Chapter 6
Subgame Consistent Cooperative Solution
in NTU Differential Games

Subgame consistency is a fundamental element in the solution of cooperative
stochastic differential games which ensures that the extension of the solution
policy to a later starting time and any possible state brought about by prior
optimal behavior of the players would remain optimal. In many game situations
payoff (or utility) of players may not be transferable. It is well known that utility
in economic study is assumed to be non-transferrable or comparable among
economic agents. The Nash (1950, 1953) bargaining solution is a solution for
non-transferable payoff cooperative games. Strategic interactions involving
national security, social issues and political gains fall into the category of
non-transferrable utility/payoff (NTU) games. In the case when payoffs are
nontransferable, transfer payments cannot be made and subgame consistent
solution mechanism becomes extremely complicated. In this Chapter, the issue
of subgame consistency in cooperative stochastic differential games with
nontransferable payoffs or utility is presented. In particular, the Chapter is an
integrated exposition of the works in Yeung and Petrosyan (2005) and Yeung
et al. (2007). The Chapter is organized as follows. The formulation of
non-transferrable utility cooperative stochastic differential games, the
corresponding Pareto optimal state trajectories and individual player’s payoffs
under cooperation are provided in Sect. 6.1. The notion of subgame consistency
in NTU cooperative stochastic differential games under time invariant payoff
weights is examined in Sect. 6.2. In Section 6.3, a class of cooperative stochastic
differential games with nontransferable payoffs is developed to illustrate the
derivation of subgame consistent solutions. Subgame consistent cooperative
solutions of the class of NTU games developed in Sect. 6.3 are investigated
in Sect. 6.4. Numerical delineations of the solutions presented in Sect. 6.4 are
given in Sect. 6.5. An analysis on infinite horizon NTU cooperative stochastic
differential games is provided in Sect. 6.6. A chapter appendices containing
proofs are given in Sect. 6.7. Chapter notes are given Sect. 6.8 and problems in
Sect. 6.9.
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136 6 Subgame Consistent Cooperative Solution in NTU Differential Games
6.1 NTU Cooperative Stochastic Differential Games

Consider the two-person cooperative stochastic differential game with initial state
Xo and duration T — #,. The state space of the game is X € R", with permissible state
trajectories {x(s), fo <s <T}. The state dynamics of the game is characterized by
the vector-valued stochastic differential equations:

dx(s) = f[s,x(s), u1(s), uz(s)]ds + o[s, x(s)]dz(s),  x(to) = xo, (L.1)

where o[s, x(s)] is a n X ® matrix and z(s) is a ©@-dimensional Wiener process and
the initial state x, is given. Let Q[s, x(s)] = o[s, x(s)]o]s, x(s)]  denote the covariance
matrix with its element in row % and column ¢ denoted by Q™"[s,x(s)],u; € U;
C compR" is the control vector of player i, for i € {1,2}.

At time instant s € [to, T], the instantaneous payoff of player i, for i € {1,2}, is
denoted by g'[s, x(s), u(s), u>(s)], and when the game terminates at time 7, player
i receives a terminal payment of qi(x(T)). Payoffs are nontransferable across

players. Given a time-varying instantaneous discount rate r(s), fors € [to, T}, values
!

received ¢ time after ¢y have to be discounted by the factor exp {—J
1o

at time #,, the expected payoff of player i, for i € {1,2}, is given as:

r(y)dy} . Hence

T S

Ji(to,x0) = E,O{ J

fo

+exp {JT r(y)dy} q'(x(T))

fo

g"[s,xm,ul(s),m(s)}exp[—j r<y>dy}ds

fo

X(t(]) = Xo }, (12)

where E,, denotes the expectation operator performed at time 7,

We use I'(xo, T — £9) to denote the game (1.1 and 1.2) and T'(x;, T — 7) to denote
an alternative game with state dynamics (1.1) and payoff structure (1.2) which starts
attime 7 € [fo, T| with initial state x, € X. The benchmark noncooperative feedback
Nash equilibrium solution can be characterized by Theorem 1.1 in Chap. 3.

6.1.1 Pareto Optimal Trajectories

Consider the situation when the players agree to cooperate. We use I'.(xo, T — fp) to
denote a cooperative game with dynamics (1.1) and payoffs (1.2). To achieve group
optimality, the players have to consider cooperative outcomes belonging to the
Pareto optimal set. Pareto optimal trajectories for I'.(xo, T — #o) can be identified by
choosing a specific weight a; € (0, c0) that solves the following stochastic control
problem (See Leitmann (1974), Dockner and Jgrgensen (1984) and Jgrgensen and
Zaccour (2001)):


http://dx.doi.org/10.1007/978-981-10-1545-8_3
http://dx.doi.org/10.1007/978-981-10-1545-8_3

6.1 NTU Cooperative Stochastic Differential Games 137

max {Jl (t0,%0) +a1]2(t03x0)}5

;:a:)z;Efo{ J: (8" [5.x(8). 101 (5),u2 ()] + @1 8 [5.x(s) 141 (5), 12 (5)] ) exp [_J;r(y)dy} ds
+[¢' (x(T)) +a1¢* (x(T)) | exp [—J:r(y)dy:| x(t0) =Xo }, (1.3)

subject to dynamics (1.1). Note that the problem max {J Yto, x0) + ai?(to, xo)} is

Uy, U

identical to the problem max {J*(fo,x0) + a2J' (0, X0) } when a; = 1/as.
Uy,

Invoking the technique developed by Fleming (1969) in Theorem A.3 of the
Technical Appendices, we have
Corollary 1.1 A set of controls {ula‘ (0 (1) = ™™ (1, x), for i € {1,2}} provides
an optimal solution to the stochastic control problem (1.3), if there exists twice
continuously differentiable function W% (¢ x) : [to, T] x R" — R satisfying the
partial differential equation:

a 1 - 148
—Wi ) = 2 7 QW (2) =

xhx¢
=1
t

max{ (811, %, 1, 2] + g1, x, w1, o] Jexp H r(y)dy}

iyt o
+ WAl (¢t x)f[t, x, u', u?] },
Well(T, x) = exp[—r(T — to)][g" (x) + a1 (x)]. m
ai (1)

Substituting yy" ("’)(t, x) and y,"""(f,x) into (1.1) yields the dynamics of the
Pareto optimal trajectory associated with weight a;:

dx(s)=f [S,X(S),l//(fl UO)(s,x(s)),l//g‘(m)(s,x(s))} ds+o[s.x(s)]dz(s), x(to)=xo. (1.4)

We denote the set containing realizable values of x*”(¢) by X;" ™) forte (t0, 7).
The solution to (1.4) yields a Pareto optimal trajectory, which can be expressed
as:

t t

xX(t) = xo + J 7 [s,x(s), ) (s, x(s)), 0 (s,x(s))} ds + J ofs, x(s)] dz(s).

ty to
We denote the set containing realizable values of x(f) along the optimal trajectory
by X', for t € (19,T].

