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Preface

Nonlinear Optics is one of subdisciplines of Modern Optics, it has an important
academic status in the Modern Optics as same as the Laser Physics.

Laser Physics studies on the principle of laser devices and properties of laser, the
main research contents include the stimulated radiation theory, optical resonant
cavity theory, laser propagation theory, laser coherence theory, laser frequency
spectrum, laser spatial mode, and laser power property.

Nonlinear Optics studies on various kinds of nonlinear effects in the interaction
between laser and matter. The research contents include two aspects: one is
studying in the laser how to change the macroscopic parameters of matter (sus-
ceptibility, dielectric coefficient, refractive index, absorption coefficient, etc.) and
the microscopic structure of matter, thereby to realize “controlling matter by laser”;
other one is studying in the pump laser induced matter change how to effect the
parameters of the signal light propagating in the matter (frequency, power, wave
vector, phase, pulse width, frequency spectrum, group velocity, propagation
direction, etc.), thereby to realize “controlling light with light.”

In short, Laser Physics studies the laser generation method; and Nonlinear
Optics studies the laser controlling method, the two courses are basics of laser
application. Therefore, the optics specialized graduate students must study
Nonlinear Optics, besides study Laser Physics.

Nonlinear optics was established soon after the invention of laser in 1960. It has
half a century of development history; its research field has been continuously
developed in depth and breadth. Now the nonlinear optics has gained extensive
applications. For example, it has been widely used in laser technology in order to
change the frequency of the laser, compress the pulse width of laser, and achieve
the tunable power and frequency of laser; the nonlinear optics has been used to
make various optoelectronic devices, such as laser, optical amplifier, optical
modulator, optical storage, optical display, and optical switches, which are widely
used in the optoelectronic technology and photonic technology; the nonlinear optics
has made important contribution to the development of optical fiber communica-
tion, space optical communication, and nonlinear optical communications (optical
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soliton communication, optical chaotic communication, and optical quantum
communication, etc.); the nonlinear optics has been used to study the optical logic,
optical router, optical switching, optical interconnection, optical wavelength con-
version, wavelength division multiplexing, and time division multiplexing tech-
nology and to promote the digital optical information processing, the all-optical
computer, and the all-optical network technology; in addition, the nonlinear optics
has been used to make the nonlinear optical fiber sensors to promote the devel-
opment of the optical sensing technology; using the phase conjugation principle for
the compensation of the waveform distortion of light; using the nonlinear optical
limiting technology to against the blinding laser weapons; using the nonlinear
optical principle to develop the spectral analysis technology with high spatial res-
olution and high temporal resolution, which has been applied to the analysis of
material composition and hyperfine energy level structure of atom and molecule;
using the multiphoton absorption effect for high-precision laser processing of
nanoscale materials and devices; and the nonlinear optics is a powerful tool for
study of new materials, such as surface, interface and low dimension materials,
nano materials, and chiral materials; it is a necessary tool for measuring the non-
linear optical parameters of materials. Therefore, to master the basic knowledge
of the nonlinear optics is necessary for scientists and engineers working in the field
of the optoelectronic technology, the photonic technology, and the optical infor-
mation technology.

Up to now, the published books on nonlinear optics have many versions in the
world. These books have made important contributions to the related research and
teaching works. But due to historical reasons, most of the existing books on non-
linear optics are old in the content, too deep in the theory, too many mathematical
formulas, less actual application, or the unit and symbol are confusing, the read-
ability is not good, and they are not suitable to directly use as short-term teaching
materials.

This book attempts using “light wave” and “photon” the two kinds of physical
images, clearly, deeply, and systematically to expound the basic principles of
nonlinear optics. On the one hand, using the first order nonlinear wave equations in
frequency domain and in “slowly variation amplitude” approximation and the
classical polarization model in interaction between light and electric dipoles; on the
other hand, using the rate equation theory based on photon excited energy-level
transition in molecular system, as well as the photonic energy conservation and
momentum conservation principle, to explain various nonlinear optical effects. The
book uses the practical unit system, achieving the unity of symbol and unit. In the
book, the author gives the strict mathematical derivation to basic theory, in the same
time, pays attention to the experimental verification and the practical application.
The book tries to reflect the latest progress in the research of nonlinear optics.

In order to make this book more refined, in the treatment of the second-order
nonlinear optical effects, the author uses approximate method to transfer the
problem of anisotropic medium into the problem of isotropic medium, avoiding
the tedious description of crystal optics and complex tensor operation. Then all
of the second-order nonlinear optical effects can be condensed into one chapter,
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in order to have more space to focus on the third-order nonlinear optical effects.
In this way, the teachers may finish the course teaching in 60 class hours, and the
readers mastered certain optics and mathematics knowledge may study the book
himself.

The author has been engaged in the research of nonlinear optics for more than
30 years, published about 300 academic papers and 5 books in the field of nonlinear
optics. This book contains the author’s achievements in research of nonlinear
optics, for example, the optical bistability and optical instability in Chap. 8; the
excited-state nonlinear optics and optical limiting in Chap. 7; the all-optical
switches in Chap. 10; the spatial self-phase modulation in Chap. 5; the spatial
optical soliton in Chap. 9; and the measurements of nonlinear optical parameters
(such as Z-scan) in some chapters. So this book is also a review of author’s research
works.

The author engaged in the teaching graduate-student course “nonlinear optics”
for many years. The writing of this book is based on his teaching material for
course. The author hopes that the book can be a popular textbook for graduate
students studying on the optics professional, but also can be used as a reference
book for scientific and technical personnel working in the field of optoelectronic
technology, photonic technology, optical information technology, and nonlinear
optical material technology.

I sincerely thank my original Ph.D. graduate students and Master graduate
students who did many contributions to this book. Heartfelt thank to the professors
and colleagues who gave me support and encouragement in my research and
teaching works. I am also thankful to the teachers and readers who use this book
and would like to offer the valuable comments to me for modifying the book in the
near future.

Guangzhou Chunfei Li
December 2015
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Abstract

This book systematically describes the basic principles of nonlinear optics by using
the concise classical polarization theory and physical conception of photons. The
book briefly explains the second-order nonlinear optical effects, emphatically dis-
cusses the third-order nonlinear optical effects, and introduces the recent research
progress and application of nonlinear optics, including optical bistability, optical
chaos, optical soliton, excited-state nonlinear optics, all-optical switch, nonlinear
optical limiting, and Z-scan measuring technology, which are contained in the
author’s research results.

This book can be a textbook for optics professional graduate students in physics
and electronics departments or a reference book for science and technology per-
sonnel working in the area of laser, optoelectronic, optical communication, or
optical material technologies.
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Chapter 1
Introduction

This chapter discusses the importance of nonlinear optics in physics, optics and
photonics technology, the physical meaning of nonlinear optics, the research con-
tents, the research history and the development trend of nonlinear optics, and the
situation and prospect of application of nonlinear optics.

1.1 Importance of Nonlinear Optics

1.1.1 Status of Nonlinear Optics in Modern Physics

As is well-known,the modern physics was found on two headstones of the quantum
physics and the relativity physics in the early 20th century. The quantum physics
studies the movement theory of microscopic particles including molecules, atoms,
nucleons and elemental particles; the relativity physics studies the movement theory
of high speed object near light velocity and the gravitational interaction among
objects with big quality. Because the quantum theory is found on the corpuscular
property of light, and the relativity theory is found on the principle of constancy of
light velocity, so the optics is the basic of quantum theory and relativity theory.

Some people think that the nonlinear physics founded in the latter half of the
20th century also is a headstone of the modern physics. The nonlinear physics is
study of the nonlinear relationship between action and reaction (response) of
objects under a strong interaction. These phenomena contain in different fields of
physics, to form the nonlinear mechanics, nonlinear acoustics, nonlinear thermo-
dynamics, nonlinear electromagnetism, and nonlinear optics, respectively.
Nonlinear optics is one of branches of the nonlinear physics.

© Shanghai Jiao Tong University Press,
Shanghai and Springer Nature Singapore Pte Ltd., 2017
C. Li, Nonlinear Optics, DOI 10.1007/978-981-10-1488-8_1
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1.1.2 Status of Nonlinear Optics in Modern Optics

Since the invention of laser in 1960, the modern optics was born. We call the optics
based on the common light source with the spontaneous radiation as traditional
optics; and the optics based on the laser source with the stimulated radiation as
modern optics (we can call it as Photonics). In the latter half of the 20th century,
themodern optics developed very quickly, surround the laser research and application
to generate several subdisciplines of modern optics. Table 1.1 lists a number of
relatively mature subdisciplines of modern optics and their research object and main
application [1].

Among the subdisciplines of modern optics, the laser physics and the nonlinear
optics are most important. The laser physics mainly studies the principle of laser
devices and properties of laser; and nonlinear optics studies various nonlinear
effects in the interaction between laser and matter. There are two aspects: one is that
the pump light induces the change of matter’s macroscopic parameters (suscepti-
bility, dielectric coefficient, refractive index, absorption coefficient, etc.) or the
change of matter’s microscopic structure, to realize “controlling matter by light”;

Table 1.1 Research object and main application of subdisciplines of modern optics (Photonics)

Subdisciplines Research object Main application

Laser physics Laser device theory and
properties of laser

Design of different types of laser devices
with different parameters of output laser
beams. Laser induces strong field and
extreme physical environment; laser control
particles and cell. Using laser for
illumination, measuring, display, sensing,
communication and laser processing

Nonlinear
optics

Interaction between laser
and matter

Light pulse compress, frequency
conversion, elimination of distortion in
transmission medium, nonlinear
communications, all-optical switch, optical
storage, slow light, high resolution spectrum
analyze, and digital optical information
processing

Fourier optics Fourier optics theory and
optical information
processing

Holography, holographic storage, optical
picture processing, simulation optical
computing, and information safety

Guided wave
optics

Light transmission and
control in fiber and planar
waveguide

Light transmission in fiber and planer
waveguides; dispersion, loss, polarization,
and power control, active and passive
waveguide devices, coupling between fiber
and device

Quantum
optics

Non-classical optical
phenomena

Using squeezed state to suppress the noise
in optical communication; using quantum
entangled state for quantum secrecy
communication, quantum storage, quantum
computing and quantum information
processing

2 1 Introduction



the other one is that the change of matter induces the change of parameters of the
signal light propagating in the matter (frequency, power, wavevector, phase, pul-
sewidth, frequency spectrum, group velocity, propagation direction, etc.), thereby
the “Controlling light with light” can be realized. In short, the laser physics studies
the laser generation method; and the nonlinear optical studies the laser controlling
method. Both are the basis of laser application. Therefore, the optics specialized
graduate students must study nonlinear optics, besides study laser physics.

1.1.3 Nonlinear Optics Is a Basis of Photonic Technology

Figure 1.1 gives a comparison of development roadmaps of photonics and elec-
tronics; we find both have spectacular similarity [1].

Optics was founded after Newton published a book “Optics” to summary the
achievement of geometrical optics in 1704, and Fresnel used the Huygens-Fresnel
principle to explain the wave optics phenomena in 1818. Electromagnetism was
founded after Coulomb established the Coulomb law in 1785 and Maxwell sum-
marized the electromagnetic field theory in l873.

Electromagnetism and Optics are subdisciplines of physics, both born in 18–
19th century. Electrotechnology was generated due to the application of
Electromagnetism; and Engineering Optics was generated due to the application of
Optics.

In 1906 human invented electronic valve to solve the problem of “Controlling
electrons”, then the Elections start established. However, in that time the electronic
valve is the vacuum electronic valve, so the electronics was called “Vacuum
electronic valve electronics”. Utile in 1948 the semiconductor transistor was
invented; the “Solid state electronics” was born.

Since 1960 the micrometer semiconductor integrated circuit was invented, the
“Microelectronics” and “Microelectronic technology” were generated. The next

Fig. 1.1 Comparison between two development roadmaps of photonics and electronics
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step of electronics should be “Nanoelectronics” and “Nanoelectronic technology”.
The nanoelectronic devices, such as nanotube and graphite devices will be used.
Due to the inherent limitation in the bandwidth, capability, transmission speed, etc.
the electronic technology meets a bottleneck for further developing; it cannot satisfy
the requirement of current modern science and technology. Therefore developing
photonic science and technology is necessary tendency.

The traditional optics start from 18th century is based on the nature light source.
Since 1960 the invention of laser, the modern optics based the stimulated radiation
light source was born. The appearance of the different lasers, such as gases, solid,
dye, semiconductor and chemical lasers and their widespread application formed a
new “Laser technology”.

Laser is a generator of photons at same state. So that the born of laser means the
born of photonics. Photonics is a science to study photon’s generation, transmis-
sion, control, detect, display, storage, and interaction with matter, it is the core
content of modern optics.

After laser born, over 10 years development, it appeared low-loss silica fiber,
room temperature heterojunction semiconductor laser diode, and various semi-
conductor photoelectrical integrated devices and waveguide devices, for instance,
lasers, optical amplifiers, modulators, detectors, optical switch and grating sensors,
and different fibers, these devices have micrometer size. Therefore, the photonics in
this stage can call Microphotonics (corresponding to Microelectronics). Because the
main feature of Microphotonics are “controlling light with electricity” for the
devices and “optical and electrical hybrid” for the systems, so the photonics in this
stage can also be called as “Optoelectronics”, the corresponding technology is
optoelectronic technology. The optoelectronic technology contains following four
parts: the information optoelectronic technology; the energy optoelectronic tech-
nology; the material optoelectronic technology and the biomedical optoelectronic
technology. All of these technologies are related to the interaction between laser
and matter, so nonlinear optics is a basis of optoelectronic technology.

The next stage of photonics is “Nanophotonics”. In that stage will adopt the
nanophotonic technology and the combinative ultrafast-photonic technology, the
target of Nanophotonics is to realize the “Controlling light with light”, namely the
all-optical technology. Because photons are not charged, it cannot directly realize
“Controlling light with light” by interaction between photons similar to electrons in
the transistor. The only way is use nonlinear optics method indirectly to realize
“Controlling light with light”. That is through a pump light to change the param-
eters of medium or the micro-stricture of medium to control the frequency,
amplitude, phase, polarization, or group speed of the signal light, which is propa-
gating in the medium. Up to now, using nonlinear optics method people can control
the frequency (or wavelength) of the signal light, but cannot control the amplitude
(or power) of the signal light, that means the all-optical switches cannot be made.
The all-optical switching is a basic technology for optical digital information
processing. The all-optical switch is a basic device of all-optical communication
and all-optical computer in the future.
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In the latter half of 20th century, laser source problem has well solved, but the
laser controlling problem is not solved, this is an important problem to be solved.
For this purpose, nonlinear optics will give play to key action. In short, the non-
linear optics is an important basis of photonics and its applications.

1.2 Physical Meaning of Nonlinear Optics

What is the nonlinear optics? We can explain his physical meaning from the
viewpoint of that the light induces the polarization of medium.

1.2.1 Phenomenon Related with High-Order Polarization

When a common light with an electrical field strength (or amplitude) E irradiates
the medium, under the action of light electrical field, the electric charge of molecule
and atom in the medium occurs overall or relative displacement, induced a sec-
ondary light electrical field, which is described by a physical quantity-electric
polarization P, the induced polarization depends linearly on the electrical field
amplitude, the relationship between P and E is

P ¼ e0v
ð1Þ � E; ð1:2:1Þ

where the constant of proportionality vð1Þ is the linear susceptibility, which is a
complex number tensor for the anisotropic medium; e0 is the dielectric coefficient in
the vacuum.

If the incident light is a laser, its intensity is much higher than common light in
several orders of magnitude. We can make the expansion of electric polarization
into a power series of light electrical field amplitude, the relationship between P and
E for the anisotropic medium is

P ¼ e0v
ð1Þ � Eþ e0v

ð2Þ : EEþ e0v
ð3Þ..
.
EEEþ � � � ; ð1:2:2Þ

where vð1Þ is linear susceptibility, vð2Þ and vð3Þ are the second- and third-order
nonlinear susceptibilities, respectively. vð1Þ, vð2Þ and vð3Þ are second-, third- and

fourth-rank tensors, respectively. The symbols “�”, “:” and “..
.
” are denoted second-,

third- and fourth-rank tensor multiplication operations, respectively. In the right
side of Eq. (1.2.2), the first item is linear polarization, the second item, third item,
and so on are high-order nonlinear polarizations, so Eq. (1.2.2) can be denoted by
electric polarizations:

1.1 Importance of Nonlinear Optics 5



P ¼ Pð1Þ þ Pð2Þ þ Pð3Þ þ � � �
¼ PL þ PNL;

ð1:2:3Þ

where first item is linear polarization, which is denoted by

PL ¼ Pð1Þ; ð1:2:4Þ

the following items are high-order nonlinear polarization, which is denoted by

PNL ¼ Pð2Þ þ Pð3Þ þ � � � : ð1:2:5Þ

In short, nonlinear optics studies the phenomenon related with the high-order
nonlinear polarization of the medium.

1.2.2 Nonlinear Response of Medium to the Optical Field

Now we suppose the medium is an isotopic homogeneous medium, in Eq. (1.2.2),
the v can be written to the scalar quantity, P and E are the vector quantities, then
Eq. (1.2.2) can be expressed as

P ¼ e0v
ð1ÞE þ e0v

ð2Þ Ej jE þ e0v
ð3Þ Ej j2E þ � � �

¼ Pð1Þ þ Pð2Þ þ Pð3Þ þ � � � ;
ð1:2:6Þ

The linear polarization, second-order nonlinear polarization and third-order
nonlinear polarization can be expressed as

Pð1Þ ¼ e0v
ð2ÞE; ð1:2:7Þ

Pð2Þ¼e0v
ð2Þ Ej jE; ð1:2:8Þ

Pð3Þ ¼ e0v
ð3Þ Ej j2E: ð1:2:9Þ

We can see that in the case of linear polarization, the polarization of medium is
proportional to the field strength; however in the case of second-order nonlinear
polarization, the polarization of medium is proportional to the square of field
strength; in the case of third-order nonlinear polarization, the polarization of
medium is proportional to the triple of field strength. In conclusion, in the nonlinear
polarization case, the polarization of medium is not proportional to the field
strength.

Therefore, Nobel laureate Bloembergen [2], an authoritative scholar in nonlinear
optics, gave a strict scientific definition of nonlinear optics: “If the response of
matter to the impressed electromagnetic field is not a linear function of the
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impressed electromagnetic field strength, this optical phenomenon belongs to the
field of nonlinear optics”.

It is worth noting that the definition said the electromagnetic field, namely the
light field, which is composed by electrical field and magnetic field. Actually, the
light magnetic field also has effect to the magnetic polarization of the medium.
Especially in the material composed by asymmetry chiral molecules the effect is
stronger. However, for the common materials, the effect of light magnetic field to
the medium is very weak, it can be ignored. Therefore, in the general nonlinear
optics books, people only consider the contribution of light electrical field to the
nonlinear optical effects of the medium.

1.2.3 Parameters of Medium Are Function of Optical Field

If we only consider the linear optical effect and third-order nonlinear optical effect,
the total polarization of the medium is

P ¼ e0ðvð1Þ þ vð3Þ Ej j2)E ¼ e0ðvð1Þ þ Dvð1ÞÞE; ð1:2:10Þ

where

Dvð1Þ ¼ vð3Þ Ej j2 / vð3ÞI ð1:2:11Þ

is the variation quantity of first-order susceptibility induced by the electrical field of
impressed light, which is proportional to the square of light field amplitude, i.e., the
light intensity I.

Because the third-order nonlinear susceptibility is a complex number, it can be
written to real and imaginary two parts:

vð3Þ ¼ vð3Þ0 þ ivð3Þ00: ð1:2:12Þ

In Chap. 2 we will prove that, the reflective index and the absorption coefficient
of the medium also can be divided into linear and nonlinear two parts:

n ¼ n0 þ Dn; ð1:2:13Þ

a ¼ a0 þ Da; ð1:2:14Þ

where n0 is the linear reflective index; Dn is the nonlinear reflective index; a0 is the
linear absorption coefficient; Da is the nonlinear absorption coefficient. And the
nonlinear reflective index is related with the real part of susceptibility; the nonlinear
absorption coefficient is related with the imaginary party of susceptibility; and both
are proportional to the light intensity I / Ej j2:
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Dn / ðvð3Þ0ÞI; ð1:2:15Þ

Da / ðvð3Þ00ÞI: ð1:2:16Þ

In conclusion, for the third-order nonlinear effect, the variation of susceptibility,
the reflective index and the absorption coefficient are all linearly related with light
intensity; in other word, they are the function of optical field amplitude. Therefore,
we can generally say that the nonlinear optical phenomenon is the phenomenon in
which the variation of optical parameters of the medium is the function of the
optical field amplitude.

1.3 Research Content of Nonlinear Optics

1.3.1 Typical Nonlinear Optical Effects

What is difference between nonlinear optics and linear optics? The basic difference
has two: firstly, the light sources of both are different: the linear optics is used the
incoherent and low power nature light; the nonlinear optics is used the coherent and
high power laser. Secondly, in the case of linear optics, the optical parameters of the
medium are independent with the light field; but in the case of nonlinear optics, the
parameters of medium, such as refractive index, absorption coefficient, suscepti-
bility, etc. are the function of the light electrical field amplitude.

Now we list the following 10 nonlinear optical effects to further explain the
difference between the nonlinear optics and the linear optics.

1. Optical Kerr Effect

When a laser beam passes through a medium, the refractive index of the medium
will be changed. The variation quantity is proportional to the light intensity, that is

n ¼ n0 þ n2I; ð1:3:1Þ

where n0 is the linear refractive index of medium. I is light intensity in medium. n2
is the nonlinear refraction coefficient. n2 can be positive or negative, it depends on
the medium. So the refractive index of medium can be increased or decreased with
increase of light intensity. However, in the linear optics case, when the light beam
passes though the medium, the refractive index of medium cannot be changed. It
will keep the constant n0.

2. Self-focusing and Self-defocusing

When a Gaussian-type laser beam passes through a medium, due to the radial
distribution of light intensity is ununiformed, the Kerr effect induced the refractive
index in radial direction is gradually changed, to form a like-convex lens
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(for n2 > 0) effect or a like-concave lens effect (for n2 < 0), so that the transverse
dimension of light beam in the medium becomes small and small, i.e.,
self-focusing, or becomes large and large, i.e., self-defocusing. These two nonlinear
refraction effects are show in Fig. 1.2.

However, in the linear optics case, the refractive index not changes with light
intensity, so the self-focusing and self-defocusing cannot occur.

3. Nonlinear Absorption

In the condition of resonance interaction between laser and medium, the absorption
coefficient of medium a can be changed with increase of light intensity until sat-
uration. The absorption-coefficient change is different for different material: if a
decreases with increase of light intensity, i.e., the saturation absorption as shown in
Fig. 1.3a; if a increase with increase of light intensity, i.e., the reverse saturation
absorption, as shown in Fig. 1.3b.

In the linear optics case, the light passes though the medium, the absorption
coefficient cannot be change with the light intensity; it is a constant of a0.

4. Multiwave Mixing

In nonlinear optics, when a number of laser beams transmit in the medium, it is
possible occurrence of the energy (or frequency) interconversion among the laser
beams, in the same time the light with new frequency will be generated. This is the
multiwave mixing effect. Usually we can see the three-wave mixing or the
four-wave mixing. For example, two light beams at same frequency input a non-
linear crystal in the same time to produce a new light beam at the double frequency.
This is optical frequency-doubled effect as shown in Fig. 1.4a. In the another

Fig. 1.2 Nonlinear refraction
phenomena: a self-focusing;
b self-defocusing

Fig. 1.3 Nonlinear absorption phenomena: a saturable absorption; b revers saturable absorption
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example, when three lights at different frequency input a nonlinear crystal, it is
possible to produce a new light at the frequency that is the sum of the frequencies of
three input beams, the four-wave mixing is shown in Fig. 1.4b.

However in the linear optics case, when a number of light beams cross transport
in the medium, the light beams cannot reciprocally interchange their energies; even
cannot produce a new light.

5. Phase Conjugation

When a number of laser beams transmit in the medium, they could mutual transfer
their phase signals, and it is possible to lead the phases of two beams become a
conjugation relation. Figure 1.5 shows that when we input a signal light Ep

� �
at

frequency x into a nonlinear medium, and at the same time reversely input two
strong-power pump lights E1 andE2ð Þ into the medium, in the reverse direction of
signal light can produce a new light at same frequencyx, with an amplitude that is the
conjugated amplitude of the signal light. The new light is called the conjugated light
Ecð Þ. The conjugated two lights Ep and Ec are expressed in the right side of Fig. 1.5.
However in the linear optics case, a number of light beams transit in the medium,

they cannot mutually transfer their phase signals and the phase conjugation effect
cannot appear.

6. Stimulated Raman Scattering

A laser beam inputs the medium and interacts with the molecules of medium to
generate a series of stimulated-radiation scattered lights at different frequencies, this
is stimulated Raman scattering. The spectrogram of stimulated Raman scattering is
shown in Fig. 1.6. The longer dotted line at the center of spectrum is the incident
laser. The spectral lines in both sides are multi-order scattering lights. The lights at
lower frequency in the left side are called Stokes scattering lights; the lights at
higher frequency in the right side are called anti-Stokes scattering lights.

Fig. 1.4 Multiwave mixing phenomena: a optical frequency doubling; b four-wave mixing

Fig. 1.5 Schematic diagram of phase conjugation effect
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The common light interacting with molecules also can generate the scattering
lights at different frequencies, but these scattering lights are just common lights.
And only appear the first-order stokes scattering light and the first-order anti-stokes
scattering light, without multi-order scattering phenomenon.

7. Optical Bistability

A laser beam with the intensity Ii0 inputs into an F–P optical cavity containing a
nonlinear medium, it can produce two possible transmitted light intensities It1 and
It2, such device is the optical bistable device. The characteristic curve of optical
bistability is shown in Fig. 1.7.

However in the case of linear optics, when a common light passes through an F–
P cavity, the transmitted light intensity is a linear function of the incident light
intensity only.

8. Nonlinear Optical Limiting

A laser beam passes through an optical device containing a nonlinear material; its
transmittance may decreases with increase of optical intensity. When the light
intensity is strong enough, the transmittance can reduce to the zero, as shown in
Fig. 1.8. This is the characteristic curve of a nonlinear optical limiter. The slop of
the curve is the transmittance T ¼ dPT

dPI
, which changes with the incident power PI.

When PI ¼ 0,T ¼ T0, T0 is linear transmittance. When PI ¼ PI0,T = 0, the
transmitted power PT is limited below PT0.

However in the case of linear optics, when a light beam passes through the
material, the transmittance is a constant; it cannot be changed with the light
intensity.

Fig. 1.6 Stimulated Raman
scattering spectrogram

Fig. 1.7 Characteristic curve
of the optical bistability
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9. Optical Soliton

When a common light pulse takes a long-distance transmission in the optical fiber,
its pulsewidth will be broaden with increase of the transmission distance due to the
dispersion of fiber, as shown in Fig. 1.9a. However, if it is a laser pulse, and
transmission fiber is selected by an anomalous dispersion fiber, the pulsewidth can
keep a constant, that is because the nonlinear self-phase modulation counteracting
the group dispersion of fiber to form a time optical soliton, as shown in Fig. 1.9b.

Fig. 1.8 Characteristic curve
of nonlinear optical limiting

Fig. 1.9 The formation of time optical soliton in the fiber: a the dispersion of common light pulse
makes the pulsewidth broaden; b the self-phase modulation of laser pulse balances the dispersion,
to keep the pulsewidth as a constant
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10. All-optical Switch

Because the photon is not charged, it cannot use a light directly to control the
intensity or direction of the other light. However, in the nonlinear optics case, we
can use a strong laser (pump light) to change the optical parameter of the medium,
and then realize the controlling of the signal light passing through the medium,
changing its intensity or propagation direction as shown in Fig. 1.10a, b, respec-
tively. In the figure, PP is the power of the pump light, Pi and Pt are the input and
output powers of the signal light, respectively.

1.3.2 Two Kinds of Nonlinear Optical Effects

According to the difference of energy conversion process we can divide the non-
linear optics into two kinds: the passive nonlinear optics and the active nonlinear
optics.

1. Passive Nonlinear Optics

The feature of the passive nonlinear optics is that in the nonlinear optical process, as
a result the energy exchange between light and medium is nonoccurrence; however
the energy exchange among the light fields at different frequencies is occurrence, in
addition the light field at a new frequency may produce. All the lights including the
original lights and the produced new light in the mixing process obey the energy
conservation law and the momentum conservation law. The passive nonlinear
optical process includes, for example, the frequency doubling, three-wave mixing,
parameter processing, four-wave mixing, phase conjugation, etc. in which, the
frequency doubling and the four-wave mixing have shown in Fig. 1.4.

2. Active Nonlinear Optics

The feature of the active nonlinear optics is that the energy exchange between light
and medium is occurrence; and the change of optical parameter of medium is
associated with the light electrical field amplitude, for example, the nonlinear
absorption (saturable absorption, reverse saturable absorption, two-photon
absorption, etc.); the nonlinear refraction (optical Kerr effect, self-focusing and
self-defocusing, saturable refraction and reverse saturable refraction, two-photon
refraction, etc.); the nonlinear scattering (stimulated Raman scattering, stimulated

Fig. 1.10 Schematic diagram
of all-optical switches:
a intensity-type all-optical
switch; b space-type
all-optical switch
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Brillouin scattering, etc.), optical bistability and optical limiting, etc. The most of
these active nonlinear optical processes have explained in above section.

1.3.3 Nonlinear Optical Materials

The nonlinear optical materials with different nonlinear mechanisms have many
kinds. Table 1.2 lists some typical nonlinear optical materials and their nonlinear
optical mechanisms.

What kind material is good nonlinear material? According to requirements of the
device made by nonlinear materials, which should be:

1. The material has large nonlinear refraction coefficient n2;
2. The material has low linear absorption coefficient a0, with high optical

transparency;
3. The material has short response time to impressed light field;
4. The material has simple and low-cost fabrication processing.

However, above requirements are contradicted with each other. the materials
with strong nonlinearity often has large absorption loss, for instance, the compound
semiconductors have the strong nonlinearity, but they work in the large absorption
spectrum area; and the materials with strong nonlinearity usually have slow
response time, for example, the liquid crystals have strong nonlinearity, but they
have slow response time, because its response is rely on the molecular rotation; the
materials with high transparency and fast response time often have low nonlin-
earity, such as silicon and silica, because they have symmetrical molecular struc-
ture. Therefore, the selection of material should comprehensively consider the
material properties and the requirements of device.

Table 1.2 Nonlinear optical materials and nonlinear mechanisms (or structures)

Nonlinear optical material Nonlinear mechanism (or structure)

Semiconductor Electron or exciton mechanism

Organic and polymer Electron or molecular polarization

Electro-optical crystal External electro-optical effect

Photorefractive material Internal electro-optical effect

Liquid crystal Molecular orientation polarization

Cluster material(C60, etc.) Molecular polarization

Chiral molecule material Molecular electric moment and magnetic moment

Quantum confinement
(quantum well,
quantum wire, quantum dot)

Semiconductor with periodic alternative large and low
energy gap structure

Photonic crystal (1D, 2D and
3D)

Dielectrics with periodic alternative high and low refractive
index structure

Surface plasmon polaritons Meter-dielectric interface nano structure
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1.4 Development History of Nonlinear Optics

1.4.1 Brief History of Nonlinear Optics

The development history of nonlinear optics can be divided into the following
several stages:

1. Initial Foundation Stage of Nonlinear Optics

Before laser invention, there are several theory predictions of the nonlinear optical
phenomenon, for example, 1931 Goeppert and Mayer theoretically predicted the
two-photon absorption; 1956 Buckingham proposed the theory of Kerr effect.
However, in that time it is difficult to experimentally verify these theory predictions.

Since laser invention in 1960, scientists carried through a series of experimental
studied and found a lot of nonlinear optical effects. In 1965 Nobel praise winner
Bloembergen [3] has written a book “Nonlinear Optical Phenomena” to summarize
the research achievements in that period time, and then founded the new discipline
“Nonlinear optics”. So from 1961 to 1965 is the initial foundation stage of non-
linear optics. The important events in this stage are:

1961, the discovery of frequency doubling in ruby laser by Franken et al. [4];
1962–1964, the discovery of stimulated Raman scattering and stimulated

Brillouin scattering [5–7];
1962–1965, the discovery of sum frequency, difference frequency, parametric

oscillation, four-wave mixing [8–10];
1963–1966, the discovery of saturable absorption, two photon absorption [11,

12];
1962–1964, the discovery of self-focusing and self-phase modulation [13, 14];
1965, Bloembergen [3] published the book “Nonlinear Optical Phenomena”.

2. Mature Stage of Nonlinear Optics

After 1965, the scientists discovered many new nonlinear optical effects in
experiments and made the theoretical explains. In 1984 the famous professor Shen
[15] published a book “The Principles of Nonlinear Optics” to summary the
research achievements in that period time. From 1965 to 1984 for near 20 years is
mature stage of nonlinear optics. The significative events in this stage are:

1962–1975, the discovery of transient-state coherent optics effects (photon-echo,
optical nutation, self-inductance transparency, etc.) [16];

1963–1983, the discovery of degenerate four-wave mixing and optical phase
conjugation [17–19];

1964–1974, the study of optical Kerr effect and the verification by the experi-
ment [20, 21];

1975–1985, the discovery of optical bistability and optical chaos [22, 23];
1972–1987, the study of nonlinear optical properties in fiber and optical soliton

[24–26];
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1984, Professor Shen [15] published the book “The Principles of Nonlinear
Optics”.

3. Application Development Stage of Nonlinear Optics

After 1984 scientists continually found many new nonlinear optical phenomena, the
theory of nonlinear optics became more mature. The application of nonlinear optics
has a large development, especially in the applications of the laser science and
technology, the information science and technology and the material science and
technology. Since 1984–2015 for 30 years is the application development stage of
nonlinear optics. The major events in this stage are:

1982–1998, the study of nonlinear optical properties of semiconductor quantum
confinement materials [27, 28];

1985–1989, the discovery of high efficient nonlinear optical crystal materials
BBO and LBO [29, 30];

1985–1991, the study of nonlinear optical properties of organic and polymer [31,
32];

1987–1995, the discovery of reverse saturable absorption and optical limiting
effects [33–35];

1979–1993, the study of photorefractive effect and its nonlinear optical theory
[36, 37];

1985–1997, the application in quantum optics (squeezed state and quantum
entanglement, etc.) [38, 39];

1985–1999, the application in nonlinear interferometer-type all-optical switches
[40–42];

1984–2001, the application in optical fiber communication, optical soliton
communication and nonlinear communication, etc. [43, 44];

1979–2002, the application in photonic crystal [45, 46];
1995–2005, the application in chiral molecular materials [47, 48];
1995–2006, the application in light speed controlling (slow light and fast light)

[49–52];
2006–2015, the application in surface plasmon polaritons technology [53, 54].

1.4.2 Development Tendency of Nonlinear Optics

In this half of century, the nonlinear optics continually and rapidly developed in
depth and breadth, its development tendency displayed on the several respects: the
study objects, the study in time and space scales, and the nonlinear optical
materials.

1. Study Objects

The development tendency of the nonlinear optics study is from strong light source
to the weak light source; from the resonance area to the non-resonance area; from
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the fundamental state-excited state transition to the excited state-excited state
transition; from the two-energy mode to the multi-energy mode; from the local area
to the non-local area, etc.

2. Space Scale

For different space scale of material system, the law of interaction between light and
material is different. It needs use different theory to study. The macroscopic scale
system should use the wave optics theory; the microscopic scale system should use
the quantum optics theory; now the studied heat point is turned to the nano-scale
material system, in the nano-scale material system we should use the near-field
optics theory. However, the nonlinear optics theory in the nano-scale system is not
mature yet, it needs further development.

3. Time Scale

The study of nonlinear optics is developed from the steady-state process to the
quasi-steady-state process, and to the transient-state (dynamic state) process; the
different process should use different theory. To study the steady-state process
based on the continues light or the quasi-steady-state process based on the
microsecond-pulsed light, we can use the steady-state nonlinear wave equations,
which are not contained the time derivative; but to study the transient-state process
based on the nanosecond, picosecond or femtosecond short-pulsed light, we should
use nonlinear wave equations contained first-order or second-order derivatives.

4. Nonlinear Optical Material

From the inorganic material to the organic material; from the amorphous material to
the crystalline material; from the symmetric material to the asymmetric material
(chiral material); from the homogenous material to the composite material; form the
high dimensional material to the low dimensional material, such as 3D balk, 2D
surface and thin film, ID line, and OD particle; from macroscopic material to
nano-structure material, such as semiconductor quantum well, quantum line, and
quantum dot; 3D, 2D, and 1D photonic crystal; metal-dialectic intersurface; nan-
otube, nano sphere and nano cluster, etc.

1.5 Applications of Nonlinear Optics

What are the applications of nonlinear optics? From the current point of view, the
applications of nonlinear optics mainly have following three aspects: in the laser
technology; in the information technology and in the materials technology [55].
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1.5.1 Application in Laser Technology

1. New Laser Device

Based on the principles of nonlinear optics, scientists have made various new type
laser devices, such as the ultrashort pulsed lasers, the wavelength or power tunable
lasers, the stimulated Raman laser, the nonlinear fiber laser, the soliton laser, the
terahertz laser, the nanoscale laser, etc. In addition, the nonlinear optics also can use
for the laser mode selection, the laser power stabilization and the laser parameter
measurement, etc.

2. Laser Pulse Compression

The Q-switching and mode-locking technologies are based on the nonlinear optics.
These technologies are used for compression of the laser pulsewidth to generate the
picosecond, femtosecond and attosecond ultrashort pulsed lasers.

3. Laser Frequency Conversion

Using nonlinear optical technologies, such as the frequency doubling; sum fre-
quency; difference frequency; parametric amplification and oscillation; third har-
monic generation; four-wave mixing; stimulated scattering, etc., the various
laser-frequency conversions are realized.

4. Laser Transportation

The important application in adaptive optical technology is based on the optical
phase conjugation of nonlinear optics, for example, the compensation of the light
beam distortion in the laser atmospheric transmission; also can be used to solve the
problem of light beam distortion in laser nuclear fusion, etc.

5. Laser Protection

It has significance in militarily to protect the laser blind weapons, which are using
the laser pulses to damage the human eye and the photodetectors. The nonlinear
optical limiters based on the principle of nonlinear optics are advantageous in
compare with the linear optical limiters.

1.5.2 Application in Information Technology

1. Optical Communication

In currant optical communication including the fiber optical communication and the
space optical communication, there are many technologies based on nonlinear
optics, for instance, the semiconductor laser, Raman optical amplifier, optical
modulator, self-focusing lens, optical switch, wavelength convertor, optical delayer,
optical add drop multiplexer, optical switching, optical cross connect, etc. Novel
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optical communication technology, for example, the coherent optical communica-
tion, optical soliton communication, optical chaos communication, optical quantum
communication, and future all-optical communication are all associated with non-
linear optics.

2. Optical Computing

The digital optical information processing is the development direction of future
information processing technology. The key technologies used in future optical
computer, such as the all-optical computer, optical logic gate, optical number
arithmetic device, 3D two-photon optical storage, optical amplifier, all-optical
switch, optical clock-signal generator, etc., they all establish on the basis of non-
linear optics.

3. Optical Sensing

The distributed fiber sensor based on Raman and Brillouin fibers is a new type fiber
sensing technology. In order to realize all-optical sensing network (internet of
things), the all-optical switch made by nonlinear fiber grating is a key device. In the
laser remote sensing technology, the nonlinear optics also plays an important role.

1.5.3 Application in Material Technology

1. High Resolution Spectrum Analysis

Taking advantage of ultrafast laser pulse excited stimulated Raman scattering,
four-wave mixing, second harmonics, two-photon absorption, etc. nonlinear optical
effects, people have developed the nonlinear spectrum analysis technology with
high space resolution and high time resolution, extensively used to analyze and
measure the state and structure of the atoms and molecules, the hyperfine structure
of energy level, and change of physical and chemical cluster structure, activity of
biological cell, etc. The combination of the nonlinear spectrum technology and the
near-field optical microscopy forms imaginable near-field spectrum technology, to
be used for analyzing state change of nano-structure, the luminescence process of
matter and chemical reaction process, etc.

2. Micromachining of Material

The laser direct writing high precision processing by using multiphoton absorption
(such as two-photon absorption) and multiphoton ionization has been used in the
preparation of nanometer materials and the process of nano structure. In order to
improve the luminous efficiency of solid light-emitting devices (LED) and the
absorption efficiency of solar cells, to make microstructure graphics on the surface
of the device with a laser micro machining method is an effective measure.
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3. Investigation of New Material

The nonlinear optics method can be used for investigation of the following mate-
rials: the surface, intersurface, cluster etc. low dimensional materials; the quantum
well, quantum line and quantum dot, etc. quantum confinement materials; 1D, 2D
and 3D photonic crystal materials; the surface plasmon polariton material; the
nanosphere, nanocavity, nanotube etc. nanoscale materials; the negative refractive
index materials; the chiral materials; the biologic cell materials, etc. and measuring
the nonlinear optical parameters of these new materials.

At present the applications of nonlinear optics in laser technology include the
laser device technology, the laser frequency conversion technology, the laser
transmission technology, etc. are comparative maturity, however, the laser protec-
tion technology (nonlinear limiter) is not well maturity; in the application of material
technology, the extensive application is high resolution nonlinear spectrum analysis
technology. The laser microprocessor technology has had a lager progress. In respect
of nonlinear parameter measuring, Z-scan technology has had larger development,
but the measurement accuracy and the stability should be enhanced. In the respect of
information technology application, nonlinear optics has big potential. But the
optical digital processing technology, such as all-optical switch and its application in
all-optical communication, all-optical computer and all-optical sensing network, is
still in foundational research stage. We hope after the research of nanometer devices
obtains a great progress in the near future, it will have a successful application.

In shout, nonlinear optics is the basis of nowadays and future photonic tech-
nology, it will powerfully promote the information photonic technology, the energy
photonic technology, the material photonic technology and the biologic technology
development in an all-around way.

Review Questions of Chapter 1

1. What is the important significance to study nonlinear optics?
2. Take examples to explain what is the difference between linear optics and

nonlinear optics?
3. What are relationships between the polarization of medium and the electrical

field amplitude of incident light in two-order and three-order nonlinear optical
effects?

4. What is difference between the passive nonlinear optics and the active nonlinear
optics?

5. How many kinds of the nonlinear optical materials there are? What is their
nonlinear mechanism?

6. Please introduce the development stages of nonlinear optics. What is the
development trend of nonlinear optics?

7. To compare the development processes of photonics and electronics, what are
their similarities and differentia?

8. Why nonlinear optics is an important basis of photonics? What are the mature
applications and the development potential?
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Chapter 2
Polarization Theory of Nonlinear Medium

This chapter starting from the Maxwell’s equations deduces different forms of
nonlinear wave equations for the light propagation in the isotropic and anisotropic
nonlinear mediums, and in the time and frequency domains; gives the
frequency-domain expressions of the polarization and susceptibility of the nonlinear
medium; defines the degenerate factor of polarization; introduces the symmetries of
nonlinear susceptibility; discusses the relationship between the real part and the
imaginary part of susceptibility (K–K relation); points out that the physical
meanings of the real part and the imaginary part of third-order nonlinear suscep-
tibility are the nonlinear refractive index and nonlinear absorption coefficient
respectively; finally introduces the two kinds of unit systems in nonlinear optics.

2.1 Wave Equations of Nonlinear Medium

2.1.1 Maxwell’s Equations for Nonlinear Medium

Under the action of the laser, a medium appears the nonlinear optical effect, which
is called the nonlinear medium. When a light wave, as an electromagnetic wave,
propagates in the nonlinear medium, it obeys the law depended on the Maxwell
equations, in general which can be written as

r� E ¼ � @B
@t

; ð2:1:1Þ

r �H ¼ @D
@t

þ J; ð2:1:2Þ

r � D ¼ q; ð2:1:3Þ
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r � B ¼ 0: ð2:1:4Þ

It also has the following matter equations:

D ¼ e0E þ P, ð2:1:5Þ

B ¼ l0ðH þ MÞ; ð2:1:6Þ

J ¼ rE; ð2:1:7Þ

where E and H are denoted the electric field strength and the magnetic field
strength, respectively; D and B are denoted the electric induction strength and the
magnetic induction strength, respectively; P and M are denoted the electric
polarization and magnetic polarization, respectively. For non-ferromagnetic mate-
rial, the magnetization phenomenon is very week, we can let M ¼ 0; e0 and l0 are
denoted the vacuum electric coefficient and the vacuum permeability, respectively;
r is the conductivity, strictly speaking, it is a second-order tensor in the anisotropic
medium, here approximately is a scalar; J is the conduction current density; q is the
free charge density, both can be connected each other through the law of conser-
vation of charge:

r � J þ @q
@t

¼ 0: ð2:1:8Þ

For the metal and semiconductor, the conduction current density J and the free
charge density q these two quantities cannot be neglected, but for the insulator
medium, we can assume they are inexistence, then do not consider Eq. (2.1.8).
Because the conductivity r is related to the absorption, assuming the linear
absorption coefficient is a, and then we have relationship a ¼ l0rc=n, so
Eq. (2.1.7) should be reserved.

If a strong light (laser) acts on the nonlinear medium, the relationship between
P andE is nonlinear, themedium inducedP can be spread out into a power series ofE:

P ¼ e0v
ð1Þ � E þ e0v

ð2Þ : EE þ e0v
ð3Þ..
.
EEE þ � � � ; ð2:1:9Þ

where vðnÞ is n-order electric susceptibility (n ¼ 1; 2; 3; . . .Þ, which is a n þ 1-order
tensor.

The polarization P can be divided into the linear and nonlinear two parts. The
nonlinear part is just the sum of high-order terms of polarization, which is called as
nonlinear polarization noted by PNL, that is

PNL ¼ e0v
ð2Þ : EE þ e0v

ð3Þ..
.
EEE þ . . . ¼ Pð2Þ þ Pð3Þ þ � � � : ð2:1:10Þ
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Then Eq. (2.1.9) can be expressed as

P ¼ e0v
ð1Þ � EþPNL: ð2:1:11Þ

Substituting Eq. (2.1.11) into Eq. (2.1.5), we obtain

D ¼ e0Eþ e0v
ð1Þ � EþPNL ¼ e � EþPNL; ð2:1:12Þ

where

e ¼ e0ð1þ vð1ÞÞ ð2:1:13Þ

is the linear dielectric coefficient; in which vð1Þ is linear susceptibility. In the ani-
sotropic medium, vð1Þ and e are complex-number second-order tensors. Here we
only consider the electric dipole moment approximate, and neglected the action of
the electric quadrupole moment and the magnetism dipole moment.

Therefore, Maxwell equations in anisotropic, nonlinear, nonmagnetic medium
can be simplified [1] as

r� E ¼ �l0
@H
@t

; ð2:1:14Þ

r �H ¼ @D
@t

þ rE; ð2:1:15Þ

D ¼ e � EþPNL: ð2:1:16Þ

2.1.2 Time-Domain Wave Equation in Anisotropic
Nonlinear Medium

In both sides of Eq. (2.1.14) carrying on r� operation, then substituting
Eq. (2.1.15) into it, and using Eq. (2.1.16), finally we obtain

r�r� Eþ l0r
@E
@t

þ l0
@2e � E
@t2

¼ �l0
@2PNL

@t2
: ð2:1:17Þ

This is wave equation for describing the transportation of the light wave in the
anisotropic nonlinear medium. In comparison with the linear wave equation, this
equation is only added an item on the right side, equivalent to exist a secondary
wave source related with polarization PNL. The second item on the left is associated
with the absorption loss of the medium.
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Suppose the medium is lossless, i.e., r ¼ 0, and using the formula c ¼ 1=
ffiffiffiffiffiffiffiffiffi
l0e0

p
,

then Eq. (2.1.17) can be written to

½r � ðr�Þþ 1
e0c2

@2

@t2
e��Eðr; tÞ ¼ � 1

e0c2
@2

@t2
PNLðr; tÞ: ð2:1:18Þ

This is time-domain wave equation in the non-absorption anisotropic nonlinear
medium.

The light field strength E and nonlinear polarization PNL in Eqs. (2.1.17) and
(2.1.18) are the function of the time and position. In order to solve the equation and
find the optical field strength E, we mast firstly find out the nonlinear polarization
PNL.

2.1.3 Time-Domain Wave Equation in Isotropic Nonlinear
Medium

Assuming that the nonlinear medium is an non-absorption, homogeneous, isotopic
medium, in Eq. (2.1.18) r � E ¼ 0, then r�r� E ¼ rðr � EÞ�r2E ¼ �r2E;
the original e is a tensor, if the light wave with the amplitude of E is a plane wave
and a transverse wave, its component paralleled to propagation direction can be
neglected, so the tensor e can be written to scalar quantity e. Using formula
n ¼ ffiffiffiffiffiffiffiffiffi

e=e0
p

, thus Eq. (2.1.18) becomes

r2Eðr; tÞ � n2

c2
@2

@t2
Eðr; tÞ ¼ 1

e0c2
@2

@t2
PNLðr; tÞ: ð2:1:19Þ

This is a time-domain wave equation for the plane light wave propagates in a
non-absorption and isotopic nonlinear medium, which is an inhomogeneous
second-order differential equation, it is difficulty to solve, in general, it needs
approximately simplification treatment, the slow amplitude approximation is an
used way. By using this method, the second-order differential equation will become
a first-order differential equation.

In order to simplify, assuming a monochromic plane wave field propagates along
z-direction, and the light field strength and the nonlinear polarization are denoted as
a product of amplitude factor and phase factor, respectively:

Eðr; tÞ ¼ Eðz; tÞeiðkz�xtÞ; ð2:1:20Þ

PNLðr; tÞ ¼ PNLðz; tÞeiðk0z�xtÞ: ð2:1:21Þ
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Substituting Eqs. (2.1.20) and (2.1.21) into Eq. (2.1.19), in which the various
items have following differential coefficients of Eðz; tÞ and PNLðz; tÞ, respectively:

r2Eðz; tÞ ¼ @2

@z2
þ i2k

@

@z
� k2

� �
Eðz; tÞj j

� �
eiðkz�xtÞ; ð2:1:22Þ

@2

@t2
Eðz; tÞ ¼ @2

@t2
� i2x

@

@t
� x2

� �
Eðz; tÞj j

� �
eiðkz�xtÞ; ð2:1:23Þ

@2

@t2
PNLðz; tÞ ffi �x2 PNLðz; tÞj jeiðk0z�xtÞ: ð2:1:24Þ

Suppose the variation of field strength is very slow in the space distant within the
scope of light wavelength and within the time scope of optical frequency; i.e.,
satisfy the following space and time conditions of the slowly varying field ampli-
tude approximation [2]

@2Eðz; tÞ
@z2

����

����\\ k
@Eðz; tÞ

@z

����

���� and
@2Eðz; tÞ

@t2

����

����\\ x
@Eðz; tÞ

@t

����

����: ð2:1:25Þ

Substituting Eqs. (2.1.22)–(2.1.24) into Eq. (2.1.19), using the slowly varying
amplitude approximation condition of Eq. (2.1.25), omitting the items with
second-order differential coefficients for the space and time, and using k ¼ ðx=cÞn
and v ¼ c=n, therefore, we obtain the following Eq. [3]:

@Eðz; tÞ
@z

þ 1
v
@Eðz; tÞ

@t
¼ ix

2e0cn
PNLðz; tÞeiDkz; ð2:1:26Þ

where Dk ¼ k0 � k, k and k0 are the wave vectors of original light field and
polarization field, respectively. Equation (2.1.26) is the time-domain wave equation
when the monochromic plane light wave propagates in non-absorption and isotopic
nonlinear medium, and the optical field strength Eðz; tÞ satisfies the space and time
slowly varying amplitude approximation condition. If the light wave is a continuous
wave, or a light pulse with a wide pulse width, in Eq. (2.1.26) v ¼ c=n is the phase
velocity of light wave; if the light wave is a short pulse (for example is a picosecond
pulse), it is not a monochromic wave, we can regard as a wave packet, the form of
time-domain nonlinear wave equation is same as Eq. (2.1.26), in which optical field
amplitude Eðz; tÞ should express as an integral of time. In this case, the group
velocity of wave pocket should denoted by v ¼ dx=dk.
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2.1.4 Frequency-Domain Wave Equation in Anisotropic
Nonlinear Medium

The anisotropic-medium time-domain nonlinear wave Eq. (2.1.18) can be changed
to frequency-domain formation. For this purpose we should pass through Fourier
transform, to spread Eðr; tÞ and PNLðr; tÞ into the sum of multiple monochromic
plane waves, and write each monochromic wave to be the product of amplitude and
phase two factors, then we have

Eðr; tÞ ¼
X

i

Eiðki;xiÞ ¼
X

i

Eie
iðkir�xi tÞ; ð2:1:27Þ

PNLðr; tÞ ¼
X

n� 2

PðnÞðr; tÞ ¼
X

n� 2

X

i

PðnÞ
i ðk0i;xiÞ

¼
X

i

PNL
i ðk0

i;xiÞ ¼
X

i

PNL
i ðk0

i;xiÞeiðk
0
i r�xitÞ;

ð2:1:28Þ

where x is the angular frequency of light wave, k and k0 are wave vectors of the
light field and the polarization field of the monochromic plane wave, respectively.
To substitute Eqs. (2.1.27) and (2.1.28) into Eq. (2.1.18), and omit the summation
mark and ordinal number i, we can obtain

½r � ðr�Þ � x2

e0c2
e��Eðk;xÞ ¼ x2

e0c2
PNLðk0;xÞ: ð2:1:29Þ

This is the frequency-domain wave equation for the monochromic plane wave
propagating in a non-absorption anisotropic nonlinear medium.

2.1.5 Frequency-Domain Wave Equation in Isotopic
Nonlinear Medium

Assuming that the medium is isotopic and homogeneous; E(k;xÞ is denoted the
light field strength of the monochromic plane wave, which is a transverse wave, i.e.,
the component paralleled to K can be neglected, so that in wave Eq. (2.1.29)
r � E ¼ 0, and r�r� E ¼ �r2E, the tensor e can be written to the scalar e,
further using the relations k ¼ k0n, k0 ¼ x=c and n ¼ ffiffiffiffiffiffiffiffiffi

e=e0
p

, then we obtain

r2Eðk;xÞþ k2Eðk;xÞ ¼ � k20
e0
PNLðk0;xÞ: ð2:1:30Þ

This is frequency-domain wave equation for the monochromic plane wave
propagating in a non-absorption isotopic nonlinear medium. This is an
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inhomogeneous second-order differential equation, it is difficult to directly solve.
We can take a simplified deal with by using the slowly varying amplitude
approximate method as follows.

Considering that the monochrome plane wave propagates along z-direction, its
amplitude varies with z, but no change with time. The light field strength and
nonlinear polarization are respectively denoted by

Eðk, xÞ ¼ Eðz, xÞeiðkz�xtÞ, ð2:1:31Þ

PNLðk;xÞ ¼ PNLðz, xÞeiðk0z�xtÞ. ð2:1:32Þ

where k and k
0
are wave vectors of the original light field and polarization field

respectively. Eðz, xÞ and PNLðz, xÞ denote the field amplitudes and nonlinear
polarization respectively. Substituting Eqs. (2.1.31) and (2.1.32) into Equation
(2.1.30), the first item of left of Eq. (2.1.30) is

r2Eðz;xÞ ¼ @2

@z2
þ i2k

@

@z
� k2

� �
Eðz, xÞeiðkz�xtÞ: ð2:1:33Þ

So the items containing coefficient k2 in Eq. (2.1.30) can be eliminated,
Eq. (2.1.30) becomes

@2

@z2
þ i2k

@

@z

� �
Eðz;xÞeiðkz�xtÞ ¼ � k20

e0
PNLðz, xÞðzÞeiðk0z�xtÞ: ð2:1:34Þ

Suppose that the light field strength satisfies the space slowly varying field
amplitude approximation condition:

@2Eðz;xÞ
@z2

����

����\\ k
@Eðz;xÞ

@z

����

����; ð2:1:35Þ

the items having second derivative of light field strength in Eq. (2.1.34) can be
omitted, and to combine the exponent factors in both side of equation, Eq. (2.1.34)
can be written to

@Eðz;xÞ
@z

¼ ik20
2e0k

PNLðz;xÞeiDkz; ð2:1:36Þ

where

Dk ¼ k0 � k; ð2:1:37Þ

where k and k0 are wave vectors of the original light field and the polarization field,
respectively.
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Because k ¼ ðx=cÞn and k0 ¼ x=c, then Eq. (2.1.36) also can be expressed as

@Eðz;xÞ
@z

¼ ix
2e0cn

PNLðz;xÞeiDkz: ð2:1:38Þ

Equation (2.1.38) is a frequency-domain wave equation for a monochromic
plane light wave propagating along z-direction in the isotopic, uniform and lossless
nonlinear medium under the condition of slowly varying amplitude approximation.
It is a first-order differential equation, relatively easy to be solved. If know the
nonlinear polarization PNLðz;xÞ, we can obtain the solution of light field strength
Eðz;xÞ. In this book, all of the investigative nonlinear optical processes will
describe and explain by using this simple first-order differential equation.

Firstly, using the nonlinear coupling wave equations we can solve the
multi-wave mixing nonlinear optical problem. Generally speaking, for n-order
nonlinear polarization effect, we can list nþ 1 nonlinear coupling wave Equations
similar to Eq. (2.1.38), simultaneous solving these nþ 1 equations, we can find the
nþ 1 light field strengths with different frequency, thus obtain the law of energy
mutual transformation among these light fields.

For example, for the second-order nonlinear optical effect, there are 2 original light
fields at two different frequencies and 1 new generated polarization field, it requires 3
couplingwave equations, we can simultaneous solve these 3 couplingwave equations
to obtain the 3 field strengths; For the third-order nonlinear optical effect, there are 3
original light fields and 1 new generated polarization field, it requires 4 coupling
equations, then we can simultaneous solve out the 4 field strengths.

If existing absorption in the medium, according to Eq. (2.1.17), r 6¼ 0, we can
obtain the slowly varying amplitude approximation frequency-domain wave
equation considering the absorption for the propagation of the monochromatic light
wave along z-direction:

@Eðz;xÞ
@z

þ a
2
Eðz;xÞ ¼ ix

2e0cn
PNLðz;xÞeiDkz; ð2:1:39Þ

where a ¼ l0rc=n is the linear absorption coefficient of medium.

2.2 Polarization and Susceptibility of Nonlinear Medium

2.2.1 Frequency-Domain Expressions of Polarization
and Susceptibility

1. Frequency-Domain Expressions in Anisotropic Medium

Under the action of light field, the polarization phenomenon is generated in an
anisotropic medium. What is relationship between the polarization P and the light
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electric field strength E? At first, we are going to investigate the causal relationship
in time between P and E [4], and then discuss the frequency-domain expressions of
polarization P and susceptibility v in the case of the linear optics and different order
nonlinear optics phenomena.

(1) In Linear Polarization Case

The induced electric polarization of medium dPð1ÞðtÞ at the moment t is generated
by the light electric filed strength Eðt1Þ before the moment t1 ¼ t � dt1, dPð1ÞðtÞ and
Eðt1Þ has the following direct-ratio relation in the time interval dt1:

dPð1ÞðtÞ ¼ e0v
ð1Þðt � t1Þ � Eðt1Þdt1: ð2:2:1Þ

Considering the contribution of Eðt1Þ to Pð1ÞðtÞ in all time before the moment t,
we have

Pð1ÞðtÞ ¼
Z1

�1
e0v

ð1Þðt � t1Þ � Eðt1Þdt1: ð2:2:2Þ

Actual, when t1\t, Eðt1Þ has no contribution to Pð1ÞðtÞ, i.e., vð1Þðt � t1Þ ¼ 0.
In order to further get the relationship between P and E in the frequency-domain,

we take the Fourier transform of Eðt1Þ and Pð1ÞðtÞ, i.e.,

Eðt1Þ ¼
Z1

�1
EðxÞe�ixt1dx; ð2:2:3Þ

Pð1ÞðtÞ ¼
Z1

�1
PðxÞð1Þe�ixtdx: ð2:2:4Þ

To substitute Eqs. (2.2.3) and (2.2.4) into Eq. (2.2.2), and eliminate the integral
sign, we obtain the frequency-domain expression:

Pð1ÞðxÞ ¼ e0v
ð1ÞðxÞ � EðxÞ, ð2:2:5Þ

where

vð1ÞðxÞ ¼
Z1

�1
vð1Þðt � t1Þeixðt�t1Þdt1: ð2:2:6Þ
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where vð1ÞðxÞ is a linear polarization tensor, it is a second-order tensor with 9 tensor
elements, that is

vð1ÞðxÞ ¼
vð1Þ11 ðxÞ vð1Þ12 ðxÞ vð1Þ13 ðxÞ
vð1Þ21 ðxÞ vð1Þ22 ðxÞ vð1Þ23 ðxÞ
vð1Þ31 ðxÞ vð1Þ32 ðxÞ vð1Þ33 ðxÞ

2

64

3

75: ð2:2:7Þ

In the rectangular coordinate system, the every element of linear polarization
tensor can be expressed by its index, i.e.,

vð1ÞðxÞ ¼
XX XY XZ
YX YY YZ
ZX ZY ZZ

2

4

3

5: ð2:2:8Þ

(2) In Nonlinear Polarization Case

As mention in the previous section, the polarization P can spread as the power
series of E, in the frequency domain the P can be expressed as

PðxÞ ¼ Pð1ÞðxÞþPð2ÞðxÞþPð3ÞðxÞþ � � � : ð2:2:9Þ

Similar to Eqs. (2.2.5) and (2.2.6), the second-order nonlinear polarization and
the second-order nonlinear susceptibility can be expressed as

Pð2ÞðxÞ ¼ e0v
ð2Þðx;x1;x2Þ : Eðx1ÞEðx2Þ; ð2:2:10Þ

vð2ÞðxÞ ¼
Z1

�1
vð2Þðt � t1; t � t2Þei½x1ðt�t1Þþx2ðt�t2Þ�dt1dt2: ð2:2:11Þ

vð2Þ is called second-order polarization tensor, it is a third-order tensor with 27
tensor elements:

vð2ÞðxÞ ¼
XXX XYY XZZ XYZ XZY XZX XXZ XXY XYZ
YXX YYY YZZ YYZ YZY YZX YXZ YXY YYZ
ZXX ZYY ZZZ ZYZ ZZY ZZX ZXZ ZXY ZYZ

2

4

3

5:

ð2:2:12Þ

In a similar way, the third-order nonlinear polarization and the third-order
nonlinear susceptibility can be expressed as respectively

Pð3ÞðxÞ ¼ e0v
ð3Þðx;x1;x2;x3Þ..

.
Eðx1ÞEðx2ÞEðx3Þ; ð2:2:13Þ
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vð3ÞðxÞ ¼
Z1

�1
vð3Þðt � t1; t � t2; t � t3Þei½x1ðt�t1Þþx2ðt�t2Þþx3ðt�t3Þ�dt1dt2dt3:

ð2:2:14Þ

vð3Þ is called third-order polarization tensor, it is a four-order tensor with 81
tensor elements.

In the similar way, n-order nonlinear polarization and n-order nonlinear sus-
ceptibility can be expressed as

PðnÞðxÞ ¼ e0v
ðnÞðx;x1;x2; . . .;xnÞ

..

.

..

.Eðx1ÞEðx2Þ; . . .;EðxnÞ; ð2:2:15Þ

where vðnÞ is a n+1-order tensor, sign of “
..
.

..

. ” is denoted the multiplication of n

+1-order tensor.

vðnÞðxÞ ¼
Z1

�1
vðnÞðt � t1; t � t2; . . .; t

� tnÞei½x1ðt�t1Þþx2ðt�t2Þþ ...þxnðt�tnÞ�dt1dt2. . .dtn: ð2:2:16Þ

It is worth noting that in the bracket of above every order susceptibility is inserted
a semicolon, according to the regulation of this book, after the semicolon are original
light fields at the frequencies of x1;x2; . . .;xn; before the semicolon is the polar-
ization field at the frequency of x. According to the energy conservation law, the
frequency of polarization field is the sum of frequencies of all original fields:

x ¼ x1 þx2 þ � � � þxn: ð2:2:17Þ

2. Rectangular Coordinate Frequency-Domain Expressions in Anisotropic
Medium

Below we provide the frequency-domain expressions by rectangular coordinate
component for each order polarizations in anisotropic medium. The
polarization-filed frequency x is a sum of the original-field frequencies,
x ¼ x1 þx2 þx3 þ � � �.

Pð1Þ
l ðxÞ ¼

X

a

e0v
ð1Þ
la ðx;xÞEaðxÞ; ð2:2:17Þ

Pð2Þ
l ðxÞ ¼

X

ab

e0v
ð2Þ
labðx;x1;x2ÞEaðx1ÞEbðx2Þ; ð2:2:18Þ
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Pð3Þ
l ðxÞ ¼

X

abc

e0v
ð3Þ
labcðx;x1;x2;x3ÞEaðx1ÞEbðx2ÞEcðx3Þ; ð2:2:19Þ

PðnÞ
l ðxÞ ¼

X

abc

e0v
ðnÞ
labcðx;x1;x2; . . .;xnÞEaðx1ÞEbðx2Þ. . .EcðxnÞ; ð2:2:20Þ

式中 l; a; b; c; . . . ¼ x; y; z.

3. Frequency-Domain Expressions in Isotopic Medium

For uniform isotopic nonlinear medium, the light field strength E(xÞ and the
polarization PðxÞ are complex number vectors, and the susceptibility v is a com-
plex number scalar. The each-order polarization can be expressed as follows.

Linear polarization:

Pð1ÞðxÞ ¼ e0v
ð1Þðx;xÞEðxÞ: ð2:1:21Þ

Second-order nonlinear polarization:

Pð2ÞðxÞ ¼ e0v
ð2Þðx;x1;x2ÞEðx1ÞEðx2Þ: ð2:1:22Þ

Third-order nonlinear polarization:

Pð3ÞðxÞ ¼ e0v
ð3Þðx;x1;x2; � � �x3ÞEðx1ÞEðx2ÞEðx3Þ: ð2:1:23Þ

The n-order nonlinear polarization:

PðnÞðxÞ ¼ e0v
ðnÞðx;x1;x2; . . .;xnÞEðx1ÞEðx2Þ. . .EðxnÞ: ð2:1:24Þ

When you write the the expressions of polarization, you should determine the
frequences of each light field participated in the designated nonlinear optical pro-
cess and write out correct susceptibility expressions. If in the incident light electric
fields having conjugate complex number of field, we should add a minus sign in the
front of corresponding frequency inside the bracket of susceptibility.

2.2.2 Degeneration Factor of Polarization

Assuming the incident light field is consisted by a series monochromic plane waves
at frequencies x1;x2; � � �xn. The electric field strength of each monochromic plane
wave at frequency xiði ¼ 1; 2; 3 � � �Þ is a complex number, in general it can be
written to a sum of complex number and its conjugate complex number (c.c).
Therefore the total incident light electric field strength Eðr; tÞ can be expressed as
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Eðr; tÞ ¼
X

i

EðxiÞe�iðxit�ki�rÞ þ c:c: : ð2:2:25Þ

The n-order polarization at the frequency of x ¼ x1 þx2 þ � � � þxn is induced
by n original light fields at frequencies of x1;x2; � � � ;xn. Actually, the original
light fields may include several light fields at the same frequency, i.e., existing the
frequency degeneracy. Because the frequency degeneracy and the symmetry of
susceptibility, in the rectangular coordinate component expression for the aniso-
tropic nonlinear medium should add a coefficient D, which is called degeneration
factor, so the rectangular coordinate component expression of n-order polarization
is given by

PðnÞ
l ðxÞ ¼ D

X

ab���c
e0v

ðnÞ
lab���cðx;x1;x2;x3; � � � ;xnÞEaðx1ÞEbðx2Þ � � �EcðxnÞ;

ð2:2:26Þ

For the isotopic nonlinear medium, if all the light fields propagate along the
z-direction, the n-order polarization expression in the frequency degeneracy case
also need add the degeneration factor, namely

PðnÞðz;xÞ ¼ De0v
ðnÞðx;x1;x2; . . .;xnÞEðz;x1ÞEðz;x2Þ. . .Eðz;xnÞ; ð2:2:27Þ

It can be proved that, if the light field strength is expressed as Eq. (2.2.25), the
formula of degeneration factor is given by [5]

D ¼ n!
m!

; ð2:2:28Þ

where n is the order number of nonlinear polarization, m is the frequency degen-
erate number of original light fields. In this book the light field strength is all
expressed as Eq. (2.2.25), so the Eq. (2.2.28) is used to calculate the degeneration
factor in this book.

In some literature, considering the relation EðtÞ ¼ E0 cosxt ¼ 1
2E0ðeixt þ e�ixtÞ,

the light field strength is expressed as

Eðr; tÞ ¼ 1
2

X

i

EðxiÞe�iðxit�ki�rÞ þ c:c: ð2:2:29Þ

It can be proved that in this case the formula of degeneration factor should be
written to

D ¼ 21�n n!
m!

� �
: ð2:2:30Þ
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Same as above, here n is the order number of nonlinear polarization, m is the
frequency degenerate number of original light fields.

Table 2.1 list the susceptibility expressions and corresponding two kinds of
degeneration factors for various nonlineal optical effects. In the susceptibility
expressions, after the semicolon are the frequencies of the incident (original) light
fields, x1;x2; � � � ;xn; before the semicolon is the frequency of the generated
(polarization) field x ¼ x1 þx2 þ � � � þxn, the negative frequency delegates that
its light field is a conjugate complex of the light field at positive frequency.

Table 2.1 Susceptibility expressions and two kinds of degeneration factors for nonlineal optical
effects

Nonlinear optical process Order
(n)

Susceptibility D ¼ n!=m! D ¼ 21�nðn!=m!Þ

Linear absorption 1 vð1Þðx;xÞ 1 1

Linear refraction 1 vð1Þðx;xÞ 1 1

Electrooptical effect 2 vð2Þðx;x; 0Þ 2 1

Frequency doubling effect 2 vð2Þð2x;x;xÞ 1 1/2

Sum frequency effect 2 vð2Þðx3;x1;x2Þ 2 1

Difference frequency effect 2 vð2Þðx2;x3;�x1Þ 2 1

Triple frequency harmonic 3 vð3Þð3x;x;x;xÞ 1 1/4

Single-photon nonlinear
refraction

3 vð3Þðx;x;�x;xÞ 3 3/4

Single-photon nonlinear
absorption

3 vð3Þðx;x;�x;xÞ 3 3/4

Two-photon nonlinear
absorption

3 vð3Þðx1;x2;�x2;x1Þ 6 3/2

Self-phase modulation
optical Kerr effect

3 vð3Þðx;x;�x;xÞ 3 3/4

Cross-phase modulation
optical Kerr effect

3 vð3Þðx;xp;�xp;xÞ 6 3/2

Four wave mixing 3 vð3Þðx4;x1;x2;x3Þ 6 3/2

Degenerate four wave
mixing

3 vð3Þðx;x;�x;xÞ 3 3/4

Degenerate four wave
mixing back phase
conjugation

3 vð3Þðxc;x1;�x2;xpÞ 6 3/2

Degenerate four wave
mixing forward phase
conjugation

3 vð3Þðxc;x1;x2;�xpÞ 6 3/2

Stoks stimulated Raman
scattering

3 vð3Þðxs;xp;�xp;xsÞ 6 3/2

Anti-stoks stimulated
Raman scattering

3 vð3Þðxas;xp;xp;�xsÞ 3 3/4
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2.2.3 Symmetry of Susceptibility Tensor

There are some universal symmetric relationships among tensor elements of non-
linear susceptibility tensor. These symmetric relationships reflect the real-number
character of polarization and the symmetry of medium structure. If you want to
know the certification of these symmetries in detail, you can refer to relater ref-
erence materials [4, 6–8]. Here we just give a brief introduction.

1. Authenticity Condition

Linear susceptibility tensor of medium can be expressed as the form of Eq. (2.2.6):

vð1ÞðxÞ ¼
Z1

�1
vð1Þðt � t1Þeixðt�t1Þdt1:

Taking its conjugate complex number, we obtain

vð1Þ�ðxÞ ¼
Z1

�1
vð1Þðt � t1Þe�ixðt�t1Þdt1 ¼ vð1Þð�xÞ: ð2:2:31Þ

In a similar way, we can prove that the tensor elements of each-order nonlinear
susceptibility have following characteristics:

v
ð2Þ�
ijk ðx;x1;x2Þ ¼ v

ð2Þ
jki ðx1;�x2;xÞ ¼ v

ð2Þ
kji ðx2;�x1;xÞ; ð2:2:32Þ

v
ð3Þ�
ijkl ðx;x1;x2;x3Þ ¼ v

ð3Þ
jkliðx1;�x2;�x3;xÞ

¼ v
ð3Þ
kijlðx2;x;�x1;�x3Þ

¼ v
ð3Þ
lijkðx3;x;�x1;�x2Þ;

. . .. . .

ð2:2:33Þ

Above relationships guarantee the characteristics that the each susceptibility is a
real number, so it is called the authenticity condition. If the frequency of original
optical field is far from the resonance frequency of medium, the medium is know as
non-dispersion and lossless, we can remove out the symbol of conjugate complex
number “*” in Eqs. (2.2.32)–(2.2.33).

1. Symmetry of Intrinsic Substitution

It can be proved that susceptibility tensor has following intrinsic symmetry of
frequency substitution: if do not change the location of polarization-field frequency,
when the sequence of any two frequencies of original optical field mutually
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interchanges, corresponding two tensor elements are same. For example, for
second-order and third-order nonlinear effects we have:

vð2Þijk ðx;xm;xnÞ ¼ vð2Þikj ðx;xn;xmÞ; ð2:2:34Þ

vð3Þijklðx;xm;xn;xqÞ ¼ vð3Þikjlðx;xn;xm;xqÞ
¼ vð3Þijlkðx;xm;xq;xnÞ
¼ vð3Þilkjðx;xq;xn;xmÞ:

ð2:2:35Þ

2. Symmetry of Complete Substitution

If the frequency of original optical field far from the resonance frequency of
medium, the medium is know as non-dispersion and lossless, there is the symmetry
of complete substitution, i.e., the frequency of the polarization field can interchange
place with any frequency of original field, for example, the second-order and the
third-order nonlinear optical effects have:

vð2Þijk ðx;xm;xnÞ ¼ vð2Þj ik ðxm;x;xnÞ ¼ vð2Þkj i ðxn;xm;xÞ; ð2:2:36Þ

vð3Þijklðx;xm;xn;xqÞ ¼ vð3Þjiklðxm;x;xn;xqÞ
¼ vð3Þkjilðxn;xm;x;xqÞ
¼ vð3Þljkiðxq;xm;xn;xÞ:

ð2:2:37Þ

In the above tensor elements of susceptibility, interchange the frequency in any
order, the numerical value of tensor elements keeps no change; this feature is called
complete-substitution symmetry.

3. Time Reversion Symmetry

According to the real number character of nonlinear polarization, it is can be proved
that any tensor element possesses following characteristic:

vðnÞll1l2���lnðx;x1;x2; . . .;xnÞ ¼ vðnÞll1l2���lnð�x;�x1;�x2; . . .;�xnÞ: ð2:2:38Þ

4. Spatial Structure Symmetry

We mentioned previous, the susceptibility is a 3-D space tensor. In which vð1Þ is a
second-order tensor, with 9 tensor elements; vð2Þ is a third-order tensor, with 27
tensor elements; vð3Þ is a four-order tensor, with 81 tensor elements. Because the
structure of nonlinear medium (such as nonlinear crystal) has symmetry (rotate
symmetry and translation symmetry, etc.), it makes the part of tensor elements to be
zero, and there exists specific relationships among some tensor elements, to lead

38 2 Polarization Theory of Nonlinear Medium



total number of independent tensor elements of nonlinear susceptibility tensor
depletes.

According to the symmetry of the crystal, the crystal can be divided into 7
systems of crystallization: triclinic crystal system, monoclinic crystal system,
orthorhombic crystal system, quadratic crystal system, trigonal crystal system,
hexagonal crystal system, cubic crystal system (or isotopic medium). People
already found the susceptibility tensor form of these 7 crystal systems and their 32
crystal classes. Visible, the symmetry is higher; the number of the non-zero tensor
element and independent tensor element is less.

For example, for second-order tensor vð1Þ, its orthorhombic crystal system and
cubic crystal system (or isotopic medium) only have 3 and 1 independent tensor
element respectively:

vð1ÞðxÞ ¼
XX 0 0
0 YY 0
0 0 ZZ

2

4

3

5; vð1ÞðxÞ ¼
XX 0 0
0 XX 0
0 0 XX

2

4

3

5:

Orthorhombic crystal system Cubic crystal system and isotopicmedium

For another example, for third-order tensor vð2Þ, its crystal class 222 (D2) of
orthorhombic crystal system and crystal class 43m (Td) of cubic crystal system,
they only have 6 and 1 independent tensor element respectively:

vð2ÞðxÞ ¼
0 0 0 XYZ XZY 0 0 0 0
0 0 0 0 0 YZX YXZ 0 0
0 0 0 0 0 0 0 ZXY ZYZ

2

4

3

5

Crystal class 222 (D2) of orthorhombic crystal system

vð2ÞðxÞ ¼
0 0 0 XYZ XYZ 0 0 0 0
0 0 0 0 0 XYZ XYZ 0 0
0 0 0 0 0 0 0 XYZ XYZ

2

4

3

5

Crystal class 43m (Td) of cubic crystal system
Now we study the characteristics of susceptibility of the medium with centre

(inversion) symmetry, So called centre symmetry, it is P and E should change to
revers direction under inverse conversion of coordinate fx; y; zg ! f�x;�y;�zg to
keep the formula of polarization invariability. That is to say, for the following
general formula of n-order polarization:

PðnÞðxÞ ¼ e0v
ðnÞðx;x1;x2; . . .;xnÞ

..

.

..

.Eðx1ÞEðx2Þ. . .EðxnÞ; ð2:2:39Þ
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when making conversion of coordinates fx; y; zg ! f�x;�y;�zg, in left side of
formula the vector P becomes −P, and in the right side of formula every vector
E becomes −E, so the Eq. (2.2.39) becomes

P0ðnÞðxÞ ¼ ð�1Þnþ 1½e0v0ðnÞðx;x1;x2; . . .;xnÞ
..
.

..

.E
0ðx1ÞE0ðx2Þ. . .E0ðxnÞ�:

ð2:2:40Þ

In order to maintain the form of Eq. (2.2.40) same as that of Eq. (2.2.39), we
should require that when n ¼ 2; 4; . . . (even number), P0ðnÞ ¼ 0, i.e., v0ðnÞðx;x1;
x2; . . .;xnÞ ¼ 0. Namely even-order susceptibility is zero for the medium with
centre symmetry. If we only consider the nonlinear effect up to third-order, for the
medium with centre symmetry, it is nonexistence of second-order nonlinear effect,
only existence of third-order nonlinear effect.

2.3 Real Part and Imaginary Part of Susceptibility

2.3.1 Relation Between Real Part and Imaginary Part
of Susceptibility (K–K Relation)

The susceptibility vðxÞ is a function of frequency, in general it is a complex
number, can be expressed as

vðxÞ ¼ v0ðxÞþ iv00ðxÞ: ð2:3:1Þ

Between the real part and the imaginary part of linear susceptibility has fol-
lowing relationships (the derivation of the formula see Appendix 2.A):

v0ðxÞ ¼ 1
p
P:V :

Z1

�1

v00ðx0Þ
x0 � x

dx0; ð2:3:2Þ

v00ðxÞ ¼ � 1
p
P:V :

Z1

�1

v0ðx0Þ
x0 � x

dx0; ð2:3:3Þ

The integral in Eqs. (2.3.2) and (2.3.3) is Cauchy’s principle value integral,
namely when integral removing the singular point x0 ¼ x. Equations (2.3.2) and
(2.3.3) are famous Kramers-Kronig dispersion relation, in short K–K relation [9,
10]. From K–K relation we can see that as long as know any one of the real part and
the imaginary part of the susceptibility as a function of frequency, we can through
above relationship to find out another one.
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According to the substitution symmetry of susceptibility vð�xÞ ¼ v�ðxÞ and
Eq. (2.3.1), we can rewrite the K–K relation to be:

v0ðxÞ ¼ 2
p
P:V :

Z1

0

x0v00ðx0Þ
x02 � x2dx

00; ð2:3:4Þ

v00ðxÞ ¼ � 2x
p

P:V :
Z1

0

v0ðx0Þ
x02 � x2dx

0: ð2:3:5Þ

Because integral just in positive frequency range, the K–K relations as form of
Eqs. (2.3.4) and (2.3.5) are more accord with the physical significance.

K–K relation is derived from the linear susceptibility, for the linear optical
system it is always correct, but only a part of processes in nonlinear optical system
comply with K–K relation. For instance, second harmonic effect, third harmonic
effect, four-wave mixing (except degenerate four-wave mixing), cross-phase
modulation Kerr effect (except self-phase modulation Kerr effect) etc. (see Ref.
[10]).

2.3.2 Physical Significance of Real Part and Imaginary Part
of Susceptibility

1. Relation of Linear Susceptibility with Linear Refractive Index and Linear
Absorption Coefficient

Now we investigate that a monochrome plane wave at frequency of x propagates in
an isotopic medium along z-direction to generate the polarization. Suppose the light
field denoted by

Eðz;xÞ ¼ EðzÞeiðkz�xtÞ þ c:c:; ð2:3:6Þ

where k is a complex number wave vector, its real part k0 is related with the
refractive index of medium; the imaginary part k00 is related with the absorption
coefficient of medium, namely

k ¼ k0 þ ik00 ¼ k0n0 þ i
a0
2
; ð2:3:7Þ

where k0 ¼ x=c is the wave vector in vacuum; n0 and a0 are linear refractive index
and linear absorption of medium respectively (a0 is absorption coefficient for light
power, so it is divided by 2).
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Considering the linear polarization effect in far from the resonance situation,
using the definition of electric induction strength, we obtain

D ¼ e0EþPð1Þ ¼ e0Eþ e0v
ð1ÞðxÞE ¼ ½e0 þ e0v

ð1ÞðxÞ�E ¼ eE; ð2:3:8Þ

where e0 is the dielectric coefficient in vacuum; e ¼ e0 þ e0vð1ÞðxÞ is the complex
linear dielectric coefficient of medium; vð1ÞðxÞ is complex linear susceptibility of
medium, which can be divided into the real and the imaginary two parts:
vð1ÞðxÞ ¼ vð1Þ0ðxÞþ ivð1Þ00ðxÞ. Using relation e0 ¼ e0½1þ vð1Þ0ðxÞ�, then e can be
expressed as

e ¼ e0 þ e0v
ð1Þ0ðxÞþ ie0v

ð1Þ00ðxÞ ¼ e0 þ ie0v
ð1Þ00ðxÞ ¼ e0½1þ i

e0
e0
vð1Þ00ðxÞ�:

ð2:3:9Þ

To use the linear refractive index n0 ¼
ffiffiffiffiffiffiffiffiffiffi
e0=e0

p
, Eq. (2.3.9) can be written as

e ¼ n20e0½1þ i
vð1Þ00ðxÞ

n20
�: ð2:3:10Þ

Further use complex linear refractive index n ¼ ffiffiffiffiffiffiffiffiffi
e=e0

p
and light velocity in

vacuum c ¼ 1=
ffiffiffiffiffiffiffiffiffi
l0e0

p
, the complex wave vector of medium can be written as

k ¼ x
c
n ¼ x

ffiffiffiffiffiffiffi
l0e

p
: ð2:3:11Þ

Substituting Eq. (2.3.10) into Eq. (2.3.11), we obtain

k ¼ k0n0 1þ i
vð1Þ00ðxÞ

n20

� �1
2

; ð2:3:12Þ

In the bracket of left of Eq. (2.3.12), the model of second item is much smaller
than 1, so the bracket factor can be spread to Taylor’s series, after that approxi-
mately taking front two items, we obtain

k 	 k0n0 1þ i
vð1Þ00ðxÞ
2n20

� �
¼ k0n0 þ i

k0
2n0

vð1Þ00ðxÞ: ð2:3:13Þ

To compare the Eq. (2.3.13) with Eq. (2.3.7), and use of n0 ¼
ffiffiffiffiffiffiffiffiffiffi
e0=e0

p
and

e0 ¼ e0½1þ vð1Þ0ðxÞ�, we obtain

n0 ¼ ½1þ vð1Þ0ðxÞ�12 	 1þ 1
2
vð1Þ0ðxÞ; ð2:3:14Þ
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a0 ¼ k0
n0

vð1Þ00ðxÞ ¼ x
cn0

vð1Þ00ðxÞ: ð2:3:15Þ

We can see that, the linear reflective index and the linear absorption coefficient
of the medium are linearly related with the real part and the imaginary part of
first-order susceptibility, respectively.

