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Preface

Aim of This book

The aim of this book is to (1) to explore the relationship between principal
component analysis (PCA), neural network, and learning algorithms and provide an
introduction to adaptive PCA methods and (2) to present many novel PCA algo-
rithms, their extension/generalizations, and their performance analysis.

In data analysis, one very important linear technique to extract information from
data is principal component analysis (PCA). Here, the principal components
(PCs) are the directions in which the data have the largest variances and capture
most of the information content of data. They correspond to the eigenvectors
associated with the largest eigenvalues of the autocorrelation matrix of the data
vectors. On the contrary, the eigenvectors that correspond to the smallest eigen-
values of the autocorrelation matrix of the data vectors are defined as the minor
components (MCs) and are the directions in which the data have the smallest
variances (they represent the noise in the data). Expressing data vectors in terms
of the minor components is called minor component analysis (MCA).
Through PCA, many variables can be represented by few components, so PCA can
be considered as either a feature extraction or a data compression technology. Now,
PCA has been successfully applied to many data processing problems, such as
high-resolution spectral estimation, system identification, image compression, and
pattern recognition. MCA is mainly used to solve total least squares problem, which
is a technology widely used to compensate for data errors in parameter estimation
or system identification. However, how can we obtain the principal components or
minor components from a stochastic data stream?

This book aims to provide a relatively complete view of neural network-based
principal component analysis or principal subspace tracking algorithms and present
many novel PCA algorithms, their performance analysis, and their
extension/generalizations.
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Novel Algorithms and Extensions

It is well known that many methods exist for the computation of principal com-
ponents, such as the power method, eigenvalue decomposition (ED), singular value
decomposition (SVD), and neural network algorithms. Neural network approaches
on PCA pursue an effective “online” approach to update the eigen direction after
each presentation of a data point, which possess many obvious advantages. Many
neural network learning algorithms have been proposed to extract PC, and this has
been an active field for around two decades up to now.

This book is not oriented toward all neural network algorithms for PCA, but to
some novel neural algorithms and extensions of PCA, which can be summarized as
follows.

(1) Compared with most neural principal component learning algorithms, the
number of neural networks for minor component analysis is somewhat
smaller. A norm divergence problem exists in some existing MCA algorithms.
To guarantee the convergence, it is necessary to use self-stabilizing algo-
rithms. In these self-stabilizing algorithms, the weight vector length converges
to a fixed value independent of the presented input vector. In this book, the
self-stabilizing algorithms are discussed in detail and some novel
self-stabilizing MCA learning algorithms are introduced.

(2) Most neural PCA algorithms only focus on eigenvector extraction using
uncoupled rules, and a serious speed-stability problem exists in most uncou-
pled rules. To overcome this problem, several coupled PCA algorithms are
introduced and their performances are analyzed in this book.

(3) Most neural algorithms only deal with either principal component extraction
or minor component extraction. Are there such algorithms as dual-purpose
subspace tracking algorithm, which are capable of both PC and MC extrac-
tions by simply switching the sign in the same learning rule? This book will
develop a few dual algorithms for such purposes.

(4) The convergence of PCA neural learning algorithms is a difficult topic for
direct study and analysis. Traditionally, the convergence of these algorithms is
indirectly analyzed via certain deterministic continuous-time (DCT) systems.
The DCT method is based on a fundamental theorem of stochastic approxi-
mation theory, and some crucial conditions must be satisfied, which are not
reasonable requirements to be imposed in many practical applications.
Recently, deterministic discrete-time (DDT) systems have been proposed
instead to indirectly interpret the dynamics of neural network learning algo-
rithms described by stochastic discrete-time system. This book will discuss the
DDT method in detail.

(5) It is well known that generalized eigen decomposition (GED) plays very
important roles in various signal processing applications, and PCA can be seen
as a special case of GED problem. The GED neural algorithms will be also
discussed in detail.
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(6) An important aspect of the generalization of classic PCA is the
cross-correlation problem, which studies the maximization of the
cross-correlation between two stochastic signals. The neural learning algo-
rithm to extract cross-correlation feature between two high-dimensional data
streams will be studied in this book as well.

Prerequisites

The mathematical background required for reader is that of college calculus and
probability theory. Readers should be familiar with basic linear algebra and
numerical analysis as well as the fundamentals of statistics, such as the basics of
least squares, and preferably, but not necessarily, stochastic algorithms. Although
the book focuses on neural networks, they are presented only by their learning law,
which is simply an iterative algorithm. Therefore, no a priori knowledge of neural
networks is required. Basic background in mathematics is provided in the review
chapter for convenience.

Some of the materials presented in this book have been published in the archival
literature over the last several years by the authors, and they are included in this
book after necessary modifications or updates to ensure accuracy, relevance,
completeness, and coherence. This book also puts effort into presenting as many
contributions by other researchers in this field as possible. This is a fast-growing
area, so it is impossible to make sure that all works published to date are included.
However, we still have made special efforts to filter through major contributions
and to provide an extensive bibliography for further reference. Nevertheless, we
realize that there may be oversights on critical contributions on this subject. For
these, we would like to offer our apology. More importantly, our sincere thanks go
to the many researchers whose contributions have established a solid foundation for
the topics treated in this book.

Outline of the Book

Chapter 2 reviews some important concepts and theorems of matrix analysis and
optimization theory. We discuss some basic concepts, properties, and theorems
related to matrix analysis, with the emphasis on singular value decomposition and
eigenvalue decomposition. We also introduce some methods of gradient analysis
and optimization theory, which are all important tools which will be instrumental
for our theoretical analysis in the subsequent chapters.

In Chap. 3, we discuss the principal component analysis networks and algo-
rithms. The first half of this chapter analyzes the problem, basic theorems, and
SVD-based methods of principal component analysis. The second half of this
chapter studies the principal component analysis networks in detail, which falls
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into the following classes, such as Hebbian rule-based, LMS error-based,
optimization-based, anti-Hebbian rule-based, nonlinear, constrained, and localized
PCA, providing a theoretical analysis of major networks.

Chapter 4 studies the minor component analysis networks and algorithms. First,
we analyze the problem of the minor component analysis and its classical appli-
cation in total least squares estimation. Second, we present some classical
anti-Hebbian rule-based MCA algorithms, especially analyzing the divergence
(sudden, dynamical, and numerical) property and self-stabilizing property of some
MCA algorithms. This chapter concludes with a self-stabilizing MCA algorithm
and a novel neural algorithm for total least squares filtering of ours, with the
simulations and application presented as aid to the understanding of our algorithm.

Chapter 5 addresses the theoretical issue of the dual-purpose principal and minor
component analyses. We analyze the merit of dual-purpose algorithms in applica-
tion and theory analysis and introduce existing dual-purpose methods, such as
Chen’s, Hasan’s, and Peng’s algorithms. Two important dual-purpose algorithms of
ours are presented. Also, the information criterion, its landscape and gradient flow,
global convergence analysis, and numerical consideration are analyzed. This is one
of the most important chapters in this book.

Chapter 6 deals with the stability and convergence analysis of PCA or MCA
neural network algorithms. The performance analysis methods are classified into
three classes, namely the deterministic continuous-time (DCT) system, the
stochastic discrete-time (SDT) system, and the deterministic discrete-time
(DDT) system, which are discussed in detail. We briefly review the DDT system
of Oja’s PCA algorithm and give a detailed analysis of the DDT systems of a new
self-stabilizing MCA algorithm and Chen’s unified PCA/MCA algorithm.

Chapter 7 studies the generalized feature extraction method. First, we review the
generalized Hermitian eigenvalue problem. Second, a few existing adaptive algo-
rithms to extract generalized eigen pairs are discussed. Third, a minor generalized
eigenvector extraction algorithm and its convergence analysis via the DDT method
are presented. Finally, we analyze a novel adaptive algorithm for generalized
coupled eigen pairs of ours in detail, and a few simulation and application exper-
iments are provided.

Chapter 8 analyzes the demerits of the existing uncoupled feature extraction
algorithm, introduces Moller’s coupled principal component analysis neural algo-
rithm, and concludes with our two algorithms, the one of which is a unified and
coupled self-stabilizing algorithm for minor and principal eigen pair extraction
algorithms and the other an adaptive coupled generalized eigen pair extraction
algorithms.

Chapter 9 presents the generalization of feature extraction from autocorrelation
matrix to cross-association matrix. We briefly review the cross-correlation asym-
metric network and analyze Feng’s neural networks for extracting cross-correlation
features. Then, an effective neural algorithm for extracting cross-correlation feature
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between two high-dimensional data streams is proposed and analyzed. Finally,
a novel coupled neural network-based algorithm to extract the principal singular
triplet of a cross-correlation matrix between two high-dimensional data streams is
presented and analyzed in detail.

Suggested Sequence of Reading

This book aims to provide a relatively complete and coherent view of neural
network-based principal component analysis or principal subspace tracking algo-
rithms. This book can be divided into four parts, namely preliminary knowledge,
neural network-based principal component learning algorithm, performance anal-
ysis of algorithms, and generalizations and extensions of PCA algorithms. For
readers who are interested in general principal component analysis and future
research directions, a complete reading of this book is recommended. For readers
who are just interested in some specific subjects, selected chapters and reading
sequences are recommended as follows.

(1) Numerical calculation of principal components

Chapter 2 ! Chapter 3 ! Chapter 4

(2) Performance analysis of neural network-based PCA algorithms

Chapter 3 ! Chapter 4 ! Chapter 6

(3) Neural network-based PCA algorithms and their extensions

Chapter 3 ! Chapter 4 ! Chapter 7 ! Chapter 8 ! Chapter 9

Preface xi



Acknowledgments

We are very grateful to Yingbin Gao and Xiaowei Feng, Ph.D., at Xi’an Institute of
Hi-Tech, for their contributions in Chaps. 7 and 8, respectively. We also want to
express our gratitude to Prof. Chongzhao Han, Jianfu Cao at Xi’an Jiaotong
University, who have been hugely supportive throughout the pursuit of Ph.D. of the
first author, and to Prof. Hongguang Ma at Xi’an Institute of Hi-Tech, for his help
during the postdoctoral work of the first author, and also to Dean Junyong Shao,
Director Xinjun Ding, Wang Lin, Vice-Director Zhicheng Yao, Prof. Huafeng He
of Department of Control Engineering at Xi’an Institute of Hi-Tech, for their
encouragements and supports of the work. We also express our gratitude to the
Natural Science Foundation of China for Grants 61374120, 61673387, the National
Outstanding Youth Science Foundation of China for Grant 61025014, and the
Natural Science Foundation of Shaanxi Province, China for Grants 2016JM6015.
Finally, we would like to thank the Department of Control Engineering at Xi’an
Institute of Hi-Tech for offering a scholarly environment and convenient infras-
tructure for research.

xiii



Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Feature Extraction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 PCA and Subspace Tracking. . . . . . . . . . . . . . . . . . . . . . . . 1
1.1.2 PCA Neural Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.1.3 Extension or Generalization of PCA . . . . . . . . . . . . . . . . . . 4

1.2 Basis for Subspace Tracking. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2.1 Concept of Subspace. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2.2 Subspace Tracking Method . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3 Main Features of This Book . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.4 Organization of This Book . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Matrix Analysis Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.2 Singular Value Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2.1 Theorem and Uniqueness of SVD. . . . . . . . . . . . . . . . . . . . 18
2.2.2 Properties of SVD. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.3 Eigenvalue Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.3.1 Eigenvalue Problem and Eigen Equation. . . . . . . . . . . . . . . 22
2.3.2 Eigenvalue and Eigenvector . . . . . . . . . . . . . . . . . . . . . . . . 23
2.3.3 Eigenvalue Decomposition of Hermitian Matrix . . . . . . . . . 28
2.3.4 Generalized Eigenvalue Decomposition . . . . . . . . . . . . . . . 30

2.4 Rayleigh Quotient and Its Characteristics . . . . . . . . . . . . . . . . . . . . 34
2.4.1 Rayleigh Quotient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
2.4.2 Gradient and Conjugate Gradient Algorithm for RQ. . . . . . 35
2.4.3 Generalized Rayleigh Quotient . . . . . . . . . . . . . . . . . . . . . . 36

2.5 Matrix Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.5.1 Differential and Integral of Matrix with Respect

to Scalar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.5.2 Gradient of Real Function with Respect to Real Vector . . . 39
2.5.3 Gradient Matrix of Real Function . . . . . . . . . . . . . . . . . . . . 40

xv



2.5.4 Gradient Matrix of Trace Function . . . . . . . . . . . . . . . . . . . 42
2.5.5 Gradient Matrix of Determinant . . . . . . . . . . . . . . . . . . . . . 43
2.5.6 Hessian Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3 Neural Networks for Principal Component Analysis . . . . . . . . . . . . . 47
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.2 Review of Neural-Based PCA Algorithms . . . . . . . . . . . . . . . . . . . 48
3.3 Neural-Based PCA Algorithms Foundation . . . . . . . . . . . . . . . . . . 48

3.3.1 Hebbian Learning Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.3.2 Oja’s Learning Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.4 Hebbian/Anti-Hebbian Rule-Based Principal Component
Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.4.1 Subspace Learning Algorithms . . . . . . . . . . . . . . . . . . . . . . 52
3.4.2 Generalized Hebbian Algorithm . . . . . . . . . . . . . . . . . . . . . 53
3.4.3 Learning Machine for Adaptive Feature Extraction

via PCA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.4.4 The Dot-Product-Decorrelation Algorithm (DPD) . . . . . . . . 55
3.4.5 Anti-Hebbian Rule-Based Principal Component

Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.5 Least Mean Squared Error-Based Principal Component

Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.5.1 Least Mean Square Error Reconstruction Algorithm

(LMSER) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.5.2 Projection Approximation Subspace Tracking

Algorithm (PAST). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.5.3 Robust RLS Algorithm (RRLSA) . . . . . . . . . . . . . . . . . . . . 60

3.6 Optimization-Based Principal Component Analysis . . . . . . . . . . . . 61
3.6.1 Novel Information Criterion (NIC) Algorithm. . . . . . . . . . . 61
3.6.2 Coupled Principal Component Analysis . . . . . . . . . . . . . . . 62

3.7 Nonlinear Principal Component Analysis . . . . . . . . . . . . . . . . . . . . 63
3.7.1 Kernel Principal Component Analysis. . . . . . . . . . . . . . . . . 64
3.7.2 Robust/Nonlinear Principal Component Analysis . . . . . . . . 66
3.7.3 Autoassociative Network-Based Nonlinear PCA . . . . . . . . . 68

3.8 Other PCA or Extensions of PCA . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.9 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4 Neural Networks for Minor Component Analysis. . . . . . . . . . . . . . . . 75
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.2 Review of Neural Network-Based MCA Algorithms . . . . . . . . . . . 76

4.2.1 Extracting the First Minor Component . . . . . . . . . . . . . . . . 77
4.2.2 Oja’s Minor Subspace Analysis . . . . . . . . . . . . . . . . . . . . . 79
4.2.3 Self-stabilizing MCA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

xvi Contents



4.2.4 Orthogonal Oja Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.2.5 Other MCA Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.3 MCA EXIN Linear Neuron . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.3.1 The Sudden Divergence . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.3.2 The Instability Divergence . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.3.3 The Numerical Divergence . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.4 A Novel Self-stabilizing MCA Linear Neurons . . . . . . . . . . . . . . . 84
4.4.1 A Self-stabilizing Algorithm for Tracking One MC . . . . . . 84
4.4.2 MS Tracking Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.4.3 Computer Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

4.5 Total Least Squares Problem Application . . . . . . . . . . . . . . . . . . . . 98
4.5.1 A Novel Neural Algorithm for Total Least Squares

Filtering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
4.5.2 Computer Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5 Dual Purpose for Principal and Minor Component Analysis . . . . . . . 111
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.2 Review of Neural Network-Based Dual-Purpose Methods . . . . . . . 113

5.2.1 Chen’s Unified Stabilization Approach . . . . . . . . . . . . . . . . 113
5.2.2 Hasan’s Self-normalizing Dual Systems . . . . . . . . . . . . . . . 114
5.2.3 Peng’s Unified Learning Algorithm to Extract Principal

and Minor Components. . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
5.2.4 Manton’s Dual-Purpose Principal and Minor Component

Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
5.3 A Novel Dual-Purpose Method for Principal and Minor Subspace

Tracking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.3.2 A Novel Information Criterion and Its Landscape. . . . . . . . 122
5.3.3 Dual-Purpose Subspace Gradient Flow . . . . . . . . . . . . . . . . 127
5.3.4 Global Convergence Analysis . . . . . . . . . . . . . . . . . . . . . . . 131
5.3.5 Numerical Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.4 Another Novel Dual-Purpose Algorithm for Principal
and Minor Subspace Analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
5.4.1 The Criterion for PSA and MSA and Its Landscape . . . . . . 139
5.4.2 Dual-Purpose Algorithm for PSA and MSA . . . . . . . . . . . . 141
5.4.3 Experimental Results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

6 Deterministic Discrete-Time System for the Analysis
of Iterative Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

Contents xvii



6.2 Review of Performance Analysis Methods for Neural Network-
Based PCA Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
6.2.1 Deterministic Continuous-Time System Method . . . . . . . . . 150
6.2.2 Stochastic Discrete-Time System Method . . . . . . . . . . . . . . 151
6.2.3 Lyapunov Function Approach . . . . . . . . . . . . . . . . . . . . . . . 154
6.2.4 Deterministic Discrete-Time System Method . . . . . . . . . . . 155

6.3 DDT System of a Novel MCA Algorithm . . . . . . . . . . . . . . . . . . . 155
6.3.1 Self-stabilizing MCA Extraction Algorithms . . . . . . . . . . . . 155
6.3.2 Convergence Analysis via DDT System . . . . . . . . . . . . . . . 156
6.3.3 Computer Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

6.4 DDT System of a Unified PCA and MCA Algorithm . . . . . . . . . . 167
6.4.1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
6.4.2 A Unified Self-stabilizing Algorithm for PCA

and MCA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
6.4.3 Convergence Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
6.4.4 Computer Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

7 Generalized Principal Component Analysis. . . . . . . . . . . . . . . . . . . . . 185
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185
7.2 Review of Generalized Feature Extraction Algorithm. . . . . . . . . . . 187

7.2.1 Mathew’s Quasi-Newton Algorithm for Generalized
Symmetric Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . 187

7.2.2 Self-organizing Algorithms for Generalized Eigen
Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

7.2.3 Fast RLS-like Algorithm for Generalized Eigen
Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190

7.2.4 Generalized Eigenvector Extraction Algorithm
Based on RLS Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

7.2.5 Fast Adaptive Algorithm for the Generalized
Symmetric Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . 194

7.2.6 Fast Generalized Eigenvector Tracking Based on the
Power Method. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

7.2.7 Generalized Eigenvector Extraction Algorithm
Based on Newton Method. . . . . . . . . . . . . . . . . . . . . . . . . . 198

7.2.8 Online Algorithms for Extracting Minor Generalized
Eigenvector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200

7.3 A Novel Minor Generalized Eigenvector Extraction Algorithm . . . 202
7.3.1 Algorithm Description. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
7.3.2 Self-stabilizing Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 204
7.3.3 Convergence Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205
7.3.4 Computer Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

xviii Contents



7.4 Novel Multiple GMC Extraction Algorithm . . . . . . . . . . . . . . . . . . 217
7.4.1 An Inflation Algorithm for Multiple GMC Extraction. . . . . 217
7.4.2 A Weighted Information Criterion and Corresponding

Multiple GMC Extraction . . . . . . . . . . . . . . . . . . . . . . . . . . 220
7.4.3 Simulations and Application Experiments . . . . . . . . . . . . . . 228

7.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231

8 Coupled Principal Component Analysis . . . . . . . . . . . . . . . . . . . . . . . 235
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235
8.2 Review of Coupled Principal Component Analysis . . . . . . . . . . . . 237

8.2.1 Moller’s Coupled PCA Algorithm . . . . . . . . . . . . . . . . . . . 237
8.2.2 Nguyen’s Coupled Generalized Eigen pairs Extraction

Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238
8.2.3 Coupled Singular Value Decomposition of a Cross-

Covariance Matrix. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
8.3 Unified and Coupled Algorithm for Minor and Principal Eigen

Pair Extraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
8.3.1 Couple Dynamical System . . . . . . . . . . . . . . . . . . . . . . . . . 244
8.3.2 The Unified and Coupled Learning Algorithms. . . . . . . . . . 246
8.3.3 Analysis of Convergence and Self-stabilizing Property . . . . 250
8.3.4 Simulation Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . 252

8.4 Adaptive Coupled Generalized Eigen Pairs Extraction
Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257
8.4.1 A Coupled Generalized System for GMCA and GPCA . . . 257
8.4.2 Adaptive Implementation of Coupled Generalized

Systems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262
8.4.3 Convergence Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 265
8.4.4 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 271

8.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278

9 Singular Feature Extraction and Its Neural Networks . . . . . . . . . . . . 281
9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281
9.2 Review of Cross-Correlation Feature Method . . . . . . . . . . . . . . . . . 283

9.2.1 Cross-Correlation Neural Networks Model
and Deflation Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

9.2.2 Parallel SVD Learning Algorithms on Double Stiefel
Manifold . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286

9.2.3 Double Generalized Hebbian Algorithm (DGHA)
for SVD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 288

9.2.4 Cross-Associative Neural Network for SVD(CANN) . . . . . 289
9.2.5 Coupled SVD of a Cross-Covariance Matrix . . . . . . . . . . . 291

Contents xix



9.3 An Effective Neural Learning Algorithm for Extracting
Cross-Correlation Feature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 294
9.3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295
9.3.2 Novel Information Criterion Formulation for PSS. . . . . . . . 297
9.3.3 Adaptive Learning Algorithm and Performance

Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 305
9.3.4 Computer Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 308

9.4 Coupled Cross-Correlation Neural Network Algorithm for
Principal Singular Triplet Extraction of a Cross-Covariance
Matrix. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 311
9.4.1 A Novel Information Criterion and a Coupled System . . . . 312
9.4.2 Online Implementation and Stability Analysis. . . . . . . . . . . 315
9.4.3 Simulation Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . 316

9.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 320
References. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321

xx Contents



About the Authors

Xiangyu Kong received the B.S. degree in optical engineering from Beijing
Institute of Technology, P.R. China, in 1990, the M.S. degree in mechanical and
electrical engineering from Xi’an Institute of Hi-Tech, in 2000, and the Ph.D.
degree in electrical engineering from Xi’an Jiaotong University, P.R. China, in
2005. He is currently an associate professor in the Department of Control
Engineering of Xi’an Institute of Hi-Tech. His research interests include adaptive
signal processing, neural networks, and feature extraction. He has published three
monographs (all first author) and more than 60 papers, in which nearly 20 articles
were published in premier journal including IEEE Transactions on Signal
Processing, IEEE Transactions on Neural Networks and Learning Systems, and
Neural Networks. He has been PIs of two grants from the National Natural Science
Foundation of China.

Changhua Hu received the Ph.D. degree in control science and engineering from
Northwestern Polytechnical University, P.R. China, in 1996. He is currently a
professor in the Department of Control Engineering of Xi’an Institute of Hi-Tech.
His research interests include fault diagnosis in control systems, fault prognostics,
and predictive maintenance. He has published three monographs and more than 200
papers, in which more than 50 articles were published in premier journal including
IEEE Transactions and EJOR. In 2010, he obtained the National Science Fund for
Distinguished Young Scholars. He was awarded national-class candidate of “New
Century BaiQianWan Talents Program” and National Middle-aged and Young
Experts with Outstanding Contributions in 2012. In 2013, he was awarded Cheung
Kong Processor.

Zhansheng Duan received the B.S. and Ph.D. degrees from Xi’an Jiaotong
University, P.R. China, in 1999 and 2005, respectively, both in electrical engi-
neering. He also received the Ph.D. degree in electrical engineering from the
University of New Orleans, LA, in 2010. From January 2010 to April 2010, he
worked as an assistant professor of research in the Department of Computer
Science, University of New Orleans. In July 2010, he joined the Center for

xxi



Information Engineering Science Research, Xi’an Jiaotong University, where he is
currently working as an associate professor. His research interests include estima-
tion and detection theory, target tracking, information fusion, nonlinear filtering,
and performance evaluation. Dr. Duan has authored or coauthored one book,
Multisource Information Fusion (Tsinghua University Publishing House, 2006),
and 50 journal and conference proceedings papers. He is also a member of
International Society of Information Fusion (ISIF) and the Honor Society of Eta
Kappa Nu and is listed in Who’s Who in America 2015 and 2016.

xxii About the Authors



Chapter 1
Introduction

1.1 Feature Extraction

Pattern recognition and data compression are two applications that rely critically on
efficient data representation [1]. The task of pattern recognition is to decide to
which class of objects an observed pattern belonging to, and the compression of
data is motivated by the need to save the number of bits to represent the data while
incurring the smallest possible distortion [1]. In these applications, it is desirable to
extract measurements that are invariant or insensitive to the variations within each
class. The process of extracting such measurements is called feature extraction. It is
also to say feature extraction is a data processing which maps a high-dimensional
space to a low-dimensional space with minimum information loss.

Principal component analysis (PCA) is a well-known feature extraction method,
while minor component analysis (MCA) and independent component analysis
(ICA) can be regarded as variants or generalizations of the PCA. MCA is most
useful for solving total least squares (TLS) problems, and ICA is usually used for
blind signal separation (BSS).

In the following, we briefly review PCA, PCA neural networks, and extensions
or generalizations of PCA.

1.1.1 PCA and Subspace Tracking

The principal components (PC) are the directions in which the data have the largest
variances and capture most of the information contents of data. They correspond to
the eigenvectors associated with the largest eigenvalues of the autocorrelation
matrix of the data vectors. Expressing data vectors in terms of the PC is called PCA.
On the contrary, the eigenvectors that correspond to the smallest eigenvalues of the
autocorrelation matrix of the data vectors are defined as the minor components
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(MC), and MC are the directions in which the data have the smallest variances (they
represent the noise in the data). Expressing data vectors in terms of the MC is called
MCA. Now, PCA has been successfully applied in many data processing problems,
such as high-resolution spectral estimation, system identification, image compres-
sion, and pattern recognition, and MCA is also applied in total least squares,
moving target indication, clutter cancelation, curve and surface fitting, digital
beamforming, and frequency estimation.

The PCA or MCA is usually one dimensional. However, in real applications,
PCA or MCA is mainly multiple dimensional. The eigenvectors associated with the
r largest (or smallest) eigenvalues of the autocorrelation matrix of the data vectors is
called principal (or minor) components, and r is referred to as the number of the
principal (or minor) components. The eigenvector associated with the largest
(smallest) eigenvalue of the autocorrelation matrix of the data vectors is called
largest (or smallest) component. The subspace spanned by the principal components
is called principal subspace (PS), and the subspace spanned by the minor compo-
nents is called minor subspace (MS). In some applications, we are only required to
find the PS (or MS) spanned by r orthonormal eigenvectors. The PS is sometimes
called signal subspace, and the MS is called noise subspace. Principal and minor
component analyzers of a symmetric matrix are matrix differential equations that
converge on the PCs and MCs, respectively. Similarly, the principal (PSA) and
minor (MSA) subspace analyzers of a symmetric matrix are matrix differential
equations that converge on a matrix whose columns’ span is the PS and MS,
respectively. PCA/PSA and MCA/MSA are powerful techniques in many infor-
mation processing fields. For example, PCA/PSA is a useful tool in feature
extraction, data compression, pattern recognition, and time series prediction [2, 3],
and MCA/MSA has been widely applied in total least squares, moving target
indication, clutter cancelation, curve and surface fitting, digital beamforming, and
frequency estimation [4].

As discussed before, the PC is the direction which corresponds to the eigen-
vector associated with the largest eigenvalue of the autocorrelation matrix of the
data vectors, and the MC is the direction which corresponds to the eigenvector
associated with the smallest eigenvalue of the autocorrelation matrix of the data
vectors. Thus, implementations of these techniques can be based on batch eigen-
value decomposition (ED) of the sample correlation matrix or on singular value
decomposition (SVD) of the data matrix. This approach is unsuitable for adaptive
processing because it requires repeated ED/SVD, which is a very time-consuming
task [5]. Thus, the attempts to propose adaptive algorithms are still continuing even
though the field has been active for three decades up to now.

1.1.2 PCA Neural Networks

In order to overcome the difficulty faced by ED or SVD, a number of adaptive
algorithms for subspace tracking were developed in the past. Most of these
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techniques can be grouped into three classes [5]. In the first class, classical batch
ED/SVD methods such as QR algorithm, Jacobi rotation, power iteration, and
Lanczos method have been modified for the use in adaptive processing [6–10]. In
the second class, variations in Bunch’s rank-one updating algorithm [11], such as
subspace averaging [12, 13], have been proposed. The third class of algorithms
considers the ED/SVD as a constrained or unconstrained optimization problem.
Gradient-based methods [14–19], Gauss–Newton iterations [20, 21], and conjugate
gradient techniques [22] can then be applied to seek the largest or smallest
eigenvalues and their corresponding eigenvectors adaptively. Rank revealing URV
decomposition [23] and rank revealing QR factorization [24] have been proposed to
track the signal or noise subspace.

Neural network approaches on PCA or MCA pursue an effective “online”
approach to update the eigen direction after each presentation of a data point, which
possess many obvious advantages, such as lower computational complexity,
compared with the traditional algebraic approaches such as SVD. Neural network
methods are especially suited for high-dimensional data, since the computation of
the large covariance matrix can be avoided, and for the tracking of nonstationary
data, where the covariance matrix changes slowly over time. The attempts to
improve the methods and to suggest new approaches are continuing even though
the field has been active for two decades up to now.

In the last decades, many neural network learning algorithms were proposed to
extract PS [25–31] or MS [4, 32–40]. In the class of PS tracking, lots of learning
algorithms such as Oja’s subspace algorithm [41], the symmetric error correction
algorithm [42], and the symmetric version of the back propagation algorithm [43]
were proposed based on some heuristic reasoning [44]. Afterward, some infor-
mation criterions were proposed and the corresponding algorithms such as LMSER
algorithm [31], the projection approximation subspace tracking (PAST) algorithm
[5], the conjugate gradient method [45], the Gauss–Newton method [46], and the
novel information criterion (NIC) algorithm were developed [44]. These
gradient-type algorithms could be claimed to be globally convergent.

In the class of MS tracking, many algorithms [32–40] have been proposed on the
basis of the feedforward neural network models. Mathew and Reddy proposed the
MS algorithm based on a feedback neural network structure with sigmoid activation
function [46]. Using the inflation method, Luo and Unbehauen proposed an MSA
algorithm that does not need any normalization operation [36]. Douglas et al.
presented a self-stabilizing minor subspace rule that does not need periodically
normalization and matrix inverses [40]. Chiang and Chen showed that a learning
algorithm can extract multiple MCs in parallel with the appropriate initialization
instead of inflation method [47]. On the basis of an information criterion, Ouyang
et al. developed an adaptive MC tracker that automatically finds the MS without
using the inflation method [37]. Recently, Feng et al. proposed the OJAm algorithm
and extended it for tracking multiple MCs or the MS, which makes the corre-
sponding state matrix tend to a column orthonormal basis of the MS [35].

1.1 Feature Extraction 3



1.1.3 Extension or Generalization of PCA

It can be found that the above-mentioned algorithms only focused on eigenvector
extraction or eigen-subspace tracking with noncoupled rules. However, a serious
speed stability problem exists in the most noncoupled rules [28]. This problem is
that in noncoupled PCA rules the eigen motion in all directions mainly depends on
the principal eigenvalue of the covariance matrix; thus, numerical stability and fast
convergence can only be achieved by guessing this eigenvalue in advance [28]; in
noncoupled MCA rules the speed of convergence does not only depend on the
minor eigenvalue, but also depend on all other eigenvalues of the covariance
matrix, and if these extend over a large interval, no suitable learning rate may be
found for a numerical solution that can still guarantee stability and ensure a suffi-
cient speed of convergence in all eigen directions. Therefore, the problem is even
more severe for MCA rules. To solve this common problem, Moller proposed some
coupled PCA algorithms and some coupled MCA algorithms based on a special
information criteria [28]. In coupled rules, the eigen pair (eigenvector and eigen-
value) is simultaneously estimated in coupled equations, and the speed of con-
vergence only depends on the eigenvalue of its Jacobian. Thus, the dependence of
the eigenvalues on the covariance matrix can be eliminated [28]. Recently, some
modified coupled rules have been proposed [48].

It is well known that the generalized eigen decomposition (GED) plays very
important roles in various signal processing applications, e.g., data compression,
feature extraction, denoising, antenna array processing, and classification.
Though PCA, which is the special case of GED problem, has been widely studied,
the adaptive algorithms for the GED problem are scarce. Fortunately, a few efficient
online adaptive algorithms for the GED problem that can be applied in real-time
applications have been proposed [49–54]. In [49], Chaterjee et al. present new
adaptive algorithms to extract the generalized eigenvectors from two sequences of
random vectors or matrices. Most algorithms in literatures including [49] are
gradient-based algorithms [50, 51]. The main problem of this type of algorithms is
slow convergence and the difficulty in selecting an appropriate step size which is
essential: A too small value will lead to slow convergence and a too large value will
lead to overshooting and instability. Rao et al. [51] have developed a fast recursive
least squares (RLS)-like, not true RLS, sequential algorithm for GED. In [54], by
reinterpreting the GED problem as an unconstrained minimization problem via
constructing a novel cost function and applying projection approximation method
and RLS technology to the cost function, RLS-based parallel adaptive algorithms
for generalized eigen decomposition was proposed. In [55], a power method-based
algorithm for tracking generalized eigenvectors was developed when stochastic
signals having unknown correlation matrices are observed. Attallah proposed a new
adaptive algorithm for the generalized symmetric eigenvalue problem, which can
extract the principal and minor generalized eigenvectors, as well as their corre-
sponding subspaces, at a low computational cost [56]. Recently, a fast and
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numerically stable adaptive algorithm for the generalized Hermitian eigenvalue
problem (GHEP) was proposed and analyzed in [48].

Other extensions of PCA also include dual-purpose algorithm [57–64], the
details of which can be found in Chap. 5, and adaptive or neural networks-based
SVD singular vector tracking [6, 65–70], the details of which can be found in
Chap. 9.

1.2 Basis for Subspace Tracking

In Sect. 1.1, we have reviewed the PCA algorithm and its extensions and gener-
alizations from the viewpoint of the feature extraction. In this section, from another
viewpoint of subspace, we will discuss the concept of subspace and subspace
tracking method.

1.2.1 Concept of Subspace

Definition 1 If S ¼ fu1; u2; . . .; umg is the vector subset of vector space V, then the
set W of all linear combinations of u1; u2; . . .; um is called the subspace spanned by
u1; u2; . . .; um, namely

W ¼ Spanfu1; u2; . . .; umg ¼ fu : u ¼ a1u1 þ a2u2 þ � � � þ amumg; ð1:1Þ

where each vector in W is called the generator of W, and the set fu1; u2; . . .; umg
which is composed of all the generators is called the spanning set of the subspace.
A vector subspace which only comprises zero vector is called a trivial subspace. If
the vector set fu1; u2; . . .; umg is linearly irrespective, then it is called a group basis
of W.

Definition 2 The number of vectors in any group basis of subspace W is called the
dimension of W, which is denoted by dim(W). If any group basis of W is not
composed of finite linearly irrespective vectors, then W is called an
infinite-dimensional vector subspace.

Definition 3 Assume that A ¼ ½a1; a2; . . .; an� 2 Cm�n is a complex matrix and all
the linear combinations of its column vectors constitute a subspace, which is called
column space of matrix A and is denoted by Col(A), namely

ColðAÞ ¼ Spanfa1; a2; . . .; ang ¼ y 2 Cm : y ¼
Xn
j¼1

ajaj : aj 2 C

( )
: ð1:2Þ

Row space of matrix A can be defined similarly.
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As stated in the above, the column space and row space of matrix Am�n are
spanned by n column vectors and m row vectors, respectively. If rank(A) is equal to
r, then only r column or row vectors of matrix, which are linearly irrespective, can
constitute column space Span(A) and row space Span(AH), respectively. Obviously,
it is an economical and better subspace expression method to use basis vector. The
methods of constituting a subspace have primary transforms, and one can also use
singular value decomposition to set up a normal orthogonal basis of base space.

Suppose that the data matrix A has measure error or noises, and define measure
data matrix as

X ¼ AþW ¼ ½x1; x2; . . .; xn� 2 Cm�n; ð1:3Þ

where xi 2 Cm�1: In the fields of signal processing and system science, the column
space of measure data matrix SpanðXÞ ¼ Spanfx1; x2; . . .; xng is called measure
data space.

Define the correlation matrix as:

RX ¼ EfXHXg ¼ EfðAþWÞHðAþWÞg: ð1:4Þ

Suppose that error matrix W ¼ ½w1;w2; . . .;wn� is statistically irrespective of real
data matrix A, then

RX ¼ EfXHXg ¼ EfAHAgþEfWHWg: ð1:5Þ

Define R ¼ EfAHAg and EfWHWg ¼ r2wI, namely every measure noise is
statistically irrespective and they have the same variance r2w, it holds that

RX ¼ Rþ r2wI: ð1:6Þ

Define rank(A) = r, and the eigenvalue decomposition of matrix RX ¼ EfXHXg
can be written as RX ¼ UKUH þ r2wI ¼ UðKþ r2wIÞUH ¼ UPUH ; where P ¼
Rþ r2wI ¼ diag r21 þ r2w; . . .; r

2
r þ r2w; r

2
w; . . .; r

2
w

� �
, R ¼ diagðr21; . . .; r2r ; 0; . . .; 0Þ;

and r21 � r22 � � � � � r2r are the nonzero eigenvalues of the real autocorrelation
matrix R ¼ EfAHAg:

Obviously, if the signal-to–noise ratio is large enough, that is, r2r is obviously
bigger than r2w, then the first r largest eigenvalues of autocorrelation matrix RX ,
namely k1 ¼ r21 þ r2w; k2 ¼ r22 þ r2w; . . .; kr ¼ r2r þ r2w are called the principal
eigenvalues, and the remaining n − r small eigenvalues krþ 1 ¼ r2w; krþ 2 ¼
r2w; . . .; kn ¼ r2w are called the minor eigenvalues. Thus, the eigen decomposition of
autocorrelation matrix RX can be written as
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RX ¼ US Un½ � RS O
O Rn

� �
UH

S

UH
n

" #
¼ SRSSH þGRnGH ; ð1:7Þ

where S ¼def½s1; s2; . . .; sr� ¼ ½u1; u2; . . .; ur�; G ¼def½g1; g2; . . .; gn�r� ¼ ½urþ 1;

urþ 2; . . .; un�; RS ¼ diagðr21 þ r2w; r
2
2 þ r2w; . . .; r

2
r þ r2wÞ; Rn ¼ diagðr2w; r2w; � � � ;

r2wÞ; m� r unitary matrix S is the matrix composed of the eigenvectors which
correspond to the r principal eigenvalues, and m� ðn� rÞ unitary matrix G is the
matrix composed of the eigenvectors which correspond to the n − r minor
eigenvalues.

Definition 4 Define S as the eigenvector matrix which correspond to the first
r largest eigenvalues k1; k2; . . .; kr of the autocorrelation matrix of the measurement
data. Then its column space SpanðSÞ ¼ Spanfu1; u2; . . .; urg is called the signal
subspace of measurement data space SpanðXÞ, and the column space SpanðGÞ ¼
Spanfurþ 1; urþ 2; . . .; ung of the eigenvector matrix G which correspond to the
n − r minor eigenvalues is called the noise subspace of measurement data space.

In the following, we analyze the geometric meaning of the signal subspace and
the noise subspace. From the constitution method of subspace and the feature of
unitary matrix, we know that the signal subspace and noised subspace are
orthogonal, that is,

Spanfs1; s2; . . .; srg?Spanfg1; g2; . . .; gn�rg: ð1:8Þ

Since U is a unitary matrix, it holds that

UUH ¼ S G½ � SH

GH

� �
¼ SSH þGGH ¼ I;

that is,

GGH ¼ I � SSH : ð1:9Þ

Define the projection matrix of signal subspace as

PS ¼def S S; Sh i�1SH ¼ SSH ; ð1:10Þ

where the matrix inner product S;Sh i ¼ SHS ¼ I.
Thus, PSx can be considered as the projection of vector x on the signal subspace,

and ðI � PSÞx means the orthogonal projection of vector x on the signal subspace.
From G;Gh i ¼ GHG ¼ I, it holds that the projection matrix on the noise subspace
is Pn ¼ G G;Gh i�1GH ¼ GGH . Therefore, the following matrix
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GGH ¼ I � SSH ¼ I � PS ð1:11Þ

is usually called as the orthogonal projection matrix of signal subspace.
The subspace applications have the following characteristics [5, 71]:

(1) Only a few singular vectors or eigenvectors are needed. Since the number of
larger singular values (or eigenvalues) of matrix Am�n is smaller than the
number of smaller singular values (or eigenvalues), it is more efficient to use
the signal subspace with smaller dimension than the noise subspace.

(2) In many application occasions, one does not need to know the singular values
or eigenvalues, and only needs to know the matrix rank and singular vectors or
eigenvectors of matrix.

(3) In most instances, one does not need to know the singular vectors or eigen-
vectors of matrix well and truly, and only needs to know the basis vectors
spanned by the signal subspace or noise subspace.

1.2.2 Subspace Tracking Method

The iterative computation of an extreme (maximal or minimum) eigen pair
(eigenvalue and eigenvector) can date back to 1966 [72]. In 1980, Thompson
proposed a LMS-type adaptive algorithm for estimating eigenvector, which cor-
respond to the smallest eigenvalue of sample covariance matrix, and provided the
adaptive tracking algorithm of the angle/frequency combing with Pisarenko’s
harmonic estimator [14]. Sarkar et al. [73] used the conjugate gradient algorithm to
track the variation of the extreme eigenvector which corresponds to the smallest
eigenvalue of the covariance matrix of the slowly changing signal and proved its
much faster convergence than Thompson’s LMS-type algorithm. These methods
were only used to track single extreme value and eigenvector with limited appli-
cation, but later they were extended for the eigen-subspace tracking and updating
methods. In 1990, Comon and Golub [6] proposed the Lanczos method for tracking
the extreme singular value and singular vector, which is a common method
designed originally for determining some big and sparse symmetrical eigen problem
Ax ¼ kx [74].

The earliest eigenvalue and eigenvector updating method was proposed by
Golub in 1973 [75]. Later, Golub’s updating idea was extended by Bunch et al. [76,
77], the basic idea of which is to update the eigenvalue decomposition of the
covariance matrix after every rank-one modification, and then go to the matrix’s
latent root using the interlacing theorem, and then update the place of the latent root
using the iterative resolving root method. Thus, the eigenvector can be updated.
Later, Schereiber [78] introduced a transform to change a majority of complex
number arithmetic operation into real-number operation and made use of Karasalo’s
subspace mean method [79] to further reduce the operation quantity. DeGroat and
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Roberts [80] developed a numerically stabilized rank-one eigen structure updating
method based on mutual Gram–Schmidt orthogonalization. Yu [81] extended the
rank-one eigen structure update to block update and proposed recursive update of
the eigenvalue decomposition of a covariance matrix.

The earliest adaptive signal subspace tracking method was proposed by Owsley
[7] in 1978. Using the stochastic gradient method, Yang and Kaveh [18] proposed a
LMS-type subspace tracking algorithm and extended Owsley’s method and
Thompson’s method. This LMS-type algorithm has a high parallel structure and
low computational complexity. Karhumen [17] extended Owsley’s idea by devel-
oping a stochastic approaching method based on computing subspace. Like Yang
and Kaveh’s extension of Thompson’s idea to develop an LMS-type subspace
tracking algorithm, Fu and Dowling [45] extended Sarkar’s idea to develop a
subspace tracking algorithm based on conjugate gradient. During the recent
20 years, eigen-subspace tracking and update has been an active research field.
Since eigen-subspace tracking is mainly applied to real signal processing, these
methods should be fast algorithms.

According to [71], the eigen-subspace tracking and updating methods can be
classified into the following four classes:

(1) In some applications of eigen-subspace method such as MUSIC, one only
needs to use the orthogonal basis of the noise subspace eigenvectors and does
not need to use the eigenvector itself. This characteristic can predigest the
adaptive tracking problem of a class of eigenvectors. The methods which only
track the orthogonal basis of noise subspace are classified as the first class, and
they are based on rank revealing URV [82] and rank revealing QR [83]
decomposition of matrix, respectively.

(2) In the method conducting tracking and updating problem of the eigenvalues
and eigen-subspace simultaneously, a common sight is to regard the covari-
ance matrix of the nonstationary signal at the kth as the sum of the covariance
matrix at the k − 1th and another rank-one matrix (the product of the conju-
gate transpose of measure vector and itself). Thus, tracking the eigenvalue
decomposition of the covariance matrix has much to do with the so-called
rank-one updating [81, 84].

(3) Regarding the determination of eigen-subspace as an optimization problem:
The one is a constrained optimization problem, and the other is unconstrained
optimization problem. The constrained optimization problem can be solved
using the stochastic gradient [18] and conjugate gradient [45] methods. The
unconstrained optimization problem presents a new explanation for the
eigen-subspace, and its corresponding method was called projection approx-
imation subspace tracking [5]. The other classical representative is that it is
based on Lanczos algorithm, and to use the Lanczos iteration and stochastic
approach concept to conduct on the computation of subspace of slowly
changing data matrix [85]. Xu et al., proposed [86, 87] three Lanczos and dual
Lanczos subspace tracking algorithms, and the former is suitable for the eigen
decomposition of covariance matrix, and the latter is for the singular value
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decomposition of data matrix, and at the processing of Lanczos iteration they
can test and estimate the number of principal eigenvalues and principal sin-
gular values. In view of the close mathematics connections between the
Lanczos algorithm and conjugate gradient, this algorithm, though it has not
direct connections with the optimization problem, still falls into the third type
of method.

(4) Modify and extend the classical eigen decomposition/singular value decom-
position batch processing methods such as QR decomposition, Jacobi method,
and power iteration to make them adaptive. For example, the singular value
decomposition updating algorithm based on QR updating and Jacobi-type
method [88] falls into this class.

1.3 Main Features of This Book

This book presents principal component analysis algorithms and its extensions
using neural networks approach. Pertinent features include the following:

(1) A tutorial-style overview of neural networks-based principal component
analysis algorithms, minor component analysis algorithms, principal subspace
tracking, and minor subspace tracking.

(2) Analysis of self-stabilizing feature of neural-based PCA/MCA algorithms, and
development of a self-stabilizing neural-based minor component analysis
algorithm.

(3) Total least squares estimation application of MCA algorithms, and develop-
ment of a novel neural-based algorithm for total least squares filtering.

(4) Development of a novel dual-purpose principal and minor subspace gradient
flow and unified self-stabilizing algorithm for principal and minor compo-
nents’ extraction.

(5) Analysis of a discrete-time dynamics of a class of self-stabilizing MCA
learning algorithms and a convergence analysis of deterministic discrete-time
system of a unified self-stabilizing algorithm for PCA and MCA.

(6) Extension of PCA algorithm to generalized feature extraction and develop-
ment of a novel adaptive algorithm for minor generalized eigenvector
extraction and a novel multiple generalized minor component extraction
algorithm.

(7) Development of a unified and coupled PCA and MCA rules and an adaptive
coupled generalized eigen pairs extraction algorithm, based on Moller’s
coupled PCA neural algorithm.

(8) Generalization of feature extraction from autocorrelation matrix to
cross-correlation matrix, and development of an effective neural algorithm for
extracting cross-correlation feature between two high-dimensional data
streams and a coupled principal singular triplet extraction algorithm of a
cross-covariance matrix.
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1.4 Organization of This Book

As reflected in the title, this book is concerned with three areas of principal com-
ponent analysis method, namely neural-based algorithm, performance analysis
method, and generalized/extension algorithm. Consequently, the book can be nat-
urally divided into three parts with a common theme. In the three areas, many novel
algorithms were proposed by us. To appreciate theses new algorithms, the con-
ventional approaches and existing methods also need to be understood.
Fundamental knowledge of conventional principal component analysis, neural-
based feature extraction, subspace tracking, performance analysis methods, and
even feature extraction based on matrix theory is essential for understanding the
advanced material presented in this book. Thus, each part of this book starts with a
tutorial type of introduction of the area.

Part I starts from Chap. 2, which provides an overview of some important
concepts and theorems of decomposition and singular value decomposition related
to principal component analysis. Chapter 3 serves as a starting point to introduce
the neural-based principal component analysis. The key Hebbian network and Oja’s
network forming the core of neural network-based PCA algorithms can be founded
in this chapter. Chapter 4 provides an introduction to neural network-based MCA
algorithms and the self-stabilizing analysis of these algorithms, followed by a novel
self-stabilizing MCA algorithm and a novel neural algorithm for total least squares
filtering proposed by us. Part I ends on Chap. 5, which addresses the theoretical
issue of the dual-purpose principal and minor component analysis. In this chapter,
several important dual-purpose algorithms proposed by us are introduced, and their
performance and numerical consideration are analyzed. Part II starts from a
tutorial-style introduction to deterministic continuous-time (DCT) system, the
stochastic discrete-time (SDT) system, the deterministic discrete-time (DDT) sys-
tem, followed by a detailed analysis of DDT systems of a new self-stabilizing MCA
algorithm and Chen’s unified PCA/MCA algorithm in Chap. 6. Part III starts from
Chap. 7. The generalized Hermitian eigenvalue problem and existing adaptive
algorithms to extract generalized eigen pairs are reviewed, and then, a minor
generalized eigenvector extraction algorithm and a novel adaptive algorithm for
generalized coupled eigen pairs of ours are introduced and discussed. The other two
chapters of Part III are devoted to coupled principal component analysis and
cross-correlation feature extraction, respectively, in which our novel coupled or
extension algorithms are introduced and analyzed.

Some of the materials presented in this book have been published in archival
journals by the authors, and is included in this book after necessary modifications or
updates (some modifications are major ones) to ensure accuracy, relevance, com-
pleteness and coherence. This portion of materials includes:

• Section 4.4 of Chapter 4, reprinted from Neural Networks, Xiangyu Kong,
Changhua Hu, Chongzhao Han, “A self-stabilizing MSA algorithm in
high-dimensional data stream”, Vol. 23, 865–871, © 2010 Elsevier Ltd., with
permission from Elsevier.
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• Section 4.5 of Chapter 4, reprinted fromNeural Processing Letter, Xiangyu Kong,
Changhua Hu, Chongzhao Han, “A self-stabilizing neural algorithm for total least
squares filtering”, Vol. 30, 257–271, © 2009 Springer Science+Business Media,
LLC., reprinted with permission.

• Section 5.3 of Chapter 5, reprinted from IEEE Transactions on Signal
Processing, Xiangyu Kong, Changhua Hu, Chongzhao Han, “A Dual purpose
principal and minor subspace gradient flow”, Vol. 60, No. 1, 197–210, © 2012
IEEE., with permission from IEEE.

• Section 6.3 of Chapter 6, reprinted from IEEE Transactions on Neural
Networks, Xiangyu Kong, Changhua Hu, Chongzhao Han, “On the discrete
time dynamics of a class of self-stabilizing MCA learning algorithm”, Vol. 21,
No. 1, 175–181, © 2010 IEEE., with permission from IEEE.

• Section 6.4 of Chapter 6, reprinted from Neural Networks, Xiangyu Kong,
Qiusheng an, Hongguang Ma, Chongzhao Han, Qizhang, “Convergence anal-
ysis of deterministic discrete time system of a unified self-stabilizing algorithm
for PCA and MCA”, Vol. 36, 64–72, © 2012 Elsevier Ltd., with permission
from Elsevier.

• Section 7.3 and 7.4 of Chapter 7, reprinted from IEEE Transactions on Signal
Processing, Gao Yingbin, Kong Xiangyu, Hu Changhua, Li Hongzeng, and Hou
Li'an, “A Generalized Information Criterion for generalized Minor Component
Extraction”, Vol. 65, No. 4, 947–959, © 2017 IEEE., with permission from
IEEE.

• Section 8.3 of Chapter 8, reprinted from Neural Processing Letter, Xiaowei
Feng, Xiangyu Kong, Hongguang Ma, and Haomiao Liu, “Unified and coupled
self-stabilizing algorithm for minor and principal eigen-pair extraction”,
doi: 10.1007/s11063-016-9520-3, © 2016 Springer Science+Business Media,
LLC., reprinted with permission.

• Section 8.4 of Chapter 8, reprinted from IEEE Transactions on Signal
Processing, Xiaowei Feng, Xiangyu Kong, Zhansheng Duan, and Hongguang
Ma, “Adaptive generalized eigen-pairs extraction algorithm and their conver-
gence analysis”, Vol. 64, No. 11, 2976–2989, © 2016 IEEE., with permission
from IEEE.

• Section 9.3 of Chapter 9, reprinted from Neural Processing Letter, Xiang yu
Kong, Hong guang Ma, Qiu sheng An, Qi Zhang, “An effective neural learning
algorithm for extracting cross-correlation feature between two high-dimensional
data streams”, Vol. 42, 459–477, © 2015 Springer Science+Business Media,
LLC., reprinted with permission.
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Chapter 2
Matrix Analysis Basics

In this chapter, we review some basic concepts, properties, and theorems of singular
value decomposition (SVD), eigenvalue decomposition (ED), and Rayleigh quo-
tient of a matrix. Moreover, we also introduce some basics of matrix analysis. They
are important and useful for our theoretical analysis in subsequent chapters.

2.1 Introduction

As discussed in Chap. 1, the PC or MC can be obtained by the ED of the sample
correlation matrix or the SVD of the data matrix, and ED and SVD are also primal
analysis tools. The history of SVD can date back to the 1870s, and Beltrami and
Jordan are acknowledged as the founder of SVD. In 1873, Beltrami [1] published
the first paper on SVD, and one year later Jordan [2] published his independent
reasoning about SVD. Now, SVD has become one of the most useful and most
efficient modern numerical analysis tools, and it has been widely used in statistical
analysis, signal and image processing, system theory and control, etc. SVD is also a
fundamental tool for eigenvector extraction, subspace tracking, and total least
squares problem, etc.

On the other hand, ED is important in both mathematical analysis and engi-
neering applications. For example, in matrix algebra, ED is usually related to the
spectral analysis, and the spectral of a linear arithmetic operator is defined as the set
of eigenvalues of the matrix. In engineering applications, spectral analysis is con-
nected to the Fourier analysis, and the frequency spectral of signals is defined as the
Fourier spectral, and then the power spectral of signals is defined as the square of
frequency spectral norm or Fourier transform of the autocorrelation functions.

Besides SVD and ED, gradient and matrix differential are also the important
concepts of matrix analysis. In view of the use of them in latter chapters, we will
provide detailed analysis of SVD, ED, matrix analysis, etc. in the following.
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2.2 Singular Value Decomposition

As to the inventor history of SVD, see Stewart’s dissertation. Later, Autonne [3]
extended SVD to complex square matrix in 1902, and Eckart and Young [4] further
extended it to general rectangle matrix in 1939. Now, the theorem of SVD for
rectangle matrix is usually called Eckart–Young Theorem.

SVD can be viewed as the extension of ED to the case of nonsquare matrices. It
says that any real matrix can be diagonalized by using two orthogonal matrices. ED
works only for square matrices and uses only one matrix (and its inverse) to achieve
diagonalization. If the matrix is square and symmetric, then the two orthogonal
matrices of SVD will be the same, and ED and SVD will also be the same and
closely related to the matrix rank and reduced-rank least squares approximations.

2.2.1 Theorem and Uniqueness of SVD

Theorem 2.1 For any A 2 <m�n or Cm�nð Þ, there exist two orthonormal (or uni-
tary) matrices U 2 <m�n orCm�mð Þ and V 2 <m�n or Cn�nð Þ, such that

A ¼ URVT or A ¼ URVH
� �

; ð2:1Þ

where,

R ¼ R1 0
0 0

� �

and R ¼ diag r1; r2; . . .rr½ �, its diagonal elements are arranged in the order:

r1 � r2 � � � � � rr � 0; t ¼ rankðAÞ

The quantity r1; r2; . . .; rr together with rrþ 1 ¼ rrþ 2 ¼ � � � ¼ rn ¼ 0 are
called the singular values of matrix A. The column vector ui of matrix U is called
the left singular vector of A, and the matrix U is called the left singular matrix. The
column vector vi of matrix V is called the right singular vector of A, and the matrix
V is called the right singular matrix. The proof of Theorem 2.1 can see [4, 5].
The SVD of matrix A can also be written as:

A ¼
Xr

i¼1

riuivHi : ð2:2Þ
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It can be easily seen that

AAH ¼ UR2UH ð2:3Þ

which shows that the singular value ri of the m� n matrix A is the positive square
root of the eigenvalue (these eigenvalues are nonpositive) of the matrix product
AAH.

The following theorem strictly narrates the singular property of a matrix A.

Theorem 2.2 Define the singular values of matrix A 2 <m�n m[ nð Þ as
r1 � r2 � � � � � rr � 0.
Then

rk ¼ min
E2Cm�n

Ek kspec: rankðAþEÞ� ðk � 1Þ
n o

; k ¼ 1; 2; . . .n ð2:4Þ

and there is an error matrix which meets Ekk kspec¼ rk, so that

rankðAþEkÞ ¼ r � 1; k ¼ 1; 2; . . .; n:
Theorem 2.2 shows that the singular value of a matrix is equal to the spectral

norm of the error matrix Ek which makes the rank of the original matrix reduce one.
If the original n� n matrix A is square and it has a zero singular value, the spectral
norm of error matrix whose rank reduces to one is equal to zero. That is to say,
when the original n� n matrix A has a zero singular value, the rank of the matrix is
rankðAÞ� n� 1 and the original matrix is not full-rank essentially. So, if a matrix
has a zero singular value, the matrix must be singular matrix. Generally speaking, if
a rectangle matrix has a zero singular value, then it must not be full column rank or
full row rank. This case is called rank-deficient matrix, which is a singular phe-
nomenon with regards to the full-rank matrix.

In the following, we discuss the uniqueness of SVD.

(1) The number r of nonzero singular values and their values r1; r2; . . .; rr is
unique relative to matrix A.

(2) If rank(A) = r, the dimension of the sets of vector x 2 C
n which meets

Ax ¼ 0, namely the zero space of matrix A, is equal to n� r. Thus, one can
select orthogonal basis vrþ 1; vrþ 2; . . .; vn

� �
as the zero space of matrix A in

C
n. From this point, the subspace NullðAÞof Cn spanned by column vectors of

V is uniquely determined. However, as long as every vector can constitute the
orthogonal basis of this subspace, they can be selected arbitrarily.

(3) The sets of y 2 C
mð Þ which can be denoted as y ¼ Ax constitute the image

space ImA of matrix A, whose dimension is equal to r. The orthogonal sup-
plement space ðImAÞ? of ImA is m-r dimensional. Thus, one can select
urþ 1; urþ 2; . . .; umf gas the orthogonal basis of ImAð Þ?. The subspace
ImAð Þ? of C

m spanned by the column vectors urþ 1; urþ 2; . . .; um of U is
uniquely determined.
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(4) If ri is single singular value ri 6¼ rj; 8j 6¼ i
� �

, vi and ui is uniquely determined
except discrepancy of an angle. That is to say, after vi and ui multiply
eih j ¼ ffiffiffiffiffiffiffi�1

p� �
and h is real number) at the same time, they are still the right

and left singular vectors, respectively.

2.2.2 Properties of SVD

Assume A 2 <m�n; B 2 <m�n, and rA ¼ rankðAÞ; p ¼ min m; nf g: The singu-
lar values of matrix A can be arranged as follows: rmax ¼ r1 � r2 � � � �
� rp�1 � rp ¼ rmin � 0, and denote by riðBÞthe ith largest singular value of matrix
B. A few properties of SVD can summarized as follows [6]:

(1) The relationship between the singular values of a matrix and the ones of its
submatrix.

Theorem 2.3 (interlacing theorem for singular values). Assume A 2 <m�n; and its
singular values satisfy r1 � r2 � � � � � rr; where r ¼ min m; nf g: If B 2 <p�q is a
submatrix of A, and its singular values satisfy c1 � c2 � � � � � cmin p;qf g; then it
holds that

ri � ci; i ¼ 1; 2; . . .;min p; qf g ð2:5Þ

and

ci � riþðm�pÞþ ðn�qÞ; i�min pþ q� m; pþ q� nf g: ð2:6Þ
From Theorem 2.3, it holds that: If B 2 <m�ðn�1Þ is a submatrix of A 2 <m�n by

deleting any column of matrix A, and their singular values are arranged in
non-decreasing order, then it holds that

r1ðAÞ� r1ðBÞ� r2ðAÞ� r2ðBÞ� � � � � rhðAÞ� rhðBÞ� 0; ð2:7Þ

where h ¼ min m; n� 1f g:
If B 2 <ðm�1Þ�n is a submatrix of A 2 <m�n by deleting any row of matrix A,

and their singular values are arranged as non-decreasing order, then it holds that

r1ðAÞ� r1ðBÞ� r2ðAÞ� r2ðBÞ� � � � rhðAÞ� rhðBÞ� 0: ð2:8Þ

(2) The relationship between the singular values of a matrix and its norms.
The spectral norm of a matrix A is equal to its largest singular value, namely,
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Ak kspec ¼ r1: ð2:9Þ

According to the SVD theorem of matrix and the unitary invariability property
of Frobenius norm Ak kF of matrix A, namely UHAV

		 		
F¼ Ak kF , it holds that

Ak kF ¼
Xm
i¼1

Xn
j¼1

aij


 

2" #1=2

¼ UHAV
		 		

F ¼ Rk kF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21 þ r22 þ � � � þ r2r

q
:

ð2:10Þ

That is to say, the Frobenius norm of any matrix is equal to the square root of
the sum of the squares of all nonzero singular values of this matrix.
Consider the rank-k approximation of matrix A and denote it as Ak, in which
k\r ¼ rankðAÞ. The matrix Ak is defined as follows:

Ak ¼
Xk
i¼1

riuivHi ; k\r;

Then the spectral norm of the difference between A and any rank(k) matrix B,
and the Frobenius norm of the difference can be written, respectively, as
follows:

min
rankðBÞ¼r

A� Bk kspec ¼ A� Akk kspec ¼ rkþ 1; ð2:11Þ

min
rankðBÞ¼r

A� Bk k2F ¼ A� Akk k2F ¼ r2kþ 1 þ r2kþ 2 þ � � � r2r : ð2:12Þ

The above properties are the basis of many concepts and applications. For
example, the total least squares, data compression, image enhancement, the
solution of linear equations, etc., all need to approximate A using a lower rank
matrix.

(3) The relationship between the singular values of a matrix and its determinant.
Define A as an n� n square matrix. Since the absolute value of the deter-
minant of a unitary matrix is equal to one, from SVD theorem it holds that

detðAÞj j ¼ detRj j ¼ r1r2 � � � rn: ð2:13Þ

If all ri are non-zero, then detðAÞj j 6¼ 0, which means that A is nonsingular. If
at least one ri i[ rð Þ is equal to zero, then detðAÞj j ¼ 0, namely A is singular.

(4) The relationship between the singular values of a matrix and its condition
number.
For an m� n matrix A, its condition number can be defined using SVD as
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condðAÞ ¼ r1=rp; p ¼ min m; nf g: ð2:14Þ

Since r1 � rp, the condition number is a positive number which is equal to or
larger than one. Obviously, since there is at least one singular value which
meets rp ¼ 0, the condition number of a singular matrix is infinite. When the
condition number, though not infinite, is very large, the matrix A is called to
be close to singular. Since the condition number of unitary or orthogonal
matrix is equal to one, the unitary or orthogonal matrix is of “ideal condition”.
Equation (2.14) can be used to evaluate the condition number.

(5) Maximal singular value and minimal singular value.
If m� n, for any matrix Am�n, it holds that

rminðAÞ ¼ min
xHAHAx
xHx

� �1=2

: x 6¼ 0

( )

¼ min xHAHAx
� �1=2

: xHx ¼1, x 2 C
n

n o ð2:15Þ

and

rmaxðAÞ ¼ max
xHAHAx
xHx

� �1=2

: x 6¼ 0

( )

¼ max xHAHAx
� �1=2

: xHx ¼1, x 2 C
n

n o
:

ð2:16Þ

(6) The relationship between the singular values and eigenvalues.
Suppose that the eigenvalues of an n� n symmetrical square matrix A are
k1; k2; . . .kn k1j j � k2k k� � � � � knk kð Þ, and its singular values are
r1; r2; . . .; rn ðr1 � r2 � � � � � rn � 0Þ. Then r1 � kij j � rnði ¼ 1; 2; . . .; nÞ
and cond(A) � k1j j= knj j:

2.3 Eigenvalue Decomposition

2.3.1 Eigenvalue Problem and Eigen Equation

The basic problem of the eigenvalue can be stated as follows. Given an n� n
matrix A, determine a scalar k such that the following algebra equation

Au ¼ ku; u 6¼ 0 ð2:17Þ

has an n� 1 nonzero solution. The scalar k is called as an eigenvalue of matrix A,
and the vector u is called as the eigenvector associated with k. Since the eigenvalue
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k and eigenvector u appear in couples, (k, u) is usually called as an eigen pair of
matrix A. Although the eigenvalues can be zeros, the eigenvectors cannot be zero.

In order to determine a nonzero vector u, Eq. (2.17) can be modified as

A� kIð Þu ¼ 0: ð2:18Þ

The above equation should come into existence for any vector u, so the unique
condition under which Eq. (2.18) has a nonzero solution u ¼ 0 is that the deter-
minant of matrix A� kI is equal to zero, namely

detðA� kIÞ ¼ 0: ð2:19Þ

Thus, the solution of the eigenvalue problem consists of the following two steps:

(1) Solve all scalar k (eigenvalues) which make the matrix A� kI singular.
(2) Given an eigenvalue k which makes A ¼ kI singular, and to solve all nonzero

vectors which meets A� kIð Þx ¼ 0, i.e., the eigenvectors corresponding to k.

According to the relationship between the singular values of a matrix and its
determinant, a matrix is singular if and only if detðA� kIÞ ¼ 0;, namely

A� kIð Þx singular , detðA� kIÞ ¼ 0: ð2:20Þ

The matrix A� kIð Þ is called as the eigen matrix of A. When A is an n� n
matrix, spreading the left side determinant of Eq. (2.20) can obtain a polynomial
equation (power-n), namely

a0 þ a1kþ � � � þ an�1k
n�1 þð�1Þnkn ¼ 0; ð2:21Þ

which is called as the eigen equation of matrix A. The polynomial det A� kIð Þ is
called as the eigen polynomial.

2.3.2 Eigenvalue and Eigenvector

In the following, we list some major properties about the eigenvalues and eigen-
vector of a matrix A.

Several important terms about the eigenvalues and eigenvectors [6]:

(1) The eigenvalue k of a matrix A is called as having algebraic multiplicity l, if k
is a l-repeated root of the eigen equation det A� kIð Þ ¼ 0:

(2) If the algebraic multiplicity of eigenvalue k is equal to one, the eigenvalue is
called as single eigenvalue. Non-single eigenvalues are called as multiple
eigenvalues.

(3) The eigenvalue k of a matrix A is called as having geometric multiplicity c, if
the number of linear independent eigenvectors associated with k is equal to c.
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(4) An eigenvalue is called half-single eigenvalue if its algebraic multiplicity is
equal to geometric multiplicity. Not half-single eigenvalues are called as wane
eigenvalues.

(5) If matrix An�n is a general complex matrix and k is its eigenvalue, the vector
v which meets Av ¼ kv is called as the right eigenvector associated with the
eigenvalue k, and the eigenvector u which meets uHA ¼ kuH is called as the
left eigenvector associated with the eigenvalue k. If A is Hermitian matrix and
all its eigenvalues are real number, then it holds that v ¼ u, that is to say, the
left and right eigenvectors of a Hermitian matrix are the same.

Some important properties can be summarized as follows:

(1) Matrix A 2 <n�nð Þ has n eigenvalues, of which the multiple eigenvalues are
computed according to their multiplicity.

(2) If A is a real symmetrical matrix or Hermitian matrix, all its eigenvalues are
real numbers.

(3) If A = diag(a11, a22,…, ann), its eigenvalues are a11, a22,…, ann; If A is a
trigonal matrix, its diagonal elements are all its eigenvalues.

(4) For A 2 <n�nð Þ, if k is the eigenvalue of matrix A, k is also the eigenvalue of
matrix AT. If k is the eigenvalue of matrix A, k� is the eigenvalue of matrix
AH. If k is the eigenvalue of matrix A, kþ r2 is the eigenvalue of matrix
Aþ r2I. If k is the eigenvalue of matrix A, 1=k is the eigenvalue of matrix
A−1.

(5) All eigenvalues of matrix A2 = A are either 0 or 1.
(6) If A is a real orthogonal matrix, all its eigenvalues are on the unit circle.
(7) If a matrix is singular, at least one of its eigenvalues is equal to zero.

(8) The sum of all the eigenvalues is equal to its trace, namely
Pn
i¼1

ki ¼ trðAÞ.
(9) The nonzero eigenvectors u1; u2; . . .;un associated with different eigenvalues

k1; k2; . . .kn are linearly independent.
(10) If matrix A 2 <n�nð Þ has r nonzero eigenvalues, then it holds that

rankðAÞ� r; If zero is a non-multiple eigenvalue, then rankðAÞ� n� 1; If
rankðA�kIÞ� n� 1, then k is an eigenvalue of matrix A.

(11) The product of all eigenvalues of matrix A is equal to the determinant of

matrix A, namely
Qn
i¼1

ki ¼ detðAÞ ¼ Aj j:
(12) A Hermitian matrix A is positive definite (or positive semi-definite), if and

only if all its eigenvalues are positive (or non-negative).
(13) If the eigenvalues of matrix A are different, then one can find a similar matrix

such that S�1AS ¼ D(diagonal matrix) and the diagonal elements of D are
the eigenvalues of matrix A.

(14) (Cayley–Hamilton Theorem) : If k1; k2; . . .kn are the eigenvalues of an n� n

matrix A, then
Qn
i¼1

A� kiIð Þ ¼ 0:
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(15) It is not possible that the geometric multiplicity of any eigenvalue k of an
n� n matrix A is larger than its algebraic multiplicity.

(16) If k is an eigenvalue of an n� n matrix A and an n� n matrix B is not
singular, then k is also an eigenvalue of B�1AB. However, the corresponding
eigenvectors are usually different. If k is an eigenvalue of an n� n matrix
A and an n� n matrix B is a unitary matrix, then k is also an eigenvalue of
BHAB. However, the corresponding eigenvectors are usually different. If k is
an eigenvalue of an n� n matrix A and an n� n matrix B is a orthogonal
matrix, then k is also an eigenvalue of BTAB. However, the corresponding
eigenvectors are usually different.

(17) The largest eigenvalue of an n� n matrix A ¼ aij
 �

is less than or equal to
the maximal of the sum of all the column elements of this matrix, namely

kmax � max
i

Pn
j¼1

aij.

(18) The eigenvalues of autocorrelation matrix R ¼ E xðtÞxHðtÞf g of stochastic
vector xðtÞ ¼ x1ðtÞ; x2ðtÞ; . . .xnðtÞ½ �T is within the maximal power of signal

Pmax ¼ max
i

E xiðtÞj j2
n o

and its minimal power Pmin ¼ min
i

E xiðtÞj j2
n o

,

namely Pmin � ki �Pmax.
(19) The spread of eigenvalues in autocorrelation matrix R of a stochastic vector

xðtÞ is xðRÞ ¼ kmax=kmin:
(20) If kij j\1; i ¼ 1; 2; . . .; n; the matrix A	 In is nonsingular. kij j\1; i ¼

1; 2; . . .; n; is equivalent to the case in which the roots of detðA� zInÞ ¼ 0 is
not on or at the interior of the unit circle.

(21) For m� nðn�mÞ matrix A and n� m matrix B, if k is an eigenvalue of the
product AB, then k is also an eigenvalue of the product BA. If k 6¼ 0 is an
eigenvalue of the product BA, then k is also an eigenvalue of the product AB.
If k1; k1; . . .km are eigenvalues of the product AB, then the eigenvalues of
matrix product BA are k1; k2; . . .km; 0; . . .; 0:

(22) If the eigenvalue of matrix A is k, then the eigenvalue of matrix polynomial
f ðAÞ ¼ An þ c1An�1 þ � � � þ cn�1Aþ cnI is
f ðkÞ ¼ kn þ c1k

n�1 þ � � � þ cn�1kþ cn:
(23) If k is an eigenvalue of matrix A, then the eigenvalue of matrix exponential

function eA is ek

Properties of an eigen pair which consists of an eigenvalue k and its associated
eigenvector u can be summarized as follows:

(1) If k; uð Þ is an eigen pair of matrix A, then ck; uð Þ is an eigen pair of matrix
cA, where c is a nonzero constant.

(2) If k; uð Þ is an eigen pair of matrix A, then k; cuð Þ is an eigen pair of matrix A,
where c is a nonzero constant.

(3) If ki; uið Þ and kj; uj
� �

are eigen pairs of matrix A and ki 6¼ kj, then the
eigenvector ui and uj are linearly independent.
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(4) The eigenvectors of an Hermitian matrix associated with different eigen-
values are mutual orthogonal to each other, namely ki 6¼ kj ) uHi uj ¼ 0.

(5) If k is an eigenvalue of matrix A and the vectors u1 and u2 are the eigen-
vectors associated with k, then c1u1 þ c2u2 is also an eigenvector of matrix
A associated with the eigenvalue k, in which c1 and u2 are constants and at
least one of them is not zero.

(6) If ðk; uÞ is an eigen pair of matrix A and a1; a2; . . .; ap are complex constants,
then f ðkÞ ¼ a0 þ a1kþ � � � þ apk

p is the eigenvalue of matrix polynomial
f ðAÞ ¼ a0Iþ a1A þ � � � þ apAp, and the associated eigenvector is still u.

(7) If k; uð Þ is an eigen pair of matrix A, then kk; u
� �

is an eigen pair of matrix
Ak.

(8) If k; uð Þ is an eigen pair of matrix A, then ek; u
� �

is an eigen pair of matrix
exponential function eA.

(9) If kðAÞ and kðBÞ are eigenvalues of matrices A and B, respectively, and uðAÞ
and uðBÞ are their associated eigenvectors, then kðAÞkðBÞ is an eigenvalue of
matrix Kronecker product A
 B with u Að Þ 
 u Bð Þ being the associated
eigenvector, and kðAÞ and kðBÞ are the eigenvalues of matrix direct sum

A� B with
uðAÞ
0

� �
and

0
uðBÞ

� �
being the associated eigenvectors,

respectively.
(10) If an n� n matrix A has n linearly independent eigenvectors, then its ED is

A ¼ URU�1, where the n� n eigen matrix U consists of n eigenvectors of
matrix A, and the diagonal elements of the n� n diagonal matrix R are the
eigenvalues of matrix A.

The SVD problem of a matrix A can be transformed into its ED problem to
solve, and there are two methods to realize this.

Method 2.1 The nonzero singular values of matrix Am�n are the positive square
root of nonzero eigenvalue ki of m� m matrix AAT or n� n matrix ATA, and the
left singular vector uj and right singular vector vi of matrix A associated with ri are
the eigenvectors of matrix AAT and ATA associated with nonzero eigenvalue ki,
respectively.

Method 2.2 The SVD of matrix Am�n can be transformed into the ED of mþ nð Þ �
mþ nð Þ augmented matrix

O A
AT O

� �
.

The following theorem holds for the eigenvalues of matrix sum A + B.

Theorem 2.4 (Wely theorem): Suppose that A;B 2 C
m�n are Hermitian matrices,

and their eigenvalues are arranged as an increasing order, namely,
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k1ðAÞ� k2ðAÞ � � � � knðAÞ;

k1ðBÞ� k2ðBÞ � � � � knðBÞ;

k1ðAþBÞ� k2ðAþBÞ� � � � � knðAþBÞ;

Then,

kiðAþBÞ�
kiðAÞþ k1ðBÞ
ki�1ðAÞþ k2ðBÞ

..

.

k1ðAÞþ kiðBÞ

8>>><
>>>:

ð2:22Þ

and

kiðAþBÞ�
kiðAÞþ knðBÞ

kiþ 1ðAÞþ kn�1ðBÞ
..
.

knðAÞþ kiðBÞ:

8>>><
>>>:

ð2:23Þ

where i ¼ 1; 2; . . .u:
Especially, when A is a real symmetric matrix, and B ¼ azzT , the interlace

theorem in the following holds.

Theorem 2.5 (Interlacing eigenvalue theorem): Suppose that A 2 <n�n is a sym-
metric matrix, and its eigenvalues k1; k2; . . .; kn; meet k1 � k2 � � � � � kn, and let
z 2 <n be a vector satisfying zk k ¼ 1. Suppose that a is a real number and the
eigenvalues of matrix Aþ azzT meet f1 � f2 � � � � � fn, then it holds that

f1 � k1 � f2 � k2 � � � � � fn � kn; a[ 0 ð2:24Þ

or

k1 � f1 � k2 � f2 � � � � � kn � fn; a\0 ð2:25Þ

and whether a[ 0 or a\0, it holds that

Xn
i¼1

fi � kið Þ ¼ a: ð2:26Þ
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2.3.3 Eigenvalue Decomposition of Hermitian Matrix

All the discussions on eigenvalues and eigenvectors in the above hold for general
matrices, and they do not require the matrices to be real symmetric or complex
conjugate symmetric. However, in the statistical and information science, one
usually encounter real symmetric or Hermitian (complex conjugate symmetric)
matrices. For example, the autocorrelation matrix of a real measurement data vector
R ¼ E xðtÞxTðtÞf g is real symmetric, while the autocorrelation matrix of a complex
measurement data vector R ¼ E xðtÞxHðtÞf g is Hermitian. On the other hand, since
a real symmetric matrix is a special case of Hermitian matrix and the eigenvalues
and eigenvectors of a Hermitian matrix have a series of important properties, and it
is necessary to discuss individually the eigen analysis of Hermitian matrix.

1. Eigenvalue and Eigenvector of Hermitian matrix.
Some important properties of eigenvalues and eigenvectors of Hermitian
matrices can be summarized as follows:

(1) The eigenvalues of an Hermitian matrix A must be a real number.
(2) Let k; uð Þ be an eigen pair of an Hermitian matrix A. If A is invertible, then

1=k; uð Þ is an eigen pair of matrix A−1.
(3) If kk is a multiple eigenvalue of Hermitian matrix AH = A, and its multi-

plicity is mk , then rankðA� kkIÞ ¼ n� mk:

(4) Any Hermitian matrix A is diagonalizable, namely U�1AU ¼ R:
(5) All the eigenvectors of an Hermitian matrix are linearly independent, and

they are mutual orthogonal, namely the eigen matrix U ¼ u1; u2; . . .; un½ � is
a unitary matrix and it meets U�1 ¼ UH :

(6) From property (5), it holds that UHAU ¼ R ¼ diagðk1; k2; . . .; knÞ
or A ¼ URUH , which can be rewritten as: A ¼ Pn

i¼1
kiuiuHi . This is called

the spectral decomposition of a Hermitian matrix.
(7) The spread formula of the inverse of an Hermitian matrix A is

A�1 ¼
Xn
i¼1

I
ki
uiuHi ð2:27Þ

Thus, if one know the eigen decomposition of an Hermitian matrix A, then
one can directly obtain the inverse matrix A�1 using the above formula.

(8) For two n� n Hermitian matrices A and B, there exists a unitary matrix so
that PHAP and PHBP are both diagonal if and only if AB = BA.

(9) For two n� n non-negative definite Hermitian matrices A and B, there
exists a nonsingular matrix P so that PHAP and PHBP are both diagonal.
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2. Some properties of Hermitian matrix.
The ED of an Hermitian matrix A can be written as A ¼ URUH , where U is a
unitary matrix and it meets UHU ¼ UUH ¼ I.
From the property of determinant and trace of a matrix, it holds that

tr Að Þ ¼ tr URUH
� � ¼ tr UHUR

� � ¼ tr Rð Þ ¼
Xn
i¼1

ki; ð2:28Þ

detðAÞ ¼ detðUÞ detðRÞ det UH
� � ¼ Yn

i¼1

ki: ð2:29Þ

For a positive definite Hermitian matrix A, its inverse A�1 exists and can be
written as

A�1 ¼ Udiag k�1
1 ; k�1

2 ; . . .; k�1
u

� �
UH : ð2:30Þ

Let zA be the number of zero eigenvalues of matrix A 2 C
n�n, then

rank Að Þ ¼ n� zn; ð2:31Þ

That is to say, the rank of a Hermitian matrix is equal to the number of its
nonzero eigenvalues.

3. Solving for maximal or minimal eigenvalue of Hermitian matrix.

In signal processing, one usually needs to compute the maximal or minimal
eigenvalue of a Hermitian matrix A. The power iteration method is a method for
such purposes.

Select some initial vector x 0ð Þ, and iteratively repeat the following linear
equation

y kþ 1ð Þ ¼ Ax kð Þ ð2:32Þ

to obtain y kþ 1ð Þ, then normalize it. It holds that

x kþ 1ð Þ ¼ y kþ 1ð Þ
rkþ 1

; ð2:33Þ

rkþ 1 ¼ yHðkþ 1Þyðkþ 1Þ: ð2:34Þ

The iterative procedure continues until the vector xk converges. The rk obtained
at the last iteration is the maximal eigenvalue, and the xk is its associated eigen-
vector. Only if the initial vector x 0ð Þ is not orthogonal to the eigenvector associated
with the maximal eigenvalue, the convergence can be guaranteed.

