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Path Planning for Underwater Gliders
with Motion Constraints

Zhiliang Wu, Mengyuan Zhao, Yanhui Wang, Yuhong Liu,
Hongwei Zhang, Shuxin Wang and Ermai Qi

Abstract The underwater glider technology is a promising ocean observing
technique. This paper presents path planning for underwater gliders as they travel in
the water. The objective is that the underwater glider arrives at the destined depth
while avoiding the obstacles in the way. Artificial potential field approach is used in
the path planning algorithm, which is featured by adding motion constraints of the
underwater glider into path generation.

Keywords Underwater glider � Path planning � Artificial potential field � Motion
constraint
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1 Introduction

Underwater gliders are one type of autonomous underwater vehicles and have been
increasingly used in oceanographic observations. Their outstanding advantage of
long endurance make them competitive to conventional autonomous underwater
vehicles (AUVs). They have been used to obtain long-term oceanographic
parameters for scientific research purpose in both shallow waters and deep oceans.
Unlike AUVs, underwater gliders use a pair of wings to glide downward and
upward in the water, following a sawtooth path, and communicate with the shore
station when surfacing. Figure 1 shows the typical trajectory of underwater gliders.

Underwater gliders usually take paths that are prescribed beforehand. Following
the preset paths, underwater gliders should be able to safely measure the specific
parameters with a certain sampling resolution. A safe measurement is defined as no
collision with obstacles during observation. The obstacles that underwater gliders
need to be avoided include those on the water surface, such as ships or boats and
islands, as well as those that are in the water, such as the sea floor and underwater
valleys. Interference between the objects at the water surface and the surfacing
locations or collision with obstacles in the water may cause fatal damage and even
loss of the underwater glider [1]. Hence, path planning for underwater gliders have
attracted people’s attention.

Most work focused on development of path planning algorithms for underwater
gliders aims to generate either a collision-free path or an energy efficient path at the
ocean surface, assuming that the obstacles are known ahead of planning [2–8].
However, underwater gliders may also encounter underwater obstacles. Under such
circumstances, the underwater path taken by the underwater glider needs to be
adjusted according to its motion constraints, such as the gliding angle and the
turning radius. The overall path at the water surface may also need to be re-planned
accordingly.

Artificial potential field (APF) approach was proposed by Khatib [9] to avoid
obstacles. It is well known for simplicity and efficiency in finding an optimal
solution. Many efforts have been contributed to improvement of APF approach
[10–14]. This approach has been widely used for ground vehicles, aircrafts, and
underwater vehicles. Compared with mobile robots travelling over rigid terrain,
aircrafts and underwater gliders can move more freely in an open 3D space if no

Direction Fig. 1 Typical underwater
glider trajectory
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constraints are posted. But for an underwater glider that has to follow a path with a
certain glide slope, it will have to select a collision-free path on a spiral surface. It is
also required to be steered according to the minimum turning radius requirement,
which is similar to the ground vehicles. This paper presents path planning for
underwater gliders when obstacles are detected in the water. Artificial potential field
(APF) approach is used in the path planning strategy and the motion of the
underwater glider is constrained in path generation.

The rest of this paper is arranged as follows: Sect. 2 states the path planning
algorithm using APF approach; Sect. 3 presents the numerical simulation result of
glider path planning; and Sect. 4 concludes this paper.

2 Underwater Glider Path Planning

In an oceanic observation, the underwater glider is supposed to autonomously find a
safe path from the start point to the goal. It should arrive the destined depth and
simultaneously measure the oceanographic parameters with a certain resolution
along the path. A complete path planning for the underwater glider therefore refers
to generation of a no-collision path for both surfacing locations and underwater
movement.

As the underwater glider moves in the water, it dives or goes up with specific
motion parameters. It has to avoid obstacles detected by the sensors on board and
approaches the destined depth and the specified waypoints for surfacing as closely
as possible. When an obstacle is present and interferences with the underwater
glider’s current path in the water, a detour is needed and the underwater glider may
have to change its current direction to avoid collision with the obstacle.

This section describes the artificial potential fields that are applied to represent
the relations between the underwater glider and the goal, as well as the underwater
glider and the obstacle. The underwater glider’s motion constraints are also
explained in this section.

2.1 Underwater Glider Modeling

The underwater glider is analogous to the gliders in the air, but it descends and
ascends in the water by changing buoyancy to negative or positive states. The net
buoyancy is controlled by an internal buoyancy engine, as shown in Fig. 2. The
underwater glider moves the sliding and rotating masses to control its pitch and roll,
while uses the rudder to control yaw and heading.
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2.2 Underwater Glider Motion Constraints

As the underwater glide travels up and down in the water, its motion is subjected to
certain constraints. Usually, the underwater glider is flown at a certain gliding angle
in one observation according to the scientific research requirement [16]. The gliding
angle is closely related to the pitch angle, which puts an orientation constraint for
the underwater glider, as shown in Fig. 3. Another motion constraint that cannot be
ignored in path planning is the turning radius, especially in shallow waters where
the underwater glider may have to inflect frequently. The underwater glider is
steered by shifting the rotating mass and rolls to turn. A minimum turning radius is
therefore determined by the structure and physical properties of the underwater
glider. For a specific operation, the constraints on the gliding angle n and the
turning radius R can be expressed as:

n ¼ n0
R�Rmin:

�
ð1Þ

where n0 denotes the desired gliding angle required by the operation and Rmin

denotes the minimum turning radius respectively.

Hull

Ballast
Mass 

Buoyancy
Engine 

Sliding
Mass 

Rotating
Mass 

Fig. 2 Schematic diagram of
a conventional underwater
glider [15]

Fig. 3 Schematic diagram of
force balance and angle
relationship (side view). B is
the net buoyance, D is the
drag, L is the lift, V is
underwater glider velocity, h
is the pitch angle, and n is the
glide angle
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2.3 Artificial Potential Fields

Motion of the underwater glider during operation consists of a series of behaviors
that are either approaching the goal or avoiding the obstacles. In our algorithm, the
underwater glider’s movement toward the goal is modeled as being driven by an
attractive potential field created by the goal, while the obstacles are assumed to
exert repulsive forces on the underwater vehicle, pushing it away from its original
path to avoid potential collision [17, 18]. The attractive potential field exerted by
the goal is expressed as:

Uatt ¼
1
2 kaR

2
d; Rd [Dd

0; 0\Rd �Dd :

�
ð2Þ

where Uatt represents the potential function for the attractive potential field, ka is a
positive scalar control gain, Rd is the distance between the underwater glider and the
goal, and Dd is the influence distance of the goal. The attractive force acted on the
underwater glider can be obtained as the minus gradient of the attractive potential
field, as indicated in Eq. (3).

Fatt ¼ �rUatt ¼ �kaRdrRd; Rd [Dd

0; 0\Rd �Dd:

�
ð3Þ

The repulsive potential field generated by the obstacle is given as:

Urep ¼
1
2 kr

1
Ro
� 1

Do

� �2
; 0\Ro �Do

0; Ro [Do:

(
ð4Þ

where Urep represents the potential function for the repulsive potential field created
by the obstacle, kr is a positive scalar control gain, Ro is the distance between the
underwater glider and the obstacle, and Do is the influence distance of the obstacle.
The repulsive force acted on the underwater glider is then:

Frep ¼ �rUrep ¼ kr 1=R0 � 1=D0ð Þ=R2
0rR0; 0\R0 �D0

0; R0 [D0

�
ð5Þ

3 Numerical Simulation

In this section, numerical simulation is conducted on path planning for an under-
water glider with motion constraints. The prototype used in the simulation is
PETREL [19], the underwater glider developed in our laboratory. In the simulation,
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the underwater glider is modeled as a point mass with a minimum turning radius of
10 m. Assume that the underwater glider undergoes an oceanographic observation
which requires an operating depth of 100 m underwater and a glide angle of 20°.
The underwater glider starts the operation at (0, 0, 0) and a series of profiles are
expected. The original path with the waypoints is illustrated in Fig. 4.

Suppose the underwater glider encounters a spherical obstacle during its first
dive, as shown in Fig. 5. The original path would no longer be feasible. The
underwater glider will have to change its current direction and take a new path to
avoid collision with the obstacle. Figure 6 shows the new path generated by the
proposed path planning algorithm. The underwater glider turns first to avoid
the obstacle with the minimum turning radius. As it glides away from the obstacle,
the underwater glider starts to move toward the operating depth when it is beyond
the influence distance of the obstacle. During the diving process, the underwater
glider keeps the glide angle constant. Therefore, the generated path practical and
effective for oceanographic observation. Another collision-free path that is gener-
ated without the motion constraints of the underwater glider is also indicated in
Fig. 6 for comparison. It is apparent that although this path is safe, the underwater
glider may not be able to follow due to the constraints on orientation and turning
radius.

1
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-12000
1500
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1000
500 0   

0

-50

-100
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Waypoint 1
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Start Point

Fig. 4 The original path with
specified waypoints. z = 0
denotes the water surface.
z = −100 denotes the destined
depth of 100 m
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Start PointFig. 5 Obstacle interference
during the first dive. z = 0
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z = −100 denotes the destined
depth of 100 m
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4 Conclusions

Underwater gliders have been increasingly used for long-term oceanographic
observation as one kind of promising autonomous underwater vehicles. This paper
presents path planning for underwater gliders under the circumstances that obstacles
are detected as the underwater glider travels through the water. Artificial potential
fields approach is applied to represent the impacts of the goal and the obstacles on
the underwater glider. The motion constraints of the underwater glider are also
taken into account in path generation. A practical and effective collision-free path
has been obtained.
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A Novel Method for the Motion Planning
of Hyper-redundant Manipulators Based
on Monte Carlo

Jingdong Zhao, Liangliang Zhao and Yan Wang

Abstract The motion planning of hyper-redundant manipulator has been viewed
as the most challenging for computing the inverse kinematics due to its enormous
work space and a large or infinite degree of freedom. In this paper, we introduce a
new approach to solve the inverse kinematics problem that uses the Monte Carlo
method to search manipulator configurations. We simulate thousands of random
manipulator positions without any lookahead search. For the purpose of solving the
problem of expending a great deal of time, an improvement search method was
applied that combines Monte Carlo simulation with establish cubes in the reachable
workspace of a hyper-redundant manipulator. Using this method, the simulation
experiment expends approximate half of time than Monte Carlo method, and has
the less positional errors.

Keywords Hyper-redundant manipulators � Motion planning � Monte Carlo �
Random searching

1 Introduction

To our knowledge, hyper-redundant manipulators have been implemented in the
highly constrained environments, which have a large number of degree of freedoms
(DOFs) and greater robustness. The world-first snake-like manipulator Active Cord
Mechanism was invented by Hirose and his team in 1972 [1]. Due to much more
DOFs than ordinary manipulators, motion planning of a hyper-redundant manip-
ulator is still a great challenge. The primal problem is the algorithm expend a great
deal of time in the motion planning, and the delayed effects of the control system
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become large. In order to solve this problem, we introduce an effective and intel-
ligent algorithm in this paper for the motion planning to decrease the time delay of
the manipulator control system.

Several algorithms have been developed for motion planning of hyper-redundant
manipulators. H. Ananthanarayanan introduced a multi-pass sequential localized
search algorithm to solve the problem of path planning of hyper-redundant
manipulators for the shortest path in the presence of obstacles. The proposed
method is guaranteed to find a locally optimal path, and applicable to higher DOF
control space with realistic computation time [2]. N. Shvalb and his team presented
an algorithm that differs from a probabilistic road map (PRM) algorithm in the
motion between a pair of anchoring points, which takes place on the boundary of
the obstacle subspace. The algorithm was exemplified on a redundant robot with 8
degrees of freedom and compare running results with those of the PRM [3].
Byung-Rok So employed a motion planning algorithm for redundant manipulator
standing on the ground, with a geometric constraint equation is derived from the
ZMP equation. The algorithm is verified by simulating and experimenting several
motions though a planar 3-DOF manipulator model [4].

Monte Carlo methods are a search algorithm that have their roots in statistical
physics, they have been used to obtain approximations to the difficult problem [5].
Based on the characteristics of generality of random sampling, and finding optimal
decisions, Monte Carlo method is applied in a wide kinds of fields including games
research.

Google DeepMind team introduce a new approach to computer Go that uses
Monte Carlo tree search programs simulate thousands of random games of
self-play. They also introduce a new algorithm that combines Monte Carlo simu-
lation with value and policy networks. Using this search algorithm, the AlphaGo
program defeated the human European Go champion by 5 games to 0 [6]. B. Sarkar
propose a new method for the computation of importance weights in Monte Carlo
localization on maps represented with line segments. The comparative study clearly
establish that the proposed method is more accurate, robust and efficient than the
other methods [7]. A. Peidró presents the Monte-Carlo calculation of the
work-space of a biped redundant robot. In his work, the solution to forward
kinematics has been used together with a Monte-Carlo method to compute the
reachable and constant-orientation workspaces of the robot [8].

This paper presents a method for the motion planning of a hyper-redundant
manipulator by combination of the Monte Carlo method. The Sect. 2 illustrates the
structure of the hyper-redundant manipulator, establishes the forward kinematic
model, and uses Monte Carlo method to simulation the workspace of a manipulator.
In Sect. 3, Monte Carlo method is used to generate the value of each joint angle of
hyper-redundant manipulator. We write a program to random search configurations
of a manipulator, and report on the results obtained from simulation experiment
with different number of cloud points. In Sects. 4 and 5, for the purpose of solving
the problem of expending a great deal of time, we propose an improved Monte
Carlo method, and present the six different types of simulation experiment results,
which implemented on a 14 DOFs manipulator.
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2 Description of Hyper-redundant Manipulator

Hyper-redundant manipulator generally constitutes of a number of the same or
similar links. In this paper, we regard the hyper-redundant manipulator as a col-
lection of rigid bodies, which consists of 14 links include 7 pitch joints and 7 roll
joints. The DOFs of the manipulator are 14. The 3-D view of simulated manipulator
platform is shown in Fig. 1.

2.1 Kinematic of Hyper-redundant Manipulator

Due to the kinematic model of hyper-redundant manipulator should not be affected
by the shape or arrangement of the links change, in this work, we simply it into a
linkage mechanism. The kinematic model of the manipulator has 14 DOFs joints
with each joint has � p=2 range of motion. The method that is implemented here for
modelling forward kinematic of the manipulator is D-H method [9]. The D-H
coordinate system of a simulated manipulator platform is shown in Fig. 2. The D-H
parameters are listed in Table 1.

Where Ai is the link corner of hyper-redundant manipulator, ai is the length of
vertical line from the joint shaft i to i + 1, di is the link offset from link i to i + 1, hi
is the angle of rotation of link i.

According to these D-H parameters of the manipulator, it is possible to establish
the transformation matrix between coordinate frames i and i + 1. The matrix can be
given as:

i�1
i T ¼ Rotðx; ai�1ÞTransðai�1; 0; 0ÞRotðz; hiÞTransð0; 0; diÞ ð1Þ

where Rot () is the rotation coordinate transformations, Trans () is the translation
coordinate transformations. Base on the Eq. (1) and the D–H parameters in Table 1,
we can get the transformation matrix of i�1

i T as shown in the Eqs. (2) and (3).

X0

Y0

Z0

O0

Xe
Ye

Ze

Fixed Base 

End-effector 

Oe

link1

link2

link3
link14

link13
link4

Fig. 1 The simulated
manipulator platform
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0
1T ¼

cos h1 � sin h1 0 0
sin h1 cos h1 0 0
0 0 1 0
0 0 0 1

2
664

3
775; i ¼ 1 ð2Þ

i�1
i T ¼

cos hi � sin hi 0 0
0 0 � sin ai�1 �li sin ai�1

sin hi sin ai�1 cos hi sin ai�1 0 0
0 0 0 1

2
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3
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Fig. 2 The D-H coordinate
system of a simulated
manipulator platform

Table 1 D-H parameters of
manipulator

Module number D–H parameter

ai ai di hi
1 0 0 0 h1
2 p=2 0 l1 h2
3 �p=2 0 l2 h3
4 p=2 0 l3 h4
… …

13 �p=2 0 l13 h13
14 p=2 0 l14 h14
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2.2 Manipulator Workspace Determination

The workspace of a hyper-redundant manipulator is the most important parameters
when motion planning, it can be represented as the set of configurations that will be
attaining by the end effector [10]. Due to a large or infinite degree of kinematic
redundancy, the analytic method is much more complicated than ordinary manip-
ulators. In this paper, we introduce the Monte Carlo method to simulation the
workspace of a manipulator, and every link of the manipulator is checked for
collision with other links simultaneously. Based on the kinematic model of the
manipulator, the position of end effort can be parametrized in the general form:

xt
yt
zt
1

2
664

3
775 ¼ 0

14T � L14¼0
1T

1
2T

2
3T

3
4T � � � 1213T13

14T � L14: ð4Þ

We shall exemplify our algorithm on a manipulator with the movement range of
all pitch joints are −90° to + 90°, the roll joints are −90° to + 90°, and l1 = l2 =
�� = l14 = 40 mm. The point cloud of reachable workspace is shown in Fig. 3, and
the number of points are: N1 = 10,000, N2 = 50,000, N3 = 200,000.

Figure 3 shows that increasing N increases the volume of the reachable work-
space, and the shape of it is virtually unaffected. We also checked that the point
evenly distributed throughout the sphere workspace, this is the physical charac-
teristic of the hyper-redundant manipulator.

3 Monte Carlo Method to Search Random Configurations

In this work, Monte Carlo method uses random simulations to generate the value of
each joint angle of hyper-redundant manipulator. As more simulation experiments
are executed, the number of manipulator configurations grows larger and the end
effector position values become more accurate. The algorithm used to select con-
figurations during random search is also improve by selecting positional error with

Fig. 3 The point cloud of reachable workspace
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lower values [11]. Asymptotically, this algorithm converges the configurations at a
target point, and the positional errors converge to the optimal value.

3.1 Algorithmic Procedure of Monte Carlo

According to the introduction of the Monte Carlo method above, we can write a
program to random search the configurations of a manipulator. A general overview
of the Monte Carlo method is depicted in Algorithm 1.
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In the algorithm 1, n is the number of random searching configurations,
T represents the number of iterations of each configuration, error represents the
distance between the end effector point and the target point, and random is the
standard uniform distribution number on the open interval (0,1). hi and error can be
given in Eqs. 5 and 6.

hi ¼ p
2
þ p� random ð5Þ

error ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� xtÞ2 þðy� ytÞ2 þðz� ztÞ2

q
ð6Þ

3.2 Simulation Experiment

The Monte Carlo method is implemented on a 14DOF manipulator which intro-
duced in the Sect. 2. We report on the results obtained from six groups of the
simulation experiment with different parameters of n. It is illustrated in Figs. 4 and
5. And its parameters of n have the following values: n1 = 500, n2 = 1000,
n3 = 1500, n4 = 2000, n5 = 2500, n6 = 3000.

In the first stage of the Monte Carlo method, randomly generated the configu-
rations into the reachable workspace of manipulator. For example, the first picture
of Fig. 4 shows the reachable workspace is filled with 500 different configurations.

In the second step, the iterative process of each configuration is repeated T times
and the return configurations are collected in a set. As shown in the Fig. 5, through
the use of this method, we can get the configurations which satisfying a distance
tolerance between the end effector and the target point.

Fig. 4 The point cloud of random searching configurations
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4 Improvement on Monte Carlo Method

According to the Sect. 3, the Monte Carlo method was presented and used for
motion planning of the hyper-redundant with the generality of random configura-
tions. The simulate experiments show that the presented method has many
advantages, include the efficiency of motion planning of the manipulator is
increased, and the positions of end effort are carried out with military precision.
Simulation results demonstrate the feasibility and effectiveness of this method. Of
course, there still exist many problems that need to be solved. The primal problem
is the method expend a great deal of time in random selecting configurations. For
the purpose of solving the problem, we divide the reachable workspace of s
manipulator into a number of cubes, as shown in Fig. 6.

As shown in Fig. 6, we established a cube ABCDEFGH in the coordinate O0-
X0Y0Z0. The end effector point of manipulator represents the center of the cube, and
also it is the target point as mention in the Sect. 3. a represents the side length of the
cube. In this work, the approach of equally dividing the reachable workspace of a
manipulator into a number of cubes was used to extract configurations which
satisfying the errors between the end effector to the target point. It is applied extract
configurations by configurations from the point cloud which converge the random
searching configurations at a target point as shown in Fig. 5.

We implement the identical Monte Carlo method on a 14DOF manipulator
which be mentioned in the Sect. 3, with the extract configurations take the place of
random searching configurations in the algorithm 1, and the target point coordinate
inside of the cube. The simulation experimental result is illustrated in Fig. 7, the
number of random searching configurations n1 ¼ 500, the end effector point of
manipulator (xt1, yt1, zt1) = (200 mm, 200 mm, 200 mm), and the side length of the
cube a = 20 mm.

Fig. 5 The point cloud of converge the configurations at a target point
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On the basis of the process of simulation experiment which shown in the Sect. 3,
in the first stage of the algorithm, the extract configurations fill in the reachable
workspace of manipulator, and in the second step, the iterative process of each
configuration is repeated T times and the return configurations are collected in a set.
As shown in the Fig. 7, through the use of this method, the point cloud of the
configurations moves from the center of the cube to the target point B = (xt2, yt2,
zt2) = (190 mm, 190 mm, 190 mm).

5 Experimental Results

To evaluate improved Monte Carlo method, we compare six different types of the
simulation experiments with different parameters of n, which identical to the sim-
ulation experiment in the Sect. 3.2. The experimental results are shown in Fig. 8.
To efficiently combine the improved Monte Carlo method with simulation exper-
iments, the method was executed in MATLAB R2015b on a PC with 3.60 GHz
quad core Intel processor with 8 GB RAM running Windows 7. All of these
simulation experiments are based on Monte Carlo algorithms.

According to Figs. 8, the improved Monte Carlo method make the point cloud of
the configurations moves from the center of the cube to the target point. We also
checked that increasing n increases the volume of the point cloud, and the general
motion trend of point cloud virtually unaffected.

We also get the error change curve as shown in Fig. 9, and the computation time
of the simulation experiments as shown in Fig. 10. The error change curve and the
computation time of the experiment 1 are come from the simulation experiment in
the Sect. 3.2. As depicted in Figs. 9 and 10, the Monte Carlo method and the
improved Monte Carlo method were run for 6 different simulation experiments
respectively. It is evidenced that the number of the parameters of n greatly influ-
ences the errors of generate configurations. And it also can be seen that the
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Fig. 6 Representation of the
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computation time is directly proportional to the number of random searching
configurations n.

The results suggest that the improved Monte Carlo method was applied in the
experiment 2 expends approximate half of time than Monte Carlo method, which
was applied in the experiment 1 (see Fig. 10), and has the less positional errors (see
Fig. 9). It demonstrated the feasibility and effectiveness of the improved Monte
Carlo method.
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6 Conclusion

Due to much more DOFs, motion planning of a hyper-redundant manipulator is a
great challenge when it takes place in real-time. In this paper, we introduce and
analyze the improved Monte Carlo method to deal with the motion planning of
hyper-redundant manipulator. In the Sect. 3, we randomly generated the value of
each joint angle of hyper-redundant manipulator, and converges the configurations
at a target point take advantage of the values of positional error. We presented six
types of the simulation experiments on a 14 DOFs manipulator based on different
parameters of the number of cloud points. Then, we proposed an improved Monte
Carlo method by dividing the reachable workspace of s manipulator into a number
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of cubes, and present the six different types of simulation experiment results, which
implemented. All the experiment results demonstrated the feasibility and effec-
tiveness of the improved Monte Carlo method.
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Gait and Trajectory Rolling Planning
for Hexapod Robot in Complex
Environment

Guiyang Xin, Hua Deng, Guoliang Zhong and Hengsheng Wang

Abstract Hexapod robots have stronger adaptability to dynamic unknown envi-
ronment than wheeled or trucked ones due to their flexibility. In this paper, a
control strategy based on rolling gait and trajectory planning that enables a hexapod
robot to walk in dynamic environment is proposed. The core content of the control
strategy is to constantly change the gait and trajectory according to the dynamic
environment and predicted stability margin of robot. Kalman filter is employed to
compute predicted zero moment point (ZMP) monitoring the stability of robot in
order to keep balance with adjusting gait and trajectory. A hierarchical control
architecture consisting of high-level gait planner, low-level trajectory planner, joint
servo controller and compliance controller is presented. The control strategy is
applied to a hexapod robot engaging to disaster rescue. Experiment results show the
efficiency of our control strategy over challenging terrain.
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1 Introduction

Hexapod robots have attracted the attention of researchers because of their superior
adaptability to complex environments than their wheeled counterparts. The leg
mechanisms of most existing hexapod robot prototypes are 3-DOF serial mecha-
nism including 3 links and 3 revolute joints, which is based on bionics principle.
However, in the past works [1–3], we proposed a novel hexapod robot called as
PH-Robot, as shown in Fig. 1, with parallel leg mechanism so as to bring the
advantage of parallel mechanisms to legged robots.

In order to implement rolling planning of gait according to different missions and
environmental conditions, different types of gait should be generated. Many studies
have focused on the gait generation. As far as we know, it’s hard for hexapod robots
to execute dynamic gaits, such as trot or gallop which belongs to mammal gaits.
The static gaits including tripod, quadruped, one-by-one types of gait as in [4] and
other free gait in [5, 6] are widely used in hexapod robots. Wang et al. [7] discussed
three different gaits, i.e., insect-wave gait, mammal-kick gait and mixed gait. They
still belong to static gaits. Asif et al. [8] proposed a method that is to increase the
number of supporting legs according to the roughness of terrain in order to increase
stability. Other researchers [9–12] focused on the analysis of fault tolerant gait as

Fig. 1 Prototype of PH-robot
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one or more legs are prevented from supporting and swing. In this paper, we will
give some typical gaits, which establish the gait base for rolling gait planning,
according to different tasks and environments.

In order to keep statically stable walking, stability control are another crucial
elements except gait planning. Actually, hexapod robots are easier to obtain static
stable walking compared with quadruped and humanoid robots because of the larger
number of legs. Therefore, in most cases, we do not need to plan the center of gravity
(COG) trajectory because the COG always stays in the support polygon naturally.
However, there are many external disturbances, such as unknown-uneven terrain and
impact force from flying objects or human’s hit. Therefore, we need a closed-loop
controller to keep balance when suffering disturbance. Asif et al. [13] proposed a
control framework constituting a modified hybrid force-position controller to deal
with the environmental disturbances. More research results on this issue are imple-
mented on quadruped robots [14–16], but a common dynamic model of inverted
pendulum is applied due to the heavy body relative to their legs. By contrast, hexapod
robot’ legs make more contribution to the entire mass of robot than the body.
Therefore, their method is not suitable for hexapod robots. This paper proposes a new
control method combining rolling planning and state observer based onKalman filter.

After gait planning, we need a trajectory generator in order to plan the motion of
body and swing legs. On this issue, we must address the coupled kinematics of legs
and body. In fact, we have derived the inverse and forward kinematics in our earlier
work [1].Wewill present a new expression of kinematics that leads to convenience for
dynamic modeling. Moreover, the curve of trajectory function should be determined
according to some rules like avoiding impact between feet and the ground. To avoid
impact, the initial and final velocity and acceleration of the trajectory are chosen to be
zero. Wang et al. [17] used the combination function of sine and cosine functions to
satisfy the abovementioned condition. We have successfully applied a similar func-
tion called as cycloid curve to accomplish tripod gait in [1, 3]. Rebula et al. [18]
proposed a combined curve consisting of two linear segments and a parabolic seg-
ment. Kalakrishnan et al. [14] applied a series of quantic spline segments (fifth order
polynomials) as the trajectories of COG and the end of swing legs. Kolter et al. [15]
used a very simple trajectory like a box as the foot trajectory.Wewill also employ fifth
order polynomials which can provide convenience for rolling trajectory planning.

The rest of this paper is laid out as follows. In Sect. 2, we give a brief overview
of the PH-Robot’s hardware. The proposed stability control architecture is analyzed
in Sect. 3. Gait and trajectory planning is presented in Sect. 4. In Sect. 5, we
present some experimental results. Finally, conclusions are presented in Sect. 6.

2 PH-Robot

PH-Robot is very different with most popular hexapods due to its parallel leg
mechanism as shown in Fig. 1. The purpose of using parallel mechanism is to
improve payload capability, which has been analyzed in [2]. The robot stands
approximately 820 cm in initial state (The height of robot depends on the length of
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linear actuators) with a total mass of about 130 kg. There are 18 actuated degrees of
freedom excluding the one freedom of LIDAR. Each active joint is a prismatic joint
corresponding to a linear actuator driven by servo motor with absolute encoder. An
inertial measurement unit (IMU) mounted on the body can provide accurate 3-axis
angle, angular rate and 3-axis acceleration data. Motion state will be estimated by
the combination of IMU and encoders. There is a 6-axis force/torque sensor
mounted on each foot to measure the contact force with ground. Data offered by all
of the above sensors is processed by an embedded controller CX2030 produced by
Beckhoff. CX2030 can accomplish all the computation within 2 ms that is the servo
cycle.

A Sick LMS111 planar LIDAR is mounted on a spindle that can rotate in order
to realize 3D scanning. Since the 3D point cloud has very huge data, we use a super
laptop to process the data from LIDAR instead of using CX2030. CX2030 can
require what we needs from that laptop via Ethernet communication.

3 Stability Control Architecture

The control architecture as shown in Fig. 2 can be separated into three levels. The
highest level is the gait planning level which reserves a gait base to be used by robot
according to different tasks, environments and stability state. The middle level

Gait Planning

Trajectory Planning

Inverse Kinematics

Joint Servo Controller

Mission

ZMP observerCompliance 
controller

Fig. 2 Stability control architecture
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consists of trajectory planner and inverse kinematics solver so as to achieve the
upcoming footsteps. The low level is the joint servo control level which tries to
ensure the planned motion executed with accuracy and robustness to disturbance.
Besides these levels, there are a state observer based on Kalman filter and a
compliance controller for stability state feedback and trajectory modification.

As we know, there are five procedures when using Kalman filter to estimate the
optimal state of signal with noise. One procedure is to use the state corresponding to
last sample to predict the state of next sample as follows,

Xðkjk � 1Þ ¼ AXðk � 1jk � 1Þ ð1Þ

Although Xðkjk � 1Þ is not the finial estimated value, we can use it to predict
stability state of robot, because we want to make adjustment of gait or trajectory
before the robot lose stability and tip over. From this perspective, it is significant
to introduce Kalman filter into stability controller. When the observer predicts the
robot will tip over, the strategy to keep balance is to increase the number of
supporting feet through changing original trajectory and gait plan. Figure 3 shows
an example of stability control through trajectory rolling planning. In this case, the
robot is impacted by external force when walking following the original trajec-
tory. In order to avoid tip over, the new trajectory should be planned and
implemented. The move direction should also be changed in order to get rid of the
impact force.

Another element of our control architecture is the compliance controller with the
purpose of avoiding impact with ground. Contacting with ground before finishing
the planned trajectory is inevitable. If we suddenly shut down the motor with high
rotating speed when detecting contacting force with ground by 6-axis force/torque
sensor, it will damage the robot’s components. Therefore, compliance control is
applied on our robot. The control law of compliance control is

Impact force
New plan

Original plan

Original move 
direction

New move 
direction

Fig. 3 Stability control
through trajectory rolling
planning
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DXðsÞ ¼ DFðsÞ
Mds2 þBdsþKd

ð2Þ

According that control law, it is to control contacting force through changing the
expected trajectory in Cartesian frame. From this perspective, the compliance
control is also a rolling trajectory planning strategy.

4 Gait and Trajectory Planning

4.1 Gait Planning

As mentioned earlier, many types of gaits have been proposed by researchers. We
can classify them according to the type of support polygon or the number of
supporting and swing legs as “3 + 3” alternating tripod, “4 + 2” quadruped, and
“5 + 1” one-by-one gait. Tripod gait is considered as the fastest movement gait as
its duty factor b, which is defined as the fraction of cycle time in which a leg is in
the supporting phase [19], is 1/2. By contrast, the duty factor b of quadruped and
one-by-one gait is 2/3 and 5/6 respectively. However, we think sometimes duty
factor b cannot be used as a criterion for walking speed. As shown in Fig. 4, when
the same movement distance of robot body is adopted for tripod gait and quadruped
gait, the movement speeds of the two types of gait are identical. But it should be
noted that if the body movement distance is the maximum, quadruped gait cannot
be realized because of the workspace limitation of leg 2 and 5. Therefore, if taking
the limitation of legs’ stride and motors’ speed into consideration, tripod gait will be
the fastest gait definitely.

Another important aspect worthy to analyze is the stability margin of different
gaits. Static stability margin is defined as the minimum distance from the projection
on the ground of gravity center of robot to each edge of the support polygon [20],
and the edge corresponding to the minimum distance is called as tipping over
trended edge. According to that definition, it seems that the stability margins of the
three gaits are identical. However, the number of tipping over trended edge for
tripod gait is 3, whereas that is 2 and 1 for quadruped gait and one-by-one gait
respectively. Therefore, we would like to employ one-by-one gait to traverse highly
uneven terrain, which is a strategy to control stability.

As for hexapod robots, it should be noted that we don’t have to plan the COG
trajectory in order to keep stable walking, because all of these gaits have large static
stability margin. That’s very different from humanoid robots that have to walk in
quasi-dynamic gaits because of their small support polygon. This characteristic of
hexapod robot will bring large convenience for trajectory planning and inverse
kinematics, because it’s very difficult to compute joint trajectory according to COG
trajectory, whereas it’s easy to compute joint motion according to the body’s
motion using inverse kinematics. Therefore, although our trajectory planners
includes COG trajectory planner, that is only used for several extreme cases.
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Usually, we only plan the trajectories of body and swing legs when using these
three normal gaits. Actually, the trajectories of COG and body are considered
approximately identical in lots of literature [21–23] aimed at the locomotion of
humanoid robots, because the mass of humanoid robot’s legs can be ignored
compared with the mass of body. That cannot be applied on our robot, because the
legs of our robot are very heavy on the contrary. Besides those three normal gaits,
we can use mixed gait to deal with more complicated cases.

4.2 Trajectory Planning

In this section we will address the issue of choosing functions, motion range, and
time interval for trajectories of COG, body, and swing feet. Firstly, note that hexapod

(a) Tripod gait

(b) Quadruped gait

Fig. 4 Two typical gaits
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robot cannot keep a constant speed to walk because of the alternation of supporting
phase and swing phase. The motions of swing legs’ feet are forward with respect to
robot body, whereas the motions of supporting legs’ feet are back with respect to
robot body, and therefore the motion speed of feet should be zero with respect
to body in order to change movement direction when alternating phases. That means
the initial and end velocities of trajectories of COG, body and swing feet should be
zero. In order to obtain a smooth motion for actuators, the initial and end acceler-
ations of the planned trajectory are chosen to be zero as well. These are the boundary
conditions for trajectory planning.

In our previous publications [1, 3], we adopted cycloid function that satisfies the
boundary conditions abovementioned. However, that function cannot be used for
segmented function. Therefore, we choose a more flexible function that is fifth
order polynomial as the trajectory function for the convenience of rolling planning.
We can derive the formulation of that function according to the boundary condi-
tions as follows,

qðtÞ ¼ q0 þ 10ðqDt � q0Þ
Dt3

t3 þ �15ðqDt � q0Þ
Dt4

t4 þ 6ðqDt � q0Þ
Dt5

t5 t 2 ½ 0 Dt � ð3Þ

where q0 denotes the start value, qDt denotes the end value, Dt means the time
interval. The motions of 3-axis of a 3D trajectory in Cartesian coordinate system are
defined by Eq. (3) respectively. As for foot trajectory, the height and stride con-
strained by the reachable workspace are determined by qDt � q0. Moreover, Eq. (3)
is also constrained by motor’s maximum speed and torque.

Some researchers [24–26] try to find efficient optimization method to solve this
problem for real-time application. But we think it’s not necessary to optimize the
trajectory when walking. In fact, we can find some optimal trajectories offline under
those constraints to be used as basic trajectories for rolling planning online.
Compared with the velocity and torque limitation, we think the reachable work-
space is the crucial constraint for online trajectory planning, because servo motors
have overload ability while mechanisms never cannot reach outside reachable
workspace. Therefore, it’s necessary to ensure the end point of a trajectory satis-
fying the workspace constraint, and the time interval can be modified slightly
according to the offline optimized trajectory.

Here is an example to explain this trajectory planning method as shown in
Fig. 5. A legged robot follows an offline optimized trajectory, the green curve,
within time interval t1. After finishing that trajectory, there is no contact force with
ground because of the sag on the ground, and the robot therefore needs to plan a
sequential trajectory, the blue curve, to contact ground. The stride, height and time
interval of the new trajectory can be directly set as half of those of the offline
optimized trajectory in order to avoid time-consuming optimization. As for our
robot, default values of stride, height and interval time are set as 200 mm, 60 mm
and 2 s respectively. Those values are not the limiting values in order to give more
room to adjust for online rolling planning.
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As mentioned, after determining the trajectories of body and swing legs, the joint
motion can be solved by inverse kinematics. These joint motions will be sent to
joint servo controller and be tracked accurately.

5 Experiments with the PH-Robot

We applied the proposed control architecture on our robot. Figure 6 shows the
sequence of snapshots of the PH-Robot crossing rough terrain with several bricks.
In this experiment, the robot is walking in tripod gait. When the robot stepped on a
brick, the original planned trajectory has not been tracked to the end, and the
compliance controller therefore is executed to stop the foot sticking the brick while
the other two swing legs continue to track the rest of the original trajectories.
Meanwhile, the ZMP observer did not predict the robot will lose stability due to the
brick. Consequently, it did not call the rolling planning strategy to keep balance.
That experiment shows the advantage of hexapod robot in term of inherent stability
compared with humanoid robot, and it also demonstrates the practicability on
travelling rough terrain.

6 Conclusion

In this paper, we present our six-legged robot, the PH-Robot. Its high-powered
hardware guarantees the execution of control commands. The stability control is
based on a hierarchical control architecture composed of three levels. The appli-
cation of this control strategy on PH-Robot enables the robot to traverse high
uneven terrains. The predicted ZMP give the controller more time to adjust gait or
trajectory in order to avoid tipping over. Gait and trajectory rolling planning is the
core component for balance recovery and terrain adaptability.

Fig. 5 Rolling planning for
foot trajectory

Gait and Trajectory Rolling Planning for Hexapod Robot … 31



Acknowledgments This study was supported by a grant from National Basic Research Program
(973) of China (Grant No. 2013CB035504).

References

1. Xin G, Deng H, Zhong G, Wang H (2015) Hierarchical kinematic modelling and optimal
design of a novel hexapod robot with integrated limb mechanism. Int J Adv Robot Syst
12:123. doi:10.5772/59989

2. Xin G, Deng H, Zhong G, Wang H (2015) Dynamic analysis of a hexapod robot with parallel
leg mechanisms for high payloads. In: 2015 10th Asian control conference (ASCC). IEEE,
pp 1–6

Fig. 6 Sequence of snapshots of the PH-robot crossing rough terrain using the proposed
controller

32 G. Xin et al.

http://dx.doi.org/10.5772/59989


3. Zhong G, Deng H, Xin G, Wang H (2016) Dynamic hybrid control of a hexapod walking
robot: experimental verification. IEEE T Ind Electron 63(8):5001–5011

4. Lee BH, Lee IK (2001) The implementation of the gaits and body structure for hexapod robot.
In: IEEE international symposium on industrial electronics (ISIE 2001). IEEE, pp 1959–1964

5. Porta JM, Celaya E (2004) Reactive free-gait generation to follow arbitrary trajectories with a
hexapod robot. Robot Auton Syst 47:187–201

6. Erden MS, Leblebicioglu K (2008) Free gait generation with reinforcement learning for a
six-legged robot. Robot Auton Syst 56:199–212

7. Wang Z, Ding X, Rovetta A, Giusti A (2011) Mobility analysis of the typical gait of a radial
symmetrical six-legged robot. Mechatronics 21(7):1133–1146

8. Asif U, Iqbal J (2012) On the improvement of multi-legged locomotion over difficult terrains
using a balance stabilization method. Int J Adv Robot Syst 9:1

9. Yang J-M, Kim J-H (1998) Optimal fault tolerant gait sequence of the hexapod robot with
overlapping reachable areas and crab walking. IEEE Trans Syst Man Cybern Part A 29
(2):224–235

10. Yang J-M, Kim J-H (2000) A fault tolerant gait for a hexapod robot over uneven terrain. IEEE
Trans Syst Man Cybern Part B. 30(1):172–180

11. Chu SK-K, Pang GK-H (2002) Comparison between different model of hexapod robot in
fault-tolerant gait. IEEE Trans Syst Man Cybern Part A 32(6):752–756

12. Asif U (2012) Improving the navigability of a hexapod robot using a fault-tolerant adaptive
gait. Int J Adv Robot Syst 9:33

13. Asif U, Iqbal J (2011) Motion planning using an impact-based hybrid control for trajectory
generation in adaptive walking. Int J Adv Robot Syst 8(4):212–224

14. Kalakrishnan M, Buchli J, Pastor P, Mistry M, Schaal S (2010) Fast, robust quadruped
locomotion over challenging terrain. In: 2010 IEEE international conference on robotics and
automation (ICRA). IEEE, pp 2665–2670

15. Kolter JZ, Rodgers MP, Ng AY (2008) A control architecture for quadruped locomotion over
rough terrain. In: 2008 IEEE international conference on robotics and automation (ICRA).
IEEE, pp 811–818

16. Garcia E, de Santos PG (2006) On the improvement of walking performance in natural
environments by a compliant adaptive gait. IEEE Trans Robot 22(6):1240–1253

17. Wang Z, Ding X, Rovetta A (2009) Analysis of typical locomotion of a symmetric hexapod
robot. Robotica 28:893–907

18. Rebula JR, Neuhaus PD, Bonnlander BV et al (2007) a controller for the littledog quadruped
walking on rough terrain. In: 2007 IEEE international conference on robotics and automation.
IEEE, pp 1467–1473

19. Song SM, Choi BS (1990) The optimally stable ranges of 2n-legged wave gaits. IEEE Trans
Syst Man, Cybern Syst part b Cybern 20(4):888–902

20. Long S, Xin G, Deng H, Zhong G (2015) An improved force-angle stability margin for radial
symmetrical hexapod robot subject to dynamic effects. Int J Adv Robot Syst 12:59

21. Kajita S, Kanehiro F, Kaneko K et al (2003) Biped walking pattern generation by using
preview control of zero-moment point. In: 2003 IEEE international conference on robotics
and automation (ICRA’03). IEEE, pp 1620–1626

22. Liu J, Veloso M (2008) Online ZMP sampling search for biped walking planning. In: 2008
IEEE/RSJ international conference on intelligent robots and systems. IEEE, pp 185–190

23. Erbatur K, Kurt O (2009) Natural ZMP trajectories for biped robot reference generation.
IEEE T Ind Electron 56(3):835–845

24. Lampariello R, Nguyen-Tuong D, Castellini C, Hirzinger G, Peters J (2011) Trajectory
planning for optimal robot catching in real-time. In: 2011 IEEE international conference on
robotics and automation (ICRA). IEEE, pp 3719–3726

25. Macfarlane S, Croft EA (2003) Jerk-bounded manipulator trajectory planning: design for
real-time applications. IEEE Trans Robot Autom 19(1):42–52

26. Gasparetto A, Zanotto V (2008) A technique for time-jerk optimal planning of robot
trajectories. Robot Comput-Integr Manuf 24:415–426

Gait and Trajectory Rolling Planning for Hexapod Robot … 33



Real-Time Trajectory Plan for Six-Legged
Robots to Open Doors Based on Tactile
Feedback

Zhijun Chen and Feng Gao

Abstract Opening doors is a basic and significant task for robots in applications of
home service, security guard and disaster rescue. Previous researches basically use
a multi-DOF manipulator mounted to a tracked, wheeled or biped robot platform to
manipulate, use 3D vision system to recognize and roughly locate the door handle,
and apply force sensors to precisely locate the handle and open the door. This paper
proposes a method to plan the door-opening trajectory for six-legged robots, based
on only the tactile feedback. Specially, by making a good use of the six DOFs and
the enough workspace of the body, the robot uses a 0-DOF tool to operate. By
touching the door and the handle at different positions and different directions, the
robot can detect the positional relationship with the door and accordingly plan the
trajectory to open the door in real-time.

Keywords Door-opening � Trajectory plan � Tactile feedback � Six-legged robots

1 Introduction

Applications of modern robots have been widely extended to various cases, such as
home service, security guard and disaster rescue. In these cases, a robot must be
able to autonomously accomplish some manipulation tasks in unknown and strong
interface environments. Opening doors is a basic and significant one, which has
already been intensively studied for more than two decades [1]. Related studies
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mainly focus on two issues: how to recognize and locate the door and the handle in
real-time precisely in unknown and strong interface environments, and how to
optimize the process of opening doors properly to avoid large contact force because
of the positioning error and the imprecise modeling of the environment.

Related works basically use vision systems to recognize and locate the door
handle roughly, and apply force sensors to feedback real-time motion data for
locating and controlling precisely [2–7]. Most of them are only applicable to locate
specific types of door handles, and a few of them have also done some work to
recognize various door handles of totally unknown geometry [8, 9]. However, harsh
environments such as dim light, fire ground with smoke and nuclear accident site
with radiation, can easily and quickly cause vision system to be invalid, which is
not concerned by any above-mentioned examples. This paper focuses on such
situations, and proposes a method which involves no vision system and uses only
the tactile system to feedback the position data, thus fulfilling real-time trajectory
plan.

In order to avoid the large contact force with the door when the manipulator
moves along the trajectory, various strategies such as trajectory optimization [10,
11], mechanism optimization [12, 13], control method optimization [14–16].
However, the primary cause of the large contact force is that the motion of the
manipulator cannot follow the position of the handle exactly because of the posi-
tional error, while a firm grasp compels the manipulator to follow. So in this paper,
we apply a loose grasp to the handle, which can effectively release the large contact
force and realize opening the door fluently.

Moreover, multi-DOF manipulator is indispensable for the existing door-
opening method to generate the trajectory, because the wheeled, tracked, biped
robot base have no enough DOFs or workspaces to operate. While in this paper, the
body of the six-parallel legged robot has six DOFs and enough workspace to turn
the handle and push the door open. By making a good use of the DOFs of the body
and properly planning the trajectory of the body and the legs, a simpler 0-DOF tool
mounted to the body can fulfill the door-opening task.

This paper is organized as follows: in Sect. 2 we introduce our six-parallel-
parallel-legged robot system and the coordinate system definition; in Sect. 3 we
present the trajectory plan of opening a door; in Sect. 4 we provide the experiment
results and discuss about them; in Sect. 5 we conclude the paper.

2 System Overview

The platform we study on is a six-parallel-parallel-legged walking robot [17] as
shown in Fig. 1. The robot is a 6-DOF parallel mobile platform with six legs, and
each leg of the robot is a 3-DOF parallel mechanism with three chains: 1 UP chain
and 2 UPS chains, thus called six-parallel-parallel-legged robot. The prismatic joint
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of each chain is the active input joint driven by a servo motor through a belt pulley.
The onboard control system is integrated in a cabinet upside the robot body. At the
head of the robot body, a 0-DOF tool with a 6D force sensor is mounted. The tool is
composed of a horizontal rod and a vertical rod. The 6D force sensor we used is the
ATI Mini58 IP68 F/T Sensor.

In order to well express the relative location between the door, the robot and the
ground, it is essential to establish five main coordinate systems. The first one is the
Robot Coordinate System (RCS), which locates at the center of the body plane with
ZR pointing to right astern of the body and YR normal to the body plane. The
second one is the Ground Coordinate System (GCS), which superposes the RCS at
anywhere the user sets. Then, the RCS moves together with the robot body and the
GCS keeps still. Here the GCS is set to superpose the RCS as the door opening task
starts. The third one is the Door Coordinate System (DCS), which locates at the
intersection of the handle axis and the door plane, with ZD normal to the door plane
and YD along the door axis.

3 Door-Opening Approach and Trajectory Plan

The approach of opening a door is shown in Fig. 2. The task of opening a door
starts when the robot is already guided to an uncertain position in front of the door.
Some information about the door is already known: the direction of the handle, the
range of the handle height but not the exactly value, the minimum width of the
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door. The task can be decomposed into five basic subtasks, which will be described
in detail in this section.

The trajectory is generated by a force control model:

M€Sk ¼ Fk � C _Sk�1
_Sk ¼ _Sk�1 þ €SkDt
Sk ¼ Sk�1 þ _SkDt

8
<

:
ð1Þ

where Sk(xk, yk, zk)
T and Sk−1(xk−1, yk−1, zk−1)

T denote the coordinates of the body
center OR along the trajectory at time k and k − 1, Fk(Fxk, Fyk, Fzk)

T denotes the
force integrated with the virtual force applied and the real force feedback from the
sensor at time k, M and C denote the virtual mass and damp matrix. The M and C
are kept constant, and generate different trajectories by applying different Fk.

3.1 Locate the Door Plane

The first subtask is to locate the door plane (O-A-B-C), in which the robot identifies
the rotational relationship with the door by touching three non-colinear points on
the door as shown in Fig. 3.

Three non-colinear points define a plane. According to this basic principle, the robot
firstly moves its body forward (-ZR) until the end of the tool touches the first point A
on the door (O-A). Then, the robot moves its body both backward and leftward,
and forward again to touch the second point B (A-B). Finally, the robot moves its body
both backward and upward, and forward to touch the third point C (B-C).
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touch handle 
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Fig. 2 Approach of opening doors
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3.2 Rotate to Align

The second subtask is to align with the door (C-O-D), in which the robot rotates
around YR-axis and XR-axis to align the tool to be normal to the door plane and keeps
the tool not to collide with the door plane during the process of detecting the handle.

As shown in Fig. 4, the robot firstly moves the tool from C back to the starting
point O by using position control, the coordinates of O and C can be derived by the
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forward kinematics at O and C. Then the robot rotates the body from O to D, and
the rotating angles can be derived from the coordinates of A, B, C.

3.3 Locate the Handle

The third subtask is to locate the handle (D-E-F-G), in which the robot identifies
translational relationship with the handle by three times of touching in three
orthogonal directions.

As shown in Fig. 4, in case that the robot is far from the handle, the robot needs
to move forward to touch the door and rightward to touch the handle cyclically,
thus approaching the handle until touching. In every cycle except the last one, the
robot successively moves its body forward (-ZR) until touching the door plane,
backward for a short constant distance to avoid rubbing with the door plane,
rightward for a constant distance decided by the workspace of the tool, and moves
its legs to follow the body, thus finishing the process of D-E.

In the last cycle (E-F-G in Fig. 4), after touching the handle, the robot moves its
body leftward to a proper position, and downward until touching the handle.

3.4 Open the Door

The fourth subtask is to open the door (G-H-I), in which the robot firstly moves
along a circular line in door plane to turn the handle (Fig. 5 left), and then moves
forward for a proper distance to push the door open (Fig. 5 right).
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Fig. 5 Turn the handle (G-H in left), push the door (H-I in right), and adjustment before walking
left (I-J in right)
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3.5 Walk Through

The fifth subtask is to walk through the door (I-J-K-L), in which the robot adjusts its
body to a proper pose (Fig. 5), walks leftward into the door range, and then walks
forward to get through (Fig. 6).

During the adjustment, the tool translates parallel to the wall plane from I to J to
release the handle and prepare for the left walking. The tool at point J is in the same
vertical plane as at point E, and higher than E for h to avoid colliding with the
handle.

During the leftward walking, the robot keeps the end effecter Q in the range of
the door frame to prevent the door from closing automatically. Considering the high
load capacity, the robot can deal with doors with large rebounding forces.

4 Experiments and Results

In order to verify the proposed system and approach, experiments are carried out on
the robot. The door is 2025 mm high and 1130 mm wide, with a door closer to
provide rebound tendency. The robot autonomously plans its motion totally based
on the force feedbacks from the tactile system in real-time. Figure 7 shows the
process of opening the door in the experiment. Figure 8 shows the feedback force
and the relevant position of the robot body.

Door
Trajectory

Feet
Trajectory

Feet
Trajectory

1

1

1

1

1

1

2

2

2

2

2

2

3 3

3

3

3

3

00

00

00

l 

Robot Trajectory

J K 

L
Fig. 6 Process of walking
through the doorframe
(J-K-L)

Real-Time Trajectory Plan for Six-Legged Robots … 41



The robot starts the task at O. Then the robot moves forward, and adjusts its
position to prepare for next touch immediately after the tactile system detects a
force pulse along ZR which indicates the robot touches the door. After the third
touch at C, the robot moves back to the starting position O, and rotates to D to keep
the tool normal to the door plane.

Then, the robot tries to move rightward to touch the handle and makes different
decisions based on different force feedbacks. If the tactile system feeds no force
pulse back, the robot moves its legs to follow the body. If the tactile system feeds a
force pulse back along XR, the robot knows it has touched the handle at F, thus
starts to adjust its position to detect the handle along YR. After feeling a force pulse
indicating the touch along YR, the robot starts to turn the handle. Once the force
feedback from the handle exceeds the threshold indicating the handle reaches the
end H, the robot pushes the door open.

Finally, the robot walks leftward into the door range according to the calculated
position of the handle and then walks through.

5 Conclusions

This paper presents a novel system for a six-parallel-parallel-legged robot to
autonomously open doors. The six-parallel-parallel-legged robot enjoys six-legged
robots’ advantages in adaptability, mobility and stability and parallel robots’
advantages in accuracy, rigidity and load capacity. Therefore it is suitable for
executing tasks in unknown and strong interface environments, including opening

Fig. 7 Process of the experiment
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doors even with a rebound tendency. And the six DOFs and enough workspace of
its body make it possible to use a 0-DOF tool mounted to the body to manipulate.

The robot calculates the positions of its body and legs in real-time by applying
the forward kinematics, and detects the positions of the door and the handle by
applying tactile system. Based on the good acknowledgement of the positional
relationship between the robot and the door, the robot autonomously plans its
motion to realize opening the door.
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Optimized Body Position Adjustment
of a Six-Legged Robot Walking
on Inclined Plane

Yuan Tian and Feng Gao

Abstract In this paper, an optimized body position planner is proposed for a
six-legged robot walking on inclined plane. First of all, the parametric features of an
inclined plane is introduced with the relationship of the plane and the robot motion
investigated. After that, an optimization-based approach is employed to generate
appropriate body position adjustment corresponding to various plane parameters.
Both kinematic reachability of robot legs and static stability of robot body are taken
into consideration during the optimization process. Under these two constraints, the
optimization objective is formulated to realize the maximum mobility indicated by
the maximum step parameters. Computations are carried out demonstrating the
relationship among different degrees of plane inclination, robot body displacement
and robot maximum mobility.

Keywords Six-legged robot � Walking on inclined plane � Convex optimization

1 Introduction

Legged robots are advanced mobile robots that can traverse over a large range of
tough terrains. Autonomous legged robot should be able to adjust their motions
adaptively to overcome terrain variations. Such planning strategy should be good at
building models of terrains and effectively propose respective motions to realize
feasible and stable locomotion without much computational overhead. In this paper,
the motion planning on a special type of tough terrain, the inclined plane, is
investigated on our six-legged robot.
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1.1 Problem Statement

For a legged robot that walks on an inclined plane or a slope, the key planning
purpose is to let the robot stably move on the plane with feasible motions of
mechanical joints. However, according to our experience, deadlock frequently
occurs due to kinematic workspace limitations of the robot when the robot steps are
as aggressive as those on flat plane. Other cases include falling over of the robot due
to careless regulation of the robot COG (center of gravity). These are two main
aspects when a legged robot fails to walk on an inclined plane. From the opposite
perspective, some terrains are indeed too inclined that the robot could hardly step
on. In this regard, to explore the maximum mobility of the robot on a given inclined
plane is helpful and instructive.

Some insights could be gained after the above discussion of the problem. Yet, to
solve the motion planning problem of a robot walking on a 3D spatial inclined
terrain, efforts should be made in terms of robot mechanism design, gait planning,
body pose regulation, etc. In this paper, we focus our study on the body pose
regulation using a six-legged robot, taking both robot kinematics and stability
limitations into account. We formulate the problem into a universal optimization
problem and eventually obtain the optimal robot stance configuration on any given
plane.

1.2 State of the Art

The problem of locomotion optimization for legged robot walking on inclined
terrains has been addressed by Hong et al. [1] on humanoid robots applying a
modifiable walking pattern generation method. Also, for humanoid robots, Kim
et al. [2] presented an online control algorithm through which the robot could adapt
to the floor conditions. Maneuvering on slopes of multi-legged robots are also
discussed in [3] and [4] for hexapod and quadruped robot. More detailed stability
evaluation was given in [5] and [6], in which different criteria of stability were
compared and also the effect of the robot dynamics was proposed. Most of the
above researches focused on the gait generation and the stability and of the legged
robot. On the other hand, for more generous locomotion on rough terrain, leg
kinematics played an important role and was investigated. Belter and
Skrzypczyński [7] introduced an effective online posture optimization of a hexapod
which could avoid deadlocks in most cases and enhance the robot mobility. In
our study, we would like to consider the robot stability as well as the leg kinematics
in one optimization scheme. Before that, we will firstly introduce our six-legged
robot.
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1.3 Robot Overview

The six-legged robot we employ has six legs symmetrically distributed (Fig. 1). All
legs are in their standard stance positions. The ground reference coordinate system,
body coordinate system and leg coordinate system are illustrated respectively. The
default advancing direction of the robot is along its z axis. For the robot gait, we
employed the most frequently used gait of the six-legged robot, the tripod gait. Two
pairs of legs are numbered as (1, 3, 5) and (2, 6, 4), defined in an anti-clockwise
order.

In terms of the control system, we utilize a Linux OS with a cross-compiled
Xenomai real-time core. Onboard sensory system includes a Kinect 3D stereo
vision system, six degree-of-freedom force/torque sensors mounted on each of the
foot tips and an inertial measurement unit. Legs are actuated by eighteen 400 W
motors. The command exchange in the actuation layer is through ethercat com-
munication, with a frequency of 1 kHz.

2 Planning Strategy

In this paper, we propose to establish the explicit connection of the robot optimized
pose and features of the inclined terrain. In this way, when the robot encounters any
given terrains, the robot would be able to make fast response with a precomputed
set of optimized control inputs as body translational offsets.

Unlike on other kinds of terrains with non-negligible obstacles, the difficulty of
walking on inclined terrains mainly lies in the regulation of body pose, not the leg
trajectories. Leg continuous motion could be generated applying simple trajectories
such as the ellipsoid trajectory, rectangular trajectory, or their variations, etc.

Fig. 1 Different (ground, body, leg) coordinate systems and sequence of legs
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What we would like to do is to generate a series of standard robot configuration
primitives. More precisely, these are stance configuration primitives, with default
position distributions of legs. Body poses of these configurations can cover a good
range of robot motion on the given inclined terrain. In real world locomotion, we
would then refer to these stored primitives and instruct for planning purpose. At the
same time, feasible motions are restored into the table of primitives as a memorizing
process to enrich the reference functionality.

In this paper, the primary mission is to generate the most general set of robot
poses, depending on the different terrain parameters. The first term to accomplish is
to model the inclined terrain feature.

2.1 Inclined Plane and Body Orientation

An ideal inclined plane in the 3D space could be mathematically expressed as a
plane equation with respect to the given coordinate system.

AxþByþCzþD ¼ 0 ð1Þ

in which the normal vector of the plane is given as (A, B, C)terr.
Theoretically, when the robot is in its stance phase, the six foot tips locate on the

same inclined plane. However, this is the case when the plane is a perfect surface.
In real world applications, terrain feature always involves irregularities such as
small convexity or concavity on the ground, tiny variations of elevation, etc.
Therefore, we compute the plane with the actual stance foot tip positions. The
obtained plane is computed by minimizing the least squares of the distance between
stance foot tips and the plane.

J ¼ min
X6
i¼1

Axi þByi þCzi þDk k2 ð2Þ

A ground coordinate system is set on the absolute flat terrain as the reference
coordinate system. To express the inclined plane, we set another coordinate system
attached to itself, in which the y axis coincides with the normal vector of the plane,
with its vertical component pointing upward (Fig. 2). Therefore,

G
terry ¼ signðBÞ A B Cð ÞTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2 þB2 þC2
p ð3Þ

After that, we would like to set the z axis of the plane as the advancing direction
of the robot along the plane. That is to say, if we express a transformation between
the plane and the reference frame with the yaw-pitch-roll Euler angles, the plane
would have the same yaw angle a as the robot w.r.t. the reference coordinate
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system. It is the navigation angle of the robot, which is obtained from the navi-
gation system or human instructions as the known variable. We can compute this
coordinate system by the following steps.

Firstly, an auxiliary x axis is given, which is the pitch rotation axis during the
Euler angle transformation after the yaw rotation,

G
terrxaux ¼ rotyðGabÞ �

1
0
0

0
@

1
A ¼

cos Gab
0

� sin Gab

0
@

1
A ð4Þ

Then, the advancing direction, namely z axis,

G
terrz ¼

G
terrxaux � G

terry
G
terrxaux � G

terryk k ð5Þ

Lastly, x axis and the overall rotation matrix.

G
terrx ¼ G

terry� G
terrz ð6Þ

G
terrR ¼ G

terrx;
G
terry;

G
terrz

� � ð7Þ

The rotation matrix could be also expressed by yaw-pitch-roll (213) Euler angles,

G
terrR ¼ roty Gaterr

� � � rotx Gbterr
� � � rotz Gcterr

� � ð8Þ

where Gaterr is the same as the robot yaw angle Gab and that leads to two deter-
minant variables, the pitch Gbterr and roll Gcterr angle of the plane. These two
variables describe the fore-and-aft inclination and the lateral inclination when the
robot is moving along a certain given direction.

As for the body orientation regulation, we choose to fix the body orientation with
that of the inclined plane as a coarse optimization measure. Such handling of the
body orientation is reasonable because first of all, the robot body is redundant with
regard to the six stance legs and we prefer to coarsely adjust the body orientation
and focus the precise optimization on body displacement. In this way, the problem
variable space would have a lower dimension, which is efficient to solve. In
addition, body orientation in parallel with the plane leaves each leg a considerably
good kinematic margin. More importantly, as will be explained in the following
chapters, the involvement of body orientation would violate the convexity of the
overall optimization problem. We therefore fix it to strictly guarantee a feasible
solution of the body displacement. The final body transformation matrix w.r.t. the
reference frame is,

G
BT ¼

G
terrR

Gpb
0 1�3ð Þ 1

� �
ð9Þ
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where the rotation matrix is obtained from the stance leg positions and only the
robot position Gpb serves as the undetermined variable, T being a linear transfor-
mation. The linearity of T is of great importance to relate variables in the body and
the ground reference frames through an affine transformation, which guards the
convexity of the optimization overall problem.

2.2 Leg Workspace Approximation

For each leg, there are three sub-chains of prismatic actuation to achieve three
degrees of freedom for leg translation in space. Each prismatic actuation has upper
and lower bounds of travel limits due to the mechanical constraint of the leading
screw. Because of these bounds, the workspace of each leg is a non-convex

Fig. 2 The six-legged robot on inclined plane. Yaw angle of the robot is given by Gaterr. The
plane normal vector is marked as (A, B, C)terr
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3D space (Fig. 3). As a main aspect of the planning strategy, the kinematic margin
of the leg is hard to evaluate in such irregular workspace. Out of this consideration,
we propose an approximation of the workspace applying a convex subset of the
workspace, formed by the intersection of a convex cone and the half space split by a
spatial plane (Fig. 4). The convex subset only sacrifices some narrow workspace
which is hardly reached in walking tasks. Moreover, the convex subset facilitates
the formulation of the overall optimization problem.

Fig. 3 Leg workspace
boundary point cloud with
respect to the leg coordinate
system

Fig. 4 Leg workspace and convex subspace viewed in the x-z plane
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2.3 Convex Optimization Problem Formulation

The convex optimization formulation was adapted by various researches [8, 9] in
robot trajectory and path planning. Generally, when any problem is formulated into
a strict convex optimization problem, it could be resolved with efficient off-the-shelf
algorithms. Algorithm implementation with software such as Mosek [10] often
facilitates the computation process while only requires for the proper definition of
problem variables, constraints and objective.

In our planning problem, with the plane parameters pitch and roll given, legs
constraint in respective convex workspaces and body orientation fixed in parallel
with the plane, the computation of optimized body position could be handled
through the formulation of a general convex optimization problem. All leg and
body variables are linearly related because transformations between different
coordinate systems are already guaranteed as linear.

Apart from the body position, we assign another set of variables to express the
possible reachable areas of the swing legs (Table 1).

The above three variables defines a box space w.r.t. the standard swing leg
position. The vertices of the box are:

ðXstep=2;Hstep;Zstep=2Þ; ðXstep=2; 0;Zstep=2Þ;
ð�Xstep=2;Hstep;Zstep=2Þ; ð�Xstep=2; 0; Zstep=2Þ;
ðXstep=2;Hstep;�Zstep=2Þ; ðXstep=2; 0;�Zstep=2Þ;

ð�Xstep=2;Hstep;�Zstep=2Þ; ð�Xstep=2; 0;�Zstep=2Þ:

These coordinates indicate synchronous motions corresponding to the swing leg
w.r.t. the body coordinate system. That is to say, they are possible step motions of
swing legs from the standard stance configuration along the inclined plane. In the
formulation of the problem, we seek for the optimized body position satisfying that
the box space of the swing leg is reachable with the least dimension of
0.2 m*0.2 m*0.08 m. The convexity of the box guarantees that all positions in the
box are feasible as long as all eight motions of the vertices are feasible.

Constants

(a) Robot mechanical dimensions.
(b) Inclined terrain parameters (pitch and roll).
(c) Lower bounds of dimensional parameters of the swing leg box workspace.

Table 1 Parameters of the
reachable areas of swing legs
with respect to the body frame

Parameter Lower bound Upper bound

Zstep 0.2 m (Zmin) +Inf

Xstep 0.2 m (Xmin) +Inf

Hstep 0.08 m (Hmin) +Inf
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Variables

(a) Body position (Xb, Yb, Zb).
(b) Dimensional parameters of the swing leg box workspace (Xstep, Hstep, Zstep).

Convex/Affine Constraints

(a) All legs in the standard stance configuration are bounded in the respective
convex workspace.

(b) All legs in the eight extreme configurations are bounded in the respective
convex workspace.

(c) The robot center of gravity lies inside the support polygon (triangle) formed by
the support legs with a good stability margin, for all aforementioned
configurations.

Objective

max
Zstep � Zmin

Zmax � Zmin
ð10Þ

There could be various objective definitions of a convex optimization problem.
However, in our study, we would like to reflect the relationship between the
maximum mobility of the robot and the inclined terrain feature. Therefore we
describe the mobility of the robot by the value of the motion Zstep which is along the
advancement direction z axis and try to maximize the mobility. Zmax is the maxi-
mum step with zero inclination of the plane.

So far, the formulation of the general convex optimization problem is finished.
A simple index is proposed to express robot mobility. In the next section, some
computation results will be given.

3 Results and Discussion

It is illustrated in Fig. 5 that the robot mobility indeed varies according to the
variation of inclination of the plane. The stability margin is given as 0.15 m. For
our robot, because of the symmetric structure, the symmetric inclination results in
identical body mobility. Also, it could be observed that, when the plane pitch and
roll angles are small, the mobility would not alter violently. This indicates that small
inclination does not influence much on the robot stability and motion performance.

In addition, body position adjustment with respect to the standard origin is given
corresponding to the different terrain features (Table 2). Symmetric features are also
observed.

In fact, the reachable workspace box could be modified according to the different
motion preferences. In that way, body position adjustment could be more task
dependent.
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To be conclusive, the proposed optimization based method did work effectively.
The planner compromised both the robot stability and leg kinematics to gain a
series of feasible configuration primitives on inclined planes. The planning method
as well as the obtained results will offer more instructive help to the planning
strategy in real world test. Future study includes real world terrain mapping and
body pose estimation with the help of sensory systems. More dynamic motion
planning and trajectory smoothing will also play an important role in future study.
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Evaluation of Spring Stiffness for Stable
Grasp in Underactuated Fingers

Zhongyi Chu, Jian Hu and Shan Lu

Abstract The underactuated hand that combined the active actuators with passive
springs has the function of maintaining a stable grasp and achieving high adaptable
grasp of irregularly shaped objects by their mechanical behavior. The spring has an
influence with the size of stable grasp region. If the spring becomes compliant, the
adaptability of the hand will increase while the stable grasp region will decrease. On
the other hand, if the spring becomes too stiff, although the system’s stabilization
will become better for some specific objects, the general performance of the hand
will decrease. The objective of this paper is to present a metric to use the spring as a
design parameter to affect the tradeoff between the ability to conform to the object
and grasp stability. Firstly, both an underactuated finger and stable region would be
reviewed based on the statics analysis. Secondly, the transition between various
grasp types would be reviewed based on some parameters which used to design an
underactuated hand. Finally, the proper spring correspond to a larger stable grasp
region can be confirmed based on their relationship in a numerical way.
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1 Introduction

On-orbit services using mechanical arm, such as assembling the space station,
repairing or retrieving the satellite, refuelling the spacecraft are essential for
extravehicular activities. As a critical part of the mechanical arm system, the
behavior of the end effector could decide on-orbit services level to some extent. In
the past few years, various types of end effectors have been studied. A special
emphasis has been placed on underactuated robotic hands, in which the number of
actuators is less than the degrees of freedom (DOF) and generally uses passive
elements in their unactuated joints [1]. In an underactuated finger, the action of an
active motor on the phalanges is transmitted through suitable mechanical instru-
ments, e.g. tendon-actuated mechanisms and linkage-based mechanisms, etc. [2].
Pioneer designs such as the MARS hand and the SARAH hand [3] have the ability
to conform to various unknown objects of large size. The MARS hand was the first
underactuated hand which is built to study grasping strategies. Each of the three
fingers is mounted on top of an actuation module, which can be independently
controlled in order to obtain different grasp types. In order to further reduce the
number of actuators and hence decrease the complexity of the controller required,
the SARAH hands have been built based on the coupling between different fingers
[3]. The SDM hand [4] has the same application with the SARAH hand, while
Odhner focused on designing an underactuated finger to pick up small objects from
a flat surface [5]. As for an underacuated hand, its compliance is not strictly
necessary to conform to various objects; moreover, the null space inherent in
underactuation also plays an important role. Numerous examples in the literature
show that underactuated hands are relatively cheap, lightweight and easy to control
compared with fully actuated hands [6–8], and can grasp various objects in diverse
tasks as the fingers adapt themselves to the shape of the objects by their mechanical
behaviour [9]. This means that the underactuated hand could constitute an afford-
able yet effective category of end effectors which is suitable for picking up and
placing operations with different objects in unstructured environments.

Due to the underactuated character, many different types of passive elements
were considered [3] to resolve the non-uniqueness question involved with the null
space grasp [10], when the finger is not in contact with an object. Therefore, the
problem of grasp stability is the crux of designing an underactuated hand.
Generally, form-closure was used to characterize the robustness of a grasp. Krut
focused on it and extended this property by adding a one-way movement mecha-
nism to implement static constraint between phalanges and the object [11].
However, this method is based on the assumption that contact points between the
finger and the object are fixed in space. When a grasp is exerted by an underac-
tuated hand, it is impossible to control the position of each phalanx independently.
Although underactuated fingers have a distinct advantage of grasping various
objects, there are only a few available tools to solve the grasp stability problem
numerically, and the design of underactuated fingers mostly results from an intu-
itive mode. Among a wide range of underactuated hands in research, adaptability
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and stabilization are usually considered to evaluate the effect of grasping, and
improving the level of stabilization is especially important for on-orbit services.

To achieve a stable grasp, Kragten, Herder and Gosselin did systematic work.
With underactuated fingers able to conform to the object in a stable and multipoint
way, they presented a visualized method which called grasp-state plane to attain the
stable and ejection regions. Combining this method with the isotropy of a grasp,
they proposed a rule to design the underactuated finger [3]. To solve the grasp
stability problem numerically and produce analytical expressions, Kragten and
Herder presented a method in [9]. They focused on bifurcations between grasps of
different topology to determine the dimensions of the geometric and actuation
design parameters of an underactuated hand so that it could grasp the objects in
desired range, since individual joint angles cannot be set by the actuators in
underactuated hands, the contact point can move. In addition, the effect of the
number of contact points and even contact forces on the stable grasp was pointed
out in [12]. For enveloping, the greater number of these contact points and forces
with uniformity distribution, the better the grasp capability is. Ciocarlie presented a
quasi-static equilibrium formulation to produce the underactuated hand for a wide
range of grasping tasks [13] and to predict the stability of a given grasp [14].
Giannaccini presented a low-cost, soft cable-driven gripper and showed how its
compliance can be passively varied to ensure an adaptive yet stable grasp [15].
However, the spring was often neglected in the process of mathematical modelling,
or although it has been used in design of the hand but the particulars of the spring,
such as its stiffness, were not critical. Under this situation, the spring was usually
regarded as a “weak spring”, which only used to constrain the finger kinematically
and ensure the shape-adaptation of the finger to the object grasped, while true
spring can make the various grasp types transitioning from one to another with
varying the contact forces.

For the underactuated fingers, the appropriate application of the spring makes it
possible for one input torque to drive a finger that has more than one DOF [11, 16].
The balance between the contact forces, the motor actuation torque and the spring
passive torque contributes to various grasp type makes great effect on the stable
grasp. If the stiffness of springs is designed too small, underactuated fingers can
adapt the shape of objects easily but have less stabilization; If the stiffness of springs
is designed too hard, the grasp becomes more stable but could not adjust itself to a
widely range of irregularly shaped object. That is to say, an opening ejection or a
closing ejection can occur when stiffness is greater or smaller beyond a limitation,
and it will lead to a fail mission [9]. To overcome this lack of interrelated knowledge,
the objective of this paper is to propose a metric that is useful in the design of
underactuated fingers of the type driven by links. The innovation of the work here is
to explore the possibility of using the spring as a design parameter to affect the
tradeoff between the ability to conform to the object and grasp stability. Firstly, an
underactuated finger and the stable region are reviewed through statics analysis. As a
5-bar link with only one input torque is indeterminate, a spring which is in a different
location from that of the SARAH hand is used to resolve the indeterminacy so that
distal phalanges can move relative to one another in the parallel manner with less
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energy consumption. Then, the paper takes the result of Kragten and Herder on grasp
stability and bifurcations in the grasp type to obtain the spring stiffness’s delimiter
between regimes. Finally, the relationship between spring stiffness and stable region
can be visualized in order to obtain the proper spring.

The paper is organized as follows. In Sect. 2, the statics analysis of the under-
actuated fingers and the stable region in the grasp-state plane are reviewed. In
Sect. 3, the range of spring stiffness is figured out to be regarded as a delimiter
between regimes, which is built on the basis of previous analysis. Then, the rela-
tionship between spring stiffness and stable region is confirmed in Sect. 4.
Furthermore, the way on how to evaluate the effect of spring stiffness can be
obtained. Finally, conclusions are given in Sect. 5.

2 Statics Analysis of the Underactuated Fingers

To determine the configurations where the finger can realize a stable grasp, this
section reviews the statics analysis of the underactuated fingers. Without loss of
generality, the model of the underactuated hand with two fingers can be shown in
Fig. 1a, and it has a symmetrical design. Each finger consists of two phalanges L1
and L2, and the actuation mechanism of each figure consists of four links a, b, c, and
d, wherein link c and phalange L2 are coupled together with an invariant angle w,
link a and phalange b are coupled together with an angle c, and d is a fixed link. The
motor actuation torque Ta is applied to link a, which transmits the actuation torque
to the phalanges. A spring passive torque Tk in O4 is used to keep the finger from
incoherent motions.

The statics will provide a relationship between the input actuator torques and the
forces exerted on the object. The contact force can be expressed as [3]
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f ¼ J�TT�T t ð1Þ

where f ¼ F1

F2

� �
is the output vector expression of the contact force, t ¼ Ta

Tk

� �
is

the input vector expression of the active actuator and the passive spring. Matrix J is
the Jacobian matrix of grasp, while matrix T depends on the transmission mech-
anism used to propagate the actuation torque to the phalanges [3], which relates
joint velocity vector to the time derivatives of the phalanx joint coordinates. Thus,
one can obtain

J ¼ p1 0
p2 þ L1 cos h2 p2

� �
and T ¼ 1 S

0 1

� �
ð2Þ

where the friction is neglected, variables p1 (0 < p1 < L1) and p2 (0 < p2 < L2)
characterize the locations of the contact points defined in Fig. 1. One has S = −h/
(h + L1). For the underactuated finger, the sign h is the distance between O2 and the
intersection of lines (O1O2) and (O3O4), which is a complex function of h2 and b. It
is expressed as

h ¼ cðcosðh2 � wÞ � sinðh2 � wÞ cot bÞ ð3Þ

where h2 is the rotation of the distal phalanx with respect to the proximal phalanx,
and b describes the opening of lines O1O2 and O3O4, i.e.,

cotb ¼ Q
P

ð4aÞ

where Q and P are expressed respectively as

Q ¼ c sinðh2 � wÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2b2 � N2

p
þMðL1 þ c cosðh2 � wÞÞ ð4bÞ

P ¼ �ðL1 þ c cosðh2 � wÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2b2 � N2

p
þMc sinðh2 � wÞ ð4cÞ

where M and N are expressed respectively as

M ¼ �L1ðL1 þ 2c cosðh2 � wÞÞþ a2 � b2 � c2 ð4dÞ

N ¼ L1ðL1 þ 2c cosðh2 � wÞÞ � a2 � b2 þ c2 ð4eÞ

Hence, one obtains the analytical expressions

f ¼ � L1ð�p2 þ h cos h2Þ
p1p2ðhþL1Þ Ta � p2 þL1 cos h2

p1p2
Tk

h
p2ðhþL1Þ Ta þ 1

p2
Tk

" #
ð5Þ
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where Tk is related to the spring stiffness K and expressed as

Tk ¼ KcTa ð6Þ

For the sake of further analysis, internal torques should be expressed, which can
be considered as a series of links redistribute the actuation torque to the joint space
(Fig. 2a). The parameter of the length of the proximal phalanx L1, distal phalanx L2,
and the palm width L0 are called as the geometrical parameters in this kind of statics
analysis model. The other design parameters related to the actuation mechanism of
the fingers are called as the actuation parameters. The actuation mechanism of each
figure distributes the input torque of the active actuator Ta and the passive spring Tk
to the phalanges, which can be characterized by T1 (acting on the proximal phalanx)
and T2 (acting on the distal phalanx). The following ratio is defined:

R ¼ T2
T1

ð7Þ

this ratio is not necessarily constant, but it depends on the actual rotation of the
joints.

To simplify the calculations, friction is neglected, and the object initial location
is enforced at the line of symmetry about the palm, so only the right finger is
considered. For grasp equilibrium, the net wrench must be zero. However, we
consider the situation with force balance only in this paper, the phalanges bring a
compressive contact force to the object which is characterized by the radius robj.
The magnitude of the contact forces depends on the position of the contact points
and the rotation angle of the distal phalanx [9]:
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f ¼
T1
p1
ð1� Rðp2 þL1 cos h2

p2
ÞÞ

T1R
p2

" #
ð8Þ

T1 and T2 are the equivalent effects of Tk and Ta combining and dispersing to
each joint of the phalanges. Therefore, making corresponding items between
Eqs. (5) and (8) equal with each other, one can get

T1 ¼ Ta

T2 ¼ h
hþ L1

Ta þ Tk
ð9Þ

As mentioned above, combining (7) and (9) and substituting (6) yields the spring
stiffness

K ¼ R� h
hþL1

c
ð10Þ

Notice that the spring is useful for holding the finger with an expected motion.
Four different patterns of grasping are illustrated in Fig. 3 including power (3-point,
4-point, 5-point) and pinch (2-point) grasp when R is changed [9]. That is to say,
the existence of grasp equilibrium is determined by the spring stiffness. For a planar
underactuated hand with fingers composed of two phalanges, it can smoothly adapt
to contact forces to different objects in the grasping process, and there will be a
stability area where the objects are attracted toward to the stable grasp equilibrium.
Usually, 3-point grasp is a more universal type than anything else in this situation
[3]. On one hand, pinch grasp type has difficulty in achieving stability [17]. Due to
the potential energy of the system, the equilibrium point is not local minimum. On
the other hand, although a 5-point grasp is an ideal situation of grasping because
this state has a strong ability to prevent the grasped object from an unbalanced force
distribution, it does not always occur for the final configuration because the closing

(a) 2-point (b) 3-point (c) 4-point (d) 5-point

Fig. 3 Different patterns of grasping
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process may force the finger to lose contact with the proximal phalanx.
The situation of 4-point grasp is similar with 5-point grasp. At this moment, contact
will still remain with the distal phalanx by sliding against the object. This sliding
process will continue until a stable configuration with a zero proximal phalanx force
is achieved, until a stable situation with joint limits are met (the shape adaptation is
less effective), or until the last phalanx curl away and loose contact with the object
(ejection). Thus, if the system is stable, it is common to emerge a slide by the distal
phalanx of the finger in contact with the object, namely a 3-point grasp type, and an
equilibrium position can be attained in the distal phalanx but just for one and unique
particular position of contact p2, which corresponds to the solution of the (5)
(f1(p2) = 0), i.e.

p2 ¼ e ¼ Tkhþ TkL1 þ Tah
�Tkh� TkL1 þ TaL1

L1 cos h2 ð11Þ

where e is the location of p2 at grasp equilibrium, which means the distance
between a contact point on a distal phalange and its joint. Thereby, the equilibrium
curve is defined.

In addition, as seen from the distal phalanx, the contact location will be intro-
duced to analyze whether a sliding motion bring a stable position or not. It can be
easily shown by considering the triangle constituted by O1, O2, and the contact
point (illustrated in Fig. 2b), and if this contact exists and fixed in space, one has

p22 � p22i þ 2L1ðp2 cos h2 � p2i cos h2iÞ ¼ 0 ð12Þ

where p2i and h2i define an arbitrary initial configuration. This equation expresses
that the distance between the base point of the finger and the contact location is
constant for any pair (p2i, h2i). The contact curves can be tracked in the (p2, h2)
plane, which was regarded as the grasp-state plane [3], examples with certain
parameters will be illustrated in Sect. 4.

From (12), the finger now has one degree of freedom while it is in contact with
the object. This motion can be precisely described and referred to as a self-adaptive
changing motion. Indeed, the contact trajectory is a curve in the contact plane (p2,
h2), and if the contact trajectory crosses an equilibrium curve, the grasp is finally
stable, otherwise the contact with the object will be lost, namely one obtains the
ejection phenomenon due to the kinematic evolution.

In conclusion, depending on the contact trajectory (11) and the equilibrium
curve (12), different final stability region can be obtained by defining different
parameters of the mechanism including geometric parameters and spring stiffness
and so on.
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3 Bifurcations Between Grasps of Different Topology

From the statics analysis above, one can attain the function of spring stiffness K and
express the stable region for a two-finger underactuated hand. Due to the perfor-
mance of the stabilization affected by spring stiffness, the relationship between
spring stiffness and stable region needs to be confirmed. Beyond that, the spring
stiffness’s delimiter between regimes should be figured out to make sure the spring
is appropriate for the underactuated finger, and it can be obtained through the
following steps.

3.1 The Range of Object Sizes Under Various Grasp Types

When the underactuated finger makes contact with an object, various mechanism
characteristic parameters lead to various object sizes and contact points. As men-
tioned above, one can regard 3-point grasp as a special 5-point grasp wherein the
force between proximal phalanx and object is zero since a 5-point grasp may be
transformed into 3-point grasp through a form of sliding. As illustrated in Fig. 4,
two constraint equations that describe contact between phalanges of the right finger
and the object are as follows [9]:

L0 þ p1 cos h1
p1 sin h1

� �
¼ robj sin h1

Yobj � robj cos h1

� �
ð13Þ

L0 þ L1 cos h1 þ p2 cosðh1 þ h2Þ
L1 sin h1 þ p2 sinðh1 þ h2Þ

� �
¼ robj sinðh1 þ h2Þ

Yobj � robj cosðh1 þ h2Þ
� �

ð14Þ

where Yobj is the distance between the center of the object and the palm
(Yobj = robj), h1 is the rotation of the proximal joint with respect to the palm, and

1
p

1,leftF

2,leftF
2p

1L

2θ

2L

1θ

0L

objr

objY
palmF

1,rightF

2,rightF

Fig. 4 Schematic
representation of an
underactuated hand
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other signs were defined in Sect. 2. The vector equations of the left finger are
similar but mirrored with respect to the vertical axis.

With the 3-point grasp type, only the constraint equation of the distal phalanx
(14) has to be satisfied. Such grasp type can only exist if:

L1 � L0 þ L2 ð15Þ

The largest object that can be grasped in this type is obtained by substituting
Yobj = robj and h1 + h2 = p/2 into (14) (because when the fingers are splaying to the
greatest degree in a 3-point grasp type, it is in a critical state of the 2-point grasp
type, and the requirement about h1 + h2 = p/2 is workable at this situation).
Solving it for robj and h1 yields:

robj �
L0 þ L1 if L1 � L2 � L0

1
2 ðL2 þ L0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2L21 � ðL2 � L0Þ2

q
Þ if L2 � L0\L1 � L0 þ L2

(
ð16Þ

Therefore, based on the geometric parameters of the finger’s link, as well as the
contact points between the object and the phalanges, one can attain the maximum
object size that can be grasped. Then, to achieve static equilibrium of the system
with a 3-point grasp, the rate of the finger’s actuation torques should be analyzed as
it is not determined yet.

Through (6), the existence of grasp equilibrium and the number of contact points
is determined by R. If R increases, the magnitude of F2 will also increase whereas
F1 will decrease. The object will thus be pushed against the palm. If R further
increases, F1 will become zero, the phalanx will lose contact, and the contact point
on the distal phalanx will move towards the tip of the finger. In addition to the
situation of stability, two different kinds of ejection have been identified, namely
opening- and closing-ejection [11].

3.2 The Transition of Various Grasp Types

This process can be seen in Fig. 5. As for the 3-point grasp type, only the distal
phalanges compress the object against the palm, and the proximal contact force
must be zero, which can be obtained from (8):

1� Rðp2 þ L1 cos h2
p2

Þ ¼ 0 ð17Þ

This means that the loop closure vector equation of the distal phalanges must be
satisfied with Yobj = robj, while a compressive contact force between the palm and
objects applies.
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On one hand, when R reaches the upper limit R3,max (the maximal R with a
3-point grasp type), with constraint conditions of L1 > L2 − L0 and L1 > L0, the
contact point is located on the tip of the distal phalanges where p2 = L2 or with
constraint conditions of L1 � L2 − L0, the upper limit is determined by the
boundary condition that h1 � 0. Substitute p2 = L2 and h1 = 0 into (14) and (17),
respectively, and one can obtain the following analytical equations:

R3;max �
ðL0 þL1Þðr2obj þðL0 þ L1Þ2Þ

r2objðL0 þ L1ÞþL0L21 þ L30 þ 2L20L1
if L1 � L2 � L0

2L2ðL22 þ r2objÞ
2r2objL2 þ robjC�L2ðL21�L22�L20Þ

if L1 [ L2 � L0 and L1 � L0

8><
>: ð18Þ

where

C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðL20 � L21 � L22Þ2 þ 4L21ðL22 þ r2objÞ

q
ð19Þ

On the other hand, when R reaches the lower limit R3,min (the minimal R with a
3-point grasp type), the proximal phalanges start to touch the object or the contact
force between the palm and object becomes zero. It depends on the object size
whose contact point is lost. As illustrated in Fig. 4, the first situation is actually the
transition to a 5-point grasp type (i.e. R3,min = R5,max); the second situation is the
transition to a 2-point grasp type or opening ejection. To obtain an analytical
expression of R3,min for the second scenario, substitute Yobj = robj into (17) and (14),
respectively, with a requirement of 0 < h1 < p, and one can obtain the following
analytical equations:

3,maxR closing ejection

5,maxR

3,minR

2,minR

4,minR

opening ejection

Fig. 5 Bifurcations between
various grasp types
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R3;max �
R5;max¼ L0�L1ð Þ r2obj þ L0�L1ð Þ2ð Þ

r2obj L0�2L1ð ÞþL0 L0�L1ð Þ2 if robj [ robj;5

robj�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L21�ðL0�robjÞ2

p
robj

if robj � robj;5

8><
>: ð20Þ

where robj,5 is attained by substituting h1 + h2 = p/2 into (14):

robj;5 � 1
2

L1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L21 � 4L20 þ 4L0L1

q� �
ð21Þ

The previous analysis on R can be seen as a function of the geometric parameters
and the maximum object size. It is worth noting that R3,max equals R3,min if
the mechanism geometric parameters are fixed by calculating (18) and (20), and the
next step is to figure out the spring stiffness’s delimiter between regimes. For
the underactuated finger, point O7 is the intersection of lines O1O2 and O3O4. One
has respectively defined links O3O7, and O1O4 as f, and m, respectively (illustrated
in Fig. 1):

f ¼ c sinðw� h2Þ
sin b

ð22Þ

m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðL1 þ gÞ2 þðbþ f Þ2 � 2ðL1 þ gÞðbþ f Þ cos b

q
ð23Þ

According to the triangle O1O4O7, the angle c can be shown as

c ¼ arcsin
ðhþ L1Þ sin b

m

� �
þ arccos

a2 þm2 � d2

2am
ð24Þ

Note that the term c, as well as h, are the functions of h2. Hence, as shown in
(10), when R is regarded as constant and the range of h2 is confirmed, the spring
stiffness K is related to the angle c. That is to say, R and h2 decide the extent of
the envelope grasping, which means the contact points’ number and locations. If the
designer confirms the size of an object and the extent of the envelope grasping, the
range of spring stiffness K can be obtained.

4 Relationship Between Spring Stiffness and Stable
Region Based on Grasp-State Plane

This section will focus on a graphical method with associated metric on the rela-
tionship between spring stiffness and the size of the stable region. According to
(11), examples for two sets of geometric parameters with different spring stiffness
presented in Table 1 and are shown in Fig. 6, where e/L2 means the relative
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position of contact point on the distal phalange, and it is the phalange’s physical
condition for successfully grasping an object.

Note that Fig. 6 includes two different types of equilibrium curves: the one
truncated by geometer restrain (L2) and the integrity one, which lead to two types of
stability regions.

One type of stability regions, as shown in Fig. 7a, can be attained under the
following steps. Firstly, the point of intersection (hi2) between equilibrium curve
(11) and contact trajectory (12) whose slopes are equal should be found. Then,
these two kinds of curves together with geometer restrain (0 < p2 < L2) and
mechanism limit (h2 = p/2), which is discretionary, would form a closed curve. Si is
the area of the stability region, which corresponds to the white area, and can be
calculated as follows:

Si ¼
Zhi2
hi1

f ðh2Þdh2 þ
Zhi3
hi2

gðh2Þdh2 þ
Zp

2

hi3

e
L2
dh2 ð25Þ

where hik (k = 1, 2, 3) represent the changes of the angle h2, and hi1 is the point
between equilibrium curve and geometer restrain that is located at p2 = 0; hi2 is
intersection point as above; hi3 is the point between the contact trajectory and
geometer restrain that is located at p2 = L2. In addition, g(h2) is the segment of
contact trajectory (12) between hi2 and hi3 in the grasp-plane, which is defined as
follows

Table 1 Geometric
parameters

Set L1 L2 W A B c

1 1 2/3 90° 1 1 1/3

2 1 2/3 90° 2/3 1 1/3

truncated by 
geometer restrain

integrity

(a) Parameters from set 1 (b) Parameters from set 2

Fig. 6 The relationship between spring stiffness and equilibrium curves
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gðh2Þ¼ p2
L2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2i þ 2piL1 cos h2i þ L21 cos

2 h2
p

� L1 cos h2
L2

ð26Þ

where f(h2) is the segment of equilibrium curve (11) between hi2 and hi3 in the
grasp-plane, which is defined as follows

f ðh2Þ¼ e
L2

¼
TkhþTkL1 þTah
�Tkh�TkL1 þ TaL1

L1 cos h2
L2

ð27Þ

Another type of stability regions, as shown in Fig. 7b, can be attained under the
following steps. Firstly, the point of intersection (hj2) between equilibrium curve
(11) and geometer restrain (p2 = L2) should be found. Then, the point will be used
for choosing the contact trajectory (12). Finally, these two kinds of curves together
with geometer restrain (0 < p2 < L2) and mechanism limit (h2 = p/2) would form a
closed curve. Sj is the area of the stability region, which can be calculated as
follows:

i1

θi2

i3

equilibrium curve
mechanism

limit

contact trajectory

stability   region equilibriumcurve

mechanism
limit

contact
trajectory

stability   region

θθ j1

θj2

θj3 π /2

(a) Parameters from set 1(K=0.02) (b) Parameters from set 1(K=0.10)

equilibriumcurve mechanism
limit

contact trajectory

stability   region

θj1

θj2

θj3

equilibriumcurve mechanism
limit

contact
trajectory

stability   region

θj1

θj2

θj3

(c) Parameters from set 2(K=0.02) (d) parameters from set 2(K=0.10)

θ π /2

π /2
π /2

Fig. 7 Stability regions with different parameters
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Sj ¼
Zhj2
hj1

f ðh2Þdh2 þ
Zhj3
hj2

gðh2Þdh2 þ
Zp

2

hj3

e
L2
dh2 ð28Þ

where g(h2), f(h2), and hjk (k = 1, 2, 3) were defined the same as previous.
Therefore, according to (25) and (28), the contrast of Fig. 7a, b is shown that

same geometric parameters with different spring stiffness will deduce different
stability region; besides, if the geometric parameters are dissimilar, the stability
region is also inequitable although the finger has the same spring stiffness (Fig. 7a,
c). In other words, as shown in Fig. 7, the equilibrium curves are the intersecting
surfaces of Fig. 6, and the stability regions are the visualization of (25) and (28) to
express the relation between the spring stiffness and the stable region.

Corresponding to different spring stiffness, various stability regions as shown in
Fig. 7 can be calculated by (25) or (28). Thus, one can obtain a curve about the
relationship between spring stiffness and stability regions as shown in Fig. 8. If the
spring stiffness is too soft, the grasp would become less stabilized, and the stability
region (soft interval) would become small as well. If the spring is too stiff, the finger
would be similar to a fully actuated one, even the performance of stabilization
would get better for some objects with specified size, and it would not be suitable
for the majority. As a result, the performance of adaptability would degenerate and
the stability region (stiff interval) will also become small. Thus, the spring shall be
designed with a moderate stiffness. In a practical application, it is a guideline to
choose the appropriate K, which can affect the tradeoff between the ability to
conform to the object and grasp stability.

so
ft stiff

moderate

The range of the 
spring stiffness

so
ft

stiff

moderate

The range of the 
spring stiffness

(a) Parameters from set 1 (b) Parameters from set 2

Fig. 8 Two sets of relationship between spring stiffness and stability regions
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5 Conclusions

This paper presents a guideline to achieve appropriate spring stiffness for under-
actuated fingers that can grasp various objects. Based on statics analysis, this
method can quantify and visualize the relationship between the spring stiffness and
stable region according to grasp-state plane together with the spring stiffness’s
delimiter between regimes. Then, the grasp stabilization with respect to spring
stiffness could be evaluated in a quantitative way by analytical equations and
graphs, meanwhile objects are enveloped adaptability to some extent.
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Kinematic Analysis of a Novel
Hybrid Hand

Edison Tamilmani and Sandipan Bandyopadhyay

Abstract This paper introduces a four-degrees-of-freedom robotic hand with a
novel architecture, and presents its kinematic analysis. The hand is modelled as a
hybrid manipulator, having three loops. The forward kinematic problem is rela-
tively easier, and is readily solved to obtain all the 8 possible solutions in closed
form. The inverse kinematic problem is more involved, and it is solved by
decomposing the problem into three smaller subproblems, leading to a total of 48
solutions. The formulations are illustrated by numerical examples.

Keywords Robotic hand � Hybrid manipulator � Kinematic analysis

1 Introduction

This paper presents a new design of a robotic hand, and its kinematic analysis. The
proposed hand is in the form of a hybrid manipulator, which has three different
loops in architecture, and a total of four degrees-of-freedom.

In general, there is a trend to make robotic hands anthropomorphic, i.e., base
these on the serial architecture. There are many serial hands in existence, such as
[1, 2]. These hands have unhindered motions over relatively large workspaces.
However, they suffer from the generic drawback of serial manipulators, i.e., they
require large joint actuator efforts to manipulate relatively small payloads. This
makes the serial robotic arms rather unsuitable not just for manipulation of heavy
loads, but also for mounting on smaller mobile/autonomous platforms.
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In comparison, the parallel manipulators can handle relatively heavier payloads. All
the actuators are placed on the fixed base frame in a parallel manipulator. Hence
unlike in the serial manipulators, there are no actuators mounted on the intermediate
joints, and consequently there is no spurious loading of most of the actuators for
carrying others. This advantage, however, comes at the cost of relatively smaller
workspaces in parallel manipulators.

One remedy to this problem has been sought by using two serials hands together,
effectively forming a single loop hybrid manipulator [3–6]. Further, individual
hands can be also be designed as hybrid manipulators, as in [7, 8], so as to achieve a
reasonable compromise between payload capacity, and workspace size. A hybrid
robot is used for robot-assisted minimally invasive surgery in [9].

The hand architecture proposed in this paper has a combination of closed
kinematic loops, allowing it to limit the serial aspect of the robot to only two stages.
Thus only two of the four actuators are carried by the moving links. This makes the
hand non-anthropomorphic, but gives it the advantage of being actuated primarily
in parallel. As such, it is expected to afford smaller actuators than a standard serial
counterpart having the same reach and payload. These advantages are the key
motivations behind the proposed design.

The rest of the paper is organised as follows: in Sect. 2, the kinematic analysis of
the hybrid hand is presented in detail. Section 3 presents the results of the forward
and inverse kinematic analysis with the help of a numerical example. Finally,
Sect. 4 concludes the paper.

2 Kinematic Analysis of the Proposed Hand

In this section, the geometry of the hybrid hand is presented, followed by its
kinematic analysis.

2.1 Geometry of the Hand

The proposed conceptual design of the four degrees-of-freedom hybrid hand is
shown in Fig. 1. The “hand” starts from a fixed shoulder (marked by the points o0,
o1 and o3, and ends at the wrist point, p11. It should be noticed that the palm, fingers
or any gripper is not a part of this design, but may be added on, as required. The red
coloured links are active, i.e., actuated directly by motors. As mentioned before,
there are three kinematic loops in the hand, namely, the RSSR loop, o0p1p2o1o0,
which is confined to a plane, as the two rotary joint axes are considered to be
parallel; the loop o3p5p4p3o3, which is equivalent to another RSSR loop, but spatial
in nature; and the loop p6p8p10p9p7p6, which essentially forms a planar 5-R/five-bar
chain. To perform the kinematic analysis of the hybrid hand, four coordinate
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systems are introduced. The global coordinate system is attached to the point o0 and
its Z0-axis is along the joint axis of the last rotary joint of the first RSSR loop,
located at o0. The first and third coordinate systems are attached to the points 0o1
and 0o3, respectively, and their Y and Z-axes are parallel to the Y0 and Z0-axes of
the global coordinate system, respectively. The second coordinate system is
attached to the point p1 and its X2-axis is along the link 2 (i.e., p1p2) and the link 4
(i.e., p3p4) is considered to be in the X2Y2 plane.

The following rotation matrices are defined further, where i
jR denotes the ori-

entation of the coordinate system {i} w.r.t. the coordinate system {j}:

1
0R = RXða1ÞRY ða2)RZða3Þ; ð1Þ
2
0R = RZð/2 � pÞRXð/4Þ; ð2Þ

3
0R = RXðb1ÞRYðb2ÞRZðb3Þ: ð3Þ

The variables a1; a2 and a3 are the XYZ Euler angles for the coordinate system
{1}, and the variables b1; b2 and b3 are the XYZ Euler angles for the coordinate
system {3}; RXð�Þ indicates a CCW rotation about the positive X-axis, and so on.

Fig. 1 A schematic of the proposed four-degrees-of-freedom hybrid hand
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2.2 Mobility Analysis

Mobility of any spatial mechanism is given by the standard formula:

F = 6ðn� 1Þ � 5j1 � 4j2 � 3j3 � 2j4 � j5; ð4Þ

where, n is the number of links and ji is the number of i-degrees-of-freedom joints.
The mobility of the proposed hand, when computed using Eq. (4), is two, as in this
case, the non-zero constants are: n = 10, and j1 = 8, j3 = 4. However, this result is
anomalous, due to the existence of some purely planar sub-chains in the mecha-
nism. The anomaly can be resolved by the use of a more generic formula:

F ¼ dimðCÞ � nc; ð5Þ

where, dimðCÞ denotes the dimension of the configuration space of the manipulator
(denoted by C), and nc is the number of independent holonomic constraints. For this
manipulator the configuration space is given by (see Fig. 1):

C ¼ /1;/2; h3;/4; h6; h8;/9;/10; h11½ �T; ð6Þ

and there are 5 independent holonomic constraints (given in Eqs. 11–15). Hence
F ¼ dimðCÞ � nc ¼ 9� 5 ¼ 4, as expected from physical considerations.

2.3 Forward Kinematics

The forward kinematic problem involves finding the configurations of the hand,
given the rigid geometric parameters, and the actuator inputs. More precisely, the
known variables are: h3; h6; h8; h11, and the unknown variables to be computed are:
/1;/2;/4;/9;/10.

To proceed with the analysis, it is necessary to define the key point positions
first. The origin of the coordinate systems {0}, {1} and {3} are given by,

respectively, 0o0 ¼ o0x; o0y; 0
� �T

, 0o1 ¼ o1x; o1y; 0
� �T

, 0o3 ¼ o3x; o3y; o3z
� �T

. The
end points of link 2 are given by:

0p1 ¼ 0o0 þRZð/1Þ½l1; 0; 0�T; ð7Þ
0p2 = 0o1 þ 1

0RRZðh3Þ½l3; 0; 0�T: ð8Þ

The intermediate point 0p3 is given by: 0p3 ¼ 0p1 þ 1
0R½rl2; 0; 0�T, where r is the

distance between 0p1 and
0p3, expressed as fraction of l2. The end points of the link

5 (i.e., p4p5) can be written as:
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0p4 ¼ 0p3 þ 2
0R½0; l4; 0�T; ð9Þ

0p5 ¼ 0o3 þ 3
0RRYðh6Þ½l6; 0; 0�T: ð10Þ

2.3.1 Formulation of the Loop-Closure Equations

The loop-closure equations of the RSSR loop, o0p1p2o1o0, are written as
g1 ¼ ½g1x; g1y�T ¼ ½0; 0�T, where,

g1x ¼ o1x þ l3 cos h3 þ l2 cos/2 � l1 cos/1 � o0x; ð11Þ

g1y ¼ o1y þ l3 sin h3 þ l2 sin/2 � l1 sin/1 � o0y; ð12Þ

are the functions of passive variables /1 and /2. For closing the loop o3p5p4p3o3,
the rigidity of link 5 is considered:

0p5 � 0p4
� � � 0p5 � 0p4

� �� l25 ¼ 0: ð13Þ

The loop closure equations of five-bar loop p6p8p10p9p7p6 are:

g2x ¼ l8 cos h8 � l10 cos/10 þ l9 cos/9 � l11 cos h11 � l7; ð14Þ

g2y ¼ l8 sin h8 � l10 sin/10 þ l9 sin/9 � l11 sin h11: ð15Þ

2.3.2 Solutions of the Loop-Closure Equations

The solution process of the loop-closure equations is fairly straightforward, and
hence only a brief description of the steps is given below.

Firstly, Eqs. (11, 12) are solved for a pair of solutions in ð/1;/2Þ, as these
equations are linear in the sines and cosines of these angles. The sole remaining
unknown in Eq. (13) is /4, which is found next, leading once again to two solu-
tions. Finally, Eqs. (14, 15) are solved for the remaining unknowns, /9;/10, in the
same manner as in the case of /1;/2, yielding a pair of solutions. Thus, there are a
total of 2 � 2 � 2 solutions to the forward kinematics problem. Once all the
passive variables are solved for, the point 0p10 can be located as:

0p10 ¼ 0p3 þ 2
0RRXðwÞ½0;�l7=2; 0�T þ 2

0RRXðwþ h8Þ½0; l8; 0�T

þ 2
0RRXðwþ/9Þ½0; l9; 0�T;

ð16Þ

where, w is the angle between link 4 and link 7 (i.e., p6p7) (which are the parts of
the coupler link 2). The tip of the hand is given by:
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0p11 ¼ 0p10 þ 2
0RRXðwþ/9Þ½0; l9a; 0�T: ð17Þ

The solutions are illustrated numerically in Sect. 3.1.

2.4 Inverse Kinematics

As the hand has only four degrees-of-freedom, its task-space is a 4-dimensional
subspace of SEð3Þ, and as such, the parametrisation of the task-space is subject to
choice, i.e., any four of the six position and orientation variables could be specified
independently, in general. From a practical perspective, the position of the tip of the
hand (i.e., the potential mount point of a gripper/wrist), and one of the orientation
parameters of the last link, namely, the angle made by the link 9, (i.e., p8p11) with
the plane X0Y0, is chosen as the four task-space/output parameters. The said ori-
entation parameter, c, is given by,

c ¼ p� atan2ðp11z � p8z; p11x � p8xÞ; ð18Þ

where atan2ðsinð�Þ; cosð�ÞÞ denotes the four-quadrant arc-tangent function.
Therefore, in the inverse kinematic problem, the known inputs are: p11x; p11y,
p11z; c, and the unknowns to be solved for are: /1;/2; h3;/4; h6; h8;/9;/10; h11.
This is achieved by solving in a sequence three subproblems involving the different
closed loops. Those subproblems are explained in detail in the following.

2.4.1 Subproblem of the Four-Bar Mechanism

This subproblem involves finding all the configurations of a planar four-bar
mechanism, such that the join of a point pc on its coupler and a given point p in the
plane of the four-bar is perpendicular to the coupler, i.e., ppc?p1p2, as shown in
Fig. 2. As before, the analysis starts with the location of the key points. The end
points of the coupler, p1 and p2, can be written as, respectively:

p1 ¼ ½b1x; b1y�T þ l1½cos h1; sin h1�T; ð19Þ

p2 ¼ ½b2x; b2y�T þ l3½cos h3; sin h3�T; ð20Þ

where b1 = ½b1x; b1y�T and b2 = ½b2x; b2y�T locate the fixed pivots, respectively. The
point of interest on the coupler, pc, is given by:

pc = p1 þ rðp2 � p1Þ; ð21Þ
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where r has been defined in Sect. 2.3. In terms of these points, the desired con-
figurations can be defined by the equation g1 = 0, where:

g1 ¼ ðp1 � p2Þ � ðp� pcÞ;
¼ l21 þðb1x � b2xÞðb1x � pxÞþ ðb1y � b2yÞðb1y � pyÞ � ððb1x � b2xÞ2

+ ðb1y � b2yÞ2 þ l21 þ l23Þr � l1ðb2x þ px þ 2b1xðr � 1Þ � 2b2xrÞ cos h1
� l1ðb2y þ py þ 2b1yðr � 1Þ � 2b2yrÞ sin h1
þðpx � 2b2xrþð2r � 1Þðb1x þ l1 cos h1ÞÞl3 cos/3

þðpy � 2b2yrþð2r � 1Þðb1y þ l1 sin h1ÞÞl3 sin/3:

ð22Þ

In addition, the points p1; p2 define the end-points of the coupler link, and hence
must satisfy the link length constraint g2 ¼ 0, where:

g2 ¼ ðp1 � p2Þ � ðp1 � p2Þ � l22;

¼ b21x þ b21y � 2b1xb2x þ b22x � 2b1yb2y þ b22y þ l21 � l22 þ l23
þð2b1xl1 � 2b2xl1Þ cos h1 þð2b1yl1 � 2b2yl1Þ sin h1 � 2ðb1xl3 � b2xl3
þ l1l3 cos h1Þ cos/3 � 2ðb1yl3 � b2yl3 þ l1l3 sin h1Þ sin/3:

ð23Þ

Thus the two scalar equations, Eqs. (22) and (23), are of the form:

g1ðsin h1; cos h1; sin/3; cos/3Þ = 0;

g2ðsin h1; cos h1; sin/3; cos/3Þ = 0:

Fig. 2 Inverse kinematic
subproblem of a four-bar
mechanism
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These are linear in the cosines and sines of the joint variable /3. To solve these
equations, first sin/3; cos/3 are computed in the closed form as functions of h1,
and then /3 is eliminated from these equations to obtain a single equation in h1:

f1ðh1Þ ¼ sin2 /3 þ cos2 /3 � 1 ¼ 0: ð24Þ

Once Eq. (24) is converted to a polynomial in t1 ¼ tanðh1=2Þ, it becomes a
sextic polynomial, indicating that this subproblem can have 6 solutions, at the most.
Figure 3 shows a case where all the six solutions are real.

One needs to make the following correspondences, to appreciate the relevance of
this subproblem in the context of the inverse kinematics of the hybrid hand (refer to
Fig. 2, Fig. 1 for points on the LHS and RHS, respectively): b1 � o0, b2 � o1,
p1 � p1, p2 � p2, pc � p3, p � ½p11x; p11y�T (i.e., the projection of the point p11 onto
the plane of the four-bar chain, o0p1p2o1).

2.4.2 Subproblem of the Five-Bar Mechanism

A special variant of the five-bar mechanism is shown in Fig. 4, whose base ori-
entation h0 is controllable by means of a third actuator positioned at o, (in addition
to those located at b1 and b2. Accordingly, there are three independent outputs, the
position and the orientation of the output link, namely, x, y and /2, respectively.
The problem is to find the joint variables h0; h1; h4 and /3 for the given position,
pðx; yÞ, and orientation, /2, of the end-effector. The position of the points p1 and p3
can be written as (see Fig. 4):

p1 ¼ pþðl2 þ l2aÞ½cosð/2 þ pÞ; sinð/2 þ pÞ�T; ð25Þ

p3 ¼ pþ l2a½cosð/2 þ pÞ; sinð/2 þ pÞ�T: ð26Þ

(a) Solutions 1-3 (b) Solutions 4-6

Fig. 3 Six real solutions of the subproblem
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The point p1 can also be located w.r.t. o as:

p1 ¼ oþ l0
2
½cosðh0 þ pÞ; sinðh0 þ pÞ�T þ l1½cos h1; sin h1�T: ð27Þ

Equating the two expressions for p1, one obtains two scalar equations, which are
linear in the cosines and sines of the joint variables h0 and h1. As mentioned before,
such equations can be solved to produce a pair of closed-form solutions for h0; h1.
Further, using either of the two solutions of h0, one can locate the point b2 as:

b2 ¼ oþ l0
2
½cos h0; sin h0�T: ð28Þ

Hence, p3 can be written as:

p3 ¼ b2 þ l4½cos h4; sin h4�T þ l3½cos/3; sin/3�T: ð29Þ

As above, the loop may be closed by equating the two expressions of p3, and
from the resulting equations, a pair of solutions can be obtained for the remaining
two unknowns, namely, /3; h4. Thus, this subproblem leads to a total of 2 � 2
solutions.

This subproblem is used to find the solutions of inverse kinematics of the four
degrees-of-freedom hybrid hand in such a way that the last five-bar loop,
p6p8p10p9p7p6, can be solved for the joint variables h8;/4; h11 and /10, by using the
co-ordinates of the point p11 and the orientation parameter c as inputs. The position
of the points p8 and p10 are computed by using this orientation parameter c and the
solution of the joint variable /2 (by using the previous subproblem). The relation
between the two points p8, p11 and the angle /2 is given by:

Fig. 4 Inverse kinematic
subproblem of the five-bar
mechanism
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/2 ¼ atan2 p11y � p8y; p11x � p8x
� �� 3p

2
: ð30Þ

Another coordinate system {4} is introduced to represent the points p3, p8, p10
and p11 in the plane of five-bar chain. The origin of the coordinate system {4} is the
point p3, its Z3 axis is parallel to the Z0 axis of the global coordinate system and its
X3 axis is along the link 2. In the plane of five-bar chain, the position of the points
p3, p8, p10 and p11 (analogous to the points o; p1; p3 and p in the subproblem,
respectively) can be written as,

½ox; oy; oz�T ¼ RT
Zð/2 � pÞp3; ð31Þ

½p1x; p1y; p1z�T ¼ RT
Zð/2 � pÞp8; ð32Þ

½p3x; p3y; p3z�T ¼ RT
Zð/2 � pÞp10; ð33Þ

½px; py; pz�T ¼ RT
Zð/2 � pÞp11; ð34Þ

where, the last two components of these vectors are considered to be in the plane of
the five-bar mechanism. As py and pz are the functions which are linear in
cosðh8 þ/4Þ; sinðh8 þ/4Þ; cos/4 and sin/4, Eqs. (31, 34) are used to solve for the
two joint variables, h8 and /4. The other limb of the five-bar mechanism can be
solved by using the obtained solutions of h8 and /4 to get the solutions of the joint
variables h11 and /10, thus the four branches of the five-bar loop of the hybrid hand
are obtained.

The following correspondences place this subproblem in the context of the
inverse kinematics of the hybrid hand (Fig. 4 and Fig. 1 show the points on the
LHS and RHS, respectively): o � p3, b1 � p6, b2 � p7, p1 � p8, p2 � p9, p3�p10,
p � ½py; pz�T (i.e., the projection of the point p11 onto the plane of the five-bar chain,
p6p8p10p9p7p6).

2.4.3 The Subproblem of RSSR Loop

This subproblem is identical to the analysis of a planar four-bar mechanism, and in
this case it is used to find the joint variable h6, from Eq. (13). As other joint
variables of this equation are known from the previous steps, the two possible
solutions can be computed easily. The details are hence skipped.

Finally, it can be seen that as a result of compounding the three subproblems, the
total number of possible solutions to the inverse kinematics problem is
6 � 4�2 = 48. The derivations presented above are verified in the following
section numerically.
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3 Numerical Examples

This section presents numerical examples illustrating the formulations described
above. The results are verified by checking the inverse kinematic solutions against
the forward kinematic inputs.

The constant architecture parameters given in Table 1 are used in all the cal-
culations. All the lengths are expressed in meters, and the angles in radians.

3.1 Results of Forward Kinematics

The active joint variables used in the forward kinematics example are: h3 ¼ 0:1,
h6 ¼ 0:1, h8 ¼ 2:0, h11 ¼ 2:4. The eight branches of solutions are real for these
inputs, and these solutions are presented in Table 2. Due to constraint of space, only
the branches 1 and 2 are shown in Fig. 5.

Table 1 Numerical values of the architecture parameters

Parameter Symbol Value

Link lengths of first RSSR loop ðl1; l2; l3Þ (0.6, 0.7, 0.8)

Link lengths of second RSSR loop ðl4; l5; l6Þ (0.3, 0.4, 0.6)

Link lengths of five-bar loop ðl7; l8; l9; l9a; l10; l11Þ (0.4, 0.7, 0.5,0.3, 0.5, 0.6)

Other design parameters ðr;wÞ (0.5, p=2)

Euler angles relating {1} to {0} ða1; a2; a3Þ (0, 0, 0)

Euler angles relating {3} to {0} ðb1;b2;b3Þ (0, 0, 0)

Origin of {1} 0o1 (0, 0.6, 0)

Origin of {3} 0o3 (0, 0.3, −0.5)

Table 2 Numerical results
for the forward kinematic
analysis

Branch Co-ordinates of the point p11 Orientation
parameter cp11x p11y p11z

1 0.0013 0.5471 0.7621 6.1856
2 1.4000 0.1391 0.3495 3.7603

3 1.2970 0.1691 0.8152 1.3535

4 1.1232 0.2198 −0.6788 5.1633

5 0.3340 1.5358 0.4799 5.0086

6 0.5242 0.0447 0.5496 4.3246

7 0.3901 1.0959 0.9157 1.0608

8 0.5505 −0.1616 0.1049 4.6155
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3.2 Results of Inverse Kinematics

The inverse kinematic procedure is demonstrated using the numerical data corre-
sponding to the first branch of the forward kinematics, shown in bold fonts in
Table 2. For these data, 12 of the 48 solutions turn out to be real. These solutions
are presented in Table 3. It may be noted that the first branch (detailed in bold fonts
in the first row of Table 3) of the inverse kinematic solutions correspond to the
inputs to the forward kinematic problem, thus validating the correctness of the
results. It can also be seen that the inverse kinematic configuration corresponding to
the first branch of the solution, shown in Fig. 6a, is identical to the configuration
shown in Fig. 5a, depicting the result of forward kinematics.

(a) Forward kinematic
  solution—branch 1

(b) Forward kinematic
solution—branch 2

Fig. 5 Forward kinematic solutions—branches 1 and 2

Table 3 Numerical results
for the inverse kinematic
analysis

Branch h3 h6 h8 h11
1 0.1000 0.1000 2.0000 2.4000
2 0.1000 −0.6642 2.0000 2.4000

3 0.1000 −0.6642 2.0000 1.2972

4 0.1000 0.1000 2.0000 1.2972

5 −1.6261 −1.4541 1.8037 3.1592

6 −1.6261 −0.4059 1.8037 3.1592

7 −1.6261 −1.4541 1.8037 2.4020

8 −1.6261 −0.4059 1.8037 2.4020

9 −1.6261 −1.5545 −1.8037 5.2709

10 −1.6261 −1.0014 −1.8037 5.2709

11 −1.6261 −1.5545 −1.8037 3.9596

12 −1.6261 −1.0014 −1.8037 3.9596

86 E. Tamilmani and S. Bandyopadhyay



4 Conclusions

This paper introduces a novel design of a four-degrees-of-freedom robotic hand,
and also presents the forward and inverse kinematic analysis of the same. It is
shown that the forward kinematic problem is rather trivial, with 8 solutions, which
can be computed analytically in the closed-form. The inverse kinematic problem is
more interesting, having a total of 48 solutions. Further, the inverse kinematic
problem can be decomposed into three subproblems, which allow for a systematic
solution of the problem, as well as an intuitive geometric visualisation of the
solutions. The mathematical formulations are illustrated via numerical examples.
The validity of the solutions is established by retrieving the forward kinematic
results in inverse kinematics.
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Research of the Relation Between
Configuration and Skin-Friction
Coefficient of an Underactuated Hand
Based on the Maximum Grasping Space

Shangling Qiao, Hongwei Guo, Rongqiang Liu and Zongquan Deng

Abstract In order to complete the grasping mission in space, a novel underactu-
ated robotic hand which belongs to not only the tendon-pulley transmission but also
the double-stage mechanisms, is proposed. The hand which has three joints is
controlled by a single motor during the grasping process. Based on grasping model,
the relation equation which reveals the relation among the driving force, the
equivalent torques on joints, and the grasping forces is established by using vector
mechanics and the principle of virtual work. Under the condition that the maximal
grasping space is an envelope circle with the radius of 1250 mm, all the stable
grasping configurations and the relation between the shortest lengths of finger and
the skin-friction coefficient is analyzed.

Keywords Stable grasp � Underactuated � Robotic hand � Tendon-pulley
transmission

1 Introduction

According to NASA studies [1], more than twenty thousand aircrafts have been
launched to the space debris. On one hand, a huge numbers of working aircrafts
need maintenance on-orbit. On the other hand, thousands of disabled aircrafts and
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space debris need be cleaned up on-orbit. With the increase of human space
activities and deep space exploration missions, the on-orbit capture mechanism is
playing an increasingly important role in space.

Typical operational targets on orbit are cooperative in the sense that they allow
friendly communication for synchronization manipulation, as well as dedicated
grappling fixtures and artificial markers to support docking [2]. The capture process
of cooperative spacecraft is almost static or quasi-static in low earth orbits.
Nowadays, the robotic hands with full driven have been widely applied to the tasks
in space, such as grasping, handling and assembling. The Shuttle Remote
Manipulator System (SRMS) [3] is a part of the Space Transportation System
(STS) designed by the National Research Council of Canada, which comprises a
15 m long, six-degree-of-freedom, anthropomorphic manipulator arm. The SRMS,
designed mainly for the deployed and retrieval of payloads from and to the orbiter
cargo bay, is one of the earliest space capture robotic mechanisms [4, 5]. Another
typical application is the FREND plan [6], designed by Defense Advanced
Research Projects Agency (DARPA), which owns the ability to grab the space
target, and on-orbit servicing, contains three 7-DOF manipulator and visual system
[7, 8]. Both of them be applied to catch the cooperative targets. Furthermore, the
structures of those full driven robotic hands are relatively complex, heavy, and
having more motors. However, the space debris are generally non-cooperative
targets with uncertain patterns and grappling fixtures. Space debris are often out of
control and their movement characteristics might not be known beforehand, so they
cannot be captured in a stable environment [9]. To solve the shortcomings of the
full-actuated robotic hands, much efforts have been made to develop the underac-
tuated robotic hands.

Recently, much attention has been given to the novel space robotics where the
number of control inputs is less than that of degrees of freedom (DOF). Such space
robotics are known as underactuated space robotics. Compared with general
full-actuated robotic hands, the underactuated robotic hands have some competitive
advantages which the full drive hands don’t have, such as light weight, less number
of motors, etc. SARAH, developed by MD ROBOTICS in Canada, is the most
international representative underactuated robotic hand. The hand, driven by two
motors, has three fingers and 10-DOF, through mechanical limits and the torsional
spring to control the movement of unpowered joints in [10] and [11]. Many new
types of robot hands on the foundation of SARAH are carried out, such as [12].
Besides, although many manipulators have the characteristics of underactuated
mechanisms, some shortcomings of complex structures, non-expandable and many
drive motors still be there in [13] and [14]. Thus, a class of mechanical manipu-
lators which overcome those shortcomings have been worked out, such as the [15]
and [16], driven by cable. But those hands have bad expandability, bad
self-adaptability and can’t be applied on grasping on-orbit.

In this paper, a novel underactuated robotic hand is proposed, which overcomes
those shortcomings and owns the advantages of simple structure, good
self-adaptability, etc. This paper is organized as follows. Design principle and
detailed structure of the finger are introduced in Sect. 2. Section 3 gives the
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establishment of grasping model and the analysis of grasping force. Configuration
analysis of hand based on maximal grasping space is introduced in Sect. 4. Finally,
Sect. 5 concludes this paper.

2 Design Principle of the Finger

As shown in Fig. 1, a novel robotic hand is designed by using the cables and bars.
Four bars and two cables winded through a certain way are used to construct a
cable-bar unit, which is a basic assembled unit to the underactuated robotic hand.
The four bars are assembled and installed in the order of end to end to construct the
parallel quadrilateral mechanism. One cable is used to control the parallel quadri-
lateral mechanism moving in clockwise direction. The other cable is used to control
the parallel quadrilateral mechanism moving in anti-clockwise direction. By con-
trolling the tensile force exerted on the cables, the direction of motion of the
cable-bar unit can be controlled.

As shown in Fig. 2, it is a sample grasping of the finger which is assembled by 5
cable-bar units. And the grasping space is the circular envelope of the cylinder. The
significance is that the novel underactuated hand driven by cables can grasp objects
and the hands owns excellent extendibility and modularity.

Once the roller 1 moves in clockwise direction and applies a tensile force on the
cable 1, the finger will start closing, shown in Fig. 3. The winding way of cable 2
(the pink line) is similar to cable 1. Once the roller 2 moves in anti-clockwise
direction and applies a tensile force on the cable 2, the finger will start opening. If
the roller 1 works, then roller 2 does not work (just follows the steps of roller 1).
Similarly, if the roller 2 works, then roller 1 does not work. At the same time, only
one roller moves in active and the other one moves in passive. It means that the
finger which owns more than 1-DOF is actuated by a single motor at any time.
Thus, the hand belongs to a class of highly underactuated mechanisms.

There exist a lot of forms of movements such as all the cable-bar units moving
simultaneously or moving in the defined sequence. With each joint friction damping
configured, can not only realize cable-bar units moving at the same time, but also
realize units moving in the defined sequence. Which is the prominent advantage of
the hand. With the moving of roller 1 in a certain speed, the cable 1 winded in the
finger becomes shorter and shorter and the finger bends inside. With the bending of

cable 1 cable 2roller 1

roller 2

cable-bar  unit

pulley

2T

1T

Fig. 1 The theoretical model
of a finger
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the finger, the segments will contact with the grasped object at Q1;Q2; and Q3
(maybe random combination of Q1;Q2 and Q3). When no segment can continue to
move, the grasping mission is completed. Because of the reaction force from the
grasped object, the finger keep on a state of dynamic balance.

In this paper, the underactuated hand, assembled by 3 units, is taken as the
research object. Based on the same maximum grasping space, the grasping model of
the hand on a completely stable grasping state is established. We analysis the
configuration and grasping characteristics of the 3-DOF hand.

3 Grasping Model and Grasping Force Analysis

3.1 General Grasping Model

As shown in Fig. 4, the general kinematic model of finger is built. The parallelo-
gram cable-bar units are important components of the finger. To simplify the
analysis and calculation of statics and facilitate analysis of the relation between the
driven tensions cables pulling force and catch grasping force, some rules of

motor

the cable

circular grasping space

pulleys bars

Fig. 2 The sample grasping

1A

0A

2A

3A 3B

2B

1B

0B
1Q

2Q

3Q

Other
Fingers

Fig. 3 The grasping model
of one finger. Notes: I the
distal segment; II the middle
segment; III the original
segment; 1 the pulley; 2 the
cable 2; 3 the roller 2; 4 the
roller 1; 5 the cable 1; 6 the
grasped object
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simplification in statics analysis and calculation as following. The double-stage
linkage units are regarded as the ideal truss units. Ignore the radius of the pulley,
and the cable tension directly effect on the respective joints.

We can obtain the relation between hi and qi,

q1
q2
q3

0
@

1
A ¼

1 0 0
�1 1 0
0 �1 1

0
@

1
A �

h1
h2
h3

0
@

1
A ð1Þ

Although the finger belongs to tendon-pulley transmission mechanism, it can be
equivalent to the full joint driven mechanism. As shown in Fig. 5, the equivalent
model of finger in grasping stage is built. The model is used for analyzing the
relation between the grasping force and the cable driving force when the grasping
mission finished. The meaning of the parameters in the models is shown in Table 1.
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Fig. 4 Kinematic model of
finger
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Fig. 5 The equivalent model
in grasping stage

Research of the Relation Between Configuration … 93



3.2 Analysis of Equivalent Joint Driving Torques

As mentioned earlier, the tendon-pulley transmission mechanism can be equivalent
to the full joint driven. In order to obtain the relation between the cable force and
the equivalent joint driving torques, resultant moments of cable forces in a finger
which own one cable-bar unit is built, shown in Fig. 6.

According to the virtual work principle, we have,

dWT ¼ dWMe ð2Þ

dWT ¼ T � dL ð3Þ

dWMe ¼ Me � dh ð4Þ

Where, dLB0A1 � � ab sin hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ 2ab cos h

p dh. Thus, we have,

Me1 ¼ T1ab sin hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2 þ 2ab cos h

p ¼ T1b sin a1 ð5Þ

Table 1 Symbol definition Symbol Description Position

a The width of the finger Figure 4

bi The length of each segment Figure 4

R The max radius of the grasping space Figure 7

ai The angle between AiAi−1 and AiBi−1 Figure 4

hi The angle between Ai−1Bi−1 and
Ai−1Ai

Figure 4

qi The joint coordinates Figure 5

li The distance from Bi−1 to Fi Figure 5

Ti The tension cable forces Figure 1

Fi The grasping force in normal
direction

Figure 4

fi The grasping force in tangential
direction

Figure 4

a

b

1A

0A 0B
θ

1B

1α

1β

1T

1eM

Fig. 6 Resultant moment of
cable driving force
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In the finger, composed by one cable-bar unit, the equivalent joint driving force
is equal to the resultant moment of cable force. As shown in Fig. 5a, we can obtain,

s1
s2
s3

0
@

1
A ¼

1 1 1
0 1 1
0 0 1

0
@

1
A �

Me1

Me2

Me3

0
@

1
A ¼

1 1 1
0 1 1
0 0 1

0
@

1
A �

T1b1 sin a1
T1b2 sin a2
T1b3 sin a3

0
@

1
A ð6Þ

3.3 Analysis of Grasping Force

According to the virtual work principle, we have,

sT � dq ¼0F̂T � d0Q ð7Þ

Let J ¼ d0Q
dq , we have,

s ¼ JT � 0F̂ ð8Þ

Where, s ¼ s1; s2; s3ð ÞT, 0F̂ ¼ 0F̂1;
0F̂2;

0F̂3
� �T

, q ¼ q1; q2; q3ð ÞT,
0Q ¼ 0Q1;

0Q2;
0Q3ð ÞT, 0Qi ¼ Qix;Qiy;Qiz

� �T
, and J ¼ J1; J2; J3ð ÞT.

According to Fig. 4b, we have,

J1 ¼
�l1S�q1 0 0

l1C�q1 0 0

0 0 0

0
B@

1
CA;

J2 ¼
�l2S�q1;2 � b1S�q1 �l2S�q1;2 0

l2C�q1;2 þ b1C�q1 �l2S�q1;2 0

0 0 0

0
B@

1
CA;

J3 ¼
�l3S�q1;2;3 � b2S�q1;2 � b1S�q1 �l3S�q1;2;3 � b2S�q1;2 �l3S�q1;2;3
l3C�q1;2;3 þ b2C�q1;2 þ b1C�q1 l3C�q1;2;3 þ b2C�q1;2 l3C�q1;2;3

0 0 0

0
B@

1
CA

Notes: C�qi ¼ cosðqiÞ, S�qi ¼ sinðqiÞ, C�qi;j ¼ cosðqi þ qjÞ,
S�qi;j ¼ sinðqi þ qjÞ.

Due to iF̂i ¼ fi;Fi; 0ð ÞT, iFi ¼ 0;Fi; 0ð ÞT, if i ¼ fi; 0; 0ð ÞT, Fi ¼ lifi, we obtain,

s ¼ JT � R � F̂ ¼ JT � R � l � Fnor ð9Þ

Research of the Relation Between Configuration … 95



Let J� ¼ JT � R � l, we have,

s ¼ J� � F� ð10Þ

Where, R ¼ dig 0R1;
0R2;

0R3ð Þ, l ¼ dig l1; l2; l3ð Þ, li ¼ ðli; 1; 0ÞT,
F� ¼ Fnor ¼ F1;F2;F3ð ÞT, and

J� ¼
l1 l2 þ b1C�q2 þ l2b1S�q2 l3 þ b2C�q3 þ b1C�q2;3 þ l3ðb2S�q3 þ b1S�q2;3Þ
0 l2 l3 þ b2C�q3 þ l3b2S�q3
0 0 l3

0
@

1
A

Obviously, the relation between the cable force and the grasping forces can be
computed.

F� ¼ J��1 � s ð11Þ

4 Configuration Analysis Based on Maximal
Grasping Space

As shown in Fig. 7, a certainly kind of position and shape of the finger under the
maximum grasping space. Figure 7a shows the configuration of the finger and
Fig. 7b shows the grasping forces on each knuckle. However, under the condition
of the maximal grasping, the grasped target body has a tendency to be squeezed out.
Thus, the grasped object is forced the friction forces in the tangential direction
pointing to the negative direction of y axis.

According to Fig. 7a, based on the geometric relationships between the con-
figuration of the finger and the grasped enveloping circle, we have,

l1 ¼ R tan q1
l2 ¼ R tan q2

2
l3 ¼ R tan q3

2

8<
: ð12Þ

Thus, the lengths of knuckles can be deduced,

b1 ¼ l1 þ l2 ¼ Rðtan q1 þ tan q2
2 Þ

b2 ¼ l2 þ l3 ¼ Rðtan q2
2 þ tan q3

2 Þ
b3 ¼ l3 ¼ R tan q3

2

8<
: ð13Þ
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Fig. 7 Configuration of a
3-knuckle finger under the
maximal grasping space
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As shown in Fig. 7b, f1, f2 and f3 are the tangential component forces of the
grasping forces, meeting the requirements f1 ¼ l1F1, f2 ¼ l2F2 and f3 ¼ l3F3.
Because the definition of completely stable grasping is that whole of the knuckles
contact the grasped object. According to Eq. (10), we have,

l1 b1C�q2 þ l2b1S�q2 b1C�q2;3 þ l3b1S�q2;3
0 l2 b2C�q3 þ l3b2S�q3
0 0 l3

0
@

1
A F1

F2

F3

0
@

1
A ¼ T1

b1S�a1
b2S�a2
b3S�a3

0
@

1
A
ð14Þ

When the finger is in relative steady grasping state, sum of the component of
grasping forces in y-axis direction can be described as,

Fy ¼ F3ðC�h3 � l3S�h3ÞþF2ðC�h2 � l2S�h2ÞþF1ðC�h1 � l1S�h1Þ
¼ F3ðC�q1;2;3 � l3S�q1;2;3ÞþF2ðC�q1;2 � l2S�q1;2ÞþF1ðC�q1 � l1S�q1Þ

ð15Þ

The maximum grasping space is an envelope circle of Rmax ¼ 1250mm.
According to the definition of completely stable grasping, the condition of steady
grasping state can be described as Fy � 0.

Setting the width of the finger is a0 ¼ 320:00mm. Through the numerical
analysis by using MATLAB, the shortest length of finger, the corresponding length
of each knuckle and the configuration of the finger can be obtained. Furthermore,
considering the skin-friction coefficient on the surface of every knuckle, the
influence of the skin-friction coefficient on the shortest length of finger is analyzed.
By calculation, the values of these parameters are shown in Table 2.

The relation between the shortest lengths of finger and the skin-friction coeffi-
cient is shown in Fig. 8. Along with the rising of the skin-friction coefficient on the
surface of every knuckle, the shortest length of the underactuated finger becomes
shorter. According to Fig. 8b, although there are some fluctuations in length of
every knuckle, the overall trend of lengths is shorter. In addition, based on the same
friction coefficient, the characteristics of the lengths of every knuckle can be con-
cluded as a whole is that the root knuckle refers to the shortest, the end knuckle
refers to the second, and the middle knuckle is the longest.

The relation between the normal grasping forces on knuckles and the friction
coefficient is shown in Fig. 9. The nor-grasping force on the end knuckle F3 is

Table 2 Parameters list of cable-bar units

Parameters a R T1 l h1 h2 h3
Values
(mm)

320.00 mm 1250 mm 1 N 0.05–
2.00

ð0; pÞ ½h1;pÞ ½h2;pÞ

Research of the Relation Between Configuration … 97



keeping the biggest than the rest, and its values are larger than 100 N. Due to the
1 N driving force, thus the nor-grasping force on the end knuckle is at least 100
times than the driving force. Comparing with F3, the nor-grasping forces F1 and F2

are almost 1–15 times than the driving force, and the two forces are far less than F3.
Normally, the friction coefficient on the skin surface of human finger is 0.5.

Because of the humanoid robotic hand, the skin-friction coefficient of the finger is
set as l1 ¼ l2 ¼ l3 ¼ 0:5. Then, based on grasping the maximum size envelope
circle of Rmax ¼ 1250mm, all the grasping configurations and the corresponding
distributions of the grasping forces can be obtained, shown in Fig. 10a. Especially,
the grasping configuration and the corresponding distribution of the grasping forces
are shown in Fig. 10b. Which is corresponding to the shortest length of the finger
among all grasping configurations as the skin-friction coefficient is 0.5.
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5 Conclusion

In this paper, general grasping model of a novel underactuated finger is established.
According to the model, the equivalent joint driving torques are analyzed, which are
equivalent to the tendon-pulley transmission. Based on the equivalent grasping
model, the relation equation is established by using vector mechanics and the
principle of virtual work, which reveals the relation among the driving force, the
equivalent torques on joints, and the grasping forces. Through numerical analysis,
the relation between the shortest lengths of finger and the skin-friction coefficient is
analyzed. Along with the rising of the skin-friction coefficient on the surface of
every knuckle, the shortest length of the underactuated finger becomes shorter. And
the length of every knuckle becomes shorter on overall trend. In addition, all
grasping configurations, the shortest grasping configuration and the corresponding
distributions of grasping forces are drawn as the skin-friction coefficient is 0.5.

Future work includes the design of a robotic hand consisted of two or more than
two underactuated finger and the analysis of dynamics for controlling the robotic
finger. Also, the grasping characteristics of a real robotic hand will be analyzed.
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Bionic Structure Design of a Flapping
Wing Robot

Wenjuan Zhou, Huichao Deng and Xilun Ding

Abstract As a new field of research, the flapping wing micro air vehicle has a
widely application in civil and defense. This paper analyzes the specific state of the
flapping wing in flight, and determines the variation range of the flapping angle and
the angle of attack. Then we design a simple double crank and double rocker
mechanism, in addition we propose a passive rotation mechanism to meet the
requirement of micro flapping wing mechanism. Compared to previous flapping
wing structures, the mechanism is technically more simple and practical, which is
benefit to minimize the flapping wing micro air vehicle. We design the specific
structure of Micro Air Vehicle (MAV) and calculate the dimension of the mech-
anism. Finally, we use the Solidworks to model it and prove the feasibility and
accuracy of this flapping wing structure.

Keywords Flapping wing � Micro air vehicle � Flapping angle � Angle of attack

1 Introduction

With the rapid development of aerodynamics and MENS technology, Micro Air
Vehicle has been paid a widely attention by lots of researches due to its small
volume, portable, flexible flight and excellent concealment. So it has become a
promising new air vehicle in the civil and defense fields’ application. Compare with
fixed-wing and rotary-wing aircraft, the flapping wing aircraft do not have propeller
or jet devices, thus it can take off quickly, accelerating, hovering in situ or small
grand [1–6].

At present, many research institutions have started to study the flapping—wing
Micro Air Vehicle (FMAV). Georgia Institute of Technology and the University of
Cambridge using reciprocating chemical muscle jointly developed FMAV
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—“Entomopter” [7]. University of California, using PZT piezoelectric actuators
and double rocker four-bar linkage independently developed mechanical fly
—“MFI” [8]. California Institute of Technology and AeroVironment use a
micro-motor driven single crank and double rocker mechanism jointly developed
the world’s first palm-sized electric ornithopter—“MicroBat” [9]. Harbin Institute
of Technology designs a FMAV using the elliptic cylindrical cam drive mechanism
and the wing twisting machine mechanism, which reduces negative lift effect on the
wing of up-flapping and improves the flight capacity.

This paper based on the bionics research, analyzes the rotation and flapping state
of flying insects in flight. We determine the angle of rotation and flapping which
insect wings can be achieved. According to the results of the bionics research, we
compare and analyze the advantages and disadvantages of all kinds of flapping
wing mechanisms. Then, we design the suitable mechanism to meet the requirement
of micro flapping wing mechanism. Finally, we design the specific mechanism, and
calculate the dimension of each part.

2 The Study of Flapping Wing Aircraft’s Flight

According to the structure of different wings, flying insects can be classified into
two categories: Hard-winged insects and Soft-winged insects. Common
hard-winged insects include Cicadas, flies, and so on. Such insects have good
maneuvering characteristics, and have small deformation amplitude of wings during
flight. This type of wings generally has two degrees of freedom: the flapping action
which set itself as the axis and the rotational action around the wingspan direction.
Common soft-winged insects include butterflies, moth and so on. Such insect wings
have a large deformation in flight, and accompanied with the body pitching. These
kind of insect wings generally have only one degree of freedom, that mean it is only
have the flapping action which set its body as the axis, so the body pitch and wings
deformation make up the lack of another freedom. Because of the insect wings with
two degrees of freedom have a good maneuvering characteristics, this paper mainly
studies the flapping action and rotational action of the hard-winged insects [10].

Based on C.P. Elington’s theory that is insects flap their wings in a sinusoidal
way, we can get the flapping equation and rotational equations of insect wing when
during flight. The flapping process: at the beginning of flapping, wings go through a
phase of acceleration; the angular velocities of wings are accelerated from zero to a
certain value, and then the wings flap in a constant velocity. After a while, the
angular velocities of wings start to decelerate. The wings angular velocity will
reduce to zero until the end of down-flapping stage, and then the wings begin the
up-flapping stage. The rotation procedure is same as the flapping procedure and
these two procedures happen at the same time. When the insect wings start the
down stroke, the angle of attack has turned most angles in the previous cycle, and
the velocity of the angle of attack will continue reverse in the manner of simple
harmonic motion. After a period, it will achieve the magnitude of the torsion, and
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the angle of attack will keep still. Then it will continue reverse in the manner of
simple harmonic motion. When it completes the majority of rotation, the process
ends. The insect wing flapping equation:

xðtÞ ¼

xm sinðtp=DtÞ t 2 ½0; 0:5Dt�
xm t 2 ½0:5Dt; 0:5T � 0:5Dt�
xm sin½ð0:5T � tÞp=Dt� t 2 ½0:5T � 0:5Dt; 0:5T þ 0:5Dt�
�xm t 2 ½0:5T þ 0:5Dt; T � 0:5Dt�
xm sin½ðt � TÞp=Dt� t 2 ½T � 0:5Dt; T�

8
>>>><

>>>>:

ð2:1Þ

Where x is the angular velocity of the flapping wings; xm is the maximum speed
in the process; T is a flapping cycle; Dt is the minimum time interval in the wings’
motion.

The rotation equation:

x0ðtÞ ¼

�xþ �x cosððtþ 0:5DtÞ2p=DtÞ t 2 0; 0:5Dt � dt½ �
0 t 2 0:5Dt � dt; 0:5T � 0:5Dt � dt½ �
�x� �x cosððt � 0:5T þ 0:5DtÞ2p=DtÞ t 2 0:5T � 0:5Dt � dt; 0:5T þ 0:5Dt � dt½ �
0 t 2 0:5T þ 0:5Dt � dt; T � 0:5Dt � dt½ �
��xþ �x cosððt � ðT � 0:5DtÞÞ2p=DtÞ t 2 T � 0:5Dt � dt;T½ �

8
>>>><

>>>>:

ð2:2Þ

Where x0 is the angular velocity of the angle of attack; �x is the average rotation
angular velocity; dt is the advanced time in the advanced mode; T is a flapping
cycle; Dt is the minimum time interval in the wings’ motion.

According to the flapping equation and rotation equation above, we can simulate
a motion change graph of the insect wing, and then compare it to the graph [11, 12]
of fly’s wings measured by sun mao’ group, you will find theses motion variation
rules are nearly the same. After the analysis above, we can conclude that the mag-
nitude of the angle of the flapping wing and the angle of attack is approximately:
−30° to 50° and 30° to 150°. Therefore, design purpose of flapping wing angles are
the two magnitude of the angle of the flapping wing and the angle of attack above,
and we need to design a flapping wing mechanism to achieve that goal.

3 The Overall Design and Modeling of the Flapping Wing
Mechanism

3.1 The Structural Analysis and Dimension Calculation
of the Flapping Wing Mechanism

According to the determined magnitude of the flapping angle and the rotation angle,
we need to design a flapping wing mechanism for flapping-wing Micro Air Vehicle,
to achieve the desired flapping angle and the rotational angle. There are many
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different kinds of mechanism about the flapping-wing Micro Air Vehicle currently,
such as the single crank and double-rocker mechanism, double-crank and
double-rocker mechanism, slider-crank mechanism, the cam spring mechanism,
space rocker mechanism, single crank as well as double crank rocker mechanism,
etc. The flapping frequency required by flapping-wing Micro Air Vehicle that is
very high, which means that flapping-wing mechanism needs high frequency of
rotation and movement. However, the slider-crank mechanism and the cam spring
mechanism have a large friction and low efficiency, and they cannot have a good
flapping action. The advantage of spatial crank-rocker mechanism is simple and
completely symmetrical in structure as well as its resulting motion. However, it
requires an elaborately devised mini-spherical hinge, with high processing costs.
The single crank and double-rocker mechanism has simple structure, high effi-
ciency, lightweight, and it is easy to miniaturization. Unfortunately, the flapping
actions of the two sides’ wings are not completely symmetrical, and there is a phase
difference between them, which will cause tilting and even falling. The crank-shaft
based crank-rocker mechanism is the improved version of the single-crank and
double-rocker organization. Its flapping action is completely symmetrical, but its
rocker is asymmetric and its structure is more complex. The double-crank and
double-rocker mechanism’s structure and movement are completely symmetrical,
but the two driven motors executing on such structure will not only produce phase
difference but also increase the weight of the entire ornithopter. The specific
information is shown in Table 1.

Based on the aforementioned analysis, we decide to adopt a simple double crank
and double-rocker mechanism, and we use a motor to drive two cranks syn-
chronously via a gear train, eliminating the burden of the two motors. Figure 1 is a
double crank and double-rocker flapping wing mechanism. The motor drives the
following two gears to rotate through a reducer, and a position of gear is connected
to the link, and the rotation of the gear drives the link to move, which leads to the

Table 1 Comparison for advantages and disadvantages of the mechanisms

Mechanism Advantage Disadvantage

Single crank and
double-rocker mechanism

Simple, high efficiency, light
weight, easy miniaturization

Flapping action is not
completely symmetrical,
there is a phase difference

Double crank and double
rocker mechanism

Structure and movement are
completely symmetrical

Two motors are out of
phase, and increases the
weight of the bodies

Slider-crank mechanism The structure is simple and
easy to implement

Slide has big friction,
efficiency is not high

The cam spring mechanism The structure is simple and
compact

Point, line contact, easy to
wear, difficult to
manufacture

Double crank and double
rocker mechanism + passive
rotation mechanism

The structure is simple and
compact, completely
symmetrical, easy small
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rocker’s swing, the rocker’s swing angle represents wing’s flapping angle range.
Considering the two wings’ flapping angle range acquired is within −30° to 50°,We
need to calculate the length of every link in order to meet the requirements.

Figure 2 is crank-rocker mechanism. As shown in Fig. 2, the basic principle of
the flapping wing mechanism is a crank rocker mechanism denoting by O0O1O2O3.
The overall size of the mechanism cannot be too large due to the design require-
ments, Therefore, we predetermine the length of O0O1;O0O3 as 3, 21 mm, and the
value of the angle a set in Fig. 2 is 20°, the link’s angle range is −50° to 30°.

Fig. 1 Double crank and
double-rocker mechanism

Fig. 2 Crank-rocker
mechanism
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When the mechanism approaches to the limit position O0O1
1O

1
2O3, it forms a

triangle O1
1O

1
2O3, and \O1

2O3O1
1 ¼ a1 ¼ 100�. When the mechanism approaches to

the limit position O0O2
1O

2
2O3, it forms the triangle O2

1O
2
2O3, and

\O1
2O3O1

1 ¼ a1 ¼ 100�. Then according to the law of cosines, we can compute the
length of O1O2;O2O3:

cos a1 ¼ ðO0O3 � O0O1Þ2 þO2O2
3 � O1O2

2

2� ðO0O3 � O0O1Þ � O2O3
ð3:1Þ

cos a2 ¼ ðO0O3 þO0O1Þ2 þO2O2
3 � O1O2

2

2� ðO0O3 þO0O1Þ � O2O3
ð3:2Þ

Substituting the above formulas, yielding: O2O3 ¼ 4:9mm;O1O2 ¼ 19:5mm.
Therefore we get all the dimensions of the crank rocker mechanism and it can reach
the requirement of the flapping angle range.

3.2 Model and Simulation of the Flapping Wing
Mechanism

After the analysis of the above mechanism, we determined all the size of each part
of the flapping mechanism. Then we will use the solidworks software to model it
and design the basic structure of our Micro Air Vehicle, which is shown in Fig. 3.
Since the focus of this 3D model is flapping actuator of the flapping wing aircraft,
we simplify other parts such as the wing. As shown in the picture, the micro-motor
fixed on the frame, and the motor shaft drive the link to move by a reducer, and the
rocker fixed on the frame connect to the link and the wing, and it converts the
movement of the link into the wing’s flapping motion.

Fig. 3 FMAV’s simulation
models
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We use the Solidworks to execute kinematics simulation. The corresponding
results shows that this mechanism can achieve the assigned flapping angle range,
which demonstrates the feasibility and accuracy of this mechanism.

4 The Design and Analysis of Passive Rotation Mechanism

4.1 The Structural Design and Modeling of the Passive
Rotation Mechanism

We design the wing’s flapping motion of the flapping aircraft above, and it has meet
the design angle requirement of −30° to 50°. Then we will continue to realize the
wings’ rotation around the wingspan direction in the process of flapping, and we
should achieve the amplitude range of the angle of attack: 30° to 150°. In order to
make the wing rotate freely, we design a simple passive rotation mechanism [13] in
the connecting portion between the wing and the link, which makes the flapping
wing robot can rotate according to the change of airflow during the flight and
accommodate the airflow to improve the flying ability.

Figure 4 is a three-dimensional model of passive rotation mechanism. The wing
along with the blocks for rotation’s control connect with the link, between the wing
and the link use the clearance fit, and they connected through the sleeve in the
middle, so the wing can rotate freely around the link; there are tapered shaft
interference fit between the wing shaft and the block for rotation’s control, and the
block for rotation’s control can rotate following the rotation of wing shaft. When
the wings are rotated to a certain angle, the block for rotation’s control will be
stuck, and thereby it controls the wing to stop. This passive rotation mechanism is
simple and can control the rotation range of the angle of attack effectively.
Meanwhile, this mechanism allows the wing to rotate freely in an air stream, and it
will be more fitting to the real flight.

Fig. 4 Three-dimensional
model of passive rotation
mechanism
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4.2 The Dimension Analysis of Passive Rotation Mechanism

After the basic mechanism design, the particular structure of the passive rotation
mechanism should be analyzed. Figure 5 is the front view of the passive rotation
mechanism, and we can see the workspace that the rotation control block can
achieve. As shown in Fig. 5, position 1 represents the wing angle of attack at 30°,
and position 2 represents the wing angle of attack at 150°. The wing can only rotate
between position 1 and position 2, and it cannot exceed the range of rotation. The
catch rod is located at position 1, and the angle between the stopper A and B on the
rotation control block is 150°. Therefore, when the stopper is rotated from the
position 1 to the position 2, the stopper B will be blocked by the catch rod, then it
will prevent the further rotation of the wing, thereby it will restrict the angle of
attack within the range of 30° to 150°.

Fig. 5 The front view of the passived rotation mechanism
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5 Motion Analysis of Mechanism

Motion analysis the above mechanisms and compare the amplitude of the curve at
both ends of the wing beat velocity, and then we can obtain the velocity curve of the
wings. As shown in Fig. 6, we can see that the right and left wing’s movement are
completely symmetrical. Thus, we ca n adjust the wing’s beat frequency by
adjusting the motor speed.

6 Conclusion

This paper designed a new double crank and double rocker mechanism and passive
rotation mechanism. The mechanism is simple and compact, easy to realize the
miniaturization. We modeled these mechanisms and calculate the mechanisms’
dimensions, which proved the feasibility and the accuracy of the flapping wing
mechanism, thus providing a practical workable structure model for the further
study of FMAV.
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LIPSA Hand: A Novel Underactuated
Hand with Linearly Parallel
and Self-adaptive Grasp

Yang Yang, Wenzeng Zhang, Xiangrong Xu, Handong Hu
and Jian Hu

Abstract This paper proposes a novel robotic hand which contains linearly parallel
and self-adaptive grasping modes, called LIPSA hand. The LIPSA hand is com-
posed of a common basement, two fingers, two motors and the transmission
mechanism. The LIPSA hand contains three modes: linearly parallel (LIP) gripping
mode, self-adaptive (SA) grasping mode and the LIP-SA hybrid grasp mode. One
finger linearly parallel grip the object and the other finger self-adaptive grasp the
object on the same time. It is the object’s position, size, shape and weight that the
mode which the LIPSA hand chooses depends on. The LIPSA hand is wide range
in grasp, light in weight, small in size and low in cost. The Analysis results show
that the LIPSA hand is valid and can be used in the various environment.

Keywords Robot hand � Underactuation � Linearly parallel gripping �
Self-adaptive grasping � Hybrid grasping

1 Introduction

The robot technology is one of the most important tendencies of the improvement
of the technology. It is the robot hand (end effector) that the robot mainly depended
on to replace the human’s work [1]. Nowadays, there are many kinds of the robot
hand have been created, such as multi-finger hand, particular hand and soft hand.
The multi-finger hand has several fingers and each finger has several joints and
phalanxes which can rotate or linearly move. The multi-finger hand is mainly
divided into two kinds: dexterous hand and actuated hand.
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1.1 Dexterous Hand

The dexterous robot hand is made by several dexterous fingers which have more
than one joints and the motor. The number of the motors is same as the number of
the degree of the freedom (DOF) of the hand. One motor could control one joint
rotate for an angel and the cooperation among the different joint can make the
dexterous hand realize numerous of movement. So, the dexterous hand can imitate
the human’s hand better to make complex actions and the different grasping mode.
The dexterous hand is one of the most important trends of the robot development.

There are many sensors set on the dexterous hand to probe the object, such as the
distance sensor probes the distance between the object and the hand, pressure
sensor probes the force put on the hand. During the process of the grasp experiment,
one sensor must get a signal and transmit the information to the controller. Then,
the controller will drive the motor running to make the signal transforms to real
movement. At the same time, all the sensor must work to probe the object to get a
most convenient method to grasp the object before the grasping. It is the real-time
sensing, complicated controller requirement and expensive cost in production and
maintenance that hinder the development of the dexterous hand.

There are many famous dexterous hands have been produced for nearly 40 years
researched. The Okada Hand [2], DLR-I Hand and DLR-II Hand [3], Utah-MIT
hand [4], Shadow hand [5], DLR-HIT hand [6], Robonaut hand [7] and Gifu hand
[8] play an important role in the robot history.

1.2 Underactuated Hand

The structure of the underactuated hand is that the number of the motor is less than
the number of the degrees of the freedom of the hand. The pure mechanism which
the underactuated hand relies on can achieve grasping self-adaptively. The under-
actuated hand could adapt object’s shape, size and the position by rotating deferent
joint to pinch or envelop the object. There is no need adding a real-time controller
to drive the finger making some actions. One joint can continue rotating by the pure
mechanical transmission while others joint stops. The underactuated hand is lighter
in weight, smaller in size and lower in cost than the traditional dexterous hand.

Such under-actuated hand has been produced, for example, SARAH hand [9]
made by the Laval university in Canada at 1970s which was using five links to
achieve PASA mode. After that, the Laval University has made some improvement
[10–13] at the basic of it. There is also some other famous robot hand such as
TUAT/Karlsruhe Humanoid hand [14], TH-3B hand [15]. Many kinds of under-
actuated hands have been developed such as multi-finger underactuated hand [16],
passive adaptive underactuated hand [17], underactuated prosthetic hands [18], and
coupled self-adaptive hand [19].
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2 The Grasping Modes

Supposed that there is coin put on the table, it is so tiny that one cannot hold it by
our hand, but one can use our finger to pinching it. At the same time, if there is an
apple on the table, our fingers do not have enough power to pinch it, so one will
hold the an apple by enveloping our different phalanxes of fingers. There are two
main kinds of grasping modes in reality, (1) parallel pinching and (2) self-adaptive
enveloping.

Parallel pinching means using the distal phalanx to clamp the object by two
parallel phalanxes of two fingers to contact the object grasped. It is mainly aimed to
grip objects of small sizes or big object with opposite surfaces. Enveloping grasp
means using two or more phalanxes enveloping around the object by the multiple
points contacting to realize more stable grasping.

One can find that the first phalanx of the traditional PASA hand is rotating
around its joint and the distal phalanx is moving as an arc, the distal phalanx cannot
move as a linearly. If there is a tiny object on the table, the distal phalanx can only
linearly parallel (LIP mode) pinches the object without any bending (Fig. 1).

3 The Concept and Design of the LIPSA Hand

3.1 The Structures of the LIPSA Hand

The design of the LIPSA hand mainly consists of a common basement, two fingers,
two motors and two transmission machine. Each finger is composed of the distal
phalanx, proximal phalanx, corbelled phalanx, distal joint, proximal joint, eight

Fig. 1 The LIP mode and the SA mode
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pulleys, four belts, two links, four rotated joints, two springs, a mechanical limit
and a limited block. The transmission machine is composed of the driving pulley,
driven pulley, belt, driving gear and the driven gear.

The first joint is set on the base, the first pulley and the driven pulley are fixed
with the first joint, the mechanical limit is fixed with the first pulley, the eighth
pulley is set on the first joint. The corbelled phalanx is set on the first joint. The
proximal joint is set on the corbelled phalanx. The first phalanx is set on the
proximal joint. The second pulley, third pulley, sixth pulley and the seventh pulley
are also set on the proximal joint. The second pulley and the third pulley are fixed
with each other, the sixth pulley and the seventh pulley are also fixed with each
other. The fourth pulley, the fifth pulley and the second pulley are fixed on the distal
joint. the second phalanx is fixed with the distal joint. One end of the first link is set
on the second joint, the other end of it is set on the third joint. One end of the
second link is set on the third joint, the other end of it is set on the distal joint, and
the middle point is set on the proximal joint. The spring is connected with the
mechanical limit and limit block (Fig. 2).
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Fig. 2 Structure of LIPSA hand. 1 base, 2 1st phalanx, 3 2nd phalanx, 4 corbelled phalanx, 5
proximal joint, 6 distal joint, 7 1st link, 8 2nd link, 9–12 first joint to forth joint, 122 driven gear,
131 limit block, 15 belt, 18 motor, 182 driving gear, the rest parts are the pulleys
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3.2 The Principle of the LIPSA Hand

The center point of the first joint is regarded as A, the center point of the second
joint is regarded as B, the center point of the third joint is regarded as C, the center
point of the proximal joint is regarded as D, the center point of the distal joint is
regarded as E, it is showed in Fig. 3.

Here are some relations between these links:

AB ¼ 2BC; CD ¼ DE ¼ AD ¼ 2:5BC: ð1Þ

As it is seen in Fig. 3, when the link AD is rotating, the link BC will be driven to
rotate, and the point E will move as a line sometime, the process of the movement
as a line is what one want. The length of the proximal phalanx is same as the length
of the corbelled phalanx. The radius of the fifth pulley, sixth pulley, seventh pulley
and the eighth pulley are same. The radius of the first pulley is larger than the
second pulley, the radius of the third pulley is larger than the fourth pulley.

At the beginning of the movement, the spring is connected with the mechanical
limit and limit block to prevent those two limitations separated apart. Once the
motor is rotating, it will transmit its power to the first pulley making the pulley
rotating. But the eighth pulley is limited by the mechanical limit, the eighth pulley
cannot rotate around the first joint, as well as the fifth pulley, sixth pulley and the
seventh pulley. The fourth pulley cannot rotate either because it is fixed on the
distal joint. The first phalanx is connected with the second link. So the corbelled
phalanx will rotate toward the object, and the second phalanx still keeps the original
form. Two second phanlanxes are always parallel until the second phalanx touches
the object. It is the process of the LIP grasping mode.

Once the first phalanx touches the object before the second phalanx, the cor-
belled phalanx stops rotating. But the first pulley still running. The first pulley

AB

C

D

E

C’

D’

E’

Fig. 3 The principle of the four links
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would continue forcing the second pulley, at the transmission of the bell, the fourth
pulley will rotate around the distal joint as well as the second phalanx. At the end,
the eighth pulley will be driven. The spring will be stretched because of the sep-
aration of the mechanical limit and the limit block. Such movement will not finish
until the second phalanx touches the object. The schematic diagram of LIPSA hand
is showed in Fig. 4.

4 The Analysis of the LIPSA Hand

As it is show in Figs. 4 and 5, the principle of LIPSA hand can be replace by some
line and circle.

The length of the line BC is a;
The radius of the first pulley is r1, the radius of the second pulley is r2, the radius of
the third pulley is r3, the fourth pulley and the fifth pulley is r4;
The rotation speed of the motor is w;
The rotation speed of the link AD is w1;
The rotation angel of the link AD is b;
The movement speed of the point E (the distal phalanx) is vE.
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Fig. 4 The schematic diagram of mechanism
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So when the motor running time is t, one can get the relation between the first
pulley and the second pulley:

R1 ¼ r2=r1 ð2Þ

So the rotation angel b is

wt ¼ bð1� R1Þ ð3Þ

When the motor drives the corbelled phalanx rotating, the extreme position of
the corbelled phalanx is that the first link has rotated for 180°. Through the relation
among the four links, one can get the biggest b is: b ¼ arctanð4=3Þ � 53:17�

For the quadrilateral ABCD, there is a relation:

AB
�!þ BC

�!þ CD
�!þ DA

�! ¼ 0
! ð4Þ

Supposed that the point B is the origin point, the angel between the link CD and
the y-coordinate is a, the angel of the rotation of the link BC is h,then one can get:

a sin hþ 2a ¼ 2:5a sin aþ 2:5a sinb

a cos hþ 2:5a cos a ¼ 2:5a cos b

( )
ð5Þ

In every time, the coordinate of the point E is:

xE ¼ 5l sin a� l sin h
yE ¼ 5l cos aþ l cos h

�
ð6Þ

Through those equations, the position of the second phalanx can be defined.
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Fig. 5 The kinematic diagram of mechanism
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From Eq. 3, there is an equation:

w1 ¼ w
1� R

ð7Þ

Taking derivation of Eq. 5, one can get:

2:5w1
cos b
� sin b

� �
¼ cos h �2:5 cos a

� sin h �2:5 sin a

� �
w2

w3

� �
ð8Þ

The angular velocity of the link BC is w2, the angular velocity of the link CD is
w3, then taking derivation of Eq. 6,

vEx
vEy

� �
¼ �a cos h 5a cos a

�a sin h �5a sin a

� �
w2

w3

� �
ð9Þ

Through those equations, the speed of the second phalanx can be defined. But it
is obvious that sometimes vEy ¼ 0, that is what this machine want.

5 Conclusion

This paper proposes a novel robotic hand which contains linearly parallel gripping
and self-adaptive grasping modes, called LIPSA hand. The LIPSA hand is com-
posed of a common basement, two fingers, two motors and the transmission
machine. The LIPSA hand contains three modes: linearly parallel (LIP) grasping
mode which can grip thin objects such as coins putting on the plane, self-adaptive
(SA) grasping mode which can envelop large objects depending on the shape of the
objects such as a bottle, and the LIP-SA hybrid grasp mode. One finger linearly
parallel grip the object and the other finger self-adaptive grasp the object on the
same time. It is the object’s position, size, shape and weight that the mode which
the LIPSA hand chooses depends on. The LIPSA hand is wide range in grasp, light
in weight, small in size and low in cost. The Analysis results show that the LIPSA
hand is valid and can be used in the various environment.
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COSA-FBA Hand: An Underactuated
Hand with Five-gear Mechanisms
and Built-in Actuators

Siqiao Ruan, Wenzeng Zhang, Tianyi Zhang and Shuang Song

Abstract This paper proposes a novel underactuated hand, COSA-FBA hand,
which performs coupled and self-adaptive grasping. The COSA-FBA hand consists
of 5 fingers and 14 degrees of freedom. The COSA-FBA finger consists of an
actuator embedded into its proximal phalange, a five-gear mechanism and a spring,
which allows it to finish multiple grasping postures such as enveloping and
pinching, depending on the shape, size, and dimension of the object. The
COSA-FBA hand has advantages of concise structure, low cost, high efficiency and
space-saving of the palm. The coupled and self-adaptive hand has a wide arrange of
applications.

Keywords Robot hand � Underactuated finger � Coupled and self-adaptive grasp

1 Introduction

Robot hands have already played a critical role in industrial production and
high-risk operation. However, there are still many human workers and operators
working on the assembly line who are exposed to some life-threatening situations.
In order to completely revolutionize and automate these industries, a versatile
grasping tools becomes necessary. For the purpose of inventing a robot hand that is
agile, easy to control, and capable of multi-tasking, humanoid hands become a
direction that researchers try to approach, since human hands is capable of finishing
many grasping mode and posture which can grasp the object effectively.

To imitate human hand, dexterous hands were designed and developed.
Dexterous hand is the robot hand that every joint requires a motor to actuate.
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The Utah/MIT Dexterous Hand [1], Stanford/JPL Hand [2], BH Hand, DLR/HIT
Hand and Robonaut hand [1] are good examples of dexterous hand.

Dexterous hand is capable of achieving multiple grasping modes like pinching,
gripping, and catching. Also, through controlling each joint, the hand can adapt to
the shape and size of different objects. However, the dexterous hand has many
serious flaws. On one hand, the great number of DOA makes the whole hand
cumbersome and expensive in cost. On the other hand, it is hard to control so many
actuators spontaneously.

Due to the flaw of dexterous hands, underactuated robot hand has become a new
concentration of many researchers [3]. An underactuated robot hand is defined as
the robot hand that possesses less DOA (Degrees of Actuation) than DOF (Degrees
of Freedom) [4]. The underactuated robot hand solves some flaws of Dexterous
hand. It is cheaper, simpler in structure, and easier to control due to the fact that it
has less actuators [5].

However, the traditional underactuated hands [6] usually have simplex grasping
modes such as coupled, self-adaptive and parallel grasping modes. In order to
diversify the grasping mode. Hybrid grasping mode underactuated hand is being
proposed [7, 8]. Hybrid grasping mode combines the flexibility of dexterous hands
and the stability and simplicity of traditional underactuated hands, which brings
underactuated hand to a higher level.

This paper introduces a coupled and self-adaptive underactuated finger with a
novel built-in actuator five-gear mechanism. Different from the existing hybrid
underactuated hand, COSA-FBA hand uses two gears that sleeved on the transi-
tional axis and connected to each other with a spring to accomplish the function of
decoupling which effectively switch the grasping mode from coupling to
self-adaptive, making the whole structure more compact.

The second part of this paper introduces the concept of the coupled and
self-adaptive (COSA) underactuated hand, the third part analyzes the structure of
the COSA-FBA finger, the fourth part analyzes the grasping-force distribution of
the COSA-FBA hand, the fifth part presents the grasping experiment of the
COSA-FBA finger, and the sixth part demonstrates the design of the humanoid
COSA-FBA hand.

2 Concept of the Coupled and Self-adaptive (COSA)
Grasp

Coupled grasping mode is the grasping mode that every joint rotates with a fixed
rotating ratio. This grasping mode is similar to human grasping, and the whole
grasping process is relatively stable. Nonetheless, its defect is that its grasping mode
is fixed, that it cannot adapt to the shape of the object. Therefore, it has a poor
performance of grasping different kinds of objects.
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Self-adaptive grasping mode is the grasping mode that when it grasps an object,
through one actuator, the first joint rotates, and the middle-phalange moves towards
the object while the other joint keep static. When the middle-phalange contacts with
the object, the second joint starts to rotate, and the terminal-phalange starts moving
until it envelopes the object. Self-adaptive grasping mode is capable of adapt to
different shapes of object. Its flaw is that its grasping posture is rigid and not
personified, because when the finger does not contact with the object, the whole
finger straightens. Also, when the middle-phalange squeezes the object, some
objects with smooth surfaces may be pushed away, which may cause instability in
the grasping process.

The COSA grasping mode combines the advantages of these two traditional
grasping mode and neutralizes their disadvantages. As Fig. 1 shows, when coupled
self-adaptive grasping mode is performed, the finger would first approach the object
with coupled grasping mode. If the terminal-phalange makes contact with the object,
the grasping process is done. If the middle-phalange contacts with the object, the
next phalange would turn into self-adaptive mode and envelope the object. Coupled
self-adaptive grasping mode is not only more similar to human grasping mode but
also possesses the ability to adapt to the shape of object.

3 Design of the COSA-FBA Finger

3.1 Structure of the COSA-FBA Finger

As Fig. 2 shows, the structure of COSA-FBA finger is mainly composed of the
base, the middle-phalange, the terminal-phalange, the actuator, the first joint-shaft,
and the second joint-shaft. The first joint-shaft is fixed in the base. The second
joint-shaft is sleeved on the middle-phalange. The terminal-phalange is fixed on the
second axis.

Coupled Grasping Mode

Self-adaptive Grasping Mode

COSA Grasping Mode

Fig. 1 Concept of coupled and self-adaptive (COSA) grasping mode
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The first joint-shaft is parallel with the second joint-shaft. Furthermore, this
device also contains a transitional axis, an active gear, a first gear, a second gear, a
third gear, a fourth gear and a spring. The actuator is fixed on the middle-phalange.
The active gear is fixed on the output axis of the actuator. The transitional axis is set
in the middle-phalange. The middle-phalange is sleeved with the first joint-shaft.
The first joint-shaft is parallel with the transitional axis. The active gear is meshed
with the third gear. The third and the second gear are sleeved on the transitional
axis. The spring is connected to the second gear and the third gear. The second gear
is meshed with the first gear. The first gear is fixed on the first axis. The fourth gear
is meshed with the active gear and fixed on the second axis. In this structure, a
torsional spring is used as the spring. The gear ratio of the first gear and the second
gear is 1. The gear ratio of the active gear and the third gear is “a”. The gear ratio of
the active gear and the fourth gear is a. “a” is a positive rational number. An
example of its specific structure and mechanism is shown in Fig. 2. In this example,
“a” equals 1.

3.2 Grasping Process of COSA-FBA Finger

The grasping process is presented as Fig. 3 shows, the initial state of the finger is
perpendicular with the palm, and both the first and the terminal-phalange straighten
up as Fig. 3a has shown. When the grasping motion starts, the output axis of the
actuator starts rotating. Through the reducer, the power is transmitted to the active
gear, making it start to rotate. The active gear transmits the power to the third gear
which sleeved on the transitional axis and the fourth gear which fixed on the second
axis, making them start to rotate. The third gear pulls the second gear through the
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Fig. 2 The structure of COSA-FBA finger. 1 base; 2 middle-phalange; 3 terminal-phalange; 4
first axis; 5 second axis; 6 first gear; 7 second gear; 8 third gear; 9 active gear; 10 fourth gear; 11
spring; 12 motor; 13 reducer; 14 driving mechanism; 15 transitional axis
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twisting force of the spring. In the meantime, the second gear meshes with the first
gear.

When the finger does not contact with the object as Fig. 3b has shown, the active
gear drags the fourth gear which fixes on the second joint-shaft. Since the second
joint-shaft is fixed on the terminal-phalange, the terminal-phalange starts rotating.
Through transmission in the second and the third gear, the middle-phalange rotates
around the first gear which fixes on the base. The angle that the middle-phalange
rotates from its initial state and the angle between the terminal-phalange and the
middle-phalange is the same. The coupling grasping process is performed.

If the terminal-phalange first makes contact with the object as Fig. 3c has shown,
the fourth gear is unable to continue rotating which makes the motor stop moving.
Therefore, the whole grasping process is ended. A coupling anthropopathic
pinching posture is performed.

If the middle-phalange first makes contact with the object as Fig. 3d has shown,
the second gear is no longer able to rotate around the first gear. However, the third
gear is able to keep rotating, and the spring starts to deform. The fourth gear is still
able to rotate, making the terminal-phalange keep rotating until it contacts with the
object. When the terminal-phalange contacts with the object, the motor stops
moving. Therefore the whole grasping process is ended as Fig. 3e has shown.
A self-adaptive grasping process is performed.

4 Grasping Force Distribution Analysis of COSA-FBA
Finger

This part focus on the grasping force distribution of COSA-FBA finger. For the
reason of simplification, the gravity force of the finger and objects and the friction
between phalanges are neglected, and the contact forces are applied on points
(Fig. 4).

When the finger fully envelopes an object, the grasping force and the total arm of
the force is in an equilibrium state. Based on this characteristic, several moment
equations can be reached as follows (g is the percentage of transmission loss).

(a) (b) (c) (d) (e)

Fig. 3 The grasping process of COSA-FBA finger
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First, relative to the first axis, the torque relationship can be drawn as follow:

T4 ¼ F1h1 þF2ðh2 þ l1 cos aÞ: ð1Þ

Second, according to the output axis of the motor, the torque relationship can be
reached as follows:

gTm ¼ T4 þ T3: ð2Þ

Third, relative to the transitional axis, the torque relationship can be drawn as
follows:

T2 ¼ T3; gTm ¼ T4 þ T2: ð3Þ

At last, according to the first axis, the torque relationship can be reached as
follows:

T1 ¼ gT2; T2 ¼ T1=g: ð4Þ

gTm ¼ T4 þ T1=g: ð5Þ

Object

F1

F2h2

h1

l1

l2

T4

Tm

T3

T1

T4

T3 T2

Ts

Tm

T1

MotorReducer

2nd Joint Shaft

Transitional
Shaft

1st Joint Shaft
1st Gear

2nd Gear

3nd Gear

Active
Gear

4th Gearβ

θ

(a) (b)

Fig. 4 Grasping-forces distribution analysis of the COSA-FBA finger. F1, F2—The grasping
force to the object by middle-phalange and terminal-phalange, l1, l2—The length of
middle-phalange and terminal-phalange, h1, h2—The arm of force F1 and F2, a—The rotational
angle of middle-phalange, h—The rotational angle of terminal-phalange in self-adaptive process,
b—The rotational angle of terminal-phalange, T1—Torque of the first gear, T2—Torque of the
second gear, T3—Torque of the third gear, T4—Torque of the fourth gear, Tm—Torque of the
motor to the active gear, Ts—Torque of the spring
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Plug Eq. (1) into Eq. (5), the torque relationship can be drawn as follows:

gTm ¼ F2h2 þ ½F1h1 þF2ðh2 þ l1 cos aÞ�=g: ð6Þ

For the spring, according to Hooke law, the following equation can be get:

Ts ¼ kh: ð7Þ

Because of gTs ¼ T4, one can get:

gkh ¼ T4 ¼ F1h1 þF2ðh2 þ l1 cos aÞ: ð8Þ

Plug Eq. (8) into Eq. (6), the equation of F2 can be drawn as follows:

F2 ¼ ðgTm � khÞ=h2: ð9Þ

Plug Eq. (9) into Eq. (6), the equation of F1 can be reached as follows:

F1 ¼ ½khðgþ 1Þ � gTm�=h� ½l1 cos aðgTm � khÞ�=h1h2: ð10Þ

Using Eq. (9) and Eq. (10), the relationship between grasping force, rotational
angle, and the arm of the force are analyzed and studied.

According to Fig. 5a, the grasping force of the first phalange reaches maximum
when the arm of the force is minimized and h reaches maximum (90°). The
grasping force of the second phalange reaches maximum when the arm of the force
is minimized and h reaches minimized (0°). This is because the spring would
consume a large amount of the torque of the motor, so the grasping force in the
coupling process is bigger than the grasping force in the self-adaptive process.

F 2
/N

(a) (b)

Fig. 5 Contact-force distribution by h1, h2, and h, where a Tm ¼ 60 N mm; l1 ¼ 60 mm;
k ¼ 50 N mm; a ¼ 30�; g ¼ 95%; h2 ¼ 30 mm b Tm ¼ 60 N mm; l1 ¼ 60 mm; k ¼ 5 N mm;
g ¼ 95%; h1 ¼ 30 mm; h2 ¼ 30 mm

COSA-FBA Hand: An Underactuated Hand … 127



According to Fig. 5b, when the rotational angle of the first phalange increases,
the grasping force of the first phalange decreases. When the rotational angle of the
second phalange increases, the grasping force of the first phalange increases, while
the grasping force of the second phalange decreases. This is because the two
transmission routes have distributed the torque of the motor. Overall, the
COSA-FBA robot finger is capable of grasping object effectively and stably.

5 Grasping Experiment of COSA-FBA Finger

To evaluate the performances of the COSA-FBA finger, several grasping experiment
is conducted. Depending on the size, dimension and shape of the object, the
COSA-FBA finger can perform enveloping and pinching posture when it grasps the
object as Fig. 6 has shown. When the object is located on the upper side of the finger,
the COSA-FBA finger would perform coupled grasping mode and pinch the object.
When the object is located on the lower side of the finger, the COSA-FBA finger
would perform COSA grasping mode and envelop the object. It has been proved that
the COSA-FBA finger is capable of grasping object effectively and stably.

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Fig. 6 Grasping experiments of COSA-FBA finger
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6 Design of COSA-FBA Humanoid Hand

A humanoid robot hand is designed adopting the finger mechanism already
described. The appearance of this humanoid hand is shown in Fig. 7. This robot
hand consists of five COSA-FBA robot fingers. Each finger consists of three joints
and three phalanges, except for the thumb which possess two joints and two pha-
langes. The second phalange can repeat the mechanism above or other coupling
structure. This example uses an 8-shape pulley-belt mechanism to accomplish
coupling.

7 Conclusions

This paper proposes a novel underactuated finger, COSA-FBA finger. The
COSA-FBA finger has a built-in actuator, five-gear mechanism, which allow it to
finish coupled and self-adaptive grasping. Its features of easy-control, anthropo-
pathic, adaptive, and low-cost allow it to be widely used.
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Topological Characteristics Analysis
for a Family of Novel SCARA Parallel
Mechanisms

Qingfei Zeng, Huiping Shen, Hengcun Qiang and TingLi Yang

Abstract The 4-dof parallel mechanisms (PMs) which can achieve SCARA
motion have broad industrial applications. However, studies on the 4-dof PMs are
less than that of three-translation PMs or three-rotation PMs. At the same time, not
enough attention has been paid to topological structures analysis which can give
important basis on type selection and performance evaluation of PMs. According to
the topological design theory and method for PMs based on position and orientation
characteristic (POC) and the ordered single-open-chain (SOC), this paper gives a
total topological structure analysis on seven typical SCARA PMs proposed by the
authors. Five major topological features of PMs are revealed, which are POC set,
the degree of the freedom (including the selection of drive pair), over-constraint
degree, coupling degree and the input-output motion decoupling. This paper pro-
vides a theoretical basis for the kinematics analysis, design and applications for
these new SCARA PMs.

Keywords Parallel mechanism � POC � Topological structure analysis � Coupling
degree � Topological structure characteristics � Type synthesis

1 Introduction

The theory and method for topological structure design of parallel mechanisms
(PMs) based on POC set and single-open-chain (SOC) unit are proposed and
established by Chinese scholars [1, 2], which is different from other type synthesis
theories such as the screw theory, the displacement subgroup theory and the theory
based on linear transformation and evolutionary algorithm. This theory describes
the motion with respect to axis of kinematic pair of moving platform that has no
relationship with fixed coordinate system and the positions of mechanism, which
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ensure that this method is geometric and can obtain non-instantaneous mechanisms
without over-constraint and common mechanisms with over-constraint. This
method possesses definite physical meaning and is convenient for people to
understand because only simple “\ ” and “[ ” symbolic linear calculations for
POC set are needed. Many scholars have designed a large number of parallel
mechanisms based on these existing type synthesis methods.

On the one hand, three kinds of typical output motions, including three-
translation, three-rotation and SCARA motion (three translations and one rotation
about the axis of a fixed direction of the movable platform), have very wide
industrial applications. However, the development and application of new 4-DOF
parallel robots with SCARA motion are relatively fewer than three-translation and
three-rotation motion.

In 1999, ABB developed a SCARA robot [3] called FlexPicker. Based on
three-translation parallel manipulator Delta [4] (Clavel, in 1985), a three-translation
and one- rotation hybrid manipulator was obtained through a mid-branch chain
(R-U-P-U-R) located between the moving platform and the static platform. As a
matter of fact, this hybrid manipulator can be regarded as having two moving
platform (i.e., three-translation Delta mechanism sub-platform and one-rotation
platform amounted with manipulator effector). The manipulator has been widely
used but its mid-branch is easy to be worn at high-speed. The working space of the
manipulator was not large enough.

To overcome these disadvantages of the manipulator, Pierrot and other scientists
invented the H4, I4, PAR4, and series of 4-dof (i.e., three translations and one
rotation) SCARA manipulators [5–7]. They retained the complex branched chains
with parallelogram structure R//- (4S) or R//R- -//R (4R) -//R (s - spherical joint, R-
rotational joint) and the three-translational Delta mechanism possessed. Those 4-dof
SCARA manipulators have advantages of high speed and good dynamic perfor-
mance just like Delta mechanism, so they are also known as the family members of
Delta robots.

The family of Delta parallel robots are constituted by two complex branches
which are symmetrical distributed, and each complex branch has two identical
parallelogram structure, the planes of parallelogram are perpendicular to each other,
the terminal output link is sub-moving platform of three translational mechanism;
Then, the two sides of the output platform (which is installed grasper operation at
both ends of the third sub moving platform) uses rotate pair to connect to the two
complex branches as the moving platform of three translational mechanism,
Moreover, the relative motions (rotations or translations) among the three sub
platform are amplified as an output rotation through the amplifying device (gear,
gear-rack, belt, etc.). Therefore, the family of Delta parallel robot can be regarded as
having three moving platforms.

In China, Huang [8] proposed a 4-URU type 3T1R(three translations and one
rotation) parallel robot in 2000; Jin Qiong and Yang Tingli [9] proposed a class of
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three-translation and one-rotation parallel robot with a single moving platform
according to topological structure design theory of PMs based on SOC unit in 2001
[10]. Huang Tian invented high-speed three-translation and one-rotation Cross-IV
handling robot based on the idea of H4, I4, Par4 and realized the industrialization in
2010 [11]; In 2012, Liu Xinjun developed the prototype [12] of X4 PM which is a
three translations and one rotation mechanism with single moving platform for the
first time in China. X4 PM can achieve large rotation though dimension opti-
mization [13].

Compared to the three-translation Delta manipulator, the structure, kinematics,
dynamics and control system of the 4-DOF H4, I4, Par4, Cross-IV, X4 and other
series of SCARA type mechanisms (whether they have a single moving platform, a
double moving platform, or a triple moving platform) are more complex and dif-
ficult, theoretic research and industrial applications are relatively slower, so it is
high time to develop the new 4-DOF SCARA mechanisms.

Under the above background, according to design theory of PM based on
position and orientation characteristics (POC) and orderly single opened chain
(SOC), the author proposed 13 potential parallel mechanisms with three-translation
and one rotation recently, among of which seven mechanisms has been applied for
China’s invention patent [14–17].

On the other hand, evaluation and optimization of topological performance for
parallel mechanism has become one of the key issues in the study of PMs.
The premise of that is analysis of mechanism topological characteristics, and the
kinematics and dynamics performance of the mechanism can be obtained in the
process of mechanism selection. So that kinematics and dynamics analysis and
calculations can be simplified. Therefore, the complexity of mechanism design can
be reduced and the design cycle can be shorten.

Accordingly, the author believes that topological structure analysis should be
added before the type synthesis, kinematics and dynamics analysis of mechanism.
Moreover, specific topological analysis includes POC, DOF, coupling degree cal-
culation, I-O kinematic decoupling analysis, calculation of the constraint degree, so
as to provide a clear direction for the optimization, the kinematics and dynamics
solutions of mechanisms. But so far these topics are relatively less currently.

The topological structure analysis of famous commercialization PMs, such as
Delta, Diamond, Tricept, the Trivariant and Exechon, Z3, H4, steward, or the other
PMs with potential applications have been performed. Some valuable conclusions
or rules have been obtained. This work could provide some inspiration for the
design and application of the other new mechanisms [17].

In this paper, topological structure analysis of 7 3T1R parallel mechanisms with
practical value proposed by authors recently is performed to reveal the POC sets,
DOF, coupling degree and the other main topological structure characteristics of
mechanisms. This study provides theoretical basis for its design and application.
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2 Topological Characteristics of Parallel Mechanisms

In this paper, twelve topological structure characteristics of the PMs are analyzed,
including position characteristics set (POC) and its dimension, the number of
independent loops m, independent displacement equation number, over-constraint
degree Nov, the type and the number F of degrees of freedom (DOF), and the basic
kinematic chain (BKC) types and number, BKC, coupling degree j, input–output
kinematic decoupling (I-O decoupling), passive kinematic pair, number of inputs,
redundancy and other indicators. Further, we discover that [17]:

(1) POC set and its dimension reflect the basic function of the mechanism;
(2) The number of independent displacement equations, redundancy, BKC cou-

pling, I-O decoupling and driving pair selection indicate kinematics and
dynamics performance of the mechanism;

(3) DOF type and number, BKC coupling degree, redundancy, dimension of POC
set and I-O decoupling manifest the control performance of the mechanism.

(4) Over-constraint degree (Nov) reflects the stiffness of the mechanism and the
sensitivity of precision to the manufacturing error: the greater of the Nov, the
greater stiffness of the mechanism, and the higher sensitivity of the manu-
facturing error.

Due to limited space, only five important characteristics indicators including
POC set, DOF, Nov, coupling degree constraint number j, I-O decoupling are
described in the paper and the corresponding calculation formulas [1, 2] are shown
in Table 1.

3 Topological Analysis of SCARA PMs

Authors recently obtained 13 potential SCARA type PMs with great application
value [14–17], seven of them (I*VII) are analyzed below, and topological struc-
ture characteristics of them such as POC set of the mechanism, number of DOF, the

Table 1 The indexes of topological structure characteristics of the mechanism

Indexes Equations and judgment criterias

POC set and the number MS ¼
Sm

i¼1 MJi ;Mpa ¼
Smþ 1

i¼1 Mbi

DOF
F ¼ Pm

i¼1
fi �

Pm
j¼1

dim :fðT j
j¼1 MbjÞ

S
Mbðjþ 1Þ g

Over-constraint degree Nov ¼ 6tþ n

BKC type Criterias of BKC [1, 2]

Coupling degree
j ¼ 1

2minfPm
j¼1

Dj

�� ��g
I-O decoupling Criterias of I-O decoupling [1, 2]

134 Q. Zeng et al.



number of over-constraint Nov, coupling degree j, I-O decoupling are addressed
accordingly.One typical novel SCARA type IPM is analyzed in detail and the
analysis process is as follows. The analysis results of the remaining novel SCARA
type PMs (II–VII) are also obtained and listed in Tables 3 and 4.

3.1 Type I 3T1R Mechanism

3.1.1 Description of Type I 3T1R Mechanism

Type I 3T1R mechanism is shown as Fig. 1, which is composed of the static
platform 0, moving platform 1 and four identical chains. From static platform 0 to
moving platform 1, the former three revolute pairs are parallel to each other, the
latter two revolute pairs are parallel to each other, and the third revolute pair axis is
perpendicular to the forth revolute pair axis. The one end of each of four branch
chains are connected to the moving platform 1 by revolute pair R15, R25, R35 and
R45, the four axis of which should be parallel to the normal of moving platform 1.
The other end of each of four chains is connected to the static platform by the
actuated pair of R11, R21, R31 and R41. Further, R11⊥R21 and R31⊥R41 are must
satisfied. Here notation “⊥” means the relation of perpendicular and “//” means the
relation of parallel. The same is below.

3.1.2 DOF, Nov and POC of Type I 3T1R Mechanism

(1) Topological structure

SOCf�Ri1 Ri2k Rk i3?Ri4 Ri5k �g; ði ¼ 1� 4Þ

(2) POC set of branch chains

Fig. 1 3T1R type I parallel
mechanism
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Agreement: any point O’ on the moving platform 1 is chosen as the base point.
The same is below.

Mbi ¼ t3

r2 } Ri3;Ri4ð Þkð Þ
� �

; ði ¼ 1� 4Þ

(3) Determine nL1 , the number of independent equations of first basic loop
(a) The first basic loop

nL1 ¼ dim : Mb1 [Mb2f g ¼ dim :
t3

r2 } R13;R14ð Þkð Þ

� ��
[ t3

r2 } R23;R24ð Þkð Þ

� ��

¼ dim :
t3

r3

� �� �
¼ 6:

(b) DOF and POC

F 1�2ð Þ ¼
Xm
i¼1

fi �
X1
j¼1

nLj ¼ 10� 6 ¼ 4

Mpa 1�2ð Þ ¼ t3

r2 } R13;R14ð Þkð Þ
� �

\ t3

r2 } R23;R24ð Þkð Þ
� �

¼ t3

r1 R14kð Þ
� �

(4) Determine nL2 (number of independent equations of second basic loop)
(a) The second basic loop

nL2 ¼ dim : Mpað1�2Þ [Mb3

� � ¼ dim :
t3

r1 R14kð Þ

� �
[

�
t3

r2 } R33;R34ð Þkð Þ

� ��

¼ dim :
t3

r2 } R33;R34ð Þkð Þ

� �� �
¼ 5

(b) DOF and POC

F 1�3ð Þ ¼
Xm
i¼1

fi �
X2
j¼1

nLj ¼ 15� 6� 5 ¼ 4

Mpa 1�3ð Þ ¼ t3

r1 R14kð Þ
� �

\ t3

r2 } R33;R34ð Þkð Þ
� �

¼ t3

r1 R14kð Þ
� �

(5) Determine nL3 (number of independent equations of third basic loop)

136 Q. Zeng et al.



nL3 ¼ dim : Mpa 1�3ð Þ [Mb4

� � ¼ dim :
t3

r1 R14kð Þ

� �
[ t3

r2 } R33;R34ð Þkð Þ

� �� �

¼ dim :
t3

r2 } R43;R44ð Þkð Þ

� �� �
¼ 5

(6) Calculate DOF of the mechanism

F ¼
Xm
i¼1

fi �
X3
j¼1

nLj ¼ 20� 6� 5� 5 ¼ 4

(7) The over-constraint degree

Nov ¼ 6tþF �
Xm
i¼1

fi ¼ 6� 3þ 4� 20 ¼ 2

(8) POC set of the moving platform

Mpa ¼ Mpa 1�3ð Þ \Mb4 ¼ t3

r1 R14kð Þ
� �

\ t3

r2 } R43;R44ð Þkð Þ
� �

¼ t3

r1 R14kð Þ
� �

Therefore, according to the criteria of the driving pair selection [1, 2], the
moving platform 1 will generate 3 translations and 1 rotation about the normal axis
of the moving platform 1 when the revolute pairs R11, R21, R31, R41 on the static
platform 0 are assigned to the driving pair.

3.1.3 j and I-O Decoupling Analysis of Type I 3T1R Mechanism

(1) Loop1 and its constraint degree D1

loop1 �R11 R12 R13k ?k R14 R15k � R24 R25?R21 R22 R23k �kkf g

D1 ¼
Xm1

i¼1

fi � I1 � nL1 ¼ 10� 2� 6 ¼ 2

(2) Loop2 and its constraint degree D2

loop2 �R31 R32 R33k ?k R34 R35k �f g

D2 ¼
Xm2

i¼1

fi � I2 � nL2 ¼ 5� 1� 5 ¼ �1
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(3) Loop3 and its constraint degree D3

loop3 �R41 R42 R43k ?k R44 R45k �f g

D3 ¼
Xm3

i¼1

fi � I3 � nL3 ¼ 5� 1� 5 ¼ �1

(4) BKC and coupling degree of the mechanism j

j ¼ 1
2

Xm

j¼1

Dj

�� �� ¼ 1
2
ð þ 2j j þ �1j j þ �1j jÞ ¼ 2

The mechanism contains only one BKC. The 4 driving pairs are located within
one BKC, therefore, the mechanism has no I-O decoupling.

The topology characteristics of the mechanism are listed in Table 2

3.2 The Remaining Novel SCARA Type PMs

Similarly, the analysis results of the remaining eight novel SCARA type PMs
(II*VII) shown as in Table 3, are obtained and listed in Table 4 as follows.

Note: The SCARA mechanism X4 [12] has four complex identical branch chains
while the type VII mechanism has only two complex branch chains. Therefore, type
VII mechanism can be regarded as the improved type X4. The advantage of this
mechanism is that the structure is simpler, manufacturing and maintenance are
easier compared with X4.

So far, the topological structure characteristics analysis of seven 4-DOF 3T1R
PMs (type I to VII) has been completed. This work lays the foundation for design
and optimization of these mechanisms.

4 Conclusions

(1) According to design theory and methods of parallel mechanisms based on POC
and SOC, author analyses the topology structures of a class of 7 potential SCARA
PMs with better practical value proposed by authors, and reveal 5 most important

Table 2 Topological characteristics of 3T1R type I mechanism

POC set m F NBKC j Nov I-O Manufacturability

t3

r1

" #
3 4 1 2 2 No Complex
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topological characteristics such as the POC set, DOF (including selection of driving
pair), Nov, coupling degree k, I-O decoupling, etc. The coupling degree j being 2
indicates that the position kinematics and dynamics calculation of these PMs are
very complex. Therefore, structure coupling degree reducing of the seven SCARA
PMs will be another coming important work for authors to do, which may lead to
some promising 4-DOF 3T1R PMs with low coupling degree being 1.

(2) The topological structure characteristics analysis of mechanisms, that is, to
analyze and reveal the PMs position orientation characteristics set (POC) and its

Table 3 Schematic diagram of the remaining novel SCARA type PMs (II–VII)

Type Diagram Type Diagram

II III

IV V

VI-1 VI-2

VI-3 VII
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dimension, the number of independent loops m, the number of independent equa-
tions, constraint degree Nov, degree of freedom (DOF) and the number of DOF (F),
the type and number of basic kinematic chain (BKC), BKC coupling degree j, I-O
decoupling analysis, passive kinematic pairs, selection of driving pairs and
redundancy. These indicators can provide important basis for type selection of PMs
and its performance evaluation. These indicators can also provide a clear direction
for the type selection, the kinematics and dynamics of the mechanisms, which
greatly accelerates the design progress of the mechanism and reduce the time for
lengthy kinematics and dynamics analysis. Therefore, topological structure char-
acteristics analysis is one of the important parts of the parallel mechanism theoretic
research and applications.

Acknowledgments This research is sponsored by the NSFC (Grant No. 51375062, 51475050),
Jiangsu Key Development Project (No. BE2015043) and Jiangsu Scientific and Technology
Transformation Fund Project (No. BA2015098).

Appendix

Mpa the POC elements of the moving platform

Mbi the POC elements of the ith chains

F DOF of the mechanism

fi DOF of the ith kinematic pairs

m the number of kinematic pairs

n the number of links of the mechanism

m the number of independent loops in the mechanism (v ¼ m� nþ 1)

nLj the number of independent equations of jth basic loop

Mbi the POC sets of the ith legs;
(continued)

Table 4 Topological characteristics of the remaining novel SCARA type PMs (II–VII)

Type POC set m F NBKC j Nov I-O Manufacturability

II t3

r1

" #
3 4 1 2 2 NO Complex

III 6

IV 2

V 2

VI-1 0

VI-2 2

VI-3 0

VII 2
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(continued)

\ j
i¼1Mbi

POC sets of sub-parallel mechanism moving platform consisted with jth chain and
the former chains;

Ij the number of inputs in the jth SOCj

j coupling degree of the mechanism

Dj constraint degree of jth SOCj

BKC basic kinematic chain
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Friction Compensation in Trajectory
Tracking Control for a Parallel
Hip Joint Simulator

Xianlei Shan, Gang Cheng and Xihui Chen

Abstract To evaluate the friction and wear characteristics of hip joint prosthesis
biomaterials, a hip joint simulator with a 3SPS + 1PS (P: prismatic joint, S:
spherical joint) spatial parallel manipulator as the core module is proposed. To
improve the control performance of the parallel hip joint simulator, a friction
compensation control method is proposed. First, with the help of Lagrange’s
Equations, the dynamic model of the parallel hip joint simulator is established, and
a Coulomb + viscous friction model is adopted to describe the friction of the hip
joint and the thrust ball bearing. Second, identification experiments are conduced,
and parameters of the friction model are estimated. Third, a friction compensation
controller is obtained based on computed torque control method, and the friction is
served as the feed-forward compensation. As can be observed from the experiment
results, the tracking accuracy of the parallel hip joint simulator is improved with the
friction compensation.

Keywords Parallel hip joint simulator � Coulomb + viscous friction � Friction
compensation � Computed torque control

1 Introduction

Hip joint simulator is used to evaluate the friction and wear characteristics of hip
joint prosthesis biomaterials. The machine is required the replication of the kine-
matic and dynamic characteristics of the natural human hip joint and also the
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realization of dynamic loading. Parallel manipulators generally possess several
advantages, including high stiffness, strong bearing capacity and complex trajectory
simulation. Hence, a parallel hip joint simulator with a 3SPS + 1PS spatial parallel
manipulator as the core module is proposed [1].

Because of the complexity structure of parallel manipulator, the motion control
is generally more difficult. At present, motion control for planar or spatial parallel
manipulators are widely studied by many researchers [2, 3]. For parallel manipu-
lators, control strategies, such as fuzzy control method [4], computed torque control
method [5], adaptive control [6], robust learning control method [7], and so on, are
always applied. With regard to the parallel hip joint simulator, because of the
complex motion trajectory of the moving platform and the dynamic loading from
the hydraulic cylinder (300–3000 N), the nonlinear dynamics is more complex.
Friction is one of the main disturbances of the parallel hip joint, and it will affect the
control performance, therefore, in the design process of the controller, the influence
of friction should be considered.

Modeling and identification of friction have attracted many scholars over the past
few years, and to reduce the influence of friction on the control performance,
friction compensation methods are always adopted. Shang [8] developed a friction
compensation method based on a nonlinear friction for a planar parallel manipu-
lator; Cazalillaa [9] applied a simple friction model to the friction compensation for
a 3-DOF parallel manipulator; Kim [10] studied the friction compensation for a
6-DOF parallel manipulator based on a robust nonlinear control method. With
regard to the spatial parallel manipulators, the dynamics is more complex, which
increasing the difficulty of parameter identification, especially for the parallel
manipulators with dynamic loading, such as the parallel hip joint simulator.
Therefore, a friction model that is simple enough and has good precision at the high
speed at the same time is very important for friction compensation of the parallel
hip joint simulator.

In the paper, to reduce the influence of friction on the control performance of the
parallel hip joint simulator, a friction compensation method is developed. First, with
considering of Coulomb + viscous friction of the hip joint and the thrust ball
bearing, a dynamic model of the parallel hip joint simulator is established. Second,
to estimate the friction parameters of the dynamic model, identification experiments
are carried out. Third, based on computed torque control strategy and served the
friction as the feed-forward compensation, a controller for the parallel hip joint
simulator is designed. Lastly, friction compensation control experiments are
conducted.

144 X. Shan et al.



2 Dynamic Modeling and Identification of Friction
Parameters

The topology structure and prototype of the 3SPS + 1PS parallel hip joint simulator
are shown in Fig. 1. The parallel hip joint simulator is composed of a moving
platform (m), a base platform (B) and peripheral supports. The moving platform
and the base are connected by three identical surrounding SPS-type active
branched-chains and one PS-type intermediate branched-chain. In Fig. 1a, ai and Ai

(i = 1, 2, 3) are the fix points of the spherical joints (S) on the moving platform and
the base platform, and o and O denote the centroids of the triangles a1a2a3 and
A1A2A3, respectively.

The absolute coordinate system OXYZ is fixed on the base platform B at point
O. The negative X-axis passes through point A3, and Z-axis is perpendicular to the
base platform and pointing to the moving platform. The Y-axis can be determined
by the other two axes following the Right-Hand-Rule. The relative coordinate
system oxyz is attached to the moving platform at point o. The y-axis passes
through point a2, and z-axis is perpendicular to the moving platform pointing
upward. The x, y and z axes follow the Right-Hand-Rule. Three spherical joints are
installed symmetrically about o on the moving platform. Each mount point is
equidistant from o and the distance denoted as e. Another three spherical joints are
installed on the base in the same way and the distances from the mount points to O
is E. Each active branched-chain connects the moving platform and the base
platform by spherical joints. The intermediate branched-chain is fixed on the base,
and connects the moving platform by a thrust spherical plain bearing. Driving
forces of the active branched-chains are supplied by three electric cylinders. The

(a) Topology structure. (b) Prototype.

Fig. 1 3SPS + 1PS parallel hip joint simulator
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intermediate branched-chain is used to install the artificial hip joint and balance the
loading force from the hydraulic cylinder, and the height is fixed. The spatial
locations of the moving platform are determined by the lengths of the active
branched-chains.

2.1 Dynamic Modeling

Suppose that c, b and a are the Euler angles of the moving platform, and
q ¼ ðc; b; aÞT. The position equation of branched-chain Aiai (i = 1, 2, 3) can be
obtained from Fig. 1a:

liei ¼ R � rai þP� rAi : ð1Þ

where li is the length of branched-chain Aiai, ei is the unit vector of Aiai, R is the
rotation matrix of oxyz relative to OXYZ, rai and rAi are the position vectors of
spherical joints ai and Ai in oxyz and OXYZ, respectively, and P is the centroid
position vector of the moving platform in OXYZ, and P = [0, 0, Z]T.

Supposing that the angular velocity of the moving platform is x, the velocity of
the ith electric cylinder is _li (i = 1, 2, 3), and the velocity of point ai is vai, and the
following expressions can be obtained.

_l ¼ J1va; va ¼ J2x: ð2Þ

where _l¼ ½_l1; _l2; _l3�, va = [va1, va2, va3], J1 ¼
eT1 0 0
0 eT2 0
0 0 eT3

2
4

3
5,

J2 ¼ �~ra1;�~ra2;�~ra3½ �T, and ~rai is the antisymmetric matrix of rai.
With regard to the parallel hip joint, friction exist in the hip joint, the thrust ball

bearing, the spherical joints and the electric cylinders, because of the loading force
from the hydraulic cylinder is directly acting on the hip joint and the thrust ball
bearing, therefore, only the friction of the hip joint and the thrust ball bearing are
considered in the paper. The Coulomb + viscous friction model is adopted to
describe the friction of the joints, and the friction torque can be expressed as
follows:

Mf ¼ �½lhFN
x

xk k þ fvhx�rh � ½ltðFN þm � gÞ x

xk k þ fvtx�rt: ð3Þ

where lh and lt are the friction coefficients of the hip joint and the thrust ball
bearing, respectively; fvh and fvt are the viscous friction coefficients of the hip joint
and the thrust ball bearing, respectively; FN is the loading force from the hydraulic
cylinder; m and g are the mass of the moving platform and the gravitational
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acceleration, respectively; and rh and rt are the radii of the hip joint and the thrust
ball bearing, respectively.

With the help of the Lagrange’s Equations, the dynamic model of the parallel hip
joint simulator can be established, as shown in Eq. (4).

MðqÞ€qþCðq; _qÞ _qþGðqÞ ¼ JðFþ J�1MfÞ: ð4Þ

where MðqÞ is the inertia matrix, and Cðq; _qÞ is the coriolis and centrifugal force
matrix, GðqÞ is the gravity item, J is the Jacobi matrix of the parallel hip joint
simulator, and J = J1J2, and F is the driving forces of the electric cylinders.

2.2 Identification of Friction Parameters

In Eq. (4), the structure parameters, the mass and inertia parameters of the parallel
hip joint simulator can be obtained directly, therefore, the values of MðqÞ, Cðq; _qÞ,
GðqÞ and J can be calculated, and only the friction parameters are unknown.
Supposing that D ¼ J�1½MðqÞ€qþCðq; _qÞ _qþGðqÞ�, and the measured driving
forces of the three electric cylinders are f a ¼ fa1; fa2; fa3½ �T. Therefore, Eq. (4) can
be rewritten as follows:

D�Mf ¼ f a: ð5Þ

To estimate the friction parameters in Eq. (5), an optimization function Jm can be
defined, as follows:

min Jm ¼
Xn
j¼1

X3
k¼1

ðf jak � Dj
k þM j

fkÞ2: ð6Þ

where n denote the number of the sample, for example, f jak means the driving force

of the kth electric cylinder at the jth sampling point; D ¼ D1;D2;D3½ �T, and
Mf ¼ Mf1;Mf2;Mf3½ �T.

In Eq. (6), the parameters lh, fvh, lt and fvt are selected as the optimization
variables, and they are estimated by making the optimization function Jm minimum.
The parameter optimization procedures are programmed with MATLAB, and an
optimization function, which is named fmincon, is adopted.

2.3 Identification Experiment

With regard to the prototype of the parallel hip joint simulator, the product type of
the electric cylinder is GSM 30 produced by Exlar, and the product type of the
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servo driver is S300 produced by Kollmorgen. The control system of the parallel
hip joint simulator is mainly composed of an industrial computer (IPC-610H), a
motion controller (GTS-400), 3 displacement transducers (CESI-S1000P), and 1
attitude heading reference systems (3DM-GX1). The attitude heading reference
system, which is fixed on the moving platform, is used to measure the spatial pose
of the moving platform. The inverse kinematic model of the parallel hip joint
simulator is solved by the software which is installed on the industrial computer.
The industrial computer is applied to send control signal to the motion controller,
and receive the information from the displacement transducer and the attitude
heading reference system. The loading force from the hydraulic cylinder is con-
trolled by a PLC (S7-200). The control system diagram of the parallel simulator is
shown in Fig. 2.

The main parameters of the parallel hip joint simulator are shown in Table 1.
To estimate the friction parameters of the parallel hip joint simulator, a motion

trajectory of the moving platform is selected, which is shown in Eq. (7), and the
loading force from the hydraulic cylinder is 300 N.

a ¼ 10t2

b ¼ 10t2

c ¼ 20ð1� tÞ2

8<
: ð0� t� 1Þ: ð7Þ

Identification results of the Coulomb + viscous friction model are shown in
Table 2.

Fig. 2 Control system
diagram of the parallel hip
joint simulator
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3 Controller Design and Trajectory Tracking Experiment

3.1 Controller Design

Computed torque, which is an application of feedback linearization of nonlinear
systems, has gained popularity in modern systems theory. Computed torque control
allows the design of considerably more precise, energy-efficient and compliant
controls for parallel manipulators [11].

Based on Eq. (4), the control law of the computed torque control for the parallel
hip joint simulator can be given as follows:

F ¼ J�1 MðqÞð€qþKd _eþKpeÞþCðq; _qÞ _qþGðqÞ � J�1Mf
� �

: ð8Þ

where e ¼ q� qs, q and qs are the desired and real attitude angles of the moving
platform; Kp and Kd are constant gain matrices.

Submitting Eq. (8) into Eq. (4), the error dynamics can be obtained, as follows:

MðqÞð€eþKd _eþKpeÞ ¼ 0: ð9Þ

Table 1 Main parameters of the parallel hip joint simulator

Parameters/units Values Parameters/units Values

Mass of the electric
cylinder rod/kg

0.4 Gravitational
acceleration/m/s2

9.8

Mass of the electric
cylinder body md/kg

3 Length of the electric
cylinder rod/mm

300

Mass of the moving
platform/kg

10 Length of the electric
cylinder body/mm

400

Radius of the thrust ball
bearing/mm

64 Radius of the hip joint/mm 15

Distance e/mm 144 Distance E/mm 200

Height of the intermediate
branched-chain/mm

690 Mass of the spherical joint/
kg

0.93

Inertia tensor of the
moving platform/kg�mm2

Diag(152140,
152270,
270970)

Inertia tensor of the
spherical joint/kg�mm2

Diag(107.5,
107.5, 107.5)

Inertia tensor of the
electric cylinder
rod/kg�mm2

Diag(10843,
10842, 37.8)

Inertia tensor of the electric
cylinder body/kg�mm2

Diag(114370,
114460, 5664)

Table 2 Identification of the
friction parameters

Parameters Values Parameters Values

lh 0.124 lt 0.067

fvh 9.35 fvt 31.42
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Since M(q) is positive definite, therefore, the following express can be obtained:

€eþKd _eþKpe ¼ 0: ð10Þ

Because of Kp and Kd are positive definite, and the global asymptotic stability of
equilibrium point is given by ðe; _eÞ ¼ ð0; 0Þ.

The block diagram of the computed torque control for the parallel hip joint
simulator can be presented in Fig. 3.

3.2 Trajectory Tracking Experiment

From ISO14242-1: 2002(E) [12], the operation frequency of the wear test machines
for the hip joint prosthesis is 1 Hz ± 0.1 Hz and the ranges of the AA
(Abduction/Adduction), IER (Internal/External) and FE (Flexion/Extension) are
−4°–7°, −10°–2° and −18°–25°, respectively. In the paper, the X-axis, Y-axis and
Z-axis are defined as the spin axes of AA, IER and FE, respectively, as shown in
Fig. 4a. The loading force is shown in Fig. 4b.

In the trajectory tracking experiment, Kp and Kd are tuned and determined by the
actual experiments. Kp and Kd are tuned as follows: Kp = diag(15000, 7500,

Fig. 3 Block diagram of the computed torque control
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Fig. 4 Trajectory and loading force
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20000), Kd = diag(150, 100, 150). In order to compare with the friction compen-
sation control method, a controller, which is also based on the computed torque
control method and without friction compensation, is designed.

Furthermore, root-square mean error of the trajectory tracking is used to evaluate
the trajectory tracking performance of the moving platform [8].

RSMEw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Xn
j¼1

½ðaj � asjÞ2 þðbj � bsjÞ2 þðcj � csjÞ2�
vuut : ð11Þ

where n is the number of sampling, and ðcj; bj; cjÞ and ðcsi; bsi; asiÞ are the
desired and the real attitude angles of the moving platform at the jth sampling point.

The trajectory tracking errors of the moving platform are shown in Fig. 5.
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(a) Trajectory tracking errors of α. (b) Trajectory tracking errors of β.
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Fig. 5 trajectory tracking errors of the moving platform
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As can be observed from Fig. 5, compared with the control method without
friction compensation, the trajectory tracking accuracy of the moving platform is
improved obviously. With the help of the friction compensation control method, the
maximum errors of a, b and c are decreased from 0.55°, 0.73° and 0.91° to 0.23°,
0.32° and 0.40°, respectively, and the RSMEs of the trajectory tracking errors are
decreased from 0.87° to 0.34°. The results of the trajectory tracking experiments
verify the effectiveness of the proposed friction compensation method.

4 Conclusions

In the paper, to improve the trajectory tracking accuracy of the parallel hip joint
simulator, a friction compensation control method is proposed. Coulomb + viscous
friction model is adopted to describe the friction of the hip joint and the thrust ball
bearing, and then the dynamic model of the parallel hip joint simulator is estab-
lished with the help of the Lagrange’s Equations. To estimate the friction param-
eters, identification experiments are conducted, and the friction parameters are
obtained through an optimization function. Subsequently, a friction compensation
controller is designed based on the computed torque control method. At the last of
the paper, trajectory tracking experiment is conducted. The experiment results show
that the trajectory tracking accuracy of the moving platform is improved obviously,
which verify the effectiveness of the proposed friction compensation control
method.
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Sensitivity Analysis and Comparison
of Parallel Schönflies-Motion Robots
with a Single Platform

Guanglei Wu and Shaoping Bai

Abstract This paper deals with the sensitivity analysis of parallel Schönflies-
motion robots. The influence of the kinematic parameters for the manipulator
components, including the parallelogram, on the motion accuracy is studied.
Sensitivity indices are defined to evaluate the influence of the geometric parameters
to the manipulator end-effector. A comparative study is carried out for two robots to
highlight their (dis)advantages.

Keywords Schönflies motion � Sensitivity � Variational method � Parallelogram

1 Introduction

Four-degree-of-freedom (4-DOF) parallel robots with Schönflies motion are
intended for high-speed pick-and-place (PnP) operations serving light industries. Of
the existing parallel Schönflies-motion robots [1–4], most of robots inherit the
architecture from the Adept Quattro robot, which has a fully symmetrical base
platform and four identical limbs as displayed in Fig. 1a. On the other hand, these
robots’ architecture determines a cylindrical workspace, whereas, the PnP trajec-
tories are usually confined within a cuboid volume. To better utilize the shop-floor
space, an asymmetrical robot [5, 6] as shown in Fig. 1b is developed, which admits
a rectangular workspace suitable for PnP operations.

In designing parallel robots, a fundamental problem is that their performance
heavily depends on their geometry. The variations in the geometric parameters of
parallel robots can be either compensated or amplified, therefore, it is important to
analyze the sensitivity of their end-effectors to variations in its geometric parameters.
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Up to date, a number of work concerning the effects of the manufacturing tolerances,
geometric variations and joint clearances on the end-effector accuracy of different
parallel manipulators have been reported [7–10]. Moreover, as the asymmetrical
robot is based on the modified architecture of the Quattro robot, it is necessary to
assess the robot performance beside the optimized workspace shape. Sensitivity
analysis will be the focus in this work.

This paper deals with the sensitivity analysis of parallel Schönflies-motion
robots to variations in their geometric parameters and actuated joints. The sensi-
tivity coefficients of the end-effector pose to variations in the geometric parameters
are derived by means of the variational method. Sensitivity indices are defined for
the performance evaluation and comparison of two robot counterparts to highlight
their (dis)advantages.

2 Geometric Model

The robot is composed of four identical RRPRR1-typed limbs which connect the
base and the end-effector (EE). Different from the Quattro robot, the four motors of
the asymmetrical robot are mounted at different orientations on the base frame, of
which the actuating lines are not coplanar.

Figure 2 illustrates one limb of the asymmetrical robot. The global coordinate
frame F b is built with the origin located at the geometric center of the base frame,
of which the x-axis is parallel to segment A2A1 ðA3A4Þ. The moving coordinate
frame F p is attached to the mobile platform and the origin is at the geometric
center, where x-axis is parallel to segment C2C1 ðC3C4Þ. Here and after, vectors i, j
and k represent the unit vectors of x-, y- and z-axis, respectively. The orientation of

(a) (b)

Fig. 1 The CAD models of 4-DOF a symmetrical and b asymmetrical robots

1R and P stand for revolute joint and parallelogram, respectively, and an underlined letter
indicates an actuated joint.
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the ith motor is described by its yaw angle ai and pitch angle bi, which means
ei ¼ Eik, Ei ¼ RzðaiÞRyðbiÞ, and �a1ð3Þ ¼ a2ð4Þ ¼ a, �b1ð4Þ ¼ b2ð3Þ ¼ b.

Under the coordinate systems in Fig. 2, the position vectors of point Ai in frame
F b are denoted by

a1 ¼ �a3 ¼ ax ay 0½ �T ; a2 ¼ �a4 ¼ �ax ay 0½ �T ð1Þ

and the position vector of point Bi is derived as

bi ¼ bhi þ ai; hi ¼ Rii; i ¼ 1; . . .; 4 ð2Þ

where Ri ¼ EiRzðhiÞ, and hi is the angle of rotation of motor from a reference
position.

Let the mobile platform pose be denoted by x ¼ pT /
� �T , p ¼ x y z½ �T ,

the Cartesian coordinates of point Ci in frame F b are expressed as

ci ¼ Qc0i þ p ð3Þ

where Q ¼ Rzð/Þ is the EE rotation matrix and c0i is the position vector of Ci in the
frame F p:

c0i ¼ r cos ci sin ci 0½ �T ; c1 ¼ �c4 ¼ c; c2ð3Þ ¼ p� c ð4Þ

Fig. 2 Parameterizations of the ith kinematic leg of asymmetrical robot
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3 Kinematic Sensitivity Analysis

We first develop a sensitivity model by means of variational method, which is
applicable to the Delta robot and Quattro architecture based robots. Here, the ith
limb of the robot can be split to depict the variations in the design parameters in a
vectorial form. The closed-loop kinematic chains is described by O–Ai–Bi–Bij–Cij–

Ci–P, i ¼ 1; . . .; 4, j ¼ 1; 2. Vectors o, ai, bi, bij, cij, ci, p, are the Cartesian
coordinates of points O, Ai, Bi, Bij, Cij, Ci, P in the frame F b, respectively.

According to Fig. 3,

ai � o ¼ a0i þ dai ð5Þ

where a0i is the nominal position vector of Ai with respect to O in the frame F b and
dai is the positioning error of Ai.

According to Fig. 4,

bi � ai ¼ ðbi þ dbiÞQAii ð6Þ

with [11]

QAi ¼ ðIþ dui½ �ÞEiðIþ dwAi½ �ÞRzðhiÞðIþ dhi k½ �Þ ð7Þ

Fig. 3 Variations in O–Ai chain

Fig. 4 Variations in Ai–Bi chain
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where ½�� ¼ CPMð�Þ denotes the cross-product matrix (CPM) and I is the 3� 3
identity matrix. Term dbi is the variation in bi, and dui ¼ 0 dbi dai½ �T , dai and
dbi being the variations in ai and bi, respectively. Moreover, dhi is the error of input

angle hi of the ith actuator and dwAi ¼ dwAix dwAiy dwAiz

� �T
being the angular

variation of manufacturing tolerance [11].
According to Fig. 5,

bij � bi ¼ eðjÞðdi=2þ ddijÞðIþ ½dwBij�ÞQAik; eðjÞ ¼ 1; j ¼ 1
�1; j ¼ 2

�
ð8Þ

where dwBij ¼ dwBix dwBiy dwBiz

� �T
is the orientation error of link BiBij with

respect to e0i, and ddij is the variation of di in the jth direction.
According to Fig. 6,

cij � bij ¼ liwi þ dlijwi þ lidwij ð9Þ

where dli is the variation in the length of link BijCij along the direction wi, and dwij

is the variation in this direction, orthogonal to wi.
Let assume all four axes of the four holes of the EE plate parallel to Z-axis.

According to Fig. 7,

cij � ci ¼ ðIþ d/Ci½k�ÞeðjÞðdi=2þ dcijÞðIþ ½dwCi�Þei ð10Þ

Fig. 5 Variations in Bi–Bij

Fig. 6 Variations in Bij–Cij

chain

Sensitivity Analysis and Comparison … 159



where dwCij ¼ dwCix dwCiy dwCiz

� �T is the orientation error of link CiCij with
respect to ei, and d/Ci is the angular displacement of the ith passive revolute joint
on the end-effector. Moreover, from Fig. 7,

ci � p ¼ ðri þ driÞRzð/þ ciÞðIþ d/½k� þ dci½k�Þi ð11Þ

Equations (5), (6), (8)–(10) and (11) can be linearized by ignoring the high-order
small terms. Afterwards, removing the nominal kinematic constraint equation p0 ¼
a0i þ bihi þ liwi � c0i leads to

dp ¼ p� p0 ¼ dhibiRjþ dai þ daibi½k�Riþ dbihi þ dbibi cos hiei
� biEi½RzðhiÞi�dwAi þ dbieðjÞdi=2Eii� eðjÞdi=2Ei½k�dwAi

þ eðjÞdsijei � eðjÞdi=2½ei�dydi þ dlijwi þ lijdwij

� d/CieðjÞd=2½k�ei � Rzð/þ ciÞðdriiþ d/rijþ dcirijÞ

ð12Þ

where dsij ¼ ddij � dcij and dwdi ¼ dwBi � dwCi are the relative length and orien-
tation errors of links BijBi and CijCi with respect to ei, respectively. By addition of
Eq. (12) written for j ¼ 1 and j ¼ 2, the relationship between the pose errors and
geometric/joint variations of the ith limb is expressed as

dp ¼ dhibiRjþ dai þ daibi½k�Riþ dbihi þ dbibichiei
� biEi½RzðhiÞi�dwAi þ ddiei þ li=2ðdwi1 þ dwi2Þ
þ dliwi � Rzð/þ ciÞðdriiþ d/rijþ dcirijÞ

ð13Þ

where dli ¼ ðdli1 þ dli2Þ=2 is the mean of relative length error of links Bi1Ci1 and
Bi2Ci2, ddi ¼ ðdsi1 � dsi2Þ=2 is the mean of the relative length error of the con-
necting bars Bi1Bi2 and Ci1Ci2 in the parallelogram.

Dot-multiplying to Eq. (13) on both sides with wi yields

Fig. 7 Variations in Cij–Ci–

P chain
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wT
i dp ¼ jhidhi þ jaidai þ jaidai þ jbidbi þ jbidbi þ jAidwAi þ jdiddi

þ dli þ jridri þ jcidci � d/riwT
i Rzð/þ ciÞj

ð14Þ

with

jhi ¼ biwT
i Rj; jai ¼ wT

i ; jai ¼ wT
i ½k�Ri

jbi ¼ bichiwT
i ei; jbi ¼ wT

i hi; jAi ¼ �biwT
i Ei½RzðhiÞi�

jdi ¼ wT
i ei; jri ¼ �wT

i Rzð/þ ciÞi; jci ¼ �riwT
i Rzð/þ ciÞj

ð15Þ

Equation (14) can be rewritten in a vector form, namely,

Jxidx ¼ Jqi�qi ð16Þ

with

Jxi ¼ wT
i riwT

i Rzð/þ ciÞj
� � ð17Þ

Jqi ¼ jhi jai jai jbi jbi jAi jdi 1 jCi½ � ð18Þ

where �qi ¼ dhi; daTi ; dai; dbi; dbi; dy
T
Ai; ddi; dli; dc

T
i

� �T , and jCi ¼ jri jci½ �R�1
Ci ,

RCi and dci being defined as below

dciX
dciY

� �
¼ cos ci �ri sin ci

sin ci ri cos ci

� �
dri
dci

� �
or dci ¼ RCi

dri
dci

� �
ð19Þ

It is noted that dciX and dciY are the positioning errors of point Ci along X- and
Y-axis, respectively, namely, the variations in the Cartesian coordinates of Ci in
frame F p. Equations (16) can be written in a matrix form, namely,

Jxdx ¼ Jq�q ð20Þ

with

Jx ¼ JTx1 JTx2 JTx3 JTx4
� �T2 R

4�4 ð21aÞ

Jq ¼ diag Jq1 Jq1 Jq3 Jq4½ � 2 R
4�56 ð21bÞ

dq ¼ dqT1 dqT2 dqT3 dqT4
� �T2 R

56�1 ð21cÞ

As long as Jx is not singular, the sensitivity matrix J is obtained below
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dx ¼ J�q; J ¼ J�1
x Jq ¼ Jp

j/

� �
ð22Þ

The sensitivity index of the EE pose to the variations in the kth design parameter
of the same type, which is responsible for its pose error, i.e., dqð1;2;3;4Þk, is defined
by lk;k below [11]:

lk;k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX4
i¼1

X4
n¼1

J2ink

vuut ; k ¼ 1; . . .; 14; k 2 fx; y; z; /g ð23Þ

where Jink is the element in J located in ith column and nth row. Hence, the
sensitivity index of positioning error kdpk to the kth parameter is defined as:

lk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2x;k þ l2y;k þ l2z;k

q
ð24Þ

In order to evaluate the sensitivity globally, two aggregate sensitivity indices
[11] of the position and orientation of the manipulator end-effector to variations in
its geometric parameters and actuated joints are defined from Eq. (22), expressed
as:

mp ¼ kJpk2
nq

; m/ ¼ kj/k2
nq

ð25Þ

where k � k denotes the 2-norm, and nq is the number of variations that are con-
sidered. The smaller mp and m/, the smaller the aggregate sensitivity of the EE pose
of the manipulators to variations in its geometric parameters.

4 Numerical Analysis and Discussion

The sensitivity analysis is numerically illustrated with the asymmetrical robot in
comparison with the symmetrical counterpart, for which the design parameters are
given in Table 1, the length and angle being in the units of mm and �, respectively.
In order to approximate the maximum regular workspace, a super-ellipsoid is
adopted to describe the workspace (WS), which can contain different shaped cuboid

Table 1 Geometric design parameters of the robots

ax ay a b b l r c d

Asymmetrical [5] 310 109 15 45 295 536 103 30 100

Symmetrical [4] 162.3 162.3 45 90 292.5 526.5 153 60 100
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WS. The corresponding workspace with the rotation range of ±45° are shown in
Fig. 8, from which it is seen that the asymmetrical robot admits a long and narrow
workspace coincident with the PnP trajectory.

Figure 9 depicts the mean of the sensitivity coefficients of p and / with respect
to the nominal geometric parameters throughout the workspace, defined by
Eqs. (23) and (24), respectively. Due to the large link lengths, the position and
orientation of the end-effector of the asymmetrical robot are very sensitive to the
angular variations, particularly the actuated joints. Besides, contrary to orientation,
the EE position is sensitive to the position of points Ai, variations in the lengths of
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the inner and outer arms b and l, and variation in the radius r of the mobile
platform.

Due to the similar linkages, the sensitivity of EE pose of the symmetrical robot
to the actuated joints and geometric parameters is similar to that of the asymmetrical
one. Compared to the former, the pose of the symmetrical robot is less sensitive to
the actuated joints and angle a. By contrast, the orientation of the asymmetrical
robot is more sensitive to the variations, while the position of the symmetrical is
more sensitive to the variations.

Aiming to carry out a comparative study between the asymmetrical and sym-
metrical robots, the sensitivity indices in Eq. (25) and pose errors are compared
within a cuboid WS of 400� 600� 220 mm3. In order to compare the sensitivity
with respect to the workspace, the geometric parameters ax, ay, b, l, r and d are
normalized by a normalizing factor [12] defined as

Nf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2x þ a2y

q
þ r

� 	
=2 ð26Þ

The isocontours of mean of the indices mp and m/ defined by Eq. (25) over the
WS bottom cross-section of asymmetrical and symmetrical robots are displayed in
Fig. 10. We can notice that the closer EE location to the central region of the
workspace, the smaller the sensitivity of the MP pose to variations in the geometric
parameters and active joints.

From Fig. 10a, it is seen that the indices corresponding to position of the
asymmetrical robot is bounded between 0.1 and 0.15, which means that the
asymmetrical robot admits a rectangular area with lower sensitivity indices evenly
distributed. Figure 10b shows that the sensitivity indices associated with the ori-
entation of the asymmetrical robot has close values along y-axis, particulary in the
region of jxj\100mm. Both the maximum values of mp and m/ occur at the WS
corners.

Contrary to asymmetrical, the symmetrical robot has larger mp but smaller m/ at
most workspace points, i.e., the position of the symmetrical robot is much more
sensitive to the variations while its orientation is not so sensitive, which agrees with
the results given in Figs. 9, 11 and Table 2.
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Moreover, Eq. (22) can be used to compute the pose errors of the end-effector
with known variations in design parameters. For instance, let the linear and angular
tolerance be 0:02mm and 0:03�, respectively, the maximum pose errors of the
asymmetrical and symmetrical robots throughout the workspace are visualized in
Fig. 12. The error distributions are consistent with the isocontours of the sensitivity
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Fig. 11 Distributions of mp and m/ throughout the cuboid WS

Table 2 Maximum and mean values of sensitivity indices mp and m/

mp;max mp;mean m/;max m/;mean

Asymmetrical 0.2194 0.0737 1.2260 0.1575

Symmetrical 0.5924 0.1006 0.9766 0.1415
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indices in Fig. 10. It is noted that the asymmetrical robot has relatively higher
positioning accuracy and lower orientation accuracy but acceptable for food han-
dling industry that does not require very high accuracy. Moreover, the maximum
pose errors of the two robots appear at the four corners on the bottom surface of the
WS, where PnP motions rarely take place in these regions. The probability density
function (pdf) of the pose errors of the asymmetrical robot at the center and corner
on the bottom cross-section are shown in Fig. 13, respectively. Based on the pre-
vious analysis, the architecture of the asymmetrical robot still allows relatively
better operational accuracy, particularly on the positioning accuracy, and outper-
forms the Quattro based robots in term of workspace shape and mounting space to
better utilize the shop-floor space, leading to a more compact robot system in the
production line.

5 Conclusions

This paper deals with the sensitivity analysis and comparison of two parallel
Schönflies-motion robots with a single platform. The variational method was
adopted to investigate the influence of the linear and angular variations in the
manipulator components on the position and orientation of its end-effector as well
as the nominal parameters. The position and orientation of the robots’ end-effectors
are very sensitive to variations in the angular parameters, particularly the actuated
revolute joints. Based on two aggregate sensitivity indices, a comparative study
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Fig. 13 Repartition of the pose errors of the asymmetrical robot with / ¼ p=4:
a p ¼ ½0; 0;�576�; b p ¼ ½�200;�300;�576�
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between the two robots was carried out, and the comparison shows that the
asymmetrical robot still has relatively better kinematic performance.

Acknowledgments The support from Innovation Fund Denmark under the grant No. 137-2014-5
is greatly appreciated.

References

1. Krut S, Nabat V, Company O, Pierrot F (2004) A high-speed parallel robot for SCARA
motions. IEEE Int Conf Robot Autom 4:4109–4115

2. Pierrot F, Nabat V, Company O, Krut S, Poignet P (2009) Optimal design of a 4-dof parallel
manipulator: from academia to industry. IEEE Trans Robot 25(2):213–224

3. Altuzarra O, Şandru B, Pinto C, Petuya V (2011) A symmetric parallel Schönflies-motion
manipulator for pick-and-place operations. Robotica 29:853–862

4. Xie F, Liu X (2015) Design and development of a high-speed and high-rotation robot with
four identical arms and a single platform. ASME J Mech Robot 7(4):041015

5. Wu G, Bai S, Hjørnet P (2015) Parametric optimal design of a parallel Schönflies-motion
robot under pick-and-place trajectory constraints. In: IEEE/RSJ International Conference on
Intelligent Robots and Systems (IROS), Hamburg, Germany, pp 3158–3163

6. Wu G, Bai S, Hjørnet P (2016) On the stiffness of three/four degree-of-freedom parallel
pick-and-place robots with four identical limbs. In: IEEE International Conference on
Robotics and Automation, Stockholm, Sweden, pp 861–866

7. Wang J, Masory O (1993) On the accuracy of a Stewart platform—part I, The effect of
manufacturing tolerances. In: IEEE International Conference on Robotics and Automation,
vol 1

8. Kim HS, Tsai LW (2003) Design optimization of a Cartesian parallel manipulator. ASME J
Mech Des 125(1):43–51

9. Caro S, Binaud N, Wenger P (2009) Sensitivity analysis of 3-RPR planar parallel
manipulators. ASME J Mech Des 131(12):121005

10. Wu G, Bai S, Kepler J, Caro S (2012) Error modeling and experimental validation of a planar
3-PPR parallel manipulator with joint clearances. ASME J Mech Robot 4(4):041008

11. Caro S, Wenger P, Bennis F, Chablat D (2006) Sensitivity analysis of the Orthoglide: a
three-dof translational parallel kinematic machine. ASME J Mech Des 128(2):392–402

12. Liu XJ, Wang J, Pritschow G (2006) On the optimal kinematic design of the PRRRP 2-DOF
parallel mechanism. Mech Mach Theory 41(9):1111–1130

Sensitivity Analysis and Comparison … 167



Perception-Based Gait Planning
for a Hexapod Robot Walking
on Typical Structured Terrain

Xun Chai, Feng Gao and Yilin Xu

Abstract Legged robots have excellent terrain adaptability and can be used to
accomplish rescuing and detecting tasks instead of human beings in harsh envi-
ronment. This paper presents a framework developed to increase the autonomy and
versatility of a hexapod robot. It combines terrain perception with four locomotion
strategies, a flat-floor gait, a step-on gait, a step-down gait and a ditch-over gait.
This way the robot can perceive the environment and distinguish four typical
structured terrain, flat-floor step-on, step-down and ditch. Based on different terrain,
the appropriate locomotion strategy is selected to be carried out. The terrain per-
ception and the gait selection are performed autonomously. We present experiment
trials of the Hexapod-III robot walking in structured environment including the
flat-floor, step-on, step-down and ditch. The experiment results show that the robot
has the ability to distinguish four typical structured terrain and pass through them
autonomously.

Keywords Gait planning � Hexapod robot � Terrain perception

1 Introduction

In recent years, Fukushima nuclear power plant accident and other natural disasters
like earthquakes, mudslides have prompted relevant research domains’ awareness
of importance and necessity of rescue robots. Compared with wheeled/tracked
robots, legged robots only need some discrete footholds for locomotion on the
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ground, which makes legged robots more suitably operate in complex and rugged
environments. In last few years, many legged robots are designed. Generally legged
robots can be classified into three categories, biped robots, quadruped robots and
hexapod robots. For the famous biped robots, see Petman [1], Atlas [2], ASIMO
[3]. For the famous quadruped robots, see BigDog [4], HyQ [5], SILO4 [6]. For the
famous hexapod robots, see Ambler [7], Athelete [8], DLR Crawler [9], RHex [10].
The number, the mechanism and the layout of legs need well-designed in order to
satisfy the requirements of stability, load capacity, walking velocity, DOFS and
control.

In structured environments, legged robots need to build terrain map with the help
of necessary vision sensors mounted on them. Then legged robots can plan the gait
to adapt various terrain based on the terrain map. Some studies have concerned
about terrain adaption for legged robots. Matt zucker and Nathan Ratliff [11]
presented a novel optimization method for a quadruped robot, which can walk on
challenge terrains. Their method plans a set of footholds and dynamic body motions
by thoroughly rooting in optimization. Estremera and Cobano [12] proposed a
continuous free-crab gait planning method for a six-legged robot. Their method
derived three control modules relying on two heuristic empirical rules. They [13]
also presented a method to generate continuous free crab gaits for the quadruped
robots on rough terrains. Their experimental results showed the SILO4 quadruped
robot could perform stable and omnidirectional locomotion on rough terrains.
Hoepflinger and Hutter [14] introduced a method to evaluate and estimate the
mechanical robustness of footholds for legged robots in irregular terrain without
using the human expert knowledge or human defined criteria. Haynes and Rizzi
[15] developed a robust method allowing the specification, control and transition of
the stepping pattern for a six-legged robot. Their method generated gaits by
merging through controllers that imposed appropriately placed repellors and the
torus of relative leg phases.

In this paper, a perception-based walking strategy for the Hexapod-III robot on
typical structured terrain is presented. The structure of this paper is organized as
follows. In Sect. 2, the system overview and the problem formulation are intro-
duced briefly. Processes of terrain map modeling and structured terrain classifying
are described in Sect. 3. In Sect. 4, walking strategies for four typical structured
terrain are presented in detail. Motion planning for the legged robot is discussed in
Sect. 5. The experimental results are presented in Sect. 6. Section 7 summarizes
and concludes the paper.

2 System Overview and Problem Formulation

As Fig. 1 shows, the six-legged robot is called Hexapod-III, which has six legs
symmetrically arranged around the body. Its leg is a parallel mechanism having
three chains, two of which are constructed by the universal joint, prismatic joint and
spherical joint, the other one is constructed by the universal joint and prismatic
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joint. The linear movement of the prismatic joint is achieved by ball-bearing screw
which is actuated by the motor. The control unit is an industrial computer running
real-time Linux, which sends planned data to drivers via EtherCAT. The robot is
equipped with a stereo camera, a six-axis force/torque sensor and an IMU.

As Fig. 2a shows, the robot has 18 inputs qi; i ¼ 1�18ð Þ, which are the pris-
matic positions. It has 24 outputs, 18 of which are the feet positions
xFi ; yFi ; zFi ; i ¼ 1�6ð Þ, the other six outputs are the positions and orientations of the
body xB; yB; zB; aB; bB; cBð Þ.

During walking, four coordinate systems, the ground OG, the stereo camera OC,
the body OB and the foot OF , exist all the time. Three transformation relationships
TR
C , T

G
R and TF

R must be obtained. TR
C is the transformation matrix from the stereo

camera to the robot. The method of solving TR
C has been presented in our previous

work. TG
R is the transformation matrix from the robot to the ground, which can be

obtained from the body trajectory of the robot. TF
R is the transformation matrix from

the foot to the robot body which can be solved by the robot kinematics.

Fig. 1 The Hexapod-III
robot

Fig. 2 a Inputs and outputs of the robot, b definition of the coordinate systems
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3 Terrain Map Building and Terrain Classification

Accurate 3D coordinates of the terrain in front of the robot can be obtained from the
depth image captured by the stereo camera. The raw terrain data consists of large
amounts of point cloud, which spends too much storage space and takes a long time
for the computer to process. Taking into account this issue, we decide to use a
grid-type map to decrease the data amount and increase the updating and processing
rate of the map. The grid-type map describes the terrain by using multiple
square-shaped grids, and each grid stores the real height of the terrain.

Figure 3 shows the process of grid terrain map building. Firstly, the point cloud
CP in OC should be transformed in OG by the following equation:

GP ¼ TG
R � TR

C � CP ð1Þ

Secondly, the point cloud GP is mapped into the corresponding grid by the
following formulas:

xGði; jÞ ¼ ði� 60Þ � 0:025

zGði; jÞ ¼ j� 0:025

yGði; jÞ ¼
Pnði;jÞ

n¼1 ywðnÞ
nði; jÞ

ð2Þ

Considering the capacity of Hexapod-III, the grid size is regulated as
0.025 m � 0.025 m, and the grid number is 120 � 120. So the grid map represents
the real terrain whose dimension is 3 m � 3 m. The grid height is obtained by

Fig. 3 Grid terrain map building
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calculating the average height of the point cloud which are located in the same grid.
Thirdly, two different kinds of wrong grid exists, which maybe influence the cor-
rectness of the map. One is the wrong data due to the outer noise and the sensor
itself. The other one is the missing portion of the terrain caused by inevitable effect
of occlusions in the sensors line of sight. The gird terrain map has to be processed
further in order to exclude wrong grids as Fig. 3 shows. The processing algorithms
are out of the scope of this article and won’t be discussed here.

In this paper, we mainly focus on the classification of four common terrain in
reality, the flat-floor, step-on, ditch, and step down. Based on the grid terrain map,
we can extract the geometric features of the four terrain as Fig. 4 shows. For the
flat-floor terrain, there is no rising and falling edges in the height direction. For the
step-on terrain, there is only a rising edge in the height direction. The position and
the height of the step-on terrain are decided by those of the rising edge. For the
ditch terrain, there is a falling edge first, subsequently followed by a rising edge.
The position of the ditch is decided by that of the falling edge. The length of the
ditch is calculated by the differential position of the rising and falling edges. For the
step-down terrain, there is only a falling edge in the height direction. The position
and the depth of the step-down terrain are decided by those of the falling edge.

4 Walking Strategies

In this section, walking strategies are discussed in detail. The robot chooses the
tripod waling gait, which is the fastest stable gait for the hexapod robot. The tripod
walking gait enables the robot to have three nonadjacent feet touching with the
ground all the time, the center of mass (COM) can be located in the support triangle
easily as Fig. 5 shows.

For different terrain, the robot applies two different gait trajectories, the rect-
angular trajectory and the ellipse trajectory. The rectangular trajectory is typical but
quite useful as shown in Fig. 6a. The determination of the rectangular trajectory
only needs three parameters, the step length a, the height of the lifting foot b and the
height of the falling foot c, which facilitates the planning process a lot. The

Fig. 4 Terrain classification
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rectangular gait is used on step-on and step down terrain, for it is easy to be planned
to avoid the collision with the rising and falling edges. Ellipse trajectory is shown in
Fig. 6b, which is smooth and has a shorter length compared to the rectangular
trajectory. The ellipse trajectory is decided by two parameters the step length b and
the step height a. It is used on flat-floor and ditch terrain, for it can satisfy the
requirement of high walking speed and large workspace of the foot.

When the robot passes through the step-on, ditch and step down terrain, the
detection error and the motion error may cause the robot to falling down and
collision with the terrain. In order to ensure the robot’s safety, it is important for the
robot to move to a safe pose. As Fig. 7 shows, the safe pose is defined as a pose
where the robot trunk is far from the sides’ edge of the terrain and it is vertical to the
front edge of the terrain. When the terrain is not a flat-floor after distinguishing, the
edge of the terrain is detected and located. Then the robot will turn an appropriate
angle to face the terrain vertically. If any foot of the robot is outside the terrain, it
will move left or right to make its foot far away from the sides’ edge of the terrain.

The walking strategy on step-on and step-down terrain are substantially similar,
the detailed walking process is shown in Fig. 8. The robot will detect the position
and the height of the step-on terrain (the position and the depth of the step-down
terrain), which has been described in detail above. Then the robot decides to use the
rectangular trajectory. The robot will first move close to the step to ensure the
position of the next foothold within the leg’s workspace. The robot will lift three
nonadjacent feet, move them forward to a specified distance, then fall them down.

Fig. 6 a The rectangular trajectory, b the ellipse trajectory

Fig. 5 The tripod walking gait
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Then the other three feet are motivated to move in the similar way. The robot will
move its front two feet on or down the step, then the middle two feet, at last the
back two feet. The step length, the foot lifting height and the foot falling height are
calculated using following formulas.

Steplength ¼ Stepmax

Hlifting ¼ hmax þ d0safe
Hfalling ¼ Hlifting � hcurrent

ð3Þ

Fig. 7 Edge detection and pre-adjustment for safety

Fig. 8 Walking strategy on step-on and step-down terrain
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where Steplength is the step length, Stepmax is the maximum step length within the
foot’s workspace. Hlifting is the foot lifting height, hmax is the maximum height of
the terrain. For the step-down terrain, hmax is the maximum depth of the terrain. d0safe
is the safety margin avoiding the collision of the terrain. Hfalling is the foot falling
height, hcurrent is the height of the next foothold.

The walking strategy on the ditch terrain is shown in Fig. 9. The robot will
detect the position, and the length of the ditch first. Then it decides to use the ellipse
trajectory. Before swinging its foot to the other side of the ditch, the robot will come
close to the ditch in order to make sure the step length is longer than the ditch
length. The robot will lift three nonadjacent feet, swing them to the planned
footholds. Then it moves the other three feet in the same way. As Fig. 9 shows, the
robot will first swing the front foot 1, 2 to the other side of the ditch. Then it comes
close to the ditch and swings the medial foot 3 and 4 to the other side. At last it
moves forward again and swings the back foot 5, 6 to the other side. The step length
and the step height are calculated from following formulas:

steplength ¼ LDitch þ 2dSafe
stepheight ¼ heightmax þ d0Safe ð4Þ

where LDitch is the length of the ditch, heightmax is the maximum height value of
terrain within the ellipse trajectory. dSafe is the safe margin along the longitudinal
direction, d0safe is the safe margin along the height direction.

Walking strategy on the flat-floor is basically the same to that on the ditch. The
robot uses ellipse trajectory gait. The robot can walk with a high speed on the

Fig. 9 Walking strategy on ditch terrain
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flat-floor. So the step length can reach the maximum length within its workspace.
And the step height can be obtained by adding a small safe margin to avoid little
terrain bumps.

5 Motion Planning

After obtaining the gait trajectory, prismatic positions should be computed to
control the robot to walk along the planned trajectory. Inverse kinematics is needed,
and our previous work have finished the kinematics model of the robot [16].

Figure 10 shows the kinematic model of single leg. The position of spherical
joint Sf connecting the leg with the foot is obtained from the above section.
U1;U2;U3 are three universal joints connecting the leg with the body. S1; S2 are two
spherical joints, which connects links with ankle joints. P1;P2;P3 denote three
prismatic joints, whose lengths are l1; l2; l3. The geometric constraint equation of
inverse kinematics is represented as follows,

x
y
z
1

2
664
3
775 ¼ LA

Sfx
Sfy
Sfz
1

2
664

3
775 ð5Þ

where LA is the transformation matrix from the ankle coordinate system (ACS) to
the leg coordinate system (LCS). Sfx ; Sfy ; Sfz are coordinates of Sf with respect to
ACS. ðx; y; zÞ denotes the coordinates of Sf with respect to LCS. Formula (6) is the
detailed expression of LA,

LA¼
cos a1 cos b1 � cos a1 sin b1 sin a1 l1 cos a1 cos b1

sin b1 cos b1 0 l1 sin b1
� sin a1 cos b1 sin a1 sin b1 cos a1 �l1 sin a1 cos b1

0 0 0 1

2
664

3
775 ð6Þ

Fig. 10 Kinematic model of
single leg
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where a1; b1 are rotation angles of U1 along two vertical directions, we can get the
solution of the inverse kinematics by solving Eq. (5),

l1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2 � S2fy � S2fz

q
� Sfx

b1 ¼ arcsin
yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l1 þ Sfx
� �q 2

þ S2fy

0
B@

1
CA� arcsin

Sfyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l1 þ Sfx
� �q 2

þ S2fy

0
B@

1
CA

a1 ¼ arctan
Sfxx� l1 þ Sfx

� �
cos b1 � Sfy cos b1

� �
z

1þ Sfx
� �

cos b1 � Sfy sin b
� �

xþ Sfz

 !
ð7Þ

LA can be calculated by substituting a1; b1; l1 into Eq. (6), and lengths l2; l3 of
prismatic joints P2;P3 can be obtained from following equations,

l2 ¼ LU2
LS2

����!��� ��� ¼ LA � AS2 � LU2

�� ��
l3 ¼ LU3

LS3
����!��� ��� ¼ LA � AS3 � LU3

�� �� ð8Þ

where LU2;
LU3;

LS2; LS3 are positions of joints U2;U3; S2; S3 with respect to LCS
respectively, and AS2; AS3 are positions of joints S2; S3 with respect to ACS
respectively.

6 Experiments

In this section, experimental results are presented. Figure 11 shows the process of
walking on the stair. The robot correctly detects the position and the height of the
stair. Then it moves to the safe pose to guarantee safety. Before placing the feet on

Fig. 11 Snapshots of walking on step-on terrain
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the stair, it moves close to the stair to ensure that next footholds are within the
workspace. And the robot trunk moves forward horizontally because of the accurate
foot falling height.

Figure 12 shows the process of walking down the stair. The position and the
depth of the stair are detected correctly. Then the robot moves to the safe pose.
Before placing the feet on the ground, it moves close to the stair to ensure next
footholds are within the workspace. From Fig. 12, we can see that the robot trunk
maintains horizontally, which validates the walking strategy on step-down terrain.

Figure 13 shows the process of passing through the ditch. The position and the
length of the ditch are calculated correctly. The robot uses the ellipse trajectory gait.
Before swinging the feet to the other side of the ditch, it moves close to the nearer
edge of the ditch to ensure the next step length is longer enough to pass the ditch
safely. From Fig. 13, we can see that the robot passes through the ditch
successfully.

Fig. 12 Snapshots of walking on step-down terrain

Fig. 13 Snapshots of passing through ditch
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7 Conclusions

In this paper, we have presented a perception-based walking strategy for a hexapod
robot on typical structured terrain. The walking strategy is based on the grid-type
terrain map, which is modeled from point cloud captured by a stereo camera. The
geometric feature of four typical structured terrain, the flat-floor, step-on, step-down
and ditch are abstracted and detected from the grid-type map. In order to guarantee
the robot safety, the pre-adjustment strategy is proposed. Then four walking
strategies for different terrain are presented in detail. The motion planning method
based on the robot kinematics is discussed too. At last, a serial of experiments are
carried out and the results validate the practicability and theoretically of the pro-
posed strategy.
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Type Synthesis of N-Parallelogram-Based
Surgical Arm with Remote Actuated
Configuration

Fan Zhang, Xue Zhang, Lubin Hang, Cunyue Lu
and Tomonari Furukawa

Abstract Two remote actuated one rotational and one translational degree of
freedom (1R1T DOF) surgical mechanisms are synthesized based on N-parallelo-
gram linkages. The remote actuation of surgical arm keeps the bulky driving
members away and saves the space. The surgical arms are also magnetic resonance
imaging (MRI)-compatible in terms of noise reduction and space saving, since open
MRI has narrow opening. The synthesis processes are implemented by combining
the remote center motion (RCM) mechanism with the remote actuate 1R1T
mechanisms. The N-parallelogram linkages play a key role in the synthesis of the
novel remote actuate 1R1T mechanisms.
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1 Introduction

In laparoscopic surgery [or Minimally Invasive Surgery (MIS)] [1–4], the surgeon
performs the operation through small holes using long instruments and observing
the internal anatomy with an endoscope camera. As shown in Fig. 1, surgical arms
required for the endoscope holding robots need four-DOF to achieve the
surgery-assistant operation [3, 4]: (1) insert along the tool spindle axis, (2) tilt and
pan about the pivoting point, and (3) spin about the tool spindle axis.

Usually, existed surgical arms are actuated by wire and ball screw-motor pair.
The wire-actuation mechanism eliminates backlash problems and promotes
miniaturization. However, it also introduces modeling problems due to the flexi-
bility and friction in the actuation lines. There often exists a shape discrepancy
between the actual shape and the assumed ideal shape of one segment [5–7]. It is
necessary to compensate the motion precision which relies on the online mea-
surement [5]. After actuation compensation, the wire-driven robot can achieve with
acceptable accuracy [7]. The commercial Da Vinci surgical system also implement
the 6 DOF electro-magnetic sensor attached to the base of the two-segment con-
tinuum robot to compensate for the unknown shape of the passive segment [8].

The parallelogram-based mechanisms are recently developed to meet the
required real-time dynamic respond and precision demanding for surgical arms
[9–16]. In 2001, double parallelogram linkages are reported to be used as an RCM
mechanism [17]. By investigating the structural characteristics of the parallelogram
linkages, parallelograms are implemented to be multi-DOFs surgical arms: (1) Two

Fig. 1 Movement of
endoscope: since the
endoscope is limited due to
the insertion site, the surgical
arm is required to have four
degrees of freedom
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rotational DOF surgical arm [9]; (2) One rotational DOF and one translation DOF
(1R1T) surgical arm [10, 13, 14]. For the 1R1T surgical arms, the end-effectors are
to pivoted across the incision while insert along the tool spindle axis. Since the
insert operation of the distal part is actuated by the motor located on the static base,
the disadvantage of the high inertia problem result in ball screw and steering pod
configuration is eliminated. It need less energy from the base motor to endure the
weight of actuator and the screw. The robot need low inertia to achieve the high
precision and human-robot interaction performance.

A reasonable type synthesis method of constructing 1R1T RCM mechanisms is
introduced in this paper. The synthesis approach, investigated with the concept of
“remote actuated mechanism” and features of “parallelogram linkage”, combining
the RCM mechanism and 1R1T RCM mechanism, to generate the 1R1T remoted
actuated mechanism. The synthesized mechanisms, featured by the configurations
that all actuators are located on the static base, have the potential capacity on
real-time respond and human-robot interaction performance.

2 Remote Actuated Mechanism

The remote actuated mechanisms, analogous to vertebrae and tendon, locate the
actuators near or mounted at the static base [18]. The development of remote
actuated mechanisms result in: (1) An actuator causes a magnetic and electrical
noise and its effect on MRI is inverse proportional to the distance [18]; (2) the
mechanism, required to meet the high dynamic respond and precision need, set the
actuators distal from the kinematic joints which to be actuated; (3) it is necessary to
provide elongate linkage structures to prompt miniaturization of the devices.

There are two successive application fields of remote actuated mechanism:
laparoscopic surgical instruments [19–21] and palletizing robot [22–24]. The
remote actuated tools ordinarily can be seen in the laparoscopic surgical instru-
ments. The remote actuated design is helpful to miniaturize the diameter of the
tools. The high payload ABB palletizing robots, originated from the patent [22],
also applied the remote actuated configuration to meet the demanding requirement
of the lightweight design and compact structure (Fig. 2).

Fig. 2 The application of remote actuated mechanism. a Laparoscopic surgical instruments [21];
b The parallelogram-based structure of ABB palletizing robot [22]
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The remote actuated surgical arm keeps the bulky driving members away and
saves the space around the imaging area for the surgeon. This features promotes the
surgical arms involve low loads and inertia, which promise capacity with respect to
possible accelerations and speeds and accuracy with regard to path. Furthermore,
it’s very important because even Open MRI has narrow opening [18]. So the remote
actuated surgical arm, featured with the actuators causing magnetic and electrical
noise located on the static base, will promote MRI-compatibility of the surgical arm
in terms of noise reduction and space saving.

In this paper, our major distribution is the proposed type synthesis approach of
remote actuated 1R1T surgical arm, which is MRI-compatibility and having low
load and inertia.

3 Parallelogram Linkages

The parallelogram linkages are firstly well-known for constructing three transla-
tional DOF delta robot [25]. The concept of parallelogram was latterly used in
three DOF HALF robot manipulator [26], remote center motion manipulator
[10, 13, 27–29].

Initially, the parallelogram linkage was raised great concern for the feature that
the output link of the parallelogram remains the fixed orientation with the input
link. The delta robot has three symmetric chain, in which the identical length links
were connected by spherical joint to form a parallelogram. By this feature, the
parallelogram guarantee the end-effector of delta robot remain the fixed orientation
with the base. The typical applications include the pick-and-place robot [25]
(Table 1).

Two or more parallelogram linkages were subsequently combined to construct
more complex mechanism. Connected by the pivot, the output link of 2nd paral-
lelogram is at the fixed posture with the input link of the 1st parallelogram. This
double-parallelogram linkage is the vital element of two translational DOF delta
robot [30], to constraint three rotational DOFs of end-effector and guarantee only
translational DOF for the end-effector. This concept of parallelogram was also
utilizing in the palletizing robot [22–24].

In this paper, one interesting feature of parallelogram linkage is applied to
synthesize the new 1R1T remote actuated surgical arm. As shown in Fig. 3, when

Table 1 The kinematic performance of parallelogram linkage

Linkage Output
link

Output link motion DOF of output link (when link DC is
fixed with the RCM mechanism)

Parallelogram BC To remain the fixed
orientation with the input
link AD

1 DOF
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the link DC of parallelogram is fixed with the RCM mechanism, the output links
BC still has one DOF. It remains the fixed orientation with the input link AD.

In the following, this feature is going to be used to construct an approachable
method to achieve the remote actuation transmission.

4 Type Synthesis of Parallelogram-Based 1R1T Remote
Actuated Mechanism for Surgical Arm

The N-parallelogram linkage is used to synthesize the 1R1T remote actuated sur-
gical arm is this paper. There is one fabrication accuracy about parallelogram
should be considered: (1) the axes of all four joints need be parallel mutually;
(2) the lengths between two of the four links need be equal [31]. This problem
could be well solved by fabricating the parallelogram with high accuracy.

The remote actuated mechanisms could be synthesized by the type synthesis
method of parallel mechanism. For parallel mechanisms, the end-effector is con-
nected to the base through several chains of interconnected links. Therefore, the
procedure of type synthesis of 1R1T remote actuated mechanism is:

(1) To synthesize the parallelogram-based remote actuated (RA) chain for 1R1T
mechanism. The DOF of kinematic chain should not less than 1R1T DOF.

(2) To combine the remote actuated chain with the RCM mechanism. The DOF of
end-effector will be the intersection of the DOFs of all the kinematic chains.

4.1 Type Synthesis of Parallelogram-Based RA Chain
for 1R1T Mechanism

A. Type synthesis of RA chain based on 1-parallelogram linkage

A 1-parallelogram linkage is divided into two parts to compatible with the
revolute joints of RCM mechanism, as shown in Fig. 4, to transfer the actuated
motion from the actuator located at the static base.

Fig. 3 The schematic graph
of parallelogram linkage
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B. Type synthesis of RA chain based on 2-parallelogram linkage

Two parallelogram linkages are connected in serial, as shown in Fig. 5, forms a
2-parallelogram linkage.

When the input link AB of 2-parallelogram is fixed with the RCM mechanism,
the output links MN will remain the fixed orientation with the RCM mechanism. In
this case, link MN still have two planar DOFs in XY plane. If one of the two DOFs
is active (actuated by motor), the rest of two DOFs will be positive and translate
along the axis of rod (to achieve the controlled translational motion) under the
constraints of the 2-parallelogram linkage (Table 2).

Fig. 4 The RA chain based
on 1-parallelogram linkage

Fig. 5 The RA chain based
on 2-parallelogram linkage

Table 2 The RA chain for 1R1T mechanism

Item Input links Output
link

DOF of output link
(when the input links are
fixed with RCM
mechanism)

Example

1-parallelogram-
based chain

AD (link DC, CG are
going to be fixed with the
joints of RCM
mechanism)

FG 1 DOF Fig. 4

2-parallelogram-
based chain

AD (link AB is going to
be fixed with RCM
mechanism)

MN 2 DOF Fig. 5
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Fig. 6 Synthesized processes of the 1R1T remote actuated surgical arms. a RCM mechanism;
b Processes of constructing the 1-parallelogram-based 1R1T remoted actuated mechanism;
c Processes of constructing the 2-parallelogram-based 1R1T remoted actuated mechanism;
d Prototype of the 1-parallelogram-based 1R1T remoted actuated mechanism; e Prototype of the of
2-parallelogram-based 1R1T remoted actuated mechanism
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4.2 Type Synthesis of Parallelogram-Based 1R1T
Mechanism

If a link of the mechanism can rotate around a fixed point distal from the mecha-
nism, while there is no physical revolute joint at the fixed point, the mechanism is
referred to as an RCM mechanism. Typical RCM mechanism is shown in Fig. 6a.
The novel 1R1T remote actuated mechanisms for surgical robot are synthesized by
combination the RA chain, prismatic joint with RCM mechanism. The mechanisms
take full advantage of the remote center mechanism and remote actuated
configuration.

5 Conclusion

The new N-parallelogram-based surgical arms with the remote actuated configu-
ration are synthesized in this paper. The N-parallelogram linkages play a key role in
the synthesis procedure.