2. Relation of Third-Order Nonlinear Susceptibility with Nonlinear
Refractive Index and Nonlinear Absorption Coefficient

We suppose the medium is a third-order nonlinear medium; the input laser is
monochromatic plane wave as expressed by Eq. (2.3.6), the light field EðzÞ can be
solved by using the slowly varying amplitude approximation nonlinear wave
Eq. (2.1.38). Here let Dk ¼ k0 � k ¼ 0. Equation (2.1.38) becomes

@EðzÞ
@z

¼ ix
2e0cn0

PNLðzÞ: ð2:3:16Þ

The third-order nonlinear polarization (for example, Kerr effect) can be
expressed as

PNLðzÞ ¼ Pð3ÞðzÞ ¼ 3e0vð3ÞðxÞ EðzÞj j2EðzÞ: ð2:3:17Þ

Using vð3Þ ¼ vð3Þ0ðxÞþ ivð3Þ00ðxÞ, Eq. (2.3.17) becomes

PNLðzÞ ¼ 3e0½vð3Þ0ðxÞ EðzÞj j2 þ ivð3Þ00ðxÞ EðzÞj j2�EðzÞ: ð2:3:18Þ

Substituting Eq. (2.3.18) into Eq. (2.3.16), we obtain

@EðzÞ
@z

¼ i3x
2cn0

½vð3Þ0ðxÞ EðzÞj j2 þ ivð3Þ00ðxÞ EðzÞj j2�EðzÞ: ð2:3:19Þ

Using I ¼ 1
2 e0cn0 EðzÞj j2, Eq. (2.3.19) becomes

@EðzÞ
@z

¼ i3 k0
vð3Þ0ðxÞ
e0cn20

Iþ i
xvð3Þ00ðxÞ
e0c2n20

I

� �
EðzÞ: ð2:3:20Þ

Setting

kNL ¼ 3k0
vð3Þ0ðxÞ
e0cn20

Iþ i3
xvð3Þ00ðxÞ
e0c2n20

I; ð2:3:21Þ
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Equation (2.3.20) becomes

@EðzÞ
@z

¼ ikNLEðzÞ: ð2:3:22Þ

The solution of Eq. (2.3.22) is

EðzÞ ¼ Eð0ÞeikNLz: ð2:3:23Þ

From the definition Eq. (2.3.6) of light field

Eðz;xÞ ¼ EðzÞeiðkz�xtÞ ¼ Eð0ÞeikNLzeiðkz�xtÞ ¼ Eð0ÞeikT ze�ixt ð2:3:24Þ

where kT ¼ kþ kNL is the total wave vector, it is a complex number, can be divided
into the real part and the imaginary part, the real part is corresponding to the total
refractive index n; the imaginary part is corresponding to the total absorption a:

kT ¼ k0T þ ik00T ¼ nþ i
a
2
: ð2:3:25Þ

The each of total refractive index and total absorption coefficient can be divided
into linear and nonlinear two parts, namely

n ¼ n0 þDn; ð2:3:26Þ

a ¼ a0 þDa: ð2:3:27Þ

Substituting Eqs. (2.3.26) and (2.3.27) into Eq. (2.3.25), we obtain

kT ¼ k0n0 þ k0Dnþ i
a0
2

þ i
Da
2

: ð2:3:28Þ

Using Eq. (2.3.21), the total wave vector can be written to the sum of linear and
nonlinear two parts:

kT ¼ kþ kNL ¼ k0n0 þ i
a0
2

þ 3k0
vð3Þ0ðxÞ
e0cn20

Iþ i3
xvð3Þ00ðxÞ
e0c2n20

I: ð2:3:29Þ

To compare Eqs. (2.3.28) and (2.3.29), then we obtain the expressions of
nonlinear refractive index Dn and the nonlinear absorption coefficient Da:

Dn ¼ 3
e0cn20

vð3Þ0ðxÞI; ð2:3:30Þ

Da ¼ 6x
e0c2n20

vð3Þ00ðxÞI: ð2:3:31Þ
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From Eqs. (2.3.30) to (2.3.31) we can see that for the third-order nonlinear
medium, its nonlinear refractive index depends on the real part of third-order
susceptibility and is proportional to the light intensity; its nonlinear absorption
coefficient depends on the imaginary part of third-order susceptibility and is also
proportional to the light intensity.

2.3.3 Relation Between Nonlinear Refractive Index
and Nonlinear Absorption Coefficient

If K–K relation is applicative to a certain third-order nonlinear process, from
Eqs. (2.3.30) and (2.3.31) we can obtain the relation between the real part of
susceptibility vð3Þ0ðxÞ and the nonlinear refractive index DnðxÞ, and the relation
between the imaginary part of susceptibility vð3Þ00ðxÞ and the nonlinear absorption
coefficient DaðxÞ, respectively. Substituting them into Eq. (2.3.4) of K–K relation,
thus we get the relation between the nonlinear refractive index DnðxÞ and the
nonlinear absorption coefficient DaðxÞ:

DnðxÞ ¼ c
p
P:V :

Z1

0

Daðx0Þ
x02 � x2dx

0: ð2:3:32Þ

Because the nonlinear refractive index of medium is very difficult to measure
directly, often pass through measuring nonlinear absorption coefficient to indirectly
determine the nonlinear refractive index. If measured the linear absorption spectrum
of a nonlinear medium and its nonlinear absorption spectrum under a high power
light, from the difference of these two spectrums to obtain Daðx0Þ, then we can
using Eq. (2.3.32) to calculate the nonlinear refractive index at the frequency of x,
DnðxÞ. Then we can also use Eq. (2.3.30) to reversely calculate the real part of the
third-order susceptibility at that frequency vð3Þ0ðxÞ.
Review Questions of Chapter 2

1. From Maxwell equations to deduce the time-domain wave equation for the light
wave propagates in the anisotropic nonlinear medium and the isotopic nonlinear
medium.

2. To deduce frequency-domain wave equation for the monochromic plane light
wave in the anisotropic nonlinear medium and the isotopic nonlinear medium.

3. To deduce the steady-state wave equation and dynamic equation for mono-
chromic plane light wave in isotopic medium under the slowly-varying-amplitude
approximation.

4. Write down the general frequency-domain expression of nonlinear polarization.
What is degeneration factor? List several examples of second and third-order
nonlinear effects, and write their nonlinear polarization expressions (including
degeneration factors).
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5. What kinds of symmetries do the nonlinear polarization tensor has? Why the
mediums with centre symmetry have no the second-order nonlinearity, only
have the third-order nonlinearity?

6. Write down the expression of relation between real part and imaginary part of
linear susceptibility (K–K relation). What high order nonlinear processes can
apply K–K relation?

7. For linear medium, what are the relationships of the refractive index and
absorption coefficient with the real part and the imaginary part of the suscep-
tibility respectively? For third-order nonlinear medium, what is the relationship
between the nonlinear refractive index and the nonlinear absorption coefficient?

8. In nonlinear optics, there are two systems of units: International system (MKS//
SI) and Gaussian system (mgs/esu). How to distinguish the basic formula in
these two systems and how to convert the units between two systems?

Appendix A: Derivation of K–K Relation [9, 10]

K–K relation is obtained at first from linear system. Firstly we consider the
mathematic property of linear susceptibility. The light frequency can be regard as a
complex number quantity, in the complex number plane of frequency x0 we integral
to linear susceptibility vð1Þðx0Þ as follows.

Z1

�1

vð1Þðx0Þdx
x0 � x

: ð2:A:1Þ

Considering there is a singular point at point of x0 ¼ x. In order to avoid that
singular point, we integral along a loop on the upper half of x0 complex number
plane x0 � 0ð Þ, as shown in Fig. 2.1; then take the limitation of R ! 1; e ! 0,
the integral of Eq. (2.A.1) can be finished. According to Cauchy’s theorem, because
it has no singular point on the closed loop, the integral should be zero. We can
explain physically like this: for the real frequency x, the susceptibility vðxÞ is
measurable, so that it is limited, the integral to it is convergent.

Fig. 2.1 Field of integration
used for derivation of K–K
relation
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The integral of loop can be divided into following four segments: the semicircle
c0 around the original point from −R to R; the semicircle c around point x from
x� e to xþ e; and the two straight lines along the real axis of x0: from –R to x� e
and from xþ e to R, i.e.,

Z

c0

vð1Þðx0Þ
x0 � x

dx0 þ
Z

c

vð1Þðx0Þ
x0 � x

dx0 þ
Zx�e

�R

vð1Þðx0Þdx0

x0 � x
þ

ZR

xþ e

vð1Þðx0Þdx0

x0 � x

2

4

3

5 ¼ 0:

ð2:A:2Þ

For the first item, the integral of c0 tends to zero with Rj j ! 1, that is because
when Rj j ! 1, x0j j increases, vðx0Þ= x0j j tens to zero. For the second item, in the
integral of c, assuming x0 ¼ xþ eeiu, when e ! 0, the integral becomes

lim
e!0

Z

c

vð1Þðx0Þ
x0 � x

dx0 ¼ lim
e!0

Z0

p

vð1Þðxþ eeiuÞieiu
eeiu

du ¼ �ipvð1ÞðxÞ: ð2:A:3Þ

For the third item, when R ! 1, it is Cauchy-principal-value integral:

Zx�e

�1

vð1Þðx0Þdx0

x0 � x
þ

Z1

xþ e

vð1Þðx0Þdx0

x0 � x

2

4

3

5 ¼ P:V :
Z1

�1

vð1Þðx0Þdx0

x0 � x
: ð2:A:4Þ

In the condition of R ! 1; e ! 0, substituting Eqs. (2.A.3) and (2.A.4) into
Eq. (2.A.2), we obtain

vð1ÞðxÞ ¼ � i
p
P:V :

Z1

�1

vð1Þðx0Þ
x0 � x

dx0: ð2:A:5Þ

To substrate vð1ÞðxÞ ¼ vð1Þ0ðxÞþ ivð1Þ00ðxÞ and vð1Þðx0Þ ¼ vð1Þ0ðx0Þ þ ivð1Þ00ðx0Þ
into Eq. (2.A.5) respectively, and the real part and imaginary part respectively
equal, then we obtain K–K relation expressions as same as Eqs. (2.3.2) and (2.3.3)
in the case of linear polarization.

vð1Þ0ðxÞ ¼ 1
p
P:V :

Z1

�1

vð1Þ00ðx0Þ
x0 � x

dx0; ð2:A:6Þ

vð1Þ00ðxÞ ¼ � 1
p
P:V :

Z1

�1

vð1Þ0ðx0Þ
x0 � x

dx0: ð2:A:7Þ
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According to vð1Þð�x0Þ ¼ vð1Þðx0Þ�, vð1Þ0ðx0Þ is the even function of x0, i.e.,
vð1Þ0ð�x0Þ ¼ vð1Þ0ðx0Þ; and vð1Þ00ðx0Þ is odd function of x0, i.e.,
vð1Þ00ð�x0Þ ¼ �vð1Þ00ðx0Þ, therefore Eqs. (2.A.6) and (2.A.7) can be written as

vð1Þ0ðxÞ ¼ 1
p
P:V :

Z0

�1

vð1Þ00ðx0Þ
x0 � x

dx0 þ
Z1

0

vð1Þ00ðx0Þ
x0 � x

dx0

2

4

3

5

¼ 1
p
P:V :

Z1

0

vð1Þ00ðx0Þ
x0 þx

dx0 þ
Z1

0

vð1Þ00ðx0Þ
x0 � x

dx0

2

4

3

5

¼ 2
p
P:V :

Z1

0

x0vð1Þ00ðx0Þ
ðx02 � x2Þ dx

0;

ð2:A:8Þ

vð1Þ00ðxÞ ¼ � 1
p
P:V :

Z0

�1

vð1Þ0ðx0Þ
x0 � x

dx0 þ
Z1

0

vð1Þ0ðx0Þ
x0 � x

dx0

2

4

3

5

¼ 1
p
P:V :

Z1

0

vð1Þ0ðx0Þ
x0 þx

dx0 �
Z1

0

vð1Þ0ðx0Þ
x0 � x

dx0

2

4

3

5

¼ � 2x
p

P:V :
Z1

0

vð1Þ0ðx0Þ
ðx02 � x2Þ dx

0:

ð2:A:9Þ

Thus we have proved the K–K relation expressions (2.3.4) and (2.3.5) in the
linear polarization.

Appendix B: Two Systems of Units [11]

There are two different unit systems commonly used in nonlinear optics: one is the
international system (System International, SI), or called the practical unit system to
use the units of Meter, Kilogram and Second (i.e., MKS system); other one is the
Gaussian system to use the units of centimeter, gram and second (i.e., cgs system).
This unit system also can be called the electrostatic unit system (i.e., esu system). In
short, there are two unit systems in nonlinear optics: International system (MKS/SI)
and Gaussian system (cgs/esu). This book only uses the international unit system.

Here we briefly review these two unit systems and the conversion between two
systems.
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I. Fundamental Formula

Electric displacement formula:
MKS/SI unit system D ¼ e0EþP
cgs/esu unit system D ¼ Eþ 4pP
Susceptibility formula:
MKS/SI unit system PðtÞ ¼ e0½vð1ÞEðtÞþ vð2ÞE2ðtÞþ vð3ÞE3ðtÞþ � � ��
cgs/es unit system PðtÞ ¼ vð1ÞEðtÞþ vð2ÞE2ðtÞþ vð3ÞE3ðtÞþ � � �

II. Conversion of Two Unit Systems

Electric field strength EðSIÞ ¼ 3� 104EðesuÞ
Linear susceptibility vð1ÞðSIÞ ¼ 4pvð1ÞðesuÞ
Second-order susceptibility

vð2ÞðSIÞ ¼ 4p
3� 104

vð2ÞðesuÞ ¼ 4:189� 10�4vð2ÞðesuÞ

Third-order susceptibility

vð3ÞðSIÞ ¼ 4p

ð3� 104Þ2 v
ð3ÞðesuÞ ¼ 1:40� 10�8ðesuÞ

n-order susceptibility

vðnÞðSIÞ ¼ 4p

ðc� 10�4Þn�1 v
ðnÞðesuÞ; c ¼ 3� 108
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Chapter 3
Optical Three-Wave Coupling Processes

This chapter uses a reformed first-order frequency-domain wave equation for the
isotopic medium to approximately describe the second-order nonlinear optics
effects in the anisotropic medium. At first, the three-wave coupling equations are
deduced, then based on these equations, several typical second-order nonlinear
optics effects are studied: optical frequency doubling, sum frequency, difference
frequency, and optical parameter amplification and parameter oscillation. The
power conversion efficiency formulas for these effects are given. Finally, the basic
concepts of phase matching are introduced based on the frequency doubling effect.

3.1 Three-Wave Coupled Equations

3.1.1 Review of Second-Order Nonlinear Optics Effects
in Isotopic Medium

Firstly we discuss the second-order nonlinear optics effect in general, it contains
what specific effects, and we will give the polarizations of these effects in the
isotopic material.

Assuming that the incident light electrical fields consisted by two monochro-
matic light fields at the different frequencies and with same propagation direction,
the total electrical field strength can be expressed as

EðtÞ ¼
X

n¼1;:2

Ene
�ixnt þ c:c: ¼ E1e

�ix1t þE2e
�ix2t þ c:c: ð3:1:1Þ

In the isotopic medium without center symmetry, the second-order nonlinear
polarization is
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Pð2ÞðtÞ ¼ e0v
ð2ÞE2ðtÞ: ð3:1:2Þ

Substituting Eq. (3.1.1) into Eq. (3.1.2), after combination of the items with
same frequency component, we obtain:

Pð2ÞðtÞ ¼ e0v
ð2Þ½ðE2

1e
�i2x1t þE2

2e
�i2x2t þ 2E1E2e�iðx1 þx2Þt þ 2E1E�

2e
�iðx1�x2ÞtÞ

þ 2ðE1E�
1 þE2E�

2Þ� þ c:c:

ð3:1:3Þ

The Eq. (3.1.3) can be summarized by a simple formula, that is

Pð2ÞðtÞ ¼
X

i

Pð2ÞðxiÞe�ixit þ c:c; ð3:1:4Þ

where i takes the positive integer. The polarization Pð2ÞðxiÞ corresponds to the
different second-order nonlinear optics effect with different susceptibility vð2ÞðxiÞ;
which is

Pð2ÞðxiÞ ¼ De0v
ð2ÞðxiÞEðx1ÞEðx2Þ; ð3:1:5Þ

where xi is the frequency of polarization field composed by two original mono-
chromic fields at frequencies of x1 and x2 in different modes. Form Eq. (3.1.3) we
can see that xi has five modes: 2x1, 2x2, x1 þx2, x1�x2 and 0. For second-order
nonlinearity, n ¼ 2; the degeneration factor is D ¼ n!=m! ¼ 2=m!: When m ¼ 1;
D = 2; when m = 2; D = 1. Therefore, corresponding to the different xi, the
second-order nonlinear optics effects and corresponding polarizations are
respectively:

Optical frequency doubling

Pð2x1Þ ¼ e0v
ð2Þð2x1ÞE2

1; ð3:1:6Þ

Optical frequency doubling

Pð2x2Þ ¼ e0v
ð2Þð2x2ÞE2

2; ð3:1:7Þ

Optical sum frequency

Pðx1 þx2Þ ¼ 2e0vð2Þðx1 þx2ÞE1E2; ð3:1:8Þ

Optical difference frequency

Pðx1 � x2Þ ¼ 2e0vð2Þðx1 � x2ÞE1E�
2; ð3:1:9Þ
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Optical rectification

Pð0Þ ¼ 2e0vð2Þð0ÞðE1E�
1 þE2E�

2Þ: ð3:1:10Þ

3.1.2 Approximate Description of Second-Order Nonlinear
Optics Effect in Anisotropic Medium

In general, the medium with the second-order nonlinear optical effect is not iso-
topic, it is anisotropic, such as the crystal medium. However, for describing the
second-order nonlinear effect in the crystal medium should using tensor calculation
method, it is complicated, and needs take up a larger space. This chapter we present
a method that using the slowly-varying-amplitude approximated frequency-domain
first-order wave equation for the isotropic medium to approximately describe the
second-order nonlinear optical effects in the anisotropic medium. For simplicity, we
suppose that the medium is far from the resonance area, and the absorption loss can
be neglected.

The characteristic of light propagation in the anisotropic medium is: the prop-
agation direction of light wave (k) is different with the direction of energy flow
(I ¼ E�HÞ, there is an included angle a between both. Because the electric
induction strength D in the medium is perpendicular to the propagation direction of
the light; and the electrical field strength E is perpendicular the direction of energy
flow, so there is an included angle a between D and E. Actually a is small, a < 3°
for the most of crystals.

Considering a monochromic plane wave propagates along z direction in an ani-
sotropic medium, Suppose its wave vector k is along z direction; and there is an
included angle a between k and the energy flow I ¼ E�H: The electric induction
strength D is along x direction; the magnetic field strength H is along y direction,
which is perpendicular to the plane consisted byD, E and k, as shown in Fig. 3.1 [1].

Fig. 3.1 Relationship among
electromagnetic wave vectors
E, D, H, k, and I ¼ E � H,
when the monochromic plane
light wave propagates in an
anisotropic medium

3.1 Three-Wave Coupled Equations 53



Suppose the frequency of above monochromic plane wave is x, the light
electrical field strength is expressed as a product of amplitude and phase:

Eðz;xÞ ¼ EðzÞeiðkz�xtÞ ¼ êEðzÞeiðkz�xtÞ; ð3:1:6Þ

where ê is the unit vector along the electrical field direction. The polarization
corresponding to the light electrical field strength is

PNLðz;xÞ ¼ PNLðzÞeiðk0z�xtÞ: ð3:1:7Þ

The each of Eðz;xÞ and PNLðz;xÞ can be written to the vector sum of two
orthogonal components, i.e., the horizontal component perpendicular to k (noted by
T) and the longitudinal component parallel to k (noted by S):

Eðz;xÞ ¼ ETðz;xÞþESðz;xÞ; ð3:1:8Þ

PNLðz;xÞ ¼ PT
NLðz;xÞþPS

NLðz;xÞ: ð3:1:9Þ

The horizontal component of field amplitude abides by following
frequency-domain wave equation for isotropic medium in the condition of
slowly-varying-amplitude approximation:

@ETðzÞ
@z

¼ ix
2e0cn

PT
NLðzÞeiDkz: ð3:1:10Þ

To make the dot product of the unit vector ê in the two sides of Eq. (3.1.10)
respectively, and using

ê � ET ¼ ET cos a ¼ E cos2 a

and

PT
NL � PNL;

then we obtain

@EðzÞ
@z

¼ ix
2e0cn cos2 a

ê � PNLðzÞeiDkz: ð3:1:11Þ

If take cos2 a � 1 approximately, Eq. (3.1.11) becomes

@EðzÞ
@z

¼ ix
2e0cn

ê � PNLðzÞeiDkz; ð3:1:12Þ

where Dk ¼ k0 � k; k is the wave vector of original light field, k0 is the wave vector
of polarization field. This is the slowly-varying-amplitude-approximation
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frequency-domain wave equation for propagation of the light field amplitude of the
monochromic plane wave in the anisotropic medium. The difference between this
equation and the slowly-varying-amplitude- approximation frequency-domain wave
equation in isotropic medium is replaced PNLðzÞ by ê � PNLðzÞ:

3.1.3 Three-Wave Coupled Equations in Anisotropic
Medium

In general case, two light wave fields Eðx1; k1Þ and Eðx2; k2Þ with different
incident directions interact with a nonlinear crystal medium, to induce a new light
wave field Eðx3; k3Þ: The three-wave coupling process is shown in Fig. 3.2.

This three-waves coupling process can use the photon concept to describe. The
three photons at different frequency x1, x2 and x3 should meet the following
energy conservation law:

�hx3 ¼ �hx1 þ �hx2: ð3:1:13Þ

If we want to realize the optimum coupling of three photons, the three photons
also need satisfy the momentum conservation law as follows

�hk3 ¼ �hk1 þ �hk2: ð3:1:14Þ

To describe this process by using optical wave concept, the frequencies of three
waves should satisfy the relationship: x3 ¼ x1 þx2 . Here we just talk about sum
frequency process. Actually there are difference processes, which satisfy the rela-
tionship x1 ¼ x3 � x2 and x2 ¼ x3 � x1 .

Assuming that three monochromic plane waves at frequencies x1, x2, x3

propagate in the anisotropic medium, they all along z direction, to generate a sum
frequency or two difference frequency nonlinear effects, their second-order non-
linear polarizations can be expressed as respectively:

Pð2Þðz;x1Þ ¼ De0v
ð2Þðx1;�x2; x3Þ : E�ðz;x2ÞEðz;x3Þ; ð3:1:15Þ

Pð2Þðz;x2Þ ¼ De0v
ð2Þðx2; x3;�x1Þ : Eðz;x3ÞE�ðz;x1Þ; ð3:1:16Þ

Pð2Þðz;x3Þ ¼ De0v
ð2Þðx3; x1; x2Þ : Eðz;x1ÞEðz;x2Þ; ð3:1:17Þ

Fig. 3.2 Schematic diagram
of the three-wave coupling
process

3.1 Three-Wave Coupled Equations 55



where D is the degeneration factor, if two original lights are at different frequencies,
D ¼ 2; if two original lights are at same frequency, D ¼ 1:

If denoting the three light fields respectively to be Eðz;x1Þ ¼ ê1E1,
Eðz;x2Þ ¼ ê2E2, and Eðz;x3Þ ¼ ê3E3, then we have

Pð2Þ
1 ðzÞ ¼ De0v

ð2Þðx1;�x2; x3Þ : ê2ê3E�
2E3; ð3:1:18Þ

Pð2Þ
2 ðzÞ ¼ De0v

ð2Þðx2; x3;�x1Þ : ê3ê1E3E
�
1 ; ð3:1:19Þ

Pð2Þ
3 ðzÞ ¼ De0v

ð2Þðx3; x1; x2Þ : ê1ê2E1E2: ð3:1:20Þ

In the frequency-domain wave Eq. (3.1.12), if setting PNL ¼ Pð2Þ, then substi-
tuting Eqs. (3.1.18)–(3.1.20) into Eq. (3.1.12), then we obtain following equations:

@E1ðzÞ
@z

¼ ix1

2cn1
Dê1 � vð2Þðx1;�x2; x3Þ : ê2ê3E�

2E3eiDkz; ð3:1:21Þ

@E2ðzÞ
@z

¼ ix2

2cn2
Dê2 � vð2Þðx2; x3;�x1Þ : ê3ê1E3E

�
1e

iDkz; ð3:1:22Þ

@E3ðzÞ
@z

¼ ix3

2cn3
Dê3�vð2Þðx3; x1; x2Þ : ê1ê2E1E2e

�iDkz: ð3:1:23Þ

According to the frequency substitution symmetry of susceptibility, three non-
linear susceptibilities are equal, namely

ê1 � vð2Þðx1;�x2; x3Þ : ê2ê3 ¼ ê2� vð2Þðx2; x3;�x1Þ : ê3ê1
¼ ê3� vð2Þðx3; x1; x2Þ : ê1ê2 ¼ v

ð2Þ
eff ;

ð3:1:24Þ

here vð2Þeff is a real number, it is called the efficient nonlinear susceptibility, which is
used for measurement of the coupling strength among three waves. To omit the

corner mark eff, i.e., vð2Þeff ¼ vð2Þ, the three components of susceptibility can be
written to the following scalar forms:

vð2Þðx1;�x2; x3Þ ¼ ê1� vð2Þðx1;�x2; x3Þ : ê2ê3; ð3:1:25Þ

vð2Þðx2; x3;�x1Þ ¼ ê2� vð2Þðx2; x3;�x1Þ : ê3ê1; ð3:1:26Þ

vð2Þðx; x1; x2Þ ¼ ê3� vð2Þðx3; x1; x2Þ : ê1ê2: ð3:1:27Þ
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Therefore, the wave Eqs. (3.1.21)–(3.1.23) can be written to

@E1ðzÞ
@z

¼ i
Dx1

2cn1
vð2Þðx1;�x2; x3ÞE�

2ðzÞE3ðzÞeiDkz; ð3:1:28Þ

@E2ðzÞ
@z

¼ i
Dx2

2cn2
vð2Þðx2; x3;�x1ÞE3ðzÞE�

1ðzÞeiDkz; ð3:1:29Þ

@E3ðzÞ
@z

¼ i
Dx3

2cn3
vð2Þðx3; x1; x2ÞE1ðzÞE2ðzÞe�iDkz; ð3:1:30Þ

where Dk is phase mismatch factor, which can be expressed as

Dk ¼ k1 þ k2 � k3: ð3:1:31Þ

The meaning of D k for different processes are different: for difference frequency
process described by Eq. (3.1.28) is D k ¼ k1 � ðk3 � k2Þ; for difference frequency
process described by Eq. (3.1.29) is D k ¼ k2 � ðk3 � k1Þ; for sum frequency
process described by Eq. (3.1.30) is �Dk ¼ k3 � ðk1 þ k2Þ: If the three wave is
phase matched, then D k ¼ 0; it is equivalent to that the three photons satisfy the
momentum conservation law.

3.2 Optical Second-Harmonic Generation

Optical second harmonic generation, i.e., optical frequency doubling, is a special case
of three wave mixing processes. That is one of nonlinear optical phenomena, which
found at the earliest. The experimental setup for studying the frequency doubling in
1961 by Franken et al. is shown in Fig. 3.3 [2]. The ruby laser (at the wavelength
λ1 = 694.3 nm) passed through a quartz crystal to produce the frequency doubling
light (at the wavelength λ2 = 347.15 nm). Two light beams are separated by a prism.

Now the application of optical frequency doubling has been mature. For example,
it is used to transform from infrared laser at the wavelength of 1.06 lm generated by
a Nd:YAG laser to the green laser at the wavelength of 532 nm.

Considering a monochromic plane light wave at frequency x passes through a
nonlinear crystal with length of L to produce a frequency doubling light at fre-
quency 2x, as shown in Fig. 3.4.

Fig. 3.3 Experimental facility of frequency doubling by Franken et al.
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Suppose the crystal does no absorption for these two lights, now we are going to
calculate the intensity of the frequency doubling light transmitted from crystal and
the efficiency of frequency doubling conversion, i.e., the ratio between the power of
frequency doubling light and the power of fundamental frequency light.

We can use three wave coupled Eqs. (3.1.28)–(3.1.30) to deal with second
harmonic generation problems. We suppose the fundamental frequency is
x1 ¼ x2 ¼ x, and the second harmonic frequency is x3 ¼ 2x . When establishing
the wave equation of fundamental frequency light filed, we should set the degen-
eration factor to be D ¼ 2; and when establishing the wave equation of frequency
doubling optical field, setting the degeneration factor to be D ¼ 1:

We will study following two kinds of optical frequency doubling effects: one is
the case of low conversion efficiency without the fundamental frequency light loss
(the small signal approximation); another one is the case of high conversion effi-
ciency having the fundamental frequency light loss.

3.2.1 Small Signal Approximation

If the fundamental frequency light is very weak, only a small part of incident
fundamental frequency light energy convert to the frequency doubling light energy,
i.e., the frequency doubling conversion efficiency is very low. In this case the
outputted frequency doubling light power is much smaller than the incident fun-
damental frequency light power, it can be regard that the amplitude of fundamental
frequency light is a constant approximately:

E2ðzÞ ¼ E1ðzÞ � E1ð0Þ: ð3:2:1Þ

So when applying Eqs. (3.1.28)–(3.1.30), we can write that

@E1ðzÞ
@z

¼ 0; ð3:2:2Þ

@E2ðzÞ
@z

¼ 0; ð3:2:3Þ

@E3ðzÞ
@z

¼ i(2xÞ
2cn3

vð2Þð2x; x; xÞE2
1ð0Þe�iDkz; ð3:2:4Þ

Fig. 3.4 Schematic diagram
of the frequency doubling
process
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where

Dk ¼ 2k1 � k3: ð3:2:5Þ

We assume that the length of crystal is L, and use boundary condition: E1ð0Þ
= constant, E3ð0Þ ¼ 0; directly taking integral of Eq. (3.2.4), and using
R L
0 e�iDkzdz ¼ i

Dk ðe�iDkL � 1Þ to obtain the frequency doubling optical field ampli-
tude outputted from the crystal:

E3ðLÞ ¼ � xvð2Þ

cn3D k
E2
1ð0Þðe�iDkL � 1Þ: ð3:2:6Þ

According to usual practice, we introduce the frequency doubling coefficient d to
replace the second-order nonlinear susceptibility vð2Þ [3]:

d ¼ vð2Þ

2
; ð3:2:7Þ

and set n1 ¼ nx, n3 ¼ n2x, then Eq. (3.2.6) becomes

E3ðLÞ ¼ � 2xd
cn2xD k

E2
1ð0Þðe�iD kL � 1Þ: ð3:2:8Þ

Using frequency multiplication formula of trigonometric function, from
Eq. (3.2.8) we can obtain

E3ðLÞj j2 ¼ E3ðLÞ � E3ðLÞ� ¼ 2xd
cn2xD k

� �2

E1ð0Þj j4�4 sin2ðD kL=2Þ

¼ 4x2d2L2

c2n22x
E1ð0Þj j4� sin

2ðD kL=2Þ
ðD kL=2Þ2 ¼ 4x2d2L2

c2n22x
E1ð0Þj j4sinc2 D kL

2

� �
:

Using the relation between the intensity and the amplitude for the fundamental
frequency light and the frequency doubling light:

I1ð0Þ ¼ 1
2
e0cnx E1ð0Þj j2; ð3:2:9Þ

I3ðLÞ ¼ 1
2
e0cn2x E3ðLÞj j2; ð3:2:10Þ

we can obtain the relationship between the intensity of outputted frequency dou-
bling light and the intensity of incident fundamental light:
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I3ðLÞ ¼ 8x2d2L2

e0n2xn2xc
3 I

2
1ð0Þsinc2

D kL
2

� �
; ð3:2:11Þ

where the relationship between the function sinc2 D kL=2ð Þ and D kL=2 is shown in
Fig. 3.5.

The optical frequency doubling efficiency is defined as the ratio of the outputted
frequency doubling light power P3ðLÞ with the inputted fundamental frequency
light power P1ð0Þ :

g ¼ P3ðLÞ
P1ð0Þ ¼

I3ðLÞ
I1ð0Þ ¼

8x2d2L2

e0n2xn2xc
3

P1ð0Þ
S

sinc2
D kL
2

� �
: ð3:2:12Þ

The above equation has been used I1 ¼ P1=S; were S is the cross sectional area
of incident fundamental frequency light beam.

From Eq. (3.2.12) we can see that, under small signal condition (the loss of
fundamental wave is omitted), the frequency doubling process has following
properties:

1. When D k ¼ 0; sin c2 D kL=2ð Þ ¼ 1; n2x = nx = n; the frequency doubling
conversion efficiency g takes the maximum:

g ¼ 8x2d2L2

e0n3c3
� P1ð0Þ

S
: ð3:2:13Þ

Fig. 3.5 Relationship between function sinc2 D kL=2ð Þ and D kL=2
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As you see that the frequency doubling conversion efficiency is proportional to
the power of incident fundamental frequency light; is proportional to the frequency
doubling coefficient of crystal d and the length of crystal L, and is reverse pro-
portional to the cross sectional area of incident fundamental frequency light
S. Therefore, we can used following measures to enhance the frequency doubling
efficiency: to select the nonlinear crystal with high frequency doubling coefficient
and a longer size; to use the high power fundamental frequency light and the
focused fundamental frequency light beam.

2. When D k 6¼ 0; for a certain wave vector mismatch factor D k; the length of
crystal L is equal to so called the coherence length:

Lc ¼ p
D k

; ð3:2:14Þ

we have D kLc
2 ¼ p

2 at the location of imaginary line in Fig. 3.5. If L\Lc, there is
higher frequency doubling conversion efficiency; if L[ Lc, the frequency doubling
conversion efficiency goes down quickly, after that making a periodic variation with
a small amplitude.

3.2.2 High Fundamental Wave Consumption

In high conversion efficiency case, the foundational frequency wave amplitude
cannot regard as a constant, the small signal approximation is not applicable. Below
we consider the case that the phase matching condition is satisfied (D k ¼ 0Þ, i.e.,
n1 ¼ n2 ¼ n3 ¼ n: For the foundational frequency light at x1 ¼ x2 ¼ x, and
E1 ¼ E2, the degeneration factor is D ¼ 2; for the frequency doubling light at
x3 ¼ 2x, the degeneration factor is D ¼ 1; replacing the frequency doubling
coefficient d to the susceptibility vð2Þ ¼ 2d; in this case the three coupling
Eqs. (3.1.28)–(3.1.30) becomes the two coupling equations:

@E1ðzÞ
@z

¼ i2xd
cn

E�
1ðzÞE3ðzÞ; ð3:2:15Þ

@E3ðzÞ
@z

¼ i2xd
cn

E2
1ðzÞ: ð3:2:16Þ

Taking conjugate complex number and multiplying by E1ðzÞ on the two sides of
Eq. (3.2.15), and then multiplying by E�

3ðzÞ on the two sides of Eq. (3.2.16), finally
adding the two equations, then we obtain:
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@

@z
ð E1ðzÞj j2 þ E3ðzÞj j2Þ ¼ 0: ð3:2:17Þ

Namely E1ðzÞj j2 þ E3ðzÞj j2¼ E1ð0Þj j2 þ E3ð0Þj j2. Because when z ¼ 0; E3ð0Þ ¼
0 and E1ð0Þ 6¼ 0; then we have

E1ðzÞj j2 þ E3ðzÞj j2¼ E1ð0Þj j2¼ constant: ð3:2:18Þ

Visible, at any z-coordinate point in the crystal, the sum of the intensity of
foundational frequency light and the intensity of frequency doubling light is equal
to the intensity of foundational frequency light at the start point, that is to say, the
production of frequency doubling light comes at the expense of the consumption of
fundamental frequency light.

Taking module on the both sides of Eq. (3.2.16), then substituting the E1ðzÞj j2
obtained from Eq. (3.2.18) into it, and giving a definition of

j ¼ 2xd
cn

; ð3:2:19Þ

then we obtain

d E3ðzÞ=E1ð0Þj jð Þ
dz

¼ j E1ð0Þj j 1� E3ðzÞ=E1ð0Þj jð Þ2
h i

: ð3:2:20Þ

Setting E3ðzÞ=E1ð0Þj j ¼ m, making the separation of variables to Eq. (3.2.20),
integral on both sides of it, and using integral formula

Z
dv

1� v2
¼ tanh�1 v; ð3:2:21Þ

then we obtain the formula for the frequency doubling light field amplitude:

E3ðzÞj j ¼ E1ð0Þj j tanhðj E1ð0Þj jzÞ: ð3:2:22Þ

Now we set the hyperbolic tangent function tanhðj E1ð0Þj jzÞ ¼ tanh x ¼ a;
substitute Eq. (3.2.22) into Eq. (3.2.18), and use the relation between the hyper-
bolic secant function and the hyperbolic tangent function sechx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p
, then

obtain the formula for the fundamental frequency light field amplitude:

E1ðzÞj j ¼ E1ð0Þj jsechðj E1ð0Þj jzÞ: ð3:2:23Þ
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Making a definition of the efficient frequency doubling length:

LSHG ¼ j E1ð0Þj j½ ��1¼ 2xd
cn

E1ð0Þj j
� ��1

; ð3:2:24Þ

then Eqs. (3.2.22) and (3.2.23) can be written as

E3ðzÞj j ¼ E1ð0Þj j tanhðz=LSHGÞ; ð3:2:25Þ

E1ðzÞj j ¼ E1ð0Þj jsechðz=LSHGÞ: ð3:2:26Þ

Figure 3.6 shows the curves of E3ðzÞj j= E1ð0Þj j and E1ðzÞj j= E1ð0Þj j as the
function of z=LSHG.

We can see that, under the phase matching condition, the foundational frequency
light continually transforms to the frequency doubling light with the increase of the
crystal length coordinate. In the theory, when the frequency doubling crystal length
achieves to the two times of efficient frequency doubling length, E3ðzÞ will tend to
E1ð0Þ; namely near the frequency doubling conversion efficiency of 100 %.
However, in practice, there are many restrictions, such as the absorption and the
diffraction of the materials, the reflection from crystal end face, and the laser beam
is not monochromic plane wave, etc. For the KDP crystal with length of L ¼
2LSHG ¼ 2 cm; the frequency doubling conversion efficiency is less than 60 %.

Utilizing the amplitude-intensity relation of Eqs. (3.2.9) and (3.2.10), from
Eq. (3.2.25) we can obtain the frequency doubling conversion efficiency formula
under the condition of high fundamental wave consumption:

g ¼ P3ðLÞ
P1ð0Þ ¼

n2x
nx

E3ðLÞj j2
E1ð0Þj j2 ¼

n2x
nx

tanh2
L

LSHG
: ð3:2:27Þ

Fig. 3.6 Under the phase
matched condition, the curves
of the frequency doubling
light relative amplitude
E3ðzÞj j= E1ð0Þj j and the
foundational frequency light
relative amplitude
E1ðzÞj j= E1ð0Þj j versus the
relative coordinate z=LSHG
along the length direction of
crystal
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According to Eq. (3.2.24), ðL=LSHGÞ2 / I1ð0Þ; in the case of small signal
approximation, there is the approximate relation:

tanh2 L=LSHGð Þ � L=LSHGð Þ2: ð3:2:28Þ

For D k ¼ 0; n2x ¼ nx ¼ n is required, then Eq. (3.2.27) changes to
Eq. (3.2.13), which is the frequency doubling conversion efficiency formula for the
small signal approximation.

3.2.3 Phase Matching Technology

When the frequency doubling light and the fundamental frequency light are collinear,
the phase matching condition is D k ¼ k3 � 2k1 ¼ 0; or 2k1 ¼ k3, i.e., 2kx ¼ k2x.
From wave vector formulas kx¼(x=cÞnx and k2x ¼ ð2x=cÞn2x we obtain

nx ¼ n2x: ð3:2:29Þ

Namely, the phase matching condition requires that the refractive index for the
frequency doubling light is equal to the refractive index for the fundamental fre-
quency light in the crystal.

How to realize that the fundamental frequency light and the frequency doubling
light induce the same refractive index in an identical crystal? In general, we can use
the birefringence characteristic of the anisotropic crystal to realize it.

The light at any frequency x propagates in the anisotropic crystal, besides the
direction of optical axis, generally there exists two orthogonal polarization direc-
tions with different refractive index, namely n⊥(ω) ≠ n‖(ω), such as the situation of
o light and e light. However, for two light beams at different frequency (such as the
fundamental frequency light at x and the frequency doubling light at 2x ), it is
possible to find a propagation direction that its two orthogonal polarization direc-
tions have same refractive index, i.e., n⊥(ω) = n‖(ω′), in this way the phase
matching condition can be satisfied.

Previous we have talk about that there are 7 crystal systems in the nature, in
which 6 crystal systems are belong to anisotropic crystal; only one - cubic crystal
system is belong to isotropic crystal. The 6 anisotropic crystals can be divided into
two kinds: the uniaxial crystal and the biaxial crystal. The trigonal crystal system,
the tetragonal crystal system, and the hexagonal crystal system are belong to the
uniaxial crystal; the triclinic crystal system, the monoclinic crystal system and the
orthorhombic crystal system are belong to the biaxial crystal. The classification of
crystal is shown in Table 3.1.
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In order to describe the law of light wave propagation in the anisotropic medium,
one can use the refractive-index ellipsoid method. We can establish an equation in
the principal axis coordinate system Oxyz:

x2

n2x
þ y2

n2y
þ z2

n2z
¼ 1: ð3:2:30Þ

The index ellipsoid described by this equation is shown in Fig. 3.7. In which nx,
ny, nz are the half axis length of rectangular coordinates axis x, y, z, respectively,
which are called the principal refractive index.

For the isotropic cubic crystal, nx¼ ny¼ nz¼ n0, Eq. (3.2.30) becomes

x2 þ y2 þ z2 ¼ n20: ð3:2:31Þ

This is a ball with radius of n0, so no matter the light propagation along any
direction, the refractive index always is same.

For anisotropic crystal, in general there exists one or two special optical axis
directions, the light wave propagates along the optical axis direction without
birefringence. The crystal only has one optical axis, which is called the uniaxial
crystal. If selecting z-axis as the optical axis c, then nx¼ ny¼ no , nz¼ ne 6¼ no, the
refractive index ellipsoid equation is

x2

n2o
þ y2

n2o
þ z2

n2e
¼ 1; ð3:2:32Þ

where no is the refractive index of ordinary light (o light); ne is the refractive index
of extraordinary light (e light). This is an index ellipsoid, its rotation axis is z-axis.

Table 3.1 Classification of crystal

Classification of crystal Crystal system

Anisotropic crystal Uniaxial crystal Trigonal, tetragonal, hexagonal

Biaxial crystal Triclinic, monoclinic, orthorhombic

Isotropic crystal Cubic

Fig. 3.7 Refractive index
ellipsoid of the positive
uniaxial crystal
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There are two kinds of uniaxial crystals: if no [ ne, it is a negative uniaxial
crystal; if ne [ no, it is a positive uniaxial crystal. Figure 3.7 shows a refractive
index ellipsoid of positive uniaxial crystal.

In Fig. 3.7, wave vector k denotes the propagation direction of light wave, the
intersection angle between k and optical axis c is h. A cross section passing through
the original point and perpendicular to k intersects with the ellipsoid to form a
ellipse-shape intersecting line. The length of two half axis of the ellipsoid are just
refractive indexes no and ne corresponding to two orthogonal polarization states.
Visible, the polarization direction of the ordinary light (0 light) is perpendicular to
the plane consisted with the optical axis c and wave vector k; and the polarization
direction of the extraordinary light (e light) is just in that plane.

The refractive index of extraordinary light ne is a function of intersection angle h
of the optical axis c and the wave vector k, It is not difficult to prove that the
following formula is satisfied:

1
n2eðhÞ

¼ sin2 h
n2e

þ cos2 h
n2o

: ð3:2:33Þ

When k is along the optical axis direction, h ¼ 0 , neð00Þ ¼ no; when k is
perpendicular to the optical axis direction, h ¼ 900, neð900Þ ¼ ne .

We can through adjusting the interaction angle h between the crystal optical axis
c and the incident light wave vector k to change the refractive index of crystal
neðhÞ; to lead the frequency doubling effect satisfying the phase matching condition
D k ¼ 0: This is called as angle phase matching method [3, 4]. Meanwhile, we also
can through varying the temperature of crystal to change refractive index of crystal
neðhÞ; to realize D k ¼ 0; this is called the temperature phase matching method.

Now we discuss the so called first phase matching condition, in this condition,
two fundamental frequency lights take the same polarization direction. In general,
the polarization state of fundamental frequency light is selected with higher
refractive index. Namely for negative uniaxial crystal (no [ ne), taking the fun-
damental frequency light as o polarization state, the frequency doubling light as e
polarization state; for positive uniaxial crystal (ne [ no), taking the fundamental
frequency light as e polarization state, the frequency doubling light as o polarization
state.

The phase matching condition for the negative uniaxial crystal is

nxo ¼ nxe ðhmÞ: ð3:2:34Þ

Figure 3.8 draws a refractive index surface diagram in the negative uniaxial
crystal when the phase matching between the fundamental frequency light and the
frequency doubling light are sufficed. The solid line are the o light index ball and
the e light index ellipsoid for the fundamental frequency light at frequency of x; the
imaginary line are o light index ball and the e light index ellipsoid for the frequency
doubling light at frequency of 2 x. We can see that there is a point of intersection
between the o light index surface of fundamental wave and the e light index surface
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of frequency doubling wave, the intersection point corresponded the intersection
angle between the wave vector and optical axis hm satisfies Eq. (3.2.34), hm is just
phase matching angle. In the figure, nxo , n

x
e and n2xo , n2xe are two principal refractive

indexes of the fundamental frequency light and the frequency doubling light,
respectively.

Substituting Eq. (3.2.34) into Eq. (3.2.33), we can obtain the formula of the
phase matching angle of negative uniaxial crystal hm:

sin2 hm¼
nxo
� ��2� n2xo

� ��2

n2xe
� ��2� n2xo

� ��2 : ð3:2:35Þ

For example, in negative uniaxial crystal KDP, using the ordinary light of ruby
laser at frequency of 0:6943 lm as the fundamental frequency, under the phase
matching condition, the matching angle is hm ¼ 50:4�, the extraordinary light of
frequency doubling wave at frequency of 0:3471 lm can be obtained.

The phase matching condition of the positive uniaxial crystal is

n2xo ¼ nxe ðhmÞ: ð3:2:36Þ

Figure 3.9 draws a refractive index surface diagram in positive uniaxial crystal
when the phase matching between the fundamental frequency light and the fre-
quency doubling light are sufficed. Visible, there is an intersection point between
the fundamental wave e light refractive-index surface and the frequency doubling
wave o light refractive-index surface. The intersection point corresponded inter-
section angle between the wave vector and the optical axis hm satisfies Eq. (3.2.34),
hm is just the phase matching angle.

Fig. 3.8 In negative uniaxial
axis crystal, the fundamental
frequency light and the
frequency doubling light
matched refractive-index
surface diagram. The solid
line are the o light index ball
and the e light index ellipsoid
for the fundamental frequency
light at frequency ω; the
imaginary line are the o light
index ball and the e light
index ellipsoid for the
frequency doubling light at
frequency 2ω
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Substituting Eq. (3.2.36) into Eq. (3.2.33), in same way the possible uniaxial
crystal phase matching angle hm formula can be obtain:

sin2 hm ¼ n2xo
� ��2� nxo

� ��2

nxe
� ��2� nxo

� ��2 : ð3:2:37Þ

In above phase matching condition, two fundamental frequency lights take same
polarization direction, we call the first class phase match. In which, the polarization
characteristic of negative uniaxial crustal is denoted by symbol o + o → e; the
polarization characteristic of positive uniaxial crustal is denoted by symbol e +
e → o. their phase matching condition are list in the Table 3.2.

Actually, the phase matching condition also exists second class phase matching
scheme, that is taking perpendicular propagation directions of two foundational
frequency lights: one is o light, another one is e light. Its polarization characteristics
for negative uniaxial crystal is o + e → e; for positive uniaxial crystal is o +
e → o. Their phase matching condition is also listed Table 3.2. About the

Fig. 3.9 In positive uniaxial crystal, the fundamental frequency light and the frequency doubling
light matched refractive-index surface diagram. The solid line are the o light index ball and the e
light index ellipsoid for the fundamental frequency light at frequency ω; the imaginary line are the
o light index ball and the e light index ellipsoid for the frequency doubling light at frequency 2ω

Table 3.2 Phase matching condition of uniaxial crystal

Crystal type First class phase match Second class phase match

Polarization
characteristic

Phase matching
condition

Polarization
characteristic

Phase matching condition

Negative
uniaxial crystal

o + e → e nxo ¼ n2xe ðhmÞ o + o → e 1
2 ½nxo ðhmÞþ nxe � ¼ n2xo ðhmÞ

Positive
uniaxial crystal

o + e → o n2xo ¼ nxe ðhmÞ e + e → o 1
2 ½nxo þ nxe ðhmÞ� ¼ n2xo
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deduction of second class phase matching condition, reader can refer to the related
reference material, here we do not give unnecessary details.

Except for the uniaxial crystal phase matching condition, there is the biaxial
crystal phase matching condition, if you want to know the knowledge in this aspect,
please also refer to the related reference material.

3.2.4 Experimental Facilities for Second Harmonic
Generation

Figure 3.10 gives several schematic diagrams of typical experimental facilities,
these facilities are composed by three parts: the nonlinear optical crystal, the fun-
damental wave source, and the phase matching system.

Fig. 3.10 Typical experimental facilities for the optical second harmonic generation a single-pass
mode; b external cavity mode; c intracavity mode
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1. Nonlinear Optical Crystal

Generally people use the artificial growth bulk or flake-like high quality crystal, the
optical axis of crystal relative to the incident fundamental wave has a certain
matching angle. To reduce the reflection loss, it can plate the antireflection coating
on crystal two parallel end surface. According to the different methods of phase
matching, the nonlinear crystal is divided into the following three categories:

(1) Angle tuning phase matching crystal: KDP, ADP, KTP, LiIO3, BBO, LBO
etc. Frequency doubling of the incidence laser at the near infrared or visible
wavelength, to produce the visible light or near ultraviolet light, the efficiency
can reach 30 and 50 %.

(2) Temperature tuning phase matching crystal: LiNbO3, KNbO3, Ba2NaNbO15

etc. They have better optical transmission property in the spectrum region
0.4-5μm, it can be used to produce near-infrared frequency doubling light, the
efficiency is higher than 50 %.

(3) Semiconductor crystal for producing infrared second harmonic wave, such as
Ag3AsS3, AgGaSe2, CdGeAs2, CdSe, GaSe, etc. These crystals have high
second-order nonlinear susceptibility, in the wide infrared spectrum region
have better transmittance.

2. Fundamental Wave Optical Source

Mostly people adopt the solid pulse lasers as the optical sources, such as Nd-glass
laser, Nd-doped Gamet laser, Ruby laser, etc. The CW solid and liquid laser can
also be used for continuous frequency doubling light output. In order to enhance the
frequency doubling conversion efficiency, the focusing light passing through the
crystal also can be used.

3. Phase Matching System

According to the different nonlinear crystals and experimental conditions, the dif-
ferent phase matching, exciting and coupling methods can be used. Figure 3.10a
shows a usually used the mode that the light beam single-pass through the crystal, it
is suitable to the angle phase matching method. Figure 3.10b showed equipment is
suitable to temperature phase matching frequency doubling crystal, the crystal
inserts into the resonance cavity, let’s lower power fundamental light multiple-pass
through the crystal, to enhance the convention efficiency. It also can insert the
frequency doubling crystal into the fundamental wave laser cavity, as shown in
Fig. 3.10c, because the light intensity inside laser cavity is much stronger than
outputted light intensity outside the cavity, in benefit of enhancement of conversion
efficiency.
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3.3 Optical Sum Frequency, Difference Frequency
and Parameter Amplification

3.3.1 Optical Sum Frequency and Frequency
Up-Conversion

Now we discuss the coupled Eqs. (3.1.28)–(3.1.30), which will be used for the sum
frequency and difference frequency processes. In order to simplify the equations,
we define a set of new light electric field amplitudes Ai and nonlinear coefficient j,
which are

AiðzÞ ¼
ffiffiffiffiffi
ni
xi

r
EiðzÞ ði ¼ 1; 2; 3Þ; ð3:3:1Þ

j ¼ vð2Þ

2c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x2x3

n1n2n3

r
¼ d

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x2x3

n1n2n3

r
; ð3:3:2Þ

where d is the frequency doubling coefficient. So the coupled Eqs. (3.1.28)–
(3.1.30) are simplified as

@A1ðzÞ
@z

¼ iDjA�
2ðzÞA3ðzÞeiDkz; ð3:3:3Þ

@A2ðzÞ
@z

¼ iDjA3ðzÞA�
1ðzÞeiDkz; ð3:3:4Þ

@A3ðzÞ
@z

¼ iDjA1ðzÞA2ðzÞe�iDkz; ð3:3:5Þ

where D k ¼ k1 þ k2 � k3 ¼ 0:
Now we discuss the sum frequency process. There are three photons at different

frequency joining this process. According to Eqs. (3.1.13) and (3.1.14), they satisfy
following the energy and momentum conservation relations, respectively:

x3 ¼ x1 þx2; ð3:3:6Þ

k3 ¼ k1 þ k2: ð3:3:7Þ

The optical sum frequency can be used for the frequency upconversion [5, 6],
that is an effective means to produce shorter wavelength coherent radiation. For
example, using crystal Ag3AsS3 as a sum frequency crystal, a 1.06-wavelength
YAG laser as the pumping light (x2), to convert the 10.6 lm-wavelength CO2

infrared light (x1) into the 96 lm-wavelength visible light (x3). That is because the
detection of middle and far infrared light must use the refrigerant detector, the
detection of visible light can use the room temperature fast detector.
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Assuming that the three waves at x1, x2 and x3 participated in sum frequency
process collinearly propagate in the nonlinear crystal, all along z-direction, as
shown in Fig. 3.11, we will used coupled Eqs. (3.3.3)–(3.3.5) to calculate the
variation of field amplitudes of the sum frequency light (x3) and the signal light
(x1) with the coordinate axis z.

We suppose that the intensity of pump light x2 is strong enough, so that its
amplitude does not change in the sum frequency process, i.e., it is a constant:

A2ðzÞ � A2ð0Þ ¼ constant: ð3:3:8Þ

Thus the three coupled Eqs. (3.3.3)–(3.3.5) becomes two. Considering the fre-
quency without degeneration, taking D = 2; and to defied a sum-frequency non-
linear coefficient jSF , it is two times of the original nonlinear coefficient j, i.e.,

jSF¼2j; ð3:3:9Þ

Therefore the two coupled equations for sum frequency process are given by

@A1ðzÞ
@z

¼ ijSFA2ð0ÞA3ðzÞeiDkz; ð3:3:10Þ

@A3ðzÞ
@z

¼ ijSFA1ðzÞA2ð0Þe�iDkz: ð3:3:11Þ

We further define gSF is the sum frequency gain factor (suppose it is a real
number):

gSF ¼ jSFA2ð0Þ ¼ 2d
c

ffiffiffiffiffiffiffiffiffiffiffi
x1x3

n1n3

r
E2ð0Þ; ð3:3:12Þ

Under phase matching condition, i.e., D k ¼ 0; Eqs. (3.3.10) and (3.3.11) are
simplified to

@A1ðzÞ
@z

¼ igSFA3ðzÞ; ð3:3:13Þ

@A3ðzÞ
@z

¼ igSFA1ðzÞ: ð3:3:14Þ

Fig. 3.11 Schematic diagram
of the collinear optical sum
frequency process
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Then making derivation of two side of Eq. (3.3.14), and substituting
Eq. (3.3.13) into it, we obtain

d2A3ðzÞ
dz2

þ g2SFA3ðzÞ ¼ 0: ð3:3:15Þ

The general solution of Eq. (3.3.15) is

A3ðzÞ ¼ C1 cosðgSFzÞþC2 sinðgSFzÞ: ð3:3:16Þ

To take z ¼ 0 in Eq. (3.3.16), and use boundary condition A3ð0Þ ¼ 0; obtain
C1 ¼ 0: Equation (3.3.16) becomes

A3ðzÞ ¼ C2 sinðgSFzÞ: ð3:3:17Þ

Then we substitute Eq. (3.3.17) into (3.3.14), after derivation, set z ¼ 0 to get
C2 ¼ iA1ð0Þ: So from Eq. (3.3.16) to obtain

A3ðzÞ ¼ iA1ð0Þ sinðgSFzÞ: ð3:3:18Þ

Further substituting Eq. (3.3.18) into (3.3.14), after derivation to obtain

A1ðzÞ ¼ A1ð0Þ cosðgSFzÞ; ð3:3:19Þ

To take mode square of above two amplitudes A3ðzÞ and A1ðzÞ respectively, then
add together, we obtain

A1ðzÞj j2 þ A3ðzÞj j2¼ A1ð0Þj j2: ð3:3:20Þ

Using relations

I1 ¼ 1
2
e0cn1 E1j j2¼ 1

2
e0cx1 A1j j2; ð3:3:21Þ

I3 ¼ 1
2
e0cn3 E3j j2¼ 1

2
e0cx3 A3j j2; ð3:3:22Þ

we obtain

x1

x3

� �
I3ðzÞþ I1ðzÞ ¼ I1ð0Þ: ð3:3:23Þ

We can see that because the intensity of incident signal I1ð0Þ is a constant, the
increase of light intensity I3ðzÞ is the price of the decrease of light intensity I1ðzÞ:
From Eq. (3.3.19) to obtain A1j j2, then use Eqs. (3.3.21) and (3.3.23), we obtain
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I3ðzÞ ¼ x3

x1
I1ð0Þ sin2ðgSFzÞ: ð3:3:24Þ

If the length of crystal is L, the conversion efficiency of sum frequency is

g ¼ I3ðLÞ
I1ð0Þ ¼

x3

x1
sin2ðgSFLÞ: ð3:3:25Þ

Figure 3.12 shows that in sum frequency process, under phase matching con-
dition, the curves of variation of light intensities of two beams at frequency x1 and
x3 with distance z.

Figure 3.12 can be explained as follows:in the beginning the intensity of light
wave at x1 drop off gradually, its energy transfers to the light wave at x3 . When the
propagation distance increases to gSFz ¼ p=2; the conversion efficiency reaches to
maximum. In this case, g[ 1; that is due to except all I1ð0Þ converts to I3ðzÞ at this
point, actually there is a small part light coming from pump light I2ðzÞ atx2 . It can be
proved that the sum of three light intensities remains unchanged, i.e., I1 þ I2 þ I3 ¼
constant:After the intensity of light wave atx3 reaches the peak, it will pass through
the difference frequency with the pump light atx2 to send its energy back to the light
at x1 ¼ x3 � x2 . Therefore, the periodic oscillation situation will appear.

If the intensity of pump light I2ðzÞ at frequency x2 is very small, from gain
factor definition Eq. (3.3.12) we can know that gSF is also very small, so in the
efficiency Eq. (3.3.25) we have

sin2ðgSFLÞ � ðgSFLÞ2; ð3:3:26Þ

This is the case of small signal approximation. Therefore we obtain the fre-
quency conversion efficiency formula in the case of the small signal approximation
and D k ¼ 0 :

Fig. 3.12 In the phase match
sum frequency process the
curves of variation of
intensities of two light beams
at x1 and x3 with the distance
gSFz
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g � x3

x1
g2SFL

2 ¼ 8x2
3d

2L2I2ð0Þ
e0n1n2n3c3

: ð3:3:27Þ

It can be proved, in the case of the small signal approximation and D k 6¼ 0; the
frequency conversion efficiency formula becomes

g � x3

x1
g2SFL

2 ¼ 8x2
3d

2L2I2ð0Þ
e0n1n2n3c3

sinc2ðD kL=2Þ: ð3:3:28Þ

We can see that Eq. (3.3.28) is only an oscillation factor more than Eq. (3.3.27).

3.3.2 Optical Difference Frequency and Frequency
Down-Conversion

In the optical difference frequency process, according to the energy and momentum
conservation laws, the frequencies and wave vectors are required to satisfy the
following relations:

x2 ¼ x3 � x1; ð3:3:29Þ

k2 ¼ k3 � k1: ð3:3:30Þ

Figure 3.13 is a schematic diagram of the optical difference frequency process in
the z-direction collinear propagation case. To utilize this process can realize fre-
quency down-conversion: using the difference frequency of two visible laser (x3

and x1) to obtain an infrared laser (x2 ¼ x3 � x1) output. For example using
LiNbO3 as a difference frequency crystal, and a 532 nm-wavelength YAG fre-
quency doubled laser (x3) as a pump laser, it makes difference frequency with a
tunable dye laser (x1) with the wavelength range of 575–650 nm, the result of
difference frequency can obtain a tunable infrared laser (x2) output with the
wavelength range of 3.40–5.65 μm [7].

Assuming that the intensity of the pump light at frequency x3 is strong enough,
so that its intensity can be regarded do not change in the difference frequency
process, we have

A3ðzÞ � A3ð0Þ; ð3:3:31Þ

Fig. 3.13 Schematic diagram
of optical difference
frequency or frequency
down-conversion process
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Suppose A3ð0Þ is a real number, and taking D = 2 for the difference frequency
process, then three coupled Eqs. (3.3.3)–(3.3.5) become two equations:

@A1ðzÞ
@z

¼ ijDFA
�
2ðzÞA3ð0ÞeiDkz; ð3:3:32Þ

@A2ðzÞ
@z

¼ ijDFA�
1ðzÞA3ð0ÞeiDkz; ð3:3:33Þ

where jDF is the nonlinear coupling coefficient of difference frequency, the rela-
tionship between jDF and j is

jDF ¼ 2j: ð3:3:34Þ

Under the case of D k ¼ 0; Eqs. (3.3.32) and (3.3.33) are simplified as

@A1ðzÞ
@z

¼ igDFA
�
2ðzÞ; ð3:3:35Þ

@A2ðzÞ
@z

¼ igDFA
�
1ðzÞ; ð3:3:36Þ

where gDF is defined as the gain coefficient of difference frequency:

gDF ¼ jDFA3ð0Þ ¼ 2d
c

ffiffiffiffiffiffiffiffiffiffiffi
x1x2

n1n2

r
E3ð0Þ: ð3:3:37Þ

Making derivation of two side of Eq. (3.3.35), and substituting the conjugate
Eq. (3.3.36) into it, then we obtain

d2A1ðzÞ
dz2

� g2DFA1ðzÞ ¼ 0: ð3:3:38Þ

The general solution of Eq. (3.3.38) is

A1ðzÞ ¼ D1 sinhðgDFzÞþD2 coshðgDFzÞ: ð3:3:39Þ

To utilize the bounder condition at z ¼ 0 : A2ð0Þ ¼ 0 and A1ð0Þ 6¼ 0; from
Eqs. (3.3.39) to (3.3.36), we obtain the following field amplitudes:

A1ðzÞ ¼ A1ð0Þ coshðgDFzÞ; ð3:3:40Þ

A�
2ðzÞ ¼ �iA1ð0Þ sinhðgDFzÞ: ð3:3:41Þ

Figure 3.14 draws the variation of two field amplitudes with z. from the figure
we can see that the difference frequency generation field at frequency x2 and the
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signal field at x1 monotonously increase at the same time in the nonlinear inter-
action, it is total different with the sum frequency appeared oscillation.

Following figure of the energy level transition is used for explaining the reason
of the difference frequency generation field and the signal filed monotonously
increase at the same time.

Figure 3.15a shows the signal field x1 excites to generate the difference fre-
quency field x2 ¼ x3�x1, Fig. 3.15b shows the difference frequency field x2

excites to generate the signal field x1, the new signal field x1 again enhances the
generation of the new difference frequency field x2, such repetition, to lead the two
fields exponentially growth.

From Eqs. (3.3.40) to (3.3.41) we obtain the amplitude square formulas:

A1ðzÞj j2¼ A1ð0Þj j2cosh2ðgzÞ; ð3:3:42Þ

A2ðzÞj j2¼ A1ð0Þj j2sinh2ðgzÞ: ð3:3:43Þ

If the length of crystal is L, from Eq. (3.3.43) and relationships

I1 ¼ 1
2
e0cn1 E1j j2¼ 1

2
e0cx1 A1j j2; ð3:3:44Þ

I2 ¼ 1
2
e0cn2 E2j j2¼ 1

2
e0cx2 A2j j2; ð3:3:45Þ

Fig. 3.15 Explanation of
difference frequency
characteristics: a the signal
filed x1 excites to generate
the difference frequency filed
x2 ¼ x3 � x1; b the
difference frequency filed x2

excites to generation the new
signal field x1

Fig. 3.14 Characteristics of
the variation of field
amplitude A1ðzÞj j and A2ðzÞj j
with z
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we obtain the difference frequency conversion efficiency formula under D k ¼ 0 :

g ¼ I2ðLÞ
I1ð0Þ ¼

x2

x1
sinh2ðgDFLÞ: ð3:3:46Þ

In small signal case, the pump light E3ð0Þ is small, from Eq. (3.3.37) gDF is also
small, so that in Eq. (3.3.46) we have

sinh2ðgDFLÞ � ðgDFLÞ2; ð3:3:47Þ

Therefore, under the small signal and D k ¼ 0 case the difference frequency
conversion efficiency is

g � x2

x1
ðgDFLÞ2 ¼ 8x2

2d
2L2I3ð0Þ

e0n1n2n3c3
: ð3:3:48Þ

3.3.3 Optical Parametric Amplification

In the process similar to the difference frequency, the pump light energy gradually
transfers to the signal light with the increase of propagation distance, leads the
signal light to amplify, and in the same time generates the idler frequency light, this
process is similar to the parametric amplification in microwave waveband, so it is
called the optical parametric amplification (OPA) [8]. Suppose that the pump light
at the frequency of x3 ¼ xp with the amplitude E3 ¼ Ep; the signal light at the
frequency of x1 ¼ xs with the amplitude E1 ¼ Es; the idler light at the frequency
of x2 ¼ xi with the amplitude E2 ¼ Ei, the optical parametric amplification pro-
cess is shown in Fig. 3.16.

We can regard the gain coefficient of difference frequency gDF as the gain
coefficient of parametric amplification g, which is described by Eq. (3.3.37).

In the beginning, I1ð0Þ 6¼ 0 and I2ð0Þ ¼ 0: If the pump light filed E3ð0Þ is very
strong, we have gz[ [ 1; so that

sinh gz ¼ egz � e�gz

2
� 1

2
egz; and cosh gz ¼ egz þ e�gz

2
� 1

2
egz;

then Eqs. (3.3.42) and (3.3.43) becomes

Fig. 3.16 Schematic diagram
of optical parametric
amplification process
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A1ðzÞj j2� 1
4
A1ð0Þj j2e2gz; ð3:3:50Þ

A2ðzÞj j2� 1
4
A1ð0Þj j2e2gz: ð3:3:51Þ

That means that in this case, the intensity of idler light is equal to the intensity of
signal light.

According to Eq. (3.3.50), the magnification of parametric amplification M for
signal light is defined as

M ¼ I1ðzÞ
I1ð0Þ¼

A1ðzÞj j2
A1ð0Þj j2 �

1
4
e2gz: ð3:3:45Þ

Because the gain coefficient of parametric amplification g is proportional to the
pump light filed amplitude E3ð0Þ; form Eq. (3.3.45) we can see that the magnifi-
cation of parametric amplifier exponentially enhances with increase of E3ð0Þ: Due
to g is proportional to d / vð2Þ, so that the second-order nonlinear susceptibility
decides the ability of parametric amplification.

3.3.4 Comparison of Four Kinds of Three-Wave Mixing
Processes and Experimental Facilities

1. Comparison of Characteristics of Four Kinds of Three-Wave Mixing
Processes

Previous we introduced 4 kinds of three-wave mixing processes: the second har-
monic generation (SHG), the sum frequency generation (SFG), the difference fre-
quency generation (DFG) and the optical parametric amplification (OPA), as shown
in Fig. 3.17.

Fig. 3.17 Three-wave mixing processes: a second harmonic generation; b sum frequency
generation; c difference frequency generation; d optical parametric amplification
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The second harmonic is a particular case of the sum frequency x3 ¼ x1 þx2,
both are belong to the case that the energy of two low-frequency light fields transfer
to that of a high-frequency light field, i.e., the frequency up-conversion; the optical
parametric amplification is particular case of the difference frequency, both are
belong to the case that the energy of two high-frequency light fields transfer to that
of a low-frequency light field, i.e., the frequency down-conversion. The difference
of both is that the difference frequency pays attention to the generation of the
difference frequency light at x2 ¼ x3 � x1, however the optical parametric
amplification pays attention to the amplification of the signal light at x1 (the light at
x2 regards as the idler-frequency light). For the three processes: the frequency
doubling, the sum frequency and the difference frequency, the power conversion
efficiency g needs to be studied. For the parametric amplification, the magnification
M is instead of g. The pump light is different in above 4 different processes: in
second harmonic process, it is the fundamental frequency light at x1; in sum
frequency process, it is the light at x2; in difference frequency process and para-
metric amplification process, it is the light at x3.

2. Experimental Facilities of Three-Wave Mixing Process

Above four kinds of optical three-wave mixing processes have similar generation
mechanism, the requirements of the nonlinear crystal materials and the phase
matching condition are the same.

The common requirements of nonlinear crystals are (1) piezo-electric crystal
without center symmetry; (2) the phase match in certain way is satisfied, for
example the angle match or the temperature match. The propagation directions of
three waves can be different, but should satisfy the momentum conservation con-
dition; (3) the crystal materials have good optical transparency for the two incident
lights and one generated light.

To three-wave mixing experimental systems we have following same require-
ments: (1) two incident light sources at different frequencies; (2) the facilities to
realize angle match or temperature match; (3) the dispersion element and absorption
element (prism, grating and filter, etc.) used for separating the transmitted lights at
different frequencies.

As an example, Fig. 3.18 gives a typical three-wave mixing (such as sum fre-
quency) experimental setup.

Fig. 3.18 Typical experimental setup for three-wave mixing (sum frequency)
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3.4 Optical Parametric Oscillator

Because the amplification factor of the single pass through the nonlinear crystal in
the optical parametric amplification is small, in order to enhance the energy con-
version efficiency, we can place the parametric amplifier into a resonant cavity, the
lights at frequency xs (and xi) oscillates in the cavity to be enhanced, when
the energy of pump light at frequency xp over a certain threshold value, the gain
of the nonlinear interaction overcomes the intracavity loss, then a stable light beam
at frequency of xs (and xi) can be outputted from the cavity, this device is called
the optical parametric oscillator (OPO) [9, 10].

In comparison of the parametric oscillator with the laser oscillator, the similar-
ities is that both can generate the coherent light output; the difference is that the gain
in the cavity of optical parametric oscillator is generated by the nonlinear effect, not
by the population inversion; and the gain is in one way, the returning light cannot
be enhanced, only be wastage.

3.4.1 Threshold Value Equations of Optical Parametric
Oscillation

In order to deduce the optical parametric oscillation threshold value equation,
suppose the length of crystal is L, two ends of crystal is fabricated to be spherical
mirrors with the equal radius of curvature, their amplitude reflectivity are r1 and r2
for the signal light at frequency x1 and the idler light at frequency x2, respectively;
the intensity reflectivity are R1 ¼ r1j j2 and R2 ¼ r2j j2, respectively; and the pump
light at frequency x3 is transparent, as shown in Fig. 3.19.

Suppose the pump light intensity in the cavity is independent of propagation
distance, the signal light electrical field and the idler light electrical field on the
plane at any position z in the cavity can be expressed by a matrix ~AðzÞ :

~AðzÞ ¼ A1ðzÞeik1z
A�
2ðzÞe�ik2z

				

				: ð3:4:1Þ

Fig. 3.19 Schematic diagram of the parametric oscillator with crystal structure
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Considering that under the excitation of pump light x3, at z ¼ 0 the spontaneous
radiation of the signal light at x1 and the idler light at x2 are produced in the
meantime, namely A1ð0Þ 6¼ 0 and A2ð0Þ 6¼ 0; the solutions of coupled Eqs. (3.3.32)
and (3.3.33) in difference frequency process are

A1ðzÞ ¼ A1ð0Þ coshðgzÞþ iA�
2ð0Þ sinhðgzÞ; ð3:4:2Þ

A�
2ðzÞ ¼ A�

2ð0Þ coshðgzÞ � iA1ð0Þ sinhðgzÞ: ð3:4:3Þ

The optical field amplitude at z ¼ L is

~AðLÞ ¼ eik1L coshðgLÞ ieik1L sinhðgLÞ
- ie�k2L sinhðgLÞ e�k2L coshðgLÞ

				

				~Að0Þ: ð3:4:4Þ

The stable oscillation requires satisfying the self-consistent condition that after
the light propagation for a round trip in the cavity ~AðzÞ is invariable, as shown in
Fig. 3.20.

At the reference plane e, it should have

~AeðzÞ ¼ ~AaðzÞ; ð3:4:5Þ

~AeðzÞ is obtained from ~AaðzÞ multiplies the following 4 matrixes: the parametric
amplification matrix for the light propagation from left to right, the reflection matrix
at the end of right, the propagation matrix from right to left without gain, and the
reflection matrix at the end of left, namely

~Ae ¼ r1 0
0 r�2

				

				
eik1L 0
0 e�ik2L

				

				
r1 0
0 r�2

				

				
eik1L coshðgLÞ ieik1L sinhðgLÞ

�ie�ik2L sinhðgLÞ e�ik2L coshðgLÞ
				

				~Aa:

ð3:4:6Þ

That is

~Ae ¼ r21 coshðgLÞei2k1L ir21 sinhðgLÞei2k1L
�iðr�2Þ2 sinhðgLÞe�i2k2L ðr�2Þ2 coshðgLÞe�i2k2L

				

				~Aa ¼ M~Aa ð3:4:7Þ

Fig. 3.20 The signal light
and the idler light satisfy the
self-consistent condition
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The following self-consistent condition should be satisfied:

~Ae ¼ ~Aa ¼ I~Aa ¼ M~Aa

or

ðM � IÞ~Aa ¼ 0; ð3:4:8Þ

where I is an unit matrix. If ~Aa has nonzero solution, it requires the determinant
M � Ij j ¼ 0; so we obtain

½r21 coshðgLÞei2k1L � 1�½ðr�2Þ2 coshðgLÞe�i2k2L � 1� ¼ r21ðr�2Þ2 sinh2ðgLÞe�i2ðk2�k1ÞL:

ð3:4:9Þ

Equation (3.4.9) is called the parametric oscillation threshold equation, i.e. the
starting oscillation condition of the parametric oscillator.

There are two kinds of optical parameter oscillators: one parameter oscillator
allows signal light (xs) and idler light (xi) together oscillation and output, which is
called the Double Resonant Oscillator (DRO); another one only allows the signal
light (xs) oscillation and output, which is called the Singly Resonant Oscillator
(SRO). Below we will introduce their working principles respectively.

3.4.2 Double Resonant Parametric Oscillator

Figure 3.21 shows the schematic diagram of the double resonant oscillator, in
which the three light beams are collinear. The nonlinear crystal is inserted into the
optical cavity consisted of two spherical reflectors. The signal light and the idler
light are two longitudinal modes of resonant cavity, and the resonant cavity for the

Fig. 3.21 Schematic diagram of collinear double resonant oscillator
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pump light is transparent. So that the reflectivity of two spherical reflectors at front
and back of the cavity for the signal light, the idler light and the pump light are
R1s � 1; R1i � 1; R1p ¼ 0 and R2s\1; R2i\1; R2p ¼ 0; respectively.

Considering two cavity mirrors have the reflection loss and phase shift at the
same time for the two lights at x1¼xs and x2¼xi, we set

r21 ¼ R1e
�i/1 ; ð3:4:10Þ

ðr�2Þ2 ¼ R2e
i/2 ; ð3:4:11Þ

where /1 and /2 are two cavity mirrors induced phase shifts. Substituting
Eqs. (3.4.10) and (3.4.11) into Eq. (3.4.9), we obtain the threshold equation:

½R1 coshðgLÞeið2k1L�/1Þ � 1�½R2 coshðgLÞe�ið2k2L�/2Þ � 1�
¼ R1R2 sinh2ðgLÞe�i½2ðk2�k1ÞL�ð/2�/1Þ�:

ð3:4:12Þ

When satisfying the phase condition:

2k1L� /1 ¼ 2mp
2k2L� /2 ¼ 2np

ðm; n is the integerÞ; ð3:4:13Þ

the exponents in two factors on left side of Eq. (3.4.12) are positive real numbers,
in this case the corresponding gain is minimum, i.e., the threshold gain is g ¼ gt.
The Eq. (3.4.13) denoted two light beams at frequency of x1 and x2 are laser
longitudinal modes of the resonant cavity.

Using cosh2 x� sinh2 x ¼ 1 and phase condition Eq. (3.4.13), the threshold
Eq. (3.4.12) becomes

ðR1 þR2Þ coshðgtLÞ � R1R2 ¼ 1: ð3:4:14Þ

When gtL is smaller, After series expansion of coshðgtLÞ and approximately
taking the front two items, we obtain

coshðgtLÞ � 1þ ðgtLÞ2
2

; ð3:4:15Þ

Substituting Eq. (3.4.15) into Eq. (3.4.14), we obtain

ðgtLÞ2 ¼ 2ð1� R1Þð1� R2Þ
R1 þR2

: ð3:4:16Þ
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Assuming R1 � R2 � 1; R1 þR2 � 2; then

ðgtLÞ2 ¼ ð1� R1Þð1� R2Þ: ð3:4:17Þ

Therefore, the threshold condition of double resonant parametric oscillator is

ðgtLÞDRO ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� R1Þð1� R2Þ

p
: ð3:4:18Þ

Substituting Eq. (3.4.18) into Eq. (3.3.48) for the difference frequency conver-
sion efficiency, then we obtain the pump light intensity threshold of double resonant
parametric oscillator:

ðI3tÞDRO ¼ e0n1n2n3c3

8x1x2d2L2
ð1� R1Þð1� R2Þ: ð3:4:19Þ

As an example, the LiNbO3 crystal based double resonant parametric oscillator,
to take the single pass loss of cavity is 2%, k1 ¼ k2 ¼ 1 lm;

ð1� R1Þ ¼ ð1� R2Þ ¼ 2� 10�2, d ¼ 5� 10�12 m=V; n1 � n2 � n3 � 2; the
estimated oscillation threshold intensity is I3t ¼ 1:2� 103 W=cm2. It is equiva-
lently the output intensity of a common CW laser.

Although the pump light intensity threshold of the double resonant parametric
oscillator is lower, its requirement for the stability of the resonant cavity is very high,
and the length of cavity is easy effected by temperature variation and vibratory.

3.4.3 Singly Resonant Parametric Oscillator

The use of non-collinear phase matching technology to separate the directions of
three light beams is shown in Fig. 3.22. It only allows the wave vector ks of signal
light at xs along the cavity axis direction, and making the signal light resonance
with the resonant cavity. But the kp of pump light and ki of idler light are not along
the cavity axis direction. The wave vectors of three light beams must satisfy fol-
lowing phase matching condition:

kp ¼ ks þ ki: ð3:4:20Þ

Now we start from the threshold Eq. (3.4.9) to deduce the threshold condition of
the singly resonant parametric oscillator. For the singly resonant parametric oscil-
lator, r�2 ¼ 0; Eq. (3.4.9) is simplified as

r21 coshðgLÞei2k1L ¼ 1: ð3:4:21Þ

3.4 Optical Parametric Oscillator 85



Setting r21 ¼ R1e�i/1 , and substituting it into Eq. (3.4.21), then we obtain the
phase condition:

2k1L� /1 ¼ 2mp; ð3:4:22Þ

Equation (3.4.21) then is

R1 coshðgtLÞ ¼ 1: ð3:4:23Þ

Because gtL is very small, Eq. (3.4.23) can approximately simplify to

R1 1þ g2t L
2

2

� �
¼ 1: ð3:4:24Þ

Taking R1 � 1; then

ðgtLÞSRO ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� R1Þ

p
: ð3:4:25Þ

We substitute Eq. (3.4.24) into Eq. (3.3.48) for the difference frequency con-
version efficiency, then obtain the pump light intensity threshold of singly resonant
parametric oscillator:

ðI3tÞSRO ¼ e0n1n2n3c3

8x1x2d2L2
2ð1� R1Þ: ð3:4:26Þ

Fig. 3.22 Schematic diagram of non-collinear phase match in the singly resonant parametric
oscillator
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To compare the pump light threshold intensity formula (3.4.26) for the singly
resonant parametric oscillator and the formula (3.4.19) for the double resonant
parametric oscillator, we obtain

ðI3tÞSRO
ðI3tÞDRO

¼ ½ðgtLÞSRO�2
½ðgtLÞDRO�2

¼ 2
1� R2

: ð3:4:27Þ

where 1� R2 can be regard as the cavity mirror loss of idler light at frequency x2.
If the loss is 2 %, then the threshold of singly resonant parametric oscillator is
higher than the threshold of double resonant parametric oscillator about 100 times.
Even though the starting threshold of singly resonant parametric oscillator is higher,
however its requirement in respect of resonant cavity stability is much lower.

Optical parametric oscillation (OPO) can be used to obtain wavelength tunable
laser in a wide wavelength region. It not only can obtain the visible and infrared
steady-state continuous wave, but also can obtain the picosecond or femtosecond
ultrashort pulse laser, it has extensive application in the optical spectrum technol-
ogy. There are many kinds of nonlinear crystal used for OPO, more good crystals
mainly include KTP, BBO and LBO, they have not only larger second-order
nonlinear coefficient and much higher optical damage threshold, but also wide
transparent wavelength range, for example, BBO can reach 2500–190 nm; LBO
can reach 3000–160 nm.

Review Questions of Chapter 3

1. Please deduce slowly-varying-amplitude approximation wave equation for
describing the propagation of the monochromic plane wave in anisotropic
medium and the three-wave mixing equations for describing the second-order
nonlinear optics processes.

2. In fundamental wave small signal approximation condition, from three-wave
mixing equations, please find out the frequency doubling wave intensity con-
version efficiency formula. In order to enhance the frequency doubling effi-
ciency, what measures you can adopt?

3. In high fundamental wave consumption condition, from three-wave mixing
equations, please find out the law of variation of the frequency doubling field
amplitude and fundamental frequency field amplitude with the propagation
distance, and find out frequency doubling wave intensity conversion efficiency
formula.

4. When the frequency doubling light and fundamental frequency light collinearly
propagate, what is the refractive-index phase matching condition of frequency
doubling crystal? Please discuss the phase matching conditions of negative
uniaxial crystal and positive uniaxial crystal in the first- class phase matching
condition and the second-class phase matching condition.

5. From three-wave mixing equations to deduce the coupling equations between
the sum frequency light field and the signal light field, and the intensity con-
version efficiency formula.
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6. From three-wave mixing equations to deduce the coupling equations between
the difference frequency light field and the signal light field, and the intensity
conversion efficiency formula.

7. What is optical parameter amplification? Please deduce the magnification for-
mula of parameter amplification. The parameter amplification process has what
different physical meaning in comparison with the sum frequency and difference
frequency processes?

8. What is optical parametric oscillator? Please discuss the working principles of
the double resonant parametric oscillator and the singly resonant parametric
oscillator, please deduce the pump light intensity threshold formula of these two
parameter oscillators, and point out the advantages and disadvantages of both
parameter oscillators.
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Chapter 4
Optical Four-Wave Coupling Process

In this chapter we will start to study the third-order nonlinear optical phenomena.
Because susceptibility vð3Þ is much smaller than vð2Þ, the third-order nonlinear effect
is much weaker than second-order nonlinear effect. However all mediums are
common existence of the third-order nonlinear effect. This chapter mainly discuss
the passive third-order nonlinear optics phenomena, in which the energy exchange
only happens among light waves, these phenomena include the third harmonic,
four-wave mixing and phase conjugation, etc. Subsequent chapters will discuss
active third-order nonlinear optics phenomena, in which existing the energy
exchange between light and medium, these phenomena include the optical Kerr
effect, stimulated light scattering, nonlinear absorption and refraction, optical
bistability, optical soliton, and nonlinear all-optical switch, etc.

4.1 Introduction to Third-Order Nonlinear Optical Effects

At first we generally discuss which specific nonlinear optical effects does the
third-order nonlinear optical process contain?

Suppose that the incident light field EðtÞ is consisted of three monochromatic
light fields at different frequencies propagating along a same direction:

EðtÞ ¼ E1ðx1Þe�ix1t þE2ðx1Þe�ix2t þE3ðx1Þe�ix3t þ c:c: ð4:1:1Þ

The corresponding time-domain third-order nonlinear polarization in the iso-
tropic medium is expressed as

Pð3ÞðtÞ ¼ e0v
ð3ÞE3ðtÞ: ð4:1:2Þ
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Substituting Eq. (4.1.1) into Eq. (4.1.2), and combining the items with the same
frequency, we obtain

Pð3ÞðtÞ ¼
X

i

Pð3ÞðxiÞe�ixit; ð4:1:3Þ

where i is the positive integer, xi contains all kinds of frequency components,
which is the frequency of polarization field composed of frequencies of three
monochromatic light fields x1;x2;x3 in different way.

For different third-order nonlinear optical effect, there is different susceptibility
vð3ÞðxiÞ corresponding to the nonlinear polarization in the frequency domain:

Pð3ÞðxiÞ ¼ De0v
ð3ÞðxiÞEðx1ÞEðx2ÞEðx3Þ; ð4:1:4Þ

where D is degeneration factor, for the third-order nonlinear effect, n = 3, if taking
the degeneracy of m, then D ¼ n!=m! = 6/m!. There are three values: when m = 1,
D = 6; when m = 2, D = 3; when m = 3, D = 1. Below is a list of several typical
third-order nonlinear optical effects, their polarization field frequency xi is equal to
the combination of following different incident field frequency:

Third harmonic

ðx1 þx1 þx1Þ D ¼ 1

Four wave mixing

ðx1 þx2 þx3Þ D ¼ 6

Degenerate four wave mixing

ðx1 � x1 þx1Þ D ¼ 3

Four wave mixing phase conjugation

ðx1 þx2 � x3Þ D ¼ 6

Self-phase modulation optical Kerr effect

ðx1 � x1 þx1Þ D ¼ 3

(Self-focusing, saturable absorption)
Cross phase modulation optical Kerr effect

ðx2 � x2 þx1Þ D ¼ 6
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(Two photon absorption)
Stocks Raman scattering

ðx1 � x1 þx2Þ D ¼ 6

Anti-Stocks Raman scattering

ðx1 þx1 � x2Þ D ¼ 3

In above third-order nonlinear optics phenomena, former 4 kinds belong to the
passive nonlinear effects; later 4 kinds belong to the active nonlinear effects.

