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Control for Multiple Nonholonomic
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Abstract In this paper, the finite-time formation control problem for a group of
nonholonomic mobile robots is considered. A distributed finite-time estimator is
proposed to estimate leader’s state in finite time. Then, based on the estimated
values of estimator, a distributed finite-time formation control law is designed. With
the help of finite-time Lyapunov theory and graph theory, rigorous proof shows that
the group of mobile robots can converge to desired formation pattern and its
centroid can converge to the desired trajectory in finite time. Simulations are given
to verify the effectiveness of the method.

Keywords Nonholonomic mobile robot « Formation control - Distributed
control -+ Finite-time stability

1 Introduction

Recently, the cooperative control of multiple mobile robots has received a great
deal of attention due to its wide application prospects, including cooperative
surveillance, large object move, troop hunting, etc. Compared with single robot,
multiple mobile robots can finish certain works more accurately, efficiently and
robustly. As a typical cooperative control problem, formation control of multiple
mobile robots is the foundation of other coordination problems. The control
strategies are mainly behavior-based control [1], leader—follower-based control [2],
artificial potential-based control [3, 4], virtual structure-based control [5], etc.
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Due to the existence of nonholonomic constraint and nonlinear characteristics,
the control of mobile robots is more difficult. With the development of cooperative
control theory in networked system, these strategies have been used to realize the
formation control of multiple mobile robots. In [6, 7], the theories of cascaded
systems and communication graph are applied to design control law for nonholo-
nomic kinematic systems, which can guarantee the system globally exponential
stability. In [8], based on a new transformation, a distributed control scheme is
developed to achieve the desired control objectives.

Most of control algorithms proposed in previous works can guarantee that
multi-agent systems asymptotically converge to desired motion, that is, conver-
gence time is infinite. Obviously, finite-time control algorithms with a faster con-
vergence rate are more optimal. Previous works on finite-time control are mainly
about first-order and second-order multi-agent system. In [9], finite-time state
consensus problem for first-order multi-agent systems is researched and distributed
protocols are presented. In [10-12], a distributed protocol is proposed to solve the
finite-time consensus problem for second-order agent dynamics. For multiple
nonholonomic mobile robots, some finite-time control algorithms were prposed. In
[13], the problem of finite-time leader-following consensus is discussed, but one of
control inputs is forced to be the reference signal artificially for a given period of
time. In [14, 15], the finite-time tracking control problem is solved when the
leader’s state is available to each follower. In [16], a kind of finite-time formation
control algorithm is proposed. However, it excludes the case where the observer’s
value is zero.

Inspired by aforementioned articles, we mainly investigate the distributed
finite-time formation control problem for multiple mobile robots. The contributions
of this paper are as follows. The control algorithm is distributed. Each robot can
only obtain its neighbors’ information. Besides the desired trajectory is considered
as a virtual leader whose information is available to a subset of mobile robots. We
design an estimator to estimate the leader’s state in finite time. And based on the
estimated values of estimator, a finite-time formation controller is designed for each
mobile robot, the controller can guarantee that the group of mobile robots con-
verges to desired formation, and the centroid of formation converges to desired
trajectory in finite time.

The rest of this paper is organized as follows. In Sect. 2, the model of non-
holonomic mobile robots and preliminaries used in this paper are given. In Sect. 3,
some main results on distributed formation control problem for multiple mobile
robots are established. The simulation results are presented in Sect. 4. Finally,
conclusion is drawn in Sect. 5.
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2 Problem Statement

Notation Let diag(w)=diag(wi, ..., w,), Ly=[1,1...1]" €R". Apn(-) and
Amax (- ) are the smallest and largest eigenvalues of the matrix, respectively. For any
vectors a=[ay, ... ,a,,]T andb=1[by, ... ,bn]T, denote a®b =a by, ... ,anbn]T, Let
sig(x)” =sign(x)|x|*, where a>0, x€R, and sign(-) is the sign function, If

X=Xty ., Xi) R, then  sig(xp)” =sign(x;) O]

