Analytic Method for Solving Heat
and Heat-Like Equations with Classical
and Non Local Boundary Conditions

Ahmed Cheniguel

Abstract In this paper, heat and heat-like equations with classical and non local
boundary conditions are presented and a homotopy perturbation method (HPM) is
utilized for solving the problems. The obtained results as compared with previous
works are highly accurate. Also HPM provides continuous solutions in contrast to
traditional methods, like finite difference method, which only provides discrete
approximations. It is found that this method is a powerful mathematical tool and
can be applied to a large class of linear and non linear problems in different fields of
science and technology.

Keywords Diffusion equation - Exact solution - Heat-like equation - Homotopy
perturbation method - Initial boundary value problems . Non local boundary
conditions - Partial differential equations

1 Introduction

Recently, new analytical methods have gained the interest of researchers for finding
approximate solutions to partial differential equations. This interest was driven by
the needs from applications both in industry and sciences. Theory and numerical
methods for solving initial boundary value problems were investigated by many
researchers see for instance [1-9] and the reference therein. In the last decade, there
has been a growing interest in the new analytical techniques for linear and non
linear initial boundary value problems. The widely applied techniques are pertur-
bation methods. He [10] has proposed a new perturbation technique coupled with
the homotopy technique, which is called the homotopy perturbation method (HPM)
for solving non linear problems. In contrast to the traditional perturbation methods,
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a homotopy is constructed with an embedding parameter p € [0, 1], which is con-
sidered as a small parameter. Homotopy perturbation method has gained reputation
as being a powerful tool for solving linear or non linear partial differential equa-
tions. He [11], applied HPM to solve initial boundary value problems which is
governed by the non linear ordinary (partial) differential equations, the method has
been shown to effectively, easily and accurately solve a large class of linear and non
linear problems with components converging rapidly to exact solutions. Thus the
main goal of this work is to apply the homotopy perturbation method (HPM) for
solving heat and heat-like equations subject to different type of boundary condi-
tions. The obtained results are more accurate than those obtained recently by
Damrongsak et al. [12]. In this paper we consider a one-dimensional heat equation,
one-dimensional and three-dimensional heat-like equations. The implementation of
the method has shown reliable results in that few terms are needed to obtain either
exact solution or to find an approximate solution of a reasonable degree of accuracy
in real physical models. Numerical examples are presented to illustrate the effi-
ciency of the homotopy perturbation method, the obtained results are all in good
agreement with exact ones.

2 The Linear Heat Equation with Dirichlet and Neumann
Conditions

2.1 Problem Definition

We consider the diffusion equation given by

ou O*u

=g 1
% aax2,0<x<l, t>0 (1)

subject to the Initial condition:
u(x,0) = up(x), O0<x<a (2)

and the boundary conditions:

u(0,1) = go(t), t>0 (3)
u(l,t) =g (), t>0 (4)
ue(0,1) = ga(1), >0 (5)
uc(l,1) =g3(t), t>0 (6)
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where the diffusion coefficient a is positive, u(x, t) represents the the temperature at
point (x,7) and f(x,1), go(?), g1(¢), g2(¢), g3(¢) are sufficiently smooth known
functions.

2.2 Analysis of Homotopy Perturbation Method

To illustrate the basic ideas, let X, and Y be two topological spaces. If f and g are
continuous maps of the spaces X info Y, it is said that f is homotopic to g, if there is
continuous map F : X x [0,1] — Y such that F(x,0) =f(x) and F(x,1) = g(x)
for each xeX, then the map is called homotopy between f and g. We consider the
following nonlinear partial differential equation:

Alw)—f(r)=0,reQ (7)
subject to the boundary conditions
B(u,0u/0n) =0, re T (8)

where A is a general differential operator, f is a known analytic function, I' is the
boundary of Q and 9/ denotes directional derivative in outward normal direction
to 2. The operator A, generally divided into two parts, L and N, where L is linear
while N is nonlinear. Using A = L + N, Eq. (7) can be rewritten as follows:

L(v) +N(v) = f(r) =0 9)
by the homotopy technique, we construct a homotopy defined as

H(v,p) : 2 x[0,1] = R (10)
which satisfies:

H(v,p) = (1 —p)(L(v) — L(uo)) + p(A(v) — (1)),
peo,1],re Q.

