Chapter 9

Subgame Consistency in Randomly-
Furcating Cooperative Stochastic Dynamic
Games

This Chapter considers subgame consistent cooperative solutions in randomly
furcating stochastic discrete-time dynamic games. In particular, in this type of
games the evolution of the state is stochastic and future payoff structures are not
known with certainty. The presence of random elements in future payoff structures
and stock dynamics are prevalent in many practical game situations like regional
economic cooperation, corporate joint ventures and transboundary environmental
management. The analysis is based on Yeung and Petrosyan (2013a). It first
develops a class of randomly furcating stochastic dynamic games in which future
payoff structures of the game furcates or branches out randomly and the discrete-
time game dynamics evolves stochastically. Nash equilibria of this class of games
are characterized for non-cooperative outcomes and subgame-consistent solutions
are derived for cooperative paradigms. A discrete-time analytically tractable payoff
distribution procedure contingent upon specific random realizations of the state and
payoff structure is derived. Worth mentioning is that in computer modeling and
operations research discrete-time analysis often proved to be more applicable and
compatible with actual data than continuous-time analysis. The Chapter is orga-
nized as follows. The game formulation and non-cooperative equilibria are given in
Sect. 9.1. Group optimality and individual rationality under dynamic cooperation
are discussed in Sect. 9.2. Subgame consistent solutions and payment mechanism
leading to the realization of these solutions are obtained in Sect. 9.3. Section 9.4
presents an illustration in cooperative resource extraction. Extensions of the model
are provided in Sect. 9.5. Chapter appendices, chapter notes and problems are
presented in Sect. 9.6, Sect. 9.7, and Sect. 9.8 respectively.

9.1 Game Formulation and Non-cooperative Outcome

In this Section, we first consider the formulation of a general class of randomly-
furcating stochastic dynamic games and then derive the non-cooperative outcome.

© Springer Science+Business Media Singapore 2016 223
D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Cooperation,
Theory and Decision Library C 47, DOI 10.1007/978-981-10-1545-8_9



224 9 Subgame Consistency in Randomly-Furcating Cooperative Stochastic Dynamic Games
9.1.1 Randomly-Furcating Stochastic Dynamic Games

Consider the T— stage n— person nonzero-sum dynamic game with initial state x°.
The state space of the game is X €R"™ and the state dynamics of the game is
characterized by the stochastic difference equation:

Xk+1 :fk<xkvull<7u]%a"'au]:l)+8kv (11)

forke{1,2,---, T} and x; = x°,

where u/ € U' C R™ is the control vector of player i at stage k, x; €X is the state, and
¢ 1s a sequence of statistically independent random variables.

The payoff of player i at stage k is g/ (xk, u,i, u,%, e U 6’k) which is affected by a
random variable 0;. In particular, ) for k€ {1,2,---,T} are independent discrete
random variables with range {Bi, 0,%, RN HZk} and corresponding probabilities
{a4, 2, -+, A} }, where 1 is a positive integer for k€{1,2,---,T}. In stage 1, it
is known that 6, equals @} with probability 4] = 1.

The objective that player i seeks to maximize is

T
i 1 2 n. i
Eal,ez,-~,ar;191,19z,--»,sr{ > gi (v up 2, ul'i06) + g (XT+1)}’
k=1

forie{1,2,--,n}=N, (1.2)

where Eg, g,.....0,:9,,9,,,8; 15 the expectation operation with respect to the random
variables 6, 0,, - - -,0r and 9;,8,,-- -, 97, and qi(xTJrl) is a terminal payment given
at stage T + 1. The payoffs of the players are transferable.

9.1.2 Noncooperative Equilibria

Let u,(a’)i denote the strategy of player i at stage ¢ given that the realized random
variable affecting the players’ payoffs is 67'. In a stochastic dynamic game frame-
work, a strategy space with state-dependent property has to be considered. In
particular, a pre-specified class I of mapping ¢f”’)i(-) : X — U' with the property
" = ¢§”’>i(x) €T is the strategy space of player i and each of its elements is a
permissible strategy.

To solve the game, we invoke the principle of optimality in Bellman’s (1957)
technique of dynamic programming and begin with the subgame starting at the last
operating stage, that is stage T. If 67" € {QIT, 9%, KR 6’}T} has occurred at stage T and
the state x; = x, the subgame becomes:
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mzileigT{g}(x, up Uy, - ufs 07 ) + qi(xT+1)}, forieN,
Uy
subject to

XT+1 :fT(-x; u;,u%,-~~,u¥) +19T (13)

A set of state-dependent strategies """ (x) = { I (), YT (), -, e (x)}

constitutes a Nash equilibrium solution to the subgame (1.3) if the following
conditions are satisfied:

Ve = E’gr{g% 7 (0): 0 | + e }
>E19,{8T[X P77 (); T] +4'( x”l)}, fori €N,

where xry1 = fr {X, ¢(TUT)* (X)} + 9,

(Tﬂr)?él ( )

or)l* or)2* or)i—1* or)i or)i+1* or)n*
= [0 0. @, T i () g )

and X741 = f7 [x P (1 )} + oy
A characterization of the Nash equilibrium of the subgame (1.3) is provided in
the following lemma.

Lemma 1.1 A set of strategies ¢\ (x) = { I (), o (), - L (x)}
provides a Nash equilibrium solution to the subgame (1.3) if there exist functions
V{eri(T, x), for i €N, such that the following conditions are satisfied:

VT, x) = rr(1a§<EsT{gT [x P (x );9?}

ur

4 ylorn)i [T-F 1 fT(x ¢GI el (x )) +19T]}s
V(T +1,x) = ¢'(x); forieN. (1.4)

Proof The system of equations in (1.4) satisfies the standard stochastic dynamic
programming property and the Nash property for each player i € N. Hence a Nash
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(1951) equilibrium of the subgame (1.3) is characterized. Details of the proof of the
results can be found in Theorem 6.10 in Basar and Olsder (1999). [ |

For the sake of exposition, we sidestep the issue of multiple equilibria and focus
on games in which there is a unique noncooperative Nash equilibrium in each
subgame. Using Lemma 1.1, one can characterize the value functions V(") (T,x)
for all o7 €{1,2,---, 5y} if they exist. In particular, V(°")(T,x) yields player i’s
expected game equilibrium payoff in the subgame starting at stage T given that 67"
occurs and x7 = x.