In general the passive third-order nonlinear optics process is a four-wave cou-
pling process, there is the interaction of 4 light fields, which includes three extra-
neous light fields Eðx1Þ;Eðx2Þ;Eðx3Þ and one polarization light field EðxiÞ, in
principle we need establish 4 nonlinear coupling equations to simultaneously solve
these 4 light field amplitudes.

If some nonlinear optics process exists the small signal approximation, namely
its polarization field is much weaker than the pump light field, in this case its
nonlinear conversion efficiency is not high, we can regard that the pump light
amplitude is unchangeable with the change of propagation distance in the nonlinear
process, so we can omit the equation of that pump light field. In this way the
number of the coupling equations can be reduced.

4.2 Optical Third Harmonic and Optical Four-Wave
Mixing

4.2.1 Optical Third Harmonic

Optical third harmonic generation is a third-order nonlinear optics effect that the
original light field at the frequency ω inputs the medium and generates a polar-
ization light field at the frequency 3x.

The principle of optical third harmonic effect is shown in Fig. 4.1. The three
foundational frequency lights inputted into the third-order nonlinear medium are at
the same frequency, namely, x1 ¼ x2 ¼ x3 ¼ x. According to the principle of
conservation of energy, the frequency of new generated third harmonic light is
x1 þx2 þx3 ¼ 3x.

Considering that, in the third harmonic effect, the foundational frequency light
field Eðz;xÞ and the third harmonic light field Eðz; 3xÞ both are monochromic

Fig. 4.1 Schematic diagram
of optical third harmonic
effect

4.1 Introduction to Third-Order Nonlinear Optical Effects 91



plane waves propagating along z direction, the medium is non-absorption isotropic
medium, we only consider the small signal approximation case, and the founda-
tional frequency light field amplitude has no change in the z direction, i.e.

Eðz;xÞ ¼ Eð0;xÞ ¼ constant: ð4:2:1Þ

So we can omit 3 equations related 3 foundational frequency light field, only
need consider the slowly-varying-amplitude approximation nonlinear wave equa-
tion corresponding to the third harmonic light field. If we adopt following nota-

tions:E3xðzÞ ¼ Eðz; 3xÞ,ExðzÞ ¼ Eðz;xÞ, Pð3Þ
3xðzÞ ¼ Pð3Þðz; 3xÞ, and D = 1, the

wave equation can be written as

@E3xðzÞ
@z

¼ i
3x

2e0cn3x
Pð3Þ
3xðzÞe�iDkz; ð4:2:2Þ

where the nonlinear polarization of third harmonic effect

Pð3Þ
3xðZÞ ¼ e0v

ð3Þð3x;x;x;xÞE3
xðZÞ: ð4:2:3Þ

Substituting Eq. (4.2.3) into Eq. (4.2.2), we obtain

@E3xðZÞ
@z

¼ i
3x

2cn3x
vð3Þð3x;x;x;xÞE3

xðZÞe�iDkz; ð4:2:4Þ

where

Dk ¼ k3x � 3kx ¼ 3x
c
(n3x � nx): ð4:2:5Þ

In Eq. (4.2.4), vð3Þð3x;x;x;xÞ and ExðzÞ ¼ Exð0Þ are constant, we can make
the equation variables separation, and then directly integrate to solve it. Setting the
length of crystal is L, the result of integration is

E3xðLÞ ¼ � 3x
2cn3xDk

vð3ÞE3
xð0Þðe�iDkL � 1Þ: ð4:2:6Þ

To fine E3xðLÞj j2¼ E3xðLÞ � E�
3xðLÞ, and use the intensity equations:

I3xðLÞ ¼ 1
2
e0cn3x E3xðLÞj j2; ð4:2:7Þ

Ixð0Þ ¼ 1
2
e0cnx Exð0Þj j2; ð4:2:8Þ
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we obtain the outputted intensity of the third harmonic light:

I3xðLÞ ¼ 9x2L2

e20c
4n3xn3x

vð3Þ
�� ��2I3xð0Þsinc2

DkL
2

� �
: ð4:2:9Þ

where the shape of function sinc2ðDkL=2Þ is same as that of the frequency doubling
under small signal approximation as shown in Fig. 3.5. The power conversion
efficiency of the third harmonic light is

g ¼ P3xðLÞ
Pxð0Þ ¼ 9x2L2

e20c
4n3xn3x

vð3Þ
�� ��2 Pxð0Þ

S

� �2

sinc2
DkL
2

� �
: ð4:2:10Þ

If we define a coherent length Lc ¼ p=Dk, it has ðDkLc=2Þ ¼ p=2. When L� Lc,
the third harmonic efficiency drops down quickly.

Under phase matching condition, i.e. Dk ¼ 0, n3x ¼ nx, in this case there is a
maximum of the third harmonic conversion efficiency:

g ¼ 9x2L2

e20c
4n4xS

2
vð3Þ
�� ��2 Pxð0Þð Þ2 ð4:2:11Þ

where Pxð0Þ is the foundational frequency light power, S is the cross sectional area
of incident foundational frequency light beam.

After the discovery of the frequency doubling effect by using the ruby laser
inputted in the quartz crystal soon, people found the third harmonic effect in some
transparent nonlinear crystals. In general nonlinear crystal material, the
second-order susceptibility of vð2Þ

�� �� is about 10�3 � 10�8 esu, but the third order

susceptibility vð3Þ
�� �� is only 10�12 � 10�15 esu,so the third harmonic effect is much

weaker than the second harmonic effect.
The solid crystal material is generally difficult to meet the requirement of phase

matching condition, so it is hard to realize the third harmonic effect. In addition, for
the common solid crystal, the ability to withstand the laser damage is very low, only
the calcite crystal has stronger ability to withstand the laser damage due to it has
birefringence characteristic. So the calcite crystal was used to get better third har-
monic light, however its third harmonic conversion efficiency is low, the highest
conversion efficiency is only 3� 10�6.

Researches show that the alkali metal steam has very strong nonlinear resonant
enhancement effect in the visible light region, thus it has larger third-order sus-
ceptibility and stronger third harmonic conversion efficiency. In addition, the ulti-
mate strength of the laser damage resistance of gas medium is higher than that of
solid medium in several orders of magnitude, so the gas medium are often used to
produce third harmonic. For example, using YAG laser at wavelength of 1:06 lm as
the foundational frequency light, it is very easy to observe the third harmonic laser
at wavelength of 355 nm in sodium steam. When the incident light power reaches
to 300 MW, the third harmonic conversion efficiency can achieve 3.7 % [1–3].
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4.2.2 Optical Four-Wave Mixing

Now we consider the frequency mixing of 4 light waves at different frequency in
the third-order nonlinear medium, as shown in Fig. 4.2, where we set the incident
light field amplitudes are E2 ¼ Eðr;x2Þ;E1 ¼ Eðr;x1Þ and E3¼ Eðr;x3Þ, and the
polarization light field amplitude is E4¼ Eðr;x4Þ.

In the optical four-wave mixing process, if the phase matching condition is
satisfied, the relations of energy and momentum conservation of photons are
respectively:

x4 ¼ x1 þx2 þx3; ð4:2:12Þ

k4 ¼ k1 þ k2 þ k3 ð4:2:13Þ

The third-order nonlinear polarization generated by polarization field at fre-
quency x4 in the medium is

Pð3Þðr;x4Þ ¼ 6e0vð3Þðx4;x1,x2,x3ÞEðr;x1ÞEðr;x2ÞEðr;x3Þ: ð4:2:14Þ

Assuming 4 waves are the monochromic plane waves, and all waves propagate
along z direction, the first-order coupling wave equation corresponding to the light
field at frequency x4 is

@Eðz;x4Þ
@z

¼ i
x4

2e0cn4
Pð3Þðz;x4Þe�iDkz: ð4:2:15Þ

Substituting the z-direction expression of Eq. (4.2.14) into Eq. (4.2.15), then the
equation is written to

@Eðz;x4Þ
@z

¼ i
3x4

cn4
vð3Þðx4;x1;x2;x3ÞEðz;x1ÞEðz;x2ÞEðz;x3Þe�iDkz; ð4:2:16Þ

where

Dk ¼ k4 � ðk1 þ k2 þ k3Þ: ð4:2:17Þ

In the same way we can write other 3 coupling equations corresponding to the
light waves at frequencies of x1;x2 and x3.

In the four wave mixing, for the 3 original light field frequencies:x1;x2 and x3,
except above compound mode of x4 ¼ x1 þx2 þx3, there are other compound
modes, for example it can exist the following process: the difference frequency

Fig. 4.2 schematic diagram
of optical four-wave mixing
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x4 ¼ x1 þx2 � x3 and the sum frequency x4 ¼ 2x1 þx3 x1 ¼ x2ð Þ. We can
explain above 3 processes by the 3 energy level diagrams as shown in Fig. 4.3
[4, 5].

4.2.3 Degenerated Four-Wave Mixing

The four-wave mixing process in the situation of 4 waves at same frequency is
called the degenerated four-wave mixing [6], the relationship of 4 frequencies is

x1 ¼ x2 ¼ x3 ¼ x4 ¼ x: ð4:2:18Þ

The energy conservation condition for the degenerated four-wave mixing is

x ¼ x� xþx: ð4:2:19Þ

In this process, the third-order susceptibility is denoted by vð3Þðx;x;�x;xÞ, the
degeneration factor is D = 3, and then the nonlinear polarization is expressed as

Pð3Þðr;xÞ ¼ 3e0vð3Þðx;x;�x;xÞE2ðr;xÞE�ðr;xÞ: ð4:2:20Þ

In general case, 4 wave vectors of degenerated four-wave mixing could have
different directions. However, it must obey the momentum conservation relation in
the phase matching case:

k4 ¼ k1 � k2 þ k3: ð4:2:21Þ

Now we consider a special degenerated four-wave mixing case, that is existing
two pairs of wave vectors, each of them has two wave vectors with reverse
direction: one pair of k and –k are wave vectors of two pump lights with reverse
direction; another one pair of k′ and –k′ are wave vectors of mutual conjugated
signal lights, if the former is a probe light, the latter is called the phase conjugation
light of the probe light, as shown in Fig. 4.4a. These four light waves satisfy the

Fig. 4.3 The Energy-level diagrams for 3 kinds of four-wave mixing processes:
a x4 ¼ x1 þx2 þx3; b x4 ¼ x1 þx2 � x3; c x4 ¼ 2x1 þx3
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relation of momentum conservation as show in Eq. (4.2.21). If setting k1 ¼ k; k2 ¼
k0; k3 ¼ �k; k4 ¼ �k0 Eq. (4.2.21) becomes

�k0 ¼ k� k0 þ ð�kÞ: ð4:2:22Þ

Then the wave vectors of these 4 light waves satisfy the
momentum-conservation vector relation as shown in Fig. 4.4b. Equation (4.2.22)
can be written to

k0 þ ð�k0Þ ¼ kþð�kÞ: ð4:2:23Þ

That is to say, no matter what the angle between signal light and pump light is,
these two pairs of light automatically satisfy the phase matching condition.

It is worth noting that, such degenerated four-wave mixing nonlinear process is
similar to typical holography process (or grating forming process), both can gen-
erate the phase conjugation light. The holography process is shown in Fig. 4.5.

In the degenerated four-wave mixing, k0 can be regard as the object light, k is the
reference light, two lights mutually interfere to generate and record a hologram
(form a grating), as shown in Fig. 4.5a. If using the reference light k to irradiate the
hologram, and blocking the object light k0, from the reverse direction of the object
light, i.e. the direction of �k0, we can see the virtual image of object (the reflected
light of grating), as shown in Fig. 4.5b; if under the irradiation of another reference
light �k, from the direction of �k0, we can see the pseudoscopic image (the

Fig. 4.4 Schematic diagram of degenerated four–wave mixing: a the configuration of the two
pump lights, the probe light and the conjugated light; b the momentum-conservation vector
relation

Fig. 4.5 The holography process: a the hologram records; b the virtual image reappears; c the
pseudoscopic image reappears
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scattered light of the grating), as shown in Fig. 4.5c. The pseudoscopic image is the
phase conjugated light of the original object light.

Although both of the holography process and the degenerated four-wave mixing
process all can generate the phase conjugated light, but the holography has the basic
difference from the four-wave mixing: at first, the holography has the record and
reproduce two processes. These two processes are paragraphing in the time.
However the phase conjugated light and the signal light in the four-wave mixing are
appeared at the same time in the same nonlinear process. Secondly, the frequency of
the reference light and the frequency of the object light in the holography should be
the same; otherwise it cannot obtain the stable hologram. But in the four-wave
mixing, the pump light and the signal light can be different frequencies. In addition,
in the holography, the polarization directions of the reference light and the object
light cannot be mutual orthogonal; otherwise the hologram cannot be recorded.
However, in the four-wave mixing, when the polarization directions of the pump
light and the signal light are orthogonal, one can also obtain the phase conjugated
light, due to the tensor characteristic of third-order susceptibility.

In next section we will give a strict definition of the optical phase conjugation.

4.3 Optical Phase Conjugation

4.3.1 Definition and Characteristic of Optical Phase
Conjugation

A light wave at the frequency ω propagates along z direction, its field amplitude can
generally be expressed as a complex number, which is an amplitude factor multi-
plied by a phase factor, and then adding its conjugation complex number, namely

Eðr; tÞ ¼ EðrÞeiðkz�xtÞ þ c:c: ð4:3:1Þ

If this light field inputs into a system, its outputted-light-field amplitude E�ðrÞ is
the conjugated complex number of the original inputted-light-field amplitude EðrÞ,
then the outputted light wave is called the phase conjugated wave of the inputted
light wave, its field amplitude can be expressed as

Ecðr; tÞ ¼ E�ðrÞeið�kz�xtÞ þ c:c: ð4:3:2Þ

When taking the negative sign at the front of the wave vector k, it is corre-
sponding to the case of the backward phase conjugation of the original light wave,
its light field amplitude is the complex phase conjugation of the original light field
amplitude, but the propagation direction of phase conjugated wave is the reverse
propagation direction of the original light wave, and its space distribution of the
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wavefront is totally the same as the space distribution of wavefront of the original
light wave.

When taking the positive sign at the front of the wave vector k, it is corre-
sponding to the case of the forward phase conjugation of the original light wave, its
light field amplitude is the complex phase conjugation of the original light field
amplitude, the propagation direction of phase conjugated wave is the same as the
propagation direction of the original light wave, but its space distribution of the
wavefront is relative to the space distribution of wavefront of the original light wave
into the mirror symmetry [6, 7].

To utilize the characteristic of the backward phase conjugation can make the
phase conjugated reflective mirror; and to utilize the characteristic of the forward
phase conjugation can make the phase conjugated transmitting mirror,what is the
difference between these phase conjugated mirrors and the common planar reflec-
tive and transmitting mirrors? Figure 4.6a, b draw up a spherical wave sent by a
point light source, which is reflected by the phase conjugated reflective mirror based
on the backward phase conjugation and transmitted by the phase conjugated
transmitting mirror based on the forward phase conjugation, respectively. The
propagation direction of former is contrary to the propagation direction of the
original wave, but the wave fronts of two waves are the same. The propagation
direction of latter is consistent with the propagation direction of the original wave,
but the wave fronts of two waves are made a relation of mirror image symmetry.
Figure 4.1c, d also draw up the action of corresponding common reflective mirror
and transmitting mirror to the spherical wave sent by a point light source, it is clear
that they have a big difference in compared with the phase conjugated reflective
mirror and the phase conjugated transmitting mirror.

Fig. 4.6 Comparison of the action of phase conjugation mirrors and common planar mirrors to
the light wave of point light source: a the phase conjugation reflective mirror; b the phase
conjugation transmitting mirror; c the common planar reflective mirror; d the common planar
transmitting mirror
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Now we go back to discuss the backward phase conjugation [taking negative
sign in front of the k in the phase conjugation light field expression (4.3.2)]. Now
we write down the complete expressions of the original wave field and the phase
conjugation wave field, respectively:

Eðr; tÞ ¼ EðrÞeiðkz�xtÞ þE�ðrÞeið�kzþxtÞ; ð4:3:3Þ

Ecðr; tÞ ¼ E�ðrÞeið�kz�xtÞ þEðrÞeiðkzþxtÞ: ð4:3:4Þ

To compare above two equations, we can see that

Ecðr; tÞ ¼ Eðr;�tÞ: ð4:3:5Þ

Therefore the backward phase conjugation light wave is called the time reversal
of the original light wave, the space distribution of wavefront of the back phase
conjugation light wave is the same as that of the original light wave, and only the
propagation direction of the backward phase conjugation light wave is opposite to
the original light wave.

4.3.2 Optical Phase Conjugation in Four-Wave Mixing
Process

1. Backward Phase Conjugation and Forward Phase Conjugation in Four-
Wave Mixing

Though the four-wave mixing to realize the phase conjugation, in general, there are a
pair of pump lights and a pair of signal lights. The pump light E1 or E2 has stronger
power in comparison with the signal light. Two signal lights are the probe light Ep

and the phase conjugation light Ec. The four-wave-mixing phase conjugation sat-
isfies following the energy conservation and momentum conservation relations:

xc ¼ x1 þx2 � xp; ð4:3:6Þ

kc ¼ k1 þ k2 � kp: ð4:3:7Þ

Under the conditions of energy conservation and momentum conservation, the
polarization expression of the phase conjugation signal light field Ecðr;xcÞ is
(D = 6):

Pð3Þ
c ðr;xcÞ ¼ 6e0vð3Þðxc;x1;x2;�xpÞE1ðr;x1ÞE2ðr;x2ÞE�

Pðr;xpÞ: ð4:3:8Þ

The 4 light fields joined four-wave mixing phase conjugation have two geometry
configurations: the backward phase conjugation and the forward phase conjugation.
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For the backward phase conjugation, the pump lights E1 and E2 are separated in
the two sides of the nonlinear medium, with reversed propagation directions (with
reversed wave vectors); the probe signal light Ep and the conjugate signal light Ec

are located at one side of the medium, also with reversed propagation directions
(with reversed wave vectors), the geometry configuration of 4 light fields is shown
in Fig. 4.7a. The wave vectors of 4 light fields satisfy the momentum conservation
relation, namely kc ¼ ðk1 � kpÞþ k2, as shown in Fig. 4.7b.

For the forward phase conjugation, the pump light E1 and E2 are located at the
same side of the nonlinear medium, with the same propagation direction; the probe
signal light Ep and conjugated signal light Ec are located at two sides of the
medium, into a mirror image each other, its geometry configuration of 4 light fields
is shown in Fig. 4.8a. The wave vectors of 4 light fields satisfy the momentum
conservation principle, namely kc ¼ ðk1 þ k2Þ � kp, as shown in Fig. 4.8b.

2. Backward Phase Conjugation in Degenerated Four-Wave Mixing

Now we study the backward phase conjugation based on the degenerated four-wave
mixing. In the case of the degenerated four-wave mixing, the probe light EpðrÞ, the
conjugation light EcðrÞ, the pump lights E1ðrÞ and E2ðrÞ are at the same frequency:

xp ¼ xc ¼ x1 ¼ x2 ¼ x: ð4:3:9Þ

Thus the degenerated four-wave mixing based backward phase conjugation has
the relations of wave vectors: k2 ¼ �k1 and kc ¼ �kp. From the momentum

Fig. 4.7 The backward four-wave mixing phase conjugation: a the geometry configuration of 4
light fields; b the relation of wave vectors under the momentum conservation

Fig. 4.8 The forward four-wave mixing phase conjugation: a the geometry configuration of 4
light fields; b the relation of wave vectors under the momentum conservation
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conservation formula (4.3.7) we can see that the phase conjugation condition of this
nonlinear process is automatically satisfied.

Now we start discuss the propagation characteristic of the conjugation light in
the nonlinear medium. We assume that the nonlinear medium is isotropic,
non-absorption, and far from the resonance; the process satisfies the phase matching
condition, Dk ¼ 0; This is in small signal approximation case, the pump light is
much stronger than the signal light, so E1ðrÞ and E2ðrÞ have no decay in z direction,
we can only consider the coupling equations for two signal lights. And assuming
EpðrÞ propagates along the z direction; EcðrÞ propagates along the –z direction,
using polarization Eq. (4.3.8), we obtain following two nonlinear coupling wave
equations:

dEpðzÞ
dz

¼ i
3x
nc

vð3ÞE1E2E
�
c ðzÞ; ð4:3:10Þ

dEcðzÞ
dz

¼ �i
3x
nc

vð3ÞE1E2E
�
pðzÞ; ð4:3:11Þ

where vð3Þ ¼ vð3Þðxc;x1;x2;�xpÞ ¼ vð3Þðxp;x1;x2;�xcÞ is third-order nonlin-
ear susceptibility of medium, in the far from resonance case it is a real number.

To define the gain coefficient:

g ¼ 3x
nc

vð3ÞE1E2: ð4:3:12Þ

g is a real number. Equations (4.3.10) and (4.3.11) are simplified as

dEpðzÞ
dz

¼ igE�
c ðzÞ; ð4:3:13Þ

dEcðzÞ
dz

¼ �igE�
pðzÞ: ð4:3:14Þ

Setting the length of the medium is L, and considering the following boundary
condition: the light field Ep is inputted from the surface at z ¼ 0 where Epð0Þ 6¼ 0,
and outputted from the surface at z = L where EpðLÞ 6¼ 0; the light field Ec is
reflected by the surface at z = L where EcðLÞ ¼ 0, then outputted from the surface
at z = 0 where Ecð0Þ 6¼ 0. The solutions of Eqs. (4.2.13) and (4.2.14) are

EpðzÞ ¼ cos½gðz� LÞ	
cosðgLÞ Epð0Þ; ð4:3:15Þ

EcðzÞ ¼ �i
sin½gðz� LÞ	
cosðgLÞ E�

pð0Þ: ð4:3:16Þ
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So the light field amplitudes at the two end surfaces of medium are respectively:

EpðLÞ ¼ 1
cosðgLÞEPð0Þ; ð4:3:17Þ

Ecð0Þ ¼ i tanðgLÞE�
pð0Þ; ð4:3:18Þ

where EpðLÞ is the outputted probe light amplitude from the surface at z = L; Ecð0Þ
is the outputted conjugation light amplitude from the surface at z = 0. They all are
produced from Epð0Þ, the former is the transmitted light of Epð0Þ; the latter is its
reflected light, both of them are amplified in the nonlinear process. Form
Eq. (4.3.18) we can see, at z = 0, the conjugated light amplitude Ecð0Þ is propor-
tional to the conjugate complex number of probe light amplitude E�

pð0Þ, but their
propagation directions are opposite.

We define the power transmitted coefficient and the power reflected coefficient
of phase conjugation, respectively:

T ¼ EpðLÞ
�� ��2

Epð0Þ
�� ��2

¼ sec2ðgLÞ; ð4:3:19Þ

R ¼ Ecð0Þj j2
Epð0Þ
�� ��2

¼ tan2ðgLÞ: ð4:3:20Þ

From Eqs. (4.2.17)–(4.2.20) we can obtain the following conclusions:
(1) The process produced signal light Ecð0Þ is the phase conjugation wave of

original probe light Epð0Þ. The reflectivity R increases with the increase of gL. Form
Eq. (4.2.12) we can see, vð3Þ of the medium and the pump light amplitudes E1 and
E2 are larger, g is larger, in order to produce high phase conjugation reflectivity, we
need select the material with large vð3Þ and the high power pump light.

(2) When 1
4 p\gL\ 3

4p, due to tanðgLÞ[ 1, R[ 1, this means that through the
four-wave mixing process, the phase conjugation light is amplified. At same time,
the transmittance of the probe light T � 1, so the probe light is also amplified.

Fig. 4.9 Amplification
action of the probe light and
the phase conjugation light in
degenerated four-wave
mixing backward phase
conjugation process
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Figure 4.9 gives the curves of that the probe light power and the phase conjugation
light power vary with increase of z when R and T both are greater than 1.

(3) When gL ¼ p=2, R ! 1, T ! 1, the non-cavity self-oscillation in the
medium is produced. In this case the signal light don’t need input into the medium,
the energy comes from the pump light, there are outputted signal light and phase
conjugation light, it just likes a parameter oscillator. In this case the light power
distribution is shown in Fig. 4.10.

Early stage the amplification and oscillation phenomena of degenerated
four-wave mixing backward phase conjugation wave had observed in the CS2
liquid and sodium steam. The experimental facility is shown in Fig. 4.11 [8].

3. Other Phase Conjugation Situation

Above study only consider the small signal situation. In the high conversion effi-
ciency case, the variation of pump light with change of the distance has to consider,
in this case we need simultaneous solve the 4 coupling equations. In above study
we also ignored the pump light induced refractive-index change and absorption in
the medium; moreover, the study is only based on the non-resonance condition. The
strict study should consider these factors.

Fig. 4.10 Power
distributions of the probe light
and the phase conjugation
light in the medium when the
oscillation condition gL ¼
p=2 is satisfied

Fig. 4.11 Experimental
facility for study degenerated
four-wave mixing backward
phase conjugation process
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It’s worth noting that, above deduction of the formulas for the four-wave mixing
phase conjugation implies the assumption that the 4 light waves participated in the
process all have the same frequency and polarization direction. Actually, in the
degenerated four-wave mixing phase conjugation, 4 light beams at the same fre-
quency can have different polarization directions (the vertical polarization s or the
parallel polarization p). Figure 4.12 shows the 3 kinds of combinations with the
orthogonal polarization directions: (a) is the case that two pump lights have a same
polarization direction, and two signal lights have another same polarization direc-
tion, these two polarization directions are orthogonal. (b) and (c) are the cases that
each of pump light-signal light group has a same polarization direction, the two
groups have the orthogonal polarization directions. All above three cases can realize
the phase conjugation.

Not only complete degenerated four-wave mixing can realize the phase conju-
gation, but also the part degenerated four-wave mixing composited by two pair of
lights at different frequency can realize the phase conjugation. Figure 4.13 shows
three phase conjugation configurations at two different frequencies.

There are many methods to realize phase conjugation, except the four-wave
mixing, the method of three-wave mixing, stimulated scattering, and backward laser
emission etc. can also be used to generate the phase conjugation wave [9].

Fig. 4.12 3 Different light polarization combinations for degenerated four-wave mixing backward
phase conjugation

Fig. 4.13 Two group frequency configurations for the part degenerated four-wave mixing phase
conjugation
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4.3.3 Application of Optical Phase Conjugation

1. Wavefront Distortion Compensation

The conjugate reflected mirror based on the backward phase conjugation principle
can automatically compensate the wavefront distortion, which is formed when the
light pass through the irregular disturbance medium [10]. Figure 4.14 gives a
comparison of different actions to the wavefront distortion in the medium by a
phase conjugation mirror and a common reflected mirror. After a parallel plane
wave passing though the distortion medium, it is then reflected by a common
reflected mirror or a phase conjugation mirror, respectively, the common reflected
mirror plays a roll of increasing the wavefront distortion; but the phase conjugation
mirror has an action that compensates or offsets the wavefront distortion. In the
figure, the real line is the wavefront of incident wave; the dotted line is the
wavefront of reflected wave.

2. Measurement of Susceptibility

Now we introduce a method for measuring third-order susceptibility by a degen-
erated four-wave mixing backward phase conjugation experiment [11]. If from the
experiment to measure the data of light-wave amplitudes: E1, E2, Ec and Ep, and
know the laser wavelength λ, the length of nonlinear medium L, and the refractive
index of medium n, using the following reflectivity formula (4.3.20) and gain
coefficient formula (4.3.12):

R ¼ Ec(0)j j2
Ep(0)
�� ��2

¼ tan2(gL),

g ¼ 3x
nc

vð3ÞE1E2;

we can calculate the value of the third-order susceptibility vð3Þ.

Fig. 4.14 Comparison of the distortion-compensation action of phase conjugation mirror and the
distortion-enhancement action of common reflected mirror
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Here we introduce a degenerated four-wave mixing backward phase conjugation
experiment based on the light polarization separation technique with a high mea-
surement accuracy, in the experiment the 4 light beams collinearly propagate in the
medium CS2, because the polarization directions of signal lights and pump lights
are orthogonal, we can separate out the conjugated signal lights from the pump
lights. Figure 4.15 gives an experimental setup in detail.

A parallel polarization light send by a Q-switch pulsed ruby laser, it passes
through the reflected mirrors M1 and M2, a wave pate, two Glan prisms (polar-
ization beam splitter) P1 and P3, and the reflected mirror M4, to form two pump
lights E1 and E2 with the reversed propagation direction and the paralleled polar-
ization direction. The light reflected from P1 with the vertical polarization passes
through M6, P2, M5 and M3, then reflected into the medium CS2 by P3, to form the
incident signal light Ec with the vertical polarization. The conjugated signal light EP

with the reverse propagation direction relative to the signal light and the vertical
polarization passes through P3, M3, M5, P2 and the beam splitter BS is finally
measured by a photographic film.

Review Questions of Chapter 4

1. Which are passive third-order nonlinear optics effects? Write down their non-
linear susceptibility formulae.

2. Please derive the third harmonic effect power conversion efficiency formula in
small signal approximation case.

3. What is four-wave mixing effect? Write down its polarization expression and
slowly-varying amplitude-approximation frequency-domain wave equation

4. What is degenerated four-wave mixing? What kind phase matching condition it
satisfies? To compare with the holography, what identical or different charac-
teristics do they have?

Fig. 4.15 Experimental setup for measuring vð3Þ based on degenerated four-wave mixing phase
conjugation using a polarization separation technique
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5. How to define the phase conjugation? What characteristic does it has? Which
methods can be used for realizing the phase conjugation?

6. Give out the polarization expression of four-wave-mixing phase conjugation.
What is difference between back phase conjugation and forward phase conju-
gation? What kind energy and momentum conservation relations do they have to
meet?

7. Establish the signal light and the conjugated light coupled wave equations for
the back phase conjugation process based on the degenerated four-wave mixing.
Discuss the transmission characteristic of phase conjugation wave in the
medium.

8. What are applications of optical phase conjugation? Draw a picture to explain
the action of phase conjugation in compensation of the wavefront distortion.
How to use degenerated four-wave mixing phase conjugation method to mea-
sure the third-order susceptibility of nonlinear medium vð3Þ?
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Chapter 5
Optical Kerr Effect and Self-focusing

In this chapter, firstly we will study light intensity induced medium refractive-index
change phenomenon, i.e., optical Kerr effect. Mainly study on the self-phase
modulation optical Kerr effect, the cross-phase modulation optical Kerr effect, and
related light induced birefringence effect. Secondly, we will study the self-focusing
effect induced by transverse strength inhomogeneous distribution of Gaussian
beam, including steady-state and dynamic self-focusing, time and space self-phase
modulation phenomena. Finally, we will introduce Z-scan technology for mea-
suring nonlinear parameters of materials, including experimental method and the-
oretical calculation method.

5.1 Optical Kerr Effect

Optical Kerr effect and electro-optics Kerr effect are two effects with different
physical mechanism. The electro-optics Kerr effect is a phenomenon that the linear
polarized light passing through a transparent medium applied a static electric field
becomes an elliptically polarized light. This effect arises from the electrical field
induced birefringence in the medium. The incident light is divided into two com-
ponents with orthogonal polarization directions (o light and e light), which have
different reflective index in the medium. The reflective-index difference between
two lights Dn is proportional to the external static electric field strength E0, i.e.,
Dn / E0j j, this effect belongs to second-order nonlinear optics effect, its nonlinear
susceptibility is denoted as vð2Þðx;x; 0Þ.

The optical Kerr effect discussed in this section is a phenomenon that the
refractive-index change of medium is directly induced by the light electric field of
incident light. The magnitude of refractive-index change is proportional to the
square of light electric filed strength or the light intensity, i.e., Dn / Ej j2/ I. This
effect belongs to three-order nonlinear optics effect [1–6], its nonlinear
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susceptibility is denoted as vð3Þðx;x;�x;xÞ. Sometimes the optical Kerr effect is
simply called Kerr effect. The medium with optical Kerr effect is called Kerr
medium.

We suppose a light beam propagates in the medium, the optical Kerr effect
makes the refractive-index change of the medium Dn, and the phase change of the
light for the propagation distance L is

D/ ¼ k0DnL ¼ 2pL
k0

Dn; ð5:1:1Þ

where k0 and k0 are the wavelength and the wave vector of signal light in the
vacuum. That is to say, when a light passes through a medium, the refractive-index
change of medium can modulate the light phase. The phase change quantity is
proportional to the refractive-index change quantity. So we can through the
detection of light phase change D/ to determine the refractive-index change of the
medium Dn. According to the different phase modulation method, the optical Kerr
effect can be classified into following two types.

1. Self-phase Modulation Optical Kerr Effect

If a high-power signal light inputs alone into the nonlinear medium, only rely on
its own light intensity to generate the optical Kerr effect, namely to make the
refractive-index change of the medium, thereby modulating the phase of the light
own, this process that using the single light beam to generate the optical Kerr effect
and to realize its own phase modulation is called self-phase modulation
(SPM) optical Kerr effect, also called self-action optical Kerr effect.

2. Cross-phase Modulation Optical Kerr Effect

If a weak-power signal light together with a high-power pump light both input
the nonlinear medium, the pump light generates the optical Kerr effect to make the
refractive-index change of the medium and induces the phase modulation of the
signal light. Such using the mutual action of the signal light and the pump light to
produce the optical Kerr effect and the phase modulation process is called
cross-phase modulation (XPM) optical Kerr effect, also called mutual-action optical
Kerr effect. Sometime this method for producing the optical Kerr effect is called the
pump-probe method.

In the XPM optical Kerr effect, the pump light and the signal light can take
different frequency (or different polarization direction). In general, the frequency of
pump light is chose in high absorption area of the medium; the frequency of signal
light is chose in transparent area of the medium.

Figure 5.1 shows two light-path graphs for SPM optical Kerr effect and XPM
optical Kerr effect respectively.
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5.1.1 Self-phase Modulation Optical Kerr Effect

Assuming in the SPM optical Kerr effect case, a strong light at the frequency x with
the electric field strength EðxÞ propagates in the isotropic medium, and interacts
with the medium to generate the third–order nonlinear polarization:

Pð3ÞðxÞ ¼ 3e0vð3Þðx;x;�x;xÞ EðxÞj j2EðxÞ: ð5:1:2Þ

If we only study the first-order and the third-order nonlinear processes in SPM
optical Kerr effect, and only study the light induced refractive-index change, we can
only take the real number part of the nonlinear susceptibility, and then the light
induced polarization is

PðxÞ ¼ Pð1ÞðxÞþPð3ÞðxÞ
¼ e0v

ð1Þ0E(x)þ 3e0vð3Þ0(x;x,� x,x) E(x)j j2EðxÞ:
ð5:1:3Þ

According to the relations between the electric induction strength and the electric
field strength, D ¼ e0EþP and D ¼ eE, we obtain the relation of the dielectric
coefficient with the polarization and electric field strength, that is

e ¼ e0 þPðxÞ=EðxÞ ð5:1:4Þ

Substituting the Eq. (5.1.3) into the Eq. (5.1.4), we obtain

e ¼ e0 1þ vð1Þ0 þ 3vð3Þ0ðx;x;�x;xÞ EðxÞj j2
� �

; ð5:1:5Þ

where e0 is dielectric coefficient of medium in the vacuum. Using formulae n ¼ffiffiffiffiffiffiffiffiffi
e=e0

p
and n20 ¼ 1þ vð1Þ0, we obtain

n ¼ n0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 3vð3Þ0

n20
EðxÞj j2

s

� n0 þ 3vð3Þ0

2n0
EðxÞj j2: ð5:1:6Þ

Fig. 5.1 Schematic diagrams of two kinds of optical Kerr effects: a SPM optical Kerr effect;
b XPM optical Kerr effect
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In Eq. (5.1.6), considering the later item in root sign is much small than 1, so
after Taylor series expansion it is possible to take the linear approximation. The first
item of right side of formula is a linear refractive index, second item is nonlinear
refractive index, i.e., n ¼ n0 þDn, therefore, the nonlinear refractive index is

Dn ¼ 3vð3Þ0ðx;x;�x;xÞ
2n0

EðxÞj j2: ð5:1:7Þ

If we set

�n2 ¼ 3vð3Þ0ðx;x;�x;xÞ
2n0

; ð5:1:8Þ

then Eq. (5.1.7) becomes

Dn ¼ �n2 EðxÞj j2: ð5:1:9Þ

Visibly, the nonlinear refractive index is proportional to the square of field
amplitude; the ratio coefficient �n2 is called nonlinear refraction coefficient, which is
proportional to the real number part of the third-order susceptibility,

In order to express the relation between Dn and I, using the formula
I ¼ 1

2 e0cn0 E(x)j j2, Eq. (5.1.9) can be written to

Dn ¼ 3vð3Þ0ðx;x;�x;xÞ
e0cn20

I: ð5:1:10Þ

If we set

n2 ¼ 3vð3Þ0ðx;x;�x;xÞ
e0cn20

; ð5:1:11Þ

Equation (5.1.10) becomes

Dn ¼ n2I: ð5:1:12Þ

Visibly, in the SPM optical Kerr effect, the refractive-index change (nonlinear
refractive index) is proportional to the light intensity, and the ratio coefficient n2 is
also called nonlinear refraction coefficient, which is proportional to the real part of
the third-order susceptibility.

To compare Eqs. (5.1.8) and (5.1.11), the relationship between two nonlinear
refraction coefficients n2 and �n2 is
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n2 ¼ 2
e0cn0

� �
�n2: ð5:1:13Þ

In SPM optical Kerr effect, the total refractive index of the medium is

n ¼ n0 þ n2I: ð5:1:14Þ

Usually the unit of the light intensity I is W=cm2 , so the unit of n2 is cm2=W:
Using Eq. (5.1.11), we can give the unit conversion relationship between n2 (the
unit is cm2=WÞ and vð3Þ(the unit is esu):

n2
cm2

W

� �
¼ 4� 10�2

n20
vð3ÞðesuÞ: ð5:1:15Þ

In above SPM optical Kerr effect, the refractive-index change of the medium
generated by light intensity I will induce the phase change of the light propagating
in the medium. Setting the propagation distance of light is L, the refractive-index
change of the medium is Dn, and then the phase change of the light D/ is expressed
by Eq. (5.1.1). Substituting Eq. (5.1.12) into Eq. (5.1.1), we can obtain the phase
change of the light, which is

D/¼ 2pL
k0

Dn ¼ 2pL
k0

n2I ¼ 2pLn2
k0S

P: ð5:1:16Þ

Here I = P/S, where P is the power of the incident light; S is the effective cross
section of light beam. We can see that the light (at frequency of k0) interacts with a
nonlinear medium (such as an optical waveguide with n2, S and L), the phase
change of the light is proportional to its power.

There are many physical mechanisms of refractive-index change induced by
optical Kerr effect; Table 5.1 lists the numerical values of nonlinear refraction
coefficient n2, nonlinear susceptibility vð3Þ and response time s of the medium in
several typical physical process of the optical Kerr effect (in room temperature).

Table 5.1 shows that the nonlinear refraction coefficient of Kerr medium is
larger, the response time of medium slower, vice versa. For example, the liquid
crystal and CS2 belong to the same molecular orientation mechanism; the nonlinear
refraction coefficient of liquid crystal is larger than that of CS2 in 10 orders of
magnitude. But the response time of the liquid crystal is slower than that of CS2 in
10–12 orders of magnitude. The Si and dye belong to the same thermal mechanism,
the nonlinear refraction coefficient of Si is lower than that of the dye in one order of
magnitude, but the respond time is faster than that of the dye in one order of
magnitude. However, the case of semiconductor is rather different. Although the
semiconductors belonging different exciton nonlinear mechanisms such as free
exciton, bound exciton, biexciton etc.; they have different n2, but their response
time usually are in nanosecond or sub-nanosecond order of magnitude. HgCdTe is
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based on the mechanism of in-valence band transition, its n2 value is moderation,
but the response time is higher, it reaches to picosecond.

5.1.2 Cross-Phase Modulation Optical Kerr Effect

In the case of XPM optical Kerr effect, we consider a weak signal light at frequency
x with the electric field strength EðxÞ and a strong pump light frequency at
frequency x0 with the electric field strength Eðx0Þ simultaneously propagate in an
isotropic medium, the interaction of pump lights with the medium generates the
third-order nonlinear polarization for the signal-light frequency, which is

Pð3ÞðxÞ ¼ 6e0vð3Þðx;x0;�x0;xÞ Eðx0Þj j2EðxÞ: ð5:1:17Þ

If we only consider the first-order linear effect and the third-order nonlinear
effects, the total nonlinear polarization is

PðxÞ ¼ e0v
ð1Þ0EðxÞþ 6e0vð3Þ0ðx;x0;�x0;xÞ Eðx0Þj j2EðxÞ: ð5:1:18Þ

Repeating the previous calculation, we can obtain the dielectric coefficient:

e ¼ e0 1þ vð1Þ0 þ 6vð3Þ0ðx;x0;�x0;xÞ Eðx0Þj j2
� �

: ð5:1:19Þ

Table 5.1 Physical mechanisms and parameters of several typical optical Kerr effects [7]

Physical mechanism n2ðcm2=WÞ vð3Þ(esu) sðsÞ
Electronic polarization 10−16 10−14 10−15

Electrostriction 10−14 10−12 10−9

Molecular orientation (CS2) 10−13 10−11 10−12

Saturation atomic absorption 10−10 10−9 10−8

Biexciton (CuCl) 10−10 10−8 10−9

Semiconductor doped-glass (CdSe) 10−10 10−8 10−8

In-valence band transition (HgCdTe) 10−8 10−6 10−12

Two- photon (InSb) 10−7 10−5 10−8

Thermal effect (Si) 10−7 10−5 10−4

Thermal effect (dye) 10−6 10−4 10−3

Bound exciton (CdS) 10−5 10−4 10−8

Free exciton (GaAs) 10−4 10−4 10−9

Free exciton (GaAs/AlGaAs MQW) 10−4 10−2 10−8

Molecular orientation (nematic liquid crystal) 10−3 10−1 1
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Finally, we obtain the total refractive index n ¼ n0 þDn, in which the nonlinear
refractive index is

Dn ¼ 3vð3Þ0ðx;x0;�x0;xÞ
n0

Eðx0Þj j2: ð5:1:20Þ

Setting:

�nðcrossÞ2 ¼ 3vð3Þ0ðx;x0;�x0;xÞ
n0

; ð5:1:21Þ

Equation (5.1.20) becomes

Dn ¼ �nðcrossÞ2 Eðx0Þj j2: ð5:1:22Þ

To use intensity formula for the pump light Ip ¼ 1
2 e0cn0 Eðx0Þj j2, the

Eq. (5.1.20) can be written to

Dn ¼ 6vð3Þ0ðx;x0;�x0;xÞ
e0cn20

Ip: ð5:1:23Þ

Setting:

nðcrossÞ2 ¼ 6vð3Þ0ðx;x0;�x0;xÞ
e0cn20

; ð5:1:24Þ

then we have

Dn ¼ nðcrossÞ2 Ip: ð5:1:25Þ

Visible, in the XPM optical Kerr effect, the refractive-index change of medium is

proportional to the intensity of the pump light, and the ratio coefficient nðcrossÞ2 is the
nonlinear refraction coefficient for the XPM optical Kerr effect, which is propor-
tional to the real part of the third-order nonlinear susceptibility.

Because in the common case x0 6¼ x, the third-order susceptibility
vð3Þ0ðx;x0;�x0;xÞ is different with vð3Þ0ðx;x;�x;xÞ, however, if we only con-
sider non-resonance case, and assume the dispersion effects at two different fre-
quencies can be neglected, then we have

vð3Þ0ðx;x0;�x0;xÞ � vð3Þ0ðx;x;�x;xÞ; ð5:1:26Þ
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To compare Eqs. (5.1.24) and (5.1.11), we have

nðcrossÞ2 ¼ 2n2: ð5:1:27Þ

Way the nonlinear refraction coefficient induced by XPM Kerr effect is 2 times
of the nonlinear refraction coefficient induced by SPM Kerr effect? That is because
the difference of degeneration factors in two cases is 2 times. Substituting
Eq. (5.1.27) into Eq. (5.1.25), then we get

Dn ¼ 2n2Ip: ð5:1:28Þ

This is the refractive-index change of the medium receptive by the signal light at
the frequency x under the action of the pump light. This refractive-index change is
proportional to the intensity of the pump light; the ratio coefficient is two times of
the nonlinear refraction coefficient in the SPM Kerr effect. For the signal light, the
total refractive index in XPM Kerr effect is

n ¼ n0 þ 2n2Ip: ð5:1:29Þ

If the propagation distance of the signal light in the medium is L, the phase
change of signal light induced by the pump light is

D/ ¼ 2p
k0

DnL ¼ 2pLð2n2Ip)
k0

¼ 4pLn2
k0S

PP: ð5:1:30Þ

where PP is the power of the pump light, S is the effective cross section of the signal
beam. Visible, the phase change of the signal light is proportional to the power of
the pump light.

5.1.3 Optical-Kerr-Effect Induced Birefringence

When a polarized pump light passes through the isotropic nonlinear medium, the
optical Kerr effect will induce different refractive-index changes in different
transverse directions perpendicular to the propagation direction of the pump light. It
equivalently changes an isotropic medium to be an anisotropic birefringence
medium (such as uniaxial crystal). In this time if we let a linear polarized signal
light passes through medium along the direction of pump light, this linear polarized
light will become an elliptic polarization light, its o light and e light components
have different refractive index. Now we study this light-induced birefringence
effect.

Assuming a frequency x monochromic signal light EðxÞ and a frequency x0

monochromic pump light Eðx0Þ together propagate along z direction, but their
polarization directions are different: the polarization direction of the pump light is
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along y direction; the polarization direction of the signal light is along any direction
in x − y plane. EðxÞ has two components in x and y directions respectively: Exðz;xÞ
and Eyðz;xÞ, as shown in Fig. 5.2.

Under the action of the pump light, the components Exðz;xÞ and Eyðz;xÞ of
signal light generate the nonlinear polarizations in x and y directions respectively

Pð3Þ
x ðz;xÞ ¼ 6e0vð3Þxxyyðx;x0;�x0;xÞ Eðx0Þj j2Exðz;xÞ; ð5:1:31Þ

Pð3Þ
y ðz;xÞ ¼ 6e0vð3Þyyyyðx;x0;�x0;xÞ Eðx0Þj j2Eyðz;xÞ: ð5:1:32Þ

Setting the wave-vector difference of lights Exðz;xÞ and Eyðz;xÞ is Dk ¼ 0, the
nonlinear coupling wave equations in x and y direction respectively are (D = 6)

dExðz;xÞ
dz

¼ i
3x
cnx

vð3Þxxyyðx;x0;�x0;xÞ Eðx0Þj j2Exðz;xÞ; ð5:1:33Þ

dEyðz;xÞ
dz

¼ i
3x
cnx

vð3Þyyyyðx;x0;�x0;xÞ Eðx0Þj j2Eyðz;xÞ: ð5:1:34Þ

Assuming the pump light E(x0) without change in z direction in the process, we
can solve the signal light amplitudes in x and y directions respectively, namely

Exðz;xÞ / exp ik0
3
nx

vð3Þxxyyðx;x0;�x0;xÞ Eðx0Þj j2
� �

z

	 

¼ eik0Dn? ; ð5:1:35Þ

Eyðz;xÞ / exp ik0
3
nx

vð3Þyyyyðx;x0;�x0;xÞ Eðx0Þj j2
� �

z

	 

¼ eik0Dnk : ð5:1:36Þ

Dn? and Dnk in Eqs. (5.1.35) and (5.1.36) are the nonlinear refractive indexes in
x and y directions respectively (or the refractive-index changes of o light and e
light), Dn? and Dnk are respectively

Dn? ¼ 3
nx

vð3Þxxyyðx;x0;�x0;xÞ Eðx0Þj j2; ð5:1:37Þ

Fig. 5.2 Propagation
direction and polarization
direction of the signal light at
ω and the pump light at ω′

5.1 Optical Kerr Effect 117



Dnk ¼ 3
nx

vð3Þyyyyðx;x0;�x0;xÞ Eðx0j j2: ð5:1:38Þ

Visible, two refractive index changes in orthogonal polarization directions are all
proportional to the intensity of the pump light.

This strength of light-induced birefringence generated by the pump light can be
measure by using the Kerr coefficient defined by the following formula:

Kx0 ðxÞ ¼ DnkðxÞ � Dn?ðxÞ
k Eðx0Þj j2 : ð5:1:39Þ

Substituting Eqs. (5.1.37) and (5.1.38) into Eq. (5.1.39), and using the formula
k0 ¼ x

c ¼ 2p
k0
¼ 2pnx

k , we can obtain the relationship between the Kerr coefficient and
the difference of two third-order susceptibilities:

Kx0 ðxÞ ¼ 3x
2pc

vð3Þyyyy � vð3Þxxyy

� �
: ð5:1:40Þ

When the signal light passes through the medium for length of L, the phase
difference between above o light and e light is

D/ ¼ 2p
k0

(Dnk � Dn?)L ¼ 2pLKx0 (x)
nx

E(x0)j j2: ð5:1:41Þ

Using the intensity formula of the pump light Ip ¼ 1
2 e0cnx0 Eðx0Þj j2, we obtain

D/ ¼ 4pLKx0 (x)
e0cnx0nx

Ip: ð5:1:42Þ

Visible, the phase difference between o light and e light of the signal light is
proportional to the intensity of the pump light.

When the power of pump light is strong enough to lead D/ ¼ p, it corresponds
to the rotation angle of the polarization plane of signal light u ¼ D/=2 ¼ 90�. So
that we can design a nonlinear polarization type all-optical switch to control the
intensity of a signal light by using a pump light, as shown in Fig. 5.3.

Fig. 5.3 A nonlinear polarization-type Kerr box all-optical switching device based on the
cross-phase modulation optical Kerr effect

118 5 Optical Kerr Effect and Self-focusing



In Fig. 5.3 the container installing the nonlinear organic liquid (for example,
Nitrobenzene etc.) is called the Kerr box. The signal light comes from a He–Ni
laser; the pump light source can use a YAG picosecond laser. Two polarizers are
placed mutual orthogonally. The filter is used for stopping the pump light, which
only allow the signal light passing through. If without the pump light, the signal
light cannot pass through the device (off-state); if adding the pump light, the
polarization plane of signal light is rotated 90°, so the signal light passes through
the device (on-state). According to Eq. (5.1.41), in the condition of D/ ¼ p, the
threshold intensity of the pump light for optical switching is

Ip ¼ e0cnx0nx
4LKx0 ðxÞ : ð5:1:43Þ

So the Kerr coefficient larger and the length of Kerr box longer, the required
intensity of pump light for optical switching lower.

The advantage of such polarization-type optical switch based on optical Kerr
effect is having faster switching speed. The disadvantage is need higher pump-light
power, due to small Kx0 ðxÞ of Kerr materials; in addition, the polarizers should
expend a half of intensity of signal light, and the absorption and dispersion of Kerr
box also wear down the intensity of signal light.

5.2 Self-focusing of Light Beam

5.2.1 Steady State Self-focusing

1. Self-focusing of Light Beam and Diffraction of Light Beam

When a single mode laser propagates in the nonlinear medium, because the laser
beam has Gaussian-type transverse intensity distribution, i.e., the intensity at the
center is much stronger than the intensity at the edge. The optical Kerr effect will
lead that the refractive-index distribution in the medium becomes non-uniform
along the radial direction. In this case, the nonlinear medium plays a role similar to
a lens; the profile size of the light beam will be continuously changed: convergence
or divergence, as shown in Fig. 5.4.

Fig. 5.4 A Gaussian-type
laser beam propagates in the
nonlinear medium,
continuously changes the
transverse profile size:
a self-focusing (n2 [ 0);
b self-defocusing (n2\0)
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As mention above that the refractive-index change Dn is proportional to the light
intensity I, i.e., Dn ¼ n2I, the ratio coefficient n2 is nonlinear refraction coefficient.
When n2 [ 0, the medium shows the plus lens effect, the light beam is focused, it is
called self-focusing; when n2\0, the medium shows the concave lens effect, the
light beam is defocused, it is called self-defocusing.

For the self-focusing case, the intensity of Gaussian light beam is gradually
degenerative along radial direction of the medium from axes to edge of the beam.
So that the refractive index of the medium n ¼ n0 þ n2I is also gradually decreasing
along the radial direction. The area near the input end of the medium can be
approximately regard as a fiber self-focusing lens, as shown in Fig. 5.5.

The greatest numerical aperture on the input end face of fiber self-focusing lens
can be calculated by the formula:

NA ¼ n0 sin hs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2ð0Þ � n2ðRÞ

p
; ð5:2:1Þ

where hS is largest convergence angle, n0 is the linear refractive index of medium. n
(0) is total refractive index on the center axis of light beam, n(0) ¼ n0 þDn, where
Dn is the light field induced refractive-index change. n(R) is the total refractive
index at the edge of light beam, where light field is zero, so Dn ¼ 0, then
nðRÞ � n0. In addition, Dn is much smaller than n0, i.e., Dn2 � n0Dn, Dn2 can be
neglected, thus from Eq. (5.2.1) we can obtain:

n0 sin hs �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn0 þDnÞ2 � n20

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0Dn

p
: ð5:2:2Þ

In general the convergence angle is very small, approximately sin h2s � h2s , so
from Eq. (5.2.2), we obtain the relationship between the self-focusing convergence
angle and the nonlinear refractive index induced by the laser:

h2s �
2Dn
n0

: ð5:2:3Þ

On the other hand, if the incident surface is located at the beam waist of
Gaussian light beam, the diffraction of Gaussian beam is shown in Fig. 5.6.

Fig. 5.5 The convergence
action to the Gaussian light
beam by self-focusing lens
effect in the medium
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As we known that the diffraction angle of Gaussian light beam approximately is

hd � k
pan0

¼ 2
ka

; ð5:2:4Þ

where n0 is the linear refractive index of medium, k is the wave vector of light, a is
the radius of the beam waist.

According to Eqs. (5.2.3) and (5.2.4), the square of ratio between the conver-
gence angle of self-focusing and the diffraction angle of laser is

h2s
h2d

¼ 1
4

2Dn
n0

� �
=

1
k2a2

� �
: ð5:2:5Þ

We can see that in the self-focusing process, on the one hand, the strong light via
optical Kerr effect to increase Dn, so that to enhance the convergent ability of light
beam; on the other hand, the strong light leads the shrink of spot radius at focus
point of light beam, to enhance the divergence ability of light beam, namely, in
self-focusing process, there is a competition between the self-focusing and the
diffraction. Later we will prove that as long as satisfying the condition:

2Dn
n0

� 1
k2a2

or hs � hd
2
; ð5:2:6Þ

the self-focusing will always stronger than the diffraction, until the other nonlinear
effects (for example, the stimulated scattering, two-photon absorption, photoin-
duced breakdown, etc.) terminate the self-focusing process. If both the convergence
action of the laser self-focusing and the divergence action of the laser diffraction
achieve a balance, namely hs ¼ hd=2, a self-trapping effect will be appeared. The
stable self-trapping process is just the space optical soliton effect.

Considering Dn ¼ n2I, according to Eq. (5.2.6), the laser intensity required for
producing self-focusing will be:

I� n0
2n2k2a2

: ð5:2:7Þ

Form Eq. (5.2.7) we can see, the nonlinear refraction coefficient of medium n2
larger (self-focusing action larger), and the beam waist radius of laser a larger
(diffraction action smaller), the laser intensity required for generating self-focusing
smaller. Using Eq. (5.2.7) we can quantitatively estimate the light intensity required

Fig. 5.6 The diffraction of
the Gaussian light beam
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for generating self-focusing. For example, setting n2 ¼ 10�13 cm2=W, a� 1mm,
k = 2 � 104 cm−1, we calculate to get the incident light power required for gen-
erating self-focusing exceed 1 MW/cm2.

2. Steady-state Theory of Self-Focusing

If the response time of medium is much shorter than the pulsewidth of incident
laser, the theory of self-focusing can dear with by the steady-state method [8].
Below we introduce the paraxial steady-state theory of self-focusing. From the
nonlinear wave Eq. 2.1.17), assuming r ¼ 0(neglecting the loss of light), we obtain

r�r� Eþ l0
@2e:E
@t2

¼ �l0
@2PNL

@t2
: ð5:2:8Þ

We assume that the medium is isotropic, so r � E = 0, in Eq. (5.2.8),
r�r� E ¼ rðr � E)�r2E ¼ �r2E, and e is a scalar. Using the formulae
c ¼ 1=

ffiffiffiffiffiffiffiffiffi
e0l0

p
and n0 ¼

ffiffiffiffiffiffiffiffiffi
e=e0

p
, the wave Eq. (5.2.8) can be written to the following

scalar form:

r2
?Eþ @2E

@z2

� �
� n0

c2
@2E
@t2

¼ e0
c2

@2PNL

@t2
: ð5:2:9Þ

where

r2
? ¼ @2

@x2
þ @2

@y2
: ð5:2:10Þ

For the Kerr medium, using Eq. (5.1.7), to write PNL in the right side of
Eq. (5.2.9) to be

PNL ¼ 3e0vð3Þ Ej j2E ¼ 2e0n0DnE. ð5:2:11Þ

Then the wave Eq. (5.2.9) becomes

r2
?Eþ @2E

@z2
� n20

c2
@2E
@t2

¼ 2Dn
n0

� �
n20
c2

@2E
@t2

: ð5:2:12Þ

Suppose E is the light electric field strength of a monochromic plane wave at
frequency x propagated along z direction:

Eðz; tÞ ¼ ~Eðz; tÞe�iðxt�kzÞ; ð5:2:13Þ

where ~Eðz; tÞ is the complex amplitude of light electric field, k ¼ k0n0 ¼ n0x=c; n0
is the linear refractive index of the medium. Substituting Eq. (5.2.13) into
Eq. (5.2.12), the second item of left of Eq. (5.2.12) becomes
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@2E
@z2

¼ 2ik
@~E
@z

e�iðxs�kzÞ � k2~Ee�iðxt�kzÞ � @2~E
@z2

e�iðxt�kzÞ

� 2ik
@~E
@z

e�iðxt�kzÞ � k2~Ee�iðxt�kzÞ:

ð5:2:14Þ

In Eq. (5.2.14), assuming the complex amplitude ~E is a

slowly-varying-approximation function of z, so the items containing @2 ~E
@z2 are

neglected.
In Eq. (5.2.12), the third item of left side and the item of right side both contain:

n20
c2

@2E
@t2

¼ n20
c2

�x2~Ee�iðxt�kzÞ � 2ix
@~E
@t

e�iðxt�kzÞ þ @2~E
@t2

e�iðxt�kzÞ
� �

� �k2~Ee�iðxt�kzÞ:
ð5:2:15Þ

In Eq. (5.2.15), the items containing @~E
@t and @2 ~E

@t2 can be neglected due to the
steady state reason.

To substitute Eqs. (5.2.14) and (5.2.15) into Eq. (5.2.12), and to eliminate the
phase factors in the two sides of the equation, the equation becomes

r2
?~Eþ 2ik

@~E
@z

¼ �2k2
Dn
n0

~E: ð5:2:16Þ

This is a parabolic-type steady-state self-focusing wave equation (here ~E is
independent of the time).

In general, the light wave is not a planar wave, in order to reflect the geometric
difference between the actual wave front and the plane wave front, introduce a
phase function S(r, x), where r is the radial coordinate, the complex amplitude ~E
can be expressed as

~E ¼ E0ðr; zÞeikSðr;zÞ: ð5:2:17Þ

where E0ðr; zÞ is the amplitude function of light field, kS(r, x) ¼ u is the phase of
light field. E0ðr; zÞ and S(r; x) are axis-symmetric real number. To substitute
Eq. (5.2.17) into Eq. (5.2.16), then Eq. (5.2.16) is divided into the real part and the
imaginary part two coupling equations:

@E2
0

@z
þr? � ðE2

0r?SÞ ¼ 0; ð5:2:18Þ

@S
@z

þ 1
2
ðr?SÞ2 ¼ r2

?E0

2k2E0
þ Dn

n0
: ð5:2:19Þ
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Equation (5.2.18) describes the energy change of the light. Using light intensity
formula I ¼ 1

2 e0n0cE
2
0ðr; zÞ and power formula P ¼ R1

0 Iðr; zÞ2prdr, we integral
the Eq. (5.2.18) on the whole cross section, obtain @P

@z ¼ 0. This indicate that in the
propagation process P is no change with z, the energy conservation is kept. For the
Gaussian light beam, the light power at every point on the z axis is equal to the
power of beam waist at z ¼ 0. Assuming the field strength at that point is

E0 ¼ E0me
� r2

2a2
0 , and we have E2

0 ¼ E2
0m, where a0 is the radius of the beam waist.

The cross sectional area is A ¼ pa20, thus the total power passing through any cross
section of light beam P is giving by

P ¼ IA ¼ 1
2
e0n0cE2

0m � pa20: ð5:2:20Þ

Equation (5.2.19) describes the change of light wave front. The first item of right
side is the action of diffraction, the second item is the action of optical nonlinearity.
When Dn ¼ 0, it is the sphere wave mode; if Dn 6¼ 0, it is the approximate sphere
wave, only the curvature center of sphere changes along the z axis. This equation
can be approximately solved in the near axis condition. The solution form of
Eq. (5.2.19) can be written to

E0ðr; zÞ ¼ E0m
a0
aðzÞ e

� r2

2aðzÞ2 ; ð5:2:21Þ

Sðr; zÞ ¼ r2

2RðzÞ þ/ðzÞ; ð5:2:22Þ

where r is radial coordinate, a(z) is the radius of light beam, R(z) is the radius of
wave front. When R ! 1, S ¼ /ðzÞ, it is a plane wave.

Dn=n0 in Eq. (5.2.19) can be calculated approximately as follows: because

r2 � a(z)2, e�
r2

2a2

� �2
¼ e�

r2

a2 � 1� r2
a2; and according to Eq. (5.1.8),

Dn ¼ �n2 E0j j2 � �n2E2
0m, therefore,

Dn
n0

¼ �n2 E0j j2
n0

� �n2E2
0m

n0
� a

2
0

a2
e�

r2

a2 � �n2E2
0m

n0
� a

2
0

a2
1� r2

a2

� �
: ð5:2:23Þ

Substituting Eqs. (5.2.21)–(5.2.23) into Eq. (5.2.19), we can obtain following
two equations:

d/
dz

¼ � 1
k2a2

þ B
k2a2

; ð5:2:24Þ

1� dR
dz

� �
¼ R2ð1� 2BÞ � 1

k2a4
; ð5:2:25Þ
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where

B ¼ k2a20�n2E
2
0m

2n0
� k2a20Dn

2n0
: ð5:2:26Þ

Using the cylindrical coordinate system, we replace x, y, z by r;u; z, and

r? ¼ @
@r, r2

? ¼ @2

@r2 þ 1
r
@
@r

� �
. Substituting Eqs. (5.2.21) and (5.2.22) into

Eq. (5.2.18), we can obtain

daðzÞ
dz

¼ aðzÞ
RðzÞ : ð5:2:27Þ

To make the derivation of Eq. (5.2.27) on both sides to z, and use Eq. (5.2.25),
we can obtain

d2a
dz2

¼ 1� dR
dz

� �
� a
R2 ¼ ð1� 2BÞ � 1

k2a3
:

On the two side of above equation times 2 da
dz, and integral of it to get

da
dz

� �2

¼ ð2B� 1Þ � 1
k2a2

þC:

The integration constant C is determined by initial condition Rð0Þ ¼ R0,
a(0) ¼ a0, /ð0Þ ¼ 0, then we obtain:

C ¼ a0
R0

� �2

þð1� 2BÞ � 1
k2a20

:

Finally, Eq. (5.2.27) becomes

a2ðzÞ
a20

¼ ð1� 2BÞ z2

k2a40
þ 1þ z

R0

� �2

: ð5:2:28Þ

This is the light beam radius variation law in the isotropic nonlinear medium and
for the paraxial approximate solution.

If incident light is a plane wave, R0 ! 1, Eq. (5.2.28) is simplified as

a2ðzÞ
a20

¼ ð1� 2BÞ z2

k2a40
þ 1: ð5:2:29Þ

It is thus clear that when B[ 1
2, aðzÞ\a0, the light beam is convergence, that is

self-focusing case. Light beam forms a focal spot at the focus point z ¼ zf , at that
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point aðzfÞ ¼ 0. When B\ 1
2, aðzÞ[ a0, light beam is divergence, this is

self-defocusing case. When B ¼ 1
2, aðzÞ ¼ a0, keeping the radius of light beam no

change, it is the self-trapping case.
Therefore, B determines the law of light beam propagation. According to

Eq. (5.2.26), B also can be denoted

B ¼ Dn=n0
1=k2a20

: ð5:2:30Þ

Visible, the physical meaning of B is the ratio of light induced refractive–index
change and light diffraction. When B ¼ 1

2, namely 2Dn
n0

¼ 1
k2a20

. From Eq. (5.2.6), we

get hs ¼ 1
2 hd , this equivalently to achieve a balance between the nonlinear action

and the diffraction action.
In general case, let aðzfÞ ¼ 0, from Eq. (5.2.28) can calculate to get the location

of self-focusing focal point zf :

1
zf
¼ � 1

R0
	 1
ka20

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2B� 1

p
: ð5:2:31Þ

This formula can rewrite to the form denoted by the light power. According to
Eqs. (5.2.30), (5.2.20) and k ¼ ðx=cÞn0, than get

B ¼ x2�n2
e0pc3

P: ð5:2:32Þ

The power for B ¼ 1
2 is defined as the critical power Pc, from Eq. (5.2.32), the Pc

is given by

Pc ¼ e0pc3

2x2�n2
: ð5:2:33Þ

Visible, the nonlinearity of material stronger, the threshold power for generating
the self-focusing lower.

Because P=P0 ¼ 2B, Eq. (5.2.31) can rewrite to be

1
zf
¼ � 1

R0
	 1
ka20

ffiffiffiffiffiffiffiffiffiffiffiffiffi
P
Pc

� 1

r
: ð5:2:34Þ

Now we discuss the variation law of cross-section size of focal light beam with
the propagation distance in different input wave front cases.
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(1) When the incident light is a plane wave, R0 ! 1,P[Pc, the focal length of
self-focusing zf is a positive value:

zf ¼ ka20ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P=Pc � 1

p ; ð5:2:35Þ

Where a0 is smaller and P is larger, zf is smaller, so the focal length is shorter.

(2) When the incident light is convergent, i.e., R0\0, then the focal length zf
satisfies:

1
zf
¼ 1

R0j j 	
1
ka20

ffiffiffiffiffiffiffiffiffiffiffiffiffi
P
Pc

� 1

r
: ð5:2:36Þ

If the incident wave is weak convergent, i.e., Rj j0 [ ka20=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P=Pc � 1

p
, the sec-

ond item in the right side of Eq. (5.2.36) takes sign “+”, in this case it only has one
focal point moving toward the incident direction;

If the incident wave is strong convergent, i.e., R0j j\ka20=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P=Pc � 1

p
, the sec-

ond item in the right side of Eq. (5.2.36) takes sign “	”, namely there exist two
focal points.

(3) When the incident light is divergent, i.e., R0 [ 0, the focal length zf satisfies:

1
zf
¼ � 1

R0j j 	
1
ka20

ffiffiffiffiffiffiffiffiffiffiffiffiffi
P
Pc

� 1

r
: ð5:2:37Þ

The condition that the light beam gradually transfer from divergent to conver-
gent is zf [ 0, namely R0 [ ka20=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P=Pc � 1

p
. This shows that for the certain

incident light power, only when the divergence of the incident light is not too big, it
is possible to form the self-focusing in the medium. Figure 5.7 gives the pictures of
the variation of self-focusing light spot size with z in different input conditions.

5.2.2 Dynamic State Self-focusing

If the incident laser is a short pulsed, we have to consider the variation of
light-beam parameters with time. The dynamic state self-focusing can be divided
into two situations: one is the quasi stable state self-focusing, in this case the laser
pulsewidth is much longer than the response time of medium for inducing the
change of refractive index, for example, the laser pulsewidth is 10−9 s (such as ns
laser pulse), the response time of medium is 10−12 s (such as ps molecular
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relaxation time). The other one is the transient state self-focusing, in this case the
laser pulsewidth is close to or shorter than the response time of medium.

1. Quasi Stable State Self-focusing

For quasi stable state self-focusing, it cannot fully neglect the variation of
amplitude with time, when solving the wave Eq. (5.2.8), we can neglect second

derivative of time @2E
@t2 , but should remain the first derivative of time @E

@t . In the
meantime we still remain the slow-variation condition of E with z coordinate. Then
Eq. (5.2.12) becomes

r2
?Eþ i2k

@

@z
þ 1

v
@

@t

� �
E ¼ �2k2

Dn
n0

E; ð5:2:38Þ

here v ¼ @x
@k is group velocity. Let us introduce two new independent variables:

t0 ¼ t � z/v and z0 ¼ z; ð5:2:39Þ

and use of derivation formula for composite function, as a result we get

@E0ðz0; t0Þ
@z

¼ @

@z
E z; t ¼ t0 þ z

v

� �
¼ @Eðz; tÞ

@z
þ @Eðz; tÞ

@t
� @t
@z

¼ @Eðz; tÞ
@z

þ @Eðz; tÞ
@t

� 1
v
:

ð5:2:40Þ

Fig. 5.7 In the steady-state
condition, pictures of
variation of self-focusing light
spot with z under different
input condition: a parallel
light incidence; b weak
convergent light incidence;
c strong convergent light
incidence; d weak divergent
light incidence
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So Eq. (5.2.38) is rewritten to

r2
?E

0 þ i2k
@E0

@z
¼ �2k2

Dn
n0

E0: ð5:2:41Þ

To compare Eq. (5.2.41) and steady-state self-focusing wave Eq. (5.2.16), one
can see these two equations have same form. The form of solved self-focusing focal
length formula is also similar. But only the focal length is the function of the time.
In the plane wave incidence case, the self-focusing focal length is

z0f (z
0; t0) ¼ ka20ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P(z0; t0)=Pc½ 
 � 1
p : ð5:2:42Þ

If still using z and t as variables, above equation can be expressed as

zfðz; tÞ ¼ z0fðz0; t0Þ ¼
ka20ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½Pðz; t � z=vÞ=Pc
 � 1

p : ð5:2:43Þ

Visible, in dynamic self-focusing case, the self-focusing focal length is changed
with time. zf at t moment is induced by light power at t � z=v moment.

Above solution comes from the paraxonic approximation, the strict numerical
solution gives the relationship of zf and P, that is

zf ðtÞ ¼ K
ffiffiffiffiffiffiffiffiffiffi
Pðt0Þp � 0:852

ffiffiffiffiffi
Pc

p ; ð5:2:44Þ

where the constant K and the critical power Pc both can be experimentally
determined.

For example, a picosecond laser pulse inputs CS2 to produce the self-focusing.
The variation of incident pulse power with time P(t) is shown in Fig. 5.8b, using
Eq. (5.2.44) the calculated curve of the variation of self-focusing focal point
position with time zfðtÞ is shown in Fig. 5.8a, it is a U shaped curve [9].

Assuming that the half maximum width of light pulse is 1 ns, the peak power is
Pmax¼PD ¼ 42:5 kW, the self-focusing threshold power is Pc = 8 kW, and
K = 11.6 cm/kW1=2, the length of sample cell is L = 30 cm. The every point on the
pulse waveform successively starts from the time moment of tA, tB, tC, tD, tD and tE,
with power value of PA, PB, PC, PD, and PE respectively (they are all larger than the
critical power value Pc). The lights with velocity of c=n0 (the slope of imaginary
line) propagate in the medium, on point A, B, C, D, E in 20 cm medium length to
form the self-focusing focal points, respectively.

The first arrived focal point is point C (position zB), then move along two
sub-lines of U shape path. The velocity of the focal point is determined by the slop
of U shape line: the moving velocity of focal point moving along first sub-line C–B
—A is from lager than light velocity until equal to light velocity c=n0: the velocity
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of point C is 1, the velocity of point B is faster than light velocity, the velocity of
point A is just light velocity. For the focal point moving along second sub-line C–
D–E: the velocity of point C is—1, the velocity of point D is zero, the velocity of
point E is recovered to light velocity. From C to D is back up along reverse
direction of incident light, point D is corresponding to the maximum of pulse power
Pmax, having shortest focal length. After that go ahead along direction of incident
light from point D arrive at point E. Here we assume point A and point E is located
between the end surfaces of sample cell (in 20 cm). If the light power in sample cell
not lower than the threshold power, the two focal points starting from these two
points will move ahead remaining the light velocity of medium c=n0, until to the
end of sample cell z = L, then output with light velocity in vacuum c. This bifocal
moving image have been proved in experiments.

After the focal point zf ¼ zc and before output from the end surface one can
observe the filament induced by self-focusing focal point movement, as shown in
Fig. 5.9. By using the stripe camera one can shoot the diameter of the filament,
which is basic equal to the diameter of focal point.

A large number of experiments found that, when a single mode light pulse inputs
the transparent medium, one can see that the self-focusing of light beam makes the
light beam shrink, then generates a filament with diameter about 10 lm keeping the
diameter variation about 20 %, it is sustainable for several centimeter; for

Fig. 5.8 Track of focal point
for quasi stable state
self-focusing: a the input light
power waveform; b the
variation of focal point
location with time

Fig. 5.9 the phenomenon of
the filament induced by the
dynamic self-focusing
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multimode pulse, it will break up into many filaments. All of these filaments are
track of movement of dynamic self-focusing focal point with time.

It’s worth noting that the moving velocity of self-focusing focal point exceeds
the light velocity, it not violates special relativity, because the focal point at dif-
ferent moment comes from self-focusing of different part of incident pulse that
exceeds the self-focusing threshold, so that the movement of focal point not rep-
resentative the energy transmitting process in which the whole light pulse signal
enters the medium. The propagation velocity of light pulse must describe by the
group velocity, the group velocity never exceed the light velocity.

2. Transient State Self-focusing

Above dynamic self-focusing analysis is established on the hypothesis that the
response of medium to the light field is instant, namely when laser intensity reaches
self-focusing threshold light intensity, the action of light field immediately induce
refractive-index change, the self-focusing phenomenon immediately happens. But
in the case that the laser pulsewidth is shorter to (or close to) the response time to
the refractive-index change of medium, the refractive-index change Dn has a certain
delay time to the action of laser. This makes that when laser pulse propagates in the
medium, its wavefront becomes the horn shape [10]. This transient self-focusing
phenomena can use Fig. 5.10 to make qualitatively explain.

Figure 5.10a gives the curves of laser pulse power variation with time. In which a–
f denotes each moments at that moment the power satisfies the threshold condition.
When the part a of pulse firstly inputs, because the power is weaker and the medium
too later response to the light field, Dn is too small, the light is almost linearly
diffracted. When the part b of pulse inputs, Dn becomes larger, but it is not enough to
induce the self-focusing, the light beam is still diffracted, however the diffracted angle
is smaller. When the part c of pulse inputs, Dn generated by the parts a and b is big

Fig. 5.10 The laser pulse forms a horn shape propagation in the transient self-focusing process:
a the curve of laser pulse power variation with time; b the ray of light and the wave front of
different part of light pulse in the medium
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enough, it overcomes the diffraction to lead the light rays convergent toward to the
center. When the parts d, e, f of pulse input, although the light power gradually
becomes smaller, the refractive-index change Dn generated by pervious pulse parts is
accumulated to be big enough. It overcomes the diffraction of light to induce the
self-focusing, and lead the focus maintaining a longer time. If connecting the
wavefront of light pulse at a–f every moments in the same time, then the horn-shape
transverse outline of pulse laser can be obtained as shown in Fig. 5.10b. the diameter
of horn-shape neck is about several microns, it can keep the shape no change, this is
called the dynamic self-tripping. This horn-shape wavefront figure can be observed in
the Kerr medium by using the picosecond pulse laser source.

5.2.3 Self-phase Modulation Based on Self-focusing

The self-focusing process based on the interaction between the strong light and the
medium contains abundant physical phenomena. If incident light is a pulse light, its
light intensity changes with time, the phase of the light also changes with time. To
lead the frequency of light happens the peak and valley of periodic change (fre-
quency chirp effect) and the frequency spectrum broadening of outputted light, this
phenomenon that the phase modulation to the light frequency by self-focusing is
called time self-phase modulation. Self-focusing also can make the phase periodic
change on the cross section of light beam, to generate peak and valley of ring-shape
intensity distribution on the cross section of light beam. This phenomenon that
phase modulation to the light intensity space distribution by self-focusing is called
space self-phase modulation. We are going to introduce these two effects below.

1. Time Self-phase Modulation

The experiments found that a laser pulse with narrow line width (0.1–1 cm−1),
after self-focusing, the outputted light from the filament area have very strong
frequency spectrum broaden. For nanosecond pulse, the broaden is about dozens
wave number (cm−1); for picosecond pulse, the broaden can reach above several
thousand wave number; for sub-femtosecond pulse, even can broaden to be white
continues spectrum. These self-focusing light spectrum line self-broaden effect
arises from the self-phase modulation of self-focusing light. it can be explained
using the following physical model [11, 12].

The light field of the incident laser pulse can be denoted as

Eðz; sÞ ¼ E0ðz; sÞei/ðz;sÞ; ð5:2:45Þ

where s ¼ t � ðz=vÞ, vis the group velocity of light pulse. E0ðz; tÞ is the amplitude,
/ðz; tÞ is the phase. The light pulse propagates in the self-focusing filament, the
amplitude loss can be neglected, so the light power density is Eðz; sÞj j2¼ EðsÞj j2 at the
any z point. According to Kerr effect, the refractive-index change of medium induced
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by light power isDnðsÞ ¼ �n2 EðsÞj j2. The light beam passes through the self-focusing
filament for distance of L and induces the following phase change (phase shift):

D/ðsÞ ¼ x
c
DnðsÞL ¼ x

c
�n2 EðsÞj j2L: ð5:2:46Þ

So the phase change of the light is proportional to light pulse power density.
According to the Fourier analysis principle, the light filed phase change leads the

frequency movement (frequency broadening), which is

DxðsÞ ¼ � @D/ðsÞ
@s

; ð5:2:47Þ

where Dx ¼ xðsÞ � x0 is the frequency movement induced by self-phase modu-
lation, x0 is the center frequency of light pulse, xðsÞ is the frequency at moment s.

The light filed amplitude in the frequency domain is a function of frequency
movement, it can be obtain from Fourier transform:

EðDx; zÞ ¼ 1
2p

Z1

�1
Eðz; sÞeiDxsds: ð5:2:48Þ

The corresponding frequency spectrum distribution of light intensity is

IðDx; zÞ / EðDx; zÞj j2: ð5:2:49Þ

If the incident light pulse is a Gaussian-type laser pulse with pulsewidth about 2
ps. Because D/ðsÞ / EðsÞj j2, the phase shift D/ is also Gaussian symmetric as
shown in the upper graph of Fig. 5.11. Using Eq. (5.2.47) calculated frequency shift
chirp curve is shown in the middle graph of Fig. 5.11. The negative and positive two
peaks of DxðsÞ are corresponding to two inflection points of Gaussian-type phase
curve, respectively. By using Eqs. (5.2.48) and (5.2.49) calculated frequency
spectrum distribution curve of light power is shown in the lower graph of Fig. 5.11.
It is visible that the power spectrum relative to laser frequency x0 is symmetric. The
right side is Dx ¼ x� x0, the left side is �Dx ¼ x� x0, the total width of
frequency spectrum intruding the right and left sides is about 300 cm−1.

On the curve of DxðsÞ, there are many pairs of symmetric points with same
slope, the frequencies of two corresponding points are the same, but the phases are
different, it seems exist two point sources with same frequency and different phase,
sending out two light waves and to interfere each other, result in the spectrogram of
light power broadening with frequency. Whether the constructive interference or
the destructive interference is dependent on the phase difference, therefore on the
outputted spectrum occurs the peak-valley half-period oscillation structure. the
interference number in right or left side is depended on integer near D/j jmax=2p.
Figure 5.11 points out that the maximum phase shift is 80 p, so the number of
interference peak is at most of 40, as shown in lower picture of Fig. 5.11.
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Because Dxj jmax¼ @D/
@s

�� ��
max, the maximum of frequency spectrum width is

generated by the interference of two lights from two inflection points located at
maximum slope of D/ðsÞ, so that the widest peak is located at right and left farthest
ends. The slope near the center of D/ðsÞ curve is minimum, where the spectrum
width is most narrow.

2. Space Self-phase Modulation

The space self-phase modulation is the self-phase modulation generated on the
cross section of light beam. For the Gaussian light beam,D/ðrÞ along radial direction
is showed a Gaussian distribution. Light at center r ¼ 0 has a maximum intensity,
where D/ is maximum. If D/ðrÞj jmax is much larger than 2p, then on the transverse
outputted power spectrum at the locationwith equal r appears center symmetric peaks
and valleys, so that on the far-field projection occurs bright-dark ring structure, as
Fig. 5.12. This is the result of interference by same inclination and different radius
(different phase) light rings. The number of bright ring is the same as the number of
dark ring. This number depends on the integer near D/j jmax=p. The radius of
outermost ring is formed by interference of light waves at the inflection points (at
maximum slope) of Gaussian-type D/ðrÞ curve. In the liquid crystal thin film has

Fig. 5.11 The phase modulation and self-broadening power spectrum of light pulse in the
self-focusing medium [13]
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been observed about 100 interference rings [14]. Figure 5.12 is a self-defocusing
space light ring photograph by author’s experiments using an nonlinear organic
solution. Author also theoretically analyzed the ring formation mechanism [15].

5.3 Z-scan Measurement of Nonlinear Optical Parameter

The measurement of third-order nonlinear susceptibility of nonlinear material vð3Þ is
very important in nonlinear optics. There are many measure methods, for example,
nonlinear elliptical polarization method [1], interference method [16], third har-
monic method [17], three-wave frequency mixing [18], degenerated four-wave
mixing method [19], optical Kerr gate method [20], wavefront analysis method [21]
etc. In which the degenerated four-wave mixing method has been introduced in
Chap. 4 of this book. Most of above measurement methods have to use more than
two light beams and cannot directly measure the real part and the imaginary part of
the susceptibility. In the end of the eighties of 20 century people found a Z-scan
method based on the self-focusing [22], not only this method can use a single light
beam to accomplish the measurement, but also can measure out the real part and the
imaginary part of susceptibility respectively, it can be used to measure the value and
sign of the nonlinear refractive index and the nonlinear absorption coefficient by
using one experimental setup. Using this method, the people can quickly judge the
characteristic of measured nonlinear material: its nonlinear refraction is belong to
self-focusing or self-defocusing, or its nonlinear absorption is belong to saturable
absorption or reverse saturable absorption (or two-photon absorption).

5.3.1 Experimental Method of Z-scan Measurement

The principle of Z-scan measurement is shown in Fig. 5.13. A single mode
Gaussian-type laser beam with intensity Iðz; rÞ is focused into a sample of nonlinear

Fig. 5.12 A far-field photo
of self-phase modulation
space ring
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material by a convergent lens. The sample is located near the focal point, and it can
be removed relatively to the focal point along the axis of the light beam. The
sample’s moving is for change the location of focal point on the sample. The
detector D2 is used to measure the light intensity after the focal point at the far-field
location. The detector D1 is used to measure the relative light intensity before the
focal point. There is an center hole adjustable aperture at the front of the detector
D2, the size of the hole is important for the measured result: the nonlinear
refractive-index measurement has to use the small hole (close hole), because the
refractive-index change is most sensitive to the small hole; however nonlinear
absorption measurement needs use a large hole (open hole), because it requires the
whole energy of light beam passing through the hole and entering into the detector
D2.

In the experiment, at first we move out the sample, and measure the output light
power to get the input power date PI , after that we place a thin film sample in the
location near the focal point at z = 0. The incident light induces the self-focusing
effect or the self-defocusing effect in the sample material, the strength of effect
depend on the location of focal point on the sample. If we move the sample toward
right and left along z coordinate near the focal point, we can change of the light
energy passing through the hole of aperture. After measuring the transmitted light
powers corresponding every locations of sample PT , we can calculate the nor-
malized transmittances TðzÞ ¼ PT=PI . From the shape of the curve T(z), we can
judge the nonlinear characteristic of sample material and obtain the values of the
nonlinear refraction coefficient and the nonlinear absorption coefficient.

In the Z-scan device, the refractive index of nonlinear medium at the some point
of light propagation z-direction is

nðz; rÞ ¼ n0 þ n2Iðz; rÞ; ð5:3:1Þ

where n0 is linear refractive index of medium, n2 is nonlinear refraction coefficient.
If n2 [ 0, the medium shows self-focusing; if n2\0, the medium shows
self-defocusing. When the sample moves toward +z direction from left to right, the
transmittance curve T(z) measured in the close hole case, for n2 [ 0 sample,

Fig. 5.13 Experimental setup for Z-scan measurement
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the light intensity passing focal point is gradually decreased, so it is formed a
valley-peak curve, on the contrary, for n2\0 sample, the light intensity passing
focal point is gradually increased, so it is formed a peak-valley curve.

