Chapter 2
Subgame Consistent Cooperative Solution
in Differential Games

In game theory, strategic behavior and decision making are modeled in terms of the
characteristics of players, the objective or payoff function of each individual, the
actions open to each player throughout the game, the order of such actions, and the
information available at each stage of play. Optimal decisions are then determined
under different assumptions regarding the availability and transmission of infor-
mation, and the opportunities and possibilities for individuals to communicate,
negotiate, collude, offer inducements, and enter into agreements which are binding
or enforceable to varying degrees and at varying costs. Cooperative games suggest
the possibility of socially optimal and group efficient solutions to decision problems
involving strategic action. As discussed in Chap. 1, individual rationality, group
optimality and subgame consistency are crucial elements of a cooperative game
solution. This chapter presents an analysis on subgame consistent solutions which
entail group optimality and individual rationality for cooperative differential
games. It integrates the works of Chapter 2 of Yeung and Petrosyan (2006b),
Chapter 4 of Yeung and Petrosyan (2012a) and the deterministic version of
Yeung and Petrosyan (2004).

The organization of the Chapter is as follows. Section 2.1 presents the basic
formulation of cooperative differential games. Section 2.2 presents an analysis on
subgame consistent dynamic cooperation. Derivation of a subgame consistent
payoff distribution procedure is provided in Sect. 2.3. An illustration of the solution
mechanism is given in a cooperative fishery game in Sect. 2.4. Subgame consis-
tency in infinite horizon cooperative differential games is examined in Sect. 2.5. In
Sect. 2.6, a subgame consistent solution of an infinite horizon cooperative resource
extraction scheme is derived. Chapter notes are given in Sect. 2.7 and problems in
Sect. 2.8.
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16 2 Subgame Consistent Cooperative Solution in Differential Games
2.1 Basic Formulation of Cooperative Differential Games

Consider the general form of n-person differential games in which player i seeks to
maximize its objective:
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forieN = {1,2,---,n}, where r(y) is the discount rate, x(s) €X C R™ denotes the
state variables of game, ¢'(x(T)) is player i’s valuation of the state at terminal time
T and u; €U’ is the control of player i, for i€N. The payoffs of the players are
transferrable.

The state variable evolves according to the dynamics

x (S) :f[s,x(s),ul(s),uz(s), T M,I(S)], X(l()) = Xo, (12)

where x(s) €X C R™ denotes the state variables of game, and u; € U’ is the control of
player i, for i € N. The functions f[s, x, uy, uz, - - -, u,), &'[s, -, u1, ua, - - -, u,] and ¢' (),
for i€N, and s € [fy, T| are differentiable functions.

2.1.1 Non-cooperative Feedback Equilibria

To analyze the cooperative outcome we first characterize the non-cooperative
equilibria as a benchmark for negotiation in a cooperative scheme. Since in a
non-cooperative situation it is difficult to prevent the players from revising their
strategies during the game duration, therefore they would consider adopting feed-
back strategies which are decision rules that are dependent upon the current state
x(t) and current time ¢, for tp <t <.

For the n-person differential game (1.1 and 1.2), an n -tuple of feedback
strategies { u; (s) = ¢; (s,x) €U, for i €N} constitutes a Nash equilibrium solution
if the following relations for each i €N are satisfied:

Ve = | L5 (9,6 (557 (6)), 3 (5.5 (), (5, () exp [— / S r(y)dy} ds
+ ¢ (x"(T))exp {— /m ' "(y)dy]
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where on the interval [f(,T],
5(5) = F5.6° (.61 (567 (9)). A3 (5.9 (5.6 (9)]. 20 =

and

(S) [ X(s), T(H( ))s B3(5:2(5)), - s iy (5,67 (5)), i5,X(9)), iy (5, X (5))s -
¢ ] ) =x, forieN.

A feedback Nash equilibrium solution of the game (1.1 and 1.2) satisfying (1.3) can
be characterized by the following Theorem.

Theorem 1.1 An n-tuple of strategies { u; (t) = ¢; (t,x) €U’, for i€N} provides a
feedback Nash equilibrium solution to the game (1.1 and 1.2) if there exist
continuously differentiable functions V) (z, x) : [y, T] x R" — R, i €N, satisfying
the following set of partial differential equations:

u;

—Vi(1,x) = max{ 8 [t (6,), 5 (1, %), A, by (1,),ui(1,%), 7 (1,%), A
nanlexs |- [ 0]

AV (1 00f (8,3, @y (%), by (8,%), A by (8,2), a8, %), by (,%), A, ¢f;<r,x>]}
= ¢ 1 0. 4500, A 10 exp | - / )|

AV (1, 0f (8,3, by (8, %), 3 (1,0), A, ¢, (1,0)]

V(T x) = ¢'(x)exp {— [ ' r(y)dy], iEN.

Proof Invoking the dynamic programming technique in Theorem A.l of the
Technical Appendices, V") (¢,x) is the maximized payoff of player i for given
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strategies {u;L (s) = g{); (t,x) €U/, for jEN and j # i} of the other n — 1 players.
Hence a Nash equilibrium appears. [ ]
A remark that will be utilized in subsequent analysis is given below.

Remark 1.1 Let V™(z, x) denote the feedback Nash equilibrium payoff of player
i at time ¢ given the state x in a game with payoffs (1.1) and dynamics (1.2) which
starts at time 7 for 7 € [z‘o, T). Note that the equilibrium feedback strategies depend
on current time and current state. One can readily verify that

exp { /to T r(y)dy} V)i (1, x) = exp { /m T r(y)dy}

< [ BT 668 N5 @) A e |- [ ] s

[ €15 0156 6. 630503' 6. A5 9 exp - [ o] as
Vi(z, x)

forz e [to,T). |

While non-cooperative outcomes are (in general) not Pareto optimal the players
would consider cooperation to enhance their payoffs. This will be analyzed in the
following section.

2.1.2 Dynamic Cooperation

Cooperative games suggest the possibility of socially optimal and group efficient
solutions to decision problems involving strategic action. Now consider the case
when the players agree to cooperate and distribute the payoff among themselves
according to an optimality principle. Two essential properties that a cooperative
scheme has to satisfy are group optimality and individual rationality. Group opti-
mality ensures that the joint payoff of all the players under cooperation is maxi-
mized. Failure to fulfill group optimality leads to the condition where the
participants prefer to deviate from the agreed-upon solution plan in order to extract
the unexploited gains. Individual rationality is required to hold so that the payoff
allocated to any player under cooperation will be no less than his noncooperative
payoff. Failure to guarantee individual rationality leads to the condition where the
concerned participants would deviate from the agreed upon solution plan and play
noncooperatively.
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2.1.2.1 Group Optimality Under Cooperation
Since payoffs are transferable, group optimality requires the players to maximize

their joint payoff. The players must then solve the following optimal control
problem:

i { / T fs“ 5. x(8)o 101 ()12 (), - 10 exp [— / ‘Y r(y)dy] ds

+exp [/[0 r(y)dy] jzlqj(x(T))}

subject to (1.2).
An optimal solution to the control problem (1.2) and (1.4) characterizing the set
of group optimal control strategies is provided by the theorem below.

(1.4)

Theorem 1.2 A set of controls {y (¢, x), fori € Nandt € [ty, T } provides an optimal
solution to the control problem (1.2) and (1.4) if there exists continuously differ-
entiable function W) (z,x) : [t, T] x R" — R satisfying the following Bellman
equation:

—W(1,x)
t
= max {Z X, Uy, U, -+ oy Uy |EXP {—/ r(y)dy] +Wﬁ,’”)f[ux,uhuz,...7un]}’
ULy Uny ey Up - fo

Wi _[ y)dy] jzn;q" (x)

Proof Follow the proof of Theorem A.1 in the Technical Appendices. ]

Hence the players will adopt the cooperative control {y}(¢,x), for i€N and
t€lto, T]} to obtain the maximized level of joint profit. Substituting this set of
control into (1.2) yields the dynamics of the optimal (cooperative) trajectory as:

£(5) = F[5.3(5) W} (5. X(9)) s (s2(5)). - (. x(6))]. x(00) =x0. (L)

Let x*(¢) denote the solution to (1.5). The optimal trajectory {x* (t)}tT: , can be

expressed as:
X () = x0 + /t f[s,x*(s),l//T (5,x7°(5)), 95 (5,x7(s)), - sy (5% (s))]ds. (1.6)

For notational convenience, we use the terms x*(f) and x; interchangeably.
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Note that for group optimality to be achievable, the cooperative controls
{wi(t,x*(t)), for ieN and t € [ty, T]} must be exercised throughout time interval

[[Os T]
The maximized cooperative payoff over the interval [z, T], for t € [1‘0, T), can be
expressed as:
W) (t X ) =

| Zg 5o ()1 (509 5 (9). - (5 Jenp | = [ s
—I—exp{—/{o r(y)dy];q/(x T

A remark that will be utilized in subsequent analysis is given below.

