Chapter 4

Subgame Consistency in Randomly-
Furcating Cooperative Stochastic
Differential Games

An essential characteristic of time — and hence decision making over time — is that
though an individual may, through the expenditure of resources, gather past and
present information, the future is inherently unknown and therefore (in the math-
ematical sense) uncertain. There is no escape from this fact, regardless of what
resources the individual should choose to devote to obtaining data, information, and
to forecasting. An empirically meaningful theory must therefore incorporate time-
uncertainty in an appropriate manner. Important forms of structure uncertainty
follow from uncertainty of payoffs and perturbing stochastic state dynamics.
Causes of structure uncertainty include (a) Imprecise or incomplete knowledge
about the game’s payoffs over time — the benefits and costs from playing are
generally known only probabilistically, and (b) imperfect knowledge regarding
the behavior of the game’s state variables — generally, how the game evolves
over time is only known probabilistically. To meet the challenges following from
structure-uncertainty, randomly-furcating stochastic differential games allows ran-
dom shocks in the stock dynamics and stochastic changes in payoffs. Since future
payoff are not known with certainty, the term “randomly-furcating” is introduced to
highlight the fact that a particularly useful way to analyze the situation is to assume
that payoffs change at any future time instant according to (known) probability
distributions defined in terms of multiple-branching stochastic processes (see
Yeung (2001) and Yeung (2003)).

This Chapter presents an n— player counterpart of the Petrosyan and Yeung’s
(2007) 2-player analysis on subgame-consistent cooperative solutions in
randomly-furcating stochastic differential games. The organization of the
Chapter is as follows. Section 4.1 presents the basic formulation of randomly-
furcating cooperative differential games. Section 4.2 presents an analysis on
subgame consistent dynamic cooperation of this class of games. Derivation of a
subgame consistent payoff distribution procedure is provided in Sect. 4.3. An
illustration of the solution mechanism is given in a cooperative fishery game in
Sect. 4.4. Subgame consistency in infinite horizon randomly-furcating cooperative
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differential games is examined in Sect. 4.4. Chapter notes are given in Sect. 4.5
and problems in Sect. 4.6.

4.1 Game Formulation and Noncooperative Outcomes

Consider a class of randomly furcating stochastic differential game in which there
are n players. The game interval is [#), T]. When the game commences at #,, the
payoff structures of the players in the interval [to, tl) are known. In future instants
of time # (k=1, 2, ---, m), where ty < t,, < T=t,,;1, the payoff structures in
the time interval [tk, tk+1) are affected by a series of random events 0. In particular,
©" for k € {1, 2, ---, m}, are independent and identically distributed random
variables with range {6,0,, ...,0,} and corresponding probabilities {4, 4,

..,A,}. Changes in preference, technology, legal arrangements and the physical
environments are examples of factors which constitute the change in payoff struc-
tures. At time 7 a terminal value ¢'(x(T)) will be given to player i. Specifically
player i seeks to maximize the expected payoff:

EtO{J‘g[iﬂS] [5,(8), 11 (8),12(5), - - - 14 ()] e~ dls

to
m_n Th1 [1‘6”’] —r(s—to) —r(T—ty) i
+ ZM gLl [s.x(5). 1 ()12t ()] 7070 TG x(T)) .
h=1a,=1 In
forie{1,2,---,n}=N,
(1.1)

where x(s) € X C R is a vector of state variables, Q(ﬁ’k € {91,92, ...,9,7} for
ke{l,2,---,m}, 0, = 68 is known at time 7o, r is the discount rate, u; € U’ is the
control of player i, and E;, denotes the expectation operator performed at time #.
The payoffs of the players are transferable.

The state dynamics of the game is characterized by the vector-valued stochastic
differential equations:

dx(s) = fs,x(s), ui (s), ua(s), - - -, un(s))ds + o[s, x(s)]dz(s),
x(to) = xo, (1.2)

where o[s, x(s)] is ak X vmatrix and z(s) is a v -dimensional Wiener process and the
initial state xo is given. Let Q[s, x(s)] = o[s,x(s)]o[s.x(s)]" denote the covariance
matrix with its element in row /4 and column ¢ denoted by Q’lg[s,x(s)]. u; € U;
C compR" is the control vector of player i, for i € N.

To obtain a Nash equilibrium solution for the game (1.1 and 1.2), we first
consider the solution for the subgame in the last time interval, that is [¢,,, T]. For
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the case where 0 € {61,6,, ...,0,} has occurred at time instant f,, and
x(tw) = x,, € X, player i maximizes the payoff:

T
Etm{J g[fgam][v x(8),u1 (s), uz(s), - - - up(s)) e—T(5=10) g

I

+q (x(T))e ")

x(tm) = sz}v (1.3)

subject to
dx(s) =f[s,x(s), u1(s),uz(s), - - -, un(s)]ds + o[s,x(s)]dz(s), x(tn) = x,,.  (1.4)

The conditions characterizing a Nash equilibrium solution of the game (1.3 and 1.4)
is provided in the lemma below.