Figure 5.14 gives two transmittance curves of T(z) obtained from the z-scan
measurement using a liquid sample CS2 filling in a liquid cell with thickness of
1 mm. Figure 5.14a is a light Kerr effect self-focusing curve using a pulse laser
with wavelength of 532 nm, pulsewidth of 27 ps and light power density of
2:6GW=cm2 as the light source. The measured refractive-index change was
Dn ¼ 5:6� 10�5. Figure 5.14b is a thermal effect induced self-defocusing curve
using a pulse laser with wavelength of 10.6 lm, pulsewidth of 300 ns, single pulse
energy of 0.85 mJ as the light source. The measured refractive-index change was
Dn ¼ �1� 10�3. From figures we can see, the results of experiment (black point)
and theory (thin solid line) are basically consistent.

In the Z-scan device, at some z point in light propagation direction the nonlinear
absorption of medium is

aðz; rÞ ¼ a0 þ bIðz; rÞ; ð5:3:2Þ

where a0 is linear absorption coefficient, b is nonlinear absorption coefficient. When
b\0, it is saturable absorption; when b[ 0, it is reverse saturable absorption or
two photon absorption (see Chap. 7). For the saturable absorption sample, the
measured transmittance curve is a symmetrical peak curve with the center of the
focal point position;for the reverse saturable absorption or two photon absorption,
the measured transmittance curve is a symmetrical valley curve with the center of
the focal point position, as shown in Fig. 5.15.

Figure 5.15b shows the two-photon absorption measured curve using the
2.7 mm-thickness sample ZnSe and the laser pulse source at wavelength 532 nm,
with pulsewidth 27 ps and peak intensity 0.21 GW/cm2. The theoretical curve is

Fig. 5.14 Curves of normalized transmittance variation with z coordinate in close hole case for
measurement of nonlinear refractive index of sample CS2: a the self-focusing (n2 [ 0); b the
self-defocusing (n2\0)
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also consistent with the experimental curve. From calculation of measured curve the
b = 5.8 cm/GW was obtained.

If the material has nonlinear refraction and nonlinear absorption two effects in
the same time, refractive-index curve in Fig. 5.14 will be deformation. we should
from the measured results by small hole method minus the measured results by
open hole method, than we can obtain the accurate nonlinear refractive-index
measurement results.

5.3.2 Theoretical Calculation of Z-scan Measurement [23]

1. Close Hole Z-scan Method for Measuring Nonlinear Refraction Coefficient

How to quantitatively calculate the imaginary part (refractive index) and the real
part (absorption coefficient) values of nonlinear polarization according to the
measured experimental curves?

Set a Gaussian beam with a waist radius w0 propagating along +z direction, the
radius of light beam at point z is wðzÞ, the optical field amplitude Eðz; r; tÞ can be
expressed as

E(z; r; t) = E0ðt) w0

w(z)
exp � r2

w2(z)
� ikr2

2R(z)

� �
e�i/ðz;tÞ; ð5:3:3Þ

where w2ðzÞ = w2
0ð1 + z2=z20Þ, R(z)¼zð1 + z20=z

2Þ is the curvature radius of
wavefront at z, z0 = kw2

0n=2 is the diffraction length of light beam, k = 2p=k is the

Fig. 5.15 Curves of normalized transmittance variation with z coordinate in open hole case for
measurement of nonlinear absorption: a the saturable absorption (b\0); b the reverse saturable
absorption or two-photon absorption (b[ 0)
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wave vector, E0(t) is the light electric amplitude at focal point, it contains the time
envelope of light pulse.

Assuming the thickness of sample L is much smaller than the diffraction length
of the Gaussian light beam, i.e., L � z0, so when light beam passes through the
sample, the variation of beam radius can be neglected, and the nonlinear absorption
of sample is also neglected, in this condition, because the light beam passing though
the sample induces the refractive-index change Dn, the wavefront change will be

D/ðz; r; tÞ ¼ D/0ðtÞ
1þ z2=z20

e
� 2r2

w2ðzÞ; ð5:3:4Þ

where D/0ðtÞ is the wavefront change in the sample at focal point (z = 0), that is

D/0ðtÞ ¼ kDn0ðtÞLeff ¼ kn2I0ðtÞLeff ; ð5:3:5Þ

where Leff is the equivalence thickness of the sample:

Leff ¼ ð1� e�aLÞ=a: ð5:3:6Þ

Here a denotes the linear absorption coefficient of the sample.
Equation (5.3.5) shows that from the wavefront change in the sample we can

find the nonlinear refractive index of medium Dn0 and the nonlinear refraction
coefficient n2. In order to know wavefront change in the sample, we need to know
the light electrical field distribution at the sample.

The light electrical field complex amplitude at the plane e where the light outputs
from the sample is

Eeðz; r; tÞ ¼ Eoðz; r; tÞe�aL
2 � eiD/ðz;r;tÞ: ð5:3:7Þ

This is not a simple Gaussian light beam, it can be divided the superposition of a
series of Gaussian light beams with different beam waists. So we should take the
Taylor series expansion to eiD/ðz;r;tÞ in Eq. (5.3.7), namely

eiD/ðz;r;tÞ¼
X1

m¼0

½i D/0ðz; tÞ
m
m!

e
�2mr2

w2ðzÞ: ð5:3:8Þ

According to Huygens principle, every sub Gaussian beam may passes the small
hole of aperture respectively, then recombination together at aperture outputted
plane a. Finally, by using Eqs. (5.3.3) and (5.3.8), we find the far field distribution
of light on the small hole screen at the plane a:

Eaðz; r; tÞ ¼ Eðz; 0; tÞe�aL
2

X1

m¼0

½i D/0ðz; tÞ
m
m!

wm0

wm
e
� r2

w2m
� ikr2

2Rm
þ ih

: ð5:3:9Þ
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To define d is the space distance between the sample and the small hole plane,
and setting g ¼ 1þ d=RðzÞ (for the parallel light, R ! 1, g = 1), then each
parameter in Eq. (5.3.9) is:

w2
m0

¼ w2ðzÞ
2mþ 1

w2
m ¼ w2

m0
g2 þ d2

d2m

� �

dm ¼ kw2
m0

2

Rm ¼ d 1� g
g2 þ d2=d2m

� ��1

hm ¼ tan�1 d=dm
g

� �

ð5:3:10Þ

To integral the square of above complex number light field on the cross section
of the small hole, the light power passing through the small hole can be obtained,
which is

PTðz;D/0ðtÞÞ ¼ ce0n0p
Zra

0

Eaðz; r; tÞj j2rdr: ð5:3:11Þ

Considering the variation of light pulse power with time, the normalized
transmittance of Z-scan is

TðzÞ ¼
R1
�1 PTðz;D/ðtÞÞdt
S
R1
�1 PIðtÞdt

; ð5:3:12Þ

where PIðtÞ is the light power incident into the sample and S is the linear trans-
mittance of the aperture, namely

PIðtÞ ¼ pw2
0I0ðtÞ; ð5:3:13Þ

S ¼ 1� e�
2ra
wa ; ð5:3:14Þ

where ra is the radius of the small hole, wa is the radius of light beam. S = 0 and
S = 1 are corresponding to the completed close hole case and the open hole case,
respectively.

If taking D/0 ¼ 	0:25 and S = 0.01, the sample moves from –z to +z, using
Eq. (5.3.12), we can pass the numerical calculation to obtain the curves T(z)–z as
shown in Fig. 5.16. These are the symmetrical z-scan curves for valley-peak
ðDn[ 0Þ and for peak-valley ðDn\0Þ.
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In the practical calculation, transmittance Eq. (5.3.12) can be expressed
approximately. If setting r = 0, D/ðtÞ � 1, and satisfying the far filed condition
d � z0, in Eq. (5.3.9) we only remain two items, then give an approximate nor-
malized transmittance formula:

Tðz;D/0Þ ¼ 1� 4D/0ðtÞx
ðx2 þ 9Þðx2 þ 1Þ ; ð5:3:15Þ

where D/0ðtÞ ¼ kDnLeff is nonlinear phase change at focal point, x ¼ z=z0 is the
ratio of sample located z coordinate and the diffraction length.

Theory proved that in practice measurement only require measuring difference
value DT between peak and valley of experimental curve T(z), then can calculate to
get nonlinear refractive index Dn. When hole is very small, i.e., S � 0, from
Eq. (5.3.15) we can calculate to get

DT � 0:406 D/0j j: ð5:3:16Þ

Using Eq. (5.3.5), can approximately obtain the nonlinear refractive index:

Dn � DT
0:406kLeff

: ð5:3:17Þ

When hole is larger, but phase change at focal point D/0j j � p,

DT � 0:406ð1� SÞ0:25 D/0j j: ð5:3:18Þ

In this case the nonlinear refractive index formula is

Dn ¼ DT

0:406ð1� SÞ0:25kLeff
: ð5:3:19Þ

Fig. 5.16 T (z)-Z curves
calculated by Z-scan theory
when taking n2 [ 0 and
n2\0
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2. Open Hole Z-scan Method for Measuring Nonlinear Absorption Coefficient

For nonlinear absorption material, the absorption coefficient of sample is

aðIÞ ¼ a0 þDa ¼ a0 þ bI; ð5:3:20Þ

where a0 is the linear absorption coefficient, b is the nonlinear absorption coeffi-
cient. The light intensity distribution of outputted surface of sample and the phase
shift can be expressed as

Ieðr; z; tÞ ¼ I0ðr; z; tÞ exp �aðIÞl½ 

1þ qðr; z; tÞ ; ð5:3:21Þ

and

D/ ¼ kn2
b

ln 1þ qðr; z; tÞ½ 
; ð5:3:22Þ

where

qðr; z; tÞ ¼ bIðr; z; tÞLeff : ð5:3:23Þ

The complex field amplitude on outputted surface of sample can be expressed as

Ee ¼ Eðz; r; tÞe�aL=2ð1þ qÞ ikn2b �1
2ð Þ: ð5:3:24Þ

where kn2=b is the ratio of real part and imaginary part of third-order susceptibility
vð3Þ, so we can see that the nonlinear refractive index and nonlinear absorption
coefficient all have contribution to the far-field wavefront variation and transmit-
tance. But in the open hole (S = 1) condition, the transmittance is not sensitive to
the wavefront distortion induced by refractive-index change, which is only a
function of nonlinear absorption. Therefore the transmitted power can be obtained
by integral of the space cross section, don’t need consider the process of propa-
gation in the free space. At the location z, by integral of Eq. (5.3.21), the trans-
mitted power is obtained:

Pðz; tÞ ¼ PIðtÞe�aL ln 1þ q0ðz; tÞ½ 

q0ðz; tÞ ; ð5:3:25Þ

where

q0ðz; tÞ ¼ bI0ðtÞLeff=ð1þ z2=z20Þ: ð5:3:26Þ

PIðtÞ is the input power, it determines by Eq. (5.3.13).
For Gaussian-type light pulse, the normalized energy transmittance can be

obtained by time integral of Eq. (5.3.25), that is given by
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TðzÞ ¼ 1
ffiffiffi
p

p
q0ðz; 0Þ

Z1

�1
ln 1þ q0ðz; 0Þe�s2
h i

ds : ð5:3:27Þ

When the nonlinear absorption is smaller, to satisfy the condition of q0j j\1, the
transmittance can be indicated as a summation of peak intensity, namely

TðzÞ ¼
X1

m¼0

½�q0ðz; 0Þ
m
ðmþ 1Þ3=2

; ðwhen q0\1Þ: ð5:3:27Þ

where

q0ðz; 0Þ ¼ bI0ð0ÞLeff=ð1þ z2/z20Þ; ð5:3:28Þ

where I(0) is light intensity at z = 0. From Eqs. (5.3.27) to (5.3.28) the b value can
be calculated.

Figure 5.17 is the curve of variation of normalized transmittance with time under
different b value obtained by numerical calculation method

When open hole (S = 1), the transmittance takes first-order approximation of
Eq. (5.3.27), the transmittance formula can be simplified to be

T(z) = 1� q0ðz; 0Þ
2

ffiffiffi
2

p ; ð5:3:29Þ

where q0ðz; 0Þ is denoted by Eq. (5.3.28).
From Eqs. (5.3.29) and (5.3.28), setting z = 0, we obtain the nonlinear

absorption coefficient approximation expression:

b ¼ 2
3
2½1� Tð0Þ

Ið0ÞLeff ; ð5:3:30Þ

where T(0) is open-hole transmittance for S = 1 at z = 0.

5.3.3 Other Z-scan Technologies

After E.W. Van Stryland et al. invented Z-scan method for measuring parameters of
nonlinear optical materials scientists also developed some new Z-scan technologies.
Here we will take three examples to introduce.

1. Reflecting Z-scan Technique [24]

This is a method for measurement of nonlinear characteristics on the surface of
high absorption medium. The experimental setup is shown in Fig. 5.18. In this
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Z-scan device, if one can adjust the angle between the propagation direction of light
beam and the normal direction of sample surface to be Brewster angle, it is useful to
enhance the measurement accuracy.

2. Bicolor Z-scan Technique [25]

In the general Z-scan device, it only uses a laser beam with single wavelength.
However in the bicolor Z-scan device it uses two laser beams with different
wavelengths to form a hybrid light beam inputting the medium. In which one beam
is a strong pump light at frequency xP, the other beam is a weak probe beam at
frequency x. In general using a fundamental frequency light and a double fre-
quency light to form a hybrid light beam. It is just using pump-probe method to
measure the nonlinear refraction coefficient n2 and two-photon absorption coeffi-
cient b.

Fig. 5.17 Using Z-scan theory calculated T(z)–z curves when taking b as positive, negative and
zero

Fig. 5.18 The experimental setup of reflecting-type Z-scan technique
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If adding a time delay device in one beam path of bicolor lights, then we can use
for time resolution dynamic measurement of nonlinear optics characteristics of
material [26].

3. White Light Z-scan Technique [27]

The experimental setup of white light Z-scan technique is shown in Fig. 5.19.
On the top left corner has a Ti sapphire laser, it produces a pulse laser at

wavelength of 775 nm, with pulsewidth of 150 fs, it is divided into two beams by a
beam splitter: one beam is used for pump a tunable optical parameter amplifier as a
pump light; the other beam is inputted into an sample cell containing the distilled
water to produce the continues white light, further use a lowpass filter to remove the
pump light and the infrared spectrum part of the continues white light. white light is
a broad-band probe light, it with the pump light outputted from the parameter
amplifier together input the measured sample as the bicolor Z-scan light source to
use directly measuring the light spectra of nonlinear absorption including the sat-
urable absorption, revers saturable absorption, or two-photo absorption.

Review Questions of Chapter 5

1. What is optical Kerr effect? What difference between self-phase modulation
(SPM) optical Kerr effect and cross-phase modulation (XPM) optical Kerr
effect? Write down their nonlinear polarization expressions.

2. In self-phase modulation optical Kerr effect, there are two nonlinear refraction
coefficients �n2 and n2, please explain what is their different meaning and
expressions?

3. What is the relationship between two nonlinear refraction coefficients n2 and

nðcrossÞ2 for SPM and XPM two optical Kerr effects? What is difference of phase
modulation to the signal light by these two Kerr effects?

4. What is optical-Kerr-effect induced birefringence? To describe the principle of
the signal light and pump light orthogonal polarization-type optical Kerr box
all-optical switch.

Fig. 5.19 The experimental setup of white light Z-scan technique
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5. What are self-focusing and self-defocusing of light beam? What is difference
between they and the optical diffraction? Under what condition the optical
self-tripping can occur? Discuss the law of light beam radius variation with
propagation distance under different incidence case in the self-focusing.

6. Under quasi steady state condition of self-focusing, the focal point how to move
with time in the medium? Under transient state condition of self-focusing, how
to explain the light pulse propagation forming the horn-shape wavefront in the
medium?

7. To explain the phenomenon of self-focusing induced time self-phase modulation
(frequency spectrum broaden) and space self-phase modulation (space ring).

8. How to use Z-scan technique to measure the nonlinear refractive index and the
nonlinear absorption coefficient of the medium? How to judge the characteristic
of nonlinear medium is belong to self-focusing or self-defocusing; saturable
absorption or reverse saturable absorption from the Z-scan transmittance curve?
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Chapter 6
Nonlinear Stimulated Scattering

In this chapter, the first section reviews the various kinds of light scattering phe-
nomena in the nature and points out the difference between stimulated scattering
(nonlinear scattering) and spontaneous scattering (linear scattering). The stimulated
scattering is belonging to the third-order nonlinear optics effects. The second and
third sections will study two stimulated scattering phenomena respectively: the
stimulated Raman scattering and the stimulated Brillouin scattering. We will
introduce their classical theoretical models, and finally give their related experi-
mental methods.

6.1 Introduction to Light Scattering

6.1.1 Classification of Light Scattering

Light scattering is a phenomenon that when the light passes through the medium,
the part of the light energy deviate the original propagation direction to occur the
light energy redistribution. The light energy can be described us the product of
photon energy �hx and photon number N, i.e., e ¼ �hxN: That means the light
scattering not only change the space distribution of the photon number, but also can
produce the new lights at the frequency different with the frequency of original
light. Therefore, we can also say that the light scattering is a phenomenon of the
light redistribution on the frequency spectrum.

Light scattering is arising from the inhomogeneous distribution of medium
properties (mainly the refractive index of medium), namely there exists the so called
“scattering centers”. According to the different reasons inducing the heterogeneity
of medium, the light scattering can be divided into different categories.

If the medium is consisted of the pure matter with the same component (such as
same molecules and atoms), according to the different reason to form the scattering
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center, the scattering can be divided into several kinds. In addition, there also exist
other kinds of light scatterings produced by doping external particles or due to
structure defects. Below we adopt the classical concept that the electric dipoles
induce the secondary radiation under the action of the external light electric field to
introduce several light scatterings with different mechanism in the nature.

1. Rayleigh Scattering

The medium is composed with the identical molecules and atoms, but the density of
molecules or atoms has the random fluctuation in the space scale far less than the
light wavelength. Under the action of the external light electric field, the fluctuation
can be regarded as the forced oscillation of the electric dipoles, which produce the
secondary radiation with a non-uniform space distribution, it is called Rayleigh
scattering. The property of this light scattering is that: the frequency of scattering
light is the same as that of input light; the relation between the scattering-light
intensity and the input-light wavelength is Iscatt / 1=k4. From this formula we can
see, the wavelength shorter, the scattering-light intensity stronger. The blue color of
the sunny sky is just due to this reason.

2. Rayleigh-wing Scattering

Some organic liquids are composed with the anisotropic molecules (for example
carbon disulfide, nitrobenzene, benzene etc.), because the orientation fluctuation of
anisotropic molecules and the intermolecular thermal collision, in the scattering
spectrum, accept Rayleigh scattering at the wavelength coincident with the wave-
length of input light, it also exists the continuous spectrum broadening on the two
sides of the center wavelength, i.e. it occurs the continuous frequency shift phe-
nomenon, this light scattering is called the Rayleigh-wing scattering.

3. Raman Scattering

This kind scattering mainly happens in the molecular component medium. When an
external light field at certain frequency inputs the medium, it will induce the forced
oscillation of molecular electrical dipole. Because the molecular vibration (or rota-
tion) frequency modulates the forced oscillation frequency of molecular electrical
dipole, the frequency of electrical dipole generated second radiation light (scattering
light) has a certain movement relative to the frequency of input light. The scattering
light with the rad shift of frequency is called Stokes scattering light; and the scattering
light with the blue shift of frequency is called Anti-stokes scattering light.

4. Brillouin Scattering

In the pure mediums, there are always the thermal motion, to lead the fluctuate
variation of the medium density (or refractive index). Under the action of light
electric field, via the electrostriction effect, to lead the periodic variation of medium
density (or refractive index); it is equivalent to exist an acoustic wave field that can
scatter the incident light. The frequency shift quantity of scattering light is equal to
the phonon frequency; its magnitude is related with scattering angle, the frequency
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of incident photon and the velocity of acoustic wave field. The Brillouin scattering
also has the Stokes and Anti-stokes two kinds of scattering lights.

Figure 6.1 gives several spectrums of light scattering in the pure medium.

5. Tyndall Scattering and Mie Scattering

Above introduced are several light scatterings in pure medium consisted of mole-
cules or atoms.

In addition, there are the extraneous impurities, particles, etc. in the medium and
the structure defects of the medium all can cause the light scattering. For example,
the impurities, stones, bubbles, stripes, dislocations etc. in solid glass and crystal
can form the scattering centers. The everyday scattering behavior of suspended
impurities, dusts and aerosols in air and liquid are also belong to this kind phe-
nomenon. In these phenomena, the frequency of the scattering light is same as the
frequency of the incident light. The relationship between the scattered light
intensity and the light wavelength is Is / kg, in which g is relative to k=a0; a0 is the
radius of the scattering particle. There are three kinds of cases:

When a0 [ [ k; g ! 0; the scattering light intensity is independent of the
incident light wavelength, this kind scattering is called Tyndall scattering. The
white cloud in the sky is just the result of this scattering.

When a0 � k, i.e., the size of a0 is in the order of magnitude of k, the g takes the
oscillating value with change of k=a0. This scattering is called as Mie scattering.

When a0\\k , then g ! �4; Is / k�4, this is the case of Rayleigh scattering.

6.1.2 Stimulated Radiation Light Scattering Characteristics

Spontaneous radiation light scattering is caused by interaction of the spontaneous
radiation light (nature light) with the medium. Because the intensity of nature light
is too weak, when it acts with the medium, do not change the optical properties of
the medium, so the scattering light is still the spontaneous radiation light. However,
the stimulated radiation light scattering is caused by interaction of the stimulated
radiation light (laser) with the medium, the intensity of laser is very high, it can
changes the optical properties of the medium (such as refractive index), the scat-
tering light is still a stimulated light. The stimulated radiation light scattering has
several kinds, including the stimulated Raman scattering (SRS), the stimulated

Fig. 6.1 Several spectrums of light scattering in the pure medium
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Brillouin scattering (SBS), the stimulated Rayleigh-wing scattering, and the stim-
ulated Kerr scattering, etc. The stimulated radiation light scattering is one of
third-order nonlinear optics effects.

The stimulated radiation light scattering in comparison with the spontaneous
radiation light scattering has the following new properties:

(1) High Gain
The stimulated scattering outputted light intensity is possible to reach the same
order of magnitude of the incident light intensity, even more strong. Because it
has a high amplification ability, the stimulated scattering light could use up the
incident light energy.

(2) High Directionality
The divergence angle of forward and backward stimulated scattering light can
reach the same of divergence angle of incident laser, for example to reach
milliradian, even to reach the diffraction limitation.

(3) High Monochromaticity
The width of scattered spectrum is obvious narrow down. It can produce the
monochromatic light with the spectrum width as same as the spectrum width
of incident laser or narrower.

(4) Pulsewidth Compression
The pulsewidth of stimulated radiation scattering light pulse can reach the date
much smaller than the pulsewidth of incident laser pulse.

(5) Threshold Value
When the intensity of incident laser is larger than a threshold intensity, the
coherence, directivity and intensity will be obvious enhanced.

(6) High Order Scattering
When increasing the input intensity or the medium length, the more high-order
Stokes and anti-Stokes scattering lights will occur.

(7) Phase Conjugation
The phase of the backward stimulated scattering light has a conjugation
relation with the phase of the incident light, the backward scattering can be
used to generate phase conjugation wave. It has a higher nonlinear reflectivity;
it does not need to consider the phase match.

6.2 Stimulated Raman Scattering

6.2.1 Physical Picture of Stimulated Raman Scattering

1. Spectral Characteristic of Stimulated Raman Scattering

In 1928 Raman discovered the spontaneous Raman scattering. In the scattering
spectrum, except the original frequency component xa, it also appears the new
frequency component xs (Stokes lane) and xa (anti-Stokes lane), and xs\x0\xa;
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In general, the anti-Stokes lane is weaker than the Stokes lane in several orders of
magnitude. We can use the energy-level diagram Fig. 6.2 to explain the formation
process of Raman scattering.

The process of Raman scattering is: the molecule in the ground state absorbs the
photon of pump light at frequency xp jumping to a virtual state, and then transits
from that virtual state to the vibration (or rotation) state of the molecule, at same
time launching a Stokes photon at frequency xs, as shown in Fig. 6.2a. On the
other hand, the molecule located at the vibration (or rotation) state absorbs a photon
of pump light at xp jumping to another virtual state, then transits from that virtual
state to the ground state, at same time launching an anti-Stokes photon at frequency
xa as shown in Fig. 6.2b. Because in the thermal equilibrium case, the molecular
number in the ground state is much greater than the molecular number in the
vibration state, so the number of the photon at frequency xs is much greater than
the number of the photon at frequency xa, therefore the Stokes scattering light
intensity is much stronger than the anti-Stokes scattering light intensity.

The stimulated Raman scattering spectrogram has different characteristic in
comparison with the spontaneous Raman scattering spectrogram: the spontaneous
Raman scattering spectrogram only has two first-order scattering spectral lines, but
on the stimulated Raman scattering spectrogram, there are many high order scat-
tering spectral lines, as shown in Fig. 6.3.

2. Classical Oscillator Picture of Stimulated Raman Scattering

Now we give a classical oscillator picture for explaining the formation of stimulated
Raman scattering, as shown in Fig. 6.4.

Figure 6.4a shows that when a pump light at frequency xp inputs into the
medium consisted of the molecules at the intrinsic vibration frequency xv, it induces
the molecular polarization to form an electrical dipole, and generates the forced
oscillation at frequency xp, which induces the secondary radiation, the frequency of
radiation light is modulated by molecular vibration frequency, so that it occurs the
frequency shift, to produce a Stokes scattering light at the frequency of xs ¼
xP � xm and an anti-Stokes scattering light at the frequency of xa ¼ xP þxm.

Fig. 6.2 Energy-level diagrams for explaining Raman scattering a Stokes scattering;
b Anti-Stokes scattering
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Figure 6.4b shows that the original pump light and Stokes light (anti-Stokes
light) together input the medium to form the light at the difference frequency of
xv ¼ xp � xs (or xv ¼ xp � xa), the difference frequency light intensifies the
molecular vibration of medium, thereby further generate the Stokes light at fre-
quency xs (or the anti-Stokes light at frequency xa), this positive feedback action
similar to avalanche makes the Stokes light (or the anti-Stokes light) further
increases.

Fig. 6.4 Classical oscillator picture for explaining the formation of stimulated Raman scattering:
a the frequency of electrical-dipole secondary radiation is modulated by the frequency of medium
molecular vibration to generate the Stokes scattering light; b the difference frequency between the
pump light and the Stokes light further intensifies the medium molecular vibration to increase the
Stokes light

Fig. 6.3 Comparison of spectrograms of the spontaneous Raman scattering and the stimulated
Raman scattering
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3. Photon Picture of Stimulated Raman Scattering

Using the frequency and the wave vector to represent the incident photon (xp; kp),
the Stoke scattering photon (xs; ks), the anti-Stokes photon (xa; ka) and the Raman
vibration of medium (xm; km), the Stokes light and the anti-Stokes light of first-order
stimulated Raman scattering must obey the following energy and momentum
conservation relationships:

xs ¼ xp � xv

xa ¼ xp þxv;
ð6:2:1Þ

ks ¼ kp � km
ka ¼ kp þ kv:

ð6:2:2Þ

The stimulated Stokes scattering light and the stimulated anti-Stokes scattering
light are concurrence, but two scattering lights in general are non-collinear. In the
phase matching condition, their propagation directions satisfy the vector relation-
ship, as shown in Fig. 6.5.

That is to say, the first-order anti-Stokes scattering light is generated by inter-
action between the pump light and the first-order Stokes scattering light in the
third-order nonlinear process. Three of them satisfy the following wave-vector
matching condition:

Dk ¼ 2kp � ks � ka ¼ 0: ð6:2:3Þ

According to wave-vector relation showed in Fig. 6.5 we have

ks cos hs þ ka cos ha ¼ 2kp: ð6:2:4Þ

The refractive indexes of the Stokes scattering light and the anti-Stokes scat-
tering light can be denoted as the sum of the linear refractive index and the non-
linear refractive index, respectively:

ns ¼ np þDns; ð6:2:5Þ

na ¼ np þDna: ð6:2:6Þ

Fig. 6.5 Vector diagram of
the propagation directions of
stimulated Raman scattering
lights
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Because cos h � 1� h2

2 ; k ¼ x
c n; from Eqs. (6.2.4) to (6.2.6), we obtain

1þ Dns
np

� �
1� h2s

2

� �
xs þ 1þ Dna

np

� �
1� h2a

2

� �
xa ¼ 2xp: ð6:2:7Þ

On the other hand, the three light frequencies have to satisfy the energy con-
servation condition:

xs þxa ¼ 2xp: ð6:2:8Þ

Let Eqs. (6.2.7) minus (6.2.8), assuming h2s � h2a ¼ h2, and
2ðDnsxs þDnaxaÞh2 can be neglected because it is much smaller than
npðxs þxaÞh2, so we obtain the divergence angle of the first-order anti-Stokes
scattering light:

h2 ffi 2ðDnsxs þDnaxaÞ
npðxs þxaÞ : ð6:2:9Þ

Visible,both the first-order Raman scattering Stokes light and the anti-Stokes
light are outputted along a same cone angle h, which is the intersection angle
between the scattering light and the incident pump light. In the same way, we can
understand the different high-order Raman scattering lights will output along the
different cone angles.

An experiment showed that when a Ruby laser beam focuses into a Nitrobenzene
sample, on the output screen in the far field of scattering light can see a ring-shape
transverse structure, as shown in Fig. 6.6. The each-order Raman scattering lights
(including Stokes and anti-Stokes lights) respectively start from the focal point and
output in different cone angle to form the rings with different radius on the screen.
The first-order Raman scattering light has maximum intensity located at the center
of rings. The high-order Raman scattering light is corresponding to the larger and
weaker rings.

Fig. 6.6 Experiment for observing the angle distribution of stimulated Raman scattering lights
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The stimulated Raman scattering has many important applications, for example,
it can be used for frequency shift of laser outputted light for broadening the output
frequency region; it can be used for the Raman amplifier and the wavelength
division multiplexing device in fiber communication. Using backward stimulated
scattering can obtain the phase conjugation light to realize the high efficient image
aberration self-compensating; in addition, one can use silicon ring waveguide to
make a Raman scattering laser to output the Stokes laser beam etc.

6.2.2 Classical Theory of Stimulated Raman Scattering

1. Gain Factor of Stokes Scattering Light Field

Now we introduce the classical theory of stimulated Raman scattering [1–5]. At first
we use nonlinear coupled equations to analyze the stimulated Raman scattering
process. In the isotropic medium, a pump light field EPðxPÞ at frequency xp inputs
the medium, which interacts with the medium to produce the Stokes scattering light
field EsðxsÞ at frequency xs, these two lights propagate all along z-direction. Under
the phase matching condition, the nonlinear coupled equation for Esðz;xsÞ is

dEsðzÞ
dz

¼ ixs

2e0cns
Pð3ÞðzÞ: ð6:2:10Þ

The photon’s energy and momentum conservation relationships for Stokes
Raman scattering are

xs ¼ xp � xp þxs;

ks ¼ kp � kp þ ks:

The nonlinear polarization is given by

Pð3ÞðzÞ ¼ 6e0v
ð3Þ
R ðxs;xp;�xp;xsÞ Ep

�� ��2EsðzÞ: ð6:2:11Þ

where vð3ÞR ðxs;xp;�xp;xsÞ is the susceptibility for Stokes Raman scattering light,

it is simply expressed as vð3ÞR ðxsÞ; which can be divided into the real and imaginary
two parts:

vð3ÞR ðxsÞ ¼ vð3ÞR ðxsÞ0 þ ivð3Þ00R ðxsÞ: ð6:2:12Þ

The real part reflects the refractive-index change (phase change), the imaginary
part reflects the absorption coefficient change (energy change). Because we only
study the energy exchange relation in the scattering process, in following discuss
we only maintain the imaginary part items.
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Substituting Eq. (6.2.11) into Eq. (6.2.10), and taking the imaginary part of

susceptibility ivð3Þ00R ðxsÞ; we obtain

dEsðzÞ
dz

¼ � 3xs

cns
vð3Þ00R ðxsÞ Ep

�� ��2EsðzÞ: ð6:2:13Þ

Using Ip ¼ 1
2 e0cnP Ep

�� ��2 to replace Ep

�� ��2 by the light intensity Ip, we solve
Eq. (6.2.13) to obtain

EsðzÞ ¼ Es0 exp � 6xs

e0c2npns
v00RðxsÞIpz

� �
¼ Es0e

1
2gIpz; ð6:2:14Þ

where g factor is

g ¼ � 12xs

e0c2npns
v00RðxsÞ: ð6:2:15Þ

We can see that if v00R\0 g is a gain factor. Below we will see that v00R indeed is
smaller than zero, so the Stokes scattering light field is exponential increase along
z-direction.

2. Formula Derivation of Susceptibility for Stimulated Raman Scattering

Now we start derivate the expression of vð3ÞR in detail. We suppose that the medium
is consisted of molecules (or atoms), each molecule (atom) is similar to an electrical
dipole, and there are N non-interactional electrical dipoles in per unit volume of the
medium. When an additional light field Eðz; tÞ inputs the medium, and interacts
with electrical dipoles to lead them forced oscillation. The length of electrical dipole
is denoted by qðtÞ, when forced oscillation of electrical dipole, the length of
electrical dipole is changed with time respect to its equilibrium-state length q0. So
qðtÞ is a function of time, as shown in Fig. 6.7.

The classical motion equation for describing the forced oscillation of molecular
electrical dipole is

@2qðtÞ
@t2

þ 2c
@qðtÞ
@t

þx2
vqðtÞ ¼

Fðz; tÞ
m

; ð6:2:16Þ

where xv is the resonance frequency of electrical dipole, c is the relaxation rate
(attenuation constant) of electrical dipole, Fðz; tÞ is the acting force of external
electrical field, m is the mass of electrical dipole molecule.

Fig. 6.7 Molecular electrical
dipole model for describing
the stimulated Raman
scattering
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Under the action of light field, the polarization of electrical dipole is

pðz; tÞ ¼ eEðz; tÞ: ð6:2:17Þ

The relationship of the dielectric coefficient e and the electrical-dipole suscep-
tibility a is

e ¼ e0ð1þ aÞ; ð6:2:18Þ

The electrical-dipole susceptibility a is a function of the time:

aðtÞ ¼ a0 þ @a
@q

� �

0
qðtÞ; ð6:2:19Þ

where the first item a0 is the linear susceptibility of electrical dipole in the equi-
librium state, the second item is the nonlinear susceptibility of electrical dipole.
Considering Eqs. (6.2.17) and (6.2.18), the static electricity energy of electrical
dipole is

W ¼ 1
2
½pðz; tÞ � Eðz; tÞ� ¼ 1

2
e0ð1þ aÞ E2ðz; tÞ� �

; ð6:2:20Þ

where hi denotes the time average value of total light field intensity in an optical
period (it is possible containing several frequency components).

The electrical field force induced in external field is the derivative of electrostatic
energy to the length change of electrical dipole. Utilizing Eqs. (6.2.20) and
(6.3.19), we obtain

Fðz; tÞ ¼ dW
dq

¼ e0
2

@a
@q

� �

0
E2ðz; tÞ� �

: ð6:2:21Þ

In order to find the average value of field intensity, assuming the total light field
in medium is the sum of pump light field and Stokes light field:

Eðz; tÞ ¼ Epe
iðkpz�xptÞ þEse

iðksz�xstÞ þ c:c: ð6:2:22Þ

Because the total light field has two light fields at different frequencies, so in
E2ðz; tÞ� �

there are several items with different frequencies, we omit high frequency
items containing 2xp; 2xs and xp þxs etc., only maintain the low frequency items
containing xp � xs, than we have

E2ðz; tÞ� � � 2EpE�
s e

iðKz�XtÞ þ c:c:; ð6:2:23Þ
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where K and X are defined as respectively:

K ¼ kp � ks;X ¼ xp � xs: ð6:2:24Þ

From Eq. (6.2.21), the dipole received force is

Fðz; tÞ ¼ e0
@a
@q

� �

0
½EpE�

s e
iðKz�XtÞ þ c:c:�: ð6:2:25Þ

In order to solve dipole motion Eq. (6.2.16), we can used a testing solution:

qðtÞ ¼ qðXÞeiðKz�XtÞ þ c:c: ð6:2:26Þ

Substituting Eqs. (6.2.26) and (6.2.25) into Eq. (6.2.16), we obtain

�X2qðXÞ � 2iXcqðXÞþx2
vqðXÞ ¼

e0
m

@a
@q

� �

0
EpE�

s : ð6:2:27Þ

Thus we obtain the electrical dipole vibration amplitude:

qðXÞ ¼ ðe0=mÞð@a=@qÞ0EpE�
s

x2
m � X2 � 2iXc

: ð6:2:28Þ

Now we are going to find the third-order polarization and susceptibility.
According to Eqs. (6.2.18) and (6.2.19), the total polarization of medium is

Pðz; tÞ ¼ Npðz; tÞ ¼ e0Nð1þ aÞEðz; tÞ

¼ e0N½1þ a0 þ @a
@q

� �

0
qðz; tÞ�Eðz; tÞ: ð6:2:29Þ

Equation (6.2.29) includes the first-order polarization (linear polarization) and
the third-order polarization of medium. In which the first-order polarization is

Pð1Þ ¼ e0Nð1þ a0ÞEðz; tÞ: ð6:2:30Þ

According to Eqs. (6.2.29), (6.2.26) and (6.2.22), the third-order polarization is

Pð3Þðz; tÞ ¼ e0N
@a
@q

� �

0
½qðXÞeiðKz�XtÞ þ c:c:� � ½Epe

iðkPz�xPtÞ þEse
iðksz�xstÞ þ c:c:�:

ð6:2:31Þ
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So the nonlinear polarization contains several different frequency difference
components, in which the Stokes light at frequency xs induced nonlinear polar-
ization of medium can be expressed as

Pð3Þ
s ðz; tÞ ¼ Pð3ÞðxsÞeiðksz�xstÞ: ð6:2:32Þ

If only taking the items containing phase eiðksz�xstÞ in the various products of
Eq. (6.2.31), (utilize ks ¼ kp � K and xs ¼ xp � X), the third-order nonlinear
polarization amplitude for Stokes light is given by

Pð3ÞðxsÞ ¼ e0N
@a
@q

� �

0
q�ðXÞEp: ð6:2:33Þ

Taking conjugated complex of electrical dipole amplitude Eq. (6.2.28), and then
substituting it into Eq. (6.2.33), we obtain

Pð3ÞðxsÞ ¼
e20ðN=mÞð@a=@qÞ20 Ep

�� ��2

x2
v � X2 þ 2iXc

EsðxÞ: ð6:2:34Þ

Substituting Eq. (6.2.34) into Eq. (6.2.32), and utilizing
Esðz; tÞ ¼ EsðxÞeiðksz�xstÞ, the time-domain Stokes polarization is given by

Pð3Þ
s ðz; tÞ ¼ e20ðN=mÞð@a=@qÞ20 Ep

�� ��2

x2
v � X2 þ 2iXc

Esðz; tÞ: ð6:2:35Þ

Now comparing Eq. (6.2.35) with third-order nonlinear polarization definition
Eq. (6.2.11) we obtain the third-order nonlinear susceptibility formula:

vð3ÞR ðxsÞ ¼ e0ðN=6mÞð@a=@qÞ20
x2

v � ðxp � xsÞ2 þ 2iðxp � xsÞc
: ð6:2:36Þ

Considering the near resonance condition X ¼ xP � xS � xv, then Eq. (6.2.36)
also can be expressed as

vð3ÞR ðxsÞ ffi e0ðN=12mxvÞð@a=@qÞ20
ðxs � xp þxvÞþ ic

: ð6:2:37Þ

According to the definition vð3ÞR ðxsÞ ¼ v0RðxsÞþ iv00RðxsÞ; the above third-order
nonlinear susceptibility can be divided into the real part and the imaginary part,
respectively:

6.2 Stimulated Raman Scattering 161



v0RðxsÞ ffi e0N @a=@qð Þ20ðxv � xp þxpÞ
12mxv½ðxs � xp þxvÞ2 þ c2� ; ð6:2:38Þ

v00RðxsÞ ffi �e0N @a=@qð Þ20c
12mxv½ðxs � xp þxvÞ2 þ c2� : ð6:2:39Þ

Figure 6.8 draws the curves of real part and imaginary part of the nonlinear
susceptibility induced by the stimulated Raman scattering light.

We can see that Raman scattering Stokes light induced nonlinear susceptibility
imaginary part is a negative value, according to Eq. (6.2.15), the Stokes field at xs

has a positive gain factor g, which is given by

g ¼ xsNð@a=@qÞ20c
c2npnsmxv½ðxs � xp þxvÞ2 þ c2� : ð6:2:40Þ

Therefore stimulated Raman scattering Stokes light field is continues increased
in propagation process along z-direction.

In same way we can analyze the propagation law of anti-Stokes light field, as
long as replacing xs by xa in Eq. (6.2.36). So the anti-Stokes light induced non-
linear susceptibility is given by

vð3ÞR ðxaÞ ¼ e0ðN=6mÞð@a=@qÞ20
x2

v � ðxp � xaÞ2 þ 2iðxp � xaÞc
: ð6:2:41Þ

Because the anti-Stokes Raman scattering has following energy and momentum
conservation relationships:

xa ¼ xp þxp � xs;

ka ¼ kp þ kp � ks:

Fig. 6.8 Curves of real part and imaginary part of the nonlinear susceptibility induced by the
stimulated Raman scattering light
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Then we have

xp � xs ¼ �ðxp � xaÞ; ð6:2:42Þ

namely

vð3ÞR ðxaÞ ¼ vð3ÞR ðxsÞ�: ð6:2:43Þ

Under near resonance condition, Eq. (6.2.41) becomes

vð3ÞR ðxaÞ ffi � e0ðN=12mxvÞð@a=@qÞ20
ðxa � xp � xvÞþ ic

: ð6:2:44Þ

The real part and the imaginary part are expressed respectively as

v0RðxaÞ ffi �e0N @a=@qð Þ20ðxa � xp � xvÞ
12mxv½ðxa � xp � xvÞ2 þ c2� ; ð6:2:45Þ

and

v00RðxaÞ ffi e0Nð@a=@qÞ20c
12mxv½ðxa � xP � xvÞ2 þ c2� : ð6:2:46Þ

Similar to Eq. (6.2.15), the anti-Stokes field amplitude is

EaðzÞ ¼ Ea0 exp
1
2
gIpz

� �
: ð6:2:47Þ

where

g ¼ � xaNð@a=@qÞ20c
c2nPnamxv½ðxa � xP � xvÞ2 þ c2� : ð6:2:48Þ

Because this g factor is negative value, the anti-Stokes field is attenuated with
increase of z.

Figure 6.9 draws the relation between Stokes and Anti-stokes stimulated Raman
scattering nonlinear susceptibility frequency spectrums.

6.2.3 Experiments of Stimulated Raman Scattering

People have been observed the stimulated Raman scattering (SRS) effect in many
materials, including the liquid (for example benzene, CS2, CCI4, acetone, etc.),
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solid (for example diamond, calcite, lithium niobate, nitrate barium, etc.), gas (H2,
D2, N2, CH4, SF6, etc.), semiconductor (such as InSb, etc. spin inversion Raman
scattering). The basic requirements of working mediums for generating SRS: ①
high transparency to SRS light and pump light; ② with larger scattering cross
section; ③ it can sustain the stronger incident pump light intensity.

According to the different working medium, application requirement and
experimental condition, one can adopt three kinds of different experimental setups
to generate SRS, as shown in Fig. 6.10. The first setup is that, the incident laser via
focus lens one-way passing through the Raman medium. When the focused pump
light beam and the scattering light beam form a tenuous effective gain area in the
medium, it can observe the forward and backward scattering lights. Second setup is
that, the Raman medium is placed alone in a resonant cavity outside the pump laser
cavity, the SRS light back and forth oscillation in the cavity. When the total gain of
SRS achieves greater than the various losses, it can output a stable SRS light beam.
The third setup is that, the Raman medium is placed within the pump laser cavity,
the shared resonant cavity offers the feedback for laser and SBS light; and let them
output to outside the cavity.

6.3 Stimulated Brillouin Scattering

6.3.1 Physical Picture of Stimulated Brillouin Scattering

The Brillouin scattering originates from the interaction between the light electric
field and the acoustic wave field in molecular medium or solid medium, namely the
interaction between photons and phonons. It is different with the spontaneous
Brillouin scattering, the produce process of stimulated Brillouin scattering is: under
the action of laser electric field, through the electrostriction effect to lead the
periodic change of medium density (and the refractive index), to induce an acoustic
wave field (similar to the motion grating). When the incident light passes through

Fig. 6.9 Relation between Stokes and anti-Stokes stimulated Raman scattering nonlinear
susceptibility frequency spectrums
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the acoustic wave field, it generates a maximum of diffraction with a frequency shift
in a certain direction, i.e. the scattering light. The frequency shift quantity of
scattering light is related with the motion velocity of acoustic wave field in the
medium and the propagation direction of scattering light.

If denoting the photons and the phonon by frequency and wave vector: the
incident pump photon (xp; kp), the Stokes scattering photon (xs; ks), the anti-Stokes
photon (xa; ka) and the induced phonon (xb; kb), the Stokes scattering light and
anti-Stokes scattering light of first-order stimulated Brillouin scattering must satisfy
the energy and momentum conservation conditions respectively, i.e.,

Fig. 6.10 Experimental setups for producing the stimulated Raman scattering: a One-way
traveling wave amplification type; b Raman resonant cavity type; c Laser and Raman shared
resonant cavity type
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For the Stokes scattering:

xp ¼ xs þxb

kp ¼ ks þ kb;
ð6:3:1Þ

For the anti-Stokes scattering:

xa ¼ xp þxb

ka ¼ kp þ kb:
ð6:3:2Þ

In the Stokes scattering case, from Eq. (6.3.1) we can see, there is a part of
incident-light- field energy translating into induced acoustic-wave-field energy in
the medium. Stokes scattering can be divided into two kinds of the forward scat-
tering and the backward scattering. Their wave vector relations for momentum
conservation are shown in Fig. 6.11.

The relationship between the wave vector kb and the frequency xb of acoustic
wave is xb ¼ kbvb; vb is the velocity of acoustic wave. Because acoustic velocity vb
is smaller than light velocities vp and vs in several orders of magnitude, i.e.,
vb\\mp; ms, so we can regard vs � vp and ks � kp , and then from Fig. 6.11 can see

1
2
kb � kp sin

h
2
; ð6:3:3Þ

where kb ¼ xb
vb
; kP ¼ xPnP

c ; then using Eq. (6.3.1), we have

xp � xs ¼ xb ¼ 2xpnpvb
c

sin
h
2
; ð6:3:4Þ

where h is the intersection angle between wave vector of scattering light ks and the
wave vector of incident light kp. When h ¼ 0;xb ¼ 0; so xp ¼ xs, i.e., without
Brillouin frequency shift; when h ¼ p, the Brillouin frequency shift takes a max-
imum xbmax, i.e.,

xp � xs ¼ xbmax ¼ 2xpnpvb
c

: ð6:3:5Þ

Fig. 6.11 Wave vector relations for momentum conservation of the stimulated Brillouin stokes
scattering: a Forward scattering; b Backward scattering
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We can see that the backward Brillouin Stokes scattering has maximum fre-
quency shift. In this case the direction of acoustic wave field is the same as the
direction of incident light field, but the direction of scattering light field is the
reverse direction of the incident light field, these three fields are collinear. When we
measure out the backward Brillouin scattering frequency shift xp � xs, using
Eq. (6.3.5) we can calculate the acoustic velocity of the medium.

In the anti-Stokes scattering case, the wave vector relation for momentum
conservation is shown in Fig. 6.12.

The frequency shift value of anti-Stokes light respect to the incident light is also

xa � xp ¼ xb ¼ 2xpnpvb
c

sin
h
2
: ð6:3:6Þ

Visible,when h ¼ p, the frequency shift value of backward Brillouin anti-Stokes
scattering is a maximum, but the direction of the acoustic wave field in medium is
reverse to the direction of the incident light.

6.3.2 Classical Theory of Stimulated Brillouin Scattering

This section theoretically analyzes the backward stimulated Brillouin scattering
process as shown in Fig. 6.13 [6–8]. The pump light propagates along z-direction in
the medium, the propagation direction of Stokes scattering light is reversed with the

Fig. 6.12 Wave vector relations for momentum conservation of the stimulated Brillouin
anti-stokes scattering: a forward scattering; b backward scattering

Fig. 6.13 Schematic diagram
of the backward stimulated
Brillouin stokes scattering
process. The propagation
directions of the pump light
field (Ep;xp; kp), the
Brillouin scattering Stokes
wave field (Es;xs; ks) and the
acoustic wave field (q;X; qÞ
are collinear
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direction of pump light. The pump light field (Ep;xp; kp) interacts with the acoustic
wave field (q;X; qÞ, generating stimulated Brillouin scattering Stokes wave field
(Es;xs; ks), where q is the density of medium, the frequency and the wave vector of
phonon are X ¼ xp � xs and q ¼ 2kP respectively.

The material density changed with time is given by

qðz; tÞ ¼ q0 þDq ¼ q0 þ ½~qðz; tÞeiðqz�XtÞ þ c:c:�: ð6:3:7Þ

where q0 is the average material density; the second item in right side of equation is
density change with time; ~qðz; tÞ is the amplitude of acoustic wave.

The total light field in Brillouin medium is expressed as

Eðz; tÞ ¼ Epðz; tÞþEsðz; tÞ; ð6:3:8Þ

where

Epðz; tÞ ¼ Apðz; tÞeiðkpz�xptÞ þ c:c:; ð6:3:9Þ

Esðz; tÞ ¼ Asðz; tÞeið�ksz�xstÞ þ c:c:: ð6:3:10Þ

The material density change is satisfied the acoustic wave equation:

@2q

@t2
� Cr2 @q

@t
� v2br2q ¼ �r � F; ð6:3:11Þ

where vb is the acoustic velocity; C is the damping parameter; F is electric field
force (it is origin from the electrostriction stress).

The electrostriction coefficient is defined as

ce ¼ q
@e
@q

: ð6:3:12Þ

The light field energy density is

W ¼ 1
2
ðP � EÞ ¼ 1

2
e E2� �

; ð6:3:13Þ

where E2
� �

denotes the average value of light intensity in an optical period.
The light field energy density change is due to the density compress induced

change of dielectric coefficient:

DW ¼ 1
2
De E2� � ¼ 1

2
@e
@q

Dq

� �
E2� � ¼ 1

2
ce
Dq
q

E2� �
: ð6:3:14Þ
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The light field energy density change is equal to that the electrostriction pressure
pe compresses the material to do the work in unit volume:

DW ¼ pe
DV
V

¼ �pe
Dq
q

: ð6:3:15Þ

In Eq. (6.3.15) the minus sign is because that the compression of material
volume leads increase of density of material.

To compare Eqs. (6.3.14) and (6.3.15) we can get the pressure:

pe ¼ � 1
2
ce E2
� �

: ð6:3:16Þ

Then the electric field force F is

F ¼ �rpe ¼ 1
2
cer E2� �

: ð6:3:17Þ

Substituting the field expression Eq. (6.3.8) into Eq. (6.3.17), taking the item at
low frequency X ¼ xp � xs , we obtain the divergence of external force:

r � F ¼ �ceq
2½ApA�

s e
iðqz�XtÞ þ c:c�: ð6:3:18Þ

To substitute Eqs. (6.3.7) and (6.3.18) into the acoustic Eq. (6.3.11), considering
the acoustic wave amplitude in space and time slow-variation-amplitude approxi-
mation, neglecting the items containing the space and time second derivative to q,
and eliminating the phase factor of field, we obtain

ðX2
B � X2 � iXCBÞ~q� 2iX

@~q

@t
� 2iqv2b

@~q

@z
¼ ceq

2ApA�
s ; ð6:3:19Þ

where

CB ¼ q2C ð6:3:20Þ

is the Brillouin line width, CB ¼ 1=sb; sb is the lifetime of phonon. X ¼ xp � xs is
the frequency of phonon; XB ¼ qj jvb is Brillouin frequency, where q ¼ kb � 2kp.
Because of the strong damping, the propagation distance of phonon is very short.
The item containing @q=@z can be neglected. Considering the steady state case, the
item containing @q=@t is zero, thus the acoustic wave amplitude is given by

~qðz; tÞ ¼ ceq
2 ApA�

s

X2
B � X2 � iXCB

: ð6:3:21Þ
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For nonlinear light field wave equation, we can also adopt the
slowly-varying-amplitude approximation and the steady state condition, and satisfy
the phase matching condition, and then the wave equations for the incident light
field amplitude and the Stokes scattering light field amplitude are given by
respectively:

dEp

dz
¼ ixp

2e0cnp
Pð3Þ
p ðzÞ; ð6:3:22Þ

dEs

dz
¼ � ixs

2e0cns
Pð3Þ
s ðzÞ: ð6:3:23Þ

Because the total polarization is

P ¼ eE ¼ ðeL þDeÞE ¼ PL þPNL; ð6:3:24Þ

where the nonlinear polarization is

PNL ¼ Pð3Þ ¼ DeE: ð6:3:25Þ

According to Eqs. (6.3.25) and (6.3.12), and Dqj j ¼ ~q; then we have

Pð3Þ ¼ DeE ¼ @e
@q

DqE ¼ ce
q0

~qE: ð6:3:26Þ

The incident pump light and the Stokes scattering light induced nonlinear
polarizations can be expressed as respectively

Pð3Þ
p ¼ pð3Þp eiðkpz�xptÞ þ c:c:; ð6:3:27Þ

Pð3Þ
s ¼ pð3Þs eið�ksz�xstÞ þ c:c: ð6:3:28Þ

Form Eqs. (6.3.26) to (6.3.21), the polarization wave amplitude is

pð3Þp ¼ ce
q0

~qAs ¼ q2c2e
q0

Asj j2Ap

X2
B � X2 � iXCB

; ð6:3:29Þ

pð3Þs ¼ ce
q0

~q�Ap ¼ q2c2e
q0

Ap

�� ��2As

X2
B � X2 þ iXCB

: ð6:3:30Þ

Substituting the field expressions (6.3.9) and (6.3.10), the polarization wave
amplitude expressions (6.3.29) and (6.3.30) into field Eqs. (6.3.22) and (6.3.23);
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using Eq. (6.3.26); and setting xp � xs � x and np � ns � n; we can obtain a
group of field amplitude coupled equations:

dAp

dz
¼ ixq2c2e

2e0cnq0

Asj j2Ap

X2
B � X2 � iXCB

; ð6:3:31Þ

dAs

dz
¼ � ixq2c2e

2e0cnq0

Ap

�� ��2As

X2
B � X2 þ iXCB

: ð6:3:32Þ

Using the relationship of light intensity and field amplitude:

IpðzÞ ¼ 1
2
e0cn Ap

�� ��2; ð6:3:33Þ

IsðzÞ ¼ 1
2
e0cn Asj j2; ð6:3:34Þ

From Eqs. (6.3.31) to (6.3.32) we can obtain

dIp
dz

¼ �gIpIs; ð6:3:35Þ

dIs
dz

¼ �gIpIs: ð6:3:36Þ

where g is the gain factor of Brillouin scattering. Setting XB þX � 2X and XB �
X � 0; g can be approximately expressed as

g ¼ g0
ðCB=2Þ2

ðXB � XÞ2 þðCB=2Þ2
: ð6:3:37Þ

When X ¼ XB; g ¼ g0; g0 is the gain factor at canter of spectrum line:

g0 ¼ xq2c2e
e20n

2c2q0XCB
: ð6:2:38Þ

Because X ¼ XB ¼ qvb; q ¼ 2kP , so

g0 ¼ 4c2ex
2

e20nvbc
3q0CB

: ð6:3:39Þ
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According to the Boundary condition in Fig. 6.13, assuming the pump light
intensity is a constant, i.e., Ip ¼ constant, the solution of Eq. (6.3.36) is

IsðzÞ ¼ IsðLÞegIpðL�zÞ: ð6:3:40Þ

We can see that the Brillouin scattering Stokes wave in the medium is reverse
propagation and exponential increase.

6.3.3 Experiments of Stimulated Brillouin Scattering

The requirements to the working medium of stimulated Brillouin scattering are: ①
high transparency in pump light frequency area; ② with higher mass density and
larger electrostriction coefficient; ③ it can sustain the higher focused laser power
do not be damage. Actually, almost all common optical medium can be used for
generating the SBS light, including the solid medium (crystalline quartz, fused
quartz, optical grass, optical fiber, organic crystal, polymer material etc.), the liquid
medium (carbon disulfide, benzene, acetone, carbon tetrachloride, glycerin, water,
etc.),the gas medium (H2, N2, CH4, CO2 etc.), in general these gases is in high
pressure state for increasing the density of gas. Because the frequency range of
Brillouin scattering is very small (smaller than 1 cm−1 order of magnitude), the
pump light source for generating SBS usually is used the pulsed laser with spectral
width less than 1 cm−1.

Figure 6.14 shows the several experimental setups for realizing SBS.
Figure 6.14a is a common setup. The pump light via a lens focuses into the medium
and one-way passes through it to produce a backward Brillouin scattering. In order
to prevent the backward SBS return to laser to affect the normal work, an optical
isolator consisted of a polarizing prism and a k=4 wave plate is placed between the
laser and the scattering medium. After the polarization plane of backward SBS light
rotates 90°, it outputs from the polarizing prism. In the setup in Fig. 6.14b, a SBS
medium is placed into an optical resonant cavity. The axis of cavity deflects a small
angle respect to the pump light, it can generate a SBS light near the reverse
direction (h � p). The feedback of light cavity can decrease the threshold of pump
light; it also can realize the tuning of frequency shift through adjusting the angle.
Figure 6.14c is placing the scattering medium into a light cavity, its axis is per-
pendicular to the direction of pump light, a thicker pump light via a cylindrical lens
from edgewise focuses into scattering medium, and produces SBS light with angle
h ¼ p=2: In Fig. 6.14d, the backward SBS light produced by the scattering medium
is amplified via a laser amplifier and then outputs from a polarization lens with
90°-rotated polarization. This setup is frequently used for the experiment that uses a
backward SBS to produce the phase conjugation light.

In comparison with the stimulated Raman scattering, the stimulated Brillouin
scattering has smaller frequency shift, in order to measure it, except using the high
resolution spectrograph, it usually uses an F–P etalon to process the spectrum
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photograph analysis. Figure 6.15 shows an experimental setup for measuring the
frequency shift of the backward SBS light respect to the pump light by using an F–P
etalon. Using a planar beam splitter with part reflectivity to make a backward SBS
light beam and a half of pump light beam sampling from another plane reflector
together pass through a concave lens, interference imaging on the F–P etalon
respectively, to form interference ring with double ring structure. In which a group
of complete ring is formed by the SBS light; another group of half ring is formed by
the pump light. If know the free spectral region of the etalon, then the frequency
shift of SBS can be determined from the interval between two groups of rings.

Fig. 6.14 Experimental setups for the stimulated Raman scattering: a the pump light one-way
passes through medium to generate a backward SBS that outputs from the side of a polarization
lens; b the medium placed in a resonant cavity generating a near backward SBS output; c the
medium placed in resonant cavity generating SBS outputted along 90° direction; d the backward
SBS passes through a laser amplifier and outputs from side of polarization lens
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Figure 6.16 shows a ring-shape interference photo of the backward SBS light of
the dimethyl sulfoxide liquid (whole ring) and the 532 nm-pump laser (half ring)
taken on a 3 mm-thick quartz glass etalon.

Review Questions of Chapter 6

1. Which types do light scattering has? What are origins and characteristics of
these light scatterings?

2. What is the difference between the stimulated radiation scattering and the
spontaneous radiation scattering?

3. Please describe the classical physical picture of the stimulated Raman scattering
generation. How to determine the propagation directions of Stokes scattering

Fig. 6.16 The photo of the interference ring of the dimethyl-sulfoxide backward SBS light (whole
ring) and the interference ring of 532 nm-pump light (half ring) taken by an F–P etalon. From the
interval of two interference rings can determine the frequency shift of SBS

Fig. 6.15 Experimental setup for measuring the frequency shift of backward SBS using an F–P
etalon
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light and anti-Stokes scattering light? How to experimentally demonstrate the
stimulated Raman scattering?

4. Using classical theory method to derive the formula of stimulated Raman
scattering nonlinear susceptibility. Please show the frequency spectrum char-
acteristics of the real part and imaginary part of susceptibility for Stokes scat-
tering and anti-Stokes scattering respectively.

5. Please describe the classical physical picture of the stimulated Brillouin scat-
tering generation. Please discuss the propagation law of the pump light, the
scattering light and the acoustic wave. How to experimentally demonstrate the
stimulated Brillouin scattering?

6. Using classical theory method to derive the nonlinear polarization formulae of
the stimulated Brillouin Stokes scattering and anti-Stokes scattering. Please
discuss their propagation directions and gains.

7. From point of view of energy and momentum conservation to discuss: what are
different physical mechanisms and properties of SRS and SBS?
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Chapter 7
Nonlinear Absorption and Refraction
of Light

Nonlinear light absorption is a basic phenomenon of the interaction between the light
and the matter. The nonlinear absorption can be described as the absorption coeffi-
cient of the medium being a function of the light intensity. Firstly this chapter studies
the single-photon absorption (SPA) and the two-photon absorption (TPA) based on
the light-matter interaction under the condition of far away the resonance. Secondly
this chapter studies the saturable absorption (SA) and the reverse saturable absorption
(RSA) based on the light-matter interaction under the condition of close to the res-
onance. In addition, the applications of these nonlinear absorptions are also intro-
duced, such as the application of TPA in the semiconductor all-optical switches and
the application of RSA in the all-optical limiters. In this chapter, according to the K–K
relation, we also discuss the single-photon refraction (SPR) related to the
single-photon absorption (SPA); the saturable refraction (SR) and the reverse sat-
urable refraction (RSR) related to the SA and the RSA, respectively.

7.1 Single-Photon Absorption and Two-Photon
Absorption

7.1.1 Light-Intensity Transmission Equations

1. Light-Intensity Transmission Equations for SPA and/or TPA

When a laser beam propagates in a medium, if the interaction between light and
matter is far away from the resonance, it may exists two kinds of absorptions in the
medium at the same time: the single-photon absorption and the two-photon
absorption. We denote the total absorption coefficient of medium as aT:

aT ¼ aþ bI: ð7:1:1Þ
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where α is the single-photon absorption coefficient, I is the light intensity, and β is a
ratio coefficient, it is called the two-photon absorption coefficient.

Suppose a laser beam with intensity I and at frequency ω propagates along z-axis
direction in the medium. Because of the existence of light absorption, the light
intensity decreases with the increase of the transmission distance. The
light-intensity transmission equation can be expressed as

dI
dz

¼ �aTI ¼ �(aþ bI)I: ð7:1:2Þ

The numerical value of β is generally very small. When the light intensity is not
very strong, i.e., a[ [ bI, the TPA can be neglected, so the Eq. (7.1.2) can be
written as

dI
dz

¼ �aI: ð7:1:3Þ

This is the light-intensity transmission equation for the single-photon absorption
in a[ [ bI case.

However, if the light intensity I being strong enough to lead bI[ [ a, the
single-photon absorption coefficient can be neglected, i.e., a � 0; Eq. (7.1.2) can be
written as

dI
dz

¼ �bI2: ð7:1:4Þ

This is the light-intensity transmission equation for two-photon absorption
process in bI[ [ a case.

As we know that the medium is composed by atoms or molecules. Supposing the
energy-level structure of the atom or molecule is a two-level system, and denoting
the lower energy level as E1 and the upper energy level as E2, when a light inputs
the medium, the atoms or molecules could absorb the incident photons to make the
energy-level transition in the certain condition. If the photon energy �hx is near the
energy difference between two levels, i.e., �hx ¼ E2 � E1, in this case the SPA is
dominator. However, if the photon energy �hx is near a half of the energy difference
between two levels, i.e., �hx ¼ ðE2 � E1Þ=2, in this case the TPA is dominator. It
can be seen that the light absorption of medium is whether SPA or TPA depends on
the frequency of the incident light and the energy-level structure of medium.

From the light-intensity transmission Eq. (7.1.2) we can see that the light
absorption is whether SPA or TPA also depends on the light intensity I: in weak
light intensity case the absorption is appeared SPA; but in strong light intensity case
the absorption is appeared TPA. As we know that the light intensity is I ¼
ðN�hxÞ=DSDt; where N�hx is the total light energy (�hx is the energy of photon, N is
total photon number), ΔS is the cross sectional area of passing light and Δt is the
time of passing light (near the pulsewidth of light). So the intensity I is inversely
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proportional to the pulsewidth of light Dt, For example, the pulsewidth of
femtosecond laser is shorter than that of picosecond laser in1000 times, so the
intensity of the femtosecond laser is larger than that of picosecond laser in 1000
times. Therefore, under the action of the picosecond (or wider) pulsed laser, the
absorption performance of the medium belongs to the SPA. Nevertheless under the
action of femtosecond laser, the medium shows the TPA effect. In short, the light
absorption performance of the medium also relies on the pulsewidth of the incident
light.

2. Light-Intensity Transmission Equations in Third-Order Nonlinear and
Linear Case

If we only consider the third-order nonlinear optics effect in off-resonance case, the
single-photon absorption coefficient can be expressed as

a ¼ a0 þDa ¼ a0 þ a2I; ð7:1:5Þ

where a0 is the linear absorption coefficient, Da denotes the third-order nonlinear
absorption in SPA process, which is proportional to the light intensity I, a2 is a ratio
coefficient, it is called the nonlinear absorption coefficient. In the next section we
will show that Da is negative, i.e., a2\0; so the single-photon absorption coeffi-
cient a can be expressed as

a ¼ a0 � a2j jI: ð7:1:6Þ

Equation (7.1.6) shows that the absorption coefficient a is a linear function of the
light intensity I, and the single-photon absorption coefficient decreases with the
increase of the intensity.

As we mention before, the two-photon absorption bI is proportional to the light
intensity I, same as the third-order nonlinear absorption a2I in SPA, so TPA is also
a kind of third-order-nonlinear effects. But the sign symbols of both ratio coeffi-
cients are different: b[ 0 and a2\0: The total nonlinear absorption can be written
as

aT ¼ aþ bI ¼ a0 � a2j jIþ bI: ð7:1:7Þ

Substituting Eq. (7.1.7) into Eq. (7.1.2), then we obtain:

dI
dt

¼ �a0I � ðb� a2j jÞI2: ð7:1:8Þ

This is the light-intensity transmission equation when considering the third-order
nonlinear effects of SPA and TPA.

Actually, in general a2j j is much smaller than b, i.e., b[ [ a2j j; so that the
light-intensity transmission equation can be approximately written as
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dI
dz

¼ �a0I � bI2: ð7:1:9Þ

This is the light-intensity transmission equation when omitting the single-photon
nonlinear absorption.

Equation (7.1.9) shows that when the incident-light intensity is very small, all of
the nonlinear effects can be ignored, thus Eq. (7.1.9) becomes

dI
dz

¼ �a0I: ð7:1:10Þ

This is the light-intensity transmission equation for the single-photon absorption
in low-intensity case.

7.1.2 Single-Photon Nonlinear Absorption and Refraction

1. Single-Photon Nonlinear Absorption

If a monochromatic light at frequency x is inputted into an isotropic medium with
thickness of L, and it propagates along the z-coordinate direction, denoting the
light-field amplitude at z point as Eðz;xÞ; the light intensity at that point as Iðz;xÞ;
the inputted field amplitude as Eð0;xÞ and the outputted field amplitude as EðL;xÞ,
consequently the third-order nonlinear single-photon absorption process is shown in
Fig. 7.1, where the total absorption coefficient of medium α can be divided into two
parts: the linear absorption α0 and the nonlinear absorption Δα.

As we know that the steady-state nonlinear wave equation in the isotropic
medium under the slowly-varying-amplitude approximation is

dEðz;xÞ
dz

¼ ix
2e0cn0

Pðz;xÞ: ð7:1:11Þ

We only consider the first- and third-order nonlinear polarization processes, the
total polarization is given by

Pðz;xÞ ¼ Pð1Þðz;xÞþPð3Þðz;xÞ: ð7:1:12Þ

Fig. 7.1 Schematic diagram
of the third-order nonlinear
single-photon absorption
process
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Because we just discussed the light absorption, only taking the imaginary part of
susceptibility iv00, the first-order linear polarization is

Pð1Þðz;xÞ ¼ ie0v
ð1Þ00ðxÞEðz;xÞ: ð7:1:13Þ

And the third-order nonlinear polarization is

Pð3Þðz;xÞ ¼ 3ie0vð3Þ00ðx;x;�x;xÞ Ej j2Eðz;xÞ: ð7:1:14Þ

Substituting Eqs. (7.1.12)–(7.1.14) into Eq. (7.1.11), we will obtain

dEðz;xÞ
dz

¼ � 1
2

x
cn0

vð1Þ00ðxÞþ 3x
cn0

vð3Þ00ðx;x;�x;xÞ Ej j2
� �

Eðz,xÞ: ð7:1:15Þ

Using I ¼ 1
2 e0cn0 Ej j2ðxÞ, Eq. (7.1.15) becomes

dEðz;xÞ
dz

¼ � 1
2

x
cn0

vð1Þ00ðxÞþ 6x
e0c2n20

vð3Þ00(x)I
� �

Eðz;xÞ: ð7:1:16Þ

We express the first item of the right side of Eq. (7.1.16) as the linear absorption
coefficient a0:

a0¼ x
cn0

vð1Þ00ðxÞ; ð7:1:17Þ

and the second item is the nonlinear absorption coefficient Da:

Da ¼ 6x
e0c2n20

vð3Þ00ðxÞI; ð7:1:18Þ

the total absorption coefficient a is then

a ¼ a0 þDa: ð7:1:19Þ

To replace the bracket in Eq. (7.1.16) with Eq. (7.1.19), then we will obtain the
integral solution of the field amplitude at z point:

Eðz;xÞ ¼ Eð0;xÞe�a
2z: ð7:1:20Þ

Therefore, the relationship between the input intensity and the output intensity is

IðzÞ ¼ Ið0Þe�az: ð7:1:21Þ

This means that for a certain input intensity Ið0Þ and medium absorption coef-
ficient α, the output intensity presents an exponential decay with the increase of z.

7.1 Single-Photon Absorption and Two-Photon Absorption 181



According to Eqs. (7.1.19) and (7.1.18), the absorption coefficient a in
Eq. (7.1.21) can be expressed as

a ¼ a0 þDa ¼ a0 þ a2I: ð7:1:22Þ

where a2 is the nonlinear absorption coefficient, which can be written as

a2 ¼ 6x
e0c2n20

vð3Þ00ðxÞ: ð7:1:23Þ

Obviously, a2 is proportional to the imaginary part of the third-order suscepti-
bility. It can be proved that vð3Þ00ðxÞ\0; so a2\0; Eq. (7.1.22) can be written as

a ¼ a0 � a2j jI: ð7:1:24Þ

Equation (7.1.24) means that the absorption coefficient linearly decreases with
the increase of light intensity. When I ¼ a0= a2j j; a ¼ 0; the curve of a verses the
I is shown in Fig. 7.2.

Assuming the length of the medium is L, the transmittance of medium can be
expressed as

T ¼ IðLÞ
Ið0Þ ¼ e�aL ¼ e�ða0� a2j jIÞL: ð7:1:25Þ

In this case the transmittance of medium increases with the increase of intensity.
When I ! a0= a2j j; T ¼ 1. That means in the high-power case the medium becomes
transparency without absorption.

2. Single-Photon Nonlinear Refraction

According to the K–K relation [see Eq. (2.3.32)], there is a relationship between the
refractive-index change and the absorption coefficient change, which is

DnðxÞ ¼ c
p
P � V �

Z 1

0

Daðx0Þ
x02 � x2dx

0: ð7:1:26Þ

Fig. 7.2 The absorption
coefficient of medium as a
function of the intensity in the
case of third-order nonlinear
polarization for the
single-photon absorption
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One can conduct an experiment to test the Da ¼ a� a0 for different frequency to
get a Daðx0Þ spectrum, and calculate by using Eq. (7.1.26) to get Dn ¼ n� n0 for a
certain x, where n0 is the linear absorption coefficient. Therefore the nonlinear
refractive index of medium n for a certain x can be obtained.

As we know that when an incident laser at x and with I inputs into the medium,
the Kerr effect will happen:

n ¼ n0 þDn ¼ n0 þ n2I: ð7:1:27Þ

where n2 is the nonlinear absorption coefficient. Equation (7.1.27) tells us that the
refractive index of medium n is a function of the intensity I, this is just the
third-order nonlinear refraction in the single photon case.

We have learnt from Chaps. 2 to 5 that the n2 is proportional to the real part of
the third-order susceptibility:

n2 ¼ 3
e0cn20

vð3Þ0ðxÞ: ð7:1:28Þ

We can see that Eqs. (7.1.27) and (7.1.28) for describing the nonlinear refraction
are corresponding to Eqs. (7.1.22) and (7.1.23) for describing the nonlinear
absorption. Both effects belong to the third-order nonlinear optical phenomenon in
the single-photon process.

7.1.3 General Theory of Two-Photon Absorption

When two light beams at different frequencies x1 and x2 pass through the non-
linear medium simultaneously, if the sum of two photon energies is close to an
energy difference of two energy levels of the medium, i.e., �hx1 þ �hx2 ¼ E2 � E1,
one may find the two light beams at x1 and x2 simultaneously decay due to the
absorption of the medium. Such phenomenon is called two-photon absorption
(TPA) [1]. Figure 7.3 shows a schematic diagram of the two-photon resonance
absorption. The feature of this effect is that there is a virtual energy level between
two real energy levels.

Fig. 7.3 Schematic diagram
of two-photon resonance
absorption
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The two-photon absorption is a kind of third-order nonlinear optical effects,
which can be described by a slowly-varying-amplitude-approximation nonlinear
wave equation, which is

@Eðz;xiÞ
@z

¼ ixi

2e0cn
Pð3Þðz;xiÞ � xi ¼ 1; 2 ð7:1:29Þ

Assuming there are two light waves with frequencies of x1 and x2 propagating
along z direction, the field amplitudes of two lights can be written as

Eðz;x1Þ ¼ E0ðz;x1Þeiðkz�x1tÞ þ c:c: ð7:1:30Þ

Eðz;x2Þ ¼ E0ðz;x2Þeiðkz�x2tÞ þ c:c: ð7:1:31Þ

The nonlinear polarizations induced by these two fields are respectively

Pð3Þðx1Þ ¼ 6e0vð3Þðx1;x2;�x2;x1ÞEðx2ÞE�ðx2ÞEðx1Þ; ð7:1:32Þ

Pð3Þðx2Þ ¼ 6e0vð3Þðx2;x1;�x1;x2ÞEðx1ÞE�ðx1ÞEðx2Þ: ð7:1:33Þ

Because we only concern the absorption, taking the imaginary part of the sus-
ceptibility, and substituting Eqs. (7.1.32) and (7.1.33) into Eq. (7.1.29), then we
obtain two nonlinear wave equations:

@Eðz;x1Þ
@z

¼ � 3x1

cn1
vð3Þ00ðx1;x2;�x2;x1ÞEðx2ÞE�ðx2ÞEðx1Þ; ð7:1:34Þ

@Eðz;x2Þ
@z

¼ � 3x2

cn2
vð3Þ00ðx2;x1;�x1;x2ÞEðx1ÞE�ðx1ÞEðx2Þ: ð7:1:35Þ

According to the symmetric rule of susceptibility, we have

vð3Þ00ðx1;x2;�x2;x1Þ ¼ vð3Þ00ðx2;x1;�x1;x2Þ: ð7:1:36Þ

Taking the procedure of Eq. (7.1.34) × E�ðx1Þ- Eq. (7.1.35) × E�ðx2Þ, we then
get the following equation:

n1
x1

E�ðz;x1Þ @Eðz;x1Þ
@z

� n2
x2

E�ðz;x2Þ @Eðz;x2Þ
@z

¼ 0: ð7:1:37Þ

To integrate of z on both side of Eq. (7.1.33), we obtain

n1
x1

Eðz;x1Þj j2� n2
x2

Eðz;x2Þj j2¼ constant: ð7:1:38Þ
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Using Ii ¼ 1
2 ce0ni Eij j2ði ¼ 1; 2Þ; Eq. (7.1.38) becomes:

I1ðz;x1Þ
�hx1

� I2ðz;x2Þ
�hx2

¼ constant: ð7:1:39Þ

To rewrite Eq. (7.1.39) to be the photon-umber relationship:

Nðz;x1Þ � Nðz;x2Þ ¼ Nð0;x1Þ � Nð0;x2Þ; ð7:1:40Þ

or

Nðz;x1Þ � Nð0;x1Þ ¼ Nðz;x2Þ � Nð0;x2Þ: ð7:1:41Þ

It shows that the two light beams at x1 and x2 are absorbed and amplified by the
medium at the same time in TPA process.

On the both sides of Eq. (7.1.34) times E�ðz;x1Þ and on the both sides of
Eq. (7.1.35) time E�ðz;x2Þ; respectively, therefore TPA process can be expressed
by the following two coupled equations:

dI1
dz

¼ �b1I1I2; ð7:1:42Þ

dI2
dz

¼ �b2I1I2: ð7:1:43Þ

where b1 and b2 are two-photon absorption coefficients:

b1 ¼
6x1

e0c2n1n2
vð3Þ00; ð7:1:44Þ

b2 ¼
6x2

e0c2n1n2
vð3Þ00: ð7:1:45Þ

We can see that b1 and b2 are all proportional to the imaginary part of the
third-order nonlinear susceptibility.

Specifically, when a single light beam at the frequency x and with the intensity
I propagates in the medium, it also can generate the two-photon effect. In this case,
the two photons have the same frequency: x1 ¼ x2 ¼ x. And the related two light
beams have I1 ¼ I2 ¼ I and b1 ¼ b2 ¼ b. TPA process in this case can be
expressed by one equation, that is

dI
dz

¼ �bI2; ð7:1:46Þ
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where

b ¼ 6x
e0c2n2

vð3Þ00: ð7:1:47Þ

If the intensity of light incident into the medium at z ¼ 0 is Ið0Þ ¼ I0, the
solution of Eq. (7.1.46) will be

IðZÞ ¼ I0
1þ I0bz

: ð7:1:48Þ

The relation of the light intensity (I) versus the propagation distant (z) in TPA
process is shown in Fig. 7.4.

7.1.4 Two-Photon Absorption and Refraction
in Semiconductor

1. Two-Photon Absorption and Free-Carrier Absorption in Semiconductor

In the semiconductor, there are a conduction band and a valence band, these
two-band structure is equivalent to a two energy-level system. The interval between
the two bands is called the forbidden band (or the bandgap). When a light beam
irradiates a semiconductor medium, the light absorption phenomenon is generated:
the semiconductor absorbs a photon with energy near or exceed the bandgap, i.e.,
�hx�Eg, it will stimulate an electron from the valence band jumping to the con-
duction band to be a free electron. At the same time, a hole at valence band also
becomes a free hole. Both of two free-carriers bind together to form a free
electron-hole pair, as shown in Fig. 7.5.

A large number of photons stimulate the electrons to generate a quantity of free
electron-hole pairs, and induces the change of the free-carrier concentration,
therefore it results in the change of the absorption coefficient of semiconductor.
That is the nonlinear absorption phenomenon of semiconductor in the single-photon
case.

Fig. 7.4 The light intensity
as a function of the
propagation distant in TPA
process of single light beam
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The experiment also shows that if the light frequency is x0, the photon energy
equals to a half of the bandgap, i.e., �hx0 ¼ Eg=2, it also finds the light absorption:
absorbing two photons at frequency x0 to stimulate two electron-hole pairs at the
same time, then change the free-carrier concentration and the absorption coefficient.
That is two-photon absorption phenomenon.

A laser beam propagates in the semiconductor along the z direction, as we
presented in Sect. 1.7.1, the light-intensity transmission equation is

dI
dz

¼ �aI � bI2: ð7:1:49Þ

where a is the single-photon absorption coefficient (here a � a0); b is the
two-photon absorption coefficient. How can we measure the a and b by using the
experimental method?

We can solve the Eq. (7.1.49) to get the following formula [2]

IðzÞ ¼ Ið0Þae�az

aþ bIð0Þð1� e�azÞ : ð7:1:50Þ

Taking z ¼ L, Eq. (7.1.50) can be written to

1
IðLÞ ¼

1
e�aLIð0Þ þ

bð1� e�aLÞ
ae�aL

; ð7:1:51Þ

where I(0) is the input light-intensity; I(L) is the output-light intensity. and L is the
length of material.

Setting Y ¼ 1=IðLÞ;X ¼ 1=Ið0Þ, and B ¼ bð1� e�aLÞ=ae�aL, Eq. (7.1.51)
becomes

Y = eaLXþB: ð7:1:52Þ

The common method of measuring nonlinear absorption coefficients is using the
measured semiconductor material to make a slab waveguide with the length of L,
inputting a short-pulse laser and continuously changing its power, then measuring
the input intensity Ið0Þ and the output intensity IðLÞ, and taking their reciprocal
values to record on a coordinate graphs of Y � X ¼ 1=IðLÞ � 1=Ið0Þ as the
experimental points. To connect the experimental points in a nearly straight line, as
shown in Fig. 7.6. From the slope of the straight line eaL, we can calculate to obtain

Fig. 7.5 Schematic diagram
of light absorption in
semiconductor
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the absorption coefficient a, and then from the intercept of the straight line on the
vertical axis Y, i.e., B ¼ bð1� e�aLÞ=ae�aL, finally to find the value of b.

For example, aGaAs=AlGaAsMQW ridge waveguide with a dimension of long ×
high × wide = 1 cm × 0.8 μm × 1.5–5.5 μm, using a mold-lock YAG laser at the
wavelength of 1.064μm and with the pulsewidth of 90 ps as the input laser, con-
tinuously changing the input intensity, to get an experimental curve (see Fig. 7.6).
The measured results are: a ¼ 112m�1 and b ¼ 2:0� 10�10m=W for TM polar-
ization mode; a ¼ 90m�1 and b ¼ 2:7� 10�10m=W for TM polarization mode.

It is worth noting that the light source used in the experiment is a pulsed laser,
the measured intensity by photodetector is the average intensity. However, the
calculated intensity by the theoretical formula is the peak intensity. How to transfer
the average intensity to the peak power?

We assume that the incident laser is a Gaussian beam; its intensity is a
Gaussian-type time function:

IðtÞ ¼ I0 exp
�2t2

T2

� �
; ð7:1:53Þ

where I0 is the peak intensity, T is the full width at half maximum amplitude
(FWHM). Because we define the full width at 1=e of maximum intensity as

ffiffiffi
2

p
T , the

phase factor of Gaussian beam is written as expð�2t2=T2Þ, as shown in Fig. 7.7.
The Fig. 7.7 shows that the time original point is located at the maximum

intensity, when t ¼ 0, the phase factor is e0 ¼ 1, so IðtÞ ¼ I0; when
t ¼ ð ffiffiffi

2
p

=2ÞT ¼ T=
ffiffiffi
2

p
, the phase factor is e�1, so IðtÞ ¼ ð1=eÞI0. For the Gaussian

pulse, the relationship between the peak intensity I0 and the average intensity Iavg
can be calculated to obtain:

Fig. 7.6 The reciprocal input intensity as a function of the reciprocal output intensity. The
experimental points obtained from an measurement form a straight line
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I
Iavg

¼
ffiffiffiffiffiffi
2tp

p
ffiffiffiffiffiffi
pT

p ; ð7:1:54Þ

where T is FWHM of the Gaussian pulse; tp is the width of average intensity, which
is the width of a square pulse, who’s total energy equals to that of the Gaussian
pulse. For example, in the above experiment, we used a YAG pulsed laser, the
measured data are T ¼ 75 ps and tp ¼ 13 ns; so the ratio of the peak intensity and
the average intensity is 138.

Now we substitute the measured data a ¼ 100m�1, b ¼ 2� 10�10 m=W;
tp ¼ 13 ns, T ¼ 75 ps and L ¼ 0:01m into Eq. (7.1.51), calculating to obtain the
input-output intensity curve for two-photon absorption, i.e., the IðLÞ � Ið0Þ curve
(1), as shown in Fig. 7.8. Obviously, with the increase of the input light intensity,
the output light intensity has a saturation characteristic.

In fact, in the semiconductor, there is another nonlinear absorption mechanism—
free carrier absorption (FCA). The FCA mainly derives from two-photon absorption
(TPA): the medium absorbs two photon energy (2�hx), then stimulates the electronic
transition to generate the electron-hole pairs, i.e., free carriers. When measuring the
two-photon absorption coefficient b by using Eq. (7.1.51), people often cannot
distinguish FCA from TPA. The curve (1) shown in Fig. 7.8 includes both effects.