The characteristics of the mechanisms include:

(1) The actuators are mounted on the static base, which keeps the bulky driving
members away and reduces the inertias.

(2) The surgical arm is MRI-compatible in terms of noise reduction and space
saving, since Open MRI has narrow opening.

Since the backlash problem of the reducer can be greatly reduced by adopting
the precision gears or modified gear design, it is promising for N-parallelogram-
based surgical arm with remote actuated configuration to be utilized for commercial
application.

Appendix

Figures 7 and 8 show that the surgical arms with remote actuated configuration have
the capability of inserting along the tool spindle axis and remote center motion.
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Fig. 7 The kinematic simulation of 1-parallelogram-based 1R1T remote actuated surgical arms:
a and b show that the surgical arm can achieve the RCM. c and d show that the surgical arm can
achieve the inserting motion
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Kinematics Analysis and Simulation
of a Robot with Lower Extremity
Exoskeleton

Maoyu Zhang, Yueri Cai and Shusheng Bi

Abstract The lower extremity exoskeleton is smart external power unit combined
with the mechanical energy, which can enhance human body function. The progress,
prospective and principle are introduced in brief. Based on the movement parameters
of the several of joints of human extremity, the paper carried out the kinematics
analysis and modeling the mechanical system of the lower extremity exoskeleton.
Simulations of the mechanical system with MATLAB result in the motion trail in
space structure. Comparing the motion with several points verifies the feasibility of
the kinematical model established and the necessity of spatial motion analysis.
Finally calculated the workspace and analyzed the influence of various parameters of
the mechanism on the workspace. The study paves the way for the optimization
design of the structure and the design and calculation of hydraulic drive system.

Keywords Lower extremity exoskeleton � Assisted mechanism � Spatial
kinematical � Workspace

1 Introduction

Exoskeleton originally referred to the hard external structure providing living
creatures with protection and support [1]. The lower extremity exoskeleton assist
mechanism can be understood as man-machine combination of wearable equipment
combined human intelligence with robot mechanical energy [2]. This feature makes
it has a good application prospect in many areas: In the military field, lower
extremity exoskeleton assisting robot can help improve individual soldier’s combat
capability; in civilian areas, the robot can be used for hiking, tourism, fire, disaster
relief, etc.; in the medical field, the robot can be used for disabled assistance,
medical rehabilitation, etc. [3].
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The earliest study of exoskeleton system began in the 1960s. In 1962, the United
States Air Force (USAF) required the Cornell Aeronautical Laboratory Inc. to
conduct a feasibility research on the use of manpower amplifier system by using
master-slave control mode. From 1960 to 1971, US General Electric Company
began to develop a exoskeleton prototype based on master-slave control, called
“Hardiman”, which was mainly used to relieve fatigue of the soldiers caused by long
distance marching load. In 2004, University of California, Berkeley, developed the
machine clothing that could make people easily carry heavy loads for long distance
or heavy objects to go upstairs and downstairs—Berkeley Lower Extremity
Exoskeleton (referred to as the BLEEX), the objective of the project was to develop
exoskeleton that could heavily armed soldiers increase the load and improve the
marching speed. The main part of BLEEX is a pair of stainless steel mechanical legs,
and a small engine is equipped in the buttocks of the carriers to offer the power
required for walking. An exquisite small folding steel frame extends from the
rearward of the buttocks to be easy for soldiers to carry the military backpack,
weapons and other items on the back. There are a number of research institutes in
Japan engaged in the study of wearable assisted robot, which is mainly for civilian
areas, and aimed at improving the ability to live independently and weight-bearing
capacity of the elderly and people with disabilities. University of Tsukuba in Japan
developed the world’s first commercial exoskeleton robot, namely the Hybrid
Assistive Leg 3 (HAL3). This can help people to walk at a speed of 4 km per hour,
and effortlessly climb the stairs. The domestic research on exoskeleton assistive
robot has been started late and there’s no mature product on the market.

There’s even endless number of Kinematic analysis of lower extremity
exoskeleton assistive mechanism. However, most of these studies are concentrated
in the plane kinematics analysis, rather than the spatial kinematics analysis, or
spatial kinematic analysis with less freedom. But exoskeleton mechanical mecha-
nism needs to meet multiple kinds of walking requirements in the space according
to different individuals’ walking habits. Meanwhile, the mechanical system is the
basis of lower extremity exoskeleton assistive mechanism [4], as the carrier matrix
of other systems, it complements other design systems. As a whole of overall
structure, the mechanical system requires both the flexibility to follow the move-
ment of the human body, not interfering with the body [5], and to provide human
body with the impetus at the driven joints, which will not cause harm to humans
due to the driving, there are very strict safety requirements. Therefore, it’s very
necessary to guide the design of the mechanical system by motion information of
each joint.

This thesis constructs a set of lower extremity exoskeleton assistive mechanism,
and the mechanism is with a total of 14 freedoms. Considering that the mechanism
is used for heavy load of individual soldier, electro-hydraulic drive is adopted
accordingly. This thesis established the spatial kinematic model of the institution,
and it simulates the parameters of each joint and spatial trajectory of the end
actuator. This can be more effective verification of the correctness and feasibility of
the mechanical system of the spatial kinematic model compared with the kinematic
analysis of the sagittal plane of the drive joint.
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2 Principle

Lower extremity exoskeleton assistive mechanisms is mainly composed by
mechanical system, power system, control system and a variety of sensor systems to
detect human action information [6].

The motion range of each joint in lower extremity varies in size and function,
and each function varies in walking movements. According to the analysis of
human lower extremity skeletal structure, hip joint and ankle joint are Ball and
socket structure, which can be simplified as three-DOF joints composed of three
revolute, and knee joint is complex and simplified as one-DOF revolute. As shown
in Fig. 1, the mechanical structure is with a total of 14 freedoms, each leg has 7
freedoms. Of which, the hip joint comprises two passive freedoms and an active
freedom, and the knee joint is an active freedom, the ankle joint includes two
passive freedoms and one active freedom. The end actuator is in foot structure. The
three active flexion and extension freedoms inside the sagittal plane is the main
forward motion [7], the main role of internal and external rotation motion of the hip
joint is to adjust the center balance of left and right sides of the body when adjusting

Fig. 1 Exoskeleton assistive
structural diagram
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the single leg support; the rotary motion of the hip joint is mainly used for changing
the motion direction; flexion and extension of hip joint and knee joint directly affect
stride length; the flexion and extension of the ankle joint is primarily used for
regulating the stress points, internal and external rotation and rotation are mainly
used to adjust force balance under the support state. Herewith, the hydraulic
transmission is selected, so link rods on both sides of the active joints are connected
to the hydraulic cylinder [8, 9].

3 Modeling and Simulation Analysis of Spatial Kinematics

Compared with the pure motion conducted only inside sagittal plane, spatial motion
considers the influence of internal and external rotation and rotation of the hip joint
while walking [10]. Different people have different walking habits, or habitual
mention cross, or frequent inside and outside leg swing, and so on, which leads to
mechanical leg tied in both legs not only need to meet freedom requirements to
adapt to a variety of different individual walking habits, but also to meet the power
demand. Therefore, it’s critical to analyze the spatial trajectory of the end actuator.

3.1 Obtaining of Lower Extremity Motion Data

Seen from a biological perspective, the lower extremity motion of the human body
takes joints as the fulcrum, the bones on both sides of joint is connected via
ligaments, and then the skeletal motion around the articulation is driven by muscle
contraction, thus to achieve walking and other movements [11]. There are a lot of
methods to obtain the angle curve of each articulation: video capture, experiment
obtaining or calculation.

Herewith, you can select the motion parameters of each joint through the sim-
ulation software. OpenSIM is the software that can be used by users for biological
modeling, biomechanical analysis, a variety of the musculoskeletal modeling sys-
tem and other operations. The software provides users with a variety of human
skeleton model and sports model, the users can directly borrow or edit on this basis,
thus to obtain the required data. Wherein, the legs model and walking motion model
meet the design requirements of obtaining the motion parameters of each joint of
human body lower extremity. As shown in Fig. 2, the human body lower extremity
is within a walking cycle, and the motion angular displacement of respective
freedom of the hip joint, knee joint and ankle joints are continuous function of time.
In order to get the angular displacement of the different time spans corresponding to
different joints through discretion, it can be used to calculate the homogeneous
coordinates and trajectory curve of end actuator.

According to the CGA (Clinical Gait Analysis Data), hip flexion, knee flexion
and ankle flexion all have big power consumptions while walking, otherwise the
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other degrees of freedom all have very small power consumptions and thus remain
un-actuated. Therefore, the flexion degree of freedom at hip is actuated, as is one
flexion degree of freedom at knee, and the ankle plantar-dorsi flexion (in the sagittal
plane) in each lower extremity exoskeleton leg.

3.2 Spatial Kinematics Modeling

The robot kinematics is mainly to study the mapping relationship between work-
space and joint space [12]. Of which, the positive kinematics indicates the spatial
space determined by the end actuator of the joint parameters, the trajectory planning
of the end actuator can be conducted by changing the motion parameters of the
joints, or the determined joint parameters can conduct the trajectory analysis of the
end actuator.

As shown in Fig. 3, lower extremity exoskeleton assistive mechanism is com-
posed by two left and right symmetrically mechanical legs, the corresponding
structure is evenly symmetrical to motion parameters, herewith, the left leg is taken
as an example for analysis.

D-H parameters table can be written according to the mechanism diagram of the
mechanical system as shown in Table 1.

Figure 3 shows the kinematic model coordinate system of the mechanism, and
the homogeneous coordinate transformation method is used to describe the phase
posture between the link rods, thereby obtaining the position shape of each joint. In
the Figure, nif g is defined to represent the coordinate system oi � xiyizi i ¼ð
1; 2; . . .; 7Þ. Wherein, n0f g is the base coordinate system, and it is fixedly connected
to link rod 1; n1f g n2f g n3f g respectively corresponds to abduction and outreaching,
rotation, flexion and extension motion coordinate system of hip joint, which is
connected to link rod 3; n4f g n5f g respectively corresponds to the coordinate sys-
tem of flexion and extension of knee and ankle joints, located in the center of the

Fig. 2 Angular displacements of human body joints within walking cycle
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joint, and are respectively attached to the leg link rod 4 and leg link rod 5; n6f g n7f g
represents coordinate system of the ankle joint rotation, adduction and outreach
motion, which is fixedly connected to the link rod 6; n8f g is fixedly connected
to the end actuator, hi i ¼ 1; 2; . . .; 7ð Þ is for the motion angle of articulation, in the
sagittal motion plane, h3 is the flexion and extension angles of hip joint, h4 is
the flexion and extension angles of knee joint; h5 is the flexion and extension
angle of ankle joint; aj j ¼ 0; 1; . . .; 6ð Þ is the distance between two adjacent joints,

Fig. 3 The mechanism
diagram of lower extremity
exoskeleton assistive
mechanism

Table 1 D-H parameters
table of single mechanical leg
structure

i ai�1 ai�1 di hi
1 0 0 �a4 h1 0ð Þ
2 a0 p

2 0 h2 �p
2

� �
3 0 � p

2 0 h3 p
2

� �
4 a1 0 0 h4 0ð Þ
5 a2 0 �a5 h5 p

2

� �
6 0 � p

2 �a6 h6 p
2

� �
7 0 � p

2 0 h7 p
2

� �
8 a3 0 0 0
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wherein a0 representing a half of the waist width, a1; a2 respectively represent
thigh length and calf length, a3 represents the distance from the ankle joint center
to feet.

According to D-H parameters table, the homogeneous coordinate transformation
matrix Ti

i�1 of coordinate system ni�1f g corresponds to the coordinates system
nif g, thus to obtain homogeneous coordinate transformation of the coordinate

system nif g corresponding to the base coordinate system n0f g:

Ti
0 ¼ T1

0T
2
1 � � � Ti

i�1 ð1Þ

According to Eq. (1), the homogeneous coordinates of the coordinate system
n3f g corresponding to n0f g can be drawn as follows:

T3
0 ¼ T1

0T
2
1T

3
2 ð2Þ

Since a variety of road conditions will be encountered during the walk, there’s
the need for timely turn or tilt feet, all these conditions lead to ankle having enough
activity space in the rotation axis, internal and external rotation axis, namely the
motion angle h6; h7 is not constant. However, since the two joints do not work when
walking straightly on the flat ground, it’s assumed here h6 ¼ h7 ¼ p=2. Thereby
obtaining T6

5 , T
7
6 and T8

7 , and T8
0 is obtained according to Eq. (1).

It can be known from Fig. 1 that the center point M of the end actuator is located
in the origin of coordinate system n8f g, and therefore the homogeneous coordinate
of point M in the coordinate system n8f g is as follows:

p8 ¼ 0 0 0 1ð ÞT ð3Þ

Then the homogeneous coordinates of point M in the base coordinate system
n0f g is as follows:

p8 ¼ T8
0p8¼ f1 f2 f3 1ð ÞT ð4Þ

Wherein:

f1 ¼ g1 h1; h2; h3; h4; h5; a0; a1; a2; a3; a5; a6ð Þ
f2 ¼ g2 h1; h2; h3; h4; h5; a0; a1; a2; a3; a5; a6ð Þ
f3 ¼ g3 h2; h3; h4; h5; a1; a2; a3; a4; a5; a6ð Þ

According to the structure proportion of design prototype in Fig. 1, taking the
length of link rod as: a0 ¼ 150mm, a1 ¼ 440mm, a2 ¼ 360mm, a3 ¼ 90mm,
a4 ¼ 130mm, a5 ¼ 20mm, a6 ¼ 28:5mm. The joint angular displacement of
h1; h2; h4; h5 and h5 at different moments is selected to obtain the position posture of
the end actuator point M at the corresponding moment as shown in Table 2.
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3.3 Jacobian Matrix of the Mechanism

It can be seen from Eq. (4), the homogeneous coordinate system of point M
mapping to the base coordinate system is:

xM yM zM 1ð ÞT ¼ f1 f2 f3 1ð ÞT ð5Þ

Then:

vx
vy
vz
w1

w2

0
BBBB@

1
CCCCA ¼

_f1h1 _f1h2 _f1h3 _f1h4 _f1h5
_f2h1 _f2h2 _f2h3 _f2h4 _f2h5
_f3h1 _f3h2 _f3h3 _f3h4 _f3h5
0 0 0 1 0
0 0 0 0 1

0
BBBB@

1
CCCCA

_h1
_h2
_h3
_h4
_h5

0
BBBB@

1
CCCCA ð6Þ

The obtained Jacobian matrix of the mechanism is:

J ¼

_f1h1 _f1h2 _f1h3 _f1h4 _f1h5
_f2h1 _f2h2 _f2h3 _f2h4 _f2h5
_f3h1 _f3h2 _f3h3 _f3h4 _f3h5
0 0 0 1 0
0 0 0 0 1

0
BBBB@

1
CCCCA

5�5

ð7Þ

The Jacobian matrix is a fifth-order square matrix, and the corresponding
determinant is Jj j 6¼ 0.

3.4 Verification of Spatial Kinematics

The kinematic model of the lower extremity exoskeleton assistive mechanism can
be obtained through the Sect. 2.2, and the relationship between motion trajectory of
the end actuator, each articulation motion parameters and link rod parameters can
also be obtained accordingly. Now the motion simulation is conducted by using the

Table 2 Homogeneous coordinates of the end actuator point M in the base coordinate system at
different moments

t/s 0.2 0.4 0.6 0.8 1

p8 915:8
200:5
�172
1

2
664

3
775

975:1
�25:2
�141:4
1

2
664

3
775

836:6;
�283:9
�146:3
1

2
664

3
775

805:1
�44:7
�90:4
1

2
664

3
775

857:2
409:9
�192:5
1

2
664

3
775
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robot toolbox of MATLAB to verify the consistency of above kinematic model
with the motion of human body lower extremity.

Determine the size of each link rod and establish the model, and the joint angular
displacement data obtained from OpenSIM is considered as the drive parameters,
simulation for simulation.

Analysis of the mainly existed errors:

(1) The human body lower extremity motion mechanism is mainly analyzed by
software OpenSIM, the corresponding motion data is also obtained by the
software. The creation of the skeleton model, data processing and driven
motion in the software are with certain error compared to the actual human
body;

(2) The quadratic error introduced when processing data obtained by the software,
which mainly shows in the data error caused by the curve discretion and the
effective value number of bits;

(3) Human body joint is too complicated, and this only shows simple rotation, and
therefore there’s the error between the data obtained and model built due to
simplified joints;

So, the creation of the spatial kinematic model of the lower extremity
exoskeleton assistive mechanism is verified to be reasonable and correct.

It can be known from z direction displacement curve of Figs. 4 and 5 that the
absolute displacement value of the spatial trajectory in the three axes of xyz is
larger, wherein, z axis is perpendicular to the sagittal plane, and the corresponding
absolute displacement value is directly related to the internal and external rotation

Fig. 4 End actuator center motion trajectory and kinematics to calculate coordinates
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motion of the hip joint and rotational motion, the maximum value is of about
150 mm.

It’s visible that the end actuator has the significant displacement in the direction
perpendicular to the sagittal plane, the pure displacement trajectory analysis inside
the sagittal plane is not accurate enough, and therefore so it’s critical to analyze the
spatial motion trajectory of the end actuator.

4 Analysis of Workspace

4.1 Calculation of Workspace

Robot workspace refers to the range of activities with the coordinate origin of the
end actuator reaching the maximum, and it is an important kinematics indicator
used to measure the work capacity of the robot.

The relationship between position coordinate of point M, parameters of joints
and link rod parameters can be obtained from Eq. (4), since the motion of each
articulation angular displacement hi and length of the link rod ai are known, the
workspace of coordinate system origin M of the end actuator can be obtained
through MATLAB editing the expression of fi, as shown in Fig. 6.

The robot workspace is mainly determined by the robot configuration and
structural parameters of the link rods, but also affected and restricted by their
articulation motion range. It can be known from the analysis of Fig. 6 that the
workspace of the structure is with the presence of empty and cavities. Therefore,
this institution should avoid corresponding region during operation, thus to be
placed within flexible workspace as far as possible.

Fig. 5 End actuator center
displaces to motion along the
z-axis
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4.2 Workspace Analysis and Discussion

Robot kinematics is the basis of robot path planning, the given path motion of the
end actuator in certain posture can be achieved through the positive solution and
inverse solution of the institution position. It’s assumed that two points in motion
trajectory of the end actuator are taken as the initial point and end point of the
corresponding linear motion trajectory, the initial velocity and initial acceleration is
set to be known. The change curves of various joint angles can be drawn through
the positive and inverse kinematics calculation, as shown in Fig. 7.

Fig. 6 Workspace of point M, a Workspace of point M in three-dimensional space, b Workspace
of point M in xy plane

Fig. 7 Inverse solution of various joint angular displacements
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5 Conclusion

This thesis created the spatial kinematic model of lower extremity exoskeleton
assistive mechanical mechanism through the homogeneous coordinate transfor-
mation, and calculated and inverse analysis to verify correctness of the model.
Furthermore, this thesis conducted the inverse solution of kinematics model,
obtaining that there’s no singular configuration in structural motion. Finally, there’s
simulation calculation of the workspace mechanism:

(1) Construction of the spatial kinematic model of lower extremity exoskeleton
assistive institution, and this thesis verified the correctness of the model
through the theoretical calculations and MATLAB simulation and comparison.

(2) Comparative analysis of the spatial motion trajectory of the end actuator and
the motion trajectory of the sagittal plane. It can be known that the end
actuator has larger spatial motion range in the perpendicular sagittal plane,
which can’t be ignored, it is critical to analyze the spatial motion trajectories.

(3) Verifying the rationality of the joint layout. The joint structure in the
mechanical system simplifies part of freedom with smaller motion range
compared with the human body joints, but since the impact of the partial
freedom on the overall motion is minimal, and therefore it can be ignored.

(4) The inverse kinematics solution of the lower extremity exoskeleton assistive
mechanism is conducted with the use of MTALAB, which verified that the
mechanism did not have singular configuration. In addition, the workspace
was constructed, which laid the foundation for further kinematics analysis,
trajectory planning and optimization design.

The next step work will be the calculation and analysis of the force or torque
required for driving the articulation motion. The points p1 and p2 connecting to the
driven hydraulic cylinder on both ends of the link rods are taken to analyze the
change law of linear distance between the two points in the walking motion, which
is considered as the linear motion displacement of the hydraulic cylinder. With the
use of the triangle similar principle, the hydraulic cylinder parameter is selected to
calculate and obtain the torque curve provided by the hydraulic cylinder. The
iterative calculation is conducted by comparing with the actually required torque
and the torque provided by a hydraulic cylinder, until the provided torque is nearly
greater than actually required torque. The above will be used to guide the hydraulic
cylinder design and the driven system design.
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Equilibrium Conformation
of Concentric-Tube Robots Under Loads
Based on the Minimum Energy Principle

Long Huang, Changyan He, Yang Yang and Chenhan Guang

Abstract Concentric-tube robots, which consist of several pre-curved tubes, can
achieve dexterous motion through axial rotation and translation of each component
tube. Aiming at equilibrium conformation modeling of externally loaded
concentric-tube robots, an equivalent conservative system is proposed to translate
the force balance problem into the minimum potential energy configuration prob-
lem of the conservative system. Then, the optimal control theory is used to derive
the differential equations for the equilibrium conformation. Finally, this model is
visually evaluated through the simulation of a loaded two-tube robot, and the effects
of the external loads on the vital parameters of the equilibrium conformation are
analyzed.

Keywords Concentric-tube continuum robots � Equilibrium conformation �
Minimum potential energy principle � Kirchhoff rod

1 Introduction

Concentric-tube robots, as a special type of continuum robots, are well-suited for
minimally invasive surgeries [1–3]. Normally, a concentric-tube robot consists of
several concentric Nitinol tubes with different curvatures. Through axial rotation
and translation of each tube, the shape of the tubes’ common backbone can be
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altered, and consequently the pose of the robot’s tip can vary within a certain range.
Owing to the small diameter and simple structure, the concentric-tube robot can
achieve dexterous motion under the narrow environment. Recent studies have
already shown several potential clinic applications for these robots [4–7].

When the concentric-tube robot is used as a medical robot, a conventional task is
to interact with the surrounding tissue. As a compliant mechanism, the robot will
undergo a deformation during the interaction. Therefore, it is significant to study the
precise equilibrium conformation of the robot subject to external loads. The general
method adopted in prior researches is to analyze each tube with Newtonian
mechanics and Kirchhoff rod theory, which is referred to as the geometrically exact
model [8]. The processes of this method are as follows. First, the shape of each tube
is described utilizing Kirchhoff rod theory; based on the linear constitutive equa-
tions, the relationship between moment and local curvature vector at arbitrary cross
section for each tube need to be derived. Then, the force and moment balance
equations for each tube are presented, and it is noteworthy that the unknown
deformed shape of the tubes should be eliminated through the derivation of these
equations. Furthermore, the equations about each tube’s spin angle should also be
deduced. Finally, by solving these equations, the equilibrium conformation can be
obtained. The geometrically exact model is widely used to analyze both the
concentric-tube robot and the cable-driven robot. Trivedi et al. [8] utilized geo-
metrically exact Kirchhoff rod theory to model the shape of cable-driven robot
under loads, and achieved high accuracy. Xu et al. [9] used four flexible rods
instead of cables to build a small continuum robot, and they also used the geo-
metrically exact model to derive the equilibrium conformation of the robot and
furthermore achieve intrinsic force sensing. The models of these two cases are
convenient to establish, since their components are under internal and external loads
at discrete positions. However, the tubes in the concentric-tube robot are interacted
continuously along the arc-length; therefore, the derivation of the geometrically
exact model for the concentric-tube robot is more complicated [10, 11].

In order to avoid the complex interaction analysis of the tubes, this paper pro-
poses an equivalent method which transform the force balance problem into the
equilibrium problem of the conservative system. Then, applying the minimum
potential energy principle of conservative system and the optimal control theory,
the differential equations which describe the equilibrium conformation can be
acquired. For clarity in deriving the equations, this paper focus on the shape
modeling of the three-tube robot subject to concentrated forces at its tip, and the
proposed method can also be used in the robot with arbitrary number of tubes
subject to distributed forces and torques.
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2 Description of the Concentric-Tube Robot

A concentric-tube robot usually comprises two or three Nitinol tubes, and achieves
3–6 degrees of freedom. These elastic tubes are assembled concentrically. Through
axial rotation and translation of each component tube, the shape of the tubes’
common backbone can be altered, and consequently the position and pose of the
robot’s tip can vary in a certain range. Nitinol is widely used in these robots due to
its outstanding elasticity [12]. Figure 1 shows a concentric-tube robot consisting of
three tubes.

3 Equivalent Conservative System for Concentric-Tube
Robots Subject to External Forces

The widely used geometrically exact model always involves the complex force
analysis of tubes. To simplify the model, this paper propose an alternative con-
servative system: a robot with an object hanging at its tip, as shown in Fig. 2; the
weight of the object is the value of the external force F, and the direction of gravity
is the direction of the external force. Since the weights of the tubes are neglected,

Outer tube Middle tube

Inner tube

Fig. 1 A concentric-tube robot consisting of three tubes

Global frame

The base of 
each tube

F
F

Zero potential 
energy plane

Gravity

z

y

(a) (b)

Fig. 2 The equivalent conservative system for the concentric-tube robot subject to an external
force. The external force is replaced with an object hanging at the robot’s tip
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the potential energy of this alternative system only includes the elastic energy of
each tube and the gravitational potential energy of the object. Note that the zero
potential energy plane passes through the origin of the global frame and it is
perpendicular to the external force F.

4 Kinematic Model of Concentric-Tube Robots

4.1 Modeling Assumptions

Since all component tubes in the robot are long and thin, the basic assumptions of
the Kirchhoff-rod theory are adopted in this paper: (1) the extension and transverse
shear deformation of the tubes are neglected; (2) the linear constitutive equations
for both bending and torsion are adopted.

In addition, for clarity in deriving the fundamental equations, the weights of
tubes and friction between them are neglected. The tubes are considered to be
strictly concentric. Experiments show that these aspects have little influence on the
equilibrium conformation model [5, 10], and most of the prior models adopt these
assumptions.

4.2 Geometric Descriptions of a Curving Tube

The undeformed curving backbone of a tube can be described by an arc-length
parameterized curve r�(s). And along this curve, the well-known Bishop frames [5]
can be defined. By the convention of the Bishop frames, the z-axes are always in the
instantaneous tangential direction of the curve, and the frames will not rotate around
their z-axis along the curve. Therefore the Bishop frame is also known as the
no-torsion frame. The Bishop frames {F*(s)} for a undeformed tube can be
described in the global frame {W} with a series of transformations g�(s), which
consist of position vectors r�(s) and rotation matrices R�(s) as

g�ðsÞ¼ R�ðsÞ r� sð Þ
0T 1

� �
ð1Þ

If the arc-length parameter s is replaced with time variable t, this can be con-
sidered as the homogeneous transformation description of rigid motion. Then
drawing on the rigid motion theory [13], a twist can be defined as

n�ðsÞ¼ v�TðsÞ x�TðsÞ� �T¼ g��1ðsÞ _g�ðsÞ� �_ ð2Þ
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where v�(s) = e3 = [0 0 1]T in this case, and x�(s), implying the curvature of the rod
(similar to the angular velocity of a rotation), is defined as the curvature vector in
the local frame. In this paper, the dot over the variable represents the derivative of
the variable with respect to arc-length s. The operator v represents the transfor-
mation R4�4 (or R3�3) to R6 (or R3), given by the following equation

0 �a3 a2 b1
a3 0 �a1 b2
�a2 a1 0 b3
0 0 0 0

0
BB@

1
CCA

_

¼ a1 a2 a3 b1 b3 b3ð ÞT ð3Þ

Also, the inverse operation is denoted by ^. The detailed discussion on the
related notations can be found in [13]. The relationship between x�(s) and R�(s) is
as follows:

x� sð Þ¼ R�TðsÞ _R�ðsÞ� �_ ð4Þ

The deformation of a pre-curved tube from its initial state to a new state cor-
responds to a variation of frames from {F*(s)} to {F(s)}, also corresponds to a
variation from g*(s) to g(s), and a variation from n*(s) to n(s) (denoted by Dn(s)).
The new frames {F(s)} do not necessarily abide by the convention of the Bishop
frames.

4.3 Kinematic Equations of Concentric-Tube Robots

The inputs of the concentric-tube robot are the translation and rotation of each
component tube at the corresponding base. Let s = ai and hi(ai) denote the trans-
lation and rotation inputs of the ith tube, also let s = bi denotes the arc-length
location of the ith tube’s tip, where i identifies the tubes from outer to inner. The
shape of the concentric-tube robot can also be described by the Bishop frames {B
(s)} along with other variables. The Bishop frame at the arc-length location s = 0, is
set as the global frame {W}. According to Sect. 3.2, {B(s)} can also be described in
the global frame {W} with position vectors r(s) and rotation matrices R(s), which
satisfy

_rðsÞ¼RðsÞe3 ð5Þ

_RðsÞ ¼ RðsÞ xx xy 0ð ÞT
� 	^

ð6Þ

where (xx, xy, 0)
T is the curvature vector of {B(s)}. Since the tubes are assembled

concentrically, the x-y components of each tube’s curvature vector in the equilib-
rium conformation are equivalent respectively if they are expressed in a common
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frame. When they are expressed in the robot’s Bishop frames, they all equals (xx,
xy)

T, which is denoted by xxy(s). The frames {Fi(s)} for each tube differ from the
robot’s Bishop frames {B(s)} by a rotation around the local z-axes; that is

RiðsÞ ¼ RðsÞRz hiðsÞð Þ ¼ R
cos hiðsÞ sin hiðsÞ 0
sin hiðsÞ cos hiðsÞ 0

0 0 1

2
4

3
5 ð7Þ

where R(s) and Ri(s) are rotation matrices of {B(s)} and {Fi(s)} with respect to
{W}, hi(s) is the rotation angle from x-axes of {B(s)} to x-axes of {Fi(s)}, and hi(ai)
is the aforementioned input angle of the ith tube at its base. Figure 3 shows the
relationship of {Fi

*(s)}, {Fi(s)} and {B(s)}.
Based on the above analysis, the x-y components of the ith tube’s curvature

vector can be expressed as

xi;xyðsÞ ¼ Rz hiðsÞð ÞjTxyxxyðsÞ ð8Þ

where

Rz hiðsÞð Þjxy¼
cos hiðsÞ � sin hiðsÞ
sin hiðsÞ cos hiðsÞ


 �
ð9Þ

xi;xyðsÞ ¼ xi;xðsÞ xi;yðsÞð ÞT2 R2 ð10Þ

Besides, according to Eqs. (4) and (7), the third component of the ith tube’s
curvature vector (xi,z(s)) is equal to _hiðsÞ. Define h(s) = (h1, h2, h3)

T, and
xz(s) = (x1,z, x2,z, x3,z)

T, then we have

_hðsÞ¼xzðsÞ ð11Þ

The model of the concentric-tube robot should also include the linear constitu-
tive relationship of Nitinol, which can be described in potential energy form as

EiðsÞ ¼
Z

1
2

xi � x�
i

� �TKiðsÞ xi � x�
i

� �
ds ð12Þ

x2
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y2
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z2
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z1
*y1
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x1
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Equilibrium conformation 

Initial shape of 
inner tube

{B(s)}

z

y
x
{W}

{F1
*(s)}

{F2
*(s)}

θ1

θ2

{F1(s)}
{F2(s)}

Initial shape o 
outer tube

Fig. 3 The tubes’ initial
states and equilibrium states.
In the equilibrium
conformation, both tubes are
bended and twisted
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where xi
* and xi are the curvature vectors of the initial shape and the deformed

shape respectively, and stiffness matrix Ki(s) can be expressed as

KiðsÞ¼
Ki;xyðsÞ 0 0

0 Ki;xyðsÞ 0
0 0 Ki;zðsÞ

2
4

3
5 ð13Þ

and Ki,xy(s) is the bending stiffness of the ith tube in its x and y directions, and Ki,

z(s) is the torsional stiffness of the ith tube.
Normally, the lengths of the tubes in a robot are not equal. The outer tube is the

shortest while the inner tube is the longest. For convenience, virtual tubes are added
to the tips and the bases of the outer and the middle tubes, so that the tubes are fully
overlapped over [a3, b3]. The virtual tubes at the bases are designated with infinite
bending and torsional rigidity, and the virtual tubes at the tips are designated with
zero bending and torsional rigidity. In this way, this fully overlapped model is
equivalent to the original model.

5 Equilibrium Conformation of Concentric-Tube Robots

The static equilibrium configuration of a conservative system should conform to the
minimum potential energy principle, which states that the total potential energy
function is stationary at the static equilibrium configuration [11]. Therefore, the first
variation of the potential energy function at the static equilibrium configuration
should be zero. This problem can be solved utilizing the optimal control theory.
According to the aforementioned alternative system, the total potential energy
function is as follows:

J ¼ �FTrðb3Þþ
Zb3
a3

X3
i¼1

1
2

xi � x�
i

� �TKiðsÞ xi � x�
i

� �
ds ð14Þ

The first part of the function J represents the gravitational potential energy of the
object, and the integral term represents the bending and torsional energy along the
arc-length of all tubes. Substituting (8) into (14) can eliminate xi in the potential
energy, and yields

J ¼ �FTrðb3Þþ
Zb3
a3

1
2

X3
i¼1

Ki;z
_hi � x�

i;z

� 	2
þKi;xy Rz hið ÞjTxyxxy � x�

i;xy

��� ���2
 �
ds

ð15Þ
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where symbol |�| denotes the module of the vector, xi,xy
* 2 R2 is the x-y components

of xi
*, xi,z

* 2 R is the third component of xi
*. For convenience, the term of grav-

itational potential energy is denoted by u(r), and the integrand term is denoted by
Lagrangian function L.

The function J can be interpreted as the cost function of a control system with
arc-length parameter s interpreted as time parameter t. Then we have its state vector
and control vector as follows

xðsÞ¼ rðsÞ;RðsÞ; hðsÞð Þ 2 R3 � R3�3 � R3 ð16Þ

uðsÞ¼ xxyðsÞ;xzðsÞ
� � 2 R2 � R3 ð17Þ

and its state equations as (5), (6) and (11).
Therefore, drawing on the optimal control theory [14], the Hamiltonian function

can be defined as:

Hðx; u; k; sÞ ¼ 1
2

Xn
i¼1

Ki;z xi;z � x�
i;z

� 	2
 �

þ 1
2

Xn
i¼1

Ki;xy Rz hið Þ��Txyxxy � x�
i;xy

��� ���2
 �
þ kTr Rez þ tr kTRR

xx

xy

0

2
64

3
75
^0

B@
1
CAþ kThxz

ð18Þ

where k ¼ ðkTr ; kTR; kTh ÞT 2 R3 � R3�3 � R3 is the Lagrange multiplier. The com-
ponent multipliers kr

T, kR
T, kh

T can be considered as the generalized forces on the
generalized coordinates r, R and h respectively.

Obviously, this optimal control problem has the Bolza-type cost function, and it
is under no terminal constraints. According to the fundamental optimal control
theory [14], the first order necessary conditions for stationarity along entire tra-
jectory include the canonical equations, the extreme conditions and the boundary
conditions, as follows:

_kr ¼ � @H
@r ¼ 0 0 0ð Þ; _kR ¼ � @H

@R ¼ �ezkTr �
xx

xy

0

2
4

3
5^

kTR;

_kh ¼ � @H
@h ¼

K1;xy x
�
1;xy

T Rd;1xxy

K2;xyx
�
2;xy

T Rd;2xxy

K3;xyx
�
3;xy

T Rd;3x
T
xy

0
B@

1
CA

T

8>>>>>>><
>>>>>>>:

ð19Þ
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@H
@xxy

¼Pn
i¼1

Ki;xy xxy � Rz hið Þx�
i;xy

� 	T
þ kTRR

� �
23� kTRR
� �

32
� kTRR
� �

13 þ kTRR
� �

31

 !T

¼ 0;

@H
@xz

¼
K1;z x1;z � x�

1;z

� 	
K2;z x2;z � x�

2;z

� 	
K3;z x3;z � x�

3;z

� 	
0
BBB@

1
CCCA

T

þ kTh ¼ 0

8>>>>>>>>><
>>>>>>>>>:

ð20Þ

rða3Þ ¼ 0 0 a3ð ÞT ; Rða3Þ ¼ I; hða3Þ ¼ hbase;
krðb3Þ ¼ @u

@rðb3Þ ¼ �F; kRðb3Þ ¼ @u
@Rðb3Þ ¼ 0; khðb3Þ ¼ @u

@hðb3Þ ¼ 0

(
ð21Þ

where

Rd;i¼ � sin hi cos hi
� cos hi � sin hi

� �
ð22Þ

(A)ij denotes the ith row and jth Column element of matrix A, I denotes the
3 � 3 identical matrix, hbase = {h1(a3), h2(a3), h3(a3)}

T is a column vector consists
of the rotation angles of all tubes at the base.

In the above discussion, the admissible trajectories for the optimal control
problem are assumed to be continuous and to have continuous first derivatives; that
is, the trajectories are smooth. However, for concentric-tube robots, the trajectories
are usually discontinuous at several discrete points owing to the following facts:
(1) the precurvature of each tube is usually piecewise-constant along the full
arc-length; e.g., a typical tube comprising a straight portion and a constant curvature
portion; (2) owing to the aforementioned virtual tubes, the bending stiffness and
torsional stiffness are also piecewise-constant along the full arc-length. These two
kinds of points are shown in Fig. 4. They are both referred to as corner points.

Therefore, the admissible trajectories should satisfy the additional necessary
conditions, as follows [14]:

Initial state of outer tube

Initial state of inner tube

Corner points
The basis of tubes

Fig. 4 The corner points in a
robot. The two corner points
in the middle are emerged
because of the pre-curvature
mutation of the tubes. The
first and the last corner points
are emerged since the tubes
are not fully overlapped
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@L
@ _x

��
s�j
¼ @L

@ _x

��
sþj

L� _xT @L
@ _x

� ���
s�j
¼ L� _xT @L

@ _x

� ���
sþj

8<
: ð23Þ

where j is the number of the corner points, sj is the arc-length location of corner
point j. They are determined by the inputs of each tube.

In conclusion, the equilibrium conformation model of the robot comprises the
differential Eqs. (19)–(20), boundary conditions (21) and corner point conditions
(23) with respect to shape parameter set {r(s), R(s), h(s)}. Normally, this various
point boundary value problem (BVP) cannot be solved analytically. The common
numerical methods for it include shooting method and difference method [15]. For a
number of inputs, several corresponding configurations may emerge [16, 17]. The
robot will take the configuration which is near its last configuration. Therefore we
can take the parameters of its last configuration as the initial guess for the shooting
processes. In addition, the stability of the configurations can be assessed utilizing
methods in Ref. [17] in order to avoid snapping.

6 Numerical Examples

In this section, an intuitional two-tube robot is selected to demonstrate the effects of
the external forces on the robot. Each tube’s initial backbone shape is a section of a
circle, and they are fully overlapped during the simulation. The processes of solving
differential equations are implemented in Matlab using shooting method. It is
assumed that both tubes not only have the same initial backbone shape and
arc-length, but also have the same bending stiffness (Ki,xy) and torsional stiffness
(Ki,z). The values of related parameters are listed in Table 1.

Figure 5 shows the equilibrium conformation under different loads when the
outer and inner tubes were rotated to angles of −30° and 30° respectively. The
unloaded equilibrium conformation lies on yz-plane, which agrees with the instinct.
When the external force is applied to the robot’s tip in y-direction, the updated
equilibrium conformation still lies on yz-plane, as Fig. 5 shows. This is similar to
the bending of a single cantilevered rod. Under the tip force of 5 N, the robot’s tip
is deflected from its initial position by about 30 mm.

Table 1 Parameters of the
robot

Parameters Values

Total arc-length (mm) 84

Pre-curvature (mm−1) 1/60

Curvature vector of the tubes’ initial shape (1/60, 0, 0)

Bending stiffness (Nm2) 0.0202

Torsional stiffness (Nm2) 0.0156
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The rotation angles h1(s) and h2(s) of both tubes, which cannot be observed from
the conformation figure, are also changed under loads. Figure 6 shows how the
rotation angles vary along the whole arc-length in the loaded robot. At the common
base of both tubes, the rotation angles of them are input angles. From the base to the
tip, the outer tube twist about the local −z-axes, while the inner tube twist about the
local z-axes; therefore, the angle between {F1(s)} and {F2(s)} is decreasing. Also,
the tip force in the +y-direction, which tend to “straighten” the robot, will slowdown
this trend, while the tip force in the −y-direction will accelerate this trend.

If this robot is under +x-direction tip forces, the rotation angles of both tubes
along the whole arc-length are shown in Fig. 7. The rotation angles of both tubes
are no longer symmetrical with respect to the line h(s) = 0. The load accelerates the
increasing trend of the inner tube’s rotation angle, and slowdowns even reverses the
decreasing trend of the outer tube’s rotation angle. Furthermore, In contrast with y-
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direction tip forces, the effects of x-direction tip forces on the rotation angles are
much larger, since the torque generated by x-direction tip forces are much larger.

7 Conclusions

This paper proposes an equivalent conservative system for the concentric-tube robot
under loads, and utilizes the minimum potential energy principle and the optimal
control theory to derive the equations of equilibrium conformation. Through
numerical simulation, the effects of external forces on the robot’s tip are analyzed,
and the results show that the externally loaded concentric-tube robot will bend like
a single cantilevered rod. The tip forces which tend to “straighten” the robot (i.e. in
the +y-direction) will slightly exaggerate the angle between the tubes’ local frames
at the tip, while the forces in the x-direction will affect the rotation angles of both
tubes significantly. This model will facilitate the motion planning of the
concentric-tube robot while it is performing an interactive task.
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Double-Parameter Regression
Design of Drive Trains for Lightweight
Robotic Arms

Haibin Yin, Cheng Kong, Mingchang He and Shansheng Huang

Abstract This paper presents a new design approach for lightweight robotic arms.
In this method, the drive trains and structural dimensions are parameterized as
design variables, and a major objective is to minimize the total mass of robotic arms
satisfying the constraint conditions. To solve the optimization problem, the rela-
tionship among mass, the moment of inertia and torque of drive trains are intro-
duced as their power-density curves, which is the basis of the double-parameter
regression design. In this design approach, there are two modules: structure opti-
mization and drive trains optimization. The orthogonal design method is adopted to
implement the structure optimization. The double-parameter regression design is
used for drive trains optimization. Finally, a design example for a four degree of
freedom (DOF) robotic arm is demonstrated to verify the validity of the proposed
scheme.
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1 Introduction

As the development of robotics technology, the application of lightweight robotic
arms plays a more and more important role in industrial production, service and
space explorations etc. Due to the special requirements of work environment and
tasks, they have to be energy efficiency and high load-weight ratio. This implies
new design approaches have to be addressed to achieve these characteristic.

There are two main research directions to improve energy efficiency and
load-weight ratio of lightweight robotic arms. On the one hand, some attempted to
design desirable lightweight robotic arms by structure optimization. Hua presented
a structural optimization for lightweight robotic using two kinds of new materials
which are low-density and stiff [1]. However, the application of these materials is
limited by their property of undesirable fabrication procedure and high-cost. Zhu
proposed an integrated structure-control optimization method for a two-link flexible
robotic arm, in which the structural and control parameters were optimized
simultaneously [2]. Evolutionary optimization procedure was presented for opti-
mization of the parameters of a manipulator in Ref. [3]. However, the methods
mentioned in Refs. [2, 3] both took rarely consideration about the structural gesture
and dimensions. Zhou proposed an optimized method for linkages of arms which
regards the structural dimensions as variables [4]. There are two design variables for
each linkage. But, given the limitation of the method mentioned in this paper, the
process took too much time.

On the other hand, some believed drive trains optimization plays a key role in
addressing a lightweight design. Cusimano [5, 6] presented a method for optimal
selection of an electrical motor and transmission. This paper indicated the gener-
alized moment of inertia of motor is a key parameter. But, this method is only
applicable to the design of a single joint combing a motor and a gearbox. It does not
address the discrete nature of the selection process. The drive trains optimize
procedure was addressed for two joints in Ref. [7]. The algorithm mentioned in this
paper is complex which requires approximately 700 evaluations to complete the
optimization. It is also incapable in selection of components from a catalog. In Ref.
[8], optimized selection of motors and gearboxes are done simultaneously for a
robotic arm. But this method is confined by the limited catalog of commercially
available components. DLR designed a 7-DOF lightweight robotic arm with cus-
tomized drive trains to maximize the load-weight ratio [9]. In our previous work,
the drive trains optimization is addressed though regression design proposed in Ref.
[10]. However, the influence of the moments of inertia of drive trains is not con-
sidered in an appropriate way. The angular accelerations of all joints should not be
regarded as a constant.

In this paper, an integrated optimization design was proposed to minimize the
weight of robotic arms. The structure optimization is achieved using the orthogonal
design method with the constraints of strength and stiffness. The drive trains
optimization is executed by means of a new approach, called double-parameter
regression design, presented in this paper based on the kinematics analysis and
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dynamics analysis. For better reflect the influence of the moments of inertia of drive
trains, the angular accelerations of joints are obtained according to the real work
condition of robotic arms. An optimization example for a 4 DOF robotic arm shows
the proposed approach can contribute to selecting the drive trains more accurately.

2 Problem Statement

In this paper, a 4 DOF robotic arm will be designed for operation pick and position,
shown in Fig. 1. In order to minimize the weight of designed robotic arm, the
optimization will be executed in structure design and selection of drive trains. In
this section, the structure optimization will be introduced firstly. The drive trains
optimization will be illustrated with comparison to our previous study on drive
trains optimization presented in Ref. [10].

2.1 Structure Optimization

In this part, the orthogonal design [11] is used to optimize the structure of designed
robotic arm. The structure optimization is mostly acted on linkages because they
focus the most mass of robotic arms. The optimization for joints structure is taken
into account according to the assembly relationship between linkages and joints,
drive trains and joints.

According to the relevant knowledge of mechanics of materials, there are four
main factors affect the stiffness of robotic arms. They are regarded as design
variables of structure. In order to find the optimal structure, the objective function
fs(xs) is defined as sum of the linkages mass mlink and joints mass mjoint, as shown in
Eq. (1)

d23

d34

d

r

Joint 1

Joint 2

Joint 3
Joint 4

d12

dL

R

Fig. 1 The model of 4 DOF
robotic arm
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minfsðxsÞ ¼ ðmlink þmjointÞ
xs ¼ ½d; a; b; r� ð1Þ

where xs = [d, a, b, r] is the vector of design variables of structure. d is the distance
from end of linkage to center of semicircle of circular groove. a is the angle
between director vectors of two slots. b is the angle between direction vector of
joints and direction vector of the slot which is closer to end-effector. r is the inner
radius of linkages. The width of slots w1, external radius R and length of linkage
L and slot l1 are regarded as constants. The design variables of structure are shown
in Fig. 2.

The structure of robotic arm must be satisfied the constraints of strength and
stiffness. The constraints are defined as

rmax\rp; ð2Þ

xmax\xp; ð3Þ
where rmax is maximum stress of designed robotic arm. rp is the yield strength of
material of designed robotic arm. xmax is the maximum deformation of designed
robotic arm. xp is the limit deformation of designed robotic arm.

2.2 Drive Trains Optimization

Beside the structure optimization, drive trains optimization also plays a significant
role in minimizing the weight of robotic arms. In Ref. [8], the mass of the 5 DOF
robotic arm was reduced by 38 % though the drive trains optimization. It implies
that the further research in drive trains optimization needs to be done to achieve the
goal of minimizing the weight of robotic arms.
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Fig. 2 Design variables of structure
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In our previous work, the drive trains optimization was addressed based on the
regression design proposed in Ref. [10]. However, angular accelerations of all joints
should not be regarded as a constant in calculating the required torques of drive
trains. The required torque of ith drive train Td,i is calculated by

Td;iðtÞ ¼ siðtÞþ Jd;i€hiðtÞq2d;igd;i ð4Þ

where si is the output torque of ith joint. Jd,i is the moment of inertia of ith drive
train. €hi is the angular acceleration of ith joint. qd,i is the reduction ratio of ith drive
train. ηd,i is the efficiency of the ith drive train.

When the angular accelerations of all joints have obvious difference, big error
will be occurred using the regression design to calculate the required torques of
drive trains. In this paper, the further optimized method will be proposed for drive
trains optimization. The moments of inertia of drive trains are taken into account
with real angular accelerations to obtain the required torques of drive trains more
accurately.

3 Double-Parameter Regression Design for Drive Trains

In this section, a new approach, called double-parameter regression design, is
introduced for drive trains optimization. In our previous work [10], the regression
of mass of drive trains is taken into account only based on the regression design. In
previous section, it concluded that angular accelerations of all joints should not be
handled as a constant to obtain the required torques of drive trains. It implies the
moments of inertia of drive trains also need regression design.

3.1 Dynamic Model

The drive trains optimization will be studied based on the structure optimization
mentioned in previous section. After the structure of robotic arm is determined, it is
necessary to calculate the inverse dynamic for selection of drive trains. The
dynamic model of designed robotic arm can be described as

MðhÞ€hþ hðh; _hÞþ gðhÞ ¼ s; ð5Þ

where M is the mass matrix, h is a vector of Coriolis and centrifugal terms of the
links, g is the vector of gravitational forces, and s is the vector of joint torques.

The torque obtained from Eq. (5) is instantaneous value. In order to select the
drive trains, the root mean square torque of ith joint Ti

rms is needed, which is
calculated by
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Ti
rms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
Dt

ZDt
0

s2i dt

vuuut ; i ¼ 1; . . .; 4; ð6Þ

where Dt is the time of joint movement, si is the instantaneous torque of ith joint.
In this section, the inverse dynamic is solved by the ADAMS based on Eq. (5).

The root mean square of torque is obtained based on Eq. (6), to which the
instantaneous torque is imported from ADAMS. It is a significant index for
selection of drive trains.

3.2 Selection Criteria of Drive Trains

The drive train is consisted of motor and gearbox, shown in Fig. 3. The gearbox is
used to increase the output torque of the drive train.

In order to guarantee the selected drive train is satisfied. The selection criteria of
drive trains needs to be determined, listed as

Td � sid;rms; T
max
d � sid;p; N

max
d � nid;p; ð7Þ

where Td is the nominal torque of drive trains. Tmax
d and Nmax

d are the maximum
torque and angular velocity of drive trains. sid;rms is the required root mean square
torque of ith joint. sid;p and nid;p are the peak torque and angular velocity of ith joint.

3.3 The Process of Double-Parameter Regression Design

The objective of double-parameter regression design is to minimize the mass of
drive trains satisfied the constraints (7). The objective function fd(xd) can be defined
as

Fig. 3 The model of drive
train
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min fdðxdÞ ¼
X4
i¼1

mdðudiÞ; ð8Þ

where xd = [ud1, ud2, ud3, ud4] is the vector of design variables of drive trains
optimization. md is the mass of drive trains. udi is the rated torque of ith drive train.

In order to optimize the drive trains, the power-density curves are necessary,
which reflects the relationships between torque and mass, the moment of inertia and
mass of drive trains. It is believed the relationship between mass mm and torque Tm
of the motor are existed. Pettersson has concluded it in Ref. [7]. It can be described
as

Tm¼ cm
ffiffiffiffiffi
rm

p
pqm

mm; ð9Þ

where cooling conditions cm and average density qm are constants. rm is stator
radius. It implies the relationship between torque and mass of motors is positive
correlation.

Based on Eq. (9), it implies the relationship between the mass md and torque Td
of drive trains is also certain positive correlation. This relationship can be formu-
lated as

Td ¼ f1ðmdÞ; ð10Þ

where md = mm + mg, mg is the mass of gearbox. Td = Tm q η, q and η are the
reduction ratio and efficiency of drive trains.

The relationship between inertia Jm and mass mm of motor is described in Ref.
[7] as

Jm ¼ cm;jr2m
pqm

mm; ð11Þ

where cm, j is a constant for a specific motor type and is adjusted against data of
existing motors in robotics.

In order to take the moments inertia of drive trains into consideration, the
relationship between inertia Jd and mass md of drive trains is also needed to be
formulated. The positive correlation of J-m function can be formulated as

Jd ¼ f2ðmdÞ; ð12Þ

where Jd = Jm + Jg, Jm is the inertia of motor, Jg is the equivalent inertia of gearbox
reflected at the motor shaft.

Based on Eqs. (10) and (12), the double-parameter regression design for drive
trains optimization can be executed based on the procedure shown in Fig. 4. The
model of robotic arms is constructed by SOLIDWORKS, the static analysis and
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dynamic analysis are executed by ANSYS and ADAMS respectively. For start the
optimization loop, the drive trains are initialized as xd0 = [ud01, ud02, ud03, ud04].
The optimal Structure model needs to be obtained through structure optimization
when the drive trains are updated. The output torques of joints srms = [s1, s2, s3, s4]
can be calculated though the Adams based on Eq. (5). The rated torque of drive
trains xd = [ud1, ud2, ud3, ud4] can be obtained according to the Eq. (4). The mass of
drive trains can be determined based on Eq. (10). If the mass of drive trains fd (xd)
converges to small constant e, the procedure of double-parameter regression design
is completed. Otherwise, the drive trains need to be updated for the next iteration.

4 Discussion of Result

In this section, optimization design is conducted on a 4 DOF robotic arm, shown in
Fig. 1. The reach space is up to 771 mm. The load is defined as 2 kg. The assembly
dimensions of the robotic arm are defined as: d12 = 224 mm, d23 = 393 mm,
d34 = 293 mm, dL = 85 mm. Aluminum alloy (6061-T6) is chosen as the structure
material and its yield strength is 270 Mpa. The limit deformation xp is set as 3 mm.
The design variables of structure optimization is initialized as xs = [30, 0, 0, 28].
The drive trains of robotic arm are initialized as xd0 = [0, 0, 0, 0], the operation time
of designed robotic arm is set as 4 s. Coefficient of convergence e is set as 0.001.
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4.1 Implementation of Structure Optimization

The structure optimization for robotic arms is solved based on orthogonal design.
Levels of design variables of structure xs = [d, a, b, r] is provided in Table 1.

Based on the design space listed in Table 1, the corresponding robotic model is
constructed on SOLIDWORKS. The static analysis is executed on ANSYS. The
variance analysis is used for simulation data obtained from ANSYS to find the
optimal structure of robotic arm.

4.2 Implementation of Drive Trains Optimization

In this part, the drive trains optimization is solved based on the double-parameter
regression design. The trajectories of joints are determined firstly. The candidate
drive trains are selected based on the selection criteria of drive trains proposed in
Sect. 3. The result of drive trains optimization is discussed with the comparison
between double-parameter regression design and regression design.
Trajectories of Joints. The trajectories of joints have a significant influence to the
required torque of joints. In this section, the trajectory of four joints is determined
due to the specific purpose of designed robotic arm shown in the Fig. 5.
Combination of Drive Trains. In order to confirm the effectiveness of
double-parameter regression design, drive trains need to be selected which are
consisted of motors and gearboxes. The rough range of torques is obtained for
selection of motors and gearboxes. In this example, the motors are selected from
MAXON, listed in Table 2. Gearboxes are selected from Harmonic Drive, listed in
Table 3.

In order to fit the power-density curves more accurately, the combination criteria
is listed as

Tmig� Tg;Nm=i�Nmax
g ;min m1;m2; . . .;mif g; ð13Þ

where Tg is nominal torque of gearbox, Nmax
g is the allowed maximum angular

velocity of gearbox, min{m1, m2, …, mi} is used to guarantee the mass of the
selected drive train is minimum which satisfies the first two constraints (13).

The drive trains are combined based on the constraints (13), listed in Table 4.
The index (1, a) represents the drive train is consisted of motor RE16 (4.5 W) and
gearbox 14, listed in Tables 2 and 3. Based on the candidate drive trains listed in

Table 1 Levels of design
variables of structure

Design variable Range Step size

d [30, 50]mm 5

a [0, 90]° 15

b [0, 90]° 15

r [28, 32]mm 1
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Table 4, the power density curves of drive train can be fitted with interpolation
algorithm.

Table 2 The candidate motors [12]

No. Index Nm (rpm) Tm (mNm) mm (kg) Jm (gcm2)

1 RE16 (4.5 W) 3170 4.77 0.04 1.11

2 RE25 (20 W) 3430 32.3 0.115 13.9

3 RE35 (90 W) 2990 106 0.34 65.9

4 RE40 (150 W) 2700 187 0.48 123

5 RE50 (200 W) 2470 452 1.1 560

Table 3 The candidate gearboxes (q = 100) [13]

No. Index Nmax
g (rpm) Tg (Nm) mg (kg) Jg (10

−2 gcm2)

a 14 8500 7.7 0.35 21

b 17 7300 27 0.46 54

c 20 6500 34 0.65 90

d 25 5600 75 1.2 282

e 32 4800 151 2.4 1090
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Comparison between Two Methods. Based on the procedure shown in Fig. 4, the
double-parameter regression design for drive trains optimization is executed using
the dynamic analytic software ADAMS and FEA analytic software ANSYS. For
better confirm the accuracy of double-parameter regression design, the regression
design is also utilized for drive trains of designed robotic arm. The optimal structure
of designed robotic arm is displayed in Table 5.

For better display the procedure of double-parameter regression design, the
regression processes of joint 2 and 3 are shown in Fig. 6.

For confirming the accuracy of double-parameter regression design, the
regression processes of joint 2 and 3 based on regression design are shown in
Fig. 7.

From Figs. 6 and 7, the regression mass is different though two methods. It
confirms the accuracy of double-parameter regression design. The optimal result of
drive trains obtained from two methods are listed in Table 6.

From Table 6, the drive trains optimization based on regression design cannot
reflect the real required torques of joints of robotic arms. It makes the selected drive
trains redundant or insufficient. For example, if there is a candidate drive train

Table 4 Candidate drive
trains for fitting power density
curve

No. Index Nd

(rpm)
Td
(Nm)

md

(kg)
Jd
(gcm2)

1 (1, a) 31.7 0.3339 0.39 22.11

2 (2, a) 34.3 2.261 0.465 34.9

3 (3, a) 29.9 7.42 0.69 86.9

4 (4, b) 27 13.09 0.94 177

5 (5, c) 24.7 31.64 1.75 650

Table 5 Optimal result of
structure

Design variable d a b r

Optimal value 50 mm 90° 90° 30 mm
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which rated torque xd is belong to (18.5261, 26.7570), the selected drive train of
joint 2 based on the regression design will be insufficient. If there is a candidate
drive train which rated torque xd is belong to (1.3380, 1.3436), the selected drive
train of joint 4 based on regression design will be redundant. This deficiency is
solved by the double-parameter regression design which introduces the regression
of the moment of inertia besides the mass regression.

The optimal result can be used to design the drive trains for lightweight robotic
arms. However, due to the difficulty in manufacture specific drive trains, in the
practice, drive trains of joints need to be adapted to available components from
commercial catalog which discretely distribute on the power density curve. These
drive trains close and exceeding to optimal result are chosen to guarantee them
more reliable because of the reluctant capacity of them. For example, the optimal
result of joint 1 is between (1, a) and (2, a), so the drive train (2, a) is selected as the
optimal component in the practice. Based on this trade-off design, a 4 DOF robotic
arm is constructed for further research shown in Fig. 8. The drive trains of four
joints (waist, shoulder, elbow and wrist) are consisted of (2, a), (5, c), (4, b),
and (2, a).
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joint 2 and 3

Table 6 Optimal result of drive train (unit N/m)

Method udi
Joint 1 Joint 2 Joint 3 Joint 4

Double-parameter regression 1.3122 26.7570 8.6782 1.3380

Regression design 1.2912 18.5261 7.9779 1.3436
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5 Conclusions

In this paper, a new design approach is proposed to design lightweight robotic arms.
The structure optimization is achieved based on the orthogonal design. It is an
effective algorithm for structure optimization which is not necessary to do all
simulation experiment. It is benefit for saving the experimental time. The drive
trains optimization is executed by means of double-parameter regression design.

The double-parameter regression design is an improved method for regression
design. The example presented in Sect. 4 confirms precision of double-parameter
regression design in drive trains optimization. The double-parameter regression
design solved deficiency of regression design though the combination of regression
of mass and the moment of inertia of drive trains.

However, the design of drive trains for lightweight robotic arms is still confined
by the commercial available components. In the further study, the direction for
optimization of lightweight robotic arms will focus on finding a series of theory to
supporting the drive trains manufacture which is used in modular joints.
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Kinematics Analysis and Simulation
of Two-Robot Coordination in Welding

Nianfeng Wang, Feiyue Zhang and Xianmin Zhang

Abstract This paper focus on two-robot coordinated welding process of complex
spatial curve seam. A two-robot coordinated system is builded, kinematics analysis
is given, and trajectory planning based on downhand welding constrains is pro-
vided. After that, a simulation platform based on OpenGL and VC++ is established.
Finally, take the intersection curve seam of two cylinder for example, a motion
simulation of two-robot coordinated welding is conducted. The results of simulation
verify the correctness of kinematics analysis and the method of trajectory planning.

Keywords Coordinated welding � Trajectory planning � Motion simulation

1 Introduction

With the broadening application of robotic in welding industry, the welding
requirements become more and more complex. Nowadays, a single robot is unable
to meet the requirements of welding operation. For the complex curve seam in
welding process, welding robot station is usually used to get the desired welding
orientation and improve welding quality. The typical welding robot station mainly
includes: robot-positioner station, dual-welding robot station, dual-welding robot
and one positioner station. There are various research which focus on
robot-positioner coordination of complex spatial curve seam welding process [1–3].
However, for two-robot welding coordination, the research are mostly focused on
straight seam [4] or circular welds [5]. In these coordinated welding process, the
relative orientation between two robot end-effector is unchanged. In Ref. [6],
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a non-mater/slave approach is employed for coordinated motion planning, a
Solidworks-SimMechanics simulation platform is established, and a coordinated
welding simulation of a steel curved pipe is given.

This paper focus on two-robot coordinated welding process of complex spatial
curve seam. The two-robot coordinated system is built at the beginning, and its
coordinated kinematics model is obtained by the motion constrains. After that, take
downhand welding as the best welding position, a method of two-robot coordinated
trajectory planning is given. Then a two-robot coordinated welding simulation
platform which is based on OpenGL and VC++ is established. Finally, a coordi-
nated welding simulation of an intersecting line is given and the simulation results
indicate that the coordinated welding process can satisfy desired welding
requirements.

2 Two-Robot Coordinated System and Kinematics
Analysis

In order to realize the coordinated motion, one robot hold the workpiece and move
it to desired position, the other hold the torch and move it to relative orientation and
implement the welding task. A typical two-robot coordinated welding system is
shown in Fig. 1, the symbol i indicates robot number. In a two-robot coordinated
system, i = 1, 2; i = 1 indicates the clamping robot, i = 2 indicates the welding
robot. [R] represents the world coordinate system, [Ri] represents the robot base
coordinate system of the ith robot, [Ei] represents the end-effector coordinate sys-
tem of the ith robot, [Ti] represents the tool coordinate system of the ith robot,
[u] represents the workpiece coordinate system, [p] represents the welding points
coordinate system. RiTEi indicates the transformation matrix from [Ei] to [Ri],

EiTTi
indicates the transformation matrix from [Ti] to [Ei],

TiTu indicates the transfor-
mation matrix from [u] to [Ti], TiTp indicates the transformation matrix from [p] to
[Ti], uTp indicates the transformation matrix from [p] to [u], R1TR2 indicates the
transformation matrix from [R2] to [R1]. The base coordinate system of clamping
robot [R1] is moved to the world coordinate system [R] during coordinated motion.

During two-robot coordinated welding process, a closed kinematic chain which
can be expressed as follow is formed.

R1TE1 � E1TT1 � T1Tu � uTp ¼ R1TR2 � R2TE2 � E2TT2 � T2Tp ð1Þ

Decouple this closed kinematic chain, an opened kinematic chain of clamping
robot and welding robot is obtained respectively. For clamping robot,

R1Tp ¼ R1TE1 � E1TT1 � T1Tu � uTp ð2Þ
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For welding robot,

R1Tp ¼ R1TR2 � R2TE2 � E2TT2 � T2Tp ð3Þ

In Eqs. 2 and 3, E1TT1 is depends on the fixture of the clamping robot, E2TT2 is
depends on the torch of the welding robot, T1Tu is decided by the assembly between
the workpiece and the fixture of the clamping robot; R1TR2 is decided by the relative
orientation between the clamping robot and the welding robot, which can be
obtained through calibration. This article assumes that R1TR2 is known in simulation
system. With these transformation matrixes are already known, as long as the
desired welding orientation R1Tp, the desired orientation between welding torch and
welding points T2Tp and the orientation of welding points uTp are given, the
transformation matrix from robot base coordinate system to robot end-effector
coordinate system of clamping robot and welding robot are described as follow:

R1TE1 ¼ R1Tp � uT�1
p � T1T�1

u � E1T�1
T1 ð4Þ

R2TE2 ¼ R1T�1
R2

� R1Tp � T2T�1
p � E2T�1

T2 ð5Þ

3 Constraint Relationship During Welding Process

During two-robot coordinated welding process, the clamping robot is used to move
the welding points to the desired orientation which is suited to get better welding
quality. To make the welding torch keep a certain orientation during welding

Fig. 1 Two-robot coordinated system
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process, the welding robot is expected to move the welding torch considering the
relative orientation between welding points and torch. In addition, there are motion
constraints between welding torch and the welding points to ensure that the welding
process is stable [7]. Since the depth of the welding puddle which is changed by
gravity action greatly influences weld-forming, a desirable welding is downhand
welding which means the welding direction of the seam should against the direction
of gravity in every moment. What’s more, two-robot coordinated welding station is
a system with redundant degree of freedom. To resolve the redundancy, some
additional conditions are provided.

(1) The Z-axis of welding points coordinate system and the Z-axis of clamping
robot base coordinate system should be in the same direction. Beside, the
X-axis of welding points coordinate system and the Y-axis of clamping robot
base coordinate system should be in the same direction. This is used to define
the welding points orientation in world coordinate system.

(2) To reduce energy using of clamping robot during positioning, the relative
position between workpiece centre and clamping robot base coordinate system
origin remain unchanged.

Form the first condition, the orientation of welding points in clamping robot base
coordinate system which means the rotational matrix of R1Tp is given by:

Rp ¼
0 �1 0
1 0 0
0 0 1

2
4

3
5 ð6Þ

According to Eq. 2, it can be obtained that:

Pp ¼ Ru � PþPu ð7Þ

As show in Fig. 2, Pp represents the welding points position vector in world
coordinate system, Ru represents the rotational matrix from workpiece coordinate
system to world coordinate system, P represents the welding points position vector
in workpiece coordinate system, Pu represents the origin position vector of

Fig. 2 The position of
welding points
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workpiece coordinate system in world coordinate system. Form the second con-
dition, it is easy to know Pu is a constant vector. With Eqs. 6 and 7, the trans-
formation matrix from welding points coordinate system to world coordinate
system R1Tp can be described as:

R1Tp ¼ Rp Pp

0 1

� �
ð8Þ

Now that R1Tp is obtained, as long as the orientation of the points to be welded is
certain, the transformation matrix form the clamping robot base coordinate system
to end-effector coordinate system R1TE1 can be obtained by Eq. 4. Then, the six
joint displacements of clamping robot can be calculated by inverse kinematics [8].

For welding robot, the relative orientation between torch and welding points
should not be changed during welding task. This working orientation is determined
by tilting angle, deflecting angle and drifting angle in the actual welding operation.
Instead of discussing these welding technology, this paper defines the relative
orientation between torch and welding points as follow: the X-axis of torch coor-
dinate system and the X-axis of welding points coordinate system should be in the
same direction; the Z-axis of torch coordinate system and the Z-axis of welding
points coordinate system should be in the opposite direction. With this definition,
the transformation matrix from welding torch coordinate system to welding points
coordinate system T2Tp can be described as:

T2Tp ¼
1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 1

2
664

3
775 ð9Þ

Now that R1Tp and
T2Tp is obtained, the transformation matrix form the welding

robot base coordinate system to end-effector coordinate system R2TE2 can be
obtained by Eq. 5. Then, the six joint displacements of welding robot can be
calculated by inverse kinematics.

4 Establishment of Two-Robot Coordinated Simulation
Platform

The robot models used in this paper are MOTOMAN-MH12, which is a multi-joint
robot with 6 degree of freedom. Its D-H parameters are listed in Table 1.

Based on the environment of VC++6.0 and OpenGL, a 3D visualization simu-
lation platform for two-robot coordinated motion is established. An OpenGL
application which is used to read into and display the solid model built by
SolidWorks is developed. The orientation of robot links are changing during
simulation process, and the model of robot links are unchanged. To improve the
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drawing efficiency, display list function of OpenGL is used. With this function, the
property of robot links are saved, so that it only need to assign the position and
orientation of model instead of rendering the whole graphic afresh. The steps of
kinematics simulation are as follows:

(1) Building the interface of OpenGL and Windows graphic based on VC++6.0,
and setting up the drawing environment of OpenGL. After that, an OpenGL
programming using VC++ is realized.

(2) Establishing the 3D models of robot links and system parts by SolidWorks,
and saving the models as STL documents.

(3) Importing the STL documents into OpenGL, and assembling each part into a
whole by scaling, translating, rotating and so on.

(4) Realizing the actuation and simulation of the models according to the results
of kinematics planning.

5 Motion Simulation for Intersecting Line

To verify kinematics analysis and trajectory planning of two-robot coordinated
welding, here takes the intersection curve seam of two cylinder for example. The
intersection curve seam to be welded is shown in Fig. 3. R represents the radius of
horizontal cylinder, r represents the radius of vertical cylinder, Ou-XuYuZu indicates
workpiece coordinate system, O-XYZ indicates welding points coordinate system.
The equation of intersection curve can be expressed as:

x ¼ r � cos h
y ¼ r � sin h

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2 � sin2 h

p

8<
: ð10Þ

To meet the requirement that welding speed V0 is constant, the arc length dS ðhÞ
which is welding torch through in each interpolation cycle T should be the same.
Thus,

Table 1 D-H parameters of
MOTOMAN-MH12 robot

Joint h/(rad) d/(m) a/(m) a/(rad)

1 h1 0.45 0 0

2 h2 0 0.155 1.570796

3 h3 0 0.614 0

4 h4 0.64 0.2 1.570796

5 h5 0 0 1.570796

6 h6 −0.6002 0 1.570796
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V0 ¼ dSðhÞ
dt

¼ dSðhÞ
dh

� _h ð11Þ

According to the equation of intersection curve in Eq. 10, the arc length dif-
ferential can be obtained:

dSðhÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr � cos hÞ2 þðr � sin hÞ2 þð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2 � sin2 h

p
Þ2

q
� dh ð12Þ

With Eqs. 11 and 12, it is known that:

_h ¼ V0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr � cos hÞ2 þðr � sin hÞ2 þð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2 � sin2 h

p
Þ2

q ð13Þ

So the displacements of angle in each interpolation cycle is:

Dh ¼ V0 � DTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr � cos hÞ2 þðr � sin hÞ2 þð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2 � sin2 h

p
Þ2

q ð14Þ

Thus, the angle of each welding points can be calculated by:

h ¼ h0 þ V0 � DTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr � cos hÞ2 þðr � sin hÞ2 þð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2 � sin2 h

p
Þ2

q ð15Þ

Fig. 3 The workpiece to be
welded
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The position vector of welding points on intersection curve is expressed as:
~p ¼ ðx; y; zÞ. The welding points coordinate system is defined as: the X-axis is the
tangential direction of welding seam, the Z-axis is the angle bisector direction of
two cylinder external normal line, the Y-axis is multiplication cross by X-axis to
Z-axis. It is easy to know the tangent vector of welding seam is:

~s ¼ ðx0; y0; z0Þ ¼ �r � sin h; r � cos h;�r2 � sin h � cos hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2 � sin2 h

p
� �

ð16Þ

So the X-axis unit vector of welding points coordinate system is: ~u ¼ ~s
~sj j. For

horizontal cylinder, the external normal line direction of any point on intersection
curve is:

~n1 ¼ ð2x; 2y; 0Þ ¼ ð2r � cos h; 2r � sin h; 0Þ ð17Þ

For vertical cylinder, the external normal line direction of any point on inter-
section curve is:

~n2 ¼ ð0; 2y; 2zÞ ¼ ð0; 2r � sin h; 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � r2 � sin2 h

p
Þ ð18Þ

The angle bisector direction of two cylinder external normal line is:~n ¼~n1 þ~n2.
So, the Z-axis unit vector of welding points coordinate system is: ~w ¼ ~n

~nj j. The
Y-axis unit vector of welding points coordinate system is the cross product of ~w and
~u: ~v ¼ ~w�~u. Substituting the angle calculated by Eq. 15 into Eqs. 16–18, the
transformation matrix form welding points coordinate system to workpiece coor-
dinate system is expressed as:

uTp ¼ ~u ~v ~w ~p
0 0 0 1

� �
ð19Þ

During simulation process, the following parameters are setting as: R = 0.1 m,
r = 0.05 m, v0 = 0.04 m/s, T = 0.05 s. The position vector of workpiece coordinate
system origin is assigned as:

Pu ¼
1:2
0
0:3

2
4

3
5 ð20Þ

In addition, it is known that:

E1TT1 ¼
1 0 0 0
0 1 0 0
0 0 1 0:163
0 0 0 1

2
664

3
775 ð21Þ
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T1Tu ¼
1 0 0 0
0 1 0 0
0 0 1 0:333
0 0 0 1

2
664

3
775 ð22Þ

E2TT2 ¼
0:819 0 �0:574 �0:12
0 �1 0 0

�0:574 0 �0:819 0:496
0 0 0 1

2
664

3
775 ð23Þ

When Eqs. 1–23 are obtained, the six joint displacements of clamping robot and
welding robot can be calculated respectively, then the models can be actuated and
the motion simulation is realized.

The simulation process of two-robot coordinated welding for intersection line is
shown in Fig. 4. View form the simulation process, the clamping robot and the
welding robot are keep good fit while meeting the requirement of downhand
welding at anytime, and the welding process is uniform and stable without collision.
View form Figs. 5 and 6, the end-effector trajectories of clamping robot and
welding robot are both continuous and closed spatial curve, and the relative tra-
jectories of two-robot is absolutely intersection line. Figures 7 and 8 revealed that
all the joint angle displacements are within robot working scope, and the six joints
angle displacements curves are smooth.

Fig. 4 Simulation of
two-robot coordinated
welding
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Fig. 5 End-effector trajectories of clamping robot

Fig. 6 End-effector trajectories of welding robot

Fig. 7 Joints angle displacements of clamping robot
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6 Conclusions

This paper gives kinematics analysis of two-robot coordinated welding system, and
proposes a method of two-robot coordinated trajectory planning which take
downhand welding as the best welding position. Then, a simulation platform which
is based on OpenGL and VC++ is established and a coordinated welding simulation
of an intersecting line is given. Form the results of motion simulation, it can be
concluded that the welding task of spatial complex curve seam is implemented by
two-robot coordinated motion. The results of simulation win great satisfaction, so
the kinematics analysis and the method of trajectory planning are verified.
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Development of Industrial Robot Teach
Pendant Based on WinCE

Nianfeng Wang, Feiyue Zhang and Xianmin Zhang

Abstract This paper develops a kind of teach pendant based on embedded oper-
ating system Windows CE 6.0. Firstly, modular system structure is described based
on the analysis of the basic functions of teaching system. Secondly, taking
embedded computer as main controller, the human-machine interface is designed in
MFC of Visual C++. After that, the key-press and touch screen are selected as input
devices. By touching the screen or pressing the button, user can sends functional
commands to robot control system. Finally, the communication between teach
pendant and host computer are carried out with Ethernet. Through testing, the
design of teach pendant meets the requirements of six degrees of freedom industrial
robot.

Keywords Teach pendant � Embedded computer � Ethernet communication

1 Introduction

Most industrial robots are programmed by teach-and-playback method because of
its high repeatability positioning accuracy [1, 2]. As a tool of teaching program-
ming, teach pendant has been an important part of the industrial robot control
system. A teach pendant is a handheld device which is used with a robot controller
to move, program, and run industrial robots. The user conveys the desired com-
mands to robot controller and moves robot end-effector to the target positions
though operating teach pendant. Robot controller records the corresponding joint
angles in memory, then reads the memory and uses it for playback [3]. In addition,
with teach pendant, the user can sets robot parameters, views position information,
gets running status and alarm messages.
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Generally, the research and design of teach pendant is completed by robot
manufacturers and different corporations product various teach pendant. Therefore,
the teach pendant and the program language are usually not exchangeable between
different robots. With the increasing number of industrial robot, there are higher
requirements of extending teach pendant for user [4]. To tackle this problem, it’s a
great significance to develop a kind of teach pendant for serial robot with simple
operation, low cost and open source. Since the performance of teach pendant have a
great impact on robot control system, a teach pendant should provides friendly
human-machine interface and simple control method for user.

This paper designs and implements an open-sourced teach pendant for robot
control system which is developed by laboratory. Based on the analysis of the basic
functions of teach pendant, the implementation is divided into four modules which
are System Monitoring, System Setting, Task Management, and Teaching Module
respectively. Taking embedded computer as main controller, the development of
teach system is based on Windows CE 6.0 operating system. The standard hardware
devices are selected and the hardware platform of teaching system is established.
Then the overall layout of the key-press is designed and the friendly
human-machine interface is designed in MFC of Visual C++. After that the com-
munication protocol between the teach pendant and the controller is realized by
Ethernet. Periodic data and non-periodic data are exchange between teach pendant
and host computer stable. Finally, the teach pendant has been tested on a six
degrees of freedom industrial robot to verify the satisfaction of design requirements.

2 The Structure of Teach Pendant

A teach pendant is a handheld device for controlling a robot, it can perform basic
functions such as manual control, teaching programming, executing robot pro-
grams, and halting robot in an emergency. The user can conveys commands to the
end-effector and pauses or repeats the subtasks of whole operation. The two way
communication between teach pendant and the controller provides a real time
feedback data with detailed monitoring. A teach pendant is normally consists of
main controller, display device, keyboard, enable switch and emergency stop
switch.

2.1 Basic Functions of Teach System

As shown in Fig. 1, the expected functions of a teaching system are divided into the
following four functional modules: Teaching Module, Task Management, System
Setting and System Monitoring.

Teaching Module is used for teaching programming. During the process of
teaching programming, the trajectory are divided into a series of characteristic
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points according to the task requirements. The user controls robot to move to these
characteristic points, and the control system gets the position messages. Apart from
motion controlling of robot manually, teaching module is also used to provide
interpolation methods and running speeds to achieve robot motion. Robot control
system saves these messages as teaching programs and executes the programs by
playback. Thus, the teaching partition should be included the functions of manual
motion control and teaching program edition.

Task Management is used to manage the teaching program documents, including
the functions of open a new document, open an existing document, save a docu-
ment, delete a document. In addition, teaching programs are able to transfer to
different devices which means personal PC can edit teaching programs and the
programs of teach pendant are able to save to external devices.

System Setting is used to setup some parameters of control system such as
position limitation, speed limitation, user password, and so on. What’s more, the
emergency stop button on robot teach pendant is the primary safety device of
industrial robots. To make a convenient for user, enabling and emergency stop
device are supposed to realize in teaching system.

Fig. 1 Functions of teaching system
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System Monitoring is used to supervise the running status of robot control
system, provide real-time information of robot position, speed, I/O status, and
receive warming messages when robot control system break down. The I/O of the
system consists of ac/dc inputs or outputs. Therefore, voltage or current are con-
verted to control signals through the use of motion control card.

2.2 Structure of Teach Pendant

The relation between robot controller and teach pendant is host and slave computer,
teach pendant is slave computer and robot controller is host computer. As slave
computer, teach pendant consists of main controller, power module, input module,
display module, communication module.

As the core of teaching system, main controller keep each module work coor-
dinated, its functions mainly included responses input messages, gets the status of
host computer, and transfers data bidirectionally. Main controller requires rapid
data processing rate, convenient for redeveloping and small volume [5, 6].
Embedded computer can customize the operating system according to the devel-
opment requirements, and it has good expansibility with different programming
software. With standard interfaces and power module, using embedded computer
would reduce the development difficulty and shorten developing period, so that the
developer can focus on developing teaching system software. Based on these
analysis, an embedded computer is used as main controller of teach pendant.

The input mode of teach pendant is mainly included key-press and touch screen.
Input by pressing the key makes the operation more efficiency since all the func-
tions are realized through the key instead of switching user interface. Input by
touching the screen is more visual since it is easy to develop drag-and-drop com-
mands. The teaching system developed in this paper is input by the combination of
key-press and touch screen. For functional commands such as motion control and
programs execution, user can sends the commands by pressing the key directly,
which is more convenient and efficient. For non-functional commands such as setup
parameters and program edition, it is simplifying the programming procedures and
reducing the efforts in operation by touching the screen.

The communication between teach pendant and host computer is strict with the
transfer speed and stability. Therefore, reliable communication and fast response
speed are required for teaching system. Currently, the communication is mostly
carried out with serial port, Ethernet or wireless. With standard Ethernet interface,
embedded computer has the capability of creating sockets for communication, so it
is easy to connect with other devices on same network. Take the advantages of
TCP/UDP protocol, such as wide range application and high transmission speed,
it’s easy and fast to realize communication functions through Ethernet.

Based on these analysis, the design of teach pendant structure is shown in Fig. 2.
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3 Hardware of Teach Pendant

With high performance of graphic engine, the embedded computer adopted in teach
pendant is expected to meet higher requirements of performance and rapid pro-
cessing rate. The embedded computer has a core hardware of ARM Cortex-A8 with
1 GHz dominant frequency. With the hardware headers interface such as GPIO,
RAM, NandFlash, USB and Ethernet, embedded computer is enough for user to
develop. In addition, embedded computer provides standard operating system
facilities such as LCD output device and power module. The power module con-
verts the power from the control cabinet to core board and LCD.

The embedded Operating System is customizable, portable, real time and low
resources occupation. The core of Windows CE 6.0 system is customized, operating
system image file is made, and the SDK used to debug MFC application is derived.
Customizing Windows CE 6.0 according to the requirements of teaching system
would reduce system expenditure and improve the running rate and real time of
system.

The emergency stop device is the primary safety device of industrial robots.
Considering the safety of operation, enable and emergency stop device are realized
in teaching system. Two three-position enabling switches are located on the place
where user touches the teach pendant. It requires the user turns on the switch while
controlling robot, otherwise the robot won’t move. The emergency stop device
would cut the power supply of servo motor and stop the machine when emergency
occur. Safety signals from enabling switch and emergency stop switch are sent to
linking module through electric cable. The design of linking module is shown in
Fig. 3. As input devices, touch screen and membrane buttons are accessible to user.
The membrane buttons are divided into the partitions of interface switch keys,

Fig. 2 Design of teach pendant structure
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common function hotkeys and motion control keys. The appearance of teach
pendant is shown in Fig. 4.

4 Design of Human-Machine Interface

The interaction between user and teach pendant is realized by the functions of input
and display devices. By touching the screen or pressing the button, user can sends
commands to robot control system. There are functional input such as motion
control, teach program execution, menu selection, speed level selection, and
non-functional input such as program edition, documents naming, motion

Fig. 3 Linking module of teach pendant
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command selection, speed setup. For functional input, user sends the function
commands by pressing the key directly. For non-functional input, user sends the
commands by touching MFC button and visual keyboard. The display information
are shown in software application interface. Based on graphic engine and MFC, the
application interface of teach pendant is developed by Microsoft Visual Studio
2005.

4.1 Display Interface

According to the functions of teaching system, the basic interface is divided into
seven menus, which included Program, I/O, Robot, Storage, Setting, System
Information and Jog. The interface of Program included the submenus of Program
Selection and Program Content. Program Selection shows all teaching program files
in a list which included the information of file name and modified date. Files in the
list can be selected by touching the screen or pressing the direction key. Program
Content, which included the functions of inserting a new motion command and
setup motion speed, is used to edit teaching programs. Different type of motion
commands are switched by touching screen, and the speed value is input by virtual
numeric keyboard. I/O is used to control and display system input and output status.
User can converts the signals of ON/OFF to robot controller through pressing the
MFC buttons. Robot is used to show the position messages of robot end-effector in
real time. Storage is used to save, copy, backup and transfer teaching program files.
Setting is used to setup control system parameters such as limitation of speed and
position, user password. System Information is used to show the messages of
system hardware version, running status, running speed and alarm messages. Jog is
a manual control interface. It is mainly included the functions of single axis control,

Fig. 4 Appearance of teach pendant
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jog speed level choice, return of origin position, switch of joint space to Cartesian
space. The software interface is shown in Fig. 5.

4.2 Layout of Membrane Buttons

The membrane buttons are divided into the partitions of interface switch keys,
common function hotkeys and motion control keys. Each membrane button has
special key value. When pressing a button, teaching system gets key value and
responses to commands according to key value. Seven interface switch keys are
located on the left side of teach pendant operation panel. It is correspond to seven
basic interfaces, and pressing one of them would enter corresponding interface.
Common function hotkeys are located on downside, and its functions change
according to current display interface. For example, when entering Program
Content, its functions turn into inert a new motion command, run the program and
so on; when entering Storage, its functions turn into copy, backup a teaching
program and so on. Motion control keys are located on right side. User can controls

  (a) Program Selection (b) Program Content

 (c) Jog

Fig. 5 Software interface

256 N. Wang et al.



the robot by giving the commands of moving in X, Y, Z, RX, RY, RZ direction or
S, L, U, R, B, T joint. Each time the user presses the keys, the related command is
sent to the robot end-effector to take an incremental step in the relative direction.
And there are keys used to run or stop a teach programs, return the robot to origin
position and switch joint space to Cartesian space.

5 Communication with Host Computer

The communication between teach pendant and host computer is precondition of
the whole control system running stability. Teach pendant exchanges data with host
computer frequently through two way communication. The module of interface
sends commands to robot controller and receives feedback from host computer.
Host computer receives the commands form teach pendant and provides the data
such as robot position, system running status and warning messages for teach
pendant. Teach pendant and host computer are connected by network cable and
communicated by Ethernet. The process of communication adopts server-client
mode, and host computer is a server, teach pendant is a client. Teach pendant with
fewer resource calling for host computer which has abundant resource, and host
computer responses to teach pendant after received the asking. There are periodic
data and non-periodic data during data transfer process. Non-periodic data which is
sent by pressing a functional key is mainly included system parameters, I/O status,
commands of motion control. Periodic data, which is updated by host computer and
sent to teach pendant in real time, is mainly included robot position, running speed,
running status and alarm messages. Since most transfer data are periodic data which
have high requirements of real-time during communication, UDP protocol without
connected, data confirmed and retransfer is selected as the protocol of Ethernet
communication [7].

As shown in Fig. 6, the step of communicate with UDP protocol is described as
follow:

1. Use socket() to establish an UDP socket, the second parameter is
SOCK_DGRAM;

2. Initialize the value of sockaddr_in structure;
3. Use bind() to bind the IP and ports of socket;
4. Enter an infinite loop program, use sendto() and recvform() to send or receive

data.

After create sockets for communication, it need to package and resolve transfer
data. Figure 7 shows the structure of data frame. Periodic data is arranged one by
one and saved in a transferring char which would send from host computer to teach
pendant all the time until the host computer received a non-periodic data. When
teach pendant receive a periodic data, it would assignment them to corresponding
parameters and then display them. Non-periodic data is added a command type as
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an identifier in front of data value. When user presses a functional key, teach
pendant sends a non-periodic data to host computer according to the key value.
Host computer receives a non-periodic data, then executes special function
according to the identifier.

6 Test of Teach Pendant

Based on laboratory self-developed six axis robot, test the performance of teach
pendant. The test platform is shown in Fig. 8. First, connect the teach pendant and
robot control cabinet by electric cable and network cable. Then, turn on the teach
pendant and host computer, and setup the IP address. Pressing the key on left side,
found that the display and switch of every interface is normal which proved the
design of human-machine interface is good. Entering the Jog interface, push enable
device, press the key to control single axis motion found that every joint is move
according to the command. When press emergency stop device, the robot stop

Fig. 7 Structure of data
frame

Fig. 6 UDP protocol
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moving. Switch to Robot interface after finished single axis control, the robot
position of joint space and Cartesian space are display correctly. Form the test
results, the hardware devices of teach pendant are running well, the interfaces are
display fluent, and the communication between teach pendant and host computer
are working stable.

7 Conclusions

Aiming at robot control system designed by laboratory, this paper develops a kind
of teach pendant based on embedded operating system WinCE. Based on the
analysis of the basic functions of the teach pendant, teaching system are divided
into Teaching Module, Task Management, System Setting and System Monitoring.
The hardware devices are selected and the hardware platform of teaching system is
established. The human-machine Interface is designed in MFC of Visual C++. The
key-press and touch screen are selected as input devices. The communication
protocol between the teach pendant and the controller is realized by Ethernet. The
teach pendant has been tested to verify the satisfaction of the design requirements.
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On the Output Motion of PMSM Driving
a Planar Underactuated 2R Manipulator

Jin Xie, Shicong Zhang and Zhaohui Liu

Abstract In this paper, a PMSM is connected to a planar underactuated 2R
manipulator. Both two systems are nonlinear dynamic systems. It is deserted to
learn the influence of coupling of nonlinear systems on the motion of the system.
The coupling dynamic model is established, and simulation is carried out. The
result shows that the coupling of nonlinear dynamic system certainly makes the
bifurcation point changed, and even more disappeared. In addition to this, the
coupling of nonlinear system intensifies the chaotic motion.

Keywords Nonlinear dynamics � PMSM � Planer underactuated 2R manipulator �
Chaos controlling

1 Introduction

Planar underactuated 2R manipulator exhibits abundant nonlinear phenomenon,
such as periodic motion and chaotic motion [1–3]. Lots of methods have been
proposed to control the chaotic motion [4–6]. However, all these methods addressed
the motion of two links without consideration of the actuator.

It is natural to think controlling the motion of the 2R manipulator with a per-
manent magnet synchronous motor (PMSM) for its high efficiency and perfor-
mance, low noise and robustness. The dynamic model of PMSM is also a nonlinear
system [7–10].

In this paper, the output shaft of PMSM is connected to the first joint of the
manipulator directly forming an electro-mechanical system. The coupling of two

J. Xie (&) � Z. Liu
School of Mechanical Engineering, Southwest Jiaotong University,
Chengdu 610031, People’s Republic of China
e-mail: xj_6302@263.net

S. Zhang
Patient Examination Cooperation Sichuan Center of the Patinet Office,
Chengdu 610213, People’s Republic of China

© Springer Nature Singapore Pte Ltd. 2017
X. Zhang et al. (eds.), Mechanism and Machine Science,
Lecture Notes in Electrical Engineering 408,
DOI 10.1007/978-981-10-2875-5_22

261



nonlinear systems results in a more complicated dynamic system and the output
motion of PMSM is affected not only by the parameters of the motor but the
parameters of the manipulator as well. On the other hand, the output motion of
PMSM will determine the motion state of the manipulator.

This paper focuses on the influence of coupling between the motor and the
manipulator on the output motion of the motor. This problem is of paramount valve
from the viewpoint of controlling chaos of 2R underactuated manipulator. The rest
of this paper is organized as follows. Firstly, the dynamic characteristic of PMSM is
discussed in Sect. 2. Then, following the establishment of the dynamic model of
PMSM coupling with the manipulator, the impact of the parameters of the
manipulator on the output motion of PMSM is analyzed in Sect. 3, and finally the
conclusions are presented in Sect. 4.

2 Dynamic Analysis of PMSM

In this section, the dynamic model of PMSM is established, and simulation is
carried out. With the results of simulation, it is shown that the output motion of
PMSM may be chaotic or periodic dependent on the parameters of the motor.

2.1 The Dynamic Model of PMSM

The structure of PMSM and its equivalent circuit are shown in Fig. 1.
In the equivalent circuit of PMSM (Fig. 1b), Rs is the stator resistance, L is the

inductance, i is the current, U is the supplied voltage and E is the back electro-
motive force. Assuming there is one pole-pair and air-gap field is well-distributed,
we have following equations in the d, q rotating reference frames [11]

(a) structure of PMSM (b) equivalent circuit of PMSM

Fig. 1 The structure and equivalent circuit of PMSM
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Ud ¼ Rsid þ did
dt

L� xLiq

Uq ¼ Rsiq þ diq
dt

L� xLid � xW
ð1Þ

where x is the output angular velocity of PMSM, W is permanent magnet flux.
The condition of moment balance of output shaft gives

Wiq ¼ TL þ J
dx
dt

þBx ð2Þ

where TL is load torque, J is rotary inertia of the rotor, and B is damping coefficient.
Combining Eq. (1) with Eq. (2) yields the mathematic model of PMSM in the

form

did
dt

¼ ðUd � Rsid þxLiqÞ=L
diq
dt

¼ ðUq � Rsiq � xLid þxWÞ=L
dx
dt

¼ ðWiq � TL � BxÞ=J

ð3Þ

Let

s ¼ L
Rs

; t ¼ ŝt; k ¼ B
sW

; c ¼ w
kL

; r ¼ Bs
J
; id ¼ kx1;

iq ¼ kx2;x ¼ x3
s
; Ûd ¼ Ud

kRs
; Ûq ¼ Uq

kRs
; T̂L ¼ s2TL

J
:

The dimensionless dynamic equation of PMSM can be written as

dx1
dt̂

¼ Ûd � x1 þ x2x3

dx2
dt̂

¼ Ûq � x2 � x1x3 þ cx3

dx3
dt̂

¼ rðx2 � x3Þ � T̂L

ð4Þ

2.2 The Output Angular Velocity of PMSM When T̂L ¼ 0

There are five parameters in Eq. (4), they are Ûd ; Ûq; T̂L; r; c. It is well known that
any variation of these parameters will lead to a change in the state of output motion
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of PMSM. In this paper, we randomly chose parameter c to represent the rela-
tionship between the parameter of the system and the output angular velocity of
PMSM, x. For other parameters, the method of analysis is along the similar lines.

In this subsection, we investigate the case in which T̂L ¼ 0, i.e. the output shaft
of PMSM is not connected to any device, so, there no exist any load. The simu-
lation is carried out utilizing MATLAB with parameters Ûd ¼ 2; Ûq ¼ 2; r ¼
10; s ¼ 15; J ¼ 0:15, and the initial condition x1 ¼ x2 ¼ x3 ¼ 0:1.

The outcomes of simulation are plotted in the ðc;xÞ-plane, so-called bifurcation
diagram, as shown in Fig. 2.

From Fig. 2, it can be seen that there are many bifurcation values at which the
change of the motion state will appear. The lowest bifurcation value in Fig. 2 is
23.75 at which the output motion of PMSM transits from periodic motion into
chaotic motion. Additionally, the span of output angular velocity varies with respect
to the parameter c. For example, the span is from −13.33 to 56.66 when c ¼ 400.

3 Dynamic Analysis of PMSM Driving Planar
Underactuated 2R Manipulator

In this section, we connect PMSM with a planar underactuated 2R manipulator
directly, as shown in Fig. 3.

We firstly establish the dynamic model of planar underactuated 2R manipulator.
Then, couple it with the dynamic model of PMSM to form the dynamic model for

Fig. 2 Bifurcation diagram of output motion of PMSM

264 J. Xie et al.



the whole system. Simulation is carried out in order to know how the coupling of
two systems affects the output motion of PMSM.

3.1 The Dynamic Model of Planar Underactuated 2R
Manipulator

As shown in Fig. 3b, the 2R manipulator possesses two degree of freedom. As joint
O is connected to the output shaft of PMSM and joint A is free of actuation, known
as passive joint, the manipulator is underactuated.

l1; l2 denote the lengths of Link 1 and Link 2, and m1; m2 denote the mass of
Link 1 and Link 2 respectively. We assume that both links are rectangular solid of
homogeneous density, the damping coefficient at joints O and A is CP, and TL is the
driving toque provided by PMSM.

We construct the dynamic equation for the 2R manipulator with Lagrangian
formulation [12].

The difference between the kinetic and potential energy of the system, known as
Lagrangian, can be expressed as

L ¼ 1
2
½ð1
3
m1 þm2Þl21 _a2 þ

1
3
m2l

2
2
_b2 þm2l1l2cosða� bÞ _a _b�

þ 1
2
m1gl1cosaþm2gðl1cosaþ 1

2
l2cosbÞ

ð5Þ

(a) connecting PMSM with planar 
underactuated 2R manipulator

(b) schematic diagram of planar 
underactuated 2R manipulator

Fig. 3 PMSM driving the planar underactuated 2R manipulator

On the Output Motion of PMSM Driving … 265



At joint O, the actuator torque is TL � Cp _a, and at joint A, it is �Cp
_b. After the

substituting Lagrangian, L, and the actuator torques into Lagrangian formulation,
the equations of motion for the planar underactuated 2R manipulator are then given
by

ð1
3
m1 þm2Þl21€aþ

1
2
m2l1l2cosða� bÞ€b þ 1

2
m2l1l2 _b

2sinða� bÞ

þ 1
2
m1gl1sinaþm2gl1sina� TL þCP _a ¼ 0

1
3
m2l

2
2
€bþ 1

2
m2l1l2cosða� bÞ€a� 1

2
m2l1l2 _a

2sinða� bÞ

þ 1
2
m2gl2sinbþCP

_b ¼ 0

ð6Þ

3.2 Coupling Between PMSM and the Manipulator

In our case, the PMSM is connected with the manipulator by the output shaft of
PMSM. So, the output angular velocity of PMSM is the input angular velocity of
the manipulator, and the load torque of PMSM is the actuate torque of the
manipulator. For simplify, the TL is written as m2g½l1 þ l2sinb=2� without taking the
influence of the angular velocity _b into account for the reason that it is too small
compared with influence of oher parameters.

For the purpose of consecution, let x4 ¼ b; x5 ¼ db
dt̂ ; x6 ¼ fx3̂t. Combining

Eq. (6) with Eq. (4) yields the following result:

dx1
dt̂

¼ Ûd � x1 þ x2x3

dx2
dt̂

¼ Ûq � x2 � x1x3 þ cx3

dx3
dt̂

¼ rðx2 � x3Þ � T̂L

dx4
dt̂

¼ x5

dx5
dt̂

¼ � 3l1
2l2

cosðx6 � x4Þ½rðx2 � x3Þ � s2

J
TL� þ 3l1

2l2
x23sinðx6 � x4Þ

� 3gs2

2l2
sinx4 � 3Cps

m2l22
x5

dx6
dt̂

¼ fx3

ð7Þ
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3.3 The Output Motion of PMSM in the Coupling System

As foregoing discussion, both the model of PMSM and the manipulator are non-
linear dynamic system. Integrating two such systems into one system creates a more
complicated system. What we are interest in is how the output motion of PMSM is
changed. To this end, we take the same parameters of PMSM as in Sect. 2, and set
some parameters of the manipulator, l2 ¼ 1:5m;Cp ¼ 0:05; f ¼ 0:75, to carry out
the simulation. The bifurcation diagrams for different lengths of Link 1 are shown
in Fig. 4.

In Fig. 4a, it is hard to find the bifurcation value, but in Fig. 4b, c, the bifur-
cation values are obvious, they are almost 60. Additionally, the spans of output
angular velocity of PMSM are larger than that shown in Fig. 2, when c ¼ 400, the
span is from −22.73 to 54.54 as l1 ¼ 0:8m, from −31.81 to 54.54 as l1 ¼ 2:42m,
and from −30.95 to 52.38 as l1 ¼ 2:6m. The motion is the more chaotic, the lager
the span is.

(a) ml 8.01 = (b) ml 2. 241 =

(c) ml 6.21 =

Fig. 4 Bifurcation diagram of output motion of PMSM in the coupling system
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4 Conclusions

In this paper, two nonlinear dynamic systems, PMSM and planar underactuated 2R
manipulator, are coupled. The outcome of simulation provides a real insight into
such a complicated system.

Bifurcation point or bifurcation value plays an important role in controlling the
chaos. With it, one can change the motion state from chaotic into periodic, or
reversely, especially in the case when the motion is controllable, such as the system
is driven by PMSM. While, the results of our study shows that the coupling of
nonlinear dynamic system certainly makes the bifurcation point changed, and even
more disappeared. So, it is possible to design a planar underactuated 2R manipu-
lator driven by PMSM to generate or eliminate chaotic motion completely.

The coupling of nonlinear system intensifies the chaotic motion. This reveals a
general rule for coupling of nonlinear system.

It should be noted that the conclusions drawn here are based on the results of
simulation, theoretical and experimental certifications should be addressed in the
future research.
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Fixed-Wing UAV Path Planning
in a Dynamic Environment via Dynamic
RRT Algorithm

Liang Lu, Chengxing Zong, Xinyu Lei, Bozhi Chen and Ping Zhao

Abstract This paper proposed a dynamic RRT algorithm that applied to
fixed-wing UAV’s path planning in dynamic three-dimensional environment. The
tree structure of the dynamic RRT algorithm was expanded by adopting the con-
straint equations to satisfy fixed-wing UAV’s actual dynamic constrains. In order to
avoid collision with dynamic obstacles, corresponding locations of dynamic
obstacles in the time of each step are considered in the algorithm. Also, B-spline
was also used to interpolate the resulting optimal path for fixed-wing UAV. As a
result, the algorithm could generate a smooth path that satisfy UAV’s dynamic
constrains in the three-dimensional environment with static and/or dynamic
obstacles. The simulation results showed the effectiveness of proposed dynamic
RRT algorithm, indicating that it could be applied to fixed-wing UAV’s path
planning in dynamic three-dimensional environment.

Keywords Path planning � Dynamic RRT � Fixed-Wing UAV � Dynamic obstacle
avoidance

L. Lu � C. Zong � X. Lei � B. Chen � P. Zhao (&)
Department of Mechanical Engineering, Hefei University of Technology, Hefei 230009,
China
e-mail: ping.zhao@hfut.edu.cn

L. Lu
e-mail: luliang92@mail.hfut.edu.cn

C. Zong
e-mail: 365717252@qq.com

X. Lei
e-mail: 1366118630@qq.com

B. Chen
e-mail: 1094532501@qq.com

© Springer Nature Singapore Pte Ltd. 2017
X. Zhang et al. (eds.), Mechanism and Machine Science,
Lecture Notes in Electrical Engineering 408,
DOI 10.1007/978-981-10-2875-5_23

271



1 Introduction

In the area of mobile robots, path planning is to find an obstacle-free path from the
initial state to the goal state according to certain criteria in an environment with
obstacles [1]. In the recent years, numbers of new algorithms have been proposed in
the field of robotics, and a lot of effort is being expended on path planning [2, 3].
Especially, heuristic planning algorithms including A* [4, 5] and Dijkstra [6], and
simpling-based planning algorithms including probabilistic roadmaps (PRM) [7]
and rapidly exploring random trees (RRT) [8, 9] have been widely adopted to
produce collision free path for kinds of Mobile Robots. Particularly, among these
algorithms, most ones have been developed for application to Unmanned Aerial
Vehicle (UAV).

Lee et al. [10] proposed a spline-RRT*algorithm, which can produce a smooth
path without any post-processing and can also handle the initial approach direction
for the target UAV, but it cannot plan obstacle-free path in a dynamic environment.
A dynamic RRT path planning algorithm was proposed in [11], which was applied
in ALV (Automatic Land Vehicle). Yang et al. [12] use RRT algorithm to generate
a collision free path in unknown environments and MPC (Model Predictive
Control) to follow this path. All these above works have contributed to the path
planning of mobile robots. However, it might be too complex to plan a path in a
3-dimensional environment with dynamic obstacles that follows a prescribed
motion pattern. Unlike path planning in a environment with static obstacles, both
the positions of mobile robot and obstacles at this moment and the changing
environment at next moment should be considered in the algorithm. Based on the
work and problems mentioned, A dynamic RRT algorithm is proposed in this
paper, it plans a obstacle-free path for UAV successfully.

The paper is organized as follows: The path planning problem of a fixed-wing
UAV in a dynamic environment is introduced and formulated in Sect. 2. The
proposed algorithm is presented in Sect. 3. The results of the simulations for val-
idating the proposed algorithm are described in Sect. 4. Section 5 is the conclusion.

2 Problem Formulation

This section mainly describes the path planning problem we are solving in this
paper. First the mathematic model of fixed-wing UAV is introduced. Then the
working environment of the fixed-wing UAV is introduced and constructed, con-
sisting the fixed obstacles, dynamic obstacles and collision free space. At last, the
dynamic constraints of flight routes are also described, which include minimum
route leg length, maximum climbing/driving angle, maximum turning angle and
maximum flight distance.
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2.1 Mathematic Model of Fixed-Wing UAV

In order to simplify the algorithm, the UAV is regarded as a mass point and the
coordinates used by this paper are proposed as Fig. 1.

O1XYZ is earth fixed coordinate, O2xyz is carried normal earth fixed system. p1
and p2 are turning and climbing angles respectively. T is the direction of goal.

According to the coordinates, model expression of turning and climbing are
shown as follow. xr, yr, zr are relative displacements between UAV and destination
points.

p1 ¼ arctan
yr

xr þ zr

� �

p2 ¼ �arctan
zr
xr

� � ð1Þ

2.2 Environment Model

This paper proposes a path planning approach for a fixed-wing UAV in a dynamic
environment. As is shown in Fig. 2, the information of environment can be divided
into 3 parts. One is fixed obstacle space OBS, another is dynamic obstacle space
ROBS, which will move in the environment, following a prescribed motion. The
rest is collision free space FREE. In some situations, the shape of obstacles can be
very complicated, so we envelop these complicated obstacles with circles in
2-Dimensional space, and spheres in 3-dimensional space. In this way, the size of
obstacles would be larger, but it increases the safety of flying path and reduces the
complexity of algorithm.

Fig. 1 Coordinates
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After the establishment of environment model. we choose the start point and
goal point of target UAV according to different flying missions. Then the initial
direction of UAV is selected accordingly.

2.3 Flight Route’s Constraints of UAV

In order to complete flight mission successfully, the flight route must satisfy the dynamic
limitations of the fixed-wing UAV and mission scenario constraints. Particularly, dif-
ferent flight missions require different constraints on the resultant path. As is shown in
[4, 13, 14]. In this paper, we consider about minimum route leg length, maximum
driving/climbing angle, maximum turning angle and maximum flight distance.

• Minimum Route Leg Length Lmin: Due to the inertial of motion, aircraft will go
along the previous direction for a certain distance before initiating a turn. We
call it route leg length. Route leg length must larger than a minimum value so as
to decrease navigation error.

• Maximum Turning Angle hmax: For the aircraft, there is an instantaneous
maximum turning angle for the dynamic turning motion. In order to increase the
safety of flight routes, a sharp climbing/driving angle should be avoided. This
parameter is also referred as upper boundary limit of turning angle.

• Maximum Climbing/Driving Angle amax: The same definition as turning angle, there
is also a maximum climbing/driving angle in horizontal direction. It can be either
negative or positive, which is decided by aircraft’s moving direction. The aircraft
does not want to make sever turns in order to reduce the risk of collision. This
parameter is also referred as upper/lower boundary limit of Climbing/Driving Angle.

• Maximum Flight Distance Lmax: Length of flight route is limited by airborne fuel
or battery capacity. We call it maximum flight distance. The aircraft should
accomplish its task within the maximum range. As a result, we should make the
sum of every line-segment less or equal to the maximum flight distance.X

Li � Lmax: i ¼ 1; 2; 3; . . .; n� 1; n: ð2Þ

3 The Dynamic RRT Algorithm

This section describes the proposed dynamic RRT algorithm. The dynamic RRT
algorithm is aimed specifically at path planning for fixed-wing UAVs operating in
dynamic 3-dimentional environments. It can avoid dynamic obstacles which fol-
lows a certain prescribed motion because it is based on the dynamic RRT algorithm.
It also satisfies UAV’s dynamic limits like minimum route leg length, maximum
climbing/driving angle and maximum turning angle and other mission scenario
constraints like maximum flight distance.
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3.1 Algorithm Overview

Unlike static environments, there are dynamic obstacles which follows a prescribed
pattern of motion in dynamic environments. In order to avoid these dynamic
obstacles, the dynamic RRT algorithm considers both the UAV’s and dynamic
obstacles’ current locations over time. Then, it will generate a collision free path for
UAV according to these different locations in different time. When a point gener-
ated by RRT algorithm cannot satisfy UAV’s constraints of turning and
climbing/driving angle boundary limits, a new point that meets the above con-
straints is generated. Also, minimum route leg length and maximum flight distance
will be considered by the connection between adjacent points.

3.2 Algorithm 1: Dynamic RRT

This algorithm is programmed in MATLAB and the pseudo code for the proposed
algorithm is shown in Algorithm 1. Some important sub-functions and parameters
are described below.

Xs: Starting position of path planning task.
Xg: End position of path planning task.
Xn: Current position of UAV.
SL: Step size of this dynamic RRT algorithm. In order to satisfy UAV’s dynamic
constraints, we take Lmin as step size of this algorithm.
T: The time that UAV takes from Xs to Xn.
tree: The set of all points of Xn.
Xnode = Xnear(Xnode): Parent of the point Xnode.
climbing(Xnear,Xn) and turning(Xnear(Xnear),Xnear,Xn): These functions return
climbing angle and turning angle when UAV flies from Xnear to Xn. Climbing angle
is the included angle of the direction vector and the horizontal plane and turning
angle is the included angle of current path vector’s and last path vector’s projection
on a horizontal plane.
constraintsfeasible(amax,hmax): If the climbing angle or turning angle is larger than
maximum climbing angle or maximum turning angle. This function will find a new
point which can satisfy the above-mentioned constraints of angle. a and h can be
obtained by using the following equations.

anew ¼ �amax � p; h ¼ hmax � p; a� 0

anew ¼ amax � p; h ¼ hmax � p; a[ 0

�
p 2 ½0; 1�

ð3Þ
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findXn(Xnear(Xnear), Xnear, SL, a, h): This function obtains a new point which meets
UAV’s dynamic constraints by Xnear, SL, a and h. The following equations cal-
culate the new point Xn.

We assume that the parent of Xnear (Xnear(Xnear)), Xnear and Xn is [x1, y1, z1], [x2,
y2, z2] and [x, y, z].

x2 þ y2 þ z2 ¼ SL2
zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2 þ z2
p ¼ sin(aÞ

ðx�x1Þðx1�x2Þþ ðy�y1Þðy1�y2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx�x1Þ2 þðy�y1Þ2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1�x2Þ2 þðy1�y2Þ2

p ¼ cos(hÞ

8>><
>>: ð4Þ

The ways of collision checking of UAV and obstacles are described as follow.
As for static obstacles, the function select n points of the path between parent and
node. Once the distance between every selected point and centre of obstacles is
smaller than 1.5 times the radius of the obstacle spheres, the algorithm will treat it
as collision, and the flight from parent to node will be marked as infeasible. As for
dynamic obstacles, first their locations at each point of time is determined according
to their kinematical equations, then they are regarded as static obstacles at each
point of the time that UAV flies from parent to node. They will be checked as the
way of static obstacles at this point of time.

The procedure 1 finds a obstacle-free path in the given dynamic environment. It
creates the dynamic environment. In the algorithm, each obstacle is enveloped with
a sphere, which its center to be the coordinates of the obstacle’s geometric center,
and its radius to be the length between the furthest point on the obstacle to its
geometric center. Then, tree will be built by the function of extendtree and path will
be found by the function of findpath. If the length of path is less than upper
boundary, algorithm finishes.
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The first function of procedure1 builds tree of the dynamic RRT algorithm. It
will generate a random point in obstacles-free space of the dynamic environment.
Then, a new point is generated, same as in traditional RRT algorithm. If the new
point do not satisfy UAV’s dynamic constraints, another point which meets UAV’s
dynamic constraints will be generated by the functions of constraintsfeasible and
findXn. Then, the new generated point and parent of the point will be set as node
and parent of the third function. If it is collision free between these two points, we
add the new generated point to the tree.

The second function finds the collision free path from the starting point to the
goal. It will find the parent of the goal at first. Then, it will keep searching for the
parent of the last point and this function will stop when the parent is starting point.
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Till this step, the optimal path that obtained with our algorithm are consist by
straight line-segments, e.g., a sequence of segments connecting the way points from
the starting point to the goal point in our algorithm. However, in practical appli-
cation the path generated for fixed-wing UAV should be smooth. Therefore in order
to make the path smooth enough, we use B-spline curve to interpolate the resulting
path. The reason is that B-spline curve has several advantages, e.g. [15–17]. It has
convex null and its curvature is continuous. Coordinates of n + 1 points are given
as Pi(i = 0, 1, 2, …n) and the formulation of nth order B-spline is shown as follow.

PðtÞ ¼
Xn
t¼0

PiFi;nðtÞ; t 2 ½0; 1� ð6Þ

Fi,n(t) is basis function of n cubic B-spline:

Fi;nðtÞ ¼ 1
n!

Xn�1

j¼0

ð�1Þ jC j
nþ 1ðtþ n� i� jÞn

C j
nþ 1 ¼

ðnþ 1Þ!
j!ðnþ 1� jÞ!

ð7Þ

We use cubic B-spline in this paper. As a result, we obtained a smooth resulting
path that satisfies the UAV’s dynamic constrains while avoiding collide with either
dynamic obstacles or static obstacles.

4 Simulation

To illustrate the performance of the proposed algorithm, we create a
three-dimensional dynamic environment and simulate the algorithm in MATLAB.
The simulation results are shown in Fig. 3. Values of simulation parameters are
listed in Table 1. Figure 4 shows climbing/driving angles and turning angles in the
flight task. Figure 5 shows the path which is improved by B-spline interpolation.

In this case, two dynamic obstacles and three static obstacles are constructed. We
give 4 periods of time, e.g. the total time of path planning is T. The first period of

Fig. 2 Environment model
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time is 0-T/4, the second period of time is T/4-T/2, the third period of time is
T/2-3 � T/4 and the fourth period of 3 � T/4-T. As can be seen from Fig. 3, in all
the four periods of time, the path which is planned by above algorithm can avoid

Table 1 Values of the simulation parameters (South East Down coordinate system)

Parameter Value

Starting point (m) (0, 0, 0)

Goal point (m) (60, 60, 60)

UAV’s speed m/s 5

Maximum turning angle (deg) 30

Maximum climbing angle (deg) 45

Minimum road leg length (m) 5

Maximum flight distance (m) 500

Centre of static obstacles (m) (70, 40, 20), (70, 10, 30), (50, 80, 50)

Centre of dynamic obstacles (m) (20, 20, 30), (20, 60, 40) (T = 0)

Dynamic obstacles’ speed (m/s) (0.3, 0.3, −0.4), (1, −1, 0)

Fig. 3 Path planning using dynamic RRT at a three-dimensional dynamic environment. The red
line indicates the resulting path, and the blue line in (d) shows the tree of the dynamic RRT
algorithm. The total time of path planning is 59 s. a–d show path planning process from 0 to 14,
14 to 29, 29 to 44 and 44 to 59 s
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both dynamic obstacles and static obstacles. It demonstrates the feasibility of the
proposed algorithm.

Figure 4 shows that every turning angle and climbing angle are within the upper
and lower boundaries of climbing and turning angle. The length of the planned path
is also calculated, which is 294.74 m. It is also shorter than the maximum flight
distance. The figure shows that the proposed algorithm can satisfy UAV’s dynamic
constraints.

Now, we use B-spline curve to interpolate the resulting path so as to obtain a
smooth resulting path. Figure 5 shows the path which is interpolated by B-spline. It
can be found that the resulting path is a smooth curve that avoids collision with
either dynamic obstacles or static obstacles. In addition, from the previous dis-
cussion we know that it also satisfies the actual dynamic constraints of UAV.

Fig. 4 The climbing angle and turning angle of every straight line-segment of path planning. The
blue lines in (a) and (b) show the upper/lower boundaries of climbing angle and turning angle due
to actual constraints

Fig. 5 The path which is
interpolated by B-spline
curve. The black line in the
figure shows the interpolated
path, which is significantly
smoothed compared to Fig. 3
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5 Conclusion

We have presented a dynamic RRT algorithm and applied to fixed-wing UAV’s
path planning. The proposed algorithm could handle both static and dynamic
obstacles in three dimensional environment. The UAV’s actual dynamic constrains
have also been considered during the step of adding new point to the tree in our
algorithm. B-spline interpolation is also adopted to smooth the resulting path. Thus
in the end the algorithm can generate a smooth path which satisfy UAV’s dynamic
constrains. To evaluate the performance of proposed algorithm, simulations have
been carried out and it has shown that the algorithm can find an obstacle-free path
which satisfies UAV’s actual dynamic constrains in dynamic three dimensional
environment. Therefore, this algorithm provides one feasible approach for
fixed-wing UAV’s path planning in 3-dimensional environments with dynamic
obstacles.
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Design and Modeling
of an Omni-Directional
Vector Thrust Hexarotor

MA Zhen-qiang, Dong Wen-han, Xie Wu-jie and Shao Peng-jie

Abstract In order to increase the flight speed of the conventional quadrotor UAV,
meanwhile to keep horizontal attitude during the flight, a designing scheme of an
omni-directional vector thrust hexarotor UAV is proposed in this paper. A new
rotatable rotor is added in the center of the hexarotor UAV, which provides the
omni-directional vector thrust by rotating centre on two orthogonal axises. The
different flight modes, in which the rotatable rotor rotates to different angles, are
analised. The dynamic model is established and the PID controller to the vector
thrust hexarotor is designed. The simulation results show that the designed
omni-directional vector thrust hexarotor UAV can keep hovering and the horizontal
attitude during the uniform speed flight.

Keywords Hexarotor � Thrust vector � Dynamic model � Flight mode � PID
control

1 Introduction

The hexarotor is a kind of non-coaxial multi-rotor aircraft which can achieve
vertical take-off and landing, which is suitable for the missions in middle or short
distance [1–4]. Many kinds of designing and control theories of conventional
rotorcraft are proposed. Two quadrotor dynamic models which are compared in
simulation are introduced [5]. A new hexarotor with the structure of coaxial twin
rotor is introduced in [6]. A PID + LQR controller is designed and the simulation
results on the hexarotor demonstrate the effectives of the proposed attitude con-
troller [7].

Many researches are already done in conventional rotorcraft. But conventional
quadrotor flies forward through the body slopes a proper angle and the lift force has
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a forward component. So the forward thrust is small and the quadrotor can’t keep
horizontal and the quadrotor has low speed and low acceleration. In order to solve
the problem, the rotatable rotor is added. A design of rotatable rotor aircraft is
introduced in [8] and it flies successfully. Although rotatable rotor aircraft over-
comes the problem of low speed and low acceleration, it has a complex structure
with low safety and low stability.

An omni-directional vector thrust hexarotor is proposed in this paper. It can
provide vector thrust in every direction when it keeps horizontal by rotating the
tilt-rotor centre on two orthogonal axes.

2 Design of the Hexarotor

In Fig. 1, the omni-directional vector thrust hexarotor which is based on conven-
tional quadrotor adds a coaxial twin rotor which can be tilted. In Fig. 2, the added
coaxial twin rotor can be rotated centre on the perch which supports the motor, and
the perch can be rotated center on the center of the perch. Combining the two
rotating, the coaxial twin rotor can support vector thrust for conventional quadrotor
through directing to optional direction. The angle between the adjacent arms of

Fig. 1 The omni-directional
vector thrust hexarotor UAV

Fig. 2 Structure of rotatable
rotor
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force is 90°. Define the periphery rotors as the 1st rotor, the 2nd rotor, the 3rd rotor
and the 4th rotor, and define the rotors which are in the center of the hexarotor as
the 5th rotor and 6th rotor.

3 Hexarotor Dynamic Model

By Adding a coaxial twin rotor which can be tilted into the center of the con-
ventional quadrotor, the omni-directional vector thrust hexarotor is almost sym-
metrical in structure and in mass, which means the mass of rotatable rotor can be
ignored. Referencing to conventional quadrotor [9, 10] and we can suppose as
follow:

Hypothesis 1: The gravity center of the omni-directional vector thrust hexarotor is
always at the center tilting motor.
Hypothesis 2: The difference of rotational inertia caused by roll of the tilt-rotor can
be ignored.
Hypothesis 3: The thrust of motor is proportional to the square of speed.

In e.g. [9], we can get the transition matrix R which is from the coordinate
system B to the inertial frame E.

R ¼
CwCh CwShS/ CwShC/ þ SwS/
SwCh SwShS/ SwShC/ � S/Cw

�Sh ChS/ ChC/

0

@

1

A ð1Þ

where, /; h and w are the yaw angle, the pitch angle and the roll angle in the
coordinate system respectively.

According to the hypothesis 3, we can get the thrust of the hexarotor UAV in the
coordinate system

F
*

B ¼
FBx

FBy

FBz

2

4

3

5 ¼

kt
P6

i¼5
x2

i Sa1Ca2

kt
P6

i¼5
x2

i Sa1Sa2

kt
P4

i¼1
x2

i þ kt
P6

i¼5
x2

i Ca1

2

6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
5

ð2Þ

where, a1 is the angle which the tilt-rotor rolls to y-axis, and a2 is the angle which
the tilt-rotor rolls to z-axis and kt is the coefficient which is from force to the square

of speed. According to F
*

E ¼ RF
*

B, we can get the thrust of the hexarotor UAV in
inertial system
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F
*

E¼
FBxCwCh þFByCwShS/ þFBzðCwShC/ þ SwS/Þ
FBxSwCh þFBySwShS/ þFBzðSwShC/ � S/CwÞ

FByChS/ � FBxSh þFBzChC/

2

4

3

5 ð3Þ

According to Newton’s second law and considering resistance force in every
direction, we can get an equation of the hexarotor

€x ¼ ½FBxCwCh þFByCwShS/ þFBzðCwShC/ þ SwS/Þ � K _x� =m
€y ¼ ½FBxSwCh þFBySwShS/ þFBzðSwShC/ � S/CwÞ � K _y� =m
€z ¼ ½�FBxSh þFByChS/ þFBzChC/ � K _z� =m� g

8
<

:
ð4Þ

where, K is the resistance coefficient. According to the relationship between Euler
angle and angular velocity of the hexarotor, the following result can be obtained

_/
_h
_w

2

4

3

5 ¼
ðpCh þ qS/Sh þ rC/ShÞ=Ch

qC/ � rS/
ðqS/ þ rC/Þ=Ch

2

4

3

5 ð5Þ

where, p, q, r are the angular velocities when the hexarotor rolls to x-axis, y-axis
and z-axis. The inertia matrix can be defined as follow

I ¼
Ix Ixy Ixz
Ixy Iy Iyz
Ixz Iyz Iz

2

4

3

5 ð6Þ

Because of the hexarotor is nearly symmetrical in quality and structure, Ixy; Ixz
and Iyz are relatively smaller than Ix; Iy and Iz. They can be ignored.

Through vector calculating, we can get the moment M
*

in the hexarotor coor-
dinate system, which can be separated into Mx; My and Mz.

Mx

My

Mz

2

4

3

5 ¼
_pIx � rIxz þ qrðIz � IyÞ � pqIxz
_qIy þ prðIx � IzÞþ ðp2 þ r2ÞIxz
_rIz � _pIxz þ pqðIy � IxÞþ qrIxz

2

4

3

5 ð7Þ

Through simplifying, we can get

_p
_q
_r

2

4

3

5 ¼
½Mx þðIy � IzÞqr�=Ix
½My þðIz � IxÞrp�=Iy
½Mz þðIx � IyÞpq�=Iz

2

4

3

5 ð8Þ

Nonlinear motion equations of the hexarotor can be obtained by combining the
line motion equation and angular motion equation
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€x ¼ ½FBxCwCh þFByCwShS/ þFBzðCwShC/ þ SwS/Þ � K _x� =m
€y ¼ ½FBxSwCh þFBySwShS/ þFBzðSwShC/ � S/CwÞ � K _y� =m
€z ¼ ½�FBxSh þFByChS/ þFBzChC/ � K _z� =m� g
_p ¼ Mx þðIy � IzÞqr� = Ix
_q ¼ My þðIz � IxÞrp� = Iy
_r ¼ Mz þðIx � IyÞpq� = Iz
_/ ¼ ðpCh þ qS/Sh þ rC/ShÞ =Ch
_h ¼ qC/ � rS/
_w ¼ ðqS/ þ rC/Þ =Ch

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð9Þ

where, _p � €/; _q � €h; _r � €w. Define U1; U2; U3; U4 and U5 as the input of the
five independent control channels.

U1

U2

U3

U4

U5

2

6
6
6
6
4

3

7
7
7
7
5
¼

kt ðx2
1 þx2

2 þx2
3 þx2

4Þ
kt ðx2

5 þx2
6Þ

kt ðx2
1 þx2

4 � x2
2 � x2

3Þ
kt ðx2

3 þx2
4 � x2

1 � x2
2Þ

kd ðx2
2 þx2

4 � x2
1 � x2

3Þ

2

6
6
6
6
6
4

3

7
7
7
7
7
5

ð10Þ

where, U1 is the input of the hexarotor at the vertical direction; U2 is the input of the
tilt-rotor; U3 is the input of rolling motion; U4 is the input of pitching motion and
U5 is the input of yawing motion. kd is the torque coefficient which is from the
rotational speed difference to torque.

Combining formula (9) and formula (10), we can get the nonlinear motion
equation of hexarotor as follow

€x ¼ ½U2Sa1Ca2CwCh þU2Sa1Sa2CwShS/ þðU1 þU2Ca1ÞðCwShC/ þ SwS/Þ � K _x� =m
€y ¼ ½U2Sa1Ca2SwCh þU2Sa1Sa2SwShS/ þðU1 þU2Ca1ÞðSwShC/ � S/CwÞ � K _y� =m
€z ¼ ½�U2Sa1Ca2Sh þU2Sa1Sa2ChS/ þðU1 þU2Ca1ÞChC/ � K _z� =m� g
€/ ¼ lU3 þðIy � IzÞqr� = 2Ix
€h ¼ lU4 þðIz � IxÞrp� = 2Iy
€w ¼ U5 þðIx � IyÞpq� = Iz

8
>>>>>><

>>>>>>:

ð11Þ

where, l is the distance between the two adjacent rotors.

4 Analysis of the Dynamic Model

The flight principle of the omni-directional vector thrust hexarotor is similar to the
flight principle of conventional quadrotor which is introduced in [11, 12]. The
function of the four periphery rotors is helping the hexarotor to keep steady. One of
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the functions of the tilt-rotor in the center is supporting vector thrust for the
hexarotor, the next one is increasing the maximum speed and the maximum
acceleration of the hexarotor and the last one is helping the body to keep horizontal
when the hexarotor flies. Analysis to the movement model is done when the
tilt-rotor directs to different direction.

In Fig. 3a, when the tilt-rotor directs to z axis ða1 = 0; a2 = 0Þ, all rotors pro-
vide lift force. On the condition that the horizontal velocity is zero, it hovers when
the lift force equals to the gravity of the hexarotor; the hexarotor has downward
acceleration when the lift force is smaller than the gravity of it and on the contrary,
the hexarotor has upward acceleration. In Fig. 3b, the hexarotor pitches when the
lift force of 1st rotor and the 4th rotor adds DF and the lift force of the 2nd rotor and
the 3rd rotor decreases DF. In Fig. 3c, the hexarotor yaws when the speed of the
two rotors in the center is difference.

In Fig. 3e, when the tilt-rotor directs to x axis ða1 = 90�; a2 = 0Þ, the four
periphery rotors provide lift force for the hexarotor and help it to keep steady, and
the tilt-rotor provides thrust in x direction. The acceleration of the hexarotor is
increased by the tilt-rotor and it can help the the hexarotor to reach a speed in a
shorter time and reach a larger maximal speed in x direction. Conventional
quadrotor flies forward through the body slopes a proper angle and the lift force has
a forward component. But the forward thrust is small and the quadrotor can’t keep

(a) (b)

(c) (d)

(e) (f)

Fig. 3 Patterns of flight

288 M. Zhen-qiang et al.



horizontal and there is coupling between the forward speed and upward speed. The
hexarotor has a larger forward speed because all the thrust produced by the tilt-rotor
is in forward. And the body can keep horizontal when it flights forward. In Fig. 3f,
the rotated speed of the 1st rotor and the 2nd rotor is in the same and the rotate
speed of the 3rd rotor and the 4th rotor is in the same, but the rotated speed of the
1st rotor and the 3rd rotor is different, and then the hexarotor will yaw.

In Fig. 3d, when the tilt-rotor rolls the angle of a1 centre on y-axis and the angle
of a2 center on z-axis (directing to arbitrary direction), it can provide larger thrust in
the direction which the tilt-rotor directs to. And the direction of flight can be
changed rapidly. The omni-directional vector thrust hexarotor has better motility
than conventional hexarotor. The hexarotor can keep flight steady through adjusting
the four periphery rotors when it is disturbed.

5 Design of the Controller and Simulations

The complex nonlinear and strong coupling system is divided into 5 independent
control channels by defining U1; U2; U3; U4 and U5. The controller is composed
of inside loop and outside loop. The inside loop controls the attitude of the
hexarotor and the outside loop controls the location of the hexarotor.

In Fig. 4, where Pr is the hopeful location, hr is the hopeful pitch angle, wr is the
hopeful yaw angle and /r is the hopeful roll angle.

The parameters of the hexarotor UAV which are used in simulation see in
Table 1.

The two often used flight models are that the tilt-rotor directs to z direction and x
direction, so simulations to the two flight models have been done in this paper.

Two PID controllers are designed to the two models when the tile-rotor directs in
z direction and in x direction. PID controller is a kind of feedback control which is

Fig. 4 Structure of control system
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based on the difference between realty and target. The structure of PID controller
sees in the Fig. 5.

Where, ri is the hopeful location and angle, ri is the real feedback location and

angle, ri
:
is the real feedback speed and ri

::
is the acceleration and angular acceler-

ation. Through solving (11), we can get

U1 ¼ ½G� U2ðDþEþFÞ�=ChC/

U2 ¼ CðG� HÞ=½CðDþEþFÞ � ðAþBþCÞChC/�
U3 ¼ 2½€/Ix � ðIy � IzÞqr�=l
U4 ¼ 2½€hIy � ðIz � IxÞrp�=l
U5 ¼ €wIz � ðIx � IyÞpq

8
>>>><

>>>>:

ð12Þ

where A ¼ Sa1Ca2CwCh;B ¼ Sa1Sa2CwShS/, C ¼ CwShC/ þ SwS/;D ¼ �Sa1Ca2Sh,
E ¼ Sa1Sa2ChS/;F ¼ Ca1ChC/, G ¼ ð€zþ gÞmþK _z;H ¼ ð€xmþK _xÞChC/.

A hovering control simulation is done when the tilt-rotor directs to z axis.
Through bringing in the difference of location and angle, the controller revises the
location and angle of the hexarotor. The hexarotor flies from the original point and
the hopeful point is (10, 10, 10). The parameters of the PID controller see in
Table 2 (Figs. 6, 7 and 8).

Table 1 Parameters of the hexarotor UAV

Parameters Symbol Value Unit

Mass of hexarotor m 1.2625 kg

Distance between the two adjacent rotor l 0.642 m

Rotational inertia center on x axis Ix 0.03151 kg m2

Rotational inertia center on y axis Iy 0.03152 kg m2

Rotational inertia center on z axis Iz 0.04975 kg m2

Thrust coefficient kt 1.5e−05 Ns2

Torque coefficient kd 2.8e−07 Nms2

Drag coefficient K 0.05

Fig. 5 Structure of PID controller
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The simulation results show that the hexarotor can fly from the original point to
the hopeful point in a short time and the dynamic performance of the time of
adjusting and the overshoot amount is nice.

A constant speed simulation of the hexarotor is done when the tilt-rotor directs to
x direction. The hexarotor flies from the original point to the height of 10 m and

Table 2 Parameters of PID
controllers

P I D

x Channel 20 0.5 0.8

y Channel 1 0 1.53

z Channel 3 0 0.8

/ Channel 80 0 0.15

h Channel 20 0 0.8

w Channel 30 0 0.88

0 2 4 6 8 10
0

2

4

6

8

10

12

t(s)

X
(m

)

Fig. 6 Displacement in x direction
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t(s)
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Fig. 7 Displacement in y direction
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keeps 20 m/s flying. The parameters of the PID controller see in Table 3 (Figs. 9
and 10).

The simulation results show that the omni-directional vector thrust hexarotor can
fly in hopeful route and the dynamic performance of the time of adjusting and the
overshoot amount is nice.

0 2 4 6 8 10
0

2

4

6

8

10

12

t(s)

Z(
m
)

Fig. 8 Displacement in z direction

Table 3 Parameters of PID controllers

P I D

x Channel 20 2 0

y Channel 1 0 5

z Channel 30 0 0.8

/ Channel 20 0 1

h Channel 20 0 0.8

w Channel 30 0 0.88

0 2 4 6 8 10
0

2

4

6

8

10

12

t(s)

Z(
m
)

Fig. 9 Displacement in z direction
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6 Conclusions

To solve the problem that the conventional hexarotor has low speed and low
acceleration, we design an omni-directional vector thrust hexarotor. The
omni-directional vector thrust hexarotor can provide driving force to arbitrary
direction and has strong mobility while the hexarotor keeps horizontal. The
omni-directional vector thrust hexarotor dynamic model is established and simu-
lations are carried out. The result of the simulations show that the omni-directional
vector thrust hexarotor can keep steady when the tilt-rotor directs to x and z
direction. It is meaningful to design a whole state controller for the omni-directional
vector thrust hexarotor.
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Energy Consumption of Trotting Gait
for a Quadruped Robot

Xianbao Chen, Feng Gao, Chenkun Qi and Lin Wei

Abstract Battery driven robots have many advantages over combustion robots.
They are clean, quiet, and can work in the airless or flammable environment.
However, the limitation of the battery endurance is a great challenge. In order to
increase the working hours of the battery driven quadruped robot, the energy
expenditure of trotting gait under different gait parameters is studied. Firstly, the
kinematic model of the quadruped robot and its gait planning method are intro-
duced. Secondly, the dynamic model of the leg and the robot body are presented
and the energy expenditures in the stance phase and the swing phase during trotting
are analyzed. It can be proved that for any given trotting speed, the combination of
the stride frequency and the stride length has great influence on the energy
expenditure. Finally, experiments are presented to validate of the theory. The results
show that by properly choosing the gait parameters the energy expenditure in
trotting can be efficiently reduced.
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1 Introduction

With the development of robot technology, more and more robots are able to walk
outside the lab autonomously. Combustion robots can carry the fuel and travel for a
long distance [1–4]. In many cases however, combustion engine is not the first
choice due to the heat, vibration and the exhaust gas. Especially when the robot is
working indoors or in the space, battery is a better option [5–7]. Electrical motor
powered by battery is clean, quiet and its control system is stable and mature. But
battery endurance is still a great challenge. The energy density of batteries is two
orders of magnitude below that of liquid fuels [8, 9]. Increasing the amount of
battery cells may help but the weight will become a problem. The most common
method to save energy is to use springs during walking [10–12]. But the imple-
mentation of springs alone is not enough.

Walking pattern is the other way to reduce the energy expenditure. ALEXANDER
[13] studied the energy saving mechanisms in walking and running. MINETTI [14]
discovered the relationship between mechanical work and energy expenditure of
locomotion horses. Although animal can freely choose their locomotion speed and
locomotion gaits to save physical energy, legged robots can only be controlled by the
operator and the speed is determined according to different tasks.

Under a certain speed, the resonant frequency is a very attractive theory to
explain the energy efficiency of locomotion. HOYT [15] suggested that preferred
stride frequency (PSF) of human walking was predictable using the resonant fre-
quency of a force-drive harmonic oscillator (FDHO). Basically the model is related
to the swing phase. Later he proposed another model [16] called the hybrid
pendulum-spring model to consider both the swing phase and the stance phase. For
some robots, however, the leg stiffness in the touchdown phase is hard to be
estimated. On the other hand, the resonant frequency might be too fast or too slow
for some robot under a certain working condition.

This paper intends to discuss how the gait parameters under a given trotting
speed affect the energy consumption of a quadruped robot. Firstly, the kinematic
model of the quadruped robot and its gait planning method are introduced.
Secondly, the dynamic model of the leg and the robot body are presented and the
energy expenditures in the stance phase and the swing phase during trotting are
analyzed. It can be proved that for any given trotting speed, the combination of the
stride frequency and the stride length has great influence on the energy consump-
tion. Finally, experiments are presented to validate of the theory. The results reveal
that these parameters may exert a tremendous influence on energy consumption. By
properly choosing the gait parameters the energy consumption in trotting can be
efficiently reduced.

This paper will be organized in six sections. In Sect. 2 the robot leg and its gait
planning procedure will be briefly introduced. Section 3 will discuss the modeling
of the robot leg. The energy consumption analysis will be introduced in Sect. 4, and
the effects are presented by experiments in Sect. 5. Concluding remarks are given in
Sect. 6.
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2 Leg Mechanism and Gait Planning

The theory is implemented on a quadruped robot called the Baby Elephant [17–20]
shown in Fig. 1. The robot uses a hybrid leg mechanism. In the sagittal plane, it is a
parallel mechanism. Each cylinder drives one linkage connecting to the hip joint.
The side movement is controlled by another hydraulic cylinder alone. In order to
make it simple, the side cylinder will not be discussed.

As shown in Fig. 2 the origin O of the leg frame is set at the hip joint. Give the
position of the foot tip P, the length of the left and right cylinder could be calculated
as follows:

Fig. 1 Mechanical structure
of the robot
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z
(xr, zr)
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α
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O

Fig. 2 Mechanism in the
sagittal plane
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q2r ¼ x2r þ z2r þ r2 � 2r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
xr þ zr

p
cos ðkr þ crÞ

q2l ¼ x2l þ z2l þ r2 � 2r
ffiffiffiffiffiffiffiffiffiffiffiffi
xl þ zl

p
cos ðkl þ p� clÞ

ð1Þ

In a trotting gait, the motion of the body can be regarded as an inverted pen-
dulum with a prismatic joint along the stretch direction as shown in Fig. 3.

Forces can be applied on the prismatic joint. If the height of the body doesn’t
change during a trotting gait, the simplified dynamic model of the robot can be
expressed as:

M€x ¼ f sin h ¼ Mg
cos h

sin h ð2Þ

where M is the body mass, f is the contact force passes through the center of mass, h
is the swing angle of the leg. Solving Eq. (2) obtains the motion of the body as
follows:

x ðtÞ ¼ x ð0Þ cosh t
Tc

� �
þ Tc _x ð0Þ sinh t

Tc

� �
ð3Þ

_x ðtÞ ¼ x ð0Þ
Tc

sinh
t
Tc

� �
þ _x ð0Þ cosh t

Tc

� �
ð4Þ

where Tc ¼
ffiffi
z
g

q
; cosh t

Tc

� �
¼ e

t
Tc þ e

� t
Tc

2 and sinh t
Tc

� �
¼ e

t
Tc�e

� t
Tc

2 .

Figure 4 shows the displacement and the velocity of the robot body in the x
direction. According to the gait planning, there is a decelerating phase and an
accelerating phase when one pair of legs are in the stance phase. The robot is
moving as an invert pendulum.

X

Z

r

O

f

z

ẋ Fig. 3 Invert pendulum
model of trotting gait
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3 Modeling of the Robot Leg

According to the trotting gait planning, there are two phases of a single leg: the
stance phase and the swing phase. In the modeling process, they can be modeled
separately.

In the stance phase, the leg can be modeled as an inverted pendulum with half of
the body massM′ at the mass center as shown in Fig. 5. This is because two legs are
supporting the body in turns. According to the gait trajectories, there are very small
velocities and accelerations in the z direction; the mechanical work is mostly used
to push the body in the horizontal direction. In this phase, the leg moment of inertia
can be ignored and its mass is added to the mass center M′.
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Fig. 4 Body trajectory and
body velocity of the trotting
gait
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The mechanical work from the touchdown moment to the neutral position can be
expressed as:

Wtd2m ¼
ZbT=2
t¼0

fxðtÞ _x ðtÞ dt ð5Þ

where b is the duty factor. Substituting Eq. (2) into (5) obtains

Wtd2mid ¼ M0g
z

ZbT=2
t¼0

_x ðtÞx ðtÞ dt ð6Þ

This equation can be rewritten as:

Wtd2mid ¼ M0gL2B
8z

ð7Þ

where LB is the stride length in the body frame. Springs at the foot tip are mainly
used to reduce the impact. As a matter of fact, the effect of storing energy is very
limited. The actuators do the major proportion of work. In order to focus on the
effect of the gait parameters, the spring effect is not discussed. So the total energy
expenditure in the stance phase is twice as much as Wtd2mid:

Wtd ¼ M0gL2B
4 zk k ð8Þ

X
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M`

f

fx

Mg

Fig. 5 Leg model in the
stance phase
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It can be seen that for a given body height z, larger stride length leads to larger
energy consumption.

In the swing phase, if the stride frequency is high, the mass and the moment of
inertia can no longer be ignored. As shown in Fig. 6, the leg can be modeled as a
simple physical pendulum with its length stretchable. Its dynamic model can be
expressed as:

m€rþmrm _h
2 þmg cos hþm€x sin h ¼ f ð9Þ

I€h� 2mrm _r _hþmgrm sin hþm€xrm cos h ¼ s ð10Þ

where rm represents the distance from the mass center to the rotating center,
I represents the moment of inertia, m is the leg mass and s is the equivalent torque
to the rotating center. The actual moment of inertia of the robot leg can be cal-
culated as:

Ip ¼ 8
3
mlinkL2 þ 40mlinkL2 cos2a ð11Þ

where mlink is the mass of the link. The moment of inertia of a bar is:

I ¼ mr2

3
ð12Þ

Substituting the actual mass of the link into the equations obtains the curves
shown in Fig. 7. It can be seen that the simplified leg model makes very small
difference with the actual leg.
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(xft, zft) 

Fig. 6 Leg model in the
swing phase
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Multiply by _r on both side of Eq. (9) and _h on both side of Eq. (10), add them up
and then take the integral. The mechanical work in the swing phase can be
expressed as:

Wsw ¼
ZT
t¼0

f _rþ s _h
� �

dt ð13Þ

According to the foot tip trajectories, the actual numerical value can be obtained.
For convenience, the energy consumption can be expressed as the mechanical work
per unit distance which the body traverses:

Wper dist ¼ Wsw þWtd

LB
b ð14Þ

4 Energy Consumption Analysis

By substituting the parameters of the real robot into the Eq. (14), the energy
consumption within a gait cycle can be computed. As shown in Fig. 9, the curve
with triangles stands for the energy consumption for the stance legs. It is propor-
tional to the step length. The curve with squares represents the energy consumption
for the swing legs. For a given speed, the energy cost grows rapidly as the step
length is close to zero. The solid curve represents the sum of the two curves. This
curve represents the mechanical work of the robot when it goes through a unit
distance.

Figure 9 extends the energy consumption curve in Fig. 8 to a surface by adding
a speed coordinate axis. There are two peak values for a given range of speed.
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The first appears when the robot is moving fast but the step length is very small.
The second one appears when the step length is very large but the robot is moving
slowly.

It can be seen that the effects of the gait parameters on the energy consumption
are remarkable. Improper combination of the step length and the step frequency will
cause huge energy consumption. The minimum energy consumption value for
every trotting speed corresponds to the optimal gait parameters.

5 Experiments on the Robot

In order to testify the theory, experiments of trotting with different gait parameters
were carried out. The mass of the robot was 180 kg. The step height was 80 mm.
The duty factor was 0.5. The robot walked for 10 times with the same speed of
0.5 m/s. The step length in the body frame changed from 100 to 400 mm.
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Force sensors and linear displacement sensors were configured on the actuators
to measure the driving forces and positions as shown in Fig. 10. The step length
range in the experiment was smaller because the robot became unstable when
trotting with a relatively larger step length.

Using the force data and the velocity data from the sensors, the power of the
actuators can be calculated. By integrating the output power in a step cycle, the
mechanical work of the robot can be estimated. The experiments of the trotting gait
are shown in Fig. 11. Figure 12 shows the mechanical work from the experimental
data (curve with cycles) and its fitted curve (solid curve). The mechanical work in
the experiments was larger due to the friction of the joints.

Although the results from theory deduction and the experiments were not exactly
the same. The trend is clear. According to the data from the experiments, when the
robot trotting at 0.5 m/s using a 100 mm step length, the energy consumption is
about 2600 J/m. Comparing to the unit distance work 1100 J/m at the step length of
300 mm, approximately 57 % of energy can be reduced.

Force Sensor

Linear displacement
 sensor

Fig. 10 Sensors on the robot

Fig. 11 Experiments of the trotting gait
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As the step length increased, the energy consumption began to increase. But the
effect is less remarkable. Because the robot became unstable and the constraint of
the boundary of the workspace, the experiments stopped at the step length of
400 mm.

6 Conclusions

The paper shows how the combination of the gait parameters affects the energy
consumption in trotting. The experiments proved the theory and it is concluded that
at a given trotting speed there exists some optimal gait parameters which can reduce
the energy consumption.

Endurance ability is very important for a hydraulic robot driven by battery. In the
future, the fast-speed method to find the optimal gait parameters to minimize the
energy consumption during trotting will be studied.

Acknowledgment Feng Gao supported by National Basic Research Program of China (973
Program, Grant No. 2013CB035501).
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Spatial Rolling Contact Pair Generating
the Specified Relative Motion Between
Links

Naoto Kimura and Nobuyuki Iwatsuki

Abstract Link mechanisms with single degree-of-freedom, in which links are
connected with only lower pairs cannot completely generate the specified ideal
output motion, and dimensional synthesis of them is very complicated. Therefore,
we propose the spatial rolling contact pair (SRCP) which can generate the specified
relative motion between links, and try to solve the above problems with the pro-
posed SRCP. In order to design the SRCP, a method to specify relative spatial
rolling motion between adjacent pairing elements and to determine shapes of both
pairing elements which can generate that motion is proposed. An example of the
SRCP is then designed and manufactured. The prototype of the SRCP is experi-
mentally confirmed to generate the specified relative motion of pairing element.
Finally, a spatial 4-bar mechanism having 1 DOF is synthesized with the SRCP. It
can completely generate the specified output motion.

Keywords Link mechanism � Mechanism synthesis � Kinematic pair � Higher
pair � Rolling contact

1 Introduction

Link mechanisms are composed of links and kinematic pairs such as revolute pairs,
prismatic pairs and so on. In general, a link mechanism with 1 DOF cannot com-
pletely generate the specified output motion although the dimensional synthesis of
the mechanism is very complicated. However if a suitable constraint between two
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pairing elements can be specified to generate the desired relative motion of the
elements, a mechanism which can completely generate the specified output motion
may be synthesized.

Takami et al. proposed kinematic pairs with from 1 to 4 DOF in which a pairing
element slides in a curved pipe along an arbitrarily specified spatial curve [1].
However in case when the pair has 1 DOF, the spatial curve was limited to an arc, a
straight line or an ordinary helix.

On the other hand, several researchers have proposed kinematic pairs having a
rolling constraint. Kuntz [2] and Collins [3] proposed planar link mechanisms with
circular rolling contact pairs. Jeanneau et al. [4], Cannon [5], and Halverson et al.
[6] proposed a compliant rolling contact element (CORE). It is a circular rolling
contact pair, and its pairing elements are connected by a compliant crossed flexure.
Halverson et al. [7] proposed a bi-axial rolling contact joint consist of orthogonal
two planar rolling contact joints with multiple curvatures. Montierth et al. [8]
proposed an elliptical rolling contact joint. Conventional rolling contact pairs as
described above have simple planar kinematic characteristics, and kinematic pairs
having a desired spatial rolling constraint have not been proposed yet.

In this paper, we thus propose a spatial rolling contact pair (SRCP) which can
generate the specified relative motion between two links. First, a constraint con-
dition of spatial rolling motion is derived, and the method to specify the relative
rolling motion satisfying the condition is proposed. Next, rolling motion surfaces of
pairing elements generate the rolling motion is derived. Then, an example of the
proposed SRCP is designed and is manufactured with additive production method.
Finally, a spatial 4-bar link mechanism with 1 DOF is synthesized with the
SRCP. It is confirmed that the synthesis with the proposed SRCP is easier than that
with the conventional method and that the synthesized mechanism can completely
generate the specified output motion.

2 Design of Rolling Motion Surfaces Generating
the Specified Relative Motion

2.1 Specification of the Rolling Motion

Let’s consider the case where a pairing element 2 is rolling on another pairing
element 1 as shown in Fig. 1. Velocities on contact line of rolling motion of two
pairing elements can be assumed as zero. Therefore, it can be considered that the
instantaneous screw axis of the rolling motion corresponds to the contact line of the
motion and the velocity in the axial direction is zero. The velocity _pðtÞ at the
position pðtÞ on the rolling body and the angular velocity xðtÞ satisfy the following
relationship:
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xðtÞ � _pðtÞ ¼ 0; ð1Þ

where t is a parameter corresponding to time.
When a desired trajectory pðtÞ of the reference point on the pairing element 2

decided on the reference frame R1 on the pairing element 1 is specified, the prin-
cipal normal vector nðtÞ and the binormal vector bðtÞ of pðtÞ are calculated as

bðtÞ ¼ _pðtÞ � €pðtÞ
j _pðtÞ � €pðtÞj ; nðtÞ ¼ bðtÞ � _pðtÞ

jbðtÞ � _pðtÞj ; ð2Þ

where xðtÞ should be given to satisfy Eq. (1). Therefore, it must be on the plane
spanned by nðtÞ and bðtÞ. Namely, xðtÞ is given as

xðtÞ ¼ aðtÞnðtÞþ bðtÞbðtÞ; ð3Þ

where aðtÞ; bðtÞ are arbitrary real functions. The direction and the magnitude of
xðtÞ is obtained by setting aðtÞ; bðtÞ appropriately. In addition, the coordinate
transformation matrix R1;2ðtÞ from the reference frame R1 on the pairing element
1–R2 on the pairing element 2, which represents the posture of the pairing element
2, is obtained by solving the following differential equation:

_R1;2ðtÞ ¼ ½xðtÞ��R1;2ðtÞ; ð4Þ

where ½xðtÞ�� is the matrix representing cross product operation of
xðtÞ ¼ x1 x2 x3½ �T , and is defined as

½xðtÞ�� ¼
0 �x3 x2

x3 0 �x1

�x2 x1 0

2
4

3
5: ð5Þ

Fig. 1 Relative spatial
rolling motion between two
pairing elements
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2.2 Derivation of Rolling Motion Surfaces

An instantaneous contact line of rolling motion is a segment of an instantaneous
screw axis. Therefore, a ruled surface generated by a segment of an instantaneous
screw axis is a rolling motion surface. Based on this idea, the rolling motion surface
which can generate the specified rolling motion mentioned in Sect. 2.1 can be
derived. Figure 2 is a schematic diagram of an instantaneous screw motion. In the
system R1, since the velocity at the reference point on the pairing element 2 is
generated by rotation around the instantaneous screw axis s1ðtÞ, the following
equation is obtained.

½xðtÞ��½pðtÞ � s1ðtÞ� ¼ _pðtÞ ð6Þ

Since ½xðtÞ�� is not a regular matrix, s1ðtÞ is calculated with a pseudo inverse
matrix ½xðtÞ��# as

s1ðtÞ ¼ pðtÞ � ½xðtÞ��# _pðtÞþ ux̂ðtÞ; ð7Þ

where u is an arbitrary real number, and x̂ðtÞ is the unit vector in the same direction
as xðtÞ. s1ðt; uÞ has become the rolling motion surface of pairing element 1. On the
other hand, the rolling motion surface of pairing element 2 is calculated as s2ðt; uÞ
described on R2 and is represented

s2ðt; uÞ ¼ R�1
1;2ðtÞ½s1ðt; uÞ � pðtÞ�: ð8Þ

Then, s2ðt; uÞ in R1 corresponds to s1ðt; uÞ on R1 in each moment. In addition,
velocities on instantaneous screw axis are zero. Therefore, s2ðt; uÞ is the rolling
motion surface of pairing element 2. By the way, width and position of contact lines
on each motion surfaces is determined by the range of the parameter u.

Fig. 2 Schematic diagram of
instantaneous screw motion
composed of rotation around
one axis and translation
toward the axial direction
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3 Design and Evaluation of the SRCP

3.1 Design of the SRCP

An example of the SRCP is designed with the method mentioned above. An
ordinary helix shown below is given as the specified trajectory of the reference
point on the pairing element 2.

pðtÞ ¼ 60 cos pt
2

� �
60 sin pt

2

� �
40tþ 40

� �T ð0 5 t 5 1Þ ð9Þ

An angular velocity of the rolling motion is also given as

xðtÞ ¼ pt
2
nðtÞ; ð10Þ

where nðtÞ denotes the principle normal vector of pðtÞ. The motion of the pairing
element 2 on R1 is shown in Fig. 3. This motion looks like the twist motion of the
pairing element 2 to the specified trajectory of pðtÞ.

Based on this motion, rolling motion surfaces of both pairing elements are
calculated as shown in Fig. 4. The range of the parameter u is �30 5 u 5 0.
3D-CAD models of pairing elements are illustrated in Fig. 5.

3.2 Prototype

The prototype of the designed SRCP manufactured with the FDM additive pro-
duction is shown in Fig. 6. A rubber sheet was put between two pairing elements,
and rubber bands were used to maintain contact between them. The rolling contact
between two pairing elements is confirmed by visual experiment.

Fig. 3 Specified relative
rolling motion of SRCP
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(a) Pairing element 1 (b) Pairing element 2

Fig. 4 Designed rolling motion surface of the SRCP

(a) Pairing element 1 (b) Pairing element 2

Fig. 5 3D-CAD models of pairing elements

Fig. 6 Prototype of the
proposed rolling contact pair
with elastic constraint

312 N. Kimura and N. Iwatsuki



To confirm the generated motion with the SRCP, the relative rolling trajectory of
the SRCP is measured with 3D-CMM as shown in Fig. 7. The reference point on
the pairing element 2 is in the center of the sphere in Fig. 7. Therefore, the tra-
jectory of the reference point can be obtained by measuring several points on the
sphere by the probe of 3D-CMM. Figure 8 shows the result of measurement. The
mean value of the error between each measured points and the designed trajectory is
approximately 1.31 [mm]. Since measured points were almost on the designed
trajectory, it was confirmed that the SRCP could generate the specified trajectory.

4 Application of SRCP to Spatial 4-Bar Link Mechanism

In designing the proposed SRCP, a specified trajectory can be given to a reference
point on a pairing element. However, desired postural change cannot be given
because of the kinematic constraint represented in Eq. (1). Therefore, we consider

Fig. 7 Measurement of
trajectory generated by
pairing element with the
3D-CMM

Fig. 8 The specified and
measured trajectory of pairing
element
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to extract the translational motion of the SRCP by installing a spherical pair at the
reference point on the pairing element.

An example of a spatial 4-bar link mechanism having 1 DOF with a SRCP is
shown in Fig. 9. It is composed of a revolute pair (R), a universal joint (U), a
spherical pair (S) and a SRCP (RC). The position of the spherical pair is the
reference point P. Then, dimensional synthesis is carried out so that the point P can
generate a desired trajectory.

The following vector is specified as the trajectory of the reference point.

pðtÞ ¼
100 cos pt

2

� �
100 sin pt

2

� �
30tþ 60

2
4

3
5 ð0 5 t 5 1Þ ð11Þ

Then, the mechanism is divided into the U-R-S chain and the S-RC chain. On
the U-R-S chain, the maximum workspace of the point P is the sphere of which the
center is at the position of U and the radius is the sum of the length of links: l1 þ l2.
If the specified trajectory is in the sphere, the point P can generate it. Therefore, the
position of U to j1 ¼ ½ 0 0 60 �T [mm] and the length of links to l1 ¼ l2 ¼ 60
[mm] are set. In addition, to derive rolling motion surfaces of RC, the angular
velocity is given as

xðtÞ ¼ p
3
nðtÞ; ð12Þ

where nðtÞ is the principal normal vector of pðtÞ. Rolling motion surfaces are
derived as shown in Fig. 10. The parameter u is set as �30 5 u 5 10. If we
synthesize a mechanism having 1 DOF with only lower pairs as usual, we have to
determine mechanism dimensions by solving a complicated closed loop equation of
the mechanism. However, by using the proposed SRCP, the mechanism can be
synthesized easily.

Fig. 9 An example of a spatial 4-bar link mechanism with the SRCP
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The motion of the synthesized mechanism is shown in Fig. 11, and the 3D-CAD
model of RC is shown on the right side in Fig. 11. The mechanism completely
generated the specified trajectory.

5 Conclusions

In this paper, the spatial rolling contact pair (SRCP) which can generate the
specified relative motion of links is proposed and designed. The obtained results are
as follows.

(1) Spatial rolling motion has the kinematic constraint that velocities of the rolling
motion do not have the translational velocity components in the axial direction
of the instantaneous screw axis. Therefore, by putting an angular velocity on

(a) Pairing element 1 (b) Pairing element 2 (Link 3)

Fig. 10 Rolling motion surfaces of SRCP for the 4-bar link mechanism

Fig. 11 Motion of the synthesized spatial 4-bar link mechanism with SRCP

Spatial Rolling Contact Pair Generating the Specified … 315



the normal surface of the trajectory, the motion of the pairing element rolling
along the desired trajectory can be specified.

(2) Rolling motion surfaces on pairing elements can be obtained as ruled surfaces
of the instantaneous screw axis of the rolling motion.

(3) An example of the SRCP is designed and manufactured with FDM additive
production. The prototype is confirmed to maintain the rolling contact and to
completely generate the specified relative motion with the experiment with
3D-CMM.

(4) A spatial four-bar link mechanism with 1 DOF using the proposed SRCP is
synthesized and is confirmed to completely generate the specified output
motion.

In order to use the proposed SRCP effectively, pairing elements need to be
constrained with suitable constraint elements. In the prototype in this paper, pairing
elements are constrained with rubber bands. The optimum arrangement of elastic
constraint on the point view of stable contact will be revealed in the next report.
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Experiment Study of Positioning
Accuracy for a SCARA Robot

Yilong Tong, Yanjiang Huang, Lixin Yang, Changsheng Li
and Xianmin Zhang

Abstract Repeated positioning accuracy is an important index for robot manipu-
lator. To improve the performance of the robot manipulator, the repeated posi-
tioning accuracy in the different locations of robot workspace should be
investigated. In this paper, we investigate the repeated positioning accuracy for a
SCARA robot in different locations of robot workspace and investigate the
repeatability when the robot moves in a continue path under different speeds. The
experiment results show that the repeated positioning accuracy in different locations
of robot workspace is different. The repeatability in continue path is good when the
robot moves with an appropriate speed.

Keywords SCARA robot � Repeated positioning accuracy � Experiment study �
Trajectory tracking

1 Introduction

Robot manipulator has been used in varied applications due to high speed and high
accuracy. Normally, the repeated positioning accuracy is important for a robot
manipulator, because this index can affect the task completion quality when using a
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robot manipulator to complete a given task. Such as in welding task or assembly task,
it is important to select the appropriate robot manipulator to complete the given task.

There are many factors can affect the repeated positioning accuracy, such as:
(1) Manufacturing errors and assembly errors of robot components; (2) Calculation
error on forward and inverse in kinematics and dynamics; (3) Transmission error;
(4) The resolution of sensors and encoders causing error; (5) Control algorithm
causing error; (6) Environment causing error; (7) Influence of different parameters
of the trajectory planning, such as velocity. In previous study, many researchers
have focused on the analysis of positioning accuracy [1]. Few researchers focused
on the experimental study to analyze the positioning accuracy.

In this study, we analyzed the repeated positioning accuracy for SCARA robot
based on experimental study. The repeated positioning accuracy in the different
location of the robot workspace was analyzed. The repeatability in continue path
was also conducted to evaluate the performance of the SCARA robot.

2 Kinematics

In this study, we used SCARA robot as the research object, as shown in Fig. 1.
SCARA robot has three Rotary joints whose axis parallel to each other and a
Prismatic joint. SCARA system compliant with the x, y direction, and has good
stiffness in the Z-axis direction, this characteristic is particularly suitable for
assembly work. Another feature of the SCARA robot is its series of two structures,
which is similar to the human arm.

The specifications of the SCARA robot is shown in Table 1. The structure
diagram of the SCARA robot is shown in Fig. 2. The h1 is the rotation of the joint
1, and the same, the h2; h3 stand for the rotation of joint 2 and joint 3, the h4 means

Fig. 1 The SCARA robot
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the displacement of the joint 4. The l0 is the height of the joint 1, the l1 is the length
of the arm 1, the l2 is the length of the arm 2. Based on the specifications and
structure diagram of the robot, we obtained the workspace of the robot, as shown in
Fig. 3.

From the structure diagram, we can easily know the forward kinematics [2–5].

A ¼
cos h123 � sin h123 0 �l2 sin h12 � l1 sin h1
sin h123 cos h123 0 l2 cos h12 þ l1 cos h1

0 0 1 l0 þ h4
0 0 0 1

2
664

3
775 ð1Þ

As for the inverse kinematics, we can use the Paden-Kahan sub-problems
algorithm which was first proposed by Paden and recorded in Kahan’s book. In the
algorithm, there are three rules that should be adhered to. First, make the pure
rotational and keep the distance unchanged; second, position remains unchanged;
third, make the pure movement and keep the attitude unchanged. The inverse
kinematics can be shown as below [6, 7].

Terminal Attitude: h2 (Z-axis),

Table 1 Specifications of SCARA robot

X axis Y axis Z axis R axis

Arm length (mm) 350 250 150 –

Rotation range (°) ±140 ±144 – ±360

Motor output AC (W) 200 150 50 100

Repeated accuracy (XYZ: mm) (R: °) ±0.01 ±0.01 ±0.01 ±0.004

Maximum speed (XYZ: m/sec) (R: °/sec) 4.9 4.9 1.1 1020

Fig. 2 The structure diagram
of the SCARA robot
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End position: h2; h1; h4.

h2 ¼ arccos
x2 þ y�2 l21 þ l22

� �
2l1l2

ð2Þ

h1 ¼ arccos
x l2 cos h2 þ l1ð Þþ yl2 sin h2
�y l2 cos h2 þ l1ð Þþ xl2 sin h2

ð3Þ

h4 ¼ z ð4Þ

To investigate the repeated positioning accuracy in different locations of the
workspace, we did the experiment to test the repeated positioning accuracy in
different locations of the workspace. The details about the experiment is described
in the following section.

3 Experiment, Results and Discussion

The experiment setting is shown in Fig. 4. The position of the end-effector is
derived through a laser tracker. Because it is difficult to attach the mirror ball of the
laser tracker to the end-effector of robot, we attach the mirror ball of the laser
tracker near the end-effector of robot [8, 9]. We obtain the position of the mirror ball
in several positioning tests. The repeatability in the continue path is done by
obtaining the discrete sampling trajectory points. In the repeated positioning
accuracy test, the speed of robot is set to 20 % of the maximal speed. In the
repeatability test, the speed of robot is set to 5 and 20 % of the maximal speed. The
details are discussed in Sects. 3.1 and 3.2.

Fig. 3 Workspace of
SCARA robot
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3.1 Repeated Positioning Accuracy

We tested the repeated positioning accuracy with 10 test points located in different
locations in the workspace of the robot, as shown in Fig. 5. For each test point, the
robot starts to move from the test point to an intermediate point, then return to the
test point. The repeated positioning accuracy is tested when the robot returns to the
test point. The intermediate points and test points are shown in Table 2. The robot

  

Laser tracker 
Robot

Fig. 4 The experiment setting

Fig. 5 Location of test points in robot workspace
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repeatedly moves from the test point to the intermediate point and returns to the test
point 6 times. The repeated positioning accuracy with 10 test points is shown in
Fig. 6. From the results, we can find that the repeated positioning error is different
in different locations of the workspace. The difference of repeated positioning error
for different test points is not obvious, we think this may be caused by the low
speed of robot and the short distance between the test point and intermediate point.
The repeated positioning error in the robot moving direction is large, as shown in
test points 5, 6, 7 in Fig. 6. The repeated positioning error in the edge the robot
workspace is not worse than that in the center of the robot workspace.

3.2 Repeatability Test in Continue Path

In the repeatability test in continue path, we investigate the repeatability in continue
path under different speeds of robot. The laser tracker collects the position data of
the mirror ball with 100 Hz in the continue path. Figure 7 shows the repeatability in

Table 2 Test points and intermediate points in robot workspace

Test point 1 Test point 2 Test point 3 Test point 4 Test point 5

601(607) 602(608) 603(609) 604(610) 605(611)

Test point 6 Test point 7 Test point 8 Test point 9 Test point 10

606(612) 607(609) 633(634) 631(632) 613(615)

Note the number in () means the intermediate point. The location of the points are shown in Fig. 5.
Because points 610, 611, and 612 are in Z axis, they are not shown in Fig. 5

Fig. 6 Repeated positioning accuracy in different locations of robot workspace
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the continue path with different speeds of robot with 3 tests. Due to the space of the
paper, we only show the repeatability result in X-axis. From the results, we can find
that when the robot speed is 20 % of the maximal speed, the repeatability in the
continue path is better than that with 5 % of the maximal speed. This is because
when robot moves under an appropriate speed, the robot may move smoothly,
which may reduce the repeated positioning error. It is important to investigate that
how the robot speed affects the repeatability in the continue path to obtain the
appropriate speed for a robot.

(a) Robot moves with 20% of maximal speed

(b) Robot moves with 5% of maximal speed

Fig. 7 Repeatability in continue path with different robot speeds
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4 Conclusion

In this paper, we investigated the repeated positioning accuracy of SCARA robot
through experiment. The repeated positioning accuracy in the different locations of
the robot workspace was investigated. The repeatability in continue path with
different robot speeds was investigated. The experiment results show that the
repeated positioning accuracy in the different locations of the robot workspace is
different. The repeated positioning accuracy in the motion direction of the robot is
larger than that in other directions. In the repeatability test in continue path, the
repeatability is well when the robot moves with an appropriate speed. In future, the
repeated positioning accuracy and trajectory tracking under varied speed and
payload will be taken into account.
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The Automatic Generation for Type
Synthesis of Serial Mechanisms Based
on POC Method
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Abstract Serial mechanism type synthesis algorithms and their computer
automation implementation were studied based on position and orientation char-
acteristics (POC) set. Firstly, a new expression method for the dimension and
direction of both translation and rotation for the serial mechanism end-reactor was
proposed. The processes on algorithm and automation implementation of n-DOF
serial mechanism using C Language were specifically described. Secondly, the
program interface by Matlab which optimized the human-computer interaction was
complete. Finally, taking the 4-DOF serial mechanism type synthesis as an
example, the program can automatically generate 10 kinds of 1T3R serial mecha-
nism, 23 kinds of 2T2R serial mechanism and 85 kinds of 3T1R serial mechanism.
The user only needs to input the POC set of the mechanism which they want to
create, and then the program can automatically generate the results, this operation
has good usability and universality.
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1 Introduction

Serial mechanism type synthesis is the basis of parallel mechanism type synthesis
and hybrid mechanism type synthesis. Regarding to the methods for the topology
structure design, there are 4 kinds of topology structure design method of parallel
mechanisms currently, which is based on a linear transformation and evolution of
morphological methods [1, 2], based on screw theory [3–6], based on displacement
subgroups [7, 8], and based on Position and Orientation Characteristics (POC) set
[9–17]. Compared with the other 3 methods for type synthesis, the method based on
POC set has simple mathematical operation process, less algorithm rules and more
clear geometric significance. At present, scholars at home and abroad use these
methods to synthesize mechanisms artificially, and they have already got a number
of serial mechanisms. But in theory, serial mechanism configuration is not complete
because it has the characteristics of large, complex and diverse. And there are few
related papers have published about computer assisted type synthesis.

The digital type synthesis dates back to 1963, Dobrjanskyj and Freudenstein [18]
studied the automatic planar mechanism type synthesis based on the graph theory.
There are less research about computer aided type synthesis of spatial parallel
mechanism. Cao Wen-ao [19] proposed digital configuration of spatial parallel
mechanism synthesis method based on screw theory, he derived the symmetric and
asymmetric less degrees of freedom parallel mechanism constraint patterns and
researched the type synthesis process in a given constraint mode; Ding [20] studied
the 5-DOF computer aided type synthesis and established the movement structure
database. Meng [21] construct a kind of computer aided parallel mechanism type
synthesis architecture based on GF set.

A complete n-DOF serial mechanism type synthesis algorithms and automated
generation program have been proposed based on the POC theory. Compared to
other existing digital type synthesis method, our method is more simple and con-
venient, it is easy to understand and use, and is easy to operate, it is very practical, it
provides a more convenient, powerful design platform for researchers.

2 Serial Mechanism Topology Structure Theory Based
on POC Set

2.1 Common Dimensional Constraint Types of POC Set

Dimensional constraint type is one of the important elements of mechanism
structure. Now we put the POC set of the common dimensional constraint types
below as shown in Table 1, in order to facilitate the calculation of the serial
mechanism POC set. Among them, the basic point of POC set (No.1–No.6) can be
any point outside the axes of the end-reactor of the mechanism. And the basic point
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of POC set (No.1*-No.6*) is on the axes of the end-reactor of the mechanism (or on
the axis intersection point of several end-reactors).

3 Automation Algorithm of N-DOF Serial Mechanism
Type Synthesis

We established the computer automatically generation algorithm, and the genera-
tion process is divided into two parts: (1) First, we established a set of numerical
algorithms rules, we use these rules to describe the serial mechanism’s structure
constitution and the output dimension and the output direction of the end-reactor of
the mechanism. (2) According to user’s POC requirement, we program based on the
mathematical algorithm of moving parts and generate all mechanism structure
theoretically. Finally, we remove the plans which could not meet our requirements.

The essential of the serial mechanism computer automation type synthesis is a
process including the mechanism component unit’s construction, combination,
evaluation and selection, and all these processes is finished by computer. After
describe the expected mechanism, the system can generate a set of possible solu-
tions. Then we can get a set of reasonable solutions according to the user’s POC
request. Therefore, the essence of serial mechanism type synthesis automation
algorithm is using the numerical algorithms to describe the serial mechanism.

Table 1 Common dimensional constraint types of POC set

Basic Types SOC �R==R�f g
SOCf�R?P�g

SOCf�R==R==R�g;
SOCf�R==R?P�g;
SOCf�P?R?P�g:

SOC �} P;P; � � � ;Pð Þ�f g

POC set No. 1 No. 2 No. 3

t1 ?Rð Þ [ t1ð?RÞ
r1 ==Rð Þ

� �
t2 ?Rð Þ
r1 ==Rð Þ

� �
t2

r0

� �
No. 1* No. 2* No. 3*

t1 ?Rð Þ
r1 ==Rð Þ

� �
t2 ?Rð Þ
r1 ==Rð Þ

� �
t2

r0

� �
Basic types SOCf�R==P�g

SOC � RR
z}|{

�
( )

SOC � RRR
zffl}|ffl{

�
( )

POC set No. 4 No. 5 No. 6

t1ð==PÞ [ t1ð?RÞ
r1ð==RÞ

" #
t2 ?qð Þ
r2

� �
t2 ?qð Þ
r3

� �

No. 4* No. 5* No. 6*

t1ð==PÞ
r1ð==RÞ

" #
t0

r2

� �
t0

r3

� �
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Serial mechanism is considered as a kind of organization form which is con-
straint by several common dimensional constraint types (as shown in Table 1).
Therefore, the description method is: First, describe the first and the second
dimensional constraint type of the serial mechanism, and combine them into a
sub-SOC. Then combine the third dimensional constraint type and the first
sub-SOC into the second sub-SOC. Therefore, a serial mechanism’s (composed of n
dimensional constraint type) end-reactor’s dimension and direction output can be
described by (n−1) composed sub-SOC.

Particularly, some serial mechanism can be composed of several dimensional
constraint type and some single motion pair. Such as serial mechanism

SOC
�� R?R

zffl}|ffl{
ð?PÞ== R?R

zffl}|ffl{
�g, it consists of two dimensional constraint types

SOC
�� R?R

zffl}|ffl{
�g and a single P pair. In this kind of circumstance, we can combine

the dimensional constraint types into a sub-SOC first, then combine the single
kinematic pair and the first sub-SOC into the second sub-SOC.

To transfer the serial mechanism end-reactor’s dimension output and direction
output at the same time, now we define the expression of sub-SOC:

sub� SOC ¼ ðXt; YtÞ; tYtð�Þ
ðXr; YrÞ; rYr ð�Þ

� �
ð1Þ

Among them, t represents translation output; r represents rotation output; X rep-
resents sub—SOC output calculation variables, its evaluation method are given in
Sect. 3.1. Y represents the dimension of the sub-SOC’s output. tYt and rYr represent
the translation output dimension and the rotation output dimension; (*) represents
the output direction of the sub-SOC, its description method are given in Sect. 3.2.

3.1 The Expression of Serial Mechanism End-Reactor’s
Output Dimension

Now we propose a serial mechanism sub-SOC combination algorithm rule which
based on the array (X, Y). We can use it to describe the serial mechanism
end-reactor’s output dimension. We use the dimensional constraint type as the basic
unit to construct the serial mechanism. The construction step is below:

(1) Combine the first and the second dimensional constraint type of the branch
into a sub-SOC.

(2) Determine the orientation relationship between the two dimensional constraint
types, we can get the X value; then according to X, export the output
dimension Y.

(3) After complete the calculation of the first sub-SOC, combine the first sub-SOC
and the kinematic pair next to it into a new sub-SOC and repeat the
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calculation. Finally, we can get the Y value, and it is the output dimension of
the branch.

The actual algorithm is below:
After connect the adjacent two dimensional constraint types, their POC output

expression is below:

ðX;YÞ1 ¼ ðX1;Y1Þþ ðX2;Y2Þ ð2Þ

Among them, (X1, Y1) represents the output parameters of the first dimensional
constraint; (X2, Y2) represents the output parameters of the second dimensional
constraint type; (X, Y1) represents the output parameters of the sub-SOC which was
combined by the first and the second dimensional constraint type.

The X1 value of the first kinematic pair is always 0, and we can determine X2
according to the position relationship between the first and the second dimensional
constraint type. In formula (2), if X2 = 0, then Y = MAX (Y1, Y2); if X2 = 1, then
Y = Y1 + Y2; the X which on the left side of the equation is always be 0. When the
Y > 3, the Y value is still be 3.

Three adjacent dimensional constraint types can connect and become a new
sub-SOC, and the expression of it is below:

ðX;YÞ2 ¼ ðX;YÞ1 þðX3;Y3Þ ð3Þ

So, we can deduce the general formula, a serial mechanism composed of n
dimensional constraint types can be represented by sub—SOC as:

ðX;YÞn�1 ¼ ðX;YÞn�2 þðXn;YnÞ ð4Þ

When the Y which is on the right side of the equation is 3, then, the y on the left
will always equal 3. The operation must between two adjacent two kinematic pairs,
and X always equal 0. The Y value which is in the result of the operation represents
translation output dimension or rotation output dimension of the serial mechanism
end-reactor.

Now a method will be given to determine the X value:
The common dimensional constraint types (as shown in Table 1) usually only

contains R(P) pairs which have the same direction. For example,
No. 1 SOCf�RkR�g(as shown in Table 1) contains 2 R pairs, but they are parallel,
so they have the same direction, this dimensional constraint type only contains R
pairs with one direction. Another example, No. 2 SOCf�RkR?P�g(as shown in
Table 1), it contains 2 R pairs and 1 P pair, the 2 R pairs is parallel, they have the
same direction, so the dimensional constraint type only contains R pairs with one
direction and P pair of cause it just has one direction. At the same time,
No. 2 SOCf�P?R?P�g(as shown in Table 1) can be seen as an equivalent branch
of SOCf�RkR?P�g, so it can be analyzed like SOCf�RkR?P�g. Therefore, we
can get the conclusion, we can find the adjacent dimensional constraint types
end-reactor’s output dimension rule by judging the direction relationship of the two
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adjacent dimensional constraint types(both of them just has only one direction R/P
pairs), then we can determine the X value.

To determine the X value, there have two situations: the X of the translation
output dimension and the X of the rotation output dimension.

(1) Determine the X value of translation output:
The determination of the kinematic pair type of two adjacent dimensional

constraint types can be divided into three kinds of circumstances:
(a) Both adjacent dimensional constraint types contain R pairs.
We need to judge the position relationship between the two R pairs, if they are

parallel or collinear, then X = 0; if they are not parallel or collinear, then X = 1.

Particular case: when we meet SOC
�� RR

z}|{
�g and SOC

�� RRR
zffl}|ffl{

�g; X = 1:
(b) The two adjacent dimensional constraint types only contain P pairs.
We need to judge the position relationship between the two P pairs, if they are

parallel or collinear, then X = 0; if they are not parallel or collinear, then X = 1.
(c) One of the adjacent dimensional constraint types only contains R pairs,

another only contains P pairs.
We need to judge the position relationship between P pairs and R pairs, if they

are vertical to each other, then X = 0, if they are not vertical to each other, then

X = 1. Particular case: when we meet SOC
�� RR

z}|{
�g and

SOC
�� RRR

zffl}|ffl{
�g; X = 1:

(2) Determine the X value of rotation output:
The determination of the kinematic pair type of two adjacent dimensional

constraint types can be divided into three kinds of circumstances:
(a) Both adjacent dimensional constraint types contain R pairs.
We need to judge the position relationship between the two R pairs, if they are

parallel or collinear, then X = 0; if they are not parallel or collinear, then X = 1.

Particular case: when we meet SOC
�� RR

z}|{
�g and SOC

�� RRR
zffl}|ffl{

�g, these
dimensional constraint types contain R pairs with different directions, so when all R
pairs are parallel to the same plane, then X = 0, if they are not, then X = 1.

(b) The two adjacent dimensional constraint types only contain P pairs.
X = 0.
(c) One of the adjacent dimensional constraint types only contains R pairs,

another only contains P pairs.
X = 0.
Particular case: the serial mechanism can be composed of several dimensional

constraint types and several single kinematic pairs, for example,

SOC
�� R?R

zffl}|ffl{
ð?PÞ== R?R

zffl}|ffl{
�g is composed of two SOC

�� R?R
zffl}|ffl{

�g and a P pair.
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In this case, first we combine the dimensional constraint types into a sub-SOC, then,
combine the kinematic pair and the sub-SOC together, so we get the second
sub-SOC. The determination of X is shown in Tables 2 and 3.

X = 0, when the output between the adjacent kinematic pairs is 3T/3R.
The explanation of P*, Pn/R*, Rn in Tables 2 and 3 are detailed in Sect. 2.2.

3.2 The Expression of Serial Mechanism End-Reactor’s
Output Direction

Now we introduce the algorithmic rule of the serial mechanism sub-SOC combi-
nation process based on the array (X, Y). We can use that rule to describe the
mechanism end-reactor’s direction. We use the dimensional constraint type as the
basic unit to construct the serial mechanism.

Table 2 The determination of X value (combination of dimensional constraint types and single
kinematic pair) when the output between the adjacent kinematic pairs is 1T/1R

Parallel Intersect Vertical Free connect

Translation
output T

R* and R 1 1 1 1

R* and P 1 1 1 1

P* and P 0 1 1 1

Rotation
output R

R* and R 0 1 1 1

R* and P 0 0 0 0

P* and R 1 1 1 1

P* and P 0 0 0 0

Table 3 The determination of X value (combination of dimensional constraint types and single
kinematic pair) when the output between the adjacent kinematic pairs is 2T/2R

Parallel Intersect Vertical Free connect

Translation
output T

R*Rn and R 0/1 1 1 1

R*P* and R 1 1 1 1

P*R* and R 1 1 1 1

P*Pn and R 1 1 1 1

R*R and P 1 1 0/1 1

P*R* and P 1 1 1 1

R*P* and P 0 1 1 1

P*Pn and P 0 0/1 0/1 0/1

Rotation
output R

R*Rn and R 0 0/1 0/1 1

R*Rn and P 0 0 0 0
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Cause the X value can represent the position relationship between the kinematic
pair and the dimensional constraint type next to it, so we can use the X value and
the directions of the front sub-SOC to describe the direction of the new sub-SOC.

Definition: Set the first kinematic pair of the branch for the direction foundation
kinematic pair. If it is R pair, then the direction of its axis is R*, If it is P pair, then
the direction of its axis is P*. Then we can describe the direction of the sub-SOC by
R* and P*. Pn and Rn (in Tables 4 and 5) is also the direction foundation kinematic
pair of the branch. Pn and Rn can be any P pair and R pair which has different
directions with P* and R*. The max number of the direction foundation kinematic
pair is 2, they can be P*, Pn/R*, Rn.

First, we discuss the direction of the translation output, the expression rule of
serial mechanism end-reactor’s translation output direction is shown in Table 4.

And then discuss the direction of the rotation output, the expression rule for
serial mechanism end-reactor’s rotation output direction is shown in Table 5.

Table 4 The expression of serial mechanism end-reactor’s translation output direction

Combining form The output of Sub-SOC The value of X Direction of translation

t1 and t1 t1(∥P*) 0 t1(∥P*)

1 t2(∥♢(P*,P¬n))
t1(⊥R*) 0 t1(⊥R*)

1 t2(⊥R*)

t1 and t2 t1(∥P*) 0 t2(∥♢(P*,P¬n))/
t2(⊥R*)

1 t3 (all directions)

t1(⊥R*) 0 t2(⊥R*)

1 t3 (all directions)

t1 and t3 t1(∥P*) 0 t3 (all directions)

1 t3 (all directions)

t1(⊥R*) 0 t3 (all directions)

1 t3 (all directions

t2 and t1

t2 and t2
t2(∥♢(P*,P¬n)) 0 t2(∥♢(P*,P¬n))

1 t3 (all directions)

t2(⊥R*)/t2ð?qÞ 0 t2(⊥R*)/

1 t3 (all directions)

t2 and t3 t2(∥♢(P*,P¬n)) 0 t3 (all directions)

1 t3 (all directions)

t2(⊥R*)/t2ð?qÞ 0 t3 (all directions)

1 t3 (all directions)

t3 and t1

t3 and t2

t3 and t3

t3 0 t3 (all directions)

1 t3 (all directions)
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4 Programming the Algorithm of N-DOF Serial
Mechanism Type Synthesis

In order to obtain the serial mechanism which conformance to requirements of
POC, We can divide the programming process into 4 steps:

(1) If we want to obtain the limb which has certain POC set, the type and number
of kinematic pair are certain. So, firstly, we should ensure the type and number
of kinematic pair.

(2) Ensure the common dimensional constraint type included in the serial
mechanism.

(3) According to the type and number of the kinematic pair in Step 1 and
dimensional constraint type in Step 2, we can get possible combination plans
which is consisted of dimensional constraint type and single kinematic pair
reciprocally; farther, adding every orientation relation (parallel, intersect,
vertical, free connection) into the combination plans to get all possible theo-
retical results which meet the requirement of POC set.

(4) According to the eliminate principle and equivalent principle (shown in
Sect. 3.4), we can eliminate the plan that does not meet the requirements, and
get the final plan which meet the requirements. Its programming flow diagram
is shown in Fig. 1, and is divided into 4 section as follows.

Table 5 The expression of serial mechanism end-reactor’s rotation output direction

Combining form The output of Sub-SOC The value of X Direction of rotation

r1 and r1 r1(∥R*) 0 r1(∥R*)

1 r2(∥♢(R*, R¬n))
r1 and r2 r1(∥R*) 0 r2(∥♢(R*, R¬n))

1 r3 (all directions)

r1 and r3 r1(∥R*) 0 r3 (all directions)

1 r3 (all directions)

r2 and r1

r2 and r2
r2(∥♢(R*, R¬n)) 0 r2(∥♢(R*, R¬n))

1 r3 (all directions)

r2 and r3 r2(∥♢(R*, R¬n)) 0 r3 (all directions)

1 r3 (all directions)

r3 and r1

r3 and r2

r3 and r3

r3 0 r3 (all directions)

1 r3 (all directions)
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4.1 Determination of the Type and Number of the Kinemetic
Pairs

The first part of the program should certain the types and number of the kinematic
pairs according to the equation (1), (2), (3). Users should input the number of
translation and rotation of the objective POC set and the DOF of the branch, we can
get the combination plans of P pairs and R pairs.

According to requirements above, programming by vc++6.0. The algorithm is
easy and the specific program is omitted here.

4.2 Determination of the Possible Dimensional Constraint
Type

Limited by the paper space, the algorithm of the program Step 2 is introduced
particularly in literature [22], 4.3.2

Fig. 1 Programming flow diagram
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4.3 Determination of the Axis Relationship Between Every
Combination Unit

Limited by the paper space, the algorithm of the program Step 3 is introduced
particularly in literature [22], 4.3.2

4.4 Elimination of Wrong Plans and the Expanded Type
of the Mechanism

The major functions of the fourth part of the program are as follow:

(1) Eliminate the plan which is repeated and can’t meet the requirement according
to the eliminate principle. Generate the mechanism which has equivalent
kinematic pair and equivalent HSOC according to the equivalent principle (for
example: RP can be seen as C, RRR can be seen as S).

(2) The main program analyze the results from every subprogram, then output all
serial mechanism structure which meet the requirements of the objective POC
set input by users; and ensure the direction of translation/rotation output of
every mechanism according to the algorithm of direction determination.

Then we introduce eliminate principle and equivalent principle easily as follows.
(1) Eliminate principle:
(1) Eliminate repeated plans.
(2) Eliminate plans which contain the incorrect kinematic pair connection ways:

① Multiple P pairs are parallel to each other;
② More than three R pairs are parallel to each other.

(2) Equivalent principle:
(1)Several kinematic pair can be replaced by an equivalent one.

① R pair parallel to P pair can be equivalent to a C pair.
② Three intersected R pairs can be equivalent to a S pair.

(2) Kinematic pairs can be replaced by equivalent sub parallel mechanism, such as
P pair can be equivalent to HSOC {-P(4R)-}, the two structures have the same POC
set output. And P∥R can be equivalent to the structure HSOC{- P(4U)∥R(4U) -}, the
two structures have the same POC set output too.

5 The Human-Computer Interaction Interface

The process of interface operation is:
First, the user needs to enter the POC set requirements in the upper left of the

interface (enter the number of translation independent element and the number of
rotation independent element). Foe example, when we synthesize the 3T1R
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(3 translation and 1 rotation) serial mechanism, we should enter ‘3’ in the input box
‘dim {M (t)}’, and enter ‘1’ in the input box ‘dim {M (r)}’. Click the ‘ok’ button
right blew, we can get several combination plans which meet the POC set
requirement in the right side of the interface

In Fig. 2 the program generate 4 plans, among them, ‘mr’ represents the number
of R pairs which the objective mechanism may contains; ‘mp’ represents the
number of P pairs which the objective mechanism may contains.

Then the program will generate mechanisms which meet the POC set require-
ment in four drop-down menu in the left blew of the interface automatically and
output by symbol form.

Among then, the first drop-down menu of the first line menus can generate the
serial mechanism which the basic point is not on the axis of the end-reactor
kinematic pair, it can be any point outside the axis. And the drop-down menu beside
it shows the expanded results which include C pairs, S pairs and U pairs. The first
drop-down menu of the second line menus can generate the serial mechanism which
the basic point is on the axis of the end-reactor kinematic pair. And the drop-down
menu beside it shows the expanded results.

Users can click the ‘ok’ button which on the right side, get the structure diagram
on the right of the interface according to their needs.

For example, user select the structure of ‘HSOC{-◇(P(3R-2P),P(3R-2P))-P∥R-}’,
then click the ‘ok’ button, computer will generate the structure diagram on the right
side of the interface.

Fig. 2 Input the POC set requirement
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6 Example: The Automation Generation of 4-DOF Serial
Mechanism Synthesis

Our serial mechanism type synthesis program can synthesize 3-DOF, 4-DOF,
5-DOF serial mechanisms. Now we take the 4-DOF serial mechanism as an
example, we can synthesize 1 [18] kinds of 4-DOF serial mechanism. Among them,
there are 85 kinds of 3T1R mechanisms (72 % of the 4-DOF serial mechanisms);
23 kinds of 2T2R mechanisms (19 % of the 4-DOF serial mechanisms); 10 kinds of
1T3R mechanisms (9 % of the 4-DOF serial mechanisms). Limited by the paper
space, the TABLE of 4-DOF serial mechanism generation is introduced particularly
in literature [22], 5.3.4, Table 5.2.

7 Conclusions

(1) A computer expression of sub-SOC is proposed and defined based on the POC
set theory. And a set of numerical algorithms rules is established based on the
sub-SOC expression. We can express the output dimension and direction of
the serial mechanism end-reactor effectively, and it’s convenient for computer
recognition.

(2) According to the expression of sub-SOC, we can use the VC++ to program the
serial mechanism automation type synthesis algorithm; and program the
interface by Matlab, finished the serial mechanism automation type synthesis
generation.

(3) The program we developed can synthesize 3-DOF, 4-DOF, 5-DOF serial
mechanism. We can generate 31 kinds of 3-DOF mechanism (3 kinds of
3T0R, 21 kinds of 2T1R, 5 kinds of 1T2R and 2 kinds of 0T3R); 118 kinds of
4-DOF mechanism (85 kinds of 3T1R, 23 kinds of 2T2R and 10 kinds of
1T3R); 230 kinds of 5-DOF mechanism (203 kinds of 3T2R and 27 kinds of
3T2R).

(4) We provide a serial mechanism design platform for mechanism researchers
and our method is more convenient and powerful.
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Dimensional Synthesis of a 2-PRS-PRRU
Parallel Manipulator

Lingmin Xu, Qiaohong Chen, Junhua Tong and Qinchuan Li

Abstract This paper deals with the dimensional synthesis of a 2-PRS-PRRU
(P, R, S and U standing for actuated prismatic, revolute, spherical and universal
joint, respectively) parallel manipulator considering both dexterity and motion/force
transmission. First, the inverse kinematic analysis of the parallel robot is presented.
Next, the reciprocal of the condition number and the global conditioning index
(GCI) based on a dimensionally homogeneous Jacobian matrix are used to evaluate
the dexterity. Then, local transmission index (LTI) and good transmission work-
space (GTW) are used for evaluation of the motion/force transmissibility of the
2-PRS-PRRU parallel manipulator. Finally, considering the GCI and GTW
simultaneously, the parameter-finiteness normalization method is used to produce
an optimal design. Both dexterity and motion/force transmission can be improved
with the optimized link parameters.
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1 Introduction

In recent decades, the lower-mobility parallel manipulator (PM), which has fewer
than six degrees of freedom (DOFs), has attracted considerable attention in both the
industrial and theoretical communities. Compared with 6-DOF PMs, these
lower-mobility PMs are of several advantages, including simpler manufacturing
and actuation, and lower cost of maintenance [1–4].

Dimensional synthesis of the PM is indispensable in optimal kinematic design,
which aims at obtaining better performances in the reachable workspace. Based on
the algebraic characteristics of the Jacobian matrix of a PM, several indices have
been proposed and commonly used for evaluating kinematic performance of a PM,
such as manipulability [5], condition number [6], etc. However, these
Jacobian-based indices may not be effective when they are applied to PMs with
combined types of mobility [7]. For PMs with this property, the units of the
elements in the Jacobian matrix is inconsistent, which leads to unclear physical
meanings and coordinate-dependence. This situations will subsequently cause
erroneous interpretations. Much process have been made to deal with this incon-
sistency using scale factors or matrices [8–12]. And one widely adopted approach is
to establish dimensionally homogeneous Jacobian matrix based on characteristic/
natural length [8, 9].

Another type of index for evaluation of performance, is called the motion/force
transmission characteristics, which is based on screw theory. This index illustrates
the capability of transmission between the actuators and moving platform. In order
to determine the motion/force transmissibility, many works have been made
[13–15]. Particularly, Liu et al. [16, 17] developed a new local transmission index
(LTI) which is consistent in physical meaning, frame-independence and
scale-invariant.

Note that most works on dimensional synthesis of PMs consider only one per-
formance index, for example, dexterity or motion/force transmissibility [10, 12,
16–18]. However, it is important to consider dexterity and motion/force transmis-
sibility simultaneously in the dimensional synthesis of a PM. Unfortunately, this is
a problem that has been addressed rarely.

In this paper, dimensional synthesis of the 2-PRS-PRRU PM [19] considering
both dexterity and motion/force transmissibility is discussed. Here, the notations P,
R, S and U denote actuated prismatic, revolute, spherical and universal joints,
respectively. The paper is organized as follows. Section 2 introduces the 2-PRS-
PRRU PM. The inverse kinematic analysis is performed in Sect. 3. Sections 4 and
5 discuss the dexterity and motion/force transmission, respectively. In Sect. 4, the
dexterity analysis of the PM is performed in detail based on the dimensionally
homogeneous Jacobian matrix. Based on the screw theory as foundation, the
motion/force transmission performance with LTI and GTW are investigated in
Sect. 5. Considering the distribution of GCI and GTW simultaneously, the
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parameter-finiteness normalization method (PFNM) is used for optimal kinematic
design in Sect. 6, and then the optimized design of the 2-PRS-PRRU PM with
better GCI and GTW is derived. Finally, conclusions are presented in Sect. 7.

2 Description of the 2-PRS-PRRU PM

A prototype of 2-PRS-PRRU PM is shown in Fig. 1. The PM is composed of a
fixed base, a moving platform and three actuated limbs. Limb 1 and 2 are two
identical PRS limbs, and limb 3 is a PRRU limb. Limb 1 and 2 are coplanar and
limited to within the plane Л1, which is always perpendicular to the plane Л2. The
plane Л2 represents the symmetrical plane to which the limb 3 belongs. Beginning
from the fixed base, the P joint connected to the slider is parallel to each other. For
limb 1 and 2, the R joint is connected to the P joint, and the revolute axes of the two
R joint are parallel to each other. Meanwhile, the revolute axes of R joints in limb1
and 2 are perpendicular to the P joint. The PRS limbs are connected to the moving
platform by S joint, which the centers are limited in plane Л1. For limb 3, the
revolute axes of the two R joints are parallel to each other. And the revolute axes of
R joints are also perpendicular to plane Л2. The first revolute axis of the U joint is
parallel to the moving platform and limited in plane Л2, the second revolute axis is
perpendicular to the moving platform. The 2-PRS-PRRU PM are actuated by three
P joints.

Let Bi (i = 1, 2, 3) denote the central points of the first R joints in each limbs,
while the centers of the second R joints in limb 3 are denoted by D3. The centers of
the S joints in limb 1 and 2 are denoted by C1 and C2, respectively. And the centers
of the U joint in limb 3 is denoted by C3, which lies in the middle of the line C1C2.
The sliders of limbs interest with the fixed base at points Ai (i = 1, 2, 3), which lie
on the plane A1A2A3, as shown in Fig. 1.

Fig. 1 Schematics of the 2-
PRS-PRRU PM
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The coordinate frames are established as shown in Fig. 1. A fixed reference
coordinate frameO-xyz is attached to the fixed base and the originO is at the midpoint
of line A1A2. Let x-axis always point in the direction of OA2, y-axis point along OA3,
and the z-axis point downward vertically. A moving coordinate frame o-uvw is
attached on the moving platform, and the origin o is coincide with pointC3, as shown
in Fig. 1. Let u-axis point in the direction ofC2C3 and v-axis perpendicular to the line
C2C3. The w-axis is acting downward vertically with respect to the moving platform.
The architectural parameters of the 2-PRS-PRRU PM are defined as follows:
OA1 = OA2 = a=300 mm, OA3 = h=250 mm, B1C1 = l1 = 280, B2C2 = l2 =
280 mm, B3D3 = l3 = 225 mm, C3D3 = l4 = 225 mm, C1o = C2o = r=120 mm.

3 Inverse Position Analysis

The inverse kinematics of the 2PRS-PRRU PM involves the calculations of the
actuated joint parameters (d1, d2, d3) given the position and orientation parameters
of the moving platform (a, b, Pz).

Because the rotation about w-axis is always equal to zero [4, 19], so the rotation
matrix between the moving coordinate frames o-uvw and the fixed coordinate frame
O-xyz is given by

ORo ¼
ca sasb sacb
0 cb �sb

�sa casb cacb

2
4

3
5; ð1Þ

where s and c denote sin and cosine, respectively.
Meanwhile, the rotation matrix can also be obtained through the u-v-w Euler

angle, and the transformation mapping is given by

ORo ¼
ch3ch4 �ch3sh4 sh3

swsh3ch4 þ cwsh4 �swsh3sh4 þ cwch4 �swch3
�cwsh3ch4 þ swsh4 cwsh3sh4 þ swch4 cwch3

2
4

3
5: ð2Þ

Apparently, the rotation matrices in Eqs. (1) and (2) are two different repre-
sentations of the same orientations about moving platform, thus the following
formulas can be obtained

sacb ¼ sh3
�sb ¼ �swch3

�
: ð3Þ
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Using Eq. (3), the angle w can be calculated as follows

w ¼ arcsin
sbffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� sacbð Þ2
q

0
B@

1
CA: ð4Þ

Thus, the inverse kinematics of 2-PRS-PRRU PM can be expressed as follows
based on the geometrical conditions

d1 ¼ Pz þ rsa�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l21 � a� rcað Þ2

q
d2 ¼ Pz � rsa�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l22 � a� rcað Þ2

q
d3 ¼ Pz � l4sw�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l23 � h� l4cwð Þ2

q

8>>><
>>>:

: ð5Þ

4 Velocity Analysis

The Jacobian matrix represents the mapping between the rates of the actuated joints

_q ¼ _d1 _d2 _d3
� �T

and the velocities of the moving platform _X ¼ _a _b _Pz

� �T
.

By taking the derivative of Eq. (5) with respect to time leads to

Jq _q = Jx _X; ð6Þ

Where

Jq ¼
Jq11 0 0

0 Jq22 0

0 0 Jq33

2
64

3
75; Jx ¼

Jx11 Jx12 Jx13
Jx21 Jx22 Jx23
Jx31 Jx32 Jx33

2
64

3
75; Jq11 ¼ Pz þ rsa� d1; Jq22 ¼ Pz � rsa� d2;

Jq33 ¼ Pz � l4sw� d3; Jx11 ¼ Pz � d1ð Þrcaþ arsa; Jx12 ¼ 0; Jx13 ¼ Pz þ rsa� d1;

Jx21 ¼ arsa� Pz � d2ð Þrca; Jx22 ¼ 0; Jx23 ¼ Pz � rsa� d2; Jx31 ¼ AQþBQ; Jx32 ¼ ARþBR;

Jx33 ¼ Pz � l4sw� d3; A ¼ d3 � Pzð Þl4cw; B ¼ hl4sw; R ¼ ca
1� s2ac2w

; Q ¼ saswcw
1� s2ac2w

Thus, the velocity equation of the 2-PRS-PRRU PM can be established, and it is
expressed as follows

_q = J�1
q Jx _X ¼ J_X; ð7Þ

where J ¼ J�1
q Jx is a 3� 3 Jacobian matrix.
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5 Dexterity Analysis

Based on the previous works [19], the 2-PRS-PRRU PM has combined types of
mobility, i.e., two rotational DOFs and one translational DOF, which will cause the
inconsistency of the units of the elements in the Jacobian matrix and erroneous
interpretations. So it is necessary to obtain a new Jacobian matrix in which the
dimensions of every elements are the same physical units. Considering the method
proposed by Angeles et al. [8, 9], here the length of moving platform, r, is used as
the characteristic/natural link length L to generate a new homogeneous Jacobian
matrix. The function of the characteristic length L is to homogenize the original
Jacobian matrix. And the homogeneous Jacobian matrix Jh is then formulated as
follows

Jh ¼ Jdiag 1
L

1
L 1

� � ¼ Fr
L Ft

� �
; ð8Þ

where matrices Fr and Ft denote a 3� 2 matrix and a 3� 1 matrix, respectively.
The matrix Fr represents the mapping of the linear velocities to angular velocities
_d1; _d2; _d3 7! _a; _b

� 	
, while matrix Ft corresponds to the mapping of the linear

velocities to linear velocity _d1; _d2; _d3 7! _Pz
� �

.

5.1 Local Dexterity Index

The condition number of the Jacobian matrix is an important local dexterity index
that can be used to describe the kinematic performance of a certain configuration.
Reference [6] shows that the condition number c of the homogeneous Jacobian
matrix can be defined as

c ¼ Jhk k � J�1
h



 

; ð9Þ

where the notation �k k is defined as the 2-norm of the matrix.
The condition number can be used to illustrate the magnification between rel-

ative input errors and relative output error [7]. Condition number ranges from one to
infinite. The closer the condition number is to unity, the better the kinematic per-
formance of this configuration will be.

For clarity, we use the reciprocal of the condition number, i.e., C = 1/
c C 2 0; 1½ �ð Þ in this paper. And the rotation ranges of moving platform are set as
follows: �40� � a� 40�; �40� � b� 40� For 2-PRS-PRRU PM, the operating
height Pz has no influence on the distribution of condition number. Based on the
architecture parameters mentioned in Sect. 2, the distribution variations of the C for
the 2-PRS-PRRU PM within orientation workspace different operating is shown in
Fig. 2.
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5.2 Global Conditioning Index

Although the local dexterity index mentioned above shows the distribution of the
kinematic performance characteristic, it can hardly be used to evaluate the global
dexterity performance of the PM within the reachable workspace. The study of the
global dexterity performance is also essential for dimensional synthesis of the
mechanism. To describe the mechanism performance better, the global conditioning
index (GCI) proposed by Gosselin et al. [20] is used to evaluate the global dexterity
characteristic in this study. And the GCI is defined as

g ¼
R
W CdW

W
: ð10Þ

Apparently, the purpose of calculating the GCI is to obtain the average per-
formance over the whole reachable workspace (W). GCI ranges from zero to unity.
And the closer the GCI is to unity, the better the global dexterity the PM has.
The GCI of 2-PRS-PRRU PM is 0.426 through Eqs. (9) and (10).

6 Motion/Force Transmission Analysis

6.1 Local Transmission Index (LTI)

For dimensional synthesis of a PM, the motion/force transmission performance is
crucially important. The motion/force transmission characteristic of a mechanism
can be divided into two parts: input transmission performance and output trans-
mission performance. The input transmission performance represents the efficiency

Fig. 2 Distributions of the
reciprocal of the condition
number for the 2-PRS-PRRU
PM
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of power transmitted from the actuated joints to the limbs, while the output
transmission performance represents the efficiency of power transmitted from the
limbs to the moving platform. Readers are suggested to refer to [16, 17] for detailed
introduction of LTI based on screw theory. Considering these two performances
simultaneously, the motion/force transmission characteristics are then defined as

ki ¼ $Ai � $Tij j
$Ai � $Tij jmax

; ð11aÞ

gi ¼
$Oi � $Tij j

$Oi � $Tij jmax
; ð11bÞ

and

C ¼ min ki; gif g; ð11cÞ

where ki and gi denote the input transmission index (ITI) and output transmission
index (OTI) of the ith limb, respectively. $Ai denotes the input twist screw (ITS) of
the ith limb. $Oi denotes the output twist screw (OTS) of the moving platform. And
$Ti denotes the transmission wrench screw (TWS) of the ith limb. The range of C is
from zero to unity, and a larger C indicates better motion/force transmissibility.

Based on the architecture parameters mentioned in Sect. 2, the LTI distribution
of 2-PRS-PRRU PM in the orientation workspace can be obtained, as shown in
Fig. 3. Because of the limbs arranged symmetrically, the distribution of the
transmission characteristic is completely symmetrical with respect to angle a.

Fig. 3 LTI distribution of the
2-PRS-PRRU PM
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6.2 Global Transmission Index

Similar to the condition number, the LTI represents the performance of the
motion/force transmission in a single configuration, and thus can hardly be used to
evaluate the global transmission performance of the robot. Therefore, it is necessary
to define an index that can describe the performance in a set of poses. According to
the definition of transmission angle [21], it is assumed that when C� 0:7 the
manipulator has a relatively good motion/force transmissibility. And the region
where C� 0:7 is defined as the good transmission workspace (GTW). Thus, the
index can evaluate the global motion/force transmission of a PM, and is defined as

r ¼
R
SG
dWR

S dW
; ð12Þ

where W is the reachable workspace, SG and S denote the area of GTW and overall
possible workspace, respectively. Apparently, GTW ranges from zero to unity. And
the closer the GTW is to unity, the better the transmission performance the parallel
robot has. Accordingly, the value of GTW about 2-PRS-PRRU PM can be
obtained, and it is 0.256.

7 Optimization of Design Parameters

The GCI and GTW of the 2-PRS-PRRU PM are both highly dependent on the
design parameters, i.e., l1, l2, l3, l4, r, a and h, thus these two performance indices
should be considered simultaneously for dimensional synthesis. Considering limi-
tations of rotation angles, we restrict the motion capability as a 2 �40�; 40�½ �; b 2
�40�; 40�½ �: Here, the parameter-finiteness normalization method (PFNM) pro-
posed by Liu et al. [16, 17, 22] is used to optimize the design parameters. However,
it is difficult to illustrate the performance of the 2-PRS-PRRU PM using the seven
design parameters. Without loss of generality, we let the design parameters l1 =
l2 = l3 = l4, a = h be used as an example to illustrate the influence of the param-
eters. We can therefore obtain the 2-PRS-PRRU PM using the three design a, r and
l1, and they are normalized as

D ¼ l1 þ rþ a
3

; ð13Þ

where D is a normalized factor. Then the non-dimensional and normalized
parameters e1, e2 and e3 are deduced as
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e1 ¼ l1
D
; e2 ¼ r

D
; e3 ¼ a

D
; ð14Þ

Considering the real application, the three normalized parameters should satisfy

0\e2 � e3; 0\e3\3=2; 0\e1; e2; e3\3: ð15Þ

Using the method in [22], the parameter design space (PDS) can be obtained as
shown in Fig. 4. The shaded area shown in Fig. 4a is the set of all possible points.
For convenience, the chosen area can be transformed into plan view, as shown in
Fig. 4b. The relationship between the parameters in spatial space (r1, r2, r3) and
those in plan space (s, t) can be described as follows

e1 ¼ s
e2 ¼ 3

2 �
ffiffi
3

p
2 t � s

2

e3 ¼ 3
2 þ

ffiffi
3

p
2 t � s

2

8<
: ; or

s ¼ e1
t ¼ e3�e2ffiffi

3
p

�
: ð16Þ

The design steps required for performance optimization are as follows:
Step 1: Identify the optimal regions. The distributions of the GCI and GTW can

be obtained, as shown in Fig. 5. Considering the dexterity and motion/force
transmission characteristics of the mechanism, the region where GCI � 0.45 is
regarded as having ideal dexterity, and the region where GTW = 1 is regarded as
with desire motion/force transmission. The optimal design regions are shown in
Fig. 6. Region I indicates that the GCI is good but GTW relatively poor. In region
II, the GTW is relatively enlarged but GCI small. From the region III, we can find
that the GCI and GTW both are better than values in two other regions.

Step 2: Select three groups of data points from each optimal region, I, II, and
III. 9 groups of data points are chosen in this study. And the chosen parameters

(a) Spatial view. (b) Plan view. 

Fig. 4 Parameter design space model
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should be as far as possible from the bounds of the optimal region. Through
Eq. (16), the non-dimensional parameters e1, e2 and e3 can be obtained. Using
Eqs. (14) and (16), we can then obtain the three design parameters a, r and l1, and
the two plan space parameters s and t, as listed in Table 1.

(a) GCI. (b) GTW. 

Fig. 5 Distribution of performances for the 2-PRS-PRRU PM

Fig. 6 Optimal design regions: I, II, and III

Table 1 GCI and GTW in the optimal design regions

Region Group s t e1 e2 e3 l1 r a GCI GTW

I 1 1.14 0.36 1.14 0.62 1.24 285 155 310 0.442 0.492

2 1.24 0.40 1.24 0.53 1.23 310 133 308 0.415 0.488

3 1.32 0.40 1.32 0.49 1.19 330 123 298 0.390 0.586

II 4 1.70 0.44 1.70 0.27 1.03 425 68 258 0.196 0.892

5 1.74 0.46 1.74 0.23 1.03 435 58 258 0.166 0.839

6 1.68 0.40 1.68 0.31 1.01 420 78 253 0.231 0.946

III 7 1.10 0.14 1.10 0.83 1.07 275 208 268 0.458 1

8 1.40 0.12 1.40 0.70 0.90 350 175 225 0.474 1

9 1.32 0.16 1.32 0.70 0.98 330 175 245 0.480 1
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(a) Region I with l1= l2= l3= l4=330mm, r=123mm, a=h=298mm.

(b) Region II with l1= l2= l3= l4=420mm, r=78mm, a=h=253mm.

(c) Region III with l1= l2= l3= l4=330mm, r=175mm, a=h=245mm.

Fig. 7 Distributions of dexterity and motion/force transmission
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Step 3: Determine the normalized factor D and dimensional parameters a, r, l1.
The normalized factor D can be determined considering practical condition, and
D is chosen as 250 mm in this study. For example, the design parameters in group
“7” are chosen as the optimal results, i.e., e1 = 1.10, e2 = 0.83, e3 = 1.07. Then the
values of design parameters can be obtained using Eq. (16), i.e., l1 = l2 = l3 =
l4 = 275 mm, a = h = 268 mm, r = 208 mm.

Step 4: Check whether the dimensional parameters obtained in Step 3 is suitable
or not for an actual usage conditions. If it satisfies the actual assembly condition, the
procedure is finished; otherwise, return to Step 3 to choose another group of data
from the optimal region, and repeat Steps 3 and 4.

Figure 7 shows the comparisons of distributions of dexterity and motion/force
transmission in region I, II, and III, where the design parameters in group “3”, “6”
and “9” are chosen as examples. From Figs. 7a and b, we can find that the GCI in
region I is 0.390, which is greater than 0.231 in region II, but the GTW in region
I is 0.586, which is smaller than 0.946 in region II. As shown in Fig. 7c, the values
of GCI and GTW in region III are 0.480 and 1, which are better than two other
examples. It is demonstrated that the region III can be selected as the optimal
region. Finally, based on information from the Fig. 6 and Table 1, the optimized
manipulator can be obtained as shown in Fig. 8.

8 Conclusions

The dimensional synthesis of a 2-PRS-PRRU PM considering the dexterity and
motion/force transmission simultaneously is presented, which is a key contribution
of this paper. Local and global index of dexterity based on the homogenized
Jacobian matrix including the reciprocal of the condition number and GCI are

Fig. 8 Schematic of the
optimized 2-PRS-PRRU PM
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obtained. The LTI and GTW of the 2-PRS-PRRU PM are obtained to evaluate the
motion/force transmission characteristics. Finally, both good GCI and GTW of the
2-PRS-PRRU PM are achieved after optimizing the link parameters.
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Synthesis of Two Primary Types
of Walking Robot Legs

Da Xi and Feng Gao

Abstract Walking robots use legs to separate their bodies from tough terrain.
There is few systematic method to accomplish specific structure design of robot
legs. This paper provides a practical systematic design method based on
generalized-function (GF) set theory. The process of the method includes type
classification, number synthesis, limb decomposition and kinematic pair design.
Two main types of robot legs are proposed to represent basic design targets. The
number synthesis of the basic leg types are transferred to two linear Diophantine
equations, actuation synthesis and constraint synthesis by name. According to
practical requirements, feasible limb expressions and kinematic-pair design are
proposed. Finally all the fifty-one leg types are synthesized and typical prototypes
are realized to prove the validity of the design method.

Keywords Robot leg � Type synthesis � GF set � Linear diophantine equation

1 Introduction

Legged robots are widely used in complicated environments to adapt tough terrains.
The leg-like structure of these robots makes it possible to separate bodies from
obstacles. Thus the robots could maintain body stability on most of irregular ter-
rains. In recent years, many legged robots have become hot topics in the field of
robot research, such as BigDog [1, 2], Belepht [3, 4], PPHex [5–7] and other
biomechanics [8, 9]. Leg structure is the key point of these robots. Well-designed
robot legs will enhance operating performance under proper control program. But
most current robot legs are lack of diligent design [10], which make it difficult to
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implement gait control and parts protection. It’s a valuable topic to realize a specific
robot leg design method to get better performance for walking robots.

The generalized-function set (GF set) theory was proposed by Gao and Yang to
mathematically express the topological performance of the end-effectors [11–14].
The number synthesis equation was significantly analyzed in GF set theory to find
various types for mechanism design.

This paper introduces a systematic type synthesis method for 3-DoF walking
robot legs based on GF set theory. The paper is organized as follows. Section 2 sets
the targets of synthesis, based on the analyses of the two main robot leg types.
Section 3 provides the solutions of the number synthesis equations of actuations
and constraints, which determine the GF expressions of limbs in Sect. 4. Section 5
raises some recommended limb designs of kinematic pairs. Typical design results of
different limbs are illustrated in Sect. 6. Section 7 gives the conclusions.

2 Analyses of the Leg Mobility

Based on the relevant studies around the world, the DoF of legs are classified into
two primary types (see Table 1).

Type R: Two rotational DoF are about the hip and one translational DoF is
along the leg. This type of robot leg appears to be low level of anisotropy in
horizontal directions. E.g., Raibert hopper [15, 16] and PPHex [7]. See Fig. 1a.

Type T: Foot moves in the sagittal plane which is located by an R-DoF about the
hip. E.g., BigDog [2] and HyQ [17]. See Fig. 1b.

3 Number Synthesis

Mechanism parameters should satisfy the following integrated number synthesis
equation [18], see Eq. (1).

2FD þQr � Co �
PN
i¼1

ðqi � 1Þþ PN
i¼1

ðci � 1Þ ¼ 6

ci � 6� FD; qi �FD þQr

8<
: : ð1Þ

where FD is the dimension of the end-effector’s characteristics, i.e., the quantity of
nonzero elements in the GF set expression (FD and DoF are equal in this paper). Qr

is the number of redundant actuations. Co is the number of over-constraints. N is the

Table 1 GF expressions of
type R and type T

Type End-effector’s DoF

R GII
F14ðRa;Rb; Ta; 0; 0; 0Þ

T GII
F16ðRa; Ta;Rb; 0; 0; 0Þ
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total number of limbs. Within ith limb, ci and qi are the number of constraints and
actuations, respectively.

3.1 Number Synthesis of Actuations

The actuation part of Eq. (1) is the number synthesis equation of actuations. It could
be rewritten in the independent form, where qi = 0 indicates the limb is passive
(i.e., without actuators):

N ¼ FD þQr �
PN
i¼1

ðqi � 1Þ
qi �FD þQr

8<
: : ð2Þ

In normal conditions, there is no more than one passive limb within the leg
structure.

Set zero redundant actuation. Then the actuation number synthesis equation has
the equivalent form:

P6
j¼1

j � nqj ¼ nq1 þ 2nq2 þ � � � þ 6nq6 ¼ FD

P6
j¼0

nqj ¼ nq0 þ nq1 þ nq2 þ � � � þ nq6 ¼ N

8>>><
>>>:

: ð3Þ

where nqj is the number of limbs with j actuations, and

nqj are non-negative integers; j ¼ 0; 1; . . .; 6
nq0 � 0; 1

�
:

Fig. 1 Moving ability of the two main types of legs. a Type R, b Type T
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It is notable that:

N� nq0 þFD: ð4Þ

The solution is expressed as an eight dimension vector:

N; nq0; nq1; nq2; nq3; nq4; nq5; nq6
� � ð5Þ

Equation (3) is called an constrained linear Diophantine Equation in combina-
torics, solvability of which is included in Hilbert’s tenth problem.

In this paper, the solution (5) could be listed in sequence because of the specific
parameters in the equation, and the analytical solving process is omitted.

For parallel/serial legs,
P

qi ¼ FD ¼ 3, solutions are listed in Table 2.
Similarly, for multi-DoF part in hybrid legs, the local parameters satisfyP
qi ¼ FD ¼ 2.
The local solutions are listed in Table 3.

3.2 Number Synthesis of Constraints

The constraint part of the number synthesis equation (1) has the following equiv-
alent form:

P6
j¼1

j � ncj ¼ nc1 þ 2nc2 þ � � � þ 6nc6 ¼ 6� FD þCo

P6
j¼0

ncj ¼ nc0 þ nc1 þ nc2 þ � � � þ nc6 ¼ N

8>>><
>>>:

: ð6Þ

where ncj are non-negative integers, j = 0, 1,…, 6.
FD and N are given as the design goal (Table 1) and the actuation number

synthesis (Tables 2 and 3), respectively.

Table 2 Solutions of actuation number synthesis for parallel/serial legs

Index [N, nqj], j = 0–6 Index [N, nqj], j = 0–6

Q-1 [1, 0, 0, 0, 1, 0, 0, 0] Q-4 [2, 1, 0, 0, 1, 0, 0, 0]

Q-2 [2, 0, 1, 1, 0, 0, 0, 0] Q-5 [3, 1, 1, 1, 0, 0, 0, 0]

Q-3 [3, 0, 3, 0, 0, 0, 0, 0] Q-6 [4, 1, 3, 0, 0, 0, 0, 0]

Table 3 Solutions of actuation number synthesis for hybrid legs

Index [N, nqj], j = 0–6 Index [N, nqj], j = 0–6

Q-7 [1, 0, 0, 1, 0, 0, 0, 0] Q-9 [2, 1, 0, 1, 0, 0, 0, 0]

Q-8 [2, 0, 2, 0, 0, 0, 0, 0] Q-10 [3, 1, 2, 0, 0, 0, 0, 0]
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The solution of Eq. (6) could be expressed as an eight dimension vector:

C; nc0; nc1; nc2; nc3; nc4; nc5; nc6½ � ð7Þ

The equations are analyzed for different types (see Table 1) and connections
(parallel/serial, hybrid) in the rest of the section.

In the process of synthesis, connection in series is a special case of that in
parallel when N = 1. So here type R/T-P represents legs of type R/T in both parallel
and serial connections. Additionally, type R/T-H represents legs of type R/T in
hybrid connection. Details are shown in the tables of next section.

Without loss of generation, here goes the results of all types via the similar
process in Sect. 3.1. The results are classified and listed in Sect. 4.

4 Limb Decomposition and Expression

For different leg mobility characteristics (type R or type T, see Table 1), the
qualified limb expressions are listed in Tables 4, 5, 6 and 7. Tables 4 and 5 include
expressions for type R structure, while Tables 6 and 7 include expressions for type
T. For simplification, cases that N > 3 are omitted in the Table.

The abbreviations of GF sets in the tables correspond to the full-form 6-D
expressions in Table 8 (Sect. 5).

5 Limb Design

Kinematic pairs and the actuation locations are listed in Table 8.

Table 4 Limb expression for
type R-P

N Limb 1 Limb 2 Limb 3 Limb 4

1 GF14

3 GF14 GF1 GF1

GF8 GF2 GF2

GF14 GF2 GF2

4 GF14 GF1 GF1 GF1

GF8 GF2 GF1 GF1

GF14 GF2 GF1 GF1

GF8 GF2 GF2 GF1

GF14 GF2 GF2 GF1

GF8 GF2 GF2 GF2

GF14 GF2 GF2 GF2
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Table 5 Limb expression for
type R-H

Hybrid limbs Other limb

Parallel part Series part

Limb 1 Limb 2 Limb 3 Limb 4 Limb 5

GF18 GF1 GF1 GF7

GF12 GF2 GF2 GF7

GF18 GF2 GF2 GF7

GF4 GF1 GF1 GF18 GF8/GF14

GF4 GF2 GF2 GF18 GF8/GF14

GF4 GF3 GF3 GF18 GF8/GF14

GF14 GF1 GF1 GF12 GF14

GF8 GF2 GF2 GF12 GF14

GF14 GF2 GF2 GF12 GF14

Table 6 Limb expression for
type T-P

N Limb 1 Limb 2 Limb 3 Limb 4

1 GF16

3 GF16 GF1 GF1

GF16 GF2 GF2

GF10 GF3 GF3

GF16 GF3 GF3

4 GF16 GF1 GF1 GF1

GF16 GF2 GF1 GF1

GF10 GF3 GF1 GF1

GF16 GF3 GF1 GF1

GF16 GF2 GF2 GF1

GF16 GF2 GF2 GF2

GF10 GF3 GF3 GF1

GF10 GF3 GF2 GF2

GF16 GF3 GF3 GF1

GF16 GF3 GF2 GF2

GF10 GF3 GF3 GF2

GF16 GF3 GF3 GF2

GF10 GF3 GF3 GF3

GF16 GF3 GF3 GF3

Table 7 Limb expression for
type T-H

Hybrid limbs Other limb

Series part Parallel part

Limb 1 Limb 2 Limb 3 Limb 4 Limb 5

GF21 GF6 GF5

GF21 GF6 GF6

GF12 GF16 GF1 GF1 GF16

GF18 GF4 GF1 GF1 GF16

GF21 GF4 GF1 GF1 GF10/GF16
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6 Examples of Synthesis Results

Here several typical examples of the two primary types (i.e., type R and T) are
illustrated and compared with some real robots to show the validity of the synthesis
methodology.

For each limb expression in Sect. 4, take the corresponding kinematic form in
Sect. 5 to get a final type of walking robot leg.

Three actuators distributed on each parallel limb perform as muscles in Fig. 2.
The authors’ research team has realize a six-legged robot prototype using this kind
of leg type [6].

Table 8 Limb design for GF
expressions

No. Limb GF expression DoF Kinematic pair
design

1 GI
F1ðTa;Tb;Tc;Ra;Rb;RcÞ 6 UPS, RUS

2 GI
F2ðTa;Tb;Tc;Ra;Rb; 0Þ 5 RRU^R

3 GI
F3ðTa;Tb;Tc;Ra; 0; 0Þ 4 RRU^

4 GI
F4ðTa;Tb;Tc; 0; 0; 0Þ 3 P^U, R^U

5 GI
F5ðTa;Tb;Ra; 0; 0; 0Þ 3 UR, RRR

6 GI
F6ðTa;Tb; 0; 0; 0; 0Þ 2 RR, RP

7 GI
F7ðTa; 0; 0; 0; 0; 0Þ 1 P

8 GII
F8ðRa;Rb;Rc;Ta; 0; 0Þ 4 SP

9 GII
F10ðRa;Rb;Ta;Tb; 0; 0Þ 4 URR, URP,

RR^U

10 GII
F12ðRa;Rb;Rk; 0; 0; 0Þ 3 S, RRR

11 GII
F14ðRa;Rb;Ta; 0; 0; 0Þ 3 UP, RRP

12 GII
F16ðRa;Ta;Tb; 0; 0; 0Þ 3 RPP, R^U,

RRR

13 GII
F18ðRa;Rb; 0; 0; 0; 0Þ 2 U, RR

14 GII
F21ðRa; 0; 0; 0; 0; 0Þ 1 R

Fig. 2 Leg model of R-P in 3-active-parallel limbs and the six-legged robot
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The parallel revolute pairs are used to create the derivative translational char-
acteristics in the sagittal plane in Fig. 3. The authors’ research team has realize a
quadruped prototype using this kind of leg [3]. Additional parallel links are used to
increase the planer rigidity.

7 Conclusions

(1) Robot legs of Type R fits omnidirectional moving platforms while type T
plays a role of biomimetic mechanism. This classification of walking robot
legs could fulfill the vast majority of leg functions in the up-to-date researches.

(2) Number synthesis in GF set theory could be decomposed into two linear
Diophantine Equations, which is never studied in the precious literatures.

(3) Design results are illustrated with several robot models and real prototypes.
The practical validity of the systematic design method is shown by these
robots.

Acknowledgments Supported by National Basic Research Program of China (973 Program,
Grant No. 2013CB035501).
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POC Analysis of Parallel Mechanisms
Based on Conformal Geometric Algebra
Description Method

Chengwei Shen and Lubin Hang

Abstract Conformal geometric algebra (CGA), as an effective mathematical tool
for geometric representation and computation, is introduced to position and ori-
entation characteristics (POC) analysis of parallel mechanisms (PMs) in this paper.
A group of sic bivectors are derived in 5-dimensional conformal space to describe
the joint axes and applied as independent bases to operation of mechanisms char-
acteristics. Based on this, the POC and motion output characteristics of PMs can be
obtained by the symbolic operation. Two types of PMs are analyzed by using this
proposed method which shows conciseness and intuition.

Keywords Conformal geometric algebra � Position and orientation characteris-
tics � Parallel mechanisms

1 Introduction

Over the past years, there have been a series of methods for type synthesis of
parallel mechanisms (PMs). Huang [1–3] defines the mechanism constraint system
and the limb constraint system based on the reciprocal screw theory and proposes
the constraint-synthesis method for type synthesis of PMs. Hervé et al. [4, 5]
introduce the Lie group algebraic structure of the set of rigid-body displacements to
analysis of mechanisms and the full-cycle PMs can be obtained by the method
based on the displacement subgroup. Gogu [6, 7] researches into the type synthesis
with the linear transformation from the input space to the output space. Position and
orientation characteristics (POC) sets [8–10] can be used to describe relative motion
characteristics of any two mechanical links. It is critical to describe POC of parallel
mechanisms (PMs) using an appropriate mathematical tool for application to the
automatic derivation of type synthesis.
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For the computerization of type synthesis, Gao [11] has developed an integrated
software based on the GF sets. Ding [12] presents the character strings to represent
the complete topological information of PMs for computer processing of type
synthesis of both symmetrical and asymmetrical 5-DOF PMs. To describe the
topological structure of mechanisms for the operation of synthesis, some other
mathematical tools have been introduced in recent years. Grassmann-Cayley
algebra [13, 14] is applied to singularity analysis of some types of PMs. Li [15]
adopts the twists in the form of geometric algebra to describe the branches of PMs
and proposes a mobility analysis approach for limited-DOF PMs based on the outer
product operation. Husty et al. [16] introduce an algebraic approach via Study’s
kinematic mapping of the Euclidean group to reveal global kinematic behavior
properties of 3-RPS parallel manipulator.

Conformal geometric algebra (CGA) [17], an effective mathematical tool for
geometric representation and computation, has been widely applied in the field of
robotics [18–20]. Still, CGA is rarely used for structure analysis of robot mecha-
nisms. Based on the 3-dimensional Euclidean basis vectors {e1, e2, e3} and two
additional basis vectors, {e0} representing the origin and {e∞} representing the
infinity, a group of bivectors {e23, e31, e12, e1∞, e2∞, e3∞} in 5-dimensional
conformal space is derived and applied as the independent bases for the description
and operation of joint axes in this paper. The union of each joint’ characteristics is
defined by the outer product operation for serial kinematic chains and the inter-
section of each limb’s characteristics is defined by the shuffle product operation for
parallel kinematic chains. Two parallel mechanisms’ position and orientation
characteristics are analyzed by this method, which shows conciseness and intuition.

2 POC Description Based on CGA

2.1 5-Dimensional Conformal Space

The fundamental operator in geometric algebra (GA) is geometric product [21],
containing inner product and outer product, which can be expressed as

ab ¼ a � bþ a ^ b ð1Þ

As for the 3-dimensional Euclidean space R3, it has a group of orthogonal basis
vectors {e1, e2, e3}. Here, we focus on the 5-dimensional conformal space that can
be established via introducing two additional orthogonal basis vectors {e+, e−} with
positive and negative signature in Minkowski space to R3, which is called as G4,1.
These two additional vectors have the following properties

e2þ ¼ 1, e2� ¼ 1, eþ � e ¼ 0 ð2Þ
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Another group of basis vectors {e0, e∞} with geometric meaning [22] can be
defined as

e0 ¼ 1
2

e� � eþð Þ, e1 ¼ e� þ eþ ð3Þ

where e0 represents the 3-dimensional origin and e∞ represents the infinity.
According to the above definition, {e1, e2, e3, e0, e∞} is a group of basis vectors

which forms the 5-dimensional conformal space and these five basis vectors have
the following relation

e21 ¼ e22 ¼ e23 ¼ 1; e20 ¼ e21 ¼ 0; e0 � e1 ¼ �1 ð4Þ

There are two representations of geometric entities in CGA [23], one is based on
the inner product null space and the other is on the outer product null space. These
two representations can be transformed each other by the dualization operator “*”,
which can be expressed as

A� ¼ AI�1 ¼ �AI ¼ �A e0 ^ e1 ^ e2 ^ e3 ^ e1ð Þ ð5Þ

where I refers to the pseudoscalar of the whole 5-dimensional space.
Based on the inner product null space, the arbitrary plane can be described as

pi ¼ aie1 þ bie2 þ cie3 þ die1 ð6Þ

where (ai, bi, ci) refers to the 3D normal vector of the plane pi and di refers to the
distance from the plane pi to the origin. The line L can be generated by the
intersection of two planes p1 and p2 via the outer product, as shown in Fig. 1,
which is expressed as

L ¼ a1e1 þ b1e2 þ c1e3 þ d1e1ð Þ ^ a2e1 þ b2e2 þ c2e3 þ d2e1ð Þ ð7Þ

Furthermore, a line L in 5-dimensional conformal space can be define by

L ¼ ae23 þ be31 þ ce12 þ pe11 þ qe21 þ re31 ð8Þ

Fig. 1 Line of intersection of
planes
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where the vector (a, b, c) means the Euclidean direction of the line and (p, q, r) is
the movement vector, which have the algebraic relation

a � pþ b � qþ c � r ¼ 0 ð9Þ

In Eq. (8), the eij refers to the 2-blade, which denotes the 2-dimensional plane
that is directional but formless.

Based on the above derivation in 5-dimensional conformal space, any line can be
identified by using these six 2-blades or bivectors {e23, e12, e31, e1∞, e2∞, e3∞}
with {e23, e12, e31} for the orientation and {e1∞, e2∞, e3∞} for the position. To
extend this description of line to the joint axis and indicate the motion output
characteristics of the moving link of the kinematic joint, these six bivectors can be
applied as a group of independent bases, which constructs a new space and the
pseudoscalar of this space can be expressed as

J ¼ e23 ^ e31 ^ e12 ^ e11 ^ e21 ^ e31 ð10Þ

2.2 Description of Joint Axes

Based on the basis vectors of 5-dimensional conformal geometric algebra and the
inner product expression of line, a group of unified basis bivectors {e23, e31, e12,
e1∞, e2∞, e3∞} which can describe the POC of revolute and prismatic joint axes
individually is proposed.

Revolute joint axis. The revolute joint is illustrated in Fig. 2. Point O on the
moving link is chosen as origin e0. From the line definition using conformal geo-
metric algebra, the axis lR of a revolute joint can be described as

lR ¼ ae23 þ be31 þ ce12 þ pe11 þ qe21 þ re31 ð11Þ

where ae23 + be12 + ce31 means the moving link has one rotation around the axis
of R pair and pe1∞ + qe2∞ + re3∞ means the moving link also has a derivative
translation perpendicular to the axis of R pair and radius vector q, i.e., (p, q, r) =
(a, b, c) � q.

Fig. 2 Revolute joint
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In addition, the POC matrix of R pair can be defined as

MR CGAj ¼ ae23 þ be31 þ ce12
pe11 þ qe21 þ re31f g

" #
or MR CGAj ¼ ae23 þ be31 þ ce12f g

pe11 þ qe21 þ re31

" #

ð12Þ

where {} refers to dependent motion.
Prismatic joint axis. The prismatic joint is illustrated in Fig. 3. Point O on the

moving link is chosen as origin e0. The moving link can only translate without
rotation, so its axis can be described by above three position bivectors as

lP ¼ le11 þme21 þ ne31 ð13Þ

where (l, m, n) refers to direction of P pair in Euclidean space and l2 + m2 + n2 = 1.
Furthermore, the POC matrix of P pair can be defined as

MP CGAj ¼ 0
le11 þme21 þ ne31

� �
ð14Þ

The position and orientation characteristics of the joint axis are corresponding to
the motion output characteristics of the moving link, i.e., the expression of revolute
joint axis indicates the rotation and dependent translation of its moving link, the
expression of prismatic joint axis indicates the translation of its moving link.
Generally speaking, the rotational link can be described by the line consisting of six
bases {e23, e12, e31, e1∞, e2∞, e3∞} while the translational link can be described by
the orientation consisting of three bases {e1∞, e2∞, e3∞}, once the origin e0 is
chosen.

2.3 Algorithm for Parallel Mechanisms

POC union for serial kinematic chains. For the serial kinematic chains, the
motion output characteristics of the end-effector can be regarded as composition of
position and orientation characteristics of every joint, which means the POC of the
end-effector is the union of all of the joints’ POC. The union of any two vectors

Fig. 3 Prismatic joint
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A and B can be performed via the outer product [23], so the POC union of all joints’
blades is defined as

MS CGAj ¼ ^m
i¼1

MJi CGAj ð15Þ

where MS|CGA is the end-effector’s POC blade in the form of CGA and MJi|CGA is
the set of the ith joint’s POC blade in the form of CGA. Equation (15) is the
equation of POC union for serial kinematic chains. Under these circumstances, the
union for the serial mechanism is accomplished by the outer product operation and
the result should be a polynomial of blades composed of proposed bases connected
by “˄”s and “+”s.

POC intersection for parallel kinematic chains. A typical parallel mechanism
has a base and a moving platform connected in parallel by several limbs. The
movement of the moving platform is constrained by individual limbs. For the
parallel kinematic chains, the motion output characteristics of the moving platform
are the intersection of all limbs’ characteristics and each limb can be considered as a
serial kinematic chain. The intersection of any two vectors A and B is defined as the
shuffle product [24], which can be obtained as

A _ B ¼ A� ^ B�ð ÞJAB ð16Þ

where JAB refers to the maximum subspace constructed by the bases belong to
A and B. The operation of A* and B* is same as Eq. (10), which can be expressed as

A� ¼ AJ�1
AB ¼ �AJAB

B� ¼ BJ�1
AB ¼ �BJAB

�
ð17Þ

The POC intersection of all limbs’ blades is defined as

MPa CGAj ¼ _n
j¼1

MSj CGAj ð18Þ

where MPa|CGA is the moving platform’s POC blade in the form of CGA and
MSj|CGA is the jth limb’s POC blade in the form of CGA. Equation (18) is the
equation of POC intersection for parallel kinematic chains.

According to Eq. (18), the motion output characteristics of the moving platform
of parallel mechanism, or the intersection of limbs’ motion output characteristics,
can be obtained through the shuffle product operation. This direct symbolic com-
putation avoids the geometric related operations that are required in the method
based on POC sets. Corresponding to mechanism and machine theory, the pseu-
doscalar operated in Eq. (18) should be the maximal dimensional blade spanned by
all limbs’ POC blades.
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3 3-RRC Parallel Mechanism

A type of 3-RRC parallel mechanism, as is shown in Fig. 4, is composed of a base
and a moving platform connected by three RRC limbs. For each limb, the axes of
Ri1, Ri2 and Ci3 are parallel to each other. The R11 and R12 joints located on the base
are orthogonal, and so are the C13 and C23 joints located on the moving platform.

Establish the moving coordinate system. A moving coordinate system is
created so that the origin e0 is chosen at the intersection of axes of C13 and C23

joints. The axis e1 coincides with the axis C13 and the axis e2 coincides with the axis
C23, respectively.

Obtain the POC blades of each limb. The POC blades of each limb should be
the outer product of POC blades of every joint, which can expressed as

MSi CGAj ¼ MRi1 CGAj ^MRi2 CGAj ^MCi3 CGAj ð19Þ

According to the POC blades of R and P joint, Eq. (19) can be obtained as

MS1 CGAj ¼ e23 þ q11e21 þ r11e31ð Þ ^ e23 þ q12e21 þ r12e31ð Þ ^ e23 ^ e11
MS2 CGAj ¼ e31 þ p21e11 þ r21e31ð Þ ^ e31 þ p22e11 þ r22e31ð Þ ^ e31 ^ e21
MS3 CGAj ¼ a31e23 þ b31e31 þ p31e11 þ q31e21 þ r21e31ð Þ

^ a31e23 þ b31e31 þ p32e11 þ q32e21 þ r32e31ð Þ ^ a31e23 þ b31e31ð Þ
^ a31e11 þ b31e11ð Þ

8>>>><
>>>>:

ð20Þ

Fig. 4 3-RCC parallel
mechanism
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Coefficients in Eq. (20) are related to position and orientation of joints axes.
Calculating Eq. (20) and neglecting the solar coefficients, then

MS1 CGAj ¼ e23 ^ e11 ^ e21 ^ e31
MS2 CGAj ¼ e31 ^ e11 ^ e21 ^ e31
MS3 CGAj ¼ e23 ^ e11 ^ e21 ^ e31 þ e31 ^ e11 ^ e21 ^ e31

8<
: ð21Þ

Establish the POC equation of parallel mechanism. The POC blade of the
moving platform is the intersection of those of three limbs, which can obtained
according to the shuffle product mentioned in Eq. (18) as

MPajCGA ¼ MS1 jCGA _MS2 jCGA _MS3 jCGA
¼ MS1 jCGA _MS2 jCGA _ MS1 jCGA þMS2 jCGA

� �
¼ MS1 jCGA _MS2 jCGA _MS1jCGA þMS1 jCGA _MS2 jCGA _MS2 jCGA

ð22Þ

The shuffle product of vectors means the intersection of them in the topological
space, so the POC equation of this PM in the description of CGA can be described
as

MPajCGA ¼ MS1 jCGA _MS2 jCGA ð23Þ

Obtain POC blade of the moving platform. Based on the blades of MS1|CGA
and MS2|CGA, the maximal dimensional blade J spanned by them should be com-
posed of e23, e31, e1∞, e2∞ and e3∞, which can be expressed as

J ¼ e23 ^ e31 ^ e11 ^ e21 ^ e31 ð24Þ

Then the dualization of MS1|CGA and MS2|CGA can be obtained as

MS1 j�CGA ¼ �MS1 jCGA e23 ^ e31 ^ e11 ^ e21 ^ e31ð Þ ¼ e31
MS2 j�CGA ¼ �MS2 jCGA e23 ^ e31 ^ e11 ^ e21 ^ e31ð Þ ¼ �e23

�
ð25Þ

According to Eq. (16), Eq. (23) can be obtained by

MPajCGA ¼ e31 ^ �e23ð Þð Þ e23 ^ e31 ^ e11 ^ e21 ^ e31ð Þ ð26Þ

The POC blade of the moving platform can be expressed as

MPajCGA ¼ e11 ^ e21 ^ e31 ð27Þ

374 C. Shen and L. Hang



Its POC matrix is

MPajCGA ¼ 0
e11 ^ e21 ^ e31

� �
ð28Þ

The result contains three translation bases connected by “˄”, which indicates that
the moving platform of the 3-RRC parallel mechanism has three independent
translation or full translation capability and no rotation.

4 3-RCRR Parallel Mechanism

The 3-RCRR parallel mechanism that nine joints (including Ci2, Ri3 and Ri4, i = 1, 2,
3) intersect at a common point, and three R joints located on the base are perpen-
dicular to the plane of the base and parallel to each other, which shown as Fig. 5.

Establish the moving coordinate system. The intersection point of the axes of
nine joints is selected as the origin e0 and a moving coordinate system is established
so that the axis e1 coincides with the axis of C12 pair and the axis e3 is perpendicular
to the plane of the moving platform.

Obtain the POC blades of each limb. For the first limb R11C12R13R14, the POC
blades of these three kinematic pairs can be expressed as

MR11 CGAj ¼ e12 þ q11e21
MC12 CGAj ¼ e23 ^ e11
MR13 CGAj ¼ a13e23 þ b13e31 þ c13e12
MR14 CGAj ¼ a14e23 þ b14e31 þ c14e12

8>><
>>: ð29Þ

where q11 is related to the position of R11 joint, (a13, b13, c13) and (a14, b14, c14) are
the directional vectors of R13 and R14 joint axes, respectively. The POC blade of

Fig. 5 3-RCRR parallel
mechanism
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R11C12R13R14 is the outer product of each joint, neglecting the coefficient, which
can be obtained as

MS1 CGAj ¼ e23 ^ e31 ^ e12 ^ e11 ^ e21 ð30Þ

Similarly, the POC blades of other two limbs can be expressed as

MR21 CGAj ¼ e12 þ p21e11 þ q21e21
MC22 CGAj ¼ a22e23 þ b22e31ð Þ ^ a22e11 þ b22e21ð Þ
MR23 CGAj ¼ a23e23 þ b23e31 þ c23e12
MR24 CGAj ¼ a24e23 þ b24e31 þ c24e12

8>><
>>: ð31Þ

and

MR31 CGAj ¼ e12 þ p31e11 þ q31e21
MC32 CGAj ¼ a32e23 þ b32e31ð Þ ^ a32e11 þ b32e21ð Þ
MR33 CGAj ¼ a33e23 þ b33e31 þ c33e12
MR34 CGAj ¼ a34e23 þ b34e31 þ c34e12

8>><
>>: ð32Þ

Coefficients in Eqs. (31) and (32) are related to position and orientation of joints
axes. Then the POC blades of R21C22R23R24 and R21C22R23R24 can be obtained as

MS2 CGAj ¼ MS3 CGAj ¼ e23 ^ e31 ^ e12 ^ e11 ^ e21 ð33Þ

Establish the POC equation of parallel mechanism. The POC blade of the
moving platform is shuffle product of POC blades of every limb, which can be
expressed as

MPa CGAj ¼ MS1 CGAj _MS2 CGAj _MS3 CGAj ð34Þ

Obtain POC blade of the moving platform. In Eqs. (30) and (33), the POC
blades of each limb are equal, so the result of Eq. (34) can be obtained without the
selection of the maximal dimensional blade J, which can be expressed as

MPa CGAj ¼ e23 ^ e31 ^ e12 ^ e11 ^ e21 ð35Þ

The POC matrix of the moving platform is

MPajCGA ¼ e23 ^ e31 ^ e12
e11 ^ e21

� �
ð36Þ

The result contains five independent bases that three are rotation bases and other
two are translation bases, which indicates that the moving platform of 3-RCRR PM
can realize full rotation and two independent translation, which are situated on the
plane of the base.
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5 Conclusions

In this paper, a group of basis bivectors {e23, e31, e12, e1∞, e2∞, e3∞} which can
describe position and orientation of revolute and prismatic joint axes individually is
proposed. The motion characteristics of the moving link is described via the pro-
posed basis bivector. The union and intersection operation of topological space are
extended to position and orientation characteristics analysis of the kinematic chains.
Two types of parallel mechanisms are analyzed by this method, which shows that
this makes the description and derivation of POC for serial and parallel mechanisms
more concise and intuitive. Due to the unity of this group of basis bivectors, they
can be further applied to rigid body motion and kinematics analysis.
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Type Synthesis of the Hybrid Rotary
Platform Mechanism with Three Degrees
of Freedom

Yundou Xu, Liangliang Chen, Wennan Yan, Bei Wang
and Yongsheng Zhao

Abstract To improve the carrying capacity, a novel hybrid mechanism for rotary
platform with three degrees of freedom (DOFs) is proposed, the serial mechanism is
located on the moving platform (MP) of the parallel mechanism (PM), but its
actuation system are located on the base, and the rolling motion is transferred by a
motion transferring chain. The constraint wrench imposed on the upper MP of the
hybrid rotary platform is analyzed, the type synthesis of the motion transferring
chain was carried out using the constraint-synthesis method based on reciprocal
screw theory. The relationship between input of the transferring chain and output of
the upper MP is established, then the principle of transferring rolling motion by the
motion transferring chain is explained. Finally, based on the motion transferring
chain after optimization, two hybrid mechanisms for the rotary platform with three
DOFs are obtained, which can meet the demands presented above.

Keywords Type synthesis � Hybrid mechanism � Screw theory

1 Introduction

The rotary platform with three degrees of freedom (DOFs) has very large appli-
cations in many occasions, such as attitude adjustment and self-stabilizing of
platforms on ships and planes, CNC rotary table, medical instruments, positioning
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of camera and telescope, as well as the position tracking of the antenna and solar [1,
2] and other fields.

In many of these occasions, the platform not only need to meet the large carrying
capacity, but also require a large range of rolling, but the rotary platforms with three
DOFs that meet simultaneously these two indexes are very few. Such as the 3-UPU
spherical PM designed by Karouia et al. [3], the 3-RRS spherical PM designed by
Di Gregorio [4], for which the condition that the axes of multiple revolute pairs
intersect at a certain point should be satisfied, the 3UPS/S spherical PM proposed
by Merlet [5] in his monograph, a kind of pyramid PM with three DOFs proposed
by Huang et al. [6], all these mechanisms effectively increase the carrying capacity
but fail to realize the large range of rolling motion. For this reason, some scholars
adopt the hybrid mechanism that the PM and serial mechanism are serially con-
nected, so as to realize the large carrying capacity and large range of rolling
simultaneously, Wu et al. [7] proposed an asymmetric hybrid mechanism with three
DOFs, in which the PM is the 2-RRR + RRS + RUR mechanism, and the rolling
motion is realized by the revolute pair arranged over the PM; Hong et al. [8]
proposed a hybrid mechanism with three DOFs, in which the PM is the 2-PUS + U
mechanism, and the rolling motion is realized by the revolute pair arranged under
the PM, Li [9] also used a hybrid mechanism as a heavy-load rotational swing test
platform with three axes, in which the PM is the 2-UPS + RRS + S mechanism,
and the rolling motion is realized by the revolute pair installed on the PM (R, P, U
and S represent the revolute, prismatic, universal and spherical pairs respectively).
In summary, for the above-mentioned hybrid mechanisms, either actuation system
of the serial mechanism is arranged over the PM, in this case the actuation system
will be the load of the PM; or the actuation system is located below the PM, in such
case the whole PM will be the load of the actuation system, thus the carrying
capacity of these hybrid mechanism is restrained. In view of the above statements, a
novel hybrid parallel mechanism is presented to further improve the carrying
capacity, in which the serial mechanism is located over the MP of the PM, but its
actuation system are located on the base, and the rolling motion is transferred by a
motion transferring chain, and the type synthesis of the motion transferring chain
was carried out.

2 The Scheme of Hybrid Mechanism for the Rotary
Platform with Three DOFs

2.1 The Selection of the PM

The two-rotational-degrees-of-freedom (2R) PM with two continuous rotational
axes (CRAs) has a simple kinematic model. It is therefore easy to implement
trajectory planning, parameter calibration, and motion control, which allows for a
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very variety of application prospects, so a 2R-PM with two CRAs will be chosen to
complete the yawing and pitching motion. There are two kinds of typical 2R-PMs
with two CRAs, one is the two DOFs spherical PM [10, 11], the other kind of
2R-PM contains a constrained branch composed of only a U joint [12, 13]. The two
DOFs spherical PM has strict assembly requirements that the axes of the revolute
pair intersect at a certain point, so the 2R-PM contains a constrained branch
composed of only a U joint is selected. In such mechanisms, 2UPS/U PM has the
advantages of simple structure and wide application, as the specific situation of the
load of the platform is uncertain when selecting of 2R-PM as a rotary simulation
platform, and to avoid offset load, an UPS unconstrained branch is symmetrically
arranged based on 2UPS/U PM, thus the 3UPS/U 2R-PM is obtained as the main
load-bearing component, which realize the yawing and pitching motion.

2.2 The Arrangement of the Actuation System

When the PM is determined, the rolling platform is arranged at the top of the MP of
the PM, and through R joints connected the MP with the rolling platform to achieve
the rolling motion, while its actuation system is placed over the base and is con-
nected with the base through R joints whose axis pass through the center of the U
joints within the constrained branch of the PM, and the actuation system is con-
nected with the rolling platform through the motion transferring chain (Fig. 1).

2R PM

The upper moving platform

The motion transferring chain

Actuation system

Fig. 1 The diagram of the
novel hybrid platform
mechanism
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3 Type Synthesis of the Motion Transferring Chain

3.1 Introduction of the Constraint-Synthesis Method Based
on Screw Theory

In the screw theory, a unit screw is given by a dual vector,

$ ¼ ½ ST ST0 �T ¼ S
r� Sþ hS

� �
ð1Þ

where S denotes the unit vector along the screw axis, r denotes the position vector
of any point on the screw axis, and h is the pitch of the screw.

A screw, $r ¼ ½ STr ST0r �T, and a set of screws, $1 $2 … $n, are said to be
reciprocal if they satisfy condition:

$j � $r ¼ Sj � S0r þ SrS0j ¼ 0 ðj ¼ 1; 2; . . .; nÞ ð2Þ

where “�” represents reciprocal product, and $j represents the jth screw of the screw
set.

We call the screw a twist if it represents an instantaneous motion of a rigid body.
We call the screw a wrench if it represents a force and a coaxial couple acting on a
rigid body. The unit screw associated with a prismatic joint (P) or a couple is given
by ½ 0T ST �T, and the unit screw associated with a revolute joint (R) or a force is

given by ½ ST ðr� SÞT �T. Other types of joint can be formed by combining these
two basic joints. For example, a spherical joint (S) is equivalent to three intersecting
but not coplanar revolute joints, a cylindrical joint (C) to a prismatic joint in
concentric with a revolute joint.

If a set of screws, $1 $2 … $n represent the joint twists associated with a
supporting limb of a parallel manipulator, then $r, reciprocal to the joint twists,
represents the constraint wrench imposed on the moving platform by the supporting
limb of the parallel manipulator. The motion of the moving platform is completely
determined by combined effect of all the constraint wrenches of each limb of the
parallel manipulator.

Type synthesis procedures of the constraint-synthesis method based on screw
theory is given as follows. First of all, according to the required mechanism twist
system, calculate the mechanism constraint system that is reciprocal to the mech-
anism twist system. And then determine all the limb constraint systems according to
the mechanism constraint system, each limb twist system can then be obtained from
the limb constraint systems correspondingly. Next, construct the limb kinematic
chains according to the limb twist systems. Finally, distribute all the limb kinematic
chains properly so as to guarantee that the combination of all the limb constraint
systems is equal to the desired mechanism constraint system.
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3.2 The Analysis of the Motion Transferring Chain

In order to achieve the yawing, pitching, and rolling three-dimension rotation
movement, there are two requirements that the motion transferring chain need to
satisfy:

(1) It should follow the yawing and pitching motion of the 2R-PM;
(2) It can transfer the rolling motion generated by the actuation system to the

rolling MP of the hybrid mechanism, so as to achieve the rolling.

According to the conditions (1) and (2), based on the reciprocal screw theory, it
can be obtained that the motion transferring chain can provide up to three linearly
independent constrained forces which all pass through the center of the U joint
within the constrained branch; According to condition (2), the transferring process
of the rolling motion can be simplified as that the actuation system of the rolling
mechanism outputs an actuation wrench acting on the transferring chain and gen-
erates an effective transferring wrench, thus the energy is transferred from the input
to the output through transferring wrench.

The transferring wrench of the motion transferring chain can be specifically
divided into two aspects:

(1) It is the force line vector, it exists component in the tangential direction of the
rolling MP, particularly when the component is zero, the mechanism is unable
to transfer the rolling motion at the instant, that is, the mechanism is in the
“dead point” position;

(2) It is the couple, according to the principle of coordinate transformation, the
effect of the couple can be equivalent to the force line vector acting on the
center point of the pair that connects the rolling MP and the motion transferring
chain, similarly, the force line vector is decomposed in the tangential direction
of the rolling MP. In brief, the transferring wrench can always be equivalent to
the force line vector acting on the center point of the pair that connects the
rolling MP and the motion transferring chain.

To simplify the analysis, as the UPS branch provides no constraints to the MP of
the PM, the 3-UPS + U PM is equivalent to a single U pair, and the schematic
diagram is shown in Fig. 2. This mechanism can be considered as a PM with two
branches, one kinematic chain is composed by a U joint and an R joint, and the
other is composed of the motion transferring chain.

The coordinate system of the branch: P-XYZ is established at the center point of U
joint, and the coordinate system of Branch one and two are coincident, with X-axis
pointing along the direction of the rotating shaft connected by the U joint within
branch one to the rolling MP, and Y-axis pointing along the direction of the rotating
shaft connected by the U joint within branch one to the base respectively, and the
direction of Z-axis is determined by the right-hand rule. The moving coordinate
system: o-xyz is established at the center of the rolling MP. In the initial state, the
moving coordinate system is parallel to the coordinate system of the branch.
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Based on the reciprocal screw theory, the constraint wrench imposed on the
upper MP provided by the branch one can be obtained as:

$r11 ¼ 1 0 0 0 0 0ð Þ
$r12 ¼ 0 1 0 0 0 0ð Þ
$r13 ¼ 0 0 1 0 0 0ð Þ

8<
: ð3Þ

As the upper MP can achieve three-dimension rotation, based on the reciprocal
screw theory, the constraint force of the upper MP which all pass through the origin
of coordinate system of the branch must satisfy the following formula:

$r21 ¼ l1 m1 n1 0 0 0ð Þ
$r22 ¼ l2 m2 n2 0 0 0ð Þ
$r23 ¼ l3 m3 n3 0 0 0ð Þ

8<
: ð4Þ

where, li, mi, ni represent any nonzero constant.
Therefore, the constraint wrench imposed on the upper MP provided by the

branch two can be divided into four kinds: one is providing the three linearly
independent constraint force line vectors, second is providing two of the three
linearly independent constraint line vectors, the third is providing one of the three
linearly independent constraint line vectors, four is providing no constraints.
Because when the branch provides one or two constraint force line vectors which
pass through a certain point, it is complex [14], it will not be studied here. What
follows is a detailed analysis about the branch two when it provides three linearly
independent constraint force line vectors and provides no constraints, respectively.

Fig. 2 The simplified
mechanism of the hybrid
platform mechanism
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3.2.1 The Branch Two Providing Three Constraints

When the constraint force line vectors provided by the branch two are $r21, $
r
22 and

$r23, the typical kinematic chain provides the above three constraint line vectors is
the RRR spherical sub-chain, denoted as (RRR), whose axes all pass through the
center of the U joint of the branch one, and the mechanism is shown in Fig. 3.

At this time, the upper MP is acted upon by six force line vectors which all pass
through the center of U pair of the branch one, it can be obtained that the DOFs of
the platform is three rotations.

In the same way, the branch two can complete the transmission of the rolling
motion, the transferring wrench of RRR spherical sub-chain is obtained as:

$ ¼ 0 0 0 u1 � u2ð Þ ð5Þ

The transferring wrench is a couple, whose axis is u1 � u2, and u1 indicates the
direction of the passive R pair within chain (RRR); u2 indicates the direction of the
other passive R pair within chain (RRR).

The effect of the transferring couple is equivalent to the force line vector acting
on the center point of the pair that connects the upper MP and the motion trans-
ferring chain. Obviously, the force line vector exists component in the tangential
direction of the upper MP, and it can realize the rolling motion.

Fig. 3 The hybrid platform
mechanism with
(RRR) motion transferring
chain
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3.2.2 The Branch Two Providing no Constraints

When the branch does not provide constraints, only by changing the types, the order
of arrangement and the axes of joints in any branch with six DOFs, at the same time
maintaining six independent DOFs, the unconstrained chains can be obtained.
The RRRS branch is the typical and relatively simple kind of branch, in which the
axis of the first R joint coincide with Z axis, which is the actuated joint, and the
other two axes of the R joints are parallel to each other and parallel to the XY plane.

Similarly, based on the reciprocal screw theory, the transferring wrench of the
RRRS branch is the constraint force line vector which passes through the center of
the spherical joint, and its direction is parallel to the axes of the rear two R joints.
Obviously, the transferring force of the branch above exists component in tangential
direction of the platform, and the transfer of the rolling motion can be completed
(Fig. 4).

4 Conclusion

(1) A novel kind of hybrid mechanism for rotary platform with three DOFs is
proposed, upon the MP of PM is a revolute pair connected to the rolling MP,
and the rolling MP is driving through a motion transferring chain. As a result,
parallel mechanism and the actuation of the rolling mechanism will not
become each other’s load, which improves the carrying capacity.

(2) Based on the principle of reciprocal screw theory, first the constraint wrench
that need to be provided by the motion transferring chain is analyzed, then

Fig. 4 The hybrid platform
mechanism with RRRS
motion transferring chain
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according to different constraint wrench conditions, a variety of the motion
transferring chains are obtained, and two branches with better performances
are obtained, which are RRR spherical sub-chain and RRRS chain.
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Conceptual Design and Analysis
of a 6-Axis Double Delta Robot Towards
High Acceleration

Guanglei Wu

Abstract In this paper, a 6-axis parallel robot for pick-and-place operations is
introduced based on the double structures of the Delta robot. Differing from the
current 6-axis Delta robot, all the actuators are mounted on a base platform, which
can reduce the inertia for high dynamic performance. Besides the 3-axis translation
of the Delta robot, this robot’s three rotations of the end-effector are realized by the
relative movements of the two sub-platforms in three directions, but without sig-
nificant structural complexity compared to the existing gearbox of Delta robot. The
kinematic problems are studied to reveal that the workspace volume of the robot is
similar to the existing design. The simplified dynamic model is established and the
simulation results show that the robot can have the 100G acceleration maximally
subject to the specifications of the current commercial actuator and gearbox.

