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Abstract Inthis expository paper, we present proofs of Grothendieck—Serre formula
for multi-graded algebras and Rees algebras for admissible multi-graded filtrations.
As applications, we derive formulas of Sally for postulation number of admissible
filtrations and Hilbert coefficients. We also discuss a partial solution of Itoh’s con-
jecture by Kummini and Masuti. We present an alternate proof of Huneke—Ooishi
Theorem and a generalisation for multi-graded filtrations.
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1 Introduction

The objective of this expository paper is to collect together several fundamental
results about Hilbert coefficients of admissible filtrations of ideals which can be
proved using various avatars of the Grothendieck—Serre formula for the difference of
the Hilbert function and Hilbert polynomial of a finite graded module of a standard
graded Noetherian ring. The proofs presented here provide a unified way of approach-
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ing these results. Some of these results are not known in the multi-graded case. We
hope that the unified approach presented here could lead to suitable multi-graded
analogues of these results.

We begin by recalling the Grothendieck—Serre formula. For the sake of simplicity,
we assume that the graded rings considered in this paper are standard and Noetherian.

oo

Let R = €D R, be a standard graded Noetherian ring where Ry is an Artinian local
n=0

ring. Let M = @ M, be a finite graded R-module of dimension d. The Hilbert

nez

function of M is the function H (M, n) = Ag,(M,) for alln € Z. Here A denotes the
length function. Serre showed that there exists an integer m so that H (M, n) is given
by a polynomial P(M, x) € Q[x] of degree d — 1 such that H(M,n) = P(M, n)
for all n > m. The smallest such m is called the postulation number of M. Let R,
denote the homogeneous ideal of R generated by elements of positive degree and
[H ;3+(M )], denote the nth graded component of the ith local cohomology module

Hp (M) of M with respect to the ideal Ry.. We put Ag,([Hg, (M)1,) = h (M),

Theorem 1.1 (Grothendieck—Serre) For all n € 7, we have

d
H(M,n) — P(M,n) =D (=)' (M),.
i=0

The GSF was proved in the fundamental paper [37] of J.-P. Serre. We quote from
[6]: “In this paper, Serre introduced the theory of coherent sheaves over algebraic
varieties over an algebraically closed field and a cohomology theory of such varieties
with coefficients in coherent sheaves. He did speak of algebraic coherent sheaves,
as at the first time he managed to introduce these theories with purely algebraic
tools, using consequently the Zariski topology instead of the complex topology and
homological methods instead of tools from multivariate complex analysis. Since then,
the cohomology theory introduced in Serre’s paper is often called Serre cohomology
or sheaf cohomology.

One of the achievement of Serre’s paper is the Grothendieck—Serre Formula,
which is given there in terms of sheaf cohomology and showed in this way that sheaf
cohomology gives a functorial understanding of the so called postulation problem
of algebraic geometry, the problem which classically consisted in understanding the
difference between the Hilbert function and the Hilbert polynomial of the coordinate
ring of a projective variety.”

The Grothendieck—Serre Formula (GSF) is valid for nonstandard graded rings
also if the Hilbert polynomial P (M, x) is replaced by the Hilbert quasi-polynomial
[4, Theorem 4.4.3]. The GSF has been generalised in several directions. For some
of the applications, we need it in the context of Z’-graded modules over standard
N*-graded rings. In order to state the GSF for Z°-graded module, first we set up
notation and recall some definitions. Let (R, m) be a Noetherian local ring and
Iy, ..., I; be m-primary ideals of R. Wepute =(1,...,1), 0=(0,...,0) € Z°
and foralli=1,...,s5, ¢, =(0,...,1,...,0) € Z° where 1 occurs at ith posi-
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tion. Forn = (ny,...,ny) € Z°, we write [* = I - [ and n* = (n}, ..., n})
where nlJr =max{0,n;} foralli =1,...,s. For a = (aq, ..., a;) € N°, we put
lal =a; + -+ a;. Wedefinem = (my,...,my) >n=(ny,...,ng) if my >n;
foralli =1, ..., s. By the phrase “for all large n” we mean n € N* and n; > 0O for
alli =1,...,s. Foran N’ (or a Z*)-graded ring T, the ideal generated by elements

of degree e is denoted by 7', . .

Definition 1.2 Asetofideals F = {F(n)},ezs iscalledaZ*-graded I = (Iy, ..., Iy)-
filtration if for all m, n € Z°, (i) I € F(n), (ii) F(n)F(m) < F(n + m) and (iii)
ifm>n, Fm) € F@.

Let R = @ R, be a standard Noetherian N*-graded ring defined over a local

nelNs

ring (Rg, m) and Ry = €@ R,. Let Proj(R) denote the set of all homogeneous

prime ideals P in R such that R,y ¢ P. For a finitely generated module M, set
Supp, , (M) = {P € Proj(R) | Mp # 0}. Note that Supp,, (M) = V., (Ann(M))
[7, Lemma 2.2.5], [15].

Definition 1.3 The relevant dimension of M is

. s if Supp, (M) =10

rel. dim(M) = [max{dim (R/P)| P < Supp, (M)} if Supp, (M) # 0.
By [15,Lemma 1.1],dim Supp, , (M) = rel. dim(M) — s. M. Herrmann, E. Hyry,
J. Ribbe and Z. Tang [15, Theorem 4.1] proved that if R = € R, is a stan-

neNs
dard Noetherian N¥-graded ring defined over an Artinian local ring (R, m) and
M = @ M, is a finitely generated Z*-graded R-module then there exists a poly-
nezs

nomial, called the Hilbert polynomial of M, Py (xy, x2, ..., x5) € Q[xy, ..., x4] of
total degree dim Supp_ (M) satisfying Py (n) = A(M,,) for all large n. Moreover
all monomials of highest degree in this polynomial have nonnegative coefficients.

The next two results are due to G. Colomé-Nin [7, Propositions 2.4.2 and 2.4.3]
for nonstandard multi-graded rings. In Sect.2, we present her proofs to prove the
same results for standard multigraded rings for the sake of simplicity. These results
were proved in the bigraded case by A.V. Jayanthan and J.K. Verma [19].

Proposition 1.4 Let R = @ R, be a standard Noetherian N°-graded ring defined
neNs
overalocalring (Ry, m)and M = @ M, afinitely generated Z* -graded R-module.
nezs

Then

(1) Foralli > 0andn € 77, [Hé++ (M), is finitely generated Ry-module.
(2) Foralllargen andi > 0, [Hlie++ (M)], =0.
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Theorem 1.5 (Grothendieck—Serre formula for Z*-graded modules) Let R= @ R,
neNs

be a standard Noetherian N’ -graded ring defined over an Artinian local ring (Ry, m)

and M = @ M, a finitely generated Z*-graded R-module. Let Hy (n) = \(M,)

neZzs

and Py (xy, ..., xy) be the Hilbert polynomial of M. Then for all n € 77,

Hy() = Py = D (=1 h, (M),.

Ry
j=0

The above form of the GSF leads to another version of it which gives the difference
between the Hilbert polynomial and the function of Z°-graded filtrations of ideals in
terms of local cohomology modules of various forms of Rees rings and associated
graded rings of ideals. To define these, let , 12, . .., t; be indeterminates and t* =
H™ -t We put

R(F)= @ F(m)t™  the Rees ring of F,

neNs
R(F)= @ F(n)i*  the extended Rees ring of F,

nezs

‘/’T'
G(F)= EB & the associated multigraded ring of F with respect to F (e),
Fn+e)
neNs
f

Gi(F)= @ & the associated graded ring of F with respect to F(e;).

o T +-ei)

For F = {I%},ezs, we set R(F) = R(I) and R'(F) = R'(I), G(F) = G(I) and
G/(F)=Gi(I)foralli =1,....s.

Definition 1.6 A Z°-graded I-filtration F = {F (n)},czs of ideals in R is called an
I-admissible filtration if 7(n) = F(n*) and R'(F) is a finite R'()-module. For
s = 1, if a filtration F is I-admissible for some m-primary ideal / then it is also
I;-admissible.

Primary examples of /-admissible filtrations are {I"},czs in a Noetherian local

ring and {L_E}EGZ: in an analytically unramified local ring. Recall that for an ideal /
in R, the integral closure of I is the ideal

1 = {x eR |x”+a1x”71+~-~—|—an_1x+an=Of0rsomeneN
anda; € I' fori =1,2...,n).

We now set up the notation for a variety of Hilbert polynomials associated to
filtrations of ideals. Let / be an m-primary ideal of a Noetherian local ring (R, m)
of dimension d. For a Z-graded I-admissible filtration Z = {I,},cz, Marley [23]
proved existence of a polynomial Pz(x) € Q[x] of degree d, written in the form,
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d—1 d—2
PI(”)=€0(I)(n+d )—elm(”j;_l )+~-~+<—1)ded<z>

such that Pz(n) = Hz(n) for all large n, where Hz(n) = A(R/I,) is the Hilbert
function of the filtration Z. The coefficients ¢;(Z) fori =0, 1, ..., d are integers,
called the Hilbert coefficients of 7. The coefficient ey(Z) is called the multiplic-
ity of Z. P. Samuel [36] showed existence of this polynomial for the /-adic filtra-
tion {I"},cz. Many results about Hilbert polynomials for admissible filtrations were
proved in [9, 33].

For m-primary ideals I, .. ., I, B. Teissier [38] proved that for all n sufficiently
large, the Hilbert function H;(n) = A (R/I%) coincides with a polynomial

e n+a; —1 ng +ag — 1
P = 3 (—1)""ea(z)( o )( o )

a=(ajy,..., ag)eN*
la|=d

of degree d, called the Hilbert polynomial of /. Here we assume that s > 2 in order
to write P;(n) in the above form. This was proved by P.B. Bhattacharya for s = 2 in
[1]. Here e, (1) are integers which are called the Hilbert coefficients of /. D. Rees
[31] showed that e, (1) > O for || = d. These are called the mixed multiplicities
of I.

For an [-admissible filtration 7 = {F (n)},czs in a Noetherian local ring (R, m)
of dimension d, Rees [31] showed the existence of a polynomial

P]:(Q) = Z (_l)d—dlea(f)(nl +O?411 - 1) o (ns +Oéas — 1)

of degree d which coincides with the Hilbert function Hx(n) = X (R/F(n)) for
all large n [31]. This polynomial is called the Hilbert polynomial of 7. Rees [31,
Theorem 2.4] proved that e, (F) = e, (1) for all & € N* such that |a| = d.