Then we proceed to the subgame starting at stage 7 —1 when 67
€{6r_,,07_,,---, 041} occurs and x7_; = x. In this subgame player i €N seeks
to maximize his expected payoff

i 1 2 n . Qor-1
Eo,.9: 1,9 {ng (x, U 1, U155 Up g 9T—1)

+g7i-(xT7u;"’ M%V o '7”7’z§9T) + C]i(XT+1)}

= E19T|,191'{g7i"—1 (X’ MIT—lﬂ ”%—l )T ”#—ﬁg?:l])
nr
+Z/1‘}"’g}(xr, Up, Uk, - ups OF ) + q’(x”l)}, forieN, (1.5)
(77':1

subject to
X1 :fk(xk,u,l,ui, . ,u,:’) + O, forke{T — 1,T}and x7_; = x. (1.6)

If the functions V(T x) for all o €{1,2,---,n;} characterized in Lemma 1.1
exist, the subgame (1.5 and 1.6) can be expressed as a game in which player i seeks
to maximize the expected payoff

i 1 2 n .pQ0T-1
Ey, , {ng (x, Up_ysUp_yy- o Up_ys 9T71)

nr
D AFVIET fry (vupy ugy, -y ufy) + 971 } forieN,  (1.7)

O‘TZI

using his control u}. ;.
. (o7-1)* o (o7—1)1* (o7-1)2% . glor—i)n* _
A set of strategies ¢y | (X) = S " (%), VT (%), dr " (x) ¢ con

stitutes a Nash equilibrium solution to the subgame (1.7) if the following conditions
are satisfied:
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V=100 = B g e 0 007
nr
+Z’1;TV(6T T Jro [X o o ' “(x )} + 19#1] }

> By {of [r o s

nr
+Z/‘{’(;TV(O'T TfT l(x ¢(0T 1)# (x )) +19T_1]},fori€N, (1.8)
O'TZI
where
U () =
or_1)1* or_1)2%* or_1)i—1% or_1)i or_y)i+1% or_)n*
(0 B @), T (T T (), g ().

A characterization of the Nash equilibrium of the subgame (1.7) is provided in the
following lemma.

Lemma 1.2 A set of strategies <T"j‘>*(x):{ (T”I;‘m(x), (T”I]')z*(x),-“,

(T”f]‘)"* (x)} provides a Nash equilibrium solution to the subgame (1.7) if there

exist functions V(T x7) for i€N and oy = {1,2,---,n7} characterized in

Lemma 1.1, and functions V(-1 (T — 1,x), for i€N, such that the following
conditions are satisfied:

VDT —1,x) = max Eg,_ 1{87 1{)6 B (x );9?:1‘]
T—-1

+Z,1"TV“T [TfT 1(x ¢”T‘ )+8T 1}},fori€N. (1.9)

u

Proof The conditions in Lemma 1.1 and the system of equations in (1.9) satisfies
the standard discrete-time stochastic dynamic programming property and the Nash
property for each player i € N. Hence a Nash equilibrium of the subgame (1.7) is
characterized. [ |

In particular, V(-1 (T — 1,x), if it exists, yields player i’s expected game
equilibrium payoff in the subgame starting at stage 7 — 1 given that 67~ occurs
and XT—_1 = X.

Consider the subgame starting at stage t€{T —2,T —3,---,1} when 07 €
{6’,‘ , 93, SRR 6’?’} occurs and x;, = x, in which player i € N maximizes his expected
payoff
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2 0,
E91+1 3969041, {gr (xv utvurv" ) Uy 791[)

+ Z g (xc, up,ug, uz;ec) + qi(Xm)}, for ieN, (1.10)
=t+1

subject to

Xt 1 :fk(xk,u,i,u,%, . -,u,:’) + O, forke{t,t+1,---,T}andx, =x. (1.11)

Following the above analysis, the subgame (1.10 and 1.11) can be expressed as a
game in which player i € N maximizes his expected payoff

2 e
Eg,{gt(x,ut,u,, . ,u,,&,’)
Mit1

+ Z A Ve il 1 f, (x ul 2, ul) —|—19f]}, forieNn, (1.12)

6rp1=1

with his control ui,

where V(1) [t + 1.f, (x ul u?, ut”) + 19,] is player i’s expected game equilib-
rium payoff in the subgame starting at stage 7+ 1 given that 67"/ occurs and
Xit1 f,(x,u,,ut," , ,) + 3,.

A set of strategies ™" (x) = {d),(a‘)l*(x), AT (), e () }, constitutes a

Nash equilibrium solution to the subgame (1.12) if the following conditions are
satisfied:

V(s x) = Ey, {g;’ i (x):07
+ HZ AV 1 f L g™ ()] +19t}}

or1=1

" N1 . o) Ai*
> Ea,{gf g 07+ Y Ve e L (e W) + 8’}}

or1=1
where
) = {0, (), 0, B (), ().

A Nash equilibrium solution for the game (1.1 and 1.2) can be characterized by the
following theorem.
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Theorem 1.1 A set of strategies ¢\”" (x) = {(ﬁ,(”f)l*(x), o (@), (x)},
for o,€{1,2,---,n,} and r€{1,2,---, T}, constitutes a Nash equilibrium solution

to the game (1.1 and 1.2) if there exist functions V() (z, x), for o, € {1,2,---,1,},
t€{1,2,---,T} and i €N, such that the following recursive relations are satisfied:

VT + 1,x) = ¢/(x),
V(ar)f(T7 x) = max Eg, {g’T {x, ¢(T6r)7£i* (x); 9%}

Jler)i
T

e [T 1, (x, ¢(Tar)¢;* (x)) + 194 },

Vi (t,x) = max E, {g:’ [l (x): 07

u

+ i l;:’fllv("/“ﬁ {t + 1.f, (x, qﬁt(”’)?éi* (x)) + 19,} };

or1=1

foro,€{1,2,---,n,},t€{1,2,---,T — 1}andi EN. (1.13)

Proof The results in (1.13) characterizing the game equilibrium in stage T and
stage T — 1 are proved in Lemma 1.1 and 1.2. Invoking the subgame in stage ¢
€{1,2,---,T — 2} as expressed in (1.12), the results in (1.13) satisfy the optimality
conditions in stochastic dynamic programming and the Nash equilibrium property
for each player in each of these subgames. Therefore, a feedback Nash equilibrium
of the game (1.1 and 1.2) is characterized. [ |

Theorem 1.1 is the discrete-time analog of the Nash equilibrium in the
continuous-time randomly furcating stochastic differential games in Chap. 4.

9.2 Dynamic Cooperation

Now consider the case when the players agree to cooperate and distribute the joint
payoff among themselves according to an optimality principle. As pointed out
before two essential properties that a cooperative scheme has to satisfy are group
optimality and individual rationality.