Remark 1.2 Let W(T)(t,x ) denote the maximized cooperative payoff of the control
problem

ot {/ ng 5, X(s Juy(s), -y (5)] exp {—/Tsr(y)dy} ds

+exp [—/T r(y)dy] ;qf(x(T))},

subject to

#(5) = Flsx(s). a0 (). 02(5), -1 ()], x(0) = .

One can readily verify that

exp { [ Tr(y)dy} W (1, x) = exp { /t ’ r(y)dy} x
{ [ b i o) io o) wiox @)ew |- [ oo
+exp [— /m ' r(y)dy} _21]61’ (x"(1)) } =

[ X5 i )0 )i e [ s
+exp [— / r(y)dy} zn:q’ (+"(1)) = WO (1,x]),

=

for 7€ [to, T] and ¢ € [¢,T). [
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2.1.2.2 Individual Rationality

After the players agree to cooperate and maximize their joint payoff, they have to
distribute the cooperative payoff among themselves. At time #, with the state being
Xo, the term £(0)! (to,X0) is used to denote the imputation of payoff (received over the
time interval [7y, T]) to player i. A necessary condition for group optimality and
individual rationality to be upheld is:

6) Zf (f0,X0) = W™ (19, x0), and

(ii) 5[0 (19, x0) > V)i(1y,x), fori€N (1.7)

Condition (i) of (1.7) ensures group optimality and condition (ii) guarantees
individual rationality at time t.

For the optimization scheme to be upheld throughout the game horizon both
group rationality and individual rationality are required to be satisfied throughout
the cooperation period [#o, T]. At time 7 € [ty, T], let f(T)i(T,xj) denote the imputation
of payoff to player i over the time interval [z, T]. Therefore the conditions

n
@) Zg(ﬂj (T,)Cj) =W (1-7)(?), and
=1

(i) & (z,x}) > Vi(z,x]); forieNandr€ [, T], (1.8)

have to be fulfilled.

In particular, condition (i) ensures Pareto optimality and condition
(i) guarantees individual rationality, throughout the cooperation period [,
T]. Failure to guarantee individual rationality leads to the condition where the
concerned participants would reject the agreed upon solution plan and play
noncooperatively.

Dockner and Jgrgensen (1984); Dockner and Long (1993), Tahvonen (1994);
Miler and de Zeeuw (1998) and Rubio and Casino (2002) examines group optimal
solutions in cooperative differential games. Haurie and Zaccour (1986, 1991);
Kaitala and Pohjola (1988, 1990, 1995); Kaitala et al. (1995) and Jgrgensen and
Zaccour (2001) presented classes of transferable-payoff cooperative differential
games with solutions which satisfy group optimality and individual rationality.

2.1.3 Distribution of Cooperative Payoffs

With the players using the cooperative strategies {1//;k (s7 x:) ,forsety, T)andieN },
player i would derive a direct payoff :
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W(’°>i(to,xo) —
T
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fo

+ exp [—/t: r(y)dy} q'(x"(T)), forieN. (1.9)

At initial time o, for cooperation to begin the cooperative payoff to player i W)

(to,x0) must be no less than the non-cooperative V) (zy, xo) for all player i€ N.
However as time proceeds there is no guarantee that adopting the cooperative
strategies would lead to W (t, xf) >y (t, xf) for all player i € N. In case there
exists some player i such that VW (z,x7) > Wi (z,x}), then player i would have an
incentive to deviate from the cooperation plan. Hence the cooperation scheme has
to include transfer payments to overcome this problem. Let y'(s) denote the
instantaneous transfer payment allocated to agent i at time s € [ty, T]. With players
using the cooperative strategies {; (s, x; ), for s € [to, T] and i €N }, the payoff that
player i’s payoff under cooperation at time #, becomes:

+exp[ /m "()’)dY}qi(X*(T))’

forieN;

andZ/ ;((sexp{/ ()dy}d 0. (1.10)

In order to uphold individual rationality one has to device a time path of instanta-
neous transfer payments y'(s) for s € [f, T] satisfying:

r ; * * * * * * * [ :
/ {&'[s. 27 (), (5% (5)) s ws (5. X7 (5))s - ow, (5,7 ()] + ' (s) pexp {—/ r(y)dy} ds
vep|- [ O] (1) 2 VEr(e), poricn (L)

and

Z /TT;(/'(s)exp [—/I‘Y I’(y)dy] ds =0, for €, T]. (1.12)

j=1
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There exist a large number of y'(s) for s € [?0, T] paths which leads to the satisfaction
of individual rationality for all players to be selected. Nevertheless, just satisfying
individual rationality may not be acceptable. For instance, players with larger
non-cooperative payoffs (or sizes) would demand a larger share proportionally. In
the next Section we will consider the derivation of y'(s) for s € [ty, T] paths which
would keep the original agree-upon imputation throughout the cooperation
duration.

2.2 Subgame Consistent Dynamic Cooperation

Though group optimality and individual rationality constitute two essential prop-
erties for cooperation, their fulfillment does not necessarily guarantee a dynami-
cally stable solution in cooperation because there is no guarantee that the agreed-
upon optimality principle is fulfilled throughout the cooperative duration. The
question of dynamic stability in differential games has been explored rigorously
in the past four decades. Haurie (1976) discussed the problem of instability in
extending the Nash bargaining solution to differential games. Petrosyan (1977)
formalized mathematically the notion of dynamic stability in solutions of differen-
tial games. Petrosyan and Danilov (1979, 1982) introduced the notion of “imputa-
tion distribution procedure” for cooperative solution.

To ensure stability in dynamic cooperation over time, a stringent condition is
required: the specific agreed-upon optimality principle must be maintained at any
instant of time throughout the game along the optimal state trajectory. This condi-
tion is the notion of subgame consistency.

Let I'c(xo, T — tp) denote a cooperative game in which player i’s payoff is (1.1)
and the state dynamics is (1.2). The players agree to act according to an agreed-
upon optimality principle. The agreement on how to act cooperatively and allocate
cooperative payoff constitutes the solution optimality principle of a cooperative
scheme. In particular, the solution optimality principle includes

(i) an agreement on a set of cooperative strategies/controls,
(ii) an imputation vector stating the allocation of the cooperative payoff to
individual players, and
(iii) a mechanism to distribute total payoff among players.

2.2.1 Optimality Principle

Let there be an optimality principle agreed upon by all players in the cooperative
game I'.(xo, T — #o). Based on the agreed upon optimality principle the solution of
the game I'.(xo, T — 1o) at time 7, includes
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(i) a set of cooperative strategies ()" (s) = [ugt")*(s), u;m)*(s), T (s)} , for
s€lto, T);
(i) an imputation vector £/ (zy, xo) = [§<’°)1(to,xo),éj("’)z(to,xo), . ~,§('U)”(t0,x0)]
to allot the cooperative payoff to the players; and
(iii) a payoff distribution procedure B" (s) = [BY(s), By (s), - -, B2 (s)] fors € [to, T],
where B?” (s) is the instantaneous payments for player i at time s. In particular,

£t ) = [ " BU(s)exp [ / S r(y)dy} ds + ¢/ (xp)exp [ / ' r<y>dy],

fo

forieN.

This means that the players agree at the outset on a set of cooperative strategies

ul™)*(s), an imputation £/ (1, x¢) of the gains to the i th player covering the time
T

s—1, to allocate pay-

interval [#, T], and a payoff distribution procedure {B"(s)}
ments to the players over the game interval.

