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Abstract This paper investigates the consensus problem for a leader-following
nonlinear multi-agent system with external disturbance by using the event-triggered
control strategy. First, in order to transform the consensus control problem of
disturbed system into the H∞ problem, a controlled output function is defined. Then
a distributed event-triggered protocol is designed, and a sufficient condition is given
to ensure that the nonlinear multi-agent system can reach consensus with the
desired disturbance attenuation ability.
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1 Introduction

A multi-agent system consists of multiple independent agents which can act con-
sistently through the transmission among agents. There have been inspiring suc-
cesses in the areas such as sensor networks, consensus and formation control of
vehicles, and cooperative control of robots by using decentralized strategy.

In fact, real multi-agent systems are often equipped with microprocessors that
gather information and actuate the agent controller updates with limited on-board
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energy and resources. This brings some problems such as the waste of communi-
cation channel and the request for high processing speed of the microprocessors. In
view of this, the event-triggered control has been proposed in consensus control of
multi-agent system during recent years [1–13]. The event-triggered control indi-
cates that an event condition, which is usually related to the states of the system,
triggers the control task execution. Centralized or decentralized consensus protocol
based on event-triggered control method is proposed in [2]. In [3], Meng and Chen
designed a new event detector to accomplish event-triggered consensus control of
multi-agent systems. Meanwhile, event-triggered consensus problem of discrete
multi-agent systems with time delay is studied in [4–6]. Obviously, the
event-triggered strategy can reduce the resource occupation in multi-agent systems
with minimal loss of system behavior. However, the nonlinear system is less
investigated in the recent event-triggered consensus research, and the effect of
external disturbances is not taken into account.

Motivated by the above work, we consider the event-triggered consensus
problem of a disturbed nonlinear multi-agent system. In the following section, a
new output z(t) is defined to transform the consensus problem of states into the
convergence analysis of z(t) to zero, and then the consensus study of disturbed
system is reformulated as the H∞ control problem of a nonlinear system. To pro-
ceed, we design a distributed consensus controller with a new event-triggered
condition. Then, sufficient condition is given to ensure that the closed-loop
multi-agent system reaches the consensus result with a desired H∞ performance
level.

2 Problem Statements

Consider a leader-following multi-agent system consisting of n following agents
and one leader. The ith following agent is modeled by the nonlinear dynamics with
unknown external disturbance

x ̇iðtÞ= f ðxiðtÞ, tÞ+ uiðtÞ+ωiðtÞ ð1Þ

where t∈ ½0, ∞Þ is the time variable, xiðtÞ, uiðtÞ, ωiðtÞ ∈ Rm are, respectively, the
state, the input, and the external disturbance of agent i, and f :Rm ×R+ →Rm is a
smooth nonlinear vector-valued function. It is assumed that ωiðtÞ∈L2½0, ∞Þ, where
L2½0, ∞Þ is the space of square-integrable vector functions over ½0, ∞Þ. This
indicates that the energy-limited external disturbance is considered in this paper.

The dynamics of leader is given by

x0̇ðtÞ= f ðx0ðtÞ, tÞ ð2Þ
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with x0ðtÞ denoting the state of leader. It is worth pointing out that the nonlinear
dynamics is allowed to be unknown, which would not appear in the consensus
controller design.

Assumption 1 It is assumed that f :Rm × R+ →Rm satisfies the following Lips-
chitz condition

jjf ðx, tÞ− f ðy, tÞjj≤ βjjx− yjj, ∀x, y∈Rm, t≥ 0, ð3Þ

where β>0 is a constant scalar.

Definition 1 The multi-agent system (1) is said to asymptotically achieve con-
sensus if all the following agents’ states satisfy

lim
t→∞

xiðtÞ= x0ðtÞ, i=1, 2, . . . , n ð4Þ

Directed (or undirected) graphs are used to model the interaction topologies of
n following systems (1). Let G= ðV , E, AÞ be a weighted directed graph of order n,
where the set of nodes is described by V, the set of directed edges is E⊆V × V , and
a weighted adjacency matrix A= ½aij� is defined with nonnegative adjacency
weights aij. It is stipulated that the adjacency weights associated with edges are
positive, i.e., ðvi, vjÞ∈E⇔ aij >0. In particular, node vi represents the ith agent, and
edge ðvi, vjÞ represents that information is transferred from the jth agent to the ith
one. The Laplacian of a weighted graph G is defined as L = D−A, where
D=diag d1, d2, . . . , dnf g is the degree matrix of G, whose diagonal element is
di = ∑n

j=1 aij. Further, if a graph has the property that aij = aji always holds, then it
is called undirected.

