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Abstract A Classical Digital Phase-Locked Loop (CDPLL) is a hybrid system as it
contains both analog and digital components. For a CDPLL with an XOR-gate phase
detector (PD), it is useful to analyse its stability since its performance is affected by
the nonlinear behavior of the PD. This paper presents the stability analysis of CDPLL
in continuous and discrete-time domains. Four criteria are used, Circle and Popov
for continuous-time domain, and Tsypkin and Jury-Lee for the discrete-time domain.
Numerical examples are included to show the different stability margins provided by
the aforementioned criteria.
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1 Introduction

Phase locked-loop (PLL) has been widely used in communication systems and elec-
tronic applications particularly for clock generation, clock recovery and frequency
synthesis [1, 2]. There are different types of PLLs such as analog PLL, classical dig-
ital PLL (CDPLL), all-digital PLL. (ADPLL) and software PLL (SPLL) [3]. Each
type is different based on the components integrated in the system.

A basic PLL can be easily constructed by using a phase detector (PD), a loop
filter (LF) and a voltage controlled oscillator (VCO) [4]. Its fundamental operation
is to synchronize the VCOs output frequency with the reference signals frequency
which typically comes from an oscillator. The PD plays a very important role in
comparing the frequencies and phases of the input and output signals as it needs to
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adjust its action in order to ensure the differences are minimized. The LF is used
to remove the high frequency components of the phase detector output and also the
high frequency noise. When the two signals (reference signal and oscillators output
signal) are equal in frequency, the error remains constant and the loop is said to be
in a locked condition.

Although many applications are based on linearized models of PLL [5, 6], the
approximation is not valid in general as the actual PLL is inherently nonlinear [7,
8]. This is mainly due to the behavior of the PD and the VCO. In this paper, the
focus is on the CDPLL with an XOR-gate type PD. The PD is considered as the main
source of nonlinearity and the VCO is assumed to be working in its linear range. It is
therefore useful to analyze the stability of the system as its performance is affected
by the nonlinearity. Since it is a hybrid system (i.e. the PD is digital while others
are analog), the CDPLL can be modeled either in continuous-time or discrete-time
domain with some limitations at high jitter frequency range [9, 10]. Both models
however can be generalized into a Lur’e system with sector bounded nonlinearity.

Various criteria have been developed to provide sufficient conditions for stability
of Lur’e systems in both discrete and continuous-time domain [11]. For nonlineari-
ties with sector-bound condition, the most common ones in continuous-time domain
are circle and Popov criteria [12], and their discrete counterparts are Tsypkin and
Jury-Lee respectively. In this note, these criteria will be used to analyze the stabil-
ity of CDPLL. The results will also be compared to show different stability margins
provided by the aforementioned criteria.

2 Preliminaries and PLL Basics

A basic block diagram of a PLL is shown in Fig. 1. The reference signal and the
VCO output can be either in the form of square wave or sine wave. Without loss of
generality, let the reference and VCO output signals be represented by [1];
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Fig.1 Block diagram of a PLL [13]
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Vi(t) = A, sin —(w;t + 6,) (1)
V() =A,cos—(w,t+6,) 2)

respectively. When they pass through the PD, the output signal V, can be calcu-
lated as V,(t) = —K,,A A, sin —(w;t + 0,) cos —(w,t + 0,), where K,, is the gain of
the mixer. Via trigonometric identity, we have

K,AA, . ,
Vi) = =52 sin ~[(@; + @)t +6;+ 0,1 + sinl(@; = w,)1 + 6, =6, (3)

By including a low pass filter, the high frequency component which is sin[(w; +
w,)t+ 6; 4+ 0,] can be attenuated, leaving only low frequency component. Hence,
the output of the PD can be written as V() = K; sin[(w; — ®,)t + 6; — 0,,], where
K, = (K,,A A,)/2 is the gain in rad/V.

If the loop is locked, then w; = w,, and the output of the PD can be approximated
by V,(t) = K, sin8,, where 6, = 6, — 0, is the phase error. As for the VCO, the fre-
quency at which it oscillates is determined by the output signal of the loop filter.
The angular frequency is given by w,(1) = w, + K, V,(1), where w, is the center fre-
quency of the VCO and K, is the VCO gain in rad s'V-!. The phase of the VCO
outputis 6,() = K, fol V(t)dt, which is equivalent to 6,(s)/V,(s) = K, /s in Laplace
domain. Due to this, the PLL will have at least one pole at the origin in the loop as
illustrated in Fig. 1.

If the phase error is sufficiently small, then linear approximation can be used and
the relationship between the input and output is given by 6,(s)/6,(s) = KK, F(s)/
(s + K;K,F(s)). In this case, the Nyquist criterion can be used to test the stability of
the system. However if the phase error is large enough, linear approximation will no
longer be valid.

