Chapter 7
Subgame Consistent Cooperative Solution
in Dynamic Games

In many game situations, the evolutionary process is in discrete time rather than in
continuous time. An extension of the analysis to a discrete-time dynamic frame-
work is provided in this chapter. In particular, it presents an analysis on subgame
consistent solutions which entail group optimality and individual rationality for
cooperative (deterministic and stochastic) dynamic games. It integrates the works
of Yeung and Petrosyan (2010) and Chapters 12 and 13 of Yeung and Petrosyan
(2012a). We first present in Sect. 7.1 a general formulation of cooperative dynamic
games in discrete time with the noncooperative outcomes, and the notions of group
optimality and individual rationality. Subgame consistent cooperative solutions
with corresponding payoff distribution procedures are derived in Sect. 7.2. An
illustration of cooperative resource extraction in discrete time is given in
Sect. 7.3. A general formulation of coopeartive stochastic dynamic games in
discrete time is given in Sect. 7.4. Subgame consistent cooperative solutions with
corresponding payoff distribution procedures are derived in Sect. 7.5. An illustra-
tion of cooperative resource extraction under uncertainty in discrete time is given in
Sect. 7.6. A heuristic approach to obtaining subgame consistent solutions for
cooperative dynamic games is provided in Sect. 7.7. Section 7.8 contains Appen-
dices of the Chapter. Chapter Notes are given in Sect. 7.9 and problems in
Sect. 7.10. In addition, to make the discrete-time analysis in this Chapter fully in
line with the continuous-time analyses presented in earlier chapters a terminal
condition is added to each player’s payoff in Yeung and Petrosyan (2010, 2012a).

7.1 Cooperative Dynamic Games

In this Section we present the basic framework of discrete-time cooperative
dynamic games.
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166 7 Subgame Consistent Cooperative Solution in Dynamic Games
7.1.1 Game Formulation

Consider the general T— stage n— person nonzero-sum discrete-time cooperative
dynamic game with initial state x°. The state space of the game is X €R™ and the
state dynamics of the game is characterized by the difference equation:

Xk+1 :fk(xkvuliauzv"'vu]?)v (11)

for ke {1,2,---, T}=« and x; = x°,

where uj € U' C R™ is the control vector of player i at stage k, x; €X C R™ is the
state of the game.
The payoff of player i is

T 1 \&! ' 1\
Sefeatadc ] (1) +abatro() . 02)

=1

forie{l,2,---,n}=N,

where 7 is the discount rate, and ¢ +1(xr41) is the terminal benefit that player
i received at stage T + 1.
The payoffs of the players are transferable.

7.1.2 Noncooperative Qutcome

In this subsection, we characterize the noncooperative outcome of the discrete-time
economic game (1.1 and 1.2). Let {d)}c (x), forkekand iGN} denote a set of
strategies that provides a feedback Nash equilibrium solution to the game (1.1 and
1.2), and

T

Vilk,x) =) ! [Xg% ¢é(xc)’¢§(xg)»'",f/)?(xé)} (ﬁ)c_l

=k
. . T
+ G141 (5741) (m) .

where x; = x, for k€K and i €N, denote the value function indicating the game
equilibrium payoff to player i over the stages from k to T + 1. A frequently used
way to characterize and derive a feedback Nash equilibrium of the game is provided
in the following theorem.
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Theorem 1.1 A set of strategies {¢;(x), fork€x and i€N} provides a feedback
Nash equilibrium solution to the game (1.1 and 1.2) if there exist functions V'(k, x),
for k€K and i €N, such that the following recursive relations are satisfied:

Vi(’ﬂX)“f}x{gi:[x’ébi(X)’ff’i(X)ww PRGN AR CONERNH(E5]

k

k—1 . . .
(%) + VI 1A Lo B, ), 7 0, g (), 7 ()] }

VAT +1,%) = g7, (%) (ﬁ)i (1.4)

forieN and k€.

Proof Invoking the discrete-time dynamic programming technique in Theorem
A.5 of the Technical Appendices, V'(k,x) is the maximized payoff of player i for
given strategies { ¢ (x), forjENand;j # i} of the other n — 1 players. Hence a
Nash equilibrium appears. [ ]

For the sake of exposition, we sidestep the issue of multiple equilibria and focus
on solvable games in which a particular noncooperative Nash equilibrium is chosen
by the players in the entire subgame.

7.1.3 Dynamic Cooperation

Now consider the case when the players agree to cooperate and distribute the
payoff among themselves according to an optimality principle. Two essential
properties that a cooperative scheme has to satisfy are group optimality
and individual rationality. An agreed upon optimality principle entails group
optimality and an imputation to distribute the total cooperative payoff among the
players.

We first examine the group optimal solution and then the condition under which
individual rationality will be maintained.

7.1.3.1 Group Optimality

Maximizing the players’ joint payoff guarantees group optimality in a game where
payoffs are transferable. To maximize their joint payoff the players have to solve
the discrete-time dynamic programming problem of maximizing
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T ) 1 k—1 n ) 1 T
Z [gi[xk»u/ivuz»""u/f] (14_,,) :| +Zq§+l(x7"+1) (W) ’ (15)
=

subject to (1.1).
Invoking the discrete-time dynamic programming technique an optimal solution
to the control problem (1.1) and (1.5) can be characterized by the theorem below.

Theorem 1.2 A set of strategies {w,ﬁ(x), forkekandieN } provides an optimal
solution to the problem (1.1) and (1.5) if there exist functions W(k, x), fork € K, such
that the following recursive relations are satisfied:

1 k—1
W(k,x) max { ng x;‘,uk,uk7 .. "Mlﬂ (1 +;~>

L’ k"’k

Wk 4+ 1 fy (o g, 3, -, u) ] } (1.6)

—ng .20, )] ()

+W[k+ 1 fk(x Wi (). p2(x), -l ()],

W(T +1,x) = qu (Ly (1.7)

Proof Follow the proof of discrete-time dynamic programming technique in
Theorem A.5 of the Technical Appendices. [ ]

Substituting the optimal control {y/,ﬁ (x), forkexandieN } into the state
dynamics (1.1), one can obtain the dynamics of the cooperative trajectory as:

Xt = f (o Wi (o) wi () - - -y (), (1.8)

for kek and x; = 1°.

Let {xk } 1, denote the solution to (1.8) and hence the optimal cooperative

path. The total cooperative payoff over the stages from k to 7 4+ 1 can be
expressed as:

ZZ&[M Dt () ()] ()

+ZC]T+1 (xr11) (m>T, for kex. (1.9)
=1

We then proceed to consider individual rationality.
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7.1.3.2 Individual Rationality

The players have to agree on an optimality principle in distributing the total
cooperative payoff among themselves. For individual rationality to be upheld the
payoffs an player receives under cooperation have to be no less than his noncoop-
erative payoff along the cooperative state trajectory. For instance, (i) the players
may share the excess of the total cooperative payoff over the sum of individual
noncooperative payoffs equally, or (ii) they may share the total cooperative payoff
proportionally to their noncooperative payoffs.

Let £(-,-) denote the imputation vector guiding the distribution of the total
cooperative payoff under the agreed-upon optimality principle along the coopera-
tive trajectory {x,ﬁ } kT:r At stage k, the imputation vector according to &(-, ) is
E(k,xp) = [€'(k,xp), & (k,xp), .. ., &" (k,x})], for ke,

If for example, the optimality principle specifies that the players share the excess
of the total cooperative payoff over the sum of individual noncooperative payoffs
equally, then the imputation to player i becomes:

& (k,xy) :vf(k,x,i)+1 W (k,x;) Zv k,x;) (1.10)

forieN and kexk.