If one needs to compute the minimal eigenvalue and its associated eigenvector,
use y kþ 1ð Þ ¼ A�1x kð Þ, i.e., the iterative linear equation is Ay kþ 1ð Þ ¼ x kð Þ.
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By combining the power iteration method and shrink mapping method, one can
compute all eigenvalues and the associated eigenvectors of a Hermitian matrix
A. Suppose that one has obtained some eigenvalue r using the power iteration
method. The first step corresponds to the first maximal eigenvalue and uses the
shrink mapping method to eliminate the eigenvalue. Then matrix Ak rankAk ¼ kð Þ
is changed into matrix Ak�1 rankAk�1 ¼ k � 1ð Þ. Thus, the maximal eigenvalue of
matrix Ak�1 is the residual maximal eigenvalue of matrix Ak, which is smaller than
r. It should be noted that the kth step corresponds to the kth maximal eigenvalue.
New matrix can be obtained by using the above idea and the following spectral
decomposition formula:

Ak � rxxH
� � ¼ Ak�1:

Repeat the above procedure, one can compute all eigenvalues of matrix A in
turn.

2.3.4 Generalized Eigenvalue Decomposition

Let A and B both be n� n square matrices, and they constitute a matrix pencil or
matrix pair, written as (A, B). Now we consider the following generalized eigen-
value problem. That is, to compute all scalar k such that

Au ¼ kBu ð2:35Þ

has nonzero solution u 6¼ 0, where the scalar k and the nonzero vector u are called
the generalized eigenvalue and the generalized eigenvector of matrix pencil (A, B),
respectively. A generalized eigenvalue and its associated generalized eigenvector
are called generalized eigen pair, written as k; uð Þ. Equation (2.35) is also called the
generalized eigen equation. It is obvious that the eigenvalue problem is a special
case when the matrix pencil is chosen as (A, I).

Theorem 2.6 k 2 C and u 2 C
n are respectively the generalized eigenvalue and

the associated generalized eigenvector of matrix pencil A;Bð Þn�n if and only if:

(1) det A� kBð Þ ¼ 0.
(2) u 2 Null A� kBð Þ; and u 6¼ 0.

In the natural science, sometimes it is necessary to discuss the eigenvalue
problem of the generalized matrix pencil.

Suppose that n� n square matrices A and B are both Hermitian, and B is
positive definite. Then (A, B) is called the regularized matrix pencil.

The eigenvalue problem of regularized matrix pencil is similar to the one of
Hermitian matrix.
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Theorem 2.7 If k1; k2; . . .; kn are the generalized eigenvalues of a regularized
matrix pencil (A, B), then

(1) there exists a matrix X 2 C
n�n, so that

XBXH ¼ In; XAXH ¼ diag k1; k2; . . .; knð Þ;

or equivalently

XHBX ¼ In; AX ¼ BXA;

where K ¼ diag k1; k2; � � � ; knð Þ.
(2) all generalized eigenvalues are real numbers, i.e., ki 2 <; i ¼ 1; 2; . . .; n:
(3) Denote X ¼ x1; x2; . . .; xn½ �. Then it holds that

Axi ¼ kiBxi; i ¼ 1; 2; . . .; n:

xHi Bxj ¼ dij; i; j ¼ 1; 2; . . .; n:

where dij is the Kronecker d function.

Some properties of the generalized eigenvalue problem Ax ¼ kBx can be
summarized as follows, see [7, pp. 176–177]:

(1) If we interchange matrices A and B, then the generalized eigenvalue will be its
reciprocal. However, the generalized eigenvector retain unaltered, i.e.,

Ax ¼ kBx ) Bx ¼ 1
k
Ax:

(2) If matrix B is nonsingular, then the generalized ED will be simplified to the
standard ED

Ax ¼ kBx ) B�1A
� �

x ¼ kx:

(3) If matrices A and B are both positive definite and Hermitian, then the gen-
eralized eigenvalues must be real numbers, and the generalized eigenvectors
associated with different generalized values are orthogonal with respect to the
positive definite matrices A and B, i.e.,

xHi ¼ Axj ¼ xHi Bxj ¼ 0:

(4) If A and B are real symmetrical matrices, and B is positive definite, then the
generalized eigenvalue problem Ax ¼ kBx can be changed into the standard
eigenvalue problem,
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L�1AL�T
� �

LTx
� � ¼ k LTx

� �
;

where L is a lower triangular matrix, which is the factor of Cholesky
Decomposition B ¼ LLT:

(5) If A and B are real symmetrical and positive definite matrices, then the gen-
eralized eigenvalues must be positive.

(6) If A is singular, then k ¼ 0 must be a generalized eigenvalue.
(7) If ~B ¼ Bþ 1=að ÞA, where a is a nonzero scalar, then the following relation-

ship holds between the generalized eigenvalue ~k of the modified generalized
value problem Ax ¼ ~k~Bx and the original generalized eigenvalue k, i.e.,

1
~k
¼ 1

k
þ 1

a
:

In the following, we introduce a few generalized ED algorithms for matrix
pencil.

We know that if n� n square matrices A and B are both Hermitian, and B is
positive definite, then the generalized ED Eq. (2.35) can be equivalently written as

B�1Au ¼ ku; ð2:36Þ

That is to say, the generalized ED becomes the standard ED of a Hermitian
matrix.

The following algorithm uses the shrink mapping to compute the generalized
eigen pair k; uð Þ of an n� n real symmetrical matrix pencil (A, B).

Algorithm 2.1 Lanczos algorithm for generalized ED [8, p. 298].

Step 1 Initialization
Select vector u1 whose norm meets uH1 Bu1 ¼ 1, and let
a1 ¼ 0; z0 ¼ u0 ¼ 0; z1 ¼ Bu1.

Step 2 For i ¼ 1; 2; . . .; n, compute

u ¼ Aui � aizi�1

bi ¼ u; uih i

u ¼ u� bizi

w ¼ B�1u
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aiþ 1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
w; uh i

p
uiþ 1 ¼ w=aiþ 1

ziþ 1 ¼ u=aiþ 1

ki ¼ biþ 1=aiþ 1:

The following is the tangent algorithm for generalized ED of a n� n symmetric
positive definite matrix pencil (A, B), which was proposed by Dramc in 1998 [9].

Algorithm 2.2 Generalized ED of symmetric positive definite matrix pencil.

Step 1 Compute DA ¼ diagðA11;A22; . . .;AnnÞ�1=2;A5 ¼ DAADA and
B1 ¼ DABDA;

Step 2 Compute Cholesky Decomposition RT
ARA ¼ AS and RT

BRB ¼ PTB1P:

Step 3 By solving the matrix equation FRB ¼ AP, compute F ¼ APR�1
B :

Step 4 Conduct the SVD R ¼ VFUT:

Step 5 Compute X ¼ DAPR�1
B U:

Output: Matrix X and R, which meets AX ¼ BXR2.
When matrix B is singular, the above algorithms will be unstable. The gener-

alized ED algorithm of matrix pencil (A, B) under this condition was proposed by
Nour-Omid et al. [10], whose main ideas is to make A� rBð Þ nonsingular by
introducing a shift factor.

Algorithm 2.3 Generalized ED when matrix B is singular [8, 10], p. 299].

Step 1 Initialization
Select the basis vector w of Range½ðA� rBÞ�1B�:, compute
z1 ¼ Bw; a1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w; z1h ip

. Let u0 ¼ 0.
Step 2 For i ¼ 1; 2; . . .; n, compute

ui ¼ w=ai

zi ¼ A� rBð Þ�1w

w ¼ w� aiui�1

bi ¼ w; zih i

ziþ 1¼ Bw

aiþ 1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ziþ 1;wh i

p
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2.4 Rayleigh Quotient and Its Characteristics

The quotient of quadratic function of a Hermitian matrix is defined as Rayleigh
quotient. As an important quantity in matrix algebra and physics, Rayleigh quotient
is a ratio of quadratic functions expressed by eigenvalues and eigenvectors, which
has been widely used in many areas such as optimization, signal processing, pattern
recognition, and communication.

2.4.1 Rayleigh Quotient

Definition 2.1 The Rayleigh quotient (RQ) of an Hermitian matrix C 2 C
n�n is a

scalar, defined as

r uð Þ ¼ r u;Cð Þ ¼ uHCu
uHu

;

where u is a quantity to be selected. The objective is to maximize or minimize the
Rayleigh quotient.
The most relevant properties of the RQ are can be summarized as follows:

① Homogeneity: r au; buð Þ ¼ br u;Cð Þ 8a; b 6¼ 0:
② Translation invariance: r u;C � aIð Þ ¼ r u;Cð Þ � a:
③ Boundedness: Since u ranges over all nonzero vectors, r uð Þ fills a region

in the complex plane which is called the field of values of C. This region
is closed, bounded, and convex. If C ¼ C� (selfadjoint matrix), the field
of values is the real interval bounded by the extreme eigenvalues.

④ Orthogonality: u? C � rðuÞIð Þu:
⑤ Minimal residual: 8u 6¼ 0 ^ 8 scalar l, C � rðuÞIð Þuk k� C � lIð Þuk k:

Proposition 2.1 (Stationarity) Let C be a real symmetric n-dimensional matrix with
eigenvalues kn � kn�1 � � � � k1 and associated unit eigenvectors z1; z2; . . .; zn. Then
it holds that k1 ¼ max r u;Cð Þ, kn ¼ min r u;Cð Þ. More generally, the critical points
and critical values of rðu;CÞ are the eigenvectors and eigenvalues of C.

Proposition 2.2 (Degeneracy): The RQ critical points are degenerate because at
these points the Hessian matrix is not invertible. Then the RQ is not a Morse
function in every open subspace of the domain containing a critical point.
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Furthermore, the following important theorems also holds for RQ.
Courant–Fischer Theorem: Let C 2 C

n�n be an Hermitian matrix, and its
eigenvalues are k1 � k2 � � � � � kn, then it holds that for kk 1� k� uð Þ:

kk ¼ min
S;dim Sð Þ¼n�kþ 1

max
u2S;u 6¼0

uHCu
uHu

� �
:

The Courant–Fischer Theorem can also written as

kk ¼ min
S;dim Sð Þ¼k

max
u2S;u 6¼0

uHCu
uHu

� �
:

2.4.2 Gradient and Conjugate Gradient Algorithm for RQ

If the negative direction of RQ gradient is regarded as the gradient flow of vector x,
e.g.,

_x ¼ � C � rðxÞI½ �x

then vector x can be computed iteratively by the following gradient algorithm:

x kþ 1ð Þ ¼ xðkÞþ l _x ¼ xðkÞ � l½C � rðxÞI]x:

It is worth noting that the gradient algorithm of RQ has faster convergence speed
than the iterative algorithm of standard RQ.

In the following, the conjugate gradient algorithm for RQ will be introduced,
where A in the RQ is a real symmetric matrix.

Starting from some initial vector, the conjugate gradient algorithm uses the
iterative equation, e.g.,

xkþ 1 ¼ xk þ akPk ð2:37Þ

to update and approach the eigenvector, associated with the minimal or maximal
eigenvalue of a symmetric matrix. The real coefficient ak is

ak ¼ 	 1
2D

�Bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4CD

p� �
; ð2:38Þ

where “+” is used in the updating of the eigenvector associated with the minimal
eigenvalue, and “−” is used in the updating of the eigenvector associated with the
maximal eigenvalue. The formulae for parameters D, B, C in the above equations are
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D ¼ PbðkÞPcðkÞ � PaðkÞPdðkÞ
B ¼ PbðkÞ � kkPdðkÞ
C ¼ PaðkÞ � kkPcðkÞ
PaðkÞ ¼ PT

kAxk= xTk xk
� �

PbðkÞ ¼ pTkApk= xTk xk
� �

PcðkÞ ¼ pTk xk= xTk xk
� �

PdðkÞ ¼ pTk pk= xTk xk
� �

kk ¼ rðxkÞ ¼ xTkAxk= xTk xk
� �

:

:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð2:39Þ

At the kþ 1th iteration, the search direction can be selected as

pkþ 1 ¼ rkþ 1 þ bðkÞpk; ð2:40Þ

where bð�1Þ ¼ 0and rkþ 1 is the residual vector at the kþ 1th iteration. rkþ 1 and
bðkÞ can be computed, respectively, as

rkþ 1 ¼ � 1
2
rxr xkþ 1ð Þ ¼ kkþ 1xkþ 1 � Axkþ 1ð Þ= xTk¼1xkþ 1

� � ð2:41Þ

and

b kð Þ ¼ � rTkþ 1Apk þ rTkþ 1rkþ 1
� �

xTkþ 1pk
� �

pTk Apk � kkþ 1Ið Þpk
: ð2:42Þ

Equations (2.5)–(2.9) constitute the conjugate gradient algorithm for RQ, which
was proposed in [11]. If the updated xk is normalized to one and “+” (or “−”) is
selected in Eq. (2.6), the above algorithm will obtain the minimal (or maximal)
eigenvalue of matrix A and its associated eigenvectors.

2.4.3 Generalized Rayleigh Quotient

Definition 2.3 Assume that A 2 C
n�n;B 2 C

n�n are both Hermitian matrices, and
B is positive definite. The generalized RQ or generalized Rayleigh–Ritz of the
matrix pencil (A, B) is a scalar function, e.g.,

r xð Þ ¼ xHAx
xHBx

; ð2:43Þ

where x is a quantity to be selected, and the objective is to maximize or minimize
the generalized RQ.
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In order to solve for the generalized RQ, define a new vector ~x ¼ B1=2x, where B1=2

is the square root of the positive definite B. Replace x by B�1=2~x in (2.43). Then it
holds that

r ~xð Þ ¼ ~xH B�1=2
� �H

A B�1=2
� �H

~x
~xH~x

; ð2:44Þ

which shows that the generalized RQ of matrix pencil (A, B) is equivalent to the RQ

of matrix product B�1=2
� �H

A B�1=2
� �H

. From the Rayleigh–Ritz theorem, it is clear
that when vector ~x is the eigenvector associated with the smallest eigenvalue kmin of

matrix product B�1=2
� �H

A B�1=2
� �H

, the generalized RQ obtains kmin. And if vector
~x is the eigenvector associated with the largest eigenvalue kmax of matrix product

B�1=2
� �H

A B�1=2
� �H

, the generalized RQ obtains kmax.
In the following, we review the eigen decomposition of matrix product

ðB�1=2ÞHAðB�1=2ÞH , e.g.,

B�1=2
� �H

A B�1=2
� �H

~x ¼ k~x: ð2:45Þ

If B ¼ Pn
i¼1

biviv
H
i is an eigen decomposition of matrix B, then

B1=2 ¼
Xn
i¼1

ffiffiffiffi
bi

p
vivHi

and B1=2B1=2 ¼ B. Since matrix B1=2and B�1=2have the same eigenvectors and their
eigenvalues are reciprocals to each other, then it follows that

B�1=2 ¼
Xn
i¼1

1ffiffiffiffi
bi

p vivHi ;

which shows that B�1=2 is also an Hermitian matrix, e.g., B�1=2
� �H¼ B�1=2:

Premultiply both sides of (2.45) by B�1=2, and use B�1=2
� �H¼ B�1=2, then it

holds that

B�1AB�1=2~x ¼ kB�1=2~x

or

B�1Ax ¼ kx:
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Since x ¼ B�1=2~x, thus the eigen decomposition of matrix product

B�1=2
� �H

A B�1=2
� �H

is equivalent to the one of matrix B�1A. The eigen decom-
position of matrix B�1A is the generalized eigenvalue decompositions of matrix
pencil (A, B). Thus, the conditions for the maximum and minimum of generalized
RQ are

rðxÞ ¼ xHAx
xHBx

¼ kmax; Ax ¼kmaxBx;

rðxÞ ¼ xHAx
xHBx

¼ kmin; Ax ¼kminBx:

That is to say, to maximize the generalized RQ, vector x must be the eigenvector
associated with the largest generalized eigenvalue kmax of matrix pencil (A, B). And
to minimize the generalized RQ, vector x must be the eigenvector associated with
the smallest generalized eigenvalue kmin of matrix pencil (A, B).

2.5 Matrix Analysis

In the derivation and analysis of neural network-based PCA algorithm and its
extensions, besides SVD, ED, etc., matrix gradient and matrix differential are also
very necessary analysis tools. In this section, we will introduce some important
results and properties of matrix gradient and matrix differential.

2.5.1 Differential and Integral of Matrix with Respect
to Scalar

If AðtÞ ¼ aijðtÞ
� �

m�n is a real matrix function of scalar t, then its differential and
integral are, respectively, defined as

d
dtAðtÞ ¼ d

dt aijðtÞ
n o

m�nR
AðtÞdt ¼ R

aijðtÞdt
� �

m�n

(
:

If A(t) and B(t) are, respectively, m� n and n� r matrices, then

d
dt

AðtÞBðtÞ½ � ¼ dAðtÞ
dt

� �
BðtÞþAðtÞ dBðtÞ

dt

� �
:
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If A(t) and B(t) are both m� n matrices, then

d
dt

AðtÞþBðtÞ½ � ¼ dAðtÞ
dt

þ dBðtÞ
dt

:

If A(t) is a rank-n invertible square matrix, then

dA�1ðtÞ
dt

¼ �A�1ðtÞ dAðtÞ
dt

A�1ðtÞ:

2.5.2 Gradient of Real Function with Respect to Real Vector

Define gradient operator rx of an n� 1 vector x as

rx ¼ @
@x1

; @
@x2

; � � � ; @
@xn

h iT
¼ @

@x
;

Then the gradient of a real scalar quantity function f xð Þ with respect to x is a
n� 1 column vector, which is defined as

rxf ðxÞ ¼ @f ðxÞ
@x1

; @f ðxÞ
@x2

; � � � ; @f ðxÞ
@xn

h iT
¼ @f ðxÞ

@x
:

The negative direction of the gradient direction is called as the gradient flow of
variable x, written as

_x ¼ �rxf ðxÞ:

The gradient of m-dimensional row vector function f ðxÞ ¼
f1ðxÞ; f2ðxÞ; . . .; fmðxÞ½ � with respect to the n� 1 real vector x is an n� m matrix,
defined as

@f ðxÞ
@x

¼
@f1ðxÞ
@x1

@f2ðxÞ
@x1

@fmðxÞ
@x1

@f1ðxÞ
@x2

@f2ðxÞ
@x2

@fmðxÞ
@x2

@f1ðxÞ
@xn

@f2ðxÞ
@xn

@fmðxÞ
@xn

2
664

3
775 ¼ rxf ðxÞ:

Some properties of gradient operations can be summarized as follows:

① If f ðxÞ ¼ c is a constant, then gradient @c
@x ¼ O:

② Linear principle: If f ðxÞ and gðxÞ are real functions of vector x, and c1
and c2 are real constants, then
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@ c1f ðxÞþ c2gðxÞ½ �
@x

¼ c1
@f xð Þ
@x

þ c2
@g xð Þ
@x

:

③ Product principle: If f ðxÞ and gðxÞ are real functions of vector x, then

@f xð Þg xð Þ
@x

¼ gðxÞ @f xð Þ
@x

þ f ðxÞ @g xð Þ
@x

:

④ Quotient principle: If gðxÞ 6¼ 0; then

@f xð Þ=gðxÞ
@x

¼ 1
g2ðxÞ gðxÞ @f ðxÞ

@x
� f ðxÞ @gðxÞ

@x

� �
:

⑤ Chain principle: If yðxÞ is a vector-valued function of x, then

@f yðxÞð Þ
@x

¼ @yTðxÞ
@x

@f ðyÞ
@y

;

where @yTðxÞ
@x is an n� n matrix.

⑥ If a is an n� 1 constant vector, then

@aTx
@x

¼ a;
@xTa
@x

¼ a

⑦ If A and y are both independent of x, then

@xTAy
@x

¼ Ay;
@yTAx
@x

¼ ATy:

⑧ If A is a matrix independent of x, then

@xTA
@x

¼ A;
@xTAx
@x

¼ AxþATx ¼ AþAT
� �

x:

Especially, if A is a symmetric matrix, then @xTAx
@x ¼ 2Ax:

2.5.3 Gradient Matrix of Real Function

The gradient of a real function f ðAÞ with respect to an m� n real matrix A is an
m� n matrix, called as gradient matrix, defined as
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@f ðAÞ
@A

¼

@f ðAÞ
@A11

@f ðAÞ
@A12

� � � @f ðAÞ
@A1n

@f ðAÞ
@A21

@f ðAÞ
@A22

� � � @f ðAÞ
@A2n

..

. ..
. ..

.

@f ðAÞ
@Am1

@f ðAÞ
@Am2

� � � @f ðAÞ
@Amn

2
66664

3
77775 ¼ rAf ðAÞ;

where Aij is the element of matrix A on its ith row and jth column.
Some properties of the gradient of a real function with respect to a matrix can be

summarized as follows:

① If f ðAÞ ¼ c is a constant, whereA is an m� n matrix, then @c
@A ¼ Om�n:

② Linear principle: If f ðAÞ and gðAÞ are real functions of matrix A, and c1
and c2 are real constants, then

@ c1f ðAÞþ c2gðAÞ½ �
@A

¼ c1
@f ðAÞ
@A

þ c2
@gðAÞ
@A

:

③ Product principle: If f ðAÞ and gðAÞ are real functions of matrix A, then

@f ðAÞgðAÞ
@A

¼ gðAÞ @f ðAÞ
@A

þ f ðAÞ @gðAÞ
@A

:

④ Quotient principle: If gðAÞ 6¼ 0;then

@f ðAÞ=gðAÞ
@ðAÞ ¼ 1

g2ðAÞ gðAÞ @f ðAÞ
@A

� f ðAÞ @gðAÞ
@A

� �
:

⑤ Chain principle: Let A be an m� n matrix, and y ¼ f ðAÞ and gðyÞ are
real functions of matrix A and scalar y, respectively. Then

@g f ðAÞð Þ
@A

¼ dgðyÞ
dy

@f ðAÞ
@A

:

⑥ If A 2 <m�n; x 2 <m�1; y 2 <n�1, then

@xTAy
@A

¼ AyT:

⑦ If A 2 <n�n is nonsingular x 2 <n�1; y 2 <n�1, then

@xTA�1y
@A

¼ �A�TAyTA�T:
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⑧ If A 2 <m�n; x; y 2 <n�1, then

@xTATAy
@A

¼ A xyT þ yxT
� �

:

⑨ If A 2 <m�n; x; y 2 <m�1, then

@xTAATy
@A

¼ xyT þ yxT
� �

A:

2.5.4 Gradient Matrix of Trace Function

Here, we summarize some properties of gradient matrix of trace functions.
①–③ are gradient matrices of the trace of a single matrix.

① If W is an m� m matrix, then

@tr Wð Þ
@W

¼ Im:

② If an m� m matrix W is invertible, then

@tr W�1
� �
@W

¼ � W�2
� �T

:

③ For the outer product of two vectors, it holds that

@tr xyTð Þ
@x

¼ @tr yxTð Þ
@x

¼ y:

④–⑦ are gradient matrices of the trace of the product of two matrices.
④ If W 2 <m�n; A 2 <n�m, then

@trðWAÞ
@W

¼ @trðAWÞ
@W

¼ AT:

⑤ If W 2 <m�n;A 2 <m�n, then

@tr WTA
� �
@W

¼ @tr AWT
� �
@W

¼ A:
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⑥ If W 2 <m�n, then

@tr WWT
� �
@W

¼ @tr WTW
� �
@W

¼ 2W:

⑦ If W 2 <m�n, then

@trðW2Þ
@W

¼ @trðWWÞ
@W

¼ 2WT:

⑧ If W;A 2 <m�m and W is nonsingular, then

@tr AW�1
� �
@W

¼ � W�1AW�1� �T
:

⑨–⑪ are gradient matrices of the trace of the product of three matrices.
⑨ If W 2 <m�n;A 2 <m�m, then

@tr WTAW
� �
@W

¼ AþAT� �
W:

Especially, if A is a symmetric matrix, then
@tr WTAWð Þ

@W ¼ 2AW
⑩ If W 2 <m�n;A 2 <n�n, then

@tr WAWT
� �
@W

¼ W AþAT� �
:

Especially, if A is a symmetric matrix, then
@tr WAWTð Þ

@W ¼ 2WA
⑪ If W;A;B 2 <m�m and W is nonsingular, then

@tr AW�1B
� �
@W

¼ � W�1BAW�1� �T
:

2.5.5 Gradient Matrix of Determinant

Some properties of the gradient of the determinant of a matrix can be summarized
as follows:

2.5 Matrix Analysis 43



① Gradient of the determinant of a single nonsingular matrix

@ Wj j
@W

¼ Wj j W�1� �T¼ W#
� �T

@ W�1


 


@W

¼ � Wj j�1 W�1� �T
;

where W# is the adjoint matrix A.
② Gradient of the logarithm of a determinant

@

@W
log Wj j ¼ 1

Wj j
@ Wj j
@W

;

W is nonsingular.

@

@W
log Wj j ¼ W�1

� �T
;

the elements are independent to each other.

@

@W
log Wj j ¼ 2W�1 � diag W�1� �

;

W is symmetric matrix.
③ Gradient of the determinant of a two-matrix product

@ WWT


 


@W

¼ 2 WWT


 

 WWT� ��1

W; rank Wm�nð Þ ¼ m:

@ WWT


 


@W

¼ 2 WTW


 

W WTW

� ��1
; rank Wm�nð Þ ¼ n:

@ W2


 


@W

¼ 2 Wj j2 W�1� �T
; rank Wm�mð Þ ¼ m:

④ Gradient of the determinant of a three-matrix product

@ AWBj j
@W

¼ AWBj jAT BTWTAT� ��1
BT:

@ WTAW


 


@W

¼ 2AW WTAW
� ��1

; WTAW


 

[ 0:

@ WAWT


 


@W

¼ WAWT� ��1
h iT

W AT þA
� �

:
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2.5.6 Hessian Matrix

The Hessian matrix is defined as

@2f ðxÞ
@x@xT

¼ @

@xT
@f ðxÞ
@x

� �
¼

@2f
@x1@x1

@2f
@x1@x2

� � � @2f
@x1@xn

@2f
@x2@x1

@2f
@x2@x2

� � � @2f
@x2@xn

..

. ..
. ..

.

@2f
@xn@x1

@2f
@xn@x2

� � � @2f
@xn@xn

2
666664

3
777775

and it can also be written as the gradient of gradient, i.e., r2
x f ðxÞ ¼ rx rxf ðxÞð Þ.

Here are some properties of Hessian matrix.

① For an n� 1 constant vector a, it holds that

@2aTx
@x@xT

¼ On�n:

② If A is an n� n matrix, then

@2xTAx
@x@xT

¼ AþAT:

③ If x is an n� 1 vector, a is an m� 1 constant vector, A and B,
respectively, are m� n and m� m constant matrices, and B is sym-
metric, then

@2 a� Axð ÞTB a� Axð Þ
@x@xT

¼ 2ATBA:

2.6 Summary

The singular value decomposition, eigenvalue decomposition, Rayleigh quotient,
and gradient and differentials of a matrix have been reviewed in a tutorial style in
this chapter. The materials presented in this chapter are useful for the understanding
of latter chapters, particularly for the chapters except 3 and 6.
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Chapter 3
Neural Networks for Principal Component
Analysis

3.1 Introduction

PCA is a statistical method, which is directly related to EVD and SVD. Neural
networks-based PCA method estimates PC online from the input data sequences,
which especially suits for high-dimensional data due to the avoidance of the
computation of large covariance matrix, and for the tracking of nonstationary data,
where the covariance matrix changes slowly over time. Neural networks and
algorithms for PCA will be described in this chapter, and algorithms given in this
chapter are typically unsupervised learning methods.

PCA has been widely used in engineering and scientific disciplines, such as
pattern recognition, data compression and coding, image processing,
high-resolution spectrum analysis, and adaptive beamforming. PCA is based on the
spectral analysis of the second moment matrix that statistically characterizes a
random vector. PCA is directly related to SVD, and the most common way to
perform PCA is via the SVD of a data matrix. However, the capability of SVD is
limited for very large data sets.

It is well known that preprocessing usually maps a high-dimensional space to a
low-dimensional space with the least information loss, which is known as feature
extraction. PCA is a well-known feature extraction method, and it allows the
removal of the second-order correlation among given random processes. By cal-
culating the eigenvectors of the covariance matrix of the input vector, PCA linearly
transforms a high-dimensional input vector into a low-dimensional one whose
components are uncorrelated.

© Science Press, Beijing and Springer Nature Singapore Pte Ltd. 2017
X. Kong et al., Principal Component Analysis Networks and Algorithms,
DOI 10.1007/978-981-10-2915-8_3
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PCA is often based on the optimization of some information criterion, such as
the maximization of the variance of the projected data or the minimization of the
reconstruction error. The aim of PCA is to extract m orthonormal directions wi 2
<n; i ¼ 1; 2; . . .;m; m\n; in the input space that account for as much of the data’s
variance as possible. Subsequently, an input vector x 2 <n may be transformed into
a lower m-dimensional space without losing essential intrinsic information. The
vector x can be represented by being projected onto the m-dimensional subspace
spanned by wi using the inner products xTwi. This achieves dimensionality
reduction.

PCA finds those unitary directions w 2 <n, along which the projections of the
input vectors, known as the principal components (PCs), y ¼ xTw; have the largest

variance EPCAðwÞ ¼ E y2½ � ¼ w
T
Cw ¼ w

T
Cw= wk k2, where w ¼ w= wk k: When

w ¼ ac1, EPCAðwÞ take its maximum value, where a is a scalar. When a ¼ 1;w
becomes a unit vector. By repeating maximization of EPCAðwÞ but limiting w to be
orthogonal to c1, the maximization of EPCAðwÞ is equal to k2 at w ¼ ac2: Following
this deflation procedure, all the m principal directions wi can be derived. The
projections yi ¼ xTwi; i ¼ 1; 2; . . .;m are the PCs of x. A linear least square
(LS) estimate x̂ can be constructed for the original input x as x̂ ¼Pm

i¼1 aiðtÞwi. As
to other interpretations or analyses of PCA, see [1–4] for more details.

3.2 Review of Neural-Based PCA Algorithms

Neural networks on PCA pursue an effective “online” approach to update the eigen
direction after each presentation of a data point, which are especially suitable for
high-dimensional data and for the tracking of nonstationary data. In the last dec-
ades, many neural network-based PCA learning algorithms were proposed, among
which, the Hebbian and Oja’s learning rules are the bases. Overall, the existing
neural network-based PCA algorithms can be grouped into the following classes:
the Hebbian rule-based PCA algorithms, least mean squared error-based PCA
algorithms, other optimization-based PCA algorithms, anti-Hebbian rule-based
PCA algorithms, nonlinear PCA algorithms, constrained PCA algorithms, localized
PCA algorithms, and other generalizations of the PCA. These algorithms will be
analyzed and discussed in the above order.

3.3 Neural-Based PCA Algorithms Foundation

3.3.1 Hebbian Learning Rule

The classical Hebbian synaptic modification rule was first introduced in [5]. In
Hebbian learning rule, the biological synaptic weights change in proportion to the
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correlation between the presynaptic and postsynaptic signals. For a single neuron,
the Hebbian rule can be written as

wðtþ 1Þ ¼ wðtÞþ gyðtÞxðtÞ; ð3:1Þ

where the learning rate g[ 0, w 2 <n is the weight vector, xðtÞ 2 <n is an input
vector at time t, y(t) is the output of the neuron defined by yðtÞ ¼ wTðtÞxðtÞ:

The convergence of Hebbian rule can be briefly analyzed as follows.
For a stochastic input vector x, assuming that x and w are uncorrelated, the

expected weight change is given by

E½Dw� ¼ gE½yx� ¼ gE xxTw
� � ¼ gCE½w�; ð3:2Þ

where E[�] is the expectation operator, and C ¼ E xxT½ � is the autocorrelation matrix
of x:

At equilibrium, E½Dw� ¼ 0; and hence, it holds that the deterministic equation
Cw ¼ 0: Due to the effect of noise terms, C is a full-rank positive-definite
Hermitian matrix with positive eigenvalues ki; i ¼ 1; 2; . . .; n; and the associated
orthogonal eigenvectors ci, where n = rank(C). Thus, w ¼ 0 is the only equilibrium
state.

Equation (3.1) can be further represented in the continuous-time form

_w ¼ yx: ð3:3Þ

Taking expectation on both sides, it holds that

E½ _w� ¼ E½yx� ¼ E xxTw
� � ¼ CE½w�: ð3:4Þ

This can be derived by minimizing the average instantaneous criterion
function [6]

E½EHebb� ¼ � 1
2
E y2
� � ¼ � 1

2
E wTxxTw
� � ¼ � 1

2
E wT
� �

CE½w�; ð3:5Þ

where EHebb is the instantaneous criterion function. At equilibrium, E @EHebb
@w

� � ¼
�CE½w� ¼ 0; thus w ¼ 0: Since E½HðwÞ� ¼ E @E2

Hebb
@2w

h i
¼ �C is nonpositive for all

E½w�; the solution w ¼ 0 is unstable, which drives w to infinite magnitude, with a
direction parallel to that of the eigenvector of C associated with the largest
eigenvalue [6]. Thus, the Hebbian rule is divergent.

To prevent the divergence of the Hebbian rule, one can normalize wk k to unity
after each iteration [7]. This leads to the normalized Hebbian rule. Several other
methods such as Oja’s rule [8], Yuille’s rule [9], Linsker’s rule [10, 11], and
Hassoun’s rule [12] add a weight-decay term to the Hebbian rile to stabilize the
algorithm.
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3.3.2 Oja’s Learning Rule

By adding a weight decay term into the Hebbian rule, Oja’s learning rule was
proposed in [8] and given by

wðtþ 1Þ ¼ wðtÞþ gyðtÞxðtÞ � gy2ðtÞwðtÞ: ð3:6Þ

Oja’s rule converges to a state that minimizes (3.5) subject to wk k ¼ 1: The
solution is the principal eigenvector of C. For small η, Oja’s rule is proved to be
equivalent to the normalized Hebbian rule [8].

Using the stochastic learning theory, the continuous-time version of Oja’s rule is
given by a nonlinear stochastic differential equation

_w ¼ gðyx� y2wÞ: ð3:7Þ

The corresponding deterministic equation based on statistical average is thus
derived as

_w ¼ g Cw� wTCw
� �

w
� �

: ð3:8Þ

At equilibrium, it holds that

Cw ¼ wTCw
� �

w: ð3:9Þ

It can be easily seen that the solutions are w ¼ �ci; i ¼ 1; 2; . . .; n; whose
associated eigenvalues ki are arranged in a descending order as
k1 � k2 � � � � � kn � 0:

Note that the average Hessian

HðwÞ ¼ @

@w
�Cwþ wTCw

� �
w

� � ¼ �CþwTCwIþ 2wwTC ð3:10Þ

is positive-definite only at w ¼ �c1, if k1 6¼ k2 [12], where I is an n� n identity
matrix. This can be seen from

HðciÞcj ¼ ðki � kjÞcj þ 2kjcicTi cj

¼ 2ki2ci i ¼ j

ðki � kjÞcj i 6¼ j

�
:

ð3:11Þ

Thus, Oja’s rule always converges to the principal component of C.
The convergence analysis of the stochastic discrete-time algorithms such as the

gradient descent method is conventionally based on the stochastic approximation
theory [13]. A stochastic discrete-time algorithm is first converted into deterministic
continuous-time ODEs, and then analyzed by using Lyapunov’s second theorem.
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This conversion is based on the Robbins–Monro conditions, which require the
learning rate to gradually approach zero as t ! ∞. This limitation is not practical
for implementation, especially for the learning of nonstationary data. In [14],
Zufiria proposed to convert the stochastic discrete-time algorithms into their
deterministic discrete-time formulations that characterize their average evolution
from a conditional expectation perspective. This method has been applied to Oja’s
rule and the dynamics have been analyzed, and chaotic behavior has been observed
in some invariant subspaces. Such analysis can guarantee the convergence of the
Oja’s rule by selecting some constant learning rate. A constant learning rate for fast
convergence has also been suggested as η = 0.618 k1 [15]. Recently, the conver-
gence of many PCA algorithms of Oja’s rule type have been analyzed by using
deterministic discrete-time methods, the details of which will be discussed in
Chap. 6.

3.4 Hebbian/Anti-Hebbian Rule-Based Principal
Component Analysis

Hebbian rule-based PCA algorithms include the single PCA algorithm, multiple PCA
algorithms and principal subspace analysis algorithm. These neural PCA algorithms
originate from the seminal work by Oja [8]. The output of the neuron is updated by
y ¼ wTx; where w ¼ ðw1;w2; . . .;wJ1ÞT. Here the activation function is the linear
function u(x) = x. The PCA turns out to be closely related to the Hebbian rule.

The PCA algorithms discussed in this section are based on the Hebbian rule. The
network model was first proposed by Oja [16], where a J1–J2 FNN is used to extract
the first J2 PCs. The architecture of the PCA network is shown in Fig. 3.1, which is

Fig. 3.1 Architecture of the PCA network
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a simple expansion of the single-neuron PCA model. The output of the network is
given by y ¼ WTx; where y ¼ ðy1; y2; . . .; yJ2ÞT; x ¼ ðx1; x2; . . .; xJ1ÞT; W ¼
½w1;w2; . . .;wJ2�; wi ¼ ðw1i;w2i; . . .;wJ1iÞT:

3.4.1 Subspace Learning Algorithms

By using Oja’s learning rule, w will converge to a unit eigenvector of the corre-
lation matrix C, and the variance of the output y is maximized. For zero-mean input
data, this extracts the first PC. Here Oja’s learning rule can be rewritten for the
convenience of presentation as

wðtþ 1Þ ¼ wðtÞþ gyðtÞxðtÞ � gy2ðtÞwðtÞ; ð3:12Þ

where the term y(t)x(t) is the Hebbian term, and −y2(t)w(t) is a decaying term,
which is used to prevent instability. In order to keep the algorithm convergent, it is
proved that 0 < η(t) < 1/1.2k1 is required [16], where k1 is the largest eigenvalue of
C. If η(t) � 1/k1, w will not converge to ±c1 even if it is initially close to the
target [17].

3.4.1.1 Symmetrical Subspace Learning Algorithm

Oja proposed a learning algorithm for the PCA network, referred to as the sym-
metrical subspace learning algorithm (SLA) [16]. The SLA can be derived by
maximizing

ESLA ¼ 1
2
tr WTRW
� �

subject to WTW ¼ I; ð3:13Þ

where I is a J2 � J2 identity matrix. The SLA is given as [16]

wiðtþ 1Þ ¼ wiðtÞþ gðtÞyiðtÞ½xðtÞ � x̂ðtÞ�; ð3:14Þ

x̂ðtÞ ¼ Wy: ð3:15Þ

After the algorithm converges, W is roughly orthonormal and the columns of W,
namely wi; i ¼ 1; 2; . . .; J2, converge to some linear combination of the first J2
principal eigenvectors of C [16], which is a rotated basis of the dominant eigen-
vector subspace. The value of wi is dependent on the initial condition and the
training samples.

The corresponding eigenvalues ki; i ¼ 1; 2; . . .; J2, which approximate E y2i
� �

;

can be adaptively estimated by
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k̂iðtþ 1Þ ¼ 1� 1
tþ 1

� �
k̂iðtÞþ 1

tþ 1
y2i ðtþ 1Þ: ð3:16Þ

The PCA performs optimally when there is no noise process involved.

3.4.1.2 Weighted Subspace Learning Algorithm

The weighted SLA can be derived by maximizing the same criterion (3.13), with
the constraint changed toWTW ¼ a; where a ¼ diagða1; a2; . . .; aJ2Þ; is an arbitrary
diagonal matrix with a1 [ a2 [ � � � [ aJ2 [ 0:

The weighted SLA is given by [18, 19]

wiðtþ 1Þ ¼ wiðtÞþ gðtÞyiðtÞ½xðtÞ � cix̂ðtÞ�; ð3:17Þ

x̂ðtÞ ¼ Wy; ð3:18Þ

for i ¼ 1; 2; . . .; J2, where ci; i ¼ 1; 2; . . .; J2, are coefficients satisfying
0\c1\c2\ � � �\cJ2 .

Due to the asymmetry introduced by ci, wi almost surely converges to the
eigenvectors of C. The weighted subspace algorithm can perform the PCA, how-
ever, norms of the weight vectors are not equal to unity.

The subspace and weighted subspace algorithms are nonlocal algorithms relying
on the calculation of the errors and the backward propagation of the values between
the layers [3]. Several algorithms converting PSA into PCA have been proposed,
the details can be found in [3].

3.4.2 Generalized Hebbian Algorithm

By combining Oja’s rule and the GSO procedure, Sanger proposed the GHA for
extracting the first J2 PCs [20]. The GHA can extract the first J2 eigenvectors in the
order of decreasing eigenvalues.

The GHA is given by [20]

wiðtþ 1Þ ¼ wiðtÞþ giðtÞyiðtÞ½xðtÞ � x̂iðtÞ�; ð3:19Þ

x̂iðtÞ ¼
Xi

j¼1
wjðtÞyjðtÞ; ð3:20Þ

for i ¼ 1; 2; . . .; J2. The GHA becomes a local algorithm by solving the summation
term in (3.20) in a recursive form
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x̂iðtÞ ¼ x̂i�1ðtÞþwiðtÞyiðtÞ; ð3:21Þ

for i ¼ 1; 2; . . .; J2, where x̂0ðtÞ ¼ 0: giðtÞ is usually selected the same for all
neurons. When gi ¼ g for all i, the algorithm can be written in a matrix form

Wðtþ 1Þ ¼ WðtÞ � gWðtÞLT yðtÞyTðtÞ� �þ gxðtÞyTðtÞ; ð3:22Þ

where the operator LT[�] selects the lower triangle of input matrix. In the GHA, the
mth neuron converges to the mth PC, and all the neurons tend to converge together.
wi and E y2i

� �
approach ci and ki, respectively, as t ! ∞.

Both the SLA and GHA algorithms employ implicit or explicit GSO to decor-
relate the connection weights from one another. The weighted SLA algorithm
performs well for extracting less-dominant components.

3.4.3 Learning Machine for Adaptive Feature
Extraction via PCA

Learning machine for adaptive feature extraction via principal component analysis
is called LEAP algorithm, and it is another local PCA algorithm for extracting all
the J2 PCs and their corresponding eigenvectors. The LEAP is given by

wiðtþ 1Þ ¼ wiðtÞþ g BiðtÞyiðtÞ½xðtÞ � wiðtÞyiðtÞ� � AiðtÞwiðtÞf g; ð3:23Þ

for i ¼ 1; 2; . . .; J2, where g is the learning rate, yiðtÞxðtÞ is a Hebbian term, and

AiðtÞ ¼ 0;
Ai�1ðtÞþwi�1ðtÞwT

i�1ðtÞ;
i ¼ 1
i ¼ 2; . . .; J2

�
; ð3:24Þ

BiðtÞ ¼ I � AiðtÞ; i ¼ 1; 2; � � � ; J2: ð3:25Þ

The J1 � J1 matrices Ai and Bi are important decorrelating terms for performing
the GSO among all weights at each iteration. Unlike the SLA [16] and GHA [20]
algorithms, whose stability analyses are based on the stochastic approximation
theory [13], the stability analysis of the LEAP algorithm is based on Lyapunov’s
first theorem, and η can be selected as a small positive constant. Due to the use of a
constant learning rate, the LEAP is capable of tracking nonstationary processes.
The LEAP can satisfactorily extract PCs even for ill-conditioned autocorrelation
matrices.
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3.4.4 The Dot-Product-Decorrelation Algorithm (DPD)

The DPD algorithm is a nonlocal PCA algorithm, and it moves wi; i ¼ 1; 2; . . .; J2,
toward the J2 principal eigenvectors ci, ordered arbitrarily

wiðtþ 1Þ ¼ wiðtÞþ gðtÞ xðtÞyiðtÞ �
XJ2
j¼1

wjðtÞwT
j ðtÞ

 !
wiðtÞ
wiðtÞk k

" #
; ð3:26Þ

where η(t) satisfies the Robbins–Monro conditions. The algorithm induces the
norms of the weight vectors toward the corresponding eigenvalues, i.e., wiðtÞk k !
kiðtÞ; as t ! 1. The algorithm is as fast as the GHA [20], weighted SLA [18, 19],
and least mean squared error reconstruction (LMSER) [21] algorithms.

3.4.5 Anti-Hebbian Rule-Based Principal
Component Analysis

When the update of a synaptic weight is proportional to the correlation of the
presynaptic and postsynaptic activities, and the direction of the change is opposite
to that in the Hebbian rule, the learning rule is called an anti-Hebbian learning rule
[3]. The anti- Hebbian rule can be used to remove correlations between units
receiving correlated inputs [22, 23], and it is inherently stable.

Anti-Hebbian rule-based PCA algorithms can be derived by using a network
architecture of the J1–J2 FNN with lateral connections among the output units
[22, 23]. The lateral connections can be in a symmetrical or hierarchical topology.
A hierarchical lateral connection topology is illustrated in Fig. 3.2, based on which
the Rubner–Tavan PCA algorithm [22, 23] and the APEX [24] were proposed.
In [25], the local PCA algorithm is based on a full lateral connection topology.
The feedforward weight matrix W is described in the preceding sections, and the

Fig. 3.2 Architecture of the
PCA network with
hierarchical lateral
connections. The lateral
weight matrix U is an upper
triangular matrix with the
diagonal elements being zero
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lateral weight matrix U = [u1 … uJ2] is a J2 � J2 matrix, where ui = (u1i, u2i, …,
uJ2i)

T includes all the lateral weights connected to neuron i and uji denotes the
lateral weight from neuron j to neuron i.

3.4.5.1 Rubner-Tavan PCA Algorithm

The Rubner-Tavan PCA algorithm is based on the PCA network with hierarchical
lateral connection topology [22, 23]. The algorithm extracts the first J2 PCs in a
decreasing order of the eigenvalues. The output of the network is given by [22, 23]

yi ¼ wT
i xþ uTi y; i ¼ 1; 2; . . .; J2: ð3:27Þ

Note that uji = 0 for j � i and U is a J2 � J2 upper triangular matrix.
The weights wi are trained by Oja’s rule, and the lateral weights ui are updated

by the anti-Hebbian rule

wiðtþ 1Þ ¼ wiðtÞþ g1ðtÞyiðtÞ½xðtÞ � x̂ðtÞ�; ð3:28Þ

x̂ ¼ WTy; ð3:29Þ

uiðtþ 1Þ ¼ uiðtÞ � g2yiðtÞyðtÞ: ð3:30Þ

This is a nonlocal algorithm. Typically, the learning rate η1 = η2 > 0 is selected
as a small number between 0.001 and 0.1 or according to a heuristic derived from
the Robbins–Monro conditions. During the training process, the outputs of the
neurons are gradually uncorrelated and the lateral weights approach zero. The
network should be trained until the lateral weights ui are below a specified level.

3.4.5.2 APEX Algorithm

The APEX algorithm is used to adaptively extract the PCs [24]. The algorithm is
recursive and adaptive, namely, given i − 1 PCs, it can produce the ith PC itera-
tively. The hierarchical structure of lateral connections among the output units
serves the purpose of weight orthogonalization. This structure also allows the
network to grow or shrink without retraining the old units. The convergence
analysis of the APEX algorithm is based on the stochastic approximation theory,
and the APEX is proved to have the property of exponential convergence.

Assuming that the correlation matrix C has distinct eigenvalues arranged in the
decreasing order as k1 > k2 > ��� > kJ2 with the associated eigenvectors w1,…, wJ2,
the algorithm is given by [24, 26]

y ¼ WTx; ð3:31Þ

yi ¼ wT
i xþ uTy; ð3:32Þ
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where y = (y1, …, yi−1)
T is the output vector, u = (u1i, u2i, …, u(i−1)i)

T, and
W = [w1 … wi−1] is the weight matrix of the first i − 1 neurons. These definitions
are for the first i neurons, which are different from their respective definitions given
in the preceding sections. The iteration is given as [24, 26]

wiðtþ 1Þ ¼ wiðtÞþ giðtÞ yiðtÞxðtÞ � y2i ðtÞwiðtÞ
� �

; ð3:33Þ

uðtþ 1Þ ¼ uðtÞ � giðtÞ yiðtÞyðtÞþ y2i ðtÞuðtÞ
� �

: ð3:34Þ

Equations (3.33) and (3.34) are respectively the Hebbian and anti-Hebbian parts
of the algorithm. yi tends to be orthogonal to all the previous components due to the
anti-Hebbian rule, also called the orthogonalization rule.

Both sequential and parallel APEX algorithms have been presented in [26]. In
the parallel APEX, all J2 output neurons work simultaneously. In the sequential
APEX, the output neurons are added one by one. The sequential APEX is more
attractive in practical applications, since one can decide a desirable number of
neurons during the learning process. The APEX algorithm is especially useful when
the number of required PCs is not known a priori. When the environment is
changing over time, a new PC can be added to compensate for the change without
affecting the previously computed principal components. Thus, the network
structure can be expanded if necessary.

The stopping criterion can be that for each i the changes in wi and u are below a
threshold. At this time, wi converges to the eigenvector of the correlation matrix
C associated with the ith largest eigenvalue, and u converges to zero. The stopping
criterion can also be that the change of the average output variance r2i ðtÞ is suffi-
ciently small.

Most existing linear complexity methods including the GHA [20], the SLA [16],
and the PCA with the lateral connections require a computational complexity of O
(J1J2) per iteration. For the recursive computation of each additional PC, the APEX
requires O(J1) operations per iteration, while the GHA utilizes O(J1J2) per iteration.
In contrast to the heuristic derivation of the APEX, a class of learning algorithms,
called the w-APEX, is presented based on criterion optimization [27]. w can be
selected as any function that guarantees the stability of the network. Some members
in the class have better numerical performance and require less computational effort
compared to that of both the GHA and the APEX.

3.5 Least Mean Squared Error-Based Principal
Component Analysis

Existing PCA algorithms including the Hebbian rule-based algorithms can be
derived by optimizing an objective function using the gradient descent method. The
least mean squared error (LMSE)-based methods are derived from the modified
MSE function
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EðWÞ ¼
Xt
t1¼1

lt�t1 xt1 �WWTxt1
		 		2; ð3:35Þ

where 0 < l � 1 is a forgetting factor used for nonstationary observation
sequences, and t is the current time instant. Many adaptive PCA algorithms actually
optimize (3.35) by using the gradient descent method [21, 28] and the RLS method
[28–32].

The gradient descent or Hebbian rule-based algorithms are highly sensitive to
parameters such as η. It is difficult to choose proper parameters guaranteeing both a
small misadjustment and a fast convergence. To overcome these drawbacks,
applying the RLS to the minimization of (3.35) yields the RLS-based algorithms
such as the adaptive principal components extraction (APEX) [24, 26], the
Kalman-type RLS [29], the projection approximation subspace tracking (PAST)
[28], the PAST with deflation (PASTd) [28], and the robust RLS algorithm
(RRLSA) [31].

All RLS-based PCA algorithms exhibit fast convergence and high tracking
accuracy and are suitable for slow changing nonstationary vector stochastic pro-
cesses. All these algorithms correspond to a three-layer J1-J2-J1 linear autoasso-
ciative network model, and they can extract all the J2 PCs in a descending order of
the eigenvalues, where a GSO-like orthonormalization procedure is used.

3.5.1 Least Mean Square Error Reconstruction
Algorithm (LMSER)

The LMSER algorithm was derived based on the MSE criterion using the gradient
descent method [21]. The LMSER algorithm can be written as

wiðtþ 1Þ ¼ wiðtÞþ gðtÞ 2AðtÞ � CiðtÞAðtÞ � AðtÞCiðtÞ � c½BiðtÞAðtÞþAðtÞBiðtÞ�f gwiðtÞ;
ð3:36Þ

for i ¼ 1; 2; . . .; J2, where AðtÞ ¼ xðtÞxTðtÞ; CiðtÞ ¼ wiðtÞwT
i ðtÞ; i ¼ 1; 2; . . .; J2,

BiðtÞ ¼ Bi�1ðtÞþCi�1ðtÞ, i ¼ 2; . . .; J2, and B1ðtÞ ¼ 0: The selection of η(t) is
based on the Robbins–Monro conditions and c � 1.

The LMSER reduces to Oja’s algorithm when W(t) is orthonormal, namely
WT(t)W(t) = I. Because of this, Oja’s algorithm can be treated as an approximate
stochastic gradient rule to minimize the MSE. Increasing the values of c and d
results in a larger asymptotic MSE but faster convergence and vice versa, namely
the stability speed problem. The LMSER uses nearly twice as much computation as
the weighted SLA [18, 19] and the GHA [20], for each update of the weight.
However, it leads to a smaller asymptotic and faster convergence for the minor
eigenvectors [33].
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3.5.2 Projection Approximation Subspace Tracking
Algorithm (PAST)

The PASTd [28] is a well-known subspace tracking algorithm updating the signal
eigenvectors and eigenvalues. The PASTd is based on the PAST. Both the PAST
and the PASTd are derived for complex-valued signals, which are very common in
signal processing area. At iteration t, the PASTd algorithm is given as [28]

yiðtÞ ¼ wH
i ðt � 1ÞxiðtÞ; ð3:37Þ

diðtÞ ¼ ldiðt � 1Þþ yiðtÞj j2; ð3:38Þ

x̂iðtÞ ¼ wiðt � 1ÞyiðtÞ; ð3:39Þ

wiðtÞ ¼ wiðt � 1Þþ xiðtÞ � x̂iðtÞ½ � y
	
i ðtÞ
diðtÞ ; ð3:40Þ

xiþ 1ðtÞ ¼ xiðtÞ � wiðtÞyiðtÞ; ð3:41Þ

for i = 1, …, J2, where x1(t) = xt, and the superscript * denotes the conjugate
operator.

wi(0) and di(0) should be suitably selected. W(0) should contain J2 orthonormal
vectors, which can be calculated from an initial block of data or from arbitrary
initial data. A simple way is to set W(0) as the J2 leading unit vectors of the J1 � J1
identity matrix. di(0) can be set as unity. The choice of these initial values affects
the transient behavior, but not the steady-state performance of the algorithm.
wi(t) provides an estimate of the ith eigenvector, and di(t) is an exponentially
weighted estimate of the associated eigenvalue.

Both the PAST and the PASTd have linear computational complexity, that is, O
(J1J2) operations in every update, as in the cases of the SLA [16], the GHA [20], the
LMSER [21], and the novel information criterion (NIC) algorithm [30]. The PAST
computes an arbitrary basis of the signal subspace, while the PASTd is able to
update the signal eigenvectors and eigenvalues. Both algorithms produce nearly
orthonormal, but not exactly orthonormal, subspace basis or eigenvector estimates.
If perfectly orthonormal eigenvector estimates are required, an orthonormalization
procedure is necessary. The Kalman-type RLS [29] combines the basic RLS
algorithm with the GSO procedure in a manner similar to that of the GHA. The
Kalman-type RLS and the PASTd are exactly identical if the inverse of the
covariance of the output of the ith neuron, Pi(t), in the Kalman-type RLSA is set as
1/di(t) in the PASTd.

In the one-unit case, both the PAST and PASTd are identical to Oja’s learning
rule except that the PAST and the PASTd have a self-tuning learning rate 1/d1(t).
Both the PAST and the PASTd provide much more robust estimates than the EVD
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and converge much faster than the SLA [16]. The PASTd has been extended for the
tracking of both the rank and the subspace by using information theoretic criteria
such as the AIC and the MDL [34].

3.5.3 Robust RLS Algorithm (RRLSA)

The RRLSA [31] is more robust than the PASTd [28]. The RRLSA can be
implemented in a sequential or parallel manner. Given the ith neuron, the sequential
algorithm is given for all patterns as [31]

wiðt � 1Þ ¼ wiðt � 1Þ
wiðt � 1Þk k ; ð3:42Þ

yiðtÞ ¼ w
T
i ðt � 1ÞxðtÞ; ð3:43Þ

x̂iðtÞ ¼
Xi�1

j¼1

yjðtÞwjðt � 1Þ; ð3:44Þ

wiðtÞ ¼ lwiðt � 1Þþ xiðtÞ � x̂iðtÞ½ �yiðtÞ; ð3:45Þ

k̂iðtÞ ¼ wiðtÞk k
t

; ð3:46Þ

for i = 1, …, J2, where yi is the output of the ith hidden unit, and wi(0) is initialized
as a small random value. By changing (3.44) into a recursive form, the RRLSA
becomes a local algorithm.

The RRLSA has the same flexibility as the Kalman-type RLS [29], the PASTd,
and the APEX, in that increasing the number of neurons does not affect the pre-
viously extracted principal components. The RRLSA naturally selects the inverse of
the output energy as the adaptive learning rate for the Hebbian rule. The Hebbian
and Oja rules are closely related to the RRLSA algorithm by suitable selection of
the learning rates [31].

The RRLSA is also robust to the error accumulation from the previous com-
ponents, which exists in the sequential PCA algorithms such as the Kalman-type
RLS and the PASTd. The RRLSA converges rapidly, even if the eigenvalues
extend over several orders of magnitude. According to the empirical results [31],
the RRLSA provides the best performance in terms of convergence speed as well as
steady-state error, whereas the Kalman-type RLS and the PASTd have similar
performance, which is inferior to that of the RRLSA.
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3.6 Optimization-Based Principal Component Analysis

The PCA can be derived by many optimization methods based on a properly
defined objective function. This leads to many other algorithms, including gradient
descent-based algorithms [9–11, 35], the CG method [36], and the quasi-Newton
method [37, 38]. The gradient descent method usually converges to a local mini-
mum. Second-order algorithms such as the CG and quasi-Newton methods typi-
cally converge much faster than first-order methods but have a computational
complexity of O(J1

2J2) per iteration.
The infomax principle [10, 11] was first proposed by Linsker to describe a neural

network algorithm. The principal subspace is derived by maximizing the mutual
information criterion. Other examples of information criterion-based algorithms are
the NIC algorithm [30] and the coupled PCA [39].

3.6.1 Novel Information Criterion (NIC) Algorithm

The NIC algorithm [30] is obtained by applying the gradient descent method to
maximize the NIC. The NIC is a cost function very similar to the mutual infor-
mation criterion [10, 11] but integrates a soft constraint on the weight
orthogonalization

ENIC ¼ 1
2

ln detðWTRWÞ� �� trðWTWÞ
 �
: ð3:47Þ

Unlike the MSE, the NIC has a steep landscape along the trajectory from a small
weight matrix to the optimum one. ENIC has a single global maximum, and all the
other stationary points are unstable saddle points. At the global maximum

E	
NIC ¼ 1

2

XJ2
i¼1

ln ki � J2

 !
; ð3:48Þ

W yields an arbitrary orthonormal basis of the principal subspace.
The NIC algorithm was derived from ENIC by using the gradient descent method,

and the algorithm is given as

Wðtþ 1Þ ¼ ð1� gÞWðtÞþ gĈðtþ 1ÞWðtÞ WTðtÞĈðtþ 1ÞWðtÞ� ��1
; ð3:49Þ

where ĈðtÞ is the estimate of the covariance matrix C(t)

ĈðtÞ ¼ 1
t

Xt
i¼1

lt�ixixTi ¼ l
t � 1
t

Ĉðt � 1Þþ 1
t
xixTi ð3:50Þ
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and l 2 (0, 1] is a forgetting factor. The NIC algorithm has a computational
complexity of O(J1

2J2) per iteration.
Like the PAST algorithm [28], the NIC algorithm is a PSA method. It can extract

the principal eigenvectors when the deflation technique is incorporated.
The NIC algorithm converges much faster than the SLA and the LMSER and can
globally converge to the PSA solution from almost any weight initialization.
Reorthormalization can be applied so as to perform true PCA [30].

By selecting a well-defined adaptive learning rate, the NIC algorithm can also
generalize some well-known PSA/PCA algorithms. For online implementation, an
RLS version of the NIC algorithm has also been given in [30]. The PAST algorithm
[28] is a special case of the NIC algorithm when η is unity, and the NIC algorithm
essentially represents a robust improvement of the PAST.

In order to break the symmetry in the NIC, the weighted information criterion
(WINC) [32] was proposed by adding a weight to the NIC. Two WINC algorithms
are, respectively, derived by using the gradient ascent and the RLS. The gradient
ascent-based WINC algorithm can be viewed as an extended weighted SLA with an
adaptive step size, leading to a much faster convergence speed. The RLS-based
WINC algorithm has not only fast convergence and high accuracy, but also a low
computational complexity.

3.6.2 Coupled Principal Component Analysis

The most popular PCA or MCA algorithms do not consider eigenvalue estimates in
the update of the weights, and they suffer from the stability speed problem because
the eigen motion depends on the eigenvalues of the covariance matrix [39]. The
convergence speed of a system depends on the eigenvalues of its Jacobian. In PCA
algorithms, the eigen motion depends on the principal eigenvalue of the covariance
matrix, while in MCA algorithms it depends on all eigenvalues [39].

Coupled learning rules can be derived by applying the Newton method to a
common information criterion. In coupled PCA/MCA algorithms, both the eigen-
values and eigenvectors are simultaneously adapted. The Newton method yields
averaged systems with identical speed of convergence in all eigen directions. The
Newton descent-based PCA and MCA algorithms, respectively called nPCA and
nMCA, are derived by using the information criterion [39]:

Ecoupledðw; kÞ ¼ wTCw
k

� wTwþ ln k; ð3:51Þ

where k is an estimate of the eigenvalue.
By approximation wTw 
 1; the nPCA is reduced to the ALA [17]. Further

approximating the ALA by wTCw 
 k leads to an algorithm called cPCA. The
cPCA is a stable PCA algorithm, but there may be fluctuation in the weight vector
length in the iteration process. This problem can be avoided by explicitly
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renormalizing the weight vector at every iteration, and this leads to the following
robust PCA (rPCA) algorithm [39]:

wðtþ 1Þ ¼ wðtÞþ gðtÞ xðtÞyðtÞ
kðtÞ � wðtÞ

� �
; ð3:52Þ

wðtþ 1Þ ¼ wðtþ 1Þ
wðtþ 1Þk k ; ð3:53Þ

kðtþ 1Þ ¼ kðtÞþ gðtÞðy2ðtÞ � kðtÞÞ; ð3:54Þ

where η(t) is a small positive number and can be selected according to the Robbins–
Monro conditions. The rPCA is shown to be closely related to the RRLSA algo-
rithm [31] by applying the first-order Taylor approximation on the rPCA.
The RRLSA can also be derived from the ALA algorithm by using the first-order
Taylor approximation.

In order to extract multiple PCs, one has to apply an orthonormalization pro-
cedure, e.g., the GSO, or its first-order approximation as used in the SLA, or
deflation as in the GHA. In the coupled learning rules, multiple PCs are simulta-
neously estimated by a coupled system of equations. It has been reported in [40]
that in the coupled learning rules a first-order approximation of the GSO is superior
to the standard deflation procedure in terms of orthonormality error and the quality
of the eigenvectors and eigenvalues generated. An additional normalization step
that enforces unit length of the eigenvectors further improves the orthonormality of
the weight vectors [40].

3.7 Nonlinear Principal Component Analysis

The aforementioned PCA algorithms apply a linear transform to the input data.
The PCA is based on the Gaussian assumption for data distribution, and the opti-
mality of the PCA results from taking into account only the second-order statistics,
namely the covariances. For non-Gaussian data distributions, the PCA is not able to
capture complex nonlinear correlations, and nonlinear processing of the data is
usually more efficient. Nonlinearities introduce higher-order statistics into the
computation in an implicit way. Higher-order statistics, defined by cumulants or
higher-than-second moments, are needed for a good characterization of non-
Gaussian data.

The Gaussian distribution is only one of the canonical exponential distributions,
and it is suitable for describing real-valued data. In the case of binary-valued,
integer-valued, or non-negative data, the Gaussian assumption is inappropriate, and
a family of exponential distributions can be used. For example, the Poisson dis-
tribution is better suited for integer data and the Bernoulli distribution to binary
data, and an exponential distribution to nonnegative data. All these distributions
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belong to the exponential family. The PCA can be generalized to distributions of
the exponential family. This generalization is based on a generalized linear model
and criterion functions using the Bregman distance. This approach permits hybrid
dimensionality reduction in which different distributions are used for different
attributes of the data.

When the feature space is nonlinearly related to the input space, we need to use
nonlinear PCA. The outputs of nonlinear PCA networks are usually more inde-
pendent than their respective linear cases. For non-Gaussian input data, the PCA
may fail to provide an adequate representation, while a nonlinear PCA permits the
extraction of higher-order components and provides a sufficient representation.
Nonlinear PCA networks and learning algorithms can be classified into symmetric
and hierarchical ones similar to those for the PCA networks. After training, the
lateral connections between output units are not needed, and the network becomes
purely feedforward. In the following, we discuss the kernel PCA, robust PCA, and
nonlinear PCA.

3.7.1 Kernel Principal Component Analysis

Kernel PCA [41, 42] is a special, linear algebra-based nonlinear PCA, which intro-
duces kernel functions into the PCA. The kernel PCA first maps the original input data
into a high-dimensional feature space using the kernel method and then calculates the
PCA in the high-dimensional feature space. The linear PCA in the high-dimensional
feature space corresponds to a nonlinear PCA in the original input space.

Given an input pattern set xi 2 <J1 ji ¼ 1; 2; . . .;Nf g;u : <J1 ! <J2 is a non-
linear map from the J1-dimensional input to the J2-dimensional feature space. A J2-
by-J2 correlation matrix in the feature space is defined by

C1 ¼ 1
N

XN
i¼1

uðxiÞuTðxiÞ: ð3:55Þ

Like the PCA, the set of feature vectors is limited to zero mean

1
N

XN
i¼1

uðxiÞ ¼ 0: ð3:56Þ

A procedure to select / satisfying (3.56) is given in [41, 42]. The PCs can then
be computed by solving the eigenvalue problem [41, 42]

kv ¼ C1v ¼ 1
N

XN
j¼1

uðxiÞTv
� 

uðxiÞ: ð3:57Þ
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Thus, v must be in the span of the mapped data

v ¼
XN
i¼1

aiuðxiÞ: ð3:58Þ

After premultiplying both sides of (3.58) by /(xj) and performing mathematical
manipulations, the kernel PCA problem reduces to

Ka ¼ ka; ð3:59Þ

where k and a = (a1, …, aN)
T are, respectively, the eigenvalues and the associated

eigenvectors of K, and K is an N � N kernel matrix with

Kij ¼ jðxi; xjÞ ¼ uTðxiÞuðxjÞ; ð3:60Þ

where j(�) is a kernel function.
Popular kernel functions used in the kernel method are the polynomial, Gaussian

kernel, and sigmoidal kernels, which are, respectively, given by

jðxi; xjÞ ¼ xTi xj þ h
� �a0

; ð3:61Þ

jðxi; xjÞ ¼ e�
xi�xjk k2

2r2 ; ð3:62Þ

jðxi; xjÞ ¼ tanh c0 xTi xj
� �þ h

� �
; ð3:63Þ

where a0 is a positive integer, r > 0, and c0, h 2 R. Even if the exact form of /(�)
does not exist, any symmetric function j (xi, xj) satisfying Mercer’s theorem can be
used as a kernel function.

Arrange the eigenvalues in the descending order k1 � k2 � ��� � kJ2 > 0 and
denote their associated eigenvectors as a1, … aJ2. The eigenvectors are further
normalized as aTk ak ¼ 1=kk .

The nonlinear PCs of x can be extracted by projecting the mapped pattern
/(x) onto vk

vTkuðxÞ ¼
XN
j¼1

ak;jjðxj; xÞ; ð3:64Þ

for k = 1, 2, …, J2, where ak, j is the jth element of ak.
The kernel PCA algorithm is much more complicated and may sometimes be

trapped more easily into local minima. The PCA needs to deal with an eigenvalue
problem of a J1 � J1 matrix, while the kernel PCA needs to solve an eigenvalue
problem of an N � N matrix. Sparse approximation methods can be applied to
reduce the computational cost.
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3.7.2 Robust/Nonlinear Principal Component Analysis

In order to increase the robustness of the PCA against outliers, a simple way is to
eliminate the outliers or replace them by more appropriate values. A better alter-
native is to use a robust version of the covariance matrix based on the M-estimator.
The data from which the covariance matrix is constructed may be weighted such
that the samples far from the mean have less importance.

Several popular PCA algorithms have been generalized into robust versions by
applying a statistical physics approach [43], where the defined objective function
can be regarded as a soft generalization of the M-estimator. In this subsection,
robust PCA algorithms are defined so that the optimization criterion grows less than
quadratically and the constraint conditions are the same as for the PCA algorithms
[44], which are based on a quadratic criterion. The robust PCA problem usually
leads to mildly nonlinear algorithms, in which the nonlinearities appear at selected
places only and at least one neuron produces the linear response yi = xTwi. When all
neurons generate nonlinear responses yi = u(xTwi), the algorithm is referred to as
the nonlinear PCA.

Variance Maximization-based Robust Principal Component Analysis:

The PCA is to maximize the output variances E y2i
� � ¼ E wT

i x
� �2h i

¼ wT
i Cwi of

the linear network under orthonormality constraints. In the hierarchical case, the
constraints take the form wT

i wj ¼ dij; j� i; dij being the Kronecker delta. In the
symmetric case, symmetric orthonormality constraints wT

i wj ¼ dij are applied.
The SLA and GHA algorithms correspond to the symmetric and hierarchical net-
work structures, respectively.

To derive robust PCA algorithms, the variance maximization criterion is gen-
eralized as E r wT

i x
� �� �

for the ith neuron, subject to hierarchical or symmetric
orthonormality constraints, where r(x) is the M-estimator assumed to be a valid
differentiable cost function that grows less than quadratically, at least for large
x. Examples of such functions are r(x) = lncosh(x) and r(x) = |x|. The robust PCA
in general does not coincide with the corresponding PCA solution, although it can
be close to it. The robust PCA is derived by applying the gradient descent method
[21, 44]

wiðtþ 1Þ ¼ wiðtÞþ gðtÞuðyiðtÞÞeiðtÞ; ð3:65Þ

eiðtÞ ¼ xðtÞ � x̂iðtÞ; ð3:66Þ

x̂iðtÞ ¼
XIðiÞ
j¼1

yjðtÞwjðtÞ; ð3:67Þ

where ei(t) is the instantaneous representation error vector, and the influence
function uðxÞ ¼ drðxÞ=dx:
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In the symmetric case, I(i) = J2 and the errors ei(t) = e(t), i = 1, …, J2. When
/(x) = x, the algorithm is simplified to the SLA. Otherwise, it defines a robust
generalization of Oja’s rule, first proposed quite heuristically. In the hierarchical
case, I(i) = i, i = 1, …, J2. If /(x) = x, the algorithm coincides exactly with the
GHA; Otherwise, it defines a robust generalization of the GHA. In the hierarchical
case, ei(t) can be calculated in a recursive form eiðtÞ ¼ ei�1ðtÞ � yiðtÞwiðtÞ; with
e0ðtÞ ¼ xðtÞ:

Mean Squared Error Minimization-based Robust Principal Component Analysis:

PCA algorithms can also be derived by minimizing the MSE E eik k2
h i

; where

eiðtÞ ¼ xðtÞ � x̂iðtÞ: Accordingly, robust PCA can be obtained by minimizing

1TE½rðeiÞ� ¼ E hðeiÞk k2
h i

; where 1 is a J2-dimensional vector, all of whose entries

are unity, and r(�) and h(�) are applied componentwise on the input vector. Here,
hðxÞ ¼ ffiffiffiffiffiffiffiffiffi

rðxÞp
. When r(x) = x2, it corresponds to the MSE. A robust PCA is

defined if r(x) grows less than quadratically. Using the gradient descent method
leads to

wiðtþ 1Þ ¼ wiðtÞþ gðtÞ wiðtÞTuðeiðtÞÞxðtÞþ xTðtÞwiðtÞuðeiðtÞÞ
h i

; ð3:68Þ

where wi estimates the robust counterparts of the principal eigenvectors ci. The first
term in the bracket is very small and can be neglected, and thus we can get a
simplified algorithm

wiðtþ 1Þ ¼ wiðtÞþ gðtÞxTðtÞwiðtÞuðeiðtÞÞ ¼ wiðtÞþ gðtÞyiðtÞuðeiðtÞÞ: ð3:69Þ

Algorithms (3.69) and (3.65) resemble each other. However, Algorithm (3.69)
generates a linear final input–output mapping, while in Algorithm (3.65) the input–
output mapping is nonlinear. When /(x) = x, algorithms (3.69) and (3.65) are the
same as the SLA in the symmetric case, and the same as the GHA in the hierar-
chical case.

Another Nonlinear Extension to Principal Component Analysis:
A nonlinear PCA algorithm may be derived by the gradient descent method for

minimizing the MSE E eik k2
h i

; where the error vector ei is a nonlinear extension to

eiðtÞ ¼ xðtÞ � x̂iðtÞ: The nonlinear PCA so obtained has a form similar to the robust
PCA given by (3.65) through (3.67)

wiðtþ 1Þ ¼ wiðtÞþ gðtÞuðyiðtÞÞeiðtÞ; ð3:70Þ

eiðtÞ ¼ xðtÞ �
XIðiÞ
j¼1

uðyjðtÞÞwjðtÞ; ð3:71Þ

for i = 1, …, J2.
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In this case, I(i) = J2 and all eiðtÞ are the same. The nonlinear PCA in the
hierarchical case is a direct nonlinear generalization of the GHA. In the hierarchical
case, I(i) = i and (3.71) can be computed recursively

eiðtÞ ¼ ei�1ðtÞ � uðyiðtÞÞwiðtÞ; ð3:72Þ

with e0ðtÞ ¼ xðtÞ:
It has been pointed out in [44] that robust and nonlinear PCA algorithms have

better stability than the corresponding PCA algorithms if the (odd) nonlinearity
/(x) grows less than linearly, namely |/(x)| < |x|. On the contrary, nonlinearities
growing faster than linearly cause stability problems easily and therefore are not
recommended.

3.7.3 Autoassociative Network-Based Nonlinear PCA

The MLP can be used to perform nonlinear dimension reduction and hence non-
linear PCA. Both the input and output layers of the MLP have J1 units, and one of
its hidden layers, known as the bottleneck or representation layer, has J2 units,
J2 < J1. The network is trained to reproduce its input vectors. This kind of network
is called the autoassociative MLP. After the network is trained, it performs a
projection onto the J2-dimensional subspace spanned by the first J2 principal
components of the data. The vectors of weights leading to the hidden units form a
basis set that spans the principal subspace, and data compression therefore occurs in
the bottleneck layer. Many applications of the MLP in autoassociative mode for
PCA are available in the literature [45, 46].

The three-layer autoassociative J1-J2-J1 feedforward network or MLP network
can also be used to extract the first J2 principal components of J1-dimensional data.
If nonlinear activation functions are applied in the hidden layer, the network per-
forms as a nonlinear PCA network. In the case of nonlinear units, local minima
certainly appear. However, if linear units are used in the output layer, nonlinearity
in the hidden layer is theoretically meaningless [45]. This is due to the fact that the
network tries to approximate a linear mapping.

3.8 Other PCA or Extensions of PCA

Besides the algorithms reviewed in the preceding parts, there exist lots of other
PCAs or their extensions. For example, there are minor component analysis, con-
strained PCA, localized PCA, incremental PCA, supervised PCA, complex-valued
PCA, two-dimensional PCA, generalized eigenvalue decomposition, singular value
decomposition, canonical correlation analysis, etc. Among these algorithms, minor
component analysis (MCA), generalized eigenvalue decomposition, and singular
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value decomposition are important PCA algorithms or extensions. So we will have
separate chapters to study them, respectively. See Chaps. 4, 8 and 9 for more
details. Here, we only discuss the remaining algorithms.

Constrained PCA: When certain subspaces are less preferred than others, this
yields the constrained PCA [47]. The optimality criterion for constrained PCA is
variance maximization, as in PCA, but with an external subspace orthogonality
constraint that extracts principal components orthogonal to some undesired sub-
space [3]. Constrained PCA first decomposes the data matrix by projecting the data
matrix onto the spaces spanned by matrices of external information and then applies
PCA to the decomposed matrices, which involves generalized SVD. APEX can be
applied to recursively solve the constrained PCA problem [26].

Localized PCA: The nonlinear PCA problem can be overcome using localized
PCA [3]. First, the data space is partitioned into a number of disjunctive regions,
followed by the estimation of the principal subspace within each partition by linear
PCA. The distribution is then collectively modeled by a collection of linear PCA
models, each characterizing a partition. It should be noted that the localized PCA is
different from local PCA. In the latter, the update at each node makes use of only
local information. VQ-PCA [48] is a locally linear model that uses vector quanti-
zation to define the Voronoi regions for localized PCA. An online localized PCA
algorithm [49] was developed by extending the neural gas method. ASSOM is
another localized PCA for unsupervised extraction of invariant local features from
the input data. Localized PCA provides an efficient means to decompose
high-dimensional data compression problems into low-dimensional ones [3].

Incremental PCA: Incremental PCA algorithm can update eigenvectors and
eigenvalues incrementally. It is applied to a single training sample at a time, and the
intermediate eigen problem must be solved repeatedly for every training sample [50].
Chunk incremental PCA [51] processes a chunk of training samples at a time. It can
reduce the training time effectively and obtain major eigenvectors with fairly good
approximation. In Chunk incremental PCA, the update of an eigen space is com-
pleted by performing single eigenvalue decomposition. The SVD updating-based
incremental PCA algorithm [52] gives a close approximation to the batch-mode PCA
method, and the approximation error is proved to be bounded. Candid
covariance-free IPCA [53] is a fast incremental PCA algorithm, which is used to
compute the principal components of a sequence of samples incrementally without
estimating the covariance matrix.

Supervised PCA: Like supervised clustering, supervised PCA [54] is achieved
by augmenting the input of PCA with the class label of the data set. Class-
augmented PCA [55] is a supervised feature extraction method, which is composed
of processes for encoding the class information, augmenting the encoded infor-
mation to data, and extracting features from class-augmented data by applying
PCA.

Complex-valued PCA: Complex PCA is a generalization of PCA in
complex-valued data sets [56], and it employs the same neural network architecture
as for PCA, but with complex weights. Complex-domain GHA [57] extends GHA
for complex principal component extraction, and it is very similar to GHA except
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that complex notations are introduced. In [58], a complex-valued neural network,
model is developed for nonlinear complex PCA, and it uses the architecture of
Kramer’s nonlinear PCA network, but with complex weights and biases. The
algorithm can extract nonlinear features missed by PCA. Both PAST and PASTd
are, respectively, the PSA and PCA algorithms derived for complex-valued signals
[28]. Complex-valued APEX [59] actually allows for extracting a number of
principal components from a complex-valued signal. The robust complex PCA
algorithms have also been derived in [60] for hierarchically extracting principal
components of complex-valued signals using a robust statistics-based loss function.

Two-dimensional PCA: Because of the small-sample-size problem for image
representation, PCA is prone to be overfitted to the training set. Two-dimensional
PCA can address these problems. In two-dimensional PCA, an image covariance
matrix is constructed directly using the original image matrices instead of the
transformed vectors, and its eigenvectors are derived for image feature extraction.

2DPCA [61] evaluates the covariance (scatter) matrix more accurately than PCA
does, since it only reflects the information between rows and is a row-based PCA.
Diagonal PCA [62] improves 2DPCA by defining the image scatter matrix as the
covariances between the variations of the rows and those of the columns of the
images and is more accurate than PCA and 2DPCA. In modular PCA [63], an
image is divided into n1 subimages and PCA is performed on all these subimages.
2DPCA and modular PCA both solve the overfitting problems by reducing the
dimension and by increasing the training vectors yet introduce the high feature
dimension problem.

Bidirectional PCA [64] reduces the dimension in both column and row direc-
tions for image feature extraction, whose feature dimension is much less than that of
2DPCA. It has to be performed in batch mode. PCA-L1 [65] is a fast and robust L1-
norm-based PCA. L1-norm-based two-dimensional PCA (2DPCA-L1) [66] is a
two-dimensional generalization of PCA-L1 [65]. It avoids the eigen decomposition
process, and its iteration step is easy to perform. The uncorrelated multilinear PCA
algorithm [67] is used for unsupervised subspace learning of tensorial data. It not
only obtains features that maximize the variance captured, but also enforces a
zero-correlation constraint, thus extracting uncorrelated features.

3.9 Summary

An overview of a variety of neural network-based principal component analysis
algorithms has been presented in this chapter. Many new adaptive PCA algorithms
are being added to this field, indicating a consistent interest in this direction.
Nevertheless, neural network-based PCA algorithms have been considered a
matured subject. Many problems and current research interest lie in performance
analysis of PCA algorithms, minor component analysis, generalization or exten-
sions of PCA algorithms, etc., which will be discussed in the next chapters.
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Chapter 4
Neural Networks for Minor
Component Analysis

4.1 Introduction

The minor subspace (MS) is a subspace spanned by all the eigenvectors associated
with the minor eigenvalues of the autocorrelation matrix of a high-dimensional
vector sequence. The MS, also called the noise subspace (NS), has been extensively
used in array signal processing. The NS tracking is a primary requirement in many
real-time signal processing applications such as the adaptive direction-of-arrival
(DOA) estimation, the data compression in data communications, the solution of a
total least squares problem in adaptive signal processing, and the feature extraction
technique for a high-dimensional data sequence. Although the MS can be efficiently
obtained by the algebraic approaches such as the QR decomposition, such
approaches usually have the computational complexity of O(N2r) per data update,
where N and r are the dimensions of the high-dimensional vector sequence and the
MS, respectively. Hence, it is of great interest to find some learning algorithms with
lower computational complexity for adaptive signal processing applications.