Considering the leading role of leader (2), another node v0 is added to represent
the given leader. Then the edge ðvi, v0Þ represents that agent i can obtain the
leader’s state information, and the corresponding weight ai0 is positive. To sum-
marize, the set of neighbors of agent i is denoted by Ni = vj ∈ V ∪ v0f g:�
vi, vj
� �

∈ Eg. Define H =L+Λ as the interaction matrix of the whole
leader-following system (1)–(2), where Λ=diag ai0f gni=1.

Lemma 1 Consider a network with undirected communication among the fol-
lowers. If at least one agent in each connected component of G is connected to the
leader, then the symmetric interaction matrix H is positive definite. Otherwise, H
has at least one zero eigenvalue.

Lemma 2 If the interaction graph of the leader–follower system with directed
communication has a spanning tree with the leader as root, then the negative
interaction matrix H is Hurwitz stable. Otherwise, H will have at least one zero
eigenvalue.
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3 Protocol Design and Consensus Analysis

3.1 Problem Reformulation

In order to quantitatively measure the effect of external disturbance to the consensus
performance, we define the following controlled output functions

ziðtÞ= xiðtÞ− 1
n
∑
n

j=1
xjðtÞ, i=1, 2, . . . , n,

whose compact form is

zðtÞ= ðLc ⊗ ImÞxðtÞ, ð5Þ

where zðtÞ= ½zT1 ðtÞ zT2 ðtÞ . . . zTn ðtÞ�T , xðtÞ= ½xT1 ðtÞ xT2 ðtÞ . . . xTn ðtÞ�T , Lc is a sym-
metric matrix with diagonal elements (n − 1)/n, and all the other elements −1/n.
Meanwhile, the norm of z(t) can reflect the degree of state deviations. Therefore,
combing system (1) with the controlled output (5), we transform the consensus
control of disturbed system (1) into the H∞ control problem of the following
system:

x ̇ðtÞ=FðxðtÞÞ+ uðtÞ+ωðtÞ
zðtÞ= ðLc ⊗ ImÞxðtÞ

�
ð6Þ

where

FðxðtÞÞ= ½f Tðx1ðtÞÞ f Tðx2ðtÞÞ . . . f TðxnðtÞÞ�T ,
uðtÞ= ½uT1 ðtÞ uT2 ðtÞ . . . uTn ðtÞ�T ,
ωðtÞ= ½ωT

1 ðtÞ ωT
2 ðtÞ . . .ωT

n ðtÞ�T .

Therefore, the present objective is to design an event-triggered protocol such that

jjTzωðsÞjj∞ = supμ∈Rσ ̄ðTzωðjμÞÞ= sup0≠ωðtÞ∈ L2½0,∞Þ
jjzðtÞjj2
jjωðtÞjj2

< γ, ð7Þ

or equivalently, the closed-loop system satisfies

Z∞

0

jjzðtÞjj2dt< γ2
Z∞

0

jjωðtÞjj2dt, ∀ωðtÞ∈ L2½0, ∞Þ, ð8Þ

where γ >0 is a given H∞ performance index.
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3.2 Event-Triggered Protocol Design

Denote ti0, t
i
1, t

i
2, . . . as the event-triggered time of agent i, where ti0 = 0 for ∀i. Then

we propose the following distributed event-triggered consensus protocol:

uiðtÞ= ∑
j∈Ni

aijðxiðtikÞ− xjðt jkjðtÞÞÞ+ ai0ðxiðtikÞ− x0ðtÞÞ, t∈ ½tik, ti+1
k Þ, ð9Þ

where aij >0 is the interaction strength between agents i and j; ai0 > 0 if and only if
the ith agent can obtain the state information of the given leader, or else ai0 = 0;
kjðtÞ= arg min

l∈N: t≥ t jl

ft− t jl g. It is obvious that t jkjðtÞ is the last event-triggered time of

agent j.
Meanwhile, define

eiðtÞ= xiðtikÞ− xiðtÞ, t∈ ½tik , tik+1Þ

as the measurement error of the ith agent, arising from the event-triggered controller
update. The following distributed event-triggered condition is designed to deter-
mine the discrete event-triggered time instants

jjeiðtÞjj= jj ∑
j∈Ni

aijðxiðtÞ− xjðtÞÞ+ ai0ðxiðtÞ− x0ðtÞÞjj, ð10Þ

from which it is immediately derived that

jjeiðtÞjj≤ jj ∑
j∈Ni

aijðxiðtÞ− xjðtÞÞ+ ai0ðxiðtÞ− x0ðtÞÞjj, ∀t∈ ½0, ∞Þ. ð11Þ

3.3 Consensus Conditions

To analyze the consensus performance of the closed-loop system, we first define

xīðtÞ= xiðtÞ− x0ðtÞ, i=1, 2, . . . , n ð12Þ

as the disagreement state vector. Obviously, the strict consensus result (4) is real-
ized if and only if

lim
t→∞

xīðtÞ=0, i=1, 2, . . . , n.