Keywords Delta robot � 6-axis � Pick-and-place � Screw pair � Bevel gear

1 Introduction

Parallel pick-and-place (PnP) robots are one class of popular robots in material
handling, of which the types are diverse, from 2 degrees of freedom (dof) planar
robot to general 6-dof FANUC Delta robot. The most widely used parallel robots, in
the light industries of food handling and electronic board assembly [1], produce three
translations and one rotation [2–7], also known as Schönflies motion [8] or SCARA
motion [9], such as the Delta robot as shown in Fig. 1a. On the other hand, 6-axis
motion, namely, three translations and three rotations, are needed in some industrial
applications, for instance, the FANUC 6-axis Delta robot displayed in Fig. 1b.
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The FANUC M-3iA/6A robot [11] adopts the structure of the translational Delta
robot [12], for which three additional are mounted on the parallelogram close to the
ends of the three actuated links, with the axis of rotation parallel to the parallelo-
gram in each limb, respectively. In each limb, a RU chain, composed of an actuated
revolute joint in series with a passive universal joint and connected to the manip-
ulated platform by a passive revolute joint, is adopted to transfer actuator rotation to
rotation relative to the manipulated platform, where the three rotations are achieved
by the combined rotations or independent rotation of the RU chains through a
complex gearbox. However, as noted by Pierrot et al. [13], it is difficult to design a
lightweight passive prismatic joint with a long service life. As the RU chain is long,
it raises the stability problem when this long chain undergoes high-speed rotations
around the axes of the U joint [14]. Furthermore, the floating actuators mounted in
the robot linkages will decrease the dynamic performance due to the increased
inertia in the high-speed motion.

In light of the previous issues, a 6-axis double Delta robot is introduced in this
paper, for which all the actuators are mounted on a base platform to reduce the
inertia. This robot’s three rotations of the end-effector are realized by the relative
movements of the two sub-platforms in three directions, wherein a similar gearbox
inherits from 6-axis Delta robot. In this work, the kinematics of the robot is
developed and the workspace is analyzed. Moreover, the simplified dynamic model
is established and the simulation results show that the robot can have the 100G
acceleration maximally subject to the specifications of the current commercial
actuator and gearbox.

Fig. 1 The Delta robots. a ABB FlexPicker [10]. b FANUC M-3iA/6A [11]
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2 Manipulator Architecture

The general structure of the robot under study is described in Fig. 2, consisting of
two translational Delta robots as shown in Fig. 2a. The orientational difference
between the two robots is 60� and their base planes have an vertical offset. The two
mobile platforms, namely, sub-platforms 1 and 2, are connected through a gearbox
as the rotation unit with the detailed structure displayed in Fig. 2b.

As illustrated in Fig. 2b, when sub-platform 1 rotates relatively to sub-platform
2, the gearbox on the latter will rotate around the vertical axis. A successive rotation
of the end-effector around a horizontal axis can be realized by the translation of
sub-platform 1 relative to the sub-platform 2, along the linear guide horizontally,
where the screw pair 1 transforms the linear motion into rotation, subsequently, the
rotation being transferred to the end-effector via the bevel gear transmission.
Similarly, the third rotation around the axis of rotation of the end-effector can be
achieved through screw pair and bevel gear transmission, where the motion is
generated by the relative translation of the sub-platform 1 along the vertical axis.

Figure 3 illustrates kinematic structure of the robot as well as the gearbox. The
global coordinate frame F b is built with the origin located at the geometric center of
the base frame, namely, point O, where the x-axis is perpendicular to the axes of
rotation of the first actuator in the first Delta robot and the second actuator in the
second one. The moving coordinate frame F p in Fig. 3b is attached to the
end-effector and the origin is at the end, namely, point P, where X-axis is parallel to
x-axis in the home configuration. Here and after, vectors i, j and k represent the unit
vectors of x-, y- and z-axis, respectively. The orientation of the ith actuator in the
first and second Delta robots, respectively, are described by unit vectors ui and ri:

ui ¼ � sin gi cos gi 0½ �T ; ri ¼ � sin fi cos fi 0½ �T ð1Þ

where gi ¼ 2ði� 1Þp=3, fi ¼ gi þ p=3, i ¼ 1; 2; 3. Moreover, unit vectors vi and
wi are parallel to the segments AiBi and BiCi, respectively, namely, the unit vectors
along the active link and parallelogram in the ith limb of the first Delta robot.
Likewise, the same interpretation of unit vectors si and ti are applicable to the
second Delta robot.

The kinematic parameters of the gearbox are depicted in Fig. 3b. The orientation
of the end-effector follows the Euler convention Z–X–Z, where the three successive
rotations are denoted by Euler angles a 2 ½0; 1Þ, b 2 ½0; 2p� and c 2 ½0; 2p�. The
gear transmission ratios for the last two rotations are both equal to 1, and the leads
of the two screw pairs 1 and 2 are represented by h1 and h2, respectively.
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Fig. 2 The CAD model of the double Delta robot. a Architecture. b Gearbox
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Fig. 3 The kinematic structure of the robot. a Double Delta robot. b Home configuration of the
mobile platform
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3 Kinematic Analysis of the Robot

Under the coordinate systems in Fig. 3a, the position vectors of points Ai and Di in
frame F b are denoted by

ai ¼ R1 cos gi sin gi 0½ �T ; di ¼ R2 cos fi sin fi a½ �T ð2Þ

and the position vectors of points Bi and Ci are derived as

bi ¼ b1vi þ ai; vi ¼ RzðgiÞRyðhiÞi ð3Þ

ei ¼ b2si þ di; si ¼ RzðfiÞRyð/iÞi ð4Þ

where hi and /i are the angles of rotation of motors from a reference position for the
first and second Delta robots, respectively.

According to Fig. 3b, the homogeneous transformation from the frame
ðx2; y2; z2Þ on the sub-platform 2 to the end-effector frame F p is:

T ¼ T1T2T3 ð5Þ

with

T1 ¼
Rzð�aÞ d3k

0 1

� �
I3 d5i

0 1

� �
;

T2 ¼
Rxð�bÞ 0

0 1

� �
I3 d4k

0 1

� �
;

T3 ¼
Rzð�cÞ 0

0 1

� � ð6Þ

where I3 is the 3� 3 identity matrix. Thus, the rotation matrix of the end-effector
will be described by

Q ¼ Rzð�aÞRxð�bÞRzð�cÞ ð7Þ

3.1 Inverse Geometry

Let the robot end-effector pose be denoted by x ¼ pT nT
� �T

, p ¼ x y z½ �T ,
n ¼ a b c½ �T , subsequently, the Cartesian coordinates of point P2 of sub-
platform 2 can be derived as
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p2 ¼
x2
y2
z2

2
4

3
5 ¼

x� d5 cos a� d4 sin a sin b
yþ d5 sin a� d4 cos a sin b

z� d3 � d4 cos b

2
4

3
5 ð8Þ

and the Cartesian coordinates of point P1 of sub-platform 1 are expressed as

p1 ¼
x1
y1
z1

2
4

3
5 ¼

x� d5 cos a� cos aðd1 þ h1b=ð2pÞÞ � d4 sin a sin b
yþ d5 sin aþ sin aðd1 þ h1b=ð2pÞÞ � d4 cos a sin b

z� d2 � d3 � d4 cos b� h2c=ð2pÞ

2
4

3
5 ð9Þ

The inverse geometry of the robot can be solved from the following kinematic
constraints:

kci � bik � l1 ¼ 0; kf i � eik � l2 ¼ 0 ð10Þ

where ci and f i, respectively, are the Cartesian coordinates of points Ci and Fi in the
global frame F b:

ci ¼ p1 þ r1 cos gi sin gi 0½ �T ; f i ¼ p2 þ r2 cos fi sin fi 0½ �T ð11Þ

Let mi ¼ mix miy miz½ �T¼ ci � ai, the angular displacement of the ith actu-
ated joint of the first robot is solved as

hi ¼ 2 tan�1 �Ii �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2i þ J2i � K2

i

p
Ki � Ji

ð12Þ

with

Ii ¼ 2b1miz; Ji ¼ �2b1ðmix cos gi � miy sin giÞ; Ki ¼ kmik2 þ b21 � l21 ð13Þ

By the same token, the inverse geometry of the second robot is:

/i ¼ 2 tan�1 �Ui �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

i þV2
i �W2

i

p
Wi � Vi

ð14Þ

with

Ui ¼ 2b2niz; Vi ¼ �2b2ðnix cos fi � niy sin fiÞ; Wi ¼ knik2 þ b22 � l22 ð15Þ

where ni ¼ nix niy niz½ �T¼ f i � di.
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3.2 Kinematic Jacobian Matrix

Differentiating Eq. (10) with respect to time leads to

wT
i _pþ _awT

i wa þ _bwT
i wb þ _cwT

i wc ¼ _hil1wiðui � viÞ ð16Þ

tTi _pþ _atTi ta þ _btTi tb ¼ _hil2tiðri � siÞ ð17Þ

with

wa ¼
d5 sin aþ sin aðd1 þ h1b=2pÞ � d4 cos a sin b
d5 cos aþ cos aðd1 þ h1b=2pÞþ d4 sin a sin b

0

2
4

3
5 ð18aÞ

wb ¼ �h1 cos a=2p� d4 cos b sin a h1 sin a=2p� d4 cos a cos b d4 sin b½ �T
ð18bÞ

wc ¼ 0 0 �h2=2p½ �T ð18cÞ

ta ¼ d5 sin a� d4 cos a sin b d5 cos aþ d4 sin a sin b 0½ �T ð18dÞ

tb ¼ �d4 cos b sin a �d4 cos a cos b d4 sin b½ �T ð18eÞ

where _p ¼ _x _y _z½ �T and wi ¼ ðci � biÞ=l1, ti ¼ ðf i � eiÞ=l2. Equation (16) can
be cast in a matrix form, namely,

Jx _x ¼ Jq _q ð19Þ

with

Jx ¼ j1 j2 j3 j4 j5 j6½ �T ; _x ¼ _x _y _z _a _b _c
� �T ð20aÞ

Jq ¼ diag q11 q22 q33 q44 q55 q66½ �T ;
_q ¼ _h1 _h2 _h3 _/1

_/2
_/3

� �T ð20bÞ

where Jx and Jq are the forward and inverse Jacobians, respectively, and

ji ¼ wT
i wT

i wa wT
i wb wT

i wc

� �T
; jiþ 3 ¼ tTi tTi ta tTi tb 0

� �T ð21aÞ

qii ¼ l1wT
i ðui � viÞ; qiþ 3iþ 3 ¼ l2tTi ðri � siÞ ð21bÞ
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3.3 Workspace Analysis

The workspace of the robot can be obtained from the common volume of the two
Delta robots, whose workspace is determined by the common volume of three tori
[5] that are the functions of the link lengths, actuator position/orientations and
manipulator pose, which can be geometrically visualized by virtue of some com-
mercial CAD softwares, such as SolidworksTM.

With the geometric parameters in Table 1, the reachable workspace of one limb
can be readily visualized, subsequently, the workspace of the sub-platform for one
limb is obtained by an offset with the platform radius. To this end, the reachable
translational workspace is the common volume of all the limbs with offsets
according to the end-effector’s geometric parameters, as displayed in Fig. 4a.
A regular workspace with a 2 ½0; 1Þ is identified, which is slightly smaller com-
pared to the Delta robot [11]. The numerical searching method is also adopted to
approximate the workspace for comparison, as demonstrated in Fig. 4b.

4 Dynamic Model of 6-Axis Delta Robot

In order to simplify the dynamic model, the centers of mass of the links are
supposed to be coincident to their geometric centers, and the joint friction and the
rotation of the outer arms are neglected. Based on these assumptions, the dynamic
model is derived by means of the Lagrange equations below

d
dt

@L
@ _q

� �
� @L
@q

þCT
qk ¼ Qex ð22Þ

where L � T � V is the Lagrangian of the system, including the mobile platform

and the six limbs, and q ¼ hT /T xT
� �T

. Moreover, Qex ¼ ½sT ; 0�T 2 R
12 is the

vector of external forces and vector s ¼ s11 s12 s13 s21 s22 s23½ �T char-
acterizes the actuator torques. Matrix Cq ¼ Jq �Jx½ � is the system’s constraint
Jacobian. Moreover, k ¼ k1 k2 k3 k4 k5 k6½ �T is a vector of Lagrange
multipliers.

Table 1 Geometric design parameters (unit: mm) of the double Delta robot

R1; R2 r1 r2 b1; b2 l1; l2 a h1; h2 d1 d2 d3 d4 d5
265 60 100 300 800 180 20 60 180 70 40 80
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The kinetic and potential energies are calculated below:

T ¼
X3
i¼1

1
2
Ibð _h2i þ _/2

i Þþ
1
8
mlk _bi þ _cik2 þ 1

8
mlk_f i þ _eik2

� �
þ 1

2
_xTMp _x ð23aÞ

Fig. 4 The translational and regular workspace of the 6-axis Delta robot with a ¼ b ¼ c ¼ 0.
a CAD representation. b Numerical
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V ¼ 1
2

X3
i¼1

mbðbi þ di þ eiÞþmlðbi þ ci þ ei þ f iÞ½ � � gþðmp þmeÞpTg ð23bÞ

where Ib and mb are the moment of inertia and mass of the inner arm, respectively,
and ml, mp and me are the masses of the outer arm, the mobile platform and the
payload. Moreover, Mp ¼ diag mp mp mp Ia þmed25 Ib þmed24 Ic

� �
is the

mass matrix of the mobile platform, Ia, Ib and Ic being the mass moments of inertia
around the three axes of rotation for a, b and c, respectively. Terms _bi and _ci stand
for the velocities of points Bi and Ci, respectively, which can be calculated with
known _hi, _/i and _x. A similar dynamic modeling procedure has been developed and
validated in the previous work [15, 16].

Substituting Eq. (23a) into Eq. (22), the terms in the equation of motion for this
system can be derived. As reported by Corbel et al. [17], the six-limb parallel robot
can reach up to 100G acceleration. Hence, the dynamic simulation is conducted
with four trajectories based an energy-minimized pick-and-place motion profiles of
25 mm� 305mm� 25mm without rotations, where the motion profiles are shown
in Fig. 5. With the mass properties in Table 2, the maximum requirements of the
speed and torques on the actuators are shown in Fig. 6, which implies that the
current commercial actuator and gearbox can meet the robot’s high dynamic per-
formance to reach to the 100G acceleration.

0
100

200
300

400
500

0
100

200
300

400
500

850

900

950

1000

1050

x [mm]y [mm]

z 
[m

m
]

trajectory 1
trajectory 2
trajectory 3
trajectory 4

(a)
−0.15 −0.1 −0.05 0 0.05 0.1 0.15

0
0.01
0.02

x [mm]

y 
[m

m
]

0 0.05 0.1 0.15
−6
−4
−2

0
2
4
6

time [sec]

ve
lo

ci
ty

 [m
/s

] horizontal
vertical

0 0.05 0.1 0.15
−1000

−500

0

500

1000

time [sec]

ac
ce

le
ra

tio
n 

[m
/s

2 ]

horizontal
vertical
magnitude

(b)

Fig. 5 The pick-and-place trajectories for dynamic simulation. a Trajectories in workspace.
b Motion profiles

Table 2 The mass and moment of inertia of the robot for dynamic simulation

mb ðkgÞ Ib ðkg �m2Þ ml ðkgÞ me ðkgÞ mp ðkgÞ Ia ðkg �m2Þ Ib ðkg �m2Þ Ic ðkg �m2Þ
2:5 0:075 0:42 5 5 0:032 0:016 0:004
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5 Conclusions

This paper introduces a 6-axis double Delta robot for pick-and-place operations
with high acceleration. Different from its 6-axis counterpart, all the actuators of this
robot are mounted on a base platform, which can reduce the inertia for high
dynamic performance. In comparison with the current design of the gearbox, this
robot’s three rotations of the end-effector are realized by the relative movements of
the two sub-platforms in three directions, but without significantly increasing the
structural complexity. The inverse kinematics is studied and the workspace is
analyzed to show that the workspace volume of the robot is similar to the existing
design. The simplified dynamic model is established and the simulation results
show that the robot can have the 100G acceleration maximally subject to the
specifications of the current commercial actuator and gearbox.

Acknowledgments The reported work is supported by the Fundamental Research Funds for the
Central Universities.

References

1. Adept: Adept Quattro Parallel Robots. http://www.adept.com/products/robots/parallel/
quattro-s650h/general

2. Pierrot F, Reynaud C, Fournier A (1990) DELTA: a simple and efficient parallel robot.
Robotica 8(2):105–109

3. Krut S, Nabat V, Company O, Pierrot F (2004) A high-speed parallel robot for SCARA
motions. IEEE Int Conf Robot Autom 4:4109–4115

4. Kong X, Gosselin C (2004) Type synthesis of 3T1R 4-dof parallel manipulators based on
screw theory. IEEE Trans Robot Autom 20(2):181–190

5. Altuzarra O, Şandru B, Pinto C, Petuya V (2011) A symmetric parallel Schönflies-motion
manipulator for pick-and-place operations. Robotica 29:853–862

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
−6000

−4000

−2000

0

2000

4000

6000

8000

time [sec]

m
ot

or
 s

pe
ed

 [r
pm

]

dθ1

dθ2

dθ3

dφ1

dφ2

dφ3

(a)

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
−100

−80

−60

−40

−20

0

20

40

60

80

time [sec]

m
ot

or
 to

rq
ue

 [N
m

/ra
d]

τ11

τ12

τ13

τ21

τ22

τ23

(b)

Fig. 6 The maximum requirement on actuators with gearbox of reduction ratio 50. a Maximum
speed along trajectory 1. b Maximum torque along trajectory 4

400 G. Wu

http://www.adept.com/products/robots/parallel/quattro-s650h/general
http://www.adept.com/products/robots/parallel/quattro-s650h/general


6. Xie F, Liu X (2015) Design and development of a high-speed and high-rotation robot with
four identical arms and a single platform. ASME J Mech Robot 7(4):041015

7. Wu G, Bai S, Hjørnet P (2016) On the stiffness of three/four degree-of-freedom parallel
pick-and-place robots with four identical limbs. In: IEEE international conference on robotics
and automation, Stockholm, Sweden, pp 861–866

8. Angeles J, Caro S, Khan W, Morozov A (2006) Kinetostatic design of an innovative
Schönflies-motion generator. Proc Inst Mech Eng Part C J Mech Eng Sci 220(7):935–943

9. Pierrot F, Nabat V, Company O, Krut S, Poignet P (2009) Optimal design of a 4-dof parallel
manipulator: from academia to industry. IEEE Trans Robot 25(2):213–224

10. ABB: IRB 360 FlexPicker. http://new.abb.com/products/robotics/industrial-robots/irb-360
11. FANUC: M-3iA/6A Delta robot. http://www.fanuc.eu/se/en/robots/robot-filter-page/m3-

series/m-3ia-6a
12. Clavel R (1990) Device for the movement and positioning of an element in space. US Patent

4,976,582
13. Pierrot F, Company O, Krut S, Nabat V (2006) Four-dof PKM with articulated

travelling-plate. In: Proceedings of parallel kinematics seminar (PKS’06), Chemnitz,
Germany, pp 25–26

14. Gosselin C, Isaksson M, Marlow K, Laliberté T (2016) Workspace and sensitivity analysis of
a novel nonredundant parallel SCARA robot featuring infinite tool rotation. IEEE Robot
Autom Lett 1(2):776–783

15. Wu G, Bai S, Hjørnet P (2015) Design analysis and dynamic modeling of a high-speed 3T1R
pick-and-place parallel robot. In: Bai S, Ceccarelli M (eds) Mechanisms and machine science:
recent advances in mechanism design for robotics, vol 33, pp 285–295

16. Wu G, Bai S, Hjørnet P (2015) Parametric optimal design of a parallel Schönflies-motion
robot under pick-and-place trajectory constraints. In: IEEE/RSJ international conference of
intelligent robotics system, Hamburg, Germany, pp 3158–3163

17. Corbel D, Gouttefarde M, Company O, Pierrot F (2010) Actuation redundancy as a way to
improve the acceleration capabilities of 3T and 3T1R pick-and-place parallel manipulators.
ASME J Mech Robot 2(4):041002

Conceptual Design and Analysis of a 6-Axis Double … 401

http://new.abb.com/products/robotics/industrial-robots/irb-360
http://www.fanuc.eu/se/en/robots/robot-filter-page/m3-series/m-3ia-6a
http://www.fanuc.eu/se/en/robots/robot-filter-page/m3-series/m-3ia-6a


Design and Analysis of a Precise
Adjustment Mechanism for Lithography
Objective Lens Based on Slit Diaphragm
Flexure

Shize Dong, Kang Guo, Xianling Li, Huanan Chen and Mingyang Ni

Abstract An adjustment mechanism with three degrees of freedom (hx-hy-
Z) based on slit diaphragm flexure is designed to meet the requirement of high
precise adjustment and guidance accuracy for the application in lithography
objective lens. The stiffness formulas of the adjustment mechanism are derived by
elastic mechanics, and verified by finite element simulation. The effect of the
adjusting force acts on the surface figure of the optical element is also analyzed. The
results show that the stiffness ratio between the radial direction and axial direction is
1534.6, the error between the theoretical value and simulation value of the axial
stiffness is 6.07 %, and 8.33 % for the radial stiffness, which indicates the validity
of the stiffness calculation. During the axial adjustment process, the adjusting force
mainly introduces defocus, spherical and trefoil aberration. However, during the tilt
adjustment process, the adjusting force mainly introduces astigmatism, coma and
trefoil aberration.
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1 Introduction

Lithography is the main process for manufacturing the grand scale integrated cir-
cuit. The development of lithography is represented by the progress of the lithog-
raphy objective lens [1, 2]. Adjustment mechanism, which is a component of the
lithography objective lens, is used to accurately adjust the relative position between
the optical elements, for compensating the aberration of the lens optical system,
such as field curvature, astigmatism, distortion and spherical aberration [3].

With the accuracy improvement of the lithography objective lens, the precision
of the adjustment mechanism is required to achieve the level of nanometer even
sub-nanometer. The traditional adjustment mechanism, such as lead-screw nut
mechanism, cam mechanism and etc., couldn’t be used in the lithography objective
lens, because of their drawbacks of friction, backlash, need for lubrication and
lower precision. In recent years, according to the requirements of the precise
adjustment for the optical element, the flexible mechanism, actuating by piezo-
electric actuators, receives a better application in the field of fine adjustment [4].

Hale et al. [5, 6] developed a mechanism to finely align optics for extreme
ultraviolet lithography. The mechanism is a small motion parallel link manipulator
with flexure joints, and the high accurate adjustment in three degrees of freedom (hx-
hy-Z) is achieved by precisely controlling the piezo screws. Chen et al. [7] designed
an ultra-precision radial spoke diaphragm flexure stage for guiding an objective lens
along the optical axis in a high performance microscope. Cox et al. [8] designed a
two precision mirror gimbal using slit diaphragm flexures to provide two-axis pre-
cision mirror alignment for the Gamma Reaction History diagnostic system in the
Neutron Imaging System. Vukobratovich et al. [9] proposed two types of slit dia-
phragms for many precision motion applications in optical engineering: a two axis
gimbal for rotation and a linear flexure for translation. Peng et al. [10] designed a
precision adjustment mechanism with flexure hinges and lever for lithography lens.
Guo et al. [11] presented a precision axial adjustment mechanism based on 6-PSS
type parallel mechanism to realize the adjustment stroke in micrometer size and the
accuracy in nanometer size for optical element in lithography objective lens.

Most of the researches use flexible adjustment mechanisms to achieve high
adjustment accuracy, but few researches focus on the guidance accuracy of the
adjustment mechanism. High guidance accuracy promotes the adjustment mecha-
nism with better motion decoupling and better mobility constrain in the
non-movement direction. For the application of the lithography objective lens, if the
guidance accuracy of the adjustment mechanism exceeds 1 lm (translation) and 1
arcsec (tilt), it will degrade the wavefront aberration of the lens optical system with
a magnitude of 0.2 nm (root mean square value). This paper presents a precise
adjustment mechanism for lithography objective lens based on slit diaphragm
flexure. The mechanism not only has high adjusting accuracy, but also owns high
guidance accuracy. In this paper, the axial stiffness and radial stiffness, which are
the major influence factors of the guidance accuracy, are analyzed. The impact of
the adjusting force on the surface figure of the optical element is also investigated.
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2 The Conceptual Model of the Slit Diaphragm Flexure

In this paper, the adjustment mechanism for lithography objective lens is composed
of slit diaphragm flexure, inner barrel and out barrel, as shown in Fig. 1. The
adjustment mechanism can be easily fabricated from a single workblank by turning,
milling, drilling, wire cutting and other processes. Since the slit diaphragm flexure
and the barrels are with monolithic structure, it does not require assembly, which is
benefit for the improvement of mechanical precision.

When the adjustment mechanism operates, the outer barrel is fixed, the slit dia-
phragm flexure is driven by three actuators, which are evenly distributed under the
flexible structure, and the output shafts of the actuators are connected to the flexible
structure at points A, B and C, as shown in Fig. 1. Under the action of three actuators,
the slit diaphragm flexure deforms elastically, and the optical element, which is
mounted on the inner barrel, moves with the inner barrel. By controlling the driving
force of the three actuators, the optical element can not only translate along the optical
axis, but also tilt against the plane that perpendicular to the optical axis. Namely, the
adjustment mechanism can realize the three degrees of freedom motion (hx-hy-Z).
The distribution of the points A, B and C is shown in Fig. 2. Assign dA, dB, and dC
represent the output displacement of A, B and C, respectively, the axial displacement
and the angular displacement of the optical element can be calculated as:

dz ¼ 1
3
ðdA þ dB þ dCÞ

hx ¼ 2dA � dB � dC
2a

hy ¼ dB � dC
b

ð1Þ

Fig. 1 The structure of the adjustment mechanism based on slit diaphragm flexure
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According to Eq. 1, in order to achieve high adjustment accuracy of the
adjustment mechanism, three piezoelectric actuators with high-resolution should be
applied to driving the slit diaphragm flexure.

The slit diaphragm flexure can be regarded as constituted by a number of curved
beams with rectangular cross-section, connected in parallel and series. According to
the number of curved beams and their connection types, the slit diaphragm flexure
can be defined as a � b type, as shown in Fig. 3. Where ‘a’ represents the number
of the curved beams in the radial direction, the connection type of the curved beams
is in series. ‘b’ represents the number of the curved beams in the circumferential
direction, the connection type of the curved beams is in parallel. After the pre-
liminary analysis, it is found that when the number of the curved beams in the radial
direction is one, the adjustment mechanism expresses higher guidance accuracy.
Therefore, the 1 � 3 type slit diaphragm flexure is investigated in this research.

3 The Theoretical Analysis of the Slit Diaphragm Flexure

There are three degrees of freedom (hx-hy-Z) existing in the adjustment mechanism.
In the process of adjusting, the in-plane movement should be constrained in order to
reduce the coupling error and improve the guidance accuracy of the adjustment

Fig. 2 The sketch of evenly
distributed actuators

Fig. 3 The conceptual model of silt diaphragm flexure. a 1 � 3 type, b 2 � 3 type, c 3 � 3 type
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mechanism. The key method to constrain the in-plane movement is to improve the
radial stiffness of the adjustment mechanism. If the radial stiffness of the adjustment
mechanism is much higher than its axial stiffness, coupled displacement error can
be suppressed. Therefore, the guidance accuracy of adjustment mechanism is highly
influenced by the axial stiffness and radial stiffness. The stiffness analysis of the slit
diaphragm flexure is given out in this section.

The basic model element of the slit diaphragm flexure is the curved beam with
both ends fixed, as shown in Fig. 4. Based on the stress function of elastic mechanics
[12, 13], the stiffness of the curved beam with both ends fixed is analyzed.

The external force Fa is applied to the midpoint of the arc length of the curved
beam along the axial direction. The arc length of the curved beam is l = urf. The
elastic modulus of the curved beam is E. Then, the deflection equation of the curved
beam with both ends fixed is taken as:

da ¼
Far3f
2Eh3 �2h3 þ 3

2uh
2� �
;

Far3f
2Eh3 2h3 � 9

2uh
2 þ 3u2h� 1

2u
3

� �
;

0� h� u
2

u
2 � h�u

8><
>: ð2Þ

According to Eq. 2, the maximal deflection of the curved beam appears at the
action point of Fa, where h = u/2. It is also the connect point between the slit
diaphragm flexure and the inner barrel. The maximal value of da is expressed as:

damax ¼ Faðurf Þ3
16Ebh3

: ð3Þ

Then the axial stiffness of the curved beam is taken as:

ka ¼ Fa

damax
¼ 16Ebh3

ðurf Þ3
ð4Þ

The cross-section of curved beamFig. 4 The curved beam
element with both ends fixed
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The main body of the slit diaphragm flexure is composed of three curved beams
in parallel. Therefore, the axial stiffness of the slit diaphragm flexure can be
calculated as:

kA ¼ 3ka ¼ 48Ebh3

ðurf Þ3
ð5Þ

The radial stiffness of the slit diaphragm flexure kR is represented by the radial
stiffness kr and the tangential stiffness kt of the curved beam. The radial stiffness is
taken as:

kR ¼ 5
4

3kr þ kt
3

� �
ð6Þ

Where:

kr ¼ 192EIr
l3

¼ 16Eb3h

ðurf Þ3
; kt ¼ 4Ebh

l
¼ 4Ebh

urf
ð7Þ

Bringing Eq. 7 into Eq. 6:

kR ¼ 5
4

48Eb3h

ðurf Þ3
þ 4Ebh

3urf

 !
ð8Þ

The stroke of the slit diaphragm flexure is constrained by the yield stress of
material. The internal stress of the curved beam is expressed as:

rh ¼
3Farf
bh3 2h� u

2

� �
z;

� 3Farf
bh3 2h� 3

2u
� �

z;

0� h� u
2

u
2 � h�u

(

rz ¼ 0

shz ¼
3Fa
h3

1
4 h

2 � z2
� �

;

� 3Fa
h3

1
4 h

2 � z2
� �

;

0� h� u
2

u
2 � h�u

( ð9Þ

Where, z is the axial height of the curved beam. The Von mises stress of the
curved beam is calculated as:

~r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3� 1

6
ðrh � rzÞ2 þ r2z þ r2h þ 6s2hz
h ir

ð10Þ

Equation 10 is a constraint condition for the dimension optimization of the
adjustment mechanism.
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4 Design and Simulation of the Adjustment Mechanism

4.1 Optimal Design of the Adjustment Mechanism

To ensure the adjustment mechanism with high guidance accuracy, the slit dia-
phragm flexure is optimized. The stiffness ratio between the radial and axial
direction is set as the objective function, the dimension parameters of the curved
beam are set as the variables. The material of the adjustment mechanism is stainless
steel, the optimized geometrical parameters and specifications of the adjustment
mechanism are shown in Table 1.

According to the optimized dimensions, the assembly model is established, as
shown in Fig. 5. Multi-flexural brackets are used to support the optical element in
order to reduce the effect of the adjusting force on the surface figure of the optical
element.

4.2 Adjustment Stroke Analysis of the Adjustment
Mechanism

The simulation analysis of the adjustment mechanism for lithography objective lens
based on slit diaphragm flexure is implemented by ANSYS software. In this
research, the piezoelectric actuator for the adjustment mechanism can provide 30 N
output force to deform the slit diaphragm flexure and balance the gravity of the
inner barrel and other components connected to it. According to the working

Table 1 The optimized geometrical parameters and specifications of the adjustment mechanism

b h u rf kA kR r kR/kA
13 mm 1.25 mm 112° 139.5 mm 15.46 N/mm 23,147 N/mm 250 MPa 1497.7

Optical 
Element

Connector

Flexible 
Support

Outer 
Barrel

Fig. 5 The assembly model
of the adjustment mechanism

Design and Analysis of a Precise Adjustment Mechanism … 409



principle of the adjustment mechanism described in Sect. 2, the adjustment stroke
and the maximum Von mises stress of the adjustment mechanism are acquired by
applying different axial force on the three action points, as shown in Table 2.

4.3 The Stiffness Analysis of the Adjustment Mechanism

Without considering the action of the gravity, the axial stiffness of the adjustment
mechanism is analyzed by applying the axial force on the action points. Making the
driving force alterable from 3 N to 30 N, the approximately linear relationship
between driving force and axial displacement can be obtained. After fitting-linear,
the axial stiffness of the adjustment mechanism is kA_ansys = 16.45 N/mm. The
same process is implemented to investigate the radial stiffness of the adjustment
mechanism. The force is applied perpendicular to the axial direction on the action
points, and altered from 3 N to 24 N. And the radial stiffness of the adjustment
mechanism is kR_ansys = 25,250 N/mm.

According to the simulation results of the adjustment mechanism, the ratio
between the radial and axial stiffness can be deduced as:

ratioansys ¼ kR ansys

kA ansys
¼ 1534:6 ð11Þ

Comparison of the theoretical and simulation value of the stiffness of the
adjustment mechanism is shown in Table 3. The error between the theoretical value
and the simulation value are less than 10 %. The ratio between the radial and axial
stiffness is relatively large. Therefore, coupled displacement error can be suppressed
in the radial direction, and the adjustment mechanism can acquire high guidance
accuracy.

Table 2 The simulation results of the adjustment stroke of the adjustment mechanism

Motion Force applied at
point A

Force applied at
point B

Force applied at
point C

Von mises
stress

Adjustment
stroke

Z 30 N 30 N 30 N 85.58 Mpa 999.2 lm

hx 30 N 23.03 N 23.03 N 69.57 Mpa 4.7 mrad

hy 25.35 N 30 N 20.71 N 93.15 Mpa 5.5 mrad

Table 3 Comparison of the theoretical and simulation value of the stiffness of the adjustment
mechanism

Item The axial stiffness
(N/mm)

The radial stiffness
(N/mm)

The stiffness
ratio

The theoretical value 15.46 23,147 1497.7

The simulation value 16.45 25,250 1534.6

The relative tolerance (%) 6.07 8.33 2.41
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5 Effect of the Adjustment Mechanism on the Surface
Figure of the Optical Element

The adjustment mechanism of the lithography objective lens not only possess high
guidance accuracy, but also need to reduce the effect of the adjusting force on the
surface figure of optical element during adjustment procedure. In the process of
adjusting the position of the optical element, if the adjusting force causes significant
change of the surface figure of the optical element, the change of the position and
the surface figure will be coupled in the lens optical system, which will make the
strategy complex to compensate the wavefront aberration of the lens optical system
and increase the difficulty and uncertainty of the adjusting process. Therefore, the
effect of the adjusting force on the surface figure of the optical element cannot be
ignored in the application of the lithography objective lens.

5.1 Effect of the Axial Adjustment on the Surface
Figure of the Optical Element

In this research, the axial stroke of the adjustment mechanism for the lithography
objective lens is required to reach 200 lm, therefore, this paper investigates the
effect of the adjustment mechanism under the stroke of ±200 lm. When the dis-
placement is within [−200 lm, 200 lm], the 37 order normalized Fringe Zernike
polynomial coefficients of the upper and lower surface figure of the optical element
is shown in Fig. 6.

When the axial adjustment stroke is −200, 0 and 200 lm, the root mean square
(RMS) value of the surface figure of the optical element is 4.01, 3.26 and 4.61 nm,
respectively. The amplitude of variation of the RMS value is about 40 % before and
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Fig. 6 Normalized Zernike terms for the surface figure of the optical element under axial
adjustment. a The upper surface, b the lower surface
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after adjusting. Moreover, as shown in Fig. 6, among the Fringe Zernike polyno-
mial coefficients of the upper and lower surface figure of the optical element, the
terms sensitive to the adjusting force are Z4 (Defocus), Z9 (Pri Spherical), Z11 (Pri
Trefoil-X), Z16 (Sec Spherical), Z20 (Sec Trefoil-Y), Z25 (Ter Spherical), Z31 (Ter
Trefoil-Y) and Z36 (Qua Spherical). Therefore, during the axial adjustment process,
the adjusting force mainly introduces defocus, spherical and trefoil aberration. The
largest terms are the primary spherical aberration (the upper surface) with a vari-
ation of 2.16 nm and the second spherical aberration (the lower surface) with a
variation of 1.94 nm.

5.2 Effect of the Tilt Adjustment on the Surface
Figure of the Optical Element

When the adjustment mechanism tilt about X axis, the 37 order normalized Fringe
Zernike polynomial coefficients of the upper and lower surface figure of the optical
element is shown in Fig. 7.

When the tilt stroke about X axis is 0 and 3.8 mrad, the RMS value of the surface
figure of the optical element is 3.26 and 3.73 nm, respectively. The amplitude of
variation of the RMS value is about 15 % before and after adjusting. Moreover, as
shown in Fig. 7, among the Fringe Zernike polynomial coefficients of the upper
surface figure of the optical element, the terms sensitive to the adjusting force are Z5

(Pri Astig.-X), Z8 (Pri Coma-Y) and Z11 (Pri Trefoil-Y). The sensitive terms of the
lower surface figure include Z6 (Pri Astig.-X), Z8 (Pri Coma-Y), Z15 (Sec Coma-Y),
Z20 (Sec Trefoil-Y), Z24 (Ter Coma-Y), Z31 (Ter Trefoil-Y) and Z35 (Qua Coma-Y).
Therefore, during the tilt adjustment process about the X axis, the adjusting force
mainly introduces astigmatism, coma and trefoil aberration, and the largest terms
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Fig. 7 Normalized Zernike terms for the surface figure of the optical element under tilt
adjustment about X axis. a The upper surface, b the lower surface
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are the primary coma aberration (the upper surface) with a variation of 0.34 nm and
the primary coma aberration (the lower surface) with a variation of 0.81 nm.

When the adjustment mechanism tilt about Y axis, the 37 order normalized
Fringe Zernike polynomial coefficients of the upper and lower surface figure of the
optical element is shown in Fig. 8.

When the tilt stroke about Y axis is 0 and 3.8 mrad, the RMS value of the surface
figure of the optical element is 3.26 and 3.75 nm, respectively. The amplitude of
variation of the RMS value is about 15 % before and after adjusting. Moreover, as
shown in Fig. 8, among the Fringe Zernike polynomial coefficients of the upper
surface figure of the optical element, the terms sensitive to the adjusting force are Z7
(Pri Coma-X) and Z10 (Pri Trefoil-X). The sensitive terms of the lower surface
figure include Z5 (Pri Astig.-X), Z7 (Pri Coma), Z14 (Sec Coma-X),Z23 (Ter
Coma-X), Z30 (Ter Trefoil-X) and Z34 (Qua Coma-X). Therefore, during the tilt
adjustment process about the Y axis, the adjusting force mainly introduces astig-
matism, coma and trefoil aberration. The largest term is the primary coma aber-
ration (the lower surface) with a variation of 0.76 nm.

6 Conclusion

An adjustment mechanism with three degrees of freedom (hx-hy-Z) for lithography
objective lens is designed, based on slit diaphragm flexure. The ratio between the
radial and axial stiffness of the adjustment mechanism is up to 1534.6. The rela-
tively large stiffness ratio can suppress the coupled displacement error in the radial
direction, and ensure high guidance accuracy. With the conceptual model of the slit
diaphragm flexure, the stiffness of flexible structure is analyzed based on elastic
mechanic. The dimensions of the adjustment mechanism are optimized, and the
stiffness of the adjustment mechanism is analyzed by finite element simulation.
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Fig. 8 Normalized Zernike terms for the surface figure of the optical element under tilt
adjustment about Y axis. a The upper surface, b the lower surface
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The results show that, the stiffness error between the theoretical value and the
simulation value is within 10 %, which indicates the validity of the stiffness cal-
culation. The axial adjustment stroke of the adjustment mechanism is 999.2 lm,
and the tilt adjustment stroke about the x axis is ±4.7 and ±5.5 mrad about the
y axis. The effect of the adjusting force on the surface figure of the optical element
is analyzed additionally. It is shown that the defocus, spherical and trefoil aberration
are sensitive to the adjusting force during axial adjustment process, and the largest
terms are the primary spherical aberration and second spherical aberration, the
introduced value is 2.16 and 1.94 nm respectively. However, during the tilt
adjustment process, the astigmatism, coma and trefoil aberration are sensitive to the
adjusting force, and the largest term is the primary coma aberration, the introduced
value is 0.81 nm. In conclusion, the introduced aberration is relatively small.
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A Rolling Triangular-Bipyramid Robot
Covering Bennett Linkage

Ran Liu and Yan-an Yao

Abstract In this paper, a novel rolling triangular-bipyramid robot constructed
based on a well-known Bennett linkage and a RSR chain is proposed. The two
components connected by hinging RSR chain on two opposite axes of the Bennett
linkage, and the R joints are perpendicular to the two axes, respectively. The robot
has two degrees of freedom, and one actuator mounted at one of the R joint of the
Bennett linkage while the other mounted at the R joint of the junction. By the
analysis of kinematics, the robot can be folded into a narrow structure, which is
easy to store and carry. Further, the rolling motion and path analysis are discussed.
Finally, the simulation based on a 3D model was carried out to verify the feasibility
of the proposed concept.

Keywords Triangular-bipyramid � Bennett linkage � Rolling robot

1 Introduction

Territorial mobile robots have many locomotion modes, such as walking, rolling,
sliding and crawling. Rolling locomotion is an effective mode that has been used
widely for the high mobility on the flat ground [1]. Spherical robot is a typical
rolling mechanism with spherical geometrical shape. Its rolling locomotion is
realized by rotating the entire outer surface of the spherical construction with the
actuators inside [2]. Different from spherical robots, some rolling robots realize the
rolling function by deforming their geometry shapes. Hamlin et al. [3] proposed the
concept of concentric multilink spherical (CMS) joint on the nodes that intersect
multiple links. Both tetrahedron and octahedron structures were built with this joint.
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Curtis et al. [4] introduced TET walker which formed with a set of telescopic struts.
It moves by the coordination of extension or shrink of the telescopic links.

Triangular bipyramid is a common polyhedron formed by joining two tetrahe-
drons on their mirror face base-to-base. According to different construction meth-
ods, the design concepts of triangular-bipyramid robot mainly contain
modularization and parallel-based construction. Ding et al. [5] designed a pneu-
matic triangular bipyramid with the module of pneumatic cylinder, which moved
along dynamic rolling locomotion. Besides, based on the concept of parallel mobile
mechanism, Tian et al. [6–8] developed a series of rolling robots appear as trian-
gular bipyramid. And they all had one thing in common is that the robots were
constructed with two identical nodes and three identical branch chains. As a result,
the robot usually has two kinds of motions, one is that with single-DOF (Degrees
Of Freedom) but the rolling directions could not be controlled, another is a flexible
turning robot with three DOFs.

Bennett-based linkages comprise a major linkage family among the various
single-loop overconstrained spatial linkages. Bennett linkage is usually used as the
homogenous construct unit to form different overconstrained linkages [9]. But the
heterogeneous Bennett-based linkage is rarely. According to the excellent folding
function, the Bennett linkage is used as the module to form large-scale folding
structures [10]. However, there is little intersection between the Bennett linkage and
rolling robot, either the triangular-bipyramid structure.

In totally different way, this paper using the folding and single-DOF properties
of the Bennett linkage substitute two branch chains of the triangular-bipyramid
robot, and by hinging the third chain with RSR structure to present a novel rolling
triangular-bipyramid robot with two DOFs. The robot has a large deformation
capability. The dynamic rolling locomotion is analyzed to plan the straight rolling
and turning motion. Finally, the simulations are carried out to express the motion
more clearly.

2 Mechanism Design and Rolling Principle

2.1 Mechanism Design

Bennett linkage is a classical overconstrained linkage, which appears as a
single-loop spatial mechanism consisting of four links that connected to each other
with revolute joints. RSR chain is a familiar symmetrical chain. Connect these two
elements by hinging the RSR chain on the separate axes of the Bennett linkage,
where each of the R joints on the chain is perpendicular to the corresponding axis.
See in Fig. 1, the triangular-bipyramid rolling robot with a Bennett linkage (ABCD)
and a RSR chain (AEC) is constructed.
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2.2 Mobility Analysis

It is well know that the Bennett linkage is single-DOF, thus the motion of point A
and C on it could be further simplified as driving by a revolute joint, see in Fig. 2.
The simplified mechanism is a non-overconstrained configuration, so that the
mobility of it satisfied the Grübler-Kutzbach mobility condition [11]. Therefore,

M ¼ 6ðn� 1Þ �
Xg
i¼1

ð6� fiÞ ð1Þ

where n is the number of links, g is the number of joints, and fi is the DOF of the i-
th joint. Substituting the parameter values for the robot, M = 6 � 3 − 16 = 2. The
triangular-bipyramid rolling robot has two DOFs.

2.3 Rolling Motion Analysis

Because of the asymmetry of the robot, there are three different states of the robot,
including Bennett supporting (State I), Bennett link I and RS link supporting (State
II) and Bennett link II and RS link supporting (State III), see in Fig. 3. In the three
states, the robot all has three feasible tipping directions.
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3 Kinematics of the Robot

3.1 Kinematics of the Bennett Linkage

The Bennett linkage is a skewed linkage of four links having the axes of R joints
neither parallel nor concurrent, its behavior is better illustrated by the schematic
diagram shown in Fig. 4a.We choose an equilateral linkagewhose linkage lengths are
equal to each other, and the twist angles of opposite sides are supplementary angles.

The coordinate frame O-XYZ is built in Fig. 4b. The origin O is the midpoint of
nodes B and D. BD is the positive coordinate direction of X-axis, AO is the positive
coordinate direction of Y-axis, Z-axis is determined by the right-hand screw rule.

The relationships between hi (i = 2, 3, 4) and input angle h1 are acquired with
the geometry conditions of the Bennett linkage in [12], as shown in Eqs. (2)–(4).

h2 ¼ 2 arctan
1

cos a tan h1
2

 !
ð2Þ

h3 ¼ h1 ð3Þ

h4 ¼ 2p� 2 arctan
1

cos a tan h1
2

 !
ð4Þ
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Fig. 3 Rolling feasibility of the three different states
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Fig. 4 Sketch diagram of the Bennett linkage and the coordinate system
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The position coordinates of the four nodes A–D are expressed as follows.

xA; yA; zAð ÞT¼ 0;�a sin
h1
2
; 0

� �T

ð5Þ

xB; yB; zBð ÞT¼ �a cos
h1
2
; 0; 0

� �T

ð6Þ

xC; yC; zCð ÞT¼ 0; a sin
h1
2
cos\C; a sin

h1
2
sin\C

� �T

ð7Þ

xD; yD; zDð ÞT¼ a cos
h1
2
; 0; 0

� �T

ð8Þ

where, a is the twist angle of aab; a is the length of each link; ∠C is the dihedral
angle of ∠C-BD-y. And it is the supplementary angle of dihedral angle of ∠C1

(∠C-BD-A), which could be solved by the dihedral angle formula in Eq. (9). And
∠C is obtained in Eq. (10).

cos\C1 ¼ cos\ADC � cos\ADB cos\CDB
sin\ADB sin\CDB ¼ cos h4 � pð Þ � cos h12 cos p� h3

2

� �
sin h1

2 sin p� h3
2

� �
¼ 1þ cos h1 þ 2 cos h2

cos h1 � 1
ð9Þ

cos\C ¼ cos p� \C1ð Þ ¼ � cos\C1 ¼ 1þ cos h1 þ 2 cos h2
1� cos h1

: ð10Þ

3.2 Mounting a RSR Chain on the Bennett Linkage

The mounting strategy is that mount the RSR chain on the Bennett linkage with
hinging link AE and CE on node A and C, separately. The initial position of E is set
in the plane of OAC expressed as E0, see in Fig. 5. Q is the midpoint of AC, and the
length of LEQ is expressed in Eq. (11). d is the angle between CA and Y-axis, which
is obtained in Eq. (12). And u is the next input angle that representing the dihedral
angle of ∠E0-AC-E. Then the position coordinates of node E could be acquired
through the inputs in Eq. (13).

LEQ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � ðxC � xAÞ2 þðyC � yAÞ2 þðzC � zAÞ2

4

 !vuut ð11Þ
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d ¼ arctan
zC � zA
yC � yA

ð12Þ

xE; yE; zEð ÞT¼ LEQ sinu;�LEQ cosu sin dþ yA þ yC
2

; LEQ cosu cos dþ zA þ zC
2

� �T
ð13Þ

According to the folding of Bennett linkage, when h1 = 180°, u = 0°, the robot
folds into a stick, see in Fig. 6.

4 Locomotion Analysis

Because of the triangular-bipyramid rolling robot is symmetric with respect to the
plane BDE all the time, so that the center mass of it would be always in this plane.
Thus, no matter which points landing on the ground, the projection of the center
mass of the robot would not go beyond the supporting area. Then the dynamic
rolling locomotion is discussed in this section. The feasibility of achieving the
rolling motions are shown based on the ZMP analysis.
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Fig. 5 Position coordinates of node E in O-XYZ coordinate system

A

B

C

D

E

A

B

D

C
E
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4.1 Rolling Locomotion of State I

ZMP (Zero Moment Point) can be considered as the center of pressure at the feet
(Supporting area) on the ground [13]. If ZMP is out of the supporting area, then the
robot will lose the dynamic balance and tips over the corresponding supporting
edge.

When the robot is in State I, there are three feasible rolling directions. Using the
analysis similar to Kim et al. [14] and Takanishi et al. [15], ZMP can be expressed
as follows.

xZMP ¼
Pn

i¼0 mið€zi þ gzÞxi �
Pn

i¼0 mi€xiziPn
i¼0 mið€zi þ gzÞ : ð14Þ

yZMP ¼
Pn

i¼0 mi €zi þ gzð Þyi �
Pn

i¼0 mi€yiziPn
i¼0 mið€zi þ gzÞ ð15Þ

where, mi is the mass of link i; ð€xi;€yi;€ziÞT are the acceleration of link i; gz is the
gravitational acceleration (gz = −9.8 m/s2); ðxi; yi; ziÞT is the mass center of link i.

Let x1, a1 and x2, a2 be the angular velocity and acceleration of h1 and u,
respectively. Based on the position coordinates of the nodes in Eqs. (5)–(7) and
Eq. (13), the ð€xi;€yi;€ziÞT are expressed as follows.

€xA;€yA;€zAð ÞT¼ 0;� a
4

2a1 cos
h1
2
� x2

1 sin
h1
2

� �
; 0

� �T

ð16Þ

€xB;€yB;€zBð ÞT¼ a
4

2a1 sin
h1
2

þx2
1 cos

h1
2

� �
; 0; 0

� �T

ð17Þ

€xC;€yC;€zCð ÞT¼

0

a
a1
2 cos

h1
2 cos\C � x2

1
4 sin h1

2 cos\Cþ x1
2 cos h12 cos\C

�

� x1
2 cos h12 cos\C

�
� sin h1

2 cos\C
��

0
@

1
A

a
a1
2 cos

h1
2 sin\C � x2

1
4 sin h1

2 sin\Cþ x1
2 cos h12 sin\C

�

� x1
2 cos h12 sin\C

�
� sin h1

2 sin\C
��

0
@

1
A

0
BBBBBBB@

1
CCCCCCCA
ð18Þ

€xD;€yD;€zDð ÞT¼ � a
4

2a1 sin
h1
2

þx2
1 cos

h1
2

� �
; 0; 0

� �T

ð19Þ
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€xE;€yE;€zEð ÞT¼

€LEQ sinuþ 2 _LEQx2 cosuþ LEQa2 cosu� LEQx2
2 sinu

€LEQ cosu sin dþ _LEQx2 sinu sin d� _LEQ _d cosu cos dþ _LEQx2 sinu sin d
þ LEQa2 sinu sin dþ LEQx2

2 cosu sin dþ LEQx2
_d sinu cos d� _LEQ _d cosu cos d

�LEQ€d cosu cos dþ LEQ _dx2 sinu cos dþ LEQ _d
2 cosu sin dþ €yC þ€yA

2
€LEQ cosu cos d� _LEQx2 sinu cos d� _LEQ _d cosu sin d� _LEQx2 sinu cos d
�LEQa2 sinu cos d� LEQx2

2 cosu cos dþ LEQx2
_d sinu sin d� _LEQ _d cosu sin d

�LEQ€d cosu sin dþ LEQ _dx2 sinu sin d� LEQ _d
2 cosu cos dþ €zC þ€zA

2

0
BBBBBBBBB@

1
CCCCCCCCCA

ð20Þ

The supporting area in State I is △ABD, when ZMP is beyond the supporting
area, the mechanism will tip over. In the initial state, h1 = 120°, u = 0°. For x1 < 0
and a1 < 0, ∠BAD will increase, then the ZMP goes beyond the supporting area,
the robot will tipping to Direction I along supporting edge of BD. Figures 7 and 8
show the ZMP curve and the process of tipping to direction I. For x1 > 0, a1 > 0,
∠BAD will decrease. At that time, if x2 > 0, a2 > 0, then the ZMP will goes
beyond supporting area along edge AD. If x2 < 0, a2 < 0, the ZMP will goes
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beyond supporting area along edge AB. Figures 9 and 10 show the ZMP curve and
the process of tipping to direction II.

Rolling locomotion in State II and State III are similar to State I. However, if the
rolling principle is not roll back to the last step, then the rolling in the three states
only have two effective directions.
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4.2 Straight and Turning Path

According to the locomotion analysis, the moving path of the robot is a serial of
triangles. In this triangular grid (see in Fig. 11), the robot would easily get the
straight and turning motion. As Fig. 12a–b show, the path planning of straight
moving is carried out. Eight steps rolling make up a cycle, then the robot return to
the initial state and rolling forward for 2

ffiffiffi
3

p
a. Repeat the cycle motion, the robot

could go in the straight. In addition, according to the locomotion analysis, if the
robot need turn to another direction, the turning angle is 60°. Figure 12c–d show
the examples of turning motion.
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5 Simulation of the Movement

To verify the feasibility of the robot, the dynamical model was set up and the rolling
functions were simulated in the software.

Figure 13 shows the straight rolling locomotion. In this process, M1 and M2 are
driven synchronously to control h1 and u. By a certain control strategy, the robot
could roll in straight by tipping eight times to return to its initial state. Figure 13 is
corresponding to the locomotion shown in Fig. 12b.

When the robot is to switch its direction, both turning to left and right are
feasible. Without the loss of generality, the simulation is carried out by assuming
that it turns right. Figure 14 illustrates the turning motion of the robot. Each time,
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the robot could turn 60°. The simulation is corresponding to the turning motion
shown in Fig. 12d.

Figure 15 is the successive moving locomotion of a cycle straight rolling and a
direction switching. For the ignorance of friction in the theoretical analysis, the
simulation and the theoretical trajectories are not exactly the same. However, the
rolling motion is consistent in these two results. Thus, it reveals that the robot could
realize the expected motion.

6 Conclusions

This paper proposed a rolling triangle-bipyramid robot, which was formed by a
Bennett linkage and a RSR chain with two DOFs. By kinematic analysis, the robot
has a flexible folding function that it could fold into a stick. Further, the rolling
locomotion is analyzed, the result shows that with proper dynamic conditions, the
mechanism was able to roll along straight line and switch its directions with 60°
every time. A series of simulations were carried out that verify the feasibility of the
robot.

In the future, there are two issues should be done to improve the robot: First, the
optimal size of the linkages will be analyzed to increase the rolling smoothness;
Second, based on the first issue, manufacture a prototype to test the dynamic
property of the robot, which benefits to the control of dynamic rolling.
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Mechanical Design and Dynamics
Simulation of Locust-Inspired Straight
Line Four-Bar Jumping Mechanism

Xiaojuan Mo, Wenjie Ge, Shaocong Wang and Donglai Zhao

Abstract By the observation and analysis of video took in the take-off phase of
locust, it is concluded that hind limb plays an important role in jumping process.
The trajectory of the end of tibiae approximately a straight line through the centroid
of body, which explains the outstanding jumping performance and high energy
utilization rate of locust jumping. The knee joint angle of hind limb changes from
10° to 140° during take-off. We proposed locust-inspired straight line four-bar
jumping mechanism actuated by a micro motor, and it mimics trajectory of the end
of tibiae, knee joint angle range and ground reaction force very well. Both dynamics
simulation results and experimental results show that the designed jumping
mechanism mimics the movement of hind limb very well during take-off.

Keywords Straight line � Trajectory � Jumping performance � Ground reaction
force

1 Introduction

With robotic applications continuing to expand, there are more and more demands
for robots that can adapt to non-structural environments. Presently, mobile robots
can be divided into wheeled, crawler and multi-legged; all of these robots work
very well in different environments, but all these traditional movement modes have

X. Mo � W. Ge (&) � S. Wang � D. Zhao
School of Mechanical Engineering, Northwestern Polytechnical University,
Xi’an, China
e-mail: gwj@nwpu.edu.cn

X. Mo
e-mail: momo152562@mail.nwpu.edu.cn

S. Wang
e-mail: wangshaocong@mail.nwpu.edu.cn

D. Zhao
e-mail: dl_zhao@mail.nwpu.edu.cn

© Springer Nature Singapore Pte Ltd. 2017
X. Zhang et al. (eds.), Mechanism and Machine Science,
Lecture Notes in Electrical Engineering 408,
DOI 10.1007/978-981-10-2875-5_36

429



trouble to overcome obstacles that quite larger than their own. At the same time, it
can be seen that frogs, kangaroos and locusts use jumping as their main movement
modes to overcome big obstacles in nature, which inspires us to mimic movement
models of those animals to design jumping robots. To adapt to complex environ-
ment, micro robots are more convenient to operate and can get more environmental
information through group collaboration. Existing jumping robots can be divided
into two kinds, continuous and intermittent. The former are mainly used for the-
oretical research while hopping robots oriented to practical application are usually
intermittent hopping robots [1–4].

As a typical representative animal of intermittent jumping, locusts have mod-
erate size and three kinds of compound movement models including crawling,
jumping and flying, which gives us a lot of inspirations, such as developing micro
jumping robots, combing jumping with crawling to improve efficiency, combing
flying with jumping to solve landing and orientation changing problem. What’s
more, locusts have moderate size and longer take-off time comparing to other
insects. And locusts widely exist in nature, so it is convenient to obtain and observe
[5–7].

There are many scholars that choose locusts as the bionic object of the mobile
robot research at home and abroad, and have made a wealth of research results.
Professor Paolo Dario of Scuola Superiore Sant’Anna firstly proposed to use cams
of quick-return characteristics, and developed “Grillo” series miniature jumping
robots based on this [8–10]; Micro Kovac of Federal Polytechnic Institute in
Lausanne developed a 5 cm 7 g jumping robot on the basis of robots “Grillo”,
which can jump over the obstacles that are 27 times its own size. Designer added
the orientation-changing and take-off angle adjusting function for the jumping
robots and designed a frame structure for the robots to solve the landing and
resetting problem. In the later works they designed a pair of wings to help the
jumping robot improve jump distance, reduce the landing speed and avoid landing
buffer and resetting mechanism design [11–13]. V. Zaitsev of Tel Aviv University
in Israel et al. proposed a new jumping mechanism based on torsion spring and rope
lock-release mechanism which mimics the important role of strong hind limb and
the semi-lunar process (SLP) in take-off phase. Designed robot mimics the jumping
performance of locusts perfectly, which weighs 22.6 g, jumps 3.1 m in height and
3 m in distance, but this robot cannot realize take-off angle changing, orientation
changing, landing buffer and resetting; so this robots need further improvement
[14].

Chen, a professor of Beihang University, built an experimental platform to study
the mechanism of locust movement during take-off and landing, designed a
locust-inspired wheeled jumping robot and proposed energy distribution principle
during landing phase. This principle provides basis for leg spring selection during
mechanism design of bionic robots [15, 16]. Zhang, doctoral candidate of Southeast
University proposed a locust-inspired jumping robot based on cam with
quick-return characteristics, and designed method of localization, group-decision
making and cooperation while multi-jumping robots work together [17, 18].
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Zhen, of Zhejiang University studied the jumping mechanism of locust and
designed four-bar jumping robots based on incomplete gear-rack mechanism, and
the improved rope-lock mechanism effectively improved the energy utilization rate
and jumping height of jumping robots [19].

In this paper, we designed a locust-inspired linear four-bar jumping mechanism
which mimics the straight line trajectory of the end of tibiae and the angle range
between femur and tibiae. Firstly, we analyzed the jumping mechanism of locusts
combing the video filmed in take-off phase and calculated the contact force between
foot and ground. Then, we designed the locust-inspired jumping mechanism and
got one group optimized dimension parameters of four-bar mechanism which can
achieve the straight line trajectory of the end of the tibiae and the angle range
between femur and tibiae. Finally, we designed incomplete gear mechanism which
can achieve energy locking and releasing, optimized fixed position of linear spring
and stiffness coefficient, established the virtual prototype with dynamic analysis
software to verify designed mechanism and built experimental prototype to verify
simulation results.

2 Biological Observation and Analysis

In nature, animals such as frogs, kangaroos and a variety of insects like locusts,
crickets use jumping as the main mode of movement. Animal researchers studied
the jumping mechanism from the point of biomechanics and anatomy, and provided
us precious locusts jumping video. Locusts were chosen as bionic object in our
research work. Professor Burrows of the University of Cambridge studied the
jumping mechanism of locusts systematically and deeply. And he divided animals’
jumping mechanism into two kinds, lever and ejection. Jumping mechanism of
locusts has the characteristics of both lever and ejection [20]. The videos analyzed
in this thesis are provided by professor Burrows of University of Cambridge, and
here we express our gratitude to professor of Burrows for his generous sharing.

2.1 Locust Morphology Observation

The insects are arthropods in which the body, the center of movement, is divided
into head, thorax and abdomen. Locusts have three pairs of legs and wings. The
jumping legs are hind legs which can be divided into femur, tibiae and tarsus as
shown in Fig. 1. The strong femurs of jumping legs and the slender tibiae make
locusts have strong ability of jumping. Before take-off of locusts, it stores the
energy in semi-lunar process which works like a spring by the coordinated
movement of femur and tibiae. During jumping phase, by rapid release of stored
energy, locusts realize jumping while mid legs and fore legs play an important role
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mainly in adjusting take-off angle and direction. The videos provided by professor
Burrows were filmed by 1000 frames/s high speed camera; and the female locusts
in the video weighs 2.5 g; related dimension parameters were shown in Table 1.

2.2 Jumping Analysis at Take-off Stage

We selected one clear and complete take-off video from the videos provided by
professor Burrows, extracted key joint position using related software to analyze the
jumping mechanism and concluded that the take-off phase of locusts lasts about
30 ms; the take-off angle is about 40°. In order to better understand the jumping
mechanism of locusts, we recorded the important joint angle like h1 between tibiae
and ground, knee joint angle h2, h3 between body and femur during take-off phase.
Fitted angle curve is illustrated in Fig. 2. In take-off phase, knee joint angle h2
becomes larger and larger; and ground force makes body continue to accelerate and
finally left the ground and realize jumping.

Because the jumping mainly relates to the hind legs, the fore legs and mid legs
are omitted in the simplified model and the quality of the fore legs and mid legs are
merged into the body mass. In the simplified model, the body is simplified as a rigid
body; the centroid is located in point S; femur is connected with the body by the
joint C. We simplify the femur and tibiae as rigid rods, and simplified the knee joint
as hinge B. In the take-off phase, the tarsus contacts with the ground so we sim-
plified the tarsus with ground as a whole, the joint between tarsus and tibiae as
hinge A. Simplified theoretical model is shown in Fig. 3.

Fig. 1 Locust morphology

Table 1 The average
morphology parameters of
locust hindlimb

Body part Length (mm)

Hindlimb, femur 23.15

Hindlimb, tibiae 22.04

Hindlimb, tarsus 6.52

Body 47.45
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According to the D-H method we established the X-Y reference coordinate
system on the ground as Fig. 3 shown, and built up base coordinate system x0-y0 in
the fixed hinge A and coordinate axes are parallel to the reference coordinate
system. Because hinge A is fixed on the ground, the base coordinate system is fixed
too. We established dynamic coordinate systems x1-y1, x2-y2, x3-y3 in the joint B,
C, centroid S respectively, of which the x-axis positive direction is the direction of
rods; z axis is perpendicular to the paper plane outward, and determined the joint
angle positive direction based on right hand rule. h1, h2, h3 represents the angles
between the links respectively, l1, l2, l3 represents the length of femur bar AB, tibiae
bar BC and the length between point C and centroid S respectively.

The transformed rotational matrix of coordinate system x2-y2 relative to coor-
dinate system x1-y1 is:

1T2 ¼
cos 180� þ h2ð Þ �sin 180� þ h2ð Þ 0 l2 � cos 180� þ h2ð Þ
sin 180� þ h2ð Þ cos 180� þ h2ð Þ 0 l2 � sin 180� þ h2ð Þ

0 0 1 0
0 0 0 1

2
664

3
775 ð1Þ

Fig. 2 The joint angles of
hindlimb

Fig. 3 Theoretical model of
locust movement
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Therefore, centroid coordinates in coordinate system x0-y0 can be expressed as:

P0 ¼ 0T1 � 1T2 � P2

¼

�l3 � cos h1 � h2 � h3ð Þþ l2 � cos h1 � h2ð Þ � l1 � cosh1
l3 � sin h1 � h2 þ h3ð Þ � l2 � sin h1 � h2ð Þ � l1 � sinh1

0

1

2
6664

3
7775 ð2Þ

So centroid position at take-off phase can be expressed as:

xS ¼ �l3 � cos h1 � h2 þ h3ð Þþ l2 � cos h1 � h2ð Þ � l1 � cosh1
yS ¼ l3 � sin h1 � h2 þ h3ð Þ � l2 � sin h1 � h2ð Þ � l1 � sinh1

�
ð3Þ

The displacement LS, velocity VS and acceleration aS of centroid can be solved
by the above formula:

LS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2S þ y2S

p
vS ¼ dLS=dt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð _xSÞ2 þð _ySÞ2

q
aS ¼ dvS=dt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð€xSÞ2 þð€ySÞ2

q
8>><
>>: ð4Þ

Ground contact force can be gotten from acceleration aS, F is expressed as

F ¼ m aS þ g sinhð Þ ð5Þ

We substituted the angle h1, h2, h3 calculated from high speed video into the
formula (5), and got centroid trajectory and acceleration curve of simplified model
at take-off phase, as shown in Figs. 4 and 5. The acceleration is substituted into
formula (6) and the contact force curve during the jumping process is got.

Fig. 4 Centroid trajectory
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By the analysis results of experimental data, it can be known that take-off phase
lasts about 30 ms. At take-off phase, fore legs and mid legs left the ground first, the
joint of hind legs will continue to rotate until the hind legs left the ground. It is
concluded from the analysis result that h1 changes from 40° to 100°, h2 changes
from 10° to 140°, h3 keeps unchangeable in the first 20 ms and gradually increases
to 160°–180°. With the increase of h2, femur muscle is fully contracted and drives
the movement of tibiae. Range of h3 will be different with the take-off angle
changing. During the whole take-off phase, the trajectory of centroid of locusts is
approximately a straight line. As the acceleration curve shown in Fig. 3, it is
concluded that the contact force increased gradually to maximum value and then
decreased. This variation trend makes locust jumping efficient, smooth and steady.

In sum, there are slight difference between the centroid position and displace-
ment curve calculated from simplified model and that of biological prototype, but
the variation trend is consistent. The error maybe caused by the following two
factors: (1) there are errors in points marking of locust joints in jumping video
processing; (2) the simplified model supposed centroid position is fixed relative to
body while centroid position is changing because hind legs changes from curling up
to stretching in locust jumping.

3 Jumping Mechanism Design and Analysis

3.1 Design of the Bio-Inspired Jumping Mechanism

The mechanism design of bio-inspired jumping legs needs to conform to two
conditions: (1) the angle between two connecting rods working as femur and tibiae
can change from 10° to 140°; (2) centroid trajectory should be approximately a
straight line in the jumping phase, so the distal of tibiae trajectory should be a
straight line relative to body which is reference frame in calculation. Because

Fig. 5 Acceleration during
take-off
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four-bar mechanism can achieve a variety of complex movement, the straight line
trajectory of tibiae distal can be achieved by optimizing the length of bars. At the
same time, the parameters of the four-bar mechanism is relative fewer which makes
the mechanism design become easier, so the four-bar mechanism is chosen to
mimic locust jumping legs. In simplified jumping mechanism, bar AD is fixed on
the locust body; bar AB is femur; bar BC is tibia; and bar CD is auxiliary bar as
Fig. 6 shown.

Initial values of links dimensions are got through calculation software of four-bar
mechanism coupler curve which developed by professor Ge Wenjie, which has
already applied for software copyright. The optimization result is got with the aim
that the trajectory is a linear straight line passes the hip which is shown in the
analyses results of locust jumping process. Line AE is supposed as the ideal tra-
jectory line of the end of tibiae. If we suppose equation of line AE is L and DE0

i!L is

the distance between point E
0
i and line L, we choose N positions of the end of tibiae

at take of stage, the optimization goal is

min
XN
1

D2
E0
i!L ð6Þ

Robots body works as a reference, which means bar AD is selected as rack. The
four-bar mechanism parameters are optimized combining hind legs proportion of
locust biological prototype. Optimization results shows proportion that AD : AB :

BC : CD : BE equals to 1:3:0.4:2.6:2.4 should be kept to ensure the trajectory of
point E is approximately a straight line. As the red line shown in Fig. 6, the
trajectory of the distal point E of the tibiae bar is approximately a straight line
passing through point A while bar AD works as reference frame.ABCDE represents
the beginning position of robots jumping, A0B0C0D0E0 represents the end position of

Fig. 6 Simplified model of
bio-locust hopping
mechanism
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robots jumping, and the knee angle change from 29° to 117° which mimic the angle
range of locust jumping very well.

Extension spring is chosen as energy storage element based on leg structure of
jumping robots. In energy storage phase, tibiae are driven back to femurs while the
spring is extended to storage energy. When the lock mechanism is released sud-
denly, tibiae are driven by the spring force to kick the ground quickly. Extension
spring is chosen as the energy storage element in the four-bar mechanism while one
end of the spring is fixed at point D, and other end of the spring is fixed at point
G which is located in extended plane of bar BE. The position G is optimized with
the optimization aim are minimum output torque of motor and maximum elongation
of extension spring. Bar GB and BE’s length and installation convenience are took
into consideration. The optimized result is shown in Fig. 6, \GBC equals to 135°,
BG equals to BC, of which the length of DG change from 83 mm at the beginning
to 69 mm in the end of jumping and the elongation rate of the spring is 1.2.

In robots overall design, micro DC motor with speed reducer that is 6 mm in
diameter and 21 mm in length is chosen in order to reduce the overall size and
weight. The output speed of the motor is 30000 r/min, after gear reducer output
speed is reduced to 40 r/min. The ratios of gear transmission are both determined
by gear reducer output velocity and the hypothetical jumping preparation time.
The ADAMS simulation results show that knee angle range is 120° while angle
range between femur bar and body is 40°. Gear reducer output velocity is 40 r/min,
the hypothetical jumping preparation time is 4 s, full period is 36 s, so the final
output gear of femur bar is 5/3 r/min, so reduction ratio of gear transmission is 24.
We choose tri-step gear reducer with the reduction ratios are 2.8, 2.8, and 3 sep-
arately while modulus of standard gears is 0.5. The transmission mechanism is
shown in Fig. 7.

We designed the frame, established three-dimensional model of robot as shown
in Fig. 8, and determined mechanism parameters based on the biological model as
shown in Table 2. In Fig. 8, two jumping legs are of symmetrical structure, and
driven by a set of driven system synchronously.

Fig. 7 Transmission
mechanism

Mechanical Design and Dynamics Simulation of Locust-Inspired … 437



3.2 Kinematics Simulation and Experiment

Three-dimensional model established in Solidworks is imported into ADAMS.
Materials properties, necessary markers, contacts and constraints are set up simu-
lated. The elasticity of spring added in the model is 0.5 N/mm while the payload is
20 N. The simulation results of jumping process are shown in Fig. 9.

From Figs. 10, 11, 12 and 13, the following results can be obtained. The vertical
displacement of robot’s centroid is 380.4863 mm, and the horizontal displacement
of robot’s centroid is 1700.681 mm. The vertical velocity and the horizontal at the
take-off point are 2646.607 and 3090.248 mm/s. It indicates that our design is
feasible. During the take-off phase of the jumping robot, both the horizontal and

Fig. 8 Solidworks model of
bio-locust jumping robot

Table 2 The structure size
parameters

Parameter Value

Bar AD/mm 25

Bar AB/mm 75

Bar BC/mm 10

Bar CD/mm 65

Bar BE/mm 60

k/(N/mm) 0.5

Fig. 9 The jumping process by simulation
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Fig. 10 The horizontal
displacement of the robot
centroid

Fig. 11 The vertical
displacement of the robot
centroid

Fig. 12 The horizontal
velocity of the robot centroid
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vertical velocity increases sharply as shown in Figs. 12 and 13 but the displacement
increase slowly as the initial velocity is zero. After the take-off phase, the robot
follows the parabola so the horizontal velocity keeps stable and vertical velocity
decrease to zero and then increase as shown in Figs. 12 and 13.

The frame of jumping robots was printed by 3D printer with PLA material; the
legs were made by carbon fiber material with sufficient strength and toughness; the
micro coreless DC motor and 3.7 V lithium battery is chosen. The prototype is
shown in Fig. 14.

From the screenshot of jumping video of experimental prototype, it is known
that jumping height is of about 2.5 times of body size and the jumping distance is of
about 3 times of body size. The jumping performance of jumping robots is ideal.

Fig. 13 The vertical velocity
of the robot centroid

Fig. 14 Experimental
prototype
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4 Conclusion

The design of the straight line four-bar jumping mechanism gets inspiration from
the locust’s jumping leg. Based on the video provided by professor Burrows,
biological kinematic analysis of the locust jumping mechanism is made. And a
similar ground reaction force is get, compared to the biological analysis. The
mechanical design is deliberated and kinematics simulation and experimental
prototype are conduct to verify our design, which shows a feasible scheme.

In this paper, the jumping mechanisms are proposed based on the characteristics
of locust such as the knee angle range during the jumping process and linear
trajectory of the end of tibiae. At the same time, the mechanism proposed in this
paper use the incomplete gears to achieve the goal of energy locking and releasing
of the four-bar linkage mechanism and only use a micro motor which avoid the
complex multi-motor coordinated control.

Our future work will concentrate on fabricating refined prototype and conducting
experiments to test the jumping performance of it. Then the parameters that
influence the performance will be studied and a self-righting mechanism is nec-
essary to be added for posture recovery.

Acknowledgments In this thesis, the video used in the jumping mechanism analysis of locusts is
provided by professor Burrows of university of Cambridge. Here we express our gratitude to
professor of Burrows for his generous sharing.
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A Novel Ventricular Assist Miniscule
Maglev Nutation Pump: Structure Design,
3D Modelling and Simulation

Fengxiang Lin, Ligang Yao, Rongye Zheng, Wenjian Li
and Changsheng Fang

Abstract The ventricle assist device has emerged as an important therapeutic
option in the treatment of both acute and chronic heart failure. The blood pumps,
the major components of ventricle assist devices, have also progressed to the third
generation. The magnetic levitation technologies have been applied into the third
generation blood pumps. This paper proposes a novel miniscule maglev nutation
pump with Magnetic bearing based on nutation principle. The calculation formula
of magnetic force is established on the basis of the research for the operational
principle of the magnetic bearing. Through establishing and solving the equations,
the structural dimension and magnetization intensity of the magnetic bearing are
obtained. Then, the three-dimensional model of the nutation pump is established.
Furthermore, the structure design, manufacturing and assembling of the pump is
completed. Finally, the simulation of the maglev nutation pump is carried out. And
the effectiveness of the miniscule maglev nutation pump is verified.

Keywords Ventricle assist device � Nutation pump � Maglev � Manufacturing �
Simulation

1 Introduction

Heart failure is the most challenging epidemic cardiovascular disease faced by the
people in 21st century and causes the major death of human beings in global [1].
The best way to survive the lives of the end-stage heart failure patients is the heart
transplant. Due to the amount of the heart donors is too small, and no effective
immunosuppressive drugs are found for resolving the human tissue immune
rejection after heart transplantation [2], it has become a trend that transplanting the
heart with the artificial heart pump rather than the human body heart. Artificial heart
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pumps make the blood flow in the body of patients to accomplish some of the
functions of the heart of human being by mechanical movement. However, almost
all of the artificial heart pumps suffer from hemolysis problems [3]. At present, the
heart pump has developed to the third generation, which is based on the maglev
technology [4–6]. The maglev heart pump is a hot research topic of artificial heart
pumps. The maglev heart pumps are favorite for the properties including low
thrombosis, less hemolysis, high energy efficiency ratio and long life [7]. In the
view of the questions that continuous pumps have a high blade speed which could
damage blood cells and cause hemolysis [8], reference [9] proposes a novel
miniscule nutation pump for the heart-assist. This nutation pump has largely
reduced the rotating speed under the same pump size and flow rate. In this paper,
we introduce the magnetic bearing structure into the nutation pump, aiming at
reducing the noise and friction. A novel miniscule maglev nutation pump for the
heart-assist is proposed. The structure design including force analysis and mathe-
matical modeling has been carried out. A prototype is also successfully made. And
through the simulation for the maglev nutation pump, the feasibility of the structure
of maglev nutation pump was validated.

2 The Principle of the Novel Miniscule Maglev Nutation
Pump

The novel ventricular assist miniscule maglev nutation pump is based on the theory
of nutation motion. Nutation motion is simple and clever. It can be described as the
axis of a nutation disk has an angle with the space axis Z, and the disk rotates
around the space axis with self rotating shown in Fig. 1 [10]. We introduce the
magnetic bearing structure into the nutation pump which can be making the
nutation disk suspension. In the process of the nutation disk doing swing motion,
the magnetic bearing can provide enough magnetic flux to ensure stability.

The direction of
 the swinging motion
 transmissionZ

Axis of disk

Nutation disk

Fig. 1 Nutation motion
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3 The Design and Manufacture of the Novel Miniscule
Maglev Nutation Pump

3.1 The Design Background of the Magnetic Suspension
Structure

Magnetic suspension bearing is a new type of non—contact bearing which uses
magnetic field to realize the suspension of moving parts [11]. According to the
different ways of providing the magnetic, magnetic bearings can be divided into
passive magnetic bearings (PMB) such as permanent maglev, active magnetic
bearing (AMB) such as electromagnetic levitation and active passive hybrid mag-
netic bearing (HMB). Passive magnetic bearings do not need the active electronic
control system which can save the power consumption, and reduce complex control
system components. Since the structure of the novel ventricular assist miniscule
maglev nutation pump is compact and small, it is suitable to adopt the passive
magnetic suspension bearing, so that the structure of the bearing will be compact
and robust.

3.2 Determine the Structure of the Magnetic Suspension
Bearing

The magnetic bearing structure of the novel ventricular assist miniscule maglev
nutation pump is shown in Fig. 2. The magnetic suspension bearing consists of
three pieces of circular permanent magnets, the magnetic pole shapes the

s
N

Magnet C

N

N

s

s

Magnet B

Magnet A

FAB

o

FCB

x

Fig. 2 The structure of the
magnetic suspension bearing
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magnetization intensity, and the magnetization direction distributed along the axial
of magnet A, magnet B and magnet C are identical. The arrangements of magnetic
poles are shown in Fig. 2 and are keeping in the coaxial direction. There are only
axial size differences among magnet A, magnet B and magnet C with the largest
magnet B and the smallest magnet C. The direction of the magnetic force FAB is
upward of magnet A acting on magnet B, the direction of the magnetic force FCB is
downward of magnet C acting on magnet B, and the FAB is greater than FCB. And
the resultant force can be expressed by F, the calculation formula is
F ¼ FAB � FCB. As a result, the resultant of the magnetic force is upward which can
eliminate axial force of gravity.

The size of the magnetic structure of the magnetic suspension bearing can be
solved by the equation F ¼ G. Where G is required to balance the gravity of the
nutation disk and sleeve including magnet B, the calculation formula is
G ¼ Gdisk þGsleeve þGMagnetB ¼ 0:0405 N. It can be obtained the bearing size
initially as shown in Fig. 3, r1 ¼ 1:1 mm, r2 ¼ 2:05 mm, l0 ¼ 1 mm, z ¼ 2:6 mm,
h ¼ 1 mm, l ¼ 1:5 mm.

Magnetic suspension bearing assembly is shown in Fig. 4. The magnet C and the
magnet A are respectively fixed on the upper cover and the lower cover by the
adhesive, the installation process must keeping the magnets coaxial.

As shown in Fig. 5, the magnet B is fixedly connected with the sleeve 1 and
sleeve 2 by the adhesive, to ensure that the central axis of the magnet B is coin-
cident with the square hole of the sleeve. The diameter of the magnet B is a little
larger than that of the sleeve, the motor shaft and the square hole of the sleeve are
matched with the small clearance. When the motor shaft drives the sleeve to rotate,
the magnetic pole position of the magnet B remains unchanged, keeping the
magnets coaxial when the nutation disk is working.

Magnet A

2h

z

l

z

l'

2r2

2r1

2r2

2r1

2r2

2r1

S pole

N pole
N pole

S pole
S pole

N pole

Magnet B

Magnet C

Fig. 3 Size diagram of the
magnetic suspension bearing
structure

446 F. Lin et al.



3.3 Manufacture of the Pump

The parts of the nutation pump are processed by CNC because of the absence of the
forming tool and special machine tool. And NdFeB is selected as the material of the
magnetic bearings. In order to prevent the magnetic bearing from adsorbing on the
pump body, the material of the pump body is non-magnetic. Physical processing is
only a preliminary experiment; as a result, stainless steel 304 is selected as the
material of the pump body. Tips for manufacturing are listed as followed:
(1) Ensure the processing precision. (2) Tilt angle of upper and under covers is
slightly larger than tilt angle of sleeve, which can avoid interference. (3) For
avoiding contact and friction, there is small gap between edge of nutation disk and
inner spherical surface of shell. (4) A transition fit between the magnet slot and the
magnet are set. (5) The motor shaft is processed into square with its size
1:5 � 1:5 mm.

The machining parts are shown in Fig. 6, the assembling is shown in Fig. 7. The
pump has been manufactured, and the experiment has been carried out. With the
limitation in space, we have not discussed the experiment in this paper.

Contect line

Nutation diskMotor shaft

Pump shellLower cover Sleeve 2

Upper cover

Cullis

Flat clapboard
Sleeve 1

Magnet A

Magnet C Magnet B

Fig. 4 Section view of the maglev nutation pump

Sleeve 1

Sleeve 2

Magnet B

Fig. 5 Sleeve assembly
diagram

A Novel Ventricular Assist Miniscule Maglev Nutation Pump … 447



4 The Simulation of the Novel Ventricular Assist
Miniscule Maglev Nutation Pump

4.1 3D Modeling of Pump

As shown in Fig. 8, the new miniscule nutation pump consists of pump body and
drive motor. The pump body is composed of a upper cover, a magnet A, sleeve 1, a
magnet B, sleeve 2, a nutation disk, a flat clapboard, a cullis, a pump shell, a
magnet C, a lower cover and lock screws as shown in Fig. 9.

Fig. 6 Parts drawing of
pump

Fig. 7 Assembly drawing of
pump
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Where in Fig. 10, the motor shaft is fixed to the sleeve with incline axis (the tilt
angle is nutation angle), and there is a through-hole in the spherical pair of the
nutation disk. In order to prevent the motor shaft idling in the sleeve, the structure
of the motor shaft is designed to be square. During the working time, the motor
drives the sleeve rotation and the sleeve drives the nutation disk doing swing
motion.

Coupling
screw

BLDC

Pump body

Fig. 8 Component of pump

Motor spindle

Upper cover

Flat clapboard

Cullis
Sleeve 1

Magnet A

Magnet B

Nutation disk

Pump shell

Magnet C

Lower cover
Lock screw

Sleeve 2

Fig. 9 Pump body assembly
diagram
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4.2 Simulation of the Pump

The Motion simulation module in SOLIDWORKS can simulate the energy con-
sumption of the motor in real time. The module can set the movement rule of the
pump. At the same time, force loading and moment loading of the pump, then the
energy loss of the motor are obtained by simulation. The magnetic suspension
bearing of the maglev nutation pump eliminates the gravity of the moving parts, so
the nutation disk is mainly influenced by the fluid force. The principal vector and
principal moment of the fluid acting on the nutation disk is three-dimensional space.
Import the principal vector and principal moment of X, Y, Z deviator. Nutation disk
is cycle operation and according to the analysis of an operation period of nutation
disk. The time span of a cycle is 0.015 s, the real time changing curves of the
principal vector and principal moment are shown in Figs. 11 and 12.

The real time changing curves of the motor energy in the maglev nutation pump
are shown in Fig. 13. Due to the complex interaction produced by fluid in the pump
body, there are fluctuations in the working power, the average power is about 4 W
in a cycle, maximum up to 5.2 W.

5 Conclusions

This paper presents a novel ventricular assist miniscule maglev nutation pump with
passive magnetic bearing structure. The design background and working principle
of the magnetic suspension bearing are analyzed, and the axial suspension of the
moving parts is realized by the repulsive force among the three ring permanent
magnets. A theoretical method is used to derive the formula for calculating the
magnetic force of the magnetic structure. The gravity of the moving parts is cal-
culated and the magnetization intensity of the magnetic suspension bearing is
determined by the equation. Three dimensional model of heart pump was built by
using 3D software, and the prototype of the heart pump was processed according to
the determined dimensions. It is concluded that the resultant force of the middle

Nutation angle

Motor shaft
Sleeve
Magnet B

Through-hole
Spherical pair
Nutation disk

Cullis

Fig. 10 Drive of sleeve
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magnet is nearly equal to the gravity of the moving parts, the magnetic structure is
proved to meet the design requirements. Finally, the simulation of the maglev
nutation pump is carried out. And the effectiveness of the miniscule maglev
nutation pump is verified. The magnetic nutation heart pump does not increase the
volume of the pump and ensures existing rotation speed and flow rate based on the
ventricular assist miniscule nutation pump. The axial suspension of moving parts is
realized, which reduces the friction and noise, and the performance of the pump is
improved.

(a) x deviator (b) y deviator

(c) z deviator

Fig. 11 Principal vector
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A Novel Mechanism for Winding Foaming
Resin on Embedment Used in Aerospace

Wuxiang Zhang, Keqing Zhang and Xilun Ding

Abstract The embedment, wound by foaming resin, is an important component
widely utilized in the honeycomb sandwich structure to connect with equipment.
However, the wound embedment is still manufactured manually nowadays and the
productivity is low. In this paper, an automatic winding mechanism is developed,
which consists of foaming resin feeding, transmitting, cutting mechanism, and
embedment positing and driving mechanism. Especially, embedment positing and
driving mechanism which is the key part of the whole mechanism is designed and
analyzed. Different experiments are provided to demonstrate the validation of the
mechanism.

Keywords Foaming resin strip � Embedment � Motion analysis � Force analysis

1 Introduction

Conventionally, the threaded hole in an embedment is used as the connection of
honeycomb sandwich structures. As a kind of foam rubber, the foaming resin is
usually used in the honeycomb sandwich structure to fill in the blanks, and splice
metal alloy and carbon fiber composite [1]. The foaming resin is wrapped on
embedment and connects with the honeycomb. During the fabrication process, the
foaming resin strip is wound on embedment and the winding diameter equals to
diameter of the flange [2]. Nowadays, no equipment can meet this demand. Due to
the adhesive and soft characteristics of the foaming resin, the wound embedment is

W. Zhang (&) � K. Zhang � X. Ding
School of Mechanical Engineering and Automation, Beihang University,
Beijing, People’s Republic of China
e-mail: zhangwuxiang@buaa.edu.cn

K. Zhang
e-mail: zhangkeqing@buaa.edu.cn

X. Ding
e-mail: xlding@buaa.edu.cn

© Springer Nature Singapore Pte Ltd. 2017
X. Zhang et al. (eds.), Mechanism and Machine Science,
Lecture Notes in Electrical Engineering 408,
DOI 10.1007/978-981-10-2875-5_38

455



still manually manufactured. Consequently, the foaming resin strip may be polluted
and it is difficult to guarantee that the length of foaming resin strip of each wound
embedment is uniform. Similar equipment used to winding other particular strip
often adopts the method that a motor drives the winding axis directly, and in some
other equipment, a friction roller drives the winding axis [3, 4]. The product made
by hand is of poor quality, but the design of similar equipment doesn’t apply to
wind foaming resin on embedment.

This paper firstly introduces the technological requirements of the equipment,
then demonstrates the integral mechanism and concentrates on the kinematic and
force analysis of the clamping and rotating integrated mechanism. Finally, this
paper presents some experiments with the developed equipment and draws some
conclusions.

2 Technological Requirements

As shown in Fig. 1, the shape of embedment made of aluminum alloy is a cylinder
with a flange on one side or each side. H is the height of the embedment, and
h indicates the height of the foaming resin strip. To ensure a continuous work, the
machine needs to connect strips autonomously during the transmitting process, and
prevent strips from either plastic deformation due to even a small extra force or
sticking to adjacent objects. A steady tension of the foaming resin strip should be
maintained during the winding process. A flat end face of the final wrapped
embedment is required [5].

Fig. 1 Appearance of the embedment before and after winding
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3 Mechanism Design

Automatic winding mechanism for foaming resin strip consists of foaming resin
feeding, transmitting, cutting mechanism, and embedment positing and driving
mechanism (Fig. 2).

Each foaming resin strip is stored in one groove. Ten parallel long grooves are
equidistantly installed on a metal panel. The metal panel is fixed on the block of the
linear slide unit which can move in the Y-axis. The first groove is located when the
metal panel triggers the limit switch. With a sheet installed on its piston rod, the air
cylinder is fixed behind the linear slide unit used to push the foaming resin strip in
the X-axis. When the whole strip is out of the groove, the linear slide unit will drive
the metal panel to locate the next groove. Then, the air cylinder pushes out another
strip for supplement.

The foaming resin strip is between two rollers when be pushed out of the groove.
Installed on the output shaft of the servo motor which changes the rotational speed
to match the winding speed, the rollers transmit the foaming resin strip by the
friction force. The connection between the end of the former strip and the beginning
of the later strip, realized by the pressure between two rollers, ensures a continuous
transmitting of the strips.

The cutting mechanism consists of an immobile cutter blade and a removable
cutter blade. The removable cutting blade can move in Y axis driven by an air
cylinder. When the length of the strip transferred through the cutting mechanism is
proper, the removable cutting blade slides fast and cuts the strip. The pressing
mechanism of the foaming resin strip is an air cylinder which presses the strip on

Fig. 2 Schematic diagram of the automatic winding machine (1 embedment, 2 circular panel,
3 air cylinder for pressing, 4 cutting mechanism, 5 air cylinder for driving cutter blade, 6 a pair of
rollers, 7 groove for storing strip, 8 linear slide, 9 stepper motor, 10 limit switch, 11 sheet, 12 air
cylinder)
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the cylindrical surface of the embedment when the beginning end of the strip
approaches the embedment.

Fifty identical stepped holes are located equally along a circle on the upper
surface of a circular panel. From the bottom-up in Z-axis, a thrust ball bearing, a
rotatable support, a silicone shim and a positioning tool is installed. The thrust ball
bearing ensures the rotation of the rotatable support and embedment under the
action of load along Z-axis, and rotational torque is transferred from the drive motor
to the embedment. The silicone shim is placed between the upper surface of the
rotatable support and the lower surface of the embedment for increasing friction.
Each kind of embedment can be coaxial with the holes by the positioning tool
assisting. Proximity switch, mounted on the table, is used to locate the first
embedment by detecting the mark on the underside of the circular panel. On the
basis of that, the next embedment can be located through the constant angle rotation
of the circular panel driven by electric rotary table.

4 Design and Analysis of Clamping and Rotating
Integrated Mechanism

Due to the special design requirements and basing on the storing and positing
mechanism of the embedment, a clamping and rotating integrated mechanism of the
embedment is desired. Although mechanisms with similar functions already exist,
the special requirements proposed by the winding mechanism for foaming resin
cannot be satisfied.

For instance, the vacuum chuck requires large adsorption area to generating
enough adsorption force and an unstable air supply may cause clamping failure.
Besides, falling debris can block air pipe [6]. Mechanical clamps, such as the scroll
chuck, have a large scale and need a big clamping length, and the rotating axis
cannot be installed automatically without manual or robotic support [7]. This paper
focuses on designing an integrated mechanism to clamp and rotate the embedment
on the circular panel. Kinematic and dynamic characters of the mechanism are
analyzed based on the design.

4.1 Detailed Design of the Integrated Mechanism

An air cylinder with a 1-dof rotatable rod on its piston is used for clamping the
upper surface of the embedment. The lower surface of the embedment is supported
by the rotatable support. Under the circular panel, another air cylinder is mounted,
and a servo motor is installed on the piston rod of the air cylinder. When the circular
panel is rotating, piston rods of the upper and lower air cylinders must be retracted
to avoid hindering the rotation. The piston rod of the upper air cylinder extend once
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the next embedment is placed. Then, the piston rod of the lower air cylinder raises
the motor which is used to drive the embedment to rotate. A cylinder with a boss on
upper face is installed on the output shaft of the motor (Figs. 3 and 4).

1

2
3

5
6

7
8

4

Fig. 3 Clamping and rotating integrated mechanism of embedment (1 upper air cylinder,
2 rotatable rod, 3 embedment, 4 proximity switch, 5 electric rotary table, 6 cylinder with a boss,
7 servo motor, 8 lower air cylinder)

1
2

3

4

5 6

7

Fig. 4 Details of the
clamping structure (1 inner
shaft of the rotatable rod,
2 rotatable outer part, 3 thrust
ball bearing, 4 flexible part,
5 positing tool, 6 rotatable
support, 7 thrust ball bearing)
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Corresponding with the boss, there is a slot on the bottom surface of the rotatable
support. When the lower air cylinder extends, the boss of the cylinder presses the
bottom surface of the rotatable support. After rotating a certain angle, the boss
aligns with the slot on the vertical plane. Under the pressure of the piston, the motor
rises and the boss is chucked by the slot. Then the rotatable support and the
embedment rotate together driven by servo motor.

4.2 Kinematic and Force Analysis

Since the pressure of cylinder is much larger than gravity of each part, the latter is
ignored in force analysis. As shown in Figs. 5 and 6, the shaded part of the figure
indicates the boss and the other part indicates the lower surface of the rotatable
support. Analysis of 1/4-circle rotation process is enough to understand the total
process as the two parts both have symmetrical structures. Before the boss has
embedded the slot, the torque of the motor must be smaller than sum of friction
torques of all bearings.

When the boss embeds the slot, the lower air cylinder reaches its limit in Z axis
direction, the upper surface of the boss is lower than the slot. And the motor doesn’t
supply support force to the rotatable support.

The diameter and width of the boss is 10 and 3 mm respectively, and the width
of the slot is 4 mm. For easier calculation, the coordinate system is established with
the rotation center as the origin. Y axis is parallel to the side of the boss.

S1 and S2 indicate the contact areas, and T1 and T2 indicate the friction moments.
Fdn indicates the vertical force exerting on the rotatable support by the motor. Due
to the different expression, the rotation process is divided into two stages.

Y

X

Y

X

arccos0.3 arcsin0.4θ = − arcsin0.4 arcsin0.3θ = +

Fig. 5 The first stage of rotation
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Figure 7 shows the connect area and the torque changing with the rotation angle
by (1–4).

It can be seen clearly from the figure, the angle can be given by,

h ¼ arccos 0:3� arcsin 0:4 ð5Þ

The largest friction torque can be calculated as,

Y

X X

Y

arcsin0.4 arcsin0.3θ = + / 2piθ =

Fig. 6 The second stage of rotation
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T ¼ 3:8659� lFdn ð6Þ

Thus, we calculate the bearing friction torque according to,

Mf ¼ lbear
d
2
Fup; ð7Þ

where Mf denotes friction torque, lbear is friction coefficient, d means bearing bore
diameter, and Fup is load. For a thrust ball bearing,

lbear ¼ 0:004: ð8Þ

The torque balance equation is given by,

lbearFup
d
2
þ lbearðFup � FdnÞD2 ¼ 3:8659� ldnFdn; ð9Þ

where Fup is the vertical force exerting on the upper surface of the embedment, d is
the bore diameter of the thrust ball bearing in the rotation support, D is the bore
diameter of the thrust ball bearing under the rotation support, and ldn is the
coefficient of friction between the rotation support and the boss.

Before the boss is clamped into the slot, the friction torque must be less than the
sum of the bearing friction torques,

Fdn\
lbear Fup

Dþ d
2

� �� Fdn
D
2

� �
3:8659ldn

: ð10Þ

Fig. 7 Contacting area and torque needed with the angle
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After the boss is clamped into the slot, the driving torque can be calculated as,

T ¼ Mf þðJxÞ0 þFr; ð11Þ

where J is the rotary inertia of the winding embedment, x is the angular velocity,
F is the tension on the strip, and r is the radius of the winding embedment.

Before the boss is clamped into the slot, the force equilibrium equation is given
by,

Fup ¼ Fdn þFp: ð12Þ

After the boss is clamped into the slot, the force equations are,

Fup ¼ FP; ð13Þ

Fdn ¼ 0: ð14Þ

The sudden change of the T and Fp signals the beginning of the rotation of the
embedment.

5 Experiment

Figure 8 shows the platform, the foaming resin feeding, transmitting, cutting
mechanism is in a constant temperature and humidity box which is used to prevent
the strip sticking to adjacent objects. The HMI (Human machine interface) is
installed on the table beside the circular panel by which the worker can manipulate
the machine. The cutting moment, the control of the winding length and the tension
on the foaming resin strip and many factors affect the final diameter and incremental
weight, so in this experiment, the two parameters are measured.

Experiments are performed for validating the design and proving the reliable
operation of the machine. Figure 9 shows an example of the experiments. Two
parameters, the final diameter and the incremental weight, have been examined
during the course of experiments. Each time, 50 embedments put on the circular
panel are wound. Data are retrieved by measuring 50 wound embedded parts, and
variation range of the weight and diameter are smaller than 0.5 g and 1 mm
respectively, and the result satisfies the proposed requirements.
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6 Conclusions

This article has presented a novel mechanism for winding foaming resin on the
astronautics embedment. By the kinematic and force analysis of the novel clamping
and rotating integrated mechanism, range of the force is given. Some experimental
results are reported to validate the performance of the mechanism.

Fig. 9 The experimental data

Fig. 8 The experimental platform
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(1) The mechanism consists of foaming resin feeding, transmitting, cutting
mechanism, and embedment positing and driving mechanism.

(2) The clamping and rotating integral mechanism works reliably, and the rotation
of the embedment synchronizes with the motor during the winding process.

(3) The mechanism can be adjusted to adapt to different diameters and heights of
embedment.
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Mechanism Design and Analysis
for a Lightweight Manipulator Based
on Topology Optimization Methods

Hongchuan Zhang, Yanjiang Huang, Zhuowen Mo
and Xianmin Zhang

Abstract In this paper we designed a lightweight manipulator which is installed on
a kind of mobile robot—turtlebot. Firstly, we select the configuration of the robot.
Then, we optimized the best mechanism of the robot to obtain the large workspace
with small size of robot. And then we did the statics analysis and design main link
with topology optimization method. Finally, we made a comparison among the side
topology optimization beam, traditional I-beam and the structure combined with
these two shapes together. Based on the comparison results, we can conclude that:
(1) Traditional configuration of palletizing robot is a good configuration to realize
lightweight design. (2) The strategy of combine those two optimal shape together
can be a solution to achieve 3D-optimization.

Keywords Lightweight � Mechanism design � Topology optimization

1 Introduction

With the development of robotics [1], robots are used more and more widely, more
and more work needs to be replaced by robot. But in many place especially in
factory or laboratory the robots are always the fixed manipulator. We have to set the
task into the place of working space which is not convenient, so a light weight,
small size, compact structure, low moment of inertia mobile manipulator is a urgent
demand [2].
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In the previous studies, a large number of researchers and companies focused on
the mobile manipulator, many types of manipulator have been developed [3–7].
A lightweight hyper-redundant, deployable binary mobile robot was designed in the
paper [3]. The paper [4] designed a humanoid mobile manipulator for service tasks.
A leg-wheel hybrid mobile platform was bought up in the paper [5]. A tiny mobile
robot platform for large-scale ad hoc sensor networks [6]. A mobile robot with an
articulated body has been shown in the paper [7]. It can be found from these papers
that most configurations of mobile manipulators are based on a gripper installed on
a movable platform [8]. The advantage of this configuration of mobile manipulators
is the simple structure and compact design while the disadvantage is the limited
flexibility. In order to increase the flexibility, the gripper can be replaced by a light-
weight robot arm [9].

In this paper, we aim to design a lightweight manipulator to put on the mobile
robot—turtlebot. The manipulator will be designed to handle the objectives on the
ground or around the mobile robot. We first optimize the mechanism to attain the
large workplace with the small size. And then, we analysis the statics stress of
manipulator and design main link with topology optimization method. Finally, the
comparisons between the side topology optimization beam, traditional I-beam and
the structure combined with two shapes together are conducted to select the optimal
configuration. According to the optimal links we will design the manipulator and
print it by 3D-printer.

The mechanism design and main link topology optimization is described in
Sect. 2. The comparisons and result analysis is presented in Sect. 3 and the con-
clusions are presented in Sect. 4.

2 Mechanism Design

Firstly, we decide the configuration and the size of the manipulator. Due to the high
center of gravity and unstable motion performance of the turtlebot [10], the size of
driver and the overall size of the manipulator will be limited. This configuration is
shown in Fig. 1. In order to have a high workload with low power motor, the
traditional configuration of palletizing robot [11] is a good choice. There are three
reasons for it: The first, no drive hangs at the end of any arm, it means that the load
on motor can be reduced greatly. Surely, load on the first drive rod (GC) is
amplified by the lever (BCI), but the amplification ratio is small, thus, gear
reduction mechanism can be added on the point G to compensate the amplified
focus. The second, this palletizing robot has a good flexibility. Compared with the
traditional SCARA robot [12], palletizing can be able to stretch to the higher space
than robot. Working space of this configuration is larger and the shape can be
designed according to actual working environment. The pose of end effector
remains unchanged so that it is easy to develop into 6-axis manipulator if a 3-degree
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gripper is installed on the end. The last, static stress analysis of each link is simple.
The focus of load is only act on motive link and the moment of load is only act on
pose-holding mechanism.

The dimension of this mechanism can be optimized by GA (genetic algorithm)
[13] to achieve a large working space with a small linkage size. Kinematic model of
this configuration is also shown in Fig. 1, volume of working space can be judged
by the area of the end effector [14] since the first base revolute joint is perpendicular
to others. The first objective function is shown in Formulate 1. As this manipulator
is aimed at handling objects on the ground, the projected area of the working space
on the plane (XZ) ought to be as large as possible. The second optimization target
can be set by projected area of the working space on the ground. Thus, the second
objective function (m) is shown in Formulate 2. In the above description, ‘sg is the
length of projection which is reflected on the ground of the workspace and ‘sum is
the sum of all linkage design variable. Design variables are classified into two
types: linkage design variables and angular design variables. Linkage design
variables are the length of hip joint link and the length of waist joint link: ‘1 and ‘2.
Angular design variables are the shape of triangle part: h1 and h2. The area of
working space is mainly affected by linkage design variables and the shape of
working space is mainly affected by shape of triangle. Take geometry constraint of
this mechanism into consideration, we can establish functional relations between
workspace area and all design variables. Length of projection (‘sg) can be also
calculated if the workspace cross-sectional on plane XZ be worked out. Because
both optimization functions are at the same scale, traditional weight coefficient
transformation method can be used to compute the pareto solution [15]. The
working space function is shown in Formula 4 and the functional relations are
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Fig. 1 Kinematic model of
manipulator
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described in Formula 3. Compared with single objective optimization results in
NO. 6–7, as shown in Table 1, the pareto results NO. 1–5 not only have larger
workspace area but also shorter size and larger cross-section on the ground. In order
to achieve lightweight design of this manipulator, we choose the result NO. 5 which
has the smallest ‘sum. The workspace with this parameter is shown in Fig. 2.

The first objective function:

l ¼ sw
‘2sum

ð1Þ

Table 1 Results of optimization

Result Design variables Objective function

No. ‘1 ‘2 h1 h2 ‘sum F l m

Pareto 1 430.20 590.50 26.30 116.90 1020.70 0.59 0.64 0.54

2 482.30 610.40 15.00 158.80 1092.70 0.61 0.63 0.59

3 566.40 633.00 26.10 130.70 1198.20 0.62 0.60 0.64

4 399.70 588.20 16.60 111.90 987.90 0.58 0.63 0.53

5 379.80 629.30 14.0 107.60 1009.10 0.58 0.58 0.58

Single 6 403.70 344.30 35.70 124.60 748.00 0.36 0.72 0

7 285.60 814.80 30.10 136.70 1100.40 0.50 0.32 0.68

Fig. 2 Projection of workspace on plane XZ
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The second objective function:

m ¼ ‘sg
‘sum

ð2Þ

Design variables are ‘1; ‘2; h1; h2. The whole objective-function is Formula 1.

F ¼ x1lþx2m ð3Þ

Here, ‘sum ¼ ‘1 þ ‘2
Working space function:

sw ¼
ZZ

X1 \X2 \X3 \X4

ds ð4Þ

Here,

X1 ¼ x; zð Þ x� 0; z 2 R; ‘21 � ‘22 � x2 þ z2
�� � ‘21 þ ‘22

� �
X2 ¼ x; zð Þ h2 � hGC � h2 þ pjf g
X3 ¼ x; zð Þ hBC � p� hBC � hGCjf g
X4 ¼ x; zð Þ h2 � p� hBC � h2jf g

8>><
>>:

Secondly, we design main components by topological optimization method [16]
to aim at the high stiffness with light weight of the link [17]. At the beginning of
optimization, the statics stress sustained analysis is shown in the Formula 5–10.
Rod BC and CG take full force of load on B point, meanwhile, Rod BA, AD, EF,
FG and triangle part DCE bearing the full moment to B by load because paral-
lelogram mechanism ABCD and EFGC are mainly keeping the posture of effector.
Figure 3 is used to show the force tendency of each joint. The max torques of
actuating arms (GC and CB) are equal to 1.899 and 3.1465 N m if the workload of
manipulator is set about 5 N. Take dynamics performance [18] into account,
driving torque can be set about 3.836 and 5.376 N m since these two types of
motors can be bought directly. After sustained analysis, the topology optimization
design regions and the results are shown in Fig. 4. Since the matrix is out of
memory for the whole link,as is shown above, the connecting rod is divided into
several sections for topology optimization. The quality ratio of resection is 0.5, and
the focus F1 and F2 satisfy law of leverage.

Stress sustained analysis of main components:

2f2 ¼
fx
fy
0

2
4

3
5 ð5Þ
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2n2 ¼ ‘2 � bX2 �
fx
fy
0

2
4

3
5 ¼

0
0

‘2 � fy

2
4

3
5 ð6Þ

1f1 ¼
c2 s2 0
s2 c2 0
0 0 1

2
4

3
5 fx

fy
0

2
4

3
5 ¼

c2 � fx � s2 � fy
s2 � fx � c2 � fy

0

2
4

3
5 ð7Þ

1n1 ¼
0
0

‘2 � fy

2
4

3
5þ ‘1 � bX1 � 1f1 ¼

0
0

‘1 � s2 � fx þ ‘1 � c2 � fy þ ‘2 � fy

2
4

3
5 ð8Þ

Fig. 3 Force tendency of main joints

472 H. Zhang et al.



s1 ¼ ‘1 � s2 � fx þð‘2 þ ‘1 � c2Þ � fy ð9Þ

s2 ¼ ‘2 � fy ð10Þ

3 Result Analysis

The topology optimization in Sect. 2 focus on the side of link, whereas, the best
cross-sectional shape of bending section is I-beam which has been widely used to
make steel roll [19]. If we take two optimal designs into consideration, another two
constructions can be put forward (Call it combined optimal rod I and II). Combined
optimal rod I is the intersection of these two shape extension bodies. Combined
optimal rod II is the union of these two shape extension bodies. These four types of
constructions are shown in Fig. 5. As it is hard to make those constructions at the
same quality, we have to propose a parameter g to evaluate the quality of con-
struction and the stiffness together. Parameter g relates to the volume and the

(a) (b)

(c)

(e)

(f)

(d)

F1 F2

F1 F2

F3

F3

Fig. 4 Topology
optimization results of main
link
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maximum deformation of the end. The volume (V) reflects the quality of link as we
suppose the density is uniform. The stiffness is characterized by the maximum
deformation of the end (n). If we aim at achieving high stiffness with the low
quality, parameter g should be lower. Parameter g is shown in Formula 11. The
analysis results are shown in Fig. 6. All links are designed in the same cuboid
chamber with the same dimension and same position of bearing holes. The com-
parison is shown in Table 2. From the table, we can find that
Combined-optimal-beam II not only has the smallest deformation but also mini-
mum g. In the way, combined-optimal-beam II seems to be the best optimal link in
3D design cuboid chamber, but we can’t prove that because it is hard to maintain all

(a)I-beam (b) Topology-optimal-beam

(c) Combined-optimal-beam I (d) Combined-optimal-beam II

Fig. 5 Four type constructions
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structures at the same quality in topology optimization [20]. Of course, during this
light-weight design model, we choose the structure of combined-optimal-beam II.

g ¼
ffiffiffiffi
V3

p
� n ð11Þ

The primary design of the manipulator is presented in Fig. 7. Since all the
analyses of this paper are based on the 3D printer material C/PLA, the arm won’t be
too heavy and the stiffness of the manipulator can meet the working requirement
well.

(b) Analysis of Topology-optimal-beam(a) Analysis of I-beam

(c) Analysis of Combined-optimal-beam I (d) Analysis of Combined-optimal-beam II

Fig. 6 Topology optimization results of main link

Table 2 Comparison of each construction

Construction Volume (mm3 � 106) Deformation (mm) g ( � 102)

I-beam 0.57 0.39 0.99

Topology-optimal-beam 2.16 0.81 1.04

Combined-optimal-beam I 0.83 1.04 0.98

Combined-optimal-beam II 2.22 0.22 0.29
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4 Conclusion

This paper designed a lightweight manipulator with the configuration of traditional
palletizing robot which is installed on one kind of mobile robot. The main function
of the manipulator is to carry and handle the object on the ground. To achieve the
light-weight design, mechanism is optimized by GA. Then, structures of main links
are designed by topological optimization. At last, the comparison of topological
optimization link, traditional I-beam and the structure link which take these two
structures together is conducted to realize the optimal design of main rods.

From the comparison we can concluded that:

(1) Traditional configuration of palletizing robot is a good configuration to realize
the light-weight manipulator.

(2) In the topological optimization of link, combining the best topology shape of
side with the best shape of cross-section is a strategy to attain the
3D-optimization of link but it is not sure to be the best.
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Synthesis of Branch Type Lower Limb
Assistive Device

Yue Sun and Dar-Zen Chen

Abstract Design of a portable branch type lower limb orthosis for persons with
impairments of motor system is presented. Since the hip joint has relation move-
ment to human trunk, unlike most exoskeleton type of lower limb orthosis, con-
siders the hip joint as a plane pair and knee joint as a revolute joint. Topological
synthesis of the branch type lower limb assistive device according to the kinematic
behavior of the human lower limb is accomplished. And the partition coefficient is
applying on optimizing design for spring parameters.

Keywords Branch type � Lower limb assistive device � Hip joint � Partition
coefficient

1 Introduction

The post-operative patients typically suffer from the motor system impairments,
resulting in the lower limb disability and affecting their daily life activities. Those
with lower limb problems usually use a crutch or a walker to support their body
weights during gait Agrawal and Fattah proposed two non-robotic leg orthosis,
GBO [1] and GBEO [2] composed of a primary planar two-link serial linkage for
gait training based on the gravity-balancing techniques. Although many lower limb
orthoses or exoskeletons, such as ALEX [3], LOPES [4] and Lokomat [5] had been
developed to guide the gait pattern of locomotion, such devices are complex and
uniquely designed for gait training rehabilitation in hospitals. Design of a lower
limb orthosis without actuators and compatible with the kinematic behavior of the
lower limb for elderly, post-operative and muscle weakness patients is proposed.
According to the studies of Kadaba et al. [6] and Sutherland et al. [7], the rotation of
the pelvis induces the relative motion of the hip joint with respect to the human
trunk. The kinematic interference between the orthosis and the human lower limb
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can be minimized and discomfort can be eliminated. Since no article has designed
the lower limb assistive device with branch type mechanism, a methodology is
addressed to design and optimize the branch type lower limb assistive device in this
paper. Topological synthesis of the branch type lower limb assistive device
according to the kinematic behavior of the human lower limb is first accomplished.
And the partition coefficient is applying on optimizing design for spring parameters.

2 Kinematic Modeling of Human Lower Limb

2.1 The Coordinate System of Human Lower Limb

In order to design branch type lower limb assistive device without motion
incompatibility, the anatomical structure and kinesiology of human lower limb have
to be investigated first. The coordinate system of a human can be described by three
anatomically aligned axes: axis of superior/inferior (SI), axis of anterior/posterior
(AP) and axis of medial/lateral (ML). The axes of SI and AP form the sagittal plane,
on which the side view is projected. The axes of SI and ML form the frontal plane,
on which the front view is projected. The axes of AP and ML form the transverse
plane, on which the top view is projected. The sagittal plane, frontal plane and
transverse plane are referred to as the three cardinal planes of a human body
(Fig. 1).

Fig. 1 The coordinate system of a human
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According to the human anatomy and kinematics of the lower limbs, seen the
rotation of pelvis during walking will cause position of hip joint changed with
respect to the trunk. Assistive device and lower limbs occurs interference during
walking. The displacement of each joint to origin point can be seen as the dis-
placement to human body backbone. The rotations of hip joint and knee joint in
sagittal plane are called flexion/extension, the rotation of hip joint in frontal plane is
called abduction/adduction, the rotation of knee joint in frontal plane is called
valgus/varus, the rotations of hip joint and knee joint in transverse plane are called
medial/lateral rotation. While the lower limb is in motion, the pelvis exhibit a
complex motion with respect to the body trunk, where the rotation in the sagittal
plane is called posterior/anterior tilt, in frontal plane is called up/down obliquity and
in transverse plane is called medial/lateral rotation.

2.2 Simplifications of Human Lower Limb Model

Movement of hip joint is produced by rotation of the following three plane: a
(sagittal plane), b (frontal plane), c (transverse plane) (Fig. 2).

Define the rotational center of pelvis as original point O and b is the length of
bifemoral head breath. The distance between hip joint and rotation center of pelvis
is 1/2 of bifemoral head breath. The initial of hip joint is (0, b2, 0). The displacement
vector of hip joint after rotation is (LAP, LML, LSI).

LAP ¼ 1
2
b cos b sin c ð1Þ

LML ¼ 1
2
bð1� cos b cos cÞ ð2Þ

LSI ¼ 1
2
b sin b ð3Þ

Fig. 2 Movement of hip
joint during gait
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Normal walking can be divided into two phases: as the foot is in contact with the
ground is referred to as the stance phase, while the foot swings in the air is referred
to as the swing phase. Figure 3 shows the full gait cycle of the right lower limb. At
0 % of the cycle, the heel of the right lower limb begins to contact with the ground;
at 10 % of the cycle, the foot is flat; at 50 % of the cycle, the heel is pulled off the
ground; at 60 % of the cycle, the toe is completely off the ground; at 80 % of the
cycle, the right leg is swung ahead of the left leg and at the 100 % of the cycle, the
terminal swing of the right leg is completed. The gait cycle from 0 to 60 % is

Fig. 3 The displacement to trunk of body during gait
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referred to as the stance phase of normal walking, while that from 60 to 100 % is
referred to as the swing phase.

Because of assistive devices fixed on the body in different ways, the best way to
describe the motion also changes. The movement of hip joint is described by two
ways: angle and displacement.

The description of angle during stance phase is the variation of a is 2°.
Compared with b and c, it is negligible. And during the swing phase the variation
of a is 2°. Compared with b and c, it is negligible. The description of displacement
is as Table 1. LSI and LML are both more than 2 cm,LAP is less than 2 mm. LAP is
less than 1/10 of the other variation of directions. Therefore LSI and LML are needed
to be considered, but LAP is negligible. And during swing phase, LSI and LML are
both more than 1 cm,LAP is less than 2 mm. LAP is less than 1/5 of the other
variation of directions. Therefore LSI and LML are needed to be considered, but LAP

is negligible.

2.3 Kinematic Modeling of Human Lower Limb

For design of branch type planar assistive device, displacement of SI and AP in the
plane Sagittal plane is needed to be considered. In the past research, the movement
of hip joint is considered. But the movement of hip joint is complicated. According
Agrawal the design of GBO [1] and GBEO [2] consider 2DOF movement of hip
joint. It doesn’t solve the motion of hip joint in sagittal plane. It just focuses on the
gravity-balancing during walking. According Banala [8], the design of ALEX
solves the motion of hip joint. But the mechanism isn’t portable, it needs a support.
And according the Krut [9], the design of Moon Walk consider 3DOF movement of
hip joint. But it solves the motion of hip joint on SI depended on motion on AP
axis.

The lower limb is considered as constituted with linkages B, F and T. Linkage B
which is regarded as hip joint can move in sagittal plane within limits. It can be
regarded as planar joint (Fig. 4).

Table 1 The description of displacement in gait

Phase Stance phase Swing phase

Min Max Difference Min Max Difference

a 14° 16° 2° 14° 16° 2°

b −3° 4° 7° −4° 0° 4°

c −4° 3° 7° −4° 1° 5°

LSI −0.0262b 0.0349b 0.0611b −0.0349b 0 0.0349b

LAP −0.0019b 0.0019b 0.0038b −0.00243b 0.00243b 0.00486b

LML −0.0348b 0.0261b 0.0609b −0.0348b 0.00873b 0.04353b

For healthy adults, the width of pelvic is in a direct ratio with stature H. b = 0.191H
Where H = 170 cm b � 32 cm
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3 Topological Synthesis of Lower Limb Assistive Device

3.1 Selection of Lower Limb Assistive Device

According to Grubler and Kutzbach criterion

F ¼ kðn� j� 1Þþ
X

i

fi ð4Þ

where F is the degree of freedom of the mechanism, k is the degree of freedom of
the space in which a mechanism is intended to function, n is the number of links, j
is the number of joints, and fi is the degree of freedom possessed by joint i. In order
to make the lower limb orthosis is simple, the number of links of mechanisms is as
less as possible, (n, j) = (7, 8) is chosen.

The rules to choose kinematic chains is that the hip or the knee joint can be
placed in any loop with at least four joints, while both hip and knee joints can only
be placed in a loop with at least five joints. So, the (7, 8) chain as shown in Fig. 5 is
excluded, because neither hip nor knee joint can be placed in the three-joint
loop. The rules are proposed to design branch and type planar assistive device.
There is one and only one revolute joint connected ground with hip joint. And the
mechanism isn’t single chain. Mechanism of type (a) are all single chain, and type
(b) cannot configure the hip joint and knee joint. The hip joint and knee joint is
identified on admissible kinematic chains of the lower limb orthosis as Fig. 6.

B(Link 2) 

F(Link 3) 

T(Link 4) 

y(SI)

x(AP)O
Link 1 

Fig. 4 The lower limb is
considered as constituted with
linkages
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3.2 The Diagram of the Lower Limb Assistive Device

First consider design c-2 achieve balancing, since the K14 and K15 should be zero,
k14 = 1 and k15 = 1 are required, However, by k14 = 1 and k15 = 1 the components
K23, K24, K25, K34, and K35 becomes non-zero matrix, therefore, k24 = 1 and
k25 = 1, those springs are called basic springs. Since the overall design equations
are provided by non-zero off-diagonal components of K, each component provide
two design equations, hence, there are eighteen design equations, ne = 18. Since
these basic springs aren’t mono-articular spring, therefore, there are sixteen avail-
able design parameters. c-2 is the most appropriate branch type mechanism assistive
devices, because it’s the only choice which conform the DOF of lower limb after
separate the mechanism into main part and branch part. So the diagram of the lower
limb assistive device is as Fig. 7. And the mechanism is a branch type planar
mechanism.

(7, 8)

(a) (b) (c) (d)

Fig. 5 Admissible kinematic
chains of the lower limb
orthosis

B
E F

TB
E F R

B

B

E

E

F

FR
T

B
EF

B
E

FR
T

Identify 
hip joint

Identify 
knee joint

c-1 c-2 d-1

Fig. 6 Identify hip joint and
knee joint
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4 Design of Branch Type Lower Limb Assistive Device

4.1 Gravity-Balancing Technique with Spring Only

Suppose the assistive device is installed in the mass center of lower limb, it can be
treated as a point with mass attached to the link connected to it. So the whole is a
branch type mechanism. Link 2 is the overlapping portion of main part and branch
part. So the G12 is shared by two parts (Fig. 8).

The equations of gravity balance of main part with partition coefficient E2 are as
below:

k14a14r2 cos a14 þ k13a13r2 cos a13 ¼ �ð1� E2Þm2gs2 sin d2 ð5Þ

F

T

Link 1

Link 2
Link 3

Link 4

Link 3'

F(Link 3)

T(Link 4)

B(Link 2)

y(SI)

x(AP)O

Link 1Fig. 7 The diagram of the
lower limb assistive device

F

T

Link 1

Link 2 Link 3

Link 4

Link 3'

F

T

Link 1

Link 2 Link 3

Link 4

Link 1

Link 2'

Link 3'

Fig. 8 The branch type
lower limb assistive device
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k14a14r2 sin a14 þ k13a13r2 sin a13 ¼ ð1� E2Þ½m2gs2 cos d2 þm3gr2 þðm4 þmf Þgr2� ð6Þ

k13a13b13 cosða13 � b13Þþ k14a14r3 cos a14 ¼ m3gs3 sin d3 ð7Þ

k13a13b13 sinða13 � b13Þþ k14a14r3 sin a14 ¼ m3gs3 cos d3 þðm4 þmf Þgr3 ð8Þ

k14a14b14 cosða14 � b14Þ ¼ ðm4 þmf Þgr3 ð9Þ

k14a14b14 sinða14 � b14Þ ¼ ðm4 þmf Þgr3 ð10Þ

k14r2r3 � k24a24r3 cosð�a24Þþ k13b13r2 cos b13 ¼ 0 ð11Þ

�k24a24r3 sinð�a24Þþ k13b13r2 sin b13 ¼ 0 ð12Þ

k14b14r2 cos b14 ¼ k24a24b24 cosðb24 � a24Þ ð13Þ

k14b14r2 sin b14 ¼ k24a24b24 sinðb24 � a24Þ ð14Þ

k14a14b14 sinða14 � b14Þ ¼ ðm4 þmf Þgr ð15Þ

k14b14 sin b14 ¼ �k24b24 sin b24 ð16Þ

The equations of gravity balance of branch part with E2 are as below:

k130a013r
0
2 cos a

0
13 ¼ �E2m2gs2 sin d2 ð17Þ

k130a013r
0
2 sin a

0
12 ¼ E2½m2gs2 cos d2 þm0

3 gr2 þðm0
4 þmf Þgr2� þ ðm0

3 þmtÞgrb2
ð18Þ

k130a013b
0
13 cosða013 � b013Þ ¼ ðm0

3 þmtÞgsb3 sin db3 ð19Þ

k130a013b
0
13 sinða013 � b013Þ ¼ ðm0

3 þmtÞgsb3 cos db3 ð20Þ

k130r02b
0
13 cos b

0
13 ¼ k23a023b

0
23 cosða023 � b023Þ ð21Þ

k130r02b
0
13 sin b

0
13 ¼ �k34a023b

0
23 sinða023 � b023Þ ð22Þ

The Ev is partition ratio of main part G1v shared by branch part. The spring
influenced by Ev which can be observed directly by stiffness block is defined as
direct influence spring. All springs of branch type statically balanced mechanism
are related. For the branch type lower limb assistive device, E2 is applied to opti-
mize the spring configuration, which tends the spring constants to average.
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4.2 Anthropometric of Human Lower Limb

Based on the 1969 study of Clauser et al. [10] and the database provided by NASA
in 1978 [11], the masses of thigh and shank can be evaluated by linear regression
equations, such as (Table 2):

mt ¼ 0:0452q1 þ 0:82 ð23Þ

mf ¼ 0:0452q1 þ 0:82 ð24Þ

st ¼ 0:335q5 � 0:159q6 þ 11:267 ð25Þ

sf ¼ 0:227q2 þ 0:989q3 � 0:033q4 � 13:362 ð26Þ

where qi is anthropometric parameters.
The mass and location of mass center of femur and tibia of small, mid and larger

size objects can be obtained (Table 3).
Aluminum alloy 6061 is chosen as material of all links of lower limb orthosis.

The mass center locations of all links are assumed to be at the mid-length of each
link. Density of aluminum alloy 6061 is 2700 kg/m3. The width and thickness of all
links of lower limb orthosis are assumed as W and T. Therefore mass of links of
lower limb orthosis can be expressed as function of link-length:
mn = 2700 � W � T � rn.

Mass of links is much less than tibia or femur, and the orthosis is connected with
mass center of them. Therefore the mass center of links which attached to tibia or
femur are assumed to be near the junction with lower limb. Constraint equations of
lower limb extension during swing phase:

ðr02 þ r03Þ2 �ðty;l � l1yÞ2 þðtx;u � l1xÞ2 ð27Þ

ðr02 þ r03Þ2 �ðty;l � l1yÞ2 þðtx;l � l1xÞ2 ð28Þ

Table 2 The masses of thigh
and shank

Anthropometric
parameters

Symbol Small Mid Large

Total body weight
(kg)

q1 63.3 81.5 97.7

Trochanteric height
(cm)

q2 87.2 94.6 102.5

Knee breadth/bone
(cm)

q3 9.6 10.5 11.4

Iliac crest (fat) (cm) q4 7.5 19.5 31.3

Tibiale height (cm) q5 43.4 48.0 52.6

Calf cir. (cm) q6 28.9 32.7 36.5
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ðr2 þ r3 þ r4Þ2 �ðfy;l � l10yÞ2 þðfx;u � l10xÞ2 ð29Þ

ðr2 þ r3 þ r4Þ2 �ðfy;l � l10yÞ2 þðfx;l � l10xÞ2 ð30Þ

4.3 Optimal Design of Lower Limb Assistive Device

To keep the installation of springs remaining unchanged installation as much as
possible, apply Ev to change the installation. To reduce the different among springs,
the goal of optimization is decrease the variance of all springs. Objective function
of optimization is F E2ð Þ ¼ VðkijÞ, where V(kij) is the variance of all springs. With
the partition coefficient changes, spring constant is changed. Select the range of
[−1, 1] to adjust the E2. The change of all spring constant is as Fig. 9.

According the design equation, constraint conditions and parameters of human
body, the optimized result is F 0:175ð Þ ¼ 7:420� 105. And the initial value is
F 0ð Þ ¼ 1:038� 106. Compared with the initial value, the variance of springs is
reduced, so the spring constant is tended to average.

Table 3 The mass and location of mass center of femur and tibia

Mass and location of mass Symbol Small Mid Large

Mass of tibia (kg) mt 3.7 4.5 5.2

Mass of femur (kg) mf 6.3 8.4 10.3

COM of tibia w.r.t. knee joint (cm) st 21.2 22.1 23.1

COM of femur w.r.t. hip joint (cm) sf 15.7 17.9 20.1

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 10

2

4

6

8

10

12
106 Optimizing of E2

F 
(E

2)

E2

Fig. 9 The optimizing of
variance of springs
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The mass and dimension properties of the mechanism are shown in Table 4. The
spring constant and design parameters for this example are tabulated in Table 5.
The branch type assistive device is illustrated as Fig. 10.

Table 4 The mass and
dimension properties of the
mechanism

Link i Length (m) si (m) Mass(kg)

Link 2 0.60 0.30 1.422

Link 3 0.10 0.10 0.237

Link 4 0.20 0.10 0.473

Link 3′ 0.20 0.20 0.473

F – – 8.400

T – – 4.500

Table 5 The spring constant
and design parameters

ij kij (N/m) aij (m) bij (m)

13 1083.79 0.005 0.100

14 836.20 0.087 0.020

24 482.91 0.115 0.200

13′ 928.43 0.050 0.082

23′ 406.21 0.050 0.200

Fig. 10 The branch type
assistive device
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5 Conclusions

Design of a branch type lower limb assistive device for persons with motor system
impairments is presented. In this orthosis, the movement of the hip joint due to the
rotation of the pelvis and the working space of the lower limb during walking is
considered, such that the discomfort induced by the motion incompatibility between
the orthosis and the human lower limb can be alleviated. The orthosis is also
capable of compensating the gravitational effect of the human lower limb and the
orthosis during the swing phase. Based on the anthropometric data for the
middle-size subjects, the design optimization is accomplished and the simulated
results show the concept of the branch type gravity-balancing assistive device is
feasible. The partition coefficient is applied to optimize the spring configuration.
Based on free body diagram of human thigh and shank, the locational error of
interfacial point is estimated, and method for reduce the locational error is pre-
sented. Design of a device to switch on and off the spring forces between the swing
phase, and the prototyping, testing, and evaluation of the lower limb assistive
device will be implemented in the near future.
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On Passive Limbs in the Design of Parallel
Mechanisms

Xu Wang, Weizhong Guo and Feng Gao

Abstract Passive limbs in parallel mechanisms can be introduced during type
synthesis in order to reduce the possibility of redesigning or to decrease the
complexity of the latter control strategy. In this paper, to find out more influences
passive limbs can have on the performance of parallel mechanisms, using the theory
of reciprocal screws, a united modeling framework of parallel mechanisms with
passive limbs and without passive limbs is established first and then the perfor-
mance comparison is carried out between parallel mechanisms with passive limbs
and without passive limbs. All the performance indexes are calculated based on
Jacobian matrices. The comparison results indicate that parallel mechanisms with
passive limbs perform better in architecture dexterity, linear velocity isotropy,
angular velocity isotropy, force isotropy, torque isotropy, maximum values of
torque, linear deformation isotropy, angular deformation isotropy and maximum
values of angular deformation.

Keywords Parallel mechanism � Passive limb � Reciprocal screws � Performance
comparison

1 Introduction

For the research and development of parallel mechanisms (PMs), simple type
synthesis is not enough and there is a lack of usage of limb structures with good
performance, reasonable actuators distribution and appropriate constraint assign-
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ment. Consideration of these factors can reduce the possibility of redesigning or
decrease the complexity of the latter control strategy. Fortunately, there exists a
kind of limb structure with good performance which can be called passive limbs
(PLs), among today’s PMs. However, there is no specific research on PLs.

PLs are those limbs who provide constraints but do not possess any active joints.
At present, there are four classes of PMs with PLs. The structure of the first class is
like n SPS/UPS/RUS/PSS-XXX, such as SKM400 by Ponisch [1], 3SPS-UP by
Neumann [2], cable-controlled mechanism by Landsberger [3, 4], GEC Tetrabot by
Dwolatzky [5], 3UPS-PU by Fattah [6], 4PUS-1PS by Abbasnejad [7] and 2PSS-U
by Carricato [8], where n, S, P, U, R, and XXX represent the number of SPS/UPS/
RUS/PSS-limbs, spherical joints, prismatic joints, universal joints, revolute joints
and PL, respectively. The active joints are underlined. This class of PMs have
characteristics as: (1) The DOFs of the end-effector are directly determined by
XXX-limb [7], thus the type synthesis can be easier, such as motion constraint
generator method by Kuo [9]; (2) The total number of limbs is one more than
DOFs, so the constraints can be stripped from the active limbs while it also means
the increasement in manufacturing cost and possibility of interference between
limbs [10]; (3) The performances of this class of PMs in global condition number,
working space and stiffness matrix condition number maybe better according to the
comparison between 3SPS-UP and 3UPU by Joshi [11]; (4) This class of PMs are
easy to be reproduced. Because the structure of each active limb is identical, so it is
convenient for manufacturing and assembling [12]; (5) Although one of the active
limbs can be removed, loading the active force on PL, the driving uniformity will
lose [13]; (6) This class of PMs have larger loading capacity, and PL can effectively
remove the redundant self-motion of the moving platform [14, 15].

The structure of the second class is like nSPS/UPS/RUS/PSS-nXXX, such as
3SPS-3PRS by Lippmeier [16], where n represents the number of ALs or PLs. This
class has characteristics as: (1) Because the original one PL is decomposed into
n PLs with the same structure, purchasing costs of materials will increase while the
load applied on PLs can be more symmetrical; (2) If the n ALs are removed, the rest
of the body is still a PM with some advantages relative to the serial mechanisms
remained, thus the configuration choices can be more flexible; (3) Over constraints
are inevitable, which is not conducive to assembling, so there is a higher require-
ment for machining precision.

The structure of the third class is like rSPS/UPS/RUS/PSS-XXX, such as Ankle
Rehabilitation Device by Saglia [17], where r[DOFs. This class has character-
istics as: (1) For ankle rehabilitation device which needs only two degrees of
rotation freedom, using 3 ALs with uniform distribution is more loading reasonable;
(2) The use of redundant actuation is to completely eliminate the singularity and to
improve the dexterity [17].

The structure of the last class is decoupled PMs (DPMs), such as 2PSS-U by
Carricato [8] and U-RRU-SPS by Zeng [18]. This class has characteristics as:
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(1) During type synthesis, PMs with 2 DOFs can be evolved from a planar four bar
mechanism, providing another drive by adding an AL, one of the remaining two
limbs with constraints acting as a PL and finally allowing the whole mechanism to
be partly DPMs [18]; (2) Sometimes completely DPMs can be generated using PLs,
which leads to more direct kinematics and easier analysis of singularity problem
[8].

This paper is organized as follows. Firstly, using the theory of reciprocal screws,
a united modeling framework of parallel mechanisms with passive limbs and
without passive limbs is established to deduce the Jacobian of constraints and the
Jacobian of actuations. Then, the performance comparison is carried out between
two types of PMs, with PLs (3SPS-UP and 3SPS-3PRS) and without PLs
(2SPS-UP and 3PRS).

To facilitate the discussion, the parallel mechanisms with passive limbs and
without passive limbs are named as “PMWPL” and “PMWOPL”, respectively.

2 A United Modeling Framework of PMWPL
and PMWOPL

Up to present, according to Chap. 1, the most common type of PMWPL is nSPS-
me, where n = DOFs and e is a set of various type of PLs with the total number of
PLs being m. To find out more influences PLs can have on the performance of PMs,
a corresponding PMWOPL which is evolved from nSPS-me by removing out
m ALs and making the athj joint (it is practical that at most one active joint can be

used for each limb [19]) on the jth PL active, is introduced for comparison. The type
of PMWOPL is donated by (n-m)SPS-mf, where f is a set of various type of limbs
and these limbs are donated by cALs(ALs with constraints). In order to maintain the
DOFs unchanged, the following relationship must be realized:

5� n�m� 2: ð1Þ

Here, “m � 2” can guarantee that if n = m, with m ALs removed, the final
mechanism can also be a parallel one. A generalized schematic diagram of PMWPL
is shown in Fig. 1a. The moving platform (MP) and the based platform (BP) are
connected by n scalable ALs SBi S

M
i ; i ¼ 1; . . .; n

� �
and m PLs BjMj; j ¼ 1; . . .;m

� �
.

We suppose that the connectivity of the jth PL is equal to cj. Obviously, the
connectivity of each AL is equal to 7. Figure 1b is the schematic diagram of the
corresponding PMWOPL.
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2.1 Jacobian of PMWPL

To perform a velocity analysis of PMWPL, Jacobian matrices need to be built for
both ALs and PLs. Inspired by the method in [20], making use of the theory of
reciprocal screws, the Jacobian matrix of the constraining PLs is presented first. The

instantaneous velocity $̂MP of MP can be expressed as a linear combination of
instantaneous unit joint twists plotted in Fig. 1a:

$̂MP ¼ ~xT ~vT
� �T¼ _hPj;1$̂

P
j;1 þ � � � þ _hPj;k $̂

P
j;k þ � � � þ _hPj;cj $̂

P
j;cj ; ð2Þ

where ~x and~v are the angular velocity and linear velocity from O0 � X 0Y 0Z 0 to
O� XYZ, respectively. _hPj;k and $̂Pj;k are the joint velocity and the instantaneous unit
joint twist of the R/P joint in the PL, respectively.

We then suppose that there exists no redundent constraints on every PL so those
wrenches that are reciprocal to all the joint twists of the jth PL form a (6� cj)-

system, which can be donated by $̂P;rj;q ¼ aP;rj;q

bP;rj;q

" #
ðq ¼ 1; . . .; 6� cjÞ. Taking the

orthogonal product of both sides of Eq. (2) with $̂P;rj;q yields the Jacobian of con-
straints as:

Fig. 1 The types of PMWPL and PMWOPL discussed in this paper
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JP$̂MP ¼ 0; ð3Þ

where

JP ¼

..

. ..
.

bP;rj;1

� �T
aP;rj;1

� �T

..

. ..
.

bP;rj;6�cj

� �T
aP;rj;6�cj

� �T

..

. ..
.

2
6666666664

3
7777777775
: ð4Þ

Next, the similar method is applied to ALs to deduce the Jacobian of actuations
as:

JA$̂MP ¼~qa; ð5Þ

where

JA ¼
O~SM1 �~$A1;4

� �T
~$A1;4

� �T

..

. ..
.

O~SMn �~$An;4

� �T
~$An;4

� �T

2
6664

3
7775~qa ¼ _hA1;4 � � � _hAn;4

h iT
: ð6Þ

2.2 Jocabian of PMWOPL

As mentioned above, PMWOPL derives from PMWPL by removing out m ALs and
making one joint on each PL active and ultimately leading to the whole structure as:

ðn� mÞSPS� . . . P . . . R . . .|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
cAL 1

� . . .� . . . � . . . P . . . R . . .|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
cALm

;

where the R joints in cAL can also be active, depending on the particular structure
of this cAL. For instance, the R joint connecting cAL and BP is more adaptable to
be chosen as an actuation. Supposing that the athii joint in the ii

th cAL is P and the athjj
joint in the jjth cAL is R, then we can get:

JcAL$̂MP ¼~qa;cAL: ð7Þ

and
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JAL$̂MP ¼~qa;AL; ð8Þ

where

JcAL ¼

..

. ..
.

O~Aii �~$Pii;aii

� �T
~$Pii;aii

� �T

..

. ..
.

~$Pjj;ajj

� �T
~0

..

. ..
.

bP;rii;1

� �T
aP;rii;1

� �T

..

. ..
.

bP;rii;6�cii

� �T
aP;rii;6�cii

� �T

..

. ..
.

2
6666666666666666666664

3
7777777777777777777775

; ~qa;cAL ¼

..

.

_hPii;aii
..
.

_hPjj;ajj
..
.

0
..
.

0
..
.

2
666666666666666664

3
777777777777777775

; ð9Þ

and

JAL ¼
O~SM1 �~$A1;4

� �T
~$A1;4

� �T

..

. ..
.

O~SMn�m �~$An�m;4

� �T
~$An�m;4

� �T

2
6664

3
7775; ~qa;AL ¼ _hA1;4 . . . _hAn�m;4

h iT
:

ð10Þ

The Jacobian of actuations JA consists of JAL and the first m0 rows of JcAL,
where m0 equals to the number of nozero rows of~qa;cAL.The Jacobian of constraints
JP comes from

JAL
JcAL

� �
¼ JA

JP

� �
: ð11Þ

3 Case Studies

In this section, performance comparison is carried out between two types of PMs,
which are PMs with PLs (3SPS-UP and 3SPS-3PRS) and without PLs
(2SPS-UP [21] and 3PRS [22]), in terms of architecture dexterity, velocity isotropy,
velocity maximum values, loading isotropy, loading maximum values, deformation
isotropy, deformation maximum values, actuation forces maximum values and
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constraint forces maximum values. All these performance indexes are calculated
based on Jacobian matrices [23] deduce in Chap. 2.

3.1 Comparison of 3SPS-uP and 2SPS-uP

In 3SPS-UP as shown in Fig. 2a, MP and BP are connected by three scalable ALs
SBi S

M
i ; i ¼ 1; 2; 3

� �
and one scalable PL BjMj; j ¼ 1

� �
. Between PL and MP is the

fixed perpendicular joint. SBi and SMi are the three vertexes of an equilateral triangle
with geometry center O(Bj) and O′(Mj), respectively. 3SPS-UP has 3 DOFs, and

the end-effector can rotate around two axes and translate along another axis. When
the position of the end-effector is given, the orientation of the end-effector can be
determined [24].

Based on 3SPS-UP which is PMWPL, if one of the ALs is removed, a new
parallel mechanism can be created, namely 2SPS-UP which is PMWOPL. In
2SPS-UP, BjMj becomes cAL, thus there exists no PLs. The coordinate system of
2SPS-UP is the same as 3SPS-UP which is shown in Fig. 2b.

Figure 3 shows the comparison of LCI at some height between 3SPS-UP and
2SPS-UP and Table 1 shows the comparison of GCI between 3SPS-UP and
2SPS-UP. Analysis of LCI and GCI indicates that 3SPS-UP has better architecture

Fig. 2 Generalized schematic diagrams of 3SPS-UP and 2SPS-UP

On Passive Limbs in the Design of Parallel Mechanisms 499

http://dx.doi.org/10.1007/978-981-10-2875-5_2


dexterity than 2SPS-UP under the same configuration and the same mechanism
dimension.

To compare the velocity performance between 3SPS-UP and 2SPS-UP, choose
enough sections at different heights, and at each section, calculate the velocity
indexes which include mean values of velocity isotropy and mean values of
maximum velocity. Figures 4 and 5 show the comparison of velocity indexes
between 3SPS-UP and 2SPS-UP.

As for payload indexes, stiffness indexes and force indexes, the processes of
comparison are same with that of velocity indexes mentioned above and will not be
demonstrated here in detail.

3.2 Comparison of 3SPS-3PRS and 3PRS

In 3SPS-3PRS, as shown in Fig. 6a, MP and BP are connected by three scalable
ALs SBi S

M
i ; i ¼ 1; 2; 3

� �
and three scalable PLs BjMj; j ¼ 1; 2; 3

� �
. Based on

3SPS-3PRS which is PMWPL, if all of the ALs are removed, a new parallel
mechanism can be created, namely 3PRS which is PMWOPL. In 3PRS, the P joint
in each BjMj becomes active, thus there exists no PLs. The coordinate system of
3PRS is the same as 3SPS-3PRS, which is shown in Fig. 6b.

Fig. 3 The comparison of LCI at some height between 3SPS-UP and 2SPS-UP

Table 1 The comparison of
GCI between 3SPS-UP and
2SPS-UP

Mechanism type GCI

3SPS-UP 0.0666

2SPS-UP 0.0238
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As for the indexes comparison, the processes are same with that in Sect. 3.1 and
will not be demonstrated here in detail.

Fig. 4 The tendency comparison of velocity indexes between 3SPS-UP and 2SPS-UP

Fig. 5 The global view of velocity indexes between 3SPS-UP and 2SPS-UP
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3.3 The Comprehensive Comparison

Influence of PLs on the performance of PMs can be obtained by finding out the
unchangeable comparison results in Sects. 3.1 and 3.2. Finally the performances
which are better with PLs and which are better without PLs are listed in Table 2,
where “#” represents that the global value of the corresponding index goes down
from PMWPL to PMWOPL and vice versa. Taking the second line of Table 2 as an
example, it means that 3SPS-UP and 3SPS-3PRS perform better than 2SPS-UP and
3PRS in isotropy of linear velocity (big-friendly index), respectively.

Fig. 6 Generalized schematic diagrams of 3SPS-3PRS and 3PRS

Table 2 The comprehensive comparison

Group No. 1 2

Mechanism type 3SPS-UP 2SPS-UP 3SPS-3PRS 3PRS
Contains PLs or Not Yes No Yes No

Architecture Dexterity (BFa)* # (−64.2643%) # (−83.0233%)

Isotropy LV (BF)* # (−65.1136%) # (−100%)

AV (BF)* # (−100%) # (−100%)

Maximum values LV (BF) " (+186.1109%) # (−68.4590%)

AV (BF) " (+175.3132%) " (+1179.8%)

Isotropy F (BF)* # (−62.5498%) # (−100%)

T (BF)* # (−100%) # (−100%)
(continued)
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4 Conclusions

In this paper, using a united modeling framework, the comparison of the perfor-
mance of two groups of parallel mechanisms is carried out. Each group contains
two parallel mechanisms with same DOFs, and the difference is whether it contains
PLs or not. The comprehensive comparison results indicate that PMs with PLs
perform better in architecture dexterity, linear velocity isotropy, angular velocity
isotropy, force isotropy, torque isotropy, maximum values of torque, linear defor-
mation isotropy, angular deformation isotropy and maximum values of angular
deformation.
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The Application of Stewart Parallel
Mechanism in Auricular Prosthesis
Forming

Ruiqin Guo, Haiyan Gu and Qizhe Xu

Abstract Auricular prosthesis is a kind of artificial auricle of repairing physio-
logical defect. This paper studies the problem of forming curve and machining
method in auricular prosthesis forming, and puts forward a quick forming method
of combining parallel mechanism and NC machine tool. The mathematical model
and motion reverse equation of parallel mechanism are established and the struc-
tural parameters of Stewart parallel mechanism were designed. Finally, Matlab
Software is used in an example to figure out motion function curve of each branch,
which verifies the feasibility of this method. In addition, it lays the foundation for
further studies of control of parallel mechanism.

Keywords Auricular prosthesis forming � Stewart parallel mechanism � Forming
curve � Simulation analysis

1 Introduction

Auricular prosthesis [1], as well as called artificial ear, is using kinds of artificial
materials and methods to restore the normal shape and part of physiological
function of the ears. The whole auricular defect in clinic is a relatively common
disease [2], and as one of the most important organs of head, the morphological
abnormity of auricle has a great impact on patient’s psychological and social
interaction [3]. Auricular prosthesis is the main repairing method in medicine.
There are two main methods to make auricular prosthesis: the traditional fabrication
method and the 3D printing auricular prosthesis forming method. The traditional
fabrication method is carving wax manually and using resin or silicone to make
auricular prostheses [4, 5], but this method has many shortcomings such as complex
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fabrication processes, too many human factors, high technical and experiential
requirements for carving and the long production cycle. Computer aided forming
method uses CT scanning and image processing to construct three dimensional
model of auricular prosthesis, and finish the design and fabrication through 3D
printing and NC machining. However, due to poor bio-compatibility and incon-
sistent color with human, the 3D printing auricular prosthesis forming method still
couldn’t meet the requirement of patients [6]. With the rapid development of
computer and numerical machining technology in recent years, it makes traditional
auricle rapid casting forming and cartilage rapid prototyping become possible,
which attracts many relevant scholars.

Rapid auricular moulding is casting mould through machining, and rapid pro-
totyping of using patients’ own cartilage is machining directly. The key technology
of these two methods is rapid machining forming.

Owing to the irregular space surface, it requires high flexibility and space
posture of the mechanical processing equipment and requires relatively low dis-
placement working space. Auricular prosthesis rapid forming is mainly influenced
by two factors, one is reasonable forming path planning, and the other is rapid
adjustment of the position and orientation of machining equipment.

Stewart parallel mechanism is a complex mechanism with multiple DOF, and it
has been applied in the fields of aerospace, driving simulation, medicine and
mechanical machining due to the advantages of short kinematic chains, flexible
space posture, quick dynamic response speed and high motion accuracy etc. [7–13].
Therefore, the parallel mechanism is proposed to be applied on the research of
auricular prosthesis forming and to study the forming curve of auricle and the
posture working space planning of Stewart parallel mechanism combining the
morphological characteristics of human ears.

2 The Forming Curve and the Establishment
of Mathematical Model of Auricular Prosthesis Forming

2.1 Analysis of Auricular Features

In medicine, human ear is defined to be composed of the external ear, middle ear
and inner ear, of which the external ear is exposed to be seen. External ear is a
complex and irregular space surface as shown in Fig. 1.

Auricular prosthesis is mainly restyling the external ear, which mainly consists
of helix, fossae helicis, antihelix, fossae triangularis, cymba conchae, cristae helicis,
anthelix, cavum conchae, antilobium and earlobe etc. There are differences between
human ears. The visual appearance of external ear is much influenced by the size of
the external ear, helix, concha and the shape of the earlobe, and other parts just
has few effects on the visual appearance. Therefore, the following characteristics
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should be taken into considered to study the auricular prosthesis forming: auricular
length l, width d and helix thickness h as shown in Fig. 2. For convenience, they are
represented as E = {W, G}, W = {l, d, h}. In auricular prosthesis forming, size
characteristic parameter W should be figured out and shape characteristic parameter
G should be taken into considered.

Fig. 1 Structural characteristics of ear

Fig. 2 Parameter
characteristics of ear
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2.2 Motion Design of Auricular Prosthesis Forming

According to three-dimensional scanning picture of the human ear shown in Fig. 2,
the external ear is composed of multiple intersected space surface with two types of
spatial location characteristics: The first type of space surface is like that the fossae
helicis, antihelix and so on have changed little in the Z-axis direction; The second
type of space surface is like that there must be a large angel between it and xy plane
as well as the helix, earlobe, cavum conchae and so on should meet the desired
shape.

According to the surface characteristics of the human ear described above, three
axis NC machine tool and Stewart parallel mechanism are used in auricular pros-
thesis forming, and its motion scheme has 9 DOF which is shown in Fig. 3. The
direction of auricular prosthesis blank thickness coincides with the Z axis. The first
type of space surface can be achieved from three axis NC machine tool (x, y, z)
coordinates; The second type can be realized by following, first is to form an xy
plane trace by three-axis machine (x, y) coordinates, and then Stewart parallel
mechanism is used to adjust the attitude to ensure the relative position between
machined surface and the tool axis to form a space surface. The tool processing
point is expressed as P(x, y, z). The Static platform of Stewart parallel mechanism is
fixed with machine tool, the blank is placed on the moving platform, moving
synchronously with it. Then, the adjustment of posture of forming curved surfaces
can be achieved. The posture of moving platform of Stewart parallel mechanism is
expressed as P;Qf g ¼ x; y; z; a; b; cf g. There is no coupling relationship between
the three axis NC machine tool and Stewart parallel mechanism, which could be
controlled respectively. In the following, it is mainly discussed about the forming
curve problem of forming the second type of space surface, including figuring out
the size and shape characteristic parameters.

auricular prosthesis 

Paralell mechanim

Fig. 3 Motion scheme of auricular prosthesis forming
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2.3 Curve Planning of Auricular Prosthesis Forming

2.3.1 Size Characteristic of Forming Curve

Due to individual differences, the values of characteristic parameters W and G are
different. The basic dimension of external ear of general people can be obtained
from analysis of a large number of sample. Data collection is carried out on 513
Han Nationality Youth to get the statistical data of the characteristic parameters W
about the young people in our country by statistical analysis [14].

Carry out the weighted averages of data listed in Table 1 with Eq. (1)

�x ¼ x1w1 þ x2w2 þ � � � þ xnwn

w1 þw2 þ � � � þwn
ð1Þ

Then, the weighted average values of size characteristic parameter W can be
figured out as follows:

�l ¼ 5:9 cm; �d ¼ 3:1 cm; h0 ¼ 0:8 cm ð2Þ

The size characteristic parameters shown in Eq. (2) could be taken as the
medians of general auricular prosthesis, and the size difference of individual auricle
could be adjusted by shape characteristic forming curve.

2.3.2 Shape Characteristic Curve Planning of Auricular Prosthesis
Forming

During the process of auricular prosthesis forming, the shape characteristic
parameter G determined the outline of the ear shape. According to the human ear of
general characteristics shown in Fig. 2, the planar shape characteristics curve can
be obtained to describe auricular prosthesis forming through curve fitting. The
shape of auricular prosthesis forming curve can be divided into three closed curve
shown in Fig. 4, and they are curve L1(ABCDEFGHIJA), L2(abcdefghiGHIJa) and
L3(I–IX bcdeI).

Table 1 The measuring results of the auricular length, width and thickness (cm)

Length l Width d Helix thickness h

Max Min Average Max Min Average Max Min Average

Male Left 7.12 4.80 6.06 4.00 2.06 3.10 9.40 7.20 8.20

Right 7.44 4.62 5.93 3.75 2.42 3.06 9.30 7.20 8.25

Female Left 7.05 4.83 5.89 3.94 2.54 3.10 8.67 6.80 7.82

Right 6.85 4.67 5.77 3.60 2.20 3.00 8.75 7.05 7.87
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According to Fig. 4, it can be obtained that:

(1) Curve L1 forms the overall size and global shape feature of auricular
prosthesis;

(2) The closed area between Curve L1 and L2 forms the shape of helix and
earlobe;

(3) The closed area between Curve L2 and L3 forms the shape of fossae helicis,
fossa triangularis, antihelix and so on;

(4) Curve L3 forms the shape of cavum conchae.

According to the above analysis, the combination of these three curves can
generate the basic shape of external ear.

2.3.3 The Establishment of Mathematical Model of Auricular
Prosthesis Forming Curve

According to the shape characteristics obtained from curve fitting shown in Fig. 4,
shape curves are all irregular curves, so it’s hard to accurately represent the shape
characteristics of the human ear with a mathematical analysis formula. Therefore,
human ear can be regarded as fitting curve of multistage rule curves when the
auricular prosthesis forming curve modeling is carried out, namely:

f x; yð Þ ¼
Xn
i¼1

fi x; yð Þ ð3Þ

Fig. 4 Curve model of
auricular prosthesis forming

510 R. Guo et al.



In the above formula, fi is the function expression of ith segment curve, n is the
number of segment curves; n is determined both by forming precise and forming
speed of auricular prosthesis.

According to the fundamental principle of curve simplification described above,
simplify the irregular curve of auricular prosthesis shown in Fig. 4, fit multi-point
curve approximately and establish mathematical model based on linear or circular
plane curve, in order to achieve the characteristic curve to approximately express
the real shape. These shape characteristic curves and envelope curve form Helix,
concha and earlobe, etc. And there is a certain angel between the envelope curve in
the direction of Z-axis and xy plane. Therefore, the math model f is needed to be
figured out as well as the angle Q between xy plane and Helix, concha, etc.

In order to establish the mathematical model f of each curve, construct the
coordinate system shown in Fig. 5.

1. Curve L1

The curve L1 shown in Fig. 5a can be approximately considered as composition
of L2 Arc curves of ABCDEFGHIJA based on the multi-point curve fitting
method, and the parameter equation of forming curve can be expressed as
follows:

f1 x; yð Þ ¼
X10
i¼1

f1i x; yð Þ ð4Þ

f1i x; yð Þ ¼ O1i þ r1ih1i ð5Þ

(a) Curve L1 (b) Curve L2 (c) Curve L3

Fig. 5 Curves of auricular prosthesis forming
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In two equations above: i = 1, 2, …, 10, i1i {AB, BC, CD, …, JA}, of which the
value of r1i and h1i can be obtained simultaneously.

2. Curve L2

Similarly, the curve L2 shown in Fig. 5b can be approximately considered as
composition of L3 Arc curves of abcdefghiGHIJa based on the multi-point curve
fitting method, and the parameter equation of forming curve can be expressed as
follows:

f2 x; yð Þ ¼
X13
j¼1

f2j x; yð Þ ð6Þ

f2j x; yð Þ ¼ O2j þ r2jh2j ð7Þ

In two equations above: j = 1, 2, …, 13, j2j {ab, bc, cd, …, Ja}, of which the
value of r2j and h2j can be obtained simultaneously.

3. Curve L3

The curve L3 shown in Fig. 5c can be approximately considered as composition
of L3 Arc curves of I–IX bcdeI based on the multi-point curve fitting method,
and the parameter equation of forming curve can be expressed as follows:

f3 x; yð Þ ¼
X13
k¼1

f3k x; yð Þ ð8Þ

f3k x; yð Þ ¼ O3k þ r3kh3k ð9Þ

In two equations above: k = 1, 2, …, 13, k2k {I II, II III, …, de, eI}, of which the
value of r3k and h3k can be obtained simultaneously.

The general expression of the forming curve equation is given by Eqs. (2)–(7),
and the parameter value of each equation can be achieved from following factors,
such as the size of external ear of patient、differences between shapes and patients’
aesthetic sense of auricular prosthesis. All these factors can be adjusted to adapt to
the different needs of people. The value of inclination Q1i of each helix curve is
from 19° to 30°. For those patients with unilateral defects of the external ear, their
value of inclination Q1i can be measured from three-dimensional model by ear CT
scanning.
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3 Motion Reverse Solution and Parameter Design
of Stewart Parallel Mechanism

3.1 The Establishment of Motion Reverse Solution
of Stewart Parallel Mechanism During Auricular
Prosthesis Forming

The general Stewart parallel mechanism is shown in Fig. 6. The lower platform is a
fixed platform and the upper platform is a moving platform. During the processing
of auricular prosthesis forming, the auricular prosthesis blank is placed on the
moving platform, and the posture of moving platform is changed to meet the
requirements of blank posture of auricle surface forming. According to the working
principle of Stewart parallel mechanism, the movement of moving platform comes
from the movement of parallel mechanism actuating cylinders, which move
according to certain motion laws. Therefore, the relationship between platform
movement and actuating cylinders movement should be found out to get inverse
position equation of Stewart parallel mechanism.

To establish the movement and Static coordinate system coordinate system
shown in Fig. 6. The coordinates of six hinge points Aiði ¼ 1; 2; . . .; 6Þ of moving
platform in the moving coordinate system are A0

i ¼ ðx0Ai; y0Ai; z0AiÞT , and the coordi-
nates of six hinge points Ai ¼ ðxAi; yAi; zAiÞT of static platform in the fixed coor-
dinate system are Bi ¼ ðxBi; yBi; zBiÞT . Euler angle azimuth vector representation
Q ¼ ða; b; cÞT is used in this paper. The transformation for an arbitrary vector A0

i in
the moving coordinate system to the vector Ai in the fixed coordinate system can be
expressed as:

Ai ¼ Pþ TA0
i ð10Þ

Fig. 6 Stewart parallel
mechanism
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In Eq. (10), P is the static coordinate point of C, which is the origin point in
moving coordinate system, T ¼ Rz;cRy;bRx;a. In this case, length vector of six
actuators in a fixed coordinate system can be expressed as:

li ¼ Ai � Bi i ¼ 1; 2; . . .; 6ð Þ ð11Þ

Therefore, inverse position equation of Stewart parallel mechanism can be
expressed as follows:

li ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxAi � xBiÞ2 þðyAi � yBiÞ2 þðZAi � ZBiÞ2

q
ði ¼ 1; 2; . . .6Þ ð12Þ

Equation (12) is the inverse position equation of Stewart parallel mechanism,
and it is the independent explicit equation for posture Pðx; y; z; a; b; cÞ about 6
parameters of moving platform. According to the requirements of inclination Q and
the shape characteristics of auricular prosthesis forming curve, posture parameter
Pðx; y; z; a; b; cÞ of relative moving platform can be obtained. And then, the motion
law of 6 actuating cylinders can be achieved based on the inverse position equation
shown in Eq. (12). When actuating cylinders move according to given motion laws,
the parallel mechanism will move simultaneously to meet the requirements of
posture curve of auricular prosthesis forming.

3.2 Parameter Design of Stewart Parallel Mechanism

During the processing of auricular prosthesis forming, the auricular prosthesis blank
is placed on the moving platform. The workspace of moving platform represents the
changeable posture range in the space of the auricular prosthesis blank. Big
workspace is beneficial to the motion planning of auricular prosthesis forming and
control of moving platform. Stewart is semi-symmetrical mechanism as shown in
Fig. 6, and it has some main parameters: radius R1 and R2 of moving and static
platform; hinge angle a1 and a2 of moving and static platform; the origin length li of
actuating cylinder when moving platform is parallel to static platform. According to
literature research [15], when R1 = 1, R2/R1 = 1.4–2.24, li/R1 = 1.6–2.6, the mov-
ing platform will get much larger workspace with a larger value of a2�a1j j.

Based on statistical analysis of the morphology of auricular prosthesis in the
previous section, the overall structure parameters of auricle length l, width d and
thickness h are respectively 5.9 cm, 3.1 cm and 1.6 cm. Therefore, the radius R1 of
moving platform of Stewart parallel mechanism is chosen as 6 cm, the corre-
sponding radius R2 of static platform is 10 cm and the length of actuator cylinders li
(i = 1, 3, 5) is 12 cm.

When the static platform is parallel to moving platform, the distance H between
them can be expressed as follows:
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H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l21 � R2 � R1ð Þ2

q
ð13Þ

Putting the values of Table 2 into Formula (13), the distance between moving
and fixed platform can be solved: H ¼ 8

ffiffiffi
2

p
cm ¼ 11:31 cm. Meanwhile, the

length of the remaining three actuator cylinders li (i = 2, 4, 6) can be obtained, the
formula can be expressed as:

li ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR1 cos a1 � R2 cos a2Þ2 þ
ðR1 sin a1 � R2 sin a2Þ2 þH2

s
ði ¼ 2; 4; 6Þ ð14Þ

Putting the concrete values into formula (14), the length li (i = 2, 4, 6) of the
remaining three actuating cylinders of Stewart parallel mechanism is 13.02 cm.

In summary, when the static platform is parallel to moving platform, the selected
structure parameters are shown in Table 2.

The values in Table 2 are the theoretical parameters, which meet the requirement
of auricular prosthesis forming. When they can’t meet the requirement of structural
design, those values could be amplified proportionally, with little effect on the
working space.

4 Examples of Auricular Prosthesis Forming

4.1 The Establishment of Mathematical Model of Auricular
Prosthesis Forming

Taking the CT scanning picture of human ear as an example shown in Fig. 2, the
mathematical model of forming curve can be established based on above methods
shown in Fig. 3. And then, the mathematical model of curve L1, L2 and L3 can be
built on basis of specific expression (4)–(9) of correlation curve and inclination Q
formed by space surface of each curve. Finally, the values of parameters in
mathematical model of curve L1, L2 and L3 can be presented in Tables 3, 4 and 5.

Table 2 Structure parameters of Stewart parallel mechanism

No. Structure parameters Symbol Unit Value

1 Radius of moving platform R1 cm 6

2 Radius of static platform R2 cm 10

3 Length of actuating cylinders li (i = 1, 3, 5) cm 12

li (i = 2, 4, 6) cm 13.02

4 Distance between moving and static platform H cm 11.31

5 Hinge angle of the moving platform a1 degree 68°

6 Hinge angle of the static platform a2 degree 30°
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Table 3 Mathematical
model of forming curve L1

f1iðx; yÞ ¼ O1i þ r1ih1i
i O1i r1i h1i Q1i

1 (−92.52, 13.16) 77.62 10° 0

2 (8.36, 14.56) 23.28 21° 0

3 (0.41, 16.73) 15.13 118° 0

4 (−36.65, 4.89) 54.2 56° 0

5 (−8.27, −14.56) 19.8 52° 0

6 (7.45, 29.33) 5.01 81° 0

7 (15.96, 11.58) 33.99 26° 0

8 (−11.3, −14.85) 6.56 51° 0

9 (−19.83, −7.95) 4.41 55° 0

10 (−2.28, −3.05) 13.81 28° 0

Table 4 Mathematical
model of forming curve L2

f2j x; yð Þ ¼ O2j þ r2jh2j
j O2j r2j h2j Q2j

1 (−11.23, −11.4) 12.26 37° 23

2 (−7.69, 2.23) 1.84 163° 23

3 (−4.75, 8.71) 5.28 56° 23

4 (−3.24, 13.24) 9 70° 0–23

5 (14.02, 2.57) 29.29 17° 0

6 (0, 12.67) 12.93 112° 0

7 (−21.59, 8.1) 35 78° 0

8 (10.61, −42.6) 5.01 81° 0

Table 5 Mathematical
model of forming curve L3

f3k x; yð Þ ¼ O3k þ r3kh3k
k O3k r3k h3k Q3k

1 (5.61, 41.2) 34.52 14° 30

2 (17.3, 23.24) 24.44 14° 30

3 (−1.37, −2.83) 7.68 131° 30

4 (−7.71, −28.4) 19.46 35° 30

5 (−11.63, −14.6) 4.28 107° 0–30

6 (−7.96, −16.03) 6.72 47° 0

7 (−16.96, −8.65) 4.92 57° 0

8 (−1.57, −3.75) 11.23 29° 0

9 (−55.97, 7.3) 44.28 3° 0
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4.2 Solution of Motion Reverse Equation of Parallel
Mechanism

Suppose that the forming curve coordinate system o-xyz of auricular prosthesis
shown in Fig. 2 overlaps with moving platform coordinate system c-xyz. When the
machine tool processes along auricular prosthesis forming curve shown in Tables 3,
4 and 5, according to the requirement of space surface inclination Q formed by each
curve, the relationship between forming curve and moving platform posture
parameters a; b; cð Þ of parallel mechanism can be expressed as follows:

Q /ð Þ ¼ Q a; b; cð Þ ð15Þ

The motion law of parallel mechanism actuating cylinder of auricular prosthesis
forming can be obtained by using Matlab software and establishing the simulta-
neous equations of Eqs. (10), (12) and (15). The parallel mechanism actuating
cylinders are changing in condition of different forming curves, the changing rules
shown in Figs. 7 and 8 are representing the mechanism processes along curve L2
from d to I and along L3 from I to V respectively. The three dimensional picture of
auricular prosthesis can be obtained by means of forming curve of curve forming
described above, with its boundary rounded.

Compared auricular prosthesis picture after processing shown in Fig. 9 with
relative ear CT scanning shown in Fig. 2, the exterior of auricular prosthesis pro-
cessed according to space surface forming method has been more close to the shape
of actual ear. Therefore, it is meaningful and important to make further forming
curve of auricular prosthesis partial characteristics on basis of space surface forming
research. On this way, it will meet the finer forming requirements of auricular
prosthesis in medicine.

Fig. 7 The length changing
curve of actuating cylinder li
when the forming curve L2
(defghi) is forming (i = 1, 2,
…, 6)
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During the forming process of auricular prosthesis, the length of Stewart parallel
mechanism is changing at the same time, and the maximum changing length is
shown in Tables 6 and 7 respectively.

As shown in Tables 6 and 7, it can be achieved that the maximum displacement
of six actuating cylinders of parallel mechanism Dli � 4:348 cm when the forming

Fig. 8 The length changing
curve of actuating cylinder li
when the forming curve L3
(I II III IV V) is forming
(i = 1, 2, …, 6)

Fig. 9 Three dimensional
picture of auricular prosthesis
with boundary rounded

518 R. Guo et al.



curve L2 is forming from d to i clockwise; the maximum displacement of six
actuating cylinders of parallel mechanism Dli � 4:058 cm when the forming curve
L3 is forming from I to V clockwise, and the length changing of actuating cylinder
is Dli\12 cm. In this way, the length of actuating cylinder can meet the require-
ment of structure when parallel mechanism is adjusting its moving platform. At the
same time, the motion simulation of virtual prototype shows that there is no
interference during the forming motion of parallel mechanism. Therefore, Stewart
parallel mechanism can both meet the demands of motion and structure of auricular
prosthesis forming.

5 Conclusion

This paper puts forward a practical method for auricular prosthesis rapid proto-
typing with parallel mechanism. Based on the study of auricular characteristics, this
paper gives the method to establish auricular prosthesis forming curve and build the
mathematical model of forming curve by piecewise function. The structure
parameters of parallel mechanism can be designed according to the relationship
between the structure parameters and workspace of Stewart parallel mechanism.
Finally, the calculation method of motion reverse of parallel mechanism can be
obtained. The example of auricular prosthesis forming shows that parallel mecha-
nism can meet requirements of both position and posture of auricular prosthesis
forming. And the study also lays foundation for research on drive and motion
control system of parallel mechanism.

Table 6 The maximum changing length of actuating cylinder li when the forming curve L2
(defghi) is forming

li l1 l2 l3 l4 l5 l6
limax 14.373 15.238 14.363 15.171 13.149 14.71

limin 10.025 12.356 10.412 11.169 10.038 11.007

Dli 4.348 2.882 3.951 4.002 3.111 3.703

Table 7 The maximum changing length of actuating cylinder li when the forming curve L3
(I II III IV V) is forming

li l1 l2 l3 l4 l5 l6
limax 15.092 15.851 12.873 11.475 12.665 15.562

limin 14.026 11.797 9.7321 10.755 9.6926 12.888

Dli 1.066 4.054 3.1409 0.72 2.9724 2.674
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Modeling and Optimal Control of Rescue
Quadruped Robot with High Payload

Nan Hu, Shaoyuan Li, Dan Huang and Feng Gao

Abstract Timely and efficient rescue missions in nuclear power plant accidents
require operating robots to work under high payload typically more than 300 lb.
Dynamics of the high payload quadruped robots driven by hydraulic cylinder with
parallel designed legs are typically studied by commercial software due to its
complexity to establish proper models. This paper proposes a kinematics model and
an approximate dynamics model to describe the velocity and the force of the
hydraulic cylinder, which are then used to characterize the energy requirement for
rescuing walking performance. Furthermore, the models are used to optimally
design the step length and height in robot rescue mission that balances the trade off
between the energy consumption in robotic motion due to limited battery capacity
and the requirement for timely rescuing. We applied Nelder-Mead algorithm to
solve for the optimal pair of length and height.
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1 Introduction

The energy demand around the world is project to growth in the next 20 years. It is
expected that the amount of nuclear power plant, which is the most environmentally
friendly way of producing electricity on a large scale, will also increase in the near
future. Although the construction standard of the nuclear power plants is very high,
with the irresistible natural disasters, such as earthquake and man-made damages,
serious nuclear accidents may happen in the plants. Fukushima Daiichi Nuclear
Power Plant accident happened on March 11, 2011 brought huge damage to the
humanity and the society. Due to the strong nuclear radiation intensity, rescuing
missions requires deploying by groups of robots that can react timely and consis-
tently [1–4]. And this has aroused numerous attention to developing disaster rescue
robot for different purposes. Wheeled robots are developed to quickly gather
environment information of disaster site as it moves flexibly and fast [5]. Flight
robot such as UAVs are developed to search the wounded and navigate the robots
on the ground in [6–9]. Legged robots such as BigDog [10], HyQ [11], and KOLT
[12] are developed for missions that requires tasking on irregular terrains.

Tasking consistently requires the rescue robot to be energy efficient and saving
due to its limited capacity of carrying the battery. We need to make the rescue robot
finish missions as more as possible with the same battery before back to replace-
ment. A high-speed gallop gait using an evolutionary search method is designed to
improve the energy efficiency of the robot [13]. Though the gallop gait is energy
efficient, it can not be used on some irregular terrains in disaster site because the
robot is unstable with the gallop gait in this environment. The energy efficiency can
also be improved by minimizing torques occurring at crucial actuators in a quad-
ruped robot [14], by searching an allowable ZMP region in a biped robot [15], and
by adjusting the foot positions of the hexapod robot [16]. These various designs
may not be capable of holding high payload in irregular terrains, and thus are
questionable for practical considerations. Energy efficiency should be jointly solved
with time optimal control since the nuclear disaster site is radioactive and less
rescue time means less damage. Wheel-leg robots is preferably studied and used for
its flexibility of transformation under different terrains [17, 18]. Due to its limitation
of carrying payload, it cannot be used for large scale rescue mission.

The contribution of the paper is the synergy of design, modelling, and control of
a quadruped robot that specifically work for high payload scenario. Considering
that the robot is used to transport heavy goods and rescue equipments, we develop a
novel quadruped robot having parallel leg structures, see Fig. 1. Compared with the
series leg structure of almost all existing quadruped robots, robots with parallel legs
are driven by hydraulic pump providing more powerful power than DC motor, and
thus work under heavy payload [19]. In order to verify different control algorithms
designed for the robot in the simulation software, we build and verify a kinematic
and a dynamic model of the robot based on the Baby Elephant Robot we developed
[20]. Upon model validation, we proceed to minimize the total rescue costs that
contains the trade off between (i) the energy consumption of robot to reach a desired
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destination of rescue, and (ii) the time it takes to reach the specified destination. The
solution to the problem is an optimal pair of step height and step length gotten by
Nelder-Mead Method [21].

This paper proceeds as follows. Section 2 gives the background of our robot
platform and defines the energy and time metric in the optimization problem.
Section 3 describes the kinematic and dynamic models of the quadruped robot and
figures out the velocity and force of the hydraulic cylinder. The Nelder-Mead
Mothod is applied in Sect. 5 to jointly minimize the energy consumption and
mission time. Section 6 concludes.

2 Problem Formulation

2.1 Baby Elephant Robot

The quadruped robot we have developed for rescue mission is called Baby Elephant
Robot as shown in Fig. 1. The Baby Elephant Robot is about 1.2 meters long, 0.5
meters wide, and 1 m tall. It weighs about 250 lb and can carry loads more than
300 lb. Each leg of the robot has three degrees. Each DOF is controlled by a
separate hydraulic actuator which can guarantee the robot powerful and reliable.

Fig. 1 The baby elephant
robot with hydraulic pump is
design to carry high payload.
It has decoupled design of the
motion and the power
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2.2 Problem Definition

Robot rescue problem requires timely execution as well as that the robot to be able
to perform time consistently. Since the energy that a robot can carry is fixed, energy
efficiency movement planning needs to be considered. We formulate the optimal
motion planning control problem for the quadruped robot as the problem to solve
the trade off between robot movement energy efficiency and swiftness.

Energy Efficiency Since most of the battery energy is consumed by the
hydraulic cylinders to make the feet of the robot perform desired walking motion,
we calculate the energy consumed by the hydraulic cylinders as the total energy
consumption in one walking cycle.

E ¼
Z
T

X12
i¼1

Pcy;iðtÞdt ¼
Z
T

X12
i¼1

ðFcy;iðtÞtcy;iðtÞÞdt; ð1Þ

where i is the index of the hydraulic cylinder, T is the single walking cycle duration,
FcyiðtÞ is the driving force, and vcyiðtÞ is the velocity of hydraulic cylinder.

Value of Rescue Time The nuclear radiation increases as the rescue time
increases from the quadruped robot. It is well know that he nuclear radiation is
released with radioactive decay and he amount of substance mðtÞ at time t is [22].

mðtÞ ¼ m0e
rt; ð2Þ

where r is decay rate and m0 is initial substance value. The total nuclear radiation
dose Q released from a accident by time t can be calculated as

Q ¼ Xm0ð1� ertÞ; ð3Þ

where X is the radiation dose released by per unit mass radioactive decay.
Constraints Physical geometric constraints are required to guarantee feasible

walking motions for the robot in real environments. In the Baby Elephant Robot,
the angle h and the angle a showed in Fig. 2 have physical limits which are given
by

1
12

p6h6 11
12

p;

06a6 5
12

p:
ð4Þ

In order to get the geometric constraints, we need to solve for the geometric
relationships that we will derive in Sect. 3. Basing on geometric relationships in the
Eq. (9), we have the constraints for the step pitch DX in X axis direction as well as
the step height DZ in Z axis direction as follows.
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DX6 ð4Lþ LftÞ sinð 512 pÞ;

DZ6 ½ð4Lþ LftÞ � ð4L cosð 5
12

pÞþ LftÞ cosð 512 pÞ�:
ð5Þ

To this end, we define the optimal planning of the robot rescue problem as
follows. Given our robot performs a rescue mission in a distance D, our goal is to
solve for an optimal pair of step pitch DX and step height DZ to minimize the
summed costs of the energy consumption in (1) and the radiation dose release in (3)
satisfying (5).

3 Kinematic and Dynamic Models of the Quadruped
Robot

We build an approximate kinematic and dynamic model of the robot in order to
have an analytical expression of (1). Based on the approximate model we will

Fig. 2 The left figure and the right figure is the leg in coronal plane from front view and the leg in
sagittal plane from the side view respectively. Every alphabetic character in the figure presents the
corresponding size of the parts of the leg
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calculate velocity vcy;iðtÞ and force Fcy;iðtÞ of the hydraulic cylinder to solve for the
energy consumption is one operating cycle.

3.1 Computing vcy;iðtÞ of the Hydraulic Cylinder

Figure 2 demonstrates the mechanical structure of robot leg. The origin frame of the
leg is set at the hip joint. Given the foot tip position Pbðxp; yp; zpÞ, the coordinate of
the foot tip on the sagittal plane can be derived from the transform matrix below.

hsw ¼ � arctan
yp
zp

� �
; ð6Þ

Pðx; 0; zÞ ¼ RxðhswÞ � Pbðxp; yp; zpÞ; ð7Þ

where Rx is the transform matrix from the frame fixed with the body to the frame
rotate with the sagittal plane.

Rx ¼
1 0 0
0 cos hsw sin hsw
0 � sin hsw cos hsw

2
4

3
5: ð8Þ

On the sagittal plane in Fig. 2, based on the paper [25] and [26], we get the
equations below based on geometric relationships.

Lp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ z2

p
;

Lp0 ¼ Lp � Lft;

h ¼ p
2
� arctan

x
z
;

a ¼ arccos
Lp0

4L

� �
;

cl ¼ h� a

cs ¼ hþ a;

�
bup ¼ p� ðkl � clÞ � kup;

bdn ¼ pþ ks � cs þ kdn;

bsw ¼ kup s þ kdn s � hsw:

ð9Þ
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The length of the cylinder can be gotten as follows

Cy2dn ¼ D2
dn þD2

h � 2DdnDh cosðbdnÞ; ð10Þ

Cy2up ¼ D2
up þD2

h � 2DupDh cosðbupÞ; ð11Þ

Cy2sw ¼ D2
dn s þD2

up s � 2Ddn sDup s cosðbswÞ:

We assume the robot walks in a straight line and for simplicity let Cysw ¼ 0.
Computing the derivatives of (12) and (13), we get the Jacobin matrix

Cy2dn ¼ D2
dn þD2

h � 2DdnDh cosðbdnÞ; ð12Þ

Cy2up ¼ D2
up þD2

h � 2DupDh cosðbupÞ; ð13Þ

Cy2sw ¼ D2
dn s þD2

up s � 2Ddn sDup s cosðbswÞ: ð14Þ

where Cydn, Cyup and Cysw is the length of down, up and swing cylinder as shown
in Fig. 3 respectively. And bdn, bup, bsw are given in [25] and [26].

We assume the robot walks in a straight line so Cysw is constant, then we don’t
consider Cysw here, and for simplicity let Cysw ¼ 0. Computing the derivatives of
(12) and (13), we get the Jacobin matrix

tdn
tup

� �
¼ _Cydn

_Cyup

� �
¼ 1

AB
½D� �A B

�B �B

� �
R0
yðhÞ

� 	 tpx
tpz

� �
; ð15Þ

where A ¼ 8L sinðaÞ, B ¼ 4L cosðaÞ,

Fig. 3 Spring system of the
leg
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½D� ¼
DdnDh sinðbdnÞ

Cydn
0

0
DupDh sinðbupÞ

Cyup

2
4

3
5;

RyðhÞ ¼
sin h cos h

� cos h sin h

� �
:

Each leg of the robot is controlled by the up and down cylinder as shown in
Fig. 2. The tdn;j and tup;j we get from (15) (where j is the leg j and j ¼ 1; 2; 3; 4) are
the tcy;iðtÞ.

3.2 Computing the Force of the Hydraulic Cylinder

We can get the static force Jacobin by transforming (15) as follows.

Fcydn

Fcyup

� �
¼ 4L

Dh
RyðhÞ

Cydn cos a
DdnDh sinðbdnÞ

Cydn sin a
DdnDh sinðbdnÞ

Cyup cos a
DupDh sinðbupÞ

Cyup sin a
DupDh sinðbupÞ

" #
Ft

Fr

� �
; ð16Þ

where Fr is the radial force which usually goes through the hip joint, and Ft is the
tangential force perpendicular to Fr. To simplify the problem, the leg weight and
the inertia are neglected here.

We applied the spring system on the leg of the robot to promote the energy
deficiency. Figure 3 shows how the spring system is configured on the leg.

According to the princple of vitual work, we have

Fr � dz ¼ 2KDl � dl; ð17Þ

where dz and dl are the vertical virtual displacements of foot tip and the horizontal
virtual displacement of the spring, respectively. K is the stiffness coefficient of
spring. And

z ¼ �4L cos a
l ¼ 2L sin a;

�
ð18Þ

where l is the length of the spring. Computing the derivative of (18), we have

dz
dl

¼ 2 tan a: ð19Þ
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Based on (17) and (19), we solve for Fr

Fr ¼ Kð2L sin a� linitialÞ
tan a

; ð20Þ

where linitial is the initial length of the spring.
Paper [23] suggests the contact force between the foot tip and ground is normally

aligned with radial direction of the leg except for acceleration and deceleration in
the process of walking. And the tangential force Ft is usually very small under a
constant walking speed. Hence we let

Ft ¼ 0: ð21Þ

Finally we solve for Fcy;dn;Fcy;up by substituting Fr and Ft in (20) and (21) to
(16).

3.3 Gait and Foot Trajectory Planning

Gait is a pattern of discrete foot placements performed in a given sequence. The
gaits of the quadruped robots are classified into static gaits and dynamics gaits.
Static gaits contain crawl and wave. Dynamic gaits include trot, pace and gallop. In
this paper, we choose trotting gait for the quadruped robot because its high energy
efficiency and simplicity of control [26].

We use Bezier curve to design the trajectory of robot’s feet which can guarantee
the robot walk stably and make the trajectory of the robot similar to that of an
animal. The Bezier curve is given as follows [25].

BðtÞ ¼
Xn
i¼0

Ci
nPið1� tÞn�iti: ð22Þ

Constraints in (24) can guarantee the velocity and acceleration of foot be zero
when foot leaving and landing on the ground. Since we have six constraints to
design the foot trajectory, we choose a five order Bezier curve to define the foot
trajectory on X axis orientation from Eq. (22) as follows.

XðtÞ ¼ P0ð1� tÞ5 þ 5P1ð1� tÞ4tþ 10P2ð1� tÞ3t2
þ 10P3ð1� tÞ2t3 þ 5P4ð1� tÞt4 þP5t

5;
ð23Þ

We let the T be the time of one walking period and set the duty factor here is 0.5
which means a leg will take only 0:5T to complete its own motion. Equation (23) is
subject to the following constraints.
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Position :
Xð0Þ ¼ X0

Xð0:5TÞ ¼ X0 þDX;

�

Velocity :
_Xð0Þ ¼ 0
_XðTÞ ¼ 0;

(

Acceleration :
€Xð0Þ ¼ 0
€XðTÞ ¼ 0;

( ð24Þ

where X0 is the start position of robot’s foot on X axis orientation while DX is the
step pitch on X axis orientation. So we can get the coefficient P0 to P5 from (23) to
(24). Letting X0 ¼ 0:5m; T ¼ 0:65s, we have

XðtÞ ¼ 0:5þ 291:3t3 � DX � 1344:5t4 � DX þ 1654:8t5 � DX
ð0� t� 0:325Þ: ð25Þ

Similarly letting start position of robot’s foot on Z axis Z0 ¼ 0 be zero, and
assuming that the robot walks in a straight line with YðtÞ ¼ 0, we get the foot
trajectory ZðtÞ as follows

ZðtÞ ¼
2330:5t3 � DZ � 21511:9t4 � DZþ 52953:6t5

�DZð0� t� 0:1625Þ
DZ � 2330:5ðt � 0:1625Þ3 � DZþ 21511:9ðt � 0:1625Þ4

�DZ � 52953:6ðt � 0:1625Þ5 � DZð0:1625� t� 0:325Þ:

8>><
>>: ð26Þ

Computing the derivatives of (25) and (26), we get tpx; tpz

tpx ¼ _XðtÞ ¼ 873:9t2 � DX � 86047:6t3 � DXþ 258:5t4 � DX
ð0� t� 0:325Þ; ð27Þ

tpz ¼ _ZðtÞ ¼

ð6991:5t2 � �86047:6t3 � þ 264761:3t4Þ
�DZð0� t� 0:1625Þ

�6991:5ðt � 0:1625Þ2 � DZþ 86047:6ðt � 0:1625Þ3
�DZ � 264761:3ðt � 0:1625Þ4
�DZð0:1625� t� 0:325Þ:

8>>>><
>>>>:

ð28Þ

Using tpx; tpz above, we can get the tcy;dn; tcy;up in (15) that is used to solve the
energy consumption defined in (1).
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3.4 Robot Energy Consumption

Basing on (1), (15), and (16), we have the total energy consumed by the robot in
one walking cycle as follows

E ¼
Z
T

X12
i¼1

ðFcyiðtÞtcyiðtÞÞdt

¼
Z
T

X12
j¼1

ðFcyupjðtÞtcyupjðtÞþFcydnjðtÞtcydnjðtÞ

þFcyswjðtÞtcyswjðtÞÞdt

ð29Þ

where j is the leg index. As tcysw;j ¼ 0, the energy consumed by the diagonal legs is
symmetrical and a leg takes 0:5T to complete its own motion in one period.
Equivalently, the energy E can be expressed as follows

E ¼ 4
Z
0:5T

ðFcyupðtÞtcyupðtÞþFcydnðtÞtcydnðtÞÞdt: ð30Þ

4 Optimal Solution of DX and DZ

4.1 Monetary Metric Objection Function

We solve the trade off between minimizing the energy consumption in (1) and the
radiation dose release in (3). For small value of DX, we have less energy con-
sumption but longer execution time for the robot to walk from starting point to the
destination. Hence the radiation dose release Q will increase. We unify the metrics
of E and Q into monetary metric cost minimization. Specifically, we assume that it
costs us KE per unit energy the robot consumes, and it increases us rescue cost KQ

with per unit radiation dose release increase from the accident The objective
function is therefore defined as follows

FðDX;DZÞ ¼ KEEt þKQQ; ð31Þ

Suppose the total traveling distance of the rescue mission is D and our robot
walks in a constant velocity. Based on (3) and (30), Eq. (31) is equivalent to

FðDX;DZÞ ¼ KQXm0ð1� e
rD
DXÞþ 4DKE

2DX

Z
0:5T

ðFcyupðtÞtcyupðtÞ
þFcydnðtÞtcydnðtÞÞdt:

ð32Þ
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4.2 Nelder-Mead Algorithm

Equation (32) is nonlinear scalar function of two variables that can be solved by
Nelder-Mead algorithm. The Nelder-Mead algorithm is also known as the fexible
polyhedron algorithm which is a multi-dimensional, nonlinear minimization and
unconstrained algorithm [21]. This method requires a starting point DX0;DZ0ð Þ, and
then it can find an optimal point DX�;DZ�ð Þ to minimize the objective function
(32). It can expressed by

minimizeDX;DZFðDX;DZÞ ! ðDX�;DZ�Þ; ð33Þ

Simulation parameters are D ¼ 300, KQ ¼ 100, X ¼ 50, m0 ¼ 500, r ¼ �0:4,
and KE ¼ 2. We apply (33) to compute DX and DZ and minimize the objective
function FðDX;DZÞ. We start the Nelder-Mead Method with the initial point
DX0 ¼ 0:1;DZ0 ¼ 0:2, the optimal solution is DX� ¼ 0:2659, DZ� ¼ 0:0602, and
the minimum cost function F�ðDX;DZÞ is 25,939 dollar.

In order to verify the DX� and DZ� we get above is the global optimal solution,
we figure out the rescue cost with all the feasible DX and DZ with the constraints in
Eq. (5). Figure 4 shows the rescue cost with DX 2 ½0:2; 0:3� and DZ 2 ½0; 0:1�.
Figure 5 shows the contour line of rescue cost with different DX and DZ. We can
see from Figs. 4 and 5 that the cost function FðDX;DZÞ is convex, and the optimal
point is DX�0 ¼ 0:26, DZ�0 ¼ 0:062. It exits an error about 2.2 % of optimal DX
and an error about 2.9 % of optimal DZ between the real value and the calculation

Fig. 4 The rescue cost with different feasible DX and DZ. DZ represents possible step height in
(0, 0.1], DX represent possible step pitch in [0.2, 0.3], and the vertical axis denotes the total system
cost in (31). The optimal solution is ðDX;DZÞ ¼ ð0:26; 0:062Þ
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value using the Nelder-Mead Method. It is a normal numerical calculation error of
Matlab, which can be acceptable.

5 Conclusion

As minimizing the energy consumption and the execution time are both important
in robot rescue missions, this paper solves the trade off between the two physical
units for optimal rescue planning. The solution to this problem requires that we
build a quadruped robot platform with high payload and formulate approximate
kinematic and dynamic model of the robot. In the end numerical algorithm is used
to solve for the optimal step pitch and height for the motion planning problem.

Acknowledgments This work is supported by National Basic Research Program of China (973
Program-2013CB035500), China Scholarship Council, and the National Nature Science
Foundation of China (61233004, 61221003, 61074061, 61104091).

Fig. 5 The contour plot of rescue cost with different pairs of DX and DZ. Numerically it is shown
that the cost function is convex and is more significantly impacted by DX than DZ. This can be
explained since the energy consumption and the radiation dose release both decided by DX while
DZ has no relation with the radiation dose release
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A Contrastive Study on the Force Analysis
of the Active and Passive Overconstrained
Parallel Mechanisms
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and Bo Han

Abstract This paper reveals that the distinction between the statically indetermi-
nate force problem of the active overconstrained parallel mechanisms (PMs), i.e.,
the redundantly actuated PMs, and that of the passive overconstrained PMs is the
displacement coordination condition. For the redundantly actuated PMs, the dis-
placement consists of the input displacements of the actuators and the elastic
deformations of the system. While for the passive overconstrained PMs, it just
refers to the elastic deformations of the system. Besides, taking the typical 2RPR+P
redundantly actuated mechanism as an example, the relationship between the input
displacement and the driving force/torque of an actuator under the position and
torque control modes are discussed. The results will provide an important theo-
retical guidance for the control of the redundantly actuated mechanisms.
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1 Introduction

The redundantly actuated parallel mechanisms (PMs) have received widespread
attention for the merits of eliminating kinematic singularities [1, 2], enhancing
carrying capacity [3] and improving motion accuracy [4]. The redundant constraints
rise in this kind of PMs since the number of the driving joints is larger than the
degrees of freedom (DOFs) of the mechanisms. In view that all driving
forces/torques of this kind of PMs can be given actively on the basis of the optimal
goals, the redundantly actuated PMs can also be called as the active overconstrained
PMs. There exist another kind of overconstrained PMs relative to the active
overconstrained PMs, i.e., the passive overconstrained PMs, in which the con-
straints imposed on the moving platform by the supporting limbs are linear
dependent [5, 6]. For this kind of overconstrained PMs, the constraint
forces/moments can not be given actively. The passive overconstrained PMs have
been widely applied in the occasions of high load bearing [7] for the characteristics
of simple structure, high rigidity and high precision [8].

Due to the existence of the redundant constraints, the force analysis of both the
redundantly actuated PMs and the passive overconstrained PMs belong to the
statically indeterminate problem. Therefore, a certain number of supplementary
equations are required to solve the driving forces/torques and constraint
forces/moments. For the redundantly actuated PMs, there are theoretically an
infinite number of solutions for their driving forces/torques distribution problem.
Nevertheless, the uncoordinated driving force distribution will lead to the genera-
tion of larger internal forces or even destroy the mechanism in practical application.
Therefore, the driving forces/torques of this kind of PMs can be distributed
according to different optimization goals. A new method for solving the inverse
dynamics and internal force of the redundantly actuated PM was proposed under the
condition of considering the elastic deformation of limbs [9]. Harada et al. [10]
studied a strategy of driving force distribution in order to achieve the goal of force
balance of each limb. Nokleby et al. [11] proposed a method to determine the
driving force of the non-redundantly and redundantly actuated parallel robots by
using scaling factor. Wojtyra et al. [12–14] solved the constraint reaction forces in
joints of the redundant constraint mechanism. Besides, the driving forces/torques of
the redundantly actuated mechanism is optimized in [15–18]. For the passive
overconstrained PMs, the force analysis of this kind of mechanisms has also
received extensive attention from the domestic and foreign scholars, since it con-
tributes to the design, manufacture and control of the mechanisms. The statically
indeterminate force problem of the passive overconstrained PMs has unique solu-
tion, which can not be arbitrarily distributed. A general method for force analysis of
the passive overconstrained PMs was proposed in [19]. By applying the
reciprocal-screw theory, the kinetostatics of the 4-R (CRR) Parallel Manipulator
with overconstraints is presented in [20]. Bonnemains et al. [21] analyzed the
dynamics of an overconstrained PKM with compliances: the Tripteor X7. Sapio
et al. [22] studied the method for motion control and computation of the constraint
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forces. Vertechy et al. [23] analyzed the static and stiffness of the PM with the US
and UPS limbs. Based on the Newton-Euler method, the inverse dynamic model of
the overconstrained mechanism is constructed in [24]. Li et al. [25] explored
deformation compatibility conditions and twist/wrench mapping models of the
two-DOF overconstrained PM considering gravitational effects.

All of the above mentioned literatures focused on the methods for force analysis
of the redundantly actuated mechanisms and the passive overconstrained mecha-
nisms, but no research has been carried out about the essential difference of the
statically indeterminate force problem between the two kinds of overconstrained
mechanisms. Therefore, this paper mainly studies the differences in the force
analysis of the two kinds of overconstrained PMs. Taking the typical 2RPR+P
redundantly actuated mechanism as an example, the mechanism on the driving
forces/torques distribution is analyzed, in the condition of considering and without
considering the system stiffness. Besides, the future works are put forward.

2 Coordination Conditions of Both the Overconstrained
PMs

It is assumed that the stiffness of the moving platform of both the redundantly
actuated PMs and the passive overconstrained PMs is much larger than that of all
supporting limbs, as a result, the moving platform can be regarded as a rigid body.
In order to ensure that each limb and the moving platform are always connected, the
displacements of all limbs should meet a certain coordination relationship. For the
redundantly actuated PMs, the displacement coordination condition contains the
input displacements of the actuators and the elastic deformations of the system.
While for the passive overconstrained PMs, the displacement coordination condi-
tion just refers to the elastic deformations of the system.

Taking the 2RPR+P redundantly actuated PM shown in Fig. 1 as an example, in
which the axes of the two RPR supporting limbs and the P limb are parallel. The
displacement coordination condition of this mechanism is that the displacements of
the two limbs are completely equal during the moving process of the mechanism.
Here, the displacement includes two parts. One part is the input displacement of the
ith (i = 1, 2) actuator, and the other part is the tension and compression elastic
deformation of the corresponding limb. The displacement coordination condition of
the 2RPR+P mechanism can be expressed as

d1 þ d1 ¼ d2 þ d2: ð1Þ

where, di and di represent the magnitudes of the input displacement and the tension
and compression elastic deformation of the ith limb, respectively.

When the actuation joints of the 2RPR+P mechanism are locked, it becomes a
passive overconstrained mechanism. For this 2RR+P passive overconstrained PM,
the displacement coordination condition reduces to d1 ¼ d2. Let ki denote the
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stiffness of the ith limb, then the magnitude Fi of the constraint force supplied by
the ith limb can be formulated by Fi ¼ kidi. Sequentially, combining the
force/moment equilibrium equation of the moving platform, i.e., F ¼ F1 þF2, the
unique solutions of the constraint forces imposed on the moving platform by the
two limbs can be solved, where F denotes the magnitude of the external force
exerted on the moving platform along the axial direction of the three limbs.
Therefore, from the perspective of the displacement coordination, it can be said to
some extent that the passive overconstrained mechanism is a special case of the
active overconstrained mechanisms (i.e., the redundantly actuated mechanisms).

3 Driving Forces/Torques Distribution of the Redundantly
Actuated PMs

3.1 Driving Forces/Torques Distribution Without
Considering the Stiffness of the System

Generally speaking, the control mode of actuators can be categorized into three
types: position, speed and torque control mode. The influences of the position and
torque control modes on the driving forces/torques distribution of the redundantly
actuated mechanisms are only discussed in this paper.

When the stiffness of the system is not considered, the displacement coordina-
tion condition of the redundantly actuated mechanisms only contains the input
displacements of the actuators. For the 2RPR+P redundantly actuated mechanism,
the displacement coordination condition can be formulated as: d1 ¼ d2.

In the position control mode of the actuators, the input displacements are given
directly. The displacement coordination condition (i.e., d1 ¼ d2) of the 2RPR+P
mechanism is always met.

1. Assuming that the driving force Fi is not determined by the input displacement
of the ith actuator, the driving forces of the two limbs can be arbitrarily dis-
tributed as long as the force equilibrium equation (i.e., F ¼ F1 þF2) of the
moving platform is satisfied.

Fig. 1 Schematic diagram of
the 2RPR+P redundantly
actuated PM
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2. Assuming that the driving force Fi of the ith actuator is determined by its input
displacement, the relationship might as well be denoted by

Fi ¼ Aidi; ð2Þ

where Ai is a coefficient.

Substituting Eq. (2) into the force equilibrium equation of the moving platform
of the 2RPR+P mechanism yields

A1d1 þA2d2 ¼ F: ð3Þ

Combining Eq. (3) and the displacement coordination equation of the mecha-
nism leads to

d1 ¼ d2 ¼ F
A1 þA2

: ð4Þ

Thus, the driving force Fi of the ith actuator can be derived by substituting
Eq. (4) into Eq. (2), as following:

Fi ¼ AiF
A1 þA2

: ð5Þ

which shows that the driving forces of the two limbs can be uniquely solved in this
case. In other words, if the driving force of the ith actuator is determined by its input
displacement, the driving forces of the 2RPR+P mechanism can not be distributed
arbitrarily, which is inconsistent with the general phenomena that the driving
forces/torques of the redundantly actuated PMs can be distributed arbitrarily
according to different optimization goals.

3. Assuming that the driving force of the actuator within the non-redundant limb
(the first RPR limb) is determined by its input displacement, while that within
the redundant limb (the second RPR limb) has nothing with the input dis-
placement, the following equations can be obtained:

F1 ¼ A1d1
F2 ¼ F � A1d1

�
; ð6Þ

which indicate the driving forces can be distributed arbitrarily through changing
the input displacement of the actuator within the non-redundant limb.

In the torque control mode of the actuators, the driving forces are given directly.

1. Assuming that the input displacement di of the ith actuator is followed, in other
words, it is not determined by the driving force, the displacement coordination
condition ðd1 ¼ d2Þ of the 2RPR+P mechanism is always met. Therefore, in this
case, the driving forces of the two limbs can also be arbitrarily distributed.
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2. Assuming that the input displacements of the actuators are determined by the
driving forces, i.e., di ¼ Fi=Ai, the two driving forces are uniquely solved by
combining the displacement coordination equation and the force equilibrium
equation of the mechanism, as shown in Eq. (5).

3. Assuming that the input displacement d1 of the actuator within the first RPR
limb is determined by its driving force f1, while the input displacement d2 within
the second RPR limb is followed, the displacement coordination condition
ðd1 ¼ d2Þ can always be satisfied. Therefore, in this assumption, the driving
forces of the 2RPR+P redundantly actuated PM can also be arbitrarily dis-
tributed on the condition that the force equilibrium equation of the mechanism is
met.

3.2 Driving Forces/Torques Distribution Considering
the Stiffness of the System

When the stiffness of the system is taken into consideration, the displacement
coordination condition of the redundantly actuated mechanisms is shown in Eq. (1).

1. Under the first assumption described in the position control mode of the actu-
ators in Sect. 3.1, the displacement coordination condition shown in Eq. (1) can
be rearranged as

F1

k1
� F2

k2
¼ d2 � d1: ð7Þ

On the basis of the force equilibrium equation of the mechanism, the two driving
forces of the 2RPR+P mechanism can be arbitrarily distributed, since Eq. (7) is
always satisfied.

2. Under the second assumption described in the position control mode of the
actuators in Sect. 3.1, as shown in Eq. (2), the following equations can be gotten

A1d1 þA2d2 ¼ F
d1 þ A1d1

k1
¼ d2 þ A2d2

k2

�
: ð8Þ

from which we can get

F1 ¼ k1A1 k2 þA2ð Þ
k1A1 k2 þA2ð Þþ k2A2 k1 þA1ð ÞF

F2 ¼ k2A2 k1 þA1ð Þ
k1A1 k2 þA2ð Þþ k2A2 k1 þA1ð ÞF

:

(
ð9Þ

It can be seen from Eq. (9) that the two driving forces can not be distributed
arbitrarily in this assumption.
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3. Under the third assumption described in the position control mode in Sect. 3.1,
Eq. (1) can be rearranged as

A1d1
k1

þ d1 ¼ F2

k2
þ d2: ð10Þ

If the two driving forces are distributed arbitrarily under the condition that
F1 þF2 ¼ F, Eq. (10) is always met. Consequently, in this case, the driving
forces can be distributed arbitrarily through changing the input displacement of
the actuator within the non-redundant limb.

In the torque control mode of the actuators, once the driving force is given, the
elastic deformation of the corresponding limb can be computed by di ¼ Fi=ki.

1. Under the first assumption described in the torque control mode of the actuators
in Sect. 3.1, the displacement coordination condition shown in Eq. (1) can
always be satisfied. Thus, the driving forces have an infinite number of
solutions.

2. Under the second assumption described in the torque control mode in Sect. 3.1,
Eq. (1) turns to

F1

A1
þ F1

k1
¼ F2

A2
þ F2

k2
: ð11Þ

Combining Eq. (11) and the force equilibrium equation of the mechanism
Eq. (9) can be obtained, so the solutions of the driving forces are unique in this
situation.

3. Under the third assumption described in the torque control mode in Sect. 3.1,
Eq. (1) can be rearranged as

F1

A1
þ F1

k1
¼ d2 þ F2

k2
: ð12Þ

If the two driving forces are distributed arbitrarily satisfying the force equilib-
rium equation of the mechanism, Eq. (12) is always met since the input displace-
ment d2 is followed. Therefore, there are also an infinite number of solutions for the
driving force distribution.

4 Conclusions

This paper analyzes the differences between the statically indeterminate force
problem of the redundantly actuated PMs and that of the passive overconstrained
PMs. The main conclusions reached are as follows:
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1. The coordination conditions of both the overconstrained PMs are different. The
redundantly actuated PMs satisfy the displacement coordination including the
input displacements of the actuators and the elastic deformation of the system,
while the passive overconstrained PMs need to meet the elastic deformation
coordination.

2. Under the conditions of considering and without considering the system stiff-
ness, the relationship between the driving force and the input displacement of an
actuator in the position and torque control modes is discussed.

Based on the discussions demonstrated in this paper, future works are suggested:
the experiment system of the 2RPR+P redundantly actuated mechanism need to be
established, then, the magnitudes of the driving forces of the mechanism are
respectively measured through switching the position and torque control modes of
the actuators. On the basis of the experimental data the relationship between the
input displacement and the driving force of an actuator under different control
modes can be derived, which will greatly contribute to the control of the redun-
dantly actuated mechanisms.
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1 Introduction

The actuating mechanism of most manipulating robots is 2-DOF serial manipulator,
reproducing the given lows of motion the end-effector’s point [1]. The inverse
kinematics is solved and the control system is developed when the manipulating
robots are designed on the base of serial manipulator. The possible irregularity and
reversibility of rotation of the links obtained from the solution of the inverse
kinematic are the disadvantages of the serial manipulator.

In this paper the problems of structural and kinematic synthesis of the parallel
manipulator of a class RoboMech are considered. A mechanical system having the
property of the manipulating robot as a manipulation of the moving object
according to its given lows of motion and the property of mechanism as a simple
control of motion according to the given lows of motion of drives, is called parallel
manipulator of a class RoboMech. Because the parallel manipulators of a class
RoboMech are designed according to the given lows of motions of the end-effectors
and drives, they work under certain structural schemes and geometrical parameters
of their links.

Many works are devoted of structural and kinematic synthesis of mechanisms
[2–6]. For structural and kinematic synthesis of the parallel manipulator of a class
RoboMech the modular method is used [7–10]. According to the modular method
the parallel manipulator is formed from the actuating and closing kinematic chains
representing the structural modules. A kinematic chain realizing the given lows of
motions of the input and output links is called the actuating kinematic chain (AKC).
A kinematic chain forming the parallel manipulator by connecting the links of the
AKC is called a closing kinematic chain (CKC). In the considered parallel
manipulator which is called RoboMech1, 2-DOF serial manipulator and the dyad
with revolute kinematic pairs are AKC and CKC respectively.

2 Structural Synthesis

Let consider the 2-DOF serial manipulator (Fig. 1). The disadvantages of this serial
manipulator are possible irregularity and reversibility of rotation of links 1 and 2
derived from the solution of inverse kinematics that worse its dynamics. If we
connect the link BP of this serial manipulator with a base by the binary link CD
with revolute kinematic pairs, we get a manipulator with 1-DOF (fixed-sequence
manipulator) or four-bar path generation mechanism ABCD (Fig. 2) which provides
a given lows of motion of the point P.

In this case, the coordinates xð2ÞC and yð2ÞC of the point (joint) C in the coordinate
system Bx2y2 must be such that the point C moves along the arc of the circle with

center D and radius lCD. In this case, the coordinates x
ð2Þ
C and yð2ÞC of the point C in the

coordinate system Bx2y2 of the link 2, the coordinates XD and YD of the joint D in
absolute coordinate systemOXY and the length lCD of the link CD are the determined
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parameters of the binary link CD. In the considered case the values of the angle u1 of
the link 1 are the same that they are defined by the solution of inverse kinematics, i.e.
their possible irregularity and reversibility are saved. To eliminate this case, we can
set the value of the angle u1 uniform and to the extant necessary. This case occurs

under certain conditions when the coordinates xð1ÞB and yð1ÞB of the point B in the
coordinate system Ax1y1 of the link 1 should be such that this point was the center of
the circle on which the point P lies and having a radius lBP in the relative motion of
the point P relative to the moving coordinate system Ax1y1 of the link 1. In this case
the coordinates XA, YA of the joint A in the absolute coordinate system OXY, the

coordinates xð1ÞB and yð1ÞB of the joint B in the coordinate system Ax1y1 of the link 1
and the length lBP of the link BP are the defined parameters of the serial manipulator
ABP. Thus, the formed manipulator or the four-bar path generation mechanism
ABCD according the given lows of motions of the point P and the input link 1 works
under certain geometrical parameters of the links. The disadvantage of this manip-
ulator is that the point P reproduces one stereotyped trajectory, so this manipulator
(mechanism) is used in the machine-automats.

A

B

P

1

2

φ1

φ2

Fig. 1 2-DOF serial
manipulator
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Fig. 2 Four-bar path
generation mechanism
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To eliminated the noted disadvantage of the considered manipulator it is possible
to form a manipulator with 2-DOF. For this purpose we connect the link BP of the
serial manipulator ABP with a base by the dyad CDE with the input joint E (Fig. 3).

The formed 2-DOF five-bar 5R parallel manipulator reproduces the series tra-
jectories of the point P. The principal difference of the formed 2-DOF five-bar 5R
parallel manipulator from the known parallel manipulator similar structure [1] is
that the angles u1 and u4 of the formed parallel manipulator are not determined by
solving the inverse kinematics, these angles are set by designer. Consequently, a
control system is simplified substantially or control system is absent practically.

The formed five-bar 5R parallel manipulator has the property of the manipu-
lating robot as a manipulation of the moving object according to its given lows of
motion and property of the mechanism as a simple control of motion according to
the given lows of motions of the drives.

Therefore, this manipulator is called the parallel manipulator of a class
RoboMech. Manipulators of a class RoboMech work on the principle of func-
tionally independent drives. For example, in the considered parallel manipulator,
which is called RoboMech1, the drive of the first input link 1 reproduces the series
trajectories of the point P, and the drive of the second input link 4 puts the point
P from one trajectory to another. Figure 4 shows M series of motion of the output
point P, and this point has N finitely separated positions in each series of
trajectories.

3 Kinematic Synthesis

RoboMech1 works at certain values of the geometric parameters of the links. Let
consider the kinematic synthesis of RoboMech1. The coordinates XPij and YPij,
(i = 1, 2, …, N; j = 1, 2, …, M) of the point P correspond to the N and M given
values of the angles u1i and u4j respectively. We proceed from the double
indexation i and j of the parameters XPij, YPij, u1i, u4j to one indexation k, (k = 1, 2,
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Fig. 3 Five-bar 5R
manipulator
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…, N�M). According to the modular synthesis the kinematic synthesis of
RoboMech1 consists of kinematic syntheses its structural modules, i.e. the serial
manipulator ABC and the dyad CDE.

3.1 Kinematic Synthesis of the Kinematic Chain ABP

The considered kinematic chain ABP (Fig. 3) has the following geometric param-

eters: XA; YA; x
ð1Þ
B ; yð1ÞB ; lBP, where ½XA; YA�T and ½xð1ÞB ; yð1ÞB �T—coordinates of the

radius-vectors RA; r
ð1Þ
B of the joints A and B in the coordinate systems OXY and

Ax1y1 respectively, lBP—length of the link BP. These parameters are called the
approximating parameters and they are denoted by the vector

P1 ¼ ½XA; YA; x
ð1Þ
B ; yð1ÞB ; lBP�T .

The constraint equation to optimize the desired parameters will be obtained from
loop—closure equation of the contour OABPO

RA þCðu1kÞrð1ÞB þ lBP � RPk ¼ 0; ð1Þ

where

Cðu1kÞ ¼ cosu1k �sinu1k
sinu1k cosu1k

� �
; lBP ¼ ½lBPcosu2k; lBPsinu2k�T :

We exclude the angle u2k from the Eq. (1) and obtain

ðRA þCðu1kÞrð1ÞB � RPk Þ2 � l2BP ¼ 0: ð2Þ

X

Y

O 

P11 Pi1 
PN1 

P1j 

PNj 

P1M 

PNM 

Pij(XPij,YPij) 

PiM Fig. 4 M series of motion of
the output point P
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The synthesis problem for the considered kinematic chain ABP is to determine
the vector P1 of parameters approximately realizing the constraint equations

DkðP;XPk ; YPk ;u1kÞ ¼ 0; k ¼ 1; 2; . . .;K: ð3Þ

Then we can formulate the problem of quadratic approximation as follow

SðP1Þ ¼
XK
k¼1

½DkðP1Þ�2 ) min
P1

S: ð4Þ

By next non-generation change of variables

p1 ¼ XA; p2 ¼ YA; p4 ¼ xð1ÞB ; p5 ¼ yð1ÞB ;

p3 ¼ ðX2
A þ Y2

A þ xð1Þ
2

B þ yð1Þ
2

B � l2BPÞ=2

the function DkðP1Þ is expressed linearly by groups of parameters

qð1Þ ¼ ½p1; p2; p3�T ; qð2Þ ¼ ½p4; p5; p3�T

in the following form

0:5 � Dl
kðP1Þ ¼ gðlÞ

T

k :qðlÞ � gðlÞ0k ; l ¼ 1; 2: ð5Þ

This property of the function (3) simplifies the solution of the problem of
minimizing the function (4) which depends on five parameters.

A necessary condition for the minimum of function SðP1Þ on the parameters qðlÞ

@SðP1Þ
@qðlÞ

¼ 0 ð6Þ

leads to a system of leaner equation

HðlÞðXÞ � qðlÞ ¼ hðlÞðXÞ; l ¼ 1; 2; ð7Þ

where X ¼ PnqðlÞ, and

HðlÞ ¼
XK
k¼1

gðlÞ
2

1k gðlÞ1k � gðlÞ2k gðlÞ1k
gðlÞ1k � gðlÞ2k gðlÞ

2

2k gðlÞ2k
gðlÞ1k gðlÞ2k 1

2
64

3
75; hðlÞ ¼

XK
k¼1

gðlÞ1k � gðlÞ0k
gðlÞ2k � gðlÞ0k
gðlÞ0k

2
64

3
75: ð8Þ

Here gðlÞk ¼ ½gðlÞ1k ; gðlÞ2k ; gðlÞ3k �T ; gðlÞ0k—coefficients of the linear forms (5), where

gðlÞ3k ¼ 1 for all k ¼ 1; 2; . . .;K.
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Thus, the problem of quadratic approximation (4) can be solved by the method of
leaner iterations at each step of which one of two groups of parameters qðlÞ is defined.

3.2 Kinematic Synthesis of the Kinematic Chain EDC

At known geometrical parameters of the kinematic chain ABP and coordinates of
the point P the orientation u2k of the coordinate system Bx2y2 of the link 2 can be
defined by formula

u2k ¼ arctgðYPk � YBk ;XPk � XBk Þ: ð9Þ

The considered kinematic chain EDC has the following geometrical parameters:

xð2ÞC ; yð2ÞC ; xð4ÞD ; yð4ÞD ;XE; YE; lDC, where xð2ÞC ; yð2ÞC ; xð4ÞD ; yð4ÞD ;XE; YE—coordinates of the
joints C, D, E in the coordinate systems Bx2y2, Dx4y4, OXY respectively, lDC—
length of the link DC. These parameters of synthesis are denoted by the vector

P2 ¼ ½xð2ÞC ; yð2ÞC ; xð4ÞD ; yð4ÞD ;XE; YE; lDC�T.
The constraint equation for optimization of the designed parameters to be

obtained from loop-closure equation of the contour OEDCPO

ðRE þCðu4kÞrð4ÞD � RPk � Cðu2kÞrð2ÞC Þ2 � l2DC ¼ 0: ð10Þ

The problem of kinematic synthesis of the considered kinematic chain EDC is to
determine the vector P2 of parameter synthesis approximately realizing the con-
straint equations

DkðP2;XPk ; YPk ;u2k;u4kÞ ¼ 0; k ¼ 1; 2; . . .;K:

Then the problem of quadratic approximation is formulated as follow

SðP2Þ ¼
XK
k¼1

½DkðP2Þ�2 ) min
P2

S: ð11Þ

By the following non-generation change of variables

p1 ¼ XE; p2 ¼ YE; p4 ¼ xð4ÞD ; p5 ¼ yð4ÞD ; p5 ¼ xð2ÞC ; p6 ¼ yð2ÞC ;

p3 ¼ ðX2
E þ Y2

E þ xð4Þ
2

D þ yð4Þ
2

D þ xð2Þ
2

C þ yð2Þ
2

C � l2CDÞ=2

the function DkðP2Þ is expressed linearly by groups of parameters

qð1Þ ¼ ½p1; p2; p3�T ; qð2Þ ¼ ½p4; p5; p3�T ; qð3Þ ¼ ½p6; p7; p3�T
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in the following form

0:5 � Dl
kðP2Þ ¼ gðlÞTk � qðlÞ � gðlÞ0k ; l ¼ 1; 2; 3: ð12Þ

In this case also the necessary condition for the minimum of function SðP2Þ on
the parameters qðlÞ leads to a system of leaner equation of the form (7). Thus, the
define of seven synthesis parameters of the kinematic chain ECD is also carried out
by the method of leaner iterations at each step iterations one of three groups of
unknown parameters is determined.

4 Numerical Example

As an example, the parallel manipulator RoboMech1 which output point
P reproduces the series of horizontal trajectories is synthesized (Fig. 5). In this
parallel manipulator, the motion of the point P on each series of the trajectory is
performed by the rotation of the first input link AB, and the transition of the output
point P from one trajectory to another is performed by the second input link ED. In
the result of kinematic synthesis the following geometrical parameters are obtained:
XA = −0.621 m, YA = 0.475 m, XE = −0.577 m, YE = 0.094 m, lAB = 1.418 m,
lBP = 1.443 m, lED = 0.329 m, lDC = 1.771 m, lBC = 0.365 m, lCP = 1.092 m.

Figures 6 and 7 show the trajectories and the diagrams of changing the coor-
dinates XP and YP of the output point P in depending of the angle of rotation u1 of
the first input link AB for three series of its trajectory, corresponding to three
positions (u4 = 0°, 8°, and 16°) of the second input link ED. The angle u1 is
changed in the interval [55°; 130°].

E 

B 

D 

C 

P 

A 

Fig. 5 Parallel manipulator
RoboMech1
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5 Conclusions

A mechanical system, having the property of the manipulating robot as a manip-
ulation of the moving object according to its given laws of motion and the property
of the mechanism as a simple control of motion according to the given laws of
motions of drives, is called parallel manipulator of a class RoboMech. The principle
of formation of RoboMech is developed according to which the RoboMech is
formed from the actuating and closing kinematic chains representing the structural
modules. A kinematic chain realizing the given laws of motions of the input and
output links is called the actuating kinematic chain (AKC). A kinematic chain
forming the parallel manipulator by connecting the links of the AKC is called a
closing kinematic chain (CKC). On the base of this principle the RoboMech1 is
formed, the structural modules of which are 2-DOF serial manipulator and the dyad
with revolute joints. Parallel manipulators of a class RoboMech work at certain
values of the geometrical parameters of the links, because the laws of motions of the
input and output links are given simultaneously. According to the module principle
the kinematic synthesis of the RoboMech1 consists of kinematic synthesis of its
structural modules, i.e. 2-DOF serial manipulator and the dyad. The methods of
kinematic synthesis of the RoboMech1 structural modules are developed and the
numerical example is presented.

References

1. Tsai L-W (1999) Robot analysis. The mechanics of serial and parallel manipulators.
A Wiley-Interscience Publication, Hoboken

2. Erdman A, Sandor G (1997) Mechanism design: analysis and synthesis, vol 1. Prentice Hall,
New Jersy

3. Mallik AK, Ghosh A, Dittrich G (1994) Kinematic analysis and synthesis of mechanisms.
CRC Press, Boca Raton

4. Hunt KH (1990) Kinematic geometry of mechanisms. Dover, Mineola
5. Gupta KC, Roth BA (1975) General approximation theory for mechanisms synthesis.

ASME J Appl Mech 42:451–457
6. Al-Dwairi AF, Kikin AB (2004) Multipurpose for least-squares synthesis of linkages. In:

Proceedings of the eleventh world congress in mechanisms and machine sciences, Tianjin,
China, 1–4 Apr 2004, vol 1, pp 181–185

7. Joldasbekov UA, Baigunchekov ZZ, Ibraev SM (1995) Modular approach for synthesizing of
planar one-DOF and adjustable mechanisms of high classes. In: Proceedings of the ninth
IFToMM world congress on TMM. Milan, Italy, vol 1

8. Baigunchekov ZZ et al (1996) Modular synthesis of spatial manipulating devices of high
classes. In: Proceeding of the twelfth international conference on CAD/CAM robotics and
factories of the future. Middlesex University, London, UK, pp 685–690

556 Z. Baigunchekov et al.



9. Baigunchekov ZZ et al (2000) The basis of structural and parametric synthesis of the parallel
manipulators with functionally independent drives. Part I&II. In: Proceedings of the 16th
international conference on gearing, transmissions and mechanical systems, The Nottingham
Trent University, UK, pp 1–19 (2000)

10. Baigunchekov Z, Kalimoldayev M, Utenov M, Arymbekov B, Baigunchekov T (2016)
Structural and dimensional synthesis of parallel manipulator with two end-effectors. Robotics
and mechatronics. Springer, Berlin, pp 15–23 (2016)

Parallel Manipulator of a Class RoboMech 557



Unified Description of DOF of Crank
Group Mechanism Based Screw Theory

Yansong Liu, Jujiang Cao and Sheng Ren

Abstract The link truss was defined by analyzing the kinematics of the basic unit
of the crank group mechanism, and summarized the structure unity in the crank
group mechanisms with different topological structure. The calculation method was
given for the number of the public constraints, that of the redundant constraints, and
the DOF of the crank group mechanism with any number of crank by screw theory.
The results show that the method reduces the number of the mechanism members,
avoids the tedious calculations and achieves the unified description of DOF of the
crank group mechanism with any number of the cranks based the link truss and the
screw theory.

Keywords Crank group mechanism � Degrees of freedom (DOF) � Screw theory �
Link truss

1 Introduction

Crank group mechanism has been widely applied to realize synchronous trans-
mission mechanism, such as special drill press [1], packaging equipment, printing
machinery, etc. [2–4]. Figure 1 is a diagram of the crank group mechanism.
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In crank-group mechanism, all cranks have the same length and movement
phase, and any two cranks and corresponding link constitute a parallelogram
mechanism [5–7]. So crank-group mechanism is one kind of planar mechanism. For
the calculation of DOF of planar mechanism, many factors should generally be
considered, such as composite hinge, partial freedom, virtual constraint [8: 17–21],
etc. For the different occasions and strength requirements, the crank number and
link number are different in crank group mechanism, and the determination of
composite hinge, virtual constraint and effective member are more complex, so the
calculation of DOF of crank-group mechanism is more difficult using conventional
methods such as Chebychev formula [9].

The corrected formula Gr€ubler � Kutzbach (shorted as G-K) formula is proved
to be correct by the theory and practical application [10, 11]. However, the cal-
culation of DOF of the crank-group mechanism showed by Fig. 1 is still very
difficult, when the number of crank is uncertain, and link structure is complex by
G-K formula.

In this paper, the concept of link truss is raised, and the structure of crank-group
mechanism is simplified by analyzing the movement characteristics of the basic unit
of crank-group mechanism. Unified description of DOF of crank group mechanism
is given by screw theory and G-K formula.

2 Simplifying Crank Group Mechanism

Parallelogram mechanism is the basic unit of crank-group mechanism showed by
Fig. 1, such as unit 11′2′2. Assuming that the crank 11′ is the driving crank, and its
angular velocity is x, the angular velocity of the crank 220 is also x, and the angular
velocity of the link 1′2′ is 0. The velocity of any point on the link 1′2′ is expressed
by formula (1) [8: 60–61].

vx ¼ �rx sin h
vy ¼ rx cos h

�
ð1Þ

Fig. 1 Diagram of the crank
group mechanism
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Formula (1) shows that all links only translate in parallelogram mechanism, and
the links’ velocity is only related to the active crank’s length r and angular velocity
x. All links have the same motion based on the characteristics of the crank-group
mechanism group, so all links can be seen as a motion member named link truss.
Figure 2 shows the diagram of crank-group mechanism based on link truss.

The number of the members of crank-group mechanism is (p + 2), assuming the
number of the cranks is p based on link truss. Composite hinge does not exist on the
hinge joint in crank-group mechanism simplified. Crank mechanism can be
regarded as a special parallel mechanism. In this parallel mechanism, the link truss
is moving platform, the rack is static platform, and one crank is a kinetic limb. The
calculation of DOF of crank-group mechanism is simplified describing the mech-
anism of motion and constraints of the mechanism based on screw theory.

3 Motion Screw System and Constraint Screw System
of Crank-Group Mechanism

3.1 Introduction of Screw Theory

Formula (2) shows any rotation expressed with a screw [12].

$ ¼ S
S0

� �
ð2Þ

In formula (2), S is rotation direction vector, S0 is line moment of S,
S0 ¼ r � S, r is position vector of S, and S � S0 ¼ 0.

If the reciprocity product of two screw is 0, namely

Fig. 2 Diagram of crank
group mechanism based on
link truss
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$1 � $2 ¼ 0 ð3Þ

Formula (3) shows two screws are inverse screws each other, in other words, if
one screw represents the movement of the object, other one represents constraints
imposed on the object.

3.2 Motion Screw System and Constraint Screw System
of Crank Group Mechanism

In Fig. 2, crank mechanism can be regarded as a special parallel mechanism, and
any crank nn0 is a kinetic limb. The coordinates of point n are xn; ynð Þ in coordinate
system xoy, and the coordinates of point n0 are x0; y0ð Þ. Two movement screws of
kinetic limb nn0 constitute one movement screw system, namely

$n : 0 0 1; yn � xn 0ð Þ
$n0 : 0 0 1; yn þ y0 � xn � x0 0ð Þ ð4Þ

Any inverse screw can be represented as
$r : Lr;Mr;Nr;Pr;Qr;Rrð Þ, namely

$n � $r ¼ 0

$n0 � $r ¼ 0

(
ð5Þ

That is

Rr þ Lryn �Mrxn ¼ 0
Rr þ Lr yn þ y0ð Þ �Mr xn þ x0ð Þ ¼ 0

�
ð6Þ

All the solution screws of formula (6) constitute the inverse screw system of
formula (4), namely

$r1 : 0 0 1; 0 0 0ð Þ
$r2 : 0 0 0; 1 0 0ð Þ
$r3 : 0 0 0; 0 1 0ð Þ
$r4 : x0 y0 0; 0 0 xny0 � ynx0ð Þ

ð7Þ

For mechanism, inverse screw system of movement screw system is its
constraint screw system.
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4 DOF of Crank Group Mechanism

DOF of crank-group mechanism can be calculated by screw theory and the cor-
rected G-K formula [13] showed formula (8).

M ¼ d m� g� 1ð Þþ
Xg
i¼1

fi þ v ð8Þ

In formula (8), d is the order number of the mechanism, d ¼ 6� k, and k is
public constraint number of the mechanism. For the parallel mechanism, k is the
number of public constraint screw on moving platform applied by all kinetic limbs.

In the constraint screw system applied by all kinetic limb showed by formula (7),
the first three are exactly the same screws, and the fourth screw is related with the
location of kinetic limb. k is 3 for the crank group mechanism with p kinetic limbs
(with p cranks), so

d ¼ 6� 3 ¼ 3 ð9Þ

m is the number of the members of the mechanism, and is calculated by formula
(10) based on link truss.

m ¼ pþ 2 ð10Þ

g is the number of the kinematic pairs of the mechanism for the crank group
mechanism with p cranks, and is calculated by formula (11).

g ¼ 2p ð11Þ

fi is DOF of No. i kinematic pair. Because the kinematic pairs of crank group
mechanism are all revolute pairs, fi is 1. DOF of all revolute pairs of crank-group
mechanism with p cranks is calculated by formula (12).

Xg
i¼1

fi ¼ 2p ð12Þ

v is the number of the parallel redundant constraints [14], and calculated by
formula v ¼ t � k. In this formula, t is qp� kp, and qp is the number of all
constraint screws applied by all kinetic limbs. kp is the number of public constraint
screws applied by all kinetic limbs. k is the number of independent constraint
screws in t constraint screws.

Formula (7) shows the constraint screw system on moving platform supplied by
one kinetic limb, and its rank is 4. Each kinetic limb has 4 linearly independent
constraint screws, so qp ¼ 4p. Formula (7) shows that the first three are public
constraint screws, the total number of public constraint screws is kp ¼ 3p,
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so t ¼ qp� kp ¼ p. Formula (13) shows the screw system composed of this p
constraint screws.

$r1 : x0 y0 0; 0 0 x1y0 � y1x0ð Þ
$r2 : x0 y0 0; 0 0 x2y0 � y2x0ð Þ
$r3 : x0 y0 0; 0 0 x3y0 � y3x0ð Þ
� � �
$rp : x0 y0 0; 0 0 xpy0 � ypx0

� �
ð13Þ

The screw system’s rank is 2 showed by formula (13), that is, this screw system
is a screw system with only 2 independent constraint screws, namely, k ¼ 2. v is
calculated by formula (14).

v ¼ t � k ¼ p� 2 ð14Þ

Formula (15) shows DOF of crank-group mechanism calculated by solving the
simultaneous equation composed of formulas (8)–(10), (12) and (14).

M ¼ d m� g� 1ð Þþ
Xg
i¼1

fi þ v

¼ 3 pþ 2� 2p� 1ð Þþ 2pþ p� 2

¼ 1

ð15Þ

The DOF is 1 for crank-group mechanism with any number of cranks.

5 Conclusion

Crank-group mechanism is regarded as a special parallel mechanism and the DOF
is calculated based on the definition of link truss. The calculation methods of the
public constraint number, the order number, and the number of the parallel
redundant constraints of the mechanism are analyzed by screw theory.

The DOF of crank-group mechanism is uniformly described by screw theory and
corrected G-K formula. The DOF of crank-group mechanism is 1. The moving
feasible of crank-group mechanism is proved by this calculation, and if an inde-
pendent rotation is applied to any one crank, crank-group mechanism has the
determined motion.

Acknowledgments This work is supported by the NSFC (Grant No. 51175313).

564 Y. Liu et al.



References

1. Wenxin LU (1996) Design and application of single-link and multi-crank mechanism in crank
driving for multi-axle box. J Changzhou Ind Technol Coll (Natural Science Edition) 9(2):46–
51 (in Chinese)

2. Wang Y, Cao J (2013) Study on the motion feature of crank-group driving mechanism.
J Mech Transm 37(10):79–81 (in Chinese)

3. Ren S, Cao J, Liu Y (2015) Inertia force balance of crank-group driving mechanism based on
crank unit. J Light Ind Mach 33(1):8–10 (in Chinese)

4. Barton LO (2008) Mechanism analysis of a trisector. J Mech Mach Theory 43(2):115–122
5. Wang Y, Cao J (2013) The overview of crank-group driving mechanism. J Mech Transm 37

(4):134–136 (in Chinese)
6. Liu Z, Feng Z (1990) Theoretical study of integral balancing of first-order reciprocal inertia of

small-sized single-cylinder horizontal engine. J Agric Mach 3:23–28 (in Chinese)
7. Ren S, Cao J (2014) DOF analysis of crank-group drive mechanism based on the theory of

parallel mechanism. J Mach Des Res 30(4):14–16 (in Chinese)
8. Lvzhong MA, Xie J, Yin X (2015) Theory and design of machines and mechanisms.

Machinery Industry Press, Beijing, pp 60–61 (in Chinese)
9. Han Q, Li T (2015) A new universal formula of degree of freedom for planar mechanism.

J Mech Transm 39(3):153–157 (in Chinese)
10. Huang Z, Liu J, Zeng X (2009) The general method of DOF of mechanism based on the

constraint screw. J Sci Chin 39(1):84–93 (in Chinese)
11. Cai H, Fu O, Liao M (2011) Comparable study and application on new and old formulas of

calculating DOFs of mechanisms and structures. Chin Mech Eng 22(1):35–38 (in Chinese)
12. Guo S, Fang Y, Yue C (2009) Structure synthesis of single closed-loop multi-degree of

freedom of over-constrained mechanism based on screw theory. J Mech Eng 45(11):38–45 (in
Chinese)

13. Lu W, Zhang L, Zeng X, Zhang Y (2014) Research on application of GOM formula—a novel
mobility formula. Chin Mech Eng 25(17):2283–2289 (in Chinese)

14. Zheng H, Yongsheng Z, Tieshi Z (2014) Higher spatial organization, 2nd edn. Higher
Education Press, Beijing, pp 121–122 (in Chinese)

Unified Description of DOF of Crank Group Mechanism … 565



An Introduction to the Reconstruction
Model of Antikythera Mechanism

Jian-Liang Lin and Hong-Sen Yan

Abstract Antikythera mechanism is known as the oldest astronomical calculator in
ancient Greece. With the development of modern science and technology, the
inscriptions, functions and exterior appearance are decoded from the surviving
fragments. The corresponding reconstruction designs of interior structure and
physical models are continuously presented. This work introduces an assembly
process of physical model that is one of 48 feasible reconstruction designs pre-
sented by Yan and Lin. Firstly, the geometric constraints of interior subsystems are
concluded so as to generate the reconstruction designs with complete interior
structure. Then, a detail design procedure of reconstruction model is presented.
Through this systematic procedure, teeth calculations are resolved based on the
concluded teeth relations. Gear sizes and gear models of lost structures are
reconstructed, and space arrangements can be finished by graphical method.
Finally, the simulation model and its corresponding physical model re built to
confirm the operation of reconstruction design.

Keywords Antikythera mechanism � Reconstruction design � Assembly design �
Physical model

1 Introduction

Antikythera mechanism is the oldest astronomical calculator in the ancient Greece.
The mechanical device was discovered in 1900–01 as a group of fragments and has
no confirmed historical records now. The lost mechanical device deeply attracts
many scholars so that it is gradually decoded through a serious of reconstruction
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research. Until now, the functions of the device are defined to demonstrate the
cyclic motions of the sun, the moon and five planets, to display the moon phase, to
calculate the calendars, and to predict the eclipses by the interior gear trains. In the
historical development of reconstruction research, Price [1, 2], Edmunds and
Morgan [3], Wright [4–14], Antikythera Mechanism Research Project (AMRP)
held by Freeth et al. [15–17], Evans et al. [18, 19], and Yan and Lin [20–25]
presented their conceptual reconstruction designs of the interior structure so as to
satisfy the existing evidence and the decoded functions. Figure 1 is the complete
concept of reconstruction design by Yan and Lin. The design is divided into six
subsystems including the date subsystem, the calendrical calculation subsystem, the
eclipse prediction subsystem, the lunar subsystem, the solar subsystem and the
planetary subsystem. And the mechanism to display the moon phase is over the
front dial [25].

Except for decoding the inscriptions, the functions and the mechanisms, the
building of reconstruction models is necessary. Constructing simulation and solid
models is helpful to confirm the standard of science and technology at the time of
Antikythera mechanism. It is contributed to investigate the historical development
of manufacture in the ancient time. The reconstruction of Antikythera mechanism
has to satisfy the evidence discovered from the excavation. The detail designs of

Fig. 1 A existing reconstruction design [20]
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mechanical elements are based on the constraints of the existing geometric and the
concluded gear ratios. Here, the paper introduces the reconstruction work of a
simulation model and its solid model based on the reconstruction design presented
by Yan and Lin as shown in Fig. 1 [19]. The possible teeth and gear sizes are
concluded so as to confirm the engagement of gear trains by the models. Finally, the
possibility of reconstruction design is verified.

2 Historical Developments of Reconstruction Models

The model construction of Antikythera mechanism is varied with the decoding of
excavation. The first physical model was reconstructed by I. Theofanidis, as shown
in Fig. 2a [26, 27]. This model is unworkable and preserved in National
Archaeological Museum in Athens today. Theofanidis indicated that Antikythera
mechanism was a navigational computing device with the features of a planetarium
and an astrolabe. The interior gear trains were used to generate the motions of the
sun, the moon and planets [27]. The second reconstruction model was presented by
D. Price as shown in Fig. 2b [1, 2]. The mechanism was defined as an ancient
mechanical computer. The front dial was a concentric dial. The upper back dial and
the lower back dial had four concentric annuli respectively. The third physical

(a) (b) (c)

(d) (e)

Fig. 2 Existing reconstruction models a Model by Theofanidis [26, 27] b Model by Price [1, 2]
c Model by Wright [4–14] d Model by Tatjana van Vark [17] e Model by Efstathiou et al. [28]
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model was reconstructed by A. Bromley and F. Percival [3]. This is a partial
reconstruction of Antikythera mechanism through altering the function of the
handle in Price’s model. The improvement resulted that one complete rotation of
the handle would correspond to a single day, which was the most obvious astro-
nomical unit in his viewpoint. However, the types of dials are different from
Antikythera mechanism known today, and the functions of dials are, too.

The following reconstruction model was presented by M. Wright through inte-
grating the findings of the AMRP and his own research, as shown in Fig. 2c [4–14].
The back dials were corrected as spiral dials. The lost mechanisms were recon-
structed in accordance with the concept of planetariums. The front dial could dis-
play the sun, the moon and five planets known to antiquity. Also, the gear train to
demonstrate the moon phase was built in the reconstruction model. Next, D. Kriaris
and M. Vicentini built new models with some variations, respectively [17, 27].
Tatjana van Vark made an impressive model, as shown in Fig. 2d [17]. The model
focused on the essence of Antikythera mechanism, but detached from the standard
of ancient artifact. This model added the parts of planetariums based on the AMRP
research. The research group held by J.H. Seiradakis and K. Efstathiou developed
the reconstruction model by their measurements of all gears found in the fragments,
as shown in Fig. 2e [28]. They determined the root angle, the module and the chord
length of all gears, and calculated the axial distances of all cooperating gears.
Therefore, the model could be accurately manufactured by CAD tools.

3 Geometric Constraints

The reconstruction works [20–25] by Yan and Lin showed all feasible recon-
struction designs of the unclear and lost subsystems. For a complete interior
mechanism composed of the surviving structure and the reconstruction designs of
the unclear and lost subsystems, some constraints for the assembly work of these
subsystems are identified, especially for the lost solar subsystem and the lost
planetary subsystem.

3.1 Driving Power of Lost Structures

To identify the driving power of lost structures and simplify the reconstruction
designs, it is hypothesized that the mechanisms of the lost structures are driven by
the output power of the existing structures. One mechanism of the lost structures
driven by another mechanism of the lost structures is not considered. In previous
research [20, 23, 24], three possible conditions with single driving power are
identified. And, the arrangement of driving power absolutely affects the recon-
struction designs of the lost structures.
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3.2 Gear Sizes

The resulting gear ratios are the key points for the reconstructing Antikythera
mechanism. For the lost structures, the reconstructed gears must not only satisfy the
concluded teeth calculation relations but also avoid the interference [15–17, 20].
Therefore, the geometric constraints to match the known positions and the limited
space are concluded. The mechanisms for the sun and the planets are the lost
structures, and its geometric constraints should be introduced.

When the design shown in Fig. 3a is used to demonstrate the solar motion, the
link 4 (KT) is the carrier of planetary gear train and plays the deferent of epicyclic
model. Based on the data of Table 1, the rate of link 4 should be once a tropical
year. By kinematic analysis of gear trains, the link 2 (KI) is an idle gear, and the link
4 must have the 224 teeth (the same to the surviving no.32 gear shown in Fig. 1).
As a result, the output shaft of link 3 (KO) for the solar motion cannot be coaxial
with the shaft of the surviving no.32 gear for the daily motion, regardless of the size

Fig. 3 Partial reconstruction designs of lost subsystem [20, 23, 24]

Table 1 Information of epicyclic system [29]

Datum Deferent Epicycle

Planets Period
(tropical year)

Radius
(arbitrary unit)

Period
(tropical year)

Radius
(arbitrary unit)

Inferior planets Mercury 1 60 0.241 22.5

Venus 1 60 0.615 43.16

Superior planets Mars 1.88 60 1 39.5

Jupiter 11.862 60 1 11.5

Saturn 29.458 60 1 6.5
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of link 2 (KI). The design shown in Fig. 3a is unfeasible for the solar motion. In the
same way, it is found that the teeth of the link 4 (KT1) shown in Fig. 3b should be
several times the teeth of the surviving no.32 gear (shown in Fig. 1) by the kine-
matic analysis of gear trains, when the design shown in Fig. 3b demonstrates the
superior planets. This result is unreasonable and the space is not enough to contain
such a big gear.

3.3 Types of Planets

For superior planets and inferior planets, there was only a geometric model, i.e., the
epicyclic model, to introducing these planetary motions in the astronomy of ancient
Greece, based on the historical records. Based on the periods of planets shown in
Table 1, inferior planets and superior planets have the consistence respectively in
the period of deferent and the period of epicycle. Furthermore, Antikythera device
was the astronomical model to demonstrate the development of astronomy at that
time. Therefore, it is logically believed that the mechanisms of inferior planets are
constructed by the same design concept, also the superior planets are.

3.4 Epicyclic System of Superior Planets

Here, the interference of mechanical elements and the limited space are presented to
conclude the geometric constraints again.

When the design shown in Fig. 3c is applied to superior planets, the link 2 (KI)
is the input link and regarded as the deferent of epicyclic model. This input link
must engage with the contrate gear (no.66 gear) to transmit power. However, the
deferent of superior planets have different rates as shown in Table 1, and the
contrate gear can engage with only one gear. As a result, the mechanisms
respectively for Mars, Jupiter and Saturn cannot be achieved simultaneously.

To conclude above geometric constraints, several design concepts for assem-
bling a whole reconstruction design are unfeasible. In previous reconstruction
research [20–25], 48 feasible reconstruction designs with complete interior structure
are generated by Yan and Lin. The design shown in Fig. 1 is one of 48 feasible
reconstruction designs.

4 Systematic Design Procedure

This work presents a systematic assembly procedure of the reconstruction design of
the whole interior structure to build the simulation or physical model, as shown in
Fig. 4. Following this procedure, the detail design of gears including the teeth, gear
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module and gear sizes can be obtained. Considering the interference, the orientation
work of gears can be done by the graphic method. Finally, the simulation or
physical model of reconstruction design can be generated.

4.1 Teeth Calculations

In the following, the teeth designs of the incomplete (calendrical) and lost (solar and
planetary) subsystems are proposed in detail.

Teeth relations

Concepts of Feasible Reconstruction Designs

Possible Combinations of Teeth

Detail Designs of Mechanical Members

Space Arrangement of Reconstruction Designs

Gear module

Depth of teeth

Radius of arbors

Interference

Engaging depth 
Geometric constraints

Complete Structure of Reconstruction Design

Positions of gears

Assembly constraints Radius of concentric arbors

Gear ratios

Eccentric distances of stepped arbor

Knowledge of 
modern mechanism 

Astronomical periods 

Characteristics of 
meshing gears

Distances of pins
Astronomical theories 

Fig. 4 A systematic design procedure of mechanical elements [20]
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Calendrical Subsystem. Except for the known gear ratios (three display
astronomical cycles), there are two surviving gears respectively with 60 teeth and
15 teeth. The relations of teeth calculation, Eqs. (1)–(3), are concluded [20, 21].

T37
T39

¼ 15
53

ð1Þ

T40
T41

¼ 19
20

ð2Þ

T42
T44

� T45
T43

¼ 1
19

ð3Þ

where the subscript is the number of gears shown in Fig. 1.
Although these conditions are able to reconstruct simulation or solid models, the

amount of the teeth calculation results is numerous. In order to appropriately
estimate all teeth of each feasible design and size gears, the following constraints
are assumed by the direct evidences:

1. The gear ratio of a gear joint should be 5 at most.
2. It is optimal that the calculated teeth should appear in the existing discovery.
3. The calculated teeth of the reconstruction design are constrained between 10 and

120. Thus, these reconstructed gears can fit the space of the mechanism.

According to Eqs. (1)–(3) and the above mentioned constraints of gear sizes, a
set of possible teeth numbers is generated as follows:

ðT39; T40; T41; T42; T43; T44; T45Þ ¼ ð53; 57; 60; 24; 114; 120; 30Þ

Solar Subsystem. For the solar subsystem included in the reconstruction design,
the relation of teeth calculation is concluded as follows [20, 23]:

T20 � T21
T19 � T22

¼ 1 ð4Þ

Through try and error and considering the surviving gears (such as the gears of
the lunar subsystem), a set of teeth is determined for a solid model by Eq. (4):

ðT19; T20; T21; T22Þ ¼ ð60; 60; 61; 61Þ

Planetary Subsystem. Whatever the solar subsystem and however the planetary
subsystem, the design process of mechanical elements should be the same. Teeth
calculation is related to the required gear ratios. Space constraints are related to
interference between mechanical elements. Eccentric distance is related to the
model of celestial bodies, specific planet and its periods. Unfortunately, there were
no definite historical records for the parameters of the geometric model of celestial
bodies, including the radius of the period of the epicycle and the deferent radius.
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Even though it is believed that the planets’ periods are known in the era and applied
for Apollonius’ epicyclic system. Here, the parameters of Ptolemy’s model, as
listed in Table 1 [29], are used so as to restore the lost planetary subsystem. It
means that the reconstruction model of the lost planetary subsystem emphasizes the
configuration design and the results are merely approximate values. Equations (5)–
(12) are the concluded relations of teeth calculations for different planets [20, 24].

Mercury
T30
T25

¼ xe

xd
ð5Þ

Venus
T31
T26

¼ xe

xd
ð6Þ

Mars
T13 � T16 � T14 � T15

T14 � T15
¼ xd

xe
; ð7Þ

T17 � T27
T32 � T18

¼ xyear

xd þxe
ð8Þ

Jupiter
T7 � T10 � T8 � T9

T8 � T9
¼ xd

xe
; ð9Þ

T11 � T28
T32 � T12

¼ xyear

xd þxe
ð10Þ

Saturn
T1 � T4 � T2 � T3

T2 � T3
¼ xd

xe
; ð11Þ

T5 � T29
T32 � T6

¼ xyear

xd þxe
ð12Þ

where xd is the rate of deferent; xe is the rate of epicycle; xyear means once a
tropical year. For each planet, the rates of the deferent and the epicycle are listed in
Table 1.

Based on these relations, the comparisons of surviving gears, and Ptolemy’s
planetary parameters, five sets of approximate teeth results respectively for
Mercury, Venus, Mars, Jupiter and Saturn are estimated arbitrarily as follows:

Mercury (T30, T32, T25) = (92, 224, 22)
Venus (T31, T32, T26) = (64, 224, 40)
Mars (T13, T14, T15, T16, T17, T18, T27) = (54, 94, 36, 96, 215, 30, 20)
Jupiter (T7, T8, T9, T10, T11, T12, T28) = (62, 60, 60, 63, 215, 31, 30)
Saturn (T1, T2, T3, T4, T5, T6, T29) = (55, 100, 50, 94, 215, 30, 30)
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4.2 Detail Designs of Gears

In order to reconstruct the lost and incomplete gears, the gear module of modern
mechanisms (the basis for determining the sizes of gears) is applied. There were
measurement errors in detecting surviving gears. And, the gear modulus of sur-
viving gears are variable, not exactly consistent. The gear module of no.32 gear (the
biggest gear in the surviving evidence) is estimated at about 0.58 for example.
Hence, we forced to define the appropriate gear modules for a pair of engaging
gears so as to restore the lost structures. Except for gear modulus, the teeth shape is
triangular and the teeth depth is reasonably defined about 1.2 mm in accordance
with the surviving evidence. And thus, the lost and incomplete gears are built
successfully. Table 2 shows the data of reconstruction model of the solar
subsystem.

For reconstructed gear trains, the geometric positions and their resulting dis-
tances are related to the radius ratio of the epicyclic model and the distance ratio of
eccentric model. The eccentric model is applied to demonstrate the motions of
Mercury and Venus. The carrier is the deferent, and the planet gar is the epicycle.
For the applied planetary gear train, the center distance between the sun gear and
the planet gear is the radius of deferent and the distance between the pin and the
center of gear with pin is the radius of epicycle.

Furthermore, the demonstrations of Mars, Jupiter and Saturn also apply the
epicyclic model, but are similar to the design of the lunar subsystem. The eccentric
distance of the stepped arbor (the gear between the planet gear with a pin and the
gear with a slot) is the radius of epicycle. The distance between the pin and the
center of gear with pin is the radius of deferent.

As to the solar motion, its demonstration applies the eccentric model. The ratio
of the radius of deferent and the eccentric distance is 1/24. The radius of deferent
should be regarded as the distance between the pin and the center of gear with a pin.
The eccentric distance of the model is the eccentric distance of the stepped arbor,
i.e., the gear between the planet gear with a pin and the gear with a slot.

Table 2 Information of reconstructed gears (lost planetary subsystem-Saturn)

No. Teeth Radius of
pitch circle
(mm)

Radius of
addendum
circle (mm)

Radius of
dedendum
circle (mm)

Module Pin positions—from
the center of gear
(mm)

1 55 15.13 15.73 14.53 0.55 –

2 100 27.50 28.10 26.90 0.55 –

3 50 14.38 14.98 13.78 0.58 –

4 94 27.03 27.63 26.43 0.58 11.31

5 215 64.08 64.68 63.48 0.60 –

6 30 8.94 9.54 8.34 0.60 –
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To conclude above and based on the information of Table 1, the following is the
detail design of mechanisms respectively for Mercury, Venus, Mars, Jupiter, Saturn
and the sun.

Mercury: center distance = 32.8 mm, pin radius = 12.3 mm
Venus: center distance = 29.9 mm, pin radius = 21.5 mm
Mars: eccentric distance = 6.3 mm, pin radius = 9.5 mm
Jupiter: eccentric distance = 1.8 mm, pin radius = 9.5 mm
Saturn: eccentric distance = 1.2 mm, pin radius = 11.3 mm
Sun: eccentric distance = 0.6 mm, pin radius = 14.4 mm

4.3 Space Arrangement

One basic work of reconstructing a simulation or physical model is the orientation
of gear shafts in gear trains. The whole reconstruction design shown in Fig. 1 is
regarded as a complicated gear train including six plates as frames. From top to
down, it is clear that the fifth plate is the most complicated one. Also, its resulting
simultaneously affects the orientation work of gear shafts in other plates and the
positions of the exterior dials, either the front dials or the back dials. In other words,
once the orientation work of the fifth plates is finished, all gear shafts of the
reconstruction design is almost determined. Depending on the graphic method, the
gear shafts including the calendrical subsystem, the lunar subsystem and the eclipse
prediction subsystem are located in the fifth plates, as shown in Fig. 5.

Fig. 5 2D positions of gears on the fifth plate [20]
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Following this systematic procedure and inspecting the interference, the detail
designs of gears and mechanical elements are resolved. Especially for the sizes of
concentric arbors, they should be strong enough to support the weights of most
gears. After solving the above problems, the corresponding reconstruction model
can be built.

5 Building a Physical Model

For the compound gears, the positions of gears on their shafts are determined by
considering the ability of manufacturing and the convenience of assembly. It
affected the height of the reconstruction model. Through choosing the appropriate
distance above or under gears, a 3D model of the reconstruction design model is
presented, as shown in Fig. 6a, for verification in advance. Its animation clearly
shows the operation of the mechanism and the demonstration of the pointers on the
dials. Then, the physical model is reconstructed as shown in Fig. 6b. In this
reconstruction model, the wooden case cover of the Antikythera device is removed
in order to show clearly the reconstructed interior gear trains. Indeed, the building
of the simulation and physical models are very helpful in describing the complete

(a) Simulation model          (b) Physical model

Fig. 6 A reconstruction model by Lin and Yan a Simulation model b Physical model
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concept of Antikythera astronomical calculator. In a word, the work of building
3D mechanisms is able to precisely prove the feasibility of the obtained recon-
struction designs.

6 Conclusions

The reconstruction research of Antikythera mechanism develops more than
100 years until now. With decoding the inscriptions and detecting the surviving
fragments, several different reconstruction designs are continuously presented. The
building of solid or physical models is a direct way to prove the feasibility of
conceptual reconstruction designs. This work introduces the assembly work of
physical model in detail. By geometric constraints of subsystems, 48 complete
reconstruction designs are presented, and one of them is used to reconstruct the
corresponding solid model. A systematic design procedure of mechanical elements
is presented. Based on this procedure, teeth calculations, gear sizes, gear models
and space positions are resolved. The simulation and physical models are suc-
cessfully reconstructed. This is a new physical model of Antikythera mechanism.
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Mobility Analysis of Generalized
Mechanisms via Screw Algebra

Tuanjie Li, Hanqing Deng and Lei Zhang

Abstract Compared with traditional mechanisms, a new class of mechanism
considering both the rigid and the flexible elements is proposed to satisfy the
demands of modern engineering in this paper. This class of mechanism is named as
generalized mechanism, and they consists of generalized links and kinematic pairs.
First, based on screw algebra, we derive the motion spaces of generalized links and
the constraint spaces of generalized kinematic pairs. Then, we analyze the minimal
and maximal mobilities of generalized links, as well as the minimal and maximal
constraints of generalized kinematic pairs. Finally, three formulas for calculating
the degree of freedom (DOF) of generalized mechanisms are established. The
analytical results show that the DOF of each generalized mechanism is not unique,
but an interval value. The real DOF of generalized mechanisms depends on both the
links’ materials, the magnitude and direction of external loads.

Keywords Generalized mechanism � Degree of freedom � Screw algebra �Motion
space � Constraint space

1 Introduction

With the development of society and the evolution of science and technology, the
demands of mechanisms have been more and more emphasized recently [1]. The
development of mechanisms has displayed the diversification and practicality.
Several new classes of mechanisms have been proposed, such as parallel mecha-
nisms [2, 3], compliant mechanisms [4], tensegrity mechanisms [5], metamorphic
mechanisms [6], overconstrained parallel mechanisms [7], and cable-driven parallel
mechanisms [8], etc. In order to satisfy the demands of modern engineering, the
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configurations of mechanisms, the types of links and kinematic pairs have been
changed.

Various links and kinematic pairs have been applied in practical engineering. For
example, due to the applications of flexible links and hinges, compliant mechanisms
emerged with the characteristics of high precision, friction-free motion, wear-free
motion, no assembly requirement, and no need of lubrication. These characteristics
lead to the wide development of micro-electromechanical systems (MEMS) [8].
Based on the rigid-flexible combination, the cable-driven parallel mechanisms have
advantages of both the stiffness of rigid links and the flexibility of cables. In
medical mechanisms, springs and cables are widely used in rehabilitated robots [9].
They have several desirable characteristics over rigid-link parallel mechanisms:
reduced end-effector weight and inertia, enlarged reachable workspace, ease of
transportation, and high reconfigurability [10]. Typical applications include the
telemanipulator for cardiac surgery (ARTEMIS) [11, 12], the Anubis scope [13]
and the Spider surgery system [14]. In the space deployable mechanisms, flexible
links, springs, cables and pre-tensioned joints are also widely used because of their
advantages of light-weight, high precision and high availability. For instance, the
supporting structure of the Wrap-Rib Antenna [15] is completely made by flexible
winding ribs. The folding articulated square truss (FAST) [16] of the international
space station is a deployable mast which is actuated by the strain energy stored in
flexible links. And the deployment is controlled by the diagonal bracing cables on
each face of the units. The same situation also occurred in the space deployable
antennas [17], such as AstroMesh [18], Energia-GPI-Space (EGS) [19], and
Engineering Test Satellite VIII (ETS-VIII) [20]. The new members such as flexible
links, springs and cables, have played important roles in satisfying the engineering
requirements.

In the fields of mechanisms, scholars have made great contributions to analyze
the DOF of mechanisms [21], such as Chebyshev, Grübler, Kutzbach, Moroskine,
Hervé, Angeles and Gosselin, and Huang, etc. The studies of DOF include planar
mechanisms, spatial mechanisms, parallel mechanisms, compliant mechanisms, and
metamorphic mechanisms, etc. Many methods have been proposed for calculating
DOFs, including the C-G-K formula, the rank calculation of the matrix of
mechanical homogeneous equations, the application of screw theory [22], the
algebraic-group-structure-theory of displacement groups, and the kernel dimen-
sionality of zero-dimension by using the Jacobian Matrix. So far, there remains no
universal and admissive computational formula. Furthermore, the DOF calculation
methods above are appropriate for the ideal rigid links and kinematic pairs. In
practical engineering, not all mechanisms can be considered as ideal, how to
analyze and calculate the DOFs of mechanisms containing flexible elements
becomes very essential. To address the problem that compliant mechanisms are
treated as structures without any DOF in traditional mechanisms, Her [23] redefined
the DOF of compliant mechanisms and established a method for calculating the
DOF of mechanisms which contain flexible links, according to the effects of link
characteristics on DOF. Chen et al. [24] calculated the DOFs by means of the
C-G-K formula with the equivalent of pseudo-rigid-body. Su et al. [25–27]
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analyzed the motion and constraint spaces of flexible links via screw algebra, and
the mobilities of compliant mechanisms. But these methods are difficult to use for
the mechanisms including springs and cables.

Therefore, it is necessary to define a new class of mechanism considering both
the rigid and flexible elements to satisfy the engineering requirements, as well as the
definition and calculation of the DOF. The layout of the paper is as follows. The
generalized mechanisms are defined in Sect. 2. Based on screw theory, motion
spaces of generalized links and constraint spaces of generalized kinematic pairs are
derived in Sect. 3. In this section we analyze the minimal and maximal mobilities of
generalized links, as well as the minimal and maximal constraints of generalized
kinematic pairs. Three formulas for DOF calculation are then established. And the
numerical simulations to illustrate the feasibility and effectiveness of the proposed
method are given in Sect. 4. Finally, some conclusions are summed up in Sect. 5.

2 Definition of Generalized Mechanisms

As an expansion of traditional mechanism, generalized mechanism is defined as:

Definition 2.1 The generalized links, as the expansion of the traditional rigid links,
contain all links which are capable to transform motions and forces, including rigid
links, flexible links, springs, and cables, etc.

Definition 2.2 The generalized kinematic pairs, as the expansion of the traditional
pairs, contain all kinematic pairs which connect different links and offer constraints,
including not traditional pairs but pre-tensioned joints, compliant hinges, etc.

Definition 2.3 The generalized mechanism is a class of mechanism consisted of
generalized links and generalized kinematic pairs.