The minor component analysis (MCA) deals with the recovery of the eigen-
vector associated with the smallest eigenvalue of the autocorrelation matrix of the
input data, and it is an important statistical method for extracting minor component.
To solve the MCA problem, many neural learning algorithms have been proposed
for over 30 years [1–7, 8, 9–11]. These learning algorithms can be used to extract
minor component from input data without calculating the correlation matrix in
advance, which makes neural networks method more suitable for real-time appli-
cations. In neural network algorithms for MCA, the only nonlinear network is the
Hopfield network by Mathew and Reddy [12, 13], in which a constrained energy
function was proposed, using a penalty function, to minimize the RQ. The neurons
use sigmoidal activation functions; however, the structure of the network is
problem-dependent (the number of neurons is equal to the dimension of the
eigenvectors). In addition, it is necessary to estimate the trace of the covariance
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matrix for selecting appropriate penalty factors. All other existing neural networks
are made up of one simple linear neuron.

Linear neurons are the simplest units to build a neural network. They are often
considered uninteresting because linear functions can be computed with linear
networks and a network with several layers of linear units can always be collapsed
into a linear network without any hidden layer by multiplying the weights in a
proper fashion [4]. On the contrary, there are very important advantages. Oja [14]
has found that a simple linear neuron with an unsupervised constrained Hebbian
learning rule can extract the principal component from stationary input data.
Contrary to the nonlinear neural networks which are seriously plagued by the
problem of local minima of their cost function, the linear networks have simple cost
landscapes [4, 15].

The adaptive algorithms for tracking one minor component (MC) have been
proposed in [2–4], all resulting in adaptive implementation of Pisarenko’s harmonic
retrieve estimator [16]. Thompson [17] proposed an adaptive algorithm for
extracting the smallest eigenvector from a high-dimensional vector stream. Yang
and Kaveh [18] extended Thompson’s algorithm [17] to estimate multiple MCs
with the inflation procedure. However, Yang and Kaveh’s algorithm requires
normalization operation. Oja [2] and Xu et al. [1] proposed several efficient algo-
rithms that can avoid the normalized operation. Luo et al. [3] presented a minor
component analysis (MCA) algorithm that does not need any normalization oper-
ation. Recently, some modifications for Oja’s MS tracking algorithms have been
proposed in [4, 19, 8, 9, 10]. Chiang and Chen [20] showed that a learning algo-
rithm can extract multiple MCs in parallel with the appropriate initialization instead
of the inflation method. On the basis of an information criterion and by extending
and modifying the total least mean squares (TLMS) algorithm [5], Ouyang et al.
[21] developed an adaptive MC tracker that can automatically find the MS without
using the inflation method. Recently, Cirrincione et al. [4], [22] proposed a learning
algorithm called MCA EXIN that may have satisfactory convergence. Zhang and
Leung [23] proposed a much more general model for the MC and provided an
efficient technique for analyzing the convergence properties of these algorithms.
Interestingly, Cirrincione et al. analyzed these algorithms in detail.

4.2 Review of Neural Network-Based MCA Algorithms

The neural network-based MCA algorithms in the literature can be roughly clas-
sified into the following classes: nonstabilizing algorithm, self-stabilizing algo-
rithm, fast algorithms, etc. In [4], Cirrincione et al. distinguished between two
classes of learning algorithms according to the time course of the length of the
eigenvector estimate. In the algorithms of the first class, e.g., OJAn, Luo, and
MCA EXIN, the length of the weight vector in the fixed point is undetermined. In
an exact solution of the differential equation, the weight vector length would not
deviate from its initial value. However, when a numerical procedure (like Euler’s
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method) is applied, all these rules are plagued by “sudden divergence” of the weight
vector length. In the rules of the second class, e.g., Doug, Chen, XU*, OJA*, OJA
+, FENG, AMEX, ZLlog, ZLdiff, and Wang, the weight vector length converges
toward a fixed value. Within the second class, some rules are self-stabilizing with
respect to the time course of the weight vector length. In these algorithms, the
weight vector length converges toward a fixed value independent of the presented
input vector. The Doug and Chen rules are strictly self-stabilizing, while OJA+,
OJA*, and XU* show this property in the vicinity of the fixed point. All rules
lacking self-stabilization are potentially prone to fluctuations and divergence in the
weight vector length [10]. Besides, there still exists a need to develop fast minor
subspace tracking algorithms. Due to the direct use of Gram–Schmidt orthonor-
malization, the computational complexity of DPM algorithm [18] is O(np2). The
Fast Rayleigh’s quotient-based Adaptive Noise Subspace (FRANS) [24] algorithm
reduces its dominant complexity to 3np. Afterward, several algorithms such as
FDPM [25], [26], HFRANS [27], FOOJA [28], and YAST [29] were proposed. In
the following, we will discuss some well-known MCA/MSA algorithms.

4.2.1 Extracting the First Minor Component

The well-known algorithms for extracting the first minor component include the
anti-Hebbian learning rule (OJA) [1], the normalized anti-Hebbian learning rule
(OJAn) [1], the constrained anti-Hebbian learning algorithm [30], OJA+ algorithm
[2], Luo algorithm [3], the total least mean squares algorithm (TLMS) [5], and the
MCA EXIN algorithm [4]. The OJA algorithm tends rapidly to infinite magnitudes
of the weights, and the OJAn algorithm leads to better convergence, but it may also
lead to infinite magnitudes of weights before the algorithm converges [4]. The
constrained anti-Hebbian learning algorithm has a simple structure and requires a
low computational complexity per update, which has been applied to adaptive FIR
and IIR filtering. It can be used to solve the TLS parameter estimation and has been
extended for complex-valued TLS problem. The TLMS algorithm is a random
adaptive algorithm for extracting the MC, based on which an adaptive step-size
learning algorithm [31] has been derived for extracting the MC by introducing
information criterion. The algorithm outperforms the TLMS in terms of both
convergence speed and estimation accuracy.

Consider a linear unit with input xðtÞ ¼ ½x1ðtÞ; x2ðtÞ; . . .; xnðtÞ�T and yðtÞ ¼PN
i¼1 wiðtÞxiðtÞ ¼ wTðtÞxðtÞ, where wðtÞ ¼ ½w1ðtÞ;w2ðtÞ; . . .;wnðtÞ�T is the weight

vector. In the MCA analysis, xðtÞ is a bounded continuous-valued stationary
ergodic data vector with finite second moments. The existing well-known learning
laws for the MCA of the autocorrelation matrix R ¼ E½xðtÞxTðtÞ� of the input vector
xðtÞ are listed below.
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Oja’s MCA algorithm: Changing the Oja’s learning law for PCA into a con-
strained anti-Hebbian rule and by reversing the sign, Oja’s MCA algorithm is given
by

wðtþ 1Þ ¼ wðtÞ � aðtÞyðtÞ½xðtÞ � yðtÞwðtÞ�; ð4:1Þ

where aðtÞ is a positive learning rate. The OJAn algorithm is

wðtþ 1Þ ¼ wðtÞ � aðtÞyðtÞ xðtÞ � yðtÞwðtÞ
wTðtÞwðtÞ

� �
: ð4:2Þ

Another Oja’s learning rule (OJA+) is as follows:

wðtþ 1Þ ¼ wðtÞ � aðtÞ yðtÞxðtÞ � y2ðtÞþ 1� wðtÞk k22
� �

wðtÞ
h i

: ð4:3Þ

In [3], Luo et al. proposed the following rule:

wðtþ 1Þ ¼ wðtÞ � aðtÞ wTðtÞwðtÞyðtÞxðtÞ � y2ðtÞwðtÞ� �
: ð4:4Þ

In [5], TLMS algorithm was given by:

wðtþ 1Þ ¼ wðtÞ � aðtÞ½wTðtÞwðtÞyðtÞxðtÞ � wðtÞ�: ð4:5Þ

In [31], by defining an information criterion: maxw JðwÞ ¼ 1
2 wTRw�ð�

log wk k2Þg, an adaptive step-size learning algorithm has been derived for extracting
the MC as follows:

wðtþ 1Þ ¼ wðtÞ � g

wðtÞk k2 wðtÞk k2xðtÞxTðtÞwðtÞ � wðtÞ
h i

: ð4:6Þ

In order to improve the performance of MCA algorithms, a novel algorithm
called MCA EXIN [4] was proposed as follows:

wðtþ 1Þ ¼ wðtÞ � aðtÞyðtÞ
wðtÞk k22

xðtÞ � yðtÞwðtÞ
wðtÞk k22

" #
: ð4:7Þ

The convergence of the above MCA algorithms is indirectly proven by the
convergence of their corresponding averaging ODE. In [4], the analysis of
the temporal behavior of all the above MCA neurons is analyzed by using not only
the ODE approximation, but especially the stochastic discrete laws. Using only the
ODE approximation does not reveal some of the most important features of these
algorithms. For instance, it will be shown that the constancy of the weight modulus
for OJAn and Luo, which is the consequence of the use of the ODE, is not valid,
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except, as a very first approximation, in approaching the minor component. This
study will also lead to the very important problem of sudden divergence [4].

4.2.2 Oja’s Minor Subspace Analysis

Oja’s minor subspace analysis (MSA) algorithm can be formulated by reversing the
sign of the learning rate of SLA for PSA [32]

Wðtþ 1Þ ¼ WðtÞ � g½xðtÞ �WðtÞyðtÞ�yTðtÞ; ð4:8Þ

where yðtÞ ¼ WTðtÞxðtÞ; g[ 0 is the learning rate. This algorithm requires the
assumption that the smallest eigenvalue of the autocorrelation matrix C is less than
unity. However, Oja’s MSA algorithm is known to diverge [2]. The bigradient PSA
algorithm is a modification to the SLA and is obtained by introducing an additional
bigradient term embodying the orthonormal constraints of the weights, and it can be
used for MSA by reversing the sign of η.

4.2.3 Self-stabilizing MCA

The concept of self-stability was presented in [10]. If the norm of the weight vector
in the algorithm converges toward a fixed value independent of the presented input
vector, then this algorithm is called self-stabilizing. Since all algorithms lacking
self-stability are prone to fluctuations and divergence in the weight vector norm, the
self-stability is an indispensable property for adaptive algorithms.

The MCA algorithm proposed in [33] can be written as

Wðtþ 1Þ ¼ WðtÞ � g½xðtÞyTðtÞWTðtÞWðtÞ �WðtÞyðtÞyTðtÞ�: ð4:9Þ

During initialization, WT(0)W(0) is required to be diagonal. Algorithm (4.9)
suffers from a marginal instability, and thus, it requires intermittent normalization
such that wik k ¼ 1.

A self-stabilizing MCA algorithm was given in [8] as

Wðtþ 1Þ ¼ WðtÞ � g xðtÞyTðtÞWTðtÞWðtÞWTðtÞWðtÞ �WðtÞyðtÞyTðtÞ� �
: ð4:10Þ

Algorithm (4.10) is self-stabilizing, such that none of wiðtÞk k ¼ 1 deviates
significantly from unity. Algorithm (4.10) diverges for PCA when −η is changed to
+η. Both Algorithms (4.9) and (4.10) have complexities of O(J1J2).
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4.2.4 Orthogonal Oja Algorithm

The orthogonal Oja (OOja) algorithm consists of Oja’s MSA plus an orthogonal-
ization ofW(t) at each iteration [34]WT(t)W(t) = I. A Householder transform-based
implementation of the MCA algorithm was given as [27]

x̂ðtÞ ¼ WðtÞyðtÞ ð4:11Þ

eðtÞ ¼ xðtÞ � x̂ðtÞ ð4:12Þ

#ðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2 eðtÞk k2 yðtÞk k2

q ð4:13Þ

uðtÞ ¼ 1� #ðtÞ
g yðtÞk k2 x̂ðtÞþ#ðtÞeðtÞ ð4:14Þ

uðtÞ ¼ uðtÞ
uðtÞk k ð4:15Þ

vðtÞ ¼ WTðtÞuðtÞ ð4:16Þ

Wðtþ 1Þ ¼ WðtÞ � 2uðtÞvTðtÞ; ð4:17Þ

where W is initialized as an arbitrary orthogonal matrix and y is given by
yðtÞ ¼ WTðtÞxðtÞ. The OOja is numerically very stable. By reversing the sign of η,
we extract J2 PCs.

The normalized Oja (NOja) was derived by optimizing the MSE criterion subject
to an approximation to the orthonormal constraint WT(t)W(t) = I [35]. This leads to
the optimal learning rate. The normalized orthogonal Oja (NOOja) is an orthogonal
version of the NOja such that WT(t)W(t) = I is perfectly satisfied [35]. Both
algorithms offer, as compared to Oja’s SLA, a faster convergence, orthogonality,
and a better numerical stability with a slight increase in the computational com-
plexity. By switching the sign of η in the given learning algorithms, both NOja and
NOOja can be used for the estimation of minor and principal subspaces of a vector
sequence. All the Algorithms (4.8), (4.9), (4.10), OOja, NOja, and NOOja have a
complexity of O(J1J2) [34]. OOja, NOja, and NOOja require less computation load
than Algorithms (4.9) and (4.10) [34, 35].

4.2.5 Other MCA Algorithm

By using the Rayleigh quotient as an energy function, the invariant-norm MCA [3]
was analytically proved to converge to the first MC of the input signals. The MCA
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algorithm has been extended to sequentially extract multiple MCs in the ascending
order of the eigenvalues by using the idea of sequential elimination in [36].
However, the invariant-norm MCA [3] leads to divergence in finite time [4], and
this drawback can be eliminated by renormalizing the weight vector at each iter-
ation. In [11, 33], an alternative MCA algorithm for extracting multiple MCs was
described by using the idea of sequential addition, and a conversion method
between the MCA and the PCA was also discussed.

Based on a generalized differential equation for the generalized eigenvalue
problem, a class of algorithms can be obtained for extracting the first PC or MC by
selecting different parameters and functions [23]. Many existing PCA algorithms,
e.g., the ones in [14, 37, 38], and MCA algorithms, e.g., the one in [37], are special
cases of this class. All the algorithms of this class have the same order of con-
vergence speed and are robust to implementation error.

A rapidly convergent quasi-Newton method has been applied to extract multiple
MCs in [13]. This algorithm has a complexity of O(J2J1

2), but with a quadratic
convergence. It makes use of an implicit orthogonalization procedure that is built
into it through an inflation technique.

4.3 MCA EXIN Linear Neuron

In [4], Cirrincione et al. proposed a MCA EXIN neuron, and its algorithm is as
follows:

wðtþ 1Þ ¼ wðtÞ � aðtÞyðtÞ
wðtÞk k22

xðtÞ � yðtÞwðtÞ
wðtÞk k22

" #
: ð4:7Þ

The convergence of MCA EXIN is indirectly proven by the convergence of their
corresponding averaging ODE. Moreover, its temporal behavior is analyzed by the
stochastic discrete laws. This study leads to the very important problem of sudden
divergence. In this subsection, we will briefly analyze the MCA EXIN neuron and
its algorithm [4].

4.3.1 The Sudden Divergence

The squared modulus of the weight vector at an instant is given by

wðtþ 1Þk k22¼ wðtÞk k22 þ
a2ðtÞ
4

wðtÞk k�2
2 xðtÞk k42sin2 2hxw; ð4:18Þ
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where hxw is the angle between the directions of xðtÞ and wðtÞ. From (4.18), the
dependence of the squared modulus on the square of the learning rate is apparent.
As a consequence, for low learning rates (as near convergence), the increase in the
weight modulus is less significant.

The following observations can be made [4]:

(1) Except for particular conditions, the weight modulus always increases

wðtþ 1Þk k22 [ wðtÞk k22: ð4:19Þ

These particular conditions, i.e., all data are in exact particular directions, are
too rare to be met in a noisy environment.

(2) sin2 2hxw is a positive function with four peaks within the interval ð�p; p�.
This is one of the possible interpretations of the oscillatory behavior of the
weight modulus.

In summary, the property of constant modulus for MCA EXIN is not correct [4].
In the following, the divergence will be studied in further detail.

Averaging the behavior of the weight vector after the first critical point has been
reached ðt� t0Þ, it then follows that wðtÞ ¼ wðtÞk k2zn; 8t� t0, where zn is the unit
eigenvector associated with the smallest eigenvalue of the autocorrelation matrix of
the input vector xðtÞ. From (4.7), the discrete law can be easily obtained for the
update of the weight modulus. This discrete law can be regarded as a discretization
of the following ODE:

dwTw
dt

¼ 1

ðwTwÞ2 E yx� y2

wTw











2

2

" #
: ð4:20Þ

Without loss of generality, the input data are considered Gaussian. After some
matrix manipulations, which can be found in [4], it holds that:

dp
dt

¼ 1
p2

E �k2n þ kntrðRÞ
� �

p; ð4:21Þ

where p ¼ wðtÞk k22, kn is its smallest eigenvalue of R, i.e., autocorrelation matrix of
the input data. Solving this differential equation with pð0Þ ¼ 1 for the sake of
simplicity yields

pðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2 �k2n þ kntrðRÞ

� �
t

q
ð4:22Þ

and since the quantity in brackets is never negative, it follows that pðtÞ ! 1, as
t ! 1. Here, the norm of wðtÞ diverges.

For Luo MCA algorithm, it holds that
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pðtÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2 �k2n þ kntrðRÞ

� �
t

q : ð4:23Þ

In this case, the divergence happens in a finite time (called sudden divergence),
i.e.,

pðtÞ ! 1 when t ! t1 ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k2n þ kntrðRÞ

q : ð4:24Þ

Hence, t1 depends on the spreading of the eigenvalue spectrum of R. If the
eigenvalues of R are clustered, the sudden divergence appears late. Furthermore, t1
is proportional to the inverse of kn (high kn means noisy data) [4].

4.3.2 The Instability Divergence

In [4], the instability divergence was defined, and it is related to the dynamic
stability of algorithm and learning rate. We know that in an iterative algorithm, the
learning rate aðtÞ must be very small to avoid the instability and consequent
divergence of the learning law. This implies some problems [4]: (1) A small
learning rate gives a low learning speed; (2) it is difficult to find a good learning rate
to prevent learning divergence; and (3) the transient and accuracy in the solution are
both affected by the choice of the learning rate.

The analysis of instability divergence of MCA EXIN linear neuron is very
complex, and the details can be found in [4]. In Sect. 4.4, the analysis method will
be discussed in detail.

4.3.3 The Numerical Divergence

The MCA learning laws are iterative algorithms and have a different computational
cost per iteration. The limited precision (quantization) errors can degrade the
solution of the gradient-based algorithms with regard to the performance achievable
in infinite precision. These errors accumulate in time without bound, leading, in the
long term, to an eventual overflow. This kind of divergence is here called numerical
divergence. There are two sources of quantization errors [4]: (1) The analog-to-
digital conversion used to obtain the discrete time series input; for a uniform
quantization characteristics, the quantization is zero mean. (2) The finite word
length used to store all internal algorithmic quantities; this error is not zero mean.
This mean is the result of the use of multiplication schemes that either truncate or
round products to fit the given fixed word length.
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It is found that the degradation of the solution is proportional to the conditioning
of the input, i.e., to the spread of the eigenvalue spectrum of the input autocorre-
lation matrix. Hence, this problem is important for near singular matrices, e.g., in
the application of MCA for the computation of translation in computer vision [4].
Obviously, decreasing the learning rate in the infinite precision algorithm leads to
improved performance. Nevertheless, this decrease increases the deviation from
infinite precision performance. However, increasing the learning rate can also
magnify numerical errors, so there is a trade-off in terms of numerical effects on the
size of the learning rate [4].

4.4 A Novel Self-stabilizing MCA Linear Neurons

As mentioned in Sects. 4.2 and 4.3, several adaptive algorithms for tracking one
minor component have been proposed. The dynamics of many MCA algorithms
have been studied, and a divergence problem of the weight vector norm has been
found in some existing MCA algorithms, e.g., OJAn algorithm [1] and Luo algo-
rithm [3]. Also, sudden divergence has been found in some existing algorithms,
e.g., Luo algorithm, OJA algorithm [1], and OJA+ algorithms [2] on some con-
dition. In order to guarantee convergence, several self-stabilizing MCA learning
algorithms have been proposed [8–10]. In these algorithms, the weight vector of the
neuron can be guaranteed to converge to a normalized minor component.

The objective of this section is to develop more satisfactory learning algorithm
for the adaptive tracking of MS. For neural network-based learning algorithms, the
convergence is crucial to their practical applications. Usually, MSA (or MCA)
learning algorithms are described by stochastic discrete time systems. Traditionally,
convergence of MSA algorithms is analyzed via a corresponding DCT system, but
some restrictive conditions must be satisfied in this method. It is realized that using
only DCT method does not reveal some of the most important features of these
algorithms. The SDT method uses directly the stochastic discrete learning laws to
analyze the temporal behavior of MCA algorithms and has been given more and
more attention [4]. In this section, we will introduce a self-stabilizing MCA algo-
rithm and extended it for the tracking of MS [39], which has a more satisfactory
numerical stability compared to some existing MSA algorithms, and the dynamics
of this algorithm will be analyzed via DCT and SDT methods [39].

4.4.1 A Self-stabilizing Algorithm for Tracking One MC

(1) A self-stabilizing MCA algorithm

Let us consider a single linear neuron with the following input–output relation:
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yðtÞ ¼ WTðtÞXðtÞ; ðt ¼ 0; 1; 2; . . .Þ;

where yðtÞ is the neuron output, the input sequence fXðtÞjXðtÞ 2 Rnðt ¼
0; 1; 2; . . .Þg is a zero-mean stationary stochastic process, and WðtÞ 2 Rnðt ¼
0; 1; 2; . . .Þ is the weight vector of the neuron. Let R ¼ E½XðtÞXTðtÞ� denote the
autocorrelation matrix of the input sequence XðtÞ, and let ki and vi ði ¼ 1; 2; . . .;NÞ
denote the eigenvalues and the associated orthonormal eigenvectors of R, respec-
tively. We can arrange the orthonormal eigenvectors v1; v2; � � � ; vN such that the
associated eigenvalues are in a nondecreasing order: 0\k1 � k2 � � � � � kN .

The dynamics of some major MCA algorithms, e.g., OJA, OJAn, OJA+, Luo,
and OJAm algorithms, have been studied, and a MCA EXIN algorithm based on the
gradient flow of the Rayleigh quotient of the autocorrelation matrix
R ¼ E½XðtÞXTðtÞ�� �

on Rn � f0g was presented as follows [4]:

Wðtþ 1Þ ¼ WðtÞ � aðtÞ WTðtÞWðtÞ� ��1 ðyðtÞXðtÞ � y2ðtÞWðtÞ WTðtÞWðtÞ� ��1
h i

;

ð4:25Þ

where aðtÞ is the learning rate, which controls the stability and rate of convergence
of the algorithm. MCA EXIN algorithm is analyzed in detail, and it is concluded
that the algorithm is the best MCA neuron in terms of stability (no finite time
divergence), speed, and accuracy. However, by using the same analytical approach,
it is easy to show that it is possible that MCA EXIN converges to infinity. In order
to avoid the possible divergence and preserve the good performance of MCA EXIN
as much as possible, we propose a modified algorithm as follows:

Wðtþ 1Þ ¼ WðtÞ � aðtÞ WTðtÞWðtÞ� ��1
yðtÞXðtÞ � y2ðtÞþ 1� WðtÞk k4

� �
WTðtÞWðtÞ� ��1

WðtÞ
h i

:

ð4:26Þ

The difference between MCA EXIN algorithm and the modified one is that the
latter refers to OJA+ algorithm, and adds a term ð1� WðtÞk k4ÞWðtÞ. Then, this
renders our algorithm to have satisfactory one-tending property (which will be
explained later), and it outperforms some existing MCA algorithms, e.g., OJAm
algorithm.

(2) The convergence analysis via DCT method

Usually, MCA learning algorithms are described by SDT systems. It is very difficult
to study the convergence of the SDT system directly. So far, dynamics of most of
MCA algorithms are indirectly proved via a corresponding DCT system. According
to the stochastic approximation theory [40, 41], it can be shown that if some
conditions are satisfied, then the asymptotic limit of the discrete learning algorithm
of (4.26) can be obtained by solving the following continuous time differential
equations:
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dWðtÞ
dt

¼ � WTðtÞWðtÞ� ��1
yðtÞXðtÞ � y2ðtÞþ 1� WðtÞk k4

� �
WTðtÞWðtÞ� ��1

WðtÞ
h i

:

ð4:27Þ

Assume XðtÞ is stationary, and XðtÞ is not correlated with WðtÞ, and taking
expectation on both sides of Eq. (4.27), then Eq. (4.27) can be approximated by the
following ordinary differential equation (ODE):

dWðtÞ
dt

¼ � WTðtÞWðtÞ� ��1
RWðtÞ � WTðtÞRWðtÞþ 1� WðtÞk k4

� �
WTðtÞWðtÞ� ��1

WðtÞ
h i

:

ð4:28Þ

The asymptotic property of (4.28) approximates that of (4.27), and the asymp-
totic property of (4.28) can be ensured by the following theorem.

Theorem 4.1 Let R be a positive semi-definite matrix, k1 and v1 be respectively its
smallest eigenvalue and the associated normalized eigenvector with nonzero first
component. If the initial weight vector Wð0Þ satisfiesWTð0Þv1 6¼ 0 and k1 is single,
then limt!1 WðtÞ ¼ �v1, i.e. WðtÞ tends to �v1 asymptotically as t ! 1.

Proof Denote N eigenvalues of R by k1; k2; . . .; kN , where k1 is the smallest
eigenvalue and denotes a set of associated normalized eigenvectors by
v1; v2; . . .; vN . So R and WðtÞ can be written as

R ¼
XN
i¼1

kivivTi ;WðtÞ ¼
XN
i¼1

fiðtÞvi: ð4:29Þ

Then, it holds that

dWðtÞ
dt

¼
XN
i¼1

dfiðtÞ
dt

vi

¼
�PN

i¼1 WðtÞk k2ðkifiðtÞviÞþ WTðtÞRWðtÞþ 1� WðtÞk k4
� �PN

i¼1 ðfiðtÞviÞ
WðtÞk k4

¼
XN
i¼1

�ki WðtÞk k2 þðWTðtÞRWðtÞþ 1� WðtÞk k4Þ
� �

fiðtÞvi
� �

WðtÞk k�4:

ð4:30Þ

and

dfiðtÞ
dt

¼ �ki WðtÞk k2 þ WTðtÞRWðtÞþ 1� WðtÞk k4
� �� �

fiðtÞ WðtÞk k�4

8 i ¼ 1; 2; . . .;N:
ð4:31Þ

86 4 Neural Networks for Minor Component Analysis



Since fiðtÞ ¼ WTðtÞvi and WTð0Þv1 6¼ 0, we have f1ðtÞ 6¼ 0 ð8 t� 0Þ.
Define

ciðtÞ ¼
fiðtÞ
f1ðtÞ ði ¼ 2; . . .;NÞ: ð4:32Þ

And then it follows that

dciðtÞ
dt

¼ ðk1 � kiÞ WðtÞk k2fiðtÞf1ðtÞ
f 21 ðtÞ WðtÞk k4 ¼ ðk1 � kiÞciðtÞ

WðtÞk k2 ; ð4:33Þ

whose solution on ½0;1� is

ciðtÞ ¼ exp
ðk1 � kiÞ
WðtÞk k2

Z t

0

ds

0
@

1
A 8 i ¼ 2; . . .;N: ð4:34Þ

If ki [ k1 (i.e., the smallest eigenvalue is single but not multiple), then ciðtÞ
tends to zero as t ! 1 ð8 i ¼ 2; . . .;NÞ. Consequently, lim

t!1 fiðtÞ ¼ 0

ð8 i ¼ 2; . . .;NÞ.
So we have

lim
t!1WðtÞ ¼ lim

t!1

XN
i¼1

fiðtÞvi
 !

¼ f1ðtÞv1: ð4:35Þ

From (4.35), it follows that

lim
t!1 WðtÞk k ¼ lim

t!1 f1ðtÞv1k k ¼ lim
t!1 f1ðtÞk k: ð4:36Þ

However, by differentiating WTW along the solution of (4.28), it holds that

dWTðtÞWðtÞ
dt

¼ �2 WTðtÞWðtÞ� ��2
WðtÞk k2WTðtÞRWðtÞ

h
� WTðtÞRWðtÞþ 1� WðtÞk k4
� �

WðtÞk k2
i

¼ �2 WTðtÞWðtÞ� ��1
WTðtÞRWðtÞ � WTðtÞRWðtÞþ 1� WðtÞk k4

� �h i
¼ 2 WTðtÞWðtÞ� ��1

1� WðtÞk k4
h i

¼
[ 0 for WðtÞk k\1

\0 for WðtÞk k[ 1

¼ 0 for WðtÞk k ¼ 1:

8><
>:

ð4:37Þ
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This means that lim
t!1 WðtÞk k ¼ 1. Thus, we have lim

t!1 f1ðtÞ ¼ �1, which gives

lim
t!1WðtÞ ¼ �v1.

This completes the proof.
The asymptotic behavior of MCA ODE can only be considered in the limits of

validity of this asymptotic theory. Therefore, the above theorem’s result is only
approximately valid in the first part of the time evolution of the MCA learning law,
i.e., in approaching the minor component.

(3) The divergence analysis

Cirrincione et al. found that in an exact solution of the differential equation asso-
ciated with some MCA algorithms, e.g., Luo, OJAn, and MCA EXIN algorithms,
the weight vector length would not deviate from its initial value. However, when a
numerical procedure (like Euler’s method) is applied, all these rules are plagued by
“divergence or sudden divergence” of the weight vector length. Obviously, only
from the analysis of the ordinary differential equation, it is not sufficient to deter-
mine the convergence of the weight vector length for MCA algorithms. Thus, it is
necessary and important to analyze the temporal behavior of MCA algorithms via
the stochastic discrete law.

The purpose of this section is to analyze the temporal behavior of the proposed
algorithm by using not only the ODE approximation, but especially, the stochastic
discrete laws. Cirrincione found a sudden divergence for Luo algorithm (OJA and
OJA+ also have this phenomenon on some condition). Sudden divergence is very
adverse for practical application. Does our proposed algorithm have a sudden
divergence? In this section, we will study the proposed algorithm in detail.

Averaging the behavior of the weight vector after the first critical point has been
reached t� t0ð Þ, it follows that:

WðtÞ ¼ WðtÞk kv1 8t� t0; ð4:38Þ

where v1 is the unit eigenvector associated with the smallest eigenvalue of R.
From (4.26), it holds that

Wðtþ 1Þk k2¼ WðtÞk k2 þ DWðtÞk k2 þ 2WTðtÞDWðtÞ:

Neglecting the second-order term in aðtÞ, the above equation can be regarded as
a discretization of the following ODE:

d WðtÞk k2
dt

¼ E 2WTðtÞDWðtÞ� 
¼ E 2WTðtÞ � � WTðtÞWðtÞ� ��1

yðtÞXðtÞ � y2ðtÞþ 1� WðtÞk k4
� �

WTðtÞWðtÞ� ��1
WðtÞ

h in on o
¼ �2 WTðtÞWðtÞ� ��2

WðtÞk k2WTðtÞRWðtÞ � WTðtÞRWðtÞþ 1� WðtÞk k4
� �

WðtÞk k2
h i

¼ 2 WTðtÞWðtÞ� ��1
1� WðtÞk k4
h i

:

ð4:39Þ
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The above equation can be approximated as

dp
dt

¼ 2
p
ð1� p2Þ; ð4:40Þ

where p ¼ WðtÞk k2. Denote the time instant at which the MC direction is
approached as t0 and the corresponding value of the squared weight modulus as p0.
The solution of (4.40) is given by

1� p2
�� �� ¼ 1� p20

�� ��e�4ðt�t0Þ if p0 6¼ 1
p ¼ p0 if p0 ¼ 1:

�
ð4:41Þ

Figure 4.1 shows these results for different values of p0.
From the above results, it can be seen that the norm of the weight increases or

decreases to one according to the initial weight modulus and the sudden divergence
does not happen in a finite time. From (4.41), it is obvious that the rate of increase
or decrease in the weight modulus depends only on the initial weight modulus and
is not relevant to the eigenvalue of the autocorrelation matrix of the input vector.

(4) The convergence analysis via SDT method

The above analysis is based on a fundamental theorem of stochastic approximation
theory [40, 41]. The obtained result is then an approximation on some conditions.
The use of the stochastic discrete laws is a direct analytical method. The purpose of
this section is to analyze the temporal behavior of our MCA neurons and the
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relation between the dynamic stability and learning rate, by using mainly the SDT
system following the approach in [4].

From (4.26), it holds that

Wðtþ 1Þk k2 ¼ WTðtþ 1ÞWðtþ 1Þ
¼ WðtÞk k2�2aðtÞ WTðtÞWðtÞ� ��2

WðtÞk k2y2ðtÞ � y2ðtÞþ 1� WðtÞk k4
� �

WðtÞk k2
� �

þ a2ðtÞ WTðtÞWðtÞ� ��4
WðtÞk k4y2ðtÞ XðtÞk k2

�
�2 WðtÞk k2y2ðtÞ y2ðtÞþ 1� WðtÞk k4

� �
þ y2ðtÞþ 1� WðtÞk k4
� �2

WðtÞk k2
�

¼ WðtÞk k2 þ 2aðtÞ WTðtÞWðtÞ� ��1
1� WðtÞk k4
� �

þO a2ðtÞ� �
� WðtÞk k2 þ 2aðtÞ WTðtÞWðtÞ� ��1

1� WðtÞk k4
� �

:

ð4:42Þ

Hence, if the learning factor is small enough and the input vector is bounded, we
can make such analysis as follows by neglecting the second-order terms of the aðtÞ.

Wðtþ 1Þk k2
WðtÞk k2 � 1þ 2aðtÞ WTðtÞWðtÞ� ��2

1� WðtÞk k4
� �

¼
[ 1 for Wð0Þk k\1

\1 for Wð0Þk k[ 1

¼ 1 for Wð0Þk k ¼ 1:

8><
>:

ð4:43Þ

This shows that Wðtþ 1Þk k2 tends to one whether WðtÞk k is equal to one or not,
which is called the one-tending property (OTP); i.e. the weight modulus remains
constant ( WðtÞk k2! 1 at convergence). The OTP indicates that Wð0Þ with mod-
ulus one should be selected as the initial value of the proposed algorithm; thus,
some practical limitations which may be resulted from an inappropriate initial value
and a larger learning factor can be avoided.

4.4.2 MS Tracking Algorithm

In this section, we will introduce a self-stabilizing neural network learning algo-
rithm for tracking minor subspace in high-dimensional data stream. Dynamics of
the proposed algorithm are analyzed via a DCT and a SDT systems. The proposed
algorithm provides an efficient online learning for tracking the MS and can track an
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orthonormal basis of the MS. Computer simulations are carried out to confirm the
theoretical results.

The MCA learning algorithm given in Sect. 4.4.1 extracts only one
component. We can easily extend the algorithm for tracking multiple MCs or MS.
Let U ¼ ½u1; u2; . . .; ur� 2 RN	r denote the weight matrix, where ui 2 RN	1

represents the ith column vector of U and also denote the weight vector of the ith
neuron of a multiple-input–multiple-output (MIMO) linear neural network. The
input–output relation of the MIMO linear neural network is described by

yðtÞ ¼ UTðtÞxðtÞ: ð4:44Þ

The extended learning algorithm for training the weight matrix is given by

Uðtþ 1Þ ¼ UðtÞ � lðtÞ½xðtÞyTðtÞ
� UðtÞfUTðtÞUðtÞg�1ðyðtÞyTðtÞþ I � fUTðtÞUðtÞg2Þ�fUTðtÞUðtÞg�1:

ð4:45Þ

It should be noted that (4.45) is not a trivial extension of (4.26). Although (4.26)
has many extended forms, it may be difficult to find their corresponding Lyapunov
functions in order to analyze their stability.

(1) Convergence analysis

Under similar conditions as those defined in [42], using the techniques of stochastic
approximation theory [40, 41], we can obtain the following averaging differential
equation

dUðtÞ
dt

¼ �½RUðtÞ � UðtÞfUTðtÞUðtÞg�1ðUTðtÞRUðtÞ
þ I � fUTðtÞUðtÞg2Þ�fUTðtÞUðtÞg�1:

ð4:46Þ

The energy function associated with (4.46) is given by

EðUÞ ¼ 1
2
tr ðUTRUÞðUTUÞ�1
n o

þ 1
2
tr UTUþðUTUÞ�1
n o

: ð4:47Þ

The gradient of EðUÞ with respect to U is

rEðUÞ ¼ RUðUTUÞ�1 � UTRUUðUTUÞ�2 þU½I � ðUTUÞ�2�
¼ RUUTU � U UTRUþ I � ðUTUÞ2

� �n o
ðUTUÞ�2

¼ RU � UðUTUÞ�1 UTRUþ I � ðUTUÞ2
� �n o

ðUTUÞ�1:

ð4:48Þ
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Clearly, (4.46) is equivalent to the following equation:

dU
dt

¼ �rEðUÞ: ð4:49Þ

Differentiating EðUÞ along the solution of (4.46) yields

dEðUÞ
dt

¼ dUT

dt
rEðUÞ

¼ � dUT

dt
dU
dt

:

ð4:50Þ

Since the extended form of Algorithm (4.45) has a Lyapunov function EðUÞ
only with a lower bound [43], the corresponding averaging equation converges to
the common invariance set P ¼ fUjrEðUÞ ¼ 0g from any initial value Uð0Þ.
(2) Divergence analysis

Theorem 4.2 If the learning factor lðtÞ is small enough and the input vector is
bounded, then the state flows in Algorithm (4.45) for tracking the MS are bounded.

Proof Since the learning factor lðtÞ is small enough and the input vector is
bounded, we have

UTðtþ 1ÞUðtþ 1Þ

 

2
F ¼ tr½UTðtþ 1ÞUðtþ 1Þ�
¼ trffUðtÞ � lðtÞ½xðtÞyTðtÞ � UðtÞfUTðtÞUðtÞg�1ðyðtÞyTðtÞ
þ I � fUTðtÞUðtÞg2Þ�fUTðtÞUðtÞg�1gT

	 fUðtÞ � lðtÞ½xðtÞyTðtÞ � UðtÞfUTðtÞUðtÞg�1ðyðtÞyTðtÞ
þ I � fUTðtÞUðtÞg2Þ�fUTðtÞUðtÞg�1gg

� tr½UTðtÞUðtÞ� � 2lðtÞtr½ðfUTðtÞUðtÞg2 � IÞfUTðtÞUðtÞg�1�
¼ tr½UTðtÞUðtÞ� � 2lðtÞ½trfUTðtÞUðtÞg � trfUTðtÞUðtÞg�1�:

ð4:51Þ

Notice that in (4.51), the second-order terms associated with the learning factor
have been neglected. It holds that

UTðtþ 1ÞUðtþ 1Þ

 

2
F= UTðtÞUðtÞ

 

2

F

� 1� 2lðtÞ½trfUTðtÞUðtÞg � trfUTðtÞUðtÞg�1�= UTðtÞUðtÞ

 

2
F

¼ 1� 2lðtÞ 1� trfUTðtÞUðtÞg�1

trfUTðtÞUðtÞg

 !
:

ð4:52Þ
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It is obvious that there exists a trfUTðtÞUðtÞg large enough such that

ð1� trfUTðtÞUðtÞg�1=trfUTðtÞUðtÞgÞ[ 0, which results in UTðtþ 1ÞUðtþ 1Þ

 

2
F=

UTðtÞUðtÞ

 

2
F\1. Thus, the state flow in the proposed algorithm is bounded.

This completes the proof.

(3) Landscape of nonquadratic criteria and global asymptotical convergence

Given U 2 RN	r in the domain X ¼ fUj0\UTRU\1; UTU 6¼ 0g, we analyze
the following nonquadratic criterion (NQC) for tracking the MS:

min
U

EðUÞ ¼ 1
2
trfðUTRUÞðUTUÞ�1gþ 1

2
trfUTUþðUTUÞ�1g: ð4:53Þ

Feng et al. [9] analyzed the landscape of nonquadratic criteria for the OJAm
algorithm in detail. We can refer to the analysis method of OJAm algorithm to
analyze Algorithm (4.45). Here, we only give the resulting theorems. The landscape
of EðUÞ is depicted by the following Theorems 4.3 and 4.4.

Theorem 4.3 U is a stationary point of EðUÞ in the domain X if and only if
U ¼ LrQ, where Lr 2 RN	r consists of the r eigenvectors of R, and Q is a r 	 r
orthogonal matrix.

Theorem 4.4 In the domain X, EðUÞ has a global minimum that is achieved if and
only if U ¼ LðnÞQ, where LðnÞ ¼ ½v1; v2; . . .; vr�. At a global minimum,
EðUÞ ¼ 1

2

Pr
i¼1 ki þ r. All the other stationary points of U ¼ LrQ ðLr 6¼ LðnÞÞ are

saddle (unstable) points of EðUÞ.
The proofs of Theorems 4.3 and 4.4 can be referred to Section IV in [9]. They are

similar in most parts. From the previous theorems, it is obvious that the minimum of
EðUÞ automatically orthonormalizes the columns ofU, and at the minimum of EðUÞ,
U only produces an arbitrary orthonormal basis of the MS but not the multiple MC.

The global asymptotical convergence of Algorithm (4.45) by considering its
gradient rule (4.46) can be given by the following theorem.

Theorem 4.5 Given the ordinary differential Eq. (4.46) and an initial value
Uð0Þ 2 X, then UðtÞ globally asymptotically converges to a point in the set U ¼
LðnÞQ as t ! 1,where LðnÞ ¼ ½v1; v2; . . .; vr� and Q denotes a r 	 r unitary
orthogonal matrix.

Remark 4.1 OJAn, Luo, MCA EXIN, FENGm, and OJAm algorithms have been
extended for tracking MS as in Eq. (4.45), and simulations have been performed
[9]. It is concluded that the state matrices in OJAn, Luo, MCA EXIN, and FENGm
do not converge to an orthonormal basis of the MS, but OJAm can. From the
previous analysis, we can conclude that Algorithm (4.26) can be extended for
tracking MS and can converge to an orthonormal basis of the MS.
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4.4.3 Computer Simulations

(1) Simulation experiment on MCA algorithm

In this section, we provide simulation results to illustrate the convergence and
stability of MCA algorithm (4.26). Since the OJAm algorithm and Douglas algo-
rithm are self-stabilizing and have better performance than other MCA algorithms,
we compare the performance of the proposed MCA algorithm with these algorithms
in the following simulations. In the simulations, we use above three algorithms to
extract the minor component from the input data sequence which is generated by
XðtÞ ¼ C � yðtÞ, where C = randn(5, 5)/5 and yðtÞ 2 R5	1 is Gaussian and randomly
generated. In order to measure the convergence speed of learning algorithm, we
compute the norm of WðtÞ and the direction cosine at the tth update:

Direction CosineðtÞ ¼ WTðtÞ � v1
�� ��
WðtÞk k � v1k k ;

where v1 is the unit eigenvector associated with the smallest eigenvalue of R. If
direction cosine(t) converges to 1, WðtÞ must converge to the direction of minor
component v1. Figures 4.2 and 4.3 show the simulation curves about the conver-
gence of WðtÞk k and direction cosine(t) (DC), respectively. The learning constant
in the OJAm and the proposed algorithm is 0.3, while the learning constant in the
Douglas is 0.1. All the algorithms start from the same initial value that is randomly
generated and normalized to modulus one.

From the simulation results, we can see easily that when the weight norm and the
direction cosine in the OJAm, Douglas, and Algorithm (4.26) all converge, and the
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convergence precision in Algorithm (4.26) is the best. Since the OJAn,
MCA EXIN, and FENGm are divergent and the OJAm outperforms these algo-
rithms [9], it seems that Algorithm (4.26) for tracking one MC works more satis-
factorily than most existing MCA algorithms.

(2) Simulation experiment on MSA algorithm

In this section, we provide simulation results to illustrate the convergence and
stability of MSA algorithm (4.45). The self-stabilizing Douglas algorithm is
extended for tracking MS as in Eq. (4.45). Since the OJAm algorithm has better
performance than other MSA algorithms, we compare performance of the proposed
MSA algorithm with the OJAm and Douglas algorithms in the following simula-
tions. Here, an MS of dimension 5 is tracked. The vector data sequence is generated
by XðtÞ ¼ B � yðtÞ, where B is randomly generated. In order to measure the con-
vergence speed and precision of learning algorithm, we compute the norm of a state
matrix at the tth update:

qðUðtÞÞ ¼ UTðtÞUðtÞ

 


2;

and the deviation of a state matrix from the orthogonality at the tth update, which is
defined as:

distðUðtÞÞ ¼ UTðtÞUðtÞ½diagðUTðtÞUðtÞÞ��1 � Ir


 



F :

This simulation can be divided into two parts. In the first part, let B = (1/11)
randn(11, 11), and yðtÞ 2 R11	1 be Gaussian, spatially temporally white, and ran-
domly generated. We simulate the algorithms starting from the same initial value
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Uð0Þ which is randomly generated and normalized to modulus one. The learning
constants in the OJAm and Douglas are 0.02 and 0.01, respectively, while the
learning constant in the proposed algorithm is 0.01. Figures 4.4 and 4.5 show the
norm of state matrix and deviation of a state matrix from the orthogonality versus
the number of iterations, respectively. In the second part, let B = (1/31) randn(31,
31), and yðtÞ 2 R31	1 be Gaussian, spatially temporally white, and randomly
generated. The learning constants in the OJAm and Douglas are 0.04 and 0.02,
respectively, while the learning constant in the proposed algorithm is 0.02. Other
conditions are similar to the ones in the first part. We can get the simulation results
as shown in Figs. 4.6 and 4.7.

From the simulation results, we can see easily that the state matrices in the OJAm,
Douglas, and Algorithm (4.45) all converge to an orthonormal basis of the MS, and
the convergence precision of state matrix in algorithm (4.45) is the best, and there are
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residual deviations of state matrices from the orthogonality in the OJAm and
Douglas. Since the OJAm is superior to OJAn, MCA EXIN, and FENGm, algorithm
(4.45) seems to work more satisfactorily than most existing MSA algorithms.

In summary, a self-stabilizing MCA learning algorithm is presented in this
section. The algorithm has been extended for tracking MS, and a self-stabilizing
MSA algorithm is developed. The theoretical analysis of the proposed MCA
algorithm is given via a corresponding DCT system and a SDT system. The
globally asymptotic stability of the averaging equation of the proposed MSA
algorithm has been studied. Simulation experiments have shown that the proposed
MCA algorithm can efficiently extract one MC and works satisfactorily, the pro-
posed MSA algorithm makes the corresponding state matrix tend to column-
orthonormal basis of the MS, and the performance is superior to that of other MSA
algorithms for high-dimensional data stream.
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4.5 Total Least Squares Problem Application

The problem of linear parameter estimation gives rise to an overdetermined set of
linear equations Ax � b where A is the data matrix and b is the observation vector.
In the least squares (LS) approach, there is an underlying assumption that all errors
are confined to the observation vector. This assumption is often unrealistic: The
data matrix is not error-free because of sampling errors, human errors, modeling
errors, and instrumental errors. The method of total least squares (TLS) is a
technique devised to compensate for data errors, and a complete analysis of the TLS
problem can be seen [44–48].

The TLS problem can be solved by using direct and iterative methods. The direct
methods compute directly the SVD. Since the number of multiplications in SVD for
an N 	 N matrix is 6N3, the application of TLS problems is very limited in practice.
Among the iterative methods, which are good for slow-changing set of equations,
the most important are the inverse iteration, the ordinary and inverse Chebyshev
iteration, the Rayleigh quotient iteration, and the Lanczos methods (for a survey,
see [48]). The neural approaches can be considered iterative methods, and they have
lower computational complexity compared with other iterative methods, which
make them more suitable for real-time applications.

There are two neural ways of solving TLS problem: (1) One is a linear neuron
for MCA, which finds the MC of the correlation matrix of the input data by
minimizing the Rayleigh quotient with a gradient learning, where a subsequent
normalization is needed. (2) Another is linear neural network acting directly on a
hyperplane (TLS NN). The existing TLS NNs are the Hopfield-like neural network
of Luo [7, 49]. The principal limit of it is that it is linked to the dimensions of the
data matrix and cannot be used without structural changes for other TLS problems.
Others are the linear neurons [30, 50–52], which is correct enough for small gains
and, especially, for weight norms much smaller than one. The TLS EXIN linear
neuron [53] is a new neural approach, which is superior in performance.

The objective of this section is to develop more satisfactory self-stabilizing TLS
neural approach, which is applied to the parameter estimation of an adaptive FIR filters
for system identification in the presence of additive noise inboth input andoutput signals.

4.5.1 A Novel Neural Algorithm for Total Least
Squares Filtering

In this section, we present a neural approach for solving the TLS problem. It is
based on a linear neuron with a self-stabilizing neural algorithm, capable of
resolving the TLS problem present in the parameter estimation of an adaptive FIR
filters for system identification, where noisy errors affect not only the observation
vector but also the data matrix. The learning rule is analyzed mathematically, and
the condition to guarantee the stability of algorithm is obtained. The computer
simulations are given to illustrate the effectiveness of this neural approach.
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(1) TLS linear neuron with a self-stabilizing algorithm

The TLS method approximately solves a set of m linear equations in n	 1
unknowns x represented in matrix form by

Ax � b; ð4:54Þ

where A is the data matrix composed of elements aij and columns ai, and b is the
observation vector composed of elements bi and m[ n (overdetermined system).
The TLS solution XTLS can be obtained as [5]

XTLS

�1

� �
¼ � Vnþ 1

vnþ 1;nþ 1
; ð4:55Þ

where Vnþ 1 is the right singular vector associated with the smallest singular of
C ¼ ½Ajb�, and vnþ 1;nþ 1 is the last component of Vnþ 1. Vector Vnþ 1 is equivalent
to the eigenvector associated with the smallest eigenvalue of the autocorrelation
matrix of the input data. Thus, an adaptive algorithm for extracting eigenvector
associated with the smallest eigenvalue of the autocorrelation matrix of the input
data can be used to solve the TLS problem.

Consider the adaptive filter when the input and output observation data are both
corrupted by noise, and denote the input and output observation series at k as
f½~xðkÞ; ~dðkÞ�jk ¼ 1; 2; . . .;Ng, ~xðkÞ ¼ xðkÞþ niðkÞ, ~dðkÞ ¼ dðkÞþ noðkÞ, where
niðkÞ and noðkÞ are additive noises. Denote the filter weight vector as HðkÞ ¼
½h1; . . .; hn�T and the input vector at k as ~XðkÞ. Then, the filter output at k can be
written as yðkÞ ¼ eXTðkÞHðkÞ and the output error is eðkÞ ¼ yðkÞ � ~dðkÞ. Denote the
augmented input vector as ZðkÞ ¼ ½eXTðkÞ; ~dðkÞ�T and the augmented weighted
vector as WðkÞ ¼ ½HTðkÞ;�1�T. Then, the output error can be written as
eðkÞ ¼ ZTðkÞWðkÞ.

Let the Rayleigh quotient of the augmented weighted vector WðkÞ be the TLS
cost function. An adaptive algorithm can then be obtained as follows:

Wðkþ 1Þ ¼ WðkÞ � aðkÞeðkÞZðkÞ WðkÞk k22�eðkÞWðkÞ
WðkÞk k42

; ð4:56Þ

where aðkÞ is the learning rate, which controls the stability and rate of convergence
of the algorithm. Equation (4.56) is the MCA EXIN algorithm for the TLS problem
[4]. In [4] and [22], Algorithm (4.56) is analyzed in detail and it is concluded that
the above algorithm is the best TLS neuron in terms of stability (no finite time
divergence), speed, and accuracy. However, the MCA or TLS EXIN algorithm are
divergent and do not have self-stabilization property [43].
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In order to avoid the possible divergence and preserve the good performance as
much as possible, based on the MCA EXIN algorithm and by adding a restriction
on norm of weight, we proposed a modified algorithm as follows:

Wðkþ 1Þ ¼ WðkÞ � aðkÞ
WðkÞk k2 eðkÞZðkÞ � ðe2ðkÞþ 1� WðkÞk k2Þ

WðkÞk k2 WðkÞ
" #

:

ð4:57Þ

From (4.57), the temporal derivative DðkÞ of the squared weight vector norm is:

DðkÞ ¼ 1
2
dWTðtÞWðtÞ

dt
¼ WTðkÞDWðkÞ ¼ WTðkÞðWðkþ 1Þ �WðkÞÞ

¼ � 1

WðtÞk k2 e2ðkÞ � ðe2ðkÞþ 1� WðtÞk k2Þ
h i

¼ 1

WðtÞk k2 ½1� WðtÞk k2� ¼
[ 0 WðtÞk k\1

\0 WðtÞk k[ 1

¼ 0 WðtÞk k ¼ 1:

8><
>:

Clearly, the sign of the temporal derivative DðkÞ is independent of eðkÞ, but
depends only on the sign of 1� WðkÞk k2

� �
. This means that Algorithm (4.57) has

self-stabilizing property. Thus, the norm of weight vector may stably approach the
equilibrium point 1, as k ! 1. This also renders our algorithm to have satisfactory
one-tending property, and it outperforms OJA, OJAn, OJA+, and other existing
TLS algorithms. The presented TLS neuron is a linear unit with n inputs, n weights,
one output, and one training error, and the presented algorithm is a modified
gradient algorithm, which can be used for the NN weights estimation where the
input and output observation data are both corrupted by noise.

(2) Performance analysis via a DCT method

According to the stochastic approximation theory [40, 41], it can be shown that if
some conditions are satisfied [4], Eq. (4.57) can be effectively represented by
Eq. (4.58), i.e., their asymptotic paths are close with a large probability, and
eventually, the solution of Eq. (4.57) tends with probability one to the uniformly
asymptotically stable solution of the ODE.

dWðtÞ
dt

¼ � 1

WðtÞk k2 RWðtÞ � ðWTðtÞRWðtÞþ 1� W2ðtÞk k2Þ
WðtÞk k2 WðtÞ

" #
: ð4:58Þ

From a computational point of view, the most important conditions are as
follows:

(1) ZðtÞ is zero mean, stationary, and bounded with probability one;
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(2) aðtÞ is a decreasing sequence of positive scalars;
(3)

P
t aðtÞ ¼ 1;

(4)
P

t a
pðtÞ\1 for some p;

(5)
P

t!1 sup½ð1=aðtÞÞ � ð1=aðt � 1ÞÞ�\1.

The asymptotic property of (4.58) can be ensured by the following theorem.

Theorem 4.6 Let R be a positive semi-definite matrix, kn and Vn be respectively its
smallest eigenvalue and associated normalized eigenvector with nonzero last
component. If the initial weight vector Wð0Þ satisfies WTð0ÞVn 6¼ 0 and kn is
single, then limt!1 WðtÞ ¼ �Vn holds.

The proof of Theorem 4.6 is similar to that of Theorem 4.1 in [54]. For details,
refer to [54]. Only the difference is given below.

From a series of consequence, we have

lim
t!1WðtÞ ¼ lim

t!1

Xn
i¼1

fiðtÞV i

" #
¼ fnðtÞVn: ð4:59Þ

Equation (4.59) shows that WðtÞ tends to the direction of the eigenvector
associated with the smallest eigenvalue of the autocorrelation matrix of the input
data. From (4.59), it follows that

lim
t!1 WðtÞk k ¼ lim

t!1 fnðtÞVnk k ¼ lim
t!1 fnðtÞk k: ð4:60Þ

Furthermore, from (4.60), it holds that

dWTðtÞWðtÞ
dt

¼ � 2

WðtÞk k4 WðtÞk k2WTðtÞRWðtÞ � ðWTðtÞRWðtÞþ 1� WðtÞk k2Þ WðtÞk k2
h i

¼ � 2

WðtÞk k2 WTðtÞRWðtÞ � ðWTðtÞRWðtÞþ 1� WðtÞk k2Þ
h i

¼ 2
1

WðtÞk k2 � 1

" #

¼
[ 0 WðtÞk k\1

\0 WðtÞk k[ 1

¼ 0 WðtÞk k ¼ 1:

8><
>:

ð4:61Þ

Because the initial value of the squared modulus is larger than or equal to one in
the TLS problem, and from (4.61), we have lim

t!1 WðtÞk k ¼ 1. Thus, we have

lim
t!1 fnðtÞ ¼ �1, which gives lim

t!1WðtÞ ¼ �Vn.

This completes the proof.

(3) Divergence analysis

In [4] and [22], Cirrincione et al. found a sudden divergence for Luo algorithm.
Sudden divergence is very adverse for practical applications. Does our proposed
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algorithm have a sudden divergence? In this section, we will study Algorithm (4.57)
in detail.

In [4], Corollary 19 gave simple convergence behavior for the solutions of a
gradient flow as follows. The solutions of a gradient flow have a particularly simple
convergence behavior; i.e., there are no periodic solutions, strange attractors, or any
chaotic behaviors. Based on the above corollary, dynamic behaviors of the weight
vector for Luo, OJAn, and MCA EXIN are described, and MCA divergences for
Luo, OJAn, MCA EXIN, OJA, and OJA+ learning laws are proved. Following the
above analysis method, the divergence analysis of the proposed algorithm is per-
formed as follows.

Averaging the behavior of the weight vector after the first critical point has been
reached t� t0ð Þ, it follows that [4]:

WðtÞ ¼ WðtÞk kVn; 8t� t0 ð4:62Þ

where Vn is the unit eigenvector associated with the smallest eigenvalue of R.
From (4.61), we can obtain that d WðtÞk k2=dt ¼ 2ð1= WðtÞk k2�1Þ. Assuming

that the MC direction has been approached, the equation can be approximated as

dp
dt

¼ 2
1
p
� 1

� �
; ð4:63Þ

where p ¼ WðtÞk k2. Define the time instant at which the MC direction is approa-
ched as t0 and the corresponding value of the squared weight modulus as p0. The
solution of (4.11) is given by

pþ ln p� 1j j ¼ p0 þ ln p0 � 1j j � 2ðt � t0Þ if p0 6¼ 1
p ¼ p0 if p0 ¼ 1:

�
ð4:64Þ

We have simulated the asymptotic behavior of (4.63) for different initial squared
weight modulus p, which is analogous with Fig. 4.1 and is not drawn here. Thus,
the norm of the weight vector of proposed algorithm tends to one and the sudden
divergence does not happen in a finite time.

(4) The temporal behavior analysis via a SDT method

The above analysis is based on a fundamental theorem of stochastic approximation
theory. The obtained results are then approximations on some condition. The
purpose of this section is to analyze the temporal behavior of our TLS neurons and
the relation between the dynamic stability and learning rate, by using mainly the
stochastic discrete time system following the approach in [41, 22, 54].
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Define

r0ðkÞ ¼ WTðkþ 1ÞZðkÞ�� ��2
Wðkþ 1Þk k2 ; rðkÞ ¼ WTðkÞZðkÞ�� ��2

WðkÞk k2 ; ð4:65Þ

qðaÞ ¼ r0

r
� 0; p ¼ WðkÞk k2; u ¼ e2ðkÞ: ð4:66Þ

The two scalars r0 and r represent, respectively, the squared perpendicular dis-
tance from the input ZðkÞ to the data fitting hyperplane whose normal is given by
the weight and passes through the origin, after and before the weight increment.
Recalling the definition of MC, we should have r0 � r. If this inequality is not valid,
it means that the learning law increases the estimation error due to disturbances
caused by noisy data. When this disturbance is too large, it will make WðkÞ deviate
drastically from the normal learning, which may result in divergence or fluctuations
(implying an increased learning time).

Next, we will prove a theorem which provides the stability condition for
Algorithm (4.57).

Theorem 4.7 Under definitions (4.65)–(4.66), if

0\aðkÞ\ 2p2

p ZðkÞk k2�2ðuþ 1� pÞ K p ZðkÞk k2�2ðuþ 1� pÞ[ 0;

then r0 � r, which implies algorithm (4.57) is stable.

Proof From Eq. (4.57), we have

WTðkþ 1ÞZðkÞ ¼ eðkÞ � aðkÞ
WðkÞk k4 WðkÞk k2eðkÞ ZðkÞk k2�ðe2ðkÞþ 1� WðkÞk k2ÞeðkÞ

h i

¼ eðkÞ 1� aðkÞ
WðkÞk k4 WðkÞk k2 ZðkÞk k2�ðe2ðkÞþ 1� WðkÞk k2Þ

h i !

ð4:67Þ

From (4.57), it holds that

Wðkþ 1Þk k2 ¼ WTðkþ 1ÞWðkþ 1Þ

¼ WðkÞk k2� 2aðkÞ
WðkÞk k4 ð WðkÞk k2e2ðkÞ � ðe2ðkÞþ 1� WðkÞk k2Þ WðkÞk k2Þ

þ a2ðkÞ
WðkÞk k8 WðkÞk k4e2ðkÞ ZðkÞk k2�2 WðkÞk k2e2ðkÞðe2ðkÞþ 1� WðkÞk k2Þ

�
þðe2ðkÞþ 1� WðkÞk k2Þ2 WðkÞk k2

�
:

ð4:68Þ
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Therefore,

qðaÞ ¼ r0ðkÞ
rðkÞ ¼ ðWTðkþ 1ÞZðkÞÞ2

Wðkþ 1Þk k2
WðkÞk k2
ðeðkÞÞ2

¼
1� aðkÞ

WðkÞk k4 ½ WðkÞk k2 ZðkÞk k2�ðe2ðkÞþ 1� WðkÞk k2Þ�
� �2

1� 2aðkÞ
WðkÞk k2 1� 1

WðkÞk k2
� �

þ a2ðkÞ
WðkÞk k2 E

¼ p2ð1� aðkÞqÞ2
p2 � 2aðkÞðp� 1Þþ a2ðkÞpE ;

ð4:69Þ

where q ¼ ð1=p2Þð ZðkÞk k2p� ðuþ 1� pÞÞ and E ¼ ð1=p3Þðup ZðkÞk k2�
2uðuþ 1� pÞþ ðuþ 1� pÞ2Þ.

Then, qðaÞ\1 (dynamic stability) if and only if

p2ð1� aðkÞqÞ2\p2 � 2aðkÞðp� 1Þþ a2ðkÞ 1
p2

ðup ZðkÞk k2�2uðuþ 1

� pÞþ ðuþ 1� pÞ2Þ: ð4:70Þ

Notice that u=p ¼ ZðkÞk k2cos2 hZW , where hZW is the angle between the aug-
mented input vector and the augmented weight vector.

From (4.70), it holds that

aðkÞ ZðkÞk k2p sin2 hZWðaðkÞð2uþ 2� 2p� p ZðkÞk k2Þþ 2p2Þ[ 0: ð4:71Þ

The dynamic stability condition is then

0\aðkÞ\ 2p2

p ZðkÞk k2�2ðuþ 1� pÞ ^ p ZðkÞk k2�2ðuþ 1� pÞ[ 0 ð4:72Þ

The second condition implies the absence of the negative instability. It can be
rewritten as

cos2 hZW � 1
2
þ 1

ZðkÞk k2
p� 1
p

: ð4:73Þ

In reality, the second condition is included in the first one. For the case
0\ab � c\1, it holds

cos2 hZW � 1
2
þ 1

ZðkÞk k2
p� 1
p

� p

c ZðkÞk k2

� 1
2
þ 1

ZðkÞk k2 �
2

ZðkÞk k2 ffiffiffi
c

p ¼ � ;

ð4:74Þ
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which is more restrictive than (4.73). Figure 4.8 shows this condition, where
r ¼ arccos

ffiffiffiffi
�

p
. From (4.74), we can see that the decrease of c increases the sta-

bility and the angle hZW is no relevant to the change in weight vector modulus.
From Fig. 4.8, it is apparent that in the transient (in general low hZW), there are less
fluctuations and this is beneficial to the stability. From (4.74), it can be concluded
that the angle hZW between the weight vector WðkÞ and the input vector ZðkÞ is
equal to or smaller than 45
 when the proposed algorithm is convergent.

This completes the proof.

4.5.2 Computer Simulations

In this section, we provide simulation results to illustrate the convergence and
stability of Algorithm (4.57) in a total least squares filtering. Since the OJAm [9]
and MCA EXIN algorithms [4] have better performance than other TLS algorithms,
we compare the performance of the proposed TLS algorithm of (4.57) with these
algorithms in the following simulations.

The additive noise is independent zero-mean white noise. The input signal is
zero-mean white Gaussian noise with variance 1. In the simulation, the above
algorithms are used for a linear system identification problem. The linear system is
given by H = [−0.3, −0.9, 0.8, −0.7, 0.6, 0.2, −0.5, 1.0, −0.7, 0.9, −0.4]T, and its
normalized one is H ¼ H= Hk k. Their convergence is compared under different
noise environment and by using different learning factors. Define the learning error

of the weight vector as: ErrorðkÞ ¼ 10 log H � bHðkÞ



 


2� �

, where bHðkÞ is the

estimated weight vector. Figure 4.9 shows the learning curves for SNR=10dB with
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Fig. 4.8 Stability subspace
of the weight space with
regard to the input vector
(two-dimensional space) of
proposed algorithm
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learning factors equaling to 0.1. All the learning curves below are obtained by
averaging over 30 independent experiments. Assume that the SNR of the input
signal is equal to the rate of the output signal.

These learning curves indicate that for FIR filters with larger number of coef-
ficients, Algorithm (4.57) has excellent convergence and stable accuracy, and the
norm of weight of the algorithm converges to one. From Fig. 4.9(a), we can see that
the convergence and stable accuracy are obviously better than other two algorithms
when a larger learning factor is used or the SNR is smaller in the linear system.
From Fig. 4.9(b), we can see that the norm of the weight of algorithm (4.57)
converges to one, and the norms of the weight of the other algorithms are divergent.
The above learning curves indicate that Algorithm (4.57) is good for larger learning
factor or under higher noise environments.

In this section, a TLS neuron with a self-stabilizing algorithm has been presented
for the parameter estimation of adaptive FIR filters for system identification where
noisy errors affect not only the observation vector but also the data matrix.
Compared with other TLS algorithms, the neural approach is self-stabilizing and
considerably outperforms the existing TLS methods when a larger learning factor is
used or the signal-to-noise rate (SNR) is lower.

4.6 Summary

In this chapter, several neural network-based MCA algorithms, e.g., extracting the
first minor component analysis algorithm, Oja’s minor subspace analysis algorithm,
the self-stabilizing MCA algorithm, the MCA EXIN algorithm, and orthogonal Oja
algorithm, have been reviewed. Three types of divergence for MCA algorithms, i.e.,
the sudden divergence, the instability divergence, and the numerical divergence,
have been analyzed and discussed. Finally, two algorithms we proposed, i.e., a

(a) Error of the weight vector (b) norm of the weight vector 

Fig. 4.9 Learning curve at l ¼ 0:1, 10 dB
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novel self-stabilizing MCA linear neuron and a novel neural algorithm for TLS
filtering, are presented, and their performances, e.g., convergence and self-
stabilizing, are mathematically proved and numerically verified.
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Chapter 5
Dual Purpose for Principal and Minor
Component Analysis

5.1 Introduction

The PS is a subspace spanned by all eigenvectors associated with the principal
eigenvalues of the autocorrelation matrix of a high-dimensional vector sequence,
and the subspace spanned by all eigenvectors associated with the minor eigenvalues
is called the MS. PSA is a powerful technique in many information processing
fields, e.g., feature extraction and data compression. Whereas in many real-time
signal processing applications, e.g., the adaptive direction-of-arrival (DOA)
estimation, the adaptive solution of a total least squares problem in adaptive signal
processing, and curve and surface fitting, minor subspace tracking is a primary
requirement. Neural networks can be used to handle PSA and MSA, which possess
many obvious advantages, e.g., lower computational complexity compared with the
traditional algebraic approaches [1]. Hence, it is interesting to find some learning
algorithms with lower computational complexity for adaptive signal processing
applications.

In the past decades, many neural network learning algorithms have been pro-
posed to extract PS [2–9] or MS [1, 10–18]. In the class of PS tracking, lots of
learning algorithms, e.g., Oja’s subspace algorithm [19], the symmetric error cor-
rection algorithm [20], and the symmetric back propagation algorithm [21] were
proposed based on some heuristic reasoning [22]. Afterward, some information
criteria were proposed, and the corresponding algorithms, e.g., LMSER algorithm
[9], the projection approximation subspace tracking (PAST) algorithm [23], the
conjugate gradient method [24], the Gauss-Newton method [25], and the novel
information criterion (NIC) algorithm were developed [22]. These gradient-type
algorithms are claimed to be globally convergent. In the class of MS tracking, many
algorithms [10–18] have been proposed on the basis of feedforward neural network
models. Recently, an information criterion was proposed in [1], and the corre-
sponding globally convergent gradient algorithm, called OJAm, was developed.
The OJAm provided an efficient online learning for tracking the MS.
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However, the above algorithms are either for PS tracking or for MS tracking. Are
there such algorithms as dual-purpose subspace tracking algorithm, which is cap-
able of both PS and MS tracking by simply switching the sign in the same learning
rule? The objective of this chapter is to introduce such a dual-purpose subspace
tracking algorithm. There are several reasons to develop dual-purpose algorithms.
First, in many information processing systems, it is necessary to extract the main
features inherent in complex, high-dimensional input data streams, and PSA is a
technique to extract principal components simultaneously. On the other hand, the
subspace spanned by the eigenvectors associated with the smallest eigenvalues is
the minor subspace, which, in signal processing, represents the noise subspace and
is also an important topic to be investigated [26]. Second, the only difference
between PCA/PSA and MCA/MSA rule in the dual-purpose algorithm is the sign of
the right side of the iterative equation. This simplicity is of practical significance in
the implementation of algorithms, and it can reduce the complexity and cost of
hardware realization [27–29]. Third, it is found that many PCA/PSA algorithms do
not have the corresponding MCA/MSA algorithms dual to each other [27]. It is of
significance to elucidate the fundamental reason for this. Moreover, by the stability
analysis of the dual-purpose algorithms, we can better understand the dynamics of
some PCA/PSA or MCA/MSA algorithms and may find some valuable phenomena.
In summary, we think it is necessary to develop dual-purpose learning algorithms,
which are of significance in both practical applications and theory.

In fact, many pioneering works have been done by Chen et al. [27, 26, 30, 31] in
this research area. In [26, 31], a conversion mechanism between PSA/PCA and
MSA/MCA was given, and it is shown that every PCA algorithm accompanies an
MCA algorithm and vice versa. However, by the conversion mechanism, the
resultant dual-purpose algorithms have different structures. In [30], a unified
algorithm capable of both PCA and MCA by simply switching the sign of the same
learning rule was proposed. However, if the discrete-time update analysis was used,
the MCA rule of unified algorithm in [30] would suffer from a marginal instability
[27]. In [27], the unified algorithms in [30] were modified by adding a penalty term,
and then a unified stabilization approach for principal and minor component
extraction algorithms was proposed and the dynamical behaviors of several
PCA/MCA algorithms were investigated in detail. [27] laid sound theoretical
foundations for dual-purpose algorithm research. Afterward, a dual-purpose prin-
cipal and minor component flow was proposed in [32]. Recently, several
self-normalizing dual systems for minor and principal component extraction were
also proposed, and their stability was widely analyzed [28]. Through our analysis,
we can see that most self-normalizing dual systems in [28] can be viewed as
generalizations of the unified stabilization approach.

However, of these dual systems for PS and MS tracking, most were developed
on some heuristic reasoning. There are few algorithms that possess a unified
information criterion (UIC) formulation and a globally convergent gradient update
equation derived from the UIC. It is well known that a properly chosen criterion is
very important for developing any learning algorithm [22]. Different from the
derivation of the above dual-purpose algorithms in [26–31], we first proposed a
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novel UIC formulation, and then based on this information criterion we derived our
dual-purpose learning algorithm for adaptively tracking PS and MS. Our
dual-purpose algorithms are exact subspace gradient flow and both are
self-stabilizing. Compared with some existing unified algorithms, our dual-purpose
algorithms have faster convergence for the weight matrix, and the computational
complexity do not increase, which will be seen in the latter simulations. In this
chapter, the landscape of the UIC formulation, self-stabilizing property, and the
global asymptotical convergence of our dual-purpose subspace gradient flow will
be analyzed in detail. These theoretical results will lay a solid foundation for the
applications of this algorithm.

5.2 Review of Neural Network-Based Dual-Purpose
Methods

The dual-purpose principal and minor subspace gradient flow can be used to track
PS. If altered simply by the sign, it can also serve as a MS tracker. This is of
practical significance in the implementation of algorithms.

5.2.1 Chen’s Unified Stabilization Approach

In many information processing systems, it is necessary to extract the main features
or eliminate the noise inherent in complex, high-dimensional input data streams.
Two of the most general purpose feature extraction techniques are PCA and MCA.
However, there appeared two intriguing puzzles in PCA and MCA. The first one is
why it is more difficult to find p principal components (eigenvectors) than to find
the principal subspace. Based on the subspace method, Xu used D ¼
diagðd21 ; . . .; d2pÞ; d1 [ d2 [ � � � [ dp [ 0 to solve the first puzzle. The second
puzzle is concerned with MCA algorithms. Since PCA algorithms use the gradient
method, the corresponding MCA algorithms seem to be derived from the same idea
by just changing the cost function. This idea suggests to change the sign of the
right-hand side of the PCA algorithms. However, this idea does not work in general.
Most MCA algorithms derived from changing the sign of its PCA algorithm suffer
from marginal instability in discrete-time updating.

In [27], Chen proposed a unified stabilization approach for principal and minor
component extraction algorithms as follows:

WðtÞ ¼ CWðtÞWTðtÞWðtÞ �WTðtÞWðtÞCWðtÞ� �þWðtÞ E�WTðtÞWðtÞ� �
;

ð5:1Þ
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WðtÞ ¼ � CWðtÞWTðtÞWðtÞ �WTðtÞWðtÞCWðtÞ� �þWðtÞ E�WTðtÞWðtÞ� �
;

ð5:2Þ

where Wð0Þ ¼ Uð0ÞDð0ÞVð0ÞT is the singular value decomposition of the initial
matrix Wð0Þ and E ¼ WTð0ÞWð0Þ ¼ Vð0ÞDð0ÞVTð0Þ. The first term is to extract
principal or minor components, and the second term is used to recover deviation
WTðtÞWðtÞ from E. The rigorous stability analysis shows that Chen’s dual-purpose
algorithms to principal and minor component extraction are both self-stabilizing
[27].

5.2.2 Hasan’s Self-normalizing Dual Systems

As indicated in [32], the task of developing an MCA flow is perceived as being
more complicated than that for a PCA flow. The Hasan’s work in [28] shows that
perhaps there are as many MCA/MSA dynamical flows as there are PCA/PSA
flows. A common method for converting a PCA/PSA flow into an MCA/MSA one
is to change the sign of the given matrix, or by using the inverse of the original
matrix [28, 32]. However, inverting a large matrix is a costly task, and changing the
sign of the original matrix does not always generate a stable system unless frequent
orthonormalization is employed during the numerical implementation. In [28],
Hasan proposed a framework to generate classes of stable dynamic systems that can
be easily converted from PCA flow into MCA flow and vice versa.

First, based on the Rayleigh quotient tr WTCW
� �

WTW
� ��1

n o
and the inverse

Rayleigh quotient tr WTW
� �

WTCW
� ��1

n o
, the following two systems can be

obtained

_W ¼ WWTCW � CWWTW; ð5:3Þ
_W ¼ CWWTW �WWTCW: ð5:4Þ

These two systems both appear in the numerator of the gradient of the Rayleigh
and the inverse Rayleigh quotients. For (5.3) and (5.4), the following theorem
holds.

Theorem 5.1 Systems (5.3) and (5.4) are stable and if WðtÞ is a solution of either
systems for t� 0, then WðtÞTWðtÞ ¼ Wð0ÞTWð0Þ for any t� 0.

Proof To examine the critical points of the Rayleigh quotient and the inverse
Rayleigh quotient for the simple case where W 2 Rn�1, let A be symmetric and
W be one-dimensional. System (5.3) can be rewritten as
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_W ¼ rW
WTW
WTCW

� �
WTCW
� �2

; ð5:5Þ

and system (5.4) can be rewritten as

_W ¼ �rW
WTCW
WTW

� �
WTW
� �2

: ð5:6Þ

This means that WWTCW � CWWTW ¼ rW
WTW
WTCW

� 	
WTCW
� �2¼

�rW
WTCW
WTW

� 	
WTW
� �2

. Thus, both systems (5.3) and (5.4) are gradient-like sys-

tems since ðWTCWÞ2 and ðWTWÞ2 are positive definite.
To understand the behavior of the Rayleigh quotient along the trajectory of (5.3)

and (5.4), let f ðWÞ ¼ WTCW
WTW

;CT ¼ C; Then, _f ¼ rWðf ðWÞÞT _W ¼ �rW f ðWÞð ÞT
rW f ðWÞð Þ WTCW

� �2 � 0. Consequently, f ðWðtÞÞ is a decreasing function of t� 0.
Furthermore, since it is bounded from below, limt!1 f ðWðtÞÞ exists. Also, note that
VðWÞ ¼ WTW remains constant along the trajectory of system (5.3), and the

function V ¼ WTCW is decreasing since _V ¼ WTCW
� �2�WTC2WWTW\0. This

implies that WTðtÞCWðtÞ�WT
0CW0 and WTðtÞWðtÞ�WT

0W0 for t� 0.
This completes the proof [28].
In the following, several generalizations of systems (5.3) and (5.4) are provided.

Theorem 5.2 Consider the dynamic systems

_W ¼ WKðWÞ � CWWTW; ð5:7Þ
_W ¼ CWWTW �WKðWÞ; ð5:8Þ

where KðWÞ : <n�p ! <p�p; p� n is a continuously differentiable function. If
KþKT ¼ WTCWþWTCTWþ aðI �WTWÞBðWÞ, where a� 0 and BðWÞþ
BðWÞT is positive definite, then systems (5.7) and (5.8) are stable.

Proof By considering a Lyapunov function of the form VðWÞ ¼ ð1=4Þtr
WTW � I
� �2� 	

, it can be shown that the time derivative of V along the trajectory

WðtÞ of system (5.7) is

_V ¼ tr WTW � I
� �

KT �WTCW
� �

WTW
� �

¼ 1
2
tr WTW � I
� �

KT þK�WTCW �WTCTW
� �

WTW
� �

¼ � a
4
tr WTW � I
� �2

BðWÞþBðWÞT� �n o
� 0:

Since VðWÞ ! 1 as Wk k ! 1, Theorem 5.2 guarantees that system (5.7) is
stable. Similarly, system (5.8) is stable.

This completes the proof [28].

5.2 Review of Neural Network-Based Dual-Purpose Methods 115



Special Case: Based on the above theorem, several variations of (5.3) and (5.4)
may be derived. For example, assume that in Theorem 5.2, let
K�WTCW ¼ aBðWÞ I �WTW

� �
, where BðWÞþBðWÞT is positive definite, and

a� 0: Then, systems (5.7) and (5.8) are simplified to

_W ¼ WWTCW � CWWTW � aWB Wð Þ WTW � I
� �

; ð5:9Þ

_W ¼ CWWTW �WWTCW � aWB Wð Þ WTW � I
� �

: ð5:10Þ

In particular, when BðWÞ ¼ I, the following MSA/PSA systems hold:

_W ¼ WWTCW � CWWTW � aW WTW � I
� �

; ð5:9Þ

_W ¼ CWWTW �WWTCW � aW WTW � I
� �

: ð5:10Þ

When C is symmetric, other variations follow by incorporating the term
�aCkW WTW � I

� �
into systems (5.3) and (5.4):

_W ¼ � WWTCW � CWWTW
� �� aCkW WTW � I

� �
; ð5:11Þ

where k is an integer and a� 0. Here, the choices of the + and − signs yield MSA
and PSA systems, respectively. If the − sign is chosen and a ¼ k ¼ 1, it follows
from (5.11) that

_W ¼ CW �WWTCW; ð5:12Þ

which is one form of Oja’s subspace system. When a ¼ k ¼ 1, the system (5.11)
with the + sign reduces to

_W ¼ WWTCW � CW 2WTW � I
� �

: ð5:13Þ

This MSA system is known in the literature and was analyzed in [17].
To convert MSA/PSA systems into MCA/PCA learning rules, a diagonal matrix

D may be incorporated in the above systems. For example, if I in system (5.11) is
replaced by D, the following systems can be obtained

_W ¼ � WWTCW � CWWTW
� �� aCkW WTW � D

� �
: ð5:14Þ

If a ¼ k ¼ 1, the two systems in (5.14) are simplified to

_W ¼ CWD�WWTCW; ð5:15Þ
_W ¼ WWTCW � CW 2WTW � D

� �
: ð5:16Þ
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System (5.15) is sometimes called Xu’s weighted PCA rule [9]. Also, system
(5.16) is an MCA version of the minor subspace system (5.13). For other more
dual-purpose PCA/MCA systems derived using logarithmic cost functions, see
[28]. In [28], the PCA/PSA and MCA/MSA learning differential equations of the
previous sections may be modified to obtain PCA/PSA and MCA/MSA learning
differential equations for the generalized eigenvalue problem involving two
matrices A and B, where B is positive definite and AT = A.