For the purpose of stability analysis, the components in Fig. 1 are rearranged as in
Fig. 2 where all linear components are placed in the forward path and the nonlinear
component, denoted by ¢, is placed in the feedback path. The nonlinearity function
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Fig. 2 Rearrangement into linear and nonlinear components in phase space
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Fig. 3 Digital phase ®(p)
detector/XOR gate PD I\
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¢, which comes from the characteristic of the XOR-gate, belongs to the first and
third quadrants of the plane as shown in Fig. 3 [1]. Its input, represented by 6, is the
phase difference between 6; and 6,.

3 Stability Analysis of CDPLL

Based on Fig. 2, the state space of the LTI block is given by H ~ (A, B, C,0) and the
static, memoryless nonlinearity ¢ : R — R satisfies the sector condition:

OS@SK, Vy#0 4)

where K > 0 is the upper sector bound and ¢(0) = 0. Its slope bound can also be
described as:
k<P
y—Xx

, Vy # x. ®)
The stability criteria suitable for such a system in both continuous and discrete-time
settings are presented separately in the following subsections.

3.1 Continuous-Time Domain

Consider the feedback system as shown in Fig.2, where the nonlinearity ¢(y) is
described as in (4). The system is stable if:

Re[G(jw) + K~'1 > 0, Vo € R. (6)
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The condition in (6) corresponds to the circle criterion which is applicable for Lur’e
system with a nonlinearity that is sector-bounded, and possibly time-varying. If the
nonlinearity is additionally static and time-invariant, then the condition:

Re[(1 + joq)G(jw)] + K~'1 > 0, Vo eR, g€R @)

is sufficient to provide the stability of the system. The condition (7) corresponds to
the Popov criterion where it reduces to circle criterion when g = 0 [14].

3.2 Discrete-Time domain

In discrete-time domain, the loop filter and voltage controlled oscillator is combined
together and transformed directly into z-domain via impulse invariant method [15].
Similar to the Circle criterion, its discrete-time counterpart namely Tsypkin criterion
is stated as follows [16]:

Re[G)+ K '1>0  V|zl=1 (8)

where G(z) is the LTI system in discrete-time settings.
With regard to Popov criterion, one of its discrete-time counterparts suitable for
such a system is as follows:

Re[K™1+ (1 + (z— Dn)G(z) — g | z— DGR |)1>0 Viz| =1 9

where n € R [17]. Unlike Popov criterion, the condition derived in (9) is also based
on the slope restriction of ¢, as described in (5).

4 Numerical Examples

In this section, we analyze the maximum loop gain of CDPLL for which the sys-
tem remains stable. This is also equivalent to searching for maximum sector/slope
bound (i.e. K) of the system. For the first example, consider the feedback system in
Fig. 2 consisting of a third order Butterworth filter and a VCO, the corresponding
continuous-time transfer function is given by:

1 1
H(s) = -
1) s[s3/w3+252/a)3+2s/w(,+1]

(10)

where w, = 10 Hz is the cut-off frequency. The discrete-time model is obtained by
transforming H,(s) into H,(z) via impulse invariant method with sampling time of
0.1s. For the second example, the same feedback system is considered but with a
fourth order Butterworth filter. The transfer function is then:
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Table 1 Comparison results

Stability criterion Maximum gain K
H,() H,()
Continuous-time Circle 2.0003 0.2959
Popov 5.5275 1.4161
Discrete-time Tsypkin 3.4592 3.0221
Jury-Lee 7.5093 5.7195
Nyquist 7.5758 5.7471
Hy(s) = & ! 1 an

;[s“/a)‘c‘ +2.61325% /@ + 3.41435% /w? + 2.61325 /0, + 1

and the discrete-time model for H,(z) is obtained via the same method.

The results are compared in Table 1. For both examples, the result via linear
approximation method (Nyquist criterion) is included to show the highest gain K
that may be achieved. From the results, both examples show that the gain K obtained
via Tsypkin and Jury-Lee criteria are higher compared to Circle and Popov criteria.
The gain K for Jury-Lee is higher than Popov criterion due to the fact that the slope
restriction of the nonlinearity is included in its derivation of criterion, making it less
conservative than Popov criterion.

5 Conclusion

In this work, we have shown four different criteria (Circle, Popov, Tsypkin and Jury-
Lee) which are suitable to analyze the stability of CDPLL when the nonlinearity
is taken into account. As the CDPLL is considered as a hybrid system, it can be
modeled either in s-domain or z-domain for stability analysis purposes. Based on
the examples given, it is demonstrated that the discrete-time criteria can give much
better stability margins as compared to their continuous-time counterparts. For future
works, the result can be used to design the CDPLL such as the filter with certain
performance specifications.
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