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Abstract We have used molecular simulations to study the homogeneous nucle-
ation of the ionic liquid [dmim+][Cl−] from its bulk supercooled liquid at 340 K.
Our combination of methods include the string method in collective variables
(Maragliano et al., J. Chem. Phys. 125:024106, 2006), Markovian milestoning with
Voronoi tessellations (Maragliano et al J Chem Theory Comput 5:2589, 2009), and
order parameters for molecular crystals (Santiso and Trout J Chem Phys
134:064109, 2011). The minimum free energy path, the approximate size of the
critical nucleus, the free energy barrier and the rates involved in the homogeneous
nucleation process were determined from our simulations. Our results suggest that
the subcooled liquid (58 K of supercooling) has to overcome a free energy barrier
of *85 kcal/mol, and has to form a critical nucleus of size *3.4 nm; this nucleus
then grows to form the monoclinic crystal phase. A nucleation rate of
6.6 � 1010 cm−3 s−1 was determined from our calculations, which agrees with
values observed in experiments and simulations of homogeneous nucleation of
subcooled water.
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1 Introduction

Room-temperature ionic liquids (ILs) have attracted significant attention as designer
solvents, electrolytes, and other applications mostly involving liquid phases of the
ILs. Very recently, Warner et al. [1–7] developed IL-based nanomaterials (dubbed
GUMBOS, for Group of Uniform Materials Based on Organic Salts) where these
compounds are in the solid state. These IL-based materials hold enormous promise,
as they have the highly tunable properties of ILs [8, 9] and can be prepared via
simple procedures [1–7], possibly impacting fields as diverse as optoelectronics,
photovoltaics, separations, analytical chemistry and biomedicine. 1D-nanomaterials
such as nanorods and nanowires were also synthesized [6] by introducing the ILs
inside hard templates with cylindrical nanopores, e.g., multi-walled carbon nan-
otubes and anodic alumina membranes; shape anisotropy can lead to further vari-
ations in interesting properties of these nanomaterials (fluorescence, magnetic). On
the other hand, ILs are also immobilized in nanoporous solids (carbon nanotubes,
silica, cellulose, polymers, etc.) during the synthesis of ionogels [10]. These hybrid
materials have potential applications in lithium batteries, fuel cells and solar cells,
and in catalysis and biocatalysis, drug delivery and optical sensing devices [10].
A rational design of IL-based nanomaterials and ionogels require a fundamental
understanding of the solidification, as well as the nucleation and growth of crystals
of ILs in contact with surfaces and inside nanopores.

As a starting point for our studies in this area, here we focus on modeling the
homogeneous nucleation of a simple IL, 1,3-dimethylimidazolium chloride, or
[dmim+][Cl−], from its supercooled liquid phase in the bulk. This IL has been
extensively studied in previous simulation reports [11–19]. However, nucleation is
an extremely challenging problem [20–27], mainly because the initial stages of
nucleation typically involve a few molecules or atoms, which makes it difficult to
design experiments to study nucleation at the molecular level. Molecular dynamics
(MD) simulations of nucleation are also very challenging, as nucleation is a rare
event. Previous studies of homogeneous nucleation of systems of particles
(hard-sphere, Lennard-Jones, etc.) [28–37] water [38–46] and other substances
(e.g., NaCl, silicon, benzene, n-octane, urea, copper, aluminum, etc.) [47–58] using
rare event methods have provided important insights on these phenomena in those
systems. However, these methods might have limitations when studying the
nucleation of ILs, which can have very slow dynamics and therefore the transition
paths might take a prohibitively long time to commit to any of the stable states.
Here we have combined the string method in collective variables (SMCV) [59] with
Markovian Milestoning with Voronoi tessellations [60–62] to study the homoge-
neous nucleation of [dmim+][Cl−]. This combination of methods has been used
before to study conformational changes in biomolecules [59, 61, 63, 64]. In the
SMCV, a string of replicas connecting the liquid with the crystal phase evolves
guided by the negative gradient of the free energy with respect to some collective
variables (or order parameters, OPs, characterizing the transition), until they con-
verge into a minimum free energy path (MFEP). This path represents the region