9.2.1 Group Optimality

In this subsection, we consider the issue of ensuring group optimality in a cooper-
ative scheme. To achieve group optimality by maximizing their expected joint
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payoff the players have to solve the discrete-time stochastic dynamic programming
problem of maximizing

E51,02»“',9T;191,192, {

subject to (1.1).

The stochastic dynamic programming problem (1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7,
1.8,1.9,1.10,1.11, 1.12, 1.13 and 2.1) can be regarded as a single-player case of the
game problem (1.1 and 1.2) with n = 1 and the payoff being the sum of the all the
players’ payoffs. In a stochastic dynamic framework, again strategy space with
state-dependent property has to be considered. In particular, a pre-specified class r
of mapping y/l(a’)’ ():X = U with the property u =y (x)el"’, for
6:€{1,2,---,n,} and t€{1,2,---, T}, is the strategy space of player i and each of
its elements is a permissible strategy.

To solve the dynamic programming problem (1.1) and (2.1), we first consider the
problem starting at stage T. If 0 € {0y, 0%, -, @ } has occurred at stage T and the

state x; = x, the problem becomes:

max ‘9T{Z &7 (o, up -t OF7) + Zq’ X741 } (2.2)

uT, uT, yUp
subject to

XT+1 :fT(xa u]T,u%,--~,u;) +19T (23)

An optimal solution to the stochastic control problem (2.2 and 2.3) is character-
ized by the following lemma.

Lemma 2.1 A set of controls u<"T) = y/(T”T) (x) = {W(T(’T)l (x), W(T"T)z (x), e ,

y/(TUT (x)} provides an optimal solution to the stochastic control problem (2.2 and

2.3) if there exist functions W(”T“)(T,x), for i €N, such that the following condi-
tions are satisfied:

W(lTT) T,x) = max { |:X u U )27 ey u(’”)”; gﬂr}
(7:3) L e e ZgT ! root
T 0T
+Wlor) {T+ 1 (a2 ) + 1] }
WO(T +1,2)+ ) ¢ (x). (2.4)

J=1
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Proof The system of equations in (2.4) satisfies the standard discrete-time sto-
chastic dynamic programming property. Details of the proof of the results can be
found in Basar and Olsder (1999). [ |

Note that W<"T)(T,x) yields the expected cooperative payoff starting at stage
T given that 67 occurs and x7 = x according to the dynamic programming
problem (2.2 and 2.3) if 67. Using Lemma 2.1, one can characterize the functions

Wr(T,x) for all 6 € {91 0%, - .0}, if they exist. Following the analysis in
Sect. 9.2, the control problem starting at stage t when 87" € {91 62 RN 6’?’} occurs
and x, = x can be expressed as:

§ : G,
maXE(‘),{ gt x,ur,u,,u ) [agzt)

N1
—|—Z/1”’“W”’+' [0+ 1f, (o, ul u? ~--,u,”)—|—19,]}, (2.5)
orp1=1
where Wioi) [t—|— 1 f,(x7 u,,utz,n , ,) +19} is the expected optimal
cooperative payoff in the control problem starting at stage ¢+ 1 when
o7 6{9t+17 ARTRE 9’7"1} occurs and X, ft(x, u,u, - u ,) + 8.

An optimal solution for the stochastic control problem (1.1) and (2.1) can be
characterized by the following theorem.

Theorem 2.1 A set of controls u”" = /™" (x) = {y\""" (x), '™ (x), - - -

i s

o (x)},fore,€{1,2,---,n,}andr€{1,2, - - -, T} provides an optimal solution to

the stochastic control problem (1.1) and (2.1) if there exist functions wio) (¢,x), for
6:€{1,2,---,n,}andr€{1,2,- -, T}, such that the following recursive relations are
satisfied:

WE(T +1,x) = Zq]

Wen(T, x) = max { [x uo )27 e u(ﬁ"[-)"; 9’77}
T= o o e ZgT ! T
T s Ur 9y
+ wlors) {T + Lfr (x M<TUT) L£<T0T> , (W) ) + 197} }
o _ . j o)1 6,)2 6N, no,
W( >(t’ X) B Mﬁ”/)],u,(r(?)éa,x---,ug'f/)” ES,{jZIg{ |:x, ut( ) 7u§ ) v Mt( ) )91 ]
N1
+ Z /16r+lW Gr+l |:t + 17ff (x7 ufo'r)l’u;m)27 e ut(ﬂr)n) + 19t:| }’
or1=1

foro,€{1,2,---,n,} and r€{1,2,---, T — 1}. (2.6)
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Proof The results in (2.6) characterizing the optimal solution in stage T is proved
in Lemma 2.1. Invoking the specification of the control problem starting in stage
t€{1,2,---, T — 1} as expressed in (2.5), the results in (2.6) satisfy the optimality
conditions in stochastic dynamic programming. Therefore, an optimal solution of
the stochastic control problem (1.1) and (2.1) is characterized. [ |
Theorem 2.1 is the discrete-time analog of the optimal cooperative scheme in
randomly furcating stochastic differential games in Petrosyan and Yeung (2007).
Substituting the optimal control {y/,(:”')ﬁ (x),forke{1,2,---T}andi €N} into the
state dynamics (1.1), one can obtain the dynamics of the cooperative trajectory as:

e =i (w0l (), w7 () + 9, i 6 oceurs - (2.7)

forke{1,2,---, T}, 00 €{1,2,-- -, } and x; = x°.

We use X} to denote the set of realizable values of x} at stage k generated by
(2.7). The term x; €X, is used to denote an element in X;.

The term W) (k, x;) gives the expected total cooperative payoff over the stages
from k to T if 67 occurs and x; €X] is realized at stage k.

9.2.2 Individual Rationality

The players then have to agree to an optimality principle in distributing the total
cooperative payoff among themselves. For individual rationality to be upheld the
expected payoffs a player receives under cooperation have to be no less than his

expected noncooperative payoff along the cooperative state trajectory {xi Z;l . The
players may (i) share the excess of the total expected cooperative payoff over the
expected sum of individual noncooperative payoffs equally, or (ii) share the total
expected cooperative payoff proportional to their expected noncooperative payoffs.

Let & (k,xp) = [£9" (k,x7), £ (k,x;), - -+, &9 (k, x)] denote the impu-
tation vector guiding the distribution of the total expected cooperative payoff under
the agreed-upon optimality principle along the cooperative trajectory given that 67*
has occurred in stage k, foro; € {1,2,-- -, } andk€{1,2,-- -, T}. In particular, the
imputation é(”")i(k,x,t) gives the expected cumulative payments that player i will
receive from stage k to stage T + 1 under cooperation.

