Prestressed Orthotropic Material
Containing an Elliptical Hole

Eduard-Marius Craciun

Abstract Based on the representation of the incremental stress fields by complex
potentials and conformal mapping technique, the fundamental solutions for an
unbounded, homogeneous, orthotropic elastic body containing an elliptical hole
subjected to uniform remote loads are determined. The orthotropic body is under
by uniform remote tensile, tangential, and antiplane shear loads—cases correspond-
ing to Mode I, Mode II, and Mode III of fracture. The solutions are obtained in a
compact and elementary form.

1 Introduction

The problem of an isotropic body with an elliptical hole was studied by many
authors using Kolosov—Muskhelishvili’s complex potentials Muskhelishvili (1953)—
Bertoldi et al. (2007) or the integral transform method Singh et al. (2012). In what
follows our results Craciun and So6s (2006), Craciun and Barbu (2015) for a pre-
stressed elastic composite material under by uniform distributed remote loads are
presented and extended. To get the complex potentials describing the incremental
stress and displacement fields, ¥; = ¥, (z;) and ¥, = ¥,(z,) for the plane problem,
and Y3 = ¥i(z3) for the antiplane problem, a technique based on the conformal
mapping of the exterior of the elliptical hole in the planes on the exterior of the unit
circle is used. The unknown potentials are represented by two Laurent series in the
complex planes and their coefficients are determined from the boundary conditions.
The compact closed-form analytical solutions, i.e., the complex potentials, of the
considered boundary value problems for an unbounded, homogeneous, prestressed
orthotropic elastic composite with an elliptic hole are obtained.
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2 Representation of the Incremental Stress Fields

The representation of elastic fields by complex potentials in the classical case of
anisotropic elastic bodies was given by Lekhnitski (1963). This representation was
used, for instance, by Sih and Leibowitz (1968) to analyze problems concerning the
existence of a crack in an anisotropic elastic solid. The results obtained by Lekhnitski
(1963) were generalized for the case of a prestressed material by Guz (1983), who
also has analyzed the influence of the initial applied stresses on the behavior of a
solid body containing cracks. Guz’s representation of the incremental stress fields by
complex potentials Guz (1983), Cristescu et al. (2004) is presented. In what follows
itis considered an elastic composite with an elliptical hole prestressed with the initial

applied stress 011, in the direction of Ox; axis, i.c., along the major semi-axis of
the ellipse. The initial deformed equilibrium configuration of the body is assumed
to be homogeneous and locally stable. The paper starts with representation of the
incremental stress fields corresponding to the antiplane state, by a single complex
potential ¥3; = Y3 (z3) depending on the complex variable z3 = x| + u3x,. The
complex parameter 3 is the root of the characteristic equation of the differential
equilibrium equation and has the following form, see Guz (1983)—Cristescu et al.
(2004):

M3 = (o332 + iVoR3I020 — 0n03] €]

2332
where wy, (k, 1, m,n = 1, 2, 3) are the instantaneous elasticities of the material in
its free reference configuration and can be expressed through engineering constants
of the composite and initial applied stress 11 and i denotes the imaginary unit, see
Cristescu et al. (2004).

Taking into account the antiplane state relative to the plane x;x, the instantaneous
elasticities of the material have to satisfy the following restrictions:

V13310233 — 013302331 > 0, wa330 > 0. ()

The corresponding components 6,3 and 6,3 of the nominal stress are then given by

o)
613 = 2Re (qWs (z3)} . 623 = 2Re (¥ (z3)} . q = p—‘
2

P1 = 01331 + U3W1323, P2 = @W2313 + U3W2323. 3)

It is assumed that the initial deformed composite material is in plane state relative
to the xx; plane.

