
Chapter 2
Design by Testing and Statistical
Determination of Capacity Models

Giorgio Monti, Antonio Bilotta, Annalisa Napoli, Emidio Nigro,
Floriana Petrone and Roberto Realfonzo

Abstract In this chapter, the procedure proposed in EN1990 is adopted and
extended to the case of EBR FRP systems, with the aim of attaining a uniform
reliability level among all equations developed in this technical report. This approach
will allow comparing experimental results and theoretical predictions in a consistent
manner, and also identifying possible sources of error in the formulations. Any
capacity model should be developed on the basis of theoretical considerations and
subsequently fine-tuned through a regression analysis based on tests results. The
validity of the model should then be checked bymeans of a statistical interpretation of
all available test data. The formulation should include in the theoretical model a new
variable that represents the model error. This variable is assumed to be normally
distributed whit unit mean and standard deviation to be evaluated from comparison
with experimental results. Once the statistical parameters of the model error are
known, it is possible to define the statistical parameters of the capacity model and to
evaluate its characteristic value, which is the aim for application in design. Some
applications are shown to prove the feasibility of the proposed procedure.

Introduction

When developing a design equation, the predictive ability of the analytical capacity
model, regardless of how it has been obtained, whether through a mechanics-based
approach or through a regression from test data, must be validated over a reason-
ably large(r) set of experimental data. Thus, the definition of a reliable capacity
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model to be used in practical design applications requires to follow a rigorous
procedure that eventually will aim at calibrating the safety factor to apply to the
equation so that it meets an assigned reliability target. This procedure requires the
model to be formulated in a probabilistic way, so that both inherent and epistemic
uncertainties of the underlying basic variables (geometry and materials, essentially)
can be dealt with, as well as the uncertainties associated to the capacity equation
itself. All of these uncertainties can be easily incorporated into a model, through the
adoption of a random variable that represents the difference between actual and
predicted response.

Probabilistic Capacity Models: Analytical Definition

As widely illustrated by Monti et al. (2009) (and also by Monti and Petrone 2014
who extended the procedure to the case of additive uncertainties), a capacity model
should be defined as:

C f ; af g ¼ R f ; af g � d Xif g ð2:1Þ

where: R is a function that “explains” the resisting mechanism capacity, given
certain mechanical properties f and geometrical properties a, and represents the
“deterministic” part of the capacity model; d Xif g is a random variable containing
information about the overall model error prediction with respect to experimental
results, and represents the “random” part of the capacity model. It is characterized
by mean ld ¼ b and variance r2d and is a function of all the Xi parameters char-
acterized by uncertainties. In the following it will be assumed: Xf gi¼ f ; a;mf g,
where f , a and m are parameters related to materials, geometry and model,
respectively.

In common practice, only the deterministic part of the capacity model is con-
sidered, usually given as:

Cdet f ; af g ¼ b � R f ; af g ð2:2Þ

Many interpret b as a model fine-tuning coefficient (sometimes called “igno-
rance” coefficient), so that, when the “deterministic” (mean) part of the capacity
model is used, see Eq. (2.3), it predicts the experimental capacity with zero error “in
the average”. The coefficient b is computed through a least-square approach, by
minimizing “in the average” the difference between predicted and experimental
values. Pictorially speaking, the coefficient b brings the “cloud” of
“theoretical-experimental” points closer to the bisectrix of the Cartesian plan.

Therefore, once the functional form R f ; af g is found, in order to completely
describe the random variable d, we perform n experimental tests T , by “appropri-
ately” changing the values of f and a. So, by selecting n sets of values
fexp;i; aexp;i

� �
, we obtain n experimental values of the capacity, expressed as:
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C ¼ T fexp;i; aexp;i
� � � s ði ¼ 1. . . nÞ ð2:3Þ

where s represents a random error, with unit mean and assigned variance, the latter
being due to test setup imprecisions, load application modality, and measurement
errors that may affect the results. Usually, this term is disregarded (in the sense that
the measured values Cexp;i already include it).

The corresponding values predicted by the “deterministic” model are:

Cdet;i fexp;i; aexp;i
� � ¼ b � R fexp;i; aexp;i

� � ð2:4Þ

By comparison of n experimental and theoretical values, b is found from the
well-known minimization:

min
Xn
i¼1

Cexp;i

Cdet;i
� 1

� �2

! b ð2:5Þ

Equation (2.7) can be analytically developed to finally obtain:

b ¼
Pn

i¼1
Cexp;i

R fexp;i;aexp;if g
� �2

Pn
i¼1

Cexp;i

R fexp;i;aexp;if g
ð2:6Þ

The variance of d is obtained as well, as:

r2d ¼ Var
Cexp

Cdet

� �
ð2:7Þ

with its unbiased estimate being (after b has been fine-tuned):

s2d ¼
Pn

i¼1
Cexp;i

b�R fexp;i;aexp;if g � 1
� �2

n� 2
ð2:8Þ

By replacing Eq. (2.2) into Eq. (2.1), the following relation holds:

C f ; af g ¼ Cdet f ; af g d Xif g
b

ð2:9Þ

Letting:

d Xif g ¼ d Xif g
b

ð2:10Þ
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d Xif g represents the model error to be applied to the fine-tuned deterministic
capacity model. It is characterized by mean ld ¼ 1 and variance:

r2
d
¼ 1

b2
Var

Cexp

Cdet

� �
ð2:11Þ

with its estimate being (after b has been fine-tuned):

s2
d
¼

Pn
i¼1

Cexp;i fexp;i;aexp;if g
b�R fexp;i;aexp;if g � 1

� �2

b2ðn� 2Þ ð2:12Þ

Calibration of Partial Safety Factors Based on Testing

Once the random part has been “adjusted” by means of experiments, a common,
though wrong, further step is to use only the deterministic part to predict the
capacity, with the assumption that its characteristic and design values can be
obtained by plugging in the argument, respectively, characteristic and design val-
ues. Worse usual mistakes regard an arbitrary reduction of b, to obtain a “safer”
estimate. In the following, a rigorous and effective procedure is instead developed,
where the “modeling” part is clearly distinguished from the “safety” part.

The probabilistic capacity model so developed has first-order-approximation
mean and variance given by, respectively:

lC ¼ b � R lf ; la
� � � ld ¼ b � R lf ;la

� � ð2:13Þ

r2C ¼C2
; f lf ; la
� � � r2f þ C2

;a lf ; la
� � � r2a þ C2

;d
lf ; la

� � � r2
d

¼ b2 � R2
; f lf ; la
� � � r2f þ b2 � R2

;a lf ; la
� � � r2a þ b2 � R2 lf ; la

� � � r2
d

ð2:14Þ

where C; f ¼ @C=@f , C;a ¼ @C=@a and C
;d ¼ @C

�
@d are the partial derivatives of

the function C with respect to f , a, and d, respectively, and R; f ¼ @R=@f , R;a ¼
@R=@a and R

;d ¼ @R
�
@d are the partial derivatives of the function R with respect to

f , a, and d, respectively. Also, note that all variables have been assumed as sta-
tistically independent, so that all covariance are zero.

In Eq. (2.14), the first term of the second member represents the intrinsic
(material) uncertainty, the second term represents the parametric (geometry) vari-
ability, and the third term represents the epistemic (model) uncertainty.