In Sect.2, we prove the following version of the GSF for the extended Rees
algebras. It was proved for 7 -adic filtration and for nonnegative integers by Johnston—
Verma [20] and for Z-graded admissible filtration of ideals by C. Blancafort for all
integers [2].

Theorem 1.7 ([25, Theorem 4.3]) Let (R, m) be a Noetherian local ring of dimen-
sion d and I, ..., I, be m-primary ideals of R. Let F = {F(n)},ezs be an I-
admissible filtration of ideals in R. Then
(1) h%H(R’(]:)),l <ooforalli >0andn € Z°.
(2) Pr(n) — Hr(n) = > (=D)'hiy  (R'(F)),foralln € 7.

i>0

In Sect. 3, we derive explicit formulas in terms of the Ratliff—Rush closure fil-
tration of a multi-graded filtration of ideals for the graded components of the local
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cohomology modules of certain Rees rings and associated graded rings. For an ideal
I in a Noetherian ring R, L.J. Ratliff and D. Rush [30] introduced the ideal

i: U(1k+1 :Ik),

k>1

called the Ratliff-Rush closure of I. If I has a regular element then the ideal /
has some nice properties such as for all large n, (f)” =]", I" = I" etc. If I is an
m-primary regular ideal then I is the largest ideal with respect to inclusion having
the same Hilbert polynomial as that of /. Blancafort [2] introduced Ratliff-Rush
closure filtration of an N-graded good filtration. Let (R, m) be a Noetherian local
ringand Iy, ..., I, be m-primary ideals of R. Let ' = {F (n)},czs be an 1 -admissible
filtration of ideals in R. We need the concept of the Ratliff—-Rush closure of F in
order to find formulas for certain local cohomology modules.

Definition 1.8 The Ratliff-Rush closure filtration of 7 = {F(n)},czs is the fil-
tration of ideals F = {.7? (n)}nezs given by
(1) F) = U (Fn +ke) : F(e)*) foralln € N*,
k>1
() Fn)=F@™)foralln € Z°.

The next three results to be proved in Sect.3 are needed to prove several results
about Hilbert coefficients in Sect.5.

Proposition 1.9 ([25, Proposition 3.5]) Let (R, m) be a Cohen—Macaulay local ring
of dimension two with infinite residue field and 1y, . . ., I; be m-primary ideals in R.
Let F = {F(n)} ez be an I-admissible filtration of ideals in R. Then foralln € N*,

_ Fw
[(Hry, (ROF)], = T

Proposition 1.10 ([2, Theorem 3.5]) Let (R, m) be a Cohen—Macaulay local ring of
dimension two with infinite residue field, I an m-primary ideal of R and F = {1, },ez
be an I-admissible filtration of ideals in R. Then

| / _ [ L/n ifn=0
[Hyr), (R(F)], = [0 n =0
Theorem 1.11 ([25, Theorem 3.3]) Let (R, m) be a Noetherian local ring of dimen-
sion d > 1 with infinite residue field and I, . . ., I; be m-primary ideals in R such
that grade(ly - - - Iy) > 1. Let F = {F (n)},ezs be an I-admissible filtration of ideals
in R.Then foralln e N°andi =1, ...,s,

Fn+e)NF(n)
F(n+e)

[Hg,»(f)H(Gi(]:))]g =
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In Sect. 4, we present several applications of the GSF for Rees algebra and asso-
ciated graded ring of an ideal. The first application due to J.D. Sally, who pioneered
these techniques for the study of Hilbert—Samuel coefficients, shows the connection
of the postulation number with reduction number. Let (R, m) be a Noetherian local
ring, I be an m-primary ideal and F = {1, },cz be an admissible /-filtration of ideals
in R.

Definition 1.12 A reduction of an /-admissible filtration F = {I,,},c7 is an ideal
J C I, such that JI, = I,y for all large n. A minimal reduction of F is a reduction
of F minimal with respect to inclusion. For a minimal reduction J of F, we set

ry(F) =min{m : JI, = I, forn > m} and

r(F) = min{r;(Z) : J is a minimal reduction of F}.

For F = {I"},ez, wesetry(F) =r;(I) and r(F) = r(I).

Definition 1.13 An integer n € Z is called the postulation number of F, denoted
by n(F), if Pr(m) = Hx(m) for all m > n and Pr(n) # Hx(n). It is denoted by
n(F).

The next result was proved by J.D. Sally [35] for the m-adic filtration. Her proof
remains valid for any admissible filtration.

Theorem 1.14 Let (R, m) be a Cohen—Macaulay local ring of dimension d > 1
with infinite residue field, I an m-primary ideal and F = {I,} be an I-admissible
filtration of ideals in R. Let Hg(n) = X (I,/1,41) and Pr(X) € Q[X] such that
Pr(n) = Hg(n) for all large n. Suppose grade G(F); > d — 1. Then for a minimal
reduction J = (x1,...,xq) of F, Hr(r;(F) —d) # Pr(r;(F) —d) and Hg(n) =
Pr(n) foralln > r;(F) —d + 1.

The following result is due to Marley [23, Corollary 3.8]. We give another proof
which follows from the above theorem.

Theorem 1.15 ([23, Corollary 3.8]) Let (R, m) be a Cohen—Macaulay local ring of
dimension d > 1 with infinite residue field, I an m-primary ideal and F = {I,} be
an I-admissible filtration of ideals in R. Let grade G(F)y > d — 1. Then r(F) =
n(F)+d.

In Sect. 5, we discuss several results about nonnegativity of Hilbert coefficients of
multi-graded filtrations of ideals as easy consequences of the GSF for such filtrations.
We prove the following result which implies earlier results of Northcott, Narita, and
Marley.

Theorem 1.16 ([25, Theorem 5.6]) Let (R, m) be a Cohen—Macaulay local ring of
dimensiond > 1 and I, . .., I, be m-primary ideals of R. Let F = {F (n)}pezs be
an I-admissible filtration of ideals in R. Then
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(1) eq(F) = 0where a = (avy,...,q,) € N° |a| >d — 1.
(2) eq(F) = 0where a = (g, ...,a;) €EN° |a| =d —2andd > 2.

We also discuss the results of S. Itoh about nonnegativity and vanishing of the third
coefficient of the normal Hilbert polynomial of the filtration {1"},, 7 in an analytically
unramified Cohen—Macaulay local ring. We prove an analogue of a theorem due
to Sally for admissible filtrations in two-dimensional Cohen—Macaulay local rings
which gives explicit formulas for all the coefficients of their Hilbert polynomial.
Here again we show that these formulas follow in a natural way from the variant of
GSF for Rees algebra of the filtration.

Proposition 1.17 Let (R, m) be a two-dimensional Cohen—Macaulay local ring, 1
be any m-primary ideal of R and F = {I,},cz an admissible I-filtration of ideals in
R. Then

(1) XA (Hz), (R(F)o) = ex(F),
R
(2) M(H}r), (R(F1) = eo(F) — e1(F) + ex(F) — A (1—)
1
(3) A(Hir), R(F)-1) = e1(F) + ex(F).

C. Huneke [14] and A. Ooishi [28] independently proved that if (R, m) is a
Cohen—-Macaulay local ring of dimension d > 1 and [ is an m-primary ideal then
eo(I) — ey (I) = A(R/I) if and only if r(I) < 1. Huckaba and Marley [13] proved
this result for Z-graded admissible filtrations. In Sect.6, we present a proof, due
to Blancafort, for Z-graded admissible filtrations of Huneke—Ooishi Theorem. The
original proofs due to Huneke and Ooishi did not employ local cohomology and
relied on use of superficial sequences. Our purpose in presenting the alternative
proof using the GSF for Rees algebras is to motivate the proof of an analogue of the
Huneke—Ooishi Theorem for multi-graded filtrations of ideals.

Theorem 1.18 ([3, Theorem 4.3.6]) Let (R, m) be a Cohen—Macaulay local ring
with infinite residue field of dimensiond > 1, I} anwm-primary idealand F = {I,,}, ez
be an I -admissible filtration of ideals in R. Then the following are equivalent:

(1) eo(F) —er(F) = A(R/1),
(2) r(F)<1.

In this case, ex(F) = --- = eq(F) = 0, G(F) is Cohen—-Macaulay, n(F) <0, r(F)
is independent of the reduction chosen and F = {1}'}.

Using the GSF for multi-graded Rees algebras we prove the following analogue
of the Huneke—Ooishi Theorem for multi-graded admissible filtrations.

Theorem 1.19 ([25, Theorem 5.5]) Let (R, m) be a Cohen—Macaulay local ring of
dimensiond > 1 and I, . .., Iy be m-primary ideals of R. Let F = {F (n)},ezs be
an I-admissible filtration of ideals in R. Then foralli =1, ...,s,
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(1) e—1ye, (F) = e1(FD),

(2) e(I;) — e@—1)e;(F) < MR/ F(er)),

(3) e(I;) — e@a—1ye, (F) = MR/ F(e;)) if and only if r(FD) < 1 and ey, (F) =
el (FD), where FO = {F(ne;)}nez is an I;-admissible filtration.

The vanishing of the constant term of the Hilbert polynomial of a filtration gives
insight into the filtration as well as the local ring. For any m-primary ideal [ in
an analytically unramified local ring (R, m) of dimension d, the normal Hilbert
function of 7 is defined to be the function H (I, n) = A\(R/I"). Rees showed that
for large n, it is given by the normal Hilbert polynomial

_ d—1 d—2
P(I,x):Eo(I)(x+d )—21(1)()‘;_1 )+~-~+(—1)dzd(1).

The integers ey(1), e, (1), ..., es(I) are called the normal Hilbert coefficients of
I. Rees defined a 2-dimensional normal analytically unramified local ring (R, m)
to be pseudo-rational if ¢,(/) = 0 for all m-primary ideals. It can be shown that
two-dimensional local rings having a rational singularity are pseudo-rational. It is
natural to characterise e;(/) = 0 in terms of computable data. This was considered
by Huneke [14] in which he proved.

Theorem 1.20 ([14, Theorem 4.5]) Let (R, m) be a two-dimensional analytically
unramified Cohen-Macaulay local ring. Let I be an m-primary ideal. Thene>(I) = 0
if and only if I" = (x, y)I"~! for n > 2 and for any minimal reduction (x, y) of I.

A similar result was proved by Itoh [18] about vanishing of e, (7). Using the GSF
for multi-graded filtrations, we prove the following theorem which characterises the
vanishing of the constant term of the Hilbert polynomial of a multi-graded admissible
filtration and derive results of Itoh and Huneke as consequences.