5.2.3 Peng’s Unified Learning Algorithm to Extract
Principal and Minor Components

In [29], Peng proposed a unified PCA and MCA algorithms as follows:

wðkþ 1Þ ¼ wðkÞ
� g yðkÞxðkÞ � y2ðkÞwðkÞþ wT

0xðkÞxTðkÞw0

wT
0w0

wðkÞk k2�1
h i

wðkÞ

 �

;

ð5:17Þ

where g[ 0 is a constant learning rate, w0 is an n-dimensional randomly selected
nonzero vector. Here, the choices of the + and − signs yield PCA and MCA
algorithms, respectively.

In order to find a sufficient condition to guarantee the convergence of (5.17),
Peng analyzed the dynamics of (5.17) via the DDT approach. A DDT system of
(5.17) is be given by

wðkþ 1Þ ¼ wðkÞ � g RwðkÞ � wTðkÞRwðkÞwðkÞþ wT
0Rw0

wT
0w0

wðkÞk k2�1
h i

wðkÞ

 �

;

ð5:18Þ

where R ¼ E xðkÞxTðkÞ½ � is the correlation matrix of xðkÞ. By denoting
l ¼ wT

0Rw0
� �

= wT
0w0

� �
, (5.18) can be simplified to

wðkþ 1Þ ¼ wðkÞþ gCwðkÞ � gwTðkÞCwðkÞwðkÞ ð5:19Þ

where C ¼ �ðR� lIÞ and I is an n� n unitary matrix. In [29], the dynamics of
system (5.19) is analyzed, and some sufficient conditions to guarantee its conver-
gence were obtained.
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5.2.4 Manton’s Dual-Purpose Principal and Minor
Component Flow

It is known that principal component flows are flows converging to the eigenvectors
associated with the largest eigenvalues of a given symmetric matrix, and minor
component flows converge to the eigenvectors associated with the smallest
eigenvalues. Traditional flows require the matrix to be positive definite. Moreover,
finding well-behaved minor component flows appeared to be harder and unrelated
to the principal component case. Manton derived a flow which can be used to
extract either the principal or the minor components and which does not require the
matrix to be positive definite. The flow is shown to be a generalization of the Oja–
Brockett flow.

In [32], Manton used the following cost function:

f ðWÞ ¼ 1
2
tr CWNWT� �þ 1

4
l N �WTW
�� ��2; ð5:20Þ

where the following assumptions are made, i.e., (1) scalar l 2 < is strictly positive,
matrix C 2 <n�n is symmetric, and matrix N 2 <p�p is diagonal with distinct
positive eigenvalues.

Then, the critical points of (5.20) were derived. The local stability analysis of
these critical points was conducted, and local minima were established. It was
proved that the essentially unique local minimum of the cost function (5.20) cor-
responds to the minor components of C. It is therefore natural to consider the
corresponding gradient flow. The gradient flow can be written as

_W ¼ �CWNþ lW N �WTW
� �

; ð5:21Þ

which is the minor component flow. For the detailed theorem and its proof, see [32].
For convenience, the Oja–Brockett flow is restated here but using different

variables,

_Z ¼ CZN � ZNZTCZ; Z 2 <n�p ð5:22Þ

where C 2 <n�n and N 2 <p�p are positive definite symmetric matrices with dis-
tinct eigenvalues. The columns of Z converge to the eigenvectors associated with
the p largest eigenvalues of C in an order determined by N [32].

Using the linear coordinate transformation W ¼ k�1=2C1=2ZN1=2, which is only
defined if both C and N are positive definite symmetric matrices, the Oja–Brockett
flow (5.22) becomes

_W ¼ ðC � kIÞWNþ kW N �WTW
� �

; ð5:23Þ

which is the minor component flow (5.21) with A ¼ kI � C and l ¼ k.
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Since the Oja–Brockett flow requires C and N to be positive definite and
symmetric, the transformation from the Oja–Brockett flow (5.22) to the minor
component flow (5.21) is always valid. However, the reverse transformation from
(5.21) to (5.22) is not always possible, meaning that the minor component flow
(5.21) is a strict generalization of the Oja–Brockett flow. The reverse of A ¼
kI � C and l ¼ k is C ¼ kI � A and k ¼ l. Since C must be positive definite for
W ¼ k�1=2C1=2ZN1=2 to be defined (and for (5.22) to be stable), the reverse
transformation is only valid if l is larger than the largest eigenvalue of A. Since
(5.21) is a generalization of (5.22), it is natural to consider using (5.21) with
A ¼ kI � C to find the principal components of C. Since A is not required to be
positive definite in (5.21), the choice of k is relatively unimportant. Thus, Manton’s
dual-purpose principal and minor component flow can be rewritten as follows:

_W ¼ �CWNþ lW N �WTW
� �

; ð5:24Þ

where the choices of the + and − signs yield principal and minor component flow,
respectively.

5.3 A Novel Dual-Purpose Method for Principal
and Minor Subspace Tracking

In this section, a UIC will be introduced, and a dual-purpose principal and minor
subspace gradient flow will be derived based on this information criterion. In this
dual-purpose gradient flow, the weight matrix length is self-stabilizing. The
dual-purpose gradient flow can efficiently track an orthonormal basis of the PS or
MS.

5.3.1 Preliminaries

5.3.1.1 Definitions and Properties

Definition 5.1 For a r � r matrix B, its EVD is represented as B ¼ UWU�1, where
U denotes a r � r matrix formed by all its eigenvectors, and W ¼
diagðk1; . . .; krÞ[ 0 is a diagonal matrix formed by all its eigenvalues.

Property 5.1 If A is an m� n matrix and B is an n� m matrix, then it holds that
trðABÞ ¼ trðBAÞ.
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5.3.1.2 Conventional Formulation for PSA or MSA

Suppose that the vector sequence xk; k ¼ 1; 2; . . . is a stationary stochastic process
with zero mean and covariance matrix R ¼ E xkxTk

 � 2 R
N�N . Let ki and viði ¼

1; 2; . . .;NÞ denote the eigenvalues and the associated orthonormal eigenvectors of
R, respectively. We can arrange the orthonormal eigenvectors v1; v2; . . .; vN in such
a way that the associated eigenvalues are in a nondecreasing order:
0\k1 � k2 � � � � � kN . The eigenvalue decomposition (EVD) of R is represented
as R ¼PN

i¼1 kiviv
T
i ¼ LKLT, where K ¼ diagðk1; . . .; kNÞ and L ¼ ½v1; v2; . . .; vN �.

For some applications in information processing fields, usually it is not neces-
sary to perform true PCA, and the PSA is sufficient to yield the optimal solution by
an arbitrary orthonormal basis spanning the principal subspace [22]. Similarly in
some applications, we require only to find the MS spanned by v1; v2; . . .; vr, where r
is the dimension of the MS [1]. Only for PS tracking or MS tracking, lots of
algorithms can be used. Here, our objective is to find such algorithms as
dual-purpose subspace tracking, which are capable of both PS and MS tracking by
simply switching the sign in the same learning rule and have also self-stabilizing
property in both PS and MS tracking.

Let W ¼ ½u1; u2; . . .; ur� 2 RN�r denote the weight matrix, where ui 2 <N�1

represents the ith column vector of W ¼ LðnÞQ and also represents the weight
vector of the ith neuron of a multiple-input–multiple-output (MIMO) linear neural
network, and r is the dimension of the subspace. The input–output relation of the
MIMO linear neural network is described by

yk ¼ WTxk ð5:25Þ

where yk is a low-dimensional representation of xk . By minimizing the MSE
between xk and its reconstruction or maximizing the variance of yk and using the
exact gradient descent rule, a few PS tracking algorithms [9, 33] have been derived.
The two frameworks mentioned above are in fact equivalent [22]. In [22], a novel
information criterion was proposed, and a fast PS tracking algorithm was derived by
using the gradient method. Recently, a novel random gradient-based algorithm was
proposed for online tracking the MS, and a corresponding energy function was used
to analyze the globally asymptotical convergence [1]. However, our analysis
indicates that the above information criteria could not derive dual-purpose subspace
tracking algorithms by only changing the sign of the given matrix, which will be
analyzed briefly in what follows. For the convenience of analysis, here we only take
single component extraction algorithm into account.

In [9], by minimizing the MSE of reconstructing xk from yk, i.e.,

min
W

JMSEðWÞf g ¼ 1
2
E xk �Wykk k2
n o

¼ 1
2

trðRÞ � tr 2WTRW �WTRWWTW
� � �

; ð5:26Þ
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Following the exact gradient descent rule to minimize JMSEðWÞ, the well-known
LMSER algorithm for principal subspace analysis was derived as follows:

Wkþ 1 ¼ Wk þ g 2R� RWkWT
k �WkWT

kR
� �

Wk: ð5:27Þ

For one-dimensional case, (5.27) can be written as wkþ 1 ¼ wk þ g 2R�ð
RwkwT

k � wkwT
kRÞwk. From this equation, it is easy to obtain that:

wT
kþ 1wkþ 1

wT
kwk

	 1þ 2gð2wT
kRwk � 2wT

kRwkwT
kwkÞ

wT
kwk

¼ 1þ 4gwT
kRwkð1� wT

kwkÞ
wT
kwk

¼
[ 1 for wT

kwk\1
\1 for wT

kwk [ 1
¼ 1 for wT

kwk ¼ 1:

8<
:

ð5:28Þ

Obviously, it shows that the LMSER algorithm for principal component analysis
has self-stabilizing property, which means that the weight vector length is
self-stabilizing, i.e., moving toward unit length at each learning step [17]. If we
change the sign of matrix R in (5.26) and use the exact gradient descent rule, we can
obtain the LMSER algorithm for minor component analysis as follows:

wkþ 1 ¼ wk � g 2R� RwkwT
k � wkwT

kR
� �

wk: ð5:29Þ

From (5.29), it follows that:

wT
kþ 1wkþ 1

wT
kwk

	 1� 2gð2wT
kRwk � 2wT

kRwkwT
kwkÞ

wT
kwk

¼ 1� 4gwT
kRwkð1� wT

kwkÞ
wT
kwk

¼
\1 for wT

kwk\1
[ 1 for wT

kwk [ 1
¼ 1 for wT

kwk ¼ 1:

8<
:

ð5:30Þ

It is clear that the LMSER algorithm for minor component analysis does not
have self-stabilizing property. We can perform the above analyses on some algo-
rithms in [9, 1, 22, 33, 34], etc., and conclude that the dual-purpose self-stabilizing
algorithm for PCA and MCA cannot be derived from their objective functions by
only changing the sign of the given matrix.

Recently, considerable interest has been given to the construction and analysis of
dual systems for minor and principal component extraction (or subspace analysis)
[26–31, 35]. The above analysis has shown that an appropriately selected objective
function is the key in deriving dual-purpose self-stabilizing systems. In order to
obtain the desirable dual-purpose algorithm for PS and MS tracking, it is necessary
to develop more novel information criterion.
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5.3.2 A Novel Information Criterion and Its Landscape

5.3.2.1 A Novel Criterion for PSA and MSA

Given W 2 RN�r in the domain X ¼ Wj0\WTRW\1;WTW 6¼ 0
� �

, we present
a novel unified nonquadratic criterion (NQC) for PSA and MSA as follows:

min
W

JNQCðW;RÞ

JNQCðW;RÞ ¼ � 1
2
tr WTRW
� �

WTW
� ��1

n o
þ 1

2
tr I � WTW

� � �2n o
;

ð5:31Þ

where “+” is for MS tracking, “−” is for PS tracking, and I is Identity matrix. From
(5.31), we can see that JNQCðW;RÞ has a lower bound and approaches infinity from
the above as WTW ! 1. Obviously, the gradient searching algorithm can be
derived based on the above unified NQC. This criterion is referred to as novel
because it is different from all existing PSA or MSA criteria. It is worth noting that

if we replace the Rayleigh quotient WTRW
� �

WTW
� ��1

by WTRW
� �

in (5.31)
when “−” is used, then the objective function can be used to derive a few PCA
algorithms for one-dimensional case [25, 36]. However, following the analysis
method in Sect. 5.3.1.2, it can be easily seen that the objective function in [25, 36]
cannot derive dual-purpose self-stabilizing gradient learning algorithms by only
changing the sign of the given matrix. The landscape of this novel criterion is
depicted by the following four theorems. Since the matrix differential method will
be used extensively, interested readers may refer to [37] for more details.

5.3.2.2 Landscape of Nonquadratic Criteria

GivenW 2 RN�r in the domain X ¼ Wj0\WTRW\1;WTW 6¼ 0
� �

, we analyze
the following NQC for tracking the MS:

min
W

E1ðWÞ ¼ 1
2
tr WTRW
� �

WTW
� ��1

n o
þ 1

2
tr I � WTW

� � �2n o
: ð5:32Þ

The landscape of E1ðWÞ is depicted by Theorems 5.3 and 5.4.

Theorem 5.3 W is a stationary point of E1ðWÞ in the domain X if and only if
W ¼ LrQ, where Lr 2 RN�r consist of the r eigenvectors of R, and Q is a r � r
orthogonal matrix.

If W is expanded by the eigenvector basis into W ¼ LT ~W, then we can write the
NQC for the expanded coefficient matrix from (5.32) as
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min
~W

~E1ð ~WÞ ¼ 1
2
tr ~WTK ~W
� �

~WT ~W
� ��1

n o
þ 1

2
tr I � ð ~WT ~WÞ �2n o

; ð5:33Þ

where ~W 2 RN�r is an expanded coefficient matrix, and K is a N � N diagonal
matrix given by diagðk1; . . .kNÞ. Obviously, (5.33) represents an equivalent form of
(5.32). Thus, Theorem 5.3 is equivalent to the following Corollary 5.1. Therefore,
we will only provide the proof of Corollary 5.1.

Corollary 5.1 ~W is a stationary point of ~E1ð ~WÞ in the domain ~X ¼
~Wj0\ ~WTK ~W\1; ~WT ~W 6¼ 0

� �
if and only if ~W ¼ PrQ, where Pr is a N � r

permutation matrix in which each column has exactly one nonzero element equal to
1, and each row has, at most, one nonzero element, where N � r.

Proof The gradient of ~E1ð ~WÞ with respect to ~W can be written as

r ~W
~E1ð ~WÞ ¼ K ~W ~WT ~W

� ��1� ~W ~WT ~W
� ��2 ~WTK ~Wþ ~W I � ~WT ~W

� � �
; ð5:34Þ

where the notation r ~W denotes @~E1=@ ~W, so does for (5.35).
Given a point in ~Wj ~W ¼ PrQ

�
for any unitary orthonormal Qg, we have

r ~W
~E1ðPrQÞ ¼ KPrQ QTPT

r PrQ
� ��1�PrQ QTPT

r PrQ
� ��2

QTPT
rKPrQþPrQ I � QTPT

r PrQ
� � �

¼ KPrQ� PT
rQQ

TPT
rKPrQ:

ð5:35Þ

Conversely, ~E1ð ~WÞ at a stationary point should satisfy r ~W
~E1ð ~WÞ ¼ 0, which

yields

K ~W ~WT ~W
� ��1� ~W ~WT ~W

� ��2 ~WTK ~Wþ ~W I � ~WT ~W
� � �n o

¼ 0: ð5:36Þ

Premultiplying both sides of (5.36) by ~WT, we have

~WTK ~W ~WT ~W
� ��1� ~WT ~W ~WT ~W

� ��2 ~WTK ~Wþ ~WT ~W I � ~WT ~W
� � �n o

¼ ~WTK ~W ~WT ~W
� ��1� ~WT ~W

� ��1 ~WTK ~Wþ ~WT ~W I � ~WT ~W
� � �n o

¼ ~WT ~W I � ~WT ~W
� � �� �

¼ ~WT ~W � ~WT ~W
� �2¼ 0:

From the above equation, we have

~WT ~W ¼ Ir ð5:37Þ
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which implies that the columns of ~W 2 RN�r are column-orthonormal at a sta-
tionary point of ~E1ð ~WÞ. From (5.36) and (5.37), it holds that

K ~W ¼ ~W ~WTK ~W
� � ð5:38Þ

Let ~W ¼ u^
T
1 ; . . .u

^T
N

h iT
, where u^iði ¼ 1; . . .;NÞ is a row vector, and B ¼ ~WTK ~W

that is a r � r symmetric positive definite matrix. Then, an alternative form of
(5.38) is

riu
^

i ¼ u^iB i ¼ 1; . . .;Nð Þ ð5:39Þ

Obviously, (5.39) shows the EVD for B. Since B is a r � r symmetric positive
definite matrix, it has only r orthonormal left row eigenvectors, which means that ~W
has only r orthonormal row vectors. Moreover, all the r nonzero row vectors in ~W
form an orthonormal matrix, which means that ~W can always be represented as
~W ¼ PrQ:
This completes the proof.
Theorem 5.3 establishes the property for all the stationary points of E1ðWÞ. The

next theorem will distinguish the global minimum point set attained by W spanning
the MS from the other stationary points that are saddle (unstable) points.

Theorem 5.4 In the domain X, E1ðWÞ has a global minimum that is achieved if
and only if W ¼ LðnÞQ, where LðnÞ ¼ ½v1; v2; . . .; vr�. At the global minimum,
E1ðWÞ ¼ ð1=2ÞPr

i¼1 ki. All the other stationary points of W ¼ LrQðLr 6¼ LðnÞÞ
are saddle (unstable) points of E1ðWÞ.

Similarly, we can show that Theorem 5.4 is equivalent to the following
Corollary 5.2, and Corollary 5.2 is proved to indirectly prove Theorem 5.4.

Corollary 5.2 In the domain X, ~E1ð ~WÞ has a global minimum that is achieved if

and only if ~W ¼ PQ, where P ¼ ~P 0
� �T2 RN�r, and ~P is a r � r permutation

matrix. At the global minimum, we have ~E1ð ~WÞ ¼ ð1=2ÞPr
i¼1 ki. All the other

stationary points ~W ¼ Pr ~QðPr 6¼ PÞ are saddle (unstable) points of ~E1ð ~WÞ, where
~Q is a r�r orthogonal matrix.

Proof By computing ~E1ð ~WÞ in the stationary point set for the domain
~Wj ~WTK ~W[ 0; ~WT ~W 6¼ 0

� �
, we can directly verify that a global minimum of

~E1ð ~WÞ is achieved if and only if ~W 2 PQjQTKQ[ 0
� �

, where the first r row
vectors of the permutation matrix P contain all the nonzero elements of P. By
substituting the above ~W into the gradient of E1(W) with respect to W and per-
forming some algebraic operations, we can get the global minimum of ~E1ð ~WÞ as
follows:
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~E1ð ~WÞ ¼ 1
2

Xr
i¼1

ki: ð5:40Þ

Moreover, we can determine whether a stationary point of ~E1ð ~WÞ is saddle
(unstable) in such a way that within an infinitesimal neighborhood near the sta-
tionary point, there is a point W 0 such that its value ~E1ðW 0Þ is less than ~E1ð ~WÞ.

Let Pr 6¼ P. There exists, at least, a nonzero element in the row vectors from
rþ 1 to N for Pr. Since P and Pr are two permutation matrices, there exist certainly

two diagonal matrices K and K̂ such that P
T
KP ¼ P

T
PK and PT

rKPr ¼ PT
r PrK̂,

where K̂ is a diagonal matrix diagðk̂j1; . . .k̂jrÞ associated with Pr and K, in which ĵi
is an integer such that the permutation matrix Pr has exactly the nonzero entry equal
to 1 in row ĵi and column i.

This yields

P
T
KP ¼ K; ð5:41Þ

PT
rKPr ¼ K̂: ð5:42Þ

Thus, it holds that

trðPT
KPÞ ¼

Xr
i¼1

ki; ð5:43Þ

trðPT
rKPrÞ ¼

Xr
i¼1

k̂ji : ð5:44Þ

If k̂jiði ¼ 1; . . .; rÞ are rearranged in a nondecreasing order ~k1 � ~k2 � � � � � ~kr,

then it follows that ki � ~kiði ¼ 1; . . .; r � 1Þ, and kr\~kr for Pr 6¼ P. That is,

trðPT
KPÞ\trðPT

rKPrÞ: ð5:45Þ

Since

~E1ðPrQÞ ¼ 1
2
tr QTPT

rKPrQ
� �

QTPT
r PrQ

� ��1
n o

þ 1
2
tr I � QTPT

r PrQ
� �� �

¼ 1
2
tr QTPT

rKPrQ
� �� � ¼ 1

2
tr PT

rKPr
� �

;

ð5:46Þ

~E1ðPÞQ ¼ 1
2
tr QTP

T
KPQ

� 	
QTP

T
PQ

� 	�1

 �

þ 1
2
tr I � QTP

T
PQ

� 	n o

¼ 1
2
tr QTP

T
KPQ

� 	n o
¼ 1

2
tr P

T
KP

n o
:

ð5:47Þ
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Thus, (5.45) becomes

~E1ðPrQÞ[ ~E1ðPQÞ; ð5:48Þ

which means that the set PrQjQTK̂Q[ 0 and Pr 6¼ P
n o

is not a global minimum

point set.
Since Pr 6¼ P, we can always select a column Pi 1� i� rð Þ from

P ¼ P1; . . .;Pr
 �

, such that

P
T
i Pr ¼ 0; ð5:49Þ

Otherwise, Pr _¼P. Moreover, we can always select a column Pr;j 1� j� rð Þ from
Pr ¼ Pr;1; . . .;Pr;r

 �
such that

PT
r;jP ¼ 0; ð5:50Þ

Otherwise, Pr¼: P. Let Pi have nonzero element only in row ji and Pr;j have
nonzero entry only in row ĵj. Obviously,ji\ĵj and k̂jj [ k�ji ; otherwise, Pr¼: P.
Define an orthonormal matrix as B ¼ Pr;1; . . .; ðPr;i þ ePiÞ=

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2

p
; . . .;Pr;r

 �
,

where e is a positive infinitesimal. Considering that Pr;j and Pi have one nonzero
entry, it follows that

KB ¼ k̂j1Pr;1; . . .; k̂jjPr;i þ k�jie
�Pi

� 	
=
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2

p
; . . .; k̂jrPr;r

h i
: ð5:51Þ

Considering (5.49), (5.50), and (5.51), we have

BTKB ¼ diag k̂j1 ; . . .; ðk̂jj þ e2k�jiÞ=ð1þ e2Þ; . . .; k̂jr
h i

: ð5:52Þ

Since Pr is an N � r permutation matrix, we have

PT
rKPr ¼ diag k̂j1 ; . . .; k̂jj ; . . .; k̂jr

h i
: ð5:53Þ

Then,

BTKB� PT
rKPr

¼ diag k̂j1 ; . . .; ðk̂jj þ e2k�jiÞ=ð1þ e2Þ; . . .; k̂jr
h i

� diag k̂j1 ; . . .; k̂jj ; . . .; k̂jr

h i
¼ diag 0; . . .; 0; ð�k̂jj þ k�jiÞe2=ð1þ e2Þ; 0; . . .; 0

h i
:
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Since k̂jj [ k�ji , B
TKB� PT

rKPr is a negative definite matrix. Thus, we have

~E1ðBQÞ ¼ 1
2
tr QTBTKBQ
� �

QTBTBQ
� ��1

n o
þ 1

2
tr I � QTBTBQ

� �� �
¼ 1

2
tr BTKB
� �

\~E1 PrQð Þ

¼ 1
2
tr PT

rKPr
� �

:

This means that PrQjQTK̂Q[ 0 and Pr 6¼ P
n o

is a saddle (unstable) point set.

This completes the proof.
The analysis about the landscape of NQC for tracking the PS is similar to

Theorems 5.3 and 5.4. Here, we only give the resulting theorems, and the detailed
proofs are omitted.

Obviously, the NQC for tracking the PS can be written as

Min
W

E2ðWÞ ¼ � 1
2
tr WTRW
� �

WTW
� ��1

n o
þ 1

2
tr I � ðWTWÞ �2n o

: ð5:54Þ

The landscape of E2ðWÞ is depicted by the following Theorems 5.5 and 5.6.

Theorem 5.5 W is a stationary point of E2ðWÞ in the domain X if and only if
W ¼ ~LrQ, where ~Lr 2 RN�r consist of the r eigenvectors of R, and Q is a r � r
orthogonal matrix.

Theorem 5.6 In the domain X, E2ðWÞ has a global minimum that is achieved if
and only if W ¼ ~LðnÞQ, where ~LðnÞ ¼ vN�rþ 1; vN�rþ 2; . . .; vN½ �. At the global

minimum, E2ðWÞ ¼ �ð1=2ÞPN
i¼N�rþ 1 ki. All the other stationary points of W ¼

~LrQð~Lr 6¼ ~LðnÞÞ are saddle (unstable) points of E2ðWÞ.

5.3.3 Dual-Purpose Subspace Gradient Flow

5.3.3.1 Dual Purpose Gradient Flow

Suppose that the vector sequence xk; k ¼ 1; 2; . . . is a stationary stochastic process
with zero mean and covariance matrix R ¼ E xkxTk

 � 2 RN�N . According to the
stochastic learning law, the weight matrix W changes in random directions and is
uncorrected with xk. Here, we take JNQCðW;RÞ, which is the unified NQC for PSA
and MSA in (5.31), as the cost or energy function. Then, up to a constant, the
gradient flow of JNQCðW;RÞ is given by
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dWðtÞ
dt

¼ 
 RWðtÞ �WðtÞ WTðtÞWðtÞ� ��1
WTðtÞRWðtÞ

h i
WTðtÞWðtÞ� ��1 þWðtÞ I � WTðtÞWðtÞ� � �

;

ð5:55Þ

which is the average version of the continuous-time differential equation

dWðtÞ
dt

¼ 
 xðtÞxTðtÞWðtÞ �WðtÞ WTðtÞWðtÞ� ��1
WTðtÞxðtÞxTðtÞWðtÞ

h i
WTðtÞWðtÞ� ��1 þWðtÞ I � WTðtÞWðtÞ� � �

;

ð5:56Þ

which, after discretization, gives a nonlinear stochastic learning rule

Wkþ 1 ¼ Wk 
 l xkyTk �Wk WT
kWk

� ��1
yky

T
k

h i
WT

kWk
� ��1 þ lWk I � WT

kWk
� � �

;

ð5:57Þ

where 0\l\1 denotes the learning step size, and if “+” is used, then (5.57) is a
PSA algorithm, and if “−” is used, then (5.57) is a MSA algorithm. (5.25)
and (5.57) constitute our unified dual-purpose principal and minor subspace gra-
dient flow. The gradient flow (5.57) has a computational complexity of
3Nr2 þð4=3Þr3 þ 4Nrþ r2 flops per update, which is cheaper than 2N2rþOðNr2Þ
for algorithm in [22], 12N2rþOðNr2Þ for algorithm in [24], and 8N2rþOðNr2Þ for
algorithm in [25]. The operations involved in (5.57) are simple matrix addition,
multiplication, and inversion, which are easy for systolic array implementation [22].

5.3.3.2 Convergence Analysis

Under similar conditions to those defined in [38, 39], using the techniques of
stochastic approximation theory [38, 39], (5.55) can be regarded as the corre-
sponding averaging differential equation of algorithm (5.57). Next, we study the
convergence of (5.55) via the Lyapunov function theory.

For MS tracking algorithm, we can give the energy function associated with
(5.55) as follows:

E1ðWÞ ¼ 1
2
tr WTRW
� �

WTW
� ��1

n o
þ 1

2
tr I � WTW

� �� �2n o
: ð5:58Þ

The gradient of E1ðWÞ with respect to W is given by

rE1ðWÞ ¼ RW �W WTW
� ��1

WTRW
h i

WTW
� ��1 þ W WTW

� ��1�W
h i

:

ð5:59Þ
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Clearly, (5.55) for MS tracking is equivalent to the following:

dW
dt

¼ �rE1ðWÞ: ð5:60Þ

Differentiating E1ðWÞ along the solution of (5.55) for MS tracking algorithm
yields

dE1ðWÞ
dt

¼ dWT

dt
rE1ðWÞ ¼ � dWT

dt
dW
dt

: ð5:61Þ

Since algorithm (5.55) for MS tracking has the Lyapunov function E1ðWÞ only
with a lower bound, the corresponding averaging equation converges to the com-
mon invariance set P ¼ WjrE1ðWÞ ¼ 0f g from any initial value Wð0Þ.

Similarly, for PS tracking algorithm, we can give the energy function associated
with (5.55) as follows:

E2ðWÞ ¼ � 1
2
tr WTRW
� �

WTW
� ��1

n o
þ 1

2
tr I � WTW

� � �2n o
: ð5:62Þ

According to the property of Rayleigh quotient, we can see that when
Wk k ! 1,E2ðWÞ ! 1. Thus, it can be shown that Gc ¼ W;E2ðWÞ\cf g is

bounded for each c.
The gradient of E2ðWÞ with respect to W is given by

rE2ðWÞ ¼ � RW WTW
� ��1�W WTW

� ��2
WTRW

h i
�W I � WTW

� � �
¼ � RW �W WTW

� ��1
WTRW

h i
WTW
� ��1�W I � WTW

� � �
:

ð5:63Þ

Clearly, (5.55) for PS tracking is equivalent to the following:

dW
dt

¼ �rE2ðWÞ: ð5:64Þ

Differentiating E2ðWÞ along the solution of (5.55) for PS tracking algorithm
yields

dE2ðWÞ
dt

¼ dWT

dt
rE2ðWÞ ¼ � dWT

dt
dW
dt

: ð5:65Þ

Since algorithm (5.55) for PS tracking has the Lyapunov function E2ðWÞ only
with a lower bound, the corresponding averaging equation converges to the com-
mon invariance set P ¼ WjrE2ðWÞ ¼ 0f g from any initial value Wð0Þ.
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From the above analysis, we can conclude that the dual-purpose algorithm (5.57)
for tracking PS and MS can converge to a common invariance set from any initial
weight value.

5.3.3.3 Self-stability Property Analysis

Next, we will study the self-stability property of (5.57).

Theorem 5.7 If the learning factor l is small enough and the input vector is
bounded, then the state flows in the unified learning algorithm (5.57) for tracking
the MS and PS is bounded.

Proof Since the learning factor l is small enough and the input vector is bounded,
we have

Wkþ 1k k2F ¼ tr WT
kþ 1Wkþ 1

 � ¼ tr Wk � l xkyTk �Wk WT
kWk

� ��1
yky

T
k

h i
WT

kWk
� ��1 þ lWk I � WT

kWk
� � �n oT




� Wk � l xkyTk �Wk WT
kWk

� ��1
yky

T
k

h i
WT

kWk
� ��1 þlWk I � WT

kWk
� � �n oo

	 tr WT
kWk

 �þ 2l � tr WT
kWk

� �
I � WT

kWk
� �� � �

¼ tr WT
kWk

 �� 2l tr WT
kWk

� �2�tr WT
kWk

� �h i
:

ð5:66Þ
Notice that in the previous formula the second-order terms associated with the

learning factor have been neglected. It holds that

Wkþ 1k k2F= Wkk k2F 	 1� 2l tr WT
kWk

� �2�tr WT
kWk

� �h i
= Wkk k2F

¼ 1� 2l � tr WT
kWk

� �2
tr WT

kWk
� � � 1

 !
¼ 1� 2l � tr M2

� �
tr Mf g � 1

� �

¼ 1� 2l � tr UWU�1UWU�1� �
tr UWU�1� � � 1

 !
¼ 1� 2l � tr UW2U�1� �

tr UWU�1� � � 1

 !

¼ 1� 2l � tr U�1UW2� �
tr U�1UW
� � � 1

 !
¼ 1� 2l � tr W2� �

tr Wf g � 1

 !

¼ 1� 2l �
Pr

i¼1 f
2
iPr

i¼1 fi
� 1

� �
¼ 1� 2l �

Pr
i¼1 fi fi � 1ð ÞPr

i¼1 fi

� �

¼
[ 1 for fi\1; ði ¼ 1; 2; . . .; rÞ
¼ 1 for fi ¼ 1; ði ¼ 1; 2; . . .; rÞ
\1 for fi [ 1; ði ¼ 1; 2; . . .; rÞ;

8><
>:

ð5:67Þ
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where M ¼ WT
kWk is a r � r matrix, and its EVD is represented as M ¼ UWU�1,

where U denotes a r � r matrix formed by all its eigenvectors and W ¼
diagðf1; . . .; frÞ[ 0 is a diagonal matrix formed by all its eigenvalues. It is obvious
that the state flow in dual-purpose subspace tracking algorithm (5.57) approaches
one. This completes the proof.

Next, we will study the globally asymptotical convergence of the dual-purpose
algorithm (5.57) for tracking PS and MS following the approaches in [1].

5.3.4 Global Convergence Analysis

We now study the global convergence property of the dual-purpose algorithm by
considering the gradient rule (5.57). Under the conditions that xk is a stationary
process and the step size l is small enough, the discrete-time difference Eq. (5.57)
approximates the continuous-time ODE (5.55). By analyzing the global conver-
gence property of (5.55), we can establish the condition for the global convergence
of (5.57). In particular, we will answer the following questions based on the
Lyapunov function approach [31].

1. Is the dynamic system described by (5.55) able to globally converge to the
principal subspace solution when “+” sign is used? Or if “−” sign is used, is the
dynamic system (5.55) able to globally converge to the minor subspace
solution?

2. What is the domain of attraction around the equilibrium attained at the PS (or at
the MS), or equivalently, what is the initial condition to ensure the global
convergence?

These questions can be answered by the following theorem.

Theorem 5.8 Given the ODE(5.55) and an initial value Wð0Þ 2 X, then WðtÞ
globally asymptotically converges to a point in the set W ¼ LðnÞQ as t ! 1 when
“+” sign in (5.55) is used, where LðnÞ ¼ ½v1; v2; . . .; vr� and Q denotes a r � r
unitary orthogonal matrix; and if “−” sign in (5.55) is used, WðtÞ globally
asymptotically converges to a point in the set W ¼ ~LðnÞQ as t ! 1, where
~LðnÞ ¼ vN�rþ 1; vN�rþ 2; . . .; vN½ �:
Proof For algorithm (5.55) for MS tracking, “−” sign in (5.55) is used. Under this
condition, it is known from (5.60) that WðtÞ globally asymptotically converges to a
point in the invariance (stationary point) set of E1ðWÞ. At a saddle (unstable) point,
(5.55) is unstable. Thus, we can conclude that WðtÞ globally asymptotically con-
verges to a point in the global minimum point set W ¼ LðnÞQ. For algorithm (5.55)
for PS tracking, similarly we can conclude that WðtÞ globally asymptotically
converges to a point in the global minimum point set W ¼ ~LðnÞQ. This completes
the proof.
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Remark 5.1 From the above analyses, it is concluded that Wk will asymptotically
converge to matrix with orthonormal columns as k ! 1 for stationary signals.
When WT

kWk is approximated by Ir, (5.57) is simplified to the stochastic Oja’s
algorithm for PS and MS tracking:

Wkþ 1 ¼ Wk 
 l xkyTk �Wkyky
T
k

 �
: ð5:68Þ

In this sense, Oja’s algorithm for PS and MS tracking is derived as an
approximate stochastic gradient rule to minimize the proposed NQC. However, it is
worth noting that Oja’s algorithm for MS tracking, where “−” is used in (5.68),
does not have the self-stabilizing property, whereas the dual-purpose subspace
tracking algorithm (5.57) is self-stabilizing whether for PS tracking or for MS
tracking.

5.3.5 Numerical Simulations

In this section, we provide several interesting experiments to illustrate the perfor-
mance of the dual-purpose principal and minor subspace flow. The first experiment
mainly shows the self-stabilizing property of the dual-purpose gradient flow via
simulations, the second experiments give some performance comparisons with
other algorithms, and the third experiment provides some examples of practical
applications.

5.3.5.1 Self-stabilizing Property and Convergence

Here, a PS or MS with dimension 5 is tracked. The vector data sequence is gen-
erated by Xk ¼ B � yk, where B is randomly generated. In order to measure the
convergence speed and precision of learning algorithm, we compute the norm of a
state matrix at the kth update qðWkÞ and the index parameter distðWkÞ, which
means the deviation of a state matrix from the orthogonality. Clearly, if distðWkÞ
converges to zero, then it means that Wk produces an orthonormal basis of the MS
or PS.

In this simulation, let B ¼(1/31)randn(31, 31) and yt 2 R31�1 be Gaussian,
spatially and temporally white, and randomly generated. In order to show that the
self-stabilizing property of the dual-purpose algorithm, let the initial weight value
be randomly generated and normalized to modulus 2.5, which is larger than 1.
Figures 5.1 and 5.2 are the simulation results for PSA and MSA on this condition,
respectively. Figures 5.3 and 5.4 are, respectively, the simulation results for PSA
and MSA with the initial weight modulus value normalized to 0.5, which is smaller
than 1. In Figs. 5.1, 5.2, 5.3, and 5.4, all the learning curves are obtained by
averaging over 30 independent experiments.
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Fig. 5.1 Experiment on PSA
with W0k k2 ¼ 2:5, l ¼ 0:2
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Fig. 5.3 Experiment on PSA
with W0k k2 ¼ 0:5, l ¼ 0:3
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From Figs. 5.1 and 5.3, we can see that the norm of the state matrices in the
algorithm (5.57) for PS tracking converges to 1, and the state matrices can converge
to an orthonormal basis of the PS, which is consistent with Theorem 5.8. From
Figs. 5.2 and 5.4, we also can see that the norm of the state matrices in the
algorithm for MS tracking converges to 1, and the state matrices can converge to an
orthonormal basis of the MS, which is also consistent with Theorem 5.8. From
Figs. 5.1, 5.2, 5.3, and 5.4, it is obvious that whether the norm of the initial state
matrices is larger than, or smaller than 1, the state matrices in the dual-purpose
algorithm all can converge to an orthonormal basis of PS or MS, which shows the
self-stabilizing property.

5.3.5.2 The Contrasts with Other Algorithms

In this simulation, the PS tracking algorithm is compared with the LMSER algo-
rithm in [9], and the MS tracking algorithm is compared with the OJAm algorithm
in [1], where the norm of state matrix qðWkÞ and the index parameter distðWkÞ are
used. Like in the above simulation, here the vector data sequence is generated by
Xk ¼ B � yk, where B is randomly generated, and a PS or MS with dimension 5 is
tracked. All the learning curves are obtained by averaging over 30 independent
experiments.

From Figs. 5.5 and 5.6, it can be observed that our dual-purpose subspace
tracking algorithm outperforms the others in terms of both convergence speed and
estimation accuracy.

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Number of Iterations

N
or

m
 a

nd
 d

ev
ia

tio
n 

fro
m

 th
e 

or
th

og
on

al
ity the norm of state matrix for MSA algorithm

deviation from the orthogonality for MSA algorithm

Fig. 5.4 Experiment on
MSA with W0k k2 ¼ 0:5,
l ¼ 0:4

134 5 Dual Purpose for Principal and Minor Component Analysis



5.3.5.3 Examples from Practical Applications of Our Unified
Algorithm

Data compression is an important application of PS tracking analysis. In this
simulation, we use the PSA algorithm to compress the well-known Lenna picture of
512 � 512 pixels as shown in Fig. 5.7. The original Lenna picture is decomposed
into 8 � 8 nonoverlapping blocks, and from the block set, a 64-dimensional vector
set h = {x(k)|x(k) 2 R64 (k = 1, 2,…, 4096)} can be constructed. After the removal
of the mean and normalization, vectors randomly selected from this vector set form
an input sequence for the PSA algorithm. In order to measure convergence and
accuracy, we compute the norm of WðkÞ and the direction cosine(k) between the
weight matrix WðkÞ and the true PS V of the vector set h at the kth update. Clearly,
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Fig. 5.5 Learning curves for
PS tracking algorithm and
LMSER algorithm, g ¼ 0:1
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if the norm of WðkÞ and direction cosine(k) converge to 1, the weight matrix must
approach the direction of PS and the algorithm gives the right result. The recon-
structed Lenna image using the PSA algorithm is presented in Fig. 5.8, where the
dimension of the subspace is 6. Figure 5.9 shows the convergence of direction
cosine and the weight matrix norm for the PSA algorithm with initial weight vector
norm Wð0Þk k ¼ 0:2, and learning factor l ¼ 0:2.

Fig. 5.7 Original Lenna
image

Fig. 5.8 Reconstructed
results

136 5 Dual Purpose for Principal and Minor Component Analysis



From Figs. 5.8and 5.9, we can see that our PSA algorithm achieves a satisfac-
tory compression performance, and its convergence and accuracy are also
satisfactory.

An important application of the minor component analysis is to solve the total
least squares (TLS) problem. In this section, we will use our MSA algorithm, where
the dimension is one, to conduct the line fitting under the TLS criterion. By adding
Gaussian noises to the 400 sample points on the line x2 ¼ �0:5x1, we can obtain a

set of 2-dimensional data points T ¼ x1ðtÞ; x2ðtÞ½ �T; k ¼ 1; 2; . . .; 400
n o

as shown

in Fig. 5.10. The problem of line fitting is to find a parameterized line model (e.g.,
w1x1 þw2x2 ¼ 0) to fit the point set, such that the sum of the squared perpendicular
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distances between the line and these data points is minimized. This line fitting
problem can be reduced to a problem of estimating minor component of this data
set T. After the removal of the mean and normalization, randomly select vectors
from the data set T as the inputs for our MSA algorithm. Figure 5.11 shows the
convergence of the weight vector WðkÞ with learning rate l ¼ 0:05, where the
direction cosine between the weight vector WðkÞ and the true minor component vn
is computed. After 150 iterations, the weight vector WðkÞ converges to
w� ¼ ½0:41930:9100�T . Figure 4.10 gives the fitting results of w�, from which we
can see that our MSA algorithm has a satisfactory convergence performance.

In summary, in this section, a novel unified NQC for PS and MS tracking has
been introduced. Based on this criterion, a dual-purpose principal and minor sub-
space gradient flow is derived. Also, the landscape of nonquadratic criteria of the
gradient flow is analyzed. The averaging equation of the dual-purpose algorithm for
PS and MS tracking exhibits a single global minimum that is achievable if and only
if its state matrix spans the PS or MS of the autocorrelation matrix of a vector data
stream. Simulations have shown that our dual-purpose gradient flow can guarantee
the corresponding state matrix tend to column-orthonormal basis of the PS and MS,
respectively, and also have shown that the algorithm has fast convergence speed
and can work satisfactorily.

5.4 Another Novel Dual-Purpose Algorithm for Principal
and Minor Subspace Analysis

In this section, we introduce another novel unified information criterion (NUIC) for
PSA and MSA by changing the second term of (5.31) into a nonquadratic form,
which makes NUIC a nonquadratic criterion. Then, the NUIC algorithm is derived
by applying gradient method to NUIC, which has fast convergence speed.
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5.4.1 The Criterion for PSA and MSA and Its Landscape

The information criterion for PSA and MSA is:

max
W

JNUICðWÞ ¼ � 1
2
tr WTRW
� �

WTW
� ��1

h i


þ 1
2
tr lnðWTWÞ �WTW
 ��

;

ð5:69Þ

where “+” means the PSA information criterion and “−” means the MSA infor-
mation criterion. The landscape of NUIC is depicted by the following four
theorems.

Let ki and ui, i ¼ 1; 2; . . .; n denote the eigenvalues and the associated
orthonormal eigenvectors of R. Arrange the orthonormal eigenvectors
u1; u2; � � � ; un in such a way that the associated eigenvalues are in a nonascending
order: k1 � k2 � � � � � kn, then the eigenvalue decomposition (EVD) of R can be
written as

R ¼ UKUT ¼ U1KUT
1 þU2KUT

2 ð5:70Þ

where K ¼ diagðk1; . . .kr; krþ 1; . . .; knÞ,U1 ¼ ½u1; . . .; ur� and U2 ¼ ½urþ 1; . . .; un�.
If the eigenvalues of R are allowed to be in an arbitrary order instead of the
nonascending order, the EVD can also be represented by

R ¼ U0K0ðU0ÞT ¼ UrKrUT
r þUn�rKn�rUT

n�r; ð5:71Þ

where U0 ¼ Ur;Un�r½ �, K0 ¼ diagðk01; . . .; k0r; k0rþ 1; . . .; k
0
nÞ.

GivenW in the domain WjWTRW[ 0
� �

, we analyze the following information
criterion for tracking PS:

max
W

E1ðWÞ ¼ 1
2
tr WTRW
� �

WTW
� ��1

h i
þ 1

2
tr ln WTW

� ��WTW
 �
 �

ð5:72Þ

Theorem 5.9 W is a stationary point of E1ðWÞ in the domain WjWTRW[ 0
� �

if
and only if W ¼ UrQ, where Ur 2 <n�r consist any r distinct orthonormal
eigenvectors of R, and Q is an arbitrary orthogonal matrix.

Proof Since WTRW and WTW are positive definite, they are invertible. Thus, the
gradient of E1ðWÞ with respect to W exits and is given by

rE1ðWÞ ¼ RW �W WTW
� ��1

WTRW
h i

WTW
� ��1 þ W WTW

� ��1�W
h i

:

ð5:73Þ
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If W ¼ UrQ, where Q is an arbitrary orthogonal matrix, we can obtain that
rE1ðWÞ ¼ 0. Conversely, by definition, the stationary point of E1ðWÞ satisfies
rE1ðWÞ ¼ 0, which yields

RW �W WTW
� ��1

WTRW
h i

WTW
� ��1¼ � W WTW

� ��1�W
h i

: ð5:74Þ

Premultiplying both sides of (5.74) by WT, we obtain WTW ¼ Ir, which implies
that the columns of W are orthonormal at any stationary point E1ðWÞ. Let
WTRW¼QTK0

rQ be the EVD and substitute it into (5.74). Then, we have
RU0

r ¼ U0
rK

0
r, where U0

r ¼ WQT with ðU0
rÞU0

r ¼ Ir. Since K0
r is a diagonal matrix

and U0
r has full rank, U

0
r and K0

r must be the same as Ur and Kr.

Theorem 5.10 In the domain WjWTRW[ 0
� �

, E1ðWÞ has a global maximum,
which is achieved if and only if W ¼ U1Q, where U1 ¼ ½u1; u2; . . .; ur� and Q is an
arbitrary orthogonal matrix. All the other stationary points are saddle points of
E1ðWÞ. At this global maximizer,

E1ðWÞ ¼ 1=2
Xr
i¼1

ki þ 1=2 ln rð Þ � rð Þ: ð5:75Þ

Proof According to Theorem 5.9, any W ¼ UrQ is the stationary point of E1ðWÞ.
Let L1 ¼ i1; i2; . . .; irf g, whose elements are the indexes of the eigenvectors which
make up the matrix Ur. Similarly, let L2 ¼ 1; 2; . . .; rf g.

For any L1ðL1 6¼ L2Þ, there must exist j, which satisfies j 2 L1 and j 62 L2. Then,
replace the component uj of matrix Ur by uj þ euk , where k 2 L1; k 62 L2 and
8e[ 0. Let U0

r be the resultant new matrix, and W 0 ¼ U0
rQ. Then, we have

E1ðW 0Þ � E1ðWÞ ¼ 1
2

kk � kj
� �

e2 þ o e2
� �

: ð5:76Þ

It can be easily seen that along the direction of the component uk, E1ðWÞ will
increase. In addition, if the component uj is replaced by uj þ euj, and let U00

r be the
resultant new matrix, and W 00 ¼ U00

rQ. Then, we have

E1ðW 00Þ � E1ðWÞ ¼ �2e2 þ oðe2Þ: ð5:77Þ

This means along the direction of the component uj, E1ðWÞ will decrease.
Therefore, W ¼ UrQ is a saddle point. Conversely, it can be shown that if any
component of Ur is perturbed by uk ð1� k� rÞ,E1ðWÞ will decrease.

Therefore, ~W ¼ U1Q is the unique global maximizer. This means E1ðWÞ has a
global maximum without any other local maximum. It can be easily seen that at the
global point
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E1ðWÞ ¼ 1
2

Xr
i¼1

ki þ 1
2

ln rð Þ � rð Þ: ð5:78Þ

The landscape of NUIC for tracking the MS is similar to Theorems 5.9 and 5.10.
Due to limited space, here we only give the resulting theorems. Obviously, the
information criterion for tracking the MS can be written as follows:

max
W

E2ðWÞ ¼ � 1
2
tr WTRW
� �

WTW
� ��1

h i
þ 1

2
tr ln WTW

� ��WTW
 �
 �

:

ð5:79Þ

The landscape of E2ðWÞ is depicted by Theorems 5.3 and 5.4.

Theorem 5.11 W is a stationary point of E2ðWÞ in the domain WjWTRW[ 0
� �

if and only if W ¼ UrQ, where Ur 2 Rn�r consist any r distinct orthonormal
eigenvectors of R, and Q is an arbitrary orthogonal matrix.

Theorem 5.12 In the domain WjWTRW[ 0
� �

, E2ðWÞ has a global maximum,

which is achieved if and only if W ¼ ~U1Q, where ~U1 ¼ ½un�rþ 1; un�rþ 2; . . .; un�
and Q is an arbitrary orthogonal matrix. All the other stationary points are saddle
points of E2ðWÞ. At this global maximum,

E2ðWÞ ¼ �1=2
Xr
i¼1

ki þ 1=2 ln rð Þ � rð Þ: ð5:80Þ

From Theorems 5.9 and 5.10, we can conclude that E1ðWÞ has a global maxi-
mum and no local ones. This means iterative methods like the gradient ascent
search method can be used to search the global maximizer of E1ðWÞ. We can obtain
similar conclusions for E2ðWÞ.

5.4.2 Dual-Purpose Algorithm for PSA and MSA

The gradient of JNUICðWÞ with respect to W is given by

dWðtÞ
dt

¼ � RWðtÞ �WðtÞWTðtÞRWðtÞ
WTðtÞWðtÞ

� �
WTðtÞWðtÞ� ��1 þ WðtÞ

WTðtÞWðtÞ �WðtÞ
� �

:

ð5:81Þ

By using the stochastic approximation theory, we have the following differential
equation
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dWðtÞ
dt

¼ � xðtÞxTðtÞWðtÞ �WðtÞWTðtÞxðtÞxTðtÞWðtÞ
WTðtÞWðtÞ

� �

� WTðtÞWðtÞ� ��1 þ WðtÞ WTðtÞWðtÞ� ��1�WðtÞ
h i

:

ð5:82Þ

Discretizing (5.82), then we can get the following nonlinear stochastic
algorithm:

Wkþ 1 ¼ Wk � l xyTk �Wk WT
kWk

� ��1
yky

T
k

h i
WT

kWk
� ��1

þ l Wk �Wk WT
kWk

� � �
WT

kWk
� ��1

:
ð5:83Þ

where 0\l\1 is the learning rate. If “+” is used, then (5.83) is a PSA algorithm;
and if “−” is used, then (5.83) is a MSA algorithm.

5.4.3 Experimental Results

5.4.3.1 Simulation Experiment

In this section, we compare the NUIC algorithm with the following algorithms, i.e.,
fast PSA algorithm proposed by Miao [22] (NIC), fast MSA algorithm proposed by
Feng [1] (OJAm), unified algorithm for PSA, and MSA [40] (UIC). In order to
measure the convergence speed and the precision of the algorithms, we compute the
norm qðWkÞ of the weight matrix and the index parameter distðWkÞ.

In this simulation, we adopt the method in [1] to generate the input sequences:
The input vector is generated by xk ¼ B � zk, where B is a 31� 31 matrix and is
randomly generated and zk 2 <31�1 is a zero-mean white noise with variance
r2 ¼ 1. In order to make a fair comparison, the same initial conditions are used in
the algorithms, i.e., the same initial weight matrix and learning rates are used in all
algorithms. The simulation results are shown in Figs. 5.12, 5.13, 5.14, and 5.15,
and a PS or MS with dimension 16 is tracked. The processing time of these
algorithms is listed in Table 5.1. The learning curves and the processing times are
obtained by averaging over 100 independent experiments.

From Table 5.1, we can see that the NUIC algorithm and the algorithm in [40]
have almost the same processing time and have less time than other algorithms.
From the four figures, we can see that the norm of the weight matrices in the NUIC
algorithm for PS or MS tracking converges to a constant, and the index parameters
converge to zero, which means the algorithm can track the designated subspace (PS
or MS). When compared with other algorithms, we can conclude that no matter for
PS or MS tracking, the NUIC algorithm has faster convergence speed than other
algorithms, which is mainly due to the complete nonquadratic criterion of NUIC
and the time-varying step size of the NUIC algorithm. From the last several steps of
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the simulation results shown in Figs. 5.13 and 5.15, we can see that although those
algorithms can converge to the designated subspace, but the values convergence to
are different. From Figs. 5.13 and 5.15, we can see that the index parameter
distðWkÞ of the NUIC algorithm has the smallest derivation from zero among these
algorithms. In other words, the NUIC algorithm has the best estimation accuracy as
shown in Fig. 5.14.

5.4.3.2 Real Application Experiment

The first experiment is direction-of-arrival (DOA) estimation. Consider the scenario
where two equipower incoherent plane waves impinge on a uniform linear array

0 10 20 30 40 50 60
0

1

2

3

4

5

6

7

8

 Number of iterations

 N
or

m
 o

f W
(k

)

 PSA

 NUIC
 NIC
 UIC

Fig. 5.12 Norm curves for
PS with l ¼ 0:2

0 10 20 30 40 50 60
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

 Number of iterations

 d
is

t(W
k)

 PSA

 NUIC
 NIC
 UIC

45 50 55 60
0

0.02

0.04

Fig. 5.13 Deviation curves
for PS with l ¼ 0:2

5.4 Another Novel Dual-Purpose Algorithm … 143



with 13 sensors from 40° to 80°. The receiver noise is spatially white with unit
variance r2¼1, and the signal-to-noise ratio is 10 dB. Three algorithms (NIC, UIC,
and NUIC) are used to estimate the signal (principal) subspace, and then the
ESPRIT method is used to get the DOA estimates. Figures 5.16 and 5.17 show the
DOA learning curves of the three algorithms. It can be seen that the three algo-
rithms can provide satisfactory DOA estimates after some iterations. However, the
NUIC algorithm has the fastest convergence speed. In order to show the estimation
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Table 5.1 Summary of
processing time

Time (ms) NUIC UIC NIC OJAm

PSA 6.0 5.8 12.2

MSA 5.6 5.2 7.0
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accuracy of the three algorithms, we list the estimates in Table 5.2. From Table 5.2,
we can see that the NUIC algorithm has the smallest deviation between the esti-
mates and the true values. So we can conclude that NUIC algorithm has the fastest
convergence speed and the best estimation accuracy among the three algorithms.

In this section, we introduced a novel information criterion for PSA and MSA
and analyzed its landscape. Based on this criterion, a dual-purpose algorithm has
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Table 5.2 DOA estimation values

80(°) 40(°)

NIC UIC NUIC NIC UIC NUIC

Estimation(°) 80.6382 80.5008 79.9155 39.7476 40.0439 40.0253

Deviation(°) 0.6382 0.5008 0.0845 0.2524 0.0439 0.0253
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been developed. Simulation results show that compared with other algorithms, the
NUIC algorithm has lower computation complexity, higher estimation accuracy,
and faster convergence speed.

5.5 Summary

In this chapter, several neural network-based dual-purpose PCA and MCA algo-
rithms have been reviewed. Then, a UIC is introduced, and a dual-purpose principal
and minor subspace gradient flow has been derived based on it. In this dual-purpose
gradient flow, the weight matrix length is self-stabilizing. The energy function
associated with the dual-purpose gradient flow exhibits a unique global minimum
achieved if and only if its state matrices span the PS or MS of the autocorrelation
matrix of a vector data stream. The other stationary points of this energy function
are (unstable) saddle points. The dual-purpose gradient flow can efficiently track an
orthonormal basis of the PS or MS. Simulations comparing the dual-purpose gra-
dient flow with a number of existing dual-purpose algorithms have verified the
feasibility and applicability of the dual-purpose algorithm. Finally, in order to
further improve the performance of dual-purpose algorithms, another novel infor-
mation criterion for PSA and MSA has been proposed, and its landscape has been
analyzed. Based on this criterion, another dual-purpose algorithm has been devel-
oped. Simulation results show that compared with other algorithms, the NUIC
algorithm has lower computation complexity, higher estimation accuracy, and faster
convergence speed.
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Chapter 6
Deterministic Discrete-Time System
for the Analysis of Iterative Algorithms

6.1 Introduction

The convergence of neural network-based PCA or MCA learning algorithms is a
difficult topic for direct study and analysis. Traditionally, based on the stochastic
approximation theorem, the convergence of these algorithms is indirectly analyzed
via corresponding DCT systems. The stochastic approximation theorem requires
that some restrictive conditions must be satisfied. One important condition is that
the learning rates of the algorithms must approach zero, which is not a reasonable
requirement to be imposed in many practical applications. Clearly, the restrictive
condition is difficult to be satisfied in many practical applications, where a constant
learning rate is usually used due to computational roundoff issues and tracking
requirements. Besides the DCT system, Lyapunov function method, differential
equations method, etc., are also used to analyze the convergence of PCA algo-
rithms. For example, in [1], a Lyapunov function was proposed for globally
characterizing Oja’s DCT model with a single neuron. Another single-neuron
generalized version of Oja’s DCT net was studied in [2] by explicitly solving the
system of differential equations. The global behavior of a several-neuron Oja’s
DCT net was determined in [3] by explicitly solving the equations of the model,
whereas [4] addressed a qualitative analysis of the generalized forms of this DCT
network.

All these studies of DCT formulations are grounded on restrictive hypotheses so
that the fundamental theorem of stochastic approximation can be applied. However,
when some of these hypotheses cannot be satisfied, how to study the convergence
of the original stochastic discrete formulation? In order to analyze the convergence
of neural network-based PCA or MCA learning algorithms, several methods have
been proposed, i.e., DCT, SDT, and DDT methods. The DCT method, first for-
malized by [5, 6], is based on a fundamental theorem of stochastic approximation
theory. Thus, it is an approximation analysis method. The SDT method is a direct
analysis method and it can analyze the temporal behavior of algorithm and derive
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the relation between the dynamic stability and learning rate [7]. The DDT method,
as a bridge between DCT and SDT methods, transforming the original SDT system
into a corresponding DDT system, and preserving the discrete-time nature of the
original SDT systems, can shed some light on the convergence characteristics of
SDT systems [8]. Recently, the convergence of many PCA or MCA algorithms has
been widely studied via the DDT method [8–13].

The objective of this chapter is to study the DDT method, analyze the conver-
gence of PCA or MCA algorithms via DDT method to obtain some sufficient
conditions to guarantee the convergence, and analyze the stability of these algo-
rithms. The remainder of this chapter is organized as follows. A review of per-
formance analysis methods for neural network-based PCA/MCA algorithms is
presented in Sect. 6.2. The main content, a DDT system of a novel MCA algorithm
is introduced in Sect. 6.3. Furthermore, a DDT system of a unified PCA and MCA
algorithm is introduced in Sect. 6.4, followed by the summary in Sect. 6.5.

6.2 Review of Performance Analysis Methods for Neural
Network-Based PCA Algorithms

6.2.1 Deterministic Continuous-Time System Method

According to the stochastic approximation theory (see [5, 6]), if certain conditions
are satisfied, its corresponding DCT systems can represent the SDT system effec-
tively (i.e., their asymptotic paths are close with a large probability) and eventually
the PCA/MCA solution tends with probability 1 to the uniformly asymptotically
stable solution of the ODE. From a computational point of view, the most important
conditions are the following:

1. x (t) is zero-mean stationary and bounded with probability 1.
2. a (t) is a decreasing sequence of positive scalars.
3. RtaðtÞ ¼ 1:

4. RtaPðtÞ\1 for some p.

5. limt!1 sup 1
aðtÞ � 1

aðt�1Þ
h i

\1.

For example, the sequence a (t) = const � t−c satisfies Conditions 2–5 for
0 < c � 1. The fourth condition is less restrictive than the Robbins–Monro con-
dition Rta2ðtÞ\1, which is satisfied, for example, only by a (t) = const � t−c with
1/2 < c � 1.

For example, MCA EXIN algorithm can be written as follows:

wðtþ 1Þ ¼ wðtÞ � aðtÞyðtÞ
wðtÞk k22

xðtÞ � yðtÞwðtÞ
wðtÞk k22

" #
; ð6:1Þ
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and its corresponding deterministic continuous-time (DCT) systems is

dwðtÞ
dt

¼ � 1

wðtÞk k22
R� wTðtÞRwðtÞ

wðtÞk k22

" #
wðtÞ ¼ � 1

wðtÞk k22
½R� rðw;RÞI�wðtÞ:

ð6:2Þ

For the convergence proof using deterministic continuous-time system method,
refer to the proof of Theorem 16 in [7] for details.

6.2.2 Stochastic Discrete-Time System Method

Using only the ODE approximation does not reveal some of the most important
features of these algorithms [7]. For instance, it can be shown that the constancy of
the weight modulus for OJAn, Luo, and MCA EXIN, which is the consequence of
the use of the ODE, is not valid, except, as a very first approximation, in
approaching the minor component [7]. The stochastic discrete-time system method
has led to the very important problem of the sudden divergence [7]. In the fol-
lowing, we will analyze the performance of Luo MCA algorithm using the
stochastic discrete-time system method.

In [14, 15], Luo proposed a MCA algorithm, which is

wðtþ 1Þ ¼ wðtÞ � aðtÞ wðtÞk k22 yðtÞxðtÞ � y2ðtÞ
wðtÞk k22

wðtÞ
" #

: ð6:3Þ

Since (6.3) is the gradient flow of the RQ and using the property of orthogonality
of RQ, it holds that

wTðtÞ yðtÞxðtÞ � y2ðtÞ
wðtÞk k22

wðtÞ
( )

¼ 0; ð6:4Þ

i.e., the weight increment at each iteration is orthogonal to the weight direction.
The squared modulus of the weight vector at instant t + 1 is then given by

wðtþ 1Þk k22¼ wðtÞk k22 þ
a2ðtÞ
4

wðtÞk k62 xðtÞk k42sin2 2#xw; ð6:5Þ

where #xw is the angle between the direction of x(t) and w(t). From (6.5), we can see
that (1) Except for particular conditions, the weight modulus always increases,
wðtþ 1Þk k22 [ wðtÞk k22. These particular conditions, i.e., all data in exact particular

directions, are too rare to be found in a noisy environment. (2) sin2 2#xw is a
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positive function with peaks within the interval ð�p; p�. This is one of the possible
interpretations of the oscillatory behavior of weight modulus.

The remaining part of this section is the convergence analysis of Dougla’s MCA
algorithm via the SDT Method. The purpose of this section is to analyze the
temporal behavior of Dougla’s MCA algorithm and the relation between the
dynamic stability and learning rate, by using mainly the SDT system following the
approach in [7].

Indeed, using only the ODE approximation does not reveal some of the most
important features of MCA algorithms, and the ODE is only the very first
approximation, in approaching the minor component. After the MC direction has
been approached, how is the rule of the weight modulus?

From Dougla’s MCA, it holds that

wðtþ 1Þk k2 ¼ wTðtþ 1Þwðtþ 1Þ ¼ fwðtÞ � aðtÞ½ wðtÞk k4yðtÞxðtÞ � y2ðtÞwðtÞ�gT � fwðtÞ � aðtÞ½ wðtÞk k4yðtÞxðtÞ � y2ðtÞwðtÞ�g
¼ wðtÞk k2�2aðtÞð wðtÞk k4y2ðtÞ � y2ðtÞ wðtÞk k2Þþ a2ðtÞð wðtÞk k8y2ðtÞ xðtÞk k2�2 wðtÞk k4y4ðtÞþ y4ðtÞ wðtÞk k2Þ
¼ wðtÞk k2 þ 2aðtÞy2ðtÞ wðtÞk k2ð1� wðtÞk k2ÞþOða2ðtÞÞ
¼: wðtÞk k2 þ 2aðtÞy2ðtÞ wðtÞk k2ð1� wðtÞk k2Þ:

ð6:6Þ

Hence, if the learning factor is small enough and the input vector is bounded, we
can make such analysis as follows by neglecting the second-order terms of the aðtÞ.

wðtþ 1Þk k2
wðtÞk k2 ¼: 1þ 2aðtÞy2ðtÞð1� wðtÞk k2Þ ¼

[ 1 for wð0Þk k2\1
\ 1 for wð0Þk k2\1
¼ 1 for wð0Þk k2¼ 1

:

8<
: ð6:7Þ

This means that wðtþ 1Þk k2 tends to one whether wðtÞk k2 is equal to one or not,
which is called the one-tending property (OTP), i.e., the weight modulus remains

constant wðtÞk k2! 1
� �

.

To use the stochastic discrete laws is a direct analytical method. In fact, the study
of the stochastic discrete learning laws of the Douglas’s algorithm is an analysis of
their dynamics.

Define

r0 ¼ wTðtþ 1ÞxðtÞj j2
wðtþ 1Þk k2 ; r ¼ wTðtÞxðtÞj j2

wðtÞk k2 ;

qðaÞ ¼ r0

r
� 1; p ¼ wðtÞk k2; u ¼ y2ðtÞ:

The two scalars r0 and r represent, respectively, the squared perpendicular dis-
tance between the input xðtÞ and the data-fitting hyperplane whose normal is given
by the weight and passes through the origin, after and before the weight increment.
Recalling the definition of MC, we should have r0 � r. If this inequality is not valid,
this means that the learning law increases the estimation error due to the
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disturbances caused by noisy data. When this disturbance is too large, it will make
w(t) deviate drastically from the normal learning, which may result in divergence or
fluctuations (implying an increased learning time).

Theorem 6.1

If a[
2

p xðtÞk k2ðp� 2 cos2 hxwÞ
^ p xðtÞk k2ðp� 2 cos2 hxwÞ[ 0;

then r0 [ r, which implies divergence.

Proof From Eq. (6.2), we have

wTðtþ 1ÞxðtÞ ¼ yðtÞ � a½ wðtÞk k4yðtÞ xðtÞk k2�y3ðtÞ�
¼ yðtÞð1� a½ wðtÞk k4 xðtÞk k2�y2ðtÞ�Þ ð6:8Þ

wðtþ 1Þk k2 ¼ wTðtþ 1Þwðtþ 1Þ ¼ wðtÞk k2�2aðtÞð wðtÞk k4y2ðtÞ � y2ðtÞ wðtÞk k2Þ
þ a2ðtÞð wðtÞk k8y2ðtÞ xðtÞk k2�2 wðtÞk k4y4ðtÞþ y4ðtÞ wðtÞk k2Þ:

ð6:9Þ

Therefore,

qðaÞ ¼ r0

r
¼ ðwTðtþ 1ÞxðtÞÞ2

wðtþ 1Þk k2
wðtÞk k2
ðyðtÞÞ2 ¼ ð1� aðtÞ½ wðtÞk k4 xðtÞk k2�y2ðtÞ�Þ2

1� 2aðtÞy2ðtÞð wðtÞk k2�1Þþ a2E

¼ ð1� aqÞ2
1� 2auðp� 1Þþ a2E

;

ð6:10Þ

where q ¼ xðtÞk k2p2 � u
� �

and E ¼ up3 xðtÞk k2�2u2pþ u2
� �

.

Then, qðaÞ[ 1 (dynamic instability) if and only if

ð1� aqÞ2 [ 1� 2auðp� 1Þþ a2 up3 xðtÞk k2�2u2pþ u2
� �

: ð6:11Þ

Notice that u=p ¼ xðtÞk k2cos2 hzw.
From (6.11), it holds that

a2 p4 xðtÞk k4sin2 hxw � 2p3 xðtÞk k4cos2 hxw sin2 hxw
h i
[ 2a xðtÞk k2p2 sin2 hxw:

ð6:12Þ

The dynamic instability condition is then
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a[
2

p xðtÞk k2ðp� 2 cos2 hxwÞ
^ p xðtÞk k2 p� 2 cos2 hxw

� �
[ 0: ð6:13Þ

The second condition implies the absence of the negative instability. It can be
rewritten as

cos2 hxw � p
2
: ð6:14Þ

In reality, the second condition is included in the first one. Considering the case
0\ab � c\1, it holds that

cos2 hxw � p
2
� 1

cp xðtÞk k2 ¼ !; ð6:15Þ

which is more restrictive than (6.14). Figure 6.1 shows this condition, where
r ¼ arccos

ffiffiffiffi
!

p
. From (6.15), we can see that the decrease of c and p increases the

domain of r and then increases the stability. From Fig. 6.1, it is apparent that in the
transient (in general low hXW ), there are less fluctuations and this is beneficial to the
stability.

This completes the proof.

6.2.3 Lyapunov Function Approach

Lyapunov function approach has also been applied in the convergence and stability
analysis. For details, see references [7, 16, 17].
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proposed algorithm
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6.2.4 Deterministic Discrete-Time System Method

Traditionally, the convergence of neural network learning algorithms is analyzed
via DCT systems based on a stochastic approximation theorem. However, there
exist some restrictive conditions when using stochastic approximation theorem.
One crucial condition is that the learning rate in the learning algorithm must con-
verge to zero, which is not suitable in most practical applications because of the
roundoff limitation and tracking requirements [8, 13]. In order to overcome the
shortcomings of the DCT method, Zurifia proposed DDT method [8]. Different
from the DCT method, the DDT method allows the learning rate to be a constant
and can be used to indirectly analyze the dynamic behaviors of stochastic learning
algorithms. Since the DDT method is more reasonable for studying the convergence
of neural network algorithms than the traditional DCT method, it has been widely
used to study many neural network algorithms [8, 10–13, 18–20].

6.3 DDT System of a Novel MCA Algorithm

In this section, we will analyze the convergence and stability of a class of
self-stabilizing MCA algorithms via a DDT method. Some sufficient conditions are
obtained to guarantee the convergence of these learning algorithms. Simulations are
carried out to further illustrate the theoretical results achieved. It can be concluded
that these self-stabilizing algorithms can efficiently extract the MCA, and they
outperform some existing MCA methods.

In Sect. 6.3.1, a class of self-stabilizing learning algorithms is presented. In
Sect. 6.3.2, the convergence and stability analysis of these algorithms via DDT
method are given. In Sect. 6.3.3, computer simulation results on minor component
extraction and some conclusions are presented.

6.3.1 Self-stabilizing MCA Extraction Algorithms

Consider a single linear neuron with the following input–output relation: yðkÞ ¼
WTðkÞXðkÞ; k ¼ 0; 1; 2; � � � ; where y(k) is the neuron output, the input sequence
fXðkÞjXðkÞ 2 Rnðk ¼ 0; 1; 2; � � �Þg is a zero-mean stationary stochastic process,
and WðkÞ 2 Rnðk ¼ 0; 1; 2; � � �Þ is the weight vector of the neuron. The target of
MCA is to extract the minor component from the input data by updating the weight
vector W(k) adaptively. Here, based on the OJA + algorithm [21], we add a penalty
term ð1� WðtÞk k2þ aÞRW to OJA + and present a class of MCA algorithms as
follows:
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_W ¼ � Wk k2þ aRWþðWTRWþ 1�WTWÞW; ð6:16Þ

where R ¼ E½XðkÞXTðkÞ� is the correlation matrix of the input data and the integer
0� a� 2. The parameter a can be real-valued. However, for the simplicity of
theoretical analysis and practical computations, it would be convenient to choose a
as an integer. Considering the needs in the proofs of latter theorems, the upper limit
of a is 2. It is worth noting that Algorithm (6.16) coincides with the Chen rule for
minor component analysis [22] in the case a ¼ 0. When a[ 0, these algorithms are
very similar to the Chen algorithm and can be considered as modifications of the
Chen algorithm. Therefore, for simplicity, we refer to all of them as Chen
algorithms.

The stochastic discrete-time system of (6.16) can be written as follows:

Wðkþ 1Þ ¼ WðkÞ � g WðkÞk k2þ ayðkÞXðkÞ � ðy2ðkÞþ 1� WðkÞk k2ÞWðkÞ
h i

;

ð6:17Þ

where g(0\g\1) is the learning rate. From (6.17), it follows that

Wðkþ 1Þk k2� WðkÞk k2¼� 2g WðkÞk k2 y2ðkÞ WðkÞk ka�1ð Þþ WðkÞk k2�1
� �h i

þOðg2Þ
¼: � 2g WðkÞk k2 WðkÞk k � 1ð ÞQ y2ðkÞ; WðkÞk k� �

;

ð6:18Þ

where Q y2ðkÞ; WðkÞk kð Þ ¼ y2ðkÞð WðkÞk ka�1 þ WðkÞk ka�2 þ ; � � � ; WðkÞk kþ 1Þþ
WðkÞk kþ 1ð Þ is a positive efficient. For a relatively small constant learning rate, the

second-order term is very small and can be omitted. Thus, from (6.18), we can
claim that Algorithm (6.17) has self-stabilizing property [23].

6.3.2 Convergence Analysis via DDT System

From yðkÞ ¼ XTðkÞWðkÞ ¼ WTðkÞXðkÞ, by taking the conditional expectation
EfWðkþ 1Þ=Wð0Þ;XðiÞ; i\kg to (6.17) and identifying the conditional expecta-
tion as the next iterate, a DDT system can be obtained as

Wðkþ 1Þ ¼ WðkÞ
� g WðkÞk k2þ aRWðkÞ � WTðkÞRWðkÞþ 1� WðkÞk k2

� �
WðkÞ

h i
;

ð6:19Þ
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where R ¼ E½XðkÞXTðkÞ� is the correlation matrix of the input data. Here, we
analyze the dynamics of (6.19) subject to g being some smaller constant to interpret
the convergence of Algorithm (6.17) indirectly.

For the convenience of analysis, we next give some preliminaries. Since R is a
symmetric positive definite matrix, there exists an orthonormal basis of <n composed
of the eigenvectors of R. Obviously, the eigenvalues of the autocorrelation matrix
R are nonnegative. Assume that k1; k2; � � � ; kn are all eigenvalues of R ordered by
k1 � k2 � � � � � kn�1 [ kn [ 0. Suppose that fV iji ¼ 1; 2; � � � ; ng is an orthogonal
basis of Rn such that each Vi is unit eigenvector of R associated with the eigenvalue
ki. Thus, for each k � 0, the weight vector W(k) can be represented as

WðkÞ ¼
Xn
i¼1

ziðkÞV i; ð6:20Þ

where ziðkÞði ¼ 1; 2; . . .; nÞ are some constants. From (6.19) and (6.20), it holds that

ziðkþ 1Þ ¼ 1� gki WðkÞk k2þ a þ g WTðkÞRWðkÞþ 1� WðkÞk k2
� �h i

ziðkÞ
ð6:21Þ

ði ¼ 1; 2; . . .; nÞ, for all k � 0.
According to the properties of Rayleigh Quotient [7], it clearly holds that

knWTðkÞWðkÞ�WTðkÞRWðkÞ� k1WTðkÞWðkÞ; ð6:22Þ

for all WðkÞ 6¼ 0, and k � 0.
Next, we perform the convergence analysis of DDT system (6.19) via the fol-

lowing Theorems 6.2–6.6.

Theorem 6.2 Suppose that gk1\0:125 and g\0:25. If WTð0ÞVn 6¼ 0 and
Wð0Þk k� 1, then it holds that WðkÞk k\ð1þ gk1Þ; for all k� 0.

Proof From (6.19) and (6.20), it follows that

Wðkþ 1Þk k2 ¼
Xn
i¼1

z2i ðkþ 1Þ

¼
Xn
i¼1

½1� gki WðkÞk k2þ a þ gðWTðkÞRWðkÞþ 1� WðkÞk k2�2z2i ðkÞ

� 1� g kn WðkÞk k2þ a�k1 WðkÞk k2 þ WðkÞk k2�1
� �h i2Xn

i¼1

z2i ðkÞ

� 1� g kn WðkÞk k2þ a�k1 WðkÞk k2 þ WðkÞk k2�1
� �h i2

WðkÞk k2:
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Thus, we have

Wðkþ 1Þk k2 � ½1þ gðk1 WðkÞk k2 þ 1� WðkÞk k2Þ�2 � WðkÞk k2: ð6:23Þ

Define a differential function

f ðsÞ ¼ ½1þ gðk1sþ 1� sÞ�2s; ð6:24Þ

over the interval [0,1]. It follows from (6.9) that

_f ðsÞ ¼ ð1þ g� gsð1� k1ÞÞð1þ g� 3gsð1� k1ÞÞ;

for all 0\s\1. Clearly,

_f ðsÞ ¼ 0; if s ¼ ð1þ gÞ=ð3gð1� k1ÞÞ or s ¼ ð1þ gÞ=gð1� k1Þ :

Denote

h ¼ ð1þ gÞ=ð3gð1� k1ÞÞ:

Then,

_f ðsÞ
[ 0; if 0\s\h
¼ 0; if s ¼ h
\0; if s[ h:

8<
: ð6:25Þ

By gk1\0:125 and g\0:25, clearly,

h ¼ ð1þ gÞ=ð3gð1� k1ÞÞ ¼ ð1=gþ 1Þ=ð3ð1� k1ÞÞ[ 1: ð6:26Þ

From (6.25) and (6.26), it holds that

_f ðsÞ[ 0;

for all 0\s\1. This means that f ðsÞ is monotonically increasing over the interval
[0,1]. Then, we have

f ðsÞ� f ð1Þ\ð1þ gk1Þ2;

for all 0\s\1.
Thus, WðkÞk k\ð1þ gk1Þ; for all k� 0.
This completes the proof.

Theorem 6.3 Suppose that gk1\0:125 and g\0:25. If WTð0ÞVn 6¼ 0 and
Wð0Þk k� 1, then it holds that WðkÞk k[ c for all k� 0, where

c ¼ minf½1� gk1� Wð0Þk k;½1� gk1ð1þ gk1Þ4 þ gð1� ð1þ gk1Þ2Þ�g:
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Proof From Theorem 6.2, we have WðkÞk k\ð1þ gk1Þ for all k � 0 under the
conditions of Theorem 6.3. Next, two cases will be considered.

Case 1: 0\ WðkÞk k� 1.
From (6.19) and (6.20), it follows that

Wðkþ 1Þk k2 ¼
Xn
i¼1

½1� gki WðkÞk k2þ a þ gðWTðkÞRWðkÞþ 1� WðkÞk k2�2z2i ðkÞ

� 1� g k1 WðkÞk k2þ a�kn WðkÞk k2
� �

þ g 1� WðkÞk k2
� �h iXn

i¼1

z2i ðkÞ

� 1� g k1 WðkÞk k2þ a�kn WðkÞk k2
� �h i2

WðkÞk k2

� 1� gk1 WðkÞk k2þ a
h i2

WðkÞk k2

� 1� gk1½ �2 WðkÞk k2:

Case 2: 1\ WðkÞk k\ð1þ gk1Þ.
From (6.19) and (6.20), it follows that

Wðkþ 1Þk k2 � 1� g k1 WðkÞk k2þ a�kn WðkÞk k2
� �

þ g 1� WðkÞk k2
� �h i2Xn

i¼1

z2i ðkÞ

� 1� gk1 WðkÞk k2þ a þ g 1� WðkÞk k2
� �h i2

WðkÞk k2

� 1� gk1 WðkÞk k2þ a þ g 1� WðkÞk k2
� �h i2

� 1� gk1 1þ gk1ð Þ4 þ g 1� 1þ gk1ð Þ2
� �h i2

:

Using the analysis of Cases 1 and 2, clearly,

WðkÞk k[ c ¼ min ½1� gk1� Wð0Þk k; 1� gk1 1þ gk1ð Þ4 þ g 1� 1þ gk1ð Þ2
� �h in o

;

for all k� 0. From the conditions of Theorem 6.2, clearly, c[ 0.
This completes the proof.
At this point, the boundness of DDT system (6.19) has been proven. Next, we

will prove that under some mild conditions, lim
k!þ1

WðkÞ ¼ �Vn, where Vn is the

minor component. In order to analyze the convergence of DDT (6.19), we need to
prove the following lemma first.

Lemma 6.1 Suppose that gk1\0:125 and g\0:25. If WTð0ÞVn 6¼ 0 and
Wð0Þk k� 1, then it holds that
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1� gki WðkÞk k2þ a þ g WTðkÞRWðkÞþ 1� WðkÞk k2
� �

[ 0:

Proof By Theorem 6.2, under the conditions of Lemma 6.1, it holds that
WðkÞk k\1þ gk1; for all k� 0: Next two cases will be considered.
Case 1: 0\ WðkÞk k� 1.
From (6.21) and (6.22), for each ið1� i� nÞ, we have

1� gki WðkÞk k2þ a þ g WTðkÞRWðkÞþ 1� WðkÞk k2
� �

[ 1� gk1 WðkÞk k2þ a þ gkn WðkÞk k2

[ 1� gk1 WðkÞk k2þ a

[ 1� gk1
[ 0;

for k � 0.
Case 2: 1\ WðkÞk k\1þ gk1.
From (6.21) and (6.22), for each ið1� i� nÞ, we have

1� gki WðkÞk k2þ a þ g WTðkÞRWðkÞþ 1� WðkÞk k2
� �

[ 1� gk1 WðkÞk k2þ a þ gkn WðkÞk k2�g 2gk1 þ g2k2
1

� �
[ 1� gk1 WðkÞk k2þ a�0:25 � 2gk1 þ g2k2

1

� �
[ 1� gk1 WðkÞk k2þ a� 0:5 � gk1 þ 0:25 � ðgk1Þ2

� �
[ 1� gk1 1þ gk1ð Þ4 þ 0:5þ 0:25 � gk1

� �
[ 0:

This completes the proof.
Lemma 6.1 means that the projection of the weight vector W(k) on eigenvector

V iði ¼ 1; 2; . . .; nÞ, which is denoted as ziðkÞ ¼ WTðkÞV iði ¼ 1; 2; . . .; nÞ, does not
change its sign in (6.21). From (6.20), we have ziðtÞ ¼ WTðtÞV i. Since
WTð0ÞVn 6¼ 0, we have zn(0) 6¼ 0. It follows from (6.6) and Lemma 6.1 that
zn(k) > 0 for all k > 0 if zn(0) > 0; and zn(k) < 0 for all k > 0 if zn(0) < 0. Without
loss of generality, we assume that zn(0) > 0. Thus, zn(k) > 0 for all k > 0.