, Wwhere sign(x;)=
[sign(xi1), . ... sign(x;,)]" and |xq|* = [|xa|% - ... 6] 9]

2.1 Algebraic Graph Theory

As done in [17], for a group of n nonholonomic mobile robots, if each mobile robot
is a node, we can represent the communication between the robots by a weighted
directed graph G=(V,E,A), where V={vy,v,, ...,v,} is a node set representing
the mobile robots, and ECV XV is an edge set. The weighted adjacency matrix is
defined as A=la;] €R"*", where a; denotes the edge weight from v; to v;. if
(vi,v;) EE, then a;; > 0, Otherwise a;; =0. The set of neighbors of node v; is denoted
by N;={vjeV:(i,j)€E,i#j}. Furthermore, The matrix L=D—-A is called
Laplacian matrix of G, where D=diag{d;,dy, ...,d,} with d;= Z;‘zl a;.
Weighted directed graph G is said to satisfy the detail-balanced condition [17] in
weights if there exist some scalars w; >0 with i=1,2...,n satisfying w;a; =wja;
forall i,j= 1,2...,n.

Assume that a desired trajectory is regard as a virtual leader. Let B denote the
connection weight between robot i and the virtual leader, where
B=diag(by, b, ...,b,). If robot i can obtain information of the virtual leader, then
b; =1, otherwise b; =0.

2.2 Problem Formulation

Consider a group of n nonholonomic mobile robots labeled as i=1,2, ...,n. The
kinematics of robot i can be described by:

jC,‘ =V; COS 6,‘
yi=V,'Sil’19,‘ (1)
65=a)i

where (x;,y;) is the position coordinates of robot i, 6; is the heading angle, and
(vi, ;) represent the linear velocity and the angular velocity of robot i. It is
well-known that the system (1) satisfies the pure roll without slipping constraint,
i.e., y;cos; —x;sin@; =0.
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Suppose that the n mobile robots converge to the desired formation pattern F,
(Pox» Poy) is the centroid of the formation pattern F, (py, piy) is the position vectors
of robots i relative to the centroid of formation pattern F, which satisfies

nop. nop.
Z p_b\ = Pox» Z pi =p0y
n

i=1 N i=1

Without loss of generality, we assume that pg, =0, pg, = 0. The desired trajectory
is considered as a virtual leader O, which can be described by:

Xo= VQ(Z) cos &
Yo = Vo(l) sin 6y (2)
0o = wo(?)

where (vo(2), wo(t)) are known time-varying functions.

Now, our control problem is defined as designing a controller for mobile robot
i based on its state and its neighbors’ state, such that the group of robots converges
to a desired formation pattern F and the centroid of formation converges to the
desired trajectory in finite-time 7, that is to say,

m oo =[]
lim (6; - 60) =0

lim (2 x"’(j) —xo(t)> ~0

Before the introduction of the distributed control algorithm, some necessary
assumptions which mobile robot system should satisfy, and lemmas are listed.

Assumption 1 |u10\ >0, |u10| <k, |L't20| <k.

Assumption 2 Weighted directed graph G is strongly connected and
detail-balanced, and there is at least one robot which can obtain the leader’s
information.

Lemma 1 ([18]) Forany x;€R,i=1,2, ...n,0<p <1, the following inequalities
hold

n p n | n p
(z |x,»|> < 3 luf <n -P(z |)
i=1 i=1 i=1
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Lemma 2 ([19]) Consider the system
i=f(x,1), £(0,£)=0, xER"

Suppose there are C' function V(x) defined on a neighborhood UCR" of the
origin. If the function V(x) is positive definite and V(x) +cV%(x) <0 on U where
c>0and 0<a< 1 are real numbers, then the origin of system is locally finite time
stable. The setting time depending on the initial state x(0)=x, satisfies

V(x
T(X()) < cEloza)

globally finite time stable.

l-a

. If V(x) is also radially unbounded and U=R", the system is

Lemma 3 ([20]) If Assumption 2 holds, then the matrix diag(w)(L+ B) is positive
definite.