Theorem 1.21 ([25, Theorem 5.7]) Let (R, m) be a Cohen—Macaulay local ring
of dimension two and I, . . ., Iy be m-primary ideals of R. Let F = {F (n)},ez be
an I-admissible filtration of ideals in R. Then ey(F) = 0 implies e(I;) — e,,(F) =

A (%@))for alli =1, ..., s.Suppose Fis 1-admissible filtration, then the converse

is also true.

2 Variations on the Grothendieck—Serre Formula

The main aim of this section is to prove the Grothendieck—Serre formula (Theorem
2.3) and its variations. In [7, Propositions 2.4.2 and 2.4.3], Colomé-Nin proved the
Grothendieck—Serre formula for nonstandard multi-graded rings. For the sake of sim-
plicity, we present her proof for standard multi-graded rings. As a consequence we
prove [25, Theorem 4.3] (Theorem 2.5) which relates the difference of Hilbert poly-
nomial and Hilbert function of an /-admissible filtration to the Euler characteristic
of the extended multi-Rees algebra.
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We recall the following Lemma from [7] which is needed to prove Theorem 2.3.

Lemma 2.1 ([7, Lemma 2.2.8]) Let R = @ R, be a standard Noetherian N*-

neNs
graded ring defined over a local ring (Ry, m) and M = @ M, a finitely gen-
neZzs
erated Z°-graded R-module. Let x € R, where n > e and x ¢ |J P. Then

PeAss(M)
rel. dim(M /x M) = rel. dim(M) — 1.

Proposition 2.2 Let R = @ R, be a standard Noetherian N°-graded ring defined

neNs

overalocalring (Ry, m)and M = @ M, afinitely generated Z*-graded R-module.
neZs

Then

(1) Foralli > 0andn € 7Z*, [H,"€++ (M)], is finitely generated Ry-module.
(2) Foralllargen andi > 0, [H1ie++ (M)], =0.

Proof Note that R, is finitely generated. We prove both (1) and (2) together by
induction on i. Suppose i = 0. Note that Hy (M) € M and hence Hp (M) is

finitely generated R-module. Let {~, ..., ~,} be a generating set of ng++ (M) as
an R-module and deg(vy;) = p(j) = (p(j1), ..., p(js)) forall j =1,...,q. Let
a; =max{|p(ji)|:j=1,...,q}foralli =1,...,sand o = (a1, ..., ay). Since

HIQH(M ) is R -torsion, there exists an integer # > 1 such that R, +H2++(M )=0.
Then for alln > o + te,

Ry

[HY. (M)ly = Ry_piyn + -+ Ru_pyg S Ry Hp, (M) =0.

Fix n € Z*. Since R is a standard Noetherian N*-graded ring defined over Ry, there
exist elements a;1, ..., ajx, € R, for all i =1, ..., s such that each nonzero ele-

ment of [Hp_ (M)], can be written as sum of monomials 1H aj --agiv; of
<i<s
degree n with coefficients from Ry where j =1,...,q, t,-l,_._.. , ti, > 0. Since
0 <t,...,ti, <n; — p(ji), the number of monomial generators are finite. Hence
[H2++ (M)], is finitely generated Ro-module.
Now assume i > 0. Let M’ denote M /H,gH(M). Consider the short exact
sequence of R-modules

0—>H2++(M)—>M—>M’—>0
which gives long exact sequence of local cohomology modules

i
Hp i

(HY_ (M)) — Hi_ (M) —> Hjp (M) —> --- .

Since H2++(M) is R -torsion, H,"M(HI‘;H(M)) =0foralli > 1. Thus
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Hll’?++ (M) ~ H}e++ (M) foralli > 1. 2.2.1)

By [7, Lemma 2.4.1], there exists an element x € R, for some p=e such that
x ¢ Pforall P € Ass(M') = Ass(M)\V (R,,).Fixi > 1. Consider the short exact
sequence of R-modules

0— M'(—p) > M — M'/xM —> 0

which gives long exact sequence of local cohomology modules whose rth component
is

C— [H,‘;l (M’/xM’)]r — [H) M)] =S [Hi (M)]

r—p r

— [Hi, (M'xM)], — -

By inductive hypothesis [H,’Q: (M’/xM/)] = 0 for all large m, say, forallm > k

m
for some k € N°. Then for all n > k, we have the exact sequence

0— [H;?++(M/)] _x) [Hlie++(M/)]

n—p n’

Since H1ie++ (M) is R, -torsion and x € R, we have [H§++ (M’)] = 0 for all

m >k — p. Hence we prove part (2). B

Fix i > 0 and n € Z°. By [7, Lemma 2.4.1], there exists an element y € R,
such that y ¢ P for all P € Ass(M') = Ass(M)\V(R,,) and we can assume
degree(y) = m such that [H,"QH (M")], =0 for all r > n + m. Consider the short
exact sequence of R-modules

0— M(—m) -5 M — M'/yM' — 0

which gives long exact sequence of cohomology modules whose (m + n)th
component is

> [H;;: (M’/yM’)] — [Hi

m+n Rt

(Mh], % [H]

Rt

(M’)] — ...

m+n

Since [Hy_ (M")]1n, =0 and by induction hypothesis [H,’e: (Mm'/ yM/)] is

m+n
finitely generated Rp-module, from the above exact sequence, we get [ H Ii€++(M N
is finitely generated Rp-module. Hence by Eq.(2.2.1), we get the required result. [
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Theorem 2.3 (Grothendieck—Serre formula for multi-graded modules) Let R =

Rn be a standard Noetherian N‘Y- raded rin de l’l@d over an Artinian lOC(ll rin
n 8 8 8
neNs

(Ro, m) and M = @ M, a finitely generated Z°-graded R-module. Let Hy (n) =

nezs

A(M,) and Py (xy, ..., x;) be the Hilbert polynomial of M. Then for all n € 7°,

Hy() = Py = D (=1 h}, (M),.

Ry
j=0

Proof Foralln € Z°*, wedefine y (n) = Z‘(—l)jhfe++ (M), and fy (n) = Hy(n) —
j=0

Py (n). We use induction on rel. dim(M). Suppose rel.dim(M) = s — 1. Then
Supp, , (M) =V, (Ann(M)) = . Therefore there exists an integer k > 1 such
that R’j_+M = 0. Hence HRQH(M) = M and H,"QH(M) =0 for all i > 1. Since
Py (X1, ..., X,) has degree —1, we have Py (n) = O forall n € Z*. Thus we get the
required equality.

Assume that rel. dim(M) > s. Let M’ denote M/HgH(M). Consider the short
exact sequence of R-modules

0—>H2++(M)—>M—>M’—>0
which gives long exact sequence of local cohomology modules
+—> Hy, (Hy (M) — Hy (M) — Hy (M) —> .-
Note that Hp (M) is Ry -torsion. Hence for all i > 1, H;§++(H2++(M)) = 0and

Hi

Ry

(M) ~ H:

Ryt

(M. (2.3.1)

Since Hy (n) = Hy(n) + h(l)?++ (M), and hence by Proposition 2.2 part (2), Py (n) =
Py (n). Thus

Hy ()~ Py ()= Hy () + 1% (M), — Py () = Hyp(n)— Pap )+ B (M),

Therefore by the Eq.(2.3.1), it is enough to prove the result for M’. By [7, Lemma

2.4.1], there exists an element x € R, for some p=e such that x ¢ P for all P €

Ass(M') = Ass(M)\V (R,_). Consider the short exact sequence of R-modules
0— M'(—p) > M — M'/xM — 0

which gives long exact sequence of cohomology modules whose rth component is
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o [Hg L (M xM)| — [Hy, 01)], ) = [Hp ()]

r—p r

— [Hp,, (M//xM’)]L —_—

Thus for all n € Z*°, Hypjxpmr(n) = Hy(n) — Hy (n — B)' Hence Py /xm(n) =
Py (n) — Py (n — p). By Lemma 2.1, rel. dim(M'/xM') < rel.dim(M"). There-
fore for alln € Z°,

S @) — fu(n—p) = fujem (0) = xXprpxem (1) = X (n) — X (n — p).

Hence fy/(n) — xm'(n) = fu(n — p) — xm(n — p).Sinceforalllargen, fyr(n) —
xm (n) = 0, we get the required result. (I
Proposition 2.4 Let S’ be a Z*-graded ring and S = @, .y, S, Then Hg_(S') =
H éﬁ (S) for alli > 1 and we have the exact sequence

/

0— H{ (S)— H{_(§') — 5 H} (S) — H} (8) —> 0.

S+

Proof Consider the short exact sequence of S-modules

0—>S—>S’—>§—>O.

This gives the long exact sequence of S-modules

i i i S
e L ) — ()

Since % is §; ¢ -torsion, Hy (%) = % and Hy (%) = Oforalli > 0. Hence the

result follows. O

The GSF for multi-graded Rees algebras proved below generalises the theorems
[19, Theorem 5.1], [24, Theorem 1] and [2, Theorem 4.1].

Theorem 2.5 ([25, Theorem 4.3]) Let (R, m) be a Noetherian local ring of dimen-
sion d and I, ..., Iy be m-primary ideals of R. Let F = {F(n)}pezs be an I-
admissible filtration of ideals in R. Then

(1) h%H(R/(J:))ﬂ <ooforalli >0andn € Z°.
(2) Pr(n) — Hr(n) = Z(—l)ihéz++(R’(]-"))ﬂf0r alln € 7°.

i>0
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R'(F)
Proof (1) Denote ————— by G;(F). By the change of ring principle,
' R(F)(ei)
Hé;(L)H(G;(]:)) = H7ja++(Gz/'(-7:)) foralli = 1,...,sand j > 0. Fora fixed i, con-

sider the short exact sequence of R(/)-modules
0 — R'(F)(e;) — R'(F) — Gi(F) — 0. (2.5.1)
This induces the long exact sequence of R-modules

0 —> (B, (R'(F)lpse, — [HY (R (FNly — [HY% | (G{FNly — [Hy, (R(FNlyre — -

By Propositions 2.2 and 2.4, [H7jz++ (R'(F))], = 0 for all large n and j > 0. Since

(%)n = Oforalln € N* orn; < 0, by Propositions 2.2 and 2.4, [H7jz++(G§(.7-'))]ﬁ

is finitely generated (Gi(1))o-module for all n € N* or n; <0 and j > 0. Since
(G;(1))o is Artinian, [H7jz++ (G (F))]y has finite length for all n € N* orn; < 0 and
J > 0. Hence using decreasing induction on n, we get that h%ﬁ (R'(F))n < oo for
all j >0andn € Z°. A

(2) Let xp(n) = Z(_l)ithH (M), where M is an R(1)-module. Then from the

i=0
short exact sequence (2.5.1), Theorem 2.3 and Proposition 2.4, foreachi =1, ..., s
andn e N orn; <0,

XrRF(+e) — xrF @ = —XxeF (1)
= —XGi» ()
= Pg,r(n) — Hg, (7 (n)
= (Pr(n+e)— Pr(n) — (Hr(n +¢e;) — Hr (n)).

