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Preface

The book Power System Grounding is intended for both lower- and upper-level
undergraduate students studying power system, design, and measurement of
grounding system, as well as a reference for power system engineers. For reference,
this book has been written in a step-by-step method. In this method, this book
covers the fundamental knowledge of power, transformer, different types of faults,
soil properties, soil resistivity, and ground resistance measurement methods. This
book also includes fundamental and advanced theories related to the grounding
system.

Nowadays, the demand for smooth, safe, and reliable power supply is increasing
due to an increase in the development of residential, commercial, and industrial
sectors. The safe and reliable power supply system is interrupted due to different
faults including lightning, short circuit, and ground faults. A good grounding
system can protect substations, and transmission and distribution networks from
these kinds of faults. In addition, a good grounding system ensures the safety of
humans in the areas of faulty substations in case of ground faults, and decreases the
electromagnetic interference in substations.

This book is organized into seven chapters and two appendices. Chapter 1 deals
with the fundamental knowledge of power analysis. Transformer fundamentals and
practices are discussed in Chap. 2. Chapter 3 covers the issues on the symmetrical
and unsymmetrical faults. Chapter 4 includes the grounding system parameters
and resistance. In this chapter, different parameters related to the grounding system
and expressions of resistance with different sizes of electrodes are discussed.
Chapter 5 presents ideas on different types of soil, properties of soil, influence of
different parameters on soil, current density, and Laplace and Poisson equations and
their solutions. Chapter 6 describes different measurement methods of soil resis-
tivity. The grounding resistance measurement methods are discussed in Chap. 7.

This book will offer both students and practice engineers the fundamental
concepts in conducting practical measurements on soil resistivity and ground
resistance at residential and commercial areas, substations, and transmission and
distribution networks.
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Chapter 1
Power Analysis

1.1 Introduction

Electrical power is the time rate of receiving or delivering electrical energy that
depends on the voltage and current quantities. In an ac circuit, the current and
voltage quantities vary with time, and so the electrical power. Every electrical
device such as ceiling fan, bulb, television, iron, micro-wave oven, DVD player,
water-heater, refrigerator, etc. has a power rating that specifies the amount of power
that device requires to operate. An electrical equipment with high power rating
generally draws large amount of current from the energy source (e.g., voltage
source) which increases the energy consumption. Nowadays, Scientists and
Engineers are jointly working on the design issues of the electrical equipment to
reduce the energy consumption. Since in the design stage, power analysis plays a
vital role, a clear understanding on power analysis fundamentals becomes a most
important prep work for any electrical engineer. This chapter reviews these fun-
damental concepts that include instantaneous power, average power, complex
power, power factor, power factor correction and three-phase power.

1.2 Instantaneous Power

The instantaneous power (in watt) p(¢) is defined as the product of time varying
voltage v(¢) and current i(z), and it is written as [1],

p(t) = v(r) xi(2) (1.1)
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2 1 Power Analysis

Consider that the time varying excitation voltage v(z) for an ac circuit is
given by,

v(t) = V, sin(wr + ¢) (1.2)

where, o is the angular frequency and ¢ is the phase angle associated to the voltage
source. In this case, the expression of the resulting current i(¢) in an ac circuit as
shown in Fig. 1.1 can be written as,

oy V)
i(t) = (1.3)
e

where, Z@ is the impedance of the circuit in polar form, in which Z is the

magnitude of the circuit impedance.
Substituting Eq. (1.2) into Eq. (1.3) yields,

, 7Vmsin(wt+¢)7Vm\£7E o
i(r) = z\g = Z@ =— 0> (1.4)

i(t) = I, sin ot (1.5)

where, the maximum current is,
I, =— (1.6)

Substituting Egs. (1.2) and (1.5) into Eq. (1.1) yields,
p(t) = Vysin(wt + @) x L, sin ot (1.7)

Vm I m

p(t) = x 2 sin(wt + ¢) sin wt (1.8)

Fig. 1.1 A simple ac circuit

i(t)

() Z|¢
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p(t) = V';Im [cos ¢ — cos(2wt + ¢)] (1.9)

Vinlm

VmIm
pli) = 2" cos -

cos(2wt + ¢) (1.10)

Equation (1.10) presents the resultant instantaneous power.

Example 1.1 An ac series circuit is having the excitation voltage and the impedance
v(t) = 5sin(wr — 25°) V and Z = 2[15° Q, respectively. Determine the instanta-
neous power.

Solution

The value of the series current is,
5| =25

15
i(t) = 2.5sin(wt — 40°) A

=2.5|-40' A

The instantaneous power can be determined as,

5x25

p(t) = x 2 sin(wt — 25°) sin(wt — 40°)

p(t) =
p(t) = 6.04 — 6.25 cos(2wt — 65°) W

5x25

[cos 15° — cos(2mr — 65°)]

Practice problem 1.1
The impedance and the current in an ac circuit are given by Z = 2.5[30° Q and
i(r) = 3sin(314r — 15°) A, respectively. Calculate the instantaneous power.

1.3 Average and Apparent Power

Energy consumption of any electrical equipment depends on the power rating of the
equipment and the duration of its operation, and this brings in the idea of average
power. The average power (in watt) is defined as the average of the instantaneous
power over one periodic cycle, and is given by [2, 3],

P =

~N| =

/p(t)dt (1.11)
0
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Substituting Eq. (1.10) into Eq. (1.11) yields,

T
_ Vuln
/ [cos ¢ — cos(2wt + )] dt (1.12)
2T
0
T
lem VmIm
P= T 08 T /cos 2wt + ¢) dt (1.13)
0
T
Vil lem
P= co 3T /cos 2t + ¢) di (1.14)
0

The second term of Eq. (1.14) is a cosine wave, and the average value of the
cosine wave over one cycle is zero. Therefore, the final expression of the average
power becomes,

cos ¢ (1.15)

Sometimes, average power is referred to as the true or real power expressed in
watts which is the actual power dissipated by the load.
Equation (1.15) can be rearranged as,

Viu I,

=———C0S 1.16
T cong (1.16)
Vrms rms COS ¢ (117)

where, V,,; and I, are the root-mean-square (rms) values of the voltage and
current components, respectively. The product V,,sl,.,s is known as the apparent
power expressed as volt-ampere (VA).

The phase angle between voltage and current quantities associated to a resistive
circuit is zero since they are in phase with each other. From Eq. (1.17), the average
power associated to a resistive circuit component can be written as,

Vm I m

Pr = 0s0° (1.19)

Py — VZ’m (1.20)
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Applying Ohm’s law to Eq. (1.20) yields,

Vindw 1
=_[PPR=-2 (1.21)

P:
R="% " 7 2'm" 7 oR

The voltage and current quantities associated to either an inductive or a capacitive
circuit element are always 90 degree out of phase with each other, and this results in
a zero average power (P or P¢) as shown in the following expression,

I
P, =Pc= 7 cos90° =0 (1.22)

Example 1.2 Figure 1.2 shows an electric circuit with different elements. Determine
the total average power supplied by the source and absorbed by each elements of
the circuit.

Solution

The equivalent impedance of the circuit is,

3 x (4+j6)

Z, =2 =4.31|8.48° Q
! + 7+ j6 848"
The value of the source current is,
15145°
=——— —=1348[36.52° A
4.31/8.48° 136.52°
The current through the 4 Q resistor is,
3.48|36.52° x 3
I =———— =1.13]-4.08° A
! 7+ j6 |-4.08"
The current through the 3 Q resistor is,
3.48|36.52° 4+ j6
1y = 3830520 X (44)6) _ 5 15155 530 o
7+j6
Fig. 1.2 An electrical circuit AVAVAY,
2Q

40

+
1545° v ; 30

6Q
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Fig. 1.3 A series ac circuit NN\
30

+
12[35° vV 4Q

The average power absorbed by the 3 Q resistor is,
1 2
Py :§>< 272" x3=11.1W
The average power absorbed by the 4 Q resistor is,
1 2
P, :§>< 1.13* x4 =255W
The average power absorbed by the 2 Q resistor is,
1 2
Ps =5 X348 x2=12.11W
The average power supplied by the source is,
1
Py = 3 x 15 x 3.48 x cos(45° — 36.52°) = 25.81 W

The total average power absorbed by the elements is,

Ps =11.1+255412.11 =2576 W

Practice problem 1.2
Find the average power for each element of the circuit shown in Fig. 1.3.

1.4 Power Factor

Assuming that the phase angles associated to the voltage and current components
are 0, and 6; respectively, the average power given in Eq. (1.17) can be written as,

P =V, slims COS(HV - 01) (123)
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From Eq. (1.23) the power factor (pf) can be introduced as,

pf = = cos(6, — 0;) = cos ¢ (1.24)

V}"HIS rms

So, the power factor (pf) is defined as the ratio of the average power to the
apparent power associated to a circuit element. Also, based on the mathematical
expression in equation (1.50) the power factor can be defined as the cosine of the
angle ¢ which is the resultant phase difference between the voltage-phase (6,) and
the current phase (60;) associated to a circuit component. The angle ¢ is often
referred to as power factor angle.

The power factor in a circuit element is considered as lagging when the current
lags the voltage, whereas, it is considered as leading when the current leads the
voltage. In general, industrial loads are inductive and so they have a lagging power
factors. A capacitive load has a leading power factor. Every industry always
maintains a required power factor by using a power factor improvement unit. It is
economically viable for an industry to have a unity power factor or a power factor
as close to unity. Few disadvantages of having a load wih low power factor are
(1) the kVA rating of the electrical machines is increased, (ii) larger conductor size
is required to transmit or distribute electric power at constant voltage, (iii) copper
losses are increased, and (iv) voltage regulation is smaller.

1.5 Complex Power and Reactive Power

The product of the rms voltage-phasor and the conjugate of the rms current-phasor
associated to an electrical component is known as the complex power (in
volt-ampere or VA), and it is denoted by S. Mathematically, it can be written as,

S =Vl ;

rms

(1.25)

Considering that the phase angles associated to the voltage and current com-
ponents are 6, and 6; respectively, Eq. (1.25) can be written as,

S = Vins L0yLims £ — 0; = Vsl 20, — 0; (1.26)
and this becomes,
S = Vimslrms €08(0y — 0:) 4 jVymsIpms sin(0, — 0;) = P +jQ (1.27)
where,
P =Re(S) = Viuslms cos(0, — 0;) (1.28)

0 = Im(S) = Vyuglyms sin(6, — 6;) (1.29)
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Fig. 1.4 A circuit with s
impedance

~x +

rms

As shown in Eq. (1.27), the real part of the complex power is the real or average
power (introduced in the previous section) while the imaginary part of the complex
power is known as the reactive power. The reactive power is expressed as
volt-ampere-reactive (VAR).

Now, let’s discuss the concept of complex power and reactive power with the aid
of the above equations, and circuit diagram shown in Fig. 1.4. The impedance of
this circuit is given by,

Z = R+jX (1.30)

where, R is the resistive component and X is the reactive component of the circuit.
The rms value of the current is,

Irms:— (131)

Substituting Eq. (1.31) into Eq. (1.25) yields,

V* V2
S — V)']ns rms — rms 132
S (1.32)

Again, with the aid of Eq. (1.25), Eq. (1.31) can be rearranged as,

S=1,,21' =1 7* (1.33)

rms rms

Substituting Eq. (1.30) into Eq. (1.28) yields,

S =12 (R+jX) =1 R+jI>, X = P+jQ (1.34)

rms rms

where, P is the real power and Q is the reactive power, and these quantities are
expressed as,

P=Re(S) =1 R (1.35)

rms

Q=Im(S) =1, X (1.36)

rms
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In this case, by comparing Egs. (1.29) and (1.36), we can conclude that the
reactive power is the energy that is traded between the source and the reactive part
of the load. It is worth noting that the magnitude of the complex power is the
apparent power which has been introduced in the previous section.

Now, let’s look at the variation of the complex power in terms of the charac-
teristics of the circuit components. In case of resistive circuit component, the
expression of complex power becomes,

Sk = Pr+jOr = I.,,R (1.37)
Here, the real power and the reactive power quantities are,

Pr=1,R (1.38)
0=0 (1.39)
The complex power for an inductive component is,
S. = Pu+jOL = jlp X1 (1.40)
Here, the real power and the reactive power quantities are,
P,=0 (1.41)
0 =1 (1.42)
Similarly, the complex power for a capacitive component is,
Sc = Pc+jQc = ~jl;,.Xc (1.43)
Here, the real power and the reactive power quantities are,
Pc=0 (1.44)
Oc =I2, Xc (1.45)

Now we can introduce another useful power-analysis quantity by dividing
Eq. (1.29) by Eq. (1.28) yields,

% = tan(f, — 6;) = tan (1.46)

The relationship between the power factor angle to P and Q is known as power
triangle. Similarly, we can find the relationship between different components in an
impedance which is called impedance triangle. Figure 1.5 shows the power and
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Fig. 1.5 Power and
impedance triangles for
lagging power factor N 0 Z X

P R

impedance triangles for lagging power factor. The following points are noted for
different power factors.

QO = 0 for resistive loads i.e., unity power factor,
QO > 0 for inductive loads i.e., lagging power factor,
0 <0 for capacitive loads i.e., leading power factor.

Example 1.3 Determine the source current, apparent power, real power and reactive
power of the circuit shown in Fig. 1.6.

Solution

The rms value of the voltage is,
Vims = 5 X V2|35° =7.07|35° V
The value of the inductive reactance is,
X, =2x4=8Q
The value of the circuit impedance is,
Z =548 =9.43|58°Q
The value of the source current is,

7.07|35°
Lyys = ————=0.75|=23° A
9.43|58° 0-75=23

Fig. 1.6 Circuit with AVAVAY,
resistance and inductance 50

+

2H
Ssin(4t+35 )V
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The value of the complex power is,
S = VL, =7.07|35° x 0.75]23° =2.814+j4.5W

The value of the apparent power is,

P4 =|S| =5.305 VA
The value of the real power is,

P =Re(S) =2.81W
The value of the reactive power is,

0 =Im(S) =4.5 VAR

Practice problem 1.3
The excitation voltage, resistor and inductance of a series circuit are v(f) =

6V2 sin(157+45°) V, 6Q and 1.5 H, respectively. Find the source current,
apparent power, real power and reactive power.

1.6 Complex Power Balance

Two loads connected in parallel with a voltage source is shown in Fig. 1.7.
According to the conservation of energy, the total real power supplied by the source
is equal to the sum of the real powers absorbed by the load. Similarly, the total
complex power supplied by the source is equal to the sum of the complex powers
delivered to each load. Here, the source current can be expressed as,

I=1+L (1.47)

Considering that V and I are the rms quantities, the complex power can be
written as,

S=vr (1.48)

Fig. 1.7 Parallel loads
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Substituting Eq. (1.41) into Eq. (1.42) yields,
S =VIL+L]" = VI; + VI,

Power Analysis

(1.49)

Example 1.4 An ac circuit is shown in Fig. 1.8. Find the source current, power
absorbed by each load and the total complex power. Assume that the source voltage

is given in rms value.
Solution
The current in the first and second branches are determined as,

25
I = Vil 6.25A

25

L=-—"_=5-53.13° A
2= R

Then, the value of the source current is calculated as,
I =6.25+5|-53.13° =10.08|=23.39° A
The value of the complex power for the first branch is,
S| = VI} =25 x6.25 = 156.25W +j0 VAR
The value of the complex power for the second branch is,
Sy = VI =25 % 5/53.13° =75W+ ;100 VAR
The value of the total complex power is,

S=38+5 =231 W+,100 VAR

‘Which can also be evaluated as,

S = VI" =25 x 10.07|23.38° = 231 W+ ;100 VAR

Fig. 1.8 A series-parallel ac
circuit

25V 4Q

3Q

40
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Fig. 1.9 A parallel ac circuit

I 3Q2 6Q 5Q
1 1

+ 1 12 3

250V

Practice problem 1.4
Determine the source current, the power absorbed by each load and the total
complex power of an electrical circuit shown in Fig. 1.9.

1.7 Power Factor Correction

In the industry, inductive loads draw a lagging current which in turn increases the
amount of reactive power. In this case, the kVA rating of the transformer and the
size of the conductor should be increased to carry out the additional reactive power.
Generally, capacitors are connected in parallel with the load to improve the low
power factor by increasing the power factor value. Capacitor draws leading current,
and partially or completely neutralizes the lagging reactive power of the load.
Consider a single-phase inductive load as shown in Fig. 1.10. This load draws a
lagging current I, at a power factor of cos ¢, from the source.

A capacitor is connected in parallel with the load to improve the power factor as
shown in Fig. 1.11. The capacitor will draw current that leads the source voltage by
90°. The line current is the vector sum of the currents I; and I, as shown in
Fig. 1.12. Figure 1.13 shows a power triangle to find the exact value of the
capacitor. As shown in equation (na5), the reactive power of the original inductive
load can be written as,

Q) = Ptan ¢, (1.50)

The main objective of this analysis is to improve the power factor from cos ¢, to
cos ¢, (¢, <¢,) without changing the real power. In this case, the expression of
new reactive power will be,

Fig. 1.10 A single-phase
inductive load R

~ +
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Fig. 1.11 Capacitor with a r
parallel inductive load -
R I,

+
vV Iy C
- L

Fig. 1.12 Vector diagram for I,

power factor correction T\

A
\ I,
¢ v
A
N
1
I
1]
Fig. 1.13 Power triangle 2 4
with power factor correction
08
Sl
y O
S, -
O
4\ % v Y
P

0, = Ptan ¢, (1.51)

»lg

The reduction in reactive power due to parallel capacitor is,
Qc=01- (1.52)
Substituting Egs. (1.50) and (1.51) into Eq. (1.52) yields,
Oc = P(tan ¢, — tan ¢,) (1.53)

The reactive power due to capacitance is,

2

v
Oc = X—'Z =wCV2, (1.54)



1.7 Power Factor Correction 15
Substituting Eq. (1.54) into Eq. (1.53) yields,
Oc = oCV?, = P(tan ¢, — tan ) (1.55)

C— P(tan ¢, — tan ¢p,)
B wV?

rms

(1.56)

Equation (1.56) provides the value of the parallel capacitor.

Example 1.5 A 110 V(rms), 50 Hz power line is connected with 5 kW, 0.85 power
factor lagging load. A capacitor is connected across the load to raise the power
factor to 0.95. Find the value of the capacitance.

Solution

The value of the initial power factor is,

cos ¢, = 0.85
¢, =31.79°

The value of the final power factor is,

cos ¢, = 0.95
¢, = 18.19°

The value of the parallel capacitor can be determined as,

Co 5 x 1000(tan 31.79° — tan 18.19°)
N 27 x 50 x 1102

= 383 F

Practice problem 1.5

A 6 kW load with a lagging power factor of 0.8 is connected to a 125 V(rms), 60 Hz
power line. A capacitor is connected across the load to improve the power factor to
0.95 lagging. Calculate the value of the capacitance.

Example 1.6 A load of 25 kW, 0.85 power factor lagging is connected across the
line as shown in Fig. 1.14. Calculate the value of the capacitance when it is
connected across the load to raise the power factor to 0.95. Also, Find the power

Fig. 1.14 Load with a line 0.04Q 0.3Q
Y Y Y\
+
v, @ 25kVA | T
B lagging | —
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losses in the line before and after the capacitor is connected. Consider that the
terminal voltage across the load is constant.

Solution

The initial power factor is,

cos ¢, = 0.85
¢, =31.78°
The final power factor is,
cos ¢, = 0.95
¢, = 18.19°

The value of the power of the load is,

P =25x%0.85=2125kW
The value of the capacitor is,

~ 21.25 x 1000(tan 31.78° — tan 18.19°)

¢ 27 x 50 x 2202

= 406.62 uF

Before adding capacitor:
The value of the line current is,

21250

~ 085 x 220 13644

1

The power loss in the line is,

P, = 113.64%> x 0.04 = 516.53 W

After adding capacitor:
The value of the apparent power is,

21250
S 0.95 368.42V

The value of the line current is,

| _22368.42

P 220 = 101.67A
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Fig. 1.15 Load with a 0.02Q 0.3Q
transmission line —\\V\/ A
+
V. @ 15kva | F
50Hz Load 0.90 pf 220V
- lagging | —

The power loss in the line is,

Py = 101.67* x 0.04 = 413.51 W

Practice problem 1.6

A 15 kVA load with 0.95 lagging power factor is connected across the line as
shown in Fig. 1.15. Find the value of the capacitance when it is connected across
the load to raise the power factor to 0.95. Also, determine the power losses in the
line before and after the capacitor is connected. Assume that the terminal voltage
across the load is constant.

1.8 Three-Phase System

AC generator generates three-phase sinusoidal voltages with constant magnitude
but are displaced in phase by 120°. These voltages are called balanced voltages. In a
three-phase generator, three identical coils a, b and ¢ are displaced by 120° from
each other. If the generator is turned by a prime mover then voltages V,,, V, and
V., are generated. The balanced three-phase voltages and their waveforms are
shown in Figs. 1.16 and 1.17, respectively. The expression of generated voltages
can be represented as,

Van = Vpsinwt = Vp|0° (1.57)
Vi = Vpsin(wr — 120°) = Vp|—120° (1.58)

Fig. 1.16 A balanced
three-phase system
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v(t) 4
Van Vbn Vcn
t
Fig. 1.17 Three-phase voltage waveforms
Ven = Vpsin(wt — 240°) = Vp|—240° (1.59)

Here, Vp is the maximum voltage.
The magnitudes of phase voltages are the same, and these components can be
expressed as,

|VLM| = |Vbn| = ‘Vcn| (160)

1.9 Naming Phases and Phase Sequence

The three-phase systems are denoted either by 1, 2, 3 or a, b, c. Sometimes, three
phases are represented by three natural colours namely Red, Yellow and Blue, i.e.,
R Y B. If the generated voltages reach to their maximum or peak values in the
sequential order of abc, then the generator is said to have a positive phase sequence
as shown in Fig. 1.18a. If the generated voltages phase order is ach, then the

(b)

Vo o
120°
Van 120 Van
120°

Von v,

Fig. 1.18 a Positive sequence, b Negative sequence
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generator is said to have a negative phase sequence which is shown in Fig. 1.18b.
Here, the voltage, V,, is considered as the reference and the direction of rotation is
considered as counterclockwise.

In the positive phase sequence, the passing sequence of voltages is given by
Van — Von — Ven. In the negative phase sequence, the passing sequence of voltages
is Van - Vcn - Vbn'

1.10 Star Connection

The star-connection is often known as wye-connection. A generator is said to be a
wye-connected generator when three connected coils form a connection as shown in
Fig. 1.19. In this connection, one terminal of each coil is connected to a common
point or neutral point n and the other three terminals represent the three-phase
supply. The voltage between any line and the neutral point is called the phase
voltage and are represented by V,,, V,,, and V,, for phases a, b and c, respectively.
The voltage between any two lines is called the line voltage. Line voltages between
the lines @ and b, b and ¢, ¢ and a represented by V,;,, V;. and V,,, respectively.

Usually, the line voltage and the phase voltage are represented by V, and Vp,
respectively. In the Y-connection, the points to remember are (i) line voltage is
equal to v/3 times the phase voltage, (ii) line current is equal to the phase current
and (iii) current (1,,) in the neutral wire is equal to the phasor sum of the three line
currents. The neutral current is zero i.e., I, = 0 for a balanced load.

Fig. 1.19 Different types of three-phase wye connection. a Generator. b Load. ¢ Load
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1.11 Voltage and Current Relations for Y-Connection

Figure 1.20 shows a three-phase, Y-connected generator. Here V,,,, V,,, and V,, are
the phase voltages and V,,, V,. and V., are the line voltages, respectively. The
phase voltages for abc phase sequence are,

Vin = Vplo_o (161)
Vi = V| — 120° (1.62)
Veu = V,120° (1.63)

Apply KVL between lines a and b to the circuit in Fig. 1.21 and the equation is,
Van = Von = Var =0 (1.64)
Vab = Van — Vin (165)

Substituting Egs. (1.61) and (1.62) into Eq. (1.65) yields,

Vap = Vp|0° — Vp|=120° (1.66)
Var = V/3 Vp[30° (1.67)

Similarly, the other line voltages can be derived from the appropriate loops of
the circuit as shown in Fig. 1.20. The expressions of other line voltages are,

Fig. 1.20 Wye-connected
generator

Fig. 1.21 Two lines of
wye-connection
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Fig. 1.22 Phasor diagram v, = \/g v, 50° v v, - \/EV[,|3_0°

Voe = Vi — Ven (1.68)
Ve = V3 Vp| =90° (1.69)
Vea = Ve = Van (1.70)
Vie = V3 Vp|150° (1.71)

Figure 1.22 shows the relationship between the phase voltages and the line
voltages. From Egs. (1.67), (1.69) and (1.71), it can be concluded that the mag-

nitude of the line voltage is equal to v/3 times the magnitude of the phase voltage.
The general relationship between the line voltage and the phase voltage is,

Vi=V3Vp (1.72)

From Fig. 1.20, it is seen that the phase current is equal to the line current and
this relationship is,

IL=1Ip (1.73)

Example 1.7 Figure 1.23 shows a three-phase, Y-connected generator. The gen-
erator generates equal magnitude of phase voltage of 200 V rms. For abc phase
sequence, write down the phase voltages and the line voltages.

Solution

The phase voltages are,

Van = 200[0° V

Vpn = 200|=120° V
Ven = 200[120° V
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Fig. 1.23 A Y-connection
generator

The line voltages are,

Vi = V/3 x 200[30° = 346.4030° V

Vie = V3 x 200|=120° +30° = 346.40/—90° V
Voo = /3 x 200|120° +30° = 346.40[150° V

Example 1.8 A three-phase wye-connected source is connected to the wye con-
nected load as shown in Fig. 1.24. The line voltage and the frequency of the source
are 420 V and 50 Hz, respectively. For abc phase sequence, find the (i) line cur-
rents, and (ii) power factor.

Solution

The phase voltages are,

vV, 420
Vi = —£=30° = 22 |—30° = 242.49|—30° V
V3 V3

Vi = 242.49|—150° V
V= 242.49(90° V
Zp = 10+j15 = 18.03|56.31° Q

Fig. 1.24 Wye-connected . 102 15Q
a A 1 ad

source and load ~

h

+

420)120° v | 4200° V
pl= 5 100 15Q I,

420/-120°V

10Q  15Q I
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(i) The values of the line currents are,

242.49|—30°
Iy =y = —— =" _ 1345|-86.31° A
LI "aA = 18 03|56.31°

242.49|—150°
Ipp = I = —— 7 —="— _ 13.45|-206.31° A
L2 =B = 118.03(56.31°

242.49|90°
I3 = Le = —— 72— _ 13.45|33.69° A
L3 =€ T 18.03[56.31°
(i) The value of the power factor is,
R 10
pf = cos ¢ 7SR 0.6lag

Practice problem 1.7

Figure 1.25 shows a three-phase wye-connected generator. For abc phase sequence,
find the (i) values of the angles of the phase voltages, and (ii) magnitude of the line
voltage.

Practice problem 1.8

Figure 1.26 shows a balanced wye-connected load is driven by a balanced
three-phase wye-connected source. The source line voltage and the frequency are
300 V and 50 Hz, respectively. For abc phase sequence, find the line currents.

Fig. 1.25 Wye-connected
source

Fig. 1.26 Wye-connected -+ A 2Q 5Q ”
source and load —"y 4

+

300[120° v| 300[0°V
+ bl - p 20 50 I,
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(@) (b)
a a
n a
Z, Z,

¢ i | —
n \AAAT, >0 I b

ZA
> c < c

Fig. 1.27 Different delta configurations. a Generator. b Load. ¢ Load

1.12 Delta or Mesh Connection

In delta system, the windings (of coils) are placed in a delta configuration, and this
connection has also three output terminals as shown in Fig. 1.27. The delta-
connection can be formed by connecting point n of a-n winding to point b of
b-n winding, the point n of b-n winding to point ¢ of ¢-n winding, and point n of
c-n winding to point a of a-n winding. In this connection, the points to remember are
(i) phase voltage is equal to the line voltage, and (ii) line current is equal to v/3 times
of the phase current.

1.13 Voltage and Current Relations for Delta-Connection

The 1, I, and I, are the phase currents in the delta-connected load as shown in
Fig. 1.28. Also, I,,, I, and I. represents the line currents in this connection. For abc
phase sequence, the phase currents are,

Iy = Ip|0° (1.74)
I. = Ip|—120° (1.75)
1., = Ip|—240° (1.76)
Fig. 1.28 Delta connected a 1,
load <
Ica/ \[ab
b 1y

A
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Applying KCL at nodes a, b and ¢ in Fig. 1.28 yields,
Iy =1 — 1o (177)

Substituting Egs. (1.74) and (1.76) into Eq. (1.77) yields,

I, = Ip|0° — Ip|=120° = /3 Ip| —30° (1.78)
Iy =Ipe — Lup (1.79)

Substituting Egs. (1.74) and (1.75) into Eq. (1.79) yields,

I = Ip|=120° — Ip|0° = /3 Ip| —150° (1.80)
Ic = Ica - Ibc (181)

Substituting Egs. (1.75) and (1.76) into Eq. (1.81) yields,

I = Ip|=240° — Ip|—=120° = /3 Ip| 90° (1.82)

Figure 1.29 shows a phasor diagram where the phase current 7, is arbitrarily
chosen as reference. From Egs. (1.78), (1.80) and (1.82), it is found that the
magnitude of the line current is /3 times greater than the magnitude of the phase
current. The general relationship between the magnitude of line current and the
phase current is,

L =V31Ip (1.83)

From Fig. 1.29, it is seen that the phase voltage is equal to the line voltage i.e.,
the relationship is,

Vi=Vp (1.84)

Fig. 1.29 Phasor diagram
with currents

1, =+31,|-150° I, I, =+B31,-30°
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Fig. 1.30 Delta connection
load

Example 1.9 Figure 1.30 shows a balanced three-phase delta load having per phase
impedance of 10+ ;15 Q. The load is connected with the 420 V, three-phase,
delta-connected supply. For abc phase sequence, calculate the (i) phase currents,
and (ii) magnitude of the line current.

Solution

The value of the per phase impedance is,

Zp = 10+,15 = 18.03|56.31° Q

(1) The values of the phase currents are,

Vb 420(0°
Ia :—:7:2329 —56310A
bz, T 18.03[56.31° |=56.31°

Ve  420/=120°

Ve =23.29|-176.31° A
* T Zp T 18.0356.31° =17631"
W 420[120°
Ve A20120° o ogi63.60° A

Ica - -
Zp 18.03]56.31°

(i) The magnitude of line current is,

I, = V3Ip = 1.732 x 23.29 = 40.33 A

Practice problem 1.9

Figure 1.31 shows a balanced three-phase delta-connected load. For abc phase
sequence, determine the (i) value of the phase voltages with angles, (ii) phase
currents, and (iii) magnitude of the line current.
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Fig. 1.31 Delta connection
load

1.14 Three-Phase Power Calculation

Consider instantaneous values of voltages and currents of Y-connected load for
calculating the total power of the three-phase system. The instantaneous voltages are,

Van = Vi sin ot (1.85)
Vin = Vi sin(wr — 120°) (1.86)
Ven = Vi sin(wt — 240°) (1.87)

Again, consider that the phase impedance of the Y-connected load is Zy = Z/0.
Then the phase currents lag behind their corresponding phase voltages by 6.
Therefore, the phase currents can be expressed as,

Van  Vp sinot

iy = L sin(or — 0 — 120°) (1.89)
ic = Ly sin(wt — 0 — 240°) (1.90)

Instantaneous power for phase a can be expressed as,

T

1

Pa = ?/ Van X Iq dt (191)
0

Substituting Egs. (1.85) and (1.88) into Eq. (1.91) yields,

VWI I m
T

T
Pa = /sin wt x sin(wt — 0)dt (1.92)
0
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T
/2511‘1 wt x sin(wr — 0) dt (1.93)
0
Vinlm
Pa =" / [cos O — cos(2wt — 0)] dt (1.94)
0
mIm
pazva xcos0xT—0 (1.95)
Vind,
o =—_cos0 = Vplpcosl 1.96
Pe= 5 plp (1.96)

Similarly, the expressions of the instantaneous power for phases b and ¢ can be
written as,

Py = Vpl,cos (1.97)
pe = Vypl,cos0 (1.98)
Therefore, the average three-phase power, P can be calculated as,
P =p,+pp+pc =3VyI,cos0 (1.99)
Similarly, the expression of reactive power can be expressed as,
0 =3V,l,sin0 (1.100)

where V,, and 1, are the rms values of phase voltage and phase current, respectively.
Y-connection: Substituting Eqgs. (1.72) and (1.73) into Eq. (1.99) yields,

Vi

Py =3x—=x1I, xcosf (1.101)
V3

Py =3Vl cos0 (1.102)

Substituting Egs. (1.72) and (1.73) into Eq. (1.100) yields,

Vi
—3x-L
Oy /3

Qy = V3 Vil sin0 (1.104)

X I, x sin (1.103)
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Delta connection: Again, substituting Eqs. (1.72) and (1.73) into Eq. (1.99)
yields,

|43
Pr=3x—=x1I xcosb (1.105)
V3
Py =3V cos0 (1.106)

Substituting Egs. (1.72) and (1.73) into Eq. (1.100) yields,

Vi .
=3x—x1I xsin0 1.107
Oa NG ( )
On = V3 VI sin0 (1.108)

Example 1.10 Figure 1.32 shows a balanced Y-Y system where Z, = 3 +j4 Q and
Van = 150]0° V. For ABC phase sequence, calculate the (i) line currents, (ii) power
factor, (iii) power supplied to each phase, and (iv) total power supplied to the load.

Solution

(i) The source voltages are,

Vay = 150[0° V
Viy = 150|=120° V
Ven = 150[120° V

A > a
. IAa
1500° v [Z ]
B {nN n

- N
+ 150[120° V

Generator

Fig. 1.32 Balanced Y-Y system
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The line currents are,

Vay  150[0°
Ly =—2N — = _30|-53.13° A
ATz 5[53.13°

Vey  150[=120°
Iy = 2N = === 30|—173.13° A
Bz, T 5[53.30

Vey  150[120°
Iee = - = === —130/66.87° A
“T 'z, 553.13°

(i) The power factor is,

3

pf:cosO: :5:06

NI =

The power supplied to each phase is,
P =VIcos0 =150 x 30 x 0.6 = 2.7kW
The total power supplied is,
P,=3P=3x27=8.1kW

Example 1.11 A balanced three-phase star-connected load is shown in Fig. 1.33.
Find the (i) line current, (ii) power factor, and (iii) total power supplied.

Solution

(i) The value of the phase voltage is,

Vi 400
V, = —= =~ =123094V
V3 V3
Fig. 1.33 A delta connected a

load
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The value of the impedance is,

Z, =32 +4=50Q

The value of the phase current is,

_V, 23094

I, = =46.19Q
14 Zy 5

The value of the line current is,
I =1, =46.19 A
(ii)) Power factor is,

3
=—-=0.6
5

NI =

pf =cosf =
(iii) The total power supplied,

P =3V, cos0 = /3 x 400 x 46.19 x 0.6 = 19.2kW

Practice problem 1.10

Figure 1.34 shows a balanced A — Y system where Z, = 4 — j6 Q. For ABC phase
sequence, find the (i) line currents, (ii) power factor, (iii) phase power, and (iv) total
power supplied to the load.

Practice problem 1.11
Figure 1.35 shows a balanced three-phase star-connected load. Determine the
() line currents, (ii) power factor, and (iii) total power supplied to the load.

A + v
230[0° V 1,, a

Pl e e e e W 4

C L " Ce Load b

G t -+ C
enerator 230|=120° \I / v 1y,

Fig. 1.34 A delta-wye system
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Fig. 1.35 Star connected
load

1.15 Measurement of Three-Phase Power

The instrument wattmeter is used for measuring the power of any power-line with
load. The wattmeter has two coils, namely, current coil that is connected in series
with the line, and the voltage or pressure coil, which is connected across the line.

A single-phase wattmeter can measure the total power of the balanced
three-phase system. Generally, the two-wattmeter method is used to measure the
three-phase power of the circuit. The connection diagram of two-wattmeter method
is shown in Fig. 1.36. Total instantaneous power is given by,

P = Vanla + Voulp + Venlc (1.109)

Here, v,,, vy, and v,,, are the instantaneous voltages across the loads Z;, Z, and
Z3, respectively, and i, i;, and i. are the instantaneous line (phase) currents. In the
absence of neutral connection, the total current at the neutral point is,

0 = iy +ip + i (1.110)

Fig. 1.36 Two-wattmeter method
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L, " Load
Ly o

|

Oé)_OOL

4 4L L, I

Three-phase wattmeter

Fig. 1.37 Connection diagram of a three-phase wattmeter

ip = —(ig +i;) (L.111)

Substituting Eq. (1.111) into Eq. (1.109) yields,
P = Vania = Vin(ia +ic) + Venie (1.112)
P = (Van = Von)ia + (Ven — Vin)ic (1.113)

A three-phase wattmeter is also used to measure the power of a three-phase line
and this connection diagram is shown in Fig. 1.37.

1.16 Power Factor Measurement

Figure 1.38 shows the balanced Y-connected load and two wattmeters are con-
nected with this load to measure the total power. Consider V,,,, V},, and V,, are the
rms values of the phase voltages across the loads respectively, and I, I, and I. are
the rms values of the line currents respectively. Again, consider that the currents lag
the corresponding phase voltages by an angle of 8. The average power recorded by
the first wattmeter, W, is

Py =V, cos 0, (1.114)

The average power recorded by the second wattmeter, W, is,
Py = Vi Iy cos O, (1.115)
where 6,. and 6, are the phase angles between the respective phases. The mag-

nitude of those phase angles can be determined with the help of phasor diagram as
shown in Fig. 1.39. These values are,
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Fig. 1.38 Balanced wye-connected load with wattmeter

v

ac

cn

Fig. 1.39 Phasor diagram

Oue =30°+0 (1.116)
Ope =30° — 0 (L.117)

The following relation can be written in case of Y-connected balanced load:
L=L=I1=1 (1.118)

Vo = Voe = Vea = V. (1.119)
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Substituting related parameters into Egs. (1.114) and (1.115) yields,
Py = Vi1 cos(30° + 0) (1.120)
Py = VI cos(30° — 0) (1.121)
The sum of the wattmeter readings is,
P=P +P, (1.122)

Substituting Egs. (1.120) and (1.121) into Eq. (1.122) yields,

P = VI, cos(30° + 0) + VI, cos(30° — 6) (1.123)
P =2V,1; cos30° cos 0 (1.124)
P+ Py =3Vl cos 0 (1.125)

Similarly, the difference of the wattmeter readings can be written as,
P2—P1 :VLILSiIIG (1126)

Dividing Eq. (1.126) by Eq. (1.125) yields,

P, —P

tanf =—! (1.127)
\/’ P2+P1
P, — P,

tan0 = v3 1.128

an \/_P2+P1 ( )

Therefore, the power factor angle # and the power factor can be determined
using Eq. (1.128).

Example 1.12 The two-wattmeter method is used to measure the total power of a
three-phase circuit and is found to be 120 kW. Calculate the second wattmeter
reading if the power factor is 0.6.

Solution

The power factor angle can be determined as,

0 =cos 1 0.6 =53.13°
P, — P,
tan 0 = V3
P, + P,
Py, — P,
120

tan53.13 = V3
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The difference in power is,
P, — P =924
The sum of the power is,
P, + Py =120
The second wattmeter reading can be determined as,

P, = 106.2kW

Practice problem 1.12

The power factor of a three-phase, 420 V induction motor is 0.6. The input power is
measured by the two-wattmeter method and found to be 35 kW. Find the reading on
the second wattmeter and the line current.

1.17 Series Resonance

For series resonance, Fig. 1.40 shows the RLC series circuit. Here, the inductive
and the capacitive reactance are the frequency dependent. If the frequency
increases, the inductive reactance increases and capacitive reactance decreases. At
resonance, the circuit power factor is unity. For a unity power factor, the net
reactance in the series circuit is zero. Therefore, at resonance condition, the circuit
impedance is equal to resistance.

At a certain frequency, the complex part of the total impedance is zero, i.e., the
inductive reactance is equal to the capacitive reactance. This frequency is known as
resonant frequency and it is represented by f,. The equivalent impedance of the
RLC series circuit is,

Z, = R+j(X, — X¢) (1.129)

At series resonance, the complex part of Eq. (1.129) is equal to zero and it can be
expressed as,

Fig. 1.40 An RLC series R L
circuit
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X, —Xe=0 (1.130)

Infol = — (1.131)
R = 2 e '

i ! (1.132)
* " onVIC '

@) ! (1.133)
° " VIC '

From Eq. (1.132) or (1.133), it is seen that the value of the resistance in the
circuit has no effect on the resonant frequency.

The circuit with a resistor can dissipate more energy. It is not possible to build a
circuit with pure inductor and capacitor. Practically, these elements have some
resistances. The quality factor is defined as the ratio of voltage across the induc-
tance or the capacitance to the voltage across the pure resistance. Alternatively, it is
defined as the ratio of the reactive power delivered in either the inductor or the
capacitor to the average power delivered to the resistor at resonance. The sharpness
of the resonance in a resonant circuit can be identified by the quality factor or the
Q,-factor. According to the first and second definitions, the Q,-factor can be
expressed as,

s = 1.134
0.~ (1134)
0, = PX X (1.135)
' IPR R '
0, = PXe _Xe (1.136)
" PR R '
Equation (1.135) can be re-arranged as,
27fol
| = 2o (1.137)
R
Substitute Eq. (1.132) into Eq. (1.137) and the Q,-factor becomes,
27 1 L 1
R 2m/LC RVLC ( )

1 /L
0, = \/; (1.139)

= |
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Equation (1.139) can also be derived from Eq. (1.136) as,

1

s = 1.140
¢ 2nfyCR ( )

Substitute Eq. (1.132) into Eq. (1.140) and the Q,-factor becomes,

1 1
Qs = 5—= X —7— (1.141)
2nCR Sy IC
1

O = nCR X 2nvVLC (1.142)

—l\f
% =%r\c

1.18 Parallel Resonance

A RLC parallel circuit where the inductor contains a small resistance is shown in
Fig. 1.41. This circuit is said to be in resonance when the power factor is unity, i.e.,
the reactive component of the current in the inductive branch is equal to the reactive
component of the current in the capacitive branch. The phasor diagrams for dif-
ferent currents are shown in Fig. 1.42. The reactive component of the current in the
inductive branch is,

IRL:ILsinq’) (1143)
The reactive component of the current for the capacitive branch is,

Irc = I¢ (1.144)

Fig. 1.41 A RLC parallel ac
circuit
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Fig. 1.42 Phasor diagram for 7 A
currents c
I; cos¢
> >
¢
Ipe =1, sing Y 1;
The current in the capacitive reactance is,
%
Ie = — (1.145)
Xc
The current in the inductive branch is,
Vv
I, =— 1.146
L= (1.146)
X
sin¢p = == (1.147)
7

According to the definition of parallel resonance, the following equation can be
written as,

Ic:ILsind) (1148)

Substituting Egs. (1.145), (1.146) and (1.147) into Eq. (1.143) provides,
Vv vV X

Yy AL 1.149

X 7z (1.149)

7} = X Xc (1.150)
L

72 == 1.151

L C ( )

Equation (1.150) can also be derived in an alternative way. The parallel circuit
would be in resonance when the j-component of the total admittance is zero. The
total admittance of the circuit as shown in the Fig. 1.41 is,

1 1
— + —
R+jXr  —jXc

Y, =Y, +Ye= (1.152)
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CR-jXx, 1
R+ X7 jXc

R 1 X
Vo= o — 1.154
f m+ﬁ+4& m+ﬁ) (1.154)

Consider the j-component of Eq. (1.154) is equal to zero which becomes,

1

(1.153)

1 X
=0 (1.155)
Xc RP+X;
X Xc =R +X; =7; (1.156)
Substituting X; = oL and X¢ = i into Eq. (1.156) yields,
wL
— =R4+X} =7 1.157
L » 2
E:R + (2mfoL) (1.158)
2 L
(2nfoL) :E—R (1.159)
1 1 R
=—\/———= 1.160
h=3\ic Iz (1.160)
From Eq. (1.154), the impedance at resonance can be derived as,
1 R
Y=—=——+40 1.161
=7 m+ﬁ+ (1.161)
Equation (1.161) can be modified as,
1 R
—=— (1.162)
zZ, 7}
Substituting Eq. (1.157) into Eq. (1.162) yields,
1 R
Z)‘ E
L
Z, =— 1.164
RC (1.164)

From Eq. (1.164), it is observed that the impedance at resonance condition is
equal to the ratio of the inductance to the product resistance and capacitance.
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Exercise Problems

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

Fig. P1.1 A simple series ac

circuit

Fig. P1.2 A simple series ac

circuit

The excitation voltage of the circuit as shown in Fig. P1.1 is v(¢) =
20 sin(wt — 45°) V and the value of the impedance is Z = 3|—30° Q. Find
the current in time domain, and the instantaneous power.

