Chapter 11

On the Qualitative Behaviors of Nonlinear
Functional Differential Systems of Third
Order

Cemil Tung

Abstract In this paper, the author gives new sufficient conditions for the bound-
edness and globally asymptotically stability of solutions to certain nonlinear delay
functional differential systems of third order. The technique of proof involves defining
an appropriate Lyapunov—Krasovskii functional and applying LaSalle’s invariance
principle. The obtained results include and improve the results in literature.

11.1 Introduction

Ordinary and functional differential equations are frequently encountered as mathe-
matical models arisen from a variety of applications including control systems, elec-
trodynamics, mixing liquids, medicine, biomathematics, economics, atomic energy,
information theory, neutron transportation and population models, etc. In addition,
it is well known that ordinary and functional differential equations of third order
play extremely important and useful roles in many scientific areas such as atomic
energy, biology, chemistry, control theory, economy, engineering, information the-
ory, biomathematics, mechanics, medicine, physics, etc. For example, the readers can
find applications such as nonlinear oscillations in Afuwape et al. [8], Andres [11],
Fridedrichs [19], physical applications in Animalu and Ezeilo [12], nonresonant
oscillations in Ezeilo and Onyia [17], prototypical examples of complex dynamical
systems in a high-dimensional phase space, displacement in a mechanical system,
velocity, acceleration in Chlouverakis and Sprott [14], Eichhorn et al. [16] and Linz
[25], the biological model and other models in Cronin- Scanlon [15], electronic the-
ory in Rauch [32], problems in biomathematics in Chlouverakis and Sprott [14] and
Smith [36], etc.

Qualitative properties of solutions of ordinary and functional equations of third
order such as stability, instability, oscillation, boundedness, and periodicity of solu-
tions have been studied by many authors; in this regard, we refer the reader to the
monograph by Reissig et al. [33], and the papers of Adams et al. [1], Ademola and
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Arawomo [2-5], Ademola et al. [6], Afuwape and Castellanos [7], Afuwape and
Omeike [9], Ahmad and Rao [10], Bai and Guo [13], Ezeilo and Tejumola [18],
Graef et al. [20, 21], Graef and Tung [22], Kormaz and Tung [24], Mahmoud and
Tung [26], Ogundare [27], Ogundare et al. [28], Olutimo [29], Omeike [30], Qian
[31], Remili and Oudjedi [34], Sadek [35], Swick [37], Tejumola and Tchegnani [38],
Tung [39]-[57], Tung and Ates [58], Tun¢ and Gozen [59], Tun¢ and Mohammed
[60], Tun¢ and Tung [61], Tung [62, 63], Zhang and Yu [65], Zhu [66], and theirs
references.

However, to the best of our knowledge from the literature, by this time, a lit-
tle attention was given to the investigation of the stability/boundedness/ultimately
boundedness in functional differential systems of third order (see Mahmoud and
Tung [26], Omeike [30], Tung [56], Tung and Mohammed [59]).

Recently, Tun¢ and Mohammed [60], Mahmoud and Tung [26], and Tung [56] dis-
cussed the stability and boundedness in nonlinear vector delay differential equation
of third order, respectively:

X" +w(XX" +BX'(t — 1)) +cX(t — 1)) = P(1), (11.1)
X"+ AX"+GX)+ H(X( —1)) = P(1), (11.2)

and
X"+HX)X"+GX't—1)+cXt—1)=F(, X, X', X"). (11.3)

In addition, very recently Omeike [30] investigated the stability and boundedness
in a nonlinear differential system of third order with variable delay, 7 (¢):

X"+ AX"+BX'+ HX (¢ —t(t)) = P(1). (11.4)

In this paper, instead of these delay differential equations, we consider vector
delay differential equation of third order

X"+ HXH)X'"+GX'¢t—-1)+2X@t—-1)=Et X, X, X", (115

where t > 0 is the fixed constant delay, G : " — R" and @ : " — NR" are con-
tinuous differentiable functions with G(0) = @(0) = 0 and H is an n X n— contin-
uous differentiable symmetric matrix function. In addition, throughout this paper,
we assume that the Jacobian matrices Jy(X'), Jg(X’), and Jp(X) exist and are
symmetric and continuous, that is,

Bhi a i 8 i .o
]H(X/):(a_/k)»]G(X/):(a_g,)$]¢(X): (a;é)a(ls Jakz 1721 ceey n)v
.xj .xj Xj
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where (x;, x2, ..., x,), (x], X, ..., x,), (hit), (&), and (¢;) are components of X, X’,
H,G,and @, respectively; E : R x R x R x K" — R"is a continuous function,
Rt = [0, 00), and the primes in Eq. (11.5) indicate differentiation with respect to ¢,
t>1t9>0.