Using the agreed-upon cooperative strategies the state evolves according to the
state dynamics:

$(5) = 5.5 ()l (5), - ()], xt0) = x0.  (2.1)

The solution to (2.1) yields the optimal cooperative trajectory which is denoted by
{x¢(s)} ST:,O. For notational convenience we use x°(s) and x{ interchangeably.

When time ¢ € (to, T] has arrived, the situation becomes a cooperative game in
which player i’s payoff is:

/ " lsx(5) (51 (), () exp [— | r(y)dy] ds

T A (2.2)
+ exp {—/ r(y)dy} q' (x(T)), forieN,
t
and the evolutionary dynamics of the state is
X (s) = fls,x(s), ur(s), ua(s), - - un(s)), (1) = xf. (2.3)

We use I', (xf , T — t) to denote a cooperative game in which player i’s objective is
(2.2) with state dynamics (2.3). At time ¢t € (to, T] when the state is x{, according to
the agreed-upon principle the solution of the game I, (x,", T - t) includes:

(i) a set of cooperative strategies u')"(s) = [u(lt)*(s),ug)*(s),- . -,uﬁ’)*(s)} , for

selt, T);
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(i) an imputation vector &) (t,xf) = [5([)1 (t,xf),.f(t)z (t,x5),-- ., Eon (t,xf)] to
allot the cooperative payoff to the players; and

(iii) a payoff distribution procedure B'(s) = [B{(s), B4 (s),- -, B4(s)] for s€ [, T],
where Bi(s) is the instantaneous payments for player i at time s. In particular,

() = [ ' Bl(s)exp - [ roasas - pems|- | ' o, 24

forieN and t€[ty, T].

This means that under the agreed-upon optimality principle, the players agree
on a set of cooperative strategies u” " (s), an imputation of the gains in such a way
that the gain under cooperation of the i th player over the time interval [¢, T] is equal
to £7(t,x¢) and a payoff distribution procedure {B’(s)}ST:Z to allocate payments to
the players over the game interval [z, T].

Examples of optimality principles include:

(i) joint payoff maximization and equal sharing of gains from cooperation,
(ii) joint payoff maximization and sharing gains proportional to non-cooperative
payoffs,
(iii) joint payoff maximization and time varying sharing weights,
(iv) different combinations of (i), (ii) and (iii),
(v) joint payoff maximization and sharing gains according to the Shapley value,
(vi) joint payoff maximization and sharing gains according to the von Neumann-
Morgenstern solution, or
(vii) joint payoff maximization and sharing gains according to the nucleolus.

2.2.2 Cooperative Subgame Consistency

To satisfy subgame consistency, the cooperative strategies, imputation and payoff
distribution procedure { )" (s) and B"(s) for s € [tg, T]; £ (t9,x0) } generated by
the agreed-upon optimality principle in the cooperative game I (xo, T — #p) must be
consistent with the cooperative strategies, imputation and payoff distribution pro-
cedure { u””(s) and B'(s) for se [t, T]; £ (t,x¢) } generated by the same optimality

principle in the cooperative game I, (xt“,T — z‘) along the optimal cooperative

. AT
trajectory {x; }s: .

If this consistency does not appear, there is no guarantee that the players would
not abandon the cooperative scheme and switch to other plans including the
non-cooperative scheme. Dynamical instability would arise as participants found
that their agreed upon optimality principle could not be maintained after coopera-

tion has gone on for some time.
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2.2.2.1 Subgame Consistent Cooperative Strategies

First we consider the cooperative strategies adopted under the agreed-upon opti-
mality principle in the game T (xo, T — f). At time fo when the initial state is xo, the
set of cooperative strategies is

W (s) = [ul" (s), ul" (s), - u(’(’)*(s)} , for s€to, ).

>"'n

Consider the case when the game has proceeded to time ¢ and the state variable
became x;. Then one has a cooperative game I', (xt" T — t) which starts at time
t with initial state x{. According to the agreed upon optimality principle a set of
cooperative strategies

u(s) = {u§t>*(s), ug)*(s), = -,uy)*(s)} , forselt, T,

will be adopted.

Definition 2.1 The set of cooperative strategies

uo)’(s) = {ugt(’)*(s), ug(’)*(s), e ufff’)*(s)} in the game T (x, T — fp) is subgame
consistent if

[u§’°>*(s), 0 (s), -, u(’ﬂ)*(s)} = [u@*(s), 1" (s),- - u(s)| in the game T,

n n

(x;' , T — t) under the agreed-upon optimality principle, for s€[t,T] and
t€t, T). [

If the condition in Definition 2.1 is satisfied at each instant of time ¢ € [to, T] along
the optimal trajectory {x"(t)},T: ,,» the continuation of the original cooperative
strategies u()"(s) coincides with the cooperative strategies u " (s) in the cooper-
ative game I'.(x{,T —1). Hence the set of cooperative strategies u)(s) is
subgame consistent. Recall that to ensure group optimality the players have to
maximize the players’ joint payoffs. An optimality principle which requires group
optimality would yield a set of cooperative controls that solves the problem:

I { [ St santontolesp - [ 1) s

+exp {— /t r(y)dy} ifﬂ' (x(T)) } (2.5)
subjecttox (s) = fs,x(s), u1(s), uz(s), - - -, un (8)], x(f9) = xo. (2.6)

A set of group optimal cooperative strategies {y; (s, x*(s)), for ieN and s € [ty, T]}
which solves the problem (2.5 and 2.6) could be characterized by Theorem 1.2. In

particular, {x"(¢) } !

1=y 18 the solution path of the optimal cooperative trajectory:
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3 (s) = fs.x(s).wy (5,(5)) yra (5.3(5). -7, (5.x(5) ] x(t0) = .

Invoking Remark 1.2 in Sect. 2.1, one can show that the joint payoff maximizing
controls for the cooperative game I, (x;k,T — l) over the time interval [¢,T] is
identical to the joint payoff maximizing controls for the cooperative game
I'.(xo, T — to) over the same time interval.

Therefore the solution to an optimality principle which requires group optimality
yields a system of subgame consistent cooperative strategies. Given that group
optimality is an essential element in dynamic cooperation, a valid optimality
principle would require the maximization of joint payoff and the cooperative

strategies 1) (s) = ugt)*(s) =y, (s,x"(s)), for s€[r, T] and 1€ [to, T}.

2.2.2.2 Subgame Consistent Imputation

Now, we consider subgame consistency in imputation and payoff distribution
procedure. In the cooperative game I'.(xo,T — #y), according to the agreed-upon
optimality principle the players would use the payoff distribution procedure

{B" (s)}f:m to bring about an imputation to player i as:

T K T
¢ 0,0) = [ Bserp |- [ ] ds+dGress |- [ o] @)
fo to 0

forieN.
When the game proceeds to time ¢ (1, 7], the current state is x{. According to

the same optimality principle player i will receive an imputation (in present value
viewed at time #() equaling

EWi(r,x0) = / TB;U(s)exp[_ [ sr(y)dy]dﬁqi(x;)exp{_ / Tr(y)dy}, (2.8)

t

over the time interval [z, T1.

At time t€ (to, T] when the current state is x7, we have a cooperative game
| (x,‘ , T — t). According to the agreed-upon optimality principle the players would
use the payoff distribution procedure {B'(s) } T_Y:, to bring about an imputation to
player i as:

() = [ ' Bl(s)exp - [ roasas+ e [ Tr(y)dy] 29

forieN.
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For the imputation and payoff distribution procedure in the game I'c(xo, T — #9)
to be consistent with those from I, (x¢, T — 1), it is essential that

exp U | r(y)dy} §0)(1,xf) = €9 (1,x7). fort€ 1o, T).

In addition, in the game T'.(xo, T — fp) according to the agreed-upon optimality
principle the payoff distribution procedure is

B"(s) = [BY(s),BY(s),--,BY(s)], fors€[to, T}.

Consider the case when the game has proceeded to time ¢ and the state variable
became x;. Then one has a cooperative game I', (xt‘ , T — t) which starts at time
¢ with initial state x;. According to the agreed-upon optimality principle the payoff
distribution procedure

B'(s) = [B{(s),Bj(s), -, BL(s)], fors€ 1, T]

will be adopted.
For the continuation of the payoff distribution procedure B (s) for s € [¢, T] to be
consistent with B'(s) in the game I, (xf , T — t), it is required that

B"(s) = B'(s), fors€[t,T] and t € [ty, T].

