x(T1), x(T2)) :

(x,u) € X(A, B, Ti, T»)}. (4.8)

Since every g € .4 and every h € Ay, k = n, 2n are bounded on bounded sets it

follows from Proposition 2.28 of [26], (2.3) and (4.3) that all the values defined
above are finite. Set

M, = max{sup{|x,(1)| : t € [0, 00)}, sup{|x.()| : t € [0, c0)}. 4.9)

We prove the following turnpike results for our Bolza optimal control problems which

show that the turnpike phenomenon, for approximate solutions on large intervals, is

stable under small perturbations of the objective functions. In Theorems 16 and 17

we consider problems on intervals [0, 77] where T is a natural number while in

Theorems 18 and 19 the Bolza problems are considered on intervals [0, T'], where
T is a sufficiently large positive number.

Theorem 16 Let € € (0, 1), My, My, My > 0. Then there exist an integer L > 1
and a neighborhood % of f in . such that for each integer T > L, each g € %,
each h € U, and each & € U5, which satisfy

h(z) < M, for all z € R" satisfying |z| < M, + 1, (4.10)
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&(z) < My forall z = (21, 22) € R" x R" satisfying |z;| < M.+ 1, i = 1,2
4.11)

and each (x,u) € X (A, B, 0, TT) which satisfies at least one of the following con-
ditions below
(a) 1x(0)] = Mo,
I80, T1,x,u) + h(x(TT)) < o(g, h,x(0),0,TT) + My;
(b) 150, TT,x,u) + £(x(0), x(TT)) <0(g,&0,TT) + M,
the following inequality holds:

Card({i € {0,..., T — 1} : max{|x(iT+1) —xp()|: t €[0,7]} >€}) < L.
Theorem 17 Let € € (0, 1), My, My, My > 0. Then there exist an integer L > 1,
0 € (0, ) and a neighborhood % of f in M such that for each integer T > 2L,
each g € %, each h € A, and each £ € Uy, which satisfy

h(z) < M, forall z € R" satisfying |z] < M, + 1,

&(z) < M; forall z = (z1,22) € R" x R" satisfying |z;| < M, +1, i =1,2

and each (x,u) € X (A, B, 0, TT) which satisfies for each S € [0, TT — L],

I8(S, S+ Lt,x,u) <o(g,x(8),x(S+L71),S,S+L7)+§
and satisfies at least one of the following conditions below

(a) |x(0)| = Mo,
1800, T7, x,u) + h(x(TT7)) < 0(g, h,x(0),0,T7) + My;

(b) 150, TT, x,u) +£(x(0), x(TT1)) <0(g,&0,TT) + M,
there exist integers py € [0, L], p» € [T — L, T] such that for all integers i =
Pty p2— 1,

[x@T+1) —xp(@)| <eforallt €[0, 7]

Moreover if |x(0) — x;(0)| <0, then py =0 and if |x(T7T) —x;(0)| <9, then
P2 = T.

Theorem 18 Let c € (0, 1), My, My > 0. Then there exists M > 0 such that for
each M, > O there exist an integer L > 1 and a neighborhood % of f in # such
that for each T > LT, each g € %, each h € AU, which satisfies
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h(z) < M, for all 7 € R" satisfying |z| < M, (4.12)

each & € Uy, which satisfy

£(z) < M, forall z = (z1, 22) € R" x R" satisfying |zi| <M, i = 1,2 (4.13)
and each (x,u) € X(A, B, 0, T) which satisfies at least one of the following condi-
tions below

(a) 1x(0)] = Mo,
150, T, x,u) + h(x(T)) < o(g, h,x(0),0,T) + My;
(b) I5(0, T, x,u) + £(x(0), x(T)) < 0(8,£,0,T) + M,
the following inequality holds:
Card({i € {0, ..., |77 'T| —1}:
max{|x(iT+1) —xp(t)]: t €[0,7]} >€}) < L.
Theorem 19 Letc € (0, 1), My, M; > 0 and M be as guaranteed by Theorem 18.
Let My > 0. Then there exist an integer L > 1, § € (0, €) and a neighborhood % of
f in A such that for each T > LT, each g € %, each h € A, which satisfy
h(z) < M, forall z € R" satisfying |z| < M,
each & € Ay, which satisfy
£(z) < My forall z = (21, 22) € R" x R" satisfying |z;| < M, i = 1,2
and each (x,u) € X (A, B, 0, T) which satisfies for each S € [0, T — L],
I8(S, S+ L7,x,u) <o(g,x(8),x(S+L7),S,S+L7)+9
and satisfies at least one of the following conditions below
(a) 1x(0)| = Mo,
I5(0, T, x,u) + h(x(T)) <o(g, h,x(0),0,T) + My;
(b) I5(0, T, x, u) + £(x(0), x(T)) = 0(8,£,0,T) + M,

there exist integers py € [0, L], p» € [|[77'T| — L, 77 'T] such that for all integers
i:ph-"’pz_ly
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[x(@T+1) —x(@)| <eforallt €[0,7].

Moreover if |x(0) — x;(0)| <6, then p; = Oandif|x(|7~'T|71) — x7(0)| <0, then
pr=r7'T].

Leth € 2, and £ € 2,,. Define

Ve, ) =7 (@) + 77 () + €@, ), 21,22 € R (4.14)
Propositions 7 and 8 imply the following results.

Proposition 12 The function ©/ + h is lower semicontinuous, for every M > 0 the
set{x € R" : (x/ + h)(x) < M} is bounded, inf (w/ + h) is finite and the function
wf + h has a point of minimum.

Proposition 13 The function 1)¢ is lower semicontinuous, for every M > 0 the set
{(z1,22) € R" X R" : ¢(z1, 22) < M} is bounded and the function )¢ has a point
of minimum.

In this paper we also prove the following two stability results for our Bolza optimal
control problems. They show that the convergence of approximate solutions on large
intervals, in the regions close to the end points, is stable under small perturbations
of the objective functions.

Theorem 20 Let Ly > 1 be aninteger, h € 2, € € (0, 1), M > 0. Then there exist
0 > 0, a neighborhood U of f in M, a neighborhood V" of h in ,, and an integer
Ly > Lg such that for each integer T > Ly, each g € %, each £ € V and each
(x,u) € X(A, B, 0, TT) which satisfies
lx(0)] = M,
1500, T7, x,u) + §(x(T7)) < 0(8,§,x(0),0,T7) + 6
there exists an (f, —A, — B)-overtaking optimal pair

(Xn, up) € X(—=A, =B, 0, 00)

such that ) )
(! 4+ h)(3,(0)) = inf(x/ + h),

x(TT—1) —x,(t)| <eforallt € [0, LoT].

Theorem 21 Let Ly > 1 be an integer, h € Uy, € € (0, 1). Then there exist 6 > 0,
a neighborhood % of f in M, a neighborhood ¥V of h in 2y, and an integer
Ly > Lg such that for each integer T > Ly, each g € %, each £ € V and each
(x,u) € X(A, B, 0, TT) which satisfies
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1350, T7,x,u) + &(x(0), x(T1)) <0(g,§,0,TT) +6

there exist an (f, A, B)-overtaking optimal pair (x, u,) € X(A, B, 0, 00) and an
(f, —A, —B)-overtaking optimal pair (X, u,) € X(—A, —B, 0, 00) such that

Yr(x4(0), X,(0)) = inf (¢)y,)
and for all t € [0, LoT],

x(@) —x. ()] <, |X(TT—1) =x:()] <e.

5 Auxiliary Results

In the sequel we use the following auxiliary results.

Proposition 14 (Proposition 2.35 of [26]) Let My > 0. Then there exists M > 0
such that for each T > 37 and each y, z € R" satisfying |y|, |z] < M,

o(f,y,2,T) <Tu(f)+ M.

Proposition 15 (Proposition 2.40 of [26]) Let M) > 0, 0 < 19 < 7. Then there
exists My > 0 such that for each g € M, each T, > Ty > 0 satisfying

., - T €[m, 7]

and each (x,u) € X(A, B, Ty, T») satisfying 18(Ty, T, x,u) < M, the following
inequality holds: |x(t)| < M, forallt € [T, T].

Proposition 16 (Proposition 2.41 of [26]) Let 0 < ¢ < ¢2, D, e > 0. Then there
exists a neighborhood V of f in .# such that for each g € V, each T, > T} > 0
satisfying T, — Ty € [c1, c2] and each (x,u) € X(A, B, Ty, T,) satisfying

min{I/(Ty, T, x, u), I1¥(Ty, Ty, x, u)} < D

the inequality 17 (T, Tr, x,u) — I8(Ty, T», x, u)| < € holds.

Proposition 17 (Proposition 6.2.4 of [22], Proposition 2.30 of [26]) Let M, and
T be positive numbers and let F be the set of all (x,u) € X (A, B, 0, T) satisfying
170, T, x, u) < M. Then for every sequence {(x;, u;)}2, C . there exist a subse-
quence {(x;,, u; )3, and (x, u) € F such that x;, (t) — x(t) as k — oo uniformly
in [0, T], x; — x"as k — oo weakly in LY(R"; (0,T)), and u;, — u as k — oo
weakly in L'(R™; (0, T)).
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For each y, z € R" define
v(y, z) = inf{I7(0, 7, x,u) : (x,u) € X(A, B,0,T)
such that x(0) = y, x(7) = z}. (5.1
It was shown in Sect. 6.2 of [22] that the function v is convex, satisfies
—o0 < v(y, z) < oo foreach y, z € R",
v(y,z) = ooas |y|+ |z] = o0 5.2)
and that there exists zy € R" such that
v(zyr,2p) <v(z,z) forallz € R\ {zs}, (5.3)
xp(0) =z, u(f) =1""v(zs. 2p). (5.4)
Proposition 18 (Corollary 6.2.1 of [22]) Let x|, x, € R". Then there is a unique

(x,u) € X(A, B,0,7) such that x(0) =x,, x(1)=x, and I7(0, 7, x,u) =
v(x1, X2).