The continuity of the functions H, G, @, and E is a sufficient condition for
existence of the solutions of Eq. (11.5). In addition, we assume that the functions H,
G, @ and E satisfy a Lipschitz condition on their respective arguments, like X, X',
and X”. In this case, the uniqueness of solutions of Eq. (11.5) is guaranteed.

We can write equation as the system

Xll = X,
X) = X,

X;=-H(X2)X; - G(X2) — (X)) +/ J6(X2(s)) X3(s)ds
+/ Jo(X1(s)X2(s)ds + E(t, X1, X2, X3), (11.6)

which were obtained by setting X = X, X' = X, X” = X; from Eq. (11.5).

It should be noted any investigation of the stability and boundedness in vector
functional differential equations of third order, using the Lyapunov—Krasovskii func-
tional method, first requires the definition or construction of a suitable Lyapunov—
Krasovskii functional, which gives meaningful results. In reality, this case can be
an arduous task. The situation becomes more difficult when we replace an ordinary
differential equation with a functional vector differential equation. However, once a
viable Lyapunov—Krasovskii functional has been defined or constructed, researchers
may end up with working with it for a long time, deriving more information about
stability. To arrive at the objective of this paper, we define a new suitable Lyapunov—
Krasovskii functional.

The motivation of this paper is inspired by the results established in Graef
and Tun¢ [22], Omeike [30], Mahmoud and Tung [26], Tun¢ [56], Tun¢ and
Mohammed [60], Zhang and Yu [65], Zhu [66], the mentioned papers and theirs
references. The aim of this paper is to obtain some new globally asymptotically
stability/boundedness/ultimately boundedness results in Eq. (11.5). In verification
of our main results the Lyapunov—Krasovskii functional approach is used. By this
paper, we will extend and improve the results of Graef and Tung [22], Omeike [30],
Mahmoud and Tung [26], Tung [56], Tun¢ and Mohammed [60], Zhang and Yu
[65], and Zhu [66]. It is clear that Eq. (11.5) includes Egs. (11.1), (11.2), (11.3), and
(11.4) when 7 () = 7 (constant). In addition, this paper may be useful for researchers
working on the qualitative properties of solutions of functional differential equations.
These cases show the novelty and originality of the present paper.

One tool to be used here is the LaSalle’s invariance principle.

Consider delay differential system

xX=Fx),x;, =x(t+0), —r<6=<0,tr>0.
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We take C = C([—r, 0], R") to be the space of continuous function from [—r, 0] into
N and ask that F : C — NR" be continuous. We say that V : C — N is a Lyapunov
function on a set G C C relative to F if V is continuous on G, the closure of G,
V >0, V is positive definite, V is defined on G, and V < 0 on G.

The following form of the LaSalle’s invariance principle can be found reference
in Smith [36].

Theorem 11.1 IV is a Lyapunov function on G and x,;(¢) is a bounded solution
such that x,(¢) € Gf_or t= 0, then w(¢) # 0 is contained in the largest invariant
subset of E = {Yr € G : V() = 0}, w denotes the omega limit set of a solution.

The following lemmas are needed in the proofs of main results.

Lemma 11.1 (Hale [23]) Suppose F(0) =0. Let V be a continuous functional
defined on Cy = C with V(0) =0, and let u(s) be a function, nonnegative and
continuous for 0 < s < oo, u(s) — oo as u — oo with u(0) = 0. If for all ¢ € C,
u(lp0)]) < V(g), Vip) =0, V(qb) < 0, then the zero solution of x = F (x;) is sta-
ble.