The current and the impedance of the circuit as shown in Fig. P1.2 are
i(t) = 2sin(3147435°) A and Z = 5|45° Q respectively. Find the voltage
v(¢) and the instantaneous power.

The current of 5|38° A is flowing through the impedance of 5[34° Q.
Determine the average power absorbed by the impedance.

The expression of current through the 4€ resistance is given by
i(t) = 2sin 3¢ A. Calculate the average power absorbed by the resistance.
The expression of current in the 24;3Q impedance is given by
i(f) = 2sin3¢t — 5sin4r A. Find the average power absorbed by the
impedance.

The current of i(f) = 3sint — 2sin2¢ 4 6sin 3¢ A flows through the impe-
dance of 4 — j10 Q. Calculate the average power absorbed by the impedance.
Determine the average power of each element of the circuit as shown in
Fig. P1.3. The value of the voltage excitation is v(¢) = 5sin(3147+ 36°) V.
In the circuit as shown in Fig. P1.4, find the total average power supplied and
the power absorbed by the 3 Q and 4 Q resistors respectively.

Determine the power supplied by the voltage source and the power absorbed
by the resistive elements of the circuit as shown in Fig. P1.5.

Determine the total average power supplied by the source and the average
power absorbed by the 2 Q resistor of the circuit as shown in Fig. P1.6.

i(2)

* -
w(t)

] +
w(t) z
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Fig. P1.3 A simple RC series AVAVAY,
circuit with voltage source I 60

+ 10Q =<

v(t)
Fig. P1.4 A simple parallel 40
ac circuit with current source ANV

30
536° A 70

Fig. P1.5 A simple parallel
ac circuit

5Q

H

2Q

20[36°V

Fig. P1.6 A parallel ac AVAVAY:

1.14

circuit with voltage source 20
@ 1011.2°V

Figure P1.7 shows a parallel ac circuit. Calculate the (i) source current,
(ii) total complex power, (iii) total real power, and (iv) total reactive power.
Find the source current, total complex power and total real power of the
circuit as shown in Fig. P1.8.

Figure P1.9 shows an induction motor that is connected across the 220 V
rms, 50 Hz source. A capacitor is connected across the induction motor to
raise the power factor to 0.95 lagging. Determine the value of the capacitor.
Also determine the value of the capacitor if it is used to convert the power
factor to 0.85 leading.

A 15 kW, wye-connected, three-phase induction motor with a lagging power
factor of 0.85 is connected to an 220 V rms, 50 Hz source. A capacitor is
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Fig. P1.7 A simple parallel
ac circuit

Fig. P1.8 A simple series ac
circuit

Fig. P1.9 A parallel load
with capacitor

1.16

1.17
1.18

H

30

120[15° V rms
~ 8Q

AY|
J

5Q

1 30 5Q
100[35° V rms
+
80 100

5 kW,
+@ 220V rms 0.75 lagging - C
— 50Hz pf

connected across the motor to raise the power factor to 0.95 lagging. Find the
value of the capacitor.

A 12 kW, delta-connected, three-phase induction motor with a lagging power
factor of 0.80 is connected to the 120 V rms, 50 Hz source. A capacitor is
connected across the induction motor to improve the power factor to 0.95
leading. Calculate the value of the capacitor.

Figure P1.10 shows the circuit where the load is connected to the source
through the transmission line. Find the line current, the source voltage and
the source power factor.

In the circuit shown in Fig. P1.11, determine the value of the source current.
A three-phase Y-connected generator is shown in the Fig. P1.12. The
magnitude of the phase voltage is 130 V rms. For abc phase sequence, write
down the phase voltages with angles, and calculate the line voltage.

A balanced three-phase Y-connected load is shown in the Fig. P1.13. The
magnitude of the line-to-line voltage is 380 V rms. The resistance of each
phase of the load is 15Q. For abc phase sequence, write down the phase
voltages, and find the phase currents in the load.
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Fig. P1.10 A series load

Fig. P1.11 A parallel load

Fig. P1.12 A wye-connected
generator

Fig. P1.13 A wye-connected
load

12045° V

1 Power Analysis

3kw, | F
0.80 lagging ZOO@V
p-f. _

3 kVA,
0.70 pf
leading

5kW,
0.9 pf
lagging
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1.20 A wye-connected load with three coils, each having a resistance of 6 Q and

1.21

1.22

1.23

Fig. P1.14 A wye-connected

load

Fig. P1.15 A wye-connected

load

an inductive reactance of 8 is shown in the Fig. P1.14. For abc phase
sequence and delta-connected source, find (i) the line currents with phase
angles, (ii) the neutral current, and (iii) power factor.

An unbalanced three-phase Y-connected load is shown in the Fig. P1.15. The
magnitude of the line voltage is 200 V rms. For abc phase sequence and
delta-connected source, calculate (i) the line currents with angles, and (ii) the
neutral current.

A balanced three-phase Y-connected load is driven by Y-connected source as
shown in Fig. P1.16. Each phase of the load is having a resistance of 3 Q and
a capacitive reactance of 6Q. For abc phase sequence, determine the
(i) phase voltages, (ii) line currents with phase angles, and (ii) power factor.
A three-phase Y-connected load is driven by Y-connected source as shown in
the Fig. P1.17. The magnitude of the line-to-line voltage is 200 V rms and the
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A

Fig. P1.16 A wye-connected ry a
load
30 1,
+
_ 200V
6Q
60 200V~
6Q 4
n
30 30 I,
X0
+
I, 200V
: — V C

Fig. P1.17 A wye-connected
generator

line impedances are Z, = Z, = Z. = 2 +j3 Q. For abc phase sequence, cal-
culate the (i) line currents with phase angles, and (ii) power factor of the load.

1.24 A balanced three-phase, A-connected load is shown in the Fig. P1.18. The
per phase impedance of the load is 4 +j6 Q. If 415 V, three-phase supply is
connected to this load, find the magnitude of (i) the phase current, and (ii) the
line current.

Fig. P1.18 A
delta-connected generator
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Chapter 2
Transformer: Principles and Practices

2.1 Introduction

There are many devices such as three-phase ac generator, transformer etc., which
are usually used in a power station to generate and supply electrical power to a
power system network. In the power station, the three-phase ac generator generates
a three-phase alternating voltage in the range between 11 and 20 kV. The magni-
tude of the generated voltage is increased to 120 kV or more by means of a power
transformer. This higher magnitude of voltage is then transmitted to the grid sub-
station by a three-phase transmission lines. A lower line voltage of 415 V is
achieved by stepping down either from the 11 or 33 kV lines by a distribution
transformer. In these cases, a three-phase transformer is used in either to step-up or
step-down the voltage. Since a transformer plays a vital role in feeding an electrical
network with the required voltage, it becomes an important requirement of a power
system engineer to understand the fundamental details about a transformer along
with its analytical behavior in the circuit domain. This chapter is dedicated towards
this goal. On the onset of this discussion it is worth mentioning that a transformer,
irrespective of its type, contains the following characteristics (i) it has no moving
parts, (ii) no electrical connection between the primary and secondary windings,
(iii) windings are magnetically coupled, (iv) rugged and durable in construction,
(v) efficiency is very high i.e., more than 95 %, and (vi) frequency is unchanged.

2.2 Working Principle of Transformer

Figure 2.1 shows a schematic diagram of a single-phase transformer. There are two
types of windings in a single-phase transformer. These are called primary and
secondary windings or coils. The primary winding is connected to the alternating

© Springer Science+Business Media Singapore 2016 49
Md.A. Salam and Q.M. Rahman, Power Systems Grounding,
Power Systems, DOI 10.1007/978-981-10-0446-9_2
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Fig. 2.1 Single-phase transformer

voltage source and the secondary winding is connected to the load. The primary and
secondary winding parameters are represented by the suffix p or 1 and s or 2,
respectively. A sinusoidal current flows in the primary winding when it is con-
nected to an alternating voltage source. This current establish a flux ¢ which moves
from the primary winding to the secondary winding through low reluctance mag-
netic core.

About 95 % of this flux moves from the primary to the secondary through the
low reluctance path of the magnetic core and this flux is linked by the both
windings and a small percent of this flux links to the primary winding. According to
the Faradays laws of electromagnetic induction, a voltage will be induced across the
secondary winding as well as in the primary winding. Due to this voltage, a current
will flow through the load if it is connected with the secondary winding. Hence, the
primary voltage is transferred to the secondary winding without a change in
frequency.

2.3 Flux in a Transformer

The current in the primary winding establishes a flux. The flux that moves from
primary to secondary and links both the windings is called the mutual flux and its
maximum value is represented by ¢,,.

Flux which links only the primary winding and completes the magnetic path
through the surrounding air is known primary leakage flux. The primary leakage
flux is denoted by ¢,;. Similarly, secondary leakage flux is that flux which links
only the secondary winding and completes the magnetic path through the sur-
rounding air. The secondary leakage flux is denoted by ¢,;. Mutual and leakage
fluxes are shown in Fig. 2.2.
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Fig. 2.2 Mutual and leakage fluxes

2.4 Ideal Transformer

An ideal transformer is one which does not supply any energy to the load i.e., the
secondary winding is open circuited. The main points of an ideal transformer are
(1) no winding resistance, (ii) no leakage flux and leakage inductance,
(iii) self-inductance and mutual inductance are zero, (iv) no losses due to resistance,
inductance, hysteresis or eddy current and (v) coefficient of coupling is unity.

Figure 2.3a shows an ideal transformer where the secondary winding is left
open. A small magnetizing current [, will flow in the primary winding when it is
connected to the alternating voltage source, V). This magnetizing current lags
behind the supply voltage, V| by 90° and produces the flux ¢, which induces the
primary and secondary emfs. These emfs lag behind the flux, ¢ by 90°. The
magnitude of primary induced emf E; and supply voltage V; is the same, but are
180° out of phase as shown in Fig. 2.3b.

(a)

r———=% ===
I I I
+ - f C_I_) +
q q
Y N, <+> E & <—I—> N V2
- D ) -
I T
I I

14

Fig. 2.3 Ideal transformer and phasor diagram
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2.5 E.M.F. Equation of Transformer

The primary winding draws a current when it is connected to an alternating voltage
source. This primary sinusoidal current produces a sinusoidal flux ¢ that can be

expressed as,
¢ = ¢, sinwt
Instantaneous emf induced in the primary winding is,

do

(4] :7N17

dt

Similarly, instantaneous emf induced in the secondary winding is,

d¢
—N,—L
2 dt

€) =
Substituting Eq. (2.1) into the Eq. (2.2) yields,

d
e =—N E((bm sin wt)

e; = —Nyw¢,, cos wt
e1 = Nywa,, sin(wt — 90°)
The maximum value of ¢; is,
Em = Niwd,,

The rms value of the primary emf is,

X

E =

S

Substituting Eq. (2.7) into Eq. (2.8) yields,

V2

E, =4.44f¢,N

E;

(2.1)

(2.2)
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Similarly, the expression of the secondary emf is,
E, = 4-44f¢mN2 (211)

The primary and secondary voltages can be determined from Eqgs. (2.10) and (2.11)
if other parameters are known.

2.6 Turns Ratio of Transformer

Turns ratio is an important parameter for drawing an equivalent circuit of a
transformer. The turns ratio is used to identify the step-up and step-down trans-
formers. According to Faraday’s laws, the induced emf in the primary (e;) and the
secondary (e;) windings are,

d¢
=—-N;— 2.12
€1 1 dr ( )
do
=—-N,— 2.13
€2 2 dr ( )
Dividing Eq. (2.12) by Eq. (2.13) yields,
a_M (2.14)
() N2
a_M_, (2.15)
() N2
Similarly, dividing Eq. (2.10) by (2.11) yields,
E_M_ a (2.16)
E, M

where a is the turns ratio of a transformer. In case of N, > N, the transformer is
called a step-up transformer. Whereas for N; > N,, the transformer is called a
step-down transformer. The losses are zero in an ideal transformer. In this case, the
input power of the transformer is equal to its output power and this yields,

Vil = Vb, (2.17)

Equation (2.17) can be rearranged as,

Vi L

— 2 2.18
v, (2.18)
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The ratio of primary current to the secondary current is,

L 1
—=- 2.19
L= a (2.19)
Again, the magnetomotive force produced by the primary current will be equal to
the magnetomotive force produced by the secondary current and it can be expressed
as,

=31 -3,=0 (2.20)
NI} = NaIy (2.21)
I, Ny 1
h_M_ 2 (2.22)
12 N1 a

From Eq. (2.22), it is concluded that the ratio of primary to secondary current is
inversely proportional to the turns ratio of the transformer.
The input and output power of an ideal transformer is,

Pi, = Vil cos ¢, (2-23>
Py = Vol cos ¢, (2.24)

For an ideal condition, the angle ¢, is equal to the angle ¢, and the output power
can be re-arranged as,

%
Pou = —al, cos ¢, (2.25)
a

Pout = V111 COos d)l = Pin (226)

From Eq. (2.26), it is seen that the input and the output power are the same in case
of an ideal transformer. Similarly, the input and output reactive powers are,

Qoul = Vzlz sin ¢2 = V]I] sin ¢1 = Qin (227)

From Egs. (2.26) and (2.27), the input and output power and reactive power can be
calculated if other parameters are given.

Example 2.1 The number of turns in the secondary coil of a 22 kVA, 2200 V/220 V
single-phase transformer is 50. Find the (i) number of primary turns, (ii) primary
full load current, and (iii) secondary full load current. Neglect all kinds of losses in
the transformer.
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Solution

The value of the turns ratio is,

Vi 2200
TV, T 220

(i) The value of the primary turns can be determined as,
— Nl

=%

N; = aN,; = 10 x 50 = 500

a

(i) The value of the primary full load current is,

22 x 103
I =200 10A

(iii) The value of the secondary full load current is,

22 x 103

Example 2.2 A 25 kVA single-phase transformer has the primary and secondary
number of turns of 200 and 400, respectively. The transformer is connected to a
220 V, 50 Hz source. Calculate the (i) turns ratio, and (ii) mutual flux in the core.

Solution

(i) The turns ratio is,

N; 200
=—=—=05
“TN, T 400
(i) The value of the mutual flux can be calculated as,

Vi =E, =444f¢, N,
b = Vi 220
™ AA441N, 444 x 50 x 200

=4.95mWb

Practice problem 2.1

The primary voltage of an iron core single-phase transformer is 220 V. The number
of primary and secondary turns of the transformer are 200 and 50, respectively.
Calculate the voltage of the secondary coil.
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Practice problem 2.2

The number of primary turns of a 30 kVA, 2200/220 V, 50 Hz single-phase
transformer is 100. Find the (i) turns ratio, (ii) mutual flux in the core, and (iii) full
load primary and secondary currents.

2.7 Rules for Referring Impedance

For developing equivalent circuit of a transformer, it is necessary to refer the
parameters from the primary to the secondary or the secondary to the primary.
These parameters are resistance, reactance, impedance, current and voltage. The
ratio of primary voltage to secondary voltage is [1-4],

Vi
— = 2.28
M 2.8

The ratio of primary current to secondary current is,

L1
Lz 2.29
L= a (2.29)

Dividing Eq. (2.28) by Eq. (2.29) yields,

o :
V=2 (2.30)
I a
\43

1

V= a (2.31)
b

z
o2 (2.32)
Z

Alternative approach: The impedances in the primary and secondary windings are,

Vi

7| = 2.33
=7 (2.33)
V.
7, = 72 (2.34)
2
Dividing Eq. (2.33) by Eq. (2.34) yields,
Vi
Z -4
gL (2.35)

T h
Z A
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a_n,2 (2.36)
Z, Vi I
Z
_uxa (2.37)
VZ)
Z
L (2.38)
Z

From Eq. (2.38), it can be concluded that the impedance ratio is equal to the square
of the turns ratio. The important points for transferring parameters are (i) R in the
primary becomes % when referred to the secondary, (ii) R, in the secondary
becomes a’R, when referred to the primary, (iii) X; in the primary becomes )a(—Z‘ when
referred to the secondary, and (iv) X, in the secondary becomes a*X, when referred
to the primary.

Example 2.3 The number of primary and secondary turns of a single-phase
transformer are 300 and 30, respectively. The secondary coil is connected with a
load impedance of 4 Q. Calculate the (i) turns ratio, (ii) load impedance referred to
the primary, and (iii) primary current if the primary coil voltage is 220 V.

Solution

(i) The value of the turns ratio is,

N 300
Mo
TN, T 30

(i) The value of the load impedance referred to primary is,
7, = d*Z; = 10> x 4 = 400Q
(iii) The value of the primary current is,

Vi _220 ) ssa

I =— =
"7z 400

Practice problem 2.3

A load impedance of 8 Q is connected to the secondary coil of a 400/200 turns
single-phase transformer. Determine the (i) turns ratio, (ii) load impedance referred
to primary and (iii) primary current if the primary coil voltage is 120 V.
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2.8 Equivalent Circuit of a Transformer

Windings of a transformer are not connected electrically. The windings are mag-
netically coupled with each other. In this case, it is tedious to do proper analysis.
Therefore, for easy computation and visualization, the practical transformer needs
to be converted into an equivalent circuit by maintaining same properties of the
main transformer. In the equivalent circuit, the related parameters need to be
transferred either from the primary to the secondary or vice versa. A two windings
ideal transformer is shown in Fig. 2.4.

2.8.1 Exact Equivalent Circuit

Figure 2.5 shows an exact equivalent circuit referred to the primary where all the
parameters are transferred from the secondary to the primary and these parameters
are,

Fig. 2.4 Two windings transformer

VI()

Fig. 2.5 Exact equivalent circuit referred to primary
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R, = a’R,
X, = a*X,
7, =d*Z;
L
==
2 a
Vé = ClV2

59

(2.39)
(2.40)

(2.41)
(2.42)

(2.43)

Figure 2.6 shows the exact equivalent circuit referred to the secondary where all the
parameters are transferred from the primary to the secondary.

These parameters are,

R,
R, =—
1 (12
X1
X ==
1 az
Ii = a11
Vi
V=t
a
I =al,
I =al,
I =
0= an

(2.44)

(2.45)
(2.46)
(2.47)

(2.48)
(2.49)

(2.50)

Fig. 2.6 Exact equivalent circuit referred to secondary
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2.8.2 Approximate Equivalent Circuit

The no-load current is very small as compared to the rated primary current.
Therefore, there is a negligible voltage drop due to R; and X;. In this condition, it
can be assumed that the voltage drop across the no-load circuit is the same as the
applied voltage without any significant error. The approximate equivalent circuit
can be drawn by shifting the no-load circuit across the supply voltage, V.
Figure 2.7 shows an approximate equivalent circuit referred to the primary. The
total resistance, reactance and impedance referred to the primary are,

Ry =R +R, =R, +d’R, (2.51)
Xor = X1 +X) =X +a’X, (2.52)
Zo1 = Ro1 +jXo1 (2.53)

The no-load circuit resistance and reactance are,

1%
Ry=— (2.54)
1,
1%
%:f (2.55)

Figure 2.8 shows an approximate equivalent circuit referred to the secondary.
The total resistance, reactance and impedance referred to the secondary is,

R
M=&+ﬁ=&+j (2.56)
Il 12' R()] XOI
> > /\N\, Y'Y Y
I()
’ " I iy z,'
14 R, X, i m V2 L

Fig. 2.7 Approximate equivalent circuit referred to primary
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L' I, Ry Xoo
Iy’

+ IWV +
' Z

Fig. 2.8 Approximate equivalent circuit referred to secondary

X
Xop =X+ X, =X, + a_21 (2.57)

Zy, = Roz +jXo2 (2.58)

The no-load circuit resistance and reactance referred to the secondary are,

V/
Ry = 1—,1 (2.59)
Vi
!/

Example 2.4 A 2.5 kVA, 200 V/40 V single-phase transformer has the primary
resistance and reactance of 3 and 12 €, respectively. On the secondary side, these
values are 0.3 and 0.1 Q, respectively. Find the equivalent impedance referred to
the primary and the secondary.

Solution
The value of the turns ratio is,
Vi 200
a=—=—=
V., 40

The total resistance, reactance and impedance referred to the primary can be
determined as,

Ryt =R+ @R, =3+25%x03=105Q
Xoi =X +d®X, =12425%x0.1=145Q

Zoi = V1052 £ 14.52 = 17.9Q



62 2 Transformer: Principles and Practices

The total resistance, reactance and impedance referred to the secondary are cal-
culated as,

R 3
Rp =R, + —==0. —=042Q
02 2—|—a2 03—1-25 0

X1 12
Xp=X+—==01+-—=0.58Q
02 2+a2 +25

Zy = /042240582 =0.72Q

Practice problem 2.4

A 1.5 kVA, 220/110 V single-phase transformer has the primary resistance and
reactance of 6 and 18 €, respectively. The resistance and reactance at the secondary
side are 0.6 and 0.5 Q, respectively. Calculate the equivalent impedance referred to
the primary and the secondary.

2.9 Polarity of a Transformer

The relative directions of induced voltages between the high voltage and low
voltage terminals is known as the polarity of a transformer. The polarity of a
transformer is very important to construct three-phase transformer bank, parallel
connection of transformer, connection of current transformer (CT) and potential
transformer (PT) power with metering device. Two polarities namely additive and
subtractive are used in the transformer.

A polarity of a transformer is said to be an additive if the measured voltage
between the high voltage and the low voltage terminals is greater than the supply
voltage at the high voltage terminals. The additive polarity of a transformer is
marked by the orientation of dots as shown in Fig. 2.9. Whereas, a polarity is said to
be a subtractive if the measured voltage between the high voltage and the low
voltage terminals is lower than the supply voltage at the high voltage terminals. The

Fig. 2.9 Additive polarity




2.9 Polarity of a Transformer 63

Fig. 2.10 Subtractive
polarity

subtractive polarity of a transformer is marked by the orientation of dots as shown
in Fig. 2.10. Consider a 220/110 V single-phase transformer with the high voltage
and the low voltage terminals for testing polarities. The high voltage terminal H, is
connected to the low voltage terminal X; by a cable. The voltmeter is connected
between H, and X,. In this case, the turns ratio of the transformer is,

Vi 220

TV, 10

For safety issue, a lower voltage needs to be applied to the primary side i.e., high
voltage terminals. Suppose, a voltage of 110 V is applied to the primary side. In this
case, a voltage of 55 V (110/2) will appear at the secondary terminals. If the meter
read out the voltage of 165 V (110 + 55) then the transformer is said to be in
additive polarity. This connection is shown in Fig. 2.11.

Whereas, if the voltmeter reads the voltage of 55 V (110 — 55) then the trans-
former is said to be in subtractive polarity as shown in Fig. 2.12.

Fig. 2.11 Testing of additive
polarity H,

Vi,

I@ 110V 55V

H, \J

0O

(V)
N

165V
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VH, H, A

@ 110V 55V

H

2

L
/
55V

Fig. 2.12 Testing of subtractive polarity

2.10 Three-Phase Transformer

A three-phase power transformer is used at the power generating station to step-up
the voltage from 11 to 120 kV. Whereas in the power distribution substation, the
three-phase voltage is again stepped down to 11 kV voltage through a three-phase
distribution transformer.

A B, G
D O ») O D
4 d_| 4
N, G P Ny d P N3 P
11 \_) 21 \_) \_)
c\_) c\_) c\j
6 ,
[« C C
Ny C\D Ny c\-’
\3 \3 N32 \3
i s O 5

a; by C

Fig. 2.13 Three windings on a common core and wye-delta connection
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C\ l/) C\, t/b
Ny d_ P 9 b Ny Ny d_P b Ny
D q
q )
- |
N3 d P q b N3
) ol

Fig. 2.14 Three single-phase transformers

Therefore, a three-phase transformer can be made either by three windings
wound on a common core or by three single-phase transformer connected together
in a three-phase bank.

The first approach is a cheaper one that results in a transformer with smaller size
and less weight. The main disadvantage of the first approach is that if one phase
becomes defective, then the whole transformer needs to be replaced. Whereas in the
second approach, if one of the transformers becomes defective then the system can
be given power by an open delta at a reduced capacity. In this case, the defective
transformer is normally replaced by a new one. A three-phase transformer with
wye-delta connection is shown in Fig. 2.13 and the three single-phase transformers
are shown in Fig. 2.14.

2.11 Transformer Vector Group

The most common configurations of a three-phase transformer are the delta and star
configurations, which are used in the power utility company. The primary and
secondary windings of a three-phase transformer are connected either in the same
(delta-delta or star-star), or different (delta-star or star-delta) configuration-pair. The
secondary voltage waveforms of a three-phase transformer are in phase with the
primary waveforms when the primary and secondary windings are connected in the
same configuration. This condition is known as ‘no phase shift’ condition. If the
primary and secondary windings are connected in different configuration pair then
the secondary voltage waveforms will differ from the corresponding primary
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Fig. 2.15 Representation of
vector groups with clock

voltage waveforms by 30 electrical degrees. This condition is called a ‘30° phase
shift” condition. The windings and their position to each other are usually marked
by vector group. The vector group is used to identify the phase shift between the
primary and secondary windings. In the vector group, the secondary voltage may
have the phase shift of 30° lagging or leading, 0° i.e., no phase shift or 180° reversal
with respect to the primary voltage. The transformer vector group is labeled by
capital and small letters plus numbers from 1 to 12 in a typical clock-like diagram.
The capital letter indicates primary winding and small letter represents secondary
winding. In the clock diagram, the minute hand represents the primary line to
neutral line voltage, and its place is always in the 12. The hour hand represents the
secondary line to neutral voltage and its position in the clock changes based on the
phase shift as shown in Fig. 2.15.

There are four vector groups used in the three-phase transformer connection.
These vector groups are (i) Group I: 0 o’clock, zero phase displacement (Yy0, DdO,
Dz0), (i) Group II: 6 o’clock, 180° phase displacement (Yy6, Dd6, Dz6),
(iii)) Group III: 1 o’clock, —30° lag phase displacement (Dyl, Ydl, Yzl), and
(iv) Group IV: 11 o’clock, 30° lead phase displacement (Dy11, Yd11, Yz11). Here,
Y represents wye connection, D represents delta connection and z represents the
zigzag connection. The connection diagrams for different combinations are shown
in Figs. 2.16, 2.17, 2.18, 2.19, 2.20, 2.21, 2.22, 2.23, 2.24, 2.25, 2.26 and 2.27.
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Fig. 2.17 Connection of D-d-0
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c. G D/z/0

Fig. 2.18 Connection of D-z-0

Fig. 2.19 Connection of C Y/d/1
Y-d-1
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ch

G

Diy/1

Fig. 2.21 Connection of Y-z-1
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Fig. 2.22 Connection of D/y/11
D-y-11

Fig. 2.23 Connection of Y/d/11
Y-d-11
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c, Y211

Fig. 2.24 Connection of Y-z-11

Fig. 2.25 Connection of
Y-y-6
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Fig. 2.27 Connection of D-y-6



2.12  Voltage Regulation of a Transformer 73

2.12 Voltage Regulation of a Transformer

Different types of loads like domestic, commercial and industrial are usually con-
nected with the secondary winding of a transformer. All these loads are operated
with a constant magnitude of voltage. The secondary voltage of a transformer under
operation changes due to voltage drop across the internal impedance and the load.
The voltage regulation of a transformer is used to identify the characteristic of the
secondary side voltage changes under different loading conditions. The voltage
regulation of a transformer is defined as the difference between the no-load terminal
voltage (Vonr) to full load terminal voltage (V,rr) and is expressed as a percentage
of full load terminal voltage. It is therefore can be expressed as,

Vone — V- E, -V
Voltage regulation = —+ 2L 100 % = =2
2FL 2

% 100 % (2.61)

Figure 2.28 shows an approximate equivalent circuit referred to the secondary
without no-load circuit to find the voltage regulation for different power factors.
Phasor diagrams for different power factors are shown in Fig. 2.29 where the
secondary voltage V; is considered as the reference phasor.

The phasor diagram with a unity power factor is shown in Fig. 2.29a and the
phasor form of the secondary induced voltage for a unity power factor can be
written as,

Ey, = Vo + L(Ry +jX02) (2.62)

Figure 2.29b shows the phasor diagram for a lagging power factor, and from this
diagram, the following expressions can be written,

AC = V,cos ¢, (2.63)
BC = DE = V;sin ¢, (2.64)
CD = BE = LRy, (2.65)
EF = LXy (2.66)
Fig. 2.28 Approximate Ry, I, Xoo
equivalent circuit referred to —ANNN——YY Y
secondary +
+
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(a) E_u (b

I2R02

2
M v, N

Fig. 2.29 Phasor diagram for different power factors

From the right angle triangle-ADF, the expression of E, can be derived as,
AF? = AD* + DF? (2.67)
AF? = (AC+CD)* + (DE + EF)* (2.68)

Substituting equations from (2.63) to (2.66) into Eq. (2.68) yields,

Ez = \/(V2 COSs ¢2 +12R02)2 + (V2 Sil’l ¢2 +12X02)2 (269)
In phasor form, Eq. (2.69) can be written as,
E; = (Vacos ¢y + LRy +j(Va sin ¢y + LXpn) (2.70)

Figure 2.29¢ shows the phasor diagram for a leading power factor and from this
diagram, the following expressions can be written,

MR =V, cos ¢, (2.71)
RN = 0Q = V,sin $, (2.72)

RO = NO = LRy, (2.73)
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PO = LXy (2.74)

The expression of E, from the right angled triangle MQP can be derived as,
MP* = MQ? + QP? (2.75)
MP?> = (MR + RQ)* + (0Q — PO) (2.76)

Substituting equations from (2.71) to (2.74) into Eq. (2.76) yields,

Ez = \/(VQ Ccos ¢2 +12R02)2 + (V2 sin ¢)2 — 12X02)2 (2.77)
In phasor form, Eq. (2.77) can be written as,

E2 = (V2 COS (]’)2 + 12R02> +](V2 sin ¢2 — [2X02) (278)

Example 2.5 The primary coil resistance and reactance of a 200/400 V single-phase
transformer are 0.3 and 0.6, respectively. The secondary coil resistance and
reactance are 0.8 and 1.6 €, respectively. Calculate the voltage regulation if the
secondary current of the transformer is 10 A at a 0.8 pf lagging.

Solution

The value of the turns ratio is,

v, 200
— 22 _ 05
4TV, T 400

The value of the total resistance referred to the secondary is,

R, 0.3
Rp =R+ —5=084+—=20Q
m=Rt o 025
The total reactance referred to the primary is,
X 0.6
Xp=X+—5=16+—=4Q
n=Rt e 025

The no-load voltage is,

Ey = (Vyc08 ¢y + LRy ) +j(Va sin ¢y + L Xon)
E> = (400 x 0.8+ 10 x 2) +j(400 x 0.6+ 40)
E, =440.5]39.5° V
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The voltage regulation can be determined as,

E,—V
2 20 100%
2

440.5 — 400
Voltage regulation = a0 % 100% = 10%

Voltage regulation =

Practice problem 2.5

A 110/220 V single-phase transformer has the resistance of 0.2 Q and a reactance of
0.8Q in the primary winding. The resistance and reactance in the secondary
winding are 0.9 and 1.8 Q, respectively. Calculate the voltage regulation, when the
secondary current is 6 A at a 0.85 power factor leading.

2.13 Efficiency of a Transformer

The efficiency is an important parameter to identify the characteristics of any
machine. The efficiency #, of any machine can be defined as the ratio of its output to
the input. Mathematically, it can be expressed as,

_ o.utput _ inqu — losses 1 l.osses (2.79)
mput mnput mput

Let us consider the following:

P, is the output power, in W,
P;, is the input power, in W,
Pjosses 18 the total losses, in W.

Equation (2.79) can be modified as,

P out P losses
= =1-— 2.80
1 Pin Pin ( )

It is worth nothing that the efficiency of a transformer is generally higher than other
electrical machines because the transformer has no moving parts.

2.14 Iron and Copper Losses

The iron loss of a transformer is often called as core loss, which is a result of an
alternating flux in the core of the transformer. The iron loss consists of the eddy
current loss and the hysteresis loss. In the transformer, most of the flux transferred
from the primary coil to the secondary coil through low reluctance iron path. A few
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portion of that alternating flux links with the iron parts of the transformer. As a
result, an emf is induced in the transformer core. A current will flow in that parts of
the transformer. This current does not contribute in output of the transformer but
dissipated as heat. This current is known as eddy current and the power loss due to
this current is known as eddy current loss. The eddy current loss (P,) is directly
proportional to the square of the frequency (f) times the maximum magnetic flux
density (B,,) and the eddy current loss can be expressed as,

P, = kf*B, (2.81)

where k. is the proportionality constant.

Steel is a very good ferromagnetic material which is used for the core of a
transformer. This ferromagnetic material contains number of domains in the
structure and magnetized easily. These domains are like small magnets located
randomly in the structure. When an mmf is applied to the core then those domains
change their position. After removing mmf, most of the domains come back to their
original position and remaining will be as it is. As a result, the substance is slightly
permanently magnetized. An additional mmf is required to change the position of
the remaining domains. Therefore, hysteresis loss is defined as the additional
energy is required to realign the domains in the ferromagnetic material. The hys-
teresis loss (Py) is directly proportional to the frequency (f) and 2.6th power of the
maximum magnetic flux density (B,,) and the expression of hysteresis loss is,

P, = kth}%f (2.82)

where k, is the proportionality constant.
Now that the magnetic flux density is usually constant, Eqs. (2.81) and (2.82)
can be modified as,

P, o f? (2.83)
Py ocf (2.84)

Practically, hysteresis loss depends on the voltage and the eddy current loss
depends on the current. Therefore, total losses of the transformer depend on the
voltage and the current not on the power factor. That is why the transformer rating
is always represented in kVA instead of kW.

In the transformer, copper losses occur due to the primary and the secondary
resistances. The full load copper losses can be determined as,

Peuioss = Ille +122R2 (285)

Peuioss = 112ROI = I§R02 (286)
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2.15 Condition for Maximum Efficiency

The expression of the output power of a transformer is,
Pou = VoI cos ¢, (2.87)
The expression of the copper loss is,
P, = BRp (2.88)
The expression of an iron loss is,
Piron = Peddy + Phys (2.89)
According to Eq. (2.79), the efficiency can be expressed as,

__output output

=~ = (2.90)
input  output+ losses
Substituting Egs. (2.87), (2.88) and (2.89) into Eq. (2.90) yields,
I
n= Val c0s ¢, (2.91)
VZIZ Ccos ¢2 + Piron + Pcu
V:
2205 5 (2.92)

Ry
2

o Plron
Vacos g, + T +

The terminal voltage at the secondary side is considered to be constant in case of a
normal transformer. For a given power factor, the secondary current is varied with
the variation of load. Therefore, the transformer efficiency will be maximum, if the
denominator of Eq. (2.92) is minimum. The denominator of Eq. (2.92) will be
minimum, for the following condition.

d Piron I2R02
—(V 2 =0 2.93
d12( 2008 G > (2.93)
Piron
T L Ry =0 (2.94)
12
Piron = I§R02 (295)

From Eq. (2.95), it is concluded that the efficiency of a transformer will be
maximum, when the iron loss is equal to the copper loss. From Eq. (2.95), the
expression of secondary current can be written as,
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P iron
L = 2.96
? Rop (2.56)
For maximum efficiency, the load current can be expressed as,
P iron
by, = 2.97
n R02 ( )

Equation (2.97) can be re-arranged as,

Piron
L, =1 2.98
2 2\/I%R02 (2.98)

Multiplying both sides of Eq. (2.98) by the secondary rated voltage V, yields,

Piron
Vobh, = Vol 2.99
: o (2.99)
iron loss
VIm x efficiency = VIr X 2.100
xefficiency ated \/full load copper loss ( )

Example 2.6 A 30 kVA transformer has the iron loss and full load copper loss of
350 and 650 W, respectively. Determine the (i) full load efficiency, (ii) output kKVA
corresponding to maximum efficiency, and (iii) maximum efficiency. Consider that
the power factor of the load is 0.6 lagging.

Solution

(1) The total value of full load loss is,
Pioss = 3504650 = 1000 W = 1 kW
The output power at full load is,
Py =30 x 0.6 = 18kW
The input power at full load is,

Py, =184+1=19kW
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The efficiency at full load is,
18
n= o x 100 = 94.74 %

(i) The output kVA corresponding to maximum efficiency is,

S
= KVArated Cu loss at full load
350
—30% /29 _ookva
Vs

P, =22 x0.6 =132kW

The output power is,

(iii) For maximum efficiency, iron loss is equal to copper loss.
The total value of the loss is,

Piioss—1 = 2 x 350 = 700 W
The value of the input power is,

Py =13.240.7 = 13.9kW
The efficiency is,

13.2
=22 % 100 = 94.
=3 % 100=94.96%

Practice problem 2.6

A 200 kVA transformer is having an iron loss of 1.5 kW and a copper loss of 5 kW
at full load condition. Find the kVA rating at which the efficiency is maximum.
Also, find the efficiency at a unity power factor.

2.16 Transformer Tests

The equivalent circuit parameters are very important to characterize the perfor-
mance of transformer. The parameters of a transformer equivalent circuit can be
determined by the open circuit and the short circuit tests.
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2.16.1 Open Circuit Test

The main objectives of the open circuit test are to determine the no-load current and
iron loss. The components of the no-load current are used to determine the no-load
circuit resistance and reactance.

In an open circuit test, the secondary side is considered to be open circuit, and the
primary coil is connected to the source as shown in Fig. 2.30a, where all measuring
instruments are connected in the primary side. A specific alternating voltage is
applied to the primary winding. Then the wattmeter will measure the iron loss and
small amount of copper loss. The ammeter and voltmeter will measure the no-load
current and the voltage, respectively. Since, the no-load current is very small, the
copper losses can be neglected. Then the wattmeter reading can be expressed as,

Py = Vil cos ¢ (2.101)
From Eq. (2.101), the no-load power factor can be determined as,

Py

—0 2.102
Vil (2.102)

cos ¢y =

The working and magnetizing components of the current can be determined as,
I, = Ipcos ¢, (2.103)
Im = I() sin ¢O (2 104)

Then the no-load circuit resistance and reactance can be determined as,

1%
Ry=— (2.105)
Ly
1%
X, = I—‘ (2.106)
(a) (b)
A b
N, N, I
.
‘ ‘ V] RU llm

0 O

Fig. 2.30 Connection diagrams for open circuit test and no-load circuit
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Example 2.7 A 200/400 V, 50 Hz single-phase transformer has the no-load test
data of 200 V, 0.6 A, 80 W. Calculate the no-load circuit resistance and reactance.
Solution
The power factor can be determined as,
Py 80

Vil, 200 x 0.6
sin ¢, = 0.74

cos ¢y = = 0.67
The values of the working and magnetizing components of the no-load current are,

I, =Ipcos gy = 0.6 x 0.67 =04 A
L, = Iysinpy = 0.6 X 0.74 = 0.44 A

The no-load circuit parameters can be determined as,

Vi 200

Ry=—L=2""-5000Q
o7, 04 500
Vi 200

2.16.2 Short Circuit Test

The main objectives of the short circuit test are to determine the equivalent resis-
tance, reactance, impedance and full load copper loss. In this test, the supply
voltage and the measuring instruments (e. g,. wattmeter, ammeter) are connected to
the primary side and the secondary winding is shorted out by a wire as shown in
Fig. 2.31, or connected with an ammeter. The primary voltage is adjusted until the
current in the short-circuited winding is equal to the rated primary current. Under
this condition, the wattmeter will measure the full load copper loss and it can be
written as,

Psc = Iscvsc Ccos ¢gc (2107)

From Eq. (2.107), the short circuit power factor can be calculated as,

coS (psc = (2108)

ISC ‘/SC
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N 2
+ +
v @ V) v, Iy
Fig. 2.31 Connection diagram for short circuit test
The equivalent impedance can be calculated as,
Vie
Zoy = Zog = 1— (2.109)

In addition, the equivalent resistance and reactance can be calculated as,

Ro1 = Zp1 cos ¢, (2.110)

X01 = ZOl sin ¢sc (2111)

Example 2.8 A 25 kVA, 2200/220 V, 50 Hz single-phase transformer’s low
voltage side is short-circuited and the test data recorded from the high voltage side
are P=150W, I} =5A and V|, =40V. Determine the (i) equivalent resistance,
reactance and impedance referred to primary, (ii) equivalent resistance, reactance
and impedance referred to secondary, and (iii) voltage regulation at unity power
factor.

Solution

(i) The parameters referred to primary are,

Vi 40

Zoy=—= 8Q
01 I 5

P 150
Ry=5=——=60Q
TR s

¢ =cos™! o) _ 41.4°
8

X01 = ZOI Sil‘l(ﬁ =8sin41.4° =52Q
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(i) The turns ratio is,

V2200

=—=——=10
“TV, T 220
The parameters referred to secondary are,
_ Lo 8
Zp = = 100= 0.08Q
R01 6
Rpy=—=—7=0.06Q
=" =700~
~Xo1 52
Xo2 = 2 =100 0.052Q
(iii) The secondary side current is,
25,000
== =113.6 A
27220

The secondary induced voltage is,
E, =V, +5Zy =220+113.6 x 0.08 =229V
The voltage regulation is,

CE -V, 229-220
Vv, 220

VR

=4%

Practice problem 2.7

The no-load test data of a 220/2200 V, 50 Hz single-phase transformer are 220 V,
0.4 A, 75 W. Calculate the no-load circuit resistance and reactance.