From (6.20), for each k � 0, W(k) can be represented as

WðkÞ ¼
Xn�1

i¼1

ziðkÞV i þ znðkÞVn: ð6:27Þ
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Clearly, the convergence of W(k) can be determined by the convergence of
zi(k) (i = 1,2,…,n). Theorems 6.4 and 6.5 below provide the convergence of
zi(k) (i = 1,2,…,n).

Theorem 6.4 Suppose that gk1\0:125 and g\0:25. If WTð0ÞVn 6¼ 0 and
Wð0Þk k\1, then lim

k!1
ziðkÞ ¼ 0; ði ¼ 1; 2; . . .; n� 1Þ:

Proof By Lemma 6.1, clearly,

1� gki WðkÞk k2þ a þ g WTðkÞRWðkÞþ 1� WðkÞk k2
� �

[ 0; ði ¼ 1; 2; . . .; nÞ
ð6:28Þ

for all k� 0. Using Theorems 6.2 and 6.3, it holds that WðkÞk k[ c and
WðkÞk k\ð1þ gk1Þ for all k� 0. Thus, it follows that for all k� 0

1� gki WðkÞk k2þ a þ g WTðkÞRWðkÞþ 1� WðkÞk k2
� �

1� gkn WðkÞk k2þ a þ g WTðkÞRWðkÞþ 1� WðkÞk k2
� �

2
4

3
5
2

¼ð1Þ 1� g ki � knð Þ WðkÞk k2þ a

1� gkn WðkÞk k2þ a þ g WTðkÞRWðkÞþ 1� WðkÞk k2
� �

2
4

3
5
2

� 1� g ki � knð Þ WðkÞk k2þ a

1� gkn WðkÞk k2þ a þ g k1 WðkÞk k2 þ 1� WðkÞk k2
� �

2
4

3
5
2

¼ 1� gðki � knÞ
1= WðkÞk k2þ a�gkn þ g k1 WðkÞk k�a þ 1= WðkÞk k2þ a� WðkÞk k�a

� �
2
4

3
5
2

\ 1� g kn�1 � knð Þ
1=cð2þ aÞ � gkn þ g k1c�a þ 1=cð2þ aÞ � 1þ gk1ð Þ�a½ �

� �2
; ði ¼ 1; 2; . . .; n� 1Þ:

ð6:29Þ

Denote

h ¼ 1� g kn�1 � knð Þ
1=cð2þ aÞ � gkn þ g k1c�a þ 1=cð2þ aÞ � 1þ gk1ð Þ�a½ �

� �2
:

Clearly, h is a constant and 0\h\1: By WTð0ÞVn 6¼ 0, clearly, znð0Þ 6¼ 0.
Then, znðkÞ 6¼ 0ðk[ 0Þ.

From (6.21), (6.28), and (6.29), it holds that
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ziðkþ 1Þ
znðkþ 1Þ

� �2
¼

1� gki WðkÞk k2þ a þ g WTðkÞRWðkÞþ 1� WðkÞk k2
� �

1� gkn WðkÞk k2þ a þ g WTðkÞRWðkÞþ 1� WðkÞk k2
� �

2
4

3
5
2

� ziðkÞ
znðkÞ

� �2

� h � ziðkÞ
znðkÞ

� �2
� hkþ 1 � zið0Þ

znð0Þ
� �2

; ði ¼ 1; 2; . . .; n� 1Þ;

ð6:30Þ

for all k� 0.
Thus, from 0\h\1 ði ¼ 1; 2; . . .; n� 1Þ , we have

lim
k!1

ziðkÞ
znðkÞ ¼ 0; ði ¼ 1; 2; . . .; n� 1Þ:

By Theorems 6.2 and 6.3, zn(k) must be bounded. Then,

lim
k!1

ziðkÞ ¼ 0; ði ¼ 1; 2; . . .; n� 1Þ:

This completes the proof.

Theorem 6.5 Suppose that gk1\0:125 and g\0:25. If WTð0ÞVn 6¼ 0 and
Wð0Þk k\1, then it holds that lim

k!1
znðkÞ ¼ �1.

Proof Using Theorem 6.4, clearly, W(k) will converge to the direction of the minor
component Vn, as k ! 1. Suppose at time k0, W(k) has converged to the direction
of Vn, i.e., Wðk0Þ ¼ znðk0Þ � Vn.

From (6.21), it holds that

znðkþ 1Þ ¼ znðkÞ 1� gknz
ð2þ aÞ
n ðkÞþ gðknz2nðkÞþ 1� z2nðkÞÞ

� �
¼ znðkÞ 1þ g½knz2nðkÞð1� zðaÞn ðkÞÞþ 1� z2nðkÞ�

� �
¼ znðkÞ 1þ gð1� znðkÞÞðknz2nðkÞðzða�1Þ

n ðkÞþ zða�2Þ
n ðkÞþ � � � þ 1Þþ ð1þ znðkÞÞÞ

� �
¼ znðkÞ 1þ gð1� znðkÞÞðknðzðaþ 1Þ

n ðkÞþ zðaÞn ðkÞþ � � � þ z2nðkÞÞþ ð1þ znðkÞÞÞ
� �

¼ znðkÞ 1þ gð1� znðkÞÞQðkn; znðkÞÞð Þ;
ð6:31Þ

where Qðkn; znðkÞÞ ¼ ðknðzðaþ 1Þ
n ðkÞþ zðaÞn ðkÞþ � � � þ z2nðkÞÞþ ð1þ znðkÞÞÞ is a

positive efficient, for all k � k0.
From (6.31), it holds that

znðkþ 1Þ � 1 ¼ znðkÞ 1þ g 1� znðkÞð ÞQ kn; znðkÞð Þð Þ � 1

¼ 1� gznðkÞQ kn; znðkÞð Þ½ � znðkÞ � 1ð Þ; ð6:32Þ

for k > k0.
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Since znðkÞ\ Wðk)k k� ð1þ gk1Þ, we have

1� gznðkÞQðkn; znðkÞÞ
¼ 1� gznðkÞðknðzðaþ 1Þ

n ðkÞþ zðaÞn ðkÞþ � � � þ z2nðkÞÞ þ ð1þ znðkÞÞÞ
[ 1� gð1þ gk1Þðknðð1þ gk1Þðaþ 1Þ þ ð1þ gk1ÞðaÞ þ � � � þ ð1þ gk1Þð2ÞÞ þ ð1þ ð1þ gk1ÞÞÞ
[ 1� ð1þ gk1Þðgk1ðð1þ gk1Þðaþ 1Þ þ ð1þ gk1ÞðaÞ þ � � � þ ð1þ gk1Þð2ÞÞ þ gð1þ ð1þ gk1ÞÞÞ
[ 1� ð1þ gk1Þðgk1ðð1þ gk1Þ3 þð1þ gk1Þ2Þþ gð1þð1þ gk1ÞÞÞ
[ 1� 0:9980

[ 0;

ð6:33Þ

for all k � k0. Thus, denote d ¼ 1� gznðkÞQðkn; znðkÞÞ; Clearly, it holds that
0\d\1.

It follows from (6.32) and (6.33) that

znðkþ 1Þ � 1j j � d znðkÞ � 1j j;

for all k > k0. Then, for k > k0

znðkþ 1Þ � 1j j � dkþ 1 znð0Þ � 1j j � ðkþ 1ÞPe�hðkþ 1Þ;

where h ¼ � ln d, P ¼ ð1þ gk1Þ � 1j j.
Given any e[ 0, there exists a K� 1 such that

P2Ke�hK

ð1� e�hÞ2 � e:

For any k1 > k2 > k, it follows from (6.21) that

znðk1Þ � znðk2Þj j ¼
Xk1�1

r¼k2

½znðrþ 1Þ � znðrÞ�
					

					�
Xk1�1

r¼k2

gznðrÞ ð1� znðrÞÞQðkn; znðrÞÞð Þ
					

					
�

Xk1�1

r¼k2

gznðrÞ ð1� znðrÞÞQðkn; znðrÞÞð Þj j �
Xk1�1

r¼k2

gznðrÞQðkn; 1þ gk1Þ znðrÞ � 1ð Þj j

� gð1þ gk1ÞQðkn; 1þ gk1Þ
Xk1�1

r¼k2

ðznðrÞ � 1Þj j �P2

Xk1�1

r¼k2

re�hr

�P2

Xþ1

r¼k

re�hr �P2Ke�hK
Xþ1

r¼0

rðe�hÞr�1 � P2Ke�hK

ð1� e�hÞ2
� e:
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where P2 ¼ gð1þ gk1ÞQðkn; 1þ gk1Þðznð0Þ � 1Þ: This means that the sequence
znðkÞf g is a Cauchy sequence. By the Cauchy convergence principle, there must

exist a constant z* such that lim
x!1 znðkÞ ¼ z�.

From (6.27), we have lim
k!þ1

WðkÞ ¼ z�n � Vn. Since (6.17) has self-stabilizing

property, it follows that lim
x!1Wðkþ 1Þ=WðkÞ ¼ 1. From (6.21), we have

1 ¼ 1� g½knðz�nÞ2þ a � ðknðz�nÞ2 þ 1� ðz�nÞ2Þ�, which means z�n ¼ �1.
This completes the proof.
Using (6.27), along with Theorems 6.4 and 6.5, we can draw the following

conclusion:

Theorem 6.6 Suppose that gk1\0:125 and g\0:25. If WTð0ÞVn 6¼ 0 and
Wð0Þk k\1, then it holds that lim

k!1
WðkÞ ¼ �Vn.

At this point, we have completed the proof of the convergence of DDT system
(6.19). Next we will further study the stability of (6.19).

Theorem 6.7 Suppose that gk1\0:125 and g\0:25. Then the equilibrium points
Vn and –Vn are locally asymptotical stable and other equilibrium points (6.19) are
unstable.

Proof Clearly, the set of all equilibrium points of (6.21) is
fV1; � � � ;Vng[ f�V1; � � � ;�Vng[ f0g.

Denote

GðWÞ ¼ Wðkþ 1Þ
¼ WðkÞ � g WðkÞk k2þ aRWðkÞ � ðWTðkÞRWðkÞþ 1� WðkÞk k2ÞWðkÞ

h i
:

ð6:34Þ

Then, we have

@G
@W

¼ Iþ g½ðWTðkÞRWðkÞþ 1� WðkÞk k2ÞI� WðkÞk k2þ aRþ 2RWðkÞWTðkÞ
� 2WðkÞWTðkÞ � ð2þ aÞ WðkÞk kaRWðkÞWTðkÞ�;

ð6:35Þ

where I is a unity matrix.
For the equilibrium point 0, it holds that

@G
@W

				
0
¼ Iþ gI ¼ J0:

The eigenvalues of J0 are aðiÞ0 ¼ 1þ g[ 1 ði ¼ 1; 2; � � � ; nÞ: Thus, the
equilibrium point is unstable.
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For the equilibrium points �V jðj ¼ 1; 2; � � � ; nÞ, it follows from (6.35) that

@G
@W

				
V j

¼ Iþ g kjI � R� 2V jVT
j � akjV jVT

j

h i
¼ Jj: ð6:36Þ

After some simple manipulations, the eigenvalues of Jj are given by

aðiÞj ¼ 1þ gðkj � kiÞ if i 6¼ j:

aðiÞj ¼ 1� gð2þ akjÞ if i ¼ j:

(

For any j 6¼ n, it holds that aðnÞj ¼ 1þ gðkj � kiÞ[ 1. Clearly, the equilibrium
points �V jðj 6¼ nÞ are unstable. For the equilibrium points �Vn, from
gkn\gk1\0:125, and g\0:25, it holds that

aðiÞn ¼ 1þ gðkn � kiÞ\1 if i 6¼ n:
aðiÞn ¼ 1� gð2þ aknÞ\1 if i ¼ n:

(
ð6:37Þ

Thus, �Vn are asymptotical stable.
This completes the proof.
From (6.37), we can easily see that the only fixed points where the MCA

condition is fulfilled are the attractors, and all others are repellers or saddle points.
We conclude that the Algorithm (6.17) converges toward the minor eigenvector
�Vn associated with the minor eigenvalue kn.

6.3.3 Computer Simulations

In this section, we provide simulation results to illustrate the convergence and
stability of the MCA Algorithm (6.17) in a stochastic case. Since OJAm [17],
Moller [23], and Peng [11] are self-stabilizing algorithms and have better conver-
gence performance than some existing MCA algorithms, we compare performance
of Algorithm (6.17) with these algorithms. In order to measure the convergence
speed and accuracy of these algorithms, we compute the norm of W(k) and the
direction cosine at the kth update. In the simulation, the input data sequence, which
is generated by [17], X(k) = C h(k), where C = randn(5, 5)/5 and h(k)2R5	1, is
Gaussian and randomly generated with zero-mean and unitary standard deviation.
The above-mentioned four MCA algorithms are used to extract minor component
from the input data sequence {x(k)}. The following learning curves show the
convergence of W(k) and direction cosine(k) with the same initial norm for the
weight vector and constant learning rate, respectively. All the learning curves below
are obtained by averaging over 30 independent experiments. Figures 6.2 and 6.3
investigate the case Wð0Þk k ¼ 1, and Figs. 6.4 and 6.5 show the simulation results
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for higher-dimensional data (D = 12), using different learning rates and maximal
eigenvalues, which satisfy the conditions of Theorem 6.6.

From Fig. 6.3, we can see that for all these MCA algorithms, direction cosine
(k) converge to 1 at approximately the same speeds. However, from Fig. 6.2 we can
see that the Moller and OJAm algorithms have approximately the same conver-
gence for the weight vector length and there appear to be a residual deviation from
unity for the weight vector length, and the norm of the weight vector in Peng
algorithm has larger oscillations, and the norm of the weight vector in Algorithm
(6.17) has a faster convergence, a better numerical stability and higher precision
than other algorithms. From Figs. 6.4 and 6.5, it is obvious that even for
higher-dimensional data, only if the conditions of Theorems 6.2–6.6 are satisfied,
Algorithm (6.17) can satisfactorily extract the minor component of the input data
stream.

In this section, dynamics of a class of algorithms are analyzed by the DDT
method. It has been proved that if some mild conditions about the learning rate and
the initial weight vector are satisfied, these algorithms will converge to the minor
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component with unit norm. At the same time, stability analysis shows that the minor
component is the asymptotical stable equilibrium point in these algorithms.
Simulation results show that this class of self-stabilizing MCA algorithms outper-
forms some existing MCA algorithms.

6.4 DDT System of a Unified PCA and MCA Algorithm

In Sect. 6.3, the convergence of a MCA algorithm proposed by us is analyzed via
DDT in details. However, in the above analysis, we made one assumption, i.e., the
smallest eigenvalue of the correlation matrix of the input data is single. In this
section, we will remove this assumption in the convergence analysis and analyze a
unified PCA and MCA algorithm via the DDT method.
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6.4.1 Introduction

Despite the large number of unified PCA and MCA algorithms proposed to date,
there are few works that analyze these algorithms via the DDT method and derive
the conditions to guarantee the convergence. Obviously, this is necessary from the
point view of application. Among the unified PCA and MCA algorithms, Chen’s
algorithm [22] is regarded as a pioneering work. Other self-normalizing dual sys-
tems [24] or dual-purpose algorithms [19, 20] can be viewed as the generalizations
of Chen’s algorithm [22]. Chen’s algorithm lays sound theoretical foundations for
dual-purpose algorithms. However, no work has been done so far on the study of
Chen’s DDT system. In this section, the unified PCA and MCA algorithm proposed
by Chen et al. [22] will be analyzed and some sufficient conditions to guarantee its
convergence will be derived by the DDT method. These theoretical results will lay a
solid foundation for the applications of this algorithm.

6.4.2 A Unified Self-stabilizing Algorithm for PCA
and MCA

Chen et al. proposed a unified stabilizing learning algorithm for principal compo-
nents and minor components extraction [22], and the stochastic discrete form of the
algorithm can be written as

Wðkþ 1Þ ¼ WðkÞ � g WðkÞk k2yðkÞXðkÞ � y2ðkÞWðkÞ
h i

þ gð1� WðkÞk k2ÞWðkÞ;
ð6:38Þ

where g (0\g\1) is the learning rate. Algorithm (6.38) can extract principal
component if “+” is used. If the sign is simply altered, (6.38) can also serve as a
minor component extractor. It is interesting that the only difference between the
PCA algorithm and the MCA algorithm is the sign on the right hand of (6.38).

In order to derive some sufficient conditions to guarantee the convergence of
Algorithm (6.38), next we analyze the dynamics of (6.38) via the DDT approach.
The DDT system associated with (6.38) can be formulated as follows. Taking the
conditional expectation EfWðkþ 1Þ=Wð0Þ;XðiÞ; i\kg to (6.38) and identifying
the conditional expectation as the next iterate, a DDT system can be obtained and
given as

Wðkþ 1Þ ¼WðkÞ � g WðkÞk k2RWðkÞ �WTðkÞRWðkÞWðkÞ
h i

þ gð1� WðkÞk k2ÞWðkÞ;
ð6:39Þ

168 6 Deterministic Discrete-Time System for the Analysis …



where R ¼ E½XðkÞXTðkÞ� is the correlation matrix of the input data. The main
purpose of this section is to study the convergence of the weight vector W(k) of
(6.39) subject to the learning rate g being some constant.

6.4.3 Convergence Analysis

Since R is a symmetric positive definite matrix, there exists an orthonormal basis of
<n composed of the eigenvectors of R. Let k1; k2; � � � ; kn to be all the eigenvalues of
R ordered by k1 � k2 � � � � � kn�1 � kn [ 0. Denote by r, the largest eigenvalue of
R. Suppose that the multiplicity of r is mð1�m� nÞ. Then, r ¼ k1 ¼ � � � ¼ km:
Suppose that fV iji ¼ 1; 2; � � � ; ng is an orthogonal basis of <n such that each Vi is a
unitary eigenvector of R associated with the eigenvalue ki. Denote by Vr

the eigen-subspace of the largest eigenvalue r, i.e., Vr ¼ spanfV1; � � � ;Vmg.
Denote by V?

r the subspace which is perpendicular to Vr. Clearly, V?
r ¼

spanfVmþ 1; � � � ;Vng. Similarly, we can denote by Vs the eigen-subspace of the
smallest eigenvalue s. Suppose that the multiplicity of s is pð1� p� n� mÞ. Then,
Vs ¼ spanfVn�p; � � � ;Vng and V?

s ¼ spanfV1; � � � ;Vn�p�1g.
Since the vector set V1;V2; � � � ;Vnf g is an orthonormal basis of <n, for each

k� 0, WðkÞ and RWðkÞ can be represented, respectively, as

WðkÞ ¼
Xn
i¼1

ziðkÞV i; RWðkÞ ¼
Xn
i¼1

kiziðkÞV i; ð6:40Þ

where ziðkÞði ¼ 1; 2; . . .; nÞ are some constants.
From (6.39) and (6.40), it holds that

ziðkþ 1Þ ¼ ½1� gðki WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�ziðkÞ; ð6:41Þ

ði ¼ 1; 2; . . .; nÞ, for all k � 0.
By letting QðR;WðkÞÞ ¼ �½ki WðkÞk k2�WTðkÞRWðkÞ�;
(6.41) can be represented as

ziðkþ 1Þ ¼ ½1þ gQðR;WðkÞÞþ gð1� WðkÞk k2Þ�ziðkÞ; ð6:42Þ

ði ¼ 1; 2; . . .; nÞ, for all k � 0. According to the properties of the Rayleigh
Quotient [7], it clearly holds that

knWTðkÞWðkÞ�WTðkÞRWðkÞ� k1WTðkÞWðkÞ; ð6:43Þ

for all k � 0. From (6.43), it holds that
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Qmax ¼ ðk1 � knÞ WðkÞk k2; Qmin ¼ ðkn � k1Þ WðkÞk k2: ð6:44Þ

Next, we will analyze the convergence of DDT system (6.39) via the following
Theorems 6.8–6.11.

Theorem 6.8 Suppose that g� 0:3. If Wð0Þk k� 1 and ðk1 � knÞ\1, then it holds
that WðkÞk k\ð1þ gk1Þ; for all k� 0.

Proof From (6.40)–(6.44), it follows that

Wðkþ 1Þk k2 ¼
Xn
i¼1

z2i ðkþ 1Þ ¼
Xn
i¼1

½1þ gQðR;WðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

�
Xn
i¼1

1þ gQmax þ gð1� WðkÞk k2Þ
h i2

z2i ðkÞ

� 1þ gðk1 � knÞ WðkÞk k2 þ g 1� WðkÞk k2
� �h i2Xn

i¼1

z2i ðkÞ

� ½1þ gðk1 � knÞ WðkÞk k2 þ gð1� WðkÞk k2Þ�2 WðkÞk k2:

Thus, it holds that Wðkþ 1Þk k2 � ½1þ gðk1 � knÞ WðkÞk k2 þ gð1� WðkÞk k2Þ�2
WðkÞk k2:
Define a differential function f ðsÞ ¼ ½1þ gðk1 � kn � 1Þsþ g�2s; over the

interval [0, 1], where s ¼ WðkÞk k2 and f ðsÞ ¼ Wðkþ 1Þk k2. It follows that

_f ðsÞ ¼ ð1þ g� gsðkn þ 1� k1ÞÞð1þ g� 3gsðkn þ 1� k1ÞÞ; ð6:45Þ

for all 0\s\1. Clearly,

_f ðsÞ ¼ 0; if s ¼ 1þ g
3gðkn þ 1� k1Þ or s ¼ 1þ g

gðkn þ 1� k1Þ :

Denote h ¼ ð1þ gÞ=ð3gðkn þ 1� k1ÞÞ. Then, we have

_f ðsÞ
[ 0; if 0\s\h
¼ 0; if s ¼ h
\0; if s[ h:

8<
: ð6:46Þ

By g� 0:3, clearly,

h ¼ ð1þ gÞ=ð3gðkn þ 1� k1ÞÞ ¼ ð1þ 1=gÞ=ð3½1� ðk1 � knÞ�Þ[ 1: ð6:47Þ

From (6.46) and (6.47), it holds that _f ðsÞ[ 0 for all 0\s\1. This means that
f ðsÞ is monotonically increasing over the interval [0,1]. Then, for all 0\s\1, it
follows that
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f ðsÞ� f ð1Þ ¼ ½1þ gðk1 � knÞ�2\ð1þ gk1Þ2:

Thus, we have WðkÞk k\ð1þ gk1Þ for all k� 0.
This completes the proof.
Theorem 6.8 shows that there exists an upper bound for WðkÞk k in the DDT

system (6.39), for all k� 0.

Theorem 6.9 Suppose that g� 0:3. If Wð0Þk k� 1, then it holds that WðkÞk k[ c

for all k� 0, where c ¼ min ½1� gk1� Wð0Þk k; ½1� gk1ð1þ gk1Þ2 � gð2gk1 þ
n

g2k21Þ�g:
Proof From Theorem 6.8, we have WðkÞk k\ð1þ gk1Þ for all k � 0 under the
conditions of Theorem 6.9. Next, two cases will be considered.

Case 1: 0\ WðkÞk k� 1.
From (6.40)–(6.44), it follows that

Wðkþ 1Þk k2 �
Xn
i¼1

1þ gQmin þ gð1� WðkÞk k2Þ
h i2

z2i ðkÞ

� 1þ gðkn � k1Þ WðkÞk k2 þ g 1� WðkÞk k2
� �h i2Xn

i¼1

z2i ðkÞ

� 1þ gðkn � k1Þ WðkÞk k2
h i2

WðkÞk k2 � 1� gk1 WðkÞk k2
h i2

WðkÞk k2

� 1� gk1½ �2 WðkÞk k2:

Case 2: 1\ WðkÞk k� ð1þ gk1Þ.
From (6.40)–(6.44), it follows that

Wðkþ 1Þk k2 �
Xn
i¼1

½1þ gQmin þ gð1� WðkÞk k2Þ�2z2i ðkÞ

¼ ½1þ gðkn � k1Þ WðkÞk k2 þ gð1� WðkÞk k2Þ�2
Xn
i¼1

z2i ðkÞ

� 1� gk1 WðkÞk k2 þ g �2gk1 � g2k21
� �h i2

WðkÞk k2

� 1� gk1 1þ gk1ð Þ2�g 2gk1 þ g2k21
� �h i2

:

From the above analysis, clearly,

WðkÞk k[ c ¼ minf½1� gk1� Wð0Þk k; ½1� gk1ð1þ gk1Þ2 � gð2gk1 þ g2k21Þ�g;

for all k� 0. From the conditions of Theorem 6.2, clearly, it holds that c[ 0.
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This completes the proof.
At this point, the boundness of DDT system (6.39) has been proved. Next, we

will prove that under some mild conditions, lim
k!þ1

WðkÞ ¼ Pm
i¼1 z

�
i V i 2 V for PCA

and lim
k!þ1

WðkÞ ¼ Pn
i¼n�p z

�
i V i 2 Vs for MCA.

In order to analyze the convergence of DDT (6.39), we need to prove some
preliminary results.

From (6.40), for each k � 0, W(k) can be represented as

WðkÞ ¼ Pm
i¼1

ziðkÞV i þ
Pn

j¼mþ 1
zjðkÞV j for PCA

WðkÞ ¼ Pn�p

i¼1
ziðkÞV i þ

Pn
j¼n�pþ 1

zjðkÞV j for MCA:

8>><
>>:

Clearly, the convergence of W(k) can be determined by the convergence of
zi(k) (i = 1,2,…,n). The following Lemmas 6.2–6.4 provide the convergence of
zi(k) (i = 1,2,…,n) for PCA, and Lemmas 6.5–6.7 provide the convergence of
zi(k) (i = 1,2,…,n) for MCA.

In the following Lemmas 6.2–6.4, we will prove that all zi(k) (i = 2,3,…,n) will
converge to zero under some mild conditions.

Lemma 6.2 Suppose that g� 0:3. If Wð0Þ 62 V?
r and Wð0Þk k� 1, then for PCA

algorithm of (6.39) there exist constants h1 [ 0 and P1 � 0 such thatPn
j¼mþ 1 z

2
j ðkÞ�

Q
1 �e�h1k for all k� 0, where h1 ¼ � ln b[ 0 and

b ¼ 1� gðr� kmþ 1Þ=ð1=c2 þ gðr� sÞþ gð1=c2 � 1ÞÞ½ �2. Clearly, b is a constant
and 0\b\1:

Proof Since Wð0Þ 62 V?
r , there must exist some ið1� i�mÞ such that zið0Þ 6¼ 0:

Without loss of generality, assume z1ð0Þ 6¼ 0: For PCA, it follows from (6.41) that

ziðkþ 1Þ ¼ ½1þ gðr WðkÞk k2�WTðkÞRWðkÞÞ
þ gð1� WðkÞk k2Þ�ziðkÞ; ð1� i�mÞ ð6:48Þ

and

zjðkþ 1Þ ¼ ½1þ gðkj WðkÞk k2�WTðkÞRWðkÞÞ
þ gð1� WðkÞk k2Þ�zjðkÞ; mþ 1� j� n

ð6:49Þ

for k� 0.
Using Theorem 6.9, it holds that WðkÞk k[ c for all k� 0. Then, from (6.48)

and (6.49), for each jðmþ 1� j� nÞ, we have
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zjðkþ 1Þ
z1ðkþ 1Þ

� �2
¼ 1þ gðkj WðkÞk k2�ðWTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ

1þ gðr WðkÞk k2�ðWTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ

" #2

� zjðkÞ
z1ðkÞ

� �2

¼ 1� gðr� kjÞ WðkÞk k2
1þ gðr WðkÞk k2�ðWTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ

" #2

� zjðkÞ
z1ðkÞ

� �2

¼ 1� gðr� kjÞ
1= WðkÞk k2 þ gðr� sÞþ gð1= WðkÞk k2�1Þ

" #2

� zjðkÞ
z1ðkÞ

� �2

� 1� gðr� kmþ 1Þ
1=c2 þ gðr� sÞþ gð1=c2 � 1Þ

� �2
� zjðkÞ
z1ðkÞ

� �2

¼ b
z2j ðkÞ
z21ðkÞ

� bkþ 1 z
2
j ð0Þ
z21ð0Þ

¼ z2j ð0Þ
z21ð0Þ

e�h1ðkþ 1Þ;

ð6:50Þ

for all k� 0, where h1 ¼ � ln b[ 0. Since WðkÞk k\ð1þ gk1Þ, z1ðkÞ must be
bounded, i.e., there exists a constant d[ 0 such that z21ðkÞ� d for all k� 0. Then,

Xn
j¼mþ 1

z2j ðkÞ ¼
Xn

j¼mþ 1

zjðkÞ
z1ðkÞ

� �2
� z21ðkÞ�

Y
1

e�h1k;

for k� 0 where
Q

1 ¼ d
Pn

j¼mþ 1

zjð0Þ
z1ð0Þ
h i2

� 0:

This completes the proof.
Based on the Lemma, we have Lemma 6.3.

Lemma 6.3 Suppose that gk1\0:25 and g� 0:3. Then for PCA algorithm of
(6.39) there exist constants h2 [ 0 and

Q
2 [ 0 such that

1� ð1� rÞ Wðkþ 1Þk k2�WTðkþ 1ÞRWðkþ 1Þ		 		�ðkþ 1Þ
�
Y
2

�½e�h2ðkþ 1Þ þmaxfe�h2k; e�h1kg�;

for all k� 0.

Proof For PCA, it follows from (6.41) that
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Wðkþ 1Þk k2 ¼
Xn
i¼1

½1þ gðki WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

¼
Xn
i¼1

½1þ gðr WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

þ
Xn

i¼mþ 1

½1þ gðki WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

�
Xn

i¼mþ 1

½1þ gðr WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

¼ ½1þ gðr WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2 WðkÞk k2 þHðkÞ;
ð6:51Þ

for any k� 0,

where HðkÞ ¼ Pn
i¼mþ 1

ð2þ gðki þrÞ WðkÞk k2 þ 2gð1� WðkÞk k2�WTðkÞRWðkÞÞÞ
h

�gðki � rÞ WðkÞk k2�z2i ðkÞ
i
.

Clearly,

WTðkþ 1ÞRWðkþ 1Þ ¼
Xn
i¼1

ki½1þ gðki WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

¼
Xn
i¼1

ki½1þ gðr WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

þ
Xn

i¼mþ 1

ki½1þ gðki WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

�
Xn

i¼mþ 1

ki½1þ gðr WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

¼ ½1þ gðr WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2WTðkÞRWðkÞþH0ðkÞ;
ð6:52Þ

for any k� 0,

where H0ðkÞ ¼ Pn
i¼mþ 1

ð2þ gðki þ rÞ WðkÞk k2 þ 2gð1� WðkÞk k2�WTðkÞRWðkÞÞÞ
h

�gðki � rÞ WðkÞk k2�

kiz2i ðkÞ�. Then, it follows from (6.51) and (6.52) that

1� ð1� rÞ Wðkþ 1Þk k2�WTðkþ 1ÞRWðkþ 1Þ
¼ ð1� ð1� rÞ WðkÞk k2�WTðkÞRWðkÞÞf1� ½2gþ g2ð1� ð1� rÞ WðkÞk k2

�WTðkÞRWðkÞÞ�ðð1� rÞ WðkÞk k2 þWTðkÞRWðkÞÞg � ð1� rÞHðkÞ � H0ðkÞ

for all k� 0.
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Denote

VðkÞ ¼ 1� ð1� rÞ WðkÞk k2�WTðkÞRWðkÞ		 		;
for any k� 0. Clearly,

Vðkþ 1Þ�VðkÞ f1� ½2gþ g2ð1� ð1� rÞ WðkÞk k2�WTðkÞRWðkÞÞ�ðð1� rÞ WðkÞk k2		
þ WTðkÞRWðkÞÞg		þ ð1� rÞHðkÞþH0ðkÞj j:

Denote

d ¼ f1� ½2gþ g2ð1� ð1� rÞ WðkÞk k2�WTðkÞRWðkÞÞ�ðð1� rÞ WðkÞk k2 þWTðkÞRWðkÞÞg		 		:
From Theorem 6.8, gk1\0:25, g� 0:3 and (6.43), it holds that

½2gþ g2ð1� ð1� rÞ WðkÞk k2�WTðkÞRWðkÞÞ�ðð1� rÞ WðkÞk k2 þWTðkÞRWðkÞÞ
\½2gþ g2ð1� ð1� rÞ WðkÞk k2�WTðkÞRWðkÞÞ�
\½2gþ g2ð1� ð1� rÞ WðkÞk k2�kn WðkÞk k2Þ�
\2gþ g2ð1þ r WðkÞk k2Þ� 2gþ gðgþ gk1ð1þ gk1Þ2Þ� 0:8071;

Clearly, 0\d\1. Then,

Vðkþ 1Þ� dVðkÞþ ð1� rÞHðkÞþH0ðkÞj j; k� 0:

Since

ð1� rÞHðkÞþH0ðkÞj j � ð2þ 2gr WðkÞk k2 þ 2gÞðgr WðkÞk k2Þ
Xn

i¼mþ 1

z2i ðkÞ½ð1� rÞþ ki�

� ð2þ 2gr WðkÞk k2 þ 2gÞðgr WðkÞk k2Þ
Xn

i¼mþ 1

z2i ðkÞ�/
Y
1

e�h1k;

for any k� 0, where / ¼ ð2þ 2grð1þ gk1Þ2 þ 2gÞ � grð1þ gk1Þ2, then

Vðkþ 1Þ� dkþ 1Vð0Þþ/
Y

1

Xk
r¼0

ðdeh1Þre�h1k

� dkþ 1Vð0Þþ ðkþ 1Þ/
Y

1
maxfdk; e�h1kg

� ðkþ 1Þ
Y

2
e�h2ðkþ 1Þ þmaxfe�h2k; e�h1kg
h i

;
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where h2 ¼ � ln d[ 0 and
Q

2 ¼ maxf 1� ð1� rÞ Wð0Þk k2�WTð0ÞRWð0Þ		 		;
/
Q

1g[ 0.
This completes the proof.
Based on Lemmas 6.2 and 6.3, we have Lemma 6.4.

Lemma 6.4 For PCA algorithm of (6.39), suppose there exist constants h[ 0 andQ
[ 0 such that

g ð1� ð1� rÞ Wðkþ 1Þk k2�WTðkþ 1ÞRWðkþ 1ÞÞziðkþ 1Þ		 		�ðkþ 1Þ
Y

e�hðkþ 1Þ;
ði ¼ 1; . . .;mÞ
for all k� 0. Then, lim

k!1
ziðkÞ ¼ z�i ; ði ¼ 1; . . .;mÞ, where z�i ; ði ¼ 1; . . .;mÞ are

constants.

Proof Given any e[ 0, there exists a K � 1 such that

Q
Ke�hK

ð1� e�hÞ2 � e:

For any k1 > k2 > K, it follows that

ziðk1Þ � ziðk2Þj j ¼
Xk1�1

r¼k2

½ziðrþ 1Þ � ziðrÞ�
					

					� g
Xk1�1

r¼k2

ðr WðrÞk k2�WðrÞTRWðrÞþ 1� WðrÞk k2ÞziðrÞ
		 		

¼ g
Xk1�1

r¼k2

ð1� ð1� rÞ WðrÞk k2�WðrÞTRWðrÞÞziðrÞ
		 		

�
YXk1�1

r¼k2

re�hr �
YXþ1

r¼K

re�hr �
Y

Ke�hK
Xþ1

r¼0

rðe�hÞr�1

�
Q
Ke�hK

ð1� e�hÞ2 � e; ði ¼ 1; . . .;mÞ:

This means that the sequence { ziðkÞ } is a Cauchy sequence. By the Cauchy
convergence principle, there must exist a constant z�ði ¼ 1; . . .;mÞ such that
lim

k!þ1
ziðkÞ ¼ z�; ði ¼ 1; . . .;mÞ:

This completes the proof.
Using the above theorems and lemmas, the convergence of DDT system (6.39)

for PCA can be proved as in Theorem 6.10 next.

Theorem 6.10 Suppose that gk1\0:25 and g� 0:3. If Wð0Þ 62 V?
r and

Wð0Þk k� 1, then the weight vector of (6.39) for PCA will converge to a unitary
eigenvector associated with the largest eigenvalue of the correlation matrix.

Proof By Lemma 6.2, there exist constants h1 [ 0 and P1 � 0 such thatPn
j¼mþ 1 z

2
j ðkÞ�

Q
1 � e�h1k; for all k� 0. By Lemma 6.3, there exist constants

h2 [ 0 and
Q

2 [ 0 such that
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ð1� ð1� rÞ Wðkþ 1Þk k2�WTðkþ 1ÞRWðkþ 1ÞÞ		 		�ðkþ 1Þ �
Y

2

� ½e�h2ðkþ 1Þ þmaxfe�h2k; e�h1kg�;

for all k� 0. Obviously, there exist constants h[ 0 and
Q

[ 0 such that

g ð1� ð1� rÞ Wðkþ 1Þk k2�WTðkþ 1ÞRWðkþ 1ÞÞziðkþ 1Þ		 		�ðkþ 1Þ
Y

e�hðkþ 1Þ;
ði ¼ 1; . . .;mÞ
for k� 0. Using Lemmas 6.4 and 6.2, it follows that

lim
k!þ1

ziðkÞ ¼ z�i ; ði ¼ 1; . . .;mÞ
lim

k!þ1
ziðkÞ ¼ 0; ði ¼ mþ 1; . . .; nÞ:

(

Then, lim
k!þ1

WðkÞ ¼ Pm
i¼1 z

�
i V i 2 Vr: It can be easily seen that

lim
k!þ1

WðkÞk k2¼ Pm
i¼1 ðz�i Þ2 ¼ 1:

This completes the proof.
After proving the convergence of DDT system (6.39) for PCA, we can also

prove the convergence of DDT system (6.39) for MCA using similar method. In
order to prove the convergence of the weight vector of (6.39) for MCA, we can use
the following Lemmas 6.5–6.7 and Theorem 6.11, the proofs of which are similar to
those of Lemmas 6.2–6.4 and Theorem 6.10. Here, only these lemmas and theorem
will be given and their proofs are omitted.

Lemma 6.5 Suppose that g� 0:3 .If Wð0Þ 62 V?
s and Wð0Þk k� 1, then for MCA

algorithm of (6.39) there exist constants h01 [ 0 and P0
1 � 0 such thatPn�p

j¼1 z2j ðkÞ�
Q0

1 �e�h1k, for all k� 0, where h01 ¼ � ln b0 [ 0, and

b0 ¼ ½1� gðkn�p�1 � sÞ=ð1=c2 � gðs� rÞþ gð1=c2 � 1ÞÞ�2. Clearly, b0 is a con-
stant and 0\b0\1:

Proof For MCA, it follows from (6.41) that

Wðkþ 1Þk k2 ¼
Xn
i¼1

½1� gðki WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

¼ ½1� gðs WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2 WðkÞk k2 þ �HðkÞ;
ð6:53Þ

for any k� 0 where

�HðkÞ ¼
Xn�p

i¼1

ð2� gðki þ sÞ WðkÞk k2
h

þ 2gð1

� WðkÞk k2 þWTðkÞRWðkÞÞÞ � gðs� kiÞ WðkÞk k2�z2i ðkÞ
i
:
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and,

WTðkþ 1ÞRWðkþ 1Þ ¼
Xn
i¼1

ki½1� gðki WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2z2i ðkÞ

¼ ½1� gðs WðkÞk k2�WTðkÞRWðkÞÞþ gð1� WðkÞk k2Þ�2WTðkÞRWðkÞþH
0ðkÞ;

ð6:54Þ

for any k� 0 where

�H0ðkÞ ¼
Xn�p

i¼1

ð2� gðki þ sÞ WðkÞk k2 þ 2gð1� WðkÞk k2
h

þWTðkÞRWðkÞÞÞ � gðs� kiÞ WðkÞk k2�kiz2i ðkÞ
i
:

Then, it follows from (6.53) and (6.54) that

1� ð1þ sÞ Wðkþ 1Þk k2 þWTðkþ 1ÞRWðkþ 1Þ
¼ ð1� ð1þ sÞ WðkÞk k2 þWTðkÞRWðkÞÞf1þ ½�2gþ g2ð1� ð1þ sÞ WðkÞk k2

þWTðkÞRWðkÞÞ�½WTðkÞRWðkÞ � ð1þ sÞ WðkÞk k2�g � ð1þ sÞ�HðkÞþ �H0ðkÞ

for all k� 0.
Denote

�VðkÞ ¼ 1� ð1þ sÞ WðkÞk k2 þWTðkÞRWðkÞ		 		;
for any k� 0. Clearly,

�Vðkþ 1Þ� �VðkÞ f1� ½2g� g2ð1� ð1þ sÞ WðkÞk k2 þWTðkÞRWðkÞÞ�		 ½WTðkÞRWðkÞ
�ð1þ sÞ WðkÞk k2�g		þ H0ðkÞ � ð1þ sÞHðkÞj j:

Denote

d0 ¼ f1� ½2g� g2ð1� ð1þ sÞ WðkÞk k2 þWTðkÞRWðkÞÞ�½WTðkÞRWðkÞ � ð1þ sÞ WðkÞk k2�g		 		:
From Theorem 6.8, gk1\0:25, g� 0:3, and (6.43), it holds that

½2g� g2ð1� ð1þ sÞ WðkÞk k2 þWTðkÞRWðkÞÞ�½r WðkÞk k2�ð1þ sÞ WðkÞk k2�
¼ ½2g� g2ð1� ð1þ sÞ WðkÞk k2 þWTðkÞRWðkÞÞ�½ðr� ð1þ sÞÞ WðkÞk k2�
\½2g� g2ð1� WðkÞk k2Þ�½r WðkÞk k2�\ðgk1Þ½2� gð1� WðkÞk k2Þ�½ WðkÞk k2�
� 0:25 � ½2� 0:3þ 0:3 � ð1þ 0:25Þ2�ð1þ 0:25Þ2
¼ 0:8471:
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Clearly, 0\d0\1. Then,

�Vðkþ 1Þ� d�VðkÞþ H0ðkÞ � ð1þ sÞHðkÞj j; k� 0:

Since

H0ðkÞ � ð1þ sÞHðkÞj j

� ð2� 2gs WðkÞk k2 þ 2gð1þ r WðkÞk k2ÞÞðgr WðkÞk k2Þ
Xn�p

i¼1

z2i ðkÞ½ki � ð1þ sÞ�
					

					
�ð2þ 2gð1þ r WðkÞk k2ÞÞ � ðgr WðkÞk k2Þ � r� ð1þ sÞj j �

Xn�p

i¼1

z2i ðkÞ

�/0Y0
1
e�h01k;

for any k� 0, where /0 ¼ ð2þ 2gð1þ rð1þ gk1Þ2ÞÞ � ðgrð1þ gk1Þ2Þ � r�j
ð1þ sÞj, we have

�Vðkþ 1Þ� d0kþ 1 �Vð0Þþ/0 Y0
1

Xk
r¼0

ðd0eh01Þre�h01k

� d0kþ 1 �Vð0Þþ ðkþ 1Þ/0 Y0
1

maxfd0k; e�h01kg

� ðkþ 1Þ
Y0
2

e�h02ðkþ 1Þ þmaxfe�h02k; e�h01kg
h i

;

where h02 ¼ � ln d0 [ 0 and
Q0

2 ¼ max 1� ð1þ sÞ Wð0Þk k2 þWTð0ÞRWð0Þ		 		;n
/0 Q0

1g[ 0.
This completes the proof.

Lemma 6.6 Suppose that gk1\0:25 and g� 0:3. Then for MCA algorithm of
(6.39) there exist constants h02 [ 0 and

Q0
2 [ 0 such that

1� ð1þ sÞ Wðkþ 1Þk k2 þWTðkþ 1ÞRWðkþ 1Þ		 		�ðkþ 1Þ �
Y0

2

� ½e�h02ðkþ 1Þ þmaxfe�h02k; e�h01kg�;

for all k� 0.
For the proof of this lemma, refer to Lemma 6.3.

Lemma 6.7 For MCA algorithm of (6.39), suppose there exists constants h0 [ 0
and

Q0 [ 0 such that
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g ð1� ð1þ sÞ Wðkþ 1Þk k2 þWTðkþ 1ÞRWðkþ 1ÞÞziðkþ 1Þ		 		�ðkþ 1Þ
Y0

e�h0ðkþ 1Þ;
ði ¼ n� pþ 1; . . .; nÞ

for k� 0. Then, lim
k!1

ziðkÞ ¼ z�i ; ði ¼ n� pþ 1; . . .; nÞ, where z�i ; ði ¼ n�
pþ 1; . . .; nÞ are constants.

For the proof of this lemma, refer to Lemma 6.4.

Theorem 6.11 Suppose that gk1\0:25 and g� 0:3. If Wð0Þ 62 V?
s and

Wð0Þk k� 1, then the weight vector of (6.39) for MCA will converge to a unitary
eigenvector associated with the smallest eigenvalue of the correlation matrix.

From Lemmas 6.5–6.7, clearly Theorem 6.11 holds.
At this point, we have completed the proof of the convergence of DDT system

(6.39). FromTheorems 6.8 and 6.9, we can see that theweight norm of PCA algorithm
andMCAalgorithm ofDDT system (6.39) have the same bounds, and fromTheorems
6.8–6.11, it is obvious that the sufficient conditions to guarantee the convergence of
the two algorithms are also same, which is in favored in practical applications.

6.4.4 Computer Simulations

In this section, we provide simulation results to illustrate the performance of Chen’s
algorithm. This experiment mainly shows the convergence of Algorithm (6.39)
under the condition of Theorems 6.10 and 6.11.

In this simulation, we randomly generate a 12	 12 correlation matrix and its
eigenvalues are k1 ¼ 0:2733; k2 ¼ 0:2116; k3 ¼ 0:1543; …and k12 ¼ 0:0001: The
initial weight vector is Gaussian and randomly generated with zero-mean and
unitary standard deviation, and its norm is less than 1. In the following experiments,
the learning rate for PCA is g ¼ 0:05 and the learning rate for MCA is g ¼ 0:20,
which satisfies the condition of gk1 � 0:25 and g� 0:3. Figure 6.6 shows that the
convergence of the component ziðkÞ of WðkÞ in (6.39) for PCA where ziðkÞ ¼
WTðkÞV i is the coordinate of WðkÞ in the direction of the eigenvector
V iði ¼ 1; 2; 3; 4; . . .; 12Þ. In the simulation result, ziðkÞði ¼ 2; 3; 4; . . .; 12Þ con-
verges to zero and z1ðkÞ converges to a constant 1, as k ! 1, which is consistent
with the convergence results in Theorem 6.10. Figure 6.7 shows the convergence of
the component ziðkÞ of WðkÞ in (6.39) for MCA. In the simulation result, ziðkÞði ¼
1; 2; 3; . . .; 11Þ converges to zero and z12ðkÞ converges to a constant 1, as k ! 1,
which is consistent with the convergence results in Theorem 6.11.

From the simulation results shown in Figs. 6.6 and 6.7, we can see that on
conditions of gk1 � 0:25, g� 0:3, and Wð0Þk k� 1, Algorithm (6.39) for PCA
converge to the direction of the principal component of the correlation matrix. And
if we simply switch the sign in the same learning rule, Algorithm (6.39) for MCA
also converge to the direction of minor component of the correlation matrix.
Besides, further simulations with high dimensions, e.g., 16, 20, and 30, also show
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that Algorithm (6.39) has satisfactory convergence under the conditions of
Theorems 6.10 and 6.11. Figures 6.8 and 6.9 show the simulation results of Chen’s
PCA and MCA algorithm with dimension 20, respectively, where the learning rate
for PCA is g ¼ 0:05 and the learning rate for MCA is g ¼ 0:20, which satisfy the
condition of gk1 � 0:25 and g� 0:3.

In this section, dynamics of a unified self-stability learning algorithm for prin-
cipal and minor components extraction are analyzed by the DDT method. The
learning rate is assumed to be constant and thus not required to approach zero as
required by the DCT method. Some sufficient conditions to guarantee the con-
vergence are derived.
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Fig. 6.6 Convergence of
WðkÞ for PCA
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Fig. 6.7 Convergence of
WðkÞ for MCA
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6.5 Summary

In this chapter, we have analyzed the DDT systems of neural network principal/
minor component analysis algorithms in details. First, we have reviewed several
convergence or stability performance analysis methods for neural network-based
PCA/MCA algorithms. Then, a DDT system of a novel MCA algorithm proposed
by us has been analyzed. Finally, we have removed the assumption that the smallest
eigenvalue of the correlation matrix of the input data is single, and a DDT system of
a unified PCA and MCA algorithm has been analyzed.
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Chapter 7
Generalized Principal Component
Analysis

7.1 Introduction

Recently, as a powerful feature extraction technique, generalized eigen decompo-
sition (GED) has been attracting great attention and been widely used in many
fields, e.g., spectral estimation [1], blind source separation [2], digital mobile
communications [3], and antenna array processing [4, 5]. The GED problem is to
find a vector v and a scalar k such that

Ryv ¼ kRxv; ð7:1Þ

where Rx and Ry are n� n symmetric positive definite matrices. The positive scalar
k and the associated vector v are called the generalized eigenvalue and generalized
eigenvector, respectively, of the matrix pencil ðRy;RxÞ. According to the matrix
theory, this matrix pencil has n positive generalized eigenvalue, k1; k2; . . .; kn, and
associated Rx-orthonormal generalized eigenvectors, v1; v2; . . .; vn, i.e.,

Ryvi ¼ kiRxvi; ð7:2Þ

vTi Rxvj ¼ dij i; j 2 1; 2; . . .; nf g; ð7:3Þ

where ð�ÞT stands for the transpose of a vector or a matrix and dij is the Kronecker
delta function.

In order to solve the GED problem, some algebraic algorithms have been pro-
posed for given Ry and Rx [6, 7, 8–11]. Using equivalence transformations, Moler
[11] proposed a QZ algorithm, and Kaufman [9] proposed an LZ algorithm for
solving it iteratively. However, their methods do not exploit the structure in Ry and
Rx. In the case of symmetric Ry and symmetric positive definite Rx, several efficient
approaches were proposed. By using the Cholesky factorization of Rx, this problem
can be reduced to the standard eigenvalue problem as reported by Martin in [11].
Bunse-Gerstner [6] proposed an approach using congruence transformations for the
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simultaneous diagonalization of Ry and Rx. Shougen [7] reported an algorithm that
makes use of Cholesky, QR, and SVD when Ry is also positive definite. This
algorithm is stable, faster than the QZ algorithm, and is superior to that of [10].
Auchmuty [8] proposed and analyzed certain cost functions that are minimized at
the eigenvectors associated with some specific eigenvalues. He also developed two
iterative algorithms for numerically minimizing these functions.

The approaches mentioned above are for the case where Ry and Rx are fixed
matrices. In adaptive signal processing applications, however, Ry and Rx corre-
spond to asymptotic covariance matrices and need to be estimated. On the other
hand, these algebraic algorithms are computationally intensive and belong to batch
processing algorithms [12]. They are inefficient or infeasible in many real appli-
cations. Therefore, it is valuable to develop adaptive algorithms for the GED.
Neural networks can be used to solve this problem, which possess many obvious
advantages. For example, neural network algorithms have lower computational
complexity than algebraic algorithms. Besides, neural network methods are suitable
for the tracking of nonstationary distributions and high-dimensional data, since they
can avoid the computation of the covariance matrix [13].

In recent years, some adaptive or neural network methods have been proposed to
solve the GED problem. In [14], the generalized symmetric eigenvalue problem,
where the underlying matrix pencil consists of symmetric positive definite matrices,
was recasted into an unconstrained minimization problem by constructing an
appropriate cost function. Then, it is extended to the case of multiple eigenvectors
using an inflation technique. Based on this asymptotic formulation, a quasi-
Newton-based adaptive algorithm for estimating the required generalized eigen-
vectors in the data case was derived. The resulting algorithm is modular and parallel,
and it is globally convergent with probability one. Mao et al. proposed a two-step
PCA approach to solve the GED in [15]. They used the Rubner–Tavan model [16,
17] for the PCA steps. Thus, the convergence of their method depends only on the
convergence of the PCA algorithms. In [18], Chatterjee et al. proposed a gradient
algorithm by building a two-layer linear heteroassociative network. However, this
algorithm has low convergence speed and difficulty for selecting an appropriate step
size [18]. Xu et al. [19] developed an online and local algorithm for the GED. The
rule for extracting the first generalized eigenvector is similar to the LDA algorithm in
[18]. But, they used a lateral inhibition network similar to the APEX algorithm for
PCA [20] for extracting the minor components. Most of the above-mentioned
algorithms are based on gradient methods and they involve the selection of right step
sizes to ensure convergence. In general, the step sizes have an upper bound that is a
function of the eigenvalues of the input data as shown in [18]. This fact makes it very
hard on many occasions to choose a proper step size. If we use better optimization
procedures, the computational complexity is also a key issue.

In order to resolve these issues, Rao et al. developed a RLS-like, not true RLS,
algorithm for the GED, which is more computationally feasible and converges
faster than gradient algorithm [21]. The true RLS-based adaptive algorithm was
proposed by Yang et al. in [22]. Although the RLS algorithm can make use of the
data to estimate the covariance matrices and the generalized eigenvectors, it is still
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computationally very costly. Another approach for the GED problem is a so-called
reduced-rank generalized eigenvector extraction (R-GEVE) algorithm [23], which
searches for the generalized eigenvectors in a subspace spanned by the previous
estimate and the current input. However, the R-GEVE algorithm has a limitation in
fast tracking because the dimension of the subspace where the eigenvectors are
searched is much smaller than that of the signal space [24]. In order to obtain fast
adaptive algorithm, Tanaka proposed a power method-based fast generalized
eigenvector extraction (PM-FGE), which reformulated the GED as a classical
eigenvector problem [24]. Inspired by the learning rule [25], Yang et al. presented
an unconstrained cost criterion, whose global minimum is exactly the generalized
eigenvectors, and derived a fast adaptive algorithm by gradient method [12, 26].

The above-mentioned algorithms are very efficient in computing the principal
generalized eigenvectors, which are the eigenvector associated with the largest
generalized eigenvalue of a matrix pencil. However, the minor generalized eigen-
vectors are also needed, since minor generalized eigenvectors also play vital roles in
many signal processing applications [27–31]. In [32], Ye et al. proposed an
adaptive algorithm to extract the minor generalized eigenvector by using a
single-layer linear forward neural network. In [33], Nguyen et al. derived a fast and
stable algorithm for the GED problem by extending the Möller algorithm [34]. Up
to now, there are very few adaptive algorithms for the minor generalized eigen-
vector extraction [33, 35]. In this chapter, we will develop several adaptive algo-
rithms for minor generalized eigenvector extraction. These algorithms are
self-stabilizing, and they have faster convergence speed and better estimation
accuracy compared with some existing algorithms. Their convergence will be
analyzed via DDT method or Lyapunov function approach.

In this chapter, we will review and discuss the existing generalized principal or
minor component analysis algorithms. Two minor generalized eigenvector extrac-
tion algorithms proposed by us will be analyzed in detail. The remainder of this
chapter is organized as follows. An overview of the existing generalized principal
or minor component analysis algorithms is presented in Sect. 7.2. A minor gen-
eralized eigenvector extraction algorithm and its convergence analysis via the DDT
method are discussed in Sect. 7.3. An information criterion for generalized minor
component and its extension to extract multiple generalized minor components and
their algorithms and performance analyses by Lyapunov function approach are
presented in Sect. 7.4, followed by summary in Sect. 7.5.

7.2 Review of Generalized Feature Extraction Algorithm

7.2.1 Mathew’s Quasi-Newton Algorithm for Generalized
Symmetric Eigenvalue Problem

In [14], the problem Mathew addressed can be formulated as follows. Given the
time series yðnÞ and R̂x, develop an adaptive algorithm for estimating the first d
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(d < N) Rx-orthogonal eigenvectors of the pencil (Ry;Rx) using (RyðnÞ; R̂x) as an
estimate of (Ry;Rx).

Consider the following problem [14]:

min
a

aTRya subject to aTRxa ¼ 1: ð7:4Þ

Using the penalty function method, the constrained minimization problem (7.4)
can be converted into an equivalent unconstrained minimization of the following
cost function:

Jða; lÞ ¼ aTRya
2
þ lðaTRxa� 1Þ2

4
; ð7:5Þ

where l a positive scalar. Mathew proved that a* is a global minimizer of Jða; lÞ if
and only if a* is the minimum eigenvector of (Ry;Rx) associated with eigenvalue
kmin ¼ lð1� a�TRxa�Þ.

Let a�i ; i ¼ 1; 2; . . .; k � 1 (with 2� k�D) be the Rx-orthogonal eigenvectors of
(Ry;Rx) associated with the eigenvalues ki ¼ lð1� a�Ti Rxa�i Þ. To obtain the next
Rx-orthogonal eigenvector a�k , consider the following cost function:

Jkðak; l; aÞ ¼ aTkRykak
2

þ l
4
ðaTkRxak � 1Þ2; ð7:6Þ

where ak 2 <N , a is a positive scalar, and

Ryk ¼ Ryþ a
Xk�1
i¼1
ðRxa�i ÞðRxa�i ÞT ¼ Ryk�1þ aðRxa�k�1ÞðRxa�k�1ÞT; k� 2 ; ð7:7Þ

with Ry1 ¼ Ry. Equation (7.7) represents the inflation step. Mathew has shown in
[14] that the minimizer of Jkðak; l; aÞ is the kth Rx-orthogonal eigenvector of
(Ry;Rx) associated with eigenvalue kk ¼ lð1� a�Tk Rxa�kÞ.

Let akðnÞ; k ¼ 1; 2; . . .;D be the estimates of these vectors at the nth adaptation
instant. The Newton-based algorithm updating akðn� 1Þ to akðnÞ is of the form

akðnÞ ¼ akðn� 1Þ �H�1k ðn� 1Þgkðn� 1Þ; ð7:8Þ

where Hkðn� 1Þ and gkðn� 1Þ are the Hessian matrix and gradient vector,
respectively, of Jkðak; l; aÞ evaluated at ak ¼ akðn� 1Þ. By computing gkðn� 1Þ
and Hkðn� 1Þ, and approximating the Hessian to reduce the computation and
guarantee positive definiteness, quasi-Newton adaptive algorithm can be obtained,
which is summarized as follows [14]:

akðnÞ ¼ lkðn� 1ÞR�1yk
ðnÞRxakðn� 1Þ; k ¼ 1; 2; . . .;D; ð7:9Þ
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lkðn� 1Þ ¼ l
1þ aTk ðn� 1ÞRxakðn� 1Þ

1þ 2l½Rxakðn� 1Þ�TR�1yk
ðnÞ½Rxakðn� 1Þ� ; k ¼ 1; 2; . . .;D;

ð7:10Þ

R�1yk
ðnÞ ¼ R�1yk�1

ðnÞ � R�1yk�1
ðnÞ½Rxak�1ðn� 1Þ�½Rxak�1ðn� 1Þ�TR�1yk�1

ðnÞ
1=aþ ½Rxak�1ðn� 1Þ�TR�1yk�1

ðnÞ½Rxak�1ðn� 1Þ� ; k� 2;

ð7:11Þ

R�1y1
ðnÞ ¼ R�1y ðnÞ ¼

n
n� 1

R�1y ðn� 1Þ � R�1y ðn� 1ÞyðnÞyTðnÞR�1y ðn� 1Þ
n� 1þ yTðnÞR�1y ðn� 1ÞyðnÞ

" #
;

n� 2;

ð7:12Þ

where yðnÞ ¼ ½yðnÞ; yðn� 1Þ; . . .; yðn� Nþ 1Þ�T is the data vector at the nth
instant.

It is worth noting that the above algorithm is modular and parallel, and it is
globally convergent with probability one. Simulation results demonstrate that the
performance of this algorithm is almost identical to that of the rank-one updating
algorithm of Karasalo. Furthermore, it does not suffer from the error buildup
problems when a large number of updates are performed.

7.2.2 Self-organizing Algorithms for Generalized Eigen
Decomposition

In [18], Chatterjee et al. proposed a gradient algorithm based on linear discriminant
analysis (LDA). They proposed an online algorithm for extracting the first gener-
alized eigenvector and then used deflation procedure for estimating the minor
components. The algorithm is summarized as follows:

Wðkþ 1Þ ¼ WðkÞþ gkðAðkÞWðkÞ � BðkÞWðkÞUT ½WTðkÞAðkÞWðkÞ�Þ; ð7:13Þ

AðkÞ ¼ Aðk � 1Þþ ckðxðkÞxTðkÞ � Aðk � 1ÞÞ; ð7:14Þ

BðkÞ ¼ Bðk � 1Þþ ckðyðkÞyTðkÞ � Bðk � 1ÞÞ: ð7:15Þ

where WðkÞ 2 <n�pðp� nÞ, A0 and B0 are symmetric, {gk} and {ck} are sequences
of scalar gains, respectively.

The main drawback of this method is that the algorithm is based on simple
gradient techniques and this makes convergence dependent on the step sizes that are
difficult to be set a priori.
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7.2.3 Fast RLS-like Algorithm for Generalized Eigen
Decomposition

In [21], the GED equation was rewritten as

R1w ¼wTR1w
wTR2w

R2w: ð7:16Þ

If R2 ¼ I, then (7.16) will be reduced to the Rayleigh quotient and the gener-
alized eigenvalue problem will be degenerated to PCA. Premultiplying (7.16) by
R�12 and rearranging the terms, it holds that

w ¼wTR2w
wTR1w

R�12 R1w: ð7:17Þ

Equation (7.17) is the basis of Rao’s iterative algorithm. Let the weight vector
w(n − 1) at iteration (n − 1) be the estimate of the principal generalized eigenvector.
Then, the estimate of the new weight vector at iteration n according to (7.17) is

wðnÞ¼wTðn� 1ÞR2ðnÞwðn� 1Þ
wTðn� 1ÞR1ðnÞwðn� 1ÞR

�1
2 ðnÞR1ðnÞwðn� 1Þ: ð7:18Þ

It can be observed that (7.18) tracks the GED equation at every time step, and
this is a fixed-point update. The fixed-point algorithms are known to be faster
compared to the gradient algorithms. However, many fixed-point algorithms work
in batch mode, which means that the weight update is done over a window of time
[21]. This can be a potential drawback of the fixed-point methods. In the following,
the fixed-point update in (7.18) is transformed into a form that can be implemented
online.

By using Sherman–Morrison–Woodbury matrix-inversion lemma, it holds that

R�12 ðnÞ ¼ R�12 ðn� 1Þ � R�12 ðn� 1Þx2ðnÞxT2 ðnÞR�12 ðn� 1Þ
1þ xT2 ðnÞR�12 ðn� 1Þx2ðnÞ

: ð7:19Þ

If w is the weight vector of a single-layer feedforward network, then we can
define y1ðnÞ ¼ wTðn� 1Þx1ðnÞ and y2ðnÞ ¼ wTðn� 1Þx2ðnÞ as the outputs of the
network for signals x1ðnÞ and x2ðnÞ, respectively. With this, it follows easily that

wTðn� 1ÞR1ðnÞwðn� 1Þ ¼ ð1=nÞPn
i¼1

y21ðiÞ and wTðn� 1ÞR2ðnÞwðn� 1Þ ¼ ð1=nÞPn
i¼1

y22ðiÞ.
This is true for the stationary cases when sample variance estimators can be used
instead of the expectation operators. However, for nonstationary signals, a simple
forgetting factor can be included with a trivial change in the update equation [18].
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With these simplifications, the modified update equation for the stationary case can
be written as

wðnÞ¼
Pn

i¼1 y
2
2ðiÞPn

i¼1 y
2
1ðiÞ

R�12 ðnÞ
1
n

Xn
i¼1

x1ðiÞy1ðiÞ; ð7:20Þ

where R�12 ðnÞ is estimated using (7.19). The fixed-point GED algorithm for prin-
cipal GED vector can be summarized as follows:

(a) Initialize wð0Þ 2 <n�1 as a random vector.
(b) Initialize Pð0Þ 2 <n�1 as a vector with small random values.
(c) Fill Qð0Þ 2 <n�n with small random values.
(d) Initialize C1ð0Þ;C2ð0Þ as zeroes for j > 0.
(e) Compute y1ðjÞ ¼ wTðj� 1Þx1ðjÞ and y2ðjÞ ¼ wTðj� 1Þx2ðjÞ:
(f) Update P by PðjÞ ¼ 1� 1

j

h i
Pðj� 1Þþ ½1j�x1ðjÞy1ðjÞ:

(g) Update Q by QðjÞ ¼ Qðj� 1Þ � Qðj�1Þx2ðjÞxT2 ðjÞQðj�1Þ
1þ xT2 ðjÞQðj�1Þx2ðjÞ

:

(h) Update C1, C2 by CiðjÞ ¼ 1� 1
j

h i
Ciðj� 1Þþ 1

j

h i
y2i ðjÞ; i ¼ 1; 2 :

(i) Update the weight vector by wðjÞ ¼ C2ðjÞ
C1ðjÞQðjÞPðjÞ:

(j) Normalize the weight vector
(k) Go back to step (e) and repeat until convergence is reached.

The above algorithm extracts the principal generalized eigenvector. For the
minor components, it can resort to the deflation technique. For detail, see [21].

The convergence of the fixed-point GED algorithm is exponential, whereas the
convergence of the online gradient methods is linear. Gradient algorithms are
dependent on step sizes, which result in nonrobust performance. In contrast, a
fixed-point algorithm does not require a step size for the updates. Like the gradient
methods, the above fixed-point algorithm has an online implementation that is
computationally feasible. The computational complexity is O(N2) where N is the
dimensionality of the input signals.

7.2.4 Generalized Eigenvector Extraction Algorithm Based
on RLS Method

In [22], in order to derive efficient online adaptive algorithms, Yang formulated a
novel unconstrained quadratic cost function for the GED problem. By applying
appropriate projection approximation [36], the cost function is modified to be fit for
the RLS learning rule. First, a parallel iterative algorithm for estimating the basis for
r-dimensional dominant generalized eigen subspace is derived. Then, starting from
the parallel algorithm for one vector case (r = 1), a sequential algorithm for
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explicitly estimating the first dominant generalized eigenvectors by using a defla-
tion method is developed. Furthermore, the algorithm for the generalized eigen
subspace is extended to estimate the first principal generalized eigenvectors in
parallel.

Consider the following scalar function:

J Wð Þ ¼ E R�1x y�WWHy
�� ��2

Rx
: ð7:21Þ

It has been shown that the proposed cost function J(W) has a global minimum at
which the columns of W span r-dimensional dominant generalized eigen subspace
of (Ry, Rx) and no other local minima [22]. This implies that one can search the
global minimizer of J(W) by iterative methods [22].

Consider the following exponentially weighted sum instead of the expectation
(7.21):

J W½k�ð Þ ¼
Xk
j¼1

bk�j R�1x y½j� �W½k�WH ½k�y½j��� ��2
Rx
; ð7:22Þ

where the forgetting factor b is between 0 and 1. If b ¼ 1, all the samples are given
the same weights, and no forgetting of old data takes place. Choosing b\1 is
especially useful in tracking nonstationary changes.

Considering the projection approximation technique [36], the computation can
be simplified by approximating WH ½k�y½j� in (7.22) with z½j� ¼ WH ½j� 1�y½j�. These
vectors can be easily computed because the estimated weight matrices W½j� 1� for
the previous iteration steps j ¼ 1; 2; . . .; n are already known at step n. This
approximation yields the modified least squares-type criterion

J 0 W½k�ð Þ ¼
Xk
j¼1

bk�j R�1x y½j� �W½k�z½j��� ��2
Rx
: ð7:23Þ

Applying the RLS technique to minimize the modified criterion J 0ðW½k�Þ, the
following recursive algorithm to solve the basis for r-dimensional dominant gen-
eralized eigen subspace can be derived. The parallel RLS-based adaptive algorithm
for principal generalized eigen subspace can be written as

zðkÞ ¼ WHðk � 1ÞyðkÞ ð7:24Þ

hðkÞ ¼ Pðk � 1ÞzðkÞ ð7:25Þ

gðkÞ ¼ hðkÞ=ðbþ zHðkÞhðkÞÞ ð7:26Þ

192 7 Generalized Principal Component Analysis



P kð Þ ¼ Tri
1
b

P k � 1ð Þ � g kð ÞhH kð Þ� �� �
ð7:27Þ

eðkÞ ¼ QðkÞyðkÞ �Wðk � 1ÞzðkÞ ð7:28Þ

WðkÞ ¼ Wðk � 1Þþ eðkÞgHðkÞ ð7:29Þ

QðkÞ ¼ 1
l

I � Qðk � 1Þx½k�xH ½k�
lþ xH ½k�Qðk � 1Þx½k�

� �
Qðk � 1Þ ð7:30Þ

where the notation Tri(�) means that only the upper triangular part of the argument
is computed and its transpose is duplicated to the lower triangular part, thus making
the matrix P[k] symmetric. The total computational complexity of the algorithm is
O(N2) + 3Nr + O(r2) per update.

Furthermore, the sequential adaptive algorithm for the first r principal general-
ized eigenvectors can be summarized as [22]

y1ðkÞ ¼ yðkÞ ð7:31Þ

Qx kð Þ ¼ Tri
1
l

I � Qx k � 1ð Þx kð ÞxH kð Þ
lþ xH kð ÞQx k � 1ð Þx kð Þ

� �
Qx k � 1ð Þ

� �
ð7:32Þ

for i ¼ 1; 2; . . .; r do

ziðkÞ ¼ cHi ðk � 1ÞQðkÞyiðkÞ
ð7:33Þ

diðkÞ ¼ bdi�1ðkÞþ zi kð Þj j2 ð7:34Þ

siðkÞ ¼ yiðkÞ � ciðk � 1ÞziðkÞ ð7:35Þ

ciðkÞ ¼ ciðk � 1Þþ siðkÞðzHi ðkÞ=diðkÞÞ ð7:36Þ

wiðkÞ ¼ QðkÞciðkÞ ð7:37Þ

yiþ 1ðkÞ ¼ yiðkÞ � ciðkÞziðkÞ ð7:38Þ

The above algorithm requires 4Nr + N2r +O(N2) + O(r) operations per update.
In contrast to the parallel algorithm, this method enables an explicit computation of
the generalized eigenvectors. On the other hand, the deflation technique causes a
slightly increased computational complexity [22].

Although the sequential version of the algorithm can give r principal generalized
eigenvectors, the minor generalized eigenvectors may converge slowly because of
the estimation error propagation. In order to overcome these difficulties, Yang et al.
extended the parallel algorithm to find the principal generalized eigenvectors in
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parallel. The modified parallel algorithm for r principal generalized eigenvectors
can be summarized as follows:

zðkÞ ¼ WHðk � 1ÞyðkÞ ð7:39Þ

hðkÞ ¼ Pðk � 1ÞzðkÞ ð7:40Þ

gðkÞ ¼ hðkÞ=ðbþ zHðkÞhðkÞÞ ð7:41Þ

P kð Þ ¼ Tri
1
b

P k � 1ð Þ � g kð ÞhH kð Þ� �� �
ð7:42Þ

Qx kð Þ = Tri
1
l

I � Qx k � 1ð Þx kð ÞxH kð Þ
lþ xH kð ÞQx k � 1ð Þx kð Þ

� �
Qx k � 1ð Þ

� �
ð7:43Þ

eðkÞ ¼ QðkÞyðkÞ �Wðk � 1ÞzðkÞ ð7:44Þ

WðkÞ ¼ Wðk � 1Þþ eðkÞgHðkÞ ð7:45Þ

RyðkÞ ¼ gRyðk � 1Þþ yðkÞyHðkÞ ð7:46Þ

WðkÞ¼Ry-orthogonalizeðWðkÞÞ ð7:47Þ

Finally, the convergence properties of the above algorithms were analyzed in
[22]. Obviously, although the RLS algorithm makes use of the data to estimate the
covariance matrices, it is still computationally very costly.

7.2.5 Fast Adaptive Algorithm for the Generalized
Symmetric Eigenvalue Problem

In [23], Samir Attallah et al. proposed a new adaptive algorithm for the generalized
symmetric eigenvalue problem, which can extract the principal and minor gener-
alized eigenvectors, as well as their associated subspaces, at a low computational
cost. It is based, essentially, on the idea of reduced rank. That is, using some
appropriate transformation, the dimension of the problem is first reduced. The
algorithm has the following advantages: (1) lower computational complexity;
(2) faster convergence for large dimensional matrix and large number of principal
(or minor) generalized eigenvectors to be extracted; and (3) it can estimate both
principal and minor generalized eigenvectors, as well as their associated subspaces,
which are spanned by the principal and minor generalized eigenvectors. The idea of
reduced rank appeared for the first time in the context of generalized subspace
estimation [23].
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Let x1ðtÞ and x2ðtÞ be two sequences of n� 1 random vectors with covariance
matrices C1 ¼ E½x1ðtÞxH1 ðtÞ� and C2 ¼ E½x2ðtÞxH2 ðtÞ�, respectively. The following
lemma holds [23].

Lemma 7.1 Assume p\n and (C1, C2) are n� n positive definite covariance
matrices. Let L ¼ diagðl1; . . .; lpÞ with l1 [ l2. . .[ lp [ 0 be a diagonal matrix and
W a C2- orthogonal matrix satisfying WHC2W ¼ I. Then, the function JðWÞ ¼
trðLWHC1WÞ reaches its maximum (resp. minimum) when the column vectors of
W correspond to the p principal (resp. minor) generalized eigenvectors of (C1, C2).

Thus, the principal (minor) generalized eigen decomposition (GEV) of (C1,C2)
can be obtained. It should be noted that by choosing L = I, the estimated is the
generalized signal (resp. minor) subspace instead of the principal (resp. minor)
GEV.

Following the same idea as the approach in [37], Samir Attallah et al. proposed to
reduce the cost of the previous optimization problem by limiting the search ofWðkÞ
to a reduced-rank subspace, which is chosen to be the range space ofWðk � 1Þ plus
one or two additional search directions. Here, they proposed to search for WðkÞ in
the subspace spanned by VðtÞ¼D ½Wðk � 1Þx1ðtÞ� so that one can have

WðkÞ ¼ VðtÞUðtÞ; ð7:48Þ

where UðtÞ is a ðpþ 1Þ � p matrix. By doing so, one ends up with a similar GEV
problem but with dimensionality-reduced matrices, i.e., one now seeks a matrix
UðtÞ to minimize (resp. maximize), under the constraint UH �C2U ¼ I, the cost
function

�JðUÞ ¼ trðLUH �C1UÞ; ð7:49Þ

where

�Ci¼D VHCiV; i ¼ 1; 2: ð7:50Þ

In other words, U is the matrix of the least (resp. principal) GEV of ð�C1; �C2Þ and
can be computed using a brute force method in O(p3). The R-GEVE algorithm can
be summarized as follows: At time instant t

(a) Compute �C1ðtÞ and �C2ðtÞ.
(b) Compute UðtÞ of the p minor (resp. principal) GEV of ½�C1ðtÞ; �C2ðtÞ�.
(c) Compute WðtÞ using (7.48).

The reduced-rank generalized eigenvalue extraction (R-GEVE) algorithm is
given as follows:

Initialization:
Wð0Þ, Cið0Þ, Cyið0Þ ¼ WHð0ÞCið0ÞWð0Þ; i ¼ 1; 2; and 0\b\1.
For t = 1 onward and i = 1, 2:
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yiðtÞ ¼ WHðt � 1ÞxiðtÞ ð7:51Þ

ziðtÞ ¼ Ciðt � 1Þx1ðtÞ ð7:52Þ

�yiðtÞ ¼ WHðt � 1ÞziðtÞ ð7:53Þ

~yiðtÞ ¼ b�yiðtÞþ ðxHi ðtÞx1ðtÞÞyiðtÞ ð7:54Þ

ciðtÞ ¼ bxH1 ðtÞziðtÞþ xHi ðtÞx1ðtÞ
�� ��2 ð7:55Þ

Cyiðt � 1Þ ¼ UHðt � 1Þ�Ciðt � 1ÞUðt � 1Þ ð7:56Þ
~CiðtÞ ¼ bCyiðt � 1Þþ yiðtÞyHi ðtÞ ð7:57Þ

�CiðtÞ ¼
~CiðtÞ ~yiðtÞ
~yHi ðtÞ ciðtÞ
� 	

ð7:58Þ

CiðtÞ ¼ bCiðt � 1Þþ xiðtÞxHi ðtÞ ð7:59Þ

UðtÞ  GEVð�C1ðtÞ; �C2ðtÞÞ ð7:60Þ

VðtÞ ¼ ½Wðt � 1Þ x1ðtÞ � ð7:61Þ

WðtÞ ¼ VðtÞUðtÞ ð7:62Þ

R-GEVE is also suitable for the extraction of both principal and minor gener-
alized eigenvectors, as well as their associated subspaces, at a low computational
complexity.

7.2.6 Fast Generalized Eigenvector Tracking Based
on the Power Method

The power method is a classical way to find the subspace (principal subspace)
spanned by eigenvectors associated with the largest eigenvalues of a Hermitian
matrix. The power method-based algorithm can track generalized eigenvectors quite
fast. An iterative algorithm based on a power method can be shown as follows:

RyðkÞ ¼ aRyðk � 1Þþ yðkÞyHðkÞ ð7:63Þ

RxðkÞ ¼ bRxðk � 1Þþ xðkÞxHðkÞ ð7:64Þ
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KðkÞ ¼ R�1=2x ðkÞ ð7:65Þ

CðkÞ ¼ KðkÞRyðkÞKHðkÞ ð7:66Þ
~WðkÞ ¼ CðkÞWðk � 1Þ ð7:67Þ

~WðkÞ ¼ QðkÞRðkÞ;WðkÞ ¼ First r columns of QðkÞ ð7:68Þ

WðkÞ ¼ KHðkÞWðkÞ; ð7:69Þ

in which the first two equations are used to update Ry and Rx, and the first three
equations are devoted to obtaining R�1=2x ðkÞRyðkÞR�H=2

x ðkÞ, followed by the rest
standard steps in the power method. The fifth equation in this algorithm is the QR
decomposition. It can obtain the principal generalized eigenvectors, but not the
eigen subspace. Also, it can be replaced by either the Gram–Schmidt orthonor-
malization or the Householder transformation. It can be seen that this algorithm
obtains the generalized principal eigenvector of the matrix pencil (Ry, Rx) by
extracting the principal eigenvector of R�1=2x ðkÞRyðkÞR�H=2

x ðkÞ.
In order to avoid the computation of a matrix square root and its inverse, K kð Þ ¼

R�1=2x kð Þ can be obtained as follows:

K kð Þ ¼ ð1=
ffiffiffi
b

p
Þ Iþ r kð Þ~x kð Þ~xH kð Þ� �

K k � 1ð Þ; ð7:70Þ

in which

~x kð Þ ¼ ð1=
ffiffiffi
b

p
ÞK k � 1ð Þx kð Þ; ð7:71Þ

r kð Þ ¼ 1

~x kð Þk k2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ~x kð Þk k2
q � 1

0
B@

1
CA: ð7:72Þ

Thus, C(k) in (7.66) can be written as

C kð Þ ¼ K kð ÞRy kð ÞKH kð Þ ¼ K kð Þ aRy k � 1ð Þþ y kð ÞyH kð Þ� �
KH kð Þ

¼ 1
b

aC k � 1ð Þþ~y kð Þ~yH kð Þ
�

þ d kð Þ~x kð Þ~xH kð Þþ c kð Þ~x kð ÞhH kð Þþ c kð Þ~x kð ÞhH kð Þ� �H�
:

ð7:73Þ

Fast generalized eigenvector tracking based on the power method proposed by
Toshihisa Tanaka can be summarized as follows [24]:
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~yðkÞ ¼ Kðk � 1ÞyðkÞ ð7:74Þ

~xðkÞ ¼ ð1=
ffiffiffi
b

p
ÞKðk � 1ÞxðkÞ ð7:75Þ

�xðkÞ ¼ ð1=
ffiffiffi
b

p
ÞKHðk � 1Þ~xðkÞ ð7:76Þ

zðkÞ ¼ Cðk � 1Þ~yðkÞ ð7:77Þ

rðkÞ ¼ ð1= ~n kð Þk k2Þ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ~n kð Þk k2

q
� 1

� �
ð7:78Þ

eðkÞ ¼ ~yHðkÞ~xðkÞ ð7:79Þ

dðkÞ ¼ rðkÞ2ða~xHðkÞzðkÞþ eðkÞj j2Þ ð7:80Þ

hðkÞ ¼ azðkÞþ eðkÞ~yðkÞ ð7:81Þ

CðkÞ ¼ ð1=bÞðaCðk � 1Þþ~yðkÞ~yHðkÞþ dðkÞ~xðkÞ~xHðkÞ
þ cðkÞ~xðkÞhHðkÞþ ðcðkÞ~xðkÞhHðkÞÞHÞ ð7:82Þ

~WðkÞ ¼ CðkÞWðk � 1Þ ð7:83Þ
~WðkÞ ¼ QðkÞRðkÞ;WðkÞ ¼ First r columns of QðkÞ ð7:84Þ

KðkÞ ¼ ð1=bÞKðk � 1Þþ rðkÞ~xðkÞ~xHðkÞ ð7:85Þ

WðkÞ ¼ KHðkÞWðkÞ: ð7:86Þ

In summary, the above algorithm has complexity O(rN2), but the tracking speed
achieves almost the same as the direct SVD computation.