Now, consider the cooperative game I'.(x;, T — 7) with state dynamics (1.1) and
payoff structure (1.2), which starts at time 7 € [ty, T] with initial state x, € X;’“““).
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We use y;' ® (¢,x) to denote the optimal control in T'z(x;, T — 7), for 7 € [tp, T| and
t € [r,T]. Using Definition 1.1 we can characterize the solution of the control
problem max {J!(z,x;) + ayJ*(7,x;)} in T.(x,T—7), for 7€ [ty,T] and

Uy, U
t € [¢,T]. In particular, we use {y/'f‘@(t,x), w¥(1,x)| to denote the optimal

control and W (¢,x) : [z,T] x R" — R the corresponding maximized value
function.

Remark 1.1 Invoking Definition 1.1, one can readily show that " ® (t,x) =y )

(¢,x) at the point (#,x), fori € {1,2}, 10 <t <s<t<Tandx € X;"(f"). [ ]

Remark 1.2 Invoking Definition 1.1, one can readily show that W% (z, x) =
W“‘(s)(t,x)exp[—r(r —s)),fortg<rt<s<t<Tandxe€ Xf”(’“). [

6.1.2 Individual Player’s Payoffs Under Cooperation

In this section, we present a methodology for the derivation of individual player’s

payoff under cooperation. To do this, we first substitute the optimal controls y{" (t0)

(t,x) and w5’ (f0) (¢t,x) into the objective functions (1.2) to derive the players’
expected payoff under cooperation with @; being chosen as the cooperative weight.
Given that x(f) = x € X", for t € [z, T], we define player 1’s expected cooper-

ative payoff over the interval [¢, T] as:

W) =
B{ [ #5060t satop] x| [ rar]as

t 1)

+exp {—JT r(y)dy] ¢ (x(T))| x(t) = x } fori € {1,2}, (1.5)

to

where

dx(s) =f [s,x(s), w' ([0)(s,x(s)), y/g'([")(s,x(s))} ds + ols,x(s)]dz(s),  x(t) = x.

To facilitate the derivation individual players’ cooperative payoffs a mechanism
characterizing player i’s cooperative payoff under payoff weights a; is given in the
theorem below.
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Theorem 1.1 If there exist continuously functions
VAVa'(tO)l(t,x) : [to,T] x R* — R, i€ {l,2}, satisfying
ai(to)i

o ai(io)i BN it
— W[ I(ZO) (t7-x) Y Z S-zhé‘(l‘?x)‘a/)(/’Xg (t7 X) =
hy{=1

I {t, R IR (A X)} exp [—J r(y)dy}

W ) o 105 ) 1,) and

t

fo

X

W (T, x) = exp {JT r(y)dy} q'(x)

]
thenW (i) (¢,x) gives player i’s expected cooperative payoff over the interval [z, T]
with a; being chosen as the weight.

Proof Note that for Az — 0, we can express W *' (fO)i(t, x) in (1.5) as:

W (1, x) =
1+ At ) r
B{ [ ¢ [0 a0 s W sato) [ enp |-

t L ty

x(t) =x }
. f ]
= [t V02 00 exo |- [ ] ar

1]

A

r(y)dy} ds

JrWa'([O)i(tJr At,x+ Ax)

I W (to)i(t7 x) n W;ll (Io)i(t’ X)A ;
"‘W:l(m)[(hx)f [t,x, w0, x),l/fg‘(t‘})(t,x)} At

Vi i 1< ~a(t)i
+ W,VIOO) (t,x)o(t,x) Az + 3 Z th(t,x)Wx;,’i?) (t,x) + o(Ar) }

hy=1
fori € {1,2}, (1.6)

where

Ax =[x 60,05 (1,0)| Ar+ o(6,0) Az + o(A),
Az =z(t+ Ar) — z(t), andE; [o(Ar)]/At — 0 as At — 0

Canceling terms, performing the expectation operator, dividing throughout by At
and taking Ar — 0, we obtain:
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a a1<f )i

~ a i 1
_ W[ ) ([,_X) - 5 Z Qhé‘(tax)Wx”x;O (t’ )C) =

hyC=1
t
g [t,x, w0, p5 G, X)} exp [—J r(y)dy}
o
F W g F [t,x, w1 (1 0,y ), x)}  forie {1,2}.  (1.7)
Boundary conditions require:
, T
W T 3 = exp H r(y)dy] ¢ (x(T)), forie {1,2}. (1.8)
fo
Hence Theorem 1.1 follows. u

6.2 Notion of Subgame Consistency

Under cooperation with nontransferable payoffs, the players negotiate to establish
an agreement (optimality principle) on how to play the cooperative game and how
to distribute the resulting payoff. In particular, the chosen optimality principle has
to satisfy group optimality and individual rationality. Subgame consistency requires
that the extension of the solution policy to a later starting time and any possible state
brought about by prior optimal behavior of the players would remain optimal.

Consider the cooperative game I'.(xp, T — fp) in which the players agree to an
optimality principle. In particular, given x, at time #y, according to the solution
optimality principle the players will adopt

0 0
(i) a weight a? leading to a set of cooperative controls { {V/T' “)(¢,x), y/;'(’“) (1, x)] ,
for ¢ € [t,T]}, and
A a[)
(ii) an imputation [afm’)' (x0,T — to;0), g2 (x0.T — t9;0))] = {W ()t (to,X0),
0

Wm(rl])Z(tO’ xo) )

Now consider the game T (x,, T — 7) where x, € X () and z € [o, T], under the
same solution optimality principle the players will adopt

13

(i) a weight af leading to a set of cooperative controls { [y/'f‘r(r) (t, %), y5" @ (¢, x)] ,
forz € [z, T]}, and

(i) an imputation [5(’)1 (T, T —t; af), g2 (T, T—r1 al’)]

|
=
>
a
—~
R
—a
~—
—
—~
A
iy
~

7,%;) |-
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A formal definition of subgame consistency can be stated as:

Definition 2.1 An optimality principle yielding imputations £ (x,, T -1 af) , for
7 € [to,T] and x, € x i)
I, (xo, T — to; a(l)) if the following conditions are satisfied:
1) 6(7) (x,,T—T;(xf) = [é(r)l (xT,T—T;aIT),cf(T)Z ()CT,T—T;(I{)} , for 1 <z<t<T,
is Pareto optimal;
(i) £ (x,, T — r57) > VOi(r,x,), fori € {1,2}, 7 € [to, T] and x, € X7™; and
(iii)

, constitutes a subgame consistent solution to the game

5(’>i(x,, T -1 af)exp[r(r —1)] = f(m(xt, T -1 al’),

0
fori e {1,2}, fo<7<t<Tandx € X" -

Part (i) of Definition 4.1 requires that according to the agreed upon optimality
principle Pareto optimality is maintained at every instant of time. Hence group
rationality is satisfied throughout the game interval. Part (ii) demands individual
rationality to be met throughout the entire game interval. Part (iii) guarantees the
consistency of the solution imputations throughout the game interval in the sense that
the extension of the solution policy to a situation with a later starting time and any
possible state brought about by prior optimal behavior of the players remains optimal.