108 X. He et al.



where the transition has the maximum probability to take place. This converged
string is then used as input to our second method, Markovian milestoning with
Voronoi tessellations, which yields the free energy along the path, as well as the
mean first passage times (MFPTs) in the transition studied. In association with these
methods we have used the OPs for molecular crystals recently developed by Santiso
and Trout [65]. These OPs can distinguish between different crystal polymorphs
and liquid phases, and detect crystal ordering in nm-size regions. For example, if
our system would crystallize into two solid polymorphs, one could use our methods
to determine the minimum free energy paths connecting the supercooled liquid with
the different polymorphs, and comparison of the free energies of the polymorphs
would provide insights about their thermodynamic stability.

We note here that we have used the same methods and OPs in previous studies
of the homogeneous nucleation of benzene [66] and the same IL studied here,
[dmim+][Cl−] [67]. In the latter report we used a system consisting of 1372 ion
pairs, and interpreted our results using calculations based on classical nucleation
theory, which also helped us address possible finite-size effects in this system. Our
interpretations were corroborated by SMCV results obtained using a larger system
containing 2268 ion pairs [67]. Here in this paper we present a complete account
and discussion of our results obtained for this larger system, using both the SMCV
and Markovian milestoning with Voronoi tessellations, which completes the work
we have presented before [67]. Nucleation could be studied using alternative
approaches such as transition path sampling/aimless shooting, and metadynamics
(see, e.g. [54, 55]). However, for very complex systems such as ILs, which have
slow dynamics, the transition paths might take a long time to commit to any of the
stable states, and trajectories could recross the top of the barrier multiple times [54],
which could make sampling extremely challenging. Furthermore, and in order to
avoid finite-size effects, here we had to consider a relatively large system size (2268
ion pairs), which required us to use a total of 180 OPs. Such a system would be
extremely challenging to study using metadynamics (systems previously studied
with this method were significantly smaller and had a considerably lower number of
collective variables, see, e.g. [55, 68]). The rest of the paper is structured as follows.
In the next section, we provide details of our systems and methods (OPs used,
SMCV and Markovian milestoning with Voronoi tessellations). Section 3 contains
our main results and discussion, and our main findings are summarized in Sect. 4.

2 Simulation Details

2.1 Models

The monoclinic crystal structure of [dmim+][Cl−] was obtained from the Cambridge
Crystallographic Data Centre [69, 70]. The classical, non-polarizable, all-atom force
field developed by Lopes et al. [71–75] was used to model the IL, mainly because it
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can reproduce the experimental crystal structure of [dmim+][Cl−] [71] (here the
cations and anions have integer charges). Furthermore, the density of the liquid
phase and the melting point as determined from simulations using this model were
found to be in good agreement with experimental values [76]. Our system contained
2268 ion pairs, which can form a monoclinic crystal of characteristic dimensions
8.3 nm � 5.3 nm � 9.7 nm. All MD simulations were performed using a modified
version of the NAMD software [77] that included implementations of the OPs, the
SMCV and Markovian milestoning with Voronoi tessellations (see below) in C+
+ libraries. All the simulations were performed in the NPT ensemble with
P = 1 bar and T = 340 K (a supercooling of 58 K). When selecting the temperature
(and thus the degree of supercooling) in our systems, we considered the following
aspects that would impact the computational costs of our simulations. Higher
temperatures (i.e., smaller supercoolings) would result in an increase in the size of
the critical nucleus. In this situation one could obtain a critical nucleus that might be
larger than the dimensions of the simulation box, and run into finite-size issues;
therefore a larger simulation box would be needed, which would increase com-
putational costs. Reducing the temperature (i.e., having a larger supercooling)
would reduce the size of the critical nucleus; however, if the temperature is too low,
the dynamics of the ions would slow down and thus very long simulations would be
needed. We have found that, for our system, 58 K of supercooling provides a
system with reasonable dynamics, and allowed us to use a simulation box of
reasonable size (so that the critical nucleus formed does not percolate through any
of the dimensions of the box). A Langevin thermostat with a damping coefficient of
25 ps−1 was used to control the temperature, and the Nosé-Hoover Langevin piston
with a damping time of 50 fs was used as the barostat. Periodic boundary condi-
tions were applied in all directions. Lennard-Jones and electrostatic interactions
were cutoff at 10 and 12 Å; particle mesh Ewald (PME) [78] was used to handle the
latter type of interactions. Hydrogen bond lengths were constrained with the LINCS
algorithm, and a time step of 0.5 fs was used in our simulation runs [79]. Additional
details of our model systems can be found elsewhere [67].

