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Preface

The Second Conference on Mechanisms, Transmissions and Applications,
MeTrApp 2013, has been organized by the Department of Mechanical En-
gineering of the University of the Basque Country, and has been held in the
Bizkaia Aretoa building in the city of Bilbao, Spain, during the period 2–4
October 2013. This conference constitutes the consolidation of the new born
MeTrApp conference, which was held for the first time in Timisoara.

The International Federation for the Promotion of the Mechanism and
Machine Science, IFToMM, has several technical committees, two of them
being the Technical Committee on Linkages and Mechanical Controls and
the Technical Committee on Micromachines. One of the main efforts of these
two committees is directed to promoting the interaction among university
professors and researchers, engineers that work in industry and postgraduate
students, with the purpose of testing hypothesis and sharing knowledge in
the field of Machine Theory. In this sense, this Conference constitutes the
most suitable atmosphere to achieve this target.

The contents of this conference are brought together in this book formed
by a collection of 50 peer-reviewed papers, dealing with important and up-to-
date topics in the field of mechanisms and robotics. The main areas covered
in this conference are mechanism and machine design, mechanical transmis-
sions, automotive applications, biomechanical applications, parallel mecha-
nisms, walking mechanisms, and computational and experimental methods.

A significant number of authors have contributed to the success of this
conference. The research papers included in this book are a compilation of
relevant results developed by active research groups from many universities
and institutions all over the world such as: Canada, Germany, Japan, Italy,
France, Poland, Romania, Russia, Turkey, and Spain.

We are grateful to the authors for their contributions and to all re-
viewers for their critical and valuable recommendations. Also, we want to
thank IFToMM, the Spanish Association of Mechanical Engineering and the
MeTrApp 2013 International Scientific Committee for their cooperation and
support. A special recognition is also due to all members of the Local
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Organizing Committee for their continuous work during the preparation of
the meeting.

Finally, we kindly appreciate the work done by the staff of Springer in
assisting to prepare this book.

Prof. Alfonso Hernández
Conference Chairman
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A. Mart́ınez-Ciudad, L.N. López de Lacalle, J. Sánchez

Efficiency Analysis of Shifted Spur Gears . . . . . . . . . . . . . . . . . . . . 65
A. Diez-Ibarbia, A. Fernández del Rincón, M. Iglesias, F. Viadero

Interactive Geometric Design of Closed External
Single-Range Gearing with Straight Toothing . . . . . . . . . . . . . . . . 75
A.A. Golovin, A.M. Duzhev

Adaptive Mechanical Continuously Variable Transmission . . . 83
K.S. Ivanov, A.D. Dinassylov, E.K. Yaroslavceva

Design and Characterization of a New Planetary Gear
Box . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
G. Balbayev, Marco Ceccarelli

The Issues of Spurious Residual Oscillations in the
Displacement Laws of Cam Systems . . . . . . . . . . . . . . . . . . . . . . . . . 99
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Kinetostatic Benchmark of Rear Suspension 
Systems for Motorcycle 

A. Noriega, D.A. Mántaras, and D. Blanco 

University of Oviedo, Spain 
noriegaalvaro@uniovi.es 

Abstract. This paper provides a benchmark for motorcycle rear suspension systems. 
The main goal is to determine whether any of the suspension systems provides clear 
advantages over the others when seeking for a previously defined progressive wheel 
rate. A kinetostatic formulation of the mechanism is therefore presented. In this 
formulation, kinematics is based on groups of elements, while statics is based on the 
principle of virtual work. This formulation has been proved to be efficient and  
robust. It allows for building objective functions which are especially suitable for 
evolutionary algorithm optimization. Results show that there are no significant 
differences between the four types of analysed suspensions. 

Keywords: motorcycle, rear suspension, dimensional synthesis, progressiveness, 
groups of elements. 

1 Introduction 

The main function of the suspension of a vehicle is to maximize comfort by reduc-
ing vertical acceleration of the passenger seat. Furthermore, the suspension system 
should maximize tyre-road contact to ensure traction and braking. To achieve 
these goals and, in addition, offer an improved driving feeling, the rear suspension 
of the motorcycle should have a progressive wheel rate. Therefore, roughness of 
the road can be adequately filtered while, simultaneously, large vertical displace-
ments under heavy braking or traction are avoided. 

A non-progressive behaviour shall be obtained by connecting a spring (with K 
stiffness constant) and a viscous damper (with a C damping constant) directly to 
the swing-arm. If a non-linear behaviour is desired, it shall be obtained using tie 
rods, with K and C values remaining constant. In motorcycles, tie rod systems are 
usually planar mechanisms (four-bar linkage) which are placed between the rear 
wheel swing-arm and the rear spring-damper to achieve a non-linear wheel rate. 

Different configurations of tie rod systems have been introduced by the major 
motorcycle manufacturers during the past 30 years.  

Almost all of these systems are variations of the four-bar linkage. The most 
common types can be classified according to the different possibilities of joints for 
the two ends of the spring-damper, as the lower one can be jointed to the tie rod or 
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to the rocker, and the upper one can be hinged to the frame or to the swing-arm. 
Fig. 1 shows schemes of the tie rod systems analysed in this paper which are 
among the most common types. 
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Fig. 1 Kinematic schemes for the tie rod systems  

Foale [3] has indicated that all these systems are very similar to each other, in 
spite of the affirmations of the manufacturers. This work will explore whether this 
assertion is truthful through comparison of the ability of each system for achieving 
pre-defined wheel rate. 

2 Kinetostatic Dimensional Synthesis 

In order to obtain a proper comparison among the four types of suspensions in-
cluded in this study, a group of fixed geometric parameters shall be defined. This 
group includes: 

• Values of X and Y coordinates for point A:  0 mm,    0 mm= =A Ax y  

This point indicates the position where the swing-arm is jointed to the 
frame, and it has been used as the origin of the coordinate system. 

• Value of X coordinate for point G: 0 mm=Gx  

This point indicates the position where the rocker is jointed to the frame. 
• The length of the swing-arm: 500 mm=ABL  

• Minimum length of the spring-damper: _ min 210 mm=sdL  

• Maximum length of the spring-damper: _ max 260 mm=sdL  
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• Limits for the displacement along Y axis for the rear wheel: 

[ ]100 20∈ −By  

The remaining lengths, angles, stiffness and preloads defined for each suspen-
sion system evaluated in this work have been considered as variables in the  
dimensional synthesis problems. These parameters are depending on the character-
istics of each single type of suspension. 

In order to simplify the problem and eliminate the influence of the damper, 
movement of the suspension has been considered quasi-static. Furthermore, nei-
ther the mass nor the inertia of moving parts have been considered in the dimen-
sional synthesis problems. 

Taking these considerations into account, modelling of each suspension system 
has the objective of determining length variation of the spring-damper for a given 
Y coordinate variation of the rear wheel axle, under certain values of the geomet-
ric and load parameters. 

Castillo et al. [1] had proposed the use of closed loop equations for modelling 
the Pro-Link suspension kinematic. Nevertheless, it is not clear how they deal with 
those cases where the mechanism cannot be disassembled. Fernández de Bustos et 
al. [2] had modelled the kinematics by means of finite elements, so that mentioned 
problem is avoided. 

Problem modelling must be robust and contemplate the most appropriate way 
of dealing with situations where the mechanism cannot be assembled. This way 
on, it will be possible to obtain surjective and monotonous functions for the syn-
thesis problems. In addition, modelling has to provide an unambiguous definition 
for the configuration of the mechanism, which will be maintained throughout the 
movement. For this purpose, a kinematic modelling based on groups of elements 
has been used in this work. This model has been previously described in [4], and 
additionally used for modelling suspensions in synthesis problems [5]. The  
geometry of each single link can be defined through lengths and/or angles. There-
fore, bounds can be easily established for these geometric parameters in the  
dimensional synthesis problem. Moreover, to obtain a full definition, the assembly 
mode for certain groups must be introduced as constants of the mechanism. The 
nomenclature that has been used in this work is as follows: 

ijL  : Distance between points i and j 

θij  : Angle between the ij vector and the X positive axis. Counter-clockwise is 

assumed to be positive 
, , ,...α β γ  : Angle between two vectors belonging to the same rigid body. 

Counter-clockwise is assumed to be positive 
Desired progressiveness curve is defined in Eq. (1) based on practical knowl-

edge and previous experiences. 

20.1025 27.3457 2412,1
By desired B BF y y− = ⋅ + ⋅ +

                       
(1) 
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2.1 Parametric Formulation of Kinematics 

Formulation of kinematics for considered suspension types has been defined fol-
lowing the sequential procedure described in [5]. The steps of this procedure are: 

1. Calculate the θAB  angle from By  and ABL  using the arcsine function. 

2. Calculate the θAD  angle from θAB  andα . Additionally, when modelling 

the Unit Pro-Link or the Full-Floater suspensions, calculate the θAC  angle 

from θAB  and β . In both cases the consideration of the swing-arm as a 

rigid body has been applied. 
3. Calculate the coordinates for the D point. Additionally, calculate the coor-

dinates for the C point when modelling the Unit Pro-Link or the Full-
Floater suspensions. 

4. Calculate the coordinates for the E point as a function of the positions of 
points D and G, by solving the RRR group according to [2] and indicating 
the assembly mode. It has to be remarked that this group suitability for as-
sembling depends on actual positions and dimensions. Mentioned solving 
procedure takes into account all possible options and provides a value for 
the assembly error parameter. If assembly error equals 0, the group can be 
assembled. Otherwise, if assembly error is above 0, then the RRR group 
cannot be assembled. 

5. Once the coordinates for the D, E and G points are already known, and us-
ing the arctangent function, calculate the θDE angle for the Pro-link and the 

Unit Pro-Link suspensions, or the θGE angle for the Uni-Track and the 

Full-Floater ones. 
6. Calculate the coordinates of the F point using the coordinates of point D 

(cases of the Pro-link and the Unit Pro-Link suspensions) or the coordi-
nates of point G (when  modelling the Uni-Track or the Full-Floater) 

7. Once the coordinates for the C and F points are known, calculate the 

sdL length of the spring-damper. 

Each suspension system has its own geometric parameters. These parameters 
have been grouped in the p  vector. According to this, the Pro-Link suspension 
geometric parameters are: 

[ ]C C G AD DE EG DFx y y L L L Lα γ=p  

While the Uni-Track ones are: 

[ ]C C G AD DE EG FGx y y L L L Lα ϕ=p  

And in the case of the Unit Pro-Link: 

[ ]G AC AD DE EG DFy L L L L Lβ α γ=p  

Finally, the parameters of the Full-Floater suspension are: 

[ ]G AC AD DE EG FGy L L L L Lβ α ϕ=p  
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2.2 Parametric Formulation of Statics 

Formulation of kinematics from section 2.1 allows for determining the value of 

sdL . The error related to the assembly of the DEG dyad can be also determined 

using the By  value and the geometric parameters in p  for each single type of 

suspension. 
yB  and Lsd  have been defined as the n-component vectors constructed from 

By  and sdL   values for each j-th evenly spaced position in the [ ]100 20−  range, 

given 1,...,=j n . Eq. (2) shows the expression that has been obtained for 

By mechF −  applying the principle of virtual work for 2,...,=j n and neglecting the 

force at the damper. 

( )
( ) ( )( )( ) ( ) ( )( )

( ) ( )
1 1

1−

⋅ − − ⋅ − −
=

− −

L L L L
F

y yB

sd sd preload sd sd

y mech
B B

K j F j j
j

j j
 (2) 

2.3 Formal Approach for the Optimization Problem 

The variables that have been considered as unknown for the optimization problem 
have been grouped in vector v , defined as follows: 

 =  v p preloadK F  

Therefore, this problem has been formulated as: 
“Determining the values for the components in v , that make the value for the 

vertical force in the wheel ( −By mechF ) as close as possible to a desired value 

( −By desiredF )”. Two additional constraints have been imposed for this problem: 

firstly, vertical displacement in the wheel must fulfil the working range of the 
spring-damper; secondly, the mechanism does not get locked in an intermediate 
position. 

The so defined optimization problem can be formulated as Eq. (3). 
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The jerror  value represents assembly error for the DEG dyad in the position j . 

It must be remarked that this error is not calculated for the first point in the wheel 
rate curve, as −By mechF  is calculated through increments. 

2.4 Solving the Optimization Problem 

Four synthesis problems have been therefore posed independently, one for each 
type of suspension. All of them share a series of characteristics: 

• They are minimization problems with equality constraint.  
• They have eleven continuous type variables 
• The derivatives of the objective functions with respect to the variables are 

not available 
• They have low computational costs  
• Neither the number of optima nor their possible values are known.   
• Though an approximation to the optimum solution is not available, it is 

relatively simple to set bounds based on practical considerations 

Once these characteristics have been analysed, the evolution strategy DDM-ES 
has been finally selected for the optimization problem. This election is based on 
the ability of the DDM-ES strategy for natively working with bounded and con-
tinuous variables, an also for its good performance when working with multimodal 
functions [6]. After this, solutions are refined with the SQP method. 

Nevertheless, this algorithm does not admit constraints. Therefore, the original 
problem has been transformed into a new unconstrained optimization problem. 
The formulation of this new problem is reflected on Eq. (4). 
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In this equation 1ω  and  2ω  are used for weighting possible failures on the ex-

treme lengths of the damper. 3ω , on the other hand, is used for weighting the rela-

tive effect of error assembly. 

3 Results 

Formulations of the synthesis problems for the suspension systems have been 
programmed using MATLAB. These problems have later been solved, consider-
ing variable limits as shown in Table 1. 
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Table 1 Bounds for the variables 

Variable Min Max Variable Min Max 

( )Cx mm  -30 100 ( )Cy mm  30 100 

( )Gy mm  -150 -50 ( )β rad  10π  2π  

( )ACL mm  50 200 ( )α rad  10π−  0 

( )ADL mm  50 200 ( )DEL mm  50 200 

( )EGL mm  50 200 ( )γ rad  3π−  0 

( )DFL mm  50 200 ( )ϕ rad  10π−  10π  

( )FGL mm  50 200 ( )/K N mm  10 200 

( )preloadF N  0 1000    

 
Weights have been fixed as: 6

1 2 3 10ω ω ω= = = . Population size for the DDM-

ES has been fixed to a 500 value, while the number of generations has been fixed 
to a 40 value. Fig. 2 shows the desired and optima wheel rate curves for each sin-
gle suspension system. 
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Fig. 2 Desired and optima wheel rate curves for each single suspension system 
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For the evaluated suspension systems, optimal solutions show a zero assembly 
error in all positions. Likewise, in the four cases, error related to the achievement 
of maximum and minimum damper lengths shows values below 0.2 mm. 

Computational time for solving each optimization problem has been as follows: 
Pro-Link suspension: 27.43 s, Uni-Track suspension: 27.79 s, Unit Pro-Link sus-
pension: 28.66 s, Full-Floater suspension: 28.41 s. 

4 Conclusions 

Firstly, a brand new kinetostatic formulation has been proposed. This formulation, 
based on groups of elements and the principle of virtual work, allows for defining 
a robust and efficient objective function. Secondly, a comparative among different 
types of motorcycle rear suspensions systems is presented. This comparative pro-
vides a promising approach to an integral synthesis of mechanisms (structural + 
dimensional). Thirdly, results reveal that none of the suspension systems studied is 
qualitatively superior to the others under a kinetostatic criterion. This statement 
agrees with Foale conclusions. Finally, it can be established that all the analysed 
mechanism are only capable for accurately fulfilling the final 2/3 of the desired 
wheel rate curve. 
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Abstract. The dynamical response of an interconnected suspension system on a 
standard sport motorcycle is investigated. The paper contains the geometrical 
analysis of the interconnection system, an explanation of the mathematical model 
of the motorcycle under study and the results for bump simulations under straight 
running conditions. The analysis is done by using the state space representation of 
the motorcycle model which had been obtained by taking advance of VehicleSim 
software. Optimization processes are performed in order to find the best values of 
interconnection coefficients. Finally the work concludes that a better performance 
in terms of suspension precision and comfort can be achieved by an intercon-
nected suspension system on this kind of motorcycle.  

Keywords: Motorcycle, modelling, dynamics, suspension, VehicleSim. 

1 Introduction 

Interconnected suspension has been widely used on car industry and referenced on 
the literature [6]. The first mass production car with front to rear mechanical inter-
connected suspension was the 1948 Citroën 2CV. Nowadays most of the marketed 
cars are equipped with antiroll bars. Several companies carry on research on semi-
active/passive connected suspension obtaining good results. 

However, in the motorcycle field these systems are not as extended as in the car 
industry. Some proposal has been placed in the last years being the Creuat system 
[10] one of the most significant example. Also there exist a couple of bicycle  
demonstrators for this concept. These are the case of the Toptrail Interconnected 
Suspension Bicycle Project developed by Adrian Griffiths [12] or the Robert Rae’s 
bicycle design [11]. 

In all the cases the interconnection is presented as a way to uncouple the differ-
ent bicycle/motorcycle modes involved in the suspension motion. Being these 
modes pitch and bounce, with an interconnected suspension system their stiffness 
and damping can be set independently.  
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In this work we focus on the suspension performance and how an interconnected 
system can improve it. For this goal we consider four variables as performance 
indicators. The precision of the suspension will be studied through the distance of 
the wheels to the road after a bump. The comfort will be defined through the mo-
torcycle’s pitch variation and the total acceleration perceived by the rider. 

By means of a high fidelity motorcycle model and dynamics simulation we will 
be able to understand how the different suspension settings will affect the beha-
viour of the vehicle, to finally propose a suitable configuration for the intercon-
nected system that would allow better performance in terms of precision and  
comfort for the motorbike model under study. 

2 Interconnected Suspension Systems 

A simple interconnection mechanism is shown in Fig.1. It consists in the classical 
front and rear suspension systems of a sport motorbike which are connected 
through a spring/damper unit. In this scheme two levers systems are used to 
represent the physical connection between the central unit and the wheels. In a first  
approach the geometrical relation between the wheels displacements and the 
spring/damper compression provided by these levers will be considered as constant. 
In a real motorcycle, different mechanisms can be design in order to meet these 
constant relations.  

 

Fig. 1 Interconnected suspension system scheme. ki represent the stiffness coefficients. ci 
represent the damping coefficients. 

Being cdf the geometrical relation between front fork compression and the front 
tip of the interconnection spring/damper and cdr the geometrical relation between 
rear swinging-arm rotation and the rear tip of the interconnection spring/damper, 
the total force and moment exerted by the spring system on each wheel can be 
written as in Eq. (1) and Eq. (2). Both of them will depend on the front fork com-
pression (Z) and the swinging arm angle (θ). ܨ௦ ൌ െ(݂݇ + ݂ܿ݀ଶ ൉ (ݏ݇ ൉ ܼ െ (݂ܿ݀ ൉ ݎ݀ܿ ൉ (ݏ݇ ൉ ௦ܯ (1)  ߠ ൌ െ(݂ܿ݀ ൉ ݎ݀ܿ ൉ (ݏ݇ ൉ ܼ െ ݎ݇) + ଶݎ݀ܿ ൉ (ݏ݇ ൉  (2)  ߠ
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As we consider constant geometrical relation we can extend these expressions 
to the damper force and moment in Eq. (3) and Eq. (4). ܨௗ ൌ െ(݂ܿ + ݂ܿ݀ଶ ൉ (ݏܿ ൉ ሶܼ െ (݂ܿ݀ ൉ ݎ݀ܿ ൉ (ݏܿ ൉ ሶߠ ௗܯ (3)    ൌ െ(݂ܿ݀ ൉ ݎ݀ܿ ൉ (ݏܿ ൉ ሶܼ െ ݎܿ) + ଶݎ݀ܿ ൉ (ݏܿ ൉ ሶߠ    (4) 

Finally these expressions can be simplified as follow: ܨ௦ ൌ െܭܨ ൉ ܼ െ ܭܵ ൉ ௦ܯ (5)    ߠ ൌ െܵܭ ൉ ܼ െ ܭܴ ൉ ௗܨ (6)    ߠ ൌ െܥܨ ൉ ሶܼ െ ܥܵ ൉ ሶߠ ௗܯ (7)     ൌ െܵܥ ൉ ሶܼ െ ܥܴ ൉ ሶߠ     (8) 

FK and FC are the front suspension constants, RK and RC the rear suspension 
constants and SK and SC the interconnection constants. 

3 Mathematical Modelling 

The mathematical model used for this study is a modification of an existing model 
of a Suzuki GSX-R1000. This model has been widely used in the past for several 
contributions in the field of motorcycle dynamics and stability analysis (see [2, 3, 
4, 5]). It consists of seven bodies: rear wheel, swinging arm, main frame (compris-
ing rider's lower body, engine and chassis), rider's upper-body, steering frame, 
telescopic fork suspension and front wheel assembly. It involves three translational 
and three rotational freedoms of the main frame, a steering freedom associated with 
the rotation of the front frame relative to the main frame and spinning freedoms of 
the road wheels. The road tires are treated as wide, flexible in compression and the  
migration of both contact points as the machine rolls, pitches and steers is tracked 
dynamically. The tyre’s forces and moments are generated from the tyre’s camber 
angle relative to the road, the normal load and the combined slip using Magic For-
mulae models [1,7]. For a detailed description of the complete model the reader is 
referred to [9]. 

It has been developed using VehicleSim, which is a set of LISP macros enabling 
the description of mechanical multi-body systems. The outputs from VehicleSim 
are a simulation program based on “C” language with the implementation of the 
equations of motion and a Matlab file containing the model's linear state-space 
equations. VehicleSim commands are used to describe the components of the  
motorcycle multi-body system in a parent-child relationship according to their 
physical constraints and joints. Once the VehicleSim code generates the simulation 
program, this is capable of computing general motions corresponding to specified 
initial conditions and external forcing inputs. 

Some modifications had to be done to the model. The rear suspension forces 
are redefined to behave linearly and the interconnection forces have been intro-
duce following the Eq. (5) to Eq. (8). We considered cdf=1 (dimensionless) and 
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cdr=0.549 m (horizontal projection of the swinging arm length). In order to reduce 
the computational time, all the degrees of freedom related with the out-of-plane 
motion have been removed since they will not be involved in the dynamics under 
study. The aerodynamic forces have not been considered in this first approach to 
keep a clearer view of the interconnected suspension effects. Finally the wheel 
inputs method has been modified in order to keep linear requirement. 

Once the model has been programmed we take advantage of VehicleSim to ob-
tain the linear state space which will describe it. With this state space model we can 
perform the bump simulations for the different forward speeds varying the stiffness 
and damping on the interconnection spring/damper unit. The bump simulation will 
be performed through a 10mm step input on the front wheel and a similar time 
delayed input on the rear wheel, where the delay depends on the speed. 

4 Results 

The two most important features of a sport motorcycle suspension system are to 
provide precision for the wheels to follow the road profile and to keep a certain 
comfort for the rider under road perturbation. For the linear model under study, we 
will measure the precision of the suspensions through the maximum separation of 
the wheels contact point to the road surface after a step input. While the comfort 
will be measured through the maximum acceleration and pitch angle experienced 
by the rider.  

The forces of the front and the rear suspension are described by the Eq. (5) to 
the Eq. (8). So the connection force and moment are defined by the stiffness and 
damping coefficient SK and SC. We call ‘efficiency on each variable’ to the nor-
malized difference between the maximum value achieved by the variable after a 
step input with (SK≠0 or SC≠0) and without (SK=0 and SC=0) interconnection 
forces between suspensions. It is defined by Eq. (9) as follows: (ݔ)݂݂ܧ ൌ 100 ൉ ൫݉ݒ଴(ݔ) െ  (9)  (ݔ)଴ݒ݉/൯(ݔ)௖ݒ݉

x is the variable under study. It can be the acceleration (acc), pitch (ptc), front 
(fwz) and rear (rwz) wheels vertical displacements from the road. mv0(x) is the 
maximum value achieved by the variable with non-connected suspensions and 
mvC(x) is the maximum value achieved by the variable with connected suspen-
sions. Eff will be expressed as a percentage and will be positive if the connection 
arrangement provides a reduction on the variable’s value. 

We have run bump simulations for a range of forward speeds going from 10 to 
80 m/s in which the stiffness and damping coefficient of the equivalent intercon-
nection spring/damper unit were varied. With the results we can map the efficien-
cy on the comfort and precision variables. For all the cases we can see that the 
variation on the damping coefficient (SC) strongly modifies the response of all the 
four variables. However, the variation on the stiffness coefficient (SK) only affects 
their behaviour in a very lightly way. Fig.2 shows the efficiency on all the va-
riables for the different values of stiffness and damping coefficient at a forward 
speed of 50m/s.  
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Fig. 2 Mapping of the efficiency on the comfort and precision variables for the different 
values of SK and SC for a 10mm step input at 50m/s 

In the light of these results we can set the stiffness coefficient as zero. This will 
allow us to simplify the present study and, as well, a possible design of a future 
interconnection mechanism. Under this consideration and in order to get a clearer 
view of the interconnected suspension performance, we can map the efficiencies 
varying the damping coefficient and the forward speed for SK=0N. In Fig.3 it is 
shown the mapping for all the four variables. It can be seen how the efficiency on 
pitch is improved for all the speed range by increasing the damping. For speeds  
under 15m/s there exist a limit on SC=700N·s from where the efficiency starts to  
decrease. For the rider’s acceleration higher values of damping results in negative 
values of efficiency for speeds less than 10m/s. Between 10m/s and 30m/s the 
damping improve the efficiency and above this speed the maximum rider’s accelera-
tions tends to stay more or less unaffected by the interconnection damping.  
 

 

Fig. 3 Mapping of the efficiency on the comfort and precision variables for the different 
values of SC and the forward speed for a 10mm step input 
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Fig.3 also shows that the increase of damping will improve the response of the front 
wheel in all the range of speeds until a certain limit that vary for each speed. After 
this limit the efficiency decays drastically. However, for the rear wheel, the efficien-
cy is increased with the damping only until 40m/s. After this speed, the efficiency 
becomes negative for all the values of damping. This can be a handicap for the de-
sign of the interconnection system and will impose a compromise solution. 

In order to find the best value for the damping coefficient we performed a mul-
ti-target optimization process taking advantage of the Matlab’s optimization tool-
box. Considering the behaviour of all the precision and comfort efficiencies we 
defined a target function to be maximized for the different forward speeds: ݐ݁݃ݎܽݐ ൌ ௙ܿ ൉ ௙ܧ + ܿ௥ ൉ ௥ܧ    (10) 

Ef and Er are the efficiencies on the front and rear wheels displacement respective-
ly whilst cf and cr are their weighs.  

With this target function we are looking for the best precision in front and rear 
wheels while keeping an acceptable level of comfort. The front wheel behaviour 
has main relevance on the handling and the stability of the motorcycle. If we are 
able to get a significant improvement on the front wheel behaviour, a small reduc-
tion in the rear wheel precision would be acceptable. Following this approach we 
found that cf=0.76 and cr=0.24 will allow us to find a solution for which the max-
imum reduction of efficiency on the rear wheel is less than 10% whilst the front 
wheel improves its precision up to 27%. 

 

Fig. 4 Front wheel (a), rear wheel (c), rider’s acceleration (b) and motorcycle pitch (d)  
response to a step input of 10mm at 70 m/s for the optimal interconnection damping coeffi-
cient at this speed SC =416.6 N·s  

We found the maximum of Eq. (10) for speeds going from 10m/s to 80m/s ob-
taining 15 different values of SC. Then we found the efficiency on the precision 
and comfort variables for each of these values along all the speed range. Fig.4 
shows the response to a step input of 10mm at 70m/s for the optimal interconnec-
tion damping coefficient SC=416.6N·s, which was found for the maximization of 
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Eq.(10) at 70m/s. We consider this as one of the most suitable values for a con-
stant interconnection damping coefficient, since it keeps the reduction on the rear 
wheel precision less than 10% and allows a good efficiency on the front wheel for 
a wide range of speeds between 35 and 80 m/s. The comfort is improved in gener-
al with the exception of the acceleration at very low speeds. This results can be 
observed in Fig.5-a.  

A different approach consists in using a speed variable damper. Nowadays sev-
eral sport motorbikes include this technology for their steering dampers. Fig.5-b 
shows the efficiencies for a system applying the optimal damping coefficient at 
each speed. In comparison with Fig.5-a, it presents an important increase in the 
efficiencies on the front and the rear wheels at low-medium speeds while the com-
fort is reduced in this range. Considering that at low speeds the energy transmitted 
from the wheels to the rider is much lower, this reduction in comfort can be ac-
ceptable. The efficiency on front wheel at high speeds is also improved whilst on 
rear wheel remains practically unaffected. 

 

Fig. 5 a) Efficiencies for constant SC= 416.6 N·s. b) Efficiencies for speed optimal values 
of SC. 

5 Conclusions and Further Work 

This work presents the potential benefits in terms of comfort and precision that an 
interconnected suspension system could introduce in a sport motorbike if ade-
quately implemented. For the motorbike model under study we have concluded 
that satisfactory results are achieved by the connection of the front and rear sus-
pension only by means of a simple damper unit. When the coefficient of this dam-
per is constant, a good level of performance is achieved. However, a speed vary-
ing damper will allow better performances, mostly for low and medium speeds. 

The results shown in here are related to a linear model in which only small  
perturbation can be considered. Once the interconnection has been proved to be 
effective in the linear model, the next step will be to reproduce similar results for 
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the nonlinear model of the same motorcycle. If these results are satisfactory, then 
a complete stability analysis, similar to that in [8], will be carried out to ensure 
that this kind of systems do not compromise the safety of the motorcycle.  

The final goal is to design a real interconnection mechanism for the motorcycle 
under study. 
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Abstract. This paper shows the development of a motorcycle simulation tool built 
at the University of Cantabria (UC) whose main aim is to support design tasks for 
future teams that will take part in the interuniversity competition MotoStudent. 
The tool has been implemented in a commercial multi-body software (MBS) in 
order to extend the model in a near future. Besides, the tool makes use of  
customized menu and user interfaces to have easy and quick use by non-especially 
trained engineers in MBS. The tool has been evaluated by comparison with a 
widely proved model and used to improve the UC 2010 prototype planar  
dynamics. 

Keywords: Multibody system, motorbike, simulation model, machine dynamics. 

1 Introduction 

This work is motivated by Motostudent competition. This is a challenge among 
university teams around the world about the design and develop of a racing mo-
torcycle prototype on a given technical and economic constraints. In the first edi-
tion of this competition the University of Cantabria presented a team lead by the 
Mechanical Engineer Group. 

In the design process the students made use of several CAD tools. One of these 
tools was software for multibody dynamic simulation (MBS). But it could not take 
advantage of all the power of this tool because developing of advanced models 
and virtual test implied more time than available. 

According to this difficulty it was decided to build a general motorbike model 
in MSC ADAMS® that would be extended along future. The main aim of this 
model is to be used by the Motostudent teams of the UC as optimization tool of 
their prototype. Moreover, the model development can be by itself a didactic re-
source and, maybe in the future, a research line. 
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Bearing this aim in mind, the requirements established for this model were: ful-
ly parametric, substructure format for suspension types, pre-defined manoeuvres, 
scalable. This is fulfilled by using this general commercial software. Model va-
riables can be parameterized and manage from a single table. Furthermore, the 
creation of user interface to introduce data and to manage postprocess graphics in 
a simple and quick way is also possible. Parts of the model can be treated as sub-
model and combined with the model as one unit. These characteristics made the 
model suitable to use by the competition team as an efficient tool to quickly build 
the virtual prototype and perform usual tests in order to set up the prototype with-
out to be expertise in multibody simulation software. Additionally, the use of gen-
eral software makes the opportunity of improving model capabilities depending on 
the required necessities in a future.  

2 Model Outline 

The motorbike is modelled with nine rigid bodies including the ground. The chas-
sis, motor and pilot are considered as one single body although their mass proper-
ties are specified independently. The front suspension is a telescopic fork type. 
The rear suspension is modelled as a swing-arm type with direct connection to 
shock absorber. Consequently the model has 11 degrees of freedom (DOF) which 
are shown in Fig. 1. 

The variables are fully parameterized. The Fig. 2a and 2b summarizes the geo-
metrical parameters considered in the model definition. Also the mass properties 
of bodies are parameterized with respect to centres of mass (CoM). 

 

Fig. 1 Model DOF 
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The motorcycle model uses a Magic Formula tire model specific for motorbikes 
which is applicable up to 60 degrees of camber angle and rather smooth roads up 
to frequencies of 8 Hz [5]. 

a)     b) 

Fig. 2 a) Model geometry parameters, b) Position of bodies CoM 

The equivalent motor torque is applied directly in the rear wheel and the reac-
tion torque over the chassis. The chain force is applied both at centre of rear wheel 
and in the centre of motor pinion. Its direction always matches with the tight side 
of roller chain.  

The brake system is modelled as a disk type both in front and rear wheels. The 
braking torque is applied upon the wheel and the reaction torque upon the fork of 
the swing-arm.  

3 Interface and Pre-defined Manoeuvres  

In order to reduce the time to carry out the virtual tests to a particular motorbike 
model, both configuration and handling manoeuvres parameters have been estab-
lished through one specific menu and some user interfaces. The interfaces collect 
the necessary data to define the manoeuvre and active the more significant outputs 
measurements for post-process task.  

The menu is arranged following a typical sequence test [1]. The first command 
loads the general parametric model. The second one allows selecting either 2D or 
3D model. In the first case, the movement is bounded to a plane blocking the 
steering joint and setting a planar constraint. The viewpoint is set normal to mo-
tion plane and the required number of mass body data will be decreased. The three 
next menu commands set the stiffness and damping curves of suspensions, the 
geometrical parameters and the mass properties of bodies respectively. The next 
command is related to the definition of test manoeuvres. Up to now three tests 
have been defined. All of them are related with in-plane motorcycle dynamics:  
acceleration, braking and comfort in riding over rather smooth road.  
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3.1 Acceleration and Braking Tests 

The default road is the flat type, but through the button “road” you can choose the 
other road definition file. In the same way is possible to choose the type 
(PAC_MC default) [5] and parameters of each tire. Finally, the curve torque-time 
needs to be defined. The rest of buttons allow activating the measurements of 
standard output variables in this type of test. 

Two braking types can be selected. In the first one the user specifies the pre-
ferred deceleration from an initial speed and the share braking force between 
wheels. In the other case, the user can set individually constant braking force in 
each wheel.   

3.2 Comfort Test 

This test analyses mainly the accelerations suffered by the pilot and the suspension 
behaviour in a running straight ahead manoeuvre over a relatively uneven road. 
Besides the road and tire model files selection, a constant speed must be set. Fig. 3 
shows the braking and comfort test interfaces.  

 

  

Fig. 3 Braking and comfort test interfaces  

4 Model Assessment  

An existing model developed in VehicleSim® environment, which has been wide-
ly used in the pass for several authors [2, 4], is used to assess the results provided 
by the model developed in this work. 

The motorcycle data belongs to a Suzuki GSX-R 1000 K4 and have been  
obtained by reverse engineering at the Imperial College of London. More details 
about the VehicleSim® (VS) model can be found in [4]. In both models tire forces 
calculation are based in the Pacekjka Magic Formula [3]. Slight differences  
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between Pacekjka’s formulas have been worked out by appropriate parameter  
value setting. The comparative test is based in the three planar manoeuvres  
previously presented. 

Acceleration test reaches a constant value of 6 m/s2 starting at rest. In order to 
reproduce the same test conditions in both models the motor torque is applied in 
VS model through a PID controller. The equivalent time-torque curve is then ap-
plied in the ADAMS® model. Fig. 4a shows the time-torque curve and Fig. 4b 
shows the result acceleration in both models. In red the ADAMS® model an in 
blue the VS model. 
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          a)                                                                        b) 

Fig. 4 a) Torque curve; b) Chassis CoM longitudinal acceleration 

Steady state results agree in both models. ADAMS® model transitory response 
presents little oscillations around the curve obtained by the VS model. It can be 
proved that the normal forces match whereas the longitudinal friction force does 
not. This is because tire models consider different relaxation strategy to deal with 
the transitory states. 

The braking test begins from 30 m/s speed and a braking torque is applied to 
the front wheel according the curve shown in Fig. 5a to get 8 m/s2 deceleration. 
The chassis pitch and normal forces in tires are quite similar as can be seen in Fig. 
5b and 5c respectively. 

In the last comparison test, a harmonic surface road is defined. It has 0.1 meter 
amplitude and a 4 m wavelength. The motorbike speed is 20 m/s, therefore the tire 
model works below its 8 Hz limit. Neither join friction nor aerodynamic resistance 
is considered in this test. 

Chassis pitch results are similar in both models. The main differences appear in 
longitudinal tire forces, Fig. 6a as consequence of distinct relaxation formulas 
between the tire models. Regarding normal forces, it can be seen in Fig. 6b that 
are practically equals.  

The tests show that the results obtained by ADAMS® model are similar in accu-
racy than those of VS model. 
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b) c) 

Fig. 5 a) Curve braking torque; b) Chassis pitch; c) Tires normal forces in braking valida-
tion test 
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Fig. 6 a) Rear tire longitudinal forces; b) Rear tire normal forces in comfort validation test 

5 Application Example 

The developed simulation tool is used to study the planar dynamics of the racing 
motorbike prototype that took part in the 2010 edition of interuniversity challenge 
MotoStudent. This is done to obtain both forces in chassis and rear swing arm and 
to set guidelines for a design improvement. 

The mass properties of bodies were obtained from the CAD model. The spring 
and dampers curves were provided by the respective manufacturers. The model 
has been tested in the three defined manoeuvres. The acceleration test considers a 
increasing motor torque up to 400 Nm. The braking test establishes 1g decelera-
tion and the comfort test considers a harmonic surface of 0.1m amplitude, 4 m 
wavelength and a motorbike constant speed 74 Km/h. Figs. 7-8 shows respectively 
acceleration, braking and comfort results both in chassis pitch and tire normal 
forces. 
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a) Acceleration test b) Braking test c) Comfort test 

Fig. 7 Chassis pitch and relative swingarm-chassis angle in motorbike prototype tests 
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Fig. 8 Tires normal forces in motorbike prototype tests 
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Fig. 9 a) Rear tire force in accel., b) Front tire load in braking, c) Rear tire force in comfort 
test 
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Acceleration and braking tests show a high load transfer. It could be recom-
mended lower CoM, however the longitudinal pilot position is correct because 
current weight share is 50/50. The comfort test shows lack of contact in rear 
wheel. It is proposed a simple optimization of tire rear force taking as variable the 
rear shock connecting point position with swingarm. Fig. 9 shows the rear tire 
normal force in the three tests. 

According this study the recommended shock connection point position is 98.9 
mm from the pivot swingarm in the direction connecting this point with the centre 
rear wheel (the original value was 122.2 mm). This is trade off to get a better be-
haviour in uneven road without being detrimental to the braking and acceleration 
ones.  

6 Conclusions 

A friendly simulation tool has been developed mainly as support for future UC 
teams that may take part in MotoStudent competition. Currently, the tool has only 
implemented planar dynamic manoeuvres but in the near future it will be comple-
mented with standard cornering manoeuvres. 

Tool assessment has been based in comparative tests with a proved model de-
veloped in VehicleSim® used by others researches. The steady state results differ 
less than 1%. In the transitory states the differences between both models are 
slightly greater. These differences are mainly because of the distinct relaxation 
models that are used in the tire model. Therefore, the results obtained from the 
ADAMS® model can be considered of similar accuracy than those obtained from 
the VS model. 

The tool utility has been proved through an improvement study over the race 
motorbike prototype presented in the 2010 edition of aforementioned interuniver-
sity competition.  
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Abstract. The suspension system is composed of several deformable elements 
such as springs and dampers, which connect the car body to wheels and absorb 
vibrations generated by road irregularities. The main purpose of suspension sys-
tem is to isolate the vehicle body from disturbances in order to keep wheels in 
contact with the road surface to contribute to road holding, and in order to maxi-
mize passenger ride comfort. This paper describes a semi-active suspension sys-
tem of 2 degrees of freedom (2DOF), typically referred to as a quarter car model. 
To design a suspension control system that improve ride comfort, dynamic  
modelling of semi-active suspension was developed. Control strategies were  
implemented for these semi-active suspension systems using MATLAB® and 
Simulink® software. The results show that the semi-active suspension system 
controlled by a logical strategy minimizes vertical acceleration experienced by 
passengers, compared to passive suspension system. 

Keywords: semi-active suspension, quarter car model, ride comfort, classical  
control. 

1 Introduction 

In recent years, researches in the field of automotive vehicles are focused on im-
proving driving safety and passenger comfort. These two parameters are mainly 
influenced by the design of the suspension system. The suspension system works 
between vehicle chassis and wheels, and its main goal is to reduce motion of the 
vehicle body called sprung mass. The design of a good suspension system is fo-
cused on the isolation of the disturbances coming from road irregularities, corner-
ing and breaking, in order to maximize passenger ride comfort and keep wheels in 
contact with the road surface to contribute to road holding. 

A good ride comfort requires a soft suspension, however, this suspension  
system produces excessive roll during cornering and pitch during breaking, and 
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therefore can be uncomfortable for passengers. While a stiffer suspension im-
proves the phenomena of roll and pitch, ride comfort is reduced. As suspension 
design is a compromise between these two goals, this problem can be solved with 
an adaptive suspension system that changes the suspension parameters depending 
of the features of the terrain or the vehicle driving manoeuvres. 

Suspension systems are classified by the control system in passive, semi-active 
and active. Passive suspension systems consist of conventional springs and damp-
ers, whose properties are fixed, and there is no external energy source in the system. 
Semi-active suspension systems, generally, consist of controllable dampers and 
passive springs without requiring large power sources, so the control system is not 
destabilized [1]. Different types of semi-active dampers have been investigated, the 
most representative are: magnetorheological dampers, whose response varies with 
the magnetic field applied [1], electrorheological dampers, whose response varies 
with the electric field applied [11], pneumatics dampers, generally used in buses and 
lorries [3], and dry friction dampers, highly non-linear and based on the friction  
between surfaces in contact [8]. Finally, active suspension systems have the capa-
bilities to adjust themselves continuously to changing road conditions, so that  
mechanical elements (springs and dampers) are replaced by actuators that can gen-
erate forces according to a control algorithm [7, 10, 16, 18]. Moreover, semi-active 
and active suspensions can reduce the resonance peak and the amplitude of move-
ment of the sprung mass in most of the frequency range [19]. 

To study the behaviour of suspension systems, different vehicle models have 
been used. The most used model is the quarter car model [1, 16], because it takes 
into account the most important features of suspension system preserving the  
simplicity of the model. It is a model of two degrees of freedom (2DOF) which 
considers the vertical dynamics of a single wheel. The half vehicle model is four 
degrees of freedom model (4DOF) which generally represents the pitch motion 
[4]. And the full vehicle model is a model of seven degrees of freedom (7DOF) 
that consists of a sprung mass that is connected to four unsprung masses, and 
represents the pitch, roll and yaw movements of the vehicle body [7, 10, 18]. 

Regarding the control, it is a multi-objective and non-linear problem for which 
classical and modern methodologies, based on a mathematical model of the sys-
tem, have been developed [9, 15].  

Due to its simplicity, classical control strategies for semi-active suspension have 
been implemented: PID [16] and Logical Control Strategies [15]. These last Control 
Strategies are oriented to improve in a simple way the comfort, so its goal is to 
minimize the vertical acceleration of the sprung mass. The most common logical 
control strategies oriented to comfort are the 2-States Skyhook Control, Skyhook 
Linear Control, Acceleration Driven Damper Control (ADD), Power Driven 
Damper Control (PDD), Skyhook-Add Control and Skyhook-PDD Control. 

Modern control strategies for semi-active suspension are more difficult to im-
plement with higher computational cost: Adaptive Control [17], Optimal Control 
[6], Predictive Control [5] and Robust Control [7]. Adaptive Control automatically 
adjusts its characteristics to operate optimally in a changing environment, reduc-
ing disturbances and vibration of the vehicle at specified levels. The use of  



Modelling and Control of a Semi-active Suspension System 27 

 

Optimal Control is recommended when the system behaviour has uncertainties. 
Predictive Control is used in complex, multivariable or unstable dynamic system; it 
is based on the use of an optimized model for predicting system behaviour and  
future control signal. The Robust Control considers the uncertainties in the  
mathematical modelling in order to become independent the system of disturbances. 

In this paper a quarter car model is used to analyse the ride performance behav-
iour. The purpose of this paper is to compare the different logical control strate-
gies for semi-active suspension system based on a quarter car model, due to its 
simplicity, in order to maximize passenger ride comfort. In order to detail this 
approach, the rest of the paper is structured as follows. In section 2, the suspension 
system modelling is detailed; section 3 presents the control strategies; in section 4 
a discussion of simulation results is presented. Finally, the most important ideas 
are summarized. 

2 Suspension System Modelling 

In this paper, a quarter car model with two degrees of freedom (2DOF) is consid-
ered (Fig.1), because this model represents most of the features of the full vehicle 
model while preserving the simplicity of the model. 
 

 

Fig. 1 Quarter car model with semi-active suspension 

The vehicle chassis is modelled as a rigid body of mass M2, and unsprung 
mass, represented by M1. The suspension system consists of a spring of stiffness 
K2, and a damper with a variable damping C2. The wheel is modelled as a single 
spring with a stiffness constant K1.  

This model is described by the following system of second order ordinary dif-
ferential equations: ሷܼଶܯଶ ൌ െܯଶ݃ െ ଶ(ܼଶܭ െ ܼଵ െ (ܪ െ )ଶܥ ሶܼଶ െ ሶܼଵ)                (1) ሷܼଵܯଵ ൌ െܯଵ݃ െ ଵ(ܼଵܭ െ ܼோ െ ܴ) െ ଶ(ܼଵܭ െ ܼଶ + (ܪ െ )ଶܥ ሶܼଵ െ ሶܼଶ) 
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Where Zଶ is the sprung mass vertical displacement, Zଵ is the unsprung mass 
vertical displacement and ZR is road profile acting as the disturbance. Gravity is 
represented by g. H and R are two parameters that represent initial conditions. 

Furthermore, in order to make sure that the suspension system is working prop-
erly, certain functional limit values must be defined, so that it cannot be extended 
or compressed more than a certain predetermined amount. For this purpose, two 
bump stop limits have been modelled. Moreover, the system distinguishes the 
motion of the damper between rebound travel and jounce travel. 

3 Control Strategies 

The control objective of this paper is oriented to comfort performance. To evalu-
ate passenger comfort, the approach considered to determine the performance of 
the suspension system is the acceleration of the sprung mass. So the control objec-
tive consists in minimizing the vertical acceleration of sprung mass with the most 
simple control strategies. The different logical control strategies mentioned above 
are implemented in a quarter car model. Then, analysing the results, the best con-
trol strategy will be determined. 

The following logical control strategies have in common that change the damp-
ing factor of the damper (ܥଶ) according to the chassis velocity ( ሶܼଶ), the chassis 
acceleration ( ሷܼଶ), the suspension deflection position (ܼௗ௘௙ ൌ ܼଶ െ ܼଵ) and/or the 
suspension deflection velocity ( ሶܼௗ௘௙ ൌ ሶܼଶ െ ሶܼଵ), depending on the algorithm. 
Moreover, all of them use only two sensors. Control strategies that will be imple-
mented are shown in Table 1. 

Table 1 Logical Control Strategies 

Controller Control Law 
Other      

Authors 

SH2-

States 
ଶܥ ൌ ቊ ௠௜௡ܥ ݂݅ ሶܼଶ ሶܼௗ௘௙ ൑ ௠௔௫ܥ0 ݂݅ ሶܼଶ ሶܼௗ௘௙ ൐ 0 [2] 

SH Linear ܥଶ ൌ ൞ ݂݅     ௠௜௡ܥ ሶܼଶ ሶܼௗ௘௙ ൑ ሾ஼೘೔೙;஼೘ೌೣሿא஼మݐܽݏ0 ቆܥߙ௠௔௫ ሶܼௗ௘௙ +  (1 െ ௠௔௫ܥ(ߙ ሶܼଶሶܼௗ௘௙ ቇ ݂݅ ሶܼଶ ሶܼௗ௘௙ ൐ 0 [13] 

ADD ܥଶ ൌ ቊ ௠௜௡ܥ ݂݅ ሷܼଶ ሶܼௗ௘௙ ൑ ௠௔௫ܥ0 ݂݅ ሷܼଶ ሶܼௗ௘௙ ൐ 0 [14] 

PDD ܥଶ ൌ
۔ۖۖەۖۖ
ۓ ௠௜௡ܥ ݂݅ ܼ݇ௗ௘௙ ሶܼௗ௘௙ + ௠௜௡ܥ ሶܼௗ௘௙ ൒ ௠௔௫ܥ0 ݂݅ ܼ݇ௗ௘௙ ሶܼௗ௘௙ + ௠௔௫ܥ ሶܼௗ௘௙ ൏ ௠௜௡ܥ0 + ௠௔௫2ܥ  ݂݅ ܼௗ௘௙ ് 0 ܽ݊݀ ሶܼௗ௘௙ ൌ 0െ ܼ݇ௗ௘௙ሶܼௗ௘௙  [12] ݁ݏ݅ݓݎ݄݁ݐ݋
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Table 1 (continued) 

SH-ADD ൜ ݂݅ ݂ ൐ ௖݂ ݄݊݁ݐ ݂݅ܦܦܣ ݂ ൏ ௖݂ ݄݊݁ݐ ܪܵ  
 

SH-PDD ൜ ݂݅ ݂ ൐ ௖݂ ݄݊݁ݐ ݂݅ܦܦܲ ݂ ൏ ௖݂ ݄݊݁ݐ ܪܵ  
 

 
Where ௖݂ is the cut-off frequency. In this paper, it is considered that ௖݂ has a 

value of 3 Hz. 

4 Simulation and Results 

In order to simulate the control strategies mentioned above, the general Sine 
Sweep test (ISO7401) is considered. This input represents variations of the road 
irregularities amplitude at high and low frequencies, from 0.1 to 12 Hz, allowing 
to analyse how the controller responds to both effects. Moreover, this test covers 
different types of roads with different frequency disturbances from typical low 
frequency speed bumps, to high frequency Belgian blocks pavement. 

Table 2 shows the parameters used for simulation tests, which are based on a 
Fiat Punto. 

Table 2 Parameter Values for Simulation tests 

Parameters Value Parameters Value 

Sprung mass (M2) 284.325 kg Suspension Stiffness (K2) 58,860 N/m 

Unsprung mass (M1) 41.8125 kg Extended Damping (C2) 8,181.8 Ns/m 

Tire Stiffness (K1) 210,000 N/m Compression Damping (C2) 4,090.88 Ns/m 

Tire Radius (R) 0.33 m Jounce Travel 0.06 m 

  Rebound Travel 0.075 m 

 
Fig. 2 shows road profile and the simulations results of the vertical acceleration 

of sprung mass for passive suspension system and for each Control strategies:  
SH 2-States, SH Linear, ADD, PDD, Mixed SH-ADD and Mixed SH-PDD,  
respectively.  

Fig. 3 shows a comparison between the above strategies (Table 1). 
The problem of the on/off control algorithms is the chattering phenomenon, 

which consist in a very fast change of the controlled variable in the nearest of the 
change position. In the simulations, this phenomenon appeared in the SH, ADD 
and SH-PDD strategies. In the ADD this problem is more relevant because the 
oscillations are bigger and faster, but in the SH-PDD is an allowable phenomenon 
because it only appeared in a small range of frequencies, more specifically at low 
frequencies.  
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On the other hand, in Fig.3 it can be emphasized that at 3 Hz frequency the SH 
algorithm is intersected by the ADD algorithm, so that is the reason why 3Hz is the 
cut off frequency (fc) in the mixed algorithm, SH-ADD. As a result, the best control 
strategy in order to improve ride comfort is the Skyhook Linear Control. However, 
this control has the disadvantage that it is difficult to control a linear damper because 
it is necessary to have a continuous damper. Another control strategy that provides a 
good result is the Mixed SH-PDD strategy, where a frequency selector has been 
developed to avoid the problems of chattering from the Savaresi’s frequency selec-
tor. The problem is that this control needs also a linear damper and it does not im-
prove the Skyhook Linear Control results. In order to implement an on/off control  
algorithm that can be implemented with discontinues damper, the Mixed SH-ADD 
Control has been adjusted to avoid the chattering problem that this model showed 
introducing a relay in the logical algorithm conditions. The relay deteriorates the  
attenuation but avoid the high frequency accelerations. 

5 Conclusions 

Different logical control strategies have been implemented in order to improve 
ride comfort with a semi-active suspension system. The results indicate that semi-
active suspension with Mixed Skyhook-ADD Control is the best on/off suspension 
control. It is a simple control that avoids the problem of chattering by the use of 
relays. This control uses the good behaviour of Skyhook Control at low frequen-
cies, and good dynamic response of the algorithm ADD at mid and high frequen-
cies, where shows a better response that a continues algorithm like Skyhook  
Linear Control. If the damper is continuous, the best suspension control is the 
Skyhook Linear Control, although at high frequencies it is exceeded by the ADD 
strategy. 

Future work will be performed to improve passenger ride comfort by imple-
menting an active suspension control system. This improvement will be accom-
plished through the utilization of force actuators. 
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Abstract. This work deals with the topological synthesis of a novel parallel 
mechanism to be employed in vehicle rear suspensions to improve the overall 
stability. The approach followed here considers the design of an active rear sus-
pension, with three degrees of freedom, able to adjust the camber, toe and roll 
angles simultaneously. By applying two distinct methods to perform the topologi-
cal synthesis, several architecture candidates are generated that satisfy the design 
specifications. Then, the synthesized candidates are ranked according to some 
proposed indexes and the most promising topology is selected. In order to evaluate 
the capability of the parallel mechanism to improve the vehicle dynamic behav-
iour, numerical simulations are conducted to compare it with a similar vehicle 
equipped with a conventional suspension system. The obtained results have shown 
that, in double lane change maneuvers, the novel parallel mechanism is able to 
reduce not only the yaw rate but also the roll angle.  

Keywords: Parallel mechanism, Mechanism synthesis, Automotive suspension, 
Vehicle dynamics. 

1 Introduction 

The suspension systems are extremely important for comfort, stability and han-
dling of the vehicle. In order to contribute for the stability control of passenger 
cars, many technologies have been used, such as active camber control [1], active 
rear steer, active front steer, active anti-roll bar and active wheel drive and active 
brake [2]. Currently there is a trend towards the integration of two or more tech-
nologies for stability control [3, 4]. Despite the fact that parallel mechanisms have 
been applied in flight simulators, robotic manipulators and machine tools, they are 
not currently employed in vehicle suspensions. 

This work deals with the topological synthesis of a novel parallel mechanism to 
be employed in vehicle rear suspensions to improve the overall stability. The ap-
proach followed here considers the design of an active rear suspension, with three 
degrees of freedom, able to adjust the camber, toe and roll angles simultaneously.  
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In section 2, by applying two distinct methods to perform the topological syn-
thesis, several architecture candidates are generated that satisfy the design specifi-
cations. Then, in section 3, the synthesized candidates are ranked according to 
some proposed indexes and the most promising topology is selected. In order to 
evaluate the capability of the parallel mechanism to improve the vehicle dynamic 
behaviour (section 4), numerical simulations are conducted to compare it with a 
similar vehicle equipped with a conventional suspension system.  

2 The Generation of Candidate Topologies 

In order to be applied in suspension system, this parallel mechanism must have 
three independent motions to satisfy the design specifications: two motions for 
setting the camber and toe angles and one passive movement to permit vertical 
movement of the wheel (wheel travel), which also can be an active movement in 
order to provide anti-roll control.  Two topological synthesis methods are applied: 
the method of the addition of a passive limb and the alternative method. 

The method of addition of a passive limb [5] 

The method of addition of a passive limb considers that the platform motion is 
constrained by a passive limb connected to it. The passive limb must be carefully 
chosen in such a way that the mobility (M) and type of available motions for the 
end-effector correspond to the desired ones. Moreover, partial connectivities of 
remaining m active limbs must be equal to the space dimension where the me-
chanism is supposed to function (λ). 

 

Fig. 1 Mechanisms: (a) 2PUS +UPS+ PaU; (b) RRS + PUS +UPS + PaS 

Two different architectures are generated by applying this method. One of them 
has a PaU passive limb, two PUS active limbs and an active limb UPS, to control 
the roll angle (see Fig. 1a). When the car does not perform evasive maneuvers or 
cornering, the prismatic actuator of the limb UPS does not exert force on the 
sprung mass and the wheel travel is influenced only by the action of the spring and 
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the damper. The end-effector movements are two rotations and the displacement 
along the vertical axis. To satisfy the design specifications, it is necessary the 
actuation of the actuators to maintain the camber and toe angles during the wheel 
travel, causing energy consumption.   

Another possible architecture, generated by the same method, is built with a 
PaS passive limb, an active limb RRS, for setting the camber angle, an active 
limb, PUS, for setting the toe angle and another active limb, UPS, to control the 
roll angle. When the car does not perform evasive maneuvers or cornering, the 
prismatic actuator of the limb UPS does not exert force on the sprung mass and 
the wheel travel is influenced only by the action of the spring and the damper. 
Because the lengths of all bars are the same, it is not necessary the actuation of the 
actuators to maintain the camber and toe angles during wheel travel. Another ad-
vantage of this mechanism is the complete uncoupling with respect to the move-
ments to toe change, camber change and wheel travel.  

Alternative Method [6] 

To apply the alternative method, first it is generated a mechanism with a pas-
sive limb, 2PUS + UPS + PRSSR showed in Fig. 2a. 

 

Fig. 2 Mechanisms: (a) 2PUS + UPS + PRSSR; (b) PUS + PRS + UPSRS  

Then, one of the active limbs is eliminated and the passive limb becomes an ac-
tive limb as shown in Fig. 2b. Because the lengths of the all bars are the same, it is 
not necessary the actuation of the actuators to maintain the camber and toe angles 
during wheel travel. 

3 The Ranking and the Selection of a Topology 

After applying methods to perform topological synthesis, the architecture candi-
dates need to be ranked in order to choose the most promising one. To achieve this 
goal, we propose three merit indexes. The first index evaluates the level of com-
plexity of the considered topology [7]. To compute this index, it is previously 
necessary to calculate the number of components (links and joints) in the me-
chanical structure. Then, the candidates receive a grade from 1 to 5. Table 1 shows 
the structural complexity index (SCI) for each topology.  
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Table 1 Structural complexity index  

 

Mechanism 

Number of components Structural complexity index 

links joints total SCI 

2PUS + UPS + PaU 11 14 25 1 

RRS + PUS + UPS +PaS 11 14 25 1 

2PUS + UPS + PRSSR 11 14 25 1 

PUS + PRS + UPSRS 9 11 20 5 

 
The second index evaluates the presence of joints that might reduce the me-

chanism workspace. These joints, such as universal and spherical ones, are charac-
terized by reduced stroke angles. After calculating the number of universal and 
spherical joints in the mechanical structure, candidates also receive a grade from 1 
to 5. Table 2 shows the joint stroke index (JSI) for each topology.  

Table 2 Joint stroke index  

 

Mechanism 

Number of Universal or Spherics joints Joint stroke index 

U S total JSI 

2PUS + UPS + PaU 4 3 7 2,5 

RRS + PUS + UPS +PaS 2 4 6 5 

2PUS + UPS + PRSSR 3 5 8 1 

PUS + PRS + UPSRS 2 4 6 5 

 
The third index, called the uncoupling index (UI), is equal to 5 when the end-

effector movements to achieve toe variation, camber variation and wheel travel are 
totally independent, such as the mechanism RRS + PUS + UPS + PaS. On the 
other hand, the movements of the mechanism 2PUS + UPS + PaU are totally 
coupled, so the UI is 1. For the mechanisms 2PUS + UPS + PRSSR and PUS + 
PRSSR + UPS, the UI is 3 because the movements to toe and camber variation are 
coupled but these movements are independent of the wheel travel.  

Table 3 Mechanism performance comparison 

Mechanism SCI UI JSI Global index 

2PUS + UPS + PaU 1 1 2,5 4,5 

RRS + PUS + UPS +PaS 1 5 5 11 

2PUS + UPS + PRSSR 1 3 1 5 

PUS + PRS + UPSRS 5 3 5 13 
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Table 3 shows the global index, defined by the sum of the three indexes SCI, 
UI and JSI. Consequently, the first ranked topology is the PUS + PRS + UPSRS 
that reached a global index of 13. Fig. 3 shows that the action on the body roll 
angle is achieved by the force exerted by the actuator 1 on the sprung mass (body). 
On the other hand, when the car does not perform evasive maneuvers or cornering, 
the actuator 1 does not exert force on the sprung mass and the wheel travel (pas-
sive movement) is influenced only by the action of the spring and the damper. In 
addition, the camber angle is changed by the simultaneous movement of the actua-
tors 2 and 3, while the toe angle is modified by the actuator 3. 

 

Fig. 3 CAD Model of PUS + PRS + UPSRS 

4 Simulations and Results 

In order to evaluate the potential of the mechanism to improve vehicle stability, a 
co-simulation, implemented in MATLAB/Simulink and CarSim softwares, was 
performed to compare the dynamic behavior of two vehicles. One vehicle is 
equipped with a conventional suspension and another vehicle, similar to the first 
one but equipped with the parallel mechanism, is able to adjust roll, toe and camb-
er angles simultaneously.  

In the case of the second vehicle, the mechanism actuation depends on the fol-
lowing vehicle variables: wheel steering angle, vehicle velocity, lateral accelera-
tion, and yaw rate, which are calculated by CarSim and exported to Matlab/  
Simulink model. On the other hand, the camber and toe angles and the auxiliary 
roll moment, applied by the mechanism on the chassis, are determined by the 
MATLAB/Simulink model and exported to CarSim. 

By changing the camber angle, it is possible to generate an additional lateral 
force on the rear wheels. In order to achieve this feature, the wheels are tilted by 
the parallel mechanism to the cornering side in accordance with the lateral accele-
ration of the vehicle. The setting of the toe angle aims to improve handling, which 
is obtained by steering the rear wheels as linear functions of the steering wheel 
angle and the longitudinal speed. The action of the auxiliary roll moment has two 
goals, namely, to reduce the roll angle of the sprung mass during cornering and 
contribute to the stability control.  

The vehicle parameters correspond to a D-Class Minivan car, with 2037 kg and 
engine power of 150 kW. Table 4 shows the characteristics of the simulated vehicles. 
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Table 4 Characteristics of the simulated vehicles 

Vehicle Front suspension Rear suspension 

Original Independent, with anti-roll bar Independent, with anti-roll bar 

RTC Independent, with active anti-roll bar Independent, without anti-roll bar 

 
The double lane change maneuver was chosen to simulate the dynamic beha-

vior of the vehicles. In addition, the car velocity was set in 70 km/h. Fig 4 shows 
the path of the vehicle equipped with conventional suspension (original) and the 
modified vehicle with the parallel mechanism (RTC).  

 

Fig. 4 Path of the vehicles at double lane change maneuver 

With respect to the roll angle, the second vehicle (RTC) demonstrated lower 
oscillation of the sprung mass in a comparison with the first (original), as shown 
in Fig. 5. 

 

Fig. 5 Roll angle of the vehicle equipped with conventional suspension (original) and of the 
modified vehicle with the parallel mechanism (RTC), during a double lane change maneuver 
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According to Fig. 6, the modified vehicle (RTC) reached lower values of the 
yaw rate than the original vehicle. 

 

Fig. 6 Yaw rate of the vehicle equipped with conventional suspension (original) and of the 
modified vehicle with the parallel mechanism (RTC), during a double lane change maneuver 

Fig. 7 shows that the values of lateral acceleration are similar for the two ve-
hicles. Table 5 lists the peaks of the roll angle, yaw rate and lateral acceleration of 
the vehicles during double lane change maneuver. 

 

 

Fig. 7 Lateral acceleration of the vehicle equipped with conventional suspension (original) 
and of the modified vehicle with the parallel mechanism (RTC), during a double lane change 
maneuver 
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The vehicle equipped with the parallel mechanism (RTC) demonstrated advan-
tages over the one with conventional suspension (original), during the chosen 
maneuver. The lower values of body roll angle transmit to the driver greater secu-
rity and lower values of yaw rate facilitate the vehicle control.  

Table 5 Results at Double lane change maneuver 

 

Vehicle 

Roll [deg] Yaw Rate [deg/s] ay [g] 

Max. Min. Max. Min. Max. Min. 

Original 1.97 -2.00 9.61 -9.79 0.33 -0.34 

RTC 1.68 -1.74 7.91 -8.17 0.34 -0.35 

5 Conclusions 

This work presented the topological synthesis of a novel parallel mechanism to be 
employed in vehicle rear suspensions to improve the overall stability. Basically, 
the goal was to determine a 3-dof architecture, able to adjust the camber, toe and 
roll angles simultaneously. After applying methods to perform topological synthe-
sis, the architecture candidates were ranked in accordance with some proposed 
indexes. The effect of the most promising topology in a vehicle rear suspension 
was evaluated through numerical simulations. The obtained results revealed a 
superior behaviour of the synthesized mechanism in a comparison with a similar 
vehicle equipped with a conventional suspension system.  
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Abstract. The aim of the present paper is to set up a first approach of a Vibration 
Model of a POM Conveyor System, commonly used nowadays in Automobile 
Industry to transport vehicles and workers together as Final Assembly Lines, 
composed by extremely long length Polymer Chain. Although these conveyor 
systems offer a successfully behaviour in terms of reliability, endurance and load 
capacity, sometimes but rarely appears a swing-effect in the middle and the end of 
the chain conveyor when a worker walks or gets into the beginning of it. This 
undesired vibration provokes, as well as an uncomfortable and anti-ergonomic 
situation for the worker, a loss of quality of the manufactured product, in this case, 
automobiles. Once the main objective is the study of the swing effect under a dy-
namic point of view, starting by setting a vibration model based on differential 
equations, and later, by the use of computer software, to set up a simplified dy-
namical model to analyse the vibration behaviour to contribute to improve the 
mechanical design and to reduce this undesired effect.  

Keywords: Chain Conveyor, Vibration Model, Plastic Chain, Swing Effect,  
Ergonomics. 

1 Introduction 

Conveyor Systems based on plastic chain are fairly fresh-baked, being published the 
first Patent Submission of a POM1 Conveyor Belt in 1988, in the US [5]. Since its 
first launch in the market around the end of the last century, the development has 
been very quick, due to the evident technical advantages of the polymer materials 
used, like PE, POM, PA, etc. which are for example: Low sliding coefficient, opti-
mal abrasion resistance and a great corrosion tolerance in addition to the product 
itself: Easy manufacturing, which means a competitive cost, an acceptable mechani-
cal elastic constant in comparison to steel and finally, a density five times less than 
steel. All these characteristics make possible a lighter, reduced noise, easy and eco-
nomic mechanic design and also resistant to aggressive and exigent environments.  
                                                           
1 POM. Polyacetal, also known as Polyoxymethylene, a common Engineering Thermoplastic. 
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Fig. 1 Overview of a Chain Conveyor 

The recent development and market introduction of the POM conveyor systems 
(Fig. 1) makes difficult to find publications about its dynamic behaviour. Baxter 
[2] presents an overview of cases describing some vibration problems affecting 
several types of machinery and Haines [4] describes the design of similar convey-
ors built with light material but of smaller sizes. However, it is not easy to find 
vibration models of a POM chain conveyor, which is the subject of our paper. 
Other authors, as Singhose [7], use a closed-loop regulation in order to reduce the 
system oscillation. 

2 Model Description 

The whole system can be described with the mass distribution of the Fig. 2 and 
represented by the dynamic model of Fig. 3.  

 

Fig. 2 Overview of a Chain Conveyor 

 
Fig. 3 Dynamic model of the chain conveyor 
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In order to establish the mathematical model of the dynamical system each 
node can be represented as shown at Fig. 4:  

 

Fig. 4 Dynamic model of a node 

For a determined number “n” of bodyworks, the system will be characterized 
by “n” DOF’s –Degrees of Freedom-, so its behavior is defined [1] by the follow-
ing differential equations system Eq. (1):  

 ൭݉ ڮ ڭ0 ڰ 0ڭ ڮ ݉൱ ቐݔଵሷݔଶሷ. ௡ሷݔ. ቑ + ൭2ܿ ڮ െܿڭ ڰ െܿڭ ڮ 2ܿ ൱ ൭ݔଵሶݔڭ௡ሶ ൱ +
+ ൭݃݉ߤ ڮ ڭ0 ڰ 0ڭ ڮ ൱݃݉ߤ ൭݊݃ݏ (ݔሶଵ )݊݃ݏڭ (ݔሶ௡ )൱ + ൭2݇ ڮ െ݇ڭ ڰ െ݇ڭ ڮ 2݇ ൱ ൭ݔଵݔڭ௡൱ ൌ ൭ ଵ݂݂ڭ௡൱               (1) 

 
Where m is the mass of each vehicle, k is the elasticity constant of a chain track, c 
is the damping constant and µ  is the coefficient of kinetic friction between chain 
and supporting surface that determinate friction force F at each node. In this case, 
all the driving forces will be null except from f1, supposed the only moving worker 
is located there. The displacement of each mass xi(t) will be obtained from Eq. (2): 

 

 ൭ݔଵ (ݐ)ݔڭ௡ (ݐ)൱ ൌ ൭ ଵܺଵ ڮ ଵܺ௡ڭ ڰ ௡ଵܺڭ ڮ ܺ௡௡൱ ൝ߟଵ (ݐ)ߟڭ௡ (ݐ)ൡ                             (2) 

 
Where Xij is the modal matrix and ߟ௝ (ݐ) are the modal amplitudes. 
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3 Simulation 

With the help of the mechanical simulation software, Working Model [6], a sample 
chain conveyor model can be defined and tested, with the data of a real conveyor, 
in order to find their similarities.  

The main data of the conveyor and POM chain material are shown at Table 1. 
A view of the software interface is presented in Fig. 5:  

 

 

Fig. 5 Software Interface 

The f1 effect is represented as a worker walking strongly over the plastic belt at 
the front of the conveyor. It is simulated on the software as a 90 kg mass, with a 
high coefficient of kinetic friction, µw= 0.9, attached to a crank-connecting rod 
system of a diameter of 1m, activated by a simulated engine at 5 rad/s speed.  

The worker’s movement is transmitted to the base element as a friction force. 
Each of the cubes reproduces a vehicle with a mass of m = 675 kg over a 5 m 
chain stretch. The kinetic friction coefficient between the base and the cubes is µ = 
0.23, according the manufacturer data sheet, the same value existing in a contact 
of two POM components.  

Each of the springs included has an equivalent elastic constant k of a 5 m chain 
calculated from a single chain link.  