If for example, the optimality principle specifies that the players share the excess
of the total cooperative payoff over the sum of individual noncooperative payoffs
equally, then the imputation to player i becomes:

£ (k,xp) = VO (k, x7) +% W (k) = > VO (kx| (2.8)

=1

forieN and ke{1,2,---,T}.
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For individual rationality to be maintained throughout all the stages
ke{1,2,---,T}, it is required that the imputation satisfies:

£ (k) > VO (k)
forieN, o, €{1,2,---,m} and ke {1,2,---,T}. (2.9)

To guarantee group optimality, the imputation vector has to satisfy

W (k,x0) =y o (k,x7),
=1
forore{1,2,---,myand ke{1,2,---, T} (2.10)

Hence, a valid imputation & (k,x;), for i€N,or€{1,2,---,;} and
ke{l,2,---,T}, has to satisfy conditions (2.9) and (2.10).

9.3 Subgame Consistent Solutions and Payment
Mechanism

As demonstrated in Chap. 7, to guarantee dynamical stability in a stochastic
dynamic cooperation scheme, the solution has to satisfy the property of subgame
consistency in addition to group optimality and individual rationality. In particular,
an extension of a subgame-consistent cooperative solution policy to a subgame
starting at a later time with a feasible state brought about by prior optimal behavior
would remain optimal. Thus subgame consistency ensures that as the game pro-
ceeds players are guided by the same optimality principle at each stage of the game,
and hence do not possess incentives to deviate from the previously adopted optimal
behavior. For subgame consistency to be satisfied, the imputation according to the
original optimality principle has to be maintained at all the T stages along the

cooperative trajectory {xi } kT:l. In other words, the imputation
£ (. 5) = [£0 (k. 5), €72 (k). £ (k)] B

for oy €{1,2,-- -, }, x; €X, and k€{1,2,---, T}, has to be upheld.

9.3.1 Payoff Distribution Procedure

Following the analysis of Yeung and Petrosyan (2010 and 2011), we formulate a
Payoff Distribution Procedure (PDP) so that the agreed-upon imputation (3.1) can

be realized. Let Bi”k)i(xz) denote the payment that player i will received at stage


http://dx.doi.org/10.1007/978-981-10-1545-8_7

234 9 Subgame Consistency in Randomly-Furcating Cooperative Stochastic Dynamic Games

k under the cooperative agreement if 67" € {9,1, 07, 0} } occurs and x; €X; is
realized at stage k€ {1,2,-- -, T}. The payment scheme {B,(f")i (xZ) contingent upon
the event 67" and state x, for ke {1,2,- -, T}} constitutes a PDP in the sense that
the imputation to player i over the stages 1 to T 4 1 can be expressed as:

f(ol)i(l)xl(())) _ B(lm)i(xl(o))

T
+ E92,'~,971v91,v92,-~,197 <Z Béﬁg)l ()CZ) + ql (X;Jrl)) s (32)
=2

forieN.

Moreover, according to the agreed-upon optimality principle in (3.1), if 67"
occurs and x; €X is realized at stage k the imputation to player i is & (k, x7 ). For
subgame consistency to be satisfied, the imputation according to the agreed-upon
optimality principle has to be maintained at all the T stages along the cooperative

. T .
trajectory {xz } - Therefore to guarantee subgame consistency, the payment

scheme {B,(fk)i (xZ)} has to satisfy the conditions

e (k.x) = B ()

T

+E9k+l’ak+2"",9T§19k"9k+17"','9T ( Z Bé"i)’ (XZ) +4q (x;+l)> (33)
{=k+1

forieN and ke{1,2,---,T}.

Using (3.3) one can readlly obtain &) (T + 1,x7,,) equals ¢'(x7,,) with
probability 1. Crucial to the formulation of a subgame consistent solution is the
derivation of a payment scheme {B,E”k)i(x,t), forieN, o, €{1,2,---,m;}, x; €X, and
ke{l,2,--,T} so that the imputation in (3.3) can be realized. This will be done in
the sequel.

A theorem for the derivation of a subgame consistent PDP can be established as
follows.

Theorem 3.1 A payment equaling

B () = £ (1 x)

sk{ Wf‘ixm( ok 1 (™ (x;))wk])], (3.4)

orp1=1

forieN,
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given to player i at stage k€ {1,2,---, T}, if € occurs and x; €X,, leads to the
realization of the imputation in (3.3).

Proof To construct the proof of Theorem 3.1, we first consider the imputation

T
(o0)i [ = i (%
E9k+]’6k+2,'“19T§'9k»19k+11"'1'9T ( Z B{ ‘ (xé’) + ql (xT+l)>

{=k+1
Mi+1
O, O,

—en{ 3 ot B 0)

opr1=1

~ gl
or)i [ = Pk
+Eak+27gk+3,"'»€T§'9A+27191<+3""s19T< Z Bg ‘ (xé) +4q (xT+1)>:| } (35)
{=k+2

Then, using (3.3) we can derive the term &+’ (k4 1,x;,,) as

gl (k+1 xk+1) Bi‘i‘Tl)i(XZ+1)

T
FE002.005.,0r302. 813,91 < Z BL(;T{)I ()CE) +q (X;Jrl)) (36)

C=k+2

The expression on the right-hand-side of equation (3.6) is the same as the expres-
sion inside the square brackets of (3.5). Invoking equation (3.6) we can replace the

expression inside the square brackets of (3.5) by &%+ (k + 1,x},,) and obtain:

T
(o0)i [ = Pk
Eem,em,~--,6T;&k,sk+1,~~,&r( Z B~ (Xg) +4 (XT+1)>
|
M1

_Eigk{ > ﬂ"“‘( oet1)i [k—i—lfk(xk i (x )) +19kD]

orp1=1

T
Substituting the term Eg, | g,.,. - 67:9:, 9.1, 91 < Z Bé";)' (xZ) +q (x’;_H)) by Eg,
¢kt

Mt 1
{ Z AZif( glown)i {k—l— 1 fk(xk, (ou)* (x Z)) +8k])] in (3.3) we can express

op1=1

(3.3) as:

£ (k,x) = B ()

M1

+E8k{ 3 ljjf;,‘( [k+ 1 fk(xk,wg o (x;:)) ”"D]' (3.7)

opr1=1
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For condition (3.7), which is an alternative form of (3.3), to hold it is required that:

B/({O’k)f(xz) _ f(”‘)i(k,)(;)

Mi+1

— Ey, [ 3 ( gloi [k LA, (x;,wgm*(x;)) + 19;(})} (3.8)

orr1=1

forieNand ke{1,2,---,T}.