2.2 Order Parameters (OPs)

The OPs developed by Santiso and Trout [65] are extracted from a generalized pair
distribution function. All OPs used in this study were based on [dmim+]; no par-
ticular OPs were defined for [Cl−]. In Fig. 1 two ion pairs are shown, where the
absolute orientation of each cation is given by the vectors q1 and q2, which are
normal to the imidazolium ring of each cation. The distance OP provides quan-
tification for the various center of mass (COM) distances between the cations. The
bond orientation OP measures the orientation of bonds joining the center-of-mass of
the cations, while the relative orientation OP measures the orientation of one cation
with respect to another one [65, 67]. All the OPs are defined per cation and per peak
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in the pair distribution function, which leads to an extremely large number of OPs.
To reduce the total number of OPs, we first sum over peaks in the pair distribution
function, and then calculate local averages over the cations present in a given
subcell of the simulation box, according to the following equation [65]:

hC ¼ 1
NC

X
i2C

X
a

ui;a ð1Þ

where NC is the number of cations in subcell C, the index i denotes the ith cation,
the index a runs over peaks of the pair distribution function, and ui,a represents any
of the per-molecule and per-peak OP (i.e., distance, bond orientation or relative
orientation). Therefore, each subcell has a corresponding OP. Additional details are
presented elsewhere [65].

In our system, the simulation box was divided into 6 � 5 � 6 subcells, giving a
total of 180 OPs of each type (distance, bond orientation and relative orientation).
In Fig. 2 we present the number frequency of distance, bond orientation and relative
orientation OPs for the liquid and crystal phases of [dmim+][Cl−] at 340 K. The
frequency is averaged over 400 configurations (as obtained from short, 0.4 ns MD
simulation of the liquid and solid phases in the NPT ensemble). These results
indicate that any of the OPs can serve as a good metric to distinguish between
crystal and liquid phases, even in nm-sized regions. Here we chose to work with the
bond orientation OPs, although we also monitored the distance and the relative
orientation OPs.

Fig. 1 Variables used in the
construction of OPs. The
vector normal to the plane of
the imidazolium ring of
[dmim+] gives the absolute
orientation of each of the two
cations. The distance OP is
based on r, which joins the
center of mass (COM) of the
two cations. The angle formed
by the vectors r and q1 is used
for the bond orientation /r̂ ,
whereas the angle formed by
the vectors q1 and q2 is used
for the relative orientation /q
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2.3 String Method in Collective Variables (SMCV)

The SMCV [59, 63] was used to sketch a MFEP for the homogeneous nucleation of
[dmim+][Cl−] from its subcooled liquid. Here we used the following procedure:

1. An initial string consisting of 32 replicas was prepared by collecting a number
of intermediate states from the simulated melting of a crystal of the IL at 800 K.

Fig. 2 The number
frequency of distance, bond
orientation and relative
orientation OPs for liquid and
solid IL, as obtained from 400
liquid-like and 400
crystal-like configurations of
the IL. The distance, bond
orientation and relative
orientation OPs have units of
Å−1, which corresponds to the
units of ra (see, e.g., Eqs. 11,
15, 21–22 in Ref. [65]; we
used similar OPs here)
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Each replica i in this string contains 180 OPs (denoted by qi) that characterize its
local structure.