Lemma 1.1 A set of feedback strategies {ufmw"“ (1) = ¢€m)9“”;1 (t,x);i € {1,2} and

1

t € [tm, T]} constitutes a Nash equilibrium solution for the game (1.3 and 1.4), if

there exist continuously differentiable functions Vi[afx";r](m)(t, X) : [tm, T] X R* — R,
for i € {1,2}, which satisfy the following partial differential equations:

o | O | (m)

0 - 33 @ v

hy¢=1
= max {g[’ﬂqm} [IX u; o ¢ o (1, )}["V”“)
o ey

+V, [efﬁ,]w)(t, x)f {t, X, u§"1)6$”@(vn\139m (& x)} } nd
VI (T, x) = e T g (x), fori €N, jeN and j#1i, "
where

9’11 (n1)6n7
i—1

(m)o, (M8, (mo,
[ 000 57 0, 1), 0 1) 1 1,

Proof System (1.5) satisfies the optimal conditions in stochastic dynamic pro-
gramming in Theorem A.3 in the Technical Appendices for each player and the
Nash equilibrium condition (1951). Hence Lemma 1.1 follows. |

For ease of exposition and sidestepping the issue of multiple equilibria, we
assume that a particular noncooperative Nash equilibrium is adopted in the entire
subgame. In order to formulate the subgame in the second last time interval
[t,,,_l,tm), it is necessary to identify the expected terminal payoffs at time z,,.
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If 6, occurs at time ,,, one can invoke Lemma 1.1 and obtain player i’s payoffs
at time #,, as V' [o ] 0m) (tm, Xy, )- Note that yilea, Jm (tm, Xy, ) gives the expected payoff
to player i for playing the subgame in the last interval if 9;’; occurs at time 7,
Taking into consideration of all the possibilities of )’ & {61,6,, ....0,}, the

expected payoff to player i for playing the subgame in the last interval payoff
can be obtained as:

Zz Vil g, v, ). (1.6)

The expected terminal payoff of player i, for i € N, in the subgame over the time
interval [t,,_1,,] is reflected by (1.6) under the assumption that a particular Nash
equilibrium is adopted in each of the possible subgame scenarios in the time
interval [¢,,,T]. If 9’" 1 S {91,6’2, ...,9,7} occurs at time t,_;, the subgame in
the time interval [tm,l, t,,,} can be formally set up as:

Iz . am—
max £, { J gl s, x(s). 10 (), ua (). ua(5)) €770~

Ly

+Z/1 VA1 (1, x(6))] X(tor) :xfml},fori eEN (1.7)
subject to

dx(s) = fls,x(s),ui (s), ua(s), - - -, un(s)]ds + ols, x(s)]dz(s),

Xtye1) =2, , €X (1.8)
Similarly, if ka €{601,65, ...,0,} occurs at time #; the subgame in the time

interval (1, tx11), for k € {0,1,2,---,m — 2} can be set up as:

max { JH] g[l esz] [S X(S),M1(S),u2(s), .. ',un(s)] o~ 5=10) g

Ui 1

+Zi Vl kH fk+1,x([k+l))

x(t) _xtk},forieN, (1.9)

subject to

dx(s) = f[s,x(s),ui (s), uz(s), - - -, un(s)]ds + ol[s, x(s)]dz(s),
x(tx) =x, €X. (1.10)

Following Lemma 1.1 a Nash equilibrium solution of game (1.1 and 1.2) can be
characterized by the following theorem.
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Theorem 1.1 A set of feedback strategies {u G (1) = d)(m)e"’?;’ (t,x),fort € [tn, T},

(k)05 (k)05 .
w, “(t)=¢; “(t,x), for 1€ [fr.tr1), k€{0,1,2,--,m—1} and i€ N},

contingent upon the events 9;"”’ € {6’1,62, ...,6,7} and Hﬁk € {61,92, ...,6,7}
for k€ {1,2,---,m — 1} constitutes a Nash equilibrium solution for the game
(1.1 and 1.2), if there exist continuously differentiable functions Vi[eff;r](m)(t, X):

s T) % R — Rand V%) ® (1 ): [t 1] x RS = R, fork € {0,1,2,---,m — 1}
and i € N, which satisfy the following partial differential equations:

ifo ] (m) 1 i i[om (m)
_ylenlen Z Qs I
t ( ’ x) 2h = ( ) V,\hv ( ) 'x)

= max {g[.gﬂm} [; X, u( )%’ﬂ(\;@ an (¢, x)} r(t—to)

uf.}"”’ cU’
+Vi[€$”](m)(t, xX)f [t, X, ufnl)g(",”” , 47}(&73.9‘% (t, x)} }, and
V(7 x) = erTogi (o,
ilos Joo P TARCALC
v, (1) =5 Q) V (1)

=1
. k k
= Mmax {8[1’%] [t,x, u<k>0uA l/’z(\f\)zauA (¢, x)} r(t=to)

gfu U
k

i|6F | (k K)ok k)gk
—|—VX[ “k]( >(t,x)f {t, X, u,( ) ”",gbl(v\)i “(, x)] }, and

: k
V1[9,,k tk+17 Zﬁ' Vz k+] fk+1,x),

forie Nand k € {0,1,2,---,m — 1}.