6.3 A NTU Game for Illustration

Consider a two-person nonzero-sum stochastic differential game with initial state x,
and duration T — ty. The state space of the game is X C R, with permissible state
trajectories {x(s), to <s <T}. The state dynamics of the game is characterized by
the stochastic differential equations:

dx(s) = [a — bx(s) — uy(s) — ua(s)lds + o x(s)dz(s), x(to) =x0 € X,  (3.1)

where u; € U, is the control vector of player i, for i € [1,2], a, bando are positive
constants, and z(s) is a Wiener process. Equation (3.1) could be interpreted as the
stock dynamics of a biomass of renewable resource like forest or fresh water. The
state x(s) represents the resource size and u,(s) the (nonnegative) amount of
resource extracted by player i.

At time #,, the expected payoff of player i € {1,2} is:

J(to,x0) = E,O{ JT [h,»u,-(s) — coui(s)*x(s) "' + k,x(s)}exp[—r(s —to)]ds

+exp[—r(T — 1) gx(T)| x(10) = x0 ¢,
fori € {1,2}, (3.2)

where h;, ¢;, k; and g; are positive parameters.
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The term A;u;(s) reflects player i’s satisfaction level obtained from the consump-
tion of the resource extracted, and c;u;(s)>x(s)”' measures the cost created in the
extraction process. kx(s) is the benefit to player i related to the existing level of
the resource. Total utility of player i is the aggregate level of satisfaction. Payoffs
in the form of utility are not transferable between players. There exists a time
discount rate r, and utility received at time ¢ has to be discounted by the factor
exp[—r(t — 1o)]. At time T, player i will receive a terminal benefit ¢x(T)"%, where
¢; is nonnegative.

6.3.1 Noncooperative Qutcome and Pareto Optimal
Trajectories

We use I'(xo, T — fp) to denote the game (3.1 and 3.2) and I'(x,, T — 7) to denote an
alternative game with state dynamics (3.1) and payoff structure (3.2), which starts
attime 7 € [fo, T] with initial state x, € X. Invoking the techniques of Isaacs (1965),
Bellman (1957) and Fleming (1969) as stated in Theorem 1.1 of Chap. 3 a
non-cooperative Nash equilibrium solution of the game I'(x,,T — ) can be char-
acterized as follows.

Corollary 3.1 A set of feedback strategies {uf’>*(t) = gb’m*(l‘, x), fori € {1, 2}}
provides a Nash equilibrium solution to the game I'(x;, T — 7), if there exist twice
continuously differentiable functions Vi (z,x) : [r,T] x R — R, i € {1,2}, satis-
fying the following partial differential equations:

. 1 )
—V (1) — EGZXZVg)’ (t,%)

= max { [hiu; — ciu?x™" + kix] exp [—r(t—7)] + VO (t,x) [a — bx — u; — u;] }, and

U

VT, x) = exp[—r(T — 7)]qx, fori€ {1,2}, je{l,2}andj#i (3.3)

Performing the indicated maximization in Corollary 3.2 yields:

[hi - vaf)"exp(r(t — T))]

x
e ,forie {1,2}andx € X. (3.4)

P (1,x) =

The feedback Nash equilibrium payoffs of the players in the game I'(x,, T — 7) can
be obtained as:

Proposition 3.1 The value function representing the feedback Nash equilibrium
payoff of player i in the game I'(x,, T — 7) is:
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V@i(t,x) = exp|—r(t — 7)][Ai(t)x + Bi(1)], forie {1,2}andt € [,T], (3.5)
where A«(r), B(f), Aj(t) and B(t), for i € {1,2} and j € {1,2} and i # j, satisfy:

A i(t) = (I‘ + b)A,(t) — ki — dc, 2Cj P

B (1) = rB;(1) — aAi(1),
Ai(T) = g;, Bi(T) = 0.

Proof Upon substitution of ¢l(»7) *(t,x) from (3.4) into (3.3) yields a set of partial
differential equations. One can readily verify that (3.5) is a solution to this set of
equations. ]

Consider the case where the players agree to cooperate in order to enhance their
payoffs. Let T'.(xo,T — o) denote a cooperative game with payoff structure (3.1)
and dynamics (3.2) starting at time 7, with initial state x,. If the players agree to
adopt a weight «; > 0, Pareto optimal trajectories for I.(xo,T — o) can be
identified by solving the following stochastic control problem:

max {J to,xo)—l—mJ (to,xo)}

Uy, U

EmaxEto{ JT ( [ (5) = eaun(s)2x(6) " + kax(s)]

ur, Uy f0

+a; |:]’l2bt2(s> — coun(s)?x(s) " + kzx(s)} )exp[—r(s —19)]ds

expl—r(T' — 10)] [gx(T) + 42x(T)]| x(t0) = x0 } (3.6)

subject to dynamics (3.1). Note that when a; =1/ap, the problem
max {J (t0,x0) + arJ*(to, Xo) } is identical to the problem max {J (to,x0) + aJ!
Ui

Uy, Uy

(to,x())} in the sense that max {J (t0,%0) + o (to, Xo) } max {az[ (t0,x0)+

Uy, U

a1J*(t9,x0)]} yields the same optimal controls as those from max {J (to,x0)+
Uy,

(lez(lo,)(())}.