3 Main Results

In this section, the finite-time formation control problem for system (1) is solved.
First, a finite-time distributed estimator is proposed to estimate the virtual leader’s
state. Second, a distributed formation control law is designed to make the mobile
robots converge to the desired state in finite time.

For the controller design, we define the following transformation:

x1;=0;

X2i = (X; — pix) sin 0; — (y; — piy) cos 6;

x3; = (X; — pix) cos 0; + (y; — piy) sin 6; (3)
U = w;

Ui = Vi — Xi@;

Using the above-coordinate transformation, the system (1) is transferred into the
following form:

X1 = Uy
Xoi = Uyixz; (4)
X3; = ;i

where 0<i<n, u;=[uy, u2i}T and x; = [xli,xZi,x3i}T are the control input and state
of mobile robot i after the coordinate transformation, respectively.
Defining the formation error vector as X; = [Scli,fczi,fc3i]T, the formation error

dynamics can be derived as following:
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JTCli =uj; —Uupo
Xoi = U10X3; +x3;(U1; — 1o) (5)

X3i = Ui — U0
We divide formation error dynamics (5) into a first-order subsystem (6),
X1 =u1;—uo (6)
and a second-order subsystem (7)

{5?52i=1410553i+x3i(u1i —Uip) (7)
X3i = Up; — Uo

Based on the transformation (3), the objective is converted into designing a

distributed control laws u; = [uy;, u2i]T to stabilize the closed-loop system (6) and (7)
in a finite time.

3.1 Distributed Finite-Time Estimator

In the following, based on sliding mode control method, we construct distributed
finite-time estimator for each mobile robot to estimate the virtual leader’s
information.

Theorem 1 For mobile robot system (6)—(7), if Assumption 1 and 2 hold, we
design the distributed finite-time estimator as follows:

ﬁli = - k1 (ZN a,«j(ﬁli - ﬁlj) +b,‘(ﬁ1i - M10)> —kQSign(.ZN aij(ﬁli - ﬁlj) +bi(ﬁ1i — Ml()))
EN; ENi

J J

fi= —ki (}z (B = fiog) + by — u20)> — kasign ( Y a(i — i) + by — u20)>
JEN; JEN;

(8)

where i=1,2...,n, ki, ky >0, Qiy;, llr; are the estimated information of the leader

for the robot i, and then i1y; = uyg, ilo; = upg for Ve > Tj.

Proof Let ky >k, fijx= [ﬁ]l, Ce, ﬁln]T, iy = [1221, Ce, ﬁzn]T, iy =t —urgly,
Uy =122* - uzoln, N=diag(L+B,L+B), u= [1711*, ﬁz*]T, fo = [Ml()l;[;, uzolz]T

From (8), the estimator error can be rewritten in a compact form as

it= — ki Nii — kysign(Nit) — f,, ©)
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Choose the Lyapunov candidate function as
Vi= Larmma
2

The derivative of V; along system (9) is

Vi= —kiia' N"WNi — kyia” N" Wsign(Nii) — a” NT W,
< = Aia (W) (K" N2+ (ko = )| [N, )
< = Amin(W) (klﬁTN2ﬁ+(k2 —K)HﬁTN||2)
<

Zﬂmin(M)k V \/j(kz—K')\/ﬂmin(M)
— Amin( )( o (W)l 1+ T (W) \/V—1)

max

By calculating the differential inequality, we can get

Vl < < Vl (0) + —(k2 _ K)/lmaX(W)> e_imin(wta];:((ﬂ‘:f))t — <k2 — K)'lmax(W)

2k1 /1min (M) 2kl /Imin (M)

Since k, >k, we can conclude that V; reaches zero in finite time, which implies

that V; =0, V¢ > T, where T} = /Imm?%/(l:n)(m In(1+ (ifl_/l':)"l(M)\;l,()m

i =u10, o =uz, ¥t 2Ty, i=1,2...,n. This completes the proof.

). That is to say,

max (

Remark 1 From the expression of convergence time 7, the parameter k, can affect
the convergence speed of the system (9). With a larger k,, the convergence speed is
faster, but chattering phenomenon of system (9) will be more obvious caused by the
discontinuity of sign( - ) function. So, we need to consider the control precision and
convergence speed comprehensively when choosing parameter k.