Proof The results in Theorem 1.1 satisfy the optimal conditions in stochastic
dynamic programming in Technical Appendix A.3 for each player and the Nash
equilibrium condition (1951). Hence Theorem 1.1 follows. [ |

Two remarks given below will be utilized in subsequent analysis.

i |0F i (15—
Remark 1.1 One can readily verify that V [o2] <k)(tk,x,k) =V AL (g, x, e 1)
is the expected feedback Nash equilibrium payoff of player i in the game

max{
Ui

n o+ (k
+e7r(1k+1*1k>§ /1,171[65 1]““)(&“,)(([”1))

fori € N,

J:M g[i’g"kk] [s,(s), u1(s), ua(s), - - -, tn(s)] e "5 gy
o) = .
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subject to

dx(s) = f[s,x(s), u1(s), ua(s), - - -, un(s)]ds + ols, x(s)]dz(s),
x(ty) =x, €X.

—i|e* T
Remark 1.2 One can also readily verify that 1% Al (7,x;) =

%4 Mk] () (z,x.)e’ ) fort € [tk, tk+1), is the expected feedback Nash equilibrium
payoff of player i in the game

max { J gl [ xs) 0 (5) ). () e s

w:
! T

n k+l
4 et TZ ple e fk+1,x(’k+l))

x(7) zxf}, for i €N,

subject to

dx(s) = f[s,x(s),u1 (s), uz(s), - - -, un(s)|ds + ols, x(s)]dz(s),
x(r) =x, €X.

4.2 Dynamic Cooperation

Now consider the case when the players want to cooperate and agree to act and
allocate the cooperative payoff according to a set of agreed upon optimality
principles. The agreement on how to act cooperatively and allocate cooperative
payoff constitutes the solution optimality principle of a cooperative scheme. In
particular, the optimality principle includes:

(i) an agreement on a set of cooperative strategies/controls,
and
(ii)) a mechanism to distribute total payoff between players.

Both group rationality and individual rationality are required in a cooperative
plan. Group rationality requires the players to seek a set of cooperative strategies/
controls that yields a Pareto optimal solution. The allocation principle has to satisfy
individual rationality in the sense that no player would be worse off than before
under cooperation.

4.2.1 Group Rationality

Since payoffs are transferable, group rationality requires the players to maximize
their expected joint payoff
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E{ > " B s 1(5).101 (5, 126), - (5)] €76

j=171

+ZZZA‘%J.’M 8 /0 a" [S x(s)’ Ui (S), M2(S), .- -,un(s)] e =) gg

j=1 h=1lay=

+ er(Tfo)Zqi(x(T))} (2.1)
j=1

subject to (1.2).

We solve the control problem (2.1) and (1.1) in a manner similar to that we used
to solve the game (1.1 and 1.2). In particular, an optimal solution of the problem
(1.2) and (2.1) is characterized by the theorem below.

(m)or

Theorem 2.1 A set of controls { ufmw“”;’ (t)=w,;, “(t,x), for t€ty,T];

Ko} K)ok
uﬁ)“‘(t):y/l(.)"k(t,x), for ¢ € [t,tr41), k€{0,1,2,--,m—1} and i €N},

contingent upon the events 6;' and thk constitutes an optimal solution for the
stochastic control problem (2.1 and 1.2), if there exist continuously differentiable
functions W[ef:ﬂm](m)(t, X) : [tm, T] X R* — R and W[effk] (k)(t,x) [tk ter1]) X R — R
for k € {0,1,2,---,m — 1} which satisfy the following partial differential equa-
tions:

i

oz ) N )
e <r,x>—529’14<r,x>wb£ (.9
h(l

_ [iom] ( )0, (m)ﬂa"lﬂ (M0, —r(1—te)
g . 0 . g ‘m y 2 RN U e
ulam Gm .. am

—&-W;Le“’"]( )(t,x)f {t,x, uim)g"”’,u;m)g"”’, . ',u,(zm)g‘g”ll} }, and

j=1
0k | (k 1 <& 0 | (k
_ W,[ “k]( )(t,x) - Z th(t,x)W[h‘_"]( )(t,x)
2,1 — X .X
, (=1
_ ‘]GL )9{; (k>€(§k . (k)e(]l(k _r([_[k)
= rgr;ax ” { Zg [tx wy o oy e Uy e

ul ,Mz ,',M2

k k k
wl "*']“)(a X)f [f ui% aty ey } } and

A CATCT. Zz Wl ® (1,1 %), fork € {0,1,2,--,m — 1).
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Proof Following the argument in the analysis in Sect. 4.1 we obtain
r] m

Z AQW[HH k1) (thrl S Xi ) as the expected terminal value for the stochastic control
a=1

problem in the time interval [t;, #x41], for k € {0, 1,2, --,m}. Then direct applica-
tion of the stochastic control technique in Theorem A.3 in the Technical Appendi-
ces and the Nash equilibrium condition yields Theorem 2.1. ]

Hence under cooperation the players will adopt the cooperative strategy

h)e! h)e" h)o!
{y/w K (t,x),y/(z) “(t,x), - -,WE,I) ““(t,x)| in the time interval [th,t/,+1) if 6, €

1

{61,6,, ....0,} occurs at time 1,, for he€ {0,1,2,---,m}. In a cooperative
framework, the issue of non-uniqueness of the optimal controls can be resolved
by agreement between the players on a particular set of controls. Substituting the set
of cooperative strategy into (1.2) yields the dynamics of the cooperative state
trajectory in the time interval [tk, tk+1) fork € {0,1,2,---,m} as

dx(s) = f [s,x<s>, W% (5 (5)) s s, x(5)), (s,x<s>>} ds

+ols, x(s)]dz(s), (2.2)

x(ty) = xq, for s € [tk, tk+1), if G(fk € {61,92, e ,6,7} occurs at time 7.

