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Abstract. In this paper, we focus on measuring the performance effi-
ciencies of decision making units (DMUs) using dual slack based measure
(SBM) model with fuzzy data in data envelopment analysis (DEA). In
the conventional dual SBM model, the data and the weights of input and
output are found as crisp quantities. However, in real world applications,
input-output data and input-output weights may have vague/uncertainty
due to various factors such as quality of treatment and medicines, num-
ber of medical and non-medical staffs, number of patients, etc. in health
sector. To deal with such uncertainty, we can apply fuzzy set theory. In
this paper, we propose a SBM model with fuzzy weights in Fuzzy DEA
(FDEA) for fuzzy input and fuzzy output. This model is then reduced to
a crisp LPP by using expected values of a fuzzy number (FN). Finally,
we present an application of the proposed model to the health sector,
consisting of two input variables as (i) sum of number of doctors and
staff nurses (ii) number of pharmacists and two output variables as (i)
number of inpatients (ii) number of outpatients. Both the input variables
and output variables are considered as TFNs.

Keywords: Fuzzy DEA · Fuzzy dual SBM · Fuzzy weights · Hospitals
efficiencies

1 Introduction

DEA is non-parametric linear programing (LP) based technique to determine the
relative efficiency of homogeneous DMUs when the production process consists
of multiple inputs and multiple outputs (Ramanathan 2003). There exist some
mathematical programs in DEA such as: Fractional, Input minimization (Output
oriented) and Output maximization (Input oriented) etc. (Cooper et al. 2007).
DEA calculates maximal performance measure for each DMU relative to other
DMUs. CCR model (Charnes et al. 1978) find the constant returns to scale (CRS)
and BCC model (Banker et al. 1984) find the variable returns to scale (VRS),
they neglects the slacks in the evaluation of efficiencies. To solve this neglection
can be computed using the slack based measure (SBM) model non-radial and
non-oriented DEA model (Tone 2001).
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Conventional DEA deals with crisp input and crisp output data. But in
real world applications, some input and/or output data possess some degree of
fluctuation or imprecision or uncertainties such in health sector as quality of
input resources, quality of treatment, the satisfaction level of patients, quality
of medicines etc. The fluctuation can take the form of intervals, ordinal relations
and fuzzy numbers etc. Therefore, to deal with such type of real life situations,
we plan to extend crisp DEA to FDEA by making use of fuzzy numbers in
DEA. FDEA models represent real world applications more realistically than
the conventional DEA models.

The rest of the paper is organized as follows: Sect. 2 presents the literature
review. Section 3 presents preliminaries required to develop the model of which
include basic definitions performance efficiency, fuzzy number, triangular fuzzy
number and expected values. Section 4 presents the background of primal and
dual parts of the fuzzy SBM model. Section 5 presents an application to health
sector to illustrate the proposed model. Section 6 concludes the finding of our
work.

2 Literature Review

This section reviews some DEA based studies on health care sector around all
over the world. Over the last 50 years India has built a sound health sector
infrastructure (Agarwal et al. 2006). According to the literature, in the present
time, the role of the health care sector has been expanding than the public
health care sector in India. Determining the health care performance efficiency
has an important role in developed as well as developing countries. There are
some studies to determine the performance efficiencies of health care using DEA
in Indian context (Mogha et al. 2014(a),(b)). The most important role in the
economy of any developed as well as developing countries is health care of urban
and rural areas. Sengupta (1992) was the first author to introduce the fuzzy
measure, regression, entropy and fuzzy mathematical programming approach in
DEA. Afsharinia et al. (2013) determined the performance efficiency of clinical
units using fuzzy essence. Tsai et al. (2010) proposed the fuzzy analytic hierar-
chy process (FAHP) and fuzzy sensitive analysis based approach to measure the
policy of Taiwan hospitals in DEA. Dotoli et al. (2015) developed a novel cross-
efficiency fuzzy DEA model for evaluating different elements under uncertainty
with application to the health care system. Mansourirad et al. (2010) were the
first to introduce fuzzy weights in fuzzy CCR (FCCR) model and proposed a
model using α-cut approach to evaluate weights for outputs in terms of TFNs.
The SBM performance efficiency in DEA is extended to fuzzy forms (Jahan-
shahloo et al. 2004 and Saati et al. 2009). Puri and Yadav (2013) proposed a
slack based measure model with fuzzy weights corresponding to fuzzy inputs and
fuzzy outputs using α− cut approach.
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3 Preliminary

This section includes some basic definitions and notions of fuzzy set theory
(Zimmermann 1996), fuzzy number (FN), triangular fuzzy number (TFN), arith-
metic operations on TFNs (Chen 1994) and expected values (Ghasemi 2015).