Accordingly, the nonzero consensus trajectory is transformed to the origin of
x ̄ðtÞ= ½xT̄1 ðtÞ xT̄2 ðtÞ⋯xT̄n ðtÞ�T . Note that the compact form of (12) is
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x ̄ðtÞ= xðtÞ− 1n ⊗ x0ðtÞ. ð13Þ

To proceed, we focus on the derivation of the dynamic equation of x ̄ðtÞ, by
combining the controlled plant and the event-triggered consensus protocol.

First, we have

x ̄i̇ðtÞ= xi̇ðtÞ− x0̇ðtÞ
= f ðxiðtÞÞ+ uiðtÞ+ωiðtÞ− f ðx0ðtÞÞ.

ð14Þ

Let Fðx0ðtÞÞ=1n ⊗ f ðx0ðtÞÞ and x ̄ðtÞ= ½xT̄1 ðtÞ xT̄2 ðtÞ⋯ xT̄n ðtÞ�T . Then, from (14)
and (9), the closed-loop system in terms of variable x ̄ðtÞ is calculated as
x ̄̇ðtÞ=FðxðtÞÞ−Fðx0ðtÞÞ+ ðL⊗ ImÞðeðtÞ+ xðtÞÞ+ ðΛ⊗ ImÞðeðtÞ+ xðtÞ+1n ⊗ x0ðtÞÞ+ωðtÞ

=FðxðtÞÞ−Fðx0ðtÞÞ+ ðL⊗ ImÞðeðtÞ+ x ̄ðtÞ− 1n ⊗ x0ðtÞÞ+ ðΛ⊗ ImÞðeðtÞ+ x̄ðtÞÞ+ωðtÞ
=FðxðtÞÞ−Fðx0ðtÞÞ+ ðL⊗ ImÞðeðtÞ+ x ̄ðtÞÞ+ ðΛ⊗ ImÞðeðtÞ+ x̄ðtÞÞ+ωðtÞ
=FðxðtÞÞ−Fðx0ðtÞÞ+ ½ðL + ΛÞ⊗ Im�ðeðtÞ+ x̄ðtÞÞ+ωðtÞ
=FðxðtÞÞ−Fðx0ðtÞÞ+ ðH⊗ ImÞðeðtÞ+ x̄ðtÞÞ+ωðtÞ,

-

where the property L1n =0 is used in the third step.
Furthermore, by (5), it is derived that

zðtÞ= ðLc ⊗ ImÞxðtÞ
= ðLc ⊗ ImÞðx ̄ðtÞ+1n ⊗ x0ðtÞÞ
= ðLc ⊗ ImÞx ̄ðtÞ,

ð15Þ

where the fact Lc1n =0 is also applied. To sum up, the original consensus study is
reformulated as a standard H∞ control problem

x ̄̇ðtÞ=FðxðtÞÞ−Fðx0ðtÞÞ+ ðH⊗ ImÞðeðtÞ+ x ̄ðtÞÞ+ωðtÞ
=FðxðtÞÞ−Fðx0ðtÞÞ+BðeðtÞ+ x ̄ðtÞÞ+ωðtÞ

zðtÞ= ðLc ⊗ ImÞx ̄ðtÞ
=Cx ̄ðtÞ

8>>><
>>>:

. ð16Þ

Theorem 1 Under the event-triggered protocol (9)–(10), the disturbed multi-agent
system (1) can achieve consensus performance with the desired H∞ disturbance
attenuation ability γ, if there exists a positive definite matrix P∈Rnm× nm and
positive scalars α, δ satisfying the following linear matrix inequality

PB+BTP+CTC+ αHTH +2δβI PB P 0
BTP − αI 0 0
P 0 − γ2I 0
0 0 0 P− δI

2
664

3
775<0, ð17Þ
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where positive constants β, γ are, respectively, the threshold in the event-triggered
condition (10) and the given H∞ index.

Proof First, we investigate the stability property of the closed-loop system, by
analyzing system (16) without external disturbance. Define a Lyapunov function

VðtÞ= x ̄TðtÞPx ̄ðtÞ,

then its derivative along system (16) with ωðtÞ=0 is

V ̇ðtÞ=2x ̄TðtÞP½FðxðtÞÞ−Fðx0ðtÞÞ�+ x ̄TðtÞðPB+BTPÞx ̄ðtÞ+2x ̄TðtÞPBeðtÞ
≤ 2x ̄TðtÞP½FðxðtÞÞ−Fðx0ðtÞÞ�+ x ̄TðtÞðPB+BTPÞx ̄ðtÞ+ α− 1x ̄TðtÞPBBTPx ̄ðtÞ
+ αeTðtÞeðtÞ