For simplicity in exposition we denote the set of state variable realizable at
time  according to (2.2) by X}, and use x; to denote an element in X} that would
occur.

Finally, similar to Remarks 1.1 and 1.2 we have two results that will be utilized
in subsequent analysis:

Py .
Remark 2.1 One can readily verify that W [oz ) (tr,xp) =W A (tg, xp)e" =10

is the maximized value of the stochastic control problem

Upy Uy ey Uy

(et .
max EIL { ZJ gl:j’gjk] [S,X(S), uj (s)’ U (S), EEEN M,,(S)] e*l'(S*lk)ds

Jj=1 h=k+1lay=1

+e"<“k>iqd‘<x<f>>}
=

subject to

dx(s) = f[s,x(s),ui (s), ua(s), - - -, un(s)|ds + ols, x(s)]dz(s),
x(t) = x, €X.
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Remark 2.2 One can readily verify that

k

W[e“f*] (k)r(f,xf) = W[Hak] ®(z,x,)e' ™) forr € [testir)

is the maximized value of the stochastic control problem

max Er{ ZJIH] 8 [jﬂ;k} [s,(8), u1(8), ua(s), - -+, tn(s)] e "6 g

subject to

dx(s) = f[s,x(s),u1(s), ua(s), - - -, un(s)ds + ols, x(s)]dz(s), x(z) = x, € X.

4.2.2 Individual Rationality

Assume that at time #, when the initial state is xy the agreed upon optimality
principle assigns a set of imputation vectors contingent upon the events ) and
o) for 0! € {6,,0,, ....60,} andh € {1,2,---,m}. We use

|:§1 [08](0) (l‘o,)(,'()), 52[68] ©) (tO,XO), Y 5"[68] © (t07x0):|

to denote an imputation vector of the gains in such a way that the share of the ith

player over the time interval [, T] is equal to & [¢) 0 (t0,x0)-
Individual rationality requires that

55[98](0”0 (l‘(),)(()) > Vi[gg](o)(t(),x(,),fori e N.

In a dynamic framework, individual rationality has to be maintained at every instant
of time ¢ € [fy, T] along the cooperative trajectory. At time ¢, for t € [to, tl), if the
players are allowed to reconsider their cooperative plan, they will compare
their expected cooperative payoff to their expected noncooperative payoff at that
time. Using the same optimality principle, at time ¢, for ¢ € [to, tl), an imputation
vector will assign the shares of the players over the time interval [¢,7] as
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{51[93] (O)f(t, x), 52[900](0>’ (t,x), 5"[98}(0” (s, xf)} (in current value at time ). Indi-

vidual rationality requires that

At time t,, for he {1,2,---,m}, if th S {91,92, ...,9,1} has occurred and
the state is xfh, the same optimality principle assigns an imputation vector

[51 Loz, ] e (tmx;kh) N Loz, J e (t’“x;) L Loz, J e <th,x:1)] (in current value at

time #;,). Individual rationality is satisfied if:

55 [ajh] (h)ty (l‘h,x;) > Vv [9:11} (B}t (l‘h X ) fori e N .

b fh

Using the same optimality principle, at time ¢, for ¢ € [th,thﬂ), an imputation
vector will assign the shares of the players over the time interval [z,T] as

&l [90’2]“’”(1 X)), & [9ahh](”)’(t )y [95'/1}(/”’([,)(?)] (in terms of current value

7t 1t

at time #). Individual rationality requires that
h

gf[ga"zz](”)f(r,xf) > Vi[e“h](h)t(t,xf), fori € N,t € [ty,ty1) and h € {1,2,- -, m}.

4.3 Subgame Consistent Solution and Payoff Distribution

A stringent requirement for solutions of cooperative stochastic differential games to
be dynamically stable is the property of subgame consistency. Under subgame
consistency, an extension of the solution policy to a situation with a later starting
time and any feasible state brought about by prior optimal behaviors would remain
optimal. In particular, when the game proceeds, at each instant of time the players
are guided by the same optimality principles, and hence do not have any ground for
deviation from the previously adopted optimal behavior throughout the game. A
dynamically stable solution to the randomly furcating game (1.1 and 1.2) is sought
in this section.