If the optimality principle specifies that the players share the total cooperative
proportional to their noncooperative payoffs, then the imputation to player
i becomes:

& (k. x;) ZMW(&@), (1.11)

Z Vj(k,xZ)
=1

forieN and kex.
For individual rationality to be maintained throughout all the stages k €x, it is
required that:
& (k,x;) > V'(k,x;), fori€N and k€. (1.12)

In particular, the above condition guaranties that the payoff allocated to a player
under cooperation will be no less than its noncooperative payoff.
To satisfy group optimality, the imputation vector has to satisfy

W (k,x;) ngxk for kex. (1.13)

This condition guarantees the highest joint payoffs for the participating players.
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7.2 Subgame Consistent Solutions and Payment
Mechanism

To guarantee dynamical stability in a dynamic cooperation scheme, the solution has
to satisfy the property of subgame consistency. In particular, the specific agreed-
upon optimality principle must remain effective at any stage of the game along the
optimal state trajectory. Since at any stage of the game the players are guided by the
same optimality principles and hence do not have any ground for deviation from the
previously adopted optimal behavior throughout the game. Therefore for subgame
consistency to be satisfied, the imputation £(-, -) according to the original optimality
principle has to be maintained at all the T stages along the cooperative trajectory

{x:} kT:I' In other words, the imputation
E(k,xp) = [€" (k,x), & (k,x), .. .. &" (k,x7)] at stage &, (2.1)

for kex
has to be upheld.

Crucial to the analysis is the formulation of a payment mechanism so that the
imputation in (2.1) can be realized.

7.2.1 Payoff Distribution Procedure

Similar to the analysis of cooperative differential games, we first formulate a Payoff
Distribution Procedure (PDP) so that the agreed imputations (2.1) can be realized.
Let B{(x}) denote the payment that player / will receive at stage k under the

. . . « 1T
cooperative agreement along the cooperative trajectory {xk } 1"

The payment scheme involving Bi(x}) constitutes a PDP in the sense that the
imputation to player i over the stages from & to T can be expressed as:

& (kx7) = Bi() (%)

+{ i%(}@) (ﬁ)cf1 +61%'+1(XT+|)($)T} (2.2)

=kt

k—1

forieN and ke€k.
Using (2.2) one can obtain

. * i * k
E(k+1,x,) =Biy () (ﬁ)

+ { ZTj B} (xg) (ﬁ)C—l + q;ﬂ(xm)(ﬁy } (2.3)

C=k+2
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Upon substituting (2.3) into (2.2) yields

2 T L
fe) =Bt (1) +ERFLAGIED]L 24

forieN and k€.

A theorem characterizing a formula for B};(x};), for ke€x and i € N, which yields
(2.2) is provided below.

Theorem 2.1 A payment equaling
Bi(x) = (140" &(kx) =€+ LAGLY)] | 23

forieN,
given to player i at stage k€ {1,2,---,T} along the cooperative trajectory {x } kT:1
would lead to the realization of the imputation {£(k,x}), for k€x}.

Proof From (2.4), one can readily obtain (2.5). Theorem 2.1 can also be verified
alternatively by showing that from (2.2)

&lk}) = B0 ()

(e s

C=k+1

_ {g’(k,x;) - (gf [k + Lﬁ(xiw(xi))])}

o3 {ee) - (2o o))

{=k+1

=& (k)

. . ‘ T

and & (T + 1,x7.,) = qh,y (x741) (ﬁ) .
Hence Theorem 2.1 follows. u
The payment scheme in Theorem 2.1 gives rise to the realization of the impu-

tation guided by the agreed-upon optimal principle and will be used to derive time
(optimal-trajectory-subgame) consistent solutions in the next subsection.

7.2.2 Subgame Consistent Solution

We denote the discrete-time cooperative game with dynamics (1.1) and payoff (1.2)
by I'.(1, xp). We then denote the game with dynamics (1.1) and payoff (1.2) which
starts at stage o with initial state x; by I'.(v,x;). Moreover, we let
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P(1,x) = {u} and B forh€xand i €N, &(1,x9)}  denote the agreed-upon
optimality  principle  for the  cooperative game I'.(l,x5). Let
P(xj; ,U) = {u}, and B,’; forhe{v,o+1,...,T} and i€N, 5(0,)(3)} denote the
optimality principle of the cooperative game I'.(v,x]) according to the original
agreement.

A theorem characterizing a subgame consistent solution for the discrete-time
cooperative game I'.(1,x) is presented below.

Theorem 2.2 For the cooperative game I'.(1,xo) with optimality principle
P(1,x0) = {u} and B} for hex and i€N, £(1,x)} in which

Q) u =y} (x;;), for hek and i €N, is the set of group optimal strategies for the
game I'.(1,xp), and
(i) Bj = Bj(x;), for hEx and i €N, where

Bi(x)) = (1 +n"" E(hx) = Ek+1, f(xnwa( )] |, (2:6)

and [él(h,x,’;), éz(h,x;), e E(h,x}‘l)], is the imputation according to the optimality
principle P(h, x},);
is subgame consistent.

Proof Follow the proof of the continuous-time analog in Theorem 2.2 of
Chap. 3. [ ]

When all players are using the cooperative strategies, the payoff that player i will
directly receive at stage k given that along the cooperative trajectory {x; }kT:I is

o [ () R () (51) ).

However, according to the agreed upon imputation, player i will receive B} (x})
at stage k. Therefore a side-payment

@ (%) = B () — & [ w () wi () - vl () :
() = Bi) = siliwa () wi (w) (x2)5%t] (2.7)

forkexand ieN,

will be given to player i to yield the cooperative imputation §i(k,x,f).

7.3 An Illustration in Cooperative Resource Extraction

Consider an economy endowed with a renewable resource and with two resource
extractors (firms). The lease for resource extraction begins at stage 1 and ends at
stage 3 for these two firms. Let u, denote the amount of resource extracted by firm
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i at stage k, for ie{1,2}. Let U be the set of admissible extraction rates, and
X €X C RT the size of the resource stock at stage k. The extraction cost for firm
i€{1,2} depends on the quantity of resource extracted u, the resource stock size
Xy, and cost parameters ¢ and ¢,. The extraction cost for firm 7 at stage & is specified
as c,-(u}'c)z/xk. The price of the resource is P.

The profits that firm 1 and firm 2 will obtain at stage k are respectively:

[Puk —fc—;(u;)z} and {Pui —;—i(ug)z] . (3.1)

In stage 4, the firms will receive a salvage value equaling gxy.
The growth dynamics of the resource is governed by the difference equation:

2
Xer1 = X +a — bxy —Zu',i, (3.2)
=1
for k€ {1,2,3} and x; = x°.
There exists an extraction constraint that human harvesting can at most exploit
Y proportion of the existing biomass, hence u; + u% < Yxi. Moreover b <1 —Y
The payoff of extractor i € {1,2} is to maximize the present value of the stream of
future profits:

3 ) ¢ .2 1 k—1 1 3
Pu! — L (u}! — — , forie{l,2 3.3
Stlpi-2wr] (5) + () e forictinn - 63)

subject to (3.2).