With the help of a FEM program, the elastic constant on a chain link k, can be 
calculated, taking into account the characteristics of the selected material (see 
Table 1 and Fig. 6). 
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Fig. 9 x-axis displacement of node 86 at the middle of the chain 

 

Fig. 10 x-axis displacement of node 114 at the end of the chain 

From data obtained is possible to determine the main frequency of the system, 
as calculated from figure 8 and 9 data. The frequency value obtained in both cases 
is 0.16 Hz, quite similar to the real values. Furthermore, this value is in the rank of 
motion sickness ones (kinetosis) and produces important ergonomics effects on 
workers. On the other hand it provides also interesting data regarding displace-
ment. The displacements are shown in the Table 2, as follows:  

Table 2 Maximum x-axis displacements 

Displacement 
Node 

X in 
190 

X in 
86 

X in 
114 

Delta  (mm) 2.63 12.10 17.51
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It can be observed that: 

- The displacement is higher in the front of the conveyor than the obtained at 
the middle and end.  

- Due to the damping presence a smooth reduction of the displacement re-
sponse can be observed. 

- The maximum theoretical displacement of the chain is 17.51 mm. This 
value might also indicate that the conditions for having an ergonomic sys-
tem are not optimal.   

5 Conclusions 

The results obtained indicate that proposed model confirms that there is an unde-
sirable movement in the conveyor, which might affect both the ergonomic and 
comfort conditions of the operators. As the technology involved is very new, there 
are still not many studies available.  

Results obtained from the model permit an improved mechanical design of the 
conveyor by modifying c and k, i.e. the material and dimensions of the conveyor 
links, but additional model improvements are needed. 

Then, mechanical corrections can be made from the system model in order that 
the swinging effect can be diminished or even avoided, improving the comfort 
conditions of the equipment and the quality of the manufactured product.   
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Abstract. To realize the no-backlash transmission element for wearable human 
assist robots, a trochoidal gear reducer with a slipping rollers type torque limiter 
has been developed. This reducer is a kind of a pin gear with planetary motion. 
That roller-train is fixed only by friction force to slip under an overload. And a 
preload mechanism has been developed. This mechanism consists of an outer race 
and a preload generator which have taper contact sections to generate a uniform 
preload. Also, a calculation method of a trochoidal gear tooth profile by use of 
polar complex vector geometry is proposed. Then, using the prototype reducer, it 
is proved that slip occurs in the set torque, and that reducer can rotate without 
backlash. And it is clear that has the sufficient performances for actuator of wear-
able human assist robots. 

Keywords: reducer, trochoidal, pin gear, torque limiter, slipping roller. 

1 Introduction 

In Japan, a population of the aging people is increasing abruptly after 1975. So, to 
support the aging people, a development of a wearable human assist robot is the 
current trend [5, 10]. These robots assisting human muscles, must deal with vari-
ous abnormal conditions which are tipping and tripping. In other words, to elimi-
nate danger condition which overloads to a muscle, a torque limiter system is 
needed. However, conventional mechanical torque limiters are too heavy, so they 
aren’t suitable for assist robots. Therefore, most assist robots use a software torque 
limiter which excludes some assumptions. And these performances are insuffi-
cient. So, the trochoidal gear reducer with a slipping rollers type torque limiter [4] 
has been developed. This limiter consists of some mechanical structures which 
doesn't have electric circuit. And that has an adjusting mechanism for the preload. 
In this report, at first, a calculation method of a trochoidal gear tooth profile is 
proposed. And the torque limiter mechanism design is proposed. And then, using 
the prototype reducer, we evaluate the usefulness of the proposed calculation  
method and the design of a torque limiter. 
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Fig. 1 Structure of the trochoidal gear reducer 

2 Structure of a Trochoidal Gear Reducer 

A trochoidal gear reducer is a kind of the pin gear with planetary motion. This 
reducer consists of four sections which are an eccentric motion input section, a 
reduction section, a motion transmitting section with eccentricity elimination, and 
a preload generating section, as shown in Fig.1. Especially, many rollers are ar-
ranged inside the outer race under the solid-preload. All rollers are pressed each 
other, and they press the outer race at the uniform force. In other words, the roller-
train is fixed only by the friction force. So, when the large force caused by a 
transmitting torque acts on the roller-train, each roller slips over an outer rotor 
surface.  And, a preload generator adjusts the slipping torque. Then, considering  
the no-backlash motion, the constant velocity rotation and the pin gear shape at the 
reduction section, the trochoidal gear tooth profile is proposed. To generate the 
high reduction ratio, this reducer rotates with eccentric motion. So, the output 
mechanism for eccentricity elimination is needed. This structure is similar to the 
conventional planetary type gearless reducers [7]. 

In this report, to calculate a tooth profile, terminologies are defined as Table 1. 

Table 1 Terminologies of a trochoidal gear reducer 

Symbols Terminology Symbols Terminology 

Zr Number of rollers dr Roller pitch diameter 

Zc Number of gear teeth dc Gear pitch diameter 

m Module y Offset coefficient 

Eccentric input shaft

Roller-train

Preload generator

Outer race with taper shape

Trochoidal gear

Output mechanism with eccentricity elimination

Housing

Bearing support

Eccentric input shaft

Roller-train

Preload generator

Outer race with taper shape

Trochoidal gear

Output mechanism with eccentricity elimination

Housing

Bearing support
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3 Tooth Profiles Calculation Method by Complex Plane 
Vector Geometry 

It is difficult to generate the no-backlash motion and the constant velocity rotation 
at pin gear using the conventional gear teeth. Because that the interference occurs 
at the dedendum of a gear tooth. So, we propose the new gear tooth profile calcu-
lation method. Using the complex plane vector geometry [6], this gear profile is 
shown as shown in Fig.2. When the initial center distance a0 is defined as shown 
in Eq. (1), the eccentricity a1 is defined as shown in Eq. (2). 
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And, a relative motion method is used; to generate a tooth profile, at first, we as-
sume that the fixed ring of rollers rotates. So, the B2 is defined as the rotation vec-
tor with relative rotation τ. And the C1 is defined as a constant vector from the 
trochoidal gear center to the roller-fixed ring center. The relative rotation P3 on 
that gear center is defined as Eq. (3). 
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In cases in which the tooth profile is calculated, the coordinate of gear tooth has to 
be fixed. So, we rotate that gear to the inverse direction as -θ. So, the motion locus 
of roller meshing with the gear tooth is defined as Eq. (4). 
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In other words, this motion locus conforms to the roller center locus along the 
tooth profile. 

And this tooth profile is the envelope locus of a roller that diameter is defined 
as df, which moves along center locus. The normal direction of that motion locus 
is needed. So, the tangent vector of motion locus is calculated as Eq. (5). 
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At this equation, a motion speed is defined as sd, and the tangent direction of locus 
shows as φ. So, the normal vector B5 from the roller center is shown as Eq. (6). 
Therefore, the tooth profile is defined as Eq. (7). 
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On the other hand, the output mechanism motion vector geometry is similar to the 
motion transmitting section of a trochoidal wave ball reducer [9]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 2 Vector geometry of a trochoidal gear tooth 

4 Preload Generator Designs 

At this reducer, many rollers are arranged on the outer race without clearance.  
Especially, when many rollers are fixed by the elastic deformation and the friction 
force, the geometrical condition of a roller index angle θ i has to be satisfied as  
Eq. (8). 
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Then, selections of the roller diameter and the roller pitch diameter are very 
important to decide the slipping torque. And the radial preload from the outer race 
generates the similar deformation and the friction force. The deformation and the 
friction force depend on material hardness and radius of curvature. However, that 
influence rate cannot separate each other; the friction force cannot set using these 
conditions directly. Therefore, at first, an elastic deformation has been simulated 
using the FEM analysis (ANSYS) as shown in Fig.3. At this simulation, the de-
formation of a center roller which is constrained by both-sides rollers and outer 
race is simulated. It is assumed that both-sides rollers are fixed, and this assump-
tion is defined as the boundary condition. And that roller is loaded as a radial prel-
oad from the outer race. In cases in which the friction coefficient μ is assumed at 
0.15, this maximum simulated deformation is 1.91μm under the preload 4818N  
from the outer race. Also, this simulation data shows that roller deformation isn't 
uniform, because the outer race and the preload generator have an asymmetry 
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Fig. 3 Simulation of the roller deformation by preload from the outer race 

 

 

 

 

 

 

 
Fig. 4 Preload mechanism with a taper contact section 

shape. This non-uniform value is less than 0.4μm; it does not cause the rotating 
accuracy degradation. And if the high resolution less than 1.75×10-3 rad is re-
quired, we have to investigate the optimized cross section shape of an outer race. 

Using this simulation data, we develop the preload mechanism as shown in 
Fig.4. A thin outer race and a preload generator have taper contacting sections. 
When that preload generator rotates itself, the taper section of this generator 
moves linearly. And thin outer race which is located around many rollers is 
pressed at the taper section from the preload generator, as "wedge effect". Using 

Simulation of  deformation

Radial preload

Boundary condition
Displacement : None
All degree of freedom: Fixed

Max. deformation: 
1.91μm

Simulation of  deformation

Radial preload

Boundary condition
Displacement : None
All degree of freedom: Fixed

Max. deformation: 
1.91μm
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this mechanism, the transmission torque can limit at both directions. So, the prel-
oad can be set to the arbitrary amount, and the slipping torque can be adjusted as 
shown in Fig.5. At this case, that preload is controlled by changing the pushing 
depth from 0μm to 28μm. And the slipping torque depends on a rotation speed. 

Especially, the initial slipping torque is about 150% of the rated slipping tor-
que. And at rotation speed over 100rpm, that slipping torque is similar to the rated 
slipping torque. At the rotation speeds 300rpm, the slipping torque can adjust be-
tween 9.5Nm and 10.9Nm. If the higher preload range than the set range is 
needed, a pitch diameter of an outer race or a roller diameter will be changed. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5 Relations between the pre-load length and the slipping torque adjustments 

5 Verification Test of the Prototype Reducer 

Considering the proposed design method, the prototype reducer has been made as 
shown in Fig.6. That rated torque is 11.0Nm, and the weight is 0.55kgf. A tro-
choidal gear is made from the temper steel S45C [1]. And the outer race is made 
from the chromium-molybdenum steel SCM415 [2]. Rollers are made from the 
bearing steel SUJ2 [3] which have hardness as the Rockwell hardness C58-C60.  
And then, to confirm the usefulness of a slipping rollers type torque limiter, the 
transmission efficiency has been tested at 300rpm as shown in Fig.7. At this case, 
when a slipping torque is set as 8.0Nm, we have confirmed that torque limiter acts 
certainly. Then, relations between the number of slipping and the slipping torque 
changes are investigated as shown in Fig.8. At this case we set the initial slipping 
torque as 11.0Nm. It is clear that slipping torque does not almost change to 200 
times. Also, the preload mechanism can adjust the slipping torque in ±0.7Nm; this 
mechanism can be used during 500 times.  

And we evaluate the performances for positioning mechanisms. A hysteresis 
loss is 3.40×10-3 rad, and the spring constant is 1.10×103 Nm/rad. On the other 
hand, the angle transmission accuracy is 2.52×10-3 rad (520.1 arc seconds). They 
are similar to other type no-backlash reducer [8]. Therefore, it is proved that this 
type reducer is enough for the actuator of human assist robots. 
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Fig. 6 Prototype reducer 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7 Efficiency at the slipping torque as 8.0Nm 

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 8 Relations between the number of times for slipping and the slipping torque changes 
 
 

Reduction ratio         -28 
Number of rollers        58 
Roller diameter          2.998mm 
Roller length            5.0mm 
Roller pitch diameter    55.376mm 
Number of teeth         56 
Teeth width              3.0mm 
Eccentric distance        0.764mm 
Module                   0.955mm 
Offset coefficient          0.20 
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6 Conclusions 

Trochoidal gear reducer with a slipping rollers type torque limiter has been devel-
oped and analyzed geometrically. Especially, the preload mechanism which has a 
thin outer race and a new preload generator with taper contacting sections has 
been developed to adjust the slipping torque. Also, using prototype reducer, it is 
proved that slip occurs in the set torque, and that reducer can rotate without back-
lash under the set torque. And it is clear that has the sufficient performances for 
actuator of human assist robots. In future work, to eliminate the non-uniformity of 
preload, a cross section shape of an outer race will be improved. 
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Abstract. This article shows the uncertainty propagation in the machining of a 
planetary speed reductor with HCR (High Contact Ratio) gears for high 
responsibility applications. It is known that in these applications, failure tolerance 
of a component is very low, so reliability must be close to 100%. In this way, the 
tolerances associated to the manufacturing process of the individual parts are 
typically very narrow in order to find higher function reliability. Therefore, the 
knowledge of which are the error sources in the manufacturing of the gear it is 
required, if the maximum repeatability (precision) demanded in those narrow 
tolerances has to be achieved. Also, tolerances are directly related to the 
acceptance of several unknown factors on system performance. This work will 
break down the sources of uncertainty, focusing on the manufacturing process by 
grinding. 

Keywords: Uncertainty, propagation, gear, manufacturing, planetary. 

1 Introduction 

For airlines companies, the fuel is the highest business cost, and while the price of 
your car’s regular unleaded is skyrocketing, the same applies to jet fuel, and in 
significant numbers. The New York Times reports that 1 cent increase in the per 
gallon price of jet fuel translates to an additional cost to the industry of $200 
million per year. In this way, it can be seen that one of the key factor to reduce is 
the fuel consumption.  

Nowadays everything that is manufactured must contain an ecological 
component. The systems must consume less, last more and be tougher. In the 
aeronautical world it is the same. There are many factors that can reduce the fuel 
consume of an aircraft: using compound materials in the plane structure, the 
improvement of the aerodynamics and of course the improvement of the engine 
efficiency. 
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With this data it is formulated a planetary gear reducer that is composed of a 
sun, three planets and a ring. Helical gears were discarded due to low transmission 
power, being spur gears with high contact ratio (HCR) the most suitable option for 
this application. Table 1 shows some differences between choosing a HCR gear or 
a standard gear.  

It has no sense showing the differences between the gear quality parameters 
because independently of whether it is a HCR gear or a standard gear, both must 
keep the same quality requirements. 

Table 1 Differences between a HCR gear and a standard gear 

 High Contact Ratio (HCR) STANDARD GEAR 

 SUN PLANET RING SUN PLANET RING 

Module (mm) 1.28 1.28 1.28 1.25 1.25 1.25 

Number of teeth 31 29 89 31 29 89 

Pressure Angle 20º 20º 20º 20º 20º 20º 

Addendum 1.2 · m 1.2 · m 1.2 · m 1 · m 1 · m 1 · m 

Dedendum 1.45 · m 1.45 · m 1.45 · m 1.25 · m 1.25 · m 1.25 · m 

Pitch diameter 
(mm) 

39.68 37.12 113.92 38.75 36.25 111.25 

Addendum 
diameter (mm) 

42.752 40.192 110.848 41.25 39.25 108.75 

Dedendum 
diameter (mm) 

35.968 33.408 117.632 38.125 36.125 114.375 

Ratio of contact 
1.934  1.653  

 2.052  1.743 

Manufacturing 
Cost 

HCR > STANDARD GEAR 

 
In order to make the calculation much faster, only three teeth of each 

component have to been taken into account in the finite elements model.  

   

Fig. 2 a) Set up of the planetary gear reducer, b) Meshing of three teeth 
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4 Manufacturing 

4.1 P400G, Gear Grinding Machine 

This study is focused on detecting where do the uncertainties sources come from. 
In this section the machine where the test is going to be made will be presented. 

The P400G is a machine developed by the company Gleason®. It is a grinding 
machine with a profile wheel for grinding gears whose diameters are smaller than 
400 mm. The machine is qualified for grinding gears with a quality of DIN 3 
according to DIN 3960. 

This grinding machine has 10 axis interpolated by CN (X, Y, Z, Z2, Y3, A, C, S, 
S2. S3). Y3 is the axis of a probe that the machine has included for measuring 
inside the machine. This case of study is about high precision gears so, this won´t 
be taken as valid. However, it is an important help for the worker. 

 

   

Fig. 3 a) Axis of the machine, b) P400G Gear grinding machine 

4.2 Gear Tolerances 

There are many tolerances that must be taken into account when a gear is 
manufactured. Nevertheless, the most difficult ones are the single pitch deviation 
(fp), the total cumulative pitch deviation (Fp), the total profile deviation (Fα) and the 
total helix deviation (Fβ) [2].  

      
Fig. 4 a) Single pitch deviation (fp), b) Total profile deviation (ff) 
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5 Error Budget 

In this study an error budget [4] was made using the method outlined in Slocum 
[3]. With that procedure it is possible to identify and quantify the sources of errors 
[5] so that subsequent efforts could be directed at those problems which proved to 
have most effect on precision and accuracy. The budget includes all the elements 
that affect the final accuracy of the gear, i.e. the machine, the dresser, the 
clamping system, the wheel wear and the measurement of the gear. Each error 
source has been characterized by the following rules [1, 5]: 

- An estimate of its effect, an expanded uncertainty Ui, which for a Gaussian 
distribution may be an expanded uncertainty from a calibration report, a 
standard deviation, or simply estimated or judged as a 95% estimate.  

- A reducing factor ki to convert Ui, to its equivalent standard uncertainty u(xi), 
in this study for simplicity it is assumed as k=2 

 u(x୧) ൌ U୧/k (1) 

The expanded uncertainty (U) and, thus, the combined standard uncertainty (uc) 
calculated, respectively, as: 

 U ൌ  ௖ (2)ݑ2

௖ଶݑ  ൌ ∑ |ܿ௜ݑ(ݔ௜)|ଶே௜ୀଵ  (3) 

It is necessary to understand that the sum of all the uncertainties must be less than 
the narrowest tolerance. If the process can assure this fact, all the gears will be 
made within the quality requirements. 

5.1 Uncertainty due to the Axes of the Machine 

The machine is fairly new, it has not been possible to run tests in order to quantify 
the uncertainty that comes from each axis In the next studies all the axis of the 
machine to know their errors will be analyzed. However, to establish a global 
uncertainty of the machine, all the quantities on which the result of the 
measurement depends are varied, its uncertainty can be evaluated by statistical 
means [1, 5]. Here it is suggested a measurement of a point within the work space 
from very different positions of the machine. As a result of this, there is an 
uncertainty of 0.26 µm. 

5.2 Uncertainty due to the Thermal Deformation of the Machine 

To reduce the uncertainty that comes from the thermal deformation, before starting 
any job, the machine must be warmed for at least 1 hour. To make this possible, the 
machine will work (without a part) making the same movements as if it were 
manufacturing. Making this, the uncertainty that comes from the thermal 
deformation is supposed nearly zero. Workshop is kept to a run temperature of 20º. 
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5.3 Uncertainty due to the Dresser 

The gear-set is manufactured with a shaped wheel, the space between two teeth 
will be a copy of the tool. The error in the grinding wheel will come from the error 
that exists in the dressing process. So before dressing, the dresser must be 
measured with the highest accuracy in order to write the measured values into the 
control and ensure the accuracy of the dressing. This dresser’s measurement has 
an uncertainty of 1.23 μm. The uncertainty coming from the dressing will come 
from the wear of the dresser. Actually this is a study field because it is not easy to 
understand the wearing process. This work assumes that the dresser is under 
perfect conditions and there is no wear between one finish dressing and another.  

5.4 Uncertainty due to the Clamping System  

The uncertainty of the clamping system has been determined by making 
measurements “insitu”, Fig. 5. It must be taken into account that the positioning of 
the part in the clamping system is made individually trying to leave it in the most 
optimal way. It is evident that this takes time away from the production but it is 
necessary when a company searches high quality components. The indicator used 
in the measurements has an expanded uncertainty of 2 µm. With the entire 
experimental datum, the uncertainty of the clamping system has been calculated 
having the value of 3.3 µm. It is true that there are some other clamping systems 
developed by Hirschmann or Erowa that have less uncertainty. They have a 
repetitive accuracy (consistency) of < 2 μm. In this study, these kind of systems 
haven´t been chosen due to the number of parts to manufacture is not high.  

 

Fig. 5 Clamping system 

5.5 Uncertainty due to the Grinding Wheel Wear  

The wear of the wheel is corrected with frequently dressings, at least, one before 
starting the grinding process of the gear. This way, the grinding process has the 
wheel in the best conditions in order to have the tooth over control. The wear of 
the wheel leads that the circular thickness of the tooth to become higher. 
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Furthermore, as the wear is not perfectly symmetric along the wheel it may change 
the shape of the tooth. Working under these conditions, the wheel has been 
measured between two dressings in order to know the variability of the wear in the 
wheel. With this study the uncertainty due to the wheel wear is 2 µm. 

5.6 Uncertainty due to the Measurement of the Gear in the 350 
GMS Machine 

This machine has a 0.1 μm high resolution glass scales that allows to keep the 
expanded uncertainty in 1 µm (in spur gears) as long as the ambient temperature is 
between 20º C ± 2º C, a thermal fluctuation of =/< 1° C/hour or =/< 1.5° C/day, 
and a thermal gradient of =/< 1.0° C/meter. 

6 Conclusions 

Searching the continuous improvement and trying to reduce the business cost, this 
study shows the factors that influence in the final component. Error budget has 
been used to identify the existing problems in the gear manufacturing. 

With this paper it can be probed that the uncertainty of this process comes 
from: 

1- Uncertainty due to the axis of the machine: 0.26 µm 
2- Uncertainty due to the dresser: 1.23 µm 
3- Uncertainty due to the clamping system: 3.3 µm 
4- Uncertainty due to the wheel wear: 2 µm 
5- Uncertainty due to the measurement of the gear in 350 GMS machine: 1 µm 

The combined standard uncertainty [1, 5] is: 4.2 μm, for each of the datum 
dimensions, those are single pitch deviation (fp), the total cumulative pitch 
deviation (Fp), the total profile deviation (Fα) and the total helix deviation (Fβ). 
The biggest uncertainty comes from the clamping system. Now, it is necessary to 
see if the uncertainty is inside the tolerances. If it is not, the uncertainty of each 
component must be reduced. The first one that must be reduced is the easiest one. 
This is the clamping system. One option to reduce this uncertainty is to make a 
new design of the clamping system. 
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Efficiency Analysis of Shifted Spur Gears 
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Abstract. An efficiency study of spur gears with profile modifications is 
presented. One of the objectives of this proposal is to make a comparison between 
efficiency values obtained by an advanced load contact model and reference 
values obtained from literature. Moreover, two methodologies for calculating the 
efficiency are presented: a “Numerical method” and an “Analytical method”. For 
the same gear pair, different efficiency values are obtained using each method. 
The differences among efficiency values are discussed and comparisons between 
both methodologies are made. 

Keywords: Efficiency, power losses, friction coefficient (FC), load sharing (LS), 
sliding velocity (Vs). 

1 Introduction 

In the mid-term, an increment in the requirements for gear transmission efficiency 
is foreseen. This is not only due to the need for higher power density (higher 
speeds and torques with the same transmission size and therefore higher power 
losses) but also as a consequence of stricter environmental regulations. In this 
context, the efficiency study of these systems is a crucial aspect in order to 
maintain or improve output features.  

Furthermore, in multi-stage transmissions (such as in hybrid vehicles and wind 
turbines), where more than one pair of gears is meshing, improving the efficiency 
is critical in order to reduce the power losses and lower the operating temperature. 

From the literature review [8, 11, 13, 14], it has been concluded that there is not 
a defined methodology which considers all kinds of power losses in gear 
transmissions. However, it has been observed that the sources of power losses can 
typically be classified by their load dependency since only gear elements are taken 
into account (power losses caused by bearing, seals, shaft, auxiliary elements and 
other are omitted). The load-dependent losses are caused by friction or rolling 
forces among gear teeth, while the non load-dependent ones are due to the fluid 
motion involved (lubricant, refrigerant, air). As in this study high-speed conditions 
are not used (less than 6.000 rpm speed is used), only load-dependent losses are 
considered. Besides, as rolling effects contribute less than friction effects in  
the study conditions to power losses [1, 6], only friction effects are considered for 
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the efficiency calculation in this work. Thus, this calculation depends mainly on 
the friction coefficient (FC) and the load sharing (LS) factors. 

Considering the importance of these two factors, a review of the FC [13] and 
the LS [11] formulations is done. From this review, the FC can be approached as 
(i) variable friction coefficient (VFC) or (ii) constant friction coefficient (CFC) 
while the LS formulations can be classified as (i) uniform and (ii) non uniform. 

Depending on the FC and LS formulations chosen, there are two different ways 
to calculate the efficiency; analytically and numerically. These approaches are 
developed in section 2 and are based either on [9, 10] or [11-13] respectively. The 
numerical approach is implemented in the model developed by the authors [3-5] 
and assessed taking into account previous results available in the literature [2, 7], 
which are based on an analytical approach. 

The aim of this study is to present the accuracy benefits of using a model based 
on load effect instead of a model based on kinematic factors. To achieve this goal, 
the efficiency values obtained from the literature are compared to those obtained 
using an advanced contact model for shifted gears elaborated by the authors and 
presented in [3-5]. In this context, profile shifting refers to the manufacturing 
method for gears that consists in moving the generation tool away or closer in 
order to make the duration of two different sized meshing gears similar. This 
modification has an impact on the efficiency of the shifted gear pair. Hence, this 
aspect is implemented in the load contact model (LCM) developed by authors so 
that it can be compared with other models. In this work, the shift factors of gears 1 
and 2 are constrained to be equal in absolute value with opposite signs (x1+x2=0 is 
fulfilled for every case) in order to compare it with those from the literature [2, 7]. 

2 Efficiency Calculation 

Mechanical efficiency is defined as the relationship between energy output and 
energy input for a given period of time. ߟ ൌ ௢ܲ௨௧௜ܲ௡ ൌ ௜ܲ௡ െ ௟ܲ௢௦௦௜ܲ௡ (1) 

The efficiency implemented in the model proposed by the authors has been 
calculated using a numerical approach, and the results are compared with those 
using an analytical formulation [2]. Depending on the choice of FC and LS 
formulations, the implemented approach would be the numerical approach (any 
FC and LS formulation could be used) or the analytical approach (CFC must be 
used and LS factor should be predetermined). 

Numerical approach 

In order to obtain the efficiency, it is necessary to calculate the loading forces, the 
sliding velocity and the FC for every pair of teeth in contact using a LCM. Once 
these values are calculated, instantaneous power losses can be obtained by using 
this equation: 
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௟ܲ௢௦௦,௜௡௦௧ ൌ ෍ (ߠ)ோܨ  כ ௦ܸ(ߠ)ே
௭ୀଵ ൌ ෍ (ߠ)ߤ כ (ߠ)ேܨ כ ௦ܸ(ߠ)ே

௭ୀଵ (2) 

Where N is the number of pairs of teeth in contact, µ is the friction coefficient,  is the friction coefficient, FN 
is the normal load and VS is the sliding velocity for each contact. 

In the proposed model, instantaneous power losses are obtained using: 

௟ܲ௢௦௦,௜௡௦௧ ൌ ෍( ௜ܶ௡ כ ߱ଵ െ ௢ܶ௨௧ כ ߱ଶே
௭ୀଵ ) (3) 

Then, average power losses are calculated using the following equation: 

௟ܲ௢௦௦ ൌ ׬ ௟ܲ௢௦௦,௜௡௦௧ ఏ೛ଶିఏ೛ଶߠ݀ ௣ߠ (4) 

Finally, the mechanical efficiency is obtained by means of equation (1). 

Analytical approach 

This approach is thoroughly explained in [9, 10]. The fundamentals applied in this 
calculation are the same as in numerical approach, nevertheless some 
approximations are assumed, as a CFC and uniform LS. Then power losses are 
obtained using: 

௟ܲ௢௦௦ ൌ (ߠ)ோܨ כ ௦ܸ(ߠ) ൌ (ߠ)ߤ כ (ߠ)ேܨ כ ௦ܸ(ߠ) (5) 

The first approximation is to calculate the CFC averaging the FC for the whole 
mesh (μm).  

௟ܲ௢௦௦ ൌ ௠ߤ (௪௧ߙ)ݏ݋௧௠௔௫ܿܨ כ כ ௘௧ܸ݌ כ න (ߠ)ேܨ כ ௦ܸ(ߠ)ܨே௠௔௫ כ ܸா
஺ ߠ݀ (6) 

Defining power loss factor (Hv) as: 

௟ܲ௢௦௦ ൌ ௠ߤ כ ௧௠௔௫ܨ כ ܸ כ ௩ܪ ൌ ௜ܲ௡ כ ௠ߤ כ ௩ܪ (7) 

௩ܪ ൌ (௪௧ߙ)ݏ݋1ܿ  כ ௘௧݌1 כ න (ߠ)ேܨ כ ௦ܸ(ߠ)ܨே௠௔௫ כ ܸா
஺ ߠ݀ (8) 

In order to analytically calculate this factor, another approximation is assumed, 
that is, LS is uniform and equal for both pairs of teeth (LS=0.5 when N=2 and it is 
represented in Fig. 2). 

Simplifying the power loss factor Hv: ܪ௩ ൌ ߨ כ ݑ) + ଵݖ(1 כ ݑ כ (௕ߚ)ݏ݋ܿ כ (1 െ ఈߝ + ଵଶߝ + (ଵଶߝ (9) 

Reordering the mechanical efficiency equation (1): 
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ߟ ൌ ௢ܲ௨௧௜ܲ௡ ൌ ௜ܲ௡ െ ௟ܲ௢௦௦௜ܲ௡ ൌ ௜ܲ௡ െ ௜ܲ௡ כ ௠ߤ כ ௩௜ܲ௡ܪ ൌ 1 െ ௠ߤ כ ௩ܪ (10) 

Friction coefficient model 

As can be seen in both approaches, the FC is an important part of the methodology 
in order to determine which approach to use. In this study, the FC is obtained 
using Niemann’s formulation because of its widespread use in literature [2, 6, 9, 
10]. According to this approach the FC is assumed constant for the whole mesh 
(CFC) and it is obtained using: 

௠ߤ ൌ 0.048 כ ቌ ௕௧ܾܸఀܨ ஼ כ ௖ߩ ቍ଴.ଶ כ ௢௜௟ି଴.଴ହߟ כ ܴ௔଴.ଶହ כ ܺ௅ (11) 

Where Fbt is the normal applied load in the pitch point, c is the equivalent 
curvature radius in the pitch point, b is the gear width, ߟ௢௜௟  is the oil density, ܴ௔ is 
the roughness, and parameters V CC and XL are defined as: ܸఀ ஼ ൌ 2 כ ௧ܸ כ and ܺ௅ (௪௧ߙ)݊݁ݏ ൌ ଵ൬ಷ್೟(ഇ)್ ൰೏ ; ݀ ൌ 0.0651 for mineral oil 

In order to get a VFC formulation, some variations in the original equation 
have been done arriving to equations (12) and (13). 

(ߠ)ߤ ൌ 0.048 כ ቌ ఀܸܾ(ߠ)௕௧ܨ ஼ כ (ߠ)௖ߩ ቍ଴.ଶ כ ௢௜௟ି଴.଴ହߟ כ ܴ௔଴.ଶହ כ ܺ௅ (12) 

(ߠ)ߤ ൌ 0.048 כ ቌ ఀܸܾ(ߠ)௕௧ܨ ஼ כ (ߠ)௖ߩ ቍ଴.ଶ כ ௢௜௟ି଴.଴ହߟ כ ܴ௔଴.ଶହ כ ܺ௅ כ )݄݃ݐ ௦ܸ(ߠ)ߥ௢ ) (13) 

Then, three different procedures for calculation of FC has been considered in this 
work designed as (i) CFC (equation (11)), (ii) VFC1 (equation (12)), which 
considers the variation in the normal applied load and in the equivalent curvature 
radius  and (iii) VFC2 (equation (13)), which includes an additional correction (by 
the sigmoid function, where ߥ௢ is the sliding speed threshold) to avoid the 
singularity when the contact takes place at the pitch point (the friction force at this 
instant must be null). 

3 Results and Discussion 

The geometric parameters of gear and pinion and the operating conditions 
described by Baglioni et al. [2] are assumed (Table 1) as a reference in order to 
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compare the proposed model (numerical approach) and the Baglioni et al. model 
[2] (analytical approach) for shifted gears. 

Table 1 Operating conditions and pinion/gear parameters 

Operating conditions Power(kW) Torque(Nm) Speed(rpm) 
OC1 25 159 1500 
OC2 25 40 6000 
OC3 50 159 3000 
OC4 100 637 1500 
OC5 100 159 6000 

Main parameters   
Number of the pinion teeth 18 Module 3 
Number of the gear teeth 36 Face width 26.7 mm 
Pressure angle 20º Mean Roughness 0.8 µm 

 
The efficiency values calculated with the approach proposed by the authors, 

considering the three different FC alternatives described in the previous section, 
are presented in Fig 1. Those values are compared with those obtained from the 
work of Baglioni et al. [2] in each case. 

 

 

Fig. 1 Comparison between [2] and the LCM efficiency values for a) CFC, b) VFC1 and c) 
VFC2 
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As can be seen in Fig. 1, the difference between the efficiency values obtained 
by both approaches is acceptable. However, it can be seen that when torque is 
higher (OC4), the difference is bigger. The reason for this behavior is related to 
the gear body flexibility considered in the proposed model. As a consequence, 
deflections appear in gear teeth which are not in contact. Then, the starting contact 
point between pinion and gear occurs earlier than expected for the analytical 
approach and the ending contact point takes place later than expected, increasing 
the effective contact ratio. Hence, the analytical contact ratio obtained only taking 
into account kinematics effects is smaller than the real contact ratio which is 
considered in the proposed model, explaining why the LCM efficiency values are 
smaller than those in [2]. 

This effect is appreciated in Fig. 3, which shows the instantaneous power loss 
factor (Hvinst) for two different levels of applied torque.  ܪ௩௜௡௦௧ ൌ  න (ߠ)ߤ כ (ߠ)ேܨ כ ௦ܸ(ߠ)ܨே௠௔௫ כ ܸா

஺  (14) ߠ݀

Regarding the efficiency obtained for the three FC alternatives considered, the 
difference among them is less than 0.1%. That means that the effect of FC 
formulation has a negligible effect on the calculated efficiency. Otherwise, the 
torque effect is decisive in the efficiency calculation. 

 

Fig. 2 Comparison between the two approaches. Load sharing, sliding velocity, friction 
coefficient and instantaneous power loss factor. 
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In order to explain better the differences between the numerical (with VFC2) 
and analytical approaches, in Fig. 2, the normalized quantities involved in the 
calculation of efficiency are presented. As can be seen in Fig. 2, the main 
difference is related with the FC and LS curves. 

The FC is variable in the numerical approach while it is constant when  
the analytical formulation is considered. On the other hand, regarding LS, the 
numerical procedure gives a better description of the forces involved along the 
meshing period while the analytical approach considers a simplified formulation. 
Recent works [11, 13] considers that the most adequate FC formulation is variable 
and the LS as non uniform (numerical approach). Thus, it is acceptable to think 
that the numerical approach values describe better the real efficiency values than 
the analytical ones. 

The difference in FC and LS results in a distinct instantaneous power loss 
factor as can be seen in Fig. 3. Then, after the integration in a mesh period, the 
numerical approach provides a greater power loss factor. 

 

Fig. 3 Comparison between [2] and LCM power loss factor values 

 

Fig. 4 Power loss factor variation when applied torque values change 
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In Fig. 4, it can be seen that the power loss factor depends on torque and 
angular velocity. The power loss factor is greater due to the torque effect rather 
than due to the angular velocity effect. If only torque is analyzed, the greater it is, 
the greater the power loss factor is. If the applied torque value is fixed, the power 
loss factor only depends on the angular velocity. If only angular velocity is 
analyzed, the lower it is, the greater the power loss factor is. 

4 Conclusions 

A methodology to calculate efficiency is implemented in the LCM previously 
developed by the authors [3-5]. Moreover, the model features has been extended 
in order to include the analysis of shifted gears as they are widely used in real 
transmissions. Particular attention is given to the formulation used in order to 
describe the friction coefficient which plays a main role in the power losses. 

Several conditions of speed and torque have been analyzed by the proposed 
methodology and the results in terms of efficiency have been compared with those 
found in literature (Baglioni et al. [2, 7]) which were derived from an analytical 
simplified formulation. After comparison it was concluded that the proposed 
methodology provides similar results when the applied torque is lower than 300 
Nm while gives lower efficiency values when the transmitted torque is higher.  

This behavior is justified because of the extension of the effective contact ratio 
considered in the numerical model which takes into account the teeth deflection. 
Otherwise, the analytical formulation is based only on kinematic assumptions and 
therefore the contact ratio is not affected by the transmitted torque. 

Hence, the choice of approach depends on the accuracy-computational load 
balance desired. In other words, if a qualitative efficiency calculation is required, 
the analytical approach is a good approximation of real efficiency values and no 
computational effort is needed. Nevertheless, if an accurate efficiency calculation 
is required (i.e in multi-stage transmissions), the analytical approach can 
overestimate the predicted efficiency and load contact models are needed. 

The proposed model has been applied in a reduced number of cases providing 
valuable results, nevertheless a deeper assessment should be done considering the 
study of a wider range of transmissions and operation conditions. 
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Abstract. Traditional method of geometric design of gearings involves number of
simplifications such as taking into consideration only pole-based contact stress in-
stead of using their distribution along line of contact. The purpose of the article is
to propose alternative method for interactive geometric design without these disad-
vantages.

Keywords: Gearing, geometric design, interactive application, contact stress.

1 Introduction

Traditional geometric design of spur gearing is an itrative process [1]:

1. Source data: driven shaft load and rotating velocity; train ratio; train type; oper-
ation conditions; gear materials, machining, heat treatment etc.;

2. Preliminary selection of permissible stresses;
3. Preliminary selection of primary train parameters (center distance, number of

teeth, module);
4. Selection of load factors and permissible contact stresses in accordance with pre-

viously selected parameters;
5. Decision-making of contact stresses value iteration start;
6. Bending check of derived gear;
7. Decision-making of bending stresses value iteration start.

There are two main formulas in the base of geometric design: the Hertz formula for
contact between two cylinders with parallel axes and the formula for tooth bending
stresses.

There are some doubts about 3, 5 and 7 items laying in:

• taking into consideration only pole-based contact stresses instead of their distri-
bution along line of contact. It makes calculation simply but pole contact stresses
are not maximal;

• good preliminary selection of train parameters depends on designer professional
skill;
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• there are no measures for optimization during stresses value iterations.

Profile correction factors are determined according to State standart for undemand-
ing trains or for another reason [5].

According to this an alternative approach to geometric design of gear train on the
basis of dimensionless analysis of train properties is proposed.

2 Dimensionless Properties of Involute Gearing

Parameters that define train properties:

• pressure angle αw that defines distribution of contact stresses along contact line
and minimum velue of contact stresses analogue;

• disposition of contact line depending on outside radiuses ra1,2;
• base pitch pb defining single-paired and double-paired contact lines.

O1

N1 N2

O2

B1

B2

B1

B2

P*

*

r b
1

r b
2

a
w

r
a2

r
a1
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Fig. 1 Gear skeleton

Disposition of contact line and base pitch appoint gear efficiency and power dis-
sipation on verges of single-paired and double-paired contact lines [2].

The notion of gear skeleton introduces to analyze geometry properties. Gear
skeleton is a system of O1, N1, N2, O2 dots on plane (Fig. 1), where:
O1N1 = rb1, O2N2 = rb2 — rolling radiuses;
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O1 = O2 = aw — center distance;
∠N1O1O2 = ∠N2O2O1 = αw — pressure angle;
P — pole;
O1B2 = ra1, O2B1 = ra2 — outside radiuses;
B1B∗

2 = B2B∗
1 = pb = pcosα — base pitch;

ρ∗ = N1B1
N1N2

.

Line of contact figures on the line of action with B1, B∗
1, B∗

2 and B2 dots, where
segments B1B∗

1 and B∗
2B2 are double-paired contact lines and segment B∗

1B∗
2 is

single-paired one.
Minimal number of teeth zmin, minimal profile correction factors xmin, allowable

outside thickness Samin and transverse contact ratio εα are constraints of this method
while Samin and εα constraints are not rigid. Besides, maximal values of contact
stress locate on verges of contact line.

As in the traditional method [1], the Hertz formula uses to get value of contact
stresses (Poisson’s ratio takes equal to 0.3):

σH = 0,418

√
EQn

b

(
1
ρ1

+
1
ρ2

)
. (1)

Dimensionless criteria that determine gear properties area 2:

• contact stress analogue (geometric component of Hertz formula) σ = σQσρ ,
where

σQ =

√
Qn

Qn
max

, (2)

σρ =

√
1

ρ1/rb1
+

1
ρ2/rb1

; (3)

• power dissipation analogue f σ υs1
υτ , where

f — constant of kinetic friction;
υs1 — slide velocity;
υτ — tangential velocity of point on the one of profiles.

Good lubrication removal is typical for closed gearing we consider. So contact
strength is main criterion, bending strength is additional criterion and contact stress
analogue is dimensionless one.

Thereafter contact stresses distribution along line of contact is determined by
two parametres: pressure angle αw and location of the point of contact start B1 (by
dimension ρ∗). Fig. 2 shows examples of σρ distribution for different values of
αw (Fig. 2a) and σ distribution for different locations of B1 dot (dimension ρ∗)
(Fig. 2b).
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σρ

N1 N2 (α   ) (α   )N2w1 w2

α w1 < α w2

a)

N2N1

σρ σρ

N1 N2ρ* ρ*1 2

b)

Fig. 2 αw and ρ∗ effect on σ distribution

Therefore, method consists in two-studied iteration:

• dimensionless stresses analogue analysis with fixed αw and ρ∗ variation with
subsequent getting of action length N1N2, rolling radiuses rb1,2 and center
distance aw by using the Hertz formula;

• getting value of Qn force (from specified torque M1 or M2), module m, tooth
counts z1 and z2 with correction of results.

3 Gearing Geometric Design Application Software

According to these viewpoints, gearing geometric design sequence is offered:

1. Setting the value of pressure angle αw.
2. Determination of action line relative length:

N1N2 = (u+ 1) tanαw. (4)

3. Setting the location of B1 dot (dimension ρ∗) on the base of σρ distribution along
line of action analysis.

4. Determination of σρ B1:

σρ B1 =

√
1

N1N2ρ∗ (1−ρ∗)
. (5)

5. Determination of constant component of the Hertz formula:

A2 =
[σH ]

2

σ2
ρ B1

. (6)

6. Determination of center distance:

αw = 3

√
0.174

EM1(u+ 1)2

A2ψba cos2 αw
. (7)
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Begin 

Source data: 
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 range 

 variation 

Determination: 
 

 
 

Verifying: 
 
 

 
 

End 

Correction: 
,  are integral 

specification of , ,  

Fig. 3 Block diagram of the offered algorithm

7. Determination of module:

m = 5.33
M1(u+ 1)

a2
w cosαwψba [σb]

. (8)

8. Determination of teeth number, profile correction factors etc. Correction of mod-
ule value with standard series with subsequent recalculation of gear parameters.

9. Leap to item 1 or 3.
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Fig. 4 GearGen graphic interface

4 The GearGen Program

The block diagram of the algorithm executed by the interactive application software
GearGen is presented on Fig.3. The program enables numerical and graphic modes
of gearing geometric design. Graphic interface lets change gear parameters by sight.
This lies in direct dragging of B1 and N2 dots along line of action. With N2 dragging
the pressure angle αw varies in the range of 15◦...35◦. Thus two iteration cycles (ρ∗
and αw) are realized.

GearGen graphic interface is introduced on Fig.4.
On the left side of the window one can see text fields for numerical data input.

The first tab contains parameters of geometric design: u, M1, E , ψba, [σH ], [σb], αw,
ρ∗ and read-only parameter aw. The second tab contains parameters of correction
stage: z1, z2, m, αw, x1 and read-only parameter x2.

In the center of window one can see gear skeleton with scale slider under it. Blue
areas show permissible zones for B1 and B2 dots.

On the right side of the window there is a graph panel with σ and σρ distributions
diagram shown.

There are six buttons under the data panel. The first three of them control panel’s
state (hidden/shown), the second three are to print and show skeleton and additional
parameters (σH ,σb,η etc.) of gear and to start calculation.
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5 Examples of the Comparative Gear Analysis

There are two design tasks below that were solved with traditional ([1]) and pro-
posed methods. Allowable contact and bend stresses were used as the basis.

Task 1. Source data: M1 = 200N ·m, u = 3, ψba = 0.15, [σH ] = 580MPa, [σb] =
210MPa.

Task 2. Source data: M1 = 180N ·m, u = 5, ψba = 0.15, [σH ] = 700MPa, [σb] =
240MPa.

Results of the calculations carried out in the range of 15◦...35◦ are shown in the
Fig.5 for Task 1 (grafical interpretation) and the tables 1 (Task 1), 2 (Task 2).

Fig. 5 Graphic results of geometric design (Task 1)

We managed to obtain less center distance aw and, accordingly, less overall di-
mensions in comparison with traditional method calculation results in the researched
tasks.
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Table 1 Results of geometric design (Task 1)

Method αw z1 z2 x1 x2 σρ min σmax εα aw,mm m,mm

GearGen 20◦ 18 51 0.263 −0.263 1.693 2.047 1.592 172.5 5.0
GearGen 15◦ 17 49 0.414 −1.208 1.961 2.247 1.631 160.5 5.0
Traditional method [1] 20◦ 42 126 0 0 1.693 1.952 1.799 210.0 2.5

Table 2 Results of geometric design (Task 2)

Method αw z1 z2 x1 x2 σρ min σmax εα aw,mm m,mm

GearGen 20.7◦ 17 85 0.202 0.038 1.315 2.298 1.596 204.9 4.0
GearGen 15◦ 17 85 0.422 −1.649 1.577 2.220 1.608 198.5 4.0
Traditional method [1] 20.7◦ 24 122 0.500 −0.161 1.319 1.747 1.583 220.0 3.0

6 Conclusions

1. Proposed method and software application GearGen let perfomance of multi-
version interactive gearing geometric design and are able to become a basis for
computer-aided search of the best solution.

2. Comparative analysis of traditional ([1]) and proposed methods (GearGen appli-
cation) shown advantage of the last one in case of geometric design of closed
external single-range gearing with straight toothing performing in accordance
with contact stresses minify criteria.
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Abstract. Adaptive mechanical CVT is executed as differential with the closed 
contour containing toothed wheels. Kinematic chain of differential with two de-
gree of freedom has an additional geometric constraint, which provides mechani-
cal adaptation to variable technological loading. Work is devoted the kinematic 
and power analysis and synthesis of adaptive mechanical transmission. 

Keywords: adaptive transmission closed contour, synthesis. 

1 Introduction 

Recently the patents and publications with the description of the self-controlled 
mechanism in the form of kinematic chain with two degrees of freedom have ap-
peared. Idea of creation the stepless adaptive transmission with constant cogging 
of toothed wheels in the form of hydrodynamic converter and gear differential 
with two degree of freedom is presented in patents of S. Croquet [1] and I. Volkov 
[6]. Mechanism with two degree of freedom and with one entry in the form of gear 
differential is presented in J. Harries's patent [2]. Various alternatives of designs of 
gear adaptive transmission in the form of gear differential with two degree of 
freedom are presented in K. Ivanov's patents [3and 4]. An additional constraint  
between links of mechanism with two degree of freedom takes place if the me-
chanism has a closed contour. It has been theoretically proved in article [5]. The 
present work is devoted the description of adaptive mechanical continuously vari-
able transmission (CVT) with the additional constraint providing mechanical 
adaptation to variable load. Work is executed on the basis of regularities of  
mechanics and mechanisms and machines theory. 
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2 Research of Motion of Kinematic Chain with Two Degree 
of Freedom by Means of Picture of Speeds 

The investigated adaptive mechanical transmission looks like gear differential 
with two degree of freedom (Fig. 1). The differential contains rack 0, carrier 1H , 

satellite 2, block of central wheels 1-4, block of ring wheels 3-6, satellite 5 and 
carrier 2H . Toothed wheels are forming a closed contour 1-2-3-6-5-4. Sizes of 

toothed wheels 1, 2, 3, 4, 5, 6 are defined by matching radiuses 
1, 2, 3, 4, 5, 6ir i = . Radiuses of carriers are next: 1 1 2Hr r r= + , 2 4 5Hr r r= + . 

 

 

Fig. 1 Gear differential mechanism and a picture of speeds 

Picture of links speeds 1, 2, 3, 4, 5, 6iV i =  is presented to the right of me-

chanism. Linear speeds are next: i i iV rω= . Linear speeds of carriers are next:

, 1, 2.Hi Hi HiV r iω= =  

The initial picture of speeds is shown by full lines. The intermediate picture of 
speeds is shown by dashed lines. Carrier 1H angular speed is defined by line Ab . 

Satellite 2 angular speed is presented by the inclined line, which is passing 

through point b  matching to carrier 1H  point B . Satellite 5 angular speed is  

presented by the inclined line, which is passing through point k  matching to a 
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carrier 2H  point K . Intermediate picture of speeds is presented by dashed lines. 

Intersection point 5S of satellite 5angular speed line eg  with carrier 1H angular 

speed line Ab is instantaneous centre of turn of satellite 5 concerning carrier 1H . 

We will prove that satellite 5 instant centre 5S  will have constant position on car-

rier 1H angular speed line Ab . 

Theorem. In differential wheelwork containing two carriers, two satellites and 
two blocks of central wheels the satellite has constant instant centre of relative 
turn on the opposite carrier. 

For the demonstration we will consider at first kinematic chain picture of 
speeds in inverse motion at the motionless carrier 1H  when 1 0HV = (Fig. 2).  In-

tersection point 5S of satellite 5 angular speed line eg  with vertical line of zero 

speeds is the instantaneous centre of turn of satellite 5 concerning motionless car-
rier 1H . The point 5S  position (size 5y BS= ) can be univocal determined through 

mechanism geometric parameters. 
Let's define a point 5S  position using similitude of triangles. 

The sequence of formulation of the equations matches to sequence of geome-
trical constructions of picture of speeds on Fig. 2. 

1) 3 1

6 4

,
r rCc Dd

Ee r Gg r
= = . As, Cc Dd=  

 1 6

3 4

r rEe

Gg r r
= .                                                      (1)  

2) 
5 5

,
Kk y Kk y

Ee r y Gg r y
= =

+ −
. From here 

5

5

r yEe

Gg r y

+
=

−
.                                                   (2) 

From (1) and (2) it is following 1 6 5

3 4 5

r r r y

r r r y

+
=

−
. From here 

1 6 3 4
5

1 6 3 4

r r r r
y r

r r r r

−
=

+
.                                                   (3)                                                

Eq. (3) is determining the position of instantaneous centre of turn of satellite 5 
concerning motionless carrier 1H  univocal. In the valid motion of the mechanism 

the point 5S  will move together with the carrier 1H as it is shown in picture of 

speeds of the moving mechanism (Fig. 1). Hence, satellite has constant instant 
centre of relative turn on the opposite carrier as was to be shown.  
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Fig. 2 Gear differential mechanism and picture of speeds of the mechanism in the inverce 
motion at motionless input carrier 

The invariable position of instant centre 5S  on carrier 1H defines an additional 

geometric constraint, which takes place in the kinematic chain with two degree of 
freedom. However, this additional constraint has no constructive performance. 
The mechanism is remaining the kinematic chain with two degree of freedom 
mechanically and is keeping the properties of such chain. 

Eq. (3) is expressing this additional geometric constraint analytically. As a re-
sult, the kinematic chain is becoming definable at presence only one input link. It 
means that at the given angular speed of the input carrier it is possible to deter-
mine speeds of all other mechanism links and points. 

The found regularity allows building the conditional replacing mechanism with 
one degree of freedom (Fig. 3). In the replacing mechanism output satellite is 
executed in the form of block of wheels 5-7 and affiliated by the higher kinematic 
pair coinciding with the instant centre to the gear ring 8 on input carrier. The con-
ditional mechanism will move as a single whole without relative mobility of 
wheels in the closed contour. However, the picture of speeds (Fig. 1) admits rela-
tive motion of links for the replacing mechanism. Hence, constructive additional 
constraint in the form of cogging of toothed wheels 7, 8 of conditional replacing 
mechanisms is passive.  
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Fig. 3 Conditional replacing mechanism with one degree of freedom and picture of speeds           

3 Power Analysis of Adaptive Mechanical Transmission 

Considered kinematic chain with two degree of freedom contains two links having 
generalized co-ordinates (carriers 1H  and 2H ) and closed contour affiliated to 

them containing toothed wheels 1-2-3-6-5-4 having zero mobility. 
Statement of problem: two generalized forces (the moments of forces 

1 2,H HM M on carriers 1H  and 2H ) are given. It is necessary to determine reactions 

in kinematic pairs. 

Solution  
1) Next reactions are transferred from carriers 1H and 2H on satellites 2 and 5 

of closed contour:  

1 1 1 2 2 2/ , /H H H H H HR M r R M r= = .                            (4)                                    

2) Reaction  1HR  in point B and reactions 12 32 1 1 1/ 2 / 2H H HR R R M r= = =  in 

points D and C are acting on satellite 2.  
Condition of satellite 2 equilibrium is represented in the form of equality to null 

of the moments concerning the instant centre of speeds 20S  (Fig. 3)  
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12 20 32 20 1 20.HR DS R CS R BS⋅ + ⋅ = ⋅                                      (5)                                                

3) It is analogous reaction 2HR in point K and reactions 

45 65 2 2 2/ 2 / 2H H HR R R M r= = =  in points G and E are acting on the satellite 5.  

Condition of equilibrium of satellite 5 presented in the form of equality to null of 
moments concerning the motionless instant centre of speeds 50S  (it is not shown at 

Fig. 3)  

45 50 65 50 2 50 .HR GS R ES R KS⋅ + ⋅ = ⋅                                 (6) 

4) We will multiplication Eq. (5) on 2ω . With the account 

2 20 1 2 20 3 2 20 1, , HDS V CS V BS Vω ω ω⋅ = ⋅ = ⋅ =  we will gain 

12 1 32 3 1 1H HR V R V R V⋅ + ⋅ = ⋅ .                                          (7)                                                

We will multiplication Eq. (6) on 5ω . With the account 

5 50 4 5 50 6 5 50 2, , HGS V ES V KS Vω ω ω⋅ = ⋅ = ⋅ =  we will gain 

45 4 65 6 2 2H HR V R V R V⋅ + ⋅ = ⋅ .                                        (8)                                                

Let's add Eq. (7) and Eq. (8) 

12 1 32 3 45 4 65 6 1 1 2 2H H H HR V R V R V R V R V R V⋅ + ⋅ + ⋅ + ⋅ = ⋅ + ⋅ .            (9)                               

Eq. (9) is containing the forces acting on the closed contour from toothed wheels 
1-2-3-6-5-4 affiliated to two carriers (generalized co-ordinates). The left side of 
Eq. (9) is representing the sum of powers (or works) of internal forces of the 
closed contour. The right side of Eq. (9) is representing the sum of powers (or 
works) external forces of the closed contour. We will consider a kinematic pairs of 
the closed contour as ideal pairs (without friction). Then  

12 1 32 3 45 4 65 6 0R V R V R V R V⋅ + ⋅ + ⋅ + ⋅ = .                    (10)                                               

From Eq. (9) is following  

1 1 2 2 0H H H HR V R V⋅ + ⋅ = .                                            (11)                                                

Taking into account expressions (4) we will gain 

1 1 2 2 0H H H HM Mω ω⋅ + ⋅ = .                                         (12)                                                

From Eq. (12) is following: one of the generalized forces should be negative. It is 
necessary to consider, for example, that 2HM is moment of resistance on output 

carrier 2H  and 1HM  is driving moment on input carrier 1H . Thus it will appear 

that in the kinematic chain with two degree of freedom and with the closed  
contour only one link (input carrier 1H ) can have generalized co-ordinate  

(independent angular speed 1Hω ). Such kinematic chain will have the kinematic 
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definability as Eq. (12) allows at the given moments 1HM and 2HM to determine 

output angular speed 2.Hω   

Hence, the kinematic chain with two degree of freedom and with the closed 
contour at presence only one entry will have static and kinematic definability and 
will be the mechanism. 

From Eq. (12) following 

1 1
2

2

H H
H

H

M

M

ωω ⋅
= .                                              (13)                                                

Eq. (13) is expressing effect of power adaptation. At the given constant parameters 

1HM and 1Hω of input power the output angular speed 2Hω  is inversely propor-

tional to given variable output moment of resistance 2HM . We will name the  

mechanism, which is creating the effect of power adaptation as the adaptive  
mechanism. 

4 Synthesis of Gear Adaptive Differential Mechanism 

Synthesis of gear adaptive differential mechanism consists in determination of 
wheels teeth numbers and the carriers sizes for maintenance of a demanded range 
of transmission ratios  

1 2
12

2 1

H H

H H

M
u

M

ω
ω

= = . 

Range of transmission ratios will change in following limits 12 12 max1 u u≤ ≤ . 

From Eq. (6) we have 1 4 1 3 6 3( ) ( ) 0M M M Mω ω− ⋅ + − ⋅ = . 

Where 1 4,M M - the driving moment and the resistance moment on the block of 

wheels 1-4, 3 6,M M  - the driving moment and the resistance moment on the block 

of wheels 3-6. The maximum value of output moment of resistance takes place 
when on one of blocks of wheels there is equilibrium 1 4M M= . Numbers of 

wheels teeth get out under the formulas resulted in (4). 

5 Conclusions 

It is proved that kinematic chain with two degree of freedom containing the closed 
contour has an additional geometric constraint which provides definability of a 
chain in the presence of one entry. Additional constraint occurs in a picture of 
speeds of a chain in the form of the instant relative centre of speeds of the satellite 
and the carrier. This additional constraint can be presented mechanically as pas-
sive superfluous constraint. Additional constraint analytically connects force and 
kinematic parameters of an entry and an exit. This additional analytical constraint 
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is expressing effect of power adaptation which is providing an overcoming of 
variable target loading at a constant input power. Mechanical properties of the 
closed contour are allowing to provide the demanded transfer ratio independently, 
continuously and automatically without any control. 
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Abstract. The aim of the paper is to present a differential planetary gear box. A 
basic modeling has been formulated to characterize both its design and operation. 
At constant power input the planetary gear box is able to provide variable speed of 
the output link. The main purpose of the differential transmission is on the capa-
bility to adapt the operation to variable loading. Designed adaptation provides a 
motion of output link with a speed that is inversely proportional a loading of the 
link. This enables to use the differential planetary gear box in the transmissions of 
vehicles, metal cutting tools and in transmissions where it is necessary smooth 
control of gear ratio.  

Keywords: Mechanical Transmission, Gears, Planetary Gears, Design, Analysis.   

1 Introduction 

In many applications in industry for automobiles, textile, shipping, aerospace, 
agriculture gear boxes are used extensively. They use different kinds of gear boxes 
such as automatic gear boxes, manual gear boxes, differential gear boxes, planeta-
ry gear boxes. A gear box is a set of gears for transmitting power from one rotat-
ing shaft to another. The gears also are used in differential drives of automobiles, 
final drives of tractors and heavy machineries mainly as reducer. In general plane-
tary gear boxes have lower occupied space and more velocity reduction than other 
gear boxes, [10].   

For example, a gear box with conical gears as a speed reducer consists of 8 
conical gears. Two of them are horizontal and 6 pinions are located vertically. 
Each pairs of pinions are locked together. But in this mechanism design in order  
to obtain any speed ratios it is necessary to change value of pinion or horizontal 
gear, [12]. 

Alternatively cam-based infinitely variable transmission can be used for conti-
nuously variable transmission, which can also achieve any transmission ratio. This 
mechanism consists of two main parts, namely a cam mechanism and a  
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planetary gear set. Cam-based CVT (continuously variable mechanism) is more 
complex than others, [2]. 

Other solutions are magnetic planetary gears, which consist of a sun gear, four 
planetary gears and a ring gear. Each gear must have an axially magnetized per-
manent magnet that is sandwiched between two yokes made of electromagnetic 
soft iron. Magnetic gears have main advantage for a low mechanical loss, but in 
this mechanism the transmission torque is usually very low, [9]. 

Planetary gear train with non-circular gears consists of a planet arm, an external 
gear, intermediate gear and a central gear. This mechanism can be used to gener-
ate a variable angular-velocity ratio, [8]. 

This paper describes a new design of a planetary gear box with two degrees of 
freedom as differential gear box. It has input and output carriers, two internal 
gears that are fixed together, two central gears that are fixed together, input and 
output satellites. This mechanism can be classified as CVT solution since consists 
only of a planetary gear set. This mechanism is able to adapt its operation to the 
external applied load, [4, 5, 6]. This paper is aimed to present a new solution for 
improving efficiency of planetary gear box with two degrees of freedom.    

2 Problems for a Gearbox 

A mechanism is termed as a planetary mechanism if it contains at least one rigid 
body which is required to rotate about its own axis and at the same time to revolve 
about another axis, [7]. Points of this body will generate epicycloids or hypocyclo-
ids trajectories. Therefore a planetary mechanism is often called as an epicyclic or 
cyclic mechanism. A planetary mechanism can be obtained by mounting a rigid 
body, often referred to as a planet, on a crank pin. The crank is generally called 
the arm or carrier, [7]. 

There are several kinds of planetary gear boxes, [7]. Usually planetary gear 
boxes are composed as shown in the Fig. 1 with a central (sun) gear 1, satellites 4, 
carrier 3 and epicyclic internal gear 2. Satellites which are hold by carrier, rotate 
with the carrier around the sun gear. Satellites rotate around their own axes and 
they rotate around sun gear, but internal gear is fixed. Planetary gears can transmit 
high torques when compared with other types of transmission. This is because the 
torque is transmitted by several satellites which can significantly reduce contact 
pressure on the surfaces of the teeth. 

Planetary gears can also be used for stepless transmissions. In this case the me-
chanism can independently change the gear ratio depending on the load  
appeared relatively suddenly. This is a mechanism with constant mesh gears as 
energy transfer device with a continuously variable transmission ratio, [3]. The 
mechanism is designed as a differential mechanism with two degrees of freedom. 
It consists of input and output carriers with satellites and the block of the central 
(sun) gears, the block epicyclic gears, a starting part and a brake. This transmis-
sion can independently change the gear ratio depending on the load. In the begin-
ning brake fixes internal gears and transmission will be have one degree of 
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Fig. 1 A general design of planetary gear boxes, [11] 

freedom.  Transmission can not make force which satellite should to transfer to the 
output carrier and the output shaft. To start a movement it is necessary to use a 
brake. A brake stops the block of epicyclic gears and system will be transformed 
to a system with movable output carrier and fixed ratio. After braking motion  
begins  and the system can work with two degrees of freedom.  

In the case continuously transmission, this transmission operates as a hydrody-
namic converter and differential mechanism. In this scheme the pump wheel of the 
hydrotransformer is rigidly connected to the block of the central wheels. The tur-
bine wheel of the hydrotransformer is rigidly connected with input carrier. The 
torque converter provides an additional differential constraint in the differential 
gear mechanism with two degrees of freedom, [1]. It provides automatic adapta-
tion of the variable ratio to external loading. Disadvantages of this mechanism are 
low efficiency due to the use of hydrodynamic converter, low speed range and low 
reliability at startup.  

The above transmissions have main advantage in the possibility to change gear 
ratio to adapt to a load change. The attached problem can be summarized in a 
design search for a system with gear box solution with capability of adapting the 
operation to load change by preserving efficiency and input-output ratio.  

3 A Proposal for a New Gear Box  

The herein proposed differential planetary gear set is a continuously variable 
transmission. It consists of a mechanical planetary gear set without additional 
device such as torque converter or electronic parts. Basic principles of this type of 
gear box are presented by Ivanov in [4, 5, 6]. In this paper a new solution is consi-
dered for improving the efficiency of differential planetary gear box. General  
design characteristics practical applications for wind turbine installation can be 
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identified in dimensions with a diameter of 180 mm, a longitudinal size of 95 mm 
and for a overall weight 3 kg. These parameters have been used for design and 
simulation of the mechanism. 

The new planetary gear box is conceived with two degrees of freedom with a 
mechanism consisting of an input carrier H1, an output carrier H2, central (sun) 
gears 1 and 4 which are fixed on a shaft, satellites 2 and 5, central internal gears 3 
and 6 which are fixed together, Fig. 2.  

 

 
                         (a)                                                          (b) 

Fig. 2 A kinematic scheme for the new planetary gear box: (a)  H1-input carrier, 1-input sun 
gear, 2-input satellite, 3-input epicyclic gear, 4-output sun gear, 5-output satellite, 6- output 
epicyclic gear, H2-output carrier;  (b) rH-radius of carrier, r1-radius of sun gear, r2-radius of 
input satellite, r3-radius of input internal gear, r4-radius of output sun gear, r5-radius of 
output satellite, r6-radius of output internal gear 

Gears 2-3-6-5-4-1 form a closed mechanical chain with a differential operation. 
Carrier H1 transfers input driving force to the closed mechanical chain and carrier 
H2 transfers output resistance force. Motion starts at fixed output carrier with one 
degree of freedom. At this time satellite 5 is output link. To transmit motion from 
input carrier H1 to output carrier H2 satellite 5 must be locked and this can be ob-
tained thanks to friction at gear contacts. The input carrier H1 moves gear 2 that 
pushes both gears 1 and 3 that transmit different forces to gears 6 and 4 corres-
pondingly. Thus, gear 5 moves by different forces coming from its contacts with 
gears 6 and 4, and therefore carrier H2 moves. After this the mechanism will be 
work with two degrees of freedom because the possibility of activating a second 
degree of freedom. Because of its functioning this mechanism can applied as 
gearbox of cars, metal cutting machines and where is necessary smoothly to 
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change reduction ratio of transmissions. This mechanism can start movement 
without using additional device or controller, when force can overcome friction on 
the satellites to start movement. This planetary gear box can change reduction 
ratio as CVT depending on the external load of output carrier.  

Main characteristics of the proposed design can be recognized in two input mo-
bile links, two degrees of freedom, stepless operations, smoothly and automatical-
ly changing reduction ratio depending on the load of the output link. The operation 
advantage can be recognized in the possibility of this mechanism to start move-
ment without using any additional device.  

4 A Kinematic Characterization 

For a kinematic characterization of the proposal gear box the scheme in Fig. 4 is 
used together with parameters of external torques on the carriers MH1, MH2 and the 
input angular velocity ωH1. From the kinematics the relations among the angular 
velocities of the gears with z1, z2, z3, z4, z5, z6 teeth can be expressed the form  
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From equation (1) and (2) angular velocities ω3 , ω1  of gears 3 and 1can be ob-
tained as 
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In addition we must take into account the absence of jamming of satellites. Value 
of driving torque must be more than value of friction torque, in order to get mo-
tion. This is 

                                                     Md > Mf                                                             (7) 
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where Md  is the driving torque, Mf  the is friction torque. On Fig.3 is shown an 
example of determining absence of jamming for gear 5, when output carrier is 
fixed. 

 

Fig. 3 A free-body diagram for the equilibrium of Gear 5:  (R65, R45, RH2   - reaction forces; 
r5- radius of gear 5; r – radius of axle of gear)  

From the scheme in Fig. 3 the equilibrium is expressed by 

                                              45652 RRRH +=                                                      (8) 

                                                rfRM Hf 2=                                                          (9) 

where RH2 is the force acting on link H2, R65 is the force action from gear 6, R45  
is the force reaction from gear 4, r is the radius of the axle and f is friction  

coefficient.  
For gear 5 driving torque Md can be computed as 

                                               54565 )( rRRM d −=                                               (10) 

where r5 is the radius of gear 5.               
Numerical check is made with an application for a wind turbine as in Fig. 4. 

Wind turbines are devices that are designed to generate electricity through the 
natural force of wind. Wind rotates wind turbine that provides rotation to the gear 
box that transmits rotation to the generator.  The generator converts mechanical 
energy into electricity.  For numerical check angular velocity of the input carrier 
and torques are assumed as ωH1=70 rpm;  MH1 = 20 Nm;  MH2 = 15 Nm. The input 
and the intermediate angular velocities ωH2, ω1, ω3 and internal forces can be com-
puted with the proposed model by considering ω4= ω1, ω6= ω3. From (4) angular 
velocity of output carrier is computed as ωH2 = 93,3 rpm. From (5) and (6) angular 
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velocities of gears 1 and 3 are computed as ω1=15,5 rpm and ω3=102,6 rpm. The 
reactions forces in the kinematic pairs are computed using static conditions by the 
given torques of external forces as R12 =0,25 N; R23 =0,25 N; R45 =0,27 N; R56 

=0,27 N; RH1 =0,71 N;  RH2 =0,53 N.  

 

Fig. 4 A wind turbine with a proposed planetary gear box: (1-wind turbine; 2-axis of wind 
turbine; 3-conical gears; 4-input shaft; 5-gear box; 6-generator) 

The operation advantages of this mechanism are in smoothly and automatically 
changing reduction ratio depending on the load of the output link. This mechanism 
can be transmission solution for a wind turbine. In this case, gear box is able to 
adapt its operation to the external applied load of wind.  

5 Conclusions 

A planetary gear box with two degrees of freedom has been studied from aspects 
of mechanical design and kinematic modeling. A design of a planetary gear box 
with two degrees of freedom has been proposed in order to adapt the operation to 
variable loading. Design of the planetary gearbox is shown in kinematic scheme. 
A kinematic characterization of a gearbox and equations are worked out taking 
into account the absence of jamming of satellites. The formulated equations are 
tested by numerical instances. Numerical check is made with an application for a 
wind turbine. Results of numerical check show the gars rotate with a proper speed 
and without jamming.  
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The Issues of Spurious Residual Oscillations  
in the Displacement Laws of Cam Systems 
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Abstract. The paper deals with spurious residual oscillations and compensation 
methods in the rest areas of the displacements laws of cam system working links. 
Currently, cam mechanisms are divided into two basic groups, depending on how 
excitation motion function is implemented.  It is then carried out by a conventional 
cam mechanism, an electronic cam or in a combination of both systems. Between 
the excitation motion function and the final working link there is usually a func-
tion-generating mechanism with constant or non-constant transfer. The structural 
arrangement is very varied, but typically it is a compliant system which responds 
to the excitation motion function with undesirable spurious oscillation.  

Keywords: Cam, displacement law, residual spectra, indexing drive. 

1 The Issues of the Applications of Conventional  
and Electronic Cams 

Both systems have virtually the same, which is the drive of a working link of a 
processing machine mechanism. As conventional cams we mean compound cam 
mechanisms with any basic cam mechanisms as described in References [1][4]. 
Those mechanisms are well known with their pros and cons. Positive properties 
are for example their high dynamics, relatively low cost and variability of struc-
tures; their negatives are their single purpose, the influence of backlashes (clear-
ances), compliances in the input and output kinematic chain, wear (needed as 
spare parts).  