If we define Z = {¢p € Cy : V(¢) = 0}, then the zero solution of x = F(x;) is
asymptotically stable, provided that the largest invariant set in Z is Q = {0}.

Lemma 11.2 Let A be a real symmetric n x n-matrix. Then for any X; € R\"
Sa IX111% < (AX1, X1) < Ad X017,

where 8, and A, are, respectively, the least and greatest eigenvalues of the matrix
A.

11.2 Stability

Our first result is for the case where E(.) = 0.
Assume that there are positive constants ¢, «, ay, a;, by, b1, co, and ¢ such that
for all X, X, € N" the following conditions hold:

(C1) apboc — c(z, >0, 1 —aay > 0, G(0) =0, n x n-symmetric matrices J; and
H commute with each other, and

by < Xi(Jg(X2)) < b1, 2ap+¢e < A(H(X2)) <ay;

(C2) 2(0) =0,c <2 (Jo(X1)) < co.
Let
s = 2(aghy — co) — aagbolag + ¢~ (by — bp)*1 > 0

and
le = 2¢[1 — aaphoc ™ (a1 — ap)?] > 0.
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Theorem 11.2 Assume that E(.) = 0 and conditions (C1) and (C2) hold. If

Olaoboc KS 266]

T < min , ,
[ A Ay As

then all solutions of Eq. (11.5) are bounded and the zero solution of Eq. (11.5) is
globally asymptotically stable, where Ay, Ay, and As are some positive constants
to be determined later in the proof.

Proof We define a Lyapunov—Krasovskii functional Vy = V() = V(X (2), X2 (2),
X3(t)) given by

1 1
2V0 = 2(10/ (@((TX]), X])d(T +2(1()/ (UH(GXZ)Xz, Xz) do
0 0

1
Faagh? (X1, X1) +2/ (G0 X2), Xs) do
0

+(X3, X3) + 2aajbo(X1, X2) + 2aaobo(X1, X3)
+2a0(X2, X3) +2(P(X1), X2) — aaobo(X2, X2)

0 t 0 t
+2)\/ / ||X2(9)||2d9ds+2n/ / 1 X3(0)|* dOds, (11.7)
-7 J1+s —t JI+s

where

. 1 ap apby — co c
O<o <miny—, —, — 3 5[
ap bo aobolag + ¢~ (b1 — bo)*]" apbo(ar — ap)

ai > ay, by # by, and A and n are positive constants that will be determined later in
the proof.
It is clear that
V0(0,0,0) = 0.
From

d
@(0) =0, 35 P(0X)) =Jo(0 X)Xy,
o

ad
G(0) =0, Fy G(0X2) = Jg(o0X2) X,
o

and (C2), it follows that

1 TS
200/ (P(0X1), X1)do 22/ / o1 (Jo(0100X1) X1, X1)dordos
0 o Jo

2
> aoc | X1l
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and X Lo
/ (G(0X3), Xp)do =/ / 01 (J5(0102X2) X2, Xo) doydos.
0 o Jo

Then, from (11.7), we obtain

1 1 2
2V > aohy |a, > X2 + ay 2bg‘<p(xl)H + 1X5 + apXa + aagho X1

1
+2a / (0 H(0 X2) X2, X2) do — 2a3 || X2 1> + ao(ag — abo) | X-|I*
0

1l
+2/ / 01 (J6(0102X2) X2, Xa) doydos — by || X2 |12
o Jo

+aaoby (1 — aap) [ X111* + aoc (X1, X1) — by (P (X)), @(X)))

0 t 0 t
+2A/ / 1 X2(0)]1> dOds +277/ / 1 X3(0) > dods. (11.8)
—7 Jit+s -7 JI+s

From 5
®(0) =0, £¢(01X1)=J¢(01X1)X1,
1

it follows that
0
Fys (P(01X1), P(01X1)) =2(Jp (01 X)) X1, P(01X1)) .
1

Integrations of the last two estimates, from o) = 0 to o7 = 1, respectively, imply

i
‘D(X1)=/ Jo (o1 X)X doy
0

and
1
(D(X1), P(X1)) 22/ (Jo (01 X1) X1, ®(01X1))doy.
0

Further, it is clear that
d
Fy (P(0102X1), Jo (01 X ) X1) = (010 (01 XD X1, Jo (01 X)X 1) .
2