Let h(n) = xr/F (1) — (Pr(n) — Hr(n)). Then h(n + ¢;) = h(n) for all n € N*
orn; <0Oandi =1,...,s. Since h(n) = 0 for all large n, h(n) = O forall n € Z°.

]

3 Formulas for Local Cohomology Modules

In this section, we derive formulas for the graded components of the local coho-
mology modules of certain Rees rings and associated graded rings in terms of the
Ratliff-Rush closure filtration of a multi-graded filtration of ideals. These gener-
alise [2, Proposition 2.5 and Theorem 3.5]. We use these formulas to derive various
properties of the Hilbert coefficients in further sections.

In the following proposition we derive a formula for Hg F)s (G(F))n.
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Proposition 3.1 Let (R, m) be a Cohen—Macaulay local ring of dimension d > 1,
I an m-primary ideal and F = {I,,} be an I-admissible filtration of ideals in R. Let
(X1, ..., Xg) be a minimal reduction of F. Put x* = (x{‘, R xs)forallk > 1. Then
foralln € Z,

Likn

Hd G(F)), = lim :
G(.7:)+( (7)) v )_ckl(d,1)k+n + lakynst

Proof Letx}=x; + I, betheimage of x; in G(F). Since /G (F)+ =\/(x?‘, co X)),

by [5, Theorem 5.2.9], H¢ ) (G(F))=lim H/(x)", ..., (x))", G(F)) where
k

HY((xHk, ..., (e, G(F)) is the dth cohomology of the Koszul complex of G (F)

with respect to the elements (xi")k, A (x;‘)k. Thus we get the required result. [

Proposition 3.2 Let (R, m) be a Cohen—Macaulay local ring of dimension d > 1,
I an m-primary ideal and F = {I,,} be an I-admissible filtration of ideals in R. Let
(X1, ..., Xg) be a minimal reduction of F. Put x* = (x{‘, R xs)forallk > 1. Then
foralln € Z,
. Idk+11
HE -+ (R(F)), = lim )
TP © X nien

Proof Since R(F)y =Ax11, ..., xat), wehave Hb ) (R(F))=lim H’((x11)",
k

-, (xgD)*, R(F)) by [5, Theorem 5.2.9] where H?((x11), ..., (x4t)*, R(F)) is
the dth cohomology of the Koszul complex of R(F) with respect to the elements
(x1t)%, ..., (xqt)*. Thus we get the required result. O

Lemma 3.3 ([Rees’ Lemma] [31, Lemma 1.2] [25, Lemma 2.2]) Let (R, m, k) be
a Noetherian local ring of dimension d with infinite residue field k and I, . . ., I; be
m-primary ideals of R. Let F = {F(n)},ezs be an I-admissible filtration of ideals
in R and S be a finite set of prime ideals of R not containing I, - - - I;. Then for each
i=1,...,s, there exists an element x; € I; not contained in any of the prime ideals
of S and an integer r; such that for all n > r;e;,

Fm)N(x) =xF@m—e).

Theorem 3.4 ([31, Theorem 1.3] [25, Theorem 2.3]) Let (R, m) be a Noetherian
local ring of dimension d with infinite residue field and 1, ..., I; be m-primary
ideals of R. Let F = {F(n)},ezs be an I-admissible filtration of ideals in R.
Then there exist a set of elements {x;; € I; : j=1,...,d;i =1,...,s} such that
Oy - Ya)F @) = F(n +e) for all large n where y; = x1;---x5; € Iy - -+ I for
all j =1,...,d. Moreover, if the ring is Cohen—Macaulay local then there exist
elements x;) € I; and integers r; for all i = 1,...,s such that for all n > r;e;,
F() N (xi1) = xinF(n —e;) and yp = x11 - - - X1.
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Proposition 3.5 ([25, Proposition 3.5]) Let (R, m) be a Cohen—Macaulay local ring
of dimension two with infinite residue field and 1, . . ., Iy be m-primary ideals in R.
Let F = {F(n)}uezs be an 1-admissible filtration of ideals in R. Then foralln € N°,

]"()

H RFN, =
[Hir,. (RUDI =

Proof By Lemma 3.3 and Theorem 3.4, there exists a regular sequence {y;, y»} such
that (y1, y2) F(n) = F(n + e) for all large n. For all k > 1, consider the following
complex of R(F)-modules

FK 0 — R(F) 25 R(F)(ke)? N R(F)(2ke) —> 0,

where oy (1) = (yi¥t%¢, y,¥1%¢) and By (u, v) = y,*t*“u — y,*t*¢v. Since radical of
the ideal (y ¢, y»t°)R(F) is same as radical of the ideal R(F), by [5, Theorem

5.2.9],
(ker Bk)n

ke, (RODI, = lim o 5L,
Suppose (u, v) € (ker ), for any n € N°. Then y,*u — yi*v = 0. Since {yi, y»}
is a regular sequence, u# = y;*p for some p € R. Thus v = y,*p. Hence (u, v) =
0¥ p, yz ¥ p). This implies for all n € N, (u v) € (ker B¢), if and only if (u, v) =
i p, V2 kp) for some p € (}'(n +ke) : (1%, y2¥)). Fork > 0, by [25, Proposition
3.1], ]—'(Q) (F(n+ke): (vi*, y25)) for all n € N*. Hence for all n € N* and k >
0, (ker Bx), = .7:(@) Also for all n € N*,

(im o)y = {1  pt*, 2k pt*) 1 p € R(F)} = Fw).

F)
1 ~ — )

Hence [Hy (7, (R(F))]n = Fo foralln € N°. (I
Proposition 3.6 Let (R, m) be a Cohen—Macaulay local ring of dimension two

with infinite residue field, I an m-primary ideal and F = {I,},cz be an 1-admissible
filtration of ideals in R. Then

1 _ i;z/ln lf” > 0
i, RGN = 1 g/ 0=
Proof By Proposition 3.5, we get [H712(}-)+ R(FN], = I:,/In forall n > 0. Let J
be minimal reduction of F generated by superficial sequence y;, y,. For all k > 1,
consider the following complex of R (F)-modules
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Qg

FE 10 — R(F) 5 ROF)()> 25 RF)(2k) —> 0,

where oy (1) = (31¥t%, y.5t%) and B (1, v) = y.¥t*u — y1*t*v. Since radical of the
ideal (y11, y2¢)R(F) is same as radical of the ideal R(F), by [5, Theorem 5.2.9],

1 oo (ker B,
[, (RO, = lim (2,

Now forn < 0, R(F), = 0. Hence (im ay), = 0.

Suppose (u, v) € (ker ), for any n < 0. Then y,*u — y;*v = 0. Since {y/, y»}
is a regular sequence, u = y;*p for some p € R. Thus v = y,*p. Hence (u, v) =
(y1*p, ¥2* p). This implies for all n < 0, (u, v) € (ker ), if and only if (u, v) =
(" p. y2* p) for some p € (F(n +k) : (yi*, »,") = R. U

Proposition 3.7 ([2, Theorem 3.5]) Let (R, m) be a Cohen—Macaulay local ring of
dimension two with infinite residue field, 1 an m-primary ideal and F = {I,,},cz be
an I-admissible filtration of ideals in R. Then

L/L, ifn=>=0

(AR, (R =1 o ifn <0.

Proof Since [H713(]_-)++ R (FN, = [H712(]:)++ (R(F))1, foralln € Nby Proposition

2.4, using Proposition 3.6, we get [H71€(F)++ (R(FD = L,/ 1.
Let J be minimal reduction of F generated by superficial sequence y;, y,. For all
k > 1, consider the following complex of R(F)-modules

Fb 10— R(F) 2 RIEFK) 25 RI(F)2k) — 0,

where ax (1) = (y15t%, y,%t%) and Bi(u, v) = y,*t*u — y,*t*v. Since radical of the
ideal (y12, y2t)R(F) is same as radical of the ideal R(F), by [5, Theorem 5.2.9],

. , ~ .. (ker By
[Hr @z, (R(FD]n = l%n —(im ),

for all n € Z\N,
(im o), = {0 pt*, v pt*) : p e R'(F), = R} = R.

Thus [H,}z(}_)+ (R'(F))], = 0forall n € Z\N. O

Lemma 3.8 ([25,Lemma?2.11]) Let I, ..., I; be m-primary ideals in a Noetherian
local ring (R, m) of dimension d > 1 such that grade(l,---1I;) > 1. Let F =
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{F(n)}uezs be an I-admissible filtration of ideals in R. Denote R(1)44+ as R4+.
Then
ArlHf, (R'(F)]y < AlHfy, (R (F)u—e,

foralln € Z° andi =1, ...,s.

Proof By Lemma 3.3 and Theorem 3.4, there exists an ideal J = (yy, ..., yq4) C
I - - - Iy such that y; = xy; - - - x4 is anonzerodivisor, x;; € [; foralli = 1, ..., s and
JF(@n) = F(n + e) for all large n. Hence \/R(L)++ = \/(ylg, ..., yat). Consider
the short exact sequence of R(/)-modules,

/ Xi1t 1 R/(f)
0 — R (F)(—e;)) — R(F) — ot RF) — 0.

This gives a long exact sequence of n-graded components of local cohomology
modules,

, , y R'(F
> [Hy gy, RPN — Higp),, (RN —> [H7lz<1>++ (W)} —0.

R() ) _RD N _ .
Letr = RO Now R isaT-module and (xflt;R(L) ) o (yat, »yaDT.