6 Proof of Theorem 16

By Theorems 13 and 14, there exist § € (0, 1), a neighborhood % of f in .# and
an integer L > 1 such that the following properties hold:
(P1) for each integer T > L, each g € %4 and each (x,u) € X(A, B,0,T7)
which satisfies
[x(0)| < Mo,

I¥0,T7,x,u) <0(g,x(0),0, TT)+6

the inequality |x (77 —t) — x,(¢)] < 1 holds for all ¢ € [0, 7]:
(P2) for each integer T > L, each g € %4 and each (x,u) € X(A, B,0,T7)
which satisfies 13(0, T7, x,u) < o(g, 0, TT) + ¢ the inequalities

X(TT —1) = %) < 1, |x(1) — x. ()] < 1

hold for all ¢ € [0, 7].

By Theorem 12, there exist an integer L > L; and a neighborhood % C %, of
f in . such that the following property holds:

(P3) for each integer T > L, each g € % and each (x,u) € X(A, B,0,T7)
which satisfies at least one of the following conditions below
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[x(0)| < My, 150, T7,x,u) <0(g,x(0),0,TT)+ 1+ M; + M +ay;
150, T7,x,u) <o(g,0,T7)+ 1+ M; +2M> + 2a,

we have
Card({i € {0,..., T — 1} : max{|x(@7+1) —x,(t)|: t €[0,7]} >¢}) < L.

Assume that an integer
T>L, ge, (6.1)

h e Uy, & € Ay, satisfy (4.10) and (4.11), (x,u) € X(A, B,0, TT) and at least one
of the conditions (a) and (b) holds. There exists (y,v) € X(A, B, 0, TT) such that
if condition (a) holds, then

y(0) = x(0), (6.2)
1300, TT,y,v) <o0(g,x(0),0, TT) 4+ (6.3)

and if condition (b) holds, then
150, TT,y,v) <0(g,0,TT) 4 6. (6.4)

By (6.1)—(6.4) and properties (P1) and (P2), if condition (a) holds, then
Iy(I't—1) —x.(0)| <1, t €[0, 7], (6.5)
and if condition (b) holds, then
y(TT—1) —x. (O =1, [y(1) —x(0)] = 1 (6.6)
hold for all ¢ € [0, 7]. It follows from (4.9), (4.10), (6.5) and (6.6) that if condition
(a) holds, then
Iy(TT)| <M.+ 1, h(y(TT)) < M> (6.7)
and if condition (b) holds, then
yOL [y(TT)| = M+ 1, £6(0), y(T'T)) = M. (6.8)
Assume that condition (a) holds. By (4.3), (6.2), (6.3), (6.7) and condition (a),
180, T, x,u) —a; <150, T7,x,u) +h(x(TT))

<I80,T7,y,v) + h(y(TT))+ M| <1500, TT,y,v) + M| + M,
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<0(g,x(0),0,T7) + 1+ M + M,
1850, T7,x,u) <o(g,x(0),0,TT)+ 14+ M| + M, + a,.
In view of the inequality above, (6.1), condition (a) and property (P3),

Card({i € {0, ..., T — 1} : max{|x(iT+1t) —xs@®)|: t €[0,7]} >¢}) < L.
(6.9)

Assume that condition (b) holds. By (4.3), (6.4), (6.8) and condition (b),
1300, TT,x,u) —a; <180, T, x,u) + &x(0), x(TT))
<I®0,T7,y,v) + £ O), y(TT) + M <I350,T7,y,v)+ M, + M,
<o0(g,0,TT)+ 1+ M| + M;,
1850, T7,x,u) <0(g,0, TT) + 1+ M, + M, + a;.

In view of the inequality above, (6.1), condition (b) and property (P3), inequality
(6.9) is true. Theorem 16 is proved.

7 Proof of Theorem 17

By Theorem 11, there exist an integer L; > 1, 6 € (0, €) and a neighborhood % of
f in . such that the following property holds:
(P4) for each integer T > 2L, each g € % and each
(x,u) e X(A,B,0,TT)
which satisfies foreach S € [0, T7 — L 7],

I5(S, S+ L1, x,u) <o(g, x(S), x(S+Li7),S,S+L7)+6

and satisfies
[x(0) —x£(0)] <9, |x(TT) —x7(0)] <0,

1850, TT,x,u) <o(g,x(0),x(T1),0,TT) + M
we have for all integersi =0,..., 7 — 1,

[x(@T+1) —xs()| <eforallt € [0, T].
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By Theorem 16, there exist an integer L, > 1 and a neighborhood % C % of f
in . such that the following property holds:

(P5) for each integer T > L,,each g € % ,each h € 2, and each ¢ € 25, which
satisfy

h(z) < M, for all z € R" satisfying |z| < M, + 1, (7.1)

&(z) < M forall z = (z1,22) € R" x R" satisfying |z;| < M, + 1, i = 1,2
(7.2)

and each (x,u) € X(A, B,0, TT) which satisfies at least one of the following
conditions below
(a) [x(0)] < Mo,
Ig(Oa TTv X, I/l) + h(X(TT)) S O—(gv ha x(o)a 07 TT) + Mla
(b) 150, T7,x,u) + £(x(0), x(TT)) < 0(g,£,0,TT) + M,
we have

Card({i € {0, ..., T — 1} : max{|lx(iT+1) —xp()|: t €[0,7]} > 6}) < L,.

Choose an integer

Assume that an integer
T>2L,geU, hed,, £y, (7.4)

Equations (7.1) and (7.2) hold and that (x, u) € X(A, B, 0, TT) satisfies for each
Sel0, Tt — L],

15(S, S+ L7, x,u) < o(g, x(S), x(S+ L7), S, S+ L)+ (15

and satisfies at least one of the conditions (a) and (b). Together with property (P5)
this implies that there exist integers

p1 €0, L], pp [T =Ly, T —1] (7.6)

such that
lx(piT) —x(0)] <90, i =1,2. (7.7)
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If |x(0) — x£(0)| < 6, then we set p; = 0 and if |x(T7) — x£(0)| < J, then we set
p2 = T.By (7.3)-(7.5), (7.7) and property (P4), for all integersi = py, ..., p» — 1,

[x(@T+1) —xp(t)] <eforallt € [0, T].

Theorem 17 is proved.

8 Proof of Theorem 18

By Theorem 12, there exist an integer Ly > 4 and a neighborhood % of f in .#
such that the following property holds:

(P6) for each T > LT, each g € 74 and each (x,u) € X(A, B,0, T) which
satisfies at least one of the following conditions below

Ix(0)] < My, 1%(0, T, x,u) < 0(g,x(0),0,T) + M, +2;
1500, T, x,u) <o(g,0,T)+ M, +2
we have
Card({i € {0, ..., |7 'T| —1}:
max{|x(T+1) —xs()|: t €[0,7]} > 1}) < Lo.

By Proposition 14, there exists M, > 0 such that the following property holds:
(P7) for each S > 37 and each z;, 7, € R" satisfying |z;| < M, +2,i = 1,2,

o(fiz1,22,8) < Sp(f) + Ma.
By Proposition 16, there exists a neighborhood %4 of f in .# such that the
following property holds:
(P8) for each g € %5, each T, > T} > O satisfying T, — Ty € [Lo7,4(Lo + 1)7]
and each (x,u) € X(A, B, T, T») satisfying
min{1/ (71, o, x, u), 15(Th, Ta, x, 1)} < 4(Lo + DTIp(f)] + Mz + 4

we have .
|1/ (Ty, To, x,u) — I5(Ty, To, x, u)| < 1.

By Proposition 15, there exists M > 0 such that the following property holds:
(P9) for each g € .4, each T, > Ty > 0 satisfying

T,—T el[(Lo— D7, 4(Lo + 1)7]
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and each (x,u) € X(A, B, Ty, T») satisfying
I8(T\, Tr, x,u) <4(Lo+ D|p(HIT+ My + 4

we have ~
[x(t)| < M forallt € [T}, T»].

Let M, > 0. By Theorem 12, there exist an integer L > 8L + 4 and a neighbor-
hood % C %4 N %, of f in .4 such that the following property holds:
(P10) for each T > L7, each g € % and each (x,u) € X(A, B,0, T) which
satisfies at least one of the following conditions below
Ix(O) < Mo, 1500, T, x,u) < 0(g,x(0),0,T) + 1 + My + M> +ay;
150, T, x,u) <o(g,0,T)+ M, + 1 4+2M; 4+ 2a,

we have
Card({i € {0, ..., 7 'T| —1}:

max{|x(iT+1) —xp(t)]: t €[0,7]} > }) < L.

Assume that

T>Lt,ge¥, he,, £y, (8.1)
Equations (4.12) and (4.13) hold, (x,u) € X(A, B,0,T) and at least one of the
conditions (a) and (b) of Theorem 18 holds. There exists (y,v) € X(A, B,0,T)
such that if condition (a) holds, then
y(0) =x(0), 15(0, T, y,v) < 0(g,x(0),0,7) + 1 (8.2)
and in condition (b) holds, then
150, T, y,v) <0(g,0,T) + 1. (8.3)

By (8.1)—(8.3), property (P6) and conditions (a) and (b) there exist

ire{Lo—1,....,2Lo—1}, i e {77 'T]—=2Log—1,..., |7 'T] —Ly— 1}
(8.4)

such that

ly(im+1) —xp O] <1, |yt +1) —xp () <1, t €[0, 7]. (8.5)
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It follows from (4.9) and (8.5) that
ly@l, 1y < My + 1.

It is not difficult to see that

I8(ipm, T,y,v) < o(g, y(iaT), a7, T) + 1
and that if the case (b) holds, then

120, i 7, y,v) <o(g, y(i17),0,i;7) + 1.
Property (P7), (8.4) and (8.6) imply that

o(f, y(i27),0,i7, T) < (T —irm)u(f) + M,

and
o(f,0,y@17),0,i17) < iiTp(f) + M.

It follows from (8.1), (8.4), (8.9), (8.10) and property (P8) that
0(g, y(i27), 0,07, T) < (T —irT)u(f) + Mz + 2,

0(g,0,y(i17),0,i17) < iyrp(f) + Ma + 2.
In view of (8.7), (8.8), (8.11) and (8.12),

18Gio7, T, y,v) = (T —ian)pu(f) + My + 3
and if the case (b) holds, then

180,017, y,v) <iyTpu(f) + My + 3.
Property (P9), (8.4), (8.13) and (8.14) imply that
V()| <M

and if condition (b) holds, then }
y©O)| =M.

