
Chapter 6
Nonlinear Stimulated Scattering

In this chapter, the first section reviews the various kinds of light scattering phe-
nomena in the nature and points out the difference between stimulated scattering
(nonlinear scattering) and spontaneous scattering (linear scattering). The stimulated
scattering is belonging to the third-order nonlinear optics effects. The second and
third sections will study two stimulated scattering phenomena respectively: the
stimulated Raman scattering and the stimulated Brillouin scattering. We will
introduce their classical theoretical models, and finally give their related experi-
mental methods.

6.1 Introduction to Light Scattering

6.1.1 Classification of Light Scattering

Light scattering is a phenomenon that when the light passes through the medium,
the part of the light energy deviate the original propagation direction to occur the
light energy redistribution. The light energy can be described us the product of
photon energy �hx and photon number N, i.e., e ¼ �hxN: That means the light
scattering not only change the space distribution of the photon number, but also can
produce the new lights at the frequency different with the frequency of original
light. Therefore, we can also say that the light scattering is a phenomenon of the
light redistribution on the frequency spectrum.

Light scattering is arising from the inhomogeneous distribution of medium
properties (mainly the refractive index of medium), namely there exists the so called
“scattering centers”. According to the different reasons inducing the heterogeneity
of medium, the light scattering can be divided into different categories.

If the medium is consisted of the pure matter with the same component (such as
same molecules and atoms), according to the different reason to form the scattering
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center, the scattering can be divided into several kinds. In addition, there also exist
other kinds of light scatterings produced by doping external particles or due to
structure defects. Below we adopt the classical concept that the electric dipoles
induce the secondary radiation under the action of the external light electric field to
introduce several light scatterings with different mechanism in the nature.

1. Rayleigh Scattering

The medium is composed with the identical molecules and atoms, but the density of
molecules or atoms has the random fluctuation in the space scale far less than the
light wavelength. Under the action of the external light electric field, the fluctuation
can be regarded as the forced oscillation of the electric dipoles, which produce the
secondary radiation with a non-uniform space distribution, it is called Rayleigh
scattering. The property of this light scattering is that: the frequency of scattering
light is the same as that of input light; the relation between the scattering-light
intensity and the input-light wavelength is Iscatt / 1=k4. From this formula we can
see, the wavelength shorter, the scattering-light intensity stronger. The blue color of
the sunny sky is just due to this reason.

2. Rayleigh-wing Scattering

Some organic liquids are composed with the anisotropic molecules (for example
carbon disulfide, nitrobenzene, benzene etc.), because the orientation fluctuation of
anisotropic molecules and the intermolecular thermal collision, in the scattering
spectrum, accept Rayleigh scattering at the wavelength coincident with the wave-
length of input light, it also exists the continuous spectrum broadening on the two
sides of the center wavelength, i.e. it occurs the continuous frequency shift phe-
nomenon, this light scattering is called the Rayleigh-wing scattering.

3. Raman Scattering

This kind scattering mainly happens in the molecular component medium. When an
external light field at certain frequency inputs the medium, it will induce the forced
oscillation of molecular electrical dipole. Because the molecular vibration (or rota-
tion) frequency modulates the forced oscillation frequency of molecular electrical
dipole, the frequency of electrical dipole generated second radiation light (scattering
light) has a certain movement relative to the frequency of input light. The scattering
light with the rad shift of frequency is called Stokes scattering light; and the scattering
light with the blue shift of frequency is called Anti-stokes scattering light.

4. Brillouin Scattering

In the pure mediums, there are always the thermal motion, to lead the fluctuate
variation of the medium density (or refractive index). Under the action of light
electric field, via the electrostriction effect, to lead the periodic variation of medium
density (or refractive index); it is equivalent to exist an acoustic wave field that can
scatter the incident light. The frequency shift quantity of scattering light is equal to
the phonon frequency; its magnitude is related with scattering angle, the frequency
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of incident photon and the velocity of acoustic wave field. The Brillouin scattering
also has the Stokes and Anti-stokes two kinds of scattering lights.

Figure 6.1 gives several spectrums of light scattering in the pure medium.

5. Tyndall Scattering and Mie Scattering

Above introduced are several light scatterings in pure medium consisted of mole-
cules or atoms.

In addition, there are the extraneous impurities, particles, etc. in the medium and
the structure defects of the medium all can cause the light scattering. For example,
the impurities, stones, bubbles, stripes, dislocations etc. in solid glass and crystal
can form the scattering centers. The everyday scattering behavior of suspended
impurities, dusts and aerosols in air and liquid are also belong to this kind phe-
nomenon. In these phenomena, the frequency of the scattering light is same as the
frequency of the incident light. The relationship between the scattered light
intensity and the light wavelength is Is / kg, in which g is relative to k=a0; a0 is the
radius of the scattering particle. There are three kinds of cases:

When a0 [ [ k; g ! 0; the scattering light intensity is independent of the
incident light wavelength, this kind scattering is called Tyndall scattering. The
white cloud in the sky is just the result of this scattering.

When a0 � k, i.e., the size of a0 is in the order of magnitude of k, the g takes the
oscillating value with change of k=a0. This scattering is called as Mie scattering.

When a0\\k , then g ! �4; Is / k�4, this is the case of Rayleigh scattering.

6.1.2 Stimulated Radiation Light Scattering Characteristics

Spontaneous radiation light scattering is caused by interaction of the spontaneous
radiation light (nature light) with the medium. Because the intensity of nature light
is too weak, when it acts with the medium, do not change the optical properties of
the medium, so the scattering light is still the spontaneous radiation light. However,
the stimulated radiation light scattering is caused by interaction of the stimulated
radiation light (laser) with the medium, the intensity of laser is very high, it can
changes the optical properties of the medium (such as refractive index), the scat-
tering light is still a stimulated light. The stimulated radiation light scattering has
several kinds, including the stimulated Raman scattering (SRS), the stimulated

Fig. 6.1 Several spectrums of light scattering in the pure medium
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Brillouin scattering (SBS), the stimulated Rayleigh-wing scattering, and the stim-
ulated Kerr scattering, etc. The stimulated radiation light scattering is one of
third-order nonlinear optics effects.