3.1 Performance Efficiency (Charnes 1978)

The performance efficiency of a DMU is defined as the ratio of the weighted sum
of outputs (virtual output) to the weighted sum of inputs (virtual input). Thus,
Performance efficiency = virtual output

virtual input .
DEA evaluates the relative performance efficiency of a DMU in a set of

homogeneous DMUs. The relative performance efficiency of a DMU lies in the
range (0, 1].

3.2 Fuzzy Number (FN) (Zimmermann 1996)

An FN M̃ is defined as a convex normalized fuzzy set M̃ of the real line IR such
that

(1) there exists exactly one x0 ∈ IR with μM̃ (x0) = 1. x0 is called the mean
value of M̃ ,

(2) μM̃ is a piecewise continuous function, called the membership function of
M̃ .

3.3 Triangular Fuzzy Number (TFN) (Zimmermann 1996)

The TFN M̃ is an FN denoted by M̃ = (a, b, c) and is defined by the membership
function μM̃ given by

μM̃ (x) =

⎧
⎨

⎩

x−a
b−a , a < x ≤ b,
c−x
c−b , b ≤ x < c,

0, elsewhere,

for all x ∈ IR.
This TFN can be said to be “approximately equal to b”, where b is called

the modal value, and (a,c) is called support of the TFN (a,b,c).

3.4 Arithmetic Operations on TFNs (Chen 1994)

Let M̃1 = (a1, b1, c1) and M̃2 = (a2, b2, c2) be two TFNs. Then, the arithmetic
operations on TFNs are given as follows:

– Addition: M̃1 ⊕ M̃2 = (a1 + a2, b1 + b2, c1 + c2).
– Subtraction: M̃1 � M̃2 = (a1 − c2, b1 − b2, c1 − a2).
– Multiplication: M̃1 ⊗ M̃2 = (min(a1a2, a1c2, c1a2, c1c2), b1b2,max(a1a2,

a1c2, c1a2, c1c2))
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– Scalar multiplication:

λM̃I =
{

(λa1, λb1, λc1), for λ ≥ 0
(λc1, λb1, λa1), for λ < 0

3.5 The Expected Values of FNs (Ghasemi 2015)

The expected interval (EI) of a TFN M̃ = (a, b, c) defined as follows: EI(M̃) =
[EL(M̃), EU (M̃)], where
EL(M̃) = a+b

2 and
ER(M̃) = b+c

2 .
And expected value (EV) of a TFN M̃ = (a, b, c) defined as follows:
EV (M̃) = 1

2 (EL(M̃) + EU (M̃)) = a+2b+c
4 .

4 Background

This paper measures the fuzzy input weights, fuzzy output weights and fuzzy
efficiency of 12 community health cares of Meerut district of Uttar Pradesh (UP)
State.

4.1 SBM DEA Model

Let the performance of a set of n homogeneous DMUs (DMUj = 1, 2, 3, ..., n)
be determined. The performance efficiency of DMUj is characterized by a
production process of m inputs xij(i = 1, 2, 3, ...,m) to produce s outputs
yrj(r = 1, 2, 3, ..., s). Assume xijo be the amount of the ith input used and yrjo

be the amount of the rth output produced by the DMUjo . Let input data and
output data be positive. The primal SBM model (Tone 2001) for DMUjo is given
by the following model:

Model 1: (Primal SBM model)

ρjo = min
1−(1/m)

∑m
i=1 s−

ijo
/xijo

1+(1/s)
∑s

r=1 s+
rjo

/yrjo

subject to
(1)

xijo =
∑n

j=1 xijμjjo + s−
ijo

, ∀i (2)

yrjo =
∑n

j=1 yrjμjjo − s+rjo
, ∀r (3)

μjjo ≥ 0, ∀j, s−
ijo

≥ 0, ∀i , s+rjo
≥ 0, ∀r (4)

where s−
ijo

and s+rjo
are the slack variables in the ith input of the DMUjo and

rth output of the DMUjo respectively.