Practice problem 2.8

A 30 kVA, 2300/220 V, 50 Hz single-phase transformer’s low voltage side is
short-circuited by a thick wire. The test data recorded from the high voltage side are
P=400W, I, =8.5A and V|, = 65 V. Find the (i) equivalent resistance, reactance
and impedance referred to primary and (ii) equivalent resistance, reactance and

impedance referred to secondary, and (iii) voltage regulation at a 0.6 lagging power
factor.
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2.17 Autotransformer

A small rating transformer with a variable voltage output is usually used in the
educational laboratory as well as in the testing laboratory. This type of small rating
transformer with a variable output is known as autotransformer. An autotransformer
has one continuous winding that is common to both the primary and the secondary.
Therefore, in an autotransformer, the primary and secondary windings are con-
nected electrically. The advantages of an autotransformer over a two-winding
transformer include lower initial investment, lower leakage reactance, lower losses
compared to conventional transformer and lower excitation current.

An autotransformer with primary and secondary windings is shown in Fig. 2.32.
In this connection, the suffix ¢ indicates the common winding and the suffix
s indicates the series winding. From Fig. 2.32, the following equations can be
written as,

Ny I
—=—=ua (2.112)
N. I
Vi N
— = —=q (2.113)
VC c
The total voltage in the primary side is,
v,
Vi=Vi4+V,. =V, 1—&—7 (2.114)

Substituting Eq. (2.113) into Eq. (2.114) yields,

Vi

VC:(I_HZ) (2.115)
\43 1

— = 2.116
Vi 1+a ( )

Fig. 2.32 Connection
diagram for an
autotransformer
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Where the voltage at the load is equal to the voltage at the common terminals i.e.,
V=V,
The expression of the load current can be written as,

L= I +1 = al,+1, (2.117)
I = (1+a)l, (2.118)
I
F=(+a) (2.119)

s

Example 2.9 Figure 2.33 shows a single-phase 120 kVA, 2200/220 V, 50 Hz
transformer which is connected as an autotransformer. The voltages of the upper
and lower parts of the coil are 220 and 2200 V, respectively. Calculate the kVA
rating of the autotransformer.

Solution

The current ratings of the respective windings are,

120,000
=T —5455A
P00
120,000
L= = 545A
772200

The current in the primary side is,
I} =545.5+54.5 = 600 A
The voltage across the secondary side is,

Vo, = 22004220 = 2420V

Fig. 2.33 An
autotransformer with a
specific voltage
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Fig. 2.34 An
autotransformer with a
specific voltage

I
>
+
1100 V
Therefore, the kVA ratings of an autotransformer,
600 x 2200
kVA, = 00— 1320kVA
545.5 x 2420
kVA, = — = 1320kVA
: 1000

Practice problem 2.9

A single-phase 100 kVA, 1100/220 V, 50 Hz transformer is connected as an
autotransformer as shown in Fig. 2.34. The voltages of the upper and lower parts of
the coil are 220 and 1100 V, respectively. Determine the kVA rating of the
autotransformer.

2.18 Parallel Operation of a Single-Phase Transformer

Nowadays, the demand of load is increasing with the increase in population and
industrial sector. Sometimes, it is difficult to meet the excess demand of power by
the existing single unit transformer. Therefore, an additional transformer is required
to connect in parallel with the existing one. The following points should be con-
sidered for making parallel connections of transformers:

Terminal voltage of both transformers must be the same.

Polarity must be same for both transformers.

For both transformers, the percentage impedances should be equal in magnitude.
Ratio of R to X must be the same for both transformers.

Phase sequences and phase shifts must be the same (for three-phase
transformer).
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2.19 Three-Phase Transformer Connections

The primary and secondary windings of the transformer may be connected in either
by wye (Y) or delta (A). Three-phase transformer connections are classified into
four possible types; namely, Y-Y(wye-wye), Y-A (wye-delta), A-Y(delta-wye) and
A-A (delta-delta).

2.19.1 Wye-Wye Connection

Figure 2.35 shows the Y-Y connection diagram. This type of connection of a
three-phase transformer is rarely used for large amount of power transmission.
Neutral point is necessary for both primary and secondary sides in some cases. In
balanced loads, this type of connection works satisfactorily and provides neutral to
each side for grounding. At the primary side, the phase voltage can be written as,

V
Vp = \;31 (2.120)
The secondary phase voltage can be written as,
V
Vi = \;33 (2.121)

The ratio of the primary line voltage to the secondary line voltage of this connection
is,

V
L (2.122)
Viz
3V, V
_V3Vn_ Ve (2.123)
V3V Ve
Fig. 2.35 Y-Y connection B Primary

diagram N

C oz
D N Ut i

Secondary |/ b
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2.19.2 Wye-Delta Connection

89

The wye-delta connection is mainly used at the substation where the voltage is
stepped down. In this connection, the current in the secondary coil is 57.7 % of the
load current. At the primary side of this connection, a proper copper wire is used to
ground the neutral point. Figure 2.36 shows the connection diagram of the
wye-delta transformer. In this connection, the expression of the primary line voltage

is,
Vi = V3Vp
At the secondary side, the line voltage is,
Vo = Vp
The ratio of primary phase voltage to secondary phase voltage is,

Vpi
a=-—
Ve2

The ratio of primary line voltage to secondary line voltage is,

Vir V3V — V34

Vio  Vm

The primary phase current is,

Ipy =11,
In this case, the turns ratio is,
Ip
a=—
Ip
Fig. 2.36  Wye-delta B A B

connection diagram Primary

(2.124)

(2.125)

(2.126)

(2.127)

(2.128)

(2.129)

Secondary a
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The expression of the secondary phase current is,
1p2 = alpl (2130)

The secondary line current is,

Iy =3Iy = V3alp, (2.131)

2.19.3 Delta-Wye Connection

The delta-wye connection is generally used at the power generating station to step
the voltage. Figure 2.37 shows the connection diagram of a delta-wye transformer.
In this connection, the expression of the primary line voltage is,

Vi = Vi (2.132)

The line voltage at the secondary side is,

Viz = V3Vp (2.133)
The ratio of primary line voltage to secondary line voltage is,

Vi Ve @ (2.134)

V—L2_\/§Vm:\/3T

The phase current at the primary side is,

Iy = —1I, (2.135)

Fig. 2.37 Delta-wye

B
connection diagram A B c
A
C

Primary

b

c
Secondary a b H
c
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In this connection, the turns ratio is,

I
a=2>2 (2.136)
Ip

In this case, the secondary phase current is,
Ip2 = alpl (2137)
The secondary line current is,

IL2 = Ip2 = aIp1 (2138)

2.19.4 Delta-Delta Connection

The delta-delta connection is generally used for both high voltage and low voltage
rating transformers where insulation is not an important issue. The connection
diagram for delta-delta transformer is shown in Fig. 2.38. In this case, the primary
line voltage is,

Vi = Vpy (2.139)
The secondary line voltage is,
Vio = Vp (2.140)

The ratio of line-to-line voltage of this connection is,

\% Vi
H_M_y (2.141)
Vi Ve

Fig. 2.38 Delta-delta B

connection diagram A B
VAN /
C
primary ‘\)\)\A/j‘\)\)\/\/j
TAAAANS T
N
b

b

AN

Secondary

C
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The secondary line current is,
Iy = V31 (2.142)
The output capacity in delta-delta connection can be expressed as,
Poa-a = V3Vialps (2.143)
Substituting Eq. (2.142) into Eq. (2.43) yields,
Poa_a = V3Via x V3Ipy = 3Vialp (2.144)

The remaining two transformers are able to supply three-phase power to the load
terminal if one of the transformer is removed from the connection. This type of
three-phase power supply by two transformers is known as open delta or V-V
connection. This open delta connection is able to supply three-phase power at a
reduced rate of 57.7 %. The connection diagram for open delta connection is shown
in Fig. 2.39.

In the V-V connection, the secondary line current is,

I, =1Ip; (2.145)
The output capacity in V-V connection is,
Pov_y = V3Vpalp (2.146)

The ratio of delta-delta output capacity to the V-V output capacity is,

Poy_v _ V3Vialp
Poa—n  3Vialp

=0.577 (2.147)

Fig. 2.39 Open delta or V-V B

connection diagram A B
A L
C
primary ‘\AAA/J_
TAAAAS
b

Secondary
a
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Example 2.10 A three-phase transformer is connected to an 11 kV supply and
draws 6 A current. Determine (i) line voltage at the secondary side, and also (ii) the
line current in the secondary coil. Consider the turns ratio of the transformer is 11.
Also, consider delta-wye and wye-delta connections.

Solution
Delta-wye connection:

The phase voltage at the primary side is,
Vpr =V =11kV
The phase voltage at the secondary side is,

Ve 11,000
Vpy = 2L = 2272 — 1000V
a 11

(1) The line voltage at the secondary is,
Vo = V3Vpy = V/3 x 1000 = 1732V

(i) The phase current in the primary is,

I, 11
=Lt = —=635A
V3 V3

Ip

The line current in the secondary is,

I, =1Ipp = alp; = 11 x 6.35 =69.85A

Wye-delta connection:

The line voltage at the primary side is,
Vi =11kV

The phase voltage at the primary side is,

Vi 11,000

Ve =—= NG = 6350.85V

>
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(1) The phase voltage at the secondary side is,

_ Vpi 6350.85
P T T

=57735V

The line voltage at the secondary is,
Vip = Vpy =577.35V
(i) The phase current in the secondary is,
Ipy =alp; =11 X6 =66A
The line current in the secondary is,

Iy = V3Ipy = V3 x 66 = 114.32 A

Practice problem 2.10

A three-phase transformer is connected to the 33 kV supply and draws 15 A current.
Calculate (i) the line voltage at the secondary side, and also (ii) the line current in
the secondary winding. Consider the turns ratio of the transformer is 8 and
wye-delta connection.

2.20 Instrument Transformers

The magnitude of the voltage and the current are normally high in the power system
networks. To reduce the magnitude of the voltage and current, instrument trans-
formers are used. There are two types of instrument transformers; namely, current
transformer (CT) and potential transformer (PT) . If a power system carries an
alternating current greater than 100 A, then it is difficult to connect measuring
instruments like low range ammeter, wattmeter, energy meter and relay.

The current transformer is then connected in series with the line to step down the
high magnitude of the current to a rated value of about 5 A for the ammeter and the
current coil of the wattmeter. The diagram of a current transformer is shown in
Fig. 2.40. If the system voltage exceeds 500 V, then it is difficult to connect
measuring instruments directly to the high voltage. The potential transformer is then
used to step down to a suitable value of the voltage at the secondary for supplying
the voltmeter and the voltage coil of the wattmeter. The secondary of the instrument
transformer is normally grounded for safety reason. The connection diagram of a
potential transformer is shown in Fig. 2.41.
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Fig. 2.40 Connection I~ To load
diagram of current > | |

transformer

Fig. 2.41 Connection
diagram of potential

transformer
®

Exercise Problems

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

A single-phase transformer is having the primary voltage of 240 V. The
number of turns at the primary and secondary coils are 250 and 50,
respectively. Determine the secondary voltage.

A single-phase transformer is having the secondary voltage of 100 V. The
number of turns at the primary and secondary windings are 500 and 50,
respectively. Calculate the primary voltage.

The 100 A current flows in the primary coil of a single-phase transformer.
Calculate the secondary current with the turns ratio of 0.05.

The number of turns at the primary and secondary windings of a single-phase
transformer are 500 and 100, respectively. Find the primary current if the
secondary current is 10 A.

The ratio of the primary current to the secondary current of a single-phase
transformer is 1:10. Find the voltage ratio. Also, find the secondary voltage if
the primary voltage is 100 V.

The turns ratio of a single-phase transformer is 1:4. The secondary coil has
5000 turns and 60 V. Find the voltage ratio, primary voltage and number of
turns.

The voltage ratio of a single-phase transformer is 5:1. The voltage and
number of turns at the primary coil are found to be 1100 V and 500,
respectively. Calculate the voltage and secondary number of turns at the
secondary coil.

A single-phase transformer is connected to the 120 V source draws 4 A
current. Calculate the current in the secondary coil when the transformer
steps up the voltage to 500 V.
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2.9

2.10

2.11

2.12

2.13

2.14

2.15

2.16

2.17

2.18

2.19

2.20

2.21
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The number of turns at the primary and secondary coils of a single-phase
transformer are found to be 480 and 60, respectively. The transformer draws
a current of 0.6 A when connected to 120 V supply. Determine the current
and the voltage at the secondary coil.

The turns ratio of a 5 kVA single-phase transformer is found to be 2. The
transformer is connected to a 230 V, 50 Hz supply. If the secondary current
of a transformer is 6 A, then find the primary current and secondary voltage.
The secondary number of turns of a 30 kVA, 4400/440 V single-phase
transformer is found to be 100. Find the number of primary turns, full load
primary and secondary currents.

A 5 kVA, 1100/230 V, 50 Hz single-phase transformer is installed near the
domestic area of a country. Find the turns ratio, primary and secondary full
load currents.

The number of turns of the primary winding of a single-phase 50 Hz
transformer is found to be 50. Find the value of the core flux, if the induced
voltage at this winding is 220 V.

The number of primary turns of a 60 Hz single-phase transformer is found to
be 500. Calculate the induced voltage in this winding, if the value of the core
flux is 0.05 Whb.

The maximum flux of a 3300/330 V, 50 Hz step-down single-phase trans-
former is found to be 0.45 Wb. Calculate the number of primary and sec-
ondary turns.

The cross sectional area of a 5 kVA, 2200/220 V, 50 Hz single-phase
step-down transformer is found to be 25 cm” and a maximum flux density is
4 Wb/m?. Calculate the primary and secondary turns.

The number of turns at the primary and secondary of an ideal single-phase
transformer are found to be 500 and 250, respectively. The primary of the
transformer is connected to a 220 V, 50 Hz source. The secondary coil
supplies a current of 5 A to the load. Determine the (i) turns ratio, (ii) current
in the primary and (iii) maximum flux in the core.

The primary number of turns of a 4 kVA, 1100/230 V, 50 Hz single-phase
transformer is 500. The cross sectional area of the transformer core is 85 cm?.
Find the (i) turns ratio, (ii) number of turns in the secondary and (iii) maxi-
mum flux density in the core.

The primary and secondary turns of a single-phase transformer are 50 and
500, respectively. The primary winding is connected to a 220 V, 50 Hz
supply. Find the (i) flux density in the core if the cross sectional area is
250 cm? and (ii) induced voltage at the secondary winding.

The primary coil number of turns of a single-phase 2200/220 V, 50 Hz
transformer is found to be 1000. Find the area of the core if the maximum
flux density of the core is 1.5 Wb/m®.

The maximum flux of a single-phase 1100/220 V, 50 Hz transformer is found
to be 5 mWb. The number of turns and the voltage at the primary winding
are found to be 900 and 1100 V, respectively. Determine the frequency of the
supply system.
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2.22

2.23

2.24

2.25

2.26

2.27

2.28

2.31

2.32

2.33

2.34

The maximum flux density of a 6 kVA, 2200/220 V, 50 Hz single-phase
transformer is found to be 0.6 Wb/m?. The induced voltage per turn of the
transformer is 10 V. Calculate the (i) primary number of turns, (ii) secondary
number of turns, and (iii) cross sectional area of the core.

A single-phase transformer is having the primary voltage per turn is 20 V.
Find the magnetic flux density if the cross sectional area of the core is
0.05 m”.

The no load primary current of an 1100/230 V single-phase transformer is
found to be 0.5 A and absorbs a power of 350 W from the circuit. Find the
iron loss and magnetizing components of the no-load current.

A 3300 V/230 V single-phase transformer draws a no-load current of 0.5 A
at a power factor of 0.4 in an open circuit test. Determine the working and
magnetizing components of the no-load current.

A single-phase transformer draws a no-load current of 1.4 A from the 120 V
source and absorbs a power of 80 W. The primary winding resistance and
leakage reactance are found to be 0.25 and 1.2 Q, respectively. Determine the
no-load circuit resistance and reactance.

Under no-load condition, a single-phase transformer is connected to a 240 V,
50 Hz supply and draws a current of 0.3 A at a 0.5 power factor. The number
of turns on the primary winding is found to be 600. Calculate the (i) maxi-
mum value of the flux in the core, (ii) magnetizing and working components
of the no load current, and (iii) iron loss.

The no-load current of a 440/110 V single-phase transformer is measured 0.8
A and absorbs a power of 255 W. Calculate the (i) working and magnetizing
components of the no-load current, (ii) copper loss in the primary winding if
the primary winding resistance is 1.1 €, and (iii) core loss.

The primary winding resistance and reactance of a 300 kVA, 2200/220 V
single-phase transformer are 2 and 9 Q, respectively. The secondary winding
resistance and reactance are found to be 0.02 and 0.1 €, respectively. Find
the equivalent impedance referred to the primary and the secondary.

The primary winding resistance and reactance of a 200 kVA, 3300/220 V
single-phase transformer are found to be 5 and 12 Q, respectively. The same
parameters in the secondary winding are found to 0.02 and 0.05 Q,
respectively. Find the equivalent impedance referred to the primary and the
secondary. Also, determine the full load copper loss.

A 1100/400 V single-phase transformer having the resistance of 5 Q and the
reactance of 9 Q in the primary winding. The secondary winding resistance
and reactance are found to be 0.6 and 1.1 Q respectively. Find the voltage
regulation when the secondary delivers a current of 5 A at a 0.9 lagging
power factor.

A 2200/220 V single-phase transformer having the resistance of 6 Q and the
reactance of 16 Q in the primary coil. The resistance and the reactance in
secondary winding are found to be 0.07 and 0.15 Q, respectively. Find the
voltage regulation when the secondary supplies a current of 6 A at a 0.86
power factor leading.
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2.35

2.36

2.37

2.38

2.39

2.40

2.41

2.42

2.43
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The iron loss and full load copper loss of a 40 kVA transformer are found to
be 450 and 750 W, respectively. Calculate the (i) full load efficiency,
(i1) output kVA corresponding to maximum efficiency, and (iii) maximum
efficiency. Consider the power factor of the load is 0.95 lagging.

The iron loss of a 40 kVA transformer is 50 % of the full load copper loss.
The full load copper loss is found to be 850 W. Calculate the (i) full load
efficiency, (ii) output kVA corresponding to maximum efficiency, and
(iii) maximum efficiency. Assume the power factor of the load is 0.9 lagging.
The iron loss and full load copper loss of a 25 kVA transformer are found to
be 300 and 550 W, respectively. Find the (i) full load efficiency, (ii) output
kVA corresponding to maximum efficiency, and (iii) maximum efficiency.
Assume the power factor of the load is 0.6 lagging.

The primary and secondary windings parameters of a 100 kVA, 2200/220 V
transformer are Ry = 0.6 Q, X; =09Q, R, = 0.007Q, X, = 0.008 Q. The
transformer is operating at a maximum efficiency of 75 % of its rated load
with 0.9 lagging power factor. Calculate the (i) efficiency of transformer at
full load, and (ii) maximum efficiency, if the iron loss is 350 W.

A 200 kVA, 2400/240 V transformer has the primary and windings
parameters R} =20Q, X; =27Q, R, =0.18Q, X, =0.26Q. The trans-
former is operating at a maximum efficiency of 80 % of its rated load with
0.8 pf lagging. Calculate the (i) efficiency of the transformer at full load, and
(i1) maximum efficiency if the iron loss is 400 W.

The low voltage side of a 30 kVA, 2400/220 V, 50 Hz single-phase trans-
former is short circuited. The test data recorded from the high voltage side
are 200 W, 6 A and 45 V. Find the (i) equivalent resistance, reactance and
impedance referred to the primary, (ii) equivalent resistance, reactance and
impedance referred to the secondary, and (iii) voltage regulation at 0.6 power
factor lagging.

The low voltage winding of a 25 kVA, 1100/220 V, 50 Hz single-phase
transformer is short circuited. The test data recorded from the high voltage
side are 156 W, 4 A and 50 V. Calculate the (i) equivalent resistance,
reactance and impedance referred to the primary, (ii) equivalent resistance,
reactance and impedance referred to the secondary, and (iii) voltage regu-
lation at 0.85 power factor leading.

The test data of a 10 kVA, 440/220 V, 50 Hz single-phase transformer are as
follows:

Open circuit test: 220 V, 1.4 A, 155 W;
Short circuit test: 20.5 V, 15 A, 145 W;
Calculate the approximate equivalent circuit parameters.

The open circuit test data of a single-phase transformer are recorded as the
220 V, 1.2 A and 145 W. Find the no-load circuit parameters.
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Fig. P2.1 An
autotransformer with a
specific voltage

2.44

2.45

2.46

A single-phase 100 kVA, 1100/220 V transformer is connected as an auto-
transformer, which is shown in Fig. P2.1. The voltage of the upper portion
and lower portion of the coil are found to be 220 and 1100 V, respectively.
Calculate the kVA rating of the autotransformer.

A 200 kVA three-phase, 50 Hz core-type transformer is connected as
delta-wye and has a line voltage ratio of 1100/440 V. The core area and the
maximum flux density of the transformer are found to be 0.04m? and
2.3 Wb/m?, respectively. Calculate the number of turns per phase of the
primary and secondary coils.

The number of turns in the primary and secondary coils are found to be 600
and 150, respectively. The transformer is connected to 11 kV, 50 Hz supply.
Find the secondary line voltage when the windings are connected as
(a) delta-wye, and (b) wye-delta.
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Chapter 3
Symmetrical and Unsymmetrical Faults

3.1 Introduction

The goal of any power utility company is to run its power system network under
balanced condition. The power system network is said to be balanced when it is
operating in normal-load condition. This normal operating condition of the power
system can be disrupted due to adverse weather condition such as heavy wind,
lightning strikes etc., or due to other factors such as birds shorting out the lines,
vehicles collides with transmission-line poles or towers by accident or trees fall
down on the transmission lines. The lightning strikes on the transmission line may
generate very high transient voltage which exceeds the basic insulation voltage
level of the transmission lines. This event triggers the flashover from the resultant
high magnitude current that passes through the transmission-tower to the ground.
This condition of the transmission lines is known as a short circuit condition, and
the fault associated to this phenomenon is known as short circuit fault. In a short
circuit situation, a very low impedance-path is created either in between two
transmission lines or in between a transmission line and ground. In this case, the
resulting high magnitude current imposes heavy duty on the circuit breaker and
other controlling equipment. The short circuit faults are classified as symmetrical
and unsymmetrical faults. In this chapter, symmetrical and unsymmetrical faults,
symmetrical components, zero sequence components of the machines and classi-
fication of unsymmetrical faults will be discussed.

3.2 Symmetrical Faults

The symmetrical faults are often known as balanced faults. In case of balanced
faults, all three transmission lines are affected equally, and the system remains in the
balanced condition. These types of faults are rare in the power system, and it
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Fig. 3.1 Connection diagrams of symmetrical faults

contributes 2 % to 5 % of the total fault. These faults are easy to analyze. The
symmetrical faults are classified as three lines to ground fault (LLLG) and three lines
fault (LLL). The connection diagrams of symmetrical faults are shown in Fig. 3.1. If
the fault impedance, Zy = 0, then the fault is known as solid or bolted fault.

3.3 Unsymmetrical Faults

The faults in the power system network which disturb the balanced condition of the
network are known as unsymmetrical faults. The unsymmetrical faults are classified
as single line to ground faults (SLG), double line to ground faults (DLG) and line to
line faults (LL). More than 90 % faults occur in a power system are single line to
ground faults. The connection diagrams of different types of unsymmetrical faults
are shown in Fig. 3.2.

3.4 Symmetrical Components

The knowledge of phase sequence is very important to analyze the symmetrical
components. The phase sequence is defined as the order in which they reach to the
maximum value of the voltage. In 1918, C. L. Fortescue, an American Scientist stated

Zy Zy
| I | ‘(l | I | ‘a
SLG
G G 1 @)
1 1 Z,
DLG
Zg
| I | 'a
LL
| I .h
Zy

Fig. 3.2 Connection diagrams of unsymmetrical faults
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that the three-phase unbalanced phasors of a three-phase system can be replaced by
three separate balanced phasors. The symmetrical components are classified as pos-
itive sequence components, negative sequence components, and zero sequence
components. The components of the system have three phasors with equal magnitude
but are displaced from each other by 120° and they follow the abc phase sequence.

The phase b lags the phase a by 120° and the phase ¢ lags the phase b by 120°.
The neutral current of the positive sequence components is zero. The positive
sequence components I, Ip; and I.; are shown in Fig. 3.3. In this system, the
components have three phasors with equal magnitude but are displaced from each
other by 120° and they maintain the acb phase sequence. The phase c lags the phase
a by 120° and the phase b lags the phase ¢ by 120°. The negative sequence
components are similar to the positive sequence components, except the phase
order is reversed. The neutral current of the negative sequence components is zero.
The negative sequence components I, I, and I, are shown in Fig. 3.4.

The components have three phasors with equal magnitude but zero displacement
are known as zero sequence components. The zero sequence components are in
phase with each other and have the neutral current. The zero sequence components
of the current 1,9, Iy and I.¢ are shown in Fig. 3.5.

The unsymmetrical components of the currents I, I, and I, can be derived from
the phasor diagram as shown in Fig. 3.6.

Fig. 3.3 Positive sequence I
components

cl

120°
al

120°
120°

Fig. 3.4 Negative sequence
components

Fig. 3.5 Zero sequence
components

[L'O lbO Ia()
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Fig. 3.6 Unsymmetrical and symmetrical components of current

3.5 Representation of Symmetrical Components

Figure 3.7 represents a phasor diagram where the line OA represents the current
phasor 1. This phasor, after being multiplied by the operator a gives the new phasor
al which is represented by the line OB. The phasor al in the diagram is leading (in
the counterclockwise direction) the phasor I by 120°, which can be mathematically
expressed as,

al = I[120° (3.1)
a = 1|120° = —0.5 +;0.866 (3.2)
Similarly, multiplying the phasor al by a which gives the third phasor a*I, which

is represented by the line OC. This new phasor a’[ is leading phasor I by 240° in
the phasor diagram, which can be mathematically expressed as,

Fig. 3.7 Phasors with
counterclockwise direction
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a1 = I1240° (3.3)
a® = 1]240° = —0.5 — j0.866 (3.4)

A similar approach can lead us to the following expression:

a =1[360° =1 (3.5)
Adding Egs. (3.2), (3.4) and (3.5) yields,

1+d®+a =0 (3.6)

Comparing Fig. 3.3 with Fig. 3.7 the positive phase sequence components of the
current can be represented as,

Ly =1,]0° (3.7)
Ibl = Ial 240° = a21a1 (38)
Icl = Ial 120° = alal (39)

Again, comparing Fig. 3.4 with Fig. 3.7 the negative phase sequence compo-
nents of the current can be represented as,

Lo = L]0° (3.10)
Ib2 = Iaz 120° = alaz (311)
I, = 1,5|240° = d*I, (3.12)

The magnitudes of the zero phase sequence components are the same, and it can
be written as,

Lo = Ino = Lo (3.13)

From Fig. 3.6, the unsymmetrical currents can be represented by the symmetrical
components of current as,

Ia = IaO + Ial +Ia2 (314)
Iy = Lo+ 1 + 1 (3.15)
I.=10g+1,+1, (3.16)

where the suffixes 0, 1 and 2 indicates the zero sequence, positive sequence and
negative sequence components, respectively. Equations (3.15) and (3.16) can be
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replaced by the symmetrical components of the current of phase a. Substituting
Egs. (3.8), (3.11) and (3.13) into Eq. (3.15) yields,

Iy = Lo+ d*I, +aly, (3.17)
Again, substituting Egs. (3.9), (3.12) and (3.13) into the Eq. (3.16) yields,
I =lo+aly +dly (3.18)

Equations (3.14), (3.17) and (3.18) can be re-arranged in the matrix form as,

1, 1 1 1 Lo
Ll=1|1 & a L (3.19)
1. 1 a & 1,

In Eq. (3.19), let’s represent the following symmetrical component transfor-
mation matrix as A where,

1 1 1
A=1|1 & a (3.20)
1 a &

Equation (3.19) can be modified as,

Ia IaO
L | =A|I, (3.21)
Ic Ia2

Taking the inverse of A, Eq. (3.21) can be written as,

IaO Iu
ILi| =471, (3.22)
Ia2 Ic

From Eq. (3.22), the inverse of the A can be derived as,

(oo
A*lzg 1 a & (3.23)
1 a* a

Lo 1 1 1 1 1,
Li| = 3 1 a &L (3.24)
1o 1 & a 1.
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From Eq. (3.24), the following expressions for the current components can be
found,

1
Iw:§w+@+h) (3.25)
1 2
la =3 (I +al, +a’l.) (3.26)
1 2
lo =3 (I + &I, +al.) (3.27)

Similarly, the mathematical expressions for voltage components can be written
as,

1
Vo = g(Va+Vb+Vc) (328)
1 2
Va =3 (VataVy+a’Ve) (3.29)
1 2
Vo =3 (Vata’V,+aV.) (3.30)

In a three-phase Y-connection system, the magnitude of the neutral current can
be calculated as,

L=1+1,+1. (3.31)

Substituting Eq. (3.31) into Eq. (3.25) yields,
1
I =<1, (3.32)
3
I, =31, =31 (3.33)

Example 3.1 A three-phase system is having phase voltages are V, = 90|0° kV,
Vi = 66|=100° kV, and V, = 22|85° kV. Find the symmetrical voltage compo-
nents of for phases a, b and c.

Solution

The magnitude of the zero sequence voltage component is,

1
Vao = §(90+66 —100° +22(85°)
Vo = 30.42|—28.17° kV
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The magnitude of the positive sequence voltage component is,

1
Va =3 (90 +66|—100° + 120° +22|85° 4 240° )

1
Var = 5 (90 +66[20° +22|325°)
Vo = 56.21[3.35° kV

The magnitude of the negative sequence voltage component is,

1

Vo =3 (Va+ @Vs +aV) =3 (90+66/=100° +240° +22|85° + 120° )

1
3
1
Var = 3 (90 +66[140° 422|205°)
Vao = 12.6959.51° kV

For phase b:
The zero sequence voltage component is,

Vio = 30.42|—28.17° kV

The positive sequence voltage component is,

Vi = @*Vy = 56.21]240° +3.35° = 56.21|243.35° kV

The negative sequence voltage component is calculated as,
Vip = Vip[120° = 12.69|120° +59.51° = 12.69|179.51° kV

For phase c:
The zero sequence voltage component is,

Veo = 30.42|—28.17° kV
The positive sequence voltage component can be determined as,

Vi = Va|120° = 56.21]120° +3.35° = 56.21]123.35° kV

The negative sequence voltage component can be calculated is,

Vo = V2|240° = 12.69]240° +59.51° = 12.69|299.51° kV

Example 3.2 A three-phase system is having the symmetrical voltage components
of V,0 = 94[150° kV, V,; = 56/80° kV, and V,, = 122|55° kV for phase a. Find
the three-phase unbalanced voltages.
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Solution

The positive phase sequence voltage components can be determined as,

Vit = Va1[240° = 56[80 + 240° = 56/320° kV
Ve = Vi [120° = 56[80° + 120° = 56|200° kV

The negative phase sequence voltage components are calculated as,

Vi = Vio|120° = 122]55° +120° = 122[175° kV
Vo = Vip|240° = 12255° +240° = 122[295° kV

The zero phase sequence voltage components can be calculated as,
Vao = Vo = Vo = 94[150° kV
Unbalance three-phase voltage components can be determined as,

V, = 94[150° + 56[80° + 122|55° = 202.09]90.48° kV
V, = 94[150° + 56|320° + 122[175° = 161.50[172.5° kV
V. = 94[150° +56|200° + 122[295° = 116.81|—134.91° kV

Practice problem 3.1

A Y-connected three-phase load draws current from the source in the amount
I, = 15]0° A, I, = 25|20° A, and I, = 30/40° A. Calculate the symmetrical current
components for the phases a, b and c.

Practice problem 3.2

A three-phase system has the following symmetrical current components: Positive
sequence current components are I,; = 6/10° A, and I,; = 6|250° A. The negative
sequence current components are I, =5[53.13° A, [, =5[173.13° A and I, =
5/293.13° A. The zero sequence current components are I,o = o = Io = 4[35° A.
Calculate the unsymmetrical current components.

3.6 Complex Power in Symmetrical Components

The product of the voltage and the conjugate of the current is known as complex
power and it is denoted by the capital letter S. The expression of the complex
power is,

S=P+jQ = VI"=VIcos ¢+ VIsin ¢ (3.34)
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Based on Eq. (3.34), the expression of the complex power for the three-phase

lines can be written as,
P+jQ =V, I, + Vil + V.I:

Equation (3.35) can be re-arranged in the matrix form as,

I, Va I,
P+jO=[V,+Vo+ V]| L | =V Ip
I V. I

According to Eq. (3.19), the unbalanced voltages can be written as,

V. 1 1 1 V.o
Vb = 1 a2 a Val ZAV()lz
V. 1 a d Vo
where,
VaO
Va | = Vo2
Va2

Taking transpose of Eq. (3.37) yields,

VT
Vo | = (AVor) = ATV,
Ve
v,]" 11
Vv, =1 & a [VaO Va Va2]
V. 1 a a

Taking conjugate of Eq. (3.19) yields,

* * * *

I 1 1 Lo 1 1 17 [lo
L =1 & a Lil =11 a &| |
I 1 a & Lo 1 & allln

Substituting Egs. (3.40) and (3.41) into Eq. (3.36) yields,

1 1 1 1 1 Lo
P+jo=|1 a* a [Vao Veo Vol |1 a a? 1
1 a & 1 &* a 1y

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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*

1 1 1 1 1 1 Lo
P+]Q = [VaO Val Vag] 1 a2 a 1 a a2 Ial (343)
1 a d 1 @& a 1,

Equation (3.43) can be modified as,
1+1+1 l4a+a® 14+d+a][lo]’
P+jO=1[Vio Va Val|l+ad*+a 1+a+d 1+a*+d2||1a
l4+a+d> 1+ad+a* 143+ | | 1n

(3.44)
30 01
P+]Q = [VaO Vat VaZ] 0 30 1, (345)
0 0 3 I
IaO ’
P+]Q = 3[ VaO Val Va2] Ial (346)
Ia2
P+jO = 3[Vaolzg + Vaily + Vaal) (3.47)

Equation (3.47) can be used to find the real power and reactive power from the
symmetrical components of voltage and current. According to Eq. (3.34), the
expressions of real and reactive power from Eq. (3.47) can be written as,

P = 3V,0l,0cos ¢y + 3V, cos ¢y + 3Vl cos ¢y (3.48)

0 = 3V,0la0 8in g + 3V L1 sin ¢y + 3Valg0 sin ¢, (3.49)

3.7 Sequence Impedances of Power System Equipment

The sequence impedances of a power system equipment is defined as the impe-
dance offered by the equipment to the flow of sequence (positive or negative or
zero) current through it. These sequence impedances are zero, positive and negative
sequence impedances. The zero sequence impedance of an equipment is defined as
the impedance offered by the equipment to the flow of the zero sequence current
and it is represented by Zy. The impedance offered by the power system equipment
to the flow of the positive sequence current is known as the positive sequence
impedance and it is denoted by Z;. The impedance offered by the power system
equipment to the flow of the negative sequence current is known as the negative
sequence impedance and it is denoted by Z,.



112 3 Symmetrical and Unsymmetrical Faults

Fig. 3.8 A Y-connected 1,
balanced load a —-
I,
b——p—
I
c »- ™

In case of synchronous machine, positive sequence impedance is equal to the
synchronous impedance of the machine. Whereas, the negative sequence impe-
dance is much less than the positive sequence impedance. If the zero sequence
impedance is not given then its value is assumed to be equal to the positive
sequence impedance. For transformer, positive sequence impedance, negative
sequence impedance and zero sequence impedance are equal. In case of trans-
mission line, positive sequence impedance and negative sequence impedance are
equal. The zero sequence impedance is much higher than the positive sequence
impedance or the negative sequence impedance.

The balanced Y-connected load and the neutral impedance is shown in Fig. 3.8.
The current in the neutral point is,

Li=0L+1,+1 (3.50)
The voltage between the phase a and the ground point is,
Vag = 1.2, + Z,1, (3.51)
Substituting Eq. (3.50) into Eq. (3.51) yields,
Vie =12y +Z,(I, + 1, + 1) (3.52)
Vag =12, +Z,) + Z,1, + Z,1. (3.53)
Similarly, the voltages of phase b and phase ¢ to the ground point are,
Vig = Znla+ (Z, + Z,) 1, + Z,1. (3.54)

Veg = Zula + Zuly + (Zy + Z,)1. (3.55)
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Equations (3.53), (3.54) and (3.55) can be expressed in the matrix format as,

Vig Z,+7, 7, Z, I,
Ve | =| 2. Z.+2Z,  Z, I, (3.56)
Vg Z, Zn Iyt Zy| |1

Substituting the expression of unsymmetrical voltages into Eq. (3.56) yields,

1 1 17 [V Z.+Z,  Z, Z, I,
@ al|\Val|=| 2. zZ,+Z, 2, I (3.57)
a a&||Va Z, Zn Zo+2Z, | | L

Again, substituting the expression of unsymmetrical currents into Eq. (3.57)
yields,

Voo ([ Z,+2Z, 7y 7y 1 1 1 Lo
Vai =3 1 a & Zy Zy+Z, Z, 1 & allly
Vo 1 &¢ a Z, Z, Z,+Z, 1 a d Iy
(3.58)
VaO 1 1 1 3Z)1 + Zy Zn + Z\ + Zn ((12 + a) Zn + Zy + Zn (az + a) IaO
Va | = 3 1 a & ||32,+2, Z,+d*(Z,+2Z)+aZ, Z,+a(Z,+Z,)+dZ, | |Ia
Va l @ a||32,42, Z,+a’Z,+a(Z,+2,) Z,+aZ,+d*(Z,+Z,)] |la
(3.59)
Vo v 1) [3%z+z, 2z, Z Lo
Vil = 3 1l a &\||32,+2, a2, aZ, ||Ia (3.60)
Vo 1 @& a|l|32,+2, aZ, &Z,||Ila
Vao | 97, +3Z, Z(a?+a+1)  Z(a*+a+1) Lo
Var | =3 | (3Zi+ Z) @ +a+1) Z,+d’Z,+d’Z, Z,+dZ,+a*Z, | | La
Va (3Z,+Z)(a®+a+1) Z,+d*Z,+a*Z, Z,+d’Z,+d’Z, | |1
(3.61)
Vo] 1 [9Z+3Z2, 0 07 [l
Va | = 3 0 3z, 0 1, (3.62)
Vo 0 0 3z 1

0 0
Va | = 0z 0|l (3.63)
0 z
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Fig. 3.9 Sequence networks Lo 1,
> L
+ Zy +
Vo Zo=2,+3Z, v, Z,=Z, 7
y
- 37, -
Zero sequence Positive sequence
1 a2
>
+
Va2 ZZ =Z y 7

Negative sequence

From Eq. (3.63), the expressions of symmetrical components of voltage for the
phase a can be written as,

Vao = (3Zy+Zy) Lo (3.64)
Vai = Zlny (3.65)
Vi = Zylp (3.66)

The sequence circuits based on Eqs. (3.64), (3.65) and (3.66) are shown in
Fig. 3.9. The neutral impedance of the Y-connection would be zero if it is solidly
grounded. Equation (3.64) can be modified as,

Vao = Zylao (3.67)

The neutral impedance of the Y-connection will provide an infinite quantity if it
is not grounded. That means zero sequence circuit will provide an open circuit and
non zero sequence current will flow through an ungrounded Y-connection.
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3.8 Zero Sequence Models

In transmission lines, there is no effect on the impedance due to positive and native
sequence components of voltages and currents. In this case, positive sequence and
negative sequence impedances are equal to each other, that is,

Z =2 (3.68)

The zero sequence impedance is much higher than the positive or negative
sequence impedance due to its ground return path. In this case, the expression can
be written as,

Zy=272,+32Z, (3.69)
Similarly, the zero sequence reactance can be written as,
X0 = X; +3X, (3.70)

where the neutral reactance (per mile) can be expressed as,

Dy .
X, = 2.02 x 10’3f1n3 Q/mile (3.71)

where,

D,, is the geometric mean distance (GMD),
Dy is the geometric mean radius,
f is the frequency.

The sequence networks for transmission line are shown in Fig. 3.10.
There are three impedances namely sub-transient, transient and direct axis
reactance. The positive and negative sequence impedances are equal to the

Fig. 3.10 Sequence networks Z Z

e I 0 1 ‘
for transmission line _;_/'\(W\_ _W

ground ground

Zero sequence
Zy
I
2

Y YL

Positive sequence

ground

Negative sequence
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Fig. 3.11 Sequence networks Z,
for generator

Positive sequence

Negative sequence

sub-transient reactance during fault condition. A generator in a power system
produces positive sequence voltage only. Therefore, voltage source is present in the
positive sequence. The generator offers a very small reactance due to the leakage
flux. Therefore, zero sequence impedance is smaller than others. The following
equations for a generator can be written as,

21 =2 =127} (3.72)
Zo=7 (3.73)

The sequence networks for the generator is shown in Fig. 3.11.

In the transformer, the zero sequence current flows if the neutral is grounded. In
this case, the positive and the negative sequence impedance is equal to the zero
sequence impedance, that is,

7 =2,=2 (3.74)

Y-Y Connection with both neutral grounded: In this connection, the both
neutrals are connected to the ground. Therefore, zero sequence current will flow in
the primary and the secondary windings through the two grounded neutrals. As a
result, the zero sequence impedance connects the high voltage and the low voltage
terminals as shown in Fig. 3.12.

Y-Y connection with only one grounded: In this arrangement, one side of the
Y-connection is not grounded. If any one of the Y-Y connection is not grounded
then the zero sequence current will not flow through the ungrounded wye.
Therefore, an open circuit will appear between the high voltage and low voltage
side as shown in Fig. 3.13.

Y-Y connection with no grounded: In this arrangement, the sum of the phase
current in both cases is zero. As a result, no zero sequence current will flow in any
of the windings. Hence, there is an open circuit between the high voltage and the
low voltage sides as shown in Fig. 3.14.
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A
Zy
B — v @
C g
Symbol Connection diagram Equivalent circuit

Fig. 3.12 Sequence networks for Y-Y connection with both grounded

A a
Z,

B b A a

¢ c e

Symbol Connection diagram Equivalent circuit

Fig. 3.13 Sequence networks for Y-Y connection with one grounded

A a
Z
B b A 0 a
C ¢ g

Symbol Connection diagram Equivalent circuit

Fig. 3.14 Sequence networks for Y-Y connection with no grounded

Grounded Y and A connections: In this connection, zero sequence current will
flow in the Y-connection as its neutral is connected to the ground. The balanced
zero sequence current will flow within the phases of the A connection but this
current will not flow out of the terminal. Therefore, no zero sequence current will
flow in the line as shown in Fig. 3.15.