2. At every step of the SMCV method:

2:1. An extended Hamiltonian is established for each replica, by including a set
of harmonic springs that keep each replica’s OPs close to their ‘target’
values. Using this extended Hamiltonian, we run short (0.2 ns) MD simu-
lations in the NPT ensemble for each image, in order to determine the mean
force rqFðqiÞ and metric tensor MðqiÞ required to maintain each image
close to the target OP values (here the mean force is the negative gradient of
the free energy with respect to the OPs)

2:2. The new target OPs are estimated by taking a forward Euler step on the
string evolution equation:

q�i ¼ qi � DsMðqiÞrqFðqiÞ ð2Þ

where Ds is the time step in the SMCV, and qi
* denotes the target OPs for

the ith image for the next SMCV step.
2:3. Reparameterize by interpolating a curve through the new target OP values

qi
*, and recompute new target OP values qi

* so that consecutive replicas are
at constant arclength from each other. This step prevents the replicas from
clustering near the stable states.

3. Step 2.1–2.3 above are repeated until the potential of mean force
(PMF) converges; here the PMF is the line integral of the restraint force along
the path in the multi-dimensional OP space

Additional details about the SMCV and its implementation are presented else-
where [59, 63, 66, 67].

2.4 Markovian Milestoning with Voronoi Tessellations

The MFEP computed from the SMCV is an n-dimensional function (where n is
equal to the 180 OPs), determined by effectively restraining 180 degrees of freedom
as the replicas in the SMCV evolve following the negative gradient of the free
energy with respect to the OPs. The MFEP thus only represents a single pathway in
the transition tube. However, this tube can be mapped into a single free energy
curve as a function of a reaction coordinate, by using the converged string from the
SMCV as input to simulations using Markovian milestoning with Voronoi tessel-
lations [60–63]. This procedure can also yield information about the rate of
nucleation. In this method, we associate a cell in OP space to each replica from the
converged SMCV string, forming a tessellation in the OP space. By construction
[61, 63], the edges of the tessellations are approximate isocommittor surfaces, and
thus are used as milestones in our procedure. We then perform MD simulations
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where each replica is forced to remain within its own cell by using soft walls (planar
half-pseudoharmonic restraints) [61]. In these simulations we monitor the number
of collisions each trajectory does with the milestones (edges of the Voronoi tes-
sellation). At steady state, if Nn,m represents the number of collisions that the MD
trajectory in cell Bn experiences with the boundary of cell Bm during the simulation
time tn, the rate of escape from tessellation cell Bn to cell Bm can be estimated as:

vn;m ¼ Nn;m

tn
ð3Þ

The probability pn of finding the system in cell Bn can then be calculated from
the following equations:

XN
n¼1
n 6¼m

pnvn;m ¼
XN
n¼1
n 6¼m

pmvm;n ð4Þ

XN
n¼1

pn ¼ 1 ð5Þ

The free energy curve Fn can be calculated as a function of cell n as follows:

Fn ¼ �kBT ln pn ð6Þ

In turn, the MFPTs can be also computed from the Voronoi milestoning pro-
cedure using the following equations:

X
b 6¼b�

ka; b tb; b� ¼ �1; a 6¼ b� ð7Þ

ka; b ¼
PN

n¼0 pnN
n
a; b

.
tn

PN
n¼0 pnt

n
a

�
tn

ð8Þ

where tb,b* is the MFPT to milestone b* from other milestones in the system (where
b 6¼ b*). ka,b is the rate of instantaneous transition from milestone a to milestone b;
Na,b
n is the total number of transitions from milestone a to milestone b during the

simulation confined to cell Bn, and ta
n is total time during which a was the most

recent milestone visited by the system. We used the arbitrary precision
floating-point library implemented in the Sage software [80] to solve the equations
above, as the values of ka,b could have variations of up to 6 orders of magnitude.
Additional details of these simulations are provided elsewhere [61, 63, 66, 67].
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3 Results and Discussion

3.1 Determination of the MFEP from the SMCV

The converged PMF (see Sect. 2.3) as determined from our simulations with the
SMCV is presented in Fig. 3; here the arclength (of the bond orientation OPs, in
this case) represents the distance along the multidimensional nucleation path.
A difference of about 141 kcal/mol is observed between the crystal phase and the
supercooled liquid phase at about 58 K of supercooling, with a PMF barrier of
about 163 kcal/mol between the supercooled liquid and the state at the top of the
PMF profile.