Or

H(v,p) = L(v) — L(uo) + pL(uo) + p(N(v) — f(r)) = 0,
peo,1], reQ.
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Where p is an embedding parameter, i is an initial approximation of Eq. (7), which
satisfies the boundary conditions. It follows from Eq. (12) that:

H(v,0) = L(v) — L(up) =0 (13)
H(v,1)=A(v)—f(r)=0 (14)

The changing process of p from O to 1 monotonically is a trivial problem.
H(v,0) = L(v) — L(up) = 0 is continuously transformed to the original problem

Hv,1)=A(v) —f(r)=0 (15)

In topology, this process is known as continuous deformation.

L(v) — L(up) and A(v) —f(r) are called homotopic. We use the embedding
parameter p as a small parameter, and assume that the solution of Eq. (12) can be
written as power series of p:

V:P0V<)+p1v1+p2v2 +p3v3+~..+p”vn+... (16)
Setting p = 1 we obtain the approximate solution of Eq. (7) as:

Lt:liH}V:VO—FV]+V2+V3+"'+Vn+"' (17)
p*}

The series of Eq. (17) is convergent for most of the cases. But the rate of the
convergence depends on the linear operator N(v). He [13] has suggested that:

1. The second derivative of N(v) with respect to v should be small because the
parameter may be relatively large i.e. p = 1.
2. The norm of L' (N /dv) must be smaller than one so that the series converges.

2.3 Solution Procedure

The solution is considered in the form below:
v=p% +pvo+p*va 4 (18)
Setting p = 1, we obtain the approximate solution of Eq. (1) as follows:

u:liII}v:v0+v1+v2+~~ (19)

P—
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Substituting Eq. (18) into Eq. (12) and comparing the coefficient of like powers

of p, we have

Hence the approximate or exact solution of problem (1) is obtained as:

ulx,t) =vo+vi+va+vs+---

3 The One Dimensional Heat-Like Equation
3.1 Problem Definition

(20)

(21)

We consider the problem in two cases one-dimensional heat-like equation given by:

u, = a(x) + b(x)uy, 0<x<l,
subject to the initial condition
u(x,0) = x*

and the boundary conditions

u(0,1) =

u(x, t)dx + c; = (1)

o~

u(l,t) = [u(x,0)dt + c; = d(t)

I
o~

(22)

(23)
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3.2 Solution Procedure

Writing the approximate solution in the series form as the following:
v=pvo+pvi+pva P v (26)

Substituting Eq. (26) into Eq. (22) and equating the coefficients of the same
powers of p we get the system of equations as follows:

vor — oy = 0 = vo = up

vi; —a(x) = b(x)vore =0, vi(x,0) =0
t

vi = [(a(x) — b(x)vox)dt
0

Vo = Vi = 0, m(x,0) =0 (27)

t
V) = /le_xdl
0

and so on, we obtain the approximate solution in a series form as below:

4 Three-Dimensional Heat-Like Equation

4.1 Problem Definition

Consider the three-dimensional heat-like equation as
ur = p(x)q(y)r(z) + a(x)un + By + 7(2uzz,  0<x,y,z<1, 0<t<T (28)
subject to the initial and boundary conditions

u(x,y, <, 0) =f(x,y, Z) (29)
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111

u(0,y,2,1) = [ [ [ulx,y,z,t)dxdydz + g1 = ki (t)
000
111

u(17yaza t) = ///M(X,y,z, t)dXdde+g2 = k2(t)
000
111

u(x, O,Z,t) = ///u(xvya@t)dXdde'i_g?) = k3(t)
000
111 (30)

u(x, 1,z,t) = [ [ [u(x,y,z,t)dxdydz + g4 = ka(t)
000
111

M(X,y707l) = // /u(xa))7z7 t)dXdde+g5 = kS(t)
000
111

u(x,y, 1,1) = [ [ [u(x,y,z,t)dxdydz + g6 = ke
000

4.2 Solution Procedure

We just consider three-dimensional equation which includes two other cases.
Substituting Eq. (18) into Eq. (28) and equating the terms with identical powers of
p, we have

poz(vo)t — (up), = 0= vp = u(x,0) (31)

1), = P)g(y)r(z) = (1x)vo) o + (BOIv0),, + (2(2)V0).) =0

t

v = [(p(x)g(y)r(z) + (((x)vo) . + (B)vo)y, + (2(&)vo)))dr - (32)