Integration of the both sides of the last equality, from o, = 0 to o, = 1, implies

1
(‘D(Ule),Jq)(Gle)Xl):/ (o1Jp (01X1) X1, Jp(01X1)X1) dos.
0
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From these estimates and assumptions (C1) and (C2), we have
1l
(P(X1), (X)) = 2/ / (01J0 (01 X1) X1, Jo (01 X 1) X)) dordoy < ¢ [1X]°,
o Jo

apc (X1, X1) — by (@(X1), (X)) > (age — by ') 1X1]* = 0,
1 1 1
2/ (G(0X>,), Xo)do = 2/ / 01 (J6(0102X2) X2, X5) dodor > 8 || Xa||*,
0 0 0

1
20 / (0 H(o X2)Xa, Xo) do — 242 | X
0

1ol
= 2610/ / 01 (Ju (0102X2) X2, X2) doydos — 2a3 || X2 1> > eao | Xa I,
o Jo

1 1
2/ / 01 {J6(0102X2) X2, Xa) dordor — by | X2 ||* = 0,
0 0
2 2 2 _ 2
aaph}(1 — aao) 1X:111> = 1 1 X111, wi = aaohi(l — aag) > 0,
(aoc — by ') IX1117 = pa X411, pa = (ape — by 'cd) > 0,

ag(ag — abo) || X2 [1> = ps | X2l* . 3 = ag(ag — abg) > 0.
Combining these estimates into (11.8), it follows that
1 _1 R 2
Vo > anbo ”Clo 2X2 +Cl0 zba @(Xl)H

1

+§ X5 + aoXa + aagho X ||*
1 , 1 2

+§(M1 + w2) 1 X117 + z(aoé3 + u3) | Xz

0 t 0 t
+2)\/ / ||X2(9)||2d9ds+2n/ / 1 X5(0)|1>dods. (11.9)
—t Jt+s —t Jit+s

It can be obtained from the first four terms of (11.9) that there exist sufficiently small
positive constants ¢;, (i = 1,2, 3), such that

Vo= € I X112 + & 1 X7 + €5 11X501%
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Let
L4 = min{{y, &5, £3}.

Then
Vo = G(IX 2+ 1 X017 + 1X50%).

Therefore, we can conclude that the Lyapunov—Krasovskii functional Vj is positive
definite.

Differentiating the Lyapunov—Krasovskii functional Vj(¢) along any solution
(X1(2), Xo(1), X3(1)) of (11.6), it follows from (11.7) and (11.6) that

Vo(t) = —aagho (®(X1), X1) — ao (G(X2), X2) + (Jo (X1) X2, X2)
+aaibo | X211* — aagho (X1, H(X2)X3) + aaibo (X1, X3)
— (H(X2) X3, X3) +ao | X3]1* — aagby (X1, G(X2))

Faaoh? (X1, Xa) + <x3, / JG(Xz(s)>X3<s>ds>
+<x3, / J¢(X1(s>>xz(s>ds>+aaobo<xl, / JG<X2<s)X3(s)ds>

+Ol6l0bo<X1,/ J¢(X1(s))X2(s)ds>+ao<X2,/ JG(Xz(S))X3(S)dS>

T

t
+ay <X2/ J¢(X1(S))X2(S)ds> + AT 1X202 + 0 l1X5012
i
t ! t
[ 1@Pa -y [ 16e)Rd.
1—T -7
From (C1) and (C2), we find
i
—aapby (@ (X1), X1) = —Otaobo/ (Jo(01X1) X1, X1)doy
0

2
< —aapboc || X1l

and
(Jo(X1) X2, X2) < co 1 Xall?.