3.2 Distributed Finite-Time Formation Control Law

Based on the estimated values for desired state of the virtual leader O, a finite-time
formation controller is designed for each mobile robot.

Theorem 2 Consider mobile robot system (6)—(7), if Assumption 1 and 2 hold, we
design finite-time control law as follows:
M1i=ﬁ1[—Sig(€1,’)a (10)

a

Up; = ily; —ﬂlisig(82i)2’“ —Sig(€3i)a (11)




406 M. Li et al.

where i=1,2...,n, O<a<l, g;= E aij(xli—xlj)+bi(x1i—x10), &)= Z al:,‘(xZ,'—ij)-l-
JEN; JEN;

bi(xpi —x20), €3i= Y, a;(x3 —x3;) +bi(x3; —x30), then x1;=x19, Xpi=xz0 and
JEN;

x3;=x30 for Vi > T, + T, + Ts.

Proof In the following part, we will prove Theorem 2 in two steps. Firstly, we will
prove subsystem (6) is not divergent when ¢ < T}, and subsystem (6) is finite-time
stability when 7> T;. Secondly, we will prove subsystem (7) is not divergent when
t<Ty + T, and subsystem (7) is finite-time stability when > T + T5.

First, we prove subsystem (6) is not divergent when 7 < T, and subsystem (6) is
finite-time stability when ¢ > T.

T = T :
Let xl*z[x“,-««,xln] , Xp==x1=— l,x10, 81*2[611, ...,€1n] . Consider the
Lyapunov function

[
V2 = ExlT*xl*

The derivative of V, along system (6) is
V2 256{,561* =)~C1T*(121* - ulOIn) —i{*Sig(«?l*)a

Since i1}; converges to zero in finite time 7, i#;; will be bounded in any time, i.e.,
there is a positive constant Cy, such that ||&t;+ —ujol,||, < Cj, we have

Vo <Cy||55]], ' N (L4 B) [ [[%1+ ],

(8

When ||5c1T4< <1, we have

I,
Vo<Ly

where Ly =n'~||(L+ B)||% + C;. However, when ||x7,

2:;7221, we have

Vo< Ciny+n' 9| (L+B)||5m
<2C1Va+2n' | (L+B)|[5V2
<L)V,

where L, =2C,+2n'~%|(L+B) |% Thus, for any X, we have Vo <L,Vo+ L.
After some manipulation, we can further get V, < (VZ(O) + 2—;) el — % Hence, %1+

is bounded when 7 < T}.
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From Theorem 1, when ¢ > Ty, #1;; =uj9, then control law (10) is equivalent to
the following:

uy; =y —sig(er;)”
Closed-loop system (6) can be rewritten in a compact form as:

521*: —Sig(E‘l*)a (12)

Choose the Lyapunov candidate function as

1
V3 = Ex{* (L + B)Tdiag(w)xl*
The derivative of V3 along system (11) satisfies

V3= —x0(L+B)" diag(w)sig(e+)*

l+a

A (diag () <mmiﬁgdiii§:g)<%; ) v

max

IA

where p; >0,0< %“ < 1. By Lemma 2, we have V3 will converge to zero in finite
time, it can be concluded that x;;=xj9, Vt>T;+7T,, i=1,2...,n. where

T, < 254 (diagw) va(0) T

(11— @)dnin(diaG(w)) (i (diaG(w) (L + B)) )
Next, we will prove subsystem (7) is not divergent when ¢ < T} + 75, and sub-
system (7) is finite-time stability when ¢ > T + T>.