Case of limited number of tests
When predicting a limited number of tests n, we can only obtain estimates of

mean and variance of the capacity model, as follows:
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C f ; �a
� � ¼ b � R f ; �a

� � ð2:15Þ

s2C f ; �a
� �

¼ b2 � R2
; f f ; �a
� � � s2f þ b2 � R2

;a f ; �a
� � � s2a þ b2 � R2 f ; �a

� � � s2
d

ð2:16Þ

where:

f ¼
Pn

i¼1 fi
n

; �a ¼
Pn

i¼1 ai
n

ð2:17Þ

s2f ¼
Pn

i¼1 fi � f
	 
2
n� 1

; s2a ¼
Pn

i¼1 ai � �að Þ2
n� 1

ð2:18Þ

and where R;f ¼ @R=@f , R;a ¼ @R=@a and R
;d ¼ @R

�
@d are the partial derivatives

of the function R with respect to f , a, and d, respectively.
Under the hypothesis that C is normally distributed, when we have a limited

number of tests, the characteristic value of the capacity model has a non-central t-
Student distribution with n–1 degrees of freedom and with non-centrality parameter
equal to ua

ffiffiffi
n

p
(notice that, when looking for the characteristic values in a normal

distribution, which is the 5 % fractile, we have: ua ¼ 1:645). An unbiased estimate
(mean) of the characteristic value is (see e.g., Madsen et al. 1986):

Ck f ; �a
� � ¼ C f ; �a

� �� ka;n � sC f ; �a
� � ð2:19Þ

where ka;n is:

ka;n ¼ uaen ¼ ua

ffiffiffiffiffiffiffiffiffiffiffi
n� 1
2

r
C n�1

2

	 

C n

2

	 
 ð2:20Þ

with C the Gamma function. An excellent approximation to the above equation is
here proposed as:

ka;n ¼ uaen ¼ ua
4n� 5
4n� 6

¼ ua
n� 1:25
n� 1:50

ð2:21Þ

For the purpose of the following developments, it is expedient to rewrite
Eq. (2.19) as:

Ck f ; �a
� � ¼ C f ; �a

� �� uaen � sC f ; �a
� � ð2:22Þ

where en becomes a sort of “scaling” coefficient of the capacity axis, easily
determined for practical purposes as function of the number n of tests performed as:
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en ¼ n� 1:25
n� 1:50

ð2:23Þ

Having determined the characteristic value of the capacity model, the next step is
the determination of its design value. This is given as:

Cd f ; �a
� � ¼ Ck f ; �a

� �
cC

¼ C f ; �a
� �� uaen � sC f ; �a

� �
cC

ð2:24Þ

where the safety factor cC is to be calibrated by considering that the design value is
found as:

Cd f ; �a
� � ¼ C f ; �a

� �� bLSaCen � sC f ; �a
� � ð2:25Þ

where it should be noted that the axis has been scaled by means of the same
coefficient en to account for the limited amount of tests; in the above equation, bLS is
the safety index associated to the acceptable exceeding probability of the consid-
ered Limit State in a given time period, and aC is the FORM sensitivity coefficient
associated to capacity variables.

Thus, the safety factor is found as:

cC ¼ Ck f ; �a
� �

Cd f ; �a
� � ¼ C f ; �a

� �� uaen � sC f ; �a
� �

C f ; �a
� �� bLSaCen � sC f ; �a

� � ð2:26Þ

This is the factor that, once applied to the characteristic value Ck f ; �a
� �

, gives the
design value of the capacity model, Cd f ; �a

� �
. Notice that there is an explicit

dependence of the safety factor on the number of tests performed.
The above procedure needs now to be applied to the format adopted in Eurocode

0 (EN 1990) for all capacity equations, which reads as follows:

Cd;EC0 fd ; �af g ¼ 1
cRd

b � R fd ; �af g ¼ 1
cRd

b � R fk
cm

; �a

� 
ð2:27Þ

According to the Eurocode philosophy, safety factors are divided into “internal”
ones, such as the different cm’s, applied to material properties, and an “external”
one, such as cRd , applied to the capacity model. The former are meant to cover the
intrinsic uncertainties in the material properties, while the latter deals with epistemic
uncertainties related to the model. This format allows calibrating cRd separately
from the cm’s, which may as well be taken as those already given in the code.

Thus, we should impose:

Cd;EC0 fd; �af g ¼ Cd f ; �a
� � ð2:28Þ
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1
cRd

b � R fk
cm

; �a

� 
¼ C f ; �a

� �� bLSaCen � sC f ; �a
� � ð2:29Þ

1
cRd

R
fk
cm

; �a

� 

¼ R f ; �a
� �� bLSaCen

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
;f f ; �a
� � � s2f þ R2

;a f ; �a
� � � s2a þ R2 f ; �a

� � � s2
d

q ð2:30Þ

Finally, the sought general expression for the “external” safety factor accounting
for the number of tests performed is found as:

cRd ¼
R fk

cm
; �a

n o
R f ; �a
� �� bLSaCen

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
;f f ; �a
� � � s2f þ R2

;a f ; �a
� � � s2a þ R2 f ; �a

� � � s2
d

q ð2:31Þ

Notice that the safety factor depends on the number of tests performed through:
en, �f , �a, s2f , s

2
a, and s2d, where the latter also contains the “ignorance” coefficient b,

which represents a measure of the prediction capability of the capacity equation.
The above equation can be used to calibrate the “external” safety factor of any

capacity equation, with a known functional form Rf�g, and with the “internal”
safety factors already provided by the relevant code.

Also notice that, when dealing with quality-controlled materials, such as steel,
one may replace the sample estimates �f and s2f with the corresponding population

parameters lf and r2f , so that the characteristic value of the material property may
also be found as: fk ¼ lf � 1:645rf . In this case, by knowing the coefficient of
variation Vf , mean and variance can be easily found from the characteristic value as:

lf ¼
fk

1� 1:645Vf
ð2:32Þ

r2
f ¼

Vf fk
1� 1:645Vf

� �2

ð2:33Þ

The safety factor then becomes:

cRd ¼
R fk

cm
; �a

n o
R lf ; �a
� �� bLSaCen

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
;f lf ; �a
� � � r2

f þ R2
;a lf ; �a
� � � s2a þ R2 lf ; �a

� � � s2
d

q
ð2:34Þ
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Therefore, the design capacity is:

Rd
fk
cm

; �a

� 
¼ 1

cRd
b � R fk

cm
; �a

� 
ð2:35Þ

Application 1—End Debonding

In this section, an application of the design by testing procedure is shown for the
assessment of a design formulation to predict the end debonding load in Reinforced
Concrete (RC) members strengthened with FRP Externally Bonded Reinforcement
(EBR). Indeed, the high performances of FRP materials often cannot be properly
exploited, since a typical failure is the debonding of the external reinforcement,
namely the loss of bond at the concrete/FRP interface. This makes the bond strength
at the interface a key issue in the strengthening design procedure. Usually deb-
onding occurs within a thin layer of concrete and is related to its very low strength.

Several theoretical formulations have been proposed by researchers and inter-
national codes to predict the maximum stress in the FRP reinforcement when the
end (Chen and Teng 2001; fib bulletin 2001; CNR-DT 200 2004; Smith and Teng
2002) or the intermediate debonding (Teng et al. 2003) occurs. Most of these
formulations, characterized by similar structures, are calibrated by numerical factors
based on experimental results.

Even though the assessment of models for bond strength has been widely dealt
with by various researchers, the definition of safety factors to calculate design values
is still an open item. Thus, detailed statistical analyses have been performed using a
wide experimental database of bond tests in order to calibrate a bond strength model
based on the fracture energy approach. The final proposed strength model is similar
to other well-known models suggested in the literature and codes, but it is based on a
detailed and consistent statistical analysis according to the ‘design by testing’ pro-
cedure suggested in the Eurocode 0 (Monti et al. 2009; Bilotta et al. 2011a; Monti
and Petrone 2014). Different corrective factors allow both mean and characteristic
values of debonding load to be predicted in order to follow a limit state design
approach and associate a structural safety to the chosen model.

The approach to calculate the bond strength based on the fracture energy at the
FRP-to-concrete interface has been summarized.