In Fig. 4 we show x–y side views of representative simulation snapshots of
several relevant states along the MFEP mapped in Fig. 3. As we move left from the
supercooled liquid (state e) at the right of the PMF curve shown in Fig. 3, the
cations and anions start to rearrange (state d) until we reach the top of the barrier
(state c), where the ions form a critical nucleus exhibiting crystal-like order. If we
arbitrarily define the cations with OPs > 3.5 (Fig. 2) as crystalline, those cations
form a cluster in the replica at the top of the PMF curve (the critical nucleus) which
has an average size of *3.4 nm at this degree of supercooling. A similar procedure
was used for the configuration at the top of the free energy curve (Fig. 6) deter-
mined from our Voronoi milestoning simulations (see below), giving a similar
average size for the critical nucleus. Moving further left (and now downhill) along
the MFEP mapped in Fig. 3, the crystal-like region grows (state b) until the system
crystallizes completely (state a).

Fig. 3 The PMF associated with the MFEP for homogeneous nucleation of a crystal phase of
[dmim+][Cl−] from its supercooled liquid phase at 340 K and 1 bar. The left and right sides of the
curve correspond to crystal and liquid states. Simulation snapshots of states labeled here are shown
in Fig. 4
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3.2 Free Energy and MFPTs from Markovian Milestoning
with Voronoi Tessellations

The 32 replicas from the converged SMCV string were used as the starting point for
our series of simulations with Markovian milestoning. Here we had to interpolate
additional replicas (to reach a total of 74) as to ensure collection of enough statistics
for the numerical solution of Eqs. (3–8). As direct analysis of the data is difficult
due to the 180-dimensionality of the OP space, we used principal component
analysis to determine the subspace of the OP space that contains most of the
variance along the solidification path. In Fig. 5 we show the projections onto the
first two principal components of the initial configurations (converged SMCV
string, black dots), as well as some representative configurations (different colors)
observed throughout our Markovian milestoning simulations. The results shown in
Fig. 5 suggest that the images mainly remain within their own cells, although they
occasionally wander into neighboring cells for a brief period; this is a consequence
of using soft walls [61] to maintain each MD trajectory within its own cell. One
important challenge is to properly distribute the images along the MFEP, in order to
accumulate good statistics for the numerical solution of Eqs. (3–8). At the same
time, we strived to not place too many images in MFEP regions with high cur-
vature; this way, replicas mostly visit adjacent cells when they leave their own cells,
and we avoid transitions between non-adjacent cells as much as possible (as dis-
cussed before [63], replicas visiting cells of non-adjacent neighbors can affect the
accuracy in the calculations of the free energy and the MFPTs).

Fig. 4 x–y side views of simulation snapshots of states labeled along the MFEP shown in Fig. 3.
The cations (top row) are color-coded according to the value of their bond orientation OPs (red
crystal-like, blue liquid-like). The anions are shown on bottom row and are not color-coded
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In Fig. 6 we show the free energy along the MFEP as a function of the Voronoi
cell number, as determined from the Voronoi milestoning simulations. These results
indicate that the difference in free energy between the crystal and liquid phases of
[dmim+][Cl−] at 58 K of supercooling is about 50 kcal/mol, and the free energy
barrier between the liquid and the configuration at the top of the curve is about
85 kcal/mol. These free energy differences are comparable to those determined for
water [41] and urea [55] in recent simulation studies of homogeneous nucleation.
The free energy curve (Fig. 6) and the PMF curve (Fig. 3) are qualitatively similar
(the snapshots of configurations obtained from the Markovian milestoning simu-
lation procedure look very similar to those obtained from the SMCV and shown in
Fig. 4); however the differences in free energies between relevant states are smaller
than the corresponding differences in PMF. This observation is expected, as in the