7.2.7 Generalized Eigenvector Extraction Algorithm Based
on Newton Method

In order to deal with the adaptive signal receiver problem in multicarrier
DS-CDMA system, Yang et al. proposed an adaptive algorithm based on Newton
method [38] as follows:

Pðkþ 1Þ ¼ 1
l
PðkÞ I � xðkþ 1ÞxHðkþ 1ÞPðkÞ

lþ xHðkþ 1ÞPðkÞxðkþ 1Þ
� �

ð7:87Þ

cðkþ 1Þ ¼ wHðkÞyðkþ 1Þ ð7:88Þ
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rðkþ 1Þ ¼ brðkþ 1Þþ ð1� bÞyðkþ 1Þc�ðkþ 1Þ ð7:89Þ

dðkþ 1Þ ¼ bdðkþ 1Þþ ð1� bÞcðkþ 1Þc�ðkþ 1Þ ð7:90Þ

~wðkþ 1Þ ¼ rðkþ 1Þ=dðkþ 1Þ ð7:91Þ

wðkþ 1Þ ¼ 2Pðkþ 1Þ~wðkþ 1Þ
1þ ~wHðkþ 1ÞPðkþ 1Þ~wðkþ 1Þ ð7:92Þ

which is used to extract the maximum generalized eigenvector. In this algorithm,
the initial condition can be simply determined as P(0) = η1I, w(0) = r(0) =
η2[1, 0, …, 0]T and d(0) = η3,in which ηi (i = 1, 2, 3) is a suitable positive number.
Since this algorithm has the subtraction operation in the updating of P(k), P(k) may
lose definiteness in the computation procedure, while P(k) is theoretically Hermitian
positive definite. One efficient and robust method to solve this problem is to use the
QR decomposition to resolve the matrix root P1/2(k) of P(k) and then obtain P(k) by
P(k) = P1/2(k)PH/2(k) to keep the definite nature of P(k).

However, the above algorithm can only extract the generalized principal
eigenvector. Later, Yang et al. also proposed another similar algorithm [26]

PðkÞ ¼ 1
a

Pðk � 1Þ � Pðk � 1ÞzðkÞzTðkÞPðk � 1Þ
aþ zTðkÞPðk � 1ÞzðkÞ

� �
ð7:93Þ

cðkÞ ¼ WTðk � 1ÞxðkÞ ð7:94Þ

gðkÞ ¼ Qðk � 1Þcðk � 1Þ
bþ cTðkÞQðk � 1ÞcðkÞ ð7:95Þ

QðkÞ ¼ ð1=bÞðQðk � 1Þ � gðkÞcTðkÞQðk � 1ÞÞ ð7:96Þ

d̂ðkÞ ¼ QðkÞcðkÞ ð7:97Þ

ĉðkÞ ¼ WTðk � 1ÞcðkÞ ð7:98Þ

WðkÞ ¼ Wðk � 1ÞþPðkÞxðkÞd̂TðkÞ � ĉðkÞgTðkÞ ð7:99Þ

which is used to extract multiple generalized eigenvectors, whose corresponding
initial conditions of variables are set to P(0) = d1Im, Q(0) = d2In, and W(0) =
d3[e1, …, en], in which di (i = 1, 2, 3) are suitable positive numbers, ei is the ith
column vector with its ith element being 1, and the rest are zeros.
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7.2.8 Online Algorithms for Extracting Minor Generalized
Eigenvector

The previous adaptive algorithms all focus on extracting principal generalized
eigenvectors. However, in many practical applications, e.g., dimensionality
reduction and signal processing, extracting the minor generalized eigenvectors
adaptively is also needed. The eigenvector associated with the smallest generalized
eigenvalue of a matrix pencil is called minor generalized eigenvector. In [32],
several approaches that led to a few algorithms for extracting minor generalized
eigenvectors were proposed and discussed.

(1) Algorithm for Extracting the First Minor LDA Transform

First, an adaptive algorithm was derived by using a single-layer linear forward
neural network from the viewpoint of linear discriminant analysis. Here, the minor
generalized eigenvector extracting algorithm is discussed as follows. Consider a
two-layer linear forward network with weight matrix W from the input-to-hidden
layer and the weight matrix V from the hidden-to-output layer.

Based on the criterion,

Jðw; vÞ ¼ E d � vwTx
�� ��2h i

þ lðwTSbw� 1Þ; ð7:100Þ

and using gradient ascent method, the iterative algorithm for computing the first
principal generalized eigenvector can be derived:

wðkþ 1Þ ¼ wðkÞþ gðSmwðkÞ � SbwðkÞwTðkÞSmwðkÞÞ; ð7:101Þ

where g is the learning rate. It should be noted that Sm ¼ E½xxT�, Sb ¼ MMT, where
M ¼ E½xdT�. When (7.101) converges, the weight vector wðkÞ ! w, where w is the
first principal generalized eigenvector of matrix pencil ðSm; SbÞ. The first minor
generalized eigenvector ðSm; SbÞ can be obtained as follows:

~w ¼ wffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wTSmw
p : ð7:102Þ

(2) Algorithm for Extracting Multiple Minor LDA Transforms

Assume that there are p hidden neurons and the (j − 1)th neurons have already
been trained whose input weightsW ¼ ½w1; . . .;wj�1� converge to the (j-1) principal
generalized eigenvectors. By using the objective function,

Jjðwj; vjÞ ¼ E d � vjwT
j x

��� ���2� 	
þ
Xj�1
i¼1

aiw
T
i Sbwiþ lðwT

j Sbwj � 1Þ; ð7:103Þ
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and the gradient ascent method, an adaptive algorithm for wj is

wjðkþ 1Þ ¼ wjðkÞþ gðSmwjðkÞ � SbwjðkÞwT
j ðkÞSmwjðkÞ

� Sb
Xj�1
i¼1

wiðkÞwT
i ðkÞSmwiðkÞÞ:

ð7:104Þ

For matrix form, the above algorithm can be rewritten as

Wðkþ 1Þ ¼ WðkÞþ gðSmWðkÞ � SbWðkÞUT ½WTðkÞSmWðkÞ�Þ; ð7:105Þ

where WðkÞ ¼ ½w1ðkÞ; . . .;wj�ðj�mÞ and UT[] sets all elements below the diagonal
to zero, i.e., makes the matrix upper triangular. Since the above algorithms compute
the principal generalized eigenvectors of matrix pencil ðSm; SbÞ, for a weight vector
wi at convergence, ~wi is the desired minor generalized eigenvector by using the
following computation:

~wi ¼ wiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wT
i Smwi

p : ð7:106Þ

In [32], other objective functions were also proposed and the corresponding
algorithms for extracting the first principal generalized eigenvector and multiple
principal generalized eigenvector were derived. For detail, see [32].

(3) Extensions to the Generalized Eigen Decomposition

The algorithms (7.101), (7.104), (7.105), etc., can be easily generalized to obtain
online algorithms for extracting minor generalized eigenvectors of matrix pencil (A,
B) if matrices A, B are considered as Sb; Sm respectively, where A, B are assumed to
be positive definite and symmetric. In real situation, matrices A and B cannot be
obtained directly. Two sequences of random matrices fAk 2 <N�Ng and fBk 2
<N�Ng with limk!1 E½Ak� ¼ A and limk!1 E½Bk� ¼ B are known. Thus, the
algorithms (7.101) and (7.105) can be extended to generalized eigen decomposition
problem as

wðkþ 1Þ ¼ wðkÞþ gðBkwðkÞ � AkwðkÞwTðkÞBkwðkÞÞ; ð7:107Þ

and

Wðkþ 1Þ ¼ WðkÞþ gðBkWðkÞ � AkWðkÞUT ½WTðkÞBkWðkÞ�Þ; ð7:108Þ

where sequences fAkg and fBkg are obtained through

Ak ¼ Ak�1þ ckðxkxTk � Ak�1Þ; ð7:109Þ

and
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Bk ¼ Bk�1þ ckðykyTk � Bk�1Þ; ð7:110Þ

and fckg is a constant sequence. When the weight vector wi converges, the desired
minor generalized eigenvector ~wi can be computed as follows:

~wi ¼ wiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wT
i Bwi

p : ð7:111Þ

The stability and convergence of these algorithms were analyzed theoretically,
and simulations validated the efficiency and effectiveness of these algorithms.

7.3 A Novel Minor Generalized Eigenvector Extraction
Algorithm

In this section, we will introduce an adaptive algorithm to extract the minor gen-
eralized eigenvector of a matrix pencil. In this algorithm, although there is no
normalization step, the norm of the weight vector is self-stabilizing, i.e., moving
toward unit length at each learning step.

In [39], Cirrincione studied some neural network learning algorithms and divi-
ded them into two classes. In the rules of the first class, the norm of the weight
vector is undermined. When a numerical procedure is applied, these algorithms are
plagued by “divergence or sudden divergence” of the weight vector length.
However, the algorithms in the second class are self-stabilizing, which means that
the weight vector length converges toward a fixed value independent of the input
vector. Since all algorithms lacking self-stabilization are prone to fluctuations and
divergence in weight vector norm, self-stability is an indispensable property for
neural network learning algorithms. However, the algorithms mentioned above are
only suitable for extracting the eigenvector of a matrix, not a matrix pencil. Up to
now, almost all analyses of self-stabilizing property are in allusion to eigenvector
extraction algorithms of a matrix, not generalized eigenvector extractions of a
matrix pencil. In this section, the concept of self-stabilizing property will be
extended to the generalized algorithms and the self-stabilizing property of our
algorithm will be also analyzed.

Nowadays, the convergence behavior of many neural network algorithms [40–
43] has been analyzed via the DDT method. However, the algorithms analyzed
above are all eigenvector extraction algorithms. Up to now, there have been few
works which analyze generalized eigenvector extraction algorithms via the DDT
method. In this section, the convergence of our generalized eigenvector extraction
algorithm will be analyzed via the DDT method and some sufficient conditions to
guarantee its convergence will be derived.
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7.3.1 Algorithm Description

Definition 7.1 Given an n� 1 vector w and an n� n matrix R, define the R-norm
of vector w as wk kR¼

ffiffiffiffiffiffiffiffiffiffiffiffi
wTRw
p

.
Suppose that the two vector sequences xk and yk , k ¼ 1; 2; . . . are two stationary
stochastic processes with zero means and autocorrelation matrices Rx ¼ E½xkxTk �
and Ry ¼ E½ykyTk �, respectively. Then, we propose the following algorithm to
estimate the generalized eigenvector associated with the smallest generalized
eigenvalue of matrix pencil ðRy;RxÞ:

wðkþ 1Þ ¼ wðkÞþ g wTðkÞRywðkÞ


wðkÞþwðkÞ
� wTðkÞRxwðkÞðIþðRxÞ�1RyÞwðkÞ

i
;

ð7:112Þ

where g is the learning rate and wk is the estimate of the minor generalized
eigenvector at time k.

In some practical signal processing applications, the autocorrelation Rx and Ry

may be unknown and have to be estimated online from their respective sample data
sequences. Therefore, it is very necessary to develop adaptive algorithms, espe-
cially in nonstationary signal environments. In this section, we will change the
above algorithms into adaptive algorithms by exponentially weighted method. The
sample autocorrelation matrices are estimated by the following equations:

R̂yðkþ 1Þ ¼ bR̂yðkÞþ yTðkþ 1Þyðkþ 1Þ; ð7:113Þ

R̂xðkþ 1Þ ¼ aR̂xðkÞþ xTðkþ 1Þxðkþ 1Þ; ð7:114Þ

where 0\a; b� 1 are the forgetting factors. As to how to choose a proper for-
getting factor, see [23] for detail.

By using the matrix-inversion lemma, we can write the time update for the
inverse matrix QðkÞ ¼ R�1x ðkÞ as

Qðkþ 1Þ ¼ 1
a

QðkÞ � QðkÞxðkþ 1ÞxTðkþ 1ÞQðkÞ
aþ xTðkþ 1ÞQðkÞxðkþ 1Þ

� 	
: ð7:115Þ

Table 7.1 Adaptive version of the proposed algorithm

Initialization: Set k ¼ 0, and set initial estimates R̂yð0Þ; R̂xð0Þ;Qxð0Þ and randomly generate a
weight vector wð0Þ
Iteration:
Step 1. Set k ¼ kþ 1 and update R̂yðkÞ; R̂xðkÞ;QxðkÞ by (7.113)–(7.115)
Step 2. Update wðkÞ by the following algorithm:
wðkþ 1Þ ¼ wðkÞþ g wTðkÞR̂ywðkÞwðkÞþwðkÞ

�wTðkÞR̂xwðkÞðIþQxR̂yÞwðkÞ
� ð7:116Þ
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By replacingRy;Rx;R�1x in the above algorithmby R̂yðkþ 1Þ, R̂xðkþ 1Þ,Qðkþ 1Þ,
respectively, we can obtain the following adaptive algorithm as in Table 7.1.

7.3.2 Self-stabilizing Analysis

Next, we will study the self-stability of (7.112).

Theorem 7.1 If the learning rate g is small enough and the input vector is
bounded, then the Rx-norm of the weight vector in the algorithm (7.112) for
extracting the minor generalized eigenvector will converge to one.

Proof Since the learning rate g is small enough and the input vector is bounded, we
have

wðkþ 1Þk k2Rx
¼ wTðkþ 1ÞRxwðkþ 1Þ
¼ wðkÞþ gðwTðkÞRywðkÞwðkÞþwðkÞ � wðkÞTRxwðkÞ � ðIþR�1x RyÞwðkÞÞ

�T
Rx wðkÞþ gðwTðkÞRywðkÞwðkÞ
 þwðkÞ � wðkÞTRxwðkÞðIþR�1x RyÞwðkÞÞ

i
¼ wðkÞTRxwðkÞþ 2gwðkÞTRxwðkÞ 1� wðkÞTRxwðkÞ

h i
þ g2 wðkÞTRxwðkÞ

� �3
�2 wðkÞTRxwðkÞ
� �2

þwðkÞTRxwðkÞ
�

� wTðkÞRywðkÞ wðkÞTRxwðkÞ
� �2

þ 2wTðkÞRywðkÞwðkÞTRxwðkÞ

�wðkÞTRxwðkÞ wTðkÞRywðkÞ
� �2�wTðkÞRywðkÞ

i
¼ wðkÞTRxwðkÞþ 2gwðkÞTRxwðkÞ 1� wðkÞTRxwðkÞ

h i
þ oðgÞ

	 wðtÞTRxwðtÞ 1þ 2g 1� wðtÞTRxwðtÞ
h in o

:

ð7:117Þ

Note that the second-order terms associated with the learning rate in the above
equation are neglected. Then, it holds that

wðkþ 1Þk k2Rx

wðkÞk k2Rx

	
wðkÞTRxwðkÞ 1þ 2g 1� wðkÞTRxwðkÞ

h in o
wðkÞTRxwðkÞ

¼ 1þ 2g 1� wðkÞTRxwðkÞ
h i

¼
[ 1 if wðtÞk k2Rx

\1

¼ 1 if wðtÞk k2Rx
¼ 1

\1 if wðtÞk k2Rx
[ 1:

8>>><
>>>:

ð7:118Þ
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It can be easily seen that the norm of weight vector wðtÞk k2Rx
in algorithm

(7.112) will tend to one whether the norm of the initial weight vector is equal to one
or not. We denote this property as one-tending property. In other words, the
algorithm has self-stabilizing property.

This completes the proof.

7.3.3 Convergence Analysis

In this section, we will present convergence analysis of algorithm (7.112) by the
DDT method. By taking the conditional expectation Efwðkþ 1Þ=wð0Þ; xðiÞ; i\kg
to (7.116) and identifying the conditional expectation as the next iterate, the DDT
system of (7.116) can be obtained, which is the same as (7.112). That is, (7.112) is
also the DDT system of its adaptive algorithm (7.116).

Since the autocorrelation matrices Rx and Ry are two symmetric nonnegative
definite matrices, their generalized eigenvalues are nonnegative and their general-
ized eigenvectors compose an Rx-orthonormal basis of <n. For convenience,
arrange the generalized eigenvectors in such a way that the associated eigenvalues
are in a nonascending order, i.e., k1 [ k2 [ � � � [ kn� 0. Then, the weight vector
wðkÞ can be represented as

wðkÞ ¼
Xn
i¼1

ziðkÞvi; ð7:119Þ

where ziðkÞ ¼ vTi RxwðkÞði ¼ 1; 2; . . .; nÞ are some constants. By substituting
(7.119) into (7.112), we have

ziðkþ 1Þ ¼ 1þ gð1þwTðkÞRywðkÞ
 �ðkiþ 1ÞwTðkÞRxwðkÞÞ

�
ziðkÞ; ð7:120Þ

for all k� 0.
According to the properties of the Rayleigh quotient [41], it holds that

0� kn\
wTðkÞRywðkÞ
wTðkÞRxwðkÞ\k1; ð7:121Þ

for each k� 0.
Next, we will discuss some conditions under which the weight vector will

converge to the minor generalized eigenvector of the matrix pencil ðRy;RxÞ. Before
this, the following theorems are needed.
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Theorem 7.2 Suppose that g� 0:3 and gk1� 0:35. If the initial vector satisfies
wTð0ÞRxvn 6¼ 0, then it holds that wðkÞk kRx

\1þ gk1 for all k� 0.

Proof From (7.119) and (7.120), it follows that

wðkþ 1Þk k2Rx
¼
Xn
i¼1

z2i ðkþ 1Þ

¼
Xn
i¼1

1þ gð1þwTðkÞRywðkÞ � ðkiþ 1ÞwTðkÞRxwðkÞ
 �2

z2i ðkÞ

\ 1þ gð1þ k1wTðkÞRxwðkÞ � ðkiþ 1ÞwTðkÞRxwðkÞ
 �2Xn

i¼1
z2i ðkÞ

\ 1þ gð1þðk1 � 1ÞÞwTðkÞRxwðkÞ
 �2

wðkÞk k2Rx
:

ð7:122Þ
Then, we have

wðkþ 1Þk k2Rx
\ 1þ gð1þðk1 � 1ÞÞ wðkÞk k2Rx

h i2
wðkÞk k2Rx

: ð7:123Þ

Over the interval ½0; 1�, define a differential function

f ðsÞ ¼ ð1þ gð1þðk1 � 1ÞsÞÞ2s; ð7:124Þ

where s ¼ wðkÞk k2Rx
and f ðsÞ ¼ wðkþ 1Þk k2Rx

. Then, the gradient of f ðsÞ with
respect to s is given by

_f ðsÞ ¼ ð1þ gþ gðk1 � 1ÞsÞð1þ gþ 3gðk1 � 1ÞsÞ: ð7:125Þ

Clearly, the roots of the function _f ðsÞ ¼ 0 are

s1 ¼ � 1þ g
gðk1 � 1Þ ; s2 ¼ � 1þ g

3gðk1 � 1Þ : ð7:126Þ

Next, two cases are considered.
Case 1: k1 [ 1
Since g[ 0; k1 [ 1, we have s1\s2\0. That is, for all 0\s\1 ,we have

_f ðsÞ[ 0: ð7:127Þ

Case 2: k1\1
From g\0:3, we have s1 [ s2 [ 1. Then, it follows that for all 0\s\1

_f ðsÞ[ 0: ð7:128Þ
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Equations (7.127) and (7.128) mean that over the interval ½0; 1�, f ðsÞ is a
monotonically increasing function. Then, for all 0\s\1, we have

f ðsÞ� f ð1Þ ¼ ð1þ gk1Þ2: ð7:129Þ

So for all k� 0, we have

wðkÞk kRx
\1þ gk1: ð7:130Þ

This completes the proof.

Theorem 7.3 Suppose that g� 0:3 and gk1� 0:35. If the initial vector satisfies
wTð0ÞRxvn 6¼ 0, then it holds that wðkÞk kRx

[ c for all k� 0, where c is a constant

and equals ð1þ gk1Þ 1� gð1þ gk1Þ2
h i

.

Proof From (7.119) and (7.120), it follows that

wðkþ 1Þk k2Rx
¼
Xn
i¼1

z2i ðkþ 1Þ

¼
Xn
i¼1

1þ gð1þwTðkÞRywðkÞ � ðkiþ 1ÞwTðkÞRxwðkÞ
 �2

z2i ðkÞ

[ 1� gwTðkÞRxwðkÞ
 �2Xn

i¼1
z2i ðkÞ:

ð7:131Þ
Next, two cases are considered to complete the proof.
Case 1: 1þwTðkÞRywðkÞ � ðkiþ 1ÞwTðkÞRxwðkÞ[ 0
From Theorem 7.2, we have wðkÞk kRx

\1þ gk1 for all k� 0. By using
Theorem 7.2, we have

1þ g 1þwTðkÞRywðkÞ
� � ðkiþ 1ÞwTðkÞRxwðkÞ
 �

[ 1þ g� gð1þ k1ÞwTðkÞRxwðkÞ
� 1� gðgk1Þð2þ gk1Þ � gk1ð1þ gk1Þ2

� 1� 0:3� 0:35� ð2þ 0:35Þ � 0:35� ð1þ 0:35Þ2
¼ 0:1154[ 0

ð7:132Þ
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By using (7.131) and (7.132), we can obtain that

wðkþ 1Þk k2Rx
� 1þ g� gð1þ k1Þð1þ gk1Þ2
h i2

ð1þ gk1Þ2 ð7:133Þ

Case 2: 1þwTðkÞRywðkÞ � ðkiþ 1ÞwTðkÞRxwðkÞ\0
In this case, we can obtain the following in equation

ðkiþ 1ÞwTðkÞRxwðkÞ � 1[wTðkÞRywðkÞ[ 0 ð7:134Þ

From Theorem 7.2, we have

1� g ðkiþ 1ÞwTðkÞRxwðkÞ � 1� wTðkÞRywðkÞ
 �

[ 1þ g� gðk1þ 1ÞwTðkÞRxwðkÞ
� 1� gðgk1Þð2þ gk1Þ � gk1ð1þ gk1Þ2

� 1� 0:3� 0:35� ð2þ 0:35Þ � 0:35� ð1þ 0:35Þ2
¼ 0:1154[ 0

ð7:135Þ

By using (7.131) and (7.135), we have

wðkþ 1Þk k2Rx
� 1þ g� gð1þ k1Þð1þ gk1Þ2
h i2

ð1þ gk1Þ2 ð7:136Þ

Denote c ¼ 1þ g� gð1þ k1Þð1þ gk1Þ2
h i

ð1þ gk1Þ, and then, by using

gk1� 0:35 and g\0:3, we can obtain that

c ¼ 1þ g� gð1þ k1Þð1þ gk1Þ2
h i

ð1þ gk1Þ

[ 1þ 0:35ð Þ 1þ 0:3� ð0:3þ 0:35Þ 1þ 0:35ð Þ2
h i

¼ 0:1558[ 0

ð7:137Þ

Clearly, we have

wðkþ 1Þk kRx
� c ð7:138Þ

for all k� 0.
This completes the proof.
At this point, the boundness of the DDT system (7.112) of our algorithm has

been proved. Next, we will prove that under some mild conditions, it holds that
lim
k!1

wðkÞ ¼ avn, where a is a constant. In order to analyze the convergence of the

DDT system (7.112), the following preliminary results are needed.
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Lemma 7.2 Suppose that g� 0:3 and gk1� 0:35. If the initial vector satisfies
wTð0ÞRxvn 6¼ 0, then it holds that 1þ gð1þwTðkÞRywðkÞ � ðkiþ 1ÞwT

ðkÞRxwðkÞÞ[ 0 for all k� 0, where i ¼ 1; 2; . . .; n.

Proof From Theorem 7.1 and gk1� 0:2, we have

1þ gð1þwTðkÞRywðkÞ � ðkiþ 1ÞwTðkÞRxwðkÞÞ
[ 1� gwTðkÞRxwðkÞ
� 1� gð1þ gk1Þ2

� 1� 0:3� ð1þ 0:35Þ2
¼ 0:4532[ 0:

ð7:139Þ

This completes the proof.
Lemma 7.2 shows that ziðkÞ ¼ vTi RxwðkÞ ði ¼ 1; 2; . . .; nÞ, which is the Rx-

orthogonal projection of the weight vector wðkÞ onto the generalized eigenvector vi
and does not change its sign in (7.120). Since wTð0ÞRxvn 6¼ 0, we have

znðkÞ ¼ vTnRxwðkÞ 6¼ 0: ð7:140Þ

From (7.119), for all k� 0, wðkÞ can be represented as

wðkÞ ¼
Xn�1
i¼1

ziðkÞviþ znðkÞvn: ð7:141Þ

Clearly, the convergence of wðkÞ can be determined by the convergence of
ziðkÞði ¼ 1; 2; . . .; nÞ. Lemmas 7.3 and 7.4 will provide the convergence analysis of
ziðkÞði ¼ 1; 2; . . .; nÞ.
Lemma 7.3 Suppose that g� 0:3 and gk1� 0:35. If the initial vector satisfies
wTð0ÞRxvn 6¼ 0, then it holds that lim

k!1
ziðkÞ ¼ 0, ði ¼ 1; 2; . . .; n� 1Þ.

Proof From Lemma 7.2, we have

1þ gwTðkÞRywðkÞ � gkiðwTðkÞRxwðkÞÞ2 [ 0; ð7:142Þ

for all k� 0, where i ¼ 1; 2; . . .; n. Furthermore, from Theorem 7.1 and
Theorem 7.2, it holds that

c\ wðkÞk kRx
\1þ gk1; ð7:143Þ

for all k� 0. Then, we have
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ziðkþ 1Þ
znðkþ 1Þ
� 	2

¼ 1þ gð1þwTðkÞRywðkÞ � ðkiþ 1ÞwTðkÞRxwðkÞÞ
1þ gð1þwTðkÞRywðkÞ � ðknþ 1ÞwTðkÞRxwðkÞÞ
� 	2z2i ðkÞ

z2nðkÞ

¼ 1� gðki � knÞwTðkÞRxwðkÞ
1þ gð1þwTðkÞRywðkÞ � ðknþ 1ÞwTðkÞRxwðkÞÞ

� 	2z2i ðkÞ
z2nðkÞ

� 1� gðki � knÞwTðkÞRxwðkÞ
1þ gð1þðk1 � kn � 1ÞwTðkÞRxwðkÞÞ

� 	2z2i ðkÞ
z2nðkÞ

;

ð7:144Þ

for all k� 0, where i ¼ 1; 2; . . .; n� 1.

Let dk ¼ gðki�knÞwTðkÞRxwðkÞ
1þ gð1þðk1�kn�1ÞwTðkÞRxwðkÞÞ. Then, we will prove that 0\dk\2.

First, we will prove that dk [ 0. From g� 0:3 and gk1� 0:2, we have

1þ gð1þðk1 � kn � 1ÞwTðkÞRxwðkÞÞ
[ 1� gwTðkÞRxwðkÞ
[ 1� gð1þ gk1Þ2

� 1� 0:3� ð1þ 0:35Þ2
¼ 0:4532[ 0:

ð7:145Þ

From ki [ kn and wTðkÞRxwðkÞ[ 0, we have dk [ 0.
Next, we will prove that dk\2.

dk ¼ gðki � knÞwTðkÞRxwðkÞ
1þ gð1þðk1 � kn � 1ÞwTðkÞRxwðkÞÞ

\
gk1wTðkÞRxwðkÞ

1þ gð1� wTðkÞRxwðkÞÞ

\
gk1ð1þ gk1Þ2
1� gð1þ gk1Þ2

� 0:35� ð1þ 0:35Þ2
1� 0:3� ð1þ 0:35Þ2
¼ 1:4073\2:

ð7:146Þ

Denote hk ¼ ð1� dkÞ2. Then, 0\hk\1. From (7.144), we have

ziðkþ 1Þ
znðkþ 1Þ
� 	2

� hk
z2i ðkÞ
z2nðkÞ

� � � � �
Yk
j¼0

hj
z2i ð0Þ
z2nð0Þ

; ð7:147Þ

for all k� 0, where i ¼ 1; 2; . . .; n� 1.
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Denote h ¼ maxðh0; h1; � � � hk; � � �Þ. Clearly, 0\h\1. Then, it holds that

ziðkþ 1Þ
znðkþ 1Þ
� 	2

� hkþ 1 z
2
i ð0Þ
z2nð0Þ

: ð7:148Þ

Since 0\h\1, then it follows that

lim
k!1

ziðkÞ
znðkÞ ¼ 0 i ¼ 1; 2; . . .; n� 1: ð7:149Þ

From Theorem 7.1 and Theorem 7.2, we can see that znðkÞ must be bounded.
Then, we have

lim
k!1

ziðkÞ ¼ 0; i ¼ 1; 2; . . .; n� 1: ð7:150Þ

This completes the proof.

Lemma 7.4 Suppose that g� 0:3 and gk1� 0:35. If the initial vector satisfies
wTð0ÞRxvn 6¼ 0, then it holds that lim

k!1
znðkÞ ¼ a, where a is a constant.

Proof From Lemma 7.3, we know that wðkÞ will converge to the direction of the
minor generalized eigenvector vn, as k !1. Suppose that wðkÞ has converged to
the direction of vn at time k0, i.e., wðk0Þ ¼ znðk0Þvn.

From (7.120), we have

znðkþ 1Þ ¼ 1þ g 1þ knz2nðkÞ � ðknþ 1Þz2nðkÞ
 � �

znðkÞ
¼ 1þ gð1� z2nðkÞÞ
 �

znðkÞ:
ð7:151Þ

From (7.151), it holds that

znðkþ 1Þ � 1 ¼ 1þ gð1� z2nðkÞÞ
 �

znðkÞ � 1

¼ 1� g znðkÞ � 1½ � znðkÞþ 1½ �½ �znðkÞ � 1

¼ znðkÞ � 1½ � 1� gznðkÞ znðkÞþ 1½ �½ �;
ð7:152Þ

for all k� k0. Then, from g� 0:3 and gk1� 0:35, we have

1� gznðkÞ znðkÞþ 1½ � � 1� gð1þ gk1Þ 1þ gk1þ 1ð Þ
� 1� 0:3� ð1þ 0:35Þ 1þ 0:35þ 1ð Þ
¼ 0:0482[ 0;

ð7:153Þ

for all k� k0.

7.3 A Novel Minor Generalized Eigenvector Extraction Algorithm 211



Denote b ¼ 1� gznðkÞ znðkÞþ 1½ �j j. Clearly, 0\b\1. From (7.152) and
(7.153), it follows that for all k� k0

znðkþ 1Þ � 1j j � b znðkÞ � 1j j � � � � � bkþ 1 znð0Þ � 1j j: ð7:154Þ

Denote a ¼ � ln b and P1 ¼ znð0Þ � 1j j. Substituting them into (7.154), then
we have

znðkþ 1Þ � 1j j � ðkþ 1ÞP1e�aðkþ 1Þ: ð7:155Þ

Given any e[ 0, there exists a constant K[ 1 such that

P2Ke�aK

ð1� e�aÞ2 � e: ð7:156Þ

For any k1 [ k2 [K, it follows from (7.120) and (7.155) that

znðk1Þ � znðk2Þj j ¼
Xk1�1
r¼k2

znðrþ 1Þ � znðrÞ½ �
�����

�����
�
Xk1�1
r¼k2

gznðrÞð1� z2nðrÞÞ
 ������

������
Xk1�1
r¼k2

g znðrÞj j znðrÞþ 1j j znðrÞ � 1j j

� gð1þ gk1Þð2þ gk1Þ
Xk1
r¼k2

znðrÞ � 1j j �P2

Xk1
r¼k2

re�ar

�P2

Xþ1
r¼K

re�ar �P2Ke�aK
Xþ1
r¼0

r e�að Þr�1� P2Ke�aK

ð1� e�aÞ2 � e;

ð7:157Þ

where P2 ¼ gð1þ gk1Þð2þ gk1Þ znð0Þ � 1j j.
This implies that the sequence znðkÞf g is a Cauchy sequence. By using the

Cauchy convergence principle, there must exist a constant a such that
lim
k!1

znðkÞ ¼ a.

This completes the proof.

Theorem 7.4 Suppose that g� 0:3 and gk1� 0:35. If the initial vector satisfies
wTð0ÞRxvn 6¼ 0, then it holds that lim

k!1
wðkÞ ¼ avn.

Proof From (7.141) and Lemmas 7.3–7.4, we have
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lim
k!1

wðkÞ

¼ lim
k!1

Xn�1
i¼1

ziðkÞviþ znðkÞvn
 !

¼ lim
k!1

Xn�1
i¼1

ziðkÞvi
 !

þ lim
k!1

znðkÞvnð Þ

¼ avn:

ð7:158Þ

This completes the proof.
At this point, we have finished the proof of the convergence analysis of algo-

rithm (7.51). Next, we will provide some remarks on the convergence conditions
obtained in Theorem 7.4.

Remark 7.1 From the conditions g� 0:3 and gk1� 0:35 in Theorem 7.4, we can
see that the selection of the learning rate is related to the largest generalized
eigenvalue. In many signal processing fields, although the largest generalized
eigenvalue is unknown, its upper can be estimated based on the problem-specific
knowledge [42]. So it is very easy to choose an appropriate learning rate to satisfy
the two conditions g� 0:3 and gk1� 0:35. Another required condition is that the
initial weight vector must satisfy wTð0ÞRxvn 6¼ 0. In practical applications, when
the initial weight vector is randomly generated, the probability for the above
condition to be satisfied will be one. So the conditions in Theorem 7.4 are rea-
sonable and easy to be satisfied in practical applications.

Remark 7.2 It is worth to note that by simply switching some signs in (7.112), the
proposed algorithm can become a principal generalized eigenvector extraction
algorithm. Similar to Eq. (7.112), the principal generalized eigenvector extraction
algorithm also has self-stabilizing property. The analysis about the self-stabilizing
property and the convergence is very similar to that for Eq. (7.112), so we omit the
proofs here.

7.3.4 Computer Simulations

In this section, we will provide simulation results to illustrate the performance of
our algorithm for extracting the minor generalized eigenvectors. The first simulation
is designed to extract minor generalized eigenvectors from two random vector
processes and compare our algorithm with the other algorithm. The second simu-
lation mainly shows the convergence of our algorithm under the conditions in
Theorem 7.4. The simulation results in Figs. 7.1, 7.2, 7.3, 7.4, and 7.6 are obtained
by averaging over 100 independent experiments.

In order to evaluate the convergence speed and the estimation accuracy of our
algorithm, we compute the Rx-norm of the weight vector at the kth update
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qðwkÞ ¼ wðkÞk kRx
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wTðkÞRxwðkÞ

p
; ð7:159Þ

and the direction cosine(k) (DC(k)).

Simulation 1

In this simulation, we compare our algorithm with the modified coupled learning
rule (MCLR) [31] and the modified Oja–Xu algorithm (MOX) [33], which are two
well-known minor generalized eigenvector extraction algorithms proposed in recent
years.
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The input samples are generated by

yðkÞ ¼
ffiffiffi
2
p

sinð0:62pkþ h1Þþ n1ðkÞ; ð7:160Þ

xðkÞ ¼
ffiffiffi
2
p

sinð0:46pkþ h2Þþ
ffiffiffi
2
p

sinð0:74pkþ h3Þþ n2ðkÞ; ð7:161Þ

where hiði ¼ 1; 2; 3Þ are the initial phases, which follow uniform distributions over
½0; 2p�, n1ðkÞ and n2ðkÞ are zero-mean white noises with variances r21 ¼ r22 ¼ 0:1.

In this simulation, the input vectors yðkÞ and xðkÞ are arranged in blocks of size
eight (n ¼ 8), i.e., yðkÞ ¼ ½yðkÞ; . . .; yðkþ 7Þ�T and xðkÞ ¼ ½xðkÞ; . . .; xðkþ 7Þ�T.
The minor generalized eigenvectors of Ry;Rx

� �
are extracted via MCLR, MOX,

and our algorithm.
The initial conditions in the three algorithms are as follows. For MCLR, c ¼

0:998 and kð0Þ ¼ 100. For all algorithms, a ¼ b ¼ 0:998, R̂yð0Þ ¼ R̂xð0Þ ¼ 0, and
Qxð0Þ ¼ dI, where d is a small positive number and 0 is an n� n zero matrix. For
the three algorithms, the same initial weight vector is used, which is randomly
generated, and the same learning rate is also used. The simulation results are shown
in Figs. 7.1 and 7.2.

From Fig. 7.1, we can see that the direction cosine curve of our algorithm
converges to 1, which means that it can extract the minor generalized eigenvector.
From the last 150 iterations of the whole procedure, we can observe that our
algorithm has the least deviation from one, which means our algorithm has the best
estimation accuracy among these algorithms. From Fig. 7.2, we can see that the Rx-
norms of the weight vector in MCRL and MOX are equal to 1 due to a normal-
ization step in the algorithms. Although there is no normalization step in our
algorithm, the Rx-norm curve in our algorithm also converges to one. Since the
normalization step is omitted, the computational complexity is also reduced for our
algorithm.

Simulation 2

Consider the following two nonnegative symmetric definite matrices, which are
randomly generated. The generalized eigenvalues of the matrix pencil ðRy;RxÞ are
k1 ¼ 1:8688; k2 ¼ 1:1209; k3 ¼ 1:0324; k4 ¼ 0:7464.

Ry ¼
0:8313 0:0876 �0:0510 0:1362
0:0876 0:8895 0:0790 �0:0351
�0:0510 0:0790 0:9123 �0:0032
0:1362 �0:0351 �0:0032 0:7159

2
664

3
775 ð7:162Þ

Rx ¼
0:7307 �0:1700 �0:0721 0:0129
�0:1700 0:6426 0:0734 �0:0011
�0:0721 0:0734 0:8202 �0:0102
0:0129 �0:0011 �0:0102 0:7931

2
664

3
775 ð7:163Þ
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The initial weight vector is randomly generated, and the learning rate is g ¼ 0:1,
which satisfies the condition that g� 0:3 and gk1� 0:35. Figure 7.3 shows that the
convergence of the component ziðkÞ of wðkÞ, where ziðkÞ ¼ wTðkÞRxvi is the
coordinate of wðkÞ in the direction of the generalized eigenvector viði ¼ 1; 2; 3; 4Þ.
In the simulation result, ziðkÞði ¼ 1; 2; 3Þ converges to zero and z4ðkÞ converges to a
constant, which is consistent with the results in Theorem 7.4.

Next, we will provide a simulation to show that the proposed algorithm can deal
with high-dimensional matrix pencil. We randomly generate two 15� 15 matrices,
and their largest generalized eigenvalue is k1 ¼ 9:428. The other initial conditions
are the same as in the above simulation. The simulation results are shown in
Fig. 7.4. From this figure, we can see the same results as in the above simulations.
So we can say that our algorithm can deal with high-dimensional matrix pencil.

The last simulation is an example, in which the learning rate does not satisfy the
conditions and the norm of wðkÞ diverges. We still use the two matrices (7.162) and
(7.163), and the learning rate is g ¼ 0:5. When the initial vector is
w ¼ ½0:1765;�0:7914;1:3320; 2:3299�T, we can obtain the following simulation
result, as shown in Fig. 7.5. From this figure, we can see that the divergence may
occur when the learning rate does not satisfy the conditions in Theorem 7.4.

In Sect. 7.3, we have provided an algorithm for extracting the minor generalized
eigenvector of a matrix pencil, which has the self-stabilizing property. The con-
vergence of the algorithm has been analyzed by the DDT method, and some suf-
ficient conditions have also been obtained to guarantee its convergence. Simulation
experiments show that compared with other algorithms, this algorithm has faster
convergence speed and better estimation accuracy and can deal with
high-dimensional matrix pencil.

7.4 Novel Multiple GMC Extraction Algorithm

In Sect. 7.3, we propose an adaptive GMC algorithm. However, this algorithm can
only extract one minor generalized eigenvector of a matrix pencil. In some appli-
cations, estimating multiple GMCs or the subspace spanned by these GMCs is of
interest. The methods for solving the multiple eigenvector extraction have the
“inflation” procedure and parallel algorithms. The purpose of this part is to develop
an information criterion and an algorithm for multiple GMC extraction.

7.4.1 An Inflation Algorithm for Multiple GMC Extraction

Here, multiple GMC extraction algorithm is to estimate the first r GMCs of the
matrix pencil ðRy;RxÞ. Through some modification, the information criterion in
[44] can be extended into a GMC extraction information criterion (GIC) as follows:
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w� ¼ arg max JGICðwÞ
JGICðwÞ ¼ 1

2
tr ln wTRxw

� �� wTRyw
 � ð7:164Þ

where w 2 R
n�1 is a vector. GIC can only estimate the first GMC of the matrix

pencil ðRy;RxÞ.
In the domain X ¼ wj0\wTRxw\1f g, wTRxw is a positive scalar. Thus, the

gradient of JGICðwÞ with respect to w exists and is given by

g ¼ rJGICðwÞ ¼ Rxw wTRxw
� ��1�Ryw ð7:165Þ

After some discretization operations, we can obtain the following nonlinear
stochastic learning rule:

wðkþ 1Þ ¼ wðkÞþ g RxwðkÞ wTðkÞRxwðkÞ
� ��1�RywðkÞ

h i
ð7:166Þ

where g is the learning rate and satisfies 0\g\1. Generally, gradient method
cannot lead to a fast algorithm, so we use the quasi-Newton method to derive a fast
algorithm. By using (7.165), we can obtain the Hessian matrix of JGICðwÞ:

H1 ¼ Rx wTRxw
� ��1�2 wTRxw

� ��2
RxwwTRx � Ry ð7:167Þ

In order to use the Quasi-Newton method, we use some approximation in the
Hessian matrix H1 and define another matrix, which can be written as

H2 ¼ 2 wTRxw
� ��2

RxwwTRxþRy ð7:168Þ

Obviously, we can obtain that H1 	 �H2. Then, the inverse of H2 is given by

H�12 ¼ R�1y �
2R�1y RxwwTRxR�1y

wTRxwð Þ2þ 2wTRxR�1y Rxw
ð7:169Þ

Following the procedures of the quasi-Newton method, we can obtain the fol-
lowing fast learning rule for updating the state vector of the neural network:

wðkþ 1Þ ¼ wðkÞþ gH�12 � gjw¼wðkÞ

¼ ð1� gÞwðkÞþ g
3 wTðkÞRxwðkÞð ÞR�1y RxwðkÞ

wTðkÞRxwðkÞð Þ2þ 2wTðkÞRxR�1y RxwðkÞ
ð7:170Þ

Considering the autocorrelation matrices (Rx and Ry) are often unknown in prior,
we use the exponentially weighted sample correlation matrices R̂xðkÞ and R̂yðkÞ
instead of Rx and Ry, respectively. The recursive update equation can be written as
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R̂xðkþ 1Þ ¼ a1R̂xðkÞþ xðkþ 1ÞxTðkþ 1Þ ð7:171Þ

R̂yðkþ 1Þ ¼ a2R̂yðkÞþ yðkþ 1ÞyTðkþ 1Þ ð7:172Þ

By using the matrix-inversion lemma and Eq. (7.172), we can also obtain the

updating equation for QyðkÞ ¼ R̂
�1
y ðkÞ:

Qyðkþ 1Þ ¼ 1
a2

QyðkÞ �
QyðkÞyðkþ 1ÞyTðkþ 1ÞQyðkÞ
a2þ yTðkþ 1ÞQyðkÞyðkþ 1Þ

" #
ð7:173Þ

where a1; a2 denote the forgetting factors and satisfy 0\a1; a2� 1. The rules for
choosing the values of a1; a2 can be found in [45], and the interested readers may
refer to it for detail.

The above learning rule has fast convergence speed, but it can only extract one
GMC. By using the inflation technique, the above learning rule can accomplish the
extraction of multiple GMCs, whose detail implementation procedures are shown in
Table 7.2.

In the above table, kn is the largest generalized eigenvalue of the matrix pencil
ðRy;RxÞ. In many practical applications, although the value of kn is unknown, its
upper bound can be estimated based on the problem-specific knowledge [46]. After
the iteration procedure in Table 7.2, we can obtain vector sequences
wiði ¼ 1; 2; . . .; rÞ, which can justly compose the first r GMCs of the matrix pencil
ðRy;RxÞ.

The above inflation procedure is computationally expensive when extracting
higher-order components, and it belongs to sequential methods and this method
usually produces a long processing delay since the different components are
extracted one after another, but also it needs more memory to store the input
samples since they are repeatedly used. Different from the sequential methods, the
parallel methods can extract the components simultaneously and overcome the
drawbacks of the sequential methods. In the following, we will develop a parallel
multiple GMC extraction algorithm.

Table 7.2 The iteration
procedure for multiple GMC
extraction

Multiple GMC extraction by inflation method

Initialization: Set i ¼ 1 and R1 ¼ Ry

Iteration: For i ¼ 1; 2; . . .; r,
Step 1. Calculate the first FMC of the matrix pencil ðRi;RxÞ by
using Eq. (7.170), and denote it as wi

Step 2. Set i ¼ iþ 1, and update the matrix Ri by the following
equation:
Ri ¼ Ri�1þ sRxwi�1wT

i�1Rx
�

wT
i�1Rxwi�1

� � ð7:174Þ
where s is some constant and satisfies s[ kn
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7.4.2 A Weighted Information Criterion and Corresponding
Multiple GMC Extraction

(1) A weighted information criterion for multiple GMC extraction

In this section, Eq. (7.99) is modified into a multiple GMC extraction infor-
mation by using the weighted matrix method. Here, we denote this information
criterion as WGIC, which can be expressed as

W� ¼ argmax JWGICðWÞ
JWGICðWÞ ¼ 1

2
tr ln WTRxWA

� ��WTRyW
 � ð7:175Þ

where W 2 R
n�r is the state matrix of the neural networks and A ¼

diagða1; a2; . . .; arÞ is a diagonal matrix and its diagonal elements satisfy
a1 [ a2 [ � � � [ ar. The landscape of the WGIC is described by the following two
theorems.

(2) Landscape of Generalized Information Criterion

Theorem 7.5 In the domain X ¼ Wj0\WTRxW\1� �
, W is a stationary point

of JWGICðWÞ if and only if W ¼ LrK
�1

2
r Q0, where Kr is a r � r diagonal matrix,

whose diagonal elements are any r distinct generalized eigenvalues of the matrix
pencil ðRy;RxÞ, Lr is an n� r matrix and is composed of the corresponding
generalized eigenvectors, and Q0 is a permutation matrix.

Proof Since WTRxW is positive define in the domain X, it is invertible. By using
(7.175), we can calculate the first-order differential of JWGICðWÞ

dJWGICðWÞ ¼ d tr logðWTRxWAÞ �� trðWTRyWÞ
� �

¼ tr ðWTRxWAÞ�1AWTRxdW
h i

� trðWTRydWÞ
ð7:176Þ

Then, we can obtain the gradient of JWGICðWÞ with respect to W:

rJWGICðWÞ ¼ RxW AWTRxWA�1
� ��1�RyW ð7:177Þ

If W ¼ LrK
�1

2Q0, it is easy to show that rJWGICðWÞ ¼ 0. Conversely, by def-
inition, the stationary point of JWGICðWÞ satisfies rJWGICðWÞ ¼ 0. Then, we have

RxW AWTRxWA�1
� ��1¼ RyW ð7:178Þ
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Premultiplying both sides of (7.178) by WT, we can obtain

WTRxW AWTRxWA�1
� ��1¼ WTRyW ð7:179Þ

Let WTRxW ¼ Q1KpQT
1 and AWTRxWA�1 ¼ Q2KpQT

2 be the EVD of the two
matrices, respectively, where Q1 and Q2 are two orthonormal matrices. According
to the matrix theory, WTRxW has the same eigenvalues as matrix AWTRxWA�1.
Then, we can obtain

Q2KpQT
2 ¼ AQ1KpQT

1A
�1 ð7:180Þ

From the above equation, we have KpQT
2AQ1 ¼ QT

2AQ1Kp, which implies that
QT

2AQ1 must be a diagonal matrix since Kp has different diagonal elements. Since A
is also a diagonal matrix and Q1;Q2 are two orthonormal matrices, we have
Q1 ¼ Q2 ¼ I. By using this fact, we can obtain that WTRxW ¼ Kp. Substituting it
into Eq. (7.179) yields

WTRyW ¼ Ir ð7:181Þ

Substituting generalized eigen decomposition of Ry into the above formula, we
have Q0ð ÞTQ0 ¼ Ir, where Q0 ¼ K

1
2VTRxW, which means that the columns of Q0 are

orthonormal at any point of JWGICðWÞ. Hence, we can obtain that W ¼ LrK
1
2Q0 is a

stationary point of JWGICðWÞ.
Theorem 7.5 establishes the property of all the stationary point of JWGICðWÞ.

The following theorem will distinguish the global maximum point set attained by
W composing the desired GMCs from any other stationary point, which are saddle
points.

This completes the proof of Theorem 7.5.

Theorem 7.6 In the domain X, JWGICðWÞ has a global maximum that is attained if

and only if W ¼ L1K
�1

2

1 , where K1 ¼ diagð½k1; k2; . . .; kr�Þ is a diagonal matrix and
its diagonal elements are composed by the first r generalized eigenvalues of the
matrix pencil ðRy;RxÞ, L1 ¼ ½v1; v2; . . .; vr� is an n� r matrix and is composed of
the corresponding generalized eigenvectors. All the other stationary points are
saddle points of JWGICðWÞ. At this global maximum, we have

JWGICðWÞ ¼ 1=2ð Þ
Xr
i¼1

ai=ki � r

 !
ð7:182Þ
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Proof From (7.176), it is very easy to obtain the second order of JWGICðWÞ:

d2JWGICðWÞ ¼ d tr ðWTRxWAÞ�1AWTRxdW
h i

� trðWTRydWÞ
n o

¼ �tr d WT
� �

RydW
 �þ tr A�1WTRxWA

� ��1
d WT
� �

RxdW
h i

� tr ðA�1WTRxWAÞ�1dðA�1WTRxWAÞðA�1WTRxWAÞ�1WTRxdW
h i

¼ �tr d WT
� �

RydW
 �þ tr A�1WTRxWA

� ��1
d WT
� �

RxdW
h i

� tr ðA�1WTRxWAÞ�1 A�1dðWTÞRxWAþA�1WTRxdWA
� �h

� ðA�1WTRxWAÞ�1WTRxdW
i

¼ �tr d WT� �
RydW

 �þ tr A�1WTRxWA
� ��1

d WT� �
RxdW

h i
� tr ðWTRxWAÞ�1dðWTÞRxWðA�1WTRxWÞ�1WTRxdW

h i
� tr ðWTRxWAÞ�1WTRxdðWÞðA�1WTRxWÞ�1WTRxdW

h i
ð7:183Þ

Let HJWGICðWÞ be the Hessian matrix of JWGICðWÞ with respect to the nr-
dimensional vector vecðWÞ ¼ ½wT

1 ;w
T
2 ; . . .;w

T
r �, which is defined by

HJWGICðWÞ ¼ @

@ðvecðWÞÞT
@JWGICðWÞ
@ðvecðWÞÞT
 !T

ð7:184Þ

By using (7.183), we have

HJWGICðWÞ ¼ �Ir 
 Ryþ 1
2

AWTRxWA�1
� ��1h i


 Rxþ 1
2

A�1WTRxWA
� ��1h i


 Rx

� 1
2
ðAWTRxWÞ�1
h i


 RxWðA�1WTRxWÞ�1WTRx

h i
� 1
2
ðWTRxWAÞ�1
h i


 RxWðWTRxWA�1Þ�1WTRx

h i
� 1
2
Krn RxWðAWTRxWÞ�1

h i

 ðA�1WTRxWÞ�1WTRx

h in
þ RxWðWTRxWA�1Þ�1
h i


 ðWTRxWAÞ�1WTRx

h io
ð7:185Þ

where 
 means the Kronecker product and Krn is the rn� rn commutation matrix
such that KrnvecðMÞ ¼ vecðMTÞ for any matrix M. The commutation matrix Krn

has some good properties, such as for any matrices M1 2 Rm�n and M2 2 Rp�q,
there is
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KpmðM1 
M2Þ ¼ ðM2 
M1ÞKqn ð7:186Þ

This property will be used in the following derivations. Substituting Eq. (7.178)

into (7.185) and then calculating HJWGICðWÞ at the stationary point W ¼ L1K
�1

2

1 ,
we obtain

H� ¼ HJWGICðWÞjW¼L1K
�1
2

1

¼ �Ir 
 RyþK1 
 Rx � K1A�1
 �
 RxL1ALT

1Rx
 �

� 1
2
Krn RxL1ð Þ 
 Ir½ � K

1
2

1A
�1

� �

 AK

1
2

1

� �
þ K

1
2

1A
� �


 A�1K
1
2

1

� �h i
Ir 
 LT

1Rx
� � �
ð7:187Þ

Applying (7.186) to the third term on the right-hand side of (7.187) yields

Krn RxL1ð Þ 
 Ir½ � ¼ Ir 
 RxL1ð Þ½ �Krr ð7:188Þ

Substituting the generalized eigen decomposition of Ry ¼ RxL1K1LT
1Rxþ

RxLnKnLT
nRx and the fact Rx ¼ RxL1LT

1RxþRxLnLT
nRx into (7.187), after some

proper manipulations, we get

H� ¼ � Ir 
 RxL1ð Þ½ � Ir 
 K1½ � Ir 
 LT
1Rx

� � �
� Ir 
 RxLnð Þ½ � Ir 
 Kn½ � Ir 
 LT

nRx
� � �

þ Ir 
 RxL1ð Þ½ � K1 
 Ir½ � Ir 
 LT
1Rx

� � �
þ Ir 
 RxLnð Þ½ � K1 
 Ir½ � Ir 
 LT

nRx
� � �

� Ir 
 RxL1ð Þ½ � K1A�1
� �
 A
 �

Ir 
 LT
1Rx

� � �
� 1
2
Ir 
 RxL1ð Þ½ � Ir 
 LT

1Rx
� � �

� Krr K
1
2

1A
�1

� �

 AK

1
2

1

� �
þ K

1
2

1A
� �


 A�1K
1
2

1

� �h i

ð7:189Þ

Denote

D1 ¼ � Ir 
 K1½ � þ K1 
 Ir½ � � K1A�1
� �
 A
 �

� 1
2
Krr K

1
2

1A
�1

� �

 AK

1
2

1

� �
þ K

1
2

1A
� �


 A�1K
1
2

1

� �h i
ð7:190Þ

Then, it has the following EVD

D1 ¼ USUT ð7:191Þ
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where S ¼ diagðs1; s2; . . .; sr2Þ is a diagonal matrix whose diagonal elements are
composed by the r2 eigenvalues of D1 and V is an r2 � r2 orthogonal matrix
consisting of corresponding eigenvectors.

Substituting (7.191) into (7.189), we have

H� ¼ Ir 
 RxL1ð Þ½ � USUT� �
Ir 
 LT

1Rx
� � �þ Ir 
 RxLnð Þ½ � D2f g Ir 
 LT

nRx
� � �

¼ UT Ir 
 LT
1Rx

� �� �
Ir 
 LT

nRx
� �

" #T
S

D2

� 	
Ir 
 LT

1Rx
� �

Ir 
 LT
nRx

� �
" #

ð7:192Þ

where

D2 ¼ K1 
 Ir½ � � Ir 
 Kn½ � ð7:193Þ

It is obvious that D2 is a diagonal matrix. Equation (7.189) is actually the EVD
of H� whose eigenvalues are also the diagonal elements of both S and D2.

It is obvious that all the diagonal elements of D2 must be negative as long as
maxfk1; k2; . . .; kn�rg�minfkn�rþ 1; kn�rþ 2; . . .; kng. So we only need to deter-
mine whether the eigenvalues of G are negative or not. In order to illustrate this
problem, we follow the proof procedures in [47]. Let us consider one case for
r ¼ 2, then, we have

D1 ¼
�2k1

�k2þ k1 � a2
a1
k1 � a1

ffiffiffiffiffiffiffi
k1k2
p
2a2
� a2

ffiffiffiffiffiffiffi
k1k2
p
2a1

� a1
ffiffiffiffiffiffiffi
k1k2
p
2a2
� a2

ffiffiffiffiffiffiffi
k1k2
p
2a1

�k1þ k2 � a1
a2
k2

�2k2

2
664

3
775 ð7:194Þ

Without loss of generality, let a1 ¼ 1 and d ¼ k1=k2, then we can obtain the four
eigenvalues of the matrix G: They are given by s1 ¼ �2k1, s4 ¼ �2k2,
s2 ¼ �ðb -

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2þ 4c

p
Þ
.
2, and s3 ¼ �ðbþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2þ 4c

p
Þ
.
2, where b ¼ a2k1 �

k2=a2 and

c ¼ k1k2 ð�1þ d � a2dÞð�1þ 1=d � 1=a2dÞ � 1=2a2þ a2=2ð Þ2
h i

ð7:195Þ

Clearly, we only need to calculate the conditions where the eigenvalue s3 is

negative, i.e., we need to solve the inequality �bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2þ 4c

p
\0, where c\0.

After some manipulations, we have

a42þ 4 1� dð Þa32þ 4d � 10þ 4=d½ �a22 � 4 1=d � 1ð Þa2þ 1[ 0 ð7:196Þ

The above equation provides the relationship between a2 and d. Solving (7.196)
will give a required positive real root. For illustrative purpose, Fig. 7.6 shows the
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feasible domain of a2 versus d, which is highlighted by the shadow. From Fig. 7.6,
we can see that there always exists the properly chosen a2 so that (7.196) holds. It is
easy to verify the above conclusions hold for r[ 2. So we can conclude that all
eigenvalues of H� are negative as long as the following inequality holds:

maxfk1; k2; . . .; kn�rg� minfkn�rþ 1; kn�rþ 2; . . .; kng ð7:197Þ

Since H� is nonpositive definite if and only if minfk1; k2; . . .; kn�rg�
maxfkn�rþ 1; kn�rþ 2; . . .; kng. So at the stationary pointW ¼ LnK

�1
2, JWGICðWÞ has

the local maximum. Since JWGICðWÞ is unbounded as W tends to infinity, this is
also the global minimum. Except W ¼ LnK

�1
2, all other stationary points result in

H� being indefinite (having both positive and negative eigenvalues) and, thus, are
saddle points.

At the stationary point W ¼ LnK
�1

2Q, JGICðWÞ attains the global maximum
value

JWGICðWÞ ¼ 1=2ð Þ
Xr
i¼1

ai=ki � r

 !
ð7:198Þ

This completes the proof of Theorem 7.6.
Comparing Eq. (7.164) with Eq. (7.175), we can see that the differences of the

two information criteria are the weighted matrix and the dimension of the neural
network state matrix. If the state matrix in Eq. (7.175) is reduced to a vector and the
weighted matrix is set as A ¼ 1, then Eq. (7.175) will be equal to Eq. (7.164).
Since we have accomplished landscape analysis of (7.175) through Theorem 7.5
and Theorem 7.6, it will be a repeated work to analyze the landscape of Eq. (7.164).
Furthermore, if we set A ¼ Ir and Ry ¼ In, the information criterion JWGICðWÞ is
reduced to the AMEX criterion in [44], which is proposed for MCA. Therefore, the
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Fig. 7.6 Curve of the
relation of a2 to d
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proposed information criterion (7.175) is a universal criterion for MCA and GED
problems.

From [44], we know that the AMEX criterion has a symmetrical construction.
By introducing the weighted matrix A, we proposed an asymmetrical criterion. Let
us denote Rxy ¼ R�1y RxW and Rxw ¼ WTRxW, and substitute them into

Eq. (7.178). Then, we have W ¼ RxyðARxwA�1Þ�1. The function of the matrix
ARxwA�1 is to carry out an implicit Gram–Schmidt orthonormalization (GSO) on
the columns of Rxy [48]. As a result of the GSO operation, the columns of the state
matrix in the neural network will exactly correspond to the different GMCs of the
matrix pencil ðRy;RxÞ.
(3) Multiple GMC extraction algorithm

From Theorem 7.6, we can obtain that JWGICðWÞ has a global maximum and no
local ones. So the iterative algorithms like the gradient ascent search algorithm can
be used for finding the global maximum point of JWGICðWÞ. Given the gradient of
JWGICðWÞ with respect to W in (7.176), we can get the following gradient ascent
algorithm:

Wðkþ 1Þ ¼ WðkÞþ g RxWðkÞ AWTðkÞRxWðkÞA�1
� ��1�RyWðkÞ

h i
ð7:199Þ

If the matrices Ry and Rx are unknown, then Eqs. (7.171)–(7.173) can be used to
estimate them. It is well known that the matrix inverse can cause an adaptive
learning rate and improve the properties of the neural network algorithms. From this
point, we rewrite (7.199) as

Wðkþ 1Þ ¼ WðkÞþ g R�1y RxWðkÞ AWTðkÞRxWðkÞA�1
� ��1�WðkÞh i

ð7:200Þ

It is obvious that Eq. (7.200) has the same equilibrium point as Eq. (7.199).
Although the only difference between (7.200) and (7.199) is the location of the
matrix Ry, this modification actually changes the learning rate into an adjustable
value by using gR�1y . This modification can improve the performance of the original
gradient algorithm [44].

It should be noted that the proposed WGIC algorithm can extract the multiple
GMCs of the matrix pencil ðRy;RxÞ in parallel, not a basis of the generalized minor
space. This algorithm is also suitable for the cases where the generalized minor
space is only needed, since the GMCs can also be regarded as a special basis of the
generalized minor space; however, this solution is not the best way. Since the
weighted matrix A is to implement the GSO operation on the state matrix of the
neural network. So if we set A ¼ I in (7.199), then it will become a generalized
minor space tracking algorithm. Here, it is worth noting that algorithm (7.200) has
the self-stabilizing property, proof of which can refer to Sect. 7.3.2.
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In the following, we study the global convergence property of algorithm (7.199)
by the Lyapunov function approach.

Under the conditions that x and y are two zero-mean stationary process and the
learning rate g is small enough, the discrete-time difference Eq. (7.177) can be
approximated by the following continuous-time ordinary differential equation
(ODE):

dWðtÞ
dt
¼ RxW AWTRxWA�1

� ��1�RyW ð7:201Þ

where t ¼ gk. By analyzing the global convergence properties of (7.201), we will
establish the conditions for the global convergence of the batch algorithm (7.199).
In particular, we will answer the following questions:

1. Can the dynamical system be able to globally converge to the GMCs?
2. What is the domain of attraction around the stationary point attained at the

GMCs or equivalently, what is the initial condition to ensure the global
convergence?

In order to answer the above two questions, we define a function as follows:

LðWÞ ¼ 1
2
trðWTRyWÞ � 1

2
tr lnðWTRxWAÞ � ð7:202Þ

Then, we have that LðWÞ is a bounded function in the region
X ¼ Wj0\WTRxW\1� �

. According to the Lyapunov function approach, we
need to probe the first-order derivative of LðWÞ is nonpositive. By the chain rule of
differential matrix [49], we have

dLðWÞ
dt

¼ tr WTRy
dW
dt
� A�1WTRxWA
� ��1

WTRx
dW
dt

� 	

¼ �tr dWT

dt
dW
dt

� � ð7:203Þ

Note that the dependence on t in the above formula has been dropped for
convenience. From (7.203), it is easy to see that in the domain of attraction
W 2 X� WjW ¼ LnK

�1
2P

� �
, we have dW=dt 6¼ 0 and dLðWÞ=dt\0, then

dLðWÞ=dt ¼ 0 if and only if dW=dt ¼ 0 for W ¼ LnK
�1

2P. So LðWÞ will strictly
and monotonically decrease from any initial value of W in X. That is to say, LðWÞ
is a Lyapunov function for the domain X and WðtÞ will globally asymptotically
converge to the needed GMCs from any Wð0Þ 2 X.

7.4 Novel Multiple GMC Extraction Algorithm 227



7.4.3 Simulations and Application Experiments

In this section, we provide several experiments to demonstrate the behavior and
applicability of the proposed algorithms. The first experiment mainly shows the
capability of the WGIC algorithm to extract the multiple minor components, and the
second provides one example of practical applications.

(1) The ability to extract multiple GMCs

In this experiment, we provide simulation results to show the performance of the
proposed algorithm for multiple GMC extraction of a randomly generated matrix
pencil, which are given by

Ry ¼

0:5444 �0:0596 0:1235 0:0197 �0:0611 �0:1309 �0:0055
�0:0596 0:3892 �0:0583 �0:1300 0:0984 0:0138 0:1919
0:1235 �0:0583 0:5093 0:0570 0:0394 0:0582 �0:0140
0:0197 �0:1300 0:0570 0:3229 �0:0350 0:2035 �0:1035
�0:0611 0:0984 0:0394 �0:0350 0:4960 �0:0191 �0:1087
�0:1309 0:0138 0:0582 0:2035 �0:0191 0:3148 0:0212
�0:0055 0:1919 �0:0140 �0:1035 �0:1087 0:0212 0:2819

2
666666664

3
777777775

ð7:204Þ

and

Rx ¼

0:3979 0:0633 0:0294 0:0805 �0:0199 �0:1911 �0:1447
0:0633 0:5778 �0:0858 �0:0067 0:0971 0:0691 �0:0046
0:0294 �0:0858 0:5221 �0:0413 0:1534 0:1488 �0:1716
0:0805 �0:0067 �0:0413 0:6070 0:0896 �0:1212 0:0724
�0:0199 0:0971 0:1534 0:0896 0:5633 0:1213 0:0399
�0:1911 0:0691 0:1488 �0:1212 0:1213 0:3171 0:1417
�0:1447 �0:0046 �0:1716 0:0724 0:0399 0:1417 0:5541

2
666666664

3
777777775

ð7:205Þ

By using MATLAB toolboxes, we can obtain the generalized eigenvalues of
matrix pencil ðRy, RxÞ are k1 ¼ 0:1021, k2 ¼ 0:1612, k3 ¼ 0:6464, k4 ¼ 0:8352,
k5 ¼ 1:3525, k6 ¼ 2:1360, k7 ¼ 5:2276. Then, we use two different algorithms to
extract the first three GMCs of this matrix pencil, that is to say: r ¼ 3. The two
algorithms are

Algorithm 1: sequential extracting algorithm based on the deflation technique
given by Table 7.1.

Algorithm 2: gradient algorithm based on the weighted matrix given by (7.200).
The initial parameters for the two algorithms are set as follows: for Algorithm 1,

s ¼ 100 and g ¼ 0:2, and for Algorithm 2: A ¼ diagð½3; 2; 1�Þ and g ¼ 0:2. By
these settings, the two algorithms have the same learning rate. The initial state
vector or matrix is randomly generated. The simulation results are shown in
Fig. 7.7.
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From Fig. 7.7, we can see that after about 140 iteration steps, all the direction
cosine curves have converged to one, which means that both the Algorithm 1 and
the Algorithm 2 have the ability to extract the multiple GMCs of a matrix pencil.
Notice that the Algorithm 1 is a sequential extraction algorithm, so the next
component starts after the previous one has converged. That is to say, the actual
time instant for the start of the second GMC is k ¼ 160 instead of k ¼ 0 and that of
the third GMC is k ¼ 320 instead of k ¼ 0. The starting points of the last two
GMCs have been moved to the base point in this figure in order to save space. It is
shown in Fig. 7.7 that when using the Algorithm 2, the averaged convergence time
for each GMC is 80 iterations. By using this fact, we can obtain that the actual total
iterations for the convergence of three GMCs are about 240 iterations. However, the
total iteration by the Algorithm 1 is about 130, which is cheaper than that of the
Algorithm 2. Since derivation between the total iterations of the two algorithms will
increase as the extracted number of the GMCs, the Algorithm 2 is very suitable for
real applications, where multiple GMCs need fast parallel extraction.

(2) Practical applications

In this section, we provide one example of practical application to show the
effectiveness of our algorithm. An important application of the minor generalized
eigenvector is to solve data classification problem. In [50], Mangasarian and Wild
proposed a new approach called generalized eigenvalue proximal support vector
machine (GEPSVM) based on GED and provided an interesting example to illus-
trate the effectiveness of GEPSVM. In this section, we use our algorithm to classify
two data sets.

The input data vectors are generated through the following method. Firstly,
randomly take 15 points from the line y1 ¼ x1þ 2 and the line y2 ¼ �2x2þ 5,
respectively, and then add Gaussian noises to the 30 points; finally, we can obtain
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two data sets, which are close to one of two intersecting “cross-planes” in R
2. The

data points are shown in Fig. 7.8. The problem of data classification is to find two
planes such that each plane is as close as possible to one of the data sets and as far
as possible from the other data set. After some simplified calculation, the data
classification problem by GEPSVM method can be changed into a problem of
calculating the minor generalized eigenvector of two data matrices.

Figure 7.8 gives the two planes obtained by our proposed algorithms. From
Fig. 7.8, we can see that training set correctness is 100 percent, which means the
proposed algorithm has a satisfactory performance for solving data classification
problems.

7.5 Summary

In this chapter, the generalized eigen decomposition problem has been briefly
reviewed. Several well-known algorithms, e.g., generalized eigenvector extraction
algorithm based on Newton or quasi-Newton method, fast generalized eigenvector
tracking based on the power method, and generalized eigenvector extraction
algorithm based on RLS method, have been analyzed. Then, a minor generalized
eigenvector extraction algorithm proposed by us has been introduced, and its
convergence analysis has been performed via the DDT method. Finally, an infor-
mation criterion for GMCA is proposed, and a fast GMCA algorithm is derived by
using quasi-Newton method. This information criterion is extended into a weighted
one through the weighed matrix method so as to extract multiple generalized minor
components. A gradient algorithm is also derived based on this weighted infor-
mation criterion, and its convergence is analyzed by Lyapunov function approach.
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Chapter 8
Coupled Principal Component Analysis

8.1 Introduction

Among neural network-based PCA or MCA algorithms, most previously reviewed
do not consider eigenvalue estimates in the update equations of the weights, except
an attempt to control the learning rate based on the eigenvalue estimates [1]. In [2],
Moller provided a framework for a special class of learning rules where eigen-
vectors and eigenvalues are simultaneously estimated in coupled update equations,
and has proved that coupled learning algorithms are solutions for the speed stability
problem that plagues most noncoupled learning algorithms. The convergence speed
of a system depends on the eigenvalues of its Jacobian, which vary with the
eigenvalues of the covariance matrix in noncoupled PCA/MCA algorithms [2].
Moller showed that, in noncoupled PCA algorithms, the eigen motion in all
directions mainly depends on the principal eigenvalue of the covariance matrix [2].
Numerical stability and fast convergence of algorithms can only be achieved by
guessing this eigenvalue in advance [2]. In particular for chains of principal
component analyzers which simultaneously estimate the first few principal eigen-
vectors [3], choosing the right learning rates for all stages may be difficult. The
problem is even more severe for MCA algorithms. MCA algorithms exhibit a wide
range of convergence speeds in different eigen directions, since the eigenvalues of
the Jacobian cover approximately the same range as the eigenvalues of the
covariance matrix. Using small enough learning rates to still guarantee the stability
of the numerical procedure, noncoupled MCA algorithms may converge very
slowly [2].

In [2], Moller derived a coupled learning rule by applying Newton’s method to a
common information criterion. A Newton descent yields learning rules with
approximately equal convergence speeds in all eigen directions of the system.
Moreover, all eigenvalues of the Jacobian of such a system are approximately.
Thus, the dependence on the eigenvalues of the covariance matrix can be eliminated
[2]. Moller showed that with respect to averaged differential equations, this
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approach solves the speed stability problem for both PCA and MCA rules.
However, these differential equations can only be turned into the aforementioned
online rules for the PCA but not for the MCA case, leaving the more severe MCA
stability problem still unresolved [2]. Interestingly, unlike most existing adaptive
algorithms, the coupled learning rule for the HEP effectively utilizes the latest
estimate of the eigenvalue to update the estimate of the eigenvector [4]. Numerical
examples in [2] showed that this algorithm achieves fast and stable convergence for
both low-dimensional data and high-dimensional data. Unfortunately, there has
been no report about any explicit convergence analysis for the coupled learning
rule. Thus, the condition for the convergence to the desired eigen pair is not clear;
e.g., the region within which the initial estimate of the eigen pair must be chosen to
guarantee the convergence to the desired eigen pair has not yet been known [4].

Recently, Tuan Duong Nguyen et al. proposed novel algorithms in [4] for given
explicit knowledge of the matrix pencil (Ry, Rx). These algorithms for estimating
the generalized eigen pair associated with the largest/smallest generalized eigen-
value are designed (i) based on a new characterization of the generalized eigen pair
as a stationary point of a certain function and (ii) by combining a normalization step
and quasi-Newton step at each update. Moreover, the rigorous convergence analysis
of the algorithms was established by the DDT approach. For adaptive implemen-
tation of the algorithms, Tuan Duong Nguyen et al. proposed to use the expo-
nentially weighted sample covariance matrices and the Sherman–Morrison–
Woodbury matrix-inversion lemma.

The aim of this chapter was to develop some coupled PCA or coupled gener-
alized PCA algorithms. First, on the basis of a special information criterion in [5],
we propose a coupled dynamical system by modifying Newton’s method in this
chapter. Based on the coupled system and some approximation, we derive two
CMCA algorithms and two CPCA algorithms; thus, two unified coupled algorithms
are obtained [6]. Then, we propose a coupled generalized system in this chapter,
which is obtained by using the Newton’s method and a novel generalized infor-
mation criterion. Based on this coupled generalized system, we obtain two coupled
algorithms with normalization steps for minor/principal generalized eigen pair
extraction. The technique of multiple generalized eigen pair extraction is also
introduced in this chapter. The convergence of algorithms is justified by DDT
system.

In this chapter, we will review and discuss the existing coupled PCA or coupled
generalized PCA algorithms. Two coupled algorithms proposed by us will be
analyzed in detail. The remainder of this chapter is organized as follows. An
overview of the existing coupled PCA or coupled generalized PCA algorithms is
presented in Sect. 8.2. An unified and coupled self-stabilizing algorithm for minor
and principal eigen pair extraction algorithms are discussed in Sect. 8.3. An
adaptive generalized eigen pair extraction algorithms and their convergence anal-
ysis via DDT method are presented in Sect. 8.4, followed by summary in Sect. 8.5.
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8.2 Review of Coupled Principal Component Analysis

8.2.1 Moller’s Coupled PCA Algorithm

Learning rules for principal component analysis are often derived by optimizing
some information criterion, e.g., by maximizing the variance of the projected data
or by minimizing the reconstruction error [2, 7]. In [2], Moller proposed the fol-
lowing information criterion as the starting point of his analysis

p ¼ wTCwk�1 � wTwþ ln k: ð8:1Þ

where w denotes an n-dimensional weight vector, i.e., the estimate of the eigen-
vector, k is the eigenvalue estimate, and C = E{xxT} is the n� n covariance matrix
of the data. From (8.1), by using the gradient method and the Newton descent,
Moller derived a coupled system of differential equations for the PCA case

_w ¼ Cwk�1 � wwTCwk�1 � 1
2
w ð1� wTwÞ; ð8:2Þ

_k ¼ wTCw� wTwk; ð8:3Þ

and another for MCA case

_w ¼ C�1wkþwwTCwk�1 � 1
2
w ð1þ 3wTwÞ; ð8:4Þ

_k ¼ wTCw� wTwk: ð8:5Þ

For the stability of the above algorithms, see [2]. It has been shown that for the
above coupled PCA system, if we assume kj � k1, the system converges with
approximately equal speeds in all its eigen directions, and this speed is widely
independent of the eigenvalues kj of the covariance matrix. And for the above
coupled MCA system, if we assume k1 � kj, then the convergence speed is again
about equal in all eigen directions and independent of the eigenvalues of C.

By informally approximating C � xxT, the averaged differential equations of
(8.2) and (8.3) can be turned into an online learning rule:

_w ¼ c yk�1ðx� wyÞ � 1
2
w ð1� wTwÞ

� �
; ð8:6Þ

_k ¼ cðy2 � wTwkÞ: ð8:7Þ

According to the stochastic approximation theory, the resulting stochastic differ-
ential equation has the same convergence goal as the deterministic averaged equation
if certain conditions are fulfilled, the most important of which is that a learning rate
decreases to zero over time. The online rules (8.6) and (8.7) can be understood as a
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learning rule for the weight vector w of a linear neuron which computes its output
y from the scalar product of weight vector and input vector y = wTx.

In [2], the analysis of the temporal derivative of the (squared) weight vector
length in (8.6) has shown that the weight vector length may in general be fluctuating.
By further approximating wTw � 1 (which is fulfilled in the vicinity of the stationary
points) in the averaged systems (8.2) and (8.3), the following system can be derived

_w ¼ Cwk�1 � wwTCwk�1; ð8:8Þ
_k ¼ wTCw� k: ð8:9Þ

This learning rule system is known as ALA [1]. The eigenvalues of the system’s
Jacobian are still approximately equal and widely independent of the eigenvalues of
the covariance matrix. The corresponding online system is given by

_w ¼ cyk�1ðx� wyÞ; ð8:10Þ
_k ¼ cðy2 � kÞ: ð8:11Þ

It is obvious that ALA can be interpreted as an instance of Oja’s PCA rule.
From (8.4) and (8.5), it has been shown that having a Jacobian with eigenvalues

that are equal and widely independent of the eigenvalues of the covariance matrix
appears to be a solution for the speed stability problem. However, when attempting
to turn this system into an online rule, a problem is encountered when replacing the
inverse covariance matrix C−1 by a quantity including the input vector x. An
averaged equation linearly depending on C takes the form _w ¼ f ðC;wÞ ¼
f ðE xxTf g;wÞ¼ Eff ðxxT;wÞg. In an online rule, the expectation of the gradient is
approximated by slowly following _w ¼ cf ðxxT;wÞ for subsequent observations of
x. This transition is obviously not possible if the equation contains C−1. Thus, there
is no online version for the MCA systems (8.4) and (8.5). Despite using the
ALA-style normalization, the convergence speed in different eigen directions still
depends on the entire range of eigenvalues of the covariance matrix. So the speed
stability problem still exists.

8.2.2 Nguyen’s Coupled Generalized Eigen pairs Extraction
Algorithm

In [8], Nguyen proposed a generalized principal component analysis algorithm and
its differential equation form is given as:

_w ¼ R�1
x Ryw� wHRyww: ð8:12Þ
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Let W = [w1, w2,…, wN], in which w1, w2,…, wN are the generalized eigen-
vectors of matrix pencil (Ry, Rx). The Jacobian in the stationary point is given as:

Jðw1Þ ¼ @ _w
@wT w¼w1j ¼ R�1

x Ry � k1I � 2k1w1wH
1 Rx: ð8:13Þ

Solving for the eigenvectors of J can be simplified to the solving for the
eigenvector of its similar diagonally matrix J* = P−1JP, since J* and J have the
same eigenvectors and eigenvalues, and the eigenvalues of diagonal matrix J* are
easy to be obtained. Considering WHRxW = I, let P = W. Then we have
P−1=WHRx. Thus, it holds that

J�ðw1Þ ¼ WHRx R�1
x Ry � k1I � 2k1w1wH

1 Rx
� �

W

¼ K� k1I � 2k1WHRxw1 WHRxw1
� �HDy

Dx
:

ð8:14Þ

Since WHRxw1 = e1 = [1, 0,…, 0]T, (8.14) will be reduced to

J�ðw1Þ ¼ K� k1I � 2k1e1eH1 : ð8:15Þ

The eigenvalues a determined from det ðJ� � aIÞ ¼ 0 are given as:

a1 ¼ �2k1; aj ¼ kj � k1; j ¼ 2; . . .;N: ð8:16Þ

Since the stability requires a\0 and thus k1 � kj; j ¼ 2; 3; . . .; n, it can be seen
that only principal eigenvector–eigenvalue pairs are stable stationary points, and all
other stationary points are saddles or repellers, which can still testify that (8.12) is a
generalized PCA algorithm. In the practical signal processing applications, it
always holds that k1 � kj; j ¼ 2; 3; . . .; n. Thus, aj � −k1, i.e., the eigen motion in
all directions in algorithm (8.12) depends on the principal eigenvalue of the
covariance matrix. Thus, this algorithm has the speed stability problem.