Ungrounded Y and A connections: In this case, there will be no connection
between the neutral and the ground. Therefore, zero sequence current will not flow
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Z
A 0 a
g
Symbol Connection diagram Equivalent circuit
Fig. 3.15 Sequence networks for grounded Y and delta connection
A
Z,
B A o a
Symbol Connection diagram Equivalent circuit

Fig. 3.16 Sequence networks for ungrounded Y and delta connection

in the windings of both transformers. As a result, an open circuit will exists between
the high and low voltage sides as shown in Fig. 3.16.

A—A connection: In this connection, no zero sequence current will leave or
enter the terminals. However, it is possible for the current components to circulate
within the windings. Therefore, there is an open circuit between the high voltage
and the low voltage windings. The zero sequence impedance will form a closed
path with grounding terminals as shown in Fig. 3.17.

AN

Symbol Connection diagram Equivalent circuit

Fig. 3.17 Sequence networks for delta-delta connection



3.8 Zero Sequence Models 119

Busl A\EEZ Bus 3 \41 Bus 4

~ | Sl we | 3E G\ﬁ
2 | 25 ] B
1 T, 2

Fig. 3.18 A single-line diagram of a power system

Fig. 3.19 A positive Xir
sequence network | Y Y Y
—
JX 11
El
Reference
Fig. 3.20 A negative Xon X,

X2,T2
sequence network

Reference

Example 3.3 Figure 3.18 shows a single-line diagram of a three-phase power
system. Draw the positive sequence, negative sequence and zero sequence
networks.

Solution

Generator is represented with a voltage source and a series reactance in the
positive sequence network. Transformer and transmission line are also represented
by the respective reactance quantities as shown in Fig. 3.19.

By omitting the voltage sources from the positive sequence network and by
replacing the generator reactance components with negative sequence reactance
components as shown in Fig. 3.20 has been derived.

The equivalent reactance of the generator G is Xgo +3X, as it is grounded
through a reactance. The total equivalent reactance of the generator G, is zero as it
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Bus 1
Xori XoL Xora Bus 4
— Y Y Y LYY Y LYY Y
.ngO.gl ]X
0,82
j3X,,Vg] G,
G,
Reference

Fig. 3.21 A zero sequence network

Bus 1 Bus 4

Bus 2 Bus 3
A?us Ll us \LLA 1%
E G T L, T,

Fig. 3.22 A single-line diagram of a power system

is solidly grounded. The primary sides of both the transformers 7', and 7, are delta
connected. The zero sequence network is therefore, in an open circuit near the bus 1
and bus 4. The secondary of both the transformers are wye-connected and solidly
grounded. The zero sequence network is shown in Fig. 3.21.

Practice problem 3.3
Figure 3.22 shows a single-line diagram of a three-phase power system. Draw the
positive sequence, negative sequence and zero sequence networks.

3.9 Classification of Unsymmetrical Faults

Unsymmetrical faults are the most common faults that occur in the power system.
Due to this fault, the magnitudes of the line currents becomes unequal, and also these
current components observed a phase displacement among them. In this case,
symmetrical components are required to analyze the current and voltage quantities
during the unsymmetrical faults. These unsymmetrical faults can be classified into
three categories, namely, single line-to-ground fault (SLG), line-to-line fault
(LL) and double line-to-ground fault (DLG). The unsymmetrical faults are shown in
Fig. 3.23.
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c

C
LL
SLG l DLG |

Fig. 3.23 Different types of unsymmetrical faults

3.10 Sequence Network of an Unloaded Synchronous
Generator

A three-phase unloaded synchronous generator is having a synchronous impedance
of Z, per phase and its neutral is grounded by an impedance Z, as shown in
Fig. 3.24. In balanced condition, the negative sequence and zero sequence voltages
are zero. The expression of neutral current is [1-6],

L=L+I1+I (3.73)
Ia
a
+
Z}' Va
Ea f\J

Fig. 3.24 Unloaded three-phase synchronous generator
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Applying KVL to the circuit shown in Fig. 3.24, the following equation can be
found:

Ve =E, — 2,1, — Z,1, (3.76)
Substituting Eq. (3.75) into Eq. (3.76) yields,
E,=Vo+Z),+Z,(I,+ 1, +1.) (3.77)
E,=V,+(Z,+Z),+Z,1, + Z,I, (3.78)
Similarly, the expression of other voltages can be found as,
Ey, = Vi +Zdy + (Zy+ Z,) 1y + Z, 1. (3.79)
E.=V.+Z,1,+Z,0,+ (Z,+ Z,)I. (3.80)

Equations (3.78), (3.79) and (3.80) can be written in the matrix form as,

Ea Va Zy +Z, Zn Zn I a
E|l=|V|+| 2. 2z+z 2z I, (3.81)
E. Vc Zn Zn Zv + Zn Ic

More concisely, Eq. (3.81) can be written as,

[E]abc: [v]abc + [Z}abc [I]abc (382)
where,

E]abc: [Ea Eb EC] ’
Vlape=[Va Vo Ve]"
[ ]abc: [Ill I I ] ’

Multiplying Eq. (3.82) by [A]™" yields,

~

(AT [E] = (A1 Ve + (4] 2]l (3.83)
Let us consider the generator voltage,
E,=E (3.84)
According to the a operator, the following relationships can be affirmed,
E, = a’E (3.85)

E.=aE (3.86)
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The left hand side of Eq. (3.83) can be modified as,

1 I 1 E
[A] ' [E] = 3 a a||dE (3.87)
a? | aE
) 1+a+a? E [0 0
[A] " [E] = 3 1+ +a* | = 313 =|E (3.88)
1+a*+d 1 0 0

The first part of the right hand side of Eq. (3.83) becomes,
[A]il[v}abc: [V]on (3.89)
The second part of the right hand side of Eq. (3.83) can be written as,
[A]il[z]abc[l]abc: [A]il[z]abc[A} o1 (3.90)
However,
[A]il[z]ubc[A] = [Z]mz (3.91)

Substituting Eqs. (3.91) into Eq. (3.90) yields,

[A]il[z}abc[l]abc: [2]012[1}012 (3-92)
where,
32,+Z, 0 0 Zo 0 O
[Z]ou: 0 Z, 0(=1]0 Z 0 (3.93)
0 0 Zz 0 0 7
In Eq. (3.93),

Zy = Z,+3Z, is the zero sequence impedance,
Zy = Z, is the positive sequence impedance,
Z, = Z, is the negative sequence impedance.

Substituting Egs. (3.88), (3.89), (3.92) into Eq. (3.83) yields,

0 V() Z() 0 0 IO
El=|Vi|+|0 2z 0]|L (3.94)
0 Vs 0 0 7 I
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Equation (3.94) can be modified as,

0 Zy 0 O Iy

vil=1|E|-]0 2z ol|L (3.95)

V, 0 0 0 7 I

The equations of the voltages are,

Vo =0—1yZ (3.96)
Vi =E-1LZ (3.97)
V,=0-152 (3.98)

The sequence networks are shown in Fig. 3.11.

3.11 Single Line-to-Ground Fault

A three-phase Y-connected unload generator is shown in Fig. 3.25. Initially, the
neutral of the generator is grounded with a solid wire. In this case, consider that a
single line-to-ground fault occurs in phase a of the unloaded generator which
disturbs the balance of the power system network. For this scenario, the boundary
conditions are,

Va=0 (3.99)
I, =0 (3.100)
=0 (3.101)

Fig. 3.25 Unloaded
generator

—
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The expressions of symmetrical components of current of phase a are,

Lo [t U] [
Iy | = 3 1 a a&||L (3.102)
1y 1 & a 1.

] ([t 1 1]k
Iy | = 3 1 a a&||0 (3.103)
Iy 1 & a 0

From Eq. (3.103), the symmetrical components of the current of phase a can be
written as,

I
Lo =1n=1p= E (3104)
From Eq. (3.104), it is observed that the symmetrical components of current are
equal in a single line-to ground fault.
Substituting the values of symmetrical components of current in Eq. (3.95)
yields,

Vao 0 Zy 0 O I,
Val=I|E|l-10 z oL (3.105)
Va2 O 0 0 Zz Ial

From Eq. (3.105), the symmetrical components of voltage can be written as,

Vao = —Zola1 (3.106)
Vo = E, — Zil (3.107)
Vip = — 2o, (3.108)

However, we know that the unbalanced voltage for phase a is,
Ve=Vo+Vua+Va=0 (3.109)
Substituting Egs. (3.106), (3.107) and (3.108) into Eq. (3.109) yields,
~Zolay +Ey — Z1lyy — 2ol =0 (3.110)

E,

= 3.111
Zo+Z1+ 7, ( )

al
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For a single line-to-ground fault, the positive sequence current, negative
sequence current and the zero sequence current are equal and can be determined
from Eq. (3.111).

From Eq. (3.104), the expression of fault current in phase a can be determined
as,

I, =3I, (3.112)
Substituting Eq. (3.111) into Eq. (3.112) yields,

3E,

L=
Zy+Z1+ 27

(3.113)

The sequence network connection for the single line-to-ground fault without a
fault impedance is shown in Fig. 3.26.

If a single line-to-ground fault occurs in phase a through the impedance Z; then
the expression of fault current from Eq. (3.109) can be derived as,

Va - VaO + Val + Vu2 = IaZf (3114)
Substituting Egs. (3.106), (3.107), (3.108) and (3.112) into Eq. (3.114) yields,
—Zoly +E, — Zily — 2ol = 371, (3.115)

E,
o+ Zi+ 2+ 3%

I (3.116)

Again, substituting Eq. (3.116) into Eq. (3.112), the fault current in phase a can
be determined as,

Fig. 3.26 Connection of

sequence networks for single
line-to-ground fault without 7ero
fault impedance

sequence

positive
sequence

negative
sequence
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Fig. 3.27 Connection of
sequence networks for single 10
. . I =GR
line-to-ground fault with fault Zero
impedance sequence Vao
I al
positive .V
sequence a I 3Z;
1a2
negative »
sequence Vi
3E,

(3.117)

a

T o+ Zi+ 2>+ 32

The sequence network connection for the single line-to-ground fault with a fault
impedance is shown in Fig. 3.27.

Example 3.4 A three-phase 15 MVA, Y-connected, 11 kV synchronous generator
is solidly grounded. The positive, negative and zero sequence impedances are
j1.5Q, j0.8 Q and j0.3 Q, respectively. Determine the fault current in phase a if the
single line-to-ground fault occurs in that phase.

Solution

The value of the generated voltage per phase is,

E, = 11000 = 6350.8V

V3

The value of the symmetrical component of the current can be determined as,

E, 6350.8

Ia = == N .
" Zo+Z1+ 2, j1.5+j0.84,0.3

= —j2442.6 A

The value of the fault current in the phase a can be calculated as,
1, =3I, =3 x —j2442.6 = —j7327.8 A

Example 3.5 Figure 3.28 shows a Y-connected three-phase synchronous generator
whose neutral is earthed with solid wire. A single line-to-ground fault occurs in
phase a and the current in this phase is found to be 100 A. Find the positive
sequence, negative sequence and zero sequence currents for all three phases.
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Fig. 3.28 Y-connected
synchronous generator

Solution

During fault, the current in different phases are,

I, = 100A
I,=0A
I.=0A

The zero sequence components of the current can be determined as,

1
IaO :IbQZICOZ (Ia+lb +Ic) ng 100 = 33.33A

[SSAI

The positive sequence components of the current can be determined as,

1 N
la =5 (Lo +aly +a’l) =3 % 100 = 33.33 A

I; = d®L,; = 33.33[240° A
I, = al,; = 33.33]120° A

The negative sequence components of the current can be determined as,

1 1
Lo =3 (I +dl, +al,) = 3% 100 =3333A

Ly = alp = 33.33|120° A
Lo = d*l,, = 33.33[240° A

Practice problem 3.4

A three-phase 20 MVA, 11 kV synchronous generator is having a sub transient
reactance of 0.20 pu and its neutral is solidly grounded. The negative and zero
sequence reactance are 0.30 and 0.15 pu, respectively. Determine the fault current if
a single line- to-ground fault occurs in phase a.
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Fig. 3.29 A Y-connected
synchronous generator

Practice problem 3.5

The neutral of a three-phase Y-connected synchronous generator is solidly
grounded as shown in Fig. 3.29. A single line-to-ground fault occurs in phase b and
the current in this phase is found to be 150 A. Calculate the positive sequence,
negative sequence and zero sequence currents for all three phases.

3.12 Line-to-Line Fault

A three-phase synchronous generator whose line-to-line fault occurs between phase
b and phase ¢ as shown in Fig. 3.30. In this condition, the voltages at phases b and
¢ must be the same. Whereas the currents in the phase b and phase ¢ must be equal
but in opposite direction to each other. In the line-to-line fault, the boundary
conditions are,

L,=0 (3.118)

Fig. 3.30 Line-to-line fault
on an unloaded synchronous
generator
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Iy =—1, (3.119)
Vi =V, (3.120)

Substituting Egs. (3.118) and (3.119) into Eq. (3.102) yields,

Lo 1 1 1 1 0
Lil==|1 a & I, (3.121)
1 3 1 & a —1I
) O+1, — 1
Ly | == |0+ (a—a*)l (3.122)
1o 0+ (a2 — a)Ib

From Eq. (3.122), the symmetrical components of current in phase a can be
written as,

ILo=0 (3.123)
1 2

Ial = g (a —da )Ib (3124)
1 2

Ia2 = g (a - a)Ib (3125)

From Eq. (3.123), it is seen that the zero sequence component of current is zero.
Hence, the value of the zero sequence voltage can be written as,

Vao = 10Zp =0 (3.126)
From Egs. (3.124) and (3.125), it is also seen that the positive sequence com-
ponent of current is equal to the negative sequence component of current but in
opposite direction.
The symmetrical components of voltage can be determined as,
Vi = Vao + @V +aVy (3.127)
Ve=Vo+aVy+aVy (3.128)
Substituting Egs. (3.127) and (3.128) into Eq. (3.120) yields,
Vo + @V +aVy = Vo +aVay +a* Ve (3.129)

(@ —a)Va = (& —a)Va (3.130)
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Vi = Vi (3.131)

Substituting Egs. (3.107) and (3.108) into Eq. (3.131) yields,

E,— 1.2, = —1y7, (3.132)

E,— 1.2, =1,.72 (3.133)
E,

1, = 3.134

' 2+ 7 ( )

The interconnection of the sequence network without a fault impedance is shown
in Fig. 3.31.

If there is a fault impedance Zy in between lines b and c, then the following
expression can be written as,

Vi = Ve +1,Z (3.135)

Substituting Egs. (3.17), (3.127) and (3.128) into Eq. (3.135) yields,
Vo + @V +aVy = Vo +aVay +a*Va + (Lo +a* Ly +alp)Ze (3.136)
Again, substituting Egs. (3.123), (3.124) and (3.125) into Eq. (3.136) provides,
(a* — a)Vy = (* — @)V + (& — a)laZ (3.137)
Var = Voo +1aZy (3.138)

The interconnection of the sequence network with a fault impedance is shown in
Fig. 3.32.

Fig. 3.31 Sequence network Z, I
for line-to-line fault without I, al
fault impedance 7610 —p—
sequence Vao
—. 0 v
Ia] a al
positive .V
al
sequence 7
a2
1 a2
negative
sequence Vaz Z,
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Fig. 3.32 Sequence network Z, 1
for line-to-line fault with a L0 “
fault impedance Zero ’
sequence Vao
I Ea @ Val
al
- i
ositive
p Val
sequence
y I a2
I, f
negative
sequence Vaz Z,

Example 3.6 The positive sequence, negative sequence and zero sequence reac-
tance of a 15 MVA, 13 kV three-phase Y-connected synchronous generator are 0.4,
0.3 and 0.1 pu, respectively. The neutral point of the generator is solidly grounded
and is not supplying current to the load. Calculate the fault current and the actual
line-to-line voltages if a line-to-line fault occurs between phase b and phase c.

Solution

Let us consider that the base values are 15 MVA and 13 kV. The per unit
generator voltage can be determined as,

13

E=—"=1|0°
13 |0° pu

The zero sequence component of current is,
Io=0
The values of the positive and negative sequence components of current are,

_E 1
Zi+Z, j0.44j0.3

Ial = _Iaz = —]142pu

The value of the fault current can be determined as,

Iy = Lo+ d*l,; +al,; = 0+ 1]240° x 1.42|=90° + 1]120° x 1.42]90°

I, = 0+ 1.42[150° + 1.42|210° = —2.44pu

The value of the base current can be calculated as,
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L, 1sx1000000
base = /3 % 13 x 1000 '

The actual value of the fault current is,
I, =2.44 x 666.17 = 162545 A

The sequence voltages for phase a can be determined as,

Vi = —l.0Zo = 0[0° pu
Vaua=E—-1,47Z = llﬁ+jl.42 x j0.4 = 0.432mpu
Va2 = —Iu2Z2 = —1142 X]O3 = 0436&[)11

The phase voltages of the generator are calculated as,

Ve =V + Va + Vo = 0+0.432 +0.436 = 0.87|0° pu
Vi = Vo +a*Vu +aVy = 0+0.432[240° +0.436/120° = [0° pu
Ve = Vi +aVy +a*Vy = 040.432[120° 4 0.436[240° = [0° pu

The line-to-line voltages of the generator are determined as,
Var =V, —V, =0.87]0° —|0° = 0.87|0° pu
Ve = Vp — Ve =0[0° — 0[0° = 0[0° pu
Vea =V, —V,=0[0° —0.87|0° = 0.87|]—=90° pu

The value of the line to neutral voltages is calculated as,

13
Vip = — = 7.51kV

V3

The actual line-to-line voltages are calculated as,

Vap = 7.51 x 0.87)0° = 6.530° kV
Vie = 7.51 x 0[0° = 0[0° kV
Ve =7.51 x 0.87|=90° = 6.53|—90° kV

Practice problem 3.6

The positive sequence, negative sequence and zero sequence components of
reactance of a 20 MVA, 13.8 kV synchronous generator are 0.3, 0.2 and 0.1 pu,
respectively. The neutral point of the generator is solidly grounded and the gen-
erator is not supplying current to load. Find the line-to-line voltages of the generator
if fault occurs between phases b and c.
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3.13 Double Line-to-Ground Fault

The connection diagram of an unloaded synchronous generator is shown in
Fig. 3.33. Consider that a double line-to-ground fault occurs between phases b and
c. The voltages at phase b and phase ¢ should be equal to zero and the current in the
phase a is equal to zero. In this case, the boundary conditions are,

I,=0 (3.139)
Vo=V, =0 (3.140)

According to Eq. (3.24), the symmetrical components of voltage for phase a can
be expressed as,

Vao 1 1 1 1 V.
Val = g 1 a a2 Vb (3141)
Vo 1 & a V.
Substituting Eq. (3.140) into Eq. (3.141) yields,
V.o 1 1 1 1 V.
Val = 3 1 a d 0 (3.142)
Vo 1 & a 0
Va
Vo =Va =Vp = 3 (3.143)
Initially,
Vo = Va (3.144)
Fig. 3.33 Double line-to-line a
fault on an unloaded generator
b
v Ib
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Substituting Egs. (3.96) and (3.97) into Eq. (3.144) yields,
- aOZO = Ea - alZI

Ea - alzl
Zy

IaO = -
Finally,
Va2 = Val
Substituting Egs. (3.97) and (3.98) into Eq. (3.147) yields,
E, —1uZ, = —1pZ>

E, —1nZ,

Iy, =—
a2 Zz

The unsymmetrical current for phase « is,
Iy = Lo+ 1a+ 1
Substituting Egs. (3.139), (3.146) and (3.149) into Eq. (3.150) yields,

E, - 71 E, - 71
0= — a 1al+lal_ a 14al
Z )

(142 +2) =5~ + 2
al Z() 22 — La ZO Zz

L +2
£ (%)
Ial

2.2, + 7212
(25524

Zr +Z
. (%)
Ly =———"—~
ZoZp + 212y + 212
(12 2%)
I = Ea(ZZ +ZO)
T W+ L+ T2y
I Ea(ZZ +Z0)
al

- Z0Zr +Z1(Z2 + Zp)

135

(3.145)

(3.146)

(3.147)

(3.148)

(3.149)

(3.150)

(3.151)

(3.152)

(3.153)

(3.154)

(3.155)

(3.156)
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Fig. 3.34 Sequence network -
for double line-to-line fault T 1,
without a fault impedance Zero > 7 Vv
\% 0 a0
sequence a0
.I”l Y la A
positive v 7
al 1
sequence
Ea Val
_I“ﬁ_r\_ 1
negative a2 Y
sequence Vax
ZZ Va2
E,
I, = m (3.157)
1 L+ 2

From Eq. (3.157), it is observed that the zero sequence impedance and negative
sequence impedance are connected in parallel, then it is connected in series with the
positive sequence impedance as shown in Fig. 3.34. By applying current divider
rule to the circuit shown in Fig. 3.34 the negative sequence and positive sequence
currents can be found as,

Zy
Ly = —ly =20 3.158
? 'Z,+ 2 ( )
Z
lo=—-1,)— 3.159
0 'Z+ 7 ( )

Again, consider that the double line to ground fault occurs between phases b and
c through the ground impedance Z as shown in Fig. 3.35. The voltage between the
fault terminal and the ground is,

Vy=V.= (Ib —l—IC)Zf (3160)
According to Egs. (3.17) and (3.18), the following equations can be derived,
Vy=Vo+dVy+aVs, (3.161)

Ve =Vao+aVy+a*Va (3.162)
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Fig. 3.35 Double line-to-line
fault on an unloaded generator
with fault impedance

Substituting Egs. (3.17), (3.18) and (3.161) into Eq. (3.160) yields,
Vo +a*Var +aVar = (Lo + @1y + alp + Lo + alyy + 1) Zf (3.163)
Vo + @V +aVay = 21,07 + (a* + @)l Zs + (a+ a*) o7 (3.164)
Vo +a*Var +aVer = 2107 — lnZy — LnZy (3.165)
Again, substituting Eq. (3.143) into Eq. (3.165) yields,
Vo + (@ +a) Vo = 2107 — (I + 1) Zs (3.166)
Vao — Vai = 210Zs — (I + 1) Zs (3.167)
Substituting Eq. (3.139) into Eq. (3.150) yields,
0=1lyo+1g+1p (3.168)
L +1p = —Iy (3.169)
Again, substituting Eq. (3.169) into Eq. (3.167) yields,
Vao — Va1 = 3107y (3.170)

The sequence network with the fault impedance is shown in Fig. 3.36.

Example 3.7 The positive sequence, negative sequence and zero sequence reac-
tance of a 20 MVA, 11 kV three-phase Y-connected synchronous generator are
0.24, 0.19 and 0.18 pu, respectively. The generator’s neutral point is solidly
grounded. A double line-to-line fault occurs between phases b and c. Find the
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Fig. 3.36 Sequence network —>-
for double line-to-line fault Ly L,
. . S E—
with a fault impedance Zero Zy Voo
sequence Vao
'
' |
/ al I 1
S - ~ N
positive V., Z,
sequence E, v,
_I“;_r\_ T
negative az ™
sequence Vaz
Z2 VuZ

(1) currents in each phase during the sub transient period immediately after the fault
occurs, and (ii) line-to-line voltages.

Solution

Consider that the base values are 20 MVA and 11 kV. Then, the per unit
generator voltage is,

11
E:H: 1|0° pu

The value of the positive sequence component of the current is determined as,

E B 1
T j0.18%0.19
(Zl + z_fféz) 024+ G0

1) = = —j3.01 pu

The value of the negative sequence component of the current is calculated as,

Z , j0.18

In =22 — 3012 46
"Zovzo V0191018 0P

Ia2:_

The value of the zero sequence component of the current can be determined as,

j0.19

2 3o P s
"Zovzo V0191018 /0P

Ia() = *Ia
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(1) The value of the base current is calculated as,

20X 1000
NV INET

The per unit values of the phase currents can be calculated as,

= 1049.73 A

Iy = Lo+ 1, +1p = j1.55 — j3.01 +j1.46 = Opu

Iy = Iyo + Ipy + Iy = Lo + @Iy +alyn

I, = j1.55 — 3.01|90° 4+ 240° + 1.46[90° + 120° = 4.52149.01° pu
I =lo+ 1o+ 1o = Lo+ aly + a1

I. = j1.55 — 3.01]90° 4+ 120° + 1.46/90° 4-240° = 4.52|30.99° pu

The value of the actual fault current during the sub-transient period is,

I, = I. = 4.52 x 1049.73 = 4744.78 A

(i) The value of the sequence voltages of phase a can be determined as,

Va =E—1,17Z; =1+4;3.01 xj0.24 = 0.28 pu
In the double line-to-ground fault, the symmetrical components of voltage are
the same and it can be written as,
Vao = Va1 = Vip = 0.28 pu

The values of the phase voltages of the generator can be determined as,

Vo= Vao+ Vau + Vi =0.2840.28 +0.28 = 0.84]|0° pu
Vi = Voo + Vit + Vip = Vg + @V + Vi

V, = 0.28 +0.28]240° + 0.28]120° = 0]|0° pu
Ve=Veo+ Ve + Vi = Voo +aVu +@Va

V. =0.284+0.28|120° +0.28|240° = 0[0° pu

The per unit line-to-line voltages are determined as,
Var = Va — V;, = 0.84|0° pu

Vbc = Vb — VL- = Olﬁpu
Vca - Vc - Va = _084|m = 0.84]180° pu
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The value of the phase voltage is determined as,

11
Vp:%

The actual line-to-line voltages of the generator can be determined as,

=6.35kV

Vap = 0.84 x 6.35 =5.33kV
Ve =0 x 635 =0kV
Vea = 0.84 x 6.35 = 5.33kV

Practice problem 3.7

The positive sequence, negative sequence and zero sequence reactance of a
50 MVA, 13.8 kV, three-phase Y-connected synchronous generator are 0.22, 0.17
and 0.15 pu, respectively. The neutral of the generator is solidly grounded.
A double line-to-line fault occurs between phases b and c. Calculate the currents in
each phase during the sub-transient period immediately after the fault occurs.

Example 3.8 Figure 3.37 shows a single-line diagram of a three-phase power
system. The ratings of the equipment are as follows.

Generator G: 100 MVA, 11 kV, X; = X, = 0.25pu, Xy = 0.05pu
Generator G,: 80 MVA, 11 kV, X; = X; = 0.15pu, Xy = 0.07 pu
Transformer 77: 100 MVA, 11/66 kV, X; = X, = Xy = 0.09 pu
Transformer T,: 80 MVA, 11/66 kV, X; = X, = Xy = 0.09 pu
Line:Xl = X2 =15 Q, Xo =30Q

Answer the following questions by considering the power system is initially
unloaded.

(i) Draw the positive sequence, negative sequence and zero sequence networks.

Also, find the equivalent sequence impedances.

(i) A single line-to-ground fault occurs in line a at bus 3. Find the sub-transient
fault current.

(iii) A line-to-line fault occurs in lines b and ¢ at bus 3. Calculate the sub-transient
fault current.

(iv) A double-line-to ground fault occurs in lines » and c at bus 3. Determine the
sub-transient fault current.

Fig. 3.37 Single-line Bus 1 Bus 2 Bus

3
diagram of a simple power ' AY Line | Yo 2
system E&: | m | E Al
G, 7 T
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Solution

Consider that the base values are 100 MVA and 11 kV for low voltage side and
66 kV for high voltage side of the transformer. Based on the common base, the new
reactance for the generators and transformers can be determined in the following
ways.

The new reactance for the generator G, are,

100

X1 = Xz = m x 0.25 = 025pll
100
Xo=——= .05 =0.
0= 100 X 005 = 0.05pu

The new reactance for the generator G, are,

100
X=X, = 30 x 0.15 =0.1875pu
100

The new reactance for the transformer 7 are,

100
X[ —X2 —Xo = m x 0.09 = 009pu

The new reactance for the transformer 7, are,

100
X=X, =Xo :% x 0.09 = 0.1125pu

The base voltage for the line can be calculated as,

11 66
Vy=—=11 x — = 66kV
a 11

The value of the base impedance can be determined as,

V2 662
Zy=-L=—"—=4356Q
b =S, ~ 100

The values of the new line reactance are determined as,

15
Xl = X2 = M =0.3443 pu
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30

(i) Figure 3.38 shows the sequence networks. The equivalent positive sequence
and negative sequence impedances can be determined as,

7(0.25+0.09 4 0.3443) x j(0.1125 4 0.1875)

Zi =7 =
e 7(0.6843+0.3)

= j0.2085 pu
The value of the equivalent zero sequence impedance can be calculated as,

. J(0.09+0.6887) x j(0.1125)
0 j(0.7787 +0.1125)

= j0.0982 pu

(i1) Figure 3.39 shows the sequence network for a single line-to-ground fault. The
sequence components of the current are determined as,

E
Iu :Ia :Ia -
1 2 Y 2+ 7o
1/0°
Ii=1p=1IL0= = 1.94]-90°
al a2 a0 J0.2085 + j0.2085 + j0.0982 Pt

j0.09  j0.3443

jO.O9  j03443  j0.1125
j0.25 j0.1875

E,
Reference Reference
Positive sequence Negative sequence
j0.6887 T 1ao
j0.09 j0O.1125
J0.25 j0.1875
Reference

Zero sequence

Fig. 3.38 Sequence networks
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Fig. 3.39 A sequence
networks

The value of the fault current in the phase a can be determined as,

I, =1y + 1o + Lo = 1.94|=90° +1.94/—90° + 1.94|—90° = 5.82|—90° pu

The value of the base current can be calculated as,

100 x 1000
Ibase = 4X =874.77A

V3 x 66

For a single line-to-ground fault, the actual value of the fault current can be
determined as,

Is1_g) = 5.82 x 874.77 = 5091.16 A

Figure 3.40 shows the simulation result by IPSA software and the value of the
fault current in the busbar 3 is found to be 5091.53 A.

Busbar Busbar2 Busbar3 Busbard
5091.53831
I -120.0°
o] D ‘ com Eo)

Fig. 3.40 Simulation results by IPSA software
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0 MW

0 Mvar 1
0 MW
0 Mvar

Fig. 3.41 Powerworld simulation network

The “Powerworld” software is also used to calculate the fault current as shown
in Fig. 3.41. The values of the sequence reactance of the generators, transformers
and transmission line are placed in the respective places. Figure 3.42 shows the
simulation result for the single line-to-ground fault and its value is found to be 5.68
pu. The results is found to be 5.76 pu which is approximately the same as that of the
simulation result.

(iii) Figure 3.43 shows the sequence network for the line-to-line fault. In this case,
the value of the positive sequence current can be determined as,

E 1o
frng frng = 2.398 _900
Zi+7Z  j0.2085 +0.2085 [=90% pu

The value of the negative sequence current is determined as,

Ial

Lo = —I, = —2.398|—90° pu =2.398/90° pu

The value of the zero sequence current is,
Lo = 0[0° pu

QO Fault Analysis ==
Fault Data | Fault Options | Matrices
Choose the Fauked Bus Fault Location Fauk Type Data Type Shown Faut Current
= = D -to-Ground Cusrent |
O Sort by Hame ® Soet by Number ©busFat (%5'09 Line-to 'D'D':J‘ ks, Otngs Magnituds:
[ Detme Fiter | [Juse Areajzone Fikers rE Line-to-Line 5.700 puu.
[ 2 3Phase Balanced
} i F [s ‘.
T Orintine Fauk O Double Line-to-Ground || [ Oneine Display
2 (2) [66 Ia @Nomal  Ophases  OphamC Angle:
o -90.00 deg.
28 [1119] O Al Phases (OPhase B

Buses Lines | Genwrators | Loads | Swikched Shunks
S En Ak 8 % A M, Records+ Geor Set+ Cownws B ER- MR- T B UL B optios -

| Mumber | Mame | PhaseVokA | PhasevoltB | PhassvelkC | Fhasedngd | PhaseAngB | PhasedngC |

1 11 070915 093581 0.93581 0.00 112,27 1z.27

z 22 0.39550 1.00867 1.00867 0.00 -120.55 120,55

3| 33 0.00000 092102 0.92102 0.00 09,90 _105.90

] 44 0.49903 030125 0.30125 0.00 -106.07 106.07
i) (M) [ 7o

Fig. 3.42 Powerworld simulation result for SLG fault
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Fig. 3.43 Sequence network

for line-to-line fault ls

VaZ

The value of the fault current in phase b is calculated as,

Iy = Iy + Iyt + Iy = Lo + @ Ly +alp

I, =2.398|240° — 90° +2.398|120° +90° = 4.153|180° pu
The value of the fault current in phase ¢ can be calculated as,
I. = —I, = —4.153]180° = 4.153|180° — 180° = 4.153|0° pu
The actual value of the fault current for line-to-line fault can be determined as,
In_; = 4.153 x 874.77 = 3632.919 A

Figure 3.44 shows the IPSA simulation result for line-to-line fault and the value
of the fault current is found to be,

Tiinipsa = 363233 A

Figure 3.45 shows the powerworld simulation result for line-to-line fault and per
unit magnitude of the fault current is the same.

(iv) Figure 3.46 shows the sequence network for the double line-to-ground fault
and the value of the positive sequence current can be determined as,

E 1o
I = 77y ~oaossxo0em — 3-033|=90° pu
Z1+ ZzerOZn Jj0.2085 +j* 0.3>(<)67
Busbarl Busbar2 Busbar3 Busbard

363233

150.0°

~ .ﬂ“w’f{’—' 4

!n_,l { &{(.__1_\

s M AQ
¥ &-‘? =

Fig. 3.44 IPSA simulation result for the line-to-line fault
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O Fault Analysis

Fault Data | Faul Options | Matrices
Choose the Fauted Bus Fauk Location Fauk Type Duata Type Shown Fault Current
O Sart by Name (@ Sort bry Number o) O Single Line-to-Ground Curent Units Miagribude
Oltsesosizooe s o ™0 @lietotine Sp Sl 4142 | pu
PR () 3 Phasa Balanced i
Trm nikn g © Double Line-to-Ground ':em S .
2 (2) [66 kY @nomal  Ofhases  OPhase € Angle:
180.00 | deg,
4(4) (11 KV DAl Poes; QP B
Buses |Lines | Generators | Loads | Seitched Shunts |
I BhAF % 2 8 M | Records Geo~ Set+ Cokns~ BF- | B UR- ¥ BH- ‘°';‘,E Options
Mumber | Mame | PhasevokA | PhaseVokB | PhaseVokC | PhassAngA | PhaseArgB | PhaseéngC |
1 11 1.00000 0.74497 0.74497 0.00 -132.16 132.16
2 22 1,00000 065734 0.65735 0.00 -139.52 139.52
3 33 1.00000 0.50000 0.50000 0.00 180,00 180,00
4 44 1.00000 059231 0.59231 0.00 -147.58 147.58
Gioee) (o] (70
Fig. 3.45 Powerworld simulation result for the line-to-line fault
Z,
9 1 a0
+
VaO
Fig. 3.46 Sequence network for the double line-to-ground fault
The value of the negative sequence current can be determined as,
Z J0.0982
Iy =— Zo 7 —— = —3.633]-90° x 0306 = 1.163|90° pu

The value of the zero sequence current can be calculated as,

Z J0.2085

Lo= —L;—22 — _3.633]-90° x — 2.469(90°
0 'Zo+ 2 =90 % 70.3067 9I90° pu
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Busbarl Busbar2 Busbar3 Busbard
4866.46
1.7
iy I
(A"}
S

Fig. 3.47 IPSA simulation result for the double line-to-ground fault

The value of the fault current in phase b is determined as,

Iy = Do+ Iy + Iy = Lo + @l +alp

I, = 2.469(90° +3.633|—=90° +240° +1.163|90° 4+ 120° = 5.565[138.27° pu

The value of the fault current in phase ¢ can be determined as,

I =10+ 11 +1o =1o+aly +a21u2

I, = 2.469|90° +3.633|—90° + 120° + 1.163|90° 4 240°

I, = 5.565[41.73° pu

The actual value of the fault current can be determined as,
I(g—i—g) = 5.565 x 874.77 = 4868.095 A

Figure 3.47 shows the IPSA simulation result for the double line-to-ground fault
and the value of the fault current is found to be,

Lr(ai—g)ipsa = 4866.46 A

Exercise Problems

3.1 Calculate the quantities for (i) a®, (ii) a'® +a — 3, and (iii) a'> 4+ 3a — 2 by
considering a = 1[120° and a* = 1|240°.

3.2 A three-phase system is having the currents of I, = 10|30° A, [, = 15]40° A
and I, = 20|35° A. Calculate the symmetrical components of current in
phases a and b.

3.3 A three-phase system is having the phase voltages of V, = 100[35° V, V,, =
200]45° V and V. = 280|55° V. Find the zero sequence, positive sequence
and negative sequence components of the voltage for phase a.
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Fig. 3.48 Unloaded
synchronous generator

34

35

3.6

3.7

3.8

39

3.10

Fig. 3.49 Delta-connected 45A

load

3 Symmetrical and Unsymmetrical Faults

A three-phase system is having the symmetrical components of voltage of
Vi =7545°V, V, =155/64°V and V,, =325[85°V for phase
a. Calculate the phase voltages V,, V;, and V..

The  unbalanced currents of a  three-phase  system  are
I, =50A,1, =30+,50A, I. = 40+ ;70 A. Calculate the zero, positive and
negative sequence components of the current in phase b.

A three-phase system is having the symmetrical components of the current of
Io=454+35A1,; =534+;1.45A and I, = 1.67 — j1.85 A for phase
a. Calculate the unbalanced currents I,, I, and I, if the total neutral current of
this system is zero.

Figure 3.48 shows a three-phase wye-connected unloaded synchronous
generator. A single line to ground fault occurs in phase a and the current in
this phase is found to be 1500 A. Calculate the symmetrical components of
current in phase b.

A source delivers power to a delta-connected load as shown in Fig. 3.49. The
current in phase a is found to be 45 A and phase b is open circuited.
Calculate the symmetrical components of the currents in all three phases.
The positive sequence, negative sequence and zero sequence reactance of a
30 MVA, 11 kV three-phase synchronous generator are measured to be 0.5,
0.4 and 0.22 pu, respectively. The generator’s neutral is solidly grounded.
A single line-to-ground fault occurs in phase a. Find the fault current.

A 15 MVA, 13.8 kV three-phase synchronous generator is having the pos-
itive sequence, negative sequence and zero sequence reactance of 0.3, 0.2
and 0.1 pu, respectively. The generator’s neutral is solidly grounded and
line-to-line fault occurs in phases b and c. Calculate the (i) fault current,
(i) sequence voltages for phase a, and (iii) phase voltages of the generator.

a

b

N —
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Fig. 3.50 A single-line Bus 1 Bus 2 Bus 3 Bus 4
diagram of a power system “ }Ll Line A% Y
! < IE o b
G, T T, 2
Fig. 3.51 A single-line Busl Y Bus 2 Bus

3 Bus 4
diagram of a power system | .
2e | e | 3¢S
10 Eim E i‘! @?
G T, T 2

3.11 A 25 MVA, 13.8 kV three-phase Y-connected synchronous generator is
having the positive sequence, negative sequence and zero sequence reactance
of 0.34, 0.22 and 0.15 pu, respectively. The generator’s neutral is solidly
grounded and the double line-to-line fault occurs between phases b and
c. Calculate the currents in each phase during the sub-transient period
immediately after the fault occurs.

3.12 Figure 3.50 shows a single-line diagram of a three-phase power system and
the ratings of the equipment are shown below.

Generators G, G: 100 MVA, 20 kV, X; = X, = 0.20 pu, Xy = 0.06 pu
Transformers T, T: 100 MVA, 20/138 kV, X; = X> = Xy = 0.08 pu
Line: 100 MVA, X; = X, = 0.11 pu, Xy = 0.55pu

A fault occurs at bus 4. Determine the fault currents in the faulted bus by any
simulation software (IPSA/Powerworld) for the (i) single line-to-ground,
(ii) line-to-line, and (iii) double line-to-ground faults.

3.13 A single-line diagram of a three-phase power system is shown in Fig. 3.51.
The ratings of the equipment are shown below.

Generator G;: 100 MVA, 11 kV, X; = X, = 0.20pu, Xy = 0.05 pu
Generator G,: 100 MVA, 20 kV, X; =X, =025pu, X, = 0.03pu,
X, = 0.05pu

Transformer 7: 100 MVA, 11/66 kV, X; = X, = Xy = 0.06 pu
Transformer 7,: 100 MVA, 11/66 kV, X; = X, = Xy = 0.06 pu

Line: 100 MVA, X; = X; = 0.15pu, Xy = 0.65pu

A single line-to-ground, line-to-line, and double line-to-ground fault occur at
bus 3. Find the fault currents in each case.

3.14 Figure 3.52 shows a single-line diagram of a three-phase power system and
the ratings of the equipment are shown below.

Generator G;: 100 MVA, 11 kV, X; = X, = 0.20pu, Xy = 0.05 pu
Generator G,: 100 MVA, 20 kV, X; = X, = 0.25 pu, Xy = 0.03 pu, X,, = 0.05 pu
Generator G3: 100 MVA, 20 kV, X; = X, = 0.30 pu, Xo = 0.08 pu
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Fig. 3.52 A single-line

Busl A Bus 2 Bus 3 Bus 4
diagram of a power system \g( L \Ll\Ll
1
ﬁ@% : =
1N | G

G T, 2
L, =
] Bus 5
iww I
Bus 6

6 (0¥

Transformer 71: 100 MVA, 11/66 kV, A-Y, X| = X, = Xy = 0.06 pu
Transformer 7,: 100 MVA, 20/66 kV, both sides earthed Y-Y,
Xl = X2 = X() = OO6pu

Transformer 73: 100 MVA, 20/66 kV, Y-Y, X; = X = Xo = 0.04 pu

Line 1: 100 MVA,X; = X, = 0.15pu, Xp = 0.65 pu

Line 2: 100 MVA,X; = X, = 0.10pu, Xp = 0.45pu

Calculate the fault currents in case of single line-to-ground, line-line and
double line-to-ground faults occurring at bus 3.

3.15 A single-line diagram of a three-phase power station is shown in Fig. 3.53.
The ratings of the equipment are shown below.