There exist some differences between traditional mechanisms and generalized
mechanisms in the links and kinematic pairs, briefly as follows.

(a) Flexible links, including blade flexures and wire flexures, etc., come from
compliant mechanisms. They play the roles of links or flexible hinges in some
conditions, and transform motions and forces by means of deformations.

(b) Both torsion springs and helical springs are applied in generalized mechanisms.
A torsion spring is generally combined with a revolute pair to form a
pre-tensioned revolute joint. While the helical spring can act as an independent
link or a pre-tensioned prismatic joint combined with a prismatic pair.

(c) Cables have advantages of good flexibility and high load capacity. They can
work well for transforming the motion and force at very small space.

Several typical generalized links and kinematic pairs are listed in Table 1.
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3 Mobility of Generalized Mechanisms

3.1 Screw Algebra

In screw theory, every motion and constraint can be denoted by a twist T̂ ¼
ðhx hy hz; dx dy dzÞT and a wrench Ŵ ¼ ðFx Fy Fz; Mx My MzÞT . When a twist is
reciprocal to a wrench, their reciprocal product equals zero, that is

T̂ � Ŵ ¼ Fxdx þFydy þFzdz þMxhx þMyhy þMzhz ¼ 0: ð1Þ

3.2 Motion Spaces of Generalized Links

A generalized link is shown in Fig. 1, with the length l, and the sectional diameter
d. Three direction forces ðFx;Fy;FzÞ and moments ðMx;My;MzÞ are applied to one
endpoint, the other endpoint is fixed. The deformation of a generalized link is:

Table 1 Typical generalized links and kinematic pairs

Generalized
links

Skeleton diagrams Generalized kinematic
pairs

Skeleton
diagrams

Rigid link Revolute pair

Flexible link Prismatic pair

Helical spring Pre-tensioned prismatic
joint

Torsion spring Pre-tensioned revolute
joint

Cable Compliant hinge

Solid joint

Spherical pair

Sphere-pin pair

y

x

z

Fx Mx

Fy

My

Fz
Mz

Base

l

Link

Fig. 1 Motion space analysis
of generalized links
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T̂ ¼ CŴ : ð2Þ

where C is the compliance matrix.
When consider the effects of Fx;Fy;Fz;Mx;My and Mz respectively, the motion

space of a generalized link can be derived as:

½T � ¼ ½T̂Fx T̂Fy T̂Fz T̂Mx T̂My T̂Mz �Q: ð3Þ

where, T̂Fx ; T̂Fy ; T̂Fz ; T̂Mx ; T̂My and T̂Mz are 6-by-1 vectors, which are the respective
effects of the external loads Fx;Fy;Fz;Mx;My andMz. Q is the transform matrix that
makes ½T � formed by E1 ¼ ½1 0 0 0 0 0�T , E2 ¼ ½0 1 0 0 0 0�T ; � � � ;E6 ¼ ½0 0 0 0 0 1�T .

The deformation of a generalized link is produced by external loads. It is
obviously that the number of external mobilities is the rank of the motion space
rankð½T�Þ.
(1) Rigid links

For a rigid link, the elastic modulus is infinity, i.e. C ¼ 0. The rigid link does not
deform under the condition. There is no additional motion mobility in the rigid link.

(2) Flexible links

When the link shown in Fig. 1 is a flexible links, the deformation is as Eq. (4).

T̂ ¼ CŴ ¼

0 0 l2
2EIx

l
EIx

0 0
0 0 0 0 l

GJ 0
� l2

2EIz
0 0 0 0 l

EIz
l3

3EIz
0 0 0 0 � l2

2EIz
0 l

EA 0 0 0 0
0 0 l3

3EIx
l2

2EIx
0 0

2
666666664

3
777777775

Fx

Fy

Fz

�
Mx

My

Mz

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

¼

hx
hy
hz
�
dx
dy
dz

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
: ð4Þ

where E and G are the elastic modulus and shear modulus, A is the cross sectional
area, Ix; Iz are the moments of inertia, J is the torsional moment inertia.

When EA, EI and GJ are close in magnitude, the deformations cannot be
neglected. The motion space of flexible link is as Eq. (5):

T1½ � ¼ T̂Fx T̂Fy T̂Fz T̂Mx T̂My T̂Mz

� �
Q1 ¼ E1 E2 E3 E4 E5 E6½ �: ð5Þ

where, the full rank of ½T1� indicates six relative motions in the free endpoint, which
offers six external mobilities. The effects of Fx;Fy;Fz;Mx;My and Mz are:
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T̂Fx ¼ � Fxl2

2EIz
0 0 1; � 2l

3 0 0
� �T

; T̂Fy ¼
Fyl
EA

0 0 0; 0 1 0ð ÞT ;

T̂Fz ¼
Fzl2

2EIx
1 0 0; 0 0 2l

3

� �T
;

T̂Mx ¼
Mxl
EIx

1 0 0; 0 0 l
2

� �T
; T̂My ¼

Myl
GJ

0 1 0; 0 0 0ð ÞT ;

T̂Mz ¼
Mzl
EIz

0 0 1; � l
2 0 0

� �T
:

When d � l, we can obtain l=EA � l=EIx ¼ l=EIz and l=EA � l=GJ. The
deformation affected by Fy can be neglected, and the motion space is:

T2½ � ¼ T̂Fx T̂Fz T̂Mx T̂My T̂Mz

� �
Q2 ¼ E1 E2 E3 E4 6½ �: ð6Þ

rankð½T2�Þ ¼ 5 indicates five relative motions, which offers five external
mobilities. The motion space in Eq. (6) is the same as the description in [27].

(3) Spring links

When the link shown in Fig. 1 is a helical spring, the deformation is as follows.

T̂ ¼ CŴ ¼

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 1=K1 0 0 0 0
0 0 0 0 0 0

2
6666664

3
7777775

Fx

Fy

Fz

�
Mx

My

Mz

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

¼

0
0
0
�
0
dy
0

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
: ð7Þ

where, K1 is the tension and compression stiffness of the helical spring.
It is noted that just Fy affects the spring on the dy direction, and the motion space is:

T3½ � ¼ T̂Fy

� �
K1=Fy ¼ E5: ð8Þ

The spring link offers one external mobility since rankð½T3�Þ ¼ 1. While K1 is
much larger, the relatively axial translation can be neglected without any mobility.

If the link is a torsion spring with y-axis as the rotation axis, the motion space is:

T4½ � ¼ T̂My

� �
K2= Myl

� � ¼ E2: ð9Þ

where, K2 is the flexural rigidity of the torsion spring.
The torsion spring offers one external mobility. Similarly, when K2 is much

larger, the relatively rotation can be neglected resulting in no mobility.

(4) Cable link

When the link shown in Fig. 1 is a cable link, the deformation is as Eq. (10),
since the cable can just bear tension in the axial direction.
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T̂ ¼ CŴ ¼

0 0 1 1 0 0
0 0 0 0 1 0
1 0 0 0 0 1
1 0 0 0 0 1
0 fc l

EA 0 0 0 0
0 0 1 1 0 0

2
6666664

3
7777775

Fx

Fy

Fz

�
Mx

My

Mz

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

¼

1
1
1
�
1
dy
1

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
: ð10Þ

Where fc ¼ 1; The cable is tensioned:
1; The cable is slack:

�
is the flag of a cable link.

When the cable is slack, there is no constraint, the motion space is as Eq. (11);
When the cable is tensioned, l=EA � 1;Fyl=EA ! 0, the motion space is as
Eq. (12):

T5½ � ¼ E1 E2 E3 E4 E5 E6½ �: ð11Þ

½T 0
5� ¼ E1 E2 E3 E4E6½ �: ð12Þ

As seen from Eqs. (11) and (12), the motion space of the cable depends on its
status in the axis direction. The mobility in this direction is thus defined as:

Fst ¼ 0; The cable is tensioned:
1; The cable is slack:

�
ð13Þ

In summary, motion spaces of generalized links have been analyzed above. And
the mobilities caused by the deformations are summarized in Table 2. In the table, d
is the order of the mechanism. “Additional mobility” is the mobilities caused by the
deformations. n is the number of kinematic pairs connected to the link.

3.3 Constraint Spaces of Generalized Kinematic Pairs

As shown in Fig. 2, two rigid links connect to generalized kinematic pairs and
ðFx; Fy; Fz;Mx; My; MzÞ are applied to the free endpoint respectively. By analyzing
the relative motion between the two rigid links, the motion spaces can be derived,
and the constraint spaces are thus obtained by Eq. (1). So the number of additional
constraint of generalized kinematic pairs can be obtained by rankð½W �Þ.
(1) Pre-tensioned revolute joints

When the generalized kinematic pair shown in Fig. 2 is a pre-tensioned revolute
joint, the deformation of pre-tensioned revolute joint is:
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T̂ ¼ CŴ ¼

0 0 l2=K2 l=K2 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 l3=K2 l=2=K2 0 0

2
6666664

3
7777775

Fx

Fy

Fz

�
Mx

My

Mz

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

¼

hx
0
0
�
0
0
dz

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
: ð14Þ

When the value of K2 is appropriate, Fz and Mx have effects on hx and dz
directions of the pre-tensioned revolute joint, respectively.

T6½ � ¼ T̂Fz T̂Mx

� � 2K2=Fzl2

�K2=Mxl

� �
¼ 1 0 0; 0 0 lð ÞT : ð15Þ

where, T̂Fz ¼ Fzl2=K2 1 0 0; 0 0 lð ÞT is linearly correlated with
T̂Mx ¼ Mxl=K2 1 0 0; 0 0 lð ÞT . The motion space and constraint space of the
pre-tensioned revolute joint is obtained as Eqs. (16) and (17).

T7½ � ¼ E1: ð16Þ

W7½ � ¼ E1 E2 E3 E5 E6½ �: ð17Þ

When K2 is much larger, the torsion spring of the pre-tensioned revolute joint acts
as a constraint, the relative rotation between the two rigid links can be neglected,
then the relative mobility is zero. It is noted that constraints of pre-tensioned revolute
joints are greatly affected by the factors of material. According to these factors, a
pre-tensioned revolute joint offers five or six constraints.

(2) Pre-tensioned prismatic joints

When the generalized kinematic pair shown in Fig. 2 is a pre-tensioned pris-
matic joint, the deformation is as Eq. (18), and the constraint space is as Eq. (19):

y

x

z

Fx Mx

Fy

My

Fz

Mz

Base

l

Rigid link

kinematic pair

Fig. 2 Constraint space analysis of generalized kinematic pairs
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T8½ � ¼ T̂Fy

� �
K1=Fy ¼ E5: ð18Þ

where T̂Fy ¼ Fy=K1 0 0 0; 0 1ð ÞT .

W8½ � ¼ E1 E3 E4 E5 E6½ �: ð19Þ

When K1 is much larger, the helical spring of the pre-tensioned prismatic joint
acts as a constraint. So, a pre-tensioned prismatic joint offers five or six constraints.

Similarly, a compliant hinge offers five or six constraints like a pre-tensioned
revolute joints. And the solid joint has six constraints without doubt. The constraint
spaces of the spherical pair and sphere-pin pair can be obtained by the same
method.

The constraints of generalized kinematic pairs are summarized in Table 3. d is
the order of the mechanism. “Additional constraint” is the constraints caused by the
deformations. The minimal constraint does not consider the constraints caused by
the deformations, while the maximal constraint does. “T x/y/z” and “R x/y/z” denote
the translations and rotations in x, y or z directions, respectively. “R”, “P”, “P-R”,
“P-T”, “CH”, “Solid”, “SP” and “S-PP” denote the revolute joint, prismatic joint,
pre-tensioned revolute joint, pre-tensioned prismatic joint, compliance hinge, solid
joint, spherical pair and sphere-pin pair, respectively. “•” indicates that the gener-
alized kinematic pair offers an additional constraint in one of the directions.

3.4 DOF Calculation

IFToMM terminology defines the mobility or the DOF as the number of inde-
pendent co-ordinates needed to define the configuration of a kinematic chain or
mechanism. It is noted from the above analysis that both mobilities and constraints
of generalized links and kinematic pairs are greatly affected by factors of the
physical dimension, material and external loads. Therefore, based on this definition

Table 3 Constraints of generalized kinematic pairs

Items R P P-R P-P CH Solid SP S-PP

Minimal d − 1 d − 1 d − 1 d − 1 d − 1 d d − 3 d − 2

Additional T x � � � • � � � �
T y � � � • � � � �
T z � � � • � � � �
R x � � • � • � � �
R y � � • � • � � �
R z � � • � • � � �
Sum 0 0 1 1 1 0 0 0

Maximal d − 1 d − 1 d d d d d − 3 d − 2
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and the characteristics of generalized mechanisms, the DOF of generalized mech-
anisms is redefined with the minimal and maximal DOFs.

Definition 3.1 The minimal DOF of generalized mechanisms, also called rigid
DOF, is the number of independent co-ordinates needed to define the configuration
of a kinematic chain or mechanism after rigidifying all elements.

Definition 3.2 The maximal DOF of generalized mechanisms is the sum of min-
imal DOF and additional mobilities offered by deformations of flexible elements.

Referred to the DOF calculation method of traditional mechanisms, that is

F ¼
Xnm
i¼1

Moi �
Xnp
j¼1

Coj þ t� n: ð20Þ

where, Moi is the mobility offered by the i th movable link, Coj is the constraints
offered by the j th pairs. nm and np are the numbers of movable links and kinematic
pairs, respectively. t and n are the redundant constraint and the local degree of
freedom, respectively, which can be calculated by Huang [22].

Combining with Tables 2 and 3, the minimal and maximal DOFs of generalized
mechanisms are expressed as follows.

Fmin ¼
Xnm
i¼1

min Moif g �
Xnp
j¼1

max Coj
	 
þ t� n: ð21Þ

Fmax ¼
Xnm
i¼1

max Moif g �
Xnp
j¼1

min Coj
	 
þ t� n: ð22Þ

where, minfMoig and maxfMoig are the minimal and maximal mobilities offered
by the i th movable link, respectively. minfCojg and maxfCojg are the minimal and
maximal constraints offered by the j th kinematic pairs, respectively.

The maximal DOF may be calculated by the sum of the minimal DOF and the
additional mobilities offered by the flexible elements, that is

Fmax ¼ Fmin þ
Xnm
i¼1

AMoi þ
Xnp
j¼1

ACoj: ð23Þ

where, AMoi is the additional mobility offered by the ith generalized link, and ACoj
is the additional constraints offered by the jth generalized kinematic pair.

In order to calculate the mobilities of generalized links conveniently, the mini-
mal and maximal mobility of the ith generalized link is denoted by an interval
variables fMoi, and the minimal and maximal constraints of the jth generalized
kinematic pairs is also denoted by fCoj. According to the operational rule of interval
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variables, the minimal and maximal DOFs of generalized mechanisms can be
calculated as:

eF ¼ Fmin; Fmax½ � ¼
Xnm
i¼1

fMoi �
Xnp
j¼1

fCoj þ t� n: ð24Þ

where, the DOF of generalized mechanisms, eF , is also an interval variable, and the
lower and upper bounds of eF are the corresponding minimal and maximal DOFs,
respectively.

In summary, the procedures of DOF calculation for generalized mechanisms are
as follows. (a) For new links and kinematic pairs, analyze the motion and constraint
spaces and obtain both the minimal and maximal mobilities and constraints.
(b) Analyze the order of mechanisms d, redundant constraint t, and local degree of
freedom n. (c) Calculate the DOF with Eqs. (20)–(24).

4 Numerical Examples

4.1 Example 1

The mechanism shown in Fig. 3a is a spatial four-bar mechanism of a sewing
machine. Some variations are applied to Fig. 3b, c to make it become generalized
mechanisms. By calculating the DOFs from Fig. 3a–c, we can analyze the evolu-
tion of generalized mechanisms and the change of the DOFs. Based on screw
theory, the twist system of the mechanism shown in Fig. 3a is obtained:

Fig. 3 Spatial generalized mechanisms
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Ta ¼ ð0 0 1 ; 0 0 0ÞT
Tcx ¼ ð1 0 0 ; 0 zc �ycÞT
Tcy ¼ ð0 1 0 ; �zc 0 xcÞT
Tcz ¼ ð0 0 1 ; yc �xc 0ÞT
Tdy ¼ ð0 1 0 ; �zd 0 xdÞT
Tdz ¼ ð0 0 1 ; yd �xd 0ÞT
Te ¼ ð0 0 1 ; 0 �xe 0ÞT

8>>>>>>>><
>>>>>>>>:

: ð25Þ

Obviously, there is no common constraint. So the order is d ¼ 6. And
t ¼ 0,n ¼ 0. Also, there is no flexible element, so the minimal and the maximal
DOFs are equal.

Fmin ¼ Fmax ¼ 6� 3� 5� 2� 4� 3þ 0� 0 ¼ 1: ð26Þ

Compared with Fig. 3a, the mechanism shown in Fig. 3b changes the rigid link
3 to a helical spring, the DOFs are:

Fmin ¼ 6� 3� 5� 2� 4� 3þ 0� 0 ¼ 1

Fmax ¼ 1þ 1 ¼ 2:
ð27Þ

Without considering the deformation of the helical spring, the mechanism shown
in Fig. 3b can be equivalent to a spatial four-bar mechanism whose rigid DOF is 1.
However, the deformation of the helical spring offers the relatively axial translation,
which makes the mechanism satisfy the length condition of the crank-rocker
mechanism in arbitrary link size, i.e. L2 þ L3 � L1 þ L4. The mechanism is thus
changed into a special crank-rocker mechanism with an enlarged work space.

Based on Fig. 3b, the twist system of the mechanism in Fig. 3c is composed of
Ta; Tdy; Tdz and Te, which are the same as Eq. (25). And the common wrenches is:

W1 ¼ ð0 0 0 ; 1 0 0ÞT
W2 ¼ ð0 1 0 ; 0 �xd 0ÞT

�
: ð28Þ

It is noted that the number of common constraints in the mechanism is 2, the
order is d ¼ 6� 2 ¼ 4. And t ¼ 0, n ¼ 0. Then DOFs of the mechanism is:

Fmin ¼ 6� 2ð Þ � 4� 5� 2ð Þ � 2� 4� 2ð Þ � 6� 2ð Þ � 6� 2ð Þ � 2þ 0� 0 ¼ �4

Fmax ¼ �4þ 5þFst � 2ð Þþ 1þ 6� 2ð Þþ 1 ¼ 5þFst:

ð29Þ

It is noted that due to the number of common constraints is 2, the mobilities of
flexible link and the cable are [4, 8] and ½4; 7þFst�, in which Fst is the cable
mobility that limits the work space. The constraints of the solid joint, revolute pair
and pre-tensioned revolute pair are 4, 3 and [3, 4], respectively.
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4.2 Example 2

As shown in Fig. 4, the generalized mechanism is a deployable unit of the large
deployable reflector antenna, ETS- VIII [20]. The pre-tensioned prismatic joint a
assembled in member 1 is the deployment driver. The spring drives the antenna by
member 8, and the cable (member 9) is used for controlling the development. And
the DOFs are calculated in Eq. (30).

eF ¼ 3� 8þ 3; 5þFst½ �ð Þ � 2; 3½ � þ 2� 9þ 3� 2ð Þ � 3 ¼ �3; Fst½ �: ð30Þ

It is noted from Eq. (30) that the minimal DOF of the deployable unit is −3,
because of the rigidity of the pre-tensioned prismatic joint and the triangle con-
stituted by members 1, 8 and 9, which makes it become a statically indeterminate
structure. And the maximal DOF is the cable mobility which controls the
development.

5 Conclusions

A new kind of mechanism named the generalized mechanism is first defined in this
paper. Then the minimal and the maximal DOFs of generalized mechanisms are
developed. Some conclusions are summed up as follows.

Based on screw theory, both the minimal and maximal mobilities of generalized
links and the constraints of generalized kinematic pairs are analyzed by the motion
spaces and constraint spaces. And then three formulas are established for calcu-
lating the DOFs of the generalized mechanisms.

Both the mobilities of generalized links and the constraints of kinematic pairs are
affected by the physical dimension, material and the external loads. And the DOFs
of the generalized mechanisms are thus affected by the above factors. The DOF of a
generalized mechanism is always not a unique value, but an interval value.

Fig. 4 Deployable unit of
ETS-VIII
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The generalized links such as flexible links, springs and cables are able to
enlarge, limit and control the work space of the generalized mechanisms.
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Research on the Mechanism of Alternating
Temperatures on Space Bearing Preload

Fengping Ning, Jiantao Yao, Ruiqin Li and Yongsheng Zhao

Abstract The main purpose of this paper is to research the influence of alternating
temperatures on space bearing and to provide theoretical guidance for establishing
the model of the preload and determining initial preload. Considering the assembly
tolerance of the bearing and the thermal deformation of shaft-bearing system, the
prediction model of the preload is established and verified by experiment. The laws
are revealed that how the mechanical property changes with the alternating tem-
peratures. As alternating temperatures increasing, the interference of the outer ring
decreases and the inner ring increases. Compared with the situation without con-
sidering the interference, the variation of the preload is larger when the interference
is considered. The preload increases with the axial load increasing. Furthermore, the
preload decreases with the initial interference when the alternating temperature is
above room temperature. The range of the preload is studied to ensure the reliable
operation of the revolute joint in spacecraft mechanism.

Keywords Alternating temperatures � Bearing � Preload � Failure � Reliability

1 Introduction

With the rapid development of the spacecraft mechanism technology, the structure
and motion performance of mechanism become more and more complicated [1–3].
Meanwhile, the reliability requirements are increasingly improved. As one of the
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most basic components of spacecraft mechanism, preload has a significant effect on
the performance of spacecraft mechanism. Alfares [4] and Gunduz [5] studied the
influence of preload on dynamics performance, stability and modal characteristics
of shafting. The thermal deformation of spindle and bearing leads to the change in
preload under alternating temperature. Bearing may not be able to meet the preload
requirements. Thus, the research on the mechanism of alternating temperatures on
preload has a special meaning to ensure the reliable operation of mechanism in the
extreme conditions of high-low temperature and alternating temperatures.

Bossmanns [6] predicted the temperature distribution of the spindle system by
using the thermal-mechanical coupling model. Lin [7] constructed the temperature
mutation preload model on this basis. And based on this model, Hu [8] predicted
the thermal preload variation of angular contact ball bearing at different speeds.
Following this model, Gao [9] did the corresponding research in their own studies.

Considering the working conditions, Kim [10, 11] established a comprehensive
model to forecast the thermal and mechanical properties of the spindle-bearing
system. Yang [12] proposed the design methods that can automatically adjust the
preload. Wu [13] designed a device to meet the needs of aerospace bearings in
different working conditions, the preload of which is adjustable. However, the
temperature change will lead to changes in bearing assembly tolerances and further
changes in preload, which are not taken into consideration in above studies.

Considering the bearing assembly tolerance and shaft-bearing system thermal
deformation, this paper focused on the shaft-bearing system of spacecraft mecha-
nism. The influence of alternating temperatures on the mechanism of preload and
the mechanical properties of bearing axial stiffness are studied, and the variation of
preload at different temperatures is verified by experiment.

2 Deformation Analysis of Shaft-Bearing System

2.1 Bearing Deformation Under Assembly Pressure

Bearings are usually used in interference fit, mounted on the shaft or housing to
avoid the fretting corrosion [14]. Figure 1 is the shaft-bearing system, in which the
assembly mode between the inner ring and the shaft is interference fit, and the
assembly mode between the outer ring and the housing is transition fit.

Assume that the bearing ring is thin-wall ring while analyzing the deformation of
rings under assembly pressure [14]. If the interference of the inner ring is Ii, the

Fig. 1 The shaft–bearing
system

598 F. Ning et al.



inner radius of inside ring and inner raceway are Ri and ri, respectively, then the
swelling increment of inner raceway that caused by the assembly pressure will be

uio ¼ RiriIi=ðr2i � R2
i Þ

r2i þR2
i

r2i �R2
i
þ lb

� �
þ Eb

Es
ð1� lsÞ

h i ð1Þ

where, Eb and Es refer to elastic modulus of bearing and spindle. Likewise, lb and
ls refer to Poisson’s ratio of bearing and spindle, respectively.

In the same way, if the interference of the outer ring is Io, the outer radius of
outside ring and the radius of outer raceway are Ro and ro, respectively, then the
swelling increment of outer raceway that caused by the assembly pressure will be

uoi ¼ RoroIo=ðR2
o � r2oÞ

Eh
Eb

R2
h þ r2h
R2
h�r2h

þ lh
� �

þ R2
o þ r2o
R2
o�r2o

� lb
� �h i ð2Þ

where, Eh and lh respectively refer to elastic modulus and Poisson’s ratio of bearing
housing, and, rh and Rh stand for the inner and outer surface radius of the housing.

The initial radial clearance and initial contact angle of bearings will change
under the assembly pressure. The radial clearance reduction that caused by the
compression on bearing inner and outer ring will be

Dur ¼ uoi þ uio ð3Þ

After assembly, the contact angle becomes

a1 ¼ arccos�1 1� ur � Dur
2BDw

� �
ð4Þ

where, BDw is the distance between the curvatures centers of the inner and outer
raceway.

2.2 Thermal Deformation of Spindle-Bearing System

The friction heat of space bearing that operating at the light load and low speed is
both little and negligible. Alternating temperatures becomes the main reason
leading to the thermal deformation in spindle-bearing system. Space bearings are
usually installed at room temperature. It will cause corresponding thermal defor-
mation when it works at space environment, which is DT higher than room
temperature.
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Bearings will show the linear expansion and changes in structural parameters
with the ambient temperature. The deformation amount of the inner raceway
radius is

Dri ¼ abriDT ð5Þ

where, ab represents thermal expansion coefficient of bearing material.
The deformation amount of the outer raceway radius is

Dro ¼ abroDT ð6Þ

The deformation amount of the rolling ball diameter is

DDw ¼ abDwDT ð7Þ

By the Eqs. (5)–(7), it obtains the reduction of the initial radial clearance.

Dur1 ¼ aburDT ð8Þ

Width variation of bearings after thermal deformation is given as follow:

B0 ¼ ð1þ abDTÞB ð9Þ

In the fitting position, the inner diameter of the bearing inner ring and the spindle
diameter are Di and ds. The deformation can be calculated as follows, respectively

DDi ¼ abDiDT ð10Þ

Dds ¼ asdsDT ð11Þ

where, as represents the thermal expansion coefficient of shaft material.
According to the deformation coordination, the variable quantity of interference

where bearing and spindle fit each other after the thermal deformation becomes

DIiT ¼ ðas � abÞDiDT ð12Þ

Similarly, the variable of interference at the fitting area of outer ring is given by

DIoT ¼ ðab � ahÞDoDT ð13Þ

where, ah represents the thermal expansion coefficient of housing material.
For the spindle-bearing system, L is the original spindle length and the length

after thermal deformation becomes
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L0 ¼ ð1þ asDTÞL ð14Þ

The length of spacer between bearings after thermal deformation becomes

L0g ¼ ð1þ agDTÞLg ð15Þ

where, ag represents the thermal expansion coefficient of spacer material.

3 Influence of Alternating Temperatures
on Bearing Preload

As is shown in Fig. 2, it keeps certain pressure and elastic deformation between the
ball and two rings. Meanwhile, the relative axial movement is produced between
inner and outer rings under the preload force. The relationship between the radial
clearance and axial deflection of bearing can be given by the following formula

ua
2

þ da
� �2

þ BDw � ur
2

� �2
¼ BDw þ dnð Þ2 ð16Þ

where, da and dn represent an axial deflection and a normal deflection, respectively.
The relationship between the axial deflection da and the actual contact angle a is

da ¼ BDwðcos a0 tan a� sin aÞ ð17Þ

Both the assembly tolerance and the shapes will change in alternating temper-
atures, leading to the change in the compression deformation of balls and then the
preload.

When the ambient temperature changes, the variation of radial clearance is Dur1,
the distance between the curvature centers of the inner and outer raceway becomes
BDw′ and the variable of interference at the fitting area of outer ring which are DIiT
and DIoT, respectively. Combining the two Eqs. (1) and (2) yields the variable of
the inner and outer raceway are Duio and Duoi. Therefore, the radial clearance in
alternating temperatures can be given as follow

urT ¼ ur þDur1 � Duio � Duoi ð18Þ

Fig. 2 Angular contact ball
bearing under preload
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The bearing contact angle turns to be

aT ¼ arccos�1 1� urT
2BD0

w

� �
ð19Þ

Substituting urT into Eq. (16) yields the relationship between the radial clearance
and axial deflection of bearing in alternating temperatures

u0aT
2

þ d0a

� �2

þ BD0
w � u0rT

2

� �2

¼ BD0
w þ d0n

� 	2 ð20Þ

Combined with Figs. 1 and 2, the geometric relationship among the spindle
length, bearing width and spacer length can be given by

L ¼ Lg þ 2B� 2
1
2
ua þ da

� �
ð21Þ

where, ua refers to the radial clearance and da refers to the axial deformation amount
at room temperature.

The above geometric relationship after thermal deformation becomes

L0 ¼ L0g þ 2B0 � 2
1
2
uaT þ d0a

� �
ð22Þ

where, dw′ refers to the axial deformation amount after thermal deformation.
Substituting BDw′ into (17) yields the actual contact angle

d0a ¼ BD0
wðcos aT tan a0T � sin a0TÞ ð23Þ

The relation between preload and the actual contact angle after thermal defor-
mation obey the following equation

F0
aT

ZKnðBD0
wÞ3=2

¼ sin a0T
cos aT
cos a0T

� 1
� �3=2

ð24Þ

where, Kn represents the load-displacement coefficient.
Considering the assembly tolerance of the bearing and the thermal deformation,

the prediction model of the preload in alternating temperatures is established.
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4 Bearing Preload Test System

Experimental research on the influence of alternating temperatures on bearing
preload was conducted to verify the theoretical analysis. Bearing preload test
system is shown in Fig. 3, which consists of bearing preload test device, DC power
supply, signal acquisition system, high-low temperature laboratory box and data
display, etc.

The bearing preload test device is shown in Fig. 4, the “back to back” mode was
taken to install bearing pairs. Fitting mode between the bearing and the main shaft
is interference fit. Replacing the sleeve between the bearing pairs with sensor 2,
sensor 1 is installed between the bearing and the locknut. The orientation and axial
preload of bearings can be adjusted by the locknut. Sensor 1 is used for measuring
the axial force applied by the locknut. Sensor 2 plays the role of spacer, measuring
the actual bearing preload between the bearing pairs at the same time.

There exists friction at the fitting area. In other words, the actual preload applied
on the bearing has something to do with the tightening torque and bearing friction.
The shaft-bearing test system without housing was used to study the influence of

Fig. 3 Bearing preload test system

Fig. 4 Bearing preload test
device

Research on the Mechanism of Alternating Temperatures … 603



assembly tolerance and alternating temperatures on preload. If the friction between
the spindle and bearings is the only factor brought, the preload will be

Fa ¼ F � f ð25Þ

where, F refers to the axial force applied by lock nut, but f refers to the bearing
friction between shaft and bearing, which is related to the assembly tolerance.

The bearing designation in the test system is angular contact ball bearings
(71807C), which is made of 9Cr18. The materials of the spindle and the sensor are
TC4 and 40CrNiMoA, respectively. Physical properties of the materials in
shaft-bearing test system are shown in Table 1. Geometric parameters of the
angular contact ball bearing (NSK71807C) are shown in Table 2.

5 Results of Simulation and Test

The variation of mechanical properties is analyzed with the dual effect of assembly
tolerance and alternating temperatures. The change rules of the axial stiffness and
preload are also studied by taking the shaft-bearing system as the research object.

The change rule of the stiffness which follows the change of axial preload in
different inner ring assembly tolerances situations is shown in Fig. 5. The axial
stiffness increases with the axial preload when the assembly tolerance keeps the
same. However, the increasing amplitude will shrink gradually. Both the radial
clearance and the contact angle will decrease as a result of the increase in the

Table 1 Physical properties of the materials [15]

Material Elastic modulus (GPa) Poisson’s ratio Thermal expansion
coefficient (10−6m/°C)

9Cr18 200 0.30 10.5

TC4 110 0.33 9

40CrNiMoA 210 0.29 12.8

Table 2 Geometric
parameters of angular contact
ball bearing (NSK71807C)

Parameters Value

Di (mm) 35

Do (mm) 47

di (mm) 37.694

do (mm) 43.976

dm (mm) 40.835

B (mm) 7

Dw (mm) 3.135

Z 25
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interference, which is the reason why the inner ring interference increases while the
axial stiffness decreases with the same axial preload. The larger the interference is,
the huger the axial preload is required for the same bearing to reach the same axial
stiffness.

In the spindle-bearing system, assume interference of the inner ring and the outer
ring is 5 and 1.5 lm, respectively. The change rule of interference following the
variation of alternating temperatures is shown in Fig. 6. The interference of inner
ring decreases with the rise of temperature, but the interference fit of outer ring
shows the opposite trend. The thermal expansion coefficient of bearing material
(9Cr18) is bigger than the spindle and housing materials (TC4). The failure on
connections between the inner ring and the spindle, even loose phenomenon, will
occur at extreme high temperature if the initial interference of inner ring is less than
a certain value. Simultaneously, the failure on connections between the outer ring
and housing will occur at extreme low temperature. The failure mechanism is that
the assembly pressure is close to zero, even that fretting wear occurs in contact area.

The relation between alternating temperatures and preload is shown in Fig. 7. If
the initial preload is set 150 N, the compression deformation of roller ball will
increase, but the axial preload will show a totally opposite trend with the increasing

Fig. 5 Relation between
axial stiffness and preload

Fig. 6 Effect of alternating
temperatures on the assembly
tolerance
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alternating temperature. Compared with the situation without considering the
interference, the variable of axial preload will increase under the influence of
alternating temperatures when the interference is taken into consideration. The
interference at the fitting area changes in alternating temperatures, leading to the
thermal deformation in spindle-bearing system, and then the corresponding change
in preload.

Figure 8 shows the simulation and experimental results alternating temperature
influence on the preload. There is deviate between the theoretical and experimental
data, but the experiment data verify correctness of the theoretical analysis. It can be
seen from Fig. 8 that the bearing interference responds to the change in tempera-
ture, which will lead to the corresponding change in preload. The reason why the
experimental results deviate from the simulation results at high and low tempera-
tures is that the bearing friction at the fitting area responds to changes with alter-
nating temperatures as well.

In engineering practices, the axial preload increases with the rise of temperature
for the bearing pairs installed with “back to back” mode. The reason is that the
temperature of spindle and the bearing inner ring higher than outer ring and spacer,
which results in thermal deformation of shaft larger than the sum of outer ring
and spacer. In spacecraft mechanism, when temperature increases, the sum of

Fig. 7 Relation between
alternating temperatures and
preload

Fig. 8 Result of test and
simulation
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thermal deformation of the spacer in length and the bearing outer ring in width is
larger than the change of spindle in width, which results in the increasing of the
preload. Similarly, while temperature decreases, preload becomes smaller.

The effect of alternating temperatures on axial stiffness is shown in Fig. 9 when
the initial preload is set 150 N. As seen in the figure, both the axial preload and the
axial stiffness increase when alternating temperature rises.

6 Conclusion

The influence of assembly tolerance, alternating temperatures and axially mounted
load and axial stiffness of mechanical properties was simulated, and then the
experiment was conducted on the effect of alternating temperatures on preload.

(1) The inner ring interference increases but the axial stiffness decreases with the
same axial preload. The larger the interference is, the more hugely the axial
preload is required for the same bearing to reach the same axial stiffness.

(2) The increase of alternating temperatures result in increasing of interference of
outer ring, and it is opposite in outer ring. If the initial interference of inner
ring is chosen inappropriately, the connections failure will occur at extreme
temperature, scilicet loose phenomenon at contact surface.

(3) For the bearing pairs installed with “back to back” mode, the axial preload
increases with the rise of alternating temperatures. Compared with no con-
sidering the interference, the variable of axial preload will increase more under
the influence of alternating temperatures when the interference is taken into
consideration.

(4) The axial stiffness on bearings increases when alternating temperatures rises.
While alternating temperature is above room temperature, the preload
decreases with the initial interference increasing. The change rule of the preload
will turn to the opposite if the alternating temperature is below room
temperature.

Fig. 9 Effect of alternating
temperatures on axial stiffness
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Development of a Continuously Statically
Balanced Tablet Computer Stand

Hsu-Kai Tsai, You-Shen Chen and Chin-Hsing Kuo

Abstract This paper presents the design and prototype of a tablet computer stand
able to be statically balanced at any operation angle. First, we introduce the
mechanism design of the stand, in which the cylindrical cam, damper and spring are
used. Then, we verify the static balancing condition of the proposed mechanism via
its force equations. Last, we built a prototype, testing that the stand can support the
tablet computer in any inclined angle and can automatically return back to original
place when it is not in use.

Keywords Gravity compensation � Statically balanced mechanism � Static
balancing � Monitor stand

1 Introduction

Tablet computer stand is a mechanical device for supporting tablet computers or
monitors steadily staying, i.e., being statically balanced, on table at specific angles.
A continuously supported tablet computer stand is a mechanism able to support the
tablet computer or monitor staying at any inclined angle within the specified range
of motion, that is, the stand mechanism is statically balanced. Figure 1 shows a
commercially available continuously supported tablet computer stand.

Two issues are generally discussed when designing continuously supported
tablet computer stands, that are, the functions of static balancing and automatic
return. For static balancing, there are already various designs disclosed in patent
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documents. For example, Xue [2] raised a mechanism that a spring in the stand can
expand outward to hold and bring a gear to produce a blocking force at the
demanded inclined angle. Chang and Yeh [3] proposed a bi-axis mechanism with
blocking cams. One of the axis can rotate up to 360° and lock at some specific angle
due to its profile design. Chen [4] presented a mechanism that the friction force
produced by plastic sleeve is used to make the tablet staying at any angle.

For automatically returning, there are two kinds of stands for this purpose. Lin
[5] used a cam mechanism to generate the returning force for the stand. Huang et al.
[6] made a compression spring working with the cam for stand returning motion.
On the other hand, Ahn et al. [7] designed an outer shell shape for a cam, in which
the outer shell will compress the inner spring to produce demanded force for
automatically returning. In summary, the above three patents all apply cams to
transform a rotational motion to a translational motion for actuating a tensile or
compressive spring. Then, the spring will be compressed or stretched to provide
returning force for the target object. On the other hand, Kang et al. [8] applied gear
train to produce a blocking force for locking the stand in required position. Lin [9]
and Yi et al. [10] filed two patents in which the profile of a cam and the oil in sleeve
can achieve the returning motion and slow down the stand in case hitting the tablet.
Jiang [11] applied protrusion as latch and gasket to make the mechanism return
automatically and slowly in specific range of degrees.

One common approach for making mechanisms statically balanced is the
employment of springs. For example, Nathen [12] proposed the fundamental
concept of using one spring to balance a rotating hinged body. Herder [13] sum-
marized a couple of spring-based approaches for static balancing. Gosselin [14]
introduced several balancing methods that apply the springs into spatial parallel
mechanisms. Kuo and Lai [15] mentioned a multi-degree-of-freedom manipulator
with attached springs for balancing purpose in operating room. The static balancing
technique has also been successfully used for monitor stands. Hsiu et al. [16]
proposed a design which using the springs, pulleys and wires to balance lifting
desktop monitors.

Fig. 1 Continuously
supported tablet computer
stand [1]
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The objective of this work is to design a torsional-spring tablet computer support
that possesses the functions of static balancing and automatic returning. In what
follows, the design concept is introduced first. Then, a design example of the
proposed mechanism is provided with and without considering friction. Finally, a
prototype is manufactured and tested.

2 Mechanism Design

The mechanism we designed is a one-axis design as shown in Fig. 2. The name of
each part as list in Table 1. We apply two-set pivots with a U shape stand to be our
statically balanced mechanism. The main idea is that the washer can provide tor-
sional spring a pre-loading angle to make it compensating the weight of the tablet
computer. And, the cams are the main part to provide a range of specific angle for
dampers to work, which can be rotated by the stand. The working procedure of the
mechanism is introduced below.

In the beginning state, as shown in Fig. 3, the torsion spring (Part 11) will
constantly give a force to the stand because of the pre-compressed angle imposed
by Part 2. In the standing state, the tablet monitor, the stand and the table together
form a triangle. When the stand (Part 16) rotates, the torsional spring will be
tightened so as to drive the cylindrical cam (Part 5) toward the fixed cam (Part 4).

Fig. 2 Schematic diagram of one side of rotating tablet stand. a Concept. b CAD model

Table 1 Main mechanical
parts of the proposed design
in Fig. 2

No. Name No. Name

1 Main axle 2 Washer

3 Sleeve 4 Fixed cam

5 Cylindrical cam 6 Compressed spring

7 Axial linking part 8 Damper

9 Damper part 10 Fixture

11 Torsional spring 12 Washers with bumps

13 Washer 14 Blocking washer

15 Nut 16 Stand leg

17 Base (attached to the tablet)
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In this state, the mechanical system is statically balanced. When the stand offs the
table, the stand doesn’t have the weight force from tablet. Therefore, the torsional
spring will force the stand starting to return back because the statically balanced
condition is changed. When the stand is closed to the tablet monitor, the damper
(Part 8) will start to rotate because of the gear surface of the axial linking part (Part
7) attached to damper linking part (Part 9). Owing to the function of the damper, the
returning force can be reduced. As a result, the whole operation can be divided to
two states, which are explained as follows.

2.1 Beginning State (Fig. 3a)

When the mechanism is in the beginning state, the stand (Part 16) is mainly pushed
by the returning force of torsion spring (Part 11). The compressed spring (Part 6) is
also pre-compressed in this state. As shown in Fig. 3a, the convex surfaces of the
fixed cam (Part 4) and the cylindrical cam (Part 5) are contacted with each other.
The gear surface of the cylindrical cam is to be inserted into axial linking part
(Part 7).

Fig. 3 Operation states. a Beginning state. b Standing state
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2.2 Standing State (Fig. 3b)

As shown in Fig. 3b, when the mechanism is in the standing state, the stand is still
mainly pushed by the torsional spring. In this state, the tablet monitor can stand on
table or any flat surface. The range of inclined angle is limited by the blocking
washer (Part 14). Because of the rotation, the convex of the cylindrical cam is in the
concave of the cylindrical cam. Therefore, the cylindrical cam can close to cylin-
drical cam and lose the contact with the axial linking part. At the standing state,
the mechanism will not contact with the axial linking part (Part 7). We use this
mechanism to accomplish the purpose of automatic return. When the stand off
the table, the stand will start to return back and the cylindrical cam will rotate. Until
the cam rotates to a particular angle, the gear side of the cylindrical cam will be
inserted into the axial linking part to actuate the damper (Part 9).

3 Static Balancing

3.1 Mathematic Model

As shown in Fig. 4, Part 1 is ground, part 2 is tablet computer, and part 3 is the
stand support. h1 is the angle between tablet and vertical line, which is also known
as working angle. h2 is the angle between tablet and stand support. The length of
tablet monitor is assumed 0.3 m. The weights of the tablet and the stand are
assumed 5.16 and 0.343 kg, respectively.

FBD of the monitor. The free-body diagram (FBD) of the monitor is shown in
Fig. 5a. When the resultant and the resultant moment are zero, the system of the
tablet monitor is statically balanced. The force and moment equations of the
monitor is as Eqs. (1–3). Ff12 is the friction between the table and the tablet

Fig. 4 The dimension of the
stand (Unit: cm)
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monitor, F12 is the magnitude of the reaction force between the table and the tablet
monitor, F32x is the force-component of the stand to tablet monitor along the x-axis
direction. F32y is the force-component of stand to tablet monitor along the y-axis
direction. W is the weight of tablet monitor. T32 is a moment applied by the
torsional spring. And l is the friction coefficient between table and tablet monitor.

X
Fx ¼ F32x þFf 12 ¼ F32xF12l ¼ 0: ð1Þ
X

Fy ¼ F32y þF12 �W2 ¼ 0: ð2Þ
X

MA ¼ ðr1xF32y � r1yF32xÞ �W2r2x þ T32 ¼ 0: ð3Þ

FBD of the stand. The FBD of the stand is shown in Fig. 5b. The way of
carrying out is as monitor. The force and moment equations of the stand is as
Eqs. (4–6).

X
Fx ¼ F23x þF13l ¼ 0: ð4Þ

X
Fy ¼ F23y þF13 �W3 ¼ 0: ð5Þ

X
MB ¼ ðr4xF23y � r4yF23xÞ �W3r3x þ T23 ¼ 0: ð6Þ

Static balancing of whole system. Equations (1–6) forms a system of equations
with six unknown variables F12, F13, F32, F23, T32 and T23. Because F32 and F23 are
with the same value but different direction, we consider these are the same variable.
T32 and T23 are the same variables as same reason. Therefore, the unknown we want
to figure out becomes to F12, F13, F23x, F23y and T23. The other parameters will be

Fig. 5 Free-body diagrams.
a Monitor. b Stand
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place into real data to get the answer of unknown parameters. T32 will be the value
that we want. According to the relation between T32 and angle, we can know that
for static balance how much force we need to input to select the match spring.

3.2 Design Example

Here we provide a numerical example to illustrate our design. The design param-
eters are given in Table 2. The weights and dimensions of tablet, stand and friction
coefficient are given by following the practical needs. Based on these parameters,
we can solve the equations list in Sect. 3.1 and the result is shown as Fig. 6. The
curve in Fig. 6 is about working degree h3 (the angle between vertical line and
tablet monitor) to required torsion torque. The value of torsion torque is getting
large as the working degrees increasing. This trend is as same as the weight torque.
So, compensation force can truly compensate the weight of tablet. The red line is
the fitting line and its equation is y = 0.0239x + 0.8393. According to this equa-
tion, we can get the value K (the coefficient of elastic of spring) is 0.0239 N/m, the
slope rate of this fitting line. Then, according to the K value, we can figure out the
pre-pressed angle of torsional spring at working angle 15° is 52°.

Table 2 Known parameters
of the mechanisms

Parameter W2 W3 r1 r4 l

Value 5.16 kg 0.343 kg 0.145 m 0.147 m 0.5

Fig. 6 Balancing situation of
the design example
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3.3 Friction Compensation

In reality, the friction force can be used to compensate the imperfect balancing.
Figure 7 shows the situation when friction is considered in the present design in
Sect. 3.2. In our model, the average friction force that produces at pivot point is
about 0.4 N-m. Since the friction force is always against the motion of the body, we
shift the curve of spring force up and down by 0.4 N-m to represent the total
balancing force made by spring and friction. As a result, the balancing for computer
weight is bounded by two curves (the “range of friction force” in Fig. 7). As long as
the whole curve of “total compensation force” is bounded between these two
curves, the mechanism will be statically balanced in reality.

4 Prototype

After the selection of size and materials and verification of static balancing, we are
going to manufacture a prototype according to these data. Using 3D drafting
software Pro/E to draw part graphs including stand, spring, torsion spring, cams,
damps, fixed parts, washers etc. Then, export to engineering graphics to factory to
produce each part and we assemble them.

Based on the design result in Sect. 3, a CAD model of the proposed tablet
computer stand is generated as Fig. 8. Accordingly, we built a prototype as Fig. 9
and tested that the stand can balance the weight of the computer in a range of
inclined angles between 15° to 80°.

Fig. 7 Balancing situation
when friction force is
considered
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Fig. 9 Prototype of the
proposed tablet computer
stand

Fig. 8 CAD model of creative design of a torsional-spring tablet computer support. The picture
on the left bottom corner shows the means to pre-load the torsion spring to compensate the weight
of tablet. In this way, the torsion spring force can balance the weight of tablet to accomplish the
static balance
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5 Conclusions

We have presented the design of a continuously statically balanced tablet computer
stand which can support the tablet computer staying at any angle in working space
and return automatically. A new mechanism made by torsional spring, cylindrical
cam and damper was devised. According to the configuration of this new mecha-
nism, the equations of static balancing were figured out. Via the illustration of the
provided numerical example, the stiffness of the torsional spring was identified
from the force and moment equations. Accordingly, a prototype was manufactured
and was tested, for which the mock computer can be balanced with an inclined
angle between 15 and 80°. The future work would be the design for the stand
returning speed, which can return fast but would not impact the monitor.
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Part III
Compliant Mechanism



The Local Optimum in Topology
Optimization of Compliant Mechanisms

Qi Chen and Xianmin Zhang

Abstract The local optimum is widespread in topology optimization of compliant
mechanisms due to the non-convex objective function. And sometimes the result is
far always from the global optimum. A scheme composed of two steps is proposed
to avoid most of the local optimum in topology optimization of compliant mech-
anisms in this article. Unlike the traditional method which starts from a uniform
guess, the second step of the scheme starts from the upper bound of the objective
function which is the objective function of the global optimum in some cases. The
numerical example indicates that this method is useful. The theoretical upper
bounds of the objective function in two formulations are deduced. And it is pointed
out that in some cases, topology optimization of compliant mechanisms is a process
to find a rigid-body mechanism with a certain geometrical advantage. And the
geometrical advantage is depended on the boundary condition.

Keywords Local optimum � Compliant mechanisms � Topology optimization

1 Introduction

A compliant mechanism transmits the applied forces from specified input ports to
output ports by elastic deformation of its comprising material, fulfilling required
kinematic functions analogous to a rigid-body mechanism [1]. There are two major
design methods for compliant mechanisms: pseudo-rigid-body mechanism syn-
thesis and continuum structure optimization.

A number of techniques have been developed to design the compliant mecha-
nisms by continuum structure optimization. Simplified isotropic material with
penalization (SIMP) [2, 3] is a fundamental method and will be discuss in this
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article. Many objective function of the optimization problem are proposed. Two
formulations will be discussed. They are the mechanical advantage
(MA) formulation and the output displacement formulation. The output displace-
ment formulation includes an input spring to model the actuator’s stiffness [4]. The
output displacement is the objective function. The mechanical advantage
(MA) formulation applies constrain on the input displacement [5]. The mechanical
advantage is the objective function.

The objective function which maximizes mechanical or geometrical advantage
[6] is found to be a non-convex function [7]. And most of the topology optimization
method updates the design viable according to the sensitive analysis. Thus, the
result of the topology optimization of compliant mechanisms is usually the local
optimum but not a global one. Sometimes, the result is far always from the global
optimum. This is a serious problem. However, the researches about the local
optimum in topology optimization of compliant mechanisms are rare.

Similar researches about the local optimum aim to deal with the structural
topology optimization problem [8]. The structural topology optimization problems
are modeled using material interpolation, e.g. simplified isotropic material with
penalization, to produce almost solid-and-void designs. But the problems become
non convex due to the use of these techniques when penalty factor is bigger than 1.
The penalty continuation in structural topology optimization is used to avoid the
local optimum in many researches [9, 10]. This method increases the penalty factor
from 1 to a maximum number during topology optimization. The penalty contin-
uation is reported to be helpful in topology optimization of compliant mechanisms
[11, 12]. Instead of OC and MMA, GCMMA is proposed to update the design
variable to avoid the local optimum [13]. However, the global optimal solution
cannot always be obtained by continuation with respect to the penalization
parameter and how far is the result away from the global optimum remains
unknown. The theoretical upper bounds of the objective function in two formula-
tions are deduced in this article. And the upper bound is equal to the global
optimum when the stiffness of the spring is small.

In this article, the scheme composed of two steps is proposed to avoid most of
the local optimum and find the solution next to the global optimum in topology
optimization of compliant mechanisms. The scheme composed of two steps is
based on the following discoveries. The theoretical upper bound of the objective
function exists and is equal to the global optimum when the stiffness of the spring is
very small. And in this case, topology optimization of compliant mechanisms is a
process to find a rigid-body mechanism with a certain geometrical advantage. And
the geometrical advantage is depended on the boundary condition.

The paper is organized as follows. Section 2 discusses the theoretical upper
bounds of the objective function. Section 3 discusses the essence of topology
optimization of compliant mechanisms in some cases. Section 4 introduces the
scheme composed of two steps to avoid most of the local optimum. Section 5 is the
discussion and conclusion.
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2 The Theoretical Upper Bound of the Objective Function

The theoretical upper bound of the objective function in the output displacement
formulation is deduced here. An input spring is introduced to model the actuator’s
stiffness. The mathematical model is given as

max
0� x� 1

: Dout

s:t: : Fin � KU ¼ 0
VðxÞ�V0

ð1Þ

where Dout is the displacement of the output node. Fin is the force vector applied on
the input node. U is the displacement vector. VðxÞ is the volume factor. K is the
stiffness matrix and is given by

K ¼ KS þKin þKout ð2Þ

where KS is the sum of stiffness matrix of all continuum elements. K in is the
stiffness matrix of input spring. Kout is the stiffness matrix of output spring.

The norm of the input force vector Fink k can be divided into two parts and can
be given as

Fink k ¼ Fink þFins ð3Þ

where Fink is applied to the input spring and is given as

Fink ¼ KinDin ð4Þ

where Kin is the stiffness of input spring. Din is the displacement of the input node.
Fins is applied to the compliant mechanisms. Compliant mechanisms store the
energy when they are deformed. Thus, the input energy is bigger than the output
energy.

FinsDin �FoutDout ð5Þ

g is introduced as the energy transport efficiency and is given by

g ¼ FoutDout

FinsDin
ð6Þ

r is defined as the geometrical advantage and is given by

r ¼ Dout

Din
ð7Þ
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Then, the objective function can be deduced by a combination of Eq. 1–7

Dout ¼ Fin

Kin

r
þ Koutr

g

ð8Þ

when

r ¼
ffiffiffiffiffiffiffiffiffi
gKin

Kout

r
ð9Þ

The objective function is maximized. If the Young’s modulus of the material is
large while the stiffness of input and output spring is small, the compliant mech-
anism is close to the rigid-body mechanism and the energy transport efficiency g is
close to 1. The objective function reaches the theoretical upper bound and is given
as

Dout ¼ Fin

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KinKout

p ð10Þ

The theoretical upper bound of the objective function in the output displacement
formulation is deduced. In this case, the topology optimization of compliant
mechanisms is a process to find a rigid-body mechanism with a certain geometrical
advantage. And the geometrical advantage is depended on the stiffness of input
spring and output spring as given in Eq. 9.

If there is no relationship between the energy transport efficiency and the geo-
metrical advantage, then the objective function is maximized when the energy
transport efficiency is equal to 1. This deduction is corresponded to the theory in
other researches [14, 15].

In the MA formulation, constrain on the input displacement is applied. The
mathematical model is given as

max
0� x� 1

: MAðxÞ ¼ Foutk k
Fink k ¼ KoutDout

Fink k
s:t: : Fin � KU ¼ 0

VðxÞ�V0

Din �Dmax

ð11Þ

where Dmax is the upper bound of the input displacement. K is the stiffness matrix
and is given by

K ¼ KS þKout ð12Þ

624 Q. Chen and X. Zhang



the output displacement can be deduced as

Dout ¼ min
gFin

rKout
; rDmax

� �
ð13Þ

and the objective function is given by

MA ¼ min
g
r
;
Kout

Fin
rDmax

� �
ð14Þ

If g � 1, MA will reach the maximum value when the geometrical advantage

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Fin

DmaxKout

r
ð15Þ

The maximum value, which is the theoretical upper bound of the objective
function, is given by

MA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DmaxKout

Fin

s
ð16Þ

The theoretical upper bound of the objective function in the MA formulation is
deduced above. In this case, the topology optimization of compliant mechanisms is
a process to find a rigid-body mechanism with a certain geometrical advantage. And
the geometrical advantage is depended on Eq. (15).

3 The Essence of Topology Optimization of Compliant
Mechanisms

When the Young’s modulus of the material is large and the stiffness of input and
output spring is small, topology optimization of compliant mechanisms is a process
to find a rigid-body mechanism with a certain geometrical advantage. And the
geometrical advantage is depended on the boundary condition.

A numerical example is illustrated. It is an inverter design problem. The
boundary condition is showed as Fig. 1. Term E is the Young’s modulus of the
material.l is the Poisson ratio. t is the thickness and V0 is the volume factor.

The design domain is discretized. The 105 line MATLAB code [4] is used to
solve this problem. And the result of this problem is showed in Fig. 2.
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The objective function of the result is 0.04996 mm. And the result is in
accordance with Eq. (10) because

Dout ¼ Fin

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KinKout

p ¼ 0:05mm ð17Þ

A check of the geometrical advantage r in this problem is done for further
validation. The geometrical advantage r should be equal to 1 when the objective
function is maximized in this problem according to Eq. (9). A rigid-body mecha-
nism is extracted from Fig. 2 and is showed in Fig. 3.

The geometrical advantage r from the kinematic analysis is given by

r ¼
_Dout

_Din

¼ 0:9804 � 1 ð18Þ

The result is nearly the same as that in Eq. (9).

Fig. 1 The boundary condition of the inverter design problem

Fig. 2 The result of the
inverter design problem
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This numerical example indicates that in some cases the essence of topology
optimization of compliant mechanisms is a process to find a rigid-body mechanism
with a certain geometrical advantage. And the geometrical advantage is depended
on the boundary condition. This phenomenon occurs when the Young’s modulus of
the material is large and the stiffness of input and output spring is small.

4 The Scheme Composed of Two Steps to Avoid Most
of the Local Optimum

Now that the upper bound of the objective function is deduced, evaluating the
problem of the local optimum becomes an easier task. A method is proposed to find
the solution next to the global optimum in topology optimization of compliant
mechanisms.

This scheme is composed of two steps. The first step is to find a rigid-body
mechanism with a certain geometrical advantage r. The geometrical advantage is
given by Eqs. (9) or (15). In order to find the rigid-body mechanisms by topology
optimization, the Young’s modulus is magnified and the stiffness of output spring is
reduced. The second step is topology optimization of compliant mechanisms. The
Young’s modulus and the stiffness of output spring the same as the original
problem, but the initial guess is the result of the first step instead of the uniform
density. The flow chart is showed in Fig. 4.

An example is used for illustration. The boundary condition of the inverter
design problem is showed in Fig. 5. The objective function is the output dis-
placement. And the result of the 105 line MATLB code is showed in Fig. 6. This
result is used for comparison.

When the proposed scheme is used, the first step is to find a rigid-body mech-
anism. The best geometrical advantage is equal to 20 in this problem according to
Eq. (9). The Young’s modulus is magnified 1000 time and the stiffness of the

Fig. 3 Kinematic sketch of the rigid-body mechanism(upper half)
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output spring is set to be 625 N/m. Then, the program starts until the geometrical
advantage reaches 20 as showed in Fig. 7a. The rough rigid-body mechanism
design problem is finished. In order to get a reasonable result, the stiffness of the

Fig. 4 The flow chart of the
scheme composed of two
steps
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output spring is then set to be the same as the original problem. Then, a fine
rigid-body mechanism whose geometrical advantage is next to 20 is got. The
rigid-body mechanisms is showed in Fig. 7b. That is the first step. The second step
is to find a compliant mechanism from the rigid-body mechanism. The Young’s
modulus is set to be 2.09e11 Pa. The final result is showed in Fig. 7c.

Comparison between the traditional method starts from the uniform guess and
the proposed method in this article is showed in Table 1 and discussed below.

The traditional 105 line MATLAB code finds the result that the output dis-
placement is 0.408 mm. The proposed method finds the result that the output
displacement is 0.832 mm. There are great differences between these two results
and both of them are local optimum. The upper bound of the output displacement is

Fig. 5 The boundary condition of the inverter design problem

Fig. 6 The result of the 105
line MATLB code, the output
displacement is 0.408 mm
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1 mm in this problem. However, it is not the result of global optimum because the
soft material always stores energy and makes the energy transport efficiency g lower
than 1.

5 Discussion and Conclusion

In output displacement formulation, the objective function is a function of two
variable in Eq. (8). They are energy transport efficiency and the geometrical
advantage. If the energy transport efficiency is close to 1, the output displacement is
depended on the geometrical advantage. In this case, topology optimization of
compliant mechanisms is a process to find a rigid-body mechanism with a certain
geometrical advantage. And the objective function reaches the upper bound. Similar
phenomenon occurs in MA formulation. The existence of the output spring and
input spring is important. The problem will become ill-condition if one of their
stiffness is zero. Because there won’t be a certain geometrical advantage which
maximizes the output displacement as given in Eq. (9).

In future research, the analysis of the other objective function, e.g. efficiency
formulation [16], Characteristic Stiffness (CS) Formulation [17] and Artificial I/O
Spring Formulation [18], should be done. The quantity relation between the stiff-
ness of spring and the Young’s modulus when a rigid body mechanism is design
should be pointed out.

Fig. 7 a The geometrical advantage is 19.19. b The reasonable rigid-body mechanism. The
objective function is equal to 1.00 mm and is next to the upper bound 1 mm in Eq. (10). (c) The
result of the topology optimization of inverter, the output displacement is 0.832 mm. And the
geometrical advantage is 12.8864

Table 1 Comparison between the traditional method and the scheme composed of two steps

Objective function The traditional
method

Scheme in this
article

Upper
bound

Output displacement
(mm)

0.408 0.832 1
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In conclusion, three discoveries are discussed in this article. First, the theoretical
upper bounds of the objective function in two formulations are deduced. Second, it
is pointed out that in some cases, topology optimization of compliant mechanisms
is a process to find a rigid-body mechanism with a certain geometrical advantage.
And the geometrical advantage is depended on the boundary condition. Third,
based on the above discoveries, a method is proposed to find the solution next to the
global optimum in topology optimization of compliant mechanisms. The numerical
example indicates that this method is useful.
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Minimizing the Difference Between Two
Output Performances to Avoid de Facto
Hinges in Topology-Optimized Compliant
Mechanisms

Benliang Zhu, Xianmin Zhang, Sergej Fatikow and Jinglun Liang

Abstract This paper presents a method for mathematically formulating the com-
pliant mechanisms topology optimization problem aimed at automatically elimi-
nating the de facto hinges. The underlying idea is to augment the traditional
kinematic objective with a difference between two cases of output displacements of
the mechanism: one without spring and one with. A formulation is developed by
using the weighting method. An adaptive scheme for setting the weighting factor is
proposed. Several numerical examples are studied to demonstrate the validity of the
proposed method.

Keywords Compliant mechanism � De facto hinge � Topology optimization �
SIMP � Weighted sum method

1 Introduction

A compliant mechanism is defined as a mechanism which gain its mobility from the
flexibility of at least parts of its members [1, 2]. Over the past decade, design of
compliant mechanisms using continuum topology optimization methods has under-
gone considerable development. The topology optimization problem for the synthesis
of compliant mechanisms has been formulated in many different ways [3–7].
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However, one of the unsolved issues is that the created mechanisms are strongly
related to de facto hinges although that was not the intent [8–10].

Great efforts have been made by various researchers who attempted to remove
these hinges to obtain compliant mechanisms with distributed compliance. Extra
constrains [11–15] and the filtering methods [16, 17] are often employed into the
optimization process. However, these schemes appear to have a limit success on
preventing de facto hinges [16, 17]. In addition, some novel geometric represen-
tation schemes have been investigated to inherently avoid topological anomalies
[18, 19]. Hybrid Discretization method [20, 21] has been developed for achieving
distributed compliant mechanisms. However, it requires re-meshing of the design
domain and thus it is computationally expensive.

The reason causing de facto hinges lied behind the mathematical formulations
[8, 9, 22, 23]. In order to formulate the design problem that can inherently prevent
de facto hinges, new formulations have been proposed, including the intrinsic
characteristic formulation [10], the artificial I/O spring formulation [5] and the
input-output mean compliances formulation [24, 25].

2 Motivation

Figure 1 illustrates a schematic of a monolithic compliant mechanism design
problem. The design domain D with a fixed boundary Cd is loaded with an input
force Fin with its displacement magnitude uin at the input port i. It is desired to have
an output performance, e.g., uout, at the output port o. A spring kout is attached to the
output port to imitate the workpiece. An assumption of a force/displacement rela-
tionship, i.e. Fout ¼ koutuout, at the output port is often necessary. Without using this
condition, it is difficult to achieve a mechanism design in which the input and
output ports are even connected [3, 9].

Most of the current force-deflection type formulations simultaneously maximize
the deformation at the output port and maximize the overall stiffness of the structure
which is measured by using the strain energy. As a result, a rigid-body linkage with
revolute joints is the true optimum because it can generate large output deformation

Fig. 1 The design domain
for topology optimization of
complaint mechanisms
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and has zero strain energy. Thus, de facto hinges are inevitable. In this study, we are
motivated to develop an alternative mathematical formulation aimed at inherently
avoiding the de facto hinges.

3 A Difference Reducing Method

We first use an example to illustrate the underlying idea of the proposed method.
Considering a compliant mechanism with de facto hinges shown in Fig. 2a, we
consider two load cases: (I) the spring kout is attached to the output port and the
resulting output displacement is denoted as uo1; (II) the spring kout is eliminated and
the resulting output displacement is denoted as uo1f .

Let us use Duhingedout ¼ uo1 � uo1f
�� �� to indicate the difference between uo1 and uo1f .

For the hinged compliant mechanism, Duhingedout will approach extremely large as the
hinge parts undergo essential rigid-body rotation of the second load case.

A smaller output displacement difference will be obtained if the compliant
mechanism is free of de facto hinges (as shown in Fig. 2b) as a certain level of
energy will be stored inside the mechanism. Let us use Duhinge�free

out ¼ uo2 � uo2f
�� �� to

indicate the difference obtained from the mechanism in Fig. 2b. Thus

Duhinge�free
out \Duhingedout ð1Þ

This means, hinged compliant mechanism corresponds to a large Duout, whereas
hinge-free compliant mechanism corresponds to a small one. Conversely, if Duout
can be reduced, de facto hinges can be prevented.

Think of the spring as an obstacle, which is pushed with a compliant mechanism.
Reducing the performance difference is actually equivalent to lowering the effect of

Fig. 2 Two kinds of compliant mechanisms: a contains de facto hinges and b free of de facto
hinges
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the obstacle. If the output performance of a mechanism is hardly changed whether it
is blocked by an obstacle, the mechanism has to be stiff enough (free of de facto
hinges).

3.1 An Alternative Formulation

Here, we can describe our method as follows: (I) obtain the displacements uaout
(without spring) and ubout (with spring) respectively from two load cases.
(II) maximize ubout to obtain compliant mechanism and minimize Duout to make it
hinge-free. Duout can be expressed as

Duout ¼ uaout � ubout
�� �� ð2Þ

A multi-objective optimization problem is considered. Using the weighting
method, an alternative optimization model Q for topology optimization of
hinge-free compliant mechanisms can be formulated as

Q : Minimize : J ¼ xDuout � ð1� xÞubout
Subject to : V �Vmax

uin � umaxin

ð3Þ

where V and uin indicate the maximal material usage and the displacement at the
input port, respectively.

For the implementation of Q, since the best definition for x is problem
dependent, we therefore propose an adaptive way to assign this value, based on the
value of x of the previous iteration. In the ðkþ 1Þth iteration, the value of xkþ 1 can
be set to

xkþ 1 ¼ 1

1þ ðuboutÞk
ðDuoutÞk
��� ��� ð4Þ

With a decreasing of Duout and an increasing of ubout, x will be gradually
enlarged. Thus, the weight of Duout is increased. This can minimize Duout to prevent
de facto hinges meanwhile avoiding setting x artificially. During each iteration, the
x is constant. Therefore

@x
@x

¼ 0 ð5Þ

where x is the design variable matrix. This makes the sensitivity of the proposed
method easy to compute.
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Although for the implementation of the proposed method, an extra equilibrium
equation needs to be solved to obtain uaout, it does not occupy much CPU time. This
will be quantitatively demonstrated in Sect. 5.

4 Solution Algorithm

Incorporating the SIMP method [26, 27], Q can be rewritten as

Minmize
x

: J ¼ xjLTUa
out � LTUb

outj � ð1� xÞLTUb
out ð6Þ

Subject to :
XN
e¼1

texe �Vmax ð7Þ

uin � umaxin ð8Þ

KaUa
out ¼ Fin ð9Þ

KbUb
out ¼ Fin ð10Þ

0\xmin � xe � 1 ð11Þ

e ¼ 1; 2; . . .N ð12Þ

where L is a unit load vector consisting of zero except for position i with an entry of
Li ¼ 1, and Ua

out is the displacement vector generated by the load vector Fin applied
at the input port with a spring fixed at the output port of the design domain. Ub

out is
the displacement vector generated by the load vector Fin applied at the input port
without a spring fixed at the output port of the design domain. The stiffness
matrixes Ka and Kb depend on the stiffness Ee in element e which can be written as

Ka ¼
XN
e

KeðEeÞ ¼ K ð13Þ

Kb ¼
XN
e

KeðEeÞþKout ¼ KþKout ð14Þ

where Ke is the element stiffness matrix in the global level. Kout is the artificial
spring stiffness kout in the global level.

The flowchart of the optimization is shown in Fig. 3. The filtering method [27] is
employed to prevent the checkerboard patterns, and the optimal criteria method [28,
29] is employed to update the design variables.
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5 Numerical Examples

The artificial material properties are described as: Young’s modulus for the solid
material is E ¼ 1 and Poisson’s ratio t ¼ 0:3. The densities are restricted by a
lower bound xmin ¼ 10�3. The power law mixing rule with p ¼ 3 is used in the
computations. The design domain is discretized by using 100 � 100 finite
elements.

5.1 Compared with Conventional Spring Model:
Displacement Inverter

The design domain is shown in Fig. 4. The maximal material usage is restricted to
20 %. The upper limit of the input displacement umaxin is set to 10.

For both the conventional spring model and the proposed method, the same
spring kout ¼ 10�3kb is used where kb is the bounding spring value [5]. Figure 5
reveals that the traditional method gives lumped compliant mechanism, whereas the
proposed method gives distributed compliant mechanism. The hinge-free compliant
mechanism performs smaller compliance than the design containing de facto hin-
ges. However, the hinged designs are so fragile that they could fail immediately
when being loaded. Therefore, the performance of a compliant mechanism that
relies on de facto hinges is not necessarily achievable. Further, in order to obtain

Fig. 3 The flowchart of the
proposed optimization
procedure
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compliant mechanisms that have higher compliance characteristics, an alternative
way is to impose more restrictive material usage constraint value [5].

For implementation of Q, x is dynamically changed during the optimization
process. The convergence history of x is shown in Fig. 6. It reveals that, with the
increasing of uout and the decreasing of Duout, x can vary dynamically and be
enlarged and thus the lumped compliance is prevented.

The average CPU time of one optimization iteration when using different
methods is compared in Table 1 where T is the overall CPU time of each opti-
mization iteration, tK is the time of assembling of K, tU1 is the time of calculating
U1, tU2 is the time of calculating U2, tsa is the time of sensitivity analysis, and tx is
the time of updating variables.

Fig. 5 The optimized
topologies of the
displacement inverter
obtained using: a the
conventional spring model,
b Q

Fin
uout

i o

Fig. 4 The design domain of
the displacement inverter
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The assembling of K is the most CPU time consuming step no matter which
method is used. For using the proposed method, the costing CPU time of each
iteration is a little larger than the traditional method. However, it does not influence
the computational efficiency very much as the establishment of K is only needed
once.

5.2 Effect of the kout: Push Gripper

The design domain and boundary conditions are shown in Fig. 7. The gap size of
the design domain is 30 � 30. The upper limit of the input displacement umaxin is set
to 10. The maximum material usage constraint Vmax is set to 0.2.

Fig. 6 The convergence
history of x

Table 1 The values of the average CPU times(s) in each iteration obtained using the conventional
spring method and the proposed method

tK tU1 tU2 tsa tx T

Conventional 4.2136 – 0.0914 0.0993 0.0247 4.4290

Proposed 4.1988 0.0372 0.0901 0.1024 0.0242 4.4527

Fin

uout

i
o

o uout

Fig. 7 The design domain of
the push gripper
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The effect of different kout upon the resulting optimal configurations is examined
in this section. Four cases are studied where kout is respectively set to 10�1kb,
10�2kb, 10�3kb and 10�4kb.

Fig. 8 The optimized
topologies of the push gripper
obtained using Q:
a kout ¼ 10�1kb;
b kout ¼ 10�2kb;
c kout ¼ 10�3kb;
d kout ¼ 10�4kb
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Figure 8 shows the optimized configurations for each case. All of the obtained
configurations are free of de facto hinges. The respective deformed configurations
of these designs show the mechanisms functioning with well-distributed elastic
deformation when they are loaded. For implementation of Q, hinge-free compliant
mechanisms can be obtained no matter kout is set to be large or small.

6 Conclusions

In this study, a new method for topology synthesis of hinge-free compliant
mechanisms is presented. In the method, the objective function is augmented by
minimizing the difference between two output performances. Numerical examples
show that hinge-free compliant mechanisms can be obtained. Further, the proposed
method is very easy for application.

Other aspects of the method need further investigation, such as the proposed
method could be generalized for using other objective functions, such as the geo-
metrical advantage and the mechanical advantage.
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Topology Optimization of Compliant
Mechanism Based on Minimum
Manufacturing Constraints

Zhang Yonghong, Sang Yang, Ge Wenjie and Xu Lei

Abstract The objective of this paper is to demonstrate a method for the topology
optimization of compliant mechanism. The proposed method employs the mini-
mum manufacturing constraints to realize the non-linearly mapping between the
qualities of nodes and unit volume fraction in order to void the narrow hinge-like
section in compliant mechanism which is difficult to be manufactured. The method
and implementation are illustrated through numerical experiment of compliant
grasper. The result shows that minimum structure size could be controlled by the
topology optimization including the non-linearly mapping method. At the same
time, the use of the minimum manufacturing constraints reduces the maximum
stress level of grasper, and makes the stress distribution tends to be homogeniza-
tion. But this method would reduce the output displacement of the structure in a
certain extent.
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1 Introduction

In contrast to traditional mechanism that rely on movable joint in order to perform
their function, the compliant mechanism is defined by Howell as a mechanism that
utilize the deformation of the flexible members to transfer force, motion and energy
[1]. Compliant mechanism has the innate abilities that they are easy to fabricate,
exhibit low wear and low frication, and have a built-in restoring force. So it become
popular in mechanical design. Topology optimization is often used in synthesizing
the compliant mechanism. But in the topology optimization process the narrow
weak hinge-like section are often present in compliant mechanism that are also
called checkerboard and mesh dependence and other numerical instability phe-
nomenon, which leads to poor manufacturing ability and the reduction of the
reliability of the calculation results [2–4]. To deal with the problem, many tech-
niques including the global perimeter constraint method [5], the slope constrained
method [6], the local stress constraints scheme [7], the minimum length scale
constraint method [8], the upper-bound constraint approach [9] have been proposed.
Another approach is to employ filtering schemes. Luo et al. devised a
density-sensitivity duplicate filtering scheme to control hinges in final design [10],
Sigmund presented a morphology-based density filtering scheme for controlling
grey scale transitions between solid and void regions to generate manufacturable
solutions by constraining minimum length scale of structural feature sizes [11]. In
addition, Benliang Zhu and Xianmin Zhang et al. presented a two-step elastic
modeling method (TsEM) for the topology optimization of compliant mechanisms,
based on the TsEM method, an alternative formulation be developed and incor-
porated with the level set method, which can improve the computational efficiency
and eliminate de facto hinges effectively [12], Junzhao Luo and Zhen Luo et al.
presented a new level set-based method to realize shape and topology optimization
of hinge-free compliant mechanisms, which used a quadratic energy functional in
image processing applications be introduced in the level set method to control the
geometric width of structural components in the created mechanism, the result
showed that the method can eliminate numerical difficulties in most conventional
level set method [13], Guest et al. presented a method for imposing a minimum
length scale on structural members using nodal variables-based projection approach
[14]. However, there are relatively few studies on the general optimal structure
considering difficulty in the process of manufacture.

With the development of 3D printer, the design method of compliant mechanism
objecting to the 3D printer has been proposed. Gaynor et al. introduced the com-
binatorial SIMP to design compliant mechanism [15], employing a min-max for-
mulation that optimize a larger projection and small projection of the same design
variable while considering size of droplet of 3D printer. The experimental result
exhibited that the method considering the minimum feature constraint could ensure
the final compliant mechanism easy to be manufactured. Guest et al. proposed
minimum feature constraint in topology optimization [16], he used a regular
Heaviside the mapping method that is independent of mesh density, the result
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shows that it can control the minimum feature size and the middle density unit and
the checkerboard phenomenon. Sigmund et al. [17] proposed a topology opti-
mization method that including the manufacturing factors. The use of Heaviside
mapping method can achieve the topology shape of the “fill” and “Corrosion” and
effectively reduce the appearance of single joint.

In this article, based on the Heaviside step function of non-linearly mapping
method that employs minimum manufacturing constraints, with the cell density
being taken as the design variable, the topology optimization of compliant mech-
anism is carried on. The optimality criteria method [18–20] is the topology opti-
mization technique. The compliant grasper was synthesized, and its properties were
analyzed.

2 Design Formulation Based on Non-linearly Mapping
Method

2.1 Nonlinearly Mapping Technique in Topology
Optimization

In this paper, a specific combination of the topology optimization of compliant
mechanism and nonlinearly mapping method is proposed. In the topology opti-
mization process the narrow weak hinge-like section are often present in compliant
mechanism, so the mapping between the qualities of elements and unit volume
fraction is defined to eliminate the weak section. In the mapping scheme the
minimum size parameter rmin is introduced to represent the lower limit of minimum
component size in the final topology.

As shown in Fig. 1a, rmin is the radius of the circular domain. The units located
in the sub region Xe

x will be used to calculate the volume fraction e. With grid
refinement, rmin and Xe

x will not change, as shown in Fig. 1b.

Fig. 1 The mapping scheme of the centroid of the grid map
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In nonlinear mapping method, ~qeðqÞ is used to represent the weighted average of
the unit volume fraction within the Xe

x, so

~qe ¼
P

i2Seqixðxi � �xeÞP
i2Sexðxi � �xeÞ ð1Þ

Among them,xðxi � �xeÞ is theweight function, if xbelongs toXe
x, thenxðxi � �xeÞ

equals to (rmin − r)/rmin, and unit volume fraction can be expressed as the form
of Heaviside step function.

�qe ¼ 1 if ~qeðqÞ[ qmin
i

�qmin
e if ~qeðqÞ ¼ qmin

i

�
ð2Þ

In order to be used for continuum topology optimization problems, the
Heaviside step function is regularized to ensure the continuous of qi with respect to
the gradient of �qe, which will be achieved through an exponential function.

�qe ¼ 1� e�b~qeðqÞ þ feðqÞ ð3Þ

In the formula, the parameters of the b are expressed by the curvature of the
regularization, shown in the Fig. 2 and the feðqÞ is corrected by the boundary of the
unit volume fraction:

fe ¼ ~qeðqÞe�b ð4Þ

The qmin
i can be adjusted depending on the values of b on the boundary.

�qmin
e ffi 1� e�bqmin

i þ qmin
i e�b ð5Þ

In above equation, the third item is approximately equal to 0, the qmin
i are as

follows:

qmin
i ¼ � 1

b
lnð1� �qmin

e Þ ð6Þ
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2.2 The Model of Topology Optimization of Compliant
Mechanisms with Minimum Manufacturing Constraints

The topology optimization of compliant mechanism employed nonlinear mapping
method. Different from the design of Guest [16], the design variable of this paper is
the volume fraction of elements, but not the volume fraction of nodes. The design
objective of topology optimization is output displacement. Based on SIMP method
[21, 22]. The model of topology optimization is followed:

Maximize
x¼ðx1;x2;...;xiÞT2Rn;i¼1;...;N

: f ðxÞ ¼ LTU

Subject to :

KðxÞU ¼ F
KðxÞ~U ¼ LPN
e¼1

�xeðxÞve �V�

0\xmin
i � xi � 1

8>>>><
>>>>:

8>>>>>>><
>>>>>>>:

ð7Þ

where x is the design variable, xi is the unit relative density, F is the input force
matrix, K is whole stiffness matrix, U is displacement vector of nodes, L is the
adjoint matrix load vector, ~U is displacement vector of each node related to L, ve is
the volume of first unit e, �xe is the relative density of the mapping unit, V* is the
desired volume, xmin

i is a unit relative density of the minimum, N is the total number
of units in the discrete design domain.

2.3 Sensitivity Analysis

The sensitivity of objective function is provided using the adjoint matrix method in
this section. The sensitivity of objective function in Eq. (7) with respect to a change
in design variable xe is expressed as:

@uout
@�xe

¼ LT @U
@�xe

¼ �LTK�1 @K
@�xe

U ð8Þ

Substituting the equation K
~
U ¼ L to Eq. (8), and according to the finite element

stiffness matrix assembly principle and artificial material density model, the sen-
sitivity of the output point displacement u with respect to a change in design
variable is obtained as:

@uout
@�xe

¼ �~UT @K
@�xe

U ¼ �
XN
e¼1

pð�xeðxÞÞp�1~uTe k
e
0ue ð9Þ
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Based on the nonlinear mapping method, the expression is followed:

�xe ¼ 1� e�b~xeðxÞ þ feðxÞ ð10Þ

fe ¼ ~xeðxÞe�b ð11Þ

~xe ¼
P

i2Sexixðxi � �xeÞP
i2Sexðxi � �xeÞ ð12Þ

According the Eqs. (10), (11) and (12), the output displacement of point uout
with respect to design variables xj are deduced:

@uout
@xj

¼ �
XN
e¼1

pð�xeðxÞÞp�1~uTe k
e
0ue

@�xe
@xj

ð13Þ

2.4 Implementation Process of Topology Optimization

The topology optimization of complaint mechanism based on the optimization
criterion method is shown in Fig. 3.

Fig. 3 Topology optimization flow chart
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3 Case Study: Micro Flexible Grasper

As illustrated in Fig. 4, the design domain is 60 lm � 60 lm with 12 lm � 12
m gap in the middle of right-side of the space. The displacements are fixed at the
top and bottom points on the left side of the design domain. A force of 1000 lN is
applied at middle of left side. Virtual springs are applied at the input and output
nodes. The objective the study is to maximize the output displacement. At the same
time, the desired volume fraction is less than 30 %.

The material properties are that of silicon with E = 160 GPa, l = 0.22.
Exploiting symmetry, only half the domain is modeled. While using SIMP, the
penalty factor p is 3, the minimum size constraint parameter b is 5.

The following study is on the relationship between the minimum size rmin and
the final topological structures.

3.1 Grasper-Topology-Optimized Solution

The topology optimized solutions of grasper are presented in Figs. 5 and 6. The
black rectangle at the upper right corner of each figure represents the lower size

60

60

12

12

Fig. 4 Design domain

rmin=1.5 rmin=2.4 rmin=3.5

Fig. 5 Topological structures with different sizes (mesh number 30 � 60)
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limit of the structure under different size constraints. When taking the rmin
respectively as 1.5, 2.4 and 3.5, different final topological shape could be designed.

By analyzing the topological grasper, the conclusion could be get that with the
increase of rmin, the size of the minimum flexible hinge of the topological structure
section more than the lower size limit of the structure at the upper right corner of
each figure, especially the flexible hinge in the middle of grasper and the larger the
rmin the stronger the hinge. Therefore, the nonlinear mapping method can control
the size of topological structure by rmin component size. Meanwhile, with the
increase of rmin, gray-scale elements appear in the structure boundary, it can be
decreased by increase the mesh number and select appropriate rmin, such as Fig. 6.
In order to suppress the gray-scale elements, Fuchs et al. proposed a sum of the
reciprocal variables (SRV) to constraint for 0/1 topological design [23]. Wang et al.
proposed a bilateral filtering for structural topology optimization [24]. Long et al.
proposed a modified optimality criterion method for gray elements suppression [25]
and so on, the suppression of gray-scale elements need further studies.

3.2 Stress Analysis of Grasper

Stress distribution are shown in Fig. 7, and the stress variances of grasper designed
with and without minimum manufacture constraints are shown in Table 1.

When rmin is 1.5, the maximum stress of the grasper is 0.057 GPa, rmin is 3.5, the
maximum stress of the grasper is 0.041 GPa. The results show that while rmin
increasing the maximum stress of the grasper is decreasing. This is because that the
increase of rmin makes the smallest part thick and makes the stress concentration
decrease.

As shown in Table 1, in addition, the stress variances of grasper designed with
minimum manufacturing constraints are generally smaller than that of grasper
designed without the manufacture constraint. And the stress distributions of grasper
designed with minimum manufacture constraints are uniform, it is better to avoid
the stress concentration, so the failure probability structure could be reduced.

rmin=1.5 rmin=2.4 rmin=3.5

Fig. 6 Topological structures with different sizes (mesh number 50 � 100)
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3.3 Output Displacement Analysis of Grasper

The reasonable output displacement of grasper is desired. As shown in Fig. 8, the
output displacement’s curves are illustrated with the development of computational
process when minimum size constraints rmin respectively are 1.5, 2.4 and 3.5.

Taking compare between the three output displacement curves in Fig. 8, the
result could be deduced that as the rmin value increase, output displacements of
graspers decrease. Employing the method of nonlinear mapping by rmin to control
the minimum size, to a certain extent, will reduce the flexible grasper displacement
value of the output point.

The output displacement with and without minimum size constraint are illus-
trated in Table 2. The data in the table shows that the output displacement with
minimum size constraint are accordingly smaller than that without minimum size
constraint.
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Fig. 7 The stress distribution under the minimum size constraint (mesh 30 � 60)

Table 1 Variance of stress
value under different
constraint conditions

Manufacturing constraints Yes No

rmin = 1.5 1.98 2.48

rmin = 2.4 1.39 1.85

rmin = 3.5 0.75 0.95
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4 Conclusion

A method that employs the non-linearly mapping method to realize minimal size
constraints in topology optimization, combined with SIMP, is explored in this
paper. Its viability is demonstrated through numerical experiment-grasper. Stress
and the output displacement are analyzed.

The experimental results of the compliant grasper show that non-linearly map-
ping method with rmin is able to control the size of the smallest topology section
effectively. The topological structure section become thick, especially the flexible
hinge in the middle of grasper that is helpful to manufacture. The maximum stress
level of grasper could be reduced by employing minimal size constraints, and the
stress distribution tend to be homogenization which avoid the phenomenon of stress
concentration.

Future work will focus on the research related to manufacture and extending the
current formulation to design larger size mechanisms.
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Fig. 8 Output point displacement

Table 2 The output point
displacement with and
without minimum size
constraint

Manufacturing
constraints

Yes No Decrease
percentage

rmin = 1.5 6.83 7.47 8.58

rmin = 2.4 5.91 6.54 9.62

rmin = 3.5 4.42 4.92 10.16
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A Boundary Reconstruction Algorithm
Used in Compliant Mechanism Topology
Optimization Design

Nianfeng Wang, Hao Guo, Chaoyu Cui, Xianmin Zhang and Kai Hu

Abstract This paper proposes a boundary reconstruction algorithm for the com-
pliant mechanism topology optimization design. The gray units resulted from the
numerical instability after topology optimization makes the interpretation of optimal
material distribution and subsequent manufacturing difficult, which need to be
eliminated. The proposed algorithm in this paper is composed of three steps which
are contraction of gray units, search and move of boundary units and smoothness of
the boundary. Serval simulations have been taken to verify the effectiveness of this
algorithm. The simulation demonstrates that the algorithm is effective.

Keywords Compliant mechanism � Topology optimization � Boundary
reconstruction

1 Introduction

Topology optimization design is a mathematical method that optimizes the material
layout in a given space, implemented by using the finite method for the analysis [1]
and has a good performance in the field of automatic design and material opti-
mization [2–4]. Many methods utilized in topology optimization have been
developed during last several decades, mainly including homogenization method
[5, 6], Solid Isotropic Material with Penalization [7], level set method [8, 9],
Ground Structure approach [10] and Evolution algorithm [11]. The above men-
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tioned topology optimization methods have a wide range of applications in struc-
tural design especially in the field of compliant mechanism design [12–14].

The beginning of topology optimization design in compliant mechanism filed
can be dated back to year 1994 when Ananthasuresh creatively utilized homoge-
nization optimization method to design a compliant mechanism [15]. Compliant
mechanism topology optimization has been developed remarkably afterwards both
in theoretical studies and practical applications. Sigmund [16] proposed a method
based on continuum-type topology optimization techniques for the design of
compliant mechanism. Pederson [17] proposed evolution algorithm to design
compliant mechanism in the idea of recognizing empty material as 0 and solid
material as 1 to represent the material distribution. Du [18] used element-free
Galerkin method for the optimal design of compliant mechanisms with geometri-
cally non-linearity, this method is more capable of handling large deformation. Yin
and Ananthasuresh [19] illustrated a continuous peak function utilized for material
interpolation. Wang [20–26] developed a topology method by using theory of pairs
of curves. Other researches, such as Alonso [27], Takezawa [28], Jin [29] have
developed variant novel and practical methods in the field of compliant mechanism
design.

Among mentioned methods above, SIMP method acts as the most popular and
useful method in the field of compliant mechanisms design. However, experiments
have shown that most popular topology optimization methods have the same
undesirable characters: they may result in the feature of gray units whose density is
between 0 and 1, which makes the interpretation of optimal material distribution
and subsequent manufacturing difficult. Serval methods have been proposed to deal
with numerical instabilities feature in topology optimization. Haber [30] proposed a
method called perimeter method to control the number of holes and establish the
characteristic length scale, however, the value of perimeter can only be confirmed
by experiment which results in the difficulty in application. Hu [31] proposed a
crossing sensitivity filter method to improve the distribution of gray units.
Anderson [32] utilized polygonal finite elements to deal with this feature. These
methods generally improve gray units during the process of handling the problem
of checkerboard pattern and mesh dependence feature [16]. Few methods have been
proposed to eliminate gray units and most of them are complex which result in the
low efficiency during the solution [33].

In this paper, a new boundary reconstruction algorithm is proposed to address
the problem mentioned above based on the SIMP method. This algorithm is
composed of three steps. In the first step, gray units are contracted to insure that
there is at most one-layer gray unit in outermost layer. In the second step, gray units
are moved according to the direction of solid material to insure the volume of gray
units equal to 1. In the last step, smoothing algorithm is utilized in the boundary to
obtain an ideal boundary.
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2 Topology Optimization Based on SIMP Method

The alternative method among topology optimization used in this paper is the
so-called “power-law method” or SIMP method (Solid Isotropic Material with
Penalization). The design domain is discretized into finite element in which material
properties are assumed constant. Each element is assigned a relative material
density xe range from 0 to 1 that determines its Young’s modulus Ee:

EeðxeÞ ¼ Emin þ xpeðE0 � EminÞ ð1Þ

where E0 is the stiffness of the material and Emin is a very small stiffness to prevent
singular of stiffness matrix. p is the penalization factor which typically takes p ¼ 3.
For a compliant mechanism design, the mathematical formulation can be written as:

min
x

: cðxiÞ ¼ �UT
i KUin ¼ �

XN

e¼1

EðxeÞðue2ÞTkeue1

s:t:

KUin ¼ Fin

KUi ¼ Fi
VðxiÞ
V0

¼ fi
0\xmin � xi � 1

8
>>><

>>>:

ði¼ 1; 2;. . .;MÞ
ð2Þ

where c is the compliance, U and F are the displacement vector and force vector, K
is the global stiffness matrix, ue1 and ue2 are the element displacement vectors result
from the input force and output force, ke is the element stiffness matrix, VðxiÞ and
V0 are the material volume and design domain volume, fi is the volume fraction, xi
is the density of every single element between xmin and 1. The process of compliant
mechanism topology optimization design is shown in Fig. 1.

3 Boundary Reconstruction Algorithm

SIMP method has been widely used in mechanism design and model optimization
due to its simple algorithm and high efficiency. However, for a given the design
domain in Fig. 2a to optimize a MBB beam, the optimized configuration shown in
Fig. 2b has many gray units in the boundary which can be clearly observed. The
optimized configuration will be difficult for the processing and manufacturing.
Therefore, this paper proposed a new boundary reconstruction algorithm to address
this problem. The algorithm is composed of three steps: contraction of gray units,
search and move of boundary units and smoothness of the boundary.
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Definition of object function, load, boundary 
conditions and constrains

Start

Initialization of design variable

FEA analysis

 Sensitivities calculation

Update of design variable

Convergence

Output

N

Y

Fig. 1 Process of compliant mechanism topology optimization design

Fig. 2 a The design domain of MBB beam. b The configuration obtained by topology
optimization design

3.1 Contraction of Gray Units

For an optimized configuration of MBB beam shown in Fig. 2b, there are more than
one layer gray units in the outermost layer. The procedure primarily taken into
account is the contraction of gray units to insure there are at most one layer in the
outermost layer meanwhile not result in the looseness of configuration and the
occurrence of holes.
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The main idea of contraction of gray units is to specify relative precedence
according to their distance to solid units. Every gray unit has four directions which
are left, right, up and down and they belong to different union fEn;En�1;
En�2; . . .;E1g which the precedence is from low to high. For a gray unit N in union
of lower precedence Enðn� 1Þ, it can move to a nearest gray unit M in union
fEn�1g. If unit M can accommodate N which means VðMÞþVðNÞ� 1, the volume
of unit M will be update to VðMÞþVðNÞ and the volume of unit N will be updated
to 0. Then, volume of unit VðMÞ will move to a nearest unit in union fEn�2g until
the unit in a union of high procedure can be updated to 1. If unit En�1ð1Þ can’t
accommodate N which means VðMÞþVðNÞ� 1, the volume of unit M will be
update to 1 and volume of unit N will be updated to VðMÞþVðNÞ � 1. Then,
volume of unit VðMÞ will move to nearest unit En�1ð2Þ in union fEn�1g. After
several movements, neither one layer or none gray units will be occurring in the
boundary layer. The process of this algorithm is shown in Fig. 3 and the result after
contraction of gray units is shown in Fig. 4.

It can be observed from Fig. 4 that there is only one layer gray units or the solid
units in the boundary, which conforms to the expected result.

3.2 Boundary Search and Move

Boundary of configuration has only one layer gray units after contraction. These
gray units can be used to insure new boundary. Four defined boundaries here which
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Fig. 3 Process of contraction of gray units
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are up, down, left and right shown in Fig. 5a. All the gray units in the boundary are
secondarily contracted to the solid units in the negative direction of the boundary to
make volume of the unit in the boundary equals to 1. Consequently, the gray units
are eliminated after secondary contraction. The result is shown in Fig. 5b.

3.3 Smooth Boundary

Configuration obtained has many sawtooth units which will be difficult for the
processing and manufacturing which shown in Fig. 6a. Therefore, sawtooth units
should be handled to obtain smooth and continuous boundary. The smooth algo-
rithm contains two steps. In the first step, the boundary is divided into many
segments, depending on whether solid units in boundary are adjacent. In the second
step is shown in Fig. 6b, two solid units are as a whole unit which can be smoothed
by cubic spline curve.

Finally, the smooth boundary of MBB beam can be obtained by using the
smooth algorithm, which is shown in Fig. 7.

Simulation was taken to compare the performance of old configuration and new
configuration. The strain energy of new MBB beam obtained by FEA simulation is
19.830 and the strain energy of old configuration is 20.35. The error between two
configurations is 2.63 % which is accord with the design intention.

Fig. 4 Configuration after contraction of gray units

(a) (b)

UpLeft

Down

Right

Fig. 5 a The search and move of MBB beam boundary. b New boundary after secondarily
contract

662 N. Wang et al.



4 Boundary Reconstruction of Compliant Mechanism

To verify the boundary reconstruction algorithm mentioned above, numerical
simulations are carried out on several compliant mechanisms of single material and
double material which shown in Tables 1 and 2.

Fig. 6 a The old boundary contains sawtooth. b The new boundary obtained by interpolation of
cubic spline curve

Fig. 7 Smooth boundary of MBB beam

Table 1 Compare of output with different compliant mechanisms (single material)

Result by topology
optimization (a)

Result by boundary
reconstruction (b)

Output
(a)

Output
(b)

Error
%

1.6998 1.6834 0.262

(continued)
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Table 2 Compare of output with different compliant mechanisms (double material)

Result by topology
optimization (a)

Result by boundary
reconstruction (b)

Output
(a)

Output
(b)

Error
%

1.3518 1.3541 0.18

1.9100 1.9070 0.16

Table 1 (continued)

Result by topology
optimization (a)

Result by boundary
reconstruction (b)

Output
(a)

Output
(b)

Error
%

1.5384 1.5333 0.332

Table 1 shows the configuration of inverter and gripper of single material.
Table 2 shows the configuration of inverter and gripper of double material which
represented in different color. Given a certain input, the output can be obtained from
the simulation.

It can be observed from Tables 1 and 2 that the error between configuration old
and new configuration is very small which can illustrate the effectiveness of the
boundary reconstruction algorithm.

5 Conclusion

In conclusion, this paper proposed an effective boundary reconstruction algorithm
used in compliant mechanism topology optimization design. The boundary
reconstruction algorithm is composed of three steps which are introduced in detail.
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The simulation shows a good performance of this method which means the method
is effective. We believe this method will play a practical role in the processing and
manufacturing of compliant mechanism.
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Topology Optimization of Thermally
Actuated Compliant Mechanisms
Using Node Design Variables

Jinqing Zhan, Liangming Long and Zhichao Huang

Abstract The topology optimization method of thermally actuated compliant
mechanisms using node design variables method is presented. The projection
function within defined sub-domain is used to represent the relationship of node
design variables and node density variables in the method. It can impose the
minimum length scale control during topological design. The topology optimization
model of thermally actuated compliant mechanism is established by maximizing the
output displacement and restricting the structure volume. The adjoint approach is
applied to perform the design sensitivity analysis, and the method of moving
asymptotes is adopted to solve the topology optimization problem. The numerical
examples are presented to show that the proposed method can avoided the de facto
hinges in the obtained thermally actuated compliant mechanism.

Keywords Compliant mechanisms � Thermal loads � Topology optimization �
Node design variables

1 Introduction

Compliant mechanisms can transmit force and motion through its elastic defor-
mation of flexible member [1–3]. It has many advantages such as a simple structure,
simplified manufacture processes, reduced friction, reduced assembly time, high
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precision, high reliability, light weight and miniaturization. It has been widely used
in biological engineering micromanipulation, micro-electro-mechanical systems
and optical fiber alignment. Topological design of compliant mechanisms only
needs to specify design domain and the input and output position, without a known
rigid-link mechanism. Thus, the method has drawn more and more attentions.

In recent years, topology optimization of compliant mechanisms applied input
force have been made great development. Topology optimization of thermally
actuated compliant mechanisms becomes one of the research hotspots due to their
good controllability [4]. The topology optimization method has been used to
electro-thermo-mechanical actuators with geometrical nonlinearities including
multiple materials [5]. Yin [6] presented a new material interpolation scheme for
topology optimization problem of electro-thermally actuated compliant
micro-mechanisms. Du [7] suggested a new topology optimization method which
the element-free method is applied to design thermally actuated compliant mech-
anisms with geometrical nonlinearities. Luo [8] used level set methods to perform
shape and topology optimization of electro-thermally actuated compliant mecha-
nisms. Ansola [9, 10] integrated an additive strategy to evolutionary optimization
method for topological design of thermally actuated compliant mechanisms
including uniform and non-uniform temperature fields. However, de facto hinges
usually occur in the created mechanisms while thermally actuated compliant
mechanisms are designed using topology optimization. The hinges results in high
stress concentration and poor fatigue reliability. Heo [11] developed a topology
optimization method of thermally actuated compliant mechanisms with minimum
length scale control. Compared to the amount of literature on hinge-free compliant
mechanisms [12], research on topological design of thermally actuated compliant
mechanisms with hinge free are relatively few.

In this study, we proposed a new method for topology optimization of thermally
actuated mechanisms using node design variables method in order to avoid gen-
erating the de facto hinges in the created mechanisms. Within defined sub-domain,
the projection function independent on element mesh is adopted to represent the
relationship of node design variables and node density variables. It can impose the
minimum length scale control during topological design to avoid one-node con-
necting hinges. The topology optimization model of thermally actuated compliant
mechanism was established by maximizing the output displacement and restricting
the structure volume. The adjoint approach is utilized to solve the sensitivity of
objective function and constraints, and the method of moving asymptotes is adopted
as strategy for the topology optimization problem.
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2 Optimization Formulations of Thermally Actuated
Compliant Mechanisms

2.1 The Node Design Variables Method

The displacement field of each point in design domain and element density field are
denoted as Q4/Q4 implementation, as shown in Fig. 1. The displacement for each
point of an element and element densities are approximated using bi-linear inter-
polation function in the implementation method. Compared to the material inter-
polation model of element density method, the material density for each point of an
element is not uniform in the implementation model. Therefore, the displacement
and element densities are expressed by

ue ¼
Xm
i¼1

Niui qe ¼
Xm
i¼1

Niqi ð1Þ

where ue represents the displacement of any point in an element, Ni denotes the
shape function related to node i, ui denotes the displacement vector of node i, m is
the node number of each element, qe is the element density and qi is the node
density related to node i.

The projection function independent on element mesh independent is adopted in
the node design variables method. It represents the relationship of the node design
variables and the node density variables within defined sub-domain. The minimum
length scale control can be achieved during topological design of thermally actuated
compliant mechanisms using the projection function. The projection can be
expressed as using the maximum function [13, 14]

qi ¼ max
j2Xi

ðdjÞ ð2Þ

where qi denotes the material density of node i, dj represents the node design
variable corresponding to node j, and Xi is the sub-domain associated with node i.

   displacement    densityFig. 1 Q4/Q4 Interpolation
method
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The sub-domain Xi associated with node i is defined as a circle with its center
located at the node i. The radius rmin of the circle equals half of defined minimum
length size of structural members during topological design of thermally actuated
compliant mechanisms, as shown in Fig. 2. The distant between node j and node
i in the sub-domain Xi must meet the following equation

r ¼ ri � rj
�� ��\rmin j2Xi ð3Þ

where r represents the distant between node i and node j, ri is defined as the distant
between node i and the reference point, and rj is defined as the distant between node
j and the reference point. The parameter rmin can be defined to determines the
minimum length scale of the obtained compliant mechanisms.

2.2 Optimization Model

The output displacement at the output point is maximized to meet the flexibility
requirement and obtain desired motion. The output displacement uout can be defined
using the dummy load method. A unit dummy load F2 is applied at the output point
in the desired direction, as shown in Fig. 3, and the displacement uout can be
expressed by

uout ¼ F2U ð4Þ

where U represents the nodal displacement subjected to thermal load.
The objective function of the topology optimization problem is developed by

maximum the output displacement. The material volume is defined as the con-
straint. The node design variables method is applied to avoid generating de facto
hinges during topological design of thermally actuated compliant mechanisms. The
optimization model can be written as

i

j

rmin

i

Fig. 2 Sub-domain
corresponding to the node i
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Minimize
d1;d2;...;dM

�uoutðdÞ

Subject to :

qi ¼ f ðdÞ
qe ¼

PN
i¼1

Niqi

FtðTÞ ¼ KUPN
e¼1

Veqe � V� � 0

0\dmin � dj � 1; j ¼ 1; 2; . . .;M

8>>>>>>>>>><
>>>>>>>>>>:

ð5Þ

where d refers to the design variables, f represents the projection function, Ni

denotes the shape function associated with node i, N is the number of nodes of each
element. K is the global stiffness matrix of structure, Ft denotes the thermal stress
load which is related to the nodal temperature T subjected to thermal load. Ve refers
to the element volume, V� is the allowed material volume ratio, and M denotes the
total number of node. dmin is the lower bound on the node design variables which is
taken to be a small positive value in order to avoid singularity of the global stiffness
matrix during the finite element analysis.

2.3 Sensitivity Analysis and Solution Technique

To apply the gradient-based algorithm, the sensitivities of objective and constraint
with respect to the design variables are need to be solved. The sensitivity of the
objective can be obtained following a Lagrange multiplier approach. The lagrangian
using Eq. (5) for the problem can be expressed as

tF

outu 2F

Fig. 3 Design domain for thermally actuated compliant mechanism
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L ¼ �FT
2Uþ kðKU� FtÞ ð6Þ

where k refers to the Lagrangian multiplier vectors for the elastic problems.
The sensitivity of objective for the problem can be expressed by

@L
@di

¼
X
j2Si

@L
@qj

ð7Þ

where Si is the set of nodes mapped form the node design variable di.
Firstly, the sensitivity with respect to the node density is solved:

@L
@qj

¼ �FT
2
@U
@qj

þ kT
@K
@qj

U� @Ft

@qj

 !
þ kT

@U
@qj

K� kT
@Ft

@T
@T
@qj

ð8Þ

The thermo stress load Ft with respect to the nodal temperature is zero because
the uniform temperature fields is considered in this study. Thus, Eq. (7) is rewritten
as

@L
@qj

¼ ð�FT
2 þ kTKÞ @U

@qj
þ kT

@K
@qj

U� @Ft

@qj

 !
ð9Þ

To remove the sensitivity terms @U=@qj, the following expression should be
zero:

�FT
2 þ kTK ¼ 0 ð10Þ

From Eqs. (7) and (9), we get

@L
@di

¼
X
j2Si

@L
@qj

¼
X
j2Si

kT
@K
@qj

U� @Ft

@qj

 !
ð11Þ

According to the relationship between the node densities and the element den-
sities, we got

@K
@qj

¼
XN
e¼1

Z
Xe

@Ke

@qe

@qe
@qj

dXe ¼
XN
e¼1

Z
Xe

@Ke

@qe
NidXe

¼
XN
e¼1

Z
Xe

pqp�1
e KeNidXe

ð12Þ

where Ke refers to the element stiffness matrix, P is the penalization parameter
which is set equal to 3.
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The sensitivity of the constraint with respect to the node design variables can be
written as

@V
@di

¼
X
j2Si

@V
@qj

¼
X
j2Si

XN
e¼1

Z
Xe

NidXe ð13Þ

The Method of Moving Asymptotes (MMA) [15] is flexible to solving the
complicated optimization problem. MMA is applied to update the design variables
during the topological design of thermally actuated compliant mechanisms.

3 Numerical Example

This example demonstrates the topological design of a clamped thermal actuator
subjected to uniform thermal effects. The design domain and boundary conditions
for the problem are shown in Fig. 4. The output port is prescribed at the center point
of the right side. Due to the symmetric nature of this problem, only the half the
design domain is modeled. The design domain is meshed with 120 � 60 four node
plane finite elements in a 60 mm by 30 mm region. The artificial material properties
are set as: Young’s modulus for solid material E is 100 GPa, thermal expansion
coefficient a is 2� 10�5 K�1, and Poisson’s ratio l is 0.3. The allowed material
volume ratio is given as 25 %. The artificial springs with stiffness are set to kout ¼
100N=m at output port, and the compliant mechanisms is actuated by a uniform
rise at the temperature of ΔK = 100.

The optimal thermally actuated compliant mechanism are obtained by the node
design variables method as shown in Fig. 5a, while Fig. 5b represents the optimal
mechanisms obtained by variable density method with sensitivity filter. The de
facto hinges occurs in the obtained compliant mechanism, as shown in Fig. 5b. The
hinges can lead to high stress concentration and poor fatigue reliability. Thus, the
thermally actuated compliant mechanisms is not useful in real applications. In

outk

outu

Fig. 4 Design domain and
boundary conditions
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addition, the topological structure of the optimal mechanism appears checkerboard
phenomenon that cause the thermal actuator to be not convenient for
manufacturing.

Compared Fig. 5a with Fig. 5b, de facto hinges are completely avoided in the
topological structure of thermally actuated compliant mechanisms. The result shows
that the minimum length scale constraint can be achieved to eliminate the de facto
hinges in the thermally actuated compliant mechanisms using the projection
function method. Meanwhile, the topological structure of thermally actuated
compliant mechanisms has distinct topology. It is greatly meaningful and eco-
nomical for manufacturing. It can be seen that the proposed method can result in
similar topological result of compliant mechanisms as reported in the literature [7].
Thus, the node design variables method can be applied to design thermally actuated
compliant mechanisms with hinge-free successfully.

4 Conclusions

A new topology optimization method of thermally actuated compliant mechanisms
using the node design variables method is presented. The node design variables
method apply projection function to represent the relationship of node design
variables and node density variables. The adjoint approach is applied to perform the
design sensitivity analysis, and the method of moving asymptotes is adopted to
solve the topology optimization problem. The numerical examples are presented to
show that the minimum length scale control can be achieved using the node design
variables method to avoid generating the de facto hinges in the created thermally

(a) Node design variables method (b) Variable density method

Fig. 5 Optimal compliant mechanisms obtained by different methods
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actuated compliant mechanism. Meanwhile, the optimal thermally actuated com-
pliant mechanism has distinct topology which is greatly meaningful and economical
for fabrication.
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Design of Bistable Pinned-Pinned Arches
with Torsion Springs by Determining
Critical Points

Safvan Palathingal and G.K. Ananthasuresh

Abstract This paper describes a simplified method to analyze and design a bistable
pinned-pinned arch with torsion springs at the pin (revolute) joints. Finite, but not
zero, values of torsion spring constants offer the dual advantage of being amenable
to monolithic compliant bistable arches wherein torsion springs are realized with
equivalent revolute flexures; and giving enhanced range of travel between the stable
states and reduced switching forces. However, the equilibrium equations become
intractable for analytical solution unlike the extreme cases of fixed-fixed and
pinned-pinned arches. Therefore, a new method for analyzing and designing novel
bistable arches is presented here by determining critical points in the
force-displacement curve. First, the equilibrium equations for post-buckling anal-
ysis are derived by writing the deflected profile as a linear combination of the
buckling mode shapes of the corresponding straight beam with torsion springs at
the pinned ends. These equations are then used to find the critical points with
maximum, minimum, and zero forces. The critical points not only provide an
approximate view of the bistable force-displacement curve but also enable synthesis
of arches with desired behaviour. By using this semi-analytical method, we present
an example of an arch with reduced switching force, large switch-back force, and
enhanced travel between the two stable states.
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1 Introduction

Arches with two force-free stable equilibrium positions are called bistable arches.
Bistable arches, also known as curved-beam bistable mechanisms, find application
at multiple length-scales. Micro-relays [1, 2], electromagnetic actuator [3],
micro-valves [4] and mechanical memory components [5] are examples of bistable
micro devices. Retractable devices [6], rear trunk-lids of cars [7], circuit breakers
and easy-chairs [8, 9] are examples of macro-scale bistable devices.

A buckled column is one of the simplest bistable arches. It can be toggled
between the two states by applying a transverse force [12, 13]. This arch relies on
the pre-stress in the buckled column to achieve its bistability. Precise pre-stress is
hard to realize during bulk-manufacturing as well as in microfabrication. Another
class of bistable arches with small flexure joints have been studied in [14–18].
These arches have relatively rigid regions and their compliance come from the
flexures. Such arches are not very efficient since the entire arch does not contribute
to the compliance and flexures are prone to failure. Hence, it is beneficial to pursue
fully-compliant monolithic bistable arches that do not rely on pre-stress for their
bistability.

One way of achieving bistability without pre-stress is to make the fundamental
buckling mode shape as the as-fabricated profile. Analysis of such arches under
fixed-fixed boundary condition has been treated by [19, 20]. They employ
post-buckling analysis of curved beams for fixed-fixed boundary conditions and
obtained a monolithic fully-compliant bistable arch. On the other hand, [22]
reported exact bistable characteristics of arches with pinned-pinned boundary
conditions. In our previous work, [10], we presented the design of monolithic
bistable arches by generalizing the boundary conditions from fixed-fixed to
pinned-pinned with torsional (Fig. 1) and linear springs at the joints. By changing
the boundary conditions, we could reduce the switching force and increase the
travel between the stable states as compared to bistable arches with fixed-fixed
boundary conditions.

In this paper, we present a computationally efficient method to design bistable
arches by determining critical points on the force-displacement curve. The char-
acteristic force-displacement curve of a bistable arch is shown in Fig. 2. State 1 is
the as-fabricated force-free equilibrium state and State 2 the stressed but force-free
equilibrium state. Switching force, Fs, is the force required to switch from State 1 to
State 2; switch-back force, Fsb, is the force required to switch back to state 1 and
travel, umid , is the distance the midpoint of the arch moves between the two states.
Generally, points on force-displacement curve corresponding to Fs, Fsb and umid are

Fig. 1 Pinned-pinned
bistable arch with torsion
springs
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sufficient for designing a bistable arch. Furthermore, by examining the values of Fs

and Fsb, bistability of the arch can be checked. Hence, these three points are
identified as the critical points on the force-displacement curve. This approach
simplifies the design methodology to find the optimal bistable design parameters
pertaining to size, arch shape, and cross-section dimensions.

2 Analysis of Pinned-Pinned Bistable Arches with Torsion
Springs

An initially straight beam, pinned with a torsional spring at both ends is subjected to
an axial force and its buckling mode shapes are calculated. In post-buckling
analysis, a linear combination of the buckling modes is taken as the as-fabricated
profile of the bistable arch and then it is subjected to a transverse actuating force.
The potential energy of the system is found and minimized to obtain equilibrium
equations. Critical points are obtained from the equilibrium equations, which can be
used to check if the arch is bistable and then optimize the geometry of the arch.

2.1 Buckling and Post-buckling Analysis

Buckling Analysis A pinned-pinned beam with torsion springs is shown in Fig. 3.
The governing differential equation and boundary conditions are given by [21].

Fig. 2 Characteristic
force-displacement behavior
of bistable mechanisms
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EI
d4w
dx4

þP
d2w
dx2

¼ 0 ð1Þ

EI
d2w
dx2

����
x¼0

¼ jA
dw
dx

����
x¼0

ð2Þ

EI
d2w
dx2

����
x¼L

¼ �jB
dw
dx

����
x¼L

ð3Þ

where p is the axial load, w the transverse displacement of the beam perpendicular
to the axial force, E the Young’s Modulus, I the second moment of area of the cross
section, jA the stiffness of torsional spring at the left end and jB the stiffness of
torsional spring at the right end. As derived in our earlier work [10], the tran-
scendental equation for the non-trivial buckled configuration can be written as

4jB
M3EI

sin2
ML
2

� �
� jB

jAM2 �
jBL
M2EI

� EIL
jA

� 1
M2

� �
sinðMLÞ

¼ L
M

� jBL
jAM

� �
cosðMLÞ

ð4Þ

where

M2 ¼ N2

L2
ð5Þ

N2 ¼ PL2

EI
ð6Þ

For jA ¼ jB ¼ 0:0525 Nm/rad, the mode shapes shown in Fig. 4 can be
obtained from Eq. 4.

Fig. 3 Reduced boundary
condition beam to find mode
shapes

Fig. 4 First three buckling
modes for
jA ¼ jB ¼ 0:00525 Nm/rad
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Post-buckling Analysis: The choice of as-fabricated shape of the element dictates
its bistability. In [19], the authors proved that bistability exists when the first
buckling mode for the fixed-fixed boundary condition with restricted asymmetric
mode is used as the as-fabricated, stress-free geometric profile. In [22], bistability of
a sin-curved arch which is the first mode for the pinned-pinned boundary condition
is analysed. Any profile that is a linear combination of the buckling modes for a
given boundary condition can be taken as the as-fabricated geometric profile of the
bistable element (hðxÞ):

hðxÞ ¼
X1
j¼1

ajwjðxÞ ð7Þ

where wjs are the mode shapes, and ajs are their corresponding weights. Particular
values of ajs give rise to a unique arch. Post-buckling analysis is used to check
bistablility of the arch profile corresponding to the selected ajs.

The deformed shape (w) of the bistable beam can also be approximated as a
linear combination of the mode shapes.

wðxÞ ¼
X1
j¼1

AjwjðxÞ ð8Þ

In order to determine the force-displacement curve of the element, we minimize
the potential energy of the element with respect to the Ajs. The potential energy is
given by

PE ¼ SEb þ SEc þWPf þ 1
2
jA

dw
dx

jx¼0

� �2

þ 1
2
jB

dw
dx

jx¼L

� �2

ð9Þ

where SEb is the strain energy associated with the bending of the element, SEc is the
strain energy associated with deformation due to compression and WPf is the work
potential due to transverse force f. The strain energy due to bending is given by

SEb ¼ EI
2

Z L

0

d2�w
dx2

� d2w
dx2

� �2

dx ð10Þ

where L is the span of the arch. The work potential due to the transverse force f is
given by

WPf ¼ �fumid ð11Þ

where umid is the deflection under the application of force f acting vertically
downwards at the mid-point of the beam. It is given by
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umid ¼ h
L
2

� �
� w

L
2

� �
ð12Þ

The strain energy due to the axial force p is given by

SEc ¼ �
Z s

�s
pdðs� �sÞ ð13Þ

where p is the axial force, s the length of the beam as it deforms and �s the
as-fabricated length of the beam. They are given by:

p ¼ Ebt 1� s
�s

� �
ð14Þ

s ¼
Z L

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ dw

dx

� �2
s

dx �
Z L

0
1þ 1

2
dw
dx

� �2
" #

dx ð15Þ

�s ¼
Z L

0
1þ 1

2
dh
dx

� �2
" #

dx ð16Þ

For static equilibrium, we need:

@PE
@Aj

¼ 0 ð17Þ

Upon solving Eq. 17, after substituting for u from Eq. 12, we get the
force-displacement relationship. This analysis is mathematically tedious and in fact
unnecessary from a design point of view. Hence, we developed a numerical tech-
nique described next. Note that only first three modes are used in the approxima-
tions in Eqs. 7 and 8 as results were found to be in good agreement with finite
element analysis (FEA).

2.2 Critical-Point Method

A bistable force-displacement curve gives three important design parameters:
switching force, switch-back force, and distance of travel between two stable states.
These parameters correspond to three critical points on the curve as shown in
Fig. 5. These points can be determined as described next.

First point: Force (Fs) at this point is the minimum force required to switch the
bistable arch to the second stable state. Switching from the first stable state to the
second can either happen with a completely symmetric deformation (symmetric
switching) or with a partially asymmetric deformation (asymmetric switching); this
is dependent on the as-fabricated shape of the arch. Fs is dependent on the mode of

682 S. Palathingal and G.K. Ananthasuresh



switching of the bistable arch. Equation 17 satisfies both symmetric switching and
asymmetric switching conditions. So, it is important to identify the mode of
switching between these two for a given arch. This can be done numerically by
solving for two switching forces: one assuming symmetric switching (Fss) and other
assuming asymmetric switching (Fas). Once Fss and Fas are determined, Fs and
thereby the nature of switching can be assessed.

Figure 6a shows a case where a bistable arch prefers asymmetric switching over
symmetric switching. Critical points are joined using dotted straight lines for visual
association; they do not imply linear interpolation. It can be observed that asym-
metric switching reduces Fs. There can be also cases where asymmetric switching is
preferred but with Fs ¼ Fss as shown in Fig. 6b.

Fss is the point where the force is maximum w.r.t. to the displacement on the
force-displacement curve. It can be found by maximizing the force F satisfying
equilibrium equations. The finite variable optimization statement to obtain Fss can

Fig. 5 Critical points on a
force-displacement curve

Fig. 6 Two cases of symmetric and asymmetric switching
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be written as an optimization problem, which is solved numerically, say,
Newton-Raphson or any other method.

Maximize
A1;A2;A3

F

Subject to
K1 :

dPE
dA1

¼ 0
K2 :

dPE
dA2

¼ 0
K3 :

dPE
dA3

¼ 0

ð18Þ

Asymmetric switching force corresponds to the point when the arch begins to
deflect asymmetrically. This is one of the points where multiple solutions exist for
Eq. 17 with respect to A2, i.e.,

d2PE
d2A2

¼ 0 ð19Þ

Fas is found by solving Eqs. 19 and 17 numerically using the Newton-Raphson
method. Initial values of A1;A2;A3 and F are taken as a1; a2; a3 and 0 respectively;
these values correspond to State 1 of the arch. From Fss and Fas, switching force Fs

is found by comparing travel corresponding to points Fss and Fas.
Second point: Switch-back force, Fsb is the minimum amount of force required

to switch a bistable arch from State 2 to State 1. Fsb can also be thought as a
measure of bistability. The larger the switch-back force, the higher the stability in
the second stable state. Similar to Fs, Fsb depends also on the nature of switching.
We proceed by solving for two different Fsbs, corresponding to symmetric and
asymmetric switching. Equations for finding the first and second points are the
same, but taking the initial condition as State 2 in the numerical method gives the
second point. While implementing the critical-point algorithm, the third point(State
2) is determined before the second point and is used as the initial guess for finding
the second point.

Third point: This point corresponds to the second force-free equilibrium state of
the arch. Since F ¼ 0, at this point, we have three equations in three unknowns,
which can be solved numerically. The numerical method does not converge to the
point corresponding to unstable force-free equilibrium state, which also satisfies the
same equations, because of the numerical instability algorithm may face at this
point.

Figure 7 compares the critical-point method to FEA for the parameters given in
Table 1. It can observed that critical points obtained from aforementioned tech-
nique are in good agreement with critical points on the force-displacement curve.
Incidentally, in this case approximate linearly interpolated curve matches quite well
with the FEA solution, which is not true in general.
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3 Optimal Design of Pinned-Pinned Bistable Arches
with Torsion Springs

Bistable arches of different profiles can be made by taking a weighted combination
of first three buckling mode shapes, or more if desired for given boundary condi-
tions. We explore how the shape of the profile is related to the bistable charac-
teristics. Once boundary conditions are identified, an analysis similar to that
described in the previous section can be used to obtain the critical points for any
bistable profile. Critical points give the bistable characteristics we want to optimize
for. Some arches explored have been synthesized and compared with finite element
simulations in [10].

To illustrate the approach, pinned-pinned boundary conditions with torsion
spring of jA ¼ jB ¼ 0:00525 Nm/rad are used. A complaint revolute flexure of this
j value is realizable using split-tube flexure as shown in [11]. We assume that the
profile of the arch will be a weighted combination of buckling modes for the given
boundary conditions. Here, a1, a2 and a3 are the unknown weights to be optimized.
An arch is not bistable for any combination of a1, a2 and a3. Each point in the
shaded region of the feasible space shown in Fig. 8 gives the combination of a1; a2
and a3 that are bistable. The feasible space is computed by critical-point method,
described in the previous section, over combinations of a2

a1
and a3

a1
, and checking for

bistability. Arches are bistable for a broader range of a3a1 ratios as compared to a2
a1
. The

Fig. 7 Comparison of
critical-point method and
FEA for pinned-pinned
boundary conditions

Table 1 Geometric and
material parameters

Sl. No Parameter Value Unit

1 Length (L) 125 mm

2 Height (hmid) 11 mm

3 Thickness (t) 1 mm

4 Depth (b) 5 mm

5 Young’s modulus (E) 2:1 � 109 N/m2
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loss of bistability beyond certain combinations of mode shapes can be understood
better by analyzing the dependence of the swicth-back force on as-fabricated shape.

The design space for designing and optimizing is constructed by plotting the
bistable parameters: switching force (Fs), switch-back force (Fsb) and travel at the
midpoint (umid), in the feasible space shown in Fig. 8. In the plot, Fs,Fsb, and umid
are normalized using:

F ¼ FL3

EIhmid
ð20Þ

�umid ¼ umid
hmid

ð21Þ

where, hmid ¼ hðL=2Þ. Switching force reduces as a3
a1
and a2

a1
ratios increase. As we

move towards the end of the feasibility region, Fsb approaches zero. This agrees
with the intuitive understanding of switch-back force, as low values of Fsb imply
that even a slight disturbance can bring the arch back from the second to the first
equilibrium state. A bistable arch with maximum Fs, optimal design profile A in
Fig. 8, is the one where a3

a1
and a2

a1
ratios are zero. The profile B has the highest

switch-back force, Fsb, making it the most stable bistable arch in the feasible space.
Largest travel at the midpoint, umid , is for the profile C. All the points corresponding
to these three optimal profiles are indicated in the feasible and design spaces. The
design space is a quick tool to select the right shape for the desired bistable
behaviour and boundary conditions.

From a design perspective, it would be advantageous to select a profile that
reduces Fs and increases Fsb and umid . One such design, profile B, has been
modeled and 3D printed as shown in Fig. 9. The torsion springs at the pin joints are
realized by compound split-tube flexures.

Fig. 8 Feasible and design spaces for pinned-pinned boundary conditions with
jA ¼ jB ¼ 0:00525 Nm/rad
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4 Summary

A critical point-based method to design pinned-pinned bistable arches with torsion
springs at the joints has been presented. The motivation for developing bistable
arches with torsion-spring boundary condition was to make them amenable for
monolithic construction and positive lithography-based miniaturization. While
pinned-pinned joints are difficult to realize at the micro-scale, pinned-pinned joints
with torsional springs can be realised using revolute flexures. Such a bistable arch
with compound split-tube flexures at the pinned-pinned ends is fabricated as an
example.

It was found that including higher mode shapes in the as-fabricated geometric
profile can lead to improved designs. Three profiles that maximize the switching
force, switch-back force and travel at the midpoint were obtained from the design
space. Furthermore, a design-space-based approach for designing bistable arch
shape for any values of torsional stiffness of the springs at the pinned-pinned ends is
also presented.
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Optimal Design of a Novel Compliant
Orthogonal Displacement Amplification
Mechanism Considering Static
and Dynamic Properties

Weilin Chen and Xianmin Zhang

Abstract In micro-manipulation, orthogonal displacement amplification mecha-
nism (DAM) is important for obtaining parallel grasping movement. In this paper,
the optimal design of a novel compliant orthogonal DAM, which can be used for
the actuators with typical unidirectional movement, is presented. The optical
problem is formulated with considering the static and dynamic properties of the
proposed mechanism. With predetermining the fabrication limit and customers’
requirements, all the other dimensions of the proposed orthogonal DAM can be
automatically determined by the optimal process. A design example is used to
verify the optimal process. The iteration process verifies the effectiveness and
stability of the optimal process. Finite element analysis (FEA) is used to verify the
design results. The effect of large deflection nonlinearity to the orthogonal move-
ment transformation accuracy is discussed.

Keywords Optimal design � Compliant mechanism � Orthogonal displacement
amplification mechanism � Static and dynamic properties

1 Introduction

Recently, micro-grasping system has become a key device in many fields, such as
micro-particle handling [1], optical fibers assembling [2] and cell manipulation [3].
The basic structure of micro-grasping system consists of actuator, intermediate
mechanism and grasping ends. A typical case is that for obtaining parallel grasping
movement, the movement of the grasping ends should be perpendicular to the
output displacement of actuator [4–6]. Meanwhile, the movement of the grasping
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ends generally need to be amplified compared with that of the actuator [5, 7–9]. For
these reasons, the intermediate mechanism generally needs to be designed as an
orthogonal displacement amplification mechanism (DAM).

Several kinds of orthogonal DAMs are presented in the previous researches.
Bridge-type mechanism [10] is the widely used orthogonal DAM, in which full
symmetric structure and bidirectional symmetric input forces/displacements are
required to reduce the parasitic movement at the output port. Therefore, bridge-type
mechanism is used for the actuator with bidirectional symmetric movement, such as
piezoelectric stack actuator. The static model, optimization [11], dynamic test [12]
and development [13, 14] of bridge-type mechanism have been presented. A novel
orthogonal DAM without requiring bidirectional symmetric input
forces/displacements is proposed in our previous research [15]. The undetermined
parameters are introduced and the corresponding design equations have been
derived. The proposed orthogonal DAM can be used for the actuator with bidi-
rectional symmetric movements or typical unidirectional movement, such as lateral
comb electrostatic actuator [4], arrays of electrostatic actuators [7], and chevron
electrothermal actuator [16]. However, the optimal design of the proposed DAM
has not been presented.

In this paper, the optimal problem of the proposed compliant orthogonal DAM
[15] will be formulated in Sect. 2, in which the static and dynamic properties will
be considered to model the objective function and the constraints. With predeter-
mining the fabrication limit and customers’ requirements, all the other dimensions
of the proposed orthogonal DAM can be automatically determined by the optimal
process. In Sect. 3, a design example will be used to verify the optimal process and
the simulation results will be discussed.

2 Optimal Problem

The proposed orthogonal DAM is a triangulation amplification-based mechanism
(as shown in Fig. 1a), in which the output displacement depends on the displace-
ment amplification ratio Q and the input displacement ein. In the situation that the
value of Q is predetermined, larger output displacement can be obtained as ein
increases.

The actuator of the proposed compliant orthogonal DAM (as shown in Fig. 1b)
is of typical unidirectional linear movement. The relationship between ein and the
unidirectional linear movement of the actuator without external load applied at the
output port ea is:

ein ¼ ka
ka þ kin

� ea ¼ 1

1þ kin
ka

� ea; ð1Þ
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where ea is only related to the driven voltage. For a certain actuator, the stiffness ka
is a constant. According to Eq. 1, if the input stiffness kin is minimized, ein can be
maximized.

The optimization of kin should be constrained by the static and dynamic prop-
erties as well as the requirements for miniaturization. The proposed orthogonal
DAM is satisfied with small deflection assumption and Euler-Bernoulli beam
assumption, which introduces a static constraint to the optimization. The natural
frequency of the mechanism fq should be larger than the threshold fqmin to resist the
vibration. The size of the proposed orthogonal DAM mainly depends on the length
L2, as shown in Fig. 2b. In terms of miniaturization, L2 should be smaller than a
predetermined upper limit Lmax. Moreover, the parameters L2, t, r should be sat-
isfied with the fabrication limit. Therefore, the optimal problem of the proposed
orthogonal DAM is shown as follows:
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Fig. 1 The proposed compliant orthogonal DAM [15]
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min kinðdesign variables : L2; t; rÞ
s:t: static constraint

dynamic constraint : fq � fqmin

miniaturization : L2 � Lmax

fabrication limit t� tmin; r� 0; L2 � 0

: ð2Þ

2.1 Modeling of the Objective Function

According to the relation between compliance and stiffness, the objective function
can be transformed into:

min
1
Cin

¼ 1
ein
Fin

: ð3Þ

The input structure AA′ can be viewed as a beam, as shown in Fig. 3. According
to Castigliano’s second theorem, the input displacement ein is:

ein ¼ xo ¼ @VAA0

@Fin
þ xoA: ð4Þ

For the constant cross-sectional beam AA′, Euler-Bernoulli beam theory is used
to derive the strain energy VAA0 .

VAA0 ¼
Z LAA0

0

ðFAA0 Þ2
2EAAA0

dp0 þ
Z LAA0

0

ðMAA0 Þ2
2EIAA0

dp0; ð5Þ

where LAA0 is used to control the overall width of the DAM, which is predetermined
according to the customers’ requirement. The parameters EAAA0 and EIAA0 are axial
stiffness and the bending stiffness respectively. According to the force equilibrium,
the axial force FAA0 equals FXB.

Fin
F’ZA

F’XA

M’A

F’XA’
F’ZA’

M’A’

yo

xo

o
p’

BAA’

LAA’

Fig. 3 Load analysis of the
input structure AA′
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For linear elastic beam AB, the compliance matrix connects the generalized
displacements at point B with the loads that are applied at the same point:

XB

ZB
hB

0
@

1
A ¼

SXB�FXB SXB�FZB SXB�MB

SZB�FXB SZB�FZB SZB�MB

ShB�FXB ShB�FZB ShB�MB

0
@

1
A FXB

FZB

MB

0
@

1
A ð6Þ

On one hand, substitute the displacement boundary condition hB ¼ 0 into
Eq. (6), the relation among the loads FZB; FXB; MB is established:

MB ¼ � ShB�FZB

ShB�MB
� FZB þð� ShB�FZB

ShB�MB
Þ � FXB; ð7Þ

On the other hand, the relation among the loads FZB; FXB; MB can be estab-
lished by the load equilibrium of beam AB as well:

MB ¼ �MA þFXBðlA þ Lþ lBÞþFZBtr: ð8Þ

According to moment distribution method, in the statically indeterminate
structure shown in Fig. 1b, MA ! 0.

With the combination of Eqs. (7), (8) and MA ! 0, the relation between FXB

and FZB can be constructed:

FXB ¼ �/1

/2
FZB ¼ � 1

2
� /1

/2
� Fin; ð9Þ

where /1 ¼ ShB�FZB þ ShB�MBtr, /2 ¼ ShB�FXB þ ShB�MBðlA þ Lþ lBÞ:
Considering MA ! 0, the bending moment MAA0 can be derived as:

MAA0 ¼
Fin
2 � p0; 0\p0\ LAA0

2
Fin
2 � ðLAA0 � p0Þ; LAA0

2 \p0\LAA0
:

(
ð10Þ

Equations (5), (9) and (10) lead to that the deformation of the input structure
@VAA0 /@Fin can be expressed as a function of Fin:

@VAA0

@Fin
¼ w1 � Fin ¼ ð LAA0

4EBAA0hð/2
/1
Þ2 þ ðLAA0 Þ3

4EhðBAA0
Þ3Þ � Fin: ð11Þ

Similar to Eq. (6), the displacement-load relation at point A can be described by
compliance matrix method. Substituting Eq. (9), MA ! 0 as well as the force
equilibrium of beam AB into the displacement-load relation at point A, ZA which
equals xoA can also be expressed as a function of Fin:
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ZA ¼ xoA ¼ w2 � Fin ¼ 1
2
ðSZA�FZA � SZA�FXA � /1

/2
Þ � Fin; ð12Þ

The compliances ShB�FZB; ShB�FXB; ShB�MB; SZA�FZA; SZA�FXA above can be
derived by Castigliano’s second theorem.

With the combination of Eqs. (3), (4), (11) and (12), the objective function can
be modelled as: min 1/(w1 þw2).

2.2 Modeling the Static Constraint

On one hand, the proposed orthogonal DAM is satisfied with the assumption of
Euler-Bernoulli beam. Naturally, fixed-guided beams CD and C′D′ are
Euler-Bernoulli beam. Whether beam AB is an Euler-Bernoulli beam can be ver-
ified by a strain energy-based evaluation error Derror, which is defined as [17]:

Derror ¼
@

@FXB
a
R LAB
0

F2
s

2GAAB
dp

@
@FXB

R LAB
0

F2
a

2EAAB
dpþ R LAB

0
M2

a
2EIAB

dp
� � � 100% : ð13Þ

For the rectangular cross section, the shearing coefficient a is 6/5. The param-
eters Fs, Fa, Ma are shearing force, axial force, and bending moment respectively.
The parameter G denotes the shearing elastic module. When Derror is small enough,
such as Derror \ 2 %, beam AB is an Euler-Bernoulli beam.

On the other hand, the proposed orthogonal DAM is satisfied with small
deflection assumption, which should be considered when the lower limit Derror�l is
set. The set of Derror�l will be further discussed in Sect. 3.

Therefore, the static constraint can be expressed as: Derror�l �Derror\2%:

2.3 Further Modeling the Dynamic Constraint

The model of fq has been presented in our previous research [15], which indicates
the model is related to the undetermined parameters of beam CD a. Thus, obtaining
the reasonable value of a should be considered when the dynamic constraint is
further modelled.

In beam CD, the undetermined parameters can be set as the length Ld, the width
B as well as the inclined angle h, as shown in Fig. 2a. In our previous research, the
design equations of the undetermined parameters have been derived:
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CXC�FZCðaÞgþCXC�FXCðaÞþCXC�MCðaÞf1gþCXC�MCðaÞf2 ¼ �q; ð14Þ

gðaÞ ¼ �j ; ð15Þ

f1ðaÞþ f2ðaÞ
gðaÞ ¼ lCC1 þ lBC1

j
þ i1 þ i2

j
; ð16Þ

where C is the compliance of beam CD related to a, and f1, f2, g are the functions of
CðaÞ. The parameters q, j, i1, i2 are the functions of the compliance S. The for-
mulation of these parameters can be found in our previous work [15].

However, using the design Eqs. (14)–(16), the calculated results of the unde-
termined parameters a are only satisfied with the displacement boundary conditions
and load equilibrium equations, whereas the calculated results which are not fit for
the fabrication or are too large can not be avoided automatically.

Based on the load equilibrium of output structure BC (as shown in Fig. 2c), as
well as Eqs. (7) and (9), MC − FZC relation can be obtained:

MC ¼ ½ði1 þ lCC1Þ � /1

/2
ði2 þ lBC1Þ�FZC ; ð17Þ

where lBC1 is predetermined by the requirement for the size of the output port. For
determining the reference range of lCC1, another formulation of MC − FZC will be
obtained in terms of the displacement-load relation of beam CD ignoring the filleted
corners as well as the displacement boundary conditions ZC = 0, h = 0:

MC ¼ Ld
2½�1þðLdB Þ2� sin h

FZC: ð18Þ

In Euler-Bernoulli beam CD, the ratio of length to width Ld=B�1. Therefore,
the coefficient of Eq. (18) is positive, further leading to that the coefficient of
Eq. (17) is positive, which determines the range of lCC1:

lCC1 [ � i1 þ /1

/2
ði2 þ lBC1Þ ; ð19Þ

where the right side is the lower limit lCC1�l. The value of B will be reduced as the
decrease of lCC1, and gradually approaches to the fabrication limit Bl.

The further modeling of the dynamic constraint considering obtaining the rea-
sonable value of a is shown in Fig. 4.

In Fig. 4, the vector p contains all the predetermined parameters, including
(1) the fabrication limit: the radius of the filleted corners rd, as well as, tmin; (2) the
customers’ requirements: the thickness of the mechanism h, the width of the output
port lBC1, the theoretical displacement amplification ratio Qt as well as fqmin, Lmax,
LAA0 , Derror�l and the material. The vector v0 contains all the initial values of the
design variables.
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3 Design Examples and Finite Element Analysis (FEA)

In this section, a design example will be used to verify the optimal process. The
movement accuracy and the displacement amplification ratio in the design results
will be evaluated in terms of small deflection-based and large deflection-based
FEA. The movement direction accuracy of the output structure BC can be evaluated
by the parameters d, 1, which are defined as:

d ¼ ðZB þ ZC1Þ=2
ðXB þXC1Þ=2
����

���� � 100%; 1 ¼ XB � XC1j j
lBC1

= XC1j j: ð20Þ

where d is used to evaluate the Z-axis parasitic movement of output structure BC,
and 1 is used to evaluate the corresponding rotation parasitic movement.

The predetermined parameters of the design example are shown in Table 1. The
parameter Derror�l is set as 1.10, 1.20, 1.30, 1.40 % respectively to analyze its effect
to the large deflection error.

All the other dimensions are automatically determined by solving the optimal
problem, including the key dimensions of beam AB o, lCC1, and the undetermined
parameters of beam CD a, as shown in Table 2. Note that in beam AB, the distance
tr and the width b2 are the function of o. The constraint optimal problem is solved
by MATLAB “fmincon” function.

Take 1.30 % group for example, as shown in Fig. 5. Using different initial value
v0, as the increase of the iteration steps, the value of kin finally decreases to the same
minimum value 2.68 N/lm, which is converged. Similar results can be obtained in
other groups. Therefore, the optimal problem with complex dynamic constraint can
be solved stably and the results are effective.

Table 1 Predetermined parameters p of the design example

Fabrication limit
(mm)

Customers’ requirements

rd tmin Bl h
(mm)

lBC1
(mm)

Qt fqmin

(Hz)
Lmax

(mm)
LAA0

(mm)
Material

0.25 0.25 0.20 1.00 2.00 8.00 2000 12.00 10.40 Al-alloy

Design p

B<Bl ?
Y

Obtain a
N

lCC1←lCC1-l lCC1 =lCC1+0.01mm Design Eqs. (17)-(19)

fqfq- fqmin

v0

Main function

Fig. 4 Further modeling of the dynamic constraint
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The FEA results of 1.30 % group are illustrated in Fig. 6. The direction of the
input force Fin is vertical towards up. Qualitatively, in the small deflection-based
FEA results, the output structure is move horizontally and the orthogonal move-
ment transformation is verified. The movement of the output structure can be
applied to construct parallel grasping. Similar results can be obtained in the large
deflection-based FEA results, in which the orthogonal movement transformation
accuracy is reduced. The input stiffness of the design result is 2.52 N/lm. The error
between the converged value and the FEA result is 6.35 %.

The quantitative results are listed in Table 3. In the situation of small deflection
FEA, the value of Q is larger than 4.7, which verifies the displacement amplification
of the design results. The error due to Z-axis translational parasitic movement d is
smaller than 0.30 %. Table 3 shows that as in the situation of small
deflection-based FEA, as Derror�l decreases, the resulting Derror decreases and fur-
ther the error due to rotation parasitic movement 1 reduces as well, which conform
to small deflection assumption and Euler-Bernoulli beam assumption.

In the large deflection-based FEA, the value of d is smaller than 2.5 %, which is
much better than the traditional bridge-type DAM driven by an unidirectional force
as well. The parameter n is used to evaluate the effect of large deflection nonlin-
earity to 1, which is defined in Table 3. Further, the FEA results of n in four design
groups are illustrated in Fig. 7. For each group, n� Fin relation can be fitted by an
exponential function n ¼ a � expð�c � FinðNÞÞþ d. According to this fitting equa-
tion, if n is required to be smaller than 0.3, the input force Fin should be smaller
than 0.68 N (Group 1.1 %), 0.99 N (Group 1.2 %), 2.79 N (Group 1.3 %), 8.54 N
(Group 1.4 %) respectively. Therefore, if the proposed mechanism needs to be used

Table 2 Optimal design results

Derror�l (%) o a

L2 (mm) t (mm) r (mm) lCC1 (mm) Ld (mm) B (mm) c

1.10 9.07 0.25 0.74 0.26 6.03 0.20 0.10

1.20 9.88 0.25 0.67 0.26 5.57 0.20 0.10

1.30 10.76 0.25 0.61 0.28 5.72 0.22 0.10

1.40 11.78 0.25 0.55 0.29 5.51 0.23 0.09

0 5 10 15 20

3

4

5

6

Iteration step

v0-1

kin
(N/μm)

v0-2
v0-3

Fig. 5 Iteration process to
solve the optimal problem
(Derror�l = 1.3 %)
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(a) Boundary conditions (b) X-axis displacement (s-
mall deflection-based FEA)

(c) Z-axis displacement (s-
mall deflection-based FEA)

(d) X-axis displacement
(large deflection-based FEA)

(e) Z-axis displacement
(large deflection-based FEA)

Fig. 6 FEA results of 1.30 % group

Table 3 Small deflection-based and large deflection-based FEA results (Fin = 10 N)

Derror�l

(%)
1small (l
rad/lm)

1large (l
rad/lm)

n = (1large – 1small)/
1large

Derror

(%)
dsmall

(%)
dlarge
(%)

Qsmall Qlarge
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design results
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in larger range of input force with acceptable large deflection nonlinearity, Derror�l

should be larger as well.

4 Conclusion

This paper presents the optimal design of a novel compliant orthogonal DAM with
considering the static and dynamic properties. The proposed orthogonal DAM can
be used for the actuators with bidirectional symmetric movement or typical uni-
directional movement. The objective function to minimize the input stiffness is
formulated. The static constraint is modelled with considering the large deflection
nonlinearity. The dynamic constraint is modelled with obtaining the reasonable
value of the undetermined parameters in the proposed orthogonal DAM. With the
predetermined fabrication limit and customers’ requirements, all the other nine
dimensions of the proposed orthogonal DAM can be automatically determined by
the optimal process. A design example is used to verify the optimal process. The
iteration process in MATLAB shows that using different initial value, as the
increase of the iteration steps, the input stiffness finally decreases to the same
converged value 2.68 N/lm, which verifies the effectiveness and stability of the
optimal process. The converged value of the input stiffness approaches to the FEA
value: 2.52 N/lm (error: 6.35 %). FEA results verify the orthogonal movement
transformation and displacement amplification of the proposed mechanism in the
situation of small deflection. Small deflection assumption should be considered
when the lower limit of the evaluating parameter Derror�l is predetermined in the
optimal process. As Derror�l is reduced, the orthogonal movement transformation
accuracy in the range of small deflection is improved, whereas the range of the
input force with acceptable large deflection nonlinearity is reduced.
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A Novel Bridge-Type Compliant
Mechanism with Metastructures
for Broadband Vibration Suppression

Xiaomeng Jiang, Zhong Chen, Wenqiang Cao and Xianmin Zhang

Abstract Vibration suppression on precision equipments always attracts great
attention in industry and academic field. In order to reduce the vibration, many
measures are taken in the past few decades. In general, vibration suppression can be
classified as either active or passive mode. However, both of them achieve their
own vibration-suppression function by attaching external members, which has some
shortcomings of the complexity of production assembly. In order to improve
vibration-suppression performance of a compliant amplifier, a novel compliant
mechanism with metastructures is designed. The metastructures as shock-absorbed
unit inserted in the amplifier’s members can have capabilities of vibration sup-
pression for their host structures. The different configurations of the metastructures
in the host members are presented. Their frequency response functions are obtained
using ABAQUS software, respectively. Through comparisons between their
response functions, it indicates that the vibration-absorbing metastructures orienting
along horizontal direction, which vibration-suppression direction is consistent with
the output direction, have excellent performance of broadband suppression when
their natural frequency keep highly coincident with the first order modal frequency
of the compliant mechanism.

Keywords Broadband vibration suppression � Metastructures

1 Introduction

As we know, the needs for precision equipments become more and more urgent
than ever due to the development of modern industry, such as medical, industrial,
aerospace, biotechnology and other fields, which all are payed attention on the
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influence of equipment vibration to their precision [1, 2]. In order to achieve the
purpose of vibration suppression, a large number of researches are conducted. The
major measures to reduce vibration can be classified as active and passive vibration
control [3]. Active vibration control need some embedded actuators for vibration
suppression, which energy consumptions depend on external energy. Passive
vibration control don’t need external energy, actuators and a control system, but
usually adopt additional damping structure to consume vibration energy.
Unfortunately, both of them are taken after the structure is fabricated, which will
increase the complexity of the production assembly and reduces the production
efficiency. Besides, they cannot be applied to some smaller size of structures.

With the development of 3D printing technology [4], especially the publication
of the 3D printing of pure metal [5], a suitable solution can be adopted is to design a
vibration-absorbing metastructure, a kind of oscillators, which are designed
uniquely to be insert to its host structure. Usually the metastructures are designed
and fabricated as a whole. And there are large numbers of researches and appli-
cations focusing on the vibration suppression with metastructures recently [6, 7].
Hobeck et al. [3] designed a rod inserted into the beam to implement the vibration
suppression of the beam with some rods [8]. Xiao et al. extended to study the
flexural wave propagation in locally resonant beams with multiple periodic arrays
of attached spring-mass resonators [9]. Zhu et al. [10] adopted a uniquely designed
array of chiral oscillators to achieve the broadband vibration suppression [10]. Sun
studied theoretically broadband damping characteristics of partial array of resonant
beam [11]. Baravelli et al. presented a structural concept for high stiffness and high
damping performance by designing the resonating lattice to resonate at selected
frequency [12]. Brittany presented an experimental study of optimized numerical
simulations on a metastructure created for the purpose of broadband vibration
suppression [13].

However, the above mentioned researches only use some simple structures like
cantilever beam, that whether it can be applied in a complicated structures may be
further investigated. So the paper focuses on broadband vibration suppression with
metastructures for a complicated structure: a bridge-type compliant mechanism. In
order to realize broadband vibration suppression of the compliant amplifier, the
paper puts forward some configurations of vibration-absorbing metastructure, and
verifies their performance of broadband vibration suppression based on ABAQUS
software, respectively.

2 Structure Design

In order to analyze the vibration-suppression effect of the absorbers, this paper
presents a design which is to insert the absorbers into a stiff body at the output end
of a bridge-type compliant mechanism. all the absorbers are same, a kind of
metastructure, and every absorber is designed as a cantilever beam with a tip mass
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as illustrated in Fig. 1c. if hollowing directly the output end of the mechanism for
adding the absorbers, it will reduce its stiffness. Hence, a clapboard is added inside
of the output member, as shown in Fig. 1a, b.

The vibration-suppression effect of the absorbers is heavily influenced by the
consistence of first order modal frequency between the absorber and the compliant
amplifier with the absorbers which has the compact size, 40� 21 mm. All of the
absorbers and the complaint amplifier are made of stainless steel, which the elastic
modulus and the Poisson’s ratio equals to 2:06� 1011 Pa and 0.3, respectively. The
first order vibration mode of the compliant mechanism with the absorbers usually is
a kind of back-forward motion of the output member along the output direction.
Hence, in order to meet the requirements, the dimensions of the absorbers are
designed carefully for adjusting its first order natural frequency. According to the
analysis, the dimension 1–6 of the absorber equals to 0.15, 0.46, 2, 1.5, 2 and
3 mm, respectively. The four absorbers are fabricated in the output member of the
compliant amplifier. Meanwhile, their dimensions are kept in consistence to reduce
influences in evaluation of vibration suppression and make it more easily fabricated.

Fig. 1 Bridge-type compliant mechanism with absorbers in a the front view and b the top view
and c its embedded absorber
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3 Evaluation of Vibration Suppression

3.1 Preliminary Vibration Suppression

In order to evaluate the vibration suppression effect using the absorbers embedded
in the compliant mechanism, two kinds of configurations of the absorbers are set
beforehand, which include absorbers in blocked as Fig. 1a and absorbers in free as
removing the massless stiff blocks from Fig. 1a. When implementing dynamical
analysis, the blocks are set at massless stiff state, and these blocks can restrain the
vibration of the absorbers. Then their frequency response functions are obtained
using scanning stimulus in ABAQUS software, as fixing the lowest end of the
mechanism, then loading a stimulus unit-force in different frequencies in scanning
mode on the input end of the mechanism, and recording the output displacements.
Comparisons of these frequency response functions are conducted, as shown in
Fig. 2.

From Fig. 2, we can observe that the vibration at the design frequency of
1097 Hz is suppressed, which is the first order modal frequency of the mechanism
in blocked state. And the shock absorption bandwidth is about 90 Hz. The result
suggests that the four absorbs, which are not blocked, can eliminate the peak of the
output displacement at the design frequency and effectively suppress the vibration
of the whole mechanism in a certain bandwidth.

3.2 Superimposed Vibration Suppression

In above section, it has been proved that the absorbers embedded into the
bridge-type compliant mechanism have a good performance of vibration suppres-
sion. However, whether the bandwidth of vibration suppression of the absorbers
can be enhanced by inserting more absorbers to the other rigid bodies of the
mechanism is unknown. However, the output end of the mechanism has no more

Fig. 2 Frequency response
function of the output end of
the mechanism in free and
blocked state
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space to configure more absorbers. Only both side rigid blocks can be used to
embedded more absorbers. In order to keep its static performance of the mechanism
unchanged, eight symmetrical absorbers are embedded into the both side bodies. It
is obvious that the side beams vibrate along the direction of the input force more
easily than along output direction, but it is still necessary to evaluate the perfor-
mance of vibration suppression under different orientations of the absorbers when
embedded in the both side beams.

Thus, there are two different layouts of the absorbers in horizontal and vertical
orientations, which remain along input axis and output axis, respectively. In order
to confirm exactly which layout has better performance of vibration suppression,
many dynamical simulations are implemented under different condition of absor-
bers as shown in Fig. 3. In Fig. 3 there are eight configurations, which horizontal-
all blocked means that all absorbers are blocked, horizontal- side blocked means
that only the absorbers in both side beams are blocked, horizontal-half blocked
means that only half of the absorbers in any side beam are blocked, horizontal-all
free means that all absorbers in both side beams are free, and other configurations in
vertical orientation like that in horizontal orientation.

Like the above section, their frequency response functions are obtained under
configuration (b), (c), (d) in horizontal orientation and (f), (g), (h) in vertical ori-
entation, respectively, as shown in Fig. 4.

From Fig. 4a, b, c, we can get information of bandwidth of vibration suppression
of horizontal-side blocked, horizontal-half blocked, and horizontal-all free which
are approximately 90, 120, and 145 Hz. And this indicates that it can enhance the
performance of vibration suppression by adding more absorbers to the mechanism
when the absorbers in the side beams are inserted along horizontal orientation.
However, from Fig. 4d, e, f, the bandwidth of vibration suppression of vertical-side
blocked, vertical-half blocked, and vertical-all free are approximately 90, 90, and

Fig. 3 Bridge-type compliant mechanism with absorbers in different free or blocked state:
a horizontal-all blocked b horizontal-side blocked c horizontal-half blocked d horizontal-all free
e vertical-all blocked f vertical-side blocked g vertical-half blocked h vertical-all free
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90 Hz. And this indicates that it cannot enhance the performance of vibration
suppression after inserting more absorbers to the mechanism when the absorbers in
the side beams are inserted along vertical orientation.

3.3 Further Discussions

In above two sections, it has been discussed whether the bridge-type compliant
mechanism which embeds some absorbers can have a better performance of
vibration suppression and whether it can enhance the performance of vibration
suppression when inserting more absorbers to the host mechanism. But all of them
are based on the following premise that the absorbers must approximately keep
same of first order modal frequency with the bridge-type compliant mechanism.
Thus, if changing the first order frequency of the absorbers, it will lead to a little
impact on the first order modal frequency of the mechanism. Will the
vibration-suppression effect of the absorbers be weaken? Aiming at the issue, the
following discussions are carried out.

According to Sect. 3.1, a best performance of vibration suppression is obtained
when the absorbers are configured as in Fig. 3d. So we choose the model in Fig. 3d
to start a discussion firstly. By changing the dimension 1 and the dimension 2 in
Fig. 1c, the first order modal frequency of the absorber can be changed as we need.
And their frequency response functions are obtained while the dimension 1, 2 are
changed, as shown in Fig. 5, which include four kinds of models, free1–free4.
From Fig. 5, it is obvious that the absorbers with different dimension 1, 2 have a

Fig. 4 Comparisons of the frequency response functions under the different configurations of the
absorbers
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little impact on the first order modal frequency of the bridge-type compliant
mechanism. So we can evaluate the performance of vibration suppression when
dimension 1, 2 of the absorber are changed.

After analyzing all frequency response functions in Fig. 5, we can easily draw a
conclusion that performance of vibration suppression of the absorbers depend on its
first order modal frequency. And it becomes more and more weak, when its first
order modal frequency deviates more heavily from the design frequency of the
bridge-type compliant mechanism. Even when the frequency deviation increase at a
certain extent, its vibration-suppression effect will disappear.

4 Conclusion

The paper analyzes the performance of vibration suppression of the absorbers, a
kind of metastructure, embedded into a bridge-type compliant mechanism. When
the first order modal frequency of the absorbers equals to the one of the compliant
amplifier, the absorbers can reach best performance of vibration suppression. Their

Fig. 5 Comparisons of the frequency response functions when changing the natural frequency of
the absorbers
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vibration-suppression effect can be enhanced by adding more absorbers into
both side beam of the mechanism in horizontal orientation. And their vibration-
suppression effect has a key relation with deviation degree between first order
modal frequency of the absorbers and their host structure. When their first order
modal frequency deviates more largely from the design frequency, their effect will
become weaker until it has no vibration-suppression effect nearly.
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Design of Micro-positioning Stage
with Large Stroke Based on Novel
Compliant Parallel Mechanism

Qinghua Lu and Youcai Zhang

Abstract Compliant mechanism is widely used in the fields of precision
mechanical engineering for the advantages such as no friction losses, no need for
lubrication, no assembly. However, its stroke is limited by the type of compliant
joint, the size and performance of materials. In this paper, a novel compliant parallel
mechanism with high precision and large stroke is proposed, which is composed of
a parallel mechanism with full compliant joints. The curved planar compliant unit
based on the hammer orchid’s compliant joints is viewed as the object, and a
compliant parallel mechanism is designed through the analysis of the curved planar
model method and the finite element. The analysis results show the curved planar
compliant unit in compliant parallel mechanism has better performance. According
to the analysis results of different types of the curved planar compliant unit, a novel
parallel micro-positioning stage with three degrees of freedom is designed, which
has the advantages of high precision and large stroke.

Keywords Compliant joint � Parallel � Micro-positioning � Large stroke

1 Introduction

High performance compliant parallel mechanisms can provide precise positioning
and movement, which had attracted the attention of many countries around the
world [1]. The good performance of compliant mechanism is mainly shown in:
reduce the cost of compliant mechanism and improve the performance of compliant
mechanism [2]. Compliant joints had a limited working space and restrictions on
the scope of cubic micron, meanwhile related to the reasonable design of compliant
parallel mechanism [3]. For the compliant parallel mechanisms, Sun designed the
parallel micro-positioning stage based on the novel Hooke hinge [1]. Zhao studied
on the large deformation of the curved compliant element [4]. Zhang took the
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performance testing and optimization of 5-DOF hybrid parallel mechanism [5].
Horacio presented the large deformation of semi circular hinge in planar compliant
mechanism [6]. Hesselbach presented a DELTA parallel mechanism using com-
pliant joints made of a superelastic alloy (CuAlNiFe) [7]. Horie presented a 2-DOF
translational robot using a large-deflection deformable joints that are made of
superelastic metal (Ni-Ti) [8]. Clavel presented a 3-DOF parallel mechanism with
brace-shaped compliant joints(2-DOF rotation and 1-DOF translation) [9]. Li Yuan
presented a kinetic model of planar compliant parallel robot based on semi circular
compliant joint [10]. In previous studies, most of the parallel mechanisms could
work in the small space, but the effect was not good in a wider range of working
space.

This paper presented a novel compliant parallel mechanism inspired by the
orchid as shown in Fig. 1 and proposed the deformation of the joint under different
combinations and used it in the design of a 3-DOF compliant parallel
micro-positioning stage with high precision and large stroke. It had large working
space, which had certain significance to the study of the compliant parallel
mechanisms.

2 Compliant Joint Model

In order to study the performance of compliant joints, some nonlinear finite element
analyses were taken on it. According to the orchid’s model, a compliant joint with
three-dimensional simplified model was established as shown in Fig. 2. The middle
of the compliant joint is extracted to analyze in this paper. As described above, the
joints would subject to the horizontal force, vertical force and couple respectively,
its deformation analytical model as shown in Fig. 3.

When different loads were applied, the curved planar compliant unit could be
changed, and the curvature could be predicted [11–13]. According to the theory of
Bernoulli-Euler, the curvature of a semi-circular beam in Cartesian coordinates can
be given by [14]:

Fig. 1 The motion of Orchid
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j ¼ 1
q
¼ M

EI
¼ dh

ds
¼ d2y

�
dx2

1þ dy=dxð Þ2
h i1=2 ð1Þ

2.1 Vertical Deformation

To calculate the displacement caused by vertical load P, an expression for the
curvature to the beam based on formulas (1) is developed. When the internal
moment at a distance x from the origin is given by: M ¼ �P ðu� xÞ, considering
the initial curvature 1/R, and get formulas (2) can be given by [6]:

j ¼ dh
ds

¼ � P
EI

ðu� xÞþ 1
R

ð2Þ

Fig. 2 Compliant joint model

Fig. 3 The analytical model
of compliant joint
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Differentiating with respect to s

dj
ds

¼ d2h
ds2

¼ P
EI

dx
ds

� �
¼ P

EI
cos h ð3Þ

The second derivative of the angle h with respect to the length s can be expanded
as follows:

d2h
ds2

¼ d
ds

dh
ds

� �
¼ dj

dh
j ¼ d

dh
j2

2

� �
ð4Þ

Combined with formula (3) and formula (4)

d
dh

j2

2

� �
¼ P

EI
cos h ð5Þ

Applying boundary conditions, at x ¼ u and y ¼ w, and taking h ¼ h0 as the
initial angle of the beam and solving for j results in

j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
R

� �2

þ 2P
EI

ðsin h� sin h0Þ
s

ð6Þ

The displacement of the y direction is derived as follows:

j ¼ dh
ds

¼ dh
dy

dy
ds

¼ dh
dy

sin h ð7Þ

Integrating both sides

w ¼
ffiffiffiffiffiffi
EI
2P

r Z h0

0

sin h dhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
.
RÞ2 EI

2P þðsin h� sin h0Þ
r ð8Þ

In the x direction:

u ¼
ffiffiffiffiffiffi
EI
2P

r Z h0

0

cos h dhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
.
RÞ2 EI

2P þðsin h� sin h0Þ
r ð9Þ
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2.2 Horizontal Deformation

To calculate the displacement caused by horizontal load Q, an expression for the
curvature to the beam based on formulas (1) is developed. When the internal
moment at a distance y from the origin is given by: M ¼ �Q ðw� yÞ, considering
the initial curvature 1/R, and get formulas (10) can be given by [6]:

j ¼ dh
ds

¼ � Q
EI

ðw� yÞþ 1
R

ð10Þ

Differentiating with respect to s

dj
ds

¼ d2h
ds2

¼ Q
EI

dy
ds

� �
¼ Q

EI
sin h ð11Þ

According to (5) can be obtained:

d
dh

j2

2

� �
¼ Q

EI
sin h ð12Þ

Applying boundary conditions, at x ¼ u and y ¼ b, and taking h ¼ h0 as the
initial angle of the beam and solving for j results in

j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
R

� �2

þ 2Q
EI

ð�cos hþ cos h0Þ
s

ð13Þ

The displacement of the y direction is derived as follows:

w ¼
ffiffiffiffiffiffi
EI
2Q

r Z h0

0

sin h dhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
.
RÞ2 EI

2Q þð�cos hþ cos h0Þ
r ð14Þ

In the x direction:

u ¼
ffiffiffiffiffiffi
EI
2Q

r Z h0

0

cos h dhffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1
.
RÞ2 EI

2Q þð�cos hþ cos h0Þ
r ð15Þ
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2.3 Finite Element Analysis of Compliant Joint

According to the above theoretical model, the large deformation performance of
different combinations of compliant joints was verified, which provided an effective
basis for the design of compliant parallel micro-positioning stage. The compliant
joint combinations are shown in Fig. 4.

The mechanism parameters of three forms compliant joints: Radius R = 10 mm,
arc length C = 30 mm, thickness t = 0.5 mm. All the selected materials were
spring steels as shown in Table 1, other materials were stainless steels.

Under the action of horizontal load Q and vertical load P, the three finite element
models were compared as shown in Figs. 5 and 6.

By seen Figs. 5 and 6 data analysis, single joint deformation was obviously
better than the other two symmetrical double joint, and could achieve mm scope.

Fig. 4 The type of compliant joint

Table 1 Performance parameter of spring steel

Elastic modulus
E = ðPa)

Yield stress
rs = ðPa)

Shear modulus
G = ðPa)

Density
q = ðkg =m3Þ

Poisson’s
ratio l

2.07E + 11 1.18E + 09 8.13E + 10 7730 0.27
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The results showed that the single compliant joint had good deformation perfor-
mance and could be used as the design of micro-positioning stage with large
deformation.

3 Compliant Parallel Micro-positioning Stage

According to the comparative analysis on three forms of compliant joint, single
compliant joint was selected and constructed PRRRR compliant kinematic chains
as shown in Fig. 7.

Fig. 5 Displacement under
horizontal load Q

Fig. 6 Displacement under
vertical load P
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A PRRRR compliant kinematic chain proposed by Fig. 7 was constructed in a
3-DOF parallel micro-positioning stage as shown in Fig. 8. The compliant parallel
micro-positioning stage was composed of a static stage and moving stage, three

1.static stage  2.drive  3.sliding mechanism  4.rail  5.compliant 1 

6.moving stage  7.rigid body 1  8.rigid body 2  9.compliant 2  10.rigid body 3

Fig. 8 Compliant parallel micro-positioning stage model

Fig. 7 PRRRR compliant kinematic chains
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chains composed by the compliant joints, drive, rigid components and three branch
chains had the identical geometrical condition.

The movement pair composed of the spatial mechanism had the revolute pair,
the prismatic pair, the screw pair, the cylindrical pair, the spherical pair, the plane
pair and the Hooke hinge [15].

According to the modified Kutzbach-Grubler formula for the general mechanism
of general freedom [16].

M ¼ d � ðn� g� 1Þþ
Xg
i¼1

fiþ v ð16Þ

In this paper, The dynamic model of compliant parallel micro-positioning stage
as shown in Fig. 9, which contained 14 components, 15 motion pairs (3 prismatic
pairs, 12 revolute pairs), without parallel redundant constraints, the stage had a
degree of freedom as follows:

M ¼ d � ðn� g� 1Þþ
Xg
i¼1

fiþ v ¼ 6� ð14� 15� 1Þþ 15 ¼ 3

According to the above model analysis, the initial condition of the compliant
parallel micro-positioning stage was parallel to the static stage. Three degrees of
freedom motion of the moving stage could be achieved when the driver was driven
to the three compliant joints which are uniformly distributed at the bottom [17], and
its structural parameters as shown in Table 2.

In this paper, ANSYS was used to simulate the deformation and motion of the
3-DOF compliant parallel micro-positioning stage. In the process of simulation, the
static stage, the moving stage and the rigid components were made of stainless

Fig. 9 Compliant parallel
micro-positioning stage
structure
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steels, and the other two kinds of compliant joints were made of spring steels. And
then the meshing as shown in Fig. 10. Because the maximum stroke of the micro
displacement actuator was 15 mm, the displacement load of the bottom sliding
stroke was 2 mm. After a series of meshing, adding constraints and loads, solving,
and obtain the total deformation and stress of the single load, double load, triple
load as shown in Figs. 11 and 12.

Table 2 Structural parameters of compliant parallel micro positioning stage

Length (mm) Thickness (mm) Material

Moving stage 100 15 Duralium

Static stage 300 20 Cast iron

Radius (mm) Section (mm2) Material

Compliant 1 10 15 � 0.5 Spring steel

Compliant 2 20 15 � 0.5 Spring steel

Fig. 10 Structure and
meshing

Fig. 11 Displacement under different loads
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It was concluded from the above two figure that when the displacement load was
applied to the bottom sliding stroke 2 mm, the moving stage could output the
displacement of 9 mm, and the stress at the joints was less than the yield strength
ðrs = 1:18Eþ 09Pa), so compliant parallel micro-positioning stage satisfied the
requirements of the design of large stroke.

4 Conclusions

In this paper, mathematical analysis and finite element method were used to analyze
the output displacement of compliant joints in different combinations to find the
correlation between the compliant joints and the load in different combinations that
could provide a reasonable suggestion for the design of a large deformation micro
positioning stage based on compliant joint.

(1) In the case of the same load, the deformation of the single joint was obviously
better than that the other two kinds of symmetric double joints, and could
achieve the scale of mm. The results showed that the single compliant joint
had good deformation performance and could be used as a joint foundation for
the design of micro-positioning stage with large deformation.

(2) In the case of the application of horizontal load, the single joint showed a
better deformation performance, could provide a reasonable suggestion for the
design of a large deformation micro-positioning stage based on compliant
joint.

Fig. 12 Stress of compliant joints

Design of Micro-positioning Stage with Large Stroke … 719



(3) In the case of using the single compliant joints, a 3-DOF compliant parallel
micro positioning stage had been designed that could initially achieve the
requirements of large stroke and high accuracy, which can provide the
effective references for the design of the micro-positioning stage.
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Design of a 3DOF Precision Positioning
Stage Based on Corrugated Flexible Units

Nianfeng Wang, Zhiyuan Zhang, Xianmin Zhang and Luming Cui

Abstract Flexure hinge has been widely used in micro-positioning stages and
medical applications to take the place of mechanical joints. In this paper, a planar
three degree of freedom (DOF) precision positioning stage is designed with cor-
rugated flexible units, which offers great improvement over traditional flexible
hinge in terms of large range of motion. A first order displacement amplification
mechanism is led into the stage to amplify the displacement and the stage is
actuated by piezo actuator. Then the simulation and analysis of the stage are
conducted by finite element analysis (FEA) via ANSYS, which validate the char-
acteristic of large displacement of the stage and eliminating stress concentration
effects.

Keywords Precision positioning stage � Corrugated flexible units � 3DOF � FEA

1 Introduction

With the constant development of medical equipment, communication equipment,
circuits and some other interrelated technologies, the requirements for precision and
ultra-precision positioning technology has become more and more strict, and a
nanoscale resolution or repeatability becomes more important.

Since the micro-positioning stage based on flexure hinges has quite a lot of
advantages, such as no lubrication, no noise, fewer parts and more compact, the
stage has been widely used in many industrial applications, including biological
science, micro-grippers, scanning probe microscopy [1–3] and so on. And in the
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early 1965s, PAROS gave out the simplified calculation formula of a circular arc
shape flexible hinge [4], today this kind of flexible hinge, which is also called
notch-type flexible joints (Fig. 1a, b) [5], has been well understood by many
researchers and designers and gets lots of applies in the field of high-precision and
small-displacement mechanisms [6]. Another primary flexure hinge is leaf spring
(Fig. 1c). It’s just like a four-bar linkage and composed of sets of parallel flexible
beams. And this kind of joints is widely applied in medical instrumentation [7] and
MEMS devices [8]. Wang [9–12] have used periodically corrugated cantilever
beam (Fig. 2) to design compliant joints and established the pseudo-rigid-body
model of it. This corrugated flexure unit with semi-circular segment and straight
segment connected end to end somehow overcome the disadvantage of limited
range of motion for its large flexibility obtained from longer overall length on the
same span. With the corrugated flexure beam (CF beam), a XY micro-positioning
stage is designed and the static and modal analysis of the stage are conducted by
finite element analysis (FEA) via Workbench.

In this paper, we propose a planar three degree of freedom precision positioning
stage using corrugated flexible units. On the basis of 3-PRR rigid model with three
chains 120º apart from each other, we take the place of traditional notch joints with
corrugated flexible units and a first order displacement amplification mechanism,
whose fulcrum is also a corrugated flexible unit is led into the stage. And then, the
FEA model is given out to assist determining the position of the fulcrum. After that,
65Si2Mn is chosen as the material of the stage. And simulation and analysis of the

Fig. 1 Basic flexible joint
components

Fig. 2 Straight cantilever
beam and corrugated
cantilever beam
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stage with corrugated flexible units and notch-type joints are carried out
respectively.

2 The Design of 3DOF Precision Positioning Stage

2.1 The Model of 3DOF Positioning Stage

In order to set up a positioning stage with three degrees of freedom, we take the
3-PRR rigid model as shown in Fig. 3 [13] into account. The three chains are 120º
apart from each other and this symmetric structure decreases the influence of the
temperature and disturbance from the outside environment. On this basis, a first
order displacement amplification mechanism is led into the model to increase the
displacement of the stage.

According to reference [14], and because the deformation of the stage mainly
produced by flexure hinges, the deformation of link bar can be ignored and treated
as rigid body, as shown in Fig. 4. The relationship between input and output can be
described by following matrix:

GXin ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33

2

4

3

5
d1
d2
d3

2

4

3

5 ¼ Xout ð1Þ

where G is a 3 � 3 transfer function matrix, Xin is the input matrix and Xout is the
output matrix, and aijði ¼ 1; 2; 3; j ¼ 1; 2; 3Þ are all constants and di represent the
input values. From the equations above, we can get the output values as long as we

Fig. 3 3-PRR rigid model
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know the input values, and if three input values are equal, the center stage will get a
rotational movement in the plane.

2.2 Design of 3 DOF Positioning Stage Using Corrugated
Flexible Units

Employing the corrugated flexible units as flexure hinges, the whole stage is
designed as shown in Fig. 5, and the joints are all actuated by piezo actuators in
three directions. The displacement is transferred by the first order displacement
amplification mechanism from the actuators to the center stage, and then three Laser
Displacement Sensor measure the motion of the center stage.

Import this model into FEA software, ANSYS, to check out the feasibility. The
force and fixed support are applied as actual situation, and the result is shown in
Fig. 6. The color in Fig. 6 show the size of the displacement, and the red represent
large displacement, the blue represent small displacement. From this perspective,
the input displacement is larger than the output one, and it’s obviously not match
the goal of positioning stage. Taking into account of the fulcrum of the first order
displacement amplification mechanism, the stiffness of the fulcrum is quite small
and as a result, the largest displacement of the stage is not lie in the center of it.
More importantly, it’s quite difficult to keep the input force vertical to the input
stage, and the shift may cause unavoidable input error. Therefore, an improved
model is proposed. As shown in Fig. 7, a structure of double corrugated flexible

Fig. 4 Model of precision
positioning stage
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Fig. 5 Three DOF positioning stage with corrugated flexible units

Fig. 6 The result of FEA via ANSYS

Fig. 7 The structure of double corrugated flexible units
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units is introduced to restrict the rotating shift of input stage and keep input force be
vertical to the input stage. Also the fulcrum of the first order displacement ampli-
fication mechanism is modified to cater the goal of displacement amplification. In
addition, a guide with dovetail is added under the input stage to guarantee the input
stage moving only in the vertical direction, as shown in Fig. 8.

3 Simulation and Analysis

The material of precision positioning stage accounts for a large proportion in
influencing the property of the stage, and it requires high fatigue strength and yield
strength, as well as high stiffness. At the same time, when forced, it should generate
elastic deformation. Considering various factors mentioned above and compare the
materials list in Table 1, we select 65Si2Mn as the material of the platform, and the
property parameters of 65Si2Mn are listed in Table 2.

Take the place of corrugated flexible units with notch-type joints as a fulcrum
and then import the two models into ANSYS. Apply the same fix support and loads,
and also the same meshing. The results are illustrated in Fig. 9. In Fig. 9, three
same 200 N forces are applied in every direction of the two stages to get a pure
rotational movement. From Fig. 9a, c we can get the conclusion that the two stages

Fig. 8 The guide with dovetail under the input stage

Table 1 The property parameters of some materials

Materials Elastic Modulus
(GPa)

Yield limit
(MPa)

Density
(kg/m3)

Market price
(RMB=kg)

Beryllium alloy 128 1170 8300 260

Titanium alloy 114 1170 4400 310

Aluminum alloy 71.7 34 2710 50

Spring steel 210 1641 7800 15
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can achieve a goal of amplifying the displacement. Further in detail, the dis-
placement of 3DOF positioning stage based on all corrugated flexible units reaches
to 671.69 lm while another stage with a notch-type fulcrum gets a displacement of
640.5 lm. That is to say, the 3DOF positioning stage based on all corrugated
flexible units obtains larger displacement in output stage, but the disparity is rel-
atively small. Comparing Fig. 9b, d, the equivalent stress of notch-type fulcrum
concentrates on the center of notch-type joints while the equivalent stress of cor-
rugated flexible fulcrum is uniformly distributed in curved portion and largely eases
the stress concentration.

Table 3 is the simulation data report forms of the stage with all CF units in
ANSY. Firstly, compared to the average yield strength spring steel,
Sy = 1641 MPa, the maximum equivalent stress is 487.656 MPa, and obviously it
suffices the security strength of materials. Secondly, the extreme position in the X

(a) Deformation of 3DOF stage with all CF units           (b) Equivalent stress of 3DOF stage with all CF units

(c) Deformation of 3DOF stage with 
notch-type fulcrum

(d) Equivalent stress distribution of 3DOF stage with 
notch-type fulcrum

Fig. 9 Deformation and equivalent stress analysis of two kinds of 3DOF stage

Table 2 The property parameters of 65Si2Mn

Property Density Poisson’s ratio Young’s modulus

values q ¼ 7850 kg �m�3 u ¼ 0:3 E ¼ 210GPa
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direction is −667.815 lm * +538.29 lm, and even through it’s not the absolute
value of the center platform, a large displacement of the center platform in X
direction can be obtained with a decomposition. Similarly, the extreme position in
the Y direction is −631.16 lm * +526.358 lm. The positioning errors in X and Y
axis are about 36 and 12 lm. In Z direction, the extreme position is
−1.03 lm * +0.896 lm and this is mainly caused by the gravity of itself.
Obviously this error will have some small impact on the positioning accuracy of the
platform, but the impact on the overall positioning is quite small.

Further, take the place of every corrugated flexible unit in the positioning stage
with notch-type joints, and analysis it with same fixed support and force in ANSYS.
Three same forces of 200 N are also given in every input stage to get a rotational
movement of the center stage. Figure 10 shows the final result. Largest displace-
ment of this stage can only reach 103.23 lm and this is quite smaller than the stage
based on all corrugated flexible units. This is caused by the high stiffness of
notch-type joints in input stages. And the stress focus on the center of the

Table 3 Simulation data report forms of ANSYS result

Name Minimum Maximum

Volume 203,309 mm3

Weight 1.59598 kg

Mises equivalent stress 0.0002899 MPa 487.656 MPa

The first principal stress −155.417 MPa 347.605 MPa

The third principal stress −558.595 MPa 60.9061 MPa

Displacement 0 mm 0.676884 mm

Safety factor 0.42448 ul 15ul

Stress XX −501.28 MPa 320.053 MPa

Stress XY −237.509 MPa 208.477 MPa

Stress XZ −24.8098 MPa 29.9408 MPa

Stress YY −544.088 MPa 316.047 MPa

Stress YZ −29.0776 MPa 35.564 MPa

Stress ZZ −184.482 MPa 98.7652 MPa

X displacement −0.667815 mm 0.53829 mm

Y displacement −0.63116 mm 0.526358 mm

Z displacement −0.00103052 mm 0.000896717 mm

Equivalent strain 0.00000000134969 ul 0.00222061 ul

The first principal strain 0.0000118803 ul 0.00154738 ul

The third principal strain −0.00254529 ul 0.00000576862 ul

Strain XX −0.00218795 ul 0.00142384 ul

Strain XY −0.00154381 ul 0.0013551 ul

Strain XZ −0.000161264 ul 0.000194615 ul

Strain YY −0.00238741 ul 0.00143431 ul

Strain YZ −0.000189004 ul 0.000231166 ul

Strain ZZ −0.000419773 ul 0.000545216 ul
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notch-type joints and it may cause damage in it. This leads to the conclusion that the
precision positioning stage based on all corrugated flexible units can get a relatively
good and larger displacement.

4 Conclusion

In conclusion, a planar 3DOF precision positioning stage actuated by piezo actu-
ators is proposed in this paper. The stage possesses a relatively large displacement
with the help of CF units and a first order displacement amplification mechanism.
The comparison between the precision positioning stage with all corrugated flexible
units and the stage with notch-type fulcrum are carried out via ANSYS, and these
two kinds of positioning stage gain large displacement in output stage. Through
introducing corrugated flexible units, the stress concentration is largely eased.
Compared to traditional 3DOF positioning stage with all notch-type joints, the stage
with CF units gets larger more displacement. In future works, the relationship
between input and output will be deduced and optimization of the stage will be
carried to get a better decoupling property, and the stage will be manufactured using
Wire cut Electrical Discharge Machining (WEDM) to verity the result of ANSY.
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Fig. 10 a is deformation of 3DOF stage with all notch-type joints, b is equivalent stress
distribution of 3DOF stage with all notch-type joints
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Part IV
Reconfigurable Mechanism



A Deployable Robot Based on the Bricard
Linkage

Hao Shang, Dawei Wei, Rongjie Kang and Yan Chen

Abstract A large variety of transformable robots were proposed in the past dec-
ades, which were mainly based on reconfigurable mechanisms. Meanwhile,
deployable structures have been extensively applied to various fields, such as
aerospace industry, civil engineering, and medical engineering. This paper presents
a new method to integrate deployable structures to the design of transformable
robots. A threefold-symmetric Bricard linkage is analyzed and used as the body
structure of the robot. Gait control is then achieved by using the deploying and
folding motion of the Bricard linkage. Experimental results show that the robot is
capable of moving through limited space with single degree-of-freedom (DOF).

Keywords Threefold-symmetric bricard linkage � Deployable robot � Gait control

1 Introduction

In recent years, there has been a growing interest in the development of trans-
formable robots, which can adjust their configurations to adapt to multiple tasks and
uncertain environment. Such robots have been widely applied to areas such as
reconnaissance, rescue missions, and space applications [1].
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Reconfigurable robots are a kind of transformable robots built from modules that
can be connected in different ways to form different morphologies for different
purposes [3]. Since the Reconfigurable Modular Manipulator System (RMMS) was
invented the in 1988 [2], many kinds of reconfigurable robots have appeared
successively.

Chain-type reconfigurable robots were a typical class of reconfigurable robots,
such as the PolyPod robot [4] and later its descendent PolyBot [5] and CONRO [6]
shown in Fig. 1a.

Another class of reconfigurable robots is the lattice-type robots. Early
two-dimensional lattice-type robots include the Fracta and Metamorphic robots
[7, 8]; the first three-dimensional lattice-type robots were the Molecule shown in
Fig. 1b and the 3-D-Unit [9, 10].

Chain-type and lattice-type robots have evolved to the hybrid reconfigurable
robots. The recent generation of self-reconfigurable robots, including M-TRAN III,
ATRON shown in Fig. 1c, and SuperBot, are all of the hybrid type [1, 11, 12].

In the last decade, a new kind of transformable robots based on metamorphic
mechanisms was presented. Dai [13] proposed the concept of metamorphic palm.
As shown in Fig. 1d, a robotic hand in which the palm section enables it to achieve
a wide range of movement was designed. Ding [14, 15] proposed a novel design of
metamorphic hybrid wheel-legged rover mechanism.

Fig. 1 Transformable robot a CONRO b Molecule c ATRON d metamorphic palm
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However, the above-mentioned robots are not able to change their size signifi-
cantly, which is important for passing through constrained environment.

Meanwhile, since the first overconstrained mechanism was proposed by Sarrus
[16], a number of overconstrained mechanisms have been proposed by some
researchers including Bennett in 1903 [17, 18], Bricard in 1926 [19], Myard in
1931 [20], Goldberg in 1943 [21], Waldron in 1968 [22], and Wohlhart in 1987
[23]. After that the overconstrained mechanisms, especially Bennett and Bricard
linkages, were applied to deployable structures by Chen [24, 25, 26]. A large
variety of deployable structures were used in engineering fields. Catherine used the
Hoberman mechanism to design reconfigurable antenna and solar arrays [27].
Wohlhart also developed a deployable polyhedron by using a set of planar linkages
[28]. Gantes [29], Hanaor [30] and Pellegrino [31] et al. applied to the civil
engineering structures.

Although deployable structures have achieved great progress in the fields of
aerospace industry, civil engineering, and medical engineering, there were seldom
applications in the design of transformable robots.

The aim of this paper is to use the deployable structure to develop a novel
transformable robot. The threefold-symmetric Bricard linkage is adopted here due
to its large expansion ratio and single DOF moving ability that allows for easy
control. The presented robot can change its configuration to go through a narrow
gap either perpendicular or parallel to the ground.

The paper is organized as follows. Section 2 shows the analysis of geometrical
properties of the threefold-symmetric Bricard linkage. Section 3 presents the design
of the robot including the mechanism analysis, gaits generation and control system.
Section 4 presents the experimental results, and Sect. 5 gives the conclusion and
discussion.

2 Bricard Linkage

The Bricard linkage is the only 6R overconstrained linkage independent from other
linkages. There are six distinct types of Bricard linkages in the family of Bricard
linkage. They were discovered and reported by Bricard [32]. In 2005, Chen et al.
[33] presented a kinematic analysis of a new linkage called Threefold-symmetric
Bricard linkage, which was obtained by combining the general plane-symmetric
and trihedral Bricard linkage, and pointed out the possibility of applying this
linkage to deployable structures.

The configuration of this linkage is shown in Fig. 2. It has three symmetric
planes and threefold-rotational symmetry. Each link of the linkage is perpendicular
to the two axes of adjacent revolute joints it connects.
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The threefold-symmetric Bricard linkage satisfies the following conditions:

a12 ¼ a23 ¼ a34 ¼ a45 ¼ a56 ¼ a61 ¼ l;
a12 ¼ a34 ¼ a56 ¼ a; a23 ¼ a45 ¼ a61 ¼ 2p� a;
Ri ¼ 0ði ¼ 1; 2; 3; 4; 5; 6Þ
h1 ¼ h3 ¼ h5 ¼ h
h2 ¼ h4 ¼ h6 ¼ u

8
>>>><

>>>>:

ð1Þ

where ajk is the length of a link between two adjacent axes of revolute j and k, ajk is
the twist angle between axes of adjacent revolute joints j and k (j, k = 1, 2, 3, 4, 5,
6), and Ri is the offset between endpoints of two links connected by one revolute
joint along the axis i. hi is the rotation angle about axis of joint i.

The closure equation of this threefold-symmetric linkage is then obtained by

cos2 aþ sin2 aðcos hþ cosuÞþ ð1þ cos2 aÞ cos h cosu� 2 cos a sin h sinu ¼ 0 ð2Þ

The structure when l ¼ 500mm; a ¼ 2p=3 as shown in Fig. 3 is chosen to build
the model of the deployable robot.

The reasons for selecting these parameters can be listed as follows:

1. For 0� a\p=3, or 2p=3\a� p,the movement of linkages is not continuous.
Thus, the linkage is physically blocked in the positions where all links crossed at
the center when either h or u reaches p or �p. When p=3� a� 2p=3, the
linkage keeps moving continuously [33].

2. When a ¼ p=3 or a ¼ 2p=3, the movement of the linkages has a kinematic
bifurcation, which means the number of instantaneous (infinitesimal) degrees of
freedom increases. Although we took some measures to prevent this robot
movement curve passing the bifurcation point in this paper. By taking advantage
of kinematic bifurcation, there is an infinite possibility with the future to develop
the robot that will have more ways in transformation.

Fig. 2 Threefold-symmetric
Bricard linkage
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3. In fact, for a = p / 3 and a = 2p / 3, the linkages have the same kinematic
properties. So we chose one of it.

4. To adapt to the size of other parts that constituted the robot, l ¼ 500mm was
selected.

Substituting a ¼ 2p=3 into Eq. (2), we can reach the input–output equation:

1
4
þ 3

4
ðcos hþ cosuÞþ 5

4
cos h cosuþ sin h sinu ¼ 0 ð3Þ

Figure 4 shows the input–output curve (green color) determined by Eq. (3).
According to Figs. 3 and 4, the properties for the threefold-symmetric linkage when
a ¼ 2p=3 are as follows. Firstly, it appears that only one of the six revolute

Fig. 3 The structure which is applied to the robot a The deployed configuration; b The folded
configuration

Fig. 4 h versus u for the
threefold-symmetric linkage
for a ¼ 2p=3
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variables can be free. Thus, this threefold-symmetric linkage has one degree of
finite mobility. Secondly, it can be flattened to form a planar equilateral triangle
with side length 21. Additionally, the linkage keeps moving continuously.

However, as shown in Fig. 4, the point at ðh;uÞ ¼ ðp; pÞ is the point of bifur-
cation. This means the linkage has 2 DOF in this point, which causes the unex-
pected motion. Meanwhile, when ðh;uÞ ¼ ð0; 2p=3Þ , the linkage is in the deployed
configuration. It’s difficult to change the linkage structure to the folded configu-
ration because of the overload torque. So as shown in Fig. 4, the curve in red color,
in which h varies from p=10 to 9p=10, is used for the robot to perform walking
motions.

The reasons for applying this linkage to the robot are that the linkage has single
DOF and simple structure, which make the actuation and control easy and feasible.
Moreover, the linkage has a large expansion ratio, meaning that it can change its
size significantly.

3 Design of the Deployable Robot

Based on the above analysis this section presents the design of the deployable robot
using the threefold-symmetric Bricard linkage. In the first part, the mechanical
design of the robot is elaborated in detail. Two gaits of the robot are presented in the
second part. The final part discusses a double closed loop control system applied to
the robot.

3.1 The Mechanical Design

To build a lightweight, flexible and high strength deployable robot, carbon fiber
tubes are used to form the robot body. The “feet”, constituted with a steel frame and
wheels, play a significant role in supporting the body, walking and transforming.
The transmission gears, battery and the DC-motor are located inside the steel frame.
Meanwhile, the angle sensor is assembled collinearly with the joint axis to monitor
the rotation angle h, which is the parameter of the linkage as shown in Fig. 2, and
the control module (CMOD) is fixed on the robot body. In addition,
Omni-directional wheels are used to achieve a batter gait. The robotic prototype is
shown in Fig. 5.

The robot has an extensive ability of transformation. The bottom area of the
robot varies from 0.027–0.73 m2 with the height between 0.68–0.2 m. Therefore,
the robot has an expansion ratio of 27.04 (defined as ratio of bottom area of the
deployed and folded form).
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3.2 Gait of the Robot

The robot is actuated by three DC-motors, while it has single DOF. We designed
two kinds of gaits to achieve walking.

One is simply to change the configuration of the robot’s body, called
deployed-folded gait. As the structure has good symmetry and single DOF, the
deployed-folded gait is performed by activating the three motors at the same time
with identical rotating speed. As shown in Fig. 6a, in the deployed configuration,
the three feet move outward synchronously to the deployed form. In the folded
configuration they move inversely to the folded form. In this gait the robot will not
walk but change its size and height.

The other gait is designed for the robot to walk in a specific direction, called
directional gait. In this gait one motor is locked and the others are activated in
sequence at identical rotating speed. So that the robot moves forward.

As shown in Fig. 6b, at the beginning, the foot 2 is locked while the feet 1 and 3
move outward. The centroid of the robot moves from the point s1 to s2. Then the
foot 2 and foot 3 move inward while the foot 1 is locked, and the centroid of the
robot moves from the point s2 to s3. Afterwards the robot deploys with the foot 3
locked, and the robot moves from s3 to s4. Finally, the robot folds with the foot 1
locked, and moves from s4 to s5. During a circle of all steps, the robot completes a
forward motion from s1 to s5.

In the directional gait, the motors are not allowed for delay to ensure synchro-
nization. Therefore, a self-locking motor is selected. Meanwhile, the composite
force of the working feet exerted by the robot body is not parallel to the motion of
the wheels. Therefore, there exists a friction perpendicular to the movement of the
feet. Omni-directional wheels are employed in case of lateral slip.

GearsDC-motor

Body Angle
Sensor

CMOD

(a) (b)

Fig. 5 The robotic prototype a the deployed configuration; b the folded configuration
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3.3 The Control System Design

The robotic control system consists of a host computer, an on-board
micro-computer (Arduino Mega 2560), three DC motors with transmission sys-
tem, three electromagnetic encoders on the motors, and an angle sensor on one joint
of the linkage, Fig. 5b.

Control commands, like walking direction and speed, are sent by the host
computer and received by the on-board micro-computer via a Bluetooth module.
The micro-computer then converts the control commands to level signals and PWM

Fig. 6 The forward gait a the deployed-folded gait b the directional gait
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signals to drive the three motors. The rotating speed of the motors are fed back to
the micro-computer to form a velocity control loop with a PID algorithm while the
angle h is fed back to the micro-computer to form a position control loop. The angle
h is also sent back to the host computer to show the position of the robot to the
operator.

4 Experiment

In order to illustrate the performance of the robot, two experiments were conducted.
One is to test the folding motion of the robot, in which the rotation angle h, which is
the supplement of the angle between the axes linked by the joint fixed with the
angle sensor, increases from 43° to 77°. As shown in Fig. 7, the rotation angle h
goes up with a constant rate after 0.3 s. This indicates that the motion of the robot
reaches stability in a short time with no strong vibration, which reflects an effective
control strategy.

The second experiment is to test the ability of the robot to pass narrow gaps.
Two kinds of circumscribed paths are established as shown in Fig. 8. The first, in
Fig. 8a, is a 400 mm high gap. The robot deploys to a position where h reaches
150° and then advances in the directional gait during which the height varies from
0.2 to 0.3 m. To pass through the second path shown in Fig. 8b whose width is
600 mm, the robot folds to an extent that h is 30° and keeps moving in the
directional gait with its width fluctuating from 0.4 to 0.5 m. The experiment
demonstrates high adaptability of the robot to variable and limited space.

Fig. 7 h versus t in the
folding process

A Deployable Robot Based on the Bricard Linkage 745



5 Conclusion and Discussion

In this paper, a new deployable robot based on threefold-symmetrical Bricard
linkage is proposed. It is a single-DOF robot with two unique gaits achieved by the
deploying and folding movements of the structure. DC motors are assembled on its
feet to actuate the robot. A rotating speed-angle double loop control system is
applied to the robot to improve its control performance. The robot exhibits good
adaptability when passing through limited space.

Future work will involve exploring other forms of Bricard linkages applicable to
deployable robots, which can fulfill tasks like stair climbing, and focus on its
control stability.
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Configuration Design and Kinematics
Research of Scissor Unit Deployable
Mechanism

Jianfeng Li, Sanmin Wang, Changjian Zhi and Yuantao Sun

Abstract Scissor unit deployable mechanism is widely used in aerospace and
architecture, and the configuration design and kinematics analysis are two important
problems that need to be solved in the application process. The first order and
second order influence coefficient matrices are derived by coordinate transform.
Kinematics analysis model and its calculating examples are presented, and the
displacement, velocity and acceleration of all the hinged points are calculated.
Moreover, the numerical example is used to verify the effectiveness of analysis
method which also presented in this paper.

Keywords Scissor unit deployable mechanism � Configuration design � Influence
coefficient matrices � Kinematics analysis model

1 Introduction

Deployable mechanism presents contractility and develop ability characters, which
allows convenient transport and storage, so as to widely applied on various areas,
such as aviation, aerospace, civil engineering, and so on [1–3]. The first of appli-
cation of deployable mechanism is the design of “mobile theater” by Pinero [4], and
then Escring et al. [5] designed an indoor swimming pool cover of Seville, Spain. In
1970s, NASA and Cambridge university’s research on developable antenna pro-
moted the development and application of deployable mechanism theories. On the
basis of the equilibrium matrix theory, Calladine and Pellegrino of Cambridge
University research the stability of deployable mechanism [6]. Chen [7] derived the
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kinematics differential equation for unfold process analysis by using null space
basis of constraint Jacobian matrix. Zhang [8] adopting multi-body kinematics
theory, combined with finite element method and Lagrange equation, established
multi flexible-body kinematics equation for deployable mechanism.

In this paper, takes plane unit that consists of four scissor units as research
object, Fig. 1 shows the plane deployable mechanism, which consists of four
scissor units. The plane unit of experimental deployable mechanism is presented in
figure, and dynamic model of scissor unit deployable mechanism is built on the
basis of Cartesian coordinate.

2 Configuration Design

Scissor unit consists of two central mutually hinged and rotatable link members, a
number of basic scissor link units are linked each other on terminal hinged point to
compose basic piece unit plane deployable mechanism. In this paper, taking a
hinged surface developable structure that consists of four scissor unit as an example
to express the process of deduction.

The schematic diagram of Scissor unit surface developable mechanism is shown
in Fig. 2, surface unit and serial number that assigned to hinged points of
deployable mechanism is depicted in the figure.

Taking the surface developable mechanism that consists of four scissor units as
an example, serial number of each hinged point is shown in Fig. 2, the first term of i
and j subscript represents the scissor unit number, the second term of i and j
subscript represents the hinged point number, a and b are geometric parameters, the
first term of link length l subscript represents scissor unit number, the second term
of link length l subscript represents link number.

Fig. 1 The experimental
scissor unit plane deployable
mechanism
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The geometrical conditions that this plane of scissor units needs to satisfy (on V
direction) are:

i11j11 ¼ i12j12 ¼ i21j21 ¼ i22j22 ð1Þ

Since links are taken as rigid body on configuration design, thus

i12j12 ¼ i21j21 ð2Þ

Then it is concluded that

l212 þ l214 � 2l12l14 cos a ¼ l221 þ l223 � 2l21l23 cos a ð3Þ

Simultaneous solving the above equations, it is obvious that there are multiple
solutions. This article selects a case as an example to carry out analysis, namely the
lengths l of each link are equivalent conditions.

3 Kinematics Investigation

3.1 Influence Coefficient Method

Mechanism kinematic influence coefficient is proposed by Prof. Tesar and Dufy
etc., and the influence coefficient method involves establishing 1-step exercise
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Fig. 2 The schematic diagram of scissor unit surface developable mechanism
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coefficient matrix and 2-step exercise coefficient matrix, the former refers to
Jacobian matrix, and the latter refers to Hessian matrix [9–12].

For the deployable mechanism showed in above picture, if exercise is input by
single-degree-of-freedom kinematic pair, which can be revolute pairs or movement
pairs, then the position of mechanism’s any pole is determined. Pole’s position can
be described by hinged point coordinates and pole’s angular position, thus

Ui ¼ f1ðu1 u2 . . . uNÞ
Xi ¼ f2ðu1 u2 . . . uNÞ
Yi ¼ f3ðu1 u2 . . . uNÞ

ð4Þ

where,Ui;Xi; Yi refers to the angular position of reference frame and X, Y coor-
dinate of reference point that selected for position determination of the i-th pole.
Since the input motion parameter u1;u2; . . .;uN varying with time. The coordi-
nates of Certain pole on deployable mechanism can be signed by Ui Ui;Xi; Yif gT ,
and deduce from (4),

U ¼ f ðu1 u2. . .uNÞ ð5Þ

U
� ¼

XN
N¼1

@U
@uN

uN
� ð6Þ

A first order partial derivative is defined as the first order influence coefficient, and
can be described by matrix by

U
� ¼ ½J�u� ð7Þ

where, the matrix J is called the first order influence coefficient.

J½ � ¼ @U
@u1

@U
@u2

� � � @U
@uN

� �
1�N

¼
@f1
@u1

� � � @f1
@uN

..

. ..
.

@f3
@u1

� � � @f3
@uN

2
664

3
775 2 R3�N ð8Þ

u ¼� u1
�

u2
� � � � uN

�h iT
N�1

ð9Þ

Formula (8) illustrate the 1-step exercise coefficient matrix, namely Jacobi matrix.
Accordingly, the second order partial derivative can be calculated from Eq. (6),

written as

U
�� ¼

XN
p¼1

XN
q¼1

@2U
@up@uq

up
�
uq
� þ

XN
N¼1

@U
@uN

uN
�� ð10Þ
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Define the second derivative @2U
�
@up@uq as the second order kinematic

influence coefficient, then formula (10) can be expressed by

U
�� ¼ u

� T
H½ �u� þ J½ �u�� ð11Þ

where

u
�� ¼ u1

��
u2
�� � � �uN

��n oT

N�1

H½ �¼
@2U

@u1@u1
� � � @2U

@u1@uN

..

. ..
.

@2U
@uN@u1

� � � @2U
@uN@uN

2
664

3
775 ð12Þ

The matrix H is called the second order influence coefficient.

3.2 Kinematics of Each Point

Before the research of kinematics of mechanism, proper fixed coordinate system
and movement coordinate system should be established. The simplified form of
kinematics equation can reduce the complicity of equation solving, and shorten the
calculation time.

Taking the scissor unit deployable mechanism that shown in Fig. 3 as an
example, Assuming pole’s length are equivalent, and when deploy the mechanism,
which connects the support structure through revolute pairs at i12, i22, j22 和 j42, and
articulate with a slide block K0 by revolute pairs, then the slide block move along
the OY shaft, and mechanism deploy along the OX direction. The origin of fixed
coordinate system

P
XOY is located on the center of articulated point i22, OX axis

is consistent with the direction of i22j22, OY axis is established according to prin-
ciple of Cartesian coordinates.

From the geometrical relationship of scissor unit deployable mechanism and
coordinate, for any deploy angle h, the coordinate transformation matrix from
coordinate system of movement unit coordinate system

P
xtoyt to fixed coordinate

system can be described by formula (13)

Rot ¼ 1 0
0 1

� �
ð13Þ

Because the configuration of surface deployable mechanism’s each unit is the
same, thus
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i 2tð Þ2j 2tð Þ2 ¼ l cosðhÞðt ¼ 1; 2; � � �NÞ ð14Þ

The origin of movement unit coordinate system
P

xtoyt corresponding to the x
point of fixed coordinate system

P
XOY , and x’s coordinate is

xot ¼ ti 2tð Þ2j 2tð Þ2 ¼ lt cos h ð15Þ

The coordinate transformation matrix from coordinate system
P

xtoyt to fixed
coordinate system

P
XOY is

Tot ¼ xoðt�1Þ
0

� �
¼ 2tl cos h

0

� �
¼ tTo ð16Þ

where, To ¼ 2l cos h 0ð ÞT , To’s first and second order derivative derivation of h
respectively is

To½ �
�

h
¼ �2l sin h 0ð ÞT ð17Þ

To½ �
��

hh
¼ �2l cos h 0ð ÞT ð18Þ

Using formula (16) can acquire Tot’s first and second order derivation of h
respectively is

X

Y
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K2

K3

K4

θ
O

x0 x1 x2

y0 y1 y2

K0

Fig. 3 The scissor unit
surface deployable
mechanism
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Tot½ �
�

h
¼ t To½ �

�

h
ð19Þ

Tot½ �
��

hh
¼ t To½ �

��

hh
ð20Þ

Assuming ortM represent M point’s radius vector of unit mechanism in fixed
coordinate system

P
xtoyt, and trtM represent M point’s radius vector of unit

mechanism in movement unit coordinate system, then

ortM ¼ Tot þRot
trtM ¼ Tot þ trtM ð21Þ

Using formula (21) to get the first and second order derivation of time, can
obtain the velocity and acceleration of M point:

ovtM ¼ ortM
�

¼ Tot
� þ trtM

�
ð22Þ

oatM ¼ ortM
��

¼ Tot
�� þ trtM

��
ð23Þ

According to coordinate translation variables and M point’s coordinate, it is
available that

vtM ¼ oJtMtx ð24Þ
oatM ¼ oJtMtdþ oHt

Mtx
2 ð25Þ

oJtMt ¼ vtM=x ¼ d Tot
� þ trtM

�� �
=dh ¼ Tot

�h i
h
þ trtM

�� �
h

¼ t To
�h i

h
þ trtM

�� �
h

ð26Þ

oHt
Mt ¼ dðoJtMtÞ=dh ¼ d2 Tot

� þ trtM
�� �

=dh2 ¼ Tot
�h i

hh
þ trtM

�� �
hh

¼ t To
�h i

hh
þ trtM

�� �
hh

ð27Þ

oJtMt is the first order influence coefficient of line movement,oHt
Mt is the second

order influence coefficient of line movement. Where, trtM
�� �

h

¼ d trtM
�� �

=dh,

trtM
�� �

hh

¼ d2 trtM
�� �

=dh2.

From above reasoning, the displacement, velocity and acceleration of surface
deployable mechanism’s any point can be obtained. In other words, only needs to
calculate the displacement, velocity and acceleration of five points:
i11; i12ði21Þ; i22; j32ðj21Þ; j22.
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4 Illustrative Example

Taking the scissor unit surface deployable mechanism as an example, adopt pole
length l = 600 mm, r = 2 mm, pole mass m = 1 kg, density q ¼ 7800 kg=m3,
driven force that exerted on y axis direction through hinge point i11 is F = −60 N,
the initial value of fixed coordinate system is h0 ¼ p� 0:1ð Þrad, Displacement,
velocity and acceleration of each hinge point and constraint force of articulated link
chain are shown in Figs. 4, 5, 6, 7, 8 and 9.

Fig. 4 The displacement
curve of hinge point on x
direction

Fig. 5 The displacement
curve of hinge point on y
direction
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Fig. 6 The velocity curve of
hinge point on x direction

Fig. 7 The velocity curve of
hinge point on y direction

Fig. 8 The acceleration
curve of hinge point on x
direction
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5 Conclusion

(1) After hinge point i11 exerts driven force F on y direction, surface deployable
mechanism complete deployment with varying acceleration. When the con-
figuration angle h � 0, the angular acceleration of each component approxi-
mate to unchanging, deploy with approximate uniform angular acceleration,
the linear acceleration of each component also approximate to unchanging,
move with approximate uniform acceleration of each component approximate
to unchanging.

(2) From analysis of Figs. 4, 5, 6, 7, 8 and 9, When the configuration angle h of
unit mechanism approach to p, the angular acceleration of each component
increase rapidly, the angular velocity vary fast, the linear acceleration of each
component increase rapidly, the linear velocity vary fast, then cause larger
constraint force on hinges.

(3) According to the surface deployable mechanism, Illustrative example of
kinematic analysis is given. By means of the coordinate transformation, the
function of the displacement of each unit mechanism on the generalized
coordinates is obtained. The displacement, velocity and acceleration of each
hinge point are calculated, and the correctness of the method is verified.

Acknowledgments The authors gratefully acknowledge the financial support of the National
Natural Science Foundation of China (Grant No. 51175422).

Fig. 9 The acceleration
curve of hinge point on y
direction
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The Design and Simulation of a New
Time-Controlled Spring Driven Hinge
for Deployable Structures

Qi’an Peng, Sanmin Wang and Changjian Zhi

Abstract Driving hinge, the core part of deployable structure, is commonly used in
aerospace nowadays. This paper describes the design process of a new type of time
controlled spring driven hinge. In this process, on the one hand, we derive a new
transmission ratio distribution method in the transmission system, with which we
could get the minimum center distance by optimizing the design. Given all other
conditions are fixed, the hinge get smaller size due to the design under the optimal
transmission ratio we derived. On the other hand, inspired by clock timing device,
we design a new time-controlled system and research the relationship between
timekeeping time and transmission ratio to improve the preciseness and control-
lability of deploying time. At last, we create 3D model and timing function with
simulation method to prove the fact that time-controlled system is precise enough to
control deploying time.

Keywords Time-controlled spring driven hinge � Design � Simulation

1 Introduction

Thanks to the development of aerospace and technology, deployable structure
[1–4], a new type space structure has been applied in reflectors and antennas of
telecommunications and Earth observation. Deployable structure could shrink to
small size when it is not working thus it could be conveniently stored in spacecraft.
When the spacecraft reaches the appointed position, the deployable structure items
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could stretch to start to work and satisfy mission’s request. The core of the space
deployable structure is its drive hinge. Function of the driving hinge determines
stability, reliability and working life of the deployable structure, thus indirectly
determines the success of the mission.

So far, people have designed a lot of new hinges, and keep researching and
improving the function of hinges. For example, Pellegrino [5] at Cambridge designs
a new type hinge called tape spring hinge, further Zhejiang University Wang [6]
researches the tape hinge, Southeast University Chen [7] designs a new synchro-
nization hinge. Although hinges have been greatly improved in lot of aspects such
as self-deploying, self-locking and synchronization, most of them are designed for
ground use not for space use which has stricter requirement. Thus, the unsophis-
ticated hinges design slows down the development of deployable structure. At the
same time, the design process of hinges mentioned above doesn’t consider the size
limitation of space device.

This paper, combining the above two points, introduces the design process of a
new type time-controlled spring-loaded hinge. In drive design part, we propose a
new distribution scheme of gear ratio to get the hinge’s minimum center distance
based on optimal design [8, 9], and ratios which can fully utilize limited space can
be obtained by this distribution scheme, so by the way the hinge’s size becomes
smaller under the other conditions unchanged. And in time-controlled design part,
we design a new type device enlightened by clock timing device to reduce the
impact and because of finding out the relationship between timing time and ratios,
so deployable timing is more precise and controllable. In the end, we create 3D
model and timing function with simulation method to prove the fact that
time-controlled system is precise enough to control deploying time.

2 Design of a New Time-Controlled Spring Driven Hinge

The entire transmission system can be divided into two parts: drive part and
time-controlled part. The spring, as a prime mover in drive part, is mainly used to
transfer torque; time-controlled part drives intermittent motion mechanism at the
end through a series of increasing transmission gears, mainly used to control
movement time in driver link.

The graphic design schematic diagram of the new time-controlled spring driven
hinge is shown in Fig. 1.

Gear 8 for the shaft gear, and the lower end of the gear is equipped with spring.
Drive link is made up of gear 1 to gear 8, which is used to transfer the torque from
the spring to the shaft 1. And time control link is made up of gear 5 to gear 12, and
gear 11 and gear 12 make up intermittent motion mechanism, which can control the
spring relaxation time, control the movement velocity of spring drive unit, and
avoid the impact of antenna deployment in place.

According to the design requirements, the graphic design schematic diagram
(Fig. 1) is converted into more specific three-dimensional structural diagram, as
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shown in Fig. 2. It is based on the graphic design schematic diagram of the hinge,
and gives more detailed structure of the hinge. In the Fig. 2, driving part is com-
posed of the drive link and spring shaft to shaft 1 (namely output shaft). Similarly,
time-controlled part is made of time control link and corresponding shafts. And
both parts are loaded into the shell.

The hinges used in space are strictly limited to its size, quality. Therefore, in the
case of the limited size, through a reasonable position distribution method the
driving part and time-controlled part are loaded into the shell.

2.1 Design of Driving Part

The driving part of the hinge is composed of transmission parts such as gears,
bearings and clutches. The total efficiency of the drive link depends on the effi-
ciency of the transmission parts, so we need to determine the efficiency of driving
parts firstly.

Fig. 1 Structural scheme of the hinge

Fig. 2 Space structural
representation
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We can obtain the efficiency of transmission parts in the system, and calculate
the transmission efficiency (g) between the two adjacent level. Then by the mission
requirements, the output torque (T1) and the total transmission ratio (i) can be
known, then by a optimization method, the minimum center distance is used as the
main target parameter, and the drive ratio (i21, i43, i65, i87) of the drive part can be
obtained. The method is introduced as follows in detail:

The center distance of each pair of gears is:

a ¼ mðz + z0Þ
2

ð1Þ

where a is the center distance, m is the cylindrical gear modulus, z; z0 is the number
of gear teeth.

The sum equation of the center distance of the drive part is the Eq. (2):

asum ¼
X4
i¼1

ai ¼ a1 þ a2 þ a3 þ a4

¼ m1 Z1 þ Z2ð Þ
2

þ m2 Z3 þZ4ð Þ
2

þ m3 Z5 þ Z6ð Þ
2

þ m4 Z7 þZ8ð Þ
2

ð2Þ

Transmission ratio is defined as

iiþ 1i ¼ zi
ziþ 1

ð3Þ

Equation (2) can be simplified as the Eq. (4).

asum ¼ r2i21 þ r4i43 þ r6i65 þ r8i87 þ r2 þ r4 þ r6 þ r8ð Þ ð4Þ

where r2, r4, r6, r8 is gear radius correspondingly.
The Eq. (4) is used as the main objective function to obtain the minimum value,

and the corresponding solution is the optimal solution, so the optimal model
(Eq. (5)) is obtained.

min asum ¼ r2i21 þ r4i43 þ r6i65 þ r8i8 þ c
st : i21i43i65i87 ¼ i

�
ð5Þ

where c ¼ r2 þ r4 þ r6 þ r8 is constant.
The Eq. (6) was obtained by using the optimal design method.

f i21; i43; i65; i87ð Þ ¼ r2i21 þ r4i43 þ r6i65 þ r8i87 þ cþM i21i43i65i87 � ið Þ2 ð6Þ

where M is penalty factor.
And the best ratio (Eq. (7)) can be obtained.
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i21 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ir4r6r8
r32

4

s
; i43 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ir2r6r8
r34

4

s
; i65 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ir2r4r8
r36

;
4

s
i87 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ir2r4r6
r38

4

s
ð7Þ

From the above we can see that the hinge has a size limit, set the radius (R) of its
shell. Geometric relations are got:

r1 þ 2r2\R
r3 þ r4\2

ffiffiffi
2

p � 1
� �

R
r5 þ r6\2

ffiffiffi
2

p � 1
� �

R
2r7 þ r8\R

8>><
>>: )

ffiffiffi
4

p
ir2r4r6r8 þ 2r2\Rffiffiffi

4
p

ir2r4r6r8 þ r4\2
ffiffiffi
2

p � 1
� �

Rffiffiffi
4

p
ir2r4r6r8 þ r6\2

ffiffiffi
2

p � 1
� �

R
2

ffiffiffi
4

p
ir2r4r6r8 þ r8\R

8>><
>>: ð8Þ

Because of gear speed reducer drive, each transmission ratio should be greater
than 1.

i21 [ 1
i43 [ 1
i65 [ 1
i87 [ 1

8>><
>>: )

r2\ R
3

r4\
ffiffiffi
2

p � 1
� �

R
r6\

ffiffiffi
2

p � 1
� �

R
r8\ R

3

8>><
>>: ð9Þ

Combined with the constraint conditions can choose r2; r4; r6; r8 rightly, at all
levels to get the optimal velocity ratio.

The power and torque formula can be found in the literature.

T ¼ 9549
P
n

ð10Þ

where T is the torque in a shaft of transmission part of time-controlled spring driven
hinge, P is the power transmitted on the shaft, n is rotation speed of the shaft.

By the Eq. (10), T is inversely proportional to n, so there are:

Ti ¼ Tiþ 1

g� iiþ 1i
ð11Þ

with i ¼ 1; 2; 3; 4.
After getting the torque, by using the classic gear design method [8] we calculate

the various parameters of gears: module m and the number of teeth z, and here the
modulus m and the number of teeth z need to meet the constraint conditions of
transmission ratio.
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2.2 Design of Time-Controlled Part

The time-controlled part of the hinge is composed of passing motion parts such as
gears, bearings and clutches, and intermittent movement parts. And in order to
make the development process smooth and reliable, also should meet the
time-controlled requirements of use in space, intermittent moving parts, which is
composed of a balance pendulum and a riding wheel, reference from a clock timing
device and is the core of the whole time-controlled part.

Time-controlled part is mainly composed by three parts: a prime mover (as a
power source), a gear train and a governor (i.e. swing), in this article the mover is a
torsional spring, and deployable time (t) mainly depends on the structural param-
eters of the above three parts:

t ¼ 8Kuh
dq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KJ 1� bð Þ

MDdq 1þ bð Þ

s
ð12Þ

where K is the gear ratio of time-controlled part; u is the rotation angle of the prime
mover in the whole timing process; h is the half of the angular displacement of the
balance pendulum in the engagement process; J is the rotational inertia of the
balance pendulum; b is speed recovery coefficient; MD is driving moment effected
on the riding wheel; dq is a rotary angular displacement of a tooth of the riding
wheel.

According to the above formula, the moment of inertia of the balance pendulum
can be obtained when the swing frequency (f ) of the balanced pendulum is known,
with K ¼ 1, u ¼ dq, t ¼ 1=f . After determining appropriate time (t), gear train
transmission ratio of time-controlled part can be obtained by the Eq. (12), through
optimizing design method, the time-controlled part also make the smallest center
distance as the main target parameter, so transmission ratios can be obtained at all
levels. But compared with driving gear system design, the time-controlled part of
the gear train just translates motion, instead transfers torque, so this paper only
considers the design to meet the gear ratio and if the design of gear is difficult to
manufacture, thus do not need to use classical design method of gear.

3 Simulation and Analysis

3.1 Calculation of Key Design Parameters and 3D Modeling

Assuming that the required output torque at the output end is T1 � 12 N �m, that the
total transmission ratio is i ¼ 8, that deployment time is tb ¼ 90 s, that unilateral
deployment angle is 90°, that by Eqs. (7), (8) and (9) we can obtain the gear
transmission ratios of the driving part at all levels, as shown in Table 1.
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And by the Eq. (8) we can obtain the shaft torque of driving part (Table 2).
According to the classic gear design method in literature [8], the tooth number

(z) and modulus (m) of each gear can be obtained (Table 3).
Set the rotation angle of the spring in the deployment process / ¼ 720�. The

angular displacement of the pendulum in the engagement process is 2h ¼ 15�. The
number of riding wheel teeth is 13. By the Eq. (12), the total transmission ratio of
the time-controlled part of the gear system is K ¼ 231. With the optimal design
method, the total transmission ratio is distributed to all levels, so the gear tooth
number (z) and modulus (m) of the time-controlled part can be calculated out
(Table 4).

On the basis of the above design parameters, the graphic design schematic
diagram (Fig. 1) and three-dimensional structural diagram (Fig. 2), by using 3D
modeling software to model, the three-dimensional structural diagram is converted
into a certain specific 3D model and its drive part, time-controlled part and the
whole 3D model, as shown in Fig. 3.

Table 1 Gear ratios at all
levels

Gear pair i87 i65 i43 i21
Gear ratio 1.60 1.71 2.08 1.40

Table 2 Torque of each
shaft

Shaft number Spring shaft 4 3 2 1

Torque ðN � mÞ 1.85 2.81 4.57 9.02 12

Table 3 z and m of each
Gear of Driving part

Gear no. 1 2 3 4 5 6 7 8

z 14 10 25 12 24 14 32 20

m 1.5 1.5 1 1 0.8 0.8 0.6 0.6

Table 4 z and m of each
gear of time-controlled part

Gear no. 9 10 11 12 13 14 15

z 28 36 12 40 12 40 12

m 0.6 0.5 0.5 0.4 0.4 0.3 0.3

Gear no. 16 17 18 19 20 21

z 40 12 40 12 50 12

m 0.3 0.3 0.3 0.3 0.25 0.25
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3.2 Motion Simulation

Through the experiment, the characteristic curve of torsion spring can be obtained
as shown in Fig. 4.

Due to the requirements of the output torque is more than 12 N �m, so it is
required that the input torque of the spring shaft is not less than 1:85 N �m. When
the rotation angle is greater than 18 rad (from Fig. 5), and the corresponding torque
is 1:85 N �m, while rising curve flattens, similar to a straight line. So T ¼ ahþ c
can be used to fit, and intercept 18–30 rad’s straight line as input characteristic
curve.

The model and the input characteristic curve are introduced into the classical
kinematics simulation software Adams to carry on the movement simulation, but
due to the limitations of computer performance and simulation time, don’t need to
simulate the whole operation process of the mechanism, so the simulation time is
only 5 s of the start time. The simulation results are shown Figs. 5, 6, 7 and 8.

Fig. 3 3D model of the new time-controlled spring driven hinge
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Fig. 5 Angular displacement curve of the output shaft

Fig. 6 Angular velocity curve of the output shaft

Fig. 7 Balance pendulum angular displacement curve
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3.3 Analysis and Discussion

From the simulation results, in the course of the hinge movement, all of the shafts
and the bearings will not interfere, and the hinge can normally motion.

From Fig. 5 we can see that although the angular velocity of the output shaft is a
reciprocating wave vector, at macro level output shaft angular displacement appears
to be a relatively smooth straight line, and small fluctuations in angular velocity
does not affect the hinge’s normal use, and will not lead direction to change.
Velocity fluctuations are mainly due to impact between the balance pendulum and
riding wheel of the time-controlled part. But the collision frequency between the
balancing pendulum and riding wheel is very high. Therefore, at macro level dis-
placement curve of the output shaft is a relatively smooth straight line.

From angular displacement curve of the output shaft, the output shaft has been
turned around 10.95° in 5 s, launch speed is slightly larger than the required
expansion speed of 2 degrees/s, but in the error range. Through the angular dis-
placement simulation results, the balance pendulum swing angle, which is slightly
less than initial set value 15°, can be acquired. By Eq. (12), in the other conditions
unchanged, the balancing pendulum angular displacement in the meshing process
decreasing will cause deployable time of the time-controlled part to shorten
accordingly. It can be modified to get a more precise deployment time, also can
change the moment of inertia by changing the shape or mass of the balance swing,
which makes the deployment time more close to the time required.

Observing the output shaft and the balance pendulum angular velocity curve,
both of the angular velocity basically fluctuate in a certain range, but sometimes
will appear to beat, which is due to the presence of certain error between part
modeling and simulation. Therefore, simulation results of the kinematics charac-
teristic curve have obvious beating.

Fig. 8 Balance pendulum angular velocity curve
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4 Conclusions

From detailed introduction of three aspects of design ideas, design principles and
design steps for the new time-controlled spring driving hinge used for deployable
structure, conclusions can be obtained as follow:

1. In the design of the driving part, the transmission ratios are:

i21 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ir4r6r8
r32

4

s
; i43 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ir2r6r8
r34

4

s

i65 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ir2r4r8
r36

4

s
; i87 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ir2r4r6
r38

4

s

meanwhile they must meet these constraint conditions:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ir2r4r6r84

p þ 2r2\Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ir2r4r6r84

p þ r4\2
ffiffiffi
2

p � 1
� �

Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ir2r4r6r84

p þ r6\2
ffiffiffi
2

p � 1
� �

R
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ir2r4r6r84

p þ r8\R

8>><
>>:

r2\ R
3

r4\
ffiffiffi
2

p � 1
� �

R
r6\

ffiffiffi
2

p � 1
� �

R
r8\ R

3

8>><
>>:

2. A new time-controlled device is designed, and relationship between timing-time
and structural parameters is

t ¼ 8Kuh
dq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KJ 1� bð Þ

MDdq 1þ bð Þ

s

3. Through motion simulation, the new hinge can work normally, it means that the
new distribution scheme avoids the interference between gears and the shell
successfully, and from simulation results, it is known that expansion speed is
2.19 degrees/s, so time-controlled device can work, and slow down expansion
speed to reduce impact.
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The Configuration Design and Kinematic
Analysis of the Deployable Mechanism
Based on Bennett Linkage

Changjian Zhi, Sanmin Wang, Jianfeng Li and Qi’an Peng

Abstract Bennett linkage can be applied to build kinds of spatial deployable
mechanism, and they have been used in the aviation fields, shelters fields and so on.
The paper derives the transformation formula of the adjacent Bennett linkage units
and puts forward a deployable mechanism configuration design method based on
Bennett linkage. The coordinate transformation theory is applied to build the
kinematic analysis model of this deployable mechanism, and an example is pro-
vided to verify the kinematic analysis model. The effects of the parameters of
Bennett linkage on the kinematics of the deployable mechanism and its scale are
researched.

Keywords Bennett linkage � Deployable mechanism � Configuration design � The
coordinate transformation theory � Kinematics

1 Introduction

Bennett linkage is a very important spatial over-constrained mechanism, and its
application prospect is very vast. It can be used in the field of deployable antenna,
solar panel, building, shelter and so on. The coordinate transformation theory is an
analysis tool of the force and kinematic in common use. It can simplify the analysis
process to some extent while it is applied to the kinematic analysis of deployable
mechanisms. In the configuration design fields of the deployable mechanism, Chen
and You [1, 2] have a great contribution on it, and they built the single-layer
and multi-layer structures based on Bennett linkage. Melin [3] researched the
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deployable structure proposed by Chen in detail, and try to apply it in shelters.
Wang [4] built a basic module using the scissor Bennett linkage, and it is used to
construct a large scale deployable structure. Yang et al. [5] built a deployable
Bennett network in a saddle surface and researched its configuration properties. In
the field of the kinematic analysis, Lee [6] and Zhi et al. [7] analyzed the kinematics
of Bennett linkage. Wang [4] and Yang et al. [5] studied the kinematics of the
deployable mechanism built by themselves using the D-H method.

According to the characteristic of Bennett linkage the array configuration
method building deployable mechanism is proposed. Using this method builds a
single degree L-form deployable mechanism. The transformation matrix of the
adjacent Bennett linkage units is derived to build the kinematic analysis model of
the deployable mechanism. Finally, the effect of the parameters of Bennett linkage
on the scale and kinematic range of the deployable mechanism is researched.

2 The Coordinate Transformation Theory

When a coordinate system rotates a bout x-axis, rotates b about y-axis or rotates c
about z-axis whose rotation directions are all anticlockwise, the specific process can
be seen in Fig. 1. Their transformation matrixes equations are as follows [8]:

Rx ¼
1 0 0
0 cosðaÞ � sinðaÞ
0 sinðaÞ cosðaÞ

2
4

3
5; Ry ¼

cosðbÞ 0 sinðbÞ
0 1 0

� sinðbÞ 0 cosðbÞ

2
4

3
5; Rz

¼
cosðcÞ � sinðcÞ 0
sinðcÞ cosðcÞ 0
0 0 1

2
4

3
5 ð1Þ

In the formula (1), although all the rotation angles a, b and c are plus, the locations
of minus in the rotation transformation matrixes are different. In the traditional
method, if we want to estimate the location of minus, the right-hand rule and other
methods are needed. It makes the estimating process more difficult. In order to solve
this problem, we improve the right-hand rule. Assume that x, y and z are real
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(a) (b) (c)Fig. 1 The rotation
transformation of a coordinate
system rotating about the
different axes

774 C. Zhi et al.



numbers, they satisfy the relationship x < y < z. When a coordinate system rotates
about x-axis, y-axis or z-axis, if the rotation direction is from large to small, the
rotation angle is plus and the minus locates before the top-right symbol ‘sin’. On the
contrary, the rotation angle is minus and the minus locates before the bottom-left
symbol ‘sin’. According to this method, when the value of the rotation angle is
decided, the rotation transformation matrix is assured. Its specific process can be
simplified by Table 1.

The translation of the origin of a coordinate system can be expressed as: d = [dx
dy dz]

T. The translation and rotation in the coordinate transformation can be
expressed by the homogeneous coordinate. It can be written as [8]:

T ¼ R d
0 1

� �
ð2Þ

3 The Configuration Design of the Deployable Mechanism

The 4 axes of kinematic pairs of Bennett linkage are unparallel, and Fig. 2 is its
schematic diagram. nA, nB, nC and nD are respectively the direction vectors of the
joints A, B, C and D. The angle between nA and nB is a, and the angle between nC
and nD is the same as. The angle between nB and nC is b, the same as between nD
and nA. Assume that the link 1 is the fixed link, the Cartesian coordinate system
A-xyz is built up with A as its origin. The x axis is coinciding with link 1 and z axis

Table 1 The value of the
rotation angle of the a
coordinate system rotating
about the different axes

Rotating about
x-axis

Rotating about
y-axis

Rotating about
z-axis

y ! z z ! y x ! z z ! x x ! y y ! x

a -a b -b c -c

x

y

z

A B

C

D
nA

nB

nC

nD

α

β

l1
l2

l3l4

1θ 2θ

4θ
3θ

ϕ

Fig. 2 The schematic
diagram Bennett linkage
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is coinciding with the axis direction of the kinematics pair A. Bennett linkage

satisfies the following geometrical conditions [7]:1, l1 ¼ l3; l2 ¼ l4, 2,
sinðaÞ
l1

¼ sinðbÞ
l2

.
In Fig. 2 the angle between link 4 and link 1 is h1, the angle between link 1 and

link 2 is h2, the angle between link 2 and link 3 is h3, and the angle between link 3
and link 4 is h4. According to the geometrical conditions of Bennett linkage, we can
get DABC≌DCDA and DBCA≌DCAD. Therefore, the angles satisfy: h1 = h3 and
h2 = h4. h1 and h2 can be represented as the interior angle of Bennett linkage. u is
the angle between link 1 and the x axis. In order to identify these angles in the
deployable mechanism, h1, h2 and u are called as the driving angle, the interior
output angle, and the exterior output angle of the Bennett linkage. h2 and u satisfy
the following equation:

u ¼ p� h2 ð3Þ

All kinematic pair coordinates of Bennett linkage are as follows [7]: A (0, 0, 0), B
(l1, 0, 0), C (l1 + l2cos(u), l2cos(a)sin(u), l2sin(a)sin(u), D (l2cos(h1), l2sin(h1), 0).
Since the length of CD is l1, we can get the following equation:

cosðh1Þ cosðuÞþ ðl1=l2Þðcosðh1Þ � cosðuÞÞþ cosðaÞ sinðh1Þ sinðuÞ ¼ 1 ð4Þ

According to half-angle formula, solving the Eq. (4) can obtain the following roots:

u ¼ 2 tan�1 �f2ðh1Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 22 ðh1Þ � f1ðh1Þf3ðh1Þ

p
f1ðh1Þ

 !
ð5Þ

where

f1ðh1Þ ¼ ðl1=l2 � 1Þðcosðh1Þþ 1Þ
f2ðh1Þ ¼ cosðaÞ sinðh1Þ
f3ðh1Þ ¼ ðl1=l2 þ 1Þðcosðh1Þ � 1Þ

Similarly, substitute the formula (3) into (4), the expression of solution can be
obtained:

h2 ¼ 2 tan�1 �h2ðh1Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h22ðh1Þ � h1ðh1Þh3ðh1Þ

p
h1ðh1Þ

 !
ð6Þ

where

h1ðh1Þ ¼ ðl1=l2 þ 1Þðcosðh1Þ � 1Þ
h2ðh1Þ ¼ cosðaÞ sinðh1Þ
h3ðh1Þ ¼ ðl1=l2 � 1Þð1þ cosðh1ÞÞ
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There are two different Bennett linkage forms corresponding to the two solutions in
the formulas (5) and (6) [7]. One is an open form mechanism, the other is a cross
form.

Due to the first and second derivative of formula (4), the following relations can
be written as

_u ¼ h1
h2

_h1

€u ¼ h1€h1 þ h3 _h
2
1 þ h4 _u _h1 þ h5 _u2

h2

8>><
>>: ð7Þ

where

h1 ¼ cosðaÞ cosðh1Þ sinðuÞ � sinðh1Þ cosðuÞ � ðl1=l2Þ sinðh1Þ
h2 ¼ cosðh1Þ sinðuÞ � ðl1=l2Þ sinðuÞ � cosðaÞ sinðh1Þ cosðuÞ
h3 ¼ � cosðaÞ sinðh1Þ sinðuÞ � cosðh1Þ cosðuÞ � ðl1=l2Þ sinðh1Þ
h4 ¼ 2 cosðaÞ cosðh1Þ cosðuÞþ 2 sinðh1Þ sinðuÞ
h5 ¼ ðl1=l2Þ cosðuÞ � cosðaÞ sinðh1Þ sinðuÞ � cosðh1Þ cosðuÞ

Bennett linkage can be applied to build the deployable mechanism by the array
way. In this paper, all Bennett linkages which are used to build the deployable
mechanism are the same. The specific deployable mechanisms based on Bennett
linkage can be classified into 3 forms. The first is the row array (Fig. 3a), the second
is the column array (Fig. 3b), and the third is the mixed array (Fig. 3c). The number
of Bennett linkage applied to build row array and column array deployable
mechanism is unlimited. The scale of the mixed array is related to the geometrical
condition of Bennett linkage, which needs the specific analysis. In order to simplify
the expression, the m rows and n columns deployable mechanism can be written as
m � n.

The basic form of the deployable mechanisms based on Bennett linkage is built
by two units which have a common link. It has 2 sorts: one is the transverse
connection whose common length is l2 seeing in the Fig. 4a, the other is the vertical
connection whose common length is l1 seeing in the Fig. 4b.

…

…

…

…

…

…

…

…

… ……

…

(a)

(b) (c)Fig. 3 The schematic
diagram of the deployable
mechanism based on Bennett
linkage
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4 and 16 Bennett linkages can be used to build the 2 � 2 and 4 � 4 (seeing
Fig. 5) deployable mechanism respectively. The right and bottom sides of the
2 � 2 and 4 � 4 deployable mechanism keep in the straight lines by using the
designed kinematic pairs, and both of them mobility is 1. Since the constrained
profile is similar to the letter L, this kind of deployable mechanisms are called as the
L deployable mechanism.

4 The Kinematic Analysis of the Deployable Mechanism

In the deploying process, when the driving interior angle is greater than p, links in
the deployable mechanisms may interfere with each other. In Fig. 6, the driving
angle of the unit 22 of the 2 � 2 L deployable mechanism is greater than p, and
some links interfere with each other.

All displacements of kinematic pairs in the deployable mechanism can be
obtained by the row transformation matrix and the column transformation matrix.
Assume that the adjacent units in Fig. 4a locates in the eth row in the deployable
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mechanism. The origin of the local coordinate Ai-xiyizi is Ai, its x-axis is coinciding
with link AiBi and its z-axis is coinciding with the axis nAi. Transforming the
coordinate system i to i + 1 needs 3 procedures. The first procedure is translating
the origin from (0, 0, 0) to (l1, 0, 0). The second procedure is rotating a about
x-axis. The third procedure is rotating di about z-axis. The eth row transformation
matrix from the coordinate system i to i + 1 is expressed as:

Te
RðiÞðiþ 1Þ ¼

cosðdiÞ � sinðdiÞ 0 l1
sinðdiÞ cosðaÞ cosðdiÞ cosðaÞ � sinðaÞ 0
sinðdiÞ sinðaÞ cosðdiÞ sinðaÞ cosðaÞ 0

0 0 0 1

2
664

3
775 ð8Þ

where di is the angle between the vectors AiBi and Ai+1Bi+1, di¼ui � hðiþ 1Þ1.
Assume that the adjacent units in Fig. 4b locates in the fth column in the

deployable mechanism. The origin of the local coordinate Aj-xjyjzj is Aj, its x-axis is
coinciding with link AjBj and its z-axis is coinciding with the axis nAj.
Transforming the coordinate system j to j + 1 needs 4 procedures. The first pro-
cedure is translating the origin from (0, 0, 0) to (l2cos(hj), l2sin(hj), 0). The second
procedure is rotating hj about z-axis. The third procedure is rotating b about x-axis.
The third procedure is rotating -uj about x-axis. The fth column transformation
matrix from the coordinate system j to j + 1 is expressed as:

T f
CðjÞðjþ 1Þ ¼

u11 u12 � sinðhjÞ sinðbÞ l2 cosðhjÞ
u21 u22 cosðhjÞ sinðbÞ l2 sinðhjÞ

sinðujÞ sinðbÞ � cosðujÞ sinðbÞ cosðbÞ 0
0 0 0 1

2
664

3
775
ð9Þ
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where

u11 ¼ cosðhjÞ cosðujÞþ sinðhjÞ sinðujÞ cosðbÞ
u12 ¼ cosðhjÞ sinðujÞ � sinðhjÞ cosðujÞ cosðbÞ
u21 ¼ sinðhjÞ cosðujÞ � cosðhjÞ sinðujÞ cosðbÞ
u22 ¼ sinðhjÞ sinðujÞþ cosðhjÞ cosðujÞ cosðbÞ

For the L deployable mechanism, if we choose different routes, although the
expression of the coordinate transformation matrix from the local coordinate system
pq to the global coordinate system 11 is different, their final results is the same. If
we choose the pth row and the first column as its route, the coordinate transfor-
mation matrix can be written as:

Tpq ¼ T1
Cð1Þð2ÞT

1
Cð2Þð3Þ � � �T1

Cðq�1ÞðqÞT
p
Rð1Þð2ÞT

p
Rð2Þð3Þ � � �Tp

Rðp�1ÞðpÞ ð10Þ

The displacement, velocity, and acceleration of an arbitrary kinematic pair P in the
row p column q unit can be written as:

P11 ¼ TpqPpq ð11Þ

_P11 ¼ _TpqPpq þTpq _Ppq ð12Þ

_P11 ¼ €TpqPpq þ 2 _Tpq _Ppq þTpq€Ppq ð13Þ

P can represents the kinematic pairs A, B, C and D. Formulas (10), (11), (12) and
(13) produce the kinematic analysis model. It can be used to solve the displace-
ments, velocities, and accelerations of all kinematic pairs in the deployable
mechanism.

5 Illustrative Example

Take as an example the 4 � 4 deployable mechanism to analyze its kinematics. The
parameters of Bennett linkage are as follows: l1 = 36 mm, l2 = 12 mm and a = p/6.
Assume that the unit 11 is the driving unit and the link A11B11 is the fixed link, the
driving machine is fixed on the kinematic pair A11.In order to keep the efficiency
and stabilization of the deployment, the motion of the driving can be classified into
3 stages: boost phase, uniform phase and decelerating phase. The specific motion is
expressed as:
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h ¼
1
2 a1t

2 ð0� t� T
6Þ

a1Tt
6 � a1T2

72 ðT6 \t� 2T
3 Þ

1
2 a1Tt � a1T2

8 � a1t2

4 ð2T3 \t� TÞ

8><
>: ð14Þ

The motion range of the driving unit is [0 p], and its angle acceleration is
a1 = 0.1 rad.s−1. Figure 7 shows the 4 � 4 L deployable mechanism which is
deploying. The points A11, B11, A12, B12, A13, B13, A14 and B14 lie on a line, and
the points A11, B11, A21, B21, A31, B31, A41 and B41 lie on a line. The driving
angles, the interior output angles and the exterior output angles of the units of the
deployable mechanism in the first row and in the first column can be solved by the
formulas (5) and (6). The driving angle, the interior output angle and the exterior
output angle of the unit of the deployable mechanism in row 2 column 2 can be
solved by the formula (5) and h111 þ h122 þ h212 þ h221 ¼ 2p. The other angles of the
deployable mechanism can be solved in sequence. The angular velocities and
accelerations of the previous angles can be solved by the formula (7) by the pre-
vious order.

For the 4 � 4 L deployable mechanism, the motion parameters of the units
locating on the diagonal is the most typical. Figures 8, 9 and 10 provide us with the
angular displacements, velocities and accelerations of the driving angle of the units
locating on the diagonal respectively. The parameters of the Bennett linkage have
effects on the motion of the L deployable mechanism. When the parameters are
given, its scale and motion range are decided. The parameters provided in the paper
can keep the driving angle of all units changing slowly, and its angular velocities
and accelerations have no abrupt change. Therefore, it won’t cause the great impact
forces. Since the range of the driving angles of all units satisfy [0 p], it won’t cause
the links interfering with each other.
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Figures 11, 12 and 13 provide us with the displacements, velocities and accel-
erations of the kinematic pairs C of all units locating on the diagonal respectively.
In Figs. 11 and 12, the displacements and velocities change slowly, therefore, they
run smoothly. In Fig. 13, the accelerations of the kinematic pair C44 in the x-axis
direction changes the fastest near the initial phase. The farther away from the
driving unit, the change range of the acceleration of the kinematic pairs C is the
larger. Although the acceleration of the kinematic pairs of the deployable mecha-
nism in the x-axis direction near the initial phase changes fast, their change
directions are consistent. Therefore, the inertia forces are large at this moment, but
they won’t cause the large impact forces.
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6 Conclusions

1. A new method estimating the plus or minus of the rotational angle based on the
coordinate transformation theory of the spatial mechanism is proposed.

2. The array configuration method is applied to build the deployable mechanism.
Using this method builds the row array deployable mechanism, the column array
deployable mechanism, the mixed array deployable mechanism and a single
degree L-form deployable mechanism.

3. The transformation formula of the adjacent Bennett linkage units is derived, and
it is used to build the kinematic analysis model of this deployable mechanism.
The kinematics of the 4 � 4 L deployable mechanism are analyzed by this
model. The effects of the parameters of Bennett linkage on building a deploy-
able mechanism are discussed. Once the parameters of Bennett linkage is
suitable, it can be used to build a large scale deployable mechanism.
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Design and Analysis of the Scissors
Double-Ring Truss Deployable Antenna
Mechanism

Bo Han, Yundou Xu, Jiantao Yao, Wenlan Liu, Xiangbin Li
and Yongsheng Zhao

Abstract With the development of the aerospace industry, large deployable
antennas have been widely applied in various spacecrafts, in order to improve the
stiffness of the ring truss deployable antenna, this paper proposed a scissors
double-ring truss deployable antenna mechanism. The double-ring truss mechanism
is divided into a plurality of hexahedral deployable units, and the geometric con-
ditions for the double-ring form of the scissors double-ring truss mechanism is
investigated with the consideration of the effects of joint size. Based on the screw
theory, the degree of freedom (DOF) of the hexahedral deployable unit is analyzed,
the result showed that it only has one DOF, the simulation model of the double-ring
truss is built and the deployable feature of the whole truss mechanism is verified
through the deploying process.
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1 Introduction

The space deployable and foldable mechanism can be applied to a variety of
spacecrafts such as communication satellite platforms, space station, space tele-
scopes and so on, an important application of the large scale space deployable and
foldable mechanism in the field of aerospace is used to the deployment and support
mechanism of the large diameter antenna. The mesh deployable antenna, which has
a reflective surface formed by the tensioned cable net structure, is widely applied in
large diameter antennas [1]. At present, the large diameter space deployable
antennas mainly include the rib deployable antenna [2], truss deployable antenna
[3] and the ring truss deployable antenna [4].

The ring truss deployable antenna has high folded rate and light weight, and its
weight does not increase in proportion with the increase of the diameter, this
characteristics makes it to be the ideal form of the large diameter antenna. The
United States launched the Astro Mesh deployable antenna in 2000 [5], which is a
single ring deployable antenna composed by a plurality of planar diagonal
stretching units, the diameter of this antenna is 12.25 meters (m). Escrig F proposed
the Pactruss double-ring truss deployable mechanism in 1985 [6], the Pactruss
mechanism is a double-ring truss mechanism which is also composed by the planar
diagonal stretching units, but it needs synchronous gears in the node positions to
ensure the synchronization of the movement. Datashvili L et al. developed a
double-ring deployable truss which has a 6 m diameter [7], the basic unit is
composed by two scissors mechanisms which are spaced apart from each other at a
certain height, the upper and lower ends of the two scissors mechanisms are fixed in
the vertical rods. Xu and Guan developed a truss deployable antenna which is
composed by tetrahedron units [8], they also developed a double-ring truss
deployable antenna [9], and the structure of the double-ring truss is the same as that
of the Pactruss mechanism proposed by Escrig F. Shi et al. proposed a slider-crank
planar deployable mechanism unit and designed a single ring truss and a
double-ring truss based on the unit, they also developed the prototypes [10].

The deployment and support mechanism of the large diameter antenna needs
high stiffness and folded rate, and there should be less prismatic joints to avoid the
cold welding phenomenon in space, but almost all the previously proposed
deployable mechanisms have these limitations more or less. Hence, we propose a
scissors double-ring truss deployable antenna mechanism, it has high structure
stiffness, the joints in the mechanism are all revolute joints, the movement of the
whole truss is synchronous and there are no synchronous gears in the node posi-
tions, this characteristics can perfectly meet the needs of large diameter truss
antenna, and makes it have a good application prospect in the field of aerospace.
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2 Configuration Design of the Scissors Double-Ring Truss
Deployable Antenna Mechanism and the Division
of the Units

The scissors double-ring truss deployable antenna mechanism is shown in Fig. 1, it
includes the inner ring truss, the outer ring truss and a plurality of connection units,
the basic unit of the inner ring truss and the outer ring truss is a scissors 7R
mechanism, the connected unit is a scissors 5R mechanism.

As shown in Fig. 1, in the planar projection of the double-ring truss deployable
antenna mechanism, it can be seen as a bicyclic ring which is connected by a
plurality of isosceles trapezoids, so the whole truss can be divided into a plurality of
hexahedral deployable units which have the isosceles trapezoid cross-section. The
hexahedral deployable unit is shown in Fig. 2, each hexahedral deployable unit
includes an inner scissors 7R mechanism, an outer scissors 7R mechanism and two
connected scissors 5R mechanisms, and they are connected by the node
components.

Fig. 1 The double-ring truss deployable antenna mechanism

Fig. 2 The double-ring truss and hexahedral deployable unit
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The inner scissors 7R mechanism and the outer scissors 7R mechanism have the
same structure, only their sizes are different. The scissors 7R mechanism and the
scissors 5R mechanism are shown in Fig. 3, the scissors 7R mechanism is cen-
trosymmetric, but the scissors 5R mechanism is a non-symmetrical mechanism.

Both the scissors 7R mechanism and the scissors 5R mechanism are planar
mechanisms, as shown in Fig. 4, the scissors 7R mechanism can be divided into a
symmetrical scissors 5R mechanism and two 3R mechanisms, the 3R mechanism is
a planar 3 DOFs mechanism, it provides no constraints to the planar mechanisms
[11], the two 3R mechanism can be seen as unconstrained branches, they can not
affect the DOFs and the geometric conditions for the double-ring form of the
double-ring truss mechanism, so they can be neglected in the subsequent analysis,
and the scissors 7R mechanism can be simplified to a symmetrical scissors 5R
mechanism in the follow derivation processes.

The folded and deployed states of the scissors double-ring truss deployable
antenna mechanism is shown in Fig. 5, the scissors double-ring truss has high
structure stiffness, there is no synchronous gear and compound hinge in this
mechanism, the inner ring truss is always lower than the outer ring truss during the
folding and deploying processes, so the cable net can be connected on the outer ring
truss, the area of the cable net will be greatly increased.

Fig. 3 The scissors 7R mechanism and the scissors 5R mechanism

Fig. 4 The scissors 7R mechanism and its components
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3 Analysis of the Geometric Conditions
for the Double-Ring Form of the Scissors
Double-Ring Truss Mechanism

The scissors double-ring truss deployable antenna mechanism only has one form of
movement, it can only fold or deploy, the folding process schematic is shown in
Fig. 6, each node component moves to the center of the double-ring truss.

Fig. 5 Folded and deployed states of the scissors double-ring truss deployable antenna
mechanism

Fig. 6 Folding process
schematic of the scissors
double-ring truss mechanism
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As shown in Fig. 6, the two nodes on each side of the unit ABCD moves closer
to each other, the unit ABCD turns to the unit A′B′C′D′, then continue to fold to the
center, the folding process of the other units are the same as that of the unit ABCD.
Herein, we take the unit ABCD as an example, considering the size of the node
components, and neglect the 3R mechanisms in the scissors 7R mechanism, to
analyze the geometric conditions for the double-ring form of the scissors
double-ring truss mechanism.

To ensure the scissors mechanisms can be formed to the hexahedral deployable
unit and the whole double-ring truss, the lengths and the angles of the scissors rods
are shown in Fig. 7, the length of the inner scissors mechanism rod is 2l and the
length of the outer scissors mechanism rod is 2L in Fig. 7a, b, the revolute joints
located at the intermediate position of the two scissors mechanisms, the length of
the connected scissors mechanism rod is l + L in Fig. 7c, the revolute joint divides
the rod into two sections, the lengths are l and L. The left side of Fig. 7c is
connected to the inner scissors mechanism rods in Fig. 7a and the right side of
Fig. 7c is connected to the outer scissors mechanism rods in Fig. 7b, so the angles
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Fig. 7 Basic mechanism units of the scissors double-ring truss mechanism

792 B. Han et al.



of the two rods in Fig. 7a–c are identical, the value of the angle is h. There are only
two different types of node components which are lying on the inner ring truss and
the outer ring truss, the distances of the axes of the revolute joints to the node
components center are m and n respectively, as shown in Fig. 7a–c. Figure 7d is the
top view of the hexahedral deployable unit, the cross-section ABCD is an isosceles
trapezoid, and the central angle corresponding to the unit is 2a.

The projected rod lengths, shown in Fig. 7d, have the following expressions:

CD ¼ ABþ 2AD sin a

AD ¼ ðABþCDÞ=2 ð1Þ

Expressing AB and CD in terms of l, L, h, m and n:

AB ¼ 2l sinðh=2Þþ 2m

CD ¼ 2L sinðh=2Þþ 2n
ð2Þ

From Eqs. (1) and (2), we can conclude the following equation:

AB
CD

¼ 1� sin a
1þ sin a

¼ l sinðh=2Þþm
L sinðh=2Þþ n

ð3Þ

Equation (3) can be written as:

l sinðh=2Þþm ¼ L sinðh=2Þ 1� sin a
1þ sin a

þ n
1� sin a
1þ sin a

ð4Þ

It is a very complex equation, instead of looking for a general solution, we are
interested in the particular solution that makes the first term on the left side equal to
the corresponding term on the right side, and also the second term equal to the
corresponding second term. Hence, instead of solving Eq. (4), we can solve the
following equations:

l sinðh=2Þ ¼ L sinðh=2Þ 1� sin a
1þ sin a

;m ¼ n
1� sin a
1þ sin a

ð5Þ

From Eq. (5), we can conclude the proportional relationship:

l
L
¼ 1� sin a

1þ sin a
;

m
n
¼ 1� sin a

1þ sin a
ð6Þ

The a in Eq. (6) is related to the amount of the hexahedral deployable units in
the whole double-ring truss mechanism, if the total number of the hexahedral units
is N, we can get the following equation:
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2a ¼ 360=N ð7Þ

Substituting Eq. (7) into Eq. (6), we can get the final relationship:

l
L
¼ 1� sinð180=NÞ

1þ sinð180=NÞ ;
m
n
¼ 1� sinð180=NÞ

1þ sinð180=NÞ ð8Þ

Equation (8) is the geometric conditions for the double-ring form of the
double-ring truss deployable antenna mechanism, from the two equations we can
see that the two proportional relationships are identical, and they are related to the
amount of the hexahedral deployable units in the double-ring truss deployable
antenna mechanism.

4 DOFs Analysis of the Deployable Unit
and the Simulation of the Double-Ring Truss
Deployable Antenna Mechanism

The double-ring truss deployable antenna mechanism is highly symmetrical, it
contains a plurality of hexahedral deployable units, so we can analyze the DOFs of
the single hexahedral deployable unit to get the motion properties, then analyze the
folding and deploying processes of the whole double-ring truss mechanism.

4.1 DOFs Analysis of the Hexahedral Deployable Unit

The hexahedral deployable unit without 3R mechanisms is shown in Fig. 8,
A–H represent the eight node components, M, N, P and Q represent the revolute
joints. Each node component is connected with two scissors mechanisms, the
vertically adjacent two node components can be considered as a parallel mechanism
which consists of two RRR branches.

As shown in Fig. 9, the node component H connects with the node component
C through the two branches HNC and HPC, both the two branches are RRR
branches. Establish the coordinate system O-XYZ, the origin O is located at the
center of the node component C, the X axis is along the connection line between
C and D, the Z axis is vertical upward (along the connection line between C and H),
the Y axis is determined by right hand rule. The DOFs of the node component
H will be analyzed by using the screw theory [12].
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The kinematic twists of the HPC branch can be identified as:

$11 ¼ ð 0 1 0; 0 0 a Þ
$12 ¼ ð 0 1 0; �b 0 c Þ
$13 ¼ ð 0 1 0; �d 0 e Þ

ð9Þ

Through the kinematic twists of the HPC branch, the constraint wrenches of the
HPC branch can be obtained as follows:
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Fig. 9 The branches between
the node components C and H
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Fig. 8 The hexahedral
deployable unit without 3R
mechanisms
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$r11 ¼ ð 0 0 0; 1 0 0 Þ
$r12 ¼ ð 0 0 0; 0 0 1 Þ
$r13 ¼ ð 0 1 0; 0 0 0 Þ

ð10Þ

The $r11 is a constraint couple along the X axis, the $r12 is a constraint couple
along the Z axis, the $r13 is a constraint force which passes through the origin O and
along the Z axis.

In the same way, the constraint wrenches of the HNC branch are gotten as
follows:

$r21 ¼ 0 0 0; 0 1 0ð Þ
$r22 ¼ 0 0 0; 0 0 1ð Þ
$r23 ¼ 1 0 0; 0 0 0ð Þ

ð11Þ

The $r21 is a constraint couple along the Y axis, the $r22 is a constraint couple
along the Z axis, the $r23 is a constraint force which passes through the origin O and
along the Z axis.

From Eqs. (10) and (11), the constraint wrenches of the node component H can
be obtained:

$r1 ¼ 0 0 0; 1 0 0ð Þ
$r2 ¼ 0 0 0; 0 0 1ð Þ
$r3 ¼ 0 1 0; 0 0 0ð Þ
$r4 ¼ 0 0 0; 0 1 0ð Þ
$r5 ¼ 1 0 0; 0 0 0ð Þ

ð12Þ

By solving the reciprocal screws of the constraint wrenches in Eq. (12), we can
conclude the kinematic twist of the H component:

$ ¼ 0 0 0; 0 0 1ð Þ ð13Þ

The $ represents the translational movement along the Z axis, which means that
the node component H can only translate along the connection line of CH, hence, as
shown in Fig. 8, the node components A and F, B and G, C and H, D and E can
only translate along their connection lines at any time, since the scissors 5R
mechanism is a planar mechanism which only has one DOF, so the whole hexa-
hedral deployable unit only has one DOF.

Simplified the node components in the hexahedral deployable unit to ideal
points, and make C as the fixed point, the relative trajectories of the node com-
ponents in the process of folding and deploying are shown in Fig. 10, the double
arrow dot chain lines represent the trajectories of the node components, dotted lines
are the outer contour of the hexahedral deployable unit, when the hexahedral
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deployable unit folded, the point A, B and D move to the point C and the point E, F,
G and H move to the point O, the whole hexahedral deployable unit folded into the
space straight line AO, the hexahedral deployable unit only has one DOF.

In the double-ring truss deployable antenna mechanism, each node component is
shared by two adjacent hexahedral deployable units, the vertically adjacent two
node components are connected by three scissors mechanisms, they can be con-
sidered as a 3-RRR parallel mechanism, since the 3-RRR parallel mechanism has
the same DOF properties as the 2-RRR parallel mechanism, so either the single
hexahedral deployable unit or the hexahedral deployable unit in the whole
double-ring truss only has one DOF, the DOF properties of the whole double-ring
truss are the same as that of the hexahedral deployable unit, it also only has one
DOF.

4.2 Deploying Process Simulation Verification
of the Double-Ring Truss Deployable Antenna
Mechanism

In order to verify the deployable feature of the double-ring truss deployable antenna
mechanism, the three-dimensional model of the whole double-ring truss is built in
the Solidworks software to simulate the deploying process.

The amount of the hexahedral deployable units is 12, the length of the outer
scissors rod is 600 mm, through the relationship in Eq. (8) we can calculate that the
length of the inner scissors rod is 353.27 mm, and the length of the connection
scissors rod is 476.64 mm, the deploying process is shown in Fig. 11.

C

D

A

B

H

E

F

G
OFig. 10 The trajectories of

the nodes components in the
folding and deploying
processes

Design and Analysis of the Scissors Double-Ring Truss … 797



5 Conclusion

A scissors double-ring truss deployable antenna mechanism is proposed in this
paper, and it is divided into a plurality of hexahedral deployable units. The geo-
metric conditions for the double-ring form of the scissors double-ring truss
mechanism is investigated with the consideration of the effects of joint size, it
showed that the proportional relationships of the rods and joint sizes of the inner
ring truss and the outer ring truss are related to the amount of the hexahedral
deployable units in the double-ring truss deployable antenna mechanism. The DOFs
of the hexahedral deployable unit is analyzed based on the screw theory, the result
showed that it only has one DOF, the simulation model of the double-ring truss is
built and the deployable feature of the whole double-ring truss mechanism is
verified through the deploying process.

The scissors double-ring truss deployable antenna mechanism has high stiffness,
and it only has one DOF, the whole truss mechanism can fold and deploy without
synchronous gears, and the cable net can be connected on the outer ring truss, this
characteristics makes it have a good application prospect in the field of space
deployable antenna.
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Fig. 11 The deploying process of the double-ring truss
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Deployable Mechanism Design for Span
Morphing Wing Aircraft

Binbin Gao, Rongjie Kang and Yan Chen

Abstract Compared with traditional aircrafts, span morphing wing aircrafts can
change their span according to different flight conditions and missions to improve
flight performances. Also, it has advantages in storage and transportation. In this
paper, a single-degree-of-freedom (SDOF) mechanism based on Sarrus linkages is
presented and applied to the construction of a span morphing wing aircraft.
Computational Fluid Dynamics (CFD) simulation shows that the deployable
mechanism generates slight influence on the drag coefficient while having a rela-
tively strong influence on the lift coefficient and lift to drag ratio. Finite Element
Model (FEM) methods are used to analyze the mechanical properties of the
mechanism during flight. The results indicate that the maximum stress 45:5 Mpa
occurs at the link connected to the base link. A series of flight experiments were
conducted to prove that the mechanism enables the span change smoothly and
improves the flight performances effectively.
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1 Introduction

Inspired by nature, people found that birds change their gestures to get a better
performance according to different flight conditions. More than 100 years ago, the
Wright brothers successfully controlled flight by pulling on cables to twist the wing
[1], which brought the first morphing wing aircraft to the world. Morphing wing
have attracted great attention among the world since the Defense Advanced
Research Projects Agency (DARPA) carried out Morphing Aircraft Structures
(MAS) Program between 2002 and 2007 [2–4].

Particularly, as a type of morphing wing, span morphing wing can improve the
properties of an aircraft and form a multi-role aircraft. The changes of span have
influences on maneuverability, payload, voyage and specific fuel consumption of an
aircraft. In consideration of economy, using one multi-role span morphing wing
aircraft to replace several types of aircrafts tailored for specific missions saves
production cost largely. Also, it brings benefits to the storage and transportation of
the aircraft [4, 5].

The first span morphing wing concept was presented by an American aircraft
designer named Vincent in 1929 and in the same year, he designed and manu-
factured a morphing aircraft GX-3 which could change its span and camber
simultaneously [6]. Previous researches on span morphing wing included tele-
scoping wing aircraft [7, 8], the Lockheed Martin’s Z-wing concept [9, 10], the
modular variable geometry truss mechanism configuration [11, 12] and so on. Most
of the above concepts require multi-degree-of-freedom (MDOF) movement, in
other words, more than one actuators are needed to achieve wing morphing. For the
Lockheed Martin’s Z-wing concept, the span morphing wing consists of an inner
panel and an outboard panel. The span changes by folding the inner panel to the
fuselage. There are two actuators in the leading edge flap, one actuator between the
inner panel and fuselage while the other one between the inner panel and outboard
panel. For the modular variable geometry truss mechanism configuration, eight
actuators were used to control each module, as the number of modules increases,
the number of actuators increases accordingly. The use of a large numbers of
actuators will decrease payload, increase specific fuel consumption, narrow voyage,
bring a complex control system to an aircraft. Additionally, the rigidities of MDOF
mechanisms are usually insufficient, which means unexpected deformations may
occur in the wing structure. To solve the above problems, a single-degree-of-
freedom (SDOF) mechanism is required for span morphing wing aircraft.