( R (F)

d _R(F)_
Hence H. TR

R+, ) = 0 which implies the required result. (]

Theorem 3.9 ([25, Theorem 3.3]) Let (R, m) be a Noetherian local ring of dimen-
sion d > 1 with infinite residue field and I, . .., I; be m-primary ideals in R such
that grade(l, - - - I;) > 1. Let F = {F(n)}nezs be an I- admissible filtration of ideals
in R.Then foralln e N*andi =1,...,s,

Fn+e)NFn)
Fn+e)

[Hg‘.(]:)++ (G; (f))]g =

Proof Let x € F(n) and x*=x+Fn-+e) € [Hg;(}')++(Gi(f))]ﬁ' Then
)C*G,-(]-')’fHr = 0 for some k > 1. Therefore xF(e)* € F(n + ke + ¢;). Hence x €
Fn+e). )

Conversely, suppose x* € F(n+e;) N F(n)/F(n+e;). We show that there
exists m > 0 such that x*G; (F)"}, = 0. Since G;(F)"} | € @ F(p)/F(p+ e,

pzme

it is enough to show that x*(F(p)/F(p + €;)) = 0 for all lgrge p- By [25, Propo-

sition 3.1], there exists m € N* with m > e such that ]:"(1) = F(r) for all r > m.
Thus for all r > m,

XFr) CFn+e)F@) S Fn+r+e)=Fmn+r+e).
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Therefore (x 4+ F(n + ¢;))G;(F)"}, = Oforsomem > 1.Hence (x + F(n +¢;)) €
[Hg;i(f)++(Gi(f))]g- O

4 The Postulation Number and the Reduction Number

In [35, Proposition 3] Sally gave a nice relation between the postulation number
and the reduction number of the filtration {m"},cy. In [23, Corollary 3.8] Marley
generalised this relation for any /-admissible filtration. In this section, we derive
these results using the Grothendieck—Serre formula. We recall few preliminary results
about superficial sequences which are useful to apply induction in the study of Hilbert
coefficients.

Let (R, m) be a Noetherian local ring, / be an m-primary ideal and F = {I,,},¢z
be an /-admissible filtration of ideals in R.

Definition 4.1 Anelementx € I\, is called superficial element for F of degree
t if there exists an integer ¢ > 0 such that (1,4, : x) N I, = I, foralln > c.

If the residue field of R is infinite, then there exists a superficial element of degree
1 [32, Proposition 2.3]. If grade (/;) > 1 and x € I, is superficial for 7, Huckaba
and Marley [13], showed that x is nonzerodivisor in R and (/,4; : x) = I, for all
large n. If dimension of Risd > 1, x € I\, is superficial element for 7 and x is a
nonzerodivisor on R then by [23, Lemma A.2.1], ¢;(F) = ¢;(F') forall 0 <i < d
where R' = R/(x) and F' = {I,R'},cz. The following lemma is due to Blancafort
[3, Lemma 3.1.6]. This lemma was first proved by Huckaba [11, Lemma 1.1] for
I -adic filtration.

Lemma 4.2 Let (R, m) be a Cohen—Macaulay local ring of dimension d > 1, I
an m-primary ideal and F = {I,,},cz be an I-admissible filtration of ideals in R.
Suppose J is a minimal reduction of F and there exists an x € J\I, such that x* =
x + I is a nonzerodivisor in G(F). Let R" = R/(x). Then r(F) = r(F') where
F' =R }nez.

Proof Wedenote r(F) and r (F’) by r and s respectively. Itis clear that s < r. We use
the notation “’ ” to denote the image in R’. Letn > s anda € I,4,. Thena' € J'I,.
Hencea = p + xq forsome p € JI,andq € R. Therefore xq € I, which implies
q € (1,41 : x). Since x* is a nonzerodivisor in G(F), we have (1,4, : x) = I, for
all n € Z. Hence we get the required result. (|

Definition 4.3 If x = x|, ..., x, € I}, we say x is a superficial sequence for F if
forall 0 <i < r, x;4; is superficial for F/(xy, ..., x;).
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Suppose (R, m) is Cohen—Macaulay local ring of dimension d, I is an m-primary
ideal and F = {I,} is an I}-admissible filtration of ideals in R. Suppose xi, ..., x, €
Iy and 1 <r <d, then x, ..., x, is a superficial sequence for F if and only if
X1, ..., X, 1s R-regular sequence and there exists an integer ny > 0 such that for all
1<i<r,

(x1,...,x)N1L, = (xy,...,x;),_; forall n > ny.

This result was first proved by Valabrega and Valla [39, Corollary 2.7] for /-adic
filtration and then by Huckaba and Marley [13] for Z-graded admissible filtrations.
Marley [23, Proposition A.2.4] showed that if residue the field is infinite then any
minimal reduction of F can be generated by a superficial sequence for F. The
following lemma is due to Huckaba and Marley [13, Lemma 2.1].

Lemma 4.4 ([13, Lemma 2.1]) Let (R, m) be a Noetherian local ring of dimen-
sion d > 1, I an m-primary ideal and F = {I,} be an I-admissible filtration of
ideals in R. Let xy, ..., x; be a superficial sequence for F. If grade G(F)y >k
then x7, ..., x; is a regular sequence in G(F) and hence G(F)/(x},...,x}) =
G(F/(x1,...,xy)) where x} is image of x; in G(F).

Proof By induction it is enough to prove for k = 1. Let ({4 : x;) N I, = I, for all
n>c. Letx* € (0:x})NG(F), for some n € N. We show that x*(G(F); ) =
0. Let 0 £2z* € G(.7-")$rl NG(F),. Now x*z* € G(F)uqp and x1x2 € Ly pyo.
Therefore xz € (Iy4py2 1 x1) NI = Iy py1. Thus x*z* = 0 in G(F). Hence x* €
0 g (GF)HH =0. O

The next theorem was proved for the m-adic by Sally [35, Proposition 3]. We have
adapted her proof for any admissible filtration.

Theorem 4.5 Let (R, m) be a Cohen—Macaulay local ring of dimension d > 1 with
infinite residue field, I an m-primary ideal and F = {I,} be an I -admissible filtration
of ideals in R. Let Hr(n) = X\ (I,/1,+1) and Pr(X) € Q[X] such that Pgr(n) =
Hg(n) for all large n. Suppose grade G(F)y > d — 1. Then for a minimal reduction
J=(x1,...,xq) of F, Hr(rj(F) —d) # Pr(r;(F) — d) and Hg(n) = Pg(n) for
alln >r;(F)—d+ 1.

Proof We denote r;(F) by r. We use induction on d. Let d = 1. Without loss of
generality we assume x; is superficial. Then

Hr) (G(F))y = (2" € I/ Ty | 2l € Ly for all large 1},

For n >r —1, zx! € I,4;41 = x! 1,4, implies z € I,41. Thus for all n > r — 1,

HY 5y, (G(F)), = 0.
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Now we prove that Hé(f)+ (G(F)),—1 # 0and Hcl;(F)+ (G(F)), = 0foralln > r.
For each n, consider the following map

1k+n Ok Ik+n+1
k k+1
xi Ly + Liynta xi L+ Dy

where ¢ (2) = X1z

For all large k, Ij 1,41 = x11;+,. Hence for all large k, ¢y, is surjective. Now suppose
$1(@) = 0 for some Z € Iy, /x* I, + Iiiny1. Then x1z € XX, + Iy ,in. There-
fore x;z = x’f“a + bforsomea € I, andb € I ,12.Thusb € (x1) N I4p12. Since
x1 is superficial, for all large k, b € x| I;4+,+1 and hence z € x{‘ln ~+ I, 4+1. Thus for

all large k, ¢y is injective. Therefore by Proposition 3.1, for all large &,

I

1 ~ +n

He 7, (G(F))y = it ey
n n

Thus for all n >r and for all large k, Iyy, = x{1, C x{1, + Iy4,11. Hence
I{é(}-)Jr (G(f))n =O0foralln >r.
Suppose HCl?(f)+ (G(F)),_1 = 0. Then for all large &,

k k
Ly = X I+ Ly © X I_.

Leta € I;,_». Then xja € I, C x{‘lr,l implies a € x{cillr,l. Thus Ij1, 2 =
x’ffl I,_;. Using this procedure repeatedly, we get [, = x;I,_; which is a contradic-
tion. Thus Hé( f)+(G(.7-" ))r—1 # 0. Therefore by Theorem 2.3, we get the required
result.

Suppose d > 2. Without loss of generality we assume xi, ..., X, is superficial
sequence for F. Since grade G(F)4+ >d — 1, by Lemma 4.4, we have x| is a
nonzerodivisor of G(F). By [3, Proposition 3.1.3] G(F)/(x]) >~ G(F/(x;)). For
all n € Z, consider the following exact sequence

Ly xx I I, I, + (x1)
SN N ~
I, Iy Xihot + Ly L + (x1)

— 0. 451

Then for all n € Z,
HR/(xl)(n) = HR(n) — HR(n — 1) and hence PR/(XI)(I’l) = PR(VZ) — PR(I’l — 1)

Since dim R/(x;) =d — 1 and grade G(F/(x1)), >d —2, by induction and
Lemma 4.2, we have

HR/(X])(r —d+1 75 PR/(X])(r_d+ 1) and HR/(Xl)(n) = PR/(X])(n) foralln >r —d + 2.
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Since there exists an integer m, such that for all n > m, Pgr(n) = Hg(n), we have

Pr(n—1) — Hr(n — 1) = Pr(n) — Hr(n) = - --
= Pr(n+m)— Hg(n+m) =0foralln >r —d + 2.

Therefore

0 # Prjey(r —d +1) = Hrye(r —d +1)
=[Pr(r —d +1) — Hr(r —d + 1)] = [Pr(r —d) — Hg(r — d)]
= Pr(r —d) — Hr(r — d).

O
The following result is due to Marley [23, Corollary 3.8]. Here we give another
proof which follows from Theorem 4.5.

Theorem 4.6 ([23, Corollary 3.8]) Let (R, m) be a Cohen—Macaulay local ring of
dimension d > 1 with infinite residue field, I an m-primary ideal and F = {1} be
an I-admissible filtration of ideals in R. Let grade G(F)y >d — 1. Thenr;(F) =
n(F) + d for any minimal reduction J of F. In particular, r (F) = n(F) +d.

Proof Let Hr(n) = A(1,,/1,+) for all n and Pr(X) € Q[X] such that Pg(n) =
Hg(n) for all large n. Let d = 1 and J be any minimal reduction of F. Denote
r7(F) by r. Then degree of the polynomial Pg(X) is zero. Hence Pr(X) = a where
a is a nonzero constant. By Theorem 4.5, for all n > r, Pr(n) = Hg(n). Therefore
for all n > r, we have

)\(15;)=(n—r)a+/\(§)=na+()\(151)—ra).