4.3.1 Solution Imputation Vector

According to the solution optimality principle the players agree to share their
cooperative payoff according to the following set of imputation vectors
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—fl[gg](o)(fmxo)’ 52[03}(0)0073(0)’ o el] (O)(foﬂfo)} at time fo,
07 (1), 2107 (1, ), 1RO 1, | fore € [r0, 1),
BIGAC (th’x;:)’éz ZA0) (th»x;;)" Lerlen]m (m,xi})} at time £,
forG;’Zh €{601,6,, ....0,}andh € {1,2,---,m},

g A 01 (g7, & o2 ] (e (,0), - & [02,] "z, x;k)]

fort € [t th41)and@)) € {61,0,, ....0,} andh € {1,2,--- m}. (3.1)
Since (3.1) is guided by a solution optimality principle group optimality and
individual rationality are satisfied.

The solution imputation g [e;k] (k) (t, x:) may be governed by many specific
principles. For instance, the players agree to maximize the sum of their payoffs and

equally divide the excess of the cooperative payoff over the noncooperative payoff.
The imputation scheme has to satisfy:

Scheme 3.1

5"[%}(") (tk,x:,) _ V,’[e,ﬁ,]&) (tk,x;;,) +%{ W[eﬁ;]@) (t]“x;)
_Zvj [Gﬂkk] (*) ([k7x:) :| , and
=1

k

gilos] W) =V [o2] ®r(1,37) +%[ wloa]w (t,”xfk)

n .
_va[eﬁk]@)z(tk’xj) ]
=1 '
fori € Nandt € (t, tiy1)-
. . . i[ek ] (k)z # .
As another example, the solution imputation & L™« (t, X, ) may be an allocation

principle in which the players allocate the total joint payoff according to the relative
sizes of the firms’ noncooperative profits. Hence the imputation scheme has to satisfy

Scheme 3.2

—i[9:]<k>( )
éi[a:k](k)(fk,xZ): v Tg, X,

z":vf [o2 ] w) ( " XZ)
=

il Jwe,
= nV C ) W[g”kk]<k)t(t,xj), fori € N and 7 € (fg, t511).
> v )
=

wles]w (tk,xZ), and
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Crucial to the analysis is the formulation of a payoff distribution mechanism
that would lead to the realization of Condition (3.1). This will be done in the next
subsection.

4.3.2 Subgame-Consistent Payoff Distribution Procedure

First consider the cooperative subgame in the last time interval, that is [#,,,T] in
which 0" € {61,6,, ...,6,} has occurred at time 7,,. To maximize expected joint
payoff the players

n T
max E,”,{ZJ V00 s, x(s), ur (5), un(s), - - -, (5)] e ") ds

Uiy Uy oy lly —
j=1"tm

i+ e—"“"m)zﬂ:q“ (x(T)) } (32)

subject to

Y
=
PN

~— \h/
|
-
kg
=
—
=)
=z
=
—
=)
~—
S

[ S)
—
©
~—
=
=
=~
[
=
IS
=)
+
Q
kg
=
PN
[
=
QU
[N}
—~
NG¥

) (33)

According to (3.1) the players agree to share their cooperative payoff according to
the imputation

{ RICAIG (,m, X ),52[@7#]“’)’” (tmv Xfm) gl (f'm xfmﬂ '

tm

Following Yeung and Petrosyan (2004), we formulate a payoff distribution over
time so that the agreed imputations can be realized. Let the vectors

[Bge“”’)m(s),Bgea’”)m(s), ey B,(le””‘)m(s)} denote the instantaneous payoff at time

§ € [tm, T] for the cooperative subgame (3.2 and 3.3). In other words, player i, for

m
(0%, )m

i € N, obtains an instantaneous payment B, ) (s) at time instant s. A terminal
value of ¢'(x}) is received by player 7 at time 7.

(02, )m

In particular, B,
subgame in the sense that

(s) and ¢'(x;) constitute a payoff distribution for the

oz (m)in *
5[ “"'](WOZ (t’n?xtm)

T "\ o *
_ Etm{ < J Bl-(H(IM) (S) e_r<s_t”’)ds + e—,~(T—f,n)ql ('XT> ) X(lm) = x[m},
tVﬂ
fori € N. (3.4)
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As the game proceed to at time ¢, for ¢ € [tm, T), using the same optimality principle
an imputation vector will assign the shares of the players over the time interval [#, T

as & [géfn]("’)[(t,xf). For consistency reasons, it is required that

glomlme (¢ 17
T (om)m s .
_Ez{(J By " (5) e ds 4 e T g (x7) )
t

fort € [ty, T). (3.5)

To fulfill group optimality, it is required that

Za[ i J00 (1, 57y = W1 (1 3%) fort € [t,,T], and

—1
Z piloi](m
) AN C) (M),
_ Zg’ {t K () () )] )
If the conditions from (3.4) to (3.6) are satisfied, one can say that the solution

imputations are time-consistent in the sense that (3.1) can be realized.
Now we consider

T
fi[gam]( min (1, x7) = E, B-(Q“”)m s)e " ds
t m 1

t
e (T=n) i (x5 >

o) = |

fort € [t,, T]andi € N. (3.7)

Using (3.4), (3.5) and (3.7), we have
.f"[‘)xn](m)t"’ (t,xj) = ef"(tft'")é"[gﬁ](m)t(t,xj), fort € [ty, T). (3.3)