The stimulated radiation light scattering in comparison with the spontaneous
radiation light scattering has the following new properties:

(1) High Gain
The stimulated scattering outputted light intensity is possible to reach the same
order of magnitude of the incident light intensity, even more strong. Because it
has a high amplification ability, the stimulated scattering light could use up the
incident light energy.

(2) High Directionality
The divergence angle of forward and backward stimulated scattering light can
reach the same of divergence angle of incident laser, for example to reach
milliradian, even to reach the diffraction limitation.

(3) High Monochromaticity
The width of scattered spectrum is obvious narrow down. It can produce the
monochromatic light with the spectrum width as same as the spectrum width
of incident laser or narrower.

(4) Pulsewidth Compression
The pulsewidth of stimulated radiation scattering light pulse can reach the date
much smaller than the pulsewidth of incident laser pulse.

(5) Threshold Value
When the intensity of incident laser is larger than a threshold intensity, the
coherence, directivity and intensity will be obvious enhanced.

(6) High Order Scattering
When increasing the input intensity or the medium length, the more high-order
Stokes and anti-Stokes scattering lights will occur.

(7) Phase Conjugation
The phase of the backward stimulated scattering light has a conjugation
relation with the phase of the incident light, the backward scattering can be
used to generate phase conjugation wave. It has a higher nonlinear reflectivity;
it does not need to consider the phase match.

6.2 Stimulated Raman Scattering

6.2.1 Physical Picture of Stimulated Raman Scattering

1. Spectral Characteristic of Stimulated Raman Scattering

In 1928 Raman discovered the spontaneous Raman scattering. In the scattering
spectrum, except the original frequency component xa, it also appears the new
frequency component xs (Stokes lane) and xa (anti-Stokes lane), and xs\x0\xa;
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In general, the anti-Stokes lane is weaker than the Stokes lane in several orders of
magnitude. We can use the energy-level diagram Fig. 6.2 to explain the formation
process of Raman scattering.

The process of Raman scattering is: the molecule in the ground state absorbs the
photon of pump light at frequency xp jumping to a virtual state, and then transits
from that virtual state to the vibration (or rotation) state of the molecule, at same
time launching a Stokes photon at frequency xs, as shown in Fig. 6.2a. On the
other hand, the molecule located at the vibration (or rotation) state absorbs a photon
of pump light at xp jumping to another virtual state, then transits from that virtual
state to the ground state, at same time launching an anti-Stokes photon at frequency
xa as shown in Fig. 6.2b. Because in the thermal equilibrium case, the molecular
number in the ground state is much greater than the molecular number in the
vibration state, so the number of the photon at frequency xs is much greater than
the number of the photon at frequency xa, therefore the Stokes scattering light
intensity is much stronger than the anti-Stokes scattering light intensity.

The stimulated Raman scattering spectrogram has different characteristic in
comparison with the spontaneous Raman scattering spectrogram: the spontaneous
Raman scattering spectrogram only has two first-order scattering spectral lines, but
on the stimulated Raman scattering spectrogram, there are many high order scat-
tering spectral lines, as shown in Fig. 6.3.

2. Classical Oscillator Picture of Stimulated Raman Scattering

Now we give a classical oscillator picture for explaining the formation of stimulated
Raman scattering, as shown in Fig. 6.4.

Figure 6.4a shows that when a pump light at frequency xp inputs into the
medium consisted of the molecules at the intrinsic vibration frequency xv, it induces
the molecular polarization to form an electrical dipole, and generates the forced
oscillation at frequency xp, which induces the secondary radiation, the frequency of
radiation light is modulated by molecular vibration frequency, so that it occurs the
frequency shift, to produce a Stokes scattering light at the frequency of xs ¼
xP � xm and an anti-Stokes scattering light at the frequency of xa ¼ xP þxm.

Fig. 6.2 Energy-level diagrams for explaining Raman scattering a Stokes scattering;
b Anti-Stokes scattering
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Figure 6.4b shows that the original pump light and Stokes light (anti-Stokes
light) together input the medium to form the light at the difference frequency of
xv ¼ xp � xs (or xv ¼ xp � xa), the difference frequency light intensifies the
molecular vibration of medium, thereby further generate the Stokes light at fre-
quency xs (or the anti-Stokes light at frequency xa), this positive feedback action
similar to avalanche makes the Stokes light (or the anti-Stokes light) further
increases.

Fig. 6.4 Classical oscillator picture for explaining the formation of stimulated Raman scattering:
a the frequency of electrical-dipole secondary radiation is modulated by the frequency of medium
molecular vibration to generate the Stokes scattering light; b the difference frequency between the
pump light and the Stokes light further intensifies the medium molecular vibration to increase the
Stokes light

Fig. 6.3 Comparison of spectrograms of the spontaneous Raman scattering and the stimulated
Raman scattering
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3. Photon Picture of Stimulated Raman Scattering

Using the frequency and the wave vector to represent the incident photon (xp; kp),
the Stoke scattering photon (xs; ks), the anti-Stokes photon (xa; ka) and the Raman
vibration of medium (xm; km), the Stokes light and the anti-Stokes light of first-order
stimulated Raman scattering must obey the following energy and momentum
conservation relationships:

xs ¼ xp � xv

xa ¼ xp þxv;
ð6:2:1Þ

ks ¼ kp � km
ka ¼ kp þ kv:

ð6:2:2Þ

The stimulated Stokes scattering light and the stimulated anti-Stokes scattering
light are concurrence, but two scattering lights in general are non-collinear. In the
phase matching condition, their propagation directions satisfy the vector relation-
ship, as shown in Fig. 6.5.