Generator G: 100 MVA, 11 kV, X; = X, = 0.24 pu, Xy = 0.06 pu
Generator G,: 100 MVA, 20 kV, X; =X, =022pu, Xp= 0.03pu,
X, =0.05pu

Generator G3: 100 MVA, 20 kV, X; = X, = 0.35pu, Xyo = 0.07 pu
Transformer 7: 100 MVA, 11/66 kV, A-Y, X| = X, = Xy = 0.06 pu

Fig. 3.53 A single-line

Busl A Bus 2 Bus 3 Bus 4
diagram of a power system \g( L \]ng\Ll
1
ﬁ@% : 3
1 T G,

G T,
L, L,
Bus 5
Y T
Y
Bus 6

A OA!
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Transformer 7>: 100 MVA, 20/66 kV, both sides earthed Y-Y, X; = X, =
Xo = 0.06 pu

Transformer 73: 100 MVA, 20/66 kV, Y-Y, X; = X» = Xo = 0.04 pu

Line 1: 100 MVA,X; = X, = 0.15pu, Xy = 0.65 pu

Line 2: 100 MVA,X; = X; = 0.10pu, Xy = 0.45pu

Line 3: 100 MVA,X; = X; = 0.16 pu, Xy = 0.65pu

Find the fault currents in each of single line-to-ground, line-line and double
line-to-ground faults occurring at bus 5.
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Chapter 4
Grounding System Parameters
and Expression of Ground Resistance

4.1 Introduction

In any electrical circuit network, the circuitry that provides a path between the parts
of the circuit and the ground, is known as the grounding system. The grounding
system is required for reliable operation of any electrical equipment including
generator, transformer, power system tower, and other power system installation
under fault conditions. In a grounding system, the study of ground resistance is very
important in designing any electrical network for residential, commercial and
industrial areas. Any electrical equipment needs to be grounded for safe operation.
In this case, the enclosure of the equipment is grounded in such a way that the
voltage on the equipment maintains the voltage of the ground. This is known as
equipment grounding. The grounding is also an important for power generation,
transmission and distribution systems. In the transmission systems, each leg of the
transmission tower is grounded through a vertically inserted earth electrode. In an
electrical substation, all high voltage equipment are grounded with a grounding grid
system. In this chapter, objectives, symbols, expression of ground resistance with
different types of electrode etc. have been discussed.

4.2 Objectives of Grounding System

The objectives of any grounding system are as follows:

Reduce insulation level of power system equipment: Power system equipment
like transformer’s neutral must be grounded. This can decrease the operating
voltage and insulation level of the equipment.

Ensure personal safety: A good grounding system of a substation can ensure
that the touch and step voltages meet the standard voltage levels.
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Eliminate electrostatic accidents: Static electric current may create interference
of electronic devices and generate fire near any flammable object. A good
grounding system can release the static current to the earth which can prevent that
type of incident.

Reduce electromagnetic interference: The normal operation of any electronic
device is interrupted due to electromagnetic interference. This type of interference
can be reduced by the good grounding system.

Reduce cathodic protection current: The voltage is usually induced in the
pipeline at the same corridor of the transmission lines which can harm the utility
operators. The cathodic protection is used in the pipeline to mitigate high touch
potential and reduce the current due to a fault condition. Therefore, the cathodic
protection system of the pipeline must be grounded to release the current into the
earth.

Detecting ground faults: In the substation, there are many leakage breakers and
other fault leakage protection devices used in the low voltage circuits. A high
magnitude of the ground fault current is required to bring the protection device into
action, if there is an earth fault in the circuit. Therefore, to meet this condition, the
neutral point on the secondary side of the step-down transformer must be grounded.

4.3 Grounding Symbols and Classification

In the grounding system, three symbols are used which are signal, chassis and earth
as shown in Fig. 4.1.

The signal or equipotential ground is used for the reference voltage of an
electrical circuit for simulation activities. The earth ground is used to release high
magnitude of current into the earth or soil. The presence of voltage is observed in
any system due to electrostatic voltage. This electrostatic voltage can be mitigated
using the chassis ground. The earth and chassis grounds are normally used in the
power system networks.

The grounding system basically provides a low resistance path for the fault and
lightning currents in order to maintain the safe potential with respect to the zero
potential. The single-phase to ground fault is the most common fault in the power
system and it accounts for 98 % of all failures. The phase-to-phase and three-phase
faults are responsible for 1.5 and 0.5 % of all failures respectively. The grounding
system is constructed by burying electrodes into the soil. The electrodes are known

Fig. 4.1 Different symbols of
grounding system

Signal Earth Chassis
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as a ‘rod’ when buried vertically and ‘conductor’ when buried horizontally in the
soil. The grounding with only rod is used in the transmission tower and distribution
electric pole. The grounding grid is formed either the combination of the conductor
and the rod or only the conductor. The grid is normally used in the substation and
power station grounding system. Initially, grounding system is divided into
grounded and ungrounded systems. The grounded system is again sub-divided into
neutral grounded and non-neutral grounded systems. The neutral grounded is again
divided as solidly grounding, resistance grounding, reactance grounding, voltage
transformer grounding and Zig-Zag transformer grounding. The resistance
grounding is sub-divided as high resistance grounding, low resistance grounding
and hybrid high resistance grounding.

4.4 Ungrounded Systems

Any grounded or ungrounded systems mainly depend on the customer demands.
The ungrounded electrical systems are used where the customer and the design
engineer do not want the overcurrent protection device acting on the ground fault
line. However, there are some ungrounded elements such as building steel or iron
and, water pipeline, which are intentionally grounded. In an ungrounded system,
there is no internal connection between any line (including the neutral) and ground.
The ungrounded system is basically grounded through distributed capacitance.
There are some advantages and disadvantages of ungrounded systems. The ground
fault current in this system is very low (5 A or less) and provides more reliability
during fault conditions. The voltage between the healthy lines and ground is very
high. The effect of harmonics in the ungrounded system will die out itself within the
system. The outside source interferences are usually neglected as there is no con-
nection with the soil. The ungrounded system is very poor to protect the electrical
appliances due to transient voltages. Sometimes, these transient voltages propagate
or elongate to the nearby equipment which can destroy the insulation of those
equipment. In this system, it is very difficult to locate the line to ground fault. An
ungrounded wye-connection is shown in Fig. 4.2, where a ground fault occurs in
line R. Each line has distributed earth capacitance. The capacitance of line R will
discharge through the faulty path to the capacitance of lines Y and B. The charge
and discharge of capacitance of line R will continue due to the healthy lines Y and
B. The currents in the lines Y and B can be written as,

Y

. VYG .
vy = ———=joC 4.1
ley 1/j(u Cy JOLyvyG ( )

VBG

=6 _inC 42
jwCy /@ BVEC (4.2)

i(‘B
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Fig. 4.2 Wye-connection
with faulted line R

But, the distributed capacitance of each line is the same and it can be
expressed as,

Cr=Cy=Cp=C (4.3)
The expression of fault current is,
If =iy +icp (4.4)
Substituting Egs. (4.1)-(4.3) into Eq. (4.4) provides,
ir = joC(vyc + vae) (4.5)

The vector diagram of the wye-connection is shown in Fig. 4.3. The current i g
leads the voltage vpg by 90° and The current i,y leads the voltage vys by 90°. From
Fig. 4.3, the following voltage expression can be written as,

VBG = VBn + Vn (4.6)
VY6 = Vyn + (4.7)

Substituting Eqgs. (4.6) and (4.7) into Eq. (4.5) yields,
if = ig = JOC(Vyn + Vi + Vi + ) (4-8)

if :jO)C(VYn +vp, + 2\/,1) (49)
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Fig. 4.3 a Vector diagram of @) v,
faulted wye-connection
system. b Vector diagram of
faulted wye-connection
system

Resolve the voltage vg, into vg, cos in the v, direction and vg, sin 0 is per-
pendicular on the v,. This can be expressed as,

VBn = VB, €08 0 + vp, sin 0 (4.10)

Again, resolving the voltage vy, into vy, cos 0 in the v, direction and —vy, sin 0
in the perpendicular direction of the v,, the following expression can be found,

V¥n = Vyn €08 0 — vy, sin 0 (4.11)
Adding Egs. (4.10) and (4.11) yields,

Vyn + Ven = Vg, €08 0 -+ v, sin 0 + vy, cos 6 — vy, sin 0 (4.12)
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But, v, sin 0 is equal and opposite to —vy, sin 6, then Eq. (4.12) can be modified
as,

Vyn + VBn = vy €08 0 + vy, cos 0 = v, (4.13)
Substituting Eq. (4.13) into Eq. (4.9) yields,
ir = joC(v, +2v,) = j3wCv, (4.14)
Alternative approach:

If the line to ground fault occurs at line R, then the line to ground voltage becomes
zero i.e.,vgg = 0. Applying KVL between R-G-Y in Fig. 4.2 yields,

VrRG — VyG +Vvry =0 (4.13)
0—Vyg+VRy =0 (416)
VYG = VRY (417)

Again, applying KVL between B-G-R yields,
VrG — VBG +ver =0 (4.18)
VBG = VBR (4.19)
Equations (4.1) and (4.2) can be modified as,
iey = joCvyg = joCV3vy, (4.20)
icg = joCvpr = joCV3v, (4.21)
From Fig. 4.3b, the expression of the fault current is,
i = 2i.5c0830° = 2ipy cos30° = V3ig = V3iey (4.22)
Substituting Eq. (4.21) into Eq. (4.22) yields,
ir = V3 x joCV3v,, = 3joCvy, (4.23)
A delta-connection with the ungrounded system is shown in Fig. 4.4. This
system is basically grounded through an earth capacitance. Applying KVL between
R-G-Y yields,

VRG — VYG — VRY = 0 (424)
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Fig. 4.4 Ungrounded

delta-connection system

OR

§

VRy = VrG — vy = 1]0°
VrG = vyG + 1/0°.

Again, applying KVL between Y-G-B yields,

vy —vgG — vy =0

Vyg = vy — Ve = 1|=120°

vee = vy — 1|=120°
Applying KVL between B-G-R yields,

veG — VR — Vr =0

VBR = VBG — VRG — 1m: 1|ﬂ

The earth capacitance will be equal for equal length and
conductor. This can be written as,

Cr=Cy=Cp=C

In this condition, the expressions of the current are,

— =JjoCvgc

iRG =
joC

iyc = joCvyc

(4.27)
(4.28)

(4.29)

(4.30)

(4.31)

transposed of the

(4.32)

(4.33)

(4.34)
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ipc = joCvpe

The sum of the currents at node G can be expressed as,

irG +iyG +ipc = 0
Substituting Eqgs. (4.33)—(4.35) into Eq. (4.36) yields,

JjoCvrs + joCvyg + joCvgg = 0
JjoC (Ve + vy + vag) = 0

VrG + Vv + vpg = 0

Substituting Egs. (4.26) and (4.29) into Eq. (4.39) yields,

vy + 1+ vyg + vyg — 1|=120° =0

(1|=120° — 1)

VYG =

W —

1
vy = —=|—150°
YG \/g

Substitute Eq. (4.42) into Eq. (4.26) provides,

1

VRG = —150° +1]0°
RG \/§ I—

1
Ve = —=|—30°
RG \/gli

Again, substituting Eq. (4.42) into Eq. (4.29) yields,

R

VBG = [=150° — 1|—120°

1
vee = —=[90°
BG \/gli

(4.35)

(4.36)

(4.37)
(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

Again, consider that the line to ground fault occurs in line R as can be seen in
Fig. 4.5. The impedances due to line to earth are considered to be small and the
impedance due to the fault is considered to be zero as shown in Fig. 4.6. The current

in the ground to line B can be written as,
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Fig. 4.5 Ungrounded delta
connection with fault at line R

Fig. 4.6 Ungrounded
delta-connection with
equivalent circuit when fault
at line R

VBG

ipc = —Ip = — 4.47
IBG g Zs ( )
The current in the ground to the line Y is,
. . VYG
= —iy=— 4.48
lyGg ly Zy ( )
The voltage of line R to the ground is,
VRG = 0 (449)

Applying KVL between the Y-G-R yields,

vyG — VG — Vry =0 (4.50)
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Substitute Eq. (4.49) into Eq. (4.50) provides,
VYG = Vyr (4.51)
Applying KVL between the B-G-R yields,
veG — VrG — Vr =0 (4.52)
Substituting Eq. (4.49) into Eq. (4.52) yields,
VBG = VBR (4.53)
The expression of the fault current can be written as,
ir = iyc +ic (4.54)
Substituting Eqgs. (4.47) and (4.48) into Eq. (4.54) yields,

. V¥G |, VBG

= 4.55
=7 t7Z (4.55)

4.5 Grounded Systems

Continuous power supply is very important in the industry and commercial uti-
lization. There are two types of a grounded system, namely, neutral grounded and
non-neutral grounded. The neutral grounded system is used in the generator and
transformer. The non-neutral grounded system is used for electric tower, switchgear
of the substation building and utility grid substation. There are some advantages of
the grounded systems. These are,

capability of reduction in over voltages due to transient,
greater safety for the operators,

excellent lightning protection,

simplified ground fault location,

reduction in frequency of faults,

highest system and equipment fault protection, and
reduction in maintenance cost and time.

4.5.1 Solidly Grounded System

The neutral points of high voltage equipment like transformer and generator are
solidly grounded to reduce the insulation voltage level. This grounding system is
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OB Ver =V3l150° vy, = v =1[120°
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\ o /
\ /
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n -
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OY
Wye-connection Vyg = V3=90°

Vector diagram

Fig. 4.7 Wye connection and vector diagram

known as working grounding. The solidly grounded system is the most widely used
grounding mechanism employed in the industrial and commercial power system,
where ground conductors are connected to the earth without any intermediate
impedance. This grounding system has high values of current ranging from 10 to
20 kA. This current flows through the building rod, water pipe and ground wire
which might damage the electrical appliances. The solidly grounded system can
reduce the line to ground fault transients and locate faults easily. Some disadvan-
tages of this grounding system are severe arc flash hazards, high fault current,
observe potential on the equipment during a fault.

The wye and delta connections are usually used to step-up and step-down the
input voltage into the required voltage level. The wye-connection with a solidly
grounded system is shown in Fig. 4.7. In this system, the magnitudes of the phase
voltages are the same. It can be written as,

VRn = Vyn = Ve, = 1]0% (4.56)
The expressions of the line to line voltages are,
Vey = V3Vga|30° (4.57)
vy = V3Vga|=90° (4.58)
VBR = \/ngnm (4-59)
The fault on an intended path of a circuit, which results in a high magnitude

current that flows to the ground via an unintended shortest path is known as
single-line to ground fault or in brief ground fault. Statistically, 90-95 % faults
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Wye-connection

Circuit model

Fig. 4.8 Single-phase to ground fault and its equivalent circuit

occur due to the ground fault. The ground fault of a wye-connection and the
equivalent circuit is shown in Fig. 4.8.
From the equivalent circuit in Fig. 4.8, the following equations can be written as,

. VRn
IR = Zot 2 (4.60)
iy=ig=0 (4.61)
VrG = IrZs (4.62)
Substituting Eq. (4.60) into Eq. (4.62) yields,
VRG = Zav%"zfzf (4.63)
The other phase to ground voltages are,
VYG = Vn (4.64)

VBG = VBn (465)
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Line-to-line
fault

Wye-connection

Circuit model

Fig. 4.9 Line-to-line fault and its equivalent circuit

The line-to-line short circuit occurs between phases R and Y of a wye-connection
as shown in Fig. 4.9.

From the equivalent circuit as shown in Fig. 4.9, the equations of the current can
be written as,

ig=0 (4.66)
ix = —iy (4.67)

Applying KVL between the phases (lines) R and Y, and the equation can be
written as,

—VRn + iRZR — iyZy + Vyn = 0 (468)
Substituting Eq. (4.67) into Eq. (4.68) yields,
—Vgn +iRZg + irZy + vy, =0 (469>

. VRn — Vyn
— VRa T V¥n 470
R 17y (4.70)
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OB

B
O

Three-phase short
circuit

O O

Wye-connection

Circuit model

Fig. 410 Three-phase short circuit and its equivalent circuit

The line to line voltage between lines R and Y is,
Viy = Vin — Vin = V3V (4.71)
The sequence impedance of the transformer is the same, i.e.,
Irp=Zy=2 (4.72)
Substituting Egs. (4.71) and (4.72) into Eq. (4.70) yields,

L \/§VRn

473
R="h7 (4.73)

The three-phase short circuit fault is shown in Fig. 4.10. The line current can be
calculated by considering any phase to neutral. For line R, the expression of the line
current is,

VRn

- (4.74)

iR

Example 4.1 A 1.5 MVA, 11/0.415 kV delta-wye three-phase transformer is
connected to the power system network of a Methanol industry. The line-to ground
fault occurs in the secondary of the transformer. The transformer impedance and the
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ground fault impedance are found to be 6 and 2 % respectively. Determine the value
of the line-to-ground fault current.
Solution

The value of the line current is,

LS 15x1000
T3V, V3 x0415

The pu value of the line to ground current is,

= 2086.87A = 1 pu

v 1
T Zr+Zr  0.06+0.02

ive =12.5pu

The value of the line to ground current in ampere is,

I = 12.5 x 28,086.87 = 351.085 kA

Practice problem 4.1

A carpet industry is having a three-phase 1.0 MVA, 11/0.440 kV delta-wye
transformer for its power system network. A three-phase fault occurs in the sec-
ondary of the transformer due to heavy natural wind. The transformer impedance is
found to be 4 %. Determine the value of the line current.

4.5.2 Resistance Grounding

The resistance grounding system is classified as high resistance and low resistance
grounding systems. The high resistance grounding system is obtained by con-
necting a high resistance in between the neutral point of a low voltage transformer
and the ground as shown in Fig. 4.11. The high grounding system is used in the
small and medium industry applications where continuous operation is required
during the fault condition. The value of the resistance is chosen in such a way that it
allows 1-10 A current during the ground fault.
There are some advantages of high resistance grounding. These are,

limiting the ground fault current to a lower value,

controlling the over transient voltages,

maintaining continuous operation during a fault condition,

reducing electric shock hazards,

reducing mechanical stress in the nearby equipment, and

reducing line voltage drop caused by occurrence and clearance of the ground
fault.
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Fig. 4.11 Wye-connection OB
with high resistance
grounding

R

Rh
G
Y
O

The main disadvantages are,

e high frequency signal may present during alarming period due to the fault and
e ground fault may remain present for a long time.

Consider a ground fault occurs in the line R as can be seen in Fig. 4.12. The
current in the faulty phase is,

. VRn
R Zo+Z + Ry 475)

The voltage drop across the fault impedance is,

VRG = #fzi& (4.76)

The currents in the Y and B phases are,
iy=ip=0 (4.77)

Applying KVL in path Y-n-G provides,
Vyn — iRRp —vyg =0 (4.78)
VyG = Vyn — igRp (4.79)

Again, applying KVL in path B-n-G gives,

VBn — iRRh — VBG — 0 (480)
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Wye-connection

Circuit model

Fig. 412 Wye-connection with circuit model

VBG = Vn — IR (4.81)

A low resistance grounding system is obtained by connecting a small value of
the resistance with the grounding conductor or rod. The low resistance grounding
system is normally used for the loads which are connected below the 220 V supply
and the system is designed to shut down in 10 s. A low resistance grounding system
is more expensive than a solidly grounding system. The advantages of low resis-
tance grounding system are lower value of the ground fault current, good control of
transient overvoltage, easy fault detection. The disadvantages are high cost and,
presence of higher harmonics (in some cases third harmonic component may
appear).

4.5.3 Reactance Grounding

The reactance grounding is obtained by connecting a reactor (low inductance)
between the neutral point and the ground as shown in Fig. 4.13. The magnitude of
the ground fault current can be reduced to an acceptable value by changing the
reactance.

Nowadays, this type of grounding is not used due to the requirement of higher
value of the fault current in operating protective equipment, and due to the presence
of high transient voltage that appears during ground fault condition.
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Fig. 4.13 Wye-connection OB
with reactor grounding

4.5.4 Voltage Transformer Grounding

The voltage transformer grounding is obtained by connecting a neutral of wye
connection to the ground through the primary of a single-phase voltage transformer
as shown in Fig. 4.14. The secondary of the voltage transformer is connected to the
relay through a series resistor.

The primary of the voltage transformer provides high reactance to the neutral of
the wye connection. As a result, the neutral point works as an ungrounded system.
A voltage is induced at the secondary due to a ground fault to any line of the wye
connection. This voltage triggers the operation of the protected equipment. This
type of grounding system is used in the generator which is connected to the step-up
transformer. The advantages of this grounding system are reduced transient over-
voltage and reduced arcing grounds.

Fig. 4.14 Wye connection OB
with voltage transformer
grounding
R
H Relay
G

oY
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4.6 Resonant Grounding

The resonant grounding is often known as Petersen grounding or arc suppression
coil (ASC) grounding. In 1916, W. Petersen was first developed the coil to limit the
earth fault current in the ungrounded three-phase system. The concept of resonant
grounding comes from the circuit under resonance condition. In this condition, the
inductance and the capacitance play an important role. The capacitance is formed in
between the energized line and the earth when the transmission lines are passed
above the ground. If a specific value of the inductance is connected in parallel with
the earth capacitance then the fault current flowing through the inductor will be
equal and 180° out of phase to the total capacitor current. The arc suppression coil
is adjusted in such a way that the value of the fault current completely balances the
total capacitor current, and in this case, it is known resonant grounding. A Petersen
coil is an iron core reactor, which is connected to a star-connected three-phase
system as shown in Fig. 4.15.

A line to ground fault occurs at phase B. In this condition, the vector diagram is
shown in Fig. 4.16. The line B to ground fault voltage is,

vgg =0 (4.82)

Applying KVL to the lines Y, B and G yields,
vyg + Ve — vy =0 (4.83)

Substituting Eq. (4.82) into Eq. (4.83) yields,

VyB = VYG (484)

Fig. 4.15 Wye-system with
arc suppression coil
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Fig. 4.16 Vector diagram of
a wye-system with faulted line

The current in the capacitor due to the line Y is,

. VYG VyB .
lcy = XC = YC :](L)C\/:?_‘Vph (485)

Again, applying KVL to the lines B, G and R yields,
VBG — VRG + Vrg = 0 (4.86)
Substituting Eq. (4.82) into Eq. (4.86) yields,
VRG = VRB (4.87)

The current in the capacitor due to the line R is,

VG _ Vrs _ V3V (4.88)
X X X '

IcR =

The vector diagram of voltage and current is shown in Fig. 4.16. From Fig. 4.16,
the value of the fault current can be determined as,

Iy = 2icg cos 30° (4.89)
Substituting Eq. (4.88) into Eq. (4.89) yields,

\/?-)Vh \/g 3Vh
P 4
X =

4.90
X 2 X, ( )

i =2 %
This fault current is equal to the total capacitive current and it can be expressed as,

ir =i, = (4.91)
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Again, the fault current is equal to the arc suppression coil current and it can be
written as,

i =i = % (4.92)
L

According to the resonance condition, the following relationship can be found,

ok _ 3Vph (4.93)
X, X. '
Voh
ﬁ = w(C3 Vph (494)
1
L=—— 4.95
3w?C (4.95)

Example 4.2 A Petersen grounding is used in a 66 kV, 50 Hz, 100 km, three-phase
transmission line. Each conductor of the transmission line is having a line to earth
capacitance of 0.012 pF/km. Determine the value of the inductance and the kVA
rating of the Petersen coil when a ground fault occurs in a line.

Solution

The actual value of the line to earth capacitance is,

C =100 x 0.012 = 1.2 pF

The value of the inductance is,

1 1
30°C 3 x (21 x 50)% x 1.2 x 106

=2.81H

The value of the phase voltage across the Petersen coil is,

66 x 1000
Vo = T

The value of the current through the Petersen coil is,

= 38,106.24V

Vo 38,106.24
=P %P 4317A
T 7%, T 2m x50 x 2.81

The rating of the Petersen coil is,

38,106.24 x 43.17
Rating = Vil = 500 — 1644.89kVA
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Example 4.3 A 66 kV, 50 Hz, three-phase transmission lines passes near the highway
and through mountain. The length of the transmission line is 140 km and the three
conductors are arranged vertically and separated from each other by 1.5 m. Consider that
the effective radius of the conductor is 0.001 m. Calculate the value of the inductance
and the kVA rating of the Petersen coil when a ground fault occurs in one line.

Solution

The value of the capacitance between the line and earth is,

 2mey 21 x 8.854 x 10712

=71a s
In? In 5557

=7.61 x 1072 F/m

The actual value of the earth capacitance is,

C =140 x 1000 x 7.61 x 1072 =1.06 x 10 °F

The value of the Petersen coil is,

1 1

= = =3.19H
30’C 3 x (27 x 50)* x 1.06 x 10~
The value of the phase voltage across the Petersen coil is,
66 x 1000
Vi = o = 38,106.24V
V3
The value of the current in the Petersen coil is,
Von 38,106.24
[ =1=_""""""=-3802A
77X, 2m x50 X 3.19
The rating of the Petersen coil is,
38,106.24 x 38.02
Rating = VI = . — 1448.94kVA

1000

Practice problem 4.2

A Petersen grounding is used in a 66 kV, 50 Hz, 90 km, three-phase transmission
line. Each conductor of a transmission line is having a line to earth capacitance of
0.02 pF/km. Determine the value of the inductive reactance of the Petersen coil.

Practice problem 4.3

A 1200 kVA Petersen coil grounding is used in a 66 kV, 50 Hz, 70 km, three-phase
transmission line. Each conductor of the transmission line is having a line to earth
capacitance. Find the value of the inductive reactance and the value of the line to
earth capacitance.
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4.7 Ground Resistance

The ground resistance is often known as earth resistance. The ground resistance is
defined as the ratio of voltage across the grounding device and the current flowing
into the earth through the grounding device.

The value of the ground resistance is the combination of grounding device
resistance, lead resistance, contact resistance between grounding device and soil,
and surrounding soil resistance. The surrounding soil resistance is normally higher
compared to other components. However, the value of the earth resistance, mainly
depends on the shape of the grounding device, type of the soil and wetness of the
soil. The properties of the soil changes within the small areas of the earth. The
model of the ground resistance is shown in Fig. 4.17.

Fig. 4.17 Model of ground
resistance

Rlead

Ry,

¢ R

soil—contact

R

surrounding —soil
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4.8 Electric Potential

An electric potential is an essential component which is used to calculate the ground
resistance for a given injected current in the ground. Consider that a test charge ¢ is
placed at a point A as shown in Fig. 4.18. This charge needs to be moved from the
initial point A to the final point B. A force F is directed from the test charge to the right
direction and a force F' is directed to the left direction as shown in Fig. 4.18. At point
A, the following equation can be written when the charge is not moving anywhere,

F=-F (4.96)

In this case, the electric field intensity, which is defined as the force per unit
charge, it can be written as,

F
E==— 4.97
q ( )

Again, consider that the test charge ¢ moves slowly to a small distance dl to-
wards point B with the application of force F' as shown in Fig. 4.19. The work done
to move the test charge for the distance dl is,

AW = F' dl (4.98)

Substituting Egs. (4.96) and (4.97) into Eq. (4.98) yields,

AW = —gE. d1 (4.99)
W _ga (4.100)
q

Consider that the difference in electric potential between the points of the path
dl is represented by dV, and this can be written as,

dw

dV=Vg—Vy=— (4.101)
q
Fig. 4.18 Test charge with > E
electric field B F A
O < oO——»
q F
Fig. 4.19 Test charge with a > K
small distance B dl F
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Substituting Eq. (4.100) into Eq. (4.101) yields,

dv = —E.dl (4.102)
Integrating Eq. (4.102) yields,
final final
/ dv = — / E.dl (4.103)
initial initial
B B
/de —/E.dl (4.104)
A A
B
VB—VA:—/E.dl (4.105)
A
B
Va—Vg=Vap = /E.dl (4.106)
A

4.9 Ground Resistance with Hemisphere

Figure 4.20 shows a hemisphere buried in the soil whose resistivity is p. The
hemisphere is connected to the conductor. The current / in the conductor passes to
the hemisphere and distributed to the ground. The current density at the surface of
the hemisphere with surface area A is,

P
A 2m?

(4.107)

where 7 is the radius of the hemisphere. The current density at any distance x from
the center of the hemisphere is,

J(x) = — (4.108)
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Fig. 4.20 Hemisphere with
current lines

Conductor

Current line

The electric field at any distance x from the center of the hemisphere can be
determined as,

J(x) = 6E(x) (4.109)

Substituting Eq. (4.108) into Eq. (4.109) yields,

1
1
= EW) (4.111)
_ ol
E() =2 (4.112)

The electric potential for a line is defined as,

final
V=— / E.dl (4.113)

initial

Inside the earth, the potential difference between the two points can be calculated
as,

V21 = V2 — V1 = — / E(x)dx (4114)
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Substituting Eq. (4.112) into Eq. (4.114) yields,

Vip = Y/_h%dx (4.115)

o
Vo=Vi—V, = —% H (4.116)
Vip = —% E—H (4.117)
Vu:g—i[%—%] (4.118)

If ry = r and r, = oo, then the expression of electric potential between the two
points can be reduced as,

ol [T 1
Vo=—|-—— 4.119
12 Zn{r oo} ( )
pl
Vio=— 4.120
n=t (4.120)

Then, the expression of ground resistance can be calculated as,

Viz p
R,=—=—"— 4.121
§ 1 2nr ( )

Example 4.4 A house owner has buried a 1.5 m radius hemisphere earth electrode
into his neighboring soil whose resistivity is found to be 20 Q-m. Determine the
ground resistance of the house owner. In addition, find the ground resistance at a
distance of 10 m from the center of the hemisphere.

Solution

The value of the ground resistance of the house owner can be determined as,

0 20
R,=—=——-"=2.120Q
£ 2nr 2mx 1.5
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The value of the ground resistance at a distance of 10 m can be calculated as,
p |1 1 20/ 1 1
Ri=—|———|==—|-——-=) =180Q
& 2n [rl rj 2n\1.5 10
Practice problem 4.4
The ground resistance of a house owner has found to be 0.6 Q using a hemisphere

earth electrode. The resistivity of the soil is found to be 10 Q-m. Calculate the
radius of the hemisphere.

4.10 Ground Resistance with Sphere Electrode

A sphere with a radius r is shown in Fig. 4.21. The surface area of a sphere can be
written as,

Ay = 4nr? (4.122)

For the current I, the expression of current density is,

Jo=— (4.123)

Jy=—— (4.124)

Fig. 4.21 Sphere with
current lines
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The current density of the sphere at any distance x > r is,
Ji(x) = — (4.125)

The electric field of the sphere at any distance x > r is,

pl
The potential from the distance r to infinity can be determined as,
X=00
pl
o = — 4.127
Vip / 47x2 dx ( )
pI 1 X=00
Vip=—— |- 4.128
=l 129
ol |1 1
Vip=——|——— 4.129
! 4n [oo r} ( )
ol
Vop =— 4.130
’ 4nr ( )

Then, the expression of ground resistance of the sphere can be calculated as,

V o
R,=—L-—-_"_ 4.131
§ 1 4y ( )

Example 4.5 A 1 m radius sphere earth electrode is used for a grounding system at
a house and the soil resistivity at that place is found to be 30 Q-m. Calculate the
ground resistance.

Solution

The value of the ground resistance can be determined as,

0 30
R,=—= =2.38Q
8 4mnr 4mx 1 38

Practice problem 4.5

A sphere earth electrode is used for a grounding system at a house. The soil
resistivity and the ground resistance at that place are found to be 30 Q-m and 1.5 Q,
respectively. Determine the radius of the sphere earth electrode.
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4.11 Ground Resistance with Cylindrical Rod

A cylindrical rod with a radius r and length [ is inserted vertically into the soil.
A current [ is passed into the rod from the top end as shown in Fig. 4.22, and this
current is dividing the surface into two parts. The first part is due to the current
coming out horizontally along the length of the cylindrical rod, forming a cylin-
drical surface of radius x and length I. The second part is due to the current coming
out radially from the bottom of the cylindrical rod, forming a hemisphere of radius
x. In this case, the surface area of the rod at any radial distance x from the longi-
tudinal axis of the cylinder can be written as,

A = nx* + x® + 2mxl (4.132)

At any radial distance x, the electric field can be written as,

1
E(x) =pJ(x) = N (4.133)
Substituting Eq. (4.132) into Eq. (4.133) yields,
E(x) d (4.134)
X)=pr————=— .
P o v 2nd

Fig. 4.22 Cylindrical rod
conductor

Cylindrical rod
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The voltage from the distance r to infinity can be derived as,

pl 1
=— d. 4.135
2n ) x(I+x) o ( )
We need to apply partial fraction decomposition as,
1 A B
=— 4.136
x(I+x)  x + (I+x) ( )
1 =A(l+x)+Bx (4.137)
1 1
A=-, B=—- 4.138
T 7 ( )
Then Eq. (4.135) can be modified as,
ol [ 71 I
V=— —dx — [ ——d. 4.139
2 /lx /z(x+1) o (4.139)
pl 0
V= 2 [lnx — In(x+1)]; (4.140)
i
_ T
V= ol [lnx+l} ) (4.141)
pl r
V=—|0—In—r- 4.142
2nl [ g J (4.142)
_ ALt
V= ol [ln p ] (4.143)
_ Pt
R, = 2nlln p (4.144)

Assuming that the radius of the cylindrical rod is very small compared to its
length, the expression of the ground resistance can be written as,

R, =-In- (4.145)
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If the total length of the cylindrical rod is 2/, then the expression of the ground
resistance becomes,

p . 2l
R,=—In— 4.146
§ 27rlnr ( )

Again, substituting r = % in Eq. (4.146) yields,

Ry =-—In= (4.147)

Example 4.6 A 0.5 in. diameter and 10 ft length cylindrical electrode is driven
vertically into the silt soil for the grounding system. The resistivity of the silt soil is
found to be 25 Q-ft. Calculate the ground resistance.

Solution

The value of the ground resistance can be determined as,

p 2 25 20
$ T2 F T 2mx 10 1025

Practice problem 4.6
The ground resistance of a 1 in. diameter and 8 ft cylindrical electrode for the clay
soil is found to be 1.5 Q. Calculate the resistivity of the clay soil.

Alternative approach:
In this case, the cylindrical rod is driven vertically into the soil as shown in
Fig. 4.23. Consider that the equipotential surface due to the current coming out of
the soil has a shape of a prolate ellipsoid, which minor axis is very small compared
to the major axis as shown in Fig. 4.24.

The electrostatic capacity (C) of the prolate ellipsoid in revolution is given by
A. Gray as,
2 —a?

C= lnquc

(4.148)

where c¢ is the length of the major semi-axis and a is the length of the minor
semi-axis.
Equation (4.148) can be written as,

C=—Y—F (4.149)
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Fig. 4.23 Cross-section of o
the soil with a buried %
cylindrical rod electrode :
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Fig. 4.24 Prolate ellipsoid

Since ¢ is very large compared to a, the value of a’/c” is almost zero and can be
neglected. Equation (4.149) can be reduced as,

c
" In
a

c (4.150)
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Now, if we replace the length of the major semi-axis (C) with the length of the
vertical rod (/) and length of the minor semi-axis (@) with the radius r, then
Eq. (4.150) can be written as,

Cc=—_ (4.151)

C.F. Tagg introduced an equation to obtain the ground resistance (R,) from the
electrostatic capacity (C) for any electrode of any shape, i.e. sphere, plate and rod,
as follows:

o

R, = — 4.152
8 27C ( )

where p is the soil resistivity. Substituting Eq. (4.151) into Eq. (4.152) yields,

Rg:Ll (4.153)
271—21
In—
,
p . 2l
R,=—In— 4.154
& oml r (4.154)

The method used by H.B. Dwight and G.F. Tagg to derive the ground resistance
of a cylindrical rod is similar to deriving the electrostatic capacity of an isolated
cylinder. Therefore, the problem of deriving the ground resistance is reduced to
obtaining the electrostatic capacity of the cylinder. First, we need to consider that
the cylindrical rod is buried horizontally into the ground whose length is 2/ and the
diameter is 2a as shown in Fig. 4.25.

The cylindrical rod has a uniform charge density along its length so that the
charge on the ring is the value of the total charge g per length times the length of the
ring:

I, = qdy (4.155)

The potential at point P in Fig. 4.26 is calculated as the charge on the ring over
the distance between point P and the center of the ring as,

P (4.156)

Ja iy

The electrostatic capacity is the total charge g x 2/ of the cylindrical rod over its
average potential. The average potential of the rod can be obtained by integrating
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Fig. 4.25 Cross-section of
the soil with a buried
cylindrical rod electrode

Fig. 4.26 Cylindrical rod

187

inserted into the soil in two I~

dimensions

20 2+
P/

T

e e

twice the potential at point P fromy=0toy=/—xand fromy=0toy =1[+x.

These are,

I—x
d I—x l —
- e Qoo (5]
a’lo a
J as+y

I+x

v= [ A =g ()] = a s ()]

0
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Then, after multiplying Eqs. (4.157) and (4.158) multiply by %’ and integrate
from x = 0 to x = [ as follows:

(4.159)

0
—1 —1 !
_1 [l sinh ™! (x—) — xsinh™! (x—) +y/ (=17 +a2}
l a a 0
-1 -1 0—1
n=12 [l sinh™! <—> — Isinh™! <—> +4/(l =1 +a? — Isinh™! (—)
[ a a a

(4.160)
I :% {1 sinh~!(0) — Isinh~'(0) +1/(0)* + a® — Isinh ™! (_;l) +0sinh™! (;) -V +a2}
(4.161)
I :% {a+zsinh1 (é) - \/12+a2} (4.162)
l l
L= /gsinhl(ﬂ)d
l a

0 [
:% [Zsmh1 <—) + xsinh™ (il) —\/(x+1)? —i—az} (4.163)

a 0

[+1 0+1
+ Isinh ! <i> — /(L +1)?+a — Isinh™! (i)
a a

—0sinh™! <M> +1/(041)? +a2]
a

(4.164)

L _% {lsmhl <—) +Isinh~! (—) — /AP + & — Isinh~! (f) —0+/P +a2}
a a

(4.165)

21 !
L :% {21 sinh™! (—) — VA4 +a? — Isinh™! (—) +VE +a2} (4.166)
a a
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The total average potential can be determined by summing Egs. (4.162) and
(4.166) yields,

! 21
Vavg = q {a%—lsinh1 (5) — /2 +a?+2lsinh™! (5) — VAl + a2

l

)
—Isinh™! <> +VIE+ az}
a

21 -
Vavg - % |:Cl + 21 Sinhil (E) - 412 + 612:| (4168)

(4.167)

The inverse hyperbolic sine can be written by using natural logarithm as follows,
sinh~!(x) = In {x—i— o 1} (4.169)

Then, Eq. (4.168) can be expressed as,

(4.170)
(4.171)
vavg:% at2am| 2 2 ;L; 21 1+Z—; (4.172)
Vavg—cll(Zl)[l a2 % + 5 1+Z—; (4.173)
Vavg:2qlln%+% 1+<%)2 - 1+(%)2] (4.174)

Since, the radius of the rod is very small compared to the length of the rod, the
term £ goes to zero. Then, Eq. (4.174) can be reduced as,

20 21
Vave = 29 {m < + ) - 1] (4.175)
a a

Vave = 24 {m (g) - 1] (4.176)
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Then, the electrostatic capacity of the cylindrical rod can be determined from the
following expression,

2lg
C= 4.177
Vo (4.177)
Substituting Eq. (4.176) into Eq. (4.177) yields,

21 2ql

C= V—q = 4—611 (4.178)
g {ln (_) - 1}
a
[

C=—7r—— (4.179)

) — 1]

Again, substituting Eq. (4.179) into Eq. (4.152) yields the expression of ground
resistance,

R, = % (4.180)
i)
_ P (¥

Ry =5 <ln - 1) (4.181)

Substituting @ = ¢ in Eq. (4.181) yields,

_ P (8
Rg—2n1<lnd 1) (4.182)

Example 4.7 A 1 in. diameter and 8 ft length cylindrical electrode is driven hori-
zontally into silt soil for the grounding system. The resistivity of the silt soil is
found to be 25 Q-ft. Calculate the ground resistance by using G.F. Tagg formula.

Solution

The value of the ground resistance can be determined as,

_p 81 25 8§ x4 _
Rg—2n1<lnd 1)—27”(4 In 1 1] =245Q

Practice problem 4.7

The ground resistance of a 0.5 in. diameter and 20 ft cylindrical electrode for the
sandy soil is found to be 4.5 Q. Calculate the resistivity of the sandy soil using the
G.F. Tagg formula.