Ita-
2

T - T .
Let xp=[x1, ...,x s Xor =Xpx = LyXoo, X3¢ =1[x31, ..., X30) ", Far =3¢ — 1px30.
Consider the Lyapunov function

1
V4= 55’(;5&2* + 5%;5(3*
The derivative of Vy4 along system (7) is

; T = T =
V4 = XpuXp# + X35 X35

T =~ T~ T ~ T (A A a .
= U 0Xp X3+ Xou 1+ X35 + X U2 X30 + X3 (I/lz* —uxpl, — M]*Slg(E‘Q*)z“’ - Slg(83*)a)

Since uy;, it1; converge to ujy and ilp; converges to uyg in finite time 7' + T,
uy;, iy; and iip; will be bounded in any time, i.e., there is a positive constant C,, such
that [|it;+ —uiol,|[, < Co, ||il+]|p < Co, ||il#]|p < Co, ||fi2x — uzo 1], < Co.
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V4 < CQH)NC; H2||5Cg*||2 + CzHJNC; ||2||)~Cg*||2 + C%HJNC; + Cz”ig«

( :

(L B[ %5 o llras 57 + 1 =L+ B 13512

2-2a

+ Con™r

o N\T
When H(xg*,xg*) H <1, we have
2

Vi<Ly

2-2a

where Ly =n'"%||(L+B)|z +3C2 + C3 + Con7=«

T
H(x;,xg*) H2=n221, we have

(L+B)||2F+“. However, when

; 2-2a S s _

Va4 < Cony + Cotgy + Cny + Comy + Conz= || (L+ B) |05 * +n' || (L+ B) |5y *
<6CyVy+2n" || (L+B)||%Va +2C2V, +2Con™||(L+ B) |[57V4
<L4Vy

where Ly =6C, +2n' ~%||(L+B)||% +2C3+ 2Cn 7w || (L+B)Hj? Thus, for any

X+ and X3+, we have Vi <L4Vy + L3. After some manipulation, we can further get
Vi < (V4(0) + IL‘—:)eL” - 2—;‘ Hence, %+, X3+ is bounded when t < T} + T.

When t > T + T», ity; = uy9, i =g, Uy; =uyo, then control law (11) becomes

Up; = Upp — MloSig(Szi)z’L“ —sig(es)”

Closed-loop system (7) can be obtained as

€% = U103 . (13)
E3r = — (L+B)Slg(83v)a - I/tl()(L+B)Sig(£2*)z‘

Choose the Lyapunov candidate function as

1 2-
Vs = Eeg*((L+B)diag(w)) “leg + = (

Let f(e3+) = — el (diag(w)) ~sig(e3+)”. For any k>0, we obtain
V5 (kz_ae‘z*,kﬁg*) =k2V5({:’2*,83*) (14)
and

f(keze) =k *f (e34) (15)
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When Vs(ex+, £3¢) >0, let k= (Vs(eax, £3+)) *in (15), we can get

L) (Ve en)) e
(VS(SZ*,83*))I;(X f(( 5( 2l )) 3)

< maXf((Vs(EZ*’ £3+)) _%83*)

=-c

where ¢>0. Since {(el.,el) :c=0}={(07,0")"}, we have Vs(ezs,e3:)=0.
Conflict with prerequisite condition Vs(es+, £3¢) >0. So, it is easy to obtain that
¢> 0. Then, we obtain f(e3x) < — ¢(V5(er+, 53*))% with a € (0, 1). Second, we will

prove that when Vs (e, e3:) =0, we have (e}, el.)" = (07,07)". Then it can be
lta

obtained that f(g3+) < —c(Vs(ex,€3¢)) 2 .

Moreover, the derivative of Vs along system (13) is

_) (diag(w)) "~ (sigler ) Froir)

€5

VS = €§*((L+B)d1ag(w)) - 1&‘3* =+ (

a

= — el (diag(w)) ™ 'sig(ess)” — uioet. (diag(w)) ~'sig(eae) e
tuno(siglen)) (ding(w) s
= — el (diag(w)) " 'sig(e3)* <0

Hence, Vs(ey«, £3:) =f(e3+) < —C(Vs(sz*,eg*))%. By lemma 2, we have Vs

will converge to O in finite time 73, it can be concluded that x;; = xp9, Xx3; = X3,
1

Vi>Ti+To+Ts, i=1,2...,n, where Ty= 72 (Vs(e2:(0),65+(0))) = . This
completes the proof.