The representation of the incremental stress fields by two arbitrary analytical
complex potentials ¥; = ¥;(z;), j = 1, 2 has the following form:

0 = 2Re (¥ (z)) + ¥2(22)} . €]
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th1 = —2Re{a;1¥1(21) + a2p2¥2(22)} (5)
2

aj = C02112601122,4;11/1?601111601212’ (6)

012 = —2Re {u1¥1(z1) + na¥2(z2)}, (7

61 = 2Re {a11i W1 (2) + a3 ¥a ()} ®)

Bj = wnmwainit; + onienn — onn(@nn + onn), ©))

where @, and wu, are the roots of characteristic equation of equilibrium, see
Cristescu et al. (2004). The instantaneous elasticities of the material wy,,, (k, [, m,
n = 1, 2) can be expressed through engineering constants of the composite and initial

applied stress 0011, by the following relations, see Cristescu et al. (2004):

» 1 —vp3v3 18w I —vi3vs
i1 = ———— 1, @) = —F———
E,EsH ’ E\EzH ’

V2 + V3Vi3

S T
1£3

w12 = w1221 = w2112 = G2,
with

I — viova1 — V330 — V31V13 — V21 V3213 — Vi2b23b3g
E\EyE5 .

H =

In these relations E|, E,, E3 are Young’s moduli in the corresponding symmetry
directions of the material, G, is the shear modulus in the symmetry plane Ox;x;
and vy, ..., v3; are the Poisson’s ratios.

Also, for an orthotropic material the roots ©; and u, usually are not equal. In
what follows the case of non-equal roots is considered

M1 # Ua.

3 Antiplane State

In this section the plane problem of antiplane shear loads, i.e., the case corresponding
to the third mode of fracture, is studied. Let us consider an unbounded, homogeneous,
prestressed orthotropic elastic composite containing an elliptical hole which is acted
by an antiplane constant shear load v > 0 in the direction of the x3 axis at large
distances. The boundary of the elliptical hole is free from stresses.
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Let us write the boundary conditions corresponding to the mechanical problem:

lim 63 (z3) =0, lim 63(z3) =1 >0,
|z3]—>00 I

3|—> 00

n1013 (z3) + 12023 (23) =0, (10)

on the hole boundary, where n; and n, are the components of the unit exterior normal
to the boundary.

In order to find the complex potential ¥3 = ¥; (z3) is considered the conformal
mapping of the exterior of the elliptical hole onto the exterior of the unit circle,
having the form

n a—l—b{ a—>bl
= X I X — —— —_
Z 1 2 ) ) c
a—iusb b+iusb 1
= = — . 11
73 = X1 + 13Xz 5 3 > 2 (11)

The inverse mapping is given by

_z+ VP —ar+b?
N a+b

23+ 4/23 — a? — pusb?

a—iu3b

¢ (12)

3 3

Leta, b, b < a be the two semi-axis of the elliptical hole and if » — 0 the consid-
ered hole obviously becomes the mathematical model of an usual, classical Griffith-
Irwin crack given by a segment of length 2a.

Let us introduce now the complex potential ¥3 (¢3) through the relation

¥ (83) = W3 (23 (83)) (13)

where for simplicity it is used the same notation ¥5 for the complex potential depend-
ing on z3 or on ¢3. The boundary conditions (10) by means of the potential ¥5 (¢3)
and the mapping formula (11) become

| llim 013 (&3) =0, | l‘im 03 (53) =1 (14)

and
(cos 0)013(¢3) + (sin0)0r3(23) =0, 3 =¢€",0<6 <27, (15)

where (cos @, sin@) is the unit exterior to the unit circle in the complex plane {3,
and 6 is obviously the angle between this normal and the x; axis.

The complex potential ¥3 = W3 (¢3) is an analytic function on the exterior of the
unit circle, and thus we may write it as
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o0
Ws(53) = Ao+ D Aty ", (16)
m=1
where Ay, Aj, Ay, ...are unknown complex constants to be determined from the

boundary conditions. The second boundary condition from (10) at large distance
from the hole leads to the following restrictions on Ag:

qAo+GAy=0,A0+ Ay =1 (17)
therefore, _ _
T
Ag=—1—— = =y tin. (18)
q9—q 2

The third boundary condition from (10) imposes an additional restriction on the
coefficients of the potential ¥3(z3)

@+ DA+ (G — DAL+ (q+D)Are™ + (G —i) Ay €

+ D G+ DAmi1+ (@ = DAn11e™™ + > 1G — ) Ani1 + G + D) An_11e™

m=2 m=2

= —Aollg + e + (g — e ™1 — Aol(q +D)e' + (g — D)e ], (19)

for 0 < 6 < 2. Condition (19) is fulfilled if and only if the following relations are
satisfied: B
(g+i)A +(@—i)A; =0 (20)

