Chapter 5
Subgame Consistency Under Asynchronous
Players’ Horizons

In many game situations, the players’ time horizons differ. This may arise from
different life spans, different entry and exit times, and the different duration for
leases and contracts. Asynchronous horizon game situations occur frequently in
economic and social activities. In this Chapter, subgame consistent cooperative
solutions are derived for differential games with asynchronous players’ horizons
and uncertain types of future players. Analytically tractable payoff distribution
mechanisms which lead to the realization of these solutions are derived. This
analysis extends the application of cooperative differential game theory to prob-
lems where the players’ game horizons are asynchronous and the types of future
players are uncertain. In particular, the Chapter is an integrated disquisition of the
analysis in Yeung (2011) with an extension to incorporate stochastic state
dynamics.

The organization of the chapter is as follows. Section 5.1 presents the game
formulation and characterizes noncooperative outcomes. Dynamic cooperation
among players coexisting in the same duration is examined in Sect. 5.2. Section 5.3
provides an analysis on payoff distribution procedures leading to dynamically
consistent solutions in this asynchronous horizons scenario. An illustration in
cooperative resource extraction is given in Sect. 5.4. An extension to stochastic
dynamics is provided in Sect. 5.5. Chapter notes are given in Sect. 5.6 and problems
in Sect. 5.7.

5.1 Game Formulation and Noncooperative Outcome

In this section we present an analytical framework of differential games with
asynchronous players’ horizons and characterize the noncooperative outcome.
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108 5 Subgame Consistency Under Asynchronous Players’ Horizons
5.1.1 Game Formulation

For clarity in exposition and without loss of generality, we consider a general class
of differential games, in which there are v + 1 overlapping cohorts or generations of
players. The game begins at time #; and terminates at time #,;. In the time interval
[tl, tz), there coexist a generation 0 player whose game horizon is [tl, 12) and a
generation 1 player whose game horizon is [tl, t3). In the time interval [tk, fk+1) for
ke€{2,3,---,0 — 1}, there coexist a generation k — 1 player whose game horizon is
[#t-1,t+1) and a generation k player whose game horizon is [f, f+2). In the last
time interval [t,,7,.1], there coexist a generation v — 1 player and a generation v
player whose game horizon is just [t,, f,11].

When the game starts at initial time ¢y, it is known that in the time interval [#, #,),
there coexist a type w(l) generation 0 player and a type w! generation 1 player. At
time ¢y, it is also known that the probability of the generation k player being type
o €{w}, 0}, ot} is A€ {4, A3, -, A}, for k€{2,3,--+,v}. The type of
generation k player will become known with certainty at time #.

The instantaneous payoffs and terminal rewards of the type w{* generation
k player and the type w;*"| generation k — 1 player coexisting in the time interval
[tk, tk+|) are respectlvely.

a;_q ay aj w”k 1
g 1@ [S,x(s),ulg RO (g, )] and ¢~ (5 )t 1, x(1:1)] and
a, (l)ak*l ,0 )a Ik 01\7 7,:,] a &
g [S,x(s),u;g i 0)el (s),uﬁwk ek (S)] and ¢“(°) .0, x(01)], (L.1)

for ke{1,2,3,---,v},

1 0) o )
where uEUH e (s) is the vector of controls of the type wj generatlon k—1

player when he is in his second (old) life stage while the type w}* generation
k player is coexisting;

( akﬁy) :’L ]l

and u, (s) is that of the type w;* generation k player when he is in his first
(young) life stage while the type w{*"| generation k — 1 player is coexisting.

aAl

0 71,0) ok
Note that the superindex “O” in u (”k 1 0)e (s) denote “Old” and the superindex

. Yok . .
“Y” in u,gwk )it (s) denote “Young”. The state dynamics of the game is charac-
terized by the vector-valued differential equations:

x(s)=f s,x(s),u,g o 0)ol! (s),u,gwak Y)wzkll( )|, fors€ [f, tis), (1.2)

if type w;* generation k player and type ;"] generation k — 1 player co-exist in the
time interval I:tk,tk+1) forke{l,2,3,---,0}, and x(t;) = xo €X.
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Af—1

In the game interval [tk, tk+1) for ke{1,2,3,---,0—1} with type w{“|
generation k — 1 player and type w;* generation k player, the type w;*| generation
k — 1 player seeks to maximize:

173 a;_ ay, a, aj_
/ ngkfl(”’:k:ll) |:s’x(s>’ ulgmkill -,O)OQL (S)’ ulga)kky)mkéll (S‘):| e*"(‘ﬁf")ds
13
e a0 ) (1 ()], (1.3)

and the type o, generation k player seeks to maximize:
fier1 < k1 0)wk 0k Y )k
[0 a5 ORI g
173

&t fier2 i % .0)w! ol Yok
+ Z’IIQI/ gk((;)/f) [s,x(s), u£+k1 ,0) e+ 1 (S), MIE-&}]H’Y) 3 (S)] e~ =) g
/=1 /8]
+ efr(lk+2*tk)qk(w:k) [Zk+2,x(tk+2)] (14)

subject to dynamics (1.2), where r is the discount rate.

In the last time interval [#,, #,.1] where the generationo — 1 player is of type ®
and the generation v player is of type o, the type w;"|
seeks to maximize:

tys1 ay, p a,_
[ {s,x<s>,u£“’"“"0)“’7’ (s).uy 51 <s>] et ds
1,

v

dy—1
v—1

generation v — 1 player

—r - —1 (@ -1
+e s "’>C]0 (”"7] ) [tn+l ’x(twl)]a (1 5)
and the type w{" generation v player seeks to maximize:

a,_|

fo1 av »™ 71 0)o® ol Yo -
/ g [s,x(s),ug o) (s),u,(, R (s)} e~ T5=0) Jg
fy
+ e—r(ml—ru)qv(w.,") [thrl,x(tqul)]; (1.6)
subject to dynamics (1.2).

The game formulated is a finite overlapping generations version of Jgrgensen
and Yeung’s (2005) infinite generations game.

5.1.2 Noncooperative Outcomes

To obtain a characterization of a noncooperative solution to the asynchronous
horizons game mentioned above we first consider the solutions of the game in the
last time interval [f,, f,.1], that is the game (1.5 and 1.6). One way to characterize
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and derive a feedback solution to the game in [t,,#,.] is provided in the lemma
below.

So—1

2
@ v—1

v—1> Pp—15"
-,®%} in the time interval

Lemma 1.1 If the generationv — 1 player is of type )l e {w N0
and the generation v player is of type w$" € {a)

Ap—1 av
£y, ty+1], a set of feedback strategies {¢£ o)l (2, x); d),,m“ Nt (t, x)} consti-

v 1)7

tutes a Nash equilibrium solution for the game (1.5 and 1.6), if there exist contin-
uously differentiable functions ot (@t 0)arr (t,x) : [tyytp41] X R™ — R and

Vo DO (1 x) ¢ 1y, fys1] X R — R satisfying the following partial differen-
tial equations:

! 10)ar? (O v Y)w! —r(t—
—V;} (0,11.0)w (t,x) = max {gv 1w} )[l‘ x,u? (wl Yo", (l‘,x)}e r(t—t,)
MU

o— a,_ | (l) A waufl

VOO [, T 0],

Po-i(@ 0)a " (a1, x) = e—r(n,ﬂ—ru)qu—l(wafl)(tUH,x), and
V ( ““,Y)(l) -1 ot 0

v—1 (l‘, X) — n,llﬁx {gv w,, |:l X, d)( v—1 )wm, (tvx)’uY:| e—r(z—r,,)

v—1 v

v(0l Yo" @1 0wl
O O |

VA O (1,0 x) = e =)@ 1, x(t,11)] (1.7)

Proof Follow the proof of Theorem 1.1 in Chap. 2. [ ]

For ease of exposition and sidestepping the issue of multiple equilibria, the
analysis focuses on solvable games in which a particular noncooperative Nash
equilibrium is chosen by the players in the entire subgame.