That is to say, the first-order anti-Stokes scattering light is generated by inter-
action between the pump light and the first-order Stokes scattering light in the
third-order nonlinear process. Three of them satisfy the following wave-vector
matching condition:

Dk ¼ 2kp � ks � ka ¼ 0: ð6:2:3Þ

According to wave-vector relation showed in Fig. 6.5 we have

ks cos hs þ ka cos ha ¼ 2kp: ð6:2:4Þ

The refractive indexes of the Stokes scattering light and the anti-Stokes scat-
tering light can be denoted as the sum of the linear refractive index and the non-
linear refractive index, respectively:

ns ¼ np þDns; ð6:2:5Þ

na ¼ np þDna: ð6:2:6Þ

Fig. 6.5 Vector diagram of
the propagation directions of
stimulated Raman scattering
lights
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Because cos h � 1� h2

2 ; k ¼ x
c n; from Eqs. (6.2.4) to (6.2.6), we obtain

1þ Dns
np

� �
1� h2s

2

� �
xs þ 1þ Dna

np

� �
1� h2a

2

� �
xa ¼ 2xp: ð6:2:7Þ

On the other hand, the three light frequencies have to satisfy the energy con-
servation condition:

xs þxa ¼ 2xp: ð6:2:8Þ

Let Eqs. (6.2.7) minus (6.2.8), assuming h2s � h2a ¼ h2, and
2ðDnsxs þDnaxaÞh2 can be neglected because it is much smaller than
npðxs þxaÞh2, so we obtain the divergence angle of the first-order anti-Stokes
scattering light:

h2 ffi 2ðDnsxs þDnaxaÞ
npðxs þxaÞ : ð6:2:9Þ

Visible,both the first-order Raman scattering Stokes light and the anti-Stokes
light are outputted along a same cone angle h, which is the intersection angle
between the scattering light and the incident pump light. In the same way, we can
understand the different high-order Raman scattering lights will output along the
different cone angles.

An experiment showed that when a Ruby laser beam focuses into a Nitrobenzene
sample, on the output screen in the far field of scattering light can see a ring-shape
transverse structure, as shown in Fig. 6.6. The each-order Raman scattering lights
(including Stokes and anti-Stokes lights) respectively start from the focal point and
output in different cone angle to form the rings with different radius on the screen.
The first-order Raman scattering light has maximum intensity located at the center
of rings. The high-order Raman scattering light is corresponding to the larger and
weaker rings.

Fig. 6.6 Experiment for observing the angle distribution of stimulated Raman scattering lights
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The stimulated Raman scattering has many important applications, for example,
it can be used for frequency shift of laser outputted light for broadening the output
frequency region; it can be used for the Raman amplifier and the wavelength
division multiplexing device in fiber communication. Using backward stimulated
scattering can obtain the phase conjugation light to realize the high efficient image
aberration self-compensating; in addition, one can use silicon ring waveguide to
make a Raman scattering laser to output the Stokes laser beam etc.

6.2.2 Classical Theory of Stimulated Raman Scattering

1. Gain Factor of Stokes Scattering Light Field

Now we introduce the classical theory of stimulated Raman scattering [1–5]. At first
we use nonlinear coupled equations to analyze the stimulated Raman scattering
process. In the isotropic medium, a pump light field EPðxPÞ at frequency xp inputs
the medium, which interacts with the medium to produce the Stokes scattering light
field EsðxsÞ at frequency xs, these two lights propagate all along z-direction. Under
the phase matching condition, the nonlinear coupled equation for Esðz;xsÞ is

dEsðzÞ
dz

¼ ixs

2e0cns
Pð3ÞðzÞ: ð6:2:10Þ

The photon’s energy and momentum conservation relationships for Stokes
Raman scattering are

xs ¼ xp � xp þxs;

ks ¼ kp � kp þ ks:

The nonlinear polarization is given by

Pð3ÞðzÞ ¼ 6e0v
ð3Þ
R ðxs;xp;�xp;xsÞ Ep

�� ��2EsðzÞ: ð6:2:11Þ

where vð3ÞR ðxs;xp;�xp;xsÞ is the susceptibility for Stokes Raman scattering light,

it is simply expressed as vð3ÞR ðxsÞ; which can be divided into the real and imaginary
two parts:

vð3ÞR ðxsÞ ¼ vð3ÞR ðxsÞ0 þ ivð3Þ00R ðxsÞ: ð6:2:12Þ

The real part reflects the refractive-index change (phase change), the imaginary
part reflects the absorption coefficient change (energy change). Because we only
study the energy exchange relation in the scattering process, in following discuss
we only maintain the imaginary part items.
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Substituting Eq. (6.2.11) into Eq. (6.2.10), and taking the imaginary part of

susceptibility ivð3Þ00R ðxsÞ; we obtain

dEsðzÞ
dz

¼ � 3xs

cns
vð3Þ00R ðxsÞ Ep

�� ��2EsðzÞ: ð6:2:13Þ

Using Ip ¼ 1
2 e0cnP Ep

�� ��2 to replace Ep

�� ��2 by the light intensity Ip, we solve
Eq. (6.2.13) to obtain

EsðzÞ ¼ Es0 exp � 6xs

e0c2npns
v00RðxsÞIpz

� �
¼ Es0e

1
2gIpz; ð6:2:14Þ

where g factor is

g ¼ � 12xs

e0c2npns
v00RðxsÞ: ð6:2:15Þ

We can see that if v00R\0 g is a gain factor. Below we will see that v00R indeed is
smaller than zero, so the Stokes scattering light field is exponential increase along
z-direction.