In [4], an adaptive normalized quasi-Newton algorithm for generalized eigen
pair extraction was proposed and its convergence analysis was conducted. This
algorithm is a coupled generalized eigen pair extraction algorithm, which can be
interpreted as natural combinations of the normalization step and quasi-Newton
steps for finding the stationary points of the function

nðw; kÞ ¼ wHRywk
�1 � wHRxwþ ln k; ð8:17Þ

which is a generalization of the information criterion introduced in [2] for the
HEP. The stationary point of n is defined as a zero of

@n
@w
@n
@k

 !
¼ 2Rywk

�1 � 2Rxw
�wHRywk

�2 þ k�1

� �
: ð8:18Þ
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Hence, from

Ry�w ¼ �kRx�w
�wHRy�w ¼ �k

�
; ð8:19Þ

it can be seen that ð�w; �kÞ 2 CN �< is a stationary point of n, which implies that a
stationary point ð�w; �kÞ of n is a generalized eigen pair of the matrix pencil (Ry, Rx).
To avoid these computational difficulties encountered in Newton’s method, Nguyen
proposed to use approximations of H�1ðw; kÞ in the vicinity of two stationary
points of their special interest

H�1ðw; kÞ � eH�1
P ðw; kÞ ¼ 1

2

1
2ww

H � R�1
x �wk

�wHk 0

� �
; ð8:20Þ

for ðw; kÞ � ðvN ; kNÞ, and

H�1ðw; kÞ � eH�1
M ðw; kÞ ¼ 1

2
R�1
y k� 3

2ww
H �wk

�wHk 0

� �
; ð8:21Þ

for ðw; kÞ � ðv1; k1Þ. By applying Newton’s strategy for finding the stationary point
of n using the gradient (8.18) and the approximations (8.20) and (8.21), a learning
rule for estimating the generalized eigen pair associated with the largest generalized
eigenvalue was obtained as:

w ðkþ 1Þ ¼ wðkÞþ g1 R�1
x RywðkÞk�1ðkÞ	

�wHðkÞRy wðkÞwðkÞk�1ðkÞ � 1
2
wðkÞ½1� wHðkÞRx wðkÞ�



;

ð8:22Þ

kðkþ 1Þ ¼ kðkÞþ c1 wHðkþ 1ÞRywðkþ 1Þ � wHðkþ 1ÞRxwðkþ 1ÞkðkÞ� �
; ð8:23Þ

and a learning rule for estimating the generalized eigen pair associated with the
smallest generalized eigenvalue was obtained as:

w ðkþ 1Þ ¼ w ðkÞþ g2 R�1
y Rxw ðkÞk ðkÞ

n
þwHðkÞRyw ðkÞw ðkÞk�1ðkÞ

� 1
2
w ðkÞ 1þ 3wHðkÞRxw ðkÞ� �


;
ð8:24Þ

kðkþ 1Þ ¼ kðkÞþ c2 wHðkþ 1ÞRywðkþ 1Þ � wHðkþ 1ÞRxwðkþ 1ÞkðkÞ� �
; ð8:25Þ

where g1; c1; g2; c2 [ 0 are the step sizes, and ½wðkÞ; kðkÞ� is the estimate at time
k of the generalized eigen pair associated with the largest/smallest generalized
eigenvalue. By introducing the normalization step in the above learning rules at
each update, using the exponentially weighted sample covariance matrices bRy and
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bRx which are updated recursively, and using the Sherman–Morrison–Woodbury
matrix-inversion lemma, Nguyen’s coupled generalized eigen pair extraction
algorithm was obtained as follows.

Adaptive coupled generalized PCA algorithm:

~wðkÞ ¼ wðk � 1Þþ g1
kðk � 1Þ QxðkÞbRyðkÞwðk � 1Þ


�wHðk � 1ÞbRyðkÞwðk � 1Þwðk � 1Þ

�
;

ð8:26Þ

wðkÞ ¼ ~wðkÞ
~wðkÞk kbRxðkÞ

; ð8:27Þ

k ðkÞ ¼ 1� c1ð Þk ðk � 1Þþ c1w
HðkÞbRyðkÞwðkÞ; ð8:28Þ

and adaptive coupled generalized MCA algorithm:

~wðkÞ ¼ wðk � 1Þþ g2 QyðkÞbRxðkÞw k � 1ð Þ


k k � 1ð Þ

þwH k � 1ð ÞbRyðkÞw k � 1ð Þw k � 1ð Þk�1 k � 1ð Þ � 2w k � 1ð Þ
�
;

ð8:29Þ

wðkÞ ¼ ~wðkÞ
~wðkÞk kbRxðkÞ

; ð8:30Þ

kðkÞ ¼ 1� c2ð Þk k � 1ð Þþ c2w
HðkÞbRyðkÞw ðkÞ; ð8:31Þ

where uk kRx
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

uHRxu
p

is defined as the Rx-norm, Qx ¼ R�1
x , Qy ¼ R�1

y , which
are updated recursively as follows:

bRyðkþ 1Þ ¼ bbRyðkÞþ yðkþ 1ÞyHðkþ 1Þ; ð8:32Þ

bRxðkþ 1Þ ¼ abRxðkÞþ xðkþ 1ÞxHðkþ 1Þ; ð8:33Þ

Qx kþ 1ð Þ¼ 1
a

QxðkÞ �
QxðkÞx kþ 1ð ÞxH kþ 1ð ÞQxðkÞ
aþ xH kþ 1ð ÞQxðkÞx kþ 1ð Þ

� �
; ð8:34Þ

Qy kþ 1ð Þ¼ 1
b

QyðkÞ �
QyðkÞy kþ 1ð ÞyH kþ 1ð ÞQyðkÞ
bþ yH kþ 1ð ÞQyðkÞy kþ 1ð Þ

 !
; ð8:35Þ

where a; b 2 ð0; 1Þ are the forgetting factors.
Different from the analysis of Möller’s coupled algorithm, the convergence

analysis of Nguyen algorithm in [4] was not conducted via the eigenvalue of
Jacobian matrix. Nguyen established rigorous analysis of the DDT systems
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showing that, for a step size within a certain range, the algorithm converges to the
orthogonal projection of the initial estimate onto the generalized eigen-subspace
associated with the largest/smallest generalized eigenvalue.

Next, we analyze the convergence of Nguyen’s algorithm via the eigenvalues of
Jacobian matrix.

By ignoring the normalization step (8.27), the differential equation form of
GPCA algorithms (8.26) and (8.28) can be written as:

_w ¼ k�1 R�1
x Ryw� wHRyww

� �
; ð8:36Þ

_k ¼ wHRyw� k: ð8:37Þ

The Jacobian matrix at the stationary point (w1, k1) is given as:

Jðw1; k1Þ ¼
@ _w
@wT

@ _w
@k

@ _k
@wT

@ _k
@k

 !�����
ðw1; k1Þ

;

¼ k�1
1 R�1

x Ry � I � 2w1wH
1 Rx 0

2k1wH
1 Rx �1

 !
:

ð8:38Þ

Let

P ¼ W 0
0T 1

� �
: ð8:39Þ

Then, it can be easily seen that

P�1 ¼ WHRx 0
0T 1

� �
: ð8:40Þ

Solving for the eigenvectors of J can then be simplified to the solving for the
eigenvector of its similar diagonally matrix J* = P−1JP. Then it holds that

J�ðw1; k1Þ ¼ k�1
1 K� I � 2e1eH1 0

2k1eH1 �1

� �
: ð8:41Þ

The eigenvalues a determined from det ðJ� � aIÞ ¼ 0 are

a1 ¼ �2; aNþ 1 ¼ �1; aj ¼ kj
k1

� 1; j ¼ 2; . . .;N: ð8:42Þ

Since the stability requires a\0 and thus kj\k1; j ¼ 2; 3; . . .; n, it can be seen
that only principal eigenvector–eigenvalue pairs are stable stationary points, and all
other stationary points are saddles or repellers. If we further assume that k1 � kj,
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then a j� −1, j ¼ 2; 3; . . .; n. That is to say, the eigen motion in all directions in the
algorithm do not depend on the generalized eigenvalue of the covariance matrix of
input signal. Thus, this algorithm does not have the speed stability problem. Similar
analysis can be applied to the GMCA algorithms (8.29) and (8.31).

8.2.3 Coupled Singular Value Decomposition
of a Cross-Covariance Matrix

In [9], a coupled online learning rule for the singular value decomposition (SVD) of
a cross-covariance matrix was derived. In coupled SVD rules, the singular value is
estimated alongside the singular vectors, and the effective learning rates for the
singular vector rules are influenced by the singular value estimates [9]. In addition,
a first-order approximation of Gram–Schmidt orthonormalization as decorrelation
method for the estimation of multiple singular vectors and singular values was used.
It has been shown that the coupled learning rules converge faster than Hebbian
learning rules and that the first-order approximation of Gram–Schmidt orthonor-
malization produces more precise estimates and better orthonormality than the
standard deflation method [9].

The neural network and its learning algorithm for the singular value decompo-
sition of a cross-covariance matrix will be discussed in Chap. 9, in which the
coupled online learning rules for the SVD of a cross-covariance matrix will be
analyzed in detail.

8.3 Unified and Coupled Algorithm for Minor
and Principal Eigen Pair Extraction

Coupled algorithm can mitigate the speed stability problem which exists in most
noncoupled algorithms. Though unified algorithm and coupled algorithm have
these advantages over single purpose algorithm and noncoupled algorithm,
respectively, there are only few of unified algorithms, and coupled algorithms have
been proposed. Moreover, to the best of the authors’ knowledge, there are no both
unified and coupled algorithms which have been proposed. In this chapter, based on
a novel information criterion, we propose two self-stabilizing algorithms which are
both unified and coupled. In the derivation of our algorithms, it is easier to obtain
the results compared with traditional methods, because there is no need to calculate
the inverse Hessian matrix. Experiment results show that the proposed algorithms
perform better than existing coupled algorithms and unified algorithms.
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8.3.1 Couple Dynamical System

The derivation of neural network learning rules often starts with an information
criterion, e.g., by maximization of the variance of the projected data or by mini-
mization of the reconstruction error [7]. However, as stated in [10], the freedom of
choosing an information criterion is greater if Newton’s method is applied because
the criterion just has to have stationary points in the desired solutions. Thus in [2],
Moller proposed a special criterion. Based on this criterion and by using Newton’s
method, Moller derived some CPCA learning rules and a CMCA learning rule.
Based on another criterion, Hou [5] derived the same CPCA and CMCA learning
rules as that of Moller’s, and Appendix 2 of [5] showed that it is easier and clearer
to approximate the inverse of the Hessian.

To start the analysis, we use the same information criterion as Hou’s, which is

p ¼ wTCw� wTwkþ k ð8:43Þ

where C ¼ E xxTf g 2 <n�n is the covariance matrix of the n-dimensional input data
sequence x, w 2 <n�1 and k 2 < denotes the estimation of eigenvector (weight
vector) and eigenvalue of C, respectively.

It is found that

@p
@w

¼ 2Cw� 2kw ð8:44Þ

@p
@k

¼ �wTwþ 1: ð8:45Þ

Thus, the stationary points ð�w; �kÞ of (8.43) are defined by

@p
@w

����
ð�w;�kÞ

¼ 0;
@p
@k

����
ð�w;�kÞ

¼ 0: ð8:46Þ

Then, we can obtain

C�w ¼ �k�w; ð8:47Þ

�wT�w ¼ 1 ð8:48Þ

from which we can also conclude that �wTC�w ¼ �k. Thus, the criterion (8.43) fulfills
the aforementioned requirement: The stationary points include all associated
eigenvectors and eigenvalues of C. The Hessian of the criterion is given as:
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H ðw; kÞ ¼
@2p
@w2

@2p
@w@k

@2p
@k@w

@2p
@k2

 !
¼ 2

C � kI �w
�wT 0

� �
: ð8:49Þ

Based on the Newton’s method, the equation used by Moller and Hou to derive
the differential equations can be written as:

_w
_k

� �
¼ �H�1ðw; kÞ

@p
@w
@p
@k

 !
: ð8:50Þ

Based on different information criteria, both Moller and Hou tried to find the
inverse of their Hessian H�1ðw; kÞ. Although the inverse Hessian of Moller and
Hou is different, they finally obtained the same CPCA and CMCA rules [5]. Here
we propose to derive the differential equation with another technical, which is

Hðw; kÞ _w
_k

� �
¼ �

@p
@w
@p
@k

 !
: ð8:51Þ

In this case, there is no need to calculate the inverse Hessian. Substituting (8.44),
(8.45), and (8.49) into (8.51), it yields

2
C � kI �w
�wT 0

� �
_w
_k

� �
¼ � 2Cw� 2kw

�wTwþ 1

� �
: ð8:52Þ

Then we can get

ðC � kIÞ _w� w _k ¼ �ðC � kIÞw ð8:53Þ

�2wT _w ¼ wTw� 1: ð8:54Þ

In the vicinity of the stationary point ðw1; k1Þ, by approximating
w � w1; k � k1 � kj ð2	 j	 nÞ, and after some manipulations (see Appendix A
in [6]), we get a coupled dynamical system as

_w ¼ C�1wðwTwþ 1Þ
2wTC�1w

� w ð8:55Þ

_k ¼ wTwþ 1
2

1

wTC�1w
� k

� �
: ð8:56Þ
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8.3.2 The Unified and Coupled Learning Algorithms

8.3.2.1 Coupled MCA Algorithms

The differential equations can be turned into the online form by informally
approximating C = x(k)xT(k), where x(k) is a data vector drawn from the distri-
bution. That is, the expression of the rules in online form can be approximated by
slowly following w(k + 1) = f(x(k)xT(k); w(k)) for subsequent observations of
x. Moller has pointed out [2] that this transition is infeasible if the equation contains
C−1, because it is hard to replace the inverse matrix C−1 by an expression con-
taining the input vector x. However, this problem can be solved in another way [11,
12], in which C−1 is updated as

bC�1ðkþ 1Þ ¼ kþ 1
k

bC�1ðkÞ �
bC�1ðkÞ xðkþ 1ÞxTðkþ 1Þ bC�1ðkÞ
kþ xTðkþ 1Þ bC�1ðkÞ xTðkþ 1Þ

" #
ð8:57Þ

where bC�1ðkÞ starts with bC�1ð0Þ ¼ I and converges to C�1 as k ! 1.Then, the
CMCA system (8.55)–(8.56) has the online form as:

wðkþ 1Þ ¼ wðkÞþ cðkÞ ½wTðkÞwðkÞþ 1�QðkÞwðkÞ
2wTðkÞQðkÞwðkÞ � wðkÞ

� 

ð8:58Þ

kðkþ 1Þ ¼ kðkÞþ cðkÞw
TðkÞwðkÞþ 1

2
1

wTðkÞQðkÞwðkÞ � kðkÞ
� �

ð8:59Þ

Qðkþ 1Þ ¼ kþ 1
ak

QðkÞ � QðkÞ xðkþ 1Þ xTðkþ 1ÞQðkÞ
kþ xTðkþ 1ÞQðkÞ xTðkþ 1Þ

� �
ð8:60Þ

where 0\a	 1 denotes the forgetting factor and cðkÞ is the learning rate. If all
training samples come from a stationary process, we choose a ¼ 1. QðkÞ ¼ C�1ðkÞ
starts with Qð0Þ ¼ I. Here, we refer to the rule (8.55)–(8.56) and its online form
(8.58)–(8.60) as “fMCA,” where f means fast. In the rest of this section, the online
form (which is used in the implementation) and the differential matrix form (which
is used in the convergence analysis) of a rule have the same name, and we will not
emphasize this again. If we further approximate wTw � 1 (which fulfills in the
vicinity of the stationary points) in (8.55)–(8.56), we can obtain q simplified CMCA
system

_w ¼ C�1w
2wTC�1w

� w ð8:61Þ

_k ¼ 1

wTC�1w
� k ð8:62Þ
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and the online form is given as:

wðkþ 1Þ ¼ wðkÞþ cðkÞ QðkÞwðkÞ
wTðkÞQðkÞwðkÞ � wðkÞ
� 


ð8:63Þ

kðkþ 1Þ ¼ kðkÞþ cðkÞ 1
wTðkÞQðkÞwðkÞ � kðkÞ
� �

ð8:64Þ

where Q(k) is updated by (8.60). In the following, we will refer to this algorithm as
“aMCA,” where a means adaptive.

8.3.2.2 Coupled PCA Algorithms

It is known that in unified rules, MCA rules can be derived from PCA rules by
changing the sign or using the inverse of the covariance matrix, and vice versa.
Here we propose to derive unified algorithms by deriving CPCA rules from CMCA
rules. Suppose that the covariance matrix C has an eigen pair ðw; kÞ; then it holds
that [13] Cw ¼ kw and C�1w ¼ k�1w, which means that the minor eigen pair of
C is also the principal eigen pair of the inverse matrix C�1, and vice versa.
Therefore, by replacing C�1 with C in fMCA and aMCA rules, respectively, we
obtain two modified rules to extract the principal eigen pair of C, which is also the
minor eigen pair of C�1. The modified rules are given as:

_w ¼ Cw ðwTwþ 1Þ
2wTCw

� w ð8:65Þ

_k ¼ wTwþ 1
2

wTCw� k
� � ð8:66Þ

and

_w ¼ Cw
2wTCw

� w ð8:67Þ

_k ¼ wTCw� k: ð8:68Þ

Since the covariance matrix C is usually unknown in advance, we use its esti-

mate at time k by bCðkÞ suggested in [11], which is

bCðkþ 1Þ ¼ a
k

kþ 1
bCðkÞþ 1

kþ 1
xðkþ 1ÞxTðkþ 1Þ ð8:69Þ

8.3 Unified and Coupled Algorithm for Minor and Principal … 247



where bCðkÞ starts with bCð0Þ ¼ xð0ÞxTð0Þ (or I). Actually, (8.57) is obtained from
(8.69) by using the SM-formula. Then, the online form of (8.65)–(8.66) and (8.67)–
(8.68) is given as:

wðkþ 1Þ ¼ wðkÞþ cðkÞ
wTðkÞ bCðkÞwðkÞþ 1
h ibCðkÞwðkÞ

2wTðkÞbCðkÞwðkÞ � wðkÞ
8<
:

9=
; ð8:70Þ

kðkþ 1Þ ¼ kðkÞþ cðkÞw
TðkÞwðkÞþ 1

2
wTðkÞbCðkÞwðkÞ � kðkÞ
h i

ð8:71Þ

and

wðkþ 1Þ ¼ wðkÞþ cðkÞ
bCðkÞwðkÞ

wTðkÞ bCðkÞwðkÞ � wðkÞ
( )

ð8:72Þ

kðkþ 1Þ ¼ kðkÞþ cðkÞ wTðkÞ bCðkÞwðkÞ � kðkÞ
h i

ð8:73Þ

respectively. Here we rename this algorithm deduced from fMCA and aMCA as
“fPCA” and “aPCA,” respectively. Finally, we obtain two unified and coupled
algorithms. The first one is fMCA + fGPCA, and the second one is
aMCA + aPCA. These two unified algorithms are capable of both PCA and MCA
by using the original or inverse of covariance matrix.

8.3.2.3 Multiple Eigen Pairs Estimation

In some engineering practice, it is required to estimate the eigen-subspace or
multiple eigen pairs. As introduced in [4], by using the nested orthogonal com-
plement structure of the eigen-subspace, the problem of estimating the p(	 n)-
dimensional principal/minor subspace can be reduced to multiple principal/minor
eigenvectors estimation. The following shows how to estimate there maining p − 1
principal/minor eigen pairs.

For the CMCA case, consider the following equations:

bC j ¼ bC j�1 þ gkj�1wj�1wT
j�1; j ¼ 2; . . .; p ð8:74Þ

where bC1 ¼ bC and g is larger than the largest eigenvalue of bC, and ðwj�1; kj�1Þ is
the (j − 1)th minor eigen pair of bC that has been extracted. It is found that
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bC jwq ¼ ðbC j�1 þ gkj�1wT
j�1Þwq

¼ ðbC1 þ g
Xj�1

r¼1

krwrwT
r Þwq

¼ bC1wq þ g
Xj�1

r¼1

krwrwT
r wq

¼
bC1wq þ gkqwq ¼ ð1þ gÞkqwq for q ¼ 1; . . .; j� 1bC1wq ¼ kqwq for q ¼ j; . . .; p

(
:

ð8:75Þ

Suppose that matrix bC1 has eigenvectors w1;w2; . . .;wn corresponding to
eigenvalues ð0\Þ r1\r2\ 
 
 
\rn, and then matrix Cj has eigenvectors
wj; . . .;wn; w1; . . .;wj�1 corresponding to eigenvalues ð0\Þrj\ 
 
 
\rn
\ð1þ gÞr1\ 
 
 
\ð1þ gÞrj�1. In this case, rj is the smallest eigenvalue of Cj.
Based on the SM-formula, we have

Qj ¼ C�1
j ¼ ðCj�1 þ gkj�1wj�1wT

j�1Þ�1

¼ C�1
j�1 �

gkj�1C�1
j�1wj�1wT

j�1C
�1
j�1

1þ gkj�1wT
j�1
bC�1
j�1wj�1

¼ Qj�1 �
gkj�1Qj�1wj�1wT

j�1Qj�1

1þ gkj�1wT
j�1Qj�1wj�1

; j ¼ 2; . . .; p:

ð8:76Þ

Thus, by replacing bQ with bQj in (8.58)–(8.59) or (8.63)–(8.64), they can be used

to estimate the jth minor eigen pair ðwj; kjÞ of bC.
For the CPCA case, consider the following equations

Cj ¼ Cj�1 � kj�1wj�1wT
j�1; j ¼ 2; . . .; p ð8:77Þ

where ðwj�1; kj�1Þ is the (j − 1)th principal eigen pair that has been extracted. It is
found that

bC jwq ¼ ðbC j�1 � kj�1wj�1wT
j�1Þwq

¼ ðbC1 �
Xj�1

r¼1

krwrwT
r Þwq

¼ bC1wq �
Xj�1

r¼1

krwrwT
r wq

¼ 0 for q ¼ 1; . . .; j� 1bC1wq ¼ kqwq for q ¼ j; . . .; p

�
:

ð8:78Þ
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Suppose that the matrix bC1 has eigenvectors w1;w2; . . .;wn corresponding to
eigenvalues r1 [ r2 [ 
 
 
 [ rnð[ 0Þ, and then the matrix Cj has eigenvectors
wj; . . .;wn;w1; . . .;wj�1 corresponding to eigenvalues rj [ 
 
 
 [ rn [
r̂1 ¼ 
 
 
 ¼ r̂j�1ð¼ 0Þ. In this case, rj is the largest eigenvalue of Cj. Thus, by

replacing bC with bC j in (8.70)–(8.71) or (8.72)–(8.73), they can be used to estimate

the jth principal eigen pair ðwj; kjÞ of bC.

8.3.3 Analysis of Convergence and Self-stabilizing Property

The major work of convergence analysis of coupled rules is to find the eigenvalues
of the Jacobian

J ðw1; k1Þ ¼
@ _w
@wT

@ _w
@k

@ _k
@wT

@
__k

@k

 !
ð8:79Þ

of the differential equations for a stationary point ðw1; k1Þ. For fMCA rule, after
some manipulations (see Appendix B in [6]), we get

JfMCAðw1; k1Þ ¼ C�1k1 � I � w1wT
1 0

�2k1wT
1 �1

� �
: ð8:80Þ

The Jacobian can be simplified by an orthogonal transformation with

U ¼ W 0
0T 1

� �
: ð8:81Þ

The transformed Jacobian J� ¼ UTJU has the same eigenvalues as J. In the

vicinity of a stationary point ðw1; k1Þ, we approximate W
T
w � e1 and obtain

J�fMCAðw1; k1Þ ¼
�K�1k1 � I � e1eT1 0

�2k1eT1 �1

� �
: ð8:82Þ

The eigenvalues a of J� are determined as detðJ� � aIÞ ¼ 0, which are

a1 ¼ anþ 1 ¼ �1; aj ¼ k1
kj

� 1 �k1�kj �1; j ¼ 2; . . .; n: ð8:83Þ

Since stability requires a\0 and thus k1\kj; j ¼ 2; . . .; n, we find that only
minor eigen pairs are stable stationary points, while all others are saddles or
repellers. What’s more, if we further assume k1 � kj; all eigenvalues are a � �1.
Hence, the system converges with approximately equal speed in all its eigen
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directions, and this speed is widely independent of the eigenvalues kj of the
covariance matrix [2]. That is to say, the speed stability problem does not exist in
fMCA algorithm.

Similarly, for aMCA rule, we analyze the stability by finding the eigenvalues of

J�aMCAðw1; k1Þ ¼
�K�1k1 � I � 2e1eT1 0

�2k1eT1 �1

� �
ð8:84Þ

which are

a1 ¼ �2; anþ 1 ¼ �1; aj ¼ k1
kj

� 1; j ¼ 2; . . .; n: ð8:85Þ

The situation of aMCA is similar to that of fMCA, and the only difference is that
the first eigenvalue of Jacobian is a1 ¼ �1 for fMCA and a1 ¼ �2 for aMCA.
Thus, the convergence speed of fMCA and aMCA is almost the same.

Similarly, the transformed Jacobian functions of fPCA and aPCA are given as:

J�fPCAðw1; k1Þ ¼
�K�1k1 � I � e1eT1 0

2k1eT1 �1

� �
ð8:86Þ

and

J�aPCAðw1; k1Þ ¼
�K�1k1 � I � 2e1eT1 0

2k1eT1 �1

� �
ð8:87Þ

respectively. And the eigenvalues of (8.86) and (8.87) are given as:

a1 ¼ anþ 1 ¼ �1; aj ¼ kj
kn

� 1 �kn�kj �1; j ¼ 1; . . .; n� 1 ð8:88Þ

a1 ¼ �2; anþ 1 ¼ �1; aj ¼ kj
kn

� 1 �kn�kj �1; j ¼ 1; . . .; n� 1 ð8:89Þ

respectively. We can see that only principal eigen pairs are stable stationary points,
while all others are saddles or repellers. We can further assume k1 � kj and thus
aj � �1 ðj 6¼ 1Þ for fPCA and aPCA.

The analysis of the self-stabilizing property of the proposed algorithms is
omitted here. For details, see [6].
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8.3.4 Simulation Experiments

In this section, we provide several experiments to illustrate the performance of the
proposed algorithms in comparison with some well-known coupled algorithms and
unified algorithms. Experiments 1 and 2 mainly show the stability of proposed
CMCA and CPCA algorithms in comparison with existing CMCA and CPCA
algorithms, respectively. In experiment 3, the self-stabilizing property of the pro-
posed algorithm is shown. In experiment 4, we compare the performance of aMCA
and aPCA with that of two unified algorithms. Experiments 5 and 6 illustrate some
examples of practical applications.

In experiments 1–4, all algorithms are used to extract the minor or principal
component from a high-dimensional input data sequence, which is generated from
x ¼ B 
 yðtÞ; where each column of B 2 <30�30 is Gaussian with variance 1/30, and
yðtÞ 2 <30�1 is Gaussian and randomly generated.

In all experiments, to measure the estimation accuracy, we compute the norm of
eigenvector estimation (weight vector) wðkÞk k and the projection ½wðkÞ� of the
weight vector onto the true eigenvector at each step:

wðkÞ ¼ wTðkÞw1j j
wðkÞk k

where w1 is the true minor (for MCA) or principal (for PCA) eigenvector with unit
length.

Unless otherwise stated, we set the initial conditions of experiments 1–4 as
follows: (1) The weight vector is initialized with a random vector (unit length).
(2) The learning rate cðkÞ starts at cð0Þ ¼ 10�2 and decays exponentially toward
zero with a final value c ðkmaxÞ ¼ 10�4. (3) We set a ¼ 1 (if used), and k ð0Þ ¼
0:001 for all cMCA and cPCA algorithms.

In experiments 1 and 2, kmax = 20,000 training steps are executed for all algo-
rithms. In order to test the stability of the proposed algorithms, after 10,000 training
steps, we drastically change the input signals; thus, the eigen information changed
suddenly. All algorithms start to extract the new eigen pair since k = 10001. The
learning rate for nMCA is 10 times smaller than that for the others. Then, 20 times
of Monte Carlo simulation are executed for all experiments.

Figure 8.1 shows the time course of the projection of minor weight vector. We
can see that in all rules except mMCA the projection converges toward unity; thus,
these weight vectors align with the true eigenvector. The convergence speed of
mMCA is lower than that of the others and the projection of mMCA cannot
converge toward unity within 10,000 steps. We can also find that the convergence
speed of fMCA and aMCA rules is similar, and higher than that of the others. We
can also find that, at time step k = 10,001, where the input signals changed sud-
denly, all algorithms start to extract the new eigen pair. Figure 8.2 shows the time
course of weight vector length. We can find that the vector length of nMCA
converges to a nonunit length. The convergence speed and the stability of fMCA
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and aMCA are higher and better than that of the others. It can be seen that the
convergence speed of aMCA is a bit higher than that of fMCA.

Figure 8.3 shows the time course of the minor eigenvalue estimation. We can
see that mMCA cannot extract the minor eigenvalue as effective as the other
algorithms after the input signals changed. From Figs. 8.1 to 8.3, we can conclude
that the performance of fMCA and aMCA is better than that of the other cMCA
algorithms. Moreover, nMCA contains C and C−1 simultaneously in the equations,
and we can prove that mMCA also has the speed stability problem though it is a
coupled rule. These may be the reason why our algorithms perform better than
nMCA and mCMA.

In experiment 2, we compare the performance of fPCA and aPCA with that of
ALA and nPCA. The time course of the projection and the eigenvector length of
principal weight vector are shown in Figs. 8.4 and 8.5, and the principal eigenvalue
estimation is shown in Fig. 8.6, respectively. In Fig. 8.5, the curves for fPCA and
aPCA are shown in a subfigure because of its small amplitude. We can see that the
convergence speed of fPCA and aPCA is similar to that of nPCA and ALA, but
fPCA and aPCA have less fluctuations over time compared with nPCA and ALA.

Fig. 8.1 Projection of weight
vector onto the true minor
eigenvector

Fig. 8.2 Weight vector
length
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Fig. 8.3 Minor eigenvalue
estimation

Fig. 8.4 Projection of weight
vector onto the true principal
eigenvector

Fig. 8.5 Weight vector
length
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This is actually because that in fPCA and aPCA the covariance matrix C is updated
by (8.69) while in nPCA and ALAC that is updated by C(k) = x(k) xT(k).

Experiment 3 is used to test the self-stabilizing property of the proposed algo-
rithms. Figure 8.7 shows the time course of weight vector length estimation of
fMCA, aMCA, fPCA, and aPCA which are initialized with nonunit length. We can
find that all algorithms converge to unit length rapidly, which shows the
self-stabilizing property of eigenvector estimates. The self-stabilizing property of
eigenvalue estimates is shown in Figs. 8.3 and 8.6. From the results of experiments
1–3, we can see that the performance off MCA and fPCA is similar to that of aMCA
and aPCA, respectively. Thus in experiment 4, we only compare the performance of
aMCA and aPCA with that of two unified algorithms which were proposed in
recent years, i.e., (1) kMCA + kPCA [14], where k means this algorithm was

Fig. 8.6 Principal eigenvalue
estimation

Fig. 8.7 Weight vector length
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proposed by Kong;(2) pMCA + pPCA [15], where p means this algorithm was
proposed by Peng. The time course of the projection of weight vector onto the true
principal/minor eigenvector and the weight vector length is shown in Figs. 8.8 and
8.9, respectively. In Fig. 8.9, the first 1000 steps of aMCA and kMCA are shown in
a subfigure. We can see that the proposed algorithms perform better the existing
unified algorithms.

Fig. 8.8 Projection of weight vector onto the true principal/minor eigenvector

Fig. 8.9 Weight vector length
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In summary, we propose a novel method to derive neural network algorithms
based on a special information criterion. We firstly obtain two CMCA algorithms
based on the modified Newton’s method. Then, two CPCA rules are obtained from
the CMCA rules. In this case, two unified and coupled algorithms are obtained,
which are capable of both PCA and MCA and can also mitigate the speed-stability
problem. The proposed algorithms converge faster and are more stable than existing
algorithms. Moreover, all of the proposed algorithms are self-stabilized.

8.4 Adaptive Coupled Generalized Eigen Pairs Extraction
Algorithms

In [4], based on Moller’s work, Nguyen developed two well-performed quasi-
Newton-type algorithms to extract generalized eigen pairs. Actually, Nguyen’s
algorithms are the generalization of Moller’s coupled learning algorithms. But with
DDT approach, Nguyen also reported the explicit convergence analysis for their
learning rules, i.e., the region within which the initial estimate of the eigen pair
must be chosen to guarantee the convergence to the desired eigen pair. However, as
stated in [4], the GMCA algorithm proposed in [4] may lose robustness when the
smallest eigenvalue of the matrix pencil is far less than 1.

Motivated by the efficacy of the coupled learning rules in [2] and [4] for the HEP
and GHEP, we will introduce novel coupled algorithms proposed by us to estimate
the generalized eigen pair information in this section. Based on a novel generalized
information criterion, we have obtained an adaptive GMCA algorithm, as well as an
adaptive GPCA algorithm by modifying the GMCA algorithm. It is worth noting
that the procedure of obtaining the algorithms in this section is easier than the
existing methods, for that it does not need to calculate the inverse of the Hessian
matrix when deriving the new algorithms. It can be seen that our algorithms do not
involve the reciprocal of the estimated eigenvalue in equations. Thus, they are
numerically more robust than Nguyen’s algorithms even when the smallest eigen-
value of the matrix pencil is far less than 1. Compared with Nguyen’s algorithms, it
is much easier to choose step size for online implementation of the algorithms.

8.4.1 A Coupled Generalized System for GMCA and GPCA

A. Generalized information criterion and coupled generalized system

Generally speaking, neural network model-based algorithms are often derived by
optimizing some cost function or information criterion [2, 16]. As pointed out in
[17], any criterion may be used if the maximum or minimum (possibly under a
constraint) coincides with the desired principal or minor directions or subspace. In
[2], Moller pointed out that the freedom of choosing an information criterion is
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greater if Newton’s method is applied. In that case, it suffices to find a criterion of
which the stationary points coincide with the desired solutions. Moller first pro-
posed a special criterion which involves both eigenvector and eigenvalue estimates
[2]. Based on Moller’s work, Nguyen [4] first proposed to derive novel generalized
eigen pair extraction algorithms by finding the stationary points of a generalized
information criterion which is actually the generalization of Moller’s information
criterion.

In this section, for a given matrix pencil (Ry, Rx), we propose a generalized
information criterion based on the criteria introduced in [2] and [4] as

pðw; kÞ ¼ wHRyw� kwHRxwþ k: ð8:90Þ

We can see that

@p
@w
@p
@k

 !
¼ 2Ryw� 2kRxw

�wHRxwþ 1

� �
: ð8:91Þ

Thus, the stationary points ð�w; �kÞ are defined by

Ry�w ¼ �kRx�w
�wHRx�w ¼ 1

�
; ð8:92Þ

from which we can conclude that �wHRy�w ¼ �k�wHRx�w ¼ �k. These imply that a
stationary point ð�w; �kÞ of (8.90) is a generalized eigen pair of the matrix pencil (Ry,
Rx). The Hessian of the criterion is given as:

Hðw; kÞ ¼
@2p
@w2

@2p
@w@k

@2p
@k@w

@2p
@k2

 !
¼ 2

Ry � kRx �Rxw
�wHRx 0

� �
: ð8:93Þ

After applying the Newton’s method, the equation used to obtain the system can
be written as:

_w
_k

� �
¼ �H�1ðw; kÞ

@p
@w
@p
@k

 !
; ð8:94Þ

where _w and _k are the derivatives of w and k with respect to time t, respectively.
Based on the above equation, Nguyen [4] obtained their algorithms by finding the
inverse matrix of the Hessian H�1ðw; kÞ. Premultiplying both sides of the above
equation by Hðw; kÞ, it yields

H ðw; kÞ _w
_k

� �
¼ �

@p
@w
@p
@k

 !
: ð8:95Þ

258 8 Coupled Principal Component Analysis



In this section, all our later algorithms are built on this newly proposed
Eq. (8.95). Substituting (8.91) and (8.93) into (8.95), we get

2
Ry � kRx �Rxw
�wHRx 0

� �
_w
_k

� �
¼ � 2Ryw� 2kRxw

�wHRxwþ 1

� �
: ð8:96Þ

From (8.96), we can get

ðRy � kRxÞ _w� Rxw _k ¼ �ðRy � kRxÞw ð8:97Þ

�2wHRx _w ¼ wHRxw� 1: ð8:98Þ

Premultiplying both sides of (8.97) by ðRy � kRxÞ�1 gives the following:

_w ¼ ðRy � kRxÞ�1Rxw _k� w: ð8:99Þ

Substituting (8.99) into (8.98), we have

�2wHRx ðRy � kRxÞ�1Rxw _k� w
 �

¼ wHRxw� 1: ð8:100Þ

Thus,

_k ¼ wHRxwþ 1

2wHRxðRy � kRxÞ�1Rxw
: ð8:101Þ

Substituting (8.101) into (8.99), we get

_w ¼ ðRy � kRxÞ�1Rxw ðwHRxwþ 1Þ
2wHRx ðRy � kRxÞ�1Rxw

� w: ð8:102Þ

By approximating wHRxw = 1 in the vicinity of the stationary point (w1, k1), we
get a coupled generalized system as:

_w ¼ ðRy � kRxÞ�1Rxw

wHRxðRy � kRxÞ�1Rxw
� w; ð8:103Þ

_k ¼ 1

wHRxðRy � kRxÞ�1Rxw
� k: ð8:104Þ

B. Coupled generalized systems for GMCA and GPCA

Let K be a diagonal matrix containing all generalized eigenvalues of the matrix
pencil (Ry, Rx), i.e., K ¼ diagfk1; . . .; kNg. Let V ¼ ½v1; . . .; vN �, where v1, …, vN
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are the generalized eigenvectors associated with the generalized eigenvalues
k1; . . .; kN . It holds that VHRxV ¼ I; VHRyV ¼ K. Hence, Rx ¼ ðVHÞ�1V�1 and

Ry ¼ ðVHÞ�1
KV�1, and

ðRy � kRxÞ�1 ¼ VðK� kIÞ�1VH : ð8:105Þ

If we consider w � v1 and k � k1 � kjð2	 j	NÞ in the vicinity of the sta-
tionary point ðw1; k1Þ, then we have kj � k � kj. In that case, VHRxw � e1 ¼
½1; 0; . . .; 0�H and

K� kI ¼ diag k1 � k; . . .; kN � kf g
� diag k1 � k; k2; . . .; kNf g
¼ K� ke1eH1 ;

ð8:106Þ

where diag{∙} is the diagonal function. Substituting (8.106) into (8.105), we get the
following:

ðRy � kRxÞ�1 ¼ VðK� kIÞ�1VH

� ½ðVHÞ�1ðK� ke1eH1 ÞV�1��1

¼ ½Ry � kðVHÞ�1e1eH1 V
�1��1

� Ry � kðVHÞ�1ðVHRxwÞðVHRxwÞHV�1
h i�1

¼ Ry � kðRxwÞðRxwÞH
� ��1

:

ð8:107Þ

It can be seen that

Ry � k1ðRxv1ÞðRxv1ÞH
� �

v1

¼ Ryv1 � ðk1Rxv1ÞðvH1 Rxv1Þ ¼ 0:
ð8:108Þ

Since Ryv1 ¼ k1Rxv1 and vH1 Rxv1 ¼ 1. This means that matrix Ry �
kðRxwÞðRxwÞH has an eigenvalue 0 associated with eigenvector v1. This is to say,
the matrix Ry � kðRxwÞðRxwÞH is rank-deficient and hence cannot be inverted if
ðw; kÞ ¼ ðv1; k1Þ. To address this issue, we add a penalty factor e � 1 in (8.107),
and then it yields the following:

ðRy � kRxÞ�1 � Ry � ekðRxwÞðRxwÞH
� ��1

¼ R�1
y þ ekR�1

y RxwwHRxR�1
y

1� ekwHRxR�1
y Rxw

;
ð8:109Þ
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The last step of (8.109) is obtained by using the SM-formula (Sherman–
Morrison formula) [13]. Substituting (8.107) into (8.103), we get the following:

_w ¼
R�1
y þ ekR�1

y RxwwHRxR�1
y

1�ekwHRxR�1
y Rxw

 �
Rxw

wHRx R�1
y þ ekR�1

y RxwwHRxR�1
y

1�ekwHRxR�1
y Rxw

 �
Rxw

� w: ð8:110Þ

Multiplying the numerator and denominator of (8.110) by 1� ekwHRxR�1
y Rxw

simultaneously, and after some manipulations, we get

_w ¼ R�1
y Rxw

wHRxR�1
y Rxw

� w: ð8:111Þ

Similarly, substituting (8.107) into (8.104), we can get

_k ¼ 1
wHRxR�1

y Rxw
� ek: ð8:112Þ

It can be seen that the penalty factor e is not necessarily needed in the equations.
Or in other words, we can approximate e ¼ 1 in future equations. Thus, we get the
following:

_k ¼ 1
wHRxR�1

y Rxw
� k: ð8:113Þ

Thus, (8.111) and (8.113) are the coupled systems for the GMCA case.
It is known that the ith principal generalized eigenvector vi of the matrix pencil

(Ry, Rx) is also the ith minor generalized eigenvector of the matrix pencil (Rx, Ry).
Hence, the problem of extracting principal generalized subspace of the inversed
matrix pencil (Ry, Rx) is equivalent to that of extracting minor generalized subspace
of the matrix pencil (Rx, Ry), and vice versa [4]. Therefore, by swapping Rx and
Ry; R�1

x and R�1
y in (8.111) and (8.113), we obtain a modified system

_w ¼ R�1
x Ryw

wHRyR�1
x Ryw

� w; ð8:114Þ

_k ¼ wHRyR�1
x Ryw� k; ð8:115Þ

to extract the minor eigen pair of matrix pencil (Rx, Ry) as well as the principal
eigen pair of matrix pencil (Ry, Rx).

As was pointed out in [4], by using the nested orthogonal complement structure
of the generalized eigen-subspace, the problem of estimating the p ð	NÞ-dimen-
sional minor/principal generalized subspace can be reduced to multiple GHEPs of
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estimating the generalized eigen pairs associated with the smallest/largest gener-
alized eigenvalues of certain matrix pencils. In the following, we will show how to
estimate the remaining p − 1 minor/principal eigen pairs. In the GMCA case,
consider the following equations:

Rj ¼ Rj�1 þ qRxwj�1wT
j�1Ry; ð8:116Þ

R�1
j ¼ R�1

j�1 �
qR�1

j�1Rxwj�1wT
j�1RyR�1

j�1

1þ qwT
j�1RyR�1

j�1Rxwj�1
; ð8:117Þ

where j ¼ 2; . . .; p; q� kN = k1; R1 ¼ Ry and wj�1 ¼ vj�1 is the (j − 1)th minor
generalized eigenvector extracted. It holds that

Rjvq ¼ ðRy þ q
Xj�1

i¼1
RxvivTi RyÞvq

¼ Ryvq þ q
Xj�1

i¼1
RxvivTi Ryvq

¼ kqRxvq þ qkq
Xj�1

i¼1
RxvivTi Ryvq

¼ ð1þ qÞkqRxvq for q ¼ 1; . . .; j� 1

kqRxvq for q ¼ j; . . .;N

�
:

ð8:118Þ

Thus, the matrix pencil (Rj, Rx) has eigenvalues kj 	 
 
 
 	 kN 	ð1þ qÞ
k1 	 
 
 
 	 ð1þ qÞkj�1 associated with eigenvectors vj; . . .; vN ; v1. . .vj�1.
Equation (8.117) is obtained from (8.116) based on the SM-formula. That is to say,
by replacing Ry with Rj and R�1

y with R�1
j in (8.111) and (8.113), we can estimate

the jth minor generalized eigen pair ðvj; kjÞ.
In the GPCA case, consider the following equation

Rj ¼ Rj�1 � Rxwj�1wT
j�1Ry; ð8:119Þ

where R1 ¼ Ry, and wj�1 ¼ vN�jþ 1 is the (j − 1)th principal generalized eigen-
vector extracted. By replacing Ry with Rj in (8.114) and (8.115), we can estimate
the jth principal generalized eigen pair ðvN�jþ 1; kN�jþ 1Þ.

8.4.2 Adaptive Implementation of Coupled Generalized
Systems

In engineering practice, the matrices Ry and Rx are the covariance matrices of
random input sequences yðkÞf gk2z and xðkÞf gk2z, respectively. Thus, the matrix
pencil (Ry, Rx) is usually unknown in advance, and even slowly changing over time
if the signal is nonstationary. In that case, the matrices Ry and Rx are variables and
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thus need to be estimated with online approach. In this section, we propose to
update Ry and Rx with:

bRyðkþ 1Þ ¼ bbRyðkÞþ yðkþ 1ÞyHðkþ 1Þ; ð8:120Þ

bRxðkþ 1Þ ¼ abRxðkÞþ xðkþ 1ÞxHðkþ 1Þ: ð8:121Þ

By using the MS-formula, QyðkÞ ¼ bR�1
y ðkÞ and QxðkÞ ¼ bR�1

x ðkÞ can be updated
as:

Qy kþ 1ð Þ¼ 1
b

QyðkÞ �
QyðkÞy kþ 1ð ÞyH kþ 1ð ÞQyðkÞ
aþ yH kþ 1ð ÞQyðkÞy kþ 1ð Þ

 !
; ð8:122Þ

Qx kþ 1ð Þ¼ 1
a

QxðkÞ �
QxðkÞx kþ 1ð ÞxH kþ 1ð ÞQxðkÞ
aþ xH kþ 1ð ÞQxðkÞx kþ 1ð Þ

� �
: ð8:123Þ

It is known that

lim
k!1

1
k
bRyðkÞ ¼ Ry ð8:124Þ

lim
k!1

1
k
bRxðkÞ ¼ Rx ð8:125Þ

when a = b = 1. By replacing Ry;Rx;R�1
y and R�1

x in (8.111)–(8.115) withbRyðkÞ; bRxðkÞ; QyðkÞ and QxðkÞ, respectively, we can easily obtain the online
GMCA algorithm with normalized step as:

~w ðkþ 1Þ ¼ g1
Qy kþ 1ð ÞbRx kþ 1ð Þw ðkÞ

wHðkÞbRx kþ 1ð ÞQy kþ 1ð ÞbRx kþ 1ð Þw ðkÞ
þ ð1� g1Þw ðkÞ;

ð8:126Þ

w kþ 1ð Þ ¼ ~w kþ 1ð Þ
~w kþ 1ð Þk kbRx kþ 1ð Þ

; ð8:127Þ

k kþ 1ð Þ ¼ c1
1

wHðkÞbRxðkþ 1ÞQyðkþ 1ÞbRxðkþ 1ÞwðkÞ
þ ð1� c1Þkðk); ð8:128Þ

and the online GPCA algorithm with normalized step as:
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~wðkþ 1Þ ¼ g2
Qxðkþ 1ÞbRyðkþ 1ÞwðkÞ

wHðkÞbRyðkþ 1ÞQxðkþ 1ÞbRyðkþ 1ÞwðkÞ
þ ð1� g2ÞwðkÞ; ð8:129Þ

wðkþ 1Þ ¼ ~wðkþ 1Þ
~wðkþ 1Þk kbRyðkþ 1Þ

; ð8:130Þ

k kþ 1ð Þ ¼ c2w
HðkÞ bRy kþ 1ð ÞQx kþ 1ð ÞbRy kþ 1ð Þw ðkÞþ ð1� c2ÞkðkÞ; ð8:131Þ

where η1, η2, c1, c22 (0, 1] are the step sizes.
In the rest of this section, for convenience, we refer to the GPCA and GMCA

algorithms proposed in [4] as nGPCA and nGMCA for short, respectively, where
n means that these algorithms were proposed by Nguyen. Similarly, we refer to the
algorithm in (8.126)–(8.128) as fGMCA and the algorithm in (8.129)–(8.131) as
fGPCA for short.

At the end of this section, we discuss the computational complexity of our
algorithms. Taking fGMCA as an example, the computation of bRxðkÞ and QyðkÞ
requires 5N2 + O(N) multiplications. Moreover, by using (8.121), we have the
following:

bRxðkþ 1ÞwðkÞ

¼ k
kþ 1

bRxðkÞþ 1
kþ 1

xðkþ 1ÞxHðkþ 1Þ
� �

wðkÞ

¼ k
kþ 1

bRxðkÞwðkÞþ 1
kþ 1

xðkþ 1Þ½xHðkþ 1ÞwðkÞ�;

ð8:132Þ

where

bRxðkÞwðkÞ ¼
bRxðkÞ~wðkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

~wðkÞH bRxðkÞ~wðkÞ
q : ð8:133Þ

Since bRxðkÞ~wðkÞ has been computed at the previous step when calculating the
Rx-norm of w(k), the update of bRxðkþ 1Þw ðkÞ requires only O(N) multiplications.
Thus, the updates of w(k) and k(k) in fGMCA requires 2N2 + O(N) multiplications.
Hence, fGMCA requires a total of 7N2 +O(N) multiplications at each iteration. In a
similar way, we can see that fGPCA also requires a total of 7N2 + O
(N) multiplications at each iteration. Thus, the computational complexity of both
fGMCA and fGPCA is less than that of nGMCA and nGPCA (i.e., 10N2 + O(N)).
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8.4.3 Convergence Analysis

The convergence of neural network learning algorithms is a difficult topic for direct
study and analysis, and as pointed out [18], from the application point of view.
The DDT method is more reasonable for studying the convergence of algorithms
than traditional method. Using the DDT approach, Nguyen first reported the explicit
convergence analysis of coupled generalized eigen pair extraction algorithms [4]. In
this section, we will also analyze the convergence of our algorithms with the DDT
approach on the basis of [4].

The DDT system of fGMCA is given as:

~w kþ 1ð Þ ¼ wðkÞþ g1
Qy
bRxwðkÞ

wHðkÞbRxQy
bRxwðkÞ

� wðkÞ
" #

; ð8:134Þ

wðkþ 1Þ ¼ ~wðkþ 1Þ
~wðkþ 1Þk kRx

; ð8:135Þ

kðkþ 1Þ ¼ kðkÞþ c1
1

wHðkÞbRxQy
bRxwðkÞ

�kðkÞ
" #

: ð8:136Þ

which is referred to as DDT System 1.
And the DDT system of fGPCA is given as:

~wðkþ 1Þ ¼ wðkÞþ g2
Qx
bRywðkÞ

wHðkÞbRyQx
bRywðkÞ

� wðkÞ
" #

; ð8:137Þ

wðkþ 1Þ ¼ ~wðkþ 1Þ
~wðkþ 1Þk kRy

; ð8:138Þ

kðkþ 1Þ ¼ kðkÞþ c2½wHðkÞbRyQx
bRywðkÞ � kðkÞ�: ð8:139Þ

which is referred to as DDT System 2.
Similar to [4], we also denote by uk kR ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
uHRu

p
the R-norm of a vector u,

where R 2 CN�N and u 2 CN ; PR
VðuÞ 2 V is the R-orthogonal projection of u onto

a subspace V 2 CN ; i.e., PR
VðuÞ is the unique vector satisfying u� PR

VðuÞ
�� ��

R ¼
minv2V u� vk kR; Vki is the generalized eigen-subspace associated with the ith
smallest generalized eigenvalue ki, i.e., Vki ¼ v 2 CN jRyv ¼ kiRxv

	 �
ði ¼ 1; 2; . . .;NÞ. (Note that Vki ¼ Vkj if ki ¼ kj for some i 6¼ j), V?

\R[ is the R-
orthogonal complement subspace of V for any subspace V � CN ; i:e:;
V?

\R[ ¼ u 2 CN j\u; v[ R ¼ vHRu ¼ 0; 8v 2 Vf g.
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Next, we will present two theorems to show the convergence of our algorithms.
In the following, two cases will be considered. In Case 1, k1 = k2 = 


 = kN and in
Case 2, k1 < kN.

Theorem 8.1 (Convergence analysis of fGMCA) Suppose that the sequence
½wðkÞ; kðkÞ�1k¼0 is generated by DDT System 1 with any g1; c1 2 ð0; 1�, any initial

Rx-normalized vector wð0Þ 62 ðVk1Þ?\Rx [ , and any k(0) > 0. Then for Case 1, it
holds that w(k) = w(0) for all k � 0, which is also a generalized eigenvector
associated with the generalized eigenvalue k1 of the matrix pencil (Ry, Rx), and
lim
k!1

kðkÞ ¼ k1. For Case 2, it holds that

lim
k!1

w ðkÞ ¼
PRx
Vk1

wð0Þ½ �
PRx
Vk1

wð0Þ½ �
��� ���

Rx

; ð8:140Þ

lim
k!1

k ðkÞ ¼ k1: ð8:141Þ

Proof Case 1:
Since k1 = k2 = 


 = kN ensures Vk1 ¼ CN , we can verify that for all k � 0 that

wðkÞ ¼ wð0Þ 6¼ 0, which is also a generalized eigenvector associated with the
generalized eigenvalue k1 of matrix pencil (Ry, Ry). Moreover, from (8.128) we
have k(k + 1) = (1 − c1)k(k) + c1k1 for all k � 0. Hence

kðkþ 1Þ ¼ ð1� c1ÞkðkÞþ c1k1 ¼ 
 
 

¼ ð1� c1Þkþ 1kð0Þþ c1k1½1þð1� c1Þþ 
 
 
 þ ð1� c1Þk�
¼ ð1� c1Þkþ 1kð0Þþ k1½1� ð1� c1Þkþ 1�
¼ k1 þð1� c1Þkþ 1½kð0Þ � k1�:

ð8:142Þ

Since c1 2 ð0; 1�, we can verify that lim
k!1

k ðkÞ ¼ k1.

Case 2: Suppose that the generalized eigenvalues of the matrix pencil (Ry, Rx)
have been ordered as k1 ¼ 
 
 
 ¼ kr\krþ 1 	 
 
 
 	 kN ð1	 r	NÞ. Since
v1; v2; . . .; vNf g is an Rx-orthonormal basis of CN , w(k) in DDT System 1 can be

written uniquely as:

wðkÞ ¼
XN
i¼1

ziðkÞ vi; k ¼ 0; 1; . . . ð8:143Þ

where ziðkÞ ¼ wðkÞ; vih iRx
¼ vHi RxwðkÞ; i ¼ 1; 2; . . .;N:

First, we will prove by mathematical induction that for all k > 0, w(k) is well
defined, Rx-normalized, i.e.,
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wðkÞHRxwðkÞ ¼
XN
i¼1

zi kð Þj j2 ¼ 1; ð8:144Þ

and w kð Þ 62 Vk1ð Þ?hRxi, i.e., [z1(k), z2(k),…, zr(k)] 6¼ 0. Note that w 0ð Þ 62 Vk1ð Þ?hRxi is

Rx-normalized. Assume that w(k) is well defined, Rx-normalized, and w kð Þ 62
Vk1ð Þ?hRxi for some k > 0. By letting ~w ðkþ 1Þ ¼PN

i¼1 ~ziðkþ 1Þvi, from (8.134) and
(8.143), we have the following:

~ziðkþ 1Þ ¼ ziðkÞ 1þ g1
1

kiwHðkÞRxR�1
y RxwðkÞ

� 1

" #( )
: ð8:145Þ

Since matrix pencil Rx;RxR�1
y Rx

 �
has the same eigen pairs as Ry;Rx

� �
, and w

(k) is Rx-normalized, it follows that

k1 	 wHðkÞRxwðkÞ
wHðkÞRxR�1

y Rxw ðkÞ ¼
1

wHðkÞRxR�1
y RxwðkÞ

	 kN ; ð8:146Þ

which is a generalization of the Rayleigh–Ritz ratio [19]. For i = 1,…, r, (8.146)
and (8.145) guarantee that

1þ g1
1

kiwHðkÞRxR�1
y RxwðkÞ

� 1

" #
¼ 1þ g1

1
k1

1

wHðkÞRxR�1
y RxwðkÞ

� 1

" #
� 1;

ð8:147Þ

and [z1(k + 1), z2(k + 1), …, zr(k + 1)] 6¼ 0. These imply that ~w ðkþ 1Þ 6¼ 0 and
w ðkþ 1Þ ¼PN

i¼1 ziðkþ 1Þ vi is well defined, Rx-normalized, and w kþ 1ð Þ 62
Vk1ð Þ?hRxi, where

ziðkþ 1Þ ¼ ~ziðkþ 1Þ
~wðkþ 1Þk kRx

: ð8:148Þ

Therefore, w(k) is well defined, Rx-normalized, and w kð Þ 62 Vk1ð Þ?hRxi for all
k � 0.

Second, we will prove (8.125). Note that w 0ð Þ 62 Vk1ð Þ?hRxi implies the existence
of some m2 {1,…, r} satisfying zm(0) 6¼ 0, where k1 = 


 = km = 


 = kr. From
(8.145) and (8.148), we have zm(k + 1)/zm(0) > 0 for all k � 0. By using (8.145)
and (8.148), we can see that for i = 1,…, r, it holds that
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ziðkþ 1Þ
zmðkþ 1Þ ¼

~ziðkþ 1Þ
~wðkþ 1Þk kRx

~wðkþ 1Þk kRx

~zmðkþ 1Þ

¼ ziðkÞ
zmðkÞ 


1þ g1
1

kiwHðkÞRxR�1
y RxwðkÞ � 1

h i
1þ g1

1
kmwHðkÞRxR�1

y RxwðkÞ � 1
h i

¼ ziðkÞ
zmðkÞ ¼ 
 
 
 ¼ zið0Þ

zmð0Þ :

ð8:149Þ

On the other hand, by using (8.145) and (8.148), we have for all k � 0 and
i = r + 1, …, N that

ziðkþ 1Þj j2
zmðkþ 1Þj j2 ¼

~ziðkþ 1Þ
~wðkþ 1Þk kRx

~wðkþ 1Þk kRx

~zmðkþ 1Þ

¼
1þ g1

1
kiwHðkÞRxR�1

y RxwðkÞ � 1
 �

1þ g1
1

kmwHðkÞRxR�1
y RxwðkÞ � 1

 �
2
64

3
75
2


 ziðkÞj j2
zmðkÞj j2

¼ 1�
1
k1
� 1

ki

ð 1g1 � 1ÞwHðkÞRxR�1
y RxwðkÞþ 1

k1

" #2

 ziðkÞj j2
zmðkÞj j2 ¼ wðkÞ ziðkÞj j2

zmðkÞj j2 ;

ð8:150Þ

where

w ðkÞ ¼ 1�
1
k1
� 1

ki

1
g1
� 1

 �
wHðkÞRxR�1

y RxwðkÞþ 1
k1

2
4

3
5
2

: ð8:151Þ

For all i = r + 1, …, N, together with η1 2 (0, 1] and 1/k1−1/ki > 0, Eq. (8.146)
guarantees that

1�
1
k1
� 1

ki

1
g1
� 1

 �
wHðkÞRxR�1

y RxwðkÞþ 1
k1

	 1�
1
k1
� 1

krþ 1

1
g1
� 1

 �
1
k1
þ 1

k1

¼ 1� g1 1� k1
krþ 1

� �
\1;

ð8:152Þ

and
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1�
1
k1
� 1

ki

1
g1
� 1

 �
wHðkÞRxR�1

y RxwðkÞþ 1
k1

� 1�
1
k1
� 1

kN

1
g1
� 1

 �
wHðkÞRxR�1

y RxwðkÞþ 1
k1

= 1�
1
k1
� 1

kN

1
g1

1
kN

þ 1
k1
� 1

kN

 � [ 0:

ð8:153Þ

From (8.152) and (8.153), we can verify that

0\wðkÞ\1; i ¼ rþ 1; . . .;N; ð8:154Þ

for all k � 0. Denote wmax = max{w(k)|k � 0}. Clearly 0 < wmax < 1. From
(8.150), we have the following:

ziðkþ 1Þj j2
zmðkþ 1Þj j2 	wmax

ziðkÞj j2
zmðkÞj j2 	 
 
 
 	wkþ 1

max
zið0Þj j2
zmð0Þj j2 : ð8:155Þ

Since w(k) is Rx-normalized, |zm(k)|
2	 1 for all k � 0, it follows from (8.155)

that

XN
i¼rþ 1

ziðkÞj j2 	
XN

i¼rþ 1

ziðkÞj j2
zmðkÞj j2 	 
 
 


	wk
max

XN
i¼rþ 1

zið0Þj j2
zmð0Þj j2 ! 0 as k ! 1;

ð8:156Þ

which along with (8.144) implies that

lim
k!1

Xr
i¼1

ziðkÞj j2¼ 1: ð8:157Þ

Note that zm(k)/zm(0) > 0 for all k � 0. Then, from (8.149) and (8.157) we have
the following:

lim
k!1

ziðkÞ ¼ zi 0ð ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPr
j¼1 zjð0Þ
�� ��2q ; i ¼ 1; 2; . . .; r: ð8:158Þ

Based on (8.156) and (8.158), (8.140) can be obtained as follows:

lim
k!1

wðkÞ ¼
Xr
i¼1

zið0ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPr
j¼1 zjð0Þ
�� ��2q vi ¼

PRx
Vk1

½w ð0Þ�
PRx
Vk1

½wð0Þ�
��� ���

Rx

: ð8:159Þ
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Finally, we will prove (8.141). From (8.159), we can see that

lim
k!1

1
wHðkÞRxR�1

y RxwðkÞ
¼ k1: ð8:160Þ

That is, for any small positive d, there exists a K > 0 satisfying

k1 � d\
1

wHðkÞRxR�1
y RxwðkÞ

\k1 þ d; ð8:161Þ

for all k > K. It follows from (8.128) that

k ðkÞ[ 1� c1ð Þk k � 1ð Þþ c1 k1 � dð Þ[ 
 
 
 [ 1� c1ð Þk�KkðK)þ c1 k1 � dð Þ
� 1þ 1� c1ð Þþ 
 
 
 þ 1� c1ð Þk�K
h i

¼ 1� c1ð Þk�KkðK)þ c1 k1 � dð Þ

� 1� 1� c1ð Þk�K
h i

¼ k1 � dð Þþ 1� c1ð Þk�K kðK)� k1 þ d½ �;
ð8:162Þ

and

k ðkÞ\ 1� c1ð Þk k � 1ð Þþ c1 k1 þ dð Þ\ 
 
 
\ 1� c1ð Þk�Kk ðKÞþ c1 k1 þ dð Þ
� 1þ 1� c1ð Þþ 
 
 
 þ 1� c1ð Þk�K�1
h i

¼ 1� c1ð Þk�Kk ðKÞþ k1 þ dð Þ

� 1� 1� c1ð Þk�K
h i

¼ k1 þ dð Þþ 1� c1ð Þk�K k ðKÞ � k1 � d½ �;
ð8:163Þ

for all k > K. Since c1 2 (0, 1], it is easy to verify from (8.162) and (8.163) that
lim
k!1

k ðkÞ ¼ k1.

This completes the proof.

Theorem 8.2 (Convergence analysis of fGPCA) Suppose that the sequence
½wðkÞ; kðkÞ�1k¼0 is generated by DDT System 2 with any g2; c2 2 ð0; 1�, any initial

Ry-normalized vector wð0Þ 62 ðVkN Þ?\Rx [ , and any k(0) > 0. Then for Case 1, it
holds that w(k) = w(0) for all k � 0, which is also a generalized eigenvector
associated with the generalized eigenvalue kN of the matrix pencil (Ry, Rx), and
lim
k!1

kðkÞ ¼ kN. For Case 2, it holds that

lim
k!1

w ðkÞ ¼
ffiffiffiffiffiffi
1
kN

r PRx
VkN

w ð0Þ½ �
PRx
VkN

w ð0Þ½ �
��� ���

Rx

; ð8:164Þ

270 8 Coupled Principal Component Analysis



lim
k!1

kðkÞ ¼ kN : ð8:165Þ
The proof of Theorem 8.2 is similar to that of Theorem 8.1. A minor difference is

that we need to calculate the Ry-norm of w(k) at each step. Another minor difference
is that in (8.146), it holds that matrix pencil ðRyR�1

x Ry;RyÞ has the same eigen pairs
as (Ry, Rx) and w(k) is well defined, Ry-normalized, and w ðkÞ 62 ðVkN Þ?Rxh i for all
k� 0. Therefore,

k1 	 wHðkÞRyR�1
x RywðkÞ

wHðkÞRywðkÞ ¼ wHðkÞRyR�1
x RywðkÞ	 kN : ð8:166Þ

Particularly, if k1 and k2 are distinct ðk1\k2 	 
 
 
 	 kNÞ, we have Vk1 ¼
span V1f g; PRx

Vk1
½w ð0Þ� ¼ w ð0Þ; V1h iRx

V1, and PRx
Vk1

½w ð0Þ�
��� ���

Rx

¼ w ð0Þ; V1h iRx

��� ���.
Moreover, if kN�1 and kN are distinct (k1 	 
 
 
 	 kN�1\kNÞ, we have VkN ¼
span VNf g; PRy

VkN
½wð0Þ� ¼ wð0Þ;VNh iRy

VN and PRy
VkN

½w ð0Þ�
��� ���

Ry

¼ w ð0Þ; VNh iRy

��� ���.
Hence, the following corollaries hold.

Corollary 8.1 Suppose that k1\k2 	 
 
 
 	 kN. Then the sequence ½w ðkÞ; kðkÞ�1k¼0
generated by DDT System 1 with any g1; c1 2 ð0; 1�, any initial Rx-normalized
vector w ð0Þ 62 ðVk1Þ?Rxh i, and any kð0Þ[ 0 satisfies

lim
k!1

wðkÞ ¼ wð0Þ;V1h iRx
V1

wð0Þ;V1h iRx

�� �� ; ð8:167Þ

lim
k!1

kðkÞ ¼ k1: ð8:168Þ

Corollary 8.2 Suppose that k1 	 
 
 
 	 kN�1\kN. Then the sequence
½wðkÞ; kðkÞ�1k¼0 generated by DDT System 2 with any g2; c2 2 ð0; 1�, any initial Ry-
normalized vector w ð0Þ 62 ðVkN Þ?Ryh i, and any kð0Þ[ 0 satisfies

lim
k!1

wðkÞ ¼
ffiffiffiffiffiffi
1
kN

r
wð0Þ;VNh iRx

VN

wð0Þ;VNh iRx

��� ��� ; ð8:169Þ

lim
k!1

kðkÞ ¼ kN : ð8:170Þ

8.4.4 Numerical Examples

In this section, we present two numerical examples to evaluate the performance of
our algorithms (fGMCA and fGPCA). The first estimates the principal and minor
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generalized eigenvectors from two random vector processes, which are generated
by two sinusoids with additive noise. The second illustrates performance of our
algorithms for the BSS problem. Besides nGMCA and nGPCA, we also compare
with the following algorithms, which were proposed in the recent ten years:

(1) Gradient-based: adaptive version of ([4], Alg. 2) with negative (for GPCA)
and positive (for GMCA) step sizes;

(2) Power-like: fast generalized eigenvector tracking [20] based on the power
method;

(3) R-GEVE: reduced-rank generalized eigenvector extraction algorithm [21];
(4) Newton-type: adaptive version of Alg. I proposed in [22].

A. Experiment 1

In this experiment, the input samples are generated by:

y ðnÞ ¼
ffiffiffi
2

p
sinð0:62pnþ h1Þþ 11ðnÞ; ð8:171Þ

x ðnÞ ¼
ffiffiffi
2

p
sinð0:46pnþ h2Þþ

ffiffiffi
2

p
sinð0:74pnþ h3Þþ 12ðnÞ; ð8:172Þ

where hi (i = 1, 2, 3) are the initial phases, which follow uniform distributions
within [0, 2p], and f1(n) and f2(n) are zero-mean white noises with variance
r21 ¼ r22 ¼ 0:1.

The input vectors {y(k)} and {x(k)} are arranged in blocks of size N = 8, i.e., y
(k) = [y(k),…, y(k − N+1)]T and x(k) = [x(k),…, x(k − N + 1)]T, k � N. Define
the N � N matrix pencil ðRy; RxÞ with the (p, q) entry (p, q = 1,2,…,N) of Ry and
Rx given by

Ry
� �

pq¼ cos 0:62p ðp� qÞ½ � þ dpqr
2
1; ð8:173Þ

Rx
� �

pq¼ cos 0:46p ðp� qÞ½ � þ cos 0:74p ðp� qÞ½ � þ dpqr
2
2: ð8:174Þ

For comparison, the direction cosine DC(k) is used to measure the accuracy of
direction estimate. We also measure the numerical stability of all algorithms by the
sample standard deviation of the direction cosine:

SSDðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

L� 1

XL
j¼1

DCjðkÞ � DCðkÞ� �2vuut ; ð8:175Þ

where DCj(k) is the direction cosine of the jth independent run (j = 1, 2,…, L) and
DCðkÞ is the average over L = 100 independent runs.

In this example, we conduct two simulations. In the first simulation, we use
fGMCA, nGMCA, and the other aforementioned algorithms to extract the minor

272 8 Coupled Principal Component Analysis



generalized eigenvector of matrix pencil (Ry, Rx). Note that in gradient-based
algorithm a positive step size is used, and the other algorithms are applied to
estimate the principal generalized eigenvector of matrix pencil (Ry, Rx) which is
also the minor generalized eigenvector of (Ry, Rx). In the second simulation, we use
fGPCA, nGPCA, and the other algorithms to extract the principal generalized
eigenvector of matrix pencil (Ry, Rx). Note that in gradient-based algorithm a
negative step size is used. The sets of parameters used in simulations refer to [4],
[22]. All algorithms have been initialized with bRxð0Þ = bRyð0Þ ¼ Qxð0Þ ¼ Qyð0Þ ¼
IN (if used) and w(0) = e1, where e1 stands for the first columns of IN.

The experimental results are shown in Figs. 8.10 to 8.12 and Table 8.1.
Figures 8.10 and 8.11 depict the time course of direction cosine for generalized

eigenvector estimation and sample standard deviation of the direction cosine. The
results of minor and principal generalized eigenvalues estimation of all generalized
eigen-pair extraction algorithms are shown in Fig. 8.12. We find that fGM(P)CA
converge faster than nGMCA and nGPCA at the beginning steps, respectively, and

Fig. 8.10 Example 1: Direction cosine of the principal/minor generalized eigenvector. a First
simulation. b Second simulation

Fig. 8.11 Example 1: Sample standard deviation of the direction cosine. a First simulation.
b Second simulation
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fGMCA and fGPCA have similar estimation accuracy as nGMCA and nGPCA,
respectively. Figure 8.12 shows that all generalized eigen-pair extraction algorithms
can extract the principal or minor generalized eigenvalue efficiently.

The computational complexities of all aforementioned algorithms are shown in
Table 8.1. We find that Newton-type has the lowest computational complexity but
the worst estimation accuracy and standard deviation. The Power-like has the
highest computational complexity compared with the other algorithms. The nGM
(P)CA and gradient-based algorithms have same computational complexity. The
computational complexities of R-GEVE and the proposed algorithms are similar,
which are lower than that of nGM(P)CA and gradient-based algorithms.

B. Experiment 2

We perform this experiment to show the performance of our algorithm for the BSS
problem. Consider a linear BSS model [23]:

xðnÞ ¼ AsðnÞþ eðnÞ; ð8:176Þ

where x(n) is a r-dimensional vector of the observed signals at time k, s(n) is a l-
dimensional vector of the unknown source signals, A 2 Rl�r denotes the unknown

Fig. 8.12 Example 1:
Generalized eigenvalues
estimation. a First simulation:
principal generalized
eigenvalues estimation.
b Second simulation: minor
generalized eigenvalues
estimation

Table 8.1 Computational
complexity of all algorithms

Algorithm fGM(P)CA nGM(P)CA Gradient-based

Complexity 7N2 + O(N) 10N2 + O(N) 10N2 + O(N)

Algorithm Power-like R-GEVE Newton-type

Complexity 13N2 + O(N) 6N2 + O(N) 4N2 + O(N)
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mixing matrix, and e(n) is an unknown noise vector. In general, BSS problem is
that of finding a separating matrix W such that the r-dimensional output signal
vector y = WTx contains components that are as independent as possible. In this
experiment, we compare the proposed algorithms with nGMCA and nGPCA
algorithms, as well as batch-processing generalized eigenvalue decomposition
method (EVD method in MATLAB software). We use the method given in [20, 22]
to formulate the matrix pencil by applying FIR filtering. z(n), the output of FIR
filter, is given as

z ðnÞ ¼
Xm
t¼0

s ðtÞx ðn� tÞ; ð8:177Þ

where s(t) are the coefficients of the FIR filter. Let Rx ¼ E½xðkÞxTðkÞ� and
Rz ¼ E½zðkÞzTðkÞ�. It was shown in [20] that the separating matrix W can be found
by extracting the generalized eigenvectors of matrix pencil (Rz, Rx). Hence, the BSS
problem can be formulated as finding the generalized eigenvectors associated with
the two sample sequences x(k) and z(k). Therefore, we can directly apply our
algorithm to solve the BSS problem.

In the simulation, four benchmark signals are extracted from the file ABio7.mat
provided by ICALAB [23], as shown in Fig. 8.13. We use the mixing matrix

A ¼
2:7914 �0:1780 �0:4945 0:3013
1:3225 �1:7841 �0:3669 0:4460
0:0714 �1:9163 0:4802 �0:3701
�1:7396 0:1302 0:9249 �0:4007

2
664

3
775; ð8:178Þ

which was randomly generated. e[n] is a zero-mean white noise vector with
covariance 10−5I. Figure 8.14 shows the mixed signals. We use a simple FIR filter
with coefficients s = [1, − 1]T.

Fig. 8.13 Four original
signals
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Suppose that the matrix pencil (Rz, Rx) has four eigenvectors w1, w2, w3, w4

associated with four eigenvalues r1\r2\r3\r4. Thus, B ¼ ½w1;w2;w3;w4�. We
use fGPCA, nGPCA, and all other algorithms to extract the two principal gener-
alized eigenvectors (w3 and w4). To extract the two minor generalized eigenvectors
(w1 and w2), we use fGMCA, nGMCA, and gradient-based algorithms to extract the
minor generalized eigenvectors of matrix pencil (Rz, Rx) and other algorithms to
extract the principal generalized eigenvectors of matrix pencil (Rx, Rz). All
parameters and initial values are the same as in Example 1.

Similar to Example 1, a total of L = 100 independent runs are evaluated in this
example. The separating matrix B is calculated as B ¼ ð1 = LÞPL

j¼1 Bj, where Bj is
the separating matrix extracted from the jth independent run (j = 1, 2,…, L).

Figures 8.15 to 8.16 show the recovered signals by EVD and our method,
respectively. Signals separated by other algorithms are similar to Figs. 8.15 and
8.16, which are not shown in these two figures. Table 8.2 shows the absolute values

Fig. 8.14 Mixed signals

Fig. 8.15 Signals separated
by EVD method
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of correlation coefficients between the sources and the recovered signals. The
simulation results demonstrate that all methods can solve the BSS problem effec-
tively, and our algorithms and the algorithms proposed in [4] can separate the
signals more accurately than other algorithms. Moreover, the advantage of neural
network model-based algorithms over EVD method for the BSS problem is that
they are recursive algorithms and therefore can be implemented online, whereas
EVD is a batch-processing method and therefore needs intensive computation.

In this section, we have derived a coupled dynamic system for GHEP based on a
novel generalized information criterion. Compared with the existing work, the
proposed approach is easier to obtain for that it does not need to calculate the
inverse of the Hessian. Based on the dynamic system, a coupled GMCA algorithm
(fGMCA) and a coupled GPCA algorithm (fGPCA) have been obtained. The
convergence speed of fGMCA and fGPCA is similar to that of Nguyen’s
well-performed algorithms (nGMCA and nGPCA), but the computational com-
plexity is less than that of Nguyen. Experiment results show that our algorithms
have better numerical stability and can extract the generalized eigenvectors more
accurately than the other algorithms.

Fig. 8.16 Signals separated
by proposed method

Table 8.2 Absolute values
of correlation coefficients
between sources and
recovered signals

Method Source 1 Source 2 Source 3 Source 4

EVD 1.0000 0.9998 0.9997 0.9989

fGM(P)CA 1.0000 0.9997 0.9992 0.9987

nGM(P)CA 1.0000 0.9996 0.9994 0.9987

Gradient-based 0.9983 0.9811 0.9989 0.9983

Power method 0.9998 0.9995 0.9991 0.9980

R-GEVE 0.9999 0.9995 0.9993 0.9988
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8.5 Summary

In this chapter, the speed stability problem that plagues most noncoupled learning
algorithms has been discussed and the coupled learning algorithms that are a
solution for the speed stability problem have been analyzed. Moller’s coupled PCA
algorithm, Nguyen’s coupled generalized eigen pair extraction algorithm, coupled
singular value decomposition of a cross-covariance matrix, etc., have been
reviewed. Then, unified and coupled algorithms for minor and principal eigen pair
extraction proposed by us have been introduced, and their convergence has been
analyzed. Finally, a fast and adaptive coupled generalized eigen pair extraction
algorithm proposed by us has been analyzed in detail, and their convergence
analysis has been proved via the DDT method.
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Chapter 9
Singular Feature Extraction
and Its Neural Networks

9.1 Introduction

From the preceding chapters, we have seen that in the wake of the important
initiative work by Oja and Sanger, many neural network learning algorithms for
PCA have been developed. However, the related field of neural networks that
perform SVD, in contrast, has received relatively little attention. This is somewhat
surprising since SVD is a crucial ingredient of regression and approximation
methods, data compression, and other signal processing applications [1].

In this chapter, our goal is to discuss and analyze the SVD of a rectangular
matrix or cross-correlation matrix and the neural network-based algorithms for
SVD. It is well known that many signal processing tasks can be efficiently tackled
by using SVD of a rectangular matrix or cross-correlation matrix [2]. Several
iterative methods for SVD have been proposed by the use of purely matrix algebra
[3–6], and these algorithms of updating SVD for tracking subspace can obtain the
exact or approximate SVD of a cross-correlation matrix [2]. Recently, in order to
get online algorithms, some sample-based rules have been proposed which can
avoid the computation of the cross-covariance matrix and instead directly work on
the data samples [2, 7–13]. This is advantageous especially for high-dimensional
data where the cross-covariance matrices would consume a large amount of
memory and their updates are computationally expensive in general [1]. A detailed
discussion regarding the model and rationale can be found in [1, 12].

In [12], Diamantaras et al. proposed the cross-correlation neural network
(CNN) models that can be directly used for extracting the cross-correlation features
between two high-dimensional data streams. However, the CNN models are
sometimes divergent for some initial states [14]. In [15], Sanger proposed double
generalized Hebbian algorithm (DGHA) for SVD, which was derived from a
twofold optimization problem. It adapts the left singular vector estimate by the
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generalized Hebbian algorithm, i.e., a PCA neural network, whereas it adapts the
right singular vector estimate by the Widrow–Hoff learning rule. In [16], the
cross-correlation asymmetric PCA (APCA) network was proposed and it consists of
two sets of neurons that are laterally hierarchically connected. The APCA networks
can be used to extract the singular values of the cross-correlation matrix of two
stochastic signal vectors, or to implement the SVD of a general matrix. In [17–19],
the so-called trace algorithm, “Riccati” algorithm, and their online algorithms were
proposed. It should be noted that for one-unit case, the “trace” and “Riccati”
algorithms coincide with the cross-coupled Hebbian rule [1]. The algorithm pro-
posed by Helmke–Moore [20] resembles the “trace” algorithm, and if the weights
are chosen mutually different, the system converges to the exact SVD of
cross-correlation matrix up to permutations of the principal singular vectors [1]. In
order to improve the convergence speed of the CNN models, Feng et al. proposed a
novel CNN model [2, 13] in which the learning rate is independent of the singular
value distribution of the cross-correlation matrix, and its state matrix maintains
orthonormality if the initial state matrix is orthonormal. In order to resolve the
speed stability problem that plagues most noncoupled learning algorithms, Kaiser
et al. proposed a coupled online learning algorithms for the SVD of a
cross-covariance matrix [1], which is called coupled SVD algorithms. In the cou-
pled SVD rules, the singular value is estimated alongside the singular vectors, and
the effective learning rates for the singular vector rules are influenced by the sin-
gular value estimates. In [21], we proposed a novel information criterion for
principal singular subspace (PSS) tracking and derived a corresponding PSS gra-
dient flow based on the information criterion. The proposed gradient flow has fast
convergence speed, good suitability for data matrix close to singular, and excellent
self-stabilizing property. Moreover, in [22], based on Kaiser’s work, we proposed a
novel information criterion and derive a fast and coupled algorithm from this
criterion and using Newton’s method, which can extract the principal singular
triplet (PST) of a cross-correlation matrix between two high-dimensional data
streams and can solve the speed stability problem that plagues most noncoupled
learning rules.

In this chapter, we will review and discuss the existing singular feature
extraction neural networks and their corresponding learning algorithms. Two sin-
gular feature extraction and corresponding neural-based algorithms proposed by us
will be analyzed in detail. The remainder of this chapter is organized as follows. An
overview of the singular feature extraction neural network-based algorithms is
presented in Sect. 9.2. A novel information criterion for PSS tracking, its corre-
sponding PSS gradient flow, convergence, and self-stabilizing property are dis-
cussed in Sect. 9.3. A novel coupled neural-based algorithm to extract the PST of a
cross-correlation matrix between two high-dimensional data streams is presented in
Sect. 9.4, followed by summary in Sect. 9.5.
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9.2 Review of Cross-Correlation Feature Method

In this section, we will review SVD learning rules in the literature. In the following,
let A denote an m� n real matrix with its SVD given by Kaiser et al. [1]

A ¼ U SV
TþU2S2V

T
2 ; ð9:1Þ

where U ¼ ½�u1; �u2; . . .; �uM � 2 <m�M denotes the matrix composed of the left prin-
cipal singular vectors, S ¼ diagð�r1; �r2; . . .; �rMÞ 2 <M�M denotes the matrix with the
principal singular values on its diagonal, and V ¼ ½�v1;�v2; . . .;�vM � 2 <n�M denotes
the matrix composed of the right principal singular vectors. These matrices are
referred to as the principal portion of the SVD. Furthermore, U2 ¼ ½�uMþ 1; �uMþ 2;

. . .; �up� 2 <m�ðp�MÞ, S2 ¼ diagð�rMþ 1; �rMþ 2; . . .; �rpÞ 2 <ðp�MÞ�ðp�MÞ, and V2 ¼
½�vMþ 1;�vMþ 2; . . .;�vp� 2 <n�ðp�MÞ correspond to the minor portion of the SVD. Thus,bA ¼ U SV

T
is the best rank-M approximation of A, whereM� p ¼ minfm; ng. Left

and right singular vectors are normal, i.e., �uj
�� �� ¼ �vj

�� �� ¼ 1; 8j and mutually

orthogonal. Thus, U
T
U ¼ V

T
V ¼ IM and U

T
2U2 ¼ V

T
2V2 ¼ Ip�M . Moreover, we

assume that the singular values are ordered and mutually different with respect to
their absolute values such that �r1j j[ � � � �rMj j[ �rMþ 1j j � � � � � �rp

�� ��: In the fol-
lowing, all considerations (e.g., concerning fixed points) depend on the principal
portion of the SVD only.