In order to develop statistical analyses, the experimental debonding loads of
several bond tests have been collected and compared with three well-known rela-
tionships providing the end-debonding load in order to assess their reliability. Then,
the same data have been used to assess a new relationship for the
end-debonding-load according to the ‘design by testing’ procedure. In particular,
numerical factors for both mean and percentiles provisions have been calibrated in
order to furnish design provisions.

12 G. Monti et al.



Moreover, the preformed and cured in situ EBR FRP systems have been dis-
tinguished to better exploit the performance of the latter ones.

Theoretical Formulations of Debonding Load

The maximum tensile force, Fmax, at debonding in an FRP external reinforcement
characterized by an infinite bonded length can be calculated as:

Fmax ¼ bf

Z 1

0
sb xð Þdx ð2:36Þ

being τb(x) the bond shear stress distribution along the concrete-FRP interface and
bf the width of the FRP reinforcement.

Moreover, the fracture energy corresponding to a generic bond shear stress-slip
law, τb(s), can be expressed as:

CF ¼
Z 1

0
sb sð Þds ½F=L� ð2:37Þ

This expression has the meaning of energy [FL] for unit surface [L2].
Moreover, under the hypothesis that the concrete member has a stiffness much

larger than the reinforcement, at the section in which the maximum stress, σf,max, is
applied, the following relationship can be written:

Z
Af

1
2
� rf � ef dA ¼ bf �

Z 1

0
sbðsÞds ð2:38Þ

This expression assumes the equality of the energy [F L] for unit length [L]
associated to the tensile stress at the FRP section (area Af = bf tf) with the fracture
energy [F L] for unit length [L] developed at the FRP-concrete interface.
Furthermore, assuming constant stresses along the FRP reinforcement section and a
linear-elastic stress-strain relationship, Eq. (2.38) can be written as follows:

r2
f

2 � Ef
� tf � bf ¼ bf � CF

rf � tf � bf
	 
2

2 � Ef
� ¼ b2f � tf � CF ð2:39Þ

that gives the expression:

Fmax ¼ bf �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � Ef � tf � CF

p ð2:40Þ

where tf, bf, Ef are the thickness, the width, and the Young’s modulus of the FRP
reinforcement.
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The fracture energy, ΓF, depends on both the strength properties of adherents,
concrete, and adhesive, and the characteristics of the concrete surface. If the FRP
reinforcement is correctly applied, the debonding occurs in the concrete and the
specific fracture energy of the interface law can be written in a form similar to that
used for the shear fracture (Mode I). Therefore, the fracture energy can be expressed
as a function of the concrete shear strength: ΓF(τb,max), where τb,max depends on both
tensile and compressive concrete strength.

In most formulations, the fracture energy depends directly on the concrete tensile
strength and on a shape factor that is function of the FRP-to-concrete width ratio
(bf / bc). The formulations proposed by Neubauer and Rostasy (1997) and Lu et al.
(2005), e.g., are:

Gf ¼ 0:204 � k2b � fctm ð2:41Þ

Gf ¼ 0:308 � b2w �
ffiffiffiffiffiffiffi
fctm

p
ð2:42Þ

being fctm the mean tensile strength of concrete, kb and βw the shape factors defined
as:

kb ¼ 1:06

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� bf =bc
1þ bf =400

s
; bw ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� bf =bc
1þ bf =bc

s
ð2:43Þ

Based on formulations of fracture energy similar to Eqs. (2.41) and (2.42) and on
experimental results of bond tests, several theoretical formulations to evaluate the
bond strength have been proposed in the past (Taljsten 1994; Neubauer and Rostasy
1997; Brosens and Van Gemert 1997; fib bulletin 2001; Chen and Teng 2001;
Smith and Teng 2002; CNR-DT 200 2004). These expressions allow for predicting
the end debonding load. In some cases, the same expressions are suitably modified
by changing some factors in order to predict the intermediate crack debonding load
in RC beams (Teng et al. 2003; Chen et al. 2006; CNR-DT 200 2004). The lay-out
of these formulations is often similar, while the numerical coefficients calibrated on
experimental results are different. Moreover, the safety factors, which are needed in
order to calculate design provisions as part of the Limit State approach, are not
always considered. This last point is an important issue, if a safety level (mean,
characteristic or design) has to be associated to the provision.

The theoretical approaches suggested by fib bulletin 14 (2001), Chen and Teng
(2001), CNR-DT 200 (2004) are considered. In particular, the bond strength
expressed in terms of maximum tensile load in the FRP reinforcement, Nf,max, and
the effective length, Le, which is the minimum length required to full transfer the
load, are defined as follows by the three approaches:
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(1) fib bulletin 14 (2001):

Nf ;max ¼ a � c1 � kc � kb � bf � bL �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef � tf � fctm

p
; Le ¼

ffiffiffiffiffiffiffiffiffiffiffi
Ef � tf
2fctm

s

bL ¼ Lb
Le

� 2� Lb
Le

� �
if Lb � Le; bL ¼ 1 otherwise;

bf
b

� 0:33

ð2:44Þ

where bf, tf, Ef, Lb are width, thickness, Young’s modulus and bonded length of the
FRP reinforcement, bc is the width of the concrete element, fctm is the mean tensile
strength of concrete, c1 = 0.64 and c2 = 2 are coefficients related to an experimental
calibration of the fracture energy (Neubauer and Rostasy 1997), α = 0.9 is a
reduction factor to account for the influence of inclined cracks on the bond strength,
and kc takes into account the state of compaction of concrete and usually is assumed
equal to 1.00, or 0.67 for FRP bonded to concrete faces with low compaction.
Finally, the shape factor kb is given by Eq. (2.43).

(2) Chen and Teng (2001):

Nf ;max ¼ a � bw � bL � bf � Le �
ffiffiffiffi
f 0c

p
; Le ¼

ffiffiffiffiffiffiffiffiffiffiffi
Ef � tfffiffiffiffi

f 0c
p

s

bL ¼ sin
pLb
2Le

if Lb � Le; bL ¼ 1 otherwise

ð2:45Þ

f’c being the mean cylindrical compressive strength of concrete and α a coefficient
equal to 0.427 or 0.315 to calculate a mean or a design provision, respectively. The
shape factor βw is given by Eq. (2.43). Note that the debonding strain values of
Eq. (2.45) should be divided by an appropriate safety factor γb = 1.25 for design
purpose, according to suggestion in Sect. 3.4 of Teng et al. (2001).

(3) CNR-DT 200 (2004):

Nf ;max ¼ 1
cf ;d

ffiffiffiffi
cc

p � bL � bf �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
kG � kb

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � Ef � tf �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fck � fctm

pq
;

Le ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef � tf
2 � fctm

s

kb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� bf =bc
1þ bf =400

s
� 1 bL ¼

Lb
Le

� 2� Lb
Le

� �
if Lb � Le; bL ¼ 1 otherwise

ð2:46Þ

where fck is the characteristic value of the cylindrical compressive strength of
concrete and kG is an experimentally calibrated coefficient, which is 0.064 or 0.03
for mean or design provision, respectively. The shape factor kb is the same given by
Eq. (2.43), except for the coefficient 1.06.
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The safety factor for debonding failure, γf,d, is usually assumed equal to 1.2 or
1.5 (non-controlled or controlled gluing application), while γc is the safety factor for
concrete (equal to 1.5).

Experimental Database

A lot of results have been collected from the technical literature concerning bond
tests on concrete elements externally strengthened with CFRP cured in situ (sheets)
and preformed (plates) systems. Several set-ups (Yao et al. 2005) have been real-
ized by the researchers and each of them can be considered more or less reliable for
the right prediction of the actual loading conditions and, thus, of the end debonding
load in existing elements. Moreover, constructive detailing of specimens can
influence the reliability of these results.