Hence Pr(n) = Hr(n) for alln > r. Suppose Pr(r — 1) = Hr(r — 1). Then

_““(IEZ)ZA(LR)'

This implies Pg(r — 1) = Hg(r — 1) which contradicts Theorem 4.5. Thus r; (F) —
1 = n(F) for any minimal reduction J of F. Hence we get the result for d = 1.

Suppose d > 2 and J = (xy, ..., x4) is a minimal reduction of F consisting of
superficial elements. Denote »; (F) by r. For all n € Z, we get

Hg(n) = Hr(n + 1) — Hr(n) and hence Pg(n) = Pr(n + 1) — Pr(n).

Since there exists an integer m, such thatforalln > m, Pr(n) = Hx(n), by Theorem
4.5, we have
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Pr(n) — Hr(n) = PF(n+1) — Hr(n + 1)

=Pr(n+m)— Hr(n+m)=0foralln >r —d+ 1.
Again using Theorem 4.5, we get

0 # Pr(r —d) — Hr(r — d)
=[Pr(r—d+1)—Hr(r—d+ )] —[Pr(r —d) — Hr(r — d)]
= Pr(r —d) — Hr(r —d).

Thus r;(F) —d = n(F) for any minimal reduction J of F. Hence r(F) =
n(F)+d. O

5 Nonnegativity and Vanishing of Hilbert Coefficients

In this section, we apply Grothendieck—Serre formula to derive various properties
of the Hilbert coefficients. We derive a result of Northcott, Narita, Marley, and Itoh.
We also derive a formula for the components of local cohomology modules of Rees
algebras in terms of the Hilbert coefficients (Proposition 5.11) which generalises [35,
Proposition 5] and [20, Proposition 3.3].

The following theorem is a generalisation of a result due to Northcott
[27, Theorem 1].

Theorem 5.1 (Northcott’s inequality) Let (R, m) be a d > 1-dimensional Cohen—
Macaulay local ring, I an m-primary ideal and F = {I,,},cz be an I-admissible
filtration of ideals in R. Then

e1(F) = eo(F) — A (15) >0,

1
Proof Weuse inductionond. Letd = 1. Since R is Cohen—Macaulay, puttingn = 1
in the Difference Formula (Theorem 2.5) for Rees algebra of F, we have
R
eo(F) —er(F) — A (I_) = Pr(1) — Hr(1)
1
= AR[HR 5, (R (FD1 = ArlH . (R (FD];
= —XelHyx), (R'(F)] 0.

Thus we get the first inequality. Suppose d > 2 and the result is true for rings with
dimension upto d — 1. Without loss of generality we may assume that the residue
field of R is infinite. Let x € I be a superficial element for . Then eg(F) = eo(F")
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and e;(F) = e (F’) where “”” denotes the image in R’ = R/(x). Since A(R'/I{) =
A(R/I,), by induction hypothesis we get the first inequality.

For any minimal reduction J of F, J is minimal reduction /; by [31, Lemma
1.5]. Hence, we get the second inequality. (]

Theorem 5.2 ([25, Theorem 5.6]) Let (R, m) be a Cohen—Macaulay local ring of
dimensiond > 1 and I, . .., Iy be m-primary ideals of R. Let F = {F (n)},ezs be
an I-admissible filtration. Then

(1) eq(F) = 0where a = (ay,...,a,) € N°, |a| >d — 1.
(2) eq(F) = 0where o = (g, ...,05) e N°, la| =d —2and d > 2.

Proof (1)For |a| = d, theresult follows from [31, Theorem 2.4]. Suppose |o| = d —
1. We use induction on d. Let d = 1. Then putting n = 0 in the Difference Formula
(Theorem 2.5), we get eg(F) = )\R[H71er+ (R'(F))]p = 0. Letd > 2 and assume the
result for rings of dimension d — 1. Then there exists i such that o;; > 1. Without loss
of generality assume «; > 1. By Lemma 3.3, there exists a nonzerodivisor x € I;
suchthat (x) N F(n) = xF(n — e;) foralln € N* suchthatn; > 0.Let R" = R/(x)
and 7' = {F(n)R'},ez: . For all large n, consider the following short exact sequence

(F@) : (x)) R x R R
— — — — 0
F(n—er) F(n—er) F(n) (x, F(n))

Since forall large n, (F(n) : (x)) = F(n — e1), we get Pr(n) = Pr(n) — Pr(n —
e1). Hence (—l)d’l"(“’e‘)‘b(a_el)(.7-") = (—=D)?"lole, (F) where

P]—"(H) = Z (_l)d—l—|7|bﬁy(]:/)(nl + 7 — 1) (ns + v — 1).

V=01, 7)) €N " s
lvl=d—1

Since [(a — ;)| =d —2 = (d — 1) — 1, by induction b(,_.,)(F’) > 0. Hence for
lal =d =1, eo(F) = 0.

(2) We prove the result using induction on d. For d = 2 the result follows from
the Difference Formula (Theorem 2.5) for n = 0 and Proposition 3.5. The rest is
same as for the case || =d — 1. O

As a consequence of this we get the following results which is proved by Marley
[23, Propositions 3.19 and 3.23]. The next one is a generalisation of a result due to
M. Narita [26, Theorem 1]. Here we give different proof.

Proposition 5.3 Let (R, m) be a d-dimensional (d > 2) Cohen—Macaulay local
ring, I an wm-primary ideal and F = {I"},cz an admissible I-filtration. Then
er(F) = 0.
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Proof Comparing the expressions of coefficients of Hilbert polynomials for s = 1
and s > 2, by Theorem 5.2, we get the required result. O

It is natural to ask whether ¢; (F) are nonnegative for i > 3 in a Cohen—Macaulay
local ring. Narita [26, Theorem 2] and Marley [22, Example 2] gave an example of
an ideal in a Cohen—-Macaulay local ring with e3(/) < 0.

Example 5.4 [26, Theorem 2] Let A be a formal power series k[[ X, X2, X3, X4]]
overafieldkand Q = A /AX;.Then Q is aCohen—Macaulay local ring of dimension
3. Let x1, x2, X3, x4 be the images of X, X, X3, X4 in Q and I = Qx; + Qx% +
Qx32 + Qxrx4 + Qx3x4. Then

Q" : (sz’)2>> — g (IQ/ + (10"

ol =" ( 1o 1o

) < 0 where Q' = Q/(x1).

Example 5.5 [22, Example 2] Let I = (X3,Y3, Z3, X?Y, XY?,YZ?, XYZ) in the
regular local ring R = k[X, Y, Z](x,y,z)- Thenforalln > 1,

2 I
P,(n)=27(”;r )—18(”;r )+4n+1.

Hence e3(I) = —1 < 0.

However, for F = {I"},cz, Itoh proved that e3(F) is nonnegative in an analyti-
cally unramified Cohen—Macaulay local ring [17, Theorem 3]. In order to prove this,
he used an analogue of Theorem 2.3 (see [17, p.114]). In [12, Corollary 3.9], authors
gave an alternative proof of this result. We prove this result using the GSF. For this
purpose, we recall some results of Itoh about vanishing of graded components of
local cohomology modules. See also [10, Theorem 1.2].

Theorem 5.6 ([16, Theorem 2] [17, Proposition 13]) Let (R, m) be an analytically
unramified Cohen—Macaulay local ring of dimensiond > 2. Let M = (t~', R(F).)
be the maximal homogeneous ideal of R'(F). Then the following statements hold
true for the filtration F = {I"},cz, :

(1) HR,(R'(F)) = Hy, (R'(F)) = 0;
(2) Hy(R'(F); = 0for j < 0;
(3) Hiy(R/(F)) = Hip, (R/(F)) fori =0.1,....d — 1.

Theorem 5.7 ([17, Theorem 3]) Let (R, m) be an analytically unramified Cohen—
Macaulay local ring of dimension d > 3 and 1 be an m-primary ideal in R. Then
e3(1) = 0.
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Proof For F = {I_n}nEZ, we set R'(I) := R/(F). We use inductionon d. Letd = 3.
Then, by the Difference Formula (Theorem 2.5) for Rees algebras and Theorem 5.6,
we have

= 3 o7

e3(I) = hﬁ(mR (I)o = 0.
Let d > 3. We may assume that the residue field of R is infinite. Let J/ C I be a
reduction of . Since I" = J" foralln,e;(I) =e;(J) foralli =1, ..., d. Therefore
it suffices to show thate;(J) > 0. By [17, Theorem 1 and Corollary 8], there exists a
system of generators x, ..., x; of J such that,if weput T = (Ty, ..., T;), R(T) =
R[T]miryand C = R(T)/ (Zle x;T;), then C is an analytically unramified Cohen—
Macaulay local ring of dimensiond — 1 andes(J) = e3(J C). Hence, using induction
hypothesis the result follows. (]

Itoh [17, p.116] proposed the following conjecture on the vanishing of e3(/) which
is still open.

Conjecture 5.8 (Itoh’s Conjecture) Let (R, m) be an analytically unramified Goren-
stein local ring of dimension d > 3. Then e3(/) = 0 if and only if 1"*+2 = ["I2 for
every n > 0.

Itoh proved the “if” part of the Conjecture 5.8 in [16, Proposition 10]. He also
proved the “only if” part of the Conjecture 5.8 for I = m [17, Theorem 3(2)]. By [17,
Corollary 8 and Proposition 17], it suffices to prove the Conjecture 5.8 for d = 3.
Let d = 3 and e3(/) = 0 for an m-primary ideal in a Cohen-Macaulay ring R. By
[16, Proposition 3] and [17, Corollary 16 and (4.1)], I"+2 = ["[? for every n > 0 if
and only if R (1) is Cohen—Macaulay.

It is not known whether the Itoh’s conjecture is true for / = m in a Cohen—
Macaulay local ring R (which need not be Gorenstein). Recently, in [8, Theorem
3.6], the authors proved that the Conjecture 5.8 holds true for 7 = m in a Cohen—
Macaulay local ring of type at most two. T.T. Phuong [29], showed that if R is
an analytically unramified Cohen—Macaulay local ring of dimension d > 2 then
the equality e; (1) = eo(1) — /\(R/T) + 1 leads to the vanishing of e3(7). In [21],
authors generalised the result of [8]. They also obtained following result for an
arbitrary m-primary ideal / in an analytically unramified Cohen—Macaulay local
ring of dimension 3.