In T.(x,T —to), let @ be the selected weight according the agreed upon
optimality principle. Invoking Corollary 1.1 in Sect. 6.1 the optimal solution of
the stochastic control problem (3.1) and (3.6) can be characterized as:

0 0
Corollary 3.2 A set of controls {[ a‘(m)( X), yry (f(’)( )} fort € [1, T]} provides
an optimal solution to the stochastic control problem max {J (20, x0)+
Uy, Uz
a0J? (9, x0) }, if there exists twice continuously differentiable function W 10) (1, x)
: [to, T] X R — R satisfying the partial differential equation:
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1
7Wta(|)(’0) (Z,X) 7562X2W;lx?([0) (I,X) _

max{ ( [hlul —clufx_l —|—l<1x} —|—a(1) [/’lgl/tz — czu%x_l +k2x] )exp[—r(r— f)]

Ui, Uz
—s—W?(‘)(’O)(t,x) la—bx—u; —uj] },
W) (T x) =exp[—r(T —1o)] [q1x(T) +a)q,x(T)] 3.7)m

Performing the indicated maximization in Corollary 3.2 yields:

[hl — Wg(')(m)(t, x)exp(r(t— fo))])(

t,x) = e , and
1

[a(l)hz _ i (t,x)exp(r(t — to))}x

Za?cz

¥ (1
lI/1](0)(

, forr € [1,T). (3.8)

0
vy (e,x) =

The maximized value function W@ (s x) of the control problem

max {J'(fo,xo) + alJ*(f,x0) } can be obtained as:
Uy, Uz

Proposition 3.2

W) (1, x) = exp[—r(r — to)] [A“? (1)x + B% (r)} , fort € [to, T, (3.9)
where A% (1) and B% (1) satisfy:
2
2 0 _ a[l)
5 o [m-ate] a0
A%(t) = (r+ D)A" (1) — ——F— 400c, T
401 1
B (1) = rB™ (1) — A% (1) a,
A(T) = q, + a)g, and BY(T) = 0. (3.10)

(1)

0
Proof Upon substitution of ' (o) (t,x)andy," " (¢,x) from (3.10) into (3.7) yields
a partial differential equation. One can readily verify that (3.9) is a solution to this
set of equations. ]

(t0) ( (t0) ( (’0)(

(lo . aﬂ ao .
Substituting the partial derivatives W' (¢,x) intoy ' (f,x) and y," " (,x) in
(3.9) yields the optimal controls of the problem max {J'(fo, xo) + a’J*(19,x0) } as:

Uy, Uz

0

P )

1,x) = S P and
[a?hg — A% (t)}x

2%,

(’0)(

wg?(’ﬂ)(t’x) _ , fort € [t,T). (3.11)
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Substituting these controls into (3.1) yields the dynamics of the Pareto optimal
trajectory associated with a weight . The Pareto optimal trajectory then can be
solved as:

¢ 2
) ~{o(din) o+ | o (@iswaas| | @)

fo

where
dD(a(l); t, to) = y
r b hy —A%(s)  ayhy — A% (s) o> )ds—i—J o dz(s) }

ex; —b— - - —

P Jty 261 20{(1)02 2 fo

(lo .

We use X, 1(10) to denote the set of realizable values of x (%) (t) generated by (3.12)
att € (f,7T].

Now, consider the cooperative game I'.(x,, T — 7) with state dynamics (3.1) and
payoff structure (3.2), which starts at time 7 € [tp, T] with initial state x, € Xf‘<’°).
Let af be the selected weight according the agreed upon optimality principle.

Following previous analysis, we can obtain the maximized value function,
optimal controls and optimal trajectory of the control problem max {J Yz, x,)+

1y U2

asz(f,x,)}.

(f0)<

Remark 3.1 One can readily show that when a? =oaf = ai, then 1//?; tx,) =

y/?‘(f)(t,x,) at the point (7,x,), fori € [1,2], 1 <t <¢t<Tandx € X?'(IO). [ ]

6.3.2 Individual Player’s Payoff Under Cooperation

In order to verify individual rationality, we have to derive the players’ expected
payoffs in the cooperative game I' (x;, T — 7). Let @] be the weight dictated by the
solution optimality principle. We substitute
[afhy — A% (1)]x

2a{cs

[ — A (1)]x

(7)
2C1 (

wi ' (e0) = and ' (1,x) =

into the players’ payoffs and define the following functions.

Definition 3.1 Given that x(t) = x?f(r) € X;l‘r(f), for ¢ € [z, T], player 1’s expected

payoff over the interval [f,7] under the control problem max {J Yz, x)+
Uy, U

afJ*(z,x;)} as:
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WD (1, x) =

T [hy [hy — A% (5)]x(s) [ — A% (5)]*x(s)
+{ ]

2¢y - 4e, + klx(s)‘| exp[—r(s — 7)]ds

x(t) =x },

and the corresponding expected payoff of player 2 over the interval [¢, T] as:

W2 (1 ) = E{
J [ afhy — A% (5)]x(s)  [afhs — A" (s)]"x(s)
+

+exp[—r(T — t9)] ¢, x(T)

2afc) - 4(a]’)2c2 + kix(s )1 exp[—r(s —7)]ds

exp[—r(T = 7)]gox(T)| x(1) = x ¢,

where

ix(s) = | @ bx(s) [hy —A;;(S)]X(S) CHS —22;;(S)]X(S) } ds
+ox(s)dz(s),x(r) = x. -

Invoking Theorem 1.1 in Sect. 6.1, player 1’s expected payoff W ()t (t,x;) can
be characterized as:

GO %W( (1, x)02 2 =
b [ _Zfla‘r(f)]xt _alm _4*2?(0}2)6’ + kix; | exp[—r(r — 7)]
P 0 LA et AT O]y
Boundary conditions require:
W DT, ) = expl—r(T — D)gyx. (3.14)

If there exist continuously differentiable functions Wf(af) 1(1‘, x):[t,T] xR — R
satisfying (3.13) and (3.14), then player 1’s expected payoff in the cooperative
game I'(x;,T —r) under the cooperation scheme with weight af is indeed

Wf(a‘r)l(t, x). The value function Wr(a{)l(t,x) indicating the expected payoff of
player 1 under cooperation can be obtained as:
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Proposition 3.3 The function W ()t (t,x) : [to, T] X R — R satisfying (3.13) and
(3.14) can be solved as:

WD 1) = explor(e— 0] [A T (0 + BT (0] (3.15)

where A (ll'r (r) and B T‘r (¢) satisfy:

AT =|r+b+ [ — A% (@] | [ —Aaf(t)wix“‘

2C1 2(1162
[ — A% ()] [In + A% (1))

- —k
4C1 b

Lat T

B ey =rB(1) —aA T (1), AT(T) = q, and B(T) = 0.
Proof Upon calculating the derivatives W:(a‘r)l(t, Xx), W;Ea‘r)l(t, x), and Wz(af)l
(#,x) from (3.15) and then substituting them into (3.13) yield Proposition 3.3. H

Following the above analysis, a continuously differentiable function VA[/T(UJ'{)2
(t,x) : [r,T] x R — R giving the player 2’s expected payoff under cooperation can
be obtained as:

Proposition 3.4W a(e2

(1) = exp[=r(t = )] [AS (0)e + B3 (1), (3.16)
where A gf (r) and B le (¢) has to satisfy:

(1)

ooal hy —Aaf(l‘) arhy —Aaf(l) ~at
A 2] (t) - r+b+ [ 2C1 } + [ 20!16’2 ] Azl

Jaih =A% ()] [mihy + AT (0]
4a%cz

)
~ af

B () = B3 (1) — aA3 (1), A5 (T) = g, and B5(T) = 0.