Hence, by Theorems 1 and 2 we conclude that nonholonomic mobile robot
system (1) is finite-time stability under distributed control laws (10) and (11). Thus,
the formation control problem is solvable in finite time 7'=T) + T + T3.

Remark 2 |itjo| <k, |io| <k, it means the line velocity and angular velocity of
virtual leader not only can be constants, but also can be time-varying functions. So,
the control algorithm proposed in this paper can guarantee the group of mobile
robots moves along with the desired trajectory generated by a virtual leader whose
line velocity and angular velocity are varying.

4 Simulation Results

In this section, some simulation results are presented to illustrate the effectiveness
of the proposed theoretical results.
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Fig. 1 The desired formation
pattern and the information
exchange among mobile
robots

We consider mobile robots system (1) with n=6, the information exchange
topology among mobile robots is shown in  Fig. 1,  define
diag(w) =diag(3,1,2,1,1,3). Obviously, diag(w)(L+B) is positive definite.
Hence Assumption 2 holds.

Example 1 The desired trajectory is generated by system (1) with vo=5 m/s,
wo=0.5 rad/s. The initial state of the virtual leader 0 is [xo(0),yo(0),60(0)]" =
[0, =10,0]". The desired formation pattern F is (pipi,)=(—1,v3),

(Prop2) = (LV3),  (P30p3)=(2,0),  (Papay)=(1, =V3),  (pseps) =
(=1, =v/3) and (pex, pey) = (—2,0). According to the procedure detailed in the
proof of Theorem 1, estimator gain can be calculated. So, the gain parameters for
each mobile robot are chosen as k; =3, k, =0.5, =0.8. The response curves of
each mobile robot system (1) under control laws (10) and (11) are given in Fig. 2, 3
and 4. It is shown from Fig. 2 that the formation pattern of six robots is converge to
the desired formation and the centroid of formation converges to the desired tra-
jectory. Figure 3 shows that the angular velocity @; and velocity v; of six mobile
robots converge to angular velocity @ and line velocity vy of the virtual leader.
Position errors and heading errors are presented in Fig. 4, from which it is easy to
see that after a few seconds the position error and heading error converge to
(pix-Piy) and O, respectively.

Example 2 The desired trajectory is generated by system (1) with wg=1 rad/s,
vo=23sin ¢ cos ¢ m/s. The initial state of the leader 0 is [x(0), yo(0),8,(0)]" =[1,0,0]".
The desired formation pattern F is (piy,piy) = ﬁ(— 1, \/§), (P2x, P2y) =

(VA (aeps) = 222,00 (paops) = (L —V3), () =
(—1 —/3) and (peys pey) = S f( 2,0). Following the procedure detailed in

& %\
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Fig. 2 Formation pattern of six robots at some time, the desired trajectory and the trajectory of
centroid formation
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Fig. 3 Line velocity and angular velocity of six robot
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Fig. 4 Position errors and heading errors of six robots
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the proof of Theorem 1, the estimator gain can be calculated. So, the gain parameter
for each robot are chosen as k; =1,k; =9,a=0.6. The response curves of each
mobile robot system (1) under control laws (10) and (11) are given in Figs. 5, 6 and
7, form which it is easy to see that six mobile robots achieve desired formation
pattern, the trajectory of centroid formation pattern converges to desired trajectory,
and the angular velocity w; and velocity v; of six mobile robots converge to @y, vy.
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2 desired trajectory
1 trajectory of centroid
robot 1
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Fig. 5 Formation pattern of six robots at some time, the desired trajectory and the trajectory of
centroid of formation
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Fig. 6 Line velocity and angular velocity of six robots
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Fig. 7 Position error and heading error of six robots
5 Conclusion

In this paper, the distributed finite-time formation control problem for multiple
nonholonomic mobile robots has been studied. And a distributed finite-time esti-
mator and a distributed finite-time formation controller are proposed to solve it. The
simulation results show the feasibility of the proposed algorithm. However, the
communication topology is connected and balanced-detail and the communication
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delay is not considered. So, the future work will focus on studying the unified
controller to overcome these constraints.
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