125

(8.6)

(8.7)

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)

Assume that condition (a) holds. By (4.3), (4.12), (8.2), (8.15) and condition (a),

Ig(07 T?-xs u) —a; = Ig(O’ T7 X, M) +h(-x(T))

5 Ig(oa T9y5v)+h(y(T))+Ml S Ig(()’ T,y,V)—FMl +M2
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=0 x(0),0,7)+ 1+ M, + M,
1800, T, x,u) <o(g,x(0),0,T)+ M, + M, + 1 +ay.
In view of the inequality above, (8.1), condition (a) and property (P10),
Card({i € {0,..., [77'T] — 1} :
max{|x(iT +1) —x;(t)|: t €[0,7]} >¢}) < L. (8.17)
Assume that condition (b) holds. By (4.3), (4.13), (8.3), (8.15) and (8.16),
I8(0, T, x,u) —a; < I5(0, T, x, u) + £(x(0), x(T))
=150, T,y, M +£0), y(T7) + My =0(8.,0,T) + 1 + M, + M,
1350, T,x,u) <0(g,0,T) + 1+ M, + M> +a.

In view of the inequality above, (8.1) and property (P10), inequality (8.17) is true.
Theorem 18 is proved.

9 Proof of Theorem 19

By Theorem 11, there exist an integer L; > 1, § € (0, €) and a neighborhood %, of
f in . such that the following property holds:
(P11) for each integer T > 2L, each g € %, and each
(x,u) € X(A,B,0,TT)
which satisfies foreach S € [0, T7 — L 7],

I8(S, S+ LiT,x,u) <o(g,x(S), x(S+Li7),S,S+Li7)+6

and satisfies
[x(0) —x7(0)] <9, |x(TT) —x7(0)] <90,

1500, T7,x,u) < o(g, x(0), x(T7),0,TT) + M,
we have for all integersi =0,..., 7T — 1,

[x(@T+1) —xp(t)| <eforallt € [0, T].
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By Theorem 18, there exist an integer L, > 1 and a neighborhood % C % of f
in . such that the following property holds:
(P12) foreach T > L,7, each g € %, each h € 2, which satisfies
h(z) < M, for all z € R" satisfying |z| < M, 9.1)
each ¢ € 2,, which satisfy
&(z) < M; forall z = (z1,z2) € R" x R" satisfying |z;| < M,i=12 (92
and each (x, u) € X(A, B, 0, T') which satisfies at least one of the following condi-
tions below
(1) [x(0)| = Mo,
150, T, x,u) + h(x(T)) < o(g,h,x(0),0,T) + My;
(i) 1#0, T, x, u) + &(x(0), x(T)) < 0(g,§,0,T) + M;
the following inequality holds:
Card({i € {0, ..., [77'T] — 1} :

max{|x(iT+1) —x;@)|: t €[0,7]} > d}) < Lo.

Choose an integer

Assume that

T>Lt, g%, he,, £cy, 94)

Equations (9.1) and (9.2) hold and that (x,u) € X(A, B, 0, T) satisfies for each
Sel0, T —L7],

I8(S, S+ Lr,x,u) <o(g,x(S),x(S+ L7),S,S+L7)+§ 9.5)

and satisfies at least one of the conditions (i) and (ii). By (9.1)—(9.4), conditions (i)
and (ii) and property (P12), there exist integers

prel0, L), ppellr 'T]— Lo I77'T]] (9.6)

such that
lx(piT) —x7(0)] <90, i =1,2. 9.7
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If [x(0) —x£(0)] <4, then we set p; = 0 and if lx(l7~'T|7) — x¢(0)] <4, then
we set pp = lr~'T]. By (9.3)-(9.5), (9.7) and property (P11), for all integers i =
Pis-.., P2 — 17

[x(@T+1) —xp(t)] <eforallt € [0, 7].

Theorem 19 is proved.

10 Auxiliary Results for Theorem 20

Lemma 1 Leth € 2, Sy > 1 be an integer, ¢ € (0, 1). Then there exists § € (0, €)
such that for each (x,u) € X(A, B, 0, SoT) which satisfies

(" +h)(x(0)) < inf(x/ +h) +6,
170, So7, x, 1) = Sorpu(f) = 7! (x(0) + 7! (x(So7)) < &
there exists an (f, A, B)-overtaking optimal pair (x.,u,) € X(A, B, 0, 0o) such
" (! + h)(x.(0)) = inf(x! + h),
|x(t) — x.(t)| < e forallt €0, SyT].

Proof Assume that the lemma does not hold. Then there is a sequence {0}, C
(0, 17 and a sequence {(x, ur)}z>, C X(A, B, 0, Sy7) such that

kli}rr;oék =0 (10.1)

and that for all integers k > 1,
(! + h)(xx(0)) < inf (7! + h) + &, (10.2)
170, So7, x, i) — Sopu(f) — 7/ (0 (0)) + 7/ (x (So7)) < G (10.3)

and that the following property holds:
(1) for each (f, A, B)-overtaking optimal pair (y, v) € X (A, B, 0, 0co) satisfying

(r/ 4+ h)(y(0)) = inf(z/ + h)

we have
sup{|xx () — y(®)| : t € [0, SpT]} > €.
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In view of (10.2), (10.3) and the boundedness from below of the functions 7/, A,
the sequences {7/ (x; ONIZ s A (0122, {170, So7, x, ug)}r, are bounded.
By Proposition 17, extracting a subsequence and re-indexing if necessary, we may
assume without loss of generality that there exists

(x,u) € X(A, B,0, S7)

such that
x;(t) = x(t) as k — oo uniformly on [0, Sy7], (10.4)
170, So7, x, u) < lim inf 170, So7, xi, ux), (10.5)
u — u as k — oo weakly in L'(R™; (0, Sy7)). (10.6)

It follows from (10.1), (10.2), (10.4), the continuity of 7/ and lower semicontinuity
of h that
/ (x(0) = lim 7/ (x¢(0)), h(x(0)) < lim inf A(x(0)),
—> 00 — 00

(! + h)(x(0)) < 1ikrgggf(7rf + 1) (x(0)) = inf (7! + h). (10.7)
In view of (10.2) and (10.7),
h(x(0) = lim h(x(0)). (10.8)
By (10.4) and the continuity of 7/,
' (x(SoT)) = Jim 7 (X (SoT)). (10.9)
It follows from (10.1), (10.3), (10.5), (10.7) and (10.9) that
170, So, x, u) — SoTpu(f) — 7/ (x(0)) + 7/ (x(So7))
< liminf[77(0, So7, i, we) = Sompu()] = Jim 7/ (x(0)) + lim 7/ (xie(So7))
= liminf[ 17 (0, So7, xi., u) = SoTpu(f) = 7/ (31 (0)) + 7/ (e (Sp7))]
< lim 6§ = 0.

k— 00

In view of the inequality above and Proposition 2,

170, So7, x, u) — Sorp(f) — 7/ (x(0)) + 7/ (x(So7)) = 0. (10.10)
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Theorem 2 implies that there exists an (f, A, B)-overtaking optimal pair (x, u) €
X (A, B, 0, o0) such that x(0) = x(Sy7). For all > Sy7 set

x(t) =X — Sor), u(t) =u(t — So7). (10.11)

It is not difficult to see that the pair (x,u) € X(A, B, 0, 00) is an (f, A, B)-good
pair. By (10.10), (10.11) and Propositions 2 and 7,

1700, S7,x,u) — STu(f) — 7/ (x(0)) + 7/ (x(S7)) = 0 for all integers § > 1.
Combined with Proposition 9 and (10.7) this implies that (x, u) is an (f, A, B)-

overtaking optimal pair satisfying (7/ + h)(x(0)) = inf (7/ + k). By (10.4), for all
sufficiently large natural numbers £k,

|x(t) — x()| <e/2forall t € [0, So7].

This contradicts condition (i). The contradiction we have reached proves Lemma 1.

Note that Lemma 1 can also be applied for the triplet (£, —A, —B).
Lemma 2 Leth € Q_l,l, §2 > §1 > 1 beintegers, e € (0, 1]andlet (x,, u,) € X(—A,
—B,0,00) be an (f, —A, —B)-overtaking optimal pair. Then there exist a neigh-
borhood % of f in .4 and a neighborhood ¥ of h in A, such that for each pair
of integers S, > S| > 0 satisfying S, — S| € [Sl, Sz] each g € U, each £ € V¥,
(y,v) € X(A, B, 8171, S27) such that

Y(@) = %:(S27 — 1), v(t) = i (Som — 1), t € [S17, $27] (10.12)

and each (x,u) € X(A, B, S11, S$»7) satisfying

Ig(SlT, SzT, X, M) + f(x(SzT)) < Ig(SlT, 52’7', y, V) + f(y(SzT)) +e (1013)
the following inequality holds:

(817, o, x,u) + h(x($27)) < 17 (Si7, $37, 3, v) + h(y(S$27)) + 22
=170, (S2 = S)7. % it) + h(E.(0)) + 22

Proof Since (X, ii,) is an (f, —A, — B)-overtaking optimal pair it follows from
Theorem 1 that

sup{|x.(1)| : [0, 00)} < oo.

Choose
My > sup{|x.(t)| : t € [0, 00)}. (10.14)



Bolza Optimal Control Problems with Linear Equations ... 131
Since i € 2, there exists M; > 0 such that
|h(z)| < M, for all z € R" satisfying |z| < M,. (10.15)
Since the function 7/ is continuous there exists M, > 0 such that
17/ (2)] < M; for all z € R" satisfying |z| < M. (10.16)
There exists a neighborhood 7 of 4 in 2, such that for each & € %,
|£(z) — h(z)| < e/16 for all z € R" satisfying |z| < M. (10.17)
By Proposition 16, there exists a neighborhood % of f in .# such that the following
property holds: R
(P13) for each g € %, each pair of integers S, > §; > 0 satisfying S, — §1 < S,
and each (x,u) € X(A, B, S|7, S,7) satisfying
min{7/ (Si7, So7, x, u), I$(Si7, So7, x, )} < |u()|Sar + 2My + 2M) + ay + 4
we have [17(S\7, Sor, x,u) — I8(SiT, So7, x, u)| < €/16.
By Proposition 15, there exists Ag > 0 such that the following property holds:
(P14) foreach g € .# , each pair of integers S, > §; > O satisfying S, — S} < S5,
and each (x,u) € X(A, B, |7, S,7) satisfying

18(Si7T, So7, x, 1) < |pu(f)|Sor +2My +2M; + a) + 4

we have |x(t)| < Ag forall ¢ € [S7, S,7].
There exists a neighborhood ¥ C ¥ of h in 2l,, such that for each £ € V,

|£(z) — h(z)| < e/16forall z € R" satisfying |z| < My + Ay. (10.18)
Assume that integers S, > S; > 0 satisfy
S—S1€[8,5], ge¥, €V, (10.19)
(y,v) € X(—A, —B, S;7, S,7) satisfies (10.12) and that
(x,u) € X(A, B, S|, S$;7)
satisfies (10.13). In view of (3.6) and (10.12),

17 (S\7, o7, y,v) = If(O, (S2 — $2)7, Xy, Uy). (10.20)
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Since (¥, ity) is an (f, —A, — B)-overtaking optimal pair Proposition 3 implies that

1700, (S, — SN, %y i) = p(f) (S — Si7) + 7/ (7(0)) — 7/ (Fo(Sor — Si17)).