Therefore a formal definition can be presented as below.

Definition 2.2 The imputation and payoff distribution procedure
{§<’”)(t(,,x0) and B"(s) for s € [fo, T] } are subgame consistent if

(i) exp [ / r(y)dy} £ (¢,x¢)

e [ ron]{ [ et e [ roasas-+ g up)enp - / o]}

= E0i(1,x¢)= / TB,-’(S)eXp {— / S r(y)dy} ds + ¢'(xf)exp {— [ ' "(y)dy} ,

t

forieN and r€ 1, T], and (2.10)

(i) the payoff distribution procedure B"(s) = [BY(s), B (s), - -, B2 (s)] fors€ [, T]
is identical to

B'(s) = [B{(s).Bi(s).- B

n

(s)], forr€[to, T} (2.11)
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Thus cooperative strategies, payoff distribution procedures and imputations
satisfying the conditions in Definitions 2.1 and 2.2 are subgame consistent.

2.3 Subgame Consistent Payoff Distribution Procedure

Crucial to obtaining a subgame consistent solution is the derivation of a payoff
distribution procedure satisfying Definition 2.2 in Sect. 2.2.

2.3.1 Derivation of Payoff Distribution Procedures

Invoking part (ii) of Definition 2.2, we have B (s) = B'(s) fort € [ty, T] and s€ [t, T).
We use B(s) = {Bi(s),Ba(s), - - -, B,(s)} to denote B'(s) for all #€ |1, T]. Along the
optimal trajectory {x“(s)} .

«, we then have:
s=lo

£ (z,x¢) = / TB,-(s)exp [ / ' r(y)dy] ds + ¢ (x§)exp [ / Tr(y)dy}, (3.1)

forieN and 7€ [t, T]; and
> OBi(s) = Do sxo (), (5), - (9)].
=1 =1

Moreover, for ¢ € [z, T], we use the term

Ei (1, xf) = [ TBi(S)eXp {— / X r(y)dy} ds + q' (xf)exp [— / ' r(y)dy}, (3.2)

to denote the present value (with initial time being 7) of player i’s payoff under
cooperation over the time interval [¢, 7] according to the agreed-upon optimality
principle along the cooperative state trajectory.

Invoking (3.1) and (3.2) we have

t
¢ (rx) = exp |~ [ )] 1),
forieN and 7€ [fy, T] and t €[z, T). (3.3)

One can readily verify that a payoff distribution procedure {B(s)}Z:,U which
satisfies (3.3) would give rise to subgame consistent imputations satisfying part
(i) of Definition 2.2. The next task is the derivation of a payoff distribution
procedure {B(s)}ST:tO that leads to the realization of (3.1, 3.2 and 3.3).

We first consider the following condition concerning the imputation &7(z, x°),

for t€[ty, T] and ¢ € [z, T].
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Condition 3.1 For i€N and t€ [z, T] and 7€ [tg, T], the imputation &'(z, x), for
i€N, is a function that is continuously differentiable in ¢ and x{. [ |

A theorem characterizing a formula for B;(s), for s € [ty, T] and i € N, which yields
(3.1, 3.2 and 3.3) is provided as follows.

Theorem 3.1 If Condition 3.1 is satisfied, a PDP with a terminal payment qi(xg) at
time T and an instantaneous payment at time s € [z, T]:

Bi(s) = — [éf(‘v)i(t’x’c) t:S:|

— [é&?l (s,xs")}f [s, xg, I/IT (s,xs") , 1//; (s, xs‘) e 1//2 (s,x;’)] ,forieN, (3.4)

yields imputation vector &7(z, x¢), for 7 € [to, T] which satisfy (3.1, 3.2 and3.3).

Proof Invoking (3.1, 3.2 and 3.3), one can obtain
) v+At K
o) = [ Bilorexp| - [ o] as+

v+At
exp {_/ ’A(Y)dy} VA (0 At xf + Axp),

v

forve[r,T] andi€N; (3.5)

where AxS = f v, xS,y (0,x8), w5 (0,X8), - - -y, (0,x5) | Ar + o(Ar), and
o(At)/At — 0 as At — 0.
From (3.2) and (3.5), one obtains

/U MIBZ-(S)eXp {— / S r(y)dy} ds

v+At
=€ (out) —om|= [ 0 Je o+ v+ )

= & (p,x¢) — EV (b + Arx¢ + AxC),
forall ve[ty, T) and ieN (3.6)

If the imputations EO 1, x9), forv e [f0, T], satisfy Condition 3.1, as Az — 0, one can
express condition (3.6) as:

Bi(v)At = — [éf”)i (1, x1)

| ar

t=v

- {cfiu)i(u,x;')} flo.xg, W, (v,x5), W, (0,x5), W, (v,x5) ] At —o(At). (3.7)

[§
i)

Dividing (3.7) throughout by A¢, with At — 0, yields (3.4).
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Bi(v) = =& (1, x7)

= £ (0.50)] £ o1 (053 (0,50). -1 0.5

=v

Thus the payoff distribution procedure in B;(s) in (3.4) would lead to the realization
of £&7(z, x9), for 7€ [ty, T] which satisfy (3.1, 3.2 and 3.3). [ ]

Assigning the instantaneous payments according to the payoff distribution
procedure in (3.4) leads to the realization of the imputation &7(z, x;) governed by
the agreed-upon optimality principle in the game T.(x¢,T —17) for z€[t,T].
Therefore the payoff distribution procedure in B;(s) in (3.4) yields a subgame
consistent solution.

With players using the cooperative strategies {y/f (T, xi) ,fort€[ty, T]andi €N }
the instantaneous payment received by player i at time instant 7 is:

Gi(e) = g'[r. i (1.x7) ws (1,0) -y (7,47)) ]
for z€(ty, T] and i€N. (3.8)
According to Theorem 3.1, the instantaneous payment that player i should receive

under the agreed-upon optimality principle is B;(7) as stated in (3.2). Hence an
instantaneous transfer payment

' (r) = Bi(z) = i(2) (3.9)

has to be given to player i at time z, for i €N and 7 € 1, T].

2.3.2 Subgame Consistent Solution under Specific
Optimality Principle

In this section we present examples of subgame consistent solutions under various
optimality principles.

Case I Consider the cooperative differential game I'.(xo, T — fp). In particular, the
players agree with an optimality principle which entails

(i) group optimality and
(i) the division of the excess of the total cooperative payoff over the sum of
individual noncooperative payoffs equally.
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According to the optimality principle the imputation to player j inT'. (xo, T — fo) is:
. . . N n ,
g0 (,x¢) = v (r,x5) + . w) (z,x¢) — Z v (r,x5) |, (3.10)
=1

forieN and € [t, T.
The imputation in (3.10) yields

() &Y (z,x¢) > Vi(z,x¢), for i€N and 7€ [to, T]; and

(i) Y & (z,x¢) = WO (z,x¢) forz€ 1o, T).
=1

Hence the imputation vector £™(z, x;) satisfies individual rationality and group
optimality.
Applying Theorem 3.1 a subgame consistent solution under the optimal princi-
ple can be characterized by {u(s) and B(s) for s€ [to, T] and (19, x9) } in which
(i) u(s) for s€[ty, T is the set of group optimal strategies y" (s, x;) in the game
T (x0, T — to), and
(i) the imputation distribution procedure

B(s) = {Bi(s),Ba(s)," - -, B,(s)} fors € [ty, T] where

Bl = =] Vo) + %(W(” (o) =3V xi‘)> }
_ % { Y (s7xzf) +1<W(S) (s,xzf) _ zn:v(‘v)j(s,xr)>}
Xs n -
X flsox ) (s,0))ows (5,X,)s -y, (s,x)) ] .11
forieN.

Case IT Consider the cooperative differential gameT'.(xo, T — fo). In particular, the
players agree with an optimality principle which entails

(i) group optimality and
(ii) the sharing of the excess of the total cooperative payoff over the sum of

individual noncooperative payoffs proportional to the players’ noncooperative
payoffs.