In this application, the only results of push-pull bond shear tests have been
considered to perform the statistical analyses; moreover, the results of cured in situ
and preformed systems have been distinguished in two different groups. In the
push-pull test set-up (see Fig. 2.1) the concrete block is loaded by a pushing force
that is applied at a certain distance, a, from the FRP reinforcement that is loaded in
tension by a pulling action. Several experimental programs have shown that the
push-pull set-up can be simply realized, according to different set-ups (Bilotta et al.
2009b). Such a set-up is less sensitive to construction details and, thus, furnishes
low scattered results in terms of debonding loads. This is the reason for which it is
widely used to predict the bond strength for both shear and flexural strengthening in
RC beams (Yao et al. 2005).

The realization of bond tests where both the FRP reinforcement and the concrete
block are loaded by tension forces (pull-pull scheme) requires special attention in
detailing, especially concerning the symmetry of the reinforcements on the sides of
the concrete specimens (Leone et al. 2009). In these schemes the set-ups are more
sensitive to the geometrical inaccuracies and thus, the repeatability or the variability
of the results can be strongly affected by detailing.

Fig. 2.1 General scheme of an asymmetrical push-pull bond test
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In existing RC element (i.e. in RC beams) the FRP external reinforcement is
usually applied on the tension side, so that the pull-pull scheme seems to replicate
better the actual loading conditions. However, in the push-pull scheme, suitable
values of the distance a (see Fig. 2.1) ensure the development of a bond failure at
the concrete-FRP interface, similarly to what occurs in pull-pull scheme. On the
contrary, for low values of a, the compressive stresses induced by the pushing force
can limit the volume of concrete involved in the failure mechanism and, thus,
furnish safe values of debonding load due to smaller values of fracture energy (see
Eq. 2.40).

The results of specimens with bonded length, width and Young’s modulus of the
FRP reinforcement lower than 75 mm, 25 mm, and 80 GPa, respectively, were not
considered.

For specimens strengthened with FRP sheets (Aiello and Leone 2005; Yao et al.
2005; Bilotta et al. 2009a; Ceroni and Pecce 2010; Lu et al. 2005; McSweeney and
Lopez 2005; Takeo et al. 1997; Travassos et al. 2005; Ueda et al.1999; Wu et al.
2001; Zhao et al. 2000) the main parameters (see Fig. 2.1 for the geometrical
parameters) vary in the following ranges: concrete width bc = 100–500 mm, width
of FRP reinforcement bf = 25–100 mm, bf/bc = 0.17–1, thickness of FRP rein-
forcement tf = 0.083–0.507 mm, bonded length of FRP reinforcement Lb = 75–
500 mm, number of layers of FRP reinforcement n = 1–3, Young’s modulus of FRP
reinforcement Ef = 82–390 GPa, mean compressive strength of concrete fcm = 17–
62 MPa, and mean tensile strength of concrete fctm = 1.3–4.3 MPa.

Analogously, for specimens strengthened with FRP plates (Chajes et al. 1996;
Faella et al. 2002; Mazzotti et al. 2009; Nigro et al. 2008; Bilotta et al. 2009a, b,
2011b) the main parameters vary in the following ranges: bc = 150–230 mm,
bf = 25–100 mm, bf/bc = 0.11–0.63, tf = 1.0–1.6 mm, n = 1, Lb = 150–400 mm,
Ef = 108–400 GPa, fcm = 15–53 MPa, and fctm = 1.10–3.8 MPa.

Totally, 216 data of bond tests for sheets and 68 for plates have been collected.

Calibration Procedure

According to the design assisted by testing approach, the random variable δ is
defined as the ratio of the experimental debonding load, Nexp, to the theoretical one
representing the strength model, Nth:

di ¼ Nexp;i

Nth;i
ð2:47Þ

The mean value, the variance, the standard deviation and the CoV of this variable
are defined as:
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d ¼ 1
n

Xn
i¼1

di; s2d ¼
1

n� 1

Xn
i¼1

ðdi � dÞ2; rd ¼
ffiffiffiffi
s2d

q
; CoV ¼ rd

d
ð2:48Þ

The strength model expressed by Nth should be fine-tuned by a least-square
coefficient, which minimizes the difference between each theoretical, Nth,i, and
experimental, Nexp,i, value. Usually, this can be simply carried out considering the
regression line of the graph Nth,i – Nexp,i. The slope of this line intercepting the
origin furnishes the least-square coefficient, km.

Then, the random variable δm is defined as the ratio of the experimental deb-
onding load Nexp, to the theoretical one, Nth, adjusted by means of the fine-tuning
parameter, km:

dm;i ¼ Nexp;i

km � Nth;i
ð2:49Þ

Mean value, variance, standard deviation and CoV of δm are defined as:

dm ¼ 1
n

Xn
i¼1

dm;i ¼ 1
n

Xn
1¼1

Nexp;i

km � Nth;i
¼ d

km

s2dm ¼ 1
n� 1

Xn
i¼1

ðdm;i � dmÞ2 ¼ 1
n� 1

Xn
i¼1

Nexp;i

km � Nth;i
� d
km

� �
¼ s2d

km

ð2:50Þ

Thus, the mean provision for the debonding load can be assumed as:

Nth;m ¼ km � dm � Nth ð2:51Þ

In Eq. (2.51) the model error is represented by the mean value of the variable δm,
which is not 1, because the regression line was forced to intercept the origin.

In the Limit State approach, any strength is assumed as a random variable and, in
general, the 0.05 percentile (named ‘characteristic value’) of its frequency distri-
bution is used for design purposes. A very suitable distribution is the Gaussian one,
but to use it the check of the normality hypothesis of the random variable is
required. Several statistical tests (Shapiro-Wilk, Anderson-Darling,
Martinez-Iglewicz, Kolmogorov-Smirnov, D’Agostino skewness, D’Agostino
kurtosis, D’Agostino omnibus) can be performed (Mood et al. 1974; Shapiro and
Wilk 1965) to verify the normality or log-normality hypothesis of the experimental
distributions.

If the debonding load is assumed as a random variable and the Young’s modulus
of the FRP reinforcement, the tensile and compressive strength of concrete are
assumed as the only parameters influencing the bond strength, the general
expression of the strength model adjusted by the fine-tuning coefficient, km, is:
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Nth;m ¼ Nth;m ðEf ; fcm;fctm; dm; kmÞ ð2:52Þ

Moreover, under the hypothesis of Gaussian distribution, the 0.05 percentile of
the variable debonding load can be calculated as:

Nth;k;0:05 ¼ Nth;m � 1:64 � VarðNth;mÞ
� � 0:5 ð2:53Þ

where the variance of Nth,m can be expressed as:

Var Nth;m
	 
 ¼C2

Efm � Var Efð Þ þ C2
fcm � Var fcmð Þ þ C2

fctm � Var fctmð Þ
þ C2

dm � Var dmð Þ
ð2:54Þ

CEfm ¼ @Nth;m

@Ef

����
����
Ef

; Cfcm ¼ @Nth;m

@fcm

����
����
fcm

; Cfctm ¼ @Nth;m

@fctm

����
����
fctm

; Cfctm ¼ @Nth;m

@dm

����
����
dm

ð2:55Þ

If Eqs. (2.54) and (2.55) are substituted in the Eq. (2.53), the 0.05 percentile of
the debonding load becomes:

Nth;k;0:05

¼ Nth;m � 1:64 � Nth;m � a � CoV2
Ef
þ b � CoV2

fcm þ c � CoV2
fctm þ CoV2

dm

h i
0:5

ð2:56Þ

where the coefficients a, b, c depend on the functional relation of Nth from the
parameters Ef, fcm and fctm. The CoVs are defined for each parameter as the ratio of
its mean value to the standard deviation:

CoVEf ¼
Ef

sEf

; CoVfctm ¼ fctm
sfctm

; CoVfcm ¼ fcm
sfcm

; CoVdm ¼ dm
sdm

ð2:57Þ

Note that the standard deviations of Ef, fcm, and fctm have been assessed
according to some literature information:

sEf ¼ 0:05 � Ef ; sfctm ¼ 0:183 � fctm; sfcm ¼ 4:88 ð2:58Þ

Clearly, the coefficient of variation of the variable δm, CoVδm, depends on the
data distribution. Equation (2.56) can be written as:

Nth;k;0:05 ¼ kk � Nth ð2:59Þ
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kk;0:05 ¼ km � dm � 1� 1:64 � a � CoV2
Ef
þ b � CoV2

fcm þ c � CoV2
fctm þ CoV2

dm

h i
0:5

� �
ð2:60Þ

If the coefficients of variation of the materials are neglected, Eq. (2.60) becomes
the well-known following one:

Nth;k;0:05 ¼ Nth � dm � km � 1� 1:64 � CoVdmð Þ ¼ Nth � km � dm � 1:64 � sdm
	 
 ð2:61Þ

However, in this application all coefficients of variation have been taken into
account. The percentiles 0.05 (characteristic values) are usually divided to safety
factors, which take into account the model uncertainness (EN1990—Annex D).
Furthermore, percentiles lower than 0.05 can be obtained by replacing in the
Eq. (2.56) the coefficient 1.64 with the coefficients 2.58 and 3.08 corresponding to
the 0.005 and 0.001 percentiles, respectively. These lower percentiles can be used
as alternative to the characteristic values divided to the safety factors.

Application to the Experimental Database

The general Eq. (2.52) for debonding load can be particularized by introducing the
dependence on the bond shear strength. Indeed, the bond shear strength depends on
the concrete strength and can be related to the circle of Mohr representing the stress
condition in the concrete at failure. Thus, different formulations for shear strength
have been considered varying the dependence on the concrete strength. In partic-
ular, the following five expressions for the debonding load are examined:

Case 1: Nth ¼ bL � bf �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � Ef � tf � kb �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fcm � fctm

pq
ð2:62Þ

Case 2: Nth ¼ bL � bf �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � Ef � tf � kb � f 2=3cm

q
ð2:63Þ

Case 3: Nth ¼ bL � bf �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � Ef � tf � kb � f 0:6cm

q
ð2:64Þ

Case 4: Nth ¼ bL � bf �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � Ef � tf � kb � fcm � fctm

fcm þ fctm

s
ð2:65Þ

Case 5: Nth ¼ bL � bf �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � Ef � tf � kb � 0:9 � fctm

p ð2:66Þ

In the Eq. (2.62), if a Coulomb failure criterion is adopted, the term
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fcm � fctm

p
is

2 times the cohesion associated to the Mohr circle of an interface concrete element
subjected to both shear and normal (peeling) stresses. The presence of peeling
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stresses has been often experimentally evidenced by the visual inspection of the
debonded surface configuration (Mazzotti et al. 2008). Thus, Case 1 reproduces
better the actual physical phenomenon, because it takes into account both the
presence of shear and normal interfacial stresses.

Moreover, in Eq. (2.63) the term f 2=3cm is a simplification of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fcm � fctm

p
, if the

concrete tensile strength is calculated by the Eq. (2.47).
Analogously in Eq. (2.65), the term fcm�fctm

fcmþfctm
is the maximum shear stress com-

patible with the strength fcm and fctm in an interface concrete element subjected to
only shear stresses (the Mohr circle has centre in the axis origin in this case).

In Eq. (2.66), the term 0.9 · fctm is a simplification of the term fcm�fctm
fcmþfctm

under the
assumption that the compressive strength is about 10 times the tensile one.

Finally in Eq. (2.64), the term f 0:6cm is a further modification of 0.9 · fctm according
to the expression for the concrete tensile strength given by Model Code 90.

fctm ¼ 0:32 � f 0:6cm ð2:67Þ

For all cases the mean and the characteristic provisions of debonding load can be
calculated using the previously introduced Eqs. (2.51) and (2.59):

Nth;m ¼ km � dm � Nth ð2:68Þ

Nth;k;0:05 ¼ kk;0:05 � Nth ð2:69Þ

where km is the least square coefficient associated to the regression line intercepting
the origin, dm is given by Eq. (2.16), and kk,0.05 is given by Eq. (2.60).

For each equation, the best fitting coefficient km has been calculated considering
the experimental results distinguished in two series: sheets and plates.

In Table 2.1 the coefficient km and the R2 value of the corresponding least-square
line, which is a measure of the reliability of the regression, are reported for all the

Table 2.1 Statistical data for different bond strength models

Case FRP type km R2
dm CoVdm (%) km � dm kk,0.05 kk,0.005 kk,0.001

1 Sheet 0.270 0.855 1.027 17.7 0.278 0.192 0.143 0.117

Laminate 0.236 0.349 1.064 23.2 0.251 0.152 0.095 0.064

2 Sheet 0.258 0.878 1.010 17.6 0.261 0.182 0.137 0.112

Laminate 0.221 0.534 1.034 20.4 0.229 0.149 0.103 0.078

3 Sheet 0.291 0.881 1.006 17.7 0.293 0.204 0.154 0.126

Laminate 0.248 0.565 1.030 20.0 0.255 0.169 0.119 0.092

4 Sheet 0.535 0.862 1.022 17.6 0.547 0.370 0.269 0.214

Laminate 0.466 0.375 1.060 23.0 0.496 0.294 0.180 0.118

5 Sheet 0.544 0.863 1.021 17.5 0.555 0.375 0.270 0.213

Laminate 0.473 0.379 1.059 22.9 0.502 0.297 0.180 0.117
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equations. The mean value of the variable δm, defined by Eqs. (2.50) and (2.51), and
its CoV are reported too. In all cases the CoV, which is a measure of the model
significance, is lower than the threshold value of 40 % (Monti et al. 2009), so that
all the models can be considered reliable. However, it can be observed that, while
for the sheets the R2 value is low sensitive to the model and is quite elevated
(0.855–0.881), on the contrary for the plates the choice of the model can be sig-
nificant considering that R2 varies in the range 0.349–0.565. Despite their better
quality control in factory, the preformed FRP systems present a higher CoV and a
smaller R2 value with respect to the in situ sheets. This is justifiable by the larger
sensitivity of this system to the detailing of the experimental procedure. Indeed,
increasing the stiffness of the FRP system results in more inaccuracies of the
experimental set-up, which can influence the debonding load.

In particular, Case 3 results the best-fitting model because of the highest value of
R2; this relationship depends on the compressive strength of concrete with an
exponent 0.6. Note that for design aim, the choice of the best-fitting model has the
clear advantage to furnish characteristic values more close to the mean ones,
because the theoretical loads show a smaller gap with the experimental results.

In Table 2.1 the coefficients kk to calculate different percentiles (5, 0.5, and
0.1 %) are reported too. The coefficients km � dm, which allow for calculating the
mean provisions, differ of about 12–15 % for the sheets and the plates. The factors
kk,0.05, which allow for calculating the 0.05 percentiles, differ of about 17–21 %.