In the following, the input samples are denoted as xk 2 <n, and the output
samples are denoted as yk 2 <m. The data are assumed to be centered, so their
covariance matrices become Cx ¼ E½xxT� and Cy ¼ E½yyT�, respectively. Moreover,
the cross-covariance matrix is defined as A ¼ E½yxT�: The vectors u and v denote
the state vectors of the ODEs.

9.2.1 Cross-Correlation Neural Networks Model
and Deflation Method

In [12], the cross-coupled Hebbian rule and the APCA networks were proposed,
which were used to extract the singular values of the cross-correlation matrix of two
stochastic signal vectors or to implement the SVD of a general matrix. The
cross-correlation APCA network consists of two sets of neurons that are laterally
hierarchically connected, whose topology is shown in Fig. 9.1.

The vectors x and y are, respectively, the n1-dimensional and n2-dimensional
input signals. The n1 � m matrix W = [w1,…, wm] and the n2 � m matrix
W ¼ ½�w1; . . .; �wm� are the feedforward weights, and the n2 � m matrices U =
[u1,…, um] and U ¼ ½�u1; . . .; �um� are the lateral connection weights, where ui =
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(u1i, …, umi)
T, �ui ¼ ð�u1i; . . .; �umiÞT, and m�minfn1; n2g. This model is used to

perform the SVD of Cxy ¼ E½xkyTk �.
The network has the following relations: a ¼ WTx and b ¼ W

T
y, where a ¼

ða1; . . .; amÞT and b ¼ ðb1; . . .; bmÞT. In [12], the following cross-correlation cost
function was used

EAPCAðw; �wÞ ¼ E½a1ðkÞb1ðkÞ�
wk k �wk k ¼ wTCxy�w

wk k �wk k : ð9:2Þ

Maximizing the correlation, the solution is known to be ð�w;wÞ ¼ ðqu1; lv1Þ,
where q and l are any nonzero scalars; namely, the optimal weights are the prin-
cipal left and right singular vectors of Cxy. It is obvious that �wk k2¼ q2, wk k2¼ l2,
and maxJAPCA ¼ Jmax ¼ r1. In [12], the following cross-coupled Hebbian rule

w1ðkþ 1Þ ¼ w1ðkÞþ b½xðkÞ � w1ðkÞa1ðkÞ�b1ðkÞ; ð9:3Þ

�w1ðkþ 1Þ ¼ �w1ðkÞþ b½yðkÞ � �w1ðkÞb1ðkÞ�a1ðkÞ ð9:4Þ

was proposed. By using the stochastic approximation theory and the Lyapunov
method, it has been proved that for Algorithms (9.3) and (9.4), if
r1 [ r2� r3� � � � � rq� 0, q ¼ minfm; ng, then with probability 1, �wðkÞ ! �u1
and wðkÞ ! �v1 as k !1.

After the principal singular component (PSC) has been extracted, a deflation
transformation is introduced to nullify the principal singular value so as to make the
next singular value principal. Thus, Cxy in the criterion (9.2) can be replaced by one
of the following three transformed forms so as to extract the (i + 1)th PSC:

Cðiþ 1Þ
xy ¼ CðiÞxy I � vivTi

� �
; ð9:5Þ

Cðiþ 1Þ
xy ¼ I � uiuTi

� �
CðiÞxy ; ð9:6Þ

Fig. 9.1 Architecture of the cross-correlation APCA network
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Cðiþ 1Þ
xy ¼ I � uiuTi

� �
CðiÞxy I � vivTi
� �

; ð9:7Þ

for i = 1,2, … ,m − 1, where Cð1Þxy ¼ Cxy. The deflation can be achieved by the
transformation on the data:

x x; y y� vivTi y; ð9:8Þ

x x� uiuTi x; y y; ð9:9Þ

x x� uiuTi x; y y� vivTi y: ð9:10Þ

Assuming that the previous j − 1 have already been extracted, and using a
deflation transformation, the two sets of neurons are trained with the cross-coupled
Hebbian learning rules, which are given by Diamantaras and Kung [12]

wjðkþ 1Þ ¼ wjðkÞþ b½xðkÞ � wjðkÞajðkÞ�b0jðkÞ; ð9:11Þ

�wjðkþ 1Þ ¼ �wjðkÞþ b½yðkÞ � �wjðkÞbjðkÞ�a0jðkÞ; ð9:12Þ

for j = 1, … , m, where b is the learning rate selected as a small constant or
according to the Robbins–Monro conditions, where

a0j ¼ aj �
Xj�1
i¼1

uijai; ai ¼ wT
i x; i ¼ 1; . . .; j; ð9:13Þ

b0j ¼ bj �
Xj�1
i¼1

�uijbi; bi ¼ �wT
i y; i ¼ 1; . . .; j; ð9:14Þ

and the lateral weights should be equal to

uij ¼ wT
i wj; �uij ¼ �wT

i �wj; i ¼ 1; . . .; j� 1: ð9:15Þ

The set of lateral connections among the units is called the lateral othogonal-
iztion network, and U and U are upper triangular matrices. By premultiplying
(9.11) by wT

i and (9.12) by �wT
i , a local algorithm, called the lateral orthogonal-

ization rule, for calculating uij and �uij, has been derived as follows:

uijðkþ 1Þ ¼ uijðkÞþ b½aiðkÞ � uijðkÞajðkÞ�b0jðkÞ; ð9:16Þ

�uijðkþ 1Þ ¼ �uijðkÞþ b½biðkÞ � �uijðkÞbjðkÞ�a0jðkÞ: ð9:17Þ
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The initial values can be selected as uijð0Þ ¼ wT
i ð0Þwjð0Þ and �uijð0Þ ¼

�wT
i ð0Þ�wjð0Þ. However, this initial condition is not critical to the convergence of the

algorithm [12]. It has been proved that wi and �wi converge to the ith left and right
principal singular vectors of Cxy, respectively, and ri converges to its corresponding
criterion EAPCA, as t ! ∞. That is, the algorithm extracts the first m principal
singular values in the descending order and their corresponding left and right
singular vectors. Like the APEX, the APCA algorithm can incrementally add nodes
without retraining the learned nodes.

9.2.2 Parallel SVD Learning Algorithms on Double Stiefel
Manifold

In this section, we will introduce several parallel SVD learning algorithms, which
allow to simultaneously compute the SVD vectors. The considered neural algo-
rithms were developed in [18, 20] and have been analyzed in [17]. These algorithms
are utilized to train in an unsupervised way a three-layer neural network with the
classical “buttery” topology [17–19]. The first layer has connection matrix A, the
second one has connection matrix B, and the middle (hidden) layer provides net-
work’s output. It has been shown that when proper initial conditions are chosen, the
associated learning trajectories lie on the double Stiefel manifold [17].

In this section, the following matrix set is useful for analysis purpose:

Stðm; n;KÞ ¼def X 2 Km�njX	X ¼ Inf g with m� 1; n� 1 2 N; K 2 < or C. When
m ¼ n, the manifold coincides with the orthogonal group

Oðm;KÞ ¼def X 2 Km�mjX	X ¼ Imf g. Here, the product Oðm;KÞ � Oðn;KÞ is
referred to as double orthogonal group and the product Stðm; p;KÞ � Stðn; p;KÞ as
double Stiefel manifold.

Denote as Z 2 Cm�n the matrix whose SVD is to be computed and as
r�minfm; ng the rank of Z, the singular value decomposition can be written as
Z ¼ UDV	, where U 2 <m�m and V 2 <n�n are orthogonal matrices and D is a
pseudo-diagonal matrix whose elements are all zeros except for the first r diagonal
entries, termed as singular values.

Denote as AðtÞ 2 <m�p the network connection matrix-stream that should learn
p left singular vectors and as BðtÞ 2 <n�p the estimator for p right singular vectors
of the SVD of matrix Z 2 <m�n, with p� r�minfm; ng. For simplicity, parallel
SVD learning algorithms in [17–19] are described in terms of their ordinary dif-
ferential equations.

The algorithm WH2 [17] can be written as (also called as the “trace” algorithm):

_A ¼ ZB� ABTZTA; Að0Þ ¼ A0; ð9:18Þ
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_B ¼ ZTA� BATZB; Bð0Þ ¼ B0: ð9:19Þ

Equations (9.18) and (9.19) have been derived by extending Brockett’s work on
isospectral flow systems [23] from single to double orthogonal group. The initial
state A0, B0 can be freely chosen. In particular, one can consider the following
choice: A0 2 Stðm; p;<Þ and B0 2 Stðn; p;<Þ, for instance A0 ¼ Im;p and
B0 ¼ In;p.

Then, for the algorithm WH2, it has been proved that: (1) If the initial states of
the WH2 system belong to the Stiefel manifold, then the whole dynamics is double
Stiefel manifold. (2) The steady states of WH2 learning system can be written as
A ¼ UpK and B ¼ VpK, where K is arbitrary in Oðp;<Þ and Up and Vp denote the
submatrices whose columns are p right and left singular vectors of matrix Z,
respectively [17].

Obviously, the WH2 algorithm does not actually compute the true SVD, but a
SVD subspace of dimension p.

The WH3 learning system was derived as an extension of the well-known Oja’s
subspace rule. The algorithm WH3 can be written as [17]:

_A ¼ ZB� AðATZBþBTZTAÞ; Að0Þ ¼ A0; ð9:20Þ
_B ¼ ZTA� BðATZBþBTZTAÞ; Bð0Þ ¼ B0: ð9:21Þ

For the algorithm WH3, it has been proved that under the hypotheses A0=
ffiffiffi
2
p 2

Stðm; p;<Þ and B0=
ffiffiffi
2
p 2 Stðn; p;<Þ, the learning equation WH3 can keep

AðtÞ= ffiffiffi
2
p

and BðtÞ= ffiffiffi
2
p

within the Stiefel manifold.
The WH4 learning system can be written as (also called as the “Riccati”

algorithm)

_A ¼ ZB� 1
2
AðATZBþBTZTAÞ; Að0Þ ¼ A0; ð9:22Þ

_B ¼ ZTA� 1
2
BðATZBþBTZTAÞ; Bð0Þ ¼ B0: ð9:23Þ

For the algorithm WH4, it has been proved that under the hypotheses A0 2
Stðm; p;<Þ and B0 2 Stðn; p;<Þ, the learning equations WH4 can keep AðtÞ and
BðtÞ within the Stiefel manifold.

The structure of the stationary points of the WH3–WH4 algorithms is similar to
the structure of the equilibria of the WH2 system. It has been proved that the steady
states of WH3 and WH4 learning systems can be written as A ¼ UpK and
B ¼ VpK, where K is arbitrary in Oðp;<Þ and Up and Vp denote the submatrices
whose columns are p right and left singular vectors of the matrix Z, respectively
[17].
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The HM dynamics [20] arising from the maximization of a specific metric
(criterion) UW :Oðm;CÞ � Oðn;CÞ ! < is defined as:

UWðA;BÞ ¼def 2RetrðWA	ZBÞ; ð9:24Þ

where W 2 <n�m is a weighting matrix, Z 2 Cm�n, and m� n. The dynamic sys-
tem, derived as a Riemannian gradient flow on Oðm;CÞ � Oðn;CÞ, can be written
as [17]

_A ¼ AðW	B	Z	A� A	ZBWÞ; Að0Þ ¼ A0; ð9:25Þ
_B ¼ BðWA	ZB� B	Z	AW	Þ; Bð0Þ ¼ B0: ð9:26Þ

It has been proved that AðtÞ 2 Oðm;CÞ and BðtÞ 2 Oðn;CÞ. In the particular
case that W ¼ �In;m and the involved quantities are real-valued, the above system
is equivalent to WH2 when p ¼ n: Obviously, the Weingessel–Hornik SVD
learning equations can be regarded as special cases of the Helmke–Moore system.

9.2.3 Double Generalized Hebbian Algorithm (DGHA)
for SVD

In [15], Sanger presented two iterative algorithms for finding the SVD of a matrix
P given only samples of the inputs u and outputs y. The first algorithm is the double
generalized Hebbian algorithm (DGHA), and it is described by the following two
coupled difference equations:

DG ¼ cðzyT � LT½zzT�GÞ; ð9:27Þ

DNT ¼ cðzuT � LT½zzT�NTÞ; ð9:28Þ

where LT[�] is an operator that makes the diagonal elements of its matrix argument
zeros, y = Pu, z = Gy, and c is a learning rate constant. Obviously, in
single-component case, Eq. (9.27) is derived from the objective function
Jgmax ¼ ðgTCygÞ= gk k2, and its fixed points are g	 ¼ �g1[1]. Equation (9.28) is

derived from the objective function Jnmin ¼ 1
2E x� ngTyk k2
h i

, and its fixed points is

n	 ¼ �r�11 �n1[1], where g	k k ¼ 1 and n	k k ¼ �r�11 .
Equation (9.27) is the Generalized Hebbian Algorithm which finds the eigen-

vectors of the autocorrelation matrix of its inputs y. For random uncorrelated inputs
u, the autocorrelation of y is E[yyT] = LT S2 L. So Eq. (9.27) will cause G to
converge to the matrix L composed of left singular vectors. Equation (9.28) is
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related to the Widrow–Hoff LMS rule for approximating uT from z, but it enforces
orthogonality of the columns of N. Equations (9.27) and (9.28) together cause N to
converge to RTS−1, so that the combination NG = RTS−1L is an approximation to
the plant inverse.

It has been proved that if y = Pu, z = Gy, and E[uuT] = I, then Eqs. (9.27) and
(9.28) converge to the left and right singular vectors of P [15].

The second algorithm is the Orthogonal Asymmetric Encoder (OAE) which is
described by

DG ¼ cð̂zyT � LT½̂zẑT�GÞ; ð9:29Þ

DNT ¼ cðGy� LT½GGT �̂zuTÞ; ð9:30Þ

where ẑ ¼ NTu. Obviously, for single-component case, Eqs. (9.29) and (9.30) are

derived from the objective function Jmin ¼ 1
2E y� gnTxk k2
h i

, and their fixed points

are g	 ¼ q�g1 and n	 ¼ q�1�r1�n1, where q 6¼ 0 is an arbitrary constant [1].
It has been proved that Eqs. (9.29) and (9.30) converge to the left and right

singular vectors of P.

9.2.4 Cross-Associative Neural Network for SVD(CANN)

In [2], Feng et al. proposed a novel CNN model to improve the convergence speed
of the CNN models, in which the learning rate is independent of the singular value
distribution of the cross-correlation matrix, and its state matrix maintains
orthonormality if the initial state matrix is orthonormal. Later, based on [2], Feng
et al. also proposed a novel CNN model for finding the PSS of the cross-correlation
matrix between two high-dimensional data streams and introduced a novel non-
quadratic criterion (NQC) for searching the optimum weights of two linear neural
network (LNN). An adaptive algorithm based on the NQC for tracking the PSS of
the cross-correlation matrix between two high-dimensional vector sequences was
developed, and the NQC algorithm provides fast online learning of the optimum
weights for two LNNs.

In order to improve the cost surface for the PSS and the convergence of gradient
searching, a novel NQC for the PSS was presented in [2]. Given U 2 <M�r and
V 2 <N�r in the domain ðU;VÞjUTCV[ 0

� �
, the following framework for PSS

was proposed:

min
U;V

JNQCðU;VÞ

JNQCðU;VÞ ¼ �tr½lnðUTCVÞ� þ 1
2
tr½UTUþVTV�:

ð9:31Þ
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The landscape of NQC is depicted by the following two theorems.

Theorem 9.1 ðU;VÞ is a stationary point of JNQCðU;VÞ in the domain
ðU;VÞjUTCV[ 0
� �

if and only if U €¼Lr and V €¼Rr, where Lr 2 <M�r and Rr 2
<N�r consist of the left and right singular vectors of C, respectively. Note that
ðU;VÞ €¼ðLr;RrÞ shows a stationary set of JNQCðU;VÞ. And for the definition of
“ €¼,” see [2].

Theorem 9.2 In the domain ðU;VÞjUTCV[ 0
� �

, JNQCðU;VÞ has a global
minimum that is achieved if and only if U €¼Ls and V €¼Rs. And the global minimum
is JNQCðU;VÞ ¼Pr

i¼1 ln ri � r. All the other stationary points ðU;VÞð €6¼ðLs;RsÞÞ
are saddle (unstable) points of JNQCðU;VÞ. In fact ðU;VÞ €¼ðLs;RsÞ shows a global
minimizer set of JNQCðU;VÞ, where Ls and Rs are the left and right singular vector
matrix associated with signal, respectively.

One can apply the gradient descent searching to the unconstrained minimization
of JNQCðU;VÞ. In [2], a batch algorithm and a recursive algorithm were derived.

Given the gradient of JNQCðU;VÞ with respect to U and V, the following gra-
dient descent rule can be used for updating U(k) and V(k):

UðkÞ ¼ ð1� gÞUðk � 1Þþ gCðkÞVðkÞ � ðUTðkÞCðkÞVðkÞÞ�1; ð9:32Þ

VðkÞ ¼ ð1� gÞVðk � 1Þþ gCTðkÞUðkÞ � ðVTðkÞCTðkÞUðkÞÞ�1; ð9:33Þ

CðkÞ ¼ aCðk � 1Þþ xðkÞyTðkÞ; ð9:34Þ

where 0\g\1 denotes the learning rate, and 0\a� 1 is the forgetting factor. This
batch implementation, however, is mainly suitable for the adaptive singular sub-
space estimation and tracking, where the cross-correlation matrix C(k) is explicitly
involved in computations [2]. For online learning of neural networks, it is expected
that the network should learn the PSS directly from the input data sequences x
(k) and y(k) [2].

Following the projection approximation method of [24], the recursive imple-
mentation of the NQC algorithm was derived in [2], and the algorithm can be
summarized as follows:

Initializations:

Pð0Þ ¼ eIr(e is a very large positive number)bUð0Þ ¼ 0, and bVð0Þ ¼ 0
Uð0Þ = a random M � r matrix with very small Frobenius norm
Vð0Þ = a random N � r matrix with very small Frobenius norm
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Update:

gðkÞ ¼ UTðk � 1ÞxðkÞ
hðkÞ ¼ VTðk � 1ÞyðkÞ
ĝðkÞ ¼ Pðk � 1ÞgðkÞ
ĥðkÞ ¼ PTðk � 1ÞhðkÞ
cðkÞ ¼ 1

ðaþhTðkÞĝðkÞÞ
PðkÞ ¼ a�1 Pðk � 1Þ � cðkÞĝðkÞhTðkÞ	 

bUðkÞ ¼ bUðk � 1Þþ cðkÞ xðkÞ � bUðkÞgðkÞh i

ĥTðkÞ
bVðkÞ ¼ bVðk � 1Þþ cðkÞ yðkÞ � bVðkÞhðkÞh i

ĝTðkÞ
UðkÞ ¼ ð1� gÞUðk � 1Þþ gbUðkÞ
VðkÞ ¼ ð1� gÞVðk � 1Þþ gbVðkÞ:

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð9:35Þ

The above update equation yields an online learning algorithm for two linear
neural networks. UTðkÞ and VTðkÞ denote the weight matrices of these linear neural
networks. In [2], the convergence of batch algorithm was proved via the Lyapunov
theory.

In [2], it has been proved that the iterative algorithm for computing UTðkÞUðkÞ
and VTðkÞVðkÞ can be written as

UTðkÞUðkÞ ¼ ð1� 2gÞUTðk � 1ÞUðk � 1Þþ 2gIr
VTðkÞVðkÞ ¼ ð1� 2gÞVTðk � 1ÞVðk � 1Þþ 2gIr

�
; ð9:36Þ

where an appropriate learning rate is 0\g\0:5. Since (9.36) is linear, the learning
rate can be selected as a fixed constant close to 0.5. For example, g ¼ 0:49. That is,
the learning rate can be selected as a constant independent of the singular value
distribution of the underlying matrix, which evidently increases the convergence
speed of the CNN.

9.2.5 Coupled SVD of a Cross-Covariance Matrix

It is known that there exists the speed stability problem in most noncoupled learning
algorithms. In order to resolve the speed stability problem that plagues most non-
coupled learning algorithms, Kaiser et al. proposed a coupled online coupled
learning algorithms for the SVD of a cross-covariance matrix [1]. In this algorithm,
the singular value is estimated alongside the singular vectors, and the effective
learning rates for the singular vector rules are influenced by the singular value
estimates.
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9.2.5.1 Single-Component Learning Rules

In [1], Kaiser et al. proposed an information criterion, which is designed in a way
that its stationary points coincide with the singular triplets of the general rectangular
matrix A. However, since the stationary points correspond to the saddle points,
Newton’s method was applied to derive a learning rule to turn even saddle points
into attractors which guarantees the stability of the resulting learning rules.

The information criterion is

q ¼ r�1uTAv� 1
2
uTu� 1

2
vTvþ ln r: ð9:37Þ

From the gradient of (9.37), it is clear that the stationary points of (9.37) are the
singular triplets of A, and uk k ¼ vk k ¼ 1 for these points. Since the Hessian of
(9.37) is indefinite for all stationary points, the first principal singular triplet is only
a saddle point of (9.37), and hence, gradient-based methods would not converge to
this solution. Here, Newton’s method has been applied to derive a learning rule
which converges toward the principal singular triplet. In [1], the derived individual
component equations are as follows:

_u ¼ r�1ðAv� uuTAvÞþ 1
2 ðuTu� 1Þu

_v ¼ r�1ðATu� vvTATuÞþ 1
2 ðvTv� 1Þv

_r ¼ uTAv� 1
2 rðuTuþ vTvÞ:

8<
: ð9:38Þ

By using a linear stability analysis which is based on the ED of the stability
matrix, i.e., the system’s Jacobian, evaluated at an equilibrium point, i.e., the kth
principal singular triplet �uk;�vk; �rkð Þ, it has been proved that only the first principal
singular triplet is stable [1]. Moreover, it has been proved that the system converges
with approximately equal speed in all its eigen directions and is widely independent
of r.

If one further approximates uTu 
 1 and vTv 
 1 in (9.38), then the approxi-
mated system can be obtained

_u ¼ r�1ðAv� uuTAvÞ
_v ¼ r�1ðATu� vvTATuÞ
_r ¼ uTAv� r:

8<
: ð9:39Þ

It can be easily shown that the approximated system has the same equilibria as
the original system. The convergence properties are widely unchanged; i.e., the first
principal singular triplet is the only stable equilibrium, all eigenvalues are widely
independent of the singular values, and the convergence speed is approximately the
same in all its eigen directions [1].
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Ignoring the factor r�1 in (9.39) yields the cross-coupled Hebbian rule in its
averaged form

_u ¼ ðAv� uuTAvÞ
_v ¼ ðATu� vvTATuÞ:

�
ð9:40Þ

By analyzing the stability of these ODEs, it has been shown that their conver-
gence speed strongly depends on the singular values of A.

It is worth noting that for the online learning rule, the learning rates have to be
selected. In the cross-coupled Hebbian rule, the convergence speed depends on the
principal singular value of A, which leads to a problem in the selection of the
learning rate. Thus, there exists a typical speed stability dilemma. Obviously, the
influence of the singular value estimate (9.39) on the equations of the singular
vector estimates potentially improves the convergence properties.

A stochastic online algorithm can be derived from the ODEs (5.39) by formally
replacing A by ytx

T
t and introducing a small learning rate ct that decrease to zero as

t!1. The stochastic online algorithm is as follows:

utþ 1 ¼ ut þ ctr
�1
t ðyt � gtutÞnt

vtþ 1 ¼ vt þ ctr
�1
t ðxt � gtvtÞgt

rtþ 1 ¼ rt þ ctðgtnt � rtÞ:

8<
: ð9:41Þ

where the auxiliary variables nt ¼ vTt xt and gt ¼ uTt yt have been introduced. If the
estimate of rt and the factor r�1t in (9.41) are omitted, the learning rule (9.41)
coincides with the cross-coupled Hebbian rule:

utþ 1 ¼ ut þ ctðyt � gtutÞnt
vtþ 1 ¼ vt þ ctr

�1
t xt � gtvtÞgt;

�
ð9:42Þ

where the singular value estimate is not required in these learning rules.

9.2.5.2 Multiple Component Learning Rules

For the estimation of multiple principal singular triplets, the above single singular
component analyzer has to be combined using some decorrelation method. These
methods can be interpreted as descendents of the Gram–Schmidt orthonormaliza-
tion method. In [1], four methods were introduced, i.e., full Gram–Schmidt
orthonormalization method, first-order Gram–Schmidt approximation, the deflation,
and double deflation. Applying the Gram–Schmidt method would lead to perfectly
orthonormal left and right singular vectors. However, the complexity of this method
is in the order of mM2 for the left and nM2 for the right singular vectors. First-order
approximation of Gram–Schmidt orthonormalization reduces the computational
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effort to the order of mM and nM. Deflation methods have the same order of
complexity but approximately halving the number of computation steps.

Here, we take multiple component learning of the coupled SVD rule using
first-order approximation of Gram–Schmidt orthonormalization as an example. The
algorithms can be summarized as follow:

ûk ¼ uk þ c r�1k y�
Xk
j¼1

gjuj

 !
nk � gk

Xk�1
j¼1

r�1j njuj

" #
; ð9:43Þ

v̂k ¼ vk þ c r�1k x�
Xk
j¼1

gjvj

 !
nk � gk

Xk�1
j¼1

r�1j njvj

" #
; ð9:44Þ

r00k ¼ rk þ cðgknk � rkÞ; ð9:45Þ

where nk ¼ vTk x, gk ¼ uTk y. The weight vector of the next time step is either the
same as this intermediate vector, i.e.,

u00k ¼ ûk; v00k ¼ v̂k; ð9:46Þ

or a normalized version:

u00k ¼
ûk
ûkk k ; v00k ¼

v̂k
v̂kk k : ð9:47Þ

For k = 1, these rules coincide with the coupled SVD rule. For other estimation
rules of multiple principal singular triplets, see [1].

9.3 An Effective Neural Learning Algorithm
for Extracting Cross-Correlation Feature

In this section, a novel information criterion for PSS tracking will be proposed and
a corresponding PSS gradient flow will be derived based on the information cri-
terion. The global asymptotic stability and self-stabilizing property of the PSS
gradient flow will be analyzed.

In particular, for a matrix close to singular, it does not converge and the columns
of state matrix do not orthogonalize. For a matrix close to singular, the algorithm in
[2] can converge. However, it has slower convergence speed, and there appears to
be residual deviations from the orthogonality for its columns of state matrix.
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The objective of this section is to obtain more effective learning algorithm for
extracting cross-correlation feature between two high-dimensional data streams.
Firstly, we propose a novel information criterion (NIC) formulation. Secondly,
based on it, we derive a PSS tracking gradient flow. Then, the landscape of the
information criterion formulation, self-stabilizing property, and the global asymp-
totical convergence of the PSS gradient flow will be analyzed in detail. Finally,
simulation experiments are carried to testify the effectiveness of algorithms.

9.3.1 Preliminaries

9.3.1.1 Definitions and Properties

Definition 9.1 Given an r � r matrix B, then its EVD is represented as
B ¼ UWU�1, where U denotes an r � r matrix formed by all its eigenvectors, and
W ¼ diagðk1; . . .; krÞ[ 0 is a diagonal matrix formed by all its eigenvalues.

Property 9.1 The trace of a matrix B can be computed by trðBÞ ¼Pr
i¼1 ki.

Property 9.2 If A is an m� n matrix and B is an n� m matrix, then it holds that
trðABÞ ¼ trðBAÞ.
Property 9.3 Let eU and eV 2 <N�r be two different matrices satisfying span
(eU) = span (eV ) for r�N, then there always exists an r � r rank-full matrix B such

that eU ¼ fVB.
Property 9.4 Given two different matrices U ¼ ½~u1; . . .; ~ur� and V ¼ ½~v1; . . .;~vr�
2 <N�r, if N[ r and rank ðeUT eVÞ ¼ r, then span(eU) = span (eV ).

Property 9.5 Known Pr;K and ĵi, then there is KPr ¼ Pr
bK, where Pr is an N � r

permutation matrix in which each column has exactly one nonzero element equal to
1 and each row has, at most, one nonzero element (N � r), K is a N � N diagonal
matrix given by diagðk1; . . .; kNÞ, ĵi is an integer such that the permutation matrix
Pr has exactly the nonzero entry equal to 1 in row ĵi and column i, andbK = diagðk̂j1 ; . . .; k̂jrÞ.
About the details of these property and definition mentioned above, we can see
[2, 21, 25].

9.3.1.2 Some Formulations Relative to PSS

Consider an M-dimensional sequence xðtÞ and an N-dimensional sequence yðtÞ with
the sample size k large enough. Without loss of generality, let M�N. If xðtÞ and
yðtÞ are jointly stationary, their cross-correlation matrix [2, 26] can be estimated by
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CðkÞ ¼ 1
k

Xk
j¼1

xðjÞyTðjÞ 2 <M�N ; ð9:48Þ

And if xðtÞ and yðtÞ are jointly nonstationary and slowly time-varying, then their
cross-correlation matrix can be estimated by

CðkÞ ¼
Xk
j¼1

ak�jxðjÞyTðjÞ 2 <M�N ; ð9:49Þ

where 0\a\1 denotes the forgetting factor which makes the past data samples less
weighted than the most recent ones. The exact value for a depends on specific
applications. Generally speaking, for slowly time-varying system, a is chosen close
to one, whereas for fast time-varying system, a should be chosen close to zero
[2, 26].

Let ri; li and ri; i ¼ 1; . . .;N denote the singular values, the corresponding left
and right singular vectors of C, respectively. We shall arrange the orthonormal
singular vectors l1; l2; . . .; lM and r1; r2; . . .; rN such that the associated singular
values are in nonincreasing order, i.e., r1� r2� � � � � rN � 0. Note that since
these left singular vectors lNþ 1; lNþ 2; . . .; lM are associated with the null subspace
of C, we shall not consider them. Let K ¼ diagðr1; . . .; rNÞ, L ¼ ½l1; . . .; lN �, and
R ¼ ½r1; . . .; rN �. Then, the SVD of C is described by C ¼PN

i¼1 rilir
T
i ¼ LKRT.

Usually, all l1; l2; . . .; lr and r1; r2; . . .; rr are called the PSC, and Lps ¼ ½l1; . . .; lr�
and Rps ¼ ½r1; . . .; rr� are called the left and right singular vector matrices associated
with the signal, respectively. The associated principal singular values can construct
a diagonal matrix K ¼ diagðr1; . . .; rrÞ, where r denotes the number of the PSCs.
An efficient estimation can be achieved by Akaike information criterion [27] based
on the distribution of the singular values. In some applications [28, 29], we are
required only to find a PSS spanned by l1; . . .; lr or r1; . . .; rr, given by LpsQ1 or
RpsQ2, where Q1;Q2 is r � r orthogonal matrices.

Consider the following two linear transformations:

uðkÞ ¼ UTxðkÞ 2 <r�1; ð9:50Þ

vðkÞ ¼ VTyðkÞ 2 <r�1; ð9:51Þ

where U 2 <M�r and V 2 <N�r denote the optimal weight matrices whose columns
span the same space as Lps and Rps, respectively; uðkÞ and vðkÞ are the
low-dimensional representation of xðtÞ and yðkÞ, respectively. If U ¼ Lps and
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V ¼ Rps, then uðkÞ and vðkÞ are PCs of xðtÞ and yðkÞ. In [2], the relation between the
PSC and PSS is given. For the convenience of analysis, one definition of the matrix

equivalency eU ¼ fVP was provided in [2], where eU and eV 2 <N�r are matrices, and

P is a r � r permutation matrix. Another definition of the matrix equivalency eU ¼gVQ was also provided in [2], where eU and eV 2 <N�r are two column-orthonormal
matrices, andQ is a r � r orthonormal matrix. For detail, see [2]. In this part, we only
consider those points ðU;VÞð €¼ðLps;RpsÞÞ satisfying Uk k 6¼ 0 and Vk k 6¼ 0.

9.3.2 Novel Information Criterion Formulation for PSS

In this part, we will propose a NIC, based on which we can derive a PSS tracking
algorithm.

9.3.2.1 Novel Information Criterion Formulation for PSS

Given U 2 <M�r and V 2 <N�r in the domain fðU;VÞj Uk kF 6¼ 0; Vk kF 6¼ 0g, we
present a nonquadratic criterion (NQC) for PSS as follows:

min
U;V

JNQCðU;VÞ

JNQCðU;VÞ ¼ �tr ðUTCVÞð Uk kF Vk kFÞ�1
n o

þ 1
2
trf½I � UTU�2gþ 1

2
trf½I � VTV�2g:

ð9:52Þ

It is worth noting that this criterion is referred as novel because it is different
from all existing PSS criteria [2, 9, 10, 12, 13], etc., or all existing PSA criteria [24,
30], etc.

From (5), we can see that JNQCðU;VÞ has a lower bound and approaches infinity
from the above as trðUTUÞ ! 1 or (and) trðVTVÞ ! 1. Obviously, the gradient
searching algorithm can be derived based on the above NQC, which will be dis-
cussed in the latter section.

If U and V are expanded by the left and right singular vector bases into

U ¼ LT eU V ¼ RT eV ; ð9:53Þ
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respectively, then we can find the NQC for the expanded coefficient matrices

mineU ;eV ~JNQCðeU ; eVÞ
~JNQCðeU ; eVÞ ¼ �tr eUTK~VÞð eU��� ���

F
eV��� ���

F

� �1� �
þ 1

2
trf½I � eUT eU �2gþ 1

2
trf½I � eVT eV �2g;

ð9:54Þ

where eU and eV 2 <N�r are two expanded coefficient matrices. Obviously, (9.54)
represents an equivalent form of (9.52). The landscape of this novel criterion is
depicted by the following two theorems. Since the matrix differential will be used
extensively, interested readers can refer to [31] for more detail.

9.3.2.2 Landscape of Nonquadratic Criterion

The landscape of (9.52) is depicted by the following two theorems.

Theorem 9.3 ðU;VÞ is a stationary point of JNQCðU;VÞ in the domain
fðU;VÞj Uk kF 6¼ 0; Vk kF 6¼ 0g if and only if U €¼Lr and V €¼Rr, where Lr 2 <M�r

and Rr 2 <N�r consist of the r left and right singular vectors of C, respectively.
Note that ðU;VÞ €¼ðLr;RrÞ shows a stationary set of JNQCðU;VÞ.
It can be seen that Theorem 9.3 is equivalent to the following Corollary 9.1. So

we will only provide the proof of Corollary 9.1.

Corollary 9.1 ðeU ; eVÞ is a stationary point of ~JNQCðeU; eVÞ in the domain

fðeU; eVÞj eU��� ���
F
6¼ 0; eV��� ���

F
6¼ 0g if and only if eU €¼Pr and eV €¼Pr, where Pr 2 <N�r

is a permutation matrix and consists of r eigenvectors of K, respectively.

Proof The gradient of ~JNQCðeU; eVÞ for PSS tracking with respect to eU and eV exists
and is given by

reU~JNQCðeU; eVÞ ¼ � K~V eU��� ��� eV��� ���� �1
�eUðeUTK~VÞ eU��� ���3 eV��� ���� ��1( )

� eU ½I
� eUT eU �;

ð9:55Þ

reV~JNQCðeU ; eVÞ ¼ � KTV Uk k Vk kð Þ�1�VðUTKVÞ Uk k Vk kð Þ3
n o�1

V½I � VTV�;
ð9:56Þ

where reU and reU denote @~JNQC=@ eU and @~JNQC=@ eV , respectively.
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Given a point in ðPrQ1;PrQ2Þ in ðeU; eVÞ €¼ðPr;PrÞ, then we have

reU~JNQCðPrQ1;PrQ2Þ ¼ �fKPrQ2ð PrQ1k k PrQ2k kÞ�1

� PrQ1ðQT
1P

T
rKPrQ2Þð PrQ1k k3 PrQ2k kÞ�1g

� PrQ1½I � QT
1P

T
r PrQ1� ¼ �fKPrQ2 � KPrQ2g ¼ 0:

ð9:57Þ

Similarly, we can get the following equation:

reV~JNQCðPrQ1;PrQ2Þ ¼ 0: ð9:58Þ

Conversely, ~JNQCðeU ; eVÞ for PSS tracking at a stationary point should satisfy
reU~JNQCðeU ; eVÞ ¼ 0 and reV~JNQCðeU; eVÞ ¼ 0, which yields

eUðeUTK~VÞ eU��� ���3 eV��� ���� ��1
¼ K~V eU��� ��� eV��� ���� �1

þ eU½I � eUT eU �; ð9:59Þ

eVðeUTKeVÞ eU��� ��� eV��� ���3� ��1
¼ KT eV eU��� ��� eV��� ���� �1

þ eV ½I � eVT eV �: ð9:60Þ

Premultiplying both sides of (9.59) and (9.60) by eUT and eVT, respectively, we
have

eUT eU ¼ Ir; ð9:61Þ

eVT eV ¼ Ir; ð9:62Þ

which implies that the columns of eU and eV 2 RN�r are column-orthonormal at a
stationary point of ~JNQCðeU; eVÞ for PSS tracking.

From (9.61), we have

rankð~UTK~UÞ ¼ r: ð9:63Þ

Moreover, premultiplying both sizes of (9.60) by eUT, we have

rank eUT eVðeUTK~VÞ eU��� ��� eV��� ���3� ��1 !
¼ rank eUTKT eV eU��� ��� eV��� ���� �1

þ eUT eV ½I � eVT eV �� �
¼ r:

ð9:64Þ
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From (9.64), it follows that

rankðeUT eVðeUTK~VÞÞ ¼ rankðeUTKT eVÞ ¼ rankðeUT eVÞ ¼ r: ð9:65Þ

From Property (2.4) and (9.65), we have

spanðeUÞ ¼ spanðeVÞ ¼ spanðK~UÞ ¼ spanðK~VÞ: ð9:66Þ

From Property (2.3), it follows that

eU ¼ eVQ; i:e: eU €¼eV : ð9:67Þ

Substituting (9.67) into (9.59) and from ~U ~UT ¼ ~V ~V
T
, we have

K~V ¼ ~V ~V
T
K~V: ð9:68Þ

Let eV ¼ ½v^T
1 ; . . .; v

^T
N �T, where v^iði ¼ 1; . . .;NÞ is a row vector, and take B ¼eVT

K~V that is a r � r symmetric positive definite matrix. Then, an alternative form
of (9.68) is:

riv
^

i ¼ v^iBði ¼ 1; 2; . . .;NÞ: ð9:69Þ

Obviously, (9.69) is the EVD of B. Since B is a r � r symmetric positive definite
matrix, it has only r nonzero orthonormal left eigenvectors, i.e., eV has only
r nonzero orthonormal row vectors. Moreover, all the r nonzero row vectors in eV
form an orthonormal matrix, which shows that eV can always be represented as

eV ¼ P
^

rQ2; ð9:70Þ

i.e.,

eV €¼P^r: ð9:71Þ

Similarly, we can get

eU €¼P^r: ð9:72Þ

Since in the domain fðeU; eVÞjeUTK~V[ 0g,

rankðeUTK~VÞ ¼ rankðQT
1
bPT
rKP

^

rQ2Þ ¼ r: ð9:73Þ
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From Property (2.5), we have

rankðbPT
rKP

^

rÞ ¼ rankðbPT
r P

^

rK
^Þ ¼ r; ð9:74Þ

where the r � r diagonal matrix K
^

is similar to bK in Property (9.5).
This means that

rankðbPT
r P

^

rÞ ¼ r; ð9:75Þ

or equivalently

bPr _¼P
^

r: ð9:76Þ

Thus, (9.71) and (9.72) can always be rewritten as

ðeU ; eVÞ €¼ðPr;PrÞ: ð9:77Þ

This completes the proof.
Clearly, ðeU; eVÞ €¼ðPr;PrÞ shows a stationary set of ~JNQCðeU ; eVÞ.
Theorem (9.3) establishes a property for all stationary points of JNQCðU;VÞ. The

next theorem further distinguishes the global minimizer set obtained by spanning
the PSS from the other stationary points that are saddle (unstable) points.

Theorem 9.4 In the domain fðU;VÞj Uk kF 6¼ 0; Vk kF 6¼ 0g, JNQCðU;VÞ has a
global minimum that is achieved if and only if U €¼Lps and V €¼Rps. And the global
minimum is JNQCðU;VÞ ¼ �

Pr
i¼1 ri. All the other stationary points ðU;VÞ 6¼

ðLps;RpsÞ are saddle (unstable) points of JNQCðU;VÞ.
In fact, ðU;VÞ €¼ðLps;RpsÞ shows a global minimizer set of JNQCðU;VÞ.
It can also be seen that Theorem 9.4 is equivalent to the following Corollary 9.2.

So we will only provide the proof of Corollary 9.2.

Corollary 9.2 In the domain fðeU; eVÞj eU��� ���
F
6¼ 0; eV��� ���

F
6¼ 0g, ~JNQCðeU; eVÞ has a

global minimum that is achieved if and only if eU €¼P and eV €¼P, where P _¼ Ir
0

� �
, Ir

is a r � r identity matrix. And the global minimum is ~JNQCðeU ; eVÞ ¼ �Pr
i¼1 ri. All

the other stationary points ðeU; eVÞð6¼ ðP;PÞÞ are saddle (unstable) points of
~JNQCðeU; eVÞ.
Proof Since ~JNQCðeU; eVÞ for PSS tracking is bounded from below and unbounded
from above as trðeUT eUÞ ! 1 and/or trðeVT eVÞ ! 1, the global minimum can only
be achieved by a stationary point of ~JNQCðeU ; eVÞ. By computing ~JNQCðeU ; eVÞ for
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PSS tracking in the stationary point set for the domain fðeU ; eVÞjeUT eU 6¼ 0;eVT eV 6¼ 0g, we can directly verify that a global minimum of ~JNQCðeU ; eVÞ for PSS
tracking is achieved if and only if

ðeU; eVÞ 2 ðPQ1;PQ2Þ: ð9:78Þ

By substituting (9.78) into (9.54) for PSS and performing some algebraic
manipulations, we can get the global minimum of ~JNQCðeU ; eVÞ for PSS tracking as

~JNQCðeU ; eVÞ ¼ �Xr

i¼1 ri: ð9:79Þ

Moreover, we can determine a stationary point of ~JNQCðeU ; eVÞ for PSS tracking
as saddle (unstable) in such a way that within an infinitesimal neighborhood near
the stationary point, there is a point ðU0;V 0Þ such that its value ~JNQCðU0;V 0Þ for PSS
tracking is less than ~JNQCðeU ; eVÞ for PSS tracking.

Let Pr 6¼ P. Then, there, at least, exists a nonzero element in the row vectors
from rþ 1 to N for Pr. Since P and Pr are two permutation matrices, from Property

9.5, there exist certainly two diagonal matrices K and bK such that P
T
KP ¼ P

T
PK

and PT
rKPr ¼ PT

r Pr
bK. This yields

P
T
KP ¼ K; ð9:80Þ

PT
rKPr ¼ bK: ð9:81Þ

Thus, it holds that

trðPT
KPÞ ¼

Xr
i¼1

ri; ð9:82Þ

trðPT
rKPrÞ ¼

Xr
i¼1

rĵi : ð9:83Þ

If rĵiði ¼ 1; . . .; rÞ are rearranged in a nonincreasing order, i.e.,

~r1� ~r2� � � � � ~rr , then there exist ri� ~riði ¼ 2; . . .; rÞ and r1 [ ~r1 for Pr 6¼ P.
This means that

trðPT
KPÞ[ trðPT

rKPrÞ: ð9:84Þ
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Since

~JNQCðPrQ1;PrQ2Þ ¼ �tr ðQT
1P

T
rKPrQ2Þ PrQ1k k PrQ2k kð Þ�1

n o
þ 1

2
tr I � ðQT

1P
T
r PrQ1Þ

� �þ 1
2
tr I � ðQT

2P
T
r PrQ2Þ

� �
¼ �trfðPT

rKPrÞg;

ð9:85Þ

~JNQCðPQ1;PQ2Þ ¼ �tr ðQT
1P

T
KPQ2Þ PrQ1k k PrQ2k kð Þ�1

n o
þ 1

2
trfI � ðQT

1P
T
PQ1Þgþ

1
2
trfI � ðQT

2P
T
PQ2Þg

¼ �trfðPT
KPÞg:

ð9:86Þ

Thus, we have

~JNQCðPrQÞ[ ~JNQCðPQÞ; ð9:87Þ

which means that the set fðPrQ1;PrQ2ÞjPr 6¼ Pg is not a global minimizer set.
Since Pr 6¼ P, we can always select a column Pið1� i� rÞ from P ¼ ½P1; . . .;Pr�

such that

P
T
i Pr ¼ 0; ð9:88Þ

otherwise, Pr _¼P. Moreover, we can always select a column Pr;jð1� j� rÞ from
Pr ¼ ½Pr;1; . . .;Pr;r� such that

PT
r;jP ¼ 0: ð9:89Þ

Otherwise Pr _¼P. Let Pi have nonzero element only in row �ji and Pr;j have
nonzero entry only in row ĵj. Obviously, �ji\ĵj and rĵj [ r�ji ; otherwise, Pr _¼P.
Define an orthonormal matrix as B ¼ ½Pr;1; . . .; ðPr;iþ ePiÞ=

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2
p

; . . .;Pr;r�,
where e is a positive infinitesimal. Since Pr;j and �Pi have one nonzero entry, it
follows that

KB ¼ ½rĵ1Pr;1; . . .; ðrĵjPr;iþ r�jiePiÞ=
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2

p
; . . .; rĵrPr;r�: ð9:90Þ

Combining (9.88), (9.89), and (9.90), we have

BTKB ¼ diag½rĵ1 ; . . .; ðrĵj þ e2r�jiÞ=ð1þ e2Þ; . . .; rĵr �: ð9:91Þ
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Since Pr is an N � r permutation matrix, we have

PT
rKPr ¼ diag½rĵ1 ; . . .; rĵj ; . . .; rĵr �: ð9:92Þ

Then, it follows that

BTKB� PT
rKPr ¼ diag½rĵ1 ; . . .; ðrĵj þ er�jiÞ=ð1þ e2Þ; . . .; rĵr � � diag½rĵ1 ; . . .; rĵj ; . . .; rĵr �

¼ diag½0; . . .; 0; ð�rĵj þ r�jiÞe2=ð1þ e2Þ; 0; . . .; 0�:
ð9:93Þ

Since rĵj\r�ji , B
TKB� PT

rKPr is a nonzero positive semi-definite matrix. Thus,

we have

~JNQC BQ1;BQ2ð Þ ¼ �tr QT
1B

TKBQ2

� �
BrQ1k kF BrQ2k kF

� ��1n o
þ 1

2
tr I � QT

1B
TBQ1

� �� �þ 1
2
tr I � QT

2B
TBQ2

� �� �
¼ �tr BTKB

� �
\~JNQC PrQ1;PrQ2ð Þ ¼ �tr PT

r KPr
� �

:

This means that fðPrQ1;PrQ2ÞjPr 6¼ Pg is a saddle (unstable) point set.
This completes the proof.
It can be easily shown that ðeU; eVÞ €¼ðP;PÞ denotes a global minimizer set of

~JNQCðeU; eVÞ.
9.3.2.3 Remarks and Comparisons

In the following, we make some remarks on the novel NQC (9.52).

Remark 9.1 From Theorems 9.3 and 9.4, it is obvious that the minimum of
JNQCðU;VÞ for PSS automatically orthonormalizes the columns of U and V, and at
the minimizer of JNQCðU;VÞ for PSS, U and V only produce an arbitrary
orthonormal basis of the PSS but not the multiple PSCs. However, UUT ¼ LpsLT

ps

and VVT ¼ RpsRT
ps are two orthogonal projection on the PSS and can be uniquely

determined.

Remark 9.2 JNQCðU;VÞ for PSS has a global minimizer set and no local ones.
Thus, the iterative algorithms, like the gradient descent search algorithm for finding
the global minimum, are guaranteed to globally converge to the desired PSS for a
proper initialization of U and V in the domain X. The presence of the saddle points
does not cause any problem of convergence because they are avoided through
random perturbations of U and V in practice.
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9.3.3 Adaptive Learning Algorithm and Performance
Analysis

9.3.3.1 Adaptive Learning Algorithm

At time instant k, we have xð1Þ; xð2Þ; . . .; xðkÞ and yð1Þ; yð2Þ; . . .; yðkÞ available and
are interested in estimating UðkÞ and VðkÞ. Our objective is to establish a fast
adaptive algorithm for calculating recursively an estimate of the PSS at time instant
k from the known estimate at k-1 and the newly observed samples xðkÞ and yðkÞ.
We will apply the gradient descent searching to minimize JNQCðU;VÞ.

Given the gradient of JNQCðU;VÞ with respect to U and V, we have the fol-
lowing gradient descent rule for updating UðkÞ and VðkÞ:

Uðkþ 1Þ ¼ UðkÞþ lfCðkÞVðkÞð UðkÞk kF VðkÞk kFÞ�1

� UðkÞðUðkÞTCðkÞVðkÞÞð UðkÞk k3F VðkÞk kFÞ�1gþ lUðkÞ½I � UðkÞTUðkÞ�;
ð9:94Þ

Vðkþ 1Þ ¼ VðkÞþlfCðkÞTUðkÞð UðkÞk kF VðkÞk kFÞ�1

� VðkÞðUðkÞTCðkÞVðkÞÞð UðkÞk kF VðkÞk k3FÞ�1gþlVðkÞ½I � VðkÞTVðkÞ�;
ð9:95Þ

where 0\l\1 denotes the learning step size. In Eqs. (9.94) and (9.95), if we
replace C by xðkÞyTðkÞ, we can obtain a nonlinear stochastic learning rule:

Uðkþ 1Þ ¼ UðkÞþ lfxðkÞyTðkÞVðkÞð UðkÞk kF VðkÞk kFÞ�1

� UðkÞðUTðkÞxðkÞyTðkÞVðkÞÞð UðkÞk k3F VðkÞk kFÞ�1gþ lUðkÞ½I � UTðkÞUðkÞ�;
ð9:96Þ

Vðkþ 1Þ ¼ VðkÞþ lfðxðkÞyTðkÞÞTUðkÞð UðkÞk kF VðkÞk kFÞ�1

� VðkÞðUTðkÞxðkÞyTðkÞVðkÞÞð UðkÞk kF VðkÞk k3FÞ�1gþ lVðkÞ½I � VTðkÞVðkÞ�:
ð9:97Þ

Equations (9.96) and (9.97) constitute our PSS tracking algorithm for extracting
cross-correlation features between two high-dimensional data streams. Our algo-
rithm has a computational complexity of ð1þ 3rÞMNþ 3ðMþNÞr2 flops per
update, which is at the same order as that of algorithms in [2]. The operations
involved in (9.96) and (9.97) are simple matrix addition, multiplication, and
inverse, which are easy for systolic array implementation [26].
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9.3.3.2 Convergence Analysis

We now study the convergence property of the gradient rule (9.96) and (9.97). If
xðtÞ and yðtÞ are two jointly stationary processes and the learning rate l is small
enough, then the discrete-time difference in Eqs. (9.96) and (9.97) approximates the
following continuous-time ODE [32, 33]

dUðtÞ
dt
¼ þfCðtÞVðtÞ UðtÞk kF VðtÞk kF

� ��1
� UðtÞðUðtÞTCðtÞVðtÞÞð UðtÞk k3F VðtÞk kFÞ�1gþ lUðtÞ½I � UðtÞTUðtÞ�;

ð9:98Þ

dVðtÞ
dt
¼ þfCðtÞTUðtÞ UðtÞk kF VðtÞk kF

� ��1
� VðtÞðUðtÞTCðtÞVðtÞÞð UðtÞk kF VðtÞk k3FÞ�1gþ lVðtÞ½I � VðtÞTVðtÞ�:

ð9:99Þ

By analyzing the global convergence of (9.98) and (9.99), we can establish the
condition for the global convergence of (9.98) and (9.99). Next, we study the
convergence of (9.98) and (9.99) via the Lyapunov function theory.

Obviously, we can see that JNQCðU;VÞ is a Lyapunov function for the ODE
(9.98) and (9.99). To show this, let us define a region X ¼ fðU;VÞjJNQC
ðU;VÞ\1g ¼ fðU;VÞj0\ Uk kF\1 and 0\ Vk kF\1g. Within this region,
JNQCðU;VÞ is continuous and has a continuous first-order derivative.

Theorem 9.5 Given the ODE (9.98), (9.99) and ðUð0Þ;Vð0ÞÞ 2 X, then
ðUðtÞ;VðtÞÞ for tracking PSS converges to a point in the set ðU;VÞ €¼ðLps;RpsÞ with
probability 1 as t!1.

Proof For PSS tracking algorithm, the energy function associated with (9.98) and
(9.99) can be given as follows:

EðU;VÞ ¼ � tr ðUTCVÞ Uk kF Vk kF
	 
�1n o

þ 1
2
trf½I � UTU�2g

þ 1
2
trf½I � VTV�2g:

ð9:100Þ

Clearly, we can see that when Uk kF!1 and/or Vk kF!1,EðU;VÞ ! 1.
Thus, it can be seen that Gc ¼ fU;V;EðU;VÞ\cg is bounded for each c. The
gradient of EðU;VÞ with respect to U;V is given by

rUEðU;VÞ ¼ �fCðkÞVðkÞð UðkÞk kF VðkÞk kFÞ�1

� UðkÞðUðkÞTCðkÞVðkÞÞð UðkÞk k3F VðkÞk kFÞ�1g � UðkÞ½I � UðkÞTUðkÞ�;
ð9:101Þ
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rVEðU;VÞ ¼ �fCðkÞTUðkÞð UðkÞk kF VðkÞk kFÞ�1

� VðkÞðUðkÞTCðkÞVðkÞÞð UðkÞk kF VðkÞk k3FÞ�1g � VðkÞ½I � VðkÞTVðkÞ�:
ð9:102Þ

Clearly, Eqs. (9.98) and (9.99) for PSS tracking are equivalent to the following
equation:

dU
dt
¼ �rUEðU;VÞ and dV

dt
¼ �rVEðU;VÞ: ð9:103Þ

Differentiating EðU;VÞ along the solution of (9.98) and (9.99) for PSS tracking
algorithm yields

dEðU;VÞ
dt

¼ tr
dUT

dt
� rUEðU;VÞþ dVT

dt
� rVEðU;VÞ

� �

¼ �tr dUT

dt
� dU
dt
þ dVT

dt
� dV
dt

� �
: ð9:104Þ

This means that EðU;VÞ is a Lyapunov function, and ðdUðtÞ=dtÞ ! 0 and
ðdVðtÞ=dtÞ ! 0, i.e., rUEðUðtÞ;VðtÞÞ ! 0 and rVEðUðtÞ;VðtÞÞ ! 0 as t!1.
Thus, ðUðtÞ;VðtÞÞ globally converges to a stationary point of EðU;VÞ. Moreover,
EðU;VÞ achieves its unique global minimum in set fðLpsQ1;RpsQ2Þg. Since all the
other stationary points of EðU;VÞ are saddle and also unstable, we can see that
ðUðtÞ;VðtÞÞ converges to a point in set fðLpsQ1;RpsQ2Þg with probability 1,
as t !1.

This completes the proof.

9.3.3.3 Self-Stability Property Analysis

Next, we will study the self-stability property of (9.96) and (9.97).

Theorem 9.6 If the learning factor l is small enough and the input vector xðkÞ and
yðkÞ are bounded, then UðkÞk kF and VðkÞk kF in learning algorithm (9.96) and
(9.97) for tracking the PSS approach to

ffiffi
r
p

, respectively.

Proof Since the learning factor l is small enough and the input vector is bounded,
we have

Uðkþ 1Þk k2F ¼ tr½UTðkþ 1ÞUðkþ 1Þ� 
 trfUTðkÞUðkÞþ 2lUTðkÞUðkÞ½I � UTðkÞUðkÞ�g
¼ tr½UTðkÞUðkÞ� � 2l � tr½ðUTðkÞUðkÞÞ2 � UTðkÞUðkÞ�:

ð9:105Þ

9.3 An Effective Neural Learning Algorithm for Extracting … 307



Note that in the previous equation, the second-order terms associated with the
learning factor have been neglected.

It holds that

Uðkþ 1Þk k2F= UðkÞk k2F ¼
tr½UTðkÞUðkÞ� � 2l � tr½ðUTðkÞUðkÞÞ2 � UTðkÞUðkÞ�

tr½UTðkÞUðkÞ�

¼ 1� 2l
tr½ðUTðkÞUðkÞÞ2
tr½UTðkÞUðkÞ� � 1

" #
¼ 1� 2l

trfM2g
trfMg � 1
� �

¼ 1� 2l � trfUWU�1UWU�1g
trfUWU�1g � 1

� �

¼ 1� 2l � trfUW2U�1g
trfUWU�1g � 1

� �
¼ 1� 2l � trfU�1UW2g

trfU�1UWg � 1
� �

¼ 1� 2l � trfW2g
trfWg � 1

� �

¼ 1� 2l �
Pr

i¼1 f
2
iPr

i¼1 fi
� 1

� �
¼

[ 1 for
Pr

i¼1 f
2
i \

Pr
i¼1 fi

¼ 1 for fi ¼ 1; ði ¼ 1; 2; . . .; rÞ
\1 for

Pr
i¼1 f

2
i [

Pr
i¼1 fi

8><
>: ¼

[ 1 for UðkÞk kF\
ffiffi
r
p

¼ 1 for UðkÞk kF¼
ffiffi
r
p

\1 for UðkÞk kF [
ffiffi
r
p

;

8><
>:

ð9:106Þ

where M ¼ UðkÞTUðkÞ is a r � r matrix, and its EVD is represented as
M ¼ UWU�1.

The self-stabilizing property of VðkÞk kF in Algorithms (9.96) and (9.97) for
tracking the PSS can be proved similarly.

This completes the proof.

Remark 9.3 In (9.98) and (9.99), if UTðkÞUðkÞ ¼ I and VTðkÞVðkÞ ¼ I hold, we
can obtain Eqs. (9.19) and (9.20) in [12], respectively. So we can see that the
algorithm in [12] is a special case of our algorithm for PSS tracking, or we can
regard our algorithm for PSS tracking as an extension of the algorithm in [12].

9.3.4 Computer Simulations

In this section, we will provide several interesting experiments to illustrate the
performance of our PSS algorithms. Generate randomly a 9-dimensional Gaussian
white sequence yðkÞ, and xðkÞ ¼ AyðkÞ, where A is an ill-conditioned matrix:

A ¼ ½u0; . . .; u8�diagð10; 10; 10; 10�3; 10�3; 10�3; 10�7; 10�7; 10�7Þ½v0; . . .; v8�T;
ð9:107Þ

and ui and vi (i = 0,…,8) are the ith components of 11-dimensional and
9-dimensional orthogonal discrete cosine basis functions, respectively. In order to
measure the convergence speed and precision of learning algorithm, we compute
the norm of a state matrix at the kth update:

qðUðkÞÞ ¼ UðkÞk kF and qðVðkÞÞ ¼ VðkÞk kF ; ð9:108Þ
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and the direction cosine at the kth update:

DirectionCosine kð Þ ¼ UTðkÞ � Lps

�� ��= UðkÞk k � Lps

�� �� LPSS
VTðkÞ � Rps

�� ��= VðkÞk k � Rps

�� �� RPSS:

�
ð9:109Þ

Also, we use the following index parameter:

distðUðkÞÞ ¼ UTðkÞUðkÞ � Ir
�� ��

F and distðVðkÞÞ ¼ VTðkÞVðkÞ � Ir
�� ��

F ;

ð9:110Þ

which measures the deviation of a state matrix from the orthogonality. Clearly, if
direction cosine(k) converges to 1, then state matrices UðkÞ ðorVðkÞÞ must approach
the direction of the left PSS (or right PSS). If distðUðkÞÞ (or distðVðkÞÞ converges to
zero, then it means that UðkÞ ðorVðkÞÞ is an orthonormal basis of the left PSS (or
right PSS).

In theory, the cross-correlation matrix A given by (9.107) has nine nonzero
singular values among which the totally distinct three singular values 10, 10−3, and
10−7 have multiplicity 3. The data matrix is ill conditioned, since its condition
number is 108 [2]. The PSS spanned by the first 5 singular components will be
tracked. The sample size is 1000, i.e., xð1Þ; . . .; xð1000Þ, and yð1Þ; . . .; yð1000Þ.

Here, we will compare performance of our algorithm for PSS tracking with that
of the recursive implementation algorithm in [2] and the algorithm in [12].
Figure 9.2a, b are the simulation result for our algorithm and the algorithm in [2].
Figure 9.3a,b are the simulation result for our algorithm and the algorithm in [12].

In order to further compare the performance of our PSS tracking algorithm and
the algorithm in [12], another experiment is conducted. Here, the vector data
sequence are generated by xðkÞ ¼ B � yðkÞ, where B is given by:

B ¼ ½u0; . . .; u8� � randnð9; 9Þ � ½v0; . . .; v8�T; ð9:111Þ

where ui and vi(i = 0,…,8) are the ith components of 11-dimensional and
9-dimensional orthogonal discrete cosine basis functions, respectively. In this
simulation, we let yt 2 <9�1 be Gaussian, spatially and temporally white and
randomly generated. Here, a PSS with dimension 5 is tracked. Figure 9.4a, b shows
the simulation results for our algorithm and the algorithm in [12] with the initial
weight modulus value normalized to U0k k ¼ V0k k ¼ ffiffiffi

5
p ¼ 2:236, where the

learning factors of our PSS tracking algorithm and the algorithm in [12] are 0.03
and 0.01, respectively.

From Fig. 9.2, we can see that our algorithm for PSS tracking and the recursive
implementation algorithm in [2] both can converge to an orthonormal basis of the
PSS of the cross-correlation matrix between two high-dimensional data streams.
However, it is obvious that our algorithm for PSS tracking has faster convergence
speed and higher solution precision. In Fig. 9.3, the norm of the state matrix and the
parameter dist(UðkÞ) (or dist(VðkÞ) for algorithm in [12] do not converge. In
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Fig. 9.4, although the three parameters of the algorithm in [12] can converge, their
convergence speed is much slower than that of our PSS tracking algorithm. From
Figs. 9.2, 9.3, and 9.4, it is obvious that our algorithm for PSS tracking outperforms
other congener algorithms.
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Fig. 9.2 a The experiment on the left PSS tracking.b The experiment on the right PSS tracking
with U0k k ¼ V0k k ¼ ffiffiffi
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Fig. 9.3 a The experiment on the left PSS tracking. b The experiment on the right PSS tracking
with U0k k ¼ V0k k ¼ ffiffiffi

5
p ¼ 2:236;lour ¼ 0:03; lK:D: ¼ 0:01 with U0k k ¼ V0k k ¼ ffiffiffi

5
p ¼ 2:236;

lour ¼ 0:03; lK:D: ¼ 0:01

310 9 Singular Feature Extraction and Its Neural Networks



In this section, a novel information criterion for PSS tracking has been intro-
duced, and based on it, a PSS gradient flow has been derived. The averaging
equation of the algorithm for PSS tracking exhibits a single global minimum that is
achieved if and only if its state matrix spans the PSS of the cross-correlation matrix
between two high-dimensional vector sequences. Simulations have shown that the
PSS tracking gradient flow can make the corresponding state matrix tend to
column-orthonormal basis of the PSS and have also shown that the PSS tracking
flow has fast convergence speed and can work satisfactorily.

9.4 Coupled Cross-Correlation Neural Network
Algorithm for Principal Singular Triplet Extraction
of a Cross-Covariance Matrix

In this section, we propose a novel coupled neural network learning algorithm to
extract the principal singular triplet (PST) of a cross-correlation matrix between two
high-dimensional data streams. We firstly introduce a novel information criterion
(NIC), in which the stationary points are singular triplet of the cross-correlation
matrix. Then, based on Newton’s method, we obtain a coupled system of ordinary
differential equations (ODEs) from the NIC. The ODEs have the same equilibria as
the gradient of NIC; however, only the first PST of the system is stable (which is
also the desired solution), and all others are (unstable) saddle points. Based on the
system, we finally obtain a fast and stable algorithm for PST extraction. The
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Fig. 9.4 a The experiment on the left PSS tracking. b The right PSS tracking with U0k k ¼
V0k k ¼ 1:0; lour ¼ 0:03; lK:D: ¼ 0:01 with U0k k ¼ V0k k ¼ ffiffiffi

5
p ¼ 2:236; lour ¼ 0:03; lK:D: ¼ 0:01
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proposed algorithm can solve the speed stability problem that plagues most non-
coupled learning rules. Moreover, the proposed algorithm can also be used to
extract multiple PSTs effectively by using sequential method.

9.4.1 A Novel Information Criterion and a Coupled System

We know that gradient-based algorithms can be derived by maximizing the vari-
ance of the projected data or minimizing the reconstruction error based on an
information criterion. Thus, it is required that the stationary points of the infor-
mation criterion must be attractors. However, the gradient-based method is not
suitable for the NIC since the first PST of the NIC is a saddle point. Different from
the gradient method, Newton’s method has the beneficial property that it turns even
saddle points into attractors, which guarantees the stability of the resulting learning
rules [34]. In this case, the learning rule can be derived using an information
criterion which is subject to neither minimization nor maximization [1]. Moreover,
Newton’s method has higher convergence speed than gradient method. In this
section, a coupled system is derived from an NIC based on Newton’s method.
The NIC is defined as

p ¼ uTAv� 1
2
ruTu� 1

2
rvTvþ r ð9:112Þ

The gradient of (9.112) is determined through

rp ¼ @p
@u

� �T

;
@p
@v

� �T

;
@p
@r

" #T
ð9:113Þ

which has the components

@p
@u
¼ Av� ru ð9:114Þ

@p
@v
¼ ATu� rv ð9:115Þ

@p
@r
¼ � 1

2
uTu� 1

2
vTvþ 1 ð9:116Þ

It is clear that the stationary points of (9.112) are also the singular triplets of A,
and we can also conclude that uTAv ¼ r and uTu ¼ vTv ¼ 1:

In Newton descent, the gradient is premultiplied by the inverse Hessian. The
Hessian H ¼ rrTp of (9.112) is
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H ¼
�rIm A �u
AT �rIn �v
�uT �vT 0

0
@

1
A; ð9:117Þ

where Im and In are identity matrices of dimension m and n, respectively. In the
following, we determine an approximation for the inverse Hessian in the vicinity of
the PST.

Newton’s method requires the inverse of the Hessian (9.117) in the vicinity of
the stationary point, here the PST. The inversion of the Hessian is simplified by a
similarity transformation, using the orthogonal matrix

T ¼
U 0mn 0m
0nm V 0n
0Tm 0Tn 1

0
@

1
A; ð9:118Þ

Here, U ¼ ½�u1; . . .; �um� and V ¼ ½�v1; . . .;�vn� are matrices which contain all left
and right singular vectors in their columns, respectively. For the computation of the

transformed matrix H	 ¼ TTHT, we exploit ATU ¼ V S
T
and AV ¼ U S, where S

is a n� n matrix whose first N diagonal elements are the singular values arranged in
decreasing order, and all remaining elements of S are zero. Moreover, in the vicinity
of the stationary point ð�u1;�v1; �r1Þ, we can approximate �uTu 
 em and �vTv 
 en,
where em and en are unit vectors of the specified dimensions with a 1 as the first
element. We obtain

H	0 ¼
�rIm S �em
S
T �rIn �en
�eTm �eTn 0

0
@

1
A; ð9:119Þ

Next, by approximating r 
 �r1 and by assuming �r1j j � �rj
�� ��; 8j ¼ 2; . . .;M, the

expression S can be approximated as S ¼ rr�1S 
 remeTn . In this case, (9.119)
yields

H	 ¼
�rIm remeTn �em
reneTm �rIn �en
�eTm �eTn 0

0
@

1
A: ð9:120Þ

As introduced in [35], suppose that an invertible matrix of size ðjþ 1Þ � ðjþ 1Þ
is of the form

Rjþ 1 ¼ Rj rj
rTj qj

� �
ð9:121Þ
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where rj is a vector of size j and qj is a real number. If Rj is invertible and R�1j is

known, then R�1jþ 1 can be determined from

R�1jþ 1 ¼
R�1j 0j
0Tj 0

 !
þ 1

bj

bjbTj bj
bTj 1

 !
; ð9:122Þ

where bj ¼ �R�1j rj and bj ¼ qjþ rTj bj. Here, it is obvious that rj ¼ eTm; e
T
n

	 
T
; q ¼

0 and

Rj ¼ �rIm remeTn
reneTm �rIn

� �
: ð9:123Þ

Based on the method introduced in [36, 37], we obtain

R�1j ¼ �rIm remeTn
reneTm �rIn

� ��1
¼ �r�1 ðIm � emeTmÞ�1 emeTn ðIn � eneTn Þ�1

eneTmðIm � emeTmÞ�1 ðIn � eneTn Þ�1
� �

:

ð9:124Þ

It was found that Im � emeTm and In � eneTn are singular, and thus, we add a
penalty term e 
 1 to (9.124), and then, it yields

R�1j 
 �r�1
ðIm � eemeTmÞ�1 emeTn ðIn � eeneTn Þ�1

eneTmðIm � eemeTmÞ�1 ðIn � eeneTn Þ�1
 !


 �r�1 Imþ gemeTm ð1þ gÞemeTn
ð1þ gÞeneTm Inþ geneTn

 !
;

ð9:125Þ

where g ¼ e=ð1� eÞ. Thus,

bj ¼ �R�1j rj ¼ �2ð1þ gÞr�1½eTm; eTn �T; ð9:126Þ

bj ¼ qjþ rTj bj ¼ 4ð1þ gÞr�1: ð9:127Þ

Substituting (9.125) to (9.127) into (9.122), it yields

ðHÞ	�1 ¼ R�1jþ 1 ð9:128Þ

From the inverse transformation H�1 ¼ TH	�1TT and by approximating
r

4ð1þ rÞ ¼ 1
4 rð1� eÞ 
 0, we get
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H�1 

�r�1ðIm � uuTmÞ 0mn � 1

2 u
0mn �r�1ðIn � vvTn Þ � 1

2 v� 1
2 u

T � 1
2 v

T 0

0
@

1
A ð9:129Þ

where we have approximated the unknown singular vectors by �u1 
 u and �v1 
 v,
and 0mn is a zero matrix of size m� n, and 0nm denotes its transpose.

The Newton’s method for SVD is defined as

_u
_v
_r

2
4
3
5 ¼ �H�1rp ¼ ��H�1

@p
@u
@p
@v
@p
@r

2
64

3
75 ð9:130Þ

By applying the gradient of p in (9.114)–(9.115) and the inverse Hessian (9.129)
to (9.130), we have a system of ODEs

_u ¼ r�1Av� r�1uuTAv� 1
2
uþ 3

4
uuTu� 1

4
uvTv; ð9:131Þ

_v ¼ r�1ATu� r�1vuTAv� 1
2
vþ 3

4
vvTv� 1

4
vuTu; ð9:132Þ

_r ¼ uTAv� 1
2
rðuTuþ vTvÞ: ð9:133Þ

It is straightforward to show that this system of ODEs has the same equilibria as
the gradient of p. However, only the first PST is stable (See Sect. 9.4.2).

9.4.2 Online Implementation and Stability Analysis

A stochastic online algorithm can be derived from the ODEs in (9.131)–(9.133) by
formally replacing A with xðkÞyðkÞT and by introducing a small learning rate c,
where k denotes the discrete-time step. Under certain conditions, the online algo-
rithm has the same convergence goal as the ODEs. We introduce the auxiliary
variable nðkÞ ¼ uTðkÞxðkÞ and 1ðkÞ ¼ vTðkÞyðkÞ and then obtain the update equa-
tions from (9.131) to (9.133):

uðkþ 1Þ ¼ uðkÞþ cfrðkÞ�11ðkÞ½xðkÞ � nðkÞuðkÞ� � 1
2
uðkÞþ 3

4
uðkÞuTðkÞuðkÞ

� 1
4
uðkÞvTðkÞvðkÞg;

ð9:134Þ
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vðkþ 1Þ ¼ vðkÞþ c rðkÞ�1nðkÞ½yðkÞ � 1ðkÞvðkÞ� � 1
2
vðkÞþ 3

4
vðkÞvTðkÞvðkÞ � 1

4
vðkÞuTðkÞuðkÞ

� �
;

ð9:135Þ

rðkþ 1Þ ¼ rðkÞþ c nðkÞ1ðkÞ � 1
2
rðkÞ½uTðkÞuðkÞþ vTðkÞvðkÞ�

� �
: ð9:136Þ

Stability is a crucial property of the learning rules, as it guarantees convergence.
The stability of proposed algorithm can be proven by analyzing the Jacobian of the
averaged learning rule in (9.131)–(9.133), evaluated at the qth singular triplet, i.e.,
ð�uq;�vq; �rqÞ. A learning rule is stable if its Jacobian is negative definite. Jacobian of
the original ODE system (9.131)–(9.133) is

Jð�uq;�vq; �rqÞ ¼
�Imþ 1

2 �uq�u
T
q �r�1q A� 3

2 �uq�v
T
q 0m

�r�1q AT � 3
2�vq�u

T
q �Inþ 1

2�vq�v
T
q 0n

0Tm 0Tn 1

0
B@

1
CA ð9:137Þ

The Jacobian (9.137) has M − 1 eigenvalue pairs ai ¼ �ri=�rq � 1; aMþ i ¼
��ri=�rq � 1; 8i 6¼ q and i 6¼ 1. A double eigenvalues aq ¼ aMþ q ¼ �0:5, and all
other eigenvalues ar ¼ �1. Since a stable equilibrium requires
�rij j= �rq
�� ��\1; 8i 6¼ q, and consequently �rq

�� ��[ �rij j; 8i 6¼ q, which is only provided
by choosing q ¼ 1, i.e., the first PST ð�u1;�v1; �r1Þ. Moreover, if �r1j j � �rj

�� ��; 8j 6¼ 1,
all eigenvalues (except a1 ¼ aMþ 1 ¼ �0:5) are ai 
 �1, so the system converges
with approximately equal speed in almost all of its eigen directions and is widely
independent of the singular values.

9.4.3 Simulation Experiments

9.4.3.1 Experiment 1

In this experiment, we will conduct a simulation to test the ability of PST extraction
of proposed algorithm and also compare its performance with that of some other
algorithms, i.e., the coupled algorithm [1] and two noncoupled algorithms [2, 21].
Same as in Sect. 9.3.4, here, the vector data sequence is generated by
xðkÞ ¼ A � yðkÞ, where A is given by A ¼ ½u0; . . .; u8� � randnð9; 9Þ � ½v0; . . .; v8�T,
where ui and vi(i = 0,…,8) are the ith components of 11-dimensiaonl and
9-dimensional orthogonal discrete cosine basis functions, respectively. In this
simulation, we let yt 2 <9�1 be Gaussian, spatially and temporally white and
randomly generated. In order to measure the convergence speed and precision of
learning algorithms, we compute the direction cosine between the state vectors, i.e.,
u(k) and v(k), and the true principal singular vector, i.e., �u1 and �v1, at the kth update:
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DCðuðkÞÞ ¼ uTðkÞ � �u1j j
uðkÞk k � �u1k k ; ð9:138Þ

DCðvðkÞÞ ¼ vTðkÞ � �v1j j
vðkÞk k � �v1k k : ð9:139Þ

Clearly, if direction cosines (9.138) and (9.139) converge to 1, then state vectors
u(k) and v(k) must approach the direction of the true left and right singular vectors,
respectively. For coupled algorithms, we define the left and right singular error at
the kth update:

�LðkÞ ¼ rðkÞ�1ATuðkÞ � vðkÞ�� �� ð9:140Þ

�RðkÞ ¼ rðkÞ�1AvðkÞ � uðkÞ�� �� ð9:141Þ

If these two singular errors converge to 0, then the singular value estimate rðkÞ
must approach the true singular value as k !1. In this experiment, the learning
rate is chosen as c ¼ 0:02 for all rules. The initial values u(0) and v(0) are set to be
orthogonal to �u1 and �v1. Experiment results are shown in Figs. 9.5, 9.6, and 9.7.

From Fig. 9.5a, b, it is observed that all algorithms can effectively extract both of
the left and right principal singular vectors of a cross-correlation matrix between
two data streams. The coupled algorithms have higher convergence speed than
Feng’s algorithm. Compared with Kong’s algorithm, the coupled algorithms have
similar convergence speed in the whole process but higher convergence speed in the
beginning steps. In Fig. 9.6a, b, we find that all left and right state vectors of all
algorithms converge to a unit length, and coupled algorithms have higher con-
vergence speed than noncoupled algorithms. What is more, the principal singular
value of the cross-correlation matrix can also be estimated in coupled algorithms,
which is actually an advantage of coupled algorithms over noncoupled algorithms.
This is very helpful in some engineering applications when singular value esti-
mation is required. Figures 9.7a, b verified the efficiency of principal singular value
estimation of coupled algorithms.

(a) Direction cosine between u(k) and 1u (b) Direction cosine between v(k) and 1v

Fig. 9.5 Direction cosine of left and right singular vector estimation
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9.4.3.2 Experiment 2

Next, we will use the proposed algorithm to extract multiple principal singular
components, i.e., the first 3 PSTs of a cross-covariancematrix, in this experiment. The
initial conditions are set to be the same as that in Experiment 1. The method of
multiple component extractions is a sequential method, which was introduced in [13]:

A1ðkÞ ¼ AðkÞ ð9:142Þ

AiðkÞ ¼ Ai�1ðk � 1Þ � ui�1ðkÞuTi�1ðkÞA1ðkÞvi�1ðkÞvTi�1ðkÞ

¼ A1ðkÞ �
Xi�1
j¼1

ujðkÞuTj ðkÞA1ðkÞvjðkÞvTj ðkÞ
ð9:143Þ

(a) Norm of left state vector (b) Norm of right state vector

Fig. 9.6 Norm of left and right state vectors

(a) Principal singular value estimation (b) Estimation errors

Fig. 9.7 Principal singular value estimation and their errors
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where A(k) can be updated as

AðkÞ ¼ k � 1
k

Aðk � 1Þþ 1
k
xðkÞyTðkÞ ð9:144Þ

By replacing A with Ai(k) instead of nðkÞ1ðkÞ in (9.131)–(9.133) at each step,
then the ith triplet ðui; vi; riÞ can be estimated. In this experiment, we set a ¼ 1.

Figure 9.8 shows the direction cosine between the first 3 (left and right) principal
singular vectors and the true (left and right) singular vectors, and their norms of first
3 (left and right) principal singular vectors. Figure 9.9 shows the first 3 principal
singular value estimation. Figure 9.10 shows that the left and right principal sin-
gular estimation errors. Figures 9.8, 9.9, and 9.10 verify the ability of multiple
component analysis of proposed algorithm.

(a) Direction cosine (b) Vectors norm

Fig. 9.8 Direction cosine and norm of state vectors

Fig. 9.9 The first 3 principal singular value estimation
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In this section, a novel CSVD algorithm is presented by finding the stable
stationary point of an NIC via Newton’s method. The proposed algorithm can solve
the speed stability problem and thus perform much better than noncoupled algo-
rithms. CSVD algorithms can track the left and right singular vectors and singular
value simultaneously, which is very helpful in some engineering applications.
Experiment results show that the proposed algorithm performs well.

9.5 Summary

In this chapter, we have reviewed SVD learning algorithms in the literature. These
algorithms include single-component learning rules and symmetrical learning rules.
The former extract the first principal singular left and right singular vectors and can
be extended to multiple component rules using sequential decorrelation methods
such as Gram–Schmidt or deflation. And the latter update multiple vectors simul-
taneously or extract the principal singular subspace. Several well-known neural
network-based SVD algorithms, e.g., cross-coupled Hebbian rule, DGHA rule,
linear approximation APCA rule, “trace” algorithm, “Riccati” algorithm, CANN
rule, and coupled SVD algorithm, have been analyzed briefly. Then, an information
criterion for singular feature extraction and corresponding neural-based algorithms
proposed by us have been analyzed in details. Finally, a novel coupled neural-based
algorithm is introduced to extract the principal singular triplet (PST) of a
cross-correlation matrix between two high-dimensional data streams. The algorithm
can solve the speed stability problem that plagues most noncoupled learning rules.
Moreover, the algorithm can also be used to extract multiple PSTs effectively by
using sequential method.

(a) Left estimation error   (b) Right estimation error

Fig. 9.10 Left and right principal singular estimation errors
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