Invoking Theorem 1.1, one can characterize the noncooperative equilibrium
strategies in a feedback solution for game (3.2 and 3.3). In particular, a set of
strategies  {¢;(x), fork€{1,2,3} andi€{1,2}} provides a Nash equilibrium
solution to the game (3.2 and 3.3) if there exist functions Vi(k, x), for ie{1,2}
and k€{1,2,3}, such that the following recursive relations are satisfied:

: o 1 \*!
Vi(k, x) = max { [Pu/i - C;(”/l)z} (1—+r>
+V’[k+l Xta—bx—u —Plx )} } for ke {1,2,3};
Vi(d,x) = (m) gx. (3.4)

Performing the indicated maximization in (3.4) yields:

Z[i 1 k—1 . ;

X 147

forie{l,2} and ke{1,2,3}.
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From (3.5), the game equilibrium strategies can be expressed as:

oo = (P-vi, (R

26‘,',

2
k+ l,x—l—a—bx—Zqﬁ,f(x)
=1

forie{1,2} and k€{1,2,3}.
The game equilibrium profits of the firms can be obtained as:

Proposition 3.1 The value function indicating the game equilibrium profit of
firm 7 is:

Vi(k,x) = [Ajx+ C[], forie{1,2} and k€ {1,2,3}, (3.7)

where A} and Ci, for i€{1,2} and k€{1,2,3}, are constants in terms of the
parameters of the game (3.2 and 3.3).

Proof See Appendix A of this Chapter. |

Substituting the relevant derivatives of the value functions in Proposition 3.1
into the game equilibrium strategies (3.6) yields a noncooperative feedback
equilibrium solution of the game (3.2 and 3.3).

Now consider the case when the extractors agree to maximize their joint
profit and share the excess of cooperative gains over their noncooperative
payoffs equally. To maximize their joint payoff, they solve the problem of
maximizing

Sl 2)] () o)

j=1 k=1

subject to (3.2).

Invoking Theorem 1.2, one can characterize the optimal controls in the dynamic
programming problem (3.2) and (3.8). In particular, a set of control strategies
{wi(x), fork€{1,2,3} and i € {1,2} } provides an optimal solution to the problem
(3.2) and (3.8) if there exist functions W(k, x): R — R, forke€ {1,2,3}, such that the
following recursive relations are satisfied:

2 k—1
. Ci N 2 1
Wk —m E P J J( J)
(k) uii)%{ [ " X " 1+r

=

+W

2
k+1,x+a—bx— Zui] } forke{1,2,3}.

=1

W(4,x) = 2(&)3% (3.9)
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Performing the indicated maximization in (3.9) yields:

2ciu! 1\
) Jp—— -W,
( X )(1+") o

forie{l,2} and ke{1,2,3}.
In particular, the optimal cooperative strategies can be obtained from (3.10) as:

2
k + l,x—l—a—bx—Zu,{] =0, (3.10)

Jj=1

2
k—i—l,x—i—a—bx—Zu,’(

J=1

. X
- (P_W.’(A+l (1+’,)k 1>2_0a (311)

forie{1,2} and k€{1,2,3}.
The firms’ joint profit under cooperation can be obtained as:

Proposition 3.2 The value function indicating the maximized joint payoff is
W (k,x) = [Agx + Cy], for ke{l,2,3}, (3.12)

where A, and Cy, for k€{1,2,3}, are constants in terms of the parameters of the
problem (3.8) and (3.2).

Proof See Appendix B of this Chapter. |

Using (3.11) and Proposition 3.2, the optimal cooperative strategies of the
players can be expressed as:

wi(x) = P_Ak+1(1+r)’“1}%, forie{l,2} andk€{1,2,3}.  (3.13)

1

Substituting y/};(x) from (3.13) into (3.2) yields the optimal cooperative state
trajectory:

2
11X
Xet1 =Xk+a—bxk—Z[P—Akﬂ(l-ﬂ‘)k ! 2—]f, (3.14)

j=1 Cj

for k€ {1,2,3} and x; = x°.

Dynamics (3.14) is a linear difference equation readily solvable by standard
techniques. Let {x, for k€ {1,2,3}} denote the solution to (3.14).

Since the extractors agree to share the excess of cooperative gains over their
noncooperative payoffs equally, an imputation

kxk i kxkl

#(kxt) = Vilkx]) +

2
(Ax, + C) Z(Aix; +cl)|,

Jj=1

1
= (Axg+C}) += 5 (3.15)

for k€{1,2,3} and i€{1,2} has to be maintained.
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Invoking Theorem 2.1, if x;: €X is realized at stage k a payment equaling

B = 0 ek - £ 1)

S PP | 2 ;
:(1+r)“{(A,§xk+c;,) 2<Akxk+Ck ]Z:( kxk+c;)>
A . 1 2

- [(Allcﬂxkﬂ + Ck+1) ) ((Ak+1xk+1 + Ck“ Z( k+1xk+1 + Ck+1)>}}’
j=1
(3.16)

forie {1,2};

given to player i at stage k € k would lead to the realization of the imputation(3.15).
A subgame consistent solution can be readily obtained from (3.13), (3.15) and

(3.16).

7.4 Cooperative Stochastic Dynamic Games

In this Section we present the basic framework of discrete-time cooperative sto-
chastic dynamic games.

7.4.1 Game Formulation

Consider the general T— stage n— person nonzero-sum discrete-time cooperative
stochastic dynamic game with initial state x°. The state space of the game is X € R”
and the state dynamics of the game is characterized by the stochastic difference
equation:

Xpr1 = Fr (oo w1, - ul!) + Gi(x) Ok, (4.1)

for k€ {1,2,---, T}=«x and x; = x°,

where u € R™ is the control vector of player i at stage k, x; €X is the state, and 6,
is a set of statistically independent random variables.

The objective of player i is

-1 . T
Eﬁl,Hz, { Zgg[xC7u{augv~-'7 ¢:| (l+1) +q7l"+1(x7-+1)(ﬁ) }7
forie{l,2,...,n}=N, (4.2)

where r is the discount rate and Ey, ¢,, ....¢, 1 the expectation operation with respect
to the statistics of 8y, 6,, - - -, O7.
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The payoffs of the players are transferable.

We then characterize the noncooperative outcome of the discrete-time stochastic
economic game (4.1 and 4.2). Let {qﬁ,f(x), for ke andiEN} denote a set of
strategies that provides a feedback Nash equilibrium solution (if it exists) to the
game (4.1 and 4.2), and

Vi(k,x) = Eg, 0., { ET:g [x§’¢4 xe), B (0c), ¢£(X4)} <L>§l

= 1+r

T
; 1
+ g1y (r41) (1 T r) }7

where x; = x, for k€K and i €N, denote the value function indicating the expected
game equilibrium payoff to player i over the stages from k to 7 + 1.

A frequently used way to characterize and derive a feedback Nash equilibrium of
the game is provided in the theorem below.

Theorem 4.1 A set of strategies {¢/(x), for k€x and i €N} provides a feedback
Nash equilibrium solution to the game (4.1 and 4.2) if there exist functions Vi(k, x),
for k€K and i €N, such that the following recursive relations are satisfied:

V (k) = max o { e L) 030 0 7100,
) () Ve 1T ) + G |

k—1

— o {el . 0.1 () (@3)
F VI k4 L dp (), 43 (3), - i (x)) + Gk<x>9k]}

V410 = gh ) (1) (44

forieN a~nd kek,
Wherefli(x, u,’() =f [x,¢,£(x),¢%(x),..., j':l(x),u,i, ’“( ) np(x )] and Ey,

is the expectation operation with respect to the statistics of 9.