Moreover, we can write

T+At " \m
¢ ez, Jome (1, x:) = ET{J Bi(a“"’) (s) e " s
1 er@nglenlmea (o ar 4 A a(e) :xj}

forz € [t,,, T]andi € N; (3.9)

where



98 4 Subgame Consistency in Randomly-Furcating Cooperative Stochastic. . .
s x  (m)o * (m)o,, # (m)og
Ax, :f[f,xr,l//l (T,XT),I/Iz (T,x ),~- W (r X )} At
+ o[t x| Az: + o(Ar),
and

Az, = z(z + At) — z(7), and E;[o(At)] /At — 0 as At — 0.
From (3.9) we obtain
x(7) = xj }

T+At " \m
E,{ J B(e”’") (%) e gy
= glonlome (¢ x7) — emranglon st 4 ar x4 AXY). (3.10)

x(t) =x, }
= gl lonr (7 y*y — gl (o 4 ALyt + AYY), (3.11)

Invoking (3.8) yields

t+At "
ET{ J B(g””’) (s)e " ds
t

1

For imputations & Aol (t,x;),fort € [t,,, T] and t € [z, T] being functions that are
continuously twice differentiable in 7 and x;, one can express (3.11), with At — 0, as:

e 8 @arsoan | =g - [ )1 ar
- {51@9!;']@) (657 li= r]

Fleun™ ™ (2,5 08" (5, 0), -y ()| A

3 ) [ )|

h, (=1
[j olt,x.], Az, —, o(At)}. (3.12)

- [l )

Dividing (3.12) throughout by A¢, with Ar — 0, and taking expectation yield

Bl(eﬂl) () = — {gi[%’](m)r (l‘7 X:)zf]
[ ]

¥ [T’ xi, W(lm)eum ( ) z//é )0 ( ,xj), . l//1(1m)9“m (T,Xj)}

1 1 % ilg; |(m)r %
_E Z th (T’xr) |:§XE’,\-:£]( ) (l7 X,)

h, (=1

], fori € N, (3.13)
1=t
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One can repeat the analysis from (3.4) to (3.13) for all fi[gffn;f}(mﬁ(r,x*)

T
each associated with an 9(;’; S {91,92, ...,0,1} and obtain the corresponding

9/71
Bi( ”’”)m(r) for z € [t,, T].

In order to formulate the cooperative subgame in the second last time interval
[fm—1, ], it is necessary to identify the expected terminal payoffs at time f,,. Using

Theorem 2.1, one can obtain W[em(”’> (tm,xfn) if 9:; € {01, G, ..., 6,7} occurs at

1

time 7,. The term ZW[GH](’“) (t,mx;) gives the expected joint payoff of the
a=1

cooperative game over the duration [z,,, 7] and hence is the expected terminal

joint payoff for the cooperative subgame in the time interval [t,,_1, #,]. In a similar

h+1
manner, the term ZW [ea+'] k+l)([k+1,xz +1) gives the expected terminal joint
a=1
payoff for the cooperative subgame in the time interval [t #] for
k€{0,1,2,---,m — 1}. In general, the cooperative subgame in the time interval
[tx, trg1] if ka € {91,92, e ,6,7} occurs at time # for k € {0,1,2,---,m — 1} can
be expressed as:

(e —t ZZH: ]+t (tk+1,x(fk+1))} (3.14)

dx(s) = f[s,x(s),ui (s), uz(s), - - -, un(s)]ds + ol[s, x(s)]dz(s),
x(ty) = xp.. (3.15)

One can repeat the analysis from (3.4) to (3.13) for all & ilosJw (r,xi) each
associated with an Gfk € {01,92, ...,9,7} for k € {0,1,2,---,m — 1} and derive

(e‘fk )k(T)

the corresponding B; for 7 € [tg, tis1).
A theorem characterizing a subgame consistent PDP is provided below.

Theorem 3.1 If the solution imputations ¢& [o: ] we (t,x;), for ieN and
T€ [te,tir1] and € r,fryy] and k€{0,1,2,---,m— 1}, satisfy group
optimality, individual rationality and are differentiable in ¢ and x;, a PDP with
a terminal payment ¢'(x7)) at time T and an instantaneous payment at time
TE [lk,lkﬂ}i



100 4 Subgame Consistency in Randomly-Furcating Cooperative Stochastic. . .

|9k T *
_ [;\67[9%] (k) (t, X ) |t—7:|
' W (2, ), ey (T,Xi)]
[

1 & % i ‘f T ®
—5 Z th(T,x‘;) |:§,Lha\:}(k) (t,x,) :| ) (316)
1=t

h,g:] Tt

B oy = [si i), ) |}

fori € Nand k € {1,2,---,m},

contingent upon ka S {91, 0, ... ,9,7} has occurred at time #,

yields a subgame-consistent cooperative solution to the randomly furcating
stochastic differential game (1.1 and 1.2).

Proof Theorem 3.1 can be proved by following the analysis from (3.4) to (3.15). =

4.4 An Illustration in Cooperative Resource Extraction

Consider a resource extraction game, in which two extractors are awarded leases to
extract a renewable resource over the time interval [#y, T]. The resource stock x(s)
€ X C R follows the dynamics:

dx(s) = ax(s)l/2 —bx(s) —ui(s) — ug(s)] ds+ox(s)dz(s), x(to) =xo €X, (4.1)

where u,(s) is the harvest rate of extractor 1 and u,(s) is the harvest rate of extractor
2. The dynamics is adopted from Jgrgensen and Yeung (1996).