4.12 Ground Resistance with Circular Plate 191

4.12 Ground Resistance with Circular Plate

A circular plate is having a radius r inserted vertically into the soil. A cross-section
of the soil with a buried circular plate electrode is shown in Fig. 4.27. The current
lines coming out of the circular plate have two different directions. The current lines
coming out from the edges are radial and create a surface similar to a quarter of a
torus, whereas the current lines coming out of the bottom of the circular plate are
vertical which form a circumference of radius . The internal radius of such torus is
r and the external radius is x as shown in Fig. 4.27. A two dimensional represen-
tation of a circular plate inserted into the soil is shown in Fig. 4.28. In this case, we
need to find the area of a part of the torus by using the first theorem of Pappus. This
theorem says that the surface area A of a surface of revolution generated by the
revolution of a curve about an external axis is equal to the product of the perimeter
p of the generating curve and the distance d travelled by the curve’s geometric
centroid x... Therefore, the formula for the surface area is given as,

A=pxd=px2nx, (4.183)

The quarter circular arc and its geometry is shown in Fig. 4.29. The radius of the
arc is considered as a. The centroid of the quarter-circular arc can be determined as,

I
2

1
Xe =~ | yad0 (4.184)
2%

Fig. 4.27 Cross-section of Circular plate
the soil with a buried circular with radius r
plate electrode

This surface is
part of a torus

Equipotential lines

Current lines

This surface is a
circumference 772
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Fig. 4.28 Circular plate y-axisg
inserted into the soil in two
dimensions

Fig. 4.29 Quarter-circular

L

y-axis

arc and its geometric centroid
> x - X-axis
>
a
_z
2
) -3
x.=— [ (asin0)ad0 (4.185)
na
0
24% 2a
c=—(1)=— 4.186
xo =T (1) == (4.186)
The geometric centroid of a quarter-circular arc of radius x is,
2x
. =— 4.187
5= (4.187)

Since, the quarter-circular arc is displaced from the external axis by a distance r,
the new value of the centroid becomes,

% :%H (4.188)
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The perimeter of the arc is,
= 4.189
P=- (4.189)

Substituting Eqs. (4.188) and (4.189) into Eq. (4.183), the area in revolution
yields,

X 2x X
A= > {Zn <; + rﬂ =3 [4x + 27r] (4.190)

A =2nx* +lrx (4.191)

Finally, the complete area in revolution is the summation of the area of part of
the torus and the area of the circumference of radius », which is,

Ax) = 21 + mPrx 4t (4.192)
The total current density throughout the soil at any distance x is:

J(x) = —— (4.193)

Substituting Eq. (4.192) into Eq. (4.193) yields,

1
J(x) = 4.194
(x) 2nx2 + nlrx + mr? ( )
The electric field at any distance x is,
E(x) = pJ(x) (4.195)
Substituting Eq. (4.194) into Eq. (4.195) yields,
!
E(x) s (4.196)

T2 + merx + w2

The potential difference between the center of the circular plate and the remote
earth is,

Voo :/E(x)dx (4.197)
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Substituting Eq. (4.196) into Eq. (4.197) yields,

pl
Voo = d 4.198
0o / 2mx? + nlrx + mr? o ( )
0
1 1 0.16
_ _ (4.199)
2nx? +wr? + mlrx 6.28x% +3.14r2 4+ 9.87rx x>+ 1.57rx+0.5r2
1 —1.47 1.47
= 4.200
(x4 1.13r)(x+0.45r)  r(x+1.13r) * r(x+0.45r) ( )
Equation (4.198) can be modified as,
_0.16x147 1
Vooo d 4.201
0 / [x+045r (x+1.13r)] * (4.201)
0.24 x+0.45-\
Voo =——plIn| ——— 4.202
000 r P n<x+1.l3r)0 ( )
0.24
Vooo = —— pl[In(oo 4+ 0.45r) — In(oco + 1.13r) — In(0.45r) + In(1.13r)]
r
(4.203)
0.24 1.13r
=—npl|l 4.204
Voo =—7p {n<0.45r)} (4.204)
_
Voso = = (4.205)
The expression of the ground resistance can be written as,
p
R, = — 4.206
& 4.5 ( )

Many assumptions have been taken during derivation process of the ground
resistance. Therefore, the general expression of the ground resistance is,

R, = — (4.207)

Now, let’s discuss a real life example on ground resistance. Let’s assume that a
person is standing near the fence of an electrical substation in bare feet. In this case,
the person will have a resistance of each foot and the center of the earth as shown as
shown in Fig. 4.30. The resistances due to hands and upper body parts such as lungs
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Fig. 4.30 Person with feet
resistance /_3
4 ®U® N

Surface of soil

/\/\/W

Remote Earth

will be neglected due to an open circuit. Consider that the resistance between the
bottom of the foot and the center of the earth is Ry. Assume that the area of the
footprint is the same as the plate area. According to ground resistance of circular
plate as derived in Eq. (4.169), the ground resistance of a single foot will be,

R =+t (4.208)

The area of the circulate plate is,

A=nr’ (4.209)

r= \/% (4.210)

Substituting Eq. (4.210) into Eq. (4.208) provides,

R =2 (4.211)

4.5\//%

Consider an approximate area of footprint is equal to 0.02 m?, then the
expression of ground resistance becomes,
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=3.13p=~3p (4.212)

The total ground resistance of a person will be the parallel combination of two
single foot resistance values, and the expression becomes,

_ Ry xR

= =05R=1.5 4.213

Example 4.8 The ground resistance of a 12 in. diameter circular plate electrode is
found to be 2 Q in the garden soil. A person is standing on the soil surface in bare
feet. Determine the ground resistance of the person.

Solution

The value of the soil resistivity can be determined as,

p

R, =—
& 4

p=4rR, =4 x 0.5 x2=4Q-At

The value of the ground resistance can be calculated as

Ry=15p=15x4=6Q

Practice problem 4.8

The ground resistance of a person is found to be 4 Q when standing on the soil
surface in bare feet. The ground resistance obtained using the circular plate elec-
trode is 2.5 Q. Calculate the radius of the circular plate electrode.

4.13 Ground Resistance with Conductor Type Electrode

In the grid system, sometimes both conductors and rods are used to get an acceptable
value of the ground resistance at the substation. The L- and I-types connectors are
usually used to make a grid. Figure 4.31 shows a conductor electrode partially buried
into the soil. The conductor type electrode I similar to the cylindrical rod type
electrode [1, 2]. At any radial distance x, consider the half cylindrical rod with a
hemisphere at both ends. In this condition, the surface area is x> + mx2.

In this case, we have a cylindrical conductor half-buried into the soil as shown in
Fig. 4.31. We can divide the surface in three parts. The first part is due to the current
coming out horizontally along the length of the cylindrical conductor, forming a
semi-cylindrical surface of radius x and length /. The second part is due to the
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Fig. 4.31 Cross-section of
the soil with a half-buried
cylindrical conductor type
electrode

Hemispherical
area

current coming out radially of the one of the ends of the cylindrical conductor,
forming half of a hemisphere of radius x. The third part is the same as the second
part.

From Fig. 4.31, the total surface area can be calculated as,

A(x) = mixl + mx® + mn® (4.214)

The total current density throughout the soil at any distance x is,

1

J(x) = = 4.215
(x) A(x)  mxdl + 7 + ( )
The electric field at any distance x is,
E(x) = pJ(x) (4.216)
Substituting Eq. (4.215) into Eq. (4.216) yields,
4
E(x) P (4.217)

=+ + 7x2
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The potential difference between the conductor and the remote earth is [3, 4],

oo

V= / E(x)dx (4.218)

r

Substituting Eq. (4.217) into Eq. (4.218) provides,

pl
= | ————d 4.219
/nxl+2nx2 o ( )
171
V:p—/l—dx (4.220)
2n x(§ —I—x)

r

We need to apply partial fraction decomposition in the following ways,

1 A B
- (4.221)
x(z+x)  x (54x)
1 AL B
L G fx) o (4.222)
x(5 +x) x(3 +x)
[
1=A (5 —|—x> + Bx (4.223)
Substituting x = 0 into Eq. (4.223) yields,
2
A=7 (4.224)
Again, substituting x = — £ into Eq. (4.223) yields,
2
B=—~ (4.225)

l

Equation (4.220) can be modified as,

1|72 )
v=2 /—dx—/ —dx (4.226)
2 Ix l(x+ 5)
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2n = / / P dx (4.227)
V= % [lnx —In (x—!— é)]jo (4.228)
v=Pn ) (4.229)

nl x+ 5
= % lln 2;; lr (4.230)
Z {m szi l] N (4.231)
V= % [o —In 2r2—rk l] (4.232)
V= ’Z—; {m 2r2j l} (4.233)

Finally, the ground resistance of the conductor electrode can be expressed as,

V »p 2r+1
Substituting d = 2r in (4.234) yields,
p. d+l1
R, = nll 7 (4.235)

Example 4.9 A 0.5 in. diameter and 16 ft length of conductor type electrode is used
for the grounding system at the sandy soil. The resistivity of the sandy soil is given
by 140 Q-ft. Find ground resistance.

Solution

The value of the soil resistivity can be determined as,

d+1 140 05 416
Ro=Lmt In
il d ~wx16 %

+

=18.51Q
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Practice problem 4.9

A 1 in. diameter and 10 ft length of conductor type electrode is used for a residential
grounding system. Find the resistivity of the soil if the value of the ground resis-
tance is given by 0.9 Q.

Exercise Problems

4.1

4.2

43

4.4

4.5

4.6

4.7

4.8

A 2 MVA, 11/0.415 kV delta-wye three-phase transformer is connected to the
electrical network of a liquefy gas company. The line-to ground fault occurs in
the secondary of the transformer. The transformer impedance and the ground
fault impedance are found to be 8 and 1.5 %, respectively. Calculate the value
of the line-to-ground fault current.

A Petersen grounding is used in the 66 kV, 50 Hz three-phase transmission
lines whose length is found to be 130 km. Each conductor of a transmission
line is having a line to earth capacitance whose value is found to be
0.010 pF/km. Calculate the value of the inductance and kVA rating of the
Petersen grounding system when a ground fault occurs in a line.

A 110 kV, 50 Hz, three-phase transmission line passes near the 401 highway
from London to Milton in Canada. The length of the transmission line is
140 km and the three conductors are arranged vertically and separated from
each other by 1.0 m. Consider that the effective radius of the conductor is
0.001 m. Find the value of the inductance and kVA rating of the Petersen coil
when a ground fault occurs in one line.

A home owner of a village buries a 0.5 m radius hemisphere earth electrode
into his neighboring soil whose resistivity is found to be 35 Q-m. Find the
(i) ground resistance of the home and (ii) ground resistance at a distance of
9 m from the center of the hemisphere.

A sphere electrode is used for the grounding system at a suitable place of a
home. The soil resistivity and the ground resistance at that place are found to
be 40 Q-m and 2 Q, respectively. Calculate the radius of the sphere electrode.
A 1 in. diameter and 12 ft length cylindrical electrode is driven vertically into
the garden soil for the grounding system. The resistivity of the garden soil is
found to be 20 Q-ft. Determine the value of the ground resistance.

The ground resistance of a 0.5 in. diameter and 12 ft cylindrical electrode for
clay soil is found to be 1.5 Q. Calculate the resistivity of the clay soil using the
G.F. Tagg formula.

The ground resistance of a 1 ft diameter circular plate electrode is found to be
1.5 Q in silt soil. A person is standing on the soil surface. Calculate the ground
resistance of that person.
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Chapter 5
Soil Resistivity

5.1 Introduction

Soil is defined as the top layer of the earth’s crust. It covers most of the land on the
earth. It is made up of minerals (rock, sand, clay and silt), air, water and organic
materials. The organic materials are formed from the dead plants and animals.
There are many properties of soil. Although varying soil properties of different
kinds can be observed small area, the electric power utility companies are interested
in the electrical properties of the soil, especially the specific resistance or resistivity.
Soil resistivity is one of the important factors which plays a vital role in the design
and analysis of ground resistance. The dry soil with small particles acts as non-
conductor of current. Sands, rocks and loams are some examples of nonconductors.
The resistivity of soils drops down when the water content in the soil is more. In
this chapter, different types and characteristics of soil, and size of earth electrode
and different ground resistance measurement methods will be discussed.

5.2 Soil Resistance and Resistivity

Resistance is the property of a material which opposes the flow of electricity
through this material. The mathematical expression of the resistance is,

R=p (5.1)

l
A
where [ is the length and A is the area and p is the specific resistance or resistivity of
the conductor. From Eq. (5.1), it is observed that the resistance is mainly depended
on the shape and size of the conductor. From Eq. (5.1), the resistivity can be
expressed as,

© Springer Science+Business Media Singapore 2016 203
Md.A. Salam and Q.M. Rahman, Power Systems Grounding,
Power Systems, DOI 10.1007/978-981-10-0446-9_5



204 5 Soil Resistivity

Fig. 5.1 Simple circuit for

AV
soil resistivity measurement @T
i

— 0 O——
<T>
O l
p=" (52)

The unit of the resistivity is ohm-m (Q-m). From Eq. (5.2), it is seen that the
resistivity of a material mainly depends on the area, length and resistance of that
material. It is important to study the resistivity of any soil to determine the hori-
zontal and vertical discontinuities in electrical properties of the soil. In practice, the
direct current or low frequency alternating current is used to investigate the resis-
tivity of any soil. Figure 5.1 shows a simple circuit for measuring soil resistivity.
Here, a voltage source is connected between the two terminals of a conductor or an
electrode of length / and area A.

From the measured voltage (AV) across a small segment (Al) of the conductor,
the resistivity the soil can be measured as,

_AAV

P=NT (5:3)

Based on the types of soil and weather effect the characteristics of the soil vary,
and so thus of the soil resistivity. The generalized values of the soil resistivity for
different types of soils are shown in Table 5.1.

Table 5.1 Resistivity of

_ : Types of soil Resistivity (Q-m)

different types of soil
Sea water 0.15-2
Artesian water 2-12
Clay 2-12
Loams, garden soil 5-50
Clay, sand and gravel mixture 20-250
Concrete 40-1000
Sand 1000-10,000
Moraine gravel 1000-10,000
Ice 10,000-100,000
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5.3 Types of Soil

The classification of a soil depends on its smoothness or texture. The texture is the
appearance of the soil, and it depends on the relative sizes and shapes of the
particles in the soil. According to the grain size, the soils are classified as gravel,
sandy, silt, and clay. According to a research finding from MIT, the grain size of the
gravel is more than 2 mm. The gravel soil is made up of small pieces of rocks with
particles of quartz, feldspar and other minerals. The grain size of the sandy soil is in
between 2—0.06 mm and it is also made up of quartz and feldspar. Gravel and sand
have very large pores between grains, and as a result, these types of soils can merely
retain water and nitrogen molecules. Therefore, both the gravel and the sandy soils
are not good choices for the grounding system. The gravel and sandy soils are
shown in Figs. 5.2 and 5.3, respectively.

Fig. 5.2 Structure of gravel
soil

Fig. 5.3 Structure of sandy
soil
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Fig. 5.4 Structure of silt soil

The silt soil is made up of fine quartz particles (grains) with a size of 0.06—
0.002 mm. The surface area of 1 g silt soil is 15.9 ft* which also absorbs and holds
less water than the clay soil. Silt has relatively small pores between the grains. Silt
is more cohesive and adhesive than the sand. Silt has only limited plasticity and
stickiness. The structure of the silt soil is shown in Fig. 5.4.

The clay is one kind of soil that has particles less than 0.002 mm in size and are
compact with each other. It is made up of mica, clay minerals and other minerals. It
is interesting to note that any soil with grain size in between 0.002 mm and 0.005 m
is also referred as clay. The clay has very small pores between the grains. The
surface area of 1 g clay soil is 262,467 ft* which absorbs and holds sufficient
amount of water for a long time. Therefore, this type of soil is good for the
grounding system. The clay soil is shown in Fig. 5.5.

Fig. 5.5 Structure of clay soil
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5.4 Permeability and Permittivity of Soil

The property of soil that allows water to pass through its pores or voids at the same
rate is known as permeability. In sort, the permeability is the ability of the soil to
transmit water or air through it. If the permeability of the soil is high, then the water
drains out quickly. Whereas, if the permeability of the soil is low, then the water
drains out slowly. Different soils have different coefficients of permeability. The
coefficients of permeability for different types of soil is shown in Table 5.2.

The permittivity of a soil depends on the frequency, temperature, humidity and
composition. The permittivity of a soil is the ability of minerals in the soil to
neutralize a part of the static electric field. In this case, different minerals of the soil
must contain localized charge that can be displaced by the application of electric
field. This displacement is known as polarization. The charge displacement of most
of the materials is time dependent, therefore, to explain any system’s behaviour, the
complex permittivity has to be brought. The electric flux or electric displacement
density (D in C/mz) is directly related to the electric field (£ in V/m), and it is
written as,

D =¢E (5.4)

where, ¢ is the permittivity, which is expressed as,

&= &0y (5.5)
&

ey = — 5.6

o=t (5.6)

The relative permeability is the ratio of permeability of medium to the perme-
ability of free space. The relative permeability is equal to the square of the index of
refraction. Therefore, the index of refraction (n) can be written as,

2 &

n =g =— 5.7

o (5.7)

ne=E = (5.8)
&0

Table 5.2 Coefficients of

“ Soil type Coefficients of permeability (cm/s)
permeability Gravel 1.0-100
Sandy 107107
Silt 10781077
Clay 1071-107¢
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Table 5.3 Permittivity of Soil type Relative permittivity

different soils/parameters :
Air 1
Snow 1.5
Dry loams/clayey soil 2.5
Gravel 55
Dry sand 4-6
Wet sand 30
Dry clay 10
Wet clay 27
Organic soil 64
Asphalt 5
Concrete 5.5
Water 80
Dry granite 5
Wet granite 6.5
Frozen soil 6
Frozen sand and gravel 5.5
Forested land 12

where,

D is the electric flux density, C/m?,

E is the electric field, V/m,

¢ is the permittivity of a medium, F/m,

¢, 1s the relative permittivity,

n is the index of refraction,

¢ = 8.854 x 10712 F/m is the permittivity in free space.

The permittivity of different types of soil are shown in Table 5.3.
The complex permittivity can be written as,

¢ =& +jé’ (5.9)

where ¢ the real is part and ¢” is the imaginary part of the complex permeability.

5.5 Influence of Different Factors on Soil Resistivity

The resistivity of soil mainly depends on the content of water and the resistivity of
water itself. Therefore, the resistivity of soil depends on some factors. These are the
(i) type of soil along with area, (ii) moisture content, (iii) temperature, (iv) grain size
of the material and its distribution, (v) salts dissolved in the soil and (vi) closeness
of the minerals in the soil. The moisture of the soil changes in different seasons and
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at different depths of the soil. The moisture content increases as the depth of the soil
increases. The resistivity of the soil increases with a decrease in the moisture
content in the soil and vice versa as can be seen in Fig. 5.6. In the heavy winter
season, the behavior of the resistivity changes. Therefore, the grounding system
needs to be installed at a place which is close to the water level. Lower percentage
of salt presence in the soil increases the soil resistivity whereas higher percentage of
salt present in the soil reduces the resistivity of the soil as can be seen in Fig. 5.7.
However, different types of salt present in the soil have different effects on the
resistivity of the soil. The grain size of the soil plays an important role in deter-
mining the soil resistivity. The finer grain size of the material along with its dis-
tribution reduces soil resistivity.

The temperature versus soil resistivity is shown in Fig. 5.8. When the temper-
ature of the soil reduces to zero or even less, then the water inside the soil becomes
frozen. In this case, the conductive cross section of the soil reduces which increases
the soil resistivity sharply. The soil resistivity above 0 °C changes slowly. From
Fig. 5.8, it is seen that the soil resistivity at negative temperature is much higher
than at the positive temperature.

Fig. 5.6 Variation of A
resistivity with moisture
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Fig. 5.8 Variation of A
resistivity with temperature
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5.6 Current Density of Soil

A constant current field is established in the soil when an ac or dc source injected
through the earth electrode. The existence of current and current density is very
important to identify the behavior of the electric field in the conductor. The current
is defined as the flow of free electrons through a conductor. In an alternative way,
the rate of change of charge (Q) through a given area is known as current. The
current is symbolized by the letter 7 and its SI unit is ampere (A). Mathematically,
the expression of current is,

dQ
I= I (5.10)
In Eq. (5.10), the quantity represents the time unit. The general definition of
current density J is the current per unit area (A/m?). Consider an incremental
current AT that is crossing an incremental surface AS. This incremental current is
normal to the incremental surface as shown in Fig. 5.9.
The expression of the normal current density can be written as,

Al
I =5 (5.11)
Al = J,AS (5.12)

Fig. 5.9 Incremental current
crossing an incremental AS
surface




5.6 Current Density of Soil 211

Fig. 5.10 Charge with an z
incremental distance
AQ = p,Ay
-y
AS Ax
Al
X
In vector format, Eq. (5.12) can be written as,
Al = J.AS (5.13)

The total current / flowing through the surface S, can be obtained by integrating
Eq. (5.13) as,

I=¢1J.ds (5.14)
!

Again, consider that an incremental charge AQ is moved to a distance Ax across
the yz plane as shown in Fig. 5.10.
The expression of the incremental charge can be written as,

AQ = p,Av = p,ASAx (5.15)

The expression of the incremental current can be written as,

AQ
Al =—= 5.16
A (5.16)
Substituting Eq. (5.15) into Eq. (5.16) yields,
p,ASAx
Al = 1
AL (5.17)
Al = p,ASv, (5.18)

where v, represents the x component of the velocity.
From Eq. (5.18), the current density in the x direction can be expressed as,

Al

JX:IS

— o (5.19)

In general, the current density in vector format is,

J=pv (5.20)
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From Eq. (5.20), it is seen that the conventional current density is equal to the
product of volume charge density and velocity.

The current density is directly related to the density (p,) of conduction electrons
and the drift velocity (v,). This relationship can be expressed as,

J=p,va (5.21)

The drift velocity is linearly proportional to the electric field vector and it can be
expressed as,

vi=—pE (5.22)
where g, is the mobility of electrons in the given material and its unit is (m?/Vs).
The current density in terms of concentration of the charge carriers (N,) and the
drift velocity is,
J=N,(—¢)vy (5.23)
Substituting Eq. (5.22) into Eq. (5.23) yields,
J = Ny(—€)(~1.E) = Nyep E (5.24)
J=0E (5.25)
where ¢ is the proportionality constant and it is represented as,
g = N,epu, (5.26)

Equation (5.25) can be rearranged as,
=— (5.27)

E=pJ (5.28)

where ¢ and p are the conductivity and resistivity of the soil, respectively. From
Eq. (5.28), it is seen that the electric field vector acts along the same direction as the
current density vector J. Equation (5.28) can be applied can be applied at any point
in the soil.

5.7 Continuity of Earth Current

Figure 5.11 shows a closed surface where a current [;, flows into the surface and a
current 1,,, flows out of the surface. According to the fundamental definition of
current, the expression of the current entering into the closed surface is,
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Fig. 5.11 Closed surface
with currents

out

_do

Iin - 5.29
& (5.29)

While, the expression of the current that leaving from the closed surface is,

—dQ
A A— 5.30
! dt (5-30)

The total outward current through the closed surface is,

L = ]{J.ds (5.31)

N

Substituting Eq. (5.30) into Eq. (5.31) yields,

dS =—— 5.32
faas==3 (5.32)
S
But, the total charge is represented as,
0= 7( pdv (5.33)

Substituting Eq. (5.33) into Eq. (5.34) yields,

—d
7{ Joas=—- / p,dv (5.34)
N v

Applying divergence theorem to change the surface integral into a volume

integral as,
f J.ds — / (V. )dv (5.35)
N v
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Substituting Eq. (5.35) into Eq. (5.34) yields,

/(V.J)dv:%:l/pvdv (5.36)

v v

For incremental volume, Eq. (5.36) is modified as,

(V.J)Av = _thv Av (5.37)
—d
V== (5.38)

Equation (5.38) is known as continuity of current equation or simply continuity
equation. For steady current, the charge density is constant, and in this case,
Eq. (5.38) can be modified as,

V.J=0 (5.39)

From Eq. (5.39), it is concluded that the total charge leaving the volume is equal
to the total charge entering into it. It is also concluded that the current density at any
point in the field current is zero. It is meant that the current source is absent in the
current field.

Substituting Eq. (5.25) into Eq. (5.38) yields,

—dp
V.cE=—= 5.40
7 = (5.40)

Substituting the differential form of Gauss’ law (V.D = p,) into Eq. (5.40)
yields,

op, _ —dp,
= v 5.41
e dt ( )
ap, , dp,
=0 5.42
€ + dt ( )

The general solution of Eq. (5.42) is,
p, = ke (2" (5.43)
Substituting the initial condition (At t = 0, p, = p,) to Eq. (5.43) yields,

po =k (5.44)
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Again, substituting Eq. (5.44) into Eq. (5.43), the final solution can be written as,

Py = Poei(g)t (5.45)

5.8 Current Density at Soil Interface

Figure 5.12 shows the current density vector entering from one region into another
region win the soil. At the interface between two regions, this current density vector
changes both in magnitude and direction as shown in Fig. 5.12. According to the
electric field and electric flux density, some boundary conditions can be derived for
the current density vector. From Eq. (5.38), the normal components of current
vector can be written as,

—dp,
an-Jl - an-J2 = dtp (546)
For dc (steady) current, di = 0, then Eq. (5.46) becomes,
a,.J;—a,.J,=0 (5.47)
Jin = Jon (5.48)
The differential form of the generalized Gauss’ law is,
=V.D (5.49)
p, = V.¢E (5.50a)
Substituting Eq. (5.25) into Eq. (5.50a) yields,
€
p=V. ;J (5.50b)
Fig. 5.12 Refraction of
steady current lines at the soil Jy
interface A
a, ‘]ln
) L
1 O(I pl O_l
o
1 2 S
pz = ]va
% I




216 5 Soil Resistivity

The following rules from the vector identity can be written as:
V.(xA) = A.Vx+xV.A (5.51)

According to Egs. (5.51), (5.50b) can be expanded as,
e &
p=JV-—+-Vl] (5.52)
6 a
Substituting Eq. (5.39) into Eq. (5.52) yields,
€
p=JV- (5.53)
a

From Eq. (5.53), the surface charge density in between layers 1 and 2 can be
written as,

& &
p,=a,D; —a,D="a,J —2a,J, (5.54)
g1 a7
& &
psz(iuni)h (5.55)
[ )

The curl of the electric field is,
VxE=0 (5.56)
Substituting Eq. (5.25) into Eq. (5.56) yields,

\Y x!:O (5.57)
g

For two mediums, Eq. (5.57) can be written as,

ﬂ—ﬂ:O (5.58)
(3] ()
Ji: o1
—=— 5.59
Jy o2 (5:39)
J - 1Y
1 i
f:%:i (5.60)
LS |

Jipy = Jup, (5.61)
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From Egq. (5.61), it is concluded that the ratio of tangential components of
current density at the interface of two layers is equal to the inverse ratio of their
conductivities.

From Fig. 5.14, the following equations can be written as:

Jln
=" 5.62
cos o 7 (5.62)
cosop = £ (5.63)
J>
. Ji
== 5.64
S1n o ]1 ( )
sinop = ] (5.65)
Jo

Substituting Egs. (5.62) and (5.63) into Eq. (5.48) yields,
Jicosoy = Jpcosop (5.66)
Substituting Egs. (5.64) and (5.65) into Eq. (5.59) yields,

Jisinoy o

- = (5.67)
Jrsinoy oo
0'2.,1 sin o = O'1J2 sin [0%) (568)
Dividing Eq. (5.68) by Eq. (5.66) yields,
oy tan oy = oy tan o (5.69)
tan o _ ﬂ (5 70)
tanop, 0y '

The magnitude of current density at the second conductor is,

Jr = NP 4 o (5.71)

Substituting Egs. (5.64) and (5.65) into Eq. (5.71) yields,

Jr = \/(.12 sin 062)2 + (Jz cos (12)2 (5.72)
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Substituting Egs. (5.62) and (5.68) into Eq. (5.72) provides,

2
J = \/<2J1 sin (X1> + (J; cos ocl)2 (5.73)
0l

2
J, = Jl\/<®sin oc1> + (cos o) (5.74)
01

In the presence of the steady current, the tangential electric fields are continuous
across the boundary in between two lossy dielectrics and in this condition, it can be
written as,

Ey, =Ey (5.75)
Equation (5.48) can be re-arranged for two layers as,

o1E1, = 02E, (5.76)

Ey, = 2E2n (577)
g1

The surface charge density across two layers is,
Py = D1, — Do, = €1 E1, — &2E, (5.78)

A surface charge density exists at the interface of the two mediums if the term

(5—‘ — 8—2) of Eq. (5.55) is equal to zero. Then this relationship can be expressed as,

(4] 02

a2 (5.79)
(] ()

(4] &

= (5.80)

Substituting Eq. (5.80) into Eq. (5.77) yields,
&
Ey,=—Ey (5.81)
€1

Substituting Eq. (5.81) into Eq. (5.78) yields,

&
Py = €1 8£E2n — 82E2,, (582)
1
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Substituting Eq. (5.80) into Eq. (5.82) yields,

Ps = (31 2 - 82>E2n = (81 - ﬁ62>E1n (583)
g1 g2

If medium 2 is highly conductive than medium 1, then g, > ;. So, in this case,
Z—; = 0. Therefore, Eq. (5.83) becomes,

Ps = 8IE‘ln = Dln (584)

From Eq. (5.85), it is observed that the normal electric flux density of the
medium 1 is equal to the surface charge density.

5.9 Derivation of Poisson’s and Laplace’s Equations

The Poisson’s and Laplace’s equations are used to calculate the potential and
electric field around the high voltage equipment. In this regard, the relationship
between the electric field (E) and electrostatic potential (V) is required to derive
Poisson’s equation and this equation is,

E=-VV (5.85)
Taking the divergence of both sides of Eq. (5.85) yields,

V.E=-V.VV (5.86)

Substituting the expression of E = % into Eq. (5.86) provides,

D
V.—=-V.vV (5.87)

%V.D = -V.VV (5.88)

Substituting the differential form of Gauss’ law, p, = V.D into Eq. (5.88)
provides,

V.YV = — % (5.89)

According to the rules of vector dot product, the operator V.V can be written as,
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0 0 0 g 0 0
V=[Za + = —a, ).[=a,+— — 5.90
YAV <8xa, + 8yay+ azaz> (8xa + ayay—i— azaz> (5.90)
0* 0? 0? )
Substituting Eq. (5.91) into Eq. (5.89) yields,
vy =B (5.92)

&

Equation (5.92) is known as Poisson’s equation. If the region contains no free
charge, i.e., p, = 0, then Eq. (5.92) can be modified as,

ViV =0 (5.93)

Equation (5.93) is known as Laplace’s equation. The Laplace’s equation in
Cartesian, cylindrical and spherical coordinates can be expressed as,

PV PV PV

VZVZW + o + 57 (5.94)
10 [ ov 10°V  *V
2 — R _ _—
VIV = (p 3P> Fopt o2 (393)
10 [,0V G ov 1 0*
2y, .~ 2 2Y7 . : - IR
VV=5ar (’ 8r> T 2 sin000 (Sme ae) T oo 0 5%

Example 5.1 The expression of electric potential in Cartesian coordinates is given
by V(x,y,z) = 2x%y + 37%. Calculate the (i) numerical value of the voltage at point
P(1,3,2), (ii) electric field, and (iii) verify the Laplace equation.

Solution

(1) The numerical value of the potential can be determined as,
V(x,y,z) =2(1)"3+3(2)* = 18V

(i) The expression of electric field is calculated as,
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ov ov ov
=- —xax—i— ——a,+ ——a;

19) dy 0z
oV 0(2x*y+37%)
o a
2 2
O _02xy+3z) _ 50
Oy dy
v _ O(2x*y+3z%) 6
oz 0z -

E = —(4xya, +2x%a, + 6za,) V/m
The electric field at point P(1,3,2) is,
E = —(12a,+2a,+ 12a;) V/m

(iii) The derivatives of the respective variables are,

v

R ax(zxz y+37%) = dxy

?;7=%(4xy):4y

Z_Z _ %(szy+3zz) gy

?;y—‘z/:(%(sz):O

%‘Z/ g(z2 +372%) =62

=2 =s
VZV—ZTV+86—V+8627—4y+6:4><3+6:18

Thus, it does not satisfy Laplace’s equation.

Practice problem 5.1

The expression of an electric potential in cylindrical coordinates is given by
V(p, $,z) = 3p*zsin¢. Find the (i) numerical value of the voltage at point
P(p=1,¢ =30°z=23), (ii) electric field at point P(p = 1,¢ = 30°,z = 3), and
(iii) verify the Laplace equation.



222 5 Soil Resistivity

5.10 Uniqueness Theorem

Each electrostatic object has its own boundary, and this boundary is known as
boundary potentials. The solution of a quadratic equation must be unique if it
satisfies its related boundary conditions. Therefore, any solution of Laplace’s
equation that satisfies the boundary conditions is known as the uniqueness theorem.

Consider a finite volume v is bounded by a closed surface s as shown in
Fig. 5.13. To prove the uniqueness theorem, we assume that there are two solutions
of Laplace’s equation. These solutions are,

ViV =0 (5.97)
ViV, =0 (5.98)

Subtracting Eq. (5.98) from Eq. (5.97) yields,
ViV, —V,) =0 (5.99)

The potential at the boundary of the surface must be identical and it can be
expressed as,

V],=Vil,= V2|, (5.100)
The following vector identity is used to verify the uniqueness theorem:
F-A=f(V.A)+A.(Vf) (5.101)

In this case, consider that f is a scalar function and A is a vector function. The
following functions can be defined as:

f=vVi—=-W (5.102)

A=V(V, = V) (5.103)

Fig. 5.13 Surface with a LTI
small volume S ’
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Substituting Egs. (5.102) and (5.103) into Eq. (5.101) yields,

(V] — Vz).V(Vl — Vz) = (Vl — Vz)[V.V(V] — Vz)} +V(V1 — Vz).V(Vl — Vz)
(5.104)

(Vi = Vo).V (Vi = Vo) = (Vi = V) [V2(Vi = V)| + [V(Vi = Vo) (5.105)

Integrating Eq. (5.105) over the volume v yields,

/(V] — VQ).V(V] - Vz)dv = / (V] — Vz)[Vz(Vl - Vz)]dV+ / [V(Vl - Vz)]zdv

(5.106)

Applying the divergence theorem to replace the volume integral of the left side
of the Eq. (5.106), it becomes,

/(V] — Vz).V(Vl — Vz)d\/ = f [(Vl — Vz)]b[V(Vl — Vz)]b. dS (5107)

v s

Substituting Eq. (5.107) into Eq. (5.106) yields,

7{ (Vi = V)L, [V (V, — Va)l,. dS = / (Vi = V2)[V2(Vi — Va)ldv+ / [V (Vi — Va)Pdv

s

(5.108)

By hypothesis, the first and second integrals of Eq. (5.108) are equal to zero, and
in this case, Eq. (5.108) can be modified as,

/ [V(Vi — Vy)]Pdv = 0 (5.109)

V(Vi=Vy) =0 (5.110)

If the gradient of (V| — V») is zero everywhere in the closed surface then (V; —
V) does not change with any coordinates. In this case, Eq. (5.110) can be repre-
sented as,

Vi — V, = constant (5.111)

The constant term in Eq. (5.111) can be determined by considering a specific
point on the boundary of the object. If the constant term is zero at that specific
point, then Eq. (5.111) becomes,
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Vi=V, (5.112)

Equation (5.112) generally provides two identical solutions. The uniqueness
theorem can also be applied to Poisson’s equation as,

V2V, = —% (5.113)
V2V, = —% (5.114)

Subtracting Eq. (5.114) into Eq. (5.113) yields,

v2(vl—v1):—%+%:0 (5.115)

The solution of Eq. (5.115) can be obtained by considering proper boundary
conditions.

5.11 Solutions of Laplace’s Equation

Direct integration and differentiation methods are used to solve Laplace’s equation.
The solutions of Laplace’s equation for one-dimension, two-dimension, and
three-dimension are discussed below in details:

5.11.1 One Dimension Solution

In one-dimension solution, let us consider the potential, V varies only in the x-
direction. Then, the Laplace equation can be modified as,

2
9V _y

5 (5.116)

The partial derivative of Eq. (5.116) can be represented by an ordinary differ-
ential equation and it can be written as,

da*v
— =0

— = (5.117)
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Integrating Eq. (5.117) yields,

dv
—=C 5.118
o (5.118)

Again, integrating Eq. (5.118) yields,

/dV:C/dx (5.119)

V=Cx+D (5.120)

Equation (5.120) is the solution of Laplace equation in the x-direction and C and
D are the integrating constants and these can be determined by using the appropriate
boundary conditions.

Again, consider the potential V in cylindrical coordinates which varies only in
the p-direction. Then, the Laplace equation can be written as,

19 [ ov
——(p=)=0 5.121
pdp (p 89) ( )

The partial derivative of Eq. (5.121) can be represented by an ordinary differ-
ential equation, and it can be expressed as,

1d dv
—\|p—]=0 5.122
pdp< dﬂ) ( )
d dv
—|p—]=0 5.123
dp (p dp) ( )
Integrating Eq. (5.123) yields,
dav
T —A 5.124
a0 ( )
d
av =A% (5.125)
p
Integrating Eq. (5.125) yields,
V=Alnp+B (5.126)

Equation (5.126) is the solution of Laplace equation in the p-direction.
Consider that the potential V in spherical coordinates varies only in the
r-direction. Then the Laplace equation can be written as,
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o (,ov\

The partial derivative of Eq. (5.127) can be represented by an ordinary differ-
ential equation and it can be expressed as,

d [ ,dV
Integrating Eq. (5.128) yields,
dv
2
— =k 5.12
r dr 1 ( 9)
dV = kyr2dr (5.130)

Again, integrating Eq. (5.130) yields,
1
V=k —k - (5.131)
r

Equation (5.131) is the solution of Laplace equation in the r-direction.

5.11.2 Two-Dimension Solution

In two-dimension solution, let us consider that the potential V varies only in the x
and y directions. Then, the Laplace equation in rectangular form can be written as,

PV PV
a7 T =0 (5.132)

The partial derivative of Eq. (5.132) can be represented by an ordinary differ-
ential equation and it can be expressed as,

v d*v
T d—yzzo (5.133)

Consider that the general solution of Eq. (5.133) is,

V(x,y) = X(x)Y(y) (5.134)
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Substituting Eq. (5.134) into Eq. (5.133) yields,

a’x _d’Y
Y—+X—=0 5.135
dx? + dy? ( )
Dividing Eq. (5.135) by XY yields,
1d’X  1d%Y
I o 5.136
X dx? + Y dy? ( )

It is seen that the first part of Eq. (5.136) is a function of x, and it is equal to a
constant term. Similarly, the second part is a function of y, and it is equal to another
constant term. The following equations can be written as:

1d*X
— T =4 5.137
X dx? ! ( )
1d%Y
—— =B 5.138

Equation (5.136) is then modified to,
A2+B*=0 (5.139)
A? = —B)? (5.140)
Equation (5.137) can be re-arranged as,

d*X

W—XAlz =0 (5.141)

Consider % = D, then Eq. (5.141) can be modified to,

D’ —A%=0 (5.142)
D = +A, (5.143)
DX = +A\X (5.144)
ax
T AX 5.145
dx ! ( )
dX

= Adx (5.146)
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Integrating Eq. (5.146) yields,

InX=Ax+k (5.147)

X = efeM™ = fzet™ (5.148)

where k3 = e*
Similarly, the other solution is,

X = kge " (5.149)
In general, the solution is,
X(x) = kse™* 4 kye " (5.150)
Since, coshAx = w and sinhA;x = w, the following equations
can be written as:

e = coshAx + sinhAx (5.151)
e % = cosh A x — sinhAx (5.152)

The solution of Eq. (5.141) is,
X(x) = ky coshAjx + kp sinh Ayx (5.153)

where ki = k3 + k4 and ky = k3 — ky.
Equation (5.138) can be rearranged as,

—— =B%Y (5.154)

—— =AY (5.155)

D? = —A)? (5.156)

D = +jA, (5.157)
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Therefore, the solution of Eq. (5.155) becomes,

Y(y) = 3¢ 4 cpe A (5.158)

Since, cosA;y = M and sinA;y = W the following equations
can be written as:

e = cosA;y+jsinAy (5.159)

e/ = cosA;y —jsinAy (5.160)

Equation (5.158) can be modified as,
Y(y) = kscos A1y +kesinAy (5.161)

where ks = c3 + ¢4 band kg = c3 — jey.
The two-dimension solution of Laplace equation is,

V(x,y) = (k1 coshAyx + ky sinh A1x) (ks cos A1y + ke Sin A1) (5.162)

Consider Fig. 5.14 to determine the constants ki, k», ks and ks. The boundary
conditions of Fig. 5.14 are,

V=0atx=0
V=Vyatx=a
V=0aty=0
V=0ay=5>

Apply the third boundary condition (V = 0 at y = 0) to Eq. (5.163) yields,

0 = (k coshA1x + k; sinh Ayx) (ks + 0) (5.163)
ks =0 (5.164)
Fig. 5.14 A rectangular y 4
conducting object
V=0 Gap
b
V=V,
V=0
N Gap
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Substituting Eq. (5.164) into Eq. (5.162) yields,
V(x,y) = (ky coshAjx + k; sinh Ayx) (ke sin A, y) (5.165)

Applying the fourth boundary condition (V = 0 at y = b) to Eq. (5.162) yields,

0 =sinAb (5.166)
sinmn = sinA b (5.167)

where m =0, 1, 2,...
A = % (5.168)

Substituting Eq. (5.168) into Eq. (5.165) yields,
V(x,y) = (kl cosh %x—i— ky sinh%x) (k6 sin%y) (5.169)
Applying the first boundary condition (V = 0 at x = 0) to Eq. (5.169) yields,
. mT
0= (k +0) (k6 sin - y) (5.170)
ki =0 (5.171)

Substituting Eq. (5.171) into Eq. (5.169) yields,

V(x,y) = kake sinh (%x) sin ('%”y) (5.172)
V(x,y) = ksinh (’%”x) sin (m?” y) (5.173)

where k = kykg
Again, applying the boundary condition V =V, at x =a into Eq. (5.173)
yields,

V(a,y) = Vp = ksinh (m?”a) sin (m?” y) (5.174)

For an infinite series, Eq. (5.173) can be written as,

Vix,y) = i k sinh (%x) sin (% y) (5.175)
m=1



231

5.11 Solutions of Laplace’s Equation

(5.176)

= > kainh (") sin ()

Multiplying both sides by sin(*2) of Eq. (5.176) and integrating over 0 <y <b

yields,
b b
/V sm( )d stmh —a /sm sm E )d (5.177)
0 b Y = b y|ay .
0 0
The orthogonal product rule is,
b
/ sin(my) sin(ny)dy = [0 7" (5.178)
) m=n
0

Applying the rules of Eq. (5.178) into Eq. (5.177) yields,

b b
/Vosm(—y)dy—stmh ™ /sm (5.179)
0 0

b b
/Vwm(%y)dy:ksinh(—a)l/ (1 —cos—y)dy (5.180)
0 0
fVO—{cos(%y)]z* kimnh(—a) (5.181)
ksmh(mT ) :%[1 — cos m] (5.182)
m M om=1,3,5,...
ksinh|—a) =|™" T 5.183
sm(ba) 0 m=246 ( )
kz& for m = odd (5.184)
mnsmh(%a)
(5.185)

k=0 for m =even
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Substituting Eq. (5.184) into Eq. (5.175) gives the complete solution as,

_ ﬂ . sinh (% x) sin (% y)
V(x,y) = > RN T (5.186)

m=1,3,5,...

Example 5.2 The boundary conditions of regions 1 and 2 are defined as y =0,
V=0 and y=1, V =YV, respectively. Use Laplace equation to determine the
expression of voltage.

Solution

For region 1, the Laplace equation is,
Vi
o

The solution is,

V1 = Ay +B
Aty=0,V=0,then B=0
For region 2, the Laplace equation is,
ywzo
0y?

The solution is,

Vs :Ay+B

Aty=1V ="V, thenA =%
Let V; =V, =V, then the expression of voltage is,

Example 5.3 Calculate the potential of a rectangular object of infinite length.
Consider the conditionsa=5b=1m, Vo =100V, x=Fand y = %. Also, find the
electric field intensity.
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Solution

The voltage can be determined as,

v(¢ b\ _ 400 [sinh (%) sin (g) sinh (37”) sin (37“) sinh (57“) sin (57”)
<2 ’ 2) " m | sinh(n) 3 sinh(37) 5sinh(57)

4
v(g : g) = % [0.1992 — 0.00299 + 0.0000776] = 25V

The electric field intensity can be determined as,

av av
E=-VV= —aax —8—yay
L @ cosh (%x) sin (%y) al g sinh (%x) cos (%y) a,
b sinh (% a) sinh (% a)
400
E=- s [(0.217 — 0.0089 +0.00038)a, + an}

E = —83.39a, V/m

Practice problem 5.2

The potential is a function of ¢ in cylindrical coordinates of the radial planes. The
boundary conditions of these planes are given as V=0 at ¢ =0 and V =V at
¢ = 7. Determine the potential and electric field intensity.

Practice problem 5.3
Determine the potential of a rectangular object of infinite length. Consider the
boundary conditions a = 2b =4m, V) =100V, x =¢ and y = %.