We proceed to examine the game in the second last interval [t,, 1,t,,) If the

€u2

generation v — 2 player is of type )" € {a)v 2 3 PR } and the generation

v — 1 player is of type w)"| € {w! |, @

v — 2 player seeks to maximize:

2 Qu 1 ()
@k The type w3 generation

v—1 -2

1 ay -2 v—1
[ D sl 0 [ eroreas

—1

T e—r(fu_tufl >q072(w33722 ) [tu’ X(tv)] :

In the subgame in the time interval [t,)_l, t,)) the expected payoff of the type )"
generation v — 1 player at time ¢, can be expressed as:

So

Z’I Voo 1(a)"1,0) o] (ty, X). (1.9)


http://dx.doi.org/10.1007/978-981-10-1545-8_2
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ay—1
v—1

Ty a1 -2 |
/ gv—l(w,,,l )|:s,x(s),u£ 32 0)w! (s) u( Nan g ey (s) e~ "=t1) gg

Therefore the type w;""| generation v — 1 player then seeks to maximize:

> Po—1
ty-1
So

T Zﬂv" ol 0)o (1) x(1,).

Similarly, in the subgame in the interval [lk, thr]) the expected payoff of the type w;
generation k player at time #;4 can be expressed as:

Sk+1

Zxkﬂv" 900l (f41,x),  forke{1,2,-v — 3}, (1.10)

Consider the game in the time interval [tk, tk+1) involving the type o} generation
k player and the type w{*~| generationk — 1 player, forke {1,2,---,0 — 3}. The type

{*] generation k — 1 player will maximize the payoff

Tet1 ap_y w“k 1 a ap_1
[ >[ x(s), O (5) sy ot Vol m] ety
Tk
+ e—"(’kﬂ_’k)qk*l(a}kﬁi‘] ) [lk+1,X(Z‘k+1)]7 (1.11)

and the type w}* generation k player will maximize the payoff:

et ! PR
/ g"(“’kk) {s,x(s) ”/E | o) (s),uk(“’kk’y)“’kkll(s)} e " dy
Tk
Sk+1

e (tr1—1x Z’lk lvk wA 0 le (l‘kJrl’x([kJrl))’ (112)

subject to (1.2).
A feedback solution to the game (1.5, 1.6) and (1.11, 1.12) can be characterized
by the lemma below.

pkt oh D k1
Lemma 1.2 A set of feedback strategies { ,Ei‘l" 0)oit " (t,x); ,Sa ¥)aits (t,x)}

constitutes a Nash equilibrium solution for the game (1.5, 1.6) and (1.11, 1.12), if
there exist continuously differentiable functions yh-1(oity 0)art (t, ) : [tes te1] X

R™ — Rand V(" V)0l (t,x) @ [te, 1] X R™ — R satisfying the following partial
differential equations:
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v—1 v

Y N 1 ay 1%71.0 Jﬁ" o (f—
_V;)(n Y)n (t, X) _ ma}x {gu((u" ) |:Z‘,X,¢(”“| ) )H (Z7X),MY:|€ r(t—ty,)

v

Wy~ 1) D, ’0 15"
+VZ(U )“u ) ( )f{t X, ¢(n 1 )r) (t,x),blg]}
Vu(a}{,’".Y)wZ"]l (fo11,%) = e*"(’!’“*’“)qu(“’ﬂ'))[tl)-o-l,x(ttH-l)]; and
K

_V]‘ 5! .0)at (t, x) _ m%x {gk—l(ﬂlkl) |:t, X, MkO’ ¢£w2'=y)wzkfl' (l,x)] e~ (=)

Uy
(H (0] !
(t, x)f[txuk,g[)lg )ity (nx)]} ,
VIO 1, ) = e rten g 1) (1, 2), and
w" w” ! [0) 1
_Vi‘( : Y) -1 (LX) = max {g(k,au) |:t,x, ]E A] 1 ,0) 7,4’] o=t

i Vk l(m ,O)m '

uy
(0] [0} [} (HHA

SV o O ] |

@ Sk+1
VEE A (11, x) = ey L VRO Ok (1 ), (1.13)

=1

forke{l,2,---,0—1}.
Proof Again follow the proof of Theorem 1.1 in Chap. 2. [ ]

5.2 Dynamic Cooperation Among Coexisting Players

Now consider the case when coexisting players want to cooperate and agree to act
and allocate the cooperative payoff according to a set of agreed upon optimality
principles. The agreement on how to act cooperatively and allocate cooperative
payoff constitutes the solution optimality principle of a cooperative scheme. In
particular, the solution optimality principle for the cooperative game includes (i) an
agreement on a set of cooperative strategies/controls, and (ii) an imputation of their
payoffs.

Consider the game in the time interval [tk, fk+1) involving the type w;* generation

”k 1 ”L

generation k — 1 player. Let w,(z o ) denote the
- generation k — 1

ﬂkl

k player and the type )
probability that the type }* generation k player and the type wj
player would agree to the solutlon imputation

g"'fl(”’zkfll 0w [h] (t,x), g"(“’ fX)ety i, )} over the time interval [t;, f1),

(o o)
3 (@ o)
where W, =1.

h=1


http://dx.doi.org/10.1007/978-981-10-1545-8_2
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At time ¢, the agreed-upon imputation for the type @, generation 0 player and the
type } generation 1 player are known to be 50(“’(1"0)“’”1](t,x), 51("’}’}1)")‘1’[1]0, x)],

over the time interval [t1,1,).

The solution imputation may be governed by many specific principles. For
instance, the players may agree to maximize the sum of their expected payoffs
and equally divide the excess of the cooperative payoff over the noncooperative
payoff. As another example, the solution imputation may be an allocation principle
in which the players allocate the total joint payoff according to the relative sizes of
the players’ noncooperative payoffs. Finally, it is also possible that the players
refuse to cooperate. In that case, the imputation vector becomes

Vk—l(m:’fll ,O)m:"' ([7 )C), Vk(m:" ,Y)n):’fll ([7 X)] .

Both group optimality and individual rationality are required in a cooperative
plan. Group optimality requires the players to seek a set of cooperative strategies/
controls that yields a Pareto optimal solution. The allocation principle has to satisfy
individual rationality in the sense that neither player would be no worse off than
before under cooperation.