The instantaneous payoff at time s € [fy,T] for player 1 and player 2 are
respectively:

ld]

. [a] .
[“ms)“— fa <s>] n [”2@‘“— 22 06|,

X(S)I/z i X(S)l/z U2

if the event 6, happens for a € {1,2,3}, where 8[]”], e[za], ¢y and ¢, are constants.

At time f, it is known that #; has occurred. #; will remain in effect until time
t1 € (t,T). At time #,, the corresponding probabilities for the events {6}, 6, 03} to
occur are {A;, 4>, 43} = {1/4, 1/2, 1/4}. The occurred event will remain until the
end of the game, that is time 7. At time 7, each extractor will receive a termination
bonus ¢x(T)"?, which depends on the resource remaining at the terminal time.
Payoffs are transferable between player 1 and player 2 and over time. There is a
constant discount rate r.
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Applying Theorem 1.1, we obtain the following value functions for the associ-
ating noncooperative games.

VIO 1,2) = expl—r(e — )] [AF (2112 + V)]
fori € {1,2},a € {1,2,3}and? € [t;,T}; (4.2)

VIO (1) = expl—r(s — )] | A7V (02 + €70 0)]
fori € {1,2}andt € [t, t], (4.3)

where A% (#), %M (), A% () and ') (¢) satisty:

. gl 2 p 1

Aty = |r+Z 42| a% W)
g 2
Sl[a]C,'
z[e”c,+Aa (0)/2] 4[4 e +a20(0)/2]°
(1)
A% (¢ Ag1yi(1)

N j Hl(l) - o1 -

S[S[G]C, JrAia( >(t)/2} 8|:8[U]CJ+A a )( )/2}
: 0l (1 a g
¢V = rct V(0 = ZaM o),
A%D(T) = ¢, and % (T) = 0; fori € {1,2}anda € {1,2,3};

. 2 p
Af’l(O)(t) _ [r+6—+—:|A?](O)(l‘)

k)

g8 2
_ 1 T 81[-1]C,'
2[e”cl+A"‘<° ( )/2} 4[8[ e + A% (r)/z}
Aiﬁl (0)(t) . Ai&(o)([)
2 27

8[eflci + a7 0/2] " 8[ele+ A" (/2]

C?l(0>( £) = rC- 10 )( 1) _(_lA_Gl(O)(t)
ZﬂhA i ), and C?" ZAhC i

Applying Theorem 2.1, we obtain
1 ~ ol
W0 (1, = expl—rto — )] [ (012 + 5% 0],
fora € {1,2,3}andr € [1,,T); (4.4)

W[Hl](o)(l,x) _ eXp[fl’(l‘f tO)] {A9 1(0 )( ) 1/2 +B(?‘l(())( )}’
fort € [ty, 1] (4.5)
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A 1 ~ A~
B% (1), A @O (t) and B "o (¢) satisfy:

1

~ fall) CIOPINEIRPYOEY
B (t)y=rB " (1) — EA (1),
1
A%y = 2g, and B (1) = 0;
i 0, (0)(1‘) _ |:I‘ +0_2 Q]A 1(0) i 1
8 2 =1 Z[S[I]CJ +A” ( )/2}
2 ng]Cj 2 A 61(0) ([)
> 0 j A ., ;60 2
f= 4[ej ¢ +A"O )/2} = 8[gj i+ A (;)/2}
. 01(0) - 6,(0) a- 6,(0)
B0 =" - 52" ),
~ 3 ~ 1
A"y =3 4A" (1)), andB” ZAhB
h=1
Using (4.4) and (4.5) the optimal cooperative controls can then be obtained as:
(0)0 _ ~ : .
wi o (X)) = 0 YY) 5, fori € {1,2}ands € [10,11); (4.6)
4[& c+A T (1)/2
(16, al fori € {1,2}and T 47
w; et x) = 5, fori € {1,2}andt € [1,,T], (4.7)

alele; + A %0 () /2]

if 9; € {61,0,,65} occurs at time ;.
Substituting these control strategies into (2.2) yields the dynamics of the state

trajectory under cooperation. The optimal cooperative state trajectory in the time

interval [fg, ;) can be obtained as:

2
X' (1) = @i, 1, 91)2[)((‘)/2 J w—‘(to73)gdS] Jfort € [10,11), (4.8)
to

¢ 2 '
[Ho(ﬁl,u) - 68} dv + J ;dz(u)} , and
to

where w(fo,t,01) = exp U

fo
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— 1 o
HO(G],S)—|:§+Z +§:|
J

If 9; € {01,0,,05} occurs at time #;, the optimal cooperative state trajectory in the
interval [#;, T] becomes

2

" «\ /2 !
x (1) = w(10,1, [ (x,l> J @ (11, s, Hé)gds} ,fort € [1,T], (4.9)

2
where w(tl, =exp U [ a, — %] dv + —dz )] and
(0,9 [ £yt |
=1 8[ A "“”( )/2}
Now suppose that the players agree to divide their cooperative gains according
to scheme 3.1 in the time interval [to, tl), according scheme 3.1 if 8, occurs at time
t; and according scheme 3.2 if 6, or €5 occurs at time ¢,.

