Identities of Symmetry for the Generalized
Degenerate Euler Polynomials

Dae San Kim and Taekyun Kim

Abstract In this paper, we give some identities of symmetry for the generalized
degenerate Euler polynomials attached to x which are derived from the symmetric
properties for certain fermionic p-adic integrals on Z,,.
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1 Introduction and Preliminaries

Let p be a fixed odd prime. Throughout this paper, Z,, Q, and C, will be the ring
of p-adic integers, the field of p-adic rational numbers and the completion of the
algebraic closure of Q,, respectively.

The p-adic norm ||, in C,, is normalized as |p|, = é. Let f (x) be continuous
function on Z,,. Then the fermionic p-adic integral on Z,, is defined as

11 (f) =/ f(x)dp— (x) (1.1)
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pV—1

= lim Z_(’; ) (=1)*, (see[9]).

From (1.1), we note that

n—1

Li(f)+ D" (=22 (=" f (), (see (7)), (1.2)

=0

where n € N.
As is well known, the Euler polynomials are defined by the generating function

2 o0 [”
(x+y)t _ xt __
/Z e du_1 (y) = P 1e = n_EO E, (x) E (1.3)

P

When x =0, E,, = E, (0) are called the Euler numbers (see [1-19]).
For a fixed odd integer d with (p, d) = 1, we set

X =limZ/apVz, X* = U (a+dpZ,),

N O<a<dp
(a,p)=1

a+deZp={xeX|xza (mod de)},

where a € Z liesin 0 < a < dp".
It is known that

/Zf(x)d/m (X)=/f(x)dM71(x)7 (see [7-9]),
» X

where f is a continuous function on Z,.
Letd € Nwithd =1 (mod 2) and let x be a Dirichlet character with conductor
d.Then the generalized Euler polynomials attached to x are defined by the generating

function i
2 - _1 a at o0 n
( SIS x@e )ex,zzEn’X (x)%. (1.4)

dt
e +1
n=0

In particular, for x =0, E, , = E, , (0) are called the generalized Euler numbers
attached to x.
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Ford e Nwithd =1 (mod 2), by (1.2), we get

/X x (e du_y (y) (1.5)

2 =D X (@,
- edt + 1 ¢

o0
tn
= E E,, (x)—, (see[9—11]).
n!
n=0
From (1.5), we have

/Xx M x+'du1 (y) =E,y (x), (n=0). (1.6)

Carlitz considered the degenerate Euler polynomials given by the generating func-
tion

— (14 (1.7)
(A+Ar)7 +1

=S G I L (see [3).
=0 n.

Note that lim; .o &, (x | A) = E, (x), (n > 0).
From (1.2), we note that

/ A4+ dp_y () (1.8)
X

=——— 1+
(14+A0)7 + 1

= Zgn ()C | )‘) t_'
=0 n!
Thus, by (1.8), we get
/(y+XIk)ndu_1 M =& @D, (=0, (19)
X

where (x | ), =x(x —A)---(x —(n—1DA),forn>1,and (x | A)y = 1.
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From (1.2), we can derive the following equation:

/x ) (1 + 207 dpy () (1.10)
X

_ 235 D x @ (L A

- (1 + a7,
A+ r0)r +1

where d € Nwithd =1 (mod 2).
In view of (1.5), we define the generalized degenerate Euler polynomials attached
to x as follows:

230 (- 1)ax(a)(1+m) (1+M)A_Zg"”(x) (1.11)

(14105 +1 ~

Whenx = 0,&,, , = &,y (0) are called the generalized degenerate Euler numbers
attached to x.
Let n be an odd natural number. Then, by (1.2), we get

/x(x)(lﬂr)“‘?* du_l(x>+/x(x><1+mi*du_l (x) (1.12)
X X
nd—1 .
=2Z(—1)’X(l) (14 A)r .
=0

Now, we set

R, a1 x) =2 (=1 x 1) (| ). (113)

=0

From (1.2) and (1.12), we have

/ (4405 x () dpy (x) +/ X () (14 A0 dpy (x) (1.14)
X X

_ 2fx(1+xr)*x<x)du 1 ()
Sy 420 dpy (x)

tk
=ZRk<nd—1,A|x)ﬁ

k=0

where n,d e Nwithn =1 (mod 2),d =1 (mod 2).
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In this paper, we give some identities of symmetry for the generalized degenerate
Euler polynomials attached to x derived from the symmetric properties of certain
fermionic p-adic integrals on Z,,.