Traditional SDOF mechanisms for span morphing wing aircraft include screw
rod and guide rail, gear and rack, the scissor mechanism configuration. Chen et al.
[13] presented a span morphing wing aircraft driven by screw rod and guide rail.
The active wing is attached to a slider on the guide rail. The rotation of the screw
rod causes the slider to translate which enables the active wing to move relatively to
the fixed wing. The screw rod and guide rail mechanism can change the span
accurately. However, there are slight deformations at the wing that may cause issues
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on the relative displacements between the screw rod and the nut, the guide rail and
the slider, even making the slider stuck. In 2005, Alemayehu et al. [14] designed a
span morphing wing aircraft based on the gear and rack mechanism. The active
wing is attached to the rack. This design can make the active wing translate
smoothly, efficiently and reliably. But large space is needed to install the mecha-
nism in the direction perpendicular to the wing surface and the length of the span is
restricted by the size of the rack. Wang [15] changed the span by the scissor
mechanism which consists of scissor units assembled in series. This design is
simple and reliable, and the driving force is small. However, the rigidity of the
mechanism will decrease greatly if the number of units increases.

In 2012, Wang et al. [16] presented a novel design based on a SDOF over-
constrained mechanism, the Sarrus linkage, for span-changing aircrafts. The out-
board wing was attached to one end of the deployable mechanism, and the other
end of the mechanism was fixed to the inner wing. The mechanism was driven by a
servo and the span of aircraft can change form minimum 1.43 m to maximum
1.77 m. The reference area changes 23.5 % accordingly. The space required for
installation is small and the mechanism is of high folding ratio. As each links are
connected by revolute joints, the driving moment is small. Since the mechanism is
overconstrained, the morphing wing is of high rigidity.

However, many problems were found through later flight tests. Firstly, the
connection between the mechanism and the inner wing is not firm, where defor-
mations were easy to take place. Secondly, the folding ratio for the span (23.5 %) is
not large enough. Thirdly, as the outboard wing takes more load, the driving
moment for the mechanism increases greatly. To solve the above problems, a new
generation of span morphing wing aircraft is designed and manufactured in this
paper. To decrease the deformation in the connection, a specific connecter is
designed to connect the inner wing and deployable mechanism. To improve the
changing ratio of reference area to 50 %, which is a standard for span morphing
wing aircraft [17], the number of the Sarrus units in the deployable mechanism
triples. To reduce the driving moment for the mechanism, rolling bearings are
applied to all revolute joints.

This paper is organized as follows: Sects. 2 and 3 presents the design and
simulated analysis of the morphing wing using Sarrus linkages, respectively; a
series of experiments are then carried out to test the performance of the span
morphing wing aircraft in Sect. 4; and the conclusions are given in Sect. 5.

2 Morphing Wing Mechanism Design

The new morphing wing aircraft is based on a multi-segmented Sarrus linkages. As
shown in Fig. 1, this mechanism consists of four parallelogram units connected by
three Sarrus linkages.
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In this mechanism, the links w, k1, s1, k2, s2, k3, s3, r have the same length,

lw ¼ lk1 ¼ ls1 ¼ lk2 ¼ ls2 ¼ lk3 ¼ ls3 ¼ lr ¼ d ð1Þ

Also, the links p1, q1, p2, q2, p3, q3, p4, q4 have the same length,

lp1 ¼ lq1 ¼ lp2 ¼ lq2 ¼ lp3 ¼ lq3 ¼ lp4 ¼ lq4 ¼ l ð2Þ

The unit T1 formed by w, p1, k1, q1 and T4 formed by r, p4, s3, q4 are identical,
the unit T2 formed by s1, p2, k2, q2 and T3 formed by s2, p3, k3, q3 are the same. Two
units T1 and T2 are connected by linking p1, p2 and q1, q2 respectively with two
revolute joints. The links k1 and s1 are connected to two identical the links m1 and
n1 by a revolute joint, respectively. The other ends of links m1 and n1 are connected
to each other by a revolute joint. The first Sarrus linkage consists of the links p1, k1,
m1, p2, s1, n1, so the mechanism formed by the units T1 and T2 is SDOF. Rotating
the link p1 around the link w can make the link k2 translate in the direction per-
pendicular to link w. In the same way, the units T2 and T3, T3 and T4 are connected
by the Sarrus linkages, so the deployable mechanism is SDOF, the mechanism can
be extended by rotating any link in it.

According to Eqs. (1) and (2), the mechanism becomes symmetrical about the
middle line that connects the p2–p3 joint and the q2–q3 joint. In the mechanism, the
rotational motion of link p1 would result in the linear motion of link r, and the
direction of this linear motion is always perpendicular to the link w, link w is
connected to the inner wing by a specific connecter and the outboard wing is fixed
to the link r.

Define a as the driving angle between the links p1 and w, t as the thickness of the
links w, r, and D as the instantaneous displacement of r from w, when p1 is driven
around the revolute joint between w and p1. Due to the symmetry of the mechanism
with respect to the middle line, it can be found that

Fig. 1 Schematic of the span morphing wing mechanism
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D ¼ 4l sin aþ 2t ð3Þ

Taking the derivative of (3), the velocity of link r is

V ¼ dD
da

4l cos a ð4Þ

In Eqs. (3) and (4) the driving angle a is between 0° and 90°.
A three-dimensional model is created in SOLIDWORKS 2014, where

d ¼ 0:055 m, l ¼ 0:085 m, t ¼ 0:004 m. To improve the strength and reduce the
weight of the deployable structure, the links p1, q1, p2, q2, p3, q3, p4, q4 are designed
to be an I-shape beam. Besides, unnecessary supports are removed from all links.
All the sharp corners of the links are rounded in order to avoid possible stress
concentrations. The extension process of the mechanism is shown in Fig. 2. The
rotation angle a for the four gestures correspond to 0°, 30°, 60°, 90°.

When the mechanism fully extends, the maximum displacement Dmax is 0.34 m.
When the mechanism fully folds, as shown in Fig. 2a, there are seven revolute
joints placed one by one along the extending direction. Every joint has a size of
0.008 m, so the minimum displacement Dmax is 0.056 m. This mechanism is
designed to be attached to a prototyped aircraft with a reference area A0 of 0.27 m2

and chord length C of 0.257 m. The instantaneous reference area A can be calcu-
lated by

A ¼ A0 þ 2DC ð5Þ

Fig. 2 Extension process of the deployable mechanism
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When the mechanism fully folds, it can be found that

Amin ¼ A0 þ 2DminC � 0:2988 m2 ð6Þ

When the mechanism fully extends, it can be found that

Amax ¼ A0 þ 2DmaxC � 0:4489 m2 ð7Þ

Thus, the reference area changing ratio is

w ¼ Amax � Amin

Amin
¼ 0:5023 ð8Þ

The maximum reference area changing ratio for the span morphing aircraft is
50.23 %, which is larger than 50 %.

Figure 3 shows the prototype of the span morphing wing aircraft. To illustrate
the deployable mechanism clearly, the covering skin is removed. During real
flights, rigid skin is attached to the inner wing. The section shape of the rigid skin is
the same as the outboard wing and the section size of the rigid skin is a little bit
larger than the outboard wing to ensure the smooth movement and the adequate lift.

3 Simulations and Analyses

The CFD simulations were carried out to study the aerodynamic performances of
the span morphing wing. Since the payload, the maneuverability and the voyage of
an aircraft are highly affected by the wing parameters, such as the lift coefficients,
the drag coefficients and the lift to drag ratios, it is necessary to change the wing
span to optimize these parameters according to the flight conditions and missions.
Above parameters are also related to the angle of attack (AOA), so the changes of
the parameters with respect to different AOA need to be compared. The FEM

Fig. 3 The prototyped
airplane with morphing wing
mechanism installed
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analyses were then used to locate the maximum stresses and to improve the design
of the deployable mechanism.

3.1 Computational Fluid Dynamics Simulations

Seven models with the driving angles of 0°, 10°, 20°, 30°, 40°, 60°, 90° are set up in
CATIA V5, and then these models are put into GAMBIT for meshing. In the end,
these models are imported into FLUENT, a plug-in from ANSYS 15.0, which is
used for CFD simulation. In simulations, the Spalart-Allmaras (SA) model is chosen
to set up the turbulence model. Assuming that the flight tests are carried out at sea
level and the air temperature is 288.15 K, the designed air speed is U = 12 m/s, the
air density is q ¼ 1:225 kg=m3, the air viscosity is l ¼ 1:789� 10�5 pa s. The
Reynolds number can be obtained by

Re ¼ qUC
l

¼ 2:11� 105 ð9Þ

Figure 4 shows that for a certain model, when the AOA increases, both the lift
coefficient and the drag coefficient get larger. The lift coefficient curves approxi-
mate a straight line while the drag coefficient curves approximate a quadratic curve.

On the other hand, for the same AOA, the increasing span result in growing lift
coefficients, though the growth are small. Table 1 presents the changes of the lift
coefficients in percentage relative to the folding condition. As the AOA gets larger,
the percent changes get smaller.

Though the lift coefficient changes very small, the lift force increases greatly as
span gets larger.

FL ¼ 1
2
CLAqU2 ð10Þ

Fig. 4 Relationship between a the lift coefficients and the angles of attack, b the drag coefficients
and the angles of attack
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where FL is the lift force and CL stands for the lift coefficient, based on other
parameters being hold, 50 % increase in the reference area A will result in at least
50 % increase in the lift force. Combining Eqs. (5) and (10), it indicates that, there
is a linear relationship between lift force FL and D, as shown in Eq. (11).

FL ¼ 1
2
CL A0 þ 2DCð ÞqU2 ð11Þ

Unlike the lift coefficients, as shown in Table 2, the drag coefficients for a
constant AOA decreases slowly when the mechanism extends. In conclusion, airfoil
shape rather than span morphing, dominates the values of the lift and drag
coefficients.

Using the drag coefficient CD to replace the lift coefficient CL in Eq. (10), the
ideal drag force FD is

FD ¼ 1
2
CDAqU

2 ð12Þ

Table 1 Percentage changes in the lift coefficients under different spans

Changes of lift coefficients (%) Degree of expansion (°)

AOA (°) 10 20 30 40 60 90

0 3.3 6.2 8.8 10.6 13.7 15.0

2 4.2 6.7 8.8 11.0 12.9 14.0

4 2.8 5.6 8.7 10.0 10.3 12.0

6 2.6 4.8 7.5 9.7 10.5 11.5

8 2.4 4.4 6.5 8.0 8.8 9.3

10 1.4 2.8 4.6 6.2 7.1 8.2

12 2.0 2.7 4.0 4.3 5.2 5.8

14 0.06 1.3 3.0 3.1 3.4 3.7

Table 2 Percentage changes in the drag coefficients under different spans

Changes of drag coefficients (%) Degree of expansion (°)

AOA (°) 10 20 30 40 60 90

0 −2.1 −4.7 −4.7 −5.4 −5.6 −5.8

2 −3.1 −4.5 −4.6 −4.7 −4.7 −6.2

4 −2.0 −2.5 −3.1 −4.6 −4.8 −5.0

6 −1.2 −2.6 −3.7 −4.1 −4.4 −5.1

8 −1.0 −2.2 −2.5 −2.9 −2.9 −3.9

10 −0.8 −2.6 −3.2 −3.3 −3.5 −3.7

12 −1.0 −1.1 −1.6 −1.7 −2.5 −3.4

14 −0.5 −0.8 −1.0 −1.2 −1.4 −1.6
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Combining Eqs. (5) and (12), as shown in Eq. (13), above linear relationship
can be applied to drag force FD and D as

FD ¼ 1
2
CD A0 þ 2DCð ÞqU2 ð13Þ

Figure 5 shows that, for a certain span, the lift to drag ratio increases first and
then decreases, as the AOA increases. Though the changes of the lift coefficients
and drag coefficients change slightly when the mechanism extends, there is a sig-
nificant increase in the lift to drag ratio L=D. The maximum L=D 9.15 occurs when
AOA is closed to 5° and the mechanism fully extends.

Table 3 shows the details of the changes. It indicates that, the influence of the
span morphing on the lift to drag ratio gets less as the AOA increases.

3.2 Finite Element Model Analyses

From CFD simulations, the lift coefficient and the drag coefficient for each model
under different AOA have been obtained. Combining (11) and (13), the lift and drag

Fig. 5 Relationship between
the lift to drag ratios and the
angles of attack

Table 3 Percentage changes
in the lift to drag ratios under
different spans

Changes of
L/D (%)

Degree of expansion (°)

AOA (°) 10 20 30 40 60 90

0 5.5 11.3 14.2 16.9 20.5 22.1

2 7.5 11.8 14.0 16.5 18.5 21.5

4 4.9 8.2 12.1 15.3 16.0 17.8

6 3.8 7.6 11.6 14.4 15.5 17.4

8 3.5 6.7 9.2 11.1 12.0 13.8

10 2.2 5.6 8.0 9.8 11.0 12.3

12 3.1 3.9 5.7 6.0 7.9 9.4

14 1.1 2.1 4.0 4.4 4.9 5.4
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forces are derived. In this section, 10 models are built with the driving angles of 0°,
10°, 20°, 30°, 40°, 50°, 60°, 70°, 80°, 90°. They are meshed in fore treatment
software HYPERMESH. FEM analyses are carried out on morphing mechanism to
find the maximum stresses and locating their positions with commercial finite
element method (FEM) software ABAQUS 6.13. Assuming the aluminum T6061 is
used to fabricate the morphing mechanism. For the boundary conditions, the lift
force, drag force as well as the gravity are applied to the wing surface, and a fixed
support is applied at the wing root. The driving link on the mechanism is set to have
no rotation.

Figure 6 shows the changes of the maximum stresses for 10 models under
different AOA. Ignoring several points with large deviation, the maximum stresses
increases as AOA get larger. In other words, the increasing AOA results in a rapid
growth of lift force and drag force, which causes a large deformation in the
mechanism. However, for a constant AOA, as the mechanism extends, the maxi-
mum stresses increases first and then decreases. The peak point occurs when the
driving link angle is around 50°. The reason may be that a mechanical disadvantage
occurs when the driving angle chose to 50°.

All maximum stresses occur at the link next to the base link, which is the
thinnest part of the linkage, as shown in Fig. 7. The whole mechanism can be
considered as a cantilever beam. The largest value among all maximum stresses is

Fig. 6 Relationship between
the maximum stresses and the
driving angles

Fig. 7 The maximum stress observed in the structure with 50° extension under 14° angle of
attack: a overall view of the stress distribution in the mechanism; b zoomed view of the position of
where the maximum stress occurred
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45.5 Mpa when the mechanism has an extension of 50° and the AOA is 14°. It
indicates that, Aluminum T6061 with a yielding stress 275 Mpa is safe enough for
the prototype of the span morphing wing aircraft.

4 Flight Performance

To assess the performances of the span morphing prototyped plane after refitted, a
series of experiments were conducted under similar wind condition. A micro-
camera is affixed to a rigid portion of the fuselage and directed towards the mor-
phing wing to record the movement of the wing. Figure 8 shows the flight tests.

The experiments were carried out with the driving angles of 0°, 30°, 90°, which
correspond to the dash configuration, the intermediate configuration, the loiter
configuration [10], and focus on the performances of takeoff distance, stability and
maneuverability. The takeoff distances are measured under different configurations
with full throttle and maximum elevator deflection. The results show that the loiter
configuration needs a takeoff distance within 10 m to take off and the dash con-
figuration needs more than 15 m. The stability includes flight stability and landing
stability. Experiments show that the loiter configuration has better stability than the
other two configurations. A mutational wind condition brings more risk to the dash
configuration during flight. The loiter configuration allows for an easier landing.
Though the loiter configuration has worse stability, it has better maneuverability.
When the plane needs to turn around, the turning radius of the dash configuration is
much smaller. For the same thrust, the dash configuration has a larger speed and
acceleration than other two configurations.

The voyage, the maneuverability and the load weight of the plane improve a lot
after applying the deployable mechanism to the wing. However, there are also
limitations of the plane. Its deadweight increases from 0.85 to 1.5 kg i.e. its inertia
increases and its maneuverability gets worse.

Fig. 8 Photos for flight performance tests: a video snapshot from the ground; b video snapshot
from the on-board camera

Deployable Mechanism Design for Span Morphing Wing Aircraft 811



5 Conclusion and Discussion

In this paper, a deployable mechanism based on the Sarrus linkages is presented to
construct a span morphing wing aircraft. The design of the mechanism is investi-
gated with a brief kinematics analyses. To analyze the influence of span morphing
on aerodynamic performances of the prototyped aircraft, CFD simulations were
carried out. FEM analyses were used to help to select the appropriate material for
the deployable mechanism. And a series of experiments were then conducted to test
the design.

It was found that the changes of span have slight influences on the lift coefficient
and the drag coefficient while can improve the lift force and drag force by 50 %. It
proves that the mechanism is able to improve the aerodynamic performance of a
span morphing wing aircraft.

The maximum stress occurs when the mechanism is semi-expanded. The
yielding stress of the selected material Aluminum T6061 is much larger than the
maximum stress 45.5 Mpa, which indicates that material is safe enough in the span
morphing wing aircraft.

In the future, small sensors and data acquisition devices will be used to measure
and record the command input and aircraft response during flight. In that case, the
performance of the span morphing wing aircraft can be parameterized. Also, the
weight of the plane must be reduced to decrease its inertia and improve its
maneuverability. Then the rigidity of the wing needs to be enhanced to reduce
deformations in the outboard wing and improve the performances of the span
morphing wing aircraft.
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Kinematics and Singularity of a 4-DOF
Parallel Mechanism with Passive
Spherical Joints

Binbin Peng, Wenchen Zhen, Xiangqian Wang, Kaituo He
and Song FU

Abstract This paper presents a 4-DOF (3T1R: three-translational and one rota-
tional degrees of freedom) parallel mechanism with passive spherical joints, which
has better stiffness than the other ones with just prismatic and revolute joints.
Firstly, structure description is given. And a complete study regarding motion
characteristics is done by analytical method. Then the kinematics of the 4-DOF
parallel manipulator, which includes inverse and forward solutions, is studied in
detail by numerical method. The Jacobian matrix of the parallel manipulator is also
derived. Based on the Jacobian matrix, singularity analysis of the parallel mecha-
nism has been described clearly. All prismatic actuators of the 4-DOF parallel
manipulator are parallel to each other, enables it to have an independent Z motion—
only limited by the stroke of the prismatic actuators. So the parallel manipulator has
the identical performance along the direction of the actuated linear slides. The
4-DOF parallel manipulator is characterized by elevated dynamical capabilities
having its actuators at base.

Keywords Parallel manipulator � Motion characteristics � Position analysis �
Singularity

1 Introduction

Parallel mechanisms have been known for their increased rigidity, better accuracy,
higher load and dynamical capacities as compared to their competent serial
mechanisms. The advantages of such mechanisms are quite sufficient to be the
motive behind the increasingly interest in these mechanisms, in which they have
been under extensive research in the last decades.
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In fact, regarding some tasks 4-DOF (3T1R) parallel mechanisms are sufficient.
In others, where another rotation is required it can be provided either by the table or
by an additional actuator in series with the parallel mechanism (forming a hybrid
mechanism). The 3T1R parallel mechanisms can be mainly divided into two types,
fully-parallel robots and series-parallel robots (hybrid robots). In this work, the first
type will deeply studied. Many 3T1R fully-parallel mechanisms exist in literature.
The RRPU+2UPU [1] with 3 legs rotates about the axis which is perpendicular to
the moving platform, and no singularity would occur in the reachable workspace if
the size of the moving platform is different from that of the base. However, only one
rotational actuator is installed on the base, which influences its stability and
vibration. The redundant parallel mechanism in [2] (large operational workspace
and rotational capability, no singularity) rotates about the axis which is parallel to
the moving platform. However, it has two parallelogram arms with revolute joints,
which has an effect on the rigidity because the bars will bear the bending moment.
The articles [3] and [4] introduce several 3T1R parallel mechanisms with kinematic
chains consisting of revolute, prismatic or universal joints which bear a lot of
torque. The other 3T1R parallel mechanisms with no passive spherical joints such
as [5] (4-DOF Schonflies motions) and [6] (five 4-DOF operation modes) also have
the same problems like stability and rigidity. Here to point out a famous family of
mechanisms, which are the H4 in [7], the I4 in [8], the Par4 in [9] with its
industrialized version Adept Quattro [10] (it is the fastest industrial pick-and-place
robot with high acceleration in a short cycle time), they have interesting articulated
traveling plates and their rotation axis are all perpendicular to the moving platform
respectively. The principle of H4 is the base of the above family of machines, which
is shown in Fig. 1a. Based on the H4, many 3T1R non-over-constrained parallel
mechanisms in [11] are constructed based on screw theory, some of the mecha-
nisms which contain multiple revolute joints in each chain are more suitable for
application in light load. As demonstrated in the article [7], the performance and

(a) H4 basic principle (b) 2-PSS&2-P2SS basic principle

Fig. 1 Basic principles of two parallel mechanisms
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characteristics of the mechanism have a great relationship with the arrangement
mode of the chains, which can be got from the example not compatible with the
condition in section VI of the article [7].

At the end of the paper [7], an asymmetrical P-(U-S)2/P-U-S H4 was simply
given (simple structure, no detailed analysis), and its two P-(U-S)2 chains are
adjacent. In this work, a symmetrical 4-DOF parallel mechanism is presented,
denoted to 2-PSS&2-P2SS (P denotes the prismatic joint, S denotes the spherical
joint), whose rotation axis is parallel to the moving platform. Every strut of the
mechanism is the true two-force bar which can avoid bending moments when under
the action of external force for its passive spherical joints. It will give the mech-
anism the highest rigidity. The mechanism is also characterized by elevated
dynamical capabilities and better stability having its actuators at base. Meanwhile,
the mechanism has simple structure and convenient control.

The paper introduces a 4-DOF parallel mechanism with passive spherical joints
in Sect. 2. Then Sect. 3 describes the study of motion characteristics. The analysis
of position is detailed in Sect. 4. Section 5 presents the singularity analysis of this
mechanism. The paper ends with Sect. 6 giving the conclusions.

2 Structure Description of the Parallel Mechanism

The basic principle of the 4-DOF (3T1R) parallel mechanism with passive spherical
joints proposed is shown in Fig. 1b with its model in Fig. 2a. There are four
independent kinematic chains between the base and the moving platform, and each
chain is actuated (prismatic joint are actuated and their position are being measured,
while spherical joint are passive). Chains (I) and (IV) (see Fig. 2b, where the
spherical joints are expressed by geometrical points Ai and Bi), are two same
composite legs (each composite leg is the same as the spatial parallelogram in
DELTA, which is described here for P2SS chain), and they are relative, which
cooperate with the other two same single chains (two PSS chains) to position and
control the platform.

(a) Mechanism model (b) Two P2SS chains

Fig. 2 2-PSS&2-P2SS parallel mechanism
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From Fig. 1, one can know that the 4-DOF parallel mechanism presented has no
any passive revolute joint compared with the general parallel mechanism H4. The
difference between the 4-DOF parallel mechanism presented and the asymmetrical
H4 is the two same composite legs of the parallel mechanism in this paper are
connected to the moving platform with interval, while the two composite legs of the
asymmetrical H4 are connected adjacent to the moving platform. Another important
geometrical structure conditions of the parallel mechanism presented in this paper
are needed to point out, which are A1A2 ¼ A6A5 and B1B2 ¼ B6B5. It can be seen
from the Fig. 2b. The two geometrical structure conditions are very important for
analyzing the motion characteristic of the 4-DOF (3T1R) parallel mechanism with
passive spherical joints. It will be given in the Sect. 3 of this paper in detail.

The 4-DOF parallel mechanism with passive spherical joints consists of four
actuators along the same direction (Z-axis). It is quite clear that this mechanism can
move along the direction of Z-axis independently of the other motions. This motion
along Z is only limited by the available stroke for the prismatic actuators.

3 Motion Characteristics of the 4-DOF Parallel
Mechanism

The current section is dedicated to the study of motion characteristics. First the
mathematical model is established. Then the detailed solution procedure is given by
using geometrical structure condition.

3.1 Modeling

Let O-XYZ and P-X1Y1Z1 denote the coordinate frames fixed on the base and
moving platform respectively. O is located at the center of the base. The schematic
diagram of mechanism is depicted in Fig. 3.

The different geometrical elements of the mechanism will be defined before
studying motion characteristics, as well as position and singularity. The following
notations are used: Li (i = 1–6) is the length of the ith strut of extremities Ai and Bi.
Point Ai and point Bi are the connection points of the strut AiBi and their coordinates
Ai ¼ ðxai; yai; zaiÞT and Bi ¼ ðxbi; ybi; zbiÞT are expressed in the base frame of the
mechanism. Note that the coordinates of the point Bi expressed in moving frame of
the parallel mechanism are Bti ¼ ðxBi; yBi; zBiÞT (i = 1–6). The position and pose of
the mechanism are Pt ¼ ðx; y; zÞT and P ¼ ðx; y; z; a; b; cÞT respectively. The input
of the parallel mechanism is I ¼ ðza1; za2; za3; za4; za5; za6ÞT. Rotational matrix of the
platform frame with respect to the fixed base frame can be expressed as follows (a,
b, c are the rotational angle; a; b; c 2 ð�90�; þ 90�Þ)
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TZYX ¼ RotZðaÞRotYðbÞRotXðcÞ ¼
d11 d12 d13
d21 d22 d23
d31 d32 d33

0
B@

1
CA

¼
cos a cos b cos a sin b sin c� sin a cos c sin a sin cþ cos a sinb cos c

sin a cos b cos a cos cþ sin a sin b sin c sin a sin b cos c� sin c cos a

� sin b cos b sin c cos b cos c

0
B@

1
CA

ð1Þ

Geometrical structure conditions of the mechanism can be written as follows

L1 ¼ L2 ¼ L3 ¼ L4 ¼ L5 ¼ L6; za1 ¼ za2; za5 ¼ za6; ya1 ¼ xa3 ¼ �xa4 ¼ �ya6;

xa1 ¼ �xa2 ¼ �xa5 ¼ xa6; xB1 ¼ �xB2 ¼ �xB5 ¼ xB6; ya3 ¼ ya4 ¼ yB3 ¼ yB4¼0;

B1B2==B5B6; A1A2==A5A6; jB1B2j ¼ jB5B6j ¼ jA1A2j ¼ jA5A6j; zai [ zbi

3.2 Solution Procedure

Giving the position Pt of the parallel mechanism, and then the coordinates of Bi can
be got as follows

Bi ¼ TZYXBti þPt ði ¼ 1�6Þ ð2Þ

Fig. 3 The schematic
diagram of the parallel
mechanism
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The length of strut AiBi can be expressed as

xai � xbið Þ2 þ yai � ybið Þ2 þ zai � zbið Þ2¼ L2i ði ¼ 1�6Þ ð3Þ

The mechanism has two composite legs [chain (I) and chain (IV)], from chain
(I), one may obtain

xa1 � xb1ð Þ2 þ ya1 � yb1ð Þ2 þ za1 � zb1ð Þ2¼ L21 ð4Þ

xa2 � xb2ð Þ2 þ ya2 � yb2ð Þ2 þ za2 � zb2ð Þ2¼ L22 ð5Þ

xa1 � xa2ð Þ2 þ ya1 � ya2ð Þ2 þ za1 � za2ð Þ2¼ A1A2

�� ��2 ð6Þ

xb1 � xb2ð Þ2 þ yb1 � yb2ð Þ2 þ zb1 � zb2ð Þ2¼ B1B2
�� ��2 ð7Þ

But at all times, there are

xa1 � xa2
ya1 � ya2
za1 � za2

0
@

1
A ¼

A1A2
�� ��

0
0

0
@

1
A;

xb1 � xb2
yb1 � yb2
zb1 � zb2

0
@

1
A ¼

B1B2
�� ��d11
B1B2
�� ��d21
B1B2
�� ��d31

0
@

1
A ð8Þ

Equation (5) minus Eq. (4) produces

jA1A2j � jB1B2jd11
�jB1B2jd21
�jB1B2jd31

0
@

1
A

T ðxa1 þ xb1Þ � ðxa2 þ xb2Þ
ðya1 þ yb1Þ � ðya2 þ yb2Þ
ðza1 þ zb1Þ � ðza2 þ zb2Þ

0
B@

1
CA ¼ 0 ð9Þ

Equation (7) minus Eq. (6) produces

jA1A2j � jB1B2jd11
�jB1B2jd21
�jB1B2jd31

0
@

1
A

T ðxa1 þ xa2Þ � ðxb1 þ xb2Þ
ðya1 þ ya2Þ � ðyb1 þ yb2Þ
ðza1 þ za2Þ � ðzb1 þ zb2Þ

0
B@

1
CA ¼ 0 ð10Þ

Equation (10) plus Eq. (9) produces

jA1A2j � jB1B2jd11
�jB1B2jd21
�jB1B2jd31

0
@

1
A

T xa1 � xb2
ya1 � yb2
za1 � zb2

0
B@

1
CA ¼ 0 ð11Þ
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Equation (10) minus Eq. (9) produces

jA1A2j � jB1B2jd11
�jB1B2jd21
�jB1B2jd31

0
@

1
A

T xa2 � xb1
ya2 � yb1
za2 � zb1

0
B@

1
CA ¼ 0 ð12Þ

The following vectors are defined for clarity

N ¼ A1A2
�� ��� B1B2

�� ��d11;� B1B2
�� ��d21;� B1B2

�� ��d31� � ð13Þ

B2A1 ¼ ðxa1 � xb2; ya1 � yb2; za1 � zb2ÞT ð14Þ

B1A2 ¼ ðxa2 � xb1; ya2 � yb1; za2 � zb1ÞT ð15Þ

Then Eqs. (11) and (12) can be written as

N � B2A1 ¼ 0; N � B1A2 ¼ 0 ð16Þ

The method is equally applicable to the chain (IV). This calculation procedure
will not be discussed here for brevity. In chain (IV), the following vectors are
defined:

N1¼ðjA5A6j � jB5B6jd11;�jB5B6jd21;�jB5B6jd31Þ ð17Þ

B5A6 ¼ ðxa6 � xb5; ya6 � yb5; za6 � zb5ÞT ð18Þ

B6A5 ¼ ðxa5 � xb6; ya5 � yb6; za5 � zb6ÞT ð19Þ

Then the following relations can be found:

N1 � B5A6 ¼ 0; N1 � B6A5 ¼ 0 ð20Þ

From geometrical structure condition, there is

N ¼ N1 ð21Þ

That is,

N � B5A6 ¼ 0; N � B6A5 ¼ 0 ð22Þ

Note that Eqs. (16) and (22) mean if the vector N 6¼ 0, it is only possible that all
the vectors B2A1, B1A2, B5A6 and B6A5 are in the same plane, we name this plane pl
(P). It is obvious that the plane does not exist except in their singular configura-
tions. So N ¼ 0 and then there are
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d11 ¼ cos a cos b ¼ 1
d21 ¼ sin a cos b ¼ 0
d31 ¼ � sin b ¼ 0

8<
: ð23Þ

Equation (23) leads to

a ¼ b ¼ 0

Therefore, the parallel mechanism presented in this paper can perform four
motions x, y, z and c (rotation about X-axis).

4 Position Analysis

In this work, the 4-DOF parallel mechanism presented can be regarded as the
generalized 6-PSS parallel mechanism substituted the four PSS chains for the two
P2SS chains. In order to convenient for the analysis of position, the parallel
mechanism is converted into a virtual 6-PSS parallel mechanism first. Then the
inverse and direct geometric models are established based on 6-PSS parallel
mechanism (six-dimensional). In order to ensure the alterative inverse and direct
geometric models are adapted to the structure requirement of the 4-DOF parallel
mechanism presented in this paper, the two inputs are synchronous, which is za1 ¼
za2 and za5 ¼ za6. Thus the kinematics of the 4-DOF parallel mechanism can be
analyzed with the help of the alterative inverse and direct geometric models of the
6-PSS parallel mechanism.

4.1 The Inverse Geometric Model (IGM)

The inverse geometric model for parallel robots is usually easy to determine and
4-DOF parallel mechanism is not an exception of this idea. From the Eq. (3), it can
be obtained

zai ¼ zbi �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2i � ybi � yaið Þ2� xbi � xaið Þ2

q
ði ¼ 1�6Þ ð24Þ

As long as the term within the square root is positive, two real solutions for each
zai are possible. The choice depends on the assembly mode chosen. In our case, we
will choose to have the actuator to be above the platform, meaning

zai ¼ zbi þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2i � ybi � yaið Þ2� xbi � xaið Þ2

q
ði ¼ 1�6Þ ð25Þ
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4.2 The Direct Geometric Model (DGM)

Unlike serial robots, the direct geometric model of a parallel manipulator is most
often difficult to be determined analytically. However, with this mechanism it is
easy to establish its model.

Equation (3) can be differentiated with respect to x; y; z; a; b; c, which leads to

xai � xbið Þ _xbi þ yai � ybið Þ _ybi þ zai � zbið Þ_zbi ¼ zai � zbið Þ_zai; ði ¼ 1�6Þ ð26Þ

The following vectors are defined for simple

MO ¼ ð _x; _y; _z; _a; _b; _cÞT ð27Þ

MI ¼ ð_za1; _za2; _za3; _za4; _za5; _za6ÞT ð28Þ

Rearranging Eq. (26) yields an equation of the form

A �MO ¼ B �MI ð29Þ

If the inverse of A exists, there is

MO ¼ A�1B �MI ¼ J �MI ð30Þ

Matrix J (6 � 6) is the mapping matrix of speed from drive joint to the output of
the moving platform. A simple numerical method is given below when the inverse
of J exists. (e: the given calculation accuracy.)

Step 1: Giving the initial pose of the robot P.
Step 2: Getting the input In corresponding to the output P through IGM.
Step 3: Then we get the new pose of the robot: Po ¼ Pþ J In � Ið Þ
Step 4: If In � Ik k[ e, then go back to Step 3, or the new pose of the robot Po is

the real solution.

For verifying the analysis in the Sect. 3 of this paper, the parameters (Table 1)
and numerical method above are used to study the motion of parallel mechanism.
Figure 4 shows the change of pose for the 4-DOF parallel mechanism as function of

Table 1 The dimensional parameters of structure (unlabeled units: m)

yB1 xB3 xB4 yB6 ya1 Li jA1A2j
0.22 0.1 −0.1 −0.1 0.75 0.88 0.12
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the time given the six inputs additional za1 ¼ za2 and za5 ¼ za6. That is the two
inputs are synchronous.

Figure 4a shows the values (a and b) are always zero with the change of time.
Figure 4 also shows the 4-DOF parallel mechanism presented in this paper can
perform four motions x, y, z and c (rotation about X-axis). The same result of
motion characteristics can be got as studied in Sect. 3. Thus the motion of the
4-DOF parallel mechanism is verified by analytical method and numerical method.

5 Singularity Analysis

An important step in the study of a parallel mechanism is investigating the presence
of singularities. This situation is present when the square diagonal matrix J is
non-invertible, which is expressed mathematically as

detðJÞ ¼ detðA�1BÞ ¼ 0 ð31Þ

This can be divided into two kinds of situations as follows

(a) detðBÞ ¼ 0 , ðza3 � zb3Þðza1 � zb1Þðza4 � zb4Þðza6 � zb6Þ ¼ 0, the equation
simply implies that we have serial type singularity when one of the arms is in
the XY plane. If the pose that might lead to such a case exists, such pose will
obviously be at the envelope of the XY geometrically accessible workspace.

(b) detðAÞ ¼ 0

detðAÞ ¼ k1 detðA3�3Þ ¼ 0 ð32Þ

(a) Euler angle (b) Centroid position

Fig. 4 Motion curve of the parallel mechanism
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where

A3�3 ¼
xa3 � xb3 ya3 � yb3 za3 � zb3

ðxa1 � xb1Þ � kðxa6 � xb6Þ ðya1 � yb1Þ � kðya6 � yb6Þ ðza1 � zb1Þ � kðza6 � zb6Þ
xa4 � xb4 ya4 � yb4 za4 � zb4

2
64

3
75

k1 ¼ �ðya6 � yb6ÞyB6 sin cþðza6 � zb6ÞyB6 cos c

k ¼ �ðya1 � yb1ÞyB1 sin cþðza1 � zb1ÞyB1 cos c
�ðya6 � yb6ÞyB6 sin cþðza6 � zb6ÞyB6 cos c

The reason for k1 6¼ 0 is given here. If k1 ¼ 0, then

tan c ¼ za6 � zb6
ya6 � yb6

ð33Þ

This relation simply implies that vector B6A6 is in the X1Y1 plane when k1¼0.
Such pose does not exist in application because of poor mechanical properties and
geometrical structure condition.

From relation (32), there is

detðA3�3Þ ¼ 0 ð34Þ

This means that matrix A3�3 is rank deficient. In other words, matrix A3�3 is not
linearly independent. In case of composite arms (they are parallelogram arms in this
case), vectors m1 and m4 are along the mid-axis of the parallelograms respectively.
The following vectors are given

m1 ¼ ðxa1 � xb1; ya1 � yb1; za1 � zb1Þ ð35Þ

m2 ¼ ðxa3 � xb3; ya3 � yb3; za3 � zb3Þ ð36Þ

m3 ¼ ðxa4 � xb4; ya4 � yb4; za4 � zb4Þ ð37Þ

m4 ¼ ðxa6 � xb6; ya6 � yb6; za6 � zb6Þ ð38Þ

mP1 ¼ m2 þm3

2
; mP2 ¼ m1 þm4

2
ð39Þ

Matrix A3�3 is not linearly independent means vectors m1 � km4, m2 and m3 are
in the same plane.

If the moving platform is symmetric (yB1 ¼ �yB6, xB3 ¼ �xB4), matrix A3�3 is
rank deficient when the 4-DOF parallel mechanism is at the pose P ¼
ð0; 0; 0; 0; 0; 0ÞT (k¼� 1 ) mP1 ¼ mP2 ) detðA3�3Þ ¼ 0).
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A major characteristic of this kind of singularity is the platform is symmetric. In
order to avoid this kind of singularity, one can increase the length of yB1 or use the
method of trajectory planning. In this case, the former will be chosen and used the
parameters in Table 1 to do numerical verification.

Hence, the mechanism which is optimized by methods proposed will avoid
singularities within the XY geometrically accessible region, and if not, this would
not happen except at boundary of this region.

It is important to note that in what follows, the XY region rather than talking
about the XYZ region will be taken into account, simply due to the fact that Z
motion can be provided independently of the other X, Y and c motions. Figure 5
gives the operation performance of the parallel mechanism when the moving
platform is not symmetric (Table 1). Figure 5a shows the variation of the index
detðJÞ as function of the position (x, y) when c ¼ 0 rad. It has been shown half of
the workspace due to symmetry with respect to the X-axis. A set of values detðJÞmax
and detðJÞmin can be obtained in this figure. One can obtain a series of values
detðJÞmax and detðJÞmin when c 2 ½�0:2 rad; 0:2 rad�. Figure 5b shows the variation
of indexes detðJÞmax and detðJÞmin as function of the angular parameter c. The value
detðJÞ 2 ð1; 10Þ shows the 4-DOF parallel mechanism has no singularity in the
workspace at any pose.

6 Conclusions

In this paper, a 4-DOF (3T1R) parallel mechanism with passive spherical joints
whose rotation axis is parallel to the moving platform is presented. Analytical
method and numerical method has been used to study the motion characteristics of

(a) 0radγ = (b) [ 0.2 ,0.2 ]rad radγ ∈ −

Fig. 5 The variation of the determination of Jacobian matrix
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the 4-DOF parallel mechanism based on the geometrical structure. Both of the two
method verify the parallel mechanism can perform four motions x, y, z and c
(rotation about X-axis). Both the inverse and direct geometric models have been
established by a virtual 6-PSS parallel mechanism and a complete analysis of the
singularities has been presented finally.

The workspace of this parallel mechanism along Z direction is independent of
the other motions and only limited by the available stroke of the linear actuators,
which is one of its major advantages. Another advantage of this 4-DOF parallel
mechanism is having its workspace symmetric with respect to XZ plane, free of
collisions. Besides, the simplicity of the design, the actuation at base, and the high
stiffness of the mechanism (with passive spherical joints) will contribute to the high
dynamical performance capabilities and enhance accuracy and precision. This
4-DOF parallel mechanism can have some good applications like the parallel
machine tools, medical bed, and so on.
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Static Performance Analysis
of an Exechon-like Parallel Kinematic
Machine

Tengfei Tang, Jun Zhang and Marco Ceccarelli

Abstract A performance index of local dexterity stiffness index (LDSI) is pro-
posed to consider both kinematic dexterity and static rigidity characteristics of a
parallel kinematic machine (PKM). Based on the proposed index, the static per-
formance of an Exe-Variant PKM module is predicted in a quick manner. Since the
proposed LDSI is a dimensional index, a dimensionless global index is further
presented to optimize the geometric parameters of the PKM module. An optimal
searching algorithm is used to obtain reasonable radii of the moving platform and
the fixed base of Exe-Variant PKM.

Keywords Exechon � Parallel kinematic machine � Dexterity � Static performance

1 Introduction

Due to their conceptual advantages of high rigidity and high dynamics, parallel
kinematic machines (PKMs) have been regarded as a promising alternative solution
for high speed machining in aeronautic and automotive industries. Though
numerous versions of PKMs have been proposed and investigated in the past
decades, a few of them have achieved commercial success. By checking through
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those ‘unsuccessful’ PKMs, one may find that they usually adopt too many passive
joints in their structural design which will arouse geometric discrepancy and
deformations under a force or thermal load. With the motivation of reducing the
number of the passive joints and un-actuated degrees of freedom of a PKM,
Neumann [1] proposed the 5-DOF Exechon machine tool. As one of the most
successfully applied PKMs, Exechon machine tool has attracted intensive attentions
from the research society [2–6].

Inspired by the commercial success of the Exechon machine tool, the authors
recently proposed a novel Exechon-like PKM named Exe-Variant by adopting the
concept of mechanism variation [7]. As shown in Fig. 1a, the proposed Exe-Variant
is designed as 5-DOF machining tool for high speed machining of metal materials.
For this purpose, good dexterity and high rigidity are demanded at the early design
stage of Exe-Variant PKM. However, the evaluation for the comprehensive per-
formances of both dexterity and rigidity of this kind of PKM still remains a chal-
lenge unless a reasonable performance index can be proposed. Following this track,
this paper proposes a performance index named local dexterity stiffness index
(LDSI) as inspirited by the proposition of local dexterity index (LDI) [8, 9]. The
proposed index of LDSI integrates both the local dexterity [10–12] and the static
stiffness [13, 14] of a PKM. Based on this index, the static performance of
Exe-Variant PKM is evaluated and analyzed through out the entire workspace in an
efficient manner. Since LDSI is a dimensional index, a global dimensionless index
can be defined by the ratio of mean and standard deviation of the LDSI is proposed
to obtain optimal geometric parameters of a PKM module. Furthermore, the process
of optimization can be described by a searching algorithm with the variation of radii
of the moving platform and the fixed base.
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Fig. 1 a Structure of Exe-Variant; b schematic diagram of Exe-Variant PKM
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The remaining of this paper is organized as follows. In Sect. 2, the structure of
Exe-Variant is briefly described followed by inverse kinematic definitions. In
Sect. 3, the performance index LDSI is proposed on the basis of local dexterity
formulation and static stiffness formulation. In Sect. 4, the static performance of
this PKM is predicted with the index of LDSI and a global dimensionless index is
proposed to optimize the geometric parameters of the PKM module through a
searching algorithm. Finally, conclusions are drawn in Sect. 5 to close the paper.

2 Structural Description and Inverse Kinematic
Definitions

As shown in Fig. 1a, Exe-Variant is a hybrid serial-parallel machine tool, consisting
of a parallel structure to locate the position of the moving platform and a serial
structure to orient an electrical driven spindle. Herein, Limb 1 (and limb 3) connects
the fixed base to the moving platform by a passive revolute (R) joint, an active
prismatic (P) joint and a passive universal (U) joint in sequence. Limb 2 connects
the fixed base to the moving platform by a passive revolute (R) joint, an active
prismatic (P) joint and a passive spherical (S) joint in sequence. Therefore, the
topological architecture behind the proposed Exe-Variant PKM is a 2RPU&1RPS
parallel mechanism which consists of two identical RPU limbs and one RPS limb,
where the underline P denotes an active prismatic joint driven by a lead screw linear
actuator.

Since it is driven independently by three servomotors, the moving platform of
Exe-Variant PKM can achieve one translation along z axis and two rotations about
x and y axes [7]. When two rotational motions of the serial part are added in,
Exe-Variant can achieve 5-axis machining ability. When compared to its counter-
part of serial structure, the 1T2R parallel part of Exe-Variant looks complex.
Therefore, the following will only focus on the parallel part of the machine tool.

The schematic diagram of Exe-Variant PKM is depicted in Fig. 1b.
As shown in Fig. 1b, each limb connects the moving platform to the fixed base

through two passive joints whose geometric centers are denoted as Ai and Bi (i = 1,
2, 3), respectively. For derivation convenience, reference coordinate frames need to
be defined at first. A global Cartesian coordinate system B-xyz is fixed at the centre
of B1B3 with x axis paralleling to BB2 and y axis paralleling to B1B3, while z axis is
determined by the right hand rule. Similarly, a moving platform body fixed
Cartesian coordinate system A-uvw is attached to the moving platform with u axis
paralleling to AA2 and v axis paralleling to A1A3, while w is determined with the
right-hand rule. A limb reference coordinate frame Bi-xiyizi (i = 1, 2, 3) is estab-
lished at the centre of the ith passive joint Bi with xi coincident with x axis and zi
preferred to be projecting from Bi to Ai while yi is determined with the right-hand
rule. For clarity, only one limb reference frame in limb 1 is depicted in Fig. 1b.
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With the above coordinates setting, one may derive the transformation matrix
between the body-fixed frames and the global coordinate system with considering
of kinematics.

The transformation matrix of A-uvw with respect to B-xyz is BTA and can be
expressed as

BTA : TransðA� uvw ! B� xyzÞ ð1Þ

Similarly, one may denote the transformation matrix of Bi-xiyizi with respect to
B-xyz as

BTBi : TransðB� xiyizi ! B� xyzÞ ð2Þ

The detailed inverse kinematic analysis of Exe-Variant can be found in Ref. [7].

3 Static Performance

3.1 Local Dexterity Formulation

According to Refs. [8, 15], the dimensionally homogeneous Jacobian of
Exe-Variant PKM can be formulated as

Jpa ¼ Jpa0AdTgR0R
JTJ
� ��1

JTa
h i�1

ð3Þ

where Jpa0 denotes a 3 � 6 matrix that’s formed by three linearly independent row
vectors where each row represents a twist of one feature point on the moving

platform; AdTgR0R
¼

BTA 0
0 BTA

� �
is the transformation matrix of the body-fixed

coordinate system with respect to the global coordinate system; J is known as the
generalized Jacobian of the manipulator and can be expressed as

J ¼ Ja
Jc

� �
ð4Þ

Ja ¼
sT4;1 a1 � s4;1

� �T

sT4;2 a2 � s4;2
� �T

sT4;3 a3 � s4;3
� �T

2
66664

3
77775 ð5Þ
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Jc ¼
sT5;1=q1 a1 � s5;1

� �T
=q1

sT5;2=q2 a2 � s5;2
� �T

=q2

sT5;3=q3 a3 � s5;3
� �T

=q3

2
66664

3
77775 ð6Þ

where sj,i (i = 1–3, j = 1–5) is a unit vector along the jth 1-DOF joint of the ith limb
shown in the Fig. 1b. ai denotes the vector of point Ai in the frame B-xyz; qi
represents the distance between Ai and Bi of the ith limb; ai¼ ai0 � BTA, ai0 ¼
rp½ cos ai sin ai 0 �T denotes the position vector of point Ai in the frame A-uvw; rp
and rb represent the circumcircle radii of the moving platform and the fixed base,
respectively; ai denotes the position angle, and a1 ¼ �p=2, a2 ¼ 0, a3 ¼ p=2.

Based on the proposed dimensionally homogeneous Jacobian of Exe-Variant
PKM, one can obtain the local dexterity (v) for determining the kinematic accuracy
and the dexterous regions as [8]

v ¼ 1

Jpa
�� �� � J�1

pa

��� ��� ð7Þ

where the values of v vary from zero to one while its higher values indicate higher
accurate motion as well as better kinematic performance generated at given
instance.

3.2 Local Stiffness Formulation

In order to formulate the local stiffness expression of Exe-Variant PKM, a kine-
tostatic model proposed by the authors in Ref. [16] is adopted with minor modi-
fications. The PKM system is divided into three limb assembly subsystems, a
platform subsystem and a base subsystem. Revolute, universal and spherical joints
are simplified into virtual lumped springs with equivalent stiffness at their center
points. Limb body is discredited into spatial beam elements with corresponding
cross-section according to its geometry. The platform and fixed base are treated as
rigid bodies due to their higher rigidity.

After introducing the deformation compatibility conditions into the equilibrium
equations of subsystems, the static governing equations of the system can be for-
mulated and expressed as
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eK eU ¼ eF ð8Þ

where eK is the global stiffness matrix; eU and eF are the general coordinates and
external loads vectors. The global stiffness matrix is given by

Fig. 2 The distribution of LDSI throughout the entire workspace: a along u axis, b along v axis,
c along w axis, d about u axis, e about v axis, and f about w axis
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eK ¼
K1;1 K1;4

K2;2 K2;4

K3;3 K3;4

K4;1 K4;2 K4;3 K4;4

2
664

3
775 ð9Þ

Equation (9) formulates the global stiffness matrix, from which it can be
observed that it is non-diagonal. This indicates that the stiffness of the moving
platform is coupled with those of the limb substructures. Therefore, the stiffness of
the platform in the body fixed frame A-uvw can be expressed according to the
duality of compliance as

Kp ¼ TT
0C

�1
p T0 ¼ TT

0
eK�1jðH�18nÞ�ðH�18nÞ

h i�1
T0 ð10Þ

where T0 ¼ diag BTA
BTA

	 

.

The detailed elements in the above matrix and vectors are not listed here due to
page limitation. Readers can find the detailed derivation in our previous publication
[16].

3.3 A Performance Index

With the local dexterity index v defined in Eq. (7) and the static stiffness matrix Kp

in Eq. (10), a performance index named local dexterity stiffness index (LDSI) is
proposed by taking the inspiration from local dexterity index (LDI) [8]. The pro-
posed index LDSI can be expressed as six independent forms for the principle
stiffness values of a PKM are given along (about) u, v, and w directions at any given
configuration. Following shows the expressions of six independent forms of LDSI
that denote the static performance of a PKM along (about) u, v, and w directions,
respectively.

LDSI ¼ kvi ¼ vki ði ¼ 1; 2; 3; 4; 5; 6Þ ð11Þ

where ki denotes the principle stiffness value along (about) u, v, and w directions at
any given configuration of the PKM.

From the above expression of LDSI, it can be found that this index has the same
dimension of stiffness matrix while the local dexterity can be regarded as a
dimensionless factor representing the kinematic features in corresponding direc-
tions. LDSI can be interpreted as the static rigidity multiplies with a weighting
factor of dexterity denoting the kinematic performance of a parallel mechanism.
The most useful advantage of the proposed index is that LDSI considers both the
dexterity and stiffness performance while avoiding the allocation of weighting
factors between dexterity and stiffness.
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4 Performance Evaluation

In this section, an Exe-Variant PKM is taken as an example to demonstrate the
performance evaluation process by using LDSI. The major dimensional parameters
of the PKM module are shown in Table 1. Herein, rp and rb represent the cir-
cumcircle radii of the moving platform and the fixed base, respectively; qmax and
qmin represent the maximum and the minimum distances between Ai and Bi; zmax

and zmin represent the maximum and the minimum of the z coordinates of the
moving platform.

The stiffness coefficients of three perpendicular axes of joints in their local
frames can be calculated through ANSYS software. Table 2 gives the equivalent
spring constants of the three translational and the three torsional virtual spring
components of passive joints at Ai and Bi in the ith limb of the Exe-Variant module.

With the above parameters, the following static performance predictions are
worked out. Figure 2 shows the six LDSI kvi along (about) u, v, and w axes
throughout the entire workspace. Table 3 gives the minimal and maximal values of
six LDSI kvi, respectively.

As shown in Fig. 2, the values of LDSI about u and v axes are more homoge-
neously distributed over the entire workspace while the others of LDSI are either
concentrated or decentralized in a region of the workspace with higher values. In
addition, Table 3 shows that the values of LDSI along u and v axes are much
smaller than those along w axis while values about u and v axes are much larger
than that about w axis, implying that Exe-Variant PKM claims the ‘strongest’ static
performance along the w direction and the ‘weakest’ static performance about the
w direction over the entire workspace. For example, the LSDI along u axis claims
the maximal value of 1.79 � 108 and a minimal value of 3.03 � 107 while LDSI
about u axis claims the maximal value of 1.01 � 107 and a minimal value of
3.00 � 106 throughout the entire workspace.

For further observations, the distributions of LDSI values at a given work plane
of z = 1.2 m are given in Fig. 3.

Table 1 Dimensional parameters of the Exe-Variant PKM in Fig. 1

rp (m) rb (m) qmin (m) qmax (m) zmax (m) zmin (m)

0.2 0.4 0.76 1.46 0.6 1.4

Table 2 The stiffness coefficients of joints in local frames for Exe-Variant PKM in Fig. 1

kux (N/lm) kuy (N/lm) kuz (N/lm) kuw (MN m/rad) ksx (N/lm) ksy (N/lm)

365 524 1006 19 365 524

ksz (N/lm) kr1x (N/lm) kr1y (N/lm) kr1z (N/lm) kr1v (MN m/rad) kr1w (MN m/rad)

524 24 24 618 19 19

kr2x (N/lm) kr2y (N/lm) kr2z (N/lm) kr2u (MN m/rad) kr2v (MN m/rad) kr2w (MN m/rad)

112 207 105 24 21 21
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Table 3 The maximal and minimal values of six LDSI kvi along (about) u, v, and w axes
throughout the entire workspace

LDSI kv1 (N/m) kv2 (N/m) kv3 (N/m) kv4 (N m/rad) kv5 (N m/rad) kv6 (N m/rad)

Maximum 5.14 � 107 2.17 � 107 1.79 � 108 2.40 � 107 1.95 � 107 1.01 � 107

Minimum 3.97 � 106 2.93 � 106 3.03 � 107 4.49 � 106 5.52 � 106 3.00 � 106
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Fig. 3 The distributions of LDSI at a given work plane of z = 1.2 m: a along u axis, b along
v axis, c along w axis, d about u axis, e about v axis, and f about w axis
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It can be observed that LDSI values are axisymmetric over entire workspace,
which is in accordance with the structural features that limb 1 and limb 3 are
symmetrical with respect to limb 2. For example, the LDSI along u axis claims the
maximal value of 4.67 � 107 at the position h = −44°, w = 0° while the LDSI
along v axis achieves the maximal value of 1.99 � 107 at position h = 8°, w = 20°
and h = 8°, w = −20°.

Noticing that LDSI is a dimensional index, one may think that it is difficult to
use LDSI for global performance evaluation. In order to avoid this problem, a
dimensionless global index LDSIgl is proposed and defined as the ratio of mean and
standard deviation of the LDSI.

LDSIgl =
X6
i¼1

�xi
ri

ði ¼ 1; 2; 3; 4; 5; 6Þ ð12Þ

where �xi and ri (i = 1, 2, 3, 4, 5, 6) are defined as mean and standard deviation of
LDSI along (about) u, v, and w axes, respectively. They are expressed as following

xi ¼ 1
n

Xn
j¼1

kvin; ri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Xn
j¼1

ðkvin � �xiÞ2
vuut ði ¼ 1; 2; 3; 4; 5; 6Þ ð13Þ

From Eq. (12), a higher value of LDSIgl means better static performance of a
PKM.

With the above global index, an optimal design may be conducted to achieve
better static performance by choosing propitiate geometric parameters of the PKM
module. For simplicity, this paper only takes the radii of the moving platform and
the fixed base as optimal design variables. The optimal design can be described by
the following mathematical problem

Max : LDSIgl maxðrp; rbÞ ¼ max max LDSIgl m;n
� �  ð14Þ

where LDSIgl_max represents the maximal value of the dimensionless index
LDSIgl_m,n which varies with respect to the optimal design variables rp and rb.

The optimal procedure of the searching algorithm is described in Fig. 4.
Herein, the variation intervals of the radii of the moving platform and the fixed

base are set as rp = [0.2, 0.4] m and rb = [0.4, 0.8] m while rpmin = 0.2 m,
rpmax = 0.4 m and rbmin = 0.4 m, rbmax = 0.8 m; the increments of radii are set as
Δp = 0.05 m and Δb = 0.10 m. When the radii rp and rb are given, the reachable
workspace of the PKM can be calculated through a process demonstrated in our
previous paper [7]. The obtained reachable workspace is used to evaluate the LDSI
throughout the entire workspace based on formulations and expressions proposed in
Sect. 3. Then the LDSIgl can be calculated through �xi and ri (i = 1, 2, 3, 4, 5, 6)
which are defined through the values of LDSI along (about) u, v, and w axes,
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respectively. Finally, the optimal radii of the platform and the base are presented
corresponding to the LDSIgl_max as well as the searching process is at the end.

The optimal results are calculated in Fig. 5.
As can be observed from Fig. 5, the PKM module achieves the most excellent

static performance with rp = 0.20 m and rb = 0.40 m, while the maximal value of
dimensionless index LDSIgl_max is 20.046. Further analyses reveal that under this
condition the value of �xi=ri in each individual direction is 1.865, 2.802, 3.548,
3.512, 4.987, and 3.421, respectively. Since a higher value of LDSIgl means better
static performances of a PKM, the above values may indicate that the static per-
formances along u and v axes need to be strengthened when the Exe-Variant
machine tool is designed for high speed machining.

Fig. 5 The calculated values of optimal results LDSIgl with respect to rp and rb
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5 Conclusions

To summarize the contributions of this paper, the following conclusions can be
drawn:

(1) A comprehensive performance index LDSI is proposed to consider both the
kinematic dexterity and static rigidity characteristics of a PKM. Based on the
proposed index, the static performances of Exe-Variant PKM module are
predicted in an efficient manner.

(2) A dimensionless global index is further presented to evaluate the overall static
performance of a PKM throughout its workspace while avoiding the allocation
of weighting factors between the dexterity and rigidity.

(3) With the proposed global index, an optimal design is carried out to obtain
reasonable radii of the moving platform and the fixed base of Exe-Variant
PKM.

(4) The proposed index and searching algorithm are expected to be applied for
structural optimization and performance enhancement of other Exechon-like
machine tools.
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Motion Analysis of a 2-DoF
Planar Mechanism

Ziming Chen, Xuedan Wei, Xiaomeng Liu, Dongliang Cheng
and Peng Huang

Abstract Planar mechanisms with two degrees of freedom (2-DoF) have been
studied extensively. In this research, a 2-DoF planar mechanism is proposed and
analyzed. This mechanism has a axisymmetric structure that the lower part and the
upper part are identical and symmetrical with each other during the motion. The end
effector of this mechanism can translate continuously along the direction perpen-
dicular to the axis of symmetry of this mechanism and rotate continuously about
any point on the axis of symmetry. The forward and inverse kinematics solutions
are derived which can be used for further analysis of this mechanism.

Keywords Planar mechanism � 2-DoF � Axisymmetry � Continuous rotation

1 Introduction

Planar mechanisms with two degrees of freedom (2-DoF) have been studied
extensively. The most famous 2-DoF planar mechanism is the five-bar mechanism
(also called as 5R mechanism). Liu et al. [1, 2] researched on the kinematics,
singularity, workspace and the optimum design of planar 5R symmetric parallel
mechanism. Joubair et al. [3, 4] analyzed the structure optimization and dynamics
of the planar five-bar mechanism. Campos et al. [5] optimized the five-bar mech-
anism for large workspace. The five-bar mechanism also can be used to design a
compliant mechanism [6].

Gao et al. [7] applied the space dimension design theory to the mechanism
design of the planar 2-DoF parallel mechanisms. Huang et al. [8] presented the
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kinematic optimal design of 2-DoF PMs with a mirror symmetrical geometry. Liu
et al. [9] designed a planar 2-DoF mechanism with three parallelogram that can be
used as a spray-painting robot. Huang et al. used the planar 1R1T mechanism as
part of the remote center-of-motion mechanism [10, 11]. Li et al. designed a 2-DoF
Planar remote center-of-motion mechanisms based on virtual parallelograms.

A 2-DoF planar mechanism is proposed and analyzed in this paper. This
mechanism has an axisymmetric structure during the motion. The motion charac-
teristics of this mechanism is analyzed. In the end, the forward and inverse kine-
matics solutions are derived.

2 Mobility Analysis

As shown in Fig. 1, the end effector DE is connected to the base AB by three
branches which are branch AFE, branch BCD and branch AGE. All these branches
are RRR chains, which is made up by three revolute joints (R joint) and two links
with the same length. Between the points C and F, there is another RPR chain
consists of two links, two R joints and a prismatic joint (P joint). The middle R joint
of the branch AGE is connected to the above mentioned RPR chain by a slider at
point G. So, point G is always sliding on the line CF.

This mechanism contains ten movable links, five multiple revolute joints at
points A, C, E, F and G, two simple revolute joints at points B and D, and two
prismatic joints on the line CF. So there are fourteen lower pairs and no higher
pairs. According to the mobility formula of planar mechanisms, the mobility of this
mechanism is

F ¼ 3n� 2pl � ph ¼ 3� 10� 2� 14� 0 ¼ 2

where F is the mobility of the planar mechanism; n is the number of the links
exclude the base; pl is the number of the lower pairs; ph is the number of the higher
pairs.

Because the mobility is two, this mechanism only needs two actuators. Two
cranks AF and BC are chosen as the actuated links in this research.

Fig. 1 The planar
mechanism
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3 Motion Characteristics

The mobility of this mechanism is two, which means the motion of the end effector
is restricted. In this section, the restricted motion will be found out and the motion
characteristics of this mechanism will be analyzed.

It is easy to find that this planar mechanism has an axisymmetric kinematic
structure. The structure can be divided into two identical parts by the axis of
symmetry. The links DE and AB are always symmetrical about the line CF.

If line CF is fixed, this mechanism can transfer the same motion of link AB to the
link DE. So, this structure can be used as a motion tracking mechanism [10]. In this
research, we focus on this mechanism with the link AB fixed on the base.

3.1 Motion Property of Two Axisymmetric Links

In order to get the motion characteristics of this planar mechanism, we can simplify
it as two axisymmetric links AB and DE. Link AB is fixed, and link DE is movable,
as shown in Fig. 2. Their axis of symmetry is l.

In order to preserve the line symmetry of these two links, the motion of the link
DE is restricted and has the following two properties:

Property 1 The movable link DE can only translate along the direction which is
perpendicular to the axis of symmetry l.

Property 2 The movable link DE can only rotate about the point that lies on the
axis of symmetry l.

Proof of Property 1 As shown in Fig. 3, because link AB and link DE are sym-
metrical with respect to the line l at the initial configuration. A reference frame OXY
is attached on the fixed link AB, where the coordinate origin O lies on the axis of
symmetry l and the X axis coincides with the axis of symmetry l.

So, at the initial configuration, the coordinates of points A, B, D and E are

A Ax;Ay
� � ¼ x1;�y1ð Þ

B Bx;By
� � ¼ x2;�y2ð Þ

D Dx;Dy
� � ¼ x2; y2ð Þ

E Ex;Ey
� � ¼ x1; y1ð Þ

8>><
>>: ð1Þ

Fig. 2 Two axisymmetric
links
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If the link DE translates from the initial position by the distance ðDx;DyÞ and
reaches the final position D0E0, the coordinates of D0 and E0 will be

D0 D0
x;D

0
y

� �
¼ x2 þDx; y2 þDyð Þ

E0 E0
x;E

0
y

� �
¼ x1 þDx; y1 þDyð Þ

8<
: ð2Þ

After the translation, the links AB and D0E0 are still symmetrical with each other.
So, the following geometric conditions should be matched.

AE0�!
==BD0��!

MN
��!?AE0�!

(
)

E0
y � Ay

E0
x � Ax

¼ D0
y � By

D0
x � Bx

Mx � Nx;My � Ny
� � � Ax � E0

x;Ay � E0
y

� �
¼ 0

:

8>><
>>: ð3Þ

where M and N are the midpoints of line segment BD0 and AE0, respectively. Their
coordinate can be represented as

M Mx;My
� � ¼ D0

x þBx

2 ;
D0

y þBy

2

� �
N Nx;Ny
� � ¼ E0

x þAx

2 ;
E0
y þAy

2

� �
8<
: ð4Þ

Substituting the coordinates of the points in Eqs. (1), (2) and (4) into Eq. (3), the
following equations can be obtained.

2y2 þDy
Dx ¼ 2y1 þDy

Dx
Dx � ðx1 � x2Þ ¼ 0

�
ð5Þ

It can be simplified as

Dx � ðy1 � y2Þ ¼ 0
Dx � ðx1 � x2Þ ¼ 0

�
ð6Þ

Fig. 3 Proof of Property 1
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If ðy1 � y2Þ ¼ ðx1 � x2Þ ¼ 0, the point D and E will coincide with each other.
So, the only possible solution of Eq. (6) is Dx ¼ 0, which means the link DE can
not translate along the direction parallel to the axis of symmetry l.

So, in order to keep the two links axisymmetric with each other, the link DE can
only translate along the direction perpendicular to the axis of symmetry l.

Proof of Property 2 As shown in Fig. 4, the link DE rotates about the point
PðPx;PyÞ by the angle h, and reaches the final position D0E0.

The coordinates transformation equation are

OD0��! ¼ RðhÞPD
�!þ OP

�!
OE0��! ¼ RðhÞ PE

�!þ OP
�!

(
ð7Þ

where RðhÞ is the rotation matrix of rotating about the Z axis by angle h

RðhÞ ¼ cos h � sin h
sin h cos h

� 	
ð8Þ

So, the coordinates of D0ðD0
y;D

0
yÞ and E0ðE0

y;E
0
yÞ can be obtained

D0
x ¼ Px þ Dx � Pxð Þ cos h� Dy � Py

� �
sin h

D0
y ¼ Py þ Dx � Pxð Þ sin hþ Dy � Py

� �
cos h

E0
x ¼ Px þ Ex � Pxð Þ cos h� Ey � Py

� �
sin h

E0
y ¼ Py þ Ex � Pxð Þ sin hþ Ey � Py

� �
cos h

8>>><
>>>:

ð9Þ

Substituting the coordinates of the points in Eqs. (1), (2) and (7) into Eq. (3), the
following equations can be obtained.

Py � 2x1 sin2 h
2 � 2x2 sin2 h

2 þ y1 sin h� y2 sin h
� � ¼ 0

Py � y2 � y1 þ y1 cos h� y2 cos hþ x1 sin h� x2 sin hð Þ ¼ 0

�
ð10Þ

Fig. 4 Proof of Property 2
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It is easy to find that the solution of Eq. (10) is Py ¼ 0, which means the rotation
center P should lie on the axis of symmetry l.

So, in order to keep the two links axisymmetric with each other after the rotation,
link DE can only rotate about the point that lies on the axis of symmetry l.

3.2 Motion Characteristics of the 2-DoF Planar Mechanism

From the result of mobility analysis, we have known that the motility of this planar
mechanism is two, which means the motion of the end effector is restricted. Based
on the Property 1 introduced above, it can be found that the end effector can not
move along the direction parallel to the axis of symmetry. So, one translational
motion of this mechanism has been restricted, and it is a 1R1T planar mechanism.

The remaining translational mobility of the end effector is the translation along
the direction perpendicular to the axis of symmetry. Besides, Eq. (6) shows that the
distance dy does not affect the symmetry of the mechanism. So, it can be concluded
that the end effector can translate continuously along this direction.

This mechanism also has a rotational mobility. Based on Property 2, we can
know that the end effector can rotate about any point that lies on the axis of
symmetry of this mechanism. In addition, from Eq. (10), it can be found that the
value of angle h does not affect the symmetry of this mechanism, which means the
end effector can rotate continuously about any point on the axis of symmetry.

4 Kinematics Analysis

According to the motion characteristics of this planar mechanism, the end effector
DE can translate along the normal direction of line CF and rotate about any point on
the line CF. So, as shown in Fig. 5, the configuration of the end effector DE can be
expressed by angle u formed by DE and X axis, and the distance d of point O and

Fig. 5 Parameters of the mechanism
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H, while O is the midpoint of AB and H is the midpoint of DE. The actuated
parameters are a and b which represent the angle formed by FA, BC with X axis,
respectively.

A coordinate system OXY is attached on the base with the origin at point O and
the X axis is coaxial with line AB. For the convenience of calculation, let the length
of links FA, AB, BC be l1, l2, l3.

So, the coordinates of the points A and B are

A Ax;Ay
� � ¼ � 1

2 l2; 0
� �

B Bx;By
� � ¼ 1

2 l2; 0
� ��

ð11Þ

4.1 Forward Kinematics

So the problem of the forward kinematics is to calculate the parameters u and
d when the driving angles a and b are known.

The coordinates of the points C and F can be expressed as

C Cx;Cy
� � ¼ 1

2 l2 þ l3 cos b; l3sinb
� �

F Fx;Fy
� � ¼ � 1

2 l2 þ l1 cos a; l1sina
� ��

ð12Þ

The equation of the straight line on the line segment CF can be obtained by
using the coordinates of points C and F

y� Fy

Cy � Fy
¼ x� Fx

Cx � Fx
ð13Þ

Substituting the coordinates of the points in Eq. (12) into Eq. (13), the standard
form equation of line CF can be obtained

JxþKyþ L ¼ 0 ð14Þ

In which

J ¼ l3 sin b� l1 sin a

K ¼ l1 cos a� l2 � l3 cos b

L ¼ 1
2
l1l2 sin aþ 1

2
l2l3 sinbþ l1l3 sin a cos b� l1l3 sin b cos a

Because point H and O are symmetrical with respect to the line CF, the coor-
dinate of point HðHx;HyÞ can be obtained
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Hx ¼ �2JL
J2 þK2

Hy ¼ �2KL
J2 þK2

�
ð15Þ

So the length of OH is

d ¼ 2 Lj jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J2 þK2

p ð16Þ

Angles u and c have the following relationship

u ¼ 180� � 2c ð17Þ

Angle c can be obtained by the coordinates of point C and F

c ¼ arctan
Fy � Cy

Fx � Cx
¼ arctan

l1 sin a� l3 sin b
l1 cos a� l2 � l3 cos b

ð18Þ

According to Eq. (17), angle u is

u ¼ 180� � 2 arctan
l1 sin a� l3 sin b

l1 cos a� l2 � l3 cos b
ð19Þ

Therefore, when the driving angles a and b are known, the configuration of the
end effector DE can be obtained by Eqs. (16) and (19).

4.2 Inverse Kinematics

The problem of the inverse kinematics is to calculate the driving angles a and b
when the parameters of the end effector (u and d) are known.

According to the geometrical relationship shown in Fig. 5, we have

e ¼ 90� � c ¼ 90� � 1
2
ð180� � uÞ ¼ u

2
ð20Þ

Then the coordinates of point H Hx;Hy
� �

can be solved as

Hx ¼ d � cos e ¼ d � cos u2
Hy ¼ d � sin e ¼ d � sin u

2

�
ð21Þ

The equation of the perpendicular bisector of OH can be written as follows

y� 1
2
Hy ¼ kðx� 1

2
HxÞ ð22Þ
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where k represents the slope of perpendicular bisector

k ¼ �Hx

Hy
¼ � cot

u
2

ð23Þ

Point F lies on the circle whose center is point A and the radius is l1. So, the
equation of this circle is

ðxþ 1
2
l2Þ2 þ y2 ¼ l21 ð24Þ

The coordinate of point FðFx;FyÞ can be obtained by solving Eqs. (22) and (24)

Fx ¼ 1
2 � sin u

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�d2 � 2dl2 cos

u
2 þ 4l21 � l22 cos2

u
2

q
� l2 sin2

u
2 þ d cos u2

� �
Fy ¼ 1

2 d sin u
2 þ l2 sin

u
2 cos

u
2 � cos u2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�d2 � 2dl2 cos

u
2 þ 4l21 � l22 cos2

u
2

q� �
8<
:

ð25Þ

Point C lies on the circle whose center is point B and the radius is l3. So, the
equation of this circle is

ðx� 1
2
l2Þ2 þ y2 ¼ l23 ð26Þ

The coordinate of point CðCx;CyÞ can be obtained by solving Eqs. (22) and (26)

Cx ¼ 1
2 l2 sin2

u
2 � sin u

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�d2 þ 2dl2 cos

u
2 þ 4l23 � l22 cos

2 u
2

q
þ d cos u2

� �
Cy ¼ 1

2 d sin u
2 � l2 sin

u
2 cos

u
2 � cos u2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�d2 þ 2dl2 cos

u
2 þ 4l23 � l22 cos2

u
2

q� �
8<
:

ð27Þ

Using the coordinates of C and F, the actuated angles a and b can be easily
obtained.

5 Conclusions

A planar mechanism with two-degree-of-freedom is proposed and analyzed. This
mechanism has an axisymmetric structure that the lower part and the upper part are
identical and symmetrical with each other. In order to analyze the motion charac-
teristics of the end effector, the mechanism can be simplified as two axisymmetric
links and the motion properties of this simplified links are studied. The results show
that the end effector can translate continuously along the direction perpendicular to
the axis of symmetry of the base and the end effector and rotate continuously about
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any point on the axis of symmetry l. In the end, the forward and inverse kinematics
solutions are derived which can be used for further analysis of this mechanism.
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DOF and Kinematic Analysis
of a Deployable Truss Antenna Assembled
by Tetrahedral Elements

Wenlan Liu, Yundou Xu, Yongsheng Zhao, Jiantao Yao, Bo Han
and Liangliang Chen

Abstract Deployable structure has played a more and more important role in the
large-caliber antennas. This paper deals with the degree of freedom (DOF) and
kinematics of a kind of deployable truss antenna composed of tetrahedral elements.
Firstly, based on the reciprocal screw theory the DOF of one tetrahedral element is
analyzed. Then, the equivalent mechanism of the minimum composite unit of the
deployable truss antenna is obtained according to the characteristic of the DOF of
the tetrahedral element. Sequentially, the DOF of the deployable truss antenna is
derived. Further, the analytical expressions of the positions and velocities of the
connection nodes of the antenna during its deploying/folding process are formu-
lated by resorting to the coordinate transformation matrices. Finally, the correctness
of the kinematic analysis of the deployable truss antenna is verified by simulation
based on the Adams software.

Keywords Deployable structure � Truss antenna � Degree of freedom � Kinematic
analysis � Screw theory

W. Liu � Y. Xu (&) � Y. Zhao � J. Yao � B. Han � L. Chen
Parallel Robot and Mechatronic System Laboratory of Hebei Province,
Qinhuangdao 066004, Hebei, China
e-mail: ydxu@ysu.edu.cn

W. Liu
e-mail: wenlanl@163.com

Y. Zhao
e-mail: yszhao@ysu.edu.cn

J. Yao
e-mail: jtyao@ysu.edu.cn

B. Han
e-mail: 1440731168@qq.com

L. Chen
e-mail: 1307152110@qq.com

Y. Xu � Y. Zhao � J. Yao
Key Laboratory of Advanced Forging and Stamping Technology and Science
of Ministry of National Education Yanshan University, Qinhuangdao 066004, Hebei, China

© Springer Nature Singapore Pte Ltd. 2017
X. Zhang et al. (eds.), Mechanism and Machine Science,
Lecture Notes in Electrical Engineering 408,
DOI 10.1007/978-981-10-2875-5_70

855



1 Introduction

Demand for the large-caliber antennas is increasing with the rapid development of
the aerospace science and technology. However, the caliber of antennas is severely
restricted by limited volume of the launch vehicle. As a result, spatial deployable
structures have been widely applied in the large-caliber antennas [1, 2], which have
the advantages including higher precision, smaller launch volume and higher reli-
ability for deployment. Basically, deployable antennas can be divided into three
categories: mesh, solid surface and inflatable antennas, among which the mesh
antenna is the most common type.

The mesh antenna is mainly composed of a reflective metallic mesh and a
deployable supporting structure. For this kind of antennas, the most critical part is
the deployable supporting structure. There is a large amount of literatures focusing
on the deployable structures at present. Wang et al. [3] proposed a two-step
topology structure synthesis approach to design novel pyramid deployable truss
structures. A structure-electronic synthesis design method of antennas is given in
[4]. The literatures [5–8] paid attention to the configuration design of polyhedral
linkage for deployable truss structure. Zheng et al. [9] proposed a new conceptual
structure design for large deployable spaceborne antennas based on a folded fixed
truss hoop reflector. You [10] demonstrated a generic solution for construction of
deployable structures in any shape of rotational symmetry. The optimization of
antennas was demonstrated in [11, 12]. Besides, Yu et al. [13] accomplished the
motion analysis of deployable structures using the finite particle method.
Moore-Penrose generalized inverse method is applied to the kinematic analysis of
deployable toroidal spatial truss structures for large mesh antenna [14]. Xu et al.
[15, 16] addressed the structural design, kinematic and static analysis of a
double-ring deployable antenna. What’s more, Li et al. [17] used the absolute nodal
coordinate formulation to analyze the flexible body dynamics of deployable
structures under different temperatures to simulate space environments. Afterwards,
Li [18] presented the kinematic, dynamic analysis and control methods of a hoop
deployable antenna.

To sum up, most of the above-mentioned literatures focused on the structural
design, kinematic and dynamic analysis of deployable structures. There are few
investigations on the methods for degree of freedom (DOF) analysis of the
deployable structures applied in the antennas. It is well known that getting the
number of the DOFs for mechanisms is the most fundamental understanding to a
mechanism. However, deployable antenna structure is constituted by a large
number of deployable elements through some regular structural topology, which
increases the complexity and difficulty of the mobility analysis for this kind of
deployable structures. In this work, the DOF of a deployable structure assembled by
tetrahedral elements for space truss antennas is analyzed based on the reciprocal
screw theory, and the correctness of the mobility analysis is verified by simulation.
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2 DOF Analysis of the Deployable Truss Antenna

2.1 Structure of the Deployable Truss Antenna

The deployable truss antenna consists of a large number of basic tetrahedral ele-
ments, as shown in Fig. 1. Each tetrahedral element contains four connection nodes,
three swing-struts with identical length, and three foldable and deployable struts.
Both ends of the struts are connected to the nodes by revolute joints (R), and each
foldable and deployable strut is made up of two struts with identical length con-
nected by an R joint, as shown in Fig. 2. For the purpose of analysis, the tetrahedral
element shown in Fig. 2 is denoted by H-ABC, where the letter H represents the top
node and the other letters denote the three nodes located at the undersurface of the
tetrahedral element. The axes of all R joints of the tetrahedral element H-ABC are
respectively denoted by Si (i = 1, 2, …, 15). Then, the geometric characteristics of
the Si can be expressed as: S1 k S2 k S3?AB, S4 k S5 k S6?AC, S7 k S8 k S9?BC,
S10 k S11?AH, S12 k S13?CH, and S14 k S15?BH. Besides, the S11, S13 and S15

Fig. 1 Deployable truss
antenna

Fig. 2 Schematic diagram of
the tetrahedral element
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are coplanar and perpendicular to the planes AOH, COH and BOH, respectively,
where the point O represents the circumcenter of the triangle ABC.

The minimum composite unit of the deployable truss antenna is constituted by
three tetrahedral elements, as shown in Fig. 3. Then the whole deployable truss
antenna shown in Fig. 1 can be obtained by extending the minimum composite
units from the central axis of the antenna. The reflecting surface of the antenna
spliced by the minimum composite units is shown in Fig. 4, in which the triangle
planes are the undersurface of the tetrahedral elements and the color hexagons
represent the minimum composite units.

2.2 DOF Analysis of the Tetrahedral Element

In order to analyze the DOF of the tetrahedral element, it is firstly divided into two
parts in this section, as shown in Fig. 5. Then, the DOF of the first part is derived

Fig. 3 Schematic diagram of
the minimum composite unit

Fig. 4 Reflecting surface of
the antenna spliced by the
minimum composite units
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based on the reciprocal screw theory. Finally, the DOF of the tetrahedral element
can be obtained after considering the constraint influence of the second part.

The first part of the tetrahedral element can be regarded as a parallel mechanism
(PM) composed of a fixed node A, a moving node B, and two supporting limbs. One
limb connects the node B to the node A by three R joints (i.e., S1, S2 and S3),
denoted by the limb RRR. The other limb consists of a closed-loop kinematic chain
containing seven R joints (i.e., S4, S5, S6, S12, S13, S11 and S10) and a serial chain
RR (i.e., S14 and S15), denoted by the limb (7R)-RR. A fixed coordinate frame A-
xyz is attached to the center of the node A, with x-axis perpendicular to the BA, y-
axis pointing along the BA, and z-axis determined by the right-hand rule, as shown
in Fig. 5.

The closed-loop kinematic chain in the limb (7R)-RR can also be treated as a PM
containing a fixed node A, a moving node H, two supporting limbs, RR (i.e., S10
and S11) and RRRRR (i.e., S4, S5, S6, S12 and S13). The constraint wrenches
imposed on the node H by the limbs RR and RRRRR can be expressed in the A-xyz
as

( )
( )
( )
( )
( )

T
r1

T
r2 4 4

T
r3 11 10 11 10 11 10 10 11 11 10 11 10 10 11 10 11 11 10

T
r4 4 4 4 10 4 10 10 4 4 10

T
r5 5 2 5 2 5 2 2 5

0 0 0 0 0 1

0 0 0 0

0

0 0 0

H

H

H

H

H

b a

x x y y z z y z y z x z x z x y x y

a b b z a z x b a y

b c a c a b a b

⎧ / =
⎪
⎪ / = −
⎪⎪ / = − − − − − −⎨
⎪

/ = − −⎪
⎪

/ = − −⎪⎩

S

S

S

S

S

, 

ð1Þ
where, a2 b2 c2ð Þ, a4 b4 0ð Þ and a5 b5 0ð Þ denote the direction vectors
of the S4, S10 and S12, x10 y10 z10ð Þ and x11 y11 z11ð Þ represent the position
vectors of the centers of the joints S10 and S11, respectively.

Fig. 5 Two parts of the
tetrahedral element
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The twist of the node H which is reciprocal to the constraint wrenches shown in
Eq. (1) is solved as

( ) ( ) ( ) ( )( )T
m 4 11 10 4 11 10 4 10 11 4 11 100 0 0H b z z a z z b x x a y y/ = − − − − + −S , ð2Þ

where, m
H/S represents a translation perpendicular to both the S10 and the AH.

It can be known from Eq. (2) that the closed-loop kinematic chain within the
limb (7R)-RR is equivalent to a translation joint P, so that the limb (7R)-RR can be
substituted by the limb PRR. The constraint wrenches imposed on the node B by
the limb PRR can be obtained as

( )
( )

( ) ( ) ( )( ) ( )( )

T1
r1

T1
r2 4 4

T1
r3 10 14 10 14 10 4 4 10 10 14

0 0 0 0 0 1

0 0 0 0

0 / 2 / 2 / 2

b a

a c y y c az y y a b x c y y a

⎧ / =⎪
⎪ / =⎨
⎪
⎪ / = + − − + − +⎩

S

S

S

, 

ð3Þ
where, a ¼ b4 x11 � x10ð Þ � a4 y11 � y10ð Þ, c ¼ b4 z11 � z10ð Þ, and
y10 þ y14 ¼ y11 þ y15, 1

r1/S represents the constraint couple parallel to the z-axis, 1
r2/S

is the constraint couple located in the plane xAy and perpendicular to the S14, and
1
r3S denotes the constraint force passing through the point
y14�y10ð Þa4

2b4
þ x10

�
y10 þ y14

2 z10Þ and along the direction a 0 cð Þ, in which

x10 y14 z10ð Þ and x11 y15 z11ð Þ represent the position vectors of the centers
of the joints S14 and S15, respectively.

Similarly, the constraint wrenches imposed on the node B by the limb RRR can
be derived as

( )
( )
( )

T2
r1

T2
r2 1 1

T2
r3 1 1 1 1 1 1

0 0 0 0 1 0

0 0 0 0

0 0

c a

a c y c a y

⎧ / =
⎪⎪ / = −⎨
⎪

/ = −⎪⎩

S

S

S

 , ð4Þ

where, a1 0 c1ð Þ denotes the direction vector of the S1, x1 y1 0ð Þ represents
the position vector of the center of the joint S1,

2
r1/S represents the constraint couple

parallel to the y-axis, 2
r2/S is the constraint couple located in the plane xAz and per-

pendicular to the S1, and
2
r3/S is the constraint force passing through the point

0 y1 0ð Þ and parallel to the S1.
By combining Eqs. (3) and (4) all constraint wrenches suffered by the node

B can be obtained. According to the reciprocal screw theory the twist of the node
B can be derived as

( )T
m 0 0 0 0 1 0B/ =S  , ð5Þ

where m
B/S represents a translation along the y-axis, which shows that the node B has

a translational DOF with respect to the fixed node A.
As similar as the above solving process, it can be known that the node C also has

a translational DOF with respect to the node A. On the condition of considering the
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constraint influence of the second part of the tetrahedral element, the tetrahedral
element can be equivalent to the mechanism shown in Fig. 6. It can be easily
obtained that the number of the DOFs of the equivalent mechanism is one.

2.3 DOF of the Deployable Truss Antenna

According to the analysis in Sect. 2.2 the equivalent mechanism of the minimum
composite unit shown in Fig. 2 can also be formulated, as shown in Fig. 7.

Assuming that the foldable and deployable strut BG is removed from the
equivalent mechanism shown in Fig. 7 and the joint connecting the node B to the
node A is selected as the actuated joint, then the nodes C, D, E, F and G will move
as the movement of the node B, as shown in Fig. 8. According to the characteristic
of the DOF of the tetrahedral element there exist the following relations:

AB1

AB
¼ AC1

AC
¼ AD1

AD
¼ AE1

AE
¼ AF1

AF
¼ AG1

AG
: ð6Þ

Fig. 6 Equivalent
mechanism of the tetrahedral
element

Fig. 7 Equivalent
mechanism of the minimum
composite unit

Fig. 8 Configuration of the
mechanism shown in this
figure after movement
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From Eq. (6) it can be gotten that AB1
AB ¼ AG1

AG , which will not be restricted after
connecting the foldable and deployable strut BG to the nodes B and G. Therefore,
the minimum composite unit also has one DOF.

Based on the structural topology relationship of the minimum composite unit,
we can derive that the number of the DOFs of the whole deployable truss antenna
shown in Fig. 1 also is one. That is to say, only the positions of the connection
nodes of the deployable truss antenna are changing during its deploying/folding
process, but their orientations keep constant.

3 Kinematic Analysis of the Deployable Truss Antenna

3.1 Position and Velocity Analysis of the Tetrahedral
Element

It can be known from the analysis mentioned in Sect. 2 that the orientations of the
connection nodes are unchangeable during the deploying/folding process of the
antenna. Consequently, the kinematic sketch shown in Fig. 9 is used to analyze the
position and velocity variations of the nodes of the tetrahedral element.

As shown in Fig. 9, a reference coordinate system H-xyz is attached to the node
H with x-axis parallel to the BA and z-axis along the OH. Then the following
equation can be obtained:

BP ¼ l1 sin u; BO ¼ AO ¼ CO ¼ l1
cos a1

sin u; PO ¼ l1 tan a1 sin u; ð7Þ

where, cos a1 ¼ l1 sin a1 þ a2ð Þ=l2, cos a1 þ a2ð Þ ¼ l21 þ l23 � l22
� �

= 2l1l3ð Þ, l1, l2 and
l3 represent the length of the struts AM (BM), AN (CN) and BK (CK), respectively,
u denotes half of the angle between the BM and AM, a1 (a2) is the constant angle
between the BO and BA (BC).

Fig. 9 Kinematic sketch of
the tetrahedral element
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Besides, there exists that

sin h ¼ BO
BH

¼ l1
l cos a1

sin u; OH ¼ l cos h; ð8Þ

in which l denotes the length of the swing-struts HA, HB and HC.
Then the position vectors of the nodes A, B and C expressed in the H-xyz can be

derived as

PA ¼ l1 sin u�l1 tan a1 sin u�l cos hð ÞT
PB ¼ �l1 sin u �l1 tan a1 sin u �l cos hð ÞT
PC ¼ l1 cos b sin u= cos a1 l1 sin b sin u= cos a1 �l cos hð ÞT

8><
>: ; ð9Þ

where b ¼ 2a2 þ a1.
The angular velocities of the swing-struts HA, HB and HC can be computed by

xHA ¼ r1 _h ¼ sin a1 cos a1 0ð ÞT _h
xHB ¼ r2 _h ¼ sin a1 � cos a1 0ð ÞT _h
xHC ¼ r3 _h ¼ � sin b cos b 0ð ÞT _h

8><
>: ; ð10Þ

where, r1, r2 and r3 represent the unit normal vectors of the planes AOH, BOH and
COH, respectively, and _h can be gotten by taking the derivative of Eq. (8) with
respect to time as

_h ¼ l1 cos u
l cos a1 cos h

_u: ð11Þ

On the basis of Eqs. (9) and (10) the velocities of the nodes A, B and C can be
calculated as

VA ¼ xHA � PA ¼ �l cos h cos a1 l cos h sin a1 �l1 sin u tan a1 sin a1 þ cos a1ð Þð ÞT� l1 cos u
l cos a1 cos h

_u

VB ¼ xHB � PB ¼ l cos h cos a1 l cos h sin a1 �l1 sin u tan a1 sin a1 þ cos a1ð Þð ÞT� l1 cos u
l cos a1 cos h

_u

VC ¼ xHC � PC ¼ � l cos h cos b l cos h sin b l1 sin u
cos a

� �T� l1 cos u
l cos a1 cos h

_u

8>>>>>><
>>>>>>:

:

ð12Þ

3.2 Position and Velocity Analysis of the Minimum
Composite Unit

The kinematic sketch of the minimum composite unit is shown in Fig. 10.
A reference coordinate system A-XYZ is attached to the node A with Z-axis being
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vertically placed and X-axis located in the plane AO1H and having an angle c1 with
respect to the AO1. Three body-fixed coordinate frames Oj-xjyjzj (j = 1,2,3) are
assigned at the circumcenters Oj of the triangles ABC, ADE and AFG, with xj-axis
coinciding with the O1A, O2A and O3A, and zj-axis point along the O1H, O2I and
O3J, respectively, and yj-axis are determined by the right-hand rule.

In the light of the analysis in Sect. 3.1 the position vectors of the nodes B, C and
H expressed in the O1-x1y1z1 are

O1PH ¼ 0 0 l cos h1ð ÞT
O1PB ¼ O1

H R � HPB þ O1PH ¼ l1 sin u M1 �2 sin a1 0ð ÞT
O1PC ¼ O1

H R � HPC þ O1PH ¼ l1 sin u M2 cos b tan a1 þ sin b 0ð ÞT

8><
>: ; ð13Þ

in which, M1 ¼ tan a1 sin a1 � cos a1 and M2 ¼ cos b� sin b tan a1, HPB and
HPC represent the position vectors of the nodes B and C expressed in the H-xyz,
respectively, O1

H R is the orientation matrix of the H-xyz with respect to the O1-x1y1z1,
which can be formulated by O1

H R ¼ R z; a1ð Þ.
By resorting to the coordinate transformation matrix the position vectors of the

nodes B, C and H can be expressed in the A-XYZ as

APH ¼ A
O1
R � O1PH þ APO1

APB ¼ A
O1
R � O1PB þ APO1

APC ¼ A
O1
R � O1PC þ APO1

8>><
>>: ; ð14Þ

where, A
O1
R is the orientation matrix of the O1-x1y1z1 with respect to the A-XYZ,

which can be computed by A
O1
R ¼ R Y; c1ð Þ, and APO1 is the position vector of the

point O1 expressed in the A-XYZ, which can be calculated by

Fig. 10 Kinematic sketch of
the minimum composite unit
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APO1 ¼ �A
O1
RO1PA ¼ �A

O1
R AO1 0 0ð Þ ¼ � l1cosc1

cos a1
sin u 0 l1sinc1

cos a1
sin u

� �
:

ð15Þ

Substituting Eqs. (13) and (15) into Eq. (14) yields

APH ¼ lsinc1 cos h1 � l1cosc1
cos a1

sin u 0 lcosc1 cos h1 þ l1sinc1
cos a1

sin u
� �T

APB ¼ l1 sin u M1cosc1 � cosc1
cos a1

�2 sin a1
sinc1
cos a1

�M1 sin c1
� �T

APC ¼ l1 sin u M2cosc1 � cosc1
cos a1

cos b tan a1 þ sin b sinc1
cos a1

�M2sinc1
� �T

8>>>>><
>>>>>:

:

ð16Þ

Then taking the derivative of Eq. (16) with respect to time and taking Eq. (11) in
mind leads to

AVH ¼ �sinc1 tan h1 � cosc1 0 sinc1 � cosc1 tan h1ð ÞT l1
cos a1

cos u _u

AVB ¼ M1cosc1 � cosc1
cos a1

�2 sin a1
sinc1
cos a1

�M1 sin c1
� �T

l1 cos u _u

AVC ¼ M2cosc1 � cosc1
cos a1

cos b tan a1 þ sin b sinc1
cos a1

�M2sinc1
� �T

l1 cos u _u

8>>>>><
>>>>>:

;

ð17Þ

which just are the velocity vectors of the nodes H, B and C during the
deploying/folding process of the minimum composite unit.

In the same way, the position and velocity vectors of the remaining nodes of the
minimum composite unit can be derived. Thus, in view of the structural topology
relationship of the minimum composite units and the coordinate transform matrices,
the kinematic analysis of the whole antenna can be easily accomplished.

4 Numerical Calculation and Simulation Verification

4.1 Verification on the DOF Analysis

The simulation model of a deployable truss spherical antenna composed of 27
tetrahedral elements is shown in Fig. 11. On the condition that one of the R joints of
the 27 tetrahedral elements is actuated, the deployable truss antenna can be com-
pletely folded, as shown in Fig. 12, which effectively verifies the correctness of the
DOF analysis of the deployable truss antenna.
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4.2 Verification on the Kinematic Analysis

A set of structure parameters of the minimum composite unit are given as:
l = 0.59 m, l1 = l2 = 0.250376 m, l3 = 0.25 m, and c1 = c2 = c3 = 3.623°, where
c2 (c3) represents the angle between the O2A (O3A) and the plane XAY. The min-
imum composite unit is folded from the initial configuration with u0 ¼ 66:829�.
Let u ¼ u0 � 0:5�t, then the simulation values of the positions and velocities of all
nodes can be measured by the Adams software. The theoretical value and simu-
lation result of the position variation of the node F and that of the velocity variation
of the node I are given in Fig. 13 as representatives.

It can be seen from Fig. 13 that the simulation results and the theoretical values
of the nodes F and I are basically consistent, and the errors between the theoretical
values and the simulation ones of all nodes are less than 2 %, which effectively
shows the correctness of the kinematic analysis of the deployable truss antenna.

Fig. 11 Deployable truss antenna composed of 27 tetrahedral elements

Fig. 12 Folded configuration
of the antenna
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5 Conclusions

In this work, an approach based on the reciprocal screw theory for the DOF analysis
of the deployable truss antenna assembled by tetrahedral elements is presented,
which greatly reduces the complexity and difficulty on the mobility analysis of this
kind of mechanisms with multiple coupling-loops. The tetrahedral element is
divided into a PM and a serial kinematic chain. On the basis of the numbers and
characteristic of the DOF of the divided PM, the tetrahedral element with multiple
coupling-loops is converted to a single-loop mechanism, as a result, the minimum
composite unit of the antenna is also simplified, which contributes to the investi-
gation on the DOF of the whole deployable truss antenna. In addition, according to
the topological relationship of the antenna and the coordinate transformation
matrices the position and velocity vectors of the connection nodes of the antenna
during its deploying/folding process are derived. What’s more, the simulation
model of a deployable truss spherical antenna composed of 27 tetrahedral elements
is built, and the simulation results on the DOF and kinematics of the antenna
indicate the correctness of the theoretical analysis.

In view of the folded configuration of the deployable truss antenna shown in
Fig. 13, future works are suggested: if the tetrahedral element mentioned in this
paper is applied to the curved antenna, such as, parabolic or spherical antenna, a
portion of R joints of the tetrahedral element need to be changed in order to achieve
a smaller stowed volume.

Acknowledgments This research was sponsored by the National Natural Science Foundation of
China under Grant 51675458 and Grant 51275439.

Fig. 13 a Position variation of the node F, b Velocity variation of the node I
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Displacement Analysis of a 6R Serial
Robot Mechanism Using Conformal
Geometric Algebra

Xiguang Huang and Dishuo Zhao

Abstract In this paper, we present a novel method for displacement analysis of a
6R serial robot mechanism based on conformal geometric algebra (CGA) method.
The forward displacement problem of the mechanism is solved using motor and the
inverse displacement problem is solved in a geometrically very intuitive way by
handling intersections of spheres, circles, and planes, etc. in CGA. It is shown that
this method has the advantages of simple computation and geometrical intuition.

Keywords Displacement analysis � 6R serial robot � Conformal geometric algebra

1 Introduction

The inverse displacement analysis of serial robot manipulators is a fundamental
problem in the automatic control of robot manipulators. The inverse displacement
problem, which is to compute the joint displacements given the position and ori-
entation of the end-effector, is very difficult. The motion planning and control of a
serial robot calls for the solution of the inverse displacement. There have been many
literatures on the closed-form solutions for the inverse displacement analysis of
serial robot mechanisms. Pieper [1] developed closed-form solutions for the case
where any three consecutive axes intersect in a common point. Roth [2] showed that
the number of solutions of the general serial 6R mechanism problem was an upper
bound of 32. Subsequently, many excellent researchers studied the kinematics
community the inverse displacement analysis problem of general 6R mechanism
attracted until Li [3] gave the exact solution in lower dimensions by reducing the
problem to a 16 degree polynomial. This work was simplified and extended by
Raghavan [4]. Manocha [5] formulated this problem as an eigenvalue problem and
improved the stability and accuracy of the algorithm. Manfred [6] presented an easy
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solution to give the necessary insight into the geometric structure of the 6R
mechanism by using the classical multi-dimensional geometry. Qiao [7] trans-
formed the homogeneous matrix to the form of double quaternion and obtained 16
solutions from resultant matrix by linear algebra and Dixion resultant elimination.
In this paper, we present a novel method for displacement analysis of a 6R serial
robot mechanism based on conformal geometric algebra.

The organization of the paper is as follows: Sect. 2 presents a brief introduction
about the foundation of CGA. Section 3 shows the forward displacement problem
of the mechanism is solved using motor that describing a rigid-body motion in
CGA. Section 4 demonstrates the computation of the inverse displacement problem
of a 6R serial robot mechanism by CGA. This framework appears promising for
dealing with kinematics problems. Section 5 illuminates a numerical example of
inverse kinematics of a 6R serial robot to verify the presented method, and a set of
real solution are obtained. Finally, Sect. 6 provides conclusions of this study.

2 Conformal Geometric Algebra

Conformal geometric algebra (CGA) is a new tool for geometric representation and
computation [8, 9]. There are three kinds of products in geometric algebra: geo-
metric product, outer product and inner product. For two vectors u and v, the
geometric product can be defined as

uv ¼ u � vþ u ^ v ð1Þ

where u � v denotes the inner product and u ^ v denotes the outer product.
Blades are the basic computational elements and geometric entities of the geo-

metric algebra. The n-blades can be written as

I ¼ e1 ^ e2 ^ e3 � � � ^ en ð2Þ

where I is called the pseudo-scalar and ei denotes the basic vector i. The inverse of
a blade A is defined by A�1. The dual operation of a blade A is defined as

A� ¼ A=I ¼ AI�1 ð3Þ

where A� denotes the dual of A.
A geometric algebra Gn is an n-dimensional vector space with the basic vectors

e1;e2. . .en. CGA uses the three Euclidean basis vectors e1, e2, e3 and two additional
basis vectors eþ , e�, with the properties

e2i ¼ 1; i ¼ 1; 2; 3
e2� ¼ 1

ei � eþ ¼ ei � e� ¼ 0; i ¼ 1; 2; 3

8<
: ð4Þ
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A null basis {e0, e1} can be introduced by

e0 ¼ 1
2 e� � eþð Þ

e1 ¼ e� þ eþ
e20 ¼ e21 ¼ 0; e0 � e1 ¼ �1

8<
: ð5Þ

with e0 represents the 3D origin, and e1 represents infinity.
CGA provides a great variety of basic geometric entities to compute with,

namely points, spheres, planes, circles, lines, and point pairs, as listed in Table 1. In
the table, X and n are marked bold to represent 3D entities, with X indicating a
point and n indicating the normal vector of a plane.

The operator R ¼ e�
h
2ð ÞL describes a rotor, where L ¼ n1 ^ n2 is the rotation

axis, and h is the rotation angle. R can also be written as

R ¼ cos
h
2

� �
� L sin

h
2

� �
ð6Þ

The operator T ¼ e�
1
2 te1 describes a translator, where t is a vector. T can also be

written as

T ¼ 1� 1
2
te1 ð7Þ

A Rigid-Body motion, including both a rotation and a translation, is described
by a motor M

M ¼ RT ð8Þ

where R being a rotor and T being a translator.
So the Rigid-Body motion of the object o can be described as

o0 ¼ Mo ~M ð9Þ

Table 1 Entities in conformal geometric algebra

Entities INPS representation OPNS representation

Point P ¼ XþX2e1=2þ e0
Sphere S ¼ P� r2e1=2 S� ¼ X1 ^ X2 ^ X3 ^ X4

Plane p ¼ nþ de1 p� ¼ X1 ^ X2 ^ X3 ^ e1
Circle Z ¼ S1 ^ S2 Z� ¼ X1 ^ X2 ^ X3

Line l ¼ p1 ^ p2 l� ¼ X1 ^ X2 ^ e1
Point pair PP ¼ S1 ^ S2 ^ S3 P�

P ¼ X1 ^ X2
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where ~M denoting the reverse of M.
In CGA, the two points of a point pair Pp� can be extracted by

p� ¼ �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pp� � Pp�p þPp�

e1 � Pp� ð10Þ

And the angle h is computed by the formula

cos hð Þ ¼ o�1 � o�2
o�1
�� �� o�2�� �� ð11Þ

with oi (i = 1, 2) being lines or planes, h being the angle between line and line or
plane and plane.

3 The Forward Displacement Analysis

A six degree of freedom 6R serial Spray Painting robot is shown in Fig. 1 and the
structure diagram of the robot mechanism is shown in Fig. 2. The robot has six
revolute joints, among which the joint Z1, Z2, and Z3 determine 6 the position of the
end-effector, in addition the joint Z4, Z5, and Z6 determine the orientation where the
consecutive three axes intersect in a common point. The end-effector and the
position of the tool are fixed at the same point. L1, L2, and L3 denote the lengths of
the three links respectively.

The forward displacement analysis of a serial robot manipulator is to determine
the position and orientation of the end-effector given the joint positions, i.e. the
angles of the revolute joints and the displacements of the prismatic joints.

From Eq. (8), the forward kinematics can be described by

Fig. 1 A six degree of freedom 6R serial Spray Painting robot
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0
t M ¼ 0

1M
1
2M

2
3M

3
4M

4
5M

5
6M

6
t M ð12Þ

where 0
tM represents the end-effector’s pose with respect to the base of the robot,

i
jM notes the pose of the joint j with respect to the joint i. The descriptions of i

jM are
given as following

1
0M ¼ Rh1TL1; Rh1 ¼ cos

h1
2

� �
� e23 sin

h1
2

� �
; TL1 ¼ 1� 1

2
L1e1e1

1
2M ¼ Rh2TL2; Rh2 ¼ cos

h2
2

� �
� e12 sin

h2
2

� �
; TL2 ¼ 1� 1

2
L2e2e1

2
3M ¼ Rh3TL3; Rh3 ¼ cos

h3
2

� �
� e12 sin

h3
2

� �
; TL3 ¼ 1� 1

2
L3e2e1

3
4M ¼ Rh4; Rh4 ¼ cos

h4
2

� �
� e23 sin

h4
2

� �

4
5M ¼ Rh5; Rh5 ¼ cos

h5
2

� �
� e12 sin

h5
2

� �

5
6M ¼ Rh6; Rh6 ¼ cos

h6
2

� �
þ e13 sin

h6
2

� �
6
tM ¼ 1

Knowing the values of L1, L2, and L3 and the input values of h1 � h6, the
position Pt of the end-effector can be obtained by Eq. (9)

L1

L2

L3

Z1

Z2

Z3
Z4

Z5

Z6

P1

P2
P3

P4,5,6

S23
S34

124

Fig. 2 The structure diagram of the 6R serial robot mechanism
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Pt ¼ 0
t M
� �

P1
0
t
~M

� � ð13Þ

From Eq. (9), Xt, Yt, and Zt can be easily calculated as following

Xt ¼ 0
tM
� �

e1 0
t
~M

� �
Yt ¼ 0

t M
� �

e2 0
t
~M

� �
Zt ¼ 0

t M
� �

e3 0
t
~M

� �
8><
>: ð14Þ

where Xt, Yt, and Zt represent the x-axis, y-axis, z-axis of the coordinates system of
the end-effector. Equations (14) and (15) can indicate the position and orientation
of the end-effector.

4 The Inverse Displacement Analysis

The inverse displacement problem is to determine the angle h1 � h6 given the
end-effector’s position Pt and orientation Xt,Yt and Zt. In the following steps, we
calculate the joint point P2, P3 and P4, where joint point P4, P5 and P6 coincide in
the same one point. Then, all joint angle h1 � h6 of each joint can be obtained using
the inner product in CGA.

4.1 Computation of the Joint Positions

Firstly, joint point P2 can be get by moving joint point P1 along vector L1. From
Table 1, the position of the joint point P2 can be get

P2 ¼ L1e1 þ 1
2
L1e1 þ e0 ð15Þ

Referring to the Fig. 1, joint points P4, P5 and P6 coincide in the same one point
and the three positions of joint point P4, P5 and P6 equals the end-effector’s
position Pt. From Table 1, we get

P4 ¼ Pt ¼ Ptxe1 þPtye2 þPtze3 þ 1
2

P2
tx þP2

ty þP2
tz

� 	
e1 þ e0 ð16Þ

Referring to Fig. 2, the joint point P3 has to lie on the sphere S23 with center
joint P2 and with the length L2 as the radius. From Table 1, we get
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S23 ¼ P2 � 1
2
L22e1 ð17Þ

Since the joint point P3 also has to lie on the sphere S43 with center joint P4 and
with the length L3 as the radius. From Table 1, we get

S43 ¼ P4 � 1
2
L23e1 ð18Þ

Since the joint point P3 also has to lie in the plane p124 which can be defined
with the help of the joint point P1, P2 and P4 that line on it. From Table 1, we get

p124 ¼ P1 ^ P2 ^ P4 ^ e1 ð19Þ

Referring to Fig. 2, the position of the joint point P3 can be calculated as the
intersection of the sphere S23, S43 and the plane p124: We can get the point pair Pp3
about the joint point P3 and the

Pp3 ¼ S23 ^ S43 ^ p124 ð20Þ

Referring to Fig. 3, there are two results responding to two different configu-
rations of the robot. Among two points only P3 is applicable from the point of view
of mechanics. We have to choose the proper one by Eq. (10)

P3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pp�3 � Pp�3

p þPp�3
e1 � Pp�3

ð21Þ

Fig. 3 Computation of the
joint point P3
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4.2 Computation of the Joint Angles

Referring to Fig. 2, the angle h1 is between the plane p124 and the plane pxoy. By
Eq. (11), we get

cos h1 ¼
p�124 � p�xoy
p�124
�� �� � p�xoy

��� ��� ð22Þ

where, p124 ¼ P1 ^ P2 ^ P4 ^ e1, pxoy ¼ e3I�1
c .

Referring to Fig. 2, the angle h2 is between the line l23 and the line lproc that is
the projection of l23 in the plane p234 obtained by moving the plane pyoz along X-
axis by L1, we get

cos h2 ¼
l�23 � l�proc
l�23
�� �� � l�proc

��� ��� ð23Þ

where, l23 ¼ P2 ^ P3 ^ e1, p234 ¼ e1 þ L1e1, lproc ¼ p�234�l�23
p�234

.

The angle h3 is between the line l23 and the line l34, we get

cos h3 ¼ l�23 � l�34
l�23
�� �� � l�34

�� �� ð24Þ

where, l34 ¼ P3 ^ P4 ^ e1.
Referring to Fig. 2, the axis Y6 in the 6th coordinate system is the same with the

axis Yt in the coordinate system of the end-effector that is known in the inverse
displacement analysis, yields by Eq. (14)

Yt ¼ 0
5M
� �

e2
0
5
~M

� � ð25Þ

In Eq. (9), making corresponding coefficients of the left equate with the right
ends equal, so a quadratic equations in terms of two unknown variables h4, and h5
can be obtained and the value of the angle h4, and h5 can be computed by Gauss
elimination simply.

The axis Yt in the coordinate system of the end-effector also can be obtained
using 0

t M by Eq. (14), yields

Yt ¼ 0
t M
� �

e2
0
t
~M

� � ð26Þ

Substituting h1; h2; h3; h4; and h5 into Eq. (26) with only a unknown h6. The
value of the angle h6 can be obtained easily.
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5 Numerical Example

In this section, we validate the new algorithm with a numerical example to verify
the presented method. The input geometrical parameters of the Spray Painting robot
are given as: L1 ¼ 0:8; L2 ¼ 1:2; L3 ¼ 1:4. Given a set of joint values:
h1 ¼ 11:12

�
, h2 ¼ �10:57

�
, h3 ¼ �24:51

�
, h4 ¼ �35:16

�
, h5 ¼ 142:02

�
,

h6 ¼ 13:25
�
.

The position Ptx, Pty, and Ptz and the orientation Xt, Yt, and Zt of the end-effcetor
are computed by Sect. 3 as follows

Ptx ¼ 1:824799997;Pty ¼ 2:281600001;Ptz ¼ 0:448600000

Xt ¼ �0:422189627e1 þ 0:822663280e2 � 0:380763766e3x

Yt ¼ �0:873978690e1 � 0:257881491e2 þ 0:411896085e3
Zt ¼ 0:240659856e1 þ 0:506677672e2 þ 0:827865067e3

Based on the values of Ptx, Pty, Ptz, Xt, Yt, and Zt, the homogenous transfor-
mation matrix T, represents the end-effector’s pose with respect to the base of the
robot, can be obtained easily

T ¼
�0:422189627 �0:873978690 0:240659856 1:824799997
0:822663280 �0:257881491 0:506677672 2:281600001
�0:380763766 0:411896085 0:827865067 0:448600000

0 0 0 1

2
664

3
775

According to the inverse displacement algorithm proposed in Sect. 4, we get
eight solutions of the inverse displacement of the robot as shown in Table 2. All
solutions have been verified by the forward displacement analysis.

Table 2 Eight real solutions of the robot

No. h1 h2 h3 h4 h5 h6
1 11.1234027 −36.997899 24.5129213 128.294726 54.6653395 170.750206

2 11.1234027 −36.997899 24.5129213 −51.705277 125.334662 −9.2497993

3 11.1234027 −10.570249 −24.512921 144.838235 37.9831318 −166.75318

4 11.1234027 −10.570249 −24.512921 −35.161762 142.016862 13.2468134

5 −168.87659 −169.42975 24.5129213 35.1617620 −142.01686 −166.75318

6 −168.87659 −169.42975 24.5129213 −144.83823 −37.983131 13.2468134

7 −168.87659 −143.00210 −24.512921 51.7052771 −125.33466 170.750206

8 −168.87659 −143.00210 −24.512921 −128.29472 −54.665339 −9.2497993
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6 Conclusions

This paper presents a novel method based on the conformal geometric algebra to
solve the displacement problem of a 6R Spray Painting robot. We make use of
CGA to structure the problem and use the geometric information or properties to
reduce the problem to some geometric computation. The forward displacement
problem of the mechanism is solved using motor and the inverse displacement
problem is solved in a geometrically very intuitive way by handling intersections of
spheres, circles, and planes, etc. in CGA. A numerical example is demonstrated to
show that this method has the advantages of simple computation and geometrical
intuition.
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The Kinematics of a 3-DOF Mechanism
for Wave Energy Converter

Weixing Chen and Feng Gao

Abstract As we all know, oceans have great wave power, and many types of wave
energy converters (WECs) have been invented so far. Oscillating body systems are
a major class of WECs which almost only have one degree of freedom (DOF). This
paper presents a 3-DOF mechanism which can extract the wave power from any
wave directions. The 3-DOF mechanism mainly consists of a four-bar linkage and a
spherical joint, which are used to capture the heave motion and the pitch and roll
motions of the oscillating body respectively. The power conversion principle of the
WEC is proposed and the kinematics of the mechanism is derived.

Keywords WEC � Principle � 3-DOF mechanism � Kinematics

1 Introduction

Ocean is a huge reservoir of renewable energy, such as wave power, tidal power,
ocean current power, ocean thermal power, salinity gradient power, etc. Of these
types of energy, wave power is deemed as the most notable form [1]. The research
enthusiasm of the WEC is raised since the Duck proposed by Salter in 1974 [2]. So
far, few systems have reached full-scale stage, such as OPT and Pelamis.

There are three WEC systems classified by working principles [3], including the
oscillating water column [4, 5], the oscillating body system [6–9] and the over-
topping device [10, 11]. Among the various technologies, the oscillating body
systems have been researched widely in the recent years. They generally extract
wave power through relative motion between two bodies, almost of them oscillate
in only one direction [12, 13]. The power absorption performances of numerous
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WECs have been numerically studied [14]. The results show that the capture width
ratio of almost existing oscillating systems is not satisfactory.

It is well known that the oscillating body has six DOFs in the random ocean
waves. When the oscillating body is axisymmetric, only heave, pitch and roll
motions have the restoring force (moments), which benefit for the power absorp-
tion. Because the restoring force (moments) can make the body itself return to the
equilibrium position without external force (moments). However, some mecha-
nisms being able to harvest the three motion’s mechanical energy have not
appeared.

This paper focuses on the principle of the 3-DOF mechanism for wave energy
converter. The power conversion principle of the mechanism is first introduced.
Subsequently, the kinematics of the mechanism is derived. The mechanism can
absorb and deliver the three motions of the floating body.

2 Conversion Principle

The 3-DOF WEC is shown in Fig. 1, and the 3-DOF mechanism for the wave
power converter is shown in Fig. 2. b is the wave direction. The oscillating body
has three motions including heave, roll and pitch. The body can rotate around point
O and oscillate up and down. The roll and pitch motions are achieved by the
spherical joint, and the heave motion is realized by the four-bar linkage. The

Fig. 1 Schematic of the 3-DOF WEC
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mechanism can deliver the random reciprocating motions of the body to the
reciprocating rotations (w; h and /) of the mechanism relative to the frame. Then
rotational mechanical energy can transform into hydraulic energy through PTO
systems, which are simplified as constant torques in this study. Finally, the
hydraulic energy can be converted into electrical energy through hydraulic motor
and electrical generator.

Fig. 2 Schematic of the 3- DOF mechanism for wave energy converter
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3 Kinematics

The 3-DOF mechanism is composed of the spherical joint, the four-bar linkage and
the RSSR (revolute pair—spherical pair—spherical pair—revolute pair) linkage.
The spherical joint delivers rotational energy of the oscillating body, and the
translation energy is collected by the four-bar linkage. The RSSR linkage is used to
change the transmission direction. It is necessary to discuss the kinematics of the
mechanism.

The four-bar linkage is shown in Fig. 3. The wave forces act on the point O
through the body and drive the motion of the four-bar linkage. h is the output of the
linkage. The h and h2 can be expressed as:

h ¼ 2 arctan
Bh þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
h þB2

h � C2
h

q
Ah � Ch

ð1Þ

h2 ¼ arctan
Bh þ l3 sin h3
Ah þ l3 cos h3

ð2Þ

where

Ah ¼ l4 � l1 cos hh ð3Þ

Bh ¼ �l1 sin hh ð4Þ

Ch ¼ ðA2
h þB2

h þ l23 � l22Þ=ð2l3Þ ð5Þ

The vertical position of the point O is given:

LOx ¼ l1 cos hh þðl2 þ l5Þ cos h2 ð6Þ

The horizontal position of the point O is given:

Fig. 3 The schematic of the
four-bar linkage
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LOy ¼ l1 sin hh þðl2 þ l5Þ sin h2 ð7Þ

when the length of l1 is equal to 12 m; the length ratio is satisfied
l1 : l2 : l3 : l4 : l5 ¼ 2 : 5 : 5 : 4 : 5; hh is in the interval ½80�; 280��, the trajectory of
the point O is close to a straight line, which is shown in Fig. 4.

The simplified two-DOF spherical joint is shown in Fig. 5, which is composed
of five spatial components and five revolute joints. The body 4 can rotate around the
point O induced by waves. The ay and az work as the output. The moving frame
ixiyiz

� �
is fixed in the body, and the fixed frame is jxjyjz

� �
.

The reference frames used in the analysis are shown in Fig. 5. First, the body
rotates around iz axis hz degree, then rotates around iy axis hy degree. The rotating
matrix ixiyiz

� �
relative to jxjyjz

� �
can be described as :

R ¼ RzRy ¼
cos hy cos hz � sin hz sin hy cos hz
cos hy sin hz cos hz sin hy sin hz
� sin hy 0 cos hy

2
4

3
5 ð8Þ
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Fig. 4 The trajectory of the point O in the left and the y coordinate of the point O changed with hh
in the right

Fig. 5 The simplified
spherical joint and reference
frames
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where

Rz ¼
cos hz � sin hz 0
sin hz cos hz 0
0 0 1

2
4

3
5 ð9Þ

Ry ¼
cos hy 0 sin hy
0 1 0

� sin hy 0 cos hy

2
4

3
5 ð10Þ

iy axis relative to the fixed frame jxjyjz
� �

can be expressed as

iy ¼ R
0
1
0

2
4

3
5 ¼

� sin hz
cos hz
0

2
4

3
5 ð11Þ

iz axis relative to the fixed frame jxjyjz
� �

can be expressed as:

iz ¼ R
0
0
1

2
4

3
5 ¼

sin hy cos hz
sin hy sin hz

cos hy

2
4

3
5 ð12Þ

Meanwhile, the joint E revolute ay, the joint A revolute az,

S1
!

is the unit vector, which is in the body fixed moving frame then

S1
!¼

cos ay 0 sin ay
0 1 0

� sin ay 0 cos ay

2
4

3
5 1

0
0

2
4

3
5 ¼

cos ay
0

� sin ay

2
4

3
5 ð13Þ

iy ¼
cos az � sin az 0
sin az cos az 0
0 0 1

2
4

3
5 0

1
0

2
4

3
5 ¼

� sin az
cos az
0

2
4

3
5 ð14Þ

Comparing Eq. (11) and Eq. (14), the relationship of the az and hz is obtained:

az ¼ hz ð15Þ

S1 and iz is always vertical, so

S1
!� iy ¼ 0 ð16Þ
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That is

sin hy cos hz cos ay � cos hy sin ay ¼ 0 ð17Þ

Hence, the forward position solution of the joint can be written as:

az ¼ hz
ay ¼ arctan sin hy cos hz

cos hy

� �(
ð18Þ

Some linkages are needed to change the transmission direction of the output of
the roll motion (ay). Here the RSSR linkage is introduced, which is presented in
Fig. 6. The homogeneous transformation matrix from frame fx1y1z1g to frame
fx0y0z0g is given:

0
1T ¼

cos c1 � sin c1 0 0
sin c1 cos c1 0 0
0 0 1 �e0
0 0 0 1

2
664

3
775 ð19Þ

The homogeneous transformation matrix form frame fx3y3z3g to frame fx0y0z0g
is given:

0
3T ¼

cos c2 � sin c2 0 e5
0 0 �1 e4

sin c2 cos c2 0 0
0 0 0 1

2
664

3
775 ð20Þ

Point B in frame fx1y1z1g is expressed as

1B ¼ e1 0 0 1½ �T ð21Þ

Point B in frame fx0y0z0g is expressed as

Fig. 6 Schematic of the
RSSR linkage
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0B ¼ 0
1T

1B ¼
cos c1 � sin c1 0 0
sin c1 cos c1 0 0
0 0 1 �e0
0 0 0 1

2
664

3
775

e1
0
0
1

2
664

3
775 ¼

e1 cos c1
e1 sin c1
�e0
1

2
664

3
775

Point C in frame fx3y3z3g is:

3C ¼ e3 0 0 1½ �T ð22Þ

Point C in frame fx0y0z0g is:

0C ¼ 0
3T

3C ¼
cos c2 � sin c2 0 e5
0 0 �1 e4

sin c2 cos c2 0
0 0 0 1

2
664

3
775

e3
0
0
1

2
664

3
775 ¼

e3 cos c2 þ e5
e4

e3 sin c2
1

2
664

3
775 ð23Þ

The length of the BC bar is invariant so

xB � xcð Þ2 þ yB � ycð Þ2 þ zB � zcð Þ2¼ e22 ð24Þ

Substituting the coordinates of point B and point C in the frame x0y0z0f g into
Eq. (25), and simplifying

M sin c2 þN cos c2 þP ¼ 0 ð25Þ

where

M ¼ 2e0e3 ð26Þ

N ¼ 2e3e5 � 2e1e3 cos c1 ð27Þ

P ¼ e20 þ e21 þ e23 þ e24 þ e25 � e22 � 2e1e5 cos c1 � 2e1e4 sin c1 ð28Þ

Substituting sin c2 ¼
2 tan c2

2ð Þ
1þ tan2 c2

2ð Þ and cos c2 ¼
1�tan2 c2

2ð Þ
1þ tan2 c2

2ð Þ into Eq. (26) and con-

sidering the configuration, then

c2 ¼ 2 arctan
M � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 þN2 � P2
p

N � P
ð29Þ

When the scale parameters of the RSSR linkage are determined
(e0 : e1 : e2 : e3 : e4 : e5 ¼ 3 : 1 : 5 : 1 : 4 : 2), the relationship of the c1 and c2 is
depicted in Fig. 7.

The outputs (w and /) delivered by the parallel spherical joint, the RSSR linkage
and the other transmission linkage shown in Fig. 8 are satisfied: _w ¼ _az and _/ ¼ _c2.
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So the three reciprocating rotations h, w and / drive the PTO systems to export
hydraulic energy.

90 100 110 120 130 140 150
-90

-80

-70

-60

-50

-40

-30

-20

-10

γ1

γ 2

Fig. 7 The relationship of the input and output of the RSSR linkage

Fig. 8 Schematic of the transmission linkage
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4 Conclusions

This paper presents a 3-DOF mechanism to extract the wave power. The power
conversion principle of the WEC is first proposed, and the kinematics of the
mechanism are derived. The mechanism can absorb and deliver the three motions of
the floating body
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Isomorphism Identification of Planar
Multiple Joint Kinematic Chains
by Circuit Analysis Method

Yanhuo Zou, Peng He, Dawei Xu and Jun Li

Abstract In this paper, isomorphism identification algorithm of planar multiple
joint kinematic chains by circuit analysis method has been presented. Firstly,
topological model is introduced. Then, corresponding equivalent circuit model is
established to obtain node voltage sequence; By the solved node voltage sequence,
an algorithm to identify isomorphic kinematic is obtained. Lastly, examples are
carried out to show this useful method.

Keywords Isomorphism identification � Planar multiple joint kinematic chain �
Circuit analysis method � Node voltage sequence

1 Introduction

Isomorphism identification is one of indispensable steps in the structural synthesis
of kinematic chains, so a lot of studies have been done in this field. Until now,
many methods have been presented for planar simple joint kinematic chains [1–9].
So far, isomorphism identification studied most is about those planar simple joint
chains, and identification technique for this kind of chains is comparatively mature.
However, besides simple joint chains, planar kinematic chains also include multiple
joint kinematic chains. This type kinematic chain can be used in a lot of mechanism
design problems. As we know, isomorphism identification methods used in the
simple joint chains are always not satisfied multiple joint kinematic chains. In the
field of isomorphism identification of multiple joint kinematic chains, adjacent
chain table method was introduced in the paper [10]. Song [11] presented the
spanning tree method of identifying isomorphism and topological symmetry for
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multiple joint kinematic chains, but this method was not easy achieved by com-
puter. Liu [12] presented a representation and isomorphism identification of planar
multiple joint kinematic chains based on the converted adjacent matrix, but con-
verted adjacent matrix not only increased the order of matrix, but also added the
complexity of isomorphism identification process. So from the researches above, to
find a useful method to solve the problem of isomorphism identification of planar
multiple joint kinematic chains is existing research content and further study is
necessary.

In this paper, an algorithm based on the equivalent circuit analysis for isomor-
phism identification of planar multiple joint is presented. Firstly, weighted-double
color contracted graph (WDCCG) and corresponding weighted adjacency matrix
(WAM) are introduced to describe multiple joint kinematic chains. Corresponding
equivalent circuit model (ECM) of the WDCCG is established, then use circuit
analysis method to obtain the node voltages of every vertex in WDCCG. The
solved node voltage sequence (NVS) is used to determine correspondence vertices
of two isomorphism identification kinematic chains. Then an algorithm to deter-
mine isomorphism of planar multiple joint kinematic chains is proposed.

2 Topological Model and Adjacency Matrix

2.1 Topological Model

In this paper, a weighted double color contracted graph (WDCCG) is introduced to
represent the topological structure of kinematic chains. The WDCCG model which
wiped off all of the simple joints and simple joint links form the multiple joint
kinematic chain can improve the efficiency of isomorphism identification. The
graph is established as follows: solid vertices “●” denote multiple joint links and
hollow vertices “○” denote multiple joints. If two multiple-joint links are connected
by simple joints and simple joint links, connect two corresponding solid vertices
with a weighted edge (weighted value equal to the number of simple joints between
two vertices). If one multiple-joint link is connected with one multiple-joint or two
multiple-joints are connected by simple joints and simple joint links, connect them
with a weighted edge as well (weighted value also equal to the number of simple
joints between two vertices). For example, Fig. 1c is the WDCCG of multiple-joint
kinematic chain as showed in Fig. 1a.

2.2 Adjacency Matrix

Obviously, a multiple joint kinematic chain and its WDCCG are one-to-one cor-
respondent with each other. The WDCCG of a kinematic chain can be represented
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by a vertex-vertex weighted-adjacency-matrix (WAM) while the elements of WAM
are defined as follows:

A ¼ ½dij�n�n ¼
ðdijÞ ¼ ðmij1;mij2; . . .;mijkÞ i 6¼ j

ðdijÞ i ¼ j

�
ð1Þ

where n is the number of vertices in WDCCG.
When i = j: if vertex is hollow vertex, then dij = 0; Otherwise the vertex is solid

vertex then dij = 1.
When i 6¼ j: if two vertices are not connected directly, then dij = 0; Otherwise

the two vertices are connected directly by k weighted edges, then dij = mij1, mij2,…,
mijk, (mij1 � mij2 � ��� � mijk, mijk is the weighted value of k-th edge).

For example, the WAM A of a multiple joint kinematic chain as showed in
Fig. 1c can be expressed as follow:

A ¼

1 2 a b
1
2
a
b

ð1Þ ð1Þ ð2Þ ð2; 3Þ
ð1Þ ð1Þ ð3Þ ð2Þ
ð2Þ ð3Þ ð0Þ ð2Þ
ð2; 3Þ ð2Þ ð2Þ ð0Þ

2
664

3
775

3 Equivalent Circuit Analysis

As we know, when two multiple joint kinematic chains are isomorphic, their
WDCCG are exactly the same, their vertices and edges are in one-to-one corre-
spondence with each other, and the vertices, edges in correspondence keep the same
incidence and weighted relation. According to this definition, the necessary and
sufficient condition for isomorphism of kinematic chains is that they have same
WAM, i.e., A = A′.

Fig. 1 A multiple joint kinematic chain and its TM described
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Equivalent circuit model (ECM) of WDCCG is established by its each edge,
which is replaced by a conductance that equal to the weighted value of corre-
sponding edge mij.

Theorem 1 If two WDCCG corresponding to the kinematic chains are isomorphic,
then their corresponding ECM are identical.

For example, two isomorphism multiple joint kinematic chains are showed in
Fig. 2a, b, their WDCCG showed in Fig. 2c, d, respectively. According to the
description above, their corresponding ECM are showed in Fig. 3a, b, respectively.
There are two identical circuits and nodes of this two ECM are in one-to-one
correspondence.

Complete excitation (CE) of an ECM is established as follows: In an ECM with
n nodes, firstly, set a node (n + 1) to be a reference node, then connect the reference
node (n + 1) with every other nodes ni, (i = 1, 2, … , n) of the ECM whose
conductance values equal to the sum of weighted values of the node edges.
Secondly, apply the same current source 1A between node (n + 1) and other nodes
ni, (i = 1, 2, …, n) of the ECM, respectively, in directions of the currents going
from node (n + 1) to other nodes ni, (i = 1, 2, … , n), respectively.

According to circuit theory, two identical circuits under the same CE have the
same response. And their node voltages can be solved by the nodal method of
circuit analysis. The nodal method of circuit analysis can be expressed as follows:
in a circuit network, choose a node as a reference node, the voltage difference
between each node and the reference node is known as the node voltage of the
node. For a circuit network with n nodes, which has (n − l) node voltages, if the
node n as the reference node, the nodal voltage equation can be expressed as:

Fig. 2 Two multiple joint kinematic chains and their WDCCG

Fig. 3 ECM corresponding
to two WDCCG of Fig. 2c, d,
respectively
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G11 G12 � � � G1ðn�1Þ
G21 G22 � � � G2ðn�1Þ
..
. ..

. . .
. ..

.

Gðn�1Þ1 Gðn�1Þ2 � � � Gðn�1Þðn�1Þ

2
6664

3
7775

vn1
vn2
..
.

vnðn�1Þ

2
6664

3
7775 ¼

Isn1
Isn2
..
.

Isnðn�1Þ

2
6664

3
7775 ð2Þ

where: Giiði ¼ 1; 2; . . .; n� 1Þ is called the self admittance of a node i, the value of
which is the sum of the admittance of all branches that are connected to the node i;

Gijði ¼ 1; 2; . . .; n� 1; j ¼ 1; 2; . . .; n� 1Þ is called the mutual admittance of
node i and node j, whose value is the sum of the branch admittance between node
i and node j;

Isniði ¼ 1; 2; . . .; n� 1Þ is called the algebraic sum of the current source for the
inflow node i (inflow is positive, outflow is negative).

For example, an ECM with 4 nodes which are showed in Fig. 4a. Apply the CE
of reference node 5 as showed in Fig. 4b. By nodal method of circuit analysis
Eq. (2), node voltages v1, v2, v3 and v4 can be expressed as follows:

G1 þG4 þG6 �G4 0 �G1

�G4 G2 þG4 þG5 þG7 �G5 �G2

0 �G5 G3 þG5 þG8 �G3

�G1 �G2 �G3 G1 þG2 þG3 þG9

2
664

3
775

v1
v2
v3
v4

2
664

3
775 ¼

1
1
1
1

2
664

3
775

ð3Þ

Then the node voltages v1, v2, v3 and v4 can be obtained by solving the above
Eq. (3). Therefore, the following conclusion can be obtained.

Theorem 2 If two WDCCGs corresponding to the same type of kinematic chains
are isomorphic, their two corresponding ECM N and N′ can be established and
excited by the same CE as above, respectively. Then the node voltages of each
correspondence nodes of two ECM N and N′ are the same.

Fig. 4 An ECM with 4
nodes and its CE by reference
node 5
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For example, two identical ECM N and N′ with 5 nodes as showed in Fig. 3a, b.
Apply same CE of reference node 6 which is showed in Fig. 5a, b, respectively.
And their corresponding WAM are A and A′ can be obtained as follows:

A ¼

1 2 3 a b
1
2
3
a
b

ð1Þ ð2Þ ð0Þ ð1Þ ð2Þ
ð2Þ ð1Þ ð1Þ ð0Þ ð3Þ
ð0Þ ð1Þ ð1Þ ð2; 3Þ ð1Þ
ð1Þ ð0Þ ð2; 3Þ ð0Þ ð0Þ
ð2Þ ð3Þ ð1Þ ð0Þ ð0Þ

2
66664

3
77775

A0 ¼

1 2 3 a b
1
2
3
a
b

ð1Þ ð1Þ ð2Þ ð3Þ ð0Þ
ð1Þ ð1Þ ð0Þ ð1Þ ð2; 3Þ
ð2Þ ð0Þ ð1Þ ð2Þ ð1Þ
ð3Þ ð1Þ ð2Þ ð0Þ ð0Þ
ð0Þ ð2; 3Þ ð1Þ ð0Þ ð0Þ

2
66664

3
77775

By nodal method of circuit analysis, equations about node voltages v1, v2, v3, va
and vb can be expressed respectively as follows:

10 �2 0 �1 �2
�2 12 �1 0 �3
0 �1 14 �5 �1
�1 0 �5 12 0
�2 �3 �1 0 12

2
66664

3
77775

v1
v2
v3
va
vb

2
66664

3
77775 ¼

1
1
1
1
1

2
66664

3
77775 ð4Þ

Fig. 5 Two ECM with the
same CE, respectively
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12 �1 �2 �3 0
�1 14 0 �1 �5
�2 0 10 �2 �1
�3 �1 �2 12 0
0 �5 �1 0 12

2
66664

3
77775

v1
v2
v3
va
vb

2
66664

3
77775 ¼

1
1
1
1
1

2
66664

3
77775 ð5Þ

Then node voltages v1, v2, v3, va and vb of two ECM can be obtained by solving
the above Eqs. (4) and (5), respectively, showed in Table 1.

From the theorem 2, node voltages of each correspondence node in this two
ECM are the same as follows: (va = vb = 0.1627, vb = va = 0.1691, v1 = v3 =
0.1839, v2 = v1 = 0.1691, v3 = v2 = 0.1537). When arrange the obtained node
voltages in descending order with the same node voltages staying together, this set
are called the node voltage sequence (NVS) and denoted as:

NVS ¼ ðv1; v2; . . .; vn1Þ; ðvðn1 þ 1Þ; vðn1 þ 2Þ; . . .; vn
� �ðv1 � v2 � vn1 ; vðn1 þ 1Þ � vðn1 þ 2Þ � � � � � vnÞ

ð6Þ

where: The variables v1; v2; . . .; vn1 represent node voltages of hollow vertex.
The variables vðn1 þ 1Þ; vðn1 þ 2Þ; . . .; vn represent node voltages of solid vertex.
If two identical ECM stimulated by the same CE as above, then the NVS in

correspondence are same. For example, two identical ECM as showed in Fig. 5a, b,
the NVS and vertex codes can be obtained respectively, as follows:

NVSðaÞ ¼ ½ðvb; vaÞ; ðv1; v2; v3Þ� ¼ ½ð0:1691; 0:1627Þ; ð0:1839; 0:1691; 0:1537Þ�
NVSðbÞ ¼ ½ðva; vbÞ; ðv3; v1; v2Þ� ¼ ½ð0:1691; 0:1537Þ; ð0:1839; 0:1691; 0:1627Þ�

If the NVS of two ECM are not the same, then the two WDCCG are not
isomorphic. On the contrary, if they are the same, correspondence vertices in these
two WDCCG can be determined by the element values of NVS. Then perform the
row exchanges of WAM A′ to determine if they are isomorphic. Because the NVS
can reduce the number of row exchanges to several or only just one, this is a very
effective method. For example, by the NVS(a) and NVS(b) of two ECM showed in
Fig. 3a, b, the vertices in correspondence are (a–b, b–a, 1–3, 2–1, 3–2), then
through exchanging the row of WAM A′, we obtain A = A′, which are isomorphic.

Table 1 Node voltages of two ECM with same CE

Vertex type Hollow vertex Solid vertex

Figure 5a Vertex code a b 1 2 3

Node voltage 0.1627 0.1691 0.1839 0.1691 0.1537

Figure 5b Vertex code a b 1 2 3

Node voltage 0.1691 0.1627 0.1691 0.1537 0.1839
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4 Algorithm

Here, a direct algorithm is given to determine isomorphism of planar multiple joint,
and it can be expressed as follows:

Step 1: Input the vertex codes and WAM A, A′ of two WDCCGs corresponding to
the kinematic chains.
Step 2: Assign vertices codes of A and A′ in two groups: the hollow vertexes to be
the first group and the solid vertexes to be another group.
Step 3: Calculate NVS(a), NVS(b) and their vertex codes of the two ECMs with the
same CE, respectively. Compare NVS(a) and NVS(b): if equivalence cannot be
seen, it is determined that they are not isomorphic and program stops; Otherwise, it
is determined that they could be isomorphic. Then check the NVS(a) and NVS(b) to
see if the values in two vertex code groups are all distinct: If yes, go to Step 4; If no,
go to Step 6.
Step 4: Take the NVS(a), NVS(b) and their vertex codes to determine the corre-
spondence of vertices according to the values that are in correspondence.
Step 5: According to the corresponding vertices obtained and the vertex codes to
form new WAM A1

′ , rewrite WAM A′. If A = A1
′ , it is determined that they are

isomorphic; otherwise, they are not isomorphic and program stops.
Step 6: According to the corresponding vertices obtained, the NVS(a) and NVS(b)
have same values in the corresponding two vertex code groups. Just adjust the
position order of vertices of the same group in A′ to obtain vertex codes to from
new adjacency matrix A1

′ . If A = A1′, it is determined that they are isomorphic and
program stops; If A 6¼ A1

′ , keep on adjusting the position order of the aforemen-
tioned vertices in A′ of the vertex code groups for all possibilities. And if A 6¼ A1

′

always, it is determined that they are not isomorphic and program stops.

5 Examples

Example 1: Two 10-link multiple joint kinematic chains are showed in Fig. 6a, b.
Their corresponding WDCCGs are depicted in Fig. 6c, d, respectively. The direct
process to determine isomorphism of this two kinematic chains can be expressed as
follows.

Fig. 6 Two 10-link multiple joint kinematic chains and their WDCCGs
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Step 1: Input their corresponding vertex codes and WAM A, A′ as follows:

A ¼

1 a b c d
1
a
b
c
d

ð1Þ ð2Þ ð0Þ ð1Þ ð3Þ
ð2Þ ð0Þ ð2Þ ð0Þ ð3Þ
ð0Þ ð2Þ ð0Þ ð2Þ ð2Þ
ð1Þ ð0Þ ð2Þ ð0Þ ð3Þ
ð2Þ ð3Þ ð2Þ ð3Þ ð0Þ

2
66664

3
77775

A0 ¼

1 a b c d
1
a
b
c
d

ð1Þ ð0Þ ð2Þ ð2Þ ð1Þ
ð0Þ ð0Þ ð2Þ ð2Þ ð2Þ
ð2Þ ð2Þ ð0Þ ð0Þ ð3Þ
ð2Þ ð2Þ ð0Þ ð0Þ ð3Þ
ð1Þ ð2Þ ð3Þ ð3Þ ð0Þ

2
66664

3
77775

Step 2: Evidently, A 6¼ A′. Assign vertices codes of A and A′ in two groups (a):[(a,
b, c, d),(1)] and (b):[(a, b, c, d),(1)].
Step 3: Calculate NVS(a), NVS(b) and their vertex codes of two ECMs with the
same CE, respectively, as follows:

NVSðaÞ ¼ ½ðvc; vb; va; vdÞ; ðv1Þ� ¼ 0:1551; 0:1546; 0:1451; 0:1275ð Þ; 0:1700ð Þ½ �
NVSðbÞ ¼ ½ðva; vb; vc; vdÞ; ðv1Þ� ¼ 0:1538; 0:1459; 0:1459; 0:1308ð Þ; 0:1714ð Þ½ �

Compare NVS(a) and NVS(b) and equivalence cannot be seen. It is determined that
they are not isomorphic and program stops.

Example 2: Two 11-link multiple joint kinematic chains are showed in Fig. 7a,
b. Their corresponding WDCCGs are described in Fig. 7c, d, respectively. The
direct process to determine isomorphism of this two kinematic chains, as follows.

Fig. 7 Two 11-link multiple joint kinematic chains and their WDCCGs
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Step 1: Input their corresponding vertex codes and WAM A, A′ as follows:

A ¼

1 2 3 4 5 6 7 8
1
2
3
4
5
6
7
8

ð1Þ ð2Þ ð0Þ ð1Þ ð1Þ ð0Þ ð0Þ ð2Þ
ð2Þ ð1Þ ð1Þ ð0Þ ð1Þ ð2Þ ð0Þ ð0Þ
ð0Þ ð1Þ ð1Þ ð1Þ ð0Þ ð0Þ ð1Þ ð0Þ
ð1Þ ð0Þ ð1Þ ð1Þ ð0Þ ð1Þ ð0Þ ð0Þ
ð1Þ ð1Þ ð0Þ ðÞ ð1Þ ð0Þ ð1Þ ð0Þ
ð0Þ ð0Þ ð2Þ ð1Þ ð0Þ ð1Þ ð0Þ ð1Þ
ð0Þ ð0Þ ð2Þ ð0Þ ð1Þ ð0Þ ð0Þ ð2Þ
ð2Þ ð0Þ ð0Þ ð0Þ ð0Þ ð1Þ ð2Þ ð0Þ

2
66666666664

3
77777777775

A0 ¼

1 2 3 4 5 6 7 8
1
2
3
4
5
6
a
b

ð1Þ ð2Þ ð0Þ ð1Þ ð0Þ ð0Þ ð0Þ ð1Þ
ð2Þ ð1Þ ð0Þ ð1Þ ð1Þ ð0Þ ð2Þ ð0Þ
ð0Þ ð0Þ ð1Þ ð1Þ ð2Þ ð1Þ ð0Þ ð2Þ
ð1Þ ð1Þ ð1Þ ð1Þ ð0Þ ð0Þ ð0Þ ð0Þ
ð0Þ ð1Þ ð2Þ ð0Þ ð1Þ ð1Þ ð0Þ ð0Þ
ð0Þ ð0Þ ð1Þ ð0Þ ð1Þ ð1Þ ð1Þ ð0Þ
ð0Þ ð2Þ ð0Þ ð0Þ ð0Þ ð1Þ ð0Þ ð2Þ
ð1Þ ð0Þ ð2Þ ð0Þ ð0Þ ð0Þ ð2Þ ð0Þ

2
66666666664

3
77777777775

Step 2: Evidently, A 6¼ A′. Assign vertices codes of A and A′ in two groups (a): [(a,
b),(1, 2, 3, 4, 5, 6)] and (b): [ (a, b), (1, 2, 3, 4, 5, 6)].
Step 3: Calculate NVS(a), NVS(b) and their vertex codes of two ECMs with the
same CE, respectively, as follows:

NVSðaÞ ¼ ½ðva; vbÞ; ðv5; v4; v2; v6; v1; v3Þ� ¼ ½ 0:2084; 0:2056ð Þ;
ð0:743; 0:2727; 0:2348; 0:2347; 0:2023; 0:1995Þ�

NVSðbÞ ¼ ½ðvb; vcÞ; ðv6; v4; v5; v1; v3; v2Þ� ¼ ½ 0:2084; 0:2056ð Þ;
0:743; 0:2727; 0:2348; 0:2347; 0:2023; 0:1995ð Þ�

\!endaligned[

Compare NVS(a) and NVS(b) and equivalence can be seen. So the node voltages in
two vertex code groups are all distinct, go to step 4.
Step 4: Take the NVS(a), NVS(b) and their vertex codes to determine the corre-
sponding vertices of two WDCCGs as follows: (a–b, b–a, 1–3, 2–5, 3–2, 4–4, 5–6,
6–1).
Step 5: According to the corresponding vertices obtained and the vertex codes to
form new WAM A1′, rewrite WAM A′. Then we have: A = A1′, so they are iso-
morphic and program stops.
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6 Conclusions

In this paper, a weighted-double-color-contracted-graph (WDCCG) and a
weighted-adjacency-matrix (WAM) are introduced to describe the planar multiple
joint. Then isomorphism identification method are carried out by the equivalent-
circuit-models (ECMs) of WDCCGs with the same complete-excitation (CE).
Finally, an algorithm to identify isomorphic kinematic chains is obtained. It is an
efficient and easy method to be realized by computer.

Acknowledgments This project is supported by the Fujian province science and technology
major projects (No. 2015HZ0001)
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Automatic Synthesis of Planar Simple
Joint Kinematic Chains by Single
Kinematic Chain Adding Method

Yanhuo Zou, Peng He, Dawei Xu and Jun Li

Abstract An automatic topological structural synthesis algorithm has been pro-
posed for planar-simple-joint-kinematic-chains (PSJKC) in this paper. The corre-
sponding incident-matrix(IM)s of PSJKCs with special input parameters can be
formed with the single kinematic chain adding method with the help of
single-color-topological-graph(SCTG). And based on the procedure for the SCTG
automatic drawing, an automatic topological structural synthesis algorithm of
PSJKCs with specified degree-of-freedom(DOF) F and number of links n can be
synthesized in batch.

Keywords Planar simple joint kinematic chain � Topological structural synthesis �
Single kinematic chain adding method � Single color topological graph

1 Introduction

Structural synthesis is the first and most important stage in the mechanical con-
ceptual design progress [1, 2]. It is the original innovation of mechanical systems
and provides large numbers of optional structure types when new mechanisms are
created. The structural synthesis of planar mechanisms aims at generating a com-
plete list of kinematic structures of mechanisms with specified input parameters,
which are free from isomorphic kinematic chains. Since 1960s, structural synthesis
of kinematic chains has been attracted by many scholars to research on [3–11], but
structure synthesis of PSJKCs has lingered at a relatively low level in terms of
automation in the past. Therefore, developing a more effective method for auto-
matic topological structural synthesis for all possible kinds of PSJKCs is urgently
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desired, which would directly export final kinematic structures in topological
graphs and would give designers a better visual understanding of the kinematic
chains. Thus it makes concept design more convenient.

An automatic topological structural synthesis algorithm has been advanced for
PSJKCs in this paper. The IMs of the PSJKCs with independent loops D can be
formed by subsequently adding single open chain to the basic chain. In this way,
the topological structures of simple joint kinematic chains with specified DOF
F and number of links n can be automatically synthesized in batch.

2 Automatic Synthesis of IMs from PSJKCs

2.1 Single Color Topological Graph

It is very meaningful to study PSJKC to be represented by SCTG description or IM
representation [5, 6]. The SCTG model is established as follows: solid vertices
indicate the joints of a kinematic chain meanwhile the edges denote the links of a
kinematic chain and connect the corresponding solid vertexes. For example, a
PSJKC showed in Fig. 1a can be represented by the SCTG model showed in
Fig. 1b.

The PSJKC also can be described as link-joint incident-matrix (IM) A and the
elements of IM A are defined as follows:

A ¼ ½aij�n�m ð1Þ

where n is the number of links and m indicates the number of joints. If link i and
joint j are coincident, aij = 1 otherwise aij = 0.

2.2 Automatic Synthesis of IMs

An IM of PSJKC with independent loops D can be formed by subsequently adding
Oj, (j = 2,…,D) to a basic C1

14. For example, the process to form an IM of 10-link

Fig. 1 A PSJKC and its
single color topological graph
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1-DOF PSJKC with independent loops D = 4 as showed in the Fig. 2. The first step
is to choose C1(1-a-2-b-3-c-4-d) to form the kinematic chain IM A(4�4) with one
independent loop; After that, both ends of the O2(e-5-f-6-g) are added to link 1 and
3 to form the kinematic chain IM A(6�7); Then both ends of the O3(h-7-i-8-j) are
added to link 3 and 6 to form the kinematic chain IM A(8�10); Finally, both ends of
the O4 (k-9-l-10-m) are added to link 5 and 8 to form the kinematic chain IM
A(10�13), which meets the requirements.

Supposed that a PSJKC has independent loops D, the number of links and joints
[(m1,n1); (m2,n2);…; (mD,nD)] of the C1,O2,…,OD are determined in the following
measures. At the beginning, in all loops of the kinematic chain, choose the one with
the minimum number of links as the first independent loop. So the number (m1,n1)
of C1 are determined. Then from those remaining O2,O3,…,OD constructing the
second independent loop, which still contains the minimum number of links, the
number (m2,n2) of the second O2 is obtained. By this logo, for the remaining Oj,
Oj+1,…,OD constructing the jth independent loop, which contains the minimum
number of links, the number (mj,nj) of the Oj is obtained. This process can proceed
until independent loops D of [(m1,n1); (m2,n2);…;(mD,nD)] for C1,O2,…,OD are
constructed.

Synthesize all the IMs of the PSJKCs corresponding to input synthesis task.
Firstly, it is very important to determine the number of link-joint distribution sets.
For the PSJKCs, if the Degree-of-Freedom(DOF) F and the number of links n are
obtained, its independent loops D and the number of joints m can be obtained by:

m ¼ ½3ðn� 1Þ � F�=2 ð2Þ

Fig. 2 The process to form a 10-link 1-DOF PSJKC IM
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D ¼ m� nþ 1 ð3Þ

The number of link-joint distribution sets can be obtained as follows:
Step 1: Determine the value of (m1,n1)
For simple joint kinematic chains, notice that the number of link n1 of C1 must

be larger than 4 and the first independent loop must be the shortest one. So the
following equation can be obtained according to the graph theory:

4� n1 � Int½2ð3D� 1Þ=D�
m1 ¼ n1

�
ð4Þ

Step 2: Determine the values of (m2,n2)
According to the discussion above on the algorithm to determine the number of

links of each independent loop, the addition of second O2 to the first loop C1 should
not produce a loop which contains the number of links smaller than that in the first
loop, therefore:

n2 � Intðn1=2Þ
n1 þ n2 � n
m1 þm2 �m
m2 ¼ n2 þ 1

8>><
>>: ð5Þ

Step j: Determine the values of (mD,nD), (j = 3, 4,…,(D − 1))
For the same argument in the determination of the values (m2,n2) of O2, the

addition of Oj to the existing (j − 1) independent loop kinematic chain should not
produce a loop containing the number of links smaller than that in any (j − 1)
independent loops. The values of (mj,nj) must be satisfied as follows:

nj � nðj�1Þ � � � � � n2
n1 þ n2 þ � � � þ nj � n
m1 þm2 þ � � � þmj �m
mj ¼ nj þ 1; ðj ¼ 3; � � � ;DÞ

8>><
>>: ð6Þ

Step D: Determine the values of (mD,nD)
As above, the (mD,nD) must be satisfied:

nD � nðD�1Þ � � � � � n2
n1 þ n2 þ � � � þ nD ¼ n
m1 þm2 þ � � � þmD ¼ m
mj ¼ nj þ 1; ðj ¼ 2; � � � ;DÞ

8>><
>>: ð7Þ

So if the parameters F, n of a structural synthesis task are given, it is easy to
obtain all the possible distribution sets: [(m1,n1);(m2,n2);…;(mD,nD)]k, (k is the
number of the joint-link distribution sets).
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For the link-joint distribution sets: [(m1,n1); (m2,n2);…; (mD,nD)], we can
determine all the IMs of PSJKCs in the following steps:

Step 1: Develop the incident matrix A for the first independent loop. This can be
done by the first C1 according to the values (m1,n1). So have:

Aðn1;m1Þ ¼ 1
Aði; iÞ ¼ 1
Aðiþ i; iÞ ¼ 1

8<
: ; i ¼ ð1; 2; � � � ; n1 � 1Þ ð8Þ

Step 2: Develop the IMs for the two independent loops. This is done by adding
the sketched O2 to any group of link-link of the first independent loop from the first
group to the last group and it can determine the isomorphic IMs to form all the IMs
of 2-th independent loop. Firstly, sketch all the groups of two links: (v2a

e ,v2b
e ) of first

independent loop, which meets condition that the minimum number of links
between those two links (v2a

e , v2b
e ) is not bigger than n1. For one group of two links

(v2a
e , v2b

e ), the IM Ae of second independent loop can be formed as follows:

1. If n2 = 0,

Aeðve2a;m1 þ 1Þ ¼ 1
Aeðve2a;m1 þ 1Þ ¼ 1

�
ð9Þ

2. If n2 � 1,

Aeðve2a;m1 þ 1Þ ¼ 1
Aeðve2b; k2 þ 1Þ ¼ 1
Aeði; iÞ ¼ 1
Aeði; iþ 1Þ ¼ 1

8>><
>>: ; i ¼ ðn1; n1 þ 1; � � � ; k1Þ ð10Þ

where:
k1 ¼ n1 þ n2
k2 ¼ m1 þm2 � 1

�

Step j: Develop all the IMs for the j independent loops. For the incident matrix of
the (j − 1)th independent loop, sketch the Oj and add it to any group of the
link-link: (vja

e ,vjb
e ), (e is the number of groups) from the first group to the last group

to determine the isomorphic IMs. Operate just like this: choose all IMs of the
(j − 1) independent loops from the first to last to obtain all the IMs of j independent
loops, (A1, A2, …, Ae). For the IM Ae of (j − 1)th independent loop, only the group
(vja

e ,vjb
e ) can be chosen meanwhile the addition of Oj on them does not produce a

loop with the number of links smaller than that in the any independent loop before.
Firstly, sketch all groups of two links: (vja

e ,vjb
e ) of (j − 1)th independent loop Ae,

which meets the condition that the minimum number of links between those two
links are supposed not to be bigger than that in (j − 1)th independent loops. For the
group of two links: (vja

e ,vjb
e ), the jth independent loop IM Ae can be formed as

follows:
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1. If nj = 0,

Aeðveja;/j þ 1Þ ¼ 1
Aeðvejb;/j þ 1Þ ¼ 1

�
ð11Þ

2. If nj � 1,

Aeðveja;/j þ 1Þ ¼ 1
Aeðvejb; k2 þ 1Þ ¼ 1
Aeði; iÞ ¼ 1
Aeði; iþ 1Þ ¼ 1

8>><
>>: ; i ¼ ðuj þ 1;uj þ 2; � � � ; k1Þ ð12Þ

Where:

uj ¼ n1 þ n2 þ � � � þ nðj�1Þ
/j ¼ m1 þm2 þ � � � þmðj�1Þ
k1 ¼ /j þ nj
k2 ¼ uj þmj � 2

8>><
>>: , uj: represents the number of links in

(j − 1) independent loops; /j represents the number of simple joints in the (j − 1)
independent loops.

According to the step j, repeat the steps until all the IMs (A1, A2, …, Ae) of
D independent loops are obtained. Then all the IMs are formed corresponding to the
link- joint distribution sets.

3 SCTG Automatic Drawing

In this section, a direct algorithm is given for automatically drawing the SCTG by
IM A in the Matlab7.0, which can be expressed as follows:

Step 1: Input the IM A of the PSJKC.
Step 2: Achieve the vertex-vertex adjacency-matrix (AM) DA corresponding to

SCTG by IM A, the elements of (AM) DA are defined as follows:

DA ¼ ½bij�ðn�nÞ ð13Þ

Where: if i = j, then bij = 0; if i 6¼ j and the vertices i and j are adjacent, then
bij = 1, otherwise bij = 0.

Step 3: Obtain the characteristic-loop(CL) of SCTG by (AM)DA.As we know, in
the SCTG of a PSJKC, the number of independent loopsD = m − n + 1, and the total
number of its loops is T = 2D − 1 at most. Try to find the loop which goes through all
the vertices whose vertex-degrees are more than 3. It contains largest number of
vertices in a SCTG and this kind loop is called CL of a kinematic chain. Plenty of
PSJKCs have showed that there always exist a few elements of CL, or only one.

Here, a direct algorithm is given to search for CL by the (AM) DA of a DCTG,
which can be expressed as follows:
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Step 3.1: Try to find all the permutation and combination of any two adjacency
vertices of (AM) DA: [(v11,v12); (v21, v22);…;(vi1,vi2)];

Step 3.2: For the first combination (v11, v12), use the Depth-First-Traversal
method to form a recursive program to search all the roads from v11 to v12 for all the
loops passing the two root vertices (v11,v12);

Step 3.3: Increase i by 1 and repeat Step 3.2 to find loops passing the two root
vertices (vi1,vi2). Link them until the last combination of two adjacency vertices is
processed to get all the loops [L1,L2,…,LT] of the DCTG.

Step 3.4: Find the CL by choosing the loops which both past all the vertices
whose vertex-degree is more than 3 and contain the largest number of vertices from
the all loops [L1, L2,…,LT]. Such CLs are generally only a few, or even one.

Step 4: Automatically draw of the SCTG by AM DA and CL. It is known that the
SCTG can be drawn in many different ways. And the characteristic graph of a
non-fractionated graph is gotten in the following steps:

Step 4.1: Draw the CL as the outmost loop in the form of a sharing circle.
Specific drawing method can be expressed as follows: If the characteristic-loop has
n1 vertices, draw a circle whose center is (0, 0) and radius is R = 5. Then its
perimeter is divided into n1 average parts by vertices. According to the coordinate
formula of this circle to obtain the coordinates of each vertex on the CL, draw the
vertices of the CL ordered by vertex coordinates.

Step 4.2: Draw remaining vertices inside the CL on the sub simple chains.
Specific drawing way can be expressed as follows: firstly, based on the CL and DA,
find out all the sub simple chains (SSC1,SSC2,….,SSCD−1) on which both the start
and end vertices are by the Depth-First-Traversal method. Secondly, draw a line by
both start and end vertices to from a corresponding sub simple chain. If a sub simple
chain has n2 vertices, the line can be divided equally into (n2 + 1) segments to
obtain the coordinates of each vertex on this sub simple chain; do just link this
above until all the sub simple chains and vertices are determined. If the coordinates
of vertices are same, adjust the corresponding coordinates of relative vertices until
all the vertices do not coincide. Lastly, draw all the vertices in corresponding sub
simple chains by the order of coordinates.

Step 4.3: Set corresponding color and label of each vertex in SCTG by DA. The
rule to determine the color of each vertex can be expressed as follows: draw the
vertices in dark green. The label of each vertex can be determined according to the
ranks of DA, where the link vertices are labeled by the ordered number: (1,2, 3,…,n).

For example, the process to generate SCTG of a PSJKC as showed in the
Fig. 1a, can be obtained which is showed in the Fig. 3.

Fig. 3 Automatically drawn
SCTG of a 10-link 1-DOF
PSJKC
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4 Synthesis Algorithm

A general algorithm is given for automatic topological structural synthesis of
PSJKCs, which can be expressed as follows:

Step 1: Input the parameter value: n and F to obtain the value of independent
loops D and the number of revolute joints m. Then, according to the previous
discussion, calculate the link-joint distribution set denoted by: [(m1,n1); (m2,n2);…;
(mD,nD)]k, (k is the number of the joint-link distribution sets).

Step 2: When k = 1, for the first distribution set: [(m1,n1); (m2,n2);…;(mD,nD)]k,
we can get all the corresponding IMs of PSJKCs: (A1, A2, …, Ae);

Step 3: Increase k by 1 and repeating Step 2 until the last distribution set of k is
processed. Then determine the isomorphic kinematic chains and immovable kine-
matic chains generated from Step 2 to get all the corresponding IMs: (A1, A2, …,
Ab), (b is the number of the PSJKCs of synthesis task);

Step 4: Use the link-joint IMs: (A1, A2, …, Ab) to automatically draw corre-
sponding SCTG of each PSJKC one by one.

By this algorithm, the topological structure of PSJKCs with specified DOF F and
the number of links n can be synthesized in batch. Example 3, for the automatic
topological structural synthesis of 10-link 1-DOF PSJKCs, all the 230 structural
types of SCTGs can be obtained, among which the corresponding 24 structural
types are depicted in the Fig. 4.

Fig. 4 Automatic synthesis of 24 types of 10-link 1-DOF PSJKCs
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5 Conclusions

In this paper, an automatic topological structural synthesis algorithm has been
proposed for the PSJKCs. By the general algorithm for automatic topological
structural synthesis of PSJKCs with independent loops D, if the DOF F and the
number of links n are specified, all corresponding topological structures of PSJKCs
can be synthesized in batch.
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A Novel Geometric Modeling and Solution
Method for Forward Displacement
Analysis of 6-3 Stewart Platforms

Ying Zhang, Qizheng Liao, Shimin Wei, Feng Wei and Duanling Li

Abstract In this paper, we propose a novel modeling and solution method for the
forward displacement analysis of 6-3 Stewart platforms based on Conformal
Geometric Algebra (CGA). First of all, one of three unknown vertices on the
moving platform is expressed with the angle that measuring the elevation of a
triangular face relative to the base reference system. Then, the other two unknown
vertices are established with the aforementioned angle and the scale ratio based on
CGA. Finally, a 16th-degree univariate polynomial equation is reduced from two
geometric constraint equations by constructing a 4 by 4 Sylvester resultant matrix.
At last, a numerical example is deployed to verify the procedure. The novelty of this
paper lies in that only one step elimination procedure is required to derive the
16th-degree polynomial equation and the modeling formulation and the elimination
procedure can be understood with geometric intuition.
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1 Introduction

The Stewart platform [1] is a fully parallel, six-degree-of-freedom manipulator that
generally consists of a base platform, a moving platform and six legs connected to
each other in parallel. The Stewart platforms have been successfully used in a wide
variety of fields and industries, ranging from astronomy to flight simulators, and are
becoming increasing popular in the machine-tool industry [2]. From the 1980s, the
Stewart platforms have attracted wide interests from researchers and engineers due
to their advantages of simplicity, high stiffness, large load capacity, quick dynamic
response and excellent accuracy.

Given the lengths of the six legs, the forward displacement problem is to find the
position and orientation of the moving platform with respect to a base platform. The
problem has been considered a challenging problem, which involves highly non-
linear algebraic equations. There are two main approaches to solve these equations:
numerical schemes and closed-form solutions. A closed-form solution provides
more information about the geometric and kinematic behavior over a numerical
solution and the closed-form univariate polynomial equation has significant theo-
retical values as it is fundamental to many other kinematic problems. Hence
obtaining a closed-form solution to the forward displacement analysis is more
desirable in most cases.

In this paper, we will revisit the forward displacement analysis of 6-3 Stewart
platforms, whose six legs meet in a pair-wise fashion at three-points in the moving
triangular platform. Numerous researchers have worked on this problem. Hunt [3]
stated that the maximum number of assembly modes for the problem was 16 by
geometrical proof. Griffis and Duffy [4] obtained a closed-from solution to the
problem based on the use of the input-output equation of spherical four-bar
mechanisms. However, their approach is not suitable to the general 6-3 Stewart
platforms, for which the six spherical points on the base platform are not restricted
to lie in a plane. Innocenti et al. [5] reduced the problem to the solution of a
non-linear system of three quadratic equations by the study of its equivalent
mechanism, i.e., a 3-RS mechanism, from the forward kinematic viewpoint. Later
on, Liang et al. [6] and Merlet [7] also solved this problem by the approach similar
to the method proposed by Innocenti. The modeling method aforementioned is all
formulated algebraically and non-geometrically based on the geometric and kine-
matic constraint.

In the paper, we will model this problem geometrically based on Conformal
Geometric Algebra (CGA). CGA [8–10] is a new tool for geometric representation
and computation. CGA provides a new model dealing with projective and kine-
matic geometry which is not based on pure point concepts, but points and spheres,
leading to a new stratification hierarchy. CGA is coordinate-free. CGA subsumes
Euclidean Geometric Algebra (EGA) and Projective Geometric Algebra (PGA). In
this paper, we will model this problem in the conformal space by the intersection,
extension and incidence of geometric entities, i.e., spheres, points, lines, planes,
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circles and point pairs etc. CGA has been applied to solve the kinematic problem of
the serial mechanisms [11, 12].

The rest of the paper is organized as follows. In Sect. 2, the definition, the
geometric entities and the operations of CGA are introduced. In Sect. 3, the
kinematic and geometric modeling is established by using CGA. Section 4 pro-
poses the elimination procedure and reduces to a 16th-degree univariate polynomial
equation. In Sect. 5, a numerical example is provided to verify our new kinematic
method. At last, a conclusion is given.

2 Conformal Geometric Algebra

CGA is a very convenient model to do Euclidean geometry. In this section, CGA
with its so-called “conformal model” of 3-dimensional (3D) Euclidean geometry
will be introduced.

2.1 Notations and Basic Computations in CGA

The 5D CGA R
3þ 1;1 is derived from a 3D Euclidean vector space R

3 and a 2D
Minkowski vector space R1;1. CGA has five orthonormal bases e1; e2; e3; eþ ; e�f g,
defined by the properties

e2i ¼ 1; i ¼ 1; 2; 3; ð1Þ

e2þ ¼ 1; e2� ¼ �1; ð2Þ

ei � eþ ¼ ei � e� ¼ eþ � e� ¼ 0: ð3Þ

where e1; e2; e3f g are the three orthonormal base vectors in EGA and eþ ; e�f g are
the two orthogonal bases in Minkowski vector space.

In addition, a null basis can now be introduced by the vectors

e0 ¼ 1
2
ðe� � eþ Þ; ð4Þ

e1 ¼ eþ þ e�; ð5Þ

with the properties

e20 ¼ e21 ¼ 0; e1 � e0 ¼ �1: ð6Þ
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where e0 is the conformal origin and e1 is the conformal infinity.
The three most often used products of CGA are the outer, the inner and the

geometric product. The geometric product consists of an outer (denoted by “^”) and
an inner (denoted by “�”) product, whose roles are to increase or to decrease the
grade of the algebraic entities, respectively. The geometric product of two
multi-vectors A and B is denoted as AB. Blades are the basic computational ele-
ments and the basic geometric entities of the geometric algebra.

The inner (�) and outer (^) products of two vectors u; v are defined as

u � v ¼ 1
2

uvþ vuð Þ; ð7Þ

u ^ v ¼ 1
2
ðuv� vuÞ: ð8Þ

Here, a ¼ u � v represents a scalar, which is a 0-blade, (blade of grade zero),
B ¼ u ^ v represents a bivector, which is a 2-blade. The grade of a blade is simply
the number of vectors that “wedged” together give the blade.

As extension, the inner product of an r-blade u1 ^ � � � ^ ur with an s-blade
v1 ^ � � � ^ vs can be defined recursively by

u1 ^ � � � ^ urð Þ � v1 ^ � � � ^ vsð Þ

¼ u1 ^ � � � ^ urð Þ � v1ð Þ � v2 ^ � � � ^ vsð Þ if r� s

u1 ^ � � � ^ ur�1ð Þ � ur � v1 ^ � � � ^ vsð Þð Þ if r\s

�
;

ð9Þ

with

u1 ^ � � � ^ urð Þ � v1 ¼
Xr

i¼1

ð�1Þr�iu1 ^ � � � ^ ui�1 ^ ui � v1ð Þ ^ uiþ 1 ^ . . . ^ ur;

ur � v1 ^ � � � ^ vsð Þ ¼
Xs

i¼1

ð�1Þi�1v1 ^ � � � ^ vi�1 ^ ur � við Þ ^ viþ 1 ^ . . . ^ vs:

The blades of highest grade are n-blades, called pseudoscalars P. Pseudoscalars
differ from each other by a nonzero scalar only. There exist two unit n-blades,
called the unit pseudoscalars �I, where IE e123ð Þ and IC eþ�123 or e10123ð Þ repre-
sent the unit pseudoscalars of the algebras for the Euclidean and conformal space
respectively.

We define the dual X� of an r-blade X by

X� ¼ XI�1; ð10Þ

where I�1 is the inverse of I. It follows, that the dual of an r-blade is an (n−r)-blade.
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2.2 Geometric Entities in CGA

Compared to 3D EGA, the 5D CGA provides a greater variety of basic geometric
entities to compute with. In CGA, the spheres are the basic entities from which the
other entities are derived. The primitive geometric entities in CGA consist of
spheres, points, lines, planes, circles and point pairs. The definition of the geometric
entities with respect to the inner product null space, their dual representation with
respect to the outer product null space and their grades are given in Table 1. The
detailed derivation is referred to the paper [9]. In Table 1, x is marked bold italic
and it represents the entity in 3D EGA and X is the representation of a geometric
entity in 5D CGA. For example, the basic entities, spheres S, containing the center
p and the radius q is represented by S ¼ pþ 1

2 p2 � q2ð Þe1 þ e0. The point X ¼
xþ 1

2 x
2e1 þ e0 is nothing more than a degenerate sphere with radius q ¼ 0, which

can easily be seen from the representation of a sphere.
The inner product between both normalized points is calculated as

X1 � X2 ¼ x1 þ 1
2
x21e1 þ e0

� �
� x2 þ 1

2
x22e1 þ e0

� �
¼ � 1

2
x21 þ x22
� �þ x1 � x2

¼ � 1
2

x1 � x2ð Þ2¼ � 1
2
d12; ð11Þ

where, d12 denotes the Euclidean distance between two points. From Eq. (11), it
can be seen that X � X ¼ 0. Similarly, the inner product between the point and the

sphere, X � S ¼ � 1
2 x� pð Þ2�q2
� �

, can be used to identify whether a point is

inside or outside of a sphere.

Table 1 The entities and their dual representations in CGA

Entity Representation Grade Dual representation Grade

Sphere S ¼ pþ 1
2 p2 � q2ð Þe1 þ e0 1 S� ¼ A ^ B ^ C ^ D 4

Point X ¼ xþ 1
2 x

2e1 þ e0 1 X� ¼ e1 ^ X 4

Plane P ¼ nIE � de1
n ¼ a� bð Þ ^ a� cð Þ
d ¼ a ^ b ^ cð ÞIE

1 P� ¼ e1 ^ A ^ B ^ C 4

Line L ¼ rIE þ e1mIE
r ¼ a� b
m ¼ a ^ b

2 L� ¼ e1 ^ A ^ B 3

Circle Z ¼ S1 ^ S2 2 Z� ¼ A ^ B ^ C 3

Point pair PP ¼ S1 ^ S2 ^ S3 3 PP� ¼ A ^ B 2

Note In this table, both representations after dualization of geometric entities are not identical and
differ from each other by a nonzero scale ratio only. The representations of points and spheres with
respect to the inner product null space are their normalized representatives. The normalization of
the points can be achieved simply by dividing �e1 � X
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In this paper, the inner product, the outer product and the dual operation are
important. In the next section, we will model this problem based on CGA.

3 Kinematic and Geometric Modeling Based on CGA

A 6-3 Stewart platform A1A2A3A4A5A6–B1B2B3, shown in Fig. 1, has six SPS
(S: spherical joint, P: prismatic joint) legs meeting in a pair-wise fashion at
three-points in the moving triangular platform. The six leg lengths li ði ¼
1; 2; � � � ; 6Þ provided by prismatic joint in every leg are six inputs to control the
position and orientation of the moving platform. For the base platform, the six joints
are not restricted to lie in a plane.

3.1 The Representation of Vertex B1 with Variable h

According to Ref. [5], in Fig. 1, the point B1 can be only located on a circle with
axis A1A2. Therefore we can replace the two SPS links A1B1 and A2B1 by one RPS
(R: Revolute joint) link A0B1 where point A0 denotes the foot point on A1A2 with
respect to point B1. Now, clearly the forward displacement analysis of 6-3 Stewart
platform is equivalent to the equivalent one seen in Fig. 2, where one revolute pair
is introduced in place of two legs converging at point B1.

Then we attach the fixed coordinate frame O: X-Y-Z to the base. The coordinates
of Ai ði ¼ 1; 2; � � � ; 6Þ and the coordinates of Bi ði ¼ 1; 2; 3Þ in the fixed reference
frame are denoted by ai ¼ ðaix; aiy; aizÞT and bi ¼ ðaix; aiy; aizÞT respectively, where
the coordinates of points Ai are known. The distances between points Bi ði ¼
1; 2; 3Þ are denoted by ri i ¼ 1; 2; 3ð Þ and they are known.

r3

B1

l3

B3

B2

A1
A2

A3

A4

A5 l6

l1 l2
l4

l5

A6

r1

r2

Y
X

Z

O

Fig. 1 The geometric model
of a 6-3 Stewart platform
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One variable h is introduced to denote the dihedral angles between the triangles
MA1B1A2 and the base plane. Now the coordinate of the point B1 in Euclidean space
in the fixed frame can be written as follows,

b1 ¼ ðbÞðaÞðhÞ l0; 0; 0ð ÞT þ a0; ð12Þ

where,ðbÞ; ðaÞ and ðhÞ denotes the rotation matrix with axis Y ;X and Z respectively,
and l0 represents the distance between the points B1 and A0, i.e., l0 ¼ B1A0j j, which
can be determined by using the sine law for a planar triangle MA1B1A2.

Introducing the Euler equations cos h ¼ eih þ e�ih
� �	

2 and sin h ¼ eih � e�ih
� �	

2ið Þ, where, i denotes the imaginary unit, according to the list in Table 1, the point
B1 can be represented by CGA as

B1 ¼ b1 þ 1
2
b21e1 þ e0: ð13Þ

3.2 The Representation of Vertices B2 and B3 with Variable
h and k

For the vertex B2 on the moving platform, it can be seen from Fig. 2 that it is one of
the point pair, the intersection of three spheres S1, S2 and S3, i.e., the sphere S1 with
the center at point B1 and the radius r3, the sphere S2 with the center at point A3 and
the radius l3 and the sphere S3 with the center at point A4 and the radius l4. And
therefore, the point pair Bb2 of grade 3 can be expressed as

B1

l3

B3

B2

A0

A4

A5 l6l4

l5

Y
X

Z

A6

l0

r3

r1

r2

A3

O

Fig. 2 The equivalent
geometric model of a 6-3
Stewart platform
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Bb2 ¼ S1 ^ S2 ^ S3; ð14Þ

where, the three spheres S1, S2 and S3 can be represented as follows,

S1 ¼ SB1B2
¼ B1 �

1
2
r23e1;S2 ¼ SA3B2

¼ A3 �
1
2
l23e1; S3 ¼ SA4B2

¼ A4 �
1
2
l24e1;

and the other two centers can be expressed as follows,

A3 ¼ a3 þ 1
2
a23e1 þ e0;A4 ¼ a4 þ 1

2
a24e1 þ e0:

According to Eq. (10), the dual B�
b2
of the point pair Bb2 by

B�
b2
¼ Bb2I

�1
C ¼ �Bb2eþ�123; ð15Þ

According to the expression in Table 1, the dual representation of the point pair
Bb2 can be expressed by

B�
b2
¼ gB21 ^ B22; ð16Þ

The vertex B2 can be reduced from the point pair B�
b2 as

B21;B22f g ¼ 1
2

2 e1 � B�
b2

� �
� B�

b2

e1 � B�
b2

� �
� e1 � B�

b2

� �� k e1 � B�
b2

� �0
@

1
A

¼
e1 � B�

b2

� �
� B�

b2

e1 � B�
b2

� �
� e1 � B�

b2

� ��
k e1 � B�

b2

� �
2

; ð17Þ

where k ¼ 1
g.

Equation (17) is different from the equation in Ref. [10], and in this paper, we
introduce a scale ratio k to avoid the extraneous roots in the solution procedure.

Substituting t1 ¼ e1 � B�
b2
; t2 ¼ e1 � B�

b2

� �
� e1 � B�

b2

� �
¼ t1 � t1;

t3 ¼ e1 � B�
b2

� �
� B�

b2
¼t1 � B�

b2
, the vertex B2 can be expressed by as

B2 ¼ B21;B22f g ¼ t3
t2
� kt1

2
; ð18Þ

where t1 is a vector of grade 1,t2 is a scalar and t3 is also a vector of grade 1.
According to the inner product of two identical points equal to zero, the first

constraint equation is obtained as
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B2 � B2 ¼ 0 , t3
t2
� kt1

2

� �
� t3

t2
� kt1

2

� �
¼ t23

t22
þ k2

4
t2 � kt1 � t3

t2
¼ 0: ð19Þ

According to Eqs. (9) and (16), we have the following expressions,

t1 � t3 ¼ t1 � t1 � B�
b2

� �
¼ gt1 � t1 � B21 ^ B22ð Þð Þ ¼ 0; ð20Þ

t3 � t3 ¼ t1 � B�
b2

� �
� t1 � B�

b2

� �
¼ � t1 � t1ð Þ B�

b2
� B�

b2

� �
¼ �t2D; ð21Þ

where we have used

t1 � B21 ^ B22ð Þ ¼ t1 � B21ð ÞB22 � t1 � B22ð ÞB21; t1 ^ B�
b2
¼ 0;

t1 ^ B�
b2

� �
� t1 ^ B�

b2

� �
¼ B�

b2
^ t1

� �
� t1 ^ B�

b2

� �
¼ t1 � t1ð Þ B�

b2
� B�

b2

� �
þ t1 � B�

b2

� �
� t1 � B�

b2

� �
¼ 0:

and D ¼ B�
b2
� B�

b2
.

Substituting Eq. (20) and (21) into Eq. (19), we have

D
t2

þ k2

4
t2 ¼ 0; ð22Þ

where Eq. (22) is the first equation with two variables k and h.
For the vertex B3 on the moving platform, it can be seen from Fig. 2 that it is the

intersection point of four spheres S4,S5,S6 and S7, i.e., the sphere S4 with the center
at point B1 and the radius r2, the sphere S5 with the center at point A5 and the radius
l5 the sphere S6 with the center at point A6 and the radius l6 and the sphere S7 with
the center at point B2 and the radius r1 . And therefore, the vertex B3 of grade 4 can
be expressed as

B3 ¼ S4 ^ S5 ^ S6 ^ S7; ð23Þ

where, the four spheres S4, S5, S6 and S7 can be represented as follows,

S4 ¼ SB1B3
¼ B1 �

1
2
r22e1; S5 ¼ SA5B3

¼ A5 �
1
2
l25e1;

S6 ¼ SA6B3
¼ A6 �

1
2
l26e1; S7 ¼ SB2B3

¼ B2 �
1
2
r21e1;

and the centers can be expressed as follows,

A5 ¼ a5 þ 1
2
a25e1 þ e0;A6 ¼ a6 þ 1

2
a26e1 þ e0:
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According to Eq. (10), the dual B�
3
of the point B3 by

B�
3
¼ B3I

�1
C ¼ �B3eþ�123 ¼ S7 � B�

b3 ; ð24Þ

where B�
b3 ¼ � S4 ^ S5 ^ S6ð Þeþ�123 and it is a bivector with grade 2.

According to the inner product of two identical points equal to zero, the second
constraint equation is obtained as

B�
3
� B�

3
¼ 0 , S7 � B�

b3

� �
� S7 � B�

b3

� �
¼ 0; ð25Þ

Expanding Eq. (25), we can obtain the following equation with two variables k
and h as

k2

4
U � Uþ k � 1

t2
V � U � r22

2
W � U

� �
þ 1

t22
V � V þ r24

4
W �W � r22

t2
W � V

� �
¼ 0;

ð26Þ

where U ¼ t1 � B�
3
; V ¼ t3 � B�

3
; W ¼ e1 � B�

3
, and U, V and W are all vectors of

grade 1.
Equations (22) and (26) are two kinematic constraint equations for the forward

displacement analysis of 6-3 Stewart platforms. Equation (22) and Eq. (26) are
quadratic equations in variable k. In the next section, we will derive the univariate
polynomial equation in symbolic form for this problem.

4 Solution Procedure

In this section, we will firstly eliminate the variable k from Eqs. (22) and (26) by
Sylvester resultant method, and then we will derive an univariate polynomial
equation and finally, we will substitute back and solve the coordinates of the points
in the moving platform.

4.1 Elimination of the Variable k

By analyzing Eqs. (22) and (26), it can be seen that the degrees of Eqs. (22) and
(26) in k is 2 and 1. Before we eliminate the variable k, we rearrange Eqs. (22) and
(26) in k as follows,
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c12k
2 þ c10 ¼ 0; ð27Þ

c22k
2 þ c21kþ c20 ¼ 0; ð28Þ

where, c12 ¼ t2
4 ; c10 ¼ D

t2
; c22 ¼ 1

4U � U; c21 ¼ � 1
t2
V � U � r22

2 W � U and

c20 ¼ 1
t22
V � V þ r42

4 W �W � r22
t2
W � V .

According to the Sylvester resultant method, the elimination of Eqs. (27) and
(28) in the variable k can be written as:

c12 0 c10 0
0 c12 0 c12
c22 c21 c20 0
0 c22 c21 c20

2
664

3
775

k3

k2

k
1

2
664

3
775 ¼ 04�1: ð29Þ

Equation (29) can simply be written as:

M k3 k2 k 1

 �T¼ 04�1; ð30Þ

where M is a coefficient matrix.
According to Sylvester resultant elimination, Eqs. (27) and (28) have common

zeros if the determinant of the matrix M equals 0, i.e.,

det ¼ Mj j ¼ 0: ð31Þ

Expanding Eq. (31), we can obtain the equation as

det ¼ c212c
2
20 þ c10c12c

2
21 � 2c10c12c20c22 þ c210c

2
22

¼ 1
t22
C�2 þ r22

t2
C�1 þC0 ¼ 0;

ð32Þ

where,

C�2 ¼ D
4
ðV � UÞ2 � D

8
ðU � UÞðV � VÞþ D2

16
ðU � UÞ2 þ 1

16
ðV � VÞ2;

C�1 ¼ � 1
8
ðV � VÞðC � VÞ � D

4
ðV � UÞðC � UÞþ D

8
ðW � VÞðU � UÞ;

C0 ¼ t22r
8
2

256
ðW �WÞ2 þ r42

16
ðW � VÞ2 þ r42

32
ðV � VÞðW �WÞ � r62 t2

32
ðW � VÞðW �WÞ

þ Dr42
16

ðW � AÞ2 � Dr42
32

ðW �WÞðU � UÞ:
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It can be seen that there exists the terms t�2
2 and t�1

2 in Eq. (32), and therefore it
is not easy to see its highest degree. In the next subsection, we will expand and
simplify Eq. (32) and derive a 16th-degree univariate polynomial equation.

4.2 An Univariate Equation in Variable eih

For the term C�2, it can be expanded and rewritten as

C�2 ¼ � 1
4
t22E

2DFþ 1
16

t22 DF � G � GþE2� �2
; ð33Þ

where we use U ^ Vð Þ � U ^ Vð Þ ¼ U � Vð Þ2� U � Uð Þ V � Vð Þ, U ^ V ¼ �t2EB�
b3
;

D U � Uð ÞþV � V ¼ t2 DF � G � GþE2ð Þ, and E ¼ B�
b2
� B�

b3
;F ¼ B�

b3
� B�

b3
;G ¼

B�
b2
^ B�

b3
.

For the term C�1, it can be expanded and rewritten as

C�1 ¼ � 1
8
t2 DF � G � GþE2� �� D

4
t2EHF; ð34Þ

where we use U ^ Vð Þ � U ^Wð Þ ¼ U � Vð Þ U �Wð Þ � U � Uð Þ V �Wð Þ,
U ^W ¼ �HB�

b3
, and H ¼ t1 ^ e1ð Þ � B�

b3
.

Substituting Eqs. (33) and (34) into Eq. (32), it yields to

det ¼ � 1
4
E2DFþ 1

16
DF � G � GþE2
� �2� r22

8
DF � G � GþE2
� �

� r22
4
DEHFþC0

¼ 0 ð35Þ

It can be seen that Eq. (35) is a polynomial equation in variable eih.

4.3 Back Substitution

Solving Eq. (35), all the 16 solutions for eih can be gotten. Substituting eih into
Eqs. (22) and (26), linear equation in variable k can be obtained by using Euclidean
algorithm and k can be solved directly.

After two variables are obtained, the point B1 can be directly gotten from
Eq. (12). The points B2 and B3 can be obtained from Eqs. (18) and (24) by dividing
their magnitudes �e1 � B2 and �e1 � B3 respectively.
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5 Numerical Example

In order to validate the solution procedure, the input data of the numerical example
is given in Table 2 and the same data as Ref. [5]. Due to the space limitation, the
real solutions are only given in Table 3.

6 Conclusion

The paper presents a novel modeling and solution method for the forward dis-
placement analysis of 6-3 Stewart platforms based on CGA. Two kinematic
equations with two variables are formulated for two vectices in the moving platform
by using CGA. The 16th-degree univariate polynomial equation is derived by
constructing a 4 by 4 Sylvester resualtant matrix and it is smaller in size than those
existed. The two kinematic equations have explicit geometric meaning and the real
solutions are easily obtained. Compared with the previously methods in the liter-
ature, the main contribution of the paper lies in that the modeling formulation and

Table 2 Input data

O-X-Y-Z A1 A2 A3 A4 A5 A6

aix 50 −25 80 −50 48 36

aiy 0 −2 20 −20 15 31

aiz 100 40 50 70 68 −93

The distances ri between the points Bi r1 ¼ 135; r2 ¼ 190; r3 ¼ 141

The lengths of six legs li l1 ¼ 76; l2 ¼ 160; l3 ¼ 139; l4 ¼ 55; l5 ¼ 128; l6 ¼ 21

Table 3 Real solutions

i eih k B1 B2 B3

1 0.4371
−0.8994I

0.006058 X
Y
Z

79.5353
−45.8809
152.9018

−26.0942
−68.9457
62.3955

−70.9222
54.3104
94.3853

2 0.7572
−0.6532I

0.006078 X
Y
Z

68.8676
−33.0062
165.8073

−47.0215
21.0886
106.4396

21.2493
137.0612
95.7395

3 0.2969
+0.9549I

−0.004463 X
Y
Z

82.5389
51.0783
145.9154

−48.8261
24.7276
101.9852

14.0067
−108.359
71.8847

4 0.03977
+0.9992I

−0.0009328 X
Y
Z

90.9016
53.3944
135.3847

−40.7763
6.2851
117.4237

−6.7822
−100.5172
74.2180
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the elimination procedure for this problem can be understood with geometric
intuition and only one step elimination procedure is required to derive the
16th-degree polynomial equation.
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Structural Conditions of Two Types
of 3-DOF Parallel Mechanisms
with Zero-Torsion Characteristics

Jiexin Zou and Jingjun Yu

Abstract The tilt-and-torsion angles are used for representations of the orientation
workspace of parallel mechanisms (PMs). For the zero-torsion PMs, it needs only
two angles to represent the orientation workspace. However, there are few studies
about the structural conditions of zero-torsion PMs. This paper deals with the
derivation of structural conditions of two types of three-degree-of-freedom (3-DOF)
parallel mechanisms with zero-torsion characteristics. The PMs include a class of 3-
[PP]S PMs and the 3-RSR one, both of which have been widely used as the ori-
entational stages. The structural conditions of these PMs that satisfies zero-torsion
characteristics have been derived from a conventional kinematics-based approach.
The results indicates that the zero-torsion 3-[PP]S PMs have at least the character-
istic of z-axial symmetry, while the zero-torsion 3-RSR PM should be
mirror-symmetrical in structure.

Keywords Parallel mechanism � Symmetry � Zero torsion

1 Introduction

As it became clear that hexapods are too complex for machining applications,
industry and academia have spent considerable efforts on investigating parallel
mechanisms (PMs) with less than six degrees of freedom (DOF) [1], since the late
1990s. Among all these PMs, the most popular ones are undoubtedly the groups of
3-DOF parallel mechanisms, such as a family of 3-[PP]S PMs [2] and the 3-RSR
PM. A 3-[PP]S parallel mechanism, whose moving platform is attached to three
legs via spherical joints (Fig. 1) and has two rotational and one translational DOFs,
constrains the centers of the spherical joints to move in three vertical planes
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intersecting at a common line. The family of 3-[PP]S parallel mechanisms include
3-PPS PM, 3-RRS PM, 3-RPS PM and 3-PRS PM. The 3-RSR parallel mechanism
is symmetrical about the mid-plane that passes through the centers of the spherical
joints. The axis of upper revolute pair and that of lower revolute pair are coplanar
with respect to each leg of the 3-RSR parallel mechanism.

There is a large number of literatures on 3-[PP]S PMs and the 3-RSR one. A 3-PPS
parallel mechanism was proposed in Ref. [3]. Kinematics of the 3-RPS architecture
was analyzed in Refs. [4–8]. Two different designs related to the 3-PRS PMs were
studied in Refs. [9, 10], and the latter is well known through the patented Z3 Head by
DS Technology [11]. A 3-RRS PM was investigated in Ref. [12]. Both the forward
and inverse kinematics of the 3-RSR PM are investigated in Refs. [13–15].

In Ref. [16], the exponential submanifolds are used to investigate the geometric
properties of zero-torsion parallel kinematics machines. Wu et al. claimed that all
zero-torsion parallel mechanisms are symmetrical around the z-axis and proved that
the Omni-wrist III and the 3-RSR PM are both the zero-torsion parallel mecha-
nisms. But the proposed method seems too complex and not easy to understand
without the knowledge of differential manifolds.

In this paper, the authors apply a conventional kinematics-based approach to
deduce that the structural conditions of the 3-[PP]S PMs and the 3-RSR PM are
zero-torsion parallel kinematics machines. In Sect. 2, the structural condition that
all 3-[PP]S PMs are resorted to the family of zero-torsion PMs is derived. In the
next section, the structural condition that the 3-RSR PM being a zero-torsion one
are also deduced. Finally, conclusions are drawn in Sect. 4.

2 3-[PP]S PM and z-Axial Symmetry

When it comes to the necessary and sufficient condition that the 3-[PP]S PM
belongs to be a zero-torsion one, the derivation procedure is listed as follows.

u
v

w

O'r1 r2

r3

C1
C2

C3
P

O
x
y

z

l1 l2
l3

Fig. 1 3-PRS parallel
mechanism
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Take the 3-PRS PM as an example (Fig. 1). Let O-xyz be the fixed coordinate
system and O′-uvw be the moving coordinate system. Three P joints are parallel to
the z-axis, and three legs constrain the centers of the S joints to move in three
vertical planes. The angle between the plane of leg 1 and x-axis is a, the angle
between the plane of leg 2 and x-axis is b, and the x-axis is perpendicular to the
plane of leg 3. Let C1, C2, C3 denote the centers of the S joints respectively. The
distances between C1, C2, C3 and O′ are represented with r1, r2, r3, and the dis-
tances between C1, C2, C3 and O are l1, l2, l3. In the initial moment, the moving
platform is parallel to the fixed platform, and the x-axis, y-axis, z-axis are parallel to
the u-axis, v-axis, w-axis respectively. The z-axis coincides with the w-axis at its
initial position. Denote p ¼ ð x y z ÞT and p is the vector along OO′ expressed in
the fixed coordinate system, li ¼ ð lix liy liz ÞT and li are the vectors along OCi

expressed in the fixed coordinate system, and ai ¼ ð aix aiy aiz ÞT and ai are the
vectors along O′Ci expressed in the fixed coordinate system.

Here the T&T angle method [17] is used to represent the orientation of the
moving platform, and the resultant rotational matrix in terms of T&T angles is
written directly, which is

T ¼ TZYZ ¼ RZð/ÞRY ðhÞRZðw� /Þ

¼
c/chcðw� /Þ � s/sðw� /Þ �c/chsðw� /Þ � s/cðw� /Þ c/sh

s/chcðw� /Þþ c/sðw� /Þ �s/chsðw� /Þþ c/cðw� /Þ s/sh

�shcðw� /Þ shsðw� /Þ ch

2
64

3
75
ð1Þ

where s� denotes sinð�Þ and c� denotes cosð�Þ.
Considering that the centers of three S joints are constrained to move in three

vertical planes, thus three constraint equations can be derived as

l1y ¼ l1x tan a
l2y ¼ l2x tan b
l3x ¼ 0

8<
: ð2Þ

Let a0i be the vectors along O′Ci expressed in the moving frame, that is

a01 ¼ ð a01x a01y a01z ÞT ¼ ðÞT r1 cos a r1 sin a 0ð Þ
a02 ¼ ð a02x a02y a02z ÞT ¼ ð r2 cos b r2 sin b 0 ÞT
a03 ¼ ð a03x a03y a03z ÞT ¼ ð 0 r3 0 ÞT

8><
>: ð3Þ

According to the vector relationship of li ¼ ai þ p, it can be obtained as
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l1x ¼ xþT11a
0
1x þT12a

0
1y ¼ xþ r1caðc/chc(w� /Þ � s/s(w� /ÞÞ

þ r1sað�c/chs(w� /Þ � s/c(w� /ÞÞ
l1y ¼ yþT21a

0
1x þT22a

0
1y ¼ yþ r1caðs/chc(w� /Þþ c/s(w� /ÞÞ

þ r1sað�s/chs(w� /Þþ c/c(w� /ÞÞ

8>>>><
>>>>:

ð4Þ

l2x ¼ xþT11a
0
2x þT12a

0
2y ¼ xþ r2cbðc/chcðw� /Þ � s/sðw� /ÞÞ

þ r2sbð�c/chsðw� /Þ � s/cðw� /ÞÞ
l2y ¼ yþT21a

0
2x þT22a

0
2y ¼ yþ r2cbðs/chcðw� /Þþ c/sðw� /ÞÞ

þ r2sbð�s/chsðw� /Þþ c/cðw� /ÞÞ

8>>>><
>>>>:

ð5Þ

l3x ¼ xþT12a03y ¼ xþ r3ð�c/chsðw� /Þ � s/cðw� /ÞÞ
l3y ¼ yþT22a03y ¼ yþ r3ð�s/chsðw� /Þþ c/cðw� /ÞÞ

�
ð6Þ

By substituting Eqs. (4)–(6) into Eq. (2), it can be obtained as

yþ r1caðs/chcðw� /Þþ c/sðw� /ÞÞþ r1sað�s/chsðw� /Þþ c/cðw� /ÞÞ
¼ xþ r1caðc/chcðw� /Þ � s/sðw� /ÞÞþ r1sað�c/chsðw� /Þ � s/cðw� /ÞÞ½ � tan a

ð7Þ

yþ r2cbðs/chcðw� /Þþ c/sðw� /ÞÞþ r2sbð�s/chsðw� /Þþ c/cðw� /ÞÞ
¼ xþ r2cbðc/chcðw� /Þ � s/sðw� /ÞÞþ r2sbð�c/chsðw� /Þ � s/cðw� /ÞÞ½ � tan b

ð8Þ

xþ r3ð�c/chs(w� /Þ � s/c(w� /ÞÞ ¼ 0 ð9Þ

According to the Eq. (7), it can be obtained as

x ¼ r3ðcos/ cos h sinðw� /Þþ sin/ cosðw� /ÞÞ ð10Þ

Substitution of Eq. (10) into Eq. (7) yields

y ¼ �r1caðs/chcðw� /Þþ c/sðw� /ÞÞ � r1sað�s/chsðw� /Þþ c/cðw� /ÞÞ
þ ðc/chsðw� /Þþ s/cðw� /ÞÞr3 þ r1caðc/chcðw� /Þ � s/sðw� /ÞÞ½ � tan a
þ r1sa tan að�c/chsðw� /Þ � s/cðw� /ÞÞ ð11Þ
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Substitution of Eqs. (10) and (11) into Eq. (8) yields

� r1caðs/chcðw� /Þþ c/sðw� /ÞÞ � r1sað�s/chsðw� /Þþ c/cðw� /ÞÞ
þ ðc/chsðw� /Þþ s/cðw� /ÞÞr3 þ r1caðc/chcðw� /Þ � s/sðw� /ÞÞ½ � tan a
þ r1sa tan að�c/chsðw� /Þ � s/cðw� /ÞÞ
þ r2cbðs/chcðw� /Þþ c/sðw� /ÞÞ þ r2sbð�s/chsðw� /Þþ c/cðw� /ÞÞ

¼ ðc/chsðw� /Þþ s/cðw� /ÞÞr3 þ r2cbðc/chcðw� /Þ � s/sðw� /ÞÞ½ � tan b
þ r2sb tan bð�c/chsðw� /Þ � s/cðw� /ÞÞ ð12Þ

Sufficient condition: In terms of the zero-torsion property, it can be found that
w = 0. Assume that r1 ¼ r2 ¼ r3 ¼ r, and substitute it into Eq. (12), and the
equation can be simplified as

rðcos h� 1Þsin/ cos/ tan b� tan aþ cos b� cos aþ sina tan a� sinb tan b½ �
þ rðcos h� 1Þðcos2 /� sin2 /Þðsin a� sin bÞ ¼ 0

ð13Þ

In the alternative form, it can be written as

A sinð2/ÞþB cosð2/Þ ¼ 0 ð14Þ

where,

A ¼ 1
2
ðtan b� tan aþ cos b� cos aþ sin a tan a� sin b tan bÞ;

B ¼ 1
2
ðsin a� sin bÞ:

Because / is a continuous variable, it is concluded that A = 0 and B = 0.
When B = 0, a ¼ p� b. And then substitute it into A = 0, that is

sin a tan a� tan a� cos a ¼ 0 ð15Þ

By solving Eq. (15), it can be obtained as

a ¼ 7p=6; b ¼ �p=6 ð16Þ

Above all, the zero-torsion 3-PRS parallel mechanism must be symmetrical
around z-axis.

Necessary condition: Since the parallel mechanism is symmetrical around z-
axis, it can deduced that a ¼ 7p=6 and b ¼ �p=6. Assume that r1 ¼ r2 ¼ r3 ¼ r
and substitute it into Eq. (12), it can be obtained as
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ffiffiffi
3

p
r cos hþ 1ð Þ sinw ¼ 0; w ¼ 0: ð17Þ

Thus the 3-PRS parallel mechanism is definitely a zero-torsion one.

3 3-RSR PM and Mirror Symmetry

The 3-RSR PM (Fig. 2) is mirror symmetrical about the mid-plane that passes
through the centers of S joints. For each leg, the axis of the upper and lower
revolute pairs are coplanar, and it means that they are parallel to each other or
intersecting on the mid-plane. This mirror-symmetry ensures that the 3-RSR PM is
a zero-torsion one.

The derivation procedure is listed as follows.
Let O-xyz be the fixed coordinate system and O′-uvw be the moving coordinate

system. The x-axis coincides with the lineOP1 and the u-axis coincides with the lineO′
Q1. Let C be the midpoint of OO′. Assume that the coordinate of point O′ in the fixed
frame is denoted as ð xO0 yO0 zO0 ÞT. So the coordinate of pointC in thefixed frame is
ð 0:5xO0 0:5yO0 0:5zO0 ÞT. Let r denote themagnitude ofOPi andO′Qi. Assume that

x2O0 þ y2O0 þ z2O0 ¼ p2 ð18Þ

where p is a continuous variable.

O x

yz

O'
u

v
w

P2

P1

P3

S1
S2

S3

Q1

Q2

Q3

C

Mid-plane

leg1

r

Fig. 2 3-RSR parallel
mechanism
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Since the 3-RSR PM is symmetrical about the mid-plane, OO′ is always per-
pendicular to the mid-plane and the point C is located on the mid-plane. Thus the
equation relating to the mid-plane can be formulated as

xO0xþ yO0yþ zO0z� 1
2
p2 ¼ 0 ð19Þ

When applying T&T angles to represent the orientation of the moving platform,
the rotational matrix can be written as

R ¼
cuchcðw� uÞ � susðw� uÞ � cosuchsðw� uÞ � sucðw� uÞ cush
suchcðw� uÞþ cusðw� uÞ �suchsðw� uÞþ cucðw� uÞ sush

�shcðw� uÞ shsðw� uÞ ch

2
4

3
5

ð20Þ

The position vector of O′ is t ¼ ð xO0 yO0 zO0 Þ, and the corresponding
homogeneous transformation matrix is written as

T ¼ R t
0 1

� �
¼

cuchcðw� uÞ � susðw� uÞ �cuchsðw� uÞ � sucðw� uÞ cush xO0

suchcðw� uÞþ cusðw� uÞ �suchsðw� uÞþ cucðw� uÞ sush yO0

�shcðw� uÞ shsðw� uÞ ch zO0

0 0 0 1

2
664

3
775

ð21Þ

and the adjoint transformation of T is written in a form of 6 * 6 matrix, namely,

Ad ¼ R 0
t̂R R

� �
ð22Þ

where t̂ is the antisymmetric matrix of t.
It is worth mentioning that, in the leg 1, the axis of upper revolute pair and that

of upper revolute pair are coplanar, the two twists representing the upper revolute
pair and the lower one are therefore reciprocal to each other according to the screw
theory [18].

The twist of upper rotation pair expressed in the moving frame is formulated as

nQ0
1
¼ ð 0 1 0 0 0 r ÞT ð23Þ

The twist of upper rotation pair expressed in the fixed coordinate system is thus
deduced, namely,
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nQ1
¼ AdnQ0

1
¼

�cuchsðw� uÞ � sucðw� uÞ
�suchsðw� uÞþ cucðw� uÞ

shsðw� uÞ
zO0suchsðw� uÞ � zO0cucðw� uÞþ yO0shsðw� uÞþ rcush
�zO0cuchsðw� uÞ � zO0sucðw� uÞ � xO0shsðw� uÞþ rsush

xO0 ð�suchsðw� uÞþ cucðw� uÞÞþ yO0 ðcuchsðw� uÞþ sucðw� uÞÞþ rch

0
BBBBBB@

1
CCCCCCA

ð24Þ

In addition, the twist of lower revolute pair expressed in the fixed coordinate
system can be written as

nP1
¼ ð 0 1 0 0 0 r ÞT ð25Þ

The coordinate of point Q1 expressed in the fixed coordinate system is written as

OQ1 ¼
rðcuchcðw� uÞ � susðw� uÞÞþ xC
rðsuchcðw� uÞþ cusðw� uÞÞþ yC

�rshcðw� uÞþ zC

0
@

1
A ð26Þ

and the coordinate of point P1 expressed in the fixed coordinate system is

OP1 ¼ ð r 0 0 ÞT ð27Þ

According to the above formulations, the parameterized equation of the axis of
upper revolute pair can be obtained as

x ¼ rðcuchc(w� uÞ � sus(w� uÞÞþ xO0 þ ð�cuchs(w� uÞ � suc(w� uÞÞt
y ¼ rðsuchc(w� uÞþ cus(w� uÞÞþ yO0 þ ð�suchs(w� uÞþ cuc(w� uÞÞt
z ¼ rð�shc(w� uÞÞþ zO0 þ ðshs(w� uÞÞt

8<
: ð28Þ

and the parameterized equation of the axis of lower revolute pair is

x ¼ r

y ¼ s

z ¼ 0

8><
>: ð29Þ

From Eqs. (28) and (29), one can obtain the coordinate of the intersecting point
between the axis of lower revolute pair and that of upper revolute pair ð x y z ÞT.

And then substitute it into Eq. (11), one yields
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2x2O0shsðw� uÞþ 2y2O0shsðw� uÞ � p2shsðw� uÞ
þ 2ryO0cush� 2rxO0sushþ 2xO0zO0sucðw� uÞ
þ 2xO0zO0cuchsðw� uÞþ 2yO0zO0suchsðw� uÞ
� 2yO0zO0cucðw� uÞ ¼ 0

ð30Þ

Equation (30) can be written in an alternative form, namely,

ð2x2O0shþ 2y2O0sh� p2shþ 2xO0zO0cuchþ 2yO0zO0vuchÞs(w� uÞ
þ ð2xO0zO0su� 2yO0zO0cuÞc(w� uÞþ ð2ryO0cush� 2rxO0sushÞ ¼ 0

ð31Þ

Considering the mirror-symmetry property in the 3-RSR mechanism, the
aforementioned equation is always established as,

2x2O0shþ 2y2O0sh� p2shþ 2xO0zO0cuchþ 2yO0zO0such ¼ 0
2xO0zO0su� 2yO0zO0cu ¼ 0
2ryO0cush� 2rxO0sush ¼ 0

8<
: ð32Þ

By Combining Eq. (10) with Eq. (14), it can be obtained as

xO0 ¼ p cosu sinðh=2Þ; yO0 ¼ p sinu sinðh=2Þ; zO0 ¼ p cosðh=2Þ ð33Þ

With the substitution of Eq. (33) into Eq. (24), one yields

nQ1
¼

�cuchsðw� uÞ � sucðw� uÞ
�suchsðw� uÞþ cucðw� uÞ

shsðw� uÞ
�pcucðh=2Þcðw� uÞþ psucðh=2Þsðw� uÞþ rcush
�psucðh=2Þcðw� uÞ � pcucðh=2Þsðw� uÞþ rsush

psðh=2Þcðw� uÞþ rch

0
BBBBBB@

1
CCCCCCA

ð34Þ

According to the reciprocal screw system theory, the reciprocal product nQ1
� nP1

is equal to zero. Thus it can be deduce that

cos(h=2Þð2rsin(h=2Þðsinuþ sinðw� uÞ � p sinwÞ ¼ 0 ð35Þ

Notice that h is a continuous variable, it is concluded that

sinuþ sinðw� uÞ ¼ 0; sinw ¼ 0 ð36Þ

Equation (36) means that w = 0. So the 3-RSR mechanism with
mirror-symmetry characteristic is definitely a zero-torsion PM.
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4 Conclusions

In this paper, a conventional kinematics-based approach is used to prove the
structural conditions of two types of zero-torsion parallel mechanisms, i.e. the 3-
[PP]S PMs and the 3-RSR PM. As for the family of 3-[PP]S parallel mechanisms, z-
axial symmetry is the necessary and sufficient condition of being a zero-torsion
mechanism. However, for the 3-RSR parallel mechanism, the existence of
mid-plane can ensure its zero-torsion property.
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Kinematics and Stiffness Characteristics
of 3-PRP Planar Parallel Mechanism

Yuting Du, Ruiqin Li and Qianwen Dong

Abstract This paper presents a kind of 3-PRP planar parallel mechanism (PPM).
The kinematics property of 3-PRP PPM is analyzed. Its motion constraint equations
are derived to analyze the positive and inverse kinematics of the mechanism using
the coordinate transformation method. The positive and inverse kinematics of
position are derived on the basis of kinematic analysis of the moving platform. It
can figure out the velocity, acceleration of the moving platform and also the
Jacobian matrix. The stiffness of 3-PRP PPM and stiffness components along the
direction of X axis and Y axis and orientation angle h are derived using the new
conservative coordinate conversion stiffness matrix. The stiffness mapping curves
inside workspace are drawn under the situation that orientation angle is given using
Matlab software. The stiffness characteristics of 3-PRP PPM is analyzed based on
the stiffness mapping curve.

Keywords 3-PRP � Planar parallel mechanism � Kinematics � Stiffness

1 Introduction

The stiffness is an important index describing the characteristics of parallel
mechanisms. Exploring the stiffness mapping and stiffness characteristics of parallel
mechanisms and the influence of the stiffness variation on the performance of the
mechanism, has important significance on stiffness control, structure design and
parameter selection of parallel mechanisms [1].

Gosselin et al. [2] presented a stiffness mapping matrix of 3-RPR Planar Parallel
Mechanism (PPM for short) and analyzed the influence on stiffness characteristics
for different structure parameters. Li et al. [3, 4] studied the stiffness of 3-RPR and
3-PRR PPM. The stiffness matrices of the two mechanisms were deduced by using
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conservative congruence transformation stiffness matrix. The distribution diagrams
of stiffness mapping of the two mechanisms with different structure parameters
were obtained by using Matlab. Wu [5] obtained new conservative congruence
transformation stiffness matrix of 3-RPR PPM.

Wu et al. [6] studied the stiffness of 3-PPR PPM. The translation stiffness and
rotation stiffness are expressed by using graphical representation. Dong et al. [7]
analyzed the stiffness in the direction of non-function of 3-PRR micro-motion
manipulator.

In this paper, configuration and coordinates of 3-PRP PPM are described in
Sect. 2. The kinematics and Jacobian matrix are deduced in Sect. 3. The stiffness
matrix are solved in Sect. 4. Stiffness mapping and stiffness characteristics are
displaced in Sects. 5 and 6, respectively. Conclusions are drawn in Sect. 7.

2 Configuration and Coordinates of 3-PRP PPM

As shown in Fig. 1, 3-PRP PPM is composed of moving platform, base and three
limbs. Each limb has two prismatic pairs and one revolute pair. The 3-PRP PPM is
symmetrical distribution. Three sliders connected to the base are driving links. The
center P of the moving platform is the output reference point. Figure 1a is the initial
position of the mechanism. Figure 1b is the general position of the mechanism. The
moving platform of 3-PRP PPM has two translations and one rotation.

In Fig. 1, the static coordinate system O-XY is connected to the base. The origin
O is located at the geometric center of the base. The moving coordinate system P-xy
is connected to the moving platform. The origin P is located at the geometric center
P of the moving platform. Mi i ¼ 1; 2; 3ð Þ is the initial positions of three prismatic
pairs. The included angle between the three mobile guide in the base and X axis in
O-XY is hi = 0°, 120°, 240° (i = 1, 2, 3), respectively.

(a) Initial position (b) General position

1M 1S′

1N ′

2M

2N ′

3S′

3N ′ x 

y

P
3M

2S′S2

M1
S1

N1

Y

X

2θ3θ

O

M3

N2N3

S3

M2

Fig. 1 Configuration of 3-PRP PPM. a Initial position b general position
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In Fig. 1b, the coordinates of the center P of the moving platform in O-XY is
xp; yp
� �

. The included angle between the corresponding axes in P-xy and O-XY is

hp. p ¼ ðxp; yp; hpÞT represents the position and orientation of the moving platform.
Supposing the driving position variable q ¼ ðq1; q2; q3ÞT . The length of link NiSi

is h. The length of the OSi in the initial position is li. The length of PS0i in the
general position is l0i. The structure parameters of 3-PRP PPM are shown in Table 1.

3 Kinematics and Jacobian Matrix of 3-PRP PPM

The forward kinematics is that given the input quantity q ¼ ðq1; q2; q3ÞT to solve
the output quantity p ¼ ðxp; yp; hpÞT .

The point S0i in O-XY can be expressed as follows.

oS0i ¼
xp þ l0i sin hi þ hp

� �
yp � l0i cos hi þ hp

� �� �
¼ qi cos hi þ li sin hi

qi sin hi � li cos hi

� �
ð1Þ

Expanding Eq. (1), yields

l0i sinðhi þ hpÞ ¼ qi cos hi þ li sin hi � xp ð2aÞ

l0i cosðhi þ hpÞ ¼ �qi sin hi þ li cos hi þ yp ð2bÞ

Eliminating the variable l0i, yields

cos hi þ hp
� �

xp þ sin hi þ hp
� �

yp � qi cos hp þ li sin hp ¼ 0 ð3Þ

Let Ai ¼ cos hi þ hp
� �

, Bi ¼ sin hi þ hp
� �

, Di ¼ �qi cos hp þ li sin hp
Simplifying Eq. (3), the equations of the forward position/orientation solutions

are expressed as follows.

A1xp þB1yp þD1 ¼ 0 ðaÞ
A2xp þB2yp þD2 ¼ 0 ðbÞ
A3xp þB3yp þD3 ¼ 0 ðcÞ

8<
: ð4Þ

Table 1 The structure parameters of 3-PRP PPM

Parameters
limb

Link
NiSi/mm

Prismatic pair/mm Input quantity
qi/mm

Output quantity/mm

Limb 1 100 100 150 130

Limb 2 100 100 150 130

Limb 3 100 100 150 130
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In the 3-PRP PPM, Ai, Bi has nothing to do with the input variables qi, thus

D1 þD2 þD3 ¼ 0 ð5Þ

Substituting Di into Eq. (5), yields

a sin hp þ b cos hp ¼ 0 ð6Þ

where a ¼ 3li, b ¼ �q1 � q2 � q3.
Solving Eq. (6), yields

hp ¼ 2 tan�1 a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p

b
ð7Þ

Solving Eq. (4a) and (b), yields

xp ¼ 2
ffiffi
3

p
3 e� fð Þ

yp ¼ 2
ffiffi
3

p
3 k � mð Þ

(
ð8Þ

where

e ¼ �q2 sin hp cos hp þ li sin2 hp;

f ¼ �q1 sinð120� þ hpÞ cos hp þ li sinð120� þ hpÞ sin hp;
k ¼ �q1 cosð120� þ hpÞ cos hp þ li cosð120� þ hpÞ sin hp;
m ¼ �q2 cos2 hp þ li sin hp cos hp:

Inverse kinematics is to calculate the input values q ¼ ðq1; q2; q3ÞT in the static
coordinate system of 3-PRP PPM under given the output position/orientation values
p ¼ ðxp; yp; hpÞT of the moving platform.

From Eq. (3), the input values qi can be obtained.

qi ¼
cos hi þ hp

� �
xp þ sin hi þ hp

� �
yp þ li sin hp

cos hp
; i ¼ 1; 2; 3ð Þ ð9Þ

Jacobian matrix expresses the velocity mapping relationship between input and
output of the PPM. Jacobian matrix can be used to solve the moving velocity of the
PPM. It is also the prerequisite conditions to analyze the performances of the PPM
such as singularity, dexterity and stiffness, etc.

The constraint equation is established as follows.

Fðp; qÞ ¼ 0 ð10Þ

where q represents the input quantity of the mechanism.
p represents the output quantity of the mechanism.
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Differentiating Eq. (10) with respect to time, yields

Jp _p ¼ Jq _q ð11Þ

where Jp ¼ @F
@p, Jq ¼ @F

@q, _q ¼ _q1; _q2; _q3ð ÞT represents driving velocity, _p ¼
ð _xp; _yp; _hpÞT represents velocity vector of the moving platform.

Equation (11) can be rewritten as

_q ¼ J_p ð12Þ

where J ¼ J�1
p Jq is called the Jacobian matrix of 3-PRP PPM.

The coordinates of the point N 0
i is

xN0
i
¼ xp þðl0i � hÞ sin hi þ hp

� �
yN 0

i
¼ yp � ðl0i � hÞ cos hi þ hp

� �
(

ð13Þ

The coordinates of the point S0i is

xS0i ¼ qi cos hi þ li sin hi
yS0i ¼ qi sin hi � li cos hi

�
ð14Þ

According to link length constraint condition of link N 0
i S

0
i, the following equation

can be obtained.

ðxN0
i
� xS0iÞ

2 þðyN 0
i
� yS0iÞ

2 ¼ h2 ð15Þ

Substituting the coordinates of N 0
i , S

0
i, into Eq. (15), yields

xp þðl0i � hÞsðhi þ hpÞ � qichi � lishi
� 	2 þ yp � ðl0i � hÞcðhi þ hpÞ � qishi þ lichi

� 	2
¼ h2

ð16Þ

Differentiating Eq. (16) with respect to time, yield

xp þðl0i � hÞsðhi þ hpÞ � qichi � lishi
� 	

_xp þ _hpðl0i � hÞcðhi þ hpÞ � _qichi
h i

þ yp � ðl0i � hÞcðhi þ hpÞ � qishi þ lichi
� 	

_yp þ _hpðl0i � hÞsðhi þ hpÞ � _qishi
h i

¼ 0

ð17Þ
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Let

aix ¼ xp þðl0i � hÞsðhi þ hpÞ � qichi � lishi;

aiy ¼ yp � ðl0i � hÞcðhi þ hpÞ � qishi þ lichi;

eix ¼ ðl0i � hÞsinðhi þ hpÞ; eiy ¼ ðl0i � hÞ cosðhi þ hpÞ�

Thus, Eq. (17) can be rewritten as

a1x a1y a1xe1y þ a1ye1x
a2x a2y a2xe2y þ a2ye2x
a3x a3y a3xe3y þ a3ye3x

2
64

3
75

_xp
_yp
_hp

2
64

3
75

¼
a1xch1 þ a1ysh1 0 0

0 a2xch2 þ a2ysh2 0

0 0 a3xch3 þ a3ysh3

2
64

3
75

_q1
_q2
_q3

2
64

3
75 ð18Þ

Thus,

Jp ¼
a1x a1y a1xe1y þ a1ye1x
a2x a2y a2xe2y þ a2ye2x
a3x a3y a3xe3y þ a3ye3x

2
4

3
5 ¼

b11 b12 b13
b21 b22 b23
b31 b32 b33

2
4

3
5 ð19Þ

Jq ¼
a1xch1 þ a1ysh1 0 0

0 a2xch2 þ a2ysh2 0
0 0 a3xch3 þ a3ysh3

2
4

3
5 ¼

n1 0 0
0 n2 0
0 0 n3

2
4

3
5

ð20Þ

where n1 ¼ a1xch1 þ a1ysh1, n2 ¼ a2xch2 þ a2ysh2, n3 ¼ a3xch3 þ a3ysh3.
Substituting Jp, Jq into J ¼ J�1

p Jq, the Jacobian matrix J can be expressed as

J ¼ J�1
p Jq ¼

b11
n1

b12
n1

b13
n1

b21
n2

b22
n2

b23
n2

b31
n3

b32
n3

b33
n3

2
64

3
75 ð21Þ

4 Stiffness Matrix of 3-PRP PPM Based on Conservation
Congruence Transformation

The stiffness can be divided into two kinds of link stiffness and section stiffness [3].
The magnitude of the link stiffness is proportional to the force/moment exerted on
the link and linear displacement and angular displacement caused by the
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force/moment. The elastic modulus or shear modulus of the section stiffness is
related with the sectional area of links or inertia moments exerted on the links.

The displacement of the moving platform of the multi-DOF mechanism is the
mode of the unit vector force F. When the mode of the displacement of the moving
platform is a unit vector, the mode of the force F is equal to singular value of the
matrix. From this, K can be defined as the stiffness matrix of the mechanism. The
stiffness matrix can describe the stiffness of the PPM. The stiffness matrix repre-
sents the relationship between the external force or external moment exerted on the
moving platform and the displacement of the moving platform.

The stiffness matrix of the mechanism can be solved by kinematic constraint
equations of the mechanism. The stiffness of any point in the workspace of the PPM
can be solved by the stiffness matrix.

Kc ¼ JTKjJ ð22Þ

where Kj represents joint stiffness matrix.
Equation (22) only considers the influence of the internal forces in the mecha-

nism, doesn’t consider the influence of the external force. The external force will
lead to deformation of the links. Considering two influencing factors, the stiffness
matrix based on conservation coordination transformation can be expressed as
follows [8].

Kc¼KG þ JTKjJ¼KG þ SJ ð23Þ

For the 3-PRP PPM, the expression of KG can be rewritten as

KG ¼ @JT
@xp

T @JT
@yp

T @JT
@hp

T
h i

ð24Þ

where T ¼ T1; T2; T3½ �T is driving force or driving moment. The relationship
between T and external force or moment F ¼ f ;m3½ �T can be expressed as follows.

F ¼ JTT ð25Þ

Because 3-PRP PPM is acted only by external forces, not by the impact of the
moment, T and F only represent the driving forces and external forces of the 3-PRP
PPM.

Supposing the joint stiffness matrix is

Kj ¼
k11 0 0
0 k22 0
0 0 k33

2
4

3
5 ð26Þ
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From the Jacobian matrix of 3-PRP PPM in Eq. (21), the following expression can
be obtained.

J1i ¼ b1i
n1

; J2i ¼ b2i
n2

; J3i ¼ b3i
n3

i ¼ l; 2; 3ð Þ ð27Þ

Because p ¼ pðqÞ ¼ ðxp; yp; hpÞT , g and j can be obtained, then KG and SJ can be
further obtained.

gi1 ¼ @

@xp

b1i
n1

T1 þ b2i
n2

T2 þ b3i
n3

T3


 �
ð28Þ

gi2 ¼ @

@yp

b1i
n1

T1 þ b2i
n2

T2 þ b3i
n3

T3


 �
ð29Þ

gi3 ¼ @

@up

b1i
n1

T1 þ b2i
n2

T2 þ b3i
n3

T3


 �
ð30Þ

j1i ¼ b11b1i
n21

k11 þ b21b2i
n22

k22 þ b31b3i
n23

k33 ð31Þ

j2i ¼ b12b1i
n21

k11 þ b22b2i
n22

k22 þ b32b3i
n23

k33 ð32Þ

j3i ¼ b13b1i
n21

k11 þ b23b2i
n22

k22 þ b33b3i
n23

k33 ð33Þ

where gi1; gi2; gi3 are the elements of the matrix KG � j1i; j2i; j3i are the elements of
the matrix SJ .

Supposing Kcxp ;Kcyp ;Kchp are the elements of the stiffness matrix Kc in the X, Y,
h direction of 3-PRP PPM, respectively, thus

Kcxp ¼ g11 þ j11 ¼ @

@xp

b11
n1

T1 þ b21
n2

T2 þ b31
n3

T3


 �
þ b211

n21
k11 þ b221

n22
k22 þ b231

n23
k33

ð34Þ

Kcyp ¼ g22 þ j22 ¼ @

@yp

b12
n1

T1 þ b22
n2

T2 þ b32
n3

T3


 �
þ b212

n21
k11 þ b222

n22
k22 þ b232

n23
k33

ð35Þ

Kchp ¼ g33 þ j33 ¼ @

@hp

b13
n1

T1 þ b23
n2

T2 þ b33
n3

T3


 �
þ b213

n21
k11 þ b223

n22
k22 þ b233

n23
k33

ð36Þ
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5 Stiffness Mapping of 3-PRP PPM

Stiffness mapping is an important parameter in the stiffness control of the parallel
mechanism. It shows the transformation relation between the joint stiffness and the
rectangular coordinate space. The distribution diagrams of the stiffness mapping can
clearly reflect the specific situation and the characteristics of the stiffness distribution.

Solving Eqs. (34)–(36) using Matlab, the stiffness mapping distribution of
3-PRP PPM can be obtained.

(1) The distribution of the stiffness mapping when Ti ¼ 0 and kii ¼ 1.

When Ti ¼ 0 and kii ¼ 1 i ¼ 1; 2; 3ð Þ, 3-PRP PPM is not affected by external
forces. The distribution of the stiffness mapping of 3-PRP PPM are shown in Fig. 2.
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Fig. 2 Distribution of the stiffness mapping of 3-PRP PPM when Ti ¼ 0 and kii ¼ 1 i ¼ 1; 2; 3ð Þ
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Figures 2a and b show the distribution of the stiffness mapping along X direction
when the orientation angles hp ¼ 0 and hp ¼ p=2, respectively.

Figures 2c and d show the distribution of the stiffness mapping along Y direction
when the orientation angles hp ¼ 0 and hp ¼ p=2, respectively.

Figures 2e and f show the distribution of the stiffness mapping in h direction
when the orientation angles hp ¼ 0 and hp ¼ p=2, respectively.

(2) The distribution of the stiffness mapping when Ti ¼ 1 and kii ¼ 0.

When Ti ¼ 1 and kii ¼ 0 i ¼ 1; 2; 3ð Þ, 3-PRP PPM is influenced by external
force. The distribution of the stiffness mapping are shown in Fig. 3.

Figures 3a and b show the distribution of the stiffness mapping in X direction
when the orientation angles hp ¼ 0 and hp ¼ p=2, respectively.
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Fig. 3 Distribution of stiffness mapping of 3-PRP PPM when Ti ¼ 1 and kii ¼ 0 i ¼ 1; 2; 3ð Þ
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Figures 3c and d show the distribution of the stiffness mapping in Y direction
when the orientation angles hp ¼ 0 and hp ¼ p=2, respectively.

Figures 3e and f show the distribution of the stiffness mapping in h direction
when the orientation angles are hp ¼ 0 and hp ¼ p=2, respectively.

(3) Distribution of stiffness mapping when Ti ¼ 1 and kii ¼ 1.

3-PRP PPM is influenced by external forces and internal forces when
Ti ¼ 1 and kii ¼ 1 i ¼ 1; 2; 3ð Þ. The distribution of stiffness mapping is shown in
Fig. 4.

Figures 4a and b show the distribution of stiffness mapping along X direction
when the orientation angles hp ¼ 0 and hp ¼ p=2, respectively.
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Fig. 4 Distribution of stiffness mapping of 3-PRP PPM when Ti ¼ 1 and kii ¼ 1 i ¼ 1; 2; 3ð Þ
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Figures 4c and d show the distribution of stiffness mapping along Y direction of
when orientation angles hp ¼ 0 and hp ¼ p=2, respectively.

Figures 4e and f show the distribution of stiffness mapping in h direction of
when orientation angles hp ¼ 0 and hp ¼ p=2, respectively.

6 Stiffness Characteristics of 3-PRP PPM

From Eqs. (34) to (36) and Fig. 2, 3 and 4, the following results can be obtained.
(1) The stiffness of 3-PRP PPM is a function proportional to the driving force T and
ki. (2) The variation law of the SJ.

In Figs. 2a and b, the stiffness in X direction is proportional to the bi1 and
increases with increasing bi1. The stiffness of 3-PRP PPM is inversely proportional
to ni and decreases with increasing ni. In the workspace, the stiffness in X direction
increases with increasing the value x of the moving platform and decreases with
increasing the value y of the moving platform. When the orientation angle
hp ¼ p=2, the stiffness in X direction is similar to the stiffness after rotating a certain
angle in an anticlockwise direction when the orientation angle hp ¼ 0�

In Figs. 2c and d, the stiffness in Y direction is proportional to bi2 and increases
with increasing bi2. The stiffness is inversely proportional to ni and decreases with
increasing ni. In the workspace, the stiffness in Y direction first increases and then
decreases with increasing the value x of the moving platform. The maximum value
is reached at approximately 145 mm. When the orientation angle hp ¼ p=2, the
stiffness in Y direction is similar to the stiffness after rotating a certain angle in an
anticlockwise direction when the orientation angle hp ¼ 0.

In Figs. 2e and f, the stiffness in h direction is proportional to bi3 and increases
with increasing bi3. The stiffness is inversely proportional to ni and decreases with
increasing ni. In the workspace, the stiffness in h direction first increases and then
decreases with increasing the value x of the moving platform. The maximum value
is reached at approximately 145 mm.

(3) The variation law of the KG

In Figs. 3a and b, the stiffness in X direction is inversely proportional to ni and
decreases with increasing ni. In the workspace, the stiffness in X direction increases
with increasing the value x of the moving platform. When the orientation angle
hp ¼ p=2, the stiffness in X direction is similar to the stiffness after rotating a certain
angle in an anticlockwise direction when the orientation angle hp ¼ 0.

In Figs. 3c and d, the stiffness in Y direction is inversely proportional to ni and
decreases with increasing ni. In the workspace, the stiffness in Y direction first
decreases and then increases with increasing the value x of the moving platform.
The maximum value is reached at approximately 140 mm. When the orientation
angle hp ¼ p=2, the stiffness in X direction is similar to the stiffness after rotating a
certain angle in an anticlockwise direction when the orientation angle hp ¼ 0.
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In Figs. 3e and f, the stiffness in h direction is inversely proportional to ni and
decreases with increasing ni. In the workspace, the stiffness in h direction in Fig. 3e
first decreases then increases with the values x of the moving platform. The max-
imum value is reached at approximately 140 mm. The stiffness decreases with
increasing the value y of the moving platform.

The stiffness in h direction decreases with increasing the value x of the moving
platform and increases with increasing the value y of the moving platform in
Fig. 3f.

(4) Stiffness matrix of 3-PRP PPM

The stiffness of 3-PRP PPM is analyzed by the comparison of the position
stiffness matrix not affected by external force and the position stiffness matrix
affected by external force.

In Figs. 4a and b, the stiffness in X direction is proportional to bi1 and ni. In the
workspace, the stiffness in X direction increases with increasing the value x of the
moving platform and decreases with increasing the value y of the moving platform.
When the orientation angle hp ¼ p=2, the stiffness in X direction is similar to the
stiffness after rotating a certain angle in an anticlockwise direction when the ori-
entation angle hp ¼ 0.

In Figs. 4c and d, the stiffness in Y direction is proportional to bi2 and ni. In the
workspace, the stiffness in Y direction first increases and then decreases with
increasing the value x of the moving platform. The maximum value is reached at
approximately 140 mm. When the orientation angle hp ¼ p=2, the stiffness in
X direction is similar to the stiffness after rotating a certain angle in an anticlock-
wise direction when the orientation angle hp ¼ 0.

In Figs. 4e and f, the stiffness in h direction is proportional to bi3 and ni. In the
workspace, the stiffness in h direction first increases and then decreases with
increasing the value x of the moving platform. The maximum value is reached at
approximately 140 mm. The stiffness increases with increasing the value y of the
moving platform.

7 Conclusions

This paper deduced the stiffness components along the X, Y, h directions of 3-PRP
PPM based on new conservative congruence transformation stiffness matrix. The
distribution diagrams of stiffness mapping in the workspace with different orien-
tation angles are drawn based on MATLAB. According to obtained the distribution
diagram of stiffness mapping of 3-PRP PPM, the variation laws of the stiffness are
analyzed. The stiffness of 3-PRP PPM is a function relative to the mechanism
configuration. The stiffness of the mechanism is not only affected by the external
forces but also is proportional to the joint stiffness. The influence of the external
forces not only displays the magnitudes of the external forces, but also displays the
action directions of the external forces.
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Topology Optimization of 3-DOF
Peristaltic Structure Based on Vector
Continuous Mapping Matrix

Zhu Dachang and Feng Yanping

Abstract A method for topology optimization of peristaltic structure with vector
continuous mapping matrix using SIMP method is presented in this paper. The
focus of this paper is on how to keep the differential motion consistency. As the
conventional joints/hinges are no longer needed after topology optimization,
therefore, we renamed this kind of structure as peristaltic structure. In the proposed
method, the vector continuous mapping matrix is build as stress/strain transfer
direction conditions for topology optimization of peristaltic structure, and SIMP
method used for multi-inputs and multi-outputs which decided by parallel prototype
mechanisms. Some numerical examples are presented to illustrate the validity of the
proposed method.

Keywords Peristaltic structure � Topology optimization � Vector continuous
mapping matrix

1 Introduction

Substantial researchers have been spent on the design of Micro/Nano equipments in
recent years. Flexure joints are typically manufactured monolithically, therefore,
avoid assemble errors. In terms of operation, flexure joints have little friction loss
and do not require lubrication. The generate smooth and continuous displacement
without backlash. So flexure joints are usually used to compose the structure of
Micro/Nano equipments which named as compliant mechanisms [1, 2]. However,
compliant mechanisms can not finish multi-dimensional motion characteristic in
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spatial. To overcome the shortcoming, the structure of parallel mechanisms with
flexure joints are investigated which called as compliant parallel mechanism. Yun
[3] presented the design and modeling of a new 6-DoF 8-PSS/SPS compliant dual
redundant parallel robot with wide-range flexure joints, and the kinematics model of
the macro parallel mechanism system via the stiffness model and Newto-Raphson
method are adapted to build the dynamic’s model for the micro-motion system. Wei
[4] proposed a compliant ultra-precision parallel position based on the coarse/fine
dual architecture, and flexure hinges are adopted as compliant passive joints. Choi
[5] proposed a compliant parallel mechanism for two translations and applied to a
XY fine motion stage driven by piezo actuators, and four flexure-based prismatic
joint chains are arranged in four sides of a target platform to implement the com-
pliant parallel mechanism. Gao and Zhang [6] designed a novel three DoF com-
pliant parallel mechanism and its performance characterization is analyzed which
affects the application potential. Treatments of the characterization and design of
compliant parallel mechanisms may also be found in other literatures [7–9]. By
using the flexure hinges instead of the conventional rigid joints, although this kind
of structure compose method have spatial multi-dimensional motion characteristics,
but the whole stiffness is decent obviously. It is important to design a perfect
structure satisfy the two subjects: high stiffness and multi-dimensional operation
ability.

In terms of high stiffness, topology optimization method is proposed for com-
pliant mechanism. Topology optimization approach is advantageous because it does
not require a rigid-link mechanism configuration as a starting point, and can be used
to design single-piece fully compliant mechanisms. Ever since Bends/e introduced
the homogenization method [10], many topology optimization methods have been
developed such as the solid isotropic material with the penalization (SIMP) method
[11], the ground structure method [12] and level set based method [13], etc.
Although topology optimization has been a matured tool for optimization design
problem, most of them are focusing on the single input-output conditions. In reality,
parallel compliant mechanism with multiple inputs and outputs are widely used in
the fields of micro-positioning and micro-manipulation. The relationship between
multiple I/O are vector mapping matrix with certainly connection. Zhu et al. [14,
15] presented a hinge-free compliant mechanism which has one input and two
outputs based on level set method. Yong et al. [16] presented a wavelet-based
topology optimization formulation by implicitly imbedding wavelet shrinkage
method into optimization formulation based on SIMP method. Topology opti-
mization methods for parallel compliant mechanisms may also be found in other
literatures [17–19]. In those methods, compared with conventional parallel proto-
type mechanisms, the motion characteristics of designed structure are ambiguity.
On the other hand, the mechanism has not been included the hinge form after the
topology optimization process, in this case, we called this structure as peristaltic
structure in this paper.

In this study, we proposed a new method for topology optimization of planar
3-DoF peristaltic structure based on differential kinematic vector continuous
mapping matrix with conventional prototype parallel mechanism. The remainder of
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this paper is organized as follows. In Sect. 2, the differential kinematic vector
continuous mapping matrix with conventional prototype parallel mechanism is
build. In Sect. 3, the optimization problems of design peristaltic structure are
proposed based on SIMP method. The shape sensitivity analysis is applied to obtain
the displacement field for the optimization which combined with the vector map-
ping matrix. In Sect. 4, numerical examples are presented to demonstrate the
effectiveness of the proposed method. Finally, conclusions are developed.

2 Differential Kinematic with Vector Continuous Mapping
Matrix

In order to keep the differential kinematic characteristics with the prototype of
parallel mechanism, the differential kinematic equations with vector continuous
mapping of micro-elastic deformation mechanism should be set. Without loss of
generality, we select the 3-RRR prototype of planar parallel mechanism as an
example. As shown in Fig. 1, the structure of 3-RRR prototype planar parallel
mechanism is established.

Constraint equations may be described as

xB = xA þ h cosu; yB = yA þ h sinu ð1Þ

xC = xA þ h cos uþ p
3

� �
; yC = yA þ h sin uþ p

3

� �
ð2Þ

Fig. 1 3-RRR planar parallel
prototype mechanism
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Vector equations of the limb PDA may be described as

OA ¼ OPþPDþDA ð3Þ

where xp ¼ yp ¼ 0
Substituting (1), (2) into (3), we get

xA � a1cosh1 ¼ b1cos(h1 þw1Þ; yA � a1sinh1 = b1sin(h1 þw1Þ ð4Þ

Considering two other limbs, we can get

c� a2 cos h2 � b2 cosw2 ¼ xA þ h cosu; a2 sin h2 þ b2 sinw2 ¼ yA þ h sinu ð5Þ

xA þ hcos uþ p
3

� �
¼ 1
2
c � a3cosh3 � b3cosw3; yA þ h sin uþ p

3

� �
= l

� a3 sin h3 � b3 sinw3 ð6Þ

Assumed that the displacement of each limb are equal to infinitesimal and may
defined as h0i ¼ hi þDhi; i ¼ 1; 2; 3, and then (4)–(6) can be rewritten as following
with infinite displacement.

x0A � a1 cosðh1 þDh1Þ ¼ b1 cosððh1 þw1Þþ ðDh1 þDw1ÞÞ

y0A � a1 sinðh1 þDh1Þ ¼ b1 sinððh1 þw1Þþ ðDh1 þDw1ÞÞ ð7Þ

x0B ¼ c� a2 cosðh2 þDh2Þ � b2 cosðw2 þDw2ÞÞ ¼ x0A þ h cosðuþDuÞ

a2 sinðh2 þDh2Þþ b2 sinðw2 þDw2ÞÞ ¼ y0A þ h sinðuþDuÞ ð8Þ

x0C ¼ x0A þ h cos uþ p
3

� �
þDu

� �
¼ 1

2
c� a3 cosðh3 þDh3Þ � b3 cosðw3 þDw3Þ

y0C ¼ y0A þ h sin uþ p
3

� �
þDu

� �
¼ l� a3 sinðh3 þDh3Þ � b3 sinðw3 þDw3Þ

ð9Þ

Let Dx ¼ x0A � xA and Dy ¼ y0A � yA, and then the three parameters can be
defined as output displacement of moving platform. The relationship between active
joint displacement and task displacement is the given by (4)–(9), and the vector
continuous mapping matrix between the joints and task displacement can be for-
mulated as following.

Dx
Dy
Du

2
4

3
5 ¼ JD

Dh1
Dh2
Dh3

2
4

3
5 ð10Þ
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where

JD ¼

a1sw1ðsðaÞsw2 þ sðcÞsw3

�M
a2sðbÞs rð ÞsðaÞ

�M
a3sðbÞsðcÞs h3 � w3ð Þ

M
a1sw1ðsðaÞsw2cw2þ sðcÞcw3Þ

M
a2cðbÞs rð ÞsðaÞ

M
a3cðbÞsðcÞs h3 � w3ð Þ

�M
a1sw1s w3 � w2ð Þ

hM
a2s h2 � w2ð Þs w3 � h1 � w1ð Þ

hM
a3s h3 � w3ð Þs w2 � h1 � w1ð Þ

hM

2
6666664

3
7777775

a ¼ uþ p
3
� w3; b ¼ h1 þw1; c ¼ uþw2; r ¼ h2 � w2; sð�Þ ¼ sinð�Þ; cð�Þ

¼ cosð�Þ

M ¼ s uþ p
3
� w3

� �
s h1 þw1 � w2ð Þþ s uþw2ð Þs h1 þw1 � w3ð Þ

3 Topology Optimization of 3-DoF Peristaltic Structure

3.1 SIMP Model of Topology Optimization with Vector
CMM

The motion characteristic of 3-DoF peristaltic structure has three input parameters
and three output parameters respectively. By using the vector continuous mapping
matrix (CMM), the model of SIMP is build as

min C ¼P3
i¼1

P3
j¼1

~U
T
j KUi ¼

XN
e¼1

X3
i¼1

X3
j¼1

~U
T
ejq

p
eKEUei

s:t: K~Uj ¼ Fj KUi = Fi Fj = JDFi i; j ¼ 1; 2; 3Z
X
qedX�V 0� qmin � qe � 1 e ¼ 1; 2; � � � ;N

ð11Þ

where Uj is companion displacement vector, K is whole post optimality stiffness of
peristaltic structure, Ui is the displacement with actual load, V is post optimality
volume of peristaltic structure, Fi is i# actual load, Uei is the unit displacement
vector under the i# actual load, Fj is j# virtual load, ~Uej is the unit displacement
vector under the j# virtual load, KE is unit stiffness, qe is unit density, p is penalty
factor and satisfy p�max 2

1�v0
4

1þ v0
� �

.
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3.2 Sensitivity Analysis

Sensitivity analysis in topology optimization includes the sensitivity of objective
function and constraint function. Differentiating the two functions with respect to
design variables, we can derive the direction of iterative update during topology
optimization process.

(1) Sensitivity analysis of objective function

Differentiating (11) with respect to density yields

@C
@qe

¼
@
P3
j¼1

~UT
j

 !
@qe

Kþ
X3
j¼1

~UT
j
@K
@qe

0
BBBB@

1
CCCCA
X3
i¼1

Ui

þ
X3
j¼1

~UT
j

@K
@qe

X3
i¼1

Ui þK
@
P3
i¼1

Ui

� �
@qe

0
BB@

1
CCA�

X3
j¼1

~UT
j
@K
@qe

X3
i¼1

Ui ð12Þ

From a macro perspective, without loss of generality, we assumed that the I/O is
unconcerned with design variables, and then differentiating (11) with respect to
design variables, we get

@K
@qe

X3
j¼1

~UT
j þK

@
P3
j¼1

~UT
j

 !
@qe

¼
@
P3
j¼1

Fj

 !
@qe

¼ 0 ð13Þ

@K
@qe

X3
i¼1

Ui þK
@
P3
i¼1

Ui

� �
@qe

¼
@
P3
i¼1

Fi

� �
@qe

¼ 0 ð14Þ

Substituting (13), (14) into (12), we get

@C
@qe

¼ �
X3
j¼1

~UT
j K
X3
i¼1

Ui ð15Þ

Substituting the K ¼ PN
e¼1

qpeKE into (15), the computational formula for objective

function sensitivity analysis is given by
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@C
@qe

¼
XN
e¼1

X3
i¼1

X3
j¼1

p~UT
j q

p�1
e KEUi ð16Þ

(2) Sensitivity analysis of constraint function

Differentiating the volume function with respect to the density, sensitivity of
constraint function can be derived as

@V
@qe

¼ @
R
X qedV

� 	
@qe

¼ 1 ð17Þ

We find that the sensitivity of constraint function is constant. It denotes that the
direction of iterative update of volume with design variables is assured.

3.3 Solution with Optimization Model

We apply Lagrange multiplier to construct the Lagrange function which including
objective function and constraint function simultaneously. By solving the extreme
value of the Lagrange function, the optimization value of objective function can be
derived. The optimization criterion algorithm is proposed for iterative update which
described as

q kþ 1ð Þ
e ¼

min ðmþ 1Þq kð Þ
e ; 1

n o
max ð1�mÞq kð Þ

e ; qmin

n o
D kð Þ

e

� 	f
q kð Þ
e

minfðmþ 1Þq kð Þ
e ; 1g� D kð Þ

e

� 	f
q kð Þ
e �max ð1�mÞq kð Þ

e ; qmin

n o

8>>>>>><
>>>>>>:

ð18Þ

where q kð Þ
e is the iteration value of k step, q kþ 1ð Þ

e is the iteration value of kþ 1 step,
and m is the mobile limit constant and m is a appropriate constraint to design
variables for stability the iteration process. Based on literature [10], its range may
be selected between 0.1 and 0.3, f is damping factor and range of 0.4–0.5, and D kð Þ

e
is expressed as following.

D kð Þ
e ¼

pqðp�1Þ
e

P3
j¼1

~UT
j KE

P3
i¼1

UiDE

KðkÞVE

¼ ðmaxð0;� @C
@qe

ÞÞ=KðkÞVE ð19Þ
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where KðkÞ is the Lagrange multiplier with volume constraint of k step iteration and
the update of Lagrange multiplier is adapted double convex linear programming
algorithm, VE is the unit volume of k step iteration.

3.4 Heaviside Filter

We adapt Heaviside function to modify the linear filter for peristaltic structure. As
the minimum filter radius, if ~qe [ 0, then �qe ¼ 1, otherwise, ~qe ¼ 0, �qe ¼ 0.

The resulting of linear filter can be given by

~qi ¼
X
j

xijqj;
X
j

xij ¼ 1 ð20Þ

where xij is the filter weight factor of the j unit to the i unit.
To get the better discrete 0/1 distribution optimization results, and decent the

middle density unit, second weight calculation equation and Heaviside function are
adopted as following.

xij ¼
rmin�dði, jÞP

k2Ni

ðrmin�dði, kÞ j 2 Ni

0 j 62 Ni

8<
: ;Ni ¼ fJ: ðrmin � dði, jÞÞ� 0g ð21Þ

where d(i, j) is the displacement between i unit and j unit, and rmin is the minimum
filter radius.

4 Design Conditions and Simulations for Peristaltic
Structure

Based on linear elastic relationship between force and displacement, the three-DoF
of peristaltic structure has been changed to force output, shown as Fig. 2.

Assumed that the topology optimization yield of peristaltic structure is a square
with size 12� 12, and the number of discrete grid is 120� 120, the elastic modulus
of solid material is 2� 1011 Pa, the elastic modulus of holes are 10�3 Pa, Poisson’s
ratio is 0:3, optimum volume ratio is 0:3, minimum filter radius is 1:5, input force
Fin1 is 1000 N, input force Fin2 is 1000 N, input force Fin3 is 1000 N. Based on the
relationship between input forces and output forces which denoted as, the output
forces can be solved as Fout1 ¼ 365N, Fout2 ¼ 1680N, Fout3 ¼ 1130N, respectively.
The optimization was run for 180 iterations, and the topology optimized structure of
peristaltic structure is shown as Fig. 3, and the iterative process of the optimization
is shown as Fig. 4.
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And then, Ansys software is used for static simulations of peristaltic structure.
The differential displacement of direction and are shown as Fig. 5a and b with the
maximum value and respectively. The differential rotational displacement of
direction is shown as Fig. 5c with the maximum value.

Fig. 2 Design conditions for peristaltic structure with topology optimization method

Fig. 3 Topology
optimization structure of
peristaltic mechanism
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Fig. 4 Convergence curve of optimization process of the peristaltic structure

Fig. 5 Differential displacement of peristaltic structure a with direction x; b with direction y;
c with direction z
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5 Conclusions

In this study, we presented a new formulation for synthesis of peristaltic structure
with vector continuous mapping matrix based on topology optimization method. In
proposed method, the vector continuous mapping matrix, derived with parallel
prototype mechanism, is taken into account to make the peristaltic structure to keep
the same kinematic characteristic with parallel prototype mechanism. By doing so,
we proposed a new topology optimization method combined SIMP with vector
continuous mapping matrix to synthesis peristaltic structure. Numerical simulations
with vector continuous mapping matrix are presented for illustrating the validity of
the presented method.
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Vision-Aided Online Kinematic
Calibration of a Planar 3RRR
Manipulator

Hai Li, Xianmin Zhang, Lei Zeng and Heng Wu

Abstract In this paper, we propose an automatic approach for the online kinematic
calibration of a planar 3RRR manipulator. This method utilizes a camera as the
global sensor to measure pose of the end effector. After the visual measuring system
obtains enough pose data, an algorithm based on the implicit model is performed
for the kinematic calibration. Finally, the calibration result is sent to the controller
to compensate the geometric model of the manipulator. All these mentioned steps
are implemented automatically without human intervene. Experiment studies on a
real system have shown the effectiveness and the convenience of the present
method.

Keywords Vision-aided � Kinematic calibration � 3RRR manipulator � Automatic

1 Introduction

Kinematic calibration is widely used in robotics to improve the absolute accuracy of
manipulators. In other words, the basic goal of calibration is to find a more precise
kinematic model of the manipulator. Usually, four steps are included in the cali-
bration procedure [1, 2]. Firstly, developing a kinematic model. Secondly, mea-
suring a sequence of poses with different configurations. Thirdly, identifying the
accurate parameters of the models with proper optimized algorithm. Fourthly,
compensating the controller with the optimized parameters. Due to the advantages
of high stiffness, high speed, and compact structure, parallel mechanisms have
drawn many researchers’ attention. Plenty of research about the kinematic cali-
bration of parallel manipulators has been done in recent decades. Zhuang et al.
present a method used for calibration of Gough-Stewart, measuring setup used in

H. Li � X. Zhang (&) � L. Zeng � H. Wu
Guangdong Province Key Laboratory of Precision Equipment
and Manufacturing Technology, South China University of Technology,
Guangzhou 510640, China
e-mail: zhangxm@scut.edu.cn

© Springer Nature Singapore Pte Ltd. 2017
X. Zhang et al. (eds.), Mechanism and Machine Science,
Lecture Notes in Electrical Engineering 408,
DOI 10.1007/978-981-10-2875-5_79

963



this method is theodolite [3]. Joubair et al. [4, 5] carry out calibrations for a planar
PM and a five bar mechanism with the measuring setup of coordinate measurement
machine (CMM) and measurement arm (MA). Kim presents a calibration for a
Cartesian PM using a ballbar [6]. Except commercial measurement setups men-
tioned above, vision-based equipment also has widely used in this area. Renaud
et al. [7] propose a calibration method for a H4 PM with a vision-based metrology.
Daney et al. [8] propose an optimized pose choosing strategy and realize the
calibration for a Gough-Stewart PM with a vision-based device. Traslosheros et al.
[9] realize the calibration of a delta PM with a camera attached at the end effector.

An obvious drawback for the calibration methods mentioned above is that this
procedure is done before the use of the manipulator, which may cause the cali-
bration result inaccurate when the manipulators are loaded or continuously running.
In addition, as the measurement setup and the manipulator are two separated sys-
tems, data transfer between these two systems is inconvenient and always needs
aiding from human. Hence, the entire procedure is inefficiency and non-automatic.
In order to make the calibration procedure easy to implement and fully automatic,
an effective way is to integrate a measurement sensor that can communicate with
the controller of the manipulator. The ideal sensor has the following characteristics:
full pose measurement ability, low price, open access for data acquisition. Compare
the common measuring setups mentioned above, it can be found out that only
vision sensor can satisfy these requirements for system integration.

In this paper, a scheme that combines vision sensor and controller of the planar 3
RRR parallel manipulator is proposed. Utilize the convenient of the combined
system, automatic online kinematic calibration of the manipulator is realized. In
Sect. 2, vision-based online pose measurement is present in detail. Kinematic
calibration of 3RRR is introduced in Sect. 3. Section 4 is the experiment. Section 5
is the conclusion.

2 Vision-Aided Pose Measurement

2.1 System Scheme

The pose of the mobile platform can be measured by camera through recognizing
low-level geometric features on it, such as the points or the lines [10]. In practical,
point feature is more commonly used. As the 3RRR have three degree of freedoms
in the motion plane, so theoretically two markers are enough. However, more
marker points will make the measurement more robust to noise. A system schematic
diagram is shown in Fig. 1. In this scheme, optical axis of the camera is set to be
perpendicular to the base platform. Mobile platform can move to the desired pose
under the control of the controller, and its actual pose can be measured through the
camera and sent to the controller immediately. Hence, the automatic online cali-
bration can be realized.
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In this section, we outline the main principles of the vision-aided online mea-
suring system, the planar 3RRR manipulator used in this system is the one proposed
in reference [11].

2.2 Define the Coordinate Frames

To measure the pose of the moving platform by the camera, the first thing is to
confirm the coordinate frames. Four frames are included in this system, as shown in
Fig. 2. The following notations are used in this paper.

Network cable

Image processor

Location holes Base platform

Mobile platform

Active Markers

Camera and Lens

RS 232

Controller

Fig. 1 System setup

cxcy
cz u

v

1d

hΔ

bO

cO

1B 2B

1M

2M

mO
mx

my
mz

bx
bybz

Fig. 2 Schematic diagram of
the systemic coordinate
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• RbðOb; xb; yb; zbÞ is the base coordinate of the PPM with its origin at location
hole B1 and y-axis coincident with B1B2.

• RmðOm; xm; ym; zmÞ is the coordinate on the mobile platform with its origin at the
location hole M1 and y-axis direction of M1M2.

• RcðOc; xc; yc; zcÞ is the camera coordinate with its origin at the optical center Oc.
• Oi � UV is the coordinate of the image plane with its origin at the top-left corner

of the image.
• IP, MP, BP is short for image plane, mobile plane and base plane, respectively.
• jTi is the transformation from frame Ri to Rj.

All these frames are right-handed coordinate and their Z-axises are parallel and
perpendicular to the base plane. B1, B2 and M1, M2 are the location holes on the
base plane and mobile platform, respectively. Focal length of the lens is f, distance
from IP to MP and MP to BP are d , Dh, respectively. As B1 and M1 are the
centroids of the base platform and mobile platform respectively, components in bTm
represent the pose of the mobile platform under the frame of base coordinate.

2.3 Pose Measuring in Base Frame

From the classic pin-hole camera model, we can obtain the projective transfor-
mation equation from world space to image space as following [12]:

u
v
1

0
@

1
A ¼ sK½R; T �

X
Y
Z
1

0
BB@

1
CCA ð1Þ

where K is the 3� 3 intrinsic parameter matrix of the camera, R and T are 3� 3
rotation matrix and the 3� 1 translation vector respectively from frame of the
world to frame of camera. This projection equation is defined to an arbitrary
factor s.

For this system, as BP, MP, IP are parallel to each other and Z-axis component
of the points on the plane is zero, so the projective from MP to IP or BP to IP can be
uniformly simplified as:

u
v
1

0
@

1
A ¼ sKA

X
Y
1

0
@

1
A ¼ sK

cos h � sin h tx
� sin h � cos h ty

0 0 1

2
4

3
5 X

Y
1

0
@

1
A: ð2Þ

Matrix A represents the simplified transformation relation from reference frame
to camera frame. Three parameters are included in this matrix. Once the intrinsic
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parameter matrix K and more than two known points are obtained, then A can be
solved out with Eq. (2).

After obtaining cTb and mTb, pose expressed in base frame can be written as
cTb � mT�1

b . Intrinsic parameter matrix of the camera can be gotten from using the
camera calibration with the methods proposed in reference [13]. Known points can
be obtained from using the active markers as shown in the following experiment.

2.4 Discussions of This Measuring Method

Three main kinds of errors are included in this measuring scheme, the lens dis-
tortion, uncertainty of the intrinsic parameters of the camera, and the installation
error of the camera. To improve the absolute measuring accuracy of this system,
calibration of this system with the help of another high-precision setup is necessary.
All these problems with be solved and presented in our next paper.

3 Kinematic Calibration

The manipulator used here is the one proposed in literature [11]. It is designed as
the macro manipulator in the macro-micro manipulates system. Main target of this
manipulator is realizing rapid precision positioning at the accuracy of 10 lm with
the load of micro positioning platform. Once the manipulator is loaded, its kine-
matic parameters need to be re-calibrated.

In this section, kinematic model of this mechanism will be introduced firstly, and
then is the calibration model. Parameter identification also will be simply discussed.

3.1 Closed Loop Vector Equation of the 3RRR

Figure 3 is the schematic diagram of 3RRR. As shown in this figure, Ai, Bi, Ci

represent the revolute joints. AiBi and BiCi are the active and passive links,
respectively. Their corresponding designed length are ai and bi. Orientation angles
of AiBi and BiCi in base frame are hi and ci. Origins of frame Rb and Rm are the
centroids of A1A2A3 and C1C2C3, respectively. Designed value of OAi and O0Ci are
di and ci, their corresponding orientation angles are ai and bi. (i represents the
number of the chains, its value is set from 1 to 3.)

To better display the mathematical model of this mechanism, a branch is taken
out separately, as shown in Fig. 4. Utilizing the close-loop vectors [14], an equation
that includes kinematic model can be obtained as following:

Vision-Aided Online Kinematic Calibration … 967



OO0��!þO0Ci
��!� OAi

��!� AiBi
��!� BiCi

��! ¼ 0: ð3Þ

Suppose a pose of the mobile platform is x j; y j;u jð ÞT , and the coordinates of Ai

and Ci in the base frame are xAi; yAið ÞT and xCi; yCið ÞT , respectively. According
Eq. 3 and the orientation angles mentioned before, a new equation can obtain as
following:

x j

y j

� �
þ cosu j � sinu j

sinu j cosu j

� �
xCi
yCi

� �
� xAi

yAi

� �
� cos h j

i

sin h j
i

� �
ai � cos c ji

sin c ji

� �
bi ¼ 0 ð4Þ

After multiplying the vector cosc ji ; sin c
j
i

� �
at both sides of this equation, this

equation is simplified as a single equation that includes all the geometric parameters
and the pose. In addition, it can be simplified as:

wiðji; m ji Þ ¼ 0: ð5Þ

where ji ¼ ðxAi; yAi; ai; bi; xCi; yCiÞ, represents the geometric parameters of the ith
branch of the manipulator, m ji ¼ ðx j; y j;u j; h j

i Þ, represents the jth pose and the
corresponding input angles.
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Fig. 3 Schematic diagram of
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3.2 Kinematic Calibration Method

Equation 5 is reasonable under the ideal conditions. However, if take the manu-
facturing, installation, and load into consideration, this equation will not be equal.
This means that the geometric parameters of the manipulator are inaccurate com-
pared with the designed value. Once pose of the manipulator has been measured, a
rational way to identify the real parameters of this PM is to find out the optimized
solution of the following equation:

min
X3
i¼1

XN
j¼1

wiðji;~m ji Þ
�� ��2 ð6Þ

where N is the number of pose. Since there are 18 parameters that need to identify,
at least 6 different poses are required. Appropriate increasing of the number of the
poses can improve the accuracy and robustness of the result. This is a non-linear
optimize problem, which can be solved by the least square method,
Levenberg-Marquardt method, or kalman-based method, etc. In this paper, the
Levenberg-Marquardt algorithm is chosen as the method for this problem.

4 Experiment

To test the effectiveness of the proposed approach, a real system is constructed as
shown in Fig. 5. The vision system consists of a CMOS camera (Tendency Dalsa,
Genie TS M2048) with the resolution of 2048 � 2048, a prime lens (Kowa,
LM16SC) with the focus length of 16 mm, and an image processor (IP) (Intel(R)
Core(TM) i7-4770MQ, CPU 2.40 GHz, RAM 8 GB). As mentioned before,
manipulator used here is the one proposed in literature [11], its control system is
built base on a motion control card from Galil (DMC-1886PCI). The controller of
the robot and the measuring system communicate with interface of RS232. To
decrease the time for image processing, active markers (AMs) are designed and
used as shown in this figure.