Proof Invoking the discrete-time stochastic dynamic programming technique in
Theorem A.6 of the Technical Appendices, V'(k,x) is the maximized payoff of
player i for given strategies {(/),i (x), for jeN and j # i} of the other n — 1 players.
Hence a Nash equilibrium appears. [ ]

Again, for the sake of exposition, we sidestep the issue of multiple equilibria and

focus on solvable games in which a particular noncooperative Nash equilibrium is
chosen by the players in the entire subgame.
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7.4.2 Dynamic Cooperation under Uncertainty

Now consider the case when the players agree to cooperate and distribute the payoff
among themselves according to an optimality principle. Once again, the essential
properties of group optimality and individual rationality have to be satisfied. An
agreed upon optimality principle entails group optimality and an imputation to
distribute the total cooperative payoff among the players.

We first examine the group optimal solution and then the condition under which
individual rationality will be maintained.

7.4.2.1 Group Optimality

Maximizing the players’ expected joint payoff guarantees group optimality in a
game where payoffs are transferable. To maximize their expected joint payoff the
players have to solve the discrete-time stochastic dynamic programming problem of
maximizing

n_ T k-1
Eg, 0,,.., {ZZ[g xk7uk,uk7...,u,f’] (ﬁ) }

j=1 k=1

+3 (i)} @5)

J=1

subject to (4.1).

Invoking the discrete-time stochastic dynamic programming technique an opti-
mal solution to the problem (4.1) and (4.5) can be characterized in the following
theorem.

Theorem 4.2 A set of strategies {(x), for k€x and i€N }, provides an optimal
solution to the problem (4.1) and (4.5) if there exist functions W(k, x), fork €K, such
that the following recursive relations are satisfied:

1 \+!
W(k,x) = max )1E(9A{ng X, uk,uz, . ,u,ﬂ (1 +r>

Uy Uy ooes U] j=1

+Wlk+ Lf(xup,uf, .. uf) + Gi(x)6;]

= a{ el w0 i) x5 o)

FWH LA 030w (0) +Gi0a] | 40

T+ 1,1) = qu (i+) @)
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Proof Follow the proof of the discrete-time stochastic dynamic programming
technique in Theorem A.6 of the Technical Appendices. ]

Substituting the optimal control {y/,i (x), fork€xandieN } into the state
dynamics (4.1), one can obtain the dynamics of the cooperative trajectory as:

Xt = Fr (0w (o) Wi (00 - i (4)) + Gi(xi) O, (4.8)
for kex and x; = x0.
We use X} to denote the set of realizable values of x; at stage k generated by
(4.8). The term x,: eXi is used to denote an element in X;.
The term W(k,x;) gives the expected total cooperative payoff over the stages
from k to T + 1 if x; GX,: is realized at stage k €x.We then proceed to consider
individual rationality.

7.4.2.2 Individual Rationality

The players have to agree to an optimality principle in distributing the total
cooperative payoff among themselves. For individual rationality to be upheld the
expected payoffs an player receives under cooperation have to be no less than his
expected noncooperative payoff along the cooperative state trajectory. Let &(-,-)
denote the imputation vector guiding the distribution of the total cooperative
payoff under the agreed-upon optimality principle along the cooperative trajectory

{xz } szl. At stage k, the imputation vector according to  &(,-) s
E(k,xp) = [€"(k,xp), & (k,xp), ..., &" (k,x})], for kEk.

For individual rationality to be maintained throughout all the stages k €k, it is
required that:

& (k,x;) > V'(k,x;), fori€N and k€.

In particular, the above condition guaranties that the expected payoff allocated to
any player under cooperation will be no less than its expected noncooperative
payoff.

To satisfy group optimality, the imputation vector has to satisfy

n
W(k,xZ) = Zé’(k,xl), forkex.
=1

This condition guarantees the highest expected joint payoffs for the participating
players.

If the optimality principle specifies that the players share the excess of the
expected total cooperative payoff over the sum of expected individual noncooper-
ative payoffs equally, then the imputation to player i becomes:
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& (k) = Vi (kx) + | W (k,x) =3 Vikxp) |
j=1

forieN and k€.

If the optimality principle specifies that the players share the expected total
cooperative proportional to their expected noncooperative payoffs, then the impu-
tation to player i becomes:

Vi (k, x,:)

fi(k7x*) = n
Z Vi (k, x;)
j=1

W(k,x;),
forieN and kexk.

7.5 Subgame Consistent Solutions and Payment
Mechanism

Now, we proceed to consider dynamically stable solutions in cooperative stochastic
dynamic games. To guarantee dynamical stability in a stochastic dynamic cooper-
ation scheme, the solution has to satisfy the property of subgame consistency. A
cooperative solution is subgame-consistent if an extension of the solution policy to
a subgame starting at a later time with any realizable state brought about by prior
optimal behavior would remain optimal under the agreed upon optimality principle.
In particular, subgame consistency ensures that as the game proceeds players are
guided by the same optimality principle at each stage of the game, and hence do not
possess incentives to deviate from the previously adopted optimal behavior. Yeung
and Petrosyan (2010) developed conditions leading to subgame consistent solutions
in stochastic differential games.

For subgame consistency to be satisfied, the imputation (-, -) according to the
original optimality principle has to be maintained at all the T stages along the

. . T . .
cooperative trajectory {xZ } =1 In other words, the imputation

E(k,x) = [€"(k,xp), & (k,xp), - . .. &" (k,x;)] at stage k, for k€, (5.1)

has to be upheld.
Crucial to the analysis is the formulation of a payment mechanism so that the
imputation in (5.1) can be realized.
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7.5.1 Payoff Distribution Procedure

Following the analysis of Yeung and Petrosyan (2010), we formulate a discrete-
time Payoff Distribution Procedure (PDP) so that the agreed imputations(5.1) can
be realized. Let Bi(x}) denote the payment that player i will receive at stage k under
the cooperative agreement if x; GXZ is realized at stage k €.

The payment scheme involving Bi(x}) constitutes a PDP in the sense that if
x; GX: is realized at stage k the imputation to player i over the stages from k to T can
be expressed as:

£ (kxt) = B ()

T
. ¢
+E9k,.9k+,,...,9»,{ Z B; (xg) (ﬁ)

C=k+1

-1

st () b 62)

forieN and k€.
A theorem characterizing a formula for B};(xZ), for k€x and i € N, which yields
(5.2) is provided below.

Theorem 5.1 A payment equaling

BL(5) = (14 1 e o)~ (510 LA L 6) + Gt )
(5.3)

forieN,
given to player i at stage k€k, if x,teXZ would lead to the realization of the
imputation {&(k,x;), forkex}.

Proof Using (5.2) one can obtain

. % i * k
& (k + 1,xk+1) =B (xk+1) (ﬁ)

T
. -1 . T
+E9k+1,9k+z,m,91{ Z B(j“ (xg) (ﬁ) + qlT-H (xT+1) (#) }

{=k+2
(5.4)
Upon substituting (5.4) into (5.2) yields
i * P k=1
& (k,x) = By (%) (ﬁ)
B (€ LAl 0D) +Gial) 69

forieN and k€.
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Hence Theorem 5.1 follows. [ |

The payment scheme in Theorem 5.1 gives rise to the realization of the impu-
tation guided by the agreed-upon optimal principle and will be used to derive
subgame consistent solutions in the next subsection.

7.5.2 Subgame Consistent Solution

We denote the discrete-time cooperative game with dynamics (4.1) and payoff (4.2)
by I'.(1,xp). Then we denote the game with dynamics (4.1) and payoff (4.2)
which starts at stage v > 1 with initial state xz GX; by I'.(v,x;). Moreover, we
let P(1,x) = {uj and B; forhexandieN,&(1,x0)} denote the agreed-upon
optimality  principle  for the  cooperative game I.(l,x5). Let
P(x,,v) = {u} and B forh€ {v,o+1,...,T} and i€N, (v, x,) } denote the opti-
mality principle of the cooperative game I'.(v,x;) according to the original
agreement.