5.2.1 Group Optimality

Since payoffs are transferable, group optimality requires the players coexisting in
the same time interval to maximize their expected joint payoff. Consider the last

Ay—1

time interval [f,,%,41], in which the generation v — 1 player is of type w,"| €

{ol 1,02 |, o} and the generation v player is of type
e {a)llj, W% S } The players maximize their joint payoff
tyt1 e a,_| 0)o® a a,_
/ (g"_l("’vll) [s,x(s), u{ 0 (5), ™ 1w (s)]
by
a Ap—1 70 zu Z”~ “ a,_ | o
+ gv(wl, ) |:S,X(S), ugwu—l )‘” (S), ul()”’ Yo,y (S)])e r(s lu)ds

“v—1

e o= (1) g x(ay)) + 4 [ x(t)])s (2.0)

subject to (1.2).
An optimal solution of the problem (2.1 and 1.2) can be characterized by the
following lemma.

(wZﬁ’ll ,O)wfj”
v—1 (

(o Vo

Lemma 2.1 A set of Controls {y/ HX); Wy (¢, x)} constitutes an

optimal solution for the control problem (2.1 and 1.2), if there exist continuously

differentiable functions Ww+l(@! ’wgu)(nx) ¢ [tos tor1] X R™ — R satisfying the
following partial differential equations:
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_WE""”"'](“’U |lv“’(v")(t’ x) — max {gul(wZ"ll) [[’ X, MO MY} efr(tfzu)

v
4
Uy 5 Uy

v

@ —1 11‘1)
Jrg“(‘”v”)[ﬂx, u007uy] —r(t—t,) JrW[t., tv+]]((70 RON )(t,x)f[t,x, Ml?,u,f] ’

av

W[r’”t”*']((‘)u' o) )(tu-H ,X) — e*"(lwr]*lu) |:C]U l((u )(tu+l, ) + q”(aﬁ"] (fu+1,X):| .

(2.2)

Proof Invoking Bellman’s techniques of dynamic programming stated in Theorem
A.1 of the Technical Appendices an optimal solution of the problem (2.1 and 1.2)
can be characterized as (2.2). [ |

We proceed to examine joint payoff maximization problem in the time interval
71 generation v — 1 player and type ;"3 generation

Ay—1

[t,, L tl,) involving the type o),
v — 2 player. A critical problem is to determent type @, generation v — 1 player’s
expected valuation of his optimization problem in the time interval [tl, 1 t,,) at time
f,. At time t,, the @;"| generation v — 1 player may co-exist with the type @
c{w),w?, - 0%} generauon v player with probabilities {4,,4,---, 45 }. Con-

v 0

sider the case in the time interval [tl,, tyt 1) in which the type "} generationv — 1

player and the type w{’ generation v player co-exist. The probablhty that the type
"} generation player and the type ®% generation player would agree to the
solution imputation

[50—1((032’1',0)0}?’ [h]( ) & (@i Yo" [h] ([,X)} is w}gwgﬁl ’wgu),

é’( ulill'mgu) (w%fl wav)
where Z w, " =1 (2.3)

In the optimization problem within the time interval [f,_1,7,), the expected reward
to the w,—; generation v — 1 player at time #, can be expressed as:

So é‘( v 711 ‘{)

Zﬂ Z w/ng‘iql7w,f)§v*1( "”11 0) [ ](t,,,x). (24)

=1 h=1

Similarly for the optimization problem within the time interval [tk,tH_]) the
expected reward to the type w{* generation k player at time 7 can be expressed as:


http://dx.doi.org/10.1007/978-981-10-1545-8_BM1
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Sk+1 C(wzl'wkyﬂ) (wak w?! ) ay
Sk > w @t 0ol vy, forke{1,2,--,v—2}. (2.5)
/=1 h=1

The joint maximization problem in the time interval [tk, tk“) for
ke{l,2,---,0—2}, involving the type w{‘ generation k player and type w{“|
generation k — 1 player can be expressed as the maximization of joint payoff

{ / (gk 1o >[s,x<s>,u£ SO (), ufE ) (sﬂ

+3g k(o) |: ,x(s), MIE 3! 0)o} (s),ulgw:hy)wlkll (s)])e_"(s_wds
et (g O o x()]

Sk+1 (‘“ @l ) ay
n Z’q‘kﬂ w;g A k+1)é:k(mk ,0)(1’;{[\l[h](tk+l’x(tk+l))> }’ (2.6)

subject to (1.2).
The conditions characterizing an optimal solution of the problem of maximizing
(2.6) subject to (1.2) are given in the following theorem.

h=

k=1 [0} w
Theorem 2.1 A set of controls {1;/,5 v 0)ait * (1, x); 1//,2 ot (1, x)} constitutes

an optimal solution for the control problem (1.2 and 2.6), if there exist continuously

differentiable functions Wnl(@" @ )(t x) [tk,tk+1) x R™ — R satisfying the
following partial differential equations:

a1 ay ay_ .
—W,[tmt"“]( o )(t,x) = max {gvl(w” ) [t 0,10 u )
uf,uf
e ) g )

W[fu fu+1]( 1 wn ) (tv+17.x) — e_r(fvﬂ_fv)
q" 1( = )(thrlvx) +qu(a1$”] (t11+17x):| and

Wyk ol kil'wkk)(t,x) = max { g 1ei) (6,3, ul ul e

Y
uy ,u,,

’” —r(t—) (5 IA+1]( 72‘;117(0?) .
+g [[Xukvuk] + Wi (t x)f[t’x’uk7uk]}
W[H,tul]( Gl )(ZkJrl;x) — e (1,(+,71k)( C]k 1( )(tk+1, )

Sk+1 é("zk ”k[+1)

o Fwf K
Sl S w}(l i, m)gk(w;,o)aw[](,M, (tk+1)))’fork€{],2,..‘,D_ 1}. (27)
(=1

h=1
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Proof Invoking Bellman’s (1957) technique of dynamic programming stated in
Theorem A.1 of the Technical Appendices we obtain the conditions characterizing
an optimal solution of the problem (1.2) and (2.6) as in (2.7). [ |

In particular, Wt (@ o) (t,x) gives the maximized joint payoff of the type
o}* generation k player and type ;"] generation k — 1 player at time ¢ € [ty, t;41]
with the state x in the control problem

Tkt ) _ U=1 0 'k U y) -1
by max. o {/ <gk_l(m:‘11) {S,X(S),ulgwkl )l (S),ulgwk e (S)]
M(wk—l 0)a u(”’k 7)o !

k 2%k
@*1,0)w* o} Y )k
+ g k() {s x(s),ulg 5'0)e (s),u,E ¢ el (s)} )er“")ds

U1

+ e‘r(’“l_’”( g1 )[tk+1,x(tk+1)]

Sk+1

: o F wf U ¢
+ Z’lkﬂ Z wg ke Hl)fk(wkl’())w‘[“[h](tk+1,x(tk+1))>}
subject to

. T N R
x(s)=f {s,x(s),ulg ) (s), u,E ) (s)] , forse [tk,tk+1)

x(t) = x.