(10.21)
Set
S=25—S5. (10.22)
In view of (10.14), (10.16) and (10.20)—(10.22),
17(S17, $7, y,v) < u(f)ST 4 2M,. (10.23)
Property (P13), (10.19) and (10.23) imply that
18(S,7, So7, y,v) < I7(Si7, Sar, y,v) +¢/16. (10.24)
By (10.12), (10.14) and (10.17),
1€y ($27)) — h(y(S2m)| = [£(X(0)) — h(x.(0))| < e/16. (10.25)

In view of (10.13), (10.24) and (10.25),

I8(S17, Sor, x,u) + E(x(Sp7)) < 17(Si7, Sy, v, V) + h(y(S:7)) +€/8+¢.

(10.26)
It follows from (4.3), (10.12), (10.14), (10.15), (10.23) and (10.26) that
18(S7, Sor, x,u) < I7(Si7, $or, v, v) + h(¥(Sy7)) +¢/8 + ¢ + a
< pu(fIST+2Mr 4+ h(x.(0)) + a1 + < +¢/8. (10.27)
Property (P13), (10.19), (10.22) and (10.27) imply that
[IF(Si7, Sor, x,u) — I8(Si7, So7, x, u)| < e/16. (10.28)
By property (P14), (10.14), (10.15), (10.19) and (10.27),
IX(O] < Ao, t € [Si7, Sa7]. (10.29)

In view of (10.18), (10.19) and (10.29),

1€(x($27)) — h(x($27))| = €/16. (10.30)
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It follows from (10.12), (10.20), (10.26), (10.28) and (10.30) that
1817, Sor, x, u) + h(x(S27)) < I8(Si7, Sot, x, u) + Ex(Sm) +¢/8
<17 (87, 87, y,v) + h(y(S27)) + /8 + & +¢/8
=170, (8 — )T, %s, ity) + h(7.(0)) + & + /4.

Lemma 2 is proved.

11 Proof of Theorem 20

By Lemma 1 applied to the triplet (f, —A — B) there exist §; € (0, £/4) such that
the following property holds:
(P15) for each (x,u) € X(—A, —B, 0, LyT) which satisfies
() + h)(x(0) < inf(x/ + h) + 441,
170, Lo7, x, 1) = Lorp(f) = 7/ (x(0)) + 7/ (x(Lo7)) < 4
there exists an (f, —A, —B)-overtaking optimal pair

(%) € X(—A—, B, 0, 00)

such that . )
(! + h)(X(0)) = inf(r/ + h),

|x(t) —Xx(t)| < eforallt [0, LoT].

In view of the continuity of xf , Proposition 4 and (5.4), there exists &, € (0, d;) such
that for each z € R" satisfying |z — x(0)| < 26,

I/ ()] = In/ (2) — 7/ (x;(0))] < 61/8; (11.1)
for each y, z € R" satisfying |y — x/(0)| < 2d,, |z — x,(0)| < 26,

v(y,2) = Tu(f)l = 61/8. (11.2)

By Theorem 17, there exist an integer [y > 1, 43 € (0, 6,/8), a neighborhood %, of
f in .4 and a neighborhood 7] of & in 2, such that the following property holds:
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(P16) for each integer T > 2l, each g € %, each { € ¥} and each
(x,u) € X(A,B,0,TT)
such that
IXx(O)] = M, 15(0, T7,x,u) + £(x(T7)) < 0(g,& x(0),0,T7) + 03

we have
|x(@T) —Xf(0)| <& foralli =1y,..., T — .

By Theorem 2 and Proposition 12, there exists ( f, —A, — B)-overtaking optimal
pair

(X, us) € X(—A—, B, 0, 00) (11.3)

such that } )
(! 4+ h)(%,(0)) = inf(x/ + h). (11.4)

Since the pair (X, it,) € X(—A, —B, 0, 00) is (f, —A, —B)-good it follows from
Theorems 1 and 8 that there exists an integer /; > 1 such that

|x*(iT) — x£(0)| < &, for all integers i > I;. (11.5)

By Proposition 16, there exists a neighborhood %, C % of f in . such that the
following property holds:

(P17) for each g € % and each (x, u) € X(A, B, 0, ) satisfying

min{I/(0, 7, x,u), I¥(0, 7, x, u)} < |u(f)|T +2

we have [17(0, 7, x, u) — I2(0, T, x, u)| < 63/8.

By Lemma 2, there exist a neighborhood % C % of f in .# and a neighborhood
¥ C ¥ of h in 2, such that the following property holds:

(P18) for each pair of integers S, > S > 0 satisfying S, — Sy € [1,2Lg + 21y +
Iy +4],each g € Z,each& € ¥, (y,v) € X(A, B, S|7, S»7) such that

V(&) = X (S2m — 1), v(t) = us(Sam — 1), 1 € [S17, $27]
and each (x,u) € X(A, B, S|7, S,7) satisfying
18(S17, Som, x, u) + §(x(827)) < I5(S17, So7, ¥, v) + E((S27)) + 6

we have

17(S7, Sor, x, u) + h(x(S27)) < If(O, (82 — ST, Xy, y) + h(x,.(0)) + 26;.
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Choose § > 0 and an integer L; such that

0 < d3/4, (11.6)
Ly >2Ly+2ly+ 21, + 4. (11.7)
Assume that an integer
T>L, g%, €V, (x,u)e X(A,B,0,T1), (11.8)
x(O)] =M, (11.9)
1850, T7,x,u) + £E(x(TT1)) <0(g, &, x(0),0,TT) + 4. (11.10)

Property (P16) and (11.6)—(11.10) imply that
|x(iT) —x£(0)] < 0y foralli € {ly,..., T — I} (11.11)
In view of (11.7) and (11.8),
[T —lo—0l1i —Lo—4,T —1lo—1i — Lol Cllo, T —Ilp—1; —Lol. (11.12)
By (11.11) and (11.12),

|x(i7')—xf(0)| <&foralli e {T —ly—1y —Lyo—4,...,T —1ly—1; — Lo}.
(11.13)

Proposition 18 implies that there exists (x;, u1) € X(A, B, 0, TT) such that
x1() =x(@@), () =u@), t €[0,7(T —lop— 11 — Lo — 4)],
x1@)=x.(Tt—1), @) =u,(TT—1), t €[r(T —lp—1, — Lo —3),7T],
(T —lg—1 —Loy—4),7(T —ly—1; — Lo — 3), x1, u)
=v(x(T(T —ly—1) — Lo —4)), (1o + 11 + Lo + 3))). (11.14)
By (11.10) and (11.14),
=0 < I%(0, T7, x1,u1) + (1 (T7) — (150, T'7, x, u) + £(x(T'7)))
=15((T —-ly—lL —Lo—4), (T —lpo—11 — Lo —3), x1,u1)

+I8(T(T —lp—11 — Lo —3), 7T, x1, u1) + £ (T7))
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—I8(r(T—ly—lL —Lo—4), (T —lp—11 —Lo—3),x,u)
—I5(r(T —lp—11 —Lo—3), 7T, x,u) — £E(x(TT)). (11.15)

We will estimate
IS(r(T —lp—11i —Lo—4), (T —lo— 11 — Lo — 3), x1, uy)

—I8(r(T —lp—1L1 —Lo—4),7(T —lp—1; — Lo —3), x,u).

In view of (11.2), (11.5), (11.13) and (11.14),

(T —lg =1y = Lo—4), 7(T —lp = Iy = Lo = 3), x1, u1)
=v(x(T(T —lo—5L —Lo—4), x.(r(o + 11 + Lo+ 3))) < 7u(f) +01/8.

Combined with (11.8) and property (P17) this implies that
IS(r(T —lp—11 —Lo—4), 7(T —lp—1; — Lo —3), x1,uy)

<I((T—ly—1j —Lo—4),7(T —lo— 1, — Lo — 3), x1, uy) + 63/8
< 7u(f) +01/8+d3/8. (11.16)
It follows from (11.2) and (11.13) that
(T —lg—1 —Loy—4),7(T —ly—1; — Lo — 3), x, u)

>vx(r(T —lop—1i —Lo—4), x(7(T —lp — Iy — Lo — 3))) > Tu(f) — 01/8.
(11.17)

We claim that
[g(T(T—lo—ll —L0—4),T(T—l()—ll —L0—3),x,u) ZT,U,(f)—(Sl/z.
(11.18)
Assume the contrary. Then

Ig(T(T_l()_ll_L0_4),T(T_l()_ll_LO_S),.X,M)

< Tu(f) — /2. (11.19)
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By property (P17), (11.8) and (11.19),
I'((T —ly—1, —Lo—4), 7(T —ly— 1, — Lo — 3), x, u)
<I8((T —ly—1y — Lo —4),7(T —lo — 1} — Lo — 3), x, u) + 63/8
<Tu(f) —61/2+63/8 < Tu(f) —i/4

This contradicts (11.17). The contradiction we have reached proves (11.18). It follows
from (11.16) and (11.18) that

I8(r(T —ly—11 —Lo—4),7(T —ly—1; — Lo — 3), x1, uy)

—I8((T —1ly—14 —Lo—4), (T —lp—11 — Lo —3),x,u) <3;1/8+03/8+d1/2.
(11.20)

By (11.15),
I$(r7(T —ly—1y — Lo —3), 7T, x1,u1) + £(x1(T1))
—I8(r(T —1ly—1, —Lo—3), 7T, x,u) + £E(x(TT1))
>—0—15((T —1ly—1y —Ly—4),7(T —ly—1; — Lo —3), x1, uy)
+18(r(T =lgy—lL —Lo—4),7(T —lp— 11 — Lo —3), x,u)

2—5—551/8—63/82—51. (11.21)

By (11.1), (11.5) and the choice of 45,
|l (F(r(lo + 1y + Lo +3))| < 8,/8. (11.22)
In view of (11.21),
I$(r(T —1ly—11 — Lo —3), 7T, x,u) + £(x(T71))
<I8( (T —lo—1i —Lo—3),7T, x1,u1) + £(x1(TT)) + 4. (11.23)
By (11.8), (11.23) and property (P18) applied with (y, v) = (x1, u1),
(T —lp—1, — Lo — 3), 7T, x, u) + h(x(T1))

< 170, (Lo +lo + 1y +3)7, %o, ity) + h(F.(0)) + 241. (11.24)



138 A.J. Zaslavski

Proposition 3, (11.22) and (11.24) imply that
(T =1ly—1;, — Ly—23), 7T, x,u) + h(x(T71))
< uw(f)rlo + 1 + Lo+ 3) + 7/ (£.(0))

—rl %o + 1y + Lo + 3)7)) + h(%.(0)) + 26,

< u(F)7(o + It + Lo +3) + 7/ (£.(0)) + h(F.(0)) +20; +81/8.