Fig. 7.8 The curve of output
intensity versus input
intensity for two-photon
absorption obtained from the
calculation. (1) without
considering the effect of FCE
to TPA, calculated by using
Eq. (7.1.51); (2) considering
the effect of FCE to TPA,
calculated by using
Eqs. (7.1.60) and (7.1.61)

Fig. 7.7 Diagram for
explaining the phase factor of
Gaussian beam
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In order to exclude FCA from the TPA measured data, we need modify
Eq. (7.1.49), namely adding a new item in its right side for describing FCA [2]:

dI
dz

¼ �aI � bI2 � rexDNI: ð7:1:55Þ

where rex is the total absorption cross section of free carriers; DN is the change of
free-carrier number density, which comes from the two-photon absorption. Using
Eq. (7.1.4), we have

dI
dz

¼ de
dt

¼ dN
dt

ð2 hvÞ ¼ bI2; ð7:1:56Þ

where e is the light-energy density; hv is the single-photon energy, N is the
free-carrier number density and b is the two-photon absorption coefficient. Thus the
change of the free-carrier umber density with the time is

dN
dt

¼ bI2

2hv
: ð7:1:57Þ

Assuming the incident light is a Gaussian-type pulse as shown in Eq. (7.1.53),
the change of the free-carrier number density under a single pulse DNP can be found
from the following integral calculation:

DNP ¼ b
2hm

Z1
�1

I20 exp
�4t2

T2

� �
dt ¼

ffiffiffi
p

p
bTI20
4hv

; ð7:1:58Þ

where T is FWHM of light; I0 is the peak intensity of the light.
Actually no carrier is produced by one light pulse. If the recombination time of

the carrier is τ, before this time the other pulses also have contribution to the
production of the carrier. Suppose the pulse duration of the laser pulse is tp, thus the
change of total free-carrier number density is

DN ¼ DNP 1þ exp
�tp
s

� �
þ exp

�2tp
s

� �
þ exp

�3tp
s

� �
þ � � �

� �

¼ DNP

1� expð�tp=sÞ
	 
 : ð7:1:59Þ

Substituting Eq. (7.1.59) into Eq. (7.1.55), and giving a definition of the
free-carrier absorption coefficient γ, which is a physical quantity independent from
the intensity:

c ¼ rexDN
I20

¼
ffiffiffi
p

p
rexbT

4hv 1� expð�tP=sÞ½ � ; ð7:1:60Þ
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and setting I20 ¼ I2, we then obtain

dI
dz

¼ �aI � bI2 � cI3: ð7:1:61Þ

This is the light-intensity transmission equation including the free-carrier
absorption for semiconductors.

Therefore, the total absorption coefficient of semiconductor is

aT ¼ aþ bIþ cI2: ð7:1:62Þ

The Eq. (7.1.61) can find its analytical solutions [2].
Taking the following data measured in experiments: a ¼ 100m�1; b ¼ 2�

10�10 m/W, tp ¼ 13 ns; T ¼ 75 ps, s ¼ 30 ns; L ¼ 00:01m, hv ¼ 1:167 eV, and
rex ¼ 5� 10�22 m2, we calculated by Eq. (7.1.60) to get c ¼ 5:1� 10�23m3=W2,
and further calculated using Eq. (7.1.61) to obtain the output-input characteristic
curve, as shown in the curve (2) of Fig. 7.8.

When eliminating the action of FCE, we can see that the TPA output-input curve
(2) has stronger saturation feature compared with the curve (1), and the value of b
becomes smaller. The calculation showed that the value of b reduced from 2:0�
10�10 m/W to 1:5� 10�10 m/W for TM polarization mode; and from 2:7�
10�10 m/W to 2:0� 10�10 m/W for TE polarization mode.

Therefore, it can be seen that although the influence of FCE to TPA is not very
big, this effect cannot be ignored.

2. Two-Photon Absorption Induced Refractive-Index Variation in Silicon

In this section we will discuss the interaction between the femtosecond laser at the
wavelength of 1:55 lm and the silicon material. The laser induces the two-photon
absorption effect, and produces the refractive-index variation of material. In the
TPA process, the two photons are absorbed by the semiconductor material to
produce two electron-hole pairs. The absorption of two photons at the same time
causes the free electron-density change DNe and the free hole-density change DNh

in the semiconductor. The change of the carrier density can induce the
refractive-index variation Dn and the absorption-coefficient variation Da of the
semiconductor. The calculation according to the Drude model obtains the following
two equations [3]:

Dn ¼ � e2k2

8p2c2e0n
DNe

m�
ce

þ DNh

m�
ch

� �
; ð7:1:63Þ

Da ¼ e2k3

4p2c3e0n
DNe

le m�
ce

� �2 þ DNh

lh m�
ch

� �2
 !

; ð7:1:64Þ
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where e is electron charge, e0 is dielectric constant in free space; n is linear
refractive index of material; c is light velocity; m0 is electron mass; m�

ce is electron
conductivity effective mass, m�

ce ¼ 0:26m0; m�
ch is hole conductivity effective mass,

m�
ch ¼ 0:39m0; le is electron mobility; lh is hole mobility; DNe is electron-number

change in every cube centimeter; DNh is hole-number change in every cube
centimeter.

According to the absorption spectrum obtained from experiments and calculation
using the K–K relation, the relationship between the refractive-index change and
the carrier-number-density change at the wavelength of 1:55 lm in silicon can be
obtained [3]:

Dn ¼ Dne þDnh ¼ � 8:8� 10�22DNe þ 8:5� 10�22 DNhð Þ0:8
h i

; ð7:1:65Þ

where Dne represents the refractive-index change induced by
electron-number-density change DNe;Dnh represents the refractive-index change
induced by hole-number-density change DNh. The minus symbol in Eq. (7.1.65)
shows that the increase of the free-carrier density results in the decrease of the
refractive index of material.

Assuming the electron-number-density change equals to the
hole-number-density change, i.e., DNe ¼ DNh ¼ DN; and the incident light is a
Gaussian-type pulse, the free-carrier–number- density change due to the
two-photon absorption is expressed by Eq. (7.1.58), that is

DN ¼
ffiffiffi
p

p
bT2

0

4 hm
¼

ffiffiffi
p

p
bTP2

4 hmS2
: ð7:1:66Þ

where b is the two-photon absorption coefficient; hm is a photon energy; T is the
FWHM of the Gaussian pulse; P is the peak power of the light; S is the cross section
of the silicon waveguide. In addition, according to Eq. (7.1.54), the ratio between
the peak power P and the average power Pavg is given by

P
Pavg

¼
ffiffiffi
2

p
tpffiffiffi

p
p

T
: ð7:1:67Þ

Substituting Eqs. (7.1.66) and (7.1.66) into Eq. (7.1.65), we obtain the
refractive-index change as a function of the average power of pump light for silicon
materials, that is

Dn ¼ Dne þDnh

¼ � 8:8� 10�22
bt2p

2 hm
ffiffiffi
p

p
TS2

P2
avg þ 8:5� 10�22

bt2p
2 hm

ffiffiffi
p

p
TS2

P2
avg

 !0:8
2
4

3
5:

ð7:1:68Þ
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It is clear that in the case of two-photon absorption under the action of a
femtosecond pulse laser, the refractive-index change is approximately proportional
to the square of the average power (Dn / P2

avg). However in the case of
single-photon absorption under the action of CW laser or wide-width pulsed laser
(up to the picosecond) being proportional to the light peak power (Dn / PÞ, i.e., the
Kerr effect. That is to say, in silicon materials, the optical nonlinearity based on the
TPA is much stronger than that based on the Kerr effect.

In Chap. 10 we will introduce the all-optical switches in a silicon ridge
nanowaveguide microring, which is based on TPA effect. The device is bumped by
a femtosecond laser. The switching power of the device is lower about 10 mW,
which is reduced in 1000 time compared with the Kerr effect based all-optical
switches.

However, TPA effect in silicon induces the FCA effect, which reduces the
switching time of devices due to the long free-carrier recombination time (*1 ns).
The switching time of the TPA based all-optical switches can only reach about
100 ps. In order to overcome the speed limitations due to the FCA effect, scientists
suggest using a silicon–organic hybrid (SOH) approach, which is to replace the
silicon ridge waveguide with a silicon slotted waveguide filled with a nonlinear
organic molecular material. Therefore these all-optical switches have fast response
time due to the Kerr effect, their switching time can be less than 10 ps.

7.2 Saturable Absorption and Reverse Saturable
Absorption

Previous section discussed two kinds of nonlinear optical absorptions: the
single-photon absorption and the two-photon absorption under the condition of the
light-matter interaction away from resonance. We only studied the third-order
nonlinear optical process. This section will discuss another two kinds of nonlinear
optical absorptions: the saturable absorption and the reverse saturable absorption.
Because they are under the condition of the light-matter interaction on the reso-
nance, we should use the energy-level-transition model of molecules (or atoms) to
describe. Actuary, the model implies the all different high order nonlinear optical
processes.

7.2.1 Molecular-Energy-Level Model of Saturable
Absorption

1. Macroscopical Characteristics of Saturable Absorption

Many experiments show that, when a laser irradiates some organic materials, the
absorption coefficient of the material will decrease with the increase of light
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intensity, until reaching a saturation value. This effect is known as the saturable
absorption (RS). The relationship between the absorption coefficient aðIÞ and the
light intensity I is expressed as [4]

aðIÞ ¼ a0
1þ I

Ic

: ð7:2:1Þ

where a0 is the linear absorption coefficient of the material; Ic is the saturation
intensity, which depends on the property of material.

Figure 7.9 shows a curve of the absorption coefficient as a function of the light
intensity. In the figure, the vertical axis denotes the absorption coefficient of aðIÞ;
the horizontal axis denotes the relative light intensity of I=Ic, here Ic is the satu-
ration intensity, which determines the speed of absorption saturation with the
increase of the light intensity. We can see that if Ic is smaller, the aðIÞ declines
faster; when I � 0; a ¼ a0; when I ¼ Ic; a ¼ a0=2; and when I ! 1; a ! 0:

Assuming the length of the medium is L, the incident light intensity is Ið0Þ, and
the transmitted light intensity is IðLÞ, in the case of the saturable absorption, the
transmission of medium is

T ¼ IðLÞ
Ið0Þ ¼ e�aðIÞL: ð7:2:2Þ

According to Eqs. (7.2.2) and (7.2.1), the transmission of medium increase with
the increase of the intensity until to T = 1 when I ! 1. It means that the medium
becomes transparent under a strong light intensity, this phenomenon is called as
“bleaching”.

Fig. 7.9 Characteristic curve of the saturable absorption
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In the 1970s the saturable absorption is widely applied in the laser-pulse com-
pression techniques, such as Q-switching and mode locking [5]. In the 1980s,
scientists studied the intrinsic optical bistable devices, which are based on the
saturable absorption effect [6].

The saturable absorption cannot be described by the nonlinear polarization
theory, but it can be simply explained by the energy-level transition model of
microcosmic particle (molecule, ion or atom) system under the laser’s action. When
the particles in the ground state absorb the energy of photons of extraneous laser
and jump to the first excited states, if the laser is strong enough, it will make the
absorption of system to be saturation. This is the origin of the saturable absorption
phenomenon. Here we are going to discuss the two-level and three-level model for
the saturable absorption by using the rate equation theory [7].

2. Two Energy-Level Model of Saturable Absorption

Firstly we consider the saturable absorption in a simple two-level molecular model,
which consists of the ground-state S0 with energy ε1 and molecular-number density
n1 and the first excited-state S1 with energy ε2 and molecular-number density n2, as
shown in Fig. 7.10.

Under the resonance interaction between the light at frequency ω, with intensity
Ι and the two-level molecular medium, the photon energy equals to the difference of
two-level energies, i.e., �hx ¼ e1 � e0. The molecules on the ground-state absorb the
photons jumping to the excited state as a stimulated transition with an absorption
cross section (or a transition probability) of σ0. Because the lifetime of molecule in
the excited-state is very short, the molecules return to the ground-state from the
excited-state through two ways: the most of molecules through the spontaneous
radiation (or non-radiation) with a relaxation time s21 (or a transition probability
1=s21); only a part of molecules come back to ground-state through the stimulated
radiation with the same transition probability of σ0.

Denoting the total molecule-number density as N, the change of n2 with the time
is described by the following rate equations:

@n2
@t

¼ r0
�hx

Iðn1 � n2Þ � n2
s21

; ð7:2:3Þ

and

N ¼ n1 þ n2: ð7:2:4Þ

Fig. 7.10 Light-induced
saturable absorption in a
two-level molecular model
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When the pulsewidth of laser is much larger than the molecule relaxation time,
i.e., sL [ [ s21, it can be treated as meeting the steady-state condition, so @=@t ¼
0 in Eq. (7.2.3), then we obtain the difference of molecule-number density between
the two energy levels, that is

Dn ¼ n1 � n2 ¼ N
1þ I

Ic

; ð7:2:5Þ

where Ic is the saturation intensity defined as

Ic ¼ �hx
2r0s21

: ð7:2:6Þ

When I ¼ 0, the linear absorption coefficient is

a0 ¼ Nr0; ð7:2:7Þ

When I 6¼ 0; the nonlinear absorption coefficient is

aðIÞ ¼ DnðIÞr0: ð7:2:8Þ

Substituting Eqs. (7.2.7) and (7.2.8) into Eq. (7.2.5), then we obtain Eq. (7.2.1)
for the saturable absorption:

aðIÞ ¼ a0
1þ I

Ic

:

We can see that when I ! 1;Dn ! 0; then n1 � n2 . That is to say, under the
action of a strong light, through the transition of molecules S0 ! S1 and S1 ! S0,
the molecule-number density of the ground state equals to that of the excited state.
It means that the molecular system achieves a balance state, the photons cannot be
absorbed by the medium again, and the light will totally pass through the medium.
This is the essence of the absorption saturation of a two-energy-level system.

The semiconductor material has two energy bands with different energy: the
conduction band and the valence band. So we can regard the semiconductor as a
two energy-level system. Figure 7.11 shows an experimental curve for a
GaAs=GaAlAs MQW material with a length of L [6]. The curve shows the exciton
absorption aexL as a function of the light intensity I, i.e., a aexL� I curve. The
wavelength of incident laser at 0.85μm is just at the peak of the exciton absorption
spectrum.

From Fig. 7.11 we can see that when the light intensity I ! 1, the exciton
absorption coefficient aex does not go to zero, but tends to a value of aexL ¼ 0:26: It
shows the existence of other absorption effects. Later we will point out that this
effect mainly comes from the excited-states nonlinear absorption.
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3. Three Energy-Level Model of Saturable Absorption

In dye-molecule materials, there are a singlet energy-level system and a triplet
energy-level system; each of them can be regarded as a two-level system. The
saturable absorption of dye molecules can be regarded as a three-level model with
two excited-state level S1; T1 and a mutual ground-state level S0, as shown in
Fig. 7.12.

The molecules on the ground state S0 absorb the extraneous photons, and jump
to the singlet excited state S1 with an absorption section r0. The molecules on the
state S1 transit to the triple excited state T1 with a large probability of 1=s23. Only a
small number of molecules on the state S1 directly go back to the state S0. Because
of the probability of 1=s21 being very small, a large number of molecules accu-
mulate in the state T1. Under a strong incident light intensity, the number of
molecules on the state T1 will reach to a saturation value that equals to the total
number of the molecular system.

The rate equations for describing the change of molecule number density n1; n3
and n1 with the time for the three excited states S1; T1 and S0 are expressed as
respectively [7]

@n2
@t

¼ r0
�hx

Iðn1 � n2Þ � n2
s21

� n2
s23

; ð7:2:9Þ

@n3
@t

¼ n2
s23

� n3
s31

; ð7:2:10Þ

Fig. 7.11 Curve of the
exciton absorption as a
function of the light intensity
in a GaAs=GaAlAs MQW
material with a length of
L under 10 K low
temperature, the wavelength
of laser is 0.85 μm

Fig. 7.12 Three-level model
for explaining the saturable
absorption in dye-molecule
materials
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n1 þ n2 þ n3 ¼ N; ð7:2:11Þ

where N is the total molecule number density of the system.
In the steady-state condition, we have @=@t ¼ 0: Considering s31; s21 [ [ s23,

the solutions of above three equations will be

n1 ¼ N
1þ I

Ic

; ð7:2:12Þ

n2 � 0; ð7:2:13Þ

n3 ¼ N

1þ Ic
I

; ð7:2:14Þ

where Ic is the saturation intensity of the three-level system, which is

Ic ¼ �hx
r0s31

: ð7:2:15Þ

The linear and nonlinear absorption coefficients are respectively

a0 ¼ Nr0; ð7:2:16Þ

a ¼ Dnr0 ffi n1r0: ð7:2:17Þ

From Eqs. (7.2.16), (7.2.17) to (7.2.12), we obtain the absorption coefficient
Formula (7.2.1) again. It is obviously, the law of the saturable absorption of the
three-level model is the same as that of the two-level model. However, the physical
conception of absorption saturation for both models is different. From Eqs. (7.2.12)
to (7.2.14) we can see, when I ! 1 and n1 ! 1, then n3 ! N. It means that the
all of molecules transfer from the ground-state to the triplet excited-state via the
singlet excited-state under a strong incident light. As a result, the system cannot
absorb photons again. This is the essence of the absorption saturation for the
three-level system.

The saturable absorption phenomenon mainly occurs at the peak wavelength of
the linear absorption spectrum (i.e., the resonance absorption region), where the
absorption coefficient has very strong intensity-dependence, i.e., the system has a
strong optical nonlinearity.
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7.2.2 Relation Between Saturable Absorption
and Three-Order Nonlinear Absorption

Formerly we pointed out that the relationship between the absorption coefficient
and the light intensity in the case of the third-order nonlinear polarization is linear
as shown in Fig. 7.2. However, based on what we have derived from the rate
equations, the relationship between those two is saturable as shown in Fig. 7.9,
which is not a line relationship. How to explain this difference? Our interpretation
is that the saturated absorption is a nonlinear resonant absorption based on the
energy-level transition process, implicating that the saturated absorption of the
system includes the contributions of each order nonlinear polarization effects, not
only the third-order nonlinear polarization effect. Here we want to prove that the
third-order nonlinear absorption is only a linear approximation of the saturated
absorption under the weak intensity.

Now we consider a two-level system bumped by a laser beam. The saturation
intensity of this system Ic is expressed by Eq. (7.2.6). When the intensity in the
medium I is very small then Ic, i.e., I\\Ic , we take the Taylor series expansion
for Eq. (7.2.1), and only keep the linear approximation item, the nonlinear
absorption coefficient of the system will be

a ¼ a0 1þ I
Ic

� ��1

� a0 1� I
Ic

� �
¼ a0 � a0

Ic
I: ð7:2:18Þ

In this case, the absorption coefficient is a linear function of the light intensity, as
shown in Fig. 7.13.

In compare with Eq. (7.2.18): a ¼ a0 � a2j jI; we have

a2j j ¼ a0
Ic
; ð7:2:19Þ

In short, the third-order nonlinear absorption is a linear approximation of the
saturated absorption under the condition of I\\Ic.

Fig. 7.13 The comparison of
the saturable absorption and
the third-order nonlinear
absorption
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7.2.3 Molecular-Energy-Level Mode of Reverse Saturable
Absorption

1. Five-Level Model of Reverse Saturable Absorption [8]

An effect is called as the reverse saturable absorption (RSA) in which the
absorption coefficient increases with the increase of the light intensity, as shown in
Fig. 7.14. In the figure, α is the absorption coefficient of the medium; I is the light
intensity in the medium; and a0 is the linear absorption coefficient, i.e.,
low-intensity absorption coefficient of the medium.

RSA is a nonlinear optical absorption caused by the transitions between excited
states under a strong light radiation. The large organic molecules have a large
number of energy levels. Within the non-resonance wavelength area, the
ground-state absorption is weak; but the excited-state nonlinear absorption may
appear stronger, it is possible to generate the RSA.

In order to describe the reverse saturable absorption in the organic large mole-
cules, a five-level model is used, which is consisted of the singlet and triplet two
energy-level systems, as show in Fig. 7.15.

In Fig. 7.15, 0; 1; 2; 3; 4; . . . denotes the lowest electronic energy-level; and
10; 20; 30; 40; . . . denotes the upper vibration and rotation energy levels. S0 is the
ground-state level, S1 and S2 are the first and a higher excited-state levels in the
singlet system. T1 and T2 are the first and the higher excited-state levels in the triplet
system. When a laser beam at the frequency ω irradiates the molecule system, the
molecules on electronic level 0,1,3 simultaneously absorb the photons at the fre-
quency ω, and jump to the sublevels 10; 20; 40 with the absorption cross-section
r0; rS; rT , respectively. Because the life time of the molecules in these sublevels is
very short (shorter than a picosecond), the molecules jump down to the lower levels
of 1, 2, 4 through a rapid relaxation, then down to the level 0, 1, 3 by the nonra-
dioactive relaxation. At the room temperature, the stimulated emission of organic
molecules is in a very small probability, it can be ignored. The lifetime of levels 1
and 3 are sS (about tens of nanoseconds) and sT (up to microseconds or more),
respectively.

The inter-system relaxation time sST in the transition between levels 1–3 is
generally short (nanoseconds or sub-nanoseconds), namely sST\\sS0 and sT0,

Fig. 7.14 Characteristic
curve of the reverse saturable
absorption
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hence its transition probability is great. Because the probability from excited state
T1 to S0 is very small, the most of molecules accumulate to the level 3.

Under the excitation of a laser, except the stimulated absorption from the
electronic level 0, 1, 3 to the sublevels 10; 20; 40, existing also the stimulated
absorption S1 ! S2 and T1 ! T2, they all contribute to the change of the total
absorption coefficient. However the lifetimes of state S2 and T2 are very short
(
 psÞ, the probability for remaining in these states is very little, so
molecule-number density in these two high energy levels can be ignored. We just
consider the changes of molecule-number densities n1; n2 and n3 at the energy
levels S0; S1 and T1 with the time.

In the large organic molecules with the central symmetry, there are a large
number of energy levels and easy to generate the RSA, which is suitable to explain
by using the above five-level model. For example, the metal phthalocyanine
(MPc) molecules with two dimensional π-electronic mechanism and the C60

molecules with three dimensional π-electronic mechanism as shown in Fig. 7.16a, b
respectively. There are many vibration and rotation levels near every electronic
level, it makes a possibility that the molecules in ground-state and the excited-state
of single or triple energy-level systems absorbing the photons with the same fre-
quency at the same time. Figure 7.16c, d illustrates the linear absorption spectrum
of MPc and C60. It is visible that near the peak of linear absorption spectrum (in
resonance region), the ground-state absorption is much greater than the excited-state
absorption, i.e., r0 [ [ rS and rT , the saturable absorption occurs only. However,
near the wavelength of 500 nm at the valley of the ground-state absorption spec-
trum (in unresonance area), the excited-state absorption might be greater than the
ground-state absorption, i.e., rS [ r0 and rT [ r0, so the reverse saturable
absorption can be realized.

Fig. 7.15 Five-level model of organic large molecules for explaining the reverse saturable
absorption
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2. Dynamic Equation Solution of Reverse Saturable Absorption [9, 10]

In order to find the relationship between the absorption coefficient and the light
intensity for RSA, we need build three rate-equations for molecule-number densities
of n1; n2 and n3, in addition, we also should build a light-intensity propagation
equation. So the following four dynamic equations are established for solving the four
unknowns: the molecule number densities n1ðtÞ; n2ðtÞ; n3ðtÞ and the intensity Iðz; tÞ:

@n2
@t

¼ r0In1
�hx

� n2
sS0

� n2
sST

; ð7:2:20Þ

@n3
@t

¼ n2
sST

� n3
sT0

; ð7:2:21Þ

n1 þ n2 þ n3 ¼ N; ð7:2:22Þ

@Iðz; tÞ
@z

¼ �aðIÞIðz; tÞ; ð7:2:23Þ

where

aðIÞ ¼ r0n1 þ rSn2 þ rTn3: ð7:2:24Þ

In Eq. (7.2.24), the r0n1; rSn2 and rTn3 are the contributors of levels S0; S1 and
T1 to the total absorption coefficient of the system respectively. In general, in

Fig. 7.16 The π-electron organic molecular structures: a MPC; bC60. The ground-state and the
excited-state absorption spectra: c MPC; dC60
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a molecular system, if the interaction among the molecules is relatively weak, the
total absorption coefficient a equals to the sum of the every energy-level absorption
coefficient ai(i ¼ 1; 2; 3; . . .Þ, and ai is a product of the molecule-number density ni
and the absorption cross-section ri of the every electron energy level. If the
molecular medium has m electron energy levels, the total absorption coefficient a is

a ¼
Xm
i¼1

ai ¼
Xm
i¼1

rini � i ¼ 1; 2; 3; . . .;m ð7:2:25Þ

If the incident laser is assumed a Gaussian-type light pulse, its intensity at the
position z and time t can be written as (see (7.1.53))

Iðz; tÞ ¼ IðzÞe�2ðt=sLÞ2 ; ð7:2:26Þ

where IðzÞ is the intensity at t = 0, sL is the full width at half maximum amplitude
(FWHM) of the laser pulse. Actually, in the experiments with a pulsed laser source,
the quantity measured by the photodetector is not the intensity Iðz; tÞ; but the
fluence FðzÞ; which is defined as

FðzÞ ¼
Z1
�1

Iðz; tÞdt: ð7:2:27Þ

The dynamic Eqs. (7.2.20)–(7.2.24) and Eqs. (7.2.26) and (7.2.27) have the time
and space variables. We should numerically solve these equations by using
computer.

If we know the incident fluence F(0) and the thickness of sample L, we can
calculate to get the output fluence F(L) and the transmittace T ¼ FðLÞ=Fð0Þ as a
function of F(0), i.e., T–F(0) cueve. Because T ¼ e�aL, in terms of RSA, the
absorption coefficient increases with the increase of the light intensity, it means that
the transmittance will decrease with the increase of the light intensity.

We have done a experiment to prove above theoretical results. In the experiment,
the RSA sample is a C60-toluene solution with concentration of 7.2 × 10−4M filled
in a liquid cell with thickness of 5 mm. The RSA characteristic is described by a
five-level model. The absorption cross sections of the C60-toluene solution are
σ0 = 2.87 × 10−18cm2, σS = 1.57 × 10−17cm2 and σT = 9.22 × 10−18cm2. The
relaxation times are τS0 = 30 ns, τT0 = 280 μs and τST = 1.2 ns. The light source is
a frequency-doubled YAG laser at wavelength of 532 nm. This laser can output
respectively two kinds of light pulses with pulsewidth of 8 ns and 21 ps.

Under these two incident laser pulses, we obtained two experiment curves of T–
F(0) for RSA which is consistent with our theoretical calculation results in the range
of Fð0Þ ¼ 1� 103 mJ=cm2, as shown in Fig. 7.17.

We can see that the RSA effect in ps-pulse case is stronger than that in ns-pulse
case. When the incident fluence is larger than 1 J/cm2, the theoretical curve in ns
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case is different from the experimental curve due to the other effects, such as
thermal effect, diffraction, two-photon absorption, and light-induced material
damage and so on.

RSA theory based on five-level molecular model shows that when the laser
pulsewidth sL is greater than the singlet-triplet relaxation time, i.e., sL [ sST , for
instance, the ns-light pulse inputs the molecular system with the inter-system
relaxation time of ≤1 ns. In this case the molecules instantly pass through the
singlet excited state to the triplet excited state, then the triplet excited-state
absorption (a3 ¼ rTn3) plays a dominant role. The condition to realize RSA is
rT [ r0. Therefore, when incident light pulse with nanosecond pulsewidth, the
five-level model can be simplified to be the three-level model (S0-T1-T2), as shown
in Fig. 7.18a.

However, when the laser pulsewidth is small than the singlet-triplet relaxation
time, i.e., sL\sST , for instance, the ps-light pulse inputs the molecular system with
the inter-system relaxation time of ≤1 ns. In this case the molecules cannot transit
to the triplet system from the singlet system, then the singlet excited-state
absorption (a2 ¼ rSn2) plays a dominant role. In this case the condition to realize
RSA is rS [ r0. So the five-level model can be simplified to be the three-level
model (S0-S1-S2), as shown in Fig. 7.18b.

Fig. 7.17 Theoretical and
experimental curves of the
energy transmittance T versus
the incident fluence F(0) for
the C60-toluene solution under
two lasers with pulsewidth of
8 ns and 21 ps

Fig. 7.18 Simplified RSA molecular models: a the three-level model (S0-T1-T2) when inputting a
ns light pulse: b the three-level model (S0-S1-S2) when inputting the ps light pulse
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3. Steady-State Equation Solutions [10]

When the pulsewidth of incident light pulse sL is much larger than the life times of
all excited energy-levels, the nonlinear optical absorption process can deal with as a
steady-state problem, namely @=@t ¼ 0 in Eqs. (2.2.20) and (2.2.21). Assuming
sT0 [ [ sST and sS0 [ [ sST, the solutions of rate equations for n1; n2 and n3 are

n1 ¼ N
1þ I

Ic

; ð7:2:28Þ

n2 � 0; ð7:2:29Þ

n3 ¼ N

1þ Ic
I

; ð7:2:30Þ

where

Ic ¼ �hx
r0sTO

: ð7:2:31Þ

Considering

a0 ¼ Nr0; ð7:2:32Þ

a ¼ n1r0 þ n3rT ; ð7:2:33Þ

We obtain

a ¼ a0
1þ rT

r0

� �
I
Ic

1þ I
Ic

2
4

3
5: ð7:2:34Þ

The curves of the absorption coefficient α as a function of the intensity I for
different σT/σ0 is shown in Fig. 7.19, in which the saturation intensity is Ic = 105

W/cm2. From the figure we can see when rT\r0 the curves belong to the saturable
absorption; when rT [ r0, the curves belong to the reveres saturable absorption;
when rT ¼ r0; a ¼ a0, the curve is a straight line; when I ! 1; a ! a0(rT=r0Þ;
when I ¼ Ic; a ¼ ða0=2Þ[1þ (rT=r0)]:

In addition using the rate-equation theory to study the RSA in five-energy-level
molecular system; we also used the density matrix theory to study the RSA in
multiple energy-level system [11]. We have found the conversion effects between
RSA and SA [12, 13], as well as the conditions of the conversion between RSA and
SA [14].
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7.2.4 Application of Reverse Saturable Absorption
in All-Optical Limiting

Researches on the nonlinear optical absorption and related various excited-state
nonlinear effects deepen the people’s understanding to the interaction between light
and matter. On this basis, it opens up a new field of an excited-state nonlinear
optics.

Revers saturated absorption can be used as an kind of all-optical bistable
devices, which is the enhanced-absorption-type mirrorless devices [6]. Another
important application of RSA is for laser protection, made into a nonlinear optical
limiters to protect the human eyes or photodetectors from laser weapon damage
[15–18].

A characteristic curve of nonlinear optical limiters is shown in Fig. 7.20. In the
figure, FI is the incident fluence, F0 is the outputted fluence, FIC is the limiting
threshold of incident fluence, F0C is the limiting threshold of outputted fluence, FID
is damage threshold of incident fluence, FID � FIC is the dynamic range for incident
fluence, T0 is the linear transmittance.

As an example of the nonlinear optical limiter, Fig. 7.21 shows the working
principle of a grating-type optical limiter under a strong laser pulse. This nonlinear
optical limiter is made up of two pieces of quartz gratings sandwiched with a non-
linear organic liquid film. The refractive index of the organic liquid is matched with
the quartz (about n0 ¼ 1:5Þ in ordinary case without laser pulse, and then the incident
light can pass through the device with a high transmittance. However, under a strong
laser pulse to make the liquid vaporization, the refractive index of liquid will be
changed about Dn � 0:5; and then the laser beam will be scattered by the gratings.

Fig. 7.19 Relationship between the absorption coefficient a and the intensity I under the different
rT=r0 and Ic ¼ 105 W/cm2
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Because of the grating is designed to be that the zero-order scattering intensity is zero,
so the incident light is blocked by a small aperture in front of the eyes of observer, thus
the optical limiter can protect human eyes from the laser damage.

The device performance parameters are: the linear transmittance >80 %; the
output limiting threshold <0.5 mJ/cm2 (just small than the eye-damage threshold);
the dynamic range of FID – FIC > 104; the response time of ns, the spectral range of
400–700 nm.

7.3 Saturable Refraction and Reverse Saturable
Refraction

7.3.1 Description of Saturable Refraction and Reverse
Saturable Refraction [19, 20]

We have mentioned before in the last section, if the interaction among molecules is
weak, and the molecular system has m energy-levels, the system’s absorption

Fig. 7.20 A characteristic
curve of nonlinear optical
limiters

Fig. 7.21 Schematic diagram of a grating-type nonlinear optical limiter
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coefficient a equals to the sum of the absorption coefficients contributed by
individual energy level ai, the ai is proportional to the molecular-number density of
the corresponding energy level Ni, the ratio is just the absorption cross-section ri as
described by Eq. (7.2.25).

When the light irradiates a molecular system to make the energy-level transition
of molecules, resulting in the absorption-coefficient change, according to K-K
relation, the refractivity-index of system is also to be changed. We can regard that
the total refractivity-index of molecular system n equals to the sum of the every
energy-level contributed refractivity index ni, but it should plus 1, because in the
vacuum without molecule, the refractivity index is 1, it is not 0.

Similar to the absorption cross section r with the area dimension, we define a
new physical quantity g with the volume dimension to describe the refractive
index. We call this quantity as the refraction volume. Therefore, in general
speaking, for a molecular system with m electron energy-levels, if the interaction
among molecules can be neglected; the total refractive index of the system n is a
sum of the refractive index of every electron energy-level ni plus 1. The refractive
index of every electron energy-level ni is proportional to the molecular number
density Ni, the ratio coefficient is the refraction volume gi of that electron
energy-level. Thus the total refractive index of the molecular system can be
expressed as

n ¼ 1þ
Xm
i¼1

ni ¼ 1þ
Xm
i¼1

giNi; i ¼ 1; 2; 3; . . .m ð7:3:1Þ

where the molecular number density Ni is a function of the light intensity.
Using above five energy-level model in Fig. 7.15, the molecular number den-

sities for the ground state, the singlet and triplet first excited states are denoted by
N1, N2, and N3 respectively, and the refraction volumes for the ground state, the
singlet and triplet first excited states are denoted by g0; gS and gT respectively, the
total refractive index of the system n can be written as

n ¼ 1þ g0N1 þ gSN2 þ gTN3: ð7:3:2Þ

When the incident light is very weak, all of the molecules stay in the ground
state, then N2 ¼ N3 ¼ 0 and N1 ¼ N; the Eq. (7.3.2) becomes

n0 ¼ 1þ g0N; ð7:3:3Þ

where n0 is the linear refractive index of molecular system, N is the total molecular
number density.

As above mentioned in last section, the change of molecular number density of
each energy-level with changing the time can be described by the following rate
equations:

208 7 Nonlinear Absorption and Refraction of Light



@N2

@t
¼ r0IN1

�hx
� N2

sS
� N2

sST
; ð7:3:4Þ

@N3

@t
¼ N2

sST
� N3

sT
; ð7:3:5Þ

N1 þN2 þN3 ¼ N; ð7:3:6Þ

If pulsewidth of the incident laser is much bigger than the all of the energy-level
live times of the molecular system, we can regard that the interaction between light
and molecular system as a steady-state process. It means @=@t ¼ 0 in the above rate
equations, and we don’t need to consider the variation of the laser intensity, instead
taking its peek intensity of I, we can solve the Eqs. (7.3.4)–(7.3.5) to get the
following variables N1, N2 and N3:

N1 ¼ N
1þðAþBÞI 0 ; ð7:3:7Þ

N2 ¼ ANI 0

1þðAþBÞI 0 ; ð7:3:8Þ

N3 ¼ BNI 0

1þðAþBÞI 0 ; ð7:3:9Þ

where I 0 � I
Ic
; Ic � �hx

r0sS
is the saturation intensity, and

A � sST
sST þ sS

; ð7:3:10Þ

B � sT
sST þ sS

: ð7:3:11Þ

Substituting Eqs. (7.3.7)–(7.3.9) into Eqs. (7.2.3), the total refractive-index of
the system can be written as

n ¼ 1þ g0 þðAgS þBgTÞI 0
1þðAþBÞI 0 N: ð7:3:12Þ

From Eq. (7.3.12) we can see, when the light is strong enough, not only the
ground-state, but also the excited-states in singlet and triplet systems, all have
contributions to the total refractive -index of the system. However, when the light is
very weak (I\\Ic ) i.e., I 0 ! 0; the total refractive -index then becomes a linear
refractive-index, i.e., n0 ¼ 1þ g0N:

We should say that the contributions of the singlet excited-state and the triplet
excited-states to the total refractive index are different. The size of their contribution
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depends on the parameter values of A and B. From Eqs. (7.3.10) and (7.3.11) we
can see, if sST [ [ sS and sT , then A � 1; and B � 0: In this case molecules
cannot jump to the triplet-state from the singlet-state. The nonlinear refractive index
of the system is mainly induced by the singlet first excited-state. The five-level
model is degenerated to the three-level model, as shown in Fig. 7.18b. Thus
Eq. (7.3.12) becomes

n ¼ 1þ 1þðgS=g0ÞI 0
1þ I 0

g0N; ð7:3:13Þ

where I 0 � I
Ic
and Ic � �hx

r0sS
:

If sST\\sS and sT , then A � 0 and B � sT=sS. In this case, most of molecules
transit to the triplet-state from the singlet-state. The nonlinear refractive index of the
system is mainly induced by the triplet first excited-state. The five-level model is
also degenerated to another three-level model, as shown in Fig. 7.18a. Thus
Eq. (7.3.12) becomes

n ¼ 1þ 1þðgT=g0ÞI 00
1þ I 00

g0N; ð7:3:14Þ

where I 00 � I
I 0c

and I 0c � �hx
r0sT

: This formula is suitable for the majority organic

materials. We will discuss it below in detail.
Firstly, we discuss the dependent relation of the refractive index with the light

intensity. If light is weak, we have I\\I 0c , i.e., I
00\\1; the refractive index of the

system is a linear refractive index: n0 ¼ 1þ g0N; if the light is very strong, we have
I[ [ I 0c , i.e., I

00 [ [ 1; the refractive index is a saturable constant: n ¼ 1þ gTN:
For the middle saturation, the light intensity is I ¼ I 0c, i.e. I 00 ¼ 1; thus
n ¼ ½2þðg0 þ gTÞ�ðN=2Þ:

Secondly, we discuss that how the ratio ðgT=g0Þ affects the refractive index of
the system. If gT\g0, the system refractive index decreases with the increase of the
light intensity, this is the case of the saturation refraction (SR). If gT [ g0, the
system refractive index increases with the increase of the light intensity, this is
the reverse saturation refraction (RSR). If gT\\g0, Eq. (7.3.14) for expressing the
refractive index of the three-level system will be simplified into a saturation
equation for expressing the refractive index of the two-level system, that is

n ¼ 1þ g0N
1þ I

Ic

: ð7:3:15Þ

We can see that the refractive index decreases with the increase of the light
intensity.

As a sample, we investigate the C60 in toluene solution under the exposure by a
laser at wavelength of 532 nm. The solvent toluene is a linear liquid, its refractive
index is
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nS0 ¼ 1þ gS0NS; ð7:3:16Þ

where gS0 and NS are the fundamental-state refraction volume and total molecular
number density of the solution, respectively. Therefore, the linear refractive index
of C60 in toluene solution under the weak light is

n0 ¼ 1þ gS0NS þ g0N: ð7:3:17Þ

According to Eq. (7.3.14), the refractive-index formula of C60 in toluene solu-
tion is

n ¼ nS0 þ 1þðgT=g0ÞI 00
1þ I 00

g0N: ð7:3:18Þ

We take the following data for C60 in toluene solution: r0 ¼ 2:87� 10�18 cm2,
rS ¼ 1:57� 10�17 cm2, sS ¼ 30 ns; sT ¼ 280 ls; sST ¼ 1:2 ns; N = 1.68×1018/
cm3, g0 ¼ 8:44� 10�22 cm3, I 0c ¼ 460W=cm2, to calculate and obtain
n0 ¼ 1:4984:

Figure 7.22 presents a group of the curves of the refractive index of C60 in
toluene solution as a function of the intensity. The curves of 1, 2, 3, 4, 5 are
corresponding to gT ¼ 12:66� 10�22 cm3, 10:55� 10�22 cm3, 8:44� 10�22 cm3,
6:33� 10�22 cm3, 4.22×10−22 cm or ðgT=g0Þ ¼ 1:50; 1:25; 1:00; 0:75; 0:50:
Among these, Curves 1 and 2 belong to gT [ g0, i.e., the reverse saturable
refraction; Curves 4 and 5 belong to gT\g0, i.e., the saturable refraction; Curve 3
belongs to gT ¼ g0, the refractive index is n0, which does not change with the
optical intensity.

7.3.2 Physical Significance of Sign Symbol of Nonlinear
Refraction Coefficient

The refractive index of optical Kerr medium can be express as n ¼ n0 þDn ¼
n0 þ n2I; where n2 is nonlinear refraction coefficient. The value of n2 can be pos-
itive or negative for different materials. How to explain the sign symbol of non-
linear refraction coefficient n2? Now we try to answer this question.

Because n0 ¼ 1þ g0N and n ¼ n0 þDn; using Eqs. (7.3.13) and (7.3.14)
obtaining from the singlet and triplet models respectively, we can deduce to get the
refractive-index change i.e., the nonlinear refractive index of a three-level system:

Dn ¼ ðgs � g0ÞNI 0
1þ I 0

; ð7:3:19Þ
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Dn ¼ ðgT � g0ÞNI 00
1þ I 00

: ð7:3:20Þ

When I � Ic , i.e., I 0 � 1; or I � I 0c, i.e., I 00 � 1: Taking Taylor series
expansion for Eqs. (7.3.19) and (7.3.20) and only keeping the linear approximation
item, the refractive-index change will be

Dn ¼ ðgS � g0ÞN
Ic

I; ð7:3:21Þ

Dn ¼ ðgT � g0ÞN
I 0c

I: ð7:3:22Þ

Equations (7.3.21) and (7.3.22) show the Kerr effect of the singlet and the triplet
system respectively.

Now we obtain the microscopic expressions of nonlinear refraction coefficient
n2, for the singlet system with three-level model, which is

n2 ¼ ðgS � g0Þr0sSN
�hx

; ð7:3:23Þ

for the triplet-system with three-level model, which is

n2 ¼ ðgT � g0Þr0sTN
�hx

: ð7:3:24Þ

Fig. 7.22 The refractive index as a function of optical intensity for five energy-level of C60 in
toluene solution, Curves of 1, 2, 3, 4, 5 are corresponding to ðgT=g0Þ = 1.50, 1.25, 1.00, 0.75, 0.50
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Equations (7.3.23) and (7.3.24) point out that the sign symbol of n2 depends
on the difference between the excited-state refraction volume gS or gT and the
ground-state refraction volume g0. If gS\g0 or gT\g0, namely the system is
dominated in the saturable refraction, n2 is negative; on the contrary, if gS [ g0
or gT [ g0, namely the system is dominated in the reverse saturable refraction, n2
is positive. For example, most of liquid molecular systems far from the
resonance belong to the reverse saturable refraction with the positive n2;
however, the compound semiconductors at the exciton-resonance area, such as
GaAs, belong to the saturable refraction with the negative n2. Apparently this
judgment should be proved by more experimental results with multiple different
materials.

Review Questions of Chapter 7

1. Please deduce the absorption coefficient formula for third-order nonlinear
absorption, and explain the relationship between the absorption coefficient and
the transmittance of light intensity.

2. What is the two-photon absorption? Please deduce the formula of relationship
between two-photon absorption coefficient and the light intensity. How to
measure the two-photon absorption coefficient of semiconductor? What is the
influence of the free-carrier absorption in this measurement?

3. What is the difference between two nonlinear-refractive-index formulas under
two-photon absorption and single-photon absorption (i.e. optical Kerr effect) for
the semiconductor?

4. According to two-level and three-level models of molecular systems, to derive
the absorption coefficient formulas of the saturated absorption, and explain
the reason of absorption-saturation phenomenon in these two molecular
models.

5. Why two absorption-coefficient formulas for saturated absorption and
third-order nonlinear absorption are different? What the relationship between
these two effects is?

6. What is the reverse-saturated absorption? Starting from the five-level model of
molecule system to analysis the causes of the saturated absorption; and to
deduce the absorption coefficient formula for reverse-saturated absorption under
the steady-state condition. Under what conditions the contribution of singlet- or
triplet-excited-state absorption is dominate?

7. What is the nonlinear grating-type optical limiter? Please explain the role of
reverse-saturated absorption in this limiter.

8. What is the reverse-saturation refraction? Please write down the refractive-index
formulas considering the transition between excited states and the linear
approximation formula under weak light intensity. From these formulas to
explain the physical meaning of the sign symbol of nonlinear refraction
coefficient n2.
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Chapter 8
Optical Bistability and Its Instability

This chapter studies the property of the nonlinear optical system with feedback—
optical bistability. We will discuss firstly the basic conception of optical bistability;
secondly, the working principles of typical optical bistable devices
(OBD) including two kinds of all-optical OBDs: nonlinear F–P etalons filled with
the saturable absorption material and optical Kerr material, and three kinds of
electro-optical hybrid OBDs: electro-optical F–P etalon, electro-optical M–Z
interferometer, and electro-optical polarization modulation; finally, the theoretical
analysis of stability problems of optical bistability, including the stability condition
of optical bistability system, and two kinds of optical instability: the optical pul-
sation in the double feedback system and the optical chaos in the feedback delayed
system.

8.1 Introduction to Optical Bistability

8.1.1 Basic Conception of Optical Bistability [1–4]

1. Definition of Optical Bistability

If an optical system under a given incident light intensity ðIi0Þ exists two possible
transmitted light intensities (It1 and It2), and a recoverable and fast switching
conversion between these two intensity states can be realized, then we say that this
system possesses optical bistability (OB), as shown in Fig. 8.1.

Figure 8.2 shows the characteristic curve for describing the relation of input
intensity and output intensity (It � Ii curve) of the optical bistability system. It is
clear that the transmitted light intensity is a two-value (or multiple-value) function
of the incident light intensity.
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The characteristic curve of optical bistability is a hysteresis loop similar to
ferromagnetism loop or ferroelectricity loop. The characteristic curve of OB has
following two properties:

(1) Retardation:
In the two intensity stable states, the transmitted light change always lags
behind the incident light change. This retardation is arising from the negative
feedback in the system; the negative feedback determines the bistability of
system.

(2) Mutability:
The two stable states of transmitted light intensity can be rapid interconversion,
this mutability is arising from the positive feedback of system; the positive
feedback determines the fast switching characteristic of system.
In short, the feedback in optical bistability plays an important role. The optical
bistability, in general, is the bistability of light intensity (or light power),
sometimes this conception of bistability can be expand to other physical
quantities, such as frequency etc.

2. Composition of Optical Bistable Devices

The optical device with optical bistability is called Optical Bistable Device
(OBD). OBD is a kind of nonlinear optical devices, which are based on both
factors: the nonlinear medium and the feedback mechanism, as shown in Fig. 8.3.

The typical OBD is an F–P etalon filled with the nonlinear medium, as shown in
Fig. 8.4. The feedback is completed by two reflective mirrors of F–P cavity.

Fig. 8.1 Schematic diagram
of the definition of optical
bistability

Fig. 8.2 Characteristic curve
of optical bistability

Fig. 8.3 Composition
principle of optical bistable
device
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The F–P type optical bistable device looks like a laser. As we known that the
laser is consisted of three elements: the gain medium, the optical resonant cavity,
and the pump energy source. The composition of OBD also has three elements: the
nonlinear medium, the feedback system and the input energy.

A comparison between the optical bistable device and the laser is shown in
Table 8.1. Both of them have some similarities and differentia. For example, both
have an optical resonator to provide a feedback for enhancing the interaction
between light and medium. But the medium placed in the cavity is different: for
laser, it is an active medium with gain, but for OBD, it is a passive nonlinear
medium; and the action of optical resonator is different: for laser, it only needs a
positive feedback, to guarantee a stable laser oscillation output; but for OBD, it
need a negative feedback to obtain two positive stable outputs, and also need a
positive feedback to realize the fast switching between two states. In addition, both
of them all produce the light radiation, but both of radiations are different, for laser,
it is a stimulated radiation; for OBD, it is a superradiation; from physical point
view, both of them are belong to the nonequilibrium phase-transition system, but
the laser is a second-class nonequilibrium phase-transition system, and OBD is a
first-class nonequilibrium phase-transition system.

8.1.2 Classification of Optical Bistable Device

Classified by feedback methods, the OBD is mainly divided into two kinds: the
intrinsic optical bistable device and the hybrid optical bistable device.

1. Intrinsic OBD

The intrinsic OBD is based on the all-optical feedback; it is also called the
all-optical OBD. The typical intrinsic OBD is a nonlinear F–P etalon, which is an

Fig. 8.4 Optical bistable
device consisted of a
nonlinear F–P etalon

Table 8.1 Comparison between OBD and laser

Similarities Differentia

OBD Laser

Cavity feedback Negative/positive feedback Positive feedback

Optical medium Nonlinear medium (passive) Gam medium (active)

Radiation characteristic Superradiation Stimulated radiation

Nonequilibrium phase transition First class Second class
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F–P etalon containing a nonlinear medium, as shown in Fig. 8.4. According to the
different mechanism of nonlinear medium, the intrinsic OBD can be further divided
into three types:

1. Absorption OBD, which is caused by the light-induced nonlinear absorption
coefficient change, i.e., DaðIÞ.

2. Refraction OBD, which is caused by the light-induced nonlinear reflective-index
change i.e., DaðIÞ, it also called the dispersion OBD.

3. Thermal OBD, which is caused by the thermal-induced nonlinear
refractive-index change, it also can sum up as the refraction OBD.

2. Hybrid OBD

The hybrid OBD is based on a mixed feedback, which is a combination of
optical feedback and another physical feedback mechanism, such as the
electro-optic feedback, the magneto-optic feedback, acousto-optic feedback, etc.
The typical electro-optic hybrid OBD is an electro-optic crystal modulator inside an
interferometer (see Sect. 8.2.2).

Optical bistable device has a great variety, in addition to classify by feedback
method and the nonlinear mechanism, the all-optical OBD can be divided into
with-cavity and non-cavity. The with-cavity OBD includes active type and passive
type, and the non-cavity OBD can be divided into single mirror device and without
mirror device (due to internal feedback mechanism). The electro-optic hybrid OBD
can be divided into the external electro-optic effect device and the internal
electro-optic effect device. The classification of optical bistable device is shown in
Fig. 8.5.

Fig. 8.5 Classification of optical bistable device
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8.2 Optical Bistable Device

8.2.1 Principle of F–P Etalon Intrinsic Optical Bistable
Device

1. F–P Etalon Absorption Optical Bistable Device

The typical absorption OBD is constituted by placing the saturable absorption
medium (absorber) in the F–P resonant cavity, as shown in Fig. 8.6, where Ii and It
are incident and transmitted light intensities, respectively, and I is the light intensity
in the medium inside the cavity.

We have mentioned before the absorption coefficient of the saturable absorption
medium is

a ¼ a0
1þðI=IcÞ ; ð8:2:1Þ

where a0 is the linear absorption coefficient; I is the light intensity in the medium; Ic
is the saturable intensity. The Eq. (8.2.1) shows that the absorption coefficient a
decreases with the increase of light intensity I. When the I reaches Ic; a ¼ a0=2.

In 1969 Szöke et al. [5] gave a theoretical model of absorption OB, they ana-
lyzed the light electrical-field distribution in absorption F–P etalon OBD, as shown
in Fig. 8.7.

The F–P cavity is filled with the absorption medium. The absorption coefficient
of absorption medium is a (here do not consider the refraction and the dispersion).
Assuming the interval between two mirrors of F–P cavity is L, the reflectivity and
the transmittance of mirrors are R and T respectively, and the frequency of incident
laser is equal to the resonant frequency of F–P cavity. To denote the incident,

Fig. 8.6 F–P etalon
absorption optical bistable
device

Fig. 8.7 Light electrical-field
distribution in F–P etalon
absorption OBD
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reflection, forward, backward and transmitted electric-field amplitude as
EI;ER;EF;EB;ET respectively, then at z ¼ 0, the relationship among these
electric-field amplitudes can be expressed as

EFð0Þ ¼
ffiffiffiffi
T

p
EI þRe�ða=2Þ2LEFð0Þ ¼

ffiffiffiffi
T

p
EI þRe�aLEFð0Þ ð8:2:2Þ

Equation (8.2.2) can be written to

EFð0Þ
EI

¼
ffiffiffiffi
T

p

1� Re�aL
: ð8:2:3Þ

Because aL\\1; e�aL � 1� aL and 1� R ¼ T , then Eq. (8.2.3) can be
written to approximately:

EFð0Þ
EI

�
ffiffiffiffi
T

p

1� Rð1� aLÞ ¼
1ffiffiffiffi

T
p ð1þ kÞ ; ð8:2:4Þ

where

k � RaL
1� R

: ð8:2:5Þ

According to Eq. (8.2.1), we have

a ¼ a0
1þ IF=Ic

: ð8:2:6Þ

Substituting Eq. (8.2.6) into Eq. (8.2.5), then we obtain

k ¼ k0
1þ IF=Ic

; ð8:2:7Þ

where

k0 ¼ Ra0L
1� R

: ð8:2:8Þ

At z ¼ L, the relationship of electric-field amplitudes ET and EF is given by

ET ¼
ffiffiffi
T

p
EFðLÞ ¼

ffiffiffiffi
T

p
e�aL=2EFð0Þ �

ffiffiffiffi
T

p
EFð0Þ: ð8:2:9Þ

Combing Eqs. (8.2.9) and (8.2.4), we obtain
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EI

ET
¼ 1þ k: ð8:2:10Þ

Using Eqs. (8.2.10) and (8.2.7), and IT / ETj j2; II / EIj j2, we obtain

II
IT

¼ ð1þ kÞ2 ¼ 1þ k0
1þ IT=TIc

� �2

: ð8:2:11Þ

Defining the normalized incident light intensity X � II=TIc and the normalized
transmitted light intensity Y � IT=TIc, Eq. (8.2.11) can be written as

X ¼ Y 1þ k0
1þ Y

� �2

: ð8:2:12Þ

This is a cubic curve of transmitted light intensity Y; it has the inflection point
and the negative slope region, so the system could possess the optical bistability.

Taking different k0, we can calculate to get a group of relationship curves
between the normalized transmitted light intensity and the normalized incident light
intensity, i.e., optical bistability curves, as shown in Fig. 8.8.

From Fig. 8.8 we can see, the condition for generating the optical bistability (or
negative slop region) is

k0 � Ra0L
1� R

[ 8: ð8:2:13Þ

Because 1� R ¼ T and R � 1, the threshold condition of absorption OB can be
express as

a0L
T

[ 8: ð8:2:14Þ

Here T is transmitted loss of reflective mirror. That is to say, the generation of
optical bistability requires the single-trip linear absorption loss of medium in the

Fig. 8.8 Optical bistability
curves of F–P etalon
absorption OBD under
different k0
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cavity greater than the transmittance of reflective mirror in eight times. Here
mentioned linear absorption loss actually is nonlinear absorption loss under mini-
mum low light intensity, because from Eq. (8.2.6) we can see that when
IF � 0; a � a0; and the transmittance of reflective mirror is the cavity loss when
without medium in cavity.

Because the finesse of F–P interferometer is

F ¼ p
ffiffiffi
R

p

T
; ð8:2:15Þ

The threshold condition of absorption OB also can be expressed as

(a0
ffiffiffi
R

p
F=p)[ 8. ð8:2:16Þ

Obvious, increasing the finesse of F–P interferometer, the reflectivity of cavity
mirror and the linear absorption coefficient of material, it is benefit to satisfy the
threshold condition of absorption OB.

In the beginning scientists observed the absorption OB according to above
condition, they did not find the optical bistability, hence scientists guessed that
maybe there is a kind of background absorption coefficient aB to stop the generation
of the optical bistability. This background absorption coefficient comes from the
excited state absorption or the non-resonant absorption of other transition process.
Because the action of aBL can be regarded as a cavity own loss similar to the
transmitted loss T. Considering the effect of background absorption, the
Eq. (8.2.14) can be rewritten as

a0L
T þ aBL

[ 8: ð8:2:17Þ

That is to say, for a certain linear absorption loss of medium in cavity, when
decreasing the transmittance of cavity mirror and the background absorption of
medium, it is advantageous to generate the absorption optical bistability.

2. F–P Etalon Refraction Optical Bistable Device

The typical refraction (dispersion) intrinsic OBD is an F–P etalon filled with an
optical Kerr medium, as shown in Fig. 8.9. Setting the incident intensity is Ii, the

Fig. 8.9 F–P etalon
refraction optical bistable
device

222 8 Optical Bistability and Its Instability



transmitted intensity is It, the intensity inside the medium in the cavity is I, the
length of F–P cavity is L, and the reflectivity of each mirror is R.

For the optical Kerr medium, the refractive index of medium is a linear function
of the light intensity:

n ¼ n0 þ n2I; ð8:2:18Þ

where n0 is the linear refractive index of medium, n2 is the nonlinear refraction
coefficient. I is light intensity inside the medium in F–P cavity, which can be
approximately expressed as

I � 1þR
1� R

� �
It; ð8:2:19Þ

where It is the transmitted light intensity of F–P cavity; R is the reflectivity of the
reflective mirror of F–P cavity. Substituting Eq. (8.2.19) into Eq. (8.2.18), then we
obtain

n ¼ n0 þ n2
1þR
1� R

� �
It: ð8:2:20Þ

Figure 8.10 plots the optical paths of F–P interferometer based on multi-beam
interference.

Setting the cavity length of F–P interferometer is L, the phase difference between
two adjacent transmitted lights, i.e., a round-trip phase shift, which is

/ ¼ 2p
k
nð2LÞ ¼ 4p

k
nL: ð8:2:21Þ

Substituting Eq. (8.2.20) into Eq. (8.2.21), we obtain

/ ¼ /0 þ/2It; ð8:2:22Þ

Fig. 8.10 Schematic diagram
of the multi-beam interference
for F–P interferometer
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where /0 is the light phase shift for a round-trip in the cavity when It � 0 (or the
initial phase shift):

/0 ¼
4p
k
n0L: ð8:2:23Þ

/2 is a constant related with the nonlinear refraction coefficient n2:

/2 ¼
4p
k

1þR
1� R

� �
n2L: ð8:2:24Þ

From Eq. (8.2.22), the relationship between the transmittance of device s and the
phase shift of light / is

s ¼ It
Ii
¼ /� /0

/2Ii
: ð8:2:25Þ

Here the relationship of τ and ϕ is a straight line,the slope of straight line is
depended on the reciprocal of the incident light intensity. We call Eq. (8.2.25) the
feedback relation of OB.

According to the characteristic of F–P interferometer, there is another period
relationship between the transmittance τ and the phase shift ϕ:

s ¼ It
Ii
¼ 1

1þ 4R
T2 sin2

/
2

; ð8:2:26Þ

where R and T is the refractivity and transmittance of the reflective mirror,
respectively. If ignoring the absorption, Rþ T ¼ 1. We call Eq. (8.2.26) the
modulation relation of OB.

The relationship curve of s� / for the F–P interferometer is shown in Fig. 8.11.
The spacing between two adjacent transmission peaks is 2p, the half peak width is
d/, and the initial phase shift is /0.

Fig. 8.11 Relationship curve
of s� / for the F–P
interferometer
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In order to solve the simultaneous Eqs. (8.2.25) and (8.2.26), we can use a
graphing method to find the intersection points of two curves described by these
two equations, as shown in Fig. 8.12. When we gradually increase the incident
intensity, from Eq. (8.2.25) we can see, the slope of the line is gradually reduced, so
that the intersection points are moving along a� 1� b� c in turn. Inversely, when
we gradually decrease the incident intensity, the slope of the line is gradually
increased. The intersection points are moving along c� 3� d � a in turn.

Corresponding to these operating points, we can plot a characteristic curve of the
refraction OB, i.e., the transmitted intensity as a function of the incident intensity,
as shown in Fig. 8.13.

Connecting the operating points of a� 1� b� 2� d � 3� c, we can obtain an
S-shape OB loop. We will proof that the S-shape curve b� 2� d(dotted line) with
the negative slope is unstable, so that at operating points b and d the device occurs
switching on and switching off, respectively. The OBD operating range is between
the straight lines of bc and ad. Within this range there are two possible transmitted
intensities corresponding to one incident intensity, such as at the incident intensity
Ii0, there are two transmitted intensities It1 and It3.

Below we use an analytical method to study the characteristic of refraction OB
[6]. At first we rewrite the Eq. (8.2.26) (it is a transcendental function) to be a linear
algebraic equation. Because the optical bistability happens near the peak of the
s� / curve / ¼ 2mpðm ¼ 0; 1; 2; � � �Þ, were the sinusoidal function can be
approximately written as sinð/=2Þ � /=2, then Eq. (8.2.26) becomes

Ii � 1þ R/2

T2

� �
It: ð8:2:27Þ

Figure 8.14 shows the s� / curve at the vicinity of the peak / ¼ 2mp(m = 0
and 1). Because the coordinate origin is at the peak m = 0, ϕ and /0 are all
negative, so Eq. (8.2.22) can be rewritten as

Fig. 8.12 Use of the
graphing method to find the
operating points of refraction
OBD

8.2 Optical Bistable Device 225



/ ¼ /0 � /2It: ð8:2:28Þ

Substituting Eq. (8.2.28) into Eq. (8.2.27), then we obtain

Ii ¼ ½1þ R
T2 ð/0 � /2ItÞ2�It: ð8:2:29Þ

Setting II ¼ /2
/0
Ii; IT ¼ /2

/0
It and k ¼ R/2

0
T2 , Eq. (8.2.29) becomes

II ¼ kI3T � 2kI2T þð1þ kÞIT : ð8:2:30Þ

This is a cubic equation of IT . For the different initial phase shift /0 (i.e., the
different k) there are different refraction OB curves, as shown in Fig. 8.15 for the
reflectivity of cavity mirror R = 0.9. In the figure, /0 = 0.183 corresponds to the
critical OB curve.

In general speaking, the slope of dIT
dII

on the each point of optical bistability curve
depends on the characteristic of system at that point:

When 0 \ dIT
dII

� 1, no gain and OB;

When 1 \ dIT
dII

�1, differential gain;

When �1 \ dIT
dII

\0, optical bistability.

Fig. 8.13 Use of the
graphing method to plot the
characteristic curve of the
refraction OB

Fig. 8.14 s� / curve at the
vicinity of the peak at / ¼
2mp (m = 0 and 1)
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So the optical bistability only occurs in the negative slope region of OB curve.
In order to find the threshold conditions for OB, we should take the second

derivative: d2II
dI2T

¼ 0 to find the inflection point of the OB curve, which is cut-off

point between differential gain and optical bistability, were the slope is

G ¼ dIt
dIi

¼ 1: ð8:2:31Þ

The second derivative to Eq. (8.2.30) is

dII
dIT

¼ 3kI2T � 4kIT þ 1þK

d2II
dI2T

¼ 6kIT � 4k ¼ 0

Then we obtain the transmitted intensity at the inflection point: IT ¼ 2
3.

Substituting this value into Eq. (8.2.31):

G ¼ dIT
dII

¼ dII
dIT

� ��1

¼ ½3kI2T � 4kIT þ 1þ k��1

�����
IT¼2

3

¼ ð1� k
3
Þ�1 ¼ 1

We obtain the k value corresponding to the critical OB curve: k ¼ 3.

From the definition of k : k ¼ R/2
0

T2 ¼ 3, to get the initial phase shift: /0j j ¼
ffiffi
3

p
Tffiffiffi
R

p .

Using the finesse formula of F�P etalon (8.2.15): F ¼ p
ffiffiffi
R

p
T , the initial phase shift

for generating OB should be

/0j j[
ffiffiffi
3

p
p

F
: ð8:2:32Þ

Fig. 8.15 Different refraction
OB curves (It as a function of
Ii) for different /0
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Further using the definition of F�P finesse

F ¼ 2p
d/

; ð8:2:33Þ

the threshold condition for optical bistability is given by

/0j j[
ffiffiffi
3

p
p

F
ffi 2p

F
¼ d/: ð8:2:34Þ

It is clear that in order to realize the refraction OB, we must select the initial
phase shift /0 larger than the half of width of transmitted peak of τ-/ curve.

Substituting IT ¼ 2
3 and k ¼ 3 into Eq. (8.2.28), to obtain II ¼ 8

9, so the trans-
mitted intensity and the incident intensity at the inflection point of OB curve are
given by

Itc ¼ 2
3
/0
/2

¼ 2
3

ffiffi
3

p
p

/2F

Iic ¼ 8
9
/0
/2

¼ 8
9

ffiffi
3

p
p

/2F

)
: ð8:2:35Þ

In conclusion, in order to obtain the bester F–P etalon refraction OB, the fol-
lowing conditions are required:

1. Appropriate choice of the initial phase shift for reducing the threshold intensity;
2. The high F–P finesse is required for reducing the total phase shift;
3. The strong enough incident light intensity is needed for meeting the threshold

conditions;
4. The material with large nonlinear refraction coefficient is needed for reducing

the threshold intensity.

In 1982 Gibbs et al. presented a first room temperature MQW F–P etalon
OBD, as shown in Fig. 8.16 [6]. The MQW etalon consists of 61 periods, each
period containing a 34.6 nm-thick GaAs layer and a 40.1 nm-thick Al0.27Ga0.73As
layer. The total thickness of GaAs is only 2 μm. The GaAs/AlGaAs MQW
sample with dielectric coatings on both surfaces is supported by the GaAs sub-
strate. On the top of substrate has an etched hole with 1–2 mm-diameter for laser
beam access.

They used a tunable dye laser pumped by a krypton ion laser with wavelength
region of 700–870 nm, and chose a light at GaAs exciton absorption peak
wavelength as the incident light. The intensity of incident light was modulated by
an acousto-optic modulator to be a triangle waveform. The measuring results were
displayed by a 500 MHz oscilloscope. The triangle waveform of incident light, the
lagging waveform of transmitted light and the output-input OB loop are shown in
Fig. 8.17. The switching power density of this switching device was 1 mW=lm2

and the switching time of this switching device was 20–40 ns.
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8.2.2 Principle of Electro-Optical Hybrid Optical Bistable
Device

In general the electro-optical hybrid OBD is placed an electro-optical modulator
into an interferometer to provide the electro-optical mixing feedback. The E–O
hybrid OBD has two types: the multi-beam interference type (such as F–P inter-
ferometer) and two-beam interference type (such as M–Z interferometer).

1. Electro-Optical F–P Interferometer OBD [7]

The experimental setup of electro-optical F–P etalon OBD is shown in Fig. 8.18.
A electro-optical crystal modulator with two coated electrodes on two side surfaces
is placed into an F–P cavity. The part of transmitted light is converted into the
electrical signal by a photodetector. This electrical signal is amplified by an
amplifier, and then applies on the electrodes of crystal to modulate the phase of
light passing through the E–O crystal. One can use a He� Ne laser beam as the

Fig. 8.16 Structure of room-temperature GaAs/AlGaAs MQW etalon OBD

Fig. 8.17 The characteristic
curves of GaAs-AlGaAs
MQW etalon OBD: a OB
loop; b incident light
waveform; c outputted light
waveform
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incident light, and via an adjustable attenuator to periodically vary the incident light
intensity, and use two detectors to receive the input and output light signals
respectively, and then convert to be the electrical signals, sending to the oscillo-
scope for demonstrating the OB characteristic curve.

Considering the loss of crystal, the transmittance of F–P interferometer is given by

s ¼ sm
1þKsin2 /

2

; ð8:2:36Þ

where

sm ¼ 1� R
1� RA

� �2

A; K ¼ 4AR

ð1� RAÞ2 ; ð8:2:37Þ

where τ is the transmittance of devise; ϕ is the phase shift of light in a round trip of
the cavity; A is the single-pass loss of light propagating in the crystal; R is the
refractivity of F–P cavity refractive mirror. Equation (8.2.36) is modulation relation
of OB.

If the detector and amplifier are working in the linear region, the output light
intensity of device is proportional to the electrical voltage outputted from amplifier,
i.e., It / V . This electrical voltage applies on the crystal to generate the Kerr
electro-optical effect, inducing the refractive-index change of crystal, so Dn / E ¼
V=d (d is the thickness of crystal), and the refractive-index change makes the light
round-trip phase change: D/ ¼ 4p

k DnL. Therefore in the whole feedback process,
we have It / V / D/. It can be written to

D/ ¼ /� /0 ¼ kIt: ð8:2:38Þ

So D/ is proportional to the outputted light intensity, k is a ratio coefficient.
Then we obtain another s� / relation:

s ¼ It
Ii
¼ /� /0

kIi
: ð8:2:39Þ

Fig. 8.18 Experimental setup of electro-optical F–P interferometer OBD
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This s� / linear relation is the feedback relation of OB.
From Eqs. (8.2.36) and (8.2.39), using the graphing method we can obtain the

OB curve, as shown in Fig. 8.13.

2. Electro-Optical M–Z Interferometer OBD [8]

Figure 8.19 shows an experimental facility of a fiber type electro-optical M–Z
interferometer OBD. Such device is based on the two-light beam interference
principle. A LiNbO3 stab waveguide electro-optical modulator is inserted in one of
arms of M–Z interferometer, which is used for controlling the phase difference
between two light beams on two arms. The realization of the optoelectrical feed-
back is through the photodetector D2 and an electrical amplifier. The output elec-
trical voltage adds on the electrodes of the electro-optical crystal modulator. The
input light source is a semiconductor laser, which is controlled by an electrical
modulation to form an input light with periodic changing intensity. The outputted
light intensity and the incident light intensity of device are measured by photode-
tectors D1 and D2 respectively, converted into electrical signals, and sending to the
terminals X and Y of oscilloscope. The optical bistability curve (It � Ii curve) is
displayed on the screen of the oscilloscope.

The incident light with intensity Ii is divided by coupler C1 into two lights with
intensities I1 and I2; I1 � I2 ¼ Ii=2. Two lights propagate respectively along the two
arms of M–Z interferometer, one of them is changed the phase by the electro-optical
modulator. Two lights are interference in the coupler C2, the total transmitted light
intensity is given by

It ¼ 1
2
Iiað1þM cos/Þ; ð8:2:40Þ

where ϕ is the phase difference of two lights with intensities of I1 and I2; Ii is the
incident light intensity; α is a constant depended on the insertion loss of coupler;
M is the contrast defined by

M ¼ 2
ffiffiffiffiffiffiffi
I1I2

p
=ðI1 þ I2Þ: ð8:2:41Þ

Fig. 8.19 Experimental facility of fiber-type electro-optical M–Z interferometer OBD
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The transmittance of this OBD is

s¼ It
Ii
¼ a

2
ð1þM cos/Þ: ð8:2:42Þ

Equation (8.2.42) shows the transmittance of device is a function of the phase
difference between two lights ϕ, this s� / relationship is the modulation relation of
OBD.

Assuming the initial phase difference is /0, the outputted light intensity It is
converted to the electrical voltage signal V by the photodetector D2, the electrical
voltage V is applied on the electrodes of electro-optical modulator to induce the
phase difference change:

D/ ¼ /� /0 ¼ p
V

V1=2

� �
; ð8:2:43Þ

where V1=2 the half-wave voltage of E–O modulator, its value depends on the length
and thick of crystal and electro-optical coefficient of crystal.

Because V / It, so we obtain

/� /0 ¼ kIt; ð8:2:44Þ

Thus there is a linear relation between transmittance τ and phase difference ϕ:

s ¼ It
Ii
¼ /� /0

kIi
; ð8:2:45Þ

where k is a constant depended on the detector D2, amplifier, and parameters of
E–O crystal. Equation (8.2.45) described s� / relationship is the feedback relation
of OBD.

Figure 8.20a draws out two s� / relation curves, from the intersection values
of two curves one can obtain It � Ii optical bistability curve, as shown in
Fig. 8.20b.

Suppose that the applied voltage of above E–O modulator is high enough, it can
let the feedback straight line to reach the second peak of cosine modulation curve,
thus it is possible to occur the three intensity stable states, as shown in Fig. 8.21
(Points 1, 2, 3). Of course, if the E–O crystal can sustain higher light intensity, the
higher electrical voltage could induce larger phase change, then more number stable
intensities appear, i.e., the optical multi-stability.

The OBD based on two light-beam interference principle has other forms, for
example, Michelson interferometer OBD [9], in this device, the incident light is
divided into two beams by beam splitter (or fiber coupler), and propagate along two
orthogonal paths, then reflected back along original paths by two reflective mirrors
respectively, they interfere at the beam splitter, the output light signal is converted
to electrical voltage signal by a detector, adding the electrical voltage signal on the
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electrodes of E–O crystal that is inserted in one of light path, to change the phase
shift between two light beams.

3. Electro-Optical Polarization Modulation OBD [10]

Here we introduce a two beam interfere OBD with simplest structure, which
only has one light path, do not need interferometer. It is based on the
electricity-induced birefringence effect of E–O crystal. When the light beam passes
through the E–O crystal, it is divided into two light beams with orthogonal
polarization directions, i.e., o-light and e-light, each of them has different refractive
index in the crystal. Mutual interference of two beams generates phase difference;
this phase difference is modulated by the feedback electrical voltage, which is
proportional to the output light intensity. The experimental facility is shown in
Fig. 8.22.

The light intensity modulator is constituted by placing an E–O crystal phase
modulator between two orthogonal polarizers P2 and P3. The detector D2 receives
outputted light signal and converts into the electrical voltage signal, a part of it is sent
to the input terminal y of oscilloscope, another part passes through the amplifier A to
be amplified, the output voltage signal V is proportional to the output light signal
intensity. And via a DC bias VB (for adjusting the working point) together applied on
the electrode of E–O crystal. The input light comes from a He - Ne laser, its intensity
signal is received by the detector D1 and converted into electrical voltage signal
sending to the input terminal x of the oscilloscope. Using a continuously rotated

Fig. 8.20 Using graphing method to find OB characteristic curve of O–E hybrid M–Z
interferometer OBD: a two kinds of s� u relationship curves; b optical bistability loop

Fig. 8.21 Plotting explain of electro-optical hybrid optical three-stability: a s� / modulation
curve and feedback curve; b optical three-stability curve
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polarizer P1 to make the input light intensity sine-type periodic change, then we can
observe the optical bistability curve on the screen of the oscilloscope.

The total voltage applied on the electrode of E–O crystal is

V ¼ kIt þVB: ð8:2:46Þ

The transmittance of device is

s ¼ It
Ii
¼ V � VB

kIi
: ð8:2:47Þ

This is s� V feedback relation of OBD.
On the other hand, the relationship of transmittance of E–O modulator τ and the

phase difference between two lights ϕ is

s ¼ It
Ii
¼ 1

2
1� cos/½ �: ð8:2:48Þ

In the E–O crystal applied the electrical voltage, o-light and e-light mutual
interferes, the phase difference of ϕ is proportional to the modulated voltage V,
namely

/ ¼ p
V

V1=2
ð8:2:49Þ

where V1=2 is the half-wave electrical voltage of E–O crystal.
Substituting Eqs. (8.2.49) into (8.2.48), we obtain

s ¼ 1
2

1� cos
p

V1=2
V

� �� �
; ð8:2:50Þ

This is s� V modulation relation of OBD.

Fig. 8.22 Experimental facility for the electro-optical polarization modulator OBD
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To combine Eqs. (8.2.48) and (8.2.50), using graphing method, we can obtain
optical bistability curve as shown in Fig. 8.23.

Above introduced E–O polarization modulation OBD, because using a lineal
simplifier, its feedback curve is a straight line, so the top line of OB loop is not flat.
When we used a silicon controlled rectifier to make the amplifier, which has a
nonlinear output characteristic, we obtained a nice optical bistability loop, similar to
a rectangular loop with a flat output characteristic [10].

8.2.3 Application of Optical Bistable Devices

Optical bistable device has many applications, at first it is used for all-optical
switches, which will be the basic device for future all-optical systems, for example,
all-optical communication and all-optical computer. In addition, using the stabi-
lization of optical bistability, OBD also can be made the light power stabilizer
outside the laser cavity; using the instability of optical bistability, OBD can be made
the period controllable light pulse generator, etc.

The more matured application of OBD is used to optical flip flop for optical data
storage. Optical flip flop is an intensity-time type switching, its characteristics of the
input intensity and the output intensity versus time are shown in Fig. 8.24. The
device is working on the high and low power states. In order to switch between two
states, it needs two light pulses for switching-on and switching-off of the device.

The working principle of optical flip flop based on optical bistability is shown in
Fig. 8.25.

Figure 8.25a is characteristic curve of optical bistability (input power Pt versus
output power Pi). Firstly, we need an input light with power P0 in the center of
bistable region Poff–Pon, to keep the device working in the two output power states:
PH (high state) and PL (low state). This input power is called the maintaining light.
Secondly, in order to switch the device between two output power states, we need
another two input light pulses: switch-on pulse and switch-off pulse. At moment ton,
we send the switch-on pulse with positive peak power larger than Pon–Po. After
staying on high state for a period time, at the moment toff, we send a switch-off

Fig. 8.23 Use of graphing method to find optical bistability curve of E–O polarization modulation
OBD: a Two kinds of s� V curves; b Optical bistability curve
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pulse with negative peak power larger than P0–Poff, the device will return to the low
state.

Previous introduced F–P cavity type WQM semiconductor OBD can be used for
optical flip flop, but the manufacturing technique of the device is complex. In 2000
Agrawal et al. proposed a semiconductor integrated waveguide OBD used for
optical flip flop, that device had a Bragg grating distributed feedback structure, as
shown in Fig. 8.26 [11].

On the InP substrate they fabricated the InGaAsP waveguide layer with thick-
ness of 500 nm, then made a InP layer on it with thickness of 100 nm, and then
through the etching to form a Bragg grating with grating period of 233 nm, the
deepness of 50 nm and the grating length of 3 mm. The nonlinear refraction
coefficient is n2 = −45 × 10−12 cm2/W. The grating wavelength is 1430 nm at the
center of grating bandgap. They input a holding light into the grating waveguide,
the holding light has a wavelength of 1560 μm close to the grating wavelength and
within forbidden band, so the device has a low transmittance, the outputted power is
at off-state. The wavelength of two control lights is selected at 1.55 μm. The
pulsewidth of both control pulses is 8 ns. When the switch-on light pulse inputs the
waveguide to produce Kerr effect and the waveguide refractive-index change, it
induces the shift of grating transmittance spectrum, until the wavelength of holding
light moving to outside of the bandgap, in this case the device achieves the on-state;

Fig. 8.24 Input and output characteristics of optical flip flop

Fig. 8.25 Principle of optical flip flop based on optical bistability: a Pt–Pi optical bistability
curve; b Pt�t characteristic curve
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in reverse, the negative switch-off pulse will lead the device return to the off-state.
Figure 8.27 shows the shift of transmittance spectrum under the switch-on pulse to
switch on the device. In this device the switch-on light power is 27 mW, and the
switch-off light power is 10 mW. The switching time of the device can be short to
1 ps or less.

Figure 8.28 shows the characteristic curves of input power and output power as
a function of time for this InGaAsP grating waveguide optical flip-flop.

8.3 Optical Instability of Optical Bistability

8.3.1 Stability Analysis of Optical Bistability

As we discussed before, the all-optical OBDs consist of the nonlinear medium and
all-optical feedback, as shown in Fig. 8.29a; and most of the hybrid OBDs consist
of the electric-optical modulator and the electric-optical feedback, as shown in
Fig. 8.29b.

Fig. 8.26 Configuration of optical flip-flop in InGaAsP distributed feedback grating integrated
waveguide

Fig. 8.27 Sketch map of transmittance spectrum shift due to switch-on pulse in grating
waveguide optical flip flop. λg is the grating wavelength, k0g is its shifted value; λL is the
wavelength of the holding light
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Under steady-state condition, the modulation and the feedback equations can be
written as respectively:

It ¼ IiTð/Þ; ð8:3:1Þ

/ ¼ /0 þ kIt: ð8:3:2Þ

where Ii and It is the incident and the transmitted light intensities. Tð/Þ is the
transmittance of device, ϕ is the phase shift, /0 is the initial phase shift, k is the ratio
constant.

According to Eqs. (8.3.1) and (8.3.2), the transmittance T is a linear function of
the phase shift ϕ.

Tð/Þ ¼ /� /0

kIi
: ð8:3:3Þ

This T � / equation is the feedback relation of OBD. On the other hand, there is
another T � / equation, namely the modulation relation of OBD, which is
depended on the type of the interferometer constituted OBD as follows.

(1) Multiple-beam-interfered F–P interferometer:

Tð/Þ ¼ 1

1þK sin2 /
2

: ð8:3:4Þ

Fig. 8.28 Input and output power as a function of time for InGaAsP grating waveguide optical
flip-flop: a Input power waveform; b Output power waveform

Fig. 8.29 Principles of two kinds of optical bistable devices: a All-optical OBD; b Electric-optic
hybrid OBD
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(2) Double-beam-interfered M–Z interferometer

Tð/Þ ¼ a
2
ð1þM cos/Þ: ð8:3:5Þ

As discussed above, Eqs. (8.3.3) and (8.3.4) or (8.3.5) can be simultaneously
solved by using graphing method to get optical bistability characteristic curve
(It � Ii curve). In previous section we have mentioned that the working point on the
It � Ii curve has different stability, it depends on the slope of It � Ii curve at that
point: if the slope is positive, i.e., dIt

dIi
[ 0, that point is stable; but if the slope is

negative, i.e., dIt
dIi
\0, that point is unstable. Now we are going to prove this

conclusion.
For this purpose we should consider the dynamic behavior of OBD. We assume

both quantities It and ϕ are functions of the time, and add an item containing the rate
of change with time for It and ϕ respectively in Eqs. (8.3.1) and (8.3.2), hence we
obtain the following dynamic coupling equations:

sM _It ¼ �It þ Tð/ÞIi; ð8:3:6Þ

sF _/ ¼ �/þ/0 þ kIt; ð8:3:7Þ

where sM and sF are time constants for modulation system and feedback system
respectively. Setting kIt ¼ u and kIi ¼ v, the coupling Eqs. (8.3.6) and (8.3.7) are
simplified as

sM _u ¼ �uþ Tð/Þv; ð8:3:8Þ

sF _/ ¼ �/þ/0 þ u: ð8:3:9Þ

Making Taylor series expansion for Tð/Þ near the balance point /s, and then
taking the linear approximation, (i.e., taking the first two terms), we obtain

Tð/Þ ¼ Tð/sÞþ T 0ð/sÞD/þ 1
2
T 00ð/sÞD/2 þ . . .

� Tð/sÞþ T 0ð/sÞD/:

Assuming that

u ¼ us þDu; ð8:3:10Þ

/ ¼ /s þD/; ð8:3:11Þ

where us and /s are values at balance points, which satisfy Eqs. (8.3.1) and (8.3.2).
Substituting Eqs. (8.3.10) and (8.3.11) into Eqs. (8.3.8) and (8.3.9), and using
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Eqs. (8.3.1) and (8.3.2), then we obtain the following two constant-coefficient
differential equations

D _u ¼ � 1
sM

Duþ 1
sM

T 0ð/sÞvD/; ð8:3:12Þ

D _/ ¼ 1
sF

Du� 1
sF

D/: ð8:3:13Þ

In order to solve the above constant-coefficient differential equations, we must
find in advance the characteristic roots of the following secular equation:

� 1
sM

� k 1
sM
T 0ð/sÞv

1
sF

� 1
sF
� k

�����
����� ¼ 0; ð8:3:14Þ

Then we obtain

sMsFk
2 þðsM þ sFÞkþð1� T 0ð/sÞv ¼ 0: ð8:3:15Þ

There are two characteristic roots, which are

k1;2 ¼ 1
2sMsF

½�ðsM þ sFÞ 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsM þ sFÞ2 � 4ðsMsFÞð1� T 0vÞ

q
�: ð8:3:16Þ

According to the stability mathematical theory for constant-coefficient differ-
ential equations, from the properties of roots one can judge the solution is whether
stable or unstable. For example, the general constant-coefficient differential equa-
tions are

dx
dt

¼ a11xþ a12y

dy
dt

¼ a21xþ a22y

The secular equation is

a11 � k a12
a21 a22 � k

����
���� ¼ 0

If the characteristic roots k1 and k2 are real number, and k1 6¼ k2, there are
general solutions:

x ¼ c1a1e
k1t þ c2b1e

k2t

y ¼ c1a2e
k1t þ c2b2e

k2t
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When k1\0 and k2\0, the solution is stable (convergence). However, when
k1 [ 0 and/or k2 [ 0, the solution is unstable (divergence).

For Eq. (8.3.16), we have two roots k1¼kþ and k2¼k�. If 1� T 0ð/sÞv\0, then
k1¼kþ [ 0, it is unstable. In order to know the meaning of unstable condition
1� T 0ð/sÞv\0, we rewrite Eq. (8.3.1) to be u ¼ Tð/Þv, and substitute it into
Eq. (8.3.2), then obtain

/ ¼ /0 þ Tð/Þv: ð8:3:17Þ

To take differential of two sides in above equation, we get

d/ ¼ T 0ð/Þvd/þ Tð/Þdv; ð8:3:18Þ

Note that T 0ð/Þ � T 0ð/sÞ, namely

d/ ¼ du ¼ Tð/Þ
1� T 0ð/sÞv

dv: ð8:3:19Þ

So the unstable condition becomes

du
dv

¼ dIt
dIi

¼ Tð/Þ
1� T 0ð/sÞv

\0: ð8:3:20Þ

As a result, the unstable condition is dIt
dIi
\0.

If in Eq. (8.3.16),1� T 0ð/sÞv[ 0, the two roots are negative, i.e., k1¼kþ\0
and k2¼k�\0, the device is stability.

du
dv

¼ dIt
dIi

¼ Tð/Þ
1� T 0ð/sÞv

[ 0: ð8:3:21Þ

As a result, the stable condition is dIt
dIi

[ 0.
To summarize the above analysis, the optical bistability curve is unstable in the

negative-slope region, but stable in the positive-slope region.
In 1984, Li and Chen [12] gave a definition of stability degree S used to describe

the stability at any working point on the optical bistability curve, which is the ratio
of the input relative intensity to the output relative intensity at that point, i.e.,

S ¼ lim
DIi
Ii

=
DIt
It

� �
DIi!0

¼ Tð/sÞ=
dIt
dIi

: ð8:3:22Þ

Using Eq. (8.3.20), S can be written as

S ¼ 1� T 0ð/sÞv: ð8:3:23Þ
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Therefore, when we examine the stability of any point on the OB curve, if at that
point S > 0, it is stable; if at that point S < 0, it is unstable. In other word, the
positive-slope region on the OB curve is stable and the negative-slope region is
unstable, as shown in Fig. 8.30.