Electronic cams [5] are mechanisms that consist of control (controller) and 
drive (inverter, servomotor). The positives of electronic cams are their program-
mability and usability in production systems as elements of flexible automation, 
low maintenance and reliability. Their negatives are for example: their lower dy-
namics, higher acquisition costs, high qualification requirements for the prepara-
tion and design of an application.   

The paper deals with the use of conventional and electronic cams in rigid and 
flexible automation, which is the implementation of non-periodic (step) move-
ments with structural elements such as are various step mechanisms [3][4] and 
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turntables in this case. In the one direction, subject of interest is the study of resi-
dual oscillation (vibration) in the rest areas of motion functions and finding ways 
of its minimizing without feedback intervention, i.e., to determine the residual 
spectra of selected displacement laws and based on them, to set operating speed, 
angle of displacement or moment of inertia of workload in such a way so that this 
oscillation is minimal. Then, in the other direction, we study the effect of superpo-
sition of the basic displacement law with harmonic compensation (correction) 
pulse, which minimizes this spurious oscillation [2][5]. 

2 The Application Research of Conventional and Electronic 
Cams 

For the purposes of experiments, dynamic stands for conventional cam mechan-
isms and electronic cams were built. In Fig. 1, there is a variant of conventional 
grooved radial cam with rocker and a pliable driving and driven part with work-
load. Fig. 2 shows a 3kW system of Yaskawa’s electronic cam (controller, inver-
ter, and servomotor) with a pliable driven part with working mass of inertia.   

In the following paragraphs, it is then suggested the creation of numerical mod-
els of both cam mechanism types. The models were validated by a measurement. 
The measurement results are not listed due to the limited range of this paper.  

 

 

Fig. 1 Conventional cam mechanism stand 
(grooved radial cam with rocker, constant 
transfer) 

Fig. 2 Electronic cam stand 

 

3 The Discrete Model of Conventional Cam Mechanism  
with Flexible Constraints   

Conventional cam mechanisms with flexible constraints in the driven and driving 
mechanism parts are characterized by the fact that the combination of two discrete 
mass system parts with rotational or translational motion, which are part of the 
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same mechanism link (in terms of kinematic labeling of mechanism links), is im-
plemented by a flexible constraint. The mechanisms of this group have always 1° 
of degree of freedom at rigid constraints. By introducing flexible constraints, the 
number of degrees of freedom of the mechanism system that is dependent on the 
number and arrangements of constraints increases.   

Real mechanisms, used for the construction of machines and equipment, are 
relatively complicated mechanical systems. The starting point for a specific dy-
namic solution is to determine a suitable computational model. In the class of 
computational models of mechanisms with flexible constraints, we will include 
those models of mechanisms by which the appropriate flexible links are consi-
dered to be immaterial. The cam mechanism is characterized by a discrete distri-
bution of masses of the individual links of a system that are assumed to be perfect-
ly rigid. The mentioned system has the finite number of degrees of freedom, de-
pending on the number and arrangement of flexible constraints. 

For creating the equations of motion for the reference model, there can be used 
classical Lagrange equations of the 2nd type for independent general coordinates qi 
which are the deflections of the links of a cam mechanism due to flexible  
constraints or also the coordinates of a driving link q1(φ). When deriving the equa-
tions of motion, we will use the designation of the positions of the links in abso-
lute coordinates and do not consider the influence of gravity. The discrete model is 
schematically illustrated in Fig. 3.     

 

Fig. 3 Discrete model of conventional cam mechanism 

By substituting for ݍଵ ൌ ߮ (ൌ ,(ݐ߱ ሶଵݍ ൌ ߱ (ൌ ,(ݐݏ݊݋݇ ଶݍ ൌ ,ߚ ସݍ ൌ  we ,ߛ
will get the equations of motion in the form of  ܯு ൌ ܿ଴(߱ݐ െ (ߚ + ݇଴൫߱ െ ௞ܫሶ൯                               (1) ሾߚ + ሷߚሿ(ߚ)Ԣଶߎோܫ + ሶଶߚ(ߚ)ԢԢߎ(ߚ)Ԣߎோܫ ൌ  ܿ଴(߱ݐ െ (ߚ െ ܿଵߎԢ(ߚ)ሾ(ߚ)ߎ െ ሿߛ +݇଴൫߱ െ ሶ൯ߚ െ ݇ଵߎԢ(ߚ)ൣߎԢ(ߚ)ߚሶ െ ሷߛଵܫ ሶ൧  (2)ߛ ൌ ܿଵሾ(ߚ)ߎ െ ሿߛ + ݇ଵൣߎᇱ(ߚ)ߚሶ െ  ሶ൧                      (3)ߛ
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4 Equations of Motion of the Electronic Cam Discrete Model 

We will derive the equations of motion in the same manner as it is in the case of a 
conventional cam mechanism according to Fig. 3. Due to the analogy with the 
conventional mechanism, also the links with zero moments of inertia are plotted. 

 

Fig. 4 Discrete model of electronic cam 

By substituting for ݍଵ ൌ ߮, ଷݍ ൌ ,ߚ ହݍ ൌ -we will get the equations of mo ,ߛ
tion of the discrete model of an electronic cam in the form of  

ுܯ                       ൌ ሼܿ଴ሾߎ(߮) െ ሿߚ + ݇଴ൣߎԢ(߮) ሶ߮ െ ௠ܫ) Ԣ(߮)  (4)ߎ ሶ൧ൟߚ + ሷߚ(ଶ݌ଵଵܫ ൌ ܿ଴ሾߎ(߮) െ ሿߚ െ ܿଵߚ݌)݌ െ (ߛ +  ݇଴ൣߎᇱ(߮) ሶ߮ െ ሶ൧ߚ െ݇ଵ݌൫ߚ݌ሶ െ  ሶ൯  (5)ߛ

ሷߛଵܫ   ൌ ܿଵ(ߚ݌ െ ሶߚ݌ଵ൫݇ + (ߛ െ  ሶ൯ (6)ߛ
where generally ሶ߮ ് konst. Equations (5) and (6) describe the behavior of the 

electronic cam in the case when coordinate ߮ is the dependent variable (slave) of 
the virtual shaft (master). For example, the equations then describe the behavior 
when starting-up revolutions along a predefined ramp, as it is common with elec-
tronic cams. Practically, however, stable operation is solved. 

At this point, we will provide a short note to a difference from the numerical 
solution of a conventional cam mechanism model. Here, we will not describe the 
principles of controlling servo drives; we will only note that most servo drives 
have a cascade control structure with torque, speed and position feedback. Con-
trollers are generally proportional (P) and proportionally integral (PI). Thus, we 
will try to intervene in the numerical solution of equations of motion in such a 
way so that a characteristic quantity, which is a servo motor positional deviation 
(PERR: difference of the actual position on the servo shaft from the theoretical 
one), can correspond to the reality of P/PI modes at most. PERR is a criterion of 
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the accuracy of the given model and its course was compared with two indepen-
dent sources. The one is the measurement and the other is the virtual model 
created in the MSC.ADAMS and MSC.EASY5 program systems [5]. Due to the 
limited extent of this paper, the results of the comparison are not presented. 

5 Residual Spectra of the Displacement Laws  

The accuracy of the end position in the rest interval of function of motion is as-
sessed according to the extreme acceleration value of a working link because the 
links of a cam mechanism are considered as pliable in dynamic models.  The crite-
rion of positional accuracy is the residual spectrum of the second derivative (aR) of 
the response to the kinematic excitation of a pliable system with a displacement 
law [1]. The residual spectrum, specific for the given displacement law, will be 
used for determining the parameters (speed, angle of displacement or moment of 
inertia) at which the oscillation is minimized. The presented results in the paper 
are the outcome of a purely numerical solution based on the data file of a dis-
placement law (0th, 1st and 2nd derivative) and the parameters of models with plia-
ble links. In the cycle for/next of relative natural frequency ߥ (in Fig. 5 and 6 as 
‘ny1’), a numerical solution of equations (1) up to (6) proceeds whose each cycle 
run is the resulting maximum acceleration in the rest area of the equation of mo-
tion. The graphical expression of those values depending on ߥ is the searched 
residual spectrum. Relative natural frequency ν represents the number of oscilla-
tions performed in the time of one displacement or the implemented angle of dis-
placement (time period minus rest time). Relationship [1]ߥ with speed n[min-1], 
angle of displacement ߶[deg], and moment of inertia of load ܫଵ[kgm2] is 

ߥ  ൌ ߶݂ 6݊,    ݂ ൌ (1 ⁄ߨ2 )⁄ ඥܿଵ ⁄ଵܫ  .  (7) 
With regard to the extent of the paper, there are given only illustrative results 

for:    

• Conventional cam mechanism model (Fig. 5) with a varying input stiffness, 
output stiffness 1000[Nm/rad], polynomial displacement law of the 5th degree 
30[deg] and angle of displacement 90[deg], load 0.1[kgm2] 

 
Fig. 5 Residual spectra of a conventional cam mechanism model 
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• Electronic cam model (Fig. 6) for the polynomial displacement law of 5th de-
gree, harmonic and parabolic with a displacement of 68[deg] and an angle of 
displacement of 90[deg], load 0.1[kgm2] 

 

Fig. 6 Residual spectra of an electronic cam model 

6 Compensation of Residual Oscillations by Superposition 
with Harmonic Pulse 

The stand model according to Fig. 2 has one natural frequency due to compliance 
in the driven part of the mechanism. According to [2], there it will come to  
suppressing the residual oscillations by superposing the basic displacement law 
with harmonic pulse, which corresponds to the natural frequency of the system 
with its length (angle of displacement). Intervening manually in the pulse position 
and compensating (correcting) its amplitude, a desired attenuation will be 
achieved.   

The newly developed system, however, enables us to use the compensation 
harmonic pulse which may not correspond to the natural frequency of the system, 
as progressively shown in Figures 7, 8 and 9. Compensation pulse here is 1.3 
times the length of the harmonic oscillation with the natural frequency of the  
system. Furthermore, an algorithm of automatic reach of the position and the am-
plitude of a ‘reasonably general’ harmonic compensation pulse was developed. 
Harmonic oscillations excited by this pulse have the same amplitude as oscilla-
tions excited by the initial displacement law, but they act in phase opposition. 
With a position sensor, we record the position of the oscillating working mass of 
inertia in the interval of the PLC scan and from it, the sum of the absolute values 
of the PERR position error is evaluated in the rest part of the motion function in 
several cycles. 

The PC application solves iteratively the new position and amplitude of  
compensation pulse. The new position of the compensation pulse will be superim-
posed with a basic displacement law and the new displacement law (superposition) 
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is transmitted to the controller. The procedure is repeated until the value of the 
PERR position error achieves an appropriate value. To solve the compensation 
pulse phase and amplitude, it is not necessary to know the discrete model of the 
pliable system and its numerical solution according to equations (4) up to (5).  

In this phase of the methodology development, the implementation of the itera-
tive task is solved in the external PC. That method can be directly programmed in 
the PLC electronic cam control system. 

 

Fig. 7 Basic displacement law 

 

Fig. 8 Creation of compensation pulse  
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Fig. 9 Superposition of the basic displacement law with compensation pulse 

7 Conclusion 

Based on the residual spectra of displacement laws, which are the result of a  
numerical solution of models, it is possible to determine the speed, angle of  
displacement or moment of inertia in such a way so that residual oscillation (vi-
bration) in the rest area of motion functions is minimal. These conclusions were 
verified on the dynamic stand according to Fig. 2. One of the interesting results is 
that the parabolic displacement law preferably compensates residual oscillations, 
even though the response of the system to this displacement law is the strongest 
because of its discontinuous course of the 2nd derivative.   

The method in accordance with Chapter 6 reliably removes spurious residual 
oscillations in the rest part of a motion function. We note that we are concerned 
solely on this rest section because there takes place the specific technological pro-
duction process. We do not deal with the own positional error in the area of dis-
placement as it is solved by the ‘Input Shaping’ method. 
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Abstract. This paper addresses attention to the conceptual mechanism design of a 
leg exoskeleton for human rehabilitation purposes. Different mechanism solutions 
for locomotion rehabilitation are analyzed from a structural and functional view-
points. By using mobility analysis and considerations on structure design, a new 
leg exoskeleton is identified with low-cost features and motion ability for rehabili-
tation purposes.   

Keywords: Biped Mechanisms, Human Locomotion, Pantograph-leg Mecha-
nisms, Exoskeleton. 

1 Introduction 

It is well known that human motions are complex and are extensively studied from 
experimental viewpoints, theoretical analyses, modelling and simulations, in order 
to solve different clinical health problems or to apply them to robots.  

For many researchers an important point of interest is represented by human 
walking analysis. This motion was and is applicable to biped robots, walking ma-
chines and human locomotion rehabilitation systems or devices.  

By studying significant humanoid robot designs as in [2, 5, 6, 7, 9, 13, 15, 16, 
17] it can be observed that these are centred on the dynamic control aspects, gait 
synthesis or interactive studies. Other systems like in [1, 8, 11, 15, 17] use biped 
walking ability in designs for human walking rehabilitation procedures. In particu-
lar leg exoskeletons are used for increasing load capability during human walking. 
Some of these human walking exoskeletons use a large number of actuators while 
others have a limited number of actuators like reported in [3, 10, 12, 13]. In this 
paper the main focus is address to conceive an exoskeleton which can be actuated 
by few actuators and even by one motor only.  

Considering current humanoid robots, walking machines, and rehabilitation 
exoskeletons, it can be observed that most of them are complex, very expensive or 
are still at prototype phase. 
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Other solutions put question marks about mechanism design and leg geometry 
which can be crucial for human biped stability and motion. Another remark can be 
outlined as referring to the presence of a large number of actuators which compli-
cate the exoskeleton structure and obviously increases the price of this. 

The research aim is represented by finding an optimal solution for an exoskele-
ton design which can be based on low-cost easy-operation criteria.  

This paper is organized as follows. In the first section existing solutions of 
walking machines are considered as a starting point for a new design. In second 
section, characteristics of human walking are presented for rehabilitation purposes 
as obtained on experimental way by using equipment with high-speed recording 
cameras.  Based on analyzed solutions from walking machines, four-bar linkages 
are analyzed from a structural viewpoint in the third section. These linkages could 
be used on an exoskeleton structure for main joints such as knee and hip. Other 
exoskeleton solutions which fulfil also the ankle joint motion during the human 
gait are analyzed in this section. By combining these structural schemes a low-cost 
exoskeleton solution with a minimum number of actuators.  

2 Human Walking Characteristics for Rehabilitation 
Purposes 

Human walking characteristics can be determined through experimental tests by 
using special video-analysis equipments. University of Craiova - Faculty of Me-
chanics owns high-speed video recording equipments called CONTEMPLAS [4]. 
With this equipment’s aid, a database was created, which consists of test results 
with 10 human subjects.  These subjects were half men and half women, with the 
age between 25-30 years, and the experimental analysis interest was to determine 
human joints angular variations during a single gait. The analysis procedure con-
sists on monitoring the position of markers that are attached on each joint centre, 
or on human leg segments. The aim of this analysis was to identify upper and 
lower limits for hip, knee and ankle joints, in different healthy persons, in order to 
have experimental reference values. Fig. 1 shows location of markers on human 
leg during experimental tests for measuring joint ranges during walking by using 
two cameras. Gait motion was recorded with two high-speed cameras with 350 
frames/second. One camera was mounted on lateral side of the analyzed subject, 
and the other was placed in front. The second camera provides additional data 
about passive motions of the analyzed joints. Figs. 2 to 4 show measured results 
for joint angles of hip, knee and ankle, respectively. Those motion ranges have 
been used to identify motion requirements for exoskeleton design with adaptabil-
ity to a large variety of human gaits. The difference between this work and earlier 
work of other researchers [18], consists in a development of a proper database for 
walking by using experimental determination of human locomotion characteristics 
from analyzed subjects. Those data can be used as constraints for the design of a 
parameterized exoskeleton. 
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Fig. 1 Location of marker attachment 
during experimental tests 

Fig. 2 Measured limits of the hip joint angle as 
function of  % gait phase 

 

Fig. 3 Measured limits of the knee joint 
angle as function of  % gait phase 

Fig. 4 Measured limits of the ankle joint angle as 
function of  % gait phase 

3 Mechanisms for a Leg Exoskeleton 

In order to develop a low-cost exoskeleton with a fairly simple mechanism struc-
ture it can be convenient to simplify and adapt existing solutions like those in [2, 
3, 10].  In Fig. 5 structural solutions are shown as based on a structure with a pan-
tograph and Chebyshev linkage. The mentioned basic structure is considered be-
cause of its simplicity and characteristics for efficient reproduction of human 
walking. A pantograph is useful for human walking reproduction since it can am-
plify properly an input motion from the body frame to the foot point trajectory. A 
Chebyshev linkage can be a proper choice for producing an input ‘human-like’ the 
path with high mechanical efficiency and fairly simple motion control. 

The leg exoskeleton in Fig. 5-a) is a solution proposed in [12]. This solution 
has a high number of links and joints, and adjustable to the size of the links cannot 
be different human subjects. In addition, the ankle joint is missing. Nevertheless 
this exoskeleton mechanism shows a good stability during walking. Thus, consid-
ering it, and other ones which uses pantograph or Chebyshev mechanisms as in  
[3, 10] a new structural scheme was conceived as in Fig. 5 - b). This one has the 
actuation link - 1, on the front. This solution will cause the impossibility to place a 
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human subject between exoskeleton legs and the actuator, and the drive link can 
be placed in the back side. But this solution has no actuation mechanism on ankle 
joint.  A final solution can be identified as in Fig. 5-c), by moving F-joint on C in 
one joint only.  

 

 
a) b) c) 

Fig. 5 Structural schemes for leg mechanisms with pantograph: a) design in [12]; b) a new 
solution; c) the proposed solution 

The structural parameters in the solutions in Fig. 5 are listed in Table 1 whose a 
characterization is given through the range of mobility. The range of mobility M 
for the structural schemes in Fig. 5 can be computed by:   

 
=

−−=
5

4

)3(3
m

mcmeM  (1) 

where: e represents the number of elements; cm represents kinematic joints of rank 
m.  

For the leg exoskeleton solutions in Fig. 5 it is necessary only one actuator that 
can be placed in joint A on body 0 (the frame). The size of links can be made ad-
justable only in structural schemes in Fig. 5 - b) and c), in order to adapt a solution 
to any human body categories. It can be observed that the ankle joint for these 
solutions is neglected due to the impossibility to place a mechanism near the ankle 
area. In fact the ankle angular amplitude from Fig. 4 it is between 20-30 degrees 
and is not small. 

The proposed solution in Fig. 5-c) has the joint F from Fig. 5 – b), coupled  
with joint C and the links 4 and 5 are welded together at a fixed angle β= 90 de-
grees.  For the ankle joint an equivalent mechanism can be proposed as a cam 
mechanism. 
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Table 1 A structural comparison of leg mechanism with 1DoF in Fig. 5 

Mechanism Number of links 

Fig. 5 a) 7 

Fig. 5 b) 5 

Fig. 5 c) 5 

 
This represents a novelty principle by implementing cam mechanisms on leg 

mechanism structure, especially for human final locomotion. But the cam profile 
needs to develop a human ankle motion law. A structural scheme of an ankle 
mechanism is presented in Fig. 6 with 4 links, 7 revolute joints, and 1 cam mecha-
nism.  

 

 

Fig. 6 A structural scheme of the proposed 
cam mechanism for ankle joint  

Fig. 7 The proposed leg mechanism with an-
kle joint actuated through a cam mechanism 
placed in the ankle joint area 

By combining the mechanism in Fig. 5-c) with Fig. 6, the leg mechanism in 
Fig. 7 can be a final design for a leg mechanism.  This leg mechanism cannot be 
yet proposed for an exoskeleton mechanism solution since the cam mechanism is 
too large. In fact, a human ankle, including a tibia link, can have an overall size 
with height of 230 millimetres and width of 180 millimetres. In addition the mo-
bility degree is 2 since one actuator is at joint A, and other at joint G.  

In order to reduce the size of the cam ankle mechanism can be installed within 
a fixed point 1 in the knee area or below at E joint. Thus structural schemes can be 
modified, as in Fig. 8. A comparison of these solutions is presented in Table 2.   

These solutions can fulfil the angular limits that are indicated in the diagrams in 
Figs. 2 to 4. By decreasing the link 1 length, the hip angular amplitude can be 
increased (Fig. 2), and also the knee angular amplitude can be with lower limits as 
in Fig. 3. But the E joint will pass over the upper limit. This can be solved by 
modifying the links lengths, by adding mechanical devices for adjusting link sizes. 
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a) b) c) 

Fig. 8 Low-cost exoskeleton structural schemes with ankle joint mechanism of Fig. 5 connected 
to different joints: a) at knee joint; b) at a tibia joint; c) at a joint on body frame  

Table 2 Leg mechanisms structural comparison (Fig. 8) 

Mechanism Number of 
links 

Number of 
joints  

DoF Range of mobil-
ity  

Fig. 8 a) 7  10  1 DoF= 9 joints  

2DoF= 1 Cam mechanism 

2 

Fig. 8 b) 7  10  1 DoF= 9 joints  

2DoF= 1 Cam mechanism 

2 

Fig. 8 c) 8 12  1 DoF= 11 joints  

2DoF= 1 Cam mechanism 

 1 

 
Solutions in Fig. 8 can give leg exoskeletons with large size and weight.  Thus, 

a suitable solution can be identified by installing actuators for the cam mecha-
nisms on a central part of the exoskeleton leg mechanism so that its motion can be 
transmitted with a link mechanism as in Fig. 8 c).  Also this solution has on its 
base previous works from [2, 3, 10], and it represents a continued work by adding 
a cam mechanism for ankle joint motion, the drive link is positioned on the 
mechanism back frame for placing a human subject.   

Another alternative solution is to replace the ankle joint actuating mechanism 
with flexible cables, belts or chain transmissions. In this case from a mechanical 
viewpoint it is fairly easy to command and control, because it needs only one ac-
tuator as it shown in Fig. 9.   This solution has 15 links, 17 revolute joints and one 
cam mechanism with a final conceptual design as in Fig. 9. This solution fulfils 
complete tasks for each joint for a human like walking, since a proper actuation on 
all joints for hip, knee and ankle.   

The proposed leg mechanism as in Fig. 8 c) or 9 can be used as an exoskeleton 
in rehabilitation applications since it can be designed with a proper wearable  
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mechanical design with actuators in the area of hip. In addition the kinematic 
structure is suitable to have sensors at the joints so that a guided walking can be 
easily monitored.  The ankle joints actuation in the kinematic model case from 
Fig. 9 will be made through flexible cables and cam mechanisms placed on the 
drive link no.8. Also the cams must fulfil the ankle joint motion law for walking in 
case of a parameterized model. 

 

 

Fig. 9 Kinematic model of the proposed exoskeleton which fulfil the ankle joint motions 

4 Conclusions 

A conceptual design is presented for a low-cost exoskeleton for human walking 
rehabilitation.  By referring to human walking characteristics a leg mechanism has 
been conceived with as kinematic structure whose mechanical design can be used 
for rehabilitation purposes as an exoskeleton wearable by patients. The proposed 
leg mechanism has been identified with a process of adjusting a linkage based on 
pantograph. A final solution is proposed with capabilities for motion of hip, knee 
and ankle. In particular, the ankle motion is obtained by a proper cam mechanism. 
A database was created in order to identify of human joints upper and lower limit.  
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Abstract. In the last years, the number of projects studying the human hand from 
the robotic point of view has increased rapidly, due to the growing interest in 
academic and industrial applications. Nevertheless, the complexity of the human 
hand, given its large number of degrees of freedom (DoF) within a significantly 
reduced space requires an exhaustive analysis, before proposing any applications. 
The aim of this paper is to provide a complete summary of the kinematic and 
dynamic characteristics of the human finger as a preliminary step towards the 
development of hand devices such as prosthetic/robotic hands and exoskeletons 
imitating the human hand shape and functionality. Kinematics and dynamics are 
presented for a generic finger; with anthropometric data and the dynamics 
equations, simulations were performed to understand its behavior. 

Keywords: Human finger, Kinematics, Dynamics, Extravehicular Activity. 

1 Introduction 

The human hand is a complex mechanism; it has a wide range of DoFs, allowing a 
great variety of movements. In recent years, as robotics has advanced, significant 
efforts have been devoted to the development of hand-related devices. The two 
main application fields are prosthetic/robotic hands and exoskeletons. On one side, 
robotic hands are designed to mimic the human hand characteristics, taking 
advantage of its variety of movements, thereby avoiding the use of a large number 
of end-effectors when performing tasks with different objects (e.g. Eurobot [1] 
and Robonaut [2]). On the other side, exoskeletons are designed to fit onto the 
human hand, aiming at enhancing performance in the carrying out of daily 
activities (e.g. improving astronauts’ hand performance during Extravehicular 
Activity [3]) or supporting the rehabilitation stage of hand injury recovery.  

There are currently many different projects underway. Schabowsky et al. [4] 
introduced a newly developed Hand Exoskeleton Rehabilitation Robot 
(HEXORR); which was designed to provide a full range of motion for all fingers. 
NASA and General Motors presented a prototype of the Human Grasp Assist 
device [5]. Worsnopp et al. [6] introduced a finger exoskeleton for hand 
rehabilitation following stroke, to facilitate movement, especially pinch. Another 
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corresponds to the joints: CarpoMetaCarpal (CMC), MetaCarpoPhalangeal 
(MCP), Proximal InterPhalangeal (PIP), and Distal InterPhalangeal (DIP). The 
CMC joint represents the deformation of the palm, for instance when the hand is 
grasping a ball, while the MCP joint can be split into 2 DoFs, which carry out the 
adduction/abduction and flexion/extension movements respectively. All the other 
joints only allow flexion/extension movements. The digits are numbered from 0 to 
4: digit 0 is the thumb and digits 1 to 4 range from the index to the little finger. 
The following table reports the MDH parameters for all the fingers. 

Table 1 MDH parameters of the fingers 

Joint ߙ௜ିଵ ܽ௜ିଵ ݀௜ ߠ௜ 
j1i ߨ 2⁄  ஼ெ஼೑/೐ߠ 0 0 

j2i െߨ 2⁄  ெ஼௉ೌ್/ೌ೏ߠ ଴ଵ 0ܮ 

j3i ߨ 2⁄  ெ஼௉೑/೐ߠ 0 0 

j4i 0 ܮଵଵ 0 ߠ௉ூ௉೑/೐ 

j5i 0 ܮଶଵ 0 ߠ஽ூ௉೑/೐ 

 
Eq. (1) shows the direct kinematics from index (i=1) to the little finger (i=4): 

Q୧ ൌ T୧଴଴ . T୧(θ୨)଺଴ ൌ T୧଴଴ . ෑ T୧(θ୨)୨(୨ିଵ)ହ
୨ୀଵ · T୤୲౟଺ହ ൌ 

ൌ T୧଴଴ · T୧ଵ଴ (θCMC౜/౛) · T୧(θMCP౗ౘ/౗ౚ)ଶଵ · T୧(θMCP౜/౛)ଷଶ · T୧(θPIP౜/౛)ସଷ· T୧(θDIP౜/౛)ହସ · T୤୲౟଺ହ  

(1) 

where: 

• Q୧ is a matrix containing position and orientation of the fingertip of each 
finger. 

• ௜ܶ଴଴  represents a roto-translation matrix taking into account the fact that the 
fingers are slightly fanned out and allowing to pass from the initial base 
reference frame (R0) to the alignment of the i-th finger first reference frame 
(R0i). 

• ௜ܶ(ߠ௝)଺଴  is a matrix containing the geometrical transformation between the i-th 
finger first reference frame and the i-th fingertip (fti). The matrix is composed 
of the concatenation of the transformation matrices of each finger link.  

• T୧(θ୨)୨(୨ିଵ)  is a matrix containing the geometrical transformation between the 

(j-1)-th reference frame and the j-th reference frame of the i-th finger. 
• ௙ܶ௧೔଺ହ  represents the position of the fingertip with respect to the distal (5th) 

reference frame. 
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The velocity of the generic center of mass is obtained: 

Gౠܞ  ൌ ∑ ቎െL୯ିଶψሶ ୯sψ୯L୯ିଶψሶ ୯cψ୯0 ቏୨ିଵ୯ୀଷ + ቎െb୨୶ψሶ ୨sψ୨ െ b୨୷ψሶ ୨cψ୨b୨୶ψሶ ୨cψ୨ െ b୨୷ψሶ ୨sψ୨0 ቏ (4) 

The kinetic energy is thus expressed as: 

 T ൌ ଵଶ ∑ ቀm୨vGౠଶ + I୨ψሶ ୨ଶቁହ୨ୀଷ   (5) 

The potential energy includes a gravitational term and an elastic one. Regarding 
the latter, the stiffness is considered as an average constant value kj in this study, 
as a close approximation of the non-linear and anisotropic finger stiffness (i.e. it 
varies with the direction). k3, k4 and k5 are the stiffness values for the MCP, DIP 
and PIP joints, respectively [9]. The potential energy is expressed as: 

 U ൌ ∑ ቀm୨gG୨୷ + ଵଶ k୨൫ψ୨ െ ψ୨ିଵ൯ଶቁହ୨ୀଷ  (6) 

Moreover, a function of the generalized velocities, usually referred to as the 
Rayleigh dissipation function F, is introduced for the damping forces; it is 
expressed as: 

 F ൌ ∑ ቀଵଶ β୨൫ψሶ ୨ െ ψሶ ୨ିଵ൯ଶቁହ୨ୀଷ  (7) 

Where the damping constant βj stands for the non-conservative contribution, 
caused by the muscles actuating the finger. Non-conservative forces contributed 
less than 15% to the total force response to static displacement. Muscle viscosity 
is dissipative and, hence, non-conservative, resulting in a force field with nonzero 
curl [9]. To be more precise, values β3, β4 and β5 are the damping values for the 
MCP, DIP and PIP joints respectively. Considering the generalized coordinates ψj 
the Euler–Lagrange equations become: 

 
ୢୢ୲ ൬ப(TିU)பநሶ ౠ ൰ െ ப(TିU)பநౠ + பFபநሶ ౠ ൌ τ୨ (8) 

Where j= 3, 4, 5. The τj terms contain the forces applied through the muscles in 
order to actuate the phalanges and the contact forces. According to the virtual 
work principle, the generalized force τj is: 

 τ୨ ൌ ∑ ஔWౠఱౠసయஔநౠ  (9) 

 



120 F.C. Chen et al. 

 

Where δW୨ is the virtual work done by the force applied to the system. Then, it is: 

τ୨ ൌ ൫F୨୷e୨୶ െ F୨୶e୨୷൯ + ෍ ቎െL(୨ିଶ)sθ୨L(୨ିଶ)cθ୨0 ቏ହ
୯ୀ୨ାଵ · ൥F୯୶cψ୯ െ F୯୷sψ୯F୯୶sψ୯ + F୯୷cψ୯0 ൩ + C୫୨ െ C୫(୨ାଵ) 

(10) 

where the term Cmj refers to the torque produced by the muscles on the j-th joint, 
and ۴୨ ൌ ሾF୨୶ F୨୷ 0ሿT is the contact force applied to the j-th phalanx at the 
point defined by the position vector ܍୨ ൌ ሾe୨୶ e୨୷ 0ሿT.  

Calculating each element of the Euler–Lagrange equations, the dynamical 
system in Eq. (8) can be written in matricial form: 

 ሾAሿ · ሾψሷ ଷ ψሷ ସ ψሷ ହሿT ൌ ሾBሿ (11) 

where the 3x3 matrix ሾAሿ contains the coefficients of the accelerations, and the 
3x1 vector ሾBሿ contains the remaining terms. 

Eq. (11) allows the direct dynamics of the finger to be solved, where, given the 
torques exerted by the muscles on each phalange, the movement of the finger can 
be calculated. If, on the other side, an inverse dynamics problem is set, it is simple 
to rearrange Eq. (11) to obtain the trend of the unknown muscle torques from the 
phalanges motion laws. 

4 Simulation 

The current section deals with the implementation of the dynamics equations. 
Anthropometric data [10, 11] and proper numerical constants have been imposed, 
and a realistic circular grasping movement for a human finger is imposed.  

In particular, the simulation shown here deals with an inverse dynamics case 
study: given the motion law of the system (i.e., the kinematic angles of the 
phalanges and their time derivatives), the torques exerted by the muscles on each 
phalanx are calculated. Figure 3 shows the imposed trend of each angle in time, 
starting from the straight position (angles=0°) and performing a flexion 
movement, then simulating a circular grasping operation. The angle proportions 
between the phalanges descend from physiological constraints [12, 13], as well as 
typical circular grasping proportions. Figure 4 shows the Cm3, Cm4, and Cm5 torque 
values, required to perform this grasping operation. The maximum values of the 
contact forces used in the simulation were obtained from An et al. [14], which 
reports the maximum mid-phalangeal joint normal forces exerted by human 
fingers in a cylindrical power grasp, with values for the index finger of ۴୫ୟ୶ ൌሾ42 22 62ሿTN for the proximal, middle and distal phalanx, respectively. Each 
column in the figure deals with a single simulation: case a) 100% Fmax; case b) 
50% Fmax; and case c) 25% Fmax. The a)-column graphs allow a comparison with 
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the data collected by Hasser [15]: this work states that the maximum torque 
capabilities of the human hand are ۱୫_୫ୟ୶ ൌ ሾ4630 2280 775ሿTNmm for the 
proximal, middle and distal phalanx, respectively. The maximum torque values of 
the simulated Cm4 and Cm5 are very similar to the literature data, with a difference 
of 3.2% and 4% respectively. On the other side, the result for Cm3 is quite different. 
This may be caused by the fact (not explicitly mentioned) that perhaps not all the 
three maximum forces can be exerted contemporarily.  

 

 

Fig. 3  Behavior of the joint angles in time 

 

 

Fig. 4 Inverse dynamics case: behavior of the torques Cmi with respect to time 

5 Conclusions 

An exhaustive study of the human hand was performed, dealing with the 
kinematics of the human hand and showing the matrices with the MDH 
parameters and detailed equations to solve the kinematics of the hand. In addition, 
the dynamics of a single finger was analyzed and solved. A case study was 
proposed and a simulation was completed using the provided anthropometric data, 
in order to investigate the capabilities of the proposed analytical system.  

Case a Case b Case c
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The results of the current study can be exploited to conceive future hand 
devices. In fact, the study of the kinematics and the dynamics constitute a 
preliminary stage for the development of any structure similar to the human hand, 
for instance, in robotic or rehabilitation hands projects. Hence, the value of this 
analytical frame is twofold: to model the finger itself, for example to be used in a 
control scheme model of a human-machine interface, such as a hand exoskeleton 
or to model a finger-like architecture, such as a robotic hand.  
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Abstract. Standing up deals with the transition from two stable postures, namely 
the seated and standing ones, with a movement concerning all body segments 
except the feet. The transfer from sitting to standing and back requires both volun-
tary movement of different body segments that contribute to the change of posture 
and equilibrium control during an important displacement of the Centre Of Grav-
ity (COG) of the body. This operation can be considered of great importance for 
impaired and elderly people to achieve minimal mobility and independence in 
daily life activities. In this paper we propose the design of a simplified mechanism 
to be used in assisting device for aiding the sit-to-stand. In particular, experimental 
tests are carried out to track and record point trajectories and the orientation of the 
trunk during the sit-to-stand. Twenty healthy adult volunteers were recruited for a 
trial in order to derive a suitable theoretical trajectory of the point of interest.  
Finally, according to the experimental results, a proposal and simulation are  
presented for a novel mechanical system. In particular, in this paper a suitable 
theoretical trajectory of the point of interest is used to derive a 1-DOF mechanism, 
which is able to reproduce the requested motion.  

Keywords: Sit-to-Stand, Mechanical Design, Assisting Devices, Experimental 
Evaluation, Simulation. 

1 Introduction 

Among several daily-life activities, sit-to-stand can be considered one of the most 
common and it can be defined as a movement in which the base of support is 
transferred from the seat to the feet. The weight then moves to the front of the feet 
as the trunk moves forward and the pelvis lifts from the surface [1]. The trajectory 
of the COG is then characterized by a movement forward and then backward with 
simultaneous vertical displacement. Consequently, the entire movement requires a 
strong coordination between posture and movement, but due to several reasons, it 
may represent a problem for elderly or people with a motion disability.  
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The analysis of kinematic and kinetic data of the body movement and motion 
patterns during the sit-to-stand has been subject of several studies, as for example 
in [1-3], also by considering the contribution of the arms [4]. Most of reported 
analyses focused on muscle and articulation efforts to determine the correct post-
ure for the task or modification due to ageing or motor impairments.  

Several robotic systems have been designed for medical applications [5,6], me-
chanical devices have been developed to provide support during the walk opera-
tion [7] and daily life operations, such as picking objects [8], and aiding during the 
sit-to-stand [9-11]. An overview on existing assisting devices is reported in [12] 
focusing the attention on main characteristics but also on limitations. In most of 
cases robotic devices are bulky and expensive and they are not totally useful for 
all patients or medical personnel [13]. Among several basic requirements, an as-
sisting device should provide suitable support to the trunk to avoid back pain [14], 
therefore, experimental data and then numerical simulation can be useful to prop-
erly design and then verify the effectiveness of proposed solutions.  

In this paper, experimental tests and numerical simulations are developed and 
reported to design novel assisting devices for the sit-to-stand. In particular, a sim-
plified mechanism having 1-DOF only is proposed and simulated according to the 
obtained experimental tests. 

2 Experimental Evaluation of the Sit-to-Stand 

A trial was carried out at the University of Cassino and Southern Lazio by consi-
dering 20 healthy and young volunteers (age 20-30). Subjects were asked to be 
seated on an armless chair set to the 100% of the knee height. The back support of 
the chair was used to set the trunk in a vertical position. The arms do not partici-
pate actively to the movement. The subjects were asked to assume a seated posi-
tion of readiness and then they were asked to stand up from the chair. During the 
test the speed of the movement was kept constant, indeed in quasi-static condi-
tions were obtained.  

Human detection and tracking is the first step to motion analysis. Recently, due 
to the high demand there is a fast development of reliable, easy-to-use and eco-
nomic systems to monitor and determine biomechanical performances, as reported 
in [15]. One example is the Virtual Sensei Lite, which is a free version of Virtual 
Sensei software developed and successfully used as a tool for sports club coaches 
for biomechanical analysis of 3D fast motions [16, 17]. In this context we used the 
software for the evaluation of the sit-to-stand together with a motion capture sys-
tem based on cameras. Figure 1 shows the experimental set-up. A study on the sit-
to-stand movement pattern reported in [3] demonstrated that the neck, trunk, and 
pelvis followed similar patterns, moving first into flexion and then into extension 
as the movement cycle progressed. A similar result was obtained during experi-
mental tests, as it is shown in Figure 2. 
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a)    b) 

Fig. 1 Experimental set-up: a) subject during the calibration; b) image from Virtual Sensei 
Lite 
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Fig. 2 Trajectories of points for a male subject in Fig.1 obtained during the sit-to-stand  

Data in Fig.2 are evaluated in the video capture system reference frame, as the 
outcome of the Virtual Sensei Lite without any filtering. After a change of refer-
ence frame data are expressed in a frame attached to the subject's foot. In the fol-
lowing we focus the attention on the shoulder (as shown in Fig.1) since the device 
will be developed to lift the person by the armpits. Experimental results obtained 
during the trial show a large variation in the size its trajectory, but it always possi-
ble to recognize a typical shape, which can be referred as trajectory pattern, which 
can be characterized by four parameters: LF, which is the length of the forward 
movement, HF, which is the height of forward movement, HL that is the height of 
the lifting movement, and LL that is the length of the lifting movement. These  
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parameters have been measured after the experimental tests for all the subjects. 
Figure 3 shows trajectory patterns for male and female subjects, and a referred 
trajectory pattern, which is an average of the reported trajectories. The derivation 
of a referred trajectory pattern can be used for the design of a mechanism that is 
able to reproduce the requested movement during the Sit-To-Stand. Figure 4 
shows a comparison of such trajectory pattern and an interpolating polynomial, 
which can be used to design a mechanism as path generator by referring to a coup-
ler point curve. It is worth noting that according to the experimental results, the 
orientation of the trunk can be also derived, therefore, it is possible to implement a 
study on the design of a mechanism that reproduces a rigid body motion. 

 

 

Fig. 3 Trajectories patterns of the point of interest typical for male and female subjects, and 
the referred trajectory pattern (average) for the trial 
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a)    b) 

Fig. 4 Comparison between polynomial expression interpolating: a) x displacement;             
b) y displacement, as function of time  
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3 Design Considerations 

The central premise of the study of the Sit-To-Stand is that there is enormous vari-
ation of motion patters, in fact, not only are there obvious differences in the anth-
ropometric data of individuals, but everybody has their own unique style of 
movement as distinctive as their personality, but also according to the age, weight 
strength in muscles. Furthermore, each individual will never repeat exactly the 
same movement from trial to trial. The myriad of factors that influence these vari-
ations are too numerous to control, so we have chosen in our study of the human 
movement and in developed procedures, to consider these variations by using four 
parameters only, as shown in the trajectory patterns in Figs. 3 and 5.  

Referring to the design of the assisting device, it will composed by a mechani-
cal part that will be responsible of the requested movement, an actuation system to 
give suitable power to lift and sustain the person, and interfaces to sustain the 
person at the armpits. In addition, any security system to prevent accidental falls 
and brake system should be included in the overall design. 

Focusing the attention on the mechanism devoted to reproduce a desired 
movement, the designer should find a linkage that will meet the requirements: the 
device should posses 2-DOFS in saggittal plane to accomplish the requested tra-
jectories, which vary according to anthropometric data of the subject, and his/her 
physical conditions. Then, an additional DOF can be included to provide a suitable 
orientation for the trunk support. According to these initial specifications, the 
designer should determine the topology of the kinematic chain underlying the 
mechanical structure, indeed choosing among serial, parallel or hybrid structures. 
Since the requested motion is obtained in the saggital plane, a planar mechanism 
instead of spatial one can be considered. Among many solutions, we have chosen 
to simplify the design problem reducing the number of DOFS, mainly because 1) 
the system should be easy-in-use for non-expert generic users; 2) it leads to simp-
ler control units and less expensive system related to the actuation system than a 
3-DOFS system. Furthermore, a large number of commercialized systems are 
lifters with just 1-DOF that lifts the person without giving any particular trajectory 
to the trunk. In the following we propose a 4-bar linkage obtained starting from an 
initial guess solution and performing a parametric iterative study focusing the 
attention on the referred trajectory pattern in Fig. 5 and related values of the 
movement parameters given in Table 1. The obtained mechanism gives the re-
quired trajectory with good efficiency in reproduction of the trajectory pattern and 
force transmission. It is worth noting that a type of slider-cranks described in [18] 
can be also used for obtaining the requested trajectory. 

Table 1 Values for the movement parameters of the trajectory pattern 

 HF: height of for-
ward movement  

 LF: length of the 
forward movement  

 LL: length of the  
lifting movement 

 HL: height of the  
lifting movement  

0.053 m  0.207 m  0.168 m 0.458 m 
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forward 
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LL: length of the  
lifting movement

 

Fig. 5 A sketch and main parameters for the required trajectory pattern 

4 A Proposal for a Device for the Sit-to-Stand  

According to the requirements obtained by experimental tests and considerations 
reported in previous Section, we have designed a mechanical system for the sit-to-
stand as shown in Fig. 6. The device can be either positioned frontally or posteri-
orly having 1-DOF in order to reproduce the trajectory given in Fig. 5. Due to lack 
of space more details of the design are not reported in this paper. At this first stage 
we have not considered a support for the trunk. In the future, this aspect and other 
special features as a sling system will be also taken into account. 

 

 

Fig. 6 A sketch for the mechanical design of the device for the sit-to-stand 
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5 Numerical Results 

Simulations were carried out in Solidworks environment. Figure 7 shows a se-
quence for a simulation with the proposed design solution. It is worth noting that 
that the body mass has been simulated by including forces on the armpits supports. 

 

      

      

Fig. 7 A motion sequence for the proposed device for the sit-to-stand 

6 Conclusions 

In this paper the sit-to-stand has been analyzed to identify requirements for design 
purposes. Results of a trial were used for the design and simulation of a novel 
device for the sit-to-stand, which has been based on a four-bar linkage. A simula-
tion of the operation of the system was presented. Future development of the work 
is the simulation including a human body model and construction of a prototype. 

Acknowledgments. The third author spent a period of study during his Master studies 
within the LLP program for the year 2012/13 between the University of Cassino and South-
ern Lazio and the University of the Basque Country. 
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Abstract. This research project presents the construction of a Dental Virtual Ar-
ticulator that permits the design of collision-free geometry on dental prostheses. 
Thanks to this articulator kinematic analysis can be taken into account in the de-
sign of dental prostheses. This is an improvement of the utmost importance in this 
field. Several steps have been followed in the development of this virtual articula-
tor. First, in order to obtain a digitalized data of each individual patient, plaster 
models of his/her upper and lower parts of the jaw were scanned. Afterwards, 
depending on the required accuracy or on the patient's setting data available in 
each case, the type of articulator was selected. Then, using a CAD system, the 
missing teeth were statically modelled. Also, the opening/closing movements and 
the lateral occlusion were simulated with the CAD system in order to analyze 
possible occlusal collisions and modify the design accordingly. Finally, this paper 
discusses the still existing shortcomings of virtual articulator simulation and pro-
vides a detailed research prospect as well. The main practical implications of this 
paper are, on the one hand, the improvement in dental CAD/CAM systems by 
adding the kinematic analysis, and on the other, since each of them has an individ-
ual pattern of movement, the analysis of the simulations of different articulators.  

Keywords: collision free design, dental CAD/CAM, virtual articulator, prosthesis 
design. 

1 Introduction 

This project arises out of the need to design a Dental Virtual Articulator in order 
to design dental prostheses with a collision-free geometry. This can be achieved 
by means of CAD systems and Reverse Engineering tools, simulating and analyz-
ing mandibular movements.  

This development has been made at the Product Design Laboratory (PDL, 
www.ehu.es/PDL), in the Faculty of Engineering of Bilbao, University of the 
Basque Country. This Laboratory has focused its investigation on Reverse Engi-
neering and Rapid Prototyping knowledge areas and is currently looking for new 
fields of application for these new design methods in an effort to promote technol-
ogical transference with neighboring companies. 
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The PDL is developing the design of this virtual articulator in collaboration 
with the Department of Prosthetic of the Martin-Luther University of Halle (Ger-
many). In addition, the Dentistry Department at our university - University of the 
Basque Country- has supported this project with some useful advice and technical 
support. 

To begin with, different articulators were selected to be modelled through dif-
ferent CAD systems (SolidEdge and CATIA). The design process was carried out 
using the measuring tools and Reverse Engineering tools available at the PDL. 
These tools are: the Handyscan EXAscan 3D scanner and its software (VXscan), 
the Reverse Engineering and Computer-Aided Inspection Software (Geomagic 
Studio and Qualify), the Rapidform XOR, as well as the ATOS I rev.2 GOM 3D 
scanner. 

After a thorough analysis of the results obtained with different articulators in 
different systems, the Panadent PSH articulator and the ATOS I scanner were 
selected, together with the Rapidform and Solidedge software. 

In this process, the articulator is first digitized. Then, the next stage consists in 
obtaining the upper and lower dentures digitally. Apart from this, it is necessary to 
register the relative location of the occlusal surface referred to the intercondilar 
axis. This is achieved by means of the face bow. Afterwards, the design of the 
dental prosthesis is carried out using the CAD system and finally, mandibular 
movements are simulated. The ultimate aim of this process is to optimize the de-
sign of the dental prosthesis whilst avoiding collisions during the excursive 
movements.  

The main tool used in this project is the dental articulator presented in this 
chapter, together with the complementary registration systems. 

1.1 Dental Mechanic Articulators  

  

Fig. 1 Dental physical articulator with skull 

Physical dental articulators (Fig. 1) are tools that simulate the movements of the 
human lower jaw and the TemporoMandibular Joints (TMJ-s). They have been 
used for more than 100 years for different purposes in dentistry [1] (Fig. 2). Since 
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they simulate specific patients for dental technicians in their laboratory work, they 
have become indispensable instruments for dentists in their diagnostic activity. 
Physical dental articulators enable technicians to carry out a study of the occlusal 
relations between dental arches and to detect harmful occlusal interferences on 
models before more sophisticated occlusal equilibration procedures are performed 
on the patient. This equilibration of partial and full dentures is also carried out in 
dental articulators. Together with the wax-up technique, articulators enable tech-
nicians to construct fixed or removable prostheses in the dental laboratory accord-
ing to the particularities of the different movements of each patient. Nowadays, 
this procedure is considered standard, so current efficient dentistry necessarily 
involves the use of physical dental articulators. 
 

 

Fig. 2 Articulators of Luce, Kerr, Hanau-Kineskope and Stratos-200 

Over the last 120 years, hundreds of different articulators have been developed 
[2] [3]. Nevertheless, there has been no remarkable conceptual development in 
articulators. Today’s articulators are handy, functional and more precise in both 
construction and operation. Many differences can be pointed out among them: 
adjustment, cost, Arcon and Non-Arcon, versatility, etc. 

In order to reproduce the individual parameters of each patient, the articulator 
must be adjustable. First, the setting data are measured on the patient and, using 
the face bow, the relative location of the occlusal plane is transferred from the 
patient onto the physical dental articulator. 

Due to its three-dimension condilar trajectory, the Panadent PSH semiadjusta-
ble articulator was chosen for this project [4] [5]. 

1.2 Registering Systems  

To simulate the specific movements of each patient, the articulator must be ad-
justed with the specific setting obtained from each patient. Different registration 
systems are used for this purpose: face-bow, interocclusal registrations and elec-
tronic registering systems. 
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1.3 Design Processes 

Over the last few years, the design process of dental prostheses has changed and 
technicians can now design a complex prosthesis virtually.  

 

  

Fig. 3 Conventional design process  

In order to have an overall view of the current situation in this field, the coex-
isting design processes will be briefly presented. The first one (Fig. 3) is the most 
widely used design process and is still in use in the majority of dental laboratories. 
The structure of the prosthesis is generated using the wax-up technique (drop by 
drop) [6]. Then, the ceramic is added, generating the occlusal surface, which 
should fit with the antagonist. Apart from this, the excursive movements (lateral 
and protrusive) are applied to check out for possible interferences. If found, they 
are removed. Once the final design is generated, a thermal treatment is carried out 
on the ceramic part, which is finally located in the mouth.  

Nowadays, the most advanced dental laboratories work with CAD/CAM sys-
tems and follow the process described in Fig. 4. This change has involved some 
significant improvements in terms of time, data registration, material resistance, 
parameters control, etc. Besides this, CAD/CAM systems are using new materials 
such as zirconium oxide, calcinable polymers, feldespathic ceramics, etc., being 
this aspect one of the differential factors among CAD/CAM systems. The future 
of prostheses design will undoubtedly be based on these systems.  

On the other hand, these systems present some deficiencies. The most remarka-
ble one is that they do not take into account the kinematics of the mandible. In 
other words, the prostheses designed using these systems could generate patholo-
gy due to the existence of occlusal interferences during the movements. 
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Fig. 4 CAD/CAM design process  

Therefore, this paper presents a novel methodology to design collision-free 
dental prostheses. These virtual design processes [7] (Fig. 5) do not require a 
physical articulator. All the steps are computer-aided till the prosthesis is located 
in the mouth.  

 

 

Fig. 5 Virtual design process 

1.4 Virtual Articulator 

Over the recent years, two virtual articulators have been developed by Kordass 
and Szentpétery, who were the first developers of such software. By using these 
articulators it is possible to:  
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•  simulate human mandibular movements 
•  move digitized occlusal surfaces against each other according to these  

movements 
•  correct digitized occlusal surfaces to enable smooth and collision-free  

movements  

The virtual articulator developed by Kordass and Gaertner [8] [9] from the 
Greifswald University in Germany was designed to record the exact movement 
paths of the mandible with an electronic jaw movement registration system called 
Jaw Motion Analyser (Zebris Medizintechnik GmbH, Tübingen/Germany) and 
move digitized dental arches along these movement paths on the computer. This 
software is able to calculate and visualize static and kinematic occlusal collisions. 
However, it must be pointed out that the electronic jaw recording system required 
by this virtual articulator is very sophisticated and expensive. 

The virtual articulator developed by Szentpétery, from the Martin-Luther Uni-
versity of Halle [10] [11] [12] is based on a mathematical simulation of the 
movements that take place in an articulator. It is a fully adjustable three-
dimensional virtual dental articulator, capable of reproducing the movements of an 
articulator. In addition, mathematical simulation contributes to offer some possi-
bilities not offered by some physical dental articulators, such as the curved Bennet 
movement or different movements in identical settings. This makes it more  
versatile than a physical dental articulator. The graphic interface is currently being 
improved. 

Besides, different firms presented their virtual articulators integrated in the 
CAD/CAM systems at the IDS´13 (International Dental Show 2013, Cologne, 
Germany). These virtual articulators permit the simulation of protrusive and later-
al movements, whilst collisions are visualized in real time. The main disadvantage 
of this articulator is that the models have to be mounted with gypsum onto the 
mechanical articulator to scan them in this position, and this step requires time.  

2 Results 

As it has been explained, the first purpose is to build up a virtual articulator. 
Firstly, different types of articulators were selected (Fig. 6). Second, several tests 
were carried out using different scanning systems, Reverse Engineering software 
and different CAD systems. After a thorough analysis of the results and the diffi-
culties involved in each case, the Panadent PSH and the ATOS I scanner were 
selected, together with Reverse Engineering software Rapidform and Solidedge as 
CAD systems. 
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Fig. 6 Modelling processes of different articulators 

The following Fig. 7 presents in detail the modelling of the Panadent PSH: 

 

 

Fig. 7 Modelling process of Panadent 

The main result of this project is the construction of the virtual articulator and 
its validation. Whilst for the other existing virtual articulators, unless a complex 
registration system is used, physical articulators are still necessary, for this design 
process, physical articulators are not necessary. This fact reduces the required time 
and increases the automation of the process. 

Another result is the parametrization of the condilar fossa. This involves a 
greater control of the condilar trajectory. Using the parametrization, it is possible 
to introduce new parameters. When working with physical articulators, this is 
certainly impossible. 
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3 Conclusions 

In summary, this project arises from the implementation of CAD systems and 
Reverse Engineering systems in the construction of a dental virtual articulator. 
Following the proposed system, producing a dental prosthesis digitally has proven 
to be possible. The currently commercialized CAD/CAM system does not take 
into account the kinematics and the existing virtual articulators require a complex 
registering system or several manual steps to mount models on the physical articu-
lator. The proposed system reduces the amount of manual steps and at the same 
time, computer aided design becomes more important.  

Another certainly important conclusion is that when the collided part is re-
moved, the result is still valid. However, these interferences should be integrated 
on the re-design process while improving the geometry. This accounts for the 
importance of visualizing collisions so that, according to them, an optimum geo-
metry can be generated in real time.  
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Abstract. A simulation model of a parallel medical robot is presented in this paper.
The robot consists of two modules: the PARAMIS robot and an additional parallel
module. The parallel module is used to obtain a mechanically fixed remote cen-
ter of motion (RCM), enabling the structure to manipulate active instruments. The
new structure provides the necessary motion control with respect to the particular-
ities and restrictions of minimally invasive applications. A simulation based on the
developed kinematic models is performed using the Simulink software from MAT-
LAB. Another simulation of the imposed motion is performed using the CAD model
of the structure. The numerical results obtained during the simulations are compared
and show that the robotic structure is correctly modelled and reliable.

Keywords: Parallel robot, Simulation, Kinematics, Matlab, Simulink, Control.

1 Introduction

Medicine has known a continuous evolution animated by the ultimate goal of im-
proving the life time and quality of humankind. In surgery, the latest revolution
began 25 years ago, when appeared for the first time the concept of minimally inva-
sive surgery (MIS). As a result of the latest developments in this field, robots have
been introduced as advanced tools for surgeons in complex medical procedures. An
important particularity shared by any robotic device for minimally invasive proce-
dures refers to the special motion of the manipulated tool which passes through a
fixed point in space. This point represents the entry port inside the patient body and
for the manipulating devices it is often called remote center of motion (RCM) [14].
The mechanisms for MIS can be divided into two groups based on their handling of
the entry port. The first group uses it as a passive (virtual) RCM which means that
the manipulated device will use the entry port as guidance for its orientation. These
structures, which use the ”natural” 4 DOF joint, are easy to be controlled and have
relatively low occupied space in OR but their precision is low and they cannot be
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used for the handling of active instruments which enter in direct contact with tissues.
The second group imposes mechanically the RCM as a fixed point and the relative
position between the robot and the patient superposed it over the entry port in the
body. These solutions have complex kinematic chains, have large occupied space in
OR, use a ”virtual” 4 DOF joint but are capable of manipulating active instruments.
Referring to their range of applications in the operating room, the robotic structures
can be divided into 2 major groups: the first group integrates the laparoscope hold-
ers, the second one integrates complex surgical systems. Several laparoscope hold-
ers were developed, the most important being: AESOP [5], FreeHand [3], ViKY [17]
and LAPMAN [9]. In the second group several solutions were achieved: The plat-
form of AESOP was later used to create a multi-arm robotic system, named Zeus,
able to manipulate different instruments [1], the da Vinci system, which reached a
worldwide spread, providing real benefits in numerous surgical procedures. Other
complex systems are Amadeus [15] and DLR MiroSurge [4].

The author’s first achievement in this field is the 3-DOF laparoscope holder
PARAMIS, [8], [16], which uses the entry port in the patient, as a virtual RCM,
to guide the endoscope. Following the idea of modularity and the positive feedback
from the surgeons, the development of a supplementary module for PARAMIS was
chosen, in order to replace the virtual RCM with the mechanically imposed one.
The robots with mechanically constraint RCM can be used for the manipulation
of the active instruments in MIS and also for needle placement therapies. Needle
placement therapies, covers applications like biopsies, fluid extraction from internal
organs (heart, lungs) or placement of radioactive seeds in different body organs in
minimally invasive cancer therapy, brachytherapy [12].

The paper presents some kinematic simulations of a medical parallel robot with
five motors, performed by using the digital control model. Section 2 presents the
kinematic scheme and a short description of the studied parallel robot. Sections 3
and 4 deals with the kinematic simulations and illustrates the numerical results of
them, followed by the conclusions and references.

2 The Kinematic Scheme of the Parallel Robot

The analyzed parallel robot with five motors is based on an already existing robot
and an attachable parallel orientation module, assuring high rigidity due to its closed
chains. The robotic arm consists of a positioning parallel module PARAMIS with 3
motors and an orientation parallel module with 2 motors, presented in figure 1. This
figure presents also a detail of the parallel module. From the first three active joints,
actuated from the robot basis, two of them are prismatic and one is rotational. Two
additional active joints are used in the module positioned on the tip of the arm with
the length rA, one of them is rotational and the other one is a prismatic joint [13].

To solve the geometric model, a mobile frame AX’Y’Z’, attached to the end-
effector in point A is used. The active coordinates of the robot are denoted by q1,
q2, q3, q4 and q5 and the notations b, h, e2, d, r1, r2, e3 and β were used for the
geometrical parameters (Figure 1). Concerning the solving of the direct geometric
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Fig. 1 The kinematic scheme of the robot: The structure and a detail of the parallel module

model, the displacements in motor coordinates q1, q2 and q3 are given along with
the coordinates of the insertion point B. The end-effector coordinates are to be de-
termined, namely the point E(XE ,YE ,ZE) - the tip of the end-effector, and the two
rotation angles ψ and θ , which represents the Euler angles. The instrument must
pass through the fixed point B, which means that the coordinates q4 and q5 have to
be imposed , based on the coordinates of point B. For the inverse geometric model,
the generalized coordinates of the active joints along with the rotational angles ψ
and θ , have to be determined using the generalized coordinates of the end effector
XE , YE , ZE .

3 Simulink Modeling

Considering the advances of the control theory and computer techniques, the com-
puter aided control system design (CACSD) has been developed. Different tools
are used for the analysis of kinematics and dynamics of robotic manipulators [10],
for off-line programming, for testing different control algorithms, optimization of
the mechanical structures [2] and setup of the robotic cells and production lines. A
simulation is useful in order to create an embedded application for a specific robot
without being dependent on the “real” structure.
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Matlab [6] has become the most widely used software package for modeling and
simulating mechanical systems and with its Simulink package is one of the repre-
sentatives of the high-performance languages for the CACSD. Simulink provides a
graphical user interface (GUI) for building models as block diagrams, using click-
and-drag mouse operations. Simulink is widely used in control theory and digital
signal processing for multi-domain simulation and Model-Based Design [11].

For control studies of the robot, based on the kinematics a Simulink model is
built, without frictions in joints, but respecting the constructive dimensions and
their geometrical parameters of the mechanical structure. The Simulink model of
the robot is made up of the controlled object (the mechanical structure) and the con-
trollers (the five actuators). Figure 2 shows the robot mechanical structure layout,
assembled using the Simulink block diagrams. As input data for simulation, the ana-
lytically calculated displacements, velocities and accelerations of the actuators were
used.

Fig. 2 Simulation: The robot layout based on Simulink block diagram

Using a subsystem for each actuator, the numerical values of the linear/angular
position, velocity, and acceleration, are imported in Simulink and bundled into one
motion signal. Using a sensor block attached to the tip of the end-effector, the dis-
placements, velocities and accelerations can be measured in that point. The sensor
block is a dedicated tool used to determine the geometric parameters of a body,
relative to the local or the global coordinate system. With the “Multi Plot” or the
”Scope” block diagram (Figure 2), the variations of the measured time dependent
parameters of the moving components can be represented in graphical form.
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4 Simulation and Validation of the Kinematics

4.1 Simulation with Simulink

For the simulation experiment it was chosen the command MOVE IN, which means
a motion of the end-effector with 10 mm into the patient body. In kinematics terms,
the command represents a translational motion, along the longitudinal axis of the
end-effector, starting from the initial pose.

Using a set of initial coordinates (XEi = 990[mm],YEi = 255[mm], ZEi = 420[mm])
for the tip of the end-effector and following the MOVE IN command, the coordi-
nates of the final position were determined (XE f = 991.22[mm], YE f = 263.13[mm],
ZE f = 414.31[mm]), respecting the imposed geometrical restriction represented by
the fixed point B with coordinates (XB = 975[mm], YB = 155[mm], ZB = 490[mm]).
Regarding the motion parameters, were used the following values for the actuators:
- the maximum speed of the active joints:
Vq1 = 22.44[mm

s ],Vq2 = 22.44[mm
s ],Vq3 = 3.20[ deg

s ],Vq4 = 6.48[ deg
s ],Vq5 = 3.95[mm

s ]
- the maximum acceleration of the active joints:
Aq1 = 64.1[mm

s2 ], Aq2 = 64.1[mm
s2 ], Aq3 = 0.75[ deg

s2 ], Aq4 = 0.15[ deg
s2 ], Aq5 = 8.2[mm

s2 ]
Knowing the initial and final pose of the end-effector, using the inverse geometric
model, the initial and final positions of the actuators were determined. Calculating
the displacement for each active joint and respecting the imposed geometrical re-
striction imposed by the fixed point B, the necessary velocity and acceleration of
each actuator were determined for the imposed movement. Regarding the motion
generation profiles, were taken into consideration two cases, the triangular profile
for velocities, when the actuators do not achieve the maximum speed and the trape-
zoidal profile, when the actuators achieve its maximum speed. In function of the
initial and final positions of the actuators, one of the above mentioned cases is used,
in order to determine the switching times for the velocities and accelerations (equa-
tions (1) and (2)) [7], finally the variations in time of the positions, velocities and
accelerations of the active joints are obtained, which represents the inputs of the
simulation.

The relations for the switching times, if the maximum velocity is reached

t1 =
vmax

amax
, t2 =

|p f − pi|
vmax

, t3 =
|p f − pi|

vmax
+

vmax

amax
(1)

and in case of the maximum velocity is not reached the equations become:

t12 =

√
p f − pi

amax
, t3 = 2 · t12 (2)

These numerical values (Figure 3) were imported in the Simulink block diagram
as inputs for the joint actuators. Simulating the imposed motion in Simulink were
obtained the variations of the time dependent parameters of the end-effector.
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Fig. 3 Time history diagrams - positions, velocities and accelerations of the actuators

4.2 Simulation with SolidWorks

A CAD model of the 5 DOF hybrid robot was developed in SolidWorks (Figure
4) in order to realize some tests with a virtual model of the structure before the
construction of the experimental model. In this case for the simulation experiment
it was chosen the same command (MOVE IN), presented above in order to compare
the SolidWorks simulation with the Simulink results.

As inputs a set of data was used for each actuator, representing the switching
times determined above and the velocities at that times, and based on the linear
interpolation implemented in the SolidWorks Motion module, were automatically

Fig. 4 CAD model of the PARAMIS 5M-P
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calculated the time variation of the positions, velocities and accelerations for the
actuators. Using the available sensor types in SolidWorks Motion the variation of
the time dependent end-effector parameters were measured.

4.3 Comparison of the Numerical Results

Comparing the time history diagrams (Figure 5), obtained by following the numer-
ical simulation of the direct kinematics in Simulink and from the simulation made
on the CAD model of the studied structure, the results prove to be identical.

Fig. 5 Time history diagrams - positions, velocities and accelerations of the end-effector

Analyzing the plots in figure 5, the trajectories of the end-effector obtained an-
alytically in Simulink correspond with the behavior of the mechanical structure in
SolidWorks, validating the designed parallel robot. Considering the medical restric-
tions and requirements imposed for a robot applied in MIS procedures, where the
imposed precision for the positioning of the end-effector is 1 millimeter, this struc-
ture is viable for such applications. The obtained results are compared and thus the
accuracy of the developed kinematic models is confirmed.

5 Conclusions

A Simulink and a CAD model of the PARAMIS 5-MP parallel robot and its motion
simulation, based on the direct kinematics, are presented. The simulation experi-
ments were performed using as inputs digital motion signals for the actuators. The
comparison of the presented simulations shows that the developed kinematics mod-
els for the robotic structure are reliable and can be used in the control system of the
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experimental model of the PARAMIS 5-MP robot. The motion accuracy and the use
of a mechanically constraint RCM allow the structure to be used for the handling of
active instruments which enter in direct contact with tissues and also the PARAMIS
5-MP structure is a viable candidate for brachytherapy, where the motion is identical
to the MOVE IN function in MIS.
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Abstract. The main purpose of this paper is to develop a novel experimental de-
sign of knee prosthesis for trans-femoral amputees, which uses a geared linkage in 
order to generate a rotational movement of the knee joint. The geared linkage with 
linear actuator can reproduce an approximately linear transmission function for a 
very large rotation angle. This property of the geared linkage allows an easier 
control of the walking gait. Such prosthesis becomes active by empowering it with 
an electro-pneumatic circuit and an electro-pneumatic control unit, which allows 
the control of the swing phase. 

Keywords: knee prosthesis, geared linkage, prosthesis design, control approach. 

1 Introduction 

The development in the field of knee prostheses pursues a biological static and 
dynamic behaviour of the lower human limb, an uniform distribution of the body 
weight both on the prosthetic limb and the healthy limb, ensuring the walking 
stability and identical movement for both limbs. All these requirements improve 
the life quality and the work capacity of the amputees.  

In order to insure the walking stability, usually a large series of mechanical, 
pneumatic and hydraulic solutions is used for the knee prosthesis. These prosthe-
ses are designed either as passive or active systems. The mechanical solutions can 
use a simple and least expensive cinematic joint with dampening system or poly-
centric (physiological) hinge [1].  

In [2] the purposed design of the active prosthetic knee (APK) is an inverted 
slider crank, using a screwball system accompanied by a high-speed brushed ser-
vomotor to provide one degree of freedom and the full necessary torque at the 
knee joint. In [3] a prosthetic system for trans-femoral amputees C-Leg is de-
scribed. It is based on a hydraulic knee joint with electronic control of both swing 
and stance phase. The required resistance for flexion or extension of the knee is 
calculated and then provided by a hydraulic unit equipped with electronic servo 
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valves. The design and evaluation of knee joint controllers, used for controlled 
driving of the knee actuator is presented in [4]. The paper work [5] develops a 
knee-ankle-foot orthesis with a joint unit that controls knee movements using a 
microcomputer. By means of using sensors the gait phase is optimized [6]. A new 
technique for dynamic damping control is presented in [7] based on natural hu-
manoid walk for above knee prosthesis which exploits biologically inspired cen-
tral pattern generator (CPG). 

Authors of [8] propose a design of active and passive knee prosthesis system, 
using a slider crank mechanism with its own hydraulic acting system. This pros-
thesis allows the blocking of the knee joint in the extended limb position through 
the geometry of the piston and crank. A solution for the knee prosthesis with 
geared linkages and linear displacement actuator is presented in [9], [10] and [11]. 

The geared linkages with linear displacement actuator have the property to al-
low the movement for a very large rotation angle. In the presented prosthesis, the 
knee is substituted with a simple joint. The electro-pneumatic control unit helps to 
control the swing phase. The pneumatic controlled knee prosthesis contains pis-
tons that adjust the swing phase resistance as gait changes.  

The aim of the paper refers to a new design and a control approach of an active 
knee prosthesis that uses a geared linkage and a linear displacement actuator.  