(q +i)A2 = —[Ao(g — ) + Ao(G — D],

(@ — Ay = —[Ao(g + 1) + Ao(@ + )] 2D
Aiom =8"A, Agsoy =" Ay, m=1,2,3... (22)

with i
s = T (23)

Equation (21) becomes

A2:_Ao(q—i)+.zo(6_1—i) 24)
q+1

and taking into account (24) the expression of the constant A, has the following

form:
T

Ay =i—r. (25)
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Let y and § denote the real and the imaginary part of A, respectively, i.e.,
A=y +1ié. (26)

Now, from (20) we get the following value for A;:

. N
A = 1 27
1 7/( +lr2+1) 27

with
q=r+inr. (28)

Let us remark that the real number y remains undetermined in the expression (27) of
A\ . This is not an unexpected result since we have a boundary value problem in stress
where such indetermination generally occurs. After some laborious manipulations,
using (22) into (14) the final form of the complex potential ¥3(¢3) has the following
form:

Ao+ A
WA(ts) = Ao+ % (29)
3 —

The basic complex potential ¥3(z3) may then be obtained by introducing the
expression of ¢z given by (12) into the right-hand side of (29) and the problem is
completely solved.

4 Plane State

In this section the plane problem of a uniform distributed remote tensile load, i.e., the
case corresponding to the first opening mode of fracture, is studied. Let us consider
an unbounded, homogeneous, prestressed orthotropic elastic composite containing
an elliptical hole which is acted by a uniform constant normal tensile load p > 0 in
the direction of the x, axis at large distances. The boundary of the elliptical hole is
free from stresses.

Let us write the boundary conditions corresponding to our mechanical problem:

lim 0;; (z) = lim 015 (z) = lim 65, (z) =0, lim 6»(z)=p >0, (30)
|z]—00 |z]—00 |z]—00 |z]— o0

n1011 (z) +n2021 (2) =0, n1612 (2) +n262 (z) =0,

on the hole boundary, where n, and n, are the components of the unit exterior normal
to the boundary.

The complex potentials ¥; = ¥; (z j), j = 1,2, must be determined not in the
region of the infinite prestressed orthotropic plate with an elliptical hole, denoted by
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S, but in the regions S;, j = 1, 2 obtained from S by the affine transformations:
x{ =x; +ajx, xé =Bjx2, j=1,2. 31D

The regions S; are also planes with elliptical holes whose contours are given by
the equations

x| =acosf +a;bsing, xj =g;sinh, 0<0 <27, j=12. (32
The following conformal mapping of the regions S, S;, and S, onto the exterior of
the unit circle is used:

. a+b a—>bl
Z=X1+IX2=—2 + 5 Ey

a—iuib a+iuib1
g =x1tppx = —r0 i+ > —— j=12 (33)
gj

The inverse mapping is given by

A VE—ar B ;._Zj+ 25 —a? — p;b? ;

, =1,2. 34
a+b ! a—iu;b 6

¢

When the x; and x, are running along the contour of the ellipse taking the values
+ ’;—22 = 1, the functions defined by the (34) take the values ¢ = ¢; = ¢, = €'’
Let us introduce now the complex potentials ¥; ({ j) through the relations
¥, (¢) =¥ (z; (7)), j = 1.2, where for simplicity we use the same notation
¥; for the complex potentials depending on z; or on ¢;. The boundary conditions
(30) by means of the potential ¥; ({ j) and the mapping formulae (33) become

2
X
a2

lim 617 (¢) = lim 615 (5) = lim 6, (¢) =0, lim 6» () =p >0, (35)
[¢ =00 [¢|—00 [¢ =00 [¢]—00

(cos0)011 (£) + (sin )01 () =0, (cos0)012 (§) + (sinf)0y (£) =0,  (36)

ontheunitcircle ¢ = ¢'?,0 < 6 < 27, where (cos @, sin @) is the unit exterior normal
to the unit circle in the complex plane ¢, and 6 is obviously the angle between this
normal and the x; axis.