ð18Þ

Furthermore, it is obtained that

2x ̄TðtÞP½FðxðtÞÞ−Fðx0ðtÞÞ�
≤ 2δ∑n

i=1 x ̄
T
i ðtÞ½f ðxiðtÞÞ− f ðx0ðtÞÞ�

≤ 2δ∑n
i=1 jjxīðtÞjj ⋅ jjf ðxiðtÞÞ− f ðx0ðtÞÞjj

≤ 2δ∑n
i=1 jjxīðtÞjj ⋅ βjjxiðtÞ− x0ðtÞjj

=2δβ∑n
i=1 jjxīðtÞjj2

= 2δβx ̄TðtÞx ̄ðtÞ,

ð19Þ

where δ>0 is a scalar satisfying the matrix inequality

P< δI. ð20Þ

Note that (20) is included in the consensus condition (17). Meanwhile, denote
matrix H as the following partitioned form

H =

H1

H2

⋮
Hn

2
664

3
775,

and from (11), we have

eTi ðtÞeiðtÞ≤ x ̄TðtÞHT
i Hix ̄ðtÞ.
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Then it immediately yields that

∑n
i=1 e

T
i ðtÞeiðtÞ≤ ∑n

i=1 x ̄
TðtÞHT

i Hix ̄ðtÞ,

which results in

eTðtÞeðtÞ≤ x ̄TðtÞHTHx ̄ðtÞ. ð21Þ

Substituting (19) and (21) into (18) leads to

V ̇ðtÞ≤ 2δβx ̄TðtÞx ̄ðtÞ+ x ̄TðtÞðPB+BTPÞx ̄ðtÞ+ α− 1x ̄TðtÞPBBTPx ̄ðtÞ+ αx ̄TðtÞHTHx ̄ðtÞ
= x ̄TðtÞðPB+BTP+ α− 1PBBTP+ αHTH +2δβIÞx ̄ðtÞ
<0

by applying Schur complement lemma to the matrix inequality (17). This means
that the closed-loop multi-agent system is asymptotically stable.

Subsequently, the disturbance attenuation performance of system (16) is given
by considering the function

JT =
Z T

0
jjzðtÞjj2dt− γ2

Z T

0
jjωðtÞjj2dt. ð22Þ

To be specific, we have the following result under the zero initial condition:

JT =
Z T

0
ðzTðtÞzðtÞ− γ2ωTðtÞωðtÞ+V ̇ðtÞÞdt−VðTÞ

=
Z T

0
fx ̄TðtÞCTCx ̄ðtÞ− γ2ωTðtÞωðtÞ+2x ̄TðtÞP½FðxðtÞÞ−Fðx0ðtÞÞ�+ x̄TðtÞðPB

+ BTPÞx̄ðtÞ+2x̄TðtÞPBeðtÞ+2x̄TðtÞPωðtÞgdt−VðTÞ

≤
Z T

0
fx̄TðtÞCTCx ̄ðtÞ− γ2ωTðtÞωðtÞ+2δβx ̄TðtÞx̄ðtÞ+ x ̄TðtÞðPB+BTPÞx̄ðtÞ

+ 2x̄TðtÞPBeðtÞ+2x̄TðtÞPωðtÞ+ αeTðtÞeðtÞ− αeTðtÞeðtÞgdt−VðTÞ

≤
Z T

0
fx̄TðtÞCTCx ̄ðtÞ− γ2ωTðtÞωðtÞ+2δβx ̄TðtÞx̄ðtÞ+ x ̄TðtÞðPB+BTPÞx̄ðtÞ

+ 2x̄TðtÞPBeðtÞ+2x̄TðtÞPωðtÞ+ αx ̄TðtÞHTHx ̄ðtÞ− αeTðtÞeðtÞgdt−VðTÞ

≤ x ̄TðtÞ eTðtÞ ωTðtÞ�
PB+BTP+CTC+ αHTH +2δβI PB P

BTP − αI 0

P 0 − γ2I

2
64

3
75

⋅
x̄ðtÞ
eðtÞ
ωðtÞ

2
64

3
75−VðTÞ

<0
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where the last step is obtained by using Schur complement lemma to inequality
(17). Let t→∞ in the above result, we have

jjzðtÞjj22 < γ2jjωðtÞjj22,

and equivalently, jjTzωðsÞjj∞ < γ holds. To summarize, we have proved that if the
linear matrix inequality (17) is feasible, then the closed-loop multi-agent system can
achieve consensus performance with H∞ disturbance attenuation level γ. ⃞

4 Conclusions

This paper addresses the event-triggered consensus problem of a nonlinear
leader-following multi-agent system with external disturbances. By using the
event-triggered control strategy, we have reduced the occupation of system resource
and the frequency of the information update. Future work will focus on the lead-
erless nonlinear multi-agent system with external disturbances.
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