2 Synthesis of the Geared Linkage as Knee Prosthesis 

The solution of knee joint allows a rotation movement with an angle of 130°. As 
presented above, the active prostheses with 1 DOF uses an inverted slider-crank 
(Fig.1 a,b) or a slider crank. These mechanisms are actuated by a double acting 
hydraulic cylinder (Fig.1c) assembled in parallel with a throttle [1]. Such mechan-
ism structures provide a non-linear transmission function and allow a limited rota-
tion angle between the thigh and the leg. 
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Fig. 1 Knee joint (a). Kinematic schema of the inverted slider-crank (b). Hydraulic or 
pneumatic double acting cylinder (c) 
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In order to avoid the disadvantages of the inverted slider-crank it is recom-
mended to use a geared linkage and a linear displacement actuator. Therefore, the 
synthesis of the geared linkage with linear actuator, used as driving mechanism of 
the knee prosthesis joint is further developed. The geared linkage contains an in-
verted slider-crank as basic structure connected in parallel with a gear train. One 
of the gears is connected with the slider of the basic structure and performs a pla-
netary motion (Fig. 2). The input parameter is the stroke s of the slider and the 
output parameter is the rotation angle of the output gear χ . In order to obtain an 

approximately constant transmission ratio for a large rotation angle, an optimiza-
tion synthesis is recommended. 
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Fig. 2 Geared linkage with inverted slider-crank 

The target function is defined as difference between the instantaneous trans-
mission ratio and the desired constant transmission ratio. The target function is: 

 !Min:sd),,s()(F
1H l/s

o
desired42 =χ′−λλχ′= x  (1) 

where Hs  - the imposed stroke, ),,s( 42 λλχ′ - instantaneous transmission ratio 

(first order transmission function) and desiredχ′  - desired transmission ratio, de-

fined as: 
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χ
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with maxχ  - the maximum rotation angle of the output gear, maxs  - maximum 

stroke of the input element. 
The transmission function )s(χ  of the geared linkage results in the form of: 

 )s()s()1()s( ϕ⋅ρ+ψ⋅ρ−=χ ,   (3) 
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where       
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 The instantaneous transmission ratio correlated with (4) to (7) gives: 
 

 ( ) )sinll(sinl)ss()s( 4110 ψϕ⋅ρ++−=χ′ . (8) 

For the optimization problem, the expression ( )T42 , λλ=x  is considered as 

variable vector, with the non-dimensional variables: 
 
                                         14412 ll,le =λ=λ .    (9) 
 
 The restrictions are given as inequations, which describe the start and end from 
geometrical conditions: 
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The condition for a convenient transmission angle minμ>μ  at the start posi-

tion is further used to determine the start unitary displacement 10 l/s : 

        2
min42min4

1

0 ]sin)[(1cos
l

s
μ⋅λ−λ−+μ⋅λ−=








.               (12) 

 

Fig. 3 Transmission function and instantaneous transmission ratio of the geared linkage 
with inverted slider-crank used for the knee joint 
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The imposed parameters for the optimization problem are the gear ra-
tio, 62.0=ρ , the minimal transmission angle °=°μ 10min , needed to limit the 

rotation angle, and the maximum unitary stroke 08.0l/s 1H = . One local minimum 

value for the non-dimensional links lengths results from the contour line diagram for 
02 =λ  and 9.04 =λ . The links lengths are mm0l2 =  and mm36l4 = for the 

frame length of mm400l1 = . This mechanism allows a maximum rotation angle of 

°≅°χ 144max  for a start position mm364s0 = and a stroke mm36sH = . The 

rotation angle is limited to 120° (Fig. 3) with the displacements mm5.0s1 =  and 

,mm32s2 =  which means that for the knee-joint, the start position and the stroke 

are mm5.364s0 =  and mm,396sH =  respectively.  
 

 

a)      b)   

Fig. 4 CAD model of the knee joint prosthesis 

A double acting cylinder drives the prosthesis. Because the requirement of sta-
bility while stepping, the double acting cylinder is more suitable in use with this 
prosthesis. The CAD model of the actual prosthesis (Fig. 4 a,b) illustrates the con-
struction of the geared linkage and assembly of the actuator [12]. 

The actual active prosthesis was manufactured as a demonstrative model (Fig. 
5) developed with sensorics for controlling the valves (myoelectric sensors) and 
monitoring the velocity of the components on different loads. 

The control of the braking action is based on adjustment of throttles. Different 
levels of screwing the throttles on both ends of the cylinder lead to different brak-
ing actions on each end of the cylinder. This action is necessary in order to mimic 
the human gait in the best way. 
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Fig. 5 Active knee prosthesis demonstrator 

3 The Electro-pneumatic Control Circuit 

The prosthesis uses an electro-pneumatic assembly and an electronic assembly for 
its control functions. It also needs two different power sources, compressed air 
(reservoir) and electricity (battery). 

In order to control the prosthesis (Fig. 6), a set of 2x3 myoelectric sensors are 
attached to two of the wearer's muscles, one set (3 sensors) for extension and one 
set (the other 3 sensors) for flexion. The very weak electrical signal collected by 
the sensors is then amplified by two amplifier stages and then fed as a higher vol-
tage analog signal to the ADC of the electronic control unit.  In turn, this unit  
monitors the converted values for the two signal channels and decides whether the 
prosthesis is required to extend or to flex. Also based on the values from the sen-
sors, 3 discrete speed values of the prosthesis can be selected.  

The interface between the low power ECU and the high power electro-valves is 
achieved with a relay board. This board contains 4 relays: 2 of them feed power to 
the appropriate valves for extending the pneumatic cylinder or retracting it and the 
other two provide the power to the throttled valves that control the air flow in the 
cylinder and thus the velocity of the prosthesis. 

The pneumatics consists of the cylinder, the electro-valves group, the com-
pressed air conditioning group (filtering, pressure limiting, 3-way valve for refill) 
and the air reservoir. Pressure inside each chamber of the cylinder is controlled 
individually so that the force exerted by the prosthesis can be tuned according to 
the application. The pneumatic circuit also involves two electrically piloted check 
valves that restrict the air evacuation form the cylinder when there is no command 
to move it. In this state, the prosthesis behaves like having a slightly damped elas-
tic element that provides the wearer with a level of compliance. 
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Fig. 6 Active knee prosthesis demonstrator 

The working pressure of the system is 0.4 MPa and the pressure limit inside the 
pneumatic circuit is 1.0 MPa so if a high pressure air reservoir (~2.0 MPa) is to be 
used (which can increase autonomy), another intermediate pressure regulator must 
be used. Since the air consumption of the current demonstrator is ~1.10 nl/min, 
another possibility for providing extended autonomy for a functional prosthesis is 
to wear a small and silent compressor, but at the expense of increased total weight 
(from the compressor and additional batteries). 

4 Conclusions 

The paper proposes an original solution of knee prosthesis, designed and manufac-
tured in the laboratories of the Politehnica University of Timisoara. 

The prosthesis implements a geared linkage in order to mimic the movement 
of the human knee during the flexure/extension. The extension of the rotation and 
its forward/backward sense is controlled by means of a geared linkage with        
inverted slider crank basic structure. The optimal dimensioning of the links was 
performed on the criterion of getting natural values of movement extension.  
A pneumatic system actuates and controls the mechanical parts’ movement.  

The prosthesis is original in regard of the used mechanism which allows a 
large rotation angle, small weight at simple and sturdy construction. The linear 
transmission function was achieved by means of a fairly simple and reliable  
system. 

Manufacturing and assembling of the prosthesis allows future laboratory test-
ing in order to validate the theoretical optimization approach.  
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Abstract. In this paper we present concept, prototype and first experimental results
of a force/ torque-sensor based motion control and fall prevention system for an
active walker mobility aid to support walking and the sit to stand transfer. For de-
tection of the user intention and for characterization of possible fall situations a 6D-
force/torque sensor is used in combination together with a real-time SIMULINK R©
signal pre- and postprocessing. To improve situation awareness of the signal pro-
cessing, a mathematical model of the human body is used in the background. Finally
we present first experimental results acquired with a passive type rollator using our
lab test course.

Keywords: Mobility Aid, Force-Torque-Sensor, Human Body Modeling, Intention
Detection, Fall Prevention.

1 Introduction

With the increasing expectation of life in most countries in the world, the number
of people attaining a great age raises year by year. One of the key expectations of
this group of people is to live as self-determined as they were used to in the first
decades of their life. For them it is important to be able to fulfil the activities of
daily life without being dependent on the help through caregivers [1]. A key factor
for this is mobility. Suffering from restricted mobility has negative effects on the
physiological as well as on the psychological well-being and can start a vicious
circle of physical and mental degradation. The source of restricted mobility could
either be temporal, e.g. a surgery or accident, or permanent, e.g arthrosis or muscle
weakness. The range of limitations starts with a limited sphere of action around
the home and can range to total dependence on caregivers due to impossibility to
perfom a sit to stand transfer without external help. For those situations, different
aids are already available or under current reseach. While passive tools like canes,
crutches or passive walkers or rollators can be bougth in many variations, the area of
active aids is still under research of geriatric as well as robotic scientific community.
With this work we present the design and implementation for a control system of a

V. Petuya et al. (eds.), New Advances in Mechanisms, Transmissions and Applications, 157
Mechanisms and Machine Science 17,
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motorized mobility aid to support users walk, support the sit to stand transfer process
and act as fall prevention tool. The main aim of the system is to allow people with
restricted mobility to live a self-determined life at home and to prevent or prolong
the need for caregivers or to move to a nursed home. With a small footprint the
system is designed to be used in accessible environments.

The rest of the paper is organzied as follows: section 2 gives an overview on the
work of others in the field of walking aids, especially active ones. Following this
chapter, in section 3 we present our work. In section 4 we present experimental re-
sults before concluding in chapter 5. Since this is work published during the project
is in progress, we give an outlook on ongoing and future work in section 6.

2 Related Work

A very good survery paper on the current state of research on mobility aids was
recently published by Dune and Gorce [4]. Our work was inspired by the previous
works of Mederic et al. [8] and Merlet [9]. The work of Alwan [1], Frizera Neto [6,
5] and Wasson [10] is focused on deriving gait characteristics from a FTS-signal
using passive type walking aids.

3 Our Work

In the following we describe our approach for design and implementation of a con-
trol system for an active mobility aid for handicapped persons designed to support
the user walk (including an active fall prevention), stand up and sit down. For our
research work, we decided for a two step approach: In the beginning, we modified
an existing rollator system to make its mechanical and sensor layout match the final
system configuration. Based on the results, a motorized version of the final system
is designed and built.

3.1 Mechanical and Electrical Setup

Since the final system will have a height adjustable horizontal bar that the user
grasps to hold and control the mobility aid, we replaced the handles of a standard
rollator by the construction shown in figure 2. The induction point of forces and
torques is centered in the middle of the virtual axis connecting the two rear wheels
of the rollator. The height of the handle bar is fixed to match an average person’s
hands position if holding them loosely bent in front of the body. The mechnical con-
nection between the handle bar and the rollator is performed using a 6D-force/torque
sensor (FTS) as shown in figure 2. The sensor is an ATI Mini45 force/torque sensor
with the technical specifications listed in table 1.This passive system was used to
gather information on the expected way how users will interact with the mobility
aid and about the necessary dimensioning of sensors and actors in the final sys-
tem by identifying the forces and torques required to be measured to detect user



Motion Control and Fall Prevention for an Active Walker Mobility Aid 159

intention. Depending on the desired use of the final system, the 6D-FTS could be
replaced by a simpler (and also cheaper) sensor principle like 1D-force sensing for
particular axis only or by mechanically damping the connection between handle and
system body and measuring the user commands using e.g. a mini-joystick. For in-
deep monitoring of the user’s gait characteristics, we still suggest using an 6D-FTS
sensor because it delivers the biggest amount of direction-dependent motion infor-
mation. Also the software framework for detecting the user navigation commands
in the sensor data was implemented using this device. The user command detection
can work in two operating modes: Use forces and torques directly as input data for
position control or analyze a sequence of data samples using a lookup table or neural
network and output pre-defined control patterns to the motors. For both operating
modes the torque applied to the Z-Axis is converted into a desired turning rate of
the system and then added to the forward motion signal. Figure 1 gives an overwiew
on the system.

6D Force/Torque Sensor

Data Acquisition Toolbox
SIMULINK Model

Actors

Human Body Model

USB A/D Converter

Fig. 1 System overview of the mobility aid control system

An electromechanical prototype of the final system is currently under construc-
tion. The planned way of using the final device is shown in figure 5(b). Two major
parts of the system will be motor-driven: Based on the idea of a standard rollator, our
final device will have 2 motor driven rear wheels and 2 free turning caster wheels at
the front. The second motor driven part will be the height-adjustable top table with
the handle bar attached.

Table 1 Rated (Full-Scale) Loads and measurement uncertainty (95% confidence level, per-
cent of full-scale load) of our ATI Mini45 Force/Torque Sensor

Fx Fy Fz Tx Ty Tz

290 N 290 N 580 N 10 Nm 10 Nm 10 Nm
1.00% 0.75% 0.75% 1.25% 1.50% 1.00%
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Force/Torque
Sensor

PC with
SIMULINK

USB A/D
Converter

Fig. 2 Rollator equipped mith Force/Torque-Sensor, PC and USB powered A/D converter

3.2 Mathematical Model of the Human Body

Based on the work of Hanavan [7], a mathematical model of the human body was
used in the control software. As shown in figure 3, in this model, human body is
split into 15 geometric solids. The work describes the dimensions of the body parts
as well as their weights and moments. Finally the work provides measurements for
5 subjects and 31 different poses. To adapt the model to the desired user group
we used the information provided in the german standards DIN 33402-1 and DIN
33402-2 which provide the average size of body parts and the average weight by
gender and age groups for german people [3, 2]. Figure 4 shows a drawing from
the standards document. We implemented the model using standard geometries and
joints in SimMechanics to be able to animate it and use it as basis for the extraction

Fig. 3 Model of the human body [7] Fig. 4 Upper arm length [2]



Motion Control and Fall Prevention for an Active Walker Mobility Aid 161

of the user navigation commands from the FTS signals. Figure 5(a) shows the model
of a human arm using the parts described in the mathematical model. One of the key
motivations behind using the mathematical model is the ability to pre-configure the
device for a particular user weight and proportions and adjust the motor control
profile to adapt to user requirements or preferences.The model also helps to detect
possible fall situations in the FTS signals by helping to seperate gait induced varia-
tions from the ones creating by the user stumbling.

(a) SimMechanics
model of the arm

F-Z

(b) Model of mobility aid
with user

Fig. 5 System model created with Matlab SimMechanics Toolbox

4 Experiments

In this section we describe the experiments we did with young and healthy subjects
in the lab at the IPR. With these experiments we wanted to check the correctness of
using the mathematical model of the human body described in section 3.2 together
with the mechanical design and the sensor concept. After verifying the basic func-
tionality of this system components, dynamic tests using a test track in our lab were
performed.

4.1 Static Experiments

The first experiment was carried out by the test person encompassing the handle
with both hands without moving the system. The person mass was entered into the
mathematical model. The calculated values for the relevant body parts are:

Table 2 Mass of body parts of test persons. Calculated using [7]

Person Mass Head-Neck-Torso Upper arm (L+R) Lower arm (L+R) Hand (L+R)

1 58 kg 33.79 kg 3.32 kg 2.09 kg 0.89 kg
2 75 kg 43.31 kg 4.68 kg 2.77 kg 1.06 kg
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For the static experiments, the user was standing upright. Person 1 was holding
the upper arms in parallel to the torso, the upper arm of person 2 was forming
an angle of 45 degrees with the upper body like shown in figure 5(b). The values
expected to be measured for -FZ for person 1 was 14.7 N, for person 2 35.1 N.
Results are shown in figure 6. The error for this experiment was 0.3 N (2%).
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Fig. 6 Sensor values for static test with person 1. Average value for -FZ = 14.4 N.

4.2 Dynamic Experiments

2 experiments were carried out with test person 2 (75 kg). The first was a test course
with 2m of straight walk, then stop, turn left by 90 degrees, then walk straight again
and stop. The results are shown in figure 7.
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The second experiment started with a straight walk continued with an insinuated
stumbling by tripping over a carpet-style barrier fixed to the lab floor. The results
of this experiment are shown in figure 8. The diagram shows a cleary visible and
detectable peak in the sensor values, which can be used for detection of an arising
fall situation and to slow down or stop the system to give the user a safe stand. The
amplitude of the peak is about 3 times higher (-150N) compared to average normal
walking condition.
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Fig. 8 Sensor values for person 1 stumbling in sagittal plane

Together with the mathematical model of the human body this experimental in-
formation is used for dimensioning a stable final system and choose robust mechan-
ical components.

5 Conclusions

We presented our work of a system design for motor control and fall prevention
for a motor-driven mobility aid. A mathemical model of the human body is used to
adapt the system to the user preferences and to improve the situation awareness for
detection of possible fall situations. The electro-mechanical concept was described
and first experiments were carried out.

6 Future Work

Currently the protoype system is under construction. The suggested control concept
and the mathematical human body model will be implemented as part of the control
system.
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Abstract. The development of robotic devices to apply in rehabilitation process of 
human lower limbs is justified by the large number of people with lower limb 
problems due to stroke and/or accidents. In this paper is presented a cable-based 
parallel manipulator for lower limb rehabilitation which is composed by a fixed 
base and a moving platform that can be connected from two to six cables perform-
ing the movement of human gait and the individual movements of hip, knee and 
ankle. In this paper an optimization analysis of the motors position is made using 
Genetic Algorithms, considering its workspace, in such way that the cables have a 
minimum tension on it. For this, the static force analysis is made using the  
Jacobian matrix. 

Keywords: Cable-based parallel manipulator, rehabilitation, lower limb, work-
space, optimization.  

1 Introduction 

The science of rehabilitation shows that repeated movements of human limbs can 
to help the patient regain the function of the injured limb. Mechanical systems 
under automatic control can be more efficient in performing these exercises than 
humans because they can perform the necessary rehabilitation movement as well 
as record information like position, trajectory, force and velocity, maximizing 
motor performance during active movements, and guiding the movement of a 
patient’s limb attached to it. All trajectory data can be archived and then compared 
to check the progress of patients in therapy. 

Different mechanical systems have been developed and applied for rehabilita-
tion. These mechanical systems can be divided in: robots, exoskeletons, and cable-
based manipulators [4]. 

The cable-based parallel manipulator (or cable-driven parallel manipulator) 
consists of a fixed base and a moving platform which are connected by multiple 
cables that can extend or retract. Then, a cable-based parallel manipulator can 
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move the end-effector by changing the cables lengths while preventing any cables 
becoming slack. Therefore, feasible tasks are limited due to main static, or dynam-
ic, characteristics of the cables because they can only pull the end-effector but do 
not push it [1, 7].  

These structures have characteristics that make them suitable for rehabilitation 
purposes. They have large workspace which may be adapted to different patient 
and different training. The mechanical structure is easy to assembly and disassem-
bly which makes it easier to transport, and can be reconfigured in order to perform 
different therapies. In the clinical point of view the use of cables instead to rigid 
links makes the patient fell less constrained which is important to help it to accept 
the technology. These characteristics make the cable-based parallel manipulators 
an excellent alternative for rehabilitation. The drawbacks related to the use of 
cable-based parallel manipulators are the physical nature of cables that can only 
pull and not push and the workspace evaluation becomes forces dependent and can 
have a complex and irregular shape [7, 11]. 

This paper presents a new cable-based parallel manipulator for rehabilitation of 
the lower limb human movements and its workspace analysis. The structure can 
be assembled from two to six cables that allow the individual movements of hip, 
knee, ankle and the human gait simulation with different limits and speed. The 
development of this robotic device is justified by the large number of people with 
lower limb problems. The paper is organized as: first the kinematics model of the 
cable-base parallel manipulator is obtained. Secondly the static force analysis is 
made by using the Jacobian matrix and, finally, it was carried out the optimization 
process for the actuators location applied to the human gait. One note that the aim 
of the propose structure is to assist health professionals and not to replace them.  

2 Kinetostatic Modeling 

The cable-based parallel manipulator, proposed in this paper, can be assembled 
from two to six cables arranged in a rigid structure (fixed platform) having a splint 
as moving platform, Fig. 1(a). Figure 1(b) shows the prototype built at the Labora-
tory of Robotics and Automation at Federal University of Uberlândia, assembled 
with four cables, which they are driven by a 24 VDC motor, 45 Nm, an encoder 
with 500 pulses per revolution and pulley. For initial studies, for graphic simula-
tions and experimental tests, was used a wooden puppet with anthropometric cha-
racteristics and 1.80 m tall to simulate the human body, Fig. 1(b).  

To obtain the kinematic model of a cable-based parallel manipulator one can do 
in the same way that those used for the traditional parallel structures [3]. The in-
verse kinematic model consists in finding the cables lengths, ρi, as function of the 
end-effector pose and the forward kinematic problem consists of finding the end-
effector poses for a given set of cables lengths, ρi. For the kinematic model, the 
used parameters are shown in Fig. 1(c). 
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(a)    (b) 

                                                          

 
                                      (c)                                                                         (d) 

Fig. 1 (a) Scheme of the proposed parallel structure; (b) Prototype; (c) Kinematic parame-
ters;  (d) gait simulation with the proposed structure 

From Figure 1(c) the inverse kinematic model of the proposed parallel struc-
ture can be found by 
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Where the subscript i represents the number of cables; pi (ai, bi, ci) is the position 
vector of point Pi , defining the motor/cable position at the fixed structure, related 
to the fixed reference frame; vi (xi, yi, zi) is the position vector of point Vi , defining 
the position where the cable is attached at the moving platform (splint), related to 
the moving frame; C (cx, cy, cz) is the position vector of the center of gravity of the 
moving platform; Q is the rotation matrix between the fixed and moving frames 
obtained by means of three successive rotations θ , β and γ about axes X, Y1 and Z2 
and, ρi is the distance between points Pi and Vi (length of cable i). 
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2.1 Static Force Analysis 

When the cable-based manipulator performs a given task, the end effector exerts 
force and moment on the external environment, and the forces are transmitted by 
extending and retracting cables, ensuring the condition of pulling cables. The stat-
ic force analysis is important to determine the quality of force transmission, which 
is a fundamental aspect of the energetic efficiency of the manipulator and it is 
necessary in order to obtain a feasible workspace. Therefore, the static analysis is 
done taking into account that all cables must remain in tension under any load. 

The equilibrium equations for forces and moments acting on each cable can be 
given by 

 PFF i

n

i
i

n

i
i ==

==
ρ̂

11

    and    MvQt i

n

i
i

n

i
i =×=

== 11

ρ̂  (3)  

Written in matrix form: 

 [ ] [ ] [ ]WFJ T =  (4) 

Where vector [ ]F  represents the cable tension, which are forces that must be done 

by actuators, [ ]W  
is the vector of external forces and moments applied to the sys-

tem, which are the limb and the splint weights, [ ]J  is the Jacobian matrix of the 

structure and, ρ̂ is the unitary vector defining the cable direction from the mobile 
platform to the actuator. For the structure with i cables, the Jacobian can be writ-
ten as Eq. (5). 

Then, Equations (3) and (5) are used to evaluate the cable tension for a known 
trajectory for a cable-based parallel manipulator.                 

 







×××

=
ii

i

vQvQvQ
J

ρρρ
ρρρ

ˆˆˆ

ˆˆˆ

2211

21




 (5) 

3 Workspace Analysis 

One of the most important characteristics of manipulators is its workspace. In the 
present case, the workspace is the set of position and orientation configurations in 
which the end effector is controllable; tensions in cables are positive; forces on 
cables are between a minimum, Fmin, and a maximum, Fmax, in order to maintain 
cables in tension and to avoid breaking of cables; the end effector is far from sin-
gularities, and the wrapping of cables is avoided [6, 9]. As the workspace depends 
on the existing forces, the static analysis was presented before. Therefore, a com-
puter program can be written to search the statically reachable combined work-
space, starting from an initial workspace, under the following conditions [5]. 
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To simulate the sequence of movement of the human step were used the angles 
of the hip, knee and ankle as shown in Fig. 2, obtained from [10]. Details about 
human lower limb movements and joints limits can be found in [8]. The rehabilita-
tion of the human foot is not purpose of this work. 

 

 

Fig. 2 Values of the hip, knee and ankle angles for a human gait 

During the rehabilitation movements it is possible that at least one cable has no 
traction, leading to a region of non-movement control in the structure, since cables 
cannot push the lower limb but only pull it. To avoid this, it is necessary that 
forces on cables are positive during the movement otherwise, it is not possible to 
move the limb in all required positions for the rehabilitation process. 

Thus, in this paper was used Genetic Algorithms optimization (GAO) method 
[2, 6] to determine the best position of motors in the fixed platform according to 
the required movement. It was used the toolbox "gatool" of MatLab® software 
which is necessary input the objective function as well as the lateral limits of the 
problem.  

For simulating the human gait it was used six cables, where the variables are 
the positions of the six motors in the structure and the objective function to be 
minimized is the number of negative or very low force on cables throughout the 
movement. The lower and upper limits are the coordinates that the motor can be 
attached on each axis. For the GAO algorithm was used a population of 100 sub-
jects and 100 generations. In this case the program gives real-time solution of the 
objective function. 

A gait motion simulation is shown in Fig. 1(d) using the prototype dimensions, 
emphasizing the points achieved by the tip of the foot during the movement. In the 
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left side of Figure 3 are shown the cable tension and its length without optimiza-
tion process, where one can note an overlapping of cables due to the symmetry of 
the positioning of the motors and due to the puppet being situated in the middle of 
the structure, so the cable length 1 is equal to cable 2, cable length 3 = 4, cable 
length 5 = 6. The coordinates of attachment of motors are presented in Table 1. 

Table 1 Motor Coordinates before and after optimization  

Coordinates 
[cm] 

Axis X 
before 

Axis X 
after 

Axis Y 
before 

Axis Y 
after 

Axis Z 
before 

Axis Z 
after 

Motor 1 0 0 0 0 70 79.9 
Motor 2 0 0 100 100 70 81.8 
Motor 3 40 10.3 0 0 158 158 
Motor 4 40 13.8 100 100 158 158 
Motor 5 100 100 25 10.8 158 158 
Motor 6 100 100 75 87.6 158 158 

 
 

without optimization  With optimization 

 

 

 

Fig. 3 Simulations of the human gait before and after optimization 
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For simulations one considered that the minimum traction force on cables is 
0.5 N. For the example, without optimization, the analysis had shown that in 126 
analyzed poses, at 46 poses there was no sufficient cable traction force. 

To apply the optimization method were considered the motors P1 and P2 in the 
Z-axis, the motors P3 and P4 in the X-axis, and the motors P5 and P6 in the Y-
axis (coordinate values are shown in bold in Table 1).  

For motors P1 and P2, the lateral limits are between 50 cm and 150 cm. For 
motors P3, P4, P5, and P6, the allowable range is between 10 cm and 90 cm. It 
was given a limit of 10 cm after the beginning and before the end of the bar to 
ensure the assembling of the motor, Fig. 1. 

Thus, the optimization program provided the optimal positions of the motors in 
order to reduce the regions in which the forces on the cables were insufficient to 
perform the movement. Results for the motor position obtained by the optimiza-
tion algorithm are shown in Table 1 and noted as “after” optimization. 

Using the GAO program, for the same analyzed 126 poses one obtained 28 
poses where the tensile strength of at least one cable was less than the minimum 
then, a reduction of 18 poses.   

Results of cable forces and length in both cases are shown in Fig. 3 where one 
can see the behavior of cables before and after the optimization process. 

4 Conclusions 

The number of people with lower limb problems grows at each day due to car 
accidents, stroke and others, which justify studies for developing new structures 
for rehabilitation process. In this paper a cable-based parallel manipulator for re-
habilitation of the lower limb movements has been presented. The application of 
this structure is illustrated for gait human movement.  

The developed cable-based parallel manipulator structure can be assembled 
from two to six cables that connect the fixed platform and the mobile platform 
(splint), allowing the realization of the major movements of the lower limb. The 
kinetostatic model was obtained for the proposed structure. 

The analysis of the workspace of the proposed structure is performed consider-
ing the necessity of all cables stay tensioned during the rehabilitation process. 

The optimization analysis of the motors position was made using Genetic Al-
gorithms, considering its workspace, in such way that the cables must maintain a 
minimum tension on it. 

Experimental tests using an anthropometric puppet to simulate human body are 
still undergoing to validate the proposed structure for several lower limb  
movements. 

Acknowledgments. The authors are thankful to CNPq, UFU, CAPES and FAPEMIG for 
the partial financing support of this research work. 
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Abstract. The aim of this work is to explain the advances made in the develop-
ment of biped robot PASIBOT. The wish of add mimetic skills to the basic robot 
lead us include a pair of linear actuators in the hip of the robot. In order to deter-
mine the best trajectories that will define these mimetic skills, a mathematical 
model is developed and implemented in Matlab, creating a user interface with the 
aim of facilitate the researcher’s work. This software not only solves the equa-
tions, but also offers several options to visualize the results obtained. The correct 
definition of these trajectories will be the input data for further analysis, including 
dynamics in Msc.Adams and on the physical prototype. Unfortunately, the lack of 
space for this paper prevent us from developing the control strategies in a suitable 
way. 

Keywords: biped, walking robot, leg mechanism, simulation, gait. 

1 Introduction 

Despite of the great advances performed until now in the field of the biped robots, 
there is still a lot to do. The major disadvantages walking robots present are re-
lated to the weight and the power consumption, as they reproduce the human leg 
with all its joints (hip, knee and ankle) and actuators.  

However, several researchers prefer to emulate the human gait movement using 
classical mechanisms [5, 11]. By this way, robots can walk in a similar way as 
humans do, but they minimize the energy required to make this action. Walking 
chairs developed in the last years are a perfect example of this philosophy, but 
only Ceccarelli et al. (Laboratory of Robotics and Mechatronic, LARM) have 
been working in a continued way in this line, firstly with the biped robot EP-War 
II [3] and lately with the designs of the legs of the low-cost humanoid CALUMA 
[9] and others [4, 6, 12]. 

Having in mind this philosophy, MAQLAB group of University Carlos III of 
Madrid have been designing and manufacturing the biped PASIBOT, Fig. 1, about 
which several mechanical studies have been presented [1, 2, 7, 8, 10]. This biped 
is a 1 DOF mechanical system based on the combination of classical mechanism 
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that widely reproduces the human walking. In order to improve the robot and get a 
higher maneuverability, some mimetic skills will given to the biped by means of 
two small linear actuators, one horizontal and other vertical. 

This work will focus on developing an application on Matlab that solves the 
kinematic equations that define the movement of the biped. By this way, it will be 
able to study several trajectories of the biped’s foot, some of which will make the 
mimetic skills up. Once the possible trajectories are defined, the model will be 
implemented in Msc.Adams in order to check if the dynamic behavior is as 
expected, and then, add all these new skills to the physical prototype. 

 

    

Fig. 1 PASIBOT robot and its main kinematic chains 

2 The Biped PASIBOT 

The biped robot PASIBOT (Fig. 1) is a 1 DOF (Degree Of Freedom) mechanical 
system based on the smart combination of classical mechanism to widely repro-
duce the human walking. In fact, the design characteristics PASIBOT must 
achieve are: Passive mechanical walking must be performed by the walking robot, 
the number of actuators must be lower than the number of joints and it must use 
articulated mechanism as links for the leg design in sagittal plane. 

Two basic mechanisms make the robot up: a Tchebychev mechanism gives 
the robot the basic trajectory of the gait (as it generates an almost straight line 
trajectory) and a pantograph mechanism reverses and amplifies this movement. 
The pantograph’s central point (point M) is fixed to the hip, being driving by the  
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short side (point B) and obtaining the final foot trajectory on the long side (point 
A). A stabilization system must be added to ensure that the foot will be parallel 
to the ground without additional actuation, which will get the correct walking of 
the robot. 

The improvement of the robot with the addition of the mimetic skills motivates 
the change of name: PASIBOT will be called MIMBOT from now. MIMBOT 
must be able to develop some skills humans do -as lengthening or shortening the 
gait, or up/down one step – in a simple and effective way. The main difference 
between PASIBOT and MIMBOT is the addition of two small linear actuators on 
each side of the robot's hip. This will give the robot a total of 5 DOF. Two actua-
tors (one on each side) will work horizontally, whereas the others will work verti-
cally. The rod of both actuators must be attached to the fixed point of pantograph 
mechanism (point M) because in this way the geometry of the mechanism is mod-
ified, and consequently, the gait (trajectory of point A) will change to get the  
desired mimetic skill. 

3 MIMBOT Software 

The parametric mathematical model defining the robot's kinematics is imple-
mented in Matlab and, in order to get an easy way to solve and modify the robot 
characteristics, a user interface is developed using the tool GUIDE, embedded in 
Matlab. As it will be seen later, the developed software is very useful to check the 
suitability of modifications executed. 

As this model has been widely explained in other works [7, 8], here we will  
refer only to relevant equations for the mimetic skills. Once the Tchebychev’s 
mechanism is solved, next step is solving the kinematic chain belonging to the 
pantograph mechanism (the darkest highlight in Fig. 1). Its closure relation is 
showed in Eq. (1). After this, just two loops remain to be solved, those related to 
the stabilization system (the two darkest highlights in Fig. 1) whose closure rela-
tions are showed in Eq. (2) and Eq. (3)-. 

 6 8
6 8 0j jMB r e r eθ θ+ + =


 (1) 

 7 11 9
11 9

j j j j
C fr e r e r e r eθ θ δ θ+ = +  (2) 

 8 12 11 10
12 11 10

j j j j
Ar e r e r e r eθ θ θ θ+ = +  (3) 

Developing the equations, it is able to obtain every interesting angle as, for ex-
ample, the angles between the horizontal and the femur (θ6) and the tibia (θ8) or 
the inclination angle of foot respect to the horizontal, Eqs (4-7). 

 2 2 2 2
8 6Y XF MB MB r r= + + −  (4) 
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Fig. 2 Five steps in evolution of PASIBOT 

The software is divided in five modules, each of them corresponding to a dif-
ferent level of evolution of the robot, see Fig. 2. The first one is a simple scheme 
of the two main mechanisms, the second one adds the stabilization system and the 
third adds also two linear actuators to give some mimetic capabilities. Fourth and 
fifth modules are similar, respectively, to the second and third ones, but they re-
place the original stabilization system with a new design. The MIMBOT software 
flow chart is showed in Fig. 3. 

In all cases, a window in which writing the initial conditions of simulation will 
appear; Fig. 4 shows the window for the third module. After inputting the neces-
sary data, “Calculate” and “Next” buttons must be pressed; the program will solve 
the equations and open a new window to see the results, as showed in Fig. 5. 
These results can be analyzed by means of graphs (up to 174) or exported to a 
plain text file for further analysis. Finally, pressing the “Animation” button, the 
software will show a schematic representation of the robot movement with some 
controls to manage the animation showed in Fig. 5. 

Going back to the input data window, in modules 3 and 5 there is an extra panel 
in the right side of window, see Fig. 4. This panel defines 6 predefined movements 
of linear actuators: 
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Fig. 3 Flow chart of MIMBOT software 

Fig. 6 shows the consequences that some of these movements generate in point 
A of robot. The first graph – Fig. 6-a - shows the influence of front modification 
of gait applied by the actuator in point M, lengthening the gait. The same effect is 
professed if the rear modification is performed –Fig. 6-b-, but obviously, it occurs 
at the rear part of the gait. Fig. 6-c shows the effect of inclination of foot. As it can 
be observed, this option elevates the foot not only in the flight phase, but also in 
the support phase. In the other hand, Fig. 6-d illustrates the elevation of foot, 
which indeed moves upwards the foot in the flight phase. An example of the effect 
of trapezoidal movement is presented in Fig. 6-e. As this is an open option, it may 
generate undesired effects. The last image, Fig. 6-f, shows the combination of the 
front modification of gait and inclination of foot, in a clear example of how to 
climb a step. 



178 H. Rubio et al. 

 

Fig. 7 shows a detailed analysis of the four joints that make the ankle (A and 
A1) and the knee (C and C1) for the gait drawn in Fig. 6-f. It is clearly visible the 
greater path (in both axes, horizontal and vertical) performed by the ankle and the 
knee, as well as the variation of its respective angles, when the actuators modify 
the regular robot's gait. 

 

Fig. 4 Input data window 

 

Fig. 5 Results and graphs window (left) and animation window (right) 
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Fig. 6 Possible trajectories of the point A, using the options offered by MIMBOT software 
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Fig. 7 Position comparison for main joints and angles of regular and modified gait 

All these examples have been made with positive value for the options, a nega-
tive value will shorten or lower the gait. Combining the different options with 
different values for each one will provide a lot of possible trajectories to study.  

Once the trajectories of interest have been determined, the robot is imple-
mented in Msc.Adams with the aim of verifying the results obtained in the devel-
oped software. Also, it will give the possibility of analyzing the robot dynamics, 
checking the ZMP (Zero Moment Point) is within the support area, although it 
isn't the objective of this work. Finally, the implementation in Msc.Adams let us 
decide if the solution adopted is good enough to be added to the physical proto-
type of MIMBOT. 
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4 Conclusions 

This work presents the PASIBOT biped robot, which is based on the articulated 
mechanism and with only one actuator. It has also been developed a parametric 
mathematical model that describes in detail the kinematics of MIMBOT biped 
robot based on low cost technology, whose basic mechanical system consists of 
two legs resulting from the combination of classical mechanics (Tchebychev, 
pantograph and a stabilization system). 

The parametric mathematical model has been developed having in mind to in-
clude a pair of linear actuators located at the biped’s hip, with the future intention 
of developing some mimetic skills. Besides, a graphic interface was built in order 
to enable easy and fast design variations, which facilitates the research and opti-
mization of trajectories that will give the robot its new mimetic skills. 

The usefulness of this new software has been proved with the illustration of re-
sults obtained from different simulation varying the actuation parameters of both 
linear actuators. These results are the inputs for detailed dynamic analysis, includ-
ing the verification of ZMP, made in Msc.Adams. 

Acknowledgments. The authors want to acknowledge the support received from the 
project PASIBOT-DPI-2006-15443-C02-02, the project MADBOT 2011/00130/001 and 
the LARM laboratory, especially professor Ceccarelli. 

References 

1. Alba, D.M., Garcia-Prada, J.C., Meneses, J., Rubio, H.: Center of Percussion and Gait 
Design of Biped Robots. Mechanism and Machine Theory 45(11), 1681–1693 (2010) 

2. Escobar, M.E., Rubio, H., García-Prada, J.C.: Analysis of the Stabilization System of 
Mimbot Biped. Journal Applied Research and Technology 10(2), 206–214 (2012) 

3. Figliolini, G., Ceccarelli, M.: Walking programming for an electropneumatic biped ro-
bot. Mechatronics 9, 941–964 (1999) 

4. Gu, H., Ceccarelli, M., Carbone, G.: Design and Operation of 1-DOF Anthropomor-
phic Arm for Humanoid Robots. In: Proceedings of the 17th Int. Workshop on Robot-
ics in Alpe-Adria-Danube Region RAAD 2008, Ancona. CD Proceedings (2008) 

5. Hu, Y., Nakamura, H., Takeda, Y., et al.: Development of a Power Assist System of a 
Walking Chair Based on Human Arm Characteristics. Journal of Advanced Mechani-
cal Design, Systems and Manufacturing 1(1), 141–154 (2007) 

6. Liang, C., Ceccarelli, M., Takeda, Y.: Operation analysis of a Chebyshev-Pantograph 
leg mechanism for a single DOF biped robot. Frontiers of Mechanical Engineer-
ing 7(4), 357–370 (2012) 

7. Meneses, J., Rubio, H., Castejón, C., Ottaviano, E., Ceccarelli, M.: Modelo cinemático 
del robot bípedo Pasibot. In: IX CIBIM, Las Palmas de Gran Canaria, Spain (2009) 

8. Meneses, J., Castejón, C., Rubio, H., García, J.C.: Kinematics and dynamics of the qu-
asi-passive biped PASIBOT. Journal of Mechanical Engineering 57(12), 879–887 
(2011) 



Tool for the Analysis of New Skills Biped Pasibot 181 

 

9. Nava, N.E., Carbone, G., Ceccarelli, M.: Design Evolution of Low-Cost Humanoid 
Robot CALUMA. In: Proceedings 12th IFToMM World Congress, Besançon, France 
(2007) 

10. Rubio, H., Meneses, J., Castejon, C., et al.: Mechanical design of walking robot Pasi-
bot. In: Parametric Model and Gait Analysis. In: 12th International Conference on 
Climbing and Walking Robots, CLAWAR 2009, Istambul, Turkey (2009) ISBN 13-
978-981-4291-26-2 

11. Sugahara, Y., et al.: Walking up and down stairs carrying a human by a biped locomo-
tor with parallel mechanism. In: IROS 2005, vol. 2(6), pp. 1489–1494 (2005) 

12. Tavolieri, C., Ottaviano, E., Ceccarelli, M., Di Rienzo, A.: Analysis and Design of a 1-
DOF Leg for Walking Machines. In: Proceedings of RAAD 2006, 15th International 
Workshop on Robotics in Alpe-Adria-Danube Region, Balantonfured. CD Proceedings 
(2006) 

 
 



 

  
V. Petuya et al. (eds.), New Advances in Mechanisms, Transmissions and Applications,  
Mechanisms and Machine Science 17,  

183 

DOI: 10.1007/978-94-007-7485-8_23, © Springer Science+Business Media Dordrecht 2014  

Hybrid Quadruped Robot – Mechanical Design 
and Gait Modelling 

M. Olinski and J. Ziemba 

Wroclaw University of Technology, Poland  
{michal.olinski,jacek.ziemba}@pwr.wroc.p1 

Abstract. The study aimed to develop a walking mobile robot and model its four-
legged gait. At first, a review of existing structures was conducted and then the 
robot’s purpose and design parameters were specified. On this basis, the kinematic 
structure and the geometry of the robot’s legs were determined. After that, a nu-
merical model of the quadruped robot was built in MD Adams. Mechanical struc-
ture of construction was designed and relevant drawings of individual parts were 
made using Inventor. General algorithm of four-legged gait used for this robot was 
specified. Simulations of the model’s actions in MD Adams were performed to 
determine the kinematic and dynamic properties of the movement. Among others, 
walking on wheels and on feet, using the lateral surfaces of wheels, were  
examined and results have been presented. 

Keywords: wheel-legged robot, hybrid robot, simulations. 

1 Introduction 

The issue of four-legged gait had been addressed by many researchers. One of 
them was Hildebrand [2], who analyzed different ways of horse’s motion. Qua-
druped robot’s gait has been widely studied [9, 10].  The popularity of this topic 
results from a fairly obvious advantage possessed by the walking machines over 
the more popular and simpler in construction wheeled and tracked machines. Their 
superiority lies in the process of moving. Robots with legs can move in much 
more difficult terrain and get where the wheeled and tracked robots cannot, for 
which only half of the earth's surface is available. 

In recent years, walking robots have been becoming more widely applied in 
various fields. It is worth to mention, the Boston Dynamics constructions, BigDog 
and its bigger brother AlphaDog (LS3) [7]. Their amazing movement abilities and 
usage in military cargoes transport incline thinking, that in the near future walking 
robots will find wider and more practical applications than before. However, it 
cannot be forgotten, that wheeled robots are superior to walking ones as far as 
movement speed on flat and even surface is concerned. Because of this, appropri-
ate is combining features of these two classes of robots and creating a hybrid robot 
equipped with both wheels and legs. Also this topic has already been exploited by 
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many researchers, which resulted in construction of a wide range of wheeled ro-
bots with high mobility [8]. Within this group, the robot Roller-Walker is worth 
attention [1]. It has the ability to rotate wheels to the side and to walk on theirs 
lateral surfaces, using wheels as feet.  

2 Wheel-legged Robot “Wonderworker” 

This paper discusses the problem of modelling the gait of a mobile quadruped 
robot. In order to determine the algorithm and conduct tests a wheel-legged robot 
named Wonderworker (Wheels Rotating Walking Robot) has been designed. The 
robot can perform a variety of tasks such as transport, surroundings examination, 
field measurements, inspection and diagnostics. An important area of this robot’s 
application can be military tasks such as: seeking, inspecting and neutralizing 
mines and improvised explosives, reconnaissance, area observation and active 
support of combat operations. In regard to the applications that have been intended 
for the robot, several requirements were identified: the ability to move in various 
terrains and to generate different types of gaits, as well as the adaptability to 
changing terrain and overcoming obstacles [4]. Based on these assumptions, the 
kinematic diagram and geometry of the machine have been determined [5]. The 
design of the robot was patterned on other constructions including the Roller-
Walker. However one of Wonderworker’s advantages over Roller-Walker are 
driven wheels which allow it to move more efficiently up the slope. Moreover, far 
larger wheels have been applied, which turned to the function of feet will prevent 
problems with movement on muddy or loose surfaces. 

 

Fig. 1 Robot’s model built in MD Adams [3] 

Determining the robot’s kinematics and geometry allowed building dynamic 
model in MD Adams (Fig. 1). Individual components were created and had rele-
vant material and mass properties assigned. Then, components were connected 
using kinematic pairs. It was also necessary to model contact type kinematic pairs 
between wheels and ground [3]. 
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Individual components were designed in 3D using Inventor. Figures 2 and 3 
show 3D views of the whole Wonderworker robot with four designed legs at-
tached, in two positions [4]. 

3 The Control Algorithm – Model of Four-Legged Gait 

Walking is a very common way of moving on land. It is achieved by limbs con-
version sequence, repeated from time to time, called the period of gait. This is a 
complex way of moving and its implementation in robots requires an accurate 
control algorithm. Walking is characterized by many parameters and exists in 
many variations. In addition to the different postures, walking can be divided ac-
cording to the length of stance phase for individual legs. For quadrupeds, symme-
trical gaits among others can be distinguished (Fig. 4). They are characterized by 
an identical time of stance phase for each leg, while asymmetric gaits do not meet 
this condition [11]. Another feature of the gait is the order of limbs conversion. 
For four-legged gaits six sequences can be distinguished. When it comes to walk-
ing robot’s control, one should pay attention to the possible shapes of the trajecto-
ry of feet relative to the body. The most commonly used are triangular (Fig. 5), 
trapezoidal and rectangular trajectories [11]. 

To realize walking of Wonderworker, posture typical for mammals, quadruped 
crawl with a triangular trajectory of step and the sequence of legs conversion: left 
front, right rear, right front, left rear, were selected. It was also assumes, that the 
period of gait consists of 12 equal parts and the swing phase for each leg takes 
2/12 of the period. As a result, the length of step was divided into 10 parts [11]. 

Fig. 2 Robot’s view in 3D - driving position
with widely placed wheels [4] 

 

Fig. 3 Robot’s view in 3D while walking on 
feet (typical for mammals position of legs) 
[4] 
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Fig. 6 Successive support polygons analyzed for robot’s gait [3] 

For the selected type of gait with predetermined motion parameters, analysis of 
the body’s centre of gravity movement relative to the ends of the limbs while 
walking was performed to determine the stability. The result was obtaining a se-
quence of support polygons and positions of the centre of gravity (Fig. 6) [11]. 
The diagram should be analyzed from left to right, row by row. The dashed line 
outlines the body, while the point in the middle stands for the centre of gravity. 
Thick lines indicate support polygons. Short segments of thick vertical lines show 
locations where leg has just left the ground or where in a second it is going to 

 

Fig. 4 Symmetrical gaits: a) quadruped 
crawl, b) trot, c) pace, d) bound [11] 

 

 

 

 

Fig. 5 The triangular motion trajectory of 
leg’s end [3] 
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make contact with the ground. Successive views of support polygons indicate that 
the robot should maintain static stability at every moment of walk. The reason is 
the fact that, the body's centre of gravity stays always within the current support 
polygon. This is true for considerations without taking into account the dynamic 
relations and influence of legs’ masses on position of the robot’s centre of gravity. 
Furthermore, at some points the centre of gravity is dangerously close to the 
boundary of the polygon, which may lead to a loss of balance [3]. 

A good solution to the mentioned problem is monitoring the state of the robot, 
in order to enable the control system to react properly and avoid an overturn. Plac-
ing pressure sensors in the wheels (feet) of the robot would also be very helpful. 
They would allow keeping proper load on each leg, thus helping to maintain the 
balance [3]. 

4 Simulations of Robot’s Walk 

Using the presented earlier dynamic model in the MD Adams, a number of simu-
lations were carried out. Among others, walking on wheels was modeled (Fig. 7). 
Leg’s trajectory of motion relative to the body achieved through inverse kinemat-
ics is shown in Fig. 8.  

a)                                                                

b)  

Fig. 7 View of walking on wheels – with a marked motion tracks of the body and wheels of 
front left and rear right legs [6] 

The horizontal line at the height y = 75 mm (Fig. 9), indicates the expected po-
sitions of wheels during the stance phase. For each leg in this phase, the wheel is 
lower than it should. This means that while walking, the body and legs’ attach-
ment points to the body are too high. Thus there are moments when one of legs at 
the end of the swing phase does not reach the ground. The reason is the fact that, 
trajectories between the predefined points are circles’ arcs (Fig. 8). As an example 
of the error, in Fig. 9 the arrow marks the point of maximum deviation for the left 
front leg [6]. 
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Fig. 8 Motion trajectory of the leg relative to the body, while walking on wheels [6] 

 

Fig. 9 Graph of positions, along y-axis, of centres of wheels for particular legs while walk-
ing, according to fixed body [6] 

Moreover, gait with the use of wheels in function of feet was developed 
(Fig. 10). The reconfiguration of the robot from its initial position, where it stands 
on wheels, to the position where all wheels are rotated to the position of feet takes 
14 s. Sequentially for successive legs, wheels change to positions of feet during 
the first second of swing phase, while moving from point toe-off to point midsw-
ing (Fig. 8) [3]. 

a)                                         

b)  

Fig. 10 View of walking on feet – with a marked motion tracks of the body and wheels of 
front left and rear right legs [3] 
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The graphs (Fig. 11, 12) show the results starting from 12 s, and they are com-
pletely correct only after 14 s, because it is as long as it takes the robot to change 
to the initial position. Each leg is set in appropriate phase of movement and 
wheels are rotated to positions of feet [3]. 

 

Fig. 11 The graph of the height of the body above the ground y(t), while walking on feet [3] 

The problem mentioned at the simulations of walking on wheels occurs also in 
this case and causes the distance of the robot’s body from the ground to increase 
by approximately 10 mm, in regard to the expected position (horizontal line in 
Fig. 11). However, fluctuations of the height of body’s position are rare and their 
amplitude is not greater than 5 mm (Fig. 11) [3]. 

 

Fig. 12 Graph of position (x), velocity (v) and acceleration (a), along x-axis against time [3] 

Based on the characteristics of the body’s movement (Fig. 12) it is concluded 
that the robot traveled 700 mm in 22 s. Therefore, the absolute value of average 
speed is equal to 32 mm/s. It is also confirmed by average value obtained from the 
speed curve v(t). The body’s movement speed is quite constant, there are no large 
fluctuations and its value never changes the sign. However, there are sudden 
changes in the values of velocity and acceleration [1]. The timing of these abnor-
malities is consistent for both. They appear about every 6 s. Thanks to that and 
observations of motion it have been concluded that they correspond to the phases 
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of movement when one of the front legs is in a heel contact phase. Due to the 
mentioned problem of incorrect vertical positions of feet, the front leg is not 
touching the ground. There is a slight forward tilt and the leg gently hits the 
ground. In addition, there are little slips of wheels in the first moments of stance 
phases [3]. 

5 Conclusions 

The type of gait shown in the simulations of walking is the best obtained during 
various tests of robot’s motion on flat surface. Further improvements of the gait 
would be possible by adding more trajectory points. This would lead to small dif-
ferences between the expected and achieved trajectory. As a result, smaller errors 
of body and legs’ positions would be achieved. This would improve the stability 
of gait and decrease the fluctuations in speed and acceleration of body move-
ments. In addition, the errors that occur during the initial phase should be elimi-
nated by improving the gait’s control algorithm. It would result in achieving 
movements, leading to the initial position of walking and rotating wheels to posi-
tion of feet, being as smooth as in the repeated gait cycle. 
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Abstract. This paper presents the general structure of wheel-legged robot module 
and sensory systems. The scheme, interfaces and system components will be pre-
sented. Basing on initial experiments the sensor properties and suitability for a 
particular task – detection, identification and overcoming encountered obstacles 
on the robot’s path were assessed. 
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1 Introduction 

The possibility of an autonomous mobile robot moving in the presence of ob-
stacles has been the subject of research of the scientific and industrial centers for 
many years. Such systems are used, among others in the inspection, transport and 
operation in difficult to reach areas. One of the topics of publications is navigation 
and the planned path of the robot in the presence of obstacles. Usually, it is as-
sumed that autonomous vehicle, usually wheeled, encounters an obstacle on its 
path, which it will be able to evade. This type of task is now successfully resolved 
- an example can be competition organized by DARPA - Grand Challenge and 
Urban Challenge [13].  

Another problem of operating in the presence of obstacles is when a robot can 
not avoid obstacles and must overcome them by treading. First, the robot must be 
equipped with a suspension that will have the required mobility and range of 
movement to perform this operation.  This is achieved by using special suspension 
systems: wheeled, tracked, legged or - based on their combinations – hybrid sys-
tems. Hybrid systems make it possible to move on wheels when ground is flat, 
providing the required speed of movement. In the more challenging terrain - un-
even surfaces or obstacles presence - robot can overcome it by treading. 
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Wheel-legged suspension systems have a special kinematic structure and thus 
may be more versatile, particularly when performing more complex tasks, such as 
moving up the stairs [4]. Examples of wheeled robots with the ability to walk are: 
Sojourner rover, four-limb robot WorkPartner [9] and Shrimp, which has addi-
tional support wheels for obstacle overcoming. Other examples of similar solu-
tions have been presented in [5, 6, 8]. Another example of wheel-legged robot is 
LegVan [7, 8] and LegVan II - robot built in the Division of Machine Theory and 
Mechatronic Systems at Wroclaw University of Technology (Poland).  

The robot has four limbs with a wheel attached to each. All the wheels are dri-
ven wheels, two of them being also turning wheels [7, 11]. The robot has a special 
suspension system designed to best perform the levelling and walking functions 
by means of a minimum number of drives [1, 2, 12]. In order to determine the 
actual mechanical properties of the robot’s leg and to test the control system it was 
decided to build a rig for testing a single robot leg (Fig. 1) 

 

  
Fig. 1 View of the robot’s limb rig and its kinematic structure 

  

  

Fig. 2 Robot’s motion capabilities 
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Displacement abilities of the robot are shown in Fig. 2. A characteristic feature 
of the robot limb is specially designed kinematic structure - where without com-
promising traction, the number of controlled drives has been reduced to four  
[8, 12].  

Important elements of the robot are integrated sensors and control algorithms, 
that in addition to the process of overcoming obstacles must be used to ensure the 
stability of the robot. Detection of obstacles and their proper classification, as well 
as obtaining information about how to overcome the encountered obstacles is still 
a challenge [3, 4, 10]. 

This paper presents preliminary results of a research on the development of 
sensory systems of a wheel-legged robot allowing obstacles autonomous detection 
and overcoming by treading. 

Chapter 2 presents the assumptions on robot motion and obstacle type that 
should be recognized. Chapter 3 presents the design of the sensory and the analy-
sis of its components. The summary is contained in Chapter 4. 

2 Assumptions 

In principle, the robot has to operate in urban areas mainly moving on wheels. On 
their way they may face obstacles such as slopes, steps, thresholds and curbs, 
whose defeat requires a walking motion. 

The sensory system of the wheel-legged robot should provide both the internal 
state of the robot measurements and  the information about the environment, in 
particular – detection and approaching to obstacles. 

Unequivocal interpretation of space, especially fast-changing is a very difficult 
task, due to the fact that the initial type of obstacle is restricted. It is assumed that 
the robot will have to face an obstacle located in front of one wheel, two wheels 
(type barrier curb or wall) and a multi-level obstacle - stairs. 

3 The Sensory System  

The control system, whose function is to control the object should have the suita-
ble structure and the computing power required to process all the data, particularly 
from the robot’s environment.  

3.1 Structure of the Sensory System 

The third figure shows a diagram of the robot’s control system. As a part of the 
measuring system the internal state of the robot included in the proposed system is 
to handle data of wheels pressure on the ground, obtained by strain gauges (POZ) 
which constitute a crank in the structure of all four limbs of the robot. 
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Fig. 3 Structure of the environment’s sensory system of the wheel –legged robot LegVan II 

To obtain information about the environment of the robot the central group of 
sensors, which are responsible for the measurement of environment and two fur-
ther groups of sensors associated with front legs to ensure the detection of ob-
stacles in front of the robot are used. Groups of sensors associated with the limbs 
contain short-range distance sensors (DYS) and step detectors (USK). 

The sensors are located in the front legs at the height of the left and right wheels’ 
axis. The signal from the sensor is processed via analog-to-digital local microcon-
troller module (MOD), and then goes to the robot's main computer (PC-Server). 

The main part of the central group of sensors is a sensor (KIN) providing an ar-
ray of depth of the robot’s front area. Measurement data is complemented by an 
additional image from the camera (CAM) located on the robot. 

An image of the robot’s environment goes by independent wireless connection 
to the remote computer (PC Client), where the current parameters of the robot are 
visualized. 

3.2 Measurement of Force Reaction and Deviation from the 
Horizontal Position 

In order to measure the wheel load (reaction of ground) a tensometric beam was 
applied. The beam also serves as a crank (Fig. 4) transforming servomotor elonga-
tion into the rotational motion of the leg for the lifting function. 

Owing to the fact that the sensor is part of the leg and is located on the crank it 
is possible to read the force directly connected with the pressure exerted by the leg 
on the ground. The force is not disturbed by any other components.  

The tensometric beam supplies information about wheel/ground contact loss in-
stants, which is useful for negotiating obstacles by walking.  
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Fig. 4 Lifting drive with measuring beam 

Last sensor provides information about the deviation of the platform from the 
horizontal position. It is delivered by 2D digital accelerometer located in the geo-
metric center of the robot. 

3.3 The Distance Measuring 

The location of the obstacles encountered in front of the robot’s wheels is carried 
out by two laser distance sensors SICK DT 10. 

The sensors, mounted on the robot limbs provide distance information in the 
range of 50-500mm. Figure 5 shows a view of the detection of a obstacle. The 
analog signal from range 4-20 mA is fed to the analog-to-digital converters inputs. 

 

 

 

Fig. 5 Contactless distance sensor SICK DT10 – detection and stop in front of the obsctacle  

Another distance sensor is responsible for detecting the encountered step. For 
this purpose the Sharp GP2D120 infrared sensor has been used with a measuring 
range 40-300mm. The advantage of the sensor is a relatively low price in compari-
son to the sensor SICK DT 2, with a similar range. 
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3.4 The Robot’s Environment Analysis  

For the analysis of the area in front of the robot a Kinect from Microsoft has been 
used. Kinect is a device for extending the interaction capabilities of XBOX360 
console. The device generates an RGB image with dimensions of 640x480 pixels, 
and depth map of the same size with resolution of 10 or 11 bits.  

In particular, the sensor is used to track the figures of two (and also theoretical-
ly more) people situated in front of the sensor. Its capabilities and a relatively low 
price caused that it was used in robotic applications [14]. 

 

 

Fig. 6 Kinect Sensor with characteristics 

In the case of wheel-legged robot the depth map returned by the Kinect has 
been used. Measurement of depth is in the range of 57 degrees horizontal and 43 
degrees vertical. The sensor detects objects at the distance of slightly less than 0.5 
to 4 m. The dependence of the actual distance d from the sensor readings r is non-
linear. For the purposes of the application, the measured characteristic is approx-
imated by a polynomial (1) (Fig. 6). 
 

d = 1.86134e − 05r3− 0.0299318r2 +16.8096r − 2630.95  (1) 
 

The characteristics also show that the distance measurement resolution decreas-
es from 10 readings per cm for a distance of 50cm to about 1 reading per cm at a 
distance of 2m. Therefore, in the obstacle detection application of wheel-legged 
robot the range was established from 50 to 200cm, as more useful. 

For detection of obstacles, 3 zones of interest are dealt: the center, left and 
right. Zones: left and right are tracks where the wheels will move the robot in the 
case of linear motion. The width of these zones is 300 mm, which corresponds to 
the width of the limbs and drive motors. The central zone has a width equal to the 
distance between the wheels of the robot – about 355mm. 

Measuring zones extend in the whole range of the analyzed distance - from 50 
to 200cm.  
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Fig. 7 The information sent by the server sckinect, on the left: image with marked detected 
obstacles, on the right: the text messages about detected obstacles 

Analysis of the distance is performed independently in each of the three zones. 
In the area of limbs’ measurement, module provides information about obstacle of 
any type (curb, threshold, wall). In the central zone of the analysis is stopped only 
when it detects an obstacle with a height greater than the clearance under the hous-
ing of the robot, which is between 250-550mm, depending on the current configu-
ration. The results (view of scene and data) sent by the obstacle detection module 
(server sckinect) are shown in Fig. 7. 

4 Conclusions 

The aim of the wheel-legged  robot’s sensors system is to enable the implementa-
tion of a robot moving in an unknown, but a structured field. The sensors included 
in the system have been tested for their suitability to carry out an assumed task. 
Proposed sensor system is sufficient to achieve the task of obstacle localization 
when a class of encountered obstacles is limited (to several groups).  

A further step will be integration of the data obtained from each sensor to en-
sure a reliable and autonomous movement of the robot in an unknown space. 

Experiments show that the measurement error of the distance to an obstacle and 
height of rectangular obstacles is less than 30mm. This is a sufficient value to 
decide how to overcome the obstacles, or if necessary to change the direction of 
motion.  

Preliminary experiments indicate that the Kinect sensor is useful for the  
preliminary robot’s path planning and the navigation of mobile robots, providing 
information about obstacles detected at a distance up to 2-3m. Due to several cen-
timeters accuracy and dead zone at a distance of less than 50cm, the sensor can not 
be used alone. Only a fusion with other sensors provide adequate precision of 
measurement and robot motion. 
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Control of Constrained Dynamic System  
of Leg of Wheel-Legged Mobile Robot 
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Abstract. This paper proposes a general formulation of the dynamic model of 
constrained, articulated limb of wheel-legged mobile robot. Dynamic model of the 
system has been formulated in terms of actuated joints using Euler-Lagrange for-
mulation. Implicit kinematic model is used to provide dependences between ar-
ticulated and unarticulated joint rates, velocities and accelerations used in the 
model. Based on dynamic model of the system a nonlinear controller has been 
proposed. Numerical model of the limb has been built in order to verify the valid-
ity of the control laws. Exemplary simulations have been presented to show  
asymptotic stability of control system. 

Keywords: dynamics, nonlinear control, constrained multibody system, mobile 
robot. 

1 Introduction 

A wheel-legged mobile robot is formed from connection of two categories of ro-
bots – Wheeled and legged [1, 3]. The considered robot (Fig. 1) has a suspension 
system that allows for execution of significant displacement of the wheels. 
This characteristic (walking function) is useful particularly in the situation of 
overcoming obstacles like: curb, step, these which robot with passive suspension 
system based on driven wheels. Another advantage of this hybrid type of suspen-
sion system is the possibility of fast navigation on wheels on the even surface. 
Structure of the limb has a special well-matched geometry, where lifting function 
is executed only by one from two actuators placed in the limb [2]. In the mean-
time, second actuator is formed on a particular length, which is being changed 
only during the process of walking. Control system of the limb has been consi-
dered in [4, 5]. This paper presents nonlinear control system of the robot’s limb, 
based on the dynamic model of the leg. In order to derive the dynamic model a 
kinematic analysis of the limb has been presented, together with singularity analy-
sis of the system. 
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a) b) 

Fig. 1 a) view of constructed wheel-legged mobile robot, b) kinematic scheme with denoted 
elements and q drives 

2 Kinematic Formulation of the Leg of Mobile Robot 

The limb scheme is presented in the Fig. 2. In order to describe the dynamics of 
the system, kinematic dependences of the mechanism have been derived. The 
configuration of the limb’s system has been described through vector equations 
with closed-loop kinematic chain. The joint variables have been divided for inde-
pendent – controlled q = [q1, ..., qn]

T, and dependent variables – uncontrolled 
p(q) = [p1, ..., pm]T. The dimensions of the structure have been described through 
constants a = [a1,..., ak]

T and α = [α1, ..., αl]
T. 

 

Fig. 2 Assumed limb’s parameters 
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With such parameters local coordinate systems ृi of all elements of the me-
chanism have been assumed. Below, transformations between base reference 
frame and local frames have been presented: ृ1=Tx(xK)Ty(yK)Rz(p1) ृ2=ृ1Tx(q1-a1) ृ3= Rz(p2) ृ4=ृ3Tx(a3)Rz(p3) 

ृ5=Tx(xD)Ty(yD)Rz(p4) ृ6=ृ5Tx(q2-a5) ृ7=ृ4Tx(a4)Rz(α2)Tx(a6) ृ8=ृ7Rx(q3)Tx(a7) 

where Tx,y – translation matrix along X, Y axes, Rx, z – rotation matrix along X 
or Z axis (global reference frame is placed in point A, as showed in Fig. 2) in form 
of Euclidean group SE(3). 

Kinematics of the system is described in implicit form of active variables q 
and passive p. Equations can be rewritten as: 

 ( )( ) mii 1,0,,, ==αaqpqϕ . (1) 

Next assuming q=q(t), p=p(t), position equations have been differentiated with 
respect to time, to obtain velocities terms: 

 qΦΦpqΦpΦ  qpqp
10 −−==+ , (2) 

where Φp and Φq: 

 
q
φΦ

p
φΦ

∂
∂=

∂
∂= qp , , (3) 

are Jacobian matrices of constrained kinematic system due to active and passive 
variables. 

Following, accelerations analysis leads to equations: 

 ( )( )qΦΦΦΦqΦΦp

qΦqΦpΦpΦ





qppqqp

qqpp

11

0
−− −+−=

=+++
. (4) 

Eq. φ (1) as closed-loop equations are obtained by means of closed vectors 
loops: 

 






=
−−+

−+= 0
DCADBCAB

AJKJAKφ . (5) 
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Further, extending (4) into scalar coordinates, equations take the form of: 

 0

sinsinsin

coscoscos

sinsin

coscos

422334

422334

12211

12211

=











=

)(p-q)-y(p) +a(pa

)(p-q)-x(p) +a(pa

)-α(p) - a(p+ qy

)-α(p) - a(p + qx

D

D

K

K

φ . (6) 

Upon above Eq. (6), first two have to be solved to provide solution of the p2(q1) 
joint rate, which respectively need to be used to solve next two of p3(p2,q2) 
and p4(p2,q2). 

2.1 Solution of Kinematic Constraints 

Dividing the Eq. (6) into two pairs as has been described above that can be trans-
formed into the form of: 

 ( ) ( ) OiiCiiSii CpCpC ++= cossinϕ , (7) 

which only depends on one of passive variable pi. 
Eq. (7), can be solved with respect to sin(pi) and cos(pi) term, as: 

 

( )

( )
22

22224

22

22224

cos

sin

SiCi

SiCiOiSiSiCiOi
i

SiCi

SiCiOiCiCiSiOi
i

CC

CCCCCCC
p

CC

CCCCCCC
p

+
+−±−

=

+
+−±−

=
. (8) 

Therefore analytic solution of the pi takes form: 

 
( )
( )






=

i

i
i p

p
p

cos
sin

arctan  (9) 

2.2 Singularities of the System 

Singularity analysis of the system with respect to passive joint rates p ሶ gives fol-
lowing expression of the determinant of the Jacobian matrix Φp: 

 ( ) ( ) ( )121434321 sinsindet αppppaaqqp −++=Φ  (10) 
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The determinant of the Jacobian matrix will be equal to zero, if the lengths 
of the actuators q1 or q2 are 0 or the sum of the angles p3+p4 and p1+p2-α equals 0 
or π. That means singular positions (where assuming q1 and q2, passive joint rates 
cannot be solved) can be reached when AJ, JK links are collinear, similarly as BC, 
CD links. The parameters of the limb have been chosen to avoid such singular 
position for the assumed q1 and q2 actuators stroke lengths. 

3 Dynamic Model Formulation of the System  

Dynamic model of the system has been established using Euler-Lagrange formula-
tion [6], assuming actuated variables vector q, as independent variable vector. 
Equations take form: 

 QpqGqppqqCqpqM =++ ),(),,,(),(  , (11) 

where M – mass forces matrix, C – centrifugal and Coriolis forces matrix, G - 
potential (gravity) forces vector, Q – vector of generalized forces and torques. 

Equations of motion (11) are obtained from Lagrange function L as follows: 

 
( ) ( )

Q
q

pqqpqpqq
q

pqqpqpqq =
∂

∂−
∂

∂ ),,(),(,,),,(),(,, 


 LL

dt

d
. (12) 

Lagrange function L is given as: 

 VKL −= , (13) 

where K – kinetic energy of the multibody system, V – potential energy. 

 ( )  −=+=
i

i
T

i
i

ii
T
ii

T
ii mVmK cgωIωcc ,

2

1  , (14) 

where mi – element mass, ci –centres of mass position, ωi – angular velocity, Ii – 
inertia tensor with respect to base reference frame, g – gravity vector. The centre 
of mass reference frame ृci is described in assumed local reference frames ृi of 
the mechanism elements as : ृci=ृiTx(xCi)Ty(yCi)Rz(αCi). 

In a first step, ∂K/∂q ሶ term has to be computed in order to calculate M mass 
forces matrix. As follows, ∂K/∂q ሶ takes form of: 
 ),,,,,,,(),,,,(
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It can be demonstrated, that ∂pሶ/∂q ሶ depends only on configuration of the mecha-
nism p and p(q) joint positions. From Eq. (2) can be obtained: 

 
dt

d

dt

d

dt

d q
pq

p
qp

Φ
ΦΦ

Φ
q
pΦΦ

q
p 1

1
1 , −

−
− −−=

∂
∂−=

∂
∂







, (16) 

which depends only on p and q, therefore mass forces matrix M can be computed 
collecting q ሷ and pሷ coefficients from Eq. (15): 

 [ ] ( )qΦΦMMpMqMM  qppqpqnnijm 1−
×

−=+== , (17) 

where Mq – matrix of q ሷ coefficients, Mp – matrix of p ሷ coefficients 
Centrifugal forces matrix C can be obtained using property of the E-L dynamic 

model, which brings C matrix definition as terms of Christoffel symbols of first 
kind:  

 [ ]  
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q

m

q

m

q

m
cc ,C , (18) 

In order to compute ckj, the partial derivatives ∂p/∂q have to be established, that 
can be obtained using (9). 

Further, dynamic model formulation is ended by description of vector of poten-
tial forces G, as: 

 
i

i q

V
G

∂
∂= , (19) 

which needs partial derivatives ∂p/∂q, as cjk symbols. 

4 Nonlinear Controller of the System 

Upon dynamic model (11) the control system has been proposed based on [2]. The 
control law is defined by expression: 

 KspqGqppqqqpqMQ +++= ),(),,,(),( refref C  , (20) 

where qd, qሶd, qሷd, – desired positions, velocities, and accelerations, M, C, G – ma-
trices given by dynamic model of the system (11), K – gain matrix (diagonal ma-
trix), q ሶref, qሷref – reference positions and velocities, s – slide, defined as: 

 ( ) ( ) ( )ddddrefddref s qqqqqqqqqqqq −Λ+−=−Λ−=−Λ−=  ,, , (21) 
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Gains of the controller K, are adapted based on slide variable as follows: 

 ( ) 0
2},{ KdttsKKKdiag ipii +== K . (22) 

Stability of the algorithm has been proven in [7]. 

4.1 Simulation Example 

The parameters of the limb (Fig. 2) have been assumed as: xK = 0.42m, yK = 0m, 
xD = -0.07m, yD = -0.15m, a1 = 0.3m, a2 = 0.16m, a3 = 0.303m, a4 = 0.162m, a5 = 
0.3m, a6 = 0.2m, a7 = 0.1507m, α1 = 90˚, α2 = 332.5˚. The centres of masses, 
masses and inertia tensors have been assumed according to real limb parameters. 