Therefore by paying B,E,"k)i(xz) to player i€N at stage ke{1,2,---, T}, if O
occurs and x,*( GX;, leads to the realization of the imputation in (3.3). Hence
Theorem 3.1 follows. u

For a given imputation vector
£ (k,x}) = [5@1 (k, %)), &2 (k,x7), - - -, £ (k,xz)] 7

foror€{1,2,---,m;} and ke {1,2,-- -, T},
Theorem 3.1 can be used to derive the PDP that leads to the realization this
vector.

9.3.2 Transfer Payments

When all players are using the cooperative strategies, the payoff that player i will
directly received at stage k given that x; € X and 67 occurs becomes

[ () (D) ()07

However, according to the agreed upon imputation, player i is supposed to
received B,({”") ' (xZ) at stage k as given in Theorem 3.1. Therefore a transfer payment

(which can be positive or negative)
w/(fk)l () = Biak)l (%)

gl [ D () ] 39)

forke{l,2,---, T} and i€N,

will be assigned to player i to yield the cooperative imputation &'(k, Xp).

The transfer payments system in (3.9) constitutes an instrument to guide the
execution of the agreed-upon payoff sharing mechanism. Coordination of payments
is jointly performed by the participating players.
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9.4 An Illustration in Cooperative Resource Extraction
Under Uncertainty

Consider an economy endowed with a renewable resource and with 2 resource
extractors (firms). The lease for resource extraction begins at stage 1 and ends at
stage 3 for these two firms. Let u}( denote the resource extracted by firm i at stage &,
foric {1,2}. Let U' be the set of admissible amount of resource extracted by firm i,
and x; €X C R be the size of the resource stock at stage k.

It is known at each stage there is a random element, 6, for k€ {1, 2, 3}, affecting
the prices of the outputs produced by these firms and their costs of extraction. If
07 € {6;,06;} happens at stage k€{2,3} the profits (in present-value) that firm
1 and firm 2 will obtain at stage k are respectively:

(o)1 k—1
oi)1 C 2
[P; =)’ ()

o1)2 c 2 k-1
Pl u%—k—(u,%)] (#) , (4.1)

and

where P](fk)i is the price of the resource extracted and processed by firm 7, and c,(fk)i

(u,ﬂ)z /xi. is the production cost of firm i in stage & if 67" occurs.
It is known in stage 1 that 6, is 6} with probability /1} = 1. The probability that
07 €{0;,6; } will occur at stage k€ {2,3} is 47". In stage 4, a terminal payment
3
) wil

(again in present-value) contingent upon the resource size equaling g'x4 (ﬁ

be paid to firm i.
The growth dynamics of the resource is governed by the stochastic difference
equation:

2
Xyl = X; +a — bxy — Z Lti + 9, (42)

J=1

for k€ {1,2,3} and x; = x°,

where 8, is a random variable with non-negative range {19,1,192,192} and
corresponding probabilities { y,{ s y,%, y,% }; moreover 9, 9,, 95 are independent. More-
over, we have the constraint u} + 12 < (1 — b)x; + a.

The objective of extractor i€ {1,2} is to maximize the present value of the
expected stream of future profits:
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1\ 1\?
! 4.3
(1 +r> +qx4<1 —|—r> } (43)
subject to the stochastic dynamics (4.2).

Invoking Lemma 1.2, one can characterize the noncooperative Nash equilibrium
strategies for the game (4.2 and 4.3) as follows. In particular, a set of strategies

{u = ( JETY, for 61€{1},02,03€{1,2}, k€{1,2,3} and ie{1,2}}
provides a Nash equilibrium solution to the game (4.2 and 4.3) if there exist
functions V) (k, x), fori € {1,2} and k € {1, 2, 3}, such that the following recursive

relations are satisfied:
. o (ew)i 2 1\ *!
(k)i _ E P(Gk)l (o0)i _ Ck ( (Uk)l>
V) e ‘g{l et i T+r
+ Z /10A+1V Okr1)i |:k+1 Y+a—bx— m)i¢1<¢m)j*(x)+'9k:|}
orp1=1
_ (o) N 1\ F!
=ma [P =S (5
o) X 1+
k
3 2 _ ) "
D D AV ket Lxa— by = = g7 () + };

y=1  opp=1

Vimi(a, x) = Clx(1+r)3- (4.4)

3 () clowi )
o)l i k i
E31,92,93;191,192,193{ E Pk U — X (uk)

k=1 k

Performing the indicated maximization in (4.4) yields:

261((61(>I-M<0'k)l-

()i N k—1

P S (1)

—Zyk ngf:;\/ggl [k+1x+a—bx u™ )’—qﬁffk)j*(x)Jr&Z]:O; (4.5)
Opr1=1

forie{1,2} and k€{1,2,3}.

From (4.5), the game equilibrium strategies can be expressed as:

H ) = (P - lzyk

k

Xk+1

Z An‘kﬁ»lv(ﬁprl)l |:k—|— Lx4a—bx— I(Cm)l*(x) _¢]((61) ( )+19):|>7 (4.6)

opr1=1

forie{1,2} and k€{1,2,3}.
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The expected game equilibrium payoffs of the extractors can be obtained as:

Proposition 4.1 The value function indicating the expected game equilibrium
payoff of player i is

VEi(k, x) = [AQ,”% + C,ﬁ””’} forie{1,2} andk€{1,2,3},  (4.7)

where A,((”‘)i and C,g“k)i, forie{1,2} and k€ {1,2,3}, are constants in terms of the

parameters of the game (4.2 and 4.3).
Proof See Appendix A. ]

Substituting the relevant derivatives of the value functions in Proposition 4.1
into the game equilibrium strategies (4.6) yields a noncooperative Nash equilibrium
solution of the game (4.2 and 4.3).

Now consider the case when the extractors agree to maximize their expected
joint profit and share the excess of cooperative gains over their expected noncoop-
erative payoffs equally. To maximize their expected joint payoff, they solve the
problem of maximizing

2 3 (o0 i Cl(cgk)j N2 k-1 , 3
Eo,,0,,0::9,,9,,9; Z|: Z Pkkjui'_T<uljc) (ﬁ) +q’)€4<$) :|
=L
(4.8)

subject to (4.2).