£ (et) = L), 312)

forieN and 7€ 1, T].
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Applying Theorem 3.1 a subgame consistent solution under the optimal principle
will yield the imputation distribution procedure

B(s) = {Bi(s),Ba(s), -+, Bu(s)} for s€[ty, T| where

-5 | = .

t Zv(€>f (t,X:) t=s

=1
5* h\/(s)i(S,X:) W) (5,2
ox; .
s Zv(w(g,xs)
=1

xf[s,xf, W, (s,xj), v, (s,xj), RNV (s,xj)] forieN (3.13)

Case III Consider the cooperative differential game T'.(xo,T — fp) with two
players. In particular, the players agree with an optimality principle which entails

(i) group optimality and
(i) the division of the excess of the total cooperative payoff over the sum of
individual noncooperative payoffs by the time-varying weights —+

1 and TH=< for player 2 at time 7 € [19, T].

According to optimality principle the imputations to player 1 and player 2 in I,
(x0, T — t9) are:

2
ol (r,xf) _ V(r>1(77x:) + LW (g,x¢) — V(T)j(fvxf)]
T+a ;
for player 1, and
THa—-7
£ (z,x) = VI (z,x0) + VI (7, x¢ ] (3.14)
( ( T+a ;

for player 2; 7 € [to, T].

Applying Theorem 3.1 a subgame consistent solution under the optimal princi-
ple will yield the imputation distribution procedure

B(s) = {Bi1(s),Ba(s), - +,B,(s)} for s€ [ty, T] where
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0 t 0 SN
Bi(s) = ~3 l V(‘m(t,x,) —&-T—M(W(‘)(I,x,) - ZV“’(I,X,)) ]
j=1 t=s
a K * K * K *
o Vi n(s,xs)—i-T—M(W( (&xx)—;v( )’(S,xv)> ]

xf[s,xf:, t//T (s,xf:), 1//; (s,x:)}

0 % T—t+a « 2 : *
Bals) = 5. [ VO2 (1)) + Tra <W(f> (t,x)) — ;V(W (t, x,)) B 1
0 o T—s+e , 2 s
o VO (5,7 + Tt (Wm (s,6) — ;ch» (w%)) 1
< F T (1) W ) (.19

A variety of optimality principles with various imputation schemes can be
constructed.

2.4 An Hlustration in Cooperative Fishery

Consider a deterministic version of an example in Yeung and Petrosyan (2004) in
which two nations are harvesting fish in common waters. The growth rate of the fish
stock is characterized by the differential equation:

x(s) = ax(s)l/2 —bx(s) —ui(s) — ua(s), x(tp) = x0€X, (4.1)

where u; € U; is the (nonnegative) amount of fish harvested by nation i, for i € {1, 2},
aand b are positive constants.

The harvesting cost for nation i€{1,2} depends on the quantity of resource
extracted u,(s), the resource stock size x(s), and a parameter c;. In particular, nation

i’s extraction cost can be specified as c,-u,'(s)x(s)fl/ 2. The fish harvested by nation
i at time s will generate a net benefit of the amount [u;(s)] 12 The horizon in concern
is [to, T]. At time T, nation i will receive a termination bonus qix(T)l/z, where ¢; is
nonnegative. There exists a positive discount rate r.

At time #, the payoff of nation i €1, 2] is:

T c:
/ l[ui(s)]l/z_x(s)’l 3ti(s) [exp[—r(s — )] ds

oI~

—
»
V)

~—

+ exp[—r(T — to)]qx(T)>.
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Following the above analysis a set of feedback strategies { u; (t) = ¢; (t,x), for i
€{1,2}} provides a feedback Nash equilibrium solution to the game (4.1 and 4.2),
if there exist continuously differentiable functions V®i(z,x): [r,T] x R —
R, i€{1,2}, satisfying the following partial differential equations:

(0)i B 1/2 G
—v;"(1,%) —mu",-‘x{ L L Jexplr(e =)
Vi, x) [axl/z — by —u; — ¢;¢‘(t, x)} } and

VOUT, x) = gx'2exp[—r(T — )] fori€ {1,2}, je{1,2} andj #i.  (4.3)

Performing the indicated maximization yields:

s X
(1,x) = : , forie{1,2 4.4
¢z (t .X) 4[Ci + Vif)lexp[’,(t _ T)]xl/z] 2 ori E{ } ( )

Substituting ¢7 (¢, x) and ¢5(¢,x) into (4.3) and upon solving (4.43 one obtains can
obtain the feedback Nash equilibrium payoff of nation i in the game (4.1 and 4.2)
as:

Vi(2,x) = exp[—r(t — 7)] [Ai(0)x' > + Cil1)].
forie{1,2}ands€[z,T] andz € [ty, T}, (4.5)

where A(r), C«1), A(t) and C(7), for i€ {1,2} and je{1,2} and i # j, satisfy:

: b ! o
Ad) = [r +2]A[( )= e+ AW 4fei +Ai(1)/2)°
Ai(1) Ai)
8lei +4i(0)/21  8[c; + 4,(0)/2]”
()_rC(t)—gA()aﬂdA(T) q. and C;(T) = (4.6)

Now consider the case when the nations agree to cooperate in harvesting the fishery.
Let T.(xo,T —#y) denote a cooperative game with the game structure of
['(xp, T — tp) in which the players agree to act according to the optimality principle
that they would

(i) maximize the sum of their payoffs and
(i) divide the excess of the total cooperative payoff over the sum of individual
noncooperative payoffs equally.
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To maximize the joint payoffs, the nations would consider the optimal control
problem:

! 1/2 C1
/ (l"l(s) Y

+ 2exp[—r(T — to)|gx(T)%, (4.7)

subject to (4.1).
Let [y](t x),y5(t,x)] denote a set of controls that provides a solution to the

optimal control problem (4.1) and (4.7) and W) (1, x) : [ty, T] x R" — R denote the
value function that satisfies the equations:

—w") (1, x)
= max {u 12 —C—lu } + {uzl/z —iuz] exp[—r(t —t)]
Uy, uy ! X1/2 ! X1/2

+ W) (2,x) [ax!/? — bx — uy — uz]} and
W(T, x) = 2exp[—r(T — 10)]gx. (4.8)

Performing the indicated maximization we obtain:

. x
wi(t,x) = , and
: 4[cr + Wexp[r(r — to)]xl/z]2

X

4[cr + Wexp[r(r — to)]xl/z]z-

W;(tvx) =

Substituting y}(#,x) and y;(z, x) above into (4.8) yields the value function

WO (1,x) = expl—r(t = )] A2 + €],

where A(t) = [r + ]A( 1) — [(1+/1 o7 z[czwi o7
+ a2 E 2+ Aft) S+ Aft) -
4lei +A (/2] 4l +A@0/2]" 8[ei+A(0)/2]" 82 +A(r)/2]
Ct) =rC (1) — 2A (1), A(T)=2q, and B(T) = 0. (4.9)

2
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The optimal cooperative controls can then be obtained as:
X X

(8, x —————— and (X)) =—M— 4.10
wy(t,x) = [C1—|—A()/2] wo(t,x) = [cz—|—A()/2] (4.10)

Substituting these control strategies into (4.1) yields the dynamics of the state
trajectory under cooperation:

x(s) ()
e +A@/2] dle+il))2)
= Xo. (4.11)

% (s) = ax(s)? = bx(s) — x(1o)

Solving (4.11) yields the optimal cooperative state trajectory for I'.(xo,T — f) as

s 2
X' (s) = w(to,5)° [ x(l)/2 + / @ 1y, 1) H dt } , fors€t, T), (4.12)
to

h to,s) = Hy(7)dz|,H, =1 dH-(s) = — | tppr L
where i) = exp| [ ta(ehde] 1y~ ana 12) = = 1+t

1
8fex+a (/2] ]
The cooperative control for the game I'. (xo, T — #) over the time interval [z, T]

along the optimal trajectory {x" (t)}[T: , can be expressed precisely as:

v (6, :m’ and y, (1,x; ) Zm- (4.13)

Following the above analysis, the value function of the optimal control problem
with dynamics structure (4.1) and payoff structure (4.7) which starts at time = with
initial state x? can be obtained as W'*)(1,.x) = exp[—r(t — 7)] [A (t)x'/> + B (1)], and
the corresponding optimal controls as