Substituting the set of cooperative strategies into (1.2) yields the dynamics of the
cooperative state trajectory in the time interval [tk, tk+1)

-1 a
(mk 1 O)m

£(s) :f[s,x@),w“ O (5, x(s)), T <s,x<s>>], (28)

if type w}* generation k player and type w;*"| generation k — 1 player coexist in
(1, tkH), for s€ [tx,tir1), k€{1,2,--,0} and x(ty) = x, €X.

a1 a Tt . .

Let { x(“’H Py )*(t)} denote the cooperative solution path governed by (2.8).

1=ty

a1 Yk w k=1 @ik )

For simplicity in exposition we denote x(“’H @ )*(t) by x,(”k i) .
To fulfill group optimality, the imputation vectors have to satisfy:

fk l(mk 1 O)mk [h] (t X ) + fk(“’zk= )m [h]( ) _ W[rk’t"“]((”:‘ll m )([ E ) (29)
for 1€ [t 1), 0 € {0l 0k, 0f ) o € {1 0F 1,0l ),
he{ 2, .’C(wfkﬁwfk?])} and kE{O, 1,2, .71)}'


http://dx.doi.org/10.1007/978-981-10-1545-8_BM1
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5.2.2 Individual Rationality

In a dynamic framework, individual rationality requires that the imputation

received by a player has to be no less than his noncooperative payoff throughout

the time interval in concern. Hence for individual rationality to hold along the
) k

. . (w“k 4, )* Tit1
cooperative trajectory 4 x\“ k-1 Tk t) ,
=t

(fk l(mkkll O)w [H] (t7x;k) Vk l(wkkllp)m (Lx;‘) and
ék(wkk’y)wkf—]l[h] (t,xj) > Vk(wk Yok (l‘7 xf)7 (2.10)

forte[tk,tk+1) o €{op, wf, -, 0ft ), ol €dop_ o), 0f L )
he{laza"'aé’(m:",wz’;')} andk€{071727"'7v}7

( kL 3 ‘”Lk)
where x; is the short form for x;

For instance, using the results derived, an imputation vector equally dividing the
excess of the cooperative payoff over the noncooperative payoff can be expressed
as:

g1 (5 0)a U (1,57 = VA 1w 1,0)ait ( *) +0_5[W[fk.,tm](w‘k"j‘,wfk)(t7x;'<)
- kal( @i5H0)o (1, x7) — VR A (1 4], and
gk(m:k,y)m:ﬁ‘[h]( (X ) —v ((u:" Y)w! ([’xt-) 105 [W[tk,tkﬂ](m:k o )(t ¥ )
— VR 0)olf (¢ ey — RO (11, (2.11)

One can readily see that the imputations in (2.11) satisfy individual rationality and
group optimality.

5.3 Subgame Consistent Solutions and Payoff Distribution

A stringent requirement for solutions of cooperative differential games to be
dynamically stable is the property of subgame consistency. Under subgame con-
sistency, an extension of the solution policy to a situation with a later starting time
and any feasible state brought about by prior optimal behaviors would remain
optimal. In particular, when the game proceeds, at each instant of time the players
are guided by the same optimality principles. According to the solution optimality
principle the players agree to share their cooperative payoff according to the
imputations



118 5 Subgame Consistency Under Asynchronous Players’ Horizons

|:§k l(m ,0)”)21 0 (t X*), ék(m‘;k,Y)mk ) (l,Xj)] (31)

>t

over the time interval [tk, tk+1).

To achieve dynamic consistency, a payment scheme has to be derived so that
imputation (3.1) will be maintained throughout the time interval [tk, lk+1)- Follow-
ing the analysis in Chap. 3, we formulate a payoff distribution procedure (PDP)

& *1,0)w [h]
( Jo (s)

over time so that the agreed imputations (3.1) can be realized. Let B;_|

and B( ol (s) denote the instantaneous payments at time se [tks tii1)
allocated to the type w;*"| generation k — 1 (old) player and type ;" generation

k (young) player.
In particular, the imputation vector can be expressed as:

g 1(0f5 0)at [ (t,x,)

Tkt a1 ak a_
— / Blgi)li—l ao)wk [A] (S) €7r(s7tk)ds 4 efr(tH] 7tk)qk71(mk’:11 ) [[k_H ,.X* (fk_H )}
t
tes1 ay q
ék(m:k X)of h ( ) _ / k Blgwkk ¥)a [ (s) o751 g
Ii
Sk+1 g(‘”al 'wlerl )

w”k.w[ a, w
_r tA+l—tk Zﬂ’k«k] Z wg ko k+l)§k(mk",0)(l)k+l[h] (tk+1,xl (tk+1))7 (32)

h=1

for ke{1,2,---,0— 1}, and

51)71((1)%1‘0)0)3”[I1] () = t”“B,Si;"Fl O)wﬁ"[h]( Ye ) dg
R (G ) t,,+1, (tu+1)}
4o (tr— tu)q"<”’v )[t 1, X (%HH 33

Using the analysis in Chap. 2 we obtain a PDP leading to the realization of the
imputation vectors in (3.2 and 3.3) in the following theorem.
Theorem 3.1 If the imputation vector [§k (et 0)ait i ](l,xf),

(o Uh— . . . . .
(et 0)al I (t,x;)] are functions that are continuously differentiable in ¢ and
x7, a PDP with an instantancous payment at time /€ [ty, f541):


http://dx.doi.org/10.1007/978-981-10-1545-8_3
http://dx.doi.org/10.1007/978-981-10-1545-8_2
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@*1,0)w*[h] k—1 ma/i ,0) ok [h)
Blgfkl 1 ) ( ) _ _‘ft ( k ) (t,x;k)
k—1(w;*51,0) % [h] ‘ ok 0wk ok Ykt %
_51 (kl ) (t,x;k)f t’x:’w£7ﬁ1 ) k (ﬂ/ﬁ)ﬂlhék ) k=1 (t,xt)

k1

allocated to the type w;*| generation k — 1 player;

and an instantaneous payment at time ¢ € [lk, lk+1)1

)

B £wZ‘¥Y Yoo ) 0 "
IE e )’”A (

_gl;(mk 1A (
AL g

LX)y

(m:",Y)mk 11 (t,xj)

LX) vy

allocated to the type ;" generation k player,

yields a mechanism leading to the realization of the imputation vector

k1 (07151.0)oi (6,). g ol (z,x,)} forke {1,2,---,v}.

Proof Follow the proof leading to Theorem 3.1 in Chap. 2 with the imputation
vector in present value (rather than in current value). [ |

5.4 An Hlustration in Resource Extraction

Consider the game in which there are 4 overlapping generations of players with
generation 0 and generation 1 players in [[1,12), generation 1 and generation
2 players in [tz,zﬂg), generation 2 and generation 3 players in [t3,#4]. Players are
of either type 1 or type 2. The instantaneous payoffs and terminal rewards of the
type 1 generation k player and the type 2 generation k player are respectively:

{(uk)l/2 i}z”k] andqlxl/z, and [(uk)l/z 61)52”4 andq2xl/27 (4.1)

where the state variable x(s) is the biomass of a renewable resource. u(s) is the
harvest of the generation k extraction firm. The type i € {1,2} generation k extrac-
tion firm’s extraction cost is ¢;u (s)x(s) /.