Invoking Theorem 2.1, one can characterize the optimal controls in the stochas-
tic dynamic programming problem (4.2) and (4.8). In particular, a set of control
strategies {u,imi* =y () el for ore{1,2}, ke{1,2,3} and ie{l, 2}}
provides an optimal solution to the problem (4.2) and (4.8) if there exist functions
W) (k, x), for k€ {1,2,3}, such that the following recursive relations are satisfied:

2

W (4,x) = gix (ﬁ)i

J=1

wien Zz ()i ngﬁk)j i’ AN
o, _ O
Flkx) = IIF%EE&‘ { ‘ P = x (uk> (1 +r>

k> "k j=1

2
+ Z W) [k + 1,x +a— bx — u} —u,%—i—&k}}

orp1=1

2 (on)j 2 k—1
— E (o)i, j Ck ( J) 1
- P
1:118;3( { 2 ( k uk uk 1 r

3 2
+Zy,f Z XZTI‘W(”‘“) [k+ Lx+a—bx—u} —u} —|—19,ﬂ },
y=1  opp1=1

forke{1,2,3}ando; €{1,2}. (4.9)
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Performing the indicated maximization in (4.9) yields:

(ok)j _
plosi _ 2¢; j”‘ljc 1 k=1
k xk 1+r

—Zy,\ Z WAWes) [k + Lx+a—bx—ut —ul + 9] =0,  (4.10)

X+ 1

opr1=1

for ke{1,2,3} and 6, €{1,2}.
In particular, the optimal cooperative strategies can be obtained from (4.10) as:

" () Y ( ( Zyk Z AEAW o) [k +1,x 4 a — bx
Ck or1=1
o) 1* o k—
e (x)—wi” )+ 9714+ 7) ) (@.11)

for k€{1,2,3} and o, €{1,2}.
The expected joint payoff under cooperation can be obtained as:

Proposition 4.2 The value function indicating the maximized expected joint

payoff is

W) (k,x) = |AWx + 5,(;’”] , forke{1,2,3} and o, €{1,2}, (4.12)

where Z,(fk) and 5,(;”), for k€{1,2,3} and o, € {1,2}, are constants in terms of the
parameters of the problem (4.8) and (4.2).

Proof See Appendix B. u

Using (4.11) and Proposition 4.2, the optimal cooperative strategies of the agents
can be expressed as:

oy )i* Ok+1 O+ k—
w7 () = ; (ml( Z WA A (1 4 ) 1>, (4.13)
Cr

opr1=1

forie{1,2}, k€{1,2,3} and 6, €{1,2}.

Substituting wi"")i(x) from (4.13) into (4.2) yields the optimal cooperative state
trajectory:

Xip1 = X +a — bx

2
X . it _
oy ( -3 At ) 0 (414)

j=1 2Ck or1=1
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if 07 occurs at stage & for k€ {1,2,3} and x; = x°.
Dynamics (4.14) is a linear stochastic difference equation readily solvable by
standard techniques. Let {x;:, for ke{1,2, 3}} denote the solution to (4.14).
Since the extractors agree to share the excess of cooperative gains over their
expected noncooperative payoffs equally, an imputation

iV k xk

Jj=

(A + ) - 22:( iy ”)], (4.15)

j=1

£ (k) = VI (ki) + 1w

—_

O'l>$< 1

~.

if 67" occurs at stage k forke {1,2,3}, op €{1,2} andi € {1,2} has to be maintained.
Invoking Theorem 3.1, if 67" occurs and x,t €X is realized at stage k a payment
equaling

B () = (17 | )
o (k4 1 (i 6) + 0] )|
S
2
+%<(A( Ixr+Cl ) Z( (o) 4 )J))
- o) k1) ( ) (ok=1)i
_Zyk Z Akt [( e G5 )

opr1=1

1 X (ok+ o 2 0 o
+§<(A1(c+k11) k£1 0 + Ckﬁ”) - Z(Aliﬁl) kSLI 0 + ngﬁo ))} },

j=1
(4.16)
where
x(&/:) g 2 X k11 4 (0k+1) k-1 5
Xyt =X+ a—bx — Z m)j Z ’1k+1Ak+1 (I+r) + 9

= or1=1

forye{1,2,3},
given to firm i at stage k€ {1,2,3} would lead to the realization of the imputation
(4.15).

A subgame consistent solution can be readily obtained using (4.13), (4.15) and
(4.16).
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9.5 Extensions

The analysis can be expanded in a few directions.

Case 1: Random Changes in the State Dynamics Structures

Following Yeung (2011) one allow the structure of the state dynamics in (1.1) be
affected by the random variable 6; for k€{1,2,---,T}. In particular the state
dynamics become:

Xk+1 :fk(xkvullau%a"'vu/?;gk)+19ka (51)

for ke {1,2,---,T} and x; = x°,
where u} € U' C R™ is the control vector of player i at stage k, x; €X is the state, 9;
is a sequence of statistically independent random variables, and 6, is an indepen-
dent discrete random variables with range {9,1,9,%, x ~,492k} and corresponding
probabilities {/1,1, Moo A b

Following the analyses in Sects. 9.1, 9.2 and 9.3, a theorem deriving a subgame
consistent PDP can be established as follows.

Theorem 5.1 A payment equaling

B (3]) = € (k.)
Mi+1

Z /‘szﬁ] (5((%1)!’ [k + 1.1, (xz, y/,(f")* (xi); sz) + 19k] )] )

- E19/(

orp1=1

(5.2)

forieN,

given to player i at stage k€{1,2,---, T}, if 67" occurs and x| €X,, leads to the
realization of the imputation according to the agreed upon optimality principle. ]

Case 2: More Complex Branching Processes

The random event 6, affecting the payoff structures of the players in stage k may be
more complex branching processes. For instance, the random variables may not be
independent and may stem from a branching process in which the random variable
O, forke{1,2,--- T} is conditional upon the realization of the random variables in
its preceding stages. An example of this type of processes is the one adopted in
Yeung (2003) as a random variable stemming from the branching process as
described below.

9! = {9{795, ...,9}71} with corresponding probabilities {/1{,/15, ...,/I,lh }

Given that 6;] is realized in time interval [#, f,), fora; = 1,2, ..., 7,
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& = {9?“1’“‘)], gl ,9,2,5[(1’“‘;]] } would be realized with the corresponding
Lay

it 2[(La)] 42[(La1)] 2[(1a,)]

probabilities {/11 Ay y e ,/1,12[(1_“.1)] }

Given that 9;1 is realized in time interval [z, #,) and Hﬂ(l*”‘ﬂ is realized in time
interval [#, t3), fora; = 1,2, ...,npyand ar = 1,2, .. ML)

6 = { gl @)l gala) @a)] — gl(la) 2@\ ou1d be realized with the

1 72 ’ >3[4y (2a3)]
corresponding probabilities
Pla)@a) p3ita)@a)l 3a) a) ||

{ 1 2 M[(10;) (2.02)]

In general, given that 0[1” isrealized in time interval [¢4, ,), 6’2“ @)l is realized in time
interval [1,, 13), . . ., and 0’;:] [(1a)(2@)..(k=2.a2)] i§ realized in time interval [#1, T, for

a=12,...,n,a =12, ... SM(Lay)]r -+ A=l = 1,2, ... TMe—1](1,a1)(2,02).. (k—1,a5-1)]>

o — {ek[(lqal)(zﬂz%(kl,ﬂAl)] 9’5[(1-%)(2-02>---(k*1ﬂk71)] ek[(l,al)(2,02)“.(1(—1,@,1)]}

1 ’ T T (1ay) (2ap) e (k=1 )]

would be realized with the corresponding probabilities

il

{ﬂ];[(l’al) (27a2)“.(k—1,ak,1)]’/11;[(1,(11) (2,a2)...(k—=1,a,1)) o ﬂk[(l,al)(Z,az)m(kl,akl)]}

T (10)) (2a0) (k- Vg )]

fork=1,2,...,
Applying the techniques derived in the analysis in this paper, subgame consis-
tent solutions can be derived accordingly.