Proof Follow the proof of Proposition 3.3. ]

6.4 Subgame Consistent Cooperative Solutions
of the Game

In this section, we present subgame consistent solutions to the cooperative game
[.(xo,T —to). First note that group optimality will be maintained only if
the solution optimality principle selects the same weight a; for all games
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[e(x;, T —7), 7€ [to,T] and x, € X;"([‘J). For any chosen a; to maintain individual
rationality throughout the game interval, the following condition must be satisfied.

Ve T — ) = W (2,x) > Vi, x,),

fori € {1,2}, 7 € [ty, T] andx, € X“1(0)., (4.1)
Definition 4.1 We define the set S = 0 TS,, for z € [1,T). n
T <1<

S, represents the set of a; satisfying individual rationality at time ¢ € [to, T) and
ST represents the set of a; satisfying individual rationality throughout the interval
[2,T). In general ST # S/ for 7,1 € [1y,T) where 7 # .

6.4.1 Typical Configurations of S

To find out typical configurations of the set S, for ¢ ¢& [lo, T) of the game
[.(x0,T — to), we perform extensive numerical simulations with a wide range of
parameter specifications for a, b, o, hy, ho, ki, k», 1,2, q1, 2, T, 1, X9. We calculate
the time paths of A;(#), B,(#), A»(#) and B(¢) in Proposition 3.1 for ¢ € [fy, T]. Then
we select weights a; and calculate the time paths of A | (£),A5 (1), B (¢) and B’
(¢) in Propositions 3.3 and 3.4, for ¢ € [, T]. At each time instant ¢ € [fp, T], we
derive the set of a; that yields A?] (t) > A;(r) and B (t) > By(r), for i € [1,2], to
derive the set S,, fort € [to, T).

We denote the locus of the values of & along € [to, T) as curve o, and the locus
of the values of @] as curve @;. In particular, typical patterns include:

(i) The curves @, and @; are continuous and move in the same direction over the
entire game duration: either both increase monotonically or both decrease
monotonically (see Fig. 6.1).

(if) The curves a; and @, are continuous. a, declines and @; rises over the entire
game duration (see Fig. 6.2).

(iii) The curves a, and @, are continuous. One of these curves would rise/fall to a
peak/trough and then fall/rise (see Fig. 6.3).
(iv) The set S g can be nonempty or empty.

6.4.2 Examples of Subgame Consistent Solutions

In this subsection, we present some subgame consistent solutions to I'.(xo, T — fo).

Solution 4.1 Consider the cooperative differential game TI'.(xo,T —f) with
parameters leading to a set of payoff weights as in Panel (b) of Fig. 6.1. In
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4 A '

— i "
a, curve : _ i
ﬁ @ curve i
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i

a; curve a, curve

v

> tO

A
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@ curve ; __J
i @, curve
T

to
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Fig. 6.1 Both upward a; and @, curves and both downward a, and @; curves

Fig. 6.2 Declining a, curve 4
and rising @ curve

a; curve /

a; curve

v

particular, there exist a set of weights S ,f # (& under which individual rationality is
satisfied throughout the game horizon [0, 7] and g{’ es tg . At initial time O, in the
cooperative T'.(xo,T — f9), an optimality principle under which the players to

choose the weight

a = al,inT.(x;,T —7)fort € [10.7)

yields a subgame consistent solution to the cooperative game ['.(xo, T — fo).
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Zouve
i 7 curve/%

e curve R @ curve i
i [24] :

to Tt T
a b

Fig. 6.3 Rising to a peak and then fall curve and falling to a trough and then rise curve

Proof According to the optimality principle in Solution 4.1, a unique a? = c_v{’ will

be chosen for all the subgames T (x;, T — 7), forty < 7 <t < Tandx, € X?T(m). The

wetor £ (1,7 — ) = 1777

(z,x;) |, forz € [ty,T], yields a
Pareto optimal pair of imputations. Hence part (i) of Definition 2.1 is proved.
One can readily verify that Wf(ai)i(t, x)exp[r(z —1)] = I)A[/t(a‘)i(t7 x), for

0
ie{1,2},t0<7<t<T and x, €X""
satisfied.

. Hence part (ii) of Definition 2.1 is

1nally, from Definitions 4.1, one can ver1 tatA A% 'T,xf =exp|—r(t—1
Finally, from Definitions 4.1 ify th yiy T(): p

ATOx 2+ BO(1)| > VOi(r,x,) = exp[—r (¢ — 1) [Ai(H)x'/? + B;(1)], for i €

(t0)

{1,2},7 € [tp,T) and x, € X Hence part (iii) of Definition 2.1 is fulfilled. M

Solution 4.2 Consider the cooperative differential game T.(xo,T — ) with
parameters leading to a set of payoff weights as in Panel (a) of Fig. 6.1. In
particular, there exist a set of weights S,f # @ under which individual rationality
is satisfied throughout the game horizon [0, T and 6{’ S SZZ . At initial time O, in the
cooperative T'.(xg,T — ty), an optimality principle under which the players to
choose the weight

ay=a, , inT(x;,T — 1) fort € [to, T)

yields a subgame consistent solution to the cooperative game I'.(xo, T — fo).
Proof Follow the proof of Solution 4.1. ]

Solution 4.3 Consider the cooperative differential game TI.(xo,T — fp) with
parameters leading to a set of payoff weights as in Fig. 6.2. In particular, there
exist a set of weights Sg # (J under which individual rationality is satisfied

throughout the game horizon [0, T] and (ng‘)O'S (6{’)0'5 €S}, At initial time 0, in
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the cooperative I'.(xo,T — f), an optimality principle under which the players to
choose the weight

d = (a7) (@ )" inTe(wr. T — 1) for v € [10,7)

yields a subgame consistent solution to the cooperative game I'.(xo, T — fo).

Proof Follow the proof of Solution 4.1. ]

6.5 Numerical Delineation

Numerical delineations of the 4 solutions presented in Sect. 6.4 are given in the
following 4 cases.

Case 5.1 Consider the cooperative game I'.(xo, T — t) with the following param-
eter specifications: a = 10,b=1,0=0.05,hy =8,hy =7,k; = 1,ky =0.5,¢; =
l,eca=12, 9, =08,9,=04,T =6,r = 0.02.