 

 

  
a) b) 

Fig. 3 a) Numerical model of the mechanism MSC/ADAMS, b) control system in 
MATLAB/SIMULINK 

Based on the obtained dynamic system equations, controller system in 
MATLAB/SIMULINK environment and numerical multibody model of the limb 
mechanism (MSC/ADAMS) have been created. (Fig. 3). Below exemplary simu-
lation’s results have been presented (Fig. 4). 

Two different sine desired trajectory for q1d and q2d actuators were assumed: 

 ( ) 0

2
sin ii

i
iid +qθt

T

π
Atq 








+= , (23) 

The parameters have been chosen as follows: A1=A2=0.05m, T1=7, T2=5, θ1=π/2, 
θ2=-π/2, q10=q20=0.425m, desired trajectory for the other two actuators q3 and q4 
were set to constant point 0. The derivatives with respect to time were computed 
in order to provide qሶd and qሷd. Results of the simulations as controls tracking errors 
(difference between obtained and desired configuration e=q-qd) have been pre-
sented in Fig. 4. 
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Fig. 4 a) tracking error obtained during the simulation, b) closer look into the tracking 
errors after 10s of the simulation 

5 Conclusions 

In the paper, nonlinear controller of the constrained mechanical system has been 
introduced. The case of reaching time independent set point and time dependent 
trajectory has been studied. 

Fig. 4a) presents asymptotic stability of the algorithm (tracking errors, leads to 
0), however after closer look into the simulation errors (Fig. 4b), they cannot go 
below 2⋅10-4[m, rad] level. In the paper q1 and q2 actuators as transitional joints 
have been assumed, but in the future screw joint has to be considered. 
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Abstract. This paper addresses the path planning problem for an hybrid wheeled–
legged hexapod. In particular, the proposed procedure is aiming to identify  
optimal trajectories for a leg when it has to step over an obstacle. The proposed 
procedure is a combination of a quick random search algorithm together with an 
optimisation method. This combination is used to achieve a good  compromise 
between computational costs and path planning performance. The optimization 
method is efficiently solved by using a genetic algorithm to achieve properly 
smooth leg movements. A case of study is numerically solved by referring to a 
built prototype of Cassino Hexapod at LARM in Cassino. 

Keywords: Hybrid wheel-legged vehicles, Collision free trajectories, Motion 
Planning. 

1 Introduction 

Autonomous navigation of wheeled robot has been widely addressed in literature. 
The ability of these vehicles to move and maneuver justifies the interest of the 
scientific community on them. However, the main drawback of these robots is 
their limited capability of motion on uneven terrains.  These situations use to hap-
pen, for instance, on exploration missions of unknown outdoor scenarios, where 
unexpected obstacles, that cannot be overcome using wheels, can appear [5]. 
Thus, navigation of mobile robot in irregular terrains represents a new challenge 
in the field of robotics research [5]. In this context, hybrid wheel-legged vehicles 
are a possible way to enhance the locomotion performance of an autonomous mo-
bile platform [6]. This type of mobile robot combines the efficiency of the wheels 
and the walking machines. The robot will move on wheels and when it faces an 
obstacle which cannot be avoided, it will overcome it by passing over it. For this 
purpose, an efficient strategy for stepping over the obstacle is needed. 

This paper, presents a new methodology for planning leg motions of a hexapod 
hybrid walking machine designed and built at the Laboratory of Robotics and 
Mechatronic (LARM) of the Cassino University [2].  This hexapod walking  
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machine is composed of six legs having a modular anthropomorphic architecture 
with a wheel as foot at its extremity. The proposed approach provides optimum 
trajectories that allow a leg of the hexapod to step over an obstacle. The method 
generates leg motions that present a trade off between the length of the path and 
the distance to the obstacle. The planning technique is based on combining a ran-
dom search algorithm with an optimization procedure, namely a Genetics Algo-
rithm (A.G.) [3, 9]. 

2 The Cassino Hexapod 

The Cassino Hexapod [2] is a hybrid wheeled-legged robot that can be used for 
rolling locomotion on a flat ground and at the same time, can walk on irregular 
terrains (see Fig. 1a). On the one hand, the robot can move fast using its wheels, 
without consuming a lot of energy. On the other hand, it can use the legs in order 
to overcome situations in which wheeled motions are not possible. The proposed 
design has been conceived for developing a wheeled-walking system by using 
mainly low-cost industrial components into a suitable design for the whole system. 
Expected field of application for this prototype can be the inspection and operation 
in non-accessible sites as outlined in [5]. As a hexapod the robot consists of six 
legs and proper walking motion is possible by synchronizing the motion of all 
those [2]. In particular, each leg has on board three DC motors. Thus, a total of 18 
DC motors are controlled for the operation of this walking machine. These six legs 
have been connected to a suitable body in order to build the prototype that is 
shown in Fig. 1b. This walking machine can fit into a cube of 0.6m x 0.6m x 0.5m 
and it has an overall weight of 180N. It can carry on-board its own control board. 
The weight of a leg is about 25 N. As an articulated body, each leg presents two 
revolute joint. 

 

          
                                  a)                                                       b)  

Fig. 1 Cassino Hexapod prototype: a) the whole robot; b) a single leg with main  
components 
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A leg includes a drive wheel as traction system. Each joint is driven by a 
commercial DC motor. Fig. 1b shows a built prototype of the proposed leg. It has 
a total height of 0.5 m and a weight of about 25 N and its maximum step size is 
155mm. Kinematics and dynamic models have been previously reported in [5]. 

Programming the movement of one leg is very important for the successful 
movement of the robot. Various operation strategies have been analyzed and 
implemented on the built prototype [2]. In particular, if an obstacle is detected the 
neighborhood legs can be lifted up. Then, the hexapod robot can move forward by 
means of the wheels. The leg can go back to the straight configuration and 
afterwards other legs can be lifted up. This procedure can continue until the robot 
overcomes the obstacle(s). A commercial PLC Siemens S7-200 series has been 
chosen as main control unit together with additional I/O boards. A commercial DC 
power source provides the power supply for both the PLC and DC motors [2].  

3 A Case of Study: Step over an Obstacle 

The aim of this work is the study of the hexapod capability of stepping over 
obstacles. Instead of applying a traditional obstacle avoidance strategy for 
wheeled mobile robot, the robot has to move the legs in order to pass over the 
obstacle. Obviously this strategy can only be applied if the size of the obstacle 
allows the leg to move over it without colliding. For this purpose, this article 
focuses attention on the motion of a leg of the hexapod to overcome the obstacle.   

The leg will evolve in a planar motion even though the study is accomplished 
with a 3D model. It is assumed that the control of the leg has three Degrees Of 
Freedom (DOF); two due to the revolute joints motion (that represents the first 
and second articular variables q1 and q2) and the third is the forward or backward 
motion of the robot (that represents the third articular variable q3). Fig. 2a 
illustrates the 3D representation model, presenting the articular variables, and the 
parameters that define the scenario.  Fig. 2b shows the limit of the articular 
motion. Is important to note that during motion, the weight of the robot will be 
supported on the other legs, therefore it is also assumed that the height of the body 
robot will remain constant during the leg motion.  

Thus the basic idea is to study different situations in which a leg can face an 
obstacle. These situations will consider different sizes of the obstacle, and 
different initial and final configuration of the leg. On the one hand, a rectangular 
prism has been considered in order to model the obstacles, and then the height (H) 
and width (W) are two fundamental values for determining the collision situation 
(see Fig. 2a).  On the other hand, the initial and final configuration is defined by 
the distance of the leg to the obstacle (D) and also the leg joint angles (q1, q2). In 
future works, the existence of more than one obstacle will be considered. 

From this point of view, the strategy consists on applying a motion planning 
algorithm that provides solutions to different situations. Thus, a procedure for 
planning optimal joint trajectories and avoid obstacle collision in articulated 
robots has been applied [3]. The idea is to solve the planning problem off-line so 
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that the motion of the leg can be learned from previous calculated solutions. Then, 
the learned trajectories can be applied in real time applications. Thus, the time 
consumed by the planning algorithm is not a critical parameter at this stage.  

 

 
           a)                    b) 

Fig. 2 Schemes of leg a) a 3D model; b) Leg motion limits 

4 Optimal Leg Motion Planning 

The method applied for building the leg trajectory has been previously developed 
for motion planning purposes in hybrid and parallel manipulators [3, 4]. The tech-
nique is based on searching collision free trajectories in the leg Joint Space Ω. For 
this purpose, the collision free sub-space (Ωf∈<Ω), i.e. the set of configurations 
in which no collision exist, has to be determined. Thus, the planning method has 
to provide a sequence of joint configurations (a joint path) jΞ={ jq1 ,..., jqn }, ac-
complishing jqi ∈  Ωf. Then, the first step of the method consist on generating a 
solutions set Λ={ jΞ}, j=1..m, i.e, a collection of collision free paths jΞ  that con-
nect the initial and the final configurations. In the second step, a Genetics Algo-
rithm is applied to Λ so that the optimum solution is provided according to a trade 
off considering safety, reliability and length of the obtained trajectory. Then, the 
optimization method tries to obtain the shorter path which, at the same time, is far 
enough from collision, both in the joint space. A path far from obstacles decreases 
the possibility of collision if the path is not exactly followed (safety and reliabili-
ty). Moreover, shorter path in the configuration space implies decreasing the 
length of motor’s motion. 

The solution set is obtained by means of a random generation's algorithm, 
represented by the "Rapidly Exploring Random Trees" (RRT) [1].  The RRT Al-
gorithm is based on the construction of a tree of configurations that grows, seeking 
the final configuration position from a starting point. The objective of the RRT 
methods consists of constructing an exploration tree which covers randomly the  
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whole collision-free space.  RRT is a planning method that can be used in any  
dimensional space where there are occupied zones, i.e. configurations where  
collision with obstacles exits, among collision-free configuration areas. The in-
convenience of this method rests on the complexity of the obtained solution and 
the tendency of the path to lay very close to the obstacles. There are in the biblio-
graphy several procedures to improve the obtained solutions [1, 8]. In this work 
the use of Genetics Algorithms (G.A.) has been proposed [7]. 

The G. A. applied in this article is based on the typical procedures of this 
technique [7]. It accomplishes a set of operations (cross, mutation, evaluation and 
selection) over a population of possible solutions using an opportune encoding of 
the problem. The objective is to generate a solution that optimizes a fitness 
function. In this approach, each phenotype is a path jΞ, i.e. a sequence of adjacent 
joint configurations that enable to connect the initial with the final configuration 
without collision. The number of genes is not bounded so that trajectories of 
different length can be obtained. Thus, from an initial population Λ of non optimal 
free collision trajectories provided by RRT, the algorithm is capable of providing 
a solution that improves the fitness function. Finally during the selection 
procedure, the population members are evaluated against the fitness function in 
order to establish the members that will compose the next generation. An elitist 
technique that selects the best individuals (those with minor value for fitness 
function) has been chosen in order to implement the aforementioned selection. 
Thus, according to the evaluation, the worse phenotypes are discarded, 
maintaining constant the size of the population.  

The fitness function that has been proposed for evaluating a joint path jΞ is:  

( ) β⋅++Γ=Ξ 
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The second component of the fitness function is the summation of two terms 
for the m configurations that composes the evaluated trajectory. The term d(jqi,

 

jqi+1) represents the Euclidean distances between each two consecutive 
configurations. The term ki weights the proximity to the obstacles using the 
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where ρi is the distance from the configuration jqi to the nearest collision 
configuration. According to this fitness function, the algorithm will supply the 
shorter trajectory that is far enough to the obstacles both in the joint space. It is 
worth highlighting that, shorter path in the joint space represent less effort and 
energy consumption as the motion of the actuator are shorter. Likewise, being far 
of the obstacles in Ω means that not only one element of the leg but the whole leg 
is taken into account for avoiding collision.  

5 Simulation Results 

Regarding the configuration of the Genetic Algorithm, after performing many 
numerical experiments, the maximum number of generation has been fixed to 100 
and the population size to 50, in order to achieve a trade of between time 
consuming and the quality of the solutions. The crossover probability is equal to 1, 
i.e. all the phenotypes of the population are paired off randomly at this operation, 
providing new phenotypes composed by different parts of the progenitors: two  
phenotypes are generated from each couple. With this high crossover factor, 
although the algorithm works slower, the crossover operation positively influences 
in the quality of the solutions. The mutation probability is equal to 0.05.  
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Fig. 3 Simulation results: a) bird-like step; b) joints evolution; c) joint velocities; d) joint 
accelerations 
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Table 1 Fitness Function Values 

H=0.125 m ;W=0.1 m  D=0.1 m  D=0.2 m  D=0.4 m 

Bird-like step  2.601457e+005  2.0018726e+005  3.2021623e+005 

Human-like step  4.2010618e+005  3.2011990e+005  4.2019020e+005 

Best Initial Phenotipe  1.120167e+006  1.0801824e+006  1.2003406e+006 
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       c)          d) 

Fig. 4. a) human-like step; b) joints evolution; c) joint velocities; d) joint accelerations 

Many experiments have been performed, considering the angular constraint of the 
leg, different initial conditions and obstacles size. In general the optimum solution 
is highly dependent on the value of these parameters.  However, for medium size 
obstacles, and the constraints q1 ∈  [-π/4 π/2] and q2 ∈  [-π/2 π/4] (the constraint 
of the real robot) one type of optimal solution has been found: the bird-like step.  
This paper presents this solution, and compares it with a typical human-like step 
by taking into account the value of the fitness function of both trajectories in the 
same scenarios. Note that both solutions have been obtained automatically by  
the algorithm, just specifying the initial conditions and the joint constraint. In the 
experiment presented in this paper, the distance to the obstacle is 0.3m., and  
the size of the obstacle is given by H = 0.125m., and W = 0.1m. On the one hand, 
the bird-like step is shown in Fig. 3a. Fig. 3b, Fig. 3c and Fig. 3d illustrate the 
evolution of the joint variables their velocities and accelerations respectively. On 
the other hand, Fig. 4a represents the human-like step. This solution is similar to 
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the human way of walking; in this case, q1 and q2 evolve following a backward 
motion. The evolution of the joint variables, their velocities and accelerations are 
represented in Fig. 4b, Fig. 4c and Fig. 4d.  This solution has been provided by the 
algorithm by constraining the joint variables according to q1 ∈  [-π/4 0] and q2 ∈  
[-π/2 0], so that forward motions are not allowed. Table 1 shows the value of the 
fitness function considering, in the same scenario, different initial conditions, for 
the bird-like solution, the human-like solutions and the best initial phenotype. This 
table demonstrates that the algorithm minimizes the value of the fitness function 
and that the bird-like solutions represent the best option. 

6 Conclusions 

This paper, presents a new methodology for planning leg motions for a wheel–
legged hexapod in order to step over obstacles. The technique is based on applying 
a random generation method RRT and an optimization procedure G.A. so that 
optimum solutions are obtained. Several simulations have been carried out also to 
identify the most convenient trajectories. The obtained results show that bird-like 
leg motion solutions are the most convenient path solutions for overcoming 
obstacles as based on the constraints of the Cassino Hexapod. Further works will 
consider the study of more general obstacles sizes and complex obstacle 
avoidance strategies, involving the motion of several legs.  
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Abstract. Compliant mechanisms have several advantages, especially smaller num-
ber of elements and therefore less movable joints. The flexural members furthermore
allow an integration of special functions like balancing or locking. To take advan-
tage of compliant elements in applications a robust synthesis tool is needed. Most of
the common synthesis methods focus on energy storage or shape optimization. The
purely geometrical approach presented in this paper concentrates on solving guid-
ance tasks with maximum design freedom within the installation space. An easy to
use step-by-step synthesis procedure is provided through which the user is able to
design mechanisms with a compliant beam element. The necessary analysis of the
compliant beam element can be done by numerical analysis as well as through ex-
periments. The synthesis method is presented using an application for a cup holder
mechanism made of fibre reinforced material.

Keywords: Compliant mechanisms, large deflections, synthesis.

1 Introduction

Typical applications of classical four or six bar linkages are hinges as shown in
Fig. 1a. Most of these applications need additional elements (i.e. springs: C0C) for
balancing or locking, which gives rise to the structure complexity (Fig. 1b).

Comparing such a classical structure with a compliant mechanism structure (Fig.
1c) the benefit of using compliant elements is evident. In this special case the linkage
can be reduced to a two part assembly, which also fulfills the motion task. The
integrated compliant section allows the implementation of locking, so that additional
springs are not required.

There are different practical ways to integrate a cantilevered compliant beam in
a mechanism. Besides non-linear finite element analysis [1] or optimization meth-
ods [2] it is common to create a pseudo-rigid-body model [3, 4, 5] that unifies the
compliant and rigid-body mechanism theories. These methods often concentrate on
kinematic and stress constraints or energy storage to aim for optimal solutions. In
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Fig. 1 Hinge mechanisms: a) Hinge mechanism b) classical four bar mechanism c) compli-
ant mechanism

contrast to that, the scope of this paper is the development of a geometric based syn-
thesis method, which allows a direct use in the design process providing maximum
design freedom with regard to position and size of the mechanism.

2 Geometrical Synthesis of Compliant Mechanism Structures

2.1 Theoretical Background

The general structure consists of a RR-joint pair A0A, which is directly coupled to
the guidance link AB (s. Fig. 1c). The compliant beam section B0B is integrated in
the guidance link and acts like a spring element. For the synthesis model the large
deflections of this beam section are only introduced by a force/moment load, defined
through the RR-joint pair. Its implementation is problematic, due to the fact that the
kinematic behavior of the beam is directly coupled to the force/moment action. The
problem can be solved by coupling the force/moment action to the pole. After this,
it is possible to implement the results through the analysis of a normalized beam
into the given synthesis task. The pole is now the center for the classical synthesis
of the RR-joint pair as well as for the compliant beam section.
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2.2 Analysis of Compliant Beam Element

Before starting with the synthesis it is essential to describe the bending behavior of a
cantilevered compliant beam under different load conditions as shown in Fig. 2. An
initially undeflected beam loaded with a moment M0 and a force F at the beam end
is shown. The force F is acting at an angle ϕ . The deflection of the compliant beam
depends on its material parameters (Young’s modulus E , cross section and resulting
moment of inertia I), its length L and the load conditions.

L

Ex
EI

y Ey

F

0M

F

x

2

0Ms

Fig. 2 Deflection of a cantilevered compliant beam under external load

The mathematical description of large-deflection behavior of cantilevered beams
is subject to several scientific publications. The following statements and equations
are based upon the considerations of HOWELL [5].

The Bernoulli-Euler equation is the vital element when dealing with large-
deflection analysis. It says that the curvature κ can be written as

κ =
dϑ
ds

=
d2y/dx2

[1+(dy/dx)2]
3/2

=
M
EI

. (1)

For a single moment end load (F = 0) the moment along the beam is constant
and so is the curvature. For a single force end load (M0 = 0) the internal moment
can be written as M = F cosϕ(xE − x)+F sinϕ(yE − y) and has to be substituted
into Eq.(1). After performing a number of mathematical transformations and with
κ(s = L) = 0 as well as ϑ(s = L) = ϑ2 the equation results in

L =

√
EI
2F

ϑ2∫
ϑ1=0

dϑ√
cosϕ(sinϑ2 − sinϑ)− sinϕ(cosϑ2 − cosϑ)

. (2)
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A mixture of both moment and force load is equivalent to a single force load act-
ing at a distance m (s. Fig. 4) to the beam end. In this case the boundary condition
for the curvature at the beam end is κ(s = L) = mF/(EI). The solution of the dif-
ferential equation (2) can be found in different ways [5, 8] and leads to the location
B2 for the angle ϑ2 of the beam end for the compliant beam element. So we have
two positions B1(ϑ1) (undeflected beam) and B2(ϑ2) (deflected beam) which define
the pole:

P12 = B1 +
B2 −B1

2sin(ϑ12/2)
ie−iϑ12/2 with ϑ12 = ϑ2 −ϑ1. (3)

For a pure moment load it can be shown that all poles P12 lie on a straight line
through (L/2,0) perpendicular to the undeformed beam [6]. The starting point of
all centrodes is the instantaneous center of rotation IC. The complexity of the cen-
trodes depends on the beam load. For small deflections equation (3) can be used
to describe IC. With B1 = L, B2 = L+ iFL3/(3EI) and ϑ12 = FL2/(2EI) [7] for
ϑ12 ≈ 0 equation (3) can be simplified to

IC = L− FL3

3EI ·2ϑ12/2
(1− iϑ12/2) = L/3+ i

FL3

6EI
. (4)

Therefore the instantaneous center of rotation for a beam with pure force load
starts at (L/3,0). Fig. 3 shows exemplarily two centrodes pF,ϕ for different force
angles ϕ . All poles as a consequence of mixtures of force and moment end load for
m ≥ 0 lie in between pM and the corresponding pF,ϕ .
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Fig. 3 Centrodes pF,0◦ , pF,60◦ , pM for different end load conditions

The beam element used in a mechanism structure like the one in Fig. 1c gets its
moment load troughout a force pair. The direction and the point of acting of this
pair results from the shortest distance m (s. Fig. 4) of the beam end and the force
axis f . Therefore the moment can be expressed by M0 = mF . This helps to find a
generalized expression of (4) for the instantaneous center of rotation when F ≈ 0

IC =
1
3

3m+L
2m+L

L+ i g(F) with g(F)≈ 0. (5)
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Fig. 4 Force pair distance m with respect to the horizontal pole location ICx

A pure force load at the beam end is equal to m = 0, and a pure moment load
introduced by a force pair is at m = ∞. The horizontal pole location ICx normalized
to the beam length L with respect to the normalized distance m leads to the diagram
shown in Fig. 4. A technically interesting case occurs when m = −0.5. Here the
motion of the beam end is equal to a pure translation. With m <−0.5 the direction
of rotation is opposite to the case m > 0.5.

2.3 Synthesis

The synthesis belonging to the structure shown in Fig. 1c is based on a two pose task:
Position 1 with an undeflected beam (ϑ1 = 0) and position 2 with a deflected beam
as the compliant element. For a normalized beam with given deflection end angle
ϑ2 different possible end load sets can be found (Fig. 3). This set of moment and
force load can be distinguished by its ratio m = M0/F and the force direction angle
ϕ (s. Fig. 2). The following synthesis is based on these two important parameters.
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The basic idea of the synthesis is to start with the classical RR-joint pair for the
two pose task. With the location of A0A2 for the deflected beam element, the force
axis f is defined (Fig 5a). Usually there is an idea of the general orientation γ of the
undeformed beam element. With γ and the axis f the force direction angle ϕ can
be found. With the help of ϕ , the deflection of a normalized beam element (E, I,L)
as shown in Fig. 5b can be calculated. Starting with a pure force load (m′ = 0)
the deformation from B′

1 to B′
2 for ϑ12 = ϑ2 −ϑ1 defines the pole P′

12. With P′
12

the model beam can be used to find the dimensions of the compliant element of
the mechanism. The whole procedure is based on the similarity between the model
beam B′

0B′ and the beam element in the mechanism solution B0B. Therefore the
dimensions are defined by scaling and rotating (similarity transformation) the model
beam in reference to the pole:

Bk = P12 +(B′
k −P′

12) ·λ iei(γ−ϕ), with k = 0,1,2. (6)

The scaling factor λ in equation (6) can be obtained by the distance ratio λ = a/a′
(s. Fig. 5c). Introducing an additional moment at the beam end only affects the
scaling of the compliant beam element. With the previously defined moment-force
ratio m it is possible to apply the previously explained method. The ratio m is equal
to the distance of the force pair, which defines the moment M0 = mF . The scaling
factor λ therefore changes to a/(a′+m′). It follows that m �= 0 (Fig. 5d) leads to a
scaling of the beam, whereby the beam length for m �= 0 is always smaller than the
beam length for m = 0 (pure force load at beam end).

The described method simplifies the implementation of compliant beam elements
in a geometrical synthesis to the use of two parameters: force direction angle ϕ and
moment-force ratio m. While the force direction angle ϕ defines the general beam
location, changes in the moment-force ratio m lead to an altered beam dimension.

Besides the theoretical way of finding the pole it is also possible to do the syn-
thesis with a real model beam. The pole can be found by measuring the model beam
or a compliant element tool kit [9]. The result will be less exact, but will still give
good preconditions for the design process.

With this background the synthesis of a RR-joint pair coupled to a compliant
beam element leads to the general scheme with the following steps (Fig. 5):

1. Pose a1 and a2 define the pole P12.
2. Placing the ground joint A0 with respect to the boundary conditions.
3. The pole P12 and joint A0 define the moving joint A in position A2.
4. With A0, A2 the force axis f is defined and therefore distance a.
5. Defining the general beam position by angle γ .
6. The solution of the real beam position for a beam with pure force load at the

beam end can be find by equation (6) with the scaling factor λ = a/a′ and the
angles γ , ϕ .

7. The final beam position with force and moment load at beam end can be found
iteratively by varying the moment-force ratio m. The usage of the diagram in Fig.
4 helps to reduce the iteration steps.
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a) b)

c) d)

Fig. 5 Synthesis: a) task with RR-chain A0A2 b) normalized beam modell c) solution for pure
force load at the beam end d) solution for mixed force and moment load at the beam end

3 Application

The described synthesis will be used to derive a cup holder mechanism as we can
find in mobile vehicles [10]. The aim is the reduction of parts via integration of all
locking functions within the compliance of the mechanism structure.

Table 1 Task and solution parameters

i ai(x,y,ϑ ) Ai(x,y) Bi(x,y)

0 - 100, 80 −23.561, 0.000
1 10, 0, 0◦ 10,−80 49.432, 0.000
2 20,10,90◦ 100, 10 20.000,49.432
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Fig. 6 Compliant cup holder mechanism: a) task b) solution

The synthesis task is a two pose task (s. Table 1 and Fig. 6a). In the initial posi-
tion a1 the cupholder should be hiding behind the front board. The second position
a2 offers a panel with a circular hole to place the cup. The two required positions
define the beam position for the undeflected beam. When the holder is not in use
the frontend should flush with the surface of the board. The ground joint A0 position
should be behind this board in the grey marked area and the moving joint A may be
best placed on the cup holder. By applying the synthesis plan presented in the pre-
vious chapter on this particular problem we can find a solution as shown in Fig. 6b
and Table 1. If the cup holder is closed the system is force free. The load introduced
by the beam element in the open position is carried by link A0A2 in a stable position.
The design of the cup holder mechanism by using fibre reinforced material is shown
in Fig. 7.

Fig. 7 CAD model of the compliant cup holder mechanism: a) closed postion b) open posi-
tion c) unfolded textile preform of fibre reinforced material
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4 Conclusions

Within the frame of research the deflection of a cantilevered model beam has been
described theoretically to find the pole and instantaneous center of rotation subject
to altering load conditions. Through these investigations it was possible to identify
two parameters that allow the geometrical synthesis for mechanisms with a compli-
ant beam element. Finally, it has been shown that with the help of a subsequently
developed synthesis scheme the mechanism designer has a great influence on size
and position of the compliant structure.
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Abstract. The Bennett overconstrained 6R linkages are the double-planar, the 
double-spherical and the plano-spherical 6R linkages. These mechanisms are  
obtained by combining simple planar and/or spherical mechanisms and then re-
moving one of the common links. This paper presents the derivation of the in-
put/output relationships for these mechanisms using the decomposition method. 
This method is based on writing the input/output equations for the two imaginary 
loops comprising the 6R mechanism and then eliminating the imaginary joint 
variable. It is found that the resulting input/output equations contain up to 4th pow-
er of trigonometric terms, such as cos4θ. 

Keywords: Bennett 6R linkages, passive joints, input/output relationship, method 
of decomposition. 

1 Introduction 

The first reported overconstrained mechanism is due to Sarrus in 1853 [1]. The 
Sarrus linkage is a spatial 6R linkage obtained by assembling two planar dyads in 
perpendicular planes and it can be interpreted as two slider crank mechanisms 
with a common slider, axis of which is along the intersection of the perpendicular 
planes. The angle between the intersecting planes is arbitrary and the two triplets 
of parallel joint axes may be positioned arbitrarily and the linkage will be still 
mobile. We will call such a generalized Sarrus linkage as the double-planar 6R  
linkage (Fig. 1a). As far as the authors know, such a form of the general Sarrus 
linkage as shown in Fig. 1a is presented nowhere else. The relative motion  
between the links with nonparallel joint axes is linear translation and hence a 
prismatic joint can be inserted between the two. Such a joint is called a passive 
joint [2]. 

In 1905 Bennett worked on the Sarrus linkage and proposed two new families 
of overconstrained linkages known as the double-spherical and the plano-spherical 
6R linkages [3]. The double-spherical linkage is obtained by merging two  
 



226 R.I. Alizade et al. 

 

Fig. 1 a) Double-planar (generalized Sarrus) linkage, (b) double-spherical linkage, and (c) 
plano-spherical linkage together with their passive joints (adapted from [4]) 

spherical four-bar mechanisms with two common links (Fig. 1b) and the plano-
spherical linkage is obtained by merging a planar four-bar mechanism and a spher-
ical four-bar mechanism with two common links (Fig. 1c). Both of these linkages 
have a passive revolute joint. For the double-spherical linkage, the passive joint 
axis is through the line connecting the sphere centers O1 and O2. For the plano-
spherical linkage the passive joint axis is normal to the plane and passes through 
the sphere intersecting the plane. The plano-spherical linkage and the double-
planar linkage can be obtained from the double-spherical linkage by sending one 
or both of the sphere centers to infinity [4].  The Bennett 6R linkages are examples 
of linkages obtained from intersections of Euclidean subspaces [2]. 

A special case of the double-spherical 6R linkage is the well known double-
Hooke’s-joint linkage for which the twist angles are 90°, 90°, 0°, 90°, 90° and 
arbitrary angle between the fixed joints. Baker [5] derived the input/output (I/O)  
relationship for the double-spherical 6R linkage starting from the double-Hooke’s-
joint linkage. In this paper we present an alternative formulation based on the 
method of decomposition [6]. 

The method of decomposition originates from a simple idea: since the above-
mentioned mechanisms are obtained as merging two simple loop mechanisms and 
then removing the passive joint, the original single loop may be decomposed into 
two imaginary loops. By taking the input and output joints as the fixed joints, the 
I/O equations for each imaginary loop are obtained. The passive joint is output for 
the first loop and input for the second loop. Eliminating the passive joint variable 
from the two I/O equations, the I/O equation for the 6R mechanism is obtained. 
Also, these linkages prove useful in function synthesis when the method of  
decomposition is applied. The synthesis methods are left for future studies. 

a) b) 

c) 
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2 The Double-Planar 6R Linkage 

Together with the passive prismatic joint, the double-planar 6R linkage may be 
considered to be composed of a pair of slider-crank mechanisms. The sliding di-
rection in both slider-cranks is common and intuitively it can be verified that the 
angle between the planes of motion of the two planar mechanisms does not affect 
the I/O relationship. The planes of motion have to be nonparallel, but, there is no 
harm in considering the two slider-crank mechanisms in the same plane as long as 
the prismatic joint is included. Let φ be the input ange, θ be the output angle and s 
be the passive joint variable of the double-planar 6R mechanism shown in Fig. 2. 
 

 
Fig. 2 Double-planar 6R linkage 

Loop closure equation for loop ABC: 

 
acos s bcos

AB AC CB      
asin c bsin

φ= + ψ
= + 

φ= + ψ

  
 (1) 

Eliminating ψ from Eq. (1): 

 ( ) ( )2 22 2 2 2 2b acos s asin c s 2acos s a b c 2acsin= φ− + φ−  = φ − + − + φ  (2) 

Loop closure equation for loop DEF: 

 
ecos g s dcos

DE DF FE      
esin f dsin

γ = − + θ
= + 

γ =− + θ

  
 (3) 

Eliminating γ from Eq. (3): 

 
( ) ( )

( )

2 22

2 2 2 2 2

e g s dcos f dsin

s 2 g dcos s d e f g 2dgcos 2df sin

= − + θ + − + θ

 = + θ − + − − − θ+ θ
 (4) 

Equating the right hand sides of Eqs. (2, 4): 

 ( )
2 2 2 2 2 2 2a b c d e f g 2acsin 2dgcos 2df sin

s
2 a cos dcos g

− + − + − − − φ− θ+ θ=
φ− θ−

 (5) 
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Substituting s from Eq. (5) into Eq. (2): 

 
( ) ( )( )

( )( )

2 2
A 2acsin 2dgcos 2df sin 4 B 2acsin a cos dcos g

4a cos A 2acsin 2dgcos 2df sin acos dcos g 0

− φ− θ+ θ + − φ φ− θ−

− φ − φ− θ+ θ φ− θ− =
 (6) 

where 2 2 2 2 2 2 2A a b c d e f g= − + − + − −  and 2 2 2B a b c= − + . Eq. (6) is the implicit I/O 

relation of the double-planar 6R linkage, which contains up to 3rd power of trigo-
nometric terms, such as cos3θ. 

3 The Double-Spherical 6R Linkage 

Let φ, ψ and θ be the respective input, passive joint and output angle of the 
double-spherical 6R mechanism shown in Fig. 3. O1D and O2E are skew with a 
twist angle of γ. The radii of the spheres do not affect the I/O relationship, so 
without loss of generality assume both radii as 1. Also notice that the distance 
|O1O2| has no effect on the I/O relationships. 
 

 

Fig. 3 Double-spherical 6R linkage 

Coordinates of B, C, D can be found as follows: 

 

[ ] [ ] [ ]

[ ] [ ] [ ]

x 1 x 4

y 1 1 y 4 4

z z 4

x 1 2 1 2

y 1 2 1 2 1 2

z 2

B 1 c D 1 c

B Z 0 s    ,   D X Z 0 s c    ,

B 0 0 D 0 s s

C 1 c c s s c

C Z X Z 0 s c c s c

C 0 s s

           
           = α = = ψ α = ψ           
           ψ          

− φ     
     = α φ α = + φ     
     φ    

 (7) 
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where X[.] and Z[.] represent rotation matrices about x and z axes, respectively 
and ci = cosαi, si = sinαi for i = 1, 2, 3, 4 and other c and s are short for cosine and 
sine, respectively. The angle between O1C and O1D is α3, so 

 1 1 3 1 2 4 3 1 2 4 1 2 4 1 2 4 2 4O C O D c c c c c s s c c s c s c c s s c c s s s s 0⋅ =  − − φ+ ψ+ φ ψ+ φ ψ=
 

 (8) 

Eq. (8) gives the I/O equation for the first loop. For the second loop the coordi-
nates of E, F and G with respect to O2 can be calculated as follows: 

 

[ ] [ ]

[ ] [ ] [ ] [ ]

x 5

y 5 5 5

z 5 5

x 7 8 7 8 x

y 8 7 7 8 7 8 y 8

z 7 z

E 1 c

E X Z 0 s c c s s s    ,

E 0 s c s s s c

F 1 c c s s c G 1

F Z X Z 0 c s s c c    ,   G Z 0

F 0 s s G 0

−     
     = ψ+γ π−α = γ ψ− γ ψ     
     γ ψ+ γ ψ    

− − θ         
        = π−α θ α = − θ = π−α        
        θ       

8

8

c

s

0

− 
  =  
   

 (9) 

The angle between O2E and O2F is α6, so 

2 2 6 5 7 8 6 5 7 8 5 7 8 5 7 8

5 7 8 5 7 8 5 7 5 7

O E O F c c c c c c s s c s c s c c s c s s s

s s c c c c s s c s c s s s c s s s s s s c 0

⋅ =  − + θ+ γ ψ− γ ψ
− γ θ ψ+ γ θ ψ+ γ θ ψ+ γ θ ψ =

 
 (10) 

ψ is to be eliminated from Eq. (8) and Eq. (10). Notice that Eq. (8) and Eq. (10) 
are linear in terms of cψ and sψ. Writing these equations in matrix form: 

 1 1 1

2 2 2

P Q Rc

P Q Rs

ψ    
=    ψ    

 (11) 

where the coefficients are functions of link parameters αi, γ, input angle φ and 
output angle θ only: 1 1 2 1 2P s c c s c= + φ , 1 2Q s s= φ , ( )1 1 2 4 3 1 2 4 4R c c c c s s c c s= − + + φ , 

2 7 8 7 8 7P c s c s c c c s s s= γ− γ θ+ γ θ , 1 7 8 7 8 7Q c s s s c s c s c s=− γ+ γ θ+ γ θ  and 

( )2 5 7 8 6 5 7 8 5R c c c c c s s c s= − + − θ . The linear set Eq. (11) can be solved using Cra-

mer’s rule and put into s2ψ + c2ψ = 1 to get 

( ) ( ) ( )
1 1 1 1

2 2 22 2 2 2
1 2 2 1 1 2 2 1 1 2 2 1

1 1 1 1

2 2 2 2

R Q P R

R Q P R
c , s   R Q R Q P R P R PQ P Q

P Q P Q

P Q P Q

ψ= ψ=  − + − = −  (12) 

Eq. (12) is the implicit I/O relation of the double-spherical 6R linkage and it 
contains up to 4th power of trigonometric terms, such as cos4θ. 
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4 The Plano-spherical 6R Linkage 

Fig. 4 illustrates a plano-spherical 6R linkage. φ is the input and ψ is the output, or 
vice versa. The I/O relationship for the spherical loop is the same as for the 
double-spherical 6R linkage and is given by Eq. (8). The planar loop moves paral-
lel to the yz-plane, so the x coordinates are irrelevant. The y, z coordinates for the 
joints E and F of the planar four-bar loop are found as 

 [ ] ( )
( )

[ ] 7y y5 75

8 8 7z z5

0 a cE Fa aa c
X    ,   X

a a a sE F0 0a s

θ ψ+γ          
= ψ+γ = = + θ =            + θψ+γ           

 (13) 

The distance between E and F is a6, so 

 

( ) ( ) ( ) ( )
( ) ( )

( ) ( )

2 22 2 2
y y z z 5 7 5 8 7 6

2 2 2 2
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E F E F a c a c a s a a s a

a a a a 2a a s 2a a c 2a a s 0

2a a c a s c 2a a s a c s a a a a 2a a s

   − + − = ψ+γ − θ + ψ+γ − − θ =   

 − + + − θ− ψ+γ−θ − ψ+γ =

    θ−γ + γ ψ+ θ−γ + γ ψ = − + + − θ   

(14) 

Eqs. (8) and (14) constitute a linear set of equations in terms of cψ and sψ as in 

Eq. (11), but this time ( )2 5 7 8P 2a a c a s = θ−γ + γ  , ( )2 5 7 8Q 2a a s a c = θ−γ + γ  , and 
2 2 2 2

2 5 6 7 8 7 8R a a a a 2a a s= − + + − θ . cψ and sψ are linearly solved and ψ is eliminated 

as in Section 3 to obtain the I/O relation of the plano-spherical 6R linkage and 
once again it contains up to 4th power of trigonometric terms in terms of θ and ψ, 
such as cos4θ. 

 

 

 

 

 

 

 

Fig. 4 Plano-spherical 6R linkage 

5 Conclusions and Discussions 

The Bennett 6R mechanisms are special overconstrained 6R mechanisms in that 
they can be dissected into planar slider crank or planar four bar or spherical four 
bar loops once the imaginary joint is inserted in between the loops. This allows us 
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to formulate the I/O equations for the loops separately and then eliminate the pas-
sive joint variable to obtain the I/O relation for the 6R mechanism without con-
ducting spatial kinematics calculations. The method of decomposition is applied to 
Bennett 6R mechanisms for the first time. This method is not only useful in analy-
sis, but also it has numerous advantages in synthesis. Synthesis methods based on 
the formulations in this paper will be the scope of further studies. 
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Abstract. Mechanisms including friction and multiple clearance contacts usually
could be modelled by continuous or discontinuous force laws. In this contribu-
tion the non-smooth behaviour of a planar 6-bar linkage mechanism with revolute
clearance joints is simulated by the methods of unilateral contacts. Within a non-
commercial simulation framework flow separation as well as high frequency tan-
gential pendulum motion in the clearance joints can be detected and a spring as a
device of reaction force balancing is analysed.

Keywords: multibody dynamics, unilateral contacts, clearance joints, linkages.

1 Introduction

High-speed mechanisms have a broad spectrum of application in processing ma-
chinery like textile, packing, forging, pressing, cutting or printing. The dynamic
response and quality characteristic of high- or slow-speed mechanisms could be lim-
ited by nonlinear, so-called secondary mechanical problems. Especially, unilateral
contact mechanics within revolute joints involves additional physical phenomena,
like e.g. clearance-impact-noise phenomenon, stick-slip vibrations, multiple impact
interaction in different contacts, dissipation or wear. Here, HAINES [2] gives an
overview, while DRESIG/ HOLZWEISSIG [1] summarize the primare and global dy-
namics of rigid body mechanisms.

Early experimental and numerical investigation of a planar four-bar mechanism
with multiple clearance joints was done by HORIE et al. [3]. In a more recent work
FLORES [4] gives a parametric study of a planar slider crank mechanism with mul-
tiple clearance joints. SCHWAB et al. [7] compare different revolute clearance joints
models for a planar rigid as well as elastic slider-crank mechanism.

At our institute an experimental setup of a crank-and-rocker mechanism has been
used to investigate various phenomena of high-speed mechanism dynamics includ-
ing friction-clearance contacts amongst others, see THÜMMEL [8] − [11]. In [10]
motion trajectories of the bolt in a clearance revolute joint have been measured and
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simulated, based on friction and impact modelling by corner laws and LCP’s accord-
ing to PFEIFFER and GLOCKER [6]. With the same approach, a planar slider-crank
mechanism with five unilateral contacts was simulated [9].

By the present paper the authors apply the method of non-smooth mechanics
including unilateral contacts to a planar six-bar mechanism with multiple friction
clearance joints. Thus, secondary oscillation phenomena can be detected at an early
stage of development of the kinematic and kinetic synthesis of the mechanism,
which shall be used as a driving unit in a cutting press. Hence, theoretical prelim-
inary studies for the development of the driving unit are presented, without having
an experimental set-up of the mechanism yet. In section 2 an overview of joint mod-
elling and the applied numerical framework is given. Section 3 delivers the model
description of the investigated mechanism and the simulation results in section 4
show the good practicability of the method in analysing the secondary oscillating
problems flow separation and pendulum motion.

2 Joint Model and Simulation Environment

2.1 Modelling of Revolute Clearance Joints with Dry Contact

In a broad sense, clearance joints with dry contact can be modelled by a continous
or a discontinous approach, see [5].

Within the continous approach a regularized formulation of the force law, com-
parable to a spring-damper element, is applied to the equation of motion, when a
contact occures, see Fig. 1(a). The continous force law can therefore be linear, such
as the KELVIN-VOIGT model, or nonlinear, such as the HERTZ law, and captures
elasticity effects as it allows small penetrations of the colliding bodies.

The second approach solves the discontinouity in the velocities of the mechanical
elements caused by an impact. The time of an impact is assumed to be instantaneous
and the momentum equations are solved for each closing contact. The method uses
an unilateral formulation of the force law, which prevents penetration of the collid-
ing bodies, see [6]. Within this paper, the 2-dimensional unilateral contact within
the revolute joint is parameterized in normal direction by the gap gN and the contact
force value λ . The different normal vectors at the bolt and at the hole generate the
pair of reaction forces in the revolute joint, see Fig. 1(b).

Fig. 1 Continous and discontinous approach for planar revolute joints modelling
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2.2 Simulation Environment

In this paper the clearance is modelled by the discontinous approach with unilateral
constraints. The simulation environment MBSIM (freely available at http://code.goo
gle.com/p/mbsim-env/), which was developed at the Institute of Applied Mechanics,
is used. It is based on a framework for the efficent simulation of multibody systems
with unilateral contacts. The framework comprises the description of the system dy-
namics as well as numerical methods as provided in [13]. A brief overview follows.

Equation of motion and impact equation: The non-smooth dynamics of a system
with bi- and unilateral contacts is described by the measure differential equation

Mdu = hdt + WdΛ (1)

M = M(q) denotes the symmetric mass matrix, which depends on the vector of
generalized coordinates q, du denotes the acceleration measure and the vector h =
h(u,q, t) contains all smooth external, internal and gyroscopic forces. The reaction
measure in the contacts WdΛ is the product of the generalized force directions W =
W(q) and the magnitudes dΛ.

Assuming that impacts occure at times ti ∈ MS integration of Eq. (1) yields the
classical equations of motion at times t �∈ MS

q̇ = u, Mu̇ = h + Wλ ∀ t �∈ MS (2)

as well as the impact equations at the discontinuities ti

q+
i = q−

i , Mi(u+
i −u−

i ) = WiΛi ∀ ti ∈ MS (3)

both with so far unknown contact reactions λ and Λi, respectively. Thus, additional
contact laws have to be constituted. Contacts between bodies in the system are mod-
elled as discrete point contacts with totally rigid contact zone. Hence, a contact
corresponds to a constraint. Two types of contacts with different contact laws are
considered: persisting contacts which are always closed; and contacts that may be
open or closed.

The contact reactions

WdΛ =
(
WN WT

)(dΛN

dΛT

)
=
(
WB WU WT

)⎛⎝dΛB

dΛU

dΛT

⎞
⎠ (4)

are decomposed into components normal (index N) – split up in bilateral (B) and
unilateral (U) – and tangential (T) to the contact plane.

Force laws for smooth transitions: For the smooth transition between impacts (t �∈
MS) a bilateral contact on position level can be expressed in the form

gB = 0, λB ∈ R (5)
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where gB is the normal distance of the interacting bodies in the contact point. A uni-
lateral contact also allows detachment leading to in-activity of kinematic restriction

gU ≥ 0, λU ≥ 0, gU λU = 0 (6)

The respective force laws are shown in Figs. 2(a) and 2(b).
For both bi- and unilateral constraints, dry friction is considered. Using the force

component λN ∈ {λB,λU} normal to the contact plane and the relative tangential
velocity ġT , COULOMB’s friction law is given by

if ġT = 0 ⇒ |λT | ≤ μ0|λN | (7)

if ġT �= 0 ⇒ |λT | =− ġT

|ġT |μ |λN | (8)

Fig. 2(c) shows the force law of a tangential frictional contact for the planar case.

(a) Bilateral constraint (b) Unilateral constraint (c) COULOMB friction

Fig. 2 Force laws for bi- and unilateral contacts and friction

Impact laws: In contrast to persisting and detaching contacts, a closing contact
leads to a discontinouity in the vector u of generalized velocities. Hereby, the ex-
change of discrete impacts Λi affects all closed bilateral and unilateral contacts.

The impact law for a bilateral contact is given by

ġ+B = 0, ΛB ∈ R (9)

and ensures that relation of Eq. (5) is not violated after collisions. For the post-
impact velocity for a unilateral contact the NEWTON’s impact law holds

ġU ≥ 0, ΛU ≥ 0, ġ+UΛU = 0 (10)

which allows to choose between elastic (ε = 1) and plastic (ε = 0) impact behaviour
by defining the kinematic coefficient of restitution ε in ġU = ε ġ−U + ġ+U .

In tangential direction, COULOMB friction law is formulated on impulse level:

if ġT = 0 ⇒ |ΛT | ≤ μ0|ΛN | (11)

if ġT �= 0 ⇒ |ΛT | =− ġT

|ġT |μ |ΛN | (12)
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3 Model of the Application Object with Imperfect Joints

Fig. 3 shows the model of the planar linkage mechanism with the crank (2), the
coupler (3), the rocker (4), the piston rod (5) and the ram (6). Besides, the stroke
and the velocity of the ram are plotted. The joints C and E are modelled as imperfect
joints with dry contact in the discontinuous manner as described in subsections 2.1
and 2.2. These two joints are analysed because they pass through more complex
trajectories than the other joints during one rotation.

The integration is performed using a half-explicit time-stepping integrator with
constant step size, which is adapted individually to every simulation. In Table 1 the
parameters for the dynamic simulations are listed.

Fig. 3 Planar model and kinematics of application object

Table 1 Parameters used in the dynamic simulations

flow sep. pend. motion

nominal bearing diameter [mm] 11 10.05
nominal journal diameter [mm] 10 10
diametric clearance [mm] 1 0.05
coefficient of restitution ε 1 1
coefficient of friction μ 0.1 0.04
rotation speed [rpm] 220 220

4 Simulation Results

4.1 Analysis of Flow Separation

In a first step the flow separation in joint C and E is examinated. Therefore the
numerical parameters with the unrealistic high clearance in Table 1 are used. This
high value for the joint clearance serves for detecting critical positions very rapidly.
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(a) gN in joints C and E (b) trajectory of joint E

Fig. 4 Flow separation in joints C and E of the linkage mechanism

Fig. 4(a) shows the minimal gap between journal and bearing in the two joints.
The first rotation is always neglected in order to prevent errors due to initial condi-
tions. The small penetrations result from the used time-stepping scheme. Compared
to the trajectory of joint E in Fig. 4(b) the two states of separation in joint E can be
assigned to the two peripher points 1 and 2 with a high curvature. This agrees with
guideline [12], which states out that a very low value of the reaction force Fi and a
rapidly changing force direction δ are significant for a loss of contact, meaning a
high coefficient

κ =

∣∣∣∣∣ δ̇
Fi

∣∣∣∣∣
max

(13)

For the contact loss in joint C the nearly vanishing reaction force is responsible.
In press machines a frequently used measure for joint force balancing is a hy-

draulic spring to prestress the whole mechanism. The effect of such a device is
tested for the analysed linkage mechanism, which can be seen in Fig. 5(a). For this
simulation all five joints are modelled as imperfect joints. Fig. 6 shows how the
spring changes the reaction forces in joint C and E.

In the diagram of Fig. 5(b) the gaps between the journals and the bearings of the
joints C, D and E under the preload of the spring are plotted. It can be seen that
contact loss can not completly be avoided, as flow separation in joint C still occurs
at a crank position of 80◦. The reason can be found again in the polar diagram in
Fig. 6(a): Despite the spring, the reaction force still vanishes at this very position,
what means an undetermined load situation, compared to Eq. (13). In contrast, no
contact loss occurs in joint E, as there is no zero crossing of the reaction force in the
prestressed mechanism any more, see Fig. 6(b). As also can be seen in Fig. 5(b), the
contact loss in C leads to an impact, which initiates contact loss in joint D.
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(a) effect in E (b) gN in joints C, E and D with undetermined load situation at 80◦

Fig. 5 Joint balancing of the linkage mechanism with a spring

Fig. 6 Polar diagram of reaction forces with and without spring

4.2 Analysis of Oscillation Phenomena (Pendulum Motion)

Due to [12] high-frequency oscillations of the journal in the bearing shell can arise in
a mechanism, even if no contact loss occurs. GINZINGER and THÜMMEL analysed
this effect experimentally and numerically for a crank and rocker mechanism [10].

(a) journal positions (b) contact angle

Fig. 7 Tangential pendulum motion in joint E
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Here, the appearance of such oscillations is investigated in joint E of the linkage
mechanism. Therefore, only joint E is modelled as imperfect and the numerical
setup in Table 1 with the small clearance is applied. Fig. 7(a) shows the position of
the journal in the bearing during one rotation of the crank. Around angles δ = 0◦,90◦
and 240◦ more often contacts are detected. Compared to the diagram of the angle δ
in Fig. 7(b), it can be seen that high-frequency oscillations arise at these positions.

5 Conclusions

Within this contribution the non-smooth behaviour of a 6-bar linkage mechanism
with clearance joints was analysed by a discontinous method within the simulation
environment. This method is useful for efficently detecting and analysing secondary
effects in a mechanism, since only three parameters - the clearance size, the resti-
tution and the friction coefficient – are necessary. In detail, it was shown that the
arising contact losses in the joints can be avoided by a spring device except at one
position, where an undetermined load situation still remains. Furthermore, the ex-
istence of pendulum motion in one joint of the 6-bar mechanism was shown. Since
secondary effects highly depend on the parameter set as well as the operation con-
dition, further investigation have to follow and an experimental matching has to be
done in a next step.
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Abstract. Dynamic simulation and advanced control are two areas that are 
becoming important in the field of design and industrial production. Dynamic 
simulation is a design tool now consolidated and commonly used in industries 
such as automobile and the related ones because it replaces the expensive tests 
with prototypes. Well, the results can provide simulation tools such as advanced 
control techniques critically depend on the quality of the data from which the 
mechanical model systems are generated. Direct measurement of these data or 
physical parameters (mass, location of centers of gravity, inertia tensors, friction 
parameters, etc) is problematic in systems that are being designed. We also have 
to consider that these parameters may change significantly over the life of the 
mechanical system. The alternative measurement is the identification of these 
parameters from experimental data acquired during the operation of mechanical 
systems. The actual proposal of this work is to design a wheel rim for light vehicle 
able to determinate the forces and moments that are transmitted to the axis of the 
vehicle wheel during use. The necessary instrumentation is designed using 
extensometry techniques, and the design process focuses on the study of the wheel 
rim deformations associated with the different forces acting on it. The study of 
strain performed on models analyzed by finite element techniques considering the 
different types of forces acting on the rim. Modeling the deformations behavior of 
the wheel rim, and doing a proper instrumentation based on the FEM analysis the 
results will be develop the procedure for the instrumentation of the rim to obtain 
the desired measurements. 

Keywords: extensometry, tire, parameters identification, forces measurement, 
strain gauges. 

1 Introduction 

The authors of this paper are developing a project that has the identification of 
physical parameters in vehicles among its objectives. That is, known applied 
forces and the dynamic response of a vehicle to follow a path, it is expected to 
obtain an estimation of the dynamic parameters of the system, thus, mass, position 
of the center of mass, inertial matrix for each of the components of the system, 
and the friction parameters of the defined links, as well as the damping and 
stiffness in these components. 
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For measuring the loads transmitted from the ground there is already specific 
instrumentation. Companies such as Kistler or RS Technologies offer it at high 
cost. These wheels work by a triaxial load cells implementation mounted on a 
special rim so that it enables to measure the three forces and three moments acting 
in the vehicle wheel. Dynamometric wheels have been used, for example, in [5] 
and [3] to obtain the forces transmitted by the ground and to apply them in solving 
problems of identification of physical parameters in vehicles, in combination with 
other instrumentation that allows obtaining paths and the determination of pitch 
and roll angles among others. They have also been used those sensors to verify 
models of tire lateral load behavior [4]. 

Specific sensors for specific applications are sometimes developed, such as 
fatigue life studies based on road data acquired using road load data acquisition 
and strain gauges strategically positioned at critical stress locations to directly 
reflect the input loads experienced by the components [1]. Also, special 
instrumented wheel bearings, which can act as load cells, have been used to 
measure the strains caused by the elastic deformation of the bearings [2]. 

The design process of a dynamometric wheel rim subject to a number of 
constraints given by the need to use existing equipment to achieve lower costs is 
presented. So measurements are made in each tire using four strain gauge 
channels. Since the conventional wheel having a high rigidity, it was decided to 
modify the junction between the hub and the rim to improve sensitivity. This 
alternative allows to work with existing instrumentation and to make designs and 
modifications on the wheel rim in the facilities of CITV at a lower cost. 

In the second part of this article the technique of measurement which will be 
use is described. In the third one the process of design of a wheel rim is explained. 
The fourth part explains the calibration process. And in the last part results of the 
designed rim are presented. 

2 Measurement Techniques 

The design is conditioned by the telemetry equipment available, this equipment 
has four measurements channels for wheel. 

The work is developed with a Cartesian reference system where Y axis is 
coincident with the axis of rotation of the wheel and the axes X and Z in the 
midplane thereof, as shown in Figure 1. The loads measured on the wheel rim are 
due to the load transmission between the tire contact patch with the ground and the 
hub that supports the wheel are three forces Fx, Fy, Fz, and one moment Mz. If it is 
supposed that the contact point between the tire and the ground it is satisfied the 
following equation: ࢟ࡹ ൌ െࢋࡾ · ࢞ࡹ and ࢞ࡲ ൌ · ࢋࡾ  (1)                                 ,࢟ࡲ

being Re the tire radius. 
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Fig. 1 Coordinate system 

Assuming the possible error associated with asymmetries of load on the contact 
patch and the rolling resistance. So to minimize these effects will be set a pressure 
of 400 kPa (4 bar) in the tires. 

Direct measurements are obtained from four strain gauge channels, each of 
these channels will be sensitive to the six basic solicitations (three forces F1, F2, F3 
and three moments F4, F5, F6). All these measurements are function of the position 
of the wheel rim relative to the contact point with the ground α, so the output of 
the measurement channel i is in volts, ∆࢏ࢂ ൌ ∑ · ࢐ࡲ ૟࢐ୀ૚(∝)࢐࢏ࡲࡿ ,                                                (2) 

being ࢐࢏ࡲࡿ(∝) function of the position ∝ in V/N for j=1, 3 and V/Nm for j=4, 6. 
Replacing (1) in (2) and reordering it results as; ∆࢏ࢂ ൌ · ૚ࡲ ൫࢏ࡲࡿ૚(∝) െ ࢋࡾ · ૞(∝)൯࢏ࡲࡿ + · ૛ࡲ ൫࢏ࡲࡿ૛(∝) + ࢋࡾ · ૝(∝)൯࢏ࡲࡿ + (∝)૜࢏ࡲࡿ· ૜ࡲ + · ૟ࡲ  ૟(∝).                                                 (3)࢏ࡲࡿ

Setting the equation (3) in matrix form: ሼ∆ࢂሽ ൌ ሾࡲࡿሿࢻሼࡲሽ                                                (4) ሾࡲࡿሿࢻ is the sensitivity matrix of dimension 4x4, ሼ∆ࢂሽ is the measurements vector 
and ሼࡲሽ is the load vector that contains a Fx, Fy, Fz , Mz, that can be calculated as: ሾࡲࡿሿ∝ି૚ሼ∆ࢂሽ ൌ ሼࡲሽ                                               (5) 

The expression (5) will allow, for a position, to get the vector of loads, known the 
measurements vector and the sensitivity matrix. 

For accurate results a sensitivity matrix without numerical problems to perform 
operations and whose terms do not contain significant errors is required. This 
requires good core design of the rim, so that it is sensitive to a similar magnitude 
in the measurements, and conducting proper calibration, both issues are discussed 
in the following sections. 

X 

Y 

Z 
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3 Design 

A pre-design stage was to analyze the behavior of existing commercial rims, 
checking that their high rigidity prevents from taking direct measurement. So the 
design of a customized rim with lower rigidity at a lower cost is proposed, so that 
in designing a specific geometry for the central area of the rim corresponding to 
the junction between the outer ring that supports the tire and the hub will be 
worked (see Fig. 1). 

The objective of the design process is to determine a geometry that allows 
precise measurements and therefore, this geometry will be conditioned by the 
instrumentation used. Thus, high deformation zones are obtained to achieve good 
sensitivity to the strain gauge measuring techniques. (See figure 2). 

The design process is iterative and is developed according to the sequence 
detailed below. 
1. Establishment of geometry. It details the geometry accurately. 
2. FEM analysis respect to one of the load cases of interest. Considering the 

wheel rotation analysis is performed by rotating the load at intervals of 10°. 
Figure 2 shows the strain when the position of the radial load, Fz, is aligned 
with a radius. 

 

Fig. 2 Plot of calculated strain by FEM 

3. Determination of the measurement points. The results of analysis in step 2 
determine the most suitable areas to apply strain gauges so that they can 
compose full Wheatstone bridges. The procedure is iterative, going back to 
step 1 to achieve enough sensitivity. 

4. Study of sensitivity to other load cases. Analysis is performed by a FEM 
analysis of strain corresponding to the loads that weren't applied in step 2. 

5. Change of the load case. The process for all load cases is repeated, being 
established the geometry when for all types of load the step 4 is exceeded. 

 
The bridge 1, composed of strain gauges 1, 2, 3 and 4 (figure 4a), has been 

discussed above. 
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The bridge 2, composed of strain gauges 5, 6, 7 and 8, is similar to bridge 1 
with the difference of being rotated 90°. Both bridges are noticeably sensitive to 
the loads Fz and Fx and torque My. But the influence of the lateral force Fy and 
moments Mx and Mz is really small. 

The bridge 3, composed of strain gauges 9, 10, 11 and 12 (See Figure 4c), is 
much more sensitive to the torque My than to the rest of the loads, and the result 
obtained along the spin remains stable as it is shown in the figure 3. 

 

 

Fig. 3 Representation of strain associated with different load cases in the bridge 3 

And the bridge 4 is composed of strain gauges 13, 14, 15 and 16. Its behavior is 
similar to the bridge 3. It is much more sensitive to the force Fy than to the rest 
loads. The result obtained also remains stable along the wheel spin. 

a) b) 

Fig. 4 Position of the strain gauges of the bridge1 (a), bridge2 (b), bridge3 (c) and  
bridge4 (d) 
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c) d) 

Fig. 4 (continued) 

4 Calibration 

The calibration aims to obtain the 24 values of ࢐࢏ࡲࡿ(∝) for each position α that 
appears in expression (2), that are required to obtain the sensitivity matrix [SF]α 
that allows, applying the expression (5), the calculation of the load as a function of 
the instrumentation inputs.  

The process is performed for each wheel individually. This is repeated for each 
load to a set of discrete positions. The following summarizes the calibration 
sequence: 

1. Firstly the wheel rim is fixed on the frame in a given position α, and a low 
magnitude load is applied, coming from the vector of six components ሼࡲ∝ሽ࢒ , 
obtaining the reading of the four components of ሼࢂ∝ሽ࢒. 

2. Load is increased to a significant known value and within the measuring 
range ሼࡲ∝ሽࢎ, taking the pertinent input ሼࢂ∝ሽࢎ, and the increment is calculated. ሼ∆ࢂ∝ሽ ൌ ሼࢂ∝ሽ࢒ െ ሼࢂ∝ሽࢎ and ሼ∆ࡲ∝ሽ ൌ ሼࡲ∝ሽ࢒ െ ሼࡲ∝ሽࢎ.  

 

Fig. 5 Coefficients SFi3 
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3. The process exposed above in steps 1 and 2 is repeated for six independent 
load cases, and since eq. (2) gives 4 equations for each load case, it yields a 
system of 24 independent linear equations, that allows to calculate ࢐࢏ࡲࡿ(∝)  
for the α position, and known Re the matrix [SF]α 

4. Repetition of the steps 1 to 3 for all the desired positions, in this case every 
10º, therefore there are 36 angular positions. 

5. 10 repetitions were performed from step 1 to 4, getting the bounded averaging 
of each term of the sensitivity matrix for each of the 36 desired positions. 

 
Through these data, the calibrated matrix of the wheel [SF]α is obtained.  

5 Conclusions 

To check the calibration output, combined loads have been applied in different 
angular positions, representing both the calculated values and those used in Fig. 6. 
The average relative error obtained for these test loads was 3.49%. 

 
Fig. 6 Representation of applied loads on calculated loads by the calibrated wheel 

A low cost dynamometric wheel rim has been designed and built. This rim is 
able to meet the needs of the dynamic test of the IDEMOV project, since the 
errors obtained are compatible with the parameter identification procedures. 
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Abstract. The paper presents the adaptation of the technique for motion and path 
synthesis to the problem in which the motion equations of two links are coupled. 
The method is employed to design a feeder for carrying products between two 
points. The feeder is assumed to be an one degree of freedom system of six links 
connected by means of revolute joints. The jaws of the gripper catch the product 
and transports to other work stand where the gripper releases the product and 
moves back to its initial position. No extra drive of the gripper is needed as the 
movement of the jaws is driven by the active link of the feeder. The mathematical 
basis of the method is presented. The problem is formulated as an optimization 
task. An exemplary solution is presented and discussed. 

Keywords: mechanism synthesis, motion synthesis, path synthesis, four-bar 
linkage, feeder. 
1 Introduction 

Typical problems of dimensional mechanism synthesis involve the determination 
of the dimensions the mechanism to realize required performance. In the basic 
approach the requirements specify the motion of the working link, which is to 
perform technical functions with a prescribed accuracy. Nonetheless, in many 
design problems a mechanism satisfies its functions when the motions of a few 
links are coupled. The mechanism synthesis is a problem of great mathematical 
complexity [4, 5], therefore at present mainly computer methods are developed. 
The optimization problem is defined by design parameters, an objective function, 
an optimization algorithm and constraints. The evolutionary algorithms and neural 
networks are employed to synthesis purposes since they search for the optimal 
solution in the whole defined space, whereas the deterministic methods, as is the 
case with gradient methods, converge to the local minimum in the proximity of  
the initial parameters. The effectiveness of the method depends essentially on the 
number of design parameters and, as a consequence, on the structure of the 
objective function. Therefore, mechanism synthesis addresses also the techniques 
minimizing the number of design parameters [2, 3, 6, 7, 10]. Every additional 
parameter increases the computational cost and affects the quality of the solution 
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obtained. In most techniques presented in the literature the point is rather to develop 
and enhance algorithms minimizing an objective function and construct new error 
functions [8, 9, 11-18]. Some papers present methods for synthesis of multilink 
mechanisms realizing special motions [19, 20], the others deal with the linkages 
generating the coupler curve a part of which is an approximate straight line [21].  

The paper presents the adaptation of the technique for optimal path/motion 
synthesis without time prescription of four link planar mechanisms [1, 2] to the 
synthesis problem in which the motion of two links has to be coupled in the 
working phase of the motion. The method is employed to design a feeder for 
carrying a product between two points. The feeder is assumed to be an one degree 
of freedom system of six links connected by means of revolute joints. In the 
utilized method the angular position of the coupler is approximated by means of 
periodical function sine. Such an approach enables decreasing the number of 
design parameters describing dimensions, orientation and position of a 
path/motion generator. Non-optimized geometric parameters are determined when 
the optimization process is accomplished.  

2 Formulation of the Problem 

Fig. 1 presents the mechanism of the third class, applied in industry to transport 
products between two work-stands. The feeder is designed so that the moveable 
jaw of the gripper should not rotate when moving to the left. This is the working 
stage of the motion in which a product is shifted. The gripper is open when sliding 
back to the very right position to catch the next product. This device has some 
disadvantages which can be divided into two groups. The first group refers to 
mathematical complexity of the synthesis problem - relatively large number of 
links separating input and output links, kinematic analysis of the third class 
mechanisms is a complex problem, and the synthesis of such mechanisms is much 
more complex task. The second group addresses some technical problems which 
prevent the device from wide industrial applications. The guiding link that guides 
the gripper has to be mounted between the points where the product is caught and 
released. This is sometimes disadvantageous because of the fact that the elements 
of the feeder have to be built in the existing system of work stands. Moreover, 
slight relative rotational motion between jaws of the gripper exists when the 
product is transported. A six-link kinematic system is proposed as an alternative 
solution. The system is Stephenson mechanism based on four-bar linkage. There 
are no guiding links, the jaws of the gripper can work far away from the remaining 
links, which gives bigger possibilities for embodying the feeder into housing. The 
concept of the method and application of its own were described in [1, 2]. 
Compared to these works the method was modified in order to widen the number 
of geometric input data, i.e. by prescribing the positions of ground pivots. 
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Fig. 1 The geometric scheme of an exemplary feeder (a), the positions of the jaws when 
transporting the product to the left and returning to the right (b) 

3 Description of the Synthesis Method 

We consider a four-bar linkage shown in Fig. 3. Let us disconnect the coupler 
from the four-bar linkage. We assume that point D of the coupler traces a required 
open path, given parametrically: 

)(sxx = , )(syy = ,      (1) 

where 10 <≤ s . Simultaneously the coupler rotates according to the function: 

43212 )sin( vvsvvL ++=θ .         (2) 

The parameters of function (2) either can be prescribed when motion synthesis 
problem is considered or are design parameters in path synthesis problem. One has 
to specify the locations of joints A and B with respect to the point D to connect the 
coupler with rotating input and output links. In the ideal case these joints move on 
arcs of circles. Let us denote: |AD| = l5, |BD| = l6, β is an angle between segments 
DA and DB. Hence, to solve the synthesis problem for the four bar linkage as a path 
generator one has to determine: the lengths of the coupler 5l , 6l , angle β  and the 

coefficients of function (2): 1v , 2v , 3v , 4v , so that the revolute joints A and B of 

the coupler would trace as close as possible the trajectories which they trace in the 
assembled mechanism when point D traces required trajectory (1).  

Seven parameters have to be determined. In motion synthesis parameters 1v , 

2v , 3v  and 4v  are given. Then, three parameters are optimized. In the papers [1, 2] 

the author proved that the angular motion of the coupler can be expressed by means 
of sine function (2). The method belongs to the group of methods aimed at 
decreasing the number of optimized design parameters. The geometry of the four 
bar linkage as an open path generator is defined by 11 parameters (Fig. 2): 
coordinates of the fixed ground pins: xO1, yO1, x O2, yO2, links lengths: 1l , 2l , 3l , 5l , 

the angle between arms AD and AB of the coupler 4θ , and the boundaries of the 

angle through which the active link rotates when a path is traced s1θ , e1θ . 
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Fig. 2 The geometric scheme of 
the four bar linkage 

Fig. 3 Computed paths of joints A and B 
and circular arcs approximating these paths  

The design parameters are optimized by means of evolutionary algorithm. The 
algorithm itself involves no special improvements. The objective function 
measures the deviation of joints A and B from ideal circles, which was presented 
in [1, 2]. To put it short, let us assume that the path of joint A is discretized by 20 
points. We determine the circles passing through three points Ai, A5+i and A10+i,  
i = 1..10. Then, we obtain 10 circles. We compute the centroid of their centers and 
the average value of their radiuses. In this manner we obtain the position of joint 
O1 and the length of the active link l1. The same procedure enables the coordinates 
of the output link ground pin O2 and the output link length BO23 =l  to be 

determined. The objective function has the form: 

.
BOminBOmaxAOminAOmax

3

i2i2

1

i1i1
1 ll

E
−

+
−

=      (3) 

An engineer frequently cannot arbitrarily locate the ground pins when machine 
designing. Then, the objective function is a measure of deviation of joints A and B 
trajectories from the circles with centers at prescribed points O1 and O2. 

4 Adaptation of the Method to the Mechanism Synthesis 
with Coupled Motion Conditions of Two Links 

On the basis of the proposed method we can propose the following concept to 
design the feeder. This approach does not require the modification of the 
presented method. We synthesize the four-bar linkage O1ABO2, which draws the 
trajectory a part of which is the circle of radius R and with center at point O3. In 
other words, point D of the coupler traces the circular arc of radius R = |O3D|, 
centered at O3 and spanned by a given angle (Fig. 4). Let the mechanism be in the  
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initial position, in which point D is located at the beginning point of the arc. We 
fix additional link O3N to the ground at the pivot O3. The length of the link l7 = R. 
We choose an arbitrary point M on the coupler and we connect the coupler to link 
MN by means of the revolute joint at this point. The links MN and NO3 are 
connected by revolute joint N. In the initial position the coordinates of points N 
and D are equal to each other (Fig. 5a). The location of point M is arbitrary and 
may be changed, e.g. when dead position occurs. The proper choice of point M 
allows for optimizing the kinematic and dynamic properties of the mechanism. 
Joint N moves along the arc of the circle with center at point O3 and in the ideal 
case its position is coincident with the position of point D, the point which 
approximates this arc.  