A theorem characterizing a subgame consistent solution for the discrete-time
cooperative game I'.(1,x¢) is presented below.

Theorem 5.2 For the cooperative game I'.(1,xy) with optimality principle
P(1,x0) = {uj}(x,) and B} (x;) for h€x and i €N and x, €X),, (1, x0) } in which

(i) u}(x;) =wi(x,), for hex and iEN and x, €X, is the set of group optimal
strategies for the game I'.(1,x), and
(i) B,’; (x;l) = B,’; (x;,), for hex and i €N and xZ EXZ, where

Bi(5) = (140" {2 ) = 0, (£ 15+ LAy v 5) + Gul)on] ) .
(5.6)
and [él (h,xZ),éz (h,x;';),...,é" (h,x;)] eP(h7xZ) is the imputation according to

optimality principle P(h,x});
is subgame consistent.

Proof Follow the proof of the continuous-time analog in Theorem 5.2 of
Chap. 7. |

When all players are using the cooperative strategies, the payoff that player i will
directly receive at stage k given that x; €X, is

gl vk (o) wi () - owrd ()|
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However, according to the agreed upon imputation, player i will receive B} (x})
at stage k. Therefore a side-payment

wi () = B() el 5wl ()26 v ()] 5)

forkexand ieN,

will be given to player i to yield the cooperative imputation &(, X5).

7.6 Cooperative Resource Extraction under Uncertainty

Consider an economy endowed with a renewable resource and with two resource
extractors (firms). The lease for resource extraction begins at stage 1 and ends at
stage 3 for these two firms. Let u} denote the rate of resource extraction of firm i at
stage k, for i€ {1,2}. Let U’ be the set of admissible extraction rates, and x; €X
C R™ the size of the resource stock at stage k. The extraction cost for firm i€ {1,2}
depends on the quantity of resource extracted u}, the resource stock size x;, and cost
parameters c; and c,. In particular, extraction cost for firm i at stage & is specified as
ci(u)*/x;. The price of the resource is P.
The profits that firm 1 and firm 2 will obtain at stage k are respectively:

{Pui - z(u;)z] and {Pu,% - f;(u%)z}. 6.1)

In stage 4, the firms will receive a salvage value equaling gx4. The growth dynamics
of the resource is governed by the stochastic difference equation:

2
Xps1 = Xp +a — Oy — Zui, (62)

J=1

for k€ {1,2,3} and x; = x°,

where 6, is a random variable with non-negative range {9,1,9%, 6’2} and
corresponding probabilities {4}, 47, 27 }.

With no human harvesting, the natural growth of the resource stock is
Xk+1 — X = a — Orxy. The natural growth of the resource is while the death rate
exhibits stochasticity. There exists an extraction constraint that human harvesting
can at most exploit b proportion of the existing biomass, hence u} + u; < bx;. In
addition, the highest value of 6] < (1 — b) for k€{1,2,3} and ye{1,2,3}.
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The objective of extractor i€ {1,2} is to maximize the present value of the
expected stream of future profits:

3 k=1 3
S Ci,oN2 1 1 .
E919293{Z {Pu,ﬁ _x_k(ukl) } (1 T r) + (—1 - r) qm}, forie{l,2}, (6.3)

k=1

subject to (6.2).

Invoking Theorem 4.2, one can characterize the noncooperative equilibrium
strategies in a feedback solution for game (6.2 and 6.3). In particular, a set of
strategies {¢b;(x), fork€{1,2,3} andi€{1,2}} provides a Nash equilibrium
solution to the game (6.2 and 6.3) if there exist functions Vi(k,x), for ief{l,2}
and k€{1,2,3}, such that the following recursive relations are satisfied:

. . Ci, o 1 k-1
Vilk,x) = mangk{[Pu,f, — ;(”11)2} (1_‘_,)

1
Uy

+Vi[k+1,x+a—t9kx—u,ﬁ—d)i(x)}}

= max [Pui — ﬁ(ui)ﬂ —1 .
uf ko xVk 1+r
3
+ l,fvl{k—kLx—i—a—&,fx—u,i—q’;,f((x)}};
y=1

VI(T +1,x) = (%qum. (6.4)

Performing the indicated maximization in (6.4) yields:

2eal 1\ ; : —
(P_ Lluk>< ) _ZA]{V;‘I;H [k—l,-l,x—f—a—ﬁlix—u;{_(ﬁi(x)} =0,

X 1+r o
(6.5)

forie{1,2} and k€{1,2,3}.
From (6.5), the game equilibrium strategies can be expressed as:

3
hi(x) = (P—Z RV
y=1

forie{1,2} and ke {1,2,3}.
The expected game equilibrium profits of the firms can be obtained as:

2
k+1,x+a—0x— Zd),f(x)
=

(1+ ;~)k“)217 (6.6)

Ci

Proposition 6.1 The value function indicating the expected game equilibrium
profit of firm i is

Vi(k,x) = [Apx+ Cy], forie{1,2} and k€ {1,2,3}, (6.7)
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where Ai and Ci, for i€{1,2} and k€{1,2,3}, are constants in terms of the
parameters of the game (6.2 and 6.3).

Proof See Appendix C of this Chapter. |

Substituting the relevant derivatives of the value functions in Proposition 6.1
into the game equilibrium strategies (6.6) yields a noncooperative feedback equi-
librium solution of the game (6.2 and 6.3).

Now consider the case when the extractors agree to maximize their expected
joint profit and share the excess of cooperative gains over their expected noncoop-
erative payoffs equally. To maximize their expected joint payoff, they solve the
problem of maximizing

Eglgzgz{Zi[Puk x( )2} <1_1'_r>k1+2(%+r>3qx4} (6.8)

j=1 k=1

subject to (6.2).

Invoking Theorem 4.2, one can characterize the optimal controls in the stochas-
tic dynamic programming problem (6.2) and (6.8). In particular, a set of control
strategies {y(x), fork€{1,2,3} andi€{1,2}} provides an optimal solution to
the problem (6.2) and (6.8) if there exist functions W (k, x) : R — R, forke€ {1, 2,3},
such that the following recursive relations are satisfied:

2 k-1
e N2 1
W(k,x) = max Ey,., {Z {Pu,{ - ;’(u,{) } (] - r)

k’MA j=1

2
k—l—l,x—i—a—ekx—Zu,’(

+ W }
J=1
2 k-1
e N2 1
- Pu’ __J( J)
L??“?{Z[ g X “ 1+7r
j=1
3 2 '
+ E MWlk+1,x+a—60x— E u,ﬁ}}, for ke {1,2,3}.
1: ]:1
3
W(T +1,x) = 2(1+1) qx4. (6.9)

Performing the indicated maximization in (6.9) yields:
2cul 1 \“! 3
p——* DAL
(P2 (135) L

forie{l,2} and ke{1,2,3}.

2
k+1,x+a6,fx2u,{,] =0,
=

(6.10)
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In particular, the optimal cooperative strategies can be obtained from (6.10) as:

( Z /1k Ke+1

forie{l,2} and ke{1,2,3}.
The expected joint profit under cooperation is given below.

k+1, x+a—6’,€x—Zuk

J=1

k! >2i (6.11)

Ci

Proposition 6.2 The value function indicating the maximized expected joint
payoff is

W (k,x) = [Ax + Cyl, forke{1,2,3}, (6.12)

where A; and Cy, for k€{1,2,3}, are constants in terms of the parameters of the
problem (6.8) and (6.2).