At initial time #;, it is known that the generation O player is of type 1 and the
generation 1 player is also of type 1. It is also known that the generation 2 and
generation 3 players may be of type 1 with probability ﬂ,ﬁ = 0.4 and of type 2 with
probability 4; = 0.6 in time interval [t #.1) for k€{2,3}.


http://dx.doi.org/10.1007/978-981-10-1545-8_2
http://dx.doi.org/10.1007/978-981-10-1545-8_2
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The state dynamics of the game is characterized by:
xX(s) = a)c(s)l/2 — bx(s) — u,ﬁi’O)j(s) - u,(j’y)i(s), (4.2)

if the old generation k — 1 extractor is of type i and the young generation k extractor
is of type j, for s € I:[k,tk+1) and ke {1,2,3};

x(t;) =x0€X CR,

where u,ii’O)j (s) denote the harvest of the type i generation £ — 1 old extractor and

u,&”y)l(s) denote the harvest of the type j generation k young extractor.

The death rate of the resource is b. The rate of growth is a/x'/? which reflects the
decline in the growth rate as the biomass increases. The game is an asynchronous
horizons version of the synchronous-horizon resource extraction game in Yeung
and Petrosyan (2006b).

This asynchronous horizon game can be expressed as follows. In the time
interval [t3,14], consider the case with a type i€ {1,2} generation 2 firm and a
type j€{1,2} generation 3 firm, the game becomes

ule oy, 12 o
max{/ [”(31’0)]“)} -— ”gl’o)j(s)]exp[—r(s—t3)]ds
13

Mg/Ao)/ X(S)l/z

+ exp[—r(ts — Z3)]Qix([4);}’

mes { [ [70] - fjl/zug”"(s)] expl—r(s — )]s

LUV
3
}a (4.3)
subject to (4.2).
In the time interval [#, f41), fork € {1, 2}, consider the case with a typei € {1,2}
generation k — 1 firm and a type j€ {1,2} generation £ firm, the game becomes

Ut N 1/2 Ci - N
(i,0)j _ i (i,0)f (e
max {/u “uk (s)} x(s)l/zuk (s)} exp[—r(s — tx)]ds

Uy
}’

mos, [ ““g’y)"“)]l/z o ui"’”'(s)]exmr(szk>1ds

l—

+expl-r(ts — 1)]gx(s)

1=

+exp[—r(tis1 — t)]gix(tis1)

W00 00 X(S)1/2
2 fk+2 . 1/2 . :
0) C 0)¢
3 [ [ 0] Sl ) exlrts — nlas
=1 tes1 .X(S)
1
+ exp[—r(tis2 — fk)}qjx(l‘kﬂ)z}, (4.4)

subject to (4.2).
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5.4.1 Noncooperative Qutcomes

In this section we first characterize the noncooperative outcome of the asynchro-
nous horizons game (4.2, 4.3 and 4.4) as follows.

Proposition 4.1 The feedback Nash equilibrium payoffs for the type i€ {1,2}
generation k — 1 firm and the typej € {1, 2} generation k firm coexisting in the game
interval [tk, tk+1) can be obtained as:

VKON (1 x) = exp[—r(t — 1;)] [A;{i,o).f( w2 4 c<i,o)j( )}’ and
Vk(j,Y)i(t7x) = exp[—r(t — t;)] |:A(/: ( )x /2 4 C(IY ( )] (4.5)

forke{l,2,3} and i,je{1,2},

where

AN, Oy, AV (1) and CU (1) satisfy:

o) b 1,0)j :
ALV () = ["Jrg] AL e+ Al Y02
G+ A }
1,0)j 10)
) . P G N el N

st af02 slearain] s+ a2

_ 2 k—1
A00) — ¢ and C\"0) =0, forke{l,2,3};
i1 (ee1) = gpand G737 (t0) = 0, forke{1,2,3}; (4.6)
. bl Gy 1 G
APV = {V+§]Ag'y) (1) — )i uly
2 +a7" (/2] 4[c + A () /2]
AP () A

e, +af" (/2] +8[o + A0/’

Uy = rePM () - EAg’” (), forke{1,2,3};

2
A/EI’Y)I(thfl) — g*"(tk+17t“)zik+1Al(tl~kl) (tk+1) and
=1

2
CW)I(%H) = e ln=h) l/fﬂcgﬁ)g(fkﬂ)’
=1

for ke {1,2}, and Ay (t4) = ¢; and Y (1) = 0. (4.7)
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Proof Performing the indicated maximization in (4.4) and solving the system yield
(4.5). Hence Proposition 4.1 follows. [ |

The solution time paths A,(("_Ol)’ (1), Cg N (p), AO Vi) and Cg’Yﬁ(t) for the system
of first order differential equations in (4.6) and (4 7) can be computed numerically
for given values of the model parameters r, ¢y, ¢», 1,2, a, b, /Q, and /1%.

The game equilibrium strategies then can be expressed as:

X X

5 and ¢ (r,x) =

(0)(y 1) —
e o+ L0 2] e+ 4™ 0]

5.4.2 Dynamic Cooperation

Now consider the case when coexisting firms want to cooperate and agree to act and
allocate the cooperative payoff according to a set of agreed upon optimality
principles. Let there be three acceptable imputations for the extractor firms.

Imputation I: the firms would share the excess gain from cooperation equally with

weights wZ(l) = 0.5 for the generation k — 1 firm and WZ(I) = 0.5 for the

generation £ firm.

@)

Imputation II: the generation k — 1 firm acquires w{ ~ = 0.6 of the excess gain from

Y(2)

cooperation and the generation & firm acquires w, """ = 0.4 of the excess gain.

0(3)

Imputation III: the generation k — 1 firm acquires wk = 0.4 of the excess gain

from cooperation and the generation k firm acquires wk< ) =0.6 of the
excess gain.

In time interval [, #1), if both the generation k — 1 firm and the generation
k firm are of type 1, the probabilities that the firms would agree to Imputations I, I
and III are respectively w,({l’])] =038, w,gl’])z =0.1and w,ﬁhm =0.1,forke{2,3}.

If both the generation £ — 1 firm and the generation £ firm are of type 2, the
probabilities that the firms would agree to Imputations I, I and III are respectively

o' =07, @7 = 0.15 and w*?* = 0.15, for ke {2,3}.

If the generatlonk — 1firm is of type 1 and the generation k firm are of type 2, the
probabilities that the firms would agree to Imputations I, II and III are respectively
o =0.15, @!'"?? =0.75 and w"?* = 0.1, for k€ {2,3}.

If the generationk — 1 firm is of type 2 and the generation & firm are of type 1, the
probabilities that the firms would agree to Imputations I, II and III are respectively

o =0.15, @' = 0.1 and w*"? = 0.75, for ke {2,3}.
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At initial time ¢, the type 1 generation O firm and the type 1 generation 1 firm are
assumed to have agreed to Imputation II.

Since payoffs are transferable, group optimality requires the firms coexisting in
the same time interval to maximize their joint payoff. Consider the last time interval
[£3, #4], in which the generation 2 firm is of type i € {1, 2} and the generation 3 firm is
of type j€{1,2}. The firms maximize their joint profit

[ugi’o)j(s)} 12 _ Lugi'0>j(s)] exp[—r(s — 13)|ds

10, 12 ¢ G0
{ug’ ) (s)} - —flﬂug’ ) () |exp[—r(s — t3)]ds
x(s)
1
+exp[—r(ts — 13)]q;x(ta)* + exp[—r(ts — 13)]q;x(14)? } (4.8)
subject to (4.2).
The maximized joint payoffs of the players in the last subgame interval can be
characterized by the proposition below.