The general Eq. (2.52) for the mean provision for the best-fitting model (Case 3)
is:

Nth;m ¼ km � dm � bL � bf �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � Ef � tf � kb � f 0:6cm

q
ð2:70Þ

The corresponding 0.05 percentile provision given by Eqs. (2.56) and (2.60) is:

Nth;k;0:05 ¼ Nth;m � 1:64 � Nth;m � 0:52 � CoV2
Ef
þ 3=10ð Þ2�CoV2

fcm þ CoV2
dm

h i
0:5

¼ kk � Nth ð2:71Þ

kk;0:05 ¼ km � dm � 1� 1:64 � 0:52 � CoV2
Ef
þ 3=10ð Þ2�CoV2

fcm þ CoV2
dm

h i
0:5

h i
ð2:72Þ

CEfm ¼ @Nth;m

@Ef

����
����
Ef

¼ Nth;m � 0:5
Ef

;

C2
Efm � Var Efð Þ ¼ N2

th;m � 0:5
2

E2
f

� VarðEf Þ ¼ N2
th;m � 0:52 � CoV2

Ef

ð2:73Þ
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Cfcm ¼ @Nth;m

@fcm

����
����
fcm

¼ Nth;m � 3=10
fcm

;

C2
fcm � Var fcmð Þ ¼ N2

th;m � ð3=10Þ
2

f 2cm
� VarðfcmÞ ¼ N2

th;m � ð3=10Þ2 � CoV2
fcm

ð2:74Þ

Cfctm ¼ @Nth;m

@dm

����
����
dm

¼ Nth;m

dm
;

C2
dm � Var dmð Þ ¼ N2

th;m � VarðdmÞ
dm

¼; N2
th;m � CoV2dm

ð2:75Þ

Cfctm ¼ @Nth;m

@fctm

����
����
fctm

¼ 0 ð2:76Þ

The last term related to the tensile strength of concrete, fctm, is clearly absent,
because the debonding load in Eq. (2.64) depends only on the compressive strength.

However, as it occurs for all other cases, the variance of the materials is less
significant compared with the variance of the model. Indeed, for the cured in situ
systems the coefficient of variation of the variable δm is:

CoVdm ¼ dm
sdm

¼ 1:006
0:178

¼ 0:177 ! CoV2
dm ¼ 0:031 ð2:77Þ

By contrast, the contributes related to the CoVs of the materials are:

0:52 � CoV2
Ef
þ 3=10ð Þ2�CoV2

fcm ¼ 0:0026 � 0:003 � 0:1 � CoV2
dm

In Fig. 2.2 the experimental debonding loads are compared with the theoretical
ones given by Case 3—Eq. (2.64); the regression line intercepting the origin of axis
is reported too. Figure 2.2a refers to the cured in situ systems and Fig. 2.2b to the
preformed ones.

In Fig. 2.3 the experimental values of strain in the FRP reinforcement at deb-
onding are plotted together with the mean and characteristic provisions given by
Eq. (2.64) using the values of km and kk, for the three percentiles 5, 0.5, and 0.1 %,
listed in Table 2.1. The characteristic provision (5 % percentile) divided to the
safety factor γf = 1.2 (related to good application conditions, according to CNR-DT
200 2004) is plotted too.

Both theoretical and experimental strains are plotted vs. the term Ef � tf
�
2 � Cf ,

assuming Cf ¼ kb � f 0:6cm according to Eq. (2.64). This allows for graphing the the-
oretical curves normalized to the axial stiffness of the FRP reinforcement and the
concrete strength.

The theoretical curves show that the 0.5 % percentile can be a good choice to
warrant a reliable safety level to the aim of furnish design provisions. Note that the
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assessment of the percentiles has been carried out taking into account the variance
of the materials.

Another possibility, which is adopted by the Italian guidelines (CNR–DT 200
2004) and, more in general, is included in the Eurocode approach, consists into
divide the characteristic provision (5 % percentile) to a safety factor γf that depends
on the quality of the application. Figure 2.3 shows that the provisions corre-
sponding to the 5 % percentile divided to the factor γf = 1.2 are, however, less safe
than the 0.5 % percentile.

It should be noted that the percentiles provisions were calculated under the
hypothesis of Gaussian distribution. Some statistical tests (Shapiro-Wilk,
Anderson-Darling, Martinez-Iglewicz, Kolmogorov-Smirnov, D’Agostino skew-
ness, D’Agostino kurtosis, D’Agostino omnibus) were performed to verify this
assumption but the comparison between the cumulate frequency curves of Nexp and
the Gaussian distribution, having the same mean value and standard deviation,
highlighted a bad agreement, especially for the cured in situ sheets. This was
confirmed also by the responses of the statistical tests, which in most cases rejected
the normality assumption for sheets and accepted it for plates. For the sheets, the
experimental debonding loads seemed better represented by a log-normal
distribution.
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Fig. 2.2 Regression line: a cured in situ systems: 216 data; b preformed systems: 68 data
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However, the values of percentiles calculated under the hypothesis of log-normal
distributions are larger than the ones reported in Table 2.1 (Gaussian distribution).
Thus, the normal distribution can be considered safe to the aim of furnishing design
provisions.

Finally, in Tables 2.2 and 2.3 the mean value, the standard deviation, and the
CoV of the ratio Nth/Nexp are reported for both cured in situ (sheets) and preformed
systems (plates).

The theoretical values Nth given by the new proposal refer to both mean
(Eq. 2.34) and characteristic provisions (Eq. 2.35); in particular the percentiles 0.05
and 0.005 have been considered. The characteristic provision (5 % percentile)
divided to γf = 1.2 is reported too. Finally, the design provisions of CNR-DT 200
(2004), Teng et al. (2001) are also listed. The characteristic provisions were divided
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Fig. 2.3 Experimental versus theoretical failure strains: a cured in situ systems (216 data);
b preformed systems (68 data)
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to the safety factors: γf = 1.2 and
ffiffiffiffi
cc

p ¼ ffiffiffiffiffiffiffi
1:5

p
for CNR-DT 200 2004; γb = 1.25 for

Teng et al. 2001.
The results of Tables 2.2 and 2.3 show that the mean ratio Nth,m/Nexp is

approximately 1 for both systems. The mean value of Nth,k,0.05/Nexp for the sheets is
slightly larger than the ones given by Eqs. (2.46) and (2.45): 0.72 versus 0.63 and
0.67 respectively (see Table 2.1).

By contrast, for plates, the mean value of Nth,0.05/Nexp is slightly lower than the
one given by Eq. (2.46) (0.68 vs. 0.70, see Table 2.1) and sensibly lower than the
one given by Eq. (2.45) (0.68 vs. 0.79, see Table 2.1). However, these differences
relate to mean values of the ratio Nth/Nexp and, thus, can be misleading to compare
the predictions of different models. In contrast, the curves of Fig. 2.4, where
experimental and theoretical debonding strains of the only FRP sheets are plotted

Table 2.2 Values of the ratio Nth/Nexp for cured in situ FRP systems (216 results)

Nth/Nexp New calibration Design

Nth,m Nth,k,0.05 Nth,k,0.05/1.2 Nth,k,0.005 CNR DT 200
(2004)

Teng et al.
(2001)

Mean 1.03 0.72 0.60 0.54 0.43 0.54

St. dev. 0.173 0.121 0.101 0.091 0.083 0.08

CoV (%) 16.8 16.8 16.8 16.8 19.4 15.7

Table 2.3 Values of the ratio Nth/Nexp for preformed FRP systems (68 results)

Nth/Nexp New calibration Design

Nth,m Nth,

k,0.05

Nth,k,0.05/
1.2

Nth,

k,0.005

CNR DT 200
(2004)

Teng et al.
(2001)

Mean 1.03 0.68 0.57 0.48 0.47 0.63

St. dev. 0.20 0.13 0.11 0.09 0.12 0.120

CoV (%) 19.1 19.1 19.1 19.1 25.1 19.1
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Fig. 2.4 Experimental maximum strain versus mean and 0.05 percentile provisions for sheets
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vs. the parameter Ef · tf, show the actual variations between the different formu-
lations examined. Since the theoretical strain depends on the concrete strength, a
range of variability for this parameter has been fixed (24–30 MPa that corresponds
to a mean value of about 27 MPa). The mean and characteristic (5 % percentile)
provisions (Nth,k,0.05) given by the new formulation, by (CNR-DT 200 2004) and by
(Chen and Teng 2001) are plotted in the graph. In particular, both mean and
characteristic provisions (5 % percentile) given by the new formulation are larger
than the predictions of (Chen and Teng 2001) and (CNR-DT 200 2004). Moreover,
the formulation of (CNR-DT-200 2004) gives the most safe results in terms of 5 %
percentile, while furnishes mean predictions very similar to (Chen and Teng 2001).
Furthermore, it can be observed that the formulation of (fib bulletin 14 2001), lies
between the mean and the characteristic curves given by the new formulation.