—f, ndw’ ,x;k :x—,
s awa " L

# * X
‘//l(tvxt) =

over the time interval [z, T].
The agreed-upon optimality principle entails an imputation

. 1 1 . .
Y = Vi) 4 WO () = S V@i () ]
) =VIrx) + - W (z,x;) ;v (z.x0) |, i€{1,2}, (4.14)

in the cooperative game I, (x; T— T) for t € {lo, T] .
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Applying Theorem 3.1 a subgame consistent solution under the above optimal
principle for the cooperative game I'.(xo, T — #) can be obtained as:

{u(s) and B(s) for s€ [t T] and £ (19, x9)} in which
(1) u(s) for se [to, T] is the set of group optimal strategies
]2 , and l//; (s,xj) S 7; and

1(sx)) = —2
v (5:) [L1+A( )/2 4[eat (s)/2]
(ii) the imputation distribution procedure

B(s) = {Bi1(s),Ba(s)} for s€ty, T] where

_71 { ( [A i(s) (xj)l/z + C,(v)} +r [A,’(s) (xj)l/z + C,’(S)})

1 () ) P a () = b — ? : ]
+{2Az( ) (%) } l () C 4l +A/2] 4lg+A)/2)] }

_%{ ( [” (S)(X:)I/Z-i-é (s)} +r{A (s )(xj)l/z_i_é(s)})

B,'(S) =

ale) " = b - o)

oA foram)2
%{ (A () + €0 +r[ai) ()" + ci69)] )
36

()" b : 4}

da+aw/ 4lg+Ae/]
fori,je{l,2}andi # j, (4.15)

where A ;(s) and C(s) are given in (4.6); and A (s) and C (s) are given in (4.9).
With players using the cooperative strategies, the instantaneous receipt of player
i at time instant 7 is:

()" ei(x)"?
2ci+A(0)/2] 4le; + A(r) /2]

gi(e) = (4.16)

Under cooperation the instantaneous payment that player i should receive is B;(z) as
stated in (4.15). Hence an instantaneous transfer payment
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£'(2) = Bi(z) = §i(2) (4.17)

has to be given to player i at time 7, for i € {1,2} and 7€ o, T].

2.5 Infinite Horizon Analysis

In this section we consider infinite horizon cooperative differential games in which
player i’s payoff is:

/°° gx(s), uy(s), ua(s), - - -, un(s)] exp[—r(s — 7)]ds, fori€N. (5.1)

The state dynamics is
$(5) = FI(5), 10 (), 102(5), - - 0] X(7) = . (5.2)

Since s does not appear in gi[x(s), u1(s), uy(s)] and the state dynamics, the game (5.1
and 5.2) is an autonomous problem. Consider the alternative game I'(x) which starts
at time 7€ [fo, 00) with initial state x() = x:

u;

max /tOC g'[x(s), ur(s), ua(s), - - -, un(s) exp[—r(s — 1)]ds, forieN,  (5.3)

subject to the state dynamics
X (s) = flx(s), ur(s), uz(s), - - - un(s)], x(1) = x. (5.4)

The infinite-horizon autonomous game I'(x) is independent of the choice of ¢ and
dependent only upon the state at the starting time, that is x.

A feedback Nash equilibrium solution for the infinite-horizon autonomous game
(5.3) and (5.4) can be characterized as follows:

Theorem 5.1 An n-tuple of strategies {u; = ¢;(-)€U’, for iEN} provides a
feedback Nash equilibrium solution to the infinite-horizon game (5.3) and (5.4) if

there exist continuously differentiable functions Vi(x) :R™ — R,i€N, satisfying
the following set of partial differential equations:

~ 0

V0 = s {10 B30 (0 0 )
JFV;(X)f[X’ B1(x)s s (x), i (%), s, iy (%), -+, b (¥)] } forieN.
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Proof By Theorem A.2 in the Technical Appendices, Vi(x) is the value function
associated with the optimal control problem of player i,i € N. Hence the conditions
in Theorem 5.1 imply a Nash equilibrium. ]

Now consider the case when the players agree to act cooperatively. Let I'.(z, x,)
denote a cooperative game in which player i’s payoff is (5.1) and the state dynamics
is (5.2). The players agree to act according to an agreed upon optimality principle
P(z,x,) which entails

(i) group optimality and
(ii) the distribution of the total cooperative payoff according to an imputation
vector £ (v, x%) for v € [z, 00) over the game duration. Moreover, the function

£V (v,x)) €& (v,x)), for i €N, is continuously differentiable in v and x’.

The solution of the cooperative game I'.(z, x,) includes

@ a set of group optimal cooperative strategies
u®*(s) = [u(lf)*(s), ugr>* (s), - ugf)*(s)} , for s€ [7,00);
(i) an imputation vector &7 (z,x;) = [£7(z,x;), 6% (7,x;), -, €D (z,x,)] to

allot the cooperative payoff to the players; and
(iii) a payoff distribution procedure B*(s) = [B{(s),B}(s), -+, B(s)] for
NS [T, oo), where Bl (s) is the instantaneous payments for player i at time s.

In particular,
. (o}
£z x) = / B¥(s)exp[—r(s — 7)] ds, forieN (5.5)

In the following sub-sections, we characterize the cooperative strategies and payoff
distribution procedure of the cooperative game I .(7,x,) under the agreed-upon
optimality principle.

2.5.1 Group Optimal Cooperative Strategies

To ensure group rationality the players maximize the sum of their payoffs, the
players solve the problem:

max {/DO zn:gi[x(s), ui (s), ua(s), - - -, un(s)] exp[—r(s — 7)]ds }, (5.6)

UyyUpy ey Uy

subject to (5.2).
Following Theorem A.2 in the Technical Appendices, we note that a set of
controls {7 (x), fori € N} provides a solution to the optimal control problem (5.6) if
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there exists continuously differentiable function W(x) : R™ — R satisfying the
infinite-horizon Bellman equation:

2
rW(x) = max {Zgj[x,ul,uz,~--,un] + Wb, ur, uy, - - uy } (5.7)
=1

Uiy Uy ooy Up

The players will adopt the cooperative control {y(x), for i€ N} characterized in
(5.7). Note that these controls are functions of the current state x only. Substitut-
ing this set of control into the state dynamics yields the optimal (cooperative)
trajectory as;

i (s) = £ [x(5), 9 (6()) . wa (x(9)), - w7, (x(5)) ] x(7) = xe. (5-8)

Let x*(s) denote the solution to (5.8). The optimal trajectory {x*(s)}f; can be
expressed as:

x'(s) = x; + /Sf[x*(v),yflk (x*(u)),y/; (x*(u)), . ~,l//: (x*(u))] dv.

For notational convenience, we use the terms x*(s) and x} interchangeably.
The cooperative control for the game can be expressed more precisely as:
{y/f (xz) forieNandse [T, oo)},

1

which are functions of the current state x; only. The term
oo n
W(x)) = / Zg’ [x'k(s), v, (x*(s)), W, (x (5)), -, v, (x* (s))]exp[—r(s — 7)]ds
T j=1

yields the maximized cooperative payoff at current time 7, given that the state
is x*
T

2.5.2 Subgame Consistent Imputation and Payoff
Distribution Procedure

According to the agreed-upon optimality principle P(z,x,) the players would use
the Payoff Distribution Procedure {B*(s)},-, to bring about an imputation to
player i as:

§(T)i(1, X)) = /OCB,.’(s)exp[—r(s —1)] ds, forieN. (5.9)
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At time 7, we define the present value of player i’s payoff over the time interval
[1,00) as:

g(f)i(t’x’:) - /oo Bl (s)exp[—r(s — )] ds, forieN, (5.10)

o0

where 1 > 7 and x; € {x"(s)} .
S=T
Consider the case when the game has proceeded to time ¢ and the state variable
became x;. Then one has a cooperative game I'.(¢,x;) which starts at time ¢ with
initial state x;. According to the agreed-upon optimality principle, an imputation

i (r,x0) = / b B{(s)exp[—r(s — )] ds,

will be allotted to player i, for i€N.
However, according to the optimality principle, the imputation (in present value
viewed at time 7) to player i over the period [¢,00) is

(1) = /OCB,-T(S)GXP[—"(S— 7)] ds, forieN, (5.11)

For the imputations from the optimality principle to be consistent throughout the
cooperation duration, it is essential that

explr(r — ))& (1,x7) = EV7(1,x;), fort€ (,00).