2. Formula Derivation of Susceptibility for Stimulated Raman Scattering

Now we start derivate the expression of vð3ÞR in detail. We suppose that the medium
is consisted of molecules (or atoms), each molecule (atom) is similar to an electrical
dipole, and there are N non-interactional electrical dipoles in per unit volume of the
medium. When an additional light field Eðz; tÞ inputs the medium, and interacts
with electrical dipoles to lead them forced oscillation. The length of electrical dipole
is denoted by qðtÞ, when forced oscillation of electrical dipole, the length of
electrical dipole is changed with time respect to its equilibrium-state length q0. So
qðtÞ is a function of time, as shown in Fig. 6.7.

The classical motion equation for describing the forced oscillation of molecular
electrical dipole is

@2qðtÞ
@t2

þ 2c
@qðtÞ
@t

þx2
vqðtÞ ¼

Fðz; tÞ
m

; ð6:2:16Þ

where xv is the resonance frequency of electrical dipole, c is the relaxation rate
(attenuation constant) of electrical dipole, Fðz; tÞ is the acting force of external
electrical field, m is the mass of electrical dipole molecule.

Fig. 6.7 Molecular electrical
dipole model for describing
the stimulated Raman
scattering
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Under the action of light field, the polarization of electrical dipole is

pðz; tÞ ¼ eEðz; tÞ: ð6:2:17Þ

The relationship of the dielectric coefficient e and the electrical-dipole suscep-
tibility a is

e ¼ e0ð1þ aÞ; ð6:2:18Þ

The electrical-dipole susceptibility a is a function of the time:

aðtÞ ¼ a0 þ @a
@q

� �
0
qðtÞ; ð6:2:19Þ

where the first item a0 is the linear susceptibility of electrical dipole in the equi-
librium state, the second item is the nonlinear susceptibility of electrical dipole.
Considering Eqs. (6.2.17) and (6.2.18), the static electricity energy of electrical
dipole is

W ¼ 1
2
½pðz; tÞ � Eðz; tÞ� ¼ 1

2
e0ð1þ aÞ E2ðz; tÞ� �

; ð6:2:20Þ

where hi denotes the time average value of total light field intensity in an optical
period (it is possible containing several frequency components).

The electrical field force induced in external field is the derivative of electrostatic
energy to the length change of electrical dipole. Utilizing Eqs. (6.2.20) and
(6.3.19), we obtain

Fðz; tÞ ¼ dW
dq

¼ e0
2

@a
@q

� �
0
E2ðz; tÞ� �

: ð6:2:21Þ

In order to find the average value of field intensity, assuming the total light field
in medium is the sum of pump light field and Stokes light field:

Eðz; tÞ ¼ Epe
iðkpz�xptÞ þEse

iðksz�xstÞ þ c:c: ð6:2:22Þ

Because the total light field has two light fields at different frequencies, so in
E2ðz; tÞ� �

there are several items with different frequencies, we omit high frequency
items containing 2xp; 2xs and xp þxs etc., only maintain the low frequency items
containing xp � xs, than we have

E2ðz; tÞ� � � 2EpE�
s e

iðKz�XtÞ þ c:c:; ð6:2:23Þ
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where K and X are defined as respectively:

K ¼ kp � ks;X ¼ xp � xs: ð6:2:24Þ

From Eq. (6.2.21), the dipole received force is

Fðz; tÞ ¼ e0
@a
@q

� �
0
½EpE�

s e
iðKz�XtÞ þ c:c:�: ð6:2:25Þ

In order to solve dipole motion Eq. (6.2.16), we can used a testing solution:

qðtÞ ¼ qðXÞeiðKz�XtÞ þ c:c: ð6:2:26Þ

Substituting Eqs. (6.2.26) and (6.2.25) into Eq. (6.2.16), we obtain

�X2qðXÞ � 2iXcqðXÞþx2
vqðXÞ ¼

e0
m

@a
@q

� �
0
EpE�

s : ð6:2:27Þ

Thus we obtain the electrical dipole vibration amplitude:

qðXÞ ¼ ðe0=mÞð@a=@qÞ0EpE�
s

x2
m � X2 � 2iXc

: ð6:2:28Þ

Now we are going to find the third-order polarization and susceptibility.
According to Eqs. (6.2.18) and (6.2.19), the total polarization of medium is

Pðz; tÞ ¼ Npðz; tÞ ¼ e0Nð1þ aÞEðz; tÞ

¼ e0N½1þ a0 þ @a
@q

� �
0
qðz; tÞ�Eðz; tÞ: ð6:2:29Þ

Equation (6.2.29) includes the first-order polarization (linear polarization) and
the third-order polarization of medium. In which the first-order polarization is

Pð1Þ ¼ e0Nð1þ a0ÞEðz; tÞ: ð6:2:30Þ

According to Eqs. (6.2.29), (6.2.26) and (6.2.22), the third-order polarization is

Pð3Þðz; tÞ ¼ e0N
@a
@q

� �
0
½qðXÞeiðKz�XtÞ þ c:c:� � ½Epe

iðkPz�xPtÞ þEse
iðksz�xstÞ þ c:c:�:

ð6:2:31Þ
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So the nonlinear polarization contains several different frequency difference
components, in which the Stokes light at frequency xs induced nonlinear polar-
ization of medium can be expressed as

Pð3Þ
s ðz; tÞ ¼ Pð3ÞðxsÞeiðksz�xstÞ: ð6:2:32Þ

If only taking the items containing phase eiðksz�xstÞ in the various products of
Eq. (6.2.31), (utilize ks ¼ kp � K and xs ¼ xp � X), the third-order nonlinear
polarization amplitude for Stokes light is given by

Pð3ÞðxsÞ ¼ e0N
@a
@q

� �
0
q�ðXÞEp: ð6:2:33Þ

Taking conjugated complex of electrical dipole amplitude Eq. (6.2.28), and then
substituting it into Eq. (6.2.33), we obtain