2 Identities of Symmetry for the Generalized
Degenerate Euler Polynomials

Letw,, w, be odd natural numbers. Then we consider the following integral equation:

wyxg+wyxy

Sy [x A2 57 x (x1) x () dp—y (x1) dppy (x2)

dwyjwyx (2'1)
Jx A+ du_y (x)
2 ((1 +an R 4 1)
B ((1 't + 1) ((1 't o+ 1)
d—1
x> x @A+ (=D
a=0
d—1 b
x> x4 T (=D
b=0
From (1.10) and (1.11), we note that
/ XM E+yIA),du1(y)=En, x), (=>0). (2.2)
X

By (1.14), we get

/Xx (0 (x +dn | Mg dpoy () +/Xx () (¢ | i dpior (¥) = Ry (nd — 1,1 | ),
2.3)
where k > 0.
Thus, by (2.2) and (2.3), we get
€y (1d) + Erry = Ri(nd — 1,1 | 3). 2.4)

where k > 0,n,d e Nwithn =1 (mod 2),d =1 (mod 2).
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Now, we set

wx]+wypxp+wjwyx
I o | Jo e x GO x ) A4+ 7 dpy (v) dpy (x2)
X 1, W2 = wywyx :
Sy (40" dpy ()
(2.5)
From (2.5), we have

L (wy, wy | )
) ((1 L dmlmz n 1) (140 o

((1 Fan 4 1) ((1 FaF 4+ 1)
d—1

x D x (@ (=D (14"
a=0
d—1

W IOICH TS

b=0

(2.6)

Thus, by (2.6), we see that I, (wi, wy | A) is symmetric in wy, wy. By (1.12),
(1.14), (2.2) and (2.5), we get

21 (wy, wa | A)

2.7)
o0 ) 1
1 . . A t
=Z Z NE (wlx)w’2wll_’R dur—1,—|x ) )—.
4 i) bwX wy I
1=0 \i=0
From the symmetric property of 7, (w;, w, | A) in wy and w,, we have
21, (wi,wy | 1) 2.8)

=21, (wa, wy | x)

00 1 I

! i A !
= E E (‘)5,»1)((w2x)wlw2 R(dwl —1,—‘)() —.
=0 \izo \V/ " w2 i

Therefore, by (2.7) and (2.8), we obtain the following theorem.

Theorem 1 For wy, wo,d € Nwithw, = wy, =d =1 (mod 2), let x be a Dirich-
let character with conductor d. Then, we have
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i
l i 0—i A
Z(_)Eiax(wzx) wjw, R(dw] — 1,—‘)()
< i) b wr

i=0

).

i s
= (,)é} 2 (W) wéwll_’R (dwz -1, —
0 1 Yy’ w

. 1
i

where | > 0.

When x = 0, by Theorem 1, we get

. . A
. 5“ lezwll_lR(dwz—l,w—l‘X), (=>0).

Wy

By (2.5), we get

21, (wy, wy | A) (2.9)
! w—z(w +w x+w—‘l)
= > 0 [ R ) d )
1=0 X
[ee) dw;—1 w o
= DD X WE, -, (wlx—i——]l) wi ) —.
n=0 \ =0 o w2 n!
On the other hand,
21, (wa, wy | A) =21, (wy, wy | A) (2.10)
00 dw;—1 w [n
=Z Z (—l)lx(l)é'niiqx (ng—i——zl) wi —.
n=0 \ =0 o Wi n:

Therefore, by (2.9) and (2.10), we obtain the following theorem.

Theorem 2 For wy, wy,d € Nwithd =1 (mod 2), w; =1 (mod 2) and w, = 1
(mod 2), let x be a Dirichlet character with conductor d. Then, we have

dwz—l
w
wh > (=)' x D& 2 (wlx + _'l)
=0

wa

dwlfl
—uf > D A& (wzx i ﬂz) 0.

=0
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To derive some interesting identities of symmetry for the generalized degener-

ate Euler polynomials attached to x, we used the symmetric properties for certain
fermionic p-adic integrals on Z,. When w;, = 1, from Theorem 2, we have

d—1

DD X D) sy (wix +wil)

=0

dwlfl
I
=wi > =D'xDE, 2, (x + w_ll) :

=0

In particular, for x = 0, we get

d—1

DD X D) sy (wil)

=0

dwl—l
1
=wi > (=D'x0E, 2, (w—ll).

=0
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