Experiment includes several steps as shown in the following. First, a set of pose
are choosing as the target measurement pose. Second, the corresponding input angle
will be calculated by the inverse kinematic of the mechanism and sent to the
controller. Once the mobile platform reach to each of the target configuration, the
actual pose will be measured by the vision system. After all the poses are measured
and recorded, the kinematic calibration proposed in Sect. 3 will be implemented,
and the results will be sent to the controller automatically. Finally, automatic online
calibration is finished. The calibration results are shown in Table 1.

After obtaining the compensate values of the kinematic model, a set of 49 poses
are measured with the designed model and the compensated model, respectively.
These 49 poses are evenly distributed in a square workspace with the side length of
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120 mm, as shown in Fig. 6a. The numbers on the top of the poses represent the
pose number. Figure 6b shows the corresponding positioning error. From this
figure, we can find out that after compensation, the absolute accuracy of the robot
has been improved from 0.12 to 0.04 mm.

Fig. 5 Experiment setups

Table 1 Kinematic calibration results

i Value

xAi yAi ai bi xCi yCi
1 −346.2670 −199.8231 244.9540 241.8785 −97.1206 −56.1790

2 346.4335 −200.0030 244.9333 242.0029 96.9359 −55.9968

3 −0.0830 400.1246 245.0377 242.0304 0.0838 111.8724

Fig. 6 Positioning accuracy of the manipulator

970 H. Li et al.



5 Conclusion

Vision-based measurement has the advantages of low cost, easy integration, and the
ability of full pose measurement. To make the kinematic calibration of the planar
parallel robot become more effective and automatic, a parallel manipulator com-
bined with a vision-based measuring device is proposed. With the help of the vision
technique, pose of the mobile platform can be measured rapidly and efficiently, and
thus the automatic kinematic calibration can be realized by the communication
between the vision system and the robot controller. Experiment results have shown
the effectiveness of this method. After calibration, the maximum positioning error
has decreased from 0.12 to 0.04 mm.
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Workspace Analysis and Application
of the PRRRP Decoupled Parallel
Mechanism

Shuwei Qu and Ruiqin Li

Abstract The workspace of parallel mechanism determines the work region of a
mechanism and directly correlates with the synthesis of the mechanism for desired
performance characteristics. This paper investigates the issues of decoupled prop-
erties of the PRRRP parallel mechanism. Based on the geometrical relation among
the parameters, the reachable workspace atlases are drawn. The closed-form solu-
tions are presented according to the decoupled properties of the parallel mechanism.
The relationships are analyzed among the parameters. The oscillating angle of the
output link is analyzed and the relationships are given. Based on those foundations,
the optimized structure is presented. The optimized mechanism can be used as
plating and carving machines. The experiment verifies the correctness and effec-
tiveness of the method.

Keywords Decoupled parallel mechanism � Workspace � Optimization

1 Introduction

Workspace is an important index to measure the performance of the mechanism. It
correlates with the configuration of the mechanism for desired performance charac-
teristics, and reflects the working ability of the mechanism. Parallel mechanisms have
some advantages in dynamic behavior, stiffness, accuracy, compactness and load
carrying capacity compared with serial mechanisms. Coupled parallel mechanisms
bring about some limitations, such as difficulty to solve workspace, high nonlinear
relationship between input and output, difficulties in static and dynamic analysis,
and the development of control system, which restrict its application fields [1].
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Decoupled parallel mechanism has a one-to-one correspondence relationship
between the input and output variables, and attracts many scholars’ interests.

Current available methods for workspace analysis are divided into two types.
One is geometric method, which is a visual technique. Li and Dai [2] presented the
workspace atlas of planar seven-bar mechanisms. Gallant et al. [3] proposed a
geometric method to study the n-RRRR and the n-RRPR manipulators for the
dexterous workspace. Kaloorazi et al. [4] used a geometric approach to obtaining
the maximal singularity-free regions of a planar 3-DOF parallel mechanisms. Wang
et al. [5] proposed a geometric approach to solving the stable workspace of
quadruped bionic robot. Tsai et al. [6] developed reachable workspace according to
geometric properties of the characteristics of workspace boundaries for a sym-
metrical Stewart-Gough manipulator. However, this method has a common dis-
advantage of ignoring mechanical interference and other physical constraints.

The other kind of method is closed-form solutions, which is convenient for
analysis. Lee et al. [7] presented a closed-form solutions for the radii of the
inscribed and circumscribed circles of the positional workspace for a hexapod
parallel mechanism. Wang et al. [8] presented a unified algorithm for determining
the reachable and dexterous workspace of parallel manipulators. Sánchez et al. [9]
proposed an integrated method to analyze the workspace of Schönflies parallel
manipulator. Gauthier et al. [10] presented higher-order continuation for the
determination of robot workspace boundaries. Zhang et al. [11] proposed work-
space investigation of a novel 2-DOF parallel manipulator. But the equation
dimensions and the parameters higher than three are the major drawbacks for this
method.

In this paper, a PRRRP decoupled parallel mechanism with two degree of
freedom is proposed. Its topology configuration and decoupled properties are
presented in Sect. 2. The reachable workspace atlases are drawn and the areas of the
reachable workspace are calculated in Sect. 3. The oscillating angle of the output
link is analyzed with algorithm method in Sect. 4. Section 5 the optimized
PRRRP decoupled parallel mechanism with the variable link-length and its appli-
cation are discussed. Finally, the conclusions are drawn in Sect. 6.

2 Configuration of the PRRRP Parallel Mechanism

2.1 Topology Configuration

As shown in Fig. 1, the PRRRP parallel mechanism contains three revolute pairs
(R1, R2 and R3) and two prismatic pairs (P1 and P2). Link 2 is selected as the output
link. P1 and P2 are two driving sliders. The point A is the output point.

Figure 1a indicates the initial position of the PRRRP parallel mechanism. Two
sliders are in the lowest position. The static coordinate system O-xy is established at
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the initial position of the mechanism. The coordinate origin O is located at the
center of the revolute pair R1. y axis is aligned with the guide of the slider P1.

Figure 1b indicates the general position of the PRRRP parallel mechanism. The
structure parameters of the mechanism include: the length l2 of link BA, the length
l3 of link AC, the distance d between the guides of two sliders P1, P2.

The variation ranges of the motion parameters l1 and l4 are l1 2 ½0; h�, l4 2 ½0; h�.

2.2 Decoupled Property of the PRRRP Parallel Mechanism

The link l2 is the output link. The movement of link l2 can be regarded as the
combination of translation along y axis and rotation around the rotational axis of
joint R1. P1 and P2 are driving sliders, respectively. From the geometry in Fig. 1b, a
closed-loop vector equation can be written as follows

rA ¼ l1 þ l2 ¼ dþ l4 þ l3 ð1Þ

Expanding Eq. (1), the coordinates of the output point A can be expressed as
follows:

xA ¼ l2 cos h1 ¼ dþ l3 cos h2
yA ¼ l1 þ l2 sin h1 ¼ l4 þ l3 sin h2

�
ð2Þ

Eliminating the passive angle h2 from Eq. (2), yields

h1 ¼ 2 arctan
B0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
0 þB2

0 � C2
0

p
A0 þC0

 !
ð3Þ
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Fig. 1 The initial position and general position of the PRRRP decoupled parallel mechanism
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where,

A0 ¼ dl2
B0 ¼ 2ðl1 � l4Þ;
C0 ¼ l23 þ d2 � l22 � ðl1 � l4Þ2

where, the parameters l1 and l4 are displacements of the driving sliders P1 and P2,
respectively.

The position and orientation of link l2 can be expressed as follows

yB ¼ l1

h1 ¼ 2 arctan
B0�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
0 þB2

0�C2
0

p
A0 þC0

� �8<
: ð4Þ

Equation (4) indicates that the mechanism is a decoupled parallel mechanism
about the position and orientation of link l2 when the sliders P1 and P2 are selected
as the two driving links.

3 Reachable Workspace of the PRRRP Parallel
Mechanism

The reachable workspace is defined as a set of the output point A that can reach.
According to the different relationship between the structure parameters l2, l3 and

d, there exist two situations of the output workspace of point A.

3.1 Situation 1: l2 Is the Longest Link

Figure 2 gives atlas when l2 is the longest link according to geometrical relation of
the parameters, as follows.
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d
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l3

(a) l2> l3 > d

α β

(b) l2> d > l3
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l2
l3
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Fig. 2 The atlas of the
reachable workspace when l2
is the longest link
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1. When l2 > l3 > d, as shown in Fig. 2a, the area S of the reachable workspace of
point A can be expressed as follows

S ¼ h� d � 1
2
l22a�

1
2
l23b� 1

2
dl3 cos b ð5Þ

In Eq. (5), the following expression holds.

l2 sin aþ l3 sin b ¼ d
l2 cos a ¼ l3 cos b

�
ð6Þ

where, the angles a; b are expressed as radians.

2. When l2 > d > l3, as shown in Fig. 2b, the area S of the reachable workspace of
point A is

S ¼ h� d � 1
2
l22a�

1
2
l23b� 1

2
dl3 cos b� 1

2
ðhþ h0Þðd � l3Þ ð7Þ

where, h0 ¼ h� l2 sin arccos d�l3
l2

� �
, 0� arccos d�l3

l2
� p

2

� �
.

In Eq. (7), the following expression holds.

l2 sin arccos
d � l3
l2

� �
þ l3 sinb ¼ d ð8Þ

3. When l2 = l3 > d, as shown in Fig. 2c, the area S of the reachable workspace of
point A is

S ¼ h� d � l22a�
1
2
dl2 cos a ð9Þ

In Eq. (9), the following expression holds.

2l2 sin a ¼ d ð10Þ

3.2 Situation 2: d Is the Longest Link

Figure 3 gives atlas when d is the longest link according to geometrical relation of
the parameters, as follows.
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1. When d > l2 = l3, as shown in Fig. 3a, the area S of the reachable workspace of
point A is

S ¼ h� d � l22a1 �
1
2
dl2 sin a2 � ðhþ h1Þðd � l2Þ ð11Þ

where, h1 ¼ h� l2 cos arcsin d
l2
� 1

� �
, 0� arcsin d

l2
� 1� p

2

� �
.

In Eq. (11), the following expression holds.

l2 cos a2 ¼ 1
2 d

l2 cosða1 þ a2Þ ¼ d � l2

�
ð12Þ

2. When d[ l2 [ l3, as shown in Fig. 3b, the area of the reachable workspace of
point A is

S ¼ h� d � 1
2
l22a1 �

1
2
l23b1 �

1
2
l2d sin a2

� 1
2
ð2h� h2Þðd � l3Þ � 1

2
ð2h� h3Þðd � l2Þ

ð13Þ

where, h2 ¼ h� l2 cos arcsin d�l3
l2

� �
, 0� arcsin d�l3

l2
� p

2

� �
.

h2 ¼ h� l3 cos arcsin
d � l2
l3

� �
; 0� arcsin

d � l2
l3

� p
2

� �
:

h 

d

l2 l3

1α
2α

h 

1α 1β

2β2α

l2 

l3

(b) d l l> >
d

l3 
l2 

2α

h 

2β1α 1β

(c) d l l> >
d

(a) 2 3 3 22 3d l l> =
O

OO

Fig. 3 The atlas of reachable workspace when d is the longest link
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In Eq. (13), the following expression holds.

l2 cos a2 þ l3 cos b2 ¼ d
l2 sin a2 ¼ l3 sin b2
l2 cosða1 þ a2Þ ¼ d � l3
l3 cosðb1 þ b2Þ ¼ d � l2

8>><
>>: ð14Þ

When d[ l3 [ l2, as shown in Fig. 3c, the reachable workspace of point A is
the same as the model of Fig. 3b.

4 The Oscillating Angle of the Output Link

The oscillating angle of the output link l2 for the PRRRP decoupled parallel
mechanism also has two kinds of situations according to the geometry parameter
relations. Figure 4a gives the atlas of the oscillating angle when l2 is the longest
link. Figure 4c shows the d is the longest link.

When l2 is the longest link, one situation is l2 > l3 > d, the oscillating angle is

h ¼ p
2
� arccos

d
l2

ð15Þ

where, 0� arccos d
l2
� p

2.
The other situation is l2 [ d[ l3, as shown in Fig. 4b, the oscillating angle is

h ¼ p
2
� arccos

d
l2
� arcsin

d � l3
l2

ð16Þ

where, 0� arccos d
l2
� p

2 ; 0� arcsin d�l3
l2

� p
2.

When d[ l2 [ l3, as shown in Fig. 4c, the oscillating angle is

θ

P1(R1) 
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2(R

'
3) 

R2

l4 P1(R1) 
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P'
2(R

'
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P2(R3) 

P'
2(R

'
3) 
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θ l4

(b)(a) l2> l3> d (c) 2 3d l l> >2 3l d l> >

Fig. 4 The atlas of the oscillating angle of the output link
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h ¼ p
2
� arccos

l2 � d
l2

� arcsin
d � l3
l2

ð17Þ

where, 0� arccos l2�d
l2

� p
2 ; 0� arcsin d�l3

l2
� p

2.
The relationship of the oscillating angle of output link with the structure

parameters were shown in Figs. 5, 6 and 7.
Figure 5 shows the oscillating angle is larger with the ratio of d and l2. The

largest angle is 1.5 rad. But the oscillating angle is smaller with the ratio of d–l3 and
l2. The largest angle is 1 rad.

When, the ratio of d and l2 with the ratio of d–l3 and l2 between [0.5–0.6], the
oscillating angle is largest which is near by 0.5 rad, as shown in Fig. 6.

In Fig. 7, the structural constraint conditions of each curve are shown in Table 1.
As can be seen from Fig. 7, under the situation of l2 equal to l3, the oscillating

angle of the output link is changed faster than the other situations.
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5 The PRRRP Decoupled Parallel Mechanism
with Controlled Variable Link-Length Structure

5.1 The Structure of the Controlled Variable Link-Length
PRRRP Decoupled Parallel Mechanism

The reachable workspace and the oscillating angle of the PRRRP mechanism are
related to the structure parameters l2, l3, and d. When l2 > l3 > d or l3 > l2 > d, the
reachable workspace is largest. If the length of links l2 and l3 are variable, the
mechanism can enlarge the reachable workspace of the output point A. The variable
link-length structure was shown in Fig. 8a. The assembly model was shown in
Fig. 8b.
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Fig. 8 The variable link-length structure of the PRRRP mechanism
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Table 1 The structural constraint conditions

Curve Data 1 Data 2 Data 3 Data 4

Structural constraint condition l2 ¼ l3 d�l2
l2

¼ 0:1 d�l2
l2

¼ 0:5 d�l2
l2

¼ 0:8
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5.2 Application of the Controlled Variable Link-Length
PRRRP Mechanism

The controlled variable link-length PRRRP mechanism can be used plane plating
and carving. The size can be changed with the parameters l2 and l3.

The flower pattern in Fig. 8b was carved using the variable link-length
PRRRP mechanism. The diameter of the flower pattern is 25 mm. The structure
parameters of the mechanism were shown in Table 2.

The output parameters of the driving slider P1 were shown in Figs. 9, 10 and 11.
From Fig. 9, the flower pattern is basically symmetrical. The velocity changes with
the shape of the flower pattern, the more smooth the more quickly. In the center of
the flower pattern, the acceleration reaches the maximum value.

Table 2 The structure parameters of the variable link-length mechanism (mm)

Parameter d l2 l3 h

Value 120 40 80*140 80

0.00 2.54 5.08 7.62 10.16 12.70 15.24 17.78 20.32 22.86 25.40
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Fig. 9 The displacement variation law of the driving slider P1
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Fig. 10 The velocity variation law of the driving slider P1
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The output parameters of the driving slider P2 are shown in Figs. 12, 13 and 14.
From Fig. 12, the displacement stroke of the driving slider P2 is almost 45 mm. The
velocity is opposite with that of the driving slider P1, the more smooth the more
quickly. In the center of the flower pattern, there also exist three extreme points of
the acceleration.
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Fig. 13 The velocity variation law of the driving slider P2
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Fig. 11 The acceleration variation law of the driving slider P1
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Fig. 12 The displacement variation law of the driving slider P2
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6 Conclusions

1. The configuration of the PRRRP parallel mechanism is presented. The decou-
pled properties of the manipulator are analyzed. The workspace is analyzed
from closed-from according to the decoupled properties.

2. The reachable workspace and the oscillating angle of the output link are ana-
lyzed using closed vector equations based on the atlas which is the relationships
of the structure parameters.

3. The charts of the oscillating angle with the structure parameters were given
according to the closed-loop vector equations. The charts of Fig. 5 show the
oscillating angle is larger with the ratio of d and l2. When the ratio d and l2 with
the ratio l3 and l2 between [0.5–0.6] the oscillating angle is largest. The oscil-
lating angle changed faster when l2 equal l3.

4. The optimized structure is presented according to the relationship of the
parameter. The optimized mechanism can be used as plating and carving
machines.

5. The experiment verifies the design method is correct and effective.
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The Workspace Analysis and Simulation
of a Novel Dexterous Hand FZU-I

Fanlei Chen, Ligang Yao, Chen Peng, Changsheng Fang
and Wenjian Li

Abstract Manipulator is an important bridge to connect robot and environment.
However the current manipulators that have been put into productions are
accompanied by the poor flexibility, low operating performance, single grasp mode
and other defects. In order to solve these problems, improve the flexibility of
dexterous hand and lay the foundation for the later control experiment of dexterous
hand, this paper will further analyze the working performance of the dexterous hand
FZU-I. In this paper, the researches of the dexterous hand FZU-I include: introduce
the overall structure, determine the range of motion of each base joint, obtain the
workspace of finger-tip by using the forward and inverse kinematics model and
MATLAB, analyze and compare the intersection space between thumb base joint
under three different configurations and index finger. Through the above researches,
it not only verify the feasibility of the forward and inverse kinematics solving
model, but also analyzes the working performance of the dexterous hand FZU-I to
some extent.

Keywords Dexterous hand � MATLAB � Workspace � Simulation

1 Introduction

With the development of manufacturing technology, Multi-DOF dexterous hand
will gradually replace the artificial manufacturing, under the premise of satisfying
the basic motion performance of the robot, the robot finger mechanism is the most
important executive mechanism of the robot [1].

At present, the main research areas of the robot hand at home and abroad are
divided into two types, namely, the full drive dexterous hand and the
under-actuated dexterous hand [2]. The full drive dexterous hands started early and
had a greater advantage in the humanoid and flexibility, such as Robonaut hand,
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UBV hand, Stanford/JPI hand, DLR II hand, etc [3–6]. However, the disadvantages
of this system are: multiple driving elements, higher cost, difficult to achieve
miniaturization and lightweight, and much more for scientific experiments rather
than the actual use of industry. By comparison, the under-actuated dexterous hand,
though starts late, but in recent years it has developed rapidly, such as the
four-finger under-actuated dexterous hand designed by Ma et al. [7, 8]. The
development prospect of the under-actuated dexterous hand is relatively better for
its simple structure, less driving parts, simple control and lower cost, which has
become the focus of the practical research.

The analysis of workspace is necessary, it not only provides utility theoretical
foundation for overall structure design of dexterous hand and kinematics calcula-
tion, but also is easy to set the parameters of control system and to avoid accidents.
This paper aims to introduce the structure of dexterous hand FZU-I, analyze the
range of motion of base joint and obtain the workspace. Then different intersection
spaces are compared through kinematics simulation to choose the most excellent
thumb configuration.

2 Dexterous Hand FZU-I

This part proposes a novel dexterous hand called FZU-I to achieve the character-
istics of small size, simple transmission setup and compact structure. The FZU-I is
designed with compliant transmission mechanism between the middle phalanx and
distal phalanx. With the least transmission gear and coupled mechanism who has
two joints but its input is given by only one motor, this allocation can enable the
hand to be as small as normal Chinese hand, and the control system could be much
easier. Its size is as small as 67 mm width and 172 mm length.

The overall structure of the dexterous hand FZU-I is shown in Fig. 1. The
dexterous hand FZU-I adopts a built-in motor drive, characterized by high trans-
mission precision, flexible movement and so on. In order to expand the application
range of dexterous hand and improve the stability of grasping force, FZU-I con-
figures a total of four mechanical fingers and ten drive motors, the configuration
layout is shown in Fig. 1.

The dexterous hand FZU-I’s thumb, index finger and middle finger each has
three joints with three DOFs, the base joint (MP) with two DOFs. Therefore the
near knuckle is driven by two motors installed in the mechanical palm. The middle
knuckle has one DOF and one coupling between middle knuckle and far knuckle,
the coupling rate of the distal interphalangeal joint (DIP) and the proximal inter-
phalangeal joint (PIP) is 2:1. So the middle knuckle and far knuckle are driven by
one motor installed in the near knuckle.

The dexterous hand FZU-I’s ring finger has three joints with one DOF, cou-
pling transmission in each joint, only a motor is required to complete the three joint
drive. The purpose of the configuration of the ring finger is to match middle finger
grasping to enhance grasping strength of the dexterous hand FZU-I, through the
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overrunning clutch and flexible transmission mechanism between the middle finger
and ring finger.

3 The Constraint Analysis of Workspace

On structure of the dexterous hand FZU-I base joint, there are certain constraints in
each joint. In order to set parameters of the control system and avoid the accident,
each joint needs to meet certain critical conditions. First, in view of the
flexion/extension motion of dexterous hand FZU-I base joint, as shown in Fig. 2.
Because the movement of finger is limited by the installation of palm board and
back board, the flexion/extension motion of finger must be within a certain range.

According to Fig. 2, the geometric relations can be given as,

DEþDC ¼ EC ð1Þ

DE ¼ AB cos a ð2Þ

DC ¼ ðAB sin hþAEÞ tan a ð3Þ

where AB = 7 mm, AE = 6 mm, EC = 7.7 mm.
Simultaneous equations above: a ¼ 6:27�.
Because the fingers do not need to bend to the back, combining above calcu-

lations, the range of finger’s flexion/extension is available: 0°–96.27°, for the sake
of safety, set 0°–90°.

Thumb

Index Finger

Middle Finger

Ring Finger

Faulhaber Motor
           1-2

Faulhaber Motor
           3-7

DIP PIP

MP

Minebea Motor
           1-3

Fig. 1 Overall structure of the dexterous hand
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Second, in view of the adduction/abduction motion of dexterous hand FZU-I
base joint, as shown in Fig. 3. Because the movement of finger is limited by the
bearing seat, the adduction/abduction motion of finger must be within a certain
range.

As shown in Fig. 3, finger at abduction movement process, h expresses the
included angle between the critical position and bearing seat, OO1 expresses base
joint axis.

According to Fig. 3, the geometric relations can be given as,

BCþCH ¼ BH ð4Þ

OHþAO1 ¼ AB ð5Þ

BCþCO cos h ¼ BH ð6Þ

Fig. 2 The limitation of flexion/extension motion of base joint

Fig. 3 The limitation of
adduction/abduction motion
of base joint
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CO sin hþAO1 ¼ BC cot h ð7Þ

where AO1 ¼ 5mm, CO = 3 mm.
Simultaneous equations above: h ¼ 50:62�.
In order to guarantee the safety of dexterous hand FZU-I, we should limit the

range of thumb’s adduction/abduction motion [−40°, 40°].
For the index finger, because its fingertip space among other fingers and range of

adduction/abduction motion are both small, most digital-opposition motions of
finger are completed by thumb, we should limit the range of index finger’s
adduction/abduction motion [−30°, 30°].

For the middle finger, used to cooperate with index finger when grasping
something, thus we should limit the range of middle finger’s adduction/abduction
motion [−10°, 10°].

For the ring finger, there is only one degree of freedom and it can’t undertake
adduction/abduction motion. It not only simplify the structure and control, but also
keep the dexterity of whole dexterous hand and reduce the number of motors the
overall weight of dexterous hand.

According to the similar calculation method we can get the critical conditions of
scope of motion as shown in Table 1. The inverse kinematics should meet the
critical condition.

4 The Simulation of Workspace

4.1 Workspace of Single Finger

Workspace of the dexterous hand is an index for evaluating the flexibility of
dexterous hand. The larger the workspace of the dexterous hand is, the greater both
the movement range of fingertip and the operational range to object are. And the
ability of posture adjustment will be stronger.

According to the dexterous hand forward kinematics equation gðhÞ or T, and
considering constraints of base joint for adduction/abduction motion. MATLAB is
used to calculate each finger’s movements, the point cloud on base joint coordinate
system of fingertips’ workspace are available, as shown in Figs. 4 and 5. “ab”

Table 1 The critical scope of motion

Motion Thumb Index finger Middle finger Ring finger

MP adduction/abduction −40°–40° −30°–30° −10°–10° 0

MP flexion/extension 0–90° 0–90° 0–90° 0–90°

PIP flexion/extension 0–90° 0–90° 0–90° 0–90°

DIP flexion/extension 0–45° 0–45° 0–45° 0–45°
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denotes adduction/abduction motion and “fl” denotes Flexion/Extension motion. Its
shape is similar to the watermelon peel, the same as the results of literature [9].

4.2 Intersection Space

Thumb fingertip’s intersection space is an important indicator to measure the pre-
cise grasping performance of the dexterous hand; and the grasping performance is
measured in the space position of palm. The single finger coordinates must be
mapped to the palm space coordinate system. Through simulation, three kinds of
thumb base joint’s workspace in the coordinates system of palm are available, and
then obtain the intersection space. As shown in Figs. 6, 7 and 8. Respectively
denote the first kind of thumb base joint’s intersection space, and the second one

Fig. 4 Index finger

Fig. 5 Thumb

Fig. 6 First configuration
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and the third one. The intersection space between index finger and thumb, which is
shown in Fig. 8, is larger.

From the above, the workspace and intersection space of three kinds of thumb
configurations are similar. Although it is difficult to solve the inverse kinematics to
the third kind of configuration, the digital opposition coefficient between thumb and
forefinger is larger and method to solve the inverse kinematics will be easier
through MATLAB, so we choose the third configuration mode. As shown in Fig. 9,
in third configuration mode, the deviation angle between two axes in thumb base
joint is 70° and the vertical distance between two axes is 10 mm, the deviation
angle between thumb-pedestal and palm is 110°.

Fig. 7 Second configuration

Fig. 8 Third configuration

Fig. 9 Third configuration
mode
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5 Conclusion

The dexterous hand FZU-I is characterized with symmetric structure in basal joint,
coupled mechanism between middle and distal phalanx, compliant mechanism
among the fingers. The differential structure enables the fingers bearing larger
fingertip force and two axes in the base joint cross orthogonally at one point make
the FZU-I more dexterous.

This paper briefly introduces the overall structure of dexterous hand FZU-I, and
then analyzes the workspace constraints of base joint. After that we proceed to
utilize the kinematics model to simulate and obtain the intersection space between
thumb and index finger. Finally, this paper optimizes the thumb base joint’s
structure and chooses the third configuration mode.
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Real-Time Solutions to the Forward
Kinematics of a 2RSS + RRR Parallel
Mechanism

Hongdong Zhang, Yuru Zhang and Dangxiao Wang

Abstract In this paper, we propose a new parallel mechanism designed for haptic
interface. The haptic device consists of a 2RSS + RRR parallel mechanism with 3
degrees of freedom. In general, the control of haptic devices requires a high servo
rate up to 1 kHz which demands a fast and real-time solution to the forward
kinematics. Newton–Raphson method is one of the most efficient solutions to
achieve real time requirement. However, its efficiency relies deeply on initial value
of iterations. We present a methodology to overcome this limitation. We first model
the forward kinematics of 2RSS + RRR as an 8th-degree polynomial equation in
one unknown. We then propose two methods for determining the initial value to
reduce the iterations and computing time. The numerical examples in the paper
demonstrate that average time of 0.15 ms (6.7 kHz) for the solutions is achieved
with an accuracy of 0.001 mm. The methodology proposed in this paper is general
and can be applied to other applications requiring real time solutions to forward
kinematics of parallel mechanisms.

Keywords Parallel mechanism � Forward kinematics � Real-time �
Newton-Raphson

1 Introduction

Parallel mechanisms have found many applications in different areas, such as air-
craft simulation, force-torque sensor, CNC machine, haptic device, etc. It is well
known that forward kinematics of parallel mechanisms is, in general, highly non-
linear and difficult to solve in real time. This issue is specifically challenging when a
parallel mechanism is used for haptic devices. This is because the control of haptic
devices often requires high update rate. In order to provide realistic force feedback,
a common practice in the design of haptic devices is to set the update rate of the
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control loop as 1 kHz [1, 2], which requires that the solution to the forward
kinematics of a parallel mechanism much be found within less than 1 ms.

Various numerical methods have been applied to solve forward kinematics of
parallel mechanisms [3–5]. A fast, robust and practical algorithm was presented
specially to solve the forward kinematics of Stewart Platform [3]. The
Newton-Raphson method was modified to overcome the tendency to fail when the
constraint equations become poorly conditioned. Based on the simultaneous solu-
tion of three constraint equations, 0.2 ms were taken at regular configurations and
0.22 ms when the platform was near to a singularity. Another modified
Newton-Raphson method [4] based on Taylor’s series was proposed and the
solutions could be obtained requiring just a few interaction steps. However, cal-
culation time was not mentioned in the paper.

Many effects have been made to convert the nonlinear equations of forward
kinematics to high degree polynomial with one unknown so that forward kine-
matics solutions could be obtained more quickly [6–9]. A mono-dimensional-search
algorithm was reported to the forward kinematics solution of the general 6-6 fully
parallel mechanism in [6]. All the real solutions, free from extraneous, of the
forward kinematics could be found out through this method relied on a high degree
polynomial in one unknown. A kinematic mapping, i.e., to map three-dimensional
motions into a seven-dimensional quasi-elliptic space, was introduced in [7] and
finally a univariate 40th-degree polynomial was obtained. A quaternion to represent
the transformation matrix was introduced in [8]. A concise closed-form solution to
the forward kinematics of the Stewart platform was obtained and as a result, only
univariate quadratic equations were required to solve. Gröbner bases were used by
Gan [9] to analyze the forward kinematics of the general 6-6 Stewart mechanism,
which was reduced to a 40th-degree polynomial equation in one unknown.
However, calculation time was not mentioned in these papers.

Other techniques to find forward kinematics solutions include neural networks,
genetic algorithm and hybrid strategy. Yee [10] used a BP network to recognize the
relationship between input values and output of the forward kinematics problem. It
took about 1 ms to find the forward kinematics solution with an average accuracy
of 0.009 units by performing several iterations. However, long hours were required
for training before implementation. A genetic algorithm was presented in [11].
Although, this method converged to a solution within a broader search domain
compared to the Newton-Raphson scheme, it took about 12–15 times longer,
average 10 ms, than Newton-Raphson method to find the forward kinematics
solution. Kang [12] employed the RBF neural network, which has a universal
approximation capability, to model the forward kinematics of a hybrid structure
robot. Although this method avoids the geometric parameters measurement in the
real robot, a relative long time (6.84 ms) was spent on obtaining solutions to the
forward kinematics with an average position error of 0.0986 mm. A hybrid strategy
to solve forward kinematics in parallel manipulators was reported in [13].
A modified form of multilayered perceptron with back propagation learning was
used to predict the initial position of the forward kinematic for the standard
Newton–Raphson numerical technique. The hybrid strategy could achieve an
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accuracy of about 0.01 mm and 0.01° in the position and orientation parameters in
less than two iterations and 20 ms of execution time.

In this paper, we propose a new 3-DoF parallel mechanism for a haptic device,
which has two RSS chains and one RRR chain. To achieve the frequency of control
loop higher than 1 kHz, we model the forward kinematics of the parallel mecha-
nism as an 8th-degree polynomial equation in one unknown. Newton–Raphson
method is applied and the initial value of iterations is carefully studied to obtain
highly efficient and accurate solution of the forward kinematics.

2 Description for the 2RSS + RRR Parallel Mechanism

The schematic representation of the 2RSS + RRR parallel mechanism is illustrated
in Fig. 1. This mechanism includes two RSS limbs (R: revolute joint; S: spherical
joint) with an actuator at the first revolute joint for each limb and one RRR limb
with an actuator at the first revolute joint. The geometric characteristics associated
with the components of all limbs are as follows (the nomenclature is showed in
Table 1): A plane p can be determined by C, O0C, O1O2 and the axes of the joints
R1 and R2, in which the line (O1O2) ⊥ (O0C) and the axes of R1 and R2 are parallel
to O0C. The axis of R3 is parallel to O1O2 and has a distance of c from O3 to the
plane p. The points of O1, O2, M1 and M2 are in the same plane. The axis of R4 is
parallel to R3 and simultaneously perpendicularly intersects the axis of R5. It should
be noted that a U (Universal) joint is assimilated by R4 and R5. Besides, the line
(P1P2) ⊥ (QM3).

Fig. 1 The 2RSS + RRR
parallel mechanism
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To determine mathematically the relative positions of all limbs, three coordinate
systems Oi-xiyizi (i = 1, 2, 3) of the limbs and a coordinate system O0-x0y0z0 fixed
on the ground are established, as Fig. 1 shows. The homogeneous coordinate
transformation matrices from O0-x0y0z0 to Oi-xiyizi are

O1
O0
T ¼

1 0 0 0
0 1 0 �a
0 0 1 0
0 0 0 1

2
664

3
775; O2

O0
T ¼

�1 0 0 0
0 �1 0 a
0 0 1 0
0 0 0 1

2
664

3
775; O3

O0
T ¼

0 1 0 �b
0 0 1 0
1 0 0 c
0 0 0 1

2
664

3
775
ð1Þ

Consisting of a revolute joint and two spatial joints, the first and second limbs,
which have more than six degrees of freedom, apply no constraint to the moving
platform m. However, the third limb, which has three revolute joints and three

Table 1 Nomenclature

Letters Definitions

m The moving platform

Q The reference point fixed on the moving platform

Ri, i = 1, 2, 3, 4 The revolute joints

Si, i = 1, 2, 3 The spherical joints

Pi, Mi, i = 1, 2 The center point of the joints Si
M3 The intersection of axes of R4 and R5

P3 The intersection of P1P2 and MQ

a The length of O0O1 and O0O2

b The length of O0C

c The length of CO3

d The length of P1P3 and P2P3

e The length of P3Q

Li1, i = 1, 2, 3 The length of OiMi

Li2, i = 1, 2, 3 The length of MiPi

L33 The length of M3Q

O0-x0y0z0 The coordinate system fixed on the ground

Oi-xiyizi, i = 1, 2, 3 The coordinate systems fixed on the joints Ri (i = 1, 2, 3)

O3i-x3iy3iz3i, i = 1, 2, 3 The D-H coordinate systems of the RRR limb

OQ-xQyQzQ The coordinate system of Q fixed on m
q
pT The homogeneous coordinate transformation from p to q

hi1, i = 1, 2, 3 The rotational angles of R1, R2 and R3

h32, h33 The rotational angles of R4 and R5

sh, ch sinh, cosh

//, ⊥ Parallel constraint and perpendicular constraint
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degrees of freedom, applies three independent constraints to m. Consequently,
through the graphical approach [14], we can conclude that the moving platform
m has three degrees of freedom.

3 Forward Kinematics

In this section, we modeled the forward kinematics of the 2RSS + RRR parallel
mechanism. Specially, for the haptic device, we only need to obtain the coordinate
of Q when given the angles of active joints. To achieving this goal, we firstly led the
first constraint equation by modeling the kinematics of the RRR limb on D-H
method. Then, another two constraint equations were led based on the kinematics of
the two RSS limbs. An 8th-degree polynomial equation in one unknown for the
forward kinematics of the 2RSS + RRR parallel mechanism was finally obtained.
Upon solving the one unknown of the high-order polynomial equation, the coor-
dinate of Q will be easily calculated.

Firstly, we focus our attention to the kinematics model of the RRR limb.
Referring to Fig. 2, the D-H parameters of the third limb, which are given in
Table 2, can be obtained. Applying the D-H convention, the four transformation
matrices are led as follows:

Q

1P
2P

O

3P

3M

31 3( )O O

0z

0x 0y

Qz

Qy
Qx

31 3( )z z

31 3( )y y

31 3( )x x

33z

32z
33x

33y

32y

32x

32L

e

b

c

C

31L

d
d

Fig. 2 D-H coordinate
systems of the RRR limb
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O31
O3

T ¼
ch31 �sh31 0 0
sh31 ch31 0 0
0 0 1 0
0 0 0 1

2
664

3
775 O33

O32
T ¼

ch33 �sh33 0 0
0 0 �1 0

sh33 ch33 0 0
0 0 0 1

2
664

3
775

O33
O32

T ¼
ch33 �sh33 0 0
0 0 �1 0

sh33 ch33 0 0
0 0 0 1

2
664

3
775 O34

O33
T ¼

1 0 0 L32
0 1 0 0
0 0 1 0
0 0 0 1

2
664

3
775

ð2Þ

Thus, the forward kinematics equations for the third limb, which are with respect
to the joints variables and the design variables, can be obtained:

Q
O0
T ¼ O3

O0
TO31
O3

TO32
O31

TO33
O32

TQ
O33

T ð3Þ

where Q
O0
T is the homogeneous coordinate transformation matrix from the coordi-

nate system of O0-x0y0z0 to OQ-xQyQzQ, from which we can obtain the first con-
straint equation of the forward kinematics:

x ¼ L31sh31 þ L33sðh31 þ h32Þsh33 � b
y ¼ L33sh33
z ¼ L31ch31 þ L33cðh31 þ h32Þch33 þ c

8<
: ð4Þ

where (x, y, z) is the coordinate of Q in O0-x0y0z0.
To calculate x, y and z from (4), the values of h32 and h33 need to be calculated

first. Thus, the other two following constraint equations are led:

L212 ¼ P1M1j j2
L222 ¼ P2M2j j2

�
ð5Þ

where |PiMi| (i = 1, 2) are the distances between Pi and Mi.
Referring to Fig. 1, the coordinates of Mi (xMi, yMi, zMi) (i = 1, 2) can be

expressed as follows:

xM1

yM1

zM1

2
4

3
5 ¼

0
�a� L11sh11
L11ch11

2
4

3
5; xM2

yM2

zM2

2
4

3
5 ¼

0
aþ L21sh21
L21ch21

2
4

3
5 ð6Þ

Table 2 D-H parameters of
the RRR limb

i ai−1 ai−1 di hi
1 0 0 0 h31
2 L31 0 0 h32
3 0 90° 0 h33
4 (Q) L32 0 0 0
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According to the D-H parameters of the RRR limb shown in Table 1, the
coordinates of Pi (xPi, yPi, zPi) (i = 1, 2) in O0-x0y0z0 can be obtained:

xP1
yP1
zP1

2
64

3
75 ¼

L31sh31 � bþ dsh33sðh31 þ h32Þþ L32ch33sðh31 þ h32Þ
L32sh33 � dch33

cþ L31ch31 þ dsh33cðh31 þ h32Þþ L32ch33cðh31 þ h32Þ

2
64

3
75 ð7Þ

xP2
yP2
zP2

2
4

3
5 ¼

L31sh31 � b� dsh33sðh31 þ h32Þþ L32ch33sðh31 þ h32Þ
L32sh33 þ dch33
cþ L31ch31 � dsh33cðh31 þ h32Þþ L32ch33cðh31 þ h32Þ

2
4

3
5 ð8Þ

Substituting all the coordinates (6), (7) and (9) into Eq. (5), we can get

k1 þ k2sh33 þ k3ch33 þ ch32ðk4ch33 þ k5sh33Þþ sh32ðk6ch33 þ k7sh33Þ ¼ 0
r1 þ r2sh33 þ r3ch33 þ ch32ðr4ch33 þ r5sh33Þþ sh32ðr6ch33 þ r7sh33Þ ¼ 0

�
ð9Þ

where ki and ri (i = 0–7) are with respect to h11, h21, h31 and other design variables.
Equation (10) can be derived from (9) as follows:

w1 þw2ch32 þw3sh32 ¼ 0
v1 þ v2ch32 þ v3sh32 ¼ 0

�
ð10Þ

where all of wi and vi share a common factor of h33.
If h11 = h21, we can know h31 = 0 by symmetry of the parallel mechanism. If

h11 6¼ h21, we can lead the 8th-degree polynomial equation of the forward kine-
matics from Eq. (10) by applying the tangent half-angle substitution, t = tan(h33/2),
as follows:

X8
i¼0

qit
i ¼ 0 ð11Þ

where qi (i = 0–8) are in terms of h11, h21, h31 and other design variables.
The variable of t in Eq. (11) can be calculated through the Newton-Raphson

approach which is discussed in Sect. 4. Upon obtaining t, it turns out that h33, h32
can be obtained:

h33 ¼ 2 arctanðtÞ

h32 ¼
cos�1ðw3v1�w1v3

w2v3�w3v2
Þ; when h11 6¼ h21

arccosð�2abþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2abÞ2�4ða2 þ 1Þðb2�1Þ

p
2ða2 þ 1Þ Þ; when h11 ¼ h21

8<
: ð12Þ

where a = −w2/w3, b = −w1/w3.
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In (12), the extraneous root of h32 is avoided. Consequently, substituting h11,
h21, h31, h32, h33 and other design variables into Eqs. (3) and (4), we can obtain the
coordinate of the reference point Q.

Concerns should be raised here that an important but also difficult problem is
how to solve Eq. (11) rapidly and accurately. Although the Newton-Raphson
method, one of the most efficient solutions, can be used, its efficiency relies deeply
on initial value of iterations. To overcome this limitation, we proposed two methods
of determining the initial value of iterations, which are described in the next section.

4 Analysis of Real-Time Forward Kinematics

Aiming to reduce the iterations and computing time, we describe two methods for
determining the initial value of iterations in the Newton-Raphson method. The first
method uses the solution of the previous step as the initial value to calculate
t (t = tan (h33/2)). The second method determines the initial value of iterations
according to the symmetry of this parallel mechanism. In the light of simulation
results, the pros and cons of the two methods are discussed in the following sec-
tions. The values of all parameters for simulations are as follows: maximum
velocity of Q vQ = 2 m/s, servo rate f = 1 kHz, a = 50 mm, b = 135.5 mm,
c = 45 mm, d = 15 mm, e = 50 mm, L11 = L21 = 70 mm, L12 = L22 = 164 mm,
L31 = 100 mm, L32 = 135.5 mm, L33 = 185.5 mm, 0°� h11 � 103°, 0° � h21
103°, −20° � h31 � 20°, 0° < h32 < 180°, −90° < h33 < 90°, −1 < t < 1.

4.1 First Method

To test the validity of the first method, simulations whose results are partly shown
in Fig. 3 are conducted with Matlab. We firstly use the coordinates of points on
designed trajectories to calculate angles of actuators based on the inverse kine-
matics. Considering the maximum velocity of vQ = 2 m/s and the servo rate
f = 1 kHz, the distance between adjacent two points on the designed trajectories
should be 2 mm. We then use the calculated angles of actuators to obtain solutions
to the forward kinematics by the first method. The efficiency of the first method can
be validated by comparing coordinates of designed trajectories with coordinates of
calculated points. Most of the simulated trajectories can be tracked correctly by the
first method, except the two kinds of trajectories shown in Fig. 3.

The trajectory in Fig. 3a is a line which can be described as: the y coordinate
varies from −30 to 30 with an interval of 2. The x is 50 and z 145. The coordinate of
starting point is (50, −30, 145). As Fig. 3a illustrates, the trajectory fails to be
tracked upon passing through the plane of YOZ. The wrong solutions are far away
from the trajectory. In fact, we found that all of simulated trajectories which go

1002 H. Zhang et al.



through the plane of YOZ are miscalculated. Once one solution is wrong, all of the
following points will fail to be tracked.

Wrong solutions also occur in the second kind of trajectories which are like “U”
as Fig. 3b shows. The designed trajectory, which is very close to but not through
the plane at the bottom of “U”, is tracked successfully when moving to the plane of
YOZ. However, miscalculations exist when moving along the negative Y axis away
from where the trajectory is very close to the plane of YOZ.

Based on the simulation results above, we can conclude that the first method
works at most of points but fails in some cases, e.g. when the trajectories pass
through or move away from the plane of YOZ. This result is related to the symmetry
of the parallel mechanism and the characters of Eq. (11). The reasons are discussed
in the next section.

4.2 Second Method

The second method determines the initial value by the value of |h11 − h21|, which is
based on the characters of Eq. (11) partly shown in Fig. 4. Equation (11) is an
equation of t, h11, h21, h31 and other designed variables, in which t (t = tan (h33/2))
is the one unknown and the coefficients of the equation are determined by other
variables. There are three characters of f(t) making the second method work. As one
example of the first character shown in Fig. 4a, we found that when given the value
|h11 − h21| and h31, the desired roots of all curves are very close to each other even
though h21 varies from 10° to 50° (correspondingly h11 varies from 60° to 100°).
This character is not limited just to the values of |h11 − h21| and h31. Figure 4b
shows one case of the second character that the desired root is slightly affected
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(a) (b)

Fig. 3 Simulations of two trajectories which have wrong solutions by the first method:
a miscalculated when going through the plane of YOZ; b wrong solutions exist when moving away
from where it is close to the plane of YOZ
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when the values of |h11 − h21| and h21 are given although h31 varies over a wide
range from −20° to 20°.

The third character should also be noted that there is always another undesired
root close to the desired root which is generally approximate to zero, as Fig. 4c
illustrates. Furthermore, the smaller the value of |h11 − h21| is, the more close to
each other the two roots are. As a result, both of the roots are more approximate to
zero. That is why wrong solutions often exist by the first method when the

(a) |θ11-θ21|=50°, θ31=0° (b) |θ11-θ21|=50°, θ21=30°

(c) θ21=30°, θ31=0 

t (t=tan(θ33/2)) t (t=tan(θ33/2))

t (t=tan(θ33/2))

-0.4 -0.2 0 0.2 0.4

f (
t)

1018
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3
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θ21=30°

θ21=50°

The desired root
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θ31=-20°
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1018
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2
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4
|θ 11-θ 21|=10°

|θ 11-θ 21|=40°

|θ 11-θ 21|=70°

|θ 11-θ 21|=100°

The desired root

Fig. 4 Distribution of solutions of Eq. (11): a, b solutions depend slightly on h21 and h31;
c solutions depend largely on |h11 − h21|. The smaller |h11 − h21| is, the nearer to zero the solution
gets
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trajectories are close to or go through the plane of YOZ. When the value of
|h11 − h21| is very small, Q is close to the plane of YOZ and the two roots are
approximate. If the variation of h33 (correspondingly means t) is large during a
servo cycle, wrong solutions are usually obtained because the initial value (the
solution of the previous step) is more close to the undesired root.

Based on the three characters above, the initial values of t0 for Newton-Raphson
method according to the value of |h11 − h21| are listed as shown in Table 3. To
validate the second method, we choose the ones which have wrong solutions (in
Fig. 3) as the testing trajectories using the initial values in Table 3. As shown in
Fig. 4a, both of trajectories are tracked successfully. Besides, we randomly select
eighty points in the workspace of the parallel mechanism to test the second method.
All of the points can be calculated correctly as Fig. 5b illustrates. It demonstrates
that the second method can not only calculate continuous trajectories but also
discrete points in the workspace.

Table 3 Initial value of
t (t = tan (h33/2))

|h11 − h21| (°) t0 (h11 < h21) t0 (h11 > h21)

(0, 1] 0.00873 −0.00873

(1, 2] 0.01746 −0.01746

(2, 5] 0.04366 −0.04366

(5, 10] 0.08748 −0.08748

(10, 20] 0.13165 −0.13165

(20, 30] 0.17633 −0.17633

(30, 40] 0.22169 −0.22169

(40, 60] 0.26795 −0.26795

(60, 90] 0.31530 −0.31530

(90, 100] 0.36397 −0.36397

(a) (b) 
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Fig. 5 Simulations of the second method: a two kinds of continuous trajectories both can be
tracked successfully; b no wrong solution exists for random discrete points in the workspace
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4.3 Results, Comparison and Discussion

In Sects. 4.1 and 4.2, we talked about the validity of the proposed methods of
determining the initial values. In addition to this, we paid more attention to the
computing time of the two methods. As known, computing time is related to
configuration of CPU, initial value and tolerance of the unknown variables, etc. The
simulations in this paper were all conducted on a 3-GHz computer with the Intel
Core 2 Duo CPU and 4G RAM.

Considering smaller tolerance of t (t = tan (h33/2)) will cost more computing
time, we conducted a simulation using the data in Fig. 5b based on the second
method to find the relationship between the tolerance of t and the error of solutions.
Referring to the simulation result shown in Fig. 6, we finally select 10−8 as the
tolerance of t, which can obtain an average accuracy of 0.00099 mm and a maxi-
mum error of 0.03 mm at the these points.

Using the tolerance of 10−8, we simulated the average computing time of three
continuous trajectories based the two proposed methods. Comparing the results
shown in Table 4, we can conclude that generally less computing time costs by the
first method than the second method, especially in case that the variation of t is very
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Fig. 6 Simulation of the
maximum and average errors
of solution with the tolerance
of t: the smaller the tolerance
of t is, the smaller the error of
solution gets

Table 4 Comparison between the two methods

Trajectory Method Average
time (ms)

Average
iteration

Average
error (mm)

Maximum
error (mm)

Wrong
solution

1 1st 0.12 6 1 � 10−13 5 � 10−13 No

2nd 0.15 7 1 � 10−4 2 � 10−4 No

2 1st 0.15 7 3 � 10−5 4 � 10−4 Yes

2nd 0.15 7 2 � 10−4 1 � 10−3 No

3 1st 0.025 2 9 � 10−14 2 � 10−13 No

2nd 0.12 6 9 � 10−14 2 � 10−13 No

1006 H. Zhang et al.



small in a servo cycle as the trajectory 3 does. With the same tolerance of t, a higher
accuracy of solutions can usually be obtained by the first method with the highest
accuracy of up to 0.0002 mm.

However, as mentioned above, wrong solutions often exist by the first method in
some cases which must be avoided in practical occasions. As the trajectories have to
be continuous, if one solution is wrong, all of the following points will fail to be
calculated correctly. Although more computing time and iterations cost, the second
method are robust because right positions can be calculated without the influence of
the solution of the previous step, which is quite different from the first method.
Besides, even though with a lower accuracy, the second method can also work in
many practical cases whose demands are not high.

It is worth considering to calculate solutions to the forward kinematics using
both of the methods. For example, in the case that trajectories are far from the plane
of YOZ, we can use the first method and in other cases, the second method can be
used. As a result, both of a high accuracy and less computing time can be obtained
in the workspace of the parallel mechanism.

5 Conclusions

We proposed a new parallel mechanism for the design of haptic devices. The
forward kinematics of the parallel mechanism can be modeled as an 8th-degree
polynomial equation in one unknown. To meet the control requirement of 1 kHz
update rate, we proposed two methods to determine the initial value in the
Newton-Raphson scheme for the forward kinematics. The first method uses the
solution of the previous step as the initial value for iterations. An accuracy of about
0.0004 mm was obtained with the computing time of 0.15 ms. However, wrong
solutions existed in some occasions. The second method determines the initial value
according to the value of |h11 − h21|. This method is robust comparing to the first
method. The computing time same with the first method was obtained but with a
lower accuracy of 0.001 mm. Higher computing efficiency and accuracy may be
obtained by combining both of the two methods.
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A Step Identification Method
for Kinematic Calibration of a 6-DOF
Serial Robot

Huaiyan Tang, Zhenya He, Yexin Ma and Xianmin Zhang

Abstract In order to improve the kinematic calibration accuracy, this paper pro-
poses a step identification method for link 6-DOF serial robot. Firstly, kinematic
model of serial robot was established based on the D-H parameter method. And
then, a step identification method (SIM) for robot calibration was presented,
including the offset of sphere-cally mounted reflection (SMR) and Frame offset, and
the robot parameters. Finally, a calibration experiment was carried out to verify the
effectiveness of the proposed identification method. The results demonstrate that the
accuracy of robot have an improvement of 50.31 % after calibration. Hence, the
step identification method established in this study is feasible and efficient.

Keywords Serial robot � Kinematic calibration � Step identification method �
Laser tracker

1 Introduction

With the rapid development of technologies, manufacturing and other industries
have moved towards the road of intelligent. The most important of automatic
manufacturing is the manufacturing and optimization technology of the robot.
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Furthermore, due to the intelligent transfer of industrial production and manufac-
turing, the industrial robot is becoming one of the key equipment to improve the
production efficiency, and the level of intelligent manufacturing, and reduce the
costs. At present, most of the industrial robots are of high repeatability. The
absolute accuracy, however, is relatively poor. As robot accuracy is the important
standard of its quality, the robot kinematic calibration must be performed before
industrial applications.

Errors can be classified into different types according to the source and char-
acteristics. The errors caused by the factors which are related to the geometry of the
robot is called geometric error. Among the factors that affect the accuracy of the
robot, the geometric error occupies about 80 % of the proportion. Thus the robot
kinematics calibration is mainly to study the geometric error caused by manufac-
turing error, installation error, and encoder error and so on. We mainly study the
geometric error model in this paper.

Geometrical calibration is usually divided into four steps: modeling, measure-
ment, parameter identification, error compensation [1]. The most common cali-
bration model is D-H model based on homogeneous transformation matrix [2], but
it’s not suitable for robot with parallel joint axis due to the singularity problem.
Hayati et al. [3] modified the D-H model by introducing a rotation about the Y-axis
of the parallel joint axes. Later, researchers have proposed S model using six
parameters [4], POE model based on exponential accumulation [5], CPC model [6],
the differential model [7], and so on. A measurement method is crucial for the
efficiency and accuracy of the calibration. Measuring instruments can be divided
into two types according to measuring scale. Instruments with large scale include
laser tracker, CMM systems [8–10] etc. These ways perform high accuracy with
high cost; the small-scale measurement includes visual measurement system, sonar
sensors [11, 12] etc. Furthermore, some use homemade tools for measurement.
Joubair [13] used a special plate with metal ball and triangular tactile probe; Ballbar
Albert and Nubiola [14] measured posture through the telescopic ballbar and
homemade fixed disk. Parameter Identification can get the approximate parameters
of the kinematic model based on the measured data. The most common methods
include least squares [15], maximum likelihood method [16], and extended Kalman
filter [17] and so on. Omodei et al. [18] compared the linear iteration, least squares
method, extended Kalman filter using the measured tracking error data, conclude
that extended Kalman filter method has faster convergence speed and better sta-
bility. The offset of SME and base frame offset are often ignored in traditional
kinematic calibration methods.

Therefore, this paper will focus on the kinematic calibration of serial robots to
improve the accuracy of robots. To this end, Sect. 2 of the paper will establish the
kinematic model of serial robot based on the D-H parameter method. Section 3 will
present a new method, namely step identification method (SIM), to calibrate the
serial robots using laser tracker system. In order to verify the feasibility of the
present method, Sect. 4 will carry out a calibration experiment on a 6-DOF serial
robot. Finally, the paper will end with a brief conclusion as presented in Sect. 5.
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2 Kinematic Model

The most widely used kinematic model for robots is the D-H model, in which 3
fixed parameters and 1 joint variable are used to describe the location of each link
relative to its neighbors, described by ai�1, di and ai�1 for link i. However, D-H
model is no longer suitable when the adjacent axes are parallel. In this case, the
modified D-H model adding a rotation parameter (bi) for nearly parallel axes is
introduced to solve this problem.

According to D-H notation, a frame, attached to each link, is defined. The link
frames are named by number according to the link to which they are attached. That
is, frame fig is attached rigidly to link i. The convention used to locate frame on the
links is shown as follows: The Zi-axis of frame {i}, called Zi, is coincident with the
joint axis i. The origin of frame {i} is located where the ai perpendicularly intersects
the joint i axis. Xi points along ai in the direction from joint i to joint i + 1. The
relationship of the two links is shown in Fig. 1.

To explain the modeling approach based on the modified D-H model, let’s take a
6-DOF serial robot as an example. And the coordinate system of the robot is shown
in Fig. 2. In D-H model, the transformation matrix from the frame fig to the frame
fi� 1g is described as follow.

i�1
i T ¼ RotXðai�1ÞTransXðai�1ÞRotZðhiÞTransZðdiÞ

¼

chi �shi 0 ai�1

shicai�1 chicai�1 �sai�1 �sai�1di
shisai�1 chisai�1 cai�1 cai�1di

0 0 0 1

0
BBB@

1
CCCA ð1Þ

Similarly, in modified D-H model, the transformation matrix can be written as:

Fig. 1 The relationship of
the two adjacent axes
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i�1
i T ¼

chi �shi 0 ai�1

shicai�1 chicai�1 �sai�1 �sai�1di
shisai�1 chisai�1 cai�1 cai�1di

0 0 0 1

0
BBB@

1
CCCA

cbi 0 sbi 0

0 1 0 0

�sbi 0 cbi 0

0 0 0 1

0
BBB@

1
CCCA

¼

chicbi �shi chisbi ai�1

shicai�1cbi þ sai�1sbi chicai�1 shicai�1sbi � sai�1cbi �sai�1di
shisai�1cbi � cai�1sbi chisai�1 shisai�1sbi þ cai�1cbi cai�1di

0 0 0 1

0
BBB@

1
CCCA
ð2Þ

where, ca is shorthand for ca, sa for sin a, and so on.
For the 6-DOF serial robot, the overall transformation between first link and the

last link is the 0T6 by matrix multiplication of the individual link matrices, which
can be written as:

0T6 ¼ 0T1
1T2

2T3
3T4

4T5
5T6 ð3Þ

The robot transformation relates points expressed in the end-effector coordinate
system to those of same points in the world coordinate system. Where a frame {tcp}
has been attached to the end-effector, the 6

tcpT is the transformation matrix respect to
the orientation and position of the frame {tcp} in the frame {6}. The correctness of
the model is verified by the forward kinematics and inverse kinematic.

Fig. 2 The D-H coordinate
system

1012 H. Tang et al.



3 Principle of the Identification Method

In traditional method, the errors of the robot itself are usually considered, but some
installation errors are ignored. And the influence of the installation errors is greater
than the robot itself. Therefore, these errors are taken into account in this paper.

Due to the experimental needs, a connecting component is added at the
end-effector, as shown in Fig. 3. Hence, the offset between the end-effector which
and sphere-cally mounted reflection (SMR) of the laser tracker must be taken into
account. This offset is determined only by measurement or simple geometric cal-
culations in traditional method. Similarly, a frame attached to the center of the SMR
is defined, named frame f7g, and a transformation matrix T7 is used to describe the
orientation and position of the frame f7g in the frame {tcp}. In addition, it is
difficult to find the base frame of the robot, so there is a deviation between the base
frame {0’} established by laser tracker and the actual base frame {0} of the robot,
which can also be expressed by a transformation matrix T0.

Compared to errors of the robot itself, these two sets of errors are obviously
larger than the robot parameters. To improve the accuracy of the calibration, the two
sets of errors and the robot parameters need to be identified respectively. Therefore,
this paper presents a step identification method (SIM) for robot calibration.

3.1 Identification of the SMR and Frame Offset

First, we identify the parameters in T7. Compared to the position deviation,
machining accuracy of the connecting component and the SMR base is relatively
high. So only the position deviations are considered. T7 can be assumed as:

End-effector

Connecting component 

(a) (b)

Fig. 3 Connecting component between the end-effector and the SMR: a the 3D model,
b installation on the robot
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T7 ¼

1 0 0 px7
0 1 0 py7
0 0 1 pz7
0 0 0 1

0
BBB@

1
CCCA

P7¼ px7 py7 pz7 1½ �T

ð4Þ

where px7 , py7 and pz7 are unknown.
To fast identify the T7, a new method, only one axis moving during measure-

ment, is presented. Furthermore, in order to avoid the influence of the
non-coincidence of the frames and the errors inducing by other links, the axis near
the end-effector is controlled to move during measurement. Assuming that the fifth
axis is chosen to rotate when identifying the T7. According to the forward kine-
matics an equation can be written as:

Pt1 � Pt2j j¼ T0T1 h1ð ÞT2 h2ð ÞT3 h3ð ÞT4 h4ð ÞT5 h5�1ð ÞT6 h6ð ÞTtcpP7

��
�T0T1 h1ð ÞT2 h2ð ÞT3 h3ð ÞT4 h4ð ÞT5 h5�2ð ÞT6 h6ð ÞTtcpP7

�� ð5Þ

where Pt1 represents the position measured the laser tracker in the first point, Pt2
represent the position measured by the laser tracker in the second point. Where h5�1

represent the first value of h5, h5�2 represent the second values of h5.
In addition, the position vector between the two points is invariable, no matter

relative to the frame {0′} or the frame {5}. Hence, according to the matrix oper-
ation, another equation can be written as:

T0T1 h1ð ÞT2 h2ð ÞT3 h3ð ÞT4 h4ð ÞT5 h5�1ð ÞT6 h6ð ÞTtcpP7
��
�T0T1 h1ð ÞT2 h2ð ÞT3 h3ð ÞT4 h4ð ÞT5 h5�2ð ÞT6 h6ð ÞTtcpP7

��
¼ T5 h5�1ð ÞT6 h6ð ÞTtcpP7 � T5 h5�2ð ÞT6 h6ð ÞTtcpP7

�� �� ð6Þ

By comparing the formulas (5) and (6), it can be written as:

T5 h5�1ð ÞT6 h6ð ÞTtcpP7 � T5 h5�2ð ÞT6 h6ð ÞTtcpP7
�� �� ¼ Pt1 � Pt2j j ð7Þ

Being controlled the fifth axis to rotate, 15 points are selected and measured by
laser tracker. A set of equations can be obtained according to the 15 positions. Then
the unknowns of the P7 can be identified by the least-square method with the help
of Matlab Software.

Secondly, the parameters in T0 can be identified. Due to the poor accuracy of the
platform used to install the robot, the orientation and position of the frame {0′}
relative to the frame {0} must be taken into account. According to the Z-Y-X Euler
angles, T0 can be assumed as:
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T0 ¼
cc1cc2 cc1sc2sc3 � sc1cc3 cc1sc2cc3 þ sc1sc3 px0
sc1cc2 sc1sc2sc3 þ cc1cc3 sc1sc2cc3 � cc1sc3 py0
�sc2 cc2sc3 cc2cc3 pz0
0 0 0 1

0
BB@

1
CCA ð8Þ

According to the forward kinematics, we can get an equation as follow:

T0T1T2T3T4T5T6TtcpP7 ¼ Pti ð9Þ

where, the parameters in T0 is unknown, and the other matrixes are known.
20 points are selected among the workspace, the positions of the selected points are
measured by the laser tracker system. The parameters in the T0 can be identified
based on the least-square method using Matlab Software.

3.2 Identification of Robot Parameters

The next step is to identify the other deviations about the robot itself. The positions
of the points by laser tracker need to transfer to the base frame of the robot at first.
The relationship can be written as:

T1T2T3T4T5T6TtcpQ ¼ T�1
0 Pti�P7ð Þ ð10Þ

where multiply Q ¼ 0 0 0 1½ �T is in order to extract the fourth columns which
express the nominal position of the robot.

The 2 axis parallel to the 3, which must be taken into account when making error
modeling in calibration. Thus the differential model in calibration was established
according to the D-H model and the modified D-H model. Mai, Mai, Mdi, Mbi and
Mhi are described the deviation between the nominal parameters and actual
parameters. The robot kinematics is analyzed in details, and the position error
model of the robot is derived, as shown as the follow.

Mp ¼
X5
i¼0

@p
@ai

� �
Mai þ

X5
i¼0

@p
@ai

� �
Mai þ

X6
i¼1

@p
@hi

� �
Mhi þ

X6
i¼1

@p
@di

� �
Mdi þ @p

@b2
Mb2 ¼ JdMd ð11Þ

where,

Jd ¼

@px
@a0

. . . @px
@a5

. . . . . . @px
@d1

. . . @px
@d6

@px
@b2

@py
@a0

. . .
@py
@a5

. . . . . .
@py
@d1

. . .
@py
@d6

@py
@b2

@pz
@a0

. . . @pz
@a5

. . . . . . @pz
@d1

. . . @pz
@d6

@pz
@b2

2
6664

3
7775
3�25

Md ¼ Ma0. . .Ma5;Ma0. . .Ma5;Mh1. . .Mh6;Md1. . .Md6;Mbxð ÞT
Mp ¼ T�1

0 Pti � P7ð Þ � T1T2T3T4T5T6TtcpQ
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The robot is conducted to walk 20 points in the workspace, and the positions are
measured by the laser tracker system. The parameters in the Md can be identified
based on the least-square method using Matlab Software.

4 Experiment and Results

To verify the feasibility of the method, a calibration experiment on ABB IRB 120
robot was conducted based on Leica laser tracker system, as shown in Fig. 4.
According to the specification of laser tracker, the precision of laser tracker is
10 lm. The experiment was performed at ambient temperature.

According to D-H model, a set of four D-H parameters extracted from the model
is illustrated in Table 1. The resulting link-transformation matrices are:

T1 ¼ 0
1T ¼

ch1 �sh1 0 0
sh1 ch1 0 0
0 0 1 d1
0 0 0 1

0
BB@

1
CCA T2 ¼ 1

2T ¼
c h2 � p=2ð Þ �s h2 � p=2ð Þ 0 0

0 0 1 0
�s h2 � p=2ð Þ �c h2 � p=2ð Þ 0 0

0 0 0 1

0
BB@

1
CCA

Fig. 4 The calibration experiment of the robot based on Laser tracker: a ABB IRB120 robot,
b Leica laser tracker system
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T3 ¼ 2
3T ¼

ch3 �sh3 0 a2
sh3 ch3 0 0
0 0 1 0
0 0 0 1

0
BB@

1
CCA T4 ¼ 3

4T ¼
ch4 �sh4 0 a3
0 0 1 d4

�sh4 �ch4 0 0
0 0 0 1

0
BB@

1
CCA

T5 ¼ 4
5T ¼

ch5 �sh5 0 0
0 0 �1 0
sh5 ch5 0 0
0 0 0 1

0
BB@

1
CCA

T6 ¼ 5
6T ¼

c h6 þ pð Þ �s h6 þ pð Þ 0 0
0 0 1 0

�s h6 þ pð Þ �c h6 þ pð Þ 0 0
0 0 0 1

0
BB@

1
CCA

Ttcp ¼ 6
tcpT ¼

1 0 0 0
0 1 0 0
0 0 1 d6
0 0 0 1

0
BB@

1
CCA

0
tcpT ¼ 0

1T
1
2T

2
3T

3
4T

4
5T

5
6T

6
tcpT ¼

nx ox ax nx
ny oy ay ny
nz oz az nz
0 0 0 1

0
BB@

1
CCA

First, the frame of the laser tracker system was established. Then the fifth axis of
the robot was conducted to move to 15 different points, and the actual and nominal
positions of the points were record, respectively. The set of data was used to
identify T7. Similarly being controlled the arbitrary axis rotation of the robot, make
the end-effector move to 60 points, and record the position. The points were shown
in Fig. 5. The points were divided into two groups, one group including 30 points

Table 1 The ABB IRB 120
robot nominal D-H
parameters

Link ai�1 ai�1 hi di
1 0 0 h1 290

2 −p=2 0 h2 � p=2 0

3 0 270 h3 0

4 −p=2 70 h4 302

5 p=2 0 h5 0

6 −p=2 0 h6 þ p 0

TCP 0 0 0 72
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was used to calibration, and the rest of the points were used to verify the result of
the calibration.

According to the method in Sect. 2, the identified T7 and T0 are as follows:

T7 ¼
1 0 0 �0:3092
0 1 0 �0:2732
0 0 1 18:0101
0 0 0 1

0
BB@

1
CCA

T0 ¼
1:0000 �0:0005 �0:0030 0:2988
0:0005 1:0000 �0:0012 0:9270
0:0030 0:0012 1:0000 �6:6116

0 0 0 1:0000

0
BB@

1
CCA:

The deviation of the Mai, Mai, Mdi, Mbi and Mhi are shown in Table 2.
Then the errors were compensated into the Kinematic model, and compared the

results with the previous results, as is shown in Fig. 6.
After calibration, the maximum error changed from 0.2369 to 0.1992 mm; the

minimum error changed from 0.0831 to 0.0248 mm; the average error changed
from 0.1590 to 0.0790 mm. The average absolute accuracy of the robot was

Fig. 5 The points in the
workspace

Table 2 Errors of each
parameter

Link Mai�1/mm Mai�1/rad Mdi/mm Mhi/rad Mbi
1 0.057 −0.0002 0.0299 −0.0037 0

2 0.5164 −0.0008 −0.0506 0.0095 0.0004

3 0.0601 −0.0044 0.0195 0.0076 0

4 0.0665 −0.0028 −0.0175 0 0

5 −0.3555 0.0010 −0.0267 0 0

6 0.1303 0.0046 −0.0105 0 0
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improved 50.31 %. The experimental results show that the step identification
method is effective in improving the accuracy of the robot.

5 Conclusion

Step identification method for link 6-DOF serial robot is proposed in this paper. The
method consists of two steps. One step is to identify the SMR and frame offset, and
the other step is to identify the robot parameters. An experiment was carried out on
an ABB IRB120 robot to verify the feasibility of the proposed method. The results
show that the accuracy of this method is higher than that of traditional calibration
method, and the accuracy of robot improves 50.31 % after calibration. Furthermore,
the proposed method retains the advantages of traditional method that the error
model is simple and easy to realize.
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Dynamic Characteristics of Planetary
Transmission with Thin-Walled Ring Gear
on Elastic Supports under Different
Working Conditions

Jianying Li and Qingchun Hu

Abstract A lumped parameter-rigid elastic coupled dynamic model of two-stage
planetary transmission for a hybrid car is established through inter-stage coupled
method, after including the elasticity of the ring gear of planet set II and simplifying
its elastic supports. Analyzing the relative displacement of various components and
considering the time-varying mesh stiffness of each stage gear pairs, the equations
of motion are obtained. On this basis, the influences of different working conditions
on the dynamic characteristics of two-stage planetary transmission are discussed by
the theoretical analysis and experimental testing. The simulation results show the
influence trendies of each stage dynamic mesh forces by the input rotational speeds
are opposite, but the influence trendies are the same by the load torques; simulta-
neously, each stage dynamic mesh forces have been affected by the load torque
more than the input rotational speed. The vibration experimental results have good
consistencies with the theoretical analysis.

Keywords Elastic supports � Thin-walled ring gear � Vibration testing � Working
conditions

1 Introduction

The internal combustion engine, the generator/motor are usually used as power
sources in a hybrid car, in order to solve this multi-power sources coupled problem,
a planetary gears mechanism is often used as key part of its transmission system [1,
2]. However, the planetary gear vibration and noise have been critical factors which
affect transmission system performance. Although wide studies on this problem are
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carried out in the academic field, which mainly involve dynamic modeling, natural
frequency analysis, dynamic response solving, parameters stability and experiment
verifications [3–13], only the changing mesh and support stiffness are considered as
modeling, meanwhile the gears and carrier are regarded as rigid bodies, some
scholars have pointed out the elasticity of the ring gear should be taken into account
in certain situations, especially the ring gear is a thin-walled structure [14–17].

Because of thin-walled ring gear, its elastic deformations have influences on
dynamic characteristics of transmission system, so the thin-walled ring gear is no
longer regarded as a rigid body as modeling. This problem is discussed by the
researchers, Wu [18] studied the nonlinear dynamic characteristics of planetary gears
having an elastic ring gear through the method of multiple scales, Zhang et al. [19,
20] pointed out the elasticity of the ring gear has a certain influence on the dynamic
characteristics of planetary gears. However, they mainly aimed at single-stage
planetary gears transmission. The linear dynamic characteristics of multi-stage
planetary gear transmission (the ring gears are regarded as the rigid bodies) were
studied by Xiao and Zhao et al. [21, 22], and they analyzed the dynamic character-
istics of planetary gears train used in driving cutter-head of shield tunneling machine.
Qin et al. [23] studied the dynamic characteristics of planetary gear system of wind
turbines, but the study on the dynamic characteristics of two-stage planetary trans-
mission including elastic continuum ring gear has not been reported presently.

In view of the problem above and practical application for a hybrid car, a
dual-clutch and dual-speed planetary gears mechanism (see Fig. 1) of a hybrid car
coupled-system is taken as a research subject in this paper, the ring gear uses a
thin-walled structure and the clutch friction plates are used as its elastic supports.
A lumped parameter-rigid elastic coupled dynamic model of two-stage planetary
transmission is established, the supports of the ring gear are represented as an
elastic foundation with radial and tangential distributed stiffness in this paper, where
the ring gear is modeled as an elastic continuum body, each stage sun, carrier and
planets are regarded as rigid bodies. On this basis, the influences of different
working conditions on the dynamic characteristics of two-stage planetary trans-
mission are analyzed by the theoretical analysis and experimental testing, it can be
provided guidance for dynamic design of two-stage planetary transmission with
thin-walled ring gear on elastic supports.

2 Dynamic Model of Planetary Transmission
with Thin-Walled Ring Gear on Elastic Supports

2.1 Modeling Assumptions

The diagram of two-stage planetary gears mechanism for a hybrid car is shown in
Fig. 1. It is composed of planet set I and II, clutches c1; c2 and shell. The sun of
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planet set I sIð Þ and II sIIð Þ connect together, the ring gear of planet set I rIð Þ and the
carrier of planet set II cIIð Þ connect together. Clutch c1 controls rI and cII. Clutch c2
only controls the ring gear of planet set II rIIð Þ. The carrier of planet set I cIð Þ is the
input, the sun of planet set I and II sI � sIIð Þ is the output.

There are following assumptions as modeling in this paper:

(1) The ring gear of planet set II is modeled as elastic continuum body and in
inextensible plane vibration condition. Each stage sun, carrier and planets are
regarded as rigid bodies; the planets are identical and equally spaced.

(2) The bearing stiffness of the sun, carrier and planets are linear stiffness, the
supports of the ring gear of planet set II are represented as an elastic foundation
with uniform radial and tangential distributed stiffness per unit length krbs and
krus.

(3) All ring-planet and sun-planet mesh stiffness are time-varying. The damping,
friction and transmission errors of two-stage planetary gears mechanism are
neglected.

2.2 Dynamic Model

Based on the above assumptions, the dynamic models of two-stage planetary
transmission are shown in Fig. 2, which are modeled relative to the co-moving
coordinate of each stage carrier. Unless specially indicating, i ¼ I; II represent
planet set I and II, respectively. n ¼ 1; 2; � � �Ni, where NI;NII represent numbers of
planets of planet sets I and II. The two-stage planetary transmission dynamic model
is established through inter-stage coupled method based on the translation-torsional
dynamic model of planet set I (see Fig. 2a), in which the deformations and elastic

Fig. 1 The diagram of
two-stage planetary gears
mechanism for a hybrid car
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supports of the ring gear of planet set II are considered (see Fig. 2b). xih; y
i
h; u

i
h; ðh ¼

s; c; rÞ are translational and torsional displacements of component h of planet set
i (the sun, carrier and ring gear), respectively. hih is angular displacement of
component h of planet set i, and uih ¼ rihh

i
h, where rih is base radius of component

h of planet set i (ric is radius of the circle passing through planet centers). xin; y
i
n; u

i
n

are translational and torsional displacements of the nth planet of planet set i,
respectively. uðh; tÞ is tangential displacement of the ring gear of planet set II, its
radial displacement is determined by the inextensibility condition
wðh; tÞ ¼ �@u = @h. In what follows, uðh; tÞ is abbreviated as u.

The displacement along mesh line of the sun and nth planet is

disn ¼ �xis sinw
i
snðtÞþ yis cosw

i
snðtÞ � xin sin a

i
s � yin cos a

i
s þ uis þ uin: ð1Þ

As including the elasticity of the ring gear of planet set II, the displacement
along mesh line of the ring gear and nth planet has changed, it can be obtained
according to the deformation compatibility condition [18, 20]

dIIm ¼ uðh; tÞ � dIIn : ð2Þ

uðh; tÞ ¼ tðh; tÞþU1ðtÞeih þU�1ðtÞe�ih þU0ðtÞ: ð3Þ

where tðh; tÞ is elastic deformation of the ring gear of planet set II. U1; U�1 and U0

represent the rigid body motion of the ring gear of planet set II, and

(a) (b)

Fig. 2 Dynamic model of two-stage planetary transmission with thin-walled ring gear on elastic
supports
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tðh; tÞ ¼
X�1

m¼�2

VmðtÞeimh �
X�JNII

m¼�2

VmðtÞeimh: ð4Þ

J is an arbitrary integer, the right terms of Eq. (4) is composed of JN orders
nodal diameter components of the ring gear of planet set II.

For yielding the full expansion of Eq. (2), assuming

xIIr ¼ �i U1 � U�1ð Þ; yIIr ¼ U1 þU�1; u
II
r ¼ U0 cos aIIr : ð5Þ

Substituting Eqs. (3–5) into Eq. (2) yield the equation of the displacement along
mesh line of the ring gear and nth planet of planet set I and planet set II

dIIrn ¼ t cos aIIr þ
@t
@h

sin aIIr

� �����
h¼wII

n

�xIIr sinw
II
rnðtÞþ yIIr cosw

II
rnðtÞþ uIIr þ xIIn sin a

II
r

� yIIn cos a
II
r � uIIn :

ð6Þ

dIrn ¼ �xIr sinw
I
rnðtÞþ yIr cosw

I
rnðtÞþ uIr þ xIn sin a

I
r � yIn cos a

I
r � uIn: ð7Þ

For expressing conveniently, dIrn and dIIrn are written dirn.
The radial and tangential deformations of the nth planet bearing

dinr ¼ yin þ xic cosw
i
nðtÞ � yic sinw

i
nðtÞ: ð8Þ

dint ¼ yin þ xic sinw
i
nðtÞ � yic cosw

i
nðtÞ � uic: ð9Þ

where wi
nðtÞ is the nth planet location of planet set i with x axis positive direction.

wi
nðtÞ ¼ xi

ctþ 2pðn� 1Þ =Ni. wi
rnðtÞ ¼ wi

nðtÞþ air, wi
snðtÞ ¼ wi

nðtÞ � ais, where
air; a

i
s is pressure angle of the ring gear and sun gear of planet set i, respectively.

The differential equations of motion of two-stage planetary transmission are

M€aþKa ¼ F: ð10Þ

where M ¼ diag MI;Me;MII
� �

is equivalent mass matrix, Me ¼ PR 1� @2

@h2

� �
represents equivalent mass of the ring gear of planet set II, a ¼ UI; t;UII

� �T
is

generalized coordinates vector; K(t) is time-varying stiffness matrix (see Appendix
for details), F is force vector, F ¼ FI; 0;FII

� �
.
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MI ¼ diagðmI
r;m

I
r; I

I
r= rIr
	 
2

;mI
c;m

I
c; I

I
c= rIc
	 
2

;

mI
s;m

I
s; I

I
s= rIs
	 
2

;mI
1;m

I
1; I

I
1= rI1
	 
2� � �mI

n;m
I
n; I

I
n= rIn
	 
2Þ;

MII ¼ diagðmII
r ;m

II
r ; I

II
r = rIIr

	 
2
;mII

c ;m
II
c ; I

II
c = rIIc

	 
2
;

mII
s ;m

II
s ; I

II
s = rIIs

	 
2
;mII

1 ;m
II
1 ; I

II
1 = rII1

	 
2� � �mII
n ;m

II
n ; I

II
n = rIIn

	 
2Þ;
UI ¼ xIr; y

I
r; u

I
r; x

I
c; y

I
c; u

I
c; x

I
s; y

I
s; u

I
s; x

I
1; y

I
1; u

I
1 � � � xIn; yIn; uIn

� �T
;

UII ¼ xIIr ; y
II
r ; u

II
r ; x

II
c ; y

II
c ; u

II
c ; x

II
s ; y

II
s ; u

II
s ; x

II
1 ; y

II
1 ; u

II
1 � � � xIIn ; yIIn ; uIIn

� �T
;

FI ¼ ½T
I
r

rIr
;
T I
c

rIc
;
T I
s

rIs
; 0; . . .0�T ;

FII ¼ ½T
II
r

rIIr
;
T II
c

rIIc
;
T II
s

rIIs
; 0; . . .0�T :

where mi
h; I

i
h are mass and moment of inertia of component h of planet set i; mi

n; I
i
n

are mass and moment of inertia of the nth planet of planet set i; kisnðtÞ; kirnðtÞ are
time-varying mesh stiffness of the sun, ring gear with the nth planet of planet set i;
kih0j ðh0 ¼ c; s; j ¼ x; y; uÞ is bearing stiffness and torsional stiffness of component h0

of planet set i (the carrier and sun gear), kIrj is bearing stiffness and torsional stiffness
of the ring gear of planet set I; krus; krbs are tangential and radial stiffness with units
length of the ring gear of planet set II; kipn is bearing stiffness of the nth planet; kissu
is coupling torsional stiffness of the sun gear of planet set I with the sun gear of
planet set II; kicru is coupling torsional stiffness of the ring gear of planet set I with
the carrier of planet set II; Ti

h is external torque of component h of planet set i; re is
connecting shaft radius of the ring gear of planet set I with the carrier of planet set
II, rb is connecting shaft of the sun gear of planet set I with the sun gear of planet set
II.

The internal and external time-varying mesh stiffness with the nth planet of
planet set i kisnðtÞ; kirnðtÞ

kisnðtÞ ¼ �kisn þ ki1nðtÞ; kirnðtÞ ¼ �kirn þ ki2nðtÞ: ð11Þ
�kisn; �k

i
rn are internal and external average mesh stiffness with the nth planet of

planet set i; ki1nðtÞ; ki2nðtÞ are internal and external mesh stiffness variations with the
nth planet of planet set i

ki1nðtÞ ¼ 2li
X1
l¼1

aiðlÞsn sin lxi
mtþ biðlÞsn cos lxi

mt
� �

;

ki2nðtÞ ¼ 2ei
X1
l¼1

aiðlÞrn sin lxi
mtþ biðlÞrn cos lxi

mt
� �

: ð12Þ
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aiðlÞsn ¼ 2
lp
sin lp cis þ 2cisn

	 
� �
sin lpcis

	 

;

biðlÞsn ¼ 2
lp
cos lp cis þ 2cisn

	 
� �
sin lpcis

	 

: ð13Þ

aiðlÞrn ¼ 2
lp
sin lp cir þ 2cisr þ 2cirn

	 
� �
sin lpcir

	 

;

biðlÞrn ¼ 2
lp
cos lp cir þ 2cisr þ 2cirn

	 
� �
sin lpcir

	 

: ð14Þ

ki1nðtÞ; ki2nðtÞ with peak to peak amplitudes 2li; 2ei; contact ratios cis; c
i
r; mesh fre-

quency xi
m; internal and external mesh phasing cirn; c

i
sn; the phasing between internal

and external meshes for a given planet cisr. Each stage internal and external mesh
stiffness fluctuation curves with the nth planet of two-stage planetary transmission
with thin-walled ring gear on elastic supports can be seen from Figs. 3 and 4.

Fig. 3 The internal and external time-varying mesh stiffness of planet set I

Fig. 4 The internal and external time-varying mesh stiffness of planet set II
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3 Influences of Working Conditions on Dynamic Mesh
Forces of Planetary Transmission with Thin-Walled
Ring Gear on Elastic Supports

In order to understand the influences of different working conditions on each gear
pairs dynamic mesh forces of two-stage planetary transmission, the Runge-Kutta
method is used for numerical solutions of Eq. (10) and numbers of each stage
planet are 4, the numerical simulation parameters are shown in Table 1. The results
of numerical simulation show that the influence trendies of the working conditions
on the sun-planet and ring-planet dynamic mesh forces of planet set I and II are

Table 1 Parameters of two-stage planetary transmission with thin-walled ring gear on elastic
supports

Parameters Ring gear Carrier Sun gear Planet

Planet set I Teeth 83 – 33 25

Pitch diameter (mm) 103.75 – 41.25 31.25

Base diameter (mm) 97.49 72.5 38.76 29.37

Modulus (mm) 1.25 – 1.25 1.25

Pressure angle (°) 20° 20° 20° 20°

Mass (kg) 0.547 0.573 0.106 0.064

Moment of inertia (kg mm2) 933.060 552.328 18.443 6.963

Bearing stiffness (N/lm) 170 109 126 108

Torsional stiffness (N/lm) kIsu ¼ kIcu ¼ 0 kIru ¼ 15750

Mesh stiffness (N/lm) �kIrn ¼ 373:5 �kIsn ¼ 322:8

Tooth width (mm) 17 – 17 17

Planet set II Teeth 83 – 33 25

Pitch diameter (mm) 103.75 – 41.25 31.25

Base diameter (mm) 97.49 72.5 38.76 29.37

Modulus (mm) 1.25 – 1.25 1.25

Pressure angle (°) 20° 20° 20° 20°

Mass (kg) 0.741 0.613 0.143 0.086

Moment of inertia (kg mm2) 1277.185 730.328 27.812 11.145

Bearing stiffness (N/lm) 0.31 109 126 108

Torsional stiffness (N/lm) kIIsu ¼ kIIru ¼ 0 kIIcu ¼ 6850

Mesh stiffness (N/lm) �kIIrn ¼ 505:3 �kIIsn ¼ 433:8

Tooth width mm 23 – 23 23

Coupling stiffness (N/lm) kIssu ¼ kIIssu ¼ 151:0 kIcru ¼ kIIcru ¼ 5630

Contact ratios cIs ¼ cIIs ¼ 1:66 cIr ¼ cIIr ¼ 1:79

1030 J. Li and Q. Hu



roughly similar, so only the ring-planet dynamic mesh forces of planet set I and II
are listed below, respectively.

The influences of the input rotational speeds on each stage ring-planet dynamic
mesh forces are solved through the Runge-Kutta method under the load torque
T I
s ¼ 10 Nm, the input rotational speeds nIc is 100, 200 and 300 r/min, respectively.

Shown in Fig. 5, the blue dotted lines and the red solid lines represent the influ-
ences of different input rotational speeds on the ring-planet dynamic mesh forces of
planet set I and II, respectively. Seen from Fig. 5, with the increasing of the input
rotational speeds, the ring-planet dynamic mesh forces of planet set I increase first
and then decrease and their amount of change are all small. That is, the peak values
of the blue dotted lines in turn are 270, 280 and 260 N from Fig. 5a–c. The
meshing states between the ring gear and the planet gears of planet set I transform
from the short time single side impact to the elimination gear teeth off. Meanwhile
the ring-planet dynamic mesh forces of planet set II decrease first and then increase
and their amount of change are also small when the input rotational speeds increase,
the double sides impact phenomenon occurs between the ring gear and the planet
gears of planet set II, the time change of the meshing states of the elimination gear
teeth off is not obvious.

The influences of the load torques on each stage ring-planet dynamic mesh
forces are studied through the Runge-Kutta method under the input rotational speed

(b) 200 /mincn r(a) 100 /mincn r

(c) 300 /mincn r

Fig. 5 Influences of input rotational speeds nIc on ring-planet dynamic mesh forces
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nIc ¼ 100 r=min, the load torques T I
s is 10, 15 and 20 Nm, respectively. Shown in

Fig. 6, the blue dotted lines and the red solid lines represent the influences of
different load torques on the ring-planet dynamic mesh forces of planet set I and II,
respectively. Seen from Fig. 6, with the increasing of the load torques, the
ring-planet dynamic mesh forces of planet set I increase, the peak values of the blue
dotted lines in turn are 270, 400 and 545 N from Fig. 6a–c. The meshing states
between the ring gear and the planet gears of planet set I also transform from the
short time single side impact to the elimination gear teeth off. Simultaneously, with
the increasing of the load torques, the ring-planet dynamic mesh forces of planet set
II also increase, the double sides impact phenomenon occurs between the ring gear
and planet gears of planet set II, the time change of the meshing states of the
elimination gear teeth off is also not obvious.

Compared Fig. 5 with Fig. 6, it can be known that each stage ring-planet
dynamic mesh forces have been affected by the load torque more than the input
rotational speed, but the meshing state and meshing time between the ring gear and
the planet gears are similar.

(a) 10sT Nm (b) 15sT Nm

(c) 20sT Nm

Fig. 6 Influences of load torques T I
s on ring-planet dynamic mesh forces
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4 Vibration Testing Experiments

4.1 Vibration Testing Platform

For verifying the theoretical analysis above, the vibration experiments of two-stage
planetary gears box exampled in Table 1 have been tested. The vibration testing
platform is composed of motor, torque and speed sensors, tested two-stage plane-
tary gears box, acceleration sensors, elastic coupling, magnetic loader and other
components. 1#, 2# and 3#, 4# are the vibration testing points at the input shaft
bearing, the ring gear of planet set I and II, the output shaft bearing of two-stage
planetary gears box, respectively (shown in Fig. 7). The vibration testing sampling
frequency is 10,000 Hz, where fm; fkðk ¼ r; c; s; pÞ are mesh fundamental fre-
quency and rotating frequency of each stage component k under different working
conditions.

4.2 Experimental Testing and Analysis

The vibration experiments affected by the input rotational speeds are tested under
the load torque T I

s ¼ 10 Nm, the input rotational speeds nIc is 100, 200 and
300 r/min, respectively. The vibration acceleration time-domain curves of each
stage ring gear of two-stage planetary gears box are shown in Figs. 8a and 9a. As
shown in Figs. 8a and 9a, with the increasing of the input rotational speeds, the
vibration acceleration peaks of the ring gear of planet set I in turn are 11.55, 12.01

1. motor 2. ZJ torque and speed sensors 3. tested two-
stage planetary gears box 4. acceleration sensors 5. elastic coupling

6. ZJ torque and speed sensors 7. magnetic loader 

Fig. 7 Vibration testing platform of two-stage planetary gears box
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and 11.49 m/s2; the vibration acceleration peaks of the ring gear of planet set II in
turn are 20.64, 20.10 and 20.16 m/s2. That is, the dynamic response of the ring gear
of planet set I increases first and then decreases, nevertheless, the dynamic response
of the ring gear of planet set II decrease first and then increase when the input
rotational speeds increase.

The corresponding frequency spectra are refined in Figs. 8b and 9b. Seen from
Fig. 8b, there are the vibration acceleration peaks of the ring gear of planet set I at the
mesh fundamental frequency 138, 276 and 414 Hz and they increase first and then
decrease in a small extent when the input rotational speeds increase from 100 to 300
r/min. The combination frequencies 92 Hz ðfm � fp � 2fs � 2fcÞ and 184 Hz

(a) Time-domain curves

(b) Frequency-domain curves

Fig. 8 Dynamic responses of the ring gear of planet set I versus input rotational speeds nIc
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ðfm þ fp þ 2fs þ 2fcÞ appear under the working conditions T I
s ¼ 10Nm; nIc ¼

100 r=min; The combination frequencies 309 Hz ðfm þ fp þ 2fc � 3fsÞ and 338 Hz
ðfm þ fpÞ appear under the working conditions T I

s ¼ 10Nm; nIc ¼ 200 r=min; The
combination frequency 176 Hz ðfm þ fs þ fc � 3fpÞ appears under the working con-
ditions T I

s ¼ 10Nm; nIc ¼ 300 r=min. The rotating frequencies of the carrier of planet
set I appear in the frequency range of 1–5 Hz under different working conditions.

Seen from Fig. 9b, there are the vibration acceleration peaks of the ring gear of
planet set I at the mesh fundamental frequency 193, 386 and 580 Hz and they
decrease first and then increase in a small extent when the input rotational speeds

(a) Time-domain curves

(b) Frequency-domain curves

Fig. 9 Dynamic responses of the ring gear of planet set II versus input rotational speeds nIc
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increase from 100 to 300 r/min. The combination frequencies 178 Hz
ðfm þ 2fs þ 2fr � fpÞ, 202 Hz ðfm þ 2fs � 2frÞ and 501 Hz ð2fm þ 3fp þ 3fs þ 2frÞ
appear under the working conditions T I

s ¼ 10Nm; nIc ¼ 100 r=min; The combina-
tion frequency 290 Hz ðfm þ 2fs þ fr � 2fpÞ appears under the working conditions
T I
s ¼ 10Nm; nIc ¼ 200 r=min; The combination frequency 280 Hz ðfm þ 2fr �

3fp � 2fsÞ and half times mesh fundamental frequency 290 Hz ð1=2fmÞ appear
under the working conditions T I

s ¼ 10Nm; nIc ¼ 300 r=min.
The vibration experiments affected by the load torques are tested under the input

rotational speed nIc ¼ 100 r=min, the load torques T I
s is 10, 15 and 20 Nm,

respectively. The vibration acceleration time-domain curves of each stage ring gear
of two-stage planetary gears box are shown in Figs. 10a and 11a. As shown in

(a) Time-domain curves

(b) Frequency-domain curves

Fig. 10 Dynamic responses of the ring gear of planet set I versus load torques T I
s
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Figs. 10a and 11a, with the increasing of the load torques, the vibration acceleration
peaks of the ring gear of planet set I in turn are 11.55, 24.07 and 34.54 m/s2; the
vibration acceleration peaks of the ring gear of planet set II in turn are 20.64, 49.22
and 65.23 m/s2. That is, the dynamic responses of the ring gear of planet set I and II
all increase when the load torques increase.

The corresponding frequency spectra are refined in Figs. 10b and 11b. Seen
from Fig. 10b, there are the vibration acceleration peaks of the ring gear of planet
set I at the mesh fundamental frequency 138 Hz and the combination frequencies
92 Hz ðfm � fp � 2fs � 2fcÞ, 184 Hz ðfm þ fp þ 2fs þ 2fcÞ appear when the input

(a) Time-domain curves

(b) Frequency-domain curves

Fig. 11 Dynamic responses of the ring gear of planet set II versus load torques T I
s
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rotational speed nIc ¼ 100 r=min, the load torques T I
s is 10, 15 and 20 Nm,

respectively. Seen from Fig. 11b, there are the vibration acceleration peaks of the
ring gear of planet set II at the mesh fundamental frequency 193 Hz and the
combination frequencies 178 Hz ðfm þ 2fs þ 2fr � fpÞ, 202 Hz ðfm þ 2fs � 2frÞ,
501 Hz ð2fm þ 3fp þ 3fs þ 2frÞ appear when the input rotational speed
nIc ¼ 100 r=min, the load torques T I

s is 10, 15 and 20 Nm, respectively.

5 Conclusions

(1) The lumped parameter-rigid elastic coupled dynamic model of two-stage
planetary transmission for a hybrid car is established through inter-stage cou-
pled method, where the supports of the ring gear of planet set II are represented
as an elastic foundation with radial and tangential distributed stiffness, the ring
gear of planet set II is modeled as an elastic continuum body and each stage
sun, carrier and planets are regarded as rigid bodies. After analyzing the relative
displacement of various components and considering the time-varying position
angle of the planet gear and mesh stiffness of internal and external gear pairs,
the differential equations of motion of two-stage planetary transmission are
obtained. On this basis, the influences of different working conditions on each
stage ring-planet dynamic mesh forces of two-stage planetary transmission are
analyzed. With the increasing of the input rotational speeds, the ring-planet
dynamic mesh forces of planet set I increase first and then decrease, but con-
trary to planet set II; With the increasing of the load torques, the ring-planet
dynamic mesh forces of planet set I and II all increase. Simultaneously, each
stage ring-planet dynamic mesh forces have been affected by the load torque
more than the input rotational speed.

(2) The acceleration data of two-stage planetary transmission box are tested by
using the vibration testing platform and the corresponding refined frequency
spectra are analyzed. The vibration testing experiments show that the vibration
responses of planet set I and II by the working condition are not exactly the
same, with the increasing of the input rotational speeds, the vibration intensities
of planet set I increase first and then decrease, but contrary to planet set II; The
vibration responses of planet set I and II all increase when the load torques
increase.
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rIb
	 
2
rIs
	 
2Þ;

KII
sb ¼ diagðkIIsx; kIIsy; kIIsu þ kIIssu

rIIb
	 
2
rIIs
	 
2Þ;

KNi
pp

� �i
¼ KNi

r3

	 
i þ KNi
c3

	 
i þ KNi
s3

	 
i
;

K11 ¼ KI
0;

K12a ¼ 03N1 þð9�JNIIÞ;

K13a ¼ K13ð Þ3�6 0

0 K13ð Þ9�9

� �
ð3NI þ 9Þ�ð3NII þ 9Þ

; K13ð Þ3�6¼ �kIcru
rIe
	 
2
rIr

; K13ð Þ9�9¼ �kIssu
rIb
	 
2
rIs

;

K21a ¼ 0JNII�ð3NI þ 9Þ;

K22a ¼ ½kbendL1 þ krus � krbs
@2

@h2

� �
R = kIIrnðtÞþ kIIrnðtÞL2�JNII�NII

;

kbend ¼ EIa =R3ð1� m2Þ; L1 ¼ � @6

@h6
þ 2

@4

@h4
þ @2

@h2

� �
;

L2 ¼ �
XNII

n¼1

sin2 aIIr
@2

@h2
� cos2 aIIr

� �
dðh� wII

n Þþ sin aIIr
@

@h
þ cos aIIr

� �
sin aIIr

@dðh� wII
n Þ

@h

� �
;
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dðh� wII
n Þ Dirac function;

E Young’s modulus of the ring gear of planet set II, E = 2.07e1011,
m Poisson’s ratio of the ring gear of planet set II, m ¼ 0:3,
R neutral radius of the ring gear of planet set II,
Ia area moment of inertia of the ring gear of planet set II,
P mass density per unit length of the ring gear of planet set II.

krus ¼ 0N/m; krbs ¼ 105 N/m;

K23a ¼ ½kIImðtÞ cos aIIr dðh� wII
n Þ � sin aIIr

@dðh� wII
n Þ

@h

� �
dIIn �JNII�ð3NII þ 9Þ;

K31a ¼ K31ð Þ6�3 0

0 K31ð Þ9�9

� �
ð3NII þ 9Þ�ð3NI þ 9Þ

; K31ð Þ6�3¼ �kIIcru
rIIe
	 
2
rIIc

; K31ð Þ9�9¼ �kIIssu
rIIb
	 
2
rIIs

;

K32a ¼ kIImðtÞ
PNII

n¼1
brvjh¼wII

n

� �
0 0 bpv

��
h¼w1

� � � bpv
��
h¼wNII

� �T
ð3NII þ 9Þ�JNII

;

br ¼ � sinwII
m; cosw

II
m; 1

	 
T
; bp ¼ sin aIIr ;� cos aIIr ;�1

	 
T
;

K33 ¼ KII
0 :
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Stiffness Modeling of Parallel Manipulator
with Articulated Traveling Plate

Tao Sun, Hao Wu, Binbin Lian, Panfeng Wang and Yimin Song

Abstract Parallel manipulator (PM) with articulated travelling plate (ATP) has
drawn more and more attention from industry and academia. In order to charac-
terize stiffness of PMs with ATP in an explicit and accurate manner, a
semi-analytical stiffness modeling method is proposed. Resorting to superposition
principle, compliance matrix of the whole PM can be formulated by the parallel
limbs and ATP step-by-step. In the formulation of compliance of two substructures,
n-DoF (n� 6) virtual springs are firstly applied to describe component deforma-
tions. Then, deformation superposition, twist/wrench mapping model, virtual work
principle and Hooke’s Law are adopted. Wrenches of parallel limbs become single
wrenches within each limb, combination wrenches from opposite limbs due to the
effect of ATP. This stiffness modeling method is exemplified and verified by a one
translational and three rotational (1T3R) PM with ATP. Results from finite element
analysis software indicate that proposed stiffness modeling method is with high
accuracy.
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1 Introduction

In the industrial areas such as food packaging, medicine, and semiconductor
manufacturing, the family of parallel manipulators (PMs) with articulated traveling
plate (ATP) have proven great efficiency in high speed pick-and-place operations
[1–3]. Unlike single platform of common PMs, ATP is composed of two or more
in-parts and one out-part [4]. Additional motions can be obtained from relative
movements of in-parts, which enable PMs to have larger range of motions. Due to
superior motion capability, PMs with ATP have great potential to enlarge their
commercial applications, for instance, tracking mechanism [5], docking equipment
[6] or machine tools. Analysis and design of PMs with ATP have also attracted
more and more attention.

Stiffness evaluates deformations caused by external payloads and directly affects
accuracy of PMs [7–9]. Thus, stiffness modeling is one of the most fundamental
analyses in the development of PMs with ATP. Referring to stiffness modeling of
PMs, semi-analytical approach is recognized as the most effective method. It
obtains compliance matrix of components by FEA software, then achieves stiffness
of PMs by analytical computation [10–24]. Semi-analytical stiffness modeling is
also regarded as virtual joint method (VJM). The core idea is adding virtual springs
to elastic deformations of components [11]. And stiffness model of PMs is for-
mulated by applying deformation superposition principle, mapping matrix, Hooke’s
Law to virtual work equation [19]. Concerning denotation of virtual springs,
semi-analytical approach can be roughly divided into two categories, i.e. single
degree-of-freedom (DoF) spring [16–23] and 6-DoF spring [10, 11, 24].

For the first category, compliance of virtual springs is usually in scalar form.
And mapping matrix between joint space and operated space (Jacobian matrix) are
adopted. This method can be traced back to 1990. Gosselin [16] employed linear
spring to describe actuator compliance and formulated stiffness models of planar 3-
DoF and spatial 6-DoF parallel mechanisms by Jacobian matrix. Note that stiffness
along/about constrained directions of lower mobility PMs cannot be obtained
through overall Jacobian matrix. Ceccarelli [17], Zhang [18] and Li [19, 20] applied
overall Jacobian matrix to the stiffness modeling of CaPaMan, Tripod-based PM,
3-PUU and 3-PRC PMs. Herein, P, U, R, C denote actuated prismatic joint, uni-
versal joint, revolute joint and cylindrical joint. This adopted Jacobian matrix is
able to unify PM performance analysis including kinematic, stiffness, accuracy and
dynamic [5]. However, only diagonal elements of compliance matrix are selected
when concerning compliance of virtual joint. The scalar compliance of virtual
spring corresponds to limb force or moment. Coupling effects between linear and
angular compliance are neglected, which might lower the accuracy of stiffness
model of PMs.

For the second category, compliance matrix denoted by 6-DoF virtual spring is
applied. It addresses more effort on high accuracy of stiffness model since the
coupling items are included. Pashkevich [10, 11] formulated mapping models
between each component and end reference point of Orthoglide PM. Then he
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employed 6-DoF virtual springs to describe deformations of components. From the
point of elastic energy, 6-DoF virtual springs within the same limb are adopted to
calculate energy of the whole mechanism by Taghvaeipour [24]. Mapping relations
from components to end reference point are considered in generalized displace-
ments of virtual springs. It is summarized that 6-DoF virtual spring provides
complete deformations of components to end effector. The stiffness model is more
accurate. But the mapping matrix fails to characterize the deformation transmissions
from limbs to mechanism. And effects of passive joints have to be evaluated sep-
arately, which makes calculation process complicated.

Inspired by above literature review, a new stiffness modeling method is pro-
posed. The idea is to integrate advantages of the two semi-analytical approaches
and fix their defects. That is (1) to describe the compliance of component by n-DoF
spring (n� 6) considering the effect of passive joint, and (2) to employ Jacobian
matrix between joint space and operated space. Taking the special structure of ATP
into account, how to apply this stiffness modeling method to a general PM with
ATP is the main target of this article.

Having outlined the state-of-art, this paper is organized as follow: Sect. 2
investigates a general procedure for stiffness modeling of PM with ATP, then one
translational and three rotational (1T3R) PM with ATP is picked out as an example
to demonstrate the stiffness modeling procedure. Mechanism description is intro-
duced in Sect. 3, while its stiffness modeling is formulated in Sect. 4. Case study
and verification by finite element analysis (FEA) software are implemented in
Sect. 5 before the conclusions are drawn in Sect. 6.

2 Stiffness Modeling Procedure of PM with ATP

Figure 1 shows a PM with ATP from initial location to a general configuration. The
motion of out-part (regarded as moving platform) can be divided into two phases.
Phase 1: Rotation and translation caused by limbs. End reference point O0 is from
the initial state O0ð0Þ to state O0ð1Þ. Phase 2: Rotation or translation independently
by relative motion of in-parts. Point O

0
is from state O0ð1Þ to state O0ð2Þ.

Thus, motion of point O0 is contributed by both the limbs and the in-parts.
Similarly, when exerting external forces on point O0, corresponding internal forces
are from limbs and in-parts. Therefore, compliance matrix of point O0 is contributed
by the parallel limbs and ATP. Since motions and forces of ATP are independent
from limbs, step-by-step strategy [25] is adopted. And stiffness modeling procedure
of PM with ATP can be summarized as: firstly formulate compliance model of point
O0 (CL) by regarding the input parts and output part as rigid bodies, then establish
compliance model of point O0 (CP) by assuming that limbs are rigid, finally add the
two compliance models by deformation superposition principle.

Drawing mainly on screw theory, twist/wrench mapping model of limbs are
computed considering the effect of ATP. And several reference frames needs to be
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assigned to deal with n-DoF virtual springs. Therefore, formulation of CL can be
carried out as follow.

(1) Formulate twist/wrench mapping model of parallel limbs taking joints in ATP
into account.

(2) Assign instantaneous reference frame to point O0 and component reference
frame to each component.

(3) Obtain compliance matrices of n-DoF (n� 6) virtual springs by FEA software
in the component reference frame.

(4) Add compliance matrices within the same limb in instantaneous reference
frame and then obtain compliance matrix of limb by superposition principle.

(5) Calculate CL by twist/wrench mapping models, Hooke’s law and virtual work
principle.

Similarly, twist/wrench transmission of ATP are investegated, and reference
frames are established to address n-DoF virtual springs. Thus, formulation of CP is
implemented as follow.

(1) Determine all twist/wrench transmission routes from the in-parts to point O0.
(2) Establish route reference frame and acquire compliance matrices of n-DoF

(n� 6) virtual springs by means of FEA software.
(3) Take the sum of compliance matrices within the same route and calculate

stiffness matrix of the route in the moving reference frame.
(4) Obtain CP utilizing transformation matrix, Hooke’s law and virtual work

principle.

The effect of joints in ATP is addressed in the formulation of CL and CP. n-DoF
(n� 6) virtual springs are employed to provide complete information of component
compliance matrix. And the Jacobian matrix between joint space and operated

Fig. 1 PM with ATP a at initial location, b at a general configuration
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apace is adopted. With the step-by-step strategy, explicit mapping relations and
complete component deformations can be applied to the semi-analytical stiffness
modeling of PM with ATP. The obtained stiffness model is believed to be highly
accurate.

3 Mechanism Description

A pose-adjusting PM with ATP (called PaQuad PM) is taken as an example. The
virtual prototype of PaQuad PM is as shown in Fig. 2a. PaQuad PM is composed of
a fixed base, an ATP and four identical PRS limbs. Herein S denotes spherical joint.
ATP consists of in-part 1, in-part 2 and out-part. The in-part 1 connects to out-part
through helical (H) joint, whereas the in-part 2 joints to out-part by R joint. The axis
of H joint and R joint in ATP are collinear. The PRS limbs link to fixed base and
ATP by P joint and S joint. Herein, P joint is designed to be combination of
screw/nut, guide/slider and sliding saddle. The R joint and S joint are connected by
bar. S joint is composed of three mutually perpendicular R joint components. Note
that relative translation of in-part 1 and in-part 2 results in rotation of H joint, i.e.

Fig. 2 Virtual prototype and schematic diagram of PaQuad PM
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the rotation of out-part. Combining with two rotations and one translation formu-
lated by the PRS limbs, PaQuad PM has the capability of 1T3R motions [9].

In order to describe motions of PaQuad PM, some denotations and coordinate
frames are defined as shown in Fig. 2b. The plane of fixed base is formed by
connecting points Ai ði ¼ 1; . . .; 4Þ, which are symmetrically distributed on the
circle with center point O and radius a. Point Bi, Ci and Di ði ¼ 1; . . .; 4Þ denote
centers of P joint, R joint and S joint. The lengths of in-part 1 and in-part 2 are both
2b and the initial distance is e. The moving distance of P joint and the length of bar
are represented by qi and l. A fixed reference frame O� xyz is assigned to point O,
of which x-axis is collinear with OB2 and z-axis is vertical to the fixed base.
Similarly, moving reference frame O0 � uvw is attached to the point O0 of out-part.
Its w-axis points to the same direction with H joint, and u-axis is parallel to D4D2 at
initial location. Meanwhile, instantaneous frame O0 � x0y0z0 is fixed to point O0 and
their axes are parallel to those of frame O� xyz. Inverse position analysis of
PaQuad PM can be referred to [9].

4 Stiffness Modeling of PaQuad PM

Referring to Sect. 2, stiffness modeling procedure of PaQuad PM involves deter-
mination of CL and CP. Therefore,

C ¼ CL þCP;K ¼ C�1: ð1Þ

where C, K are compliance and stiffness matrix of PaQuad PM.
Considering deformations of components, two basic assumptions are made as

follow: (1) the friction within joints are neglected, (2) All of the moving compo-
nents satisfy the linear superposition principle.

4.1 Determination of CL

Due to the effect of joints in ATP, actuation and constraint wrenches of limbs have
transferred into single and combination wrenches. Single wrench is converted from
wrenches within each limb. Combination wrench is formulated by the constraint
wrenches in the opposite limbs. Referring to [9], the twist and wrench mapping
model of PaQuad PKM can be established as follow.

$t ¼ J�1
x Jqq,ðJ�1

x JqÞT$w ¼ f : ð2Þ

1048 T. Sun et al.



where,

Jx ¼ Jxs
Jxc

� �
; Jq ¼ Jqa 0

0 0

� �
; Jxs ¼

$̂
T
ws;1

$̂
T
ws;2

$̂
T
ws;3

$̂
T
ws;4

2
666664

3
777775; Jxc ¼

$̂
T
wc;1

$̂
T
wc;2

" #

Jqa ¼

$̂
T
ws;1$̂ta;1 0 0 0

0 $̂
T
ws;2$̂ta;2 0 0

0 0 $̂
T
ws;3$̂ta;3 0

0 0 0 $̂
T
ws;4$̂ta;4

2
6666664

3
7777775; q ¼ qta

0

� �
;

qta ¼

qta;1
qta;2
qta;3
qta;4

0
BBB@

1
CCCA

$̂
T
ws;i ¼ $̂

T
w;lc;i � ki$̂

T
w;la;i; $̂

T
wc;1 ¼ $̂

T
w;lc;1 � t1$̂

T
w;lc;3; $̂

T
wc;2 ¼ $̂

T
w;lc;2 � t2$̂

T
w;lc;4

As mentioned in Sect. 2, component reference frame are firstly assigned to
derive the component compliance matrices by FEA software. And then effects of
passive joints are eliminated, finally the component compliance matrices are
transferred to the instantaneous reference frame O0 � x0y0z0. Therefore, compliance
matrix of ith PRS limb �CL;i in frame O0 � x0y0z0 can be formulated as

�CL;i ¼ Tpi
�CpiTT

pi þTbi
�CbiTT

bi þTsi
�CsiTT

si: ð3Þ

where �Cpi, �Cbi, �Csi are the compliance matrices of P joint component, R joint
component and S joint component in each component reference frame. Tpi, Tbi, Tsi

are the transmission matrices from each component to point O0 in frame O0 � x0y0z0.

Tp ¼
R�1
p R�1

p � ½�lp��
0 R�1

p

" #
;Tb ¼ R�1

b R�1
b � ½�lb��

0 R�1
b

" #
;

Ts ¼ R�1
s R�1

s � ½�ls��
0 R�1

s

" #

herein, Rp, Rb, Rs are the rotating matrix of frame O0 � x0y0z0 with respect to
component frames. ½�lp��, ½�lb��, ½�ls�� are skew symmetrical matrices. lp, lb, ls
are vectors from each center to point O0.
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Taking P joint component as example, compliance matrix of component in
component reference frame is obtained by FEA software. Unit force/moment
along/about each axis is applying on the output point and the compliance matrix is
formulated as

�Cpi ¼

DpxðfxÞ
fx

DpxðfyÞ
fy

� � � DpxðszÞ
sz

DpyðfxÞ
fx

DpyðfyÞ
fy

� � � DpyðszÞ
sz

..

. ..
. � � � ..

.

DuzðfxÞ
fx

DuzðfyÞ
fy

� � � DuzðszÞ
sz

2
666664

3
777775
6�6

: ð4Þ

where fx, fy, sz denote unit force/moment along/about the corresponding axis, each
column represents linear/angular deformation resulted from unit force/moment. The
linear compliance is obtained directly from FEA software while angular compliance
is derived from rotation matrix determined by SVD-based solution [26].

When the in-parts and out-part are regarded as rigid bodies, virtual work
equation at point O0 for each limb can be formulated as

$Tw$t ¼ f Ti Di: ð5Þ

where $w, $t are external wrench and corresponding deformations. f i, Di are the
single wrench and deformations in ith PRS limb.

According to twist mapping model in Eq. (2) and Hooke’s law, one can obtain

$Tws;i$t ¼ Di; �Cif i ¼ Di: ð6Þ

Substituting Eq. (6) into Eq. (5), and taking inversion yields

KLs;i ¼ $ws;i $Tws;i �CL;i$ws;i
� ��1

$Tws;i i ¼ 1; 2; � � � ; 4: ð7Þ

Similarly, taking combination wrenches from opposite limbs into account, cor-
responding stiffness matrices can be obtained by virtual work equation and Hooke’s
Law.

KLc;j ¼ $wc;j $Twc;j �C�1
L;j þ �C�1

L;jþ 1

� ��1
$wc;j

� ��1

$Twc;j j ¼ 1; 2: ð8Þ

Therefore, the compliance matrix of PRS limbs when regarding component in
ATP are rigid can be formulated as

CL ¼
X4
i¼1

KLs;i þ
X2
j¼1

KLc;j

 !�1

j ¼ 1; 2: ð9Þ
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4.2 Determination of CP

As is shown in Fig. 3, the contribution of ATP is analyzed by regarding compo-
nents in PRS limbs as rigid body. There are two routes from the two in-parts to
reference point O0, in the meanwhile, the in-parts are connected by C joint. Thus,
the two routes can be determined as (1) from in-part 1 through H joint to center
screw finally out-part, (2) in-part 2 plus in-part 1 with C joint through R joint to
out-part.

Compliance matrix of route 1 in frame O0 � x0y0z0 can be formulated as

�Cr;1 ¼ TI1;1CI1;1TT
I1;1 þTcsCcsTT

cs: ð10Þ

where TI1;1, Tcs are transmission matrices of in-part 1, center screw to point O0 in
frame O0 � x0y0z0. CI1;1 represents the compliance matrix of in-part 1 that connects
to H joint. Ccs is compliance matrix of center screw.

Similarly, the compliance matrix of route 2 in moving reference frame O0 � uvw
is computed as

�Cr;2 ¼ TI1;2CI1;2TT
I1;2 þTI2CI2TT

I2 þTbeCbeTT
be: ð11Þ

where, TI1;2, TI2, Tbe are transmission matrices of in-part 1, in-part 2 and bearing (R
joint) to point O0 in frame O0 � x0y0z0. CI1;2, CI2, Cbe are compliance matrices of
components in component frames.

Therefore, compliance matrix of ATP when regarding components in PRS limb
are rigid is as follow.

CP ¼ �C�1
r;1 þ �C�1

r;2

� ��1
: ð12Þ

Fig. 3 ATP and corresponding component reference frames
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5 Verification

Case study is carried out to verify the stiffness modeling in Sect. 4. Dimensional
parameters and prescribed workspace of PaQuad PM are as shown in Table 1. The
virtual prototype and built on the basis of engineering experience. And the distri-
bution of linear and angular stiffness within prescribed workspace is as shown in
Fig. 4. FEA software (SAMCEF by SAMTECH Inc.) is applied to the verification
of stiffness modeling of PaQuad PM in Sect. 4. PaQuad PM is assumed to be made
of steel. Tetrahedron elements are employed in SEMCEF. Unit force and moment
are exerted to point O0. Four typical configurations in the prescribed workspace are
chosen, whose rotating angles a, b, c are ð0�; 0�; 0�Þ, ð15�; 0�; 0�Þ, ð0�; 15�; 0�Þ,
ð15�; 15�; 0�Þ and the z value is 1200 mm.

Tables 2 and 3 show the linear and angular deformations of reference point O0 in
the fixed frame obtained from theoretical and FEA simulation. It can be concluded
that the variation tendency of the theoretical values is similar to that of the FEA
values. The errors are in an acceptable range (within 5 %), which indicates the
correctness of theoretical stiffness model.

Table 1 Dimensional
parameters and workspace of
PaQuad PM (unit: rad or mm)

Dimensional
parameters

Prescribed workspace

a b l Ph e0 a b c z

286 260 541 10 0 � 2
9p � 2

9p �p (850, 1350)

Fig. 4 Stiffness distribution of point O0 in frame O� xyz
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6 Conclusions

Aiming at the accurate and explicit stiffness model of PMs with ATP, this paper
proposes a general procedure by means of step-by-step strategy. Drawing on screw
theory, twist/wrench mapping matrices and n-DoF (n� 6) virtual springs are
applied. The conclusions are as follow.

(1) Contribution of parallel limbs is investigated. Twist/wrench mapping matrices
are firstly analyzed considering joints in ATP. Then component reference
frames are assigned for obtaining component compliance matrix by FEA
software. Finally compliance matrix of the limbs is calculated through
deformation superposition principle, twist/wrench mapping model, Hooke’s
law and virtual work equation.

Table 2 Linear stiffness
between theoretical and FEA
simulations (unit: N/lm)

z ¼ 1200 klx kly klz
ð0�; 0�; 0�Þ Theoretical 0.8902 1.5010 9.5890

FEA 0.9253 1.5157 9.7219

Error 4.38 % 1.05 % 1.39 %

ð15�; 0�; 0�Þ Theoretical 0.8892 1.7290 7.7160

FEA 0.9271 1.7657 7.9312

Error 4.26 % 2.12 % 2.79 %

ð0�; 15�; 0�Þ Theoretical 1.1735 1.5030 7.1475

FEA 1.2178 1.5268 7.3812

Error 3.78 % 1.58 % 3.27 %

ð15�; 15�; 0�Þ Theoretical 1.0865 1.6761 5.9326

FEA 1.1365 1.7316 6.1039

Error 4.60 % 3.31 % 2.89 %

Table 3 Angular stiffness
between theoretical and FEA
simulations (unit: Nm/rad)

z = 1200 kux�106 kuy�106 kuz�106

ð0�; 0�; 0�Þ Theoretical 0.8935 0.9820 0.4702

FEA 0.9204 0.9919 0.4803

Error 3.01 % 1.01 % 2.15 %

ð15�; 0�; 0�Þ Theoretical 0.8371 0.7161 0.5551

FEA 0.8613 0.7428 0.5635

Error 2.89 % 3.73 % 1.51 %

ð0�; 15�; 0�Þ Theoretical 0.6969 0.9216 0.5036

FEA 0.7117 0.9476 0.5135

Error 2.12 % 2.82 % 1.97 %

ð15�; 15�; 0�Þ Theoretical 0.6698 0.7005 0.7914

FEA 0.6927 0.7183 0.8297

Error 3.42 % 2.54 % 4.84 %
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(2) Contribution of ATP is studied. Twist/wrench transmission routes are firstly
analyzed. Component reference frames are then established for compliance of
components by FEA software. Finally the compliance matrix of ATP is
obtained by deformation superposition of each route, Hooke’s law and virtual
work equation.

(3) Compliance model of PM with ATP is achieved by superposition of the two
compliance matrices from limbs and ATP. The stiffness modeling procedure is
exemplified by a 1T3R PM with ATP. And the theoretical stiffness values are
verified by FEA software at some typical configurations. It indicates that the
proposed stiffness modeling approach is highly accurate.
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The Vibration Control of Stick-Slip
Actuated Precision Positioning Structure

Yunzhi Zhang, Xianmin Zhang and Qinghua Lu

Abstract As one of the inherent defects of stick-slip actuation, violent vibrations
exist at the end of each driving cycle, which will affect the positioning accuracy of
stick-slip actuated structure seriously. In order to analysis and decrease these
vibrations, a prototype of stick-slip actuated precision positioning structure is built
in this paper, which is made up by piezoelectric ceramic, compliant platform,
basement and cylinder slider. In order to decrease the vibration of basement, a new
type of band elimination filter is proposed and integrated into the control system.
Then, the vibration of slider is reduced by feedforward input shaping method,
which is integrating a specific sinusoidal voltage signal into the input signal of
piezoelectric ceramic. Finally, the moving stability and driving efficiency of
stick-slip actuated structure are improved obviously by applying these vibration
control methods.

Keywords Vibration control � Stick-slip actuation � Precision positioning struc-
ture � Band elimination filter � Feedforward input shaping

1 Introduction

Stick-slip actuation is one kind of precision positioning method, which has been
described in many research works [1–4], and has a nano scale step in one actuation
cycle. The illustrative diagram of stick-slip actuation movement is shown in Fig. 1.
The classical stick-slip actuation structure is made up by three parts: piezoelectric
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ceramic, basement and slider. Basement is glued with piezoelectric ceramic, and
slider is laid onto the basement. The movement of stick-slip actuation in one drive
cycle can be divided into three steps:

Step 1: the structure stays in a relaxed state, no voltage is input to the piezoelectric
ceramic, so that no deformation is happened, the basement and slider are
both in a relatively static state.

Step 2: a slowly rising voltage signal is input to the piezoelectric ceramic, so that
the piezoelectric ceramic will extend slowly. Because of the low speed, the
slider will move forward with basement together.

Step 3: when the piezoelectric ceramic is long enough, the voltage will decrease to
zero in a short time, so the piezoelectric ceramic will be compressed to the
initial length soon. Since the basement is glued with piezoelectric ceramic,
it will move back too. The slider will move forward a short distance,
because of its inertia.

After these three steps above, a net step in nano scale is formulated. If keep
inputting the saw tooth like voltage signal, the slider will move forward step by step.

Although this kind of actuation method has a high positioning accuracy, it still
has two defects, which will disturb the positioning accuracy and driving efficiency
hardly. The first defect is backlash. When basement move back fast, the friction
force between the contact surfaces will drive the slider decelerate first and then
move back for a short distance. If the amount of backlash is too large, the driving
efficiency of structure will be very low. The second defect is vibration. Vibrations
will happen when the contact situation between slider and basement changes, such
as the moment basement start moving back and the moment of each driving cycle’s
end. Large amount of vibrations will make the stick-slip actuated structure unstable
and out of control. So, compared with backlash decreasing, vibration control is
more important to improve the performance of stick-slip actuated structure.

In order to research the stick-slip actuation method, a prototype structure is made
in part 2, then a new band elimination filter is proposed to decrease the vibration of
basement in part 3, in order to control the vibration of slider, a feedforward input
shaping method is used in part 4, at last, the performance of stick-slip actuated
structure after vibration control is examined, and the vibration control methods
proposed in this paper are proved to be effective.

Step1

Step2

Step3 Δd

V

t

t

t

V

V

Basement 
Slider 

Fig. 1 The illustrative
diagram of stick-slip actuation

1058 Y. Zhang et al.



2 The Prototype of Stick-Slip Actuated Structure

In order to research the stick-slip actuation method, a prototype of stick-slip
actuated structure is built (Fig. 2).

This structure is made up by piezoelectric ceramic, compliant platform, base-
ment and slider. The cylinder slider is made by stainless steel and plated by chrome.
Slider is supported by four ruby spheres, which are fixed onto the basement. The
basement, which is made by aluminum alloy, is fixed on the compliant platform,
and can move along a single direction with the compliant platform together.

The compliant platform is driven by a stack type piezoelectric ceramic, the
maximum extension of which is about 60 lm.

The structure of compliant platform is shown in Fig. 3, which can move in a
single direction.

(a) 

(b)

(c)

(d)

(e)

Fig. 2 The prototype of stick-slip actuated structure. a The cylinder slider is made by stainless
steel and plated by chrome. b Four ruby spheres are fixed onto the basement to support the slider.
c The basement is made by aluminum alloy, which is fixed onto a single degree of freedom
compliant platform, and can move with the compliant platform together. d A stack type
piezoelectric ceramic, which can drive the compliant platform move forward and backward.
e Compliant platform

Fig. 3 The structure of
compliant platform
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The whole control and measurement system of this structure is shown in Fig. 4.
The piezoelectric ceramic is controlled by dSPACE 1104, the control signal is
produced by MATLAB Simulink, and the displacements of basement and slider can
be captured by Renishaw XL-80 laser interferometer.

3 The Reduction of Basement Vibration

As shown in Fig. 5a, a saw tooth like voltage signal is input to the piezoelectric,
then the basement moves forward slowly and backward fast, the displacement of
basement captured by laser interferometer is shown in Fig. 5b.

As shown in the curves above, violent vibrations exist at the end of each driving
cycle, whose amplitudes even equal to the stroke of piezoelectric. In order to
analysis the modal of basement, a step voltage signal is input to the piezoelectric
ceramic, the step response and frequency spectrum of basement are shown in
Fig. 6.

(c)

(d)

(a)

(b)

Fig. 4 The experiment system of stick-slip actuated structure. a Controller of piezoelectric
ceramic. b dSPACE 1104, which can convert the digital control signal into analog signal. c Laser
interferometer, the measurement accuracy is 1 nm. d The prototype of stick-slip actuated structure
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Fig. 5 The saw tooth like voltage signal and the displacement of basement
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As shown above, basement vibrates hardly at two frequencies (551 and
683.5 Hz). In order to decrease these vibrations, the modal of basement is identified
first and a new band elimination filter is designed and integrated into the control
system then.

3.1 Modal Identification of Basement

The dynamic diagrammatic sketch of prototype structure is shown in Fig. 7, where
the piezoelectric ceramic and compliant platform can be indicated by spring-damper
system, kp, cp, kc and cc are the stiffness and damping coefficient of piezoelectric
ceramic and compliant platform respectively. xi, xb and xs are the displacement of
input, basement and slider respectively. mp, mb and ms are the mass of piezoelectric
ceramic, basement and slider respectively.

Only consider the kinematics of basement, and ignore the effect of slider, the
dynamic equation of basement can be proposed as follows.

kpðxi � xbÞþ cpð _xi � _xbÞ � kcxb � cc _xb ¼ ðmp þmbÞ€xb ð1Þ

After Laplace transforming and combining like items, the transfer function of
basement can be described by Eq. (2).

2.65 2.7 2.75
0

2

4
Original step responce

t /s

0 200 400 600 800 1000
0

50

100

150
X: 683.5
Y: 86.84

Original frequency spectrum

Frequency /Hz

M
ag

ni
tu

de
 /d

B

X: 551
Y: 69.05

µm
M

ag
ni

tu
de

 /

Fig. 6 The step response and the frequency spectrum of basement

Fig. 7 The dynamic
diagrammatic sketch of
prototype structure
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GðsÞ ¼ cpsþ kp
ðmp þmbÞs2 þðcp þ ccÞsþðkp þ kcÞ ð2Þ

If M ¼ mp þmc, K ¼ kp þ kc, C ¼ cp þ cc, Eq. (2) can be simplified as follows.

GðsÞ ¼ kp
K

cp
kp

sþ 1
� �

K
Ms2 þCsþK

ð3Þ

Since the damping coefficient of piezoelectric ceramic is far less than stiffness,
and the stiffness of compliant platform is far less than piezoelectric, the value of
cp=kp and kp=K can be approximately calculated as cp=kp � 0 and kp=K � 1. So
Eq. (3) can be simplified as the following equation.

GðsÞ ¼ K
Ms2 þCsþK

ð4Þ

So that, the basement can be described as a classical second-order oscillating
system. The modal of basement is identified then based on the least square method,
and the identification result is shown as follows.

GðsÞ ¼ 2:368� 10�4 � 1:843� 107

s2 þ 239:9sþ 1:843� 107
ð5Þ

3.2 A New Type of Band Elimination Filter

According to the transfer function of basement, a new type of band elimination filter
is designed based on the filter in [5], which can be described by Eq. (6).

HðsÞ ¼ s2 þ 239:9sþ 1:843� 107

1:843� 107ðs2 þ 4:34� 10�4sþ 1Þ ð6Þ

Integrate this band elimination filter into the control system of the prototype
structure (Fig. 8), input the same step signal to the piezoelectric ceramic again, the
step response and frequency spectrum are indicated by Fig. 9.

As shown in Fig. 9, the vibrations of basement at frequencies of 551 and
683.5 Hz have been decreased obviously.

Integrate this band elimination filter into the control system of prototype
structure, and input the same saw tooth like voltage signal (Fig. 5a) again, the
displacement curve of basement captured by laser interferometer is shown in
Fig. 10.
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Compared with Fig. 5b, the vibrations of basement at the end of each driving
cycle have been decreased successfully. This band elimination filter is proven to be
useful for controlling the basement’s vibrations of prototype stick-slip actuated
structure.

Fig. 8 The Simulink diagram of control system with the band elimination filter
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4 Vibration Reduction of Slider

As declared before, the prototype structure is combined by piezoelectric ceramic
and compliant platform. Since the difference of stiffness between piezoelectric
ceramic and compliant platform, when the driving voltage drop fast, the piezo-
electric ceramic and compliant platform will move back in a different velocity, and
result in a separation between them. When the piezoelectric ceramic extend again in
the next driving cycle, impact will happen between the piezoelectric ceramic and
compliant platform, and result in a new vibration.

So, in order to make sure the piezoelectric ceramic and compliant platform
contact with each other during the whole driving cycle, the driving voltage signal is
changed from positive, which is rising slowly and dropping fast, to negative, which
is rising fast and dropping slowly.

Input this negative saw tooth voltage signal (Fig. 11a) to the piezoelectric
ceramic, the displacement of slider captured by laser interferometer is shown in
Fig. 11b.

As shown above, some vibrations exist at the end of each driving cycle, and the
step size of slider cannot be stable because of these vibrations.

Some methods of controlling the vibrations of slider have been proposed so far.
In [6], a method is proposed that, the basement has been driven to the central

position before the vibration of slider happens, to decrease the amount of vibrations.
Since the basement and piezoelectric ceramic in [6] are stuck together, the method
mentioned above can work. Since the basement and piezoelectric ceramic are
separate with each other, this method is not fit for the prototype structure in this
paper.

In order to analysis the vibration characteristics of slider, a step signal is input to
the structure, and the step response and frequency spectrum of slider are proposed
(Fig. 12).

As shown in Fig. 12, obvious vibrations happen at the frequency of 389 Hz. In
order to reduce these vibrations, a specific sinusoidal voltage signal
(V ¼ A sinðxtþuÞ) is integrated into the control signal of piezoelectric ceramic,
where A ¼ 0:425 V , u ¼ 1:43p, x ¼ 2p� 389 rad/s ¼ 2444:16 rad/s.
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Fig. 11 a The negative saw tooth voltage signal. b The displacement curve of slider
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The Simulink diagram of control system with the sinusoidal signal is shown in
Fig. 13.

Input the step signal integrated with the specific sinusoidal signal (Fig. 14) to the
piezoelectric ceramic, the step response and frequency spectrum of slider are shown
in Fig. 15.

Compare Figs. 15 with 12, the vibrations at frequency of 389 Hz are reduced
obviously.

Integrate this sinusoidal signal to a negative saw tooth like voltage signal
(Fig. 16a), and input it to the piezoelectric ceramic, the displacement of slider
captured by laser interferometer is shown in Fig. 16b.

Compared Figs. 16b with 11b, not only the vibrations at the end of each driving
cycle are reduced obviously, the step size of slider is also enlarged. Therefore, the
moving stability and drive efficiency of the stick-slip actuated structure are both
improved by this vibration control method.
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Fig. 13 The Simulink diagram of control system with the sinusoidal signal
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5 Conclusion

A prototype of stick-slip actuated precision positioning structure is built in this
paper, which is made up by piezoelectric ceramic, compliant platform, basement
and cylinder slider. This structure is driven by saw tooth like voltage signal, and has
nano scale positioning accuracy and micro scale stroke.
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In the process of driving, both the basement and slider oscillate hardly at the end
of each driving cycle, these vibrations will influence the moving stability and
driving efficiency of stick-slip actuated structure seriously.

The basement of this prototype structure has been proved to be a second-order
oscillating system, and the transfer function of basement is proposed then.
According to this transfer function, a new type of band elimination filter has been
proposed and integrated into the control system, and the vibrations of basement are
decreased successfully.

Based on the step response and frequency spectrum of slider, a specific sinu-
soidal voltage signal is integrated into the driving voltage signal. As a result, the
vibrations of slider have been reduced successfully by this input shaping method.

With these vibrations control methods above, the moving stability and driving
efficiency of stick-slip actuated structure have been improved obviously.
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Dynamics Analysis of a Modular
Reconfigurable Parallel Robot

Qisheng Zhang, Ruiqin Li and Jingjing Liang

Abstract The paper studies the dynamic performance of a Modular Reconfigurable
Parallel (MRP) robot with four different configurations. Finite element models of
the MRP robot of each configuration are established using ANSYS Workbench
software. The modal is analyzed. The first six natural frequencies and corre-
sponding modes are acquired under four configurations. Based on modal analysis,
the harmonic response of the MRP robot is analyzed under each configuration. The
response curves of the three main motion directions along x, y, z axes are obtained
under each configuration. Furthermore, the characteristics on harmonic response of
the robot are discussed. The resonance frequency, resonance amplitude and the
main vibration direction of each configuration are calculated. The weaker links of
the robot system can be found out through the analysis of the dynamic character-
istics. The robot’s anti-vibration performance under the action of external force is
verified. Some suggestions are given by analyzing the cause of weaker links. The
results can be reference to the structure improvement, optimum design and dynamic
design on the MRP robot system.

Keywords Modular reconfigurable parallel robot � Modal analysis � Harmonic
response
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1 Introduction

Modular Reconfigurable Parallel (MRP for short) robot consists of many modules.
The modules, such as frame, moving platform and joints, etc., have different size
and functional characteristics. The MRP robot has an ability of flexibility. It can be
changed to varied types of parallel robot by simply and quickly assembling and
disassembling among modules like building blocks [1]. Therefore, it has a wide
range of application and can better meet the demands of different applications.
However, carrying capacity, working speed, driving performance and dynamic
stiffness of MRP robot are unsatisfactory due to its own structure. These factors
affect the robot’s dynamic performance. In order to make the MRP robot has better
reconfigurable ability, strong processing capacity and good operating performance,
it is important to study the dynamic performance of the MRP robot.

Dynamic characteristic analysis includes modal analysis, harmonic response
analysis and random vibration. Modality is one of the inherent vibration charac-
teristics of mechanical structure. Each modality has a specific inherent frequency,
damping ratio and modal shape [2, 3]. The purpose of modal analysis is to restrain
or avoid the resonance phenomenon. Harmonic response analysis is used to confirm
the steady state response when the forces applied to the structure of MRP robot
changing according to the variation of harmonic law. Its purpose is to get the curves
of displacements of the structure on the frequency response and verify that the
system can overcome the harmful effect caused by resonance and other force
vibration [4].

The MRP robot consists of many modules with elastic parts, which have the
characteristics of nonlinear, varying with time, structure coupling, and so on.
Therefore, the dynamic system of the MRP robot is a multi-elastic system. Finite
element analysis is usually used to analyze the dynamic performance in the process
of optimum design of the MRP robot, which is convenient to solve and can
accurately reflect the dynamic characteristics [5]. The accurate models of the
mechanical system can be established, and the natural frequency, mode shape and
strain contour of each order mode of the system can be obtained by using finite
element analysis software. The results of finite element analysis are able to identify
the frequency and the weaker parts of the system which are easy to cause resonance
[6–8].

In the paper, the dynamic characteristics of a type of MRP robot with four
different configurations will be analyzed by using ANSYS Workbench software.
The purpose is to get dynamic characteristics of the whole MRP robot system. At
first, the first six order natural frequencies, vibration mode and harmonic response
rules of each configuration will be analyzed. Then, the changing rules of each
configuration are obtained.
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2 Structure of the MRP Robot

The basic module units of the MRP robot includes frame, moving platform, Hooke
hinge, connecting rod and moving module, vertical pillar, etc. The MRP robot can
change into four types of parallel robot, i.e. 6-PSS slider type, 6-PSS scissors type,
3-Delta slider type and 6-SPS telescopic type, as shown in Fig. 1a–d. The origin of
coordinate of each type robot locates in the mid-point of moving platform. The
z axis is perpendicular to the surface of the moving platform. The x axis is per-
pendicular to an edge of hexagon at the bottom of the frame.

In Fig. 1a, 6-PSS slider configuration consists of frame, six limbs and moving
platform. Each limb consists of two sets of Hooke hinges, one connecting rod and
one pair of driving modules. There are three sets of vertical pillars fixed at the top of
the frame. Two sets of driving modules are fixed into each pillar.

In Fig. 1b, 6-PSS scissors configuration consists of frame, six limbs and moving
platform. Each limb consists of two sets of Hooke hinges, one connecting rod and
one pair of driving modules. The driving modules are fixed at the top of the frame
with an angle of 60° between each other.

In Fig. 1c, 3-Delta configuration consists of frame, three limbs and moving
platform. Each limb consists of four sets of Hooke hinges, two connecting rods and
one pair of driving modules. There are three sets of vertical pillars fixed at the top of
the frame. One set of driving modules is fixed into each pillar.

In Fig. 1d, 6-SPS telescopic configuration consists of frame, six limbs and
moving platform. Each limb consists of two sets of Hooke hinges, one connecting
rod and one pair of driving module. One end of each driving module is fixed on the
top frame by Hooke hinge, the other side is fixed to moving platform with parts of
ball screw socket within the bar, which makes the length of the limb variable.

Under each configuration, driver modules are driven by servo motors. The
motors make ball screw moving. The ball screw makes the wire mother slide along

(a) (b) (c) (d)

1-frame; 2-moving platform; 3-Hooke hinge; 4-connecting rod;
5-moving module; 6-vertical pillar

Fig. 1 Four types of the MRP robot
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the central axis of the ball screw. The moving platform can achieve the desired
trajectory through cooperative movement of the limb.

3 Dynamics Analysis

The transmission system of the robot is driven by servo motors, which includes
elastic parts such as linkages, Hook joints and bearings. Existing of these parts will
make the machine tool vibration, severely reduce the machining precision and the
surface quality of the work-pieces, which caused by the high speed of motor,
cutting forces changes in real-time and environmental factors. At the same time,
vibration can also reduce the processing efficiency, speed up the tool wear. It will
affect the stability of the whole machine cutting movement. Therefore, the dynamic
characteristics should be considered in the process of designing precision machine
tools [9, 10].

3.1 Modal Analysis

It is not necessary to find out all the natural frequencies and modes, but the fre-
quencies of the system under working condition, when the modal analysis is carried
out. Only the natural frequency consistent with the loading frequency can cause
resonance system. Through finite element analysis can find out the region of fre-
quency possible cause resonance. In the process of processing, the quality of the
work-pieces can be effectively improved by avoiding resonance region excited by
the external forces. The structure vibration can be expressed as the linear super-
position of each order mode. The vibration caused by lower order modes has higher
influence on the structure. Thus the low-order modal of the structure plays a
decisive role in the dynamic characteristics. Therefore, the dynamics characteristics
analysis of the structure usually takes 1st-order to 6th-order mode.

In the following section, the natural frequencies and vibration modes of four
different configurations will be analyzed. The frequencies that may cause resonance
under each configuration will also be analyzed.

3.1.1 6-PSS Slider Configuration

Figure 2 is the cloud chart of each order vibration mode of 6-PSS slider configu-
ration. From Fig. 2, the natural frequency of each mode can be obtained as shown
in Table 1.

The displacement of the 6th-order modal is the biggest, which occurs at the
bottom of the vertical pillars. Its influence is largest on the dynamic of the whole
robot system. It directly affects the machining precision and surface quality of the
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work-pieces. The robot’s transmission system is also installed on the vertical pillars,
some of whose parts consist of elastic parts and have less stiffness such as lead
screws, bearings, Hook hinges. Therefore, in the process of structure design, it is
necessary to strengthen the stiffness of the vertical pillars and improve the stiffness
of the lead screw. It is best to connect the column and frame as a whole to reduce
the system errors. The vibration amplitude of ball screws is relatively large. Thus
the connection between them and the moving platform are weaker points. Attention
should be paid to ensure their stiffness in the design process.

(a) The 1st-order mode (b) The 2nd-order mode (c) The 3rd-order mode 

(d) The 4th-order mode (e) The 5th-order mode (f) The 6th-order mode 

Fig. 2 The first six vibration modes of the 6-PSS slider configuration

Table 1 The inherent frequency and vibration mode

Order f/Hz Modal description

1 15.043 The frame, vertical pillars and moving pairs swing from left to right along
x direction

2 15.085 The frame vibrates from down to up along the z axis. The vertical pillars
swing from left to right around z axis

3 27.973 The frame and vertical pillars twist around z axis

4 56.153 The frame vibrates from down to up along the z axis. The limbs twist
around z axis and cause the vertical pillars shrink

5 56.273 The limbs swing and twist around z axis

6 58.716 The vertical pillars and the frame swing back and forth along x direction
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3.1.2 6-PSS Scissors Configuration

Figure 3 is the cloud chart of each order vibration mode of 6-PSS scissors con-
figuration. From Fig. 3, the natural frequency and vibration characteristic of each
mode can be obtained, as shown in Table 2.

The displacement of the 6th-order modal is the largest occurred at Hooke hinges
where the limbs are connected to the moving platform. In addition, the amplitude of
the limbs is also relatively large. Therefore, in the process of processing, vibration
will be excited at action of force on the surface of work-pieces, which will cause
resonance of the limbs. It will causes severe vibration of the whole system and

(a) The 1st-order mode (b) The 2nd-order mode (c) The 3rd-order mode 

(d) The 4th-order mode (e) The 5th-order mode (f) The 6th-order mode

Fig. 3 The first six vibration modes of 6-PSS scissors configuration

Table 2 The inherent frequency and vibration mode

Order f/Hz Modal description

1 13.454 The frame vibrates from down to up along the z axis. Each limb twists
around its own axis

2 13.562 The frame vibrates from down to up along the z axis. Each limb twists
around its own axis. The moving platform twists around z axis

3 21.527 Each limb twists around its own axis. The frame swings from left to right
along x direction

4 61.117 Six limbs and the frame vibrate from down to up along the z axis

5 61.904 Six limbs swing around z axis

6 73.541 Limbs swing around z axis. Each limb vibrates around its own axis

1074 Q. Zhang et al.



affect the processing precision and surface quality of work-pieces. It even causes
damage to the screw of the driving system. Thus in this configuration, the stiffness
of each limb and Hooke hinge are the key points in designing the weak links. The
ball screw will affect the entire processing precision at the action of force in z
direction, which will endure bending deformation. Therefore, the bending strength
of screw should be considered when designing the transmission system.

3.1.3 3-Delta Configuration

Figure 4 is the cloud chart of each order vibration mode of 3-Delta configuration.
From Fig. 4, the natural frequency, maximum displacement and vibration charac-
teristics of each mode can be obtained, as shown in Table 3.

The displacement of the 4th-order modal is the biggest occurred at the bottom of
the vertical pillars. Thus, it greatly affects the dynamic characteristics of this con-
figuration and directly affects precision and surface quality of work-pieces. Moving
modules of this type robot is also installed in the vertical pillars which consist of
many elastic parts such as ball screw, bearing with less stiffness. Therefore, in the
process of structure design, it is necessary to increase the stiffness of the elastic
parts of each moving modules by replacing perfect material and improve the
stiffness of pillars. The best way is to fix vertical pillars to the robot body [11].

(a) The 1st-order mode (b) The 2nd-order mode (c) The 3rd-order mode

(d) The 4th-order mode (e) The 5th-order mode (f) The 6th-order mode 

Fig. 4 The first six order vibration modes of 3-Delta configuration
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3.1.4 6-SPS Telescopic Configuration

Figure 5 is the cloud chart of each order vibration mode of 6-SPS telescopic
configuration. From Fig. 5, the natural frequency, maximum displacement and
vibration characteristics of each mode can be obtained, as shown in Table 4.

The displacement of the 5th-order modal is the biggest, which occurs at the
position the telescopic prismatic module connect to the Hooke hinges of the frame.
So stiffness of these parts may not enough to support the system well working, and
it is weak points of this configuration. Therefore, the hinges’ stiffness will affect the
overall stiffness.

Table 3 The inherent frequency and vibration mode

Order f/Hz Modal description

1 36.755 The frame and body oscillate around the x axis

2 36.789 The frame and body oscillate around the y axis

3 43.057 The frame and body twist around the z axis

4 80.198 The vertical pillars and sliding pairs twist around the z axis

5 83.877 The pillar swings along the x axis

6 83.98 The pillar swings along the y axis

(a) The 1st-order mode (b) The 2nd-order mode (c) The 3rd-order mode

(d) The 4th-order mode (e) The 5th-order mode (f) The 6th-order mode 

Fig. 5 The first six vibration modes of the 3-Delta parallel robot system
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3.1.5 Results of Modal Analysis

(1) With the increasing of the order number, the energy will decrease that stim-
ulate the high-order vibration. Thus the vibration is not easy to be inspired.
Under all configurations, the deformation of the connecting rod and the frame
can be neglected.

(2) The natural frequencies of different configurations have certain change, but
they are not big. Under each configuration, the upper part deformation is large,
the lower part’s is small, from down to top gradually increased, which
accordance with the actual situation. It is reasonable.

(3) The difference of natural frequency of the 1st-order and the 2nd-order of all
configurations are small which prone to resonance, so do the 4th-order and the
5th between 6-PSS slider configuration and 6-PSS scissors configuration, the
5th-order and the 6th-order between 3-Delta configuration and 6-SPS tele-
scopic configuration. It will result in greater dynamic stress and cause the robot
system violent vibration. At the place in the center of the Hooke hinges and the
ball screw of prismatic pairs connect to moving platform will appear bending
fatigue cracks for weaken of stiffness parts. Therefore, it is important to avoid
the sensitive frequencies of all configurations to avoid resonance.

3.2 Harmonic Response Analysis

Harmonic response analysis is used to calculate the structure vibration force with a
certain frequency range of the displacement response, and get the system dynamic
response and excitation frequency curve.

Table 4 The inherent frequency and vibration mode

Order f/Hz Modal description

1 16.868 The vertical pillars twist around z axis. Each limb stretch out and draw
back along its own axis and vibrates around its own axis

2 16.88 The frame vibrates from bottom to top around z axis. Each limb stretch out
and draw back along its own axis and vibrates around its own axis

3 24.185 The frame, each limb and the moving platform twist around z axis

4 111.21 The frame and moving platform twist around z axis. Each limb bending
vibrates around the axis

5 124.56 The vertical pillars and limb vibrates from bottom to top around z axis

6 125.11 The frame, limb interval vibrates from bottom to top
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3.2.1 6-PSS Slider Configuration

Under the 6-PSS slider configuration, the amplitude frequency curves of the center
point of the moving platform are shown in Fig. 6. The horizontal coordinate rep-
resents the frequency. The vertical coordinate represents the response displacement.

From Fig. 6, the system response reaches its maximum and the response dis-
placement has changed dramatically, when the excitation frequencies along x, y,
z directions are around 16 Hz. Thus, the resonance occurring in around 16 Hz
should be avoided. The stiffness along z axis is the main stiffness. The spatial
frequency response along x, y directions are very large. Thus the stiffness along x,
y directions are insufficient. In these directions, the force acting on the screw of ball
screw, which are elastic parts and have weaker compressive stiffness. The dynamic
performance of the configuration can be improved by increasing the screw of the
compressive stiffness, or let the prismatic pairs and moving platform at an angle.

3.2.2 6-PSS Scissors Configuration

Under the 6-PSS scissors configuration, the amplitude frequency curves of the center
point of the moving platform are shown in Fig. 7. The horizontal coordinate rep-
resents the frequency. The vertical coordinate represents the response displacement.

(c) z direction 

(b) y direction(a) x direction

Fig. 6 Amplitude frequency curves of 6-PSS slider configuration
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From Fig. 7, the system response reaches its maximum and response displace-
ment has changed dramatically, when the excitation frequency along x, y, z direc-
tions is around 61 Hz. Thus the resonance occurring at around 61 Hz should be
avoided. There is little difference among the response along three directions. Thus
the stiffness is very near. This configuration has good dynamic performance.

3.2.3 3-Delta Configuration

Under 3-Delta configuration, the amplitude frequency curves of the center point of
the moving platform are shown in Fig. 8. The horizontal coordinate represents the
frequency. The vertical coordinate represents the response displacement.

From Fig. 8, the system response reaches its maximum and response displace-
ment has changed dramatically, when the excitation frequency along x, y, z

(c) z direction

(a) x direction (b) y direction

Fig. 7 Amplitude frequency curves of 6-PSS scissors configuration

(c) z direction

(a) x direction (b) y direction

Fig. 8 Amplitude frequency curves of 6-SPS telescopic configuration
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directions is around 79 Hz. The main phenomenon is vertical pillars twist around
the z axis. Thus the dynamic performance of the system structure can be improved
by increasing the stiffness of pillars and the stiffness of ball screw of moving
modules [11]. The processing precision of the configuration can be improved
through improving the dynamic stiffness in three directions.

3.2.4 6-SPS Telescopic Configuration

Under 6-SPS telescopic configuration, the amplitude frequency curves of the center
point of the moving platform are shown in Fig. 9. The horizontal coordinate rep-
resents the frequency, and the vertical coordinate represents the response
displacement.

From Fig. 9, the system response reaches its maximum and the response dis-
placement has changed dramatically, when the excitation frequency along x, y,
z directions is around 125 Hz. Under 6-SPS telescopic configuration, the response
gradually increases before reaching the resonance frequency. Of all the four con-
figurations, the range of frequency the configuration is the widest. It has a widest
working range. There is little difference among the response along three directions.
Therefore, the stiffness is very near.

(a) x direction   (b) y direction

(c) z direction 

Fig. 9 Amplitude frequency curves of 6-SPS telescopic configuration
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3.2.5 Summary of Harmonic Response Analysis

(1) In four configurations, the ball screw of the prismatic pairs has influence on the
response. Improving the compressive stiffness of wire rod can improve the
overall stiffness of the MRP robot.

(2) 6-SPS telescopic configuration has the largest workspace, working frequency
and better stiffness performance.

The overall stiffness and dynamic performance can be improved using the
following methods:

(1) Using large bending stiffness lead screw as prismatic pairs.
(2) Improving the support stiffness of the linkage to obtain a good anti-vibration

effect.
(3) Making the frequency of exciting force far away from the natural frequency by

using materials with larger stiffness.

4 Conclusions

(1) Through modal analysis, the differences among natural frequencies are
obtained. The first six order natural frequencies and vibration modes under
each configuration are obtained. The key factors and the weaker links of each
configuration are determined, which affects the overall dynamic performance.
The improvement method is proposed.

(2) Harmonic response of the MRP robot is analyzed. The frequency range of each
configuration is obtained. The results show that the response of the robot
moving platform along x, y and z directions is relatively large in the first six
orders. 6-SPS telescopic configuration has largest workspace, the widest
working frequency and the best stiffness performance.

(3) The dynamic characteristics analysis of the MRP robot provides a basis for
improving and optimizing the system structure. The results provide a theo-
retical basis for the design of the robot system with higher precision.
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Inversion Study of Current Parameters
Based on Attitude Data of Subsurface
Buoy System

Z.Y. Chang, Y.M. Fang and Z.Q. Zheng

Abstract Subsurface buoy system is one of the most important devices to measure
information of ocean environment. The profile of current can be measured by
Acoustic Doppler Current Profilers (ADCP) mounted on the subsurface buoy
system. However, the variation of position and orientation of ADCP can affect the
precision of measurement. In this paper, current profile is retrieved from the attitude
data of subsurface buoy system based on a practical case. Firstly, the dynamical
analysis model of the subsurface buoy system and the cable equation are established
by using polygonal approximation method of lumped mass. Secondly, according to
the design parameters of surface buoy and the model, the equilibrium equations of
nodes of the subsurface buoy system are built. In addition, the fitting function of
depth and currents velocity is obtained by MATLAB. The simulation model of
subsurface buoy system is established by using the force and lumped mass method,
and the simulation of whole system is given to verify the attitude of the system
based on the ADAMS software. Through the method of the inversion analysis, the
current profile is obtained. This study has an important significance for determining
the accurate information validation of current.
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1 Introduction

As a carrier of marine research and marine environmental monitoring equipment,
subsurface buoy system has many special advantages, such as long observation
period good concealed performance, less vulnerable to the influence meteorological
conditions. And it can work for fixed point and multiple parameters profile
observation and be widely used in the fields of marine scientific research, marine
comprehensive utilization, national defense development and so on [1–3]. Since the
performances of subsurface buoy system depend on many complex factors of the
marine environment, equipment parts and cables suffered environmental forces, the
composition and distribution form of the cable, depth of sea water and so on.
Therefore, it has become an important research topic to design and analyze a
potential system to ensure its high reliability and good adaptability.

The current research of the subsurface buoy system mainly focuses on the
stability of the subsurface buoy system. Based on the statics analysis method, some
scholars analyzed and calculated the force and attitude of the subsurface buoy in the
water, considering that the subsurface buoy system may be destroyed or moved by
the external actions such as the waves and currents, and so on [4–8]. Ge et al. [9]
established the submerged buoy cable motion model in deep sea using the lumped
mass method to calculate the dynamic tension and configuration of ocean cables,
and the static computation and dynamics simulation of submerged buoy were
proposed by using the MATLAB computer program. Tjavaras et al. [10] studied the
nonlinear dynamic response of mooring buoy under linear wave excitation. And on
this basis, the strange attractors and bifurcation phenomena were obtained by
applying Poincare map. Chang et al. [11] developed the model for submersible
buoy moored by extensible cable and excited by surface, found snap phenomena
and its chaotic characteristics under severe wave condition. Guo et al. [12] analyzed
the vertical movement characteristics in the process of floating-up by means of
mathematical modeling.

In view of the insufficiency of the reliability caused by the failure model [13] of
the subsurface buoy system, this paper carries out the inversion analysis of the
current parameters based on the dynamic analysis of the subsurface buoy system
and the existing measured data of the subsurface buoy position.

2 Dynamic Analysis of the Subsurface Buoy System

Figure 1 shows the simplified dynamic analysis model of the subsurface buoy
system under the action of currents by using polygonal approximation method of
lumped mass.
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Taking the forces acting on a node of the system as an example, a single node is
acted by four forces: Fi, Ti, Ti�1 and current force represented by Rix. The diagram
of force is shown in Fig. 2.

According to Fig. 2, this force distribution can be expressed by the following set
of equations:

Ti�1 sin hi�1 ¼ Ti sin hi þRix ð1Þ

Ti�1 cos hi�1 ¼ Ti cos hi þFi ð2Þ

From Eqs. (1) and (2)

Rix ¼ Fi þ Ti cos hið Þ tan hi�1 � Ti sin hi ð3Þ

Currents V

Fig. 1 Model of the
subsurface buoy system

1i-
1i-

T

iT
iF

ixR

θ

x

V

θ i

y

Fig. 2 Diagram of force
acting on one node
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3 Inversion Analysis of Currents Parameters

3.1 Procedure of the Inversion Analysis Method

This inversion analysis method is performed according to a practical engineering
case. Firstly, according to the current force, the current velocity will be calculated
and the fitting function of depth-velocity can be obtained by MATLAB. Secondly,
the subsurface buoy motion model is established by using the lumped mass method.
And the simulation of whole system is given to verify the attitude of the system
based on the ADAMS software. At last, the current profile will be determined by
comparing the results between simulation and reality and adjusting the parameters
of simulation until it has a high agreement between the simulation and reality.
A flow chart of the inversion analysis method is shown in Fig. 3. Where, E is the
elastic modulus of Kevlar lanyard in the system.

The existing parameters of subsurface buoy system

The estimation 
parameters of system (E)

Attitude of subsurface 
buoy system

Calculation of current force and velocity acting on each node

Fitting function of depth and current velocity

Verify the attitude of the system based on the 
ADAMS 

Agreement between
simulation and experiment

Yes

No

Determination of current profile

Fig. 3 The flow chart of the analysis method
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3.2 The Existing Database of the Subsurface Buoy System

As is shown in Table 1, we know the components and the partial measured data of
the subsurface buoy system, consisting of the initial depth of each node without
ocean currents and the lowest and deepest depth of each node under the action of
ocean current, represented by H0, Hmin, Hmax, respectively. In addition, the
net-buoyancy of each part in water is known, using notation Fi.

Assume that the length of each piece of Kevlar lanyard is not changed from the
lowest depth position of nodes to the deepest depth position. Then, the attitude of
subsurface buoy system, described in Fig. 4, was drawn in AutoCAD, according to
the data in Table 1.

Table 2 shows the position of each node of the subsurface buoy system at the
deepest depth position.

In addition, we can get the data of each segment of Kevlar lanyard, which is
shown in the following Table 3.

Where, Li0 is the initial length of Kevlar lanyard between the two adjacent
nodes; Li is the stressed length of Kevlar lanyard in water; DLi is the elongation of
each segment of Kevlar lanyard; Ti0 is the tension of each Kevlar lanyard in water
when the system is in the lowest depth position.

Based on the characteristics of lanyard, we can get the following formula:

Ki � DLi ¼ Ti ð4Þ

In addition

Ki ¼ EA=Li ð5Þ

Table 1 The existing
parameters of subsurface
buoy system

Components Parameters

H0

(m)
Hmin

(m)
Hmax

(m)
Fi (N)

Main floating
body

400 437 1104 1313.2

Floating ball
group 1

700 652 1407 764.4

Floating ball
group 2

1000 961 1709 980

CTD 1250 1218 1961 −19.6

Floating ball
group 3

1500 1476 2212 764.4

Releaser 1800 1813 2514 352.8

Anchor 5800 5800 5800 −17,000
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Horizontal plane
Main floating body

Floating ball group 2
Floating ball group 1

Floating ball group 3
Releaser

CTD

Initial position
The lowest 

depth 
position 

The deepest depth 
position 

y

x0

Fig. 4 Approximate attitude of the subsurface buoy system

Table 2 Position parameters of each node at the deepest depth position

Position
parameters

Nodes

Main
floating
body

Floating ball
group 1

Floating ball
group 2

CTD Floating ball
group 3

Releaser

Displacement
in current
direction x (m)

2606 2551 2485 2435 2375 2305

Depth H (m) −1104 −1407 −1709 −1961 −2212 −2514

Table 3 Data of each
segment of Kevlar lanyard

No. Li0 (m) Li (m) DLi (m) Ti0 (N)

1 300 304 4 1313.2

2 300 306 9 2077.6

3 250 257 7 3057.6

4 250 257 7 3038

5 300 310 10 3802.4
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3.3 Fitting Function of Depth-Currents Velocity

Currents force can be given by the following Formula:

Rix ¼ 1
2
qwCDiAxVix Vixj j ð6Þ

where, qw is the density of seawater, CDi is drag coefficient, Vix is the current
velocity in horizontal direction, Ax is the effective cross-sectional area, which is
calculated by the following formula:

Ax ¼ Lidi sin hi�1 þAix ð7Þ

where, Li is the length of each segment, di is the diameter of lanyard, Aix is the
cross-sectional area of the floating body in the direction of motion.

The forces acting on each node can be calculated by Eq. (3) and the angles in
Fig. 4, which are listed in Table 4.

From Formulas (6) and (7)

Vix ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Ri

qwCDiðLidi sin hi�1 þAixÞ

s
� Rix

Rixj j ð8Þ

Then, the hydrodynamic parameters of each node are shown in Table 5.
Assuming that the variation of the current velocity along the depth direction is

linear attenuation, the changing currents are divided into many small uniform flow
layers, using the theory of finite element. Based on the hypothesis, the current
velocity can be described by the following formula:

Vix ¼ kHi þC ð9Þ

where k is ratio coefficient, C is a constant.

Table 4 Forces acting on each of node

Forces
(N)

Nodes

Main
floating body

Floating ball
group 1

Floating ball
group 2

CTD Floating ball
group 3

Releaser

Fi 1313.2 764.4 980 −19.6 764.4 352.8

Ti 0 1345 2146 3178 3169 3982

Ti�1 1345 2146 3178 3169 3982 1291

Rix 231.6 210.1 152.7 107 176.5 900
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According to the values of Hi and Vix in Table 6, the fitting function (10) of
depth-current velocity can be obtained by MATLAB.

Vix ¼ P1Hi þ P2 ð10Þ

where P1 ¼ 1=9466 and P2 ¼ 0:53.

3.4 Verification of Equilibrium Attitude of the System

The model of the system is established by using the lumped mass method. In order
to have a high accuracy of simulation in ADAMS software, the lower 4000 m
Kevlar lanyard is divided into 5 segments, and the net weight of each segment is
concentrated to one node. So the simplified model of system consists of 11 nodes,
and the adjacent two nodes are connected by a variable force, which is changed
with the distance between the two nodes. The variable force replaces the elongation
of lanyard between the two nodes, which is expressed by the following formula:

Ti ¼ EA
Li0

DLi ð11Þ

where, DLi is the elongation of each segment of the Kevlar lanyard, and the values
of DLi are automatically measured by ADAMS.

Figure 5 shows the structure of system before simplified, and Fig. 6 shows the
force-lumped mass model established in ADAMS.

Table 5 Hydrodynamic parameters of each node

Parameters Nodes

Main
floating
body

Floating ball
group 1

Floating ball
group 2

CTD Floating ball
group 3

Releaser

Depth Hi

(m)
400 700 1000 1250 1500 1800

Li (m) 300 300 250 250 300 4000

Ax (m
2) 3 2.8 2.4 1.8 2.8 14

CDi 0.7 0.8 0.7 0.7 0.8 1.2

Rix (N) 231.6 210.1 152.7 107 176.5 900

Vix (m/s) 0.47 0.45 0.42 0.40 0.39 0.32
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According to the fitting function (10) and formula (6), the current velocities and
current forces of each node can be obtained. Table 6 shows the parameters of each
node of the simplified model.

In the ADAMS simulation, the forces in Table 6 are applied to each node, and
the equilibrium attitude of the submarine buoy system at the deepest depth position
is simulated. Figure 7 shows the attitude of the submarine buoy system at the
deepest depth position.

Table 7 shows the position parameters of each buoy at the deepest depth posi-
tion. Where DX and DH are respectively the deviations of the displacement in
current direction and the depth of each node compared with the values in Table 2. If
the deviations are relatively large, we can adjust the parameters (E) of simulation or
the fitting function (10) until it has a high agreement between the simulation and
reality. According to the data of Table 7, the largest deviation is 22 m, and the

Fig. 5 The structure of the
subsurface buoy system
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deviation rate is less than ten percent. So we consider that the result of simulation is
accurate. The current profile is obtained according to the fitting function (10), as
shown in Fig. 8.

Table 7 The simulated position parameters of each buoy at the deepest depth position

Position
parameters

Nodes

Main
floating
body

Floating
ball group
1

Floating
ball group
2

CTD Floating
ball group
3

Releaser

X0 (m) 2615 2564 2501 2452 2394 2336

DX +9 +13 +16 +17 +19 +21

H0 (m) −1126 −1425 −1724 −1976 −2225 −2506

DH −22 −18 −15 −15 −13 +8

Fig. 6 The force-lumped
mass model
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4 Conclusion

This article provides a method of inversion study of current parameters based on
attitude data of subsurface buoy system through a practical case. And the current
profile is obtained through the inversion analysis method. This method is proved to
be practicable by comparing the results between the simulation and experiment
data. This study has an important significance for determining the accurate infor-
mation validation of current.
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be conducted prior to use which can significantly reduce friction coefficient, min-
imize torque ripple, improve reliability and increase lifecycle. Based on the
requirement for spherical plain bearing running-in equipment, this paper conducts
the feasibility analysis of application of spherical 5R parallel mechanism in
spherical plain bearing running-in equipment. According to the geometric con-
straint conditions, a simple kinematic model is derived. Then the dynamic model is
established based on the Lagrange method. Combining with a specific prototype,
the reachable workspace and kinematic characteristics are analyzed, and the
effective inertia varying with the configurations of mechanism is also discussed.
Finally, dynamic simulation is implemented to verify the correctness of the
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1 Introduction

Spherical plain bearing typically consists of both a spherical inner ring and a
spherical outer ring, which permits not only angular swing around a central point in
two orthogonal directions within a specified angular limit but also rotation around
the same point along z axis without angular limit. It possesses many virtues such as
compact structure, miniaturization, large bearing capacity and impact resistance,
etc., which lays the foundation for its application in gimbal, wrist of robot, trans-
mission of car, dexterous eyes and other cutting-edge fields [1, 2].

Running-in test should be conducted prior to use which can fully run-in the
contact face between inner and outer rings, significantly reduce friction coefficient
and minimize torque ripple, thus make the installed bearing into a good working
condition directly. Running-in test is of crucial significance to improve the per-
formance, enhance the reliability and prolong the lifecycle. By far, the research
hotspots of bearing running-in equipment mainly lie in rolling bearing with a single
rotation DOF (axis Z). Apparently, existing bearing running-in equipment [3–6] is
rarely able to achieve efficient running-in for the spherical plain bearing with a
3-DOF spherical motion. Therefore, the core issue to design a spherical plain
bearing running-in equipment lies in choosing a mechanism with the spherical plain
bearing motion characteristics.

Spherical 5R parallel mechanism, also known as spherical five-bar parallel
mechanism, is constructed by connecting links with hinged joints such that the axis
of each hinge intersects at a fixed point. Major applications are involved in the
antenna pointing, operation of laser bean and minimally invasive surgery [7–10],
etc. The kinematics and dynamics analysis, as the foundation of application, have
been extensively studied in recent years. The relationship among effective work-
space, singularity characterization, kinetostatic performance and force transmission
capability has been systematically revealed in references [11–15] which helps
designers have an anticipated knowledge of the workspace shape and other char-
acteristics. Beyond that, Dong [16] adopted a visual graphic approach to analyze its
DOF, workspace and singularity and further established a simple kinematic model.
Zhang and Li [17, 18] analyzed the kinematics, error sensitivity, trajectory planning
and motion control by D-H coordinate method. But the research in [18] about
dynamics of 5R parallel manipulator is primary. Fang [19] made a deep research in
respect of inertia force balance condition to achieve a better dynamic performance.
And the relationship between the input conditions and driving torque is also dis-
cussed. In general, previous studies of spherical 5R mechanism are mainly focused
on the kinematic analysis, and the dynamic research is rarely involved. The existing
process of forward and inverse kinematics is basically based on the D-H parame-
ters, which leads to a complicated dynamic model. And the intrinsic relationship
between input torque and mechanism configuration has not been announced.
Therefore, adopting an appropriate method to establish an accurate and succinct
dynamic model is the prerequisite for figuring out the influence factors of input
torque.
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The purpose of this paper is to analyze the feasibility of application of spherical
5R parallel mechanism in spherical plain bearing running-in equipment in terms of
kinematics and dynamics characteristics. The whole paper is organized as follows:
Sect. 2 derives a simple kinematic model according to the geometric constraint
conditions. The dynamic model is established based on the Lagrange method in
Sect. 3. And in Sect. 4, the reachable workspace and kinematic characteristics are
analyzed combining with a specific prototype. Meanwhile, the effective inertia
varying with the configurations of mechanism is also discussed which could be
beneficial to research attempting to increase the dynamic performance. Further,
dynamic simulation is implemented to verify the correctness of the dynamic model
by using ADAMS software. Finally, conclusions are given.

2 Kinematic Modeling

The architecture of spherical 5R parallel mechanism is illustrated in Fig. 1. It
consists of a base platform (No. 0), a mobile platform (No. 4) and three links (No. 1,
2, 3), which can be classified into two limbs actuated by two rotary actuators
separately. The two limbs of the mechanism are arranged at 90 degrees. One limb is
composed by link 1 and 2, including three revolute joints R01, R12, R24, and the
other limb is link 3, including two revolute joints R03, R34. All axes of revolute
joints intersect at the fixed point O, the center of both base platform and mobile
platform.

Different from the general configuration, this study defines that the intersection
angle between adjacent revolute joints is at 90°. As shown in Fig. 1, the global
coordinate O-xyz is attached to the base platform at point O and x/y axes are along
the axes of R03, R01 separately which also denotes two active revolute joints of this
mechanism. Let h1 and h2 be the actuation angle of R01 and R03, respectively. Then
defines the unit normal vector of mobile platform as nM = (xM, yM, zM)

T, and the

x

z

R01 y

1
2

3

4

0

R12

R03

R34

R24

Fig. 1 Schematic diagram of
spherical 5R parallel
mechanism
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unit vector of axis of R24 as OR24 = (x, y, z)T. Therefore, the unit vector of the axes
of R12 and R34 expressed in the global coordinate frame can be written as

OR12 ¼ sin h1; 0;�cos h1ð ÞT ð1Þ

OR34 ¼ 0;�cos h2; sin h2ð ÞT ð2Þ

Further, vector nM can be expressed as

nM ¼ OR34 � OR24 ð3Þ

Therefore, the unit normal vector (xM, yM, zM) of the mobile platform can be
obtained by Eq. (3)

xM ¼ �zcosh2 � ysinh2
yM ¼ xsinh2
zM ¼ xcosh2

8<
: ð4Þ

Vector OR12 and OR34 are both always vertical to vector OR24 in the motion
process of this mechanism. Then this geometric constraint condition can be rep-
resented as

OR12 � OR24 ¼ 0
OR34 � OR24 ¼ 0

�
ð5Þ

The above equation can be simplified as

xsinh1 � zcosh1 ¼ 0
�ycosh2 þ zsinh2 ¼ 0

�
ð6Þ

Notably, OR24j j2¼ x2 þ y2 þ z2 ¼ 1 is a default condition.
Hence, the forward kinematics of this mechanism can be derived by Eqs. (4)

and (6)

xM ¼ � sin h1
k

yM ¼ cos h1 sin h2 cos h2
k

zM ¼ cos h1 cos2 h2
k

8><
>: ð7Þ

where k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 h1 þ cos2 h1 cos2 h2

p
Similarly, the actuation angle h1 and h2 can be solved when the vector nM = (xM,

yM, zM) is given:
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cos h1 ¼ 1�x2Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x4M þðz2M�2Þx2M þ 1

p

cos h2 ¼
ffiffiffiffiffiffiffiffiffi
z2M

1�x2M

r
8><
>: ð8Þ

3 Dynamic Modeling

3.1 Mechanical Energy of Driving Links

Link 1 and 3 are defined as driving links which are directly actuated by rotary
actuators fixed to the base. The position of link 1 and 3 can be solely determined by
the actuation angle h1 and h2, respectively. Therefore, C1 and C3 which denote the
centroid vector of link 1 and 3 expressed in the global coordinate frame can be
written as

C1 ¼ ðl1y sin h1; l1x;�l1y cos h1ÞT ð9Þ

C3 ¼ ðl3y;�l3x cos h2; l3x sin h2ÞT ð10Þ

where l1x and l1y refer to the distance from the centroid of link 1 to axes y and z,
respectively. Similarly, l3x and l3y refer to the distance from the centroid of link 3 to
axes y and x. These parameters are determined by the geometric size and mass
distribution of link 1 and 3.

Let C1 and C3 be C1 = (x1, y1, z1)
T, C3 = (x3, y3, z3)

T, then the potential energy
of link 1 and 3 can be expressed as

P1 ¼ m1gz1
P3 ¼ m3gz3

�
ð11Þ

where m1 and m3 are the mass of link 1 and 3.
Since driving link 1 and 3 only possesses pure rotational characteristics, the

kinetic energy of link 1 and 3 can be simplified as

K1 ¼ 1
2 J1

_h21
K3 ¼ 1

2 J3
_h22

(
ð12Þ

where _h1 and _h2 are angular velocity of link 1 and 3. J1 is the moment of inertia of
link 1 around axis y, and J3 is the moment of inertia of link 3 around axis x.
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3.2 Mechanical Energy of Passive Links

Link 2 and the mobile platform 4 are defined as passive links, which are actuated by
driving links indirectly. Connecting link coordinate R12-x2y2z2 is attached to the link
2 at point R12 with axis y2 coincided with y and axis z2 coincided with vector
R12O as shown in Fig. 2. Then the transform matrix from the global coordinate to
the coordinate R12-x2y2z2 can be written as

S2 ¼ R(z,
p
2
)T(OR12ÞR(x,� h1ÞR(z,� b) ð13Þ

And the corresponding rotation matrix obtained from Eq. (13) can be written as

R2 ¼ R(z,
p
2
)R(x,� h1ÞR(z,� b) ð14Þ

where b is the angle between link 1 and 2, the value of which varies with the
position of the mechanism.

n1, the normal vector of link 1, can be obtained by cross product of vector OR12

and OR01

n1 ¼ OR12 � OR01 ð15Þ

Similarly, n2, the normal vector of link 2, can be expressed by vector OR12 and
OR24

n2 ¼ OR12 � OR24 ð16Þ

Then the value of b is the supplementary angle relative to the angle between n1
and n2

x

z

y

y2

z2

x2

x4
y4

z4
R01

R12

R24

R03

R
θ

34

0

12
3

4
2

θ1

Fig. 2 Coordinate diagram
of spherical 5R parallel
mechanism
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b ¼ p� arc cos
n1
!� n2!
�� ��
n1
!�� �� � n2

!�� �� ð17Þ

C0
2, which refers to the centroid vector of link 2 in the coordinate R12-x2y2z2, can

be expressed as

C0
2 ¼ ðl2x; l2y; l2zÞT ð18Þ

Then C2, the centroid vector of link 2 in the global coordinate, will be expressed
as

C2¼ S2C0
2 ð19Þ

Especially, the corresponding operator matrix of angular velocity can be
obtained by _R2 and R�1

2

0 �xz2 xy2

xz2 0 �xx2

�xy2 xx2 0

0
@

1
A = _R2R�1

2 ð20Þ

where xx2, xy2 and xz2 represent the angular velocity of link 2 around axes x2, y2
and z2, respectively. The values can be derived by Eqs. (13)–(20):

xx2 ¼ _b sin h1
xy2 ¼ � _h1

xz2 ¼ � _b cos h1

8<
: ð21Þ

The mobile coordinate O-x4y4z4 is attached to the mobile platform at point
O with axis x4 coincided with vector OR24 and axis y4 coincided with vector
R34O as shown in Fig. 2. Then the transform matrix from the global coordinate to
the mobile coordinate O-x4y4z4 can be expressed as

R4 = R(x; �h2)R(z; �u) ð22Þ

where u is the angle between link 3 and mobile platform 4, which can be derived by
the angle between vector OR24 and OR03

sinu ¼ OR24�OR03j j
OR24j j� OR03j j

cosu ¼ OR24�OR03j j
OR24j j� OR03j j

(
ð23Þ

C0
4, which refers to the centroid vector of the mobile platform in the mobile

coordinate O-x4y4z4, can be expressed as
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C0
4 ¼ ðl4x; l4y; l4zÞT ð24Þ

Then C4, the centroid vector in the global coordinate can be expressed as

C4¼ R4C0
4 ð25Þ

The corresponding operator matrix of angular velocity can be derived by _R4 and
R�1
4

0 �xz4 xy4

xz4 0 �xx4

�xy4 xx4 0

0
@

1
A = _R4R�1

4 ð26Þ

where xx4, xy4 and xz4 represent the angular velocity of the mobile platform
around axes x4, y4 and z4, respectively. The values can be solved by Eqs. (22)–(26):

xx4 ¼ � _h2
xy4 ¼ � _u cos h2
xz4 ¼ _u sin h2

8<
: ð27Þ

Let C2 and C4 be C2 = (x2, y2, z2)
T, C4 = (x4, y4, z4)

T, then the potential energy
of link 2 and 4 is written as

P2 ¼ m2gz2
P4 ¼ m4gz4

�
ð28Þ

where m2 and m4 are the mass of link 2 and 4.
Since link 2 and mobile platform 4 not only possess rotational but also trans-

lational characteristic, the kinetic energy is expressed as

K2 ¼ KR
2 þKT

2
K4 ¼ KR

4 þKT
4

�
ð29Þ

KR
2 =

1
2
J2xx

2
x2 þ

1
2
J2yx

2
y2 þ

1
2
J2zx

2
z2

KR
4 =

1
2
J4xx

2
x4 þ

1
2
J4yx

2
y4 þ

1
2
J4zx

2
z4

KT
2 =

1
2
m2 _x22 þ _y22 þ _z22

� �
KT
4 =

1
2
m4 _x24 þ _y24 þ _z24

� �
where J2x, J2y and J2z is the moment of inertia of link 2 around axes x2, y2 and z2;
J4x, J4y and J4z is the moment of inertia of mobile platform 4 around axes x4, y4 and

1104 Y. Zheng et al.



z4, respectively. _x2; _y2; _z2 and _x4; _y4; _z4 denote the translational velocity of the
centroids of link 2 and 4 along the corresponding axes.

3.3 Dynamic Modeling

Combining Eqs. (11) and (28), the total potential energy of the parallel mechanism
can be represented by

P ¼ P1 þP2 þP3 þP4 ð30Þ

Combining Eqs. (12) and (29), we can also derive the total kinetic energy of the
parallel mechanism

K ¼ K1 þK2 þK3 þK4 ð31Þ

Then Lagrange function L can be constructed as

L ¼ K � P ð32Þ

The input torque s ¼ s1 s2ð ÞT acting upon the driving links 1 and 3 can be
derived by applying Lagrange equation when a part of driving system of force is
conservative force

d
dt
@L

@ _h
� @L

@h
¼ s ð33Þ

where h ¼ h1 h2ð ÞT is denoted as actuation angle of R01 and R03, _h ¼ _h1 _h2
� �T

is denoted as angular velocity of R01 and R03.
Since the potential energy P is independent of _h, the first part of Eq. (33) can be

rewritten as follows according to derivative rule of compound function

d
dt
@L

@ _h
¼ @2K

@ _h@h
_hþ @2K

@ _h2
€h ð34Þ

where €h ¼ €h1 €h2
� �T

is denoted as angular acceleration of R01 and R03.
Hence, the input torque can be reorganized as

s ¼ @2K

@ _h @h
_hþ @2K

@ _h2
€h� @L

@h
ð35Þ

We can reduce Eq. (35) to a general form
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MðhÞ€hþCðh; _hÞ _hþGðh; _hÞ ¼ s

where MðhÞ is the inertia matrix, Cðh; _hÞ is the coriolis and centrifugal matrix,
Gðh; _hÞ is the gravity matrix. MðhÞ occupies the main component of input torque
and plays a lead role in the system especially when there is a sharp change in
angular velocity. Since MðhÞ is an important parameter for estimating of input
torque, selection of servo motor and simplification of control model, it is necessary
to analyze the influence factors of MðhÞ thoroughly.

MðhÞ can be further expanded as

M(h) =
@2K

@ _h2
=

M(h)11 M(h)12
M(h)12 M(h)22

� �
ð36Þ

As implied in Eq. (36), MðhÞ is the function of h1 and h2, which determined by
the position of the parallel mechanism. MðhÞ12 reflects the coupling relationship
between the input torques, the values of which can affect the stability of control
system directly. MðhÞ11 and MðhÞ22 are denoted as effective inertia of the system,
the average values of which in the workspace can be used to estimate equivalent
load inertia of servo motor.

4 Case Study

4.1 Workspace Analysis

Considering the specific requirement for spherical plain bearing running-in equip-
ment, the prototype of a spherical 5R parallel mechanism is demonstrated in Fig. 3.
Details of the structural parameters are listed in Table 1. The theoretical reachable
workspace can be obtained according to the kinematic equations and movement
interference, as shown in Fig. 4a. By comparing with simulation results obtained by
ADAMS shown in Fig. 4b, the theoretical and simulation workspace have been
verified to be consistent, which belong to a part of a spherical surface. However, the
minor difference lies in the existence of tip region in the both sides of theoretical
workspace. This results from the fact that some approximations are adopted to
simplify the movement interference. Although actual actuation angle limits vary
with the posture of mechanism, they are treated as constants in theoretical analysis.

The comparison between theoretical and simulation workspace verifies the
correctness of the kinematic model and proves that the spherical 5R parallel
mechanism can operate freely where h1 2 (−50.6° to 50.6°), h2 2 (−16.4° to 16.7°)
which meets the swing angle requirement (−15° to 15°) of spherical plain bearing
running-in equipment.
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Link 1

Link 3

Link 2

Base platform 0

Mobile platform 4

Fig. 3 Diagram of the
mechanism prototype

Table 1 Structural parameters of the prototype

Parameter (unit) Specification relative to local coordinate Value

L1x (m) x Coordinate of centroid −1 1.7 � 10−3

L1y (m) y Coordinate of centroid −1 1.2 � 10−6

L1z (m) z Coordinate of centroid −1 −7.3 � 10−7

L2x (m) x Coordinate of centroid −2 −3.3 � 10−6

L2y (m) y Coordinate of centroid −2 −3.6 � 10−7

L2z (m) z Coordinate of centroid −2 25.9 � 10−3

L3x (m) x Coordinate of centroid −3 2.0 � 10−6

L3y (m) y Coordinate of centroid −3 2.4 � 10−3

L3z (m) z Coordinate of centroid −3 −62.9 � 10−3

L4x (m) x Coordinate of centroid −4 0

L4y (m) y Coordinate of centroid −4 0

L4z (m) z Coordinate of centroid −4 2.3 � 10−3

m1 (kg) Mass of 1 3.16

m2 (kg) Mass of 2 1.67

m3 (kg) Mass of 3 2.38

m4 (kg) Mass of mobile platform 3.62

J1 (kg m2) Moment of inertia around R01 − 1 1.95 � 10−6

J3 (kg m2) Moment of inertia around R03 − 3 1.36 � 10−6

J2x (kg m2) Moment of inertia around x2 − 2 1.87 � 10−3

J2y (kg m2) Moment of inertia around y2 − 2 9.80 � 10−3

J2z (kg m2) Moment of inertia around z2 − 2 8.38 � 10−3

J 4x (kg m2) Moment of inertia around x4 − 4 7.64 � 10−3

J4y (kg m2) Moment of inertia around y4 − 4 7.70 � 10−3

J4z (kg m2) Moment of inertia around z4 − 4 1.47 � 10−2
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4.2 Kinematics Analysis and Simulation

Assuming that the peak of vector nM moves along a circle, the radius of which is set
at 0.2, as shown in Fig. 5, we can derive the normal unit vector of mobile platform
nM

xM ¼ 0:2 sin t
yM ¼ 0:2 cos t
zM ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2M � y2M

p
8<
: ð37Þ

Substituting Eq. (37) into Eqs. (8)–(10), (19) and (25), we can obtain the
actuation angle curves and centroid position curves of each link, as shown in
Figs. 6 and 7, which are consistent with the simulation results measured from
ADAMS.

(a) Theoretical workspace

(b) Workspace in ADAMS

Fig. 4 Workspace of the prototype
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4.3 Dynamic Analysis and Simulation

(A) Inertia matrix
Figure 8 shows the effective inertia M11, M22 and coupling inertia M12 asso-
ciated with the actuation angles h1, h2. Obviously, M11, M22 and M12 are
continuous function with actuation angles h1 and h2 within the workspace.

(1) The effective inertia M11, the shape of which exhibits some sort of sym-
metry, will increase rapidly when the values of h1 and h2 are close to the

Fig. 5 Trajectory of the
mobile platform

0 1 2 3 4 5 6
-15

-10

-5

0

5

10

15

Time t/s

/°
1θ

2θ

1θ
2θ

Fig. 6 Actuation angle

Dynamic Modeling of Spherical 5R Parallel Mechanism … 1109



0 1 2 3 4 5 6
-80

-60

-40

-20

0

20

x
y
z

Time t/s

( x
 y

 z)
/m

m
Link 1

0 1 2 3 4 5 6
-60

-50

-40

-30

-20

-10

0

10

20

x
y
z

Time t/s

 ( x
 y

 z)
/m

m

Link 2

0 1 2 3 4 5 6
-0.5

0

0.5

1

1.5

2

x
y
z

Time t/s

 (x
 y

 z )
/ m

m

Link 3

0 1 2 3 4 5 6
-0.5

0

0.5

1

1.5

2

2.5

x
y
z

Time t/s

(x
 y

 z )
/m

m

Mobile platform

Fig. 7 Centroid position

-50
-25

0
25

50

-16
-8

0
8

16

0.028

0.03

0.032

0.034

0.036

0.038

M
11

/k
gm

2

-50
-25

0
25

50

-16
-8

0
8

16
0.03

0.04

0.05

0.06

0.07

M
22

/k
gm

2

-50
-25

0
25

50

-16
-8

0
8

16

-0.01

0

0.01

M
12

/k
gm

2

2 /θ
1 /θ 2 /θ

1 /θ

2 /θ
1 /θ

Fig. 8 Effective inertia and coupling inertia of the prototype

1110 Y. Zheng et al.



maximum, which will lead to a steep increasing of the input torque s1.
However, supposing that the values of h1 and h2 are set less than half of
their maximum values, the effective inertia M11 will remain steady.
Therefore, the extreme position should be avoided in the motion control.

(2) The effective inertia M22, the shape of which is analogous to a parabolic
surface, mainly depends on the value of h1 which means that it will not
fluctuate despite a sharp change of h2 when h1 is a constant. Nevertheless,
the value of M22 will reach a peak with the value of h1 approaching to its
maximum. The peak value is almost twice as much as that in initial
position. It indicates that the input torque s2 is mainly associated with
actuation angle h1 rather than h2, which may have practical importance.

(3) The coupling inertia M12 is also symmetric within the workspace. The
average value is close to zero, which reflects the driving torques of two
limbs are decoupled. But the coupling extent will become increas-
ingly evident when the values of h1 and h2 are close to their maximum.
Since the value of coupling inertia M12 is very small compared with that of
effective inertia M11, M22, it accounts for a minor proportion in the driving
torques s1, s2. However, it is not negligible when applied in precise
control.

(B) Input torque
The theoretical input torques s1 and s2 obtained from Eq. (35) are described
by solid lines shown in Fig. 9. Compared with the simulation results measured
via ADAMS described by dotted lines, the proposed dynamic model is veri-
fied. Meanwhile, it has been found that the average value of input torque s1 is
much larger than that of s2. The maximum value of input torque s1 can support
for the driving unit lectotype.
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5 Conclusions

In this study, spherical 5R parallel mechanism with two rotational DOF around a
fixed point is applied to meet the requirement for spherical plain bearing running-in
equipment. Combining the kinematic and dynamic analysis, the application feasi-
bility of the spherical 5R parallel mechanism in spherical plain bearing running-in
equipment is verified. The main conclusions are drawn as follows:

(1) A simple kinematic model is derived according to the geometric constraint
conditions. Further, the dynamic model is established based on the Lagrange
method, which is concise and straightforward contrast to the existing model
established by D-H coordinate method.

(2) The theoretical workspace considering the movement interference are given
with adopting some reasonable simplifications, which may provide practical
guidance on designing a mechanism prototype with appropriate workspace.

(3) The effective inertia and coupling inertia, major factors of input torques,
varying with the configurations of mechanism are discussed which show that
rational ranges of actuation angles are vital to reduce the input torques fluc-
tuation and coupling.

(4) Verified by the dynamic simulation in ADAMS software, the derived dynamic
model can provide theoretical basis in dynamic optimal design, driving unit
lectotype and control model establishment.
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Dynamic Modeling and Analysis of
Sucker Rod Pumping System
in a Directional Well

Dong-yu Wang and Hong-zhao Liu

Abstract The sucker rod dynamic model including the influences of
rod-fluid-tubing viscous friction and rod-tubing Coulomb friction is developed.
Considering the influences of the liquid inertia and plunger-barrel friction, down-
hole boundary conditions are determined. To improve the velocity and preciseness
of simulation and prediction, a hybrid algorithm is proposed for solving the wave
equation. This algorithm combines the implicit differential method applied in
homogeneous sucker rod with the variable step differential method applied in the
boundary node of composite sucker rod. Based on the model and the algorithm, the
computer programs predicting the polished rod dynamometer card of sucker rod
pumping system in a directional well are written. The results of simulation and
prediction show that the modeling method is effective and the reliability of the
model is verified. The model can provide a reference for pumping well fault
diagnosis.

Keywords Dynamic modeling � Rod pumping system � Directional well �
Plunger-barrel friction � Polished rod load

1 Introduction

The method of extracting oil from formation can be divided into two kinds [1]:
natural flowing production method and the artificial lift oil production method,
85 % worldwide the crude oil relies on artificial lift oil production method. Sucker
rod pumping method is the earliest artificial lift oil production method, which is one
of most widely used methods [2]. As early as the beginning of the oil industry, this
method for production began to be taken advantage of. Sucker rod pumping
equipment consists of the following three parts: pumping unit, sucker rod and
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oil-well pump. As the most important part in lift equipment [3, 4], pumping unit has
been the emphasis of the research. Polished rod dynamometer card is a load
graphics which can reflect polished rod load of pumping unit changed with the
displacement. With the use of polished rod dynamometer card, polished rod load
can be obtained, which can calculate the balance of pumping unit, the reducer
output shaft torque and motor power [5]. As the measured polished rod
dynamometer card can only be obtained in the actual operation process of the
pumping unit, it is mainly for pumping well fault diagnosis [6–9]. In conclusion, the
prediction of the polished rod load is very necessary.

In 1963, Gibbs [10] developed a new method for predicting the behavior of
sucker rod pumping systems. A wave equation of sucker rod was established, and
polished rod dynamometer card could be calculated for various downhole pump
conditions. Later Gibbs [11] summarized the methods for design and analysis of rod
pumping installations. A completely general diagnostic method had been developed
from mathematical solution of a boundary value problem based on the wave
equation. In 1983, Doty and Schmidt [12] presented an improved model for pre-
dicting the behavior of sucker rod pumping installations. This model incorporated
the dynamics of the liquid columns as well as sucker rod through a system of partial
differential equations. In 1992, Wang et al. [13] studied three-dimensional vibration
of sucker rod, tubing and liquid column in the sucker rod pumping system com-
prehensively. The simulation results showed that the developed model was much
superior over the existing one-dimensional or two-dimensional models. This model
could be also used for predicting dynamic parameters and well site diagnosis. In
2012, Luan et al. [14] developed a prediction model for a new deep-rod pumping
system. The new one-dimensional vibration model took into account the structure
of the side-flow pump. The results of dynamometer card analysis showed that
mathematical model of side-flow pumping system and its computer programs could
successfully model deep sucker rod performance.

There are two main problems in the existing models. The first problem to be
solved is to improve the accuracy of the predicted results. In order to simplify the
solving process, some influence factors are ignored. Therefor, the liquid inertial
load acting on the plunger as well as plunger-barrel friction are considered in
downhole boundary conditions. The other problem is the limitations of the method
for solving models. As the existing models mentioned above are solved by means
of explicit differential method with the aid of computers, the stability conditions of
explicit difference scheme of the equations must be satisfied to ensure stable
solutions. In order to remove the restriction of stability conditions, a hybrid algo-
rithm is proposed for solving the wave equation. This algorithm combines the
implicit differential method applied in homogeneous sucker rod with the variable
step differential method applied in the boundary node of composite sucker rod.
Then the predicted polished rod dynamometer card can be obtained.
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2 Mathematical Model

2.1 Wave Equation

In a pumping cycle, sucker rod moves up and down in the tubing. In order to truly
describe the deformations of sucker rod, the nonlinear influences of geometry and
contact should be considered. At the same time, dynamical influences, such as
various frictional resistances and inertia forces, should not be ignored. The key
problem of dynamic modeling and analysis of sucker rod pumping system is the
establishment of the axial vibration wave equation of sucker rod. Therefore, the
micro unit of sucker rod is taken as research object. Figure 1 shows a multistage
sucker rod. Polished rod location is chosen as the origin, and along the downward
direction of the axis of sucker rod is positive.

u(x, t) is assumed as the displacement along the depth direction in section
position x of sucker rod at time t. In this case, natural coordinate system and
cartesian coordinate system are built. Forces distribution of micro unit are shown in
Fig. 2.

In any position x of sucker rod, the micro unit is acted on by seven forces as
follows:

An axial force of the micro unit acting on the upper cross-section is F(x,t), which
is given by

Fðx;tÞ ¼ ErAr
@u
@x

� �
x

ð1Þ

where Er is modulus of elasticity of sucker rod, and Ar is cross-sectional area of
sucker rod.

An axial force of the micro unit acting on the lower cross-section is FðxþDx;tÞ
which is given by

Fig. 1 Schematic diagram of
multistage sucker rod
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FðxþDx;tÞ ¼ ErAr
@u
@x

� �
xþDx

ð2Þ

The function of Fa is the inertia force of the micro unit. The equation for Fa is

Fa ¼ qrAr
@2u
@t2

� �
Dx ð3Þ

where qr is sucker rod density.
Frl is defined to be the viscous force acting on the micro unit. This force has the

representation

Frl ¼ me
@u
@t

Dx ð4Þ

where me is viscous damping coefficient per unit length of sucker rod.
N is support reaction force acting on the micro unit from tubing. This force is

given by

N ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fðx;tÞ

da
dx

� q0r sin a
� �2

þ Fðx;tÞ sin a
du
dx

� �2
s

ð5Þ

where a is deviation angle and u is hole azimuth angle.
Frt is frictional force between tubing and sucker rod. The relationship between

Frt and N is given by

x(N)

y (E)

z(Down)

F (x,t)

F (x+ x,t)

Frt

Wr

N

Fa
Frl

φ

α

Fig. 2 Force schematic
diagram of sucker rod micro
unit
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Frt ¼ dfNDx ð6Þ

where d determines the direction of the force. d is equal to −1 if the sucker rod is
operating on the upstroke, otherwise equal to +1. f is friction coefficient between
tubing and sucker rod.

Wr is gravity of sucker rod. The equation for Wr is

Wr ¼ q0rArgDx ð7Þ

where q0r is relative density. q0r and qr are related by the equation,

q0r ¼ qr � qL

where qL is fluid density.
According to the balance condition of axial forces, wave equation of sucker rod

can be obtained that:

@2u
@t2

¼ a2
@2u
@x2

� c
@u
@t

� dhNðxÞ þ g0 cos h ð8Þ

where

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
Er=qr

p
; c ¼ me=qrAr; h ¼ f =qrAr; g0 ¼ q0rg=qr

This equation is valid for each region of sucker rod that has constant taper. If, at
some point, sucker rod changes size, then Eq. 8 must be modified.

2.2 Surface Boundary Conditions

The movement on the top of sucker rod is decided by the motion of polished rod of
the pumping unit. That is

u ð0; tÞ ¼ U0 ð9Þ

In the design and calculation of conventional beam pumping unit, the ratio of
polished rod displacement and stroke is often used, which is named the location
factor of pumping unit. It is obtained by

PR ¼ U0

S
¼ wb � w

wb � wt
ð10Þ

where U0 is polished rod displacement and S is polished rod stroke.
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Figure 3 is the mechanism sketch of conventional beam pumping unit. It can be
seen that w is the angle between C and K, where C is the back arm length of beam
and K is the distance between the support center of beam and the output shaft center
of the gear reducer. In a pumping process, the value of w changes with the changes
of t,

w ¼ wðtÞ ð11Þ

When the polished rod is in the lowest position, w are endowed with the min-
imum value, which is named w. wt has the representation

wt ¼ arc cos
C2 þK2 � ðP� RÞ2

2CK

 !
ð12Þ

where P is length of sucker rod S, and R is radius of crank.
When the polished rod is in the highest position, w are endowed with the

maximum value, which is named wb. wb has the representation

wb ¼ arc cos
C2 þK2 � ðPþRÞ2

2CK

 !
ð13Þ

Geometric parameters of pumping unit are determined, if the type of pumping
unit is selected. Substituting the values of wt and wb calculated by geometric
parameters into Eq. 10, the motion of polished rod of the pumping unit is obtained.

Fig. 3 Mechanism sketch of
conventional beam pumping
unit
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2.3 Downhole Boundary Conditions

The most important boundary condition in sucker rod problem is the one which
describes the operation of downhole pump. Undoubtedly, the mathematical
description of the downhole pump has been the greatest difficulty in analytical
treatment of the sucker-rod system. Many attempts have been made to formulate
explicit expressions which describe its behavior, but unfortunately these expres-
sions have proved inadequate when applied over the range of conditions encoun-
tered in practice. Gibbs gave an expression to describe the pump condition as

au ðL; tÞþ b
@u ðL; tÞ

@x
¼ p ðtÞ ð14Þ

wherein the parameters a, b and p(t) depend upon the type of pump operation to be
simulated.

Obviously, Eq. 14 does not consider the influences of the liquid inertial force
and plunger-barrel friction force. In practice, those influences are important, which
should not be ignored. For this purpose, the pump condition is improved as

au ðL; tÞþ b
@u ðL; tÞ

@x
þ c

@2u ðL; tÞ
@t2

þ j
@u ðL; tÞ

@t
¼ p ðtÞ ð15Þ

In Eq. 15, the third item represents the liquid inertial force acting on the plunger.
c is equal to the mass of liquid if the liquid inertial force acts on the plunger,
otherwise is zero. The forth item represents plunger-barrel friction force. j is given
as

j ¼ 2plLp ln
Rp

Rb

� �
ð16Þ

where l is the dynamic viscosity of the well liquid, Lp, Rp and Rb is the length of
plunger, the radius of plunger and barrel respectively.

2.4 Initial Condition

The initial condition have to be determined in the first place when Eq. 8 need to be
solved. In order to facilitate calculation, the initial condition is assumed as follows:
At the moment of t = 0, motor start turning and polished rod is in the lowest
position. At this time, the whole sucker rod is in a stationary state. It means that:

uðx; 0Þ ¼ 0; _uðx; 0Þ ¼ 0 ð17Þ
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3 Numerical Solution Technique

3.1 Difference Scheme of Homogeneous Rod

In homogeneous rod, the node of equal step Dx is selected along axial direction of
sucker rod, then sucker rod is divided into m units and i is defined as the subscript
notation, i = 1, 2, …, m. The node of equal step Dt is selected along the time
direction, and j is defined as the subscript notation, j = 1, 2, …, n. Thus, ui,j is
defined as the i node displacement of rod string at j time.

In the node (i, j), central difference quotient formulas are used to approximate
∂2u/∂t2 and ∂u/∂t. Further more, the weighted average formula of central difference
quotient in j − 1, j and j + 1 layers is used to approximate ∂2u/∂x2. Thus Eq. 8 can
be simplified as

� a2

4Dx2
ui�1;jþ 1 þ a2

2Dx2
� c
2Dt

� 1
Dt2

� �
ui;jþ 1 þ a2

4Dx2
uiþ 1;jþ 1

¼ 2a1 uiþ 1;j � ui�1;j
� �þ a2ui;j þ a1 uiþ 1;j�1 � ui�1;j�1

� �þ a3ui;j�1 � bi;j

ð18Þ

where

a1 ¼ � a2

4Dx2
; a2 ¼ � a2

Dx2
þ 2

Dt2
;

a3 ¼ � a2

Dx2
� c
2Dt

; bi;j ¼ di;jhiNi;j � g0j cos h

3.2 Difference Scheme of Multistage Rod

In order to establish differential form of multistage rods by equal step length dif-
ference, the equivalent density and elastic modulus, etc. must be calculated before
the solving processing. In the meantime, the mixed units are converted into a
uniform unit. During the equivalent process, it may produce certain errors. To
reduce the errors, variable step length difference is used to establish differential
form of multistage rods.

Take the two stage rod for example. Dx1 is chosen to be the axial step of the first
homogeneous rod, while Dx2 is chosen to be the axial step of the second homo-
geneous rod. In this case, as shown in Fig. 4, wave equations of the first and second
sucker rod can be described as:

@2u
@t2

¼ a2l
@2u
@x2

� cl
@u
@t

� dhlNþ g0l cos h ð19Þ

where l is equal to 1or 2.
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According to Taylor formula, ui−1,j and ui+1,j can be expanded into the following
equations

ui�1;j ¼ ui;j � @u
@x

� �
i1
Dx1 þ @2u

@x2

� �
i1

1
2
ðDx1Þ2 ð20Þ

uiþ 1;j ¼ ui;j þ @u
@x

� �
i2
Dx2 þ @2u

@x2

� �
i2

1
2
ðDx2Þ2 ð21Þ

The following continuous conditions should be satisfied at i point of two-stage
rod joint.

F ði; jÞ1 ¼ F ði; jÞ2 ð22Þ

u ði; jÞ1 ¼ u ði; jÞ2 ð23Þ

Combined the Eq. 19 through Eq. 23, the difference equation of different
material in the joint of different rod diameters can be given by

ui;jþ 1 ¼ ð2b1 þ b2 � v2 � v1Þ � b1ui;j þ v2uiþ 1;j þ v1ui�1;j

b1 þ b2

� r1ðdi;jh1iNi;j � g01j cos hiÞþ r2ðdi;jh2iNi;j � g02j cos hiÞ
b1 þ b2

ð24Þ

Fig. 4 Sketch map of sucker
rod interface
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where

b1 ¼ ðDxErArÞ1
2ða1DtÞ2

þ ðDxErArÞ2
2ða2DtÞ2

; b2 ¼ ðDxErArcÞ1
2a21Dt

þ ðDxErArcÞ2
2a22Dt

ri ¼ ðDxErArÞi
2a21

; vi ¼ ðErArÞi
Dxi

; i ¼ 1; 2

4 Instance Calculation and Analysis

In order to prove the correctness of dynamic model (including Eqs. 8, 9, 15 and
Eq. 17), two wells named well L2111 and L2517 from Liao He oilfield have been
chosen to do the experiments. Equipment parameters of sucker rod pumping system
have been given in Table 1.

According to the type of pumping unit in Table 1, we learned that the geometric
parameters of pumping unit are: R = 1.04 m, P = 4 m, C = 2.905 m, A = 4.81 m,
I = 2.8 m, H = 6 m, G = 2 m. With the help of those above geometric parameters,
Eq. 10 can be solved to obtain the location factor, the dimensionless velocity and
the dimensionless acceleration of the pump unit under each angle, which are
showed in Fig. 5.

As can be seen from Fig. 5, the position factor curve of pumping unit is similar
to normal distribution. The position factor in a cycle uniformly changes from 0 to 1,
then back to 1 uniformly again. Dimensionless velocity curve is similar to sine
curve. In the process of upstoke, in which the crank angle varies from 0° to 180°,
the dimensionless velocity is positive and maximum speed appears when crank
angle is 82°. In the process of downstoke, the dimensionless velocity is negative
and minimum speed appears when crank angle is 290°. Dimensionless acceleration
curve seems to be an irregular curve. The minimum acceleration appears when
crank angle is 157°. In the process of varying from 157° to 275°, the acceleration
increases slowly. Acceleration is bumped up after the 275°, and the maximum value
is arrived at 351°.

In the process of solving Eq. 8, Dx and Dt are the parameters which need to be
selected. In order to ensure the accuracy of the calculation, sucker rod is divided
into 400. For the well L2111, Dx = 4.435 m. For the well L2517, Dx = 4.4275 m.

Table 1 Equipment parameters of sucker rod pumping system

NO. Pumping unit type Parameters of sucker rod Parameters of pump

L2111 CYJ12-4.8-73HB ɸ 19 * 814 m + ɸ 22 * 603 m +
ɸ 25 * 554 m

ɸ 44 mm * 1997 m

L2517 CYJ12-4.8-73HB ɸ 19 * 710 m + ɸ 22 * 890 m +
ɸ 25 * 174 m

ɸ 38 mm * 1801 m
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If explicit difference scheme is selected to solve Eq. 8, Dt needs to be satisfy the the
stability conditions. For the well L2111, Dt need to be less than 0.000765 s. For the
well L2517, Dt need to be less than 0.000763 s. Obviously the value of Dt is so
small that the number of stored data is approximately 14 million. Using the pro-
posed method, Dt can be valued at 0.068 and 0.06. The number of stored data is just
144 thousand, which are hundredth of those from explicit difference scheme. By
means of the proposed method, the displacements of sucker rod at any position at
any time are obtained. And then the polished rod dynamometer card can be
obtained.

Figures 6 and 7 respectively describe the polished rod dynamometer cards of
well L2111 and L2517. It is not hard to see from the figures that, the predicted
polished rod dynamometer cards of two methods are similar. They both match with
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the measured polished rod dynamometer card. However, from the view point of the
opening moments of the standing valve and the travelling valve, the maximum and
minimum loads, the predicted result with sufficient consideration of liquid inertial
load and plunger-barrel friction is more accordant with practical circumstances. In
the process of downstroke, the predicted curves of two models fall faster than the
actual case. The reason of this phenomenon is that there are gases in the oil well.
Affected by gas, the standing valve can not open in time, which causes that the
liquid load can not be transferred.

5 Conclusion

1. An improved dynamic model of sucker rod pumping system in a directional well
is established. This model considers the influence of rod-fluid-tubing viscous
friction and rod-tubing Coulomb friction. In the meanwhile, the liquid inertial
load acting on the plunger as well as plunger-barrel friction are considered in
downhole boundary conditions.

2. In the process of solving the model, the implicit differential method is applied in
homogeneous sucker rod, while the variable step differential method is applied
in the boundary node of composite sucker rod.

3. Two wells from Liao He oilfield are chosen to do the experiments. The predicted
result with sufficient consideration of liquid inertial load and plunger-barrel
friction is more accordant with practical circumstances. Application of the
hybrid algorithm solve the problem of stability conditions and computational
efficiency has been greatly improved.
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Dynamics Modeling, Control System
Design and Simulation of Manipulator
Based on Lagrange Equation

Da-quan Li, Hua-jie Hong and Xian-liang Jiang

Abstract To improve the servo performance of the manipulator and further obtain
higher motion accuracy, dynamics equation of the series manipulator is developed
based on Lagrange dynamics method. Simultaneously, the control algorithm is
studied to ensure the error system is globally asymptotically stable near the equi-
librium point. With full consideration of the dynamic characteristics of the system, a
controller is designed and the control system simulation model is established
subsequently. The simulation results show that the controller designed in this paper
has good dynamic and static performances, the manipulator system can follow the
control directives effectively with the tracking error of joint angles limited to 10-5

rad. Methods of dynamics modeling, controller design and control system simu-
lation are universal to the multi-degree-of-freedom series manipulators, which has a
certain reference value for the research of similar mechanisms.

Keywords Manipulator � Lagrange equation � Control system � Simulation

1 Introduction

With the rapid development of microelectronic technology, sensor technology,
control theory and machinery manufacturing technology, the automation and
intelligence of manufacturing industry are gradually improved and higher
requirements to digital performance of manufacturing equipment are also put for-
ward. As the typical joint type robots, manipulators have been widely used in
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industrial production with the advantages of compact structure, small space occu-
pation, large movement space and so on. Therefore, it is an important research
direction in the field of mechanical arms to establish its dynamic model and explore
the general method of controller design.

Methods on dynamics modeling, control and simulation of manipulators are in
varied forms, and the related research is also a lot. In paper [1], the kinematic model
of the robot manipulator is established by D-H parameters. Based on the
Newton-Euler iterative dynamics algorithms, the forward and inverse dynamic
simulation is done by Robotics Toolbox in MATLAB; Paper [2] and [3] simplify
the multi-input and strongly coupled manipulator as a single output decoupled
servo control system in the process of modeling and controller design, which ignore
its dynamic characteristics. The control structure is shown in Fig. 1. Under the
control principle s ¼ Kpðhd � hÞ � Kv

_h, its control quality is limited because of the
idealized assumption; Based on the principle of multi-rigid body kinematics and
Lagrange dynamics equations of the manipulator, paper [4] obtains its Jacobian
matrix and proposes the 3D simulation model to analyze the dynamical
characteristics.

As shown in Fig. 2, the input of the controller is set as the error between the
expected and actual position in the structure of classical manipulators control
system, and the joint torque which is the output controls manipulator to track the
command signal, so that the end-effector is expected to reach the desired position.
In other words, the controller is a method to adjust the joint torque when error exists
between the desired trajectory and the actual one.

To achieve precise control of the manipulator system, the first target is to
establish a precise dynamic model of the corresponding object. As a
multi-rigid-body system, its dynamic analysis is a complex problem of non-free

Fig. 1 The diagram of decoupled control system of the manipulator

Fig. 2 Simplified diagram of manipulators control system
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particle system. The Generalized Equations of Dynamics, which is set up based on
d’Alembert’s Principle and the PRINCIPLE of virtual displacement, describes the
motion of the system in Cartesian coordinates. The manipulator is regarded as a
system consisting of n particles, where the mass of the particle is mi, the position
vector relative to the inertial system is ri, the acceleration of the particle is ai and the
restriction of the complete constraint between the particles is gjðr1. . .rnÞ ¼ 0. The
specific form of the equation is shown in Formula (1),

Xn
i¼1

f ei � dri þ
Xn
i¼1

ð�miaiÞ � dri ¼ 0 ð1Þ

in which f ei and dri are defined as the external force and virtual displacement of
particles respectively. It is complicated to analyze the practical problems applying
the aforementioned approach. Lagrange dynamics method describes the motion of
the system with fewer variables in form of generalized coordinates, which simplifies
the Generalized Equations of Dynamics and has been widely used in solving the
dynamic problem of particle system with mutual constraints. The Lagrange function
takes the form of L ¼ T � V , where T is the total kinetic energy and the total
gravitational potential energy of the system is defined by V. Then in the generalized
coordinates, Lagrange dynamic equation [5, 6] takes the following form:

d
dt
@L
@ _q

� @L
@q

¼ ! ð2Þ

Thereinto, ! is composition of forces except for gravity.

2 Dynamics Model of the Manipulator System

For the N-DOF manipulator system (shown in Fig. 3), the body-fitted coordinate
system of arm i is established as Li. Based on the screw theory, for a N-DOF
manipulator whose joint angles are given as h1; h2; . . .; hn, the homogeneous
coordinate matrix of the end-effector relative to base coordinate can be expressed as

gstðhÞ ¼ e~n1h1e~n2h2gstð0Þ, in which gstð0Þ represents the homogeneous matrix of the
work coordinate system T relative to the base coordinate system S when h ¼ 0 and
ni is the motion screw of the rigid body i in the base coordinate system S at the
initial time.

Therefore, the total kinetic energy of the manipulator is:

T ¼
Xn
i¼1

Ti ¼ 1
2

Xn
i¼1

Vb
sli

� �T
WiV

b
sli ð3Þ
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Wi and Vb
sli stand for the inertia matrix of rigid body i and the velocity screw of

joint i in the base coordinate system. While Vb
sli ¼ Jbsli � _h and the Jacobian matrix is

Jbsli ¼ n�1;li � � � n�i;li ; 0; . . .; 0
� �

, the kinetic energy equation of rigid body can be
rewritten as:

T ¼ 1
2

Xn
i¼1

_hTJTi WiJi _h ¼ 1
2
_hT

Xn
i¼1

JTi WiJi

 !
_h ð4Þ

Define the inertia matrix as following:

M ¼
Xn
i¼1

JTi WiJi ð5Þ

Consequently,

T ¼ 1
2
_hTMðhÞ _h ð6Þ

Fig. 3 The manipulator
model of N-DOF
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The total potential energy of the manipulator is:

V ¼
Xn
i¼1

mghiðhÞ ð7Þ

And hiðhÞ is the height of the centroid of rigid body i.
The Lagrange function of the manipulator can be expressed as:

Lðh; _hÞ ¼ Tðh; _hÞ � VðhÞ ¼ 1
2
_hTMðhÞ _h�

Xn
i¼1

mghiðhÞ

¼ 1
2

Xn
i;j¼1

MijðhÞ _hi _hj �
Xn
i¼1

mghiðhÞ
ð8Þ

The dynamic model of the N-DOF manipulator is finally obtained:

MðhÞ€hþCðh; _hÞ _hþNðhÞ ¼ s ð9Þ

Where

MðhÞ ¼
Xn
i¼1

JTi WiJi; Ji ¼ n�1;li . . . n�i;li 0 . . . 0
� �

Cijðh; _hÞ ¼
Xn
k¼1

1
2

@MijðhÞ
@hk

þ @MikðhÞ
@hj

� @MkjðhÞ
@hi

� �
_hk

NðhÞ ¼ @V
@h

h is the angular displacement, MðhÞ is the inertia matrix, Cðh; _hÞ represents the
centrifugal force and Coriolis force, NðhÞ is the gravity item and s is the joint
torque.

3 Research on Control Algorithm of Manipulator System

The control objective of the system is to track the desired joint trajectory hdðtÞ so
that the error converges to 0. According to the Lyapunov stability theory, the
evaluation of control algorithm for the controller is equivalent to the evaluation on
the stability of the controlled system. And research on the stability of controlled
system is also equivalent to the study on the performance of the error system when
the error h ¼ hd � h ¼ 0 [7, 8]. The error system can be expressed as the following
equation,
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_e1 ¼ e2
_e2 ¼ �M�1ðhÞ Cðh; _hÞe2 þQðhÞ � s

� �(
ð10Þ

in which Q ðhÞ ¼ MðhÞ€hd þCðh; _hÞ _hþNðhÞ and the inertia matrix MðhÞ is a
positive definite matrix.

3.1 Proportional Control

With the control algorithm s ¼ �Kpe1, where Kp is a positive definite matrix. The
error system can be rewritten as:

_e1 ¼ e2
_e2 ¼ �M�1ðhÞ Cðh; _hÞe2 þQðhÞþKpe1

� �(
ð11Þ

The zero e ¼ 0 is not the equilibrium point of the system and the error does not
converge to 0.

3.2 Proportional Control with Offset

Rewriting the error system with the control algorithm adjusted to
s ¼ �Kpe1 þQ ðhÞ:

_e1 ¼ e2
_e2 ¼ �M�1ðhÞ Cðh; _hÞe2 þKpe1

� �(
ð12Þ

The error system is an autonomous system, and the zero point e ¼ 0 is a balance
point of the system. Constructing a Lyapunov function:

V ðeÞ ¼ 1
2

e1
e2

� 	T
Kp 0
0 MðhÞ

� 	
e1
e2

� 	
ð13Þ

The function VðeÞ is globally positive definite and satisfies
ek k ! 1 ) VðeÞ ! 1. Its differential function,

_Vðe; _eÞ = 0 ð14Þ

is globally negative semi-definite. According to the Lyapunov stability theorem, it
is known that the equilibrium point is globally stable, but it is not sure whether the
joint trajectory of the controlled manipulator can reach the fixed point hd .
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3.3 PD Control with Offset

Similarly, under the control of joint torque s ¼ �Kpe1 � Kve2 þQ ðhÞ, the error
system can be expressed as follows:

_e1 ¼ e2
_e2 ¼ �M�1ðhÞ Cðh; _hÞe2 þKpe1 þKve2

� �(
ð15Þ

The error system is an autonomous system, and the zero point e ¼ 0 is the
equilibrium point of the system. Constructing a Lyapunov function:

VðeÞ ¼ 1
2

e1
e2

� 	T
Kp 0
0 MðhÞ

� 	
e1
e2

� 	
ð16Þ

The function VðeÞ is globally positive definite and satisfies
ek k ! 1 ) VðeÞ ! 1. Its differential function:

_VðeÞ ¼ �eT2Kve2 ð17Þ

) _V5 0; 8e2. Furthermore, _VðeÞ ¼ 0, only when e2 ¼ 0.
Under the Lyapunov stability theorem, the system is globally stable at the

equilibrium point.
Further considering the set

R ¼ e e2 ¼ 0jf g ð18Þ

Consequently, the largest invariant set in R is:

M ¼ e ¼ 0f g ð19Þ

By the Russell globally invariant set theorem, the equilibrium point e ¼ 0 is
globally asymptotically stable and the joint trajectory of controlled is able to arrive
at the given one hd .

3.4 Stable Torque Control Algorithm

Further modifying the control algorithm and obtaining the error system with
s ¼ �MðhÞðKpe1 þKve2ÞþQðhÞ:

_e1 ¼ e2
_e2 ¼ �Kpe1 � Kve2



ð20Þ
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According to the proof above, the zero e ¼ 0 is the balance point of the system.
Constructing the Lyapunov function,

Vðe; _eÞ ¼ 1
2

e
_e

� 	T
Kp eI
eI I

� 	
e
_e

� 	
ð21Þ

where e is a sufficiently small positive. It is easy to prove that the Lyapunov
function Vðe; _eÞ is globally positive definite and satisfies ek k ! 1 ) VðeÞ ! 1.
Its differential function,

_Vðe; _eÞ ¼ � e
_e

� 	T
eKp

1
2 eKv

1
2 eKv Kv � eI

" #
e
_e

� 	
ð22Þ

is globally negative definite.
In summary, based on the Lyapunov stability theorem, the system is globally

asymptotically stable near the equilibrium point e ¼ 0 under the control law shown
in Eq. 23,

s ¼ �MðhÞ Kpe� Kv _e
� �þNðhÞþMðhÞ€hd þCðh; _hÞ _h ð23Þ

which means that the actual trajectory of the manipulator can be expected to
coincide to the desired one [9]. Therefore, in order to achieve effective and accurate
control, the dynamic performance of the system must be taken into consideration in
the process of controller design (Fig. 4).

Fig. 4 The diagram of control system of the manipulator with dynamic characteristics

1136 D. Li et al.



4 System Modeling and Simulation Based
on MATLAB/Simulink

4.1 Simulation of the Manipulator Dynamics Model

With the subject investigated shown in Fig. 5, the dynamic model of the manip-
ulator is established in MATLAB/Simulink based on Lagrange dynamics modeling
method [10]. The studied control algorithm is applied to design a controller.
Finally, the control effect is evaluated by simulation.

The main parameters of each part of the object are given in Table 1.
A dynamic model of the system is established in MATLAB/Simulink, as shown

in Fig. 6.
The process of model building is as follows:

(1) Choosing any point on the rotation shafts of joints q1; q2; q3 and their angular
velocity of rotation x1;x2;x3;x4, the joint spinors n are obtained;

(2) Obtaining of the inertia matrix MðhÞ:

MðhÞ ¼
X4
i¼1

JTi WiJi; Wi ¼ diag mi;mi;mi; Ixi; Iyi; Izi
� � ð24Þ

Fig. 5 Model of 4-DOF manipulator

Table 1 Parameter table of the model

Mass (kg) Centroid coordinates (m) Moment of inertia (kg. m2)

Arm 1 0.5 (0, 0, 0.075) diag 0:0014; 0:0014; 0:0025f g
Arm 2 1.4 (0, 0.15, 0.1) diag 0:0108; 0:0006; 0:0108f g
Arm 3 1.4 (0, 0.45, 0.1) diag 0:0108; 0:0006; 0:0108f g
Arm 4 0.2 (0, 0.63, 0.1) diag 1:05� 10�4; 9� 10�5; 1:05� 10�4

 �
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(3) Obtaining of the Coriolis matrix Cðh; _hÞ:

Cijðh; _hÞ ¼ 1
2

X3
k¼1

@MijðhÞ
@hk

þ @MikðhÞ
@hj

� @MkjðhÞ
@hi

� �
_hk ð25Þ

(4) Calculating N ðhÞ ¼ @V
@h

.

The overall simulation design of the manipulator with four degrees of freedom is
shown in Fig. 7. The system is mainly composed of a trajectory planning module
named Path_planning, a controller module and a dynamic model module. The
purpose of path planning is to provide the expected position and motion state of the
robot arm. The specific indicators are characterized by hd; _hd and €hd .

Based on the torque control algorithm given above, a joint torque controller with
the input parameters hd ; _hd; €hd , MðhÞ;Cðh; _hÞ;NðhÞ is established. Therein the
output parameter is torque s. Parameters h and _h are the feedback of the system.

4.2 Results and Analysis

To verify the effect of the control system, the expected motion trajectory and joint
motion state of the arms are needed. Here a numerical example is used for path
planning. The system simulation results are given by Figs. 8, 9 and 10.

The simulation time is set to 15 s. Figures 8 and 9 respectively show the
expected joint angle curves of the given manipulator and the expected trajectory of
the end-effector. Specifically, the four curves in Fig. 8 show the desired joint angles
h1d; h2d ; h3d and h4d of the subject investigated. The trajectory in Fig. 10 is
obtained by the forward kinematics equation of the manipulator system based on
the given joint angles. As shown in Fig. 10, the angle errors are limited within a
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reasonable range during the whole simulation and the maximal value is no more
than 1� 10�5 rad with the designed controller, which indicates an excellent
dynamical control performance.

Integrating the simulation results, the designed controller can meet the control
requirements of the manipulator and effectively track the position command, which
is stable, accurate and quick.
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Fig. 8 The expected joint angle curves of the manipulator

Fig. 7 The simulation model of a 4-DOF manipulator

Dynamics Modeling, Control System Design and Simulation … 1139



5 Conclusion

Lagrange dynamics method can simplify the dynamic analysis of the non-free
particle system, so the dynamic equation of the system is established with the
manipulators. According to the attained model, the control algorithm of the system
is further studied. In the previous research, the controller design and simulation
analysis simplify the multi-input and strongly coupled complex system into an ideal
system of single-input and single-output, which neglects its dynamic characteristics
and affect the performance of the system.

To validate the model’s accuracy and the validity of the control algorithm, whole
control system is built and simulated with its dynamic performance in full con-
sideration. The studied manipulator with the designed joint torque controller can
steadily, accurately and quickly follow the instruction, which greatly improves its
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Fig. 10 The joint angle error curves
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servo performance. The methods of modeling, controller design and simulation in
this paper are of general significance to multi-degree-of-freedom manipulators,
which has a certain reference value for the research of similar mechanisms.
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The Dynamic Characteristics Analysis
of the Vertical Milling-Turning
Machining Center

Jialin Li, Yidu Zhang, Qiong Wu and Hanjun Gao

Abstract The dynamic modeling and the dynamic characteristics analysis of the
vertical milling-turning machining center is studied in this paper. Firstly, Finite
Element Method (FEM) model of the machining center is established, and the
modal of the machining center is obtained by ANSYS software. Secondly, the
theory of the modal testing is illustrated, and the modal parameters, including both
natural frequency and model of vibration of the machining center are got by using
the hammer-hitting method. The result of the modal testing is analyzed and com-
pared with the finite element analysis results. Also the two results offer a theoretical
basis to the subsequent dynamic characteristics analysis and dynamic optimization
design.
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1 Introduction

Machine tool is the basic equipment of the manufacturing industry, which is the
strategic industry and has a great role in both national welfare and national defense
construction [1]. Milling-turning machining center can manufacture complex shapes
in a single set-up, significantly reducing the time and the cost of preparing fixtures as
well as improving the efficiency of the production and the accuracy of machining.
The dynamic characteristics analysis of the vertical milling-turning machining center
can assist in improving the production efficiency, machining accuracy and the life of
the machining center directly. Therefore, it is of great significance to analyze the
dynamic characteristics analysis of the machining center [2].

There are three research methods of the dynamic characteristics analysis of the
mechanical structure, including theoretical research method, experimental method
and the method of theory analysis combined with test [3]. Theoretical research
method uses some numerical techniques to establish the model of the machining
center, which is a simplified method to some degree. The result of the modal
obtained in experimental method will be analyzed and verified. The above two
methods both have limitations. The method of theory analysis combined with test
which fully utilizes their respective advantages aims to use the result obtained by
modal testing to correct the FEM model of the machining center. Kruszewski [4]
put forward the concept of the dynamic modeling at the first time in 1975 and got
the result of the modal testing by using the hammer-hitting method. The result of
the modal testing is analyzed and compared with the result of theoretical research.
Berczynski and Gutowski [5] and Ahmadi [6] apply rigid body dynamics theory to
the dynamic modeling. In this paper, Finite Element Method (FEM) model of the
machining center is established, and the modal of the machining center is obtained
by ANSYS software. And then, the theory of the modal testing is elaborated, and
the modal parameters containing both natural frequency and mode of vibration of
the machining center are got by using the hammer-hitting method. The result of the
modal testing is analyzed and compared with the finite element analysis result. Also
the two results provide a theoretical basis to the subsequent dynamic characteristics
analysis and dynamic optimization design.

2 Modeling and Simulation

2.1 Geometrical Modeling

The geometrical model of the machining center is established by 3D CAD software
owing to the convenience of modeling with complicated shape parts compared to
the ANSYS software, which will be subsequently imported into ANSYS software.
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Considering the complex structure and the finite element calculation efficiency, it
is not convenient to model all tiny features. Therefore, the model of the structure is
simplified, by expurgating some features such as bosses and chamfers and filling up
others such as grooves, contributing to the efficiency of modeling and the quality of
the finite element mesh. The geometrical model of the vertical milling-turning
machining center is shown in Fig. 1.

2.2 FEM Modeling

The main processes of the FEM modelling of the machining center are: (1) Defining
material model behavior (2) Selecting element types (3) Meshing (4) Defining loads
(5) Simulation.

(1) Defining material model behavior
Defining the material of the model is needed, including Elastic modulus,
poisson’s ratio and density of the material. The material of the model is shown
in Table 1.

Fig. 1 The geometrical
model of machining center
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(2) Selecting element types
There are some cavities with stiffeners which can enhance the structure
strength and reduce weight in the main place of the machining center such as
the spindle and the beam. Therefore, the SOLID285 is selected.

(3) Meshing
Meshing, the base of finite element simulation, is the key step, whose quality
affect the computational efficiency and computational accuracy directly. The
method of manual intervention for meshing is adopted, which is benefit to the
accuracy of the finite element analysis.

(4) Defining loads
Boundary conditions of finite element analysis should be set fixed joint
between the bottom of the machining center and the ground, according to the
actual conditions on the test field. Therefore, displacement constraints are
added to the bottom of the machining center.

(5) Simulation
After Finite Element Method (FEM) model of the machining center is estab-
lished, the modal of the machining center is finally obtained. The first six order
of natural frequencies from FEM are shown in Table 2. The first six order of
mode of vibration from FEM are shown in Fig. 2.

3 Model Testing and Simulation

3.1 Theory of the Modal Testing

The dynamic characteristics analysis of the machining center can be obtained with
the method of theory analysis combined with test, which is the trend of the research

Table 1 The material properties of the model

Material Density (kg/m3) Elastic modulus (GPa) Poisson’s ratio

HT250 7000 110 0.27

S-45 7800 206 0.30

Concrete 2600 37 0.0476

Table 2 The first six order
natural frequencies from FEM

Order Frequency (Hz)

1 75.187

2 78.421

3 106.75

4 117.46

5 149.72

6 159.60
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on dynamic characteristics [7]. The theory analysis and the modal testing both have
some advantages. It is an important means of solving the dynamic characteristic of
some complicated structures by taking advantages of the strengths of each. It is a
method of estimating characteristic parameters for continuous spectrum of response
signal of damped free vibration. The free vibration of the machining center can be

(a) The first order (b) The second order

(c) The third order (d) The fourth order

(e) The fifth order (f) The sixth order

Fig. 2 The first six order of mode of vibration from FEM
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obtained by using the test hammer to give effective excitation of the structure.
Acceleration signal of the machining center is recorded through the high-sensitivity
sensors stuck to the machining center, which contains some different frequency
information. The natural frequency can be gained directly by using transfer function
got from the force signal and the acceleration signal. The connection of experi-
mental equipment is shown in Fig. 3.

Experimental Modal Analysis (EMA) involves two testing approaches, SIMO
and MIMO. In the first, there are two measuring plans. The first one is fixing the
hammering point and then moving the sensor. The second one is fixing the sensor,
and then moving the hammering point. They all belong to SIMO, According to
hypothesis of reciprocity, others are MIMO. This modal experiment adopts the first
plan. The final results can be gained by fixing the sensor and moving the ham-
mering point. Compared with the MIMO, the advantage of SIMO is cheaper and
time-efficiency, although it is not easy to measure all points and identify close
modal effectively.

Establishing the Dynamics Equations through experimental data is called system
identification. In the case of knowing the forms of the equation, estimating
parameters through experimental data is called parameter identification. Modal
analysis belongs to the second, based on the actual structure which can be described
by the modal model. And then estimate parameters through experimental data. The
key to identify its basic modal Parameters is getting the Eigenvector of Vibration.

Normally, the dynamic damped vibration systems model can be expressed by
Formula (1). The modal parameters can be gained through the transfer function, and
it can be expressed by Formula (2).

½M� €xf gþ ½C� _xf gþ ½K� xf g ¼ ff g ð1Þ

Fig. 3 The sketch of the
connection of experimental
equipment
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where, [M] is mass matrix, [C] is damping matrices, [K] is stiffness matrix, {x} is
Deformation Vector, {f} is excitation force vector.

HijðxÞ ¼ XiðxÞ
FjðxÞ ¼

Xn

r¼1

uriurj

mr½ðx2
r � x2Þþ 2jnrxrx� ð2Þ

where, HijðxÞ is transfer function, XiðxÞ is the response of point i, FjðxÞ is the
excitation force of point j, n is the total order of Recognition mode, uri, urj

respectively is the r order vibration model of i, j, mr is the mass of model, nr is
damping ratios of model, xr is the frequency of model.

3.2 Experimental Process and Results

Firstly, adjust the machining center to the working condition. And then stick the
accelerometer to the bottom of the spindle with a permanent. Finally, debug the

Fig. 4 Dynamic model of the machining center
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equipment, set the parameter. This experiment totally knocked 539 points, and each
position knocks three times. The structure of transducer and the number of mea-
suring position is expressed by Figs. 4 and 5.

The modal testing results by using DASP software are shown in the following
table. The first six order of natural frequencies from testing are shown in Table 3.
The first six order of modal of vibration from testing are shown in Fig. 6. Compared
with the results of FEM, the natural frequencies from experiment is lower than the
frequencies from FEM. Detail data representation as Table 4.

Fig. 5 The position of the accelerometer

Table 3 The first six order
natural frequencies from
EMA

Order Frequency (Hz)

1 53.592

2 57.287

3 74.609

4 78.387

5 95.014

6 125.796
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(a) The first order (b) The second order

(c) The third order (d) The fourth order

(e) The fifth order (f) The sixth order

Fig. 6 The first six order of mode of vibration from EMA
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4 Conclusions

Based on the three-dimensional model, the finite element simulated model of the
vertical milling-turning machining center is obtained. And then we can get the first
six order natural frequencies of the co-whole system. At the same time, the testing
results are gained which is compared with the results from FEM. While the fre-
quency of machine from FEM simulative analysis is higher than the frequency from
experimental analysis, the distribution of the two is similar. Because we didn’t take
the characteristics of the machining center’s joints into consideration, so the result
from FEM is higher.

References

1. Chenjin (2013) The dynamic characteristics analysis of CKX53280 Milling-turning Machine
based on conjoint interfaces. Huazhong University of Science and Technology, Wuhan. 陈金.
基于结合面的CKX53280铣车床整机动态特性分析[D]. 武汉: 华中科技大学, 2013

2. Tanwenjie, Zuozhengxing, Liuyutong et al (2000) Analysis of dynamic characteristics of
machine tool as a whole. Jixie Sheji 2000(l0):24–25. 覃文洁, 左正兴, 刘玉桐, 等. 机床整机

的动态特性分析[J]. 机械设计, 2000(l0):24–25
3. Zhangfei (2012) Study on static and dynamic characteristics and optimization of high-speed

machining center worktable system. Shaanxi University of Science and Technology, Xian. 张
菲. 高速加工中心工作台系统的静动态特性分析及优化设计[D]. 西安: 陕西科技大学,
2012

4. Kruszewski J (1975) The rigid finite element method. Arkady, Warszawa
5. Berczynski S, Gutowski P (2006) Identification of the dynamic models of machine tool

supporting systems. J Vibr Control
6. Ahmadi K (2007) Modelling machine tool dynamics using a distributed parameter toolholder

joint interface. Int J Mach Tools Manuf
7. Litao (2008) The dynamic characteristic analysis of the MB4250-2 high-precision control

vertical honing machine. Shanghai Jiao Tong University, Shanghai. 李涛.
CKX53280MB4250-高精度立式珩磨机床的动态特性分析[D]. 上海: 上海交通大学, 2008

Table 4 The first six order
natural frequencies from FEM
and EMA

Order Frequency of FEM (Hz) Frequency of EMA (Hz)

1 75.187 53.592

2 78.421 57.287

3 106.75 74.609

4 117.46 78.387

5 149.72 95.014

6 159.60 125.796

1152 J. Li et al.



Dynamic Modeling and Simulation
of Q-Baller—A Spherical Wheeled Robot

Jiamin Wang and Yuyi Lin

Abstract In this paper we present the dynamic modeling of Q-Baller—a Spherical
Wheeled Robot (Ball-Bot) design. A low cost prototype is constructed to verify the
theoretical derivation. Low cost is achieved by using inexpensive structural design
and electronic components, which, however, increases the difficulty for control. The
Ball-Bot’s dynamic model is important for the later studied and design suitable
controller. Simulations are performed to test the design concepts, which includes
detailed system modeling, noisy environment setup and the human machine
interface. The results of the simulation reveal some potential problems of the
current design and the improvements needed in both mechanical components and
controller designs. The simulations also prepare us for improving the Ball-Bot
prototype and future experiments.

Keywords Spherical wheeled robot � Dynamic modeling � Modern control � Real
time simulation � Noisy simulation environment � Human machine interface

1 Introduction

To develop low cost mechatronic or robotic products that involves control issues
can be quite challenging—inaccessibility of high-end or professional processors
and sensors; lack of manufacturing accuracy in prototyping; shortage of human
resources and experimental environment. These challenges may bring any ambi-
tious but not well-funded project to a halt.

Since 2005 when Carnegie Mellon University (CMU) accomplished the first
Spherical Wheeled Robot—a robot that can maintain balance standing on and
moving around with a ball, several spherical wheeled robot designs as shown in
Fig. 1 have been introduced. Inspired by these predecessors, we have been
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developing a Spherical Wheeled Robot starting from 2015. Our design costs less
than most of the current Spherical Wheeled Robots on the market. In addition to
adopting reasonable mechanical design structure, the electronic components we use
are, in most cases, less advanced than those in the other designs which, however,
posed a different and more complex control task.

We performed detailed modeling and simulations to better understand the design
and its potential problems. Our system model has combined mechanical electronics
dynamics, and involves detailed parameters to derive random models for uncer-
tainty simulation. Simulation processes include a noisy environment and a real-time
human machine interface to facilitate a more realistic study of Ball-Bot dynamics.
The process helps us better understand our control task and prepare for a suitable
controller design. The study also helps us figure out the improvements to be made
to our current design.

2 The Q-Baller Design

Our basic design goal is to design a Ball-Bot with great dynamic performance and
possibly the lowest cost. Presented in Fig. 2 is our current Ball-Bot design named
Q-Baller. The robot is about 300 � 300 � 400 mm3 in size, and 8 kg in weight.
Q-Baller has 4 friction drive system to provide symmetric control performance. The
spherical wheel is made from an iron spherical shell with a high traction coating.
We also have a four-bearing system, which serves to secure the frictional surface
contact and allow addition add-ons for future uses. All structural parts are sheet
metal providing sufficient strength with low material and manufacture cost.

Instead of using high-end and expensive servo motors, we adopt four brushed
DC motors without any speed feedback sensors (rotary encoders) in our design.

Fig. 1 Left the CMU Ball-Bot [1]; Middle the BallIP [2]; Right the Rezero [3]
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These motors have less control accuracy, but are less expensive than the servo
motors, and can generate greater power compared to the stepper motors of the same
size. Rotary velocity feedback can be installed as add-ons if necessary.

Since DC motors require only the simplest control hardware, the electronic
circuitry of Q-Baller has also been minimized, leaving the gyroscope/accelerometer
sensor currently the only sensor in our robotic system (Fig. 3). A Bluetooth device
provides communication between the Ball-Bot and the microcontroller. The control

Fig. 2 Q-baller spherical wheeled robot design

Fig. 3 Electronic system of Q-Baller
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programs are processed by a 32-bit microprocessor, which sends a control signal to
drive the motor through the motor driver module boards.

Some features of this ball-bot are:

1. Without highly reliable feedback and powerful processors, the control sensi-
tivity, accuracy and frequency is limited. Many complicated control methods
cannot be used due to the calculation limitation.

2. No guarantee exists that the friction surfaces have good contact. Since the DC
motors are controlled without any state feedback, DC motor outputs may not be
stable and identical, causing uncertainties in the system.

3. The prototype may not be the same as approximated ones from ideal modeling
due to differences in manufacturing accuracies and actual component properties.

As a result, simulations must check the design feasibility before prototyping.
Even though the simulation results may be limited, they may help improve the
Q-Baller design, control algorithm and programing.

3 Dynamic Analysis

The Cartesian coordinate frames of the system used in the modeling process are
depicted in Fig. 4. The ground coordinate frame (Frame G) will be set up by the
time the robot starts running. Frame O’s origin is at the center of the ball and it
takes form after the orientation conversion around the Z axis (Yawing) from
Frame G. Similarly, the Local Frame L takes form after the Pitching and Rolling of
the coordinate system. The origins of Frame O and Frame L are both located at the

Fig. 4 Different coordinate frames of the system
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center of the ball, while in Fig. 4 Frame L is moved away only for clearer pre-
sentation purpose.

Figure 5 describes vectors of forces and geometries in the system: ~VM stands for
the vector pointing from the origin to the center of mass of the robot body; ~VR and
~VW points from the origin to the contact point of the ground and one of the friction
Omni-Wheels respectively; ~Vm and ~Vr stands for the positive direction of the rotary
velocity and the positive translational velocity direction at the contact point on the
Omni-Wheel from one of the motors respectively; ~Tm is the actuating torque effect
on the robot body from one of the motors; ~FG is the gravity force of the Ball-Bot’s
body (origins from the Center of Mass of the body); and ~Td;~Fd;~TD;~FD are the 4
exterior perturbation torques and forces acting on the body and the ball (which are
under Frame G) which will be used as process noises during simulation. (Note that

Vw
*

;Vm
*

;Vr
*

and Tm
*

are sets of 3 � 4 matrixes because there are 4 motors in total,
and direction vectors are unit vectors.)

To adopt a Lagrangian Method [4], we first choose the generalized coordinates
according to the assumptions: (1). the Ball-Bot will always be on the ground; (2).
there is no slipping between any of the contact surfaces; (3). the body never loses
contact with the ball. The coordinate vectors chosen only include 5 states in total:

q ¼ A B C X Y½ �T ð1Þ

Fig. 5 Force and geometric vectors of the system
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As shown in (1), A, B, C are the Euler Angles describing the rotation of the
robot body around axis X (Rolling), Y (Pitching), Z (Yawing) in Frame L, and X, Y
are the accumulated distance of the Ball-Bot traveled along X and Y directions in
Frame O which are derived from the rotation of the ball. Some of the terms are
derived from the coordinate vectors. Here are the terms for the Lagrange Equations:

WB�L ¼ MJ _A _B _C
� �T ð2Þ

Wb�O ¼ � _Y
R

_X
R 0

h iT
ð3Þ

VG ¼ CG
L VO ¼ CG

L � _X _Y 0
� �T ð4Þ

Here R is the radius of the ball, which is a scalar value. CG
L is the coordinate

conversion matrix from the local to the ground frame. The other coordinate con-
version matrixes are similar (For example: CY

X is the coordinate transformation
matrix from X frame to Y frame.) MJ is the Jacobian Matrix transforming the Euler
Angle rates to the angular velocity of the robot body. Some of these conversion
matrixes are shown below in (5), (6) [5, 6]:

MJ ¼
1 0 � sinðBÞ
0 cosðAÞ sinðAÞ cosðBÞ
0 � sinðAÞ cosðAÞ cosðBÞ

2
4

3
5 ð5Þ

CG
L ¼

cosðCÞ � sinðCÞ 0
sinðCÞ

0
cosðCÞ

0
0
1

2
4

3
5 cosðBÞ 0 sinðBÞ

0
� sinðBÞ

1
0

0
cosðBÞ

2
4

3
5 1 0 0

0
0

cosðAÞ
sinðAÞ

� sinðAÞ
cosðAÞ

" #

ð6Þ

According to the Lagrangian formulation, we have the following equations
which govern the motion of the Ball-Bot’s entire mechanical system [4, 6]:

TL ¼ 1
2
VT
GðMþmÞVG ð7Þ

TR ¼ 1
2

WT
B�LJBWB�L

� �þ 1
2

WT
b�OJbWb�O

� � ð8Þ

TC ¼ M VT
GC

G
L

� �
WB�L � VMð Þ ð9Þ

V ¼ �FGC
G
L VM ð10Þ

L ¼ TL þ TR þ TC � V ð11Þ
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QI ¼ WT
b�OC

O
L TW þCL

GTd
� �þWT

B�L �TW þCL
GTD

� �þVT
G FD þFdð Þ ð12Þ

QD ¼ 1
2
VT
G CG

L BBL þBbL
� �

VG þ 1
2

WT
B�LBBRWB�L

� �þ 1
2

WT
b�OBbRWb�O

� � ð13Þ

And finally the Lagrange Equation:

d
dt

@L
@ _qi

� �
� @L

@qi

� �
¼ @ðQIdtÞ

@ dqið Þ
� �

� @QD

@ _qi

� �
for i ¼ 1; 2. . .5ð Þ ð14Þ

Here TL þ TR þ TC make up the kinematic energy of the whole system including
translation, rotary movement plus the coupling effect since the rotary coordinate of
the robot body does not origin from its center of mass; V accounts for the potential
energy from the non-conservative forces—the gravity forces, for which the
Zero-Potential-Level is set at the horizontal plane that goes through the center of the
ball; QI stands for the virtual work caused by internal and exterior inputs; and QD is
the energy dissipation term according to Rayleigh Dissipation Function caused by
viscosity dampers in the system. (M, J and B terms are translational inertias, rotary
inertias and viscosity dampers measured in the components’ local frames.)

The following part is the modeling of the mechatronic system and the constraints
to complete the modeling of the whole mechatronic system. According to the
geometry of the robot system, the working torque TW as the sum of the motor
outputs acting on the ball:

TW ¼ �R
r
Tm � 1 1 1 1½ �T ð15Þ

where each motor’s torque T is determined by the dynamics of the DC motor [7, 8]:

Ts0U
U0

� T ¼ Jw _xþ bwxþ 60Ts0
2pn00

x ð16Þ

Equation (16) has omitted the fast dynamics from the inductances in the motor,
and it is simplified by the free spin velocity n00 , stalling torque Ts0 and nominal
voltage U0 according to the typical steady performance plot of DC motors.

According to the nonslip condition, the contact point velocity at the friction
wheel and the ball should be identical. Thus, for each motor the velocity equation
should be:

xj ¼ VT
rj ððCL

OWb�OÞ � VWj �WB�L � VWjÞ = r ð17Þ

where VXXj is the jth column of the VXX matrix, and j ¼ 1; 2; 3; 4. The equations
couple the electronic systems of the motors with the mechanical system of the
robot. Governing equations therefore can be rearranged into the standard form:
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x ¼ A B C X Y _A _B _C _X _Y
� �T ð18Þ

u ¼ Uxþ yþ Uxþ y� Ux�y� Ux�yþ½ �T ð19Þ

v ¼ TT
D FT

D TT
d FT

d

� �T ð20Þ

And the standard ODE functions are:

_x ¼ f ðx; u; vÞ ð21Þ

y ¼ g ðx;wÞ ð22Þ

where u is the input of the system, v is the process noise, y is the output (or
measurement) of the system, and w ðxÞ is the measurement noise. This completes
the system model with detailed dynamics including exterior perturbations and
possible errors.

In order to study the effect of potential uncertainty that may occur because of
modeling inaccuracies, we generated two different sets of governing equations
based on 2 different property setups—the standard model whose properties are
acquired from 3D modeling, and a randomly generated model whose properties are
presumed unknown.

The system generally presents strong nonlinearity at most of the areas. However,
when linearized at the point xT ¼ ½0 � � � 0�1�10 (zero point) and presented in

State-Space Form, the ideal system characteristic matrix ASS and BSS for XSS

: ¼
ASSXSS þBSSUSS [9] would be:

ASS ¼

0
0
0
0
0

69:27
0
0
0

5:30

0
0
0
0
0
0

67:60
0�5:17
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

1
0
0
0
0

�8:23
0
0
0

�1:13

0
1
0
0
0
0�8:04
0

1:11
0

0
0
1
0
0
0
0

�3:98
0
0

0
0
0
1
0
0

79:12
0�11:12
0

0
0
0
0
1

�81:08
0
0
0

�11:27

2
666666666664

3
777777777775

ð23Þ

BSS ¼
0
0
0
0

0
0
0
0

0
0
0
0

0
0
0
0

0
0
0
0

9:68
�9:68�9:68
9:68

�9:44
�9:44
9:44
9:44

�5:68
5:68�5:68
5:68

1:32
1:32�1:32
�1:32

1:34
�1:34�1:34
1:34

2
64

3
75
T

ð24Þ

Matrixes in (23) and (24) indicate the symmetric characteristic of the Q-Baller
design. They also present the weak bonds between states and low nonlinearity
around the zero point. The zero point is also an equilibrium point, which would be a
good choice for designing a linear controller.
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4 Controller Design

We presume that the random model properties cannot be acquired, along with the
unidentified process and measurement noise that will take place in real practice. So
the controller design is only based on the ideal standard model. The preliminary
simulation only deploys a standard PID linear controller [9] to the system. Gain
scheduling method [10] may take place when PID at a single operating point is
insufficient to cover the required controllable areas. The system flowchart is pre-
sented in Fig. 6 Left.

We used a LQR designer [11] to find the initial parameters for the PID con-
troller, These values optimize the control performance by minimizing a cost
function J ¼ R1

0 xTQxþ uTRuð Þ dt� �
which balances performance and energy

conservation. The PID controller will later be adjusted to enhance performance.
Linear controllers are only effective in vicinity areas, and may fail when the

system goes beyond certain boundaries. The Gain Scheduling Method [10] is
adopted to solve this problem especially when the Q-Baller is required to operate at
high speed. We have effectively chosen several equilibrium points which provide
enough coverage for the required velocity control areas. The idea is depicted in the
right side of Fig. 6, where you can see that each small circle indicates the
approximate effectiveness boundary of an operating point. Generally, a linear
controller performs better in the vicinity of the zero point, but may have problems
away from the zero point. A good algorithm should be circumspective and smooth
to avoid drastic jumps in parameters during scheduled zone switches.

5 Simulation Layout

The simulation loop is shown in the flowchart in Fig. 7. In addition to discretize the
originally continuous control model into code loops, we have added simulation
modules for the sensor and filters along with noise generators. We have also sep-
arated the numerical integration process and included a time lag feature in the
program to add realistic challenges to the control problem.

Fig. 6 Left control system flowchart; Right gain scheduling tiers
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A Human Machine Interface based on MATLAB GUI has been constructed to
support real time simulation as shown in Fig. 8. The interface is able to generate
real time plotting, 3D animation and trajectory recording. In addition to type-in
commands we use a gaming joystick as a more convenient alternative input. The
interface will also be modified into an experimental interface for the Q-Baller after

Fig. 8 MATLAB GUI human machine interface for Q-Baller

Fig. 7 Simulation flowchart
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prototyping is completed, facilitating observation, comparing models, data col-
lecting and possibly recognizing dynamic pattern.

Adaptive and machine learning modules are something we have just started
working on. Future planned improvements include adaptive control t and neural
network techniques to improve the controller design for maneuvering a prototype
whose model is vastly different from the ideal one we established before.

6 Some Results and Conclusion

Currently we are able to control the ideal model well under noiseless condition. We
also realized that PD controller would be enough for position control, but Integral
Control has to be included during velocity control to eliminate static error. Under
noiseless conditions, a velocity controller can cover up to 3 m/s in any direction on
the horizontal plane with Gain Scheduling.

However, the situation becomes very different with noise. A random model
simulation shows this with reference following at low speed noise. The sensor
feedback frequency is 50 Hz and the control input update frequency is 25 Hz. Both
process and measurement noise are generated randomly with amplitudes realisti-
cally set. The feedbacks are digitally filtered and later used in state estimation
through a Discrete Kalman Filter presented from (25) to (30) [13]:

xnþ 1;n ¼ Axn þB ðun þ vÞ ð25Þ

E ¼ yn � Cxn � Dun ð26Þ

Pnþ 1;n ¼ APnA
T þQn ð27Þ

Kn ¼ Pnþ 1;nC
T CPnþ 1;nC

T þRn
� ��1 ð28Þ

Pnþ 1 ¼ ðI � KnCÞPnþ 1;n ð29Þ

xnþ 1 ¼ xnþ 1;n þKnE ð30Þ

where x is the state estimation through integration of gyroscope sensor data; y is the
measurement of Pitch and Roll angle through accelerometer data; Initial parameters
P, Q, R are empirically determined which can be either fixed or variable [13].

Kalman filters are very useful tools when dealing with the digital signal feedback
from a gyroscope/accelerometer under noisy conditions for pitch and roll states. As
displayed in Fig. 9 Left, the Kalman Filter successfully kept the rolling angle from
drifting away during numerical integration. However, Fig. 9 Right shows the
integrals of accelerometer (displacement and velocity) are not reliable due to the
truncation error and amplification of noise.

Dynamic Modeling and Simulation … 1163



Here we adopted some simple adaptive control algorithm. Assuming that the
displacement and velocity feedback of Q-Baller are reliable (directly updated by
ODE), and we use sensor simulator for Pitch, Roll and Yaw feedbacks, then the
robot can be stably controlled as shown in Fig. 10. The adaptive control mainly

Fig. 10 Trajectory following simulation under noisy condition

Fig. 9 Left performance of kalman filter; Right accelerometer data integration
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works on adjusting the Pitch and Roll references so as to eliminate static error in
position control caused by inaccurate modeling. The angle references tend to
converge to 9 and −12 degrees respectively, indicating that those may be the ‘Zero
Point’ States of this random model.

It is also easy to see that the Q-Baller cannot follow the trajectory well, and starts
to deviate toward −Y direction. The phenomenon results from the lack of a Kalman
Filter for Yawing to eliminate error accumulation.

Based on these results we have reached the following conclusions about the
current Q-Baller design, control program and simulation:

1. Controllers and filters should be further improved for better product control
performance.

2. Rotary encoders should be installed to monitor spherical wheel rotations. Rotary
encoders provide more accurate translational velocity and position feedback.

3. A magnetometer should be installed to form a Kalman Filter along with the
gyroscope sensor to eliminate Yawing errors

4. The current simulation has not yet been perfected since features like friction
surfaces are very complicated to model. More accurate simulation should be
made before experimenting on the prototype to possibly reveal more problems.

7 Conclusion and Future Plans

The simulation results we have acquired so far indicated that our design needs
further improvement. The results have also shown us that our design may be
feasible if better refined and controlled. Better structural design obviously will lead
to better control conditions, while control theory would certainly help optimizing
the product design. Simulation serves as the bond and facilitates the mutual
improvement between product design and controller design.

For the moment Our Ball-Bot is already being prototyped and will be tested in
the near future. As mentioned previously we will try some more complicated
control algorithms and refine the current PID controller. Simulation will help us
predict more problems before actually getting our hands on the robot. Our final goal
would be successfully developing a Q-Baller software system with excellent control
performance.
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Stiffness Analysis and Measurement
Method for a 3-DOF Cable-Driven
Joint Module

Kaisheng Yang and Guilin Yang

Abstract A modular cable-driven manipulator that consists of a number of
cable-driven joint modules can produce intrinsically-safe motions due to its
light-weight structure. In this paper, a stiffness analysis and measurement method is
proposed for a 3-DOF six-cable cable-driven spherical joint module (CSJM) based
on the group theory and differential geometry. A measurement simulation is carried
out to validate the presented algorithms. It is shown that the stiffness matrix
obtained from measurement simulation are equivalent to the theoretical stiffness
matrix.

1 Introduction

Cable-driven manipulators are a special class of parallel manipulators, in which the
moving platforms are driven by cables instead of rigid links [1–4]. Utilizing
light-weight driving cables and the base-mounted actuators, a cable-driven
manipulator has low moving mass and movement of inertia. Such characteristics
make the cable-driven manipulator intrinsically safe. Besides, as the driving cables
can pull but cannot push, a cable-driven manipulator is always a redundantly
actuated system.
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In robotics literatures, various design analysis issues of cable-driven manipula-
tors have been addressed. Stump [5] proposed the closed form of the workspace
boundary of cable-actuated parallel manipulators based on convex analysis. Chen
[6] analyzed the workspace of the cable-driven parallel robot under the tension
restraint. Khajepour [7] analyzed the bounded cable tensions for cable-driven
parallel manipulators.

To simplify the design of cable-driven manipulators, Lim [8] proposed a novel
modular cable-driven manipulator that consists of a number of cable-driven joint
modules. For the purpose of stiffness regulation, a tension distribution algorithm is
proposed for the cable-driven joint module based on gradient projection method [9].
However, it is still a challenging issue to experimentally evaluate the stiffness of
cable-driven manipulators.

In this paper stiffness analysis and measurement method is proposed for a
3-DOF six-cable cable-driven spherical joint module (CSJM) based on the group
theory and differential geometry, which is useful to experimentally study the
stiffness of cable-driven joint modules as well as modular cable-driven
manipulators.

2 3-Dof Cable-Driven Spherical Joint Module Design

The conceptual design of a 3-DOF six-cable cable-driven spherical joint module
(CSJM) (see [10] for details) is shown in Fig. 1. This CSJM consists of a base and a
moving-platform, which are connected together by a 3-DOF passive spherical joint.
The moving-platform is driven by six cables. As shown in Fig. 2, in the home pose

Moving platform

Cable

Base

Fig. 1 Home position of CSJM
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of the CSJM, the base and the moving-platform are parallel to each other. The edges
of the moving-platform are also parallel to the diagonally opposite ones of the base,
i.e., A1A2==B2B3, A2A3==B3B1 and A3A1==B1B2.

Let the stiffness of the cable be kcðNmÞ per unit meter. The relationship between
the change of the cable tension Dtc and the change of the cable length Dlc is
given by:

Dtc ¼ kcDlc ð1Þ

3 Stiffness Analysis of the CSJM Module

3.1 Rotational Motion and SO(3)

In the 3-DOF six-cable cable-driven spherical joint module (as shown in Fig. 2),
frame B (called base frame) represents the frame attached to the base of the module
with Z axis being perpendicular to the base and the Y axis being parallel to the edge
B1B2 of the base. Frame A (called moving frame) represents the local frame
attached to the moving-platform with the Z axis being perpendicular to the moving-
platform and the Y axis being parallel to the edge A3A1 of the moving-platform. The
origins of both frames are located at the center of the spherical joint denoted by O,
and both frames coincide with each other when the CSJM is at the home position.

Fig. 2 Arbitrary position of CSJM
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When the moving-platform take a pure rotational motion with respect to the base,
the orientation of the moving-platform with respect to the base can be described by a
rotation matrix R 2 R

3, which is an element of Lie group SOð3Þ: Then the motion of
the moving-platform with respect to the base can be described by a curve RðtÞ on Lie
group SOð3Þ; which is a differentiable manifold. The time derivative dRðtÞ

dt is an
element (a vector) of the tangent space to SOð3Þ at RðtÞ; denoted as TRðtÞSOð3Þ;
which maps moving-frame coordinates of a given point into its velocity, expressed
in base-frame coordinates [11]. The curve RðtÞ is shown in Fig. 3.

On the Lie group SOð3Þ; the tangent space at the group identity element I (i.e.,
Rð0ÞÞ has the structure of a Lie algebra, which is denoted as soð3Þ:

Let x1 ¼ ½1; 0; 0�T , x2 ¼ ½0; 1; 0�T and x3 ¼ ½0; 0; 1�T , then x̂1 , x̂2 , x̂3 consist
the basis twists of soð3Þ; where x̂1 , x̂2 , x̂3 represent instantaneous rotation about
the Cartesian axes X; Y and Z; respectively. The mapping between x 2 R

3 and
x̂ 2 R

3�3 is given below:

x ¼
x1

x2

x3

0
BB@

1
CCA! x̂ ¼

0 �x3 x2

x3 0 �x1

�x2 x1 0

0
BB@

1
CCA ð2Þ

When the moving-platform of the CSJM take a rotation with respect to the base,
the rotation matrix RðtÞ can be expressed by the Product-of-Exponentials
(POE) formula:

Fig. 3 A curve in SO(3)
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RðtÞ ¼ ex̂1h
1ðtÞex̂2h

2ðtÞex̂3h
3ðtÞ ð3Þ

where h1ðtÞ; h2ðtÞ and h3ðtÞ are the angular displacement about the Cartesian axes
X; Y and Z; respectively. hiðtÞði ¼ 1; 2; 3Þ are called the canonical coordinates of
the second kind.