Then
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. 1
Vo(t) = —Zaaoboc | Xy I — (agG(X2), X»)

+((col + aagbol) X2, Xa) — ((H(X>2) — aol) X3, X3)
1 2
—@dobo Xy 4267 (H(Xa) — aol) X H

1 2
+ by 2¢ 3 (H(Xy) — aol) X H

1 2
—Zaaobo C%Xl + 2C7%(G(X2)X2 - bon)H

+%aaob0 2e7 5 (G(X2) Xy — boX2) H2

+ <X3, /l; Jo (Xz(s))X3(s)ds> + <X3, /t; Jo (X4 (s))Xz(s)ds>
+aapby <X1, /ttr J(;(Xz(s)X3(s)ds>

+aapby <X1 , /t; Jo (X, (s))Xz(s)ds>

+ap <X2, /t; JG(Xz(s))X3(s)ds>

+ap <x2, / tt J¢(X1(S))X2(S)ds> + AT 1 X2l + nT X617

t t
—A/ 1X20)]12 d6 — n/ 1X5(6)1 db. (11.10)
—T t—T

Assumptions (C1) and (C2), imply that

|
(a0G(X2), X2) =/ (aoJg (0 X2) X2, Xo)do
0

2
> aobo || X217,

(a0G(X2), X2) — ((col + aajbol) X, X2)

> (aghy — co — aagbo) 1 X2,
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<x3, / JG(Xz(s)>x3<s>ds> < 1% / 176 (Xa() 1 Xa(s)]] ds
< by [ X / 1Xs(5) ds
Jiib, / UXO12 + 1X5(5)|12)ds

=

N = N =

1 t
ﬁb1r||xg||2+5ﬁb1/ I X5(s))1* ds,
t—T

=< ||X3I|/ Jo (X1(5)) 1 X2(s)l ds

—_—

t
<X3, / Jo(X1() Xa(s)ds
—T
t
< Vo I1Xs] / 1Xa(5)l ds
1—T
1 , 1 , ,
< 3V X1 + 5 vy / 1X2() 12 ds,
-7
t t
aaobo<xl, / JG(X2<s>X3<s>ds> < aagbo | X, | / 16 (X2 X308l ds
t—T -1

aaghbobi/n / X O+ 1X3(s) 17 s

=

—_— N =

_ zaaoboblt«/ﬁ X112

1 t
—l—EaaObobn/ﬁ/ 1 X3(s) 1% ds,
-1

t t
aaopby <X1,/ J¢(X1(S))X2(S)ds> < OlaobocoﬁHXlH/ 1 X2(s)l ds
-7 -7
aagbocot/n || X1

1

< -

-2

1 ! 2

+§aa0boco\/ﬁ 1 X2(s) 11" ds,
=T
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t
00<X2, / JG<X2(s)>X3<s)ds>
-t
t
< by 1Xa [ 16601 1X30)ds
-7

1 1 !
< JabTA X + Sahi v/ / 1X3() 2 ds,
-7

t t
ao<x2, / Jq>(x1<s))x2<s>ds> < apcov/n I1Xall [ 1Xa(s)ll ds
-1 -1
1 t
< Saocon {IX20)12 + 1X2(5)[1%)ds
1—1

t

1 1
S 00T/ I1X201 + Sa0c0v/n I1X2(s)|1% ds.
-1

Gathering all these estimates into (11.10) and rearranging we deduce that

. 1
Vo(t) = —5aasboc |1 X, 12 — (aoho — co — aadbo) | X2

—((H(X2) —aol) X3, X3)

1 2
— by X, + 267 (H(Xa) — aol) X ”

1 2
+@dobo 2eH(H(Xy) — agD) X3 H

1 1 1 2
—@aobo ¢ X, +2¢7H(G(X2) — boD) X H

1 2

+adobo 2073 (G(Xy) — boD) X, H
1 1

+§0laob0b1fx/; X107 + Eaaobocorﬁ X112
1 1

+5a0b1rﬁ X201 + ancofﬁ X212

1 1
+§b1rﬁ X507 + Ecm\/ﬁ X502 + 27 1 X012 + 0T 1 X502
1 t
~ 00— 3@+ aaghy + Deo/7) / 1X2(5)IP ds
.
1 ’I
= (1 +ao + Eozaobo)blﬁ}/ 1X(s)[12 ds.
t—T
Let

1 1
A= E(ao + aagby + Degy/nandn = (1 + ag + Eaaobg)blﬁ.
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Hence, we obtain