Set

F(t) =x(TT—1), ii(t) = u(TT —1), t €[0,7(Lo + 1o + 11 + 3)].

In view of (3.6), (11.25) and (11.26),
170, 7o + 1 + Lo + 3), £, i) + h(%(0))

=1'(r(T =ly—1, — Lo—3), 7T, x,u) + h(x(vT))

< w(H)To + 11 + Lo + 3) + 7/ (%.(0)) + h(%.(0)) + 26, + 61/8.

It follows from (11.13) and (11.26) that

|X(T(lo+ 1 + Lo+ 3)) —x7(0)] < ds.
By (11.1) and (11.28),

i/ G (o + 11 + Lo+ 3))| < 61/8.
By (11.27), (11.29) and Proposition 2,

1 + W E©) — (1 + 1) (F.(0))
+17(0, Lor. %, it) — Lorp(f) — 7/ (£ (0)) + 7/ (F(Lo7))
< (@ + mEO) — (17 + h)(F.(0))

+17(0, 7(lg + 1y + Lo + 3), %, it)

(11.25)

(11.26)

(11.27)

(11.28)

(11.29)

—u(H)Tlo+ 1 + Lo+ 3) — 7/ (R(0) + 7/ GE(rlo + 11 + Lo +3)))

< ol (7)) — 7/ (7.(0) — h(Z,(0))
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Fu(f)To + 1y + Lo+ 3) + 7/ (£.(0) + A(F(0)) + 28, +6,/8
—u(f)ro + 1 + Lo +3) — o/ (R(0) + 7/ R (o + Iy + Lo +3)7))

<26, +0,/8+46,/8. (11.30)
By Proposition 2, (11.4) and (11.30),
(1 + h)E(0) < (17 + h)(F.(0)) +36; < inf(x/ + h) + 36,
1700, Lor, %, i) — Lorp(f) + 7/ (£(0)) + 7/ (F(Lo7)) < 361.

It follows from the inequalities above, (11.26) and property (P15) that there exists
an (f, —A, —B)-overtaking optimal pair (X, #) € X(—A—, B, 0, 00) such that

(! + W) &) = inf(x! + h)
and for all € [0, Lo7],
e>x() —xM)| = |x(TT —1) —x(1)|.

Theorem 20 is proved.

12 Auxiliary Results for Theorem 21

Recall (see (4.4)) that for each i € 2,,

Un(z1,22) = 70 (21) + 77 (22) + h(z1, 20) for all (z1,22) € R" x R".  (12.1)

Lemma 3 Leth € Uy, Sy > 1 be an integer, € € (0, 1). Then there exists § € (0, €)
such that for each (x1,u;) € X(A, B, 0, Sy7) and each

()Cz, uz) € X(—A, —B, 0, S()’T)

which satisfy
Pr(x1(0), x2(0)) < inf(¢y) + 9,

170, So7, x1,u1) — SoTp(f) — m/ (x1(0)) + 7/ (x1(So7)) < 9,

170, So7, x2, u2) — Sorpu(f) — 7/ (x2(0)) + 7/ (x2(Som)) < &
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th_ere exist an (f, A, B)-overtaking optimal pair (x{,u}) € X(A, B, 0, 00) and an
(f, —A, —B)-overtaking optimal pair (x5, u3) € X(—A, —B, 0, 00) such that

Pr(x7(0), x3(0)) = inf (1)
and that for all t € [0, SyT],
lx1(t) = x7 (O] <&, @) —x3(0)] <e.

Proof Assume that the lemma does not hold. Then there are a sequence {Jx};,
C (0, 1] and sequences

{Goe 1 w2y C X(A, B0, Som), {(x2, ui2)}i2y C X(—A, =B, 0, So7)

such that
k]im o =0, (12.2)
for all integers k > 1,
Yn (x,1(0), xx2(0)) < inf(¢)p) + g, (12.3)

170, So7, xi1, ug 1) — SoTp(f) — 7 (i 1(0)) + 7/ (x4 (So7)) < 0, (12.4)

170, Som, xe2, ti2) — Sorp(f) — 7/ (i 2(0)) + 7/ (xx2(Som)) < 6 (12.5)

and that for each integer k > 1, each (f, A, B)-overtaking optimal pair (1, m1) €
X (A, B, 0, 00) and each (f, —A, — B)-overtaking optimal pair

(627 772) € X(_Av _Bs 07 OO)

satisfying
¥ (€1(0), £2(0)) = inf () (12.6)

we have
sup{|§1 (1) — xx, 1 (D], 1&2(8) — xp2(0)] = t € [0, So7]} > €. (12.7)

In view of (12.1)—(12.3) and the boundedness from below of the functions 7t xf s
h, the sequences {rf (e, 1 (ON}72 4, {rf (x£,2(0)}72; and

{h(xr,1(0), x2(0) 172
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are bounded. Together with (12.4), (12.5) and the boundedness from below of the
functions 7/, 7/ this implies that the sequences

{170, So7. i1, ue D12y {170, Sor, xu o0 )35,
are bounded. By Proposition 17, extracting a subsequence and re-indexing if nec-

essary, we may assume without loss of generality that there exists (xj, u;) €
X (A, B, 0, Sy7) and (x, ur) € X(—A, —B, 0, So7) such that fori =1, 2,

Xy (t) = x;(t) as k — oo uniformly on [0, Sp7], (12.8)

170, Sor, x1, u1) < liminf 17(0, So7, xe.1. x.1). (12.9)
— 00

170, Sor, x2, us) < lim inf 170, So7, xi2, tr2). (12.10)

It follows from (12.2), (12.3), (12.8), the continuity of 7/, 7/ and the lower semi-
continuity of &, 1y, that

7 (x1(0)) = klim 7 (x1(0)), 7 (x2(0)) = klim 7 (xk.2(0)), (12.11)
h(x1(0), x2(0)) < 111311 inf A (xx,1(0), x¢,2(0)), (12.12)
P (x1(0), x2(0)) < li,fgf;}f Wi (xx,1(0), x2(0)) = inf (¢y,), (12.13)

! (x1(Sor)) = Jlim 7 G (Som)), 7 (x2(Sem)) = Jlim 7l (ra(Sor)). (12.14)
In view of (12.1)~(12.3) and (12.11)~(12.13),
h(x1(0), x2(0)) = lim /(xi.1(0). (x2.2(0)- (12.15)
It follows from (12.4), (12.5) and (12.9)=(12.11) that
170, Sor, x1, u1) — Sorp(f) — 7/ (x1(0)) 4+ 7/ (x1(So7))

< iminf(17(0, So7, i1, 1) — So(f)
— 00
=/ (1 (0) + 77 (o1 (Sor)] = Jim 5 =0, (12.16)
—00

170, So7, %2, u2) — Sorpa(f) — 7/ (2(0)) + 77 (x2(So7))
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< lim inf[17(0, So7, xp.2, g.2) — SoTp(f)

— Wf(xk,z(())) + Wf(xk,z(S()T))] < klim o = 0. (12.17)

In view of (12.16), (12.17) and Proposition 2,
170, Sor, x1,u1) — Sorp(f) — 7/ (x1(0)) + 7/ (x1(Sp7)) = 0, (12.18)
170, So7, x2, u2) — Sorpu(f) — 7 (x2(0)) + 7/ (x2(So7)) = 0. (12.19)
Theorem 2 implies that there is an (f, A, B)-overtaking optimal pair (X, u;) €
X (A, B, 0, 00) such that
x1(0) = x1(Sp7) (12.20)
and an (f, —A, —B)-overtaking optimal pair (X,, i) € X(—A, —B, 0, 00) such
that
12(0) = x2(So7). (12.21)
Forallr > Syrandi =1, 2 set
xi(t) = X;(t — So7), u;(t) = u;(t — So7). (12.22)
It is not difficult to see that the pair (xy, u;) € X(A, B, 0, oq) isan (f, A, B)-good
pair and that the pair (x;, u) € X(—A, —B,0,00) is an (f, —A, —B)-good pair.
By (12.18), (12.19), (12.21), (12.22) and Propositions 2 and 3, for all integers S > 0,

170, S7, x1,u1) — STpu(f) — 7/ (x1(0) + 7/ (x1(S7)) =0,

1700, 87, %2, u2) — Stu(f) — 7/ (22(0)) + 7/ (x2(S7)) = 0.
Combined with Proposition 9 this implies that (x;,u;) € X(A, B,0,00) is an
(f, A, B)-overtaking optimal pair and that the pair (x2, u2) € X(—A, —B, 0, 00)
is an (f, —A, —B)-overtaking optimal. By (12.13),

Y (x1(0), x2(0)) = inf ()5,).
By (12.8), for all sufficiently large natural numbers k and i = 1, 2,
|xc,i (1) — x;i ()| < e/2forall ¢ € [0, Sp7].