Ol—

Proposition 4.2 The maximized joint payoff with type i € {1,2} generation 2 firm
and the type j€{1,2} generation 3 firm coexisting in the game interval [t3, t4) can
be obtained as:

W[tg.,m](i.j)(t7 x) = exp[—r(t — 13)] {A[tg,m](i.j)(t)xl/z + C[’%“](U)(I)} , (4.9)

where A5 (1) and Cl>410) (1) satisfy:

- b ) 1
Al () = [”E] Al (1 ST A
1 Ci
"2 + AR 02] 4, + Al () 2]

+ G
4fc; + Al (1) 2]
Alsld) () Alsld) ()

+ o 7+
8lei + A (1)/2]" 8 + Al (1) 2]

C i) (5) = planlbd) gy — DAl (g
2 9

A[’3sf4](i”j)(t4) =g+ q; and C[fz,t4](iJ)(t4) =0. (410)
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Proof Invoking the dynamic programming techniques in Theorem A.l in the
Technical Appendices one can obtain (4.9 and 4.10). ]

The solution time paths A#/(4) (r) and Cl3*)() () for the system of first order
differential equations in (4.9 and 4.10) can be computed numerically for given
values of the model parameters r, ¢, ¢», €1, ¢2,a and b.

In the game interval [t3, t4) with type i€ {1,2} generation 2 firm and the type
j€{1,2} generation 3 firm coexisting, if imputation h€{1,2,3} is chosen the
imputations of the firms under cooperation can be expressed as:

g0 (¢ v = V200N (1, x) 4 W§<h> [W[ra,m](u)(t’ x) — V20l (1 x)

— V3UNi(r x)],

UM (1 x) = 3Dz x) 4 wi®) [WIsED (1, x) — V260N (1, x)

— V302 x)]. (4.11)

Now we proceed to the second last interval [tk, tk+1) for k = 2. Consider the case in
which the generation k firm is of type j€{1,2} and the generation k — 1 firm is
known to be of type i = 2. Following the analysis in (2.4) and (2.5), the expected
terminal reward to the type j generation k firm at time #;| can be expressed as:

2 3.
STAS @O (g ), for k = 2. (4.12)

=1 h=1

A review of Proposition 4.1, Proposition 4.2 and (4.11) shows the term in (4.12) can
be written as:

Aig’0>x]/2 +C]E(j70>? (413)
where Ai(j’o) and Ci(’m are constant terms.
The joint maximization problem in the time interval [tk,tk+1), for ke{l,2},

involving the type j generation k player and type i generation k — 1 player can be
expressed as:

Tk+1 SN 1/2 C: PR
(1,0)j _ i [(i,0)j e
o {1 6] ™ = S| oot o~ e
Tkt1 Vi 1/2 Ci V)i
+/ [u,&’y) (v)} f—'fl/zu,g/'y) () |exp[—r(s — #)]ds
()

2
+exp[_r(tk+1—tk)]|: i1 + D A Z A gki0)h rkﬂ,x)]}, (4.14)
(=1 h=1

subject to (4.2).


http://dx.doi.org/10.1007/978-981-10-1545-8_BM1
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The maximized joint payoff of the players in the first two subgame intervals can
be characterized by the proposition below.

Proposition 4.3 The maximized joint payoff with type i € {1,2} generation k — 1
firm and the type j€{l,2} generation k firm coexisting in the game interval
[tk, tk+1), for k€{1,2}, can be obtained as:

Wheteald) (¢ x) = exp|—r(t — 1)) |:A[tkatk+l](ix/)([)xl/2 + Cliwtr)i) (1)}, (4.15)

where Alenl() (r) and Cliet104) (1) satisfy:

. - b - !
A [Wm](hl)(t) = |:r + §:|A[tk1tk+l](h])(t) B 2[6‘, + Alinli) (1 >/2]
1 ‘i
T2+ AT O] 4+ Al 2]
+ .
4[c; + Altwtenl(i) (f)/z]
Altetel( u)(z‘) A[Zk’ml](l‘}j)(t)

8[ci + Altetnl( ()/2] 8[c + Alrotn]G (,)/2]

C lotnl) (1) = pCltetnll) () — ,A[tk,tm](i-j)(,)
2 b

Al (1) = g; 4+ ALV and Clonnl@) (g ) = €09, (4.16)

Proof Performing the maximization operator in (4.14) and invoking (4.13) one can
obtain the results in (4.15) and (4.16). [ |

The solution time paths A *+1104) () and Clte+1104) (1) for the system of first order
differential equations in (4.16) can be computed numerically for given values of the

model parameters r, ¢, g2, €1, €2, @, b, A}, A7, and w}(f‘[) for he{1,2,3} and
Jle{l1,2}.
The optimal cooperative controls can then be obtained as:

w,(ci;()l)j (t,x) = al , and
4[(‘ T+ A [t tiei1] (i) (t )/2]
yd (,x) = a (4.17)

4[6 +Afkfk+1 (i) ( )/2]
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Substituting these control strategies into (4.2) yields the dynamics of the state
trajectory under cooperation. The optimal cooperative state trajectory in the time
interval [, fx11) can be obtained as:

e ! _ a 2
W0 = [0l | 0"+ [ ogsigas | @)
Tk

t
where Q; ) (t, 1) = exp [/ H(,'J)(U)dl):| and
173

b 1 !
Hii S)=—| <
() [2+8[c + Altetnl(i) () /2] +8[6 + Altetinli) (5 )/2] ]

The term x; is used to denote x%(f) whenever there is no ambiguity.

5.4.3 Dynamically Consistent Payoff Distribution

According to the solution optimality principle the players agree to share their
cooperative payoff according to the solution imputations:

NGO (1 x) = V16OV (1, x) i [WHAe )6 (1, x) — V160U, )
— VK¢, x)] ,

NI (1 x) = VEUI (1 x) + w] [W[u,tm](u)(,’x) — VK@) (g, x)
—VEI ()],

for he{l1,2,3},i,j€{1,2} and k€{1,2,3}.

These imputations are continuous differentiable in x and ¢. If an imputation
vector [ék_'(i‘o)j[h](t,x), ék(f‘y)i[”](t,x)] is chosen, a crucial process is to derive a
payoff distribution procedure (PDP) so that this imputation could be realized for

Tit1
t=t;"
Following Theorem 3.1, a PDP leading to the realization of the imputation

vector [ 1EOUM (¢ ) UMM (1, )] can be obtained as:

t€ [t tr41) along the cooperative trajectory {x, }

Corollary 4.1 A PDP with an instantaneous payment at time 7€ [ty f441):

BEO () = 67O 1) - 00 1) | a(a7) " < 7

~ X, X, } (4.19)
4[6 —|—A["”‘” U()/Z] 4[ +A1ktk>l lJ()/z}
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allocated to the type i generation k — 1 player;

and an instantaneous payment at time ¢ € [f, f+1):

By = g0 (¢ 12y _ sG]y ) {a(xl*)l/z .