5.12 Solution of Laplace’s Equation in Cylindrical
Coordinates

Since most of the earth electrodes look like a cylinder, attention is given in finding
the solution of Laplace equation in cylindrical coordinates to calculate the potential
and electric field distribution around any earth electrode. In cylindrical coordinates,
Laplace’s equation for electrostatic potential V is given as,
2 2
vy 19 <pav> ié)—‘/Jra—vzo (5.187)
pop\ dp) p*o¢p* 0



234 5 Soil Resistivity

The general solution of Eq. (5.187) is,

V(p, $,2) = R(p)0(¢)Z(2) (5.188)

Substituting Eq. (5.188) into Eq. (5.187) yields,

dzZ-—(p— +RO=Z =0 (5.189)

1d < dR) 7 1 d*® d*z
pdp \ dp p* d¢* dz?

Dividing Eq. (5.189) by the term R®Z provides,

1 d( dR 1 o 1d°z

— =)+ = 2= 5.190

Rpdp (pdp) O d? | Z 2 (3.190)
1 d [ dR 1 &0 1d°Z

——(p= )+ 5—=—2=% (5.191)
Rpdp \" dp ®p? de Z dz?

The right side term of Eq. (5.191) is only a function of z, and it can be defined as,

1d’Z
e % 5.192
Z dz? ( )

d’*z
—S 4+ =0 5.193
a2 TF ( )
The solution of Eq. (5.193) is,

Z(z) = Ae* + Be < (5.194)
Z(z) = A, cosh(kz) + B, sinh(kz) (5.195)

Substituting Eq. (5.192) into Eq. (5.191) yields,

1 d [ dR\ 1 &0

—c (2 el 1
Rpdp (p dp> T opag (3-156)
pd ([ dR\ ,, 1d®

P, et 5.197
Rdp (%)” ® dg? (3197

Again, the right side of Eq. (5.197) is a function ¢ and it is represented by m?.
Then, the following equation can be written as:

ld?d



5.12  Solution of Laplace’s Equation in Cylindrical Coordinates

d*®
W +(I)m2 = 0

The solution of Eq. (5.199) can be written as,
D($p) = AP + Be /m?
D(¢) = Ay cos(me) + By sin(me)

Equation (5.197) can be modified as,

pd dR 212 2
L p— K —m*=0
Rdp (pd/))ﬂ) "
d [ dR
pa (0 5) + (P~ )R =0
d*R  dR
2 272 2
PTIDZ‘FP%—F(pk—m)R:O
d’R 1dR (2 m2>
— 4+ —+ (K== |R=0
dp?>  pdp p?

The final solution of Eq. (5.205) is,
R = ByJ,(mp) + BoN,,(mp)

where,
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(5.199)

(5.200)

(5.201)

(5.202)

(5.203)

(5.204)

(5.205)

(5.206)

J.(mp) is the Bessel function of the first kind of order n with argument mp,
N, (mp) is the Bessel function of the second kind of order n with argument mp.

5.13 Spherical Coordinate System

Any point in a spherical coordinates is defined as M(r, 0, ¢). A radial line with the
length of r is drawn at an angle 0 with the z-axis and the unit vectors of this system
are a,, ag and a, as shown in Fig. 2.23a. Here, a, is parallel to the radial line and
the unit vector a4 is tangent to the sphere which increases along the direction of
increasing ¢. The unit vector ay is basically a tangent to the sphere which is not
shown in Fig. 5.15 and it increases along the direction of increasing 6. The vector A

in terms of spherical components can be written as [1-4],


http://dx.doi.org/10.1007/978-981-10-0446-9_2
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Fig. 5.15 Spherical

. . . A
coordinates with unit vectors (@) <
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A =A,a, +Apag +A<f>a(/) = (AraAf)aA(/))
The ranges of the coordinates are,
O<r<oo, 0O<f<mn, 0<¢p<2m

The magnitude of the vector can be written as,

Al = \/A2+A)" +A,°

In this coordinate system, the properties of unit vectors are,
a.-a,=ag-ag=a, ay=1

a,-ag=ap-ay=2ay-a =0

From Fig. 5.16, the following expressions can be written as:

p =rsinf
X = pcos¢
y=psing
z=rcosf

(5.207)

(5.208)

(5.209)

(5.210)

(5.211)

(5.212)
(5.213)
(5.214)

(5.215)
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Fig. 5.16 Relationship 7 A
between Cartesian and
spherical coordinates p = rsind
9 M(x.y,z)
e z = M(p,9,2)
6 z =M(r,6,
0 (r,0,9) .
4 y
[) L L/ X = pcos@
y = psing

Substituting Eq. (5.212) into Egs. (5.213) and (5.214) yields,
x = rsinfcos ¢ (5.216)
y = rsin0sin ¢ (5.217)
Again, consider Fig. 5.16 to derive the relationship between the Cartesian and

spherical coordinates.
From Eqgs. (5.215) to (5.217), the following relationships can be written as:

r=+/x2+y*+2 (5.218)

0=cos | (5.219)
VXY 422
=1 (Y
¢ = tan (—) (5.220)
X
Again, consider that the position vector in Cartesian coordinates is,
r = xa, +ya, +za, (5.221)
Substituting Egs. (5.215), (5.216) and (5.217) into Eq. (5.221) yields,
r = rsin 0 cos ¢a, + r sin 0 sin ¢a, + r cos Oa, (5.222)

Differentiating Eq. (5.222) with respect to the r, 6 and ¢ yields,

0
8_: = sin 0 cos ¢a, + sin 0 sin pa, + cos Oa, (5.223)
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0
n, = ’ar‘ = \/sin29c032¢+ sin? 0sin® ¢ + cos2 0 = 1
r

or . .
—- = rcos 0 cos ¢a, + rcos 0sin ¢pa, — rsin fa,

90
ng = ‘%‘ = r\/cos2 0cos? ¢ + cos?2 Osin ¢+ sin* 0 = r
Jr . . .
% = —rsin 0sin ¢a, + rsin 0 cos ¢a,
ng = ‘g—; = r\/sin2 0'sin’ ¢ + sin® 0 cos? ¢ = rsin O

The unit vector a, is defined as,

Substituting Egs. (5.223) and (5.224) into Eq. (5.229) yields,
7 = sin 8 cos ¢a, + sin 0sin ¢a, + cos Oa,

The unit vector ay is defined as,

or
90

34

Substituting Egs. (5.225) and (5.226) into Eq. (5.231) yields,

>

=ay =

0 = cos 0 cos ¢pa, + cos 0'sin ¢pa, — sin Oa,

The unit vector a is defined as,

Substituting Eqs. (5.227) and (5.228) into Eq. (5.233) yields,

(}S = —sin ¢a, + cos ¢a,

5 Soil Resistivity

(5.224)

(5.225)

(5.226)

(5.227)

(5.228)

(5.229)

(5.230)

(5.231)

(5.232)

(5.233)

(5.234)
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Differentiating Eq. (5.230) with respect to r, 6 and ¢ yields,

6;’_0

b 5.235
or ( )
or ) ) .
5 = o8 0 cos ¢a, + cos 0sin ¢pa, — sin 0a, = 0 (5.236)
or s . . .
7% = —sin 0'sin ¢a, + sin 0 cos ¢a, = sin 0.(¢) (5.237)
Differentiating Eq. (5.232) with respect to r, 6 and ¢ yields,
a0
—=0 5.238
or ( )
a0 . o )
E i sin 0 cos ¢a, — sin 0'sin ¢pa, — cos fa, = —F (5.239)
a0 , .
7 = —cos 0sin ¢pa, + cos 0 cos pa, = cos 0.(¢) (5.240)
Differentiating Eq. (5.234) with respect to r, 0 and ¢ yields,
09
—=0 5.241
or ( )
99
—=0 5.242
50 (5.242)
% = —cos ¢a, — sin ¢a, (5.243)
The Del operator in spherical coordinates can be written as,
v-10,00 909 (5.244)

“nor ngo0 g og

5 PO 00 ¢ o
=VV=|—+—F+—"—"]. 24
V2=V.V <n,.8r+n980+n¢3¢ \Y (5.245)

, 70 00 )
=——. —_. _——. .24
Y n,@rv+n089v+n¢8¢v (5.246)
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V2 =A +A;+4A; (5.247)
Fo o FO(i0 00 ¢ 0
A=V = (nr0r+n089+n¢8d)> (5.248)
_ra (ro 00 9
Ay EE(TE + ;% + m@) (5.249)
0t ord 1 0 R, - 000 . 0(1/r) 0
A1_<”)32+ aror %m0 T %80 T 100 "6 a0
F.) (1/)_+(?.¢>) & LT X
sin0 or 9¢  rsin0ordg r§1n06r8¢
(5.250)

Substituting Eqs. (5.235), (5.238) and (5.242) and properties of dot products into
(5.250) yields,

62

Ar=55 (5.251)
00
0o (ra 00 b 8
= n—m(m Tt rsine%) (3239
_(0F\ 9 00r0 1 .. 0 0000 0.0)0(1/r) &
42 = (T) a0t ra0er T 200 5e Y amae Tt a0 a0
(Fp) 1 & +(@.(2>)8(rsin0_)i+ 0 09 0
r rsin0800¢ ' r 90 8¢ ' r2sin0000¢

(5.254)

Substituting Egs. (5.236), (5.239) and (5.241) and properties of dot products into
(5.254) yields,

0.0 1 &
Ay=-05"+ T (5.255)
2
Ay _19 158 (5.256)



5.13  Spherical Coordinate System 241

b0 :M(zLiLM) (5257

ng O ng0¢p \n.0r ngdd  ng0¢
__ 9 0 (io 00 b O
A= in00¢ \10r T 790 T rsin00¢ (5:258)

_@n ® ¢ o0 (@0 & (9)o(1/n) o

rsin00rd¢ — rsinf0dpdr  r*sin@dp00  rsin@ O¢p 00

o 00 (0$) * ($$Osin0) O 99

12sin 0 O¢ 86(r51n0) 8¢ rsin 0 ol d¢  (rsin 0)2 ¢ 0
(5.259)

The dot product of Eqgs. (5.234) and (5.243) provides,

. —d)fsmd)cosq')fsmqbcosqﬁfo (5.260)

)

Substituting Egs. (5.237), (5.240) and (5.260) and properties of dot products into
Eq. (5.259) yields,

o ¢ . A0 ¢ ~ 0 1 P

As = — 5 (sin 0.9) o & s (cos0. ) 55 + ——= s 0 367 (5.261)
sinf -~ ~. 0 b.¢ 0 1 pe
=g\ g T g om0 05 (5.262)
10 1 0 1 &
Substituting Eqs. (5.251), (5.256) and (5.263) into Eq. (5.247) yields,

2 2 )

o 1o 13 10 ) 1 9 (5268

a7 "ror TR T ror T Pan000 ' (rsin0) 047

, 10 (,0 ) 1P
V=l \"ar) t Eemoae "0 T ramopag O
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5.14 Solution of Poisson’s Equation

Consider that Poisson’s equation varies in the x-direction only in Cartesian coor-
dinates. Then, the Poisson’s equation for one dimension can be reduced as,

av p
— == 5.266
dx? & ( )
Integrating Eq. (5.2606) yields,
av o
—=—=x+A 5.267
dx e * ( )
Again, integrating Eq. (5.267) yields,
V= —%xz +Ax+B (5.268)

Consider the boundary conditions V = V; at x = x; and V =V, at x = x,. Then
in terms of boundary conditions Eq. (5.268) can be written as,

V) = —%xlz +Ax +B (5.269)
Vs = —2£8X22 +Ax +B (5.270)

Subtracting Eq. (5.270) from Eq. (5.269) yields,

P 2 P 2
V=27 Alx) — 271
Vi—W, 2 T +A(x) —x2) (5.271)
A(X[ —.Xz) = (V1 - Vg) + i(xl —|-XQ)(X1 — xz) (5272)
Vi—Va p
A=—-"+ — 5.273
w—m | 5 X1+ 12) ( )

Substituting Eq. (5.273) into Eq. (5.268) yields,

P 2 Vi—-V, p
VvV, = — S B 5.274
| T e HENCREEI R ( )
Vi—Va P 2, P o2 P
B=V, — -2 - 5.275
! X] — Xo . 28x1 + 28x1 28X1.X2 ( )
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Vaxi — V
SE 2 N (5.276)

B
X1 — X2 2¢

Substituting Eqgs. (5.273) and (5.276) into Eq. (5.268) yields,

VvV, — V. Voxi — Vix
Po (B2 P fpylad T P (50

V=-—
2¢ X] — Xo 2¢ X1 — X2 2¢

5.15 Numerical Solution of Laplace’s Equation

There are few numerical methods that are generally used to find electric potential
and field distribution of a specific object, such as, grounding grid, earth electrode, in
the area of electrical engineering. These are finite difference method, finite element
method, and boundary element method. The available commercial software in this
area is developed based on Laplace’s and Poisson’s equations. In the finite dif-
ference method (FDM), the selected object is divided into forward and backward
directions with an equal length; for example, a two-dimensional square mesh object
is shown in Fig. 5.17. Consider that the length of each side is /& and potentials of the
points O, 1, 2, 3 and 4 are Vy, Vi, Vo, V3 and V4, respectively. In this case, the
voltage does not vary in the z-direction. Therefore, the Laplace equation in
two-dimension is [5, 6],

PV PV
pe + o 0 (5.278)

For the x— axis, the voltage derivative in the forward direction is,

av Vi =V
== (5.279)
ox|, h
Fig. 5.17 A square mesh y
object bty " 4
d h
Cc a
3 ° 0 1
b
X
e
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In the backward direction, the voltage derivative is,

v

V-V
x|

h

(5.280)

¢
According to rules of derivative calculus, the following equation can be written:

vl _av

Oxla  Oxlec
=—— 5.281
0 h ( )

v
Ox?

Substituting Eqgs. (5.279) and (5.280) into Eq. (5.281) yields,

PV Vi—Vo—Vo+Vs
—| = 5.282
ox?|, h? ( )
For the y-axis, the voltage derivative in the forward direction is,
ov Vi — Vi
e R A (5.283)
oy, h
The voltage derivative in the backward direction is,
ov Vo=V
=2 (5.284)
oy, h

Again, applying rules of derivative calculus, the following equation can be
written:

>’V %V‘ _%‘
d Y

— =" 5.285
= (5.285)
Substituting Egs. (5.283) and (5.284) into Eq. (5.285) yields,

o’V Vo—Vo—Vo+V,

| = 5.286

02|, h? ( )
Substituting Egs. (5.282) and (5.267) into the Eq. (5.278) yields,

Vi—Vo—Vo+V Vi—Vo—Vo+ V.
1 0 0+ 3+ 4 0 o+ 2_p (5.287)

h? h?
4Vo=Vi+Vo+Vs+Vy (5.288)
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7V1+V2+V3+V4

Vo i

(5.289)

The value of the potential Vj can be found if the potentials at the corners of the
mesh are known.

The finite element method is another numerical technique to solve
two-dimensional Laplace equations. In 1943, the finite element method (FEM) was
first developed by R. Courant to obtain the approximate solution of a complex
object. Initially, this technique was applied in mechanical and civil engineering
fields to study respective parameters. Later on, the finite element method started
being used in the electrical engineering domain to find the flux, potential and
electric field distributions around and inside an object. The selected object is dis-
cretized either by triangular or rectangular elements. According to P.P. Silvester and
R.L. Ferrari the approximate solution of potential for the whole region is,

Viy) =Y Velx,y) (5.290)

e=1

where e represents the number of the elements and N is the total number of
triangular elements. The polynomial approximation for V, within a single element
is,

Ve(x,y) =a+bx+cy (5.291)
The electric field within the element is,
E,=-VV, (5.292)
Substituting Eq. (5.291) into Eq. (5.292) yields,
E, = —(ba, +ca,) (5.293)

The potentials V,;, V., and V.3 at nodes 1, 2 and 3 of the triangular element as
shown in Fig. 5.18 is,

Fig. 5.18 A triangular y
element 4

3 (x3, }’3)

1
(x5 ) (%5, ¥,) X

\4
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Vo1 = a+ bxy + ¢y (5.294)
Voo =a+bxy+cy, (5.295)
V.3 = a+ bxy +cy3 (5.296)

Equations (5.294)—(5.296) can be arranged in the matrix format as,

Vel 1 X1 N a
Veg = 1 X2 M b (5297)
Ve I x5 y3]|c

From Eq. (5.297) the coefficients a, b and ¢ can be determined as,

-1

a X1 n Ver
bi=11 x » Ver (5.298)
c X3 y3 Ves
a 1| X2ys —xy2 xayr —xys o xiy2 —xoyn || Ve
bl =521 »—» yi = yi—» Ve (5.299)
2A
¢ X3 — X2 X| — X3 X2 — X1 Ves

where A is the area of the element and it can be written as,

1 X1 )
A= E 1 R %) (5300)
I x5 3

Substituting Eq. (5.299) into Eq. (5.291) yields,

|| X2V3 —X3y2 X3yr = X1ys o Xiy2 — Xoyi Vel

Ve(x,y) =1[1 x y]ﬁ Y2 — ¥3 Y3 =i yi— Ver
X3 — X2 X] — X3 Xy — X1 Ves
(5.301)
o Ver
Ve(x7 y) = [0%] Ve2 (5302)
o3 | | Ves
3
Ve, y) = Y 0i(x,y) Ve (5.303)

i=1

Here o, o, and o3 are the shape functions of the element and their expressions
from the Eq. (5.301) can be written as,
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1

= — [(x2y3 — x3y2) + (02 — y3)x+ (X3 — x2)y]
1

0= [(3y1 = x1y3) + (3 — y1)x+ (x1 — x3)y]
1

o3 = = [(x1y2 — ;1) + (V1 — y2)x + (02 — x1)y]

24
The energy per unit length of an element is given by,

1
W, :5/5|E|2d5

s

Substituting E = —VV, into Eq. (5.307) yields,

1
W, :§/g|vve|2ds

Equation (5.303) can be modified as,
3
VVE = Z VeiVoc,-
i=1

Substituting Eq. (5.129) into Eq. (5.308) provides,

3

=30 eV / Voy. VodS

i=1 j=

NI'—‘

1 3 3
EZZ :V,iVeiCi
J=

where,

Cij = /VOCi. VOC]' das

s

Equation (5.312) can be written in the matrix format as,

247

(5.304)

(5.305)

(5.306)

(5.307)

(5.308)

(5.309)

(5.310)

(5.311)

(5.312)

(5.313)
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Where the element coefficient matrix and potentials are,

Cny Cpp Cp
[C] =[Cy Cyn Cpn (5314)
G G Gss
Vel
[Ve] = | Ve (5315)
Ve3

The total energy for all elements can be determined as,

W= EN: W, = %s[V]T[C][V] (5.316)

e=1

The Laplace equation is satisfied when the total energy in the region is mini-
mum. In this case, it can be expressed as,

=0 k=1,2,3,... 5317
8Vk ) i i 7n ( )

For free and prescribed potentials, Eq. (5.316) can be written as,

1 Cr CpllV,
W=—-clV, V,]| ¥ fPH f} 5.318
) [ f P][Cpf Cpp Vp ( )

Applying Egs. (5.317) and (5.318) i.e. differentiating it with respect to V; yields,

CyVy+CpV, =0 (5.319)
[Cr] [Vs] = = [Cp] [V (5.320)
[A][V] = [B] (5.321)
where,
[A] = [Cy] (5.322)
Vl=[v] (5.323)

V] = [A]'[B] (5.324)
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Therefore, the potential can be determined from Eq. (5.324) if other parameters
are known.

Exercise Problems

5.1 The expression of electric potential in Cartesian coordinates is
V(x,y,z) = x%y — 2% + 8. Determine the (i) numerical value of the voltage at
point P(1,—1,2), (ii) electric field, and (iii) verify the Laplace equation.

5.2 The electric potential in Cartesian coordinates 1is given by
V(x,y,z) = e — e +z2. Determine the (i) numerical value of the voltage at
point P(1, 1, —2), (ii) electric field at the point P(1,1,—2), and (iii) verify the
Laplace equation.

5.3 The expression of electric potential in cylindrical coordinates is given as
V(p,¢,z) = p*zcos ¢. Determine the (i) numerical value of the voltage at
point P(p=—1,0 =45°z=35), (i) electric field at the point
P(p=—1,¢ =45°,z=135), and (iii) verify the Laplace equation.

5.4 The electric potential in spherical coordinates is given by
V(r,0,$) = 5r% sin 0 cos ¢. Determine the (i) numerical value of the voltage
at point P(r=1,0=40°,¢ = 120°), (i) electric field at the point
P(r=1,0=40°,¢ = 120°), and (iii) verify the Laplace equation.

5.5 In Cartesian coordinates, the volume charge density is p, = —1.6 x
10~"ggx C/m® in the free space. Consider V=0 at x=0 and V =4V at
x = 2 m. Determine the electric potential and field at x = 5 m.

5.6 The charge density in cylindrical coordinates is p, = % pC/m?>. Consider V = 0

atp =2mandV = 120 V at p = 5 m. Calculate the electric potential and field at
p=06m.

5.7 Two concentric spherical shells with radius of » = 1 m and r = 2 m contain
the potentials of V =0 and V = 80V respectively. Find the potential and
electric field.

5.8 Determine the potential of a rectangular object of infinite length. Consider
a=b=1m, VO:SOV,x:%“andy:%.
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Chapter 6
Soil Resistivity Measurement

6.1 Introduction

Different types of soil and its characteristics have been discussed in Chap. 4. The
value of the soil resistivity is mainly dependent on its properties. Soil resistivity
measurement is an important factor in finding the best location for any grounding
system. Based on the measurement results, new grounding systems are installed for
the power generating station, substation, transmission tower, distribution pole,
telephone exchange, industry, commercial and residential buildings.

Nowadays, most of the power utility companies are installing their transmission
lines, water and gas pipelines at the same corridor to reduce the land use. The exact
value of soil resistivity is very important for the underground pipelines. These
underground pipelines are not always parallel with the transmission lines.
Sometimes, it runs with different angles with the transmission lines. Therefore,
more soil resistivity measurements are need to be carried out at different places.
Generally, lower soil resistivity increases the corrosion of underground pipelines.
The corrosion ratings of different soil resistivity [1, 2] are shown in Table 6.1.

Basically, the current flow in the underground pipelines increases the corrosion.
The sandy soil has a high soil resistivity so its corrosion rating is low. Whereas
clay, silt and garden soils have low resistivity which have a high corrosion rating. In
this chapter, different methods of soil resistivity measurement will be discussed.

6.2 Two-Pole Method

In this method, a voltage source is connected between a hemisphere earth electrode
and an auxiliary probe or potential probe as shown in Fig. 6.1. An ammeter is
connected in series with the voltage source to measure the current. For a specific
supply voltage and measured current, the resistance can be determined as,
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Tf’ble 6.1 .SOil re.sistivity Soil resistivity (£2-m) Corrosion rating

with corrosion rating - -
>200 Essentially non-corrosive
100-200 Mildly corrosive
50-100 Moderately corrosive
30-50 Corrosive
10-30 Highly corrosive
<10 Extremely corrosive

Fig. 6.1 Earth electrode with
potential probe

Earth electrode

Potential probe

Vsp

Imes

R =

(6.1)

For a hemisphere earth electrode with a radius r, the expression of ground
resistance is,

0
Rp = — 6.2
E" 20 (6.2)

Then, the soil resistivity can be determined as,
p =2nrRg (6.3)

This method is easy to measure the soil resistivity at any small space. In this
case, fluke 1625 m can be used to perform the soil resistivity measurement. The
connection diagram of two-pole method for the soil resistance measurement is
shown in Fig. 6.2.

6.3 Four-Pole Equal Method

In 1915, an American Geologist Dr. Frank Wenner of US Bureau of Standard
introduced four-pole equal method to measure the soil resistivity. According to his
name, this method is also known as Wenner method. The overall setup for the
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C2

Surface of soil

Fig. 6.2 Connection diagram of two-pole method [3]

four-pole equal method is shown in Fig. 6.3. In this method, four equidistant probes
are inserted into the soil on a straight line as shown in Fig. 6.3. Then the current
terminals (C1 and C2) of the advanced earth testing meter, fluke 1625 are connected
to the two outer probes, and the potential probing terminals (P1 and P2) are con-
nected to the two inner probes. Then press the start button of the meter which
injects the current into the soil through the current probes and the resulting voltage
is measured across the potential probes (inner probes).

According to Ohms law, the meter calculates the soil resistance, and then dis-
plays the soil resistance-value. From the measured resistance-value, soil resistivity
is calculated using the following formulae,

4naRg
p= 1+ 2a _ 2a (64)
Vak +4b  V2a +4b?

As shown in Fig. 6.3, a is the distance between two adjacent probes, and b is the
length of the probe (probe-depth) inserted into the soil. If b (In general, b = 4a) is
very large compared to a, Eq. (6.4) reduces to,
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V

Fig. 6.3 Connection diagram of four poles method [3]

p = 4maRg (6.5)
If b is very small (b K a) compared to a, Eq. (6.4) reduces to,

4maRg

P=1v2-1 (6:6)

p = 2maRg (6.7)

During the measurement, the distance between the adjacent probes may be
considered to have a value between 1 and 50 ft. This worth nothing that this
adjacent distance depends on the available free space near the grounding system.

6.4 Derivation of Resistivity

One-half of a sphere is inserted into the soil as shown in Fig. 6.4 where the buried
part forms a hemisphere. A current [ is inserted into the soil whose resistivity is p
and it is distributed to the ground. The current density at the surface of the hemi-
sphere is,
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Fig. 6.4 Current in the soil
through hemisphere

J_1_ I
A 2

The current density at any distance x from the center of the hemisphere is,

The electric field at any distance x from the center of the hemisphere can be
determined as,

E(x) = pJ(x) (6.10)

Substituting Eq. (6.9) into Eq. (6.10) yields,

E(x) = %2 (6.11)

The potential difference from the center to earth can be determined as,

X

V, = / E(x)dx (6.12)

r

Substituting Eq. (6.11) into Eq. (6.12) yields,

_ [
Vx—/zﬂxzdx (6.13)
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pl 11"
ol |1 1

If x = oo, then the expression of potential difference can be modified as,

pl
Vy=-— 6.16
2nr ( )
The expression of the soil resistance is,
Vo p
Rp=—"=— 6.17
E 1 2nr ( )
Then the expression of soil resistivity can be written as,
p =2nrRg (6.18)

Four probes are considered as spheres and they are placed on a straight line with
an equal separation distance a as shown in Fig. 6.5. The current enters through the
first sphere and is distributed radially into the soil. This current will come out of the
sphere 4. The distances of the spheres 2 and 3 from the sphere 1 are a and 2a,
respectively. According to Eq. (6.15), the potential at the sphere 2 due to the current
flowing through the sphere 1 can be written as,

ol [1 1
Vo="r|-—= 6.19
T 4n [a Za} ( )

Similarly, the potential at the sphere 3 due to the current flowing out of the
sphere 4 is,

Fig. 6.5 Four spheres in the soil
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ol |1 1
Vi=e|o———
: 4n[2a a

The potential difference between the spheres 2 and 3 is,
V=V,-V;

Substituting Egs. (6.19) and (6.20) into Eq. (6.21) yields,
porUL_ 11 _pri1 1
C4nla 2a dn |2a a

1 1 1 1
V:KP————+%

dnla 2a 2a a
ol 2 1

V=—r|-—-
4n[a a

Vv
p= 47m7 = 4naRg
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(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

Two conductors are placed on the top soil surface and four conductors are placed
on a straight line inside the soil that forms the bottom soil surface as shown in

Fig. 6.6.
From Fig. 6.6, the following equations can be written as,

ro=ru=a

rs =rp =2a

rs3 = rep = \/ 4a? + 4b?

Top surface

Bottom surface

3

Fig. 6.6 Conductors at the top and bottom surface of the soil

(6.26)

(6.27)

(6.28)
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I'sp =T1e3 = V a2 +4b2 (629)

Initially, consider the current enters into the conductor 1 and leaving out of the
conductor 4. The potentials at the conductors 2 and 3 are V,, and V), respectively.
According to Eq. (6.15), the expression of these potentials can be written as,

ol |1 1
Vo=—|——— 6.30
4z |:}’12 }’24:| ( )

ol |1 1
V=" ——— 6.31
b 4n |:}"13 }"43:| ( )

Substituting Eqgs. (6.26) and (6.27) into Egs. (6.30) and (6.31) yields,

ol [T 1 ol 1
P e 32
v 4n Lz 2(1} 4n2a (6:32)
_pl 1 1) pl 1
Ve = 4n {Za a] C4n\ 2a (6:33)

The potential differences between the conductors 2 and 3 is,
Vn=Ve—=Vp (6.34)

Substituting Egs. (6.32) and (6.33) into Eq. (6.34) yields,

_pl 1 pl 1
" 4n2a 4n ( 2a (6.35)
_pl (1 1
Vi = 4n <2a + 2a) (6:36)
pl 1
= ——= 6.37
v 4na ( )

Again, consider the current is entering in the conductor 5 and leaving out of the
conductor 6. In this case, the potentials at the conductors 2 and 3 are,

ol |1 1
V.=l - — 6.38
4n [r52 r62:| ( )

ol |1 1
Vi=—|——— 6.39
d 4n l:}’53 r63] ( )
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Again, the potential difference between the conductors 2 and 3 is,
Vo=V, = Vy

Substituting Egs. (6.38) and (6.39) into Eq. (6.40) yields,

V_pI 1 1 1+1
" 4n

Substituting Egs. (6.28) and (6.29) into Egs. (6.41) yields,

ol 1 1 1 1 ]
n = ,_ - — +
4n [\/aZ +4b2 VAa2+4p2 Aa2+4p2 Va? +4Db?

V- pl [ 2 2 }
"UAn Va2 42 Ad +ab?

Total potential difference for both cases is,

V=Vy+V,

Substituting Egs. (6.37) and (6.43) into Eq. (6.44) yields,

Vo pl {1 N 2 2 }
dnla  a? +402  /4a? +4b?

pl 2a 2a
V=—|1+ -
4na Va2 +4b?  4a? +4p?
v 4na

P=T (1 N 2a 2a )
Va+4b2  Vaa? +4b?
_ 4naRg
P= 4 2a 2a
Vvar+4b2  \/4a® + 4b?
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(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

Equation (6.48) can be modified with respect to different relationships between

a and b as discussed earlier.

Example 6.1 A soil resistivity measurement is carried out near a power station
using the Wenner four poles equal method. The six readings of soil resistance were
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taken during the measurement using the Fluke 1625 earth tester equipment. The
readings are recorded at 1, 2, 3, 4, 5 and 6 m intervals of the probe distance. The
corresponding soil resistance were measured to be 35, 18, 13, 11.2, 10.2 and 13 Q,
respectively. Determine the soil resistivity and plot it with respect to the probe
distance.

Solution

The value of the soil resistivity can be calculated as,

p = 2maR,

p; =21 x1x35=219.8Q-m
Py =271 x 2 x 18 = 226.08 Q-m
p3 =21 x 3 x 13 =244.92Q-m
ps =21 x4 x11.2 =281.34Q-m
ps =21 x 5 x 10.2 = 320.28 Q-m
Pe =271 x 6 X 13 =489.84 Q-m

The plot of soil resistivity with the probe distance is shown in Fig. 6.7.

Example 6.2 F. Wenner four poles equal method is used to measure the soil
resistivity near a 66/11 kV substation using a Fluke 1625 earth tester. The readings
are recorded at 1, 2, 3, 4 and 5 m intervals of the probe distance. The corresponding
soil resistance were measured to be 16.4, 5.29, 3.05, 1.96 and 1.36 Q, respectively.
Calculate the average soil resistivity in that substation.

Fig. 6.7 Variation of soil 600
resistivity with probe istance

500 s
400

300

<
200

Soil resistivity (Ohm-m)

100

| 2 3 4 5 6
Probe distance (m)
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Solution

The value of the soil resistivity can be calculated as,

p = 2maR,

p; =21 x1x164=103Q-m
Py =271 x 2 %529 =66.50Q-m
p3 =21 x 3 x3.05=5750Q-m
ps =21 x4 x 1.96 =49.3Q-m
ps =21 x5 x 1.26 =42.7Q-m

The average value of the soil resistivity can be determined as,

Pt Pyt p3tpstps  103+66.5+57.5+49.3+42.7

=63.8Q-
pav 5 5 m

Practice problem 6.1

The soil resistivity measurement is carried out near a power station at 1, 2, 3, 4, 5
and 6 m intervals of the probe distance using F. Wenner four poles equal method.
The corresponding soil resistance were measured to be 16, 3.5, 2.6, 2.01, 1.56 and
1.02 Q, respectively. Find the soil resistivity and plot it with respect to the probe
distance.

Practice problem 6.2

F. Wenner four poles equal method is used to measure the soil resistivity near an
11/69 kV power station using a Fluke 1625 earth tester. The readings are recorded
at 1, 2, 3, 4 and 5 m intervals of the probe distance. The corresponding soil
resistance were measured to be 12.4, 3.25, 2.95, 1.86 and 0.98 Q, respectively.
Determine the average soil resistivity in that substation.

6.5 Lee’s Partitioning Method

Lee introduced a method to measure the soil resistivity by partitioning the potential
probes. According to his name, this method is known as Lee’s partitioning method.
In this method, five probes are used on a straight line as shown in Fig. 6.8. The
current enters into the first probe and coming out through the fifth probe. In each
measurement, four probes are used. The potentials V;, and V3, at the probes 2 and 3
are,

ol |1 1 ol
=—|-—=—| = 6.4
V2 2n [a 2a} 4na (6.49)
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V Voo V

Fig. 6.8 Schematic of Lee’s method

_pl 1 _ 1 _
Vi=om [a+0.5a a+0.5a} =0 (6:50)

The potential difference between the probes 2 and 3 is,

pl
Viy=Va—V3=+———0 6.51
23 2 3 4na ( )
1%
p= 4na$ = 47aRy3 (6.52)

Similarly, the potential at probes 4 can be written as,
ol |1 1 0 1
Vi=—|——|=—|—= 6.53
f T [Za a 2\ 2a ( )
The potential difference between the probes 3 and 4 is,

0 1
=Vs—-V;=0—— [ —— 6.54
Vie=Vs = Vs 4r ( 2a> ( )

V-
p= 4na$ = maRsy (6.53)

If the values of the soil resistivity of the two measurements are the same then the
soil is considered to be homogeneous.

Example 6.3 Lee’s portioning method is used to measure the soil resistivity of a
substation. The resistances are measured to be 3 Q between the probes 2 and 3,
2.95 Q between the probes 3 and 4. Determine the soil resistivity if the probe
separation distance is 2 m in both cases.
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Solution

The value of the soil resistivity can be calculated as,

p =4naRy; =4n x 2 x 3 =754Q-m
p =4mnaRsy = 4mw x 2 X 2.95 =74.14Q-m

In this case, the soil is homogeneous.

Practice problem 6.3

The resistances are measured to be 1.54 Q between the probes 2 and 3, 2.25 Q
between the probes 3 and 4 using Lee’s portioning method. Find the soil resistivity
if the probe separation distance is 1 m in both cases.

6.6 Sided Probe System

In Wenner equal probe system, all the probes along with the connection wires need
to be moved for each measurement. Therefore, this method is laborious. In sided
probe system, only two probes need to be moved instead of all four probes. The
outer second current probes should be placed far away so that the potential dif-
ference between the inner probes can be neglected due to the current coming out
through it. The current is entering into probe 1 and coming out of probe 4 as shown
in Fig. 6.9.

The potential difference between the probes 2 and 3 due to current entering into
probe 1 can be written as,

_pl |l 1
V23_2n Lz a—i—b} (6.56)
ol l[a+b—a
— | .57
Va3 2n{a(a+b)} (657)

V V V V

Fig. 6.9 Schematic of sided probe system
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(a+b) ? (6.58)

p =2na

b
(a+b)
b

p =2na Rg (6.59)

The potential difference between the probes 2 and 3 due to current coming out of
probe 4 can be written as,

ol 11
Vg =—|-— 6.60
"o L b—&-c} (6.60)
pl [b+c—c
Vas T [c(b—FC) ] (6:61)
p= 2nc( +¢) ? (6.62)
b
p = 2me ZC) Re (6.63)
Dividing Eq. (6.63) by (6.59) yields,
c(b+c)
1= .64
a(a+0b) (6.64)

If distances a and ¢ are very large compared to b, then Eq. (6.64) reduces as,

_ (o)

1= @ (6.65)
2

c% -1 (6.66)

From Eq. (6.60), it is assumed that the ratio of the distance between the potential
probe 3 and the current probe 4 to the distance between the current probe 1 and the
potential probe 2 is equal or less than 1%. Based on this argument, Eq. (6.66) can
be written as,

C2

> 100 (6.67)

¢ > 10a (6.68)

The main drawback of this method is more spatial distance required compared to
the Wenner method to complete the soil resistivity measurement.
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6.7 Schlumberger Method

In USA and Europe, Schlumberger method was most popular from 1960 to 1990. In
this method, two current probes C1 and C2 are placed on the outside and two
potential probes P1 and P2 are placed on the inside of the overall setup as shown in
Fig. 6.10. The outer current probes need to be moved symmetrically. However, the
potential probes are never moved.

Practically, the ratio of the separation distance of potential probes to the sepa-
ration distance between the current probes should be one fifth or less. In other
words, the distance between the current probes should be four or five times the
separation distance between the potential probes. Mathematically, it can be written
as,

< (6.69)

Ul o
| —

This method saves some measurement time due to less movement of the probes.
However, Wenner method is more straight forward and simpler than the others
method. As shown in Fig. 6.11, the fluke 1625 earth tester is used to insert the
current into the soil through the current probe C1.

-
C2
] Cl1

Surface of soil

Fig. 6.10 Schematic Schlumberger method [3]
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Fig. 6.11 Schematic Schlumberger method for different approach [3]

This current is coming out from the soil through the current probe C2. In this
case, the potentials at P1 and P2 are,

ol | 1 1
Ve =— - 6.70
o 2n[b—a b—l—a] ( )
ol | 1 1
== - 71
Ve Zn[b-l-a b—a] (671)

The potential difference between points P1 and P2 is,
V=V —Vp (6.72)

Substituting Egs. (6.70) and (6.71) into Eq. (6.72) yields,

pl [ 1 1 1 1
V=— - - 6.73
2n|lb—a b+a b—|—a+b—a ( )
V. dap 1
- - 6.74
I 27 b2—-a2 ( )
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Rg = ?—;ﬁ (6.75)
p = 27R; L _a“z (6.76)
p = 2naRy b24;2a2 (6.77)
p= szElﬁ:_z i (6.78)
p =2naRg Z):_l (6.79)
p = 2naRy (21 (6.80)

where o0 = S If the value of a is equal to 3, then Eq. (6.80) reduces to the following
expression:

p = 4naRg (6.81)

Equation (6.81) is same as the Wenner equation when the depth of the probe into
the soil is very large compared to the adjacent distance between any two probes.
The Schlumberger unequal method for soil resistivity measurement can be carried
out if there is no physical barrier or obstruction of buried the probes. Figure 6.11
shows the Schlumberger unequal method for alternative expression of soil resis-
tivity. The current is coming out of the soil through the current probe C2. In this
case, the expressions of potential at P1 and P2 are,

ol |1 1
Vpr=—|—-— 6.82
o L c+ d} (6.82)
ol | 1 1
Vpp = — - = 6.83
2" o L +d c} ( )
Substituting Egs. (6.82) and (6.83) into Eq. (6.72) yields the potential difference,
ol |1 1 1 1
V=—r|-———— 4+ — 6.84
2n L c+d c+d ¢ ( )

v—”’[z— 2 } (6.85)
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Re = 2%0(66—1!- a) (6.88)
p = 27R;g C(C; d) (6.89)

Example 6.4 The Schlumberger unequal method is used to measure the soil
resistivity of a substation. The resistance of the soil is measured to be 6 € by setting
a distance of 1 m between the current and the potential probes. Calculate the soil
resistivity if the two potential probes’ separation distance is 2 m.

Solution

The value of the soil resistivity can be determined as,

c(c+d) (14+2)

=21 X 6 X 17:56.559-m

p =2nRg

Practice problem 6.4

The resistance of the soil is measured to be 8 Q using the Schlumberger unequal
method by setting a distance of 1.5 m between the current probe and the potential
probe. Determine the soil resistivity if the two potential probes’ separation distance
is 2 m.

6.8 Different Terms in Grounding System

Different grounding system parameters including ground, grounding, ground cur-
rent, ground electrode, grounding system, ground resistance, ground impedance,
ground grid, ground potential rise, step and touch potentials are discussed below.

Ground: A conducting connection by which an electrical device or component is
connected to the earth is known as ground. It is obtained by ground electrode
discussed later.

Grounding: It is often known as grounded. A grounding or grounded is a con-
tinuous conductive path which can carry any magnitudes of fault currents.

Ground current: The value of the current that either flow into the soil or out of
the soil is known as ground current.

Ground electrode: It is copper rod or plate which is driven into the earth or soil to
provide a reliable conductive path to the ground. It is also known as earth electrode.
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Grounding system: The combination of the ground electrode, ground plate,
clamps, ground clips and connecting conductors is known as grounding system.

Ground resistance: The impedance (Zg) between a ground electrode, ground
plate and the remote earth is known as the ground resistance (R,).

Zk = Ry +jO (6.90)

Ground impedance: The phasor sum of the resistance (R,) and the reactance (X,)
between a ground electrode, ground plate and the remote earth is known as the
ground impedance.

Zr = Ry +jX, (6.91)

Remote earth: The resistance between one point and a distant point on the earth
is known as remote earth. A ground resistance is measured using an earth electrode
at a distance of 15 ft. Then, the remote earth measurement will be carried out at any
point more than 30 ft of the first measurement.

Maximum grid current: The product of the decrement factor (D, and the rms
maximum symmetrical current (/) is known as maximum grid current (/).

IG = Df X Ig (692)

Ground potential rise: The ground potential rise (GPR) is an important
parameter in the grounding system. The product of the fault current flowing into the
ground through the transmission tower and the resistance to the ground of the
grounding system is known as the ground potential rise. Mathematical expression
of the GPR with respect to the remote earth is,

GPR = I;R, = IR, (6.93)

6.9 Touch and Step Potentials

There are different types of faults that may occur at the substation, transmission and
distribution lines. These are single line to ground fault, line to line fault, double line
to ground fault. Due to the presence of these faults, the substation fence and other
nearby metallic objects may get energized with an unexpected voltage. This
energized metallic structure discharges current into the ground if a person touches it
as shown in Fig. 6.12. The awareness of touch and step potentials are very
important to the personnel who will be working at the substation and transmission
tower. Touch potential is the potential difference between his hand and feet of a
person in contact with the energized object. This voltage could be dangerous for the
person. The touch potential could be nearly the full voltage across the grounded
object if that object is grounded at a point remote from the place where the person is
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-
Z E—

Step potential Touch potential
body current body current

y m "

Fig. 6.12 Electric tower with peoples

in contact with it. In short, the touch potential is the voltage between the energized
object and the feet of a person.