The numerical results are displayed in Fig. 6.4. The curve q, is the locus of the
values of gf along t € [to, T). The curve @; is the locus of the values of 6{ along

te [to,T).In particular, the setST = N = [alo,ﬁlT ] [1.182686, 1.450783].

ty <t<T
Note thata] ~ € S} and a] ¢S, forz € [t,T). According to Solution 4.1, the players
would agree to the optimality principle of choosing a weight o} = "‘1 = 1.182686

throughout the game interval, and a subgame consistent solution to the cooperative
game I'.(x, T — #p) would result.

Case 5.2 Consider the cooperative game I'.(xo, T — t) with the following param-
eter specifications: a = 6,b = 0.8,6 = 0.04,h; =8,hy =6,k; = 1,k =0.5,¢; =
l,co0=15,9, =3,9, =2,T =3,r =0.02.
The numerical results are displayed in Fig. 6.5. In particular, the set S, =
N S =[a}, @] =[1.246704, 1.443176]. Note that @]~ € S, and a] ¢S

to <t<T
A !
ia =1.871887
. @, curve J
G0 = 1.450783 f——————————————===========—"_ - - i
VT *
I oA = 1.182686 = «,
a0 =1.024445 @, curve ?
t T

Fig. 6.4 A subgame consistent solution with optimality principle of a weight a;" =
a, 7" =1.182686



152 6 Subgame Consistent Cooperative Solution in NTU Differential Games

@ =1.739807

T-

al =1.443176 = o

a’ =1.246704

Lol 20910522
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1
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1

1

1
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Fig. 6.5 A subgame consistent solution with optimality principle of a weight ;" =
a7 =1.443176

A
L
a, curve i =1.552765
alo — __________l________{é
@l =1.460205 ' res o rs
________________________ L@ )" (@) = 1232949
al’ =1.022675 — - 1
f o oue ol =0.979004
to T "
Fig. 6.6 A subgame consistent solution with optimality principle of a weight ;" = (ng’)O'S

(@)* = 1.232949

for 7 € [to, T). According to Solution 4.2, the players would agree to the optimality
principle of choosing a weight aT =@~ = 1.443176 throughout the game interval,
and a subgame consistent solution to the cooperative game I, (xo, T — o) would result.

Case 5.3 Consider the cooperative game I'.(xo, T — ¢) with the following param-
eter specifications: a =10,b=1.1,6 =0.04,hy =8,hy =T7,k; = 1,k = 0.5,
co=1c=12,9q,=3,9,=2,T=3,r=0.02.

The numerical results are displayed in Fig. 6.6. In particular, the set
S,g = N _§= [gtl",alT_] = [1.022675, 1.460205]. Note that g{*¢8t€ and

ty <t<T
al=¢s g ,fort e [to, T). According to Solution 4.3, the players would agree to the
optimality principle of choosing a weight a; = (c_x{‘)o's (a{*)o‘s = 1.232949
throughout the game interval, and a subgame consistent solution to the cooperative
game I'.(xg, T — tp) would result.
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A
_ a, curve
Ty =2.559743 !
a’ =1.785097
- a, curve
to
Fig. 6.7 The setS] = <ﬂ TS, = @ and no candidate for a subgame consistent solution
1o<t<

Case 5.4 Consider the cooperative game I'.(xo, T — ) with parameters: a = 6,b =
1,0 = 003,/11 = 11,h2 = 6,k1 = 1,k2 = 0.5,61 = 1,C2 = 1.5,6]1 = 3,q2 = 2,T =
6,r =0.02.

The numerical results are displayed in Fig. 6.7. In particular, the set

S,g = N TS, = . Hence there does not exist any candidate for a subgame
ty <t<

consistent solution for the game T (xp, T — fp).

6.6 Infinite Horizon Analysis

In this Section we examine the situation when the game horizon approaches
infinity. Consider an infinite-horizon cooperative stochastic differential game in
which player i’s payoff to be maximized is

Ji(X())
= E,U{ J l[kiui(s)]l/z 3 Cil/zui(s)] exp[—r(s — ty)]ds

o x(s)

x(t9) = xo }, (6.1)

fori e {1,2}.
The state dynamics of the game is characterized by the stochastic differential
equations:

dx(s) = |ax(s)"* — bx(s) — ui(s) — M2(S):| ds + ox(s)dz(s), x(tg) =x0 € X
(6.2)

where u; € U is the control vector of player i, for i € {1,2},
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a,b, and o are positive constants, and z(s) is a Wiener process. Equation (6.2)
could be interpreted as the stock dynamics of a biomass of renewable resource (see
Jgrgensen and Yeung (1996, 1999)).

Note that the infinite-horizon autonomous problem (6.1 and 6.2) is indepen-
dent of the choice of 7y and dependent only upon the state at the starting time,
that is xo. Hence, we use I'(x,00) and T.(x,00) to denote respectively a
noncooperative and a cooperative game with payoffs (6.1) and dynamics
(6.2) with starting state x. Following the previous analysis modified for an
infinite horizon problem, we can obtain the value function reflecting the
expected payoff (in current value) of player i € {1,2} in the noncooperative
game I'(x, 00) as

Proposition 6.1 ‘ . _
Vix) = [A,xl/z +B,} ;

where A;, B;,Aj and B, for i € {1,2} and j € {1,2} and i # j, satisfy:

1, bl ki Aikj = T
{r+o—2+}A, . J =0, and B, = ~—A4;.
8 2] 4[e+Ai/2] 8¢ +4A;/2] 2r

Proof Applying Theorem 5.1 of Chap. 3 to the game (6.1 and 6.2) yields
Proposition 6.1. [ |

In the case of cooperation where a; is the chosen weight under the agreed
optimality principle, the maximized value function reflecting the maximized
expected weighted joint payoff of the stochastic control problem
max {J'(x) + a1J%(x)} subject to dynamics (6.1) can be obtained as:

Uiyl

Proposition 6.2 W* (x) = [A"x"/2 + B"], where A" and B"' satisfy:

1 > b|—a ky ark; —ay a —q,
r+-c>+-|A" — U L =0, and B" = —A".
[ 8 2} 4le) +A7 /2] Aler + A" 2a] 2r

Proof Applying Theorem A.4 in the Technical Appendices to the stochastic
control problem max {J'(x) + a;J*(x)} subject to dynamics (6.1) yields
uyy

Proposition 6.2. u


http://dx.doi.org/10.1007/978-981-10-1545-8_3
http://dx.doi.org/10.1007/978-981-10-1545-8_3
http://dx.doi.org/10.1007/978-981-10-1545-8_BM1
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The corresponding optimal controls are:

a) (oo klx ay (oo
'//1]( )(X) T ——) andl/’zl( )(X) =
4[c; + A" /2]

kox
2 2,foerX.