Pð3ÞðxsÞ ¼
e20ðN=mÞð@a=@qÞ20 Ep

�� ��2
x2

v � X2 þ 2iXc
EsðxÞ: ð6:2:34Þ

Substituting Eq. (6.2.34) into Eq. (6.2.32), and utilizing
Esðz; tÞ ¼ EsðxÞeiðksz�xstÞ, the time-domain Stokes polarization is given by

Pð3Þ
s ðz; tÞ ¼ e20ðN=mÞð@a=@qÞ20 Ep

�� ��2
x2

v � X2 þ 2iXc
Esðz; tÞ: ð6:2:35Þ

Now comparing Eq. (6.2.35) with third-order nonlinear polarization definition
Eq. (6.2.11) we obtain the third-order nonlinear susceptibility formula:

vð3ÞR ðxsÞ ¼ e0ðN=6mÞð@a=@qÞ20
x2

v � ðxp � xsÞ2 þ 2iðxp � xsÞc
: ð6:2:36Þ

Considering the near resonance condition X ¼ xP � xS � xv, then Eq. (6.2.36)
also can be expressed as

vð3ÞR ðxsÞ ffi e0ðN=12mxvÞð@a=@qÞ20
ðxs � xp þxvÞþ ic

: ð6:2:37Þ

According to the definition vð3ÞR ðxsÞ ¼ v0RðxsÞþ iv00RðxsÞ; the above third-order
nonlinear susceptibility can be divided into the real part and the imaginary part,
respectively:
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v0RðxsÞ ffi e0N @a=@qð Þ20ðxv � xp þxpÞ
12mxv½ðxs � xp þxvÞ2 þ c2� ; ð6:2:38Þ

v00RðxsÞ ffi �e0N @a=@qð Þ20c
12mxv½ðxs � xp þxvÞ2 þ c2� : ð6:2:39Þ

Figure 6.8 draws the curves of real part and imaginary part of the nonlinear
susceptibility induced by the stimulated Raman scattering light.

We can see that Raman scattering Stokes light induced nonlinear susceptibility
imaginary part is a negative value, according to Eq. (6.2.15), the Stokes field at xs

has a positive gain factor g, which is given by

g ¼ xsNð@a=@qÞ20c
c2npnsmxv½ðxs � xp þxvÞ2 þ c2� : ð6:2:40Þ

Therefore stimulated Raman scattering Stokes light field is continues increased
in propagation process along z-direction.

In same way we can analyze the propagation law of anti-Stokes light field, as
long as replacing xs by xa in Eq. (6.2.36). So the anti-Stokes light induced non-
linear susceptibility is given by

vð3ÞR ðxaÞ ¼ e0ðN=6mÞð@a=@qÞ20
x2

v � ðxp � xaÞ2 þ 2iðxp � xaÞc
: ð6:2:41Þ

Because the anti-Stokes Raman scattering has following energy and momentum
conservation relationships:

xa ¼ xp þxp � xs;

ka ¼ kp þ kp � ks:

Fig. 6.8 Curves of real part and imaginary part of the nonlinear susceptibility induced by the
stimulated Raman scattering light
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Then we have

xp � xs ¼ �ðxp � xaÞ; ð6:2:42Þ

namely

vð3ÞR ðxaÞ ¼ vð3ÞR ðxsÞ�: ð6:2:43Þ

Under near resonance condition, Eq. (6.2.41) becomes

vð3ÞR ðxaÞ ffi � e0ðN=12mxvÞð@a=@qÞ20
ðxa � xp � xvÞþ ic

: ð6:2:44Þ

The real part and the imaginary part are expressed respectively as

v0RðxaÞ ffi �e0N @a=@qð Þ20ðxa � xp � xvÞ
12mxv½ðxa � xp � xvÞ2 þ c2� ; ð6:2:45Þ

and

v00RðxaÞ ffi e0Nð@a=@qÞ20c
12mxv½ðxa � xP � xvÞ2 þ c2� : ð6:2:46Þ

Similar to Eq. (6.2.15), the anti-Stokes field amplitude is

EaðzÞ ¼ Ea0 exp
1
2
gIpz

� �
: ð6:2:47Þ

where

g ¼ � xaNð@a=@qÞ20c
c2nPnamxv½ðxa � xP � xvÞ2 þ c2� : ð6:2:48Þ

Because this g factor is negative value, the anti-Stokes field is attenuated with
increase of z.

Figure 6.9 draws the relation between Stokes and Anti-stokes stimulated Raman
scattering nonlinear susceptibility frequency spectrums.

6.2.3 Experiments of Stimulated Raman Scattering

People have been observed the stimulated Raman scattering (SRS) effect in many
materials, including the liquid (for example benzene, CS2, CCI4, acetone, etc.),
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solid (for example diamond, calcite, lithium niobate, nitrate barium, etc.), gas (H2,
D2, N2, CH4, SF6, etc.), semiconductor (such as InSb, etc. spin inversion Raman
scattering). The basic requirements of working mediums for generating SRS: ①
high transparency to SRS light and pump light; ② with larger scattering cross
section; ③ it can sustain the stronger incident pump light intensity.

According to the different working medium, application requirement and
experimental condition, one can adopt three kinds of different experimental setups
to generate SRS, as shown in Fig. 6.10. The first setup is that, the incident laser via
focus lens one-way passing through the Raman medium. When the focused pump
light beam and the scattering light beam form a tenuous effective gain area in the
medium, it can observe the forward and backward scattering lights. Second setup is
that, the Raman medium is placed alone in a resonant cavity outside the pump laser
cavity, the SRS light back and forth oscillation in the cavity. When the total gain of
SRS achieves greater than the various losses, it can output a stable SRS light beam.
The third setup is that, the Raman medium is placed within the pump laser cavity,
the shared resonant cavity offers the feedback for laser and SBS light; and let them
output to outside the cavity.