0

P*(v2), = (P()q(y)r(2) = (ux)vi) o = (BOIv1),, = (V1)) =0

v2 = [(P(x)g(y)r(2) + (1(xX)v1) o + (BOIV1)yy + (2(2)01)..) )t
0
P*(v3), = p()q(y)r(2) = (@(x)v2) = (BOIV2)yy — (1(2)12). =0

t

vs = [(p(0)g(y)r(@) + (1(x)v2) g + (BOI2),y + (7(2)2).) et

0

So we can calculate the terms of )~ vk, term by term and the series solution
thus entirely determined. However, in many cases the exact solution in a closed
form may be obtained. For numerical purposes, we can use the approximation
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u(x,y,z,t) = lim
m—0o0

where

3
|

@m = Vi (33)

T
o

It is worth to mention that the errors are getting smaller with the growing number
of terms in the sum (33).

5 Numerical Examples

5.1 Example 1: One Dimensional Homogeneous Heat
Equation

We consider the one-dimensional diffusion equation:

%:%, 0<x<1,t>0 (34)
with the Initial condition:
u(x,0) = sin(mx). (35)
and the boundary conditions
u(0,1) =0, u(l,r)=0 (36)

To solve (34) with initial condition (35), according to the homotopy perturbation
technique, we construct the following homotopy:

H(v,p) = (1 = p)((vo),~ (u0),) + P(vi = viec) =0 (37)

Substituting of Eq. (16) into Eq. (37) and then equating the terms with like
powers of p, we get the following
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(), — (o), = 0, vo = u(x,0) = sin(xx)
), — (), =0, vi(x,00=0

(v1), = —n’sin(mx)
t
vi=[(-m 2 sin(mx)dt = —n? sin(mx) X t
0
(v2)t - (vl)xx =0, n(x0)=0
1 2
vy = /n sin(7x) x tdt = n*sin(mx) x 2 (38)
0
(v3); = (v2)e = 0, 3(x,0) =0
to ? 6 z3
= {) —7” sin(7mx) X idt = —n’sin(mx) X 3
and so on, we can calculate v, as follows:
), — (Wu=1), =0, ,(x,0) =0
(1) sin(m) X ——dt = (= 1) 7 sin(x) x -
vp=[(—1)'n nX) X ———dt = (—1) n7"sin(nx) X =
'é (n—1) n!
Finally, we obtain the approximate solution as follows:
u:lin}v:vo—i-vl+vz+\/3+~~-—|—vn+---
p*}
And this leads to the following solution
u(x, 1) = sin(mx)e ™" (39)

Substituting Eq. (39) into Eq. (34), we conclude that the approximate solution
coincides with the exact one.

5.2 Example 2

Consider the diffusion problem:

U =y, 0<x<1, >0 (40)
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subject to the Initial condition
u(x,0) = cos(mx)
and the boundary conditions:
u,(0,£) =0, u(l,r)=0
solving the Eq. (40) with the initial condition (41), yields:

(v), — (uo), =0, vy = up = cos(mx)

v = —7* cos(mx) X ¢
(m),—(),=0, »n(x0)=0
vy = —ncos(mx) x £2/2!

The next components v, k>3 are calculated as the following:

(vk)t - (vk)xx =0, vk(xﬂ O) =0

vi = (=1)* 7% cos(mx) x & /k!

Combining all the terms in the above gives

u(x, 1) = cos(mx)(1 — 224/ 1+ (n21) /2! — (20) /31 + - -

The series solution is:

u(x,t) = e ™ 'cos(mx)

)

A. Cheniguel

(41)

(44)

5.3 Example 3: One Dimensional Non Homogeneous Heat

Equation

Consider the non homogeneous diffusion equation:
U =ty + (1 — 1)e™" x cos(mx) + 4x — 2
with the initial condition

u(x,0) = cos(mx) + x°
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and the boundary conditions
u(0,) =e™', u(l,t) =—€ +4r+1 (48)
according to HPM algorithm, we have
H(p,v) = (1 =p)((vo), = (u0),) +p(vi = vee —=f) =0 (49)

where f = (72 — 1)e ™ 4+ 4x — 2
by equating the terms with the identical powers of p, yields