A current will flow through transmission tower to the ground if there is a fault in
the transmission lines. As a result, the ground potential rise at the tower and the
voltage gradient or electric field will appear based on the surrounding soil resis-
tivity. This in turn will result in, a potential difference at the ground. The potential
difference on the ground near the grounding system can be dangerous for the
operator standing in the area of the grounding system. The potential difference
between the two points on the earth surface separated by a distance of 1 m in the
direction of the maximum voltage gradient is known as step potential.

The allowable body currents for 50 and 70 kg peoples are,

0.116

IbSOkg == 7 (694)
0.156

(6.95)

Iyz0xg = 7
)

where 7, the time in seconds, a human body is gets in touch with a circuit at fault.
The circuits for touch and step potentials are shown in Fig. 6.13. According to
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Fig. 6.13 Circuits for touch and step potentials

Laurent assumption [4], Thevenin impedances for touch and step voltage circuits
are,

R
Zonr = 2f (6.96)
Zms = 2Ry (6.97)

where Ry is the feet resistance of a person. However, the expression of feet resis-
tance for human being is,

Ry =3p (6.98)

where p is the soil resistivity. Substituting Eq. (6.98) into Eqgs. (6.96) and (6.97)
yields,

3p

ZThS:2><3P:6P (6100)
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The expressions of tolerable touch and step potentials are,

Viouen = I(Rp + 1.5 p) (6.101)

Viiep = Ip(Ry +6 p) (6.102)

where R, is the human-body resistance. According to Thapar et al. [5], the ground
resistance of a single foot is

P
R ="c 6.103
f 4r D ( )
Co=1+ 16r§:K”R (2nhy) (6.104)
5 ps n:1 m £} N
Kk=P"PFs (6.105)
P+ ps

where

C; is the surface layer derating factor,

K is the reflection factor,

p, 1s the resistivity at the surface layer,

p is the resistivity at the layer below the distance 4.

The surface layer derating factor C; is expressed as [5],
0.09(1-£)

s — 1l-— 7 .1
¢ 2hs +0.09 (6.106)

According to IEEE Standard [IEE 80-2000] [6], the touch and step potentials for
the human body resistance (Rp) of 1000 Q and different fault circuits as seen in
Fig. 6.13 can be modified as,

R
Vieuen = Iy (1000+ 7") (6.107)

Vaep = 1,(1000 + 2Ry) (6.108)

where I, is the current through the human body. The touch potential limits for 50
and 70 kg body weights are,

0.116
VtouchSOkg = (1000+ 15pCS)— (6109)

Vi
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0.157
Vtouch70kg = (1000+ l.SpCs)— (6110)

Vis
The step potential limits for 50 and 70 kg body weights are,

0.116

Vitepsoke = (10004—6,0(;5) \/l‘_ (6111)
0.157
Vstep70kg = (10004—6[)6‘5)7 (6112)

Example 6.5 Alexander touches an energized tower for 0.3 s and his body weight
is 70 kg. The resistivity at the surface layer and at a distance of 0.3 m inside the soil
are found to be 70 and 50 Q-m, respectively. Determine the surface layer derating
factor, touch and step potential.

Solution

The surface layer derating factor can be determined as,

2h,+0.09 2 x0.340.09

0.09(1 — ﬂ) 0.09 __ 50
Cs =1 n) 005 g6

The value of the touch potential can be calculated as,

0.157 0.157

Vieuentoke = (1000 + 1.5pcs)7 = (10004 1.5 x 50 x 0.96)ﬁ =307.28V

The value of the step potential is,

0.157 0.157

Example 6.6 Robinson touches an energized tower for 0.5 s. The surface layer
derating factor is found to be 0.75 for a soil resistivity 30 Q-m at a distance 0.05 m
inside the soil. Find the surface layer resistivity, touch and step potential if the body
weight of the Robinson is 50 kg.



274 6 Soil Resistivity Measurement

Solution

The surface layer soil resistivity can be determined as,

0.09<1 - f—’)
co1_ P\ 7e)
s 2%, +0.09
0.09(1 _ %)
075=1-—— > /)
2 % 0.05+0.09
075 =1 047+ #21
p
1421
L 64.590-
P="0np ~6490m

The value of the touch potential can be calculated as,

0.116 0.116
Vieuensoke = (1000 + I.SpCJ)W = (1000 + 1.5 x 64.59 x 0.75)ﬁ
=17597V
The value of the step potential is,
0.116 0.116
Viteptoke = (1000 + 6pCy) T = (1000 + 6 x 64.59 x 0.75) ﬁ =211.73V

Practice problem 6.5

Luis Beltran touches an energized distribution pole for 0.3 s and his body weight is
found to be 50 kg. The resistivity at the surface layer and at a distance of 0.02 m
inside the soil are found to be 60 and 25 Q-m, respectively. Calculate the surface
layer derating factor, touch and step potential.

Practice problem 6.5

A 70 kg person touches an energized tower for 0.5 s. The surface layer derating
factor is found to be 0.8 for a soil resistivity 35 Q-m at a distance of 0.04 m inside
the soil. Determine the surface layer resistivity, touch and step potential.

Exercise Problems

6.1 The Wenner four poles equal method is used to measure the soil resistivity
measurement near a power station. The five readings of soil resistance were
recorded at a probe distance of 1, 2, 3, 4 and 5 m using Fluke 1625 earth tester
equipment. The corresponding values of the soil resistance were 35, 18, 13,
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6.2.

6.3

6.4

6.5

6.6

11.2, 10.2 and 13 Q, respectively. Determine the soil resistivity and plot it
with respect to the probe distance.

A 66/11 kV substation has been installed near an industrial area. The mea-
surement of the soil resistance are recorded at a probe distance of 1, 2, 3, 4 and
5 m using the F. Wenner four poles equal method. The corresponding values
of the soil resistance were 12.4, 4.29, 3.95, 1.26 and 0.86 Q, respectively.
Determine the average soil resistivity in that substation.

The Lee’s portioning method is used to measure the soil resistivity of an
11/66 kV substation of a country. The resistances of 4.3 and 4.21 Q are
measured between the probes 2 and 3, probes 3 and 4, respectively. Calculate
the soil resistivity if the probe separation distance 1.5 m in both cases.

The Schlumberger unequal method is used to measure the soil resistivity of a
substation. The value of the resistance of the soil is found to be 10.5 Q by
setting a distance of 1.5 m between the current and the potential probes.
Calculate the soil resistivity if the two potential probes separation distance is
4 m.

The resistance of the soil is measured using the Schlumberger unequal method
and the value is found to be 10 Q. In this measurement, the distance between
the current probe and the potential probe is set to be 1 m. Find the soil
resistivity if the distance between the two potential probes is 3 m.

A person touches an energized distribution pole for 0.2 s, and his body weight
70 kg. The resistivity at the surface layer and at a distance of 0.02 m inside the
soil are found to be 30 and 12 Q-m, respectively. Find the surface layer
derating factor, touch and step potential.
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Chapter 7
Ground Resistance Measurement

7.1 Introduction

The value of the ground resistance is a very important factor to be considered for
reliable operation of electrical appliances at home, industry and commercial
buildings. The ground resistance essentially provides three important characteris-
tics, namely (i) zero potential reference for the electrical system, (ii) low resistance
path to protect electrical appliances from the electrical faults and (iii) electrical
equipment protection against static electricity, and personnel from the touch
potential. The standard value of the ground resistance must be lower than 1 Q for
residential, 5 Q for telephone system and 10 Q for substation. However, it is
difficult to get those values of the ground resistance due to the varying properties of
the surrounding soil. The generator, transformer and other high voltage equipment
are usually grounded using grounding grid. Whereas in the transmission lines, each
foot of the tower is also grounded by vertically driven rods. In this chapter, types
and size of earth electrode and different ground resistance measurement methods
will be discussed.

7.2 Types of Electrodes

The ground resistance of any grounding system depends on the type of earth
electrode used in the system. Copper is the most commonly used material for earth
electrodes due to its high conductivity and resistance to corrosion. Stainless steel,
aluminium and galvanized steel are also used for earth electrodes. Three types of
copper rods, namely, solid copper, copper clad steel rod and copper bonded steel
core are available for grounding system. The sample copper rod, coupler, ham-
merlock and clamps are shown in Fig. 7.1.
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Fig. 7.1 Copper rod with
accessories

Table 7.1 Dimension of the
earth rod

Coupler

7 Ground Resistance Measurement

Hammerlock
Copper rod

Diameter (in.) Types

1 Steel rod

1 Copper-bonded rod
172 Steel rod

172 Copper-bonded rod
3/4 Steel rod

3/4 Copper-bonded rod
5/8 Steel rod

5/8 Copper-bonded rod

Plates, cylindrical rods and mats are also used as earth electrodes. Sometimes, it
is difficult to insert a solid copper rod into the hard and rocky grounds without
bending it. In this case, the steel core copper rod is used to insert into the hard soil
due to its clad tearing property. The specifications of the earth rod are shown in

Table 7.1.

Different sizes and thickness with ‘terminated welded pigtails’ and ‘welded
through the pigtails’ earth plates are used for the grounding system as shown in
Fig. 7.2 and in Table 7.2, respectively.

Fig. 7.2 Electrode with
pipeline

Welded pigtails

Welded through pigtails
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Table 7.2 Dimension of the earth rod

Thickness (in.) Width (in.) Length (in.) Cable code Pigtail length (in.)
1/32 12 24 #2 24
1/32 18 18 #4 24
1/32 18 24 #6 24
1/32 24 24 #6 24
1/16 12 24 #4 24
1/4 24 36 #2 24

7.3 Two-Pole Method

The two-pole method is normally used where the measurement area is congested to
use more auxiliary electrodes. As auxiliary electrode, water pipe or other ground
object with a low resistance value is used for this measurement. The terminal P1 is
connected to the metal water pipe and the current terminal C2 is connected to the
ground electrode under test as shown in Fig. 7.3. The test current flows through the
water pipe to the ground electrode and the voltage is measured in between the water
pipe and the ground electrode. Then the ratio of measured voltage and an injected
current gives the value of the resistance. In this configuration, the measured
resistance will be the series combination of lead resistance, auxiliary electrode and
the earth electrode resistance. The resistance due to the auxiliary electrode and lead
needs to be deducted to get the true ground resistance. This method is not accurate
as compared to other methods.

Fig. 7.3 Electrode with
pipeline

C20
P20

Earth
Electrode

Surface of soil Pipeline
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7.4 Three-Pole Method

The three-pole method is widely used to measure the ground resistance. In this
measurement, the earth electrode must be disconnected from the system. In a
three-pole method, the potential and the current probes need to be inserted into the
soil on a straight line with the earth electrode as shown in Fig. 7.4. The test current
is injected into the current probe and returned through the earth electrode or vice
versa. The potential difference is measured in between the earth electrode and the
potential probe. Then the ratio of the measured voltage to the test current gives the
value of the ground resistance. There will be an abrupt variation in the measured
resistance if the current probe is placed very close to the earth electrode. In this
case, the resistance areas or effective zones will overlap with each other as can be
seen in Fig. 7.5. The best way to find out the effective zones is by moving the
potential probe in between the earth electrode and the current probe, and recording
the reading at each location. If the readings vary 30 % or more, then it will be
considered that the potential probe is under influence zones. For accurate mea-
surement, the current probe must be placed far away from the earth electrode so that
the potential probe lies outside the effective zones due to the earth electrode and the
current probe.

Then a series of readings are recorded by varying the potential probe. These
readings will be more or less equal to each other which will represent flat resistance
as shown in Fig. 7.6. Measurement accuracy is usually affected due to the nearby
installations such as fences, building structures and other buried metal pipes. This
kind of measurement error can be avoided by visual inspection.

Fig. 7.4 Earth electrode with
auxiliary probes

Electrode
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7.5 Fall of Potential Method

This method is suitable to measure the ground resistance of a small system. In this
measurement, the current probe is placed in between 20 and 50 m away from the
earth electrode under test. Initially, the potential probe is inserted into the ground
midway between the earth electrode and the current probe in a straight line. Then
the meter is turned on to inject an alternating current into the earth through the earth
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Fig. 7.7 Connection diagram 2O
for fall of potential method p2 O
(@]
D8 !
Clo

Electrode

electrode and the current probe. The meter measures the voltage between the earth
electrode and the potential probe, which finally displays the ground resistance. Then
by moving the potential probe by 10 % of / from the middle position to a distance
towards the current probe, a new reading is recorded. Subsequently, by moving the
potential probe 10 % of [ from its original position towards the earth electrode under
test, another reading is recorded as shown in Fig. 7.7.

If these two readings are in close agreement with the reading taken around the
midway between the earth electrode and the current probe then it is considered that
all the probes are correctly positioned. If the difference between the readings is
substantially high then it will be considered that all the probes are incorrectly
positioned. In this case, the separation distance between the probes needs to be
increased. A series of readings need to be recorded by varying the potential probe
once all the probes are positioned correctly into the soil. Once all the readings are
recorded, ground resistance versus distance of the potential probe from the earth
electrode are plotted, in which the flattest part of the curve will provide the actual
ground resistance.

7.6 The 62 % Method

This method is suitable for the measurement of the ground resistance of a medium size
grounding system. In this measurement, the potential probe is inserted into the ground
at a 62 % distance of the earth electrode to the outer current probe as shown in Fig. 7.8.
Then the ground resistance is measured. Now, by moving the potential probe at a
distance of 10 % of x or one meter from its original position towards the earth electrode,
the ground resistance is measured again. For the third measurement, the potential probe
is moved to 10 % of x or one meter towards the current probe, and the measured value
of the ground resistance is recorded. If these three readings are close to each other then
the first reading is considered to be the correct value of the ground resistance. In this
case, the homogeneous soil layer is considered that is the main drawback of this
method. The connection diagram of the 62 % method is shown in Fig. 7.8.
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Fig. 7.8 Connection diagram 20
for 62 % method p2 O
(@]
D f
Cl o

Electrode

Table 7.3 Separation distance of potential and current probes for 1” diameter earth electrode

Earth electrode depth (ft) Distance to potential probe (ft) Distance to current probe (ft)
6 45 72
8 50 80
10 55 88
12 60 96
18 71 115
20 74 120
30 87 140

The separation distances of the potential and the current probes from the 1 in.
diameter earth electrode are shown in Table 7.3. The separation distance of the
potential and the current probes need to be increased and decreased by 10 % of 0.5
and 1.5 in. diameter earth electrode, respectively.

7.7 Derivation of 62 % Method

The earth electrode and the current probe are considered hemispheres for the
derivation of 62 % method and their radii are smaller compared to their separation
distances. The potential probe is placed at a distance x from the earth electrode and
the current probe is placed at a distance d from the earth electrode. The value of the
resistance will be increased if the potential probe moves toward the earth electrode.
The current enters through earth electrode and leaves through the current probe as
shown in Fig. 7.9. In this case, the potentials at the earth electrode, potential and
current probes are,
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Fig. 7.9 Earth electrode with potential and current probes

Vp = IpRp + IgRpg + IcRpc (72)
Ve = IcRc + IpRcp + IgRcE (7.3)

where Rg, Rp and R are the self-resistances of the earth electrode, potential and
current probes. The Rgp = Rpg, Rpc = Rcp, Rce = Rgc are the mutual resistances
between the earth electrode, potential and current probes. The current in the
potential probe is very small compared to the earth electrode and the current probe,
which can be neglected for mathematical manipulation. Then Eqgs. (7.1), (7.2) and
(7.3) can be modified as,

Ve = IgRg + IcREc (7.4)
Vp = IgRep + IcRpc (7.5)
Ve = IcRe + IEREC (76)

The potential difference between the earth electrode and the potential probe is,
Vep=Vg =V, (7.7)
Substituting Eqgs. (7.4) and (7.5) into Eq. (7.7) yields,
Vep = IgRg + IcRgc — IERgp — IcRpc (7.8)
Since Ir = —I¢, Eq. (7.8) can be modified as,
Vep = IgRg — IgRgc — IgRep + IERpc (7.9)
The measured ground resistance can be expressed as,

V
Ry, :%:RE — Rgc — Rep+ Rpc (7.10)
E
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The measured resistance is related to the actual resistance, mutual resistance,
current and potential probes. Therefore, there will be some error in the measurement
of the ground resistance. The error between the measured and actual ground
resistance can be expressed as,

Rerror = Ry — RE (711)
Substituting Eq. (7.10) into Eq. (7.11) yields,
Rerror = RPC - REC — Rgp (712)

According to the distance, the expressions for mutual resistances can be written
as,

0
Rpp = — 7.13
EP 27mx ( )
0
Rpp=—— 7.14
o= S (7.14)
RECZZ%Z (7.15)

Substituting Egs. (7.13), (7.14) and (7.15) into Eq. (7.12) yields,

P p p
Rerror = - — A 7.16
2n(d —x) 2nd 2nx (7.16)

Setting Reor = 0, Eq. (7.16) becomes,

p PP

———-—=—=0 7.17

2n(d —x) 2md 2mx (7.17)
1 1 1

—Z_2=0 7.18

d—x d x ( )
1 x+d

= 7-19

d—x dx ( )

d* —x* =dx (7.20)

P tde—d* =0 (7.21)

—d £ Vd*+4d?
x:—Jr (7.22)

2
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—d £2.236d
X=—""—

5 (7.23)

Considering the positive sign, the value of x becomes,
x=0.6184d =62 %d (7.24)

From Eq. (7.24), it is concluded that the potential probe need to be placed 62 %
of the current probe from the earth electrode. This is known as 62 % method. For
this method, more space is required, and a uniform soil-layer structure is
considered.

7.8 Position of Probes

The probes are placed into the soil in two ways namely straight line and angle
methods during the measurement. The current and the potential probes are placed
with the earth electrode in a way that makes an isosceles triangle as shown in
Fig. 7.10.

The current is injected into the earth electrode through the current probe and the
potential is measured between the earth electrode and the potential probe.
According to the distance, the expressions for mutual resistances can be written as,

Rep = 7.25
EP 27[61113 ( )
14
Rpr = 7.26
pc 27‘Ed23 ( )
P
R 7.27
b = 5 (127)

Fig. 7.10 Probes with angle
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Substituting Eqgs. (7.25), (7.26) and (7.27) into Eq. (7.12). The error between the
actual and the measured resistance is,

p p P
Rermr = - - 7.28
271'd23 27'Ed12 27‘Cd13 ( )

Setting R.,r = 0, Eq. (7.28) becomes,
S S (7.29)

From the PEC isosceles triangle, the following equation can be written as,

dy = \/61122 +di3* — 2dy2dy3 cos 0 (7.30)
In isosceles triangle,
dip =di3 (7.31)

Substituting Eq. (7.31) into Eq. (7.31) yields,

dy = \/ 2d»* — 2d1* cos 0 (7.32)

Again, substituting Eq. (7.32) into Eq. (7.29) yields,

1 1 1

—————=0 7.33
V2d12 = 2d2cos diz diz ( )
: -l (7.34)
V2d122 = 2dip2cos diz diz ’
1 2
= (7.35)
V2d15? — 2d2cos 0 diz
8d1,” — 8d1y* cos 0 = dip” (7.36)
7
cosf =g (7.37)
0=29° (7.38)

This type of measurement of ground resistance is known as angle-off method.
Practically, it is difficult to maintain the angle between the two lengths. In the
practical measurement, the distances dj, and d;3 are usually two times more than
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the corner-to-corner distance of the earth electrode. Mathematically, it can be
expressed as,

dpo=d;z >2d (739)

where d is the corner-to-corner distance of the earth electrode.

7.9 Clamp-on Method

The clamp-on method is a new method to measure the ground resistance of a
grounding system where many electrodes are connected in parallel. This method
eliminates the dangerous and time consuming activity to disconnect the grounding
system. The clamp-on method is fast and easy as no probes need to be inserted into
the soil. This method of measurement is not suitable for a single or an isolated
grounding system as there is no return path for the current. This method is also used
for the measurement of the ground resistance inside of the substation building. The
clamp-on method measure the ground resistance based on the Ohm’s law and need
to have a series and parallel resistors. In this method, two clamps namely voltage
and current transformers are used. During measurement, these two clamps connect
either with the earth electrode or connecting cables with a separation distance of
more than a 4 in. as shown in Fig. 7.11 [1].

A special voltage transformer clamp induces a 1.7 kHz oscillatory voltage into
the circuit, then a high sensitivity current transformer clamp is used to measure the
current. Figure 7.12 shows a loop grounding system where four electrodes are

Fig. 7.11 Two clamps with earth electrode [1]
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Fig. 7.12 Two clamps with four earth electrode loop [1]

inserted vertically into the soil. The loop grounding system is connected to the
busbar of the distribution board. The earth busbar is again connected to another
horizontal busbar by a small wire as shown in Fig. 7.12 [1]. The separate test earth
electrode is then inserted into the soil and the tester is clamped with this electrode.

The ground resistance of four separate earth electrodes in a loop are considered
R, Ry, R3 and Ry, respectively. Again, considering the ground resistance of separate
earth electrode is R,. Then the expression of loop ground resistance can be written
as [1],

1 1 1 1
Ripop =R+ 1/ — 4+ —+ — + — 7.40
loop +/(R1+R2+R3+R4> (7.40)
The measured ground resistance of the test electrode and each of the earth

electrode is found to be 10 Q. The actual value of the ground or loop resistance can
be determined as,

1 1 1 1
Rloop:10+1/(m+l—o+m+m) (7.41)
10
Ripop = 10+ T =125Q (7.42)

This method does not give actual value of the ground resistance if the clamps are
placed at the bonded lightning protection system. It may also give very low reading
due to the interaction of two buried water pipes and conduit.
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7.10 Slope Method

The slope method for the measurement of ground resistance was introduced by
Tagg [2]. According to his invention, it is known as a Tagg slope method or simply
slope method. This method is usually used to measure the ground resistance at any
substation where large grounding system is installed. Sometimes, it is difficult to get
the flat section of the measured ground resistance versus distance to potential probe
from the earth electrode. This situation is generally happening when the potential
and the current probes are always within the zone of the influence of the earth
electrode under test. In this measurement method, the current probe need to be
placed 300 ft away from the earth electrode while the potential probe is placed at a
distance 30 ft away from the earth electrode. Afterwards, the potential probe dis-
tance is varied in a step of 30 ft and the ground resistance is measured in each
step. These measured ground resistance values are shown in Table 7.4, while these
values are plotted with respect to the potential probe distance from the earth
electrode as shown in Fig. 7.13.
The slope coefficient can be calculated from the following formula as,

_ Reoy — Raoxe (7.43)
Ryo% — Raoy

where Ryy, Rigy, and Rggy, are the values of the ground resistance measured from
the 20, 40 and 60 % of the distance from the earth electrode to the current probe
(C2). Substituting the corresponding values of the ground resistance to Eq. (7.43)
yields,

63—-52
W=7

=092 44
52—-4 09 (7.44)

For the value of the slope coefficient of 0.92, the ratio of the potential probe
distance to the current probe distance is found to be 57.8 % from Table 7.5.
Therefore, the ground resistance need to be measured at a distance of 57.8 % of

Table 7.4 Separation distance of potential and current probes for 1” diameter earth electrode

Distance of current Distance of potential Ratio of Ground
probe C2 (ft) probe P2 (ft) P2/C2 (%) resistance (Q)
300 30 10 33

300 60 20 4

300 90 30 4.6

300 120 40 7.2

300 150 50 7.8

300 180 60 7.3

300 210 70 7.9

300 240 80 7.4

300 270 90 7.9
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Table 7.5 Slope coefficient with the ratio of the potential to the current probes distance
n P2/C2 (%) | n P2/C2 (%) |1 P2/C2 (%) | P2/C2 (%) | n P2/C2 (%)
0.40 |64.3 0.65 |60.6 0.90 |57.2 1.15 |50.7 1.40 |43.1
041 |64.2 0.66 |60.4 091 [57.0 1.16 |[50.4 141 |42.7
042 | 64.0 0.67 | 60.2 092 |57.8 1.17 |50.2 142 423
0.43 |63.9 0.68 |60.1 0.93 [57.6 1.18 [49.9 143 |41.8
0.44 |63.7 0.69 |59.9 094 [574 1.19 [49.7 144 |414
0.45 |63.6 0.70 |59.7 095 [57.2 1.20 (494 145 |41.0
0.46 |63.5 0.71 |59.6 0.96 |57.0 1.21 |49.1 1.46 |40.6
047 |63.3 0.72 |59.4 0.97 |54.8 1.22 |48.8 1.47 |40.1
048 |63.2 0.73 [59.2 0.98 |54.6 1.23 |48.6 1.48 |39.7
0.49 |63.0 0.74 |59.1 099 [544 1.24 483 1.49 393
0.50 |62.9 0.75 |58.9 1.00 |54.2 1.25 [48.0 1.50 |38.9
0.51 |62.7 0.76 |58.7 1.01 [53.9 1.26 |47.7 1.51 | 384
0.52 | 62.6 0.77 | 58.5 1.02 |53.7 1.27 |47.4 1.52 |37.9
0.53 | 624 0.78 | 58.4 1.03 |53.5 1.28 |47.1 1.53 | 374
0.54 |62.3 0.79 |58.2 1.04 [533 1.29 [47.8 1.54 379
0.55 |62.1 0.80 |58.0 1.05 |53.1 1.30 [47.5 1.55 | 374
0.56 |62.0 0.81 [57.9 1.06 |52.8 1.31 [47.2 1.56 |37.8
0.57 |61.8 0.82 |57.7 1.07 |52.6 1.32 |47.8 1.57 |37.2
0.58 | 61.7 0.83 | 575 1.08 |52.4 1.33 | 475 1.58 |34.7
0.59 |61.5 0.84 [57.3 1.09 [52.2 1.34 (472 1.59 |34.1
0.60 |61.4 0.85 |57.1 1.10 |[51.9 1.35 [44.8
0.61 |[61.2 0.86 |57.9 1.11 |51.7 1.36 [44.5
0.62 |61.0 0.87 |57.7 1.12 |514 1.37 |44.1
0.63 | 60.9 0.88 |57.6 1.13 |51.2 1.38 |43.8
0.64 |60.7 0.89 |57.4 1.14 {509 1.39 (434
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300 fti.e., 167 ft. This distance is closer to 180 ft than 150 ft. The safe value of the
ground resistance would be 6 Q.

7.11 Ammeter-Voltmeter Method

In this method, a variable low range single-phase transformer is used to measure the
ground resistance. A single-phase transformer along with the ammeter and the
voltmeter is connected with the grounding system as shown in Fig. 7.14. The
current in the secondary coil of this transformer is varied by a variable resistor.
Then this current is passed through the earth electrode and the current probe to
complete the circuit.

Then the voltage between the earth electrode and the potential probe and the
current in the earth electrode are measured at the same time. From these measured
values, the ground resistance can be determined as,

Ry=~ (7.45)

Some extra readings need to be taken by moving the potential probe to —10 and
10 % of the separation distance between the earth electrode and the inner potential
probe to confirm that the resistance areas do no overlap.

E
Electrode

Fig. 7.14 Connection diagram of ammeter and voltmeter method
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—

Fig. 7.15 Connection diagram of ammeter and wattmeter method

7.12 Ammeter-Wattmeter Method

Ammeter and wattmeter can also be used to measure the ground resistance.
A single-phase transformer along with the ammeter and the wattmeter is connected
with the grounding system as shown in Fig. 7.15. The current in the secondary coil
of this single-phase transformer is varied by a suitable variable resistor. This current
passes through ammeter, wattmeter, earth electrode, the ground and finally through
the current probe to complete the circuit. Then the power (wattmeter reading) and
the current in the earth electrode are measured at the same time. From these
measured values, the ground resistance can be determined as,

P

Rg:ﬁ

(7.46)

Few more readings need to be taken by moving the potential probe to —10 and
10 % of the separation distance between the earth electrode and the inner potential
probe to avoid the resistance areas overlapping.

7.13 Wheatstone Bridge Method

The Wheatstone bridge is an electrical circuit, which is used to measure the
resistances of medium values in the range of 1Q to 1MQ. The measurement
accuracy of this circuit is £0.1 %. This bridge circuit consists of four resistors,
which are connected end-to-end with a voltage source and a galvanometer as shown
in the Fig. 7.16. Let Ry, R,, R3 are the known resistors and R, is the unknown
resistor. No current will flow through the galvanometer when switch S1 is closed
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Fig. 7.16 Wheatstone bridge
circuit
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and the switch S2 is open circuited. This condition of the bridge is known as
balanced condition. This condition can be obtained if the voltage difference
between the terminals of the galvanometer is zero and it can be expressed as,

Ve —=V4=0

(7.47)

According to Fig. 7.17, current I; flows through resistors R; and R,. Also, the
current I, flows through resistors R3 and R,. Under balanced condition, the fol-

lowing can be written,

Fig. 7.17 Balanced
Wheatstone bridge circuit

Vab = Vaa
LRy = LR;
Vbc = Vdc

IiRy = LR,

(7.48)
(7.49)

(7.50)

(7.51)
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Dividing Eq. (7.49) by Eq. (7.51) yields,

IRy _ 1Ry (7.52)
LR, DR, ‘
R R
L2 (7.53)
RZ R}c
R, = RaoRs (7.54)
Ry

From Eq. (7.54), it is observed that the value of the unknown resistor can be
determined if the values of R, R, and R3 are known.

7.14 Bridge Method

This method of measurement of ground resistance is based on the Wheatstone
bridge principle. This bridge method provides a very precise means for measuring
the resistance by balancing the bridge circuit. This circuit consists of two fixed
resistors, r; and r,, a variable resistor, a galvanometer, a switch and two sliders S
and S, as shown in Fig. 7.18. The current in this circuit divided into two compo-
nents I, and I,. The current I, flows through the resistors 7, and r4, which finally
comes back to the source. From the source, the other part of the current flow
through the resistor r,, earth electrode, soil and current probe. In this method, the
galvanometer switch is connected to the terminals x and y. In this case, the bridge
will be balanced by adjusting the slider S;. Under balanced condition, the voltage
across the resistors r; and r, must be the same. Then the following equalities can be
written,

rlll = I‘2]2 (755)
rn b

— == 7.56
N (7.56)

Again the galvanometer switch is connected to the terminals m and n. In this
case, the bridge is balanced by adjusting the slider S5. Under balanced condition,
the following equations can be written,

Li(ri+r3) =L(r,+Ry) (7.57)

1
r +Rg :i(}"l—f—@) (758)
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Fig. 7.18 Connection O Ac ©
diagram of bridge method

P C
L J L |
E
Substituting Eq. (7.56) into Eq. (7.58) yields,
r
r2—|—Rg :r—(r1+r3) (759)
1
Ry="2rs (7.60)
r

The value of the ground resistance can be determined if the resistors ry, 7, and r;
are known. The bridge method provides more precise value of the ground resistance
than the voltmeter-ammeter method.

7.15 Potentiometer Method

A potentiometer has a shaft with three terminals which provides variable resistance.
This shaft is varied to obtain different values of resistance. In this method of
measurement, the usual ac supply is stepped down to a suitable value for poten-
tiometer. The galvanometer is connected to the potentiometer and the potential
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AC

Fig. 7.19 Connection diagram of potentiometer method

probe as shown in Fig. 7.19. The current is inserted into the soil through the earth
electrode and returned back to the source through the current probe. During the
measurement, the galvanometer is adjusted by the switch in such a way that it
provides close to zero potential. Under balanced condition, the following equations
can be written,

Ile = 127‘ (761)

I
R, = fr (7.62)

In this case, the bridge magnification coefficient, n, can be defined as,
n=-=—k (7.63)

where k is the resistance magnification coefficient.
Nowadays, due to the availability of many digital earth testers potentiometer
method is not used anymore to measure the ground resistance.
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7.16 Measurement of Touch and Step Potentials

All substations are surrounded by fence for safety and protection from unforeseen
incidents. The hazardous touch and step potentials can occur at the fence of the
substations. In order to ensure safety for personnel and animals, it is, therefore,
important to measure the touch and step potentials. The conventional earth tester
equipment can be used to measure touch and step potentials on or around the
substation yard if the earth tester can supply currents at different frequencies other
than 50 or 60 Hz.

There are two methods, namely, indirect test and direct test for measuring touch
potential. Initially, 80-100 A current is supplied to the grounding device or grid.
Then the potential of the object which is connected to the grounding system is
measured. In the indirect test, the potential at a suitable location on the ground 1 m
away from the object is measured as shown in the Fig. 7.20. Then the potential
difference between the object and the ground would be the touch potential for the
personnel. In case of the direct test, connect one terminal of the meter is connected
to the grounded structure, and the other terminal is connected to the potential probe
which is inserted 1 m away from the structure. This means that the distance between
the grounded structure and the potential probe is 1 m. The connection diagram of
this measurement is shown in Fig. 7.21.

Again a specific magnitude of current needs to be inserted into the grounding
device for the measurement of step potential as shown in Fig. 7.22. The step
potential is measured between the two points which are 1 m apart on the ground.

Grounded
< Im » structure
P (V)
O/ | —
C

Grounding device

Fig. 7.20 Connection diagram of indirect test
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Grounded
p Im » structure
i O, ~-(D)—
] C
— w

Grounding device

Fig. 7.21 Connection diagram of direct test

Im Grounded
B —— structure
P (V)
O/ —
C
\/ — ! —\/

Grounding device

Fig. 7.22 Connection diagram for step potential measurement

7.17 Application Example 1: Measurement of Ground
Resistance at Telephone Exchange

Background: A digital telephone exchange installed in January 2001 at the
Chittagong University of Engineering and Technology campus, Bangladesh, was
damaged due to lightning. After that accident, the university management decided
to install a new grounding system very close to this building. The soil on that site
was found to have a mixture of small rocks and sand. The following procedure was
carried out to measure the ground resistance [3-5].

Procedure: The schematic diagram for measuring the grounding resistance at
various electrode lengths, in the above mentioned site has been shown in Fig. 7.23.
The earth electrode was considered to be 36 m long, and it was buried vertically
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Fig. 7.23 Connection diagram for ground resistance measurement at telephone exchange

into the ground. Fall of potential method was used to measure the ground resis-
tance. Initially, the earth electrode was inserted up to 6 m into the soil. Then, the
current probe was inserted into the soil 30 m away from the earth electrode.
Afterwards, few readings were taken by varying the potential probe and these
recorded resistance values were plotted with respect to the distance to potential
probe. From this curve, the value of the actual ground resistance was determined.
The above experiments were conducted for 12, 18, 24, 30 and 36 m earth electrode
during the months of March, June and December 2001. The measurement results
are summarized in Table 7.6.
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Table 7.6 Measurement ground resistance in the months of March, June and December 2001

Length of earth electrode (m) March June December
Resistances (Q) Resistances (Q) Resistances (Q)

6 27.5 13.3 30.2

12 13.6 7.5 17.2

18 7.7 34 8.4

24 4.8 2.2 7.3

30 4.2 1.5 4.2

36 3.1 1.1 39

7.18 Application Example 2: Measurement of Ground

Resistance at Residential Area

A site near Lambak Kanan housing area of Brunei-Muara district in Brunei
Darussalam was considered for the measurement of ground resistance. In this
measurement, the 62 % method was considered. The earth electrode with a length
of 5 ft and 6 in. was driven into the soil as shown in Fig. 7.24. Then the current
probe was placed 72 ft away from the earth electrode. Initially, the potential probe
was placed at 62 % of the distance between the earth electrode and the current probe
i.e., 45 ft away from the earth electrode. Then the Fluke earth tester 1625 m was
used to measure the ground resistance by varying the potential probe at a step of
3 ft. The measured ground resistance is shown in Table 7.7.

56"

C10
P1 O
O
@PZ o C
C20 [ —

A

/

A

\

45' V v

\

72

Fig. 7.24 Connection diagram for ground resistance measurement at residential area
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Table 7.7 Measured ground

. Potential probe distance (ft) Ground resistance ()
resistance at Lambak Kanan 2 134
residential site :
45 4.32
48 4.35
51 4.45
54 7.42
57 7.87
60 7.02

7.19 Ground Resistance Measuring Equipment

The Fluke 1623-2 and 1625-2 [1] are distinctive earth ground testers that can
perform all four types of earth ground measurement. These are three- and four-pole
Fall-of-Potential (using probes), four-pole soil resistivity testing (using probes),
62 % method, selective testing (using 1 clamp and probes), and probe less testing
(using 2 clamps only). The complete model kit comes with the Fluke 1623-2 or
1625-2 tester, a set of two leads, four earth ground probes, three cable reels with
wire, two clamps, batteries and manual. All items are usually stored inside a rugged
Fluke carrying case. The advanced earth tester 1625 and 1623 are shown in
Figs. 7.25 and 7.26, respectively.

e

2|

Fig. 7.25 Advanced earth tester 1625 [1]
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Fig. 7.26 Earth tester 1623 [1]

Advanced features of the Fluke 1625-2 include:

e Automatic Frequency Control (AFC)-identifies existing interference and choo-
ses a measurement frequency to minimize its effect, providing more accurate
earth ground values

e R* Measurement-calculates earth ground impedance with 55 Hz to more
accurately reflect the earth ground resistance that a fault-to-earth ground would
see

e Adjustable Limits-for quicker testing.

The fluke 1625 advanced earth tester along with two clamps, four probes and
connection cables are shown in Figs. 7.27 and 7.28.

A complete set of fluke 1630 equipment is shown in Fig. 7.29.

The fluke 1630 equipment simplifies the ground loop testing technique and
enables non-disturbing leakage current. This equipment is easy to use in small
places and in tough environment due its compact, handy and rugged design. In
addition, the ‘display hold’ and the continuity testing with an audible alarm func-
tion ensure convenience in use. The Fluke 1630 Earth Ground Clamp has elimi-
nated the use of additional probes during the measurement and it does not need to
disconnect the earth electrode from the system. This equipment is placed around the
earth electrode or the connecting cables as shown in Fig. 7.30. The one half of the
clamp induces a known voltage and the other half of the clamp measures the
current.
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X

—

Fig. 7.27 Earth tester 1625 with two clamps and cables [1]

Fig. 7.28 Complete set of
earth tester 1625 [1]

Fig. 7.29 Complete set of
fluke 1630 [1]
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Fig. 7.30 Fluke 1630
connected with an earth
electrode [1]
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A D
Ammeter-Voltmeter Method, 292 Delta connection, 26, 27, 29, 64—66, 89, 92,
Ammeter-Wattmeter Method, 293 163
Apparent Power, 3 Delta-delta connection, 91
Approximate equivalent circuit, 60 Delta-Delta Connection, 91, 92, 118
Arc suppression coil grounding, 171 Delta-Wye Connection, 90
Artesian water, 204 Delta-wye connection, 90, 93
Autotransformer, 85 Derating factor, 272-274
Average Power, 3 Divergence theorem, 213, 223
Double line to ground fault, 102, 136, 269
B
Body current, 270 E
Body parts, 194 Earth, 150
Earth resistance, 175
C Efficiency, 76
Cathodic protection current, 154 Electric displacement, 207
Chasis, 154 Electric field, 255
Circular Plate, 191 Electric flux, 207
Circular plate, 192, 195, 196 Electric potential, 176
Clamp-on Method, 288 Electrostatic capacity, 184
Clay, 184, 203, 205, 206, 251 EMF equations, 52
Complex permittivity, 207, 208 Equipotential surface, 184
Complex power, 1, 7, 8, 11, 12, 109 Equivalent circuit of a transformer, 58
Concrete, 204, 208
Conductivity, 212, 277 F
Continuity of current, 214 Fall of Potential Method, 281
Copper loss, 7, 76-81 Feet resistance, 269
Corrosion, 251, 277 Feldspar, 205
Current, 210, 215 Fluke 1625, 253
Current density, 177, 210, 215 Foot, 194
Current lines, 178, 180, 191, 215 Footprint, 195
Current transformer, 62, 94, 95, 288 Frozen sand and gravel, 208
Cylindrical Rod, 182 Frozen soil, 209
Cylindrical rod, 182-184, 186, 196, 278
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G

Gauss’ law, 214, 215
GMD, 115

Grain, 205

Gravel soil, 205

Ground, 268

Grounded systems, 162
Grounding system, 268
Ground potential rise, 269
Ground resistance, 175, 269

H
Hemisphere, 177
High resistance grounding, 167

I

Ideal transformer, 51
Impedance triangle, 10
Index of refraction, 207
Instantaneous power, 1
Iron loss, 76

L

Laplace equation, 219
Leakage flux, 50

Lee’s partitioning method, 261
Line-to-line fault, 124

Line voltage, 20

Low resistance grounding, 167

M

Maximum grid current, 269
Mesh Connection, 24
Moisture, 208

Moraine gravel, 204
Mutual flux, 50

N
Negative sequence, 18

Negative sequence components, 103
Negative sequence impedance, 123

(0}
Open circuit test, 81

P

Parallel resonance, 38
Parameter, 191
Permeability, 207
Permittivity, 207
Petersen grounding, 171
Phase sequence, 18
Phase voltage, 19
Pipelines, 251

Poisson equation, 219
Polarity of a transformer, 62
Polarization, 207

Positive sequence, 18

Positive sequence components, 128
Positive sequence impedance, 123

Potential difference, 255
Potential transformer, 94
Potentiometer Method, 296
Power factor, 7

Power factor correction, 1
Power Factor Measurement, 33
Power triangle, 13
Powerworld, 144

Primary winding, 49

R

Reactance grounding, 169
Reactive Power, 7

Real power, 8

Reflection factor, 272
Relative permeability, 207
Remote earth, 269
Resistance grounding, 167
Resistivity, 204

Resonant grounding, 171

S

Salt, 208

Sandy, 205

Schlumberger method, 265
Secondary winding, 49

Series resonance, 36

Short circuit test, 82

Sided Probe System, 263
Signal, 154

Silt, 205

Single line to ground fault, 124
Slope method, 290

Soil Interface, 215

Soil resistance, 203

Soil resistivity, 204

Solidly grounded system, 163
Sphere electrode, 179

Star connection, 19

Step potential, 269

Surface of soil, 196
Symmetrical components, 102
Symmetrical faults, 101

T

Three-phase power, 27
Three-phase transformer, 64
Three-pole method, 280
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Tolerable step potential, 272 W

Tolerable touch potential, 272 ‘Wenner method, 252

Touch potential, 269 Wheatstone bridge method, 293
Transmission tower, 269 Working component, 81

Turns ratio, 53 Working grounding, 163
Two-Pole Method, 251 Wye-delta connection, 89
Two-wattmeter method, 32 Wye-wye connection, 88

U Y

Unground delta connection, 158 Y-connected load, 27, 33
Ungrounded systems, 155 Y-connection, 19

Uniqueness theorem, 222 Y-delta connection, 29
Unsymmetrical Faults, 102 Y-Y connection, 28

v V/

Vector group, 66 Zero sequence components, 103
Voltage regulation, 73 Zero sequence impedance, 115, 123
Voltage transformer, 155 Zero sequence models, 115
Voltage transformer grounding, 170 Zero sequence reactance, 115

V-V connection, 92
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