Consider the tangent vector of the curve RðtÞ; denoted as XRðtÞ. It can be
obtained by differentiating RðtÞ; i.e.,

XRðtÞ ¼
dR
dt

ðh1ðtÞ; h2ðtÞ; h3ðtÞÞ ¼
X3
i¼1

@R

@hi
dhi

dt
ð4Þ

Denote Xi , @R
@hi

and xi , dhi

dt ; then

XRðtÞ ¼
X3
i¼1

xiXi ð5Þ

TRðtÞSOð3Þ is a left invariant vector field, so XRðtÞ ¼ RðtÞXI, where XI 2
TISOð3Þ and XRðtÞ 2 TRðtÞSOð3Þ: Since XI ¼

P3
i¼1 x

ixi, it can be concluded that
Xi ¼ RðtÞxi, especially, at the identity element I; Xi ¼ xi.

In robotics, a twist T is an element of the tangent space TISOð3Þ; and a wrench
W is an element of the cotangent space T�

I SOð3Þ; which is the dual space of the
tangent space TISOð3Þ: The wrench W can be expressed as

W ¼
X3
j¼1

wjk
j ð6Þ

where ki is the basis of the cotangent space T�
I SOð3Þ: The basis of the tangent space

TISOð3Þ xi and the basis of the cotangent space T�
I SOð3Þ k j satisfies

hxi; k
ji ¼ d j

i ¼
1 ði ¼ jÞ
0 ði 6¼ jÞ

�
ð7Þ

In this paper, the Cartesian coordinate is considered, then xi ¼ ki. Let Ki be the
basis of the cotangent space T�

RðtÞSOð3Þ; then Ki ,RðtÞKi ¼ RðtÞxi ¼ Xi.

3.2 Cartesian Stiffness Matrix on SO(3)

Broadly speaking, the Cartesian stiffness matrix describes the relationship between
the small changes in the components of a force and the small displacements caused
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along the basis twists. In this paper, the change of the force FR3 acting on the
moving-platform along a basis twist Xj at location R can be described by the
covariant derivative rXjF. Then the components kij of the stiffness matrix K 2
R

3�3 can be described by the following equation:

kij ¼ �hrXjF;Xii ð8Þ

The negative sign in front of the parenthesis in (8) is used to conform to the
definition of the stiffness matrix in other literatures.

In Cartesian Coordinates, a force F is an element of the cotangent space
T�
RðtÞSOð3Þ; which can be expressed as

F ¼
X3
i¼1

fiK
i ¼ fiXi ð9Þ

According to the definition of the covariant derivative,rXjF can be expressed as

rXjF ¼ @
@h j

PðfkXkÞ ¼
P3
k¼1

ð@fk
@h j Xk þ fk

@Xk

@h j Þ ð10Þ

According to the definition of the covariant derivative,

rXjXk ¼ @Xk

@h j ð11Þ

Substituting the result of (10) and (11) into the (8), the components of the
stiffness matrix can be expressed as

kij ¼ �h
X3
k¼1

ð@fk
@h j Xk þ fk

@Xk

@h j Þ;Xii

¼ �ð @fi
@h j þ

X3
k¼1

hfkrXjXk;XiiÞ
ð12Þ

Given two vectors X;Y 2 TRSOð3Þ; which is the left-invariant tangent space on
Lie group SOð3Þ: They satisfy rXY ¼ 1

2 ½X;Y�: Then

kij ¼ �ð @fi
@h j þ 1

2

P3
k¼1

hfk½Xj;Xk�;XiiÞ ð13Þ
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4 Stiffness Measurement Method

4.1 Experiment Design

The measurement method of the stiffness matrix is necessary for the manipulator,
which can be used to the position compensation and so on. For the variable-stiffness
manipulator, there have different stiffness at the same location, so it is important to
estimate the stiffness at the same location. Some methods were proposed in both
robotics [12, 13] and biomechanics [14–16] to estimate the stiffness at some
location based on perturbations and force measurements at some nearby, known
locations. Among these methods, some methods applied a known perturbing force
to the manipulator under analysis and then measured the resultant displacement,
while some methods imposed a known displacement and then measured the
resultant force. These methods have different procedures, but the final sets of
measured data are similar in the sense that a series of {force, displacement} mea-
surement pairs are available for several locations surrounding the starting position.
In this paper, a known force is exerted and the resultant displacement is measured.

In order to estimate the stiffness of the CSJM at a given location Rðt0Þ; several
external forces are exerted to pull the moving platform of the CSJM from a location
Rðt0Þ to N peripheral locations RðtnÞðn ¼ 1; 2; . . .;NÞ for a small displacement,
where tn ¼ t0 þDtn. The location Rðt0Þ is a static status of the CSJM, and RðtnÞ is
another static status of the CSJM after an external force is exerted on the moving
platform of the CSJM. Based on the analysis above, an numerical algorithm is
proposed to estimate the stiffness of the CSJM at location Rðt0Þ:

4.2 Stiffness Analysis Algorithm

Let FðRðtÞÞ be the external force exerted on the moving-platform of the CSJM at
location RðtÞ: The external force FðRðtÞÞ can be measured by a sensor mounted on
the moving-platform during the experiment. As shown in Fig. 3, RðtnÞ can be
expressed as

RðtnÞ ¼ Rðt0 þDtnÞ ¼ Rðt0ÞeV̂nDtn ð14Þ

where V̂n 2 TRðtÞSOð3Þ and its can be expressed as

V̂n ¼
X3
i¼1

ainx̂i ¼
X3
i¼1

vinX̂i ð15Þ

where V̂n is an unit vector.
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The inverse of the exponential map is the logarithmic map log: SOð3Þ ! soð3Þ:
For Lie group SOð3Þ with Riemannian metric [17], the distance between the ele-
ments RðtnÞ;Rðt0Þ 2 SOð3Þ can be computed by the following equation

V̂nDtn ¼ logððRðt0ÞÞTRðtnÞÞ ð16Þ

Since V̂n is an unit vector, i.e., |V̂nj ¼ 1; then the distance between RðtnÞ and
Rðt0Þ can be simplified to the following equation

Dtn ¼ k logððRðt0ÞÞTRðtnÞÞk ð17Þ

According to the definition of the directional derivative, when Dtn is small
enough, DVn fi can be approximated as

DVn fi , lim
Dtn!0

fiðRðtnÞÞjRðt0Þ � fiðRðt0ÞÞjRðt0Þ
Dtn

’ fiðRðtnÞÞjRðt0Þ � fiðRðt0ÞÞjRðt0Þ
k logððRðt0ÞÞTRðtnÞÞk

ð18Þ

where fiðRðtnÞÞjRðt0Þ denotes the ith component of the external force F at location
RðtnÞ under the frame at location Rðt0Þ: and fiðRðt0ÞÞjRðt0Þ denotes the ith compo-
nent of the external force F at location Rðt0Þ under the frame at location Rðt0Þ:

According to (15) and the linear property of the directional derivative, DVn fi can
be expressed as

DVn fi ¼
X3
j¼1

ðv jn
@fi
@h jÞ ð19Þ

Let ½unj � 2 R
3�N be the pseudo-inverse of ½v jn� 2 R

N�3, i.e., ½unj �, ½v jn�þ
(j ¼ 1; 2; 3 and n ¼ 1; 2; . . .;NÞ. Then

½DVn fi� ¼ ½v jn�
@fi
@h j

� �
ð20Þ

@fi
@h j

� �
¼ ½unj �½DVn fi� ð21Þ

where ½DVn fi� 2 R
N�1 and @fi

@h j

h i
2 R

3�1.

The stiffness matrix expressed in (13) can be written as
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Kij ¼ � @fi
@h j

� �� �
i;1
þ 1

2

X3
k¼1

hf k½Xj;Xk�;XiiÞ

¼ � ½unj �½DVn fi�
� �

i;1
þ 1

2

X3
k¼1

hfk½Xj;Xk�;XiiÞ
ð22Þ

where ð½��Þi;j represents an element of the matrix in row i and column j:
Finally, the numerical estimation for stiffness matrix of the CSJM can be

computed by submitting (18) into (22).

Kij ¼ � ½unj �
fiðRðtnÞÞjRðt0Þ � fiðRðt0ÞÞjRðt0Þ

klogððRðt0ÞÞTRðtnÞÞk

" # !
i;1

þ 1
2

X3
k¼1

hfkðRðt0ÞÞjRðt0Þ½Xj;Xk�;XiiÞ
ð23Þ

5 Measurement Simulation Example

The CSJM module shown in Fig. 4 is employed for the simulation, with the
dimensions given in Table 1.

For an arbitrary location RðtÞ; as shown in Fig. 2, let akp ðp ¼ 1; 2; 3Þ denote the
position vector of the kth ðk ¼ 1; 2; . . .; 6Þ cable attachment point Ap on the

Fig. 4 Dimension of the module CSJM

Stiffness Analysis and Measurement Method … 1175



moving-platform with respect to the base frame B and vector bkq ðq ¼ 1; 2; 3Þ
denote the position vector of the kth ðk ¼ 1; 2; . . .; 6Þ cable attachment point Bq on
the base with respect to the base frame B: According to the vector loop-closure
equation, the cable vector Lk ðk ¼ 1; 2; . . .; 6Þ; which goes along the kth cable from
point Ap to point Bq , can be written as:

Lk ¼ ApBq
		! ¼ OBq

		!� OAp
		! ¼ bkq � akp ¼ bkq � RAakp ð24Þ

where Aakp is the position vector of the start point Ap of the kth cable vector Lk with
respect to the moving frame A; bkq is the position vector of the end point Bq of the
kth cable vector Lk with respect to the base frame B; and Lk ¼ ½Lkx; Lky; Lkz�T is the
cable vector of the kth cable with respect to the base frame B:

For the simulation, the location Rðt0Þ of CSJM corresponds to the position of the
moving-platform when the coordinates h1 ¼ 0:1745radð’10�Þ; h2 ¼ 0:3491rad
ð’20�Þ and h3 ¼ 0:5236radð’30�Þ: According to (24), the cable length vector of
the kth cable can be computed when the CSJM is at location Rðt0Þ: The result is
listed in Table 2.

According to (1), the deformations of the cable can be computed with the given
cable tensions of CSJM. The result is listed in Table 3, where Dlck is deformations
of the kth (k ¼ 1; 2; . . .; 6Þ cable at location R0 under the given cable tension.

Table 1 Dimension of the
CSJM for simulation

Dimension Length (m)

A1A2 0.1

A2A3 0.1

A3A1 0.1

B1B2 0.2

B2B3 0.2

B3B1 0.2

ha 0.08

hb 0.08

Table 2 Cable length at
location R0

Number
k

Cable length vector Lk Cable length
|jLk jj (m)

1 0.030 −0.030 −0.144 0.150220

2 −0.016 −0.118 −0.142 0.185751

3 −0.017 0.082 −0.142 0.164821

4 0.077 0.088 −0.176 0.211172

5 −0.096 −0.012 −0.176 0.200691

6 −0.143 0.070 −0.144 0.214539
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5.1 Measurement Simulation

As shown in the Fig. 2, for an 3-DOF cable-driven manipulator module driven by 6
cables, the kinetostatic equilibrium analysis of the moving-platform yields:

W ¼ ST ð25Þ

where W 2 R
3 is the external wrench, T 2 R

6 is the cable tension vector, S 2 R
3�6

is the structure matrix of the module.
For the structure matrix S ¼ ½s1; s2; . . .; s3� 2 R

3�6, the component si can be
computed as

si ¼ ap � Li

Li
2 R

3 ð26Þ

where ap and Li are described in base frame (p ¼ 1; 2; 3; i ¼ 1; 2; . . .; 6Þ.
According to [10], the stiffness of the CSJM Module can be expressed by the

traditional method of analysis,

Kmodule ¼ SKcST þ
X6
k¼1

ð�tkÞ �H2nd
k ð27Þ

where Kmodule 2 R
3�3 is the stiffness of the CSJM Module described in the base

frame, Kc ¼ diag½kc1; kc2; . . .; kc6� 2 R
6�6 is a diagonal matrix, kci is the stiffness of

the ith ði ¼ 1; 2; . . .; 6Þ cable, S 2 R
3�6 is the structure matrix of the module, tk is

the tension of the kth cable, H2nd 2 R
6�ð3�3Þ is the second-order influence coeffi-

cient array, H2nd
k is the kth component of H2nd , � represents the Kronecker product

of tensors.
In (27), the first part of the stiffness SKcST can be considered as the part which is

caused by the stiffness of the cables, the second part of the stiffness
P6

k¼1ð�tkÞ �
H2nd

k can be considered as the part which is caused by the tension of the cables. The

second part
P6

k¼1ð�tkÞ �H2nd
k is always much smaller than the first part SKcST , so

Table 3 VSD deformation at
location R0

Number
k

Cable tension tk
(N)

Deformation of cable Dlck
(m)

1 10 0.0050

2 15 0.0075

3 8 0.0040

4 12 0.0060

5 10 0.0050

6 14 0.0070
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the first part SKcST always be the approximation to the stiffness of the module
Kmodule. i.e.,

Kmodule’SKcST ð28Þ

At the certain location Rðt0Þ; the structure matrix of the CSJM module can be
computed by using (26)

S ¼
0:0798 0:0256 �0:0466 �0:0501 �0:0049 0:0261
0:0392 0:0514 0:0579 0:0188 �0:0630 �0:0242
0:0087 �0:0457 0:0387 �0:0127 0:0071 �0:0376

0
@

1
A ð29Þ

In this paper, the stiffness of the cable is constant, i.e., kci ¼ 2000 ðNmÞ; then
Kc ¼ diagf2000; 2000; 2000; 2000; 2000; 2000g with the unit N/m. According to
(28), the approximation of the stiffness Kmodule can be computed, the result is list in
Table 4.

When the external force F is exerted on the moving-platform of the module at
location Rðt0Þ; the moving-platform will have a small displacement to a location
RðtnÞ around the location Rðt0Þ along the directions vn. W represents the corre-
sponding wrench to the external force F; where F ¼ Rðt0ÞW: The changes of the
external force DF and the corresponding wrench for this measurement simulation
DW are listed in Table 5. The coordinates of the external force DF are under the
moving-frame, and the ones of the wrench DW are under the base-frame.

In the traditional method, the change of the wrench DW and the change of the
twist of the moving-platform Dn in the base frame can be described as (Table 6).

DW ¼ KtheDn ð30Þ

According to (23), the stiffness of the module can be measured. The result is
listed in Table 7.

5.2 Discussion

In this measurement simulation, there is no pre-load on the moving-platform before
the external force F is exerted, i.e., FðRðt0ÞÞjRðt0Þ ¼ 0: The theoretical stiffness
matrix Kthe and the measured stiffness matrix Kmea are different, but the

Table 4 Theory stiffness Kthe 24.8204 0.9621 −5.3179

Eigenvalue 0.9621 24.8782 0.9133

−5.3179 0.9133 10.5747

26.7985 24.7511 8.7236
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Table 6 The directions and
displacements under base
frame

No. n Direction Vn Displacement
|jhnj (rad)

1 −0.9985 −0.0244 −0.0486 0.0376

2 0.9985 0.0244 0.0486 0.0376

3 −0.0221 −0.9859 −0.1660 0.0414

4 0.0221 0.9859 0.1660 0.0414

5 −0.0160 −0.0603 −0.9981 0.0457

6 0.0160 0.0603 0.9981 0.0457

7 −0.8146 −0.5651 −0.1309 0.0374

8 −0.8312 0.5533 0.0556 0.0356

9 0.8312 −0.5533 −0.0556 0.0356

10 0.8146 0.5651 0.1309 0.0374

11 −0.5464 −0.0619 −0.8352 0.0422

12 −0.5530 0.0381 0.8323 0.0398

13 −0.5515 −0.4002 −0.7319 0.0352

14 −0.6334 −0.3844 0.6716 0.0295

15 −0.5270 0.4149 −0.7417 0.0429

16 −0.4509 0.4596 0.7652 0.0477

17 0.3736 −0.3961 −0.8388 0.0571

18 0.4403 −0.3306 0.8348 0.0518

Table 5 External forces and wrenches

No. n External force DF (N) Wrench DW (N)

1 1 0 0 0.8138 0.5438 −0.2049

2 −1 0 0 −0.8138 −0.5438 0.2049

3 0 1 0 −0.4698 0.8232 0.3188

4 0 −1 0 0.4698 −0.8232 −0.3188

5 0 0 0.4 0.1368 −0.0653 0.3702

6 0 0 −0.4 −0.1368 0.0653 0.3702

7 0.8 0.5 0 0.4161 0.8467 −0.0045

8 0.8 −0.5 0 0.8860 0.0235 −0.3233

9 −0.8 0.5 0 −0.8860 −0.0235 0.3233

10 −0.8 −0.5 0 −0.4161 0.8467 0.0045

11 0.6 0 0.3 0.5909 0.2774 0.1547

12 0.6 0 −0.3 0.3857 0.3753 −0.4005

13 0.5 0.3 0.2 0.3343 0.4862 0.1783

14 0.5 0.3 −0.2 0.1975 0.5515 0.1919

15 0.6 −0.5 0.3 0.8258 −0.1342 −0.0047

16 0.6 −0.5 −0.3 0.6206 −0.0363 −0.5599

17 −0.6 0.5 0.4 −0.5864 0.0200 0.6525

18 −0.6 0.5 −0.4 0.8600 0.1506 −0.0878
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eigen-values of the two stiffness matrices are same. The reason is that the measured
stiffness matrix and the theoretical stiffness matrix are described in different frames,
one is in moving frame and one is in base frame. After an orthogonal transformation
of the measured stiffness matrix, the two stiffness matrices can both be described in
the base frame, then they will be the same. This result shows that the measurement
method is valid. When there is some pre-load on the moving-platform before the
external force exerted, the stiffness matrices Kthe and Kmea, the eigen-values of the
two stiffness matrices will be different.

6 Conclusions

In this paper, a stiffness measurement method as well as the computation algorithm
is proposed for the CSJM module. With the theoretical stiffness matrix of the CSJM
module, the stiffness measurement experiment is simulated. Simulation results
shown that the measured stiffness matrix is real symmetric. Although it looks
different from the theoretical stiffness matrix, the eigen-values of these two stiffness
matrices are the same. The reason is that the measured stiffness matrix and the
theoretical stiffness matrix are described in different coordinate frames. Hence, the
stiffness analysis and measurement method can be employed to experimentally
study the stiffness of the CSJM module.
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Part VII
Joint Clearance



Elastodynamics of a Rigid-Flexible 3-RRR
Mechanism with Joint Clearances

Xuchong Zhang and Xianmin Zhang

Abstract The purpose of this paper is to analyze the elastodynamics of a
rigid-flexible planar 3-RRR parallel mechanism with multiply joint clearances. In
order to reduce the global system coordinates, the nature coordinate is used to
model the rigid link, while the absolute nodal coordinate formulation is employed
to model the flexure link. Full description of the revolute joint with clearance is
given, a continuous dissipative Hertz contact model is applied to describe the
contact phenomenon in the joint. Two-step Bathe integration method is utilized to
solve the nonlinear system motion equations. Detailed comparisons are made
among the systems under different situations. Results demonstrate that the
methodology can represent the dynamic performances of the system with link
flexibility and joint clearance well.

Keywords Elastodynamics � Joint clearance � 3-RRR mechanism � Contact model

1 Introduction

Joint clearances are unavoidable due to manufacturing tolerances, assembling, wear
and material deformation [1], Link flexibility also plays an important role in the
dynamic performances of the mechanical system. The joint clearances and link
flexibility can cause vibration and noise, decreasing the service life or even leading
to failure of the mechanism [2]. Due to the increasing requirements for high
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precision and high speed of the mechanism, it is necessary to establish a method-
ology to model the multibody system with both joint clearances and link flexibility.

The subject of modeling the real joints with clearance has drawn the attentions of
a large amount of researchers over the last few decades, which can be mainly
divided into three categories: kinematical analysis [3, 4], dynamic analysis and
experimental studies. In the area of dynamic analysis of mechanisms with joint
clearances, Dubowsky and Freudenstein [5] are the pioneers. They firstly proposed
a mathematical model of an elastic mechanical joint with clearance and derived the
dynamical equations of motion. The most representative works in this topic is done
by Ravn [6] and Flores [7–10]. They developed a continuous analysis approach for
rigid multibody system with joint clearance, which is easy to integrate the contact
force model into the system motion equations. This methodology allows not only to
get the overall dynamic performance of the multibody system, but also to provide
detailed characteristics the joint with clearance. Zhao [11] proposed a numerical
approach for the modeling and prediction of wear at revolute clearance joints in
flexible multibody systems by integrating the procedures of wear prediction with
multibody dynamics. Realized that the revolute joint with clearance is always
simplified into two parts, which cannot represent the realistic case well, Xu [12]
gave a full description of the deep-groove ball bearing with clearance in a rigid
planar slider-crank mechanism.

It is noticeable that, very few researchers study the mechanism with more than
one degree of freedom. The 3-RRR parallel mechanism is widely used in industry
applications and laboratory researches for its high moving velocity and wide range
of motion [13, 14], but none of the researches has taken the joint clearances along
with link flexibility into consideration in such mechanism. The main purpose of this
paper is to establish a general computational methodology for analyzing the planar
rigid-flexible multibody system with multiply joint clearances.

The Absolute Nodal Coordinate Formulation (ANCF) is implemented to
describe the deformation of the flexible link [15]. The deformation modes of the
flexure multibody system with joint clearance are associated with high frequencies,
in which the explicit integration methods can be very inefficient or even fail [16].
For such a stiff system, implicit integration methods are much more efficient than
explicit methods. The most popular implicit integrators are the generalized-
a method, Newmark method and HHT method, but these methods may become
unstable for long time simulation. To overcome this limitation, Bathe [17] proposed
a two-step implicit time integration method for the large deformation system with
long time durations.

This paper is organized as follows: In Sect. 2, the planar rigid and flexible beams
are briefly introduced. In Sect. 3, a 3-RRR planar parallel mechanism with
rigid-flexible links and multiply clearance joints is modeled. In Sect. 4, full
description of the joint clearance is presented, in which the contact force model with
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damping is incorporated. In Sect. 5, the computational strategy for the solution of
the system motion equations is described. After that, simulation results are obtained
and discussed. Finally, the main conclusions are drawn.

2 Planar Rigid and Flexible Beam Element

This section will present the model of rigid and flexible beams, as shown in Fig. 1.

2.1 Rigid Beam

For the rigid beam, the coordinates of the link is described using Natural
Coordinates (NC) [18], see Fig. 1a. The coordinates of the link in global coordinate
system are defined as

q ¼ ri; rj
� �T¼ xi; yi; xj; yj

� �T ð1Þ

There exists the following constraint equation

U ¼ xi � xj
� �2 þ yi � yj

� �2�l2 ¼ 0 ð2Þ

The location of generic point along the central axis of the link is

r ¼ X
Y

� �
¼ xi þðxj � xiÞx=l

yi þðyj � yiÞx=l
� �

¼ Srq ð3Þ

where X and Y denote the position coordinates defined in the global coordinate
system, x denotes the nodal coordinate along the beam central line, l denotes the
element length. Sr is the shape function

Sr ¼ 1� x=l 0 x=l 0
0 1� x=l 0 x=l

� �
ð4Þ

Fig. 1 Planar beam element. a Rigid beam based on NC; b Flexible beam based on ANCF

Elastodynamics of a Rigid-Flexible 3-RRR Mechanism … 1187



The mass matrix of the rigid beam can be obtained by using the principle of
virtual work [18]. It is expressed as

Me
r¼q

Z
V

STr SrdV ð5Þ

in which q is the density and V is the volume of the beam.

2.2 Flexible Beam

The planar ANCF-based deformable beam element is described by two nodes [15],
as shown in Fig. 1b. The coordinates of an arbitrary point along the central axis of
the beam can be defined by the third-order polynomials in the global coordinates,
that is

r ¼ X
Y

� �
¼ a0 þ a1xþ a2x2 þ a3x3

b0 þ b1xþ b2x2 þ b3x3

� �
¼ Sq ð6Þ

where X and Y denote the position coordinates defined in the global coordinate
system, x denotes the nodal coordinate along the beam central line. S is the shape
function. The absolute nodal coordinate q for node i and j can be expressed as

q ¼ ri1; ri2;
@ri1
@x

;
@ri2
@x

; rj1; rj2;
@rj1
@x

;
@rj2
@x

� �T
ð7Þ

The vector rm ¼ rm1; rm2½ �T (m = i, j) indicates the position coordinates defined in
the global coordinate system, the angle hm indicates the beam cross section ori-

entation, which can be expressed by the vector @rm
@x ¼ @rm1

@x ; @rm2@x

� �T
: According to the

conventional finite element method, the element shape function can be obtained by

S ¼ S1I2S2I2S3I2S4I2½ � ð8Þ

where I2 is the identity matrix of size two and S1 ¼ 1� 3n2 þ 2n3; S2 ¼
l n� 2n2 þ n3
� �

; S3 ¼ 3n2 � 2n3; S4 ¼ l �n2 þ n3
� �

; in which n ¼ x=l.
By using the Newton-Euler formulation [15], the element equations of motion

are as follows

Me€qþFe ¼ Qe ð9Þ

where Qe represents the element generalized force vector, Me denotes the element
constant mass matrix
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Me ¼
Z
V

qSTSdV ð10Þ

q is density and V is the volume. Fe denotes the element elastic force vector, which
is expressed as [15]

Fe ¼ @Ul

@q

� 	T

þ @Ut

@q

� 	T

¼
Z l

0

EAeSlqdxþ
Z l

0

EIS00TS00qdx

¼
Z l

0

EAeSldx

0
@

1
Aqþ

Z l

0

EIS00TS00dx

0
@

1
Aq ¼ KlqþKtq

ð11Þ

where

Kl ¼
Z l

0

EAeSldx ¼ EA
Z l

0

1
2

qTSlq� 1
� �

Sldx

¼ 1
2
EA
Z l

0

SlqqTSldx� 1
2
EA
Z l

0

Sldx ¼ Kl1 þKl2

ð12Þ

To improve the computation efficiency, Garcia-Vallejo [19] firstly proposed an
invariant matrix method to calculate the elastic force and the tangent matrix of the
elastic force. Based on the following matrix transformation

SlqqTSl
� �

ij¼ qT Slð Þ;i Slð Þj;q ð13Þ

The element of Kl1 can be expressed as

Kl1ð Þij¼ qT
1
2
EA
Z l

0

Slð Þ;i Slð Þj;dx
0
@

1
Aq ¼ qTCij

l1q ð14Þ

where Cij
l1 is called the constant matrix of Kl1.

When solving the motion equations of the multibody system in an interactive
way, that is, in an implicit way, the derivation of the elastic force respect to
generalized coordinates will be used. It can be expressed as [19]

@Fe

@q

� 	
ij
¼ @ Feð Þi

@qj
¼ Kt þKl2 þKl1ð Þij þ

X8
k

X8
s

qs Cik
l1 þ Cik

l1

� �T
 �
sj
qk ð15Þ

which will be the most time consuming part in simulation.
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3 Modeling of the 3-RRR Mechanism

This section will describe the configuration and motion equations of a planar 3-
RRR parallel mechanism. The mechanism is a symmetry structure which is com-
posed by the fixed platform A1A2A3, the moving platform C1C2C3, three driving
links AiBi (i = 1–3) and three passive links BiCi. Joints A1, A2 and A3 are actuators,
the backlash of the motor and reducer are not considered in the analysis. Joint B1,
B2, B3 and C1, C2, C3 are revolute joints with clearance, as is shown in Fig. 2.

The global coordinate system XOY is fixed at the center of the fixed platform.
All the driving links are treated as rigid, and all the passive links are treated as
flexible. Each rigid link is described by one NC beam element, while each flexible
link is described by one ANCF beam element. The combination use of these two
coordinates can share the same coordinates and lower the global coordinates of the
system. Particularly, the moving platform is treated as rigid, and described by the
reference point coordinates [xo, yo, ho]. Thus there are totally 27 generalized
coordinates in the system. 24 coordinates to describe the flexible links and 3
coordinates to describe the moving platform, as labeled in the Fig. 2b.

3.1 Without Joint Clearance

Let l1 and l2 denote the length of active link AB and passive link BC, while let l3 and
l4 denote the radius of the circumscribed circle of the moving and fixed platform.
The constraint equations introduced by the rigid links and revolute joints are
expressed as, take the first chain A1B1C1 as an example,

Uq;1¼
ðq1 � xA1Þ2 þðq2 � yA1Þ2 � l21
xo þ l3 cosðhþ 7p=6Þ � q5
yo þ l3 sinðhþ 7p=6Þ � q6

2
4

3
5 ¼ 0 ð16Þ

(q1,q2,q3,q4)

(q5,q6,q7,q8)

(q9,q10,q11,q12)

(q13,q14,q15,q16)

(q17,q18,q19,q20)(q21,q22,q23,q24)

A1

B1

C1 A2

A3

B2

C2

B3C3

XO

Y

xy

o θ

(a) (b)

Fig. 2 Geometry and global coordinates of the 3-RRR mechanism. a Geometry structure;
b Global coordinates
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In the simulation, the expected motion of the moving platform is given, the input
angles can be easily obtained by the inverse kinematics of the ideal rigid mecha-
nism. The goal is to calculate the real motions of the moving platform considering
link flexibility and joint clearance. The dynamic equations of the system are needed.

Based on the ANCF, the assembly of the elements can be carried out by the
conventional finite element method. The element nodal can be easily transformed
into the flexible multibody system generalized coordinates. Without considering the
damping of the system, the Newton-Euler equations for the rigid-flexible multibody
system in Cartesian coordinates can be written as

M€qþUT
qkþFe ¼ F ð17Þ

where M is the system mass matrix, k is the Lagrange multiplier, Fe denotes the
system elastic force vector, F is the external force vector.

3.2 With Joint Clearances

When considering the joint clearances, the constraints in the clearance joints are
lost. Moreover, in the simulation, the inputs are given, so the position of joint B in
driving link can be easily obtained, there is no need to form the constraint equa-
tions. The motion equations of the system with joint clearances are written as

M€qþFe ¼ Fd þFc ð18Þ

where Fd is the driving force vector, Fc is the contact force vector which is
introduced by the clearance joints. The key procedure is to describe the contact
forces, which will be presented in the following section.

4 Modeling of the Clearance Joint

4.1 Geometry Description

In order to bring the contact forces of the clearance joints into the system motion
equations, it is necessary to develop the joint clearance model. Figure 3 shows a
typical revolute clearance joint.

The center of bearing and journal are marked as Pi and Pj, the eccentricity vector
which connects Pi and Pj is calculated by

e ¼ rPj � rPi ð19Þ
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The unit vector of the eccentricity vector can be written as

n ¼ e=e ð20Þ

in which e is the magnitude of eccentricity vector, e ¼
ffiffiffiffiffiffiffi
eTe

p
: The clearance size is

d ¼ e� c ð21Þ

where c is the radial clearance c = Ri − Rj. Negative of d means that there is no
contact between the journal and the bearing. Thus the detection of the instant of
contact is when the sign of penetration changes between the two discrete moments
in time, and such accurate moment can be found by using the Newton-Raphson
method.

The contact points are denoted as Qi and Qj, their global coordinates and
velocities are evaluated as

rQk ¼ rPk þRkn
_rQk ¼ _rPk þRk _n


ð22Þ

where k = i, j. The relative velocity is projected onto the plane of collision and onto
the normal plane of collision, obtaining a relative tangential velocity vn and a
relative normal velocity vt.

vn ¼ ð_rQj � _rQi ÞTn
vt ¼ ð_rQj � _rQi ÞT t

(
ð23Þ

4.2 Contact Force Models

Knowing the penetration depth and relative velocity, the normal and tangential
forces Fn and Ft are obtained. Lankarani-Nikravesh contact force model is largely

Pi Pje
Qj

Qi

x
y
o

riP rjP

rj
Q

ri
Q

Fig. 3 Geometry of the
revolute joint with clearance
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used for mechanical contacts owning to its simplicity and easiness in implemen-
tation in a computational program, and also because this model accounts for the
energy dissipation during the impact process [20]. The expression of the model is

Fn ¼ Kdn 1þ 3ð1� c2eÞ
4

_d
_dð�Þ

 !
ð24Þ

where the generalized stiffness K can be evaluated by

K ¼ 4
3ðdi þ djÞ

RiRj

Ri � Rj

� 	1
2

ð25Þ

in which dk ¼ 1� m2k
� �

=Ek ðk ¼ i; jÞ.mi;Ei;Ri and mj;Ej;Rj are the Poisson’s ratio,

the Yong’s modulus and radii of the journal and bearing respectively. _d is the
relative penetration velocity and _dð�Þ is the initial impact velocity. ce is the resti-
tution coefficient, the exponent n is set to 1.5 for metallic surfaces.

The modified Coulomb’s friction law presented by Ambrósio [21] is used here,
which is given by

Ft ¼
0
�cf

vt�v0
v1�v0

Fn

�cf Fn

if vt � v0
if v0 � vt � v1
if vt � v1

8<
: ð26Þ

where cf is the coefficient of friction, v0 and v1 is the given tolerance for the velocity.
Using the NC and ANCF method, there is no need to transform these forces into the
center of the mass of each body.

5 Solving the Equations of Motion

The process of the integration of the Differential Algebraic Equations (DAEs) of
motion for a flexible multibody system with joint clearance is different from that of
ideal rigid body system. The high frequency responses are stimulated both by the
continuous high frequency contact forces and by the finite element discretization.
The Bathe integration method [17] is a composite scheme which calculates the
unknown displacements, velocity and accelerations by dividing the time step h into
two equal sub-steps h/2. For the first sub-step, the well-known trapezoidal rule is
used, while for the second sub-step, the three-point Euler backward formula is used.
The Newton interaction approach is used to solve the nonlinear equations in each
sub-step. The interested readers can refer to Ref. [17] for details. The whole
computational scheme can be illustrated in a flowchart shown in Fig. 4.
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6 Results and Discussions

The geometric parameters of the 3-RRR mechanism are listed in Table 1, the
material of all the parts are Aluminum. In the simulation, the preset trajectory of the
moving platform is a circle with radius 0.1 m

q25 ¼ 0:1 cosð2ptÞm
q26 ¼ 0:1 sinð2ptÞm
q27 ¼ 0 rad

8<
: ð27Þ

At the start of the simulation, t = 0 s, the journal and bearing centers are defined
coincident. The initial positions and velocities necessary to start the dynamic
analysis are obtained from the kinematic simulation of the 3-RRR mechanism
without considering link flexibility and joint clearance.

Four simulations are carried out to make comparisons, as are shown in Table 2.
That is, Case 1: Rigid passive links without joint clearance; Case 2: Flexible passive
links without joint clearance; Case 3: Rigid passive links with joint clearance; Case 4:
Flexible passive links with joint clearance. In the simulations, the joint clearance size
is taken to be 0.02 mm, which is a normal clearance size in a typical bearing with
nominal dimensions. For flexible beams, the Young’s module of the passive links is
set to be 7 GPa forAluminum. Figures 5, 6, 7, 8 and 9 illustrates the simulation results
of the system which are taken for two full cycles after the system steady running.

Fig. 4 Flowchart of the computational scheme

Table 1 Geometry parameters of the 3-RRR mechanism

Member Driving link Passive link Moving stage Fixed stage

Length (m) 0.245 0.242 0.112 0.4

Width (m) 0.015 0.005 – –

Height (m) 0.03 0.03 0.01 –
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Fig. 5 Displacement errors of the moving platform along axis-x. a Case 2; b Case 3; c Case 4

Fig. 6 Moving accelerations of the moving platform along axis-x. a Case 2; b Case 3; c Case 4

Fig. 7 Contact forces of clearance joint B1. a Case 2; b Case 3; c Case 4

Fig. 8 Penetration depths of clearance joint B1. a Case 3; b Case 4

Table 2 Parameters for different cases

Case 1 2 3 4

Clearance size (mm) None None 0.02 0.02

Young’s modulus of passive links (Pa) Rigid 7e9 Rigid 7e9
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Figure 5 shows the displacement errors of the moving platform along axis-x
direction in different cases. In Fig. 5a for Case 2, the positioning error of the
platform along axis-x is around ±0.2 mm, these values are caused by the defor-
mation of the passive link, and they are influenced by the stiffness of the flexible
links. In Fig. 5b for Case 3, the errors are around ±0.2 mm, and these values will
be influenced by the clearance size of the joints. In Fig. 5c for Case 4, it has the
largest deviation and can be seen as the composition of Case 2 and Case 3. It
indicates that both the flexure of the link and the joint clearance are the important
influence factors of positioning accuracy.

In Fig. 6, the accelerations of the moving platform along axis-x for different
cases are plotted, which show that these accelerations are very different with their
ideal values. In Fig. 6a for Case 2, the acceleration is slightly vibrated when the link
flexibility is taken into consideration. In Fig. 6b for system with joint clearances,
the acceleration curve presents high frequency vibrations, which is caused by the
impact of journal and bearing in clearance joints, and theses vibrations will make
the system unstable and difficult to control. Moreover, the vibration amplitude get
larger and the frequency get higher when both link flexibility and joint clearances
are taken into consideration, which can be observed in Fig. 6c.

The same phenomena can also be observed in the curves of the contact forces
represented in Fig. 7. It is certain that the high peaks of acceleration curve and the
contact force curve occur at the same time. The enlarged contact forces will
decrease the service life of the components, or even lead to failure of the
mechanism.

The penetration depths of the clearance joint are plotted in Fig. 8. The positive
value means the journal and bearing contact with each other, while the passive
value means they separate with each other. It shows that for most of the time, the
joint components keep contact.

The Poincare map is often used to highlight the nonlinear behavior of systems.
The acceleration-x and velocity-x of moving stage are chosen to plot the Poincare
map. In Fig. 9a, periodic motion is presented in flexible system. Figure 9b, c shows
a non-periodic motion of the moving stage, since the curve does not repeat from
cycle to cycle. It indicates that the collision between the joint components will
cause chaotic motion of the multibody system.

Fig. 9 Poincare maps for different cases. a Case 2; b Case 3; c Case 4
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7 Conclusions

In this paper, the dynamic analysis of a planar 3-RRR parallel mechanism is pre-
sented. Both the joint and the link flexibility are taken into consideration. The rigid
driving links are molded using NC while the flexure passive links are molded using
ANCF, in order to lower the global system coordinates. The continuous dissipative
contact force model is employed to describe the contact phenomenon in joint
clearance. Comparisons are made between the systems with and without joint
clearances.

Simulation results show that the positioning accuracy of the moving platform are
apparently affected by both the joint clearance and link flexibility. When the joint
clearances are considered, the system performs high frequency responses, and the
enlarged contact forces can decrease the service life of the mechanism. It also
shows that the joint components keep contact with each other for most of the time.
On the other side, the mechanism is influenced by the link flexibility in a smoother
way. The 3-RRR mechanism with the flexible links is a periodical system, but it
becomes non-periodical when the joint clearances are taken into consideration, as
the joint clearance and link flexibility interact with each other in a nonlinear way.
The future work shall focus on the control of such a complex system.
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Accuracy Analysis of a 3-DOF Mechanism
with Joint Clearances Under Different
Working Modes

Xuchong Zhang and Xianmin Zhang

Abstract This paper presents an analytical investigation on the positioning
accuracy of a planar 3DOF 3-RRR parallel mechanism with multiply joint clear-
ances, in which eight working modes of the mechanism are included. The joint
clearance is treated as a mass-less virtual link in the analysis. Assuming that the
clearance size is much smaller than the geometric size of the mechanism, a sim-
plified expression of the output errors is obtained by the kinematic analysis of the
planar 3-RRR parallel mechanism. The error boundary for a given position of the
mechanism and the maximum error distribution in the whole workspace is plotted
out. The results show that the proposed method is an efficient way to predicate the
positioning error of the 3-RRR mechanism with joint clearances under different
working modes.

Keywords 3-RRR mechanism � Joint clearance � Accuracy analysis � Working
modes

1 Introduction

Parallel robots are increasingly used for precision positioning, in which accuracy is
of great importance in such application. The pose errors of a parallel mechanism are
due to many factors [1–4]: manufacturing and assembling tolerances, flexibility of
the links, input uncertainties and the clearances between the joint components. The
manufacturing and assembly errors are considered predictable and can be com-
pensated by calibration; the flexibility can be eliminated by adopting more rigid
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structures; the input uncertainties are determined by the actuators; while the
influence of joint clearances are stochastic and unavoidable.

In this paper, we address the problem of computing the accuracy of a planar
parallel mechanism in the presence of joint clearances. Several methods have been
developed to evaluate the accuracy of serial and parallel mechanisms. Yu et al. [5]
showed a simple geometric approach to compute the exact local maximum position
and orientation error caused by actuator inaccuracies, this method only works for
special planar parallel mechanisms. Briot and Bonev [6, 7] presented an interval
analysis method which is based on a detailed error analysis of the parallel robots, in
which the Hessian matrix is used. In these two studies, only the input error is taken
into consideration.

For the purpose of predicting the influences of the joint clearance on the output
errors, Innocenti [8] and Parenti-Castelli and Venanzi [9, 10] used the virtual work
method to determine the position of the end-effector when a given external load is
applied. After that, Venanzi and Parenti-Castelli [11–13] presented a general
methodology for the computation of maximum position error in planar and spatial
parallel manipulators both with revolute joints and prismatic pairs. Using the
similar method, Chebbi et al. [14] analyzed the singularity of the mechanism and
studied the effects of the joint clearances on the parallel robot accuracy, Altuzarra
et al. [15] analyzed the location of the discontinuities in the workspace due to
clearances in the parallel mechanisms. The virtual work method is efficient, but not
applicable to overconstrained parallel manipulators. To overcome this, Meng et al.
[16] proposed an error prediction model that is applicable to planar or spatial
parallel manipulators that are either over constrained or non over constrained.

Other researchers’ work are that, Tsai and Lai [17, 18] described a screw theory
method for determining the transmission quality of closed-loop linkages, which is
based on the static equilibrium of the linkage. Frisoli et al. [19] performed a method
based on screw theory for the estimation of position accuracy in spatial parallel
manipulators with revolute joint clearance, in which a 2-step procedure for the
computation of the maximum pose error is defined. Jawale and Thorat [20]
investigated the positional error in 5R mechanism with joint clearance, in which
inverse kinematics and forward kinematics of the mechanism are performed.
Voglewede and Uphoff [21] predicted the end-effectors displacement error for a
3-RRR and some special parallel mechanisms with joint clearance. In the above
studies, the effects of input uncertainties and joint clearances are not taken into
consideration at the same time. Based on the theory of envelope, Chen et al. [22]
presented a unified approach to predict the accuracy performance of the general
planar parallel manipulators both due to the input uncertainties and joint clearances,
however, without experimental verification. In the aspect of the experimental
studies of the positioning accuracy, Wu et al. [23] performed experiments to val-
idate the error model of a planar 3-PPR parallel manipulator with joint clearances
and configuration errors.
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This paper is dedicated to present a simple method to calculate the positioning
errors of the 3-RRR planar mechanism in the presence of joint clearances under
different working modes. This paper is organized as follows. The 3-RRR mecha-
nism without joint clearances is presented and modeled in Sect. 2. The joint
clearance is modeled in Sect. 3. The error prediction model is established in Sect. 4.
The simulation results are obtained and discussed in Sect. 5. The conclusions are
made in Sect. 6.

2 Kinematic Model of the 3-RRR Mechanism Without
Joint Clearances

In this section, the kinematic model of the mechanism without joint clearance is
established. Figure 1 shows the configuration of the 3-RRR parallel mechanism
[24, 25], it is a symmetrical structure which is represented by the base platform
A1A2A3, the driving link AiBi, the passive link BiCi and the moving platform
C1C2C3. In this paper, only the clearance existing at the passive revolute joints
B1B2B3 and C1C2C3 are considered, while the inputs are treated as ideal. The global
coordinate system are defined in the figure, the pose of the moving platform are
defined as [xo, yo, ho], in which xo and yo is the position of the mass center of
moving platform, and ho is the rotational angle of the moving platform.

The kinematic constraint equations of the mechanism are

l2i�1 cos h2i�1 þ l2i cos h2i ¼ xo þ lo cosðho þ p=6þ 2pi=3Þ � xAi � mi

l2i�1 sin h2i�1 þ l2i sin h2i ¼ yo þ lo sinðho þ p=6þ 2pi=3Þ � yAi � ni

�
ð1Þ

in which i = 1–3. For the inverse kinematics of the mechanism, the given parameters
are outputs [xo, yo, ho], the inputs are to be solved. Eliminating h2i, one can obtain

1A
2A

3A

1B

2B

3B

1C
2C

3C

X
Y
O

Active joint
Passive jont

1

2

3
4

5

Fig. 1 Kinematic model of
the 3-RRR mechanism
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mi � l2i�1 cos h2i�1ð Þ2 þ ni � l2i�1 sin h2i�1ð Þ2¼ l22i ð2Þ

This equation can be rewritten in the form

mi cos h2i�1 þ ni sin h2i�1 ¼ l22i � l22i�1 þm2
i þ n2i

� �
=2l2i�1 � pi ð3Þ

Using the tangent half-angle formulation

cos h ¼ 1� tan2ðh=2Þ
1þ tan2ðh=2Þ ; sin h ¼ 2 tanðh=2Þ

1þ tan2ðh=2Þ ð4Þ

The input angles can be solved

h2i�1 ¼ 2 tan�1 ni �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ n2i � p2i
p
mi þ pi

 !
ð5Þ

There are two solutions for each chain, corresponding that AiBi is lay on the left
(marked as +) or right (marked as −) hand of the line AiCi. The passive link angle
hi2 can be solved by substituting Eq. (5) into Eq. (1). There are totally eight
working modes of the planar parallel 3-RRR mechanism, as shown in Fig. 2,
named as (a) +++, (b) ++−, (c) +−+, (d) +−, (e)−++, (f)−+−, (g) −+ and (h) − − −,
respectively.

(a)+++ (b)++-  (c)+-+  (d)+--

(e)-++ (f)-+-  (g)--+  (h)---

Fig. 2 Eight working modes of the 3-RRR mechanism
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3 Joint Clearance Model

The joint clearance is treated as virtual link when modeling as shown in Fig. 3a.
The bearing and journal are assumed to be ideal circle, with radius RB and RJ

respectively. The joint clearance size is calculated by

c ¼ RB � RJ ð6Þ

Considering the joint clearance, the journal can move freely within the bearing.
The clearance can be described by two parameters, the length of the virtual link
r and the contact angle alpha, and the boundary of their values are

r 2 ½0; c�; a 2 ½0; 2pÞ ð7Þ

When the joint clearance is equivalent as virtual link, the passive link of the 3-
RRR mechanism BC is equivalent as B′C′, as shown in Fig. 3b. Thus

l2i � ðr2i�1 þ ri2Þ� l02i � l2i þðr2i�1 þ r2iÞ ð8Þ

Which means that the joint clearance lead to the length error of passive link,
expressed as

Dli2 ¼ l0i2 � li2 2 �ðri1 þ ri2Þ; ðri1 þ ri2Þ½ � � li2 ð9Þ

It is notable that the joint clearance size is much small than the link length of the
mechanism.
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Fig. 3 Joint clearance models
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4 Error Modeling of the 3-RRR Mechanism with Joint
Clearances

In this paper, only the clearances in passive joints are considered, that is, the
geometrical dimensions and inputs are ideal of the mechanism. The deviation of the
kinematical constraint equations respect to is

Dl2i cos h2i � l2i sin h2iDh2i ¼ Dxo � lo sinðho þ p=6þ 2pi=3ÞDho
Dl2i sin h2i þ l2i cos h2iDh2i ¼ Dyo þ lo cosðho þ p=6þ 2pi=3ÞDho

�
ð10Þ

They can be written in the matrix form

1 0 lo sinðho þ h13Þ �l2 sin h2 0 0
0 1 �lo cosðho þ h13Þ l2 cos h2 0 0
1 0 lo sinðho þ h23Þ 0 �l4 sin h4 0
0 1 �lo cosðho þ h23Þ 0 l4 cos h4 0
1 0 lo sinðho þ h33Þ 0 0 �l6 sin h6
0 1 �lo cosðho þ h33Þ 0 0 l6 cos h6

2
6666664

3
7777775

Dxo
Dyo
Dho
Dh2
Dh4
Dh6

2
6666664

3
7777775

¼

cos h2 0 0
sin h2 0 0
0 cos h4 0
0 sin h4 0
0 0 cos h6
0 0 sin h6

2
6666664

3
7777775

Dl2
Dl4
Dl6

2
4

3
5 ð11Þ

One can obtain the outputs error [Dxo, Dyo, Dho] of the moving platform caused
by the joint clearances by this equation. The left matrix of the equation is defined as
transform matrix J.

5 Results and Discussions

Determinations of the transform matrix J in the whole workspace with ho = 0 under
different working modes are drawn in Fig. 4, these values are scaled to make them
feasible to read. It can be observed that these eight working modes can be divided
into two types, the first type is that all the directions of driving links are the same,
including (a) +++ and (h) − − −; the second type is that one of the directions of
driving links is different from the other two links, including (b)–(g). Within the
same working mode type, the distributions of the determinations of the transform
matrix are similar, but with different signals and directions.

The first simulation is to know the error boundary of the moving platform with
the influence of joint clearance. While considering maximum pose error in all set of
combinations of joint clearance, all clearance virtual links are rotated form 0 to 2p

1204 X. Zhang and X. Zhang



rad independently, and the pose errors are calculated for each combination one by
one.

The length of the active link is 245 mm, the length of the passive link is
242 mm, the radius of the moving platform is 120 mm and the radius of the fixed
platform is 400 mm. The joint clearance size is set to be 0.01 mm for a typical
journal-bearing with nominal dimensions. The expected configuration of the
moving platform is [0 mm, 0 mm, 0 rad], the results are plotted in Figs. 5 and 6.

Fig. 4 Determinations of the transform matrix J under different working modes

Fig. 5 Error boundary of the platform under working mode +++
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In Fig. 5, the working mode of the mechanism is +++. It can be observed that,
the errors caused by the joint clearances can be modeled as an uncontrollable three
dimensional space, with Δxo varies from about −0.02 to 0.02 mm, Δyo varies from
about −0.02 to 0.02 mm and Δho varies from about −0.01 to 0.01 m rad. Moreover,
different Δho corresponds to different translation error areas. The positioning error
and the joint clearance size are in the same orders of magnitude.

In Fig. 6, the working mode of the mechanism is ++−. It can be observed that,
the uncontrollable space is different from that of +++. Δxo varies from about −0.04
to 0.04 mm, Δyo varies from about −0.05 to 0.05 mm and Δho varies from about
−0.01 to 0.01 m rad. These results indicate that the working mode influences the
error distribution obviously.

To better understand the mechanism, it is import to know the maximum pose
error distribution in the whole workspace. The expected angle of the moving
platform is still set to be 0 rad, the maximum pose error of the moving platform
caused by joint clearances is calculated point by point over the whole workspace.
Figures 7 and 8 show the maximum error of the mechanism under two different

Fig. 6 Error boundary of the platform under working mode ++−

(a) Max Δx [mm]  (b) Max Δy [mm]  (c) Max Δθ [mrad] 

Fig. 7 Maximum error distributions of the platform under working mode +++
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working modes +++ and − − −, respectively. These show that the position of the
moving platform has a large influence on the pose error of it, leading to the pose
error different from place to place. The error distribution trend is very similar with
the determinant of Transform matrix J, that is, most of the errors are very small, but
when the mechanism is close to its singular configurations, the maximum errors
increase dramatically and become unacceptable.

6 Conclusions

In this paper, the influence of joint clearance on the positioning accuracy of a
3-RRR mechanism is investigated. A simplified transform model is obtained by
deviating the kinematical equations of the 3-RRR planar parallel mechanism. The
maximum error distribution in the whole workspace is calculated, showing that the
pose error is sensitive to the position of the moving platform; singular configuration
can lead to an unacceptable pose error. It also shows that the mechanism perfor-
mance different positioning ability under different working modes.

The study indicates that the proposed method is an efficient way to predicate the
kinematic accuracy of the planar mechanical system with presence of joint clear-
ances. This method can be applied to any planar mechanism with revolute joints. It
is advisable that the joint clearance should be minimized, the working mode should
be carefully selected and the singular configurations must be avoided.
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Fig. 8 Maximum error distributions of the platform under working mode ++−
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Dynamic Response and Stability Analysis
of a Parallel Mechanism with Clearance
in Revolute Joint

Yulei Hou, Guoning Jing, Yi Wang, Daxing Zeng and Xuesong Qiu

Abstract The clearances in kinematic pair are inevitable, which will affect the
accuracy and stability of the mechanism directly. A two rotational decoupled
parallel mechanism RU-RPR is taken as the research object. Considering the
clearance existing in the revolute pair, the dynamics equations are established. Then
the effects of clearance on the dynamic characteristics of the mechanism are
researched. Meanwhile, a spring is added to the mechanism, and its influences on
the dynamic of the mechanism are analyzed. In order to further improve the
dynamic response of the mechanism, the genetic algorithm is applied to optimize
the related parameters of the spring. The research contents possess theoretical
guidance significance on improvement of the dynamic characteristics and control of
the chaotic motion of the parallel mechanism with clearances.
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1 Introduction

Due to the existence of the friction and wear which bring about error in the process
of design, manufacture, installation, there will always produce clearance in the
kinematic pairs of mechanism [1]. And the existence of the clearance will have
great influence on the performance of the mechanism [2], resulting in shock
vibration, reducing the work efficiency and the accuracy [3], and even cause the
failure of the mechanism.

In recent years, the dynamic of the mechanism with clearance were widely
studied by many scholars. A new hybrid contact force model was proposed by Bai
and Zhao [4]. The effect of lubrication on the dynamic performance of the mech-
anism with clearance was analyzed by Flores et al. [5]. Zhang et al. [6], took the
planar 3-RRR parallel mechanism with multiple clearances as the research object,
and analyzed the influence of different loads, velocities and trajectories on the
accuracy and stability of the mechanism.

The effect of the clearance on the accuracy and stability of the mechanism can
not be ignored, so it is very significant to study how to eliminate the effect of
clearance on the performance of the mechanism. Varedi et al. [7], optimized the
mass of the slider-crank mechanism with clearance to reduce the vibration and
improve the stability of the mechanism. Olyaei and Ghazavi [8], added a distur-
bance to the slider-crank mechanism with clearance, and transformed the mecha-
nism from the chaotic motion into periodic motion state. Zhang et al. [9], optimized
the high speed and heavy load mechanism with clearance based on the ADAMS
simulation analysis software.

Stability of the dynamic response of the mechanism with clearance is one of
important research contents, while the bifurcation diagram [10] can reflect the
stability of mechanism with the change of sensitive parameters. In Ref. [11], the
bifurcation diagram of the slider-crank mechanism with clearance was drawn, and
the corresponding stable region was studied. In Ref. [12], the chaos control method
of the under actuated planar five bar mechanism was analyzed, and the bifurcation
diagram of the mechanism with the change of system parameter variation was
drawn. In Ref. [13], the bifurcation and chaos phenomena of the planetary
reversing mechanism under the action of rotation and torque were studied.

In this paper, taking RU-RPR parallel mechanism with the revolute pair clear-
ance as the research object, the dynamics equations are established and numerical
simulated, the spring is added and the genetic algorithm is applied to optimize the
related parameters. In addition, the chaotic characteristics of the mechanism and the
influence on the dynamic stability are analyzed.
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2 Dynamic Modeling of RU-RPR Parallel Mechanism
with Clearance

2.1 Structural Composition of RU-RPR Parallel Mechanism

Figure 1 is the structural composition of RU-RPR decoupled parallel mechanism
[14]. It can be seen that the mechanism is composed of a fixed base, a moving
platform and two limbs which connect the fixed base and moving platform. The first
limb consists of a revolute pair and a hooke joint connected in turn, and the second
limb consists of a revolute pair, a prismatic pair and another revolute pair connected
in turn. The mechanism has two rotational degrees of freedom.

As shown in Fig. 1, h and c are the input angles, while a and b are the output
angles. There is a one-to-one correspondence between h and a, the relationship
between c and b is also one-to-one correspondence. Therefore the two rotational
degrees of freedom of the RU-RPR parallel decoupled mechanism are independent
of each other. So for the study of the clearance in the revolute pair D (F denotes the
journal center in the clearance), the rotation of the moving platform around z0 axis
(vertical direction) should be considered, and the rotation of the moving platform
around y0 axis can be ignored temporarily. At this point, the mechanism is
equivalent to a planar four bar mechanism with revolute pair clearance, as shown in
Fig. 2.
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β θ
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Fig. 1 Structure diagram of
RU-RPR two rotation
decoupled parallel mechanism
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Fig. 2 Equivalent
mechanism diagram of the
RU-RPR parallel mechanism
with clearance
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2.2 Establishment of the Dynamic Equations of the Parallel
Mechanism with Clearance

As shown in Fig. 2, the planar coordinate system X 0O0Y 0 is established for the
equivalent mechanism, and the relevant parameters are defined as follows: l is the
distance between C and F; l1, l2 and l5 are the length of bar AB, bar BC and bar AD
respectively; B0, C0 and D0 are the center of mass of bar BC, bar CE and bar EF;
ls2, ls3 and ls4 are the length of B0B, C0C and D0F; h1, h2 are the angles between the
bar AB, bar BC and the positive direction of X 0 axis respectively; J1 is the moment
of inertia of bar AB around the axis A; Js2, Js3 and Js4 are the moment of inertia of
bar BC, bar CE and bar EF around the axis which through the center of mass and
parallel to the normal of X 0O0Y 0 plane, respectively; m2, m3, m4 are the mass of bar
BC, bar CE and bar EF, respectively; x, y are the offset coordinate component of the
axis center F relative to the bearing axis center D along X 0 direction and Y 0

direction, respectively.
As the existence of the rotation clearance at D point, in addition to the rotational

degree of freedom, there increase two relative motion degrees of freedom for the
bearing and shaft of the revolute pair. The generalized coordinates of the mecha-
nism are selected as follows: x, y and the drive angle h1 of bar AB.

When there is no clearance in the mechanism, the closed equations are as follows

l1 cos h1 þ l2 cos h20 þ l0 sin h20 � l5 ¼ 0
l1 sin h1 þ l2 sin h20 � l0 cos h20 ¼ 0

�
ð1Þ

where, h20 is the rotation angle of bar BC, l0 is the distance of CF.
When there has clearance in the mechanism, the closed equations are as follows

l1 cos h1 þ l2 cos h2 þ l sin h2 � x� l5 ¼ 0
l1 sin h1 þ l2 sin h2 � l cos h2 � y ¼ 0

�
ð2Þ

According to the perturbation coordinate method, the rotation angle of the
moving platform and the bar length can be regarded as adding a small disturbance
value to the normal value, then the following equations can be obtained as

l ¼ l0 þDl
h2 ¼ h20 þDh2

�
ð3Þ

Using the equivalent infinitesimal concepts, simultaneous Eqs. (1)–(3) can be
simplified, and the following equations can be obtained as

ðl2 cos h20 þ l0 sin h20Þ=l0 ðl2 sin h20 � l0 cos h20Þ=l0
cos h20=l0 sin h20=l0

� �
x
y

� �
¼ Dl

Dh2

� �
ð4Þ
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Based on the geometric relationships, the X 0 component and Y 0 component of the
mass center coordinates of the bar BC, CE and EF can be calculated respectively
and the Lagrange equations of motion can be expressed as

d
dt
ð@L
@ _qj

Þ � @L
@qj

¼ Qj j ¼ 1; 2; 3ð Þ ð5Þ

where, Qj is the generalized force corresponding to the generalized coordinate qj in
non-conservative systems, and q1, q2, q3 denote x, y and h1, respectively. Qj can be
expressed as

Qj ¼
X4
i¼1

Fi
@ri
@qj

þMi
@ui

@qj
ð6Þ

where, Fi and Mi are the external force and the external moment acting on the
center of mass of the object i, respectively; ri and ui are the moving displacement
and rotation angle of the center of mass of the object i, respectively.

Substituting Eq. (6) into Eq. (5), the dynamic equations of RU-RPR parallel
mechanism with clearance can be obtained.

2.3 Establishment of the Contact Force Model
in the Revolute Pair Clearance

The clearance model of the revolute pair is shown in Fig. 3, Oi and Ojare the
centers of the bearing and the journal, respectively. rOi and rOj are the position
vectors of the center of the bearing and the journal in the static coordinate system,
respectively.

The clearance vector and its unit normal vector can be expressed as

e ¼ rOj � rOi ð7Þ

n ¼ e=e ð8Þ

Fig. 3 Clearance model of
the revolute pair
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where, e ¼
ffiffiffiffiffiffiffi
eTe

p
. The depth of penetration between the bearing and the journal can

be written as

d ¼ e� c ð9Þ

where c is the clearance value, and c ¼ Ri � Rj. When d is positive, the bearing is in
contact with the journal. On the contrary, the bearing and the journal are separated.

The Lankarani-Nikravesh contact force model [15] is used to calculate the
normal contact force. This model not only involves the energy loss during the
collision, but also concerns the material properties, the local elastic deformation and
the velocity of the collision [16]. The normal contact force Fn of the journal to
bearing is shown as follows

Fn ¼ Kdn 1þ 3ð1� c2eÞ
4

_d
_d �ð Þ

 !
ð10Þ

where, ce is the restitution coefficient, _dð�Þ is the initial impact velocity at the
beginning of each contact process, _d is the relative penetration velocity, the stiffness
coefficient K is shown as follows

K ¼ 4
3ðdi þ djÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RiRj

Ri � Rj

s
ð11Þ

where, dk ¼ ð1� m2kÞ
�
Ek k ¼ i; j , mk and Ek represent Poisson ratio and the elastic

modulus, respectively. The subscript i and j represent the bearing and the journal
respectively.

Adopting the modified Coulomb friction law proposed by AMBRÓSIO [17], the
tangential contact force is expressed as follows

Ft ¼ �cf cdFnsgn vtð Þ ð12Þ

where, cf is the friction coefficient, vt is relative tangential velocity of collision, cd is
the correction coefficient.

The impact force of the journal to bearing can be expressed as

f i ¼ FnnþFtt ð13Þ
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3 Dynamic Numerical Simulation of Parallel Mechanism
with Clearance

Due to the existence of clearance, there are two different phases: contact and
non-contact, in the motion process of the mechanism. Considering the collision
time is very short, the variable step size fourth-order Runge-Kutta method [18] is
used to carry out numerical integration to ensure the efficiency and accuracy of the
calculation.

The material of RU-RPR mechanismis selected as 45 steel, and the relevant
parameters can be obtained as: l1 = 130 mm, l2 = 308 mm, ls2 = 154 mm, ls3 =
80 mm, ls4 = 54 mm, l5 = 524 mm, J1 = 7.351 � 10−3 kg m2, Js2 = 6.160 �
10−2 kg m2, Js3 = 5.772 � 10−3 kg m2, Js4 = 3.008 � 10−3 kg m2,m2 = 8.516 kg,
m3 = 1.161 kg, m4 = 1.405 kg.

The dynamic simulation parameters of the mechanism are shown in Table 1. The
bar AB and bar BC are collinear in the initial position and the driven angular
velocity x ¼ 10p rad/s. The MATLAB software is used to program and calculate,
and the simulation result of the mechanism is obtained as shown in Fig. 4.

The dynamic response curve of RU-RPR parallel mechanism with clearance is
shown in Fig. 5, in which Fig. 5a–c are the contact force curve, driving torque
curve and the axis trajectory, respectively. Poincare mapping [19] can be used to
easily identify the chaos. Figure 5d shows Poincare mapping of the mechanism and
five hundred mapping points are calculated. A point or a small number of discrete
points, closed curves, and the dense points on a certain area with fractal structure on
the Poincare mapping represent periodic motion, quasi periodic motion and chaotic
motion, respectively. Both the contact force curve in Fig. 5a and the drive torque
curve in Fig. 5b have high frequency oscillation and large fluctuation, and the
maximum fluctuation amplitude are 8000 N and 1243 N m, respectively.

From Figs. 4 and 5, the existence of clearance leads to the decrease of the
stability of the mechanism, and makes the dynamic response of RU-RPR mecha-
nism with clearance in a state of instability.

Table 1 Dynamic simulation parameters of RU-RPR mechanism

Parameter Value Parameter Value

Bearing radius Ri (mm) 15 Clearance c (mm) 0.5

Recovery coefficient ce 0.9 Friction coefficient cf 0.02

Elastic modulus Ei, Ej (GPa) 200 Poisson ratio vi, vj 0.3

Integral step error dm (m) 0.000001 Integral step dt (s) 0.00001
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4 Dynamic Response Analysis of Parallel Mechanism
with Clearance

4.1 Effect of Adding Spring on the Dynamic Characteristics
of the Mechanism

In order to reduce the impact between the journal and the bearing and improve the
dynamic response stability of the mechanism, a spring is added between the center
of mass of the bar EF and a certain point O1 in the connection of O0D, as shown in
Fig. 6. The spring is set to be a cylindrical helical tension spring, which works in
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the tensile state and can not bear the pressure. The length of the O0O1 is set as d, the
initial length of the spring is Ls0, the stiffness coefficient is ks, the length of the
spring is Ls.

The initial parameters of the spring may be set as d = 0.13 m, Ls0 = 0.15 m,
ks = 1000 N/m, meanwhile, the other simulation parameters are consistent with the
previous section, then the numerical solution can be solved by using MATLAB
software and the results are as shown in Fig. 7.

From the comparison between Figs. 7 and 5, it can be found that the collision
between the bearing and the journal is reduced, and the maximum amplitude of the
contact force fluctuation declines from 8000 N to 2051 N which decreased by
74.4 %, the maximum amplitude of the driving torque fluctuation declines from
1243 to 294 N m which decreased by 76.3 %. Through the comparison between
Figs. 7c and 5c, it can be found that the journal moves close to the edge of the
bearing, and the impact phenomenon becomes weak. While Fig. 7d shows that the
mechanism changes from chaos to periodic motion with addition of the spring. As a
whole, the stability of the dynamic response of the mechanism is enhanced by
adding the spring.

4.2 Parameter Optimization on the Dynamic Response
of the Mechanism

In order to further improve the stability of the dynamic response of RU-RPR
parallel mechanism, the genetic algorithm is used to optimize the related parameters
of the spring.

In this paper, the purposes of optimization mainly focus on two aspects. On the
one hand, to control or eliminate the adverse effects caused by the kinematic pair
clearance, and improve the stability of the dynamic response of the mechanism. On
the other hand, it is to minimize the driving torque of the joint of the mechanism.
Thus, the penetration depth between the journal and the bearing is selected as the
optimization goal, and the objective function expression is as follows

S ¼ 1Ps
n¼1

r � cð Þ2
ð14Þ

(A)

B

C

D

E

d
O1F

D0
′Y

′X O′
Fig. 6 Equivalent
mechanism diagram of
RU-RPR parallel mechanism
with spring
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where, r is the distance between the bearing center and the journal center, c is the
clearance size, s indicates the number of selected samples.

The parameters d, ks and Ls0 are selected as the optimization parameters. In order
to ensure the spring is always in a state of tension, it needs to maintain a certain
distance between D0 and O1. Then the scope of the variable is set as follows: d [0,
0.26] m, ks [500, 1500] N/m, Ls0 [0.05, 0.25] m. Setting maximum objective
function as the optimization goal, the genetic algorithm optimization is performed,
and the track diagram of the optimization performance of genetic algorithm is
shown as Fig. 8.

The optimized parameters of the spring are as follows: d = 0.067 m,
ks = 526 N/m, Ls0 = 0.178 m. Adopting the consistent simulation parameters, the
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dynamics numerical simulation of the mechanism is carried out, and the results are
shown in Fig. 9.

Compared Fig. 9a with Fig. 7a, it can be found that the degree of the
high-frequency oscillation decreased obviously. From the comparison between
Figs. 9b and 7b, it can be found that the range and degree of high frequency
oscillation of the driving torque is also reduced. Comparing Fig. 9c, d with Fig. 7c,
d respectively, it can be found that the impact phenomenon of the clearance
between the journal and the bearing is weakened, the journal tends to slide along the
inner wall of the bearing, and the mechanism is in a steady state of periodic motion.
In conclusion, the dynamic response stability of RU-RPR parallel mechanism with
clearance is further enhanced through the optimization.

4.3 Stability Analysis of Dynamics Response
of the Mechanism

To analysis the dynamic response of the mechanism with the change of the
parameters, the bifurcation diagrams of the mechanism with the change of driving
speed is drawn in the following section. Here divide two kinds of cases: no spring
in RU-RPR parallel mechanism and has spring in the mechanism. Selecting the
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driving speed x as the variable parameter, the bifurcation diagrams of the relative
displacement of the journal center respect to the bearing center in X 0 direction and
Y 0 direction are drawn respectively, as shown in Fig. 10.

Figure 10a, b represent the bifurcation diagrams of the relative displacement x in
X 0 direction and the relative displacement y in Y 0 direction of the rotation pair
clearance of RU-RPR parallel mechanism without spring, respectively. And it can
be seen that the size of the drive speed has great influence on the dynamics stability
of the mechanism. With the increase of the drive speed, the chaos phenomenon is
weakened, and the mechanism changes from the chaotic motion to the periodic
state. Moreover, the trend of the bifurcation diagram of the relative displacement
x in X 0 direction and the relative displacement y in Y 0 direction of the rotation pair
clearance is consistent. When the value of the drive speed is greater than 25p, the
mechanism has turned into the periodic motion.

Figure 10c, d represent the bifurcation diagrams of the relative displacement x in
X 0 direction and the relative displacement y in Y 0 direction of the rotation pair
clearance of RU-RPR parallel mechanism with the spring, respectively. As is
shown in the figures, the values of the two figures are different, but the change rule
is consistent. With the drive speed increased from 0.1p to 7p, the degree of chaos

Fig. 10 Bifurcation diagram of RU-RPR parallel mechanism
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phenomenon decrease gradually. When the drive speed value increased from 7p to
29p, the bifurcation diagram appear single line, which means the mechanism is in
the state of periodic motion and the dynamic response of the mechanism is stable.
When the value of the drive speed is greater than 29p, the bifurcation diagram
become complex, and the stability of the dynamic response of the mechanism
decrease.

Comparing the bifurcation diagrams of RU-RPR parallel mechanism without
and adding spring in Fig. 10, it can be found that for the mechanism adding spring,
when the value of the drive speed is about 10p, the dynamic response of is sig-
nificantly more stable than the mechanism without spring. When the drive speed of
the value is in [0.1p, 29p], the stability of dynamic response of the mechanism
adding spring is enhanced. While when the drive speed of the value is greater than
29p, the stability of the mechanism adding spring is worse than that without spring.

Overall, the optimization of the mechanism has a significant effect on improving
the stability of the dynamic response, however it should be noted that the impact of
the spring parameters on the dynamic response stability of the mechanism is more
complex and not linear, the selection of the optimal drive speed under certain
parameters should be determined with the consideration of the specific conditions.

5 Conclusions

The dynamics equations of RU-RPR parallel mechanism with clearance in revolute
joint were established by the Lagrange method, the Lankarani-Nikravesh contact
force model and the modified Coulomb friction laws were used to calculate the
normal and tangential contact forces, respectively. The numerical solution was
solved by the variable step Runge-Kutta method. The results show that for the
existence of clearance, the dynamics response stability of the mechanism becomes
weak, and the angular acceleration, the contact force and the drive torque curve
fluctuate violently.

Spring was added in RU-RPR parallel mechanism and the genetic algorithm was
used to optimize the parameters. The analysis results show that the dynamic
response stability of the mechanism is improved obviously. The bifurcation dia-
grams of the mechanism with the change of the drive speed were drawn by the
Poincare section method, and the effectiveness of adding springs and parameters
optimization for improvement of the stability of the mechanism have been further
verified.
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Chaos Suppression for Joint Clearances
Based on Trajectory Planning of Robotic
Mechanisms

Wanghui Bu, Chenguang Yang, Duyu Chen, Hangyu Zhou, Jia Hu
and Yinfan Hou

Abstract Robotic mechanisms have been widely used, and the clearances existing
in mechanism joints decrease the positioning accuracy and bring about the impact
between joint elements. In this paper, the chaos caused by joint clearances is
investigated, and a novel approach to suppress the chaos based on the trajectory
planning of the robotic mechanism is presented. The dynamics of the robotic
mechanism with joint clearances is analyzed, and the model of the worn revolute
joint is established. Furthermore, the allowable abrasion depth is derived to sup-
press chaos for the worn joints.

Keywords Manipulator � Clearance � Chaos � Trajectory planning

1 Introduction

Robotic mechanisms have been widely used, and their positioning accuracy and
dynamic performance are crucial for successfully performing robotic tasks.
However, the clearances existing in the joints of a robotic mechanism decrease the
accuracy of the mechanism and bring about the impact between joint elements.
Even worse, the longer the mechanism works, the larger the clearance becomes.
The clearance may induce the relative motion of the two joint elements into the
chaotic status, which intensifies the impact and abrasion of the joint.

Many researchers studied the effects of joint clearances on positioning accuracy
[1–5] and mechanism dynamics [6–10]. To attenuate the negative effects caused by
the clearances, many methods have been presented. Especially Bu et al. [11]
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proposed a novel approach based on trajectory planning to avoid the detachment of
joint elements. In the following of this paper, the chaos caused by joint clearances
will be investigated and be suppressed by the trajectory planning of the robotic
mechanism. Furthermore, the allowable abrasion depth will be derived to suppress
chaos for the worn joints.

2 Dynamics of Robotic Mechanisms with Joint Clearances

The planar PRR robotic mechanism with clearances is shown in Fig. 1, and its
structural and kinematic parameters are listed in Table 1. Note that the two revolute
joints are with clearances, while the prismatic joint is ideal. The robotic world frame
is established as follows: the axis x is to the right, while the axis y is downward
along link 1, as shown in Fig. 1.

Let FC1x and FC1y be the components along axes x and y for the reaction force at
joint C1; FC2x and FC2y be the components of the reaction force at joint C2. Let €s2x
and €s2y be the components along axes x and y for the centroid acceleration of link 2;
Let €s3x and €s3y be the components of the centroid acceleration of link 3. The
reaction forces can be obtained using Newton’s law as follows.

FC1x ¼ m2€s2x þm3€s3x ð1Þ

FC1y ¼ m2€s2y þm3€s3y � m2g� m3g ð2Þ

FC2x ¼ m3€s3x ð3Þ

x 

y 

O

Link 1

Link 2

Link 3

Joint C1

Joint C2

Prismatic Joint

Fig. 1 The planar PRR
robotic mechanism
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FC2y ¼ m3€s3y � m3g ð4Þ

The centroid accelerations of links 2 and 3 can be obtained by the kinematic
relation between displacements and accelerations as follows.

s2x ¼ l2c cos h2 þ LC1 cos aC1 ð5Þ

s2y ¼ q1 þ l2c sin h2 þ LC1 sin aC1 ð6Þ

s3x ¼ l2 cos h2 þ l3c cos h3 þ LC1 cos aC1 þ LC2 cos aC2 ð7Þ

s3y ¼ q1 þ l2 sin h2 þ l3c sin h3 þ LC1 sin aC1 þ LC2 sin aC2 ð8Þ

where q1 denotes displacement of the prismatic joint; aC1 and aC2 denote two
angles of virtual links at joints C1 and C2.

Suppose the stiffness of the revolute joints with clearances is k = 106 N/m; the
normal dumping is Cn = 600 Ns/m. The reaction forces of two revolute joints can
be obtained as follows.

FC1 ¼ k � dC1 þ cn � vC1nð Þ � Sign Sign dC1ð Þþ 1½ � ð9Þ

FC2 ¼ k � dC2 þ cn � vC2nð Þ � Sign Sign dC2ð Þþ 1½ � ð10Þ

Table 1 Structural and
kinematic parameters of the
PRR robotic mechanism

Physical quantity Symbol Value

Length of link 2 l2 0.8 m

Centroid positon in link 2 l2c 0.4 m

Centroid positon in link 3 l3c 0.2 m

Clearance in joint C1 LC1 0.00001 m

Clearance in joint C2 LC2 0.00001 m

Mass of link 2 m2 12 kg

Mass of link 3 m3 6 kg

Acceleration of gravity g 9.8 N/s2

Initial position of the prismatic
joint

q1o 0 m

Initial position of the joint C1 q2o 0°

Initial position of the joint C2 q3o 0°

End position of the prismatic joint q1e 0.8 m

End position of the joint C1 q2e 30°

End position of the joint C2 q3e −150°
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where dC1 and dC2 denote the displacements between the joint elements for the two
revolute joints, and they are derived as follows.

dC1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e22x þ e22y

q
� LC1 ð11Þ

dC2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e23x þ e23y

q
� LC2 ð12Þ

and

e2x ¼ p2x ð13Þ

e2y ¼ p2y � q1 ð14Þ

e3x ¼ p3x � p2x þ l2 � cos 90� þ q2ð Þ½ � ð15Þ

e3y ¼ p3y � p2y þ l2 � sin 90� þ q2ð Þ� � ð16Þ

where p2x and p2y denote coordinates of joint C1 described in the world frame; p3x
and p3y denote coordinates of joint C2 described in the world frame.

The normal velocities vC1n and vC2n in Eqs. (9) and (10) can be derived as
follows.

vC1n ¼ _e2x cos aC1 þ _e2y sin aC1 ð17Þ

vC2n ¼ _e3x cos aC2 þ _e3y sin aC2 ð18Þ

where aC1 and aC2 denote two angles of virtual links at joints C1 and C2, and can be
solved as follows.

aC1 ¼ arctan
e2x
e2y

ð19Þ

aC2 ¼ arctan
e3x
e3y

ð20Þ

The sign function in Eqs. (9) and (10) satisfies the following equations.

Sign xð Þ ¼ �1; x\0 ð21Þ

Sign xð Þ ¼ 0; x ¼ 0 ð22Þ

Sign xð Þ ¼ 1; x[ 0 ð23Þ

Therefore Sign Sign dC1ð Þþ 1½ � means the value is 0 when dC1 � 0, and the value
is 1 when dC1\0.
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3 Trajectory Planning to Suppress Chaos Caused
by Clearances

The trajectory of the PRR mechanism can be described in the joint space, as (q1, q2,
q3). The initial and end positions of the mechanism are given as (q1o, q2o, q3o) and
(q1e, q2e, q3e) respectively, which are listed in Table 1. The trajectory between the
initial and end positions can be presented by the quintic polynomial function as
follows.

qk ¼ Ak;5t
5 þAk;4t

4 þAk;3t
3 þAk;2t

2 þAk;1tþAk;0 ð24Þ

Fig. 2 The relative motion path of the two joint elements for joint C1 when Tp = 0.3 s
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where k = 1, 2, 3; and the coefficients satisfy the following equations.

Ak;0 ¼ qko ð25Þ

Ak;1 ¼ 0 ð26Þ

2Ak;2 ¼ 0 ð27Þ

Ak;5T
5
p þAk;4T

4
p þAk;3T

3
p þAk;2T

2
p þAk;1Tp þAk;0 ¼ qke ð28Þ

5Ak;5T
4
p þ 4Ak;4T

3
p þ 3Ak;3T

2
p þ 2Ak;2Tp þAk;1 ¼ 0 ð29Þ

Fig. 3 The relative motion path of the two joint elements for joint C1 when Tp = 0.5 s
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20Ak;5T3
p þ 12Ak;4T2

p þ 6Ak;3Tp þ 2Ak;2 ¼ 0 ð30Þ

Hence

Ak;2 ¼ 0 ð31Þ

Ak;3 ¼ 10 qke � qkoð Þ
T3
p

ð32Þ

Ak;4 ¼ � 15 qke � qkoð Þ
T4
p

ð33Þ

Ak;5 ¼ 6 qke � qkoð Þ
T5
p

ð34Þ

Fig. 4 The relative motion path of the two joint elements for joint C1 when Tp = 0.53 s

Chaos Suppression for Joint Clearances … 1231



where Tp denotes the time interval for the PRR mechanism moving along the
trajectory.

When Tp equals 0.3, 0.5, 0.53, 0.535, 0.54, 0.545 s, respective, the relative
motion paths of the two joint elements for joint C1 are solved and shown in Figs. 2,
3, 4, 5, 6 and 7.

It can be found from Figs. 2, 3, 4, 5, 6 and 7 that the relative motion of the two
joint elements appears chaos when Tp < 0.54 s, and the chaos can be suppressed if
Tp equals 0.545 s.

4 Modeling of the Worn Revolute Joint

The revolute joint with clearance is comprised of a shaft and a sleeve, and the
sleeve is a little larger than the shaft. After working for a time span, the revolute
joint will be worn. Usually the material of the shaft is harder than the material of the
sleeve, which indicates that the abrasion occurs first in the sleeve. The worn

Fig. 5 The relative motion path of the two joint elements for joint C1 when Tp = 0.535 s
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revolute joint can be modeled by four parameters, such as the radius of the shaft r,
the radius of the sleeve R, the abrasion depth d, and the abrasion angle h.

Figure 8 shows the worn sleeve when r = 10 mm, R = 10.01 mm, d = 1.5 mm,
h = 75°. In Fig. 8, the dashed line denotes the profile of the unworn sleeve, and the
solid line denotes the shape of the worn sleeve.

5 Allowable Abrasion for the Revolute Joint to Suppress
Chaos

The time interval of the trajectory planning is given as Tp = 1.0 s, and the structural
parameters of the worn revolute joint are r = 10 mm, R = 10.01 mm, and h = 75°.
When d equals 0, 0.01, 0.05, 0.09, 0.093, 0.095 mm, respectively, the relative
motion paths of the two joint elements for joint C1 are solved and shown in Figs. 9,
10, 11, 12, 13 and 14.

Fig. 6 The relative motion path of the two joint elements for joint C1 when Tp = 0.54 s
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Fig. 7 The relative motion path of the two joint elements for joint C1 when Tp = 0.545 s

Fig. 8 The worn sleeve when r = 10 mm, R = 10.01 mm, d = 1.5 mm, h = 75°
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It can be found from Figs. 9, 10, 11, 12, 13 and 14 that, for Tp = 1.0 s, the
relative motion of the two joint elements appears chaos when the abrasion depth
d > 0.09 mm, and the chaos can be suppressed if d < 0.05 mm. Therefore the
allowable abrasion for the revolute joint to suppress chaos is 0.05 mm when the
time interval of the trajectory planning is Tp = 1.0 s.

Fig. 9 The relative motion path of the two joint elements for joint C1 when Tp = 1 s, r = 10 mm,
R = 10.01 mm, h = 75°, d = 0 mm

Fig. 10 The relative motion path of the two joint elements for joint C1 when Tp = 1 s,
r = 10 mm, R = 10.01 mm, h = 75°, d = 0.01 mm

Fig. 11 The relative motion path of the two joint elements for joint C1 when Tp = 1 s,
r = 10 mm, R = 10.01 mm, h = 75°, d = 0.05 mm
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Fig. 12 The relative motion path of the two joint elements for joint C1 when Tp = 1 s,
r = 10 mm, R = 10.01 mm, h = 75°, d = 0.09 mm

Fig. 13 The relative motion path of the two joint elements for joint C1 when Tp = 1 s,
r = 10 mm, R = 10.01 mm, h = 75°, d = 0.093 mm
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6 Conclusions

In this paper, the dynamics of the PRR robotic mechanism with revolute joint
clearances is analyzed, and the chaos caused by joint clearances is investigated.
A novel approach based on the trajectory planning of the robotic mechanism is
presented to suppress the chaos. It can be found that the relative motion of the two
joint elements appears chaos when the time interval of the trajectory planning is less
than a threshold, and the chaos can be suppressed if the time interval is equal to or
greater than the threshold.

Furthermore, the dynamics model of the worn revolute joint is established, and
the allowable abrasion depth is derived to suppress chaos for the worn joints. It can
be found that the relative motion of the two joint elements appears chaos when the
abrasion depth is greater than a threshold, and the chaos can be suppressed if the
abrasion depth is equal to or less than the threshold. In this way, the allowable
abrasion for the revolute joint to suppress chaos can be obtained for a given time
interval of the trajectory planning.

Acknowledgments This work was supported in part by the National Natural Science Foundation
of China under Grants 51475331 and 51005199, and the Fundamental Research Funds for the
Central Universities.

Fig. 14 The relative motion path of the two joint elements for joint C1 when Tp = 1 s,
r = 10 mm, R = 10.01 mm, h = 75°, d = 0.095 mm

Chaos Suppression for Joint Clearances … 1237



References

1. Wu WD, Rao SS (2007) Uncertainty analysis and allocation of joint tolerances in robot
manipulators based on interval analysis. Reliab Eng Syst Saf 92:54–64

2. Wu WD, Rao SS (2004) Interval approach for the modeling of tolerances and clearances in
mechanism analysis. J Mech Des Trans ASME 126:581–592

3. Huang T, Chetwynd DG, Mei JP, Zhao XM (2006) Tolerance design of a 2-DOF
overconstrained translational parallel robot. IEEE Trans Rob 22:167–172

4. Venanzi S, Parenti-Castelli V (2005) A new technique for clearance influence analysis in
spatial mechanisms. J Mech Des Trans ASME 127:446–455

5. Volgewede P, Ebert-Uphoff I (2004) Application of workspace generation techniques to
determine the unconstrained motion of parallel manipulators. J Mech Des Trans ASME
126:283–290

6. Flores P, Ambrosio I, Claro JCP, Lankarani HM (2007) Dynamic behavior of planar rigid
multi-body systems including revolute joints with clearance. Proc Inst Mech Eng Part K J
Multi-Body Dyn 221:161–174

7. Flores P, Ambrosio I, Claro JCP, Lankarani HM, Koshy CS (2006) A study on dynamics of
mechanical systems including joints with clearance and lubrication. Mech Mach Theory
41:247–261

8. Liu CS, Zhang K, Yang R (2007) The FEM analysis and approximate model for cylindrical
joints with clearances. Mech Mach Theory 42:183–197

9. Alshaer BJ, Nagarajan H, Beheshti HK, Lankarani HM, Shivaswamy S (2005) Dynamics of a
multibody mechanical system with lubricated long journal bearings. J Mech Des Trans ASME
127:493–498

10. Papadopoulos CA, Nikolakopoulos PG, Gounaris GD (2008) Identification of clearances and
stability analysis for a rotor-journal bearing system. Mech Mach Theory 43:411–426

11. Bu W, Liu Z, Tan J, Gao S (2010) Detachment avoidance of joint elements of a robotic
manipulator with clearances based on trajectory planning. Mech Mach Theory 45:925–940

1238 W. Bu et al.



Effects of Body Flexibility on Dynamics
of Mechanism with Clearance Joint

Zheng Feng Bai, Xin Shi and Ping Ping Wang

Abstract In this paper, the dynamics characteristics of flexible mechanical system
with clearance joint are investigated. The constraints of clearance joint are modeled
as contact force constraints. The normal and tangential contact forces in clearance
joints are modeled using a new nonlinear continuous contact force model and a
modified friction force model, respectively. The flexible body is modeled by modal
expansion method. Then, a planar slider-crank mechanism with clearance and
flexible link is utilized as demonstrative application example to perform the
investigation. The effects of body flexibility on dynamics of slider-crank mecha-
nism with clearance are presented and discussed. The main results indicate that
clearance has significant effects on dynamics responses of mechanism system.
However, the body flexibility will deaden the contact and impact in clearance joints
and has buffer effects for the mechanism with clearance.

Keywords Clearance joint � Flexible body � Mechanical system � Dynamics
characteristics

1 Introduction

In general dynamic analysis of mechanical systems it is assumed that the kinematic
joints are ideal or perfect, that is, clearance effects are neglected. However, in a real
mechanical kinematical joint a clearance is always existence due to assemblage,
manufacturing errors and wear. These clearances in joints cause impact loads,
modify the dynamic response of the system and eventually lead to important
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deviations of the outcomes [1–6]. Several works were carried out to study the
dynamic responses of particular mechanisms with clearance theoretically and
experimentally, such as four-bar mechanism systems. Moreover, the dynamic
responses of mechanism systems are affected by the deformation of the flexible
elements. However, some of these works were limited only to the rigid case, that is,
the structural flexibility of bodies is neglected.

Stoenescu and Marghitu [7] studied the dynamics response of a planar rigid-link
mechanism with a sliding joint clearance and indicate that high crank speeds lead to
nonlinear characteristics of the mechanism with clearance. Erkaya and Uzmay [8, 9]
studied the dynamic characteristics of planar mechanisms with revolute clearance
joints theoretically and experimentally. Flores [10] studied the clearance effects on a
planar slider-crank mechanism with different initial parameters, including the
clearance size, clearance number and crank speed. Bai and Zhao [11] presented a
new hybrid contact force model for revolute joint with clearance. The planar
four-bar mechanism with a revolute clearance joint is used as a general numerical
example to illustrate the methodology. Muvengei et al. [12] investigated the dif-
ferent motion modes of a slider-crank mechanism with two revolute joints. In
conclusion, there are a great deal of researches on kinematics and dynamics analysis
of mechanism with clearance. However, these works were limited only to the rigid
case and most researches are based on the assumption of rigid mutibody dynamics,
that is, the body flexibility is not considered, and the findings may be limited to the
rigid case of mechanism system with clearance. This is contrary to a realistic
situation in which body flexibility is neglected.

In this paper, the dynamics responses of planar flexible mechanical system with
revolute clearance joint are investigated using a computational method. The con-
straints of clearance joint are modeled as contact force constraints. The normal and
tangential contact forces in clearance joints are modeled using a nonlinear con-
tinuous contact force model and a modified tangential friction force model,
respectively. Consideration of structural flexibility of bodies, the flexible body is
modeled by modal expansion method. Then, the dynamics equations of mechanism
with clearance joint and flexible bodies are established using Lagrange multiplier
method. Finally, a planar slider-crank mechanism with revolute clearance joint and
flexible link is utilized as demonstrative application example to perform the
investigation. The dynamics characteristics of slider-crank mechanism with clear-
ance and flexible link are presented and discussed.

2 Modeling of Revolute Joint with Clearance

In this section, the model of a revolute joint in the presence of clearance is
established. Figure 1 depicts a revolute joint with clearance. The radius of bearing
and journal in revolute clearance joint are RB and RJ , respectively. The difference
between their radii is defined as the radial clearance. Thus, the radial clearance is
expressed as:
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c ¼ RB � RJ ð1Þ

It is known that the motion of mechanism with clearance always includes
contact/impact process and the constraints of clearance joint are modeled as contact
force constraints. Therefore, to evaluate efficiently the contact forces between the
bearing and journal in a revolute joint with clearance, special attention must be
given to the numerical description of the contact model [13–15]. In this paper, the
revolute clearance joint is considered as dry contact and friction. A new nonlinear
contact force model proposed by Bai and Zhao [13] is used for contact modeling of
journal and bearing in revolute clearance joint. This new nonlinear contact force
model accounts for both the elastic and damping effects and can be expressed as:

Fn ¼ Knd
n þDmod

_d ð2Þ

where Kn is the nonlinear stiffness coefficient, depending on the geometry of the
contact surfaces, contact process and their physical properties. Dmod is the modified
damping coefficient. d is the deformation and _d is the relative deformation velocity.
Therefore, the first term in the right-hand side of Eq. (2) represents the elastic force
based on the Hertz contact law, while the second term accounts for the damping
force due to energy dissipation.

For journal and bearing contact in clearance join, Kn is expressed as:

Kn ¼ 1
8
pE�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2dð3ðRB � RJÞþ 2dÞ2

ðRB � RJ þ dÞ3

s
ð3Þ

where E� is compound elastic modulus and can be expressed as:

1
E� ¼

1� v2i
Ei

þ 1� v2j
Ej

ð4Þ

JR

BR
C

Journal

BearingFig. 1 Schematic of revolute
joint with clearance
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The modified damping coefficient, Dmod is expressed as:

Dmod ¼ 3Knð1� c2eÞe2ð1�ceÞdn

4 _dð�Þ ð5Þ

where v is the Poisson ratio of contact bodies, E is the Young modulus of contact
bodies, ce is coefficient of restitution and _dð�Þ is initial relative velocity of the
impact point.

Further, for tangential contact of clearance joint, the modified Coulomb friction
model [11] is used to represent the friction response in clearance joint and the
modified Coulomb friction model is expressed as Eq. (6):

Ft ¼ �lðvtÞFn
vt
vtj j ð6Þ

where the dynamic friction coefficient lðvtÞ is given as Eq. (7):

lðvtÞ ¼

�ldsignðvtÞ for vtj j[ vd

� ld þ ðls � ldÞ vtj j�vs
vd�vs

� �2
3� 2 vtj j�vs

vd�vs

� �h i� �
signðvtÞ for vs � vtj j � vd

ls � 2ls
vt þ vs
2vs

� �2
3� vt þ vs

vs

� �
for vtj j\vs

8>>><
>>>:

ð7Þ

where vt is relative sliding velocity. ld and ls are dynamic and static friction
coefficient, respectively. vs and vd are the given bounds for the tangential critical
velocity.

3 Flexible Body Discretization Modeling

In realistic situation, the body flexibility of mechanism system cannot be neglected.
The flexibility of bodies usually introduces an infinite number of degrees of free-
dom (DOF). The discretization procedures can truncate the number of DOF to a
finite number, such as assumed modes or finite element. Therefore, the dis-
cretization procedures can be used to provide approximate description of the
mechanism system with flexible bodies. In this paper, modal expansion method was
used to realize the discretization processing of the flexible bodies.

Therefore, flexible body is modeled by modal expansion method and the
deformation of flexible link can be represented as

uf ¼ Usf ð8Þ
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where uf is the deformation of flexible body. U is the modal matrix and sf is the
modal coordinate matrix, sf ¼ s1s2. . .sn½ �T . n is the number of mode order con-
sidered in the modeling of flexible body. Modal expansion method usually truncate
small elastic deformation mode of flexible body to improve the computational
efficiency.

4 Application Example: Slider-Crank Mechanism

In order to study the combined effect of joint clearance and flexible link on
dynamics characteristics of mechanical system, a slider-crank mechanism with a
revolute clearance joint and a flexible link is used to represent the investigation. The
dynamic simulations are carried out with rigid link and flexible link of slider-crank
mechanism with clearance joint, respectively. The dynamic responses of
slider-crank with clearance obtained with rigid link are compared with that of
flexible link.

Figure 2 depicts the configuration of the planar slider-crank mechanism.
A revolute clearance joint exists between the connecting rod and slider, and the
clearance size is 0.5 mm. Other joints are considered as ideal joint, that is, no
clearances in these joints. In the dynamics simulation, the connecting rod is con-
sidered as rigid and flexible link, respectively. Crank and slider are considered as
rigid bodies. Initially, the journal and bearing centers are coincident. The material
and geometric properties of the bodies in slider-crank mechanism are listed in
Table 1 and the parameters used in the dynamic simulations are given in Table 2.

O x

y
Clearance

1

2 3 4

Fig. 2 Planar slider-crank mechanism with clearance

Table 1 Material and geometric properties of the slider-crank mechanism

Body Length
(m)

Width
(m) � depth (m)

Young’s
modulus (GPa)

Density
(kg/m3)

Poisson’s
ratio

Crank 0.06 0.02 � 0.02 207 7801 0.29

Connection
rod

0.4 0.02 � 0.004 71.705 2740 0.33

Sliding
block

0.04 0.04 � 0.04 207 7801 0.29
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The simulation results of slider-crank mechanism considering clearance with
rigid and flexible connecting rod are as following. Note that the results are plotted
for two full crank rotations after steady-state has been reached.

Figure 3 presents the dynamics characteristics of slider-crank mechanism with
clearance for rigid and flexible link. Figure 3a shows that the position curves of
slider are almost completely a coincidence between the ideal mechanism without
clearance and real mechanism with clearance for both rigid and flexible link.
Figure 3b shows that the effects of clearance on slider velocity are obvious when
connection rod is considered as rigid link. The velocity of slider is vibration with
higher amplitude. However, when the connection rod is modeled as flexible link,

Table 2 Simulation
parameters for the
slider-crank mechanism

Restitution coefficient 0.9

Dynamic friction coefficient 0.01

Input speed of the crank (rpm) 600

Initial position 0

Initial velocity (°/s) 0
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Fig. 3 Dynamics characteristics of slider-crank mechanism with clearance: a slider position;
b slider velocity; c slider acceleration
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the velocity of slider is less vibration. Figure 3c shows that the acceleration of slider
is significant differences between the dynamic responses of mechanism when
modeled as rigid link without clearance, rigid link with clearance joint, and flexible
link with clearance joint. When the connection rod is modeled as rigid link, the
acceleration of slider is vibration with very high peaks due to the existence of
clearance. However, in contrast to the acceleration of rigid slider-crank mechanism
with clearance, in the case of a flexible link, the vibration of slider acceleration is
depression and the vibration peaks are reduced obviously compared to the case
where the connection rod is modeled as rigid link. It indicates that the effects of
clearance on the acceleration of the slider are obviously differences between the
dynamic responses of the mechanism when modeled with rigid and flexible link.

Figure 4 shows the contact forces in clearance joint when slider-crank mecha-
nism model as rigid and flexible link. It shows that the impacts between journal and
bearing decrease and the peaks of contact forces are reduced when connection rod is
model as flexible link. Therefore, the link flexibility will deaden the contact and
impact in clearance joints and has buffer effects for the mechanism with clearance,
which is very close to the ideal case of mechanism system.

5 Conclusions

In this work, the dynamics responses of flexible mechanical system with clearance
joint are investigated. The normal and tangential contact forces in clearance joints
are modeled using a nonlinear contact force model and a modified friction force
model, respectively. Consideration of structural flexibility of body, the flexible
body is modeled by modal expansion method. A planar slider-crank mechanism
with clearance and flexible link is utilized to perform the investigation.
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Fig. 4 Contact forces in
clearance joint
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The results show that clearance has less effect on position of slider for both rigid
and flexible link of mechanism system. The effects of clearance on slider velocity
are obvious when connection rod is considered as rigid link. The velocity of slider
is vibration with higher amplitude. However, when considering the link flexibility,
the velocity of slider is less vibration. Moreover, when ignore the link flexibility,
the acceleration of slider is obviously vibration with high peaks for the rigid
mechanism with clearance. However, considering the link flexibility, the vibration
of slider acceleration is depression and the vibration peaks are reduced obviously.

The impacts between journal and bearing decrease and the peaks of contact
forces are reduced when connection rod is model as flexible link. Therefore, the link
flexibility will deaden the contact and impact in clearance joints and has buffer
effects for the mechanism with clearance, which is very close to the ideal case of
mechanism system. It indicates that when dynamics analysis of mechanism with
clearance, the flexibility of bodies in mechanism cannot be ignore.
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The Dynamics Modeling of Serial Robot
with Joint Clearance Based
on the Massless Link Method

Chanyuan Chen, Lixin Yang, Yanjiang Huang, Haopeng Zhou,
Jinying Zhang and Xianmin Zhang

Abstract A general and comprehensive dynamics modeling of serial robot with
clearance in joint is presented throughout this work. The key point in this paper is to
treat the joint clearance as a massless link, which directly relate to the dynamics
modeling of the mechanism. Using the massless link method, combined with the
Lagrange method and the D’Alembert’s principle, a computational methodology for
purpose of solving the clearance angle, is presented. With the clearance size cal-
culated, the terminal position of robot manipulator can be derived, which provides a
reference for subsequent robot control.

Keywords Massless link method � Dynamics modeling � Clearance angle

1 Introduction

Machinery industry is developing towards the direction of high precision, high
reliability and long life. Hence the study on improving the working precision of
industrial robot is essential and necessary to the modern industrial production.

The mechanism analysis of multibody system in the past tend to regard the hinge
as ideal hinge, while ignoring the inevitable joint clearance. As a result of the need
of clearance fit, manufacturing errors, imperfections and material deformation, the
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existence of joint clearance in mechanism become unavoidable [1–4]. The existence
of clearance in the machine joints leads to the degradation of the overall system
performance. Increasingly accuracy requirements for the modern industry demand
that the influence of the joint clearance can not be ignored.

Systematic research into the dynamics of mechanism with joint clearance can be
traced back to the early 1970s, before which, most of the studies only studied the
motion error analysis of mechanism with clearance. American scholar Dubowsky
et al. proposed an Impact Pair Model in 1971, and investigated the dynamic
characteristics of the mechanical systems with joint clearance [5–9]. Based on their
research, many scholars published a considerable amount of experimental and
theoretical works associated with joint clearance, formed a relatively complete
research system. In the research methods proposed by the researchers by now, the
description method of joint clearance can be divided into the following three cat-
egories: (1) ‘a two-mode model’ [7, 10], which holds that the pairing elements exist
two states, that is, contact and free movement; (2) ‘a three-state model’ [11], as the
name implies, in this modeling strategy exists three phases, the contact, freedom,
and collision contact phase; (3) the continuous contact model [12, 13], assuming
that the pairing element always keep contact with each other when it works [14].

The ‘two-state model’ can calculate the impact of the collision in this model. The
‘three-state model’ is more coincide with the actual situation. However, the accurate
transition time between these states and the motion parameters are difficult to
determine. In addition, both these two models are instable in the numerical cal-
culation computation, and hard to apply to dynamics analysis of mechanism that
considers more clearance.

Advantage of continuous contact model is no need to consider the transition
between different states, which greatly simplifies the analysis and the calculation
process, making it more suitable for application in the analysis of multibody system
or mechanism with multi-clearance. Some physical parameters of moving pairs are
ignored, resulting in not truly reflecting the contact characteristics of the joints with
clearance in the mechanism, so further studies are needed. However, due to the joint
clearance is relatively small, some studies believe that the collision and separation
time of the pairing elements is very short, mainly in contact state. Assuming the
contact surface of motion pair do not have deformation, therefore, using a massless
link [15, 16] instead of joint clearance, the equivalent to adding a degree of freedom
to the mechanism with ideal joints. This kind of modeling method is pretty simple,
and greatly simplifies the analysis work.

2 Dynamics Modeling of Serial Robot System
with Clearance

Actually, the revolute joints in a robot manipulator should be count as clearance
joints.
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The classical approach which is the so-called zero-clearance approach, regards
that the center of the bearing and journal that connecting two components are
coincident, as shown in (a) of Fig. 1. The introduction of clearance in joint sepa-
rates them. Figure 1b depicts the difference in radium between the bearing and
journal generates the clearance in joint, and two kinematic constraints are removed
when two degrees of freedom are introduced instead. As the key point of estab-
lishing the dynamics model for robot manipulator with clearance is to incorporate
the clearance model and the robot dynamics model, which needs to rationally
describe the joint clearance.

2.1 Description Method of Joint with Clearance

The serial robot studied in this paper has five degrees of freedom, which means
that’s a multi-body dynamics problem. As we all know, the multi-body dynamics is
nonlinear and complex, so the description of the clearance should occurs to be easy
to analysis. In the modeling methods mentioned in this paper, it is clear that the
continuous contact model is the most simple to analysis and more suitable for
dynamic analysis of the multi-body system with clearance.

In order to reflect the dynamics influence of joint clearance, regarding the joint
clearance as a massless link in this paper. The length of this link indicates the size
of the joint clearance like Fig. 2 shows, which varies with the relative position of
the bearing and journal. Each joint clearance adds an additional degree of freedom
to the mechanism. The rotation angle of this linkage can be described as clearance
angle, when mutated means that the separation between motion pair elements
occurred. Therefore, this model can describe the movement of joint with clearance
in a certain extent.

Axle
sleeve

y

Axle

O,O' O

O'
x

y

x

Axle
sleeve

Axle

(a)  (b)  

Fig. 1 Model of ideal and actual rotating hinge with clearance: a the ideal rotating hinge; b the
actual rotating hinge
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2.2 Kinematics Description of Serial Robot with Joint
Clearance

Before having the dynamics modeled of the robot with joint clearance, kinematics
modeling about the serial robot should be carried out on the first. The mechanism
studied in this paper is a serial robot with five degrees of freedom. For the con-
venience of analysis, only considering the first joint as a clearance joint while taking
the other joints as ideal joints. When analyze mechanism with clearance in other
joint or in multi-joints, this case can be referred. As clearance exists in the first joint,
regarding the clearance as a massless link with the length equal to one half of the
clearance size. It adds a degree of freedom to this system and turns the 5-DOF
system to a system with six degree of freedom. Denote the length of the clearance
link as l1, the angle between the link and X-axis of the base coordinate system as h1.
In this model, take the link as the clearance of joint, the clearance angle as the
contact position of the bearing and journal.

In the science of kinematics, it studies the position, the velocity, the acceleration,
and all higher order derivatives of the position variables (with respect to time or any
other variable). Figure 3 demonstrates the configuration of the robot manipulator
system, which consists of five rotation shafts and a massless link on behalf of the
clearance existing in the first joint. Namely, the kinematics modeling of 5-DOF
robot with joint clearance can be regarded as the modeling of a 6-DOF robot with
ideal joints.

The Denavit-Hartenberg notation was used in the kinematics modeling, Table 1
shows the corresponding parameters of this robot. The parameter l2 to l6 represent
the length of the second link to sixth link respectively while the parameter l1 means
the length of the clearance link, and the parameter h2 to h6 on behalf of the link
twist of each link while h1 means the clearance angle. Have all this parameters
prepared, it is possible to compute the individual transformations i�1Ti for each
link.

clearance
circle

Fig. 2 Revolute clearance
joint modeled by massless
link approach
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The velocity of a particle on the link i can be expressed as

0vi ¼ d
dt
ð0riÞ ¼ d

dt
ð0TiiriÞ ¼

Xi
j¼1

@0Ti
@hj

_hj

� �" #
iri ð1Þ

where the symbol iri means the particle’s coordinate in the frame of joint i, the
partial derivation of 0Ti to hi can be further expressed as

@i�1Ti
@hi

¼ Qi
i�1Ti ð2Þ

joint 1

joint 2,3

joint 4

joint 5,6

x0

z0

x1

z1

y2

z2(x3)

z4

y4

y5(z6)

z5

z3

y6

The massless
link

Fig. 3 Configuration and
coordinate system of serial
robot with clearance in the
first joint

Table 1 The D-H parameters of the 5-R serial robot with clearance in the first joint

Link num. Link twist Link length Joint angle (initial value) Link offset

1 0 0 h1(0) 100

2 0 l1 h2(−pi/2) 245

3 pi/2 l2 h3(pi/2) 0

4 0 l3 h4(−pi/2) 0

5 −pi/2 l4 h5(0) 448

6 −pi/2 l5 h6(0) 0
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With all the preparations above, 0vi can be converted as

Uij ¼ @0Ti
@hj

¼
0T11T2 . . . j�2Tj�1Qj

j�1T . . . i�1Ti j� i
0 j[ i

�
0vi ¼

Pi
j¼1

ðUij
_hjÞ

" #
iri

8>>><
>>>: ð3Þ

Similarly, 0ai can be expressed like this

0ai ¼ d
dt
ð0viÞ ¼

Xi
j¼1

Xi
k¼1

0Tk�1Qk
k�1Tj�1Qj

j�1Ti _hk
� �

_hj þUij
€hj

" #
iri ð4Þ

The expressions of coordinate transformation, velocity and acceleration, almost
describe all the properties of robot kinematics. It is the groundwork for the followed
dynamic analysis.

2.3 Dynamics Modeling of Serial Robot with Joint
Clearance

On the basis of kinematics analysis, the dynamic analysis is carried out. The main
task of dynamic analysis is to discuss the relationship between the driving torque
and the motion of components in mechanism.

Langrangian dynamic formulation is an “energy-based” approach to dynamics. In
this method, the entire system is regarded as a unified object. It establishes the
dynamical equations based on the generalized coordinate by the view of energy, so as
to avoid the complex computing of power, velocity, acceleration vectors. The
Lagrange method is suitable for multi-constraint processing. Therefore, the Lagrange
method is the most widely used dynamic modeling method for multi-body system at
present.

The langrangian dynamic formulation provides a method of deriving dynamic
equations from a scalar function called Langrangian, which is defined as the dif-
ference between the kinetic and the potential energy of the mechanical system. It
can be described as

L ¼ K � U ð5Þ

In this formula, K represents the kinetic energy of the system with clearance,
including translation and rotational kinetic energy, and U indicates the potential
energy of the system with clearance. The equations of motion for the manipulator
are then given by
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si ¼ d
dt

@L

@ _hi
� @L
@hi

¼ d
dt
@K

@ _hi
� @K
@hi

þ @U
@hi

ð6Þ

The total potential energy of the system can be expressed as

U ¼
X6
i¼2

�migð0TiiriÞþ 1
2
kd2 ð7Þ

the first part in the formula indicates the gravitational potential energy, the second
part means the spring damping potential energy produced in the process of collision
caused by clearance in the first joint.

The kinetic energy of particle j on the link i is described as

dKj ¼ 1
2
dmð0vjÞ2

¼ 1
2
Trace

Xi
p¼1

Xi
r¼1

@0Ti
@hp

irpdm
irp
� �T @0Ti

@hr

� �T
_hp _hr

 ! ð8Þ

the computing method of Trace can be described as

Trace
_xi
_yi
_zi

2
4

3
5 � _xi _yi _zi½ �

0
@

1
A ¼ _x2i þ _y2i þ _z2i

By doing integral computation on the kinetic energy of all particles on the link i,
the total kinetic energy of link i is obtained.

Ki ¼
Z
i

dKp ¼ 1
2
Trace

Xi
p¼1

Xi
r¼1

@0Ti
@hp

Ji
@0Ti
@hr

� �T

_hp _hk

 !

Ji ¼
Z
i

irp
irp
� �T

dm

ð9Þ

According to the total kinetic energy and potential energy of the robot, the
driving torque of each joint of the robot can be obtained as

si ¼
Xn
p¼i

Xp
j¼1

Xp
k¼1

Trace UijpJpU
T
ip

� �
_hj _hk

þ
X6
p¼i

Xp
j¼1

Trace UpjJpUT
ip

� �
€hj �

X6
p¼i

mpgTUip
prp

� �þ Ii€hi

ð10Þ
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Using the formulas above, the driving torque can be calculated under the given
parameters such as hi, _hi and €hi.

3 Algorithm Founding for Solving Clearance Angle

In the study of robot with clearance, it is important to figure out the relative position
between the bearing and journal. Only after the position is counted can other
parameters be calculated. The clearance angle reflects the position, so it is critical to
establish the equation to calculate the clearance angle with the help of the formulas
above.

The following Fig. 4 reveals the force and torque loaded on the link i, the point
Ci indicates the center of mass. According to the force balance equation, the for-
mula obtained of link i can be expressed as

Fi ¼ fi�1;i � fi;iþ 1

Ni ¼ si�1 � si þ rC;i�1 � fi�1;i þ rC;i � �fi;iþ 1
� ��

ð11Þ

the symbol Fi and Ni means the resultant force and moment loaded on this link,
which can be calculated by the dynamic static analysis method (the so-called
D’Alembert’s principle):

Fi ¼ mi _vCi � mig
Ni ¼ CiI _xi þxi � CiIxi

�
ð12Þ

In order to figure out the value of the clearance angle, it is essential to establish
the solving equations. As the first link of the robot is a massless link, which means
its mass and rotational inertia comes to be zero, making the formulas above simpler.
Another key point is s1 equals to zero, as the massless link has no driving torque.
Then the following equation is obtained.

joint i
joint i+1

rc,i-1

rc,iCiOi-1

Oi

f i-1,iNi-1,i ¦ Øi
VCi

-f i,i+1

-Ni,i+1

mig

Fig. 4 Force diagram of the link i of the robot
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s2 þ �rC;1 þ rC;i
� �� f1;2 ¼ 0 ð13Þ

Using the expressions relevant to s2 and f1;2, formula (13) can be derived as

X6
i¼2

TraceðUi1JiU
T
i2ÞþH1

X6
I¼2

miUi1
iri

 !
€h1 ¼ �I2€h2 � H1

X6
i¼2

E

þ
X6
i¼2

mig
TUi2

iri �
X6
i¼2

Xi
p¼2

TraceðUipJiU
T
i2Þ€hp

�
X6
i¼2

Xi
p¼1

Xi
j¼1

TraceðUijpJiU
T
i2Þ _hj _hp

ð14Þ

where

H1 ¼ 1 0 0 0½ � � �rC;1 þ rC;i
� � � 0 1 0 0½ � � 0 1 0 0½ � � �rC;1 þ rC;i

� � � 1 0 0 0½ �;

E ¼ mi Q1
_h1
Xi
k¼1

0Tk�1Qk
k�1Ti _hk

� �
iri þ

Xi
j¼2

Xi
k¼1

0Tk�1Qk
k�1Tj�1Qj

j�1Ti _hk
� �

_hj þUij
€hj

 !
iri � g

 !

Since it is too sophisticated to work out the analytical solution of differential
Eq. (14) about the clearance angle, then the function Ode45 of Matlab would be the
access to its numerical solution. Ode is a series functions of Matlab devoted to
solving the numerical solution of differential equations, in which the Ode45
function is the preferred method.

Under the aid of function Ode45 in Matlab, the numerical solutions of the
clearance joint can be obtained. As the clearance angle has been calculated, the
displacement of robot manipulator is supposed to be figured out.

4 Dynamic Simulation of Robot with Clearance

4.1 The Parameters of the Simulation

The simulation object in this work is a five DOF robot whose first joint is assumed
to be a joint with clearance as Fig. 2 shows. The first link is a massless link which
represents the clearance exists in the first joint. The mass properties of the robot
system are shown as the following Table 2. It also presents the assignments of the
parameters attached to the robot in the simulation. Combined with all the given
parameters, using the modeling method referred above, the relevant results are
supposed to achieve.
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4.2 Simulation Results

In order to obtain the related parameters in the movement of the 5-axis robot with
clearance contained in the first joint, first and foremost is to figure out the clearance
angle. Making use of the differential equations deduced above, and set the clearance
size l1 as 0.1 mm, the clearance joint h1 and its velocity _h1 would be worked out as
shown in the following (a) and (b) of Fig. 5 separately.

With the results received, the location of the end of robot manipulator relate to
the global coordinate system can be inferred. The following Fig. 6 indicates
coordinates of the end of manipulator under different clearance sizes. These figures
shows that the location curves of robot manipulator with different clearance are
almost coincidence. It declares that the clearance size has slight effects on the
displacement of the serial robot manipulator. Since the size of joint clearance is
very small relative to the components of the mechanism, according to the relevant
knowledge of kinematics, it can be speculated that the displacement transferred to
the end manipulator is unconspicuous.

As the massless link method belongs to the continuous contact model, that is, it
supposing the bearing and journal always contact. Therefore, this method is more
applicable to joints like the second joint. When clearance exists in this kind of

Table 2 The parameters of
the robot system in dynamic
simulation

Link num. Mass (kg) Rotation speed (rad/s)

1 0 Passive

2 0.593 pi/6

3 1.461 pi/6

4 1.260 pi/6

5 0.134 pi/6

6 0.762 pi/6

Fig. 5 Clearance angle and velocity of the robot manipulator with joint clearance: a is clearance
angle; b is clearance angle velocity
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joints, the bearing and journal can maintain contact in a certain angle under the
action of gravity.

With the data obtained, the offset error of the actual position and ideal position
can be inferred, which can be applied to the following study of motion control.
Using movement control, the error can be compensated, so as to improve the
position precision of the robot displacement.

5 Conclusions

In this paper, the dynamic simulation about 5-axis robot with clearance is being
studied. By the use of the D-H method, the motion relationship between the various
links of the robot was signified, in the other hand, the dynamics equation was
established with the application of Lagrange method combined with the
D’Alembert’s principle. Based on the formulations built above, the computational
methodology for purpose of solving the clearance angle, considering the joint
clearance as massless link, is presented. After obtaining the value of the clearance
angle, almost all the dynamics and kinematics parameters can be figured out, here in
this paper, the location of the robot manipulator was derived. However without
considering the elastic deformation in the joint with clearance and the clearance size
was set too single, leading to the results not so accurate. In the future work, these
factors can be taken into consideration for better consequences.

In short, the massless link method is a relatively simple modeling method. With
the application of this method, it is relatively simple to work out the kinematic and
kinetic parameters, and reflect the effect of joint clearance in a certain extent.
Overall, this is a high cost-effective method.

Fig. 6 Displacement of the robot manipulator related to the origin of global coordinate system:
a is the coordinate of x direction under different clearance size; b is the coordinate of y direction
under different clearance size
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A Precise FE Model of a Spur Gear Set
Considering Eccentric Error
for Quasi-static Analysis

Huimin Dong, Chu Zhang, Xiwei Wang and Delun Wang

Abstract This paper presents a quasi-static FE contact model of a spur gear set
with consideration of eccentric error. In the precise model, the nodes of contact and
target surface can be mated as one-to-one at any instant by means of the instan-
taneous contact lines mesh generating method of engaged gears. This node-to-node
contact FE model can fulfill static/dynamic/quasi-static FE analysis precisely, even
with manufacturing and assembly error embedded. In the quasi-static FE contact
model, the rotation of wheel with consideration of assembly eccentric error is set
through the instantaneous mated position function, which ensures the solving
convergence and preciseness. A gear set is used as an example to investigate the
influence of gear eccentricity and elastic deformation acted by load on transmission
accuracy. The case study illustrates that the presented quasi-static FE contact
analysis model is easier convergence and more precise; the elastic deformation
enlarges the TE which cannot be neglected in the FE analysis.

Keywords Quasi-static finite element method � Node-to-node model � Eccentric
error

1 Introduction

Gear drive is one of the fundamental components of rotating machines and is
widely used in modern industry. Many scholars tried to establish precise models to
study on the transmission characteristics of gear drives, either by the theoretical or
simulation method. Theoretical method [1–4] is based on rigid theory without
considering elastic deformation of gears, which could not satisfy the high precision
gear drive requirement. With the rapid development of computational technology
and software, finite element (FE) method is widely applied to study the transmission
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characteristics of gear drives with considering the elastic deformation, due to the
fact that it can provide fast, accurate and effective numerical analysis.

The main influence factor for the accuracy of gear drive FE analysis is the
modeling method. The modeling method directly impacts accuracy due to the
complicated shape of the involute and the import error from other aided design
software. The grid quality is an important part of the FE modeling and the com-
monly used mesh generation methods are mapping method, node connection ele-
ment method, topology decomposition method, geometric decomposition method
and scanning method [5–9]. The grid density is required to balance the accuracy
and the computation time. Wang [10] proposed the practical right angle coordinate
equation of involute profile instead of polar equation in traditional calculation.
Yang [11] established a pair of gear contact FE model, and studied the relationship
between the density of the grid and the contact stress by means of changing the
density of the mesh. Mao [12] used the APDL language to obtain precise gear
modeling in the FE software directly to avoid the import error.

Gear contact analysis is mainly based on static and dynamic FE method, few on
quasi-static method [13–15]. The static FE method is time-saving but the result of
each meshing position is independent. The dynamic method can well reflect the
process of gear transmission, but is time-consuming. The solution requires very
small time load step, and the convergence is difficult. The quasi-static method
simulates a low-speed motion process, and each step of the calculation is conducted
on the basis of the previous results, so the quasi-static method can reflect the
process of gear transmission more accurately relative to the static method.

In the process of gear installation, assembly eccentric error is inevitable, which
leads to periodically changing transmission ratio. Wu [16] derived a formula for
calculating the time-varying speed ratio with eccentric error. Zhang [17] analyzed
the influence of the eccentric error on the gear transmission by using the dynamic
FE method. Li [18] investigated the effects of machining errors, assembly errors and
tooth modifications on loading capacity.

With the development of FE method, many scholars have investigated the
accurate modeling method but rarely involved in node programming. The calcu-
lation of FE method is based on the nodes, and it is more accurate in the case of
node-to-node contact condition. In previous studies for the influence of the
assembly eccentric error on transmission accuracy, the gears are assumed as rigid
bodies, and the effect of elastic deformation is not considered.

In this paper, we provide an effective method to program the nodes of contact
and target surface to be one-to-one at any instant. The precise FE model is estab-
lished and the eccentric error is embedded for the quasi-static transmission analysis.
For the first time, we calculate the instantaneous mated position function, which is
the rotation condition in the quasi-static FE analysis and investigate the influence of
eccentricity error on transmission accuracy considering elastic deformation.
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2 Precise FE Contact Model

The mesh generation is vital which is the basis of FE calculation, especially the
mated position. The calculation of FE model is based on the nodes, so we need to
program the nodes and take the effective method to achieve a precise FE model.

2.1 Instantaneous Contact Point

We use the instantaneous contact line mesh generating method to get the node
coordinates on the involute of pinion and wheel.

Three rectangular coordinate systems need to be established. One fixed coor-
dinate S(O − xy) on the frame, with its origin O on the rotary center of the pinion
and its y axis coincides with the line between the two rotary centers; the two
rotating coordinates S1(O1 − x1y1) and S2(O2 − x2y2) fixed with the two gears and
the y axis is the symmetry line of tooth thickness respectively. The initial position
of S1 coincides with the S and the initial angle between S2 and center line is u0. The
gears are initially engaged at point N0 and the coordinate of N0 is (xN0, yN0). u0 and
(xN0, yN0) can be calculated by the gear conjugate principle.

Figure 1 shows an arbitrary meshing position of the gear set. The rotation angle
of the pinion is h and the rotation angle of the wheel is u. a is the length of the
installation center distance O1O2. The projection of contact line is the contact point
on the end surface due to spur gear and N is the instant contact point.

The coordinates of B1 and B2 in the global coordinate system S are ðxB11; yB11Þ
and ðxB21; yB21Þ, which can be obtained by simultaneous equations:

x2B11 þ y2B11 ¼ r2a1
x2B21 þ y2B21 ¼ r2a2
yBi1 ¼ xB21 tan a0 þ z1a=z1 þ z2 i ¼ 1; 2:

8><
>: ð1Þ

where ra is the radius of addendum circle, a′ is the meshing angle, z1 is the tooth
number of pinion and z2 is the tooth number of wheel.

Fig. 1 Geometric model of a gear pair for instantaneous contact
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The coordinate of N in the global coordinate system is:

xN ¼ xN0 þ rb1h cos a0

yN ¼ yN0 þ rb1h sin a0

�
xB1 � xN � xB2 : ð2Þ

We can obtain the coordinates of node N on the involute in their own rotating
coordinate system by establishing the transformation matrix:

M10 ¼
cos h sin h 0
� sin h cos h 0

0 0 1

2
4

3
5: ð3Þ

M20 ¼
� cosðu0 þuÞ sinðu0 þuÞ a sinðu0 þuÞ
� sinðu0 þuÞ � cosðu0 þuÞ a cosðu0 þuÞ

0 0 1

2
4

3
5: ð4Þ

where M10 is the transformation matrix from the global coordinate system to the
rotating coordinate system of the pinion and M20 is the transformation matrix from
the global coordinate system to the rotating coordinate system of the wheel.

N is a point on the actual meshing line, and the coordinate of each node at any
instant contact position can be obtained.

2.2 The Node-to-Node Contact FE Model

The spur gear parameters selected in this paper are shown in Table 1 to establish a
pair of contact model.

The steps of construction for the node-to-node FE model are presented as follow:

(1) Get the coordinates of key points on addendum circle, transition curve,
dedendum circle directly by curve equation. Get the coordinates of key points
on involute by the instantaneous contact line method.

(2) The contact area needs to be refined. Based on the Hertz contact theory and the
related paper [5], the thickness of the gear contact area is the double of half
width.

Table 1 Parameters and
material properties

Gears parameter Pinion Wheel

No. of teeth 18 18

Modulus (mm) 2.5 2.5

Normal angle (°) 20 20

Face width (mm) 20 20

Modification coefficient 0 0

Young’s modulus (Gpa) 206 206

Poisson’s ratio 0.3 0.3
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(3) Generate nodes of gears in ANSYS 14.0 by reading the coordinates of nodes
obtained in the previous steps (shown in Fig. 2a).

(4) Based on the node connection element method, generate the elements of gear
end surface (shown in Fig. 2b).

(5) Stretch the 2D model into 3D model, and then revolve as well as copy the 3D
model to generate a complete gear model.

(6) Rotate the two gears to the initial meshing state by calculation (shown in
Fig. 3) and when rotating a certain angle, the node-to-node contact model is
also set up (shown in Fig. 4).

Fig. 2 End surface modeling: a end surface nodes b end surface elements

Fig. 3 FE contact model of meshing pair and enlarged the engagement
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3 Quasi-static FE Model

Quasi-static FE analysis is to simulate the process of gear pair engagement with
lower speed operating. For ensuring analysis accuracy adopting the node-to-node
contact FE model, the processes need to hold:

(1) In the whole period of quasi-static contact process, the mesh of one-sided
tooth profiles participating in engagement needs be refined. The nodes on the
contact and target region are respectively defined as one group. One group
chooses CONTA 174 element type and the other chooses TARGE 170 ele-
ment type to establish contact pairs (shown in Fig. 5).

(2) Couple the refinement area with the non- refinement area for the transfer of the
force.

(3) Use the mass21 element to establish the revolute joints at the center of gear
and the nodes of gear inner ring are coupled with revolute joints. In this way,
the gear inner ring moves as a rigid body with the six degrees of freedom.

(4) Pinion and wheel are connected with body-ground revolute joints. The joint of
the pinion runs with a constant rotation velocity 0.2 rad/s while the joint of the
wheel runs with a rotational velocity 0.2/i12 rad/s (i12 is the transmission
ratio). A 10 Nm torque is applied on the wheel (shown in Fig. 6).

(5) Extract the transmission error caused by the elastic deformation at a short time
interval where the nodes are one-to-one.

Fig. 4 The node-to-node contact FE model

Fig. 5 Contact pair definition and enlarged the contact area
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4 Eccentric Error Model

The eccentricity of a gear pair will cause the center distance of the gear set fluc-
tuating as well as the time-varying transmission ratio which will influence the
accuracy of transmission.

4.1 Rigid Body Eccentric Error Model

The arbitrary meshing position of standard pinion and wheel is as shown in Fig. 7
and the pinion is eccentrically installed. O1 and O2 are respectively the installation
center of pinion and wheel. O0

1 is the base circle center and P′ is tangent point of
instantaneous pitch circles.

Fig. 6 Definition of boundary conditions

Fig. 7 Eccentric error model
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Assume that the standard center distance is Oo
1O2, and a is the length of Oo

1O2.
Po is the instant center of initial position. The ideal transmission ratio is:

i012 ¼
z2
z1

¼ O2Po

O1Po
: ð5Þ

The center distance and pressure angle are time-varying, and meet the following
conditions:

a cos a ¼ a0 cos a0: ð6Þ

a0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðDe sin hÞ2 þðaþDe� De cos hÞ2

q
: ð7Þ

where, a′ is the instant center distance and a′ is the instant pressure angle.
According to the geometric relations and the gear conjugate principle, we can get:

O2P0
O0

1O2
¼ O2Po

O2O

O2P ¼ O2Pðcos k� sin k tan a0Þ
cos k ¼ OO2�De cos h

O0
1O2

sin k ¼ De sin h
O0

1O2

8>>><
>>>:

: ð8Þ

By solving the simultaneous equations, we can get the transmission ratio errorDi12:

O2P ¼ z2
z1 þ z2

ðDe sin hÞ2 þðaþDe� De cos hÞ2
aþDe� De cos h� De tan a0 sin h

: ð9Þ

Di12 ¼ OO2

OO2 � O2P
� O1O2

O1Po
¼ aþDe

aþDe� O2P
� z1 þ z2

z1
: ð10Þ

The instantaneous mated position function (PF) of the wheel related to the
rotation of pinion can be calculated:

PF ¼ z1h=z2 þ
Zh

0

Di12: ð11Þ

4.2 Eccentric Gear Finite Element Analysis

The elastic deformation is considered in the FE analysis. The FE analysis of
eccentric gear is similar to the ideal model accept the eccentricity and time-varying
rotational velocity of the wheel:

1270 H. Dong et al.



(1) The pinion is selected to be the eccentric gear and the assembly eccentricity
is set.

(2) The rotation angle of the wheel is set according to the instantaneous mated
position function. If the transmission ratio error is ignored, the contact surface
will be embedded in the target surface, which will caused difficulties in
convergence and precise calculation.

(3) Although the eccentricity makes nodes misplaced, the distance between the
nodes is so small that the effect can be ignored.

5 The Finite Element Analysis Results

5.1 The Node-to-Node Model Validation

In order to verify the accuracy of the node-to-node model, we compare the stress at
the pitch circle of FEA with that of Hertz theoretical calculation.

The theoretical result at the pitch point based on theory of Hertz contact is
268.2 MPa and the result of finite element model is 260.315 MPa as shown in the

(a)

The distance of nodes(mm) Contact stress(MPa) error

0 260.315 -3.05% 

 0.02 258.134 -3.75% 

0.1 247.014 -7.9% 

(b)

Fig. 8 FE calculation results: a stress cloud b sensitivity analysis of the node-to-node model
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Fig. 8a, with merely difference of −3.05 %. Then we conduct the sensitivity
analysis of the node-to-node model as shown in the Fig. 8b. Therefore the accuracy
of the node-to-node model by means of sensitivity analysis is verified.
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Fig. 9 TE caused by elastic deformation: a TE2 in multiple period b partial view of TE2 c the
peak of TE2 in each tooth frequency period
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5.2 The Influence of Assembly Eccentric Error

The assembly eccentric error is the eccentricity between the base circle center and
the installation center. The eccentricity tolerance of Grade 6 and Grade 8 gear is
0.025 and 0.075 mm. We take three sets of gear as the case study and their
eccentricity De is 0, 0.025 and 0.075 mm, respectively.

The transmission ratio error Di12 calculated by the theory method is not the
minimum at the angle of zero and the maximum at the angle of p. The ideal drive
position is not at the angle of p/2 while at u = p/2 − a − h, which leads to
asymmetry.

TE is the difference between ideal angle and actual angle of the wheel and it is a
cumulative process from initial position to a certain instant. The mated position
phase difference function for the wheel is TE1 = PF − u/i12.

The TE caused by the elastic deformation (TE2) is extracted by the quasi-static
FE method (shown in Fig. 9a). The single tooth interval is wide due to the increase
of the center distance (shown in Fig. 9b). The obvious phenomenon proves the
correctness of the calculation. The sine wave of the TE2 shown in Fig. 9c is due to
the variation of center distance during eccentric rotation.

We can get the comprehensive transmission error TE = TE1 + TE2 shown in
Fig. 10 which illustrates that the effect of elastic deformation for the precise gear set
is large enough to affect the transmission accuracy and cannot be neglected.

6 Conclusion

The new method presented in this paper, constructing a spur gear set eccentric error
model combining with node-to-node FE contact mesh generation, can achieve more
accurate results for quasi-static FE analysis, which is proofed by comparing with Hz

0 2 4 6 8 10 12 14 16 18
-8
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-2

0
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4
x 10-3

Rotation/rad

TE
/ra

d

Δe=0 Δe=0.025mm Δe=0.075mm

Fig. 10 Comprehensive TE
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contact theory. The quasi-static FE contact model is more accurate through setting
the instantaneous mated position function as the rotation condition which avoid the
embedding error due to the change of the transmission ratio.

The effect of gear eccentric error with gear elastic deformation on TE makes the
peak of TE in each tooth frequency period fluctuate, not symmetrical about the ideal
value. The elastic deformation enlarges the transmission error which reflects the
working condition precisely.
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Velocity Ratio Variation Device Without
Interruption and Control System
for Automatic Ratio Change

Masaharu Komori and Yukihiko Kimura

Abstract Velocity ratio variation device is used to realize a wide range of speed or
torque. However, the conventional ratio variation device cannot transmit torque and
rotation from the input shaft to the output shaft during the velocity ratio variation
process and interruption of torque and rotation occurs. In order to solve this
problem, the authors proposed a novel ratio variation system using noncircular
gears. It can transmit torque and rotation without interruption even in the changing
process of velocity ratio. In this report, a control system for automatic ratio change
of the proposed ratio variation system is described. A ratio variation system with a
different setup of components is constructed and the effectiveness is investigated
experimentally.

Keywords Ratio variation � Transmission

1 Introduction

Some types of machines require a wide range of speed or torque. The range of
speed or torque of a motor is wide but limited. If the velocity ratio between the
input shaft and the output shaft can be changed, it is possible to realize a wide range
of speed or torque. A velocity ratio variation system is an effective method in this
point. In the industrial fields, ratio variation systems using gears (geared trans-
mission) are widely used. Geared transmissions have an advantage in efficiency.
Therefore, there have been many studies [1–3] on geared transmissions. In a geared
transmission, changing process of the working gear pairs is necessary to change the
velocity ratio of the transmission. However, in this process, torque transmission is
interrupted from the input shaft to the output shaft. Besides, the rotation of shaft is
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not transmitted between the input shaft and the output shaft. This is an important
problem for machines.

In order to solve this problem, the authors proposed a novel ratio variation
system called uninterrupted transmission system, that can transmit torque and
rotation without interruption even during velocity ratio change [4–8]. Uninterrupted
transmission system uses a noncircular gear pair that can realize the velocity ratios
of two gear pairs. In this paper, a control system for automatic gear change of
uninterrupted transmission system is described. In addition, an uninterrupted
transmission system with a different setup of input shaft, output shaft, and clutches
is investigated and the effectiveness is verified experimentally.

2 Uninterrupted Transmission System

2.1 Problem of the Conventional Transmission

A schematic model of a conventional transmission is shown in Fig. 1. Input shaft,
output shaft, gear pairs A and B, and two clutches TA and TB are used. Gears Ai and
Bi are fixed to the input shaft. Clutch TA or TB connects a gear to the output shaft. If
gear Ao or Bo is connected to the output shaft by engaging clutch TA or TB, the gear
and the output shaft rotate together. In contrast, the gear is free from the rotation of
the output shaft if the clutch is disengaged.

Velocity ratio is defined as the rotational velocity of the output shaft divided by
that of the input shaft. Under the engagement of clutch TA, the velocity ratio
between the input and output shafts is the same as that of gear pair A. This
condition is called the first ratio condition. When clutch TB is engaged, the velocity

Fig. 1 Schematic model of a
conventional transmission
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ratio is the same as that of gear pair B. This condition is called the second ratio
condition. Changing process from the first ratio condition to the second ratio
condition is as follows. Clutch TA is engaged but clutch TB is disengaged in the
initial state. It is impossible to engage clutches TA and TB simultaneously because
the velocity ratio of gear pair A and that of gear pair B are different. Therefore,
clutch TA is disengaged and then clutch TB is engaged in the changing process from
the first ratio condition to the second ratio condition. An interval exists between the
disengagement of clutch TA and the engagement of clutch TB. This means that no
clutch is engaged and torque and rotation are not transmitted in this interval. This is
interruption problem of torque and rotation of the conventional transmission.

2.2 Structure of Uninterrupted Transmission System

A schematic model of proposed uninterrupted transmission system [4–8] is shown
in Fig. 2. The right side in Fig. 2 is similar to the conventional transmission in
Fig. 1 but gear pair C and clutch TC are set in this transmission. Gear pair C is a
noncircular gear pair. Gear Ci is fixed to the input shaft. Gear Co is free from the
rotation of the output shaft but it rotates together with the output shaft when clutch
TC is engaged.

rA is the velocity ratio of gear pair A and rB is that of gear pair B. The pitch curve
of gear pair C and the pitch circles of gear pairs A and B are shown in Fig. 3. The
pitch curve of gear pair C is divided into four parts (section a, b, c and d). It has the
same form as gear pair A in section a, and in section b, it has the same form as gear
pair B. In contrast, the pitch curve smoothly connects sections a and b in sections c

Fig. 2 Schematic model of
uninterrupted transmission
system
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and d. If gear pair C meshes in section a, the meshing condition is the same as that
of gear pair A and the velocity ratio is rA. On the other hand, the meshing condition
is the same as that of gear pair B and the velocity ratio is rB if gear pair C meshes in
section b. When gear pair C rotates in the direction shown in Fig. 3, the meshing
section changes from a to c. In section c, the meshing condition changes from the
meshing of gear pair A to that of gear pair B and the velocity ratio changes from rA
to rB. In contrast, if gear pair C meshes in section d, the velocity ratio changes from
rB to rA.

2.3 Velocity Ratio Variation Process

The velocity ratio variation from rA to rB is explained here. In the initial state, the
velocity ratio is rA. Clutch TA is engaged and clutches TB and TC are disengaged.
Gear Ci rotates with the input shaft and gear Co rotates freely from the output shaft.
After gear pair C begins meshing in section a, clutch TC is engaged. In section a, the
pitch curve of gear pair C has the same form as gear pair A and the velocity ratio of
gear pair C is identical with that of gear pair A. Thus, clutch TC can be engaged
while clutch TA is engaged. Gear pairs A and C transmit the rotation in this state.
Next, the clutch TA is disengaged while the clutch TC is engaged. Under this state,
gear pair C transmits the rotation. Then the meshing section changes to section c
and the velocity ratio between the input and output shafts changes from rA to rB due
to the change of the velocity ratio of gear pair C. After gear pair C begins meshing

Fig. 3 Pitch curve of gear pair C
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in section b, clutch TB is engaged while clutch TC is engaged. In this state, the
velocity ratio of gear pair C is the same as that of gear pair B. Thus, clutch TB can
be engaged while clutch TC is engaged and gear pairs B and C transmit the rotation.
After clutch TB is engaged, clutch TC is disengaged while clutch TB is engaged. In
this state, gear pair B transmits the rotation and the velocity ratio is rB. This is the
process of the velocity ratio variation.

At least one of the clutches is engaged in this process. Therefore, torque and
rotation are not interrupted even during ratio variation process.

3 Manufacture of Experimental Device

Experimental device is manufactured in this section.

3.1 Overview of the Experimental Device

Figure 4 shows the system of the experimental device. Figure 5 shows the trans-
mission part and Fig. 6 shows the schematic model of the transmission. The fun-
damental component of the transmission is the same as that shown in Fig. 2 but
clutches TA, TB, and TC are set on the input shaft. There is a possibility to use the
structure shown in Fig. 6 but this structure of the uninterrupted transmission system
is not investigated. In this paper, the effectiveness of this structure is verified
experimentally. Clutch TC2 is equipped in this experiment device. However, it is
always engaged and therefore gear Co always rotates with the output shaft. A motor
is connected to the input shaft.

Fig. 4 System of the experimental device
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3.2 Clutches and Gears

Electromagnetic tooth clutch is used in this experiment. The rotor of the clutch is
fixed to the shaft using a key and the stator is fixed to the base part of the exper-
imental device. When an electric current is supplied to the coil, the armature and the
rotor are connected and the clutch gets engaged. Conversely, if the electric current
is cut, the armature is returned by a spring and the clutch becomes disengaged.

Table 1 shows the specification of the gear pairs A and B used in this experi-
ment. The gears are standard gears. Figure 7 shows the velocity ratio of the non-
circular gear pair C for the experiment. The rotational angle of the output shaft is ho
and that of the input shaft is hi. The material is S45C, module is 2, and tooth
number is 36.

Fig. 5 Manufactured uninterrupted transmission

Fig. 6 Schematic model of
the uninterrupted transmission
used for the experiment
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3.3 Motor and Recording System

In this experimental device, a stepping motor and reduction gears are used.
Rotational speed of the stepping motor is set by a motor driver. A rotary encoder is
equipped to each shaft to measure the rotational angle. The rotary encoder is
connected to a PC to display and record the rotational angle of each shaft.

3.4 Control System

A control panel is used to control each clutch. Figure 8 shows the circuit diagram of
the control panel. In the control panel, a relay board connected to the PC switches
the flow of an electric current. This PC is connected to the rotary encoder and the
relay board and therefore it is possible to control the clutches based on the measured
rotational angle of the shafts.

Rotation angle to switch the clutches must be determined to change velocity
ratio while rotating the shafts. Table 2 shows the relationship between rotation
angle and clutch control.

Table 1 Specification of
gears used for the experiment

Ai, Bo Ao, Bi

Module 2 2

Tooth number 32 40

Pitch circle diameter (mm) 64 80

Tooth width (mm) 20 20

Pressure angle (°) 20 20

Material S45C S45C

Fig. 7 Velocity ratio of the
noncircular gear pair C for the
experiment
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Control program is developed based on the above algorithm. Figure 9 shows the
display to control the program. Rotation angle of the shafts, condition of the
clutches, switch for the rotary encoder, switch for manual or automatic ratio change,
and switch for manual control of the clutches are shown on the display. In this
program, manual and automatic control of the clutches is possible using this display
on the PC.

Fig. 8 Circuit diagram of the experimental device

Table 2 Relationship between shaft angle and clutch control from the 1st ratio condition to the
2nd ratio condition

Rotation angle of the output shaft TA TB TC

1st ratio condition On Off Off

330.0° Gear pair C gets in the 1st ratio
condition

340.0° On Off On

15.0° Off Off On

30.0° Gear pair C begins ratio change

142.2° Gear pair C gets in the 2nd ratio
condition

170.0° Off On On

190.0° Off On Off

217.8° Gear pair C begins ratio change

2nd ratio condition Off On Off
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4 Experiment

4.1 Preparation for Experiment

The following items are performed before the experiment.

1. Clutch Tc2 is engaged after it is confirmed that the marks on the noncircular
gears match as shown in Fig. 10.

2. The output shaft is rotated by 180° and the meshing condition of the noncircular
gear pair becomes the same as that of gear pair B.

3. It is confirmed that clutches TA, TB, and TC can get engaged.

Figure 11 shows the meshing condition of the noncircular gear pair. In (a), the
meshing condition of the noncircular gear pair is the same as that of gear pair A
and, in (b), it is the same as that of gear pair B.

Fig. 9 Display to control the program

Fig. 10 Marks on the noncircular gear
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4.2 Experiment

A load is applied to the output shaft and the ratio change from the 1st ratio to the
2nd ratio is performed in this experiment. A weight is attached to an end of a rope
and the other end of the rope is wound onto the output shaft. A load is applied to the
output shaft by hanging the weight as shown in Fig. 12. The loaded torque is
0.11 Nm.

Fig. 11 Meshing condition of the noncircular gear pair (gear pair C)

Fig. 12 Method to apply a
load to the shaft
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Figure 13 shows the measured velocity ratio when the ratio is changed. The
velocity ratio is calculated from the rotary encoders attached to the shafts. The
rotational speed of the input shaft is 5.6 rpm. The result shows that the velocity
ratio is smoothly changed during the ratio variation process without any
interruption.

4.3 Discussion

In the conventional transmission, torque and rotation cannot be transmitted during
the velocity ratio change. Therefore, the velocity ratio might not change smoothly
and might become zero or negative under loaded condition. On the other hand, the
experimental result of the manufactured uninterrupted transmission in Fig. 13
shows smooth change of velocity ratio. This result means that the proposed system
can change velocity ratio without torque interruption and can transmit the rotation
precisely even during velocity ratio change. The effectiveness of the proposed
structure of the uninterrupted transmission and control system is verified by this
experimental result.

5 Conclusion

Some types of machines require a wide range of speed or torque and a velocity ratio
variation device is used to realize it. However, the conventional ratio variation
device cannot transmit torque and rotation from the input shaft to the output shaft
during the velocity ratio variation process and interruption of torque and rotation
occurs. In order to solve this problem, the authors proposed a novel ratio variation
system called uninterrupted transmission system using a noncircular gear pair. In
this paper, a control system for automatic ratio change of the proposed ratio

Fig. 13 Result of the
experiment of the velocity
ratio change
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variation system was described. Developed control program based on switching
algorithm of clutches was explained. The uninterrupted transmission with a dif-
ferent setup of input shaft, output shaft, and clutches was constructed. The exper-
imental results showed that the constructed transmission system can change
velocity ratio smoothly without interruption and the effectiveness was verified.
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An Elastic Transmission Model of Spur
Gears for TE Analysis

Huimin Dong, Zhipeng Li and Delun Wang

Abstract This paper presents an elastic transmission model of spur gear (2-D) sets
by means of combination with the kinematic geometry and elastic theory of gearing
for analysis of transmission error (TE). Based on conventional contact condition
between a teeth pair, an elastic contact mathematic equation is established, whose
elastic deformation is caused by contact, bending and torsion of gears. The elastic
contact equation involves time-varying center distance. For double tooth pairs
contact, a compatibility equation is comprehensively established to implement
continuously transformation. A spur gear (2-D) set is used as example to analyze
the influences of the elastic deformation and center distance of the gears on the
contact position and TE. The case study shows that the method of using mathe-
matical model to study the gears TE presented in this paper is reliable. The work
lays the theoretical foundation for further accuracy analysis and design.

Keywords Transmission error � Conjugate contact � Errors and elasticity

1 Introduction

Transmission error and its characteristics of a gear drive are important technical
indexes to evaluate the accuracy of gear drives. Because of the presence of
machining errors on component surfaces and component deformations, there is
deviation between the real rotational angle and the ideal rotational angle of the
output shaft, defined as transmission error (TE). There are many factors to influence
TE of gear transmission system, such as manufacturing errors, assembly errors, the
time-varying stiffness of the gears and other errors.

Surveying available literatures, many researches on TE of gears were conducted
by setting up the mathematical physical model, FEM and the experimental obser-
vation and statistical method [1–16]. Koide [1] established a mathematical models
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considered the elastic deformations of components and the gear eccentricity. Shi
et al. [2] studied the gear integrated error treated the geometric errors of the gear
profile as the errors on the line of action without load. Tang [3] established a new
model to calculate TE of the gear set with considering the bending, torsion, contact
stiffness of gears and the influence of them in the view of mechanics. The TE model
neglected the error of the gear profile and the influence of the components of the
shafts and the bearings.

Tesfahunegn et al. [4] established a FEM considering the influence of the gear
tooth profile shape, bending of the gears and contact stress. Hua [5] established the
refined FEM. Hao [6] established the accurate(refined) model of helical gear. The
refined model, the coordination between the degree of refinement and computation
time, how to express the gear profile error should be considered. Velex et al. [7, 8]
established a quasi-static model of gears, in which the shape of the gear profile and
the elasticity the shafts and the bearings were considered, and the mesh stiffness
was assumed to be equivalent to the stiffness of contact line. The model above is
much more complicated, it also neglected time-varying center distance, and it
spends much longer calculating time.

Lin and Zhu [9, 10] studied the probability and statistics calculation method to
calculate TE of gear system. The establishment of the model was relatively simple,
the results indicated that the probability of the error of the gear was maximum.
Hotait [11] used the experimental method to study the effect of shaft eccentricity on
the load distribution of gears and on gear teeth bending, the theoretical predictions
were compared with experimental results.

This paper is to set up an elastic transmission model of spur gear (2-D) sets with
consideration of elastic deformation and time-varying center distance to investigate
the influence of elastic deformations of the gears on the meshing characteristics, and
the influence of single and double teeth pair alternating mating on the meshing
characteristics, as well as the influence of time-varying center distance of a pair of
gears.

2 Elastic Conjugate Contact Model

We mainly study the elastic conjugate model of a pair of 2-D spur gears without
considering the change of the tooth along the tooth width.

Coordinate Frame Definition:
For convenience to establish the model, we set up some coordinate system: one
fixed coordinate system Of ;Xf ;Y f ;Zf

� �
, two moving coordinate systems Oi;Xi;f

Y i;Zig i ¼ 1; 2 attached to the gears, and local tooth auxiliary coordinate system
Oik;Xik;Y ik;Zikf g attached to each tooth of the gear, shown in Fig. 1. gij represents

the jth gear tooth of the ith gear; axis Xik is consistent with the kth tooth midline.
u1k represents the angle between X1k and X1; i = 1, 2 represent the driving gear 1
and driven gear 2.
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To investigate the status of a pair of tooth profile, we set up Frenet frame

ri; e
ðiÞ
1 ; eðiÞ2 ; eðiÞ3

n o
i = 1, 2 on each tooth profile/surface (in Fig. 2), in which eðiÞ1 , eðiÞ2

and eðiÞ3 are the unit vector along the tangent direction, along the tooth width
direction and the unit normal vector of the tooth profile.

Tooth meshing equation for perfect tooth pair, the tooth profile contact of a pair
of gears driving can be seen as a conjugate surface, that is, the tooth profile meshing
meets the contact condition and the tangency condition. We firstly consider that the
gears are rigid, which is no error and distortion and the center distance between the
two gears is ideal center distance, as shown in Fig. 2. The conjugate contact
equation can be written as:

r1 � r2 ¼ a

e03¼eð1Þ03 ¼eð2Þ03

r1 ¼ r1ðu1Þ; r2 ¼ r2ðu2Þ

9>=
>; ð1Þ

where r1, r2 are the theoretical meshing point vectors of gear 1, 2 in the fixed

coordinate system Of ;Xf ;Y f ;Zf
� �

; a is the center distance vector; eð1Þ03 , e
ð2Þ
03 are unit

normal vectors of meshing points of gear 1, 2.

1 1kϕ ϕ+
2 2kϕ ϕ+

2ω
2Y

2X
2 2( )cO O
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Fig. 1 Definition of
coordinate system for gears
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Fig. 2 Ideal conjugate
contact model
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2.1 Elastic Conjugate Meshing Equations

Elastic deformation of gear teeth and wheel always existents due to load action.
Because of the deformation, the contact position at the engaged zone deviates from
ideal position, shown in Fig. 3. The gear meshing still meets the conjugate con-
dition under the influence of elastic deformation and center distance error of gears.
Let r�1 and r�2 be the actual meshing points of the radius, aþDa be the time varying
center distance, e�3 be the unit normal vector at the meshing point, the elastic
conjugate meshing equations can be written as:

r�1 � r�2 ¼ aþDa

e�3 ¼ eð1Þ�3 ¼ eð2Þ�3

)
ð2Þ

In Fig. 3, the duEi and duai (i = 1, 2) are the deviational angle, i.e. TE, caused
by the elastic deformation of gear-i and center distance deviation of gears,
respectively. The duEi is TE caused by total of contact pair deformation, tooth
bending and torsional deformation of gear body. According to the content of the
document [12] the center distance of the gear can be obtained as a function of △a
(u), where u is the rotation angle of the input shaft.

Let the deviation of tooth profile along the line of action caused by contact
deformation, tooth bending and torsional deformation of the gear body be hci, hbi
and hti respectively, the effect on the tooth profile and position is shown in Fig. 4.

As shown in Fig. 4, the twisting of gear tooth rotates around the Obi point. The
rotation of the wheel body revolves around the center of the Oi. lci represents a
vector from the Obi along the meshing point. The bending of the gear teeth and the
twist of the gear don’t affect the shape of the tooth profile, but it will make the tooth
around the center of some rotation dubi and duti. hbi is the bending deformation
along the line of action and hti is the torsional deflection along the line of action.
Contact does not affect the rotation of the gear teeth, but will make the tooth profile
deformation is hci(ui). Elastic deformation makes the angle error of gear is duEi.

1r
1Y

1
∗r

Δa + a

1 1E aδϕ δϕ+ 2 2E aδϕ δϕ+

1
∗e

1X

1O

2X
2Y

2O

3
∗e

1e
3e

2r

2
∗r

Fig. 3 Effect of elastic
deformation on meshing
situation
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Due to the deformation error of the gear tooth, the tooth profile equation becomes

r0i ¼ riðuiÞþ hciðuiÞeðiÞ3 . According to the kinematic theory [13]

dr0i ¼ driðuiÞþ dhciðuiÞeðiÞ3 þ hciðuiÞdeðiÞ3 ð3Þ

where dri(ui) is differential of theoretical profile and dhciðuiÞeðiÞ3 þ hciðuiÞdeðiÞ3 is
differential of tooth profile error caused by elastic deformation.

dri ¼ eðiÞ1 rðiÞ1
deðiÞ3 ¼ eðiÞ1 wðiÞ

1

wðiÞ
1 ¼ cðiÞ11r

ðiÞ
1

9>>=
>>; ð4Þ

where rðiÞ1 is the error component along the eðiÞ1 direction; cðiÞ11 is the opposite number

of normal curvature along eðiÞ1 direction.

dhciðuiÞ ¼ hci1ðuiÞrðiÞ1
hci1ðuiÞ ¼ dhciðuiÞ

rðiÞ1

9=
; ð5Þ

Bring the formula (4), (5) into the (3) and rearranging to get a plane expressed by

rðiÞ1 .

dr0i ¼ r0i1r
ðiÞ
1

r0i1 ¼ ð1þ hcic
ðiÞ
11ÞeðiÞ1 þ hci1e

ðiÞ
3

)
ð6Þ
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tih

cih
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ir
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Fig. 4 Elastic deformation
on tooth profile

An Elastic Transmission Model of Spur Gears for TE Analysis 1291



The normal vector of the contact point of the actual tooth profile is:

e03 ¼ �hci1e1 þ e3 ð7Þ

Elastic conjugate meshing equations can be written as:

r�i ¼ MiðduEi þ dutiÞðri þ driÞþMiðdubiÞðlci þ driÞþ hcie3
eðiÞ�3 ¼ MiðduEi þ duti þ dubiÞðe03 þ de03Þ

�
ð8Þ

M(du) represents the rotation matrix of the rotating shaft of the gear and its
rotation angle is du. Since the rotation angle is small, the rotation matrix can be
written as:

Mðui þ duiÞ ¼
cðui þ duiÞ �sðui þ duiÞ 0
sðui þ duiÞ cðui þ duiÞ 0

0 0 1

0
@

1
A ¼ MðuiÞMðduiÞ

MðduiÞ¼
cdui �sdui 0
sdui cdui 0
0 0 1

0
@

1
A ¼ Eþ

0 �1 0
1 0 0
0 0 0

0
@

1
Adui ¼ Eþ kdui; k ¼

0 �1 0
1 0 0
0 0 0

0
@

1
A

9>>>>>>=
>>>>>>;

ð9Þ

Mðui þ duiÞ � Ri¼ MðuiÞ � ri þ k� ridui ð10Þ

The Eqs. (7), (9) and (10) are brought into (8) and then Eq. (11) can be obtained.

r�i ¼ ri þ dri þ hcie3 þ ki � riðduEi þ dutiÞþ ki � lcidubi

eðiÞ�3 ¼ e3 � hci1e1 þ de3 þ ki � e3ðduEi þ duti þ dubiÞ
�

ð11Þ

The Eqs. (10) and (11) are brought into the elastic and error conjugate equations
to obtain Eq. (12).

dr1 � dr2 þðhc1 � hc2Þe3þ k1 � r1ðduE1 þ dut1Þþ k1 � lc1dub1 � k2 � r2ðduE2 þ dut2Þ � k2 � lc2dub2 ¼ 0
deð1Þ3 � deð2Þ3 þðhc21 � hc11Þe1 þ k1 � e3ðduE1 þ dut1 þ dub1Þ � k2 � e3ðduE2 þ dut2 þ dub2Þ ¼ 0

�

ð12Þ

lci can be obtained by meshing point position; Eq. 12 known parameters lci, dubi,

duti and hci can get rð1Þ1 , rð2Þ1 , duE1 and duE2.

2.2 Gear Elastic Deformation Equations

The angle error caused by elastic deformation of gear teeth is duEi. Due to the
elasticity of the gear and the torsion of the shaft, elastic deformation has an
influence on the rotation angle error of the gear. The calculation methods of three
kinds of deformations of gear can be obtained according to the Refs. [14–16]. lci
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can be calculated according to the Ref. [17]. The bending stiffness of the gear teeth,
the contact stiffness and the torsion of the gear wheel are different for Kbi, Kci and
Kti.

hci ¼ FHi
Kci

duti ¼ FHi
Kti

dubi ¼ FHi
Kci

9>=
>; ð13Þ

Kci ¼ E B
0:58 ln 2lc1

að Þþ ln 2lc2
að Þ�0:429ð Þ

Kti ¼ E
ðcos amÞ2

B
5:2
s2
F
þ 1

sF
þ 1:4ð1þ 0:249ðtan amÞ2Þ

Kbi ¼ E
ðcos amÞ2

B

10:92
R lci

0

ðlci�xÞ2
ð2yÞ3 dxþ 3:1 1þ 0:294ðtan amÞ2

R lci

0
dx
2y

� �

9>>>>=
>>>>;

ð14Þ

where a represents the Hertz contact radius, a ¼ 1:52
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

FH
Eðq1 þ q2ÞB

q
; q1 and q2 rep-

resent the radius of curvature of the contact point. am represents the pressure angle
of the contact point. sF represents the root circle tooth thickness. E = Young’s
modulus; B = face width; 2y = tooth thickness of x.

Taking the rotation angle of the driving gear as the standard, so duE1 = 0. duE2,

rð1Þ1 and rð2Þ1 can be obtained by Eq. (12).
hci can be obtained through the gear meshing force; the gear tooth is simplified

as the cantilever beam model, so that the rotation angle dubi can be solved and the
rotation axis is the center line of the gear teeth. The force model of the wheel body
is simplified to the hollow shaft model, so that the torsion angle duti can be
obtained.

2.3 Compatibility Equation of Double Tooth Pairs Contact

For double tooth pairs meshing, the double pairs should meet compatibility contact
condition. Under the action of meshing force, the contact points of the gears are m1

and m2, respectively. The elastic deformation of the gear is in the direction of the
meshing line. Elastic deformation includes the contact deformation of the gear, the
bending of the gear and the twisting of the gear. The elastic deformation of the gear
teeth at the contact point is dmij, in which i = 1, 2 represent the driving gear and
driven gear and j = 1, 2 represent the meshing point 1, 2. Elastic deformation of
gear at meshing point can be calculated according to the meshing force and the
stiffness of contact points, elastic deformation can be written as:

dmij ¼ FHj

Kij
ð15Þ
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As shown in Fig. 5, FHj represents the meshing force and Kij represents the
composite stiffness of contact point (Fig. 5).

As the elastic deformation at the meshing point is in the direction of the meshing
line, according to the deformation compatibility equation, the relationship between
the elastic deformation and the forces of the two gears at the meshing point is:

FH � rb2 ¼ TO
FH1 þFH2 ¼ FH

dm11 þ dm21 ¼ dm12 þ dm22

dmij ¼ FHj

Kij

9>>>=
>>>;

ð16Þ

FH1 and FH2 can be obtained by Eq. 16. To judge whether the gear teeth are in
contact with Eq. 17.

FHi ¼
X2
j¼1

FHjHcontj

Hcontj ¼ 1 if j ¼ i ^ FHj � 0
Hcontj ¼ 0 if j ¼ i ^ FHj\0
Hcontj ¼ 0 if j 6¼ i ^ FHj � 0
Hcontj ¼ 1 if j 6¼ i ^ FHj\0

8>><
>>: ð17Þ

which is compatibility equation, where Hcont1 is defined as contact factor, which is
equal to 0 if gear teeth are disengaged, thus the contact force of the gear teeth can be
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Fig. 5 Elastic deformation of
double teeth
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obtained. FHi can be calculated by Eq. 17. FH1 and FH2 are brought into Eq. 13 and
then dubi, duti and hci can be obtained.

3 Case Studies

The parameters and material properties of the gears are shown in the following
Table 1.

The center distance error of the floating axis model can be obtained according to
the content of related Ref. [12]. The center distance error function can be written as:
Da ¼DaðuÞ.

The meshing force FH can be obtained by the input torque; under the condition
of single tooth contact: FHi = FH, in the case of double tooth contact FHi can be
obtained through the compatibility equation; bring gear parameters, Young’s
modulus, position of theoretical meshing point, pressure angle and radius of cur-
vature at the meshing point into Eq. 14 and rearranging to get Kci, Kbi and Kti. FHi,
Kci, Kbi and Kti can be brought into Eq. 13 can be obtained dubi, duti and hci.

Finally, duE2, r
ð1Þ
1 and rð2Þ1 can be obtained by using Eq. 12.

For a pair of gear transmission, the variation law of the transmission error is
studied under the influence of the errors and the elasticity. Firstly, the transmission
error of the gear is calculated under the action of the elasticity of the gears;
Secondly, the influence of time varying center distance is considered.

As shown in Fig. 6, it shows that elastic deformation of gears under loads is the
most important impact on the transmission error of ideal gears model, and the
elastic deformation of gears is decided by meshing stiffness. Therefore, the changes
of TE are seemed like the changes of engagement stiffness (show in Fig. 6).

Table 1 Parameters and
material properties of gears
pair

Gears parameter Gear Wheel

No. of teeth 25 25

Modulus (mm) 4 4

Normal angle (°) 20 20

Addendum coefficient 1 1

Input torque (Nm) 260 –

Face width (mm) 30 25

Modification coefficient 0 0

Young’s modulus (Gpa) 206 206

Poisson’s ratio 0.3 0.3

Headspace coefficient 0.25 0.25

sF (mm) 7.3 7.3
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The center distance error can cause the meshing clearance, which can result in the
transmission error. And the greater the center distance is, the greater TE is.

It shows that meshing point position change caused by elastic deformation of
gear (shown in Fig. 7). Numerical value represents the meaning of the difference
between the position of the actual meshing point and theoretical meshing point. The
numerical value of the mutation is caused by two reasons. The first reason is that the
TE is mutation; Therefore Figs. 6a and 7a are similar. Another reason is that the
curvature radius of the single and double teeth contact is changed, so the position of
the meshing point can be changed.
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4 Conclusion

(1) The transmission model of spur gears presented in this paper first deals with
the elastic deformations and time-varying center distance of gears by using
theoretical method. This work expands the traditional gear meshing theory.

(2) The established elastic meshing mathematic equation and the compatibility
equation can comprehensively analyze the contact position and TE of spur
gears, not only effect of the contact, bending and torsion deflection of gears,
but also of time-varying center distance of gears.

(3) The case studies demonstrate that the theoretical model presented in this paper
is correct and feasible.
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Configuration Synthesis of Compound
Gear Trains Based on State-Space
Approach

Jun Qiu, Huimin Dong, Yali Ma, Shangkun Xu and Delun Wang

Abstract This paper presented a new method for configuration synthesis of
compound gear trains based on state-space approach [1]. This method first proposed
a basic gear train unit (BGU) with two degrees of freedom, and a state equation is
established to describe the transformation of kinematic, dynamic and structure
information from input to output terminal. Then the dual vectors and a special
state-space are defined by means of state equation. The operational rules of dual
vectors in state-space were discussed and described using formulas, which revealed
the relationship between the series-parallel connections of BGUs and transform
path of dual vectors in state-space. The new method transformed the configuration
synthesis of compound gear trains into the path planning of dual vectors under
constraints in state-space. And it is more efficient to distinguish isomorphism and
more convenient to achieve computer programming. Finally, an example of
speed-increasing gearbox of semi-direct drive wind generator is given to show the
process of configuration synthesis based on state-space approach.

Keywords Compound gear trains � Configuration synthesis � Conceptual design �
State-space

1 Introduction

Gear train is one of the most common forms of transmission in mechanical engi-
neering, which transfers kinematic, dynamic and structure information from input to
output terminal by gear meshing. They are commonly used in fields of aerospace,
heavy industry, wind dynamic equipment and so on, which have the transmission
requirements of low-speed or high-speed, heavy-load and dynamic split, and usu-
ally are designed to complex compound gear trains. Configuration synthesis is an
important innovation means of gear trains.
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Researchers had made a lot of studies about configuration synthesis of gear
trains. One of the important approaches is based on the graph and topology theory.
Buchsbaum [2] first proposed the method of graph theory to solve the conceptual
design problem of planetary gear trains, but there are isomorphic problems in the
topology graph; Freudenstein [3] used the rotation graph to solve the problem of
isomorphism determination; Furthermore, Hsu [4] summarized the advantages and
disadvantages of the previous gear train graph and then proposed the standard
substitution graph and new rotation graph. Another common method is based on
configuration synthesis of links which get through low pair replacing high pair. Rao
[5–7] proposed a six link one degree of freedom onwards model to achieve con-
ceptual design of planetary gear train; Peiwen [8] and Huaiwen [9] studied the
application of kinematic chain with single joint in design of gear trains. In other
respects, Dazhun [10] first proposed a specific correlation matrix to describe the
epicyclic gear train; Yang [11] proposed gear units and their combinations to
describe the epicyclic gear train.

However, the compound gear train easily forms complex polycyclic transfer
paths of kinematic and dynamic. All the models for gear trains focused more on
topological relation among gears, but not the information transferred by gear trains.
It is difficult to establish a unified mathematical model for configuration synthesis,
configuration optimization and quantitative analysis. Wang [1] presented an
approach to automated conceptual design of mechanical system by means of
state-space based on control theory. And then, in a series of research [12–14], serial
mechanism, parallel mechanism and multi degree-of-freedom mechanism is mod-
eling by the same method. Based on previous efforts, this paper focuses on pre-
senting a new unified mathematical model for compound gear trains based
state-space approach and trying to achieve the configuration synthesis of compound
gear trains efficiently. Configuration optimization and quantitative analysis by this
method will be presented in another article.

2 BGU and State-Space

2.1 Basic Gear Train Unit

Any compound gear train can be viewed as a combination of inner and outer gear
meshing unit. In order to discuss the characteristics of transmission of compound
gear trains, basic gear train unit (BGU) is defined as a pair of external or internal
gear mesh with two degrees-of-freedom in Fig. 1.

BGU changes the rotate speed, torque and position and orientation from input to
output terminal. That is the change of kinematic, dynamic and structure charac-
teristics information which is collectively known as state-characteristics from input
to output terminal in the transient.
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This paper takes the expression strategy of “Dual vectors-Matrixes-Equations”
to explain the relationship of state-characteristics between the input and output
terminal, and explore a new method for configuration synthesis of compound gear
trains by searching the operation rules of dual vectors in state-space. The dual
vectors composed of input and output state-characteristics are the basis and premise
to research the transform of state–characteristics, which is composed of kinematic
factors, dynamic factors and structure factors.

Kinematic factors: The kinematic of every component in BGU is continuous,
stable, and linear correlation. A rotate speed vector x is defined to describe the
kinematic factors of BGU.

Dynamic factors: The torque of every component in BGU is continuous, stable,
and linear correlation. A torque vector M is defined to describe the dynamic factor
of BGU.

Structure factors: The position and direction of rotation center of every com-
ponent in BGU can be described with a position and orientation vector called
structure vector r.

The state-characteristics of input and output terminal can be expressed by
sequential collections of minimum number of kinematic, dynamic and structure
eigenvalues in the form of multi-dimensional vector, which is called eigenvector.
The input eigenvector Ri and the output eigenvector Ro are dual vectors, which can
be written as RiRo.

Ri ¼ xi Mi rið ÞT
Ro ¼ xo Mo roð ÞT

The relationship between the input and output dual vectors of BGU can be
expressed as follow equation, which is called state equation.

Ro ¼ A1 � Ri1� A2 � Ri2 ð1Þ

where A1 and A2 are the n � n transformation matrix, n is the dimension of
eigenvector.

Fig. 1 Basic gear train unit
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The matrix form of the state equation of BGU is shown as below

xo

Mo

ro

0
@

1
A ¼

kx1 0 0
0 kM1 0
0 0 kr1

0
@

1
A xi1

Mi1

ri1

0
@

1
A�

kx2 0 0
0 kM2 0
0 0 kr2

0
@

1
A xi2

Mi2

ri2

0
@

1
A ð2Þ

where kxi, kMi, kri respectively are the transformation submatrix of rotate speed
vector, torque vector and structure vector, they constitute the transformation
matrix Ai.

The condition of the addition between two eigenvectors is that they have the
same structure vector. And the result of the addition is that rotate speed vector and
torque vector are added respectively and the structure vector remaining unchanged,
which is different from normal vector addition. So a new sign of operation ‘�’ is
defined to describe the addition among eigenvectors.

For example, if
x3

M3

r3

0
@

1
A ¼

x1

M1

r1

0
@

1
A�

x2

M2

r2

0
@

1
A, there is

r3 ¼ r1 ¼ r2
x3 ¼ x1 ¼ x2

M3 ¼ M1 þM2

8<
: .

1. The function of gear teeth number (z) is used to express the transition of rotate
speed vector, as follows

xo ¼ kx1 aðzkÞð Þ � xi1 þ kx2 aðzkÞð Þ � xi2 ð3Þ

where zk is the gear tooth number of component k; aðzkÞ is the eigenvalue of
rotate speed vector transformation submatrix.

2. The function of rotate speed (x) is used to express the transition of torque
vector, as follows

Mo ¼ kM1 bðxkÞð Þ �Mi1 þ kM2 bðxkÞð Þ �Mi2 ð4Þ

where xk is the rotate speed of component k; bðxkÞ is the eigenvalue of torque
vector transformation submatrix.

3. The coordinate transformation equation is used to express the transition of
structure vector, as follows

ro ¼ kr1 � ri1� kr2 � ri2 ð5Þ

Under the specified coordinates, the rotate speed vector, the torque vector and
the structure vector can be decomposed to the coordinate axes, as follows

x ¼ xx xy xzð ÞT
M ¼ Mx My Mzð ÞT

r ¼ ð X Y Z x y z 1 ÞT
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Different gear train unit can be obtained from BGU’s conversion through the
method of kinematic inversion, for example in Fig. 2.

According to the Eq. (1), the state equation of a two degree-of-freedom unit
shown in Fig. 2a as below

R2 ¼ A1 � R1� A2 � R4 ð6Þ

where Ai is a reversible matrix, so the state equation of the two degree of freedom
unit shown in Fig. 2b as below

R1 ¼ �A�1
1 � A2 � R4� � A�1

1 � R2 ð7Þ

If the planet carrier is fixed, the state transformation equation of the one
degree-of-freedom unit shown in Fig. 2c as (7), however the rotate speed vector of
R4 is 0, so it simplified to

R1 ¼ �A�1
1 � R2 ð8Þ

The state equation clearly describes the internal relations among different gear
meshing units, which can realize different transformation of state-characteristics
from input to output terminal.

2.2 The Connection of BGUs

Any compound gear train is formed according to certain rules by the connections of
BGUs after their conversions. The BGU can be expressed by lines with arrows and
block diagrams to explain the connection between gear BGUs in more intuitive
(Figs. 3 and 4).

Through analysis of different gear trains, there are two typical connection
relationships between two BGUs: series connection and parallel connection. The
feature of series connection is that the output component of previous BGU and the

Fig. 2 Conversion of GBU
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input component of rear BGU are merged, and the state-characteristics are trans-
ferred through the combined component in serial mode, shown in Fig. 5. The
feature of parallel connection is that the input component or the output components
of two BGUs are merged, and the state-characteristics are transferred through the
combined component in parallel mode shown in Fig. 6.

The conditions for the components which are going to merge through series or
parallel connection are that their rotate speed and structure vectors must be same,
but their torque must be balanced.

Two BGUs are connected through series connection in Fig. 5, the state equation
as follows

Ro2 ¼ A2 � Ri2 ¼ A2 � C � Ro1 ¼ A2 � C � A1 � Ri1 ð9Þ

where C is the gear unit series adjacency matrix as shown below.

C ¼
E 0 0
0 �E 0
0 0 E

2
4

3
5

Two BGUs are connected through parallel connection in Fig. 6, the transfor-
mation equation as follows

Fig. 3 The diagram of one
degree of freedom BGU

Fig. 4 The diagram of two
degree-of-freedom BGU

Fig. 5 The series connection

Fig. 6 The parallel
connection
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Ro1 ¼ A1 � Ri1 ¼ A1 � Cs1 � Ri

Ro2 ¼ A2 � Ri2 ¼ A2 � Cs2 � Ri

�
ð10Þ

where Cs1 and Cs2 are gear unit parallel adjacency matrix, as shown below.

Cs1 ¼
E 0 0
0 t1 0
0 0 E

2
4

3
5 Cs2 ¼

E 0 0
0 t2 0
0 0 E

2
4

3
5

where t1 þ t2 ¼ �E.

2.3 State-Space of BGUs

The state-space is a collection of all possible states in the system, and its coordinate
axis is the state parameters. The state-space of BGUs takes parameters of
state-characteristics as the coordinate axes. Any eigenvector of BGU is one vector
in this state-space. In addition, the input and output eigenvectors of BGU are dual
vectors in this state-space. The important conclusion is that the BGU, the dual
vectors and the transformation matrix are one to one correspondence. The dual
vectors or transformation matrix can express the BGU, so a series of dual vectors or
transformation matrixes can describe the gear trains.

What kind of operation rules for dual vectors in state-space and what kind of
physical meaning for the rules are necessary to discuss. The dual vectors for one
degree of freedom GBU are represented as RiRo, and for two degrees of freedom d
GBU are represented as Ri1Ri2Ro.

Set BiBo, CiCo, DiDo, EiEo, BiCiDo belongs to the state-space R; the dual vectors
have the following operational rules:

1. Multiplication.

BiBo � CiCo ¼ BiCiDo

2. Commutative law of multiplication.

BiBo � CiCo ¼ CiCo � BiBo

3. Addition.

BiBo þCiCo ¼ BiCo
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4. Associative law of addition.

BiBo þCiCo þDiDo ¼ BiBo þðCiCo þDiDoÞ

5. Commutative law of addition.

BiBo þCiCo ¼ �ðCiCo þBiBoÞ

6. Distributive law of multiplication.

BiBo � ðCiCo þDiDoÞ ¼ BiBo � CiCo þBiBo � DiDo

7. Scalar multiplication.

k � BiBo 2 M;where k is real number

8. Reversibility.

BiBoð Þ�1¼ BoBi

The rule 1 indicates that the operation rule of the dual vectors of two degrees of
freedom BGU; the rule 2 indicates that the dual vectors of two degrees of freedom
gear unit are equal; the rule 3 indicates that the operation rule of the dual vectors in
series connection; the rule 4 and 5 indicate that all the dual vectors in the series
connection are equal; the rule 6 indicates that the operation rule of the dual vectors
of compound connection; the rule 7 indicates that the state eigenvectors is the
inherent attributes of gear unit, nothing to do with size; the rule 8 indicates that the
state eigenvector is reversible, and the BGU is reversible.

All the above operation rules illustrate that the dual vectors form a specific
state-space. The operation rules of the dual vectors indicate that the feature of series
and parallel connections of BGUs. These rules are the basis of configuration syn-
thesis of gear train through dual vectors operation.

3 Configuration Synthesis of Compound Gear Trains

Configuration synthesis of compound gear trains is to design a conceptual of gear
train to meet the transmission performance constraints. Essentially it is path plan-
ning from input to output terminal under constraints.
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3.1 Path Planning of Two BGUs

Path planning of two BGUs is the basis of the synthesis of compound gear trains.
According to 1.4, the state equation is the transformation path of dual vectors of
gear trains in the state-space. So the path planning of two BGUs is equal to
establish the state equation of two BGUs in series or parallel connection. The DOF
of gear train will change with combination of component merged in series or
parallel connection as follows

Dof ¼ Dof1 þDof2 � n ð11Þ

where Dof1 and Dof2 are respectively the DOF of two BGUs; n is the number of
merged components.

Considering that the degree of freedom of gear train is no more than 2, the
connection forms of two BGUs can be summarized as shown as Tables 1 and 2,
which is called the basic connection form.

3.2 Path Planning of Multi-BGUs

Path planning of multi-BGUs is to establish the state equation of multi-BGUs in
series or parallel connection as follows

Ro ¼ A� � Ri ð12Þ

Table 1 The series connection

Series connection Example State equation

i2 1oR A C A R== ⋅ ⋅ ⋅

21 1 1 22 2iioR A C A R A R= ⋅ ⋅ ⋅ ⊕ ⋅

Configuration Synthesis of Compound Gear Trains … 1307



where A� is the total transformation matrix of gear train; Ri is the eigenvector of
input terminal; Ro is the eigenvector of output terminal.

The transformation matrix and the state equation are corresponded one by one,
so the path planning of multi-BGUs in the state-space is to decompose the total
transform matrix.

Any gear train can be divided into several BGUs according to basic connection
form. The total transformation matrix can be decomposed according the basic
connection form as follows.

A� ¼ A2 � A1 ð13Þ

A� ¼ A21 � A1� A22 ð14Þ

A� ¼ A1 � Cs1�1

A2 � Cs2�1

� �
ð15Þ

A� ¼ A21 � A1 � Cs1�1� A22 � Cs1�2 ð16Þ

A� ¼ A21 � A11� A12 � Cs1�1ð Þ� A22 � Cs1�2 ð17Þ

Table 2 The parallel connection

1 1 1 1o iR A Cs R== ⋅ ⋅
2 2 2 2o iR A Cs R= ⋅ ⋅

21 1 1

22 2

io

i

R A C A Cs R
A Cs R

= ⋅ ⋅ ⋅ ⋅
⊕ ⋅ ⋅

( )21 11 2 12 1 1

22 2 1

iio

i

R A C A R A Cs R
A Cs R

= ⋅ ⋅ ⋅ ⊕ ⋅ ⋅
⊕ ⋅ ⋅

Parallel connection Example State equation
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3.3 The Constraints of Configuration Synthesis

The configuration of compound gear trains is composed of multi-BGUs in series or
parallel connection under the performance constraints of DOF, kinematic, dynamic
and structure etc.

1. The constraint of DOF is determined by the number of input terminal, and it
determines the initial basic connection form in Tables 1 and 2.

2. The constraint of kinematic is the rotate speed changing from input to output
terminal, and it is determined by the eigenvalue of the rotate speed transfor-
mation submatrix of each BGU.

i ¼ f ðakÞ

where i is the constraint of kinematic; ak is the eigenvalue of the rotate speed
transformation submatrix.

3. The constraint of dynamic is the torque changing from input to output terminal,
and it is determined by the eigenvalue of the torque vector transformation
submatrix of each BGU.

j ¼ f ðbkÞ

where j is the constraint of dynamic; bk is the eigenvalue of the torque vector
transformation submatrix.

4. The constraint of structure is structure vector changing from input to output
terminal, and it is determined by the eigenvalue of the structure vector trans-
formation submatrix of each BGU.

k ¼ f ðckÞ

where k is the constraint of structure; ck is the eigenvalue of the structure vector
transformation submatrix.

According to the design requirements, determine the constraints of DOF, kine-
matic, dynamic and structure. Then when the total transformation matrix is
decomposed, take a full consideration about all the constraints.

4 An Example

The speed-increasing gearbox is the core component of WTGS. The weight,
bearing capacity and reliability of the gearbox is determined by transmission
configuration. So configuration synthesis of the speed-increasing gearbox directly
determines the technological level of the WTGS. This paper takes the configuration
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synthesis of 6 MW semi-direct drive wind generator gearbox as an example to
explain the process of configuration synthesis by means of state-space.

1. Design requirements of gear trains.

The number gi; the speed xi, the torque Mi and the position and orientation ri of
input terminal; the number go, the speed xo, the torque Mo and the position and
orientation ro of output terminal.

2. Input and output eigenvectors.

Ri ¼ xi Mi rið ÞT
Ro ¼ xo Mo roð ÞT

3. Total transfer equation.

Ro ¼ A� � Ri

4. Constraints.

Kinematic constraint: same direction and speed up.

i ¼ f ðakÞ[ 1;

Dynamic constraint: reverse direction and reduced.

j ¼ f ðbkÞ � �1 0ð Þ;

Structure constraint: concentric constraint.k ¼ f ðckÞ ¼
T

E
1

2
4

3
5;

Other constraint: power flow

g ¼ f ðakÞ[ 0:

5. The decomposition of total transform matrix

(a) The number of units

The number of units is random; generally, however the form of semi-direct drive
wind generator gearbox is 4 K, so choose unit number is 4.
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(b) The initial matrix decomposition

The number of input shaft gi ¼ 1, the number of output shaft go ¼ 1, there are
two kinds of initial matrix decomposition shown as below:

i: A� ¼ A2 � A1

ii: A� ¼ A21 � A1 � Cs1�1� A22 � Cs1�2

The submatrices corresponding can be decomposed one by one until the number
of submatrices meets the unit number. Take the decomposition of matrix ii as
interpretation.

(c) The submatrix decomposition

According to the basic connection form, the matrix A1 in ii can be decomposed
as formula (13) and (16), the matrix A2 can be decomposed as formula (14) and
(17). ii1 is decomposed from A1 according to (14) and ii2 is decomposed from A2

according to (14).

ðii2ÞA� ¼ A2�21A2�1A1Cs1�1� A2�22Cs1�2

ðii1ÞA� ¼ A21A1�1A1�2Cs1�1� A22Cs1�2

According to the basic connection form, the matrix A1�1 and A1�2 in ii can be
decomposed as formula (13) and (16), the matrix A2 can be decomposed as formula
(14) and (17). ii11 is decomposed from A1�2 according to (14) and ii12 is
decomposed from A2 according to (14).

ðii11ÞA� ¼ A21A1�1A1�2�1A1�2�2Cs1� A22Cs2

ðii12ÞA� ¼ A2�21ðA2�11� A2�12Cs2�1ÞA1�1A1�2Cs1�1� A22Cs2�2Cs1�2

In summary, the decomposition of total transformation matrix can get the initial
configurations without the constraints of unit connection and transmission perfor-
mance. Different transform paths can be generated as much as possible with this
method.

6. BGU’s conversion

In the transform paths, the BGU’s conversion (in Sect. 2.1) is restrained by the
connection of BGU (in Sect. 2.2) and the constraints of configuration synthesis (in
Sect. 3).

A lot of different state transformation equation can be obtained. And they have
the same basic equation as shown as (18), but the differences are the transformation
matrixes and eigenvalues.
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Ro ¼ ðA2�21ðA2�11� A2�12Cs2�1ÞA1�1A1�2Cs1�1� A22Cs2�2Cs1�2ÞRi ð18Þ

According to the formula (18), part of transmission configurations of 6 MW
semi-direct drive wind generator gearbox are shown in Table 3. And how to
evaluate the result of configuration synthesis will be presented in another article.

5 Conclusions

1. This paper presents a unified mathematical model to describe the gear trains
using the dual vectors and state transformation matrix, which can express the
information of kinematic, dynamic and structure of BGUs clearly; it is conve-
nient to achieve configuration synthesis, configuration optimization and quan-
titative analysis.

2. The state-space of gear trains and its operational rules revealed the relationship
between the series-parallel connections of BGUs and the computation paths of
dual eigenvectors, which is the basic of configuration synthesis of compound
gear trains.

3. An example of speed-increasing gearbox is given to show the process of con-
figuration synthesis under constraints. The configuration synthesis of compound
gear trains based on state-space approach is more efficient to distinguish iso-
morphism and more convenient to achieve computer programming.

Table 3 Part results of transmission configurations of 6 MW semi-direct drive wind generator
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Identification and Modification of Closed
Defect of the Location Function
for N-Lobed Noncircular Gears

Xin Zhang and Shouwen Fan

Abstract A general formulation of the identification and modification method of
closed defect for the location function of N-lobed noncircular gears (N-LNGs) is
proposed. The method is forced to satisfy closed condition of the location function
by introducing two modification parameters: proportional parameter and control-
lable parameter. Controllable parameter can be improved based on the minimization
of the maximum modification error. In particular, in order to modified the closed
defect without the introduction of new design defect: pitch curves interference
defect, controllable modification parameter is further verified and improved by the
relationship of curvature radius between internal gear pitch curve and external gear
pitch curve for N-lobed internal meshing noncircular gears. This identification and
modification method is implemented in several numerical examples, and simulation
results demonstrate that the closed defect of the location function for N-LNGs can
be effectively identified and modified.

Keywords Location function � Closed defect � Pitch curve interference �
Noncircular gear � Identification � Modification

1 Introduction

Since noncircular gears possess excellent transmission performance between two
parallel axes with a variable transmission ratio, they are already applied to
mechanical equipments: Maltese mechanism, packaging machinery, printing
machinery, textile machinery, gear shaper and fluid flowmeter [1–4]. Most of these
noncircular gears applications are elliptical gears and eccentric gears, which are
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constructed by the existing closed and smoothed curves as the pitch curves of N-
lobed noncircular gears (N-LNGs). For instance, Wei H. [5] develops an elliptic
interpolation algorithm for elliptical gears on the basis of the principle of central
angle division of an arc. Hector F.Q.R. and Salvador C.F. et al. [6] put forward a
design approach of pitch curves for N-LNGs on the basis of Bézier and B-spline
nonparametric curve. A general generation method of N-lobed elliptical gears from
a basic ellipse was proposed in Ref. [7], and the synthesis of N-lobed or high-order
elliptical gears and their rack by means of a conjugate shaper cutter with an involute
tooth profile was obtained in Refs. [8–13].

However, the location function of above N-LNGs is obtained after the deter-
mination of pitch curves, which is often inconsistent with practical application. In
practical, the design of N-LNGs is often need to satisfy the specific location
function between driving and driven noncircular gears. Namely, the pitch curves are
determined by the location function. In order to realize the continuous transmission,
the design of N-LNGs on the basis of location function require that the location
function is a periodic function and should also satisfy the closed condition [4]. The
location function is not always satisfy the closed condition in practical application,
so an effective identification and modification model and method are necessary for
the location function.

Aiming at above problem, an identification and modification method of closed
defect of the location function for N-LNGs is proposed by resorting to modification
parameters: proportional parameter and controllable parameter. Controllable
parameter can be improved based on the minimization of the maximum modifi-
cation error. In particular, in order to avoid the occurrence of the pitch curve
interference for N-LIMNGs, the condition without pitch curve interference is firstly
given. Meanwhile, the controllable parameter is further improved so that the pitch
curves without interference defect for N-LIMNGs. Some numerical results are
shown to validate the proposed formulation.

2 Identification Principle and Method of Closed Defect
of the Location Function for N-LNGs

As shown in Fig. 1, pitch curves C1 and C2 of N-lobed noncircular gears are rolling
on each other without sliding. Moving coordinate systems C1(O1-x1y1) and C2(O2-
x2y2) are attached, each to its corresponding N1-lobed driving and N2-lobed driven
noncircular gears, respectively. Angle h1 rotates about x1-axis with the angular
speed of w1, while angle h2 rotates about x2-axis at w2. Assuming P0 is starting
meshing point(h1 = 0, h2 = 0), P is a instantaneous meshing point that driving gear
rotated angle h1 and its corresponding driven gear rotated angle h2. This moment,
the starting point P0 is moved to point G1 and G2. According to the design rules of
the pitch curves for gear pair, namely, the location function h2 = F(h1) is known
condition. So, the transmission ratio i12 of N-lobed noncircular gears can be
expressed as:
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i12 ¼ w1

w2
¼ dh1

dh2
¼ 1

F0ðh1Þ ð1Þ

According to the meshing principle, relative velocity of the instantaneous
meshing point P for N-LNGs should be zero, namely w2 � O1P ¼ w1 � O2P.
Assuming radius vectors O1P ¼ r1(h1Þ and O2P ¼ r2(h1Þ, we have:

Fig. 1 Meshing relationships
of N-lobed noncircular gears:
a External meshing b Internal
meshing
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w1

w2
¼ O2P

O1P
¼ r2(h1Þ

r1(h1Þ ð2Þ

Along with Eq. (1), one obtains:

r2(h1Þ
r1(h1Þ¼

1
F0ðh1Þ ð3Þ

The pitch curves roll without slip, therefore:

dh2¼ r1(h1Þ
r2(h1Þ dh1 ð4Þ

Taking Eqs. (1)–(3) into consideration, after integrating both sides of Eq. (4)
from h1 = 0 to h1 = 2p/N1, we obtain:

2p
N2

¼
Z2p
N1

0

r1(h1Þ
r2(h1Þdh1 ¼

Z2p
N1

0

F0ðh1Þdh1 ð5Þ

Equation (5) is the closed condition of pitch curves for N-lobed noncircular
gears. Equation (5) is usually not satisfied. Therefore, Eq. (5) can be used as the
identification method of closed defect of the location function for N-LNGs.

Assume that the center distance between points O1 and O2 is A0(A0 > 0).
Because the difference between r1(h1) and r2(h1) at their contact point P is a
constant that equals the center distance A0, then the relationship between pitch
curves and center distance is shown in Table 1.

Along with the Eqs. (3)–(4), pitch curve equations r1(h1) and r2(h1) of N1-lobed
driving and N2-lobed driven noncircular gears can be obtained, respectively. Their
computational formulas are shown in Table 2.

Table 1 The relationship between pitch curves and center distance for N-LNGs

External meshing Internal meshing

r1(h1) is external gear pitch
curve
r2(h1) is internal gear pitch curve

r2(h1) is external gear pitch
curve
r1(h1) is internal gear pitch curve

r1 h1ð Þþ r2 h1ð Þ ¼ A0 r1 h1ð Þ � r2 h1ð Þ ¼ A0 r2 h1ð Þ � r1 h1ð Þ ¼ A0

Table 2 The formulas of pitch curve equations r1(h1) and r2(h1) of N1-lobed driving and N2-lobed
driven noncircular gears

External meshing Internal meshing

r1(h1) is external gear pitch curve

r2(h1) is internal gear pitch curve

r2(h1) is external gear pitch curve

r1(h1) is internal gear pitch curve

r1(h1Þ ¼ A0F0 ðh1 Þ
F 0 ðh1 Þþ 1,

r2(h1Þ ¼ A0
F0 ðh1Þþ 1

h2 ¼ Fðh1Þ
�

r1(h1Þ ¼ A0F0 ðh1Þ
F0 ðh1 Þ�1,

r2(h1Þ ¼ A0
F0 ðh1 Þ�1

h2 ¼ Fðh1Þ
�

r1(h1Þ ¼ A0F0 ðh1 Þ
1�F0 ðh1 Þ,

r2(h1Þ ¼ A0
1�F0 ðh1 Þ

h2 ¼ Fðh1Þ
�
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3 Modification Method of Closed Defect of the Location
Function for N-LNGs

Assume that the numbers of pitch curve lobes N1 and N2 for N-lobed noncircular
gears are known. Due to Eq. (5) is not necessarily established, the location function
of N-LNGs has closed design defect. Therefore we add two modification parameters
to modify the original F(h1) and force the two sides equal:

2p
N2

aþ b ¼
Z2p
N1

0

F0ðh1Þ dh1; ða; b 6¼ 0 and a 6¼ 1Þ ð6Þ

where a and b are, respectively, proportional modification parameter and control-
lable modification parameter of the closed design defect, N1 and N2 are the numbers
of pitch curve lobes of driving and driven noncircular gear for N-LNGs, and we
have:

a ¼ N2

R 2p
N1
0

F0ðh1Þ dh1�bN2

2p

b ¼ R 2p
N1
0 F0ðh1Þ dh1 � 2p

N2
a

8><
>: ð7Þ

Rearrange Eq. (7) to:

2p
N2

¼
Z2p
N1

0

F0ðh1Þ
a

� bN1

2ap

� �
dh1 ð8Þ

Assume that the original h2 = F(h1) is composed of the change function f(h1)
and constant C, namely:

h2 ¼ Fðh1Þ ¼ f ðh1ÞþC ð9Þ

The modified location function h2m(h1) can be obtained by Eqs. (8)–(9)

h2m ¼ 1
a
f ðh1Þ � bN1

2ap
h1 þ c ð10Þ

where c is an unsolved integration constant.
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3.1 Modification Method of Closed Defect of the Location
Function for N-Lobed External Meshing Noncircular
Gears

In order to guarantee the continuous rotary motion of the noncircular gears, the
location function h2 = F(h1) of N-lobed external meshing noncircular gears should
satisfy the following conditions:

h1 ¼ 0;Fðh1Þ ¼ 0
8h1 2 ½0; 2p=N1� ; F0ðh1Þ[ 0
F0ðh1Þ ¼ F0ðh1 þ 2p=N1Þ

8<
: ð11Þ

where N1 is the number of pitch curve lobes of driving external meshing noncircular
gears, respectively. Without additional exception, the original location function
h2 = F(h1) has satisfied these conditions.

According to Eq. (11), rearrange Eq. (9) to:

h2 ¼ Fðh1Þ ¼ f ðh1Þ � f ð0Þ ð12Þ

Along with Eqs. (10)–(11), we have:

c ¼ � 1
a
f ð0Þ

8h1 2 ½0; 2p=N1�; 1a f
0ðh1Þ � bN1

2ap
[ 0

8><
>: ð13Þ

The modified location function h2m(h1) can be expressed as:

h2m ¼ 1
a
f ðh1Þ � bN1

2ap
h1 � 1

a
f ð0Þ ; 1

a
f 0ðh1Þ � bN1

2ap
[ 0 ð14Þ

Further, in order to better analyze the error, the error function e(h1) can be
established by Eqs. (12)–(14):

eðh1Þ ¼ h2m � h2

¼ 1� a
a

f ðh1Þ � bN1

2ap
h1 þ a� 1

a
f ð0Þ; 1

a
f 0ðh1Þ � bN1

2ap
[ 0

ð15Þ

And the first-order derivative of the error function e(h1) can be obtained:

e0ðh1Þ ¼ 1� a
a

f 0ðh1Þ � bN1

2ap
;
1
a
f 0ðh1Þ � bN1

2ap
[ 0 ð16Þ

Assuming h11, h12, … are solutions of the equation e0ðh1Þ ¼ 0 at
h1 2 ½0; 2p=N1�. The maximum emax of the Eq. (15) can be expressed as:
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emax ¼ max eð0Þj j; eðh11Þj j; eðh12Þj j; . . .; eð2p=N1Þj jf g ð17Þ

In order to obtain the minimize of the maximum emax for the error function e(h1),
the following objective function has been established according to Eqs. (15)–(17):

minfeðbÞ ¼ minðemaxÞ; 1a f
0ðh1Þ � bN1

2ap
[ 0 ð18Þ

According to Table 2 and Eqs. (14)–(18), modification parameters a and b can
be solved and makes the maximum emax of the error function e(h1) is minimal. Pitch
curve equations r1(h1) and r2(h1) of N1-lobed driving and N2-lobed driven external
meshing noncircular gears can be calculated, respectively:

r1(h1Þ ¼ A0h
0
2m

1þ h02m
;
1
a
f 0ðh1Þ � bN1

2ap
[ 0 ð19Þ

r2(h1Þ ¼ A0

1þ h02m
h2m ¼ 1

a f ðh1Þ � bN1
2ap h1 � 1

a f ð0Þ
;

1
a
f 0ðh1Þ � bN1

2ap
[ 0

8><
>: ð20Þ

3.2 Modification Method of Closed Defect of the Location
Function for N-Lobed Internal Meshing Noncircular
Gears

According to Table 2, the location function h2 = F(h1) of N-lobed internal meshing
noncircular gears should also satisfy the following conditions:

h1 ¼ 0;Fðh1Þ ¼ 0

8h1 2 ½0; 2p
N1

�;F0ðh1Þ[ 1 or 0\F0ðh1Þ\1

F0ðh1Þ ¼ F0ðh1 þ 2p=N1Þ

8><
>: ð21Þ

where N1 is the numbers of pitch curve lobes of driving noncircular gear for N-
LIMNGs, respectively. When r1(h1) is external gear pitch curve and r2(h1) is
internal gear pitch curve, the first-order derivative of location function F′(h1) > 1,
otherwise 0 < F′(h1) < 1. Without additional exception, the original location
function h2 = F(h1) has satisfied these conditions.

According to Eq. (21), rearrange Eq. (9) to:

h2 ¼ Fðh1Þ ¼ f ðh1Þ � f ð0Þ ð22Þ

Along with Eqs. (21)–(22), we have:
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c ¼ � 1
a
f ð0Þ

8h1 2 ½0; 2p
N1

�; 1
a
f 0ðh1Þ � bN1

2ap
[ 1 or 0\

1
a
f 0ðh1Þ � bN1

2ap
\1

8><
>: ð23Þ

The modified location function h2m(h1) can be expressed as:

h2m ¼ 1
a
f ðh1Þ � bN1

2ap
h1 � 1

a
f ð0Þ;

s:t:
1
a
f 0ðh1Þ � bN1

2ap
[ 1 or 0\

1
a
f 0ðh1Þ � bN1

2ap
\1

8>>><
>>>:

ð24Þ

Further, in order to better analyze the error, the error function e(h1) can be
established by Eqs. (22)–(24):

eðh1Þ ¼ h2m � h2 ¼ 1� a
a

f ðh1Þ � bN1

2ap
h1 þ a� 1

a
f ð0Þ ;

s:t:
1
a
f 0ðh1Þ � bN1

2ap
[ 1 or 0 \

1
a
f 0ðh1Þ � bN1

2ap
\1

8><
>: ð25Þ

And the first-order derivative of the error function e(h1) can be obtained:

e0ðh1Þ ¼ 1� a
a

f 0ðh1Þ � bN1

2ap
;

s:t:
1
a
f 0ðh1Þ � bN1

2ap
[ 1 or 0\

1
a
f 0ðh1Þ � bN1

2ap
\1

8><
>: ð26Þ

Assuming h11, h12, … are solutions of the equation e0ðh1Þ ¼ 0 at
h1 2 ½0; 2p=N1�. The maximum emax of the Eq. (25) can be expressed as:

emax ¼ max eð0Þj j; eðh11Þj j; eðh12Þj j; . . .; eð2p=N1Þj jf g ð27Þ

In order to obtain the minimize of the maximum emax for the error function e(h1),
the following objective function has been established according to Eqs. (25)–(27):

minfeðbÞ ¼ minðemaxÞ;
s:t:

1
a
f 0ðh1Þ � bN1

2ap
[ 1 or 0 \

1
a
f 0ðh1Þ � bN1

2ap
\1

(
ð28Þ

According to Table 2 and Eq. (24), the pitch curve equations r1(h1) and r2(h1) of
N1-lobed driving and N2-lobed driven internal meshing noncircular gears can be
calculated:

r1(h1Þ ¼ A0h
0
2m

h02m�1

r2(h1Þ ¼ A0
h02m�1

h2m ¼ 1
a f ðh1Þ �

bN1

2ap
h1 � 1

a
f ð0Þ

8>>><
>>>:

;
1
a
f 0ðh1Þ � bN1

2ap
[ 1 ð29Þ
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Fig. 2 The relationship of
curvature radius between
internal gear pitch curve and
external gear pitch curve for
N-LIMNGs
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Table 3 The relationship of curvature radius between pitch curves r1(h1) and r2(h1) for
N-LIMNGs

Internal meshing

r1(h1) is external gear pitch curve
r2(h1) is internal gear pitch curve

8h1 2 ½0; 2p=N1�;
½r22 þð dr2

dh2m
Þ2 �3=2

r22 þ 2ð dr2
dh2m

Þ2�r2
d2 r2
dh2

2m

� ½r21 þðdr1dh1
Þ2 �3=2

r21 þ 2ðdr1dh1
Þ2�r1

d2 r1
dh2

1

r2(h1) is external gear pitch curve
r1(h1) is internal gear pitch curve

8h1 2 ½0; 2p=N1�;
½r22 þð dr2

dh2m
Þ2 �3=2

r22 þ 2ð dr2
dh2m

Þ2�r2
d2 r2
dh2

2m

� ½r21 þðdr1dh1
Þ2 �3=2

r21 þ 2ðdr1dh1
Þ2�r1

d2 r1
dh2

1

Table 4 The curvature radius relationship represented by location function for N-LIMNGs

Internal meshing

r1(h1) is external gear pitch curve
r2(h1) is internal gear pitch curve

8h1 2 ½0; 2p=N1� ;
ðh02mÞ3ðh02m � 1Þ � ðh002mÞ2 þ h02mh

000
2m\0

h02m � 1[ 0

�
or
ðh02mÞ2ðh02m � 1Þ � 2ðh002mÞ2 þ h02mh

000
2m [ 0

h02m � 1[ 0

�
r2(h1) is external gear pitch curve
r1(h1) is internal gear pitch curve

8h1 2 ½0; 2p=N1� ;
ðh02mÞ3ð1� h02mÞþ ðh002mÞ2 � h02mh

000
2m [ 0

0\h02m\1

�
or
ðh02mÞ2ð1� h02mÞþ 2ðh002mÞ2 � h02mh

000
2m\0

0\h02m\1

�

or

r1(h1Þ ¼ A0h
0
2m

1�h02m
r2(h1Þ ¼ A0

1�h02m
h2m ¼ 1

a f ðh1Þ � bN1
2ap h1 � 1

a f ð0Þ
; 0\

1
a
f 0ðh1Þ � bN1

2ap
\1

8>><
>>: ð30Þ

However, the pitch curve interference may occur at the meshing points of N-
lobed internal meshing noncircular gears. Namely, the curvature radius of internal
gear pitch curve is more than the curvature radius of external gear pitch curve, as
shown in Fig. 2a. In order to avoid the occurrence of the pitch curve interference,
referring to Fig. 2b, we know that the relationship of curvature radius between pitch
curves r1(h1) and r2(h1) of N1-lobed driving and N2-lobed driven internal meshing
noncircular gears is shown in Table 3. Along with Eqs. (29)–(30), the curvature
radius relationship represented by location function is shown in Table 4.
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Fig. 3 Flow chart of the identification and modification algorithm for closed defect

4 Algorithm

An identification and modification algorithm of closed defect of the location function
for N-LNGs was produced using the foregoing formulation. Referring to the algo-
rithm flow chart of Fig. 3, the input data are the numbers of pitch curve lobes N1 and
N2, the original location function h2 = F(h1) for N-LNGs, respectively.

If original location function h2 does not satisfy the Eq. (5), then the modification
model h2m can be obtained by Eq. (10). The controllable modification parameter
b of external meshing gears or internal meshing gears can be, respectively, solved
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Table 6 The solution and selection of modification parameters

Min
fe(b)

Constraint condition of
parameter b

Selection of modification
parameters

Modified location
function

Figures

7p
3

b\2p; b 6¼ 0
or

b[ 4p

a ¼ 6;

b ¼ �p

2
3 h1 þ 1�cos(2h1Þ

12
Figure 4a

a ¼ �3;

b ¼ 5p

2
3 h1 � 1�cos(2h1Þ

6
Figure 4b
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Fig. 4 Original location
function and modified
location function of an
external meshing noncircular
gears
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Table 7 Modified location function and closed pitch curves in Fig. 5

Modified
location
function

Center
distance

Closed pitch curves Figures

2
3 h1 þ 1�cos(2h1Þ

12
A0 ¼ 5 r1a h1ð Þ ¼ 5(4þ sin(2h1))

10 + sin(2h1)
r2a h1ð Þ ¼ 30

10 + sin(2h1)
Figure 5a

2
3 h1 � 1�cos(2h1Þ

6 r1b h1ð Þ ¼ 5(2 - sin(2h1))
5 - sin(2h1)

r2b h1ð Þ ¼ 15
5 - sin(2h1)

Figure 5b
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Pitch curve of 2-lobed driving noncircular gear

Pitch curve of 3-lobed driven noncircular gear
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(b)

Pitch curve of 2-lobed driving noncircular gear

Pitch curve of 3-lobed driven noncircular gear

Fig. 5 Two samples of the
closed pitch curves for N-
lobed external meshing
noncircular gears
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by Eq. (18) or Eq. (28) and Table 4. The proportional modification parameter a can
be obtained by Eq. (7). The modified location function h2m and its corresponding
pitch curves r1(h1) and r2(h1) can be solved by the modification parameters a and b.

Table 9 The feasible region
of controllable modification
parameter b

Min fe(b) Constraint condition of parameter b
14p
15 b\ 3p

5 and b 6¼ 0 or b[ 13p
5

-60 -40 -20 0 20 40 60
-50

-40

-30

-20

-10

0

10

20

30

40

50
(a)

Pitch curve of 5-lobed driving noncircular gear
Pitch curve of 3-lobed driven noncircular gear

-25 -20 -15 -10 -5 0 5 10 15
-15

-10

-5

0

5

10

15

20
(b)

Pitch curve of 5-lobed driving noncircular gear
Pitch curve of 3-lobed driven noncircular gear

Fig. 6 Two samples of the
closed pitch curves with
interference defect for N-
lobed internal meshing
noncircular gears

1330 X. Zhang and S. Fan



5 Examples

The proposed identification and modification method was implemented in
MATLAB to run several illustrative examples.

Case 1: Example on the design of an external meshing location function F h1ð Þ ¼

3h1 � cos(2h1Þ
2

þ 1
2

for 2-lobed driving and 3-lobed driven external meshing

noncircular gears, namely, N1 = 2 and N2 = 3.
According to Eqs. (5)–(10), its identification and modification model is shown in

Table 5. In order to minimize the maximum emax of the error function e(h1), the
values of parameters a, b and their corresponding modified location function h2m
are, respectively, depicted in Table 6 and Fig. 4 by resorting to Eqs. (11)–(20).

Table 7 and Fig. 5 are two samples of the closed pitch curves for N-lobed
external meshing noncircular gears based on the modified location function in
Table 6.

Table 10 Corresponding parameters with interference defect of closed pitch curves in Fig. 6

Modification
parameters

Modified location
function

Center
distance

Pitch curves

a ¼ 9=5,
b ¼ 2p=5

5
3 h1 þ 1�cos(5h1Þ

9
A0 ¼ 5 r1a h1ð Þ ¼ 25(3þ sin(5h1))

6 + 5sin(5h1)
r2a h1ð Þ ¼ 45

6 + 5sin(5h1)
a ¼ �18=5,
b ¼ 4p

5
3 h1 � 1�cos(5h1Þ

18 r1b h1ð Þ ¼ 25(6 - sin(5h1))
12�5sin(5h1)

r2b h1ð Þ ¼ 90
12�5sin(5h1)

Table 12 The solution and selection of modification parameters

Original location
function

Modification parameters Modified location
function

Figures

4h1 � cos(5h1Þ
5 þ 1

5
a ¼ 102=5, b ¼ �60p=5 5

3 h1 þ 1�cos(5h1Þ
102

Figure 7a

a ¼ �183=5, b ¼ 130p=5 5
3 h1 � 1�cos(5h1Þ

183
Figure 7b

Table 11 The improved feasible region of controllable modification parameter b

Min fe(b) Constraint condition of parameter b
14p
15

b\ 8
5p� 213:1653

5 ð � �59:8526
5 pÞ

or
b[ 8

5pþ 213:1653
5 ð� 75:8526

5 pÞ
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Case 2: Example on the design of an internal meshing location function F h1ð Þ ¼

4h1 � cos(5h1Þ
5

þ 1
5
for 5-lobed driving and 3-lobed driven internal meshing non-

circular gears, namely, N1 = 5 and N2 = 3. r1(h1) is external gear pitch curve and
r2(h1) is internal gear pitch curve. Its identification and modification model is
shown in Table 8 by resorting to Eqs. (5)–(10).

Before considering the interference condition, the feasible region of controllable
modification parameter b is shown in Table 9 by minimizing the maximum emax of
the error function e(h1) according to Eqs. (21)–(28). Two examples of pitch curves
with interference for internal meshing gears are shown in Fig. 6 based on the
feasible region. Its corresponding parameters are depicted in Table 10.

In order to modified the closed defect without the introduction of new design
defect: pitch curves interference defect, the improved feasible region of controllable

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

1

2

3

4

5

6

X: 1.25
Y: 2.899

theta2=4*theta1-cos(5*theta1)/5+1/5
theta2m1=5*theta1/3+(1-cos(5*theta1))/102
e1=abs(theta2m1-theta2)

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

1

2

3

4

5

6

X: 1.25
Y: 2.927

theta2=4*theta1-cos(5*theta1)/5+1/5
theta2m2=5*theta1/3-(1-cos(5*theta1))/183
e2=abs(theta2m2-theta2)

(a)

(b)

Fig. 7 Original location
function and modified
location function of an
internal meshing noncircular
gears
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Fig. 8 Two samples of the
closed pitch curves without
interference defect for N-
lobed internal meshing
noncircular gears

Table 13 Modified location function and closed pitch curves without interference defect in Fig. 8

Modified location
function

Center
distance

Closed pitch curves Figures

5
3 h1 þ 1�cos(5h1Þ

102
A0 ¼ 5 r1a h1ð Þ ¼ 25(34þ sin(5h1))

68 + 5sin(5h1)
r2a h1ð Þ ¼ 510

68 + 5sin(5h1)

Figure 8a

5
3 h1 � 1�cos(5h1Þ

183 r1b h1ð Þ ¼ 25(61 - sin(5h1))
122�5sin(5h1)

r2b h1ð Þ ¼ 915
122�5sin(5h1)

Figure 8b
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Table 15 The feasible region of controllable modification parameter b

Min fe(b) Constraint condition of parameter b
3p
20 b\� p

4 or b� 9p
4

-60 -40 -20 0 20 40 60
-50
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-30

-20

-10

0
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20

30

40

50
Pitch curve of 4-lobed driving noncircular gear
Pitch curve of 5-lobed driven noncircular gear
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Pitch curve of 4-lobed driving noncircular gear
Pitch curve of 5-lobed driven noncircular gear

(a)

(b)

Fig. 9 Two samples of the
closed pitch curves with
interference defect for N-
lobed internal meshing
noncircular gears
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modification parameter b is shown in Table 11 according to Eq. (29) and Table 4.
The values of parameters a, b and their corresponding modified location function
h2m are, respectively, depicted in Table 12 and Fig. 7. Figure 8 and Table 13 are
two samples of the closed pitch curves without interference defect for N-lobed
internal meshing noncircular gears based on the modified location function in
Table 12.

Case 3: Example on the design of an internal meshing location function F h1ð Þ ¼
1
2
h1 þ sin(4h1Þ

16
for 4-lobed driving and 5-lobed driven internal meshing noncircular

gears, namely, N1 = 4 and N2 = 5. r2(h1) is external gear pitch curve and r1(h1) is
internal gear pitch curve. Its identification and modification model is shown in
Table 14 by resorting to Eqs. (5)–(10).

Before considering the interference condition, the feasible region of controllable
modification parameter b is shown in Table 15 by minimizing the maximum emax of
the error function e(h1) according to Eqs. (21)–(28). Two examples of pitch curves
with interference for internal meshing gears are shown in Fig. 9 based on the
feasible region. Its corresponding parameters are depicted in Table 16.

Table 16 Corresponding parameters with interference defect of closed pitch curves in Fig. 9

Modification
parameters

Modified location
function

Center
distance

Pitch curves

a ¼ 5=2,
b ¼ �3p=4

4
5 h1 þ sin(4h1Þ

40
A0 ¼ 5 r1a h1ð Þ ¼ 5(8þ cos (4h1))

2�cos(4h1)
r2a h1ð Þ ¼ 50

2�cos (4h1)
a ¼ �5,
b ¼ 9p=4

4
5 h1 � sin(4h1Þ

80 r1b h1ð Þ ¼ 5(16 - cos(4h1))
4 + cos(4h1)

r2b h1ð Þ ¼ 100
4þ cos (4h1)

Table 18 The solution and selection of modification parameters

Original location
function

Modification
parameters

Modified location
function

Figures

1
2 h1 þ sin(4h1Þ

16
a ¼ 50, b ¼ �79p=4 4

5 h1 þ sin(4h1Þ
800

Figure 10a

a ¼ �35,b ¼ 57p=4 4
5 h1 � sin(4h1Þ

560
Figure 10b

Table 17 The improved feasible region of controllable modification parameter b

Min fe(b) Constraint condition of parameter b
3p
20

b\ 1
4p� 154:0495

4 ð � �48:0355
4 pÞ

or
b[ 1

4pþ 154:0495
4 ð� 50:0355

4 pÞ
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In order to modified the closed defect without the introduction of new design
defect: pitch curves interference defect, the improved feasible region of controllable
modification parameter b is shown inTable 17 according to Eq. (30) andTable 4. The
values of parameters a, b and their corresponding modified location function h2m are,
respectively, depicted in Table 18 and Fig. 10. Figure 11 and Table 19 are two
samples of the closed pitch curves without interference defect for N-lobed internal
meshing noncircular gears based on the modified location function in Table 18.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

0.2

0.4

0.6

0.8

1

1.2

1.4

X: 1.57
Y: 0.4712

theta2=theta1/2+sin(4*theta1)/16
theta2m1=4*theta1/5+sin(4*theta1)/800
e1=abs(theta2m1-theta2)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

0.2

0.4

0.6

0.8

1

1.2

1.4

X: 1.57
Y: 0.4712

theta2=theta1/2+sin(4*theta1)/16
theta2m2=4*theta1/5-sin(4*theta1)/560
e2=abs(theta2m2-theta2)

(a)

(b)

Fig. 10 Original location
function and modified
location function of an
internal meshing noncircular
gears
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Fig. 11 Two samples of the closed pitch curves without interference defect for N-lobed internal
meshing noncircular gears

Table 19 Modified location function and closed pitch curves without interference defect in
Fig. 11

Modified
location
function

Center
distance

Closed pitch curves Figures

4
5 h1 þ sin(4h1Þ

800
A0 ¼ 5 r1a h1ð Þ ¼ 5(160þ cos (4h1))

40�cos (4h1)
r2a h1ð Þ ¼ 1000

40�cos (4h1)
Figure 11a

4
5 h1 � sin(4h1Þ

560 r1b h1ð Þ ¼ 5(112 - cos (4h1))
28þ cos(4h1)

r2b h1ð Þ ¼ 700
28 + cos(4h1)

Figure 11b
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6 Conclusions

An identification and modification algorithm on the design of location function for
N-lobed noncircular gears was proposed to obtain a reshaping location function
without closed defect. Based the reshaping location function, the closed pitch
curves can be obtained. This design method is helpful to avoid the occurrence of
pitch curves interference defect for N-lobed internal meshing noncircular gears,
which have negative influence on transmission performance. The proposed algo-
rithm was implemented in MATLAB, the feasibility and validity are verified
through several design examples of location function for N-lobed noncircular gears.

Acknowledgments The authors are grateful for financial support from National Natural Science
Foundation of China [grant number: 51175067].
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Design of a Maximally Regular
Acceleration Sensor Based on
Generalized Gough-Stewart Platforms

Zhizhong Tong, Hongzhou Jiang, Hui Zhang and Jingfeng He

Abstract An analytical formulation and a new routine are presented to design a
maximally regular acceleration sensor based on a generalized Gough-Stewart plat-
form. The Jacobian matrix considering the measuring point is constructed symbol-
ically and also acceleration mapping matrix done. Optimal indices and coupling
evaluation are proposed to qualify performances of the sensor. Subsequently, the
singular values of the acceleration Jacobian matrix are solved analytically to evaluate
acceleration transmission. The conditions for the maximally regular acceleration are
expressed in close-form. Based on the analytical formulation, an optimal design
routine is put forward to determine a family of orthogonal and maximally regular
acceleration sensor. With the aid of numerical examples, the acceleration-coupling is
investigated and the results illustrate that the proposed design method is effective.

Keywords Acceleration sensor � Gough-Stewart platform � Isotropy � Circular
hyperboloids � Coupling analysis

1 Introduction

Gough-Stewart parallel manipulators have been employed in a wide variety of areas
such as manipulation, matching, control, tracking, haptic force feed-back, etc.
When considering the implementation of parallel mechanisms in the field of sen-
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sors, the Gough-Stewart structure has become an alternative solution for certain
applications including force/torque sensors and acceleration sensors. An accelera-
tion sensor with orthogonal or isotropic performance has better sensitivity and
higher accuracy without doubt, however, it has been researched scarcely any.

A lot of theoretical and experimental investigations on the 6-dof force/torque
sensors with Gough-Stewart platforms were carried out in-depth by many
researchers [1–5]. In general, few works focused on the 6-dof acceleration sensors
with parallel structures. Xu et al. derived a symbolic expression to evaluate the
acceleration isotropy of a Stewart platform-based acceleration sensor [6]. An E-type
linear accelerometer with three dimensions was developed to measure the applied
force from the upper limb [7]. However, the decoupling process was difficult and
non-standard due to its unique and complex structure. To obtain a decoupled
configuration with compact elements, Gao et al. presented a multidimensional
acceleration sensor through the novel architecture of 3RRPRR fully decupling
parallel mechanism [8]. For its special mechanism, only linear acceleration can be
sensitive. Theoretically, orthogonality is interesting for geometry of mechanism; so
many design approaches have been presented. Jafari and McInroy explored various
properties of the inverse Jacobian matrix to design orthogonal GSPMs among all
the possible geometries [9, 10]. A class of orthogonal Gough-Stewart parallel
manipulators was generated by Jafari and Yi et al. [11–13].

As can be seen from the literature survey, the movable platform is served as the
inertial mass of the sensor. The measuring point is generally over the geometric
center of the platform. What is more, an analytical formulation considering the
measuring point has not been proposed to guide theoretical analysis so that an
orthogonal structure is hardly to be found for a given requirement. It is a significant
work, which would lead to a novel design routine and easily hunt for a family of
orthogonal and maximally regular acceleration sensor. These interesting problems
attract us to make an attempt. This work concerns about the comprehensive
exploration from conceptual design to prototype. In this paper, we will evaluate the
acceleration transmission capability for being realistic using a hypercube instead of
a hyperboloid, i.e., maximally regular acceleration.

2 Problem Descriptions

2.1 Jacobian Matrix

A generalized Gough-Stewart platform (GGSP), as a variant kind of Gough-Stewart
platforms, has been considered a well-established option and been well-studied
[11–14], as shown in Fig. 1.

Mathematically, it can be expressed using double circular hyperboloids by
[14, 15]
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x� r1 cos a
�r1 sin a

¼ y� r1 sin a
�r1 cos a

¼ z� a1z
c1

ð1Þ

x� r2 cos a
�r2 sin a

¼ y� r2 sin a
�r2 cos a

¼ z� a2z
c2

ð2Þ

where r1 and r2 are the throat radius of the hyperboloids respectively, and a1z and
a2z are distances from the center of the hyperboloids to the frame origin. c1 and c2
can be called the shape parameters of the hyperboloids respectively and a as the
sweep angle.

Accordingly, the Jacobian matrix is defined by

JðaÞ ¼ p1ðaÞ p2 a� 2
3 p

� �
p1 aþ 2

3 p
� �

p2 aþ 2
3 p

� �
p1 a� 2

3 p
� �

p2ðaÞ
� �T

ð3Þ

p1ðhÞ ¼ ½�ka1 sin h ka1 cos h kc1
�a1zka1 cos hþ r1kc1 sin h �a1zka1 sin h� r1kc1 cos h r1ka1 �T

ð4Þ

p2ðhÞ ¼ ½�ka2 sin h �ka2 cos h kc2
�a2zka2 cos h� r1kc2 sin h a2zka2 sin h� r2kc2 cos h �r2ka2 �T

ð5Þ

where the vectors of p1ðhÞ and p2ðhÞ are the unitary Plücker coordinates of straight
lines 1 and 6 respectively. h represents the rotation angle along z-axis.
ka1 ¼ r1ffiffiffiffiffiffiffiffiffiffi

r21 þ c21
p , kc1 ¼ c1ffiffiffiffiffiffiffiffiffiffi

r21 þ c21
p , ka2 ¼ r2ffiffiffiffiffiffiffiffiffiffi

r22 þ c22
p and kc2 ¼ c2ffiffiffiffiffiffiffiffiffiffi

r22 þ c22
p .

2.2 Acceleration Mapping Matrix

For the special case of a GGSP based accelerometer, the movable platform is
preponderant compared with the inertia mass of the struts and serves as the inertia
mass of the sensor. Each strut serves as an elastic measuring instrument and sustains
tensile strain or compressive strain along its axis. Neglecting the Coriolis/centripetal

A2

A3

A5

B6
B5

B4

B3
B2

B1

A1
A6

Movable
Platform

A4

Fixed
Base

OP

OB
Strut

Fig. 1 Schematic diagram of
a GGSP

Design of a Maximally Regular Acceleration Sensor … 1345



term and the gravity of the struts, the dynamics equation can be given in the
following simplified form

JTfa¼ Mt€x ð6Þ

where fa ¼ f1 f2 f3 f4 f5 f6½ �T represents the vector composed of the
reacting force on the six struts caused by the inertia mass of the movable platform.
Mt denotes the inertia matrix of the movable platform.

Rewriting (6), the generalized acceleration of the movable platform is given with

€x ¼ M�1
t JTfa ð7Þ

In order to clarify physical conceptions, we introduce the following definition.

Definition 1 M�1
t JT, defined as the acceleration mapping matrix, indicates the

acceleration transmission capacity from the space of active joints to the space of the
mass, which relates the generalized force developed by the struts to the generalized
acceleration of the movable platform.

Let G denote the acceleration mapping matrix, then we have

G ¼ M�1
t JT ð8Þ

For the convenience of analysis, the coordinates can be selected along the
principal axes of the platform. Consequently, Mt is decoupled and diagonal. That is
Mt ¼ diagðm m m Ixx Iyy Izz Þ. Ixx, Iyy and Izz are three rotational inertia
components.

2.3 Acceleration Optimal Indices

Factually, using isotropy to descript the acceleration transmission capability is
inappropriate. In this paper, we evaluate the acceleration transmission capability for
being realistic using a hypercube instead of a hyperellipsoid, i.e., maximally regular
acceleration. The term of a maximally regular parallel manipulator was presented
by Merlet to define the isotropic robots [16]. Assuming 1 as a bound, then the force
satisfies fak k� 1. If we use the 2-norm, then it means they are not independent. For
example, one of them is 1, and then the others should all become 0. The infinite
norm should be a more realistic norm. With this norm, the force is restricted to lie in
a 6-dimensional hypercube in the joint space. The hypercube in the joint space is
thus mapped into the acceleration hypercube in the working space, which includes
the acceleration hyperellipsoid. Consequently, such a manipulator is far from iso-
tropy and can NEVER be obtained. We prefer the term of maximally regular,
instead of the word isotropy to avoid the confusion of the concept of isotropy.
Hence, we focus on the maximally regular acceleration sensor.
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The singular values of GGT are used to be indices, which can be given by

r ¼ ffiffiffiffiffiffiffiffiffiffi
kGGT

p ð9Þ

where kGGT ¼ ½ kGGT1 kGGT2 kGGT3 kGGT4 kGGT5 kGGT6 �.
To obtain an optimal design with a maximally regular acceleration, we introduce

optimal performance factors. One factor is the ratio of the maximal singular value
and the minimal one. Translational accelerations and rotational accelerations are not
dimensionally homogenous, thus the optimal performance factors are discussed
respectively and formulated by

Minimizing kv ¼ maxðrvÞ
minðrvÞ ; k- ¼ maxðr-Þ

minðr-Þ ð10Þ

where rv are the singular values of the translation accelerations, while r- are the
singular values of the rotation accelerations.

In Eq. (10), if kv = 1, then a GGSP based sensor is maximally regular with
translational accelerations. Rotational accelerations are maximally regular when
k- = 1. If kv = 1 and k- = 1, a GGSP based sensor is fully maximally regular.

2.4 Acceleration-Coupling Evaluation

The acceleration mapping matrix will not be a diagonal matrix at overall work-
space, and the acceleration-coupling characteristics cannot be neglected. It becomes
to weaken the acceleration transmission performance and to decrease measuring
precision. Thus, in this paper an acceleration-coupling factor is an important
measure to quantify exactly its influence. Local norm-coupling factor (LNCF) is
defined to cover the acceleration matrix

CILNCF ¼
X6
i¼1

X6
j¼1

wi;j
GGTði; jÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GGTði; iÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

GGTðj; jÞ
q ði 6¼ jÞ ð11Þ

where wi;j is a weighted coefficient in the range from 0 to 1 andP6
i¼1

P6
j¼1 wi;j ¼ 1 ði 6¼ jÞ.

Merlet proposed an iso-stiffness curve to analyze stiffness mapping [16].
Similarly, a locus with a constant LNCF value, denoted by an iso-LNCF curve, can
be introduced to investigate acceleration performance. It is straightforward to
indentify a working configuration where the acceleration matrix fits the
requirements.
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3 Analytical Design of Maximally Regular Acceleration
Sensors

In general, a good acceleration sensor is designed for measuring all sensitive
acceleration components in the similarly isotropic mode. A maximally regular
acceleration sensor may be preferred from the view of practice. In this section, we
will derive fully analytical formulations.

3.1 Orthogonal Conditions

The orthogonal analysis of a GGSP presented by Jiang et al. [14] can be introduced
into the design. As a consequence, the orthogonal conditions, formulated by the
parameters of double circular hyperboloids, are

r1ka1kc1 ¼ r2ka2kc2 ð12Þ

k2a1a1z ¼ �k2a2a2z; ð13Þ

According to the previous research [14, 15], the orthogonal conditions are
determined according to the measuring center. It is significant that an acceleration
sensor can be designed to meet the requirement with a given measuring point.

3.2 Analytical Formulations

When a GGSP based sensor is orthogonal, the eigenvalues of the matrix GGT can
be derived directly, and the indices can be summarized as below

r1 ¼
ffiffiffi
3

pffiffiffi
2

p 1
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2a1 þ k2a2

q
ð14Þ

r2 ¼
ffiffiffi
3

pffiffiffi
2

p 1
m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2a1 þ k2a2

q
ð15Þ

r3 ¼
ffiffiffi
3

p

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2c1 þ k2c2

q
ð16Þ

r4 ¼
ffiffiffi
3

pffiffiffi
2

p 1
Ixx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21k

2
c1 þ a21zk

2
a1 þ r22k

2
c2 þ a22zk

2
a2

q
ð17Þ
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r5 ¼
ffiffiffi
3

pffiffiffi
2

p 1
Iyy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21k

2
c1 þ a21zk

2
a1 þ r22k

2
c2 þ a22zk

2
a2

q
ð18Þ

r6 ¼
ffiffiffi
3

p

Izz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r21k

2
a1 þ r22k

2
a2

q
ð19Þ

A fully maximally regular sensor is hardly to be realized due to dimensional
nonuniformity between translations and rotations. An engineering length can be
introduced to overcome this problem [17]. In this paper, we denote it by Lscale.

Let rv ¼ Lscaler-, summarizing (12–19) as

4L2scaleI
2
xx

3m2 ¼ r21k
2
c1 þ a21zk

2
a1 þ r22k

2
c2 þ a22zk

2
a2

2L2scaleI
2
zz

3m2 ¼ r21k
2
a1 þ r22k

2
a2

(
ð20Þ

Rewriting (20) as functions of r22=r
2
1 and k2c2, yields

a22z ¼ 9ð1�k2c1Þ
4ð3k2c1 þ 1Þ

4I2xx
3m2L2scale

� I2zz
m2L2scale

k2c1
ðk2c1 þ 1=3Þ

2
3 þðr21r22 � 1Þk2c1

� �� �
r22 ¼ I2zz

m2L2scale

k2c1
ðk2c1 þ 1=3Þ

8<
: ð21Þ

Once we choose arbitrary r1=r2, then r2, a2z and a1z can be determined
accordingly. Based on this mathematical description in close-form, a family of fully
maximally regular acceleration sensors based on GGSPs can be synthesized.

Remark If a standard Gough-Stewart parallel manipulator is expected to be fully
maximally regular, Izz ¼ 2Ixx ¼ 2Iyy must be met. In practice, it is hardly to be
realized because of the strictly physical restriction. However, it is feasible for a
sensor based on a GGSP.

4 Numerical Verifications

With the aid of numerical cases, the presented algorithm could be verified.
Considering the mechanical feasibility, it is necessary to ensure intersections among
components. Table 1 gives the parameters of the inertia matrix of the platform.

Table 1 Parameters of the inertia matrix of the platform

Variable Description Value Unit

m Mass of platform 4 Kg

Ixx Moment of inertia of the platform around x-axis 0.08 Kg m2

Iyy Moment of inertia of the platform around y-axis 0.08 Kg m2

Izz Moment of inertia of the platform around z-axis 0.104 Kg m2
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Obviously, the frame is selected to coincide with the orientation of the principle
axes of the movable platform.

Therefore, we have generated an optimal architecture at general neutral con-
figuration, and the surface equations of double hyperboloids have the form as

S1;ti :
x2 þ y2

0:10612 � ðzþ 0:0382Þ2
0:15012 ¼ 1

S2;ti :
x2 þ y2

0:10612 � ðz�0:0382Þ2
0:07512 ¼ 1

(
ð22Þ

According to Eq. (28) the architecture is obtained by setting H2 = −0.2 m and
a ¼ 10o. The verified architecture is shown schematically in Fig. 2.

(a) The architecture.                 (b) struts on double hyperboloids 
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The maximally regular acceleration sensor operates with optimal performances
but only at the neutral configuration. Therefore, the coupling has to be addressed for
high precision measuring.

In Fig. 3, iso-LNCF curves for the maximally regular acceleration sensor, at
neutral configuration, is illustrated schematically. It is interesting that the obtained
sensor has better isotropic performance and possesses low acceleration-couplings.
As a consequence, the orthogonal point coincides with the measuring center.
Combining the mechanism geometry and the design of flexible joints and elastic
struts, it is accessible to fabricate the maximally regular acceleration sensor with
high accuracy.

If the required coupling measure, evaluated by LNCF, is 0.1 %, then in the
following, estimations using iso-LNCF curve is demonstrated, in order to quantify
acceleration-coupling over the global workspace. Figure 4 illustrates the iso-LNCF
curves in deferent planar horizontal cross-sections of the small workspace near the
neutral pose. Obviously the locus areas are approximately invariant at all
cross-sections of the small workspace. Furthermore, a locus covered by the
iso-LNCF curves can be used to bound a high-precision working area. It implies
that the sensor exhibits better performances including uniformity and working
stability. Moreover, with respect to specific iso-LNCF, a volume can be determined,
which seems adapted to certain tasks with required accuracy and workspace. It
becomes more evident that the presented method is validated and significant.

5 Conclusions

In this paper, we have presented a fully analytical formulation for a family maxi-
mally regular acceleration sensor. The routine is qualitatively different from the
previous researches.

The acceleration mapping matrix is constructed by the descriptions of double
circular hyperboloids. New indices are presented to evaluate the acceleration
transmission capability for being realistic using a hypercube instead of a hyper-
boloids, i.e., maximally regular acceleration. To qualify acceleration-coupling at
overall workspace, local norm-coupling factor and iso-LNCF curves are introduced
reasonably. Numerical examples are carried out to evaluate the effectiveness of the
proposed design method. The results show that the maximally regular acceleration
sensor possesses better performances. The design method is effective for a highly
accurate sensor.

Our future work includes investigating and extending this routine to more
general parallel manipulators, for example, unsymmetrical parallel manipulators.
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A Multi-objective Design Optimization
of a Centrifugal Cooling Fan on a
TEFC Motor

Qi Lu, Fei Zhen, Martin Kefer and Maria Nylander

Abstract A design optimization method of a centrifugal fan on a totally-enclosed
fan-cooled (TEFC) motor was studied in this paper. A multi-objective optimization
problem was formulated which is to decrease noise level of fan and to increase air
flow rate at the same time. Two design variables, namely fan diameter (D) and
blade height (H), were investigated. Responses surface models were established
based on design of experiments to identify the mathematical relationships between
fan performances and the design parameters. These models were later used in
optimization. As a result, a Pareto front was obtained which illustrated the optimal
trade-offs that can be achieved in design. The Pareto front was then experimentally
verified on an in-house test rig by using acoustic holography techniques.

Keywords Design optimization � Centrifugal cooling fan design � Fan noise

1 Introduction

A Totally Enclosed Fan-Cooled (TEFC) electrical motor, is probably the most
commonly used motor in many applications, such as pumps, blowers, compressors,
just to name a few. As indicated by its name, A TEFC motor usually has a fan on
the non-drive end of the motor for cooling purpose. In many cases, a centrifugal fan
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with straight blades is often adopted as the cooling fan, simply because it has to
guarantee the cooling performance when the motor is operating in both clockwise
and counter-clockwise directions.

In practice of motor design, the centrifugal fan is considered as a critical com-
ponent as it must produce a great amount of air to cool down the motor and to
prevent it from overheating. The more air a fan can produce, the better a motor
performs from thermal perspectives. However, it is also observed that a centrifugal
fan may also generate high noise level together with high air volume. The noise
issue becomes even more critical for high-speed motors (e.g. 2-pole motors).
Therefore, optimization of the centrifugal fan regarding air flux and noise level is of
great interest in design. Specifically, the objective of the design optimization is to
decrease fan noise level, and at the same time maintain a large volume of air flow.

To deal with the design problems of a centrifugal fan, many studies have been
conducted in the past. Computational fluid dynamics (CFD) models were developed
to identify the critical design parameters (e.g. geometrical parameters in [1] and
number of blade in [2]) affecting fan efficiency. An experimental study was carried
out in [3] which revealed that the distance between the impeller and volute tongue
was of great importance to the noise level of the centrifugal fan.

The aero-acoustic property of a centrifugal fan was also studied by simulation in
publications [4–8]. In the simulations, noise models (e.g. Lowson’s equation in [4],
and Ffowcs-Williams-Hawkings (FWH) equation in [5–8]) were established toge-
ther with the CFD models to identify the sources of noise. The studies focused on
different types of fans, and the sources of noise varied from the force acting on the
fan volute [4], aerodynamic interaction between impeller and volute tongue of fan
[5], unsteady forces on the blades [6], and effects blade passing frequency [7, 8].
Then, various proposals were made based on the simulation results in order to
design a low-noise fan.

The idea of optimization was proposed in [9] for the design of a swept bladed
fan. In the study, noise level, fan efficiency and fan capacity were investigated. The
authors focused on a great amount of input parameters by using a knowledge-based
method combined with the centrifugal fan theory. Their result showed that the
number of blade, was the main parameter that separated a high efficiency fan from a
low noise level fan.

Instead of a knowledge-based optimization, this paper proposes a model-based
method for design optimization of a centrifugal fan on a TEFC motor. The goal is to
make a trade-off between air flux and noise level. In the paper, a multi-objective
optimization is setup in terms of air flux and noise level which are modeled as
responses to two main parameters, namely, fan diameter (D) and blade height (H).
The same method, as used in this paper, has already been applied in [10], although
for optimizing electrical design of a motor. It should be noted that the focus of this
paper is to utilize the optimization methodology in the design of centrifugal cooling
fan. The development of optimization algorithm is out of scope of this study.
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2 Design Variables and Design Objectives

A typical centrifugal fan used on a TEFC motor is presented in Fig. 1. The cen-
trifugal fan has straight blades since the fan should be able to cool down the motor
both clockwise and counterclockwise.

Although many geometrical parameters are needed to fully describe a
straight-blade centrifugal fan, this study only considers the centrifugal fan diameter
(D) and the blade height (H) as the design variables as they are the most critical
parameters in terms of noise and air flow. Figure 1 shows the definition of the two
design variables. However, the optimization method presented in this paper, with
only two design variables, is generic and should be applicable to other cases
involving more design variables.

Meanwhile, four responses of the two design variables are investigated in this
study. The first two responses are relevant in order to optimize the centrifugal fan,
whence a multi-objective optimization problem is formulated as follows:

• To minimize noise level
• To maximize air flow flux

The other two responses were used as references:

• Total pressure of the fan
• Fan efficiency

3 Fan Design Optimization

A typical optimization is an iterative process. It requires to compute the values of
responses in each iteration which will be computationally costly in practice. In
order to reduce computational cost, response surfaces models for each responses
which established based on a few samples in design of experiments will be used for
optimization.

Fig. 1 A TEFC motor with
in between centrifugal fan,
and its design parameters
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3.1 Design of Experiments (DOE)

In order for the response surface models to “look like” the real physical model, the
DOE must make the design variables spread over the entire range of values. This
can be achieved by many mature algorithms, and partial factional algorithm is used
in this study. Figure 2 shows the distribution of the samples derived from the partial
factional algorithm. The whole range of values appears to be covered by the
implementation of the six samples.

The values of all four responses corresponding to the DOE samples are pre-
sented in Table 1. It should be mentioned that both design variables and responses
are dimensionless due to the confidential regulation of the company. The design
variables are scaled with respect to the range of values and the responses are scaled
with respect to the values of a benchmark fan.

Fig. 2 The sampling
distribution of design
variables after DOE

Table 1 The six samples of
design variables after DOE
and their responses

d h Noise Total
Pressure

Air
flux

Efficiency

0 0.6 0.9725 0.4846 0.7326 0.7378

0.28 0.9 1.0125 0.6327 0.8491 0.8392

0.36 0 0.9733 0.6326 0.7925 0.7797

0.56 0.2 0.9758 0.7401 0.8704 0.8566

0.82 0.8 1.0158 0.8687 0.9967 0.986

0.98* 0.5 1 1 1 1

0 0.6 0.9725 0.4846 0.7326 0.7378
*This is a benchmark fan design
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3.2 Response Surface Models (RSM)

A RSM is a numerical model established based on DOE samples. It is an
approximation to the original physical relationship between the design variables
and their responses. In order to reach a RSM with high fidelity, it is essential that
the DOE has its design variables spread over the entire range of values.

In this study, multiple methods have been employed to establish the RSMs for
all four responses. As a result, different RSMs are established as mathematical
approximations to the original physical relations, but they are numerically very
close to each other. More importantly, when applying these RSMs in the opti-
mization, not much differences are observed (see Sect. 5 for more discussions).
This indicates these RSMs are more or less equivalent from a perspective of
optimization. Therefore, only the RSMs resulted from 1st order Least Square
Regression (LSR) method are presented in Fig. 3.

Fig. 3 Response surface models of a Noise, b Air flux, c Total pressure, and d Efficiency
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3.3 Optimization

Based on the RSMs as presented in Fig. 3, a multi-objective optimization is con-
ducted by using multi-objective genetic algorithm (MOGA). The optimization leads
to a Pareto front showing the Pareto-efficient (i.e. “best”) trade-offs between air flux
and noise level as illustrated in Fig. 4. In this case, the Pareto front has a
broken-line shape. This is because the RSMs are established by using 1st order LSR
algorithm which results in linear RSMs, and Pareto front as well. Since the choices
on the Pareto front is the “best” that can be achieved, it helps a designer to make
trade-offs with restricted attentions.

Based on this particular optimization result, a few fan designs are selected for
experimental verification. The design variables of these designs are presented in
Table 2.

Fig. 4 The optimization
results in a broken-line-shape
Pareto front based on the
RSMs using 1st order LSR
algorithm

Table 2 Design variables of
the new fans in verification

No. d h Expected relation with Pareto front

1 0.5 0 On Pareto front

2 0.28 0.275 Off Pareto front

3 0.64 0.4 Off Pareto front

4 1 0 On Pareto front

5 0.98 0.5 Benchmark, almost on Pareto front

6 1 0.9 Almost on Pareto front
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4 Experimental Verification

Based on the optimization result, a few fan designs are selected for experimental
verification. The design variables of these fans are presented in Table 2. The new
designs of centrifugal fans are fabricated using 3D printing techniques.

The lab experiments are performed in an in-house test rig, illustrated in Fig. 5. The
idea is to measure the near field noise by acoustic holography technology using an
industrial robot with a set of microphones at its end effector. The air flow rate at the
fan outlet is measured by an air velocity meter and convert to air flux to compare with
the optimization results. The development of the test rig is presented in [11].

The results of the verification experiments are plotted in Fig. 6 together with the
Pareto front from Fig. 4. The performance of the new fan designs seems to be close
to the predicted Pareto front.

Fig. 5 Concept and implementation of the test rig

Fig. 6 Experimental
verification of Pareto front
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5 Discussion

In this paper a multi-objective optimization problem was applied. However, to
formulate a single-objective optimization problem, which is to minimize noise with
air flow rate constraints, was also possible. Though, solving a multi-objective
problem was assumed to lead to more meaningful results for designers.

• DOE sampling

The result of DOE sampling has a great impact on the fidelity of RSMs, and the
quality of optimization as well. In order to have a RSM that represents the real
physical models in good fidelity, the DOE samples should be so well distributed
that they cover the entire range of values of design variables. In this case, only two
design variables were involved, and it is shown in Fig. 2 that 6 DOE samples
resulted from partial fractional algorithm has lager enough coverage to obtain a
high-fidelity RSM. The numbers of samples may also contribute to the fidelity, but
it is not as important as the coverage of samples. This was illustrated by a com-
parison of optimization with 6 DOE samples (as in Fig. 2), and that with 12 DOE
samples. The Pareto front resulted from these two cases are very close to each other
(as shown Fig. 7).

• Algorithms of RSM

The algorithm of RSM also plays a role in optimization. A few algorithms were
studied, namely, 1st order LSR, 2nd order LSR, 1st order moving least square
(MLSR), and 2nd order MLSR. These algorithms leaded to various RSMs as
approximation to physical models. The resultant Pareto fronts based on these RSMs

Fig. 7 The Pareto fronts based on various RSMs obtained by different algorithms and DOE
samples (LSR-1-6 1st order LSR with 6 samples; LSR-2-6 2nd order LSR with 6 samples;
LSR-1-12 1st order LSR with 12 samples; LSR-2-12 2nd order LSR with 12 samples; MLSR-1-6
1st order MLSR with 6 samples; and MLSR-2-6 2nd order MLSR with 6 samples)
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are also plotted in Fig. 7. Of course, they are different, but still quite close to each
other. As a consequence, the simplest RSM algorithm (i.e. 1st order LSR) is pre-
ferred from application point of view. Particularly, linear RSMs, which is obtained
by 1st order LSR, are much easier to implement into design practice than other
RSMs. Therefore, only the optimization based on linear RSM were proposed in this
study.

6 Conclusion

This paper has presented a design optimization method for a centrifugal cooling fan
on a TEFC motor. The objective is to achieve optimal design of the fan in terms of
its noise level and air flux.

The results of the lab experiments resemble with the achieved Pareto front,
which indicates that the design optimization based on RSM and DOE has been a
successful method.

The outcomes of the study can be directly used in design practice. On one hand,
the linear RSMs gives direct relationships between design variables and fan per-
formances, which is regarded as know-how in practice. On the other hand, the
Pareto front can advantageously be adapted when making trade-offs in design of
centrifugal fans.

In addition, the study presented in this paper can be regarded as method
development for motor fan design optimization. Although the method was only
exercised on a two-variable optimization problem, it was generic and therefore
applicable to other design optimization problems involving more design variables.
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Research on Slope Climbing Capacity
of a Close Chain Five-Bow-Shaped-Bar
Linkage

Lian-qing Yu, Yuan-yuan Mei, Yu-jin Wang and Chang-lin Wu

Abstract Slope climbing capacity of a close chain five-bow-shaped-bar linkage
and minimum friction coefficient during climbing are analyzed. First, the analysis
model of slope climbing for the closed linkage is established, and the CG position
kinematics model on slope is built with homogeneous transformation matrix.
Secondly, the static analysis model is established to get the active joint angle along
with a certain slope under the geometrical constraint of the slope, and the graph
between the maximum slope and roll angle is obtained by using numerical method.
Thirdly, the minimum static friction coefficients curve is figured out by the force
relationship. Then, motion planning is conducted by the constant CG offset for
uniform climbing, thereby solving the active joint trajectory. Finally, slope
climbing experiments are carried out to verify the correctness of analysis results.

Keywords A close chain five-bow-shaped-bar linkage � Constant CG offset �
Slope climbing � Joint trajectory

1 Introduction

Slope climbing capacity is an important indicator of overcoming obstacles about
moving mechanism. Sun et al. design a series of BYQ rolling spherical and variable
structure spherical robots and Yue et al. also have granted many research results
about climbing the status and the performance [1–7]. Kinetic analysis to determine
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the basis for the moment equilibrium equation is to obtain the spherical robot
climbing conditions. When the friction between the slope and the robot is large
enough, the robot will only roll without slipping in the process of the slope.
Maximum slope of the spherical robot is only related to its structure parameters.
However, the study about the climbing performance of moving linkage is rarely
reported at home and abroad. In this article, a close chain five-bow-shaped-bar
linkage mechanism with the outer contour of the arc will be analyzed by the slope,
and consider the impact that the outer contour of the arc has on the slope climbing
capacity. The interference between the outer contour of the arc and the
bow-shaped-bar may occur in the process of the slope, which can become the
geometrical constraint of the slope.

This article discusses the roll angle changes from 0 to 360 about the slope
climbing capacity of the institution. Creating the static analysis model, let the active
joints initiative between the critical angle position and the slope stability without
interference constraints, to observe the changes between the maximum slope angle
of a close chain five-bow-shaped-bar linkage with roll angle and radius of the circle
of the joint, and to calculate the minimum static friction coefficients by the force
relationship. Then, motion planning is conducted by a constant CG offset for
uniform climbing, thereby solving the active joint trajectory. Finally, the slope
climbing experiments are carried out to verify the correctness of analysis results.

2 Kinematic Model of a Five-Bow-Shaped-Bar Linkage
on Slope

2.1 Mechanical Structure of a Five-Bow-Shaped-Bar
Linkage

A close chain five-bow-shaped-bar linkage consists of five identical
bow-shaped-bar module which linked end to end in series, bow-shaped-bar module
including parts around an arc plate, a support annex, DC motor and gear and other
components. Though the balanced weight method, weight each bow-shaped-bar
module mass mi equally and the CG is at the midpoint of the adjacent modules of
the connection joints. When the five joint angles are all 108, a close chain
five-bow-shaped-bar linkage outer contour is circular and the CG coincides with the
centre. It’s solid model shown in Fig. 1.

2.2 Kinematics Analysis of CG

So i−1Ti represents homogeneous transformation matrix of the adjacent bar; jTi

represents homogeneous transformation matrix of link coordinates xiyi with
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touchdown club members coordinate, j represents touchdown bow-shaped-bar
(j = 1, 2, …, 5); iTi is a unit matrix; and a touchdown bow-shaped-bar coordinate
system in xccyc homogeneous coordinate transformation is cTj:

jTi ¼ jTjþ 1
jþ 1Tjþ 2. . .

i�1Ti;
iTj ¼ jTið Þ�1

; iTi ¼ I4�4;
cTj ¼ Rot zc;

2j�1
2 a� u

� � � Trans Rsa=2;�Rca=2; 0
� �

; i; j ¼ 1; 2; . . .; 5
ð1Þ

Five module of a close chain five-bow-shaped-bar linkage has the same configu-
ration parameters and mass distribution. Therefore, each rod has the equal mass mi,
the equal chord ai, the equal bow-shaped-bar corresponding central angle ai and the

Fig. 1 Solid Model of the
Five-bow-shaped-bar
Linkage. 1 flange 2 shaft 3
umbrella bevel gear 4 bevel
gear 5 motor bearings 6 right
arched plate 7 left arched
plate 8 motor 9 angle sensor

Fig. 2 CG kinematic model
of a close chain
five-bow-shaped-bar linkage
on slope
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same homogeneous coordinates bi about CG position of each rod in its own link
coordinate system, namely:

mi ¼ mt=5 ai ¼ 2R sinðai=2Þ ai ¼ 2p=5 bi ¼ � ai
2
001

h iT
i ¼ 1; 2; . . .; 5

ð2Þ

According to coordinate homogeneous transformation relations of bars CG, in the
five-link rod, member j (j = 1, 2, …, 5) is touching the ground phase, the CG of
bow-shaped-bar i representing mi in the coordinate system of xccyc about the
position vector can be expressed as:

cri ¼ cTj
jTibi ði; j ¼ 1; 2; . . .; 5Þ: ð3Þ

Further, according to the CG composition theorem, the total center of mass mt of a
five-link can get the position vector in the coordinate system xccyc:

cr ¼ 1
mt

Xi¼5

i

mi
cri: ð4Þ

Expand the formula to a rolling cycle period to get different stages of the five-link at
the rod touching the ground, the center of mass in the xccyc coordinates can be
expressed as:

j; cr ¼ mi

mt

cTjbi
X5
i¼1

jTi ðj� 1Þa�u� ja; j ¼ 1; 2; . . .; 5: ð5Þ

From (5), a CG coordinate can be written as specific forms of a tumbling cycle.
In planar motion of five-link, the coordinates of the center of mass in the zc axis
direction are zero and zc axis coordinates are ignored writing in the specific formula.
Because a close chain five-bow-shaped-bar linkage consists of five identical
bow-shaped-bar with end to end modules in series, each module touch the ground
one by one in the course of the campaign, so j at value in 1 to 5 followed by cycle,
for example, when j = 1, j + 1 value 2, j − 1 value 5. When the bow-shaped-bar of
j is touching, according to the homogeneous coordinate transform, the specific
coordinates of combines center of mass mt in translation coordinate system xccyc is:

j; cr ¼

� 3a
10 c u�2j�1

2 aþ hjð Þ þ 3a
10 c u�2j�1

2 a�hjþ 1ð Þ þ a
10 c u�2j�1

2 a�hðjþ 1Þðjþ 2Þð Þ
� a

10 c u�2j�1
2 aþ hðj�1Þjð Þ � a

2 c u�2j�1
2 að Þ � Rsðu�jaÞ

( )
3a
10 s u�2j�1

2 aþ hjð Þ � 3a
10 s u�2j�1

2 a�hjþ 1ð Þ � a
10 s u�2j�1

2 a�hðjþ 1Þðjþ 2Þð Þ
þ a

10 s u�2j�1
2 aþ hðj�1Þjð Þ þ a

2 s u�2j�1
2 að Þ � Rcðu�jaÞ

( )
2
66664

3
77775 ð6Þ

From (6), c/ ¼ cos/; s/ ¼ sin/; ca ¼ cosa; sa ¼ sina; hij ¼ hi þ hj.
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3 Climbing Model and Solution

3.1 Stability Constraints of Critical Position

When the bow-shaped-bar is in the critical position of climbing, the constrained
model is shown in Fig. 3, and the contact point P will be coincided with the joints
of the robot. In the time that the joint is touch downing, the constraint is imposed on
the joints at both ends of the rod to ensure the angle of the joint being 72. The
constraint is a necessary condition to keep the tumbling motion going on consec-
utively and steadily. But, at same time, the number of system degree of freedom is
also reduced by the constraint.

When the bow-shaped-bar is constrained by the critical position, the agency has
only one degree of freedom. Then the constraint model of the critical point of the
bow-shaped-bar in a rolling cycle is mathematically described as:

hkþ 1 ¼ 720; u ¼ ka; k ¼ 1; 2; . . .; 5: ð7Þ

3.2 Constrained by the Slope with No Interference

Figure 4 show the interference model between the slope and a close chain
five-bow-shaped-bar linkage. There are two contact points between the
bow-shaped-bar and the slope in the model: P1, P2 or P1, P3, which brings negative
effects to mechanical properties of the joint drive and dynamic-rollover’s continuity
and stability. The meaning about non-interference constraint is that there is only one
point between the bow-shaped-bar and the slope when different bow-shaped-bar
touch the ground. When the bow-shaped-bar has two contact-points, the two

Fig. 3 Constraint model of
critical position on slope
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symmetric contact point is relative to the middle joints, as shown in Fig. 4a that
two symmetric contact point is relative to the joint A and as shown in Fig. 4b
that two symmetric contact point is relative to the joint B.

A close chain five-bow-shaped-bar linkage consists of five identical
bow-shaped-bar end to end modules in series. Each module contacts the slope side
by side in the course of the campaign, so j is valued in 1 to 5 by cycle. For example,
when j is valued 2, j + 1 is valued 3; when j is valued 5, j + 1 is valued 1.
According to the relational between the model and the geometry, it is said that the
range of constraint of the active joint will be got, when the bow-shaped-bar j con-
tacts the slope:

j;

hj ¼ 720; 470\hjþ 1\1140; u ¼ ðj� 1Þa
2 2j�1

2 a� u
� �� hj � 1510; 0\hjþ 1 � p� arccos 1�2 cos hjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5�4 cos hj
p

� �
; ðj� 1Þa\u�ð2j� 1Þa=2

2 2j�1
2 a� u

� �� hjþ 1� 1510; ð2j� 1Þa=2�u\ja
p
2 þ hjþ 1

2 � arccos 4 sin2ðhjþ 1=2Þ�3
4 sinðhjþ 1=2Þ

� �
\hj � p

2 þ hjþ 1

2 � arccos 4 sin2ðhjþ 1=2Þ þ 3
8 sinðhjþ 1=2Þ

� �
470\hj\1140; hjþ 1 ¼ 720; u ¼ ja j ¼ 1; 2; . . .; 5

8>>>>>>><
>>>>>>>:

ð8Þ

3.3 Analysis Uniform Slope Climbing
of Five-Bow-Shaped-Bar Linkage

As showed in Fig. 5, the model of the close chain five-bow-shaped-bar linkage
slope climbing uniform stress analysis, in which the vector of system center in the
translation coordinates xccyc is

cr. Unlike the center of kinematic model in Fig. 2,
the introduced r is an joint radius of entity bow-shaped-bar and the joint radius of
circle is equal to each other, the circle O1 is the outer circle contour of entity bow’s
ground-touched bow-shaped-bar while circle O2 is the virtual circle. Because the
gravity, friction and slopes support force are in balance when slope climbing in a

Fig. 4 The interference constraint model of a five-bow-shaped-bar linkage on slope
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constant speed, the gravity extension line that the system suffered through P. Ff is
the minimum static friction, which direction is upward along the slope and coef-
ficient is u; FN is positive pressure the five-link suffered and the direction is per-
pendicular to slope; b is the inclined slope angle.

Figure 5 shows that system center is on the plumb-line which the over-slope
contact point P is perpendicular to the horizontal surface. We call the plumb-line
equilibrium line or borderline. The coordinates of contact point P is (0,-R-r), the
equilibrium line’s expression in coordinate system xccyc is:

yc ¼ xc cot b� R� r; xc � 0: ð9Þ

In order to meet the bow slope climbing, The coordinates of system center is in the
linear programming right of the equilibrium line. So get the simplification:

b� arctan
cxt

cyt þRþ r

� �
: ð10Þ

As can be seen from (10), under certain circumstances of the radius R, the greatest
impact on the slope angle is the ratio of the the mass center in cyt axis offset and in
cxt axis offset. Although the joint radius r is also determined when the experimental
prototype determined, the joint radius r still effects the maximum slope angle. Then
the optimal model of maximum slope climbing is established:

maxb ¼ f ðr;u; h1; h2Þ
s:t: b� arctan

cxt
cyt þRþ r

� �
: ð11Þ

Within the scope of active joints expressed in formula (7) and (8), the change curve
of maximum slope climbing of bow-shaped-bar with roll angle and the radius of
joint circle can be obtained by the two-dimension search algorithm(see Fig. 6).

Fig. 5 Five-link uniform
climbing analysis model on
slope
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Figure 6a shows the roll angle of 0 to 72 change curve and 6b shows the roll angle
in a range of 0–360 motion cycle graph.

According to the relationship such as u = tanb between the slope and the
minimum static friction coefficient, the change curve of the bow-shaped-bar min-
imum static friction coefficient with roll angle and radius of the joint circle (see
Fig. 7). Figure 7a shows the roll angle of 0 to 72 change curve and 7b shows the
roll angle in a range of 0 to 360 motion cycle graph.

As the roll angle changes from 0 to 72, showed in Fig. 6a, 7a, the slope climbing
capacity of a closed chain bow five-link and the minimum static friction coefficients
are negative associated with the radius of joint circle, increases first and then
decreases with the roll angle and reaches the maximum value when the roll angle is
36. When the radius of joint circle is zero and roll angle is 36, the theoretical slope
climbing of the bow-shaped-bar up to 54.1 and the friction coefficient could up to
1.38. However, the practical application needs a certain the radius of joint circle,
taking r = 0.15R as an example into illustrate: when the roll angle is 36, the
bow-shaped-bar slope climbing up to the maximum about 47.9, friction coefficient
reaches the maximum about 1.11; when the roll angle is 72, the bow-shaped-bar
slope climbing reaches the minimum about 12.6. Figure 6b, 7b shows the curve
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Fig. 6 Five-link maximum slope climbing graph
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graph between the maximum slope climbing and the minimum static friction
coefficients within a five-link motion period. A jump occurs when the roll angle
n � 72°, which is due to stability constraints of critical position.

4 Motion Planning Process of Constant CG Offset
Climbing

Gravity offset torque depends on the CG offsets L and offset angle w. The strategy of
constant CG offset in uniform rolling motion planning is more appropriate [8–11]. In
order to achieve a constant speed climbing, climbing critical location constraints must
be taken into account as shown in Fig. 6b, the bow-shaped-bar slope climbing reach
the minimum about 12.6°, when the roll angle is n � 72° within a movement cycle.
A constant offset of CG climbing process can be achieved when the slope is at the
minimum, then the system of CG is represented as the point of contact c3 of the circle
O3 and balance line as shown in Fig. 5, and the coordinate in xccyc expressed as:

cxt ¼ ðRþ rÞ sin b cos b;cyt ¼ �ðRþ rÞ sin2 b ð12Þ
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Fig. 7 Five-link slope climbing showing the minimum static friction coefficients
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So we take the minimum slope of bow-shaped-bar greatest slope climbing as the
maximum climbing at a constant speed climbing of the bow in practical application.
Slope climbing values as follows:b1 = 6°, b2 = 10°, b3 = 12°, the roll angle’s value
is continuous range from (0, 360°]. Bring the three slope value into the formula (11)
respectively, then put the coordinate of center of mass that solved into Eq. (6), the
unique solution of active joint angle can be get finally. Use the least square method
to obtain the vary scene of active joints h1 and h2 within a rolling cycle, as shown in
Fig. 8.