(vo), = (o), =0, vo = ug = cos(mx) + x°

(), — (Vo) —4x+2— (7I2 — 1)6_' =0, vi(x,00=0
v = 4xt + cos(mx)(—n’t + (n* — 1) (1 —e™"))
vy — Vi =0, vy = cos(mx)(n't — 7 (n* — 1)(1 —e ™))

vy = cos(mx)((n* — 72) (1 — 1/1! — &™) + (x°1)*/2!))
continuing like-wise we get:

vy = cos(mx) ((n® — n*) (1 — ¢/ 11+ 2/21 —e ") — (1)*/31))
vy = cos(mx) ((n* — 1) (1 — 1/11 4+ 2/21 = £ /3! — e 7") + ()" /41)

and so on we then have
Ushpm = X + 4dxt + cos(mx) (7 (1 — /11 + 2 /21 =P /31 —e™") +e7')  (50)
From this result we deduce that the series solution converges to the exact one:

u(x,t) = x* 4 4xt 4 cos(nx)e”’

5.4 Example 4

Once again, consider the non-homogeneous heat equation with non-homogeneous
Neumann boundary conditions:

Uy = e + (72/2)e" P cos(mx) +x—2, 0<x,<1,6>0 (51)

ux(Oal) =1, ux(lat) =2+t
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and the initial condition
u(x,0) = x* 4 cos(mx) (52)
The theoretical solution is:
u(x, 1) = 2% + xt + e/ Dicos(mx)
now, applying the homotopy perturbation method we get:

PPvor —ue =0, vo=uy= cos(7x) + 2

Plovie — vor — (n2/2)e(*”z/2>’ cos(mx) —x+2=0, vi(x,0) =0

vy = xt + cos(mx) (1 — mt — e~/

P2vo — Vi = 0, va(x,0) =0 (53)
vy = cos(mx)(2 — 72t + ()2 /2! — 267120

PPy —ve =0, 13(x,00=0

v3 = cos(mx) (4 — 27%1 + (221)? /2! — (1) /3! — 4el =7 /2)1)

P v — vy =0, vy(x,0) =0

vy = cos(nx)(8 — 4(n’t) + (r21)? — (21) /31 + (n21)* /41 — 8~ /21y

Continuing in this way, we obtain
u(x,1) :lin}v:voJrvl +vt+vtvgt---
[]—?
or

u(x, 1) = 2 + xt + cos(mx)e /2
+15 [{1 — (m2)2)t/ 11+ ((2)2) 1)2 /2! — (72 /2)1)* /3!
(@20 A= ) = ]

and this leads to the following solution
M(x7 t) = Xz —+ xt + COS(nx)e(7n2/2)t (54)

this solution coincides with the exact one.
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5.5 Example 5: One Dimensional Non Homogeneous
Heat-Like Equation

Consider the problem
w =% +1/20(x%uy,), 0<x<l, 0<t< (55)
subject to the initial condition
u(x,0)=0 (56)

and the boundary conditions
M(O,I)Z .”(xvt)dx+gl:1/6(et_1)v g1=0
(57)

u(l,t) = [u(x,t)dx+ g, = (1/6)¢', g2 =1/6

O — = O~ =

After substitution of Eq. (18) into Eq. (55) and identifying the terms of the same
powers of p, we obtain the system of equations:

PPvor —upe =0, vo=up=0
Pl — (1/20)x%* 0 = 0, vi(x,0) =0

v =Xt

prvy — (1/20)x%vy; =0, v(x,0) =0
vy = x12 /2!

pivy — (1/20)x%vy, =0, v3(x,0) =0
vy =11 /3!

P — (1/20)%v(-1, = 0, v,(x,0) =0

v, =x1" /!
Hence the series solution is given by:

ulx,t) =vo+vi+vatvs+---+v,+---
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or
u(,t) = (L+t/U+2/20+£ /34 4+ /nl+ ) =X
and in a closed form:

u(x,1) = x°(e' — 1)

5.6 Example 6: Three Dimensional Non Homogeneous
Heat-Like Equation

Let us consider the problem
uy = x°y°7 + (1/60)(FPugy + Y21y + 2uz), 0<x,y,z<1,0<t<T
with the following initial condition:
u(x,y,z,0) =0

and the boundary conditions

(58)

(1/2)e

(61)