In Fig. 2.5 several design proposals coming from the new formulation (0.01, 0.5,
and 5 % percentile divided to γf = 1.2), the model offib bulletin 14 (2001), the design
provisions of CNR-DT 200 (2004) and Teng et al. (2001) are plotted together with the
experimental debonding strains of the same tests considered in Fig. 2.4.

For the sheets, the graph of Fig. 2.5a shows that two design proposals coming from
the new formulation (5 % percentile divided to 1.2 and 0.5 % percentile) are less safe
than the ones currently furnished by CNR-DT 200 (2004). Note that the latter
introduces the additionally safety factor of concrete,

ffiffiffiffi
cc

p
, for design. This coefficient

has been omitted in the new formulation because the variance of the concrete has been
taken into account in the calibration procedure by means of the CoV of its com-
pressive strength (see Eq. 2.72). Moreover, it can be observed that, the current design
values of CNR-DT 200 (2004) are comparable with the 0.1% percentile provisions of
the new formulation. By contrast, the design formulation of Teng et al. (2001) is
comparable with the 0.5 % percentile of the new formulation. Finally for the cured
in situ systems, if the 0.5 % percentile of the new formulation is chosen as design
provision, the debonding load increases of about +25 % compared with the current
CNR provisions and is comparable with the design values of Teng et al. (2001).

On the contrary, in case of plates, Fig. 2.5b shows that the 0.5 % percentile of
the new formulation is comparable with those currently furnished by CNR-DT 200
(2004), while the 5 % percentile divided to 1.2 is less safe (about 15 %). Moreover,
the design formulation of Teng et al. (2001) is less safe compared with both the 5 %
percentile of the new formulation divided to 1.2 and the 0.5 % one.

In conclusion, the proposed formulation for the end debonding load has a clear
statistical meaning and allows for separating the provisions for the cured in situ
FRP systems and the preformed ones. This distinction is mainly due to the larger
scatter of the experimental results collected for this strengthening system.

Both aspects let to better exploit the strength of the cured in situ systems; indeed
the 0.05 % percentile values of the new formulation are larger than the design
values furnished by the current Italian Guidelines and, however, allow for assessing
the same safety level of model of Teng et al. (2001). Moreover, it is worth noticing
that the formulation of fib Bulletin 14 (2001) results excessively unsafe compared to
the experimental results.
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By contrast, the approach of Teng et al. (2001) and fib Bulletin 14 (2001) are
found to be less safe when applied to preformed systems. Moreover, the 0.5 %
percentile of the proposed design formulation provides a higher safety level com-
pared with these models, while is similar to the current design provisions of
CNR-DT 200 (2004). Thus, these results confirm that the distinction of the two
strengthening systems seem to be reliable in predicting the debonding load.

Application 2—Intermediate Debonding

In this section the procedure is used to calibrate a design relationship for inter-
mediate debonding on a wide database assembled by collecting data of experi-
mental tests on FRP-strengthened RC beams.
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Experimental Database

The database was obtained by merging the data considered by Ferracuti et al.
(2007) with those collected by Wu and Niu (2007) and about thirty further
experimental cases reported in the scientific literature (Beber 1999, 2003; Grace
et al. 1999; Khomwan et al. 2004; Pham and Al-Mahaidi 2004; Sharif et al. 1991;
Triantafillou and Plevris 1992). The resulting database collects the geometric and
mechanical data describing the RC beams and their steel and composite rein-
forcement, the latter being made of externally bonded composite laminates based on
carbon, glass or aramid fibers.

For specimens strengthened with FRP systems cured in situ (sheets), the relevant
geometric and mechanical parameters range in the following intervals: concrete
width bc = 75–960 mm, FRP width bf = 30–480 mm, bf/bc = 0.17–1, FRP thickness
tf = 0.11–2.55 mm, Young’s modulus of FRP Ef = 21–390 GPa, mean compressive
strength of concrete fcm = 21–61 MPa, mean tensile strength of concrete fctm = 2.3–
4.3 MPa.

For specimens strengthened with preformed FRP systems (laminates), the key
parameters vary in the following ranges: concrete width bc = 180–800 mm, FRP
width bf = 25–280 mm, bf/bc = 0.13–1, FRP thickness tf = 1.0–6 mm, Young’s
modulus of FRP Ef = 190–220 GPa, mean compressive strength of concrete,
fcm = 12.6–53.4 MPa, mean tensile strength of concrete, fctm = 1.62–4.25 MPa.

A total number of 214 experimental results have been collected (164 FRP cured
in situ systems and 50 FRP preformed system).

Intermediate debonding failure have been observed in all these tests. In principle,
the maximum bending momentMdb observed in the experimental tests at debonding
is smaller than the ultimate one Mu, corresponding to FRP rupture. The following
parameter γ could be introduced for quantifying how premature is failure with
respect to the ultimate flexural strength:

c ¼ Mdb �My

Mu �My
ð2:78Þ

My being the bending moment of the strengthened section at yielding of rebar:
both Mu and My can be determined theoretically adopting the usual assumptions for
RC sections at ULS. The parameter γ is closer to zero as debonding occurs for small
values of the maximum axial strain in FRP; on the contrary, it is close to the unity
as axial strain at debonding is close to the corresponding ultimate value εf,u.
Figure 2.6 points out that the values of γ determined for the beams collected in the
database generally range between zero and one; only in few cases (less than ten out
of the total 214) it is slightly larger than the unity, mainly as a result of hardening of
the materials.

The values of γ have been represented in Fig. 2.6 against the square root of the
ratio between (twice) the fracture energy, GF, and the specific axial stiffness of the
FRP reinforcement, Eftf; the former parameter has been evaluated as a function of
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both concrete tensile, fct, and compressive, fc, strengths through the relation pro-
posed in the Italian Code. The ratio 2GF/Eftf is often considered in various pro-
posals as the key parameter for determining the value of axial strain εdb developed
in FRP at debonding onset. However, Fig. 2.6 can only point out a general trend
resulting in values of γ as large as the parameter represented on the x-axis, but it is
quite hard to recognize a consistent correlation between γ (or, even, the maximum
axial strain εdb developed in FRP at debonding) and the quantity on the x-axis
possibly depending on the two following reasons:

• fracture energy, GF, basically depends on concrete (tensile) strength and, con-
sequently, is widely scattered;

• besides the one reported on the x-axis, other parameters play an important role
on the occurrence and extent of debonding failure.

For instance, the role of both the amount of steel rebar and their yielding
stress/strain values have been emphasized in Faella et al. (2008a). Furthermore,
load distribution also affects the possible premature failure of FRP strengthened
beams as confirmed by Fig. 2.7 showing a strict correlation between the yielding
moment My of the strengthened section and the maximum bending moment at
debonding Mdb at least in the case of three- or four-point-bending, while a com-
pletely different behavior results in the case of uniformly distributed load.

Figure 2.8 shows the distribution of the parameter γ for the experimental results
considered within the database. It points out that such values are quite uniformly
distributed since the cumulative frequency distribution is not so far from the ideally
uniform straight curve, meaning that cases of very premature debonding are con-
sidered within the database as well as other cases whose failure is close to the
complete development of the strength on the external reinforcement.
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Finally, it is worth noting that only the experimental results characterized by
values of γ 2 (0,1) will be considered in the following, as that is a necessary
condition for recognizing the cases of beams failure in intermediate debonding.