 

Fig. 4 The motion of the coupler joints and the path of point D 

In this phase of motion link MN and the coupler rotate with the same angular 
velocity. The relative angular motion is a result of slight deviation of the trajectory 
of point D from the required trajectory. One jaw of the gripper is attached to the 
coupler, the other one is attached to link MN (Fig. 5b).  

 

Fig. 5 The geometric scheme of the feeder (a), the feeder with the gripper (b) 

When point D is in its initial position, i.e. it starts drawing the arc, the jaws of 
the gripper catch the product, shut and keep closed as long as point D moves along 
the arc. Subsequently, the gripper opens, the product is taken away and point D 
moves back to its initial position along the remaining part of the coupler curve. 
The locations of the jaws of the gripper on the coupler and on link MN determine 
the trajectory of the product and they can be prescribed in this stage of designing. 
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The global coordinate system O1xy originated at joint O1 constitutes a fixed 
reference system. The local system Ax’y’ moves with the coupler. The 
coordinates of point M( Mx' , My' ) in the global system are as follows: 

)()''( 2
AA

i
MMM iyxeiyxr +++= θ , )Re( MM rx = , )Im( MM ry = , 1−=i . (5) 

The coordinates of joint N in the local system are 45 cos' θlx N = , 45 sin' θly N = . 

We have to determine the angular positions of links NM and O3N. Lets us denote: 

3OM xxx −=Δ , 3OM yyy −=Δ . From the equations xll Δ=+ 8877 coscos θθ  and 

yll Δ=+ 8877 sinsin θθ one can compute the angular positions of link 8 and 7: 

arctan22,81 =θ
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5 Numerical Solutions and Conclusions 

The nondimensional input data are as follows: coordinates of joint O1(-5,0), 
coordinates of joint O2(x,0), where  0 < x < 10, the lengths of links have to be less 
than 10, coordinates of joint O3(0,0). The evolutionary algorithm is employed to 
synthesize the four-bar linkage which traces the arc of the circle with center at 
(0,0), of radius R = 5 and spanned by the angle 2·0.524 rad. The parametric 
equations of this path are as follows: 

x = 5cos((π-2·0,524)s+0,524), y = 5sin((π-2·0,524)s+0,524), 0 ≤ s < 1. 

We get the following outcome: l5=5.00, l6=5.036, β=3.149 rad, and the parameters 
of the angular position of the coupler: 

924.2)166.1846.0sin(206.02 −−−= sLθ  rad. 

Further on the basis of these outputs we compute: the lengths of rotating active 
and passive links: l1=4.93, l3=5.101, the horizontal coordinate of point O2 fixation 
xO2=5.029, the angle 004.04 =θ  rad, the angle through which the active link 

rotates when the arc is traced: θ1s=0.4992 rad, θ1e=2.646 rad. 
Joint N has the coordinates )sin,cos( 4545 θθ ll  in the local coordinate system. 

The following  coordinates of joint M in the local coordinate system are taken: 
(1.2l2,2). The motion of the feeder, the positions of the gripper and the trajectories 
of the jaws are shown in Figs 6a-f. The difference between the angular positions 
of the both links supporting the jaws is very small, as shown in Fig. 7, so one can 
assume that this concept is a good starting point for further dynamic analysis. 
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a)  b)  c)  

d)  e)  f)  

Fig. 6 The positions of mechanisms when the product is transported (a-c). The return 
motion of the feeder (d-f). The trajectories of the jaws (when the trajectories overlaps, the 
jaws are closed) 

  s 

Fig. 7 The relative angular motion of jaws in the phase of the product transportation 

By changing the position of jaws one can change the trajectory of the product. 
This trajectory has not to be given in the stage of the problem formulation. The 
position of point M can be also changed. These choices are conditioned by 
concrete design requirements and are not considered in this paper. 

The results prove that the utilized method can be effectively applied to many 
types of synthesis problems. The proposed feeder is simple, six-link system driven 
by one rotor. It requires no extra hydraulic, pneumatic or electric drive to control 
the position of griper's jaws. In the phase of the product transportation the relative 
rotation of the jaws is less than 0.0015 radian. The position of the system shown in 
Fig. 1 is determined by the position of the work-stands, at which the product is 
caught and released, whereas the proposed system can be fit into existing housing 
condition by changing positions of fixations of jaws. In terms of these features it 
compares favourably with the system presented in Fig. 1. It should be noted that 
the paper deals only with geometric synthesis. The further studies is the 
optimization of kinematic and dynamic features of the feeder. 
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Abstract. In this paper a driving linkage is designed with a fairly simple proce-
dure for a fairly simple structure for implementation in a rural water pump in  
Andes regions. The aim is to provide a mechanism solution that can be easily 
implemented for comfort and efficiency issues with proper adjustments and avail-
able materials in rural environments with very limited resources. 

Keywords: Rural Machines, Design, Linkages. 

1 Introduction 

Rural machines are needed in places where people can have difficulties not only to 
buy machines but mainly to operate them with industrial-like facilities, [4]. Thus, 
in general rural machines are constrained in design, material, operation features to 
be systems that can be handled in rural fields with reduced power without any 
supporting environment. The design and operation of rural machines must be pos-
sible so that the machine can be manufactured and assembled in rural places 
where they will be operated, without any technical support, [1, 3]. Consequently,  
main characteristics of a rural machine can be considered in a fairly simple struc-
ture and human-sized operation with locally available materials. In addition,  it is 
to note that the acceptance and use of rural machines strongly depends on  
how they are introduced within the social and anthropological frames of  a specific  
rural community in order to respect and indeed integrate the cultural identity  
and life environment of the rural community, as stressed in the ITACAB  
report, [3]. 

In this paper a design procedure is outlined to conceive  and size mechanisms 
for rural machines but to propose their improvements for better efficiency and 
ergonomics that can facilitate the acceptance and indeed the use in rural fields by 
operators without any technical background. Thus, a design procedure and per-
formance characterization are proposed with handsome calculations as  based on 
geometrical models and formulation. 
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2 A Water Rural Pump 

This specific case of study refers to a water pumping systems for small sized-
water spring hole  in its form that has been originally developed for application in 
rural areas in Andes region in Perù, Fig1. The pump is composed of a rope, piston 
heads, an upper wheel with crank, a bottom underwater small wheel with weight, 
and a pipeline. All components can be made with natural materials, like wood 
from local trees and other common available materials. The piston heads are at-
tached along the rope at an interval of 1 m or less, so that they can push the water 
ahead to the top when the rope is run inside the pipeline with suitable diameter 
with respect to the size of the piston heads. With such a design a prototype, Fig.1, 
was tested to prove a water flow of about 1.5 litre per revolution with a manpower 
of 5 W. 
 

     
   a)        b) 

Fig. 1 A design of a rural water pump as applied in Andes areas of Perù: a) diagram and 
parameters of a current solution; b) a prototype of a current solution at the Pontifical Catho-
lic University of Perù 

In Fig. 2 experimental results are reported to show the action force of a human 
operator in driving the water pump through the crank rotation. Results are illus-
trated as function of number of turns by an operator as measured at given crank 
angles during each rotation. A peak force value is experienced as 19.80N where as 
the average maximum force during the operation can be considered with about 
11N near the upward position of the crank. 

A design procedure for the system development in Fig.1 was based preliminar-
ily on the rules in the German standard VDI 2222-1, as outlined in [1],  and  
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consists on evaluation criteria for considering both local and technical require-
ments, computation efforts for identification of morphological matrix and func-
tions structures  for the specific machine, and finally calculations for an optimal 
design. In this case of rural machines for Andes areas main attention has been  
addressed to local requirements for identification not only technical constraints  
for design issues but mainly for feasible expectations for a proper use and  
understanding from potential users. 

 

 

Fig. 2 Measured operator action during crank revolution of the upper wheel for rural pump 
in Fig.1 

Direct experiences on site have shown that main problems are related to the ac-
ceptance of the water pump machine with proper functioning. Reluctance has been 
experience as due to understanding the technical system by potential users both for 
their limited education (not only in technical matters) and capability of operating 
the system at high altitude with proper action in not even long operation. By let-
ting potential users contribute in the development but assembling and installation 
of a rural water pump will obtain both acceptance and understanding for a proper 
use of the system, as successfully experienced in a similar case with another rural 
machine, [1]. This requires to conceive the system fairly simple with components 
that can be easily adjusted both in materials and manufacturing with range of tol-
erance for the final result. 

The latter aspect, e. g. proper action and comfort in operating the water pump 
by manual operation, is the problem that is addressed with the solution  proposed 
in this paper. The current solution in Fig. 1 is operated through a crank that is 
attached directly to the upper wheel. The upper wheel has been designed with a 
proper small size whose diameter that can range from 40 cm to 60 cm and it can 
be installed with the center at a height of 40 cm to 70 cm from the ground, as at-
tempted in the prototype of Fig. 1. This design solution, although amenable for 
components in manufacturing and assembling in rural sites, can give problems for 
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a human operator in rotating the crank with proper force in a long operation. Com-
fort issues will require the crank at a height that does not need too many other 
motion of the human body of an operator and the driving force can be transmitted 
to the upper wheel at a proper ratio from human action. 

Comfort and proper human action have motivated a conception of a new fairly 
simple solution by using the mechanism in Fig. 3. 

3 A Design Solution with a Driving Linkage 

Design problem for enhancing the rural water pump in Fig.1 has been focused for 
a better efficiency with comfort solution for an operator working the pump in 
standing up position with a limited man power. In addition, constraints were con-
sidered in planning not to modify the original structure of the rural system and its 
sizes and materials as in Fig. b). Thus a solution has been conceived  by proposing  
to add a mechanism to the axle of the upper wheel with the aim to achieve a prop-
er functioning with suitable comfort of an operator. Thu,  the scheme of Fig.3 has 
been considered as based on a 4-bar linkage whose crank is connected to the upper 
wheel and the input link  can be powered through an handle by a human operator 
in a standing up position to alternate the input motion though the  designed fol-
lower behavior. Ergonomic features are represented by the length h for the handle 
link and the swinging angle Δθ as function of the motion capability of human 
operators. Efficiency is considered by sizing the 4-bar linkage so that the required 
torque Mw for the upper wheel is obtained with a force Fh at the handle with  
values that can be feasible for human operators in rural places. 

         

Fig. 3 An improved design of the rural water pump in Fig.1 with a driving linkage mecha-
nism  and its parameters    
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Beside the sizes of links as l1, l2, l3, l4, the linkage is characterized the by handle 
link with length H and a frame whose position can be adjusted with respect to the 
upper wheel frame through distances L1, D1, and b. the frame link has a size l1 
given by 

( )2
1

2
1

2
1 2/DLbLl −++=               (1) 

A suitable comfort operation is related to a suitable approximate straight path 
of handle corresponding to a proper value of Δθ4 for l4. In order to achieve a de-
sign solution with a computation procedure that can be easily understood and even 
updates on site, the scheme of Fig.4 has been used for the dead centre configura-
tions of a 4-bar linkage as in [3] 
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By using Eqs. (1) -(2) and Fig.4 data are obtained for design solution for differ-
ent cases as reported in Table 1. 

 

Fig. 4 A design scheme for a fairly easy calculation of dimensional synthesis of the linkage 
in Fig.3 

Table 1 Design data for a driving linkage mechanism in Fig.3 with Δθ = 30 deg  for the 
prototype in Fig.1b) with D1= 40 cm and L = 50 cm.(lengths in cm) 

Design case L1 b l1 l2 l3 l4 

I 50 10 60.3 20.0 64.7 22.1 

II 50 0 58.3 20.0 58.6 20.9 

II 80 10 89.4 20.0 89.5 20.4 



266 M. Ceccarelli and J.A. Miranda 

 

As regarding force transmission for operation efficiency, a 4-bar linkage offers 
the possibility of a fairly simple computation of the relationship between a re-
quired driving torque Mw for the upper wheel and human action Fh1 at the input 
link handle in the form 

 
ϕ

ω
=

cosV

M
F

h

2w
h                 (3) 

with Mw = Fw rw where Fw is the weight and force due to the lifting rope with wa-
ter acting at the radius rw of the upper wheel. An analysis has been carried out to 
derive computation expressions also for the force transmission as based on geo-
metrical schemes that both help for intuitive understanding and allow handsome 
computations. Referring to the scheme in Fig.5, by using expressions for lines IA 
and IB with I as instantaneous center of rotation for link l3, [3], the velocity Vh of 
the handle point and its orientation angle ϕ with respect to the horizontal human 
driving force Fh can be computed after some algebraic manipulations as  
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with IB as  distance of I from B and IA as distance of I from A. 

 

Fig. 5 A design scheme for a calculation of driving human action of the linkage in Fig.3 
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The coordinates of I can be computed as intersection of lines IA and IB as 
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where tA = yA /xA and tB = yB / (xB- l1), when xA = l2 sin(θ2) and yA = l22 cos(θ2). 
The coordinates of B are obtained by intersecting the mobility circles that  

are centered in A with radius l2 and centered at frame joint of follower with radius 
l4 as 
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Design results from Eqs. (3) to (6) as related to the design solutions in Table 1 
give suitable values of human action force with maximum values below 100 N 
when the speed of the driving upper wheel is moved for a speed of  360 deg /sec. 

In particular, the above expressions  Eqs. (3) to (6) can be computed through a  
drawing scheme like in Fig.5 from which parameters can be easily obtained for a 
handsome calculations with only geometrical data to obtain the required force Fh 
to operate the water pump as 
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The design procedure has been formulated as based on the schemes of Figs. 3 
and 5 with a geometrical approach that can be used to explain the linkage solution 
with its parameters but even to perform computations for necessary adjustments 
on field, even by the operators in rural frames. 

In Fig. 6 a CAD output is shown as a proposal to potential users in rural frames 
to help to understand the design and its operation feasibility within their rural 
frames as well as the manufacturing and assembling of the components with fairly 
simple geometry. An additional flywheel is also added in the opposite side of the 
upper wheel both for balancing purposes and energy storage  to help human oper-
ating power. The simple geometry of components is overstressed to facilitate 
fairly simple solutions of implementation both in materials and manufacturing. 
The CAD fairly simple representation with essential geometry and  construction 
details is also aimed to show the fairly simple design and its assembling as well as 
operation  features of the system. 
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Fig. 6 A CAD mechanical design of the solution I in Table 1 that has been computed with 
the scheme in Fig.3 

4 Conclusions 

The results of this paper are focused in using a 4-bar linkage as driving mecha-
nism for a rural water pump with the possibility to enhance its use both in me-
chanical efficiency and operator comfort. Adaptations will be surely needed on 
site and a design solution has been elaborated with fairly simple calculations that 
can be also handsome and able to ensure suitable operation adaptation of the man-
powered system as based on fairly simple geometrical schemes. 
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Abstract. The paper deals with a low-cost robot link concept. By simplifying 
common means for the development of parallel kinematic machines, a means to 
optimize the dimensioning, regarding link stiffness, is found. To underline the 
utility of the design concept, called rigid hexapod, a way for geometric adjustment 
of the lightweight structure is presented. 

Keywords: robot link design, TCP-fixed wrist, stiffness optimization, adjustment, 
rigid hexapod. 

1 Introduction 

The design of robotic devices often demands expensive manufacturing techniques 
in order to assure high precision requirements. Essentially the resulting costs are 
dominated by two main influences. Namely there are shape and position toler-
ances defined within the dimensioning process and the usage of fixtures to assist 
the assembly process. Positioning and repeat accuracy of the working robotic  
manipulator depend directly on its deformation when exposed to forces, i. e. its 
stiffness. 

Especially serial robots suffer from these circumstances. However the wide-
spread universal-task-robots can be offered at relatively low prices due to an effec-
tive mass production. The disadvantages increase for special machinery, designed 
for own usage. In this case creative engineering and a thoughtful relaxation of the 
requirements may lead to a low-cost solution of acceptable performance. 

The problem under observation in this paper will be the adjustment of two rota-
ry axes, which are part of a robot's wrist mechanism. The mechanisms task is the 
orientation of an oxyfuel torch. 

The wrist has a spherical design. Its redundant kinematic structure is somewhat 
unconventional [2]. Fig. 1a shows the wrist in its stretched pose with torch on the 
edge of the reachable workspace. The rotary axes of each separate link include the 
angle γk (k = 1, .., 4; Fig. 1b) and intersect at a common point, which coincides 
with the wrist's tool-center-point (TCP). The TCP also lies on the beam direction 
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of the cutting tool, that is rigidly fixed on the distal link. This configuration allows 
torch rotation about the TCP within φ ∊ [ 0°, 360°], ψ ∊ [ 0°, 45°] without encoun-
tering a singular pose. 

 

Fig. 1 a) Redundant serial wrist  b) link scheme  c) prototype design (©ZIS Industrietechnik) 

2 Design Issues 

The purpose of each link with two revolute joints is to keep the angle γk (between 
the rotary axes) within minimal deviation. Furthermore the two axes have to lie in 
the same plane, thus they have to intersect. These two geometric constraints are 
given by the spherical structure. The first prototype of the wrist was realized as a 
welded sheet metal construction (Fig. 1c). Significant precision deficits were ob-
served due to  

(i)  thermal deformation after the joining operation as well as  
(ii) the static weight loads on the one hand and  
(iii) dynamic inertia and damping forces of the torch pipe on the 
 other hand.  

Obviously the influence of (i) may be reduced by a proper adjustment mechan-
ism, while the effects of (ii, iii) require selective stiffness modifications. This 
analysis led to a design review, aiming to combine both of these demands without 
additional costs, but by reducing mass and clearance and increasing stiffness. 

3 Rigid Hexapod Concept 

To solve the problems mentioned above the idea of a hexapod structure with rigid 
legs (Fig. 2a) came up. The term 'hexapod' is sometimes imprecisely used for pa-
rallel kinematic machines in general. In this paper any structure consisting of two 
rigid bodies, connected to each other via six linkages, is called a hexapod. One of 
the two bodies is defined as base while the other one is called platform. 
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For this application it has proofed advantageously to make sure, that there are 
no redundant joint bindings within the mechanism, whose degree of freedom 
equals zero. There are six legs, each with two spherical joints. A verification with 
Grübler's formula reveals, that the platform is statically determinate, whereas the 
six legs' ability to rotate has no noteworthy effect (Fig. 2a). 

 

Fig. 2 a) Rigid hexapod concept  b) test link with revolute joint (to robot) and torch dummy 

A well designed hexapod possesses truss-like properties due to its kinematical 
structure. This application tries to benefit from the high load capacity to weight 
ratio. The dimensioning below will be done geometrically and statically, based on 
roughly estimated mass and process force, as well as an appropriately chosen typi-
cal movement. The geometric parameters are the center point coordinates of the 
six ball joints on the base and the platform respectively. The diameter of the legs 
and the spherical joints' size depend primarily on the load. 

4 Geometric Dimensioning 

The question of interest, when choosing the ball joint positions on both the base 
and the platform, leads to a problem of some kinematic complexity. Provided that 
the six linkages are designed with two spherical joints, the analysis described in 
the next sections is valid. More complex kinematic chains, with more links be-
tween base and platform, result in even more involved mechanical models. These 
models then have some similarity to robotic multi-fingered grasps (for a thorough 
discussion see e. g. [3]). 

Solving the geometric dimensioning problem means finding the positions of the 
fixed joints qi on the base and the platform joints pi (with i = 1, ..., 6 see Fig. 2a). 
pi

0 are the ball joint centers with respect to the platform fixed frame {xP, yP, zP}. In 
this paper names of variables will be bold for vectors/points, while capital bold 
letters are used for two-dimensional matrices. 

To minimize displacements under load the force/translation or torque/rotation 
ratio for each spatial direction need to be maximized. The simplified model as-
sumes both the base and the platform as rigid bodies connected by the legs and 
spherical joints being compliant. Therefore forces applied to the platform will only 
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cause (longitudinal) leg forces (Fig. 2a). Modeling the linkages between base and 
platform as linear springs promises to be a simple means for displacement calcula-
tion. Only the relation between the forces/torques applied to the platform and the 
leg forces will be needed. 

The mapping of the platform forces/torques to the longitudinal leg forces is the 
inverse Jacobian. To take this matrix into account is a usual way to evaluate the 
stiffness of a hexapod robot with six driven telescopic legs. An adequate method 
to judge the stiffness of a hexapod robot is presented in [1] (p. 259-268). The au-
thor provides a suggestion for the stiffness matrix of linear elastic legs as 

 1)( −− ⋅⋅= JJK i
T kdiag , (1) 

with the legs' and joints' stiffness ki determined from 

 
BJi

i

i kES

b

k

21 += . (2) 

where E is Young's modulus, Si is the area of one leg's cross-section and bi is the 
link length. The strut and joints are considered as serial connected strings. By 
using the unit [ ki ] = 1 N/μm the figures should remain at a manageable scale. 

The influence of the spherical joint stiffness kBJ also has to be looked at. A 
curve with the relation between displacement and force is gained from a physical 
test. Typically this non-linear curve can be approximated by a linear function 
whose slope depends on the tilting angle of the leg. However in the case of a rigid 
hexapod kBJ is constant for all of the twelve identical spherical joints. 

The inverse Jacobian J-1 in Eq. (1) can be deduced from considerations regard-
ing the force equilibrium of the mechanism or the velocity transmission [1]. In this 
paper the latter way was taken using a common geometric approach from [4]. 

For the six points pi are fixed to the rigid platform and are also guided by the 
leg vectors of length bi the following constraint holds 

 0)( 22 =−−= iiii bf qp . (3) 

The platform position and orientation coordinates x = (Δx Δy Δz α β φ)T locate 
the frame {xP, yP, zP} with respect to the base frame {x, y, z} in Fig. 2a. x may 
occur in a parameterized representation of the points pi = pi(x, pi

0). High index '0' 
indicate the local point coordinates with respect to the platform frame. 

The leg length bi then equals 

 2))(( iiib qxp −= . (4) 

The derivation of Eq. (3) with respect to the platform coordinates x leads to 

 ')('))((' 1 xxPqxp ⋅−= i
T

iibi i
b . (5) 
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Eq. (5) describes the relation between the variations in leg deformation b and 
the platform displacement x. Thus the vector of coefficients in Eq. (5) equals the 
i-th row of the inverse Jacobian J-1. The 3x6-matrix P'(x) contains the partial de-
rivatives of pi(x) with respect to the coordinates of x. It depends directly on the 
parameters, that were chosen to express the platform position and orientation. 

As mentioned before, this calculation is done to find the maximum hexapod 
stiffness by varying the local coordinates of the points pi

0 on the platform. There-
fore the scalar objective function Z may be used for a numerical optimization 

 )()( 0
i

0
iZ pKp =  (6) 

using the stiffness matrix K from Eq. (1). There is some literature to be found on 
norm criteria, e. g. [4]. The spectral norm was used for this 6x6-matrix in Eq. (6). 
Special attention also needs to be paid to the different units of translation and rota-
tion within K. The translation/rotation scaling should be chosen in such a manner, 
that the elements of the upper rows (i = 1, 2, 3) of J have similar values to those of 
the lower ones (i = 4, 5, 6). Thus the usage of screw coordinates can be spared. 

For a successful optimization an appropriate set of constraints is essential. In 
this case the available space in the link design has to be considered. In a prior 
estimation the possible ranges of the Cartesian coordinates of pi

0 were set as 

 ( ) ( )Tiii
0
i

T

iii zyxzyx maxmaxmaxminminmin ≤≤ p  (see Fig. 3a). (7) 

Additionally a leg crossover must not occur. To achieve that, the legs' minimal 
distance to each other e must be greater than their diameter d : 

 )(2
1

,,, jiji
T

jiji dde +>= vu    i, j = 0, ..., 5;   i < j ; (8) 

 with    ijji ppv −=,    and   )()(1
, jjiibbji ji

qpqpv −×−= . 

Eq. (8) checks the distance of the lines between the points pi/j and qi/j while for 
our case only the line segments between them is of interest. The formulation lacks 
the ability to detect whether ei,j is found between these points or not. In this case 

 vqpqp T
jjijjig )]()[(, −×−= . (9) 

and 

 vpqu T
ijjih )]([, −×= . (10) 

have different signs. If not (gi,j and hi,j have the same sign) then the minimal cross-
ing distance of the examined line segments according to Fig. 3b is 

 ( )jijijijijie qqpqqppp −−−−= ,,,min~
, . (11) 
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It may be advantageous to repeat the optimization process for the base joints 
holding the platform points pi fixed thus converting Eq. (6) into Z(qi

0) = ||K(qi
0)||. 

 

Fig. 3 a) Design space for each of the platform joints' coordinates  b) leg distances 

5 Link and Joint Dimensions 

The loads being applied on the wrist during normal operation are known and can 
be described as a collection of several load cases fm , expressed in the fixed 
frame {x, y, z}. The normal forces τm along the struts can easily be calculated [1] 
(p. 259) for each load case by 

 m
T

m fJτ =  (12) 

when inverting J-T found in Eq. (5). Based on the maximum forces a start value 
for Si in Eq. (2), regarding the above optimization problem, is generated. It seems 
reasonable to perform a buckling analysis with the largest value of bi to gain the 
legs' diameter d. In accordance with the linear stiffness of the most compliant leg 
(see first term in Eq. (2) ) now an appropriate joint size has to be chosen. 

 

Fig. 4 a) Leg assembled from left-hand and right-hand threaded bars and a coupling  b) ball 
joints 
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A brief study on joint characteristics, using a tension testing machine, led to 
several preliminary assumptions, that should be verified in future work: 

(i)  Even joints with literally no backlash seem to have a settling behavior 
 when first being put under compression (stiffening effect after load re-
 lieve). 

(ii)  The load-displacement graph for compression has an almost linear sec-
 tion above ≈15% of the joint's static load capacity.  

(iii)  If the joint's nominal size equals a leg's diameter d the joint stiffness kBJ 
 (Eq. 2) can be neglected when increasing bi by one joint length (half the 
 length on both sides, see Fig. 4a). 

 

As a conclusion either the use of tight-fitted ball joints is recommended 
(Fig. 4b upper right) or a pre-load of them, using springs between the base and the 
platform. As a consequence the joint stiffness remains nearly constant during op-
eration and there is no backlash. Further tests will be conducted, as there were 
only few test objects (Fig. 4b) and the investigations concerned only static rigidity. 

6 Geometric Adjustment 

After the assembly of the wrist, which is done without special fixtures, there will 
be deviations from the desired mechanism geometry. This results in positioning 
errors measured at the TCP when orientating the end-effector. For this measure-
ment a dummy torch with a ball at the TCP is used. The resulting TCP-curve can 
be decomposed in a radial εr and an axial εa error (see Fig. 5), as well as a tilting 
angle εγ . An ideally assembled link would mean no TCP-movement at all. 

 

Fig. 5  Error measures for calculation the adjustment 



276 C. Teichgräber, M. Berger and J. Müglitz 

 

With the error information a change of the leg lengths can be calculated in or-
der to have the errors vanish or at least decrease beneath δ = 0.1mm. The actual 
adjustment is done by defined turns of the fine threaded nuts. Several measure-
ment series may be conducted to achieve satisfying results. 

Computing the real leg lengths is a problem similar to the inverse kinematics of 
parallel kinematic machines. It is the authors' proposal to include the er-
rors ε1,..,n = (εrx εry εa )

T into Eq. (3). Then fi is minimized by varying bi , considering 
all n measured points of the curve. Newton's method is an effective means, as 
there are very good starting values. Furthermore it allows the inclusion of other 
adjustment parameters, if wanted. 

7 Conclusion and Prospect 

This paper deals with an adjustable robot link design concept using a rigid hex-
apod, which is a hexapod inspired truss with rigid legs. The central part of the 
paper is a formulation of a method to find the optimal leg position regarding the 
link stiffness. Therefore an objective function is defined, using the hexapods Jaco-
bian and the leg’s dimensions as well as material properties. 

The structure possesses the ability of leg length adjustment, which makes it 
similar to a parallel kinematic machine. With an appropriate measurement the 
influence of assembly- and manufacturing tolerances can be determined and com-
pensated. 

In future research the investigation of more and different spherical joint designs 
including is planned. Interesting possibilities offer flexural pivots and “monolith-
ic” legs, that can be adjustable more accurate by elastic deformable regions. The 
final target is a hexapod, that is made by one solid body with joints, designed by 
local stiffness reduction and with no clearance, high stiffness and low manufactur-
ing and assembling costs. 
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Abstract. This work is focused in the integration of a scan-head in a machine tool 
for laser processing of large areas. The scan-head is a device typically used for 
marking operations and provides very high linear speeds. Despite scanners present 
high accuracy for marking speeds below 5,000 mm/s, over this limit, accuracy 
problems were found. In this kind of device the motion is controlled using high 
precision actuators but there is no positioning closed-loop and workspace area is 
typically limited to small working areas. On the other hand, the positioning error 
varies also with working area plane positioning. This becomes a problem for 
processing complex shape surfaces. The work presented deals with characteriza-
tion of the scan head, to identify the parameters affecting the error, the influence 
of the error with working plane positioning and with the integration of fast rotary 
axes of the scan head with conventional linear axes of a machine-tool. The pro-
posed solution is based on a NC parent program controlling the linear axis of  
the machine-tool with integrated subprograms that control rotary axes of the  
scan-head. 

Keywords: laser, scan-head, machine-tool, motion, integration. 

1 Introduction 

Scan-heads are devices mainly used for laser marking operations. The beam posi-
tioning is controlled with two mirrors. These mirrors are moved with high preci-
sion rotary actuators [1]. The lightness of the mirrors enables fast rotation and 
linear motion of the beam on the surface. This device uses an F-Theta lens to keep 
the laser beam focused in a flat plane while scanning the entire scan field. 3D 
scan-heads have another linear mirror to control the focal distance in order to keep 
the beam focused on complex surfaces. The main application of this equipment is 
for industrial laser marking, although its use is spreading to other processes that 
need very fast movements of laser beam like, surface texturing, remote laser 
processes or laser hardening operations, where fast beam movement enables cus-
tomizing energy density on the hardening area. An advantage provided by this 
system is the high speed and motion agility that can be achieved, since the motion 
of the mirrors is performed directly with a small digital drive and present virtually 
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no inertia. However, like any mechanical system, scanners presents a series of 
positioning errors due to response delays, assembly errors, etc. Currently, manu-
facturers use a number of standardized tests intended for calibrating scanners, 
however, do not provide information about the accuracy of positioning the scanner 
to different velocities and trajectories. In high precision applications, such as the 
glass marking [2], the polymer micro-processing [3], or when it is important to 
know the actual speed of the beam, the information provided by the manufacturer 
is insufficient. One of the main characteristics of the use of a scanner is the need 
to correct the workspace because of optical distortions due to the use of optical 
lenses. These distortions also include effects due to lack of alignment, assembly 
and thermal expansion [4]. During the installation, some correction parameters are 
introduced, but these parameters remain constant independently of the application 
or the scanning parameters used. Some authors proposed systems for the correc-
tion of the distortion of the field of work within the workspace [5-6]. 

However, there is an additional source of error associated with the delay and 
advance times introduced to ensure no sudden changes in accelerations and corner 
interpolations. Such forward and delay times result in rounding errors edges and 
contours closures, depending on the feed rate. This means that the error depends 
on the feed rate. Although time can be adjusted, in a device such as a scanner, 
these parameters cannot be changed during the process. For this reason it is inter-
esting characterize different process parameters and evaluating the error function 
of the feed rate used in each case for certain parameters. Thus, one of the aims of 
the work presented here is the identification of the main parameters of the scanner 
and quantification of the errors depending on the process parameters to define a 
process window with maximum feed rates depending on the expected accuracy.  

On the other hand, some applications need larger workspace and accurate con-
trol of beam positioning. Commercial solutions are focused on marking operations 
and the programs used to control beam paths enable few control on beam position-
ing. To reach larger working areas, such us for remote welding or cutting opera-
tions, there is a necessity of the integration of the scan-head axes with the  
machine-tool axes. Thus, in this work a solution based on independent but  
synchronized programs is proposed to move both kinematics at the same time. 

2 Scan-Head Error Parameter Definition 

From literature and previous tests, a number of errors that directly affect the quali-
ty of the result were identified. The errors can be resumed in three different  
effects: 

• Distortion of the processed area geometry. 
• Overexposed areas in corners at high speeds. 
• Delays in the laser on and off. 

The motion is controlled using different commands. The errors take place be-
tween two successive operating commands execution, so previously it is important 
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to identify the motion commands correctly. The commands used are classified in 
jump, marking and polygon commands. The jump commands are used to make a 
displacement along a vector with the laser turned off. The marking command al-
lows performing a movement along a vector with the laser switched on. Switching 
on the laser at the beginning and switching it off at the end. Finally, polygon 
command allows marking a polygon at programmed feed rate. Once the first vec-
tor of the polygon is marked, the laser remains on and executes the following vec-
tor of the polygon until the last vector of the polygon is marked. 

3 Experimental Characterization of Workspace 

Experiments were carried out in an adapted and retrofitted conventional milling 
machine KONDIA B500. In this machine the spindle was replaced by own devel-
oped laser processing multi-purpose head and all actuators and control unit were 
replaced (Fig. 1). The multi-purpose head includes two optical fibers coming from 
ROFIN FL010 1 kW fiber laser. A 600 microns fiber attached to a laser cladding 
nozzle and 100 microns fiber attached to 2D Hurry Scan 25 scan-head from 
SCANLAB. This scanner provides a work area of 120 x 120 mm and a maximum 
scanning speed of 7,000 mm/s and it is controlled by Visual Laser Marker (VLM) 
commercial software. VLM software is oriented to marking operations and in-
cludes correction parameters adjusted by the manufacturer. 

 

Fig. 1 Laser center with attached scan-head 

The characterization was performed at two levels. In the first one it was neces-
sary to study the influence of the errors in the focused marking area with the scan-
ning speed. At the second level, the error at different points of the workspace was 
studied. So, in the first level two test were performed, first one to check the influ-
ence of the feed rate in the error, and the second one, to check if there is a varia-
tion in the feed rate when scanning direction is changed. The test consisted on 
rectangles of 11x11 mm and 8x8 mm marked at 7,000 mm/s and 500 mm/s re-
spectively. The laser power was set constant at 50W.  
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In laser marking there are three main parameters that control path accuracy. 
These parameters are laser on, laser off and polygon delay, which represents the 
time taken by to switch on laser once the motion is started, the time to switch off 
before finishing the path and the time to start the motion of an axis when reaching 
a corner. These delays control over exposures on the part and the smooth motion, 
avoiding maximum acceleration and deceleration. 

The delays were measured experimentally by marking an open rectangle at 
constant feed rate, as shown in Fig. 2 left and measuring the difference between 
theoretical path and the marked trajectory. Measured laser on delay was of 0.041 
ms, the laser off delay was 0.141 ms and the polygon delay was of 0.186 ms. 

To confirm that feed rate remains constant, various marking angles were per-
formed at constant speed in pulsed mode as it is shown in Fig. 2 right. The dis-
tance between marked spots was constant, so feed rate remains constant indepen-
dently of the marked angle. 

 

Fig. 2 Left) Laser on, laser off and polygon delay characterization test and right) feed rate 
test 

With factory settings at speeds above 4,000 mm/s, the trajectory described by 
the scanner clearly deviates from the theoretical path in corners, being more noti-
ceable the effect of the delay at higher feed rates. 

At feed rates above 5,000 mm/s, the effect is also significant in the laser off and 
laser on delays, with unmarked segments within the target path. However, for feed 
rates below 1,500 mm/s it is given the opposite effect, where appear overexposed 
areas. In the same way it was observed that polygon delay has no relevant effect at 
feed rates between 1,000 mm/s and 2,000 mm/s because the delay time is high 
enough and there is no deviation from theoretical path. 

Considering the results two different working configurations can be identified. 
With the manufacturing settings the scan-head was found to be adapted to scan 
speeds between 1,000 mm/s and 5,000 mm/s, whereas the maximum feed rate 
without inertia problems recommended by the manufacturer is 7,000 mm/s. Both, 
feed rates below 1,000 mm/s and feed rates above 5,000 mm/s have shown signif-
icant marking errors and need a laser on, laser off and polygon delay modification. 
With the solution provided by the manufactures with VLM control software these 
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parameters must be adapted to each working conditions and is not possible to 
work using whole range of feed rates. 

Another point to consider is the accuracy at different points of the workspace. 
To find out this point another experimental test was carried out. The aim is to 
quantify the distortion in all the work area at different heights from the focal 
plane. A regular grid with maximum dimensions of 120 x120 mm was marked 
using a photo-sensible paper as it is shown in Fig. 3. Each rectangle of the grid 
presents a theoretical square shape of 2.5 x 2.5 mm and enables measuring the 
error at different points. The test were carried out at focal distance and defocusing 
the beam up to 50 mm. The results were measured using a profile projector 
MITUTOYO PJ - H3000 F.  

  

Fig. 3 left) resulting grid after marking photo-sensible paper and right) theoretical grid 
shape 

To evaluate the result, first Y Total and X Total distances were measured with 
the results shown in Table 1. 

Table 1 Work plane maximum dimensions for different offsets 

ΔZ from focal 
plane [mm] 

 Duty Cycle 
[%]   

 Power 
[W] 

 X Total 
[mm] 

Y Total 
[mm] 

Feed 
[mm/s] 

-20  100  1  112,005  115,555  200   

-10  100  1  115,664  117,661  200   

0  100  2  118,659  119,749  1000   

10  100  1  122,429  121,412  200   

20  100  1  125,836  123,218  200   

30  100  1  129,229  125,447  200   

40  20  50  132,104  126,859  200   

50  30  50  134,706  129,022  200   
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Considering the shape distortion of the small squares (dX, dY), the deforma-
tion depends both, on the work plane position and defocusing distance. In order to 
study the maximum error rates, the measurement was carried out at the maximum 
defocusing distance ∆Z= +50 mm. This defocusing also corresponds with the 
working conditions in laser hardening process with scan-head, so it is of special 
interest to study the positioning errors within the working area in this situation. 
The results are shown in Fig. 4. The error is different in each axis due to the com-
pensation parameters of F-Theta lens used to keep laser focused in a plane and 
with normal incidence angle to surface. To consider effects in both axes the error 
in the grid was calculated following mean square error formula Eq. (2).  

௠ܧ  ൌ ඥܧௗ௑ଶ + ௗ௒ଶܧ  [%] (2) 

Through these measures in defocusing conditions, which is a working situation 
in processes like laser hardening with scan-head, the central area of the work plane 
presents the highest error in absolute value (with distortion reaching 15 %), but it 
is the most stable area since no significant variation is appreciated within this area. 
In the border area the error is less significant, with minimum value of 7 %. How-
ever, in this area more variations can be appreciated between different working 
points. Thus, when defocusing the laser beam, the central workspace has to be 
considered the optimum area with reduced dimensions of 60 x 80mm. 

 

 

Fig. 4 Local distortion along the workspace in the plane Z = +50 mm 

4 Machine Tool and Scan-Head Integration 

Once characterized the scan-head motion is possible to develop an integration 
system for synchronized movement of both machine tool and scan-head. The  
proposed solution integrates both control programs in just one parent program. 
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However this control cannot be performed using marking software like VLM. The 
marking software is prepared to work with contours but gives no option to control 
the laser position. So, this software decides laser position using its own built-in 
algorithms and these cannot be manipulated externally.  

  

Fig. 4 Motion integration scheme 

One option is to control laser movement independently using external pro-
gramming executed towards the control card of the scan head. In this case pro-
gramming based on vector movement sentences was carried out on external RTC4 
SCANLAB control card. Following this configuration, the program runs directly 
using scan-head control code instead of using marking software as interface to 
generate the code. 

Once direct programming of the scan-head is solved, it is necessary to integrate 
both motions: machine-tool and scan-head motion. This was solved starting from 
the CAD geometry of the target marking area and its division in two independent 
movements, machine-tool and scan-head motion. Thus, the machine performs long 
linear and slow motions while the scanner gives transverse motion at high feed 
rates. Characterization tests carried out previously showed that scanning speed 
remains almost constant even with direction changes. So, considering the scanning 
path and the programmed feed rate is possible to control the total time that takes 
executing the scanner program. In order to get optimal results it is possible to split 
the scanner motion in short programs to make synchronization easier. On the other 
hand, the machine-tool motion can be almost considered at constant feed rate 
since the trajectory is composed by long linear movements at slow feed rates. 
Once motions are decoupled the NC program controlling machine-tool actuates 
like a parent program. This program includes call sentences to scan-head to  
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execute the second level program. Fig. 5 shows schematically the proposed solu-
tion. Thus, following this scheme is possible to process large areas becoming an 
optimal solution for several processes like remote welding, remote cutting, laser 
polishing or texturing and laser scan-head hardening. 

5 Conclusions 

• The scan-head motion presents three ranges of accuracy considering feed 
rate: Below 1,000 mm/s, between 1,000 and 5,000 mm/s and over 5,000 
mm/s. 

• Each range needs different delay parameters values. 
• The error of the scan-head in Y direction is significantly lower when 

compared with X direction. 
• The most stable working area is in the center of the workspace. This is 

more noticeable for highly defocused working planes. 
• The proposed solution enables synchronized motion of machine-tool and 

scan-head axes with external control of the scanner. This solution be-
comes very interesting for applications that need enlargement of the 
workspace. 
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Abstract. The handling system developed at the IGM enables a quick adaption of 
the kinematic structure to a new motion task through a modular and versatile con-
cept. Several parallel kinematic robotic arms integrate an object in the kinematic 
structure by adapting to the object with the end-effectors. Current developments 
provide the manipulation only of ferromagnetic objects. This paper introduces the 
development process of an end-effector for a 3-DOF robotic structure using a design 
methodology increasing the range of objects to be manipulated. Through definition 
of a solution set with subsequent systematic analysis different concepts for a vacuum 
gripper are developed. Compressed-air is used as power supply. The robotic local 
structure is a spherical linkage where the pneumatic hose must be integrated. 

Keywords: wrist joint, vacuum gripper, reconfigurable handling system, spherical 
linkage. 

1 Introduction 

Now-a-days parallel handing devices are used in various application areas. The 
Department of Mechanisms Theory and Dynamics of Machines (IGM) at RWTH 
Aachen University developed a new and innovative handling system basing on a 
reconfigurable structure with modular layout [1, 2, 3, 4]. The handling system 
moves the object with six degrees of freedom in space, using a parallel kinematic 
structure. This results only through the integration of the object using several 
robotic arms. This makes it a part of the parallel kinematic structure. Figure 1 
shows the entire handling system with all three robotic arms adapted to the object. 
A single robotic arm has six degrees of freedom; three rotational degrees of 
freedom in the robotic regional structure and further three in the robotic local 
structure. The regional structure represents a hybrid structure. A planar five-bar 
linkage can be rotated around a previously located main axis of rotation. Drives 
(servo motors) are provided solely for the three degrees of freedom of the regional 
structure. The end-effector is operated in a purely passive form. This is to reduce 
the number of drives for the entire handling system to nine servo motors to move 
an object with three translational and three rotational degrees of freedom. Similar 
applications, in comparison, for three serial industrial robots require 18 drives. 
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Fig. 1 PARAGRIP 

The current local structure of the robotic arms comprises a spherical 
arrangement of the wrist. Figure 2a schematically shows the spherical structure 
with the notation of various axes. The integration of the object in the kinematic 
structure has been achieved in previous developments by using an electromagnet. 
This magnet represents the end-effector (Figure 2b). The electrical energy is 
passed through the entire spherical structure by collector ring contacts, which are 
provided on the corresponding axes of rotation. In order to avoid a collision 
between the wrist joint and the object during docking, the R-axis is equipped and 
actuated by a stepping motor, which serves merely to pre-position the wrist joint. 
It is switched passive immediately after the object has been gripped. 

a)    b)  

Fig. 2 Schematic representation (a) and image (b) of the current wrist joint 

The S-axis has a balancing and restoring spring element that holds the solenoid 
in the center position while not in contact with the object. To meet the 
requirements in terms of low spring forces, the focus of design and construction of 
the end-effector must be on the S-axis. A disadvantage of the current contact 
principle is the required ferromagnetism of the objects. In this paper, the 
systematic development of two different end-effectors is presented. These wrist 
joints must have restrictive contact principles enabling the manipulation of any 
object independent of the material. Therefore, a vacuum gripper is developed. 
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2 Requirements, Systematic and Solution Set 

The development of the solution set of a pneumatic-end-effector for a 3-axis 
robotic local structure was been on the concept of design methodology according 
to Pahl/Beitz [5]. In a requirements list, all requirements for the local structure are 
documented. Based on the main feature list of Pahl/Beitz and the scenario 
technique, the most important requirements are determined. 

Connecting and integrating the new developed end-effector to the existing 
structure of the manipulator is one of the main requirements. This puts additional 
restrictions on the geometry, the type of energy for actuation and the connectivity. 
To ensure a light and compact design of the end-effector; the main focus on the 
individual components and sub-assemblies is to have them as close to the 
respective axes of rotation as possible, in order to have low moment of inertia.  
The pneumatic hose for vacuum and the internal forces should not influence the 
movement and should not cause a collision of the assembly. To ensure a successful 
integration of the new designs in the overall handling system, the weight and size 
of these concepts should be comparable to that of an electromagnetic end-effector. 
From the kinematic point of view, it is required to have minimized moments of 
inertia about the three axes of rotation for the end-effector.  

The following text presents the solution set of the concepts. Along with the 
various end-effector designs, various actuation principles and actuation concepts 
have also been introduced in Table 1.  

Table 1 Solution set 
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Apart from the constraint that the S-axis is balanced and restored by a spring 
the S-axis and T-axis are free to rotate. This leads to a passive motion of the end-
effector, as soon as the object is integrated in the multi arm structure. The 
adaptation of the wrist for different end-effectors may require additional drive 
axes. The drive of the R-axis for the pre-positioning of the end-effector can be 
combined with the drive of the S-axis or the T-axis for the entire coupling process. 
Regarding the hose pipe of the system, five sensible options can be considered. 
Similar to the drive of the end-effector, again, all possibilities are considered here 
generally and then only the most meaningful are selected for further analysis. 

In the case of pneumatic components, there are many technological options to 
realize the hose pipe in the system. For example, pneumatic rotary joints could be 
used. For the synthesis of the new concept vacuum grippers are considered as end-
effectors. Flat-suction pads or bellows-suction pads can be used, either with a 
round or an oval design. The gripper is dimensioned that the maximum load of the 
object (5 kg) can be held by just one wrist joint so that the object won’t crash 
uncontrolled. 

By sensible combination of established principles, various concepts are 
generated basing on the morphological constraints. At the end, the found principle 
combinations will be listed and evaluated with the following qualitative criteria 
(Table 2) and pre-selected with regard to the quality of the performance function.  

The three principle combinations (PC) are illustrated in Table 3. They differ 
only by the type of hose pipe system. On base of the pre-selection the other 
functions turn out to be worse than the chosen ones. These may be integrated only 
in the R-and T-axes (PC 1); in the S-and T-axes (PC 2) or completely in all three 
axes (PC 3). This has the advantage that the pipe cannot collide or be wound up as 
it can be done in PC 1 and PC 2. The problem of integrating the end-effector into 
the local structure is solvable. The path of the hose pipe system through the local 
structure thus represents the crucial distinguishing feature amongst the three 
combinations and the much bigger problem to be solved. 

 
Table 2 Qualitative evaluation criteria Table 3 Principle combinations  

Criterion 
  Drive of the

end-effector
Hose pipe  

system 
Gripper  

type 

• Mass of the wrist joint 
• Stiffness of the wrist joint 
• Design space of the wrist joint 
• Technical feasibility 
• Mobility of the wrist joint (cable) 
• Level of functional performance 

PC 1

PC 2

PC 3
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3 Concepts 

The synthesis and the qualitative evaluation of the concepts is followed by a rough 
design of the combinations (Table 4). In order to ensure comparability with 
respect to objective and quantitative evaluation criteria, all concepts are designed 
towards a comparable detailing. Thus the general functionality of all the concepts 
is ensured by considering all the requirements. The main task is to reduce the 
installation space of the bearings and rotational joints on the axes of rotation. For a 
force-free hose pipe system, the rotary distributors are arranged coaxially to the 
roller bearings. Concept 1 shows the spherical wrist joint with the hose pipe fed 
through the R- and T-axes. The rotary distributor is used so that the axis of 
rotation lies on the S-axis itself. The focus of the assembly is that it restores itself 
on the S-axis, and also on the rotation axis. This requires the use of stronger return 
springs. In comparison, concept 2 shows the hose pipe through the stock of S-axis 
using a straight rotary distributor. Thus the return springs can be dimensioned 
smaller. The design and manufacturing of the most expensive solution is the 
concept 3, where the complete hose pipe system is integrated in the structure 
through a system of holes and piped connections. Rotation-symmetric flat-suction 
pads do not require to be adjusted before the coupling process in contrast to 
bellows-suction-pads. It is sufficient to maintain the drive of the R-axis and design 
the remaining axes passively. Particularly challenging is the integration of the 
rotary distributors. They are not designed to transmit forces, and therefore provide 
only a support so that the hose pipe is not damaged by internal twisting. In all 
three concepts, the rotary distributors are combined with mechanical bearings. The 
bearing on the T-axis is made up of a radially double-split body, through which its 
assembly and mounting ability are ensured. 

Table 4 Concepts for the vacuum gripper 

Concept 1 Concept 2 Concept 3 

  

4 Evaluation 

For the final selection based on the rough concepts described above, they are 
subject to the following evaluation [6]. The distinguishing features within the 
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concepts are compiled in the form of evaluation criteria. Subsequently they are 
weighted against each other in a preference matrix using a pair wise comparison. 
In the next step, all the concept-specific data are related and charged as per 
evaluation criteria. All the collected data are put into an evaluation scheme and a 
solution concept is determined. The evaluation criteria are determined using the 
previously created list of requirements and are shown in Table 5.  

Table 5 Evaluation Criteria 

Number Criterion 

1 Low Mass 

2 Ease of design / manufacturing 

3 Less construction space 

4 Low restoring torque 

5 Low mass moment of inertia 

6 High postional accuracy 

7 Low Cost 

 
The total mass relates to the inertial forces which occur during the movement, 

as well as the static gravitational behavior of the robots local structure. The 
individual masses of the components can be determined using the CAD-System.  

In order to facilitate the maintenance and easy replacement of components, 
attention is paid to ensure a simple design and easy manufacturing. Under simple 
design and low production cost all those criteria are summarized, that affect the 
number of components, assembly facilities and the level of complexity of 
individual modules and components. The evaluation can be done by direct 
comparison with each other. The design space is a direct measure of the 
compactness of the local structure and is important for a fast start-up movement for 
coupling to the object. These dimensions can also be found in the CAD-system. 

In order to decouple the object, the restoring moment has to be overcome and 
the wrist joint must be brought back to a predefined position of the S-axis. Thus, 
in order to have a minimum restoring torque, the torsion springs must have the 
least possible stiffness. 

To determine the restoring moments on the respective assemblies, the distance 
of their centre of gravity is measured from the axis of rotation and analyzed. The 
maximum restoring torque is obtained by multiplying the weight of the assembly 
with its distance to the rotation axis considering the worst case. 

The mass moments of inertia can be used as a criterion for evaluating the 
dynamic behavior of the redesigned robot local structure. The mass moment of 
inertia has to be considered for all the three axes of rotation of the local structure. 

For high positioning accuracy a high stiffness of the assembly and low backlash 
is required. The moving components must not influence the positioning accuracy 
of the system. Therefore, the internal reactions must be minimized. 
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The costs of the wrists are secondary, since it is a prototype. The main costs 
consist of the pneumatic rotary distributors and the bearings, which differ in 
number and type depending on the different concepts developed. For all concepts 
the production costs are nearly the same. 

The summarized results of the evaluation are presented in Table 6. Concept 2 
(hose pipe integrated into S- and T-axis) emerges as the winning concept from the 
evaluation. Concept 1 is only slightly worse. An exhaustively conducted 
vulnerability analysis shows the disadvantages of some concepts, those that could 
not be directly compared. 

Table 6 Evaluation 

 Evaluation criterion Weighting Concept 1 Concept 2 Concept 3 

Low mass 0,2 2 1 0 

Ease of design 0,04 3 2 1 

Low design space 0,22 2 1 1 

Low restoring moment  0,2 0 2 1 

Low moment of inertia  0,1 2 2 1 

High accuracy 0,2 2 3 3 

Low costs 0,04 3 2 2 

Total 1 1,68 1,78 1,24 

5 Further Design 

Figure 3 shows the final version of the vacuum gripper basing on concept 2. The 
rotary distributors provided by manufacturers are comparably huge. They were 
exchanged by smaller ones, which are a proprietary development, so that the 
design space is reduced further. This reasons the complete integration of the hose 
pipe into the structure. Furthermore, the restoring spring-system was improved. 
The both torsion springs were replaced through compression springs, where an 
adjustment enables to define the necessary restoring force. 

 

   

Fig. 3 Image of the developed vacuum gripper 
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6 Summary 

This paper presents a conceptual approach to the development of a new wrist joint 
as end-effector for a parallel-handling device. With this end-effector – a vacuum 
gripper – objects can be moved in space with six degrees of freedom, regardless of 
their material properties. The local structure has three revolute joints and 
integrates the object into the kinematic structure. 

Taking into account the requirements, a solution set is determined, which 
allows different concepts to be identified. These concepts are further designed in 
following steps. This allows a quantitative evaluation based on the extractable data 
from the CAD-system. 

Finally the designed wrist joint is presented. The whole power supply for the 
end-effector – the pneumatic hose system – is completely integrated into the 
kinematic structure.  
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Abstract. The category of Haptic Feedback-Systems (HFS) is presented. These 
systems allow the operator to interact intuitively with a chosen simulation scenario. 
The systems reaction is unlike usual output tactile and kinaesthetic perceptible. The 
fundamentals of haptic will be illustrated as well as the basic structure of HFS. 
Subsequently a general survey of the state of the scientific and technical knowledge 
is given and fields of application are discussed. The process of mechanism design 
and development is emphasized. HFS are practically not used in this process up to 
now. The conventional procedures for dimensioning technical devices do not per-
mit statements according ergonomic questions or perception of actuating forces. To 
allow proper evaluation usually a time-consuming and cost intensive prototype has 
to be built. The application of a universal HFS to interactively support certain 
phases of the mechanism design process is envisioned. 

Keywords: mechanism design, design theory, haptic feedback, digital prototype, 
human engineering. 

1 Introduction to Haptics 

Haptic perception can be considered along with sight, hearing, smell and taste as 
one of the five human senses. It allows objects, their properties and external influ-
ences to be felt. In addition to pain and thermal stimuli, the different receptors of 
the human skin also register touch, pressure and vibration. According to [7, 8], the 
latter are received in particular by the Pacinian corpuscles, which have the fastest 
transmission properties, as they deal with changes in pressure speed and thus ac-
celeration. Thus vibration frequencies of 100-400 Hz can be resolved. In addition, 
the distinction is made between superficial sensibility and proprioception. Superfi-
cial sensibility allows tactile perception, i.e. touch, by means of skin receptors. 
Proprioception, on the other hand, refers among other things to kinaesthetic per-
ception, i.e. a sense of bodily movement as well as relative position and orienta-
tion in space afforded by different receptors in the muscles and joints. The main 
interest of this study is kinaesthetic perception alone or in combination with tactile 
perception. 
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2 Haptic Feedback-Systems 

A Haptic Feedback-System (abbreviated below as HFS) is responsible for generat-
ing a perceptible haptic reaction on the basis of a selected virtual scenario and the 
effects on these scenarios. 

2.1 Setup of an HFS 

An HFS is composed of multiple components. The supposedly primary device is 
the input/output device. This is able both to import information about position (as 
a mouse does for a PC) or load and to create haptically perceptible feedback to the 
user. As the determining factor is the force, this is also referred to as "force feed-
back". However, cases of a qualitative, imprecise feedback are frequently included 
in this conception. But the overall system also comprises the connections, the data 
processing, the simulation model of the observed scenario and, in a certain sense, 
the user him/herself. A more accurate illustration of the individual mechatronic 
components of a general HFS provides Fig. 1. 

 

Fig. 1 Mechatronic structure of a generalised HFS 

The user generally grips a handle. This handle may be specially designed for 
the particular application, but usually has a universal shape, such as a ball- or sy-
lus-shaped handpiece. The user acts on the device by activating the handle, 
whereupon he experiences a reaction based on the simulated model. The handle 
therefore represents the immediate interface to the user and can be referred to 
accordingly as the "user interface" (UI). The handle is in turn connected firmly 
with the mechanical hardware. The concrete structure used for this mechanism is 
subject to variation. Typical structures are those with serial kinematics, i.e. the 
individual elements are always only connected with the next element via driven 
joints. Not quite as common are parallel kinematic structures, i.e. structures which 
the working platform connects with the frame via multiple branches. This induces 
both passive joints and the possibility of mounting the drives in the frame and of 
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thereby reducing the mass being moved, as shown in Fig. 2. Another viable option 
is a hybrid solution combining both of the above. Depending on the implementa-
tion, the mechanism used offers a varying range of movement. 

 

Fig. 2 Structures of movement units (here: 3 DOF) 

According to the implemented control approach sensors are used to measure 
kinetic and/or load values on the mechanism. These measurements are sent to the 
simulation and the controller for data processing. In the simulation, a setpoint is 
calculated on the basis of this input quantity and the other parameters usually pre-
defined prior to beginning the simulation and provided to the controller. Via elec-
tromechanical actuators, the controller induces a transfer of the mechanism and 
thus a perceptible feedback to the user. As these components would leave the user 
in the dark, an additional visual feedback (e.g. a monitor or a HMD/HUD for 
higher VR-immersion) of information is almost imperative. The control and out-
put unit in this regard is what is referred to as the "haptic display". An HFS also 
includes the computer hardware required for simulation and control and the  
required software. If the simulation routines are not implemented on the host 
computer, the system may also include executing target computers. Because an 
immediate interaction takes place with the user, the data has to be processed in 
real-time. Due to the responsiveness of human sensory organs as described in  
the first section, in haptics typical clock rates are 1 kHz or higher for individual 
systems. 

2.2 Control Concepts 

According to [2], three basic control concepts for kinaesthetic feedback systems 
must be distinguished which have varying requirements with respect to hardware 
and in particular the sensor system used. The most widespread concept applied in 
HFS is that of "open loop impedance controlled systems", as it has the lowest 
technological requirements. The only measured quantity is the position (or some-
times the orientation) of the user interface (UI). This value enters into the simula-
tion and is compared by the controller with the setpoint value in order to induce a 
force or torque as feedback. Another concept is that of "closed loop impedance 
controlled systems". In this case, the sensors also provide the force/torque as a 
control variable. The position is only required for the simulation. Finally, "closed 
loop admittance controlled systems" are also imaginable. Unlike the other con-
cepts, here the position and orientation represent the retroactive variable con-
trolled via the force and torque deviation. 
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2.3 Common Applications of Feedback-Devices 

Haptic feedback systems are typically implemented when additional force feed-
back represents a possible further use or a condition for use at all. An overview of 
different applications provides Fig. 3. 

 

Fig. 3 Conventional and new areas of HFS-applications 

HFS clearly enjoys the broadest use in the entertainment and handheld indus-
tries. However, it is only used here to produce technically rather imprecise vibra-
tions as tactile feedback, e.g. as alarm signal for calls or when activating virtual 
buttons of a touch screen. A large area of application and research is that of tele-
operations. Through HFS, the user receives information about which strains are 
being placed on the executing unit. Only this makes it possible, for example, to 
conduct medical operations from a remote location or to handle hazardous goods. 
Haptic feedback makes acting within a virtual world all the more realistic. Train-
ing simulations of medical interventions, such as injections or laparoscopic opera-
tions, as well as of road vehicle or aircraft applications can only reasonably  
approach the goal of the greatest possible realism by using a haptic feedback sys-
tem. Other applications include handling complex data volumes, designing and 
drafting, e.g. when modelling freeform surfaces or collusion monitoring. 

3 State of the Scientific and Technical Knowledge of HFS 

In addition to the international commercial providers, there are a large number of 
users, some of which make modifications, and research groups who develop en-
tirely new devices. The application conditions imply a broad spectrum of device 
requirements. In addition to device specifications like the number of degrees of 
freedom, resolution and repeat accuracy, as well as the achievable rigidity, the size 
of the workspace and the feedback force are important for selecting a device. 
Typically, a force feedback is constantly provided according to the position or 
vice versa. For this reason, the market overview provided in Fig. 4 maps the work-
space over the maximum achievable force. The dimension used for the workspace 
is, on the one hand, the length along the main axis of the specified effectively  
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usable workspace and, on the other, the largest length that can be registered. As 
there are many non-commercially developed devices for which the specifications 
are not always available, the overview represents selected prominent devices and 
e.g. most telesurgery systems (compare Fig. 3) are excluded. 

 

Fig. 4 Overview of current HFS (sources: see manufacturers' data in figure) 

The represented range of haptic feedback devices can be subdivided into indi-
vidual sections as in the figure for the sake of simplicity. The largest range of 
products is that of desktop devices with a correspondingly small workspace and 
force potential. This transitions to the area of general devices with enhanced prop-
erties. Some applications, for instance teleoperations, require a certain magnitude, 
while some designs, such as exoskeletons for fastening on the arm or portable 
devices, e.g. which individually act on the fingers of one hand, already possess 
this. The structure variations described in Section 2.1 can all be found here. 

4 Usage of HFS in the Designing Process 

As shown in [4], the use of an HFS in the mechanism designing process is very 
promising. The following will first discuss the generalised process and then the 
application advantages of an HFS before finally depict some implementations. 
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4.1 Designing Process for Hand-Guided Motion Devices 

When considering the general designing process it is apparent that almost any 
description contains analytic processes. The entire design process can be subdi-
vided into subordinate phases. They range from gathering the requirements to the 
finished product. An outline based on [3] shows Fig. 5. If the objective of  
the process is to develop a mechanism as a motion device, then according to [5] 
the sequence of synthetic activities is accompanied by analytic processes in which 
it is decided whether the results of the preceding phase are suitable for the further 
designing phases. The next phase can only be entered after a positive conclusion. 
Otherwise, a return to the preceding phase for improvement is required. The proc-
ess is therefore strongly recursive in character and is only executed linearly in 
exceptional cases. After the conclusion of the final examination, an evaluation  
of the design solution is made which ensures that all requirements have been  
fulfilled. 

 

Fig. 5 Structure of the mechanism design process according to [3, 5] 

When designing motion devices, [1] cites the structural synthesis, i.e. determi-
nation of the optimal kinematic structure, as well as the dimensional synthesis, i.e. 
the determination of the optimal kinematic dimensions, as being particularly im-
portant. Synthesis is intimately connected with analysis, as the kinematic and  
dynamic properties must be determined and checked. 

4.2 Assistive Use of HFS during Mechanism Design 

It is evident that the evaluation and assessment at the end of each design phase 
represents a central, recurring and essential part. Conventional analytic tools offer, 
for example, a calculation of maximum forces or a path of movement, possible 
also a force developing superimposed over this in the form of a hodograph.  
However, an assessment with respect to ergonomic questions or those of human 



Enhancement of Mechanism Design Process  299 

 

capability can be difficult in certain situations. Anthropometric standards also fail 
to offer a basis for decision in this case, as there are generally no specifications of 
distribution of capable forces in the workspace. This makes it necessary either to 
make do with an estimation or to produce a prototype as a physical test setup. 
According to [6], models and prototypes are often already appropriate in the early 
concept phase but unusual. 

When using a suitable HFS, however, it is possible to develop this prototype 
digitally and to apply it as an enhancement of the conventional digital mock-up. 

For this purpose, the previous results are used at the end of the development 
phase to construct and parameterise a simulation model. This can then be used to 
create haptic signals via the HFS. The use of a digital virtual prototype together 
with the output possibility of a universal HFS thereby provides the use in early 
phases of development, simplifies direct comparisons of multiple variants, as only 
parameters have to be altered digitally, and dispenses with the time- and cost-
intensive usage of physical prototypes. In addition, the lower amount of effort 
required for an existing HFS allows an earlier and more frequent use of a proto-
type. According to [4], statements can also be made with respect to handling, con-
venience and ergonomics. The statements gained are occasionally subjective and 
can be used in point scales, as for example with the common method of cost-
utility analysis. This way, the entire process can be improved and even acceler-
ated, which in turn corresponds to the Rapid Product Development (RPD)  
approach. 

When limiting the scope to the designing process of hand-guided mechanisms, 
it is striking that these usually represent planar guidance mechanisms. A work-
space of al least 0.5 m in one axial direction with a force feedback of approx. 
35-150 N seems plausible. The resultant area is also indicated in Fig. 4. An ac-
cordingly adequate device for this application would therefore have to be derived 
from this area or meet even higher specifications as well as cover the remaining 
requirements. In contrast to most teleoperations a reality like, quantitative exact 
behaviour is seeked. As the motion devices which come into question for simula-
tions often only use part of the path, stops must most probably be provided at the 
end positions. According to [2], closed loop admittance control is therefore the 
best choice, as it affords quick reaction behaviour and, at the same time, high ri-
gidity. - The described area of application and the interfaces to the preceding areas 
are added in Fig. 3. 

4.3 Scenarios of Implementation 

A large number of applications are imaginable for the strategy described above. 
Fig. 6 shows a tailgate mechanism, a window system and a kitchen wall unit,  
all of which require an initiating hand-activated motion. The mechanical structures 
are straightforward and have a staggered arrangement symmetrical to the  
handle. However, unsymmetrical cases, such as kitchen corner units, are also  
conceivable. 
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Fig. 6 Selection of hand-guided mechanisms: a) car tailgate, b) window opening to  
the outside - Neptun Outside from Alpina Hochwasserschutzfenster GmbH (source: 
www.lantenhammer.net), c) kitchen wall unit - Aventos HF from Julius Blum GmbH 
(source: www.blum.com) 

5 Conclusions 

This study gives an introduction to haptics and the principles of haptic feedback 
systems. It explains the structure of such systems and the most important system 
properties. In addition, the study shows which areas already make use of haptic 
devices and provides an extensive overview of commercially available devices and 
research work. Finally, the conventional designing process for hand-guided mecha-
nisms is introduced, on the basis of which the idea is developed of how the interac-
tive use of universal HFS can improve this process by increasing effectivity and 
lowering costs already in early developmental phases. The use of HFS can lower 
prototype costs and enhance the digital prototyping. Requirements are defined in 
reference to the market overview and the illustrated application scenarios. 
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1 Introduction 

A need to survey available variety of machines arose since Renaissance both to 
show designers’ expertise and to attempt classification of mechanisms and ma-
chines, [3]. A tradition was established with the Theatrum Machinarum treatises 
that evolved into technical handbooks in 19th century during Industrial Revolution. 
The book collection by Borgnis is one of the first of those technical handbooks of 
machinery in which a historical background is still present but it also contains 
novel characters in terms of contents as well as approaches of presentation of ma-
chines. The Borgnis handbook collections started a modern discussion and elabo-
ration of machine classification that was initiated by Monge’s concepts in the 
milestone work by Lanz and Betancourt in 1808, [5]. Even the presentation of 
machine designs is attached with modern perspectives of technical views with the 
aim to direct a machine survey specifically to professionals of a technical commu-
nity growing rapidly.  

This paper is an attempt to identify those characters of novelty in Borgnis 
handbook collection mainly as related to graphical aspects of drawing representa-
tion as results of such a technical approach for a technical community. In this 
study examples of machine representations are reported to show an evolution of 
graphical representation operated by Borgnis as linked both to a modernization of 
that time for traditional machines and enhancement of machine performance in old 
and new solutions. 
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2 Biographical Notes on Giuseppe Antonio Borgnis 

Giuseppe Antonio Borgnis, Fig. 1, was born on April 15, 1781 in Craveggia, Italy, 
from a well established family since the father Giovanni was a banker in Paris. He 
was well educated with special interest on mathematical disciplines and although 
the revolution time affected the family he was able to graduate as engineer. He got 
a position as naval engineer in Venice where he gained so valuable expertise to 
write a book on machines on 1809. This gave him a good reputation and got the 
possibility to attend the Ecole Polytechnique in Paris. During this period he dee-
pened his expertise on machine design both on theoretical studies and practical 
applications. He evolved views from the Monge’s approach as to propose his own 
classification on mechanism variety for machine applications, [5]. Developing in 
more details his views he published ten books from 1818 up to 1823 [1-2], as a 
handbook on machine designs and applications, as a practical implementation of 
his new classification for an overall view, Fig. 2 b), [1]. Once returned in Italy he 
got the position of professor at the University of Pavia where because of his repute 
and further activities he became also rector in 1848. 

He was well reputed professor of applied mathematics and civil transportation 
architecture, as combining his interests and activities in theory and engineering 
designs, during the first period of industrial revolution all around Italy, although 
he was in the north east state within in the Austrian-Hungarian Empire. 

 

Fig. 1 A portrait of Giuseppe Antonio Borgnis (1781-1863) 

(The grand-grand child Massimo Borgnis is thankfully acknowledged for the portrait and 
additional biographical notes) 
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3 Handbooks by Borgnis 

The encyclopedic handbook is organized by Borgnis from a classification over-
view up to specific studies of category of machines,  by discussing design and 
operation characteristics, [1]. A last book is on terminology with synthesis of  
concepts and understanding of terms that are related to design, operation, and 
manufacturing of machines.  In particular, the content of those volumes [1] is 
summarized in the following: 

1 – “De la composition des machines” (450 pages, published in 1818), Fig.2, 
which contains classification and description of mechanical devices in agree-
ment with the approach proposed by Gaspard Monge. The treatise is com-
pleted with drawing of 1,200 mechanical devices, which are also compared in 
term of figure and operation characteristics. The classification is summarized 
in Tables, which give a synopsis of available mechanisms at that time. 

2 – “Du mouvement des fardeaux” (334 pages, published in 1818), which con-
tains a description of mechanical design and operation characteristics of the 
machines that can be used for transportation and lifting all kind of weights. 

3 – “Des machines employées dans les constructions diverses” (336 pages, 
published in 1818), which describes the design and operation of machines that 
are used for construction in the field of civil engineering, hydraulic engineer-
ing, naval engineering and military applications. 

4 – “Des machines hydrauliques” (295 pages, published in 1819), which con-
tains an overview of machines that can be used in hydraulic systems. An in-
depth study is reported for machines applied in agriculture and mining. 

5 – “Des machines d’agriculture” (295 pages, published in 1819), which con-
tains description of equipment and machines used in agriculture. Detailed stu-
dies are reported on mechanisms that are used for harvesting machines, 
winding and drilling machines, and devices for production of oil and wine. 

6 – “Des machines employèes dans diverses fabrications” (285 pages, pub-
lished in 1819), which contains the description of machines used in industrial 
plants for production of metal components, paper products, textile manufac-
tures, and tannery products. 