Fig. 5 Voronoi tessellation
of the MFEP as projected
onto the first two principal
components PC1 and PC2 in
OP space. The black dots
represent the initial
configurations (converged
SMCV string plus
interpolation of additional
replicas) used in the
Markovian milestoning
simulations. Projections of
representative configurations
obtained from the milestoning
procedure are also shown
using different colors. The
region corresponding to the
peak of the PMF and free
energy curves (Figs. 4 and 6)
is labeled
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SMCV more entropy is removed as we are effectively restraining 180 degrees of
freedom (replicas evolve guided by the negative gradient of free energy in order
parameter space). In contrast, in the Markovian milestoning simulations less
entropy is removed from the system, as by construction a trajectory restrained to
remain in its Voronoi cell is equal to the equivalent sections of a conventional
(unbiased) MD trajectory that is passing through the same cell [61].

In Fig. 7 we show the MFPTs to reach the configurations at the peak of the free
energy curve (Fig. 6). Here we only considered fluxes between adjacent cells
(fluxes between non-adjacent cells represent about 13 % of the total number of
fluxes in our milestoning simulations). If we consider all fluxes (i.e. between nearest
and non-nearest neighboring images), we determined that the difference in MFPTs
with respect to those shown in Fig. 7 is only of about 8 %. These results suggest
that the contribution of non-adjacent isocommittor surfaces to the kinetics of the
nucleation process can be ignored (for a detailed discussion, see Appendix B in the
study of Ovchinnikov et al. [63]). The results shown in Fig. 7 suggest that the
MFPTs to the configurations at the peak of the free energy curve of Fig. 6 are
approximately constant for milestones Bi+1 \ Bi with i = 72, 71, …, 53. From the
data shown in Fig. 7, we calculated a simulated nucleation rate of 6.6 � 1010

cm−3 s−1 for our system, which is at a supercooling of 58 K. Unfortunately no
experimental data is available for our system; however, our computed rate is in

Fig. 6 Free energy involved
in the homogeneous
nucleation of [dmim+][Cl−]
from its supercooled liquid
phase at 340 K and 1 bar, as
obtained from the milestoning
procedure. The left and right
sides of the curve correspond
to crystal and liquid states

Fig. 7 Mean first passage
times (MFPTs) from the
milestone Bi+1 \ Bi for
i = 72, 71, … 52 to the
milestones at the shoulder of
the free energy curve,
B52 \ B51
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reasonable agreement with experimental and simulation values for the homoge-
neous nucleation of ice, which are on the order of 1010 cm−3 s−1 [41, 81, 82] at a
supercooling of about 40 K.

4 Conclusions

The homogeneous nucleation of the IL [dmim+][Cl−] from its bulk subcooled liquid
phase (58 K of supercooling) was studied using molecular simulation. The SMCV
[59, 63] combined with OPs [65] for molecular crystals was used to have a string of
replicas map a MFEP connecting the supercooled liquid with the monoclinic crystal
phase. The converged SMCV string was then used to initiate simulations using
Markovian milestoning with Voronoi tessellations [61, 63]. These methods yield
information about the free energy barrier, the size of the critical nucleus and the rate
of nucleation. Our results indicate that the supercooled liquid has to overcome a free
energy barrier of *85 kcal/mol to form a critical nucleus of size *3.4 nm.
A simulated homogeneous nucleation rate of 6.6 � 1010 cm−3 s−1 was determined
from our calculations. The values of the free energy barrier and the rate of nucle-
ation are in reasonable agreement with experimental and simulation values obtained
for the homogeneous nucleation of water and urea. Current work in our group is
focused on the study of nucleation of ILs near surfaces and inside pores.
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