Case 3: Games with Deterministic Dynamics

The analysis can be readily applied to derive subgame consistent solutions in
randomly-furcating dynamic games in which the random variables J; in the stock
dynamics are not present. In particular, the objective that player i seeks to maximize
becomes

T
E“)l»(’z,“',er{zgli [xk, u,i, u]%7 e u]f; Hk} 4 q’(xT_H)}, forieN (53)
k=1

subject to the deterministic dynamics:
X1 :fk(Xk7M]1,M]%,"'7MZ,I). (54)
Following the analysis in Sects 9.3 and 9.4 and the proof of Theorem 3.1, a

theorem deriving a subgame consistent PDP for the randomly-furcating dynamic
game (5.3 and 5.4) can be established as follows.
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Theorem 5.2 A payment equaling

B}({ak)i(xz) = gl k xk |: %l,lﬁm( glow)i [k+ 1 fk(xk, )" (XZ))})}

(5.5)

forieNn,

given to player i at stage k€ {1,2,---, T}, if 67 occurs and €X,, would yield the
PDP leading to a subgame consistent solution of the game (5.3 and 5.4). ]

9.6 Chapter Appendices

Appendix A. Proof of Proposition 4.1 Consider first the last stage, that is stage
3, when 65° occurs. Invoking that V(3 x) = [Agm)ix + C(363>’} from Proposition

, 3
4.1 and VI®)i(4,x) = g'x (ﬁ) , the conditions in equation (4.4) become

1 \*!
(1 + r)

3 . . ’
+D o [r @ bx— a7 = g0 () + 93] } forie {1,2}. (A1)
y=1

. X (”3)5 N2
P(303)lug03)1 _ C3x (ugﬁs)l)

e €] = {
a3)i
U3

Performing the indicated maximization in (A.1) yields:

L»@),-_zcg o
3
X

The game equilibrium strategies in stage 3 can then be expressed as:

+7

1 k—1 3 o
(1 ) =Y rid =0, forie{1,2}. (A2
y=1

H () = {pg@)i —qa +,~)2qz}2 ?‘m)i, forie {1,2}. (A3)
C3 :

Substituting (A.3) into (A.1) yields:

|48+ 0] = [pgw[pgw_<1+,~>2¢}

1 (63)i 2 12 1\
[P }
4c§”3>’[ 3 (L+7)q | x 1+7

3 2
Y i (03)j 2 i1 X y
+Y g <x+abx ) [P3 —(1+7) QI}ZC(@)jJr@})’ (A.4)

y=1 J=1 3

ZCga3 )i

forie{1,2}.
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Note that both sides of equation (A.4) are linear expression of x, the terms Agﬂ)i and

Cg"})i, for ie{1,2} and 63 € {1,2}, are explicitly given in (A.4).
Now we proceed to stage 2, the conditions in equation (4.4) become

=)

+Z}/2 Z/l‘” [ os) {x +a—bx—ul™" — gl (x) + 193} i) ] }7 (A5)

=1

: . N N2
{A(ZGZ)IX + Cgﬁz)l} = max { [ngz)lug’zﬁ — _sz (ué‘ml)

(”2)"

forie{l,2}.
Performing the indicated maximization in (A.5) yields:

() Zr;D‘“A“ =0 foriedl 2} (A9

o3=1

[P(Gz)i _ zcgﬂz)’ug‘”)
2
X

The game equilibrium strategies in stage 2 can then be expressed as:

P (1) = l L+r Z/I”‘A P forie{1,2}. (A7)

Substituting (A.7) into (A.5) yields:
(62)i : (03) X
P — (1 +r)z/1‘3’3A33 ] e
2

o]

[P(Uz)i _ (1 )Z/{G%A(Ul)
13 |A
3=1

e = [

1
4§) 631

3

Z [ o3)i <x+a—bx

; c

Z[ (1+7r) Zﬂ‘”A " ] — +19}) +C§"3>’},

(A.8)

J

forie{1,2}.

Once again, both sides of equation (A.8) are linear expression of x, the terms
A(zmj and Cémi, for i€ {1,2} and 6, €{1,2}, can be obtained explicitly using
(A.8).
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Finally, we proceed to the first stage, the conditions in equation (4.4) become

) ) C(Ul)i
max{ Pl e _ 4

{Aﬁ‘”)"x + C({”)’}

A e

forie{l,2}.

X

()]

— o)+ 07] + cg””’} } (A.9)

Following the analysis in (A.6 and A.7), the game equilibrium strategies in stage

1 can then be expressed as:

Substituting (A.10) into (A.9) yields:

2

A(lal)ix+c(lal)i} _ [P(lal)i plovi _
or=1

1
AGZAGZ
T AAEDS
[A( 2)i (x+a—bx

e

J=1

forie{1,2}.

ZAgZAg"Z)"

| 2c(1”1)’

1 3 2
SIS
B y=1 o3=1

) ]
— (140> agaAy)
()‘2:1 i

) forie{l,2}. (A.10)

X

y (02)i
chol)". + 9 > +G, ], (A.11)

Once again, both sides of equation (A.11) are linear expression of x, the terms
(16‘) and C(”‘) forie{1,2} and o; = 1, can be obtained explicitly using (A.11).