Theorem 5.9 ([21, Theorem 1.1]) Let (R, m) be an a@lyticallunramiﬁeﬁ Cohen—
Macaulay local ring of dimension 3. Let M = (t 7', R',) and R’ = @ 1"t". Sup-

nez

pose that e3(I) = 0. Then
(1) H,(R) =0,
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(2) Suppose either that R is equicharacteristic or that 1 =m, and that I has a
reduction generated by x,y,z. If R' is not Cohen—-Macaulay, then e,(I) —

(x,y, 21

As a consequence they generalised [8, Theorem 3.6].

Corollary 5.10 ([21, Corollary 1.2]) Let (R, m) be an analytically unramified
Cohen—Macaulay local ring of dimension 3.
(1) Suppose ez(I) = 0. Then there is an inclusion H3 (R) 1 C(0: (R 1.

2) Suppose e3(m) = 0. Then e;(m) < type(R).
3) R (m) is Cohen—Macaulay if e;(m) < lengthR(Iz/mI) + 2 for any ideal I such
that T = m, es(m) = 0 and I has a minimal reduction.

Proof (1): By Theorem 5.9, H}Vl(ﬁ) = 0. Hence, by [17, Proposition 13(3)], we
get an exact sequence

0 — HX (R)-1 — Hy(R) — H3(R)-1 — 0.
+

Thus H% (ﬁ)_l C H; (R). By the Difference Formula (Theorem 2.5) and Theo-

rem 5.6, we get o
W, (R)o = (1) = 0. (5.10.1)
+

Now consider the exact sequence

Il‘l

0—R(1)—R —G= ED]H

n>0

— 0

which gives the long exact sequence
C— H€+(R Y+l —> H€+(R Yo —> H§+(G),, —>

Using (5.10.1), we get an isomorphism H3 (R) |~ H3 (G) 1. This implies that

H2 (R')_1 is an R/T-module. Therefore H3 (R)_, C (0 L (R) D).

(2) Taking I = m, by the Difference Formula (Theorem 2.5) and Theorem 5.6,
we get e (1) = h3 (R )_1. Hence by (1) we get the result.

(3) Follows from Theorem 5.9(2). ([l

The next result was first proved by Sally [35, Proposition 5] for the filtration
{m"},cz and then by Johnston and Verma [20, Proposition 3.3] for the filtration
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{I"},cz where I is an m-primary ideal of R. Here we prove the result for Z-graded
admissible filtrations.

Proposition 5.11 Let (R, m) be a two-dimensional Cohen—Macaulay local ring, 1
be any m-primary ideal of R and F = {I,},cz an I-admissible filtration of ideals in
R. Then

(1) A (Hi ), (R(F)o) = ea(F),
R
) A (HRr), (R(F)) = eo(F) — e1(F) + ex(F) — A (1—)
1

(3) A (Hir), (R(F))-1) = e1(F) + ex(F).
Proof We have

Pr(n) — Hr(n) = Z(—l)"hgz(f)+(7€’(]-“))n foralln € Z.  (5.11.1)

i>0

(1) Puttingn = 01in (5.11.1) and using Propositions 2.4 and 3.7, we get the required
result.

(2) Puttingn = 1in(5.11.1) and using Propositions 2.4 and 3.7, we get the required
result.

(3) Consider the short exact sequence of R(F)-modules

0— R(F)y — R(F) — RERF)/R(F)y — 0

which induces a long exact sequence of local cohomology modules whose nth com-
ponent is

o+ —> Hp ), (R(F) 1w — Hp(zy, (R(F)w —> Hpzy, (R)y —> -+ foralli > 0.

Since R is R(F).-torsion, H%(}-)+ (R) = Rand H{z(}-)+ (R) = Oforalli > 1.Hence
H}z(j__)+ (R(F)y) = H;z(f)+ (R(F)) for all i > 2 and we have the exact sequence

0— H702(]-')+(R(]:)+)n - H702(]-')+(R(]:))n — R

— Hpry, (R(F)n = Hig ) (R(F))n — 0. (5.11.2)
The short exact sequence of R(F)-modules

0— R(F)+(1) — R(F) — GF) — 0
induces the exact sequence

0 —> Hy(r), (GF)-1 = Hppory, (R(F)1)o = Hig (), (RIF)-1 = Hppr) (G(F))-

= H 5, (R(F)o = Hiy(r), (R(F)-1 = Hir) (G(F))-1 — 0.
(5.11.3)
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Now H%( ). (G(F)) € G(F) are nonzero only in nonnegative degrees. Thus
H}z(f_)+ (R(F))_1 = Rand H712(f)+ (R(F))o = 0by Proposition 3.6. Therefore from
the exact sequence (5.11.2), we get the exact sequence

0— R — Hpp), (R(F)+)o = Hyp), (R(F))o = 0.

Let f denote the map from H7‘z(f)+ (R(F))_; to H%(f)+(G(.7-')),1 in the exact
sequence (5.11.3). First we prove that f is zero map. From the exact sequence
(5.11.3), we get the exact sequence

0— R -5 R Hy oy (GO

Since R/g(R) is contained in H7‘2(f)+(G(}')),1 and by Proposition 2.2,
H}z(f_)+ (G(F))—; is of finite length, we have Az (R/g(R)) is finite. Since g(R)

is principal ideal in R, we get R = g(R). Therefore f is the zero map. Hence we get
the exact sequence

0= Hpz), (GFN-1 = HE (5, (RIFNo = HE (5, (RIFN-1 = Hig (), (GF))—y — 0.

Therefore by Theorem 2.3, we get

[HF(0) = Hr (D] = [P£©0) = Pr(=D] = =\ (Hiy (), (GE)-1) + A (HE ), (G -1)

= <A (Ha ), RN + A (Ha ), RED1).

Thus by part (1) of the Proposition, we get
A (Hy ), (R(F))-1) = e2(F) — ea(F) + e1(F) + e2(F) = e1(F) + ex(F).

O

6 Huneke-Qoishi Theorem and a Multi-graded Version

In this section we give an application of the GSF to derive a result of Huneke [14] and
Ooishi [28] which states that if (R, m) is a Cohen—Macaulay local ring of dimension
d > 1and [ is an m-primary ideal then ey (1) — e;(I) = A(R/I) ifand only if r (I) <
1. A similar result for admissible filtrations was proved in [3, Theorem 4.3.6] and
[13, Corollary 4.9]. In [25, Theorem 5.5], authors gave a partial generalisation of this
result for an /-admissible filtration. First we prove few preliminary results needed.

Lemma 6.1 (Sally machine) [34, Corollary 2.4] [13, Lemma 2.2] Let (R, m) be
a Noetherian local ring, Iy an m-primary ideal in R and F = {I,},cz be an I;-
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admissible filtration of ideals in R. Let x1, . .., X, be a superficial sequence for F.
If grade G(F/(x1,...,X;))+ > 1 then grade G(F)y >r + 1.

Proof Weuseinductiononr.Letr = landy € I; suchthatimageof yin G(F/(x1));
is a nonzerodivisor. Then (Z,,,; : yj) C (I, x1) for all n, j. Since x is a superficial
element for F, there exists integer ¢ > 0, such that (1,1 : x{) NI.=1I,forallj > 1
and n > c. Consider an integer p > c/t. For arbitrary n and j > 1, we prove that

yp(1n+j : x{) - (In+j+lp : x{) NI = Lyyp.

Leta € (14 :x{). Then ay”xlj € Lyt jyip- Since pt > ¢, ay? € (Lyyjtep :xlj) N
I. = I,44p. Therefore

(nij 2 X{) S Unyep 2 ") S U, x1).

Thus (1, : x{) =1, +x1(Lyj: xljﬂ) for all n and j > 1. Iterating this formula
n times, we get

(1n+j : xll) = In + )C]I,,,l +x121n72 +--+ x11(1n+j : xii+11) = In'

Hence x| = x; + I is a nonzerodivisor of G (F). Since G(F)/(x{) = G(F/(x1)),
grade G(F)4 > 2.

Now assume r > 2. Then by r = 1 case, we have grade G(F /(xy, ..., X,—1))+ >
2 > 1. By induction on r, we have grade G (F); > r and since xy, ..., X, is a super-
ficial sequence for F, by Lemma 4.4, we obtain x7, ..., x is a regular sequence of

G(F).Since G(F)/(x},....x)) =2 G(F/(x1,...,x.)), grade G(F)L >r + 1.

O
The next lemma is due to Marley [23, Lemma 3.14].

Lemma 6.2 Let (R, m) be a Cohen—Macaulay local ring of dimension d > 1, I
an m-primary ideal and F = {I,},cz be an I-admissible filtration of ideals in R.
Suppose x € I)\I such that x* = x + I, is a nonzerodivisor in G(F). Let R' =
R/(x). Then n(F) = n(F') — 1 where F' = {I,R'},cz.

€/

Proof We use the notation to denote the image in R’. For all n, consider the
following short exact sequence of R-modules

0—> (I, :x)/l, — R/I, = R/I, — R'/I, —> 0.

Therefore Hr (n) = AM(R'/I)) = A((I, : x)/I,). Since x* is a nonzerodivisor in
G(F), wehave (1,4 : x) = I, foralln. Hence Hx (n) = AX(I,,_1/1,) = M(R/I,) —
AMR/I,—1) = Hr(n) — Hr(n — 1) for all n which implies Pr (n) = Pr(n) —
Pr(n — 1) for all n. Thus Hz (n) = Pz (n) for all n > n(F) + 2. Since
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Prm(F)+ 1) —Hp(n(F)+1) = [Pr(n(F) + 1) — Hr(n(F) + 1]
—[Pr(n(F)) — Hr (n(F))]

—[Pr(n(F)) — Hr (n(F))] # 0,

we get the required result. (I

The next theorem is due to Blancafort [3] which is a generalisation of a result
of Huneke [14] and Ooishi [28] proved independently. We make use of reduction
number and postulation number of admissible filtration of ideals to simplify her
proof.

Theorem 6.3 ([3, Theorem4.3.6]) Let (R, m) be a Cohen—Macaulay local ring with
infinite residue field of dimensiond > 1, I, an m-primary ideal and F = {1,,},cz, be
an Ii-admissible filtration of ideals in R. Then the following are equivalent:

(1) eo(F) —er(F) = A(R/1),
(2) r(F)<1.

In this case, ex(F) = --- = eq(F) = 0, G(F) is Cohen—-Macaulay, n(F) <0, r(F)
is independent of the reduction chosen and F = {I}'}.