In addition, at time 7z when the initial state is x,, according to the optimality
principle the payoff distribution procedure is

B'(s) = [B{(s),B;(s), . BL(s)], fors€ [z,00).
When the game has proceeded to time ¢ and the state variable became x;. According
to the optimality principle the payoff distribution procedure

B'(s) = [B{(s),B5(s), - B,

n

(s)], forse [t, oo),

will be adopted.
For the continuation of the payoff distribution procedure to be consistent it is
required that

B"(s) = B'(s), for s€ [t,00) andt€ [r,00).
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Definition 5.1 The imputation and payoff distribution procedure
{.{f(’) (z,x;) and B'(s) for s € [z,00) } are subgame consistent if

() explrle = DI (1.5 Zexplre— o) [ B(S)explr(s — )] ds
= 5(’)i(t,xf), fort€ (z,00) andtiEN; and

(5.12)

(i) the payoff distribution procedure B*(s) = [B{(s),B3(s),- - -, B} (s)] fors€ [t,00)

n

is identical to B'(s) = [B{(s),B3(s), -, B}(s)] € (t,x;). |

Definition 5.1 yields the infinite horizon subgame consistent imputation and
payoff distribution procedure.

2.5.3 Derivation of Subgame Consistent Payoff Distribution
Procedure

A payoff distribution procedure leading to subgame consistent imputation has to
satisfy Definition 5.1. Invoking Definition 5.1, we have B} (s) = B/(s) = B;(s), for
sE [T, oo) and r€ [r, oo) and i€N.

Therefore along the cooperative trajectory {x* (1) } 510

(7)) = / Bi(s)exp|—r(s — 7)]ds, fori€N, and

€7 (0,5) = [ Bslexpl-r(s ~ o) e, and

v

5(’>i(t, X)) = / Bi(s)exp[—r(s — t)]ds, forieNandt > v > 7 (5.13)
t

Moreover, for i €N and ¢ € [z,00), we define the term

WWwﬁ={([W&@awﬁc—Mm)

to denote the present value of player i’s cooperative payoff over the time interval
[#,00), given that the state is x; at time ¢ € [v,00), under the solution P(v,x}).
Invoking (5.13) and (5.14) one can readily verify that
explr(t — 7)]€D (1,x]) = EV¥(1,x7), for i€N and 7€ [to, T] and t € [z, T].
The next task is to derive By(s), for s € [z, 00) and t € [z, 00) so that (5.13) can be
realized. Consider again the following condition.

ﬂg:ﬁ} (5.14)
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Condition 5.1 ForieNands > vando € [z, T], the term EWiq, x7) is a function that
is continuously differentiable in ¢ and x;.

A theorem characterizing a formula for B(s), for i€N and s€ [v,00), which
yields (5.14) is provided as follows.

Theorem 5.2 If Condition 5.1 is satisfied, a PDP with instantaneous payments at
time s equaling

Bi(s) = ~ &7 (t.47)

] e i () () (), (519)
forieN and s€ [v, oo),
yields imputation §(U)i(v,xl‘}'), forve [T, oo) which satisfy (5.13).

Proof Note that along the cooperative trajectory {x" ()} . _

f(v)i(t, X)) = /0Q Bi(s)exp[—r(s — v)]ds = exp[—r(t — v)] §<’)i(t, xf),
fori€Nand € [v,00). (5.16)

For At — 0, Eq. (5.13) can be expressed as

é:(v)i(r7x:) = /00 Bi(s)exp[—r(s — v)]ds
v+AL
= / Bi(s)exp[—r(s — v)] ds 4 &V (v+ At x, + Ax), (5.17)

where

Ax, = flx,wy (%) w5 (x,), -y, (x)) ] Ar + o(At), and o(Ar) /At — Oas At — 0.

Replacing the term x: + Ax:; with x,_ 4,

and rearranging (5.17) yields:

v+At
/ Bi(s)exp[—r(s —v)] ds

v

= &0 (p, X)) — EV (0 + At X)), forallv € [7,00) andi EN. (5.18)

o

Consider the following condition concerning £“”(¢, x?), for v € [7,00) and ¢ € [v, 00):
With Condition 5.1 holding and At — 0, (5.18) can be expressed as:

| ar

=t

Bi(v)ar = [ (1,x;)

= & (0,0 ) [0 () w3 (), -y ()] A = o(A). (5.19)
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Dividing (5.19) throughout by Af, with Ar — 0, yields (5.15). Thus the payoff
distribution procedure in Biv) in (5.15) would lead to the realization of the
imputations which satisfy (5.15). [ |

Since the payoff distribution procedure in B(7) in (5.15) leads to the realization
of (5.13), it would yields subgame consistent imputations satisfying Definition 5.1.

A more succinct form of Theorem 5.2 can be derived as follows. Note that, a
PDP with instantaneous payments at time s equaling

Bi(s) = reVi(s,x)) — & (s, )f [l v (7) s (7). (7)),
fori€Nandse [v,00), (5.20)

yields imputation £“”(v,x9), for v € [z, 00) which satisfy (5.13).

To demonstrate that (5.20) is an alternative form for (5.15) in Theorem 5.2, we
define

€@D={[”&®mm4w—wﬁ

x(v) = x, } = &Wi(z,x7), and

) ={ [ Bl - olas

x(t) = x; } = 5(’>i(t,xf),

for ieN and v€[r,00) and € [v,00) along the optimal cooperative trajectory
{Xs }s:‘:'

We then have:

V0 (1,x7) = expl—r(t — v) &' (x7).

Differentiating £ (¢, x) with respect to ¢ yields:

[ (e.x)

} = —rexp|—r(t — 0)]%1()(:) = —r&Wi(s,x)).

=v

Att =, f(v)i(t, x;k) = 5(“>i(u x*), therefore

» o

} = r§(“>i (t, x:) = r§(">i(u7x;). (5.21)
=v

Substituting (5.21) into (5.15) yields (5.20). Since the infinite-horizon autonomous
game ['(x) is independent of the choice of time s and dependent only upon the state,
Eq. (5.20) can be expressed as:

i

Bi(x;) = r&'(xv)) = &y (0 [erw) () w5 (30). v ()] forieN. (5.22)

s
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Therefore a subgame consistent solution for the cooperative game I'.(z,x,)
with optimality principle P(z,x,) includes the cooperative strategies and Payoff
Distribution Procedure:

{u(s) and B(x}) for s € [z, 00) } in which
(1) u(s) is the set of group optimal strategies y*(x7) for the game I'.(z, x;), and

(ii) the payoff distribution procedure

B(x;) = {B;(xif),BzA(;:), o By (x") } where

Bi(x) =ré () = & (I v () wa (), v ()], (5.23)

s

forieN.
With players using the cooperative strategies {y; (x, ), fori€ N andv € [r,00) },
the instantaneous receipt of player 7 at time instant v is:

Gi() = &' () w2 (), v ()]
forieN. (5.24)
According to Theorem 5.2, the instantaneous payment that player i should receive

under the agreed-upon optimality principle is B;(v) in (5.15) or equivalently B;(x})
in (5.23). Hence an instantaneous transfer payment

1 (%) = Bilx,) = &i(x,) (5.25)

has to be given to player i at time v, for i€N.

2.6 Infinite Horizon Resource Extraction

Consider an infinite horizon version of the cooperative fishery game in Sect. 2.5. At
initial time 7, the payoff of nation 1 and that of nation 2 are respectively:

/oc [MI(S)I/Z _ C)ll/zu](s)‘| exp[—r(t —7)]ds

x(s

and

/oo lm(s)l/z _ x(:')zl/zm(s)] exp[—r(t — 7)]ds. (6.1)
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The resource stock x(s) €X C R follows the dynamics
% (s) = ax(s)"* = bx(s) — uy (s) — ua(s), x(z) = x, €X, (6.2)

Using Theorem 5.1, the value function V i(t, x) reflecting the payoff of nation i in a
noncooperative feedback Nash equilibrium can be obtained as:

V@@:@Mﬂ+q} (6.3)

where for i,j€{1,2} and i # j,A;, C;, A; and C; satisfy:

b 1 Ci
I‘+—A,'7 +
[ 2] 20ei +Ai/2]  4c; + A/2)
A; A;
: ——+ —— =0, and
8lci +Ai/2]"  8[c;+A;/2]
a
Ci=A;
2

The game equilibrium strategies can be obtained as:

* - X * _
¢, (x) _4[c1 —|—A1/2]2, and ¢, (x)

X

47[” A (6.4)

Consider the case when these two nations agree to act according to an agreed upon
optimality principle which entails

(i) group optimality, and

(i) the distribution of the cooperative payoff according to the imputation that
divides the excess of the total cooperative payoff over the sum of individual
noncooperative payoffs equally.