Appendix B. Proof of Proposition 4.2 Consider first the last stage, that is stage

3, when 67 occurs. Invoking that W(®)(3,x) = [Z ey 4 Eg‘”)} from Proposition

2 ;
4.2 and W) (4, x) = Zq’x (ﬁ) , the condition in equation (4.9) becomes

j=1

2
{Agﬁ)X-i-Cgo})} = (max {Z[ (@3)j,, (03
3 2
+> 1) 4
=1 =1

X+a—bx— Zug"” +93

oo ( (Gz)j)z
X M3

(03)]
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Performing the indicated maximization in (B.1) yields:

03 o 2
[P<63) 2ol o

( ! )kl—i: 1Y ¢ =0, forie{1,2}. (B.2)
1+r y:l“ T e '

=1

3 x

The optimal cooperative strategies in stage 3 can then be expressed as:

P () = [ (1+7) qu/] , forie{1,2}. (B.3)

Substituting (B.3) into (B.1) yields:

APy 4 Cl } ZZ:{

J=1

| - 2 k-1
[PV (14 ‘
4clo [ ' Zlq] Kl +r>
3
+Zy§2q’(x+a—bx
=1 =

2 2
B (o) _ N~ | X y
hr-oertegmes) e

=1

forie{1,2}.
Note that both sides of equation (B.4) are linear expression of x, the terms A g‘m

and C (363), for 63 €{1,2}, are explicitly given in (B.4).
Now we proceed to stage 2, the condition in equation (4.9) becomes

~(2) ., F(o) 2 i i S o2 1
[ 2 _ o2 o02)] [2p)
[A2 X+C } - (ﬁzr)llla)zﬂz)z {Z Py uy x (142 ) (1 +r>

+Zy2 ZA"* [ Al + 5(3"3)} } (B.5)

Performing the indicated maximization in (B.5) yields:

1 3 2 s

y=1 o3=1

x—|—a—bx— +19}

2Cg(rz)iu§az)i

Pgﬂz)i _

The optimal cooperative strategies in stage 2 can then be expressed as:
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Wéaz)i*(;g) = [Pgﬂz)i —(1+ r)z Agsggos)]ﬁ, foric{1,2}. (B.7)
)

Substituting (B.7) into (B.5) yields:

2 2
[ggﬂz)x + Cgﬂz)} _ Z |:P<262)j [Pgﬁz)/ —(1+ r)zll?ggﬁ)} X

= oisl 2¢ (02)]

2
L | 2 (o) 1
e | PY (1) S apAY
46562)1[2 (1+r) R R AV

03=

+Z72 Zlm F ” (x +a—bx

o3=1

2 2
02)f o35 (o X 2 (o
_Z [Pg 2)./ _ (1 + I‘) 221)“33145 3)] 2C(62)j + 19%) + Cg 3):| .
03= 2

i (B.8)

Once again, both sides of equation (B.8) are linear expression of x, the terms Zg'”)

and C (2”2>, for 6, €{1,2}, can be obtained explicitly using (B.8).
Finally, we proceed to the first stage, the conditions in equation (4.9) become

2
7 (o1) ~(o1)

AV Vx+C }: max {
{ 1 1 Lot Sa,)z ;
+anﬁ"2[ i)

Following the analysis in (B.6 and B.7), the optimal cooperative strategies in stage
1 can then be expressed as:

l//<161) ( [ Z /IJZA (62)
Substituting (B.10) into (B.9) yields:
e = 3o [p [pgw _ nggfz)]
Jj=1
[ ge
o=

2
Zl”z { Al (x +a—bx

o7=1
[ ZA"ZA(”)] —2;;» - 19{‘) + agﬂ . (B.II)

or=1 1

(o1)J

61)j (o1)] €1 (o1)] 2
P<1 I)Jul 1)j _IT(MI 1 J) ‘|

+ci ] } (B.9)

x—i—a—bx—Zul”‘ +97

j=1

——— forie{1,2}. (B.10)

1
adrd
3
R
2
P>

j=1
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Once again, both sides of equation (B.11) are linear expression of x, the terms
Z(lm and 6’(1”‘), for 6, = 1, can be obtained explicitly using (B.11).

9.7 Chapter Notes

This Chapter considers subgame-consistent cooperative solutions in randomly
furcating stochastic dynamic games developed by Yeung and Petrosyan (2013a).
The extension of continuous-time randomly furcating stochastic differential games
to an analysis in discrete time is not just of theoretical interest but also for practical
reasons in applications in operations research. In the process of obtaining the main
results for subgame consistent solution, Nash equilibrium for randomly furcating
stochastic dynamic games and optimal control for randomly furcating stochastic
control problems are also derived. Yeung and Petrosyan (2014b) considered
subgame consistent cooperative provision of public goods under accumulation
and payoff uncertainties. Yeung and Petrosyan (2014a) examined subgame consis-
tent solution for a dynamic game of pollution management in which future envi-
ronmental costs are not known with certainty.

9.8 Problems

1. Consider an economy endowed with a renewable resource and with 2 resource
extractors (firms). The lease for resource extraction begins at stage 1 and ends at
stage 3 for these two firms. Let u, denote the resource extracted by firm i at stage
k, fori€{1,2}. Let U’ be the set of admissible amount of resource extracted by
firm i, and x; €X C R™ be the size of the resource stock at stage k.

It is known at each stage there is a random element, 6, for k€{1,2,3},
affecting the revenues of the outputs produced by these firms and their costs of
extraction. If @} happens at stage k € {2, 3} the profits (in present-value) that firm
1 and firm 2 will obtain at stage k are respectively:

2 L \A T L\
4uk—x—k(uk) e and Zuk—x—k(uk) T ,

where = 0.05 is the discount rate.
If 9% happens at stage k€ {2,3} the profits (in present-value) that firm 1 and
firm 2 will obtain at stage k are respectively:

2, 122 1 \*! 2, 2 1\
1 1 2 2
{2”1( —x—k (uk) ] (1 n r) and [3uk —x—k (uk) } <1 n r> .
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It is known in stage 1 that 6} has occurred. The probability that 8] will occur at
stage k€ {2,3} is 0.6 and the probability that 67 will occur at stage k € {2,3} is
3
0.4. In stage 4, a terminal payment (again in present-value) equaling x4 (ILH)
will be paid to firm 1 and a terminal payment (again in present-value) equaling

3
0.5)(4( 1 ) will be paid to firm 2.

T+r
The growth dynamics of the resource is governed by the stochastic difference
equation:

2
X1 =X + 15— 0.1x; — Zui + 9,

Jj=1

forke{1,2,3} and x; = 12,
where 9, is a random variable with non-negative range {0,1,2} and
corresponding probabilities {0.1,0.7,0.2}; moreover 9, J,, J;5 are independent.
Moreover, we have the constraint u} + u; < 0.9x; + 15.
The objective of extractor i€ {1,2} is to maximize the present value of the
expected stream of future profits:
Characterize the feedback Nash equilibrium.
2. Obtain a group optimal solution that maximizes the joint expected profit.
3. Consider the case when the extractors agree to share the excess of cooperative
gains over their expected noncooperative profits equally. Derive a subgame
consistent solution.
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