This contradicts (12.7). The contradiction we have reached proves Lemma 3.
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Lemmad Leth € 2y, §2 > §1 > 1 be integers, € € (0, 1) and M > 0. Then there
exist a neighborhood % of f in . and a neighborhood V' of h in Uy, such that for
each g € U, each & € V', each pair of integers S;» > S;1 = 0,1 = 1,2 satisfying

Sin—Si1 €181, 8], i=1,2, (12.23)
each (x1,u;) € X(A, B, §1.17, S1.27) and each

(x2,u2) € X(A, B, 8217, $257)
which satisfy

I8(SiaT, Sio7, x1,u1) + 18(So17, ST, X2, u2) + E(x1(S1,17), x2(S227)) < M
(12.24)

the following inequalities hold:
[1E(SiaT, SiaT, xiyui) — 17 (Sia7, SinT, xi u)| < e, i = 1,2,
[h (e (S1,17), x2(82,27)) — E(x1(S1,17), X2($227)| < €.

Proof By Proposition 16, there exists a neighborhood % of f in .# such that the
following property holds:

(P19) for each g € % , each pair of integers S, > S; > 0 satisfying S, — S; < §2
and each (x,u) € X(A, B, S|7, S,7) satisfying

min{l7 (S,7, So7, x,u), I8(S\7, Sar, x,u)} < M + a; + at$,

we have |If(S17', Sor, x,u) — I18(S 7, S, x,u)| <e.
By Proposition 15, there exists Ag > 0 such that the following property holds:
(P20) for each g € ., each pair of integers S, > S| > 0 satisfying S, — §; < TS‘\z
and each (x,u) € X(A, B, S|7, S,7) satisfying

I8(S\7, Somox,u) <M +a; +ar$,

we have |x(t)| < Ag forall t € [S;7, S7].
There exist a neighborhood ¥ of & in 20,,, such that for each £ € V,

|€(z1, 22) — h(z1, 22)| < eforall 71, 2o € R" satisfying |z;| < Ao, i = 1,2.
(12.25)

Assume that

QEU, £, (12.26)
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integers S; ; > 0, i, j € {1, 2} satisfy (12.23) and that
(xi,u;) € X(A, B, S 17, Sip7), i =1,2
satisfy (12.24). In view of (4.2), (4.3), (12.23) and (12.24), fori = 1, 2,
I8(S; 17, SiaT, xi,u;)) < M +ay +ars$s. (12.27)
Property (P19), (12.23), (12.26) and (12.27) imply that fori = 1, 2,
[ (Sia, Siar, xioui) = I5(SiaT, SiaT, xi, ui)| < €.
By (12.23), (12.27) and property (P20),
lx; (£)| < Ao, i =1,2. (12.28)
It follows from (12.25), (12.26) and (12.28) that
1A (x1(S1,17), x2(82,27)) — E(x1(S1,17), x2(8227))| < €.

Lemma 4 is proved.

Lemma5 Let h € 2y, §2 > §1 > 1 be integers, € € (0,1) and let (xy,uy) €
X (A, B,0,00) be an (f, A, B)-overtaking optimal pair and

(X4, uy) € X(—A, —B,0,00)
be an (f, —A, —B)-overtaking optimal pair. Then there exist a neighborhood U
of f in M and a neighborhood V" of h in Uy, such that for each pair of integers
Sio> Si1 =>0,i=1,2 satisfying

Sin—Si1 €81, 81, i =1,2, (12.29)
each g € %, each& € ¥V,

(vi.vi) € X(A, B, $;17, Si27), i = 1,2 (12.30)

such that

yi(t) =x.(0 — Si,17), vi(t) =u (& — S,17), t € [Si117, S1,27], (12.31)

Va(t) = X (S227 — 1), V2 (1) = Uy (S227 — 1), t € [S217T, $227], (12.32)
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and each (x;,u;) € X(A, B, S;17, S;27), i = 1, 2 satisfying
I8(S1 7, S1a7, x1, up) + I8(So17, S227, X2, up) + £(x1(S1,17), X2(S2,27))

< I8(SiaT, SiaT, yi,v) + 18(So17, S207, ¥2,v2) + E1(S1,17), y2(8227)) + €
(12.33)

the following inequality holds:
' (S1a7, Sia7, X1, u1) + 17 (So.47, Sa07, X2, u2) + h(x1(S117), X2(S2,27))

< I (Sia7, Sia7, y1,v1) + 17 (S2.17, S207, y2, v2) + h(y1(S1.17), y2(S207)) + 2¢

=170, (S12 = S1,0)7, X 1) + 1/, (82,2 = 82,17, Xy, Ux) + h(xx(0), X4 (0)) + 2e.
(12.34)

Proof By Theorem 8, there exists My > 0 such that
lxs (0], [X:()| < My, t € [0, 00). (12.35)
There exists M; > 0 such that

|h(z1, z2)| < M forall (z;, z2) € R" x R" satisfying |z;| < My, i = 1,2,
] (12.36)
7/ ()], |7/ (z)| < M, for all z € R" satisfying |z| < M. (12.37)

By Proposition 16, there exists a neighborhood % of f in .# such that the following
property holds:

(P21) for each g € %/, each pair of integers S, > S > 0 satisfying S, — §; < §2
and each (x,u) € X(A, B, S|7, S,7) satisfying

min{I/ (17, So7, x, u), [5(Si7, $a7, x, 1)} < |p(f)|Sa7 + 2M,

we have [17(S\7, Sor, x,u) — I8(SiT, So7, x, u)| < €/16.
Denote by 7] the set of all £ € 25, such that

1€(z1, 22) — h(z1, 22)| < e/16forall 7y, 7, € R" satisfying |z;| < My, i =1, 2.
(12.38)

By Lemma 4, there exist a neighborhood % C % of f in .# and a neighborhood
¥ C ¥ of hin Uy, such that the following property holds:
(P22) for each g € %, each & € ¥, each pair of integers S;» > S;; > 0,i = 1,2
satisfying
Sia—Si1 €[S, i=12,
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each (x;,u;) € X(A, B, S;,17, S127) and each
(x2,u2) € X(A, B, $2.17, $227)
which satisfy
18(S1a7, S127, X1, u1) + 15(S217, S207, X2, u2) + E(x1(S1.17), 2(82,27))
<20u(f)TS: +5M, + 4

we have

18 (SiaT, SioT, xi ui) — 1 (Sia7, Siar, xi up)| <€/16, i = 1,2,

[ (x1(S1,17), x2(852,27)) — §(x1(S1,17), %2(82,27))| < €/16. (12.39)

Assume that integers S;» > S;; > 0,7 = 1, 2 satisfy (12.29),
SEU, eV, (12.40)

Equations (12.30)—(12.32) hold, (x;,u;) € X(A, B, S;17, Sio7), i = 1,2 and
(12.33) holds. By (3.6), (12.31),(12.32) and Proposition 3,

H(S1am, Siar, yi,v) = 170, (S12 = S1.0)7, X 112)
= u()(S12m = S1am) + 7/ (1:(0) = 7 (1 (S127 = S1a7)), (1241
1 ($2,17. $207, y2,v2) = 170, (S22 — $2.1)7, %o i)
= () (8227 = So47) + 7/ (70) — T (Fu(S227 — S2.17)). (12.42)
In view of (12.29), (12.35), (12.37), (12.41) and (12.42),
' (Siam, Siam v v T (Saam, S0, y2,v2) < |u(H)I78a+2M1. - (1243)
Property (P21), (12.29), (12.40) and (12.43) imply that fori = 1, 2,
[I8(SiaT, Siom, yiovi) — I (SiaT, Siar, yiovi)| < €/16. (12.44)
It follows from ((12.31), (12.32), (12.35) and (12.36) that

[h(y1(S1,17), y2(S227))| < M. (12.45)
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By (12.31), (12.32), (12.38) and (12.40),
1R (y1(S117), y2(852,27)) — E1(S1,17), ¥2(82,27))| < €/16. (12.46)
It follows from (12.33) and (12.43)—(12.46) that
18(SiaT, S127, X1, u1) + 1(S217, S207, X2, u2) + E(x1(S1.17), x2(82,27))
< U (S1ar, Siam, y1iv) + I (217, S22, y2,v2)
+h(y1(S117), y2(8227)) +3e/16 + ¢
< 2u(f)|78s + 5M, + 4. (12.47)

Property (P22), (12.29), (12.40) and (12.47) imply (12.39). In view of (12.39),
(12.41), (12.42) and (12.47),

I (Sia7, Siom, xi,un) + 1 (So17, $207, X2, 12) + h(x1(S1.17), X2($2.27))
< I8(SiaT, Sip7, xi,un) + 18(S217, 8227, X2, U2)
+Ee1(S1,17), x2(82,27)) + 3¢/16
< 178117, Sia7, yi,v) + 17 (8247, $207, y2,v2)
+h(yi1(S117), y2(852,07)) + 3¢/16 + € + 3¢/16
=170, (S12 — S1.1)T, Xs Us) + 170, (S22 — S2,0)T, Xy, Uy)
+h(x.(0), X.(0)) + € + 3¢/8.

Lemma 5 is proved.

13 Proof of Theorem 21

By Lemma 3, there exists dg € (0, €) such that the following property holds:
(P23) for each (x1,u;) € X(A, B, 0, Ly7) and each

(x2,u2) € X(=A, —B, 0, Lo7)

which satisfy
Yr(x1(0), x2(0)) < inf(¢)y) + 4dp,
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170, Lo, x1, u1) — Lotp(f) — 7/ (x1(0)) + 7/ (x1(Lo7)) < 440,
170, L7, x2, u2) — Lomu(f) — 7/ (12(0)) 4+ 7/ (x2(Lo7)) < 460

there exist an (f, A, B)-overtaking optimal pair (x}, u}) € X(A, B, 0, c0) and an
(f, —A, —B)-overtaking optimal pair (x3, u3) € X(—A, —B, 0, c0) such that

Yr(x7(0), x3(0)) = inf ()
and that for all t € [0, Lo7],i =1, 2,
lxi (1) — x[ ()| < e.