6.3 Stimulated Brillouin Scattering

6.3.1 Physical Picture of Stimulated Brillouin Scattering

The Brillouin scattering originates from the interaction between the light electric
field and the acoustic wave field in molecular medium or solid medium, namely the
interaction between photons and phonons. It is different with the spontaneous
Brillouin scattering, the produce process of stimulated Brillouin scattering is: under
the action of laser electric field, through the electrostriction effect to lead the
periodic change of medium density (and the refractive index), to induce an acoustic
wave field (similar to the motion grating). When the incident light passes through

Fig. 6.9 Relation between Stokes and anti-Stokes stimulated Raman scattering nonlinear
susceptibility frequency spectrums

164 6 Nonlinear Stimulated Scattering



the acoustic wave field, it generates a maximum of diffraction with a frequency shift
in a certain direction, i.e. the scattering light. The frequency shift quantity of
scattering light is related with the motion velocity of acoustic wave field in the
medium and the propagation direction of scattering light.

If denoting the photons and the phonon by frequency and wave vector: the
incident pump photon (xp; kp), the Stokes scattering photon (xs; ks), the anti-Stokes
photon (xa; ka) and the induced phonon (xb; kb), the Stokes scattering light and
anti-Stokes scattering light of first-order stimulated Brillouin scattering must satisfy
the energy and momentum conservation conditions respectively, i.e.,

Fig. 6.10 Experimental setups for producing the stimulated Raman scattering: a One-way
traveling wave amplification type; b Raman resonant cavity type; c Laser and Raman shared
resonant cavity type
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For the Stokes scattering:

xp ¼ xs þxb

kp ¼ ks þ kb;
ð6:3:1Þ

For the anti-Stokes scattering:

xa ¼ xp þxb

ka ¼ kp þ kb:
ð6:3:2Þ

In the Stokes scattering case, from Eq. (6.3.1) we can see, there is a part of
incident-light- field energy translating into induced acoustic-wave-field energy in
the medium. Stokes scattering can be divided into two kinds of the forward scat-
tering and the backward scattering. Their wave vector relations for momentum
conservation are shown in Fig. 6.11.

The relationship between the wave vector kb and the frequency xb of acoustic
wave is xb ¼ kbvb; vb is the velocity of acoustic wave. Because acoustic velocity vb
is smaller than light velocities vp and vs in several orders of magnitude, i.e.,
vb\\mp; ms, so we can regard vs � vp and ks � kp , and then from Fig. 6.11 can see

1
2
kb � kp sin

h
2
; ð6:3:3Þ

where kb ¼ xb
vb
; kP ¼ xPnP

c ; then using Eq. (6.3.1), we have

xp � xs ¼ xb ¼ 2xpnpvb
c

sin
h
2
; ð6:3:4Þ

where h is the intersection angle between wave vector of scattering light ks and the
wave vector of incident light kp. When h ¼ 0;xb ¼ 0; so xp ¼ xs, i.e., without
Brillouin frequency shift; when h ¼ p, the Brillouin frequency shift takes a max-
imum xbmax, i.e.,

xp � xs ¼ xbmax ¼ 2xpnpvb
c

: ð6:3:5Þ

Fig. 6.11 Wave vector relations for momentum conservation of the stimulated Brillouin stokes
scattering: a Forward scattering; b Backward scattering
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We can see that the backward Brillouin Stokes scattering has maximum fre-
quency shift. In this case the direction of acoustic wave field is the same as the
direction of incident light field, but the direction of scattering light field is the
reverse direction of the incident light field, these three fields are collinear. When we
measure out the backward Brillouin scattering frequency shift xp � xs, using
Eq. (6.3.5) we can calculate the acoustic velocity of the medium.

In the anti-Stokes scattering case, the wave vector relation for momentum
conservation is shown in Fig. 6.12.

The frequency shift value of anti-Stokes light respect to the incident light is also

xa � xp ¼ xb ¼ 2xpnpvb
c

sin
h
2
: ð6:3:6Þ

Visible,when h ¼ p, the frequency shift value of backward Brillouin anti-Stokes
scattering is a maximum, but the direction of the acoustic wave field in medium is
reverse to the direction of the incident light.

6.3.2 Classical Theory of Stimulated Brillouin Scattering

This section theoretically analyzes the backward stimulated Brillouin scattering
process as shown in Fig. 6.13 [6–8]. The pump light propagates along z-direction in
the medium, the propagation direction of Stokes scattering light is reversed with the

Fig. 6.12 Wave vector relations for momentum conservation of the stimulated Brillouin
anti-stokes scattering: a forward scattering; b backward scattering

Fig. 6.13 Schematic diagram
of the backward stimulated
Brillouin stokes scattering
process. The propagation
directions of the pump light
field (Ep;xp; kp), the
Brillouin scattering Stokes
wave field (Es;xs; ks) and the
acoustic wave field (q;X; qÞ
are collinear
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direction of pump light. The pump light field (Ep;xp; kp) interacts with the acoustic
wave field (q;X; qÞ, generating stimulated Brillouin scattering Stokes wave field
(Es;xs; ks), where q is the density of medium, the frequency and the wave vector of
phonon are X ¼ xp � xs and q ¼ 2kP respectively.

The material density changed with time is given by

qðz; tÞ ¼ q0 þDq ¼ q0 þ ½~qðz; tÞeiðqz�XtÞ þ c:c:�: ð6:3:7Þ

where q0 is the average material density; the second item in right side of equation is
density change with time; ~qðz; tÞ is the amplitude of acoustic wave.

The total light field in Brillouin medium is expressed as

Eðz; tÞ ¼ Epðz; tÞþEsðz; tÞ; ð6:3:8Þ

where

Epðz; tÞ ¼ Apðz; tÞeiðkpz�xptÞ þ c:c:; ð6:3:9Þ

Esðz; tÞ ¼ Asðz; tÞeið�ksz�xstÞ þ c:c:: ð6:3:10Þ

The material density change is satisfied the acoustic wave equation:

@2q

@t2
� Cr2 @q

@t
� v2br2q ¼ �r � F; ð6:3:11Þ

where vb is the acoustic velocity; C is the damping parameter; F is electric field
force (it is origin from the electrostriction stress).