Proof See Appendix D of this Chapter. |

Using (6.11) and Proposition 6.2, the optimal cooperative strategies of the
extracting firms can be expressed as:

wi) = [P — A (1 4+ 1) % forie{l1,2} andk€{1,2,3}.  (6.13)

i

Substituting I//Z(x) from (6.13) into (6.2) yields the optimal cooperative state
trajectory:

2
11X
ka:xk—&—a—ﬁkxk—Z[P—AkH(l—|—r)k ! Z—k, (614)

=1 €

for k€ {1,2,3} and x; = x°.
Dynamics (6.14) is a linear stochastic difference equation readily solvable by
standard techniques. Let {x;, for k€ {1,2,3}} denote the solution to (6.14).
Since the extractors agree to share the excess of cooperative gains over their
expected noncooperative payoffs equally, an imputation

W) = 2V )

£ (kyx)) = Vi(k, X)) + = 5

(6.15)

= (Ajx; +C)) + Z[Akxk—i—Ck Z(Aixk—i-C{() ,

J=1

for ke{1,2,3} and i€{1,2} has to be maintained.
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Invoking Theorem 4.1, if x;: €X is realized at stage k a payment equaling

) = (117 | k) £ (¢ 12
= (14" {(A/ixz +C}) + ;<Akxk ) Z( 6t Ci))

Z’l}[( k+lxk+1)+ck+l>

1 . 2
+2<<Ak+1xk-(kl +Ck+1> Z( k+1xk+l +Ck+l>>}}’
j=1

forie{l,2}; (6.16)

* y 2 *
where xkf)l‘) =x,+a—0x — Z[P — A (14 r)kil] sk, for ye{1,2,3},
=

given to firm i at stage k € x would lead to the realization of the imputation (6.15).
A subgame consistent solution can be readily obtained from (6.13), (6.15) and
(6.16).

7.7 A Heuristic Approach

In some game situations it may not be possible or practical to obtain all the
information needed in this Chapter. Therefore a heuristic method may have to be
considered to resolve the problem. To solve the problem in concern a heuristic
method employs a practical methodology not guaranteed to be optimal or perfect,
but sufficient for the immediate goals. Where finding an optimal solution is
impossible or impractical, heuristic methods often prove to be able to speed up
the process of finding a satisfactory solution. In particular, heuristic methods use
strategies and information that are readily accessible (though not a 100% exact and
accurate) to obtain a solution.

Consider the case of a heuristic approach to solving a subgame consistent
solution in a situation where the differentiable functions

.fk(xkvuliau]%f’Wulg)a
G (X0, and
gh[xi, up i, - uf], for i€{1,2,--- n}=N and k€{1,2,---, T}=k, in (4.1 and

4.2)
are not available.
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However, the players concur with the adoption of a set of cooperative strategies
{1,7/ ,f(xk) forkexandieN } Though the cooperative strategies may not be the set
of theoretically optimal controls they are perceived to be certainly beneficial to the
joint well-being of all players.

In addition, with expert knowledge and statistical techniques the expected value

n
of cooperative payment ngﬁ (%7 L(E2), W 2(%4), - @ (% )] received in each
=1
stage t7€{k,k+1,k+2,---,T} can be estimated with acceptable degrees of
accuracy. The value W (k,%;) can be obtained by summing the cooperative
payments Zg Koy o) 2 (R, - -y (& ;)] expected to be received in each
J=1
stage from stage k to stage T for k €k along the cooperation path {X .} ;k, that is:

ZZg B (B @) ] (0]

=k j=

LA T
+Z‘IJT+1(5CT+1)($) , for kek. (7.1)

=

Again, with expert knowledge and statistical techniques the expected value of
—1

non-cooperative payment g’ {)_c,, El *), b, (%), -, El (Yf)} of player i €N received

in each stage z€{k,k+ 1,k +2,---,T} if the players revert to non-cooperation
from stage k to stage T for k€x can be estimated with acceptable degrees of

accuracy. The value Vi(k,fck) can be obtained by summing of the expected
payments to be received by player i in each stage from stage k to stage T for k

€k along the non-cooperation path {X,} Tik where X, = i, that is

—1 =1, i e T
V' (k, &) ZgT [xn Xe)spp (Xe)s oot (R0) | + qryy (1) (ﬁ)
forieN. (7.2)
If the agreed upon optimality principle specifies that the players share the expected

total cooperative proportional to their expected noncooperative payoffs, then the
imputation to player i becomes:

i V(i)

E'(k,f) = —— W (k, &), (7.3)
> Vi)
j=1

forieN and kek.
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Invoking Theorem 5.1 a theoretically subgame consistent payment distribution
procedure can be obtained with:

() = 1+~ e (i) = o (£ 1+ 10 (60) + el )
(7.4)

forieN,

given to player i at stage k €k, if x} GXZ.

Using (7.1, 7.2,7.3 and 7.4) a subgame consistent PDP under a heuristic scheme
can be obtained with:

i) = (140 MACDEEN
> V (ki)
j=1
_ nV’(%-l— 1, %541) W(k+ 1,5 01) } (7.5)
> V(k+ 15 4)

J=1

given to player i €N at stage k €k, along the cooperation path {x} kil.

The heuristic approach allows the application of subgame consistent solution in
dynamic game situations if estimates of the expected cooperative payoffs and
individual non-cooperative payoffs with acceptable degrees of accuracy are avail-
able. This approach would be helpful to resolving the unstable elements in coop-
erative schemes for a wide range of game theoretic real-world problems.

7.8 Chapter Appendices

Appendix A. Proof of Proposition 3.1
Consider first the last stage, that is stage 3. Invoking that V'(3,x) = [Aix + Cj]

, 3
from Proposition 3.1 and V'(4,x) = (ﬁ) gx, the conditions in Eq. (3.4) become

v = i) = mas s -4y (12
—|—(ﬁ)sq[x—i—a—bx—ué—d)é(x)}}, forie{1,2}. (8.1)

Performing the indicated maximization in (8.1) yields the game equilibrium strat-
egies in stage 3 as:
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[P — (14 r)_lq}x

5 , forie{l1,2}. (82)

h3(x) =
Substituting (8.2) into (8.1) yields:

Vi(3,x) = [A§x+C§] = (ﬁ)z( [P —(1 —I—r)_lq}ix
_ [P -1+ r)_lqr%x

+q(x+a—bx— [P—(1+r)7lq}fx

— [P —(1+ r)lq}Zlcfx > (11H)3 fori,je{l,2}andi#,. (8.3)

Using (8.3), we can obtain A5 and Cj, for i€ {1,2}.
Now we proceed to stage 2, the conditions in Eq. (3.4) become

i i ] i i 1
Vi(2,x) = [Aéx + Cﬂ = muz}x { [Pué — %(“2)2] (1_+r>

+ A} [x—i—a—bx—uﬁ —¢£(x)}}, fori,je{l,2}andi #,.  (8.4)

Performing the indicated maximization in (8.4) yields the game equilibrium strat-
egies in stage 2 as:

pix) =[P—(1 +;»)A;}2iq, forie{1,2}. (8.5)

Substituting (8.5) into (8.4) yields

, , , 1 AP+ (1471)A}
1 _ i [ _ 3
vaw_mﬂ+@_{a+)p (A =
LA —b)— [P— (1 1Al S - [P— (1+1‘)A"}£ X+ dA!