Using Schemes 3.1 and 3.2, Theorem 3.1 and the results derived in section, an
instantaneous payment at time 7 € [f, t41]:

K i|of T *
Bi(gak)k('l') — _ |:§, I:‘guk] (k> (t, _Xt ) |I_T:|

ilok T * * : * :, *
_ [éx:[euk](k) (t,xf)lt_r] f [T,XT,I//gk)gk (62w (2. )

(e [L )| ]

h, (=1
fori € {1,2},k € {0,1},6) =6, and 0} € {61,6,,65} can be obtained explicitly
using the results derived in (4.2) to (4.8).

IS

4.5 Chapter Notes

This chapter considers subgame-consistent cooperative solutions in randomly
furcating stochastic differential games. This approach widens the application of
cooperative stochastic differential game theory to problems where future environ-
ments are not known with certainty. If the state dynamics is deterministic the above
analysis yields subgame consistent cooperative solutions for randomly-furcating
differential games. Yeung (2008) considered subgame consistent solutions for a
pollution management differential game in collaborative abatement under uncertain
future payoffs.
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Finally, the random event O, fork € {1, 2, ---, m},affecting the payoffs may
be more complex stochastic processes, like a branching process with a series of
random events ©%, for k € {1, 2, ---, m}, which is a random variable stemming
from the branching process as described below.

Given that 6}11 is realized in time interval [tl, 12), fora; = 1,2, ...,n,, the process

©? in time interval [12, t3) has a range 6% = {6’?[(1’”‘)}, 95[(]"1‘)], 92[%1 )] } with

)]
the corresponding probabilities {/1?[(1'”‘)],/15[(1’“‘)], /12[ ]
Given that @) is realized in time interval [fy,,) and 9§£(' @)l s realized

in time interval [1,73), for a; = 1,2, ...,n; and a; = 1,2, () 0 =

{gf[(l-ﬂl)(2=“2>]’93[(17“1)(27”2)]’ 93[%(1 ;EZ “;]ﬂ} would be realized with the cor-
ap) (242

responding probabilities {/ﬁ[(l"“‘)(2’”)],/12[(1'”1) @a)] ,AEIEE(I’GI;ELG;;] }
3[(1a1) (2.,

In general, given that 49(111 is realized in time interval [tl s tz), 935““'” is realized
in time interval [tz, t3) ,...,and 9’;;11 [(La)2@)...(k=2.a2)] ig realized in time interval
[tk,l,tk), for aj=12,...,n,, ax=1,2,. cosMlay))s e Gk-1 = 1,2, ...,

Me=1[(1,a1)(2s2)...(k=1,a1)]* o = {6)1{[(1,(11)(2#2) (k=1 a-1)] 9 k[(1, al)(2,a2)...(k71,ak,1)]’ .

Hk[(l,al) (2,a2)...(k—1,a4_1)]
M](1.ay)(2ap) (k=150 _1)]

would be realized with the corresponding probabilities

{/ﬂ;‘[(l,a.)(Z,az)...(k—l,ak|)] /Ik[(l,al)(Z,az)“.(k—l,akq)] ) ﬂk[(l,al)(2,02).,4(1(—1,(1;(1)]}

2 s ce M](1.a1) (2,3 ) (k= 1,051 )]

fork=1,2, ...,

4.6 Problems

1. Consider a resource extraction game, in which two extractors are awarded leases
to extract a renewable resource over the time interval [0, 4]. The resource stock
x(s) € X C R follows the dynamics:

dx(s) = [10)((5)1/2 —x(s) — u1(s) — up(s)|ds + 0.05x(s)dz(s), x(0) = 80,

where u;(s) is the harvest rate of extractor 1 and u,(s) is the harvest rate of
extractor 2.
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The instantaneous payoff at time s € [O, 2) for player 1 and player 2 are
known to be respectively:

2
x(s)

2
x(s)

The instantaneous payoff at time s € [2,4] for player 1 and player 2 are known to
be respectively:

[zms)”z - l/zm(s)] and [uxs)l/z - l/zuz@)].

2 2 . -
2up(s)'/? = l/2141(3) and |3uy(s)"/* — 774 (s) | with probability 0.3,
x(s) x(s)
1 . ..
2up (s)"/? = 7t (s)| and | 2uy(s)"/* = 73l (s) | with probability 0.4,
x(s) x(s)

2
x(s)

0.5
—7t (s)] and l4u2 (s)l/2 -

734 (s)] with probability 0.3.
x(s)

At terminal time 4, extractor 1 will receive a termination bonus 2x(4)1/ 2 and
extractor 2 will receive a termination bonus x(4)1/ 2. The discount rate is 0.05.
Characterize a feedback Nash equilibrium.

2. Obtain a group optimal solution which maximizes the joint expected payoff of

the extractors.
3. Derive a subgame consistent solution in which the players share the excess gain

from cooperation equally.

and l3u1(s)1/2 -
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