~ X X ] (4.20)
4[C1+Afkt1<41 lJ( /2] 4[6‘ +Afktk4| ld()/z]

allocated to the type j generation k player,
yields a mechanism leading to the realization of the imputation vector

[1COMH (1 ), UM x)], for ke {1,2,3}, he{1,2,3}andi,j€{1,2}. m

Since the imputations .fk’l(i’o)j [”](t,x) and EVVIM ;) are in terms of explicit
differentiable functions, the relevant derivatives can be derived using the results in
Propositions 4.1, 4.2 and 4.3. Hence, the PDP BV"?"" (1) and BV () in (4.19)

and (4.20) can be obtained explicitly.

5.5 Extension to Stochastic Dynamics

In this Section we extend the analysis to the case where the state dynamics is
stochastic and governed by the stochastic differential equations:

dx(s) =f {s,x(s) u,({wkl 10)e (s), u,(;"k’y)wk" (s)} ds + o[s,x(s)]dz(s),
x(t) = x0€X, (5.1)

forse [lk, Tit ) ,if the type w,, generation k player and the type w,, , generation a;_;
player coexist in the time interval [tk, tes 1) forke{1,2,3,---,0}, and where o[s, x
()] is a n x © matrix and z(s) is a ®-dimensional Wiener process. Let Q[s, x(s)]

= ols,x(s)] o[s,x(s)]" denote the covariance matrix with its element in row A and
column ¢ denoted by th[s, x(s)].

5.5.1 Noncooperative Outcomes and Joint Maximization

Following the analysis in Sect. 5.1 of this Chapter and Sect. 3.1 of Chap. 3 a
counterpart of Lemma 1.2 characterizing the noncooperative outcomes of the game
the stochastic dynamic problem (1.3, 1.4, 1.5, 1.6 and 5.1) can be obtained as
Lemma 5.1 below.


http://dx.doi.org/10.1007/978-981-10-1545-8_3
http://dx.doi.org/10.1007/978-981-10-1545-8_3
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. wﬂ‘f],O ok ", Y )ik
Lemma 5.1 A set of feedback strategies { ,E_kl‘ Joi (t,x); ,E )i (t,x)}
constitutes a Nash equilibrium solution for the game (1.3, 1.4, 1.5, 1.6 and 5.1), if
there exist continuously differentiable functions et (et 0)al! (#, %) : [tes te1] ¥

R™ — Rand V(e V)0l (t,x) @ [te, ter1] X R™ — R satisfying the following partial
differential equations:

@ ¥)@! 1 & @ 0)w™!
—VTE 1) =5 D @ VIO (1)
h, (=1

a -1 0) o™ (—
= max {gv(“’" ) [t,x, ¢5 v ) (Lx),uf]e r(t=t)

u,

SV o O |

a,_|

yelolr Dol o >f e I 1,300 )y and

s k— . i
—V (mk . ,0 a)k Z th Ahxl(a)k . ,O)wL (2‘7)()
h ,¢=1
~1

= max {gkl(aul) {t x, uk ¢£m Yok (t,x)] o= =1)

L

k=1(w*71,0)

+Vy S f {t, xuf, (/J,Ew:k’y)wkA 0 (t,x)} }

yr (@ 0w (trr1,%) = e"'(’Hl"k)qk*l(“’Zﬁ' )(tkﬂ,x), and
k w%,Y w1 1 n k a}?k,Y w@i’l
_Vt( k ) k-1 (t,x) _EZQM(I’X> Vxh(ng ) k-1 (t,x)

h, =1

_ (k,ax) (Akll70) Y| —r(t—t)
_m%x{g k [Lx, P ,up e

e

o ¥ )1 0)w
+ Vf( k 'Y) k—1 ([’ x)f |:t x ¢£ k— l 0) k 7”kY:| }
Sk+1

Vk(“’k Y)wk! (tey1,%) = € Pt e Z/lk+ Vk o}’ )“’f+1(zk+l’x)7 (5.2)
(=1

forke{l,2,---,0—1}.
Proof Follow the proof of Theorem 1.1 in Chap. 3. [ ]

Now consider the case when coexisting players want to cooperate and maximize
their joint expected payoff. Following the analysis in Sect. 5.2, the joint


http://dx.doi.org/10.1007/978-981-10-1545-8_3
http://dx.doi.org/10.1007/978-981-10-1545-8_3
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maximization problem in the time interval [tl,, tyt 1) involving type @’ generation v
player and type w,""| generationv — 1 player can be expressed as the expected joint
payoff

fo1 Gy @01 P e wu” 1
B[ (D st T 0l )
ty
ap [0) o1 o® w”v—l
+ gv@”) |:S,X(S),M5 o 0)ai (s),ul(, e (s)})er“’")ds

+emlMQ"W%%mbmmn+wwmmeHM}, (5.3)

subject to (5.1).
The joint maximization problem in the time interval [tk,tk+|) for

Ai—1

ke{l1,2,---,0 — 1}, involving the type w;* generation k player and type w{|
generation k — 1 player can be expressed as the maximization of the expected joint
payoft:

/38 1 o'k o'k Y-
Etk{/ <gk l(‘”k | )|:S’x(s)’u£ k-1 70) k (S)’ulg 3 VY) k-1 (S):|
13
<, w, w ﬂ) [} -1
_|_gk(mk’<) |:S,)C(S), /E k-1 70) (s>’ulg Y) k-1 (S):| )er(stk)ds

+ e (=) ( k=1(05) [tks1, X(tet1)]

Skt1 g(”l» O 1) (m“k ! ) a ,
+ Z/’llé_l wh k Ykt ik(wk _0)(01\“[}1] (l‘k+1,x(tk+1))> }, (54)
=1

h=1

subject to (5.1).

Following the analysis in Sect. 5.2 a counterpart of Theorem 2.1 characterizing
an optimal solution of the problem of maximizing (5.3) and (5.4) subject to (5.1)
can be obtained as Theorem 5.1 below.

k— 1‘0 Ak ”lx7y k—1 X
Theorem 5.1 A set of controls {wlgw‘l ' 0)i (¢, x); wlgwk Joits (¢, x)} constitutes

an optimal solution for the control problem (5.1, 5.3 and 5.4), if there exist

continuously differentiable function W““'”‘lwzi?w?)(t,x) ¢ [t ter) X R™ — R
satisfying the following partial differential equations:
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forkE{l 20— 1} (5.3)

Proof Follow the proof of Theorem A.3 in the Technical Appendices we obtain the
conditions characterizing an optimal solution of the problem (5.1), (5.3) and (5.4) as
in (5.5). [ |

In particular wlictnl (0" @) (,x) gives the maximized expected joint payoff of
the type w{* generation k player and type w{“| generation k — 1 player at time ¢
€ [tky try1] w1th the state x in the stochastic control problem

max

U1 )“k (ak )”k—l
( i1 0)% oY)l
L

A

B { [ (1) [s,x<s>, O 9 )
# 2 0) [aa(0) " (9, T 9] Y eomag
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P USSEY) ( qk—l (w,fll

Skl g(‘”ak ‘”k[+1)
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leﬁq Z wg e Pk 1)51(( ;(A.O) {+l[h](tk+19x(tk+l)))}7

h=1

) [trr1s X(tkg1)]
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subject to
_r (w-1,0)ax (or,Y )wr-1 _
dx(s) = 1 [s.x(), 1" O ), 1" (5)| s + s, x(5)]d=(s), x(0) = .