In view of Proposition 4, (5.3), (5.4) and the continuity of the functions w/, af s
there exists §; € (0, dp/4) such that: for each z € R" satisfying |z — x(0)| < 24,

/@) = 7! (@) — 7 (xp ()] < b0/8,
I @1 = 17 (@) — 7 (e, (0] = 60/8; (13.1)
for each y, z € R" satisfying
ly = xr(0)] =261, |z —x,0)] =26
we have
v(y, 2) = Tu()I = do/8. (13.2)
By Theorem 17, there exist an integer [y > 1, §, € (0, §;/8), a neighborhood %,
of f in .4 and a neighborhood #; of & in 2, such that the following property holds:
(P24) for each integer T > 2l, each g € %, each £ € ¥} and each
(x,u) € X(A,B,0,TT)
which satisfies 78(0, T, x, u) + £(x(0), x(T7)) < 0(g,&,0, TT) + 6, we have
lx(iT) —x7(0)] <6 foralli =1ly,..., T —l.
By Theorem 2 and Proposition 13, there existan (f, A, B)-overtaking optimal pair
(x4, uy) € X(A, B,0,00) and an (f, —A, — B)-overtaking optimal pair (X, il,) €

X(—A, —B, 0, c0) such that

Vi (x:(0), X.(0)) = inf (). (13.3)
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In_ view of Theorem 8, the pair (x,, u,) is (f, A, B)-good, the pair (X, it,) is
(f, —A, —B)-good and there exists an integer /; > 0 such that for all integersi > [,

I (i7) — xp(0)] < 61, [X:(T) —xp(0)] < 6y (13.4)
By Proposition 16, there exists a neighborhood %5 C %, of f in .4 such that the
following property holds:
(P25) for each g € %, and each trajectory-control pair
(x,u) € X(A, B,0,7)
which satisfies min{If(O, T,x,u), 18(0, 7, x,u)} <2+ 7|u(f)| the inequality
1170, 7, x,u) = 150, 7, x, w)| < 61/8
holds.
By Lemma 5, there exist a neighborhood % C % of f in ./ and a neighborhood
¥V C ¥ of hin Ay, such that the following property holds:
(P26) for each pair of integers S;» > S; 1 > 0,i = 1, 2 satisfying
Sio—Si1 <2Lo+2lp+21+4,i=1,2,
eachg € % ,each& € ¥, (yi,vi) € X(A, B, S;17, Sia7), i = 1,2 such that
yi(0) = x,(t — S1.17), vi(t) = u,(t — S117), t € [S1.17, S17],
Y2(t) = X (S227 — 1), va(t) = us(S227 — 1), 1 € [S217, 2271,
and each (x;, u;) € X(A, B, S;17, Si27), i = 1, 2 satisfying
I5(S1a7, S127, X1, u1) + 15(S2.17, 227, X2, U2) + E(x1(S1.17), X2(52,27))

< IE(SiT, SiaT. yi.vi) + I8(So17, SooT, ¥2,v2) + Ei1(S1,17), ¥2(82,27)) + 6o

we have
280 + 17 (8147, S1.27, X1, 1)

+17(S217, 207, X2, u2) + h(x1(S1.17), x2(S2.27))

< 170, (S12 = S1.1)7 Xer ttz) + 170, (S22 — $0.1)7, X i) + h(x,(0), %.(0)).
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Choose § > 0 and an integer L; > 0 such that

§ <470 (Lo+1lo+1+8)7", (13.5)
Ly > 4Ly +4ly+ 4L + 8. (13.6)
Assume that an integer
T>L, g%, €V, (x,u)e X(A,B,0,T1), (13.7)
180, T, x,u) + £(x(0), x(TT)) < 0(g,&,0,TT) 4+ 6. (13.8)

It follows from property (P24) and (13.5)—(13.8) that
lx(iT) —x7(0)| < 0y foralli =1ly,..., T —l. (13.9)

By Proposition 18, (5.1), (13.6) and (13.7), there exists a trajectory-control pair
(x,u) € X(A, B, 0, TT) such that

X(1) = x,(1), @(t) = u,(t), t € [0, 7(Lo+ 1o+ 1) +3)],
x@)=x@), u@t)y =u@), te[tr(Lo+lo+1L+4),7(T —ly—1;, — Ly —4)],
X)) =%,(TT —1), i(t) =i (TT —1), t € [1(T —ly—1; — Lo —3), T'7],
'(rlo+ 1+ Lo+3), 7o+ 11 + Lo +4), %, i)
= v (tdo + 1 + Lo+ 3)), x(7(o + 1 + Lo +4))),

' (T —lg—1, — Lo —4), 7(T —ly— 1, — Lo — 3), %, i)
= v(x(7(T —lo— 1} — Lo —4)), 5. (r(lo + [ + Lo + 3))). (13.10)
By (13.4), (13.6), (13.7), (13.9) and (13.10),
IX(T(Lo + 1o+ 11 +3) —x7(0)] = |xu(7(Lo + lo + 1 + 3)) — x£(0)] <6y,

X(r(Lo+lo+1L+4) —xp0)| = [x(7(Lo+ 1o+ 11 +4) — x7(0)] <y,

X(T(T —Lo—lo—11 =4) —xp (O] = |x(7(T — Lo —lp — 11 —4) —x7(0)] <y,

[X(7(T — Lo —1lo =11 = 3)) = x7(0)| = [X.(7(Lo + o + 11 +3)) — x7(0)] < 9.
(13.11)
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It follows from (13.8) and (13.10) that
=8 <I8(0,TT, %, )+ &£((0), X(TT))
—(I8(0, TT, x,u) — £(x(0), x(T7)))
=180, 7(Lo+1lo+11 +3), %, 2) + I8(T(Lo +1lo + 11 +3), 7(Lo + 1o+ 11 +4), %, it)
+IS(r (T —Ly—lo—11 =4, (T —Lo—1lop—1; —3), %, it)
+I8(T(T —lo =11 — Lo — 3), T7, X, it) + {(X(0), ¥(17))
—I180, 7(Lo+1lp+11+3), x,u) — I8(r(Lo+ 1o +11 +3), (Lo + o + 11 +4), x,u)

—I8(r(T —Ly—1ly—11 —4), (T — Ly —1Ilop—11 —3),x,u)

—I5(1(T =1ly—11 — Lo —3), 7T, x,u) — £(x(0), x(7T)). (13.12)

We will estimate

I$(tr(Lo+lo+ 0L +3), 7(Lo+ 1o+ 11 +4), X, i)

—I8(mr(Lo+1lo+ 4L +3), 7(Lo+ 1+ 11 +4), x,u),
I$(r(T —Lo—lo—11 —4),7(T —Lo—1lp— 1, —3),%,0)
—I8(r(T —Lo—1lo—11 —4),7(T —Lo—1lp—1; —3), x,u).

It follows from (13.10), (13.11) and the choice of §, (see (13.2)) that

P (r(Lo+1o+11+3), 7(Lo +1o + 11 +4), %, D)

=v(x(T(lo + 1 + Lo+ 3)), x(r(lo + 11 + Lo +4))) = 7u(f) + d0/8,
(T —Lo—lo—1 —4),7(T — Lo —lo — Iy — 3), %, i)
=v(x(r(T —lo =l — Lo —4), X« (7(lo + [y + Lo + 3))) = Tuu(f) + do/8.

Combined with property (P25) and (13.7) these inequalities imply that

18(t(Lo+1lo+11+3), 7(Lo+1lp+ 1 +4), %, 0)

<1 (Lo +lg+1; +3), 7(Lo + 1o + 1] +4), %, 1) + 61 /8 < 7u(f) + 50/8 + 61/8,
(13.13)
I3(r(T—lp—l, —Lo—4),7(T —1ly—1;, —Loy—3), X, i)
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< (T —lg—1, —Lo—4), 7(T —ly—1, — Lo — 3), %, 1) + 6,/8
< Tu(f) + d/8 + /8. (13.14)
By (13.6), (13.7), (13.9) and the choice of §; (see (13.2)),
(Lo +1lo+ 1 +3), 7(Lo+ 1o+ 1 +4), x,u)
> v(x(T(Lo+1lo+ 11 +3)), x(t(Lo + lo + 11 +4)) > Tu(f) — 0/8, (13.15)
(T —Lo—1lo—1, —4), 7(T —Lo—lo — I, — 3), x, u)

>vx(T(T —Lo—1lo—11 —4), x(7(T — Lo —lo — 11 = 3))) = Tu(f) — do/8.
(13.16)

We show that
IS(r(Lo+ 1o+ 1L +3), 7(Lo+ 1o+ 1 +4), x,u) > Tu(f) —do/4.  (13.17)
Assume the contrary. Then
I8(r(Lo+lo+ 1 +3), 7(Lo+ 1o+ 11 +4), x,u) < Tu(f) — do/4.
Together with property (P25) and (13.7) this implies that
r(Lo+lo+h+3), 7(Lo+ 1o+ 1 +4), x, u)
<IS(t(Lo+l+1L+3),7(Lo+lo+ 1L +4),x,u)+ /8
< Tp(f) —do/4+61/8 < p(f) — do/8.

This contradicts (13.15). The contradiction we have reached proves (13.17).
We show that
(T —Lo—lo—11 —4),7(T — Lo —lo — 11 —3),x,u) > 7pu(f) — do/4.
(13.18)
Assume the contrary. Then
I8(r(T —Lo—lo—1L —4),7(T — Lo —lo — 11 = 3),x,u) < 7u(f) — do/4.
Together with property (P25) and (13.7) this implies that

(T —Ly—1lp—1, —4), 7(T — Lo —1lop — 1, —3), x, u)
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<IE@(T —Lo—lo—l =4, 7(T —Lo—lo— 1L —3),x,u) +61/8
< Tp(f) —do/4+61/8 < Tu(f) — 6o/8.