8.3.2 Instability of Optical Bistability

The optical instability of OBD is a dynamic phenomenon, which is that under the
fixed incident intensity, the OBD working in the positive-slope region (S > 0)
appears the unstable variations of the output intensity, such as regeneration pul-
sations, self-pulsing, periodic oscillation, chaos and so on.

The instability of OBD is mainly classified into the following two types:
McCall Instability—Regeneration pulsations, it is arising from the corporate

action of two nonlinear mechanisms with opposing and unequal response times.
The McCall instability can also be called double feedback instability.

Ikeda Instability—Periodic oscillation, period-doubling, bifurcation and optical
chaos, they originate from the time-delay feedback. The Ikeda instability can also
be called time-delay feedback instability.

Below we will discuss these two instability phenomena, which can be demon-
strated by hybrid OBDs.

1. McCall Instability–Double Feedback Instability [13]

In 1978, McCall mathematically proved that if an optical bistable system has two
kinds of nonlinear mechanisms with two opposing signs and unequal time con-
stants, under a fixed incident light intensity, the relaxation oscillation of output light
intensity can be generated. In 1981, Okada demonstrated the double feedback
instability by using an electro-optic hybrid OBD. The experimental setup is shown
in Fig. 8.31.

In the experiment, an E-O crystal modulator is placed between two orthogonal
polarizers. The incident light comes from a CW He–Ne laser. There are two
feedback circuits: one consists of detector D1, resistance r1, and capacitance c1, and

Fig. 8.30 The stability of
optical bistability depends on
the stability degree S: S[ 0
in positive-slope region is
stable; S\0 in negative-slope
region is unstable
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the other one consists of D2, r2 and c2. Through adjusting capacitances c1 and c2,
the feedback time constants τ1 and τ2 can be changed; and through controlling the
gain of amplifier a and the optic-electric transform factor k, the feedback quantity
can be changed. Assuming the response speed of medium is much faster than the
feedback speed, the two dynamic equations can be written as

s1 _/1 ¼ /01 � /1 þ aIt; ð8:3:24Þ

s2 _/2 ¼ /02 � /2 þ akIt: ð8:3:25Þ

Using the definitions aIt � U; aIi � V , and w ¼ /1 þ/2; the It ¼ TðwÞIi can be
written as U ¼ TðwÞV . Therefore, the two dynamic equations become

s1 _/1 ¼ /01 � /1 þ TðwÞV ; ð8:3:26Þ

s2 _/2 ¼ /02 � /2 þ kTðwÞV : ð8:3:27Þ

Considering /1 ¼ /1s þD/1;/2 ¼ /2s þD/2;w ¼ ws þDw, and
TðwÞ ¼ TðwsÞþ T 0ðwsÞðD/1 þD/2Þ, substituting them into the above two equa-
tions, and on both sides of Eqs. (8.3.26) and (8.3.27) for differential, we obtain

D _/1 ¼
1
s1

ð�1þ T 0ðwsÞVÞD/1 þ
1
s1

T 0ðwsÞVD/2; ð8:3:28Þ

Fig. 8.31 Experimental setup for demonstrating the double feedback instability using an
optoelectrical hybrid OBD

Fig. 8.32 Experimental setup for demonstrating the time-delay instability using a hybrid OBD
system
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D _/2 ¼
1
s2

kT 0ðwsÞVD/1 þ
1
s2

ð�1þ kT 0ðwsÞVÞD/2: ð8:3:29Þ

Using the definitions of

P ¼ D/1
D/2

� �
;

and

A ¼
1
s1
ð�1þ T 0VÞ 1

s1
T 0V

1
s2
kT 0V 1

s2
ð�1þ kT 0VÞ

 !
¼ a b

c d

� �
; ð8:3:30Þ

then the Eqs. (8.3.28) and (8.3.29) can be expressed as the following matrix
equation:

_P ¼ AP: ð8:3:31Þ

In order to find solutions, we have to solve the following secular equation:

a� k b
c d � k

����
���� ¼ 0; ð8:3:32Þ

and the characteristic equation

k2 � ðaþ dÞkþðad � bcÞ ¼ 0: ð8:3:33Þ

The characteristic root is a complex number k ¼ a	 ib, where

a ¼ 1
2
ðaþ dÞ

b ¼ 1
2
½4ðad � bcÞ � ðaþ dÞ2�12

ð8:3:34Þ

When a ¼ 0, i.e., aþ d ¼ 0, we have k ¼ 	ibðb 6¼ 0Þ, the system appears a

stable oscillation, in this case b ¼ ðad � bcÞ1=2 [ 0, so β is a real number,
Actually, it is an oscillating angular frequency, i.e., b ¼ x.

Combining two equations x ¼ ðad � bcÞ1=2 and aþ d ¼ 0, and setting r ¼ s1
s2
,

the oscillating angular frequency is given by

x ¼ 1
s2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1þ k

r

1þ kr

s
: ð8:3:35Þ
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Clearly, the angular frequency ω changes along with changing of k and r.

Because ω is a real number, to require 1þ k
r

1þ kr\0.
If 1þ k

r [ 0, i.e., k[ � r, and 1þ kr\0, i.e., k\� 1
r, so that �r\k\� 1

r

and r[ 1. If 1þ k
r\0, i.e., k\� r, and 1þ kr[ 0, i.e., k[ � 1

r, so that
� 1

r \k\� r and r\1.
When s1 [ s2ðr[ 1Þ, the oscillation condition is

� s1
s2

\k\� s2
s1

: ð8:3:36Þ

When s1\s2; ðr\1Þ, the oscillation condition is

� s2
s1

\k\� s1
s2

: ð8:3:37Þ

In conclusion, we obtain the following results for double feedback instability of
OB:

1. The one request is k\0, that means the outputs of two feedback circuits must be
opposite in phase.

2. The other request is s1 6¼ s2, because if s1 ¼ s2, or r ¼ 1;x is an imaginary
number, namely without oscillation. Therefore, the different time constants are
required.

3. When k ¼ 0, it means having single feedback only, according to Eq. (8.3.35),
the frequency ω is an imaginary number, namely without oscillation.

4. When k ¼ �1, two feedbacks are counteracted, but the oscillation still occurs,
with the frequency of x ¼ 1ffiffiffiffiffiffi

s1s2
p . The case of s1 ¼ s2 ¼ s and x ¼ 1

s is allowed.

5. The value range for r is 0 ! 1, for k is �1 ! 0 and for ω is 0 ! 1.

The McCall instability can be explained as follows: the two feedback
mechanisms of the device provide two different feedbacks: one is positive and
the other is negative. Due to their different time constants, at different moment,
only one feedback plays a dominant role, and the periodic alternant, results in
the fluctuation of output-light intensity, i.e., the regeneration pulsation
phenomenon.

2. Ikeda Instability-Time-Delay Feedback Instability [14]

In 1978, Ikada pointed out that in certain time-delay feedback condition, even in
the differential gain region of high and low branches in optical bistability loop could
be unstable; the transmitted light appeared periodic oscillation until going to chaos.
The time-delay instability can be demonstrated by using the hybrid OBD, as shown
in Fig. 8.9.
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The experimental setup consists of a hybrid OBD and a computer controlled
time-delay system. In the figure, D1–D3 are photodetectors, A1 and A2 are ampli-
fies, A/D is an analog to digital converter and D/A is a digital to analog converter,
R is a time-delay adjustor.

The response time of system τ is adjusted by R, the adjusted range is
s ¼ 1� 3ms. The time delay of computer is tR, the selected sampling period is
160 ls.

Suppose /0 is the initial phase (without feedback signal), k is the optic-electric
conversion coefficient, / ¼ ðp=V1=2ÞV is the phase shift, M is the modulation
degree, α is the peak transmittance, then the dynamic equations are

s
d/ðtÞ
dt

þ/ðtÞ � /0 ¼ kItðt � tRÞ; ð8:3:38Þ

ItðtÞ ¼ IiTðuðtÞÞ ¼ Ii
a
2
ð1þM cos/Þ: ð8:3:39Þ

The experimental results are: When tR\\s, for example tR ¼ 160 ls; s ¼ 1ms,
the regular optical bistability can be obtained; When tR [ [ s, for example
tR ¼ 40ms; s ¼ 1ms, in high branch of OB curve appears the oscillation with
period of

2Nþ 1tR ¼ 2tR; 4tR; 8; . . .ðN ¼ 0; 1; 2; . . .Þ ð8:3:40Þ

that is period doubling and bifurcation. Finally the chaos occurs. We also can see
that there are some periodic windows inside the chaos.

In order to understand the origin of periodic oscillations, Gibbs et al. used an
iterative method to get the graphical solution [15]. Following the same method we
can start from Eqs. (8.3.38) and (8.3.39). Because tR [ [ s, two equations can be
combined into one equation, which is

/ðtÞ ¼ /0 þ kIi
a
2
½1þM cos/ðt � tRÞ�: ð8:3:41Þ

Assuming l ¼ kIi a2 ;/0 ¼ 0;/n ¼ /ðt � tRÞ;/nþ 1 ¼ /ðtÞ, we obtain the fol-
lowing an iterative equation:

/nþ 1 ¼ l½1þM cos/n� ¼ f ð/nÞ: ð8:2:42Þ

According to Eq. (8.3.41), because /0 ¼ 0, we have /ðtÞ / It, so following the
variation trail of ϕ in the iterative process, then we can find the law of output
intensity change. Since l / Ii, taking different μ means change different incident
intensity. When taking l ¼ l1;l ¼ l2 and l ¼ l3 respectively, i.e., gradually
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increase the incident intensity, we can draw the periodic doubling of outputted
intensity, as shown in Fig. 8.33, to display the waveforms of (a) continuous,
(b) period two, (c) period four and so on.

Fig. 8.33 Use of iterative method to draw periodic doubling waveforms: a CW; b period two;
c period four
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In 1983, Chunfei Li and Lixue Chen used an E–O polarization modulation type
hybrid OBD, as shown in Fig. 8.32, under the time-delay feedback controlled by a
computer, experimentally demonstrated the instability of optical bistability [16], to
obtain the following experimental photons.

Figure 8.34 shows two photos of period doubling for optical bistability.
When changing the incident light intensity and the feedback gain, we can change

the optical bistability to appear the process from continuous to oscillation bifur-
cation (period doubling), until to chaos starting from high branch or low branch or
both on OB curve. Figure 8.35 shows the different paths to chaos from steady state
of optical bistability in different conditions.

The significances of the optical chaos are as follows:

1. The optical chaos not only appears in OBDs, but also in lasers. The chaotic
phenomenon is common existing in the nature. Research on instability of
OBDs can enrich human understanding to chaotic phenomenon. In addition,
the optical chaos is a good means to study the non-equilibrium statistical
physics

2. The study of optical instability may help people to understand the difference
between noise and chaos in laser and other photonic and electronic devices.
That is useful for designing photonic devices to utilize or avoid the optical
chaos.

3. Optical chaos can be used to change the continuous light into the pulsed light, or
to compress the pulsewidth of laser, and can be used to make new optical
oscillation generators. In addition, the chaos synchronization can be used in
chaotic secure communication

Fig. 8.34 Experimental
photos of periodic doubling of
OB a T ¼ 2tR; b T ¼ 4tR
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Fig. 8.35 Experimental
photos for different path to
chaos from OB curve a from
the stable high branch to
chaos; b from the stable low
branch to chaos; c from high
and low stable branches
simultaneously to chaos
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Review Questions of Chapter 8

1. What is optical bistability? What are basic elements of optical bistable device?
What are similarities and differences between OBD and laser? Which types do
OBD has?

2. Discuss the principle of absorption F–P etalon optical bistable device.
3. Discuss the principle of refraction F–P etalon optical bistable device.
4. Review the principle of O–E hybrid OBD including E–O F–P interferometer

OBD, E–O M–Z interferometer OBD and E–O polarization modulation OBD.
5. What are applications of OBD? What is optical flip flop? Please illustrate.
6. What is stability condition of optical bistability? How to prove it?
7. What is double feedback optical instability? Discuss its generated condition.
8. What is time-delay feedback optical instability? Discuss its generated condition.
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Chapter 9
Propagation of Light Pulse in Fiber
and Optical Soliton

This chapter studies the phenomenon of nonlinear interaction between the laser
pulse and the propagation fiber. At first, we will deduce the nonlinear Schrodinger
equation for describing the propagation of light pulse in the fiber. Under this
foundation, we will analyze the two effects of dispersion and self-phase modulation
how to affect the propagation of light pulse in the fiber and how to form the time
optical soliton in both combined action. And we will give the time optical soliton
equation, the fundamental wave solution and the characteristic of the time optical
soliton. Finally, we will briefly introduce the basic conception and characteristic of
the space optical soliton.

9.1 Nonlinear Schrodinger Equation [1]

Most nonlinear effects in fiber are related with that the light pulses with pulsewidth
in the range of 10 ns� 10 fs propagate in the fiber. In the propagation process, both
the dispersion and the nonlinearity all affect the shape and spectrum of light pulse.
For describing the propagation of light pulses in the nonlinear fiber we need use the
time-domain nonlinear Schrodinger equation. We will deduce this equation taking
following four steps:

① Reforming the general nonlinear time-domain wave equation to be the
time-domain wave equation in the isotopic medium;

② Through Fourier transform to deduce the frequency-domain wave equation for
describing the propagation of monochromic light in isotopic medium, namely
Helmholtz equation;

③ In the single mode fiber condition solving Helmholtz equation, to deduce the
frequency-domain wave equation for describing the propagation of mono-
chromic light in single mode fiber;
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④ Through revers Fourier transform to deduce the time-domain nonlinear
Schrodinger equation, which describes that when the light pulse propagate in
the fiber to generate the dispersion, absorption, and Kerr effect.

9.1.1 Helmholtz Equation

If the medium is without absorption loss ðr ¼ 0Þ, according to Eq. (2.1.17), the
general wave equation can be written to

r�r� Eþ l0
@2e � E
@t2

¼ �l0
@2PNL

@t2
: ð9:1:1Þ

Assuming the fiber medium is isotopic, we have r � E ¼ 0, so that
r�r� E ¼ rðr � EÞ � r2E ¼�r2E. Because dielectric coefficient is

e ¼ e0ð1þ vð1ÞÞ, where vð1Þ linear susceptibility, and linear polarization is

PL ¼ e0vð1Þ � E, using c ¼ 1=
ffiffiffiffiffiffiffiffiffi
l0e0

p
, Eq. (9.1.1) can be rewritten to

r2E� 1
c2

@2E
@t2

¼ 1
e0c2

@2PL

@t2
þ 1

e0c2
@2PNL

@t2
: ð9:1:2Þ

The total polarization of medium is

Pðr; tÞ ¼ PLðr; tÞþPNLðr; tÞ: ð9:1:3Þ

In the following discussion we assume: ① the medium is isotopic,
non-absorption, far from resonance; ② PNL can be regarded as the perturbation of
P, because in general the nonlinear variation of refractive index \10�6; ③ when
the light propagates along the fiber length direction, its polarization keeps no
change, so we can treatment by using scalar method; ④ the light wave is
quasi-monochromic, namely Dx=x0\\1 is satisfied, because the center fre-
quency of light wave is about x0 � 1015 Hz, and spectrum wide of light pulse is
Dx\0:1ps ¼ 1013Hz.

We suppose the light wave propagates in fiber along z-direction, the polarization
is along x-direction, so we have

Eðr; tÞ ¼ x̂½Eðr; tÞ expð�ix0tÞþ c:c:�; ð9:1:4Þ

PLðr; tÞ ¼ x̂½PLðr; tÞ expð�ix0tÞþ c:c:�; ð9:1:5Þ
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PNLðr; tÞ ¼ x̂½PNLðr; tÞ expð�ix0tÞþ c:c:�; ð9:1:6Þ

where x̂ is the unit vector for polarization along x-direction. Substituting
Eqs. (9.1.4)–(9.1.6) into Eq. (9.1.2), in the same time using the Fourier transform to
Eðr; tÞ, the electrical field intensity is denoted as the frequency-domain form:

~Eðr;x� x0Þ ¼
Z1

�1
Eðr; tÞ exp½iðx� x0Þt�dt: ð9:1:7Þ

Therefore we deduce out the Helmholtz equation, which is satisfied by the
monochromic wave in the isotopic medium:

r2~Eþ eðxÞk20 ~E ¼ 0; ð9:1:8Þ

where k0 ¼ x=c is the wave vector in vacuum; eðxÞ is the complex dielectric
coefficient. Now we investigate the physical mining of eðxÞ.

If we only consider the linear effect and the three-order nonlinear effect, the
polarization can be written as

P ¼ Pð1Þ þPð3Þ ¼ e0v
ð1ÞEþ 3e0vð3Þ Ej j2E: ð9:1:9Þ

According to the definition of electric induction intensity and using Eq. (9.1.9),
we have

D ¼ e0EþP ¼ e0Eþ e0v
ð1ÞEþ 3e0vð3Þ Ej j2E ¼ eðxÞE: ð9:1:10Þ

So the dielectric coefficient eðxÞ is given by

eðxÞ ¼ e0 1þ vð1ÞðxÞþ 3vð3Þ EðxÞj j2
� �

: ð9:1:11Þ

In general eðxÞ is a complex umber, the real part is corresponding to the
refractive index ~n, and the imaginary part is corresponding to the absorption
coefficient ~a, so eðxÞ can be defined as

eðxÞ ¼ ð~nþ i~a=2k0Þ2: ð9:1:12Þ

And the refractive index and the absorption coefficient can be divided into linear
and nonlinear two parts:

~n ¼ nþDn; ð9:1:13Þ

~a ¼ aþDa: ð9:1:14Þ
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where n and α are linear refractive index and linear absorption (as same as n0 and a0
in previous chapter); the relations of Dn and Da with the light intensity I have been
given in second chapter:

Dn ¼ 3
e0cn2

vð3Þ0ðxÞI;

Da ¼ 6x
e0c2n2

vð3Þ00ðxÞI;

Using formula I ¼ 1
2 e0cn Ej j2, Eqs. (9.1.13) and (9.1.14) become:

~n ¼ nþ �n2 Ej j2; ð9:1:15Þ

~a ¼ aþ �a2 Ej j2; ð9:1:16Þ

where

�n2 ¼ 3
2n

vð3Þ0; ð9:1:17Þ

�a2 ¼ 3x
cn

vð3Þ00: ð9:1:18Þ

�n2 is nonlinear refraction coefficient; �a2 can be called two-photon absorption
coefficient (or write as β), for silica fiber the absorption coefficient ~a is very small, it
can be neglected, so the dielectric coefficient can be approximately written as
e � ~n2.

Using Eqs. (9.1.12) and (9.1.13), omitting the items containing ðDnÞ2; i~a=2k0ð Þ2,
and Dn i~a=2k0ð Þ, and using Eq. (9.1.15), the dielectric coefficient eðxÞ can be
approximately written as

eðxÞ ¼ ~nþ i~a
2k0

� �2

� n2 þ 2n �n2 Ej j2 þ i~a
2k0

� �� �
: ð9:1:19Þ

To define the complex number nonlinear refractive index Dn as

Dn ¼ �n2 Ej j2 þ i~a
2k0

: ð9:1:20Þ

Then Eq. (9.1.19) can be approximately expressed as

eðxÞ � n2 þ 2nDn. ð9:1:21Þ

Visible, Dn can be regarded the first perturbation of the dielectric coefficient
eðxÞ, which includes the nonlinearity and the absorption loss of fiber
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If in Eq. (9.1.20) we replace �n2 by n2, replace Ej j2 by I ¼ P=Seff , and
approximately replace ~a by α, Eq. (9.1.20) can be written as

Dn � n2
P
Seff

þ ia
2k0

; ð9:1:22Þ

where the unit of nonlinear refraction coefficient n2 is m2=W ; the unit of power P is
W, the unit of efficient cross-section of fiber core Seff is m2.

9.1.2 Derivation of Frequency-Domain Wave Equation
in Fiber

Helmholtz Eq. (9.1.8) can be solved by using method of separation of variables.
Assuming that the solution form is

~Eðr;x� x0Þ ¼ Fðx; yÞ~Aðz;x� x0Þ expðib0zÞ; ð9:1:23Þ

where Fðx; yÞ is transverse-mode distribution function of light pulse in the fiber;
~Aðz;xÞ is light electrical filed amplitude; expðib0zÞ is the phase factor, in which
b0 ¼ bðx0Þ is the wave number for central wavelength.

Substituting the trying solution (9.1.23) into Eq. (9.1.8), which can be divided
into two equations related to Fðx; yÞ and ~Aðz;xÞ respectively:

@2F
@x2

þ @2F
@y2

þ ½eðxÞk20 � ~b2�F ¼ 0; ð9:1:24Þ

2ib0
@~A
@z

þð~b2 � b20Þ~A ¼ 0: ð9:1:25Þ

In the process of deduction of Eq. (9.1.25), because ~Aðz;xÞ is a slow-variation
function of z, we have neglected the item containing @2~A=@z2.

~b in Eqs. (9.1.24) and (9.1.25) can be expressed to be linear and nonlinear two
parts:

~b ¼ bðxÞþDbðxÞ: ð9:1:26Þ

~b2 in Eq. (9.1.24) can be written to ~b2 � bðxÞ2 þ 2bðxÞDbðxÞ, using
Eq. (9.1.21), then Eq. (9.1.24) can be rewritten to

@2F
@x2

þ @2F
@y2

þ 2½nðxÞDn(x/c)2 � bðxÞDbðxÞ�F ¼ 0: ð9:1:27Þ
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Taking double integral of x and y to function Fðx; yÞ;DbðxÞ can be regard a
constant, moving it to outside of the integral sign, from Eq. (9.1.27) we obtain

DbðxÞ ¼ x2nðxÞ
c2bðxÞ

R R1
�1 DnðxÞ Fðx; yÞj j2dxdy
R R1

�1 Fðx; yÞj j2dxdy : ð9:1:28Þ

The physical meaning of this formula is: in the envelop of the light pulse
propagated in the fiber, the wave number change of a monochromatic light DbðxÞ
comes from light induced complex number refractive-index change Dn, which is
the first perturbation of eðxÞ; and DbðxÞ can be regarded as the first perturbation
of ~b.

Using Eq. (9.1.26) and approximate relation ~b2 � b20 � 2b0ð~b� b0Þ, the
Eq. (9.1.25) becomes

@~A
@z

¼ i½bðxÞþDbðxÞ � b0�~A: ð9:1:29Þ

In order to obtain the exact expression and meaning of bðxÞ in above equation,
we expend bðxÞ to be Taylor series nearby the central frequency x0:

bðxÞ ¼ b0 þðx� x0Þb1 þ
1
2
ðx� x0Þ2b2 þ

1
6
ðx� x0Þ3b3 þ . . .: ð9:1:30Þ

In which bn is

bn ¼
dnb
dxn

� �

x¼x0

ðn ¼ 0; 1; 2; . . .Þ: ð9:1:31Þ

b0 is the wave number of central frequency; b1 is the wave number of wave
packet, which is related with the group velocity vg and the refractive index of group
velocity ng; b2; denotes the dispersion of group velocity (GVD), which is related
with frequency broaden of light pulse. b1 and b2 are respectively defined as

b1 ¼
db
dx

¼ 1
vg

¼ ng
c
¼ 1

c
nþx

dn
dx

� �
; ð9:1:32Þ

b2 ¼
d2b
dx2 ¼

db1
dx

¼ 1
c

2
dn
dx

þx
d2n
dx2

� �
: ð9:1:33Þ

We have assumed spectrum width Dx\\x0, so in expansion Eq. (9.1.30), the
high-order (higher than three-order) items can be neglected (only for the specific
frequency, such as near zero dispersion waveguide of fiber, b2 � 0, than we con-
sider b3 in the three-order item), therefore we only take preceding three items in
Eq. (9.1.30), i.e.,

256 9 Propagation of Light Pulse in Fiber …



DbðxÞ ¼ b0 þðx� x0ÞDb1 þ
1
2
ðx� x0Þ2Db2: ð9:1:34Þ

Substituting Eq. (9.1.34) into Eq. (9.1.29), we obtain

@~A
@z

¼ i½ðx� x0ÞDb1 þ
1
2
ðx� x0Þ2Db2 þDbðxÞ�~A: ð9:1:35Þ

9.1.3 Derivation of Nonlinear Schrodinger Equation

At first, using Eqs. (9.1.4) and (9.1.23), the time-domain light electrical filed
intensity expression can be written as:

Eðr; tÞ ¼ x̂½Eðx; yÞAðz; tÞ exp iðb0z� x0tÞþ c:c:�; ð9:1:36Þ

where Aðz; tÞ is time-domain slow-variation electrical filed amplitude, which can be
obtained from the reverse Fourier transform of frequency electrical filed amplitude
~Aðz;x� x0Þ:

Aðz; tÞ ¼ 1
2p

Z1

�1

~Aðz;x� x0Þ exp½iðx� x0Þt�dx: ð9:1:37Þ

After than through reverse Fourier transform, we transfer the frequency-domain
amplitude Eq. (9.1.35) to be time-domain amplitude equation. In the reverse
Fourier transform, we can use the operator ið@=@tÞ to instead of x� x0 in
Eq. (9.1.35), the time-domain form of that equation is given by

@A
@z

þ b1
@A
@t

þ ib2
2

@2A
@t2

¼ iDbðxÞA: ð9:1:38Þ

DbðxÞ in the right side of Eq. (9.1.38) includes the fiber loss (α) and the non-
linearity ðDn).

Now we use Eq. (9.1.28) to find DbðxÞ. Under first-class perturbation, we sup-
pose Dn does not affect the model-filed distribution Fðx; yÞ in the pulsewidth range,
so we can pull out Dn to outside the integral, further use expression (9.1.22) of Dn,
and setting bðxÞ � nðxÞ xc , under condition of Dx\\x0, we can approximately
use Db0 instead of DbðxÞ, therefore the DbðxÞ in Eq. (9.1.38) can be written as

DbðxÞ ¼ Db0 �
n2ðx0Þx0

cSeff
Aj j2 þ ia

2
; ð9:1:39Þ
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here we used P ¼ Aj j2, because the amplitude A is normalized. Aj j2 represents
power (the unit is W). Substituting the Eq. (9.1.39) into Eq. (9.1.38), the
time-domain amplitude Eq. (9.1.38) becomes the following form:

@A
@z

þ b1
@A
@t

þ ib2
2

@2A
@t2

þ a
2
A ¼ icðx0Þ Aj j2A; ð9:1:40Þ

where γ is the nonlinear coefficient, its definition is

cðx0Þ ¼ n2ðx0Þx0

cSeff
: ð9:1:41Þ

The unit of c Aj j2 is m�1. Seff is the effective cross-section of fiber core, which is
defined as

Seff ¼
R R1

�1 Fðx; yÞj j2dxdy
� �2

R R1
�1 Fðx; yÞj j4dxdy ; ð9:1:42Þ

where Fðx; yÞ is distribution function of fundamental mode light filed of fiber. For
single-mode fiber, its fundamental mode can expressed as a Gaussian distribution,
i.e.,

Fðx; yÞ ¼ exp½�ðx2 þ y2Þ=w2�: ð9:1:43Þ

The effective cross-section of fiber core is

Seff ¼ pw2: ð9:1:44Þ

For the fiber at near the normalized cut-off frequency V ¼ 2, the parameter w is
equal to the radius of fiber core, i.e., w � a, and Seff ¼ pa2. When wavelength at
vicinity of 1:5 lm, the general cross-section of fiber core is Seff ¼ 20� 100 lm2. If
taking n2 � 2:6� 10�20m2=W, the range of nonlinear coefficient is
c ¼ 1� 10W�1=km.

Equation (9.1.40) describes the propagation law of picosecond light pulse in
single-mode fiber. The equation is called Nonlinear Schrödinger (NLS) Equation.
In which α denotes absorption loss, γ denotes nonlinearity effect, the moving group
velocity of pulse waveform is vg � 1=b1, the group velocity dispersion
(GVD) effect is depended on the parameter b2. The plus or minus of b2 is depended
on whether greater or smaller than zero-dispersion wavelength 1:31 lm, please see
following appendix.
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Appendix: Dispersion of Fiber
Dispersion of single-mode fiber is usually used the dispersion coefficient Dm to
describe, the relationship between Dm and b2 is

Dm ¼ db1
dk

¼ � 2pc

k2
b2 � � k

c
d2n

dk2
: ð9:1:45Þ

This is the material dispersion. The wave number of wave packet b1 ¼ 1=vg is
the time delay due to that the wave packet propagated with group velocity passes
through a unit distance, its unit is ps=km; the dispersion coefficient Dm is the time
delay induced by unit spectrum width, its unit is ps=ðkm � nmÞ; and the unit of
group-velocity dispersion parameter b2 is ps2=km.

Figure 9.1 gives the relation of variation of group-velocity dispersion parameter
of single-mode silica fiber b2 with the wavelength. We can see that b2 tends to zero
in the vicinity of wavelength 1.31 μm, for even longer wavelength it becomes
negative value, for example, when k � 1:55 lm; b2 � �25ps2=km. The wave-
length at b2 ¼ 0 is called zero-dispersion wavelength kD.

The material dispersion Dm is related with the fiber doping situation, for different
doping, the law of refractive-index variation with the wavelength is different, i.e.,
the characteristic of dispersion is different. There is also a dispersion, which relies
on the waveguide structure of fiber, it is called waveguide dispersion Dw. For
different fiber waveguide structure, in which the refractive index of efficient mode is
different with the material refractive index, therefore dispersion characteristic is
different. The main action is change the location of zero-dispersion wavelength kD,
to lead it shifts along long wavelength direction.

The total dispersion of single mode fiber D is a sum of material dispersion and
waveguide dispersion: D ¼ Dm þDw.

Fig. 9.1 Relation between
the group velocity dispersion
b2 and the wavelength for
single mode silica fiber
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There are common three kinds of single-mode fibers: the regular fiber (kD = 1.31
μm),the dispersion shift fiber (kD = 1.55 μm) and the dispersion flat fiber
(kD = 1.31 μm and 1.55 μm), their dispersion-wavelength characteristic curves are
shown in Fig. 9.2.

9.2 Group Velocity Dispersion and Self-phase
Modulation [1]

In two sides of Eq. (9.1.40) multiply by i, then we obtain

i
@A
@z

þ ib1
@A
@t

¼ � ia
2
Aþ b2

2
@2A
@t2

� c Aj j2A: ð9:2:1Þ

If we use the time coordinate of motion reference system with group velocity vg
(the space coordinate is no change),

T ¼ t � z=vg ¼ t � b1z; ð9:2:2Þ

and using the derivation formula for the function of functions, we obtain

@Aðz; TÞ
@z

¼ @

@z
Aðz; t ¼ T þ z

vg
Þ ¼ @Aðz; tÞ

@z
þ @Aðz; tÞ

@t
� @t
@z

¼ @Aðz; tÞ
@z

þ @Aðz; tÞ
@t

� 1
vg

¼ @Aðz; tÞ
@z

þ b1
@Aðz; tÞ

@t
:

Fig. 9.2 Dispersion–wavelength curves for three kinds of single-mode fibers: the regular fiber, the
dispersion shift fiber and the dispersion flat fiber
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Equation (9.2.1) becomes

i
@A
@z

¼ � ia
2
Aþ b2

2
@2A
@T2 � c Aj j2A: ð9:2:3Þ

This is NLS equation for describing the propagation of light pulse in the fiber.
Aðz; TÞ is the amplitude of pulse envelop. The first item of right side describes the
absorption of light pulse in the fiber, the second item describes the group velocity
dispersion (GVD) of light pulse, the third item describes self-phase modulation
(SPM) of light pulse (the nonlinear optics effect). Actually, this equation is neglected
the high-order nonlinear effects. This equation is suitable to use for describing the
propagation of light pulse with initial pulsewidth T0 [ 5ps in the fiber.

When the light pulse propagates in the fiber for a certain length L, in order to
estimate which effect: the dispersion effect or the self-phase modulation, plays main
role, we respectively introduce two physical quantities: the dispersion length LD and
the nonlinear length LNL, according to the comparison of the length of LD or LNL
relative to fiber length L, to determine which effect has more important contribution.

For realizing the normalization of the equation, we introduce a normalized time
τ, which is relative to the initial pulsewidth T0:

s ¼ T
T0

¼ t � z=vg
T0

: ð9:2:4Þ

In the same time, we introduce a normalized light filed amplitude Uðz; sÞ, which
is proportional to the amplitude Aðz; sÞ, the proportionality coefficient includes the
input light power and the absorption loss related with propagation distance:

Aðz; sÞ ¼ ffiffiffiffiffi
P0

p
expð�az=2ÞUðz; sÞ; ð9:2:5Þ

where P0 is the peak power of input light pulse; the exponent factor is for mea-
suring the fiber loss. So the Eq. (9.2.3) is rewritten to

i
@U
@z

¼ sgnðb2Þ
2LD

@2U
@s2

� expð�azÞ
LNL

Uj j2U; ð9:2:6Þ

where sgnðb2Þ ¼ 	1 is determined by the symbol of GVD parameter b2; LD is
dispersion length, which is defined as

LD ¼ T2
0

b2j j ; ð9:2:7Þ

LNL is nonlinear length, which is defined as

LNL ¼ 1
cP0

: ð9:2:8Þ
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We can see that LD is related with the fiber group velocity dispersion parameter
b2 and the initial width of input light pulse T0; and LNL is related with the nonlinear
parameter of fiber γ and the peak power of input light pulse P0. Namely b2 and T0
determine the group velocity dispersion GVD. And γ and P0 determine the
self-phase modulation SPM. According to comparison of LD and LNL with the
actual length of fiber L in numerical relative size, we can put the light pulse
propagation in optical fiber into four cases. Below we start from Eq. (9.2.6) to study
these four cases respectively.

9.2.1 Pulse Propagation Excluding Dispersion
and Nonlinearity

When the length of fiber is very short, i.e., L\\LD and L\\LNL, whether
dispersion or nonlinearity both not play important role. In Eq. (9.2.6), two items of

right side are all equal to zero, i.e., @Uðz;sÞ
@z ¼ 0, then Uðz; sÞ ¼ Uð0; sÞ, namely in

propagation process the shape of light pulse keeps no change (except the absorption
induces slightly decrease of power). This case is favorable to the optical
communication.

For example, for the standard fiber at wavelength k ¼ 1:55 lm; b2j j � 20 ps2=km,
and c � 2W�1km�1, if the light pulse with T0 
 100 ps and P0 � 1mW, in this case
LD and LNL 
 500 km, for the fiber with length of L� 50 km, the dispersion and the
nonlinearity all can be neglected. But when the pulsewidth of incident pulse is narrow
down, and the power of incident pulse increase, LD and LNL become smaller, such as
T0 � 1 ps and P0 � 1W, then LD and LNL � 100m, for this fiber, when its length
exceeds 10 m, we should consider the influences of the dispersion effect and the
nonlinearity effect in the same time.

9.2.2 Influence of Dispersion to Pulse Propagation

If L\\LNL, but L � LD, the second item of right side of Eq. (9.2.6) can be
neglected, the pulse variation mainly depends on the group velocity dispersion
(GVD). In this case LD is much smaller than LNL:

LD
LNL

¼ cP0T2
0

b2j j \\1: ð9:2:9Þ

Roughly estimating, for the standard fiber at k ¼ 1:55 lm, taking the typical
values of γ and b2j j, this case is suitable to the light pulse with power of P0\\1W
and pulsewidth of 1 ps.
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Below we will discuss the influence of group velocity dispersion to the light
pulse. Assuming in Eq. (9.2.3), c ¼ 0, using the normalized amplitude defined by
Eq. (9.2.5) Uðz; TÞ, then Uðz; TÞ is satisfied the following linear partial differential
equation:

i
@U
@z

¼ b2
2
@2U
@T2 : ð9:2:10Þ

This equation is easy to solve by using Fourier transformation method. Suppose
~Uðz;xÞ is the Fourier transformation of Uðz; TÞ, namely

Uðz; TÞ ¼ 1
2p

Z1

�1

~Uðz;xÞ expð�ixTÞdx; ð9:2:11Þ

Then it satisfies the ordinary differential equation

i
@ ~U
@z

¼ � 1
2
b2x

2 ~U: ð9:2:12Þ

The solution is

~Uðz;xÞ ¼ ~Uð0;xÞ expð i
2
b2x

2zÞ: ð9:2:13Þ

Equation (9.2.13) shows that GVD changes the phase of each frequency spec-
trum component in the pulse, the size of change is different according to the
different frequency ω and the transmission distance z. Substituting Eq. (9.2.13) into
Eq. (9.2.11), we can obtain the general solution of Eq. (9.2.10):

Uðz; TÞ ¼ 1
2p

Z1

�1

~Uð0;xÞ expð i
2
b2x

2z� ixTÞdT ; ð9:2:14Þ

where ~Uð0;xÞ is the Fourier transformation of incident light filed at z ¼ 0, namely

~Uð0;xÞ ¼
Z1

�1
Uð0;TÞ expðixTÞdT : ð9:2:15Þ

Equations (9.2.14) and (9.2.15) are suitable to the arbitrary shape incident pulse.
If the incident pulse is a Gaussian pulse (as shown in Fig. 9.3):
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Uð0; TÞ ¼ exp � T2

2T2
0

� �
; ð9:2:16Þ

where T0 is the same as the pulsewidth of light pulse introduced by Eq. (9.2.4), its
strict definition is the half width of the light pulse at 1=e of peek value. Actually in
common use, T0 is replaced by full width at half maximum TFWHM. For Gaussian
light pulse, the relationship between TFWHM and T0 is

TFWHM ¼ 2ðln 2Þ1=2T0 � 1:665T0: ð9:2:17Þ

Using Eqs. (9.2.14)–(9.2.16), and to integral, we obtain the amplitude at any
point z along the fiber:

Uðz; TÞ ¼ T0

ðT2
0 � ib2zÞ1=2

exp � T2

2ðT2
0 � ib2zÞ

� �
: ð9:2:18Þ

So the light pulse in the propagation keeps its Gaussian shape, but its pulsewidth
T1 is increased with increasing of z as follows:

T1ðzÞ ¼ T0½1þðz=LDÞ2�1=2: ð9:2:19Þ

Equation (9.2.19) shows that except the broaden factor T1=T0 is related with z, it
also depends on the dispersion length LD ¼ T2

0= b2j j. For a certain fiber length, if the
pulsewidth T0 is shorter and dispersion b2j j is lager, the dispersion length LD is
shorter, than the pulse broaden is larger at z ¼ LD, the broaden of Gaussian pulse isffiffiffi
2

p
times of that of the incident pulse. Figure 9.4 shows the broaden situations of

Gaussian pulse Uðz; TÞj j2�T=T0 curves at z=LD ¼ 0; 2, and 4 induced by disper-
sion. It is clear that propagation distance is longer, the pulse broaden is larger.

To comparison Eqs. (9.2.16) and (9.2.18) we can see, although incident pulse is
not chirped (the frequency is not modulated), the transmitted pulse becomes chirped
(the frequency is modulated). For clear, we rewrite the Eq. (9.2.18) to be following
form:

Fig. 9.3 Gaussian pulse
waveform and the relation of
T0 and TFWHM
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Uðz; TÞ ¼ Uðz; TÞj j exp½i/ðz; TÞ�; ð9:2:20Þ

where

/ðz; TÞ ¼ � sgnðb2Þðz=LDÞ
1þðz=LDÞ2

T2

T2
0
þ 1

2
tan�1 z

LD

� �
: ð9:2:21Þ

It is dispersion induced phase variation (phase shift) of light pulse with time. It
means that in the two sides of center frequency x0, there are different frequency
difference between the frequency at each moment ω and the center frequency x0,
namely dx ¼ x� x0, this frequency difference is equal to a negative number of
the time derivative of phase shift, i.e., dxðTÞ ¼ �@/=@T [the negative sign is due
to selection of factor expð�ix0tÞ in the light-filed expression (9.1.4)]:

dxðTÞ ¼ � @/
@T

¼ sgnðb2Þð2z=LDÞ
1þðz=LDÞ2

T
T2
0
: ð9:2:22Þ

It means that the fiber dispersion applies a time-dependent frequency to the light
pulse, that frequency variation with time is frequency chirp. Because the relation
between the chirp and the time is a linear relation, it is called linear frequency
chirp. The plus or minus of chirp dx depends on the sign of b2, in the normal
dispersion region ðb2 [ 0Þ, in the pulse leading edge ðT\0Þ, dx is minus (red
shift), but in the pulse tailing edge ðT [ 0Þ; dx is plus (blue shift), i.e., red head and
violet tail; in the anomalous dispersion region ðb2\0Þ, the contrary is the case, dx
of the pulse leading edge is plus (blue shift), and dx of the pulse tailing edge is

Fig. 9.4 Broadening of Gaussian pulse due to dispersion effect at z ¼ 2LD; 4LD. The vertical
coordinate is the normalized light intensity, the transverse coordinate is the normalized time, and
the imaginary line denotes the incident pulse waveform at z ¼ 0

9.2 Group Velocity Dispersion and Self-phase Modulation [1] 265



minus (red shift), i.e., violet head and red tail. The curves of dxT0 � ðT=T0Þ is
shown in Fig. 9.5. Form the figure we can see, when z ¼ 0, the Gaussian light pulse
has no chirp dx; the chirp becomes larger with increase of propagation distance of
light pulse; when z ¼ LD, the chirp is maximum, after that the chirp gradually
becomes smaller, until disappears.

We can understand the dispersion induced light-pulse broadening in this way:
because of GVD effect, the different frequency component has different propagation
velocity in the fiber. In the normal dispersion region ðb2 [ 0Þ, the red light com-
ponent is going faster than the blue light component, but in the anomalous dis-
persion region ðb2\0Þ, the blue light component is going faster than red light
component. Any relative decay of different frequency component all leads the pulse
broadening. Only when all frequency components arrive at the same time, the
pulsewidth is possible to keep no change.

9.2.3 Influence of Self-phase Modulation to Pulse
Propagation

If L\\LD, but L � LNL, The first item of left of Eq. (9.2.6) can be neglected, the
pulse change mainly depends on the self-phase modulation (SPM). In this case LNL
is much smaller than LD:

LD
LNL

¼ cP0T2
0

b2j j � 1: ð9:2:23Þ

Fig. 9.5 Normalized
frequency chirp of Gaussian
light pulse dxT0 as a function
of T=T0 (straight line
relation) at z ¼ 2LD; 4LD, the
imaginary line denotes that
the incident pulse at z ¼ 0 is
no chirp
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This condition is suitable the light pulse with more wide pulsewidth T0 [ 100 ps
and power P0 � 1W propagates in the regular fiber at k ¼ 1:55 lm. Omitting the
dispersion item, Eq. (9.2.6) becomes

@U
@z

¼ ie�az

LNL
Uj j2U; ð9:2:24Þ

where α is the loss of fiber; LNL ¼ ðcP0Þ�1; c ¼ n2x0=cSeff .
Setting the trying solution of Eq. (9.2.24) is

U ¼ V expði/NLÞ; ð9:2:25Þ

Substituting Eq. (9.2.25) into Eq. (9.2.24), than divided it into the real part
(amplitude) and imaginary part (nonlinear phase shift) two equations:

@V
@z

¼ 0; ð9:2:26Þ

@/NL

@z
¼ e�az

LNL
V2: ð9:2:27Þ

Because from Eq. (9.2.26) we can know that the amplitude V is without change
with z, we can directly integral to Eq. (9.2.27), than obtain the general solution:

UðL; TÞ ¼ Uð0; TÞ exp½i/NLðL; TÞ�; ð9:2:28Þ

where Uð0; TÞ is the light filed amplitude at z ¼ 0, the nonlinear phase shift
/NLðL; TÞ is:

/NLðL; TÞ ¼ Uð0; TÞj j2ðLeff =LNLÞ; ð9:2:29Þ

where Leff is the effective length related with the absorption loss:

Leff ¼ ½1� expð�aLÞ�=a: ð9:2:30Þ

From Eq. (9.2.29) one can see, SPM induced nonlinear phase shift is propor-
tional to the intensity of incident light in every moment, so the law of the
phase-shift variation with time is the same as the law of the incident-light-pulse
intensity variation with time, from Eq. (9.2.30) one can see, the increase of phase
shift with increasing of fiber length. Due to the absorption loss of fiber, the efficient
length Leff is smaller than the length of fiber L. But when without loss, i.e., a ¼ 0,
than Leff ¼ L. Because U is normalized, Uð0; 0Þ ¼ 1 is maximum value, therefore
the maximum phase shift /max appears at T ¼ 0 of the center of pulse. From
Eq. (9.2.29), we obtain

9.2 Group Velocity Dispersion and Self-phase Modulation [1] 267



/max ¼ Leff =LNL ¼ cP0Leff : ð9:2:31Þ

Equation (9.2.31) shows the physical meaning of nonlinear length is the efficient
propagation length under /max ¼ 1. If taking the typical nonlinear parameter c ¼
2W�1km�1 for fiber at k ¼ 1:55 lm, when P0 ¼ 10mW, we have LNL ¼ 50 km.
LNL will shorten with increase of P0.

SPM induced frequency-spectrum broadening is coming from the variation of
/NLðL; TÞ with time, it means that there are different frequency difference between
the instantaneous frequency at two sides of center frequency in every moment and
the center frequency. Using Eq. (9.2.29), we can calculate to get the frequency
difference:

dxðTÞ ¼ � @/NL

@T
¼ � Leff

LNL

� �
@

@T
Uð0; TÞj j2: ð9:2:32Þ

The variation of dx with time is called the frequency chirp. This SPM induced
chirp is increased with increasing of the propagation distance. In other word, as the
light pulse propagation in optical fiber, the new frequency components produced
continuously, cause frequency spectrum broadening continuously.

From Eq. (9.2.32) one can see, the frequency chirp is related with the pulse
waveform. If the light pulse is Gaussian type, than SPM induced chirp is

dxðTÞ ¼ 2
Leff
LNL

T
T2
0
exp � T2

T0

� �
: ð9:2:33Þ

Figure 9.6 shows when Leff ¼ LNL, the action of self-phase modulation to the
Gaussian-pulse propagation produced characteristic curves: the nonlinear phase
shift /NL change with time (above) and the frequency chirp dx change with time
(below). According to Eq. (9.2.29), the curve of /NL change with time in the figure
above is the same as the curve of pulse-intensity change with time. From the figure
below we can see, the curve of frequency chirp dx change with time has following
characteristic: at the pulse leading edge, dx is negative (red shift); to reach the pulse
tailing edge, dx becomes positive (blue shift), i.e., it appears red head and violet tail
phenomenon; in the wide range of the pulse center region the chirp is linear and
upward (up chirp); at the steepest inflection point of pulse leading edge and pulse
tailing edge, there is maximum chirp value.

9.2.4 Combined Action of Dispersion and Self-phase
Modulation

When L
 LD and L
 LNL, GVD and SPM combined action to the light pulse. The
interaction between both generates entirely different influence to the behavior of
light pulse. In the fiber anomalous dispersion region ðb2\0Þ, the actions of GVD
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and SPM are opposite: GVD generates violet head and red trail chirp; but SPM
generates red head and violet trail chirp. When both reach the balance, it can
eliminate the chirp in the optical fiber, the pulse shape will remain unchanged, thus
the optical soliton will be produced.

Now we rewrite the nonlinear Schrodinger Eq. (9.2.6) into following normalized
form:

i
@U
@n

¼ sgnðb2Þ
1
2
@2U
@s2

� N2e�az Uj j2U; ð9:2:34Þ

where ξ and τ denote the normalized variables distance and time respectively, which
are defined as

n ¼ z=LD; s ¼ T=T0: ð9:2:35Þ

The definition of parameter N is

N2 ¼ LD
LNL

� cP0T2
0

b2j j : ð9:2:36Þ

Fig. 9.6 Curves of phase
shift /NL (power) and
frequency chirp dx as a
function of time for Gaussian
pulse propagation
characteristic produced by
self-phase modulation
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In Eq. (9.2.34), sgnðb2Þ ¼ 	 depend on that the GVD is in normal dispersion
region ðb2 [ 0Þ or in anomalous dispersion region ðb2 [ 0Þ. The integer value
N depends on the relative strength of SPM and GVD in the evolution process of
light pulse in the fiber. When N  1, the action of GVD is dominating; and when
N � 1, the action of SPM is dominating, but when N � 1, the two actions of SPM
and GVD are equal.

For a specific N, there are many practical groups of pulsewidth and power
suitable Eq. (9.2.36), for example, if N ¼ 1, one can select: T0 ¼ 1 ps and
P0 ¼ 1W; T0 ¼ 10 ps and P0 ¼ 10mW; T0 ¼ 0:1 ps and P0 ¼ 100W, etc.

NLS Eq. (9.2.34) is a nonlinear partial differential equation. In general it cannot
obtain the analytical solution. In order to obtain the numerical solution of the NLS
equation, one can employ the split-step Fourier method, namely use of different
differential operator to denote the linear and nonlinear effects of dispersion and
absorption respectively, applied to the different segment of fiber, replacing the
differential operator by the Fourier frequency, using finite Fourier transform
(FFT) algorithm to numerical calculation.

Figure 9.7 draws the evolution process of pulsewidth and frequency spectrum
for an non-initial chirp Gaussian pulse propagating in the fiber with length of
z ¼ 5LD in fiber normal dispersion region ðb2 [ 0Þ, and in the condition of N ¼ 1
and a ¼ 0. Because in the normal dispersion region SPM makes the pulse leading

Fig. 9.7 When a Gaussian pulse without initial chirp propagates in a fiber with length of z ¼ 5LD,
in the fiber normal dispersion region ðb2 [ 0Þ and condition of N ¼ 1 and a ¼ 0, the curves of
a pulse shape versus distance; b frequency spectrum versus distance
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edge to red shift and pulse trailing edge to blue shift, its action is the same as the
GVD, therefore SPM induced pulse broadening speed is faster than the case only
has the action of GVD.

In the anomalous dispersion region ðb2 [ 0Þ, the evolution process of pulse-
width and frequency spectrum of Gaussian pulse under other same condition
(N ¼ 1 and a ¼ 0) is shown in Fig. 9.8. In the beginning, the speed of pulse
broadening is slower than the speed in the case without SPM (it only has GVD),
until when z[ 4LD, than basically achieve the unchanged state. But the frequency
spectrum width is much narrower than the width in the case without SPM (it only
has GVD). It is not hard to understand, according to Eq. (9.2.32), SPM generated
chirp is possible; but according to Eq. (9.2.22), GVD generated chirp in b2\0
region is negative. When N ¼ 1, the actions of two chirps in the nearby the center
of Gaussian pulse cancel each other out. In the pulse propagation process, though
the combined action of GVD and SPM, self-regulation of the pulse shape, as far as
possible entirely offset these two inverse chirps, to maintain non-chirped pulse
propagation. The generation process of optical soliton is similar to this situation: in
the beginning the Gaussian pulse inputs, it is not fundamental-state soliton, so it has
a certain broadening. However the combined action of GVD and SPM leads the
pulse shaping, finally the pulse evolves into a hyperbolic secant type
fundamental-state optical soliton, as shown in Fig. 9.8.

Fig. 9.8 Non-chirp Gaussian pulse propagation curves: a pulse shape and b frequency spectrum
in anomalous dispersion region ðb2 [ 0Þ, and in condition of N ¼ 1 and a ¼ 0

9.2 Group Velocity Dispersion and Self-phase Modulation [1] 271



Actually, although many lasers launched laser pulses are all Gaussian type, only
some specially-made mode-locked laser generates the hyperbolic secant type
optical soliton, namely

Uð0; TÞ ¼ sec h
T
T0

� �
exp � iCT2

2T2
0

� �
; ð9:2:37Þ

where C is the chirp parameter, it depends on the initial chirp of pulse. T0 is the half
width at 1/e of peak intensity, for hyperbolic secant type optical pulse, the relation
between T0 and the full width at half maximum intensity TFWHM is

TFWHM ¼ 2 lnð1þ
ffiffiffi
2

p
ÞT0 � 1:763T0: ð9:2:38Þ

In comparison with Eq. (9.2.17), we can see that the difference of TFWHM

between the hyperbolic secant type light pulse and the Gaussian type light pulse is
not too big, but the hyperbolic secant type light pulsewidth is narrower than the
Gaussian type light pulsewidth.

If light pulse is non-chirp pulse, C = 0, i.e., it is the fundamental wave optical
soliton. In the propagation process, its waveform and optical spectrum all keep no
change. If the incident light pulse deviate the hyperbolic secant pulse waveform, the
combined action of GVD and SPM can make the light pulse to evolve to be
hyperbolic secant pulse.

9.3 Time Soliton and Space Soliton

Optical soliton can be interpreted as a matter state when both of linear effect and
nonlinear effect achieve a balance in the propagation of light wave. Optical soliton
in general is classified into the time optical soliton and the space optical soliton. The
time soliton is a balance state of light pulse when two opposite chirp effects induced
by the dispersion and the nonlinear self-phase modulation achieve a balance. The
space soliton is a balance state of light pulse when the diffraction and the nonlinear
self-focusing achieve a balance.

9.3.1 Time Soliton

In 1834 S. Russell, a shipbuilder of the United Kingdom observed a circular smooth
wave peak of water wave in a narrow river channel, this phenomenon is called
solitary wave or soliton by later generations. In 1895, Korteweg and De Vries
proposed KDV equation to explain it. Until the 70s of 20th century the develop-
ment of fiber communication, the optical soliton study brought to attention.
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In 1971 Zeldovich and Sobelman at the first time proposed the theory of com-
pressing light pulse with SPM by using GVD effect [2]; in 1972 Zakharov and
Shabat based on analysis of nonlinear wave equation, obtained the conclusion of
existence of time soliton wave solution with hyperbolic secant form [3]. In 1973,
Bell Labs A. Hasegawa and F. Tappert firstly propose the idea for application of
optical soliton in the optical fiber communication [4]. Because the formation of
stable optical soliton requires very high technology, until to1980, Mollenauer et al.
firstly observed optical soliton in Bell laboratory [5]. In 1984 Mollenauer et al.
successfully developed the color center soliton laser [6], in 1991, Smith et al.
successfully developed all-fiber integrated erbium-doped fiber soliton laser [7], in
1999, P. Andrekson et al. completed several field investigations of soliton propa-
gation in fiber [8].

Time soliton can be described by nonlinear Schrodinger Eq. (9.2.3). If
neglecting the absorption loss, the nonlinear Schrodinger Equation can be simpli-
fied as

i
@A
@z

¼ b2
2
@2A
@T2 � c Aj j2A; ð9:3:1Þ

where A ¼ Aðz; TÞ is amplitude of pulse envelop (wave packet); b2 is GVD
parameter; γ is SPM nonlinear parameter.

In order to normalize Eq. (9.3.1), we introduce three dimensionless variables:

U ¼ A
ffiffiffiffiffi
P0

p ; n ¼ z
LD

; s ¼ T
T0

: ð9:3:2Þ

Then the equation becomes

i
@U
@n

¼ sgnðb2Þ
1
2
@2U
@s2

� N2 Uj j2U; ð9:3:3Þ

where P0 is the pulse peak power; T0 is the incident pulsewidth; Parameter N is
defined as

N2 ¼ LD
LNL

¼ cP0T2
0

b2j j : ð9:3:4Þ

Through the definition of

u ¼ NU ¼
ffiffiffiffiffiffiffiffi
cLD

p
A; ð9:3:5Þ

The parameter N can be eliminated from Eq. (9.3.3). Considering in anomalous
dispersion GVD case, we take sgnðb2Þ ¼ �1, the equation becomes following
standard form of nonlinear Schrodinger (NLS) Equation:
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þ uj j2u ¼ 0: ð9:3:6Þ

Equation (9.3.6) can be solved by using inverse scattering method. Actually, it is
a method similar to Fourier transform. This method is using the incident filed at
z ¼ 0 to obtain the initial scattering data, than through solving lineal scattering
problem to obtain the change of propagation field along z, than from the changed
scattering data to rebuild the new propagation field. The process of this method is
too complicate; here we just introduce a simpler method to solve the fundamental
state soliton.

Suppose NLS Equation has a solution maintaining a no-changed shape, namely

uðn; sÞ ¼ VðsÞ exp½i/ðn; sÞ�; ð9:3:7Þ

where V is independent with n, Eq. (9.3.7) denotes the fundamental state soliton
with no-changed shape in propagation process. The phase ϕ is a function of n and τ.

Substituting Eq. (9.3.7) into Eq. (9.3.6), and then separating into real part and
imaginary part, one can obtained the two equations related with amplitude V and
phase ϕ, respectively. The phase equation shows that ϕ should adopt the form of
/ðn; sÞ ¼ Kn� ds, in which K and δ are constant. If taking d ¼ 0 (without fre-
quency shift), then V should satisfy

d2V
ds2

¼ 2VðK � V2Þ: ð9:3:8Þ

In the two sides of Eq. (9.3.8) multiply by 2ðdV=dsÞ, and integral to τ, we can
obtain

ðdV=dsÞ2 ¼ 2KV2 � V4 þC; ð9:3:9Þ

where C is integration constant. Using boundary condition, namely when sj j ! 1,
V and dV=ds are equal to zero, so C ¼ 0. Constant K is depended on the condition
that at soliton peak value, V ¼ 1 and dV=ds ¼ 0. And assuming the peak value
appears at s ¼ 0, thus we can get K ¼ 1=2, then / ¼ n=2. Simple integral to the
equation, to obtain VðsÞ ¼ sec h s, from this we can obtain the following soliton
solution:

uðn; sÞ ¼ sec hðsÞ expðin=2Þ: ð9:3:10Þ

This is a standard form of fundamental state soliton. Equation (9.3.10) indicates
that if light pulse is a hyperbolic secant pulse with pulsewidth T0, peak power P0

satisfied Eq. (9.3.4) with N ¼ 1. If this pulse inputs into a lossless idea fiber, the
pulse will be non-distortion propagation, never change its shape in any distance.
Setting N ¼ 1 in Eq. (9.3.4), we can obtain the peak power required for propa-
gating fundamental state soliton, i.e.,
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P0 ¼ b2j j
cT2

0
� 3:11 b2j j

cT2
FWHM

; ð9:3:11Þ

where the relation of TFWHM � 1:76T0 is used.
For the dispersion shift fiber at 1:55 lm, the typical values are b2 ¼ �1 ps2=km

and c ¼ 3W�1=km. When T0 ¼ 1 ps, P0 is about 1 W; when T0 ¼ 10 ps, P0 is
reduced to 10 mW. Therefore even for 20Gb=s high bit rate transmission system, it
can be reached by semiconductor laser at this power level, also can form the
fundamental state soliton in the fiber.

The solution satisfied NLS Eq. (9.3.10) is not only above described so called
“bright soliton” solution, but also having many other solutions. For example the
“dark soliton” is also a solution. Its intensity profile is a caving on the uniform
background. We only change the symbol of time-differential item in Eq. (9.3.6), the
NLS equation for describing the dark soliton can be obtained:
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@n

� 1
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@2u
@s2

þ uj j2u ¼ 0: ð9:3:12Þ

We can assume the form of solution is

uðn; sÞ ¼ VðsÞ exp½i/ðn; sÞ�: ð9:3:13Þ

Then substrate it into V and ϕ satisfied differential equations, thus we can obtain
the solution of dark soliton. The difference compared with the bright soliton is:
when sj j ! 1, VðsÞ becomes a non-zero constant, its general solution can be
written as

Vðn; sÞj j ¼ VðsÞ ¼ gf1� B2 sec h2½gBðs� ssÞ�g1=2: ð9:3:14Þ

The phase is

/ðn; sÞ ¼ 1
2
g2ð3� B2Þnþ g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� B2

p
sþ arctan

B tanhðgBsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� B2

p
� �

; ð9:3:15Þ

where parameters g and ss are denoted the amplitude of soliton and the location of
caving, respectively. B is denoted the deep of caving ð Bj j � 1Þ. For Bj j ¼ 1, the
intensity of caving center drops to zero; for other value of B, caving not tends to zero.
So the dark soliton for Bj j\1 is called gray soliton. The parameter B determines the
dark degree of gray soliton. The gray soliton for Bj j ¼ 1 is called dark soliton. In
Eq. (9.3.14), to set g ¼ 1 and B ¼ 1, we can obtain the standard form of dark
soliton:

uðn; sÞ ¼ tanhðsÞ expðinÞ: ð9:3:16Þ
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Therefore the dark soliton has the hyperbolic tangent type amplitude. The dark
soliton is a hyperbolic tangent pulse with a sunk at the center, it keeps no change
when propagation in normal dispersion region.

Figure 9.9 gives the intensity-time curve and the phase-time curve for dark
soliton when Btakes different values. At s ¼ 0, the dark soliton is a hyperbolic
tangent pulse with a center sink, the sink of black soliton is maximum, Bj j is
smaller, the sink is smaller; at s ¼ 0, also has a phase break, the phase break of
black soliton is π. Bj j is smaller, the phase break is smaller, and change slower.

9.3.2 Space Soliton

In comparison with time soliton, the conception of space soliton is proposed later.
So called space soliton is that the light pulse propagates in nonlinear medium, when
the linear diffraction and the nonlinear self-focusing effect both reach a balance, the
pulse propagation forwards ahead with a stable space form. The study related to
space soliton should date back to 1964, Chiao et al. [9] started to study the
self-focusing, they proposed the description of light beam “self-trapping” effect.
But until 1972 Zakharov and Shabat [10] given the soliton theory by using classical
nonlinear Schrodinger equation, after that people gradually aware the self-focusing
filament is just a kind of space bright optical soliton.

In the situation of neglecting the medium loss, the propagation of space soliton
can be described by using following NLS equation:

i
@q
@n

þ @2q

@f2
� 2 qj j2q ¼ 0: ð9:3:17Þ

Fig. 9.9 Characteristic curves of dark soliton for different parameter B: a the intensity versus the
time; b the phase versus the time

276 9 Propagation of Light Pulse in Fiber …



where q ¼ E=E0 is normalized filed amplitude; n ¼ z=z0 is the normalized vertical
coordinate; f ¼ x=x0 is the normalized transverse coordinate. Here E0 is maximum
amplitude of filed, z0 ¼ 2n0=ðbn2 E0j j2Þ is the characteristic scale of space soliton
propagation, x0 ¼ ffiffiffiffiffi

n0
p

=ðb ffiffiffiffiffi
n2

p
E0j j2Þ is the characteristic scale of space soliton

width. Here n0 is linear refractive index, β is light propagation constant in the
medium.

The space optical soliton also can be divided into two kinds of the bright soliton
and the dark soliton. In 1985 A. Barthelemy et al. in the first experimentally proved
that in the Kerr medium, the diffraction effect and the nonlinear self-focusing effect
reach a balance to form a space bright soliton. Actually, any medium with
self-focusing effect all can observe the space bright soliton, the materials including
various three-order nonlinear optical medium, two-order nonlinear crystal, liquid
crystal composed with anisotropic molecules, and photorefractive materials.

In 1987, P.A. Belanger and P. Mathieu, at the first time, started from NLS
equation to prove that the existence of the space dark soliton in self-focusing Kerr
medium is possible. In 1988, Maneuf et al. [11] observed the change from fun-
damental soliton to three–order soliton in KDP crystal. After that people observed
space dark optical soliton in different mediums, and tried to apply the space dark
soliton in design of controllable flexibility optical waveguide, X and Y-type
directional couplers, and all-optical switches, etc. in 1996, Li’s [12] research group
experimentally proved the existence of space dark soliton in C60 solution and
demonstrated the space dark soliton induced flexibility optical waveguide. In 1997
they also experimentally demonstrated the thermal induced space dark soliton in
chlorophyll-acetone solution [13].

In general, the experimental studies of space dark soliton are used the material
with minus nonlinear refractive index ðDn\0Þ, including various isotopic
three-order nonlinear medium, and the wavelength of incident laser are selected
nearby the single photon and two-photon resonant frequency; in addition the ani-
sotropic two-order nonlinear crystal and photorefractive materials, etc. can also
produce the refractive index change Dn\0, to demonstrate the space dark soliton.

Review Questions of Chapter 9

1. There are which steps to deduce the Nonlinear Schrodinger Eq. (9.1.38) for
describing the propagation of picosecond light pulse in the single mode fiber;
what physical meaning in that equation?

2. Illustrate the source, meaning, significance and application of following forms of
NLS equations: (1) Eq. (9.2.3) using group-velocity motion time coordinate;
(2) Eq. (9.2.6) containing normalized time, dispersion length and nonlinear
length; (3) Eq. (9.2.34) containing normalized time, normalized distance and
parameter N; (4) Standard Eq. (9.3.6) using normalized time, distance, and
amplitude.

3. Please deduce the material dispersion formula (9.1.43). What are regular fiber,
dispersion shift fiber and dispersion flat fiber? Draw the dispersion-wavelength
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characteristic curves. What is normal dispersion and anomalous dispersion? In
which kind fiber for generation of optical soliton?

4. Discuss the propagation of light pulse in following four cases: (1) excluding
dispersion and nonlinearity; (2) consider the influence of dispersion; (3) con-
sider the influence of self-phase modulation; (4) consider the combined action of
dispersion and self-phase modulation. Explain the formation of time optical
soliton.

5. From NLS Eq. (9.3.6) to find the solution of fundamental wave time optical
soliton. Write down dark soliton equation and its fundamental state solution.
What is the characteristic of dark soliton, what is difference between bright
soliton and dark soliton?

6. What is space optical soliton? Illustrate its generation mechanism. What is
nonlinear Schrodinger equation for describing space optical soliton?
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Chapter 10
All-Optical Switch Based on Nonlinear
Optics

In this chapter, the first section gives the reviews of all-optical switch (AOS),
including the significance, basic principle, classification method, application
requirement, recent problem, and development direction. The following sections
discuss the six classes of all-optical switches, including optical coupler AOS,
Sagnac interferometer AOS, M–Z interferometer AOS, ring resonator AOS, fiber
grating AOS, and nanoscale AOS. We will respectively introduce the working
principle of these AOSs, and estimate the switching power and the switching time
of these AOSs. The working principles of these AOSs are based on various non-
linear optical effects including single photon or two-photon induced nonlinear
refractive index change, or nonlinear absorption coefficient change, etc. Up to now,
the all-optical switch research is in the stage of fundamental study, it can not reach
the technology indexes required by practice device with low power, high speed, and
low loss properties. In order to realize these technology indexes, we need shrink the
space scale of devices, seek high nonlinearity and low absorption materials, design
reasonable nano-structure devices, adopt the probe laser at optical communication
wavelength and the pump laser with ultrashort pulsewidth, and use mature opto-
electronic integrated technique. Exploration of the practical nano-scale AOSs is
present main research direction of all-optical switch.

10.1 Summarization of All-Optical Switch

10.1.1 Research Direction of All-Optical Switch [1]

1. Significance of All-Optical Switch

In the early 1960s the invention of laser marks that the optics started development
from “Traditional Optics” to “Modern Optics”. So called “Modern Optics” is the
optics that use laser as optical source. And the laser is consisted of coherence
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photons, so “Modern Optics” is just “Photonis”. Nowadays the Photonics already
developed to “Optoelectronics” stage or “Micrometer photonics” state, the char-
acteristic of this stage is “controlling light with electricity” and “opto-electronic
hybrid”, the devises used in this stage, such as semiconductor laser, optical mod-
ulator, optical amplifier, photodetector, and electricity controlled optical switch, etc.
All of them are “controlling light with electricity” devices and with micrometer
scale. The application systems in this stage, such as the optical communication
system, the computer system and the optical sensing system are all opto-electricity
hybrid systems. For present optical communication system, signal transmission is
all-optical, but the signal switching is still used the electronic technology. For
precent computer, although the external input and output equipment and storage
and display equipment have been changed to photonic technology, but the data
process chips are still using the electronic technology. For present sensing system,
the sensing device have already used the optical grating sensor, however the signal
processing (demodulation technology) still use the electronic method. In today’s
“optoelectronics stage”, the photonic technology has been widely used, many
electronic technology have been replaced by photonic technology. But the respect
of core technology—information processing technology, the photonics is far behind
the electronics. Today’s electronic information processing is digitalized, because
the electronics has the transistor—an “electricity controlling with electricity”
device. However up to now we have no “optical transistor”—“light controlling with
light” device that just is all-optical switch. So today’s optical information tech-
nology is only analog, not digital.

The next stage of photonics will be the stage of “all-optical photonics” or
“nanophotonics”. In this stage, the nanoscale photonic device will develop to “light
controlling with light” or all-optical device. The digital optical information pro-
cessing will be realized, the computer chip will adopt the all-optical logic elements,
the optical communication will use all-optical switching technology; all these
all-optical technologies are based on the all-optical switches. Therefore, the
all-optical switch is a key technology of future photonic technology.

2. Working Principe of All-Optical Switch

The development of electronics is based on the transistor. The fundamental device
in electronic computer is switching transistor; it is a device in which the strong
electrical signal is controlled by a weak electrical signal. The laser has been
invented for half a of century, why up to now people can not make a practical
optical switching transistor based on “light controlling with light”, namely
all-optical switch? The primary cause is the electrically neutral of photon, among
photons without strong electromagnetic interaction, so no way to directly realize
“light controlling with light”. The only way is using the indirect method—nonlinear
optics method to drive the optical switch, i.e., using a pump light changes the
transmission medium of signal light, to realize the switching of signal light.

In order to understand the working principle of all-optical switch, as an example,
we discuss a space type all-optical switch based on the M–Z nonlinear waveguide
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interferometer, as shown in Fig. 10.1. The two arms of M–Z interferometer have
same length L and different materials: one is made by nonlinear material (doped
silica) with the nonlinear refraction coefficient n2, another one is linear material
(pure silica). A signal light with a low power inputs the interferometer from port 1,
and divides into two beams travelling in the two arms. Because the M–Z inter-
ferometer is symmetric, the signal light will output from Port 2. When a pump light
with a strong power P inputs the interferometer from port 1, and divides into two
beams going to two arms, each beam has power P/2. Due to Kerr effect the pump
light induces refractive-index change Dn in the nonlinear arm, Dn ¼ n2P=2S (S is
the cross sectional area of waveguide). When the signal light beam passes through
the nonlinear arm of interferometer, the phase shift in the nonlinear arm will be
D/ ¼ ð2p=kÞDnL ¼ pn2LP=kS, which is just the difference between two phase
shifts of signal light beams in two arms. We can prove that the intensities of
outputted signal light at two output ports are depended on the phase difference D/.
When the power P is strong enough to make D/ ¼ p, the signal light will be totally
switched from Port 2 to Port 3. When removing the pump light, the outputted signal
light will return to Port 2.

3. Technology Index of Practical All-Optical Switch

The practical all-optical switches are required to achieve technology indexes mainly
in the following three aspects: switching power, switching time and optical loss of
device:

(1) Low switching power: the switching power � 10mW (milliwatt magnitude),
like the signal power of fiber communication;

(2) High switching speed: the switching time � 10 ps (picosecond magnitude),
like the maximum switching speed of electronic switches.

(3) Low optical loss: the insertion loss � 0:5 dB (sub-decibel magnitude), near the
transmission loss of fiber, easy to cascade of devices.

But so far existing all-optical switches are difficult to achieve above three
technology indexes at the same time.

4. Problem of All-Optical Switch Study

Since the invention of laser people began to study all-optical switch, already spent
half a century, expend a lot of research funding, published a mass of research
papers, but so far the practical all-optical switching devices are not available in the
market. That is why? Because the research of all-optical switch based on nonlinear

Fig. 10.1 Working principle of nonlinear M–Z interferometer all-optical switch, when pump
power is strong enough to make D/ ¼ p, the outputted signal light will switch from Port 2 to Port 3
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optics has been faced with following three contradiction problems, which are hard
to overcome until now:

(1) The contradiction between the switching power and the absorption loss. The
all-optical switch usually is based on three-order nonlinear optics effect, it
requires high power of pump laser; the pump power is much higher than the
controlled signal light power. The high power makes a strong thermal effect, to
lead the device unstable. In order to reduce switching power, one need
enhance the nonlinearity of material, for this purpose one may select the pump
laser at wavelength of resonance absorption area. So that greatly increase of
the absorption loss of material, to make the optical switches cannot cascading
operation. For example, the semiconductor at wavelength of exciton absorp-
tion peak has very strong optical nonlinearity, but its absorption loss is very
big; the quartz material has low optical absorption loss, but its optical non-
linearity is too bad, required the switching power is much high.

(2) The contradiction between switching power and switching time (switching
speed). For example, the all-optical switch using the liquid crystal material has
high optical nonlinearity and low switching power, but its optical switching
relays on the molecular rotation, the switching time is long; the all-optical
switch using quartz material has high switching speed and low absorption loss,
but the molecule of quartz has high symmetry, so its optical nonlinearity is
very low. In order to decrease the switching power of quartz all-optical
switching, people may adopt the ring resonator structure to increase the optical
nonlinearity. But the photon lifetime of ring cavity (nanosecond) limits the
switching speed of the device. People also can use two-photon absorption
effect to enhance the refractive index change, and than to decrease the
switching power (to 10 mW), however, the two-photon absorption accom-
panies the free carrier absorption to limit the switching time (100 ps only).

(3) The contradiction between switch-on time and switch-off time. In general the
switch-on time of all-optical switch depends on the pulsewidth of pump light,
if the pump light used picosecond or femtosecond light, the switch-on time can
reach picosecond; however, because the limitation of the carrier recombination
time, or the molecular moving speed etc., the switch-off time often is longer
than the switch-on time in two order of magnitudes (greater than nanosecond).
For example, the switch-on time of semiconductor all-optical switch can
achieve picosecond, but the carrier recombination time needs dozens of
nanosecond. One may adopt ultrathin interface or nonuniform medium, etc.
methods to enhance the speed of carrier recombination, but the nonuniformity
of medium may increase the optical absorption of medium.

5. Approaches to the Problem

The past research of all-optical switch mainly focus on the seeking of the nonlinear
materials with high n2, less concentrate efforts on device structure and new physical
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mechanism, so that up to now no way to solve the problem of practical all-optical
switch. In order to solve the problem of practical all-optical switch, the scientists
have carried out the following research works:

(1) Form the refractive index change formula of Kerr effect Dn ¼ n2I ¼ n2ðP=SÞ
we can see that Dn is not only related to n2 of material, but also related to the
waveguide cross-section area. For the certain n2, the pump power P is pro-
portional to the cross-section area S, hence compression of transverse
dimension, use of the nanoscale optical waveguide and nanomaterial (photonic
crystal and surface plasmon polariton), can effectively reduce the switching
power.

(2) From light induced phase change formula D/ ¼ ð2p=kÞDnL ¼ 2pn0LP=kS
we can see that, for a certain phase change D/ (such as D/ ¼ p), S and n2, the
pump power P is revers proportional to the device length L, so the increase of
L is beneficial to reduction of pump power, but the increase of L will make the
device dimension too big, and the switching time is increased. So scientists
suggest using ring cavity structure, equivalently infinity increase of the length
L. In the same time, to make decrease of the diameter of ring waveguide, the
switching speed of device will be increased.

(3) In order to reduce the absorption loss, the optical switch can use silicon, silica
or quartz materials, but the nonlinearity of these materials are very low, so the
high switching power is required. Scientists suggest adopt micro resonant
cavity structure (micro ring or micro F–P cavity), it can be used for accu-
mulating the nonlinearity, to reduce the switching power.

(4) The Kerr effect belongs to single photon effect, the pump light induced
refractive index change is proportional to the pump power, i.e., Dn / P. In
order to enhance the refractive index change, we can use two-photon effect
(TPA). Because its refractive index change is proportional to the square of

average power of pump light, i.e., Dn / P
2
, thus the switching power can be

reduced in 3 order of magnitude.
(5) The carrier recombination time of semiconductor greatly limits the switch-off

time of all-optical switching. The carrier recombination time of semiconductor
depends on grow, deposition, and the size of the device, from dozens of
nanosecond to hundreds of picosecond. For example, the compound semi-
conductor (such as GaAs), the carrier recombination time is about 10 ns; for
silicon material, the optical Kerr effect induced carrier recombination time
<1 ns, but the two-photon absorption (TPA) under the femtosecond laser
action, often accompanieds the free carrier absorption (FCA), the carrier
recombination time is about 1 ns. In order to reduce the free carrier absorption,
one may doping the oxygen ion O+ into the silicon, to form the capture center
of carrier, in this way the carrier recombination time can be reduced to 3 order
of magnitude, to reach 1 ps. The ion-implanted silicon is called II-Si.

(6) In the aspect of nonlinear mechanism, except optical Kerr effect and
two-photon effect, we can also explore other physical mechanism, for exam-
ple, the photon induced band gap shift of photon crystal, the nonlinear
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absorption of photon crystal waveguide, nonlinear transmission of coupling
grating, or photo-induced solid-liquid phase transition or photo-induced
molecule isomerism in the two side of interface of material. Under the
nanoscale condition, these new mechanisms are possible to obtain the low
switching power and fast switching speed of all-optical switches.

In conclusion, on the foundation of developing nano-photonics and ultrafast-
photonics, to compress the device space dimension and the pulsewidth of driving
laser, to adopt various nano-structures and new physical mechanisms, in the same
time, to enhance the nonlinearity, response time, and transparency of material,
finally the practical all-optical switches are possible to realize.

10.1.2 Classification of All-Optical Switch [1]

Different kinds of all-optical switches based different working principles have
different characteristics, functions, and application in different occasions. When we
discuss the classification of all-optical switch, we will further explain the working
principles of all-optical switches.

1. Classification According to Application Characteristic

According to application characteristic we can classify the all-optical switch into
three categories: the regular optical switch, the optical limiting switch and the
optical bistable switch. Their output-input characteristics (Pt–Pi curve) are shown in
Fig. 10.2.

The characteristic curves of the regular optical switch and the optical limiting
switch are single valued, their switch-on power Pon and switch-off power Poff are
coincided, and it is easy disturbed by the noise, the device is not very stable; the
characteristic curve of optical bistable switch is a closed rectangular loop, the
switch-on power Pon and the switch-off power Poff are located on the two side edges
of the bistable region. Any input power P0 in the bistable region is corresponding to
two possible output powers P0

t and P00
t , when the action range of noise is smaller

than bistable region, the device is very stable.

Fig. 10.2 Classification of all-optical switch according to application characteristic: a the regular
optical switch; b the optical limiting switch; c the optical bistable switch
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The difference between the optical limiting switch and the regular optical switch
is that, when the input light power is smaller than the switch-on power, the regular
optical switch is in the off-state, and the working characteristic of optical limiting
switch likes a linear device: the output power is proportional to the input power.
When the input light power of optical limiting switch is greater than the switch-on
power, the outputted power is clamp down a low power (Pc) level. The charac-
teristic of optical limiting switch likes that of an electronic voltage-stabilizing
diode. So the optical limiting switch is called optical limiter.

The optical switches have a wide application. The regular optical switch can be
used in optical communication network for optical switching components, auto-
matic protection and monitoring, detection of batch optical devices, etc.; the optical
bistable switch can be used in optical communication, optical computing and
optical information processing, such as the optical flip-flop, optical memory, optical
switching and optical logical elements; the optical limiting switch can be used in the
militarily for making optical limiter to against the laser blind weapon.

2. Classification According to Switching Function

According to switching function the all-optical switch can be classified to four
categories: the intensity switch, the space switch, the time switch and the waveg-
uide switch, as shown in Fig. 10.3. The intensity switch is used to control some
signal light channel on and off, such as the grating-type all-optical switch; the space
switch is used to control signal light transforming between different channels, such
as the interferometer-type all-optical switch; the time switch can control the time of

Fig. 10.3 Schematic diagrams of all-optical switches: the intensity switch, the space switch, the
time switch and the waveguide switch
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switch-on and switch-off of optical switch, such as the optical flip-flop; the
wavelength switch can transfer the wavelength of signal carrier wave, such as the
wavelength transverter. In Fig. 10.3, the solid line with arrows denotes signal light;
the imaginary line with arrows denotes pump light.

3. Classification According to Controlling Method

According to the method of controlling signal-light intensity the all-optical switch
can be classified into two categories: the cross-pump all-optical switch and the
self-pump all-optical switch. As an example we use the following intensity-type
all-optical switch to illustrate, as shown in Fig. 10.4.

A signal light beam with low power (Pi) inputs a intensity type all-optical switch
in order to realize the switching of outputted signal light power, we can use two
optical controlling method: one is using another pump light with high power (Pp),
to change the optical parameter of medium (such as refractive index), to lead the
phase change of the signal light, and further change its outputted power: transfer-
ring between low and high powers. When removing the pump light, the medium is
no change, the outputted signal light power return to the original case, as shown in
Fig. 10.4a. This is the method to realize the all-optical switch by using two light
beams, which is called cross-pump method.

Another method is using incident signal light itself as the pump light to change
the refractive index and to change the phase of the signal light. This way looks
simpler, but it requires signal light power strong enough, and the power is adjus-
table. When incident signal power is weak (Pi), the medium without change, the
outputted power at low state; when incident signal power becomes strong P0

i

� �
, to

induce the refractive index change, the power of output power switches to high
state, as shown in Fig. 10.4b, this method to realize the all-optical switch by using
one light beam only, which is called self-pump method.

Figure 10.5 shows how to realize the switching under the action of control pulse
for an intensity-type all-optical switch. For cross-pump method, the control pulse
comes from the pump light; for self-pump method, the control pulse comes from the

Fig. 10.4 Two kinds of switching methods for intensity-type all-optical switch: a the cross-pump
method; b the self-pump method
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signal light itself. Figure 10.5a gives the switching characteristic of device (the
output power versus the input power); Fig. 10.5b gives the output characteristic (the
output power versus the time). Here we assume the controlling light pulse is a
rectangular wave pulse with pulsewidth Dt and peek power Pi′, Pi′ > Pth. When the
leading edge of pulse is not coming, the output signal power is zero, the device is in
off-state; when the leading edge of pulse is coming, the device is in off-state, i.e.,
the output signal-light power becomes Pt′. From Fig. 10.5b we can see that the
device keeps the output power Pt′ inside the pulsewidth time (Dt), but the speed of
switch-off is slower than the speed of switch-on, it appears an obvious trailing.

4. Classification According to Nonlinear Mechanism

Already studied all-optical switches based on nonlinear optics have different non-
linear mechanisms and working principles, which have used various nonlinear
optical effects of materials: the nonlinear refraction, the nonlinear absorption, the
nonlinear reflection, the nonlinear polarization, the nonlinear frequency change and
the nonlinear phase transition etc. or used various nonlinear optical devices: the
nonlinear interferometer, the nonlinear coupler, the nonlinear grating, the nonlinear
amplifier etc., as shown in Table 10.1.

5. Classification According to Nonlinear Material

The performance of all-optical switch not only depends on the structure of device,
but also the quality of material. For all-optical switch based on Kerr effect, the
nonlinear refraction coefficient n2, the nonlinear response time s and the linear
absorption a0 are three most important optical parameters. So the quality factor of
all-optical switch can be defined as

Fig. 10.5 Switching characteristic and output characteristic: a the output power versus the input
power; b the output power versus the time
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Q ¼ n2
a0s

: ð10:1:1Þ

Table 10.2 lists property parameters of four typical nonlinear materials [2, 3]
including the nonlinear refraction coefficient n2, the nonlinear response time s, the
linear absorption a0 and the quality factor Q. The four typical nonlinear materials
are (1) liquid crystal (such as nematic liquid crystal) is based on molecular orien-
tation nonlinear mechanism; (2) direct band-gap semiconductor (such as GaAs) is

Table 10.2 Property parameters of typical nonlinear optical materials

Material type Typic
material

Nonlinear
mechanism

n2
(cm2/
W)

a0
(cm−1)

s
(s)

Q
ðcm3=sWÞ

Liquid crystal Nematic
LC

Molecular
orientation

10−3 103 1 10−6

Direct bandgap
semiconductor

GaAs Free exciton
nonlinearity

10−6 104 10−8 10−2

Organic material CS2 Molecular
orientation

10−13 10−1 10−12 101

Indirect bandgap
semiconductor

Si Electronic
polarization

10−14 10−5 10−14 105

Table 10.1 Nonlinear mechanism and working principle of all-optical switch

Nonlinear
mechanism

Working principle

1 Nonlinear
refraction

Optical Kerr effect, self-focusing and self-defocusing, two-photo
refraction effect

2 Nonlinear
absorption

Saturable absorption, reverse saturable absorption, two-photon
absorption, photochromism effect

3 Nonlinear
reflection

Interface between linear and nonlinear materials, nonlinear liquid
sandwiched between two prisms or two gratings

4 Nonlinear
polarization

Light induced nonlinear rotation in liquid crystal and chirality
material

5 Frequency
conversion

Frequency doubling, sum frequency, difference frequency,
parameter process, four wave mixing, stimulated Rama scattering

6 Phase transition Light induced material phase transition, to lead refractive index
change or absorption coefficient change

7 Nonlinear
interferometer

Light induced refractive index change in interferometer to lead the
p phase difference between two beams

8 Nonlinear
coupler

Light inputs an asymmetrical optical coupler to induce
ffiffiffiffiffiffi
3p

p
phase

difference between two beams in coupler

9 Nonlinear
grating

Single nonlinear grating, grating pair connected with a nonlinear
fiber

10 Nonlinear
amplifier

EDFA or SOA, or inserting the optical amplifier into an
interferometer
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based on free exciton nonlinear mechanism; (3) organic material (such as CS2) is
based on molecular orientation nonlinear mechanism; (4) indirect bandgap semi-
conductor (such as Si) is based on electronic polarization nonlinear mechanism.