Definition 1. (Tone 2001) ρjo is called SBM efficiency (SBME) of DMUjo .
DMUjo is SBM efficient if ρ∗

jo
= 1.

This condition is equivalent to s−∗
ijo

= 0 and s+∗
rjo

= 0, i.e., no output shortfalls
and no input excesses in optimal solution, otherwise inefficient.
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Model 1 can be transformed into linear programming (LP) using normaliza-
tion method (Charnes et al. 1978). In Model 1, multiply by a scalar pjo > 0 to
both the numerator and denominator. The value of pjo can be adjusted in such
a way that the numerator becomes 1. Thus Model 1 is reduced to the following
model (Model 2):

Model 2:
Ejo = max pjo + 1

s

∑s
r=1 S+

rjo
/yrjo ,

subject to
(5)

pjo − 1
m

∑m
i=1 S−

ijo
/xijo = 1, (6)

pjoxijo =
∑n

j=1 xijλjjo + S−
ijo

∀i, (7)

pjoyrjo =
∑n

j=1 yrjλjjo − S+
rjo

∀r, (8)

λjjo ≥ 0∀j, S−
ijo

≥ 0, ∀r, S+
rjo

≥ 0, ∀i, pjo > 0, (9)

where pjoμjjo = λjjo , ∀j, pjos
−
ijo

= S−
ijo

, ∀i and pjos
+
rjo

= S+
rjo

, ∀r

Let θjo , uijo and vrjo be the dual variables corresponding to (6), (7) and (8)
respectively. Then the Dual problem LPP in Model 2 is given by:

Model 3: (Dual SBM model)

ED
jo

= min θjo ,
subject to

(10)

∑s
r=1 yrjvrjo +

∑m
i=1 xijuijo ≤ 0, ∀j, (11)

θjo +
∑m

i=1 xijouijo +
∑s

r=1 yrjovrjo ≥ 1, (12)

uijo + θjo

mxijo
≤ 0∀i, (13)

vrjo ≥ 1
syrjo

∀r, θjo ∈ IR, (14)

All the variables θjo , uijo and vrjo are unrestricted in sign.

4.2 Proposed Fuzzy Dual SBM Model

In conventional SBM model the input-output data and input-output weights are
in crisp form. But in real world application, these weights and data may have
fuzzy values. Thus, in this paper, input-output data and input-output weights
are taken as TFNs. Model 3 is reduced to the following model:

Model 4:

ẼD
jo

= min θ̃jo ,
subject to

∑s
r=1 ỹrj ⊗ ṽrjo +

∑m
i=1 x̃ij ⊗ ũijo ≤ 0̃, ∀j,

θ̃jo +
∑m

i=1 x̃ijo ⊗ ũijo +
∑s

r=1 ỹrjo ⊗ ṽrjo ≥ 1̃,

m ũijo ⊗ x̃ijo + θ̃jo ≤ 0̃ ∀ i, s ṽrjo ⊗ ỹrjo ≥ 1̃ ∀ r,
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where x̃ij and ỹrj are the triangular fuzzy inputs and outputs respectively; ũijo

is the triangular fuzzy weight corresponding to the ith input and ṽrjo is the
triangular fuzzy weight corresponding to the rth output. By using expected
values of TFN, Model 4 reduces to the following model:

Model 5:

EV (ẼD
jo) = min EV (θ1

jo , θ2
jo , θ3

jo),

subject to

EV (
∑s

r=1 y1
rjv

1
rjo ,
∑s

r=1 y2
rjv

2
rjo ,
∑s

r=1 y3
rjv

3
rjo) + EV (

∑m
i=1 x1

iju
1
ijo ,
∑m

i=1 x2
iju

2
ijo ,

∑m
i=1 x3

iju
3
ijo) ≤ EV (0, 0, 0), ∀j,

EV (θ1
jo , θ2

jo , θ3
jo) + EV (

∑m
i=1 x1

ijou1
ijo ,
∑m

i=1 x2
ijou2

ijo ,
∑m

i=1 x3
ijou3

ijo)+

EV (
∑s

r=1 y1
rjov1

rjo ,
∑s

r=1 y2
rjov2

rjo ,
∑s

r=1 y3
rjov3

rjo) ≥ EV (1, 1, 1),

m EV (x1
ijou1

ijo , x2
ijou2

ijo , x3
ijou3

ijo) + EV (θ1
jo , θ2

jo , θ3
jo) ≤ EV (0, 0, 0), ∀i,

s EV (y1
rjov1

rjo , y2
rjov2

rjo , y3
rjov3

rjo) ≥ EV (1, 1, 1), ∀r,

Using expected values in Model 5, we get Model 6.

Model 6:

ED1
jo = min 1

4
(θ1

jo + 2θ2
jo + θ3

jo),

subject to
∑s

r=1 (y1
rjv

1
rjo + 2y2

rjv
2
rjo + y3

rjv
3
rjo) −∑m

i=1 (x1
iju

1
ijo + 2x2

iju
2
ijo + x3

iju
3
ijo) ≤ 0, ∀j,

(θ1
jo + 2θ2

jo + θ3
jo) +

∑m
i=1 (x1

ijou1
ijo + 2x2

ijou2
ijo + x3

ijou3
ijo)+

∑s
r=1 (y1

rjov1
rjo + 2y2

rjov2
rjo + y3

rjov3
rjo) ≥ 4,

m (x1
ijou1

ijo + 2x2
ijou2

ijo + x3
ijou3

ijo) + (θ1
jo + 2θ2

jo + θ3
jo) ≤ 0 ∀ i,

s (y1
rjov1

rjo + 2y2
rjov2

rjo + y3
rjov3

rjo) ≥ 4, ∀ r,

u1
ijo ≤ u2

ijo ≤ u3
ijo ∀i, v1

rjo ≤ v2
rjo ≤ v3

rjo ∀r, θ1
jo ≤ θ2

jo ≤ θ3
jo .

SBME of DMUjo is written as SBMEjo and is given by SBMEjo = (EDI
jo

)−1.

5 Application to the Health Sector

In this section, we present an application to illustrate the proposed fuzzy dual
SBM model. In this paper, DMUs are CHCs in Meerut district of Uttar Pradesh,
India. The performance of each CHC is determined based on two fuzzy inputs
and two fuzzy outputs. The input-output data in fuzzy form are given in Table 1.
For DMUj , j = 1, 2, 3, ..., 12

1st Input (x1j) = Sum of number of doctors and number of staff nurses
2nd Input (x2j) = Number of pharmacists
1st Output (y1j) = Number of inpatients
2nd Output (y2j) = Number of outpatients
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The fuzzy efficiencies of all CHCs are determined from Model 6, which are
given in Table 2. The fuzzy efficiency scores lie between zero and 1. The fuzzy
weights corresponding to fuzzy inputs and fuzzy outputs of the concerned CHCs
are also determined by using Model 6, which are given in Tables 2 and 3. The

Table 1. Fuzzy input and fuzzy output data Source: Chief Medical Office, Head Office,
Meerut, India.

DMUs Fuzzy input Fuzzy output

x1j x2j y1j y2j

H1 (10,13,15) (3,5,8) (3640,3650,3655) (134130,134137,134145)

H2 (10,12,14) (3,5,7) (4150,4160,4170) (116055,116062,116068)

H3 (9,12,14) (2,4,5) (4360,4370,4380) (94060,94066,94072)

H4 (6,8,11) (1,1,3) (485,492,500) (24320,24329,24335)

H5 (8,10,13) (3,4,6) (2460,2464,2470) (99740,99748,99760)

H6 (10,11,12) (2,3,4) (1360,1368,1375) (49395,49401,49410)

H7 (9,10,12) (1,2,6) (1055,1062,1070) (37765,37772,37780)

H8 (9,11,15) (1,4,7) (1295,1302,1310) (82835,82841,82850)

H9 (10,12,15) (2,5,7) (1660,1671,1680) (100590,100596,100605)