3 3 2ci 3 2ij ’
fori,je{1,2} and i # j. (8.6)

1 1

Substituting A% for i€{1,2} into (8.6), A} and C} for i€ {1,2} are obtained in
explicit terms.
Finally, we proceed to the first stage, the conditions in Eq. (3.4) become

Vi(l,x) = [A{X-i—C{] Zmz’ix{ {pu{ _%(Mi)z}

i

+<A§[x+ahxuf —qﬁ{(x)} +Cj > }, fori,je{1,2}andi #j. (8.7)
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Performing the indicated maximization in (8.7) yields the game equilibrium strat-
egies in stage 1 as:

$i() = [P— A}

e forie{1,2}. (8.8)

Substituting (8.8) into (8.7) yields:

Vi3,x) = [Alx+Ci] =

P+A} Al ( )Ag

I +Aj(1—b)— (P A)zc, P — A: 2 |
+aAl+C), forz,je{l,Z}andi;Aj. (8.9)

(P—43)

Substituting the explicit terms for A}, A, C} and C}, from (8.6) into (8.9), A} and C}
for i€ {1,2} are obtained in explicit terms. [ |

Appendix B. Proof of Proposition 3.2
Consider first the last stage, that is stage 3. Invoking that W (3, x) = [A3x 4+ C3] from

Proposition 3.2 and W (4, x) = 2(1 +,) gx, the conditions in Eq. (3.9) become

e = sl = { S -5()] (1)

Uz U3 j=1

+2(1+’)% [x—i—a—bx—ué—u%] } (8.10)

Performing the indicated maximization in (8.10) yields the optimal cooperative
strategies in stage 3 as:

{P —(1+ r)712q]x

wi(x) = 2¢; , forie{l,2}. (8.11)
Substituting (8.11) into (8.10) yields:
W(3,x) = [Asx 4+ C3] = ( ) Z{[ lq}ix
’ 1+r 2Cj
P14 g gy +2g( xta— [P (141"
r g 4ij gl x+a—bx r g 2Cix
- [P 1+ r)*‘q}ix Ly (8.12)
2¢; 14+r

Using (8.12), we obtain A3 and Cs.
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Now we proceed to stage 2, the conditions in Eq. (3.9) become

W(2,2) = [Axx + C3] = max { 3 [Pué - %(ui)z} (1 - r)

Uy, Uy =1

2
ué] } (8.13)

Performing the indicated maximization in (8.13) yields the optimal cooperative
strategies in stage 2 as:

+Az|x+a—bx—

X

wi) = P (14 1)y

forie{1,2}. (8.14)

Substituting (8.14) into (8.13) yields:

147 = 4c;

2 o
W(2,x) = [Asx + Co] = {( 1 )Z[P—(1+;~)A3]P+(1+’)A3

+A(1-b) —[P—(1 +r)A3];—C31— P—(1 +;~)A3]2A—C32 }x+aA3 ) (8.15)

Substituting A5 into (8.15), A, and C, are obtained in explicit terms.
Finally, we proceed to the first stage, the conditions in Eq. (3.9) become

{ Sl )]

W(l,x) = [A1x + Ci] = max
u _]:1

+<A2 +C2> } (8.16)

Performing the indicated maximization in (8.16) yields the optimal cooperative
strategies in stage 1 as:

2
xX+a—bx— g u|
J=1

wix) = (P—Az)zici, forie{1,2}. (8.17)

Substituting (8.17) into (8.16) yields:
W(l,x) = [A1x+C1] =

2
P+ A Ay A;
P—-A Ay(1 —b)— (P —Ar))—— (P —A))—
{;1( 2) 4 + As( )= ( 2)261 ( 2)26,2 x

+aAs + Cs. (8.18)

Substituting the explicit terms for A, and C, from (8.15) into (8.18), A; and C; are
obtained in explicit terms. ]
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Appendix C. Proof of Proposition 6.1
Consider first the last operating stage, that is stage 3. Invoking that V/(3,x) =

: : . 3
[Ajx+C}] from Proposition 6.1 and V'(4,x) = (ﬁ) gxs, the conditions in
Eq. (6.4) become

v"(3,x)=[A§x+Cé]:mf}"{ [P =S5 ( 1 )2

i 14+r

;
+Zl§(ﬁ)3q {X+ a—603x —uj — ¢£(x)} } forie{1,2}. (8.19)
y=1

Performing the indicated maximization in (8.19) yields the game equilibrium
strategies in stage 3 as:

[P — (14 r)flq}x

5 , forie{1,2}. (8.20)

$3(x) =

Substituting (8.20) into (8.19) yields:

Vi(3,x) = [Alx+C}] = (ﬁ)z( [P —(1 —i—r)*lq}zix

Ci

2 S
—[P—(lJrr) lq} 4—0x>+q<x+a E 303x
i y=1

3
— {P -1 +r)71q}2%ix - [P —(1+ r)lq}zicjx ) (1 l’)
fori,je{l,2} andi #j. (8.21)

Using (8.21), we can obtain A and C%, for i€ {1,2}.
Now we proceed to stage 2, the conditions in Eq. (6.4) become

i — [4i i I
o e 0] (1)

3
Yt a- o - u - 9] |,
y=1
fori,je{l,2} andi #j. (8.22)

Performing the indicated maximization in (8.22) yields the game equilibrium
strategies in stage 2 as:

pilx) =[P—(1 +r)A§']%, forie{1,2}. (8.23)
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Substituting (8.23) into (8.22) yields:

1
+r

)P (1 nag PEG 04

Vi(2,x) =[x+ C}] = { (1

; . .
i - : 1 As 1 A3 i
+A3<1 ;g%) [P A 32 - [P = (1+r)a]] 273, }eraA :
fori,je{l,2} andi # j. (8.24)

Substituting A5 for i€ {1,2} into (8.24), A} and C, for i€ {1,2} are obtained in

explicit terms.
Finally, we proceed to the first stage, the conditions in Eq. (6.4) become

i
uy

3
+Z/11y<A§ {era—Hivx—u{' —g{){(x)} +C} > },
y=1

fori,je{l,2} and i #j. (8.25)

Vi(1,x) = [Alx + C]] = max { [Pui = (ui)’]

Performing the indicated maximization in (8.25) yields the game equilibrium
strategies in stage 1 as:

bl (x) = [P—A;}zic, forie{1,2}. (8.26)

1

Substituting (8.26) into (8.25) yields:
Vi3,x) = [Alx+C] =
“PH+AL 3 , Al N Al
P—Al All1=S"2e | - (P - Al —2—(P—Af)—2
-y T (1= S0 ) - -y - (- ) |

+aAi+Ci, fori,je{l,2}andi#]. (8.27)

Substituting the explicit terms for A}, A}, C} and C} from (8.24) into (8.27), A\ and
Ci for i€ {1,2} are obtained in explicit terms.