From Table 10.2 we can see that, for these four materials from top to down, the
numerical value of n2, a0 and s are all reducing down (from large to small); but on
the contrary, the numerical value of Q is growing up (from small to large). In these
four materials, the liquid crystal has strongest nonlinearity, but the switching time is
longest, it is not suitable to make fast optical switch. The direct band-gap semi-
conductor has stronger nonlinearity, but its linear absorption loss too large; it is
unfavourable for cascading operation of optical switch. The quality factors of above
two materials are not high. The organic material has better optical nonlinearity and
switching speed, and absorption loss is not too large, so the quality factor is ok, but
the physical and chemical stability of this material is not good, so it is not best
material. The indirect bandgap semiconductor (such as Si) has shortest response
time, smallest linear absorption coefficient, so it has best quality factor. In addition
Si also has good heat conducting property (easy for integration), low price of
material and mature processing technique, these advantages are favourable to
all-optical switch. The only problem for Si material is low nonlinearity, later we
will talk about that it is possible to use the nanoscale ring cavity structure to
accumulate nonlinearity; and also can use two-photon absorption effect to enhance
the nonlinear refractive index Dn, and than to decrease the switching power.
Therefore, Si might be best material for making practical all-optical switch.

10.2 Nonlinear Optical Coupler All-Optical Switch

Starting from this section, the following five sections will study various interfer-
ometer type all-optical switches based on the optical Kerr effect. Firstly, we study
the nonlinear optical coupler based all-optical switches. The optical coupler is a
basic element of the optical interferometers, which is used for connecting the
various optical components in the interferometer, and coupling the light into or out
the interferometer. The optical coupler itself also can be regarded as an interfer-
ometer based on the two-beam interference principle.

The optical coupler (or called optical directional coupler) is consisted of two parallel
single-mode straight waveguides (waveguide I and waveguide II), and two waveguides
in coupling region (with length l) are closed proximity to eachother (micrometer distance
only), the device has four ports as shown in Fig. 10.6. In the coupling region the light can
permeate from one waveguide to another one through the evanescent field. The optical

Fig. 10.6 Structure of optical
directional coupler
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waveguide pair can be silicafiberwaveguidesmadeby fused biconical taper technology;
also can be strip-type plane waveguides of silicon, lithium niobate, semiconductor or
organic materials made by plane integration technology.

We assume the incident light is a monochromatic plane wave, its electrical field
amplitude can be denoted as Eðz; tÞe�ðxt�bzÞ, where Eðz; tÞ is slow-variation
complex number electrical amplitude propagated with coordinate z; in the latter
phase factor, x is frequency, b is propagation constant. After the incident light
inputs in the coupler from Port I, it is divided into two beams, which propagate
along waveguide I and waveguide II respectively, two waveguide are parallel with z
direction, two beams have field amplitudes E1ðz; tÞ and E2ðz; tÞ respectively. If the
coupling between two waveguides is very weak, and light absorption can be
neglected, according to optical waveguide coupling mode theory, the variation of
E1ðz; tÞ and E2ðz; tÞ in space and time, in general, can be described by following
coupled-mode equations (similar to NLS equations) [4]:

@E1

@z
þ b1

@E1

@t
þ ib2

2
@2E1

@t2
¼ ij12E2 þ idE1 þ i c1 E1j j2 þC12 E2j j2

� �
E1; ð10:2:1Þ

@E2

@z
þ b1

@E2

@t
þ ib2

2
@2E2

@t2
¼ ij21E1 � idE2 þ i c2 E2j j2 þC21 E1j j2

� �
E2; ð10:2:2Þ

where b1 � 1/vg, vg is the group velocity; b2 is the group velocity dispersion
(GVD) parameter; j12 and j21 are the coupling coefficient of two waveguides; c1
and c2 are the self-phase modulation (SPM) parameters; C12 and C21 are the
parameter for describing the cross-phase modulation (XPM); d is the asymmetrical
degree of two waveguides, which is defined as

d ¼ 1
2
ðb01 � b02Þ; ð10:2:3Þ

where b01 and b02 are propagation constants in waveguide I and waveguide II
respectively.

10.2.1 Symmetric Coupler Under Low Incident Power

So called symmetric optical coupler is the coupler consisted of totally same two
waveguides: the geometry structures of two waveguides are the same, i.e., j12 ¼
j21 ¼ j ; and the refractive indexes of two waveguides are same, i.e., b01 ¼ b02, or
da ¼ 0. When the incident light is continuous and low power, the nonlinear effect in
the coupler don’t need to consider. i.e., the refractive index of coupler is not change
with the light power. In this case the parameters of Eqs. (10.2.1) and (10.2.2) c1, c2,
C12 and C21 = 0, we can omit the items related with time and nonlinearity, thus the
coupled-mode equations for symmetric coupler are
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dE1ðzÞ
dz

¼ ijE2ðzÞ; ð10:2:4Þ

dE2ðzÞ
dz

¼ ijE1ðzÞ: ð10:2:5Þ

The solutions of Eqs. (10.2.4) and (10.2.5) are

E1ðzÞ ¼ cosðjzÞE1ð0Þþ isinðjzÞE2ð0Þ; ð10:2:6Þ

E2ðzÞ ¼ i sinðjzÞE1ð0Þþ cosðjzÞE2ð0Þ: ð10:2:7Þ

Equations (10.2.6) and (10.2.7) can be written to the matrix form:

E1ðzÞ
E2ðzÞ
� �

¼ cosðjzÞ isinðjzÞ
isinðjzÞ cosðjzÞ
� �

E1ð0Þ
E2ð0Þ
� �

: ð10:2:8Þ

To define the coupler reflectivity and the coupler transmittance respectively:

r ¼ cosðjzÞ; ð10:2:9Þ

t ¼ sinðjzÞ: ð10:2:10Þ

r and t are reflectivity and transmittance for light field amplitude, and r2 and t2 are
reflectivity and transmittance for light power, if neglecting the absorption, both
satisfy the following relationship:

r2 þ t2 ¼ 1: ð10:2:11Þ

Actually, r2 ¼ Cr and t2 ¼ Ct indicate the splitting ratios of output powers for
waveguide I and waveguide II, respectively.

Using Eqs. (10.2.9) and (10.2.10), the Eqs. (10.2.6) and (10.2.7) can be written as

E1ðzÞ ¼ rE1ð0Þþ itE2ð0Þ; ð10:2:12Þ

E2ðzÞ ¼ itE1ð0Þþ rE2ð0Þ: ð10:2:13Þ

The matrix Eq. (10.2.8) also can be expressed to

E1ðzÞ
E2ðzÞ
� �

¼ r it
it r

� �
E1ð0Þ
E2ð0Þ
� �

: ð10:2:14Þ

If incident light inputs coupler from Port 1, so E1ð0Þ 6¼ 0 and E2ð0Þ ¼ 0.
Assuming the length of coupling region is l, the output light amplitudes from
waveguide I at Port 3 and waveguide II at Port 4 are respectively:
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E1ðlÞ ¼ rE1ð0Þ; ð10:2:15Þ

E2ðlÞ ¼ itE1ð0Þ: ð10:2:16Þ

There are two light paths inside the coupler, as shown in Fig. 10.7. We call the
reflected path ðrÞ as bar path, and call the transmitted path ðtÞ as cross path,
respectively. From Eqs. (10.2.15) to (10.2.16) we can see, the light passes through
the direct arm without phase change, but passes through the cross arm with phase
difference p=2, because i ¼ eiðp=2Þ.

Now we find out the output powers from Port 3 and Port 4 of the coupler. As we
know that the relation between power and field amplitude is P / Ej j2, because the
following discussion just concerns the relative relation between the output and input
powers in two channels, for convenience, we assume P ¼ Ej j2. In above symmetric
coupler, setting P1ð0Þ ¼ E1ð0Þj j2¼ Pin, P2ð0Þ ¼ E2ð0Þj j2¼ 0, P1ðlÞ ¼ E1ðlÞj j2 and
P2ðlÞ ¼ E2ðlÞj j2, In the two sides of Eqs. (10.2.15) and (10.2.16) multiply by
conjugate complex number of electrical field amplitude, than we obtain the output
powers from waveguide I and waveguide II of coupler respectively:

P1ðlÞ ¼ Pincos2ðjlÞ; ð10:2:17Þ

P2ðlÞ ¼ Pinsin2ðjlÞ: ð10:2:18Þ

Obviously, the ratio of output and input powers from two waveguides only
depends on the product of coupling coefficient and coupling region length jl, for a
certain coupling coefficient j, the relations between the output power P1ðlÞ or P2ðlÞ
and the coupling region length l is shown in Fig. 10.8.

If taking coupling region length with l ¼ LC ¼ p=2j, from Eqs. (10.2.17) to
(10.2.18) we can see, the light power totally outputs from waveguide II; if taking

Fig. 10.7 Reflected path
(r) (bar path) and transmitted
path (t) (cross path) inside the
optical coupler

Fig. 10.8 Output light
powers from waveguide I and
waveguide II of the coupler as
a function of coupling region
length
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l ¼ 2LC ¼ p=j, light power totally output from waveguide I; if taking
l ¼ LC=2 ¼ p=4p, the output powers of two waveguides are equal, to be Pin=2, this
coupler is called 3 dB coupler (3 dB = 50 %). LC is called the coupling length of
the optical coupler.

From above discussion we can see, under low power of incident light, the output
power ratios from two output ports of symmetrical coupler are not variation with
the incident light power, so it can not to make all-optical switch. However, we will
introduce below that under high power incidence, the two output power ratios of
coupler will change with input light power, the all-optical switch can be realized by
using the self-phase modulation and the cross-phase modulation two methods,
respectively.

10.2.2 Symmetric Coupler All-Optical Switch
in Self-phase Modulation

A quasi-continuous, high power and power adjustable signal light inputs a sym-
metric coupler with l ¼ Lc in self-phase modulation way. We denote the input
power by P0, there exists a critical power Pc, if the input power is much smaller
than the critical power, i.e., P0 � Pc, due to l ¼ Lc, whole signal will output from
waveguide II; if the input power grater than the critical power, i.e., P0 [Pc, the
optical Kerr effect is generated in two arms of the coupler. Because the powers in
two arms are different, so the induced nonlinear refractive indexes are different, this
leads the phase shifts of light beams in two arms are different. When the difference
between two phase shifts reaches a certain value, the signal light will totally output
from the waveguide I, as shown in Fig. 10.9.

We start from Eqs. (10.2.1) to (10.2.2), assume the input light is a wide pulse, it
can be approximately regarded a continuous light; and do not consider the dis-
persion effect, so in the equations the items related with time and dispersion can be
neglected; because the coupler is symmetric, i.e., j12 ¼ j21 � j, d ¼ 0; assuming
the self-phase modulation and cross-phase modulation Kerr effect in two arms are
symmetric, i.e., c1 ¼ c2 � c and C12 ¼ C21 � cr, thus Eqs. (10.2.1) and (10.2.2)
can be simplified as [4]

Fig. 10.9 Schematic diagram of all-optical switch based on a symmetric coupler working in
self-phase modulation way
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@E1

@z
¼ ijE2 þ ic E1j j2 þ r E2j j2

� �
E1; ð10:2:19Þ

@E2

@z
¼ ijE1 þ ic E2j j2 þ r E1j j2

� �
E2; ð10:2:20Þ

where the nonlinear parameter c is

c ¼ k0n2
S

; ð10:2:21Þ

where n2 is the nonlinear refraction coefficient, k0 is the wave vector in vacuum; S is
the effective cross-section of light field in waveguides.

Denoting the power and phase of light field in two arms by Pi and /iði ¼ 1; 2Þ
respectively, than the light field amplitudes in two arms can be expressed as

Ei ¼
ffiffiffiffiffi
Pi

p
ei/i : ði ¼ 1; 2Þ ð10:2:22Þ

Substituting Eq. (10.2.22) into Eqs. (10.2.19) and (10.2.20), and setting the
phase-shit difference of two arms is / ¼ /1 � /2, than we can obtain following
three equations:

dP1

dz
¼ 2j

ffiffiffiffiffiffiffiffiffiffi
P1P2

p
sin/; ð10:2:23Þ

dP2

dz
¼ �2j

ffiffiffiffiffiffiffiffiffiffi
P1P2

p
sin/; ð10:2:24Þ

d/
dz

¼ P2 � P1ffiffiffiffiffiffiffiffiffiffi
P1P2

p jcon/þ 4j
Pc

ðP1 � P2Þ; ð10:2:25Þ

where Pc is the critical power, which is defined as

Pc ¼ 4j
cð1� rÞ : ð10:2:26Þ

If we do not consider the action of cross-phase conduction between two arms,
we have r ¼ 0, using Eq. (10.2.21), k0 ¼ 2p=k0 and Lc ¼ p=2j, Eq. (10.2.26) can
rewrite to

Pc ¼ 4j
c

¼ kS
n2Lc

: ð10:2:27Þ

Equation (10.2.27) shows that for certain wavelength of input light and coupling
length, the critical power decreases with the increase of the nonlinear refraction
coefficient of waveguide material and with the decrease of the cross-section of
waveguide.
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Equations (10.2.23)–(10.2.25) can be solved analytically in terms of the elliptic
function. For the case that the input power P0 is initially launched into waveguide I
of the coupler, the powers in waveguides I and II at point z are given by

P1ðzÞ ¼ E1ðzÞj j2¼ 1
2
P0 1þ cn 2jjsð Þ½ �; ð10:2:28Þ

P2ðzÞ ¼ P0 � P1ðzÞ; ð10:2:29Þ

where P0 is the input power, cn xjsð Þ is a Jacobi elliptic function, in which the
coefficient s ¼ P0=Pcð Þ2.

Under low input power, P0 � Pc s � 1ð Þ; Eq. (10.2.28) is simplified to be
P1ðzÞ ¼ P0 cos2ðjzÞ; when P0\Pcðs\1Þ; start happen the frequency conversion
between two waveguides; when P0 close to Pc, the variation period increases with
increase of power; when P0 ¼ Pcðs ¼ 1Þ; the period becomes infinite,
Eq. (10.2.28) is simplified as P1ðzÞ ¼ 1

2P0½1þ sec h(2jz)], in the case the half
power of waveguide II has transferred to the waveguide I; Finally, when
P0 [Pcðs[ 1Þ; the solution once again becomes periodic and the power in
waveguide I only has smaller and smaller fluctuation, until it becomes negligible for
P0 � Pc.

Figure 10.10 shows the all-optical switching for the quasi-CW beam in a
symmetric fiber coupler with l = Lc, where the curves of the relative output powers
PiðLcÞ=P0ði ¼ 1; 2Þ for the core I (dashed line) and the core II (solid line) as a
function of the relative input power P1ð0Þ=Pc are presented.

It is worth noting that at P0C ¼ 1:25Pc the whole power conversion occurs, so
the threshold switching power of device is

Fig. 10.10 Relative output
powers at two output ports
PiðLcÞ=P0 (i ¼ 1; 2) as a
function of relative input
power P1ð0Þ=Pc for an AOS
in symmetric fiber coupler
with l ¼ Lc working in SPM
mode and quasi-CW incident
light
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P0c ¼ 1:25Pc ¼ 1:25
kS
n2Lc

¼ 2:5
jkS
pn2

: ð10:2:30Þ

For example, consider a silica fiber coupler has nonlinear refraction coefficient
n2 ¼ 2:6� 10�20 m2=W, effective cross-section of S ¼ 28:3 lm2 (for 3 lm-fiber
radius) and coupling coefficient of j ¼ 1 cm�1. When it is irradiated by a
CW-incident light at k0 ¼ 1550 nm, and assuming the power for a complete
switching is 1.25 Pc, we calculate the switching power according to Eq. (10.2.30) to
be Pc = 134 kW. This power is too strong and may damage the silica fibers.

A possible solution is to use a rare-earth-doped fiber coupler instead. For
example, using a coupler made of the erbium-doped fiber n2 ¼ 3� 10�15 m2=W

� �
,

the switching power can be reduced to 1.16 W. However, this power is still higher
than the milliwatts-signal power in the fiber optical communication.

10.2.3 Asymmetric Coupler All-Optical Switch
in Cross-Phase Modulation

Let us consider a waveguide coupler working in XPM mode as shown in
Fig. 10.11. The signal beam at wavelength of 1550 nm is a low-power CW light
with power Pin; and the pump beam at wavelength of 980 nm is a strong power
light with power Pp, both of them input the coupler from same port (Port 1) through
a WDM. Assuming the coupler is symmetric for the signal beam at 1550 nm, and
the coupling length is Lc. If without the pump beam, all of the signal power will
output from Port 4 according to the discussion in Sect. 10.2.1. However, the
coupler for the pump beam at 980 nm is asymmetric. When the pump beam inputs
into the coupler, it will induce the unequal reflective-index change in two waveg-
uides. In this case the signal beam looks the coupler as an asymmetric coupler. So
that we start to study an all-optical switch, in which a low-power CW signal beam is
incident into an asymmetric coupler. The asymmetry of the coupler is induced by
the power of the pump beam.

Fig. 10.11 Schematic diagram of AOS in an asymmetric coupler in XPM mode with a low-power
CW signal light and a strong-power pump light, the coupling length is Lc
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Now we start from Eqs. (10.2.1) to (10.2.2) to deduce the coupled-mode
equations for signal light. Because the signal light is a low power, quasi-continuous
light; it can not generate optical nonlinearity in the coupler, the items related with
time and nonlinearity can be neglected; because the two waveguides of the coupler
has same material and geometry structure, the coupling coefficients j12 and j21 are
equal, i.e., j12 ¼ j21 ¼ j. But the coupler for pump light with different frequency
is asymmetric, so the power in the two arms are different, the refractive-index
changes induced by Kerr effect are different too, thus propagation constants of
signal lights in two arms are different, i.e., b01 6¼ b02, i.e., d 6¼ 0, therefore the
coupled-mode equations can be written as [4]

dE1

dz
¼ ijE2 þ idE1; ð10:2:31Þ

dE2

dz
¼ ijE1 � idE2; ð10:2:32Þ

where E1 and E2 are light field amplitudes in waveguide I and waveguide II,
respectively, d is defined by Eq. (10.2.3).

Taking derivative of Eqs. (10.2.31) and (10.2.32) with respect to z, we obtain

d2E1

dz2
¼ ij

dE2

dz
þ id

dE1

dz
; ð10:2:33Þ

d2E2

dz2
¼ ij

dE1

dz
� id

dE2

dz
: ð10:2:34Þ

Making ð10:2:31Þ � dþð10:2:32Þ � j to acquire

j
dE2

dz
¼ �d

dE1

dz
þ i d2 þ j2
� �

E1 ¼ �d
dE1

dz
þ ij2eE1: ð10:2:35Þ

Substituting Eq. (10.2.35) into Eq. (10.2.33), we obtain

d2E1

dz2
þ j2eE1 ¼ 0: ð10:2:36Þ

In same way, making ð10:2:31Þ � j� ð10:2:32Þ � d to acquire

j
dE1

dz
¼ d

dE2

dz
þ i d2 þ j2
� �

E2 ¼ d
dE2

dz
þ ij2eE2: ð10:2:37Þ

Substituting Eq. (10.2.37) into Eq. (10.2.34), we obtain
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d2E2

dz2
þ j2eE2 ¼ 0: ð10:2:38Þ

In Eqs. (10.2.36) and (10.2.38), je is

je ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ d2

p
: ð10:2:39Þ

According to initial value condition: E1ð0Þ ¼ E10 and E2ð0Þ ¼ E20, to solve
differential Eqs. (10.2.36) and (10.2.38), the result is

E1

E2

� �
¼ r0 it0

it0 r0	
� �

E10

E20

� �
; ð10:2:40Þ

where

r0 ¼ cosðjezÞþ i d=jeð Þ sin jezð Þ ð10:2:41Þ

t0 ¼ j=jeð Þ sin jezð Þ: ð10:2:42Þ

Because r0j j2 and t0j j2 are the power splitting ratios of the bar path and the cross
path, respectively, according to the energy conservation principle, r0j j2 þ t0j j2¼ 1.

For the special situation of symmetric coupler under the low input power, we
have d ¼ 0, je ¼ j, r0 ¼ cosðjzÞ, r0 ¼ sinðjzÞ, then we obtain the solution as same
as Eq. (10.2.8), it shows the correction of Eq. (10.2.40).

By using the boundary conditions E1ð0Þ ¼ Ein and E2ð0Þ ¼ 0 for a CW beam
incident on Port 1, the solutions of Eqs. (10.2.33) and (10.2.34) are

E1ðlÞ ¼ cos jelð Þþ i d=jeð Þ sin jelð Þ½ �Ein; ð10:2:43Þ

E2ðlÞ ¼ i j=jeð Þ sin jelð ÞEin; ð10:2:44Þ

where l is the coupling region length of the coupler.
Setting input power Pin ¼ Einj j2, and output powers of two waveguides P1ðlÞ ¼

E1ðlÞj j2 and P2ðlÞ ¼ E2ðlÞj j2 respectively, from Eqs. (10.2.43) to (10.2.44), we
obtain

P1ðlÞ ¼ cos2 jelð Þþ d=jeð Þ2sin2 jelð Þ
h i

Pin; ð10:2:45Þ

P2ðlÞ ¼ j=jeð Þ2sin2 jelð Þ
h i

Pin: ð10:2:46Þ

So Pin ¼ P1ðlÞþP2ðlÞ is existence. For low power symmetric coupler, d ¼ 0,
j ¼ je, Eqs. (10.2.45) and (10.2.46) become Eqs. (10.2.15) and (10.2.16).
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For the coupler with l ¼ Lc ¼ p=2j, The phase difference of signal lights in two
waveguides is D/ ¼ DbLc ¼ Dbp=2j, so Db ¼ 2jD/=p, according to this rela-
tionship and Eq. (10.2.39), to get the relationships between jeLc, j=je and D/.
Substituting these relationships into Eq. (10.2.46), finally we obtain the output
signal power from waveguide II, which is

P2 Lcð Þ ¼ Pin
p
2

� �2
sin c2

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D/

p

	 
2
s2

4
3
5: ð10:2:47Þ

Figure 10.12 exhibits the plot of the relative output power P2ðLcÞ=Pin as a
function of the phase difference D/. One can see that the threshold condition for a
complete optical switching in the coupler with l ¼ Lc is D/ ¼ ffiffiffi

3
p

p.
If we use the pump light to change the refractive-index difference Dn, thus

change the phase difference of two arm signal lights D/, when D/ ¼ ffiffiffi
3

p
p, than we

realize the switching of output signal power from waveduide II to waveguide I.
Assuming Crp is the splitting ratio of the pump light on waveguide I, the incident

pump light with power Pp is divided into two lights in two waveguides by the
coupler, the two lights with following powers, respectively:

P1 ¼ CrpPp; ð10:2:48Þ

P2 ¼ 1� Crp

�� ��Pp: ð10:2:49Þ

These two powers produce the cross-phase modulation Kerr effect, to induce the
refractive-index changes in waveguide I and waveguide II, respectively:

Dn1 ¼ 2n2
CrpPp

S
; ð10:2:50Þ

Dn2 ¼ 2n2
1� Crp

�� ��Pp

S
; ð10:2:51Þ

where n2 is nonlinear refraction coefficient, for CPM Kerr effect should be n2 � 2;
S is efficient cross-section.

The difference between two refractive-index changes in two waveguides is

Fig. 10.12 Plot of the
relative output power
P2ðLcÞ=Pin as a function of
the phase difference D/. The
threshold phase difference for
a complete switching is

ffiffiffiffiffiffi
3p

p
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Dn ¼ Dn2 � Dn1 ¼ n2
S
2 1� 2Crp
� �

Pp: ð10:2:52Þ

Therefore the phase difference between two signal lights in two waveguides is

D/ ¼ Dbl ¼ k0Dnl ¼ 4pn2l
kS

1� 2Crp

�� ��Pp: ð10:2:53Þ

Using the switching threshold condition D/ ¼ ffiffiffi
3

p
p and l ¼ Lc, from

Eq. (10.2.53) we obtain the threshold switching power of pump light:

Ppc ¼ kS
n2Lc



ffiffiffi
3

p

4 1� 2Crp

�� �� Crp 6¼ 1=2
� �

: ð10:2:54Þ

Crp¼1=2 is the case of 3 dB symmetric coupler, Obviously it can not produce
the optical switching. If using Lc ¼ p=2j, than the threshold switching power of
pump light can be written to

Ppc ¼
ffiffiffi
3

p
jkS

2pn2

 1
1� 2Crp

�� �� Crp 6¼ 1=2
� �

: ð10:2:55Þ

For example, considering a fiber coupler, we assume the signal light wavelength
k ¼ 1550 nm, for quartz material n2 ¼ 2:6� 10�20 m2=W, effective cross-section
S ¼ 28:3 lm2 (radius of fiber core is 3 lm), j ¼ 1 cm�1, Crp � 1, and calculate by
using Eq. (10.2.55), to obtain the switching power Ppc = 46.5 kW. This switching
power of CPM coupler all-optical switch is smaller than that of SPM coupler
all-optical switch in 3 times, but the value is still too large, it is not suitable to use in
optical communication.

10.3 Nonlinear Sagnac Interferometer All-Optical Switch

10.3.1 Symmetric Sagnac Interferometer in Low Incident
Power

Sagnac interferometer (SI) is one of interferometers based on two-beam interference
principle, which is consisted of a waveguide optical coupler connected with a
waveguide loop. In this section, we focus on the optical fiber SIs. The research
results are appropriate for the optical planar waveguide SIs.

At first we discuss the fiber symmetric SI, it consists of a 3 dB fiber coupler and
a fiber loop, as shown in Fig. 10.13.

Sagnac interferometer has two output ports: reflected port (Port 1) and trans-
mitted port (Port 2). The circulator in the figure is used for separating the reflected
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light and incident light to avoid reflected light disturbs the light source. If the loop
material of SI has optical nonlinearity, we call nonlinear Sagnac interferometer; if
the coupler of SI is a 3 dB linear symmetric coupler, and the counter-propagated
two lights in the loop are equal, than we call symmetric Sagnac interferometer,
otherwise it is asymmetric Sagnac interferometer.

Now we through a simple analysis to point out that under the low-power incident
light, the symmetric Sagnac interferometer can not make the all-optical switch.

The incident light inputs into the 3 dB coupler from Port 1, and separates into
two light beams with a same power Pin/2 by the coupler. The two beams pass
through bar path and cross path, and enter the fiber loop from Port 3 or Port 4
respectively. After one-cycle trip in the loop along opposite direction, the two
beams returning to Port 4 and Port 3 have the same linear phase shift, without an
additional phase difference between these beams. Each of two beams secondly
separates into two lights by the cooper, than they pass through bar path and cross
path again and output from Prot 1 and Port 2 of coupler. At each of the output port,
there are two arriving beams, the resultant output powers depend on the phase
difference of two coming beams. If two beams have zero phase difference (or 2mp),
it is the constructive interference, the two Bram powers are additive each other; if
two lights have p phase difference (or ð2mþ 1Þp), it is the destructive interference,
the two beam powers are subtract each other.

As we know that a beam passes through the cross path each time to induce a
phase shift of p=2; but the beam passes through the bar path without phase shift. In
our case, two beams along the paths 1-3-4-1 and 1-4-3-1 have the same phase shift
of p=2, so the phase difference between them is zero, and the resultant power at Port
1 is Pin. However, the other two beams along the paths 1-3-4-2 and 1-4-3-2 have the
phase shift of zero and p respectively, so the phase difference at Port 2 is p, and the
resultant power of two beams at this port is zero. As a result, the all incident beam is
always outputted from Port 1, without any transmitted beam at Port 2.

Therefore, the symmetric SI looks like a “fiber reflector” or “optical loop mirror”
[5]. Such symmetric SI cannot be used to make the all-optical switch. In order to
make the SI-type OBDs, the only way is breaking the symmetry of SI.

Fig. 10.13 A fiber symmetric Sagnac Interferometer consisted of a 3 dB fiber coupler and a fiber
loop
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This conclusion can be strictly proved by using coupled-mode equation theory.
If the Sagnac interferometer is consisted of a symmetric coupler with coupling
region length l and coupling coefficient j and a nonlinear loop with loop length L,
from coupled-mode Eqs. (10.2.4) and (10.2.5) we find the solutions, which are
[similar to Eqs. (10.2.6) and (10.2.7)]:

E1ðlÞ ¼ cosðjlÞE1ð0Þþ i sinðjlÞE2ð0Þ; ð10:3:1Þ

E2ðlÞ ¼ cosðjlÞE2ð0Þþ i sinðjlÞE1ð0Þ: ð10:3:2Þ

If a signal light with power Pin and at wavelength k inputs from Port 1, the
boundary condition is

E1ð0Þ ¼
ffiffiffiffiffiffi
Pin

p
; ð10:3:3Þ

E2ð0Þ ¼ 0: ð10:3:4Þ

The signal light is divided into two beams by the coupler, and the two beams
output from Port 3 and Port 4, respectively. From Eqs. (10.3.1) to (10.3.4) to obtain
their field amplitudes:

E1ðlÞ ¼
ffiffiffiffiffiffi
Pin

p
cosðjlÞ; ð10:3:5Þ

E2ðlÞ ¼ i
ffiffiffiffiffiffi
Pin

p
sinðjlÞ: ð10:3:6Þ

These two beams enter the fiber loop and propagate along reverse directions:
clockwise direction and anti-clockwise direction. Assuming the refractive indexes
of loop medium for two beams are nc and na respectively, after a circle trip the
phase shifts are uc ¼ ð2p=k)ncL and ua ¼ ð2p=kÞnaL respectively. When they
enter coupler again, the field amplitudes at Port 3 and Port 4 are respectively:

E0
1 ¼ E2ðlÞei/a ¼ i

ffiffiffiffiffiffi
Pin

p
sinðjlÞei2pnaL=k ð10:3:7Þ

E0
2 ¼ E1ðlÞei/c ¼ ffiffiffiffiffiffi

Pin
p

cosðjlÞei2pncL=k: ð10:3:8Þ

Each of these beams divides again into two beams by the coupler, these four
beams pass though coupler to arrive at Port 1 and 2, every port has two beams
arriving. The field amplitudes of two beams passing through bar path and cross path
respectively to reach Port 1 are

Er1 ¼ i
ffiffiffiffiffiffi
Pin

p
sinðjlÞcos(jlÞei2pnaL=k; ð10:3:9Þ

Et1 ¼ i
ffiffiffiffiffiffi
Pin

p
cosðjlÞ sinðjlÞei2pncL=k: ð10:3:10Þ
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The total field amplitude at Port 1 is the superposition of these two field
amplitudes, i.e., Er ¼ Er1 þEt1. The total output power from Port 1 is

Pr ¼ Er 
 E	
r ¼ Er1 þEt1ð Þ Er1 þEt1ð Þ	: ð10:3:11Þ

We define the reflectivity R and the transmittance T of Sagnac interferometer as
follows:

R ¼ Pr

Pin
¼ Er 
 E	

r

Pin
; ð10:3:12Þ

T ¼ Pt

Pin
¼ Pin � Pr

Pin
¼ 1� R: ð10:3:13Þ

Disregard loss, we have Pin ¼ Pr þPt.
Substitute Eqs. (10.3.9) and (10.3.10) into (10.3.11), then using (10.3.12) and

(10.3.13), and trigonometric formula 2 sin a 
 cona ¼ sinð2aÞ; eia þ e�ia ¼ 2cona
and 1þ cos a ¼ 2con2ða=2Þ; we obtain the reflectivity and the transmittance of
Sagnac interferometer respectively:

R ¼ sin2 2jlð Þcos2 pDnL
k

	 

¼ sin2 2jlð Þcos2 D/

2

	 

; ð10:3:14Þ

T ¼ 1� sin2ð2jlÞ cos2 pDnL
k

	 

¼ 1� sin2ð2jlÞ cos2 D/

2

	 

; ð10:3:15Þ

where Dn ¼ na � nc is the difference of refractive index induced by two
reverse-direction propagated light beams in the loop, D/ is the phase difference
between these two light beams, which is D/ ¼ ð2p=kÞDnL, where L is loop length.

If the power of input signal light is very weak, the refractive index of loop
medium will not be changed, i.e., nc ¼ na ¼ n0, Dn ¼ 0, thus D/ ¼ 0. In this case,
the the reflectivity and the transmittance of Sagnac interferometer become:

R ¼ sin2ð2jlÞ; ð10:3:16Þ

T ¼ 1� sin2ð2jlÞ: ð10:3:17Þ

We can see that in weak input light case the output power of Sagnac interfer-
ometer only related with jl of the coupler, it has nothing to do with the input optical
power. Figure 10.14 shows the curves of reflectivity and transmittance of Sagnac
interferometer versus jl when changing of jl from 0 to p=2 in the low power case.

It is thus clear that, when jl ¼ p=4, namely the coupler is a 3 dB coupler, R ¼ 1,
T ¼ 0, whole signal light will output from the reflected port; when jl ¼ p=2,
R ¼ 0, T ¼ 1, whole signal light will output from the transmitted port; and when jl
takes other value, the output power of signal light will has a certain ratio between
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the reflected port and the transmitted port. In short, in low power incidence case, the
output power of symmetric Sagnac interferometer not change with input power, so
it can not to make an all-optical switch.

If backpropagated two beams in the loop have strong power, they can induce
material to general refractive index change, but the two powers are not same, after
one circle trip, the induced refractive index difference is not zero, i.e.,
Dn ¼ nc � na 6¼ 0, so that the phase difference between two light D/ 6¼ 0. When
the power difference enough produce D/ ¼ p, from Eqs. (10.3.14) to (10.3.15) can
see, the output light will occur the switching conversion. According to
D/ ¼ ð2p=kÞDnL, the switching condition D/ ¼ p requires the refractive index
difference is to reach

Dn ¼ k
2L

: ð10:3:18Þ

Therefore in order to realize the nonlinear Sagnac interferometer all-optical
switch, the Sagnac interferometer should has an asymmetric structure, and the
power difference of backpropagation two beams in the loop can induce the phase
difference to reach D/ ¼ p. For this purpose we can adopt following method:
(1) under the self-phase modulation (SPM), use of the non-3 dB coupler instead of
non-3 dB coupler, to lead the incident signal light divided into two light beams with
different power; (2) under the cross-phase modulation (CPM), the frequency of
pump light has a large difference with the frequency of signal light, to lead the
incident pump light divide into two beams with different power; (3) the optical loop
can be asymmetric, for example inserting a optical amplifier into the loop, put it
close to one of the two ports, to lead increase of the power difference between the
backpropagated two beams. Below we will discuss three kinds of nonlinear Sagnac
interferometer all-optical switches based on these three principles.

Fig. 10.14 Curves of
reflectivity and transmittance
of versus jl for Sagnac
interferometer in low input
power case
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10.3.2 Sagnac Interferometer All-Optical Switch
with a Non-3 dB Coupler

We use a non-3 dB coupler connecting with a nonlinear fiber loop to form an
asymmetric Sagnac interferometer as shown in Fig. 10.15 [6]. A signal light input the
non-3 dB coupler, the two beams output from Port 3 and Port 4 with different power,
enter the loop taking counterpropagation, after one circle trip, two lights produces
different nonlinear phase shift, if the input power is strong enough, can get the p phase
difference. When the two beams return to the input ports of coupler and interfere each
other, then can realize the switching from the refracted output port to the transmitted
output port. If the power splitting ratio of two output ports is larger and the nonlin-
earity of loop material is stronger, then the required switching power is lower.

The incident beam with power Pin inputs the interferometer from the Input Port
(Port 1), and divided into two beams by coupler, the two beams pass though the bar
path and the cross path of the coupler respectively, and then both enter the fiber
loop, propagating along reverse direction. Assuming the splitting ratio of coupler
for bar path is Cr, the powers of the clockwise beam and the anticlockwise beam
can be expressed as respectively

Pc ¼ CrPin; ð10:3:19Þ

Pa ¼ 1� Crð ÞPin; ð10:3:20Þ

where Cr ¼ r2 ¼ cos2ðjlÞ, 1� Cr ¼ t2 ¼ sin2ðjlÞ. If the incident power is very
strong, we have to consider both the self-phase modulation Kerr effect ðn2Þ and the
cross-phase modulation Kerr effect between two beams ð2n2Þ. Therefore, the
refractive indexes in the loop material for these two beams are

na ¼ n0 þ n2
Pa þ 2Pc

S
; ð10:3:21Þ

nc ¼ n0 þ n2
Pc þ 2Pa

S
: ð10:3:22Þ

Fig. 10.15 All-optical switch in nonlinear Sagnac interferometer with a non-3 dB coupler
working in SPM mode
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Substituting Eqs. (10.3.19) and (10.3.20) into Eqs. (10.3.21) and (10.3.22), we
obtain the difference of two refractive indexes:

Dn ¼ na � nc ¼ 2Cr � 1ð Þ n2Pin

S
: ð10:3:23Þ

In the 3 dB coupler case, Cr ¼ 1=2, according to Eq. (10.3.23), Dn ¼ 0 From
Eqs. (10.3.14) to (10.3.15), we obtain R ¼ 1 and T ¼ 0, that means the all power
outputs from the reflected port. But when Cr takes other value, the two beams in the
loop have different powers, so produced refractive-index difference is not zero, i.e.,
Dn 6¼ 0, thus the phase difference between two light D/ 6¼ 0. There are part light
outputted from the transmitted port. In order to realize a complete optical switching,
the condition is Dn ¼ k=2L, from Eq. (10.3.23) we obtain the expression of
threshold switching power of device, that is

Pinc ¼ kS
n2L


 1
2 2Cr � 1j j : Cr 6¼ 1=2ð Þ ð10:3:24Þ

Fig. 10.16 Curves of the
reflectivity and the
transmittance of SI versus the
incident power when the
power ratio is Cr ¼ 0:47 for
an all-optical switch in a SI
with a non-3 dB coupler in
SPM mode

Fig. 10.17 All-optical switch in nonlinear Sagnac interferometer working in XPM mode, the
frequency of pump light is different with that of the signal light
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From Eq. (10.3.24) we can see, the switching power of device is related with
splitting ratio, but in order to realize the all-optical switch, the coupler must be
non-3 dB coupler, i.e., Cr 6¼ 1=2.

For example, for a fiber Sagnac interferometer with loop length L = 100 m, the
wavelength of incident light is k ¼ 1550 nm, taking the following data for the fiber
coupler: n2 ¼ 2:6� 10�20 m2

�
W, S ¼ 18:1 lm2 (fiber core radius is a ¼ 2:4 lm),

j ¼ 1 cm�1, Cr ¼ 0:47, using Eqs. (10.3.14), (10.3.15) and (10.3.23), we draw out
curves of the reflectivity R and the transmittance T versus the input power Pin, as
shown in Fig. 10.16. Obviously, when input power increases to reach until 90 W,
the output signal power totally switches from reflected port to transmitted port. This
switching power is lower than that of single coupler optical switch, but for optical
communication, it is still too large.

10.3.3 Sagnac Interferometer All-Optical Switch
in Cross-Phase Modulation

The nonlinear fiber Sagnac interferometer with a 3 dB coupler (for signal light) is
working in XPM mode. The wavelength of the pump beam is different with that of
the signal beam, for example, the signal beam at 1550 nm and the pump beam at
980 nm. The pump beam and the signal beam together pass through a wavelength
division multiplexer WDM1 input the device. The structure of this device is shown
in Fig. 10.18 [7]. Because the frequency difference between the pump light and the
signal light is very large, for the pump light the coupler is not a 3 dB coupler. The
pump light passing the coupler separates into two beams with different power, when
they enter the loop to propagate in reverse direction. Because the Kerr effect, they
induce different nonlinear refractive index, to lead the two backpropagation signal

Fig. 10.18 The curves of
reflectivity and transmittance
versus pump power for the
all-optical switch in SI using a
pump wavelength different
from the signal wavelength
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beams with different phase shift. When the pump light is strong enough, the phase
difference of two signal lights to reach p, the output signal power will be switching
from Port 1 to Port 2. The remainder pump light will pass through the WDM2 going
out to absorption cell.

Assuming incident pump light with power Pp, which is divided by coupler into
two beams passing through the bar path and cross path, the splitting ratio of the bar
path is Cpr. Two beams enter the fiber loop and propagate along reverse direction.
The clockwise propagated pump light power is Ppc; the anticlockwise propagated
pump light power is Ppa. The relationships of Ppc and Ppa with Pp are respectively:

Ppc ¼ CprPp; ð10:3:25Þ

Ppa ¼ 1� Cpr
� �

Pp: ð10:3:26Þ

If the power of pump light is very strong, each of pump beams interacts with the
loop material to induce a SPM Kerr effect, and the interaction of this pump beam
with other pump beam induces a XPM Kerr effect. In addition, the interaction of
this pump beam with the corresponding signal beam also induces a XPM Kerr
effect, so the total power inducing the optical Kerr effect is 2 Ppc þ 2Ppa

� �
, the

refractive indexes receptive by two backpropagation signal lights are respectively:

na ¼ n0 þ n2
2 Ppa þ 2Ppc
� �

S
; ð10:3:27Þ

nc ¼ n0 þ n2
2 Ppc þ 2Ppa
� �

S
: ð10:3:28Þ

Substituting Eqs. (10.3.25) and (10.3.26) into Eqs. (10.3.27) and (10.3.28), we
obtain the difference of refractive index for the two signal beams, that is

Dn ¼ na � nc ¼ 2Cpr � 1
� � n2 2Pp

� �
S

: ð10:3:29Þ

To substitute the difference of refractive index required for optical switching
Dn ¼ k=2L into Eq. (10.3.29), we obtain the threshold switching power:

Ppc ¼ kS
n2L


 1
4 2Cpr � 1
�� �� : Cpr 6¼ 1=2

� � ð10:3:30Þ

From Eq. (10.3.30) we can see that the switching power depends on the splitting
ratio of the pump beam. Because the splitting ratio of pump light is related with the
wavelength of pump light: if the pump wavelength is far from the signal wave-
length, Cpr will be much different from 1/2, hence the switching power will be
reduced intensively.
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Taking data used for Fig. 10.16, we calculate by using Eqs. (10.3.14), (10.3.15),
and (10.3.29) to obtain the curves of the refractivity and the transmittance as a
function of the pump power as shown in Fig. 10.18. We can see that when the
pump power increases to 2.7 W, the output signal power will be switched from Port
1 to Port 2. The switching power for XPM SI all-optical switch is small than that for
SPM SI all-optical switch in 3 times, but it is still large for optical communication.

10.3.4 Sagnac Interferometer All-Optical Switch
with a Optical Amplifier

Inserting a bidirectional erbium-doped fiber amplifier (EDFA) into the loop of SI,
and the optical amplifier is located near one of the output ports of coupler [8] as
shown in Fig. 10.19. The two beams travelling in the loop along reverse direction,
their magnified beams by the optical amplifier travel different distance in the
loop. Therefore, the phase shifts of two beams are different. When the phase-shift
difference between two beams achieves to p, the switching can be accomplished. It
is obviously, if the gain of the amplifier is larger, the nonlinearity of loop is
stronger, and than the switching power will be lower.

If we put an amplifier near the end of the bar path of the coupler, and the gain of
the optical amplifier is G, in the fiber loop, the power of the clockwise beam is
amplified in G time. But the power of the anticlockwise beam is almost not
amplified. Therefore, the powers of two signal beams are

Pc ¼ GCrPin ð10:3:31Þ

Pa � ð1� CrÞPin; ð10:3:32Þ

where Pin is input power, Cr is the splitting ratio for bar path of the coupler.
Because the optical Kerr effect, the two refractive indexes induced by two beams

in the loop are

Fig. 10.19 All-optical switch in SI containing an asymmetrically placed optical amplifier in the
loop
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na ¼ n0 þ n2
Pa þ 2Pc

S
; ð10:3:33Þ

nc ¼ n0 þ n2
Pc þ 2Pa

S
: ð10:3:34Þ

Substituting Eqs. (10.3.33) and (10.3.34) into Eqs. (10.3.31) and (10.3.32), we
obtain the difference of refractive index:

Dn ¼ na � nc ¼ Crð1þGÞ � 1
S

n2Pin: ð10:3:35Þ

Considering the optical switching requires Dn ¼ k=2L, then we obtain the
threshold switching power of the device:

Pinc ¼ kS
n2L


 1
2 Crð1þGÞ � 1j j : ð10:3:36Þ

When G ¼ 1, Eq. (10.3.36) becomes Eq. (10.3.24), it is the formula for Sagnac
interferometer all-optical switch containing a non-3 dB coupler.

When Cr ¼ 1=2, Eq. (10.3.36) becomes

Pinc ¼ kS
n2L


 1
G� 1j j : ðG 6¼ 1Þ ð10:3:37Þ

This is the formula for Sagnac interferometer all-optical switch containing a
3 dB coupler. In this case G 6¼ 1, otherwise it has no switching function. For
reducing the switching power, it has to increase the magnification times G.

To compare three switching power formulas for Sagnac interferometer all-optical
switch, i.e., Eqs. (10.3.25), (10.3.30) and (10.3.37), we can see they all have a same
factor of kS=n2L, this factor illustrates that the switching power of this kind optical
switch is proportional to the cross sectional area of waveguide S, and reverse pro-
portional to the nonlinear refraction coefficient of loop material n2 and loop length
L. In order to reduce the switching time, we may using the rare earth doping fiber or
nonlinear waveguide for increasing n2, but it will increase the absorption loss; also
we can increase L, but it is not favourable to the minimization of device; the best way
is reduce the cross sectional area of waveguide to use the nanoscale waveguide.

Fig. 10.20 Working principle of nonlinear M–Z interferometer all-optical switch
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10.4 Nonlinear M–Z Interferometer All-Optical Switch

M–Z interferometer is an interferometer based on two-beam interference principle,
which is consisted of two 3 dB couplers DC1 and DC2 connected with two straight
waveguides I and II (Arm I and Arm II), the device has 4 ports, as shown in
Fig. 10.20. There are two types of M–Z interferometer, which made by the optical
fiber and the coplanar waveguide.

The working principle of self-pump M–Z nonlinear interferometer all-optical
switch is described as follows. The two waveguides of M–Z interferometer are
asymmetric: or made by different materials with different refractive index n1 and n2
or two waveguide have different length L1 and L2. When the signal light inputs from
Port 1, and divides by coupler DC1 into two beams with same intensity propagating
in the waveguide I and waveguide II, respectively. Because two waveguides are
asymmetric, when the two lights arrive at DC2, they have different phase shift /1
and /2, two beams interfere in DC2, and then output from Port 3 and Port 4. The
output power distribution ratio between these two ports is depended on the dif-
ference of two phase shift: / ¼ /1 � /2. We can prove that for the weak input
power, the light outputs from Port 4, but when the input power strong enough, the
phase-shift difference reaches to / ¼ p, then the output light changes from Port 4 to
Port 3 to realize all-optical switching.

However, if the two arms of M–Z interferometer are symmetric, the phase-shift
difference of two arms / ¼ 0, it can not make the optical switch.

10.4.1 M–Z Interferometer All-Optical Switch with Different
Arm Materials

If lengths of two arms of M–Z interferometer are the equal, i.e., L1 ¼ L2 ¼ L; but
the nonlinear refraction coefficient of two arms are different, i.e., n12 6¼ n22, under
the action of a input light with power Pin, the optical-Kerr-effect induced
refractive-index change on two arms is different, i.e., Dn1 6¼ Dn2, and the phase
shifts of two beams in the two arms are different, i.e., /1 6¼ /2, where /1¼k0Dn1Ls,
/2¼k0Dn2L (k0 is wave vector in vacuum). So the phase difference between two
arms is not zero, i.e., / ¼ /2 � /1 6¼ 0. Now we are going to prove that when
/ ¼ 0� p, the switching of output light power from port 4 to port 3 will general.

Setting the signal light input the device from port 1, the input light field
amplitude is E1, the output light field amplitudes from Port 3 and port 4 are E3 and
E4, we use the transmission matrix of symmetric coupler and optical waveguide, to
write out the transmission matrix of M–Z interferometer:

E3

E4

� �
¼ r it

it r

� �
e�ik0n1L1 0

0 e�ik0n2L2

� �
r it
it r

� �
E1

0

� �
; ð10:4:1Þ
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where r ¼ cos jz, t ¼ sin jz, j is coupling coefficient of two symmetric couplers,
k0 is wave vector in vacuum.

Because we use 3 dB coupler, so jz ¼ p=4, r ¼ t ¼ ffiffiffi
2

p
=2, then from

Eq. (10.4.1) we can obtain:

E3 ¼ 1
2

e�i/1 � e�i/2
 �

E1; ð10:4:2Þ

E4 ¼ i
1
2

e�i/1 þ e�i/2
 �

E1: ð10:4:3Þ

Assuming the input light power from Port 1 is P1 ¼ E1j j2¼ Pin; the output light
powers from Port 3 and Port 4 are P3 ¼ E3j j2 and P4 ¼ E4j j2, from Eqs. (10.4.2) to
(10.4.3) we deduce to the output powers from Port 3 and Port 4, respectively:

P3 ¼ Pin sin2
/
2
; ð10:4:4Þ

P4 ¼ Pin cos2
/
2
: ð10:4:5Þ

From above two equations we can see, under the weak light / ¼ 0, P3 ¼ 0 and
P4 ¼ Pin, the light power inputted from Port 1 Pin will totally output from Port 4. If
input power is strong enough to lead / ¼ p, then P4 ¼ 0 and P3 ¼ Pin, Pin will
totally output from Port 3. That is to say the condition for switching is that the
phase-shift difference of two arm lights is p.

Assuming the linear refractive index of two arms of M–Z interferometer are
approximately equal, n01 � n02, but the nonlinear refraction coefficient is different,
n21 6¼ n22, for example one arm is made by a common silica fiber, another one is
mede by rear earth doped silica fiber. When the each of two arms accept the action
of a strong light with power of Pin=2, the optical Kerr effect induces the nonlinear
refractive index: Dn1 ¼ n21Pin=2S and Dn2 ¼ n22Pin=2S, where S is the cross
sectional area. The phase shifts of light beams in two arms are /1 ¼ k0Dn1L ¼
k0n21LPin=2S and /2 ¼ k0Dn2L ¼ k0n22LPin=2 respectively, the phase-shift dif-
ference of two beams is

/ ¼ /1 � /2 ¼ k0L n21 � n22ð ÞPin

2S
: ð10:4:6Þ

Setting n21 � n22, n21 � n12 � n21, and using k0 ¼ 2p=k0 (k0 is the wavelength
in vacuum), then the phase shift difference can be written as

/ � pn21L
k0S

Pin: ð10:4:7Þ
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Because the condition for realizing the optical switching is / ¼ p, therefore the
threshold switching power is

Pinc � k0S
n21L

: ð10:4:8Þ

From Eq. (10.4.8) we can see, for M–Z interferometer all-optical switch with
two different nonlinear arms, in order to reduce the switching power, we can
increase the difference of nonlinear refraction coefficient between two arms
n21 � n12, also can decrease the cross sectional area of waveguide S.

For example, we consider a fiber-type M–Z interferometer, its arm I is made by
erbium-doped fiber, n21 ¼ 3� 10�15 m2=W, and arm II is a regular fiber,
n22 ¼ 2:6� 10�20 m2

�
W, so n21 � n22. The wavelength of signal light is

k0 ¼ 1:55� 10�6 m, the length of two arm are L ¼ 10 cm, the radius of two fibers
is r ¼ 3 lm, the cross sectional area is S ¼ pr2 ¼ 2:83� 10�11 m2. We calculate
using Eq. (10.4.8) to obtain the switching power Pinc ¼ 146mW. If changing the
fiber radius to be 300 nm, S ¼ 2:83� 10�13 m2, we find the switching power is
decreased in 100 times, it is Pinc ¼ 1:46mW only.

10.4.2 M–Z Interferometer All-Optical Switch with Different
Arm Lengths

Now we set the two arms of M–Z interferometer have same nonlinear refraction
coefficient, i.e., n1 ¼ n2 ¼ n, for example it is made by common silica fiber; but the
lengths of two arms are different, i.e., L1 6¼ L2, and assume L1 � L2, so
DL ¼ L1 � L2 � L1. This kind M–Z interferometer is shown in Fig. 10.21.

The light powers in two arms are the same, it is Pin=2, the phase shifts of two
light beam in two arms are /1 ¼ k0n2L1Pin=2S and /2 ¼ k0n2L2Pin=2S respec-
tively. The phase-shift difference is

Fig. 10.21 M–Z interferometer all-optical switch with different arm length and same arm material
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/ ¼ /1 � /2 ¼
2p
k0

n2DL
P0

2S
� pn2L1Pin

k0S
: ð10:4:9Þ

The condition for optical switching is / ¼ p, thus the threshold switching power
is

Pinc � k0S
n2L1

: ð10:4:10Þ

Obviously, for the M–Z interferometer all-optical switch with different lengths
of two arms, if the length difference of two arms is larger, and the cross sectional
area is smaller, the required switching power will be smaller.

Considering a M–Z interferometer made with a common silica fiber and different
arm length, the data of device are n2 ¼ 2:6� 10�20 m2=W, L1 � L2 � L1 = 10m,
and S ¼ 2:83� 10�11 m2. We calculate using Eq. (10.4.10) to obtain the switching
power Pinc ¼ 169W. It is not suitable to the optical communication. In next section,
we will point out that if we replace the long fiber arm to be a 10 m-long fiber ring,
then we can reduce the switching power from hundred watts down to milliwatts.

10.5 Nonlinear Ring Resonator All-Optical Switch

The ring resonator (RR) is an interferometer based on the multiple-bean interfer-
ence principle, which is similar to the FP interferometer, as shown in Fig. 10.22.
The difference between FP and RR is that the FP is based on the standing-wave
interference and the RR is based on the traveling-wave interference, the former is
light in FP cavity making multiple back and forth trips and the latter is light in the
ring cavity making multiple circle trips. The action of couplers C2 and C1 in the ring
cavity is similar to the reflecting mirrors M2 and M1 in FP cavity, they except
provide the feed back of light, also provide the input and output of the light. The

Fig. 10.22 Two kinds of multiple-bean interference: a FP resonant cavity; b ring resonator
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light with power Pi inputs into device through C1 or M1; and outputs from C2 or M2

called transmitted output (with power Pt), and outputs from C1 or M1 called
reflected output (with power Pr).

In PF resonant cavity or ring resonator, if the phase shift in single a round trip is
u, the transmittance of resonant cavity is T ¼ Pt=Pi, the relationship curve between
T and u (for transmitted output) is shown in Fig. 10.23.

The structure of ring resonator has two kinds: one is the ring through two
couplers coupling with two straight waveguides, as sown in Fig. 10.22b; another
one is the ring through single coupler coupling with one straight waveguide, we can
regard this ring resonator is that its second coupler with 100 % reflectivity. The
single coupler RR (SCRR) all-optical switch is a 1 � 1 optical switch; the double
coupler RR (DCRR) all-optical switch is a 1 � 2 optical switch.

10.5.1 All-Optical Switch in a M–Z Interferometer Coupled
with a SCRR

In order to decrease the switching power of M–Z interferometer all-optical switch,
1999 Heebner and Boyd [9] proposed a new all-optical switch coupling a single
coupler ring resonator with one of the arms of fiber M–Z interferometer, that
equivalently infinite extends this arm, as shown in Fig. 10.24. The signal light
travels in the ring for many times and accumulates the nonlinear phase shift, when
the phase-shift difference achieves / ¼ p, then can realize the switching conversion
from Port 4 to Port 3 of M–Z interferometer. The switching power can be decreased
in 4 orders of magnitude.

Fig. 10.23 The relationship curve of transmittance (T) and phase shift (u) for FP or RR resonant
cavity with transmitted output
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At first we study the structure of a single coupler ring resonator (SCRR), which
is coupling a ring resonator with a straight waveguide through a coupler DC, as
shown in upper part of Fig. 10.24. Let E1 is the field amplitude of signal light at the
Input Port 1 of the coupler where the light inputs into the coupler from the straight
waveguide; E4 is the light field amplitude at the Output Port 4 of the coupler where
the light inputs into the ring cavity from the coupler; E2 is the light field amplitude
at the Input Port 2 of the coupler where the light finishes a circle trip in the ring and
inputs the coupler again. E3 is the light field amplitude at Output Port 3 of the
coupler where the light outputs from the coupler to the straight waveguide again.
Actually, E3 includes two parts: one is the amplitude of rE1, which is that E1

reflects to the straight waveguide passing through the bar path of coupler, and
another one is the amplitude of itE2, which is that E2 transmits to the straight
waveguide passing through the cross path of coupler; E4 also includes two parts:
one is the amplitude of itE1, which is that E1 transmits to the ring cavity passing
through the cross path of the coupler, and another one is the amplitude of rE2,
which is that E2 reflects to the ring cavity passing through the bar path of coupler;
E4 transforms to E2, not only it has a fiber absorption loss a, but also has a phase
shift u. In addition, E1 transforms to E3, it has a phase change / ¼ /3 � /1.
Therefore, the relationships among the field amplitudes at every port are

E3 ¼ rE1 þ itE2; ð10:5:1Þ

E4 ¼ itE1 þ rE2; ð10:5:2Þ

E3 ¼ ei/E1; ð10:5:3Þ

E2 ¼ aeiuE4 ¼ e�al=2eiuE4; ð10:5:4Þ

where r and t is the reflectivity and the transmittance of coupler respectively, u is
the phase shift of the light for one circle trip in the ring; a is the absorption
coefficient, a ¼ e�al=2 is the loss rate for one circle trip; l is the perimeter of the
ring; / ¼ /3 � /1 is the phase difference between the phase at Input Port 1 and the

Fig. 10.24 Structure chart of all-optical switch in M–Z interferometer cooped with a ring cavity
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phase at Output Port 3, it is also the phase difference between two lights on two
arms of M–Z interferometer.

From above Equations we obtain following relationship:

E2

E1
¼ itaeiu

1� raeiu
; ð10:5:5Þ

E3

E1
¼ r � aeiu

1� raeiu
: ð10:5:6Þ

We define the amplification coefficient of ring cavity for light power is

M ¼ P2

P1
¼ E2j j2

E1j j2 ¼
1� r2ð Þa2

1� 2ra cosuþ r2a2
: ð10:5:7Þ

According to Eq. (10.5.7), the curves of M versus u are drawn in Fig. 10.25.
One can see that when a ! 1 (i.e., neglecting the ring loss), r ! 1 (i.e., keeping
most power in the ring), the full width at half maximum (FWHM) of du becomes
smaller, and the peak of M becomes higher.

In Fig. 10.28a, b we can see that the peak value for a ¼ 0:99 is twice of the peak
value for a ¼ 0:95; but the width du of the former is much small then that of the
latter. In the case of a ¼ 0:95, the peak value for r ¼ 0:9 is twice of the peak value
for r ¼ 0:7 and in the case of a ¼ 0:99, the peak value for r ¼ 0:9 is triple of the
peak value for r ¼ 0:7. In both case the width du is remarkable increase with
decrease of r.

Fig. 10.25 Spectra of the ring amplification coefficient versus the one-circle phase shift under
different coupler reflectivity: a a = 0.95; b a = 0.99
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From Eq. (10.5.7) we can see, if a ! 1, r ! 1, and in resonant case i.e.,
u ¼ 2mp(m ¼ 0; 1; 2. . .), we can obtain maximum amplification coefficient:

Mmax � 2
1� r

: ð10:5:8Þ

In other hand, from the definition of the finesse of ring cavity F, we obtain

F ¼ 2p
du

¼ p 2 sin�1 1� ar
2
ffiffiffiffiffi
ar

p
	 
� ��1

: ð10:5:9Þ

In the condition of a!1, r!1 and u = 2 mp, we can get the maximum finesse
and the relationship between the maximum finesse and the maximum amplification
coefficient:

Fmax � p
1� r

¼ p
2
Mmax: ð10:5:10Þ

It means that Fmax is proportional to Mmax. The curves of the finesse F as a
function of a and r are drawn in Fig. 10.26 according to Eq. (10.5.9). It is obvious
that if a!1, r!1, F increases dramatically.

Because / is defined as / ¼ /3 � /1, using Eqs. (10.5.3) and (10.5.6) we
obtain

/ ¼ arg
r � a expðiuÞ
1� ra expðiuÞ
� �

: ð10:5:11Þ

To calculate the first derivative of / with respect to u, and assuming a!1, r!1
and u = 2 mp, we obtain

d/
du

� 1� r2ð Þa2
1� 2ra cos/þ r2a2

� Mmax: ð10:5:12Þ

Using Eq. (10.5.6), the transmittance of ring cavity can be expressed as

T ¼ E3j j2
E1j j2 ¼

r2 � 2arconuþ a2

1� 2arconuþ a2r2
: ð10:5:13Þ

The relation curve of the transmittance of ring as a function of the phase shift in
one circle (T � u curve) is shown in Fig. 10.27. Actually, here E3j j2= ðE1j j2¼
P3=P1 is a reflectivity of single coupler ring resonator, i.e., R ¼ Pr=Pi, so the curve
in Fig. 10.27 is reverse to the curve in Fig. 10.23.

According to u ¼ ð2p=kÞnl, for a certain l and n (for a low power), u is reverse
proportional to k, so we can draw the curve of transmittance as a function of the
wavelength (T � k curve), this is the transmittance spectrum of ring cavity. The
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T � k curve also can be obtained by experimental method. For example when a
signal light at wavelength 1.550 lm inputs in a micro ring, the measured T�k
transmittance spectrum is shown in Fig. 10.28, which transmitted valley at kV ¼
1:556 lm (the resonant wavelength).

In order to realize an all-optical switch, we can use a low-power signal light at
resonant wavelength of ring cavity kV ¼ 1:55 lm incident into the ring, to satisfy
the resonance condition, i.e., u ¼ ð2p=kVÞnl ¼ 2mp, in this case kV / n. If in the
same time, we send a pump light with power P to irradiate the ring material,
according to Kerr effect, the change of refractive index will be induced, i.e.,
Dn / P, so we get DkV / Dn / P. If we increase the pump power to lead the
transmitted spectrum shift to a half of the peak width, the transmittance of device
change from valley to the top, than the optical switching is accomplished.

Now we deduce the threshold switching power of the device. The light propa-
gates for the one circle of the ring with length of l, the Kerr effect induced nonlinear

Fig. 10.26 The finesse of the ring as a function of the loss rate and the coupler refractivity

Fig. 10.27 The curve of the
transmittance T versus the
phase shift u in the
single-coupler ring resonator
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Fig. 10.28 Measured T � k transmittance spectrum of ring cavity, the input signal wavelength is
1.550 lm, the minimum transmittance valley at wavelength of 1.556 lm

phase shift u is proportional to the light power P2, and than the nonlinear
phase-shift change du induced by unit power P2 is

du
dP2

¼ d
dP2

u0 þ
2p
k0

ln2
P2

S

	 

¼ 2pln2

k0S
: ð10:5:14Þ

Using Eqs. (10.5.13), (10.5.14) and dP2=dP1 ¼ P2=P1 ¼ Mmax, we can find unit
power P1 induced phase-shift difference of two arm lights in M–Z interferometer is
given by

d/
dP1

¼ d/
du

du
dP2

dP2

dP1
¼ 2pln2

k0S
M2

max: ð10:5:15Þ

Let us make a definite integral on both sides of the Eq. (10.5.15) with the up
limits of p and P1c for / and P1 respectively, i.e.,

Zp
0

d/ ¼ 2pln2
k0S

M2
max

ZP1c

0

dP1: ð10:5:16Þ

Thus the total threshold switching power Pinc ¼ 2P1c can be found as

Pinc ¼ k0S
n2l


 1
M2

max
: ð10:5:17Þ

Using Eq. (10.5.10), we obtain
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Pinc ¼ k0S
n2l


 p
2

� �2

 1
F2
max

: ð10:5:18Þ

To compare Eq. (10.5.17) with Eq. (10.4.10), we find the switching power Pinc

is reduced in M2
max times, it means that the switching power of the symmetric MZI

coupled with a ring is much lower than that of MZI with different arm length in the
condition that the ring length l is equal to the arm-length difference L. As an
example, we take the data of l ¼ L1 ¼ 10m, r ¼ 0:99, a ¼ 1, and
M2

max � 4=ð1� rÞ2 ¼ 40000, using Eq. (10.5.17) we get the switching power
Pinc ¼ 4:23mW. However, the device with ring length 10 m is not suitable for
application, we can reduce the length of the ring to be 1 cm, but the switching
power becomes 42:3W. The best way for reducing the switching power is reduction
of cross sectional area of the waveguide to be nanoscale.

Equation (10.5.18) shows that the switching power is reverse proportional to the
square of the finesse. In order to reduce the switching power we must enhance the
finesse, there are two ways according to Eq. (10.5.9): one is decrease of cavity loss
(a ! 1), another is increase of the coupler reflectivity (r ! 1).

10.5.2 All-Optical Switch in a DCRR

Figure 10.29 shows a ring resonator all-optical switch with two couplers coupled
with two straight waveguides. In general the reflectivities of two couplers r1 and r2
are selected very large ð! 1Þ for keeping a high light energy density in the cavity.
We will prove that if the signal light inputs cavity from left port of waveguide I,

Fig. 10.29 Double-coupler-ring-resonator all-optical switch with one Input Port and two Output
Ports
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when the light power is weak, the light will output from the left of waveguide II
(transmitted output Port 2); when the light power increases enough, after one circle
trip, the phase shift of light reaches to u ¼ p, the output light will be changed to the
right port of the waveguide I (reflected output Port 1).

Assuming the light inputs the ring cavity from Input Port and outputs from
Output Port 1 and Output Port 2, the every field amplitude is satisfied the following
transmission equations:

Er ¼ r1Ein þ it1E4; ð10:5:19Þ

E1 ¼ it1Ein þ r1E4; ð10:5:20Þ

E2 ¼ exp �a1l1=2ð Þ exp iu1ð ÞE1; ð10:5:21Þ

E3 ¼ r2E2; ð10:5:22Þ

Et ¼ it2E2; ð10:5:23Þ

E4 ¼ exp �a2l2=2ð Þ exp iu2ð ÞE3; ð10:5:24Þ

where ri and ti are the reflectivity and transmittance of two couplers, i ¼ 1; 2 means
for Coupler 1 and Coupler 2 respectively. If we used comer marks 1 and 2 denote
the parameters of right and left half ring respectively, a1 ¼ exp �a1l1=2ð Þ and
a2 ¼ exp �a2l2=2ð Þ are loss rates in the half rings, in which a1 and a2 are absorption
coefficients, l1 and l2 are the lengths of half ring, l ¼ l1 þ l2 is the length of whole
ring; a ¼ a1 þ a2 is the loss rate of whole ring; u1 and u2 are phase shifts in half
rings, u ¼ u1 þu2 is phase shift for the whole ring.

Using Eqs. (10.5.19)–(10.5.24), we can deduce to obtain the expressions of the
reflectivity and the transmittance of the DCRR all-optical switch:

R ¼ Pr

Pin
¼ Erj j2

Einj j2 ¼
r21 � 2ar1r2 cosuþ a2r22
1� 2ar1r2 cosuþ a2r21r

2
2
; ð10:5:25Þ

T ¼ Pt

Pin
¼ Etj j2

Einj j2 ¼
a2

a2

 1� r21

� �
1� r22
� �

1� 2ar1r2 cosuþ a2r21r
2
2
: ð10:5:26Þ

If the absorption loss can be neglected, i.e., a2 � a � 1, and setting r1 ¼ r2 ¼ r,
then Eqs. (10.5.25) and (10.5.26) can be written to

R ¼ 2r2ð1� cosuÞ
1� 2r2 cosuþ r4

ð10:5:27Þ

T ¼ 1� r2ð Þ2
1� 2r2 cosuþ r4

ð10:5:28Þ
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The reflectivity and transmittance of DCRR all-optical switch as a function of
the phase shift for a ring trip are shown in Fig. 10.30.

Assuming the reflectivity of coupler r ! 1, when without the pump light, the
phase shift for a ring trip is equal to linear value u ¼ u0, if
u ¼ u0 ¼ 2mp ðm ¼ 0; 1; 2. . .Þ, from Eqs. (10.5.27) to (10.5.28) we can obtain
R ¼ 0 and T ¼ 1. When adding a pump light, the Kerr effect will induce the
nonlinear part of phase shift: u ¼ u0 þDu, if Du ¼ p, i.e., u ¼ ð2mþ 1Þp, from
Eqs. (10.5.27) to (10.5.28) we can obtain R ¼ 1 and T ¼ 0. Therefore, under the
action of the pump light, the all-optical switching of device happens: R ¼ 0 ! 1
and T ¼ 1 ! 0, namely the light output changes from Port 2 to Port 1.

We define the power amplification coefficient is

M ¼ E4

Ein

����
����
2

¼ r22 1� a2r21
� �

1� 2ar1r2 cosuþ a2r21r
2
2
; ð10:5:29Þ

When r1 ¼ r2 ¼ r ! 1, a ! 1, u ¼ 2mp, the maximum amplification coeffi-
cient is

Mmax � 1
1� r2

: ð10:5:30Þ

According to the definition of finesse of RR, we obtain

F ¼ 2p
du

¼ p 2 arcsin
1� ar1r2
2
ffiffiffiffiffiffiffiffiffiffi
ar1r2

p
� ��1

:: ð10:5:31Þ

Setting r ¼ r1 ¼ r2, and r ! 1, a ! 1, the maximum finesse of RR is

Fmax � p
1� r2

¼ pMmax: ð10:5:32Þ

Fig. 10.30 Reflectivity and
transmittance of DCRR
all-optical switch as a
function of the phase shift for
a ring trip
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Considering the optical Kerr effect, and the length of half ring is l1 ¼ l2 ¼ l=2,
phase shift for one circle trip of light is

u ¼ u0 þ
pn2l
kS

E2j j2 þ E4j j2
� �

; ð10:5:33Þ

where S is cross sectional area of waveguide. In the condition of a ! 1 and
/ ¼ 2mp, substituting

E2j j2
Einj j2 ¼

t21
1� 2ar1r2 cosuþ a2r21r

2
2
� 1� r21

ð1� r1r2Þ2
; ð10:5:34Þ

E4j j2
Einj j2 ¼

r22 t
2
1

1� 2ar1r2 cosuþ a2r21r
2
2
� r22 1� r21

� �
1� r1r2ð Þ2 ; ð10:5:35Þ

into Eq. (10.5.33), and setting input power Pin ¼ Einj j2 and r ¼ r1 ¼ r2, we obtain

u ¼ u0 þ
pn2l
k0S

E2j j2 þ E4j j2
� �

¼ u0 þ
pn2l
k0S


 1þ r2

1� r2
Pin: ð10:5:36Þ

Making derivation of phase shift in the ring to the input power, and setting
r ! 1, we obtain

du
dPin

¼ pn2l
k0S


 1þ r2

1� r2
� 2n2l

k0S

 p
1� r2

: ð10:5:37Þ

Using Eqs. (10.5.33), (10.5.37) can be written as

du
dPin

¼ 2n2l
k0S

Fmax: ð10:5:38Þ

Making integration of above equation, and using the switching condition of/ ¼ p,
we obtain the threshold switching power of DCRR all-optical switch, which is

Pinc ¼ k0S
n2l


 p
2

 1
Fmax

: ð10:5:39Þ

To compare the Eqs. (10.5.39) and (10.5.18), the switching power of DCRR
all-optical switch is larger than that of all-optical switch in M–Z interferometer
coupled with a SCRR in ð2=pÞFmax times. From Eq. (10.5.39) we can see that in
order to decrease switching power, we should increase the finesse of the ring cavity
or decrease the cross sectional area of ring waveguide.

Except the switching power, the RR all-optical switch also has another important
property index, which is switching time. The switching time s of the ring resonator
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depends on the two factors: the photon life time of ring cavity sc and the nonlinear
response time of material sf , namely

s ¼ sc þ sf : ð10:5:40Þ

The life time of the ring sc depends on the frequency bandwidth Dm or the half
width of resonance peak Du. From formulas sc ¼ 1=Dm, Du ¼ 2pnlDm=c, and
F ¼ 2p=Du, we obtain

sc ¼ nlF
c

. ð10:5:41Þ

For example, setting n ¼ 1:5, l ¼ 2 cm, F ¼ 10, c ¼ 3� 1010 cm=s, the result of
calculation is that sc ¼ 1 ns. If we use the silicon material, the Kerr response time is
about 0.1 ns. So the switching time of the RR all-optical switch is limited by the life
time of ring cavity in order of magnitude of nanosecond.

From Eq. (10.5.41) we can see, the cavity life time sc is proportional to the
finesse F. But Eq. (10.5.39) shows that, the switching power Pinc is reverse pro-
portional to the finesse F. Therefore, if we want to optimize the two parameters of
switching power and the switching time in the same time, we have to make a trade
off in selection of finesse. However, the reduction of the device size (including l and
S) is beneficial to improving the quality of all-optical switches.

10.6 Nonlinear Fiber Grating All-Optical Switch

Although studied all-optical switches had many categories over the years, almost no
macroscale all-optical switch can satisfy the practical requirements, only the
all-optical switch based on the fiber grating is promising. Because the optical fiber
grating has many advantages including low insertion loss, small size, simple
structure and easy to match with the fiber system, so the fiber grating all-optical
switches caused people’s attention. There are many kinds of fiber gratings used to
make all-optical switches, for example Bragg grating (FBG), long period fiber
grating (LPFG), phase shift fiber grating, chirp fiber grating, etc. In this section we
will introduce several nonlinear fiber grating all-optical switches with application
prospect, which made by nonlinear doped quartz FBG and LPFG or nonlinear fiber
connected FBG pair and LPFG pair.

According to different grating constant (grating period), we can divide the fiber
grating into two categories:

(1) Fiber Bragg grating (FBG), the grating constant is KB\1 lm, in 0.1 lm order
of magnitude. Its mode coupling method is the interference between the
forward-propagating mode and backward-propagating mode in reverse
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direction, to form a reflected spectrum band with a nano bandwidth (such as
0.2 nm), and the grating wavelength is at the center of band. This is reflection–
type optical grating.

(2) Long period fiber grating (LPFG). The grating constant is KL [ 100 lm, for
example 300 lm. Its mode coupling method is the interference between the
fiber core mode and the cladding mode propagating in same direction, to form
a transmitted spectrum band with a broad bandwidth, which is broader than the
bandwidth of FBD in a hundred time (such as 20 nm). The grating waveguide
is also at the center of band. This is transmission-type optical grating.

Figure 10.31 shows the mode coupling methods of two fiber gratings, and their
outputted reflected spectrum and transmitted spectrum under a broad band incident
signal light.

10.6.1 Single Nonlinear FBG All-Optical Switch

1. Description of Fiber Bragg Grating

If a narrow-band signal light inputs a fiber Bragg grating (FBG), its wavelength ki is
equal to the grating wavelength (resonant wavelength) kB, i.e., ki ¼ kB, this means
that the Bragg condition is satisfied. According to principle of conservation of
energy, the incident-light energy equals to the reflected-light energy, i.e.,

Fig. 10.31 Mode interference and output spectrums of two kinds of fiber gratings: a fiber Bragg
grating (FBG); b long period fiber grating (LPFG)
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�hxi ¼ �hxf , then ki ¼ kf ¼ kB. In this case the reflected light spectrum is the same
as the incident light spectrum, as shown in Fig. 10.32.

Further according to principle of conservation of momentum, the relationship of
propagation constants is

bi � bf ¼ b; ð10:6:1Þ

where bi and bf are propagation constants (wave factors) of incident light and
reflected light respectively, the numerical value of bi and bf are bi ¼ 2pneff

ki
and

bf ¼ 2pneff
kf

respectively. Under Bragg condition and energy conservation principle,
i.e., ki ¼ kf ¼ kB, so the numerical value of bi or bf are:

bi ¼ bf ¼
2pneff
kB

; ð10:6:2Þ

where neff is effective refractive index of fiber. b is the propagation constant of
grating, which is defined as

b ¼ 2p
KB

: ð10:6:3Þ

where KB is the grating constant of FBG.
Because directions of propagation constants bi and bf are reverse, namely

bf ¼ �bi; ð10:6:4Þ

According to Eq. (10.6.1), we have

2bi ¼ b: ð10:6:5Þ

Fig. 10.32 When a narrow-band signal light at wavelength of grating wavelength inputs FBG, the
energy and momentum conservation relations between the incident light and the reflected light
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Substituting Eqs. (10.6.2) and (10.6.3) into (10.6.5), then we obtain

kB ¼ 2neffKB: ð10:6:6Þ

This is the expression of the grating wavelength of FBG.
The refractive index of uniform fiber Bragg grating can be expressed as

nðzÞ ¼ neff þ dneff cos
2p
K

z

	 

; ð10:6:7Þ

where z is the displacement along axis direction of fiber, dneff is the modulation
amplitude of average effective refractive index of grating, for short is modulation
amplitude of grating.

Setting slow-variation electrical field amplitudes of light field propagated to
forward direction and backward direction are respectively

Aþ ðzÞ ¼ AðzÞ expðidz� /=2Þ; ð10:6:8Þ

Bþ ðzÞ ¼ BðzÞ expð�idzþ/=2Þ; ð10:6:9Þ

where d is detuning parameter, which is defined the difference of incident wave
vector respect to the grating wave vector:

d ¼ 2pneff
1
k
� 1
kB

	 

: ð10:6:10Þ

If d ¼ 0, then we obtain k ¼ kB.
In steady state condition, the coupling mode equations of FBG are

@Aþ

@z
¼ idAþ þ ijBþ ; ð10:6:11Þ

@Bþ

@z
¼ �idBþ � ijAþ ; ð10:6:12Þ

where Aþ and Bþ are the forward wave amplitude and the backward wave
amplitude; j is coupling coefficient, which is defined as

j ¼ j	 ¼ p
k
sdneff ; ð10:6:13Þ

where S is the contrast ratio of refractive index modulation. The coupling coefficient
is proportional to the modulation amplitude of grating.

Assuming the length of grating is L, the amplitude reflectivity of grating can be
solved from Eqs. (10.6.11) to (10.6.12), it is given by
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rj j ¼
j sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � d2

p
L

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðj2 � d2Þ cosh2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � d2

p
L

� �
þ d2 sinh2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � d2

p
L

� �r : ð10:6:14Þ

So the energy reflectivity of grating R ¼ rj j2 can be expressed as

R ¼
j2 sinh2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjLÞ2 � ðdLÞ2

q
j2 cosh2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjLÞ2 � ðdLÞ2

q
� d2

: ð10:6:15Þ

Setting the parameter of FBG are KB ¼ 534:986 nm, L = 4 mm,
kB = 1553.59 nm, from Eq. (10.6.15) we can obtain the reflected spectrum of
grating, as shown in Fig. 10.33.

According to (10.6.15), when d ¼ 0, FBG has a maximum reflectivity at k ¼ kB,
which is

Rmax ¼ tanh2ðjLÞ: ð10:6:16Þ

The reflected spectrum bandwidth of FBG Dk0 can be defined as the interval
between two wavelengths where the reflectivity firstly becomes zero in both sides
of grating wavelength, which can be obtain from Eq. (10.6.15), and set k ¼ kB
[10]:

Dk0 ¼ k2B
neffL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jL

p

	 
2
s

: ð10:6:17Þ

For weak coupling FBG (the modulation amplitude of grating is small), jL � p,
from Eq. (10.6.18), the reflected spectrum bandwidth is

Fig. 10.33 Principle of FBG
all-optical switch: the input
power induced FBG reflected
spectrum moving over the
half of a bandwidth, the
reflected light changes from
maximum value to minimum
value
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Dk0 � k2B
neffL

: ð10:6:18Þ

Using Eq. (10.6.6), we obtain

Dk0 � 2kBKB

L
¼ 2kB

N
; ð10:6:19Þ

where N is the total number of grating period, which is defined as

N ¼ L
KB

: ð10:6:20Þ

Obviously, the reflected spectrum bandwidth of FBG is depended on the total
number of grating period.

2. Single FBG All-Optical Switch

The signal light inputs FBG, and induces optical Kerr effect under self-phase
modulation, to lead the change of refractive index of the fiber, which is

neff ¼ n0 þ n2
P
S
; ð10:6:21Þ

where n0 is the linear refractive index of fiber; n2 is the nonlinear refraction
coefficient; P is the input light power; S is the effective sectional area of the fiber.
Using Eqs. (10.6.6) and (10.6.21) we obtain the relationship between the change of
grating wavelength and the input light power, which is

DkB ¼ 2DneffKB ¼ 2KBn2
P
S
: ð10:6:22Þ

Obviously, the grating-wavelength change is proportional to the input power.
Figure 10.33 shows the shift of reflected spectrum of FBG with the increase of

light power. In the beginning the wavelength of input light ki is the same as the
wavelength of grating kB, which is located at the center of the reflected spectrum,
were the reflectivity is a maximum value. With the increase of the input light power,
the grating wavelength together with reflected spectrum moves to the long wave-
length direction. When the moving to the half a bandwidth of the original reflected
spectrum, the reflectivity of signal light to reach a minimum value. In this case the
reflected light of FBG is accomplished a switching process.

Because under the action of the input power, the necessary condition for realizing
the switching process is the shift of grating wavelength to half a bandwidth, i.e.,

DkB ¼ Dk0
2

: ð10:6:23Þ

330 10 All-Optical Switch Based on Nonlinear Optics



Using Eq. (10.6.19), for a weak coupling FBG, the shift of grating wavelength is

DkB¼Dk0
2

¼ kBKB

L
:: ð10:6:24Þ

To use Eqs. (10.6.22) and (10.6.24), the threshold switching power for FBG
all-optical switch is given by

Pc ¼ 1
2

kBS
n2L

	 

: ð10:6:25Þ

Obviously, the switching power of FBG all-optical switch mainly depends on
the nonlinear refraction coefficient n2, but for common FBG made by quartz
material, n2 is very small, so the switching power is very high.

3. Experiments for FBG All-Optical Switch

(1) FBG All-Optical Switch in Cross-phase Modulation Mode

In 1990 Larochelle et al. firstly reported the FBG all-optical switching effect [11]. In
their experiment the FBG with grating wavelength kB ¼ 514:5 nm, the length of
grating L ¼ 3:5 cm, the diameter of fiber core 4.4 lm; the signal light is a con-
tinuous Arþ laser at wavelength of 514.5 nm; the pump light is a Q switched and
mode locked YAG pulse laser at wavelength of 1064 nm with the repetition fre-
quency 1 kHz and the pulsewidth 100 ps. The signal light and the pump light are
counterpropagation, and their polarization directions are orthogonal. Two silicon
photoelectric diodes with the resting time 1 ns were used to detect the transmittance
of the signal light. Under the cross-phase modulation, they demonstrated the optical
switching with contrast ratio of 55 %. Figure 10.34 gives a variation curve of the

Fig. 10.34 The transmittance of signal light passing through FBG versus the peak power of pump
light
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transmittance of signal light versus the peak power of pump light. The switching
peak power is about 4.5 kW.

(2) FBG All-Optical Switching in Self-phase Modulation Mode

In 1998 Broderick [12] and Taverner [13] et al. reported the research results of FBG
all-optical switches. In their experimental setup there are two distributed feedback
semiconductor light sources (DFB laser diode), as shown in Fig. 10.35. The setup
can be used for SPM mode optical switch by using one light source and for CPM
mode optical switch by using two light sources.

Light source 1 and light source 2 emit mutually orthogonal polarization lights,
which are sent into the FBG through a polarization beam splitter (PBS). The output
pump light is absorbed by a narrow band filter 2, and the signal light is transmitted
and tested by the photodetector D2. The reflected light from front end face of FBG
is sent into photodetector D1 via a circulator. Two photodetectors have fast response
time with time resolution of 50 ps. The electrical signals outputted from two
photodetectors are sent to a fast sampling oscilloscope.

In the experiment, the high power light pulse source used for SPM mode or
CPM mode is consisted of a wavelength and power tunable DFB laser and an
erbium-doped fiber amplifier (EDFA), with the power greater than 20 kW and the
repetition frequency of 4 kHz. The signal light source is a low-power, narrow
linewidth, continuous DFB laser with power of 1 mW, its linewidth is smaller than
10 MHz. The measured fiber grating is placed in a capillary tube. The grating has
the resonant wavelength of 1535.93 nm, length of 8 cm, and two end sides are
coating film for limiting the cladding mode.

In the SPM experiment, the wavelength of high power pulse light is in grating
band gap deviated with the grating resonant wavelength about 0.007 nm (at high
frequency side). The transmittance of grating as a function of the peak power is
shown in Fig. 10.36. We can see that the increase of transmittance with increasing

Fig. 10.35 Experimental setup for FBG all-optical switching with two DFB laser diodes and a
polarization beam splitter (PBS)
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of pulse peak power from 3 to 40 %. That means the optical switch has contrast
ratio of 40 %. The threshold switching power is about 4 kW.

(3) High Nonlinear FBG All-Optical Switching

The above two examples are FBG all-optical switches based on the ordinary silica
fiber. Because the nonlinear refraction coefficient of silica is very small,
n2 = 2.6 � 10−16 cm2/W [14], the required switching power for these AOSs are
generally in the range of 4.0–4.5 kW. From Eq. (10.6.25) we can see, if selecting
the materials of fiber granting with large n2, it is advantageous in reducing the
switching power. Here we give two examples as follows.

In 1997, Janos et al. made an Yb3+-doped silica FBG with length of 30 mm [15].
They used a CW laser diode at wavelength 1550 nm as a signal light source to
detect the response of the grating; and a laser diode at wavelength 980 nm with
rectangular-pulse output as a pump light. The light beam and the signal light
together launched into the grating. Since the Yb3+-doped silica fiber had high
nonlinearity refraction coefficient, n2 = 6.2 � 10−12 cm2/W [18], when the pump
power reached 20mW (with 1 Hz- repetition rate), it resulted in the all-optical
switching, with switching contrast 63 %, corresponding to the grating
effective-refractive-index change Dneff = 1.6 � 10−3. According to their analysis,
the optical switching was based on thermal and electronic two effects, where the
thermal effect contributes about 53 %, with the response time of 150 ms; the
electronic effect contributes about 10 %, with the response time of 1 ms.