4]cr + A" )20

We define player 1’s expected payoff over the interval [0, oo) under the control
problem max {J'(x) + a;J?(x)} as:
Uy,

WY ) :EO{ r

0

kl)c(s)l/2 B clklx(s)l/2
2o +A7 2] afey + 772

] expl-r9)ds |

and the corresponding expected payoff of player 2 over the interval [0, oo) as:

-] |

where

1/2 1/2
k2x(_Szl _ CZkaEZS) > exp(frs) ds };
2[62 + A /2(11] 4[c2 + A l/20{1}

dx(s) =

ax(s 2 _ h ki ko x(s S
©) (k 4cy +Z"‘/2]2+4[c2+x“‘/2a1]2> ()]d

+ox(s)dz(s), x(t) = x.

An infinite-horizon counterpart of Theorem 1.1 characterizing player i’s coopera-
tive payoff under payoff weights a; is given in the theorem below.

Theorem 6.1 If there exist continuously functions W v (x):R" — R, i€{l1,2},
satisfying

< (i) 1 & ~ ay (i) i a a
W) =5 QLW i (0) = &'yt (x), w5 (x)]
h=1

+ W 0 oy () ()]

then W w0 (¢,x) gives player i’s expected cooperative payoff when the state is x and
ay is chosen as the weight.

Proof Following the analysis of developing an infinite horizon counter of
the stochastic control leading to Theorem A.4 in the Technical appendices
one can obtain an infinite-horizon counterpart of Theorem 1.1 in Section as
Theorem 6.1. [ ]


http://dx.doi.org/10.1007/978-981-10-1545-8_BM1
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Using Theorem 6.1 the expected payoffs of Player 1 and Players 2 under
cooperation can be obtained as follows.

Proposition 6.3 The expected payoffs of Player 1 and Player 2 (in current-value)
under cooperation with bargaining weight a; are respectively:

Wa'm(x) [ a2 4 BY } andWal(z)(x) [ S X2 4 BY }
where
1, blia k cik ATk
[r +o0% + ]A B T o R s
8 2 2[et + A" /2] 4le, +A"/2]" 8[cr +A" /2]
Ak o by =LAl
ay 2
8[c2 +A™ 2]
1 b|~a k 2k
[r—l——a + ]A - s + 2
8 2 2[ca + A" 201]  4fe, + A ‘/2a1]
ALk ALk A - a
2_(11 5+ — 2 >=0,andB; = A 1
8[cr +A“/2]"  8[er + A" 24y Iz
Proof Follow the Proof of Proposition 3.3 yields Proposition 6.3. ]
Since the solution to the control problem max {J )+ a3 ( )} yields a Pareto

optimal outcome there exist (i) an a{° such that e >(x) = V?(x) and wer®

(x) > V' (x), and (ii) an @ such that W " (x) = V! (x) and W @ (x) > V2(x).
Comparing W ' g (x) in Proposition 6.3 with V'(x) in Proposition 6.1 shows that
W™ (x) > Vi(x) if and only if A" > A,, for i € {1,2}.
A condition that would be used in subsequent analysis is:
Condition 6.1 dA ' /da; < 0 and dA ' /da; > 0.
Proof See Appendix A. ]

Therefore there exists a nonempty set S of a; such that A ?1 > A, fori € {1,2}.
Using Condition 6.1, we can readily show that

Corollary 6.1 S = [a}° o, @ 7°], where a° is the lowest value of a; in $*°, and @}
the highest. Moreover, A =A; and A%Tc =A,. [ |

Now consider the case where the players agree to an optimality principle

which chooses the payoff weight a; = (g‘fo)o's (&fc)o's. We then show that such
an optimality principle yields a subgame consistent solution in the following
Proposition.
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Proposition 6.4 An optimality principle under which the players agree to choose
the weight

. 05 /—00) 0.5
o = (o) (@) (63)
yields a subgame consistent solution to the cooperative game I',.(x, o).

Proof According to the optimality principle in Proposition 6.4 a unique weight a?
= (gfc)l/z (@) '/2 is chosen for any game I'.(x, 00). Since (2?0)1/2 (@) V25,
the imputation vector &7 (x, 00) = [W (a;)l(x), w (a‘)z(x)} yields a Pareto optimal

pair. Hence part (i) of Definition 3.2 is proved.
The present-value (at time 7 < t) counterpart of the current-value payoff
~ (lx

W (D) (x)’ = {1’ 2}, can be expressed as

[@Wﬁ”wmyﬂ— “uﬁ“%@ﬂ

o]

a{umqo—mj

t )c(s)l/2 !

exp[—r(s —t)]ds

(1) = x } — expl—r(t — W ().

Hence, part (ii) of Definition 3.2 holds.
Since (gfc)l/z (6?‘3)1/2 € 8%, W“‘(l)(x) > Vi(x), fori € {1,2}andx € X. Hence,
part (iii) of Definition 3.2 is satisfied. [ |

In addition, the cooperative solution in Proposition 6.4 also satisfies the axioms
of symmetry in the following remark.

Remark 6.1 The Pareto optimal cooperative solution proposed in Proposition 6.4
also satisfies the axioms of symmetry. See Appendix B for proof details. ]

6.7 Chapter Appendices

Appendix A: Proof of Condition 6.1 Note that W* (x) = W *' W x) +aw” @

VT (),
M09 > 0

therefore we have A”' = A Tl + oA Zl . Since u; and u, are nonnegative, W
~ 2 — N N .
and W )(x) > 0. Hence A”, A T and A Z' are nonnegative.