7 – “Des machines qui servent à confectioner les ètoffes” (335 pages, published 
in 1820), which contains description of procedures for spinning of vegetal or 
animal material, comparative analyses of mechanical means for industrial 
spinning and equipment of different kind of machines for different kind of 
products in textile manufacturing. 

8 – “Des machines imitatives et des Machines théatrales” (285 pages, pub-
lished in 1820), which contains a description of mechanical device that are 
used for any kind of transportation and movement, including devices mimick-
ing animal motions. The text includes an Appendix with interesting descrip-
tion of old machines for theatres and how to adapt their use to current needs 
and other aims. 

 



304 M. Cigola and M. Ceccarelli 

 

9 – “Thèorie de la Mecanique usuelle” (published in 1821), which contains an 
introduction to the mechanics applied to practical industrial applications and 
refers to principles of Statics, Dynamics, and Hydraulics. Detailed descrip-
tions and formulation are presented on main mechanical transmissions.  

Borgnis completed the encyclopedic work with publication of the “Diction-
naire de Mecanique appliquèe aux arts” in 1823, [2]. This is a brilliant synthet-
ic dictionary with technical terminology for Mechanical Science, with a vision  
anticipating the modern time that lead only in 2003 to IFToMM terminology, [4]. 

The encyclopedic work by Borgnis  on mechanisms and machines in 9 volumes 
was used as reference handbook by practicing engineers along the whole XIX  
century, as a first modern technical handbook, in Italy and in whole Europe. It was 
also considered as reference for further studies on classification and evolution of 
mechanical engineering handbooks.  

Borgnis attached the variety of machines by looking at practical aspects from 
successful operations. Thus, his classification is an amplification of the theoretical 
approach of Monge in indicating operation characteristics as related to the action 
of motor components and output purposes of machines. The background of me-
chanism analysis is till persistent as  shown in table 2 b) from the first volume, but 
the structures are more near to full machines than basic mechanisms. In fact, as 
indicated also of the organization of machines in the above-mentioned  volumes, 
Borgnis focused the attention on full machines and important has considered the 
mechanical and operation performance of functioning in quite long descriptions 
and discussions. 

 

    
   a)    b) 

Fig. 2 Mechanism classification by Borgnis: a) book title page; b) part of a summary table 
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4 Machine Representation 

The machine representation by Borgnis  with clear drawings is considered part of 
the presentation and discussion of machine properties even for further develop-
ments. Although he represented machines with drawings of mechanical design 
along the well established tradition, nevertheless he attempted to advance technic-
al representation of machines in approaching  descriptions with essential charac-
ters for a full understanding by professionals (not really a large public) whose 
community was growing rapidly within the merging Industrial Revolution. Few 
examples of those aspects are commented in the following 

Figure 3 a) shows a water pump system whose drawing is within a tradition of 
the representation of hydraulic machines that appear frequently in the manuals and 
texts since the oldest times. Everything is drawn with strong definition and preci-
sion. The drawing of mechanical parts is synthetic and essential, while the draw-
ing of the building in which the machines are located, is expressed with more  
naturalistic representation, such as a pictorial figure of stone pieces in the walls. 

Figure 3 b) demonstrates clearly the French formation of Borgnis as focused on 
Encyclopèdie by Diderot and D'Alembert. In fact, the clock assembling recalls 
very closely a table of Encyclopèdie, but nevertheless the representation is much 
more concise with less characteristics towards chiaroscuro and decorations. This is 
a sign that Borgnis well understood coming trends towards abstraction and synthe-
sis that characterizes the modern technical drawing as directed to professionals. 

 

 
  a)     b) 

Fig. 3 Machine designs by Borgnis: a) a water pump system;  b) clock assembling 
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  a)     b) 

Fig. 4 Mechanism designs by Borgnis: a) a on-field crane;  b) mechanical system for gun 
production 

 

Fig. 5 Machine design by Borgnis for a textile manufacturing system 
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Figure 4 a) shows one of the machines that are part of patrimony of ancient 
technological heritage. The same machine are presented by Vitruvius in De Archi-
tectura book X. We can find this type of machine for lifting weights (on-field 
crane) in all editions of Vitruvius,  since Frà Giocondo edition in 1511 to Per-
rault's French edition of 1673. In this drawing Borgnis seems to be inspired by 
Perrault edition, [7], but even in this case he deleted graphic complacency and 
landscape details as to focus on the device and its functioning only. 

Figure 4 b) is another proof of the importance of French period in Borgnis’ 
formation and later professional experience.  He studied at the École Polytechni-
que, where he certainly came into contact with Gaspard Monge. In this figure he 
recall almost exactly Monge text on guns  [6], bringing nearly identical portions of 
the plates of Monge. Even in this case, the drawing is more concise without sha-
dows that enriched the volume of objects as represented by Monge. 

Figure 5 presents a textile manufacturing system which you can find in many of 
the treatises of Theatrum Machinarum from the 16th and 17th century. Also in this 
case the  Borgnis’ representation gives the object without decoration that can con-
fuse the attention of a professional reader. Even machine location is indicated with 
synthetic and concise frames as focused on the functioning of the machine, al-
though the representation of the cylindrical complex is not without a certain 
graphic virtuosity. 

5 Machine Terminology 

The technical presentation of machines led Borgnis to the need to identify and to 
collect a commonly accepted terminology for machinery as a natural complement 
of the language of a graphical representation. The 10th volume of the handbook is 
on terminology as a milestone work attempting a technical dictionary that today is 
well recognized necessary in all scientific areas, as stated in the several standards 
of ISO. In the specific area of machine design Borgnis started a need that was 
solved only in 1990s within IFToMM activity leading to the last IFToMM collec-
tion of standardization and terminology in 2003, [4]. 

As Borgnis stated in the book preface, the terminology collection is aimed to 
summarize the most used terms on machinery with a well defined and accepted 
understanding. Examples are reported in this paper to show the synthetic charac-
ters but technical clarity of Borgnis description of the terms. A comparison is pro-
posed with the corresponding IFToMM terminology.  Machine is described by 
Borgnis as “general name that is used for several combinations of mechanical 
devices which are used frequently in Industry. Within the Statics treatment, it is 
possible to distinguish the names of elementary machines of lever, pulley, inclined 
plan, screw, wedge and belt machine”. In IFToMM machine is defined as  
“Mechanical system that performs a specific task, such as the forming of material, 
and the transference and transformation of motion and force”. 
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While in IFToMM even the term of mechanism is specifically described, in 
Borgnis terminology it is not defined. But specific components are properly indi-
cated, like for example a crank is described as ‘a link that rotates about an axis and 
at whose extremity is applied a force. There are cranks with simple, double, triple 
structure”. In IFToMM a crank is “a link able to rotate completely about a fixed 
axis”. 

Borgnis specified terminology also for machine operation within the definition 
of a term. Thus, for example he defined as lifter a combination of gears with a 
worm and a crank whose aim is to produce a large force through a small sized 
device. Within brackets he indicated to refer to the motion of weights as additional 
characterization of the device. In general, definitions of terms by Borgnis are syn-
thetic but additional indications are suggested to a reader as to refer to other terms. 
In addition specific hints are given to mention literature on arguments of a wide 
topic. For example in specifying the term steam, as also referring to steam ma-
chines, Borgnis added a quite long list of references on the topics, even by men-
tioning past designers like Watt, Wolf, and Evans. 

Thus, the terminology by Borgnis contains technical definitions and operation 
descriptions with theoretical background including historical notes and indications 
of common applications.  

6 Conclusions 

Giuseppe Antonio Borgnis was a personality in TMM developments in the first 
half of 19-th century both for his life activity and his works. In this paper we have 
stressed his contributions mainly in term of machine design as graphical represen-
tation combining with the novel need of a terminology for  a common understand-
ing both by professionals and users. 
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these types of linkages, decomposition method is a valuable tool. This paper fo-
cuses on the function generation synthesis of double-spherical six-bar linkage. 
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1 Introduction 

There have been numerous studies on kinematic synthesis procedures for spherical 
four-bar linkages to solve for path generation [1], function generation [2, 3, 4, 5]. 
Also, there have been recent studies on function generation synthesis with in-
creased number of independent parameters [6].  

The nonlinearity in analytical equations increases as number of independent pa-
rameters increases. Hence, function generation of linkages with higher number of 
independent parameters can become very tedious if not impossible to solve for 
analytically. This study focuses on the decomposition method, which is presented 
in [7], to decompose the double-spherical six-bar linkage into two serially con-
nected spherical four-bar mechanisms with a passive revolute joint in between. 
Validity of such a method and the explanation of the synthesis procedure was 
given in [8] and also briefly discussed in Section 2 and 3 respectively. 

Aim of this paper is to investigate and evaluate two possible procedures in using 
interpolation approximation method for function generation of double-spherical 
six-bar mechanism. Through this investigation, findings can be extrapolated for 
remaining Bennett over-constrained 6R linkages. 
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2 Description of the Double-Spherical Six-Bar Linkage 

A mechanism with a single general constraint, such as double-spherical six-bar 
linkage, has motion in subspace λ=5. Six revolute joints are arranged in such a 
way that while joint axes of first three are intersecting at one center, joint axes of 
remaining three intersect at a different center. In Fig. 1, joint axes that denote 
these two groups of three revolute joints are S14-S12-S10 and S6-S4-S2. It  
must be noted for readers that vectors are denoted with bold fonts throughout this 
paper. 

Decomposition method enables to decompose this linkage into two spherical 
four-bar mechanisms by adding a passive revolute joint whose rotation axis is 
aligned with virtual line that connects two centers that was described in the pre-
vious paragraph. Rotation axis of passive joint is denoted with S8 in Fig. 1. There-
fore, passive joint is included in both spherical four-bar mechanisms that can be 
separately indicated as S14-S12-S10-S8 and S8-S6-S4-S2 spherical four-bar linkages. 
Overall, for input-output function synthesis of the double spherical linkage, me-
chanism is described as two spherical four-bar linkages as shown in Fig. 1. It can 
be observed from Fig. 1 that as passive joint, ψ෩, is output for the first spherical 
mechanism with input ϕ, it is also the input of second spherical four-bar mechan-
ism that has output denoted as ψ. In order to relate unit vectors assigned in Fig. 1, 
transformation unit vector equation described in [9] is used. With respect to for-
mulation given in [9], for each ܑ܁ (li, mi, ni) that rotates around ܒ܁(lj, mj, nj)  by  
angle α୧୩, ܓ܁(lk, mk, nk)  can be calculated as shown in Eq. (1). 
୩܁  ൌ ୧܁ cos α୧୩ + ୨୧܁ sin α୧୩                                                   (1) 
 

where, ܁୨୧ ൌ ୨܁ ൈ  ୧ . Screws defined for revolute pairs of double-spherical six-bar܁
mechanism are shown as joint unit vectors, where S1= (1,0,0) and S2 =(0,0,1). 
Other screws are found as indicated in Table 1.  

3 Objective Functions for the Spherical Linkages 

There will be a single objective function for the whole mechanism. However, 
since decomposition method is used, objective functions for both decomposed 
spherical four-bar mechanisms have to be formulated independently. Input-output 
relation/equation, which is commonly called as objective function in function  
generation synthesis, of first four-bar is calculated presented in Eq. (2), and (3).  
In equations, cosine and sine functions are abbreviated as Cα = cosα and  
Sα = sinα. 
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Fig. 1 Double-spherical six-bar linkage mechanism with joint axes [8] 

Table 1 Calculation of the screws of the double-spherical six-bar linkage 

First four-bar of the mechanism  Second four-bar of the mechanism 

S1 , S2 and α1,3 → S3 ; S2 , S3 and α2,4  → S4 S8 , S1 and α8,14  → S14; S1 , S14 and α1,13  → S13 

S2 , S1 and α2,8  → S8 ; S1 , S8 and α1,15  → S15 S14 , S13 and α14,12  → S12; S1 , S8 and α1,9  → S9 

S8 , S15 and α8,6  → S6 S8 , S9 and α8,10  → S10 

. ଺܁  ସ܁  ൌ  Cαସ,଺                                            (2) 
 

When the values of S4 and S6 are substituted and Eq. (2) is re-arranged and the 
function is re-written in polynomial form, Eq. (3) can be formulated. Necessary 
manipulations to formulate Eq. (3) are explained in [8]. 
 P଴f଴(ϕ) + Pଵfଵ(ϕ) + Pଶfଶ(ϕ) + Pଷfଷ(ϕ) െ F(ϕ) ൌ 0                      (3) 
 
where P଴ ൌ ൫Cαସ,଺ െ Cαଶ,ସCαଶ,଼Cα଼,଺൯ ൫Sαଶ,ସSα଼,଺൯ൗ  ,  Pଵ ൌ െ Cα଼,଺Sαଶ,଼ Sα଼,଺⁄  ,  Pଶ ൌ െCαଶ,଼  ,  Pଷ ൌ Cαଶ,ସSαଶ,଼ Sαଶ,ସ⁄  , f଴(ϕ) ൌ 1,    fଵ(ϕ) ൌ Cϕ,      fଶ(ϕ) ൌ CϕCψ෩,     fଷ(ϕ) ൌ Cψ෩,     F(ϕ) ൌ SϕSψ෩. 
 
Objective function for the second four-bar is calculated similarly by using Eq. (4).  
 

S12 . S10 = Cα10,12                                            (4) 
 

The function for the second spherical four-bar that is written in the polynomial 
form using similar manipulations is detailed in [8]. 

ψ ψ෩  

ϕ 
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4 Equal Spacing and Precision Points 

In decomposition method, a given function can be decomposed into a function of 
function and therefore, the overall function can be shared between two spherical 
four-bar linkages. Procedure for function generation synthesis by decomposition 
method starts with selecting an overall double-spherical six-bar linkage function, 
function,  y ൌ f(x). Following this, an arbitrary function ý ൌ h(x) can be selected 
as first function. Range of x is given as x଴ ൑ x ൑ x୫ and respectively ý଴ ൑ ý ൑ý୫ where  ý଴ ൌ h(x଴) and ý୫ ൌ h(x୫). 

First, the arbitrary function ý ൌ h(x) is scaled for input (ϕ) and output ൫ψ෩൯ of 
first mechanism. When range of input is ϕ଴ ൑ ϕ ൑ ϕ୫ and a range of output is 
selected as  ψ෩଴ ൑ ψ෩ ൑ ψ෩୫, and scaling equations are calculated as ϕ ൌ áଵx +áଶ  ,   ψ෩ ൌ bሖ ଵý + bሖ ଶ.  

Selected function for output angle for first mechanism becomes by ψ෩ ൌbሖ ଵh ቀமିୟ́మୟ́భ ቁ + bሖ ଶ. A function is found by making synthesis of first four-bar linkage 

after defining input-output relations as indicated in Eq. (5). 
 ψ෩ ൌ h(ϕ, cത)                                                  (5) 
 
where cത is the vector containing the designed construction parameters of first four-
bar linkage. Following the design of construction parameters for first four-bar 
linkage, function for second spherical four-bar linkage is calculated. The calcula-
tion is conducted to find a function y ൌ g(ý), where y ൌ g൫h(x)൯ ൌ f(x). It should 
be noted that range of input for second spherical linkage is selected to be the same 
as the range of output of first spherical linkage. In addition, range of output should 
be selected as the range of output for whole mechanism, ψ଴ ൑ ψ ൑ ψ୫. Scaling 

equations are with respect to these criteria are  ψ෥ ൌ bሖ ଵý + bሖ ଶ , ψ ൌ bଵy + bଶ. 
Desired function for output angle of whole mechanism is calculated as ψ ൌbଵg ቀந෩ ିୠሖ మୠሖ భ ቁ + bଶ. After defining the input output relations, a function is found by 

making synthesis of the second four bar linkages as; 
 ψ ൌ g൫ψ෩, dത൯  .                                                (6) 
 

Substituting Eq. (5) in Eq. (6), objective function for double-spherical six-bar 
mechanism can be calculated as ψ ൌ g൫h(ϕ, ܿҧ), dത൯, where cത and dത are designed 
construction parameters of first and second four-bar linkages respectively.  

Interpolation approximation is used for finding the construction parameters of 
the mechanism. For exact solution, 4 positions of the mechanism are required four 
unknown parameters for each spherical linkage must be determined. Thus, n ൌ 4 
(n is number of equations or precision points) and as an example, precision points 
are distributed for exact synthesis equally in range of x from x଴ ൌ 1 to x୫ ൌ 2 as x୬ ൌ x୬ିଵ + δ ; n ൌ 1,2,3,4 , where δ ൌ (x୫ െ x଴) (n + 1)⁄   for   n ൌ 4 . y val-
ues of given and selected functions can be calculated by y୧ ൌ f(x୧),    i ൌ 0, n + 1. 



A Comparative Study on Application of Decomposition Method  313 

 

Constant parameters are calculated using Eq.(7) for first and second linkage. 
Using equal spacing for the second mechanism is not the only option towards a 
solution. Another option is using outputs of first spherical four-bar mechanism’s 
precision points as precision points for second spherical four-bar mechanism. In 
this way, it is foreseen that in total error calculation of whole mechanism, there 
will be exactly four locations where error will be zero and these will be for preci-
sion points set for input of mechanism while solving for first spherical four-bar. 
 áଵ ൌ (ϕ଴ െ ϕ୫) (x଴ െ x୫)⁄ ,        áଶ ൌ (x୫ϕ଴ െ x଴ϕ୫) (x୫ െ x଴)⁄bሖ ଵ ൌ ൫ψ෩଴ െ ψ෩୫൯ (ý଴ െ ý୫)⁄ ,        bሖ ଶ ൌ ൫ý୫ψ෩଴ െ ý଴ψ෩୫൯ (ý୫ െ ý଴)⁄                (7) 

5 Derivation of Design Equations of Spherical Four-Bar 

Generalized equations for objective function of both spherical four-bar mechan-
isms are shown in Eq. (8). Number of precision points is four, thus, four linear  
equations with four unknowns are required for each objective function. After ar-
ranging equations as matrices, values of P୧ and R୧ are found by using Cramer’s 
rule, and unknown construction parameters of first spherical four-bar linkage are 
determined as shown in [8]. Thus, construction parameters for both mechanisms 
are calculated as; cത ൌ ൛αଶ,଼, αଶ,ସ, α଼,଺, αସ,଺ൟ, and dത ൌ ൛α଼,ଵସ, αଵସ,ଵଶ, α଼,ଵ଴, αଵଶ,ଵ଴ൟ. 
 ∑ P୩f୩(ϕ୧) െ F(ϕ୧) ൌ 0,୬ିଵ୩ୀ଴     i ൌ 1, n∑ R୩g୩൫ψ෩୧൯ െ G൫ψ෩୧൯ ൌ 0,୬ିଵ୩ୀ଴     i ൌ 1, n                                   (8) 

6 Numerical Examples 

Two sets of numerical example studies are conducted. Equal spacing is used for 
both spherical four-bar designs in first set of numerical examples. In second set, 
equal spacing is used only for first spherical four-bar mechanism and output of the 
precision points set for first bar are used as precision points for second mechan-
ism. Procedure for equal spacing and calculation method of errors are explained in 
[8]. First function to be generated by double-spherical six-bar is y ൌ xଵ.ଷ. This 
function is shared between two mechanisms as ý ൌ x଴.଼ and y ൌ ýଵ.଺ଶହ. Second 
function is y ൌ eଶ୶. This function is divided into two as ý ൌ eଵ.ଶ୶ and y ൌ ý(ଶ/ଵ.ଶ). 

Since the method of choosing the precision points for second spherical four-bar 
and its effect on the whole mechanism’s design precision is in question, only con-
struction parameters of second spherical four-bar mechanisms and error graphs of 
second four-bar mechanisms double-spherical six-bar linkage are presented. Er-

rors are calculated for second four-bar by ݁ଶ ൌ ቚቀܾଵ݃ ቀట෩ ି௕ሖ మ௕ሖ భ ቁ + ܾଶቁ െ ݃൫ ෨߰, ҧ݀൯ቚ 
and similarly for the whole mechanism. 
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6.1 Results by Using Equal Spacing  

Precision points and designed construction parameters of the second spherical 
four-bar mechanisms for both functions are presented in Table 2 and 3 with re-
spect to the appearance of the function in Section 6. 

Error for first function is calculated to be eଶ= 0.0993 for a step size of ∆ψ෩ ൌ0.0314. Error calculated for second function is eଶ= 0.2342 for a step size of ∆ψ෩ ൌ 0.0314. Total error of double-spherical six-bar linkage is calculated as e୲୭୲ୟ୪=  0.0738 for a step size of ∆ϕ ൌ 0.0377 and e୲୭୲ୟ୪=  0.0744 for a step size 
of ∆ϕ ൌ 0.0377 respectively for both functions. Total error graph for both 
functions are presented in Fig. 2 (a) and (b). It is clearly observed that errors do 
not go to zero at four  points for whole mechanism.  

Table 2 Precision points & construction parameters for 2nd spherical four-bar with y ൌýଵ.଺ଶହ 

ૐ෩ ܑܡ ܑܡ́ ܑ ૐܑ (܌܉ܚ)ܑ (܌܉ܚ) ܑ܀ Second four-bar parame-
ters (rad) 

1 1.1186 1.1998 0.5655 1.7377 -0.4954 α଼,ଵସ ൌ 0.8245 
2 1.2668 1.4686 0.8797 1.9623 0.8375 αଵସ,ଵଶ ൌ െ0.7198 
3 1.4150 1.7578 1.1938 2.2040 -0.6789 α଼,ଵ଴ ൌ 0.5035 
4 1.5632 2.0667 1.5079 2.4620 -1.3329 αଵଶ,ଵ଴ ൌ 0.9214 

Table 3 Precision points & construction parameters for 2nd spherical four-bar with y ൌý(ଶ/ଵ.ଶ) 
ૐ෩ ܑܡ ܑܡ́ ܑ ૐܑ (܌܉ܚ)ܑ -Second four-bar parame ܑ܀ (܌܉ܚ)

ters (rad) 

1 4.5526 12.5054 0.5655 1.7032 -3.3772 α଼,ଵସ ൌ 1.5969 

2 6.0932 20.3271 0.8796 1.9056 3.8417 αଵସ,ଵଶ ൌ   -0.2546 
3 7.6338 29.5961 1.1938 2.1455 0.0261 α଼,ଵ଴ ൌ 0.1952 

4 9.1744 40.2065 1.5080 2.4201 -5.0564 αଵଶ,ଵ଴ ൌ 1.4302 

 

    
(a)     (b) 

Fig. 2 Total error graph using equal spacing for function (a)  y ൌ xଵ.ଷ  (b) y ൌ eଶ୶  
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6.2 Results by Using the Outputs of First Four-Bar  

In this case, outputs of first spherical four-bar mechanisms for its four precision 
points are taken as the precision points for seond spherical four-bar mechanism. 
Precision points and designed construction parameters of the second spherical 
four-bar mechanisms for both functions are presented in Table 4 and 5 with re-
spect to the appearance of functions in Section 6. 

Table 4 Precision points & construction parameters for 2nd spherical four-bar with y ൌýଵ.଺ଶହ 

෩࣒ ࢏࢟ ࢏́࢟ ࢏࢞ ࢏ ࢏࣒ (ࢊࢇ࢘)࢏  Second four-bar ࢏ࡾ (ࢊࢇ࢘)
parameters (rad) 

ଵସ,଼ߙ 2.6165- 1.8173 0.6796 1.2950 1.1724 1.2200 1 ൌ  1.9330 

2 1.4200 1.3238 1.5775 1.0005 2.0533 2.9938 αଵସ,ଵଶ ൌ െ0.3027    

ଵ଴,଼ߙ 0.3544 2.2996 1.3125 1.8723 1.4710 1.6200 3 ൌ  0.2322 

ଵଶ,ଵ଴ߙ 3.9540- 2.5552 1.6168 2.1782 1.6146 1.8200 4 ൌ  1.7210 

Table 5 Precision points & construction parameters for 2nd spherical four-bar with y ൌý(ଶ/ଵ.ଶ) 
෩࣒ ࢏࢟ ࢏́࢟ ࢏࢞ ࢏ ࢏࣒ (ࢊࢇ࢘)࢏  Second four-bar ࢏ࡾ (ࢊࢇ࢘)

parameters (rad) 
ଵସ,଼ߙ 3.6848- 1.7143 0.5845 12.9358 4.6460 1.2800 1 ൌ  1.7265 

2 1.4800 5.9062 19.2980 0.8415 1.8790 4.1595 αଵସ,ଵଶ ൌ െ0.2332 

ଵ଴,଼ߙ 0.1551 2.1246 1.1682 28.7892 7.5082 1.6800 3 ൌ  0.1791 

ଵଶ,ଵ଴ߙ 5.4560- 2.4910 1.5835 42.9484 9.5448 1.8800 4 ൌ  1.5676 

 
Error for the first function is calculated to be eଶ= 0.1751 for a step size of ∆ψ෩ ൌ 0.0312. The error calculated for the second function is eଶ= 0.1891 for a 

step size of ∆ψ෩ ൌ 0.0333. Total error of the double-spherical six-bar linkage is 
calculated as e୲୭୲ୟ୪=  0.1233 for a step size of ∆ϕ ൌ 0.0377 and e୲୭୲ୟ୪=  0.0486 
for a step size of ∆ϕ ൌ 0.0377 respectively for both functions. Total error graph 
for both functions are presented in Fig. 3 (a) and (b). It is clearly observed that the 
errors go to zero at four  points for the whole mechanism.  

 

      
(a)     (b) 

Fig. 3 Total error graph using the outputs of first four-bar for function (a)  y ൌ xଵ.ଷ  (b)  y ൌ eଶ୶ 
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7 Conclusions and Discussions 

Decomposition method with interpolation approximation is used for function gen-
eration synthesis of procedure of double-spherical six-bar linkage by using four 
precision points. While synthesis procedures of both four-bars are similar, selec-
tion of precision points for second spherical four-bar can be a different procedure. 
One of the options is to use equal spacing in between set limits as it is the case for 
first spherical four-bar and the other option is to use outputs of precision points at 
passive joint as precision points for the second spherical four-bar synthesis. 
Second option guarantees that total error for double-spherical six-bar mechanism 
is zero at exactly four points. This is clearly observed in the error plots presented 
in Fig. 3. On the contrary, in error graphs drawn for first option, in one of the 
function generations there are three locations that total error goes to zero while in 
the other function generation total error does not approach to zero at any point. 

Total error using second option is increased with respect to the result obtained 
for first option when first selected function is generated. However, when second 
function is generated, second option produced decreased total error with respect to 
the first option. Therefore, although second option for selecting precision points 
for synthesis of second spherical four-bar is shown to guarantee that total error 
goes to zero at exactly four points for four precision point synthesis, it does not 
guarantee that total errors decrease with respect to the first option.  
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Abstract. This paper presents a novel 4 dofs (3T-1R1) parallel actuatedly redun-
dant mechanism and its workspace analysis, based on a performance index involv-
ing velocity and force capabilities. The robot is capable of performing a half-turn2 
about the z axis. Moreover, having all of its prismatic actuators along one direc-
tion; the x motion is independent- only limited by the stroke of the prismatic actu-
ators. The mechanism is characterized by elevated dynamical capabilities having 
its actuators at base.  

Keywords: Parallel mechanism, actuation redundancy, 4 dofs mechanism, large 
rotational capacity, velocity and force performance index.  

1 Introduction 

For most industrial applications (such as machining) 6 dofs are too much. Thus 
studies have been conducted regarding the synthesis of 3 dofs (3T), 4 dofs (3T-
1R) and 5 dofs (3T-2R) parallel manipulators.  In fact, regarding some tasks, 4 
dofs (3T-1R) parallel manipulators are sufficient. In others, where another rotation 
is required it can be provided either by the table or by an additional actuator in 
series with the parallel mechanism.  Many 3T-1R parallel manipulators exist in 
literature such as the famous Delta robot [2] (with the R-U-P-U3 chain), the  
Kanuk [10], the SMG in [1], the H4 in [8], the I4 in [6], the Par4 in [7] with its 
industrialized version Adept Quattro [9] (fastest industrial pick-and-place robot).  

                                                           
1 3T-1R: Three-translational degrees of freedom (dofs) and one rotational degree of freedom. 
2 Complete rotation is constrained by unavoidable collisions. 
3 R, U, and P: correspond to rotational, universal, and prismatic joints. Bold faced letter 

means actuated, and underlined letter means the joint position is measured. 
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Also, an interesting family of fully-isotropic parallel 4 dofs (3T-1R) manipulators, 
in addition to decoupled manipulators, has been synthesized in [4]. In [4], there is 
an elaborated referencing to other 4 dofs manipulators. 

However, these and other existing manipulators have some drawbacks. For ex-
ample, in the case of Delta with a huge workspace (even much larger with linear 
Delta), the presence of the RUPU chain connecting the base to the platform to 
supply the rotational dof is a weak element reducing the workspace. Others 
present problems of singularities, limitation of workspace (and particularly) in 
rotational capability, complexity of obtaining analytical expressions for the direct 
geometric model, and /or the use of transmission systems with the articulated plat-
form as in the case [6-9] which impacts the accuracy of the robot. The manipula-
tors in [4], despite their interesting isotropic property, have a limited workspace, 
are complex from manufacturability point of view, and have poor rigidity.  

In this paper we present, a 4 dofs (3T-1R) parallel mechanism with two degrees 
of actuation redundancy that responds to the major requirements: large operational 
workspace, high rotational capability, absence of singularities, design simplicity, 
high rigidity, and high dynamical capabilities with analytical expressions for the 
inverse and direct geometric models. The paper introduces the mechanism in sec-
tion 2, its geometrical elements, its inverse geometric model and the inverse jaco-
bian matrix. Then section 3 describes the new performance index and workspace 
analysis of this mechanism. The paper ends with section 4 giving the conclusions.  

2 The New 4 DoFs (3T-1R) Manipulator (ARROW) 

The graph diagram of the four dofs (3T-1R) parallel mechanism, called ARROW 
(Accurate Rapid Robot with Large Operational Workspace), is shown with its 
CAD drawing in Fig. 1. In Fig.2 we show the frontal view of the robot and plat-
form details.   

The robot consists of six actuators along the same direction (x-axis) and can 
perform four motions x, y, z and Θ (rotation about z-axis).  The robot is redundant 
(having two extra actuators).  It is quite clear that this robot can move along x 
independently of the other motions y, z and Θ. This motion along x is only limited 
by the available stroke for the prismatic actuators. The role of parallelograms in 
chains (III) and (IV) (see Fig. 2) is to constraint the platform rotation about any 
axis that is perpendicular to the z axis of the base frame.   

These two parallelogram arms cooperate with the other four simple arms to po-
sition the TCP and control the platform orientation about the z axis.  

Let iL  be the length of ith arm i iA B  (all simple arms are of equal length sL   

and parallelogram arms of equal length pL ) with ( )T

i i i iq y z=A  and 

( )T

i i ii b b bx y z=B  in the base frame. Note that ( )T
0

i i

m m
b bx z=m

iB  in  
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Fig. 1 Graph diagram of the mechanism on the left and CAD drawing of the robot with its 
base frame on the right. P: prismatic joint, S: spherical joint4. Gray box means actuated, 
while white box means passive. The underlining signifies that the joint position is being 
measured. 

platform frame and the terms iy  and iz  can be determined from Fig. 2. Denote 

( )T
x y z=P  (TCP coordinates) and the pose ( )T

x y z θ=x  (θ  : rota-

tion about z-axis). Then the inverse geometric model (IGM) is given by:   

 2 2 2(( ) ) ,  1...6
i i ib b bi i i iq x L y y zz i−= − − − − ∀ =   (1) 

 

cos( ) sin( ) 0

,  with sin( ) cos( ) 0

0 0 1

m
i i

θ θ
θ θ

− 
 = + =  
  

B P R B R   (2) 

The inverse jacobian mJ   is determined by equiprojectivity of velocities, giving 

 ( ( ) ( )T T

1 6,  ,  x y z q qθ= = =mq J v v q      )5: 

( )
( )

( )

T T
1 1 1 1 1

-1 T T
1 1 6 6

T T
6 6 6 6 6

;  diag ,..., ,  

 − ×
 = = =  
 − × 

z

m q x q x x x

z

A B A B PB e

J J J J A B e A B e J

A B A B PB e

    (3) 

                                                           
4 Note that spherical joints practically can be replaced by three revolute joints as to over-

come the problem of limited angular deviations in commercial spherical joints. 

5  Note that 
df

f
dt

=  is the time derivative of a function ( )f t .  Note also that xe , ye  and 

ze  are the unit vectors along x, y, and z axes of the base frame.   
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Fig. 2 Frontal view of the robot on the left and platform details on the right (TCP at origin 
of base frame with zero rotation).  The Ly and Lz are related to yi and zi coordinates of point 
Ai. Note that chains (III) and (IV) are parallelograms. The points A3 and B3 are along the 
virtual axis of parallelogram (III) (mid-line). The same applies for chain (IV). The TCP 
(tool center point) is shown also and is denoted by P and it is the origin of the platform 
moving frame. 

The singularity analysis (although is not discussed here in details due to space 
limitation) shows that if the mechanism is to have parallel type singularities they 
are necessary coincident with serial type singularities which cannot take place 
except at the boundary of the geometrically accessible workspace (when one of 
the arms happens to be in the yz plane provided that the corresponding pose is 
geometrically accessible). Hence, we can assure that there are no singularities of 
any type (serial or parallel) within the geometrically accessible workspace exclud-
ing its boundary.  

3 Workspace Analysis 

The workspace analysis can be limited to investigating the yz region that allows a 
half-turn (or a certain range of rotation) and where the value of the chosen perfor-
mance index is within the acceptable range. There are several indices in literature 
that might be used to evaluate the robot’s performance [5, 11, 12] and each has its 
own limitations. However, in our case, we are interested in assuring a certain mi-
nimal kinetostatic performance in all directions; more precisely assuring a minim-
al speed capability while being capable at the same time of supporting a minimal 
external force, regardless of the velocity or force direction. The robot under  
study being redundant, the singular values of the jacobian matrix are no longer  
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significant regarding this aspect and so is the condition number based on the ratio 
of largest singular value to the minimal one. So, in our study and evaluation of the 
workspace, we have defined the following index: 

 min ,w w

wl wl

v f
FVI

v f

 
=  

 
 (4) 

The terms wv  and wf  are the worst speed and the worst force respectively, 

whereas wlv  and wlf are the desired lower bounds for the worst speed and worst 

force  (not inducing internal stresses),  respectively. Actually, wv  is nothing except 

the largest isotropic speed (radius of the largest sphere included in the zonotope of 
the operational velocities), and wf  is similarly the largest isotropic force (radius of 

largest sphere included in the operational force zonotope not inducing internal 
stresses). In our case, we have chosen max0.25wlv q=   and max0.25wlf τ= . The 

terms maxq and maxτ are respectively the maximum speed and maximum force of 

the linear actuator (all actuators are considered identical). 
Since we have mixed dofs (translation and rotation), it is mandatory to homo-

genize mJ  before evaluating the index at each pose if we are interested in all dofs 

(as to detect singularity while evaluating kinetostatic analysis)6. For this purpose, 
we may use a suitable characteristic length... However, in our case, we are only 
interested in the translational dofs (x, y and z motions), so we will consider only 
the translational part of mJ , call it mpJ  composed of the first three columns of 

mJ . Note that this would not be sufficient unless a separate singularity analysis 

prior to this has been made and it is our case here (the study is not included here 
due to space limitation, but it is done). The terms wv  and wf  are given by: 

 max1...6 1... ma6 x

1 1
min , min

|| || || ||w iw i
v q f τ

= =

   
= =      

   i impr pcj j
  (5) 

The terms 
imprj  and 

ipcj  mean the ith row vector of matrix mpJ  and ith column 

vector of the matrix pJ , the pseudo-inverse of mpJ . The proof of Eq. (5) is simi-

lar to the proof of the dynamic index introduced in [3].  
In what follows we have established the yz region with zero orientation 

( 0θ = ° ) and the yz region with rotation [ ]45 45θ ∈ − ° °  despite the fact that the 

robot can produce half-turn (±45° being sufficient for our application) (see Fig. 3).  
 
                                                           
6 Note that we can show that when 0wv =  , we have serial-type singularity and when 

0wf =  we have parallel-type singularity.  So the closeness of FVI  to zero can serve as 

a singularity measure as well.  
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Regarding the case of yz region with rotation, we have evaluated FVI  for a  
set of different rotational angles particularly ±45°,±30° and 0°  for the purpose of 
reducing computation time and we assumed the worst value of this index for the 
corresponding ( , )y z  position (in this case the minimal value of FVI ). For this 

study, we used the following optimized parameters: 0.72sL m= , 0.86pL m= , 

0.35yL m= , 0.314z mL = , 0.12d m=  , 0.164a m= ,  and 0.18pt m= .  

Notice that the robot has its workspace symmetric with respect to xz and yz 
planes, and convex. The latter property, namely convexity, is very advantageous 
regarding trajectory planning; any two points in the workspace can be connected 
by a straight line trajectory. 

To avoid collision with slider guides, the TCP should be at least at a distance 
0.2lt m=  in case of rotation ±45° and at a distance 0.073wt m=  in case of zero 

rotation. Note that wt  and lt  are generally imposed by the platform dimensions, 

spindle motor and tool size. These plots show that the yz region with and without 
orientation is large, especially when we consider the available space between its 
slider guides and collision limits with the sliders, which is quite interesting.  

For better insight on the results regarding the workspace areas and variations of 
the index, we have tabulated them (see Table 1). 

 

 

Fig. 3 Accessible yz regions for ϴ=0° (left) and for ϴ between -45° and +45° (right): quar-
ter of the region is shown since it is symmetric with respect to y-axis and z-axis. The red 
solid lines show the boundaries that should not be exceeded by the TCP to avoid collisions 
with the sliders (vertical red line) and inter-arm collisions (horizontal red lines).. Dotted 
black line shows the available space within the linear sliders.  
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Table 1 Workspace analysis and FVI index variations over the workspace 

  Area 
(m2) 

Area/(4*Ly 
*Lz) 

Mean 
Value 

Standard 
Deviation  

C
ol

lis
io

ns
 n

ot
 

co
ns

id
er

ed
 

Workspace ϴ=0° (no limits) 0.441 1.00 2.01 0.76 
Workspace ϴ=0° (FVI≥1) 0.387 0.88 2.19 0.62 

Workspace ϴ:±45° (no limits) 0.288 0.65 1.79 0.70 
Workspace ϴ:±45° (FVI≥1) 0.243 0.55 2.00 0.53 

C
ol

lis
io

ns
 c

on
si

-
de

re
d 

Workspace ϴ=0° (no limits) 0.165 0.38 2.55 0.52 
Workspace ϴ=0° (FVI≥1) 0.165 0.38 2.55 0.52 

Workspace ϴ:±45° (no limits) 0.089 0.20 2.48 0.31 
Workspace ϴ:±45° (FVI≥1) 0.089 0.20 2.48 0.31 

4 Conclusions and Future Work 

In this paper, we have presented a new 4 dofs (3T-1R) parallel redundant mechan-
ism (ARROW). It has 6 actuators for 4 dofs; the interest in this actuation redun-
dancy is eliminating singularities and improving performance. The geometric 
models and inverse jacobian were derived. Singularity analysis results were 
briefed due to space limitation. We have then calculated the different workspaces 
and presented a new kinetostatic performance index “ FVI ” which is suitable for 
redundant and non-redundant robots equally well. 

The workspace of this mechanism along x direction is independent of the other 
motions and only limited by the available stroke of the linear actuators, which is 
one of its major advantages. The yz accessible regions are large in both cases with 
and without orientation, especially when compared to the space between its slider 
guides. The mechanism is particularly interesting having the capability to perform 
a half-turn (complete rotation is not possible due to unavoidable collisions). 

Besides, having the arms connected to the platform and actuators via spherical 
joints, puts these arms under tension/compression forces making it easier to model 
deformation and compensate for it. In brief the simplicity of the design, the actua-
tion redundancy, the actuation at base, and the high stiffness of the mechanism 
contribute to the high dynamical capabilities (regarding pay-load, acceleration and 
velocity) as well as to its enhanced performance regarding accuracy. Regarding 
the future work, the introduced robot is currently being under further study (re-
garding dynamics) and under optimization in the sense of implementing it and 
producing a prototype on which real performance can be evaluated. 
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Abstract. Mechanisms and manipulators having parallel structure are rapidly 
spreading. Designs of mechanisms are constantly evolving, new ones appearing. 
According to that, the study of designs with some special features is rather relevant. 
In this paper, the parallel translational mechanism, in which all linear actuators 
located on the base, was considered. The  Plucker coordinates matrix and the solu-
tion of  the inverse kinematics problem were obtained. Also an improvement of the 
manipulator was proposed, and the Plucker coordinates matrix and the solution of 
the inverse kinematics problem were obtained for this advanced mechanism.  

Keywords: parallel manipulators, Plucker coordinates, inverse kinematics  
problem. 

1 Introduction 

Among parallel mechanisms comprising several kinematic chains connecting the 
base with the end-effector, translational mechanisms are of the particular interest. 
There are different ways to design limbs providing such translational motion [3-6]. 

One of the possible mechanism configurations (Fig. 1) was proposed in [1]. 
The mechanism includes the base connected with the end-effector (moving plat-
form) via three identical limbs, comprising the horizontally disposed linear  
actuator each. It is important to note that, firstly, all the drives are arranged  
in a horizontal plane, simplifying design of the base and, secondly, there are only 
rotational joints what increase the manufacturability of the mechanism.  

In this paper, the advanced version of mechanism was proposed (Fig. 2). In this 
manipulator all actuators are set at an angle β relative to the base. It can improve 
some characteristics such as the pressure angles. The Plucker coordinates  
matrix was calculated for the both versions of the manipulator. Analysis of this 
matrix is a basic tool for studying the parallel mechanisms, and allows us to  
solve the following problems: the problem of singularities, the problem of  
speed and the power analysis. Also the paper presents the solution of the inverse 
kinematics problem. 
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Fig. 1 The general version of the manipulator 

 

Fig. 2 The improved version of the manipulator 

2 Plucker Coordinates Matrices 

The most comprehensive and versatile tool for the exploration of the structure of 
parallel manipulators is studying of the kinematic and power screws vectors cha-
racterizing the geometry of the mechanism obtained by the methods of the screw 
calculus and the Plucker coordinates matrix composed of these screws [2,3]. 

The unit screw is a vector comprising six parameters: the coordinates of the 
unit vectors located in each of the kinematic pair, and the momentum of each unit 
vector relative to the origin. Knowing the single screws, the equivalent power 
screws which are used in the analysis of the manipulator can be found. 
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The mechanism comprises three kinematic chains, each of which has one trans-
lational pair (linear actuator) and four passive rotational joints. Each unit vector is 
oriented along the axis of the corresponding kinematic pair. The momentum of the 
unit vector relative to the origin is the vector product of the vector and the radius 
vector pointing from the origin to the center of the kinematic pair. The single 
screws are formed from the collected data, and using the linear transformations 
reciprocal power screws can be obtained. 

Adding the rotation angles 1α , 2α , 3α is due to avoid singularities of the me-

chanism throughout workspace [1]: each limb constrains the rotational movement 
of the end-effector about the z-axis only, and uncontrolled rotations about the x-
axis and the y-axis are possible. Using these angles prevents uncontrolled motion. 
These angles are set once and aren’t changing during the mechanism operation. 

The computation of the power screw of the one limb is shown below. Since all 
limbs in the mechanism are identical, the calculations for the remaining power 
screws are made similarly. 

The unit vector in the translational kinematic pair has coordinates:  

10

1

0

0

 
 =  
 
 

e      (1) 

The radius vector from the origin to the translational kinematic pair: 

1 1

10

cos sin 0
6 6 2

0 3
sin cos 0 0

06 6 6
010 0 1 0
10 0 0 1

Lq q
R

L

 π π     π + − π + −                 π π ⋅     = =π + π + −                          

ρ   (2) 

Moving on to the standard form: 

1

10

2

3

6
0

L
q

L

 − 
 

=  
− 
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 

ρ      (3) 

The momentum of the unit vector of the translational kinematic pair relative to 
the origin: 

10 10 10

0

0

0
o

 
 = × =  
 
 

e ρ e     (4) 
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Performing the same calculations for the remaining kinematic pairs, the unit 
screw Plucker coordinates was obtained: 

0 1 2 0 1 2

0 1 2 0 1 2

1
0 10 10 10 10 10 10

1
4 14 14 14 14 14 14

( )

( )

o o o

o o o

=

=

e e e e e e e

e e e e e e e

    (5) 

where: 

1
0 (1 0 0 0 0 0)=e      (6) 

1
1 1 1 1 1

1
11

)
0 ) ) )

3 cos(
sin( cos( cos( sin(

6 2 2
)

L L L
q q

⋅ α    − α α − − α − − α −   


 
=   
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e  (7) 

The other expressions are not given, as more complex. 
Further it is necessary to find the power screw. To do so the set of five equa-

tions should be solved. Each equation means the momentum of the power screw 
relative to the momentum of the kinematic screw. These equations should be zero 
because the power screws are reciprocal to the unit ones. The power screw has six 
components, and there are only five equations, so one of the coordinates is set 
arbitrarily, but in such a way that the set of the equations has a nonzero solution. 

The set of the equations is as follows: 

0 1 2 0 1 2

0 1 2 0 1 2

1 10 1 10 1 10 1 10 1 10 1 10

1 14 1 14 1 14 1 14 1 14 1 14

0

0

o x o y o z x o y o z o

o x o y o z x o y o z o

+ + + + + =

+ + + + + =

r e r e r e r e r e r e

r e r e r e r e r e r e

   (8) 

The arbitrary coordinate of the power screw: 

1 0o z =r       (9) 

By solving the set of the equations the following result was obtained: 

1
1

1

0

0

0

0

0

cot( )

 
 
 
 

=  
 
 
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r                 (10) 

As a result, the power screw reciprocal to the five unit screws has been found 
for the first kinematic chain. Performing the same computations for the remaining 
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two kinematic chains the matrix of the Plucker coordinates whose rows contain 
the power screws coordinates was obtained. It has the following form: 

1

2 2

3 3

0 0 0 0 cot( ) 1

3 cot( ) cot( )
0 0 0 1

2 2

3 cot( ) cot( )
0 0 0 1

2 2

 
 α
 

α α = − 
 
 − α α

− 
 

R              (11) 

Since the matrix obtained has only the moment part, the limbs restrict only ro-
tation of the platform about the three axes. This implies that the mechanism has 
three translational degrees of freedom. 

Plucker coordinates matrix for the improved version of the manipulator has 
been computed the same way. It has the following form: 

1 1 1 1 1 1

2 2 2 2 2 2

3 3 3 3 3 3

x y z o x o y o z

x y z o x o y o z

x y z o x o y o z

 
 

=  
 
 

r r r r r r

R r r r r r r

r r r r r r

              (12) 

Where  

1 12 12

1 12 12 1 1 11 12

1 11 1 12

(sin( ) cos(2 )sin( )) /

/(2 sin( ) sin( ) sin( ) sin( ) 2 cos( ) cos( ) cos( )

2 l cos( ) sin( ) sin( ))

y

q L l

= ϕ − β ϕ

β ϕ − β ϕ + α ϕ ϕ +
+ ϕ α ϕ

r

             (13) 

2
1 sin( )o x = − βr                  (14) 

The other expressions can’t be shown as much more complicated. 

3 Inverse Kinematics Problem 

The aim of solving the inverse kinematics problem is to find the positions of the 
all drives for the given position of the end-effector. For the each limb the calcula-
tion is made separately. The solution reduces to searching of the conditions in 
which the coordinates at the junction point of the two links of the kinematic chain 
obtained geometrically from the origin center of the platform would be equal to 
the coordinates of this point obtained by moving from the actuator. The solutions 
are similar for the all kinematic chains. Below is the solution for one of the three 
kinematic chains.  
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Moving from the first point of the platform to the point where the two links are 
connected is carried out by the rotation at the angle 2ϕ  around the x-axis and by 

the negative displacement along the z-axis at the distance 2l : 

2 1212 121

212 12 2 12
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      
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a              (15) 

Further it is necessary to get the coordinates of the same point, relatively to the 
origin. The computation of the actuator position in relation to the origin is per-

formed by the rotation at the angle 
7

6

π
 around the z-axis and by the positive dis-

placement along the x-axis at the distance R (the radius of the circle triangular 
base): 
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q              (16) 

Moving from the actuator to the point where the two links are connected per-
formed by the rotation at the angle α  around the x-axis, by the rotation at the 
angle 1ϕ  around the z-axis and by the negative displacement along the y-axis at 

the distance 1l : 
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    (17) 

Next, it necessary to equate the coordinates of the point of connection of the 
two links obtained by the two methods (a1=b1) and to solve the resulting set of the 
equations. Solving these equations, following result was obtained: 
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The expression showing the relationship between the coordinates of the mobile 
platform and the position of the actuator of the first kinematic chain was found. 
Performing the similar calculations for the other two limbs, the remaining expres-
sions were found. They have a similar form and weren’t given in this paper. 

The solution of the inverse kinematic problem for the advanced version of the 
manipulator was made the same way. It has the following form for the first kine-
matic chain: 
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2 12

11
1 1

3
sin( )

6arccos
l cos( )

L
y r l

 ⋅− + ϕ + 
 ϕ = ±
 α
 
 

                    (20) 

and 12ϕ  is highly complicated and it is difficult to give it here. 

4 Conclusions 

Two translational parallel robots were observed in this paper. The Plucker coordi-
nates matrix was made and the inverse kinematics problem was solved for the 
each mechanism. 
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Abstract. This article considers the five-link spatial mechanism of manipulating 
robot with revolute and prismatic kinematic pairs. It is shown that making 
geometric analysis using classical methods is not rational. This article presents a 
numerical method of geometric analysis, kinematic and dynamic calculations of  
a mechanism. 

Keywords: spatial manipulating robot, numerical method, geometric, dynamic 
and kinematic analysis. 

1 Introduction 

Geometric, kinematic and dynamic analysis methods for manipulating robots with 
degrees of mobility n ≤ 3 are well studied and described in many sources (for 
example [3, 8]). However, using a more complex design of mechanisms with n ≥ 4 
sometimes may be considered as a more reasonable decision. Multidirectional 
robots have considerable diversity of designs and a wide range of applications [1, 
9]. Geometric analysis of these mechanisms can be produced using various 
methods, the applicability of which depends on the specific problem and required 
accuracy of output link movements. The numerical method for solving the inverse 
problem of geometric analysis, the following kinematic and dynamic calculations 
of the mechanism are proposed in this paper. Dynamic analysis is made in two 
different ways: using the equations of kinetostatics and Lagrange equation of the 
second kind. 

Figure 1 shows the appearance of the experimental robot, built in the program 
«Solid Works». Linear dimensions of the links have been chosen in such a way as 
to exclude the appearance of geometrically indeterminate points in the operating 
zone of the robot. Guiding ways 1 are linked to slider 2 allowing him to move 
linearly, L-shaped rod 3 is mounted on the top of the slider and revolves on its 
axis. A small slider 4 moves linearly along the facet of the rod forming a revolute 
pair with the grabber 5. 



334 A. Evgrafov and А. Kornishov 

 

 

 

Fig. 1 Appearance of the experimental robot 

2 Direct Problem of Geometric Analysis 

Geometric analysis, the basic steps of which are described in work [6], should be 
started with finding a solution for the direct problem of geometric analysis. The 
problem is solved by using Denavit-Hartenberg parameters [4]. Figure 2 shows the 
kinematic diagram of the robot with local coordinate systems (LCS) xiyizi (where 
i=1..4) rigidly connected to links 2-5 respectively. 

Absolute coordinate system (ACS) X0Y0Z0 is connected to link 1 (guiding ways 
of the mechanism), the pole of ACS is marked as 0. All generalized coordinates 
define positions of each subsequent LCS relative to the previous, and marked as 
qi. For example, q1 describes the translational motion of slider 2 and LCS, 
connected to it, along the guiding ways 1 (Fig.1); q3 describes the same between 
links 3 and 4; q2 reflects the rotational motion of link 3 relative to the axis y1 of the 
link 2 and q4 reflects the same between links 4 and 5. If the angle of rotation 
follows the arrow sign, it should be considered as positive angle, otherwise 
negative. All linear dimensions of the links are labeled in Latin letters for 
convenience. 

Let us require the validity of the following equation: 

 (0)
mRR =⋅⋅⋅⋅ )4(

434323212101 )()()()( m
RPRP qНqHqHqH ,  (1) 

where (4)
mR ─ coordinates of the point M in the fourth LCS, (0)

mR ─ coordinates of 

the point M in the ACS, P
iiH 1, +  and R

iiH 1, +  ─ transformation matrixes for the 

(i+1)-th and i-th LCS of prismatic and revolute kinematic pairs respectively. 
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Fig. 2 Kinematic diagram of the robot 

Equation (1) gives us the following: 

 











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=
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34

142

clfqq

bqdfq

qaclfqq

(0)
mR .  (2) 

System of equations, consisting of three equations and four variables (q1, q2, q3, 
q4), may be retrieved from (2). 

3 The Inverse Problem of Geometric Analysis 

Obviously, system of equations, retrieved from (2) does not have a unique 
solution, since the number of independent variables exceeds the number of 

equations. The solution for this problem is selection of numerical values of iq , 

followed by interpolation in the selected area, carried out in following sequence: 

1. The coordinates of two points: A (xA
0,yA

0,zA
0) and B (xB

0,yB
0,zB

0) are given in 
the operating zone of the robot. Spatial curve drawn through the points A and 
B is the motion path of the point M of grabber 5. 
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2. Coordinates of the points, which belong to the curve AB, are defined by 
parametric equations (3) (parameter - time t) in the ACS. 

3. Equations (2) and (3) are used for numerical selection of qi values in the 
program «Matlab». 

4. Continuous series of q1 values must be interpolated in order to obtain the 
general law q1(t). 

5. With the help of equations (2) and the resulting law q1(t) unique solutions 

for functions q2,3,4(
000 ,, mmm zyx , t) may be finally found. 

Let us form equations (3) as follows: 
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tttx
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 (3) 

where [ ]10;0∈t , coordinates of the boundary points of segment AB:  

( )2,0;5,0;0A , ( )3,0;8,0;7,0B . 

Numerical selection of qi values is done by using «fmincon» [5, 7] function, 
which uses an interior point method [2] in order to find the solution for system of 
equations with n independent variables and a minimum of arbitrarily given 
function. We require that the selection of values must be carried out with the 
minimum of function F=1. 

In conditions when there is a necessity to minimize one of the qi values, 
function F can take this value. 

Figure 3 shows a graph made of fitted q1 values. Interpolation is made by using 
«Microsoft Excel» resources. 

 

 

Fig. 3 Graph of function q1(t) 

 
 



Geometric, Kinematic and Dynamic Analysis of Four Degrees of Freedom  337 

 

Whole graph is divided into two areas: 

[ ]7;0∈t , q1(t)= – 5,1466878·10-4t4 + 4,2754936·10-3t3 + 3,9178021·10-3t2 
– 5,9658774·10-3t + 2,4734661·10-1,  (4) 

[ ]10;7∈t , q1(t)= 6,7019965·10-4t6 – 3,5456170·10-2t5 + 7,7957242·10-1t4 
– 9,1161840t3 + 59,780243t2 – 208,35002t + 302,00832.  (5) 

As seen from equations (4) and (5), four and six degree polynomial 
interpolation has been performed. With this arrangement of polynomial 
coefficients variation from the originally specified trajectory of the gripper is less 
than a thousandth part of a millimeter. 

Functions q2,3,4(
000 ,, mmm zyx ,t) are determined from the equations (2), (4), (5) and 

can be brought to the following form: 





























 −−+−−
⋅=

−−⋅−=












++⋅
−−

⋅=

,
)())()((

arccos),,,(

),,,(sin)(),,,(

,
),,,(cos

)()(
arccos),,,(

202
1

0
000

4

000
4

0000
3

000
4

1
0

000
2

f

cltztqatx
Ktzyxq

bdftzyxqtytzyxq

clftzyxq

tqatx
Ktzyxq

ABAB
mmm

mmmABmmm

mmm

AB
mmm

  (6) 

where K = ± 1 – determines the configuration of links of the robot in general case. 
For given trajectory of the gripper K = – 1 and K = + 1 for q2 and q4 respectively. 

Generalized velocity and acceleration )(),( tqtq ii   can be found using equations 

(4), (5), (6). 

4 Kinematic Analysis 

Kinematic analysis of the mechanism should be started with a determination of 
angular velocities of the links. In general case absolute angular velocity of i-th link 
in LCS connected to this link, may be found using formula (7): 

 (i)
i

1)(i
1i

(i)
i ωΩΩ +⋅= −

−−
T

iiA ,1 , (7) 

where ષି࢏૚(ି࢏૚) – absolute angular velocity of i-th link in LCS, )(i
iω  – relative 

angular velocity of i-th link, and ܣ௜ିଵ,௜்  – transposed direction cosine matrix. 
Angular accelerations may be determined from the equation (8): 

 (i)
i

(i)
i

(i)
i

1)(i
1i

(i)
i ωΩεEE ×++= −

−−
T

iiA ,1 , (8) 
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where (i)
iE - absolute angular acceleration of i-th link in LCS, (i)

iε - relative angular 

acceleration of i-th link. 
Velocities of LCS poles, rigidly connected to each link, can be found using 

formula (9): 

 )(,1
1)(i

0i
1)(i

1i
1)(i

r0i
1)(i
10i

(i)
0i rΩvvv −−

−
−−

−− ×++= T
iiA ,  (9) 

where 1)(i
r0iv − – relative velocity of i-th LCS pole in (i-1)-th LCS, 1)(i

0ir − – column of 

i-th LCS pole coordinates in (i-1)-th LCS. Velocities of mass centers of the links 
are defined by formula: 

 (i)
si

(i)
i

(i)
oi

(i)
si rΩvv ×+= ,  (10) 

where (i)
siv – velocity of mass center of i-th link in LCS, connected to this link, (i)

sir

– column of mass center’s coordinates of i-th link in LCS, connected to this link. 
Accelerations of LCS poles can be determined using formula (11): 

)2)((,1
1)(i

r0i
1)(i

1i
1)(i

r0i
1)(i

0i
1)(i

1i
1)(i

1i
1)(i

0i
1)(i

1i
1)(i
10i

(i)
0i vΩwrΩΩrEww −−

−
−−−

−
−

−
−−

−
−
−− ×++××+×+= T

iiA , (11) 

where 1)(i
r0iw − – relative acceleration of i-th LCS pole in (i-1)-th LCS. 

Accelerations of mass centers of the links are defined by formula: 

 )( (i)
si

(i)
i

(i)
i

(i)
si

(i)
i

(i)
0i

(i)
si rΩΩrEww ××+×+= .  (12) 

5 Dynamic Analysis 

The resulting expressions are used in dynamic analysis of the mechanism in order 
to find all inertial forces and their moments. 

Inertial forces and their moments in relation to the centers of mass of the links 
can be determined by the following equations: 

(t)w(t)Ф (i)
sii ⋅−= im ; )( (i)

i
(i)
i

(i)
iis ΩΩΕ)(ΦM ⋅×−⋅−= sisi II ,     (13) 

where ܫ௦௜  – inertia tensor of i-th link in relation to the mass center of this link and 

iΦ -inertial force of i-th link. Moments of inertial forces in relation to the LCS 

can be determined using formula (14): 

 )(ΦM(t)Φr)(ΦM isisii0 +×= . (14) 

Moments of gravity forces in relation to the LCS are defined by formula (15): 

 (t)Gr)(GM isii0i ×= , (15) 
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Where iG -gravity force of i-th link. Resultant vectors of forces and their 

moments are determined by the equations of kinetostatics (16) and (17) 
respectively: 

 0=++− +− ii1i,i1,ii ΦGVV ,  (16)
 

where i1,iV −  – resulting force vector which acts on the (i–1)-th link from the 

position of i-th link, and 1ii,V +  – resulting force vector which acts on the i-th link 

from the position of (i+1)-th link. 

 0=++×−− ++++− )(ΦM)(GMVr)(VM)(VM i0ii0i1ii,10i1ii,i0ii1,i0i , (17) 

where 10ir +  – column of (i+1)-th LCS pole coordinates in i-th LCS. 

Projecting the expressions (16) and (17) on the axis of i-th coordinate system, 
we obtain the following expressions: 

 )(1,
(i)
i

(i)
i

(i)
1i,i

(i)
1,ii ΦGVV +−= ++− iiA ,  (18) 

0)(1,1, =+−×+= ++++
+
++− )(ΦM)(GMVr)(VM)(VM i

(i)
0ii

(i)
0i

(i)
1ii,

(i)
10i1ii,

1)(i
10ii1,i

(i)
0i iiii AA . (19) 

Expressions (18) and (19) allow us to find the interaction forces between the 

links and generalized driving forces ( iiR ,1−  
and iQ  respectively): 
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Generalized driving forces can be also found using the Lagrange equation of 
the second kind: 

 R
ii

QQ
q

T

q

T

dt

d +=
∂
∂−

∂
∂


, (21) 

where Q  – required generalized driving force, RQ  – generalized resistance force, 

T – kinetic energy of the mechanism, defined as follows: 
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6 Conclusion 

In conclusion, the proposed method of numerical selection of qi values can be 
used even in case of calculating the n > 4 degree of freedom robot, since the 
program does not constrain the limit of independent variables in the system of 
equations (4). 
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Abstract. Model Based Predictive Control (MPC) is an interesting approach due to
its ability to consider the constraints of the controlled system and easily adapt to the
future reference changes. In this paper, a novel robust MPC controller is presented,
which considers the effect of the Tool Center Point (TCP) estimation errors and the
model uncertainties of the mechanical structure. In order to show its effectiveness,
its application to the 5R parallel manipulator is detailed. Simulation validation is
provided to demonstrate that the proposed approach can exploit all the theoretical
capabilities of the mechatronic system.

Keywords: Parallel Robots, Model Based Predictive Control, Robust Control, Five
Bar Mechanism.

1 Introduction

Parallel robots [8], have recently drawn attention from both academy and industry
due to their performance when handling high-speed, high-precision or heavy load
handling tasks. This performance is derived from their parallel structure, composed
by multiple kinematic chains, or ”limbs”. However, its complexity presents some
drawbacks, such as a reduced workspace, presence of singularities or highly coupled
kinematics and dynamics.

In order to reduce the effect of these disadvantages, an optimized mechanical de-
sign, adequate actuator selection and proper control law that allows to exploit all the
capabilities of the mechatronic system is required. In the literature, many different
control approaches have been proposed, such as simple independent joint control
approaches based on PID [3, 9] , or more advanced, model based control laws such
as the Computed Torque Control (CTC) [11], adaptive control [5] or robust control
[7]. However, none of the aforementioned approaches considers the physical limi-
tations of the parallel robot (torques, workspace, speed) in the control law or adapts
in a predictive way to the programmed reference trajectory.

V. Petuya et al. (eds.), New Advances in Mechanisms, Transmissions and Applications, 341
Mechanisms and Machine Science 17,
DOI: 10.1007/978-94-007-7485-8_42, c© Springer Science+Business Media Dordrecht 2014
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Model Based Predictive Control (MPC) [4] groups a set of control strategies that
use the dynamic model of a process to predict its behaviour in a finite future time
window (the horizon). This way, its future error can be minimized by calculating a
proper control action. Moreover, this control action can be calculated considering
the physical constraints, which guarantees near optimal performance of the process
and its actuators. These features are very interesting in robot control, as the poten-
tial of the mechatronic system can be maximized, actuator limits considered and
workspace singularities avoided.

However, MPC controllers are usually complex and computationally intensive,
and most approaches are based on constant references in the prediction horizon
[10, 2]. In this paper, a novel, robust MPC for trajectory tracking (RMPC-T) is
presented, based on the one developed in [1]. This approach presents three main
features over the ones previously proposed: 1) it considers the physical constraints of
the parallel robot, 2) it is robust against model uncertainties, and 3) it allows tracking
of changing references, which enhances significatively the tracking capabilities of
parallel robots. In order to detail this approach, the rest of the paper is structured in
three sections. First, the robust MPC approach for tracking control law formulation
is detailed for a generic system. Then, the application to the 5R parallel robot is
detailed. Third, the effectiveness of the approach is demonstrated by simulation.
Finally, the most important ideas are summarized.

2 Robust MPC for Trajectory Tracking

The novel robust MPC for trajectory tracking (RMPC-T) presented in this section
is based on the one developed by Alvarado et al in [1]. However, while in the men-
tioned work constant trajectories are considered in the prediction horizon, in the
formulation presented in this paper, changing trajectories are considered, which are
more appropriate for parallel robots.

Next, the formulation of the MPC for a generic system is presented. For the sake
of simplicity, some definitions are not fully detailed in this section. The reader is
referred to [12] for more detail in the formulation and the concepts involved.

Consider the following uncertain system, defined in discrete time using state-
space formulation,

x(k+ 1) = Ax(k)+Bu(k)+w(k)
y(k+ 1) = Cx(k)+Du(k)

(1)

where x ∈ R
n represents the state, u ∈ Rm the control input and y ∈ Rp the system

output. w ∈ W are the external additive disturbances that model parameter uncer-
tainties and measurement errors. The system of Eq. (1) is considered to be time-
invariant and controllable.

All sets are considered bounded, so that a convex polytope can be defined for
each set to represent all points included within the bounds,

Z =
{

z =
[

xT uT
]T ∈R

n+m : Az z ≤ bz

}
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where Az and bz are used to define the bounds of the set in the h-representation of
a convex polytope.

The objective of the RMPC-T controller is, for each time step k, to stabilize the
system and steer the state x to a neighbourhood of a steady state xs associated to a
setpoint r, guaranteeing all the constraints even in presence of disturbances. For that
purpose, a three level control approach is defined: a local robust control to reduce the
effect of disturbances, a MPC controller which ensures feasibility with the system
constraints and a local tracking controller to ensure convergence to the desired state.

The local robust controller is designed to avoid the exponential growth of the
prediction error due to unknown w disturbances. Its goal is to ensure that the real
state x lies within a bounded hipertube arround the trajectory of the nominal state
x (without disturbances), which is characterized by a Robust Positively Invariant
(RPI) set [6] ΦK . Hence, the local control law

u(k+ j) = u(k+ j)+K (x(k+ j)− x(k+ j)) (2)

where the nominal system x, u, y is the ideal one and presents no disturbances. The
gain matrix K is defined so that the error caused by the disturbances w = x−x∈ ΦK

lies always in a bounded and fixed RPI set ΦK . So, a bounded trajectory tube is
generated for z that considers all possible uncertainties,

X = X �ΦK , U = U �KΦK , Z = Z � (ΦK ×KΦK) , z =
[

xT uT
]T ∈ Z

where � is the Pontryagin difference.
Using the local robust control law defined in Eq. (2), it is ensured that the tra-

jectory of the real state x lies within a bounded tube. This allows to consider the
nominal trajectory of the state x in the predictions of the MPC and the calculation
of a feasible nominal control action u∗ that satisfies the contraints. However, in order
to ensure convergence to the desired reference, the final predicted state of the MPC
must lie within a neighbourhood of the desired steady state. This neighbourhood is
defined as an Invariant Set for Tracking Ω a

t,K
and ensures that once reached this set

both the state and internal reference θθθ associated to the changing trajectory setpoint
r, evolve within the bounds of this set[1].

Based on the aforementioned sets and local controllers, the MPC control law is
calculated by solving the minimization problem V ∗

t ,

V ∗
t = min

u,x,θ
Vt

(
x(k),θθθ ;u,x,θ

)
s.t.

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

x(k) ∈ x(k)⊕ (−ΦK)[
x(k+ j)T u(k+ j)T

]T ∈ Z[
xs(k+ j)T us(k+ j)T

]T
= Mθθθ θθθ[

x(k+ h)T θ (k+ h)T
]T ∈ Ω a

t,K

(3)

where h is the prediction horizon, i.e, the number of time steps into the future that
the controller uses to calculate the optimal control action sequence u∗(k), θθθ is the
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sequence associated to the changing trajectory setpoint r, Ω a
t,K

is the Invariant Set
for Tracking, ΦK is the robust positively invariant set and the cost function,

Vt
(
x(k),θθθ ;u,x,θ

)
=

h−1

∑
j=0

(x(k+ j)− xs(k+ j))T Q (x(k+ j)− xs(k+ j))

+
h−1

∑
j=0

(u(k+ j)−us(k+ j))T R (u(k+ j)−us(k+ j))

+(x(k+ h)− xs)
T P (x(k+ h)− xs)

+
h

∑
j=0

(
θ (k+ j)−θθθ (k+ j)

)T
T
(
θ (k+ j)−θθθ (k+ j)

)

where Q, R, T and P are ponderation matrices, whose tuning is discussed in [12].
Finally, the real one control action by means of the local tracking controller,

which considers the error generated by disturbances,

u∗(k) = u∗(k)+K (x(k)− x∗(k)) (4)

3 Application to the 5R Parallel Robot

The control law detailed in the previous section is defined for discrete, space state
time invariant systems, and requires the definition of bounds in order to be imple-
mented. In this section the procedure to implement the RMPC-T to parallel robots
is detailed by analyzing a study case based on the 5R parallel robot. However, it
should be noted that this procedure can be applied to any parallel robot.

The first requirement to be fulfilled is to linealize the dynamics of the 5R paral-
lel robot (Fig. 1), which can be calculated using the traditional formulation in the
task space τττ = Dq̈+H(q, q̇), where q =

[
x y

]T
are the Tool Center Point (TCP)

cartesian coordinates[13]. Table 1 summarizes the parameters selected for this study
case.

Fig. 1 5R Parallel Robot and nonlinear feedback linearization approach
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Table 1 5R parallel robot model parameters (IS units)

Parameter Real Value Identified Value (MPC Model)

a1
[−0.5 0

]T
(m)

[−0.4950 −0.005
]T

(m)

a2
[

0.5 0
]T

(m)
[

0.4950 −0.005
]T

(m)
L1 = L2 0.5 (m) 0.495 (m)
l1 = l2 1 (m) 0.995 (m)

mc 0.5 (kg) 0.6 (kg)
mL1 0.4239 (kg) 0.3239 (kg)
mL2 0.4239 (kg) 0.4239 (kg)

ml1 = ml2 0.8477 (kg) 0.7477 (kg)

IL1 = IL2 8.800 ·10−3 (kg m2) 8.800 ·10−3 (kg m2)

Il1 = Il2 7.070 ·10−2 (kg m2) 7.770 ·10−2 (kg m2)

Ic 8.3333 ·10−4 ( kg m2) 8.3333 ·10−4 ( kg m2)

For that purpose, the linearization by nonlinear feedback technique is used, so
that in the ideal case, if no model errors arise, the linearized system can be reduced
to a set of two decoupled double integrator systems (Fig. 1) u = q̈. Hence, the state
vector of the linealized system can be defined as x =

[
qT q̇T

]T
.