To maximize their joint payoff for group optimality, the nations have to solve the
control problem of maximizing

/00 (lul(s)l/2 _x(sc)ll/zul(s)

subject to (6.2).
Invoking Eq. (5.7), we obtain:

. _ 1/2 €1 1/2 (&}
W (x) —rurll,e}jf{ ( {Ml / _W”‘} + [z@/ _muz} )

+ W, (x) [01)(1/2 —bx —u; — ug]
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The value function W(x) which reflects the maximized joint payoff can be
obtained as:

W(x) = {Axl/2 + C],

where [ +5]A — 5 = st

. Cy + Ca + A + A
Aoy + A2 dlea +AJ27 8ler + A2 8ler +A/2)

=—A
¢ 2r

=0, and

The optimal cooperative controls can then be obtained as:

nd gy (x) = ————— (6.6)

l//T(X) = = 42 +A/2]2 .

4y +A/2 :

Substituting these control strategies into (6.2) yields the dynamics of the state
trajectory under cooperation:

% (s) = ax(s)"? = bx(s) — X(s) — x(s) x(1) = x
) () als) 4ley + A2 Al +AJ2 @) =x (67)

Solving (6.7) yields the optimal cooperative state trajectory {x* (s)}oo

~ for the
=l

cooperative game (6.1 and 6.2) as:

©(5) = [+ ()~ S )expl-H(s )] (6.8)

__|» 1
where H = [2—&-8[(.1“/2]2 +3

[cz—‘-lA/2]2 :|

According to the agreed-upon optimality principle these nations will distribute
the cooperative payoff according to the imputation which divides the excess of the
total cooperative payoff over the sum of individual noncooperative payoffs equally.

P e

Hence the imputation £(v, x,) = [5 (x,), & ? (x;)} has to satisfy:

Condition 6.1 5
Wi,) =D V()| (6.9)

J=1

~lyox Aok 1
¢ (xv) =V (xv) +§

for i€ {1,2} and v € [r,00). |
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Applying Theorem 5.2 and Eq. (5.23) a subgame consistent solution payoff
distribution procedure B (x;) = {B (x),B2(x,) } for s € [z, 00) can be obtained as:

B.) =3 r[at) 6] e [a) e ] < a6+ 0] |
A ) o)

12 X, _ Xy
) {a@) o e +A/27 4l +A/27 ]’ 10

fori,je{l1,2} andi #j.
With players using the cooperative strategies {1//; (x

EY

"),i€{1,2}} along the
cooperative trajectory, the instantaneous receipt of player i/ at time instant v
becomes:

* (x*)l/z c,‘(x*)l/2
Ci( 1)) = 2[6’,‘ —|—A/2] _4[0,' +A/2}27 (611)

According to (6.10), the instantaneous payment that player i should receive under
the agreed-upon optimality principle is B;(x}). Hence an instantaneous transfer
payment

7(x,) = Bi(x,) = &ifx,) (6.12)

has to be given to player i at time v € [z, 00), for i € {1,2}.

2.7 Chapter Notes

Significant contributions to general game theory include von Neumann and
Morgenstern (1944); Nash (1950, 1953); Vorob’ev (1972); Shapley (1953) and
Shubik (1959a, b). Dynamic optimization techniques are essential in the derivation
of solutions to differential games. The origin of differential games was established
by Rufus Isaacs in the late 1940s (the complete work was published in Isaacs
(1965)). In the meantime, control theory reached its maturity in the Optimal Control
Theory of Pontryagin et al. (1962) and Bellman’s Dynamic Programming (1957).
Berkovitz (1964) developed a variational approach to differential games, and
Leitmann and Mon (1967) investigated the geometry of differential games.
Pontryagin (1966) solved differential games in open-loop solution in terms of the
maximum principle. Cooperative games suggest the possibility of socially optimal
and group efficient solutions to decision problems involving strategic action. As
discussed above, Individual rationality and group optimality are essential element
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of a cooperative game solution. Dockner and Jgrgensen (1984); Dockner and Long
(1993); Tahvonen (1994); Miler and de Zeeuw (1998) and Rubio and Casino
(2002) presented cooperative solutions satisfying group optimality in differential
games. The majority of cooperative differential games adopt solutions satisfying
the essential criteria for dynamic stability — group optimality and individual ratio-
nality. Haurie and Zaccour (1986, 1991), Kaitala and Pohjola (1988, 1990, 1995),
Kaitala et al. (1995) and Jgrgensen and Zaccour (2001) presented classes of
transferable-payoff cooperative differential games with solutions which satisfy
group optimality and individual rationality. Miao et al. (2010) studied a cooperative
differential game on transmission rate in wireless networks. Lin et al. (2014)
presented a cooperative differential game for model energy-bandwidth efficiency
tradeoff in the Internet. Huang et al. (2016) presented a cooperative differential
game of transboundary industrial pollution with a Stackelberg game between firms
and local governments while the governments cooperate in pollution reduction.
Tolwinski et al. (1986) considered cooperative equilibria in differential games in
which memory-dependent strategies and threats are introduced to maintain the
agreed-upon control path. Petrosyan and Danilov (1982); Petrosyan and Zenkevich
(1996) and Petrosyan (1997) provided a detailed analysis of subgame consistent
(then referred to as time consistent solutions in the deterministic framework)
imputation distribution schemes in cooperative differential games. Filar and
Petrosyan (2000) considered dynamic cooperative games in characteristic functions
which evolve over time in a dynamic equation that is influenced by the current
(instantaneous) characteristic function and cooperative solution concept adopted.

Yeung and Petrosyan (2004) presented subgame consistent solution in stochastic
differential games and Yeung and Petrosyan (2012a) gave a comprehensive account
of the topic. Application of subgame consistent solutions in differential games in
cost-saving joint venture, collaborative environmental management and dormant
firm cartel can be found in Yeung and Petrosyan (2012a). Other examples of
cooperative differential games with solutions satisfying subgame consistency can
be found in Petrosyan (1997), Jgrgensen and Zaccour (2001). A note concerning the
notations used in Petrosyan (1997) and Yeung and Petrosyan (2004) is given in
Yeung and Petrosyan (2012d). A non-cooperative-equivalent imputation formula in
cooperative differential games is provided by Yeung (2007b) and an irrational-
behaviour proof condition in cooperative differential games is given in Yeung
(2006a). A study on the tragedy of the commons in a dynamic game framework
can be found in Hartwick and Yeung (1997).

2.8 Problems

1. Consider the case of three nations harvesting fish in common waters. The growth
rate of the fish biomass is characterized by the differential equation:

x(s) = 4)c(s)l/2 —0.5x(s) — u1(s) — ua(s), x(0) = 50,
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where u; €U; is the (nonnegative) amount of fish harvested by nation i, for
i€{1,2}. The horizon of the game is [0, 5].
The harvesting cost for nation i € {1,2} depends on the quantity of resource

extracted u;(s) and the resource stock size x(s). In particular, nation 1’s extraction

-1/2 ~172 The revenue of fish

172

and nation 2’s is 2u(s)x(s)
172 and that by nation 2 is [u(s)]

cost is uy(s)x(s)
harvested by nation 1 at time s is 2[u;(s)]
The interest rate is 0.05.

Characterize a feedback Nash equilibrium solution for this fishery game.

2. If these nations agree to cooperate and maximize their joint payoff, obtain a
group optimal cooperative solution.

3. Furthermore, if these nations agree to share the excess of their gain from
cooperation equally along the optimal trajectory, derive a subgame consistent
cooperative solution.

4. If the game horizon of the above problems is extended to infinity, what would be
the answers to Problems 1, 2 and 3?
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