111
u(0,,2,t) = [ [ [u(x,y,z,t)dxdydz + g1 = 1/216(e' — 1), g1 =0
000
111
u(l,y,z,0) = [ [ [u(x,y,z,t)dxdydz + g» = 1/216(e' — 1) + (1/2)1, g» =
000
111
u(x,0,z,8) = [ [ [u(x,y,z,t)dxdydz + g3 = 1/216(e'), g3 =1/216
000
111
(1,2 0) = [ | e,y 2, Odsdydz + gs = (1/216)(& +3),  gs = (47216)
000
111
u(x,y,0,1) = [ [ [u(x,y,z,t)dxdydz + gs = (1/216)(e' +4), g5 =5/216
000
111
u(x,y, 1,t) = [ [ [u(x,y,z,t)dxdydz + g6 = 1/216(e" + 1), g6 = 1/108
000

According to Egs. (18) and (59) the following terms are calculated successively:
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0. —
p o — ug = 0,

vo:uon

plzvlt - XSySZS - (1/60)(-X2V0xx + yzv()yy + Z2V0zz) = 07 Vi (x?ya

v =y 2 (¢/1!

)

prva — (1/60) (Fviee + ¥ viyy + 2vizz) =0, m(x,,2,0) =0
v =Xy 7 (£ /2!)

Pni\’m - (1/60) (xzv(n—l)xx + yzv(n—l)yy + Z2V(n—l)zz) =0
vy =Xy (1" /n!)

Hence, the approximate solution is given by:

Or

u(x7 y? Z? t)

u(xvyaz7t):V0+vl+v2+"'+vn+"'

=5y

z,0)=0

(1 +t/1!+ (ZZ/ZI) +(t"/nl) +) —x5y525

The solution in the closed form is given as

u(‘x7 y’ Z’ t)

=5y

(e —=1)

This result is in good agreement with the exact one (Tables 1, 2 and 3).

Table 1 Example 1
hy =0.1, h, = 0.004,
3-iterates

93

X Uex Unpm [ttex — tppm
0.0 0.0 0.0 0.0
0.1 0.2971 0.2971 0.0
0.2 0.5650 0.5650 0.0
0.3 0.7777 0.7777 0.0
0.4 0.9142 0.9142 0.0
0.5 0.9613 0.9613 0.0
0.6 0.9142 0.9142 0.0
0.7 0.7777 0.7777 0.0
0.8 0.5650 0.5650 0.0
0.9 0.2971 0.2971 0.0
1.0 0.0 0.0 0.0
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Table 2 Example 2

hy = 0.1, h, = 0.004, xi Uex Unpm |ttex — |

3-Iterates 0.0 0.9613 0.9613 0.0
0.1 0.9142 0.9142 0.0
0.2 0.7777 0.7777 0.0
0.3 0.5650 0.5650 0.0
0.4 0.2971 0.2971 0.0
0.5 0.0 0.0 0.0
0.6 —0.2971 —0.2971 0.0
0.7 ~0.5650 ~0.5650 0.0
0.8 ~0.7777 ~0.7777 0.0
0.9 —0.9142 -0.9142 0.0
1.0 —0.9613 —0.9613 0.0

Table 3 Example 3

By = 0.1, hy, = 0.004, i Uex Unpm |ttex — tnpm]

2-Iterates 0.0 0.9960 0.9960 0.0
0.1 0.9589 0.9589 0.0
0.2 0.8490 0.8490 0.0
0.3 0.6802 0.6802 0.0
0.4 0.4742 0.4742 0.0
0.5 0.2580 0.2580 0.0
0.6 0.0618 0.0618 0.0
0.7 ~0.0842 ~0.0842 0.0
0.8 —0.1530 —0.1530 0.0
0.9 —0.1229 —0.1229 0.0
1.0 0.0200 0.0200 0.0

6 Conclusion

The main concern of this work has been to construct an approximate solution to
heat and heat-like equations with different types of boundary conditions using
homotopy perturbation method (HPM). Our approach differs from existing tradi-
tional methods like, finite differences, finite elements, spectral method, ... etc., in
that we find the solution in a closed form without, linearization, discretization,
transformation or restrictive assumptions. The problems solved using (HPM) gave
satisfactory results in comparison to those recently obtained other researchers

(Figs. 1, 2 and 3).
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Fig. 1 Example 1 Variation of the approximate solution for different values of x and ¢

0 o

Fig. 2 Example 2 Variation of the approximate solution for different values of x and 7

95
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0 o

Fig. 3 Example 3 Variation of the approximate solution for different values of x, y and z when
t = 0.004
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