One of the main issues in parallel robotics is the difficulty measuring the real
TCP position and speed, which is usually estimated using the actuated joint data
and the use of the kinematic relations. In presence of uncertainties, this estimation
can present errors, so that the real state x and the estimated one x̂ diverge. In general,
it is possible to bound this error within the operational workspace of the robot, so
that the linearized dynamic model can be approximated to,

x̂(k+ 1) = Ax̂(k)+Bu(k)+w′(k)
x = x̂+ v

→ x(k+ 1) = Ax(k)+Bu(k)+w(k)
w(k) = w′(k)+ (I−A)v(k)

(5)

where v(k) = x− x̂ models estimation errors and w′(k) models errors due to the un-
certainties of the dynamic model and uncompensated dynamics of the robot. Hence,
if the real state x is considered for application of the MPC control law, w(k) group
the disturbances of both types.

If a sample time of Ts = 10ms is selected, the discretized dynamics of the set of
double integrator systems in the 5R parallel manipulator is,

A =

⎡
⎢⎢⎣

1 0 0.01 0
0 1 0 0.01
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ B =

⎡
⎢⎢⎣

5 ·10−5 0
0 5 ·10−5

0.01 0
0 0.01

⎤
⎥⎥⎦

In order to implement the proposed MPC, all variables have to be bounded, and
the disturbances maximum and minimum values defined. For that purpose, first
the operational workspace of the 5R parallel robot will be defined arbitrarily in a
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Fig. 2 Validation trajectories, operational workspace and invariant sets

nonsingular region of its workspace associated to a fixed working and assembly
mode. This region will be defined by a set X . However, as the real state x cannot
be measured directly, the MPC will be implemented using the estimated one x̂. The
RMPC-T controller will ensure that the real state x will be always within the tube
of trajectories defined by the estimated one x̂ and the RPI ΦK ,

x̂ ∈ X̂ = X �ΦK ⇒ x̂′ ∈ X̂ (6)

where X is defined by a polytope defined in XY plane, Fig. 2a, and the maximum
linear speed of the TCP, which has been limited to ±3m/s.

The bounds of the estimation error v are calculated by discretizing the operational
workspace defined for X and measuring the speed and positioning errors for each
set. In order to bound the state disturbance w′, the performance of the ideal double
integrator system and the linealized dynamics of the 5R parallel robot considering
the parameters of Table 1 are considered. The resulting bounds are,

vx ∈ [−0.0014, 0.0016] (m)
vy ∈ [0.0025, 0.0091] (m)
vẋ ∈ [−0.0324, 0.0324] (m/s)
vẏ ∈ [−0.0425, 0.0425] (m/s)

wx ∈ [−5.4131 ·10−5, 2.645510−5
]

(m)
wy ∈ [−6.1584 ·10−5, 1.198110−4

]
(m)

wẋ ∈ [−0.01131, 0.0039132] (m/s)
wẏ ∈ [−0.0093394, 0.022516] (m/s)

(7)

Finally, the system input is bounded. For that purpose, the inverse dynamic model
is required u = D̂−1

(
τττ − Ĥ

)
, which relates the input of the linealized robot, u and

the torque exerted by the motors τττ . Being nonlinear and dependent on the state x, a
conservative approach is considered, in which the set of all possible admissible sets
for u are calculated considering all admissible states x ∈ X . Then, the intersection
of all sets is considered as the admissible set U .
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4 Simulation Results

The linealized dynamic model and the bounded sets defined previously have been
used to implement the RMPC-T. The prediction horizon has been set in h = 3 steps
and the ponderation gains and local robust controller gains have been tuned fol-
lowing the procedure detailed in [12]. The resulting invariant sets are defined in
Fig. 2b.

In order to demonstrate the effectiveness of the robust MPC for tracking ap-
proach, it has been compared with the robust MPC for tracking proposed in [1]
(RMPC) and the classical Computed Torque Control (CTC) approach. Both con-
trollers have been tuned to achieve maximum performance within the defined phys-
ical constraints. A senoidal trajectory in the XY plane and within the operational
workspace has been selected as reference (Fig. 2a).

TCP positioning errors and mean of the squared error (mse) performance in-
dexes are shown in Fig. 3. As it can be seen, the best performance is achieved by
the RMPC-T, reducing the tracking error in 47% in comparison with the RMPC and
30% with respect to the CTC. Hence, the proposed RMPC-T is able to adapt to the
future changing trajectory before changes actually occur, resulting in very low track-
ing error. The RMPC [1], however, considers a constant reference in its prediction
horizon, which penalizes its performance. Finally, the classical CTC is not able to
anticipate to future reference changes, and focuses in compensating the actual error,
which leads to larger trajectory tracking errors. Hence, the main advantage of the
proposed RMPC-T controller is demonstrated, which can be implemented to reduce
significatively the tracking error of parallel robots.

Fig. 3 Performance of Robust MPC, Robust MPC for traj. tracking and Computed Torque
Control approaches
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5 Conclusions

Control is a key issue in parallel robotics, as proper control approaches are required
in order to exploit the theoretical capabilities. In this work a novel Robust Model
Predictive Control approach for trajectory tracking (RMPC-T) has been presented,
and its application to a 5R parallel robot prototype detailed. Simulation results show
that this approach can provide enhanced tracking capabilities to parallel robots in
comparison with classical CTC or MPC approaches.
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der projects DPI2011-22955 and DPI2012-32882, the Government of the Basque Country
(Project IT719-13 and IT445-10) and UPV/EHU under grant UFI11/28 and UFI 11/29.
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Abstract. This paper examines parameter identification for six-degree-of-freedom 
(6-DOF) parallel manipulators, from the point of view of measurement 
redundancy. A redundant passive chain with a displacement sensor is installed 
between the moving stage and the machine frame, and is passively expanded and 
contracted by actuation of the 6-DOF manipulator. Linear encoders built in seven 
prismatic joints in the passive chain and six actuated chains measure change in 
length of the chains during traveling of the end-effector. Moreover, length error in 
one of the seven chains can be calculated from the forward kinematics of a 6-DOF 
parallel manipulator consisting of the remaining 6 chains. Consequently, 
comparison between the measured seven lengths and calculated seven lengths 
reveals seven length errors at each pose of the end-effector because seven 
combinations are possible. The least-squares method using a Jacobian matrix 
corrects 37 kinematic parameters so that the length errors of the seven chains are 
minimized. The above calculations were repeated until convergence in both 
numerical simulations and experiments employing a coordinate measuring 
machine based on the parallel manipulator. Moreover, coordinate measurement 
using a 3-D ball plate was performed to verify the identified parameters. The 
measurement result demonstrated that the average coordinate error of 0.161 mm 
was reduced to 0.066 mm. 

Keywords: parallel manipulator, hexapod manipulator, kinematic calibration, 
redundant passive chain. 

1 Introduction 

For the last half-century, many types of parallel kinematic manipulators have been 
applied to various industry fields, such as flight simulators, high-speed robots, and 
machine tools, because these manipulators allow for and provide dexterity, 
stiffness and high-speed capability. Parallel manipulators have great promise for 
application in precision machines such as coordinate measuring machines 
(CMMs) and precision positioning stages, because the parallel mechanism has 
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many advantages for improving the motion accuracy, such as higher stiffness, 
non-cumulative motion errors, smaller inertial mass of moving parts and Abbe-
error free due to observable angular motions[1]. 

These advantages allow the parallel manipulator to have great repetitive motion 
accuracy. However, it is difficult to improve absolute motion accuracy, namely 
volumetric accuracy, which is usually a systematic error caused by kinematic 
parameter errors of the manipulator. Various methods have been proposed to solve 
this problem via the kinematic calibration of such parameters [2], including 1) 
directly measuring the kinematic parameters, such as the position of a joint or the 
size of a link with other measurement devices, 2) changing the position and 
orientation of an end-effector and modifying the parameters until there is no 
difference from the target value, and 3) increasing the DOF of the measuring 
system in the manipulator, that is, adding more sensors so that  there are more 
sensors than there are DOF of the manipulator's motion. In other words, these 
methods use redundancy of the measuring system to identify the kinematic 
parameters [3–7]. Moreover, the third method includes mounting a sensor on a 
passive joint for redundancy or constraining one or more DOF of the 
manipulator's motion for redundancy. 

Here we discuss parameter identification based on measurement redundancy 
employing an additional sensor. A redundant passive chain equipped with a linear 
encoder to measure change in the length of the chain was installed between the 
moving stage and the machine frame of a Gough platform manipulator. The 
results of numerical simulations and experiments are reported. 

2 Calibration Method with One Redundant Chain 

Figure 1 illustrates a hexapod-type 6-DOF parallel manipulator, the so-called 
Gough platform, consisting of 6-SPS or 6-SPU chains. When each prismatic joint 
is actively moved by an actuator, the change in length of the chain can be 
measured by a displacement sensor installed in the prismatic joint. In addition, a 
redundant passive chain consisting of two spherical joints and a prismatic joint is 
installed between the moving stage and the machine frame. When the passive 
chain is expanded and contracted by actuation of the manipulator during traveling 
of the moving stage in its working space, a length sensor installed in the prismatic 
joint measures the change in length of the passive chain. Meanwhile, because six 
prismatic joints of the manipulator's chains also have length sensors, the pose of 
the moving stage can be calculated by using the forward kinematics of the 
hexapod manipulator. Thus, change in length of the passive chain can also be 
calculated by using the pose of the moving stage. However, there is a difference 
between measured length and calculated length, because the kinematic parameters 
of the forward kinematics contain geometrical errors before calibration. The least-
squares method using a Jacobian matrix corrects the kinematic parameters so that 
the length errors of this passive chain are usually minimized. However, the change 
in length of the passive chain becomes extremely small when the stage moves 
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perpendicular to the passive chain axis, and in such a case, kinematic parameters 
cannot be accurately identified. Employing a double-ball-bar system to measure 
the change in distance between the end-effector and a ball fixed on the surface 
plate eliminates this problem [6, 8], because the bar axis varies in direction during 
operation.  

 

Fig. 1 Kinematic parameters of 6-DOF parallel manipulator with one passive redundant 
chain 

In our previous study for calibrating a 3-DOF parallel manipulator[9], one 
passive chain was sequentially placed in three configurations with approximately 
right angles to each other for ensuring reliable expansion and contraction during 
traveling of the moving stage in its working space. In the present study, not only 
one passive chain but also six active chains are used for calculating the length 
error to minimize. In other words, length error in one of the seven chains can be 
calculated from forward kinematics of a 6-DOF manipulator consisting of the 
remaining six chains. Therefore, comparison between the measured seven lengths 
and calculated seven lengths reveals seven length errors at each pose of the end-
effector, because seven combinations are possible. The least-squares method using 
a Jacobian matrix corrects 37 kinematic parameters so that the length errors of the 
seven chains are minimized. Consequently, we believe this method avoids the 
insensible problem in measured length of the passive chains, because seven chains 
are configured in different directions. 

Figure 1 also depicts 37 kinematic parameters to be identified in this report, 
consisting of 30 parameters of 14-joint positions at the ends of chains, and seven 
parameters of the initial lengths of the seven chains, l0i. The i is the chain number 
(i=1,...,7). Note that 12 coordinates of these 14 joints' positions are fixed to two 
coordinate systems on the base platform and the moving stage, and are exempted 
from parameter identification. The length errors of seven chains at one pose of the 
end-effector, Δli ,  can be expressed by  

      Δ li = JΔφ  ,  (1) 

where J is a Jacobian matrix, Δφ is the error of the kinematic parameters. The 
length errors at n poses of the end-effector are 
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      Δ lin = Δli1 ,Δli2,,Δ lin[ ]T  .
 

(2) 

The Jacobian matrixes at n poses are 

    A = J1, J2 ,, Jn[ ]T  .
 

(3) 

Therefore, by using ordinary least-squares, we have 

      
Δφ = AT A 

 
 
 

−1
AT Δlin  .

 
(4) 

During each iteration, the nominal parameter values are updated by above Δφ. 
This procedure is iterated 30 times in this paper.  After that, the Δφ  were less 
than 1 µm in calibration simulation. 

3 Calibration Simulation 

Before calibrating for an actual parallel manipulator, we performed a computer 
simulation to verify the calibration method based on one passive chain. First, 
assuming geometrical errors of the manipulator's mechanical elements, we 
introduced random errors within ±1 mm into 37 kinematic parameters. Figure 1 
also indicates the link configuration of the manipulator used in both the simulation 
and the experiment. In addition, considering measurement errors of the 
displacement sensors including spherical joints' runouts in six chains, we added 
random errors with ±1-µm amplitude to calculated lengths of the seven chains, 
because pose errors were successfully diminished to approximately zero after 
calibration without the measurement errors. Positions of the end-effector were 
located as equally as possible on the 7 planes shown in Figure 2, and the 
orientations of the end-effector were randomly configured within ±0.2 rad around 
x, y and z axes. The number of calibration  poses increased from 50 to 300.  
 

 
 

Fig. 2 300-pose distribution in working space for calibration simulation and experiment 
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Fig. 3 Mean deviation of pose errors before and after calibration simulation 

As a result of the identification, the average length error of seven chains 
decreased from 1.77 mm to 0.11 µm (less than 10–4), even when 100 calibration 
poses were used. Figure 3 depicts the mean deviation of position errors and 
orientation errors of the end-effector before and after calibration. Although the 
pose error was mm-order and 10-mrad-order before calibration, the errors 
decreased to approximately 0.01 mm and 0.1 mrad when using more than 200 
poses. These bar charts also indicate that the pose error decreased in inverse 
proportion to the number of calibration poses. Moreover, introduced measurement 
errors of the seven chains ie. ±1 µm strongly affected on the calibration results. 
For instance, tenfold errors produce single-digit increase of the pose errors. In 
addition, parameter identification based on length errors measured by only one 
passive chain diverged the calculation, and not converged even when the 
measurement errors were introduced into only passive chain. 

4 Calibration Experiment 

The calibration method based on one redundant passive chain was demonstrated in 
an experimental manipulator shown in Fig. 4. The manipulator consisted of six 
active chains with two spherical joints (Hephaist seiko Co., Ltd., SRJ016C) and a 
prismatic joint. Each prismatic joint is expanded and contracted by an AC 
servomotor and a ball screw. Six linear scale units (Sony Laser Scale BS77+ 
BD11, measuring range: 70 mm, system accuracy: ±0.08 µm, measuring 
resolution: 0.01 µm) measured the change in length of six active chains when the 
end-effector moved to as many as 300 target poses, as in the calibration 
simulation. A plunger-type linear encoder (Heidenhain length gauge, MT60K, 
measuring range: 60 mm, system accuracy: ±0.5 µm, measuring resolution: 2 nm) 
equipped with two spherical couplings (Heidenhain, ID206310-01) at both ends 
was used as the passive chain. The length error of the seven chains was calculated 
by comparing the measured length with the length calculated from the forward 
kinematics. Identification of the kinematic parameters was performed by the least-
squares method in the same manner as in the simulation. After 100 iterations, the 
kinematic parameters were identified, because the correcting value of all 
parameters completely converged to less than one micrometer.  
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Fig. 4 Experimental manipulator and passive chain installed between frame and moving 
stage 

 

Fig. 5 Averaged length error of seven chains before and after calibration 

Figure 5 depicts the mean deviation of chains' length errors before and after 
calibration. This means that parameter identification reduced the average length 
error of seven chains from more than 1.1 mm to less than 0.4 mm. The reduction 
ratio was approximately one third in the experiment although it was one ten-
thousandth in the simulation described in chapter 3. It is expected that actual 
measurement error of the passive chain including runouts of the spherical joints 
were significantly worse than ±1µm assumed in the simulation. In addition, 
thermal deformation of the machine structure certainly spoiled the measurement 
accuracy because the measuring or 300-pose data acquisition lasted several hours 
in ordinary temperature environment. 

To verify the identified parameters after the calibration, we had the manipulator 
shown in Fig. 3 measure the balls' respective coordinates on the three-dimensional 
ball plate shown in Fig. 6, because this manipulator has a touch trigger probe 
system (Renishaw TP200) as an end-effector, and has a function of CMM. The 
ball plate measures 20x20x7 mm3 and consists of five 3/8"-diameter balls having a 
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sphericity error less than 0.13 µm. A commercial conventional CMM (Brown & 
Sharpe, Chameleon 765) calibrated the ball plate before the verification. 

The bar chart on the left side of Fig. 6 indicates the result of the ball plate 
measurement. Although mean deviation of measured coordinate errors of five 
balls were 0.161 mmMD (peak-to-peak value: 0.448 mmp-p) before calibration, the 
parameter identification decreased these errors to 0.066 mmMD (41%) and 0.258 
mmp-p (58%), respectively. 

 

 

Fig. 6 Configuration of 3-D ball plate and verification result for identified parameters 

5 Discussion 

In the verification experiment, the balls' coordinates were calculated by the 
forward kinematics with not only the identified parameters but also unidentified 
parameters related to the end-effector or the touch trigger probe. Using the method 
described in this paper, we were not able to identify these probe parameters in 
principle, because these parameters' errors have no effect on the length error of the 
passive chain. In other words, this method requires another identification only for 
probe parameters. The authors are considering identifying the probe parameters by 
using the coordinate errors of the 3-D ball plate. 

6 Conclusions 

A calibration method based on measurement redundancy has been described for 
identifying 37 kinematic parameters of a 6-DOF parallel manipulator. One passive 
chain was installed in the manipulator. Change in lengths of seven chains were  
calculated when the moving stage moves in the working space. During 
identification iterations, length errors of seven chains were reduced to 
approximately one 10-thousandth in numerical simulation and one third in the 
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experiment. Verifications for the identified parameters were performed in 
experimental measurement with a 3-D ball plate. The experiment showed that the 
identification reduced the measured deflections to approximately half of that 
before calibration. 

Acknowledgments. The authors acknowledge the support of the Grant-in-aid for scientific 
research of the Ministry of Education, Culture, Sports, Science and Technology, Japan. 

References 

1. Oiwa, T.: Precision Mechanisms Based on Parallel Kinematics. International Journal of 
Automation Technology 4(4), 326–337 (2010) 

2. Merlet, J.-P.: Parallel Robots, p. 289. Springer (2006) 
3. Nahvi, A., Hollerbach, M.J.: Calibration of a Parallel Robot Using Multiple Kinematic 

Closed Loops. In: Proc. IEEE Int. Conference on Robotics and Automation, pp. 407–
412 (1994) 

4. Zhuang, H.: Self-Calibration of Parallel Mechanisms with a Case Study on Stewart 
Platforms. IEEE Transactions on Robotics and Automation 13(3), 387–397 (1997) 

5. Wampler, W.C., Hollerback, M.J., Arai, T.: An Implicit Loop Method for Kinematic 
Calibration and Its Application to Closed-Chain Mechanisms. IEEE Trans. Robotics and 
Automation 11(5), 710–714 (1995) 

6. Patel, J.A., Ehmann, F.K.: Calibration of a hexapod machine tool using a redundant leg. 
International Journal of Machine Tools and Manufacture 40(4), 489–512 (2000) 

7. Chiu, Y.-J., Perng, M.-H.: Self-calibration of a general hexapod manipulator with 
enhanced precision in 5-DOF motions. Mechanism and Machine Theory 39(1), 1–23 
(2004) 

8. Takeda, Y., Shen, G., Funabashi, H.: A DBB-Based Kinematic Calibration Method for 
in-Parallel Actuated Mechanisms Using a Fourier Series. Journal of Mechanical 
Design 126, 856–865 (2004) 

9. Oiwa, T., Daido, H., Asama, J.: A calibration method for a three-degree-of-freedom 
parallel manipulator with a redundant passive chain. Applied Mechanics and 
Materials 162, 171–178 (2012) 

 
 



Non-singular Transitions Based Optimal Design
Methodology for Parallel Manipulators

M. Urı́zar, V. Petuya, M. Diez, E. Macho, and A. Hernández

University of the Basque Country, Faculty of Engineering in Bilbao
Mechanical Engineering Dept., Bilbao, Spain
monica.urizar@ehu.es

Abstract. In this paper, an optimal design methodology for three-degree-of-freedom
planar or spatial parallel manipulators is presented. In particular, cuspidal manipu-
lators, which own the ability of performing non-singular transitions, are addressed.
The design procedure incorporates the transitioning ability into the design crite-
ria. An initial stage of the procedure comprises the analysis of different designs by
means of characterizing configuration space entities. This gives an overall insight
into the capacities of the robot. Then, the dimensional synthesis focuses on cus-
pidal designs in order to find the set of optimum design parameters such that the
operational workspace is as larger as possible having also a regular shape. So as to
illustrate the methodology, the 3-SPS-S spatial orientation manipulator is used.

Keywords: parallel manipulator, non-singular transition, configuration space, di-
mensional synthesis.

1 Introduction

The design of parallel manipulators is usually approached by searching for the de-
sign parameters such that certain important requirements are achieved. From the
kinematic point of view, dimensional optimization processes are mainly focused
on: workspace [4, 5], kinematic performance indices [1], task development [6], ac-
curacy [2], etc.

In this paper, a design methodology basing on the ability of some parallel ma-
nipulators to perform non-singular transitions is presented [9, 3, 8]. In general, this
ability enables extending the range of motion of the manipulator, as the robot can
move between different regions of the workspace in a safety and controlled way.
Therefore, it is desirable to consider this property at the design stage.

Through this paper the guidelines of the proposed design methodology, valid for
planar or spatial three-degree-of-freedom parallel manipulators, will be explained
making use of the 3-SPS-S spatial orientation manipulator. Spatial orientation ma-
nipulators have a broad range of applications, such as: orienting a tool or a workpiece,
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camera devices, solar panels and space antennas, haptic devices, robotic wrists, etc. It
will be shown that some designs of the manipulator under study present the cuspidal-
ity property, and this influences significantly on the resultant operational workspace.
The dimensional synthesis will be approached using the design parameter space, in
which the set of possible designs are evaluated according to different indicators. The
workspace evaluation is considered in the optimization process, searching for opti-
mum designs that have a wider and regular workspace.

2 Guidelines of the Design Methodology

The design procedure aims at the optimization of the workspace exploiting the tran-
sitioning ability. The latter refers to the capacity of some parallel manipulators to
move among different solutions of the Direct Kinematic Problem (DKP) without
crossing any singularity. The main steps of the methodology are (highlighted in the
flow chart of Fig. 1):

• Kinematic problems: This includes solving the position and velocity problem,
and obtaining the characteristic polynomial (assess the number of DKP solutions)
and singularity loci.

• Configuration space: Analyze the entities of the configuration space, such as
the joint space, workspace and reduced configuration space. The visualization of
these entities for different designs gives an overall insight into the transitioning
ability.

• Locus of cusp points: Verify the existence of cusp points in singularity curves
inside joint space sections. For a manipulator under study, some particular de-
signs can have or not the cuspidality property.

• Dimensional synthesis: An optimization process based on the design parameter
space is proposed. The set of geometric parameters establishes three-dimensional
graphs, each point of the graph corresponding to a specific design. Each design
is characterized according to different features, two main design goals being the
existence of cusps in the joint space and the workspace evaluation, regarding its
size and shape.

3 Case Study: 3-SPS-S Parallel Manipulator

3.1 Kinematics

The spatial orientation 3-SPS-S parallel manipulator shown in Fig. 2a will be stud-
ied. It is made up of a moving platform OB1B2B3, a base platform OA1A2A3, and
three extensible limbs denoted by li. Both platforms take the form of a tetrahedron,
connected one to each other by a fixed spherical joint at point O. The robot has
3-DoF, the Euler angles (φ ,θ ,ψ), defining the orientation of the moving platform.

The fixed spherical joints Ai are located on the principal axes of the fixed frame
F {x,y,z} fulfilling |−→OAi| = R, for i = 1,2,3. Besides, joints Bi are located with
respect to the moving frame M {u,v,w} (see Fig. 2b) as follows:
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Fig. 1 Flow chart of the proposed design methodology

M b1 = L [0,0,1]T (1)
M b2 = L [b2u,0,b2w]

T = L [cβ2,0,sβ2]
T

M b3 = L [b3u,b3v,b3w]
T = L [cβ3cγ3,cβ3sγ3,sβ3]

T

The vector F bi, or simply bi, expressed with respect to the fixed frame F is:

bi = [bix,biy,biz]
T =F

M RM bi (2)

The loop-closure equation for each limb is li = bi−ai, which results in the following
system for i = 1,2,3:

l2
i = a2

i +b2
i − 2aT

i bi (3)

From Eq. 3, the inverse kinematics yields one possible solution for li. The direct
kinematics, solved in Tsai [7], presents a maximum of eight DKP solutions.

So as to solve the velocity problem the loop-closure equations are differentiated
with respect to time, obtaining the Jacobian matrices:

JDKP =

⎡
⎣(b1 × l1)T

(b2 × l2)T

(b3 × l3)T

⎤
⎦ ; JIKP =

⎡
⎣l1 0 0

0 l2 0
0 0 l3

⎤
⎦ (4)
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(a) (b)

Fig. 2 (a) Spatial orientation 3-SPS-S parallel manipulator; (b) Design parameters of the
moving platform

The inverse Jacobian matrix, JIKP, is singular only whenever any of the prismatic
limbs has zero length, which cannot be achieved in practice. Hence, we focus on the
analysis of the DKP singularity locus, given by the nullity of the determinant:

|JDKP|=−R3L3 · sθ ·ξ (5)

where

ξ = c2φcθ (b2w(b3usψ + b3vcψ)− b3w(b2usψ))− c2φsθ (b3vb2u) (6)

+ c2ψsθ (b2ub3v)+ sθcψsψ(b2ub3u)− cθ (b2w(b3usψ + b3vcψ))

+ sφcφ(b2w(b3ucψ − b3vsψ)− b3wb2ucψ)

Equation 5 shows that the determinant of JDKP factorizes into three terms:

• The constant R3L3 does not affect the shape of the DKP singularity locus. With-
out loss of generality, the values R = 1 and L = 0.5 will be assigned.

• The second term corresponds to the function: sθ . So as to avoid the singularity
planes θ = 0 and θ =±π , the interval θ ∈ (0,π) will be considered.

• The expression ξ depends on the output variables (φ ,θ ,ψ), and on parameters
(β2,γ3,β3). Thus, (β2,γ3,β3) comprise the set of design parameters.

3.2 Configuration Space Entities

The entities belonging to the configuration space such as workspace, joint space
and reduced configuration space are characterized for different designs, analyzing
the influence of the non-singular transitioning ability.
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• Case 1: Similar Platforms

The first case under study establishes a design of the moving platform such that it
is similar to the fixed base. For that, the geometric parameters are: β2 = β3 = 0 and
γ3 = 90◦. The expression of the DKP singularity locus, given by Eq. 6, yields:

ξ = sθ (cψ − cφ)(cψ + cφ) (7)

It is factorized into the function sθ , and the product of two planes. These planes
divide the workspace (φ ,θ ,ψ) into eight aspects, so Vcase1 = VT/8 being VT =
4π3rad3 the total volume. Each DKP solution lies inside each aspect, non-singular
transitions being not possible. This is corroborated with the non-existence of cusp
points inside any section of the joint space.

• Case 2: Joints (B2,B3) on a plane

The second case under study locates joints (B2,B3) on the uv-plane, such that β2 =
β3 = 0 and γ3 ∈ (0,90◦). The singularity locus yields:

ξ = sθ [cγ3sψcψ + sγ3(c
2ψ − c2φ)] (8)

Yet again, expression ξ factorizes into the function sθ , and a trigonometric ex-
pression depending on outputs (φ ,ψ) and geometric parameter γ3. Let us analyze
a design of Case 2 having γ3 = 30◦. The workspace for θ const is shown in Fig.
3a. Contrary to Case 1, only four aspects exist, so that the operational workspace
is duplicated Vcase2 = 2Vcase1 = VT/4, because the robot can move between solu-
tions located inside the same aspect. This is in accordance with the existence of
cusp points in joint space sections (see Fig. 3b). Non-singular transitions can be
performed between regions where different solutions lie, as for example regions 1
and 2 in Fig. 3a. It is interesting to search for designs that yield a regular workspace,
such that the range of motion of the output variables is as much invariant as possible.
The ratio H = h/r serves as an indicator of regularity. Its evolution depending on γ3

is represented in Fig. 3c. Small values of γ3 yield a more regular workspace (H ≈ 1).
One of the extreme values, γ3 = 90◦, coincides with Case 1, and verifies H = 0, no
connection between different regions is possible. The other extreme, γ3 = 0, is a
very special case, in which the moving platform is planar and the singularity curves
evolved into planes.

• Case 3: General design

The last case corresponds to a general design of the moving platform. The three
dimensional parameters (β2,γ3,β3) can be assigned any value in the range (0,90◦).
Let us analyze one arbitrary design: β2 = β3 = 45◦ and γ3 = 70◦. The workspace
presents two aspects, as shown in Figs. 4a and 4b. Consequently, designs of Case 3
exhibit the maximum operational workspace: Vcase3 =VT/2. Nevertheless, the shape
that the singularity surface acquires in the workspace, and in the joint space (Fig.
4c), is much more complex. Cusp points exist in the joint space, and visualizing the
reduced configuration space for l1 = 1.2 (Fig. 4d) the possibility of transitioning
among solutions S1 and S2 is easily observed.
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(a) (b)

(c)

Fig. 3 Case 2: (a) Workspace section; (b) Joint space; (c) Ratio H = h/r

3.3 Dimensional Synthesis

The design optimization process is based on the design parameter space proposed
in [4]. It is a 3D graph formed by a set of points (that constitute all possible designs),
each point being assigned a numeric value regarding the feature under evaluation.
The process does not strictly achieve an optimum design, but that a set of most
favorable designs that comply with the established requirements is obtained.

The designs of Case 3 have the maximum workspace, but the drawback of these
designs lies in the complexity of the singularity locus. Hence, following the idea
proposed in Case 2, two indicators to evaluate the workspace are implemented. The
first one, R1, evaluates the regularity of the singularity curves among different sec-
tions of θi ∈ (0,π). The second indicator, R2, assesses the quality of the curves in
each θi section, penalizing the designs for which the curves cover a larger region.
The design parameter space, formed by parameters (β2,γ3,β3), is shown accord-
ing to R1 and R2 in Figs. 5a and 5b respectively. The blue colored points indicate
the geometric parameters corresponding to optimum designs, and the red ones the
worst. The optimum design parameter space can be computed by intersecting the
best values of both graphs. Any point belonging to the resultant optimum space
constitutes a valid design complying with the established requirements. For exam-
ple, the following design: β2 = 15◦, γ3 = 10◦ and β3 = 20◦ is an optimum design
with regular workspace, maintaining a similar pattern of the singularity curves in
different sections of the workspace.
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(a) (b)

(c) (d)

Fig. 4 (a) Workspace, (b) section; (c) Joint space; (d) Reduced configuration space

(a) (b)

Fig. 5 Design parameter space according to indicators (a) R1 and (b) R2

4 Conclusions

In this paper, a design methodology for planar or spatial 3-DoF parallel manipula-
tors, that exploits the transitioning ability of cuspidal manipulators has been pre-
sented. In order to show the potential of the methodology, it has been applied to
the 3-SPS-S manipulator. The procedure bases on the characterization of configu-
ration space entities so as to analyze the influence of the transitioning capacity on
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the resultant workspace. Then, making use of the design parameter space approach,
indicators that assess the operational workspace are proposed. Future work could
enlarge the methodology by incorporating additional indicators as for example dex-
terity evaluation or other significant features.
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Abstract. This work presents the quantification of the improvement in the high-
cycle fatigue strength of machine parts manufactured with medium-carbon steels 
by means of low-plasticity burnishing. A complete experimental study has been 
performed on specimens: surface integrity, in-depth residual stresses, residual 
stresses relaxation, alternating bending fatigue tests and fractographic analysis. 
The tests show that the fatigue strength of ball-burnished components is signifi-
cantly improved in the range 104 to 106 cycles, and the fatigue limit is increased 
by 20%. The residual stresses in the surface layer are non-isotropic biaxial com-
pressive stresses varying in time because of stress relaxation. The quantitative data 
here provided are the modifying coefficient for the Marin equation and a uniaxial 
effective mean stress for each stress level. For fatigue calculations, this effective 
constant mean stress is equivalent to the effects produced by ball burnishing, and 
is an alternative to the calculations based on modifying coefficients.  

Keywords: Machine design, Fatigue analysis, Ball burnishing, Medium carbon 
steels, Life prediction. 

1 Introduction 

Surface treatments are an effective way to improve the fatigue behaviour of me-
chanical elements. Ball burnishing, or low-plasticity burnishing (LPB), is a rela-
tively new finishing process based on pressing and rolling a hydraulically floated 
ball along the surface of the component being treated [4], in such a way that the 
surface asperities are plastically deformed (see Fig. 1). As a result, the surface 
roughness is improved and a field of compressive residual stresses is generated in 
the outer layers of the burnished component; both effects help to the improvement 
of the fatigue strength.  

Fatigue calculations of machine parts are usually based in the Basquin curve, 
obtained from the strength-lifetime curve of the material by means of the Marin 
equation using the modifying coefficients of the fatigue limit. The literature on 
machine design gives recommended values of these coefficients [1], which are 
meant to quantify the differences between the specimens used in the fatigue tests  
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Fig. 1 Ball burnishing of a machined surface 

and the actual components being designed. However, few values of the modifying 
coefficients can be found for modern manufacturing processes, as LPB, being the 
motivation of the research presented here. 

LPB can be included in the same group as other surface treatments such as 
shot-peening (SP), laser shock-peening (LSP), cavitation shotless peening and 
surface rolling. These techniques cause compressive residual stresses in the sur-
face of the treated component, improving the material’s fatigue behaviour. Addi-
tionally, some of these processes produce a mirror-finished surface, which also 
contributes to enhanced high-cycle fatigue strength. Most of these processes gen-
erate isotropic residual stresses, which differs from the orthotropic residual 
stresses generated by LPB. Also, the surface finish in ball-burnished specimens 
has a quasi-mirror quality instead of the dimpled surface produced by shot-
peening and other techniques. In summary LPB is a surface mechanical treatment 
generating high compressive residual stresses in the surface layers and producing 
a high quality surface finish. 

2 Experimental Set-Up 

The material chosen for this research was AISI 1045 steel. Ball burnishing of the 
fatigue specimens was carried out in a turning centre (see Fig. 2). The burnishing 
system consisted of a high-pressure hydraulic pump and a 6 mm diameter burnish-
ing tool connected via high-pressure hoses. The process was performed using an 
emulsion-type coolant (92% water, 8% coolant). The pressure was supplied by a 
hydraulic pump capable of pumping at a maximum of 40 MPa. A ceramic ball 
was pressed against the surface of the work-piece, to make the material flows from 
the peaks to the valleys of the surface micro-irregularities. In this hydrostatic 
technology, the normal force depends only on the pump pressure. The choices of 
the burnishing parameters is based in previous works from the authors [5] and are 
listed here: fluid burnishing pressure 10 MPa, burnishing feed per revolution 0.05 
mm/rev and burnishing speed 75 m/min. A total of 120 DIN 50113 (150 mm 
length, 8 mm diameter) fatigue specimens were manufactured; 60 of them were 
then ball-burnished in the zone shown in Fig. 2. 
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Fig. 2 Ball burnishing set-up and DIN 50113 fatigue specimen 

The tensile properties of the material were obtained by means of four speci-
mens; the average value of the tensile strength σut is 869 MPa and the yield 
strength σyp is 727 MPa. The surface roughness was measured with an optical 
profilometer using a Gaussian filter with a 0.8 mm cut-off. The average roughness 
Ra is 0.68 μm for the original specimens and 0.12 μm for the ball-burnished ones. 
Fig. 3 shows the 2D profiles of the surface roughness of the untreated and ball-
burnished specimens. 

 

Fig. 3 Surface roughness of the fatigue specimens 

The thickness of the layer of material deformed during LPB is 10 to 20 μm. The 
hardness of the ball burnished specimens is increased up to 20%, to a depth of 
about 0.3 mm with a maximum of 360 HBN, the hardness in the centre zone of the 
ball-burnished specimens, about 275 HBN. The grain size in the affected zone is 
reduced to a 50%.  The in-depth residual stresses were measured in the axial direc-
tion in the surface zone (to 0.45 mm depth) in the middle section of one untreated 
and one ball-burnished specimen; the results are presented in Fig. 4. The untreated 
specimens have a compressive surface residual stress of 60 MPa (up to -140 MPa 
under the surface). LPB produces a 0.4 mm thick compressive layer where the 
outer surface residual stress is about -600 MPa.  
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Fig. 4 Residual stresses in axial direction 

In summary, with the parameters used in this work, LPB of AISI 1045 steel 
specimens produces four main effects in the surface zone: reduction of the rough-
ness, a 50% reduction in the grain size, compressive residual stresses in the sur-
face layer, and a 20–25% increase in the HBN material hardness. These effects are 
beneficial from a fatigue point of view, resulting in a significant enhancement of 
the fatigue behaviour of the ball-burnished specimens. 

The fatigue tests were done in a Zwick-Roell UBM 200tc rotating bending fa-
tigue machine. Fig. 5 shows the results, where the fatigue limit obtained for the 
untreated material is 352 MPa. According to the roughness measurements the 
surface finish modifying factor cs of the fatigue limit is 0.96 in this case [1], then 
the bending fatigue limit of the material is ߪ௡ᇱ  =352/0.96=367 MPa. The equation 
of the mirror polished specimens (untreated) is: ߪே ൌ 1960 ܰି଴.ଵଶ    (1) 

being σN the fatigue strength at N cycles. The equation of the ball-burnished 
specimens is: ߪே௕௕ ൌ 1100 ܰି଴.଴଺଺    (2) 

where ߪே௕௕ is the fatigue strength of the ball-burnished specimens at N cycles. 
The scatter of the results is slightly higher for the ball-burnished specimens in 

comparison with the untreated ones. However, this scatter is still low, being a clue 
of the regularity of the burnishing process applied. The fatigue fractures of the 
ball-burnished specimens were examined in order to have a qualitative under-
standing of the effects of ball-burnishing in the nucleation and propagation of the 
fatigue cracks. Fig. 6 shows the fracture sections of two specimens: specimen-1 
(Fig. 6, left side) and specimen-2 (Fig. 6, right side). The specimen-1 broke after 
19,000 cycles at 560 MPa; the specimen-2 broke after 2,400,000 cycles at 440 
MPa. The fracture surface of specimen-1 shows a crenelated shape caused by 
several fronts of cracks nucleated along the surface (Fig. 6.a) and also it is ob-
served the presence of secondary cracks in the zone close to the fracture surface.  
No secondary cracking have been observed in the specimen-2 and the fatigue  
fracture is caused by a single crack nucleated in the surface. 
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Fig. 5 Rotating bending fatigue tests results 

Microscopic analysis shows that fatigue cracks are prone to nucleate in the 
boundaries between the surface patches produced by LPB (caused by the non-
uniform plastic flow of the material). These boundaries behave as stress concen-
trators, favouring fatigue crack nucleation. 

 

 

Fig. 6 Points of crack nucleation in specimens 1 and 2 

3 Data for Fatigue Calculations 

According to Eqs (1) and (2), the relation between the fatigue strengths of the ball-
burnished and the untreated specimens from 30,000 to 106 cycles is: 

ே௕௕ߪ                   ൌ  ଴.ହସ    (3)(ேߪ) 18

the coefficient cbb (Fig. 7) is: 

   ܿ௕௕(ܰ) ൌ ఙಿ್್ఙಿ ൌ 0.56 ܰ଴.ହ଺   (4)  
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As an alternative to the use of the Marin equation, an equivalent mean stress 
can be found that causes the same improvement in the fatigue behaviour as the 
ball-burnishing. This uniaxial “effective mean stress” ߪ௠௘௙ is compressive and 
constant in time (no relaxation), and uniform along the specimen section (no gra-
dient). The criterion of Dietmann [3] is assumed a good one to take into account 
the effect of moderate compressive mean stresses in the fatigue behaviour of duc-
tile steels:  

ቀఙ೙್್ఙ೙ᇲ ቁଶ + ఙ೘೐೑ఙೠ೟ ൌ 1               (5) 

where ߪ௡ᇱ  is the fatigue limit of the untreated material and ߪ௡௕௕ the fatigue limit of 
the ball-burnished specimens; the effective mean stress is in this case:  

௠௘௙ߪ  ൌ ௨௧ߪ ቆ1 െ ቀఙ೙್್ఙ೙ᇲ ቁଶቇ ൌ ௨௧(1ߪ െ ܿ௕௕ଶ ) ൎ െ400 (6)         ܽܲܯ 

 

Fig. 7 LPB modifying coefficient 

Cyclic stress relaxation causes a reduction in the beneficial effects of LPB. As 
Fig. 5 shows, the effect of LPB, mainly the compressive residual stresses σres 
(macro-stresses) vanishes quickly for stress amplitudes σa over 550 MPa, but re-
mains for millions of cycles in the fatigue limit zone ~450 MPa. To collect ex-
perimental data on the rate of stress relaxation for intermediate stress levels, two 
ball-burnished specimens (3 and 4) were tested at 490 MPa (the estimated life is 
N=246,000 cycles) by measuring the surface axial and tangential residual stresses 
using X-Ray diffraction  at 0, 25,000, 50,000, 100,000, and 150,000 cycles. 
Specimen-3 finally broke in 300,000 cycles and specimen-4 in 260,000 cycles; 
Fig.8 shows the time evolution of the residual stresses. 
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Fig. 8 Relaxation of the biaxial residual stresses (logarithmic equation) 

The effective mean stress depends on the life N (see Fig. 9): 

௠ே௘௙ߪ        ൌ ௨௧ߪ ቆ1 െ ൬ఙಿ್್ఙಿ ൰ଶቇ ൌ ௨௧൫1ߪ െ ܿ௕௕ଶ (ܰ)൯  (7) 

making use of Eqs (1), (2) and (7) it results: 

௠ே௘௙ߪ             ൌ 870 െ 275 ܰ଴,ଵଵ    (8) 

 

 

Fig. 9 Effective mean stress versus number of cycles 

Multiaxial fatigue calculations based on the actual stresses, the sums of the ap-
plied stresses plus the biaxial residual stresses, in ball-burnished components are 
difficult because the relaxation makes it necessary to use complex multiaxial cu-
mulative damage methods [6,7]. Additionally, the residual stress relaxation had to 
be experimentally obtained for every stress level in axial and tangential directions, 
which is burdensome and expensive. Because of these problems, two alternatives 
have been proposed here: effective mean stress and modifying coefficients. De-
sign and analysis engineers most commonly use the second method. However, the 
first method (similar to the use of stabilized residual stresses [2]) is useful  
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for instance when a component is only partially ball-burnished. The comparisons 
of LPB with other alternative finishing processes as SP and LSP are strongly  
dependent on the process parameters and the material, but assuming conventional 
values for SP and LSP and medium carbon steels as AISI 1045 Table 1 summariz-
es the comparison of several mechanical properties based in bibliography data [8] 
and the results presented in this work.   

Table 1 A comparison among LPB, SP and LSP finishing processes 

 high medium low 

reduction of surface roughness LPB SP & LSP 

cold-work SP LPB LSP 

depth of compressive residual stresses LSP LPB SP 

stress relaxation rate SP LPB LSP 

fatigue strength LSP LPB SP 

4 Conclusions 

Low-plasticity burnishing causes four main effects in the specimens: surface biax-
ial compressive residual stresses of about 630 MPa in the axial direction and 350 
MPa in the tangential direction, a high-quality surface finish, a 50% reduction of 
the grain size in the surface zone, and a 20–25% increase in the HBN surface 
hardness. These effects enhance the fatigue behaviour, mainly the residual 
stresses; the rotating bending tests show a progressive improvement of the fatigue 
strength in the range of 30,000 to 106 cycles. It was found that the fatigue limit 
increased by 20%, which corresponds to a modifying coefficient cbb equal to 1.21 
at 106 cycles for the Marin equation. The residual stresses in the surface are biax-
ial and non-isotropic, decreasing in time due to cyclic relaxation. However, for 
every stress amplitude σa, it is possible to find an effective uniaxial and constant 
mean stress ߪ௠ே௘௙ , equivalent to the actual residual stresses from a fatigue point of 
view; the law of variation of this effective mean stress with life N was also pre-
sented. Calculations based on the effective mean stress are useful at times, for 
instance when a component is only partially ball-burnished, because the same 
Basquin curve is valid for any point in the component, which avoids the need to 
consider different curves as is the case with the modifying coefficient option. 
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Models for Determining the Static Stiffness  
of Collet Sleeves 
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Abstract. The most versatile general purpose clamping device is collet chuck. 
Most of collet chucks use solid thin slotted clamping sleeves made of a hardened 
steel and ground to a high degree of accuracy on both internal and external sur-
faces. This paper first presents a straightforward analytical model to determinate 
the static stiffness of collet sleeves. Second, it presents the Finite Element Method 
(FEM) analyses that were conducted to check the proposed analytical model. 
Third, it describes an automatic (wedge-actuated) prototype, which was designed 
and built for determining the static stiffness of collet sleeves. The proposed ana-
lytical model was verified by means of Finite Element Analyses (FEA) and  
experimental investigations. The results will confirm the linear behavior of the 
models with excellent levels of correlation. The work results provide reliable theo-
retical and technical supports for the optimization of the design and application of 
collet sleeves. 

Keywords: Collet stiffness, Clamping force, Wedge hook chuck, Finite Element 
Analysis (FEA). 

1 Introduction 

Some of the most important devices in machine tools are collet chucks, which are 
often used in turning, milling, grinding and inspection. Collet chucks must achieve 
high rotational speeds while maintaining good rotational accuracy. Majority of 
collet chucks use solid thin slotted clamping sleeves made of hardened steel and 
ground to a high degree of accuracy on internal cylindrical\tapered and external 
cylindrical\tapered surfaces. 

It was found that static stiffness of a collet chuck can be quite high, only ≈ 5% 
less than a monolithic or shrink-fit connection [5]. It has to be noted, however, 
that relatively minor design and fabrication specifics may result in significant 
changes of the stiffness parameters. Jeong-Du Kim and Kyung-Duk Kim [2], pro-
posed a novel method to eliminate burrs in spring collets made of chrome-
molybdenum by abrasive flow machining. Obviously, burrs affect to the stiffness 
behavior of collets. 

M. Tsutsumi [7] developed a detector, based on strain gages, to measure the 
clamping force of manual collet chuck holders, in its static state. However, it was 
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shown that spring collets, with thin slotted clamping sleeves, have poor repeatabil-
ity of the clamping force distribution. For this reason collet chucks for high speed 
or high precision operation have a wedge-actuated axial tightening system pre-
venting distortions and thus improving concentricity and balancing conditions [4]. 

Since a collet chuck is, essentially, a wedge mechanism. Thus, the clamping 
force depends, for a given driving force to the mechanism, on efficiency of the 
wedges, on friction coefficient at the clamping surfaces, on clearance between 
collet and workpiece or tool and on collet stiffness [6]. Thus, the exact computa-
tion of collet stiffness ensures a safe high-speed cutting process, and makes it 
possible to fully utilize the potential of modern machine tools. 

In the field of automatic collet chucks, two alternatives of clamping mechan-
isms are proposed, collet chucks can be driven by pushing and by pulling, Fig. 1. 

The basic principle of collet chuck holders is the wedge effect, Fig. 1. The axial 
movement of the collet (2) or the cone (4) will make the jaws of the collet expand 
or contract, moreover the applied axial force will increase the normal force on the 
collet and thus the friction force and the transmitted torque will be also increased, 
such that the collet can expand and contract thus creating the clamping movement. 
Automatic collet chuck holders can be designed for external or internal clamping, 
collet chuck holders for internal clamping are called expanding mandrels. 

In this paper, the analytical model used to explain the collet deflections me-
chanisms is based on a conventional elasticity problem. It also presents the Finite 
Element Method (FEM) analyses that are conducted to check the analytically ob-
tained results. Finally, a prototype is designed and built, which confirms the ob-
tained results. Besides, the prototype can be used as collets manufacturer fixture. 
Dead-length collets [1] for automatic chuck holders are tested. 

The 3D FEM analysis was conducted using the commercial package ANSYS. 
The proposed analytical model was implemented in Matlab. 

 

Fig. 1 Automatic collet chuck driven by pushing and by pulling. 



Models for Determining the Static Stiffness of Collet Sleeves 377 

2 Analysis of the Clamping Mechanisms 

The operating principle of automatic collet chuck holders can be described ma-
thematically through a two dimensional model, as shown in Fig. 2. Considering an 
uniform distribution of contact pressure p, only satisfied when both tapered con-
tact surfaces has the same length, the normal force Fn, generated by the contact 
pressure p, can be expressed as the integral between the maximum and the mini-
mum radius of the collet tapered surface, Eq. (1). Where rs is the maximum radius, 
ri is the minimum radius and r is the radius for the area element, dA. It is assumed 
that normal wear, δn, is uniform for all points of the tapered surface. Therefore, the 
maximum pressure occurs for the minimum value of the radius, ri, Eq. (2). 

 

Fig. 2 Cone-collet contact pressure 
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Thus, as shown in Fig. 2, the driving force Fd is given by Eq. (3). 
The friction coefficient between the cone and collet surfaces is µ . When tanα ≈ 

µ , in order to unclamping the joint will be required an opposite force equal to the 
driving force Fd. 

Since the magnitude of the driven radial displacement of the spring collet jaws 
is very small and can be compared to the tolerances of collets and workpieces, it is 
necessary to exactly determinate the tolerances to predict the clamping force. 
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The maximal and the minimal clearances are determined by the tolerances of 
the collet and the workpiece, Fig. 3. These relationships are expressed in Eq. (4) 
and Eq. (5). On the other hand, the diameter of the internal surface of the collet 
must be equal to the diameter of the clamped diameter of the workpiece in its 
working state. 

 

Fig. 3 Dimensions of the collet and the workpiece 
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Each collet jaw can be considered as a cantilever, Fig. 4. Using the elementary 
classical model Eq. (6) it is possible to analytically estimate the maximal deflec-
tion ε, produced by the clamping force Fs. The radial stiffness of the collet jaw kR, 
is given by Eq. (7) and moreover the amount of the clamping force used for de-
forming the collet ΔFs, Eq. (8). So it is possible to calculate the needed increasing 
in the driving force. 
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Fig. 4 Equivalent representation of a collet jaw 

3 FEM-Analysis  

This section presents the FEM analyses that were conducted to check the proposed 
straightforward analytical model. For performing the simulations by means of 
FEM, a commercial code was used (ANSYS). For all simulations the geometry of 
study corresponds to a basic expanding mandrel driven by pulling with collets 
according to the DIN 6343 standard [1]. Geometry and dimensions of analyzed 
mandrel and collet are summarized in Fig. 5 and table 1. Mandrel parts were cho-
sen of steel, for sake of simplicity the mechanical behavior of materials were con-
sidered to be elastic perfectly plastic materials and the von Mises criterion was 
used as well, table 2. 

 

Fig. 5 Mandrel and collet geometry 

Table 1 Mandrel and collet dimensions in mm 

DFf7 Bh6 LF L1 L2 Q M 

19.70 14 35 11 6 5 5 
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Table 2 Components materials 

Component Material Elastic  

Modulus 

(GPa) 

Poisson  

ratio 

Yield 
Strength 

(MPa) 

Cone 18CrMo4 210 0.28 685 

Collet 50CrV4 210 0.28 950 

Piston C45E 210 0.2 430 

 
In order to check the proposed analytical model, during the collet expansion and 
thus, the amount of clamping force required to reach the workpiece or the cutting 
tool and its static radial stiffness, a 3D model was adopted and implemented in 
ANSYS software. The model consisted of two parts, collet and driving cone. The 
model was homogeneously meshed with a total of 23145 ten-nodes tetrahedral 
elements. Diverse meshes were considered until required convergence in results 
was achieved. A Cartesian coordinate system has been used (X, Y, Z), Fig. 6, 
fixed on the collet which origin is placed at the front of the model. 

The nonlinear simulations were carried out considering friction between both 
bodies, µ = 0.09 [3]. As shown in Fig. 6, driving forces Fd, applied in the longitu-
dinal direction of the collet, were varying between 25 N to 250 N, the end of the 
driving cone was fixed. 

 

Fig. 6 Coordinate system and applied loads 

4 Experimental Bench Device and Test 

Fig. 7a shows the automatic device developed for the collet experimental test. 
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Abstract. An index is introduced, the minimum degree of constraint satisfaction,
which quantifies the robustness of the equilibrium of an object with a single scalar.
This index is defined under the assumptions that the object is supported by forces
of known lines of action and bounded amplitudes, and that the external perturbation
forces and moments vary within a known set of possibilities. A method is proposed
to compute the minimum degree of constraint satisfaction by resorting to the quick-
hull algorithm. The method is then applied to two examples chosen for their simplic-
ity and diversity, as evidence of the broad spectrum of applications that can benefit
from the index. The first example tackles the issue of fastening a workpiece, and the
second, the workspace of a cable-driven parallel robot. From these numerical ex-
periments, the minimum degree of constraint satisfaction proves useful in grasping,
cable-driven parallel robots, Gough-Stewart platforms and other applications.

Keywords: Kinematic index, dexterity, manipulability, kinematic sensitivity, grasp-
ing, stability, cable-driven robot, wire-driven robot, Gough-Stewart platform.

1 Introduction

In mechanism and structure design, the definition of a sound and meaningful perfor-
mance index that would apply to a wide variety of situations would be of tremendous
help. Such a concept would allow the automation of a part of the design process,
enabling a systematic scan of the possible solutions. With this objective in mind,
several researchers have proposed indices—see the excellent review by Merlet [5].

Among the most popular indices, we find the manipulability, originally pro-
posed by Yoshikawa [9]. This index represents the volume of the ellipsoid obtained
by mapping the unit-sphere through the Jacobian matrix of a robotic manipulator.
Hence, the manipulability represents a geometric average of the kinematic sensitiv-
ity of the robot. If the kinematic sensitivity is null in one direction of motion, then
the ellipsoid becomes flat, and its volume zero. This implies that the robot cannot
support an object in this direction of motion. The drawback of this approach is that
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a manipulator may be very close to instability while retaining a large manipulability
if its associated ellipsoid is thin along one dimension and thick along the others.

Another widely used index is the dexterity, as defined by Salisbury and Craig [7].
Geometrically, this index measures the distortion of the ellipsoid associated with the
Jacobian matrix of a manipulator by taking the ratio of its largest semi-axis to its
smallest. The problem with this approach is that it does not account for the size of
the ellipsoid. Thus, the concept of capacity is occluded by that of evenness.

Another drawback of dexterity is that it is ill-defined when the Jacobian matrix is
not dimensionally-homogeneous, a problem that has been noted by several authors.
Workarounds have been proposed [1, 8, 4], but all of them entail some arbitrari-
ness, and, perhaps for this reason, have not generally received acceptance from the
robotics community. In this paper, we propose a normalisation that is no less ar-
bitrary than those proposed previously, but that has the merit of being simple and
straightforward. In any case, as was pointed out by Park and Kim [6], “arbitrariness
is an unavoidable consequence of the geometry of SE(3).”

Most importantly, the dexterity and the manipulability do not account for the
varying force and moment capabilities of the actuators, nor for the external forces
and moments that the object has to support. In general, the designer can and must
evaluate these constraints during the design process.

In this paper, we take into account the actuator capacities, as well as the set of ex-
pected external forces and moments, and incorporate them into the definition of our
performance index. These assumptions are formally explained in section 2. In sec-
tion 3, we define the proposed index, various examples of increasing complexities
are presented in sections 4 and 5, and a summary is given in section 6.

2 Mechanical Model of a Structure Supporting an Object

We start from a rigid body in space, whose free-body diagram is shown in Fig. 1.
This object is subjected to a system of external forces (e.g., gravity or air friction),
which we represent by their resulting force at E and moment, fe and ne. The location
of point E generally depends on the application considered, and experience shows
that the choice of E is usually straightforward. The external wrench is to be balanced
by the forces fi, i = 1, . . . ,m, applied by the supporting structure on the object at the
corresponding points Ci, i = 1, . . . ,m. We assume that the directions of these forces
are known and given by unit vectors ui, i = 1, . . . ,m. When the supporting forces
come from physical contacts between the object and the structure, this implies the
absence of friction, and vectors ui pointing towards the object. When the object is
suspended by a cable, then ui points in the direction opposite to the object.

From Fig. 1, the equations of static equilibrium are

Wf+we = 06, (1)
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···
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· · ·
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Fig. 1 Free-body diagram of an object in space
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...
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(1/r)ne

]
,

fi is the amplitude of the ith force, 03 is the three-dimensional zero vector, and r2 =
(1/m)∑m

i=1 ‖ri‖2
2 is used to render the equations dimensionally homogeneous. One

may see a problem occuring when r = 0 m, that is when all points Ci, i = 1, . . . ,m,
are located at E . In such a case, all forces are concurrent at E , so that the rigid body
becomes a particle, and a sum of moments is no longer needed.

We assume that the external wrenches we that could be applied on the object by
its environment form a known polytope, the set of task wrenches T , or

T = {we ∈ R
6 : we =

n

∑
j=1

α jwe, j ,
n

∑
j=1

α j = 1, α j ≥ 0, j = 1, . . . ,n}. (2)

The designer generally has an approximate idea of the wrenches that will be applied
by the environment, which he or she can approximate with the polytope T .

We also work under the assumption that the structure can only withstand forces fi

within given ranges, e.g., the limited resistance of the contact surface, the inability of
cables to push, or the limited capacities of actuators. These ranges of forces form the
set F of feasible forces, a box (a.k.a. orthotope) in m-dimensional space, namely,

F = {f ∈R
m : f ≤ f ≤ f}, (3)

where f and f are the lower and upper bounds on the force array f.

3 A Measure of the Structure Capacity

For the object to remain in equilibrium, it must not only satisfy the static equilibrium
equations (1), but also have supporting forces f within the allowed ranges for any of
the task wrenches we. These conditions can be symbolically expressed as

∀w ∈ T , ∃f ∈ F : we =−Wf. (4)
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This condition can also be understood graphically. The two sets F and T are
defined in different spaces, which are connected through the linear relationship of
the equation of static equilibrium. In Fig. 2, the box F of allowed forces is mapped
onto the wrench space through the linear transformation w = −Wf. The resulting
set is labelled W , and is a special type of polytope called a zonotope [2]. From the
feasibility condition (4), we conclude that the system is in equilibrium if and only if

T ⊆ W . (5)

F
W

T

−W

w1

w2

f1

f2

f3

Fig. 2 An analog representation of the mapping of F onto the wrench space

Our measure should be a function indicating how far set T is from being partly
outside of W . It should be positive when the structure can support the task wrenches,
and negative otherwise. It should be as smooth as possible to ease its optimisation.

As an indicator of the degree of inclusion of T within W , we propose an index
that we call the minimum degree of constraint satisfaction, and which we define as

s = min
j=1,...,n

( min
l=1,...,p

s j,l), (6)

where the degree of constraint satisfaction s j,l is the signed distance from vertex
we, j of T to the lth face of W . We take s j,l to be positive when the constraint
is satisfied, and negative otherwise. With this definition, the minimum degree of
constraint satisfaction s remains negative as long as at least one of the vertices of T
remains outside of W ; becomes zero whenever T ⊆ W and a vertex of T lies on
the boundary of W ; and is positive when T is in the interior of W .

The computation of the proposed indicator function is performed in five steps:
(i) Compute the vertices of F , fk, k = 1, . . . ,q, q = 2m, through the formula

fk = (1m×m − diag(β k))f + diag(β k)f, where β k is the array of m bits giving the
binary representation of k.

(ii) Map the vertices onto the wrench space as wk =−Wfk, k = 1, . . . ,q.
(iii) Compute the convex hull of W from wk, k = 1, . . . ,q. Fortunately, several

routines are readily-available for this purpose. Here, we use the quickhull algorithm
implemented in the qhull package for Matlab. This returns the polytope W in the
form W = {w ∈ R

6 : aT
l w ≤ bl , l = 1, . . . , p}.
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(iv) Compute the degree of constraint satisfaction s j,l associated with the jth

vertex of T , we, j , and the lth face of W , aT
l w = bl . This is done by projecting a

vector from we, j to the hyperplane of the lth face of W onto its normal al/‖al‖2,
which gives s j,l = (bl −wT

e, jal)/‖al‖2.
(v) Compute the closeness of T to being completely included in W as the mini-

mum s of the degrees of constraint satisfaction, as per eq. (6).

4 Example: Holding a Workpiece

In this example, we consider the problem of clamping a metal block having dimen-
sions 150 mm × 100 mm for a polishing run. The polisher consists of a rotating
circular brush following a strip pattern, applying a moment of 500 N·mm, and a
force of 100 N in the direction of the brush motion. We are to determine the optimal
four-contact-point pattern that provides the most robust equilibrium.

A free-body diagram of our metal block is shown in Fig. 3. We assume that each
contact point is on a distinct edge of the rectangle and that friction is negligible. We
parameterise the positions of the forces f1 and f2 with x and y and assume that the
remaining forces are symmetric to f1 and f2 with respect to the origin.

The weight of the metal block is ignored, so that the task wrench set T is solely
determined by the forces and moments applied by the tool. The force-moment sys-
tem (fe,ne) equivalent to each possible position and direction of motion of the brush
is computed as T = {fe ∈R

2,ne ∈ R : ‖fe‖∞ ≤ 100 N, |ne| ≤ 15 N m}.

f1

f3

f2

f4

fe

ne

x

y

Fig. 3 Free-body diagram of the workpiece

The minimum degree of constraint satisfaction s is computed for all possible po-
sitions of f1 and f2, which results in the graph of Fig. 4. In this figure, recall that the
x-axis represents the positions of f1 on the upper edge, while the y-axis represents
that of f2 on the right edge. Figure 4 shows that the metal block is best held in place
by choosing the contact points at x= 100 mm and y= 95 mm. Interestingly, the con-
tour s = 0 N corresponds to the stability frontier, so that we must have |x| ≥ 40 mm
and |y| ≥ 40 mm for the workpiece to be stable.
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Fig. 4 Isocontours of the proposed index s in Newtons as a function of the contact-point
positions

5 Example: The Wrench-Feasible Workspace (WFW) of a
Planar Cable-Driven Parallel Robot (CDPR)

Let us use the index s to trace the WFW of a cable-driven parallel robot CDPR.
A cable-driven parallel robot is a parallel robot that utilizes cables instead of rigid
links. This particular characteristic provides CDPRs with advantages such as high
dynamics and a large workspace, however their workspace is greatly reduced by
the fact that eq. (4) can only be satisfied with non-negative forces or feasible cable
tensions (the cables can pull but not push).

For such robots, the set of feasible forces F defined in eq. (3) becomes the set of
feasible cable tensions. The sets W and T in Fig. 2 define the available and required
wrench sets of the robot. The available wrench set represents the ability of the cables
to generate forces and moments on the moving platform, while the required wrench
set represents the forces and moments that are applied by the environment on the
platform for a specific task.

The WFW is the set of mobile platform poses for which the required wrench set
is contained in the available wrench set. This implies that a pose belonging to the
WFW must satisfy eq. (5) and that the tensions along each cable should be non-
negative and respect a tension range subject to the capabilities of the actuators.
This workspace can be traced along a given area by using the minimum degree of
constraint satisfaction to measure the degree of inclusion of the required wrench set
polytope in the available wrench set polytope for each pose. The condition s = 0
defines the stability frontier, that is, the boundary of the WFW of the CDPR, and the
positive values of s correspond to poses inside the WFW.

We used this observation to revisit the example of Fig. 5 of Gouttefarde et al. [3].
In this example, the geometry of the CDPR is as illustrated in Fig. 5, F = {f ∈R

4 :
‖f‖∞ ≤ 50 N}, and T = {fe ∈ R

2,ne ∈ R : ‖fe‖∞ ≤ 10 N, |ne| ≤ 0.5 N m}.
We compute the minimum degree of constraint satisfaction s for each pose along
a three dimensional grid. The robot is displaced along the XY plane and rotated
through a range of orientations from −36◦ to 36◦. The top and 3D views of the
resulting WFW are shown in Fig. 5, and correspond to those obtained in [3]. The
computed surface defines the stability frontier, therefore the platform must be kept
within this boundary in order to remain stable.
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Fig. 5 Boundary of the total-orientation WFW for the example proposed by Gouttefarde et
al. [3]

In order to obtain a more quantitative view of the capacity of the robot to with-
stand the required wrench set, the minimum degree of constraint satisfaction was
also used to compute the constant orientation WFW. Figure 6 shows the resulting
workspaces for fixed orientations of 0◦ and 45◦, which also correspond to those ob-
tained in [3]. The contour where s = 0 defines the stability frontier. We note that the
workspace is contained inside the convex hull formed by the base anchor points and
that its shape and size are altered by the 45◦ rotation of the platform. We also note
that in both cases the CDPR has a higher capacity to balance the required wrench
set at the center of the workspace, and that this capacity is gradually reduced as the
platform is shifted away from the center.
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6 Conclusions

In summary, we have defined a new kinetostatic index that is quite general, as
demonstrated by the variety of the presented examples. In short, this index informs
the designer of the closeness to instability, in Newtons. A negative value of the index
indicates an unstable design, and a positive value, a stable one. We believe the index
to be an interesting alternative to the manipulability and the dexterity, as it takes
into account not only the geometry of the device, but also the forces and moments
required by the task or allowed by the actuators or support members. Moreover, the
minimum degree of constraint satisfaction represents the worst-case scenario, unlike
manipulability and dexterity, which is thought more useful to the designer. The in-
dex is not flawless, however, and we are currently exploring alternative solutions to
the dimensional homogeneity problem and to the associated computational burden.
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Abstract. Plastic strains states generated after assembly process in shrinks fits are 
not desirable since could limit the good conditions performance of joined parts. So 
design methods leading to reduce those states are strongly welcomed. In this  
paper, the effects of one of those methods, a grooved hub, on the plastic strain 
distribution at the interface are analyzed from the results of diverse numerical 
simulations of the thermal assembly process by means of FEM. According to re-
sults, the proposed geometry is revealed as an effective method for notably reduc-
ing the plastic strain state with loss of the maximum transmitted torque lower than 
6%. This way, the working conditions are closer to the ones established in the 
theoretical design of the shrink fit.  

Keywords: Interference fit, shrink fit, contact pressure, plastic strains, stress 
concentration.  

1 Introduction 

Nowadays an interference fit can be assembled by two different procedures. On 
one hand by axial insertion of the shaft into the hub, resulting a press fit. On the 
other hand by a thermal process consisting in applying a thermal cycle in which 
either the hub is heated or the shaft is cooled. At the end of the assembly process, 
the inner diameter of the hub (dh) increases and the outer diameter of the shaft 
decreases (ds) until a final diameter d is achieved verifying dh < d < ds. As results a 
contact pressure appears at shaft-hub interface which allows the transmission of a 
torque between the assembled parts [10].  

Diverse methods both numerically and experimentally were developed for  
obtaining the distribution of contact pressure. However, experimental methods, 
such as ultrasonic techniques [4], face a very complex problem which actually is 
hard to be solved. So, numerical simulation of the assembly processes seems to be 
an adequate way of estimating the contact pressure [5, 8, 12] and from it, the effi-
ciency of the torque transmission of the joint.  
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During the assembly process important changes can be produced in stress dis-
tributions throughout the joint interface such as stress concentrations [11] or unde-
sirable residual stress or plastic strains [2] which could compromise the efficiency 
of the joint. Diverse studies [1, 9] have analyzed the elastic-plastic stress distribu-
tions in shaft-hub joints thermally fitted. 

The addition of the stress concentrations at the edges of the hub, which are not 
considered in the pressure cylinder theory, and the residual stresses produced by 
plastic strains induced by assembly process could limit the life in service of the 
joined components. So, many methods for reducing the stress concentrations in  
interference fits where developed, for example, by machining a groove in the hub 
[3, 6] or by modifying the hub geometry with chamfers [7].  

In this paper we carried out the analysis of the stress and strain states in differ-
ent interference fits generated during the assembly process by thermal dilatation of 
different hubs (considering conventional and grooved hubs) in which occur: no 
plasticity, localized plasticity, and generalized plasticity. From the obtained re-
sults, the analysis of the effect of the groove on the stress and strain state of the 
shrink fit is performed. To achieve this goal, diverse numerical simulations by 
means of finite elements method (FEM) of the thermal assembly process were 
carried out. This way, the consequences produced by the thermal procedure on the 
working conditions of the assembled elements are revealed.  

2 Numerical Modeling 

The thermal assembly of three different hub geometries was numerically simu-
lated by FEM: (i) a conventional hub (Fig. 1a), (ii) a hub with a circumferential 
groove (Fig. 1b) which verifies the optimal design conditions and (iii) a grooved 
hub outside of the design zone proposed in a previous work [6]. For each one of 
them, three different types of fits according to ISO standard for fits and tolerances 
were considered: a soft fit, 200H7/s6 with a maximum radial interference of δ = 
75 μm, a medium fit, 200H7/v6 with a radial interference of δ = 140 μm, and a 
severe fit, 200H7/x6 with an interference δ = 152 μm. Thus, considering a con-
ventional steel (AISI 1085) for both parts with Young modulus, E= 210 GPa, 
Poisson coefficient, ν = 0.3 and yield strength, SY=276 MPa, no plasticity related 
phenomena will be expected for the soft fit, while a localized plasticity will be 
found in the medium fit and, finally, a full plasticity will be expected in the heavy 
fit. The plasticity behaviour was considered to be elastic perfectly plastic.  

For all the cases analyzed, both cylinders are coaxial, so the assembly exhibits 
revolute symmetry. This axisymmetry let to simplify the modeling stage in FEM 
analysis, reducing the initial 3D geometry to a bidimensional one with the corres-
ponding computing time saving. Such rectangles are initially superposed due to 
radial interference, δ. A cylindrical coordinate system (r, θ, z) for each part is used 
as Fig. 1 shows. Considering l as the hub length, the symmetry plane z = l/2  
includes the medium cross section of both cylinders and r = R represents the inter-
face, being R the transition radius. FEM simulations were carried out by means of 
a commercial code (MSC. Marc) and the geometry was meshed with quadrilateral 
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elements of 4 nodes per element. Several meshes were tried until the required 
convergence in results was achieved. The hub length l is 100 mm with a shaft-hub 
lengths ratio L/l=4, and the hub thickness is e = 40 mm. 

Briefly, the thermal case was simulated considering the coupled thermo-
mechanical analysis with the same material for both components (thermal conduc-
tivity, Κ = 60.5 w/m K, thermal dilatation coefficient, α = 1.2 10-5 K-1). The  
simulation was developed into two phases. Firstly, the shaft is moved into the hub 
once this one has been heated to