Substituting the set of cooperative strategies into (5.1) yields the dynamics of the
cooperative state trajectory in the time interval [tk, fk+1)

()me) @“mw@mmwﬁ”w”mmmks
+o[s, x(s)]dz(s) (5.6)

if type w;* generation k player and type w;*"| generation k — 1 player coexist in

[tk, l‘k+]), for se [Ik, lk+]), ke {1,2, ,U} and X(tk) = Xy eX.
We denote the set of realizable states at time ¢ from (5.6) under the scenarios of
%)
different players by X( ol) ,for t€ [ty, t41) and k€ {1,2,---,v}. We use the
( 1 g kAk) ( kk'l’w"ﬂ)*ext( ?Allwkkk)*

term X, by x, to denote an element in
m"k—]’mukk * ) m"k—l’mukk * )
X,( ot . The term x! is used to denote x,( olt) whenever there is no

. . . . . . .. ”kil uk k ’/\ ! ’wul‘
ambiguity. For simplicity in exposition we also use x(wH ik )*(t) and x( ol

inter-changeably.

5.5.2 Subgame Consistent Solutions and Payoff Distribution

Now consider the case when coexisting players want to cooperate and agree to act
and allocate the cooperative payoff according to a set of agreed upon optimality
principles. Again in the time interval l:t](,[k+1) the probability that the type w{*
generation k player and the type w{*"| generation k — 1 player would agree to the
solution imputation

g (01,0 ‘A[h](t,x), ék( ¥ )ats l[h](t,x)} over the time interval [f;, f1), is

Cl a1
(w[ 1 w"‘) (wk—l “k ) (wak,I wak)
w, ' 7"/ where w, ' 7"/ = 1. At time ¢, the agreed-upon imputa-
h h
h=1

tion for the type ) generation 0 player and the type w} player are known.

Following the analysis in Sect. 5.3 a counter-part of Theorem 3.1 which derives
the PDP that yields a subgame consistent solution for the cooperative game (5.1)
and (5.3, 5.4) can be obtained in the theorem below.
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. . aj % . aj “’A
Theorem 5.2 If the imputation vector {5" a5 0)w 1] (1,x)), (@ 0)arty!
(t, xf)], are functions that are continuously differentiable in # and x;, a PDP with
an instantaneous payment at time ¢ € [, f11):

0" 1,0)w;* —1(w;*1,0)w* h i
BT ) - - O )

Z th 1, 1 /ih;(wk 10)ok ([’ x:‘)

hgl

_ k IA w"k " " k-1 " (Uavk, w“k—l *
=g O el O )T )| 5)

akl

allocated to the type w;*"| generation k — 1 player;

and an instantaneous payment at time ¢ € [tk, lk+1)!

&% 7)1
gt )

@k Y )ik * 1 & % ok Y )ik i
_€t< e [h](t7xt) _Ezghl(t’xt) figwk i (t7xt)

hy =1
Uk~ Uk U U1
_ 5];(‘” ’ )“’L i) (l,x;k)f|:l‘ X;»‘/’/E kl 1 ‘O)wk (f,x;k),llllgwk 7Y)“’k71 (fo)

allocated to the type ;" generation k player,

yields a mechanism leading to the realization of the imputation vector

e 00 1), 0] or ke 1,2,+-,0)

Proof Follow the proof leading to Theorem 3.1 in Chap. 3 with the imputation
vector in present value (rather than in current value). |

5.6 Chapter Notes

This Chapter considers cooperative differential games in which players enter the
game at different times and have diverse horizons. Moreover, the types of future
players are not known with certainty. Subgame consistent cooperative solutions and
analytically tractable payoff distribution mechanisms leading to the realization of
these solutions are derived. Finally, the overlapping generations of players can be
extended to more complex structures. The game horizon of the players can include
more than two time intervals and be different across players. The number of players
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in each time interval can also be more than two and be different across intervals.
Hence, the analysis can be formulated as a general class of stochastic differential
games with asynchronous horizons structures. An analysis on subgame consistent
cooperative solutions in stochastic differential games with asynchronous horizons
and uncertain types of players can be found in Yeung (2012).

5.7 Problems

1. Consider the game in which there are 4 overlapping generations of players with
generation 0 and generation 1 players in [O, 2), generation 1 and generation
2 players in [2,4), generation 2 and generation 3 players in [4, 6]. Players are of
either type 1 or type 2. The instantaneous payoffs and terminal rewards of the
type 1 generation k player and the type 2 generation k player are respectively:

1 2
|:2(I/lk)1/2 —xl/zuk} and ¢;x'/?; and {(uk)l/z - xl/zuk} andg,x'/?,

where the state variable x(s) is the biomass of a renewable resource. u(s) is the
harvest of the generation k extraction firm. The type i€{l,2} generation
k extraction firm’s extraction cost is c,—uk(s)x(s)fl/ 2,

At initial time O, it is known that the generation 0 player is of type 1 and the
generation 1 player is also of type 1. It is also known that the generation 2 and
generation 3 players may be of type 1 with probability A' = 0.4 and of type
2 with probability 1> = 0.6.

The state dynamics of the game is characterized by:

x(s) = le(s)l/2 — 2x(s) — u,(f"o)j(s) - u,g’y)i(s),

if the old generation k — 1 extractor is of type i and the young generation
k extractor is of type j, for s€ [tk,fk+1) and k€{1,2,3} with 1, =0, t, =2
and 13 = 4; and x(0) = 30,

where u,(f"o)j (s) denote the harvest of the type i generation k — 1 old extractor

and u,&"’m(s) denote the harvest of the type j generation k young extractor. The
discount rate is 0.05.
Characterize the non-cooperative feedback Nash equilibrium for the genera-
tion O player and generation 1 player game.
2. Construct a subgame consistent cooperative solution in which all types of
players would accept the imputation which shares the excess cooperative gains
(over the individual payoffs) equally among themselves.



	Chapter 5: Subgame Consistency Under Asynchronous Players´ Horizons
	5.1 Game Formulation and Noncooperative Outcome
	5.1.1 Game Formulation
	5.1.2 Noncooperative Outcomes

	5.2 Dynamic Cooperation Among Coexisting Players
	5.2.1 Group Optimality
	5.2.2 Individual Rationality

	5.3 Subgame Consistent Solutions and Payoff Distribution
	5.4 An Illustration in Resource Extraction
	5.4.1 Noncooperative Outcomes
	5.4.2 Dynamic Cooperation
	5.4.3 Dynamically Consistent Payoff Distribution

	5.5 Extension to Stochastic Dynamics
	5.5.1 Noncooperative Outcomes and Joint Maximization
	5.5.2 Subgame Consistent Solutions and Payoff Distribution

	5.6 Chapter Notes
	5.7 Problems