Figure 8 shows: the change of active joint angle exhibit periodicity when use the
planning strategies of a constant CG offset, and the slope climbing is positive
correlation with the opening angle of the active joint. It is easy to find that the two
active joint angle have a same variation regularity and joint angle of the trajectory
curve h2 phase behind h1 joint angle trajectory curve with 72, which is the char-
acteristics of symmetrical design agency. Further, when the roll angle is 72, the
joint B touch the ground, then the three tracks curves is all through 72, thus ensure
the stability of the closed five-link chain bow roll.

5 Experiment of Slope Climbing Capacity

In order to verify the analysis conclusion, we made a physical prototype of a close
chain five-bow-shaped-bar linkage, the main structural parameters is: a = 200 mm,
R = 170 mm, r = 0.15R = 25.5 mm and the quality of each rod segment is 312 g.
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Fig. 8 CG offset constant uniform climbing active joint trajectory
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With the slope being b 1 = 6°, the roll angle being u changes form 0 to 360,
uniform climbing experiment are designed by active joint trajectory of uniform
climbing of bow-shaped-bar system CG offset within a movement cycle. As
showed in Fig. 9. Given the initial velocity, a close chain five-bow-shaped-bar
linkage has realized constant CG uniform climbing process, the climbing cycle
experiment results verify the correctness of the theoretical analysis.

6 Conclusions

The optimization model of the maximum gradient of uniform slope climbing is
established. According to the relationship between the slope climbing and the static
friction coefficient, the minimum static friction coefficients is the same as the
change trend of the maximum slope.

The maximum slope of practical application bar reach 12.6 degrees, which is the
minimum value of a cycle of slope climbing, and constant CG offset uniform
climbing process can be realized in the slope of the minimum values. Use the least
square method to obtain the unique solution of active joints in a rolling cycle.
Finally, the correctness of the theoretical analysis is verified by experiments. In this
paper, the theoretical analysis and the experiment of slope climbing capacity of a
close chain five-bow-shaped-bar linkage provides the theoretical basis of the motion
planning process and a theoretical reference for the structure design, the motion
planning and control in unstructured environment.

Fig. 9 b1 = 6°constant CG offset for uniform climbing process on slope
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Multi-objective Optimization Design
of Automated Side Loader of Arm
Actuator

Binlin Yi and Jiangnan Liu

Abstract During the process of loading rubbish for the automated side loader
(ASL), the accuracy of the trajectory of key point and the motion smoothness of
mechanism are the key factors to reduce the scatter of rubbish. In order to optimize
the deviation of the trajectory of key point and the standard deviation of the angular
velocity of the trash barrel, the optimization model of automated side arm actuator
(ASAA) is established. According to the constraint conditions of mechanism, the
minimum deviation of the key-point trajectory and the minimum standard deviation
of the angular velocity are taken as the optimization targets, while mechanism
parameters are regarded as design variables. A mathematical optimization model
about key-point trajectory and motion smoothness is built for the ASAA, which is
solved by the optimization method based on interior point algorithm, and the
optimization results are verified by a simulation experiment. The results show that
the performance of optimized ASAA is greatly improved.

Keywords Automated side arm � Trajectory of key point � Motion smoothness �
Multi-objective optimization

1 Introduction

The automated side arm (ASA) is an important part of the automated side loader
(ASL), whose main function is automatically grasp and dump the trash barrel [1].
ASA mechanism as the actuator of rotating, telescopic movement which mainly be
composed of a pair of parallel double-rocker mechanism. The trajectory deviations
of key point and motion smoothness of ASAA are major factors for reducing the
scattering of rubbish during the feeding process. It has important practical
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significance to optimize the ASAA of the key- point trajectory deviation and motion
smoothness for decreasing the scattering of rubbish.

Many scholars have studied the trajectory optimization and the motion
smoothness of the mechanism. In Barnard et al. [2], Lenarčič and Wingers’ [3]
papers, a optimization method using Lamé curve trajectory is developed, which has
taken planar five bar mechanism as an example and comparing the different tra-
jectory curve. It is proved that the motion law in terms of residual vibration and
impact point accuracy has a better performance. A trajectory optimization method
based upon B spline curves is also presented for a series manipulator [4–6]. As
discussed in Ullah et al. [7], Yu et al. [8]. Mullineux et al. [9] s’ studies, a closed
trajectory optimization method based on Fourier transform is proposed, which is
suitable for the series parallel manipulator, and it can avoid solving the complex
nonlinear equation. But Fourier transform is not suitable for open path curve,
therefore, Galan-Marın et al. [10], Sun. et al. [11] put forward a open trajectory
optimization method based on wavelet transform that applicable to a series-parallel
arm. Heuristic optimization algorithms are generally used because they are simple
and effective, but there is still room for improvement in convergence speed and
global search capability [12]. Wang et al. [13] proposed an improved differential
evolution algorithm for the problem of the convergence speed and the global
searching ability, which has better convergence speed and global searching ability.

In Korayem et al. [14, 15], Jiang et al. [16] and Hu et al. [17] s’ studies, a
trajectory optimization method based on dynamic characteristics is proposed by
combining trajectory optimization and the characteristics of multi body dynamics.
A further study is carried out by Ghasemi et al. [18], Bamdad et al. [19] and Barnett
et al. [20] in which a combination of dynamic characteristics, trajectory and working
time of the optimization method is put forward. The research of trajectory opti-
mization [2–20] in literature is concentrated in a given trajectory curve, applying
interpolation to optimize the given trajectory curve and other factors, but do not
consider the coupling relation between component angle and the trajectory curve.

In order to optimize the motion smoothness and the force transmission of the
spatial mechanism, the hybrid genetic algorithm is applied to optimize the spatial
mechanism, and the optimization results are better than the results of the single
application genetic algorithm [21]. Taking the parallel manipulator as the research
object, a method of trajectory optimization method for the insertion of transition arcs
is proposed in H Shen et al.’s paper aiming at the problems such as vibration and
instability of the mechanical hand [22]. All of these studies have focused on the multi
objective optimization of the given trajectory and the dynamic characteristics of the
mechanism, which rarely involve the multi objective optimization of the combining
of the critical -point trajectory and the motion smoothness of the trajectory curve.

In this study, taking ASAA as the research object, considering the key-points
trajectory and motion smoothness factors, the multiple objective optimization
mathematical model is established in the absence of the desired trajectory, which is
based on the deviation of the key-points trajectory and the smoothness of the
mechanism. By using the interior point algorithm and combining with the linear
weighting, the multi-objective optimization is carried out on ASAA.
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2 The Mechanism of ASA

A schematic diagram of ASA mechanism is represented in Fig. 1. The short side
links (3) are connected to the telescopic frame (6) through the hinges. A pair of
pivoting links of the short side links is connected to connecting rods (2). The
connecting rods are in turn connected at their lower ends to the long side links
(4) which are turned by the turning hydraulic cylinder (5), and the upper side of the
long side links is connected to the telescopic frame. The telescopic frame is driven by
a telescopic ram (7) hooked to the shoveling box (not shown). The point M in the
graph is the midpoint of the barrel eaves. Lateral movement is driven by the tele-
scopic ram and dumping of the trash barrel driven by the turning hydraulic cylinder.

3 The Mathematical Model of ASAA

In order to obtain the relationship between the objective functions, the nonlinear
constraint functions and the four-bar mechanism parameters, a mathematical model
of the ASAA is built with its parameters as independent variables, the key-point
path and the output of connecting rod angular velocity as dependent variables. The
specific process is as follows: firstly, by the location analysis of ASAA, the function
relation between the key point path and the independent variable is derived. Then,
based on the velocity analysis, the relation between the output angular velocity and
the input angular velocity is obtained.

3.1 The Position Analysis of ASAA

The key-point trajectory includes the position of the key point and the angle of the
connecting rod. As to ensure the critical point position deviation in an allowable
range, the position of ASAA is analyzed. Position analysis includes the analysis of
initial position and the analysis of the key-points position. First, based on the initial
position analysis of ASAA, a functional relationship between the parameter of the
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Fig. 1 Mechanism diagram
of ASA
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non independent and the independent variable is deduced. Then through the
key-point position analysis of ASAA, the functional expression of key-point
position is gotten. Finally, it could deduce the function relationship between the
point trajectory of the arbitrary angle and arguments by combining the initial
position analysis and the key-point position analysis.

The scattering of rubbish mainly occurs in the feeding process for ASA. Turning
of the trash barrel is driven by the connecting rod CD and the point M is midpoint
of the barrel eaves, so MCD is one component. When the position of ASAA is
analyzed, the four-bar mechanism ABCD and the related point M are selected for
analysis. Taking point B as the origin, the analysis diagram of mechanism location
is built as shown in Fig. 2.

The Position Analysis of Initial Point M. The Point M and B are also fixed
points, that is to say BMj j and \MBY are the constant and CMj j;\MBY are
non-independent parameters. The function relation between the non-independent
parameters and the independent variables is derived by theoretical calculation:

Setting: BMj j ¼ l6;\MBY ¼ h6ð0Þ; CMj j ¼ 5, \MCD ¼ h5
By the geometric relationship, it is easy to get

Xc ¼ l1 sin h1ð0Þ
Yc ¼ l1 cos h1ð0Þ

ð1Þ

Xm0 ¼ Xc þ l5 cos h2ð0Þ � h5ð Þ ð2Þ

On the basis of Eq. (2), the h5 could be written in the following form

h5 ¼ h2ð0Þ � arccos
Xm0 � Xc

l5
ð3Þ
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Fig. 2 Analysis diagram of
mechanism location
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In triangular BCM, Using the cosine law

cos h6ð0Þ � h1ð0Þð Þ ¼ l26 þ l21 � l25
2l6l1

ð4Þ

On the basis of Eq. (4), the l5 could be expressed as the following form

l5 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l26 þ l21 � 2l6l1 cos h6ð0Þ � h1ð0Þð Þ

q
ð5Þ

The Position Analysis of Key PointsM1, M2. In the whole trajectory of the ASAA,
there are several key-points associated with connecting rod angle. The deviation of
several key-points path has a significant impact on the scatter of rubbish in the
process of loading litter. When the trash barrel is filled with rubbish and the trash
barrel turns 70°, the X and Y direction still do not reach the feeding mouth which
will cause rubbish scattered. In addition, when the trash barrel turns 135° and the
trash barrel turned too high, which will also affect the rubbish scattered.

(1) The calculation of point M1

As shown in Fig. 2, M1 represents the location of the linkage rotating 70°, in the
meantime, h01 represents the angle of the long side link. By the geometric rela-
tionship of coordinates, it is easy to get

Xc ¼ l1 sin h
0
1

Yc ¼ l1 cos h
0
1

ð6Þ

Xm1 ¼ Xc1 þ l5 sin h2ð0Þþ 70� � \MC1D1ð Þ
Ym1 ¼ Xc1 þ l5 cos h2ð0Þþ 70� � \MC1D1ð Þ ð7Þ

The optimization of mechanism in an iterative progress:

\MCD ¼ \MC1D1 ¼ h5 ð8Þ

Substituting Eqs. (6), (5) and (3) into Eq. (7), Point M1 is determined as Eq. (9).

Xm1 ¼ g0 h1ð0Þ; h2ð0Þ; h01; h4; l1; l2; l3; l4
� �

Ym1 ¼ g1 h1ð0Þ; h2ð0Þ; h01; h4; l1; l2; l3; l4
� � ð9Þ

where (g0, g1) is a function. The subsequent emergence of fi and gi are said to be
functions of a certain relationship. Equation (9) indicates that the key point tra-
jectory M1 is related to the above 8 variables, but l1; l2; l3; l4; h1ð0Þ; h4 can be
identified a four-bar mechanism and its initial position, therefore, the between
h2ð0Þ; h01 and l1; l2; l3; l4; h1ð0Þ; h4 function relation must be deduced.
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Using the plural vector position equation of the four-bar mechanism [23]

A sin h2 þB cos h2 þC ¼ 0 ð10Þ

Based on Eq. (10), the h2 is obtained as follow form

h2 ¼ 2 arctan
A1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
1 þB2

1 � C2
1

p
B1 � C1

" #
ð11Þ

where

A1 ¼ 2l2ðl1 sin h1 � l4 sin h4Þ
B1 ¼ 2l2ðl1 cos h1 � l4 cos h4Þ
C1 ¼ l21 þ l22 þ l24 � l23 � 2l1l4 cosðh1 � h4Þ

Equation (11) in the type of � number, according to the initial installation of the
mechanism can be identified as the + number.

Equation (11) also could be expressed as following form

h1 ¼ 2 arctan
A2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
2 þB2

2 � C2
2

p
B2 � C2

" #
ð12Þ

where

A2 ¼ 2l1ðl2 sin h2 � l4 sin h4Þ
B2 ¼ 2l2ðl2 cos h2 � l4 cos h4Þ
C2 ¼ l21 þ l22 þ l24 � l23 � 2l2l4 cosðh2 � h4Þ

Equation (12) in the type of � number, according to the initial installation of the
mechanism can be identified as the—number.

h1ð0Þ; h2ð0Þþ 70� are substituted into Eq. (11), (12) respectively, so the h2ð0Þ
and h01 could be derived as follow form

h2ð0Þ ¼ f h1ð0Þ; h4; l1; l2; l3; l4ð Þ ð13Þ

h01 ¼ f1 h2ð0Þ; h4; l1; l2; l3; l4ð Þ ð14Þ

Replacing h2ð0Þ with f1 h2ð0Þ; h4; l1; l2; l3; l4ð Þ, Eq. (14) could be expressed as

h01 ¼ f2 h1ð0Þ; h4; l1; l2; l3; l4ð Þ ð15Þ

Substituting Eqs. (6), (5), (13) and (3) into Eq. (9), key point trajectory M1 could be
written in the following form
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Xm1 ¼ g0 h1ð0Þ; h4; l1; l2; l3; l4ð Þ
Ym1 ¼ g1 h1ð0Þ; h4; l1; l2; l3; l4ð Þ ð16Þ

(2) The calculation of point M2

As shown in Fig. 2. M2 is the location of the linkage rotating 135°. Because the
analysis of 135° position of linkage is similar to the analysis of 70° position of
linkage, therefore, key point M2 could be determined as in the following form

Xm2 ¼ g2 h1ð0Þ; h4; l1; l2; l3; l4ð Þ
Ym2 ¼ g3 h1ð0Þ; h4; l1; l2; l3; l4ð Þ ð17Þ

3.2 The Velocity Analysis of ASAA

The scatter of litter is mainly occurred in the process of loading rubbish for ASL.
The motion smoothness of ASAA is an important influencing factor for the scatter
of rubbish, so it is necessary for ASAA to analyze velocity. Velocity analysis
includes two parts: deducing the nonlinear function of the input angular velocity
and the output angular velocity.

(1) The calculation of input angular velocity x1

As shown in Fig. 3, the B, E, F initial position stay relatively the same, that is to say
x1 is only a function of time t.

Y

X

A

B

C

D

l1

l2l5

l3

l4

E F
vt

)0(1θ

4θ
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Fig. 3 Kinematic diagram of
ASAA
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Because BCE is the same component, the x1ðtÞ is expressed as the following
form

x1ðtÞ ¼ h
�

1
ðtÞ ¼ � \BEF

�� �
ð18Þ

In triangular BEF, using the cosine law

cos\BEF ¼ BEj j2 þ BFj j2� EFj j2
2 BEj j BFj j ð19Þ

Based on Eq. (19), the \BEF is obtained as follow form

\BEF ¼ arccos
BEj j2 þ BFj j2� EFj j2

2 BEj j BFj j ð20Þ

BEj j; BFj j are constants and the length of the hydraulic cylinder is only changed
with time t, so EFj j can be described as the following form

EFj j ¼ l0 � vtt ð21Þ

where l0 is the initial length of hydraulic cylinder.
Substituting Eqs. (20), (21) and (13) into Eq. (18), the x1ðtÞ is expressed as the

following form

x1ðtÞ ¼ vtðl0 � vtÞ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� BEj j2 þ BFj j2�ðl0�vtÞ2

2 BEj j BFj j
� �2r ð22Þ

Then the Eq. (22) is integrated for t, the h1ðtÞ could be written in the following form

h1ðtÞ ¼
Z t

0

x1ðtÞ ¼ f4ðtÞþ h1ð0Þ ð23Þ

(2) The calculation of input angular velocity x2

The Eq. (11) is taken a derivative with respect to t, so x2 could be obtained by the
derivation rule of compound function

x2 ¼ 2

ðB1 � C1Þ2 þ A1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
1 þB2

1 � C2
1

p� �
"
ðB1 � C1ÞðA0

1 þ

A1A0 þB1B0
1 � C1C0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
1 þB2

1

p
� C2

1

!
� A1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
1 þB2

1 � C2
1

q� �
ðB0

1 � C0
1Þ
# ð24Þ
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where

A0
1 ¼ x1m;B

0
1 ¼ �x1t;C

0
1 ¼ x1p ð25Þ

where

m ¼ 2l1l2 cos h1 t ¼ 2l1l2 sin h1
p ¼ 2l1l4 sin h1 cos h4 � cos h1 sin h4ð Þ ð26Þ

Substituting Eqs. (25), (26) into Eq. (24), x2 is expressed as the following form

D ¼ 2

ðB1 � C1Þ2 þ A1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
1 þB2

1 � C2
1

p� �
"
ðB1 � C1Þ

 
mþ

A1mþB1t � C1pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
1 þB2

1

p
� C2

1

!
þ A1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
1 þB2

1 � C2
1

q� �
ðtþ pÞ

# ð27Þ

4 The Optimization Analysis of Mechanism

4.1 Design Variables

Figure 3 shows the kinematical principle of ASAA. The analysis of above indicates
that the key-point trajectory and the motion smoothness of ASAA are merely
related to l1, l2, l3, l4, h1 (0), and h4. Therefore, they can be taken as the design
variables of mechanism optimization.

4.2 Constraint Function

The mechanism optimization algorithm in this paper allows the definition of a
number of linear and nonlinear constraints to satisfy ASAA property, link dimen-
sions, bounds of design variables et al.

(1) Constraints for property.

Aiming at decreasing the scattering of rubbish in the loading process, the horizontal
and vertical coordinates of the key point M1 could only change within certain
limits. When the connecting link is rotated 70°, the minimum value of Xm1 should
be greater than 0.618 m which is the horizontal coordinate of feeding port, and Xm1

do not be 0.085 m far away from the horizontal coordinate of feeding port. At the
same time, Ym1 should be 0.24 m far away from the vertical coordinate of feeding
port at least. When the connecting link is rotated 135°, Ym1 should also be 0.24 m
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far away from the vertical coordinate of feeding port at least. These constrains are
written as the following form

0:618 � Xm1

Xm1 � 0:618 � 0:085
ð28Þ

0:24þ Ym1 � 0 ð29Þ

0:24þ Ym2 � 0 ð30Þ

(2) Constraints for link dimensions.

With different dimension relations of links, the mechanism has the different oper-
ation characteristics. To satisfy the operation requirement of ASAA, l2 link is the
shortest, l1 link is the longest and l3 link should be longer than l4 link. Moreover, the
point A should be kept in the plane of the telescopic frame, whose height is 0.1 m.
Therefore, the link dimension constraints could be written as the following
inequalities

l3 � l1; l4 � l3; l2 � l4
l4 cos h4 � 0:1

ð31Þ

(3) Constraints for bounds of design variables.

In order to avoiding the external obstacle in the loading process, the design vari-
ables of mechanism can only change within certain limit. The lower and upper
bounds of the design variables are as follow

31� � h1ð0Þ� 40�; 70� � h4 � 80�

0:800� l1 � 1; 0:200� l2 � 0:300
0:45� l3 � 0:550; 0:250� l4 � 0:350

ð32Þ

4.3 Objective Function

When the trash barrel is rotated 70° and 135°, the trajectory deviations U1 and U2

seriously affect the scattering of litter in the loading process. Additionally, the
motion smoothness of ASAA U3 is the other important impact factor about the
scattering of rubbish. Therefore, this is a multi-objective optimization problem. The
linear weight method [24] is used to translating the multi-objective optimization
into single-objective optimization in this paper. On account of their different units,
the dimensionless method is applied to U1, U2, and U3. Applying the relevant target
values of the existing ASAA as the initial values of optimization, the objective
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function is established by dividing each target value at each iteration by the initial
value respectively and linear weighting. The objective function F is determined as
follow form

F ¼ u1
U1

U10
þ u2

U2

U20
þ u3

U3

U30
ð33Þ

where u1 � u3 are weight factors.
Objective Function U1, U2. The objective function U1 represents the horizontal

coordinate deviation between the middle point of the edge of trash barrel and
reference point M’1, when the trash barrel is rotated 70°. The objective function U2

represents the vertical coordinate deviation between the trash barrel and the feeding
port, when the trash barrel is rotated 135°. The objective function U1 and U2 of the
key-point trajectory could be expressed by

U1 ¼ ðXm1 � 0:618Þ 	 100% ð34Þ

U2 ¼ �ðYm2 þ 0:24Þ 	 100% ð35Þ

Objective Function for the Smoothness of Motion U3. Using the standard
deviation to analyze the angular velocity of the connecting link x2, the standard
deviation represents the fluctuation of the average angular velocity of the con-
necting link. Consequently, the standard deviation of the angular velocity of the
connecting link x2 in the loading process should be as small as possible. The
objective function U3 of the smoothness of motion is calculated as follow form

U3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Xn
i

x2i � x2ð Þ2
s

ð36Þ

There are 59 points within the effective rotation angle b, which are selected for
calculating.

5 Optimization Calculation

The optimization of this paper is a multi objective nonlinear optimization problem.
The trajectory of key point and motion smoothness make a difference to the rubbish
scattered, so the above weight factor: u1 = u2 = 0.33, u3 = 0.34. ASAA parameters
are shown in Table 1.

Taking the optimization method based on interior point algorithm to optimize
multi-objective function f and getting the main target optimization iterative curve
after 31 iterations, as shown in Fig. 4, objective function f of the optimal value is
0.816 which is compared with the initial value optimized 17.8 %. Variables of
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optimal design are shown in Table 2. Optimization values of each single objective
and multi-objective are shown in Table 3.

From the Table 3, it can be seen that the optimal value of the target U2 and U1

are 0.859 and 0.977, which are decreased by 14.1 and 2.3 % respectively.
The coordinate values of the optimized trajectory are obtained by the values of

the optimized design variables substituted into optimization mathematical model.
The coordinates of the key points M1, M2 and the ideal key points are shown in
Table 4. The optimized key points are more close to the ideal point.

Table 1 Parameters of
ASAA

Names Numerical value Names Numerical value

vt/m/s 0.15 a 151°

l6(0)/m 0.809 b 87°

h6(0) 53° U10 0.096

|BF|/m 0.814 U20 0.128

|BE|/m 0.481 U30 7.098
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Fig. 4 Iteration curve

Table 2 Variable values of
initial design and optimal
design

Variable l1/m l2/m l3/m l4/m h1(0) h4
Original 0.842 0.240 0.482 0.300 36° 70°

Optimized 0.960 0.292 0.550 0.292 31.5° 70.0°

Table 3 Optimization of
each single objective and
multi-objective

Objective functions F U1 U2 U3

Original 1.000 1.000 1.000 1.000

Optimized 0.822 0.859 0.977 0.636
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The optimal value of the target U3 as shown in Table 3 is 0.636, which is
decreased by 36.4 %. The optimized angular velocity curve and original as shown
in Fig. 5, the slope of the optimized angular velocity is gentler and better. H2 and
H1 respectively indicate the optimized theoretical angular velocity and original
when it reaches 3 s.

6 The Verification of Optimization Results

Firstly, in order to verify the rationality of the optimization mathematical model and
the optimization result, the simulation model is established. The result of simulation
consists of the data of trajectory curve about the point M and angular velocity and
angle about connecting rod, and the optimal curve and original are obtained. As
illustrated in Fig. 6, points M1, M2 and M1

1 et al. are marked. In Fig. 7, points like
h1, h2, P1 et al. are also marked. The details are as below figures.

As illustrated in Fig. 6, M1, M2 are the corresponding points when connecting
rod turns 70° and 135° respectively. Likewise, M1

1 , M
1
2 are the corresponding ideal

points when connecting rod turns 70° and 135° respectively.

Table 4 Theoretical coordinates of the key points and ideal points

Parameters Original coordinate Optimized coordinate Ideal coordinate

Point M1 (0.71, −0.209 m) (0.70, −0.260 m) (0.61, −0.240 m)

Point M2 (0.50, −0.368 m) (0.48, −0.365 m) (Unlimited, 0.3400 m)
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Fig. 5 Optimized angular
velocity x2 and original
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As illustrated in Fig. 7, h1, h2 are the corresponding angular velocities of sim-
ulation test when it reaches 3 s. In addition, P1, P2 are the corresponding original
and optimal points when connecting rod turns 135°. P3, P4 are the corresponding
points of original and optimal angular velocity when connecting rod turns 135°.

6.1 The Verification of Trajectory Optimization Results

Because of the planar motion of trash barrel, the trajectory described in this paper
includes not only the trajectory curve, but also the rotation angle of the trash barrel.
The relationship between trajectory coordinates and the turning angle of trash barrel
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could be obtained from Figs. 6 and 7. Now selecting the trash barrels flip 70°, 90°
and 135° for trajectory analysis, the specific situation as shown in Table 5:

Combination with Tables 4 and 5, the maximum error of the analytical solution
and the experimental solution of the critical point trajectory is occurred in the
Y coordinates of the original M2 points, which is 2.04 %. The value is within the
rational range, which proves the accuracy of the mathematical model of the tra-
jectory deviation.

Seen from the Table 5 and Fig. 6, during the trash barrel from 70° turning to
90°, the non-optimized X direction position of the trash barrel mouth has not
reached the 0.618 which is the feeding mouth X coordinate. The optimized trash
barrel horizontal position could be reached 0.618 which is the feeding mouth
X coordinate, when the trash barrels is not rotated to 90°. In the Y direction, when
the trash barrel turns 70°, the height of the optimized position is higher than the
position of the feed port. Furthermore, when trash barrel rolls over from 70° to
135°, the original of incremental is 0.163 and optimized incremental is 0.102, so the
optimized ASAA effectively reduced trash barrels vertical increment. Therefore, the
optimized trajectory is more ideal than the original.

6.2 The Verification of Motion Smoothness Optimization
Results

The motion smoothness is relevant to the variation of angular velocity x2. Based on
Figs. 5 and 7, it is easy to get the relation between operation time t and angular
velocity of trash barrel x2. Accordingly, the motion smoothness is verified by
selecting angular velocity x2, when ASAA operates for 0s and 3s. The details are as
below Table 6.

Table 5 Test values of trajectory coordinates and angles

Original Optimized

Angle 70° 90° 135° 70° 90° 135°

X/m 0.713 0.639 0.500 0.699 0.613 0.499

Y/m −0.208 −0.290 −0.371 −0.262 −0.331 −0.365

Table 6 Error analysis of angular velocity x2

Original Optimized

Names t/s x2 (deg/s) t/s x2 (deg/s)

Experimental solution 0 20.06 0 18.89

3 48.07 3 40.97

Theoretic solution 0 19.87 0 18.98

3 49.23 3 40.97
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It can be seen from the Table 6, the biggest error between experimental result
and theoretic result about angular velocity x2 is occurred in 3s, and the error is
2.36 %. The error is within the rational range which effectively verifies the preci-
sion of motion smoothness about the mathematical model.

Based on Fig. 7, when the connecting rod turns from 0° to 135°, the whole
angular velocity curve of the optimized mechanism is gentler, and the movement
stability is more ideal.

Above all, the error between experimental solution and theoretic solution is
minor, which effectively verify the precision of the mathematical model. After
optimization, the trajectory curve and motion smoothness are improved greatly
which effectively reduces the scattering of rubbish during the loading process.

7 Conclusion

In this paper, the mathematical model of the key-point trajectory deviation and
motion smoothness of ASAA have been established, and a method of using the
standard deviation of the angular velocity of the output component was proposed to
describe the smoothness of the turning motion. Combined the mathematical model
with the actual engineering constraints, an optimization mathematical model has
been established. The optimization method based on interior point algorithm has
been used to solve the multi objective optimization problem, and the optimized
results show that key-point trajectory deviations and motion smoothness are
improved obviously. The experimental results obtained by simulation are compared
with the theoretical solutions. The consistency is good, and the rationality of the
optimization model and the optimization results are verified.
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Optimal Design of Parallel Mechanism
for Automobile Electro-Coating Conveyor

Suhua Yao, Guoqin Gao and Zhiming Fang

Abstract Poor mechanism rigidity are prone to big terminal deformation as one
exerts certain external force. In order to make the terminal deformation within
acceptable range, work space needs to be optimized first with suitable global
rigidity evaluation index. For the purpose, Global Stiffness Index (GSI), is defined
in the paper. Dimensionless work space of the parallel mechanism is optimized
based on the GSI, combined with the Upper Limit of the Jacobian matrix condition
number and Maximum Tolerated Deformation. Within the dimensionless work
space, terminal deformation does not exceed tolerated value, at the same time, the
level of average deformation can reach average requirement. Link length, a
parameter of the parallel mechanism, is later obtained with real length of work
space divided by the dimensionless length of work space. Optimal design results are
computed according to specific design requirements to the parallel mechanism in
the automobile electro-coating conveyor. The simulation verifications show that the
optimal design to parallel mechanism is in accord with design requirements. The
design results are also used to develop a prototype for further research.

Keywords Parallel mechanism � Global stiffness index � Optimal design � Work
space

1 Introduction

Parallel mechanisms have higher bearing capacity than serial ones. By taking this
advantage, two same parallel mechanisms are installed on the automobile electro-
coating conveyor to cooperatively support Car Body-in-white by up-and-down
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movements on end-effectors to eliminate air bag. The electro-coating process track
route is Fig. 1.

To decrease the terminal deformation that reduces the end-effectors precision in
overload situation, work space must be designed to satisfy certain rigidity
requirement. Considering that high-strength material is used in parallel mechanism,
the terminal deformation which is caused by stress can be ignored. So the effect on
terminal deformation caused by elastic deformation in active joints is only con-
sidered in the paper.

Since mechanism rigidity affects terminal deformation, the rigidity or the static
stiffness can be a primary consideration in optimal design of parallel mechanism.
Optimal design needs to select a suitable global evaluation index based on rigidity
to design parameters of mechanism. Many researchers have contributed to this. Kim
and Tsai [1] used diagonal elements of the stiffness matrix of two norm as the
stiffness evaluation index in 3-DOF parallel mechanism, Xu and Li [2, 3] respec-
tively choose the average value and the minimum of determinant of the stiffness
matrix within work space of 3-PUU parallel mechanism as indicators. Zhang and
Gosselin [4] select weight sum of the diagonal elements of the stiffness matrix for
Tricept mechanism. No matter how local rigidity evaluation index is defined, it can
always reflect terminal deformation to some degree. However, the single global
rigidity evaluation index based on above local stiffness evaluation index has some
certain defects in optimal design. Because global rigidity evaluation index is mean
value of stiffness evaluation index in the work space, the selection to work space
has no criteria and thus causes computational complexity by trial-and-error method.
In order to avoid trial-and-error method in optimal design, Global Stiffness Index is
used to optimize the parameters of the parallel mechanism in the paper, combined
with the Upper Limit of the Jacobian matrix condition number and Maximum
Tolerated Deformation.

The paper is organized as follows. Section 2 introduces design requirements.
Section 3 gives kinematics solutions, Jacobian matrix and the definition of

Fig. 1 Electro-coating process track route
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Work Space. Section 4 shows optimal design to the parallel mechanism. Section 5
gives optimal design results and verification. Finally, Sect. 6 offers conclusions,
followed by acknowledgements, respectively.

2 Design Requirements

Two same parallel mechanisms are used to realize 200 mm up-down movement to
eliminate air bag with a beam linked to each terminal in vertical direction in Fig. 2
the average terminal deformation or Global Stiffness Index, Maximum Tolerated
Deformation and condition number of the Jacobian matrix are required to achieve
respectively less than 1:38� 10�5mm=N, 2:45� 10�5mm=N and 2.0 in work
space.

As the most important functional part in automobile electro-coating conveyor,
the optimal design to parallel mechanisms is the key but challenging to conveyor.

The parallel mechanism is horizontally actuated with only one geometric
parameter, i.e., the link length of each of the two legs. In appearance, the link length
is solely designed, while the key problem in the design is the determination of not
the link length but the work space. The following paper will demonstrate how to
design work space and further determine the link length.

3 Kinematics Solutions, Jacobian Matrix
and the Definition of Work Space

3.1 Kinematics Solutions and Jacobian Matrix

Assuming that fixed frame O-xy is attached to base of one side of lifting parallel
mechanism, in Fig. 3, coordinates of the active joints D1 and D2 are respectively
(x1, 0) and (x2, 0), coordinate of the terminal P is (x, y).

Fig. 2 Parallel mechanisms
of automobile electro-coating
conveyor

Optimal Design of Parallel Mechanism … 1397



With constraint relation of PDi ¼ L, there are kinematics inverse solutions
Eq. (1) and kinematics forward solutions Eq. (2).

x1 ¼ xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � y2

p
x2 ¼ x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � y2

p�
ð1Þ

x ¼ ðx1 þ x2Þ=2
y ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � 1

4 ðx1 � x2Þ2
q(

ð2Þ

Jacobian matrix of parallel mechanism Eq. (3) is induced from Eq. (2).

J ¼
@x
@x1

@y
@x1

@x
@x2

@y
@x2

2
4

3
5 ¼

1
2

�
ffiffiffiffiffiffiffiffiffi
L2�y2

p
2y

1
2ffiffiffiffiffiffiffiffiffi
L2�y2

p
2y

2
4

3
5 ð3Þ

3.2 Definition of Work Space

Common parallel mechanism is multi-dimensional planar or spatial area, however,
the two same parallel mechanism installed on the automobile electro-coating con-
veyor only do up-and-down movements along y-axis with no displacement of
x-axis, i.e., x ¼ ðx1 þ x2Þ=2 ¼ 0, in other words, the parallel mechanism in the
paper has a constraint condition with x ¼ 0, so the work space in the paper
degenerates from two-dimensional area to one-dimensional interval along y-axis.

To prevent confusion, the work space in the paper is specifically defined as an
interval along y-axis. So, the work space has certain length, the length of the work
space is actually the length of interval.

Fig. 3 Parallel mechanism of
lifting mechanism
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4 Optimal Design to the Parallel Mechanism

4.1 The Definition of GSI

In the operational coordinate space, the relationship between the output displace-
ment vector and the operational force of the planar or spatial mechanism is given in
Eq. (4), with consideration of the active joint elasticity by Gosselin [11]. In the
operational coordinate space, there is

dx ¼ JTKJJ
� �

F ¼ MF ð4Þ

where dx and F are the operational force vector and the output displacement vector,
respectively, KJ ¼ diagðk1; k2; . . .knÞ is active joint stiffness diagonal matrix, J is
Jacobi matrix, M ¼ JTKJJ is stiffness matrix of mechanism.

Supposing that F2k k ¼ 1, dx2k k, i.e., the length of output displacement vector
dx, which reflects the degree of terminal deformation of one pose, is not greater than
maxð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eigenvalue MTMð Þp Þ or the square root of maximum eigenvalue of MTM by

dxk k2 ¼ MFk k2 � Mk k2 Fk k2 ¼ Mk k2 ¼ max
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eigenvalue MTMð Þ

p� �
¼ D ð5Þ

where �k k2 is 2-norm of vector or matrices.
D is a local index that reflects the degree of terminal deformation in one pose. In

the parallel mechanism of Fig. 3, there is Eq. (6) induced by Eqs. (3) and (5).

D ¼
1
2 k y[

ffiffi
2

p
L

2

L2�y2ð Þk
2y2 y�

ffiffi
2

p
L

2

8<
: ð6Þ

where k1 ¼ k2 ¼ k is active joint stiffness coefficient and D is only related to
variable y.

In order to reflect the average degree of terminal deformation in the work space,
gD, which denotes average value of D, is defined as Global Stiffness Index(GSI),
expressed by

GSI ¼ gD ð7Þ

gD, as average value of D in work space of ðy2; y1Þ, can be expressed by

gD ¼
R ffiffi

2
p

L
2

y2

L2�y2ð Þk
2y2 dyþ R y1ffiffi

2
p

L
2

1
2 kdy

y1 � y2
ð8Þ
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4.2 The Optimization of Dimensionless Work Space

It’s known that the reciprocal of the condition number of the Jacobian matrix of
parallel mechanism can be used to evaluate singularity [1, 5, 6], control deformation
[1, 6, 8–10], dexterity [6–9], it must be kept as large as possible. Since that, the
condition number of the Jacobian matrix of parallel mechanism may be kept within
certain value. Moreover, the condition number of matrix is mathematically used in
numerical analysis to estimate the error generated in the solution of a linear system
of equations by the error on the data [12], therefore, condition number of the
Jacobian matrix of parallel mechanism should also be less than one Upper Limit.

Assume that condition number of the Jacobian matrix of parallel mechanism
j ¼ Jk k J�1

�� ��, where �k k denotes the Euclidean norm of the matrix, which is

defined with Jk k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 trðJTJÞ

q
.

To the parallel mechanism in the paper, the condition number of Jacobian matrix
is induced to Eq. (9) with Eq. (3).

j ¼ L2

2y
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � y2

p ð9Þ

Supposing Upper Limit of the condition number of the Jacobian matrix is j0, y1 and
y2 of the work space along y-axis axis can be resolved with Eq. (10) by Eq. (9).

y1 ¼ y1 BL ¼ Lffiffiffiffiffi
2j0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j20 � 1

pq
y2 ¼ y2 BL ¼ Lffiffiffiffiffi

2j0
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j20 � 1

pq
8<
: ð10Þ

where
y1 B ¼ 1ffiffiffiffiffi

2j0
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j20 � 1

pq
y2 B ¼ 1ffiffiffiffiffi

2j0
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j20 � 1

pq
8<
: .

As y�ðy2; y1Þ, j� j0. Obviously, j0 [ 1 and
y1\

ffiffi
2

p
2 L

y2 [
ffiffi
2

p
2 L

8<
: .

Though j� j0 in the work space ðy2 LAC; y1 LACÞ, D can still too big to accept.
For this reason, Maximum Tolerated Deformation, denoted as rmax, is used as an
indicator in the paper. The work space thatD[ rmax cannot be accepted as a part of

the work space of ðy2; y1Þ. In other words, the work space of y\
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2rmaxk þ 1 L

q
resolved by Eq. (11) should be removed from ðy2; y1Þ.

L2 � y2ð Þk
2y2

[ rmax ð11Þ
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For the work space that satisfies j� j0 and D\rmax is
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2rmaxk þ 1

q
L; y1

	 

, there is

gD ¼

R y1 ffiffiffiffiffiffiffiffiffiffiffi
1
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Ddy

y1 �
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1
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R ffiffi
2
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2
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2 dy
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ð12Þ

Supposing a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2rmaxk þ 1

q
, there is

gD ¼ 1
2
k �

ffiffiffiffiffiffiffi
2j0

p
a� ffiffiffi

2
p þ 1

2a

� �
a

ffiffiffiffiffiffiffi
2j0

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j0 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j20 � 1

pqr ð13Þ

From Eq. (13), gD is independent of actual length L, so link length L can be
assumed as an dimensionless unity, i.e., L ¼ 1.

Supposing Global Stiffness Index (GSI) of the parallel mechanism in the paper is
satisfied with Eq. (14), gD needs to be satisfied with gD \ f.

GSI\f ð14Þ

If rmax is given, a is achieved. Supposing gD ¼ f, Upper Limit j0 can be resolved
by Eq. (13), and then dimensionless work space a; y1 Bð Þ and dimensionless work
space length along y-axis a� y1 Bj j is determined. In dimensionless work space
ða; y1 BÞ, gD \ f, D\rmax and j� j0.

4.3 Determination of Link Length of the Parallel
Mechanism

From Sect. 4.2, it is easy to know that the actual work space that satisfies gD\f,
D\rmax and j� j0 is a; y1 Bð ÞL, and thus work space length is a� y1 Bj jL,
provided with the link length is L.

Provided that actual work space length is G, there is

G ¼ a� y1 Bj jL ð15Þ

Therefore, the optimal design formula to L is

L ¼ G
a� y1 Bj j ð16Þ
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5 Optimal Design Results and Verification

In the parallel mechanism, active joint stiffness k ¼ 1:6� 10�5mm=N: Based on
the design requirement of mechanism tolerated deformation rmax ¼ 2:45�
10�5mm=N, a ¼ 0:496.

Based on the design requirement of gD\1:38� 10�5mm=N, Upper Limit of the
condition number of the Jacobian matrix j0 ¼ 1:2750\2:0 according to Eq. (13).
With the value of j0, y1 B ¼ 0:9, a� y1 Bj j ¼ 0:404, the optimal design length L is
495 mm by Eq. (16) with task work space (245.52, 445.52) mm. By Eq. (1) and the
constraint condition with x ¼ 0, active joint coordinate D1 : x1 2
ð215:72; 429:82Þmm, active joint coordinate D2 : x2 2 �429:82;�215:72ð Þmm:
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Fig. 4 Curve of the terminal deformation
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Fig. 5 Curves of Jacobian matrix condition number
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There will be some verification as follows. Bringing task work space (245.52,
445.52) mm into Eqs. (6) and (9), respectively, one will make two curves of the
D and j with use of matlab simulation in Figs. 4 and 5. From Figs. 4 and 5, one can
see that D\2:45� 10�5mm=N and j\2:0. Bring task work space (245.52,
445.52) mm into Eq. (8), one obtains gD ¼ 1:16� 10�5mm=N\1:38�
10�5mm=N.

The verifications show that the optimal design to parallel mechanism is in accord
with design requirements.

Optimal design results are used to develop a prototype of electro-coating con-
veyor with two same parallel mechanisms in Fig. 6, which will be use for further
research.

6 Conclusions

In order to meet terminal deformation requirements in parallel mechanism, Global
Stiffness Index, combined with Upper Limit of condition number of Jacobi matrix
and maximum tolerated deformation is defined in the paper. Dimensionless work
space of the parallel mechanism is optimized based on the GSI, combined with the
Upper Limit of the Jacobian matrix condition number and Maximum Tolerated
Deformation. Optimal link length of parallel mechanism is obtained with real length
of work space divided by the dimensionless length of work space. Optimal design
results of the parallel mechanism are computed with design requirements of parallel
mechanism for automobile electro-coating conveyor. The simulation verifications
show that the optimal design to parallel mechanism is in accord with design
requirements. The design results are used to develop a prototype for following
control research.

Fig. 6 Electro-coating conveyor with two same parallel mechanisms
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Design and Simulation
of a Dual-Piezo-Driven Actuator Utilizing
the Bridge-Type Mechanism

Junyang Wei, Xianmin Zhang and Sergej Fatikow

Abstract In this paper, a dual-piezo-driven actuator with a configuration based on
the bridge-type amplification mechanism is presented. The configuration should
enable the actuator to be driven with diverse friction drive principles for operations
under different conditions. Numerical simulations of the actuator based on a basic
mathematical model applying the DTC-MRD friction model, and the FEA of the
bridge-type mechanism deformation are carried out for analyzing the feasibility of
the design.

Keywords Actuator � Friction drive � Compliant mechanism � Dual piezo

1 Introduction

With the development of microsystem technology and nanotechnology, research
topics in the field of nanohandling have drawn more and more attention of the
industry and research institutes in recent decades. Among several nanohandling
approaches [1], top-down approach is one that utilizes precision positioning sys-
tems and their manipulation tools to physically achieve handling goals. To ensure
the high performance of top-down nanohandling approach’s process, the actuation
of the positioning systems is not trivial. Applying piezoelectric actuators has
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become one of the trends due to the benefits of compact size, high dynamics, high
accuracy and large output force. However, because of the limited elongation of the
piezoelectric effect (around 0.1 %), special methods are usually applied for
achieving cross-scale movement with high positioning accuracy.

One commonly known method is applying the friction-drive principles, which
could be further divided into different types such as the Stick-slip-drive principle,
the Inchworm-drive principle and the Ultrasonic-drive principle. A positioning
system with high precision, high speed, high force, cross-scale working range and
miniaturization is an ambitious vision. Yet, it is a common sense that such
requirements cannot be satisfied simultaneously by applying one single actuation
principle, as actuators based on different principles have different driving properties.
Thus, they are generally tailed for different applications.

The Stick-slip-drive actuator as an example, has the advantages of simple
structure, simple control, high actuation speed and high positioning resolution.
However, the output force capability of stick-slip drive, usually within the range of
single-digit Newton, is far from efficient for some applications. On the contrary, the
inchworm actuator is especially suited for high-force-required situations, yet it has
drawbacks of low speed and low working frequency, due to a relatively complex
structure. Thus, applications that require operations under different conditions such
as high actuation speed and high output force, pose challenges for the actuator
design.

Concerning this issue, an actuator with a special configuration for applying
different actuation principles would be a potential solution. The key to the con-
figuration is the feasibility of changing the normal preload force of the contact
surfaces and the guarantee of horizontal movement generation. In [2] a so-called
“pull-push” actuator is proposed, enabling two degrees of freedom within the same
bulk material. The actuator is able to function in Stick-slip mode and ultrasonic
mode [3]. The PiezoWalk linear motor from Physik Instrumente uses piezoelectric
actuators in groups to generate walking-like feed movement, producing feed forces
up to 600 N at 2 mm/s as claimed [4]. Besides of changing the configuration of
piezoelectric material itself, it is also of interest to introduce mechanism into
actuators, as it diversifies greatly the actuation movements. A piezoelectric linear
motor developed in [5] reaches high linear forces up to 2000 N at a speed of
1 mm/s, with the help of an axis clamping system. The authors in [6] take
advantage of parallelogram-type flexure hinge mechanism to generate lateral
motion. The maximum output force is 3.43 N while the maximum speed
14.25 mm/s.

Based on the state of the art evaluation, a dual-piezo-driven configuration uti-
lizing bridge-type amplification mechanism is considered for development of a
novel actuator that is capable of applying different actuation principles. In the scope
of this paper, the basic principle of the actuator will be described and simulations
focusing on its feasibility will be carried out based on the mathematical model.
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2 Actuator Configuration

2.1 Configuration Analysis

As shown in Fig. 1, the actuator mainly consists of a runner and one or more
driving components. Each driving component includes two actuating units, i.e.
piezoelectric stacks, and a symmetrical bridge-type amplification mechanism which
is in the form of compliant mechanism corresponding to the piezoelectric stacks.
Controlling of the elongations of the two actuating units determines the movement
of the driving points, i.e. the contact tips. The runner driven by the driving com-
ponent with the contact tips, produces the output of the actuator in the X-axis
direction. Both contact tips in one driving unit engage in the actuation simultane-
ously. Such configuration guarantees the driving component is under force balance
in the Y-axis direction with forces only from the runner. This means that no shear
force is implied on the grounded end of the component, which is important to avoid
potential damage to the piezoelectric stacks.

As known, applying bridge-type mechanism for multi-DoFs movement is no
secret in the field of precision positioning. Their purpose is usually either providing
a preload to the piezoelectric stack or amplifying the output displacement. In most
cases the mechanism is actuated with an actuating unit embedded in the center of it
and next connected with other actuators. Compared to that, the configuration pro-
posed has the following benefits:

(a) Avoidance of asymmetric bidirectional output property
For devices utilizing compliant mechanism and piezoelectric stack, asymmetric
bidirectional output property is an issue. The reason to this issue, on one hand, is
because of the nonlinear property of the piezoelectric stack due to the bonding
material, e.g. glue. This factor reduces the stiffness of the stack especially when a
tensile force is applied. One the other hand, a compliant mechanism is an elastic
potential energy storage element. It respectively does negative and positive work
while the piezoelectric stack elongates and contracts, which varies the bidirectional
output property. Benefited from the symmetric structure, the proposed configuration
theoretically counteracts the factors mentioned above.

Fig. 1 Schematic of the
actuator. Only one side of the
runner is illustrated. The
actual runner has contact with
both of the contact tips on the
bridge-type mechanism
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(b) Improved stiffness
The configuration in essence is a parallel mechanism, which reduces the inertia of
the mechanism and improve the dynamic property. Also, the configuration can be
regarded as a simple support beam structure, which means higher stiffness of the
structure and leads to higher driving frequency, i.e. higher output speed of the
actuator.

2.2 Actuation Principles

As mentioned in Sect. 1, the actuator is able to apply different actuation principles.
The operations will be presented in the following.

(a) Stick-slip-drive principle
As shown in Fig. 2a, to start up, one of the actuating units elongates until certain
indentation depth on the contact surface is reached to provide a suitable preload.
Then both actuating units are energized slowly and simultaneously, with one
elongating and the other contracting. This causes the compliant mechanism to move
forwards horizontally while maintaining its deformation, i.e. the preload, unchan-
ged. Consequently, the runner moves with the contact tip due to the friction, known
as the “stick” phase. Next, the compliant mechanism moves backwards with a same
operation except the actuating units are energized sharply. Due to that, the runner

(a) Stick-slip-
drive principle

(b) Clamping-
drive principle

(c) Mixed 
principle 1

(d) Mixed 
principle 2

(e) Poke-drive 
principle 

Fig. 2 Diagram of the different actuation principles in single cycle. The numbers represent the
operation sequence. Only one half of the mechanism is illustrated for simplicity in the diagram.
The initial place of the contact tip is assumed to be slightly above the contact surface without
preload
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could not follow the quick movement because of the inertia force. This is known as
the “slip” phase. Via this operation cycle, a net movement of the runner is then
generated and by repeating the continuous output displacement is achieved.

(b) “Clamping-drive” principle
The actuation starts with clamping the runner, as both actuating units elongate
towards each other and cause a high normal force on the surface to hold the runner.
After clamping, the compliant mechanism and the runner are driven forwards as the
same operation in the “stick” phase of the Stick-slip drive. Finally, the actuating
units contract in inverse direction to release the runner and then the compliant
mechanism is driven back to the original position. The operation cycle is demon-
strated in Fig. 2b. With two driving components operating this principle in turns,
the Inchworm-drive principle is achieved.

(c) “Poke-drive” principle
When only one actuating unit elongates, the contact tip will be driven both hori-
zontally and vertically, which “pokes” the runner forwards. This principle is also
defined as the “IFc type” in [7]. Regarding the proposed configuration, the oper-
ation of this drive principle is the simplest (Fig. 2e).

(d) Other drive principles
As shown in Fig. 2c, d, it would be of interest to explore drive principles mixed by
the former principles. In essence, the driving component is a 2-DoFs mechanism,
which should theoretically generate arbitrary movement track within its working
space, e.g. an elliptical movement track to perform a quasi-ultrasonic actuation. For
this purpose, the kinematic model would be helpful to further investigate the
potential capabilities of this actuator.

3 Mathematical Modelling

The proposed actuator can be regarded as a nonlinear dynamical systems, consid-
ering the issues of hysteresis and creep of the piezoelectric material, the nonlinear
deformation of the compliant mechanism, the friction on the contact surface and so
on. Such a complex system would pose great challenge to the modelling. Hence, it
is reasonable to develop a model from scratch for exploratory study. In this paper,
the proposed actuator is simplified into a basic mathematical model that is separated
into three portions. The model is based on the following assumptions:

(a) The input displacements of the piezoelectric material are ideal. Nonlinear
factors are not involved. The input forces of the piezoelectric material are
always large enough.
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(b) Dynamic properties of both the piezoelectric material and the compliant
mechanism are omitted. Only the kinematic model of the driving component is
considered.

(c) The contact tips are absolutely rigid and the surfaces of the runner in contact
are elastic continuums.

3.1 Model of the Driving Component

Adopting the pseudo-rigid-body theory [8], from the bridge-type mechanism
geometry yields the equations of the forward kinematic model of the driving
component:

Xp1 ¼ Xp2 ¼ 1
2
XA þ 1

2
XB ð1Þ

Yp1 ¼ �Yp2 ¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� XB � XA

2L
þ cos h0

� �2
s

� sin h0

2
4

3
5 ð2Þ

Equations (1) and (2) then yield the equations of the inverse kinematic model,
which are:

XA ¼ Xp1 þL cos h0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � Yp1 þL sin h0

� �2q
ð3Þ

XB ¼ Xp1 � L cos h0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � Yp1 þL sin h0

� �2q
ð4Þ

Where XA and XB are the input displacements, Xp1, Yp1, Xp2, Yp2, are the
movements of the two contact tips P1, P2 in X and Y axis separately. L represents
the lengths of the four bars of the bridge-type mechanism and h0 is the initial angle
between the bar and the X axis. The schematic is illustrated in Fig. 3.

Fig. 3 Schematic of the
driving component
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3.2 Friction Model

Friction modelling is one key portion for establishing a convincing mathematical
model. From the well-known Coulombs friction model to Dahl model [9], LuGre
model [10], elastoplastic model [11], etc., detail aspects of the friction phenomenon
are gradually represented as the friction models are being improved. Still, these
models do not consider the geometry in the micro scale on the friction surface,
which involves contact theories.

For the proposed actuator, micro-scale details should not be ignored as the
displacement of the indentation on the surface as preload is unneglectable compared
to the displacement range of the driving component. Therefore, a DTC-MRD model
(Dynamic Tangential Contact model based on the Method of Reduction of
Dimensionality) [12], is adopted for the modelling of the actuator.

According to the Hertz’s theory, the normal force produced by a rigid sphere that
is indented into an elastic half-space is given by:

Fn ¼ 4
3
EeR

0:5d1:5 ð5Þ

where Ee is the effective Young’s modulus, R is the sphere radius and d is the
indentation depth. Concerning the applied tangential force, the contact region
a ¼ ffiffiffiffiffiffi

Rd
p

, could be further divided into a stick region and a slip region with the
separation circle with a radius c. Here the friction is considered as the Coulombs
friction. In the stick region, the friction force remains static friction force and in the
slip region the friction is assumed as the kinetic friction. When c = 0 the sphere is
about to slip, with a maximal tangential displacement given by:

umax ¼ 3lFn

4Gea
ð6Þ

where l is the friction coefficient and Ge is the effective shear modulus. Applying
the method of reduction of dimensionality [13], the 3D contact could be mapped to
a one dimensional contact with equivalent springs as shown in Fig. 4. The normal

Fig. 4 Schematic of the
method of reduction of
dimensionality [12]
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stiffness Dkz and the tangential stiffness Dkx of each spring, of which the distance
between each other is Dx, are defined as:

Dkz ¼ EeDx;Dkx ¼ GeDx ð7Þ

With the displacement input from the driving component, friction force Ff is
generated by summing up the force of each spring.

3.3 Dynamic Model of the Runner

The DoF of the runner is restricted in one direction, with displacement X. The
runner is simplified into a simple mass M, with the friction force Ff between one
contact tip and the runner. The number of the contact tips is n. For force estimation,
a spring with stiffness K is added to represent the external load for the system. One
end of the spring is fixed on the ground and the other on the runner. The schematic
is shown in Fig. 5. Based on the Newton’s second law, we have:

M€X ¼ nFf � KX ð8Þ

4 Simulation and Analysis

In this section, a case study of the actuator will be simulated and analyzed. Figure 6
shows the CAD model of an early prototype design. Based on the design, the
dimensions and the physical parameters of the mathematical model for the actuator
are set as in Table 1:

4.1 FEA Verification of the Model of the Driving
Component

Figure 7 shows a FEA (Finite Element Analysis) result of the bridge-type mech-
anism deformation. As the stiffness of the piezoelectric stack is assumed to be
infinite, an input displacement series within the input displacement range is applied
vertically on the left side face of the mechanism directly. The face on the opposite

Fig. 5 Abstracted model of
the runner. For displacement
estimation of the actuator,
K = 0
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side is fixed. Then, in another scenario two forces are applied on the output ends to
represent the normal reactive forces from the runner. The values of the forces are
calculated via Eq. (5) using the simulated output displacements from the former
scenario. These results are shown in Table 2, compared with the kinematic model.
As can be seen, results from both scenarios fits the mathematical model decently
(6, 8 %). Notice that the vertical displacement error of Scenario 2 is relatively high,
which implies in reality the vertical displacement is not likely to be precise as
expected due to the limited stiffness of the compliant mechanism.

A modal analysis of the bridge-type mechanism is also applied, indicating the
first resonate frequency of 21131.5 Hz. This should guarantee that the actuator is
capable of functioning under actuation signal at hundreds’ frequency without
exciting the resonance that could undermine the performance.

Fig. 6 Prototype design

Table 1 Parameter values
for simulation of the
mathematical model

Parameter Value Unit

Initial angle p/4 rad

Equivalent bar-length of the mechanism 7.6 mm

Input displacement range 0–8 lm

Radius of the contact tips 0.5 mm

Young’s modulus of the contact tips 345 Gpa

Poisson’s ratio of the contact tips 0.3 /

Young’s modulus of the runner surface 69 Gpa

Poisson’s ratio of the runner surface 0.35 /

Friction coefficient 0.3 /

Mass of the runner 5 g
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4.2 Numerical Simulation of the Actuator

The simulation of the mathematical model of the actuator is carried out in
Matlab/Simulink. Actuation signals with a frequency at 250 Hz, a slop rate of
50 mm/s are chosen.

Concerning the output force performance, Fig. 8 shows a typical Stick-slip-drive
displacement curve with external load from the spring. Net movements of the
Stick-slip drive and the micro residual vibration phenomenon are well reflected. As
the output displacement increases, the external load accordingly increases until it
reaches a force balance status with the maximum output force of the actuator. Thus,
the actuator is blocked from driving further. The simulation applying

Fig. 7 Deformation result with an 8 lm input

Table 2 Comparison of FEA results and the model values

Input Model Scenario 1 Scenario 2

Value (lm) Value (lm) Value (lm) Relative
error (%)

Value (lm) Relative
error (%)

(1, 0) (0.5, 0.5) (0.486, 0.482) 3.19 (0.481, 0.467) 5.17

(2, 0) (1.0, 1.0) (0.943, 0.936) 6.05 (0.956, 0.922) 6.08

(3, 0) (1.5, 1.5) (1.415, 1.404) 6.03 (1.425, 1.366) 6.95

(4, 0) (2.0, 2.0) (1.887, 1.872) 6.02 (1.895, 1.809) 7.38

(5, 0) (2.5, 2.5) (2.359, 2.340) 6.02 (2.374, 2.255) 7.39

(6, 0) (3.0, 3.0) (2.830, 2.808) 6.03 (2.867, 2.715) 6.93

(7, 0) (3.5, 3.5) (3.302, 3.275) 6.04 (3.325, 3.135) 7.67

(8, 0) (4.0, 4.0) (3.774, 3.743) 6.04 (3.801, 3.572) 7.79
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inchworm-drive principle exhibits a similar displacement curve trend, as shown in
Fig. 9.

Both simulations are applied with the same maximum indentation depth of the
contact tips. Their total actuation amplitude per period and the numbers of the
each’s contact tips are also equal (in inchworm-drive partly doubled).

It is obvious that the output force capacity of the inchworm drive principle
overwhelms the one of the Stick-slip drive. The increase of the friction force by
either changing the number of contact tips (Fig. 10a) or increasing the indentation
depth does enhance well the output force of inchworm drive. However, for
Stick-slip drive it is not necessary a plus effect. Focusing on output force genera-
tion, given an indentation depth of 5 lm and the contact tips number of two, an

Fig. 8 Displacement curve of the stick-slip drive

Fig. 9 Displacement curve of the inchworm drive
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output force of 11.15 N can be obtained theoretically applying the Inchworm-drive
principle (Higher output force is also achievable).

Regarding the speed performance, an indentation depth of 0:25 lm and an
actuation signal with an amplitude of 8 lm which is the maximum distance in the
X-axis direction in the mechanism workspace, are considered. An output speed of
1.78 mm/s is achieved applying the Stick-slip-drive principle by simulation con-
sequently. Simulation with higher actuation frequencies leads to higher output
speeds in the results, despite of factors that would possibly weaken the speed
performance in reality.

Simulation of the “Poke-drive” principle is also carried out. With an input
amplitude of 2 lm, the actuator generates an output speed of 0.10 mm/s, which is
lower than the one of the Stick-slip drive under same input amplitude. According to
the model, the reason is that the friction force generated at the beginning of the stick
phase is very small, which leads to slow deceleration the backlash movement of the
runner (compared to the Stick-slip drive) and cause a smaller net movement.

5 Conclusion and Outlook

This paper presents a dual-piezo-driven actuator with a configuration based on the
bridge-type amplification mechanism. A mathematical model adopting the
DTC-MRD model is developed. In the case study, the FEA results of the compliant
mechanism agree with the kinematic model with relative errors less than 8 %,
which means the contact tips should be able to perform in movement tracks
decently as expected. The actuator should be able to realize an output force of
11.15 N in inchworm mode and an output speed of 1.78 mm/s in theory as an
example, which demonstrates the idea that the proposed configuration is capable to
function utilizing different driving principles and hence would be suitable for

(a) Generated output force vs. 
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application that required operation under diverse conditions such as high actuation
speed and high output force.

In the future, prototype experiments will be carried out to evaluate the con-
ception and more detailed models especially concerning the dynamic character of
the driving component would be concerned to further investigate and control the
operations. An obvious question is whether the driving component would behave as
expected especially under high actuation frequency and high preload. The com-
promise between the characters of the compliant mechanism (stiffness, geometrical
configuration) and the output performance of the actuator is however at the moment
not clarified.
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A Novel Method of Fault-Location in Long
Power Cable

Jianwei Mi, Ximing Men, Xiaoli Fang and Libin Fan

Abstract In the case of malfunction in power cables, it is feasible to obtain the
location information of fault point by using reflection phenomenon of traveling
waves occurred during transmission due to the fact that the characteristic impedance
of fault point changes. However, the energy attenuation and distortion of traveling
waves in fault detection of long power cable become the key influence factors of
extracting fault reflection signal, which ultimately affect the measurement accuracy.
Therefore, by employing the successive optimized high-frequency pulse signal
instead of the single pulse signal used in the traditional testing equipment for the
long power cable fault-detection, this paper proposes a signal processing method
based on digital non-coherent pulses accumulation to calculate the fault location by
accumulating reflected signal. The simulated results show that this method can
effectively improve the Signal to Noise Ratio (SNR), threshold detection level of
the fault signal, and also enhance the detection capability of the fault location in
long power cable.

Keywords Successive high-frequency pulse signal � Pulse accumulation � Fault
location � Long power cable

1 Introduction

With the development of economy in China, the long power cable plays an
increasingly important role in power transmission. If the fault point can not be
quickly and accurately located when the malfunctions occur, there will be not only
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excessive time and financial cost for cable maintenance [1], but also considerable
inconvenience to the users and dramatical economic losses to the industry.

At present, the fault location method based on the time-domain characteristics of
the fault traveling wave is effective and has found practical engineering applications
among the power cable fault location methods [2]. It attracts wide attention since its
advent as a result of its advantages in theory, such as the high range accuracy, the
high reliability, and the good stability. Its basic principle is that the speed is close to
the speed of light when the traveling wave propagates in the cable, and it will also
produce the refraction and reflection phenomenon when the waves encounters the
fault points or nodes with an mismatched impedance. By recording the launch time
and the time when the traveling wave reflects back to the launch point, one can
calculate the time difference between the two moments and finally obtain the fault
location according to the speed and the running time of the traveling wave [3].
However, when the traveling wave propagates in the power cable, the energy will
attenuate exponentially with the increase of transmission distance. On the other
hand, the traveling wave will have a serious distortion. These two points described
above are the main factors affecting the measurement accuracy of the method.
Subsequently, many power researchers committed to the investigation on precise
recognition of the reflected wave [4–6], such as filtering out the interference signal
by setting the threshold voltage. Typical interference signal is the reflected signal of
nodes, but it fails to exclude the clutter signal which has the same magnitude as the
fault signal, so it barely filters out the interference signal completely. Furthermore,
some scholars eliminate the pulse interference by the correlation method which is
analyzing the correlation between the incident signal and the received signal. It is
considered as the useful fault signal when the two signals have the similar pulse
width. But the actual cable is a lossy transmission line and the reflected wave has a
significant distortion compared with the incident wave: the width increases, the
correlation of incident wave and reflected wave reduces greatly, so this method has
a bigger error for solving problem of the fault location.

Therefore, it is desired to explore a more stable algorithm to improve the
solution precision of cable fault location. Then, after the thorough analysis of fault
location method based on the time-domain characteristics of the fault traveling
wave, one can notice that the single pulse signal is difficult to become the incident
wave used for the long power cable fault-detection due to the serious waveform
distortion and energy limitation. Therefore, by utilizing the successive
high-frequency pulse signal with a certain width instead of the single pulse signal as
the incident wave which is used for the long power cable fault-detection, this paper
proposes a signal processing method based on digital non-coherent pulses accu-
mulation, which calculates the fault location using the reflected signal’s multiple
accumulation by means of the digital non-coherent pulses accumulation.
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2 Cable Model and Its Refraction and Reflection
Characteristics of Traveling Wave

2.1 Mathematical Model of the Cable

The cable equivalent model can be divided into the lumped parameter model and
the distributed parameter model. The cable is equivalent to a simple circuit con-
sisting of resistors and other components in the lumped parameter model, which can
not express the transient process of the traveling wave on the cable. And the cable is
equivalent to a circuit composed of innumerable second-order circuit in series in the
distribution model. The model can express the specific transient process and
transmission characteristics of traveling wave during transmission according to the
different impedance of per unit length of cable, which is more consistent to the
actual transmission characteristics of long cables. In addition, it can be divided into
the lossy model [7] and the non-destructive model according to the presence of loss
in the traveling wave transmission process in distributed cable model. The differ-
ence between the two models lies in that the non-destructive model can not express
the attenuation characteristics in traveling wave transmission, but it is easy to be
analyzed and solved while the lossy model is opposite. Therefore, this paper uses
the distributed lossy cable model which is closer to the actual cable to analyze and
solve problems, as shown in Fig. 1.

According to Fig. 1, one can get the differential equation of the model, as the
Eq. (1).

� @u
@x ¼ R0iþ L0 @i

@t
� @i

@t ¼ G0uþC0
@u
@x

�
ð1Þ

In the equation, u and i are respectively the voltage and current along the cable.
R0, L0, G0, C0 are respectively the original distribution parameters of cable (dis-
tributed resistance, distributed inductance, distributed conductance, distributed
capacitance).

By simplifying the Eq. (1), one can obtain the steady-state solution shown in the
Eq. (2).

Uðx;tÞ ¼ U þ
ðx;tÞ þU�

ðx;tÞ ¼
ffiffiffi
2

p
U þ

1 e�bx sinðxt � axÞþ
ffiffiffi
2

p
U�

1 e
bx sinðxtþ axþu�Þ

ð2Þ

0G dx 0C dx

0R dx 0L dx0R dx 0L dx

0G dx 0C dx

Fig. 1 The distributed cable
model
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In the formula, x is the angular frequency for power supply, U þ
1 and U�

1 are the
integral constant,a and b are determined by the Eq. (3).

c ¼ bþ ja ¼ ffiffiffiffiffiffiffiffiffiffi
Z0Y0

p
; Z0 ¼ R0 þ jxL0; Y0 ¼ G0 þ jxC0 ð3Þ

It can be found by the Eq. (2) that the steady-state solution of the model is
composed of two parts which are U þ

1 and U�
1 . U

þ
1 is called the forward direction

traveling wave and U�
1 is called the reverse traveling wave. This paper only set U þ

1
as an example to study the propagation law of voltage along the transmission line.

The propagation characteristics of traveling wave in the transmission line can be
summarized as the propagation speed and the degree of attenuation of wave. Wave
propagates with speed v and attenuates exponentially with e�bx times in the
transmission line. The loss of traveling wave in the cable is determined by the decay
constant b.

2.2 The Analysis About the Refraction and Reflection
Characteristics of Traveling Wave

If two cables with different characteristic impedance are connected, as shown in
Fig. 2, there will be refracted wave Uq and reflected wave Uf when the incident
wave passes the connection point. The reflected wave Uf transmits along the
opposite direction of the incident wave U0, while the refracted wave Uq transmits
along the direction of the incident wave U0.

In the Fig. 2, Zc1 and Zc2 are respectively the characteristic impedance of
transmission line 1 and transmission line 2. The calculation formula of the char-
acteristic impedance is Eq. (4).

Zc1; Zc2 ¼ Zc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR0 þ jxL0Þ/ðG0 þ jxC0Þ

p
ð4Þ

According to Ref. [8], the solution formula of refracted voltage and reflected
voltage is shown as Eq. (5).

Uq ¼ 2Zc2
Zc1 þ Zc2

U0

Uf ¼ Zc2 � Zc1
Zc1 þ Zc2

U0

(
ð5Þ

node

Cable1 cable2

1cZ

0I

0U

fI

fU

qI

qU
2cZ

Fig. 2 The refraction and
reflection characteristics of
traveling wave
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Its special circumstances can be summarized as follows:

(1) When the end of the infinitely long cable breaks, that is to say Zc2 is infinite.
Uq equals to 2U0, and Uf equals to U0.

(2) When the end of the infinitely long cable is short-circuited, that is to say Zc2 is
zero. Uq equals to zero, and Uf equals to �U0.

3 Analysis and Optimization of the Incident Signal

3.1 Analysis of the Problems in Single Pulse Signal

At present, the incident wave is the single pulse signal used in the cable fault
detection method based on the time-domain. To shorten the measuring blind area
and increase the measurement length, the pulse width is generally 0.2–2 ls [9]. But
the voltage amplitude will exponentially attenuate along with the cable length in
transmission process and the waveform will have serious distortion. It is difficult to
detect the fault traveling wave from the long cable fault. In order to improve the
energy of traveling wave, there are two methods can be used. One is to increase the
amplitude of the transmitted pulse voltage, but the voltage amplitude can not be
increased indefinitely due to the limitation of cable pressure parameters [10] and
existing high-voltage pulse generating technologies. The other is to increase the
width of transmitted pulse, but it can not reduce the influence of waveform
distortion towards fault signal recognition. And too wide pulse width will generate
interference between the incident wave and the reflected wave. Therefore, we
should seek a more ideal waveform as the incident wave to detect faults in the long
cable.

3.2 The Incident Wave of Successive High-Frequency
Pulse Signal

Considering the advantages and disadvantages of the single pulse signal as the
incident wave in the cable fault location, this paper resolves to use the successive
high-frequency pulse signal with a certain width as the incident wave, which
consists of a number of positive and negative polarity single pulse signals and has
the same energy as the single pulse signal with the same amplitude and pulse width.
From the fact mentioned above, the reflected wave will generate pulse signals with
different polarity due to different types of faults when the incident wave is the single
pulse signal. Similarly, the reflected wave will be the high-frequency signal when
the incident wave is the successive high-frequency pulse signal with a certain width.
The single pulse signal is difficult to be accurately detected due to waveform
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distortion. But when the reflected wave is the high-frequency signal with a certain
width, the signal is composed of multiple single pulse distorted waveforms and
there are mutual influences between each single pulse signal. A more inerratic
signal can be obtained after the signal is envelope detected. The problem that the
waveform is difficult to be detected caused by single pulse distortion can be solved
with this method, as shown in Fig. 3. It can be seen from Fig. 3 that the incident
wave using the successive high-frequency pulse signal can effectively reduce the
influence of waveform distortion towards detecting the reflected wave. In addition,
selecting the appropriate width of the incident wave should be considered when
using the successive high-frequency pulse signal as the incident wave so as not to
generate interference between the incident wave and the reflected wave, but also
need to take the energy loss of wave in the transmission process into account.

3.3 The Frequency Optimization of the Successive
High-Frequency Pulse Signal

Zc described in Eq. (4) is the characteristic impedance of cable, which is related to
the power frequency x and increases with the increase of x. However, in a certain
fault condition, Zc2 in Eq. (5) is fixed and is the characteristic impedance of the
fault point, and Zc1 is the characteristic impedance of normal cable. The charac-
teristic impedance Zc1 increases with the increase of x, while the fault point

(a) The original reflection waveform

(b) The waveform after envelope detection
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Fig. 3 The reflection waveform of successive high-frequency pulse signal
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impedance Zc2 does not change. According to the relationship in Eq. (5), U0 is set
to 1 V and the fault type is a low-resistance fault. Thus, the change trend of the
reflected voltage Uf on power frequency can be obtained, as shown in Fig. 4. With
the increase of power frequency, the voltage reflection coefficient approaches to −1,
which means a negative total reflection occurs. Therefore, when the power
amplitude does not change and frequency increases, the amplitude of the reflected
voltage is closer to the power amplitude but has the opposite polarity and its energy
is closer to the power energy.

From the propagation constant in Eq. (2), we can know that attenuation coef-
ficient b determines the degree of attenuation of traveling wave with the propa-
gation length, namely the propagation characteristics of traveling wave is: wave
propagates with speed v and attenuates exponentially with e�bx times in the
transmission line. The attenuation coefficient b increases with the increase of the
power frequency x. The value of b hardly changes when x is less than 20pKHz;
the value of b will increase sharply when x is greater than 20pKHz, and the
amplitude attenuation will accelerate [8].

Therefore, it should comprehensively consider the effect of change of power
frequency toward the voltage amplitude attenuation and the relationship between
the amplitude of the reflected voltage and the amplitude of the incident voltage.
Adjusting the frequency of the incident wave to be about 20pKHz is relatively
appropriate.

4 Pulse Accumulation Method Used for Fault Detection

4.1 Pulse Accumulation Method

The common solutions are using the Neyman-Pearson criterion in radar signal
detection. The specific method is to compare the reflected signal received by radar
with a given threshold voltage. When the amplitude of the reflected signal is greater
than the threshold voltage, it is considered that the target object is detected.
Otherwise, the target does not exist. Obviously, selecting the appropriate threshold
voltage can improve the accuracy of detecting target, and the SNR of radar signal
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Fig. 4 The relationship
between the reflected voltage
and power frequency
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has a great influence on selecting the threshold level. So some scholars proposed to
use the pulse accumulation method to improve the SNR, and thus improving the
detection accuracy of radar [11].

Similarly, the phenomenon of reflection of cable fault has similarities with radar,
so the method of accumulation of multiple pulses can also effectively improve the
SNR of reflected wave, and thus the detection accuracy of cable fault is improved.
The accumulation can be finished before envelope detection, which is called the
predetection integration or intermediate frequency integration. There is strict phase
relationship when the signal is accumulated with intermediate frequency integra-
tion, that is to say, the signal is coherent and it is also known as the coherent
integration [12]. In addition, the accumulation can be carried out after the envelope
detection, which is called the post detection integration or the video integration. The
accumulation after detection does not need to have strict phase relationship between
signals, so it is also known as the non-coherent integration.

The fault reflection pulse signal in the cable is periodic and time-dependent
while the noise signal is random and time-irrelevant, so that the accumulation of
multiple pulse signals can effectively improve the SNR. Supposing that a reflected
signal R(t) is composed of the noise signal N(t) and the fault signal S(t), and the
ratio of signal to noise is shown in Eq. (6).

S
N

� �
1
¼ S tð Þ½ �2

E ½NðtÞ�2
n o ð6Þ

One can get the SNR in Eq. (7) by accumulating the reflected fault waveforms
through M times.

S
N

� �
M

¼ M � SðtÞ½ �2

E
PM

i¼1 NiðtÞ½ �2
n o ¼ M2 � SðtÞ½ �2

E
PM

i¼1 ½NiðtÞ�2
n o

þE
PM

i6¼j ½NiðtÞ½NjðtÞ
h i

¼ M � S
N

� �
1

ð7Þ

According to the Eq. (7), it can be observed that SNR is improved M times when
the fault waveform is accumulated M times. But the SNR obtained by accumulating
reflected signals M times after the envelope detection can not reach M times [13].
That is the reason why the non-linear function of envelope detection which
increases the interaction between signal and noise and affects the SNR at the output
when the reflected signal passes the detector. However, the non-coherent integration
does not have the strict requirements of phase parameters and is easier to be
implemented in engineering, and it has no requirements for the phase parameters of
the reflected wave in fault detection. Therefore, the non-coherent integration after
envelope detection is used in this paper.
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4.2 Simulation Analysis

The successive high-frequency pulse signal is used as the incident wave and its
width of signal is less than the reflected cycle of the fault wave, so as not to generate
interference between the incident wave and reflected wave. A reflected signal will
be produced due to impedance mismatch when the incident wave passes the fault
point and the signal can form relatively regular wide-pulse signal after the envelope
detection in the source. But the reflection signal has a low SNR and a relatively low
voltage threshold set, which is difficult to distinguish between the noise signal and
the useful fault signal. Therefore, the scheme implemented in this paper is to record
and store the reflected signal obtained after the envelope detection. After a while,
the successive high-frequency pulse signal is launched once again at the source.
And then to record the reflected signal obtained after the envelope detection and to

(a) The original fault reflection waveform

(b) Waveform after the envelope detection

(c) Waveform of the video accumulation by 10 times
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Fig. 5 Waveform of pulse accumulation by 10 times
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accumulate and store the reflected signal and the reflected signal obtained last time.
It needs to perform 10 times circularly as above and superimposes the signals
obtained by sampling 10 times, and then a set of reflected waveforms will be got
after the pulse is accumulated 10 times. It can be observed that the SNR is sig-
nificantly improved and the useless interference signal can be filtered out by
increasing the voltage threshold. The fault location of faulted cable can be accu-
rately determined according to the time difference between the reflected signal and
the incident signal. The simulation waveforms are shown in Fig. 5.

The fault distance and measurement error calculated using the pulse accumu-
lation method under the condition of different fault distance are shown in Table 1.

It can be obtained after analyzing the simulation results that the fault reflection
signal after the envelope detection and accumulation by 10 times can significantly
improve the SNR, which plays an important role in accurately identifying the fault
signal. The results show that the fault location of cable can be accurately deter-
mined with this method according to the simulations of different fault distance.

5 Conclusion

This paper analyzes the refraction and reflection characteristics of the single pulse
signal at the fault point in detail on the basis of the refraction and reflection
principles of traveling wave, and accordingly proposes a fault detection method
based on digital non-coherent pulses accumulation. The method employs the suc-
cessive high-frequency pulse signal instead of the single pulse signal as the incident
wave, and superimposes the reflected signal many times by using the pulse accu-
mulation method after the envelope detection. Some meaningful conclusions can be
summarized as follows:

(1) Adoption of the successive high-frequency pulse signal as the incident wave
improves the resolution of the reflected signal and thus improves the detection
capability of the fault location;

Table 1 The measurement errors of different fault distance

Fault
distance
(km)

Time between the
incident wave and
reflected wave (s)

Distance
measurement
(km)

Measurement
error (%)

Measurement
error of traditional
methods (%)

50 0.000343 49.857 −0.2860 −0.3090

100 0.000691 100.160 0.1605 0.4902

150 0.001036 150.168 0.1121 0.5274

200 0.001381 200.295 0.1475 0.4475

400 0.002761 400.206 0.0515 0.4902
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(2) Using the non-coherent pulse accumulation method is able to improve the
SNR of the fault signal, identifies the fault waveform clearly, obtains a rela-
tively accurate fault distance and finally solves the problem that is difficult to
be detected due to the serious attenuation and distortion of signal when the
signal transmits in the long distance.
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The Study Status of the Key Techniques
About the Toroidal Drive

Yanhua Zhang, Jujiang Cao and Beibei Liu

Abstract The origin and the characteristic of the toroidal drive is reviewed in this
paper. The toroidal drive combines rolling contact technique with planet worm
drive. The drive has many advantages such as high load-carrying capacity, a wide
range of transmission ratios, noiselessness and so on. And the study status of the
key techniques about the toroidal drive is summarized, which including the mesh
theory, manufacturing techniques, load-carrying capacity and other study works.
And then the future trends of the toroidal drive is discussed.

Keywords Toroidal drive � Study status � Future research direction

1 Introduction

Mechanical transmission is an important part of mechanical engineering technol-
ogy, which marks the level of mechanical engineering technology. To meet the
needs of the machine’s power and speed, it is important to research and develop-
ment the mechanical transmission system. The toroidal drive combines rolling
contact technique with planet worm drive. It is the frontier in the mechanical drive
field [1, 2].

Y. Zhang (&) � J. Cao � B. Liu
College of Mechanical & Electrical Engineering, Shaanxi University of Science
and Technology, Xian 710021, China
e-mail: zhangyanhua@sust.edu.cn

J. Cao
e-mail: jjcao@sust.edu.cn

B. Liu
e-mail: 1037745948@qq.com

© Springer Nature Singapore Pte Ltd. 2017
X. Zhang et al. (eds.), Mechanism and Machine Science,
Lecture Notes in Electrical Engineering 408,
DOI 10.1007/978-981-10-2875-5_113

1431



2 The Toroidal Drive

The toroidal drive was proposed by M.R. Kuehnle in 1965 [3]. In the early 80s, the
first test prototype was made by the Coulter Company of the United States and a
research team led by professor H1Peeken which were sent by the Aachen
University of the Former West Germany [4]. From the traditional point of view, this
kind of transmission mechanism is mainly composed of two parts; (a) the central
input worm assembly, which including center worm, wheelset and planets carrier.
(b) a stator of toroidal shape, which consists of two and a half piece of curved parts
[5]. The toroidal drive of the structure diagram is shown in Fig. l.

The input worm rotates each planet about its own axis. The planets have balls or
rollers instead of teeth. Each planet meshes with the toroidal grooves in the stator.
Because the planets are rotating, and the stator is fixed, the planets are forced to
process in a toroidal path. The rotor is the output. The movement of the cylindrical
gear, cycloidal gear and planetary gear transmission is carried in the same plane.
And the movement of worm drive and helical gear transmission is carried in the two
rotation plane. But the toroidal drive movement is carried in three plane of the three
directions circular motion at the same time. Then the toroidal drive offers a number
of advantages such as high load-carrying capacity, a wide range of transmission
ratios, noiselessness, compactness and high operating efficiencies.

3 The Status of the Key Technology

When the toroidal drive was proposed, it was researched extensively by the scholars
both at home and abroad. So far, the mainly research about the toroidal drive has
the following several aspects. Some researchers have studied the mesh theory, and
some researchers have studied the manufacturing techniques, and some researchers
have studied the load-carrying capacity of the toroidal drive, and so on.

Fig. 1 The structure
composition of the toroidal
drive including: ① wheelset,
② input axis, ③ center
worm, ④ roller, ⑤ toroidal,
⑥ planets carrier, ⑦ output
axis
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3.1 The Research of Meshing Theory Figures

The researches of China have performed much of research in the meshing theory of
the toroidal drive [6–10]. The tooth surface equations of toroidal and worm, and the
equations of contact line and spiral are described by the Refs. [6, 7]. In the Refs. [9],
there is a breakthrough in the meshing theory of the toroidal drive. Not only the
three different shape of planetary gear tooth of contact line were solved and
compared, but also the root cutting boundary was discussed. And based on the
stator normal sections surface, the fly-cutting was design. Then the practical
manufacturing process and the meshing theory of the toroidal stator linked closely.
At present, the research of meshing characteristics for this kind of drive, should be
explored that how the various meshing parameters effect on the toroidal drive
working efficiency. The date which can used to the design and manufacturing was
obtained by the combination of the meshing theory and the practical manufacturing
process.

3.2 The Research of Manufacturing Techniques

In the research of manufacturing technology, the possibility and the accuracy of
toroidal surface manufacturing are the main research. Table 1 shows the main
directions of the research on the manufacturing techniques of toroidal drive.

Among the seven directions shown in the Table 1, general machine tools pro-
cessing is the uppermost concern of researchers. The main purpose of their research
is investigating machining methods by remodeling general machine tools. Based on
the principle of dual generating method, Cierniak et al. tried to remodel hobbing
machine for machining toroidal. Their research work could increase the machining
efficiency. They tried to divide toroidal into two parts and machined separately in
their work. But the shortage of the machining process led to the difficulty of
improving manufacturing precision [11]. In order to overcome the shortcomings
mentioned above, domestic researchers improved the generating method for
machining toroidal. A processing method of “simultaneous processing of the spiral
groove of each part of toroidal” was put forth. Their work improved the manu-
facturing precision. Based on the research achievement of their work, the first
toroidal drive prototype at home was made [9, 12]. Although this processing
method became the most successful method of machining toroidal, two reasons lead
to the need to further improve manufacturing method. First, the surface quality and
precision is still not ideal. The reason is that cutting speed is too low to achieve high
surface quality. Second, the dimension of toroidal is limited by the motion space of
grinding head.

Beside toroidal surface, the study work about the manufacturing process of other
components of toroidal drive, such as intermediate worm, was carried out by
researchers at home and abroad [13, 14].
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3.3 The Study of Load-Carrying Capacity

Improving the load capacity has important value for the popularization and appli-
cation of toroidal drive. Peeken et al. researched on the load distribution and the
pitting corrosion of toroidal drive. Based on the result of their work, a computation
formula for load distribution was established. In their research work, experimental
study was carried out to determine the load distribution and the influence between
allowable torque and the material for toroidal [15, 16]. Their work involves
innovative significance for the load capacity study of toroidal drive. Tooten et al.
analyzed detailed the offset loading in toroidal drive transmission. Furthermore,
according to the results of their study, some suggestions for toroidal drive design
were proposed [17].

Some studies about the load capability of toroidal drive also have been done by
domestic researchers. Yang Chuanmin provided a new method for analyzing the
transmission efficiency of toroidal drive. By considering the effect of helix angle, a
formula, which includes helix angle as an independent variable, was also presented

Table 1 Machining methods of toroidal

Machining process Advantage Shortage Application

Non
cutting
methods

Precision casting Reducing
machining amount

Only suitable
for synthetic
material, such
as Nylon 6

Suitable for
small power
transmission

Powder
metallurgy

High surface
hardness, high wear
resistance, long life
and less machining
amount

Need large
forming
pressures.
Pressures
distribution is
always
inhomogeneous

Suitable for
small power
transmission

Precision
forging

Less machining
amount

Need large
forming
pressures
Mold cost is
high

Mass-producing
small toroidal
drive reducer

Electrochemical
forming

Toroidal dimension
is limited by the
size of electrolytic
cell

Separate
manufacture
technique can
be applied
Precision is low

Mass-producing
small toroidal
drive reducer

Cutting
methods

CNC machining High precise High machine
cost

Small quantity
producing and
mass-producing

Special machine
tools processing

High production
efficiency

High machine
cost

Mass-producing

General machine
tools processing

Low machine cost Low precise Mass-producing
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for calculating transmission efficiency [18]. Xu Lizhong carried out research on the
load distribution and the contact stress of toroidal drive. Based on the results of his
work, calculation formulas for determining the load distribution and contact stress
were obtained [19].

Although some achievements were obtained by domestic researchers, the open
published literatures about the load capability study of toroidal drive are insufficient
in China. All in all, the research of the load capability of toroidal drive is at the
starting stage. It’s an urgent need for the popularization and application of toroidal
drive in domestic to study load capability from the perspective of material science,
tribology and mechanism dynamics.

3.4 The Study of Other Works

Besides the research reviewed above, some researches on other fields of toroidal
drive were carried out at home and abroad. These mainly involves design theory
and method and transmission efficiency.

Yao Ligang, Xu Xiaojun and Li Huamin researched on the computer-aided
design technique for toroidal drive and developed corresponding CAD system [20].
In order to decrease machining difficulty, the design theory of toroidal drive were
researched. And some new toroidal drives were invented [10]. These works enri-
ched the design theory of toroidal drive. Cierniak et al. carried out their study on the
working resistance of planetary gear in toroidal drive [21]. Some Chinese
researchers studied on the friction and lubrication between components and rela-
tionship between efficiency and influence factor [22–24]. Their works is helpful to
increase the efficiency of toroidal drive.

4 Discussion and Future Trends

The review above shows that the existing research on toroidal drive involves two
main aspects: meshing theory and machining methods. Despite lots of achievements
have been obtained, a number of areas could still benefit considerably from further
investigation. These include the following:

• Simulation analysis methods is one of the important methods for studying the
dynamical characteristic of toroidal drive. Although some achievements have
been accumulated in dynamical characteristic research at home and abroad,
deeper investigations are still needed on a more precise model.

• Increasing load bearing ability is significant for the popularization and appli-
cation of toroidal drive. More research work on load capability of toroidal drive
must be carried out from the perspective of material science, tribology and
mechanism dynamics.
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• It is significant to improve structure design, which can improve the processing
efficiency and the stability of toroidal drive. More work can be done to opti-
mizing structure design of toroid.

• For having complicated structure, the toroidal is much difficult to processing.
Improving the precision and efficiency of toroidal processing remains to be
further investigated.

Although some achievements have been accumulated in kinematic and dynamic
characteristics research at home and abroad, deeper investigations are still needed.
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Motion Control of Pneumatic Muscle
Actuator Using Fast Switching Valve

Shenglong Xie, Jiangping Mei, Haitao Liu and Panfeng Wang

Abstract Considering the nonlinear and time-varying phenomena existing in
pneumatic muscle actuators (PMAs), this paper deals with the modeling of tracking
control of PMA using fast switching valves. A close-loop control scheme combined
with feed-forward and feedback controllers is proposed to achieve high accuracy
trajectory tracking control. First, the static model of the PMA is established using
the data obtained from isometric experiment, and the dynamic model is developed
based on the polytropic equation. Then, the hysteresis model and its inverse model
is established, in which the air mass flow rate through the fast switching valve is
evaluated using the Sanville equation. The PWM signal used to control the fast
switching valves is generated referring to the pulse signal modulation method.
Sequentially, the trajectory tracking control models of the PMA are derived by
means of close-loop control scheme, which are implemented in the environment of
MATLAB/Simulink. Finally, the simulation result is compared with the experiment
result. The results indicate that the control model can achieve satisfactory perfor-
mance and accuracy, which validates the feasibility of the proposed model and
control scheme, providing an effective approach for high accuracy trajectory
tracking control of PMA.

Keywords Fast switching valve � Pneumatic muscle actuator � Hysteresis
identification � Tracking control

1 Introduction

Pneumatic muscle actuators (PMA) possess several advantages over servo-motors,
such as simple structure, compactness, high power-to-weight ratio, etc. [1], which
have been widely used in medical rehabilitation robots, bionic robots, and orthotics.
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However, the hysteresis [2], threshold pressures [3], creep [4], compliance [5], and
low bandwidth [6] make the design of the corresponding controller complicated.
Especially, since the hysteresis may cause energy loss and reduce the contracting
force, there will be errors in tracking control. Therefore, it has to establish a precise
hysteresis model to improve the dynamic behavior of a PMA [7].

Typically, there are two types of electro-pneumatic valves to control the fluid flow
of a PMA, i.e. the continuously acting servo/proportional valves and the on–off
switching valves [8]. Although the servo/proportional valve has high control accu-
racy, it is expensive and tends to be bulky compared to the on–off switching (or fast
switching) valve [9]. Therefore, the trajectory control methods of PMA utilizing fast
switching valves have been extensively studied in recent years. Kimura [10] applied
feedback linearization control method to deal with the nonlinearity caused by hys-
teresis of the PMA, which was verified by the experiment of a single pneumatic
muscle system. Repperger [11] developed a three-element phenomenological model
for the PMA, and introduced a variable structure controller based on feedback lin-
earization control method to predict its response. However, the feedback linearization
method requires an accuratemodel and all states, if there were uncertain parameters or
unmodeled dynamic characteristics, the robustness of the control system could not be
ensured. Based on the three-element phenomenological model, Amato [12] used the
robust control strategy to study the trajectory tracking control of a robotic arm
actuated by PMAs. Zhu [13] presented an adaptive robust posture controller to
compensate the parametric uncertainties and uncertain nonlinearities of a parallel
manipulator actuated by PMAs. Although these proposed controllers can effectively
handle the nonlinearities caused by the friction forces of PMAs, they are unable to
compensate the rapid change uncertain quantities. Shen [14] developed a sliding
model controller, of which the effectiveness is demonstrated experimentally by step
response and sinusoidal tracking at different frequencies. However, due to the inertia,
delay, and measurement errors of the system, this controller will generate high fre-
quency vibration, and the gas consumption is large. Therefore, there is still a need to
further investigate the precision tracking control of PMA using fast switching valves.

In consideration of this issue, this paper deals with the motion control of PMA
using fast switching valve. The rest of this paper is organized as follows. In Sect. 2
the experimental system is briefly introduced. In Sect. 3, the static model, dynamic
model, and hysteresis model of the PMA are systematically derived. Then, a
close-loop control scheme is proposed to achieve high accuracy trajectory tracking
control of the PMA, and the simulation is carried out in the environment of
MATLAB/Simulink in Sect. 4 before conclusions are drawn in Sect. 5.

2 System Description

Figure 1 shows the schematic diagram of the pneumatic muscle actuator. The
components used here are given in Table 1. The air compressor connects the fast
switching valve with throttle valve and reservoir. The fast switching valve 1 is inlet
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valve, called inlet valve for short; the fast switching valve 2 is exhaust valve, called
exhaust valve for short. Without the excitation of the solenoid, the valve will keep
closed due to return spring. The working process is as follows. Initially, the PMA
connects with the external environment, and the internal pressure of PMA is equal
to atmospheric pressure. When the inlet valve is open, the compressed air flows into
the PMA while the exhaust valve is closed, resulting in the contraction of the PMA.
When the PMA reaches the desired position, the inlet and exhaust valves are closed
at the same time, then the PMA keeps the compressed air inside and maintains the
current state. When inlet valve is closed and exhaust valve is open, the compressed
air is discharged through the exhaust valve. During this process, fast switching
valves are controlled by PWM signals. In the beginning, the inlet valve is fully
opened to let the PMA quickly reach the desired position; when it is approaching to
the desired position, the duty cycle of PWM is reduced proportionally to the dis-
placement deviation. When the displacement deviation is smaller than a given
value, the duty cycle of PWM is set zero to avoid the PMA oscillating around the
desired position.

3 Modeling

3.1 Static Model of PMA

The static model of a PMA gives a nonlinear relationship between the contracting
force, the applied pressure, and the PMA length. There are several methods for
developing static models of a PMA, such as geometry analysis, the principle of
energy conservation, and empirical method. These models always rely on simpli-
fying assumptions, for example, neglecting of the rugby-ball shape forms at either
end of the PMA or the thickness of the PMA bladder, etc. These assumptions

Fig. 1 Schematic diagram of the pneumatic muscle actuator

Motion Control of Pneumatic Muscle Actuator Using Fast … 1441



results in the inconsistency of predicted result and practical measurement, and make
the precise position control of pneumatic muscle hard to be achieved. Therefore, in
this paper, the static model is established by means of isometric experiment.

Figure 2 shows the measured data of contracting force Fconst against internal
pressure P at different constrained lengths x. It can be seen that for a given length
the variation of P vs. Fconst is nearly linear, but the slopes are varied for x. It
indicates that the contracting force can be formulated as a linear function of the
internal pressure and length [15]

Fconst ¼ aðxÞPþ bðxÞ ð1Þ

where a(x) and b(x) are the slope and the intercept, respectively. a(x) and b(x) can
be evaluated as follows

aðxÞ ¼ P2
i¼0

aixi

bðxÞ ¼ P3
j¼0

bjx j

8>>><
>>>:

ð2Þ

where ai and bj are the coefficients of the polynomial function.

Table 1 Components used in the system

Component Type Company

PMA DMSP-20-500N-RM-CM Festo

Displacement sensor TEX 0150 415 002 205 Novotechnik

Pressure sensor SDE1-D10-G2-WQ4-L-PU-M8-G5 Festo

Fast switching valve MHE2-MS1H-3/2G-QS-4-K Festo

Data acquisition card PCI-6254-779071-01 National Instruments

Fig. 2 Contracting force via
the internal pressure at
different constrained lengths
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These coefficients can be obtained by using the least squares curve fitting tools in
MATLAB, and are given as follows

aðxÞ ¼ 0:000953x2 þ 0:7979x� 370:7
bðxÞ ¼ 0:0004561x3 � 0:5668x2 þ 234:6x� 32560

�
ð3Þ

Substituting Eq. (3) into Eq. (1), one can obtain the static model of PMA. Based
on this model, the variation of the length of the PMA vs. its internal pressure can be
obtained once given the load and internal pressure using the block-diagram shown
in Fig. 3.

3.2 Dynamic Model of PMA

Since the PMA is constructed by an elastic nylon material rubber covered by a
mesh of inextensible threads, it can be assumed that during charging and dis-
charging process are in isothermal and adiabatic states. The relationship of the mass
of air, muscle volume, and internal pressure obeys the polytropic gas law [16]

P
V
m

� �k

¼ const ð4Þ

where P and V are the inner pressure and volume of PMA; m is the air mass inside
the PMA; k is the polytropic exponent. Taking the total differential of Eq. (4) leads
to

_PV þ kP _V ¼ kPV
_m
m

ð5Þ

Then, substituting the ideal gas law

PV ¼ mRT ð6Þ

into Eq. (4) results in

_P ¼ k
V

_mRT � P _V
� � ð7Þ

Fig. 3 Block-diagram of
PMA’s static characteristic
model
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From Eq. (7), the corresponding Simulink block-diagram can be developed as
shown in Fig. 4, where the input is the air mass flow rate and the output is the
internal pressure of PMA. Assuming that the volume of PMA is constant during
charging and discharging, then P _V � 0 and the internal pressure of PMA can be
obtained by taking integration of Eq. (7).

3.3 Hysteresis Model of PMA

In this section, the Prandtl-Ishlinskii (P-I) model [17] will be used to derive the
hysteresis of the PMA. It has two advantages: first, it is simpler compared with
other models because it only consist of linear play operators; second, the inverse PI
model can be obtained analytically, which is easier for realization of hysteresis
compensation. The elementary operator of the PI model is linear play operator,
which can be mathematically illustrated by Fig. 5.

Its ith linear play operator can be expressed as

yiðkÞ ¼ max xðkÞ � ri;min xðkÞþ ri; yiðk � 1Þf gf g ð8Þ

while the initial condition is

yið0Þ ¼ max xð0Þ � ri;min xð0Þþ ri; yi0f gf g ð9Þ

Fig. 4 Block-diagram of PMA’s dynamic characteristic model
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The output of PI model is

yðkÞ ¼
Xn
i¼1

xiyiðkÞ ¼
Xn
i¼1

ximax xðkÞ � ri;min xðkÞþ ri; yiðk � 1Þf gf g

¼ xTHr½xðkÞ; y0�
ð10Þ

where Hr denotes the linear play operator; x = [x1, …, xn]
T is the weighting

vector; r = [r1, …, rn]
T is the threshold vector; x and y are the input and output of

the operator, respectively; y0 is the initial state; k is the sampling number of the
operator; and n is the number of the linear play operator.

To determine the parameters of PI model, the threshold vector r is firstly
determined by the following equation

ri ¼ i
nþ 1

maxf xðtÞj jg i ¼ 1; . . .; n ð11Þ

Then, using the least square method (LSM) the weighting vector x can then be
determined. Figure 6 shows the comparison of the pressure/length hysteresis
characteristics obtained from the experiment and the PI model using the identified
parameters. The result clearly shows that the PI model can effectively characterize
the hysteresis loop of the PMA.

From Eq. (8), the inverse model of PI model can be formulated as

x0iðkÞ ¼ maxfyðkÞ � r0i;minfyðkÞþ r0i; x
0
iðk � 1Þgg ð12Þ

xðkÞ ¼
Xn
i¼1

x0
imaxfyðkÞ � r0i;minfyðkÞþ r0i ; x

0
iðk � 1Þgg ð13Þ

The inverse hysteresis model can then be formulated as follows.

xðkÞ ¼ H�1ðyðkÞÞ ¼ x0TH0
r½yðkÞ; x0� ð14Þ

Fig. 5 Linear-play operator
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where H0
r denotes the inverse PI operator; x0 ¼ ½x0

1; . . .;x
0
n�T is the weighting

vector; r0 ¼ ½r01; . . .; r0n�T is the threshold vector; x0 is the initial state. The param-
eters of the inverse hysteresis model can be derived as

x0
1 ¼ 1

x1

x0
i ¼ �xi

x1 þ
Pi

j¼2

xj

� �
x1 þ

Pi�1

j¼2

xj

� � i ¼ 2; . . .; n

r0i ¼
Pi
j¼1

xj ri � rj
� �

i ¼ 1; . . .; n

x0ið0Þ ¼
Pi�1

j¼1
xjyið0Þþ

Pn
j¼i

xjyjð0Þ i ¼ 1; . . .; n

8>>>>>>>>>><
>>>>>>>>>>:

ð15Þ

Obviously, the weighting vector and threshold vector of PI model are used to
obtain parameters of the inverse PI hysteresis model that will be used for
feed-forward compensation control.

3.4 Fast Switching Valve Model

The process of air flowing through the valve port is very complex, which is often
modelled as Sanville flow equations [18]. It has been shown that the influence of
the change of PWM signal frequency to gas flow rate is negligible [19], when the
frequency ranges are between 100 and 180 Hz. Thus, the mass flow rate can be
expressed as a function of the duty cycle and the effective orifice area.
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Fig. 6 Comparison of the
experimental result and the PI
model
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_m ¼
dAm

puffiffiffiffi
Tu

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2k

Rðk�1Þ
pd
pu

� 	2
k� pd

pu

� 	kþ 1
k


 �s
pd
pu
[ 0:528

dAm
puffiffiffiffi
Tu

p 2
kþ 1

� 	 1
k�1

ffiffiffiffiffiffiffiffiffiffiffiffi
2k

Rðkþ 1Þ
q

pd
pu
� 0:528

8>>><
>>>:

ð16Þ

where _m is the air mass flow rate of fast switching valve; pu is the upstream
pressure; pd is the downstream pressure; Tu is the upstream temperature; k is the
ratio of specific heat; d is duty cycle of PWM signals; Am is the effective orifice area
of fast switching valve. In reference [20], the effective orifice area Am of the
MHE2-MS1H-3/2G-M7-K fast switching valve is 1.8194 � 10−6 m2.

Here, the Function model in MATLAB/Simulink is used to build the simulation
model of Eq. (16) for the air mass flow rate of fast switching valve. The corre-
sponding Simulink model is given in Fig. 7, where u is the duty cycle of PWM
signals, t is the temperature of air, and p1 is the internal pressure of PMA. The
simulation of the charging and discharging of PMA is carried out as follows: during
the charging process, u > 0 and pup is air source pressure, while pdown is the internal
pressure, pdown = p1; during the discharging process, u < 0 and pup is the internal
pressure, pup = p1, and pdown is the atmospheric pressure.

3.5 Generation of PWM

There are various methods to generate PWM signal in MATLAB/Simulink. Here,
the pulse signal modulation method introduced in reference [21] is used, which has
the advantage of linear relationship. The steps of generation are given as follows:
first, generating a reference pulse signal sequence with 50 % duty cycle, then
getting the standard triangular wave signal after bias and integral, and finally
obtaining the required PWM signal after bias of the former standard triangular wave
signal. Figure 8 shows the block-diagram of this method.

The pulse generator module is used for obtaining a 50 % duty cycle square wave
with magnitude of 2. After bias and integration, a triangular wave modulation signal
can be achieved for generating modulated PWM wave. The residual between the

Fig. 7 Simulink model of
fast switching valve
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input signal and the triangular wave modulation signal is inputted into the Relay
module. If the input is larger than 0, the output of Relay module is 1 (simulating the
inflation process); otherwise, the output is −1 (simulating the deflation process).
Finally, the input signal is modulated in the PWM wave to control the fast
switching valves.

4 Motion Control Method

To compensate the nonlinear hysteresis of the PMA, the input feed-forward and
output feedback are combined in the motion control method. The hysteresis inverse
model provides a control input, which represents the function of a desired trajectory
to keep the output following the desired trajectory. It is efficient for low-frequency
systems regardless of the creep and vibrations. The accuracy of the feed-forward
control depends on the performance of hysteresis model. Therefore, the feedback
loop is used to deal with the tracking error caused by hysteresis modeling, and the
combined control method provides a high gain feedback and overcome creep and
vibrations in the systems. The feedback loop is a PID controller, which is given as

uðtÞ ¼ KpeðtÞþKi

Z t

0

eðsÞdsþKd
deðtÞ
dt

ð17Þ

where e(t) is error signal; u(t) is output signal; Kp is proportional gain; Ki is integral
gain; Kd is derivative gain.

The control scheme is illustrated in Fig. 9. Hysteresis compensation based on
inverse PI model is built into the control system through feed-forward processing.
The controller of the internal pressure and contraction ratio uses a proportional-
integral (PID) controller. The corresponding Simulink control scheme is shown in
Fig. 10.

Figure 11 shows the simulation and experiment results of sinusoid trajectory
tracking responses. It can be found that the result of simulation and experiment is
very close. It indicates that the proposed position control method can achieve
satisfactory accuracy.

Fig. 8 Block-diagram of generation of PWM signal
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5 Conclusion

This paper presents an alternative approach for accurate motion control of PMA
driven by fast switching valves. The static model of the PMA is derived using a
polynomial based least square fitting of the data from isometric experiment.
Parameters of the PMA hysteresis model are identified using LMS by fitting the
pressure-displacement hysteresis loop. Subsequently, a close-loop control scheme is

Fig. 9 Motion control scheme for pneumatic muscle actuator

Fig. 10 Simulink control scheme for pneumatic muscle actuator

0 5 10 15 20 25 30
390
400
410
420
430
440
450
460
470
480
490
500

Times/(s)

Le
ng

th
/(m

m
)

Desired Simulation result

0 5 10 15 20 25 30

400

420

440

460

480

500

Times (s)

Le
ng

th
 (m

m
)

Desired Experiment result

(a) Simulation result (b) Experiment result

Fig. 11 Results of the motion control
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designed to achieve precise tracking control of PMA, which combined the inverse
hysteresis compensation feed-forward and the feedback PID controllers. The sim-
ulation and experiment results indicate that the proposed models and control
scheme are able to achieve satisfactory accuracy.

Acknowledgments Supported by National Natural Science Foundation of China (Grant
No. 51405331).
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Research on SEM’s Astigmatism Detection
Based on Image Processing

Yihua Lu, Xianmin Zhang and Zhenya He

Abstract SEM has been commonly used in the field of micro-nano operating. The
image quality of the SEM is affected by aperture, astigmatism, focus, temperature,
environmental magnetic field and vibration. This paper studied the influence factors
for astigmatism and their impact on imaging quality. On this basis, definition
evaluation function was used in the blurred image discrimination, and an improved
algorithm was developed. Experiments showed that the improved algorithm can
accurately identify the astigmatism, and it has a high sensitivity, which can provide
clear images of targets in the micro-nano operating process.

Keywords Image processing � Astigmatism � SEM system � Definition evaluation

1 Introduction

SEM systems generally have the following three categories of applications by
providing secondary electron images: first, SEM system provides morphology
functions. Through the observation of human eyes, sample microstructure such as
carbon nanotubes, new type of alloy materials are studied. Second, SEM system
provides morphology functions and simple analysis functions. Through image
processing, particles or pores quantitative information are directly obtained, such as
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rock and porosity microstructure and its 3D reconstruction [1]. Third, SEM system
provides observation, analysis, identification and handling capabilities functions.
By integrating micro manipulator and with the help of image processing, tools and
targets are identified and track, using images for close-loop feedback, and ulti-
mately handling, assembly, welding and other operations are achieved [2].

In the above applications, micro-nano operating demands the highest SEM
imaging. And at the same time, astigmatism can also reduce the image resolution.
Electron microscopy experts have the ability to completely eliminate astigmatism,
but general SEM operator is difficult to eliminate astigmatism. So, if the
auto-detection function of astigmatism is integrated in SEM, it can reduce the
operator’s requirements and avoid operator fatigue.

This paper study the blur caused by astigmatism, and definition evaluation
function is used in the blurred image discrimination. An improved algorithm is
developed and experiments show it can accurately identify the astigmatism, and by
some astigmatism adjustment strategy, it can obtains SEM images with no
astigmatism.

2 SEM’s Astigmatism

Processing errors, uneven material core, or different tightness coil and other rea-
sons, will result in asymmetry of the magnetic field, and astigmatism can be formed.

SEM equipped with astigmatism, which provides a weak field from eight
directions to compensate for the asymmetry of the magnetic field in the X and Y
directions and to eliminate astigmatism [3]. The astigmatism can cause image blur
and decrease in resolution.

Solder ball samples are commonly used for the training of operating or as a
micro-nano operating target object, and each solder ball is ideal sphere. In the focal
condition, the image blur caused by astigmatism is shown in Fig. 1.

Figure 1a is a clear image; Fig. 1b–d is the blurred images caused by X direction
astigmatism; Fig. 1e–g is the blurred images caused by Y direction astigmatism;
Fig. 1h–j is the blurred images caused by X and Y direction astigmatism. Adjust the
astigmatism knob manually and let Fig. 1b, e, h in the same amount of astigmatism,
and it is set to n; let Fig. 1c, f, i in the same amount of astigmatism, and it is set to
2n; let Fig. 1d, g, j in the same amount of astigmatism, and it is set to 3n.

As can be seen from Fig. 1, one direction or both directions of astigmatism led to
imaging blur, the more astigmatism, the more blurred image.

Edge detection was used in a same solder ball, and the roundness e is calculated
by the following formula [4]:

e ¼ 4p
S
C2 ð1Þ
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where S is the area of the region, C is the circumference of the area. If e equal to 1,
preferably a circular region.

The roundness of the same solder ball is calculated and shown in Table 1. As
can be seen, the roundness changes small, it can be caused by unstable electronic
imaging, edge detection error and the solder ball itself. It means, in the focal
condition, astigmatism just results in blurred image, but not elongated or com-
pressed in some direction.

Fig. 1 Blurred images caused by astigmatism

Table 1 Roundness of a
solder ball

Image a b c d e

Roundness 0.981 0.969 0.961 0.987 0.963

Image f g h i j

Roundness 0.987 0.954 0.974 0.967 0.951
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In addition, adjust the knob to gradually increase the astigmatism and get three
groups of images, each group contains 10 images. Gradually increasing the X
astigmatism and get the first group, gradually increasing the Y astigmatism and get
the second group, gradually increasing the X and Y astigmatism and get the third
group. The average gray value of each image was calculated and shown in Fig. 2. It
shows that the increasing astigmatism of one direction or both directions increase
the average gray value, it means the more astigmatism, the higher the average
brightness of the image.

3 Definition Evaluation of SEM’s Astigmatism Image

Astigmatism results in blurred image, so does defocused. In the field of auto-focus,
many definition evaluation functions were constructed [5–7], such as functions
based on the frequency characteristics, functions based on the statistical charac-
teristics, etc. By focusing on the different positions of the image, definition was
evaluated and the right position was found when the clearest image appeared [8].
The definition evaluation functions of auto-focus field were introduced and an
improved algorithm was used to evaluate the blurred image caused by astigmatism.
Definition evaluation function needs to meet the requirements of unbiasedness,
unimodal and high contrast [9].

Fig. 2 Average gray value of each image
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3.1 Algorithms Based on Gray Gradient

(1) Brenner.
Brenner is a spatial gradient evaluation algorithm, which calculate the dif-
ference pixel gray between two units [10]. A definition of M � N gray image
f ðx; yÞ of Brenner definition evaluation algorithm is:

F ¼
X

x

X

y

½f ðxþ 2; yÞ � f ðx; yÞ�2 ð2Þ

where ½f ðxþ 2; yÞ � f ðx; yÞ�2 > Threshold.
Brenner algorithm calculates the energy that greater than a certain threshold, and

its accuracy depends on the selected threshold. An appropriate threshold is a good
way to get the evaluation of the image definition.

(2) the sum of the absolute values.
The sum of the absolute gray values is an algorithm that calculates all pixels of
its gray difference of adjacent pixels in the horizontal and vertical directions.
Its formula is as follow:

F ¼ 1
MN

X

x

X

y

½ f ðxþ 1; yÞ � f ðx; yÞjj þ f ðx; yþ 1Þ � f ðx; yÞjj � ð3Þ

(3) square function of gradient vector.
The formula of square function of gradient vector is as follow:

F ¼ 1
MN

X

x

X

y

f½f ðxþ k; yÞ � f ðx; yÞ�2 þ ½f ðx; yþ kÞ � f ðx; yÞ�2g ð4Þ

(4) evaluation of mean square error.
The variance of average gray were evaluated by the mean square error to
measure the sharpness of the image:

F ¼ 1
MN

X

x

X

y

½f ðx; yÞ � ui�2 ð5Þ

where ui is the average gray value of the image, and the clearest position appears
when F has a maximum value [11].
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3.2 An Improved Algorithm

The algorithm firstly calculates the gray-scale difference of two adjacent pixels in
the horizontal direction, and then calculates the gray-scale difference of two pixels,
who’s distance is two pixels in the horizontal direction, and finally calculate their
absolute difference. The algorithm combines Brenner, gradient vector and the mean
square error, its formula is as follow:

F ¼ 1
MN

X

x

X

y

f ðxþ 1; yÞ � f ðx; yÞj j � f ðxþ 2; yÞ � f ðx; yÞj jj j
" #2

ð6Þ

4 Experiments

A group of 13 blurred images caused by X astigmatism were used to evaluate the
definition with the above five algorithms, and the result is shown in Fig. 3. All five
algorithms meet the requirements of unbiasedness, unimodal, Brenner and the
improved algorithm have high sensitivity. It is worth mentioning that even if the
image is very blurred, the improved algorithm still has a high sensitivity. Since it
requires a long time to acquire a SEM image, the speed of the algorithm is not been
considered, but considering their accuracy.

A group of 13 blurred images caused by Y astigmatism were used to evaluate the
definition with the above five algorithms, and the result is shown in Fig. 4. Similar

Fig. 3 Definition evaluation (caused by X astigmatism)
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with the results of X astigmatism, Brenner algorithm and the improved algorithm
can stably evaluate the definition of a blurred image caused by astigmatism and the
latter one has a high sensitivity when the image is very blur.

5 Conclusion

In this paper, blurred images caused by astigmatism have been studied. In the focal
condition, astigmatism can results in blurred image, but not elongated or com-
pressed in some direction. Due to the increased astigmatism, the overall brightness
of the image will increase. Commonly definition evaluation functions have been
introduced and an improved algorithm was developed. Experimental results show
that the commonly evaluation functions also applies to the blurred images caused
by astigmatism, and the improved algorithm, which can provides a more clear
image when using the SEM system to study the micro-nano structures, has higher
sensitivity in this type of application.
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A New Position and Attitude Measurement
Method for Planar Parallel Mechanism

Zhicong Jian, Xianmin Zhang and Zhenya He

Abstract In order to meet the requirements of high precision, reliability and long
time continuous measurement, a vision measurement system is designed by com-
paring several visual measurement methods, which will be the platform for relia-
bility test on planar parallel mechanism. Measurement system uses mark point
counterpoint method by one camera, and we design one kind of identifying pattern,
which contains location information. By identifying the high precision pattern on a
block of reference template, the camera can be easier to obtain its exact location
information through the whole measurement space and then we can calculate the
reliable platform position and orientation. According to this pattern, more than one
image processing method is developed and compared.

Keywords Vision measurement � Image processing � Pattern for identification �
Planar parallel mechanism

1 Introduction

In the field of precision engineering, fast response, high precision of the planar
positioning device play an important role in lithography, precision measurement
and semiconductor manufacturing equipment. The existing plane positioning device
is generally used in series mechanism or parallel mechanism [1–3]. Compared with
the traditional serial mechanism, the parallel mechanism has the following advan-
tages: high rigidity, stable structure, strong carrying capacity; high precision, no
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error accumulation and amplification; small inertia; in position reverse solution is
easily, meet the requirements of on-line calculation. So it has a wide application
prospect in industrial production and other fields. Due to the error of machining and
assembling, the actual parameters of the mechanism cannot be consistent with the
parameters of the theoretical model that impact mechanism movement accuracy. To
improve the accuracy of the parallel mechanism motion can through kinematic
calibration [4] to achieve, it base on precision design [5], by the error function
between the measured data and the desired output at the end effector of the
structure, with identification technology modification of model parameters of the
controller. Researchers have proposed different methods of kinematic calibration of
planar parallel mechanism. Joubair et al. [6] put forward a simple and effective
calibration program for a new type of planar parallel mechanism, using coordinate
measuring machine. Meng [7–9] proposed different step by step kinematic cali-
bration method for different 3 degree of freedom planar mechanism. He [10]
thoroughly summarized the current parallel mechanism of the kinematic calibration
process and methods.

Scholars pay more attention to calibration method and control strategy to realize
the platform of precise positioning, and less attention to study parallel platform in
the actual production process of intelligent calibration, positioning accuracy
degradation process and timely warning automatic compensation. And the robot’s
intelligent calibration and automatic compensation system and equipment are
mostly aimed at the “series” robot, such as the six axis robot arm. So to design
evaluation system on parallel platform for intelligent calibration,on-line positioning
error monitoring and error analysis, and even on this basis to achieve automatic
compensation has the value of research and application.

Visual position measurement technique is a kind of non-contact measurement
with fast detection speed, high precision, does not affect the moving target and
nondestructive measurement. Compared with other expensive robot terminal full
posture measurement tools, visual based measurement scheme is economical and
practical.

In this article,we take 3-RRR parallel platform as measured object [11], which
designed and optimized by our experimental team, and design an end effector
position and orientation measurement system based on vision for planar parallel
mechanism error visualization and reliability research. In chapter two, we analyze
and determine measure tragedy. In the third chapter, we will discuss the hardware
architecture of the measurement system and focus on the design of a reference
template for a wide range of positioning. Based on the hardware system, the fourth
chapter will analyze the specific positioning measurement methods and image
processing methods.
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2 Design of Measurement System

2.1 Determination of Measurement Tragedy

This measurement system is designed to provide high precision measuring method
for the reliability research of planar motion mechanism. Reliability research depends
on large of experiment or production data as the support of the theoretical analysis
and verification, thus requiring the measurement system is able to measure for a long
time operation while maintaining high accuracy under the premise, with functions of
automatic error compensation. Measurement methods adapting to industrial appli-
cations will bring more help for prolonging the equipment service life and improving
the quality of the products. Therefore, it is necessary to consider the selection of
suitable measurement means and concrete method combining the actual working
situation of equipment. At present, most of the screen printing equipment, solar cell
manufacturing equipment and electronic circuit plug-in equipment using the mark
point as the work mode to ensure the processing accuracy.

The vision measurement used for positioning can be divided into single camera
measurement, dual camera measurement and multi camera measurement. Among
them, the multi camera measurement is used less in the planar mechanism.
Monocular vision position detection system is only equipped with a camera, the
structure is simple. The system uses a single two-dimensional image to get the
three-dimensional information of the target. Because of the lack of depth infor-
mation of the target, so it needs to add some constraints to restore the
three-dimensional information of the target. Binocular vision position detection
system uses two cameras to measure the target. When calculating the space position
of the target, the system not only needs to calibrate the internal parameters of the
camera, but also needs to calibrate the external parameters between the two cam-
eras. Binocular system has a strong ability to restore the three-dimensional infor-
mation, but the camera calibration accuracy directly affects the measurement
accuracy of the system.

Combined with the equipment working scene mentioned above, there are three
kinds of strategy on visual system layout as shown in Fig. 1a–c, the advantages and
disadvantages of the analysis are as follows.

Fig. 1 Three scheme of measurement system
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Figure 1a. In the strategy one, the measurement system using a single camera,
and the camera is fixed. This scheme has the advantages of simple structure, easy
realization and low cost. At the same time, the field can cover the entire workspace,
so that the camera can continuous monitoring position and posture changes of the
end effector of planar mechanism under allowable frequency. The shortage of this
scheme is that the image quality is easily affected by the external illumination. At
the same time, a large field of view lead to reduce pixel equivalent, and pursuit of
real-time ability requires that image processing algorithms cannot be too complex,
so the measurement precision with certain restrictions.

Figure 1b. In the strategy two, the measurement system using a single camera
mounted in XY direction motion system with a small field of view. Through optical
module of light reflection camera can takes photos for the mark points on the above
and below plane. The advantage is that camera motion system can take the camera
to any location in the work space of 3-RRR. Due to has its own light source and the
distance between light source and photographed plane is small, the effect of ambient
light is very small. Small field of view can get a more objective pixel equivalent,
without the pursuit of time, the use of sub pixel image processing algorithm can
achieve high precision measurement. Compared to the strategy one, in one mea-
surement period, the camera needs to move to the next two MARK points on the
diagonal of the template, so the measurement does not have real-time. In fact, most
of the production equipment does not require continuous monitoring of key sports
organizations, only in the processing link, the positioning accuracy of the move-
ment mechanism is required. That means the scheme two still meets the require-
ments of collecting the location error of the plane mechanism.

Figure 1c. In the strategy three, the measurement system uses dual cameras.
Each camera equipped the same optical module as strategy two mentioned. If the
two cameras are fixed, and the position is at the top of MARK point in the lower
template, the system can only measure a very small range of displacement. It is
obvious that position data only from the area around the origin is obviously not
persuasive if we want to study and evaluate the overall performance of the planar
mechanism. If the relative position of the two cameras are fixed with distance
corresponds to the mark point, and installed in XY direction motion system, the
vision system will be able to measuring position of planar mechanism in the
workspace with good real-time performance, but is not suitable for measurement of
planar mechanism posture. The reason is that the camera field of view is small; a
small angle of rotation of the plane mechanism may lead to MARK point out of the
field of view. In order to measure the attitude, we need to add a rotating device,
which makes the dual camera can rotate with the change of the attitude of the planar
mechanism. But the introduction of the rotating device is bound to generate a new
source of error, and the cost will get more.

In a word, the strategy two can realize the measurement of the position and
attitude of planar parallel mechanism, and has high precision, good stability, and
compatibility with the line equipment, and the cost is suitable. So we chose scheme
two as the measuring method for our measurement system.
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2.2 Overall Measurement System

The hardware of the measurement system is composed of a computer control
system, a vision acquisition system, a camera motion system, an upper template and
a lower template, as shown in Fig. 2.

Figure 2a. Computer control system is responsible for the information exchange
between 3RRR planar parallel mechanism, visual acquisition system and camera
motion system movement, control the three parts of the movement rhythm, mon-
itoring abnormal situation.

Figure 2b. Image acquisition system is a key part of the measurement system.
The optical component is an improved single lens optical imaging system based on
the vision system of win series automatic solder paste printing machine developed
by our team research group, as shown in Fig. 3. When camera is in position, light
controller receives command from computer control system, and turn on the upper
light source first and light on the surface of upper template. Light reflected from the
upper template into spectroscopic, then the refraction beam turn to the reflector,
reflect again into the telemetric lens and eventually image in the camera. By using
the light shielding plate, the light entering the lower template area is blocked by the
light from the upper template, and the mutual influence of the upper and the lower
light path is avoided. After the upper template image is collected, lower light source
turn on and collect the lower template image. Then one picture cycle of the position
is complete.

Figure 2c. Camera motion system consists of Longmen frame structure motion
mechanism with two degree of freedom, servo motor, motor driver and motion
control card.

Figure 2d. Upper template fixed by a special fixture on the top of the visual
acquisition system, is used for providing reference information for the measurement

Fig. 2 Composition of the vision measurement system
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system. Therefore, the template is made by a custom high precision calibration
board with the size suiting working space of 3RRR planar parallel mechanism.

Figure 2e. Lower template is fixed by a special fixture which connected with the
end effector of 3RRR planar parallel mechanism. Each of the four corners of the
template contains a circular mark point. When measuring 3RRR terminal position
and attitude, we only need two of them on the same diagonal.

Measurement system work flow is shown in Fig. 4: computer transmit dis-
placement instructions to servo drives of 3RRR parallel mechanism through the
motion control card and computer calculates required motion displacement for
visual system, then send instructions to the camera motion system. After camera
motion system reaches the position, computer send instruction respectively to light
source controller and the camera to complete the image acquisition assignment.

Fig. 3 Optical path in the visual system

Fig. 4 Operation principle of the vision measurement system
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3 Design of Pattern Recognition on Upper Template

3.1 Design Requirements Analysis

When industrial equipment is carrying out contraposition mission, the position error
and attitude error are determined by calculating the distance between the MARK
point position and the image center point from the upper and lower two images. For
general equipment, the processing position is fixed, position error and attitude error
of the parts to be machined is relatively small, so as long as the reference plane to
provide two MARK points will be able to complete the positioning and rectifica-
tion. If the machining position is variable and the distance is more than the field of
view, at the position of the new station, at least two MARK points should be added
in the corresponding position. Similarly, although our measurement system and
vision measurement of screen printing equipment have similar structure, but the
measurement range we need is not limited to near the center. Therefore, if a large
range of positioning measurement is required, such as covering the working space
of parallel mechanism, the upper template needs to provide enough reference
patterns which can contain position information.

This provides a way for the design and layout of the identification pattern. It can
include the location information, which means that the identification pattern can be
interpreted according to a certain rule. On the one hand, the pattern should has the
same characteristics, to help the computer to determine whether the image of the
reference pattern is a complete information pattern. If the pattern is partly not in the
image, it is possible to lose part of the location information, resulting in an inability
to interpret or interpret the error information. As shown in Fig. 5a, if the model
does not have a common feature for the identification of integrity, it is possible to
judge the ladder and part of the triangle in the image as the same model.

On the other hand, the pattern should have their own differences, and these
differences can be convenient for the computer to get the location information by
simple calculation. As shown in Fig. 5b, there are differences about color or size
between the reference patterns and it is very convenient to distinguish by image
processing algorithms. Of course, the difference is not limited to a single geometry.

Enough number means that a picture of a captured image can cover at least two
complete reference patterns and left a certain margin in the direction of the shorter
length, as shown in Fig. 5c. To prevent the visual acquisition system and the

(a) (b) (c) (d)

Fig. 5 Different condition when design
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identification pattern due to installation errors or unexpected accidents, resulting in
a small angle, resulting in the image does not have a complete pattern, as shown in
Fig. 5d.

3.2 Reference Pattern Design Based on Lattice

In view of the above requirements, this paper designed a 5 � 5 dot array, each dot
away have five row and five column with the same dot size, distance between
adjacent rows or adjacent columns of two dots is equal. The distance between
adjacent dot arrays is also equal. Making a rule that points in a dot array located in
the position follows is fixed point: upper left corner (row 1, column 1), the lower
left corner (row 5, column 1), the lower right corner (row 1, column 5), central (row
3, column 3) and below the central (rows 4, column 3)—as Fig. 6 blue dotted boxes
shown, namely in all such dot array, the point located in these position must exist.
On the contrary, the lower right corner of the point (row 5, column 5) does not
exist, such as red dotted box shown in Fig. 6. For the convenience of making
template, color of all existent dots is black. The order of the dot array is sorted by
column, starting from row 1, column 1, after column 1 is full, then turn to the row 1,
column 2. Through the three dots located in the upper left corner, the lower left
corner and the upper right corner, we can fix the position of the lattice, and obtained
the size in the image coordinate system.

By extracting the coordinate of the centre of central point in the dot array and the
midpoint of line between upper right point and lower left point, we can get a more
accurate central coordinate of the dot array. By using the four fixed points outside
the center point, we can use the image algorithm to get the attitude of the template
relative to the camera.

In addition to the above six fixed point (which one is not necessarily), we can
define the presence of other dot by 0 or 1. As shown in Fig. 7b, in order to read, you
can get a group containing 0/1 string with 19 places, as a binary number, on behalf
of the digital 0–219 (524, 288).

Fig. 6 Example of dot array
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Taking our measuring system for example, the field of view of the camera is
L = 8 mm, H = 6 mm, radius of every dot rd = 0.15 mm, distance of the adjacent
rows or adjacent columns with a dot in one dot array is dd = 0.4 mm, distance of
the central point of adjacent dot array is Dd = 3 mm. According to the working
space of the 3RRR plane parallel platform, the measurement range is 400 mm *
400 mm, requires a scale of 133 rows and 133 columns, a total quantity of dot
array is 17,689. If the visual acquisition system captured one of the complete dot
array as shown in Fig. 6a, according to design rules, 0 represent having dots and 1
represent no dots, from the first non fixed point on first column, from left to right,
from top to bottom records the state of each dot, we can get a binary number:
000,00000,000,10110,101, as shown in Fig. 6b, convert to decimal number is
n = 181. And we can easily calculate that the dot array with number 181, is located
in row 48, column 2. We establish a coordinate one the reference template with its
origin at the centre of reference template, and x axis along row, y axis along
column. We can calculate the coordinate of the dot array centre by the following
formula:

x218 ¼ ðcolumn� 67Þ � 4 ¼ �260 mm ð1Þ

y218 ¼ ð67� rowÞ � 4 ¼ 76mm ð2Þ

In order to avoid the condition Sect. 3.1 mentioned that mounted camera angle
error resulting in no complete pattern in the field of view, we need to check the field
maximum allowable inclination: as shown in Fig. 7. Set a outer envelope rectangle
outside two adjacent array in a the same column, with the size of LDD and HDD.

As shown in Fig. 7, the maximum rotation angle h4 for the camera can be
determined by the geometric relationship:

Fig. 7 Calculate the
maximum corner
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h4 ¼ h1 þ h2; h1 ¼ tan�1ðldd=hddÞ; h2 ¼ cos�1ðH=kddÞ ð3Þ

kdd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2dd þ l2dd

q
ð4Þ

hdd ¼ Dd þ 4� dd ¼ 4:9 mm; ldd ¼ 2� rd þ 4� dd ¼ 1:9 mm ð5Þ

The calculation found that kdd < H, that means the camera can rotate in any case,
and there will always be at least one complete pattern in the field of view. If in the
late study, we need to upgrade the system to a dual camera program, we can also
have no need to worry about that when the camera following the attitude changes
by end effector of planar parallel mechanism. At the same time, as the fixed point of
the three corners can be at any time for the camera to provide the direction of the
template, the conversion of the coordinate system will be available.

In the actual production of processing templates, because each dot array has
differences, in the face of tens of thousands of dot array, it is not possible to
complete the drawing work artificially. By using secondary development in
AutoCAD by Visual Basic programming software, Simply enter the lattice size
parameters and measurement range, you can automatically generate the required dot
array graphics.

4 Vision Based Measuring Method

4.1 Define the Coordinate System

3RRR planar parallel mechanism has three degrees of freedom: X, Y two directions
of translation and rotation around the Z axis. To measure the position and attitude of
the end effector M of 3RRR, the coordinate systems is established according to the
law of the right hand, and the system is equivalent to the coordinate system as
shown in Fig. 8a.

Rb(Ob, xb, yb, zb) is the base frame of the 3RRR with its origin at location hole B1

and y axis along B1 B2. Rm(Om, xm, ym, zm) is the frame of end effector of 3RRR
with its origin at location hole M1 and y axis along M1 M2. Rp(Op, xp, yp, zp) is
established at the centre of the lower template with y axis has the same direction of
Rm(Om, xm, ym, zm). Rc(Oc, xc, yc, zc) is the frame of camera. Rr(Or, xr, yr, zr) is
established at the centre of the upper template.

We can acquire position and attitude of the end effector of 3RRR relative to the
world coordinate system by the hand-eye-calibration, through a series of coordinate
transformation is obtained: bTm ¼ bTrcT�1

r
cTppTm. Among them, cT�1

r and cTp can
use the template dot array, to obtain the Z direction with distance by Zhang’s
calibration method [12]. pTm can be calculated according to the installation method
between lower template and end effector of 3RRR. We can use laser tracker system
to measure the position of special fixture related to the base frame, then analyze the
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position relationship between upper template and special fixture so that we can
calculate the position of upper template related to base frame bTr.

4.2 Position and Attitude Measurement

Position measurement of end effector of 3RRR is mainly equivalent to calculate the
relative position between centre coordinate of reference pattern on upper template
and the centre of the image1, and the relative position between centre coordinate of
mark point on the lower template and the centre of the image2. Because we take
photo using a common light path, the centre of image1 and image2 can be coincide.
That means we can put calculate the position of mark point related to upper tem-
plate coordinate system through the image centre. And then transfer to base frame.
After we acquire position of both mark point P and mark point Q related to base
frame, we can determine the position of end effector on 3RRR by calculate the
midpoint of line between p and Q, and determine the attitude by calculate the
included angle U between perpendicular bisector of line PQ and y axis, as shown in
Fig. 8b.

4.3 Discussion on Image Processing Scheme

Dot Array Extraction
The template images obtained by visual acquisition system need two steps of image
processing. The first step is a complete lattice extraction from the image after simple

Fig. 8 a Diagram of the coordinate system, b Using two point to describe pose
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pre processing, the second is to do further processing for extracted dot array, such
as featuring point coordinates with high precision, and interpretation of the lattice
location information (hereinafter referred to as the decoding).
The first step of the dot matrix extraction has two methods. The first method is
according to the displacement command sent by computer to 3RRR. We can predict
the coordinate of image centre on the upper template frame, and to find the closest
dot array. Then calculate the position of the dot array centre on image frame, using
this coordinate as the centre generate a rectangle ROI area which size is bigger than
the dot array. As the Longman module using semi closed loop control, positioning
accuracy can reach ±40 lm. The ROI area expand about 40 pixel is enough (pixel
equivalent of camera is 5 lm).

The second method is the direct use of image processing template matching
method. As shown in Fig. 9a–c, we set up a model using five fixed point which are
must exist. Algorithm based on the similarity between the template and scan images
to determine whether to find the target. If you find a target, generate a ROI area. If
the ROI region is a little too larger, you can generate a smaller new ROI region at
the same place by using the same centre coordinate. It will facilitate the subsequent
decoding process.

To comparison those two methods, because the first method only need to finish
coordinates conversion by simple geometric calculations in the ideal case, the
occupation of the program time can be nearly ignored. But considering requirement
of the measurement system long time operation, during the operation of the process,
if a causal factors influence camera motion system that it failed to reach the
specified location timely, and the produced ROI failed to cover a complete dot
array, the program receive uncertainty information and create error, the measure-
ment system will fail to work.

The second method directly extracted dot array from the image. After calculating
the dot array code, it can compare the result with the predictive code from the first
method, if result is abnormal, computer can remind the participants in a timely
manner, and feedback to the user interface, and even provide data support to
determine the cause of failure. It seen that the second method is safer than the first
one, but we still need to care about the processing time of the second method to
determine whether can complete the data processing tasks within two shooting

Fig. 9 Using template matching algorithm to find dot array
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cycle. Using C++ programming language to call the Opencv computer vision
library template matching algorithm for simulation experiments, the image which
from the 400 mm * 400 mm calibration plate created by AutoCAD, is matched
with the same model image. Table 1 shows the time for template matching.

Through the simulation, we can find that the time common template matching
algorithm disposing images is not short, and the difference of time is big. To
compare the images in the simulation, it will take less time when there were fewer
point existing in the dot array. When there were more points existing, it takes more
time. This show that dots in the dot array may bring obvious impact to matching
process as they just look like the fixed point. Maybe we will consider more about
the rule of coding. Maybe 1 equal point is existent, and 0 equal point is inexistent
will improve the efficiency. However, more point is good for space attitude mea-
surement. To find a balance is necessary.

Dot Array Decoding
After obtain the ROI, through threshold segmentation, connected region analysis,
sub pixel edge detection algorithm, centroid extraction and other image processing
operations, you can get a higher accuracy of the dot center coordinates. Then we
shall consider how to decode more easy and accurate. We also have two methods.

The first method is to analyze the deviation between the coordinate of upper left
corner point and the coordinate of others. If deviation on x is 0 or smaller than a
value we set, it represent that two point are in the same column, than compare with
the deviation on y, we can know whether the two point is adjacent, or the number of
across empty point and note down the number of 0 or 1. If the point is not in the
same column with the upper left point, we should note down the deviation between
upper left corner point and the point on y, as well as the deviation between upper
left corner point and the previous point on y, then compare with this two deviation.

The second method ignore the coordinate we measured before, it just need
coordinate of the upper left corner point. And then calculate the coordinate of all 19
points which contain information of 0 or 1. Then read the gray level in order. If the
gray level is lower than a value, we consider there is a point here.

Both the speed of decoding in two methods is quick. So we think more about the
factor of safety and reliability. In the first method, we use area as a screening
condition to find out every point before extract the coordinate. So many pre-process
algorithms have reduced the influence. The value of coordinate and the analysis of
deviation are credible. However the second method is not safe. If there is a small
shade located at one of the corners of the row and column, when the point here is
inexistent. The second method may consider the shade as the point. So it is better to
choose the first method.

Table 1 Comparison of measurement methods

Picture number 1 2 3 4 5 Average time

Time (ms) 125 176 154 162 189 161.2
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5 Summary and Prospect

In this paper, a new vision measurement method for planar parallel mechanism is
presented. We analyze and determine a vision measurement strategy based on using
single camera fixed to camera motion system in two degrees of freedom. And we
put forward A reference template which hiding location information for position
and orientation and discuss the algorithm scheme on reference template image
analysis by means of image processing, so that it can achieve high precision, long
time safe and reliable operation that is proposed in this paper. The next step is to
verify the actual effect of the proposed method and algorithm, and further analyze
the factors and the influence degree of error to the measurement system.
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Research on Robot Calibration Based
on Laser Tracker

Yabo HuangFu, Lubin Hang, Wushan Cheng, Liang Yu,
Chengwei Shen, Jun Wang, Wei Qin and Yan Wang

Abstract With the development of intelligent manufacturing, robot absolute
positioning accuracy plays an important role in advanced applications. Aiming at
improving the absolute positioning accuracy of serial robot, a calibration experi-
ment is conducted with a laser tracker, the effects of the kinematic calibration are
evaluated by comparing the position errors. Firstly, the kinematic model of the
robot is established according to the method of Denavit-Harteriberg parameter, and
the geometric parameters of the robot to be corrected are selected. Secondly, the
error function is established with measurement result of the end reflector position
and calculation result by DH matrix of the corresponding position. Thirdly, the
actual geometric parameters are obtained by solving the error function using LM
algorithm. Finally, the kinematic model of robot system is corrected by these
parameters. The result shows that the maximum/mean/root-mean-square
(RMS) position errors are reduced 47.48 %/37.98 %/40.40 % after calibration.

Keywords Serial robot � Laser tracker � Robot calibration � LM algorithm

1 Introduction

With the development of robotics, robots are widely used in various industries, such
as aerospace, automotive design and manufacture, medical equipment and others.
At the same time positioning accuracy of the robot is becoming increasingly higher
requirement. Manufacturers only provide the repeated positioning accuracy of the
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robot, and the accuracy can reach 0.01 mm. The absolute positioning accuracy of
the robot mostly reaches 2–3 mm, and it is difficult to meet the rigid demand of
intelligent manufacturing.

In order to improve the absolute positioning accuracy of the robot, the cali-
bration method can be used to identify the accurate parameters of the robot model.
Many researchers about the robot calibration technology have been done by
domestic and foreign scholars. Based on quantum particle swarm optimization
algorithm, Fang et al. [1] propose a kinematic calibration method that can improve
position accuracy of serial robot and parallel robot. The result shows that kinematic
calibration method based on quantum particle swarm optimization is more effective
within the larger workspace. The main manufacturing and assembly errors are
attributed to the errors of the joint parameters of robot and kinematic variables
[2, 3]. Kinematic calibration is to obtain actual kinematic model. Liu et al. [4]
propose two-step calibration method combined with geometric identification and
parameter identification. He et al. [5, 6] use the POE formula to derive the kine-
matic parameters of the robot including joint angle error calibration error model,
and analyze the correlation between various parameters of the robot. Verl et al. [7]
introduce a method to sort the poses for the calibration, and bases on the DETMAX
algorithm using the condition number of an identification matrix to predict the RMS
error of the TCP of a calibrated machine depending on the number of measurement
poses and the standard deviation of the measurement device.

Robot calibration usually associated with measurement techniques is to improve
the accuracy. Measurement tools include three coordinates measurement instrument
[8], Ballbar [9], laser tracker [10, 11] and so on. Laser tracker based on IFM and
ADM principles to obtain the 3D coordinates of a spatial point is an effective
measurement tool. It has the advantages of high accuracy, high efficiency and
real-time tracking measurement, and provides great convenience for robot cali-
bration. Therefore, it is widely used in robot calibration. Based on laser tracker, this
paper focuses on the kinematic calibration for serial 6R robot. After calibration, the
experimental result shows that the absolute positioning accuracy of the robot is
improved.

2 Calibration System and Experimental Platform

The serial 6R robot is considered as the research object in this paper. The robot
body is compact, rated load for 3 kg, and the structure diagram is as shown in
Fig. 1. The repetitive absolute positioning accuracy is 0.02 mm, but absolute
positioning accuracy of the robot is poor.

Therefore, the calibration system is built (Fig. 2), and mainly includes laser
tracker, serial robot and reflector.
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In the calibration system, Leica AT901-MR type laser tracker is used to measure
position of the reflector mounted on the end-effector based on spherical coordinate
system. The measurement range is up to 50 m, and measurement accuracy is
10 lm + 0.5 lm/m meeting requirement of robot calibration measurement
accuracy.

Figure 3 shows the installation that is used for measuring the positioning per-
formance of a serial 6R robot with a laser tracker. Robot system includes the robot,
controller and teaching apparatus; and laser tracker system includes the laser
tracker, controller, weather station, reflector, computer and the power supply. The
reflector is mounted on aluminum plate surface of the robot end-effector.

1-Base 2-Shoulder 3- Elbow
4- Wrist 1 5- Wrist 2 6- Wrist 3 

Fig. 1 Schematic diagram of
the structure of serial robot

1-Laser tracker 2-Serial 6R robot 3-Laser 4-Reflector
5-Aluminum plate

Fig. 2 Schematic diagram of
measurement system
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3 Geometric Parameter Identification Model

According to the DH parameter method, the kinematic model of the robot is
established. The error kinematic model is derived based on the measured data and
kinematic model. Finally, the geometric parameters are obtained by LM algorithm.

3.1 Kinematic Model

According to the DH parameter method, a coordinate system for each joint of the
serial robot is established, as shown in Fig. 4. The motion of the mechanism is
described with the link parameters, and the nominal kinematic parameters of the
links are shown in Table 1.

According to the DH model in Fig. 4, the transformation matrix between the
coordinate systems of two adjacent links is

i�1Ti ¼ transðzi�1; diÞrotðzi�1; hiÞtransðxi�1; aiÞrotðxi; aiÞ

¼

cos hi � sin hi cos ai sin hi sin ai �ai cos hi
sin hi cos hi cos ai � cos hi sin ai �di sin hi
0 sin ai cos ai di
0 0 0 1

2
6664

3
7775 ð1Þ

Fig. 3 Experimental setup for robot calibration
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Kinematic transformation matrix of the robot is

0T7 ¼ 0T1
1T2

2T3
3T4

4T5
5T6

6T7 ð2Þ

where, the tool transformation matrix 6T7 expresses as,

6T7 ¼
1 0 0 x
0 1 0 y
0 0 1 z
0 0 0 1

2
664

3
775

(x, y, z)—the position of the reflector in tool coordinate system.

3.2 Error Kinematic Model

According to the kinematic robot kinematic model, corresponding homogeneous
matrix is established through in each link of the robot to build the kinematics model
of the robot. Substituting the kinematic DH parameters (ai, ai, di, hi) (i = 1–6) and
the position of reflector in the tool coordinate system (a total of 4 � 6 + 3 = 27

Fig. 4 DH model of serial 6R Robot

Table 1 Nominal kinematic parameters of serial 6R Robot

No. 1 2 3 4 5 6

ai−1 (mm) 0 243.65 213.25 0 0 0

ai−1 (°) 90 0 0 90 −90 0

di (mm) 151.9 0 0 112.35 85.35 81.9

hi (°) 0 −90 0 −90 0 0
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parameters) into robot kinematic model can get position function P of reflector
based on robot base coordinate system

P ¼ f ðX0Þ ð3Þ

where, vector X0 contains 27 elements corresponding to the geometric parameters.

P ¼ Px; Py; Pz½ �T

Due to the geometric error of the mechanical structure, assembly error and
transmission error, the kinematic DH parameters (ai, ai, di, hi) (i = 1–6) must lead
to errors. In addition, the installation position of reflector with respect to the tool
coordinate system contains position errors. There exists certain deviation in motion
process between actual position and nominal position of the reflector. The position
function of reflector P′ using DH

P0 ¼ f ðX 0Þ ð4Þ

where, X′—the vector of the geometric parameters

P ¼ P0
x0 P0

y0 P0
z0

� �
The position P* of reflector is measured using laser tracker, and position error

function DP of the reflector

DPj ¼ P�
j � P0

j ð5Þ

where, DPj—position error function of the jth point, DP ¼ DPxj; DPyj; DPzj½ �T
Function e(X) is constructed by the position error function of the reflector

eðXÞ ¼ DP1k k2; DP2k k2; . . .; DPmk k2
h iT

ð6Þ

where, m—the number of points.X—the geometric parameters.
The least square objective function E(X) is constructed by the function e(X)

EðXÞ ¼ min
1
2
eðXÞTeðXÞ

� �
ð7Þ

3.3 LM Algorithm to Solve the Objective Function

LM (Levenberg-Marquart [12]) algorithm combines gradient method with
Gauss-Newton method. It has fast speed convergence of Gauss Newton method and
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the global characteristics of the gradient method, aiming at solving the non-positive
definite problem and singular problem of Hessian matrix. It is suitable for solving
nonlinear multiple objective function optimization problems [13]. Therefore, it can
solve the least squares objective function E(X).

Based on LM algorithm, the calculation process is used to solve the actual
parameters as shown in Fig. 5. Adjusting the damping factor in the iteration process
can be satisfied with the convergence rate, so as to efficiently solve the position
error function.

4 Calibration Experiment Research

Combining with measurement results of laser tracker, the absolute positioning
accuracy of robot is calibrated. The experiment is conducted at room temperature
for 25° under the laboratory environment, constructing a good environment for
laser tracker.

Fig. 5 Flow chart of
geometric parameters
calculation based on LM
algorithm
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4.1 Experimental Procedure

Based on the kinematic calibration process of the robot, the specific steps of cali-
bration experiment of serial 6R robot are shown in Fig. 6.

4.2 Establishment of the Robot Base Coordinate System

Based on least square circle fitting method, the robot base coordinate system is
established in SA software. In order to accurately map the position and orientation
of the robot base coordinate system, the reflector is mounted on the corresponding
joint, and then the joint axis is fitted, and the influence of other joints is reduced.

Based on laser tracker, the robot base coordinate system is established in SA
software (Fig. 7). The specific steps are as follows:

(1) The base installation plane A is fitted out when the robot is at the zero
position;

(2) The joint No. 1 where the reflector mounted is only rotated, and the position of
the reflector is measured simultaneously. The spatial position and orientation
of axis l1 of the joint No. 1 is obtained by the least square circle fitting method;

(3) Then the joint No. 1 is moved to zero position, and the joint No. 2 has a single
rotation. While the position of the reflector mounted on the joint No. 2 is
measured simultaneously, and the spatial position and orientation of l2 axis of
the joint No. 2 is obtained by the least square circle fitting method;

(4) The intersection of the l1 axis and the plane A is the origin of the base
coordinate system. At the same time, the l1 axis and the l2 axis are respectively
considered as the z axis and the y axis.

Establish  base 
Coordinate system

Verify experimental 
result

Measure reflector s
position

Identify parameters

Compensate error 

Base coordinate system is 
established in SA software 

based on laser tracker

Measure reflector s
position from different 

angles of the robot

Solve the error kinematic 
equation

Compensate the parameter 
identification value  to the 

robot controller

Compare the position 
errors of reflector before 

and after calibration

Fig. 6 Flow chart of
experimental calibration
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After establishing the robot base coordinate system in SA software, laser tracker
measurement coordinate system is transferred to the establishment of the base
coordinate system, ensuring that subsequent measurements are based on the robot
base coordinate system.

4.3 Measurement Data

The position of the reflector in tool coordinate system is (69.97 mm, −70.2 mm,
22.52 mm). TCP (Tool Center Point) of the robot transfers to the position of
reflector’s center. The joint angles of the robot is obtained by the robot controller,
and the actual position data is measured by laser tracker.

Part of the robot workspace is selected as measurement space. The position data
of 35 points (Fig. 8) is measured in the measurement space. The actual position data
of points and the corresponding joint angles are as shown in Table 2, and 30 points
for parameter identification, five points used to verify calibration result. It can be

Fig. 7 Schematic diagram of
the robot base coordinate
system
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Fig. 8 Spatial distribution of
35 points
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Table 2 Measurement data and the corresponding joint angles (mm or °)

No. 1 2 3 4 5 6 7

x −149.02 −130.43 −274.68 −289.74 −341.12 −360.07 −212.08

y −207.50 −134.57 −82.78 −80.13 −45.78 −58.46 7.79

z 742.60 600.86 599.84 571.14 506.46 473.58 591.12

h1 −14.69 −12.99 −11.39 −10.28 −9.82 −9.60 −29.92

h2 −74.76 −109.13 −72.61 −62.39 −59.85 −60.65 −60.40

h3 −16.64 90.55 48.77 41.27 56.55 66.77 20.25

h4 −57.23 −109.41 −84.41 −99.69 −101.59 −102.14 −108.52

h5 −18.57 28.16 43.47 44.56 57.34 50.96 58.61

h6 77.64 37.72 7.73 10.26 8.36 8.90 8.31

No. 8 9 10 11 12 13 14

x −130.43 −274.68 −273.75 −97.89 −165.8 −208.33 −435.34

y −134.57 −82.78 −137.81 −205.19 −184.63 −154.7 30.37

z 600.86 599.84 485.77 473.89 523.23 464.23 218.06

h1 −12.99 −11.39 −21.76 −5.11 −26.63 −36.11 −39.08

h2 −109.13 −72.61 −108.33 −118.56 −128.81 −124.11 −54

h3 90.55 48.77 113.11 123.63 111.05 99.84 88.64

h4 −109.41 −84.41 −118.99 −138.38 −117.25 −129.71 −125.16

h5 28.16 43.47 −6.41 2.29 −13.37 −42.2 −44.95

h6 37.72 7.73 420.75 399.71 410.57 371.94 17.87

No. 15 16 17 18 19 20 21

x −430.76 −360.72 −372.86 −374.71 −344.58 −294.11 −293.42

y −30.26 −116.89 −147.48 −44.55 −7.87 −74.25 −22.7

z 415.51 479.72 489.35 408.73 443.42 456.72 424.94

h1 −31.8 −21.2 −16.94 −29.96 −36.77 −28.54 −37.94

h2 −64.65 −72.16 −72.97 −66.7 −66.7 −71.88 −72.3

h3 69.15 63.09 54.43 54.43 54.43 59.27 65.2

h4 −127 −107.15 −79.92 −93.58 −116.13 −140.97 −154.13

h5 −29.74 −17.17 −28.54 −27.9 9.46 11.84 20.78

h6 31.2 15.58 21.81 −19.99 −32.48 −17.4 −24.69

No. 22 23 24 25 26 27 28

x −278.76 −346.63 −339.92 −308.34 −286.63 −252.23 −192.94

y −82.69 −151.8 46.65 99.09 6.73 48.17 26.68

z 388.68 451.96 591.81 559.96 571.53 612.96 649.54

h1 −24.12 −15.08 −48.43 −56.18 −47.63 −59.65 −72.77

h2 −72.31 −73.91 −86 −92.22 −92.22 −97.61 −105.14

h3 60.43 61 61 59.44 48.69 57.81 64.4

h4 −189.98 −180.62 −182.09 −165.36 −171.68 −201.57 −219.95

h5 50.12 22.3 2.4 −12.13 −13.32 −19.1 −23.5

h6 −51.78 −89 −128.05 −95 −67.86 −83.25 −105.02

No. 29 30 31 32 33 34 35
(continued)
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seen from Fig. 8 points for parameter identification are scattered in the measure-
ment space and the spatial distribution of the points for verification is much more
scattered. Three verification points distribute in the measurement space, two other
verification points distribute outside the measurement space.

4.4 Experimental Result and Analysis

After calibration, the actual position of five verification points is measured once
again using the laser tracker. The position measurement data is compared with the
corresponding nominal position data before and after calibration, which is as shown
in Table 3. For a more intuitive, position error curves of five verification points are
as shown in Fig. 9 after processing data in Table 3.

It shows that curves are relatively stable, less volatile, and the average errors are
moving closer to the zero axis after calibration in Fig. 9. The runout errors [11] in x/
y/z are changed form 4.35 mm/3.80 mm/1.44 mm to 2.48 mm/1.59 mm/1.45 mm
after calculating the data in Table 5. The runout errors in x/y are reduced
1.87 mm/2.21 mm respectively, and the error in z remains invariability.

After calibration errors of verification point No. 1 and No. 3 are reduced, but the
error of validation point No. 2 is increased, which shows that the absolute

Table 2 (continued)

No. 1 2 3 4 5 6 7

x −243.55 −329.22 −244.75 −279.91 −202.48 389.67 158.99

y −33.28 75.96 −171.45 80.93 −70.82 −44.23 204.8

z 631.56 448.89 620.06 625.45 483.99 440.26 563.66

h1 −42.53 −31.9 −23.88 −58.59 −28.69 −190.45 −144.9

h2 −96.82 −86.87 −89.52 −61.89 −86.58 6.77 −15.54

h3 49.35 94.09 56.38 36.52 77.64 −44.26 −39.55

h4 −193.32 −221.34 −155.11 −162.08 −131.96 −126.44 −126.59

h5 −23.04 −59.27 −39.03 21.63 47.38 116.46 85.76

h6 −79.13 −89.45 60.22 114.22 334.83 109.56 109.39

Table 3 Position errors of five verification points before and after calibration

No. Before calibration After calibration

Dx Dy Dz Dd Dx Dy Dz Dd

1 0.83 −2.71 −0.88 2.9677 −1.10 0.44 0.39 1.2473

2 −0.91 0.89 0.08 1.2754 −1.46 0.99 0.90 1.9803

3 −0.96 −0.56 −1.04 1.5221 −0.93 −0.16 −0.39 1.0211

4 3.12 −0.97 −1.28 3.5091 1.02 1.37 0.69 1.8421

5 3.39 1.09 0.16 3.5645 −0.58 1.43 1.06 1.8721
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positioning accuracy of reflector is relatively high when the robot joints are in
certain angles before calibration, but the error of this position is increasing after
calibration. Because the calibration method only guarantees the minimum of the
errors of the reflector in the current 30 positions, and it cannot reach that the
absolute positioning accuracy of the reflector in each position is improved.

Verification point No. 4 and No. 5 are scattered outside the measurement space,
but the position errors have improved. It is concluded that absolute positioning
accuracy within the range of the robot workspace is effectively improved by means
of the calibration method, no matter point is inside or outside the measurement
space.

The mean error and RMS error are used to evaluate the effects of the calibration
method, and the formulas are respectively as follows:

emean ¼ 1
m

Xm
i¼1

Ddi ð8Þ
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Fig. 9 Position error curves of five verification points before and after calibration

Table 4 Error statistics before and after calibration

Verification parameter Before calibration (mm) After calibration (mm) Improve (%)

Maximum error 3.5645 1.8721 47.48

Average error 2.5678 1.5926 37.98

RMS error 2.7485 1.6382 40.40
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eRMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
m

Xm
i¼1

Dd2i

s
ð9Þ

where, M is the number of verification points, Dd is the position error.
Error statistics before and after calibration are as shown in Table 4 for the data in

Table 6.
From Table 4, it shows that the maximum error reduces 47.48 %, the average

error reduces 37.98 %, and RMS error reduces 40.40 % after calibration. Therefore,
the calibration method effectively improve the absolute positioning accuracy of the
serial 6R robot in whole workspace.

5 Conclusion

Aiming at improving the absolute positioning accuracy of serial robot, a calibration
experiment is conducted with a laser tracker, the effects of the kinematic calibration
are evaluated by comparing the position errors. The error function is established
with measurement result of the end reflector position and calculation result by DH
matrix of the corresponding position. The accuracy geometric parameters are
obtained by solving the error function using LM algorithm. Taking five points to
verify the calibration result, it is concluded that the absolute positioning accuracy
within the range of the robot workspace is effectively improved by means of the
calibration method, no matter point is inside or outside the measurement space. It
shows that the maximum error reduces 47.48 %, the average error reduces 37.98 %,
and RMS error reduces 40.40 % after calibration. Therefore, the calibration method
is effective to improve the positioning accuracy of the serial 6R robot in whole
workspace.
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Calculation and Analysis on Crest
Thickness of Edge Tooth
of Height-Modified TA Worm

Chongfei Huai, Yaping Zhao and Yimin Zhang

Abstract As is well known, the tapering edge tooth may greatly degrade the
working performance of a toroidal worm pair so checking its occurrence is always
necessary in the process of the design. For this, a mathematical model is established
to compute the top thickness of the edge tooth for a height-modified TA worm. Due
to the geometric particularities of the height-modified TA worm, the crest thickness
of its edge tooth can be obtained semi-analytically and semi-numerically. By means
of the above mathematical model, the influence of the quantity of the height
modification on the crest thickness of the edge tooth is investigated systematically.
The results show that the tapering of the edge tooth will occur more easily when the
number of worm thread is more and the transmission ratio is less. Moreover, if the
cutter frame moves down, the top width of the edge tooth will decrease. From the
viewpoint of avoiding the edge tooth pointing, the selection principle of the height
modification amount is also recommended.

Keywords Hourglass worm drives � Crest thickness of edge tooth � TA worm �
Height-modified

1 Introduction

The TA worm drive, which is known as the Hindly worm drive or the globoidal
worm drive, was invented by Henry. Hindly in England for use in a dividing engine
about in 1765 [1, 2]. Roughly in 1909, Samuel I. Cone, who was a draftsman of the
United States,greatly improved the TA worm drive and it was named as Cone Drive
by the gear community [3–5]. But in the process of using the Cone Drive, it was
found that its carrying capacity would be increased after a long-time wear [6]. For
this, some scholars in the Soviet Union and China studied the modification methods
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to machine the worm in line with the shape of the worm helical surface after
wear [7].

The tapering of the edge tooth may greatly weaken the working performance of a
toroidal worm pair so checking its occurrence is always necessary during the design.

Shen et al. studied the calculation of the tooth thickness of the plane
double-enveloping hourglass worm (the TP worm) [8].

Qi et al. made a systematic research on the compute of the edge tooth top width
of the TP worm. Meanwhile, they suggested that the crest thickness of the edge
tooth should not be less than 0.35mt, where mt is the transverse module of the worm
wheel [9].

Dong proposed a method to compute the crest thickness of the edge tooth of the
toroidal worm, which is on the basis of solving a series of systems of nonlinear
equations. This method has been applied to the TP worm and the conical surface
double-enveloping toroidal worm (the TK worm). Besides, the corresponding
measures to avoid the tapering of edge tooth are proposed [10].

Zhou also studied the computing of the top thickness of the edge tooth of the TP
worm systematically [11].

Latterly, Zhao researched the calculation of the top width of the edge tooth of the
dual-torus double-enveloping toroidal worm (the DTT worm) in detail [12, 13].

The work reported in this paper is about the crest thickness of the
height-modified TA worm drive, which is attained only by changing the vertical
height of the cutter frame during the machining of the worm [14]. It means that the
height variation of the tool is the unique modification parameter. When the cutter
frame moves downwards, this parameter is positive, whereas negative.

Generally speaking, the edge tooth tapering happens rarely in terms of the
uncorrected TA worm, but for the height-corrected TA worm, it is unacknowl-
edged. For this, a new method to compute the top thickness of its edge tooth is
proposed in this paper. Due to the geometric particularities of the height-modified
TA worm, the top thickness of its edge tooth can be obtained semi-analytically and
semi-numerically. For the purpose of preciseness, this method is also inspected and
verified by the computed results. By using the above method, the influence of the
parameters on the top thickness of the edge tooth is also investigated systematically.

Although the computing method presented in this paper is aimed at the
height-modified TA worm, it is also valid for the other modified TA worms.

2 Equations of Helical Surface and Tooth Profile
of Height-Modified TA Worm

2.1 Coordinate Systems

As illustrated in Fig. 1a, two stationary coordinate systems, rod{Ood; iod, jod, kod}
and ro1{Oo1; io1, jo1, ko1} are used to represent the initial positions of the tool apron

1490 C. Huai et al.



and the worm blank respectively, are. Therein, the two unit vectors, ko1 and kod, are
along the axes of the worm roughcast and the cutter frame severally, and they are
mutually perpendicular because the discussion in this work is limited to the worm
drive with orthogonal axes. The shortest distance between these two axial lines is
the distance from the point O1 to O2, and |O1O2| = a, where a is the center distance
of the TA worm pair. The minimum distance from the point Od to the middle plane

(a) Coordinate systems and its positional relationship 

(b) Schematic diagram for machining TA worm 

Fig. 1 Drawings to expound
the formation of TA worm
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of the worm pair is the axial displacement of the cutter frame Db, which is the
parameter of the height modification. As shown in Fig. 1a, when the cutter frame
moves down from the point O2, Db is taken as positive.

Over and above that, two moveable coordinate systems, rd{Od; id, jd, kd} and
r1{O1; i1, j1, k1} are fixed with the cutter frame and the worm roughcast,
respectively. During cutting a TA worm, the tool apron revolves around kod and the
worm blank spins on ko1. When the rotation angle of the worm blank is u, the
corresponding rotation angle of the tool post is ud and u = i12ud, where i12 is the
transmission ratio of the TA worm pair.

2.2 Vector Equation of Helical Surface of Height-Modified
TA Worm

According to Fig. 1b, the vector equation of the straight cutting edge can be rep-
resented in the movable coordinate system rd as follows:

rdð Þd¼ �uid þ rbjd ð1Þ

where rb is the main basic circle radius of the worm gear.
Via the coordinate transformation, the locus surface of the straight cutting edge

in the static coordinate system, rod, can be attained as:

rdð Þod ¼ R kod;ud½ � rdð Þd ¼ xodiod þ yodjod ð2Þ

where xod = −ucosud − rbsinud, yod = −usinud + rbcosud, R[kod, ud] is the symbol
of rotation transformation matrix [15] around the axis kod and

R ~kod;ud

h i
¼

cosud � sinud 0
sinud cosud 0
0 0 1

2
4

3
5

From Eq. (2) and with the relative position shown in Fig. 1a, the vector equation
of the height-modified TA worm helicoidal surface in the movable coordinate
system r1 can be expressed as:

~r1ð Þ1¼ R ~k1;�u
h i

R ~io1 ;
p
2

h i
~rdð Þod þ ~O12

� �
o1

n o
¼ x1~i1 þ y1~j1 þ yod~k1 ð3Þ

where x1 ¼ ðxod þ aÞ cosuþDb sinu; y1 ¼ �ðxod þ aÞ sinuþDb cosu, u and u
are the parameters of the height-modified TA worm helical surface, and the rotation
transformation matrixes in Eq. (3) are:
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R io1;
p
2

h i
¼

1 0 0
0 0 �1
0 1 0

2
4

3
5; R k1;�u½ � ¼

cosu sinu 0
� sinu cosu 0

0 0 1

2
4

3
5

Fig. 2 Drawings to illustrate
tooth profile of
height-modified TA worm
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2.3 Vetor Equation of Tooth Profile of Height-Modified TA
Worm in Axial Plane T

As shown in Fig. 2, rt{Ot; it, jt, kt} is a moveable coordinate system. The unit
vectors it and kt are in the plane T. According to [15], the tooth profile equation of
the height-modified TA worm in the plane T can be attained as:

r1ð Þt ¼ R kt; g½ � r1ð Þ1 ¼ xtit þ ytjt þ yodkt
yt ¼ 0

�
ð4Þ

where
xt ¼ ðxod þ aÞ cosðg� uÞ � Db sinðg� uÞ; yt ¼ ðxod þ aÞ sin g� uð ÞþDb cosðg� uÞ,
and η is a directed angle from it to i1, which can be used to ascertain the position of
T in the moveable coordinate system, r1. When the value of the angle η is different,
the position of T in the r1 is different concomitantly.

3 Computing Edge Tooth Crest Thickness
of Height-Modified TA Worm

As shown in Fig. 2b, the left tooth flank of the height-modified TA worm is
selected to compute the top thickness of its edge tooth. The points A, C, L, E and F
are all in this tooth flank.

The point C is at the inlet portion of the TA worm and on its reference torus.
Therefore, the system of nonlinear equations to determine the point C can be
represented as follows, which contains the unknowns udC, uC and hC,:

a� x Cð Þ
t

� �2
þ y Cð Þ

od

� �2
¼ 1

4 d
2
2

y Cð Þ
od ¼ �uC sinudC þ rb cosudC ¼ 1

2 Lw
y Cð Þ
t ¼ 0

8>><
>>: ð5Þ

Substituting the second equation of Eq. (5) into its first equation can yields:

x Cð Þ
t ¼ a� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d22 � L2w

q
ð6Þ

From the expressions of x Cð Þ
t and y Cð Þ

t in Eq. (4), it may have:

x Cð Þ
t

� �2
þ y Cð Þ

t

� �2
¼ x Cð Þ

od þ a
� �2

þDb2 ¼ a� 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d22 � L2w

q� 	2

ð7Þ
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By solving Eq. (7), x Cð Þ
od can be acquired as:

x Cð Þ
od ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d22 � L2w

q� 	2

�Db2

s
� a ð8Þ

From the expressions of Eq. (2), we can get the quadratic sum of x Cð Þ
od and y Cð Þ

od as:

x Cð Þ
od

� �2
þ y Cð Þ

od

� �2
¼ u2C þ r2b ð9Þ

Substituting Eq. (8) and the second equation of Eq. (5) into Eq. (9) yields:

uC ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d22 � L2w

q� 	2

�Db2

s
� a

2
4

3
52

þ 1
4
L2w � r2b

vuuut ð10Þ

Aswell from the second equation of Eq. (5), a trigonometric equation with respect
to udC can be acquired after determining the value of uC, and is represented as:

sin u0 � udCð Þ ¼ Lw
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2C þ r2b

p ð11Þ

where u0 is an auxiliary angle and u0 ¼ arctanðrb=uCÞ.
Solving Eq. (11) yields:

udC ¼ arctan
rb
uC

� 	
� arcsin

Lw
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2C þ r2b

p
 !

ð12Þ

From the third equation of Eq. (5), a trigonometric equation about the unknown
ηC can be attained as:

tan i12udC � gCð Þ ¼ Db

x Cð Þ
od þ a

ð13Þ

Solving Eq. (13) leads to:

gC ¼ i1dudC � arctan
Db

x Cð Þ
od þ a

 !
ð14Þ

To this, this three parameters uC, udC and ηC are all acquired analytically.
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For the point A is on the same tooth profile as the point C, ηA = ηC. In addition,
it is also on the addendum arc of the worm. After getting the ηC, the following
nonlinear equations as to the parameters uA and udA can be used to determine the
point A:

a� x Að Þ
t

� �2
þ y Að Þ

od

� �2
¼ R2

a1

y Að Þ
t ¼ 0

8<
: ð15Þ

From the second equation of Eq. (15), the parameter uA can be expressed by the
udA as follows:

uA ¼ a� Db cot i12udA � gCð Þ � rb sinudA

cosudA
ð16Þ

Substituting Eq. (16) into the first equation of Eq. (15), a new equation can be
obtained with the sole unknown udA as follows:

Db cot i12udA � gCð Þ � a½ � tanudA þ
rb

cosudA

� 	2

� R2
a1 þ a� Db

sin i12udA � gCð Þ
� 	2

¼ 0

ð17Þ

It is clearly that only one guess value is need for the iterative computation of
Eq. (17). As shown in Fig. 1b, the values of udA and udC are approximately equal
since they are in a same tooth profile, therefore udC can be as a reasonable guess
value to solving udA. After determining the angle udA, the parameter uA can be
gotten with the aid of Eq. (16). Then the coordinates of the point A in rt can be
represented as:

x Að Þ
t ¼ �uA cosudA � rb sinudA þ að Þ cos gC � i12udAð Þ � Db sin gC � i12udAð Þ

ð18Þ

y Að Þ
od ¼ �uA sinudC þ rb cosudC ð19Þ

As shown in Fig. 2b, the point L is at the throat of the worm and on its reference
torus. Hence, the nonlinear equations about udL, uL and hL to determine the point L
can be presented as follows:

y Lð Þ
t ¼ 0
y Lð Þ
od ¼ �uL sinudL þ rb cosudL ¼ � 1

2 l1

a� x Lð Þ
t

� �2
þ y Lð Þ

od

� �2
¼ 1

4 d
2
2

8>><
>>: ð20Þ

where l1 is the chordal thickness on the worm reference torus at its throat.
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By using the same calculating method as that of Eq. (5), the analytical solutions
of Eq. (20) can be acquired as:

uL ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d22 � l21

q� 	2

�Db2

s
� a

2
4

3
52

þ 1
4
l21 � r2b

vuuut ð21Þ

udL ¼ arctan
rb
uL

� 	
þ arcsin

l1
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2L þ r2b

p
 !

ð22Þ

gL ¼ i1dudL � arctan
Db

x Lð Þ
od þ a

 !
ð23Þ

As Fig. 2b shows, the point E is on the reference torus of the TA worm. But
based on these existing conditions, the point E may not be determined sufficiently.
So we should find out the implicit conditions from Fig. 2b. In fact, the angle udE

can be determined by the angles udL and udC and their relationship can be derived
as follows:

According to the definition of ux, which is the nominal angle of the blade, the
following equations can be gotten:

uxC ¼ �uxD ¼ a� udC; uxL ¼ a� udL; uxE ¼ a� udE ð24Þ

As shown in Fig. 2b, the following equation can be acquired:

uxE¼uxD þ 2uxL ð25Þ

Substituting Eq. (24) into Eq. (25) yields

udE ¼ 2udL � udC ð26Þ

Given the above, the nonlinear equations to determine the point E can be
attained as follows:

a� x Eð Þ
t

� �2
þ y Eð Þ

od

� �2
¼ 1

4 d
2
2

udE ¼ 2udL � udC

y Eð Þ
t ¼ 0

8><
>: ð27Þ

After the angle udE is determined by Eqs. (12) and (22), the unknowns uE and ηE
also can be acquired.
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Because the points F and E are on the same tooth profile, ηF = ηE. Besides, the
point F is also on the addendum arc of the worm. Therefore, the following nonlinear
equations with unknowns uF and udF can be expressed as follows:

a� x Fð Þ
t

� �2
þ y Fð Þ

od

� �2
¼ R2

a1

y Fð Þ
t ¼ 0

8<
: ð28Þ

When the number of the worm thread is more and the transmitting ratio is less,it
was found that the reasonable guess value of Eq. (28) is not easy to be given.
Therefore, a methodology of number-shape combination to estimate the initial
value is proposed in this work. The definite means are as follows:

Simplifying the second equation of Eq. (28) yields:

uF ¼ a� Db cot i12udF � gEð Þ � rb sinudF

cosudF
ð29Þ

With the aid of Eq. (29), the first equation of Eq. (28) can be converted to a new
nonlinear equation with respect to the sole unknown udF and its corresponding
function can be represented as follows:

P udFð Þ¼ Db cot i12udF � gEð Þ � a½ � tanudF þ
rb

cosudF

� 	2

þ a� Db
sin i12udF � gEð Þ

� 	2

� R2
a1

ð30Þ

Then we can draw the pattern of this function and the values of its zero can be
obtained approximatively. In general, these zeros can be taken as the reasonable
guess value for the iterative computation of the new nonlinear equation.

After determining the values of udF and uF, the coordinates of the point F in rt
can be expressed as:

x Fð Þ
t ¼ �uF cosudF � rb sinudF þ að Þ cos gE � i12udFð Þ � Db sin gE � i12udFð Þ

ð31Þ

y Fð Þ
od ¼ �uF sinudF þ rb cosudF ð32Þ

In view of the symmetry of points B and F, the crest thickness of the edge tooth
of the TA worm can be represented as follow:

sb1 ¼ ABj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x Að Þ
t � x Fð Þ

t

� �2
þ y Að Þ

od þ y Fð Þ
od

� �2r
ð33Þ
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4 Numerical Examples and Discussion

In this section, six numerical examples are used to represent two typical cases as:
less Z1 and more i12 (E1, E3, E5); more Z1 and less i12 (E2, E4, E6). Herein, Z1 is
the number of worm thread. The major parameters of these numerical examples are
listed in Table 1, in which the value of Db is set in the interval [−0.35b2, 0.35b2] for
considering its actual physical meaning, where b2 is the tooth width of the worm
wheel.

In order to evaluate the top thickness of the edge tooth of an hourglass worm, the
coefficient of the crest thickness can be defined as Ks = sb1/mt. Generally speaking,
the crest thickness of the edge tooth is considered to be thick enough when
Ks � 0.35 [12].

For checking the correctness of the method proposed in this paper, the major
calculation results of the example E1 with Db = 0.20b2 are listed in Table 2. As
shown in Fig. 1b, the rotary angle ud of the cutter frame should be an acute angle
during a processing cycle. As Fig. 2b shows, the value of yod at the point A should
be equal to the Lw/2 roughly, while the absolute value of yod at the point F is
slightly larger than Lw/2. Besides, the values of u at the points A and F should be
nearly equal because they are both on the addendum arc of the worm. Similarly, the
values of u at the points C and L should also be equal approximately. Beyond that,
the values of the coefficient Ks should be less than l1/mt, because the value of l1 is
bigger than that of sb1 theoretically. Obviously, the results listed in Table 2 are in
accordance with the above geometrical facts. Consequently, we have reason to
believe that the method proposed in this paper is reasonable and the computed
results are correct.

The relationship of ks and Db are shown in Fig. 3. When Z1 is more and i12 is
less, ks decreases with the increase of Db. While in the case of less Z1 and more i12,
the crest thickness may be the largest when the TA worm is uncorrected, it means
that the height modification may reduce the top width of its edge tooth. Besides, it

Table 1 Major parameters of numerical examples

Parameters Examples

E1 E2 E3 E4 E5 E6

a (mm) 80 80 250 250 500 500

Z1 1 10 1 10 1 10

i12 60 3 60 3 60 3

b2 (mm) 20 20 63 63 125 125

Ra1 (mm) 62.6423 61.0361 202.1284 196.9456 411.1656 400.6229

d2 (mm) 128.4971 128.4931 414.6223 414.6223 843.4165 843.4165

rb (mm) 25 25 78.1250 78.1250 156.2500 156.2500

Lw (mm) 36.8176 33.9061 118.7995 109.4076 241.6595 222.5549

Db (mm) −0.35b2–0.35b2
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can be found that the sharpening of the edge tooth may be occur if the value of
Db is big enough under the condition of more Z1 and less i12, however it is scarcely
happen when Z1 is less and i12 is more.

5 Conclusions

For checking the tapering of the edge tooth of the height-modified TA worm, a new
method, which has more universal applicability, is proposed in this work. Due to
the geometric particularities of the height-modified TA worm, the crest thickness of
its edge tooth can be obtained semi-analytically and semi-numerically by this
method. Meanwhile, the major calculated results prove that this new method is

Table 2 Computed results of the example E1 with Db = 0.20b2

Calculated results

ud (°) yod (mm) u (mm) ux (°) Db (mm) l1 (mt) ks
Points A 6.1852 18.6211 57.8541 16.7142 4 1.2969 0.5617

C 6.2035 18.4088 59.6415 16.6959

L 23.9355 −1.3887 59.7445 −1.0361

F 41.6547 −19.7663 57.8440 −18.7553

E 41.6674 −20.9575 59.6158 −18.7681

Fig. 3 Curves of ks − Db
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impeccable. By using this method, the influence of the parameters on the crest
width of the edge tooth is studied systematically.

When Db < 0, the risk of the edge tooth tapering is lower in the case of more Z1
and less i12 than that of less Z1 and more i12, but it is opposite when Db > 0.
Namely, it will occur more easily when the number of worm thread is more and the
transmission ratio is less.

From the viewpoint of avoiding the edge tooth pointing, the selection of the
height modification quantities should be limited in a range. On the basis of the
computed results in this work, we suggested Db < 0.20b2 under the condition of
1 < Z1 < 10 and 3 < i12 < 80.

Acknowledgments The research work in this paper was fully supported by National Natural
Science Foundation of China under Grant No. 51475083, New Century Excellent Talents Project
by Education Ministry of China under Grant No. NCET-13-0116. National Key Basic Research
Development Plan of China (the 973 Program) under Grant No. 2014CB046303.

References

1. Crosher WP (2002) Design and application of the worm gear. ASME press, New York
2. Litvin FL et al (2004) Gear geometry and applied theory, 2nd edn. Cambridge University

Press, Cambridge
3. Dudley DW (1962) Gear handbook: the design, manufacture, and application of gears.

McGraw-Hill, New York
4. Buckingham E (1988) Analytical mechanics of gears, 3rd edn. Dover Publications. INC.,

New York
5. Dudas I (2000) The theory and practice of worm gear drives. Penton Press, London
6. Zhao YP et al (2014) Advances in the research of hourglass worm drives. In: Proceedings of

international symposium “theory and practice of gearing”. Izhevsk, Russia
7. Chen YH et al (2015) Development and classification of worm drive. In: Proceedings of the

14th IFToMM world congress. Taipei, Taiwan
8. Zhao YP et al (2010) Computer aided analysis on the meshing behavior of a height-modified

dual-torus double-enveloping toroidal worm drive. Comput Aided Des 42(12):1232–1240
9. Zhao YP et al (2010) Meshing analysis and technological parameters selection of dual tori

double-enveloping toroidal worm drive. Mech Mach Theory 45(9):1269–1285
10. Zhao YP et al (2011) Tooth flank modification theory of dual-torus double-enveloping

hourglass worm drives. Comput Aided Des 43(12):1535–1544
11. Shen YF (1981) Spatial meshing theory and SG-71 worm drives. Coal Industry Press, Beijing
12. Qi L et al (1987) Worm drives design. China Machine Press, Beijing
13. Dong XZ (2004) Design and modification of hourglass worm drives. Mechanical Industry

Press, Beijing
14. Zhou LY (2005) Modification principle and manufacture technology for hourglass worm

drives. National University of Defense Technology Press, Changsha
15. Dong XZ (1989) Meshing theory foundation of gearing. Mechanical Industry Press, Beijing

Calculation and Analysis on Crest Thickness … 1501



Architecture of a Hydraulic Hybrid
Vehicle with Pressure Cross-Feedback
Control

Zhuoqun Chen, Chaoyu Yu, Wei Wu, Chongbo Jing, Shihua Yuan
and Chongfeng Di

Abstract A hydraulic hybrid vehicle equipped with the hydraulic transformer is
proposed. The hybrid system features in rotary swash plate type hydraulic trans-
former and pressure cross-feedback control. The full numerical model has been
built. Extensive simulated and tested results are given. The contributions of the
hydraulic transformer dynamics to the hydraulic hybrid vehicle performance are
investigated. The proposed hydraulic hybrid vehicle can achieve the ideal vehicle
dynamic performance by adjusting the hydraulic transformer controlled angle. The
switching between the driving and the regenerative breaking of the hydraulic hybrid
vehicle is realized by the pressure cross-feedback control. The propulsion mode of
the hydraulic hybrid vehicle can be changed automatically. The larger hydraulic
transformer controlled angle realises a higher driving pressure while the smaller one
achieves a higher driving flow. Due to the small inertia of the hydraulic transformer,
the hybrid system is able to satisfy the speed requirement of the driver.

Keywords Hydraulic hybrid vehicle � Hydraulic transformer � Mathematical
modelling � Hydraulic transmission � Non-minimum phase system �
Cross-feedback control

1 Introduction

The hybrid vehicle is an effective method for the energy saving of the automobiles
[1]. Electric hybrid systems have received the most attention for the light-duty
vehicle. For the heavy-duty vehicle, hydraulic hybrid systems are more cost
effective [2]. Further, the hydraulic hybrid vehicle (HHV) presents the best method
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for the regenerative braking, especially for the vehicle with a high stop-and-go
frequency [3, 4]. There are three main types of the hydraulic hybrid systems: the
parallel hydraulic hybrid system [5], the series hydraulic hybrid system [6] and the
hydro-mechanical transmission [7]. All the hydraulic hybrid systems are composed
of the hydraulic pump/motor unit [8–10]. In the driving mode, the pressure oil goes
through a hydraulic pump/motor, which is connected to the power train. In the
regenerative braking mode, the kinetic energy drives the hydraulic pump/motor and
the pressure oils flow back into the hydraulic accumulator. With different hydraulic
circuits, the control of the hydraulic pump/motor unit can be divided into the
hydraulic valve controlled type and the hydraulic displacement controlled type. The
hydraulic valve controlled type has a faster response and a larger throttle energy
loss. The hydraulic displacement controlled type reaches a higher efficiency.
However, the efficiency is still lower than the electric hybrid system.

To further increase the hydraulic system efficiency, the hydraulic transformer
(HT) [11] is proposed. The HT performs both functions of a hydraulic pump and a
hydraulic motor. It can transform pressure to any desired level between zero and the
maximum value. In the conventional HHV, the operation of the hydraulic
pump/motor unit is based on the flow conservation. However, the HT for the HHV
is operated based on the torque balance of the cylinder. There is no mechanical
connection between the cylinder and other rotating components. For the HHV with
the HT, Acthen and co-researchers have analysed the basic configuration [12]. The
comparison between the conventional vehicle and the HHV was also presented by
the numerical simulation [13]. The theory of limit cycles has been applied to the
analysis of the HHV [14]. The existence of limit cycle and the stability of equi-
librium points in the system were discussed in detail. Further, the flow fluctuation of
the HT is larger than the hydraulic pump. Chen and co-researchers have indicated
that the series hydraulic accumulator is much superior to the parallel hydraulic
accumulator in terms of the pulsation damping of the HT [15].

This paper presents the patented configuration and the full-cycle model of an
HHV with the HT. Extensive simulated and tested results are given. The operation
characteristics of the HHV are discussed. The contributions of the HT dynamics to
the HHV performance are investigated. It is aimed to identify some special char-
acteristics of the HHV in contrast with the conventional hybrid vehicle.

2 Mathematical Modelling

2.1 System Configuration

The HHV consists of hydraulic common pressure rail (CPR), high/low-pressure
hydraulic accumulators, HT, and hydraulic pump/motor, as shown in Fig. 1.

Compared with the conventional design [12, 13], the proposed HHV has some
novel features:
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• The HT is a patented rotary swash plate type [16]. The design features the rotary
swash plate and conventional plunger pump type.

• The driving and breaking of the hydraulic motor is realized by the pressure
cross-feedback control. The propulsion mode is changed automatically.

The pressure oil of the CPR is adjusted by the HT and then delivered to the
hydraulic pump/motor. The vehicle speed control is achieved by changing the HT
controlled angle. The HT can drive the vehicle to move backwards without the
reverse gear by changing the HT controlled angle. The regenerative braking mode
is also realised by changing the HT controlled angle. The HT controlled angle is
adjusted by a servo-motor and a worm gear system.

The output torque-speed relation of the HHV in different operating modes is
shown in Fig. 2. In the driving mode, the HT controlled angle is positive. The
hydraulic operated check valve connected the port T of the HT is opened by the
high-pressure of the port B of the HT, as shown in Fig. 2a. The hydraulic operated
check valve connected the port B is closed at this time. The port B deliveries the
pressure oil to the hydraulic motor for forward propulsion. In the regenerative
braking mode, the HT controlled angle is negative. The hydraulic motor performs
pump function and the cylinder of the HT doesn’t change the rotating direction. The
pressure oil flows to the port T and opens the hydraulic operated check valve which
is connected to the port B, as shown in Fig. 2b. Thus, the port B is connected the
low-pressure rail. The kinetic energy of the HHV is recovered. It can be seen that
the pressure cross-feedback control of the HHV can switch between the driving
mode and the regenerative braking mode automatically. The only input signal is the
HT controlled angle which is determined by the angular position of the swash plate.
Compared with the conventional design [13], the throttle loss can be reduced and
higher energy efficiency is guaranteed. It is because that the electric slid valve is
replaced by a poppet valve and a larger flow area can be designed. Further, the
HHV can drive the vehicle to move backwards without the reverse gear based on
the hydraulic circuit.

Fig. 1 Configuration of the
hydraulic hybrid vehicle

Architecture of a Hydraulic Hybrid Vehicle … 1505



2.2 Key Components Model

To fully understand the vehicle operation, the governing equations of the hydraulic
hybrid vehicle are obtained. The dynamic model of the integrated hydraulic energy
transfer system is obtained by using the governing equations of the hydraulic circuit
components. The general equations of the hydraulic circuit components are first
introduced.

For axial piston pumps, both the pumping mechanism and the fluid compress-
ibility induce flow oscillations [17]. The oscillations may cause pressure ripples and
lead to vibrations and noise throughout the circuit. The same drawbacks also affect
the HT performance. Thus a fluid model coupled to the model of the HT is used to
predict and reduce the undesired phenomena. Vacca et al. [18] have made a
comparison between four different fluid models, coupled to a swash plate axial
piston pump model. It is observed that a fluid model that considers both gas and
vapour cavitation, agrees with experiments over a wider range of conditions. The
fluid model describes the oil phase change which occurs in a pressure range defined
by a higher and a lower limit.

Due to the same working principle of the HT and the axial piston pump, the fluid
model proposed has been used in the simulation. Further, the HT structure is similar
to the axial piston pump/motor. However, the HT contains three ports: port A, port
B and port T. Fewer pistons is allocated to each port which causes the higher
pulsation of the flow. This pulsation cannot be ignored to get the detailed dynamic
response of the HHV. Therefore, the HHV numerical model should be built based
on the one piston dynamic model individually. The dynamics of the HT are
determined by

JHT _xHT ¼
PZ
1
TP � cxHT � TD ðxHT 6¼ 0Þ
PZ
1
TP � TS ðxHT ¼ 0Þ

8>><
>>: ð1Þ

(a) Driving mode (b) Regenerative braking mode

Fig. 2 Operation principle of the HHV
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where JHT is inertia moment of the rotate shaft-cylinder-piston assemble, xHT is HT
speed, TP is driving torque applied by each piston, c is viscous damper coefficient,
TD is dynamic friction torque, TS is breakout friction torque and Z is piston number.

The driving torque of one piston is calculated as

Tp ¼ ppApR tan a sinðhþuÞ ð2Þ

where pp is pressure of the piston bore, AP is piston sectional area, R is radius of the
rotating group, a is swash plate angle, h is located angle of the piston and u is HT
controlled angle.

For the HT, a control volume is embraced by the piston bore, the cylinder barrel,
the slipper, the valve plate and the swash plate. The hydraulic pressure in the piston
bore is calculated by

dpp
dt

¼ BHðQ� dV=dtÞ
V

ð3Þ

where V is instantaneous volume, Q is instantaneous flow of the control volume, BH

is instantaneous bulk modulus and t is time.
The instantaneous volume can be calculated by

V ¼ V0 þAPR tanðaÞ sinðhþuÞ ð4Þ

where V0 is volume when the piston displacement is zero. The leakage of the piston
bore is expressed as follows

QlP ¼ KPpP ð5Þ

The valve plate of the HT contains three ports: A, B and T. The ports A, B and T
connect the high-pressure line of the CPR, the load and the low-pressure line of the
CPR, respectively. The relationship between the piston bore and the valve plate port
is described by the flow area change between the piston bore and the valve plate
port. This method is extensively used in axial piston pump simulations [19].

The swash plate dynamic model is reduced to a second-order system as follows

XPVðsÞ ¼ x2

x2 þ 21xsþ s2
ð6Þ

where XPV is transfer function for the swash plate motion, s is Laplace operator, x
is natural frequency and 1 is damping ratio.

The hydraulic motor is connected to the differential and receives the pressurised
flow from the HT. The flow and torque equations are derived for the hydraulic
motor using the motor governing equations. The hydraulic flow supplied to the
hydraulic motor can be obtained by
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Qm ¼ Kmpm þVmxm ð7Þ

where Qm is flow delivery of the hydraulic motor, Km is leakage coefficient, Vm is
displacement of the hydraulic motor, xm is speed of the hydraulic motor and pm is
differential pressure across the hydraulic motor.

The torque at the hydraulic motor driving shaft is obtained by

Tm ¼ Vmpmgmm ¼ TmI þ TmB þ TL ð8Þ

where Tm is total torque in the hydraulic motor, TmI is inertial torque, TmB is
damping friction torque TL is load torque and ηmm is mechanical efficiency of the
hydraulic motor.

The dynamic response of the hydraulic operated check valve affects the HHV
performance during the transition of different drive modes. Thus, the dynamic
modelling method is adopted which considered the dynamic response of the valve
spool. The hydraulic operated check valve in the hydraulic circuit is to permit flow
in one direction. The valve model is a spring-loaded check valve model with the
spool dynamics considered. The dynamic model of the spool is as follows:

mV
d2

xV
dt2 þ cVf

dxV
dt � FVfl þFVK þ pVin � pVoutð ÞSV þFC ¼ 0 ðxV \ xVmaxÞ

dxV
dt ¼ �CxVmax

dxV
dt ðxV ¼ xVmaxÞ

8<
:

ð9Þ

where mV is spool mass without spring mass incorporated, xV is spool displace-
ment, cVf is damping coefficient, FVfl is flow force, FVK is spring force, pVin is
pressure at the inlet port, pVout is pressure at the outlet port, SV is cross-section area
of the spool, FC is external spool control force, xVmax is maximum spool dis-
placement and CxVmax is spool speed coefficient.

The flow rate passing through the hydraulic operated check valve can be
obtained by

QV ¼ CVAVðxVÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 pVin � pVoutj j

qO

s
ð10Þ

where QV is flow rate through the valve, CV is flow coefficient, qO is hydraulic oil
density and AV is area in which fluid acts on the spool, which is determined by the
spool displacement.

Pressure relief valve is used for limiting the maximum pressure in hydraulic
circuit. A simplified model of the pressure relief valve in opening and closing states
[20] is obtained by
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kRVðp� pRVÞ ¼ 0 ðp[ pRVÞ
0 ðp� pRVÞ

�
ð11Þ

where kRV is slope coefficient of valve static characteristics, p is system pressure
and pRV is valve opening pressure.

The gas-charged accumulator relates the pressure at the inlet to the volume of
fluid within the chamber. This element takes on two distinct states: one when the
inlet pressure exceeds the precharge pressure of the gas chamber and the other is
when the inlet pressure is less than or equal to the precharge pressure. The gas is
assumed to be ideal. The governing equation is given below

VAC ¼ VAC0 1� ppr
p

� �1
c

 !
ð12Þ

where VAC is fluid volume within the accumulator, VAC0 is accumulator capacity,
ppr is gas precharge pressure and c is specific heat ratio. The flow rate of the
accumulator is the time derivative of VAC.

The longitudinal tire force FT acts upon the wheel shaft is described by the
following equation.

TT ¼ �rwheelFT ð13Þ

where rwheel is wheel radius and TT is external torque. The brake torque is also
applied on the rotational inertia/damper system.

The pressure of the hydraulic pipe is calculated with classical expression of a
hydraulic capacitive element:

dppipe
dt

¼ BH

Apipe

dQpipe

dx
ð14Þ

where ppipe is pressure in the pipe, Qpipe is flow through the pipe, Apipe is
cross-sectional area of the pipe and x is pipe length.

For the vehicle dynamics, a longitudinal vehicle dynamic model is used by the
following equation [21].

FT ¼ fmg cos bþmg sin bþ CDAu2

21:15
þ rm

du
dt

ð15Þ

where m is vehicle mass, g is acceleration of gravity, f is rolling resistance coef-
ficient, b is road grade, CD is air drag coefficient, A is vehicle frontal area, u is
vehicle speed and r is mass factor of rotating components. The inertia of the
rotating components has been lumped together into a single inertia element.

Architecture of a Hydraulic Hybrid Vehicle … 1509



3 Results and Discussion

3.1 Driving Mode Performance

A HHV power train test rig, which is mainly composed of HT, hydraulic
pump/motor and CPR, has been built. Figure 3 shows the hydraulic circuit and the
photo of the experimental apparatus. The circuit includes the load devices which are
the dynamometer and the inertia in the circuit.

The HHV can achieve the ideal vehicle dynamic performance, as shown in
Fig. 4. The constant torque output is guaranteed at a lower speed and the constant
power output is realised at a higher speed. Further, the power train can output the
maximum torque when the vehicle is standstill. In order to prevent the HT from
speeding, the controlled angel is adjusted continuously. And the fluctuation of the
controlled angel is slightly large during this time. In the constant torque stage, the
drop of the hydraulic motor torque appears as the controlled angel changes, as
shown in Fig. 4b. It seems that the drop mainly occurs when the controlled angel
rises. The drop of the hydraulic motor torque is due to the drop of the hydraulic
motor pressure. The HHV can achieve the ideal vehicle dynamic performance, as
shown in Fig. 4.

The simulated and measured results about the drop are given in Fig. 5 [22]. It is
seen that the drop is an inherent characteristic of the proposed HHV power train.
There are three ports on the HT valve plate. When the controlled angle is larger than
30°, the port B displacement of the HT becomes small with the increasing of the
controlled angle [16]. The proposed HHV power train becomes a non-minimum
phase system and the negative response characteristic is the inherent characteristic
of the system. To get higher control accuracy, the non-minimum phase of the
system should be considered in the controller design of the HHV power train.

The HT speed has the same variation with the hydraulic motor speed, as shown
in Fig. 6. Although, the variation trend between the simulation and the test are same
with each other, the response of the hydraulic motor speed is much slower in the
test. It is because that the efficiency of the HT prototype is low and difficult to
describe accurately in the simulation model. The relationship between the hydraulic

(a) Experimental schematic diagram (b) Experimental apparatus

Fig. 3 The HHV power train test rig
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(a) Simulated results of the HHV
acceleration

(b) Variation of the torque and the
controlled angle enlarged

Fig. 4 The propulsion responses of the HHV power train

(a) Simulated results (b) Measured results

Fig. 5 The hydraulic motor pressure and controlled angle responses with a step input

(a) Simulated results (b) Measured results

Fig. 6 Variation of the hydraulic motor speed and the HT speed
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motor speed and the HT speed is nonlinear. It is because the operation of the HHV
power train is based on the flow balance between the hydraulic motor and the HT.
The displacement of the port on the HT changes with the controlled angel during
the operation. Different from the mechanical transmission system, the rotating
component speeds of the HHV power train becomes more flexible. Further, the
speed has a large influence on the lifetime of the hydraulic component. Thus, the
parameter matching of the hydraulic motor and the HT is important in order to
prevent the hydraulic component from speeding [23].

3.2 Regenerative Braking Mode Performance

In the kinetic energy recovery operation, the rotating direction of the HT speed does
not change, while the rotating direction of the controlled angle reverses. The
hydraulic motor performs the pump function. The HT speed fluctuation appears
during the conversion from driving to regenerative braking, as shown in Fig. 7. The
conversion is usually fast for safety. The flow balance between the hydraulic motor
and the HT is broken at that time. Due to the much larger inertia connected to the
hydraulic motor, the fluctuation appears in the HT speed. It results in oscillations of
the braking torque of the HHV in the regenerative braking mode. The inherent
fluctuation is unhelpful for the service life and reliability of the HT. The tested HT
speed variation is affected by the efficiency, the inertia, the friction, et al. The
stability of the HT prototype at the low speed stage is also not guaranteed. All the
parameters mentioned above make the differences between the simulation and
the test.

(a) Simulated results (b) Measured results

Fig. 7 The dynamic responses of the HHV power train during the regenerative braking
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3.3 HT Work Points and Vehicle Performances

During the transformation of driving and braking, the high-pressure line and the
low-pressure line of the hydraulic motor are interchanged by changing the con-
trolled angel between positive and negative. To satisfy the vehicle speed require-
ment, the variation of the controlled angel is severe in the driving mode. In the
braking mode, the controlled angel changes little and a stable deceleration is
achieved.

In the urban driving cycle, the variations of the hydraulic accumulator pressure,
the controlled angel and the vehicle speed are shown in Fig. 8. The hydraulic
accumulator pressure boundaries are 25–30 MPa. It seems that the engine does not
power on in the low-speed mode by using the energy recovered. Further, the
operation time of the HHV engine te decreases 95 % during the whole cycle based
on the on the assumption that the engine of the conventional vehicle is power on in
the whole cycle. It is because that the HHV engine works at the maximum power
when it powers on. This reduces the operation time of the HHV engine with a
constant energy requirement. At the low-speed stage, the HHV requires a better
acceleration performance and the controlled angel becomes much larger to realise a
higher hydraulic motor driving pressure. With the increase of the vehicle speed, the
controlled angel decreases gradually to satisfy the driving flow and the power
requirements. At the regenerative braking stage, the requirement of the braking
strength is low and the HT controlled angel is small. When the vehicle brakes from
a certain speed to standstill in a short time at the low-speed stage, the controlled
angel becomes larger to get an enough braking torque.

(a) Operation time of the HHV engine
and hydraulic accumulator pressure

(b) Hydraulic accumulator pressure vs.
vehicle speed

Fig. 8 Variations of the hydraulic accumulator pressure and the HT controlled angle
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4 Conclusions and Future Work

The configuration and the full-cycle model of the HHV equipped with the HT were
presented. The contributions of the HT dynamics to the HHV performance have
been investigated. The results suggest the following. The parameter errors of the
system can be estimated by simply measuring the “flatness” of a fictitious plane
parallel to the x-y plane.

(1) The proposed HHV can achieve the ideal vehicle dynamic performance by the
adjustment of the controlled angle. The CPR pressure and the HT speed are
used as the feedback of the control system to guarantee the fast response and
reliability of the HHV power train.

(2) The switching between the driving and the regenerative breaking of the HHV
is realized by the pressure cross-feedback control. The propulsion mode of the
proposed HHV is changed automatically. Both the fast response and the high
efficiency are guaranteed.

(3) Due to the variation of the HT displacements determined by the HT controlled
angel, the relationship between the hydraulic motor speed and the HT speed is
nonlinear. The rotating component speeds of the HHV power train become
more flexible.
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The Vibration Modal Analysis of the Ball
Screw About Precision Machine Tools

Nian- Cong Liu, Jin Xie and Hao- Ran Zeng

Abstract In view of low accuracy in the traditional analysis method, the slender
ball screw is equivalent to the spring and the mathematical model is established by
the energy method, and the accurate solution of the natural frequency is obtained.
The SOLID187 element is applied to analyze the modes of the ball screw accurately
on the ANSYS workbench and obtain the first four modes. The result shows that the
prediction of the first 4 modes from the FEM of the ball-screw and that from the
measured ones is within 5 %, therefore the method avoids the error caused by the
traditional method effectively, and it is feasible to reduce the vibration of the feed
system in numerical control machine and improve the machining accuracy of
machine tool.

Keywords Ball screw � Modal analysis � Natural frequency

1 Introduction

Ball screw is an important transmission component for converting rotary motion
into linear motion. Due to its small frictional resistance, high transmission effi-
ciency, excellent wear resistance and high-speed characteristics and reversibility
advantages, the ball screw has been adopted in the machine tool industry, industrial
robots, agricultural machinery, automatic control system, and so on [1–3]. With the
increasingly high demands on the high speed, and high accuracy of the ball screw,
the vibration modal analysis is applied in the fault diagnosis and prediction, opti-
mization of structural dynamic characteristics, prevention of resonance and
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self-excitation vibration more and more, and has become one of the focus at home
and abroad.

As researchers at home and abroad analyze the dynamic characteristics of ball
screw, the theoretical method used in the study mainly include: (1) based on
Timoshenko beam, Euler-Bernoulli beam, the dynamics model was constructed.
For example, the dynamics model of machine feed system was built based on
Timoshenko beam, and the coupling vibration relations of the screw in different
direction were analyzed [4, 5]. Accused of neglecting the impact stiffness loss of
screw thread, analytical error is bigger. (2) the finite element method (FEM).
According to whether or not to ignore the characteristics of screw thread, the FEM
was classified into two categories. The effects of dynamic characteristics for screw
thread features were adequately considered [2, 6, 7]. The simplified model of ball
screw was directly adopted [8–10]. For small pitch, deep groove ball screw,
ignoring the influence of the characteristic of thread on damping, elasticity coeffi-
cient will tend to have larger error.

In this paper, a small pitch, deep groove ball screw is equivalent to the spring
whose axial-stiffness is large, the lateral vibration model for screw is established by
the energy method, and the accurate solution of the natural frequency is obtained.
FEM (finite element method) is applied for SFU2005-800. The comparison result
verifies the accuracy of the theoretical model, and provides a theoretical basis in
dynamic analysis of ball screw and wide bandwidth control of feed system.

2 Mechanical Model of Ball Screw

The ball screw structure, thrust bearing one side and radial ball bearing another
side, is considered the statically indeterminate structure that one end is hinged but
the other is rigid connection. For the ball screw, the heterogeneity of material
wasn’t considered, and the centroid of cross section is a spiral line. So the slender
ball screw can be regarded as the cylindrical helical spring with the great axial
stiffness and tight and smooth structure on both ends, as shown in Fig. 1.

The pure bending is tend to happen under the action of moment. Assuming that
the height of the spring is H, q is the curvature radius under bending, a is the helix

x

y

M M

H

t

n

y

z

M

Mn

Mt

y'

x'

My'

T

Mn

Fig. 1 Equivalent model of lead screw
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angle of the spring, so The work for the moment can be represented in the following
form:

U ¼ 1
2
M

H
q

ð1Þ

M is the principal moment in arbitrarily section of cylindrical spring, and the
radial and tangential component of M are: Mn ¼ M sin h;Mt ¼ M cos h. Mn can be
divided into torque T and bending moment M0

y which is vertical or tangent to
cross-section of spring wire.

M0
y ¼ M sin h sin a

T ¼ M sin h cos a

�
ð2Þ

Synthesize M0
y and Mt, and leads to

MZ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2sin2asin2hþM2cos2h

p
ð3Þ

The total deformed energy can be calculated as follows.

W ¼
Z2np
0

sin2asin2hþ cos2h
2EIZ

þ cos2 a sin2 h
2GIP

� �
M2D
2 cos a

dh ð4Þ

where n is number of active coils of spring, E is elastic modulus of materials, G is
shear modulus of materials, IZ is inertia moment of cross section of spring wire, IP is
polar moment of inertia of cross section of spring wire, D is middle diameter of
cylindrical spring.

According to work-energy theorem W ¼ U

Z2np
0

sin2asin2hþ cos2h
2EIZ

þ cos2 a sin2 h
2GIP

� �
MD
cos a

dh ¼ H
q

ð5Þ

The relationship between helical pitch and helix angle is taken as

H ¼ npD tan a ð6Þ

1
q
¼ M

np sin a

Z2np
0

sin2asin2hþ cos2h
2EIZ

þ cos2 a sin2 h
2GIP

� �
dh ð7Þ
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The equation integrating (7) is given by

1
q
¼ M

sin a
sin2aþ 1
2EIZ

þ cos2 a
2GIP

� �
ð8Þ

Based on the definition of curvature

1
q
¼ d2y

dx2
ð9Þ

So

d4y
dx4

¼ q
sin a

sin2aþ 1
2EIZ

þ cos2 a
2GIP

� �
ð10Þ

where q is transverse distributed load.
When

q ¼ �Acl
H

� @
2y

@t2
ð11Þ

where c is mass per unit volume.

@4y
@x4

¼ �Acl
H

� 1
sin a

sin2aþ 1
2EIZ

þ cos2 a
2GIP

� �
@2y
@t2

ð12Þ

Assume that

a2 ¼ H sin a

Acl
sin2aþ 1
2EIZ

þ cos2 a
2GIP

� � ð13Þ

So

a2
@4y
@x4

þ @2y
@t2

¼ 0 ð14Þ

Equation (14) is the partial differential equation of free vibration about equiva-
lent beam.

The separation variable method is adopted to solve it. Because the vibration
mode has nothing to do with the time, the general solution is assumed as follows.

yðx; tÞ ¼ YðxÞ � ZðtÞ ð15Þ
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The modal can be obtained by substituting (15) into (14)

a2
d4Y
dx4

� 1
Y
¼ � d2Z

dt2
� 1
Z

ð16Þ

The left and right ends of Eq. (14) are constant which is assumed to p2.

d2Z
dt2

þ p2Z ¼ 0 ð17Þ

d4Y
dx4

� k4Y ¼ 0 ð18Þ

where k4 ¼ p2

a2
.

The solution of equations for vibration is obtained by formula (17) and (18).

yðx; tÞ ¼ ðC1 sin kxþD1 cos kxþC2 sinh kxþD2 cosh kxÞ½A sinxtþB cosxt�
ð19Þ

where A, B, C1, C2, D1 and D2 are the coefficients and determined by boundary
conditions.

While x = 0
So

y ¼ 0
@y
@x

¼ 0 ð20Þ

C1 sin kxþD1 cos kxþC2 sinh kxþD2 cosh kx ¼ 0

While x = H
So

y ¼ 0
@2y
@x2

¼ 0 ð21Þ

So

D1 ¼ �D2; C1 ¼ �C2

By formula (21), the equation of frequency can be derived.

tan kH ¼ tanh kH ð22Þ

The solution of equation can be obtained by MATLAB.
k1H = 3.9266, k2H = 7.0686, k3H = 10.2102, k4H = 13.3518.
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The parameters of single-nut ball screw for SFU2005-800 is: the nominal
diameter of 20, 5 mm lead, helix Angle of 4° 33′, the maximum length of 800 mm.
The first four grades of natural frequency of Screw can be obtained which are
107.5614, 321.81, 640.12 and 1074.93 Hz.

3 Analysis of Speed Ball Screw Based On FEM

The entity model of single-nut ball screw for SFU2005-800 is establish and
imported into ANSYS. The model material is given for GCr15. The screw is
meshed by adopting the structural unit with 3D 10-node tetrahedron and smart grid
meshing [11]. The meshing refinement level is 5, and 29,498 units and 54,672
nodes are obtained, as shown in Fig. 2. To simplify the analysis, the Lanczos Block
method is used to solve the model under the free boundary condition. Because the

Fig. 2 Finite element model of a ball screw

(a) First order (b) Second order

(c)Third order (d) Fourth order

Fig. 3 Vibration mode of the ball screw
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external excitation (noise) is low frequency commonly, so the first four order
vibration mode are analysed mainly, as shown in Fig. 3.

From Fig. 3, the first four modes are bending mode and the vibration type are
orthogonal modes in the two mutually perpendicular planes. The maximum bending
deformation is in the middle of each order bending of the ball screw. The first four
grades of natural frequency of screw obtained by simulation is shown in Table 1.

Table 1 shows that compared with the calculated value of natural frequency of
ball screw, the error is less than 5 % of every order mode, and proves that the
calculation result is accurate and reliable.

4 Conclusions

(1) The equivalent transformation is adopted to transform slender ball screw into
the spring, and the energy method is used to establish its mathematical model,
and the accurate natural frequency is obtained. The method avoids the error
caused by the traditional method effectively, which lays the foundation in the
analysis of the vibration of the feed system and the improvement of the
machining precision.

(2) Simulation results show that compared with FEM the error of the theoretical
calculation is less than 5 %, and verifies the validity and reliability of the
mechanical model, and provides an accurate modeling method for the dynamic
analysis of the lead screw.
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The Kinematic Invariants in Testing Error
Motion of Machine Tool Linear Axes

Yu Wu, Delun Wang, Zhi Wang, Huimin Dong and Shudong Yu

Abstract A discrete kinematic geometry (DKG) approach is proposed in this paper
to deal with the kinematic behavior of testing a machine tool linear axis when
geometry errors are taken into consideration. An apparatus is set up in connection
with a newly acquired 6D high-precision measurement instrument to investigate the
actual motion of a worktable (three translations and three rotations) using the
proposed model and the measurement data. The invariants for the evaluation of the
discrete error motions, especially the spherical image curve and the directrix (Wang
and Wang in Kinematic differential geometry and saddle synthesis of linkages.
Wiley, Singapore, 2015, 1) are analyzed and compared with the ideal curves, which
produce some remarkable global invariants of the erroneous motion of the work-
table like the spherical envelope circle error surface and the directrix error space.
Three test cases are presented to illustrate how the DKG approach is used to
evaluate the accuracy of a machine tool linear axis in a comprehensive and sys-
tematical way.

Keywords Discrete kinematic geometry � Invariant � Spherical image curve �
Directrix � Error evaluation

1 Introduction

A machine tool linear axis consists of a worktable and a relative fixed frame, and is
actually a prismatic joint or a slide way. A perfect linear axis, or an ideal prismatic
joint, restrains five degrees of freedom (DOFs), and permits one linear displace-
ment. If machining errors of the joint interfaces and component deformations are to
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be taken into consideration, the worktable actually moves in a three-dimensional
manner and causes deviations from the ideal motion.

According to the standards ASME B5.54-2005 [2] and ISO 230-1-2012 [3, 4],
the geometric accuracy of the linear axis consists of six error terms covering the
linear displacement errors (including positioning accuracy) and the straightness
errors (also called the roll, pitch and yaw). The measurement approaches of the
linear error motion are defined in the standards above. The typical measuring
instrument is the XD instrument with laser interferometer. Furthermore, many
researchers proposed a number of methods for the linear error motion test. Lin [5]
measured the volumetric errors by means of the laser tracker system which moved
toward the space diagonal and only in need of one setup. Knapp [6], Okuyama [7],
Ziegert [8] focused on the circular test for numerically controlled machine tools by
CBP method and DBB method, analyzed the motion of each axis by error sepa-
ration. With the multi-line method such as 9-line and 22-line method, Chen [9] and
Tian [10] established the parameter identification model for geometric error
assessment.

The common point above is that, the error evaluation is based on the measured
function point. The result of the evaluation depends on the measurement coordinate
system, and it is not the unique one. For example, the linear displacement errors can
be affected by the angular displacement errors in tests, such as the Abbe error/offset
and the Bryan principle [11]. Can the errors be clearly and strictly defined for a
linear axis? Is there another convenient analysis method to decompose the angular
and linear displacements and provide a theoretical base for evaluating accuracy of
an individual linear axis of machine tools?

During testing the six error terms of an individual linear axis, the worktable
occupies a series of permissible discrete positions. The points and lines on the
worktable will trace the corresponding discrete trajectories whose geometric char-
acteristics are used to evaluate the accuracy of the linear axis, which naturally is a
DKG topic. In this paper, a kinematic geometry model, corresponding to a typical
measuring scheme, is presented to describe and analyze the accuracy in testing a
machine tool linear axis. The kinematic parameters of the worktable, three rotations
and three translations, are determined using the proposed model and measured
displacements. The discrete trajectories traced by the points and lines on the
worktable are mapped into the directrixes and the spherical image curves, whose
invariants are used to evaluate the accuracy of the linear axis.

2 The Kinematic Geometry Model

2.1 Description of Testing a Machine Tool Linear Axis

A typical scheme, similar to that mentioned in ASME B5.54-2005, is used to test
machine tool linear axis by the XD measuring instrument, shown in Fig. 1. A fixed
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coordinate system {Of; if; jf; kf}, attached to the frame, is chosen in such a way that
its coordinate axes coincide with the axes of the machine tool. A moving coordinate
system {Om; im; jm; km} attached to the moving worktable, or the assembling
position of the laser instrument on the work table, is chosen in way that its origin
Om coincides with the original-point of the laser, and its im axis coincides with the
direction of the laser, its km and jm axes are perpendicular to im. A discrete location
is described in {Of; if; jf; kf} with superscript (i), such as fOðiÞ

m ; iðiÞm ; jðiÞm ; kðiÞm g��[ .
The six error terms of a linear axis, both linear and angular displacements, can be

measured by the XD measuring instrument for a measuring position (i) of the

worktable, as shown in Fig. 1. The linear displacements xðiÞom of the worktable in the
direction of the linear axis can be directly revealed by the laser interferometer; the

two other linear displacements yðiÞom; z
ðiÞ
om

� �
, or the lateral motion in the two direc-

tions orthogonal to the direction of the linear axis are measured and shown by
means of the sensors in the fixed frame. The angular displacements (errors) cor-
responding to the yaw a(i), pitch b(i) and, roll c(i) can be determined by the angular
optical sensors mounted on the fixed frame. Generally, five of the six error terms
come from the loci of the lines of the laser beam except that the angular dis-
placement c(i), measured by an electric level sensor.

In the ideal case, or the worktable moves straight in the desired direction, the
trajectory of any line of the worktable, including the line of the laser beam, is a
plane or a line in the fixed frame. In fact, the worktable has an error motion in
six-DOF, five error terms come from the line-trajectory by comparing it with that in
the ideal case. Hence, different positions of the laser beam line produce different
line-trajectories. Some useful cases were pointed out by Abbe and Bryan [11].

Fig. 1 Schematic of testing a machine tool linear axis
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2.2 Kinematical Geometry Model in Testing a Linear Axis

Figure 2 shows a typical machine tool linear axis with erroneous slide ways and
erroneous worktable interfaces.

To study the kinematic geometry of the worktable, the relationship between the
moving frame {Om; im; jm; km} and the fixed frame{Of; if; jf; kf}, or the six kine-
matical parameters—three translations {xom, yom, zom} and three angles of rotation
{a, b, c} need to be established. The origin Om of the laser beam has the coordinates
(0, 0, 0) in the coordinate system {Om; im; jm; km} of the worktable

P�, and its
coordinates are {xmf, ymf, zmf} in the fixed frame{Of; if; jf; kf}. The rotation trans-
formation matrix from the coordinate system {Om; im; jm; km} to the coordinate
system {Of; if; jf; kf} can be written as

½Rmf � ¼
cacb casbsc� sacc casbccþ sasc
sacb sasbscþ cacc sasbcc� casc
�sb cbsc cbcc

2
4

3
5 ð1Þ

A point Pm on the worktable with coordinates (xpm, ypm, zpm) moves with the
worktable and traces a trajectory CP in {Of; if; jf; kf}, whose vector equation is

CP : RPf ¼ ROm þ ½Rmf �RPm ð2Þ

where Rmf¼ ½xmf ; ymf ; zmf �T is the vector of point Om; and RPm ¼ ½xPm; yPm; zPm�T is
the vector of point Pm.

Similarly, a line Lm on the worktable
P*with the direction angular (dsm, hsm),

passes through point Pm can be represented in the matrix form as

½lm1; lm2; lm3� ¼ ½sdsmchsm; sdsmshsm; cdsm� ð3Þ

Line Lm of the worktable moves in {Of; if; jf; kf}, traces a line-trajectory
P

lf, or a
ruled surface, whose equation can be written as

Fig. 2 Sketch of a machine
tool linear axis

1528 Y. Wu et al.



X
Lf

: RLf ¼ RPf þ k½Rmf �lm ð4Þ

where k is the parameter of the generatrix; lm ¼ ½lm1; lm2; lm3� is the unit direction
vector of line Lm.

Specially, the line-trajectory
P

lf traced by the line of the laser beam im, shown in
Fig. 3 for a series of discrete positions, can be denoted as

X
lf
: Rlf ¼ Rmf þ k½Rmf �im ð5Þ

In testing a machine tool linear axis, the loci traced by points and lines of the
worktable in {Of; if; jf; kf} can be determined from the kinematic geometry equa-
tions in connection with the measurements. It is noted that the measurements of the
actual motion of the worktable relative to the fixed frame with six DOFs including
the nominal linear motion, need to be taken only once. The kinematic geometry
characteristics of all point-trajectories and line-trajectories can be determined and
described by the kinematic invariants of the erroneous motion of the worktable.

3 The Discrete Kinematic Invariants

3.1 Kinematical Geometry Model in Testing a Linear Axis

As mentioned above, both point-trajectories and line-trajectories can be described in
Eqs. (1)–(5). However, the actual motion of the worktable are expressed by a series
of discrete data, acquired using an instrumentation. Hence, in this paper, we pro-
pose to use the discrete kinematic invariants of spatial motion of a rigid body to
study the actual erroneous motion of a machine tool linear axis.

Fig. 3 Line-trajectory of
laser beam in the fixed frame
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A ruled surface in the fixed frame {Of; if; jf; kf}, traced by a line of the worktable,
represented by Eq. (4) for continuous parameters, can be rewritten for the discrete
parameters as

X
Lf

: RðiÞ
Lf ¼ RðiÞ

Pf þ k½RðiÞ
mf �lm ð6Þ

Corresponding to the discrete position in testing an individual linear axis xðiÞom, the
geometric properties of a discrete ruled surface traced by a line of the worktable can
be completely calculated by Eq. (6), whose vector equation can be written in a
standard form as

X
Lf

: RLf ¼ q
ðiÞ
Lf þ klðiÞf ; i ¼ 1; . . .; n ð7Þ

The kinematic invariants, independent of the coordinates system used, are nat-
urally a set of most effective parameters for studying the geometric properties of
discrete ruled surfaces. The directrix and spherical image curve are the typical
invariants of a ruled surface. Consequently, the DKG approach is a powerful tool to
compare geometric characteristics of two discrete ruled surfaces, which is believed
as a novel approach in testing an individual linear axis.

3.2 The Minimal Directrix of Error Motion

The trajectory of any point PðiÞ
m in the generator of the ruled surface, defined a

directrix, could be written as following:

CðiÞ
P : RðiÞ

Pf ¼ RðiÞ
Om þ RðiÞ

mf

h i
RPm ð8Þ

Obviously, the directrix degenerates into a straight line without error motion.
While in the actual situation, there is a minimal directrix in the fixed frame, cor-
responding to a point in the moving body, which has the minimal error respect to its
fitting line. The mathematical model for the minimal directrix can be written as
follows:

D ¼ min max
1� i� n

ff ðiÞðxÞg

f ðiÞðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðiÞ
p � R0

��� ���2�ððRðiÞ
p � R0Þ � l0Þ

r 2

R0 ¼ ðx0; y0; 0Þ
x ¼ ðx0; y0; n; gÞ

8>>>>><
>>>>>:

ð9Þ
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d ¼ minDðpÞ
p ¼ ðxpm; ypm; zpmÞ

�
ð10Þ

while (xPm, yPm, zPm) is the coordinate parameters of the point in the moving body,
and (x0, y0, f, η) is the parameters for the fitting line l0. The optimization model (9)
is for the saddle line fitting [12] of all the points and their corresponding errors,
while (10) is to search for the point corresponding to the minimal directrix called
the minimal error point. Both the minimal directrix and the minimal error point are
the invariants of the error motion of the worktable.

3.3 The Spherical Image Curve of Error Motion

The directions of the generatrix of the discrete ruled surface can be mapped into a
curve on a unit spherical surface, or a spherical image curve of the direction vector
lf, and can be calculated from the following equation

lðiÞf ¼ ½RðiÞ
mf �lm; i ¼ 1; . . .; n ð11Þ

In the case of ideal linear motion, the discrete spherical image curve is a single
point on the unit spherical surface. Similar to the directrix, there is a vector with the
minimal angular error, called as the minimal error vector. The optimization model
for minimal error vector can be written as:

D ¼ min
a
fgðxÞg

gðxÞ ¼ arc sinðl0 � lðiÞÞ
x ¼ d1; d2ð ÞT

8><
>: ð12Þ

d ¼ minDðpÞ
p ¼ ðam; bmÞ

�
ð13Þ

while (am, bm) are the direction parameters of the vector in the moving body, and
(d1, d2) are the parameters for the fitting orientation in the rigid system. All the
orientations and their errors, including the minimal error orientation, can be solved.

From the viewpoint of the DKG of a rigid body, the global kinematic invariants,
the directrix error space and the spherical image curve error surface can thoroughly
describe the properties of the moving worktable in its erroneous motion, as dis-
cussed as follows.
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4 Case Studies

4.1 Case 1: Line-Trajectory

In this test case shown in Fig. 4, the laser instrument is placed on the worktable of a
machine center (DMG-DMC1035V) at approximated coordinates (150, 0, 0). The
parameters of the instrument are as follows: the linear accuracy is 0.5 ppm, the
straightness accuracy is 1 + 0.2 (lm/meter traveled), while the angular accuracy is
1.0 + 0.1 (arcsec/meter traveled). The six error terms measured are shown in Fig. 5.

The line-trajectory of the laser beam can be calculated by means of the proposed
kinematic geometric model and Eqs. (1)–(9). The line-trajectory

P
lf of the laser

beam line and its directrix are calculated and shown in the fixed frame in Fig. 6.
The discrete spherical image curve of the line-trajectory of the laser is calculated by
Eq. (9) and shown in Fig. 7.

Fig. 4 Test apparatus for a linear axis (case 1)

Fig. 5 Erroneous linear and angular motions of the X-axis on the worktable (case 1)
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The laser line in Case 1 is just one of the lines of the worktable. Does it show the
linear accuracy of the linear axis? If not, measurements for a different laser line can
be obtained by putting the laser instrument on the worktable with another position,
but is there is a most suitable position on the work table for the laser with least
error? It would certainly be the global invariants of the linear axis error motion of
the work table.

4.2 Results from Three Test Cases

The laser instrument is placed for other two test cases. All the three cases are
described in Table 1 for the laser instrument on the worktable, shown in Fig. 8. One
hundred discrete positions are measured in each case.

By means of the XD measuring instrument, the measuring data was obtained
corresponding to the three cases, the three linear errors are shown in Fig. 9a–c, and
the angular errors are shown in Fig. 10a–c.

Fig. 6 The line-trajectory of laser beam and the directrix of line-trajectory of laser (case 1)

Fig. 7 Discrete spherical image curve of laser and the detail view (case 1)
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Three groups of data, shown in Figs. 9 and 10, for the erroneous motion of the
worktable in testing a single linear axis, indicate that the measuring results are
sensitive to the positions of the laser instrument, which agrees with the Bryan
principle in the ASME standard. The question is how to choose a reasonable
measuring position of the laser instrument on the worktable. Is there any intrinsic
relationship among different groups of measurements? This is a fundamental
question faced by today’s machine tool design and manufacture engineers.

4.3 Kinematic Invariants of the Error Motion

(1) The directrix error space and the minimal straightness error point

In case one, the directrix error space and its 3-D contour lines are depicted by
Eqs. (8)–(10) in Fig. 11a, b, which show the directrix errors of all points in the
moving body. Particularly, the deep blue position with the coordinate (247.72,
−220.25, −67.13) corresponds to the minimal straightness error point, and the
trajectory is closest to a straight line with the spatial straightness error 1.79 lm.
Figure 11c shows the contour lines on plane z = −87.13 mm.

Similar to case one, the directrix error space and its contour lines in case two and
case three can be obtained, shown in Figs. 12 and 13. The coordinates of minimal

Table 1 Three cases for
testing an individual linear
axis

Cases X-axis travel
distance

Y
coordinate

Z
coordinate

1 150–750 0 0

2 150–750 145 0

3 150–750 245 120

Fig. 8 Three measuring
cases for locations of laser
instrument

1534 Y. Wu et al.



straightness error points are (256.17, −365.48, −69.62) and (253.22, −425.08,
−188.47), corresponding to the minimal error 1.71 and 1.74 lm separately.

Actually, the trajectory of each point in the moving body lies on the linear error
motion itself. When the working space and the moving coordinate system are
confirmed, the directrix error space is uniquely determined. Therefore, the it can
used as the global invariant and the minimal straightness error as a especial one to
evaluate the position accuracy of an individual linear axis integrally and
objectively.

(2) The spherical envelope circle error surface, the minimal/maximal error vector

A line of the worktable will correspond to its discrete spherical image curve error
and discrete directrix error. All of these errors are taken as the Z-coordinate and the
direction parameters of the line of the worktable are designated as the X and Y
coordinates, which form a spherical envelope circle (SEC) error surface in three
dimensions in Fig. 14a and projecting plane with contour lines in Fig. 14b. There
exists a minimal error vector RP1 on the SEC error surface, corresponding to line
Lm1 [0.1052, 0.9306, 0.3507] of the worktable, and its discrete spherical image

Fig. 9 Linear errors of a linear axis for three cases
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curve error is 2.42e−06 rad. There also exists maximal error vector RP2 corre-
sponding to Lm2 [−0.0400, −0.3193, 0.9468], with the maximal error 2.31e−5 rad
and forms an angle 88.23° with the minimal vector. The SEC error surface reveals
the kinematic geometric properties of the erroneous motion and is independent of
the measuring positions. The local coordinate system {O; L1; L2; L3} of the SEC
error surface can be set up to identify the position and orientations of the worktable,
while L3 = L1 � L2.

Similarly, the SEC error surface in Case 2 can also be drawn in three dimensions
in Fig. 15a, and the projecting plane with contour lines in Fig. 15b. Here line Lm1
[−0.2490, 0.9218, 0.2970] of the worktable corresponds to a minimal error value of
2.47e−06 rad. Line Lm2 [0.1941, −0.2254, 0.9563] corresponds to a maximal error
2.33e−5 rad forms an angle 88.43° with the minimal vector.

The local coordinate system of the SEC error surface in Case 3 can be estab-
lished by the line of the worktable with the minimal SEC error value and the line
with maximum error value shown in Fig. 16, which is same as that in Fig. 14 of
Case 1.

In the same way, the SEC error surface in case three can be drawn in three
dimensions in Fig. 16a, and the projecting plane with contour lines in Fig. 16b.
Line Lm1 [−0.1589, 0.7343, 0.6599] corresponds to a minimal error value of 2.44e

Fig. 10 Angular errors of a linear axis for three cases
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−06 rad. Line Lm2 [−0.8954, −0.3801, 0.2316] corresponds to a maximal error
2.27e−5 rad forms an angle 89.08° with the minimal vector.

The local coordinate system of the SEC error surface can be established by the
line of the worktable in Fig. 16, which is similar to that in Fig. 14 of Case 1, and in
Fig. 15 of Case 2. Eliminate the repeatability influence, both the line of the

Fig. 11 The directrix error space and its contour lines in case one

Fig. 12 The directrix error space and its contour lines in case two
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Fig. 13 The directrix error space and its contour lines in case three

Fig. 14 The local coordinate system of SEC error surface and with contour lines in case one

Fig. 15 The SEC error surface and with contour lines in case two
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worktable with the minimal/maximal SEC error and the coordinate system of the
SEC error surface are the same in all three cases since they are the invariant in
testing a machine tool linear axis. This implies that one measuring position (lo-
cation of laser beam on the worktable) is enough for testing to determine the line of
worktable with the minimal SEC error, which is the benchmark of accuracy in
testing a machine tool linear axis.

5 Conclusions

(1) The kinematic geometric model of a typical testing device, XD measurement
instrument, can completely describe the kinematic geometric properties of the
actual motion of the worktable.

(2) The discrete kinematic invariants, the spherical image curve and the directrix,
of the ruled surfaces traced by lines of the worktable reveal the intrinsic
geometric properties of the erroneous motion of the worktable.

(3) The global kinematic invariants of the erroneous motion of the worktable
including the directrix error space and the SEC error surface, are a new
benchmark in evaluating the accuracy in testing a machine tool linear axis.

Acknowledgments This research was supported by the Technology Major Project
(No. 2015ZX04014021-03).

Fig. 16 The SEC error surface and with contour lines in case three
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Abstract Due to the demand for precise positioning and high precision trajectory
of robots end-effector, laser tracker measurement functions in position and gesture
of a target are studied respectively. For the position measurement of the target, laser
interference (IF) measurement method based on phase difference and absolute
distance (AD) measurement method based on dual frequency modulation signal are
analyzed. In order to ensure position measurement accuracy, switch condition for
two measuring methods and operation mode are introduced, and the measurement
accuracy up to 6 lm/m. For the gesture measurement of the target, the measure-
ment principle of the monocular camera is analyzed. Based on four non-coplanar
feature points of measuring auxiliary instruments(such as Leica T-Mac) mounted on
the target, the monocular camera imaging model is simplified as the pinhole
imaging model, and combined with the quaternions transformation form of the
rotation matrix, measurement system’s single direction angle accuracy is up to
0.60″. This paper constructs based on the position and gesture measurement system
of the robot end-effector with laser tracker, setting the robot end-effector according
to the predetermined linear trajectory, to move with different velocities. And the
laser tracker is used to measure the position and gesture of the robot end-effector
trajectory discrete points and the robot end-effector’s position error and gesture
error are analyzed to check the robot end-effector positioning accuracy. The laser
tracker is the measurement device of the position and gesture of the robot
end-effector, which can lay the foundation for robot calibration.
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1 Introduction

Six Degree-of-Freedom (DOF) laser tracker can achieve the position and gesture
measurement of a target, and it has been widely used in calibration of the space
robot positioning accuracy, and trajectory planning and so on for aerospace man-
ufacturing and assembly. Laser tracker has a variety of types, and the measurement
methods include absolute distance measurement, relative distance measurement and
absolute and relative distances measurement. In the position measurement of the
target, In Reference [1], laser interferometer (IFM) is used to achieve the mea-
surement. The measurement accuracy is high, but the system needs to be reini-
tialized after the laser beam is off. In Reference [2], the absolute distance meter
(ADM) is used to measure the target position, which can ensure the system to
continue to measure without initialization, but the measurement accuracy is low. In
the gesture measurement of the target, [3] calculates the target’s gesture by com-
bining the position where the laser beam irradiates to optoelectronic devices with
other sensors(such as angle instrument); the volume and weight of the retroreflector
target are large, so its applications are limited.

The paper focuses on the demand for precise positioning and high precision
trajectory of the robot end-effector, and researches on the principle of the laser
tracker measurement functions in position and gesture of the robot end-effector.
Through experimental measurements, by laser interferometer and absolute distance
measurement principle, the position of the robot end-effector is measured and
researched. By using monocular camera, the gesture of robot end-effector is mea-
sured. Combined both, the high precision measurement of the position and gesture
of the robot end-effector trajectory is ultimately achieved.

2 System Composition and Measurement Principle

A laser tracker system is mainly composed of a laser tracker, retroreflector targets,
an auxiliary controller, an auxiliary computer, and a gesture measurement camera.
As shown in Figs. 1 and 2, a laser tracker includes a body, a lengthened sleeve, a
magnetic nest and other components. The body includes a gesture measurement,
a distance measurement and a tracking controller and other auxiliary components
[4–6].

Based on the polar coordinate measurement principle, a retroreflector target is
placed on the measurement target, and the coordinates of the center of the
retroreflector can be determined by measuring the horizontal and vertical angles and
the distance. Through the coordinate transformation, the target position within the
Cartesian coordinate system can be calculated. As shown in Fig. 2, taking the
steering mirror center as the origin o, a spherical coordinate system o-R ab can be
established. Taking P(x, y, z) as the target point to be measured, Aðxa; ya; zaÞ as the
point of the magnetic nest and L as the distance between point P to point A, the
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included angle between the AP and the Z axis is b, and the included angle between
the projection of AP in the oxy plane and the X axis is a, so the coordinates of the
point P(x, y, z) are:

OP
�! ¼ OA

�!
+ AP

�! ð1Þ

x ¼ xa þ Lsinbcosa
y ¼ ya þ Lsinbsina
z ¼ za þ Lcosb

8<
: ð2Þ

In the above formula (3), the value of b and a are measured by two angle
encoders, and the value of L is obtained from the distance measurement.

Fig. 1 Schematic diagram of
the six DOF laser tracker
appearance. 1 T-Cam camera;
2 body; 3 lengthened sleeve; 4
magnetic nest
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3 Target Position Measurement Principle Based on Laser
Tracker

3.1 IFM Measurement Principle

As the laser interferometer optical path diagram is shown in Fig. 3, the He–Ne laser
beam splits into the reflected beam S1 and the transmitted beam S2 through a
spectroscope. The beam S1 is took as an interference reference light, the beam S2 is
took as a measurement light. When the beam S2 is reflected back through the
retroreflector target, combined with the beam S1, the coherent beam is formed.

If the retroreflector target is moving at the speed of V, according to the Doppler
effect, the frequency of the laser beam returned from the retroreflector target will be

Fig. 2 Schematic diagram of
internal structure of the six
DOF laser tracker. 1
monocular camera; 2 angle
encoder; 3 steering mirror; 4
laser beam; 5 reflector; 6 IFM;
7 ADM; 8 spectroscope; 9
position detector; 10 magnetic
nest; 11 retroreflector; 12
motor

Fig. 3 IFM measurement optical path diagram
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changed. If the reference light frequency is f1, the measurement light frequency is
f2, the frequency change will be:

Df ¼ f2 � f1 ð3Þ

And the measurement beam path changes are 2 times of retroreflector target
displacement, so the Doppler frequency shift can be given as:

Df ¼ 2v
c
f ð4Þ

In the above formula (4), c is the light propagation velocity in the air, v is the
movement speed of the retroreflector target, f is the light wave frequency (about
1014–15 Hz). Accordingly, assuming v = 10 m/s, c = 3� 108 m/s, so
Df ¼ 6:7� 106�7 Hz.

Setting the distance between the measurement light and the reference light or the
movement distance of the retroreflector target as L, n is refractive index of air
(about 1.00029), Dt is the movement time of the retroreflector target, Du is phase
difference between the measurement beam S2 with the reference beam S1, k is the
wavelengths of the light, so we can get the value of L:

L ¼ c
n
:
Dt
2

¼ c
n
:

Du
2D2pf

¼ Du
2p

:
k
2n

ð5Þ

By the above formula (5), if the phase difference is 2p, and because the Doppler
frequency shift is small, the movement distance resolution L of the retroreflector
target can be approximately equal to half a wavelength (about 0.3 lm). In order to
improve the measurement resolution of the laser interferometer, the frequency
multiplication method, the CCD subdivision method and the microcomputer sub-
division method can be used. The methods can make the measurement resolution
reach nanometer level [7]. For example, the four frequency multiplication, the eight
frequency multiplication method can be recorded to 1/4, 1/8 interference fringe
movement.

3.2 ADM Measurement Principle

As the laser interferometer (IFM) is an incremental code measurement device, the
interference (IF) device will stop counting when the system breaks off the light.
And the entire system will need to be reinitialized. So absolute distance meter
(ADM) is configured in the laser tracker. When lights are broken off, quick con-
nection with measurement system can provide reference distance measurement data
to ensure the IF device return to work.

Research on the Principle of Six Degree-of-Freedom … 1545



As absolute distance meter optical path diagram is shown in Fig. 4, the ADM
laser modulated by the ADM electronic device is divided into the reference beam
S3 and the measurement beam S4 through the optical fiber coupler. The reference
beam S3 and the measurement beam S4 with phase information are converted into
electrical signals to be mixed with the local oscillator signal respectively, and then
the phase difference heterodyne detection is performed.

When laser phase method is used to measure the absolute distance, the amplitude
of the laser is modulated with the modulation frequency f, and the absolute distance
d can be measured.

d ¼ c
2fn

:
Dh
2p

ð6Þ

In the formula (6), Dh is the phase difference between the reference beam S3 and
the measurement beam S4. As Dh is 2p for a period to change, and the phase
difference changed as 2p for a period is unable to be determined in laser phase
method, the distance d cannot be calculated. In order to solve the problem, the
lower modulation frequency is used to make the measurement distance (calculated
by phase difference) less than 2p. But when the phase error is constant, the mod-
ulation frequency is smaller, the measurement distance error will be larger. In order
to improve the measurement precision and achieve the long distance measurement,
the dual frequency modulation signal can be used to measure the distance. Low
frequency signal to ensure the measurement range, and high frequency signal to
ensure the measurement accuracy [8].

When the system uses high frequency signal to measure the distance, the fre-
quency will be above 109 Hz. This has a very high demand to the digital instru-
mentation, and the distance error may be larger. So we need to introduce the mixing
process, that’s a method by using difference frequency to process the reference
signal and the measurement signal [8, 9]. After reducing frequency, the phase
difference is constant, the signal period is enlarged, the phase measurement reso-
lution is improved, and the measurement accuracy is also improved.

According to the parameters of a laser tracker, ADM maximum distance is 25 m,
ADM measurement accuracy is 10 lm. We can select the launch frequency is
5 MHz and 1 GHz respectively, the vibration frequency is 5.004 MHz and

Fig. 4 ADM distance optical path diagram
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1.004 GHz, the difference frequency signal Dv is 4 kHz, the pulse signal frequency
v is 300 MHz. Assuming v1 ¼ 5MHz, v2 ¼ 1GHz, Dh ¼ 2p, the maximum dis-
tance can be measured.

d1 ¼ Dh
2p

:
c

2nv1
¼ 3� 108

2� 1:00029� 5� 106
� 29:99ðmÞ ð7Þ

d2 ¼ Dh
2p

:
c

2nv2
¼ 3� 108

2� 1:00029� 1� 109
� 0:15ðmÞ ð8Þ

The distance resolution of measurement phase distance is

@ d1 ¼ k1:
Dv
v

¼ 59:98� 4� 103

300� 106
¼ 0:80ðmmÞ ð9Þ

@ d2 ¼ k2:
Dv
v

¼ 0:3� 4� 103

300� 106
¼ 4ðlmÞ ð10Þ

The calculation results show that the above parameters can meet the require-
ments of the instrument measurement. After the reference beam and the measure-
ment beam have been photoelectric converted, mixing filtered, and amplified and
shaped, the absolute distance d is

d ¼ 0:80� n1 þ 4� 10�3 � n2ðmmÞ ð11Þ

In the formula (11), n1, n2 are all integers.

4 Gesture Measurement Principle

4.1 Coordinate System Definition

The laser tracker system in the measurement involves multiple coordinate systems,
including the target coordinate system and the camera coordinate system, the image
plane pixel coordinate system, the image plane physical coordinate system [10].
Each coordinate system is shown in Fig. 5.

The definition of each coordinate system as follows:
Target coordinate system otxtytzt: the origin ot of the coordinate system is

located in the upper surface geometry center of the target unit; the zt axis is
vertically upward to the target unit, the xt axis is up to parallel to the paper surface,
and the yt axis and the xt and zt axes form the right hand coordinate system.

Camera coordinate system ocxcyczc: the origin oc of the coordinate system is
located in the optical center of the camera; the positive zc axis goes along the optical
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axis of the camera toward the target, the xc axis and the yc axis respectively parallel
with the image plane U axis and V axis.

Image plane physical coordinate system oxuyv: the coordinate system is the
physical coordinate system; the origin o of the coordinate system is the intersection
point of the optical axis of the camera and the image plane, the xu axis and the yv
axis are parallel to the U axis and the V axis of the image plane.

Image plane pixel coordinate system oouv: the coordinate system is the pixel
coordinate system; the coordinate system origin oo is located in the upper left corner
of the image, the U axis and the V axis are parallel with the row and column of the
image plane.

4.2 Monocular Camera Measurement Model

Setting any feature point pt in space as (xt, yt, zt) in the target coordinate system, as
(xc; yc; zc) in the camera coordinate system, as (xu; yv) in the image plane physical
coordinate system, as (u, v) in the image plane pixel coordinate system.

If origin o in the image plane physical coordinate system oxuyv is coordinates
(u0; v0) in the coordinate system oouv. dx, dy respectively represents the physical
dimensions of each pixel in the x axis and the y axis direction. So we can get the
following formula.

u
v
1

2
4

3
5 ¼

1
dx

0 u0
0 1

dy
v0

0 0 1

2
4

3
5 xu

yv
1

2
4

3
5 ð12Þ

If the laser tracker coordinate systems are set according to Fig. 5, the relation-
ship between the camera coordinate system and the target coordinate system can be
expressed by the linear combination of the rotation matrix R and the translation
matrix t. Therefore, the space conversion between the two coordinate systems are as
follows:

Image plane          Camera Target

Fig. 5 The laser tracker coordinate systems
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xc
yc
zc
1

2
64

3
75 ¼ R t

0T 1

� � xt
yt
zt
1

2
64

3
75 ð13Þ

In general, the object distance is far greater than the focal length f. By Gaussian
imaging formula, we can approximately replace the camera lens imaging model
with the pinhole imaging model. The feature point pt transformation relationship
between the image plane physical coordinate system and the camera coordinate
system is:

zc
xu
yv
1

2
4

3
5 ¼

f
0
0

0
f
0

0
0
1

0
0
0

2
4

3
5 xc

yc
zc
1

2
64

3
75 ð14Þ

With the formula (12)–(14), we can know

zc
u
v
1

2
4

3
5 ¼

fx 0 u0
0 fy v0
0 0 1

0
0
0

2
4

3
5 R t

oT 1

� � xt
yt
zt
1

2
64

3
75 ¼ M0

xt
yt
zt
1

2
64

3
75 ð15Þ

In the above formula (15), fx ¼ f=dx; fy ¼ f=dy;M0 is the product of the pro-
jection matrix and the transformation matrix.

4.3 Monocular Camera Gesture Measurement

Quaternion method is used to represent the target’s 3D gesture parameters, com-
bined with non-coplanar four feature points for linear solving target gesture; avoid
rotation angle to be not limited and the 3D gesture parameters may be multi-valued
when the Euler angle is used to represent the parameters [11]. Setting the feature
point pi in the target coordinate system as coordinates pciðxci; yci; zciÞ, in the image
plane physical coordinate system as coordinates ptiðxui; yviÞ. The coordinate map-
ping relation of the feature point pi in the two coordinate system is:

zcxui ¼ xcif, zcyvi ¼ ycif ð16Þ

By the formula (13), the target’s gesture function:

pci ¼ M1pti þ t ð17Þ

In the above formula (17), M1 is expressed with quaternion.
(q = q0 þ q1iþ q2jþ q3k).
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M1 ¼
q20 þ q21 � q22 � q23 2ðq1q2 þ q3q0Þ 2ðq1q3 � q2q0Þ
2ðq1q2 � q3q0Þ q20 � q21 þ q22 � q23 2ðq2q3 þ q1q0Þ
2ðq1q3 þ q2q0Þ 2ðq2q3 � q1q0Þ q20 � q21 � q22 þ q23

2
4

3
5

The four parameters q0; q1; q2; q3 in M1 matrix meet the unit constraints:

q20 þ q21 þ q22 þ q23 ¼ 1 ð18Þ

Camera focal length is set to 0.033 m, distance between the camera and the target
is set to 2 m, the four feature points coordinates in the target coordinate system are
pt1 ¼ �0:15 0:08 0½ �T , pt2 ¼ �0:15 0:08 0½ �T , pt3 ¼ 0:15 0:08 0½ �T ,
pt4 ¼ 0 0 0:1½ �T . According to the formula (16), we know, the target feature
points coordinates in the image plane physical coordinate system are corresponding
to p1′(−0.00198, 0.001056), p2′(0.00198, −0.001056), p3′(0.00198, 0.001056), p4′
(0,0). The feature points coordinates in the image plane physical coordinate system
and the corresponding coordinates in the target coordinate system are substituted
into the formula (17), and we can get between two coordinate systems 180� around
the X axis rotation angle, 0� around the y-axis rotation angle, 90� around the Z axis
rotation angle, which matches with the relationship in Fig. 5.

5 Experimental Application and Analysis

Experimental equipment configuration is shown in Fig. 6. With 6R Serial Robot as
the target to be measured, the laser tracker and Leica T-Mac tracking control
detector are used to measure linear trajectory and position and gesture of the robot
end-effector to verify accuracy.

5.1 Linear Trajectory Measurement

Experimental operation and procedure: The laser tracker sampling frequency is
respectively set to 500 and 1000 Hz, and the “space scan” mode is used to real-time
track the robot end-effector. The Leica T-Mac tracking control detector is fixed to
the robot arm end-effector, and the robot end-effector moves at 50 mm/s, 100 mm/s
speed along the same direction in a straight line, repeat operation 5 times, and the
distance is 200 mm.

Figures 7 and 8 are respectively the theoretical and actual trajectories of the
robot end-effector with the speed of 50, 100 mm/s in 5 times repeat motion. The
dotted lines are the actual trajectories composed of the 200 mm sampling points,
and the thick real line is the theoretical trajectory. Comparing the actual trajectories
with the theoretical trajectory, the robot end-effector trajectory maximum error is
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4.1502 mm with the speed of 50 mm/s, speed is 100 mm/s, the robot end-effector
trajectory maximum error for 4.8978 mm with the speed of 100 mm/s. Compared
with the five actual trajectories sampling point position coordinates of the robot
end-effector, the maximum error of the repetitive motion trajectory of the robot

Fig. 6 Experimental measurement equipment

Fig. 7 The robot end-effector trajectory plot at 50 mm/s speed
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end-effector of a robot at the speed of 50 mm/s is 0.0526 mm, and at the speed of
100 mm/s is 0.0817 mm.

5.2 Position and Gesture Accuracy Measurement

Experimental operation and procedure: The laser tracker sampling frequency is set
to 1000 Hz, and the “6D scan” mode is used to measure the position and gesture of
the robot end-effector. The Leica T-Mac tracking control detector is fixed to the
robot arm end-effector, and the robot end-effector moves at 200, 500 mm/s speed
along the same direction, and the distance is 200 mm. When the robot end-effector
reaches a predetermined position to stop, the coordinates are set to (−181.9754,
548.0354, 216.1769), and the test repeats 30 times.

Tables 1 and 2 are respectively the position and gesture measurement statistical
results of the robot end-effector moving at 200, 500 mm/s speed. From Table 1, we
can see when the robot end-effector moves at the speed of 200 mm/s, the position
error in the y axis direction and the gesture error around the x axis are the maximum
error, respectively 0.0540 mm, 0.0049°, and the robot end-effector repeat

Fig. 8 The robot end-effector trajectory plot at 100 mm/s speed

Table 1 The position and gesture measurement results at 200 mm/s speed

Error Index

x axis
position

y axis
position

z axis
position

Position Angle
around x
axis

Angle
around y
axis

Angle
around z
axis

RMS 0.0096 0.0048 0.0059 0.0122 0.0009 0.0012 0.0006

Maximum 0.0493 0.0540 0.0307 0.0793 0.0049 0.0024 0.0020

Distance units: mm, angle unit: °
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positioning accuracy is 0.0122 mm. From Table 2, when the robot end-effector
moves at the speed of 200 mm/s, the position error in the y axis direction and the
gesture error around the X axis are the maximum error, respectively 0.0820 mm,
0.0138°, and the robot end-effector repeat positioning accuracy is 0.0328 mm.

Comparing Table 1 with Table 2, we know when the robot movement speed is
not at the same time, the repeat positioning accuracy will change. Figures 9, 10, 11
are the frequency histogram and normal distribution of the x, y and z axis direction
of the robot end-effector gesture when the speed is 500 mm/s. Setting the robot

Table 2 The position and gesture measurement results at 500 mm/s speed

Error Index

x axis
position

y axis
position

z axis
position

Position Angle
around x
axis

Angle
around y
axis

Angle
around z
axis

RMS 0.0207 0.023 0.0088 0.0328 0.0032 0.0011 0.0014

Maximum 0.0745 0.0820 0.0342 0.1159 0.0138 0.0048 0.0045

Distance units: mm, angle unit: °
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end-effector predetermined gesture to (177.3469°, 27.7196°, 144.5139°), by normal
distribution curve, the robot end-effector reaches the practical gesture with the
highest probability, namely (177.3477°, 27.7203°, 144.5139°), and the gesture
errors are (0.0008°, 0.0007°, 0°).

6 Conclusion

(1) With laser interferometry, absolute distance and monocular vision technology,
six DOF laser tracker can realize the high precision measurement of the robot
end-effector’s position and gesture.

(2) Based on laser tracker, the position and gesture measurement system of the
robot end-effector is constructed, and the coordinates involved in the mea-
surement system are defined.

(3) With six DOF laser tracker, the position and gesture of the robot end-effector
trajectory discrete points are measured. By comparing the theoretical position
and gesture, the position and gesture errors of the robot end-effector are
analyzed, and the positioning accuracy of the robot end-effector are detected.

(4) Through the analysis of six DOF laser tracker measurement principle, it cannot
only provide a certain basis for the calculation of robot error calibration and
error compensation, but also provide corresponding theoretical references for
the research and development of the measurement equipment and application.
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Kinematic Synthesis of Planar Cam
Mechanism with Translating Roller
Follower by Kinematic Analysis of Binary
Link Chain

W.W. Zhu and Z.H. Lan

Abstract In the synthesis of planar cam mechanisms, the designer should check
the pressure angle and radius of curvature of the cam profile which involve bur-
densome mathematical derivation and calculation. In order to simplify the mathe-
matical derivation and calculation, the kinematic analysis of a binary link chain is
carried out and the results are then used to synthesize the planar cam mechanism
with translating roller follower, including the calculation of cam profile, pressure
angle and radius of curvature of the cam profile. A numerical example is given to
verify the effectiveness of the method.

Keywords Planar cam mechanism � Translating roller follower � Kinematic
synthesis � Kinematic analysis � Binary link chain

1 Introduction

Planar cam mechanisms with translating follower are widely used to realize the
expected output motion. After the output motion of the follower is determined, the
designer should choose some basic kinematic dimensions of the mechanism, such
as radius of prime circle and the offset. Then he or she should calculate the profile
of the cam. The pressure angle and radius of curvature of the cam profile should
also be calculated to check the performance of the mechanism. Many researchers
have focused on the graphical solution method for determining the radius of cur-
vature of the planar cam [1–3]. Xu [4, 5] calculated the radius of curvature of the
planar cam by application of Freudenstein’s third theorem to the equivalent four-bar
linkage of the cam mechanism. Zhang et al. [6] discussed the effect of some cam’s
parameters on the minimum radius of curvature of the cam profile for the disk cam
mechanism with oscillating follower and a constant base circle. Ye et al. [7] cal-
culated the radius of curvature of the cam by differentiating the coordinates with
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respect to the cam rotating angle. Yu et al. [8–10] proposed a method of deter-
mining the radius of curvature of a planar cam profile by spline interpolation. Xia
et al. [11] calculated the radius of curvature of the cam profile by the least square
method. The above methods involve burdensome mathematic derivation and cal-
culation. In order to simplify the mathematic derivation and calculation, Lan Z.H.
et al. applied the knowledge of a binary link chain to the synthesis of planar cam
mechanisms with oscillating roller follower by analyzing the coordinates, velocity
and acceleration of a point in the binary link chain [12]. In this paper, the above
work is extended to the cam mechanisms with translating follower.

2 Kinematic Synthesis of Planar Cam Mechanism
with Translating Roller Follower

2.1 Inversion Principle of the Mechanism

A planar cam mechanism with translating roller follower is shown in Fig. 1. The
cam is represented by its pitch curve. The cam rotates counter-clockwise with a
constant angular velocity x. The angular acceleration e of the cam is supposed to be
0 as usual. The follower translates back and forth along the guide way of the frame

Fig. 1 A planar cam
mechanism with translating
roller follower
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from the initial position B0 with the distance S0. After the cam rotates through an
angle h, the follower reaches the position B with the distance S0 + S, as shown in
the figure.

To get the cam profile, the inversion principle of the mechanism is applied. That
is adding an inverse angular velocity −x imaginatively to the whole mechanism
about the axis O of the cam while the cam rotates with an angular velocity x. This
makes the cam fixed at the initial position and the frame rotate clockwise about the
axis O as shown in Fig. 2.

As distance S is the function of h and prescribed by the motion law of the follower,
the motion of the follower after the inversion is determined and the path which the
center of the roller follows is the pitch curve of the cam. The cam contour which
meshes with the roller can be solved as the parallel curve of the pitch curve. That is the
general principle in synthesis of planar cam mechanisms with roller followers.

2.2 Kinematic Analysis of Binary Link Chain

To get the pitch curve and the cam contour of the cam, the motion of the point B
(center of the roller) after the inversion of the mechanism should be solved. This

Fig. 2 The inverted
mechanism of the planar cam
mechanism
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can be achieved by the kinematic analysis of binary chain OAB. Firstly, the motion
of the guide-bar OAC is solved according to the inversion of the frame.
Constructing coordinate system xOy in Fig. 2, the angular velocity of the guide-bar
OAC is −x. Then if we know the motion law of the slider, we can easily get the
coordinates of point B

xB ¼ xA þ sBA cosðhABÞ
yB ¼ yA þ sBA sinðhABÞ

�
ð1Þ

where xA and xB are the coordinate of A, sBA is the distance between point A and
point B on the slider. hAB is the orientation of the slider after the inversion with

hAB ¼ p
2
� h ð2Þ

Considering all situations, we have Eq. (3)

hAB ¼ p
2
�Mh ð3Þ

where M is the cam rotation coefficient. M takes +1 when the cam rotates
counter-clockwise while −1 for the clockwise rotation of the cam.

Taking the time derivative of Eq. (3) gives

vxB ¼ vxA � sBAxAB sinðhABÞþ vBA cosðhABÞ
vyB ¼ vyA þ sBAxAB cosðhABÞþ vBA sinðhABÞ

�
ð4Þ

where vxB and vyB are the velocities of point B, vxA and vyA are the velocities of
point A, vBA is the relative velocity of slider to the guide bar, i.e. the velocity of the
follower respect to the frame. xAB is the angular velocity of the guide-bar after the
inversion, i.e., xAB = −Mx.

Taking the time derivative of Eq. (4) gives

axB ¼ axA � sBAx2
AB cosðhABÞ � 2vBAxAB sinðhABÞ � sBAeAB sinðhABÞþ aBA cosðhABÞ

ayB ¼ ayA � sBAx2
AB sinðhABÞþ 2vBAxAB cosðhABÞþ sBAeAB cosðhABÞþ aBA sinðhABÞ

�
ð5Þ

where axB and ayB are the accelerations of point B, axA and ayA are the accelera-
tions of point A, eAB is the angular acceleration of the guide-bar (in the inverted
mechanism eAB = 0), aBA is the relative acceleration of slider to the guide bar, i.e.
the acceleration of the follower respect to the frame.
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2.3 Cam Contour and Pressure Angle

By the kinematic analysis of the follower after the inversion, the coordinates,
velocity and acceleration of point B are known as xB, yB, vxB, vyB, axB, ayB. xB and
yB represent the pitch curve of the cam. vxB and vyB can be used to represent the
tangent tt of the point B on the pitch curve with its direction angle as

b ¼ a tan 2ðvyB; vxBÞ ð6Þ

where a tan 2 is the inverse tangent function with the value covering 2p. The
direction angle of the outer normal nn at point B to the pitch curve is then

c ¼ bþ p
2

ð7Þ

When all situations are considered, Eq. (8) is obtained

c ¼ bþM
p
2

ð8Þ

Now the cam contour can be solved as

xT ¼ xB � rr cos c
yT ¼ yB � rr sin c

�
ð9Þ

where rr is the radius of the roller, the minus sign is for the inner cam contour and
plus sign for the outer one.

The pressure angle of the cam mechanism is the angle between the normal of the
pitch curve and the segment AB in Fig. 2, that is

a ¼ bþ hj j ð10Þ

2.4 Radius of Curvature of the Cam Profile

It is well-known that the normal acceleration of a moving particle on a plane can be
calculated as

an ¼ v2

q
ð11Þ
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where q is the radius of curvature of the path of the moving particle. As the pitch
curve of the cam can be seen as the path of the roller center, the radius of the
curvature of the pitch curve can be calculated through the kinematic analysis of the
roller center after the inversion. First of all, the normal acceleration of the roller
center is

an ¼ � ayB cos b� axB sin b
� � ð12Þ

When all situations are considered, Eq. (13) is obtained

an ¼ �M ayB cos b� axB sin b
� � ð13Þ

Then the radius of the curvature can be calculated as

q ¼ 1
an

v2xB þ v2yB
� �

ð14Þ

As the cam contours are parallel to the pitch curve, their radii of curvature are

qT ¼ q� rr ð15Þ

where the minus sign is for the inner cam contour and plus sign for the outer one.

3 Numerical Example

A numerical example of a planar cam mechanism with translating roller follower as
Fig. 1 is given, It’s a positive offset mechanism. In this mechanism, the cam rotates
counterclockwise, the radius rP of the prime circle is 40 mm, the lift of the follower
is 38 mm, the value of the offset e is 24 mm, the radius of the roller rr = 12 mm.
The follower rises with cosine acceleration motion curve and returns with 3-4-5
polynomial motion. In this example the cam angle for rise, the cam angle for outer
dwell, the cam angle for return and the cam angle for inner dwell are 150°, 60°,
120°, and 30°, respectively.

Then the coordinates of a series of point on the cam pith curve, the inner cam
contour, the outer cam contour, the pressure angle and the radius of the curvature of
the inner cam contour, the radius of the curvature of the outer cam contour can be
calculated. Some numerical synthesis results are shown in Figs. 3, 4 and 5. Figure 3
is the pitch curve and inner cam contour. Figure 4 is the radius of curvature of the
inner cam contour, while Fig. 5 is the pressure angle of the cam mechanism.
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Fig. 3 The pitch curve and inner cam contour

Fig. 4 The radius of curvature of the inner cam contour
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4 Conclusions

The kinematic analysis of a binary link chain is applied to synthesize the planar cam
mechanism with translating roller follower, including the calculation of cam profile,
pressure angle and radius of curvature of the cam profile. Burdensome mathematic
derivation and calculation are not needed.
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