Define the equation [r + 1o? + 8]A" — 4[C1+’%al Pl 4[623!,‘,2 o] = 0 in Proposi-

tion 6.2 as W(A™, a;) = 0. Implicitly differentiating ¥ (A", a;) = 0 yields:
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dA™
dal -
ky[cy + A" Ja 1, b k k
2[e2 i / 1]2/{|:r+o-2+2}+ im 5+ 7{211 2}>O
4ler + A" 2ay] 8 8[ci +A"/2]"  8[cr +A" /2]
(7.1)
o [ 12 L BIAY __ k cik
Then we define the equation [r + io* 4+ 2]A 2[61+Zl“] B + 4[c.+j?"l‘ T
Ak ATk . .. 1{5a
8[c1+lZ‘”l/2]2 8[¢~2+Xl" /22(11]2 = 0 in Proposition 6.3 as ¥ (Al ,a1> =0.
The effect of a change in a; on A 7' can be obtained as:
dA(lll B 8‘1’1 (A‘]"’(;”)/aa] (7 2)
don ow' (A7) /04T
Where
ov! 1, b k k
= |:r—|——0'2+—} + —+ — >>0,and  (7.3)
0A | 8 2] 8[e; +A"/2]" 8y + A" J2a,]
AN A% —a ~a —a
ov! ki [A —4, } da™ Ak o [Zal L dA } (7.4
= —a : —a : - % :
a(l] 8[6‘1 +A 1/2}3 da] 8[C2 + A /2(11]3 d(l]

From Proposition 6.3, we obtain:

~ a

Ay =
-
Jaler 4 B/e]. Jr_f /a']z/ [1‘4—1624-9] + L L
4[er + A" 2a1] 8 2] 8[e; +A" /2] 8[cr + A" )2a]
(7.5)

Comparing (7.5) with (7.1) shows that dA™ /da; = A'. Upon substituting dA™ /da,
by A5 and invoking the relation A" = A" 4+ a;A;', we have

a2 a2
a\PI kiaq (Azl) (A11> kz/a12
- ——+ — 5> 0. (7.6)
80:1 8[6‘1 +A l/2] 8[6‘2 +A 1/20’1]
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Therefore, dA (11] /da; < 0. Following the above analysis, we have:

iy [ e(@t) /e (43)n

day—\8[c, + A" 2a1] 8[c, +4% /2]

1 ) b k1 k2
S rtget 5|+ ———+ — 50 >0. (7.7)
8 2] 8[e; +A"/2]7 8[er + A" 2a]

Hence Condition 6.1 follows. |

Appendix B: Proof of Remark 6.1 Let [V™!(x) V*(x)] denote a payoff
pair along the Pareto optimal trajectory. From Condition 6.1 and Corollary 6.1,

in the problem max {J'(x) + a1J*(x) } if &° is chosen, e (x) = V*(x) and

et )( ) = V(m‘”‘ (x). On the other hand, in the problem max {F(x) + ad ' (1)},

in order to have player 2’s expected payoff being V(x) and player 1’s payoff being
ymaol the weight @3° has to be chosen. Recall that when a; = 1/a,, the problem
max {J'(x) + a;J*(x)} is identical to the problem max {J*(x) + a2/ ' (x) }. Since

Uy, Uy

max {J!(x) +af/%(x) } and max {J*(x) + @57 (x } both yield V2(x) and V'™

Uy U2
(%), it is necessary that a® = 1 / 012 With similar argument, 6‘{0 = 1/a5° is verified.
According to Proposition 6.4, in the problem max {J )+ arJ?( )} an opti-
uy

mality principle under which the players agree to choose the weight | = (gfo)o‘s

(afo)o's yields a subgame consistent solution to the cooperative game [.(x,00).
Following the same optimality principle in the problem max {J 2(x) + o (x )}

under which the players agree to choose the weight a; = (Qz )0 B (a2 ) B , which is
equivalent to having 1/a] = 1/ [(afo)o's (6‘?0)0'5} .

Since @, = 1/aj, the controls in the problems max {J )+ a g (x el } and max

Uy U

{/?(x) + a3/ ' (x)} are identical. Hence the axiom of symmetry prevails. [ ]

6.8 Chapter Notes

The number of studies in cooperative dynamic games with non-transferrable utility/
payoff (NTU) is much less than that of cooperative dynamic games with transfer-
rable payoffs. Leitmann (1974), Dockner and Jgrgensen (1984), Hamalainen
et al. (1986), Yeung and Petrosyan (2005), Yeung et al. (2007), de-Paz
et al. (2013), and Marin-Solano (2014) studied continuous-time cooperative
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differential games with non-transferable payoffs. The stringent requirement of
subgame consistency imposes additional hurdles to the derivation of solutions for
cooperative stochastic differential games. In the case when players’ payoffs are
nontransferable, the derivation of solution candidates becomes even more compli-
cated and intractable. In this Chapter, subgame consistent solutions of cooperative
stochastic differential games with nontransferable payoffs are examined and a class
of cooperative stochastic differential games with nontransferable payoffs is used to
illustrate some possible solutions. Theorem 1.1 characterizing the players’ expected
payoff under cooperation was developed by Yeung (2004). Finally, the analysis can
be applied to NTU cooperative differential games with the removal of the stochastic
term of[s,x(s)]. Finally, the notion of cooperative subgame consistency under
variable payoff weights is examined in the discrete-time case in Chap. 11.

6.9 Problems

1. Consider a two-person stochastic differential game with initial state x(0) = xo
= 14 and duration [0, 4]. The state dynamics of the game is characterized by the
stochastic differential equations:

dx(s) = [15 = x(s) — u1(s) — uz(s)]ds + 0.01x(s)dz(s),

where u; € U; is the control vector of player i, for i € [1,2], and z(s) is a Wiener
process. The state dynamics is the stock dynamics of a biomass of renewable
resource like forest or fresh water. The state x(s) represents the resource size and
u;(s) the (nonnegative) amount of resource extracted by player i.

At time 0, the expected payoff of player 1 is:

JH0,x0) = Eo{ J: {4u1(s) —ur (s)x(s) " + O.5x(s)} exp[—0.05]ds

+ 2exp[—0.2]x(T) }, and,
the expected payoff of player 2 is:

J20,x0) = EO{ J: {3u1(s) — 2uy (s)x(s) ™! —|—x(s)} exp[—0.05]ds

+ 3exp[—0.2]x(T) }

If the payoff weight a; = 0.4 is chosen to maximize the expected weighted
payoff
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max EO{ JH0,x0) + a1 J*(0,x0) }, derive the individual payoffs of the players

Uy,
under cooperation.

2. Consider an infinite horizon stochastic differential game with initial state
x(0) = xo = 10. The state dynamics of the game is characterized by the stochas-
tic differential equations:

dx(s) = [9 — 2x(s) — u; (s) — ua(s)]ds + 0.02x(s)dz(s),

where u; € U, is the control vector of player i, fori € [1,2], and z(s) is a Wiener
process.
At time 0, the expected payoff of player 1 is:

J'0,x0) = Eo{ J:O {4u1(s) —ui(s)*x(s) " + O.2x(s)}exp[—0.05} ds },and the

expected payoff of player 2 is:

J*(0,x0) = Eo{ J

0

o.¢]

[4,4l (s) — 201 (s)%x(s) ™" + 1.5x(s)]exp[—0.05} ds }

If the payoff weight a; = 0.35 is chosen to maximize the expected weighted
payoff

max Eo{ JH(0,x0) + a1 J?(0,x0) }, derive the individual payoffs of the players
Uy, U

under cooperation.
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