Appendix D. Proof of Proposition 6.2
Consider first the last stage, that is stage 3. Invoking that W (3, x) = [A3x + C3] from

3
Proposition 6.2 and W (4, x) = 2(11?) gx4, the conditions in Eq. (6.9) become
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W(3,%) = [Asx + C3] —maX{i[P”S x( ﬂ (lir>2

uy, 13 j=1

2
x+a—603x— Zué] } (8.28)

=

3 3
+> 4 2() @
y=1

Performing the indicated maximization in (8.28) yields the optimal cooperative
strategies in stage 3 as:

- r)'2g|x
wé(X):{ (1;) q], forie{1,2}. (8.29)

Substituting (8.29) into (8.28) yields:

2

W(3,x) = [Asx + C3] = (H’)z;{ [P —(1+ r)lq]zicjx
— {P —(1+ r)flq] 24%})5 }

3
)y , 1
+2q(x+a—2/1§9§x— [P— (1+7r) lq}z—x

—[P— (1 +r)1q]2%x><l ir>3. (8.30)

Using (8.30), we obtain A5 and Cs.
Now we proceed to stage 2, the conditions in Eq. (6.9) become

W(2,x) = [Aax + Ca] = max { 22: {Pué _ %(u%)z} ( 1 i r)

y, 13 j=1

29

3
+Y A
y=1

2
x+a9§'xzu§] } (8.31)
j=1

Performing the indicated maximization in (8.31) yields the optimal cooperative
strategies in stage 2 as:

wi) =[P - (1 +r)A3]ZiCi, forie{1,2}. (8.32)



196 7 Subgame Consistent Cooperative Solution in Dynamic Games
Substituting (8.32) into (8.31) yields:

P — (14 ay LA (i: PAs

1 J

W(2,x) = [Axx + Co] = [ (1 —1H> :

J

\ _
Az Al
-~ Yoy | _p _ . 2 _p_ . 3
+A3<1 V§_1,1292> [P — (1 +7)A;] 2 P (1+1)A3]262 }x

+ aAs. (8.33)

Substituting A5 into (8.33), A, and C, are obtained in explicit terms.
Finally, we proceed to the first stage, the conditions in Eq. (6.9) become

W(l,x)=[Aix+C| = L‘[}lau)?({ ]z_z;[Pu{ —%( j)2]
+yi”“ly(A2 +C2> } (8.34)

2
x+a—0jx— Zu{
=1
Performing the indicated maximization in (8.34) yields the optimal cooperative
strategies in stage 1 as:

wi(x) = (P —Az)zici, forie{1,2}. (8.35)

Substituting (8.35) into (8.34) yields:

_ _ : P+A - Yy
W(l,x) = [Aix + Cy] = i:Z](P—Az) i + Ay 1—;/119,
A A
—(P—A)=2 — (P—A)=2 | x+ahr + Ca. (8.36)
26’1 26’2

Substituting the explicit terms for A, and C, from (8.33) into (8.36), A; and C; are
obtained in explicit terms.

7.9 Chapter Notes

Discrete-time dynamic games often are more suitable for real-life applications and
operations research analyses. Properties of Nash equilibria in dynamic games are
examined in Basar (1974, 1976). Solution algorithm for solving dynamic games can
be found in Basar (1977a, b). Petrosyan and Zenkevich (1996) presented an analysis
on cooperative dynamic games in discrete time framework. The SIAM Classics on
Dynamic Noncoperative Game Theory by Basar and Olsder (1995) gave a
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comprehensive treatment of discrete-time noncooperative dynamic games. Bylka
et al. (2000) analyzed oligopolistic price competition in a dynamic game model.
Wie and Choi (2000) examined discrete-time traffic network. Beard and McDonald
(2007) investigated water sharing agreements, and Amir and Nannerup (2006)
considered resource extraction problems in a discrete-time dynamic framework.
Krawczyk and Tidball (2006) considered a dynamic game of water allocation. Nie
et al. (2006) considered dynamic programmingapproach to discrete time dynamic
Stackelberg games. Dockner and Nishimura (1999) and Rubio and Ulph (2007)
presented discrete-time dynamic game for pollution management. Dutta and
Radner (2006) presented a discrete-time dynamic game to study global warming.
Ehtamo and Hamalainen (1993) examined cooperative incentive equilibrium for a
dynamic resource game. Yeung (2014) examined dynamically consistent collabo-
rative environmental management with technology selection in a discrete-time
dynamic game framework. Lehrer and Scarsini (2013) considered the core of
dynamic cooperative games.

Discrete-time stochastic differential game analyses are less frequent than its
continuous-time counterpart. Basar and Ho (1974) examined informational prop-
erties of the Nash solutions of stochastic nonzero-sum games. Elimination of
informational nonuiqueness in Nash equilibrium through a stochastic formulation
was first discussed in Basar (1976) and further examined in Basar (1975, 1979,
1989). Basar and Mintz (1972, 1973) and Basar (1978) developed equilibrium
solution of linear-quadratic stochastic dynamic games with noisy observation.
Bauso and Timmer (2009) considered robust dynamic cooperative games where
at each point in time the coalitional values are unknown but bounded by a polyhe-
dron. Smith and Zenou (2003) considered a discrete-time stochastic job searching
model. Esteban-Bravo and Nogales (2008) analyzed mathematical programming
for stochastic discrete-time dynamics arising in economic systems including exam-
ples in a stochastic national growth model and international growth model with
uncertainty. Basar and Olsder (1995) gave a comprehensive treatment of noncoop-
erative stochastic dynamic games. Yeung and Petrosyan (2010) provided the
techniques in characterizing subgame consistent solutions for stochastic dynamic
gamessubgame consistent solutions for stochastic dynamic games. Finally, a heu-
ristic approach of obtaining subgame consistent solutions is provided in Sect. 7.7 to
widen the application to a wide range of cooperative game problems in which only
estimates of the expected cooperative payoffs and individual non-cooperative
payoffs with acceptable degrees of accuracy are available.

7.10 Problems

(1) Consider an economy endowed with a renewable resource and with 2 resource
extractors (firms). The lease for resource extraction begins at stage 1 and ends at
stage 3 for these two firms. Let u} denote the rate of resource extraction of firm
i at stage k, for i€ {1,2}. Let U’ be the set of admissible extraction rates, and
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Xy €X C R* the size of the resource stock at stage k. In particular, we have U’ €
R*and u} + ui < x;. The extraction cost for firms 1 and 2 are respectively
(u})*/x, and 1.5} )?/x;.
The profits that firm 1 and firm 2 will obtain at stage k are respectively:

[mu,z, _ i(u;)z] and [414,3 _ E(u,z)z}

Xk Xk

A terminal payment of 4x, will be given to each firm after stage 3.
The growth dynamics of the resource is governed by the difference equation:

2
Xepr =X +20 = 0.ye — Y uf, forke{1,2,3} andx; = 24.
j=1

Characterize the feedback Nash equilibriumsolution for the above resource
economy.

(2) If the extractors agree to cooperate and maximize their joint payoff, derive the
optimal cooperative strategies and the optimal resource trajectory.

(3) Consider the case when the extractors agree to share the excess of cooperative
gains over their noncooperative payoffs equally. Derive a subgame consistent
solution.

(4) Consider an economy endowed with a renewable resource and with two
resource extractors (firms). The lease for resource extraction begins at stage
1 and ends at stage 4 for these two firms. Let #, denote the rate of resource
extraction of firm i at stage k, for i€ {1,2}. Let U’ be the set of admissible
extraction rates, and x; €X C R™ the size of the resource stock at stage k. In
particular, we have U' € R+ and u,l + uf < x.

The profits that firm 1 and firm 2 will obtain at stage k are respectively:

2 2 1 2
|:5Ll11 _xj(ui) } and {3% —x—k(uf) ]

A terminal payment of 3x, will be given to each firm after stage 4.
The growth dynamics of the resource is governed by the stochastic differ-
ence equation:

2
X1 =X + 15— 0.1x; — Zui + Orxy,
=

for ke{1,2,3,4} and x; = 55,
where 6, is a random variable with range {0,0.1,0.2} and corresponding
probabilities {0.3,0.5,0.2}
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Characterize a Nash equilibrium solution for the above discrete-time sto-
chastic market game.
(5) If the extractors agree to cooperate and maximize their expected joint payoff,
derive the group optimal cooperative strategies.
(6) Consider the case when the extractors agree to share the excess of expected
cooperative gains proportional to their expected noncooperative payoffs.
Derive a subgame consistent solution.
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