H10 (10,16,20) (2,4,6) (1010,1018,1025) (64345,64351,64360)

H11 (9,11,14) (3,5,8) (1500,1504,1510) (80050,80056,80061)

H12 (5,8,10) (1,4,6) (1960,1965,1972) (58160,58167,58175)

Table 2. Efficiencies and fuzzy Input weights of 12 hospitals

DMUs Fuzzy input weights

SBMEjo θ̃jo ũ1j ũ2j

H1 1 (0,0,4) (0.39 × 10−4, 0.39 ×
10−4, 0.39 × 10−4)

(−0.38,−0.38,0.36)

H2 1 (1,1,1) (−0.067,−0.067,0.021) (−0.1,−0.1,−0.1)

H3 1 (1,1,1) (−0.042,−0.042,−0.042) (−0.13,−0.13,−0.13)

H4 1 (1,1,1) (−0.06,−0.06,−0.06) (−0.25,−0.25,−0.25)

H5 1 (1,1,1) (−0.88,−0.88,−0.88) (−0.4,−0.4,0.38)

H6 1 (1,1,1) (−0.064,−0.064,−0.064) (−0.22,−0.22,−0.22)

H7 1 (1,1,1) (−0.49,−0.49,−0.49) (−0.36,−0.36,−0.31)

H8 1 (1,1,1) (−0.043,−0.043,−0.043) (−0.48,−0.48,0.031)

H9 1 (1,1,1) (−0.041,−0.041,−0.041) (−0.1,−0.1,−0.1)

H10 1 (1,1,1) (−0.85,0.12,0.12) (−0.14,−0.14,−0.14)

H11 0.66 (1.52,1.52,1.52) (−0.1,−0.1,−0.048) (−0.32,−0.32,0.13)

H12 1 (1,1,1) (−0.27,−0.27,0.36) (−0.71,−0.71,0.73)
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Table 3. Fuzzy output weights of 12 hospitals

DMUs Fuzzy output weights

ṽ1j ṽ2j

H1 (0.14×10−3, 0.14×10−3, 0.14×10−3) (0.37×10−5, 0.37×10−5, 0.37×10−5)

H2 (0.12×10−3, 0.12×10−3, 0.12×10−3) (0.43×10−5, 0.43×10−5, 0.43×10−5)

H3 (0.11×10−3, 0.11×10−3, 0.11×10−3) (0.53×10−5, 0.53×10−5, 0.53×10−5)

H4 (−0.217, 0.073, 0.073) (−0.091, 0.029, 0.09)

H5 (0.2 × 10−3, 0.2 × 10−3, 0.2 × 10−3) (−0.05, −0.05, 0.14)

H6 (0.36×10−3, 0.36×10−3, 0.36×10−3) (−0.15, −0.15, 0.46)

H7 (−0.07, −0.07, 0.21) (−0.017, −0.017, 0.53)

H8 (−0.13, −0.02, 0.16) (0.6 × 10−5, 0.6 × 10−5, 0.6 × 10−5)

H9 (0.052, 0.052, 0.052) (0.49×10−5, 0.49×10−5, 0.49×10−5)

H10 (−0.22, 0.073, 0.073) (0.87×10−5, 0.87×10−5, 0.87×10−5)

H11 (−0.1, −0.1, 0.31) (0.85×10−5, 0.85×10−5, 0.85×10−5)

H12 (0.00025, 0.00025, 0.00025) (−0.018, −0.018, .056)

fuzzy efficiencies and weights for every CHC are obtained by executing a MAT-
LAB program of Model 6. In this application H11 is SBM inefficient hospital,
other hospitals are SBM efficient.

6 Conclusion

In this piece of work, we proposed a fuzzy dual SBM model (Model 4) with fuzzy
weights in fuzzy DEA. Model 4 is then reduced to crisp LP SBM model (Model
6) by using expected values of FNs. Model 6 determines the fuzzy efficiencies and
components of fuzzy weights corresponding to fuzzy inputs and fuzzy outputs as
TFNs. Model 6 also determines the SBM efficient and SBM inefficient DMUs.
These fuzzy efficiencies and fuzzy weights provided extra information to the
decision maker, which is not provided by crisp dual SBM model.
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