The electrostriction coefficient is defined as

ce ¼ q
@e
@q

: ð6:3:12Þ

The light field energy density is

W ¼ 1
2
ðP � EÞ ¼ 1

2
e E2� �

; ð6:3:13Þ

where E2
� �

denotes the average value of light intensity in an optical period.
The light field energy density change is due to the density compress induced

change of dielectric coefficient:

DW ¼ 1
2
De E2� � ¼ 1

2
@e
@q

Dq

� �
E2� � ¼ 1

2
ce
Dq
q

E2� �
: ð6:3:14Þ
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The light field energy density change is equal to that the electrostriction pressure
pe compresses the material to do the work in unit volume:

DW ¼ pe
DV
V

¼ �pe
Dq
q

: ð6:3:15Þ

In Eq. (6.3.15) the minus sign is because that the compression of material
volume leads increase of density of material.

To compare Eqs. (6.3.14) and (6.3.15) we can get the pressure:

pe ¼ � 1
2
ce E2
� �

: ð6:3:16Þ

Then the electric field force F is

F ¼ �rpe ¼ 1
2
cer E2� �

: ð6:3:17Þ

Substituting the field expression Eq. (6.3.8) into Eq. (6.3.17), taking the item at
low frequency X ¼ xp � xs , we obtain the divergence of external force:

r � F ¼ �ceq
2½ApA�

s e
iðqz�XtÞ þ c:c�: ð6:3:18Þ

To substitute Eqs. (6.3.7) and (6.3.18) into the acoustic Eq. (6.3.11), considering
the acoustic wave amplitude in space and time slow-variation-amplitude approxi-
mation, neglecting the items containing the space and time second derivative to q,
and eliminating the phase factor of field, we obtain

ðX2
B � X2 � iXCBÞ~q� 2iX

@~q

@t
� 2iqv2b

@~q

@z
¼ ceq

2ApA�
s ; ð6:3:19Þ

where

CB ¼ q2C ð6:3:20Þ

is the Brillouin line width, CB ¼ 1=sb; sb is the lifetime of phonon. X ¼ xp � xs is
the frequency of phonon; XB ¼ qj jvb is Brillouin frequency, where q ¼ kb � 2kp.
Because of the strong damping, the propagation distance of phonon is very short.
The item containing @q=@z can be neglected. Considering the steady state case, the
item containing @q=@t is zero, thus the acoustic wave amplitude is given by

~qðz; tÞ ¼ ceq
2 ApA�

s

X2
B � X2 � iXCB

: ð6:3:21Þ
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For nonlinear light field wave equation, we can also adopt the
slowly-varying-amplitude approximation and the steady state condition, and satisfy
the phase matching condition, and then the wave equations for the incident light
field amplitude and the Stokes scattering light field amplitude are given by
respectively:

dEp

dz
¼ ixp

2e0cnp
Pð3Þ
p ðzÞ; ð6:3:22Þ

dEs

dz
¼ � ixs

2e0cns
Pð3Þ
s ðzÞ: ð6:3:23Þ

Because the total polarization is

P ¼ eE ¼ ðeL þDeÞE ¼ PL þPNL; ð6:3:24Þ

where the nonlinear polarization is

PNL ¼ Pð3Þ ¼ DeE: ð6:3:25Þ

According to Eqs. (6.3.25) and (6.3.12), and Dqj j ¼ ~q; then we have

Pð3Þ ¼ DeE ¼ @e
@q

DqE ¼ ce
q0

~qE: ð6:3:26Þ

The incident pump light and the Stokes scattering light induced nonlinear
polarizations can be expressed as respectively

Pð3Þ
p ¼ pð3Þp eiðkpz�xptÞ þ c:c:; ð6:3:27Þ

Pð3Þ
s ¼ pð3Þs eið�ksz�xstÞ þ c:c: ð6:3:28Þ

Form Eqs. (6.3.26) to (6.3.21), the polarization wave amplitude is

pð3Þp ¼ ce
q0

~qAs ¼ q2c2e
q0

Asj j2Ap

X2
B � X2 � iXCB

; ð6:3:29Þ

pð3Þs ¼ ce
q0

~q�Ap ¼ q2c2e
q0

Ap

�� ��2As

X2
B � X2 þ iXCB

: ð6:3:30Þ

Substituting the field expressions (6.3.9) and (6.3.10), the polarization wave
amplitude expressions (6.3.29) and (6.3.30) into field Eqs. (6.3.22) and (6.3.23);
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using Eq. (6.3.26); and setting xp � xs � x and np � ns � n; we can obtain a
group of field amplitude coupled equations:

dAp

dz
¼ ixq2c2e

2e0cnq0

Asj j2Ap

X2
B � X2 � iXCB

; ð6:3:31Þ

dAs

dz
¼ � ixq2c2e

2e0cnq0

Ap

�� ��2As

X2
B � X2 þ iXCB

: ð6:3:32Þ

Using the relationship of light intensity and field amplitude:

IpðzÞ ¼ 1
2
e0cn Ap

�� ��2; ð6:3:33Þ

IsðzÞ ¼ 1
2
e0cn Asj j2; ð6:3:34Þ

From Eqs. (6.3.31) to (6.3.32) we can obtain

dIp
dz

¼ �gIpIs; ð6:3:35Þ

dIs
dz

¼ �gIpIs: ð6:3:36Þ

where g is the gain factor of Brillouin scattering. Setting XB þX � 2X and XB �
X � 0; g can be approximately expressed as

g ¼ g0
ðCB=2Þ2

ðXB � XÞ2 þðCB=2Þ2
: ð6:3:37Þ

When X ¼ XB; g ¼ g0; g0 is the gain factor at canter of spectrum line:

g0 ¼ xq2c2e
e20n

2c2q0XCB
: ð6:2:38Þ

Because X ¼ XB ¼ qvb; q ¼ 2kP , so

g0 ¼ 4c2ex
2

e20nvbc
3q0CB

: ð6:3:39Þ
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According to the Boundary condition in Fig. 6.13, assuming the pump light
intensity is a constant, i.e., Ip ¼ constant, the solution of Eq. (6.3.36) is

IsðzÞ ¼ IsðLÞegIpðL�zÞ: ð6:3:40Þ

We can see that the Brillouin scattering Stokes wave in the medium is reverse
propagation and exponential increase.