) 1
Vo(t) = —Zaaoboc [1X, I> = (aobo — co — aagbo) | X> I
—((H(X2) —aol) X3, X3)
1 2
+@dobo Hzc*%(H(xz) —ayD)Xs H
1 2
+@dobo Hzc—%(G()Q) — boD)X, H
1
+5 (@aobobi + aagbyco)T/n l1X: 17
1
+§(a0b1 + apco)t/n | X212
1
+§(ao + aapby + 1)co/nt || X,
1 1
+§blrﬁ X501 + Ecou/ﬁ 151>
1
+(1+ap+ Eaaobo)blx/ﬁf 1 X511%.
In view the facts
1 1 2
Jaaobo Hzc—f(G(xz) — bo)X, H
= aagby (¢ (G(X>) — bo]) X2, (G(X2) — byD) X»)
and
1 N 2
Jadoby Hzc Y (H(Xy) — aol) X H
= aapby (¢ (H(X2) — apD) X3, (H(X2) — ap]) X3),

it follows that

Vo) < —%Olaoboc 1X111% = (aobo — o — aagho) | X
—((H(X2) —aol) X3, X3)
taagby (¢ (H(X2) — aoD) X3, (H(X2) — aogl) X5)
+aagby (¢ (G(X2) — boD) X2, (G(X2) — boD) X2)

1
+E(Ola0bob1 + aagboco)v/nT |1 X111

1
+5 (@b + aoco)/nt | XaI?

C. Tung
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1
+5 (@0 + aaoho + Decov/nt | X512

1
+( +ap + E + Olaob())b «/—'L' ||X3||2

By Lemma 11.2 and (C1) and (C2), we can obtain

Vo(t) < —%{Olaoboc — (aaphoby + aagboco)/nt} |1 X, |1*
—({(aobo — co) — aaobolagl + ¢~ (G(X2) — bo])*1} X2, X2)
+%(Clob1 + 2aoco + aapboco + co)v/nT [ Xal?
—({(H(X2) — ao DI — aaoboc™ " (H(X2) — agD)1} X3, X3)

3
+(= +a0+2b +2aaobo)b1fr X512

IA

—E{Olaoboc — (aaphoby + aagboco)v/nt} 1X: |12

—{(aobo — co) — aagholag + ¢~ (b1 — b)*1} [ X212
1 2

+§(aob1 + 2agco + aaghocy + co)/nt || Xz ||

—8[1 — aaoboc_l(m —ap)*11X5

+< +ag+ —— + Olaobo)bl«/_ T]1X5]1%.

2b 2
Let
s = 2(agby — co) — aagholag + ¢~ (b — by)*]1 > 0
and
le = 2¢[1 — aaphoc ™ (ay — ag)?] > 0.
Hence,
i 1
Vo () < —E{aaoboc — (aaphbob, + aagboco)/nt} | X1
1 2
—5{55 — [((aoby + 2apco + aagboco + co)lv/nt} | Xz ||
1 1
—5 1t —( +ap+ 2b + S eaobo)by 1V/nT} X7
If

Ola()b()c f5 2Z6

T < min , ,
Ay Ay Aj
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then, for some positive constants £7, £g, and £y,
Vo) < =& 1X1117 = L I1Xa 11> — € 1 X5]1% < 0,
where
Ay = aagby(by + co)v/n, Ay = (aohy + 2agco + aagboco + co)lv/n,
Az = (3by + 2apby + co + aapbobi)/n.
In addition, we can conclude that
Vo(X1, X2, X3) — ooas [ X117 + [ X2 + | X5]1* — oo
Consider the set defined by
2 = {(X1, X2, X3) : Vo(X1, X2, X3) = 0.

If we apply the LaSalle’s invariance principle, then (X, X», X3) € §2 implies
that X; = X, = X3 = 0. Clearly, this result implies that the largest invariant set
contained in £2 is (0, 0, 0) € £2. By Lemma 11.2, we conclude that the zero solution
of (11.6) is globally asymptotically stable. Hence, all solutions of Eq. (11.5) are

bounded and the zero solution of Eq. (11.5) is globally asymptotically stable. This
proves Theorem 11.2. ]

11.3 Boundedness
Our second result is for the case where E(.) # 0.
Assume that the following condition holds:
(C3) |E(t, X1, X2, X3)|| < e(t)forallt > 0, maxe(t) < ooande € L' (0, c0),
where L'(0, co) denotes the space of Lebesgue integrable functions.