Procedure and Application

As already shown in the previous section for the end debonding, the mean value of
the maximum axial strain in FRP corresponding to failure in intermediate
crack-induced debonding (IC debonding strain) can be expressed by means of a

0

100

200

300

400

500

0 100 200 300 400 500

My [kNm]

M
db

ex
p  [

kN
m

]

(3 or 4) Point loads

Uniformly distributed

Equivalence

Fig. 2.7 Relation between bending moment at debonding and yielding

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.70

0.80

0.90

1.00

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
γ

noi tub irts i
D

yc neuqer
F

evi tal u
mu

C

Fig. 2.8 Distribution of the parameter γ within the experimental database

2 Design by Testing and Statistical Determination … 31



relationship obtained by a deterministic model and fine-tuned on experimental data
by a numerical coefficient kIC. The assessment of kIC through the design by testing
procedure gives a clear probabilistic meaning to the provisions.

An error function δ can cover the uncertainties of the simplified model con-
sidered in the above mentioned calibration:

efd ¼ efd;m kIC; fc; fct;Ef ; tf ; bf ; kb
	 
 � d ð2:79Þ

The random variable δ is defined, for each ith test, as the ratio of the experi-
mental debonding strain, εexp,i, to the theoretical one, εfd,m evaluated by considering
the geometric and mechanical data characterizing that test:

di ¼ eexp;i
eth;i

ð2:80Þ

Moreover, the mean value, the variance, the standard deviation and the CoV of
this variable are defined as:

d ¼ 1
n

Xn
i¼1

di; s2d ¼
1

n� 1

Xn
i¼1

ðdi � dÞ2; rd ¼
ffiffiffiffi
s2d

q
; CoV ¼ rd

d
ð2:81Þ

By assuming a formulation similar to design Eq. (2.60), taking into account no
safety partial factors the relationship (2.79) can be rewritten as follows:

efd;m kIC; fc; fct;Ef ; tf ; bf ; kb
	 
 ¼ kIC �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � kb �

ffiffiffiffiffiffiffiffiffiffiffi
fc � fct

p
Ef tf

s
ð2:82Þ

The coefficient kIC has been calibrated based on experimental results in terms of
deformation εfd,exp obtained by using the procedure in Faella et al. (2010) as stated
above. The calibration has achieved using a least-square procedure consisting in the
resolution of the following minimum problem:

kIC;m ¼ argmin
kIC

Xn
i¼1

efd;m kIC; f
ðiÞ; f ðiÞct ;E

ðiÞ
f ; tðiÞf ; bðiÞf ; kðiÞb

� �
� eðiÞfd;exp

h i2
ð2:83Þ

Moreover, the mean value of the intermediate debonding strain can be obtained
by a coefficient kIC,m adjusted by means of the mean value of the error parameter d,
being in general d 6¼ 1 because the regression line was imposed to intercept the
origin.

kIC;m ¼ kIC;bf � �d ð2:84Þ

Thus, the mean provision for the intermediate debonding strain can be assumed as:
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eth;m ¼ kIC;m � eth ð2:85Þ

being εth the strain obtained by the deterministic model. Obviously, this strain is
linearly proportional to the debonding strain being the FRP constitutive law linear
elastic.

If the random variable represents strength, its characteristic value is often defined
for design purposes as the 0.05 percentile of the frequency distribution associated to
the examined variable. Gauss distribution is the most generally considered for
describing the errors. The so-called “hypothesis of normal distribution” for the
variable δ should be checked by comparing the experimental curve of the cumu-
lative frequency to the theoretical one corresponding to a Gaussian distribution
having the same mean value and standard deviation (see Fig. 2.9).

Assuming that the Young’s modulus, Ef, of the FRP reinforcement, the concrete
tensile and compressive strength, fctm and fc, are the only mechanical parameters
influencing the value of the maximum axial strain developed in FRP at debonding,
the expressions for the general and calibrated models involving the coefficient kIC,bf
as well as d are:

eth ¼ eth ðEf ; fcm;fctmÞ ð2:86Þ

eth;m ¼ eth;m ðEf ; fcm;fctm; d; kIC;bf Þ ð2:87Þ

In the following, the same assumptions already considered above in defining a
characteristic value for plate end debonding strength are accepted (Bilotta et al.
2011). In particular, both Ef and fc and fct have been assumed as normally and
independently distributed random variables, with the following values of the
coefficients of variation:

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.70

0.80

0.90

1.00

0.00 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.00

C
D

F

Experimental data

Normality
Hypothesis

δ
Fig. 2.9 Experimental data cumulative frequency against theoretical in normality hypothesis

2 Design by Testing and Statistical Determination … 33



sEf ¼ 0:05 � Ef sfctm ¼ 0:183 � fctm sfcm ¼ 4:88; ð2:88Þ

according to the design relationships provided by EN 1992-1-1 and literature
information (Di Ludovico et al. 2009).

Hence, under the hypothesis of normal distribution for the variable δ, the pro-
vision corresponding to the 0.05 percentile of the Gaussian distribution is:

eth;k ¼ eth;m � 1:64 � Varðeth;mÞ
� � 0:5 ð2:89Þ

where the variance of εth,m can be expressed as:

Var eth;m
	 
 ¼ C2

Efm � Var Efð Þ þ C2
fcm � Var fcmð Þ

þ C2
fctm � Var fctmð Þ þ C2

dm � Var dmð Þ ð2:90Þ

CEfm ¼ @eth;m
@Ef

����
����
Ef

Cfcm ¼ @eth;m
@fcm

����
����
fcm

Cfctm ¼ @eth;m
@fctm

����
����
fctm

Cfctm ¼ @eth;m
@dm

����
����
dm

ð2:91Þ

If Eqs. (2.90) and (2.91) are substituted in Eq. (2.89), the following general
expression is obtained for the characteristic provision of the debonding load:

eth;k ¼ eth;m � 1:64 � eth;m � a � CoV2
Ef
þ b � CoV2

fcm þ c � CoV2
fctm þ CoV2

dm

h i
0:5 ð2:92Þ

where the coefficient a, b, c depend on the functional relationship of Ef, fcm and fctm
in the expression of εth and the coefficients of variation are defined for each
parameter as the ratio of the mean value to its standard deviation:

CoVEf ¼
Ef

sEf

; CoVfctm ¼ fctm
sfctm

; CoVfcm ¼ fcm
sfcm

CoVdm ¼ dm
sdm

; ð2:93Þ

Clearly the coefficient of variation of the variable δm, CoVδm, depends on the
data distribution. Equation (2.92) can be written as:

eth;k ¼ kcr;k � eth ð2:94Þ
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assuming:

kcr;k ¼ kcr;m � 1� 1:64 � a � CoV2
Ef
þ b � CoV2

fcm þ c � CoV2
fctm þ CoV2

dm

h i
0:5

� �
ð2:95Þ

As already stated in the application related to the end-debonding phenomenon,
lower percentiles can be obtained by substituting in Eq. (2.95) the coefficient 1.64,
related to the 0.05 percentile of the frequency distribution, with the coefficients 2.58
and 3.08 corresponding to the 0.005 and 0.001 percentiles, respectively.

The use of percentiles lower than 0.05 can be alternative to the use of safety
factors that usually have to be additionally applied to characteristic provision to take
into account the model uncertainness (EN1990—Annex D).

The following values of the coefficients defined above have been derived by
considering the experimental results in a least-square procedure:

kIC;bf ¼ 0:53; kIC;;m ¼ 0:56; kIC;5% ¼ 0:32 and kIC;0:5% ¼ 0:18: ð2:96Þ

From the coefficients kIC,m and kIC,5% the following coefficients can be easily
defined:

kGm;2 ¼ kIC;m
	 
2¼ 0:32mm

kGk;2 ¼ kIC;k
	 
2¼ 0:10mm

ð2:97Þ

These coefficients provide a clear statistical meaning to the formulation proposed
to assess the intermediate debonding strain.
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