Fig. 10.36 Transmission characteristics of FBG all-optical switching in self-phase modulation
mode. The transmittance increases from 2 to 40 %; the switching power is about 4 kW
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In 2003, Guan et al. used the high-concentration Er3+-doped fiber to make the
FBG all-optical switch [16]. The Er3+-doped fiber has the nonlinearity refraction
coefficient of n2 ¼ 3� 10�11cm2=W [19], and there is the peak-value absorption of
300 dB/m at wavelength of 1530 nm (the grating wavelength). They used a
power-tunable laser at wavelength of 1480 nm as an incident light working in SPM
mode. When the laser power was 20 mW and 50 Hz, they obtained the optical
switching with switching contrast of 56 %. However, when the light power
increased to 300 mW, the switching contrast achieved to 90, 70 and 37 %, corre-
sponding to the modulation frequency of 50, 500 and 5 kHz, respectively.

Table 10.3 lists the nonlinear refraction coefficients and the response time s for
different fiber materials.

FBGs made by materials with large n2 have low threshold switching power. The
nonlinear refraction coefficient of the chalcogenide glass fiber is double-order of
magnitude in comparison with that of the purity quartz fiber [17]. The FBG optical
switches made by chalcogenide glass fiber have a much lower switching power. In
addition, such chalcogenide glass material, compared with the rare earth-doped
quartz material, has smaller absorption and higher optical transparency. The non-
linear refraction coefficient of erbium-doped silica fiber is higher than that of the
ordinary silica fiber in about 5 orders of magnitude [19]. If the FBG optical switch is
made by the erbium-doped silica fiber, the switching power can be greatly reduced,
but the light absorption is stronger and the response time is longer (about 10 ms).

Here we should note that the nonlinear refraction coefficient n2 is related with the
doped concentration, the pump wavelength and the nonlinear mechanism. Due to
these differences, the measured values of nonlinear refraction coefficients recorded
in the references are different. Sometimes the measured value could be different in
one order of magnitude or more.

10.6.2 Single Nonlinear LPFG All-Optical Switch

1. Description of Long Period Fiber Grating

In 1996 Erdogan analyzed the spectral characteristic of LPFG based on the mode
coupling theory [20]. Figure 10.37 gives LPFG’s transmission spectrum for the

Table 10.3 Nonlinear refraction coefficients and the response times for different fiber materials

Fiber materials n2 (cm2/W) Wavelength (nm) Response time References

Pure silica fiber 2:6� 10�16 1550 <1 ps [14]

Sm-doped-silica fiber 3:0� 10�15 1064 <5 ns [19]

Chalcogenide glass fiber 6:8� 10�14 700 2 ns [17]

Yb-doped-silica fiber 6:2� 10�12 1310 750 ls [18]

Er-doped-silica fiber 3:0� 10�11 514.5 10 ms [19]

Nd-doped-silica fiber 4:7� 10�11 823 390 ls [19]
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average refractive-index modulation depth of dneff ¼ 6:45� 10�5 and the grating
length of L ¼ 10mm. It shows that the LPFG’s spectral width is approximately
20 nm, which is several hundred times of the FBG’s spectral width.

When the light propagates in LPFG, we have to consider the mode coupling
between the core mode and the cladding mode. If we only consider the coupling
between the fundamental core mode LP01 and the m-order cladding mode LP0m,
and denoting their propagation constants as bco and bcl respectively, then the
momentum-conservation relation can be expressed as

bco � bcl ¼ bg ¼
2p
KL

: ð10:6:26Þ

where bg is the propagation constant of fiber grating, KL is the grating constant of
LPFG.

In addition, according to the definition of the propagation constants of core and
cladding we obtain

bco � bcl ¼
2p
kL

nco � nclð Þ ¼ 2p
kL

Dng: ð10:6:27Þ

Using Eqs. (10.6.26) and (10.6.27), we obtain

kL ¼ KLDng; ð10:6:28Þ

where kL is the grating wavelength of LPFG; Dng is the effective refractive-index
difference between fundamental mode and cladding mode of fiber, i.e.,

Fig. 10.37 Transmission spectrum of LPFG
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Dng ¼ nco � ncl: ð10:6:29Þ

Similar to FBG, the detuning of LPFG can be defined as

d ¼ 1
2

bco � bclð Þ � 2p
KL

� �
¼ pDng

1
k
� 1
kL

	 

; ð10:6:30Þ

and the coupling coefficient between two modes for LPFG is defined as

j ¼ pdneff
k

: ð10:6:31Þ

where dneff is the average refractive-index modulation amplitude of LPFG.
The bandwidth Dk0 denoted by the interval between two first zero-transmittance

points in two sides of transmission spectrum is [21]

Dk0 ¼ 2k2L
DngL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jL

p

	 
2
s

; ð10:6:32Þ

where L is the length of LPFG., assuming k ¼ kL.
For weak coupling LPFG, jL � p, the bandwidth can be approximately

expressed as

Dk0 ¼ 2k2L
DngL

¼ 2kLKL

L
¼ 2kL

N
; ð10:6:33Þ

where N is the total period number, which is defined as

N ¼ L
KL

: ð10:6:34Þ

2. Single LPFG All-Optical Switch

The principle of all-optical switch based on LPFG is shown in Fig. 10.38.

Fig. 10.38 Principle of LPFG all-optical switch
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In self-phase modulation mode, when the wavelength of incident light is equal to
the grating wavelength, the transmittance of grating is minimum value. With
increase of signal power, optical Kerr effect induces the transmission spectrum
moving to the long wavelength direction. When the grating wavelength moves to
the half of a bandwidth, the transmittance arrives to maximum value, so transmitted
light power switches from minimum to maximum.

The signal light power induces the Kerr effect and results in the change of
refractive index of fiber core, i.e., Dnco ¼ n2ðP=SÞ; the change of refractive index of
cladding can be neglected, i.e., Dncl ¼ 0. Therefore,

D Dng
� � ¼ Dnco�Dncl � n2(P=SÞ: ð10:6:35Þ

Using Eq. (10.6.28), we obtain

DkL ¼ D Dng
� �

KL ¼ n2KL
P
S
: ð10:6:36Þ

Obviously, the shift of grating wavelength is proportional to the input power.
For accomplishing the optical switching, it requires DkL¼Dk0=2, using

Eqs. (10.6.33) and (10.6.28), for weak coupling LPFG, it requires the shift of
grating wavelength:

DkL ¼ Dk0
2

¼ kLKL

L
: ð10:6:37Þ

To compare Eqs. (10.6.36) and (10.6.37), we obtain the threshold switching
power of LPFG:

Pc ¼ kLS
n2L

: ð10:6:38Þ

3. The Experiment for LPFG All-Optical Switch

In 1997, Eggleton et al. fabricated a LPFG by exposure of hydrogen-loaded ger-
mane silicate fibers to an ultraviolet (l – 248 nm) light through an amplitude mask
made of chrome-plated silica [22]. The parameters of grating are: the length of
grating is d ¼ 55mm, KL ¼ 320 lm, Dng ¼ 0:003, and n2 ¼ 2:6� 10�16 cm2=W.

A schematic diagram of the experimental apparatus for testing the optical
switching is shown in Fig. 10.39. A 100-ps pulsed light generated by a mode-locked,
Q-switched YLF laser with a repetition rate of 500 Hz is coupled into the grating. The
central wavelength of the YLF laser is 1052.8 nm, which is approximately coincident
with the resonant wavelength of grating. The peak intensity of the pulses coupled into
the fiber could be varied between 0 and 20 GW/cm2. A spatial filter is used to remove
the light guided by the cladding mode. Finally, the transmitted intensity is detected
with a fast photodiode (resolution 20 ps).
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Figure 10.40 gives the transmittance variation with the increase of incident
intensity at temperature of 40 °C, we can see that the switching threshold starts
from the incident intensity greater than 5 GW/cm2 (corresponding to the switching
contrast about 40 %), since then the switching characteristic becomes nonlinear,
when the incident intensity reaches 15GW=cm2, the switching characteristic begins

Fig. 10.40 Variation of transmitted power with the the increase of input intensity at temperature
of 40 °C

Fig. 10.39 Schematic diagrams of the experimental apparatus for LPFG all-optical switch
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saturation, to realize the optical switching with contrast of 80 %. If the sectional
area is 30 lm2 (the core diameter of 6 lm), the switching power is 4.5 kW.

10.6.3 Nonlinear Fiber Connected LPFG-Pair All-Optical
Switch

1. Usual Fiber Connected LPFG-pair All-Optical Switch

In 2000, Yoochan et al. demonstrated a low intensity-operated all-optical switching
working in XPM mode using a cascade of twin LPFGs with length L = 3 cm. The
two LPFGs are connected by a usual fiber with a length of D = 60 cm [23]. The
experimental apparatus is shown in Fig. 10.41.

The signal light source is a tunable laser diode at 1565 nm; the pump light
source is a Q-switched Nd:YAG laser at 1064 nm. The signal light and pump light
together launch to the cascaded twin LPFGs through a 3 dB coupler, the polar-
izations of the signal light and the pump light are adjusted to be parallel using a
polarization controller (PC) in order to maximize the efficiency of nonlinear
interaction. The output light passes through a collimator and then separates into two
paths of the signal and pump lights by means of a prism. They are detected by PD 1
and PD 2, respectively, and then sent to an oscilloscope. The pump light measured
by PD 3 is sent to the oscilloscope as a trigger signal.

The LPFG used has the grating wavelength of k = 1565 nm. The measured
transmission spectrum of LPFG-pair is shown in Fig. 10.42. The total width of
transmission spectrum is 17 nm and the width of single peak is 0.5 nm. A pit in the
center of spectrum will explain in next paragraph. The imaginary line is the
transmission spectrum of single LPFG.

Fig. 10.41 Experimental setup of a regular fiber connected LPFG-pair all-optical switch
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The experimental results are shown in Fig. 10.43. Figure 10.43 (a) is the
transmission spectrum for a single peak. The wavelength of transmittance maximal
Point I is ks1 ¼ 1565:2 nm; The wavelength of transmittance minimal Point II is
ks2 ¼ 1564:8 nm. Figure 10.43b shows the transmittance variational curves of two
extreme points with the pump intensity: the transmittance of Point I (square point)
is going down with increase of pump power; the transmittance of Point II (round
point) is going up with increase of pump power. The switching contrast is about
20 %; the switching intensity is about 1GW=cm2, to set S = 30 lm2, then the
switching power is about 300 W, which is less than that of the optical switch for
single fiber grating.

Chunfei Li’s group in 2008 [24] and 2010 [25] have given a theoretical
explanation to above experimental result. In the fiber connected LPFG pair, the two
LPFGs can be regarded as two 3 dB optical couplers. The first LPFG separates the
incident light into the fiber core mode and the cladding mode, both of them
propagate in the fiber along same direction until arrive to the second LPFG, where

Fig. 10.42 Transmission
spectrum of fiber connected
LPFG-pair

Fig. 10.43 LPFG-pair transmission spectrum for a single peak: a the transmission spectrum near
wavelength at 1565.2 nm (Point I) and wavelength at 1567.8 (Point II) b the transmittance at
Point I and Point II versus pump intensity
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two modes interfere and output. Therefore, the fiber connected LPFG pair likes an
M–Z interferometer, the two arms of which are the fiber core and the cladding layer,
as Fig. 10.44.

Because in the fiber medium the average refractive index of fiber core and the
average refractive index of cladding are different: nco and ncl respectively, the
propagation constants of two mode are different: b1 ¼ ð2p=kÞnco and b2 ¼
ð2p=kÞncl respectively. Assuming the field amplitudes of fiber core mode and
cladding mode are denoted with E1ðzÞ and E2ðzÞ respectively, the initial condition
are E1ð0Þ ¼ 1, E2ð0Þ ¼ 0, the grating length and the fiber length (interval of two
LPFGs) are L and D respectively, and D � L. The two LPFGs are equivalent to
two 3 dB couplers, so the light amplitudes of transmitted signal light passing
through the device can be expressed by the following transmission matrix:

E1ðDþ 2LÞ
E2ðDþ 2LÞ

	 

¼ eiðb1 þ b2ÞL ei

KL
2 0

0 e�iKL2

 !
t r

r t	

	 

eib1D 0

0 eib2D

 !
e�a1D 0

0 e�a2D

	 


� ei
KL
2 0

0 e�iKL2

 !
t r

r t	

	 

1

0

	 


ð10:6:39Þ

where K is the grating wave vector, i.e., K ¼ 2p=K, K is the grating constant; a1
and a2 are absorption coefficient of fiber core and cladding respectively: the defi-
nitions of j and d are by Eqs. (10.6.31) and (10.6.30), respectively; r and t are the
transmittance and the reflectivity of single LPFG respectively, which can find from
coupling equations:

t ¼ cos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ d2

p
L

� �
þ i

dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ d2

p sin
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ d2

p
L

� �
; ð10:6:40Þ

r ¼ i
jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j2 þ d2
p sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 þ d2

p
L

� �
: ð10:6:41Þ

Fig. 10.44 Interference of the fiber core mode and the cladding mode in LPFG-pair based on M–

Z interferometer

10.6 Nonlinear Fiber Grating All-Optical Switch 341



The transmittance for the incident light passing through the LPFG pair is given
by [26]

Tpair ¼ T expðiD/Þ � cRj j2¼ T2 þ c2R2 � 2cTR cosD/; ð10:6:42Þ

where T ¼ tj j2 and R ¼ rj j2; c is the loss coefficient of light in the fiber, which is

c ¼ exp½�aL� ¼ exp½�ðaco þ aclÞ�L � exp½�aclL�: ð10:6:43Þ

Here the absorption coefficient of cladding mode is much larger than that of core
mode, i.e., acl � aco .

If without pump light, D/ ¼ /0, /0 is phase difference between core mode and
cladding mode when two modes passing through the fiber length D, and D � L, /0
can be written as

/0 ¼
2pD
k

Dng; ð10:6:44Þ

where k is the wavelength of incident signal light. Obviously, /0 is a function of
wavelength k.

Taking the data of KL = 300 lm, Dng ¼ 5� 10�3, kL ¼ 1550 nm, c = 0.8,
D = 60 cm, dneff ¼ 0:75� 10�5, j ¼ pdneff=k, from Eqs. (10.6.40) to (10.6.44),
changing wavelength (for the center with 1550 nm), we can calculate to get the
transmission spectrum of fiber connected LPFG-pair, as shown in Fig. 10.45. in the
figure we can see that the transmission spectrum of LPFG-pair (solid curve) is a
group of interference fringes with periodic modulated, cosine-shape, narrow
bandwidth and equal spacing, and formed inside the envelope of transmission
spectrum for the individual LPFG (dashed curve).

Because the spacing of interference peak d is corresponding to the wavelength
change when D/0 ¼ 2p, namely

d ¼ Dk
2p
D/0j j : ð10:6:45Þ

Using Eq. (10.6.44), then D/0 ¼ d/0
dk Dk ¼ � 2pD

k2
DngDk; substituting into

Eq. (10.6.45), we find the spacing between the vicinity interference peaks [27]:

d ¼ k2

DngD
: ð10:6:46Þ

Obviously, the spacing of interference peak is inverse proportional to the effi-
cient refractive-index difference and the spacing between two gratings.

The average refractive-index modulation amplitude of grating dneff has a larger
effect on the shape of the transmission spectrum of LPFG pair, using
dneff ¼ 0:75� 10�5, 0.96 � 10−5, 1.11 � 10−5 and 1.25 � 10−5, the resonance
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wavelength of 1550 nm and the other parameter as same as the data used by
Fig. 10.45, we obtain the different transmission spectra of LPFG pair as shown in
Fig. 10.46. We can see that with increasing of dneff , the interference peaks near the
wavelength of 1550 nm decrease gradually. Finally the transmission spectrum splits
to be a double-peak structure; it appears a pit in the central part, as shown in
Fig. 10.46d, which is the same as Fig. 10.43.

Fig. 10.46 Influence of grating’s average refractive-index modulation amplitude dneff to the
transmission spectra of LPFG-pair for dneff = a 0.75 � 10−5; b 0.96 � 10−5; c 1.11 � 10−5;
d 1.25 � 10−5

Fig. 10.45 Transmission
spectra for an LPFG-pair
(solid curve) in comparison
with the transmission spectra
for a single LPFG (dashed
curve) when the grating
wavelength is kD = 1550 nm
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We assume that the two LPFGs are linear; the pump power induces only the
refractive-index change in the silica fiber due to the Kerr effect under XPM. The
variation of the refractive index at the point z in the fiber is

DnðzÞ ¼ 2n2
PðzÞ
S

¼ 2n2
Pð0Þe�az

S
; ð10:6:47Þ

where P(0) is the pump power at the point z = 0, a is the absorption coefficient, S is
the effective cross sectional area in the usual silica fiber, n2 the nonlinear refractive
index, for the usual fiber it is n2 = 2.6 � 10−16cm2/W.

After the signal light with wavelength k passes through the fiber with length
D (assume D � L, the variation of nonlinear phase of the signal light is therefore

D/ ¼ D/NL ¼
ZD
0

2p
k
DnðzÞdz ¼ 4pn2Pð0Þ

akS
1� e�aD
� � � 4pn2DPð0Þ

kS
; ð10:6:48Þ

where P(0) is the pump power at the point z = 0. Obviously, the variation of
nonlinear phase is proportional to the pump power.

Because the necessary condition for realizing switching is

D/ ¼ p: ð10:6:49Þ

Substituting Eq. (10.6.49) into Eq. (10.6.48), we obtain the switching power for
pump light, which is

Pcð0Þ ¼ kS
4n2D

: ð10:6:50Þ

Taking the data k = 1550 nm, n2 = 2.6 � 10−16 cm2/W, S = 30 lm2, using
Eq. (10.6.50), we find that the switching power of the AOS in the silica fiber
connected LPFG-pair Pc (0) = 745 W, the calculated data closes to the experi-
mental data of 500 W measured by Jeong et al.

From Eq. (10.6.50), it can be seen that the threshold switching power is
reverse-proportional to the nonlinear refraction coefficient. In order to reduce the
switching power, we suggest using an EDF to replace the usual silica fiber con-
nected with two LPFGs.

2. Nonlinear Fiber Connected LPFG-Pair All-Optical Switch

2008 Li et al. proposed a scheme of nonlinear fiber connected LPFG-pair all-optical
switch [25]. The nonlinear fiber is a rare earth doped fiber, such as erbium doped
fiber. The experimental setup they suggested is shown in Fig. 10.47. Using
cross-phase modulation mode, the signal light and the pump light from two laser
diodes together input a LPFG-pair through a wavelength division multiplexer. The
pump light is a pulsed light at wavelength of 980 nm; signal light is continuous
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light at wavelength at 1550 nm. The second WDM is for separating the signal light
and the pump light. The optical switching characteristic of the signal light is
measured by an oscilloscope.

The 1550 nm signal light passes through a Er3+-doped fiber (EDF) pumped by
980 nm light, we should consider not only the refractive-index change, but also the
optical amplification effect. In other words we have to use the resonant nonlinearity
theory to deal with [28], which is based on the three-level model of Er3+ ions, as
shown in Fig. 10.48.

The pump light propagates in the Er3+-doped fiber along z direction, the pump
power at z point is

PpðzÞ ¼ Pp0 exp �apz
� �

; ð10:6:51Þ

where ap is the absorption coefficient of EDF core, ap ¼ rpN, rP is absorption cross
section, N is the total ion number density.

Rate equations of energy level 2 and energy level 1 are respectively

@N2

@t
¼ rpPp

hmpS
N1 � N2

s
; ð10:6:52Þ

N ¼ N1 þN2; ð10:6:53Þ

where mp is the frequency of pump light; S is effective cross section of EDF, N1 and
N2 are the ion number densities of energy level 1 and energy level 2, they can
solved from Eqs. (10.6.52) to (10.6.53):

980nm

1550nm

τ ′

sσ

pσ

N1

N2

N3

τ

Fig. 10.48 Three-level model of Er3+ ions

Fig. 10.47 Experimental setup for the nonlinear fiber connected LPFG-pair all-optical switch
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N1ðzÞ ¼ N

1þPpðzÞ
�
Pc

; ð10:6:54Þ

N2ðzÞ ¼ N

1þPc
�
PpðzÞ

; ð10:6:55Þ

where Pc is the saturation power:

Pc ¼ hmpS
rps

: ð10:6:56Þ

The plane wave signal light at wavelength of 1550 nm also propagates along z
direction, its amplitude is

Eðz;xÞ ¼ E0ðz;xÞeiðbz�xtÞ; ð10:6:57Þ

where b is the complex number propagation constant, its real part is related with the
refractive index; the imaginary part is related with gain coefficient:

b ¼ b0 þ ib00 ¼ k0nþ i
g
2
; ð10:6:58Þ

where k0 is the wave vector of signal light. The pump light induced the change of
propagation constant is

Db ¼ k0Dnþ i
Dg
2

: ð10:6:59Þ

The pump light induced refractive-index change of EDF is [28]:

DnðkÞ ¼ Cs

2nL

Z D

0
v0pðk; zÞ � v00ðk; zÞ
h i

dz; ð10:6:60Þ

where D is the length of EDF; n is the linear refractive index of EDF; Cs is is a
filling factor of the finite overlap between the pump light field and the
Er3+concentration profile, v0p and v00 are the real parts of the complex susceptibility
with and without the pump light respectively, which are calculated by the following
formula [28]:

v0iðk; zÞ ¼ � k3

16p2ns2
N1ðzÞ � N2ðzÞ½ �bn12 t� t0ð Þ; ð10:6:61Þ

where i = p, 0; n12ðt� t0Þ is the line shape function for the ion transition; s2 is the
lifetime of level 2; and N1 and N2 are the populations at level 1 and level 2
respectively.
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Using Eqs. (10.6.60) and (10.6.61) and Eqs. (10.6.54) and (10.6.55) we obtain

Dnðk; zÞ ¼ CsNk
3n

16p2n2s2apD
ln

Pp0 þPc

Pp0 expð�apDÞþPc
: ð10:6:62Þ

On the other hand, the expression for the gain coefficient is

gðkÞ ¼ r00e ðkÞN2 � r00aðkÞN1; ð10:6:63Þ

where r00e ðkÞ and r00aðkÞ are the emission cross-section and the absorption
cross-section respectively, and they are approximately equal. Using Eqs. (10.6.54)
and (10.6.55), the gain coefficient can be written as

gðkÞ ¼ Pp0 exp �apD
� �� Pc

Pp0 exp �apD
� �þPc

r00aN: ð10:6:64Þ

The change of gain coefficient Dg ¼ gðkÞ � g0ðkÞ is

Dg ¼ 2Pp0 exp �apD
� �

Pp0 exp �apD
� �þ Pc

r00aN: ð10:6:65Þ

Substituting Eqs. (10.6.62) and (10.6.65) into Eq. (10.6.59) we obtain Db, so the
nonlinear phase shift at second LPFG is

D/NL ¼
ZD
0

Dbj jdz: ð10:6:66Þ

Under the action of pump light, the phase change of the signal light is

D/ ¼ D/NL: ð10:6:67Þ

Using Eqs. (10.6.42), (10.6.66) and (10.6.67), we can calculate to obtain the
transmission spectrum of EDF-LPFG-pair all-optical switch in the range of 1548–
1552 nm under different pump power, as shown in Fig. 10.49 [27]. The data we
used are as follows: k ¼ 1550 nm, n2 ¼ 3� 10�11 cm2=W, L ¼ 50mm,
D ¼ 35 cm, S ¼ 30 lm2, N ¼ 1:5� 1026m�3, aP ¼ 0:012 cm�1,
dneff ¼ 0:75� 10�5, Cs ¼ 1, n ¼ 10�14, s2 ¼ 10ms, Pc ¼ 30:54mW,
rp ¼ 2:58� 10�25 m2, r00a ¼ 3� 10�25 m2, and c = 0.8.

From Fig. 10.49 we can see that, the under the increase of pump light power, the
transmission spectrum moves to the long wavelength direction, the power from low
to high: (a) 0 mW; (b) 5.26 mW; (c) 15.12 mW; (d) 25.38 mW; (e) 36.40 mW, the
transmission spectrum form from a to e, moving half a spectrum width respect to
incident wavelength (at imaginary line), the transmittance changes from the max-
imum value to the minimum value, to realize the optical switching. The switching
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power is 36.40 mW. Obviously, the switching power of EDF-LPFG-pair all-optical
switch is lower than that of usual fiber connected LPFG-pair all-optical switch in 4
orders of magnitude.

10.6.4 Nonlinear Fiber Connected FBG-Pair Optical
Bistable Switch

Two symmetric fiber Bragg gratings (FBG) is connected by a rare-earth-doped
nonlinear optical fiber, to form a nonlinear F–P interferometer, FBGs can be
regarded as reflective mirrors, as shown in Fig. 10.50. The signal beam travels in
the F–P cavity back and forth, forming the multiple-beam interference; at the same

Fig. 10.50 Optical bistable switching device consisted of two same FBGs and a connected
nonlinear fiber

Fig. 10.49 Transmission spectra of the EDF-connected LPFG pair under different pump powers:
a 0 mW, b 5.26 mW, c 15.12 mW, d 25.38 mW, e 36.40 mW
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time it interacts with the nonlinear media in the cavity to induce the refractive-index
change and the round-trip-phase-shift change. In order to achieve the optical bis-
table switching operation in low switching power, we suggested using the Yb3+-
doped fiber with nonlinear refraction coefficient n2 = 6.2 � 10−12 m2/W. In con-
trast with the Er3+-doped fiber, the ytterbium-doped fiber has a smaller absorption
and a higher switching speed. Under SPM mode, the signal light can use a CW or
pulsed light at 1550 nm.

1. Transmission Matrix for Single FBG

Let us first study the transmission characteristics in the individual FBG with length
of L. As shown in Fig. 10.51, Ain and Aout denote the slow-variation amplitudes of
the input and output light field propagating along forward direction; Bin and Bout

denote the slow-variation amplitudes of the input and output light field propagating
along backward direction respectively in a fiber Bragg grating.

When the low power continuous light inputs into FBG, the light field amplitudes
can be found by solving the steady-state coupling mode Eqs. (10.6.11) and
(10.6.12), namely

@Aþ

@z
¼ idAþ þ ijBþ ; ð10:6:68Þ

@Bþ

@z
¼ �idBþ � ijAþ ; ð10:6:69Þ

where Aþ and Bþ are the slow-variation amplitudes of light field propagating
along forward and backward directions, j is coupling coefficient, d is detuning
parameter. The definitions of d and j are denoted by Eqs. (10.6.10) and (10.6.13).

Equations (10.6.68) and (10.6.69) can be rewritten as the follower transmission
matrix form:

Ain

Bout

	 

¼ s11 s12

s21 s22

	 

Aout

Bin

	 

: ð10:6:70Þ

Assuming the length of grating is L, the every elements of the above matrix are:

s11 ¼ s	22 ¼ cosh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � d2

p
L

� �
�
id sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � d2

p
L

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � d2

p
L

; ð10:6:71Þ

Fig. 10.51 Light
transmission in an individual
fiber Bragg grating
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s21 ¼ s	12 ¼
ij sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � d2

p
L

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � d2

p
L

; ð10:6:72Þ

To define the transmittance coefficient and the reflectivity coefficient are
respectively

t ¼ 1
s11

¼ jtj exp utð Þ; ð10:6:73Þ

r ¼ s21
s11

¼ jrj exp urð Þ; ð10:6:74Þ

where the amplitudes of the transmittance coefficient and the reflectivity coefficient
are respectively:
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p
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There is the relationship tj j2 þ rj j2¼ T þR ¼ 1 (the absorption is omitted),
where T and R are transmittance and reflectivity of grating.

The phase of the transmittance coefficient is

ut ¼ arctan
d sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2 � d2

p
L

� �
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p
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p
L

� �
2
4

3
5; ð10:6:77Þ

The phase of reflectivity coefficient respect to the phase of the transmittance
coefficient has a phase difference of p=2, i.e.,

ur ¼
p
2
þut: ð10:6:78Þ

Therefore, the FBG’s transmission matrix Eq. (10.6.70) can be rewritten to be

Ain

Aout

	 

¼ 1=t r	=t	

r=t 1=t	

	 

Aout

Ain

	 

: ð10:6:79Þ
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2. Optical Bistability of Nonlinear-fiber Connected FBG-Pair

Now we study the optical bistability of the nonlinear-fiber connected FBG-pair
system, which can be regard as an F–P resonant cavity, the two FBGs are reflected
mirrors, as shown in Fig. 10.52.

Assuming the absorption coefficient of nonlinear fiber is a, the propagation
constant is b, and the length of nonlinear fiber is D, the transmission matrix of
nonlinear-fiber connected FBG-pair is

Ain1

Bout1

	 

¼ 1=t r	=t	

r=t 1=t	

	 

exp½ðaþ ibÞD� 0

0 exp½�ðaþ ibÞD�
	 


1=t r	=t	

r=t 1=t	

	 

Aout2

Bin2

	 

:

ð10:6:80Þ

Equation (10.6.80) can be simplified as

Ain1

Bout1

	 

¼ T11 T12

T21 T22

	 

Aout2

Bin2

 !
: ð10:6:81Þ

The matrix elements are

T11 ¼ exp½ða� ibÞD�
t2

þ rj j2exp½�ða� ibÞD�
tj j2 ; ð10:6:82Þ

T12 ¼ r	 exp½ða� ibÞD�
tj j2 þ r	 exp½�ða� ibÞD�

t	2
; ð10:6:83Þ

T21 ¼ r exp½ða� ibÞD�
t2

þ r exp½�ða� ibÞD�
tj j2 ; ð10:6:84Þ

T22 ¼ rj j2exp½ða� ibÞD�
tj j2 þ exp½�ða� ibÞD�

t	2
: ð10:6:85Þ

Considering the border conditions for signal light incident to OBG, Ain1ð0Þ ¼
Ain1 and Bin2ðDþ 2LÞ ¼ 0, we obtain the transmittance of nonlinear FBG-pair OBD
system:

Fig. 10.52 Light propagation in the nonlinear FBG/F–P system
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TF�P ¼ Pt

Pin
¼ Aout2

Ain1

����
����
2

¼ 1
T11

����
����
2

¼ ð1� RÞ2
expð2aDÞ � 2RþR2 expð�2aDÞþ 4R sin2 bDþurð Þ :

ð10:6:86Þ

Equation (10.6.86) can be rewritten as

TF�P ¼ Pt

Pin
¼ H

1þF sin2ð/=2Þ : ð10:6:87Þ

This ismodulation expression of nonlinear FBG-pair OBD system. Inwhich,/ is a
round-trip phase shift of light beam,/=2 is a single-path phase shift:/=2 ¼ bDþur,
the parameter H is maximum transmittance of nonlinear FBG-pair OBD, namely

H ¼ ð1� RÞ2
½R expð�aDÞ � expðaDÞ�2 ; ð10:6:88Þ

The parameter F is

F ¼ 4Re

ð1� ReÞ2
: ð10:6:89Þ

where Re is called effective reflectivity, which is

Re ¼ R expð�2aDÞ: ð10:6:90Þ

When the transmittance of nonlinear FBG-pair takes maximum value, the
wavelength of incident light k must satisfy the following resonance condition:

bDþur ¼
2pneff
k

Dþur ¼ mp: ð10:6:91Þ

The incident-light wavelength at resonant wavelength k ¼ kB has maximum
reflectivity, where /f ¼ p=2. Using Eq. (10.6.91) and kB ¼ 2neffK, D should sat-
isfy the following condition for maximum transmittance of TF-P:

D = m� 1
2

	 

K. ð10:6:92Þ

Assume that the nonlinear fiber is putted along the z-axis direction, and the light
amplitudes propagating along forward and backward directions at arbitrary point z
are denoted as Af and Bb respectively, then the matrix equation for expressing the
relationship between field amplitudes Af(z) and Bb(z) and the output field ampli-
tudes Aout2 and Bin2:
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¼ exp½�ibðD� zÞ� 0

0 exp½ibðD� zÞ�

	 

exp½aðD� zÞ� 0

0 exp½�aðD� zÞ�

	 


� 1=t r	=t	

r=t 1=t	
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:

ð10:6:93Þ

From Eq. (10.6.93), the light intensity at arbitrary point z in nonlinear fiber can
be found, which is

IaðzÞ ¼ Af þ Bbj j2¼ exp½2aðD� zÞþRexp½�2aðD� zÞ�
1� R

It: ð10:6:94Þ

Because the light power incident to the device is small (about 100 mw), we can
only consider the nonlinear effects in the erbium-doped fiber, the nonlinear response
of the fiber gratings is negligible. The refractive index of erbium-doped fiber, due to
optical Kerr effect, is

n ¼ n0 þ n2IaðzÞ: ð10:6:95Þ

The corresponding round-trip phase-shift variation is

D/ ¼ /� /0 ¼
4pnD
k

� 4pn0D
k

¼ n2
4p
k

	 
ZD
0

IaðzÞdz ¼ KIt; ð10:6:96Þ

where Ia is intensity in the nonlinear fiber of FBG-pair, It is outputted intensity, n2 is
the nonlinear refraction coefficient of the nonlinear fiber, and the parameter K is

K ¼ 2pn2½expð2aDÞ � 1þR� R expð�2aDÞ�
akð1� RÞ : ð10:6:97Þ

Using Eq. (10.6.96), we obtain the feedback expression of the nonlinear
FBG-pair OBD:

TF�P ¼ Aout2

Ain1

����
����
2

¼ Pt

Pin
¼ /� /0

KIin
: ð10:6:98Þ

Equation (10.6.98) shows that for the certain incident intensity Iin the trans-
mittance of device linearly changes with the phase shift/.

Equations (10.6.87) and (10.6.98) for T-/ relation should meet simultaneously.
We can use the drawing method, the solid lines correspond to Eq. (10.6.98) and the
dotted lines correspond to Eq. (10.6.87). The intersection points of two curves are
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operating points of the device, as shown in Fig. 10.53a. The obtained curve in
Fig. 10.53b is the output power as a function of the input power, i.e., the optical
bistability curve of device.

Now we use numerical simulation method to study the relation between the
switching power and the nonlinear fiber length for EDF-pair OBD. The calculation
used data are as follows: the wavelength of signal light k ¼ 1550 nm, the absorption
coefficient of Yb3+-doped fiber a ¼ 0:2m�1, the linear refractive index of fiber
n0 ¼ 1:452, the nonlinear refraction coefficient of fiber n2 ¼ 6:2� 10�12 m2=W,
the effective cross sectional area S ¼ 50 lm2, the average refractive-index modu-
lation amplitude of grating dneff ¼ 1:8� 10�4, the grating length L = 3 mm, and
taking the lengths of nonlinear fiber D = 20, 30, 40, 50 cm. The optical bistability
loops is shown in Fig. 10.54. Figure 10.54a is transmitted OB; Fig. 10.54b is
reflected OB.

From Fig. 10.54 we can see, the length of nonlinear fiber is shorter, the
switching power is higher, and the stable region of optical bistability is narrower.
The lowest switching power is 50 mW.

We have systematically studied the fiber grating based all-optical switches, in
structure aspect including single FBG and LPFG, and cascading FBG and LPFG
pair; the nonlinear gratings have low switching power either single nonlinear
grating or nonlinear fiber connected grating pair. Table 10.4 shows the comparison
of switching powers for different fiber grating based AOSs working in different
driving modes.

Fig. 10.53 Drawing method for optical bistability in nonlinear-fiber connected FBG-pair OBD:
a curve A (dotted line) drawing from Eq. (10.6.87) and curve B (solid line) drawing from
Eq. (10.6.98); b optical bistability loop
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10.7 Nanoscale All-Optical Switches

In previous sections we systematically studied several kinds of nonlinear waveg-
uide interferometer-type all-optical switches, and derived out their switching power
formulas. Now we lest six typical switching device structures and switching power
formulas as shown in Table 10.5 [29].

We use these formulas to calculate the switching powers for above fiber inter-
ferometer all-optical switches made with regular silica material, the obtained
numerical values of switching power are from few watts to several kilowatts, which
are much larger than milliwatt order of magnitude of the optical signal power used
in optical communication, so such optical switches are clearly cannot be used in
optical communication. How to reduce the switching power to make the practical
all-optical switches?

Table 10.4 Comparisons of Switching Powers and Driving Mode for Different Fiber Grating
AOSs

Type of fiber grating AOS Driving mode Switching power

Single silica FBG AOS XPM 4500 W

Single silica FBG AOS SPM 4000 W

Single silica LPFG AOS SPM 4500 W

Single erbium-doped silica FBG AOS SPM 20 mW

Single ytterbium-doped silica FBG AOS XPM 20 mW

Common silica fiber connected FBG-pair AOS XPM 500 W

Erbium-doped silica fiber connected LPFG-pair AOS XPM 36 mW

Ytterbium-doped silica fiber connected FBG-pair OBD SPM 50 mW

Fig. 10.54 Optical bistability characteristic of nonlinear-fiber connected FBG-pair when k ¼
1550 nm, a ¼ 0.2 m−1, n0 ¼ 1.452, n2 ¼ 6.2 � 10−12m2/W, L = 3 mm, dneff =1.8 � 10−4, S ¼
50 lm2, and D = 20, 30, 40, 50 cm: a transmitted OB; b reflected OB
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We can see from above switching power formulas, there is a common factor,
which is

Pinc ¼ kS
n2L

where k is the wavelength of signal light; n2 is the nonlinear refraction coefficient;
S is the cross sectional area of the waveguide; L is nonlinear waveguide length. In
addition, in the switching power formula of device with ring resonator, there is the
ring fineness Fmax in the denominator. According to the action of these parameters,
we can through the analysis to propose the possible measures for reducing the
switching power of optical switches. The measures are:

(1) To select waveguide materials with large nonlinear refraction coefficient n2,
such as rare earth-doped silica waveguide, the threshold switching power can
be reduced. But the material doping may pay the price to increase the optical
absorption, and to extend the switching time.

Table 10.5 Structure diagrams and switching-power formulas for 6 kinds of typical interferom-
eter AOSs

Optical switch type Optical switch structure Switching power
formula

M–Z interferometer with
different-index arms Pinc ¼ kS

n2L

Optical coupler Pinc ¼ 1:25 kS
n2Lc

Fiber bragg grating Pinc ¼ 0:5 kS
n2L

Sagnac interferometer with
asymmetric coupler

Pinc ¼ kS
n2L

: 1
2 1�2Crj j

Double coupler ring resonator Pinc ¼ kS
n2L

: p2
1

Fmax

M–Z interferometer coupled with a
RR

Pinc ¼ kS
n2L

: p
2

� �2 1
F2
max

356 10 All-Optical Switch Based on Nonlinear Optics



(2) To reduce the effective cross sectional area of waveguide S. If the S can be
reduced from lm2 to nm2, the switching power can drop down from kW to mW.
So we need using nanoscale waveguide to make all-optical switching device.

(3) To extend thewaveguide length L, it is benefit for reducing switching power. But
it will increase the overall size of device.We can use themicroring structure. The
ring structure can accumulate the nonlinearity, to offset the shortage of material
with small n2. Off course, the ring should have a high finesse Fmax.

Therefore, using nanoscale materials and structures is an inevitable way for
reducing switching power of all-optical switches. In addition, in order to enhance
the switching speed, to reduce the size of device is also very important. The
nanoscale all-optical switch is based on nanophotonics.

The main content of nanophotonics is studying on the interaction between
nanoscale optical radiation and nanoscale materials or structures. The most
important nano-materials are the materials with microcosmic periodicity, such as
the quantum confinement materials (quantum wells, quantum wires and quantum
dots, etc.) consisting of two semiconductor materials alternately with different
bandgaps, and the photonic crystals materials consisting of two dielectric materials
alternately with different refractive index; in addition the metallic nano-materials
with a metal-dielectric nano-interface in which the interaction between the incident
optical field and the periodic electromagnetic field to form a surface plasmon
polariton (SPP) wave. The most important nano-structure for all-optical switch is
nanoscale waveguide with nanometer cross section and the interferometers made by
nano-waveguide, particularly, the nano-waveguide microring.

10.7.1 Nano-waveguide Interferometer All-Optical Switches

1. AlGaAs Nano-waveguide Ring Coupled M–Z Interferometer AOS

In 2004 J. Heebner et al. reported their research result for AlGaAs nano-waveguide
ring coupled M–Z interferometer all-optical switch. The device is made by
molecular beam epitaxy (MBE) and reactive ion etching (RIE) technology, growing
three AlGaAs layers with different components on the GaAs substrate to form a
ridge nano-waveguide with the structure of a ring coupled with an arm of M–Z
interferometer, as shown in Figs. 10.55 and 10.56 [30].

The parameters of the device are: the ring waveguide and the straight waveguide
with width 500 nm, the interval between ring and straight waveguide is 80 nm, the
ring diameter is 10 lm, the length of ring is l ¼ 2pr � 30 lm, the finesse of ring is
F ¼ 10, the effective cross sectional area is S ¼ 0:5 lm2, the nonlinear refraction
coefficient of waveguide material is n2 ¼ 10�17 m2=W. The device works in SPM
mode, the wavelength of signal light is k0 ¼ 1:55 lm. Because the absorption loss
of material is large, the switching power of device is higher, Pic � 64W.
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2. Silicon Ridged Nano-waveguides Ring Resonator AOS

2004 the Lipson’ group firstly reported the experimental results about silicon based
nano-waveguide ring resonator all-optical switch [31, 32]. The device is made with
SOI (Silicon on insulator) wafer by Electron beam lithography and reaction ion
beam etching technology to form a ridged nano-waveguide with cross-section

Fig. 10.56 Material and structure of AlGaAs ridge waveguide ring on the GaAs substrate

Fig. 10.55 AlGaAs nano-waveguide microring coupled M–Z interferometer all-optical switch

Fig. 10.57 Silicon nano-waveguide single-coupler ring cavity all-optical switch: a the cross
section of waveguide; b the structure of ring device
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dimension: W � h = 450 nm � 250 nm, as shown in Fig. 10.57a. Using this
waveguide to make a ring with diameter of 10 lm, and the interval of ring and
straight waveguide is 250 nm, as shown in Fig. 10.57b. The loss of device is
smaller than 0.5 dB.

The optical switch is working on XPM mode. The probe (signal) light is a con-
tinuous laser diode with center wavelength at 1550 nm, coupling into the device from
the end face of straight waveguide. The pump light comes from a Ti sapphire fem-
tosecond laser with pulsewidth of 120 fs, single pulse energy of 1.5 nJ, repetition rate
of 80 Hz and wavelength at 800 nm. The output laser converts by BBO crystal into
the light pulses with wavelength at 400 nm, energy about 120 pJ. The pump light
vertically irradiates the ring surface from the outside of device as shown in Fig. 10.58.

In resonant case (u = 2 mp) the periodic curve of transmittance of probe light
versus wavelength of probe light is shown in Fig. 10.59. When without pump light,
signal wavelength is at the of transmittance valley, corresponding to the off state of
device; when adding the pump light on the device, the silicon material generates the
two photon absorption effect, changes the concentrations of electron and hole
carriers, induces the refractive-index change, the transmission spectrum will be
moved from the transmittance valley to the transmittance peak, then the transmitted
light of device realizes the switching from off to on, as shown in Fig. 10.59. In the
process from wavelength at 1554.5 nm in transmittance peak to the wavelength of
1554.6 nm in transmittance valley, the wavelength change is only 0.1 nm, the
corresponding refractive-index change is only 10-3. The average switching power of
the device is small than 10 mW, the switching time is about 70 ps.

3. Organic Molecular Filled Silicon Vertical Groove Nano-waveguide

In the two-photon absorption process of silicon material there is the free carrier
absorption (FCA) effect. The carrier recombination time is about 1 ns. The FCA
limits the nonlinear response time of above ridgid nano-waveguide, which is about
100 ps only, in other words, using this kind waveguide for optical information
processing, the transmission speed cannot over 10 Gb/s. In order to enhance the
nonlinear response time of silicon waveguide, scientists suggest using the
groove-shape silicon nano-waveguide filled with high nonlinear organic molecular

Fig. 10.58 Microring AOS
irradiated by the pump beam
and the probe beam with
different patterns
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material, to form a silicon-organic hybrid (SOH) waveguide. The organic molecules
can shorten the carrier recombination time, and its response time is only 1 ps, so
nonlinear response time of SOH waveguide is 10 ps order of magnitude only, and
the transmission speed can reach to 100 Gb/s.

In 2009 Koos et al. [33] published the research results of such SOH
nano-waveguide and demonstrated an optical time-division-multiplexing (OTDM)
experiment based on the four wave mixing (FWM) to prove its response time is
small than 10 ps with 100 Gb/s all-optical information processing ability.

Their groove nano-waveguide is made on the SOI wafer by deep ultraviolet
lithography and reactive ion etching technique, and then using molecular beam
deposition method to uniformly fill with the high nonlinearity organic small mole-
cules DDMEBT, as a waveguide cladding. The linear refractive index of DDMEBT is
1.8 (Si is 3.5), the nonlinear refraction coefficient is n2 = 1.7 � 10−13cm2/W
(wavelength at 1.5 nm). Themolecular structure ofDDMEBT is shown in Fig. 10.60.

The cross-section dimension of silicon groove nano-waveguide is shown in
Fig. 10.61a: high h = 220 nm, width W = 212 nm, slit width Wslot = 205 nm, total
length of waveguide L = 4 mm. the photo of atomic force microscope of waveg-
uide is shown in Fig. 10.61b. Because the evanescent field effect of interface of

Fig. 10.59 Working principle of silicon nano-waveguide microring all-optical switch: a without
pump light, the device is switching off; b adding pump light, the device is switching on

Fig. 10.60 Molecular structure of organic small molecule DDMEBT
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silicon waveguide and the high nonlinearity of organic molecules, the horizontal
light field Ex is very strong in the groove, to form a main channel of light trans-
mission. This is a low refractive-index optical waveguide in the nanometer con-
dition. The transmission loss of waveguide is 1.5 dB/mm; the coupling loss
between fiber and waveguide is 4.1 dB.

4. Si-nc/SiO2 Filled Silicon Cross Groove Nano-waveguide Ring AOS

In 2010 Martinez et al. [34] reported their new approach of silicon cross groove
nano-waveguide ring resonator all-optical switch. They used complementary metal
oxide semiconductors (CMOS) technology to make the cross groove
nano-waveguide on SOI wafer, the cross-section view is shown in Fig. 10.62a. The
substrate is SiO2, the nether cladding of waveguide is crystal silicon (c-Si) with
thickness of t1 = 220 nm; the upper cladding is amorphous silicon (a-Si) with
thickness of t2 = 220 nm. In the groove (waveguide layer) using low pressure
chemical vapor deposition (LPCVD) technology to deposit the nano-crystal silicon

Fig. 10.61 Cross-section view of silicon vertical groove nano-waveguide filled with the organic
small molecules, a structure dimension of SOH waveguide; b photo of atomic force microscope

Fig. 10.62 Cross-section view of Si-nc/SiO2 filled silicon cross groove nano-waveguide:
a structure dimension of cross groove waveguide; b EFTEM photo of Si-nc/SiO2 material in
cross groove
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embedded quartz: Si-nc/SiO2 with thickness of ts = 50 nm. The width of waveg-
uide is W = 500 nm. The whole waveguide is covered by tetra-ethyl-ortho-silicate
(TEOS). The electrical field is focus on the center of cross groove. Figure 10.62b
gives a photo of the energy filtering transmitted electron microscopy (EFTEM) for
Si-nc/SiO2. The material has high optical nonlinearity, n2 = 2�10−12 cm2/W. The
diameter of nano-crystal silicon is 2.4 nm, its nanoscale size offsets the limitation
for switching time and absorption loss due to free carrier absorption (FCA) induced
by two photon absorption (TPA) of silicon material. Hence the response time of
materials is less than 10 ps. If Si-nc/SiO2 deposited by LPCVD technology, the
transmission loss of waveguide is about 20 dB/cm; if changed by PECVD (Plesma
enhanced chemical vapor deposition) technology, the transmission loss of waveg-
uide is 4 dB/cm only.

Figure 10.63a gives the electron microscope photo of ring resonator AOS with
ring radius 20 lm, the interval between ring and straight waveguide is 250 nm, the
total area of device is 500 lm2.

The signal light and the pump light together input into device from left input
port. The wavelength of continuous signal light near the ring resonant wavelength
at 1544.5 nm; the pump light is a pulse light coming from a fiber laser with
pulsewidth 1 ps and repetition frequency 10 GHz, the wavelength of pump light is
selected at a neighbouring resonant wavelength 1557.5 nm. The measured trans-
mission spectrums of ring resonator under different pump powers are shown in
Fig. 10.63b. The linear transmitted spectrum (without pump) is the black line with
the valley value of 17 dB. The quality factor of ring cavity is 1875; the corre-
sponding photon lifetime is 1.54 ps. The pump power induces refractive index
change in the ring; it is filtering by a filter at output port. When the pump power

Fig. 10.63 Si-nc/SiO2 filled cross groove silicon waveguide ring resonator all-optical switch:
a electron microscope photo of waveguide ring resonator; b transmission spectrum under different
pump powers. kCW is continuous incident signal light at 1.554.5 nm. The pump light power
increases from 0 (black line) to 100mW (yellow line), realizing the all-optical switching with
modulation depth of 50 %
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increases from 0 to 200 mW, the transmitted spectrum generates a red shift as
shown in Fig. 10.63b.

We can see that under the driving of pump light with 100 mW, the signal light
realizes the optical switching with the modulation depth of 50 % (3 dB), measured
switching time is 10 ps.

10.7.2 Photonic Crystal All-Optical Switch

Photonic crystal (PC) material is the periodic nanostructures composed of two
dielectric materials with different refractive index, the spatial variation period is the
same as the magnitude of the light wavelength, for visible light, the period is about
hundreds of nanometers. In accordance with the structure classification, photonic
crystals can be divided into one-dimensional, two-dimensional and
three-dimensional materials, as shown in Fig. 10.64.

Similar to the semiconductor where the electrons within the atomic periodic
potential have an energy-band structure, the photonic crystals also have an
energy-band structure for photons. Figure 10.65 shows the energy-band structure of
photonic crystal, which is light frequency x versus state density D(x). There is a
bandgap (or forbidden band) between upper band and lower band.

The photons at wavelength in bandgap do not allow propagation in the specific
direction of photonic crystal. The specific direction for 1-D photonic crystal is in the
refractive-index periodic-change direction; for 2-D photonic crystal is in the cross
plane of cyclical structure; for 3-D photonic crystal is in any direction.

The photons at wavelength in defect state will propagate inside the defect; but
cannot propagate outside the defect. There are two kinds of defects in photonic
crystal: line defect and point defect. In the line defect case, the light propagates
along defect outspread direction, look likes a non-loss stripe-shaped optical
waveguide; in the point defect case, it is equivalent to the existence of a high quality
optical resonant cavity.

Utilizing the characteristics of energy band and defect state of photonic crystal
we can make the intensity-type all-optical switches based on the pump light induced
shifts of energy band or defect state and the space-type all-optical switches based on
the nonlinear interferometers consisted of line defect state waveguide of photonic
crystal.

Fig. 10.64 Structure chart of photonic crystals with periodic structures: a 1-D; b 2-D; c 3-D
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1. 2-D Photonic Crystal Defect Waveguide M–Z Interferometer AOS

In 1993, Tajima [35] proposed a 2D photonic crystal defect waveguide M–Z
interferometer AOS idea as shown in Fig. 10.66. In the photonic crystal MZI, there
are quantum dots embedded into its two arms (only need a low bias voltage), which
play a role of nonlinear phase shifter, In order to overcome the limitation of
switching time by carrier recombination time (in order of magnitude of nanosec-
onds), he designed two controlling light pulses to control the switch-on and the
switch-off of the signal light. Using the first pulse to lead the phase difference
between two beams in two arms to reach p, the signal light then outputs (on state).
The second pulse will eliminate the phase difference, then signal light cannot output
(off state), in this way one can cut off the slow relaxation tail when the device
switches off. The delay between two pulses can be realized by using the photonic
crystal delayer. The switching time of this device is estimated lower than one
picosecond, and the switching energy is smaller than 1pJ. The device is possible to
be used in 40 Gb/s optical communication systems.

Fig. 10.65 Energy-band
structure of photonic crystal:
light frequency x versus state
density D(x). There is a
bandgap (forbidden band)
between upper band and
lower band, and a defect state
in the bandgap

Fig. 10.66 2-D photonic crystal M–Z interferometer AOS with quantum dots phase shifter and
two controlling light pulses
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In 2002, Sugimoto et al. did a lot of works for the development of such a 2-D PC
waveguide AOS [36]. The sample wafer was a 250 nm-thick GaAs waveguide core
layer grown by MBE on top of a 2 lm-thick AlXGa1-XAs (X = 0.7–0.9) lower
cladding layer on a GaAs substrate. The vertical structure of 2-D photonic crystal
on the top of wafer is an air bridge-type slab fabricated by using the electron-beam
lithography, reactive ion beam etching, and selective wet cutting. The 2-D photonic
crystal slab has the thickness of 200–250 nm, with air hole diameter of 220 nm and
lattice constant of 360–420 nm, designing for a single mode at a wavelength of
*1.3 lm. Figure 10.67a shows a plan-view diagram of the triangular lattice
straight defect waveguide pattern on the 2-D photonic crystal slab.

In 2004 H. Nakamura et al. further reported their new MZI AOS device [37], as
show in Fig. 10.67b. The total device length is 600 lm, in which InAs QD non-
linear phase shifter with length of 500 lm. Under controlling pulse energy of 100fJ,
the device obtains p-phase difference. The low switching energy obtained is due to
adopt the quantum dots with low-saturation energy density 13 fJ ¼ lm2ð Þ. The
repetition-frequency signal pulses have the pulsewidth of 15 ps and the rise and fall
time of 2 ps at wavelength of 1.3 lm. The device can be used in ultrafast
time-resolved demultiplexer to lead the bit rate of 332Gbit=s falling down to
42Gb=s.

2. 2-D Photonic Crystal Ring resonator All-Optical Switch

In 2007, Qiang et al. [38] designed a 2-D photonic crystal ring resonator AOS using
FDTD method, as shown in Fig. 10.68. The figure gives the designed square,
hexagon and circular photonic crystal defect waveguides. In the corners of
square-point-matrix dielectric-rod photonic crystal waveguide, they introduced four
scatterers to yield a high sensitivity to wavelength. The theoretical value of effi-
ciency of the spatial AOS at wavelength of 1567 nm achieved 98 %.

The structure of a single ring resonator AOS is shown in Fig. 10.69. The Input
Port and Output Port are denoted by A and B, C, D respectively as shown in
Fig. 10.69a. The normalized transmittance spectra are calculated by using FDTD
method, as shown in Fig. 10.69b. The field distribution of this switch is shown in
Fig. 10.72c, in which the upper diagram shows the reflection state at the

Fig. 10.67 2-D photonic crystal defect waveguide M–Z interferometer AOS: a triangular lattice
straight defect waveguide; b configuration and working principle of device
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wavelength k0 ¼ 1500 nm (on the resonance point); the lower diagram shows the
transmission state at the wavelength k0 ¼ 1567 nm (deviate from the resonance
point).

3. 2-D Photonic Crystal Bandgap Shift and Defect-state Shift AOSs

2008–2009 Q. H. Gong’s research group Hu et al. reported their experimental
results of all-optical switches based on the photonic crystal bandgap shift and
defect-state shift [39, 40]. The principles of these two AOSs are briefly described as
follows: under the irradiation of pump light, it is possible to shift the bandgap of
photonic crystal to lead the wavelength of signal light from outside of the bandgap
to the inside the bandgap, i.e., signal light will be from transparent (switching on) to
not transparent (switching off), as shown in Fig. 10.70a; the another possible is the
pump light induce the shift of defect-state, to lead the wavelength of signal light
changes from inside the defect state to outside the defect state, i.e., the signal light

Fig. 10.68 Photonic crystal ring resonator structures: a the quasi-square ring in square point
matrix; b the hexagon ring in triangle point matrix; c the circular ring in 12-fold symmetry
quasi-photonic crystal structure

Fig. 10.69 Schematic diagram of single ring resonator photonic crystal AOS: a structure of single
ring photonic crystal AOS; b normalized transmittance spectrum at Output Ports B, C and D. The
full lines are with scatterers, the dotted lines are without scatterers; c optical field patterns of the
reflection state and the transmission state
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from the transparent (switching on) to the not transparent (switching off), as shown
in Fig. 10.70b. Figure 10.70c shows the optical switching process for both cases.

(1) Nano-Ag Doped Polymer 2-D Photonic Crystal Bandgap Shift AOS

For fabricating the PC sample, they doped the Ag nanoparticles with an average
diameter of 15 nm into the solution of the polystyrene (PST), PST is a kind of
polymer. The nano-Ag: PST had Ag-doped concentration of 5 %. The Ag
nanoparticles formed the surface plasmon effect greatly enhances the optical non-
linearity of the PST polymer. Then they used the spin coating method to make a
thin film on the silicon dioxide substrate, and next used focused ion beam
(FIB) etching technique to prepare the photonic crystal, which was comprised of
square arrays of cylindrical air holes embedded in a nanocomposite slab to form a
2-D photonic crystal with the thickness, lattice constant and the air hole diameter of
300, 284 and 110 nm, respectively. The PC slab was connected directly with two
access waveguides for input and output of the probe beam. The length and the
width of each access waveguide were about 5 mm and 100 lm respectively, as
shown in Fig. 10.71a.

Because the wavelength of transmission peek is 800 nm, so they selected the Ti:
sapphire laser as signal light source at wavelength of 800 nm, with pulsewidth of
120 fs and repetition rate of 76 MHz; the wavelength of absorption peek of silver
colloid is 420 nm, so they selected the frequency doubled by BBO crystal Ti:
sapphire laser at wavelength of 400 nm as the pump light. The experimental setup
for optical switching is shown in Fig. 10.71b. They obtained the switching prop-
erties: the switching intensity of 9 mW/lm2, the switching time of 5 ps, and
switching depth of 50 %.

Fig. 10.70 Principles of photonic crystal bandgap and defect-state shift all-optical switches:
a pump light induces the bandgap shift; b the pump light induces the defect-state shift; c optical
switching for both processes
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(2) Coumarin-doped PST 2D Photonic Crystal Defect-state Shift AOS

They further studied the photonic crystal defect-state shift AOS by using organic
dye-doped PST polymer. The dye they used is Coumarin 153 (C-153) with doping
concentration 15 %. The sample of C-153 doped PST polymer with a line defect
had film thickness 300 nm, lattice constant 320 nm, air hole radio 120 nm and
defect width 440 nm, as shown in Fig. 10.72a.

The schema diagram and the energy-level map of nonlinearity enhancement in
C-153 doped PST polymer is shown in Fig. 10.72b. The absorption peak of C-153
doped PST is at wavelength of 420 nm, thus the pump light at 400 nm and the
probe light at 800 nm are used in pump-probe experiment. The experimental setup
is same as the Fig. 10.71b. They obtained the optical switching properties: the
switching intensity 0.1 MW/cm2, the switching time 1.2 ps, and the switching
depth 80 %.

4. Silicon/Air 2-D Photonic Crystal Waveguide F–P Cavity AOS

Previous introduced photonic crystal AOSs using organic polymer material, the
stability in physics and chemistry is not good, and the working wavelength is not in
optical communication band. In 2010 Michele Belott et al. proposed a new
approach of AOS using silicon material. That is a Fabry-Perot cavity AOS made on
a silicon/air photonic crystal ridge waveguide using SOI material [41]. The external
structure of this device and a scanning electron micrograph (SEM) image of the PC
F–P cavity with two reflected mirrors are shown in Fig. 10.73.

The samples were fabricated by using the electron beam lithography and reactive
ion etching techniques on SOI wafers having a 260 nm thickness silicon core layer

Fig. 10.71 Experiment of nano-Ag: PST 2-D photonic crystal bandgap-shift all-optical switch:
a photonic crystal sampler; b experimental setup
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supported by a 1 lm silica layer. At first they made a ridged nano-waveguide with
thickness 260 nm, width 500 nm and length 10 lm, and then made a photonic
crystal nanocavity on the waveguide consisting of a single row of circular air holes.
The F–P cavity has 6 same holes in each reflected mirror with radius of 98 nm
spaced by 350 nm. The PC mirror was designed to exhibit a large stop band center
around 1550 nm for TE polarization. The regions in both sides of each mirror are
tapered by means of 3 holes with different radii and aperiodic spacings (the spacing
between adjacent holes are 300, 315, and 325 nm respectively. The corresponding
hole radii are 65, 80, 85 nm), which makes it possible to reduce the mirror losses

Fig. 10.73 External structure of PC F–P cavity embedded in a photonic crystal waveguide and a
SEM image of the F–P cavity composed of two mirrors by periodically spaced holes and aperiodic
taper region

Fig. 10.72 Experiment of coumarin-doped PST 2D photonic crystal defect-state shift AOS:
a photonic crystal sample; b principle of near resonance enhancement optical nonlinearity
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due to out-of-plane scattering induced by optical impedance mismatch. So each
mirror has a total of 12 holes. The interval between two mirrors (cavity length) is
425 nm. The whole structure is compact and the total device footprint to be 5 lm2

(10 lm cavity length � 0.5 lm waveguide width).

Fig. 10.75 Calculated field intensities at resonance (1502.3 nm) and off resonance (1500 nm) are
shown for the |Ey|

2 and |Hz|
2 component, respectively. Notice the change in scales from off to on

resonance

Fig. 10.74 Simulated
transmission spectra of the
device without (solid curve)
and with (imaginary curve)
the pump pulse. The
simulated blue-shift is
0.12 nm. In the right inset, a
broad-band spectrum is given,
showing the cavity resonance
wavelength at 1502.3 nm
within the 1D photonic
bandgap
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The simulated linear transmission spectra obtained by using a 2D finite differ-
ence time-domain (FDTD) method are shown in Fig. 10.74, which display a
high-transmission (� 90 %) resonance at 1502.3 nm for the unperturbed structure
(solid line), it is switch-on state; and a 0.12 nm blue-shifted one for the pumped
structure (imaginary line), at 1500 nm, which is switch-off state. In this process the
refractive index of silicon reduced by 0.01 %. The calculated Q-factor of device can
be estimated to approach 105. In the right inset, a broad-band spectrum is given,
showing the cavity resonance wavelength at 1502.3 nm within the 1D photonic
bandgap.

Fig. 10.76 Switching characteristic of silicon photonic crystal nan-waveguide F–P cavity AOS.
The upper figure is the waveform of incident pump light; the below figure is the transmittance of
device versus time measured by signal light at resonant wavelength
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The field intensity for the |Ey|
2 and |Hz|

2 components is reported in Fig. 10.75 for
off- and in- resonance case, respectively. Out of resonance at the wavelength of
1500 nm, the light traveling into the guide penetrates the first holes composing the
mirror and it is completely reflected backwards. For the resonance case at
1502.3 nm, light passes through the mirror and the field is localized in the cavity
region. Also the field intensities at resonance are enhanced by � 104 as compared
to the off-resonance case, as it can be seen from the figure. The mode volume is
very small and close to the diffraction limit, implying strong reduction of power
density required for all-optical switching.

The optical switching experiment used pump light source is Q switched and
frequency doubled Nd: YAG laser at wavelength 532 nm, with pulsewidth 2.5 ns
and repetition frequency 11 kHz. The pump light is focused by microscopical
object lens on the F–P cavity with the spot diameter about 5 lm. The pump light
waveform is measured through an InGaAs avalanche diode, as shown in the upper
of Fig. 10.76. Due to the Kerr effect, the pump light induces the refractive-index
change in silicon material to lead the transmittance of signal light at resonant
wavelength changing, as shown in the below of Fig. 10.76. We can see that when
without pump light, the transmittance is maximum, the device is on; when the
power of pump light reaches top value, the the transmittance is minimum, the
device is off. The switching energy of device is lower than 120 fJ, and the
switching amplitude larger than 10 dB, the switching time is limited by the pul-
sewidth of pump light, it shows only ns order of magnitude.

10.7.3 Surface Plasmon Polariton All-Optical Switch

In metal-dielectric interface, the resonant interaction between the incident light and
the periodic electromagnetic field (surface plasmon) can generates a quantized
optical wave, which is called surface plasmon polariton (SPP). According to the
momentum conservation, the wavevector of SPP wave is determined by the fol-
lowing equation:

ksp ¼ k0nd sin hsp; ð10:7:1Þ

where hsp is the incident angle corresponding to a dip reflectivity due to surface
plasmon resonance (SPR) induced by resonance between the optical field (photons)
and the electromagnetic field (electrons) in the metal-dielectric interface. k0 is the
wavevector of incident light in vacuum, nd is the reflective index of the dielectric
material. Equation 10.7.1 means that the wavevector of the SPP wave is equal to
the wavevector component of incident light wave in the direction of the SPP wave
propagation along the metal-dielectric interface.

Through solving the Maxwell Equation using the boundary conditions, it can be
proved that the magnetic-field component of SPP-wave propagating in 2-D inter-
face is parallel to the interface and perpendicular to the SPP wave propagation
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direction, and there are two electrical field components of SPP-wave in the plane
perpendicular to the interface. The electrical-field component perpendicular to the
interface quickly decays exponentially. The decay distance in the dielectric is about
100 nm and in the metal is about 10 nm, as shown in Fig. 10.77.

Assuming the mediums in both sides of interface are isotopic materials, the
dielectric coefficient of the dielectric ed is a positive rear number; the dielectric
coefficient of the metal em is a complex number depended on the light frequency x
(its real part is a negated number), and the incident light with a wavevector k0 is a
TM transverse-mode, the Maxwell electromagnetic-field equation and the boundary
condition give the wavevector of SPP wave satisfied the following relation:

ksp ¼ k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
edem

ed þ em

r
: ð10:7:2Þ

In order to coupling the SPP wave in and out the nanoscale metal-dielectric
interface, we can use the metal grating, nanoprobe; coupling prism, or taper cou-
pler, as shown in Fig. 10.78.

In short, the SPP excitation by a laser beam should use the coupling devices,
which has to close the metal-dielectric interface in nanoscale distance. One can
adopt these SPP-excitation methods to make various kinds of nanoscale passive and
active SPP devices, such as the couplers, beam splitters, optical sensors, lasers,
detectors, amplifiers, modulators and all-optical switches. Based on this foundation,
it is possible to develop the nanoscale photon and electron device joint integrated
circuits.

Since the beginning of the 21th century scientists proposed a variety of prin-
ciples of SPP nano all-optical switches. For example, the irradiation of pump light
induces the nonlinear refractive index in the dielectric material or the phase tran-
sition of the material in one side of metal-dielectric interface to change the SPP
propagation characteristic; the other example is making metal-dielectric-metal
(MDM) nano-waveguide microring devices. The nanoscale SPP all-optical switches

Fig. 10.77 The resonant interaction between incident light and the periodic electromagnetic field
in metal-dielectric interface excites the SPP wave propagating along the interface
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with low switching power and high switching speed are promising to use in the
future applications.

1. Nonlinear Nano-grating SPP Optical Bistable Switches

In 2004 Porto et al. theoretically analyzed a 1-D metal grating filled with the
nonlinear medium based on the F–P effect and SPP wave enhancement effect, the
device appears optical bistability [42]. Figure 10.79a shows this metal nano-grating
structure with the grating period d ¼ 0:75 lm, the slit width a ¼ 0:05 lm, and the
grating thickness h ¼ 0:45 lm. Figure 10.79b shows the optical bistability curve of
transmitted light intensity versus the incident light intensity for the nonlinear metal
nano-grating. The incident light has the wavelength of k ¼ 0:8 lm.

In 2008 Min et al. [43] designed an optical bistable switch with structure of a
metal nano-grating coated with a Kerr optical nonlinear material by using
finite-different-time-domain (FDTD) method, as shown in Fig. 10.80a. The material

Fig. 10.79 Structure of 1-D metal nano-grating filled with a nonlinear medium: a the structure of
grating; b optical bistability curve

Fig. 10.78 Methods to coupling the SPP wave in or out the metal-dielectric interface: a metal
grating; b nanoprobe; c coupling prism; d taper coupler
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of nano-granting is Ag, the thickness of Ag film is h ¼ 50 lm, the grating period is
p ¼ 500 nm, the slit width is w ¼ 100 nm, the Kerr nonlinear material is Au:SiO2

with 3-order polarizability vð3Þ ¼ 1:7� 10�7esu and thickness d ¼ 430 nm, the
substrate material is fuse silicon. The signal light at wavelength of 633 nm is a CW
wave with TM-polarization. The pump light at 532 nm, with pulsewidth of 200 fs.
Both the signal light and pump light together input granting structure from the left
side of grating, when the incident pump light intensity reaches 12MW=cm2, the
device is switching-on, the transmitted signal light outputs from the right side of
grating.

Figure 10.80b gives the distribution of electrical filed intensity Ej j2 in switch-off
and switch-on two cases. At the off state, the electric field is on the left of grating
only; at the on state, there is the electric field in the slit and on the right side of the
grating.

2. Metel or Dielectric Phase-Transition SPP All-Optical Switches

(1) Gallium Metel Phase-Transition SPP All-Optical Switches

In 2004, Krasavin et al. [44] proposed a SPP AOS based on the phase transition of
metal gallium (Ga) coupled by optical grating, as shown in Fig. 10.81. The
1.55 lm-wavelength signal light inputs into the device from the left coupled grating
to excite the SPP wave, which propagates along Au/Si interface with the length of
53 lm, and then outputs from the right decoupled grating. A Ga thin film with
length of L ¼ 2:5 lm is inserted in the propagation path.

When the control (pump) light has no irradiation, Ga is in solid state of a-Ga,
which possesses the metal property, so SPP wave can effectively pass through the
a-Ga and the Au/Si interface, and then output from the right decoupled grating; but
when the control light irradiates the Ga/Si interface, because the Ga has a low
melting point (29.8 °C), the surface layer of Ga is melted to be liquid phase of
m-Ga, in which the metal and molecules coexist together, it has high anisotropic
property, the propagation of SPP wave is stopped.

Fig. 10.80 Structure of nonlinear metal nano-grating optical bistable switch and field distribution:
a structure of device; b distribution of signal-light electrical field Ej j2
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The calculation shows that this optical switch has modulation depth of 80% and
the switching energy of 10 pJ for Ga area of 25 lm � 25 lm by using a fs-pump
light. The switch-off time depends on the fusion time of d-thick liquid Ga about
2–4 ps and the switch-on time depends on the freezing time of Ga about the order
of magnitude of ns to ls. Because the difficulties in grating manufacture etc., this
switch was not realized in experiments.

In the same year Krasavin et al. [45] experimentally studied a prism-coupled Ga
modulated SPP AOS, as shown in Fig. 10.82.

On the bottom of a BK7 grass prism coated with a layer of MgF2 film with
thickness of 158 nm, then a layer of Ga film, to form a metal-dielectric interface for
excitation of SPP. If without the shine of controlling (pump) light, a P-polarization
signal light at 780 nm is incident to MgF2-Ga interface, at this time the Ga is in
a-Ga at solid state. When the incident angle achieves the resonance angle b ¼ 66,
the SPP wave is excited propagating in the MgF2-Ga interface, so that reflected
light decrease greatly; when the control light at 1064 nm inputs the interface, the

Fig. 10.81 Schematic diagram of Ga modulated grating coupled SPP all-optical switch

Fig. 10.82 Schematic diagram prism-structure Ga modulated SPP all-optical switch: a experi-
mental setup; b field distribution in a-Ga phase; c field distribution in m-Ga phase
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a-Ga solid phase transfers to the m-Ga liquid phase, the signal light cannot couple
with SPP wave, thus the reflected light increases. The numeric calculation gets the
Fig. 10.82b, c, in which the grey denotes the amplitude of the magnetic component
(the deep color denotes the higher amplitude). The switch-on time of device is 4 ps
and the switch-off time is 20 ns. When the energy density of the pump light reaches
to 15 mJ/cm2, the switching contrast is 94 %. This switch can effective modulate
SPP signal in visible and inferred bands, the bandwidth can reach dozens of billion
Hertz. However, the device is using a prism with big size, it is hard to integrate.

(2) Photochromic Dielectric Phase-Transition SPP All-Optical Switches

In 2008, Ragip et al. [46] proposed a SPP AOS based on the phase transition of
dielectric material, which is photochromic material, as shown in Fig. 10.83a. The
material manufacture method is that: firstly coating an aluminum thin film on the
grass substrate, and make two gratings on it; secondly, doping the Spiropyran
molecules into PMMA chlorobenzene solution, then coating it on the Al thin film to
make a solid photochromic dielectric layer, and then a metal-dielectric interface is
formed.

The signal light at wavelength of 632 nm is used for excitation of SPP in the
metal-dielectric interface; the control (pump) light is an ultraviolet laser, whose
vertically irradiation changes the molecular structure in photochromic layer, to
transfer it from the transmission state to the absorption state, as shown in
Fig. 10.83b, then the transmitted SPP wave occurs an optical switching from switch

Fig. 10.83 SPP AOSs based on the phase transition of photochromic material: a structure of the
device; b phase transition of photochromic molecules
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on to switch off. The switching intensity of the device is 6.0 mW/cm2, because the
device area is 1.5 µm � 8 µm, so the switching power is 0.72 nW only.

3. Organic Polymer Waveguide Ring Resonator Phase-Transition SPP AOS

2011 Krasavin et al. [47] published the study results of nano ring cavity SPP
all-optical switch based on the organic polymer phase transition. They firstly coated
the 65 nm-thick gold film on the BK7 glass; secondly used the polymer PMMA and
the disperse red (Dr1) (1 % weight ratio hybrid) to dissolve in the chlorobenzene
solution and made it to be a 400 nm-thick solid thin film on the gold film by
spin-coating method; finally using techniques of electron beam lithography and
chemical etching to make a ring-cavity waveguide device with diameter of 10 lm,
and the interval between ring and straight waveguide is about 185 nm. The
Dr1/PMMA waveguide has width of 500 nm and high of 440 nm. The
cross-section structure of waveguide is shown in Fig. 10.84a. In the waveguide, the
fundamental mode of SPP light field is located on the gold film about 10 nm.
Figure 10.84b shows an electronic microscope photo of the connection between the
taper waveguide and ring waveguide. The fissure in the taper waveguide is used for
coupling incident signal light, which is made by focused ion beam. Figure 10.84c
shows the whole structure of the device. The signal light coming from a laser diode
at the wavelength of 1550 nm focuses on the fissure of taper waveguide, coupling
into the ring cavity to excite the SPP wave inside the ring. Another laser diode at
wavelength of 532 nm as pump light from up side of device directly focus the ring

Fig. 10.84 Principle structure of Dr1/PMMA waveguide ring cavity all-optical switch: a electrical
field distribution of cross-section of Dr1/PMMA waveguide; b electronic microscope photo of
taper coupler with a fissure and ring resonator; c whole structure of ring device and the inputted
signal and pump lights
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upper face. Because light induced isomerization of Dr1 molecules (trans-cis
transform), to change the refractive index Dn = 4 � 10−3, to lead the intensity
change of SPP light, thus the SPP all-optical switching is realized.

In order to enhance the nonlinear coupling between ring waveguide and straight
waveguide, the runway-shape ring resonator was designed, as shown in Fig. 10.85a.
Setting R = 5 lm, g = 500 nm and Lc = 1 lm (or 2 lm). Figure 10.85b is scanning
near-field optical microscope (SNOM) photo of runway-type ring resonator.
Figure 10.85c shows the curve of the transmittance of device versus the power of
pump light, which is measured by metal coated hollow fiber probe at A2 (input point)
and A1 (output point). The insert figure is the curve of outputted intensity of SPP
wave versus the pump power. As you see the switching power of device is about
100 mW. It is consistent with the result of simulation.

4. MDM-SPP Silicon Waveguide Ring resonator All-Optical Switches

In 2011 Sederberg et al. [48] proposed a numerical design of silicon based
MDM-type SPP-waveguide nanoring all-optical switch. A schematic of the device
is shown in Fig. 10.86. This device is fabricated by depositing a silver film with a
thickness tAg = 100 nm (french grey) onto a SiO2 substrate (watchet blue), then
using the electron beam lithography, focused ion beam etching and deposition
technology to make a Si nanoring waveguides (dark blue) with radius r = 560 nm,
which corresponds to a footprint area of 1.00 lm2. A straight Si waveguide for
coupling the signal light at k = 1515 nm into the ring is separated from the ring by
a gap of gSi = 25 nm. There is another SiO2 waveguide (watchet blue) for coupling
the ps pump light at k = 800 nm into the ring, which is concentric to the ring
resonator and offset from it by a gap of gSiO2 = 20 nm. The Si waveguide and SiO2

waveguides have the same thickness of t = 100 nm and the width of
wSi = wSiO2 = 100 nm.

Fig. 10.85 Appearance of the runway-type ring resonator, measured field distribution and SPP
transmission characteristic: a outline of ring cavity; b SNOM photo; c transmittance-pump power
curve and outputted intensity-pump power curve
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In order to enhance the switching speed of the device, the author suggested
implanting O + ions into the Si to make the II-Si (ion-implanted Si) nanoring
resonator, for introducing carrier trap centers in the Si and reducing the free carrier
recombination time from ns down to 1 ps.

3-D FDTD simulations were used to model the behavior of the nanoring res-
onator. The Si ring waveguide was excited by a broadband pulse centered at
k = 1550 nm, FWHM = 390 nm, and the induced SPP mode profile shown in
Fig. 10.87a. This mode has an effective refractive index of neff,Si = 3.382 at
k = 1515 nm and undergoes a propagation loss of 4.371 dB/lm. By Fourier
transforming the time domain signals, the broadband transmission spectrum is
obtained as shown in Fig. 10.87b.

By iterative design of the nanoring resonator radius, r, and coupling gaps, gSi
and gSiO2, a transmission minimum is obtained at a wavelength of k = 1515 nm for
a ring radius of r = 560 nm. The performance of the SiO2 coupling plasmonic
waveguide is investigated by exciting the SiO2 waveguide with a broadband pulse
centered at k = 800 nm, FWHM = 94 nm, and the plasmonic mode profile shown
in Fig. 10.87c. This mode has an effective index of neff,SiO2 = 1.742 at a pump
wavelength at k = 800 nm and undergoes a propagation loss of 2.292 dB/lm. The
electric fields are recorded at ten ring angles in the range 0° � h � 135° and the
power, P, coupled to the ring at each angle is normalized to the input power, as
shown in Fig. 10.87d. It is important to note that the power is significantly reduced
beyond h = 135°. For 0°� h � 35° the power coupled to the nanoring increases
with h due to the increasing coupling length between the SiO2 waveguide and the Si
nanoring. However, the above bandgap radiation undergoes substantial loss as it
continues to propagate around the silicon nanoring and gradually decays by
h = 135°. A majority of the free carriers are excited at h � 60°, where less
dispersion will have accumulated.

Fig. 10.86 Schematic
depiction of MDM-type Si
nano-waveguide ring
resonator SPP all-optical
switch
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In order to understand the dynamic behaviors of the switching device based on
II-Si nanoring, the two simulated curves were given: the effect of the pumping
strength on the position of the transmission spectrum as shown in Fig. 10.88a; and
the effect of the pumping strength on the transmission-time curve as shown in
Fig. 10.88b, in which the pumping strengths are denoted by no/nc, where nc is the
carrier concentration without pump and no is pump-light induced carrier concen-
tration that is proportional to the pump power.

The wavelength of the pump light is kp = 800 nm and with a duration of sp =
10 ps. If without pump light, the signal light has a transmission minimum, at
wavelength of 1515 nm; when the pump light inputs the silicon SPP ring AOS, to
increase the carrier concentration and decrease the refractive index of waveguide. It
results in the blue shift of the transmission spectrum, the transmission minimum
shifts from the wavelength of 1515 nm (n0/nc = 0) to 1500 nm (n0/nc = 0.22), then
the device changes from off-state to the on-state as shown in Fig. 10.88a.
Calculation shows that the switching energy is 0.88 pJ and the switching time is
3 ps as shown in Fig. 10.88b.

Fig. 10.87 Simulation of field distribution and propagation characteristic for Si ring waveguide
and SiO2 waveguide. a Electric field intensity distribution of signal light in Si waveguide.
b Broadband transmission for nanoring resonator. c Electric field intensity distribution of pump
light in SiO2 waveguide. d Pump power coupled to nanoring versus nanoring angle h (see inset)
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10.7.4 Silicon Nano-waveguide Resonant Cavity All-Optical
Switch

Since 1975 H. M. Gibbs experimentally demonstrated the first all-optical bistable
device based on the nonlinear refraction of medium within a Fabry-Perot etalon, the
scientists have been studied on the all-optical switches for 40 years. During this
period, the research of AOS has undergone the following three developmental
stages: the all-optical bistable devices, the nonlinear interferometer all-optical
switches and the nanoscale all-optical switches [1]. But the existing AOSs still not
yet fully meet the technical requirements for practical application up to now. In the
recent 10 years, the silicon based nano-waveguide microcavity all-optical switches,
made with SOI (silicon on insulator) wafers, fabricated by CMOS (complementary
metal-oxide-semiconductor) technology, using the signal light at the 1550 nm
optical-communication wavelength and the pump light of ultrafast pulsed laser
have become a research focus for the international scientific community, it greatly
promotes the research on applicable all-optical switch.

There are many types of design scheme for silicon nanowaveguide cavity
all-optical switches, we have discussed such AOS devices in previous three sections,
including the device principles based on the nano-waveguide, the photonic crystal and
the surface plasmon polariton; the siliconwaveguide types of the ridgewaveguide, the
vertical groove waveguide and the cross groove waveguide; the silicon cavity devices
based on ring cavity and FP cavity. Now we give a summary of 5 kinds of such AOS
devices in Fig. 10.89. They are: (a) the silicon ridge nano-waveguide ring cavity AOS
(see Sects. 10.7.1 and 10.7.2); (b) the silicon vertical groove nano-waveguide filled
with organic molecule device (see Sects. 10.7.1 and 10.7.3); (c) the silicon cross
groove nano-waveguide filledwith Si-nc/SiO2 ring cavityAOS (see Sects. 10.7.1 and
10.7.4); (d) the silicon ridge nano-waveguide photonic crystal F–P cavity AOS (see
Sects. 10.7.2 and 10.7.4); (e) the silicon ridge nano-waveguideMDM-SPP ring cavity
AOS (see Sects. 10.7.3 and 10.7.4).

Fig. 10.88 Calculated transmittance change with wavelength and time under different pump
power (denoted by n0/nc): a the blue shift of transmittance spectrum; b the time response of the
transmittance
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The above 5 kinds of silicon nano-waveguide cavity AOSs have following
characteristics:

(1) The signal light is a continuous wave at wavelength of 1550 nm for optical
communication;

(2) The pump light is an ultrashort pulse laser (ps or ns laser) for reducing the
switching time;

(3) The adopted material is the SOI wafer, in which the silicon is O+ ion
implanted Si (II-Si);

(4) The Si nanowaveguide can be made as the ridge, vertical groove and cross
groove structures;

(5) The device structure is made as ring resonator or F–P cavity made by the
nanowaveguide;

(6) The principle is based on nano-waveguide, photonic crystal or surface plas-
mon polariton;

(7) The manufacture of device is using the mature CMOS technology;
(8) The test of device is adopted the near-field-optics methods, such as SNOM and

nano-probes.

In the near future, the silicon based all-optical switches could be integrated
together with other silicon based nanophotonic devices, such as semiconductor
lasers, optical amplifiers, optical modulators, optical detectors, etc. on the same
piece of SOI wafer. This integration technology is promising to be used in the
future all-optical logic operation for all-optical computer, and the all-optical
switching for all-optical communication and so on.

Fig. 10.89 Design schemes of integrated silicon based nano-waveguide cavity all-optical
switches: a silicon ridge nano-waveguide ring cavity AOS; b silicon vertical groove
nano-waveguide device c silicon cross groove nano-waveguide ring cavity AOS; d silicon ridge
nano-waveguide photonic crystal F–P cavity AOS; e silicon ridge nano-waveguide MDM-SPP
ring cavity AOS
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Review Problem of Chapter 10

1. What is the significance of the study of optical switch? How to classify optical
switch? What are the technical specifications of the practical all-optical switch?

2. Please describe the principles of coupler all-optical switches working in
self-phase-modulation and cross-phase-modulation modes, and derive their
switching power formulas.

3. Why Sagnac interferometer with 3 dB coupler can not make all-optical switch?
What are the methods to achieve the Sagnac interferometer all-optical switches?
Please derive their switching power formulas.

4. Why the symmetrical M–Z interferometer can not make all-optical switch?
Please describe the principles of following two M–Z interferometer AOSs: two
arms with different nonlinear refractive index and two arms with different
lengths.

5. Why people want to use ring resonator all-optical switch? Please describe the
principles of two kinds of ring resonator all-optical switches: the ring cavity
with single coupler and with double couplers, and derive their switching power
formulas.

6. Please describe the principles of the single FBG and LPFG AOSs and the
nonlinear fiber connected LPFG pair and FBG pair AOSs, and compare their
switching powers.

7. Compare switching power formulas of above nonlinear interferometer AOSs,
what is the common law?Whatmeasures can reduce the switching power of AOS?

8. What methods and schemes can be used to achieve nanometer all-optical
switches, what advantages and disadvantages they have?

9. What is the development trend of all-optical switch in the past decade? What are
the types of silicon-based nano-waveguide resonant cavity AOSs? How to make
these AOSs?
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