The complex potentials ¥; = ¥; (; j) Jj = 1,2 are analytical functions on the
exterior of the unit circle, i.e.,

V(&) = Ao+ D A",

m=1
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o0
¥(8) = Bo+ D Bul; " (37)
m=1
where Ay and By, kK =0, 1, ... are unknown complex constants to be determined

from the boundary conditions. o .
Using Eqgs. (35)—(37) the following restrictions on A, Ao, By and B are imposed:

Ao+ Ao+ By + By = p, (38)
1A + 1y Ao + paBo + 2 Bo = 0,
aip1Ag + @i Ag + axpa By + axi, By = 0, (39)
2 — o 2 — o
aijuiAog + arity Ao + aapu; Bo + axts Bo = 0.

Using the representation formulae, the expressions of the complex potentials, and
boundary conditions (36), the following expressions are obtained:

Apns1 = E" A1, Agpir = E"A2, Boyy1 = &' Bi, Bowyr = &) By, (40)
with
L= Mk
k=12,
=

B, = p@2PaReu +DA) = Re(@rp (w1 +)A) (@1

(o + i) (a2 — azity)

Finally, from system (38), the coefficients A, and B, can be determined.

The complex coefficient A; remains undetermined in the expressions (37) of
complex potentials of ¥; = ¥; (z;), j = 1, 2. This is not an unexpected result since
it is considered a boundary value problem in stress where such indetermination
generally occurs.

The expression of the complex potentials ¥; = ¥; (z j), Jj = 1,2 may now be
written using (40) into (37):

Al +A
Yi(61) = Ao+ %,
¢ =& 42)
B + By
() =Bo+ —5——
&G =5

In the last part of the paper, the plane problem of uniform remote tangential shear
loads, i.e., the case corresponding to the second mode of fracture, is studied.

Let us consider an unbounded, homogeneous, anisotropic elastic body containing
an elliptical hole under by a uniform remote constant tangential shear load 7 > 0 in
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the direction of the x; axis. The boundary of the elliptical hole is free from stress.
The boundary condition (36) remains unchanged and the far-field conditions (35)
become

lim 911 (Z) = lim 921 (Z) = lim 922 (Z) = O, lim 912 (Z) =h>0. (43)
|z|—>00 |z]—>00 |z|—00 |z|—>00

Using the same formalism as in the previous case, the same expressions of the
complex potentials are obtained. The coefficient B; has the same form as before and
the coefficient A; rests undetermined. To find the coefficients Ay, By, A», and B>,
it will use the same procedure, as for the plane problem of uniform remote tensile
load. From the far-field conditions the following restrictions are obtained:

Ao+ Ao+ By+Bo=0, 1A+t Ao + paBo + 1, Bo = —h,
a1 Ao + @it Ag + axpa By + axi, By = 0, (44)
2 — o~ 2 — o
aipiAo +aipy Ao + axpu; Bo + arpr; Bo = 0.

Let us observe that the above system could be a determinate system, an indeter-

minate system, and in the case of resonance due to the initial applied stress o1 an
incompatible system. Finally, the values of the complex coefficients A, and B, are
obtained.

The final forms of the complex potentials ¥;(¢;), j =1, 2 are thus determined
by elementary calculus in both situations of uniform remote tensile and tangential
shear loads, respectively. The basic complex potentials ¥;(z;) j = 1, 2 may be then
obtained by introducing the expression of ¢; given by (34) into the right-hand side
of (42) and the problem is completely solved.

5 Final Remarks

Compact closed-form analytical solutions of the considered boundary value problems
for an unbounded, homogeneous, prestressed orthotropic elastic composite contain-
ing an elliptical hole, subjected to uniform remote tensile, tangential, and antiplane
shear loads (Mode I, Mode II, and Mode III of Fracture), are obtained.

The general results are practically relevant, e.g., for the study of incremental
stress, strain, and displacement fields in the vicinity of the elliptical hole, can be
applied to study a variety of composite mechanics problems, and can be extended
for prestressed thermoelastic, ferromagnetic, or piezoelectric materials with elliptical
holes.
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