Theorem 11.3 Assume that E(.) # 0 and conditions (C1), (C2), and (C3) hold. If

Olaob()c ES 2£6

AT A Ay

T < min

then there exists a constant K > 0 such that any solution (X(t), X,»(t), X3(t)) of
(11.6) determined by

X1(0) = X109, X2(0) = X9, X3(0) = X39
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satisfies
X1l = K, X200l <K, [X30)] =K

Sforallt € R,
Proof Let E(.) = E(t, X1, X», X3) # 0. If assumptions (C1), (C2), and (C3) hold,
then we can obtain

. 1 )

Vo) < —E{aaoboc — (aagboby + aagboco)/nt} 1X1 |l

1
— 5165 = [((aob1 +2aoco + aagboco + co)lvnt} |1 Xa?

1 3 Co 1 2
——{tg — (= — + —aaybo)b X
=G +ao+ 2] + Sadobo) vanbel

+ (X3, E()) + aapby (X1, E(.)) + ao (X2, E(.))
< =0 1X117 = €5 1 X217 — €0 1 X517

+(aaobo |X1 1| + ao | X2 + 1IX31) [EQ)
<X+ 11Xl + 1X5D IEO]
< LB+ X117 + 1 X201 + [1X31%)e (@),

where
¢ = max{aagpby, aop, 1}.

It is obvious that
1X 002+ X202 + 1X30% < €5 V.

Then
Vo(r) < 3Ce(r) + €65 Vo(De(r).

Integrating both sides of the last estimate from O to ¢ (r > 0), we have
t t

Vo(t) < Vuo(0) + 38/ e(s)ds +£€;1/ Vo(s)e(s)ds.
0 0

Let -~
M = Vy(0) + 3(/ e(s)ds.
0

Then o
Vo(t) < M + ¢} / Vo(s)e(s)ds.
0

From the Gronwall-Bellman inequality, we can get
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o0
Vo (1) gMexp(zz;‘/ e(s)ds).
0

In view of || X, [|* + | X2|I> + || X;]> < E;l Vo and the assumption e € L'(0, c0), we
can conclude that all solutions of (11.6) are bounded. The proof of Theorem 11.3 is
complete. (I

11.4 Ultimately Boundedness

Our last result is for the case where E(.) # 0.
Assume that the following condition holds:

(C4) ||E(t, X1, X2, X3)|| < Aforall r > 0, where A is a positive constant.

Theorem 11.4 Assume that E(.) # 0 and conditions (C1), (C2), and (C4) hold. If

Oldob()c ES 2£6

T < min , , ,
[ Ay Ay Az

then there exists a constant K| > 0 such that any solution (X(t), X»(t), X3(t)) of
(11.6) determined by

X1(0) = X0, X200) = X090, X3(0) = X3¢
ultimately satisfies
X1 (O + 1 X201 + 1 X301 < K,

Sforallt € RT.

Proof Let E(.) = E(t, X1, X5, X3) # 0. If assumptions (C1), (C2), and (C4) hold,
then we can arrive at

Vo(t) < =07 1 X117 — €5 1 X201 — €9 (1 X511
+(aaobo | X1 1| + ao 1 X1l + 11 X31D I EQ)

< =0 1X117 = s 1 X017 — € 11 X511
+(aapbodo | X1l + aodo | X2l + 6o | X311).

The remaining of the proof can be completed by following a similar procedure as
shown in Omeike [30]. Therefore, we omit the details of the proof. O
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Conclusion

A class of nonlinear vector functional differential equations of third order with a
constant delay has been considered. Qualitative properties of solutions like globally
asymptotically stability/boundedness/ultimately boundedness of solutions have been
investigated. The technique of proofs involves defining an appropriate Lyapunov—
Krasovskii functional. Our results include and improve some recent results in the
literature.
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