Proof (1) = (2) We use induction on d. Let d = 1. For all n € Z, we have
Pr(n) — Hr(n) = —hjg ), (R'(F)a.
By putting n=1 in this formula, we get eo(F) —e(F)—A(R/I) =

_h%Z(fn (R'(F))1 = 0. Therefore by Lemma 3.8, foralln > 1, hy 7 R'(F), = 0.
Consider the short exact sequence of R(F)-modules,

0 — R/(F)(1) > RI(F) — G(F) —> 0.
This induces a long exact sequence,
0 — [Hr), (GFN — [Hy ) (RN(FNpps —> -+
Thus for all n € N, [H%(F)+(G(f))],1 = 0. Hence G(F) is Cohen—Macaulay. Let
J = (x) be a minimal reduction of F. Without loss of generality x is superficial. For

each n, consider the following map

) [ [
xk]n xk+l]n

where ¢;(z) = xz.

For all large k, Ij1,+1 = x Ix+,. Hence for all large &, ¢y, is surjective. Now suppose
¢x(Z) = O0forsome 7 € Ixyn/x*1I,. Then xz € x**11,. Therefore xz = x**'a where
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a € I,, hence 7 € x*I,,. Thus for all large k, ¢y is injective. Therefore by Proposition
3.2, for all large k,

Ik+n

xkr,”

Hy i, (R(F)), =

By Lemma 3.8 and Proposition 2.4, H7la(}')+ (R(F)), = 0foralln > 1. Then for all
large k andn > 1,
Ik+n = xk In‘

Leta € Liin_i. Then xa € Ly, € x*1, implies a € X1, Thus Lisn—1 = x*7'1,.
Using this procedure repeatedly we get I,; = x1,. Thus r(F) < 1.

Let d > 2 and x € I; be a superficial element for F. Let R’ = R/(x), F =
{I,R},ez and G’ = G(F"). Since ¢;(F) = ¢;(F') forall i < d, we have

F) =) = e —a@ = (X) =2 (X
eo(F) —ei(F) = eo(F) —e1(F) = (1—1)— (IIR’)'

Hence by induction hypothesis, G is Cohen—Macaulay. Therefore by Sally machine
(Lemma 6.1), G (F) is Cohen—Macaulay. This implies that for any minimal reduction
J of F, rj(F) =n(F)+d by Theorem 4.6. Thus r,(F) is independent of the
minimal reduction J of /. Let J be a minimal reduction of F generated by superficial
sequence Xy, ..., Xq. Let R = R/(xy,...,xq-1) and F = {Inﬁ},,ez. Since G(F) is
Cohen—Macaulay and x1, . . ., x4 is superficial, using Theorem 4.6 and Lemmas 4.4,
4.2 and 6.2, for d — 1 times, by induction hypothesis we get

rF)=nF)+d=nF)+1=rF) <1.

(2) = (1) Let J be a minimal reduction of F such that »(F) =r;(F) and J
is generated by superficial sequence xi, ..., x4. Let R" = R/(x1,...,x4-1) and
F ={L,R'},ez. Then x4I,R" = I, R’ for all n > 1. Since x/; is nonzerodivisor,
(In41R" : x) = I, R’ for all n > 1. Therefore (x/)* (the image of x); in G(F"))
is nonzerodivisor in G(F’). Hence G(F’) is Cohen—Macaulay. Thus by Lemma
6.1, G(F) is Cohen—Macaulay. Therefore by Theorem 4.6, n(F) =r(F) —d < 0.
Hence Pr(n) = Hx(n) for all n > 0. By putting n = 1 for d = | case we obtain
eo(F) —er(F) = MR/ 1y).

Now we prove that if r(F) < 1 then e;(F) = - -+ = ¢4(F) = 0. Without loss of
generality assume d > 2. The condition 7 (F) < 1implies G (F) is Cohen—Macaulay
and n(F) =r(F) —d < 0. Let d = 2. Therefore e;,(F) = Pr(0) — Hx(0) = 0.
Now assume d > 3 and the result is true upto dimension d — 1. Let J be minimal
reduction of F generated by superficial sequence x, ..., x;. Let R = R/(xy, ...,
xq—1)and F' = {I,R'},ez. Then ¢;(F) = ¢;(F') = 0forall0 < i < d. Since G(F)
is Cohen-Macaulay and n(F) = r(F) —d < 0, we get (—1)%e,(F) = Pr(0) —
Hz(0) = 0. Therefore eg(F) — e; (F) — AN(R/1}) = Pr(1) — Hx(1) = 0.
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Let J be a minimal reduction of F such that »(F) = r;(F) and r(F) < 1. Then
L =JI, €1} C L.Suppose I, = I] foralll <r <n.Thenl,y; =JI, C LI C
I C Iy, Thus Fis (I} ez O

Theorem 6.4 ([25, Theorem 5.5]) Let (R, m) be a Cohen—Macaulay local ring of
dimensiond > 1 and I, ..., Iy be m-primary ideals of R. Let F = {F (n)}pczs be
an I-admissible filtration of ideals in R. Then foralli =1, ...,s,

(1) e—1ye, (F) = e1(FD),

(2) e(I;) — e@—1)e;(F) < MR/ F(e;)),

(3) e(L;) — ew—1ye; (F) = MR/ F(e;)) if and only ifr(F9) <1 and e@—ne, (F) =
el (FD), where FO = {F(ne;)}nez is an I;-admissible filtration.

Proof (1) We apply induction on d. Let d = 1. Then by Theorem 2.5,
Pr(re;) — AM(R/F(re;)) = —)\R[H713++ (R'(F))](re;) forall r > 0.

Since F @ is I;-admissible, we have e (F ) = e(I;). Hence using Pra (r) = e(I;)r —
e1(F©), we get

Pro(r) — AR/F(re) + [ (FD) — eo(F)l = —ArlHp . (R'(F)]ey <O
Taking r > 0, we get e(F) > e1(FD). Let d > 2. Without loss of generality we
may assume that the residue field of R is infinite. By Lemma 3.3, there exists a
nonzerodivisor x; € I; such that

xi)NF@n) = x;.F(n — ¢;) forn € N° where n; > 0.

Let R' = R/(x;) and F' = {F(m)R’} and F') = {F(ne;)R'}. For all n € N* such
that n; > 0, consider the following exact sequence

(F() : (x)) R x R R
— — — —> 0
F(n—e) F(n—e) F(n) (xi, F(n))

Since for all n € N* where n; > 0, (F(n) : (x;)) = F(n —¢;), we get Hp/(n) =
Hr(n) — Hr(n —e;) and hence Pr(n) — Pr(n—e;) = Pr(n). Therefore
ed—2e (F) = e@—_1ye, (F) and e (F'V) = e;(F?). Therefore by induction, the
result follows.

(2) Using part (1), foralli =1, ..., s, we have

e(l;) — e@—1)e, (F) < e(l;) — e;(F) < \(R/F(e)))

where the last inequality follows from Theorem 5.1.
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(3) Let e(1;) — e—1)e; (F) = A(R/F(e;)). Then by part (1),
MR/ F(e) = e(I;) — e—1ye,(F) < e(l;) — er(FV) < MR/ F(er)),

where the last inequality follows by Theorem 5.1. Hence e(— 1), (F) = e; (F©) and

e(I;) — e (FD) = \(R/F(e;)). Therefore, by Theorem 6.3, r(F©) < 1.
Conversely, suppose 7 (F?) < 1 and ey_1)e, (F) = e1(F?). Again, by Theorem

6.3, e(I;) — e1(F) = A\(R/F(e;)). Hence e(1;) — ey, (F) = A(R/F(e)). O

Theorem 6.5 ([25, Theorem 5.7]) Let (R, m) be a Cohen—Macaulay local ring of
dimension two and 1, ..., Iy be m-primary ideals of R. Let F = {F(n)}nczs be
an I-admissible filtration of ideals in R. Then ey(F) = 0 implies e(I;) — e.,(F) =

A (%)for alli =1, ..., s.Suppose Fis 1-admissible filtration, then the converse
is also true.

Proof Letey(F) = 0. By Proposition 3.5, [H712++ (R'(F))]o = 0. Hence by Theorem
2.5,
ArlHf, (R'(F))o = eo(F) = 0.

By Lemma 3.8, )\R[H72ZH (R/(F))],, =0foralli =1,...,s. Then using Theorem
2.5 and Proposition 3.5, Pr(e;) — Hr(e;) = —A (;—%) foralli =1,...,s.Hence
) — — (R .
el = e, (F) = A (£) foralli = 1,....s.
Suppose F is I-admissible filtration and e(I;) — e, (F) = A (%) foralli =
1,...,s. Then by [25, Proposition 3.1] and Theorem 3.9, for all n > 0 and i =
1,...,s,

_Fare)nFw _

HO Gi f n— <
[ (Gi(FD]n Futo)

Gi(F)ir

Since the Hilbert polynomial of F is same as the Hilbert polynomial of F, by [25,
Theorem 5.3],

Pz(n) = Hz(n) foralln > 0. 6.5.1)

Thus taking n = 0 in the Eq. (6.5.1), we get eo(F) = eQ(]:") =0. (]

As a consequence of the above theorem we get a theorem of Huneke [14, Theorem
4.5] for integral closure filtrations. We also obtain a result by Itoh [18, Corollary 5]
following from the above theorem.

Corollary 6.6 ([18, Corollary 5], [25, Corollary 5.8]) Let (R, m) be a Cohen—
Macaulay local ring of dimension two and I be m-primary ideal of R. Let Q be
any minimal reduction of 1. Then the following are equivalent.
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(1) er(I) —eo(I) + A (%) —0.
2) I*=0lI.

2) 1*=0lI.
(3) 1" = Q”fforalln > 1.
(4) ex(1) =0.

Proof Weprove (4) = 3) = 2) = (2) = (1) => @).

4) = (3) : Let F = {I"},ez- Since e3(F) = e,(I) = 0, by Theorem 6.5 and The-
orem 6.3, the result follows.

(3) = (2) :Putn = 1in (3).

(2') = (2) Consider the filtration F = {I"},cz. Then by [3, Proposition 3.2.3], for

N

alln >0,1"= (I”k“' : I”k).Itsufﬁces to show that I C I? .Letx,y € . Then
k=1
for some large k, x /¥ € I**! and yI* € I**!. Hence xyI?* C I***2. This implies

that 2 clI 2,

(2) = (1) : Follows from [14, Theorem 2.1].

(1) = (4) :Let F = {I"},z. Since F is an I-admissible filtration, the result follows
by Theorem 6.5. (]
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