This contradicts (13.16). The contradiction we have reached proves (13.18). In view
of (13.13), (13.14), (13.17) and (13.18),

IS(t(Lo+1lp+1; +3), 7(Lo+ 1o+ 1; +4), x, )
—I3(t(Lo+l+L+3),7(Lo+lo+ 11 +4), x,u) <0p/8 4+ d1/8 + do/4,

(13.19)
I8(r(T —Lo—1lp—11 —=4), 7(T —Lo—ly— 1, = 3), X, it)

—I8(r(T —Lo—1Ily—11 —4),7(T — Lo —lp— 11 —3), x,u) < 8/8+31/8 + dp/4.
(13.20)
By (13.12), (13.19) and (13.20),
180, 7(Lo+ 1o+ 11 +3), x,u)
+I8(T(T —1ly—1; — Lo —3)), 7T, x, u) — £(x(0), x(7T))
<0+150,7(Lo+lo+ 0L +3),x,0)+ I8 (T —1lp—1;, — Lo —3),7T, X, )
+ &£(x(0), X(7T)) + 61/4 + 3d0/4. (13.21)
Property (P26), Proposition 3, (13.7), (13.10) and (13.21) imply that
'O, 7(Lo+ 1o+ 1 +3),x,u) + I/ (+(T —lp =1, — Ly —3), 7T, x, u)
+h(x(0), x(1T))
< 280 + 170, (Lo +lo + 11 +3), X 112)
170, (Lo + lo + 1y +3), &, 1) + h(x,(0), %,(0))
<200 +27(Lo +lo + 11 +3)p(f) 4+ h(x:(0), x,.(0))
+77 (0, (0) = 7 (T (Lo + I+ 11 + 3) + 7/ (£.(0)

— wl F(r (Lo + Iy + 1, +3))). (13.22)
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In view of (13.1), (13.4), (13.6), (13.8) and (13.9),

7/ (e (Lo +lo + 1 + 3, (7! @(r (Lo +lo + 11 +3)))] < do/8,

7/ (e (r(Lo + lo + I + 3. |7/ ((T7 —7(Lo +lo + 11 +3)))| < 60/8.
(13.23)
By (13.22) and (13.23),
170, 7(Lo + 1o + 11 +3), x, u)
+17(7(T =1y — 1) — Lo — 3), 7T, x, u) + h(x(0), x(1T))
<27(Lo+ 1o+ 11 + 3 p(f) + P (x.(0), £,.(0)) + 280 + do/4. (13.24)

Set
xt)=x(TTt—1), u(t) =u(lTT—1), t € [0, TT]. (13.25)

In view of (3.6) and (13.25),

(T —lg—1y —Lo—3), T, x,u) = 170, 7(Lo + lo + I, +3), %, 7).
(13.26)

By (12.1) and (13.23)~(13.26),
280 + 60/4 + i (x.(0), %,(0))

> 170, 7(Lo+ 1o+ 1 +3), x,u) —7u(f) (Lo + 1o + 1, +3)

+170, 7(Lo + lo+ 1 +3).%.7) — 7i(f) (Lo + o + 11 + 3) + h(x(0),X(0))
= 3 (x(0),X(0)) + 170, 7(Lo + I + I +3), x, u) — 7/ (x(0))
—Tu(f)(Lo+ 1o+ 1 +3)
+7f (e (T(Lo + 1o + 11 +3))) — 7/ (x(7(Lo + 1o + 11 +3)))
+170, 7(Lo + o+ 1 +3).%.70) — 7pu(f) (Lo + o + 11 + 3)
—ml @) + 7/ G (Lo + 1o + 1 +3) — 7/ GOr(Lo + 1o + 11 +3))
> P (x(0), X(0)) + 170, 7(Lo + 1o + 1y +3), x, u)

—7pu(f) (Lo +lo + 11 +3) — 7/ (x(0) + 7/ (x(7(Lo + lo + 11 + 3)))
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170, 7(Lo + I + 1y +3). %.8) — T f)(Lo + lo + 1y +3)
—1f @(0)) + 7/ F(r(Lo + lo + 11 +3))) — Go/4.
Together with (13.3) this implies that
U (x(0), X(0)) + I7(0, 7(Lo + lo + 1 4+ 3), x, u)
—Tp(f)(Lo+ 1o+ 1 +3) =/ (x(0) + 7/ (x(r(Lo + lo + 11 +3)))
170, 7(Lo + I + 11 +3). .8) — T f)(Lo + lo + 1 +3)
—7/ (X)) + 7/ R (Lo + lo + 1 + 3))) < 360 + inf ().
Combined with Proposition 2 this implies that
Y (x(0), X(0)) < inf(¢)y) + 3o, (13.27)
170, 7L, x, ) — Tpu(f) Lo — 7 (x(0)) + 7/ (x(LoT))
<170, 7(Lo+ 1o+ 11 +3), x,u) — Tu(f) (Lo + 1o + 1 +3)
— 7/ (x(0)) + 7 (x(T(Lo + Io + I, + 3))) < 3d0, (13.28)
110, 7Lo. %) — Tp( f) Lo — 7/ (R(0)) + 7/ (F(7 Lo))
<170, 7(Lo+lo+ 1 +3).%.0) — 7p(f) (Lo +lo + 1 +3)
— 7l @) + 7 G (Lo + 1o + 11 +3))) < 3. (13.29)
By (13.25), (13.27)—(13.29) and property (P232, there are an (f, A, B)-overtaking
optimal pair (&1, 71) € X(A, B, 0, 00) andan (f, —A, — B)-overtaking optimal pair
(&, m) € X(—A, —B, 0, 00) such that ¢, (£(0), £&,(0)) = inf(¢)y,) and that for all

t € [0, LoT],

exx() —&@ €= &) =3O = &) —x(TT —1)].

Theorem 21 is proved.
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14 Genericity Results

‘We use the notation, definitions and assumptions introduced in Sects. 1-4. For each
nonempty set X and each function 4 : X — R! setinf(h) = inf{h(x) : x € X}. We
prove the following results.

Theorem 22 There exists an everywhere dense set 8 C U, which is a countable
intersection of open subsets of U, such that for every h € % the following assertions
hold:

(1) inf(n! + h) is finite and attained at a unique point X € R".

(2) forevery ¢ > O there are a neighborhood V of h in U, and 6 > 0 such that for
each & € ¥, inf (& + 1) is finite and if z € R" satisfies (€ + 7/)(z) < inf(¢ +
71 + 6, then

- <& [E+7)@) — h+7)H(®) <e.

Theorem 23 There exists an everywhere dense set 8 C Uy, which is a countable
intersection of open subsets of Uy, such that for every h € 2 the following assertions
hold:

(1) inf(apy,) is finite and attained at a unique point x = (X1, Xp) € R" x R";

(2) foreverye > 0 there are a neighborhood V" of h in 1y, and § > 0 such that for
each § € ¥, inf (Y¢) is finite and if 7 = (z1, 22) € R" x R" satisfies (¢)(z) <
inf (v¢) + 0, then

lzi —Xil =€, i =1,2, [9e(2) —n(X)] < e.

Theorems 22 and 23 follow from Propositions 7 and 8 and the following result.

Theorem 24 Let k > 1 be an integer and g : R* — R be a continuous function
such that lim;|_, » g(z) = oo. There exists an everywhere dense set %8 C Uy which
is a countable intersection of open subsets of U, such that for every h € A the
following assertions hold:

(1) inf(g + h) is finite and attained at a unique point X € R".
(2) for every € > O there are a neighborhood ¥ of h in A and § > 0 such that
foreach ¢ € V,inf(g + €) is finite and if 7 € R* satisfies (g + €)(z) < inf(g +
&) + 9, then
lz—Xl<e [(g+O@ -+ e

Proof We obtain our result as a realization of the variational principle (see Theorem
4.1 of [23]). Let d be the metric in 2} induced by its uniformity. By Theorem 4.1 of
[23] it is sufficient to show that the following property holds:
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(H) for any & € 2, any € > 0 and any v > 0 there exist a nonempty open set #
in 2, x € R¥, & € R' and ) > 0 such that

W N{beU: da,b) <ec}t£0

and for each £ € 7/,

(1) inf(g + &) is finite;
(2) if z € R* is such that (g + £)(z) < inf(g + &) + 7, then |z — x| < vy and |(g +
@) —al <9.
Leth € Uy, ¢ > 0 and v > 0. There exists x € R" such that

(g + h)(x) =inf(g + h). (14.1)
For each integer i > 1 define
hi(z) = h(z) + i 'min{l, |z — %|}, z € R, (14.2)

Clearly, for every integer i > 0, h; € 2y,

{z € R": (g4 h)(z) =inf(g + h)} = (&}, (14.3)
lim h; = h. (14.4)

In view of (14.4), there exists a natural number j such that
d(hj, h) <e/2. (14.5)

Choose a number M > 0 such that

|X| < M, (14.6)
{zeR': g@) <ar+(g+hE) +2}C{ze R : |z] <M} (14.7)
and 0, 7 € (0, 1) such that
36j < min{~, 1}, (14.8)
n € (0,9). (14.9)
Set
a=(g+h)(x). (14.10)

Denote by % an open neighborhood of /4 in 2 such that

W C{E e |€(2) —h;(z)] <dforall z € R* suchthat |z] < M}. (14.11)
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In view of (14.5) and (14.11),
hjeW N{{eA: dE h) <e}#0.

Let
EeW.

Clearly, inf(g + ) is finite. By (14.1), (14.6), (14.11) and (14.13),

inf(g +&) < (g +X) = (g+h;)(x)+d=inf(g+h) +9.

Assume that 7 € R¥ satisfies
(g + &) <inf(g+&) +n.
By (14.2), (14.9), (14.14) and (14.15),
(g+9@ = (g+hp)E)+d+n=(g+h)(x)+20.
In view of (14.2), (4.3) and (14.16),
g(@) = (g+mx) +2+a.
Relations (14.7) and (14.17) imply that
lz| < M.
It follows from (11.11), (14.13) and (14.18) that
1€(2) —h;j(@)] <0, [(§+ (@) — (g +hp@)| =<9
By (14.1), (14.2), (14.19), (14.14) and (14.15),
inf(g+n) +d+n=>inf(g+& +n=(g+8@
>(@+hj)@—0=(@+h)x) —d=(g+hx) —9I.
By (14.1), (14.8) and (14.20),
(g +8@) — g+ <d+n=<2)<n.
It follows from (14.9), (14.14), (14.15) and (14.19) that

(g+h)(2)<(g+& @)+ <inf(g+& +2)
<inf(g +h)+36 < (g + h)(z) +36.

A.J. Zaslavski

(14.12)

(14.13)

(14.14)

(14.15)

(14.16)

(14.17)

(14.18)

(14.19)

(14.20)

(14.21)
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Together with (14.2) and (14.8) this implies that j~! min{1, |z — X|} < 34, |z — x| <
36j < ~y. Thus (H) holds. This completes the proof of Theorem 24.
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