6.3.3 Experiments of Stimulated Brillouin Scattering

The requirements to the working medium of stimulated Brillouin scattering are: ①
high transparency in pump light frequency area; ② with higher mass density and
larger electrostriction coefficient; ③ it can sustain the higher focused laser power
do not be damage. Actually, almost all common optical medium can be used for
generating the SBS light, including the solid medium (crystalline quartz, fused
quartz, optical grass, optical fiber, organic crystal, polymer material etc.), the liquid
medium (carbon disulfide, benzene, acetone, carbon tetrachloride, glycerin, water,
etc.),the gas medium (H2, N2, CH4, CO2 etc.), in general these gases is in high
pressure state for increasing the density of gas. Because the frequency range of
Brillouin scattering is very small (smaller than 1 cm−1 order of magnitude), the
pump light source for generating SBS usually is used the pulsed laser with spectral
width less than 1 cm−1.

Figure 6.14 shows the several experimental setups for realizing SBS.
Figure 6.14a is a common setup. The pump light via a lens focuses into the medium
and one-way passes through it to produce a backward Brillouin scattering. In order
to prevent the backward SBS return to laser to affect the normal work, an optical
isolator consisted of a polarizing prism and a k=4 wave plate is placed between the
laser and the scattering medium. After the polarization plane of backward SBS light
rotates 90°, it outputs from the polarizing prism. In the setup in Fig. 6.14b, a SBS
medium is placed into an optical resonant cavity. The axis of cavity deflects a small
angle respect to the pump light, it can generate a SBS light near the reverse
direction (h � p). The feedback of light cavity can decrease the threshold of pump
light; it also can realize the tuning of frequency shift through adjusting the angle.
Figure 6.14c is placing the scattering medium into a light cavity, its axis is per-
pendicular to the direction of pump light, a thicker pump light via a cylindrical lens
from edgewise focuses into scattering medium, and produces SBS light with angle
h ¼ p=2: In Fig. 6.14d, the backward SBS light produced by the scattering medium
is amplified via a laser amplifier and then outputs from a polarization lens with
90°-rotated polarization. This setup is frequently used for the experiment that uses a
backward SBS to produce the phase conjugation light.

In comparison with the stimulated Raman scattering, the stimulated Brillouin
scattering has smaller frequency shift, in order to measure it, except using the high
resolution spectrograph, it usually uses an F–P etalon to process the spectrum
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photograph analysis. Figure 6.15 shows an experimental setup for measuring the
frequency shift of the backward SBS light respect to the pump light by using an F–P
etalon. Using a planar beam splitter with part reflectivity to make a backward SBS
light beam and a half of pump light beam sampling from another plane reflector
together pass through a concave lens, interference imaging on the F–P etalon
respectively, to form interference ring with double ring structure. In which a group
of complete ring is formed by the SBS light; another group of half ring is formed by
the pump light. If know the free spectral region of the etalon, then the frequency
shift of SBS can be determined from the interval between two groups of rings.

Fig. 6.14 Experimental setups for the stimulated Raman scattering: a the pump light one-way
passes through medium to generate a backward SBS that outputs from the side of a polarization
lens; b the medium placed in a resonant cavity generating a near backward SBS output; c the
medium placed in resonant cavity generating SBS outputted along 90° direction; d the backward
SBS passes through a laser amplifier and outputs from side of polarization lens
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Figure 6.16 shows a ring-shape interference photo of the backward SBS light of
the dimethyl sulfoxide liquid (whole ring) and the 532 nm-pump laser (half ring)
taken on a 3 mm-thick quartz glass etalon.

Review Questions of Chapter 6

1. Which types do light scattering has? What are origins and characteristics of
these light scatterings?

2. What is the difference between the stimulated radiation scattering and the
spontaneous radiation scattering?

3. Please describe the classical physical picture of the stimulated Raman scattering
generation. How to determine the propagation directions of Stokes scattering

Fig. 6.16 The photo of the interference ring of the dimethyl-sulfoxide backward SBS light (whole
ring) and the interference ring of 532 nm-pump light (half ring) taken by an F–P etalon. From the
interval of two interference rings can determine the frequency shift of SBS

Fig. 6.15 Experimental setup for measuring the frequency shift of backward SBS using an F–P
etalon
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light and anti-Stokes scattering light? How to experimentally demonstrate the
stimulated Raman scattering?

4. Using classical theory method to derive the formula of stimulated Raman
scattering nonlinear susceptibility. Please show the frequency spectrum char-
acteristics of the real part and imaginary part of susceptibility for Stokes scat-
tering and anti-Stokes scattering respectively.

5. Please describe the classical physical picture of the stimulated Brillouin scat-
tering generation. Please discuss the propagation law of the pump light, the
scattering light and the acoustic wave. How to experimentally demonstrate the
stimulated Brillouin scattering?

6. Using classical theory method to derive the nonlinear polarization formulae of
the stimulated Brillouin Stokes scattering and anti-Stokes scattering. Please
discuss their propagation directions and gains.

7. From point of view of energy and momentum conservation to discuss: what are
different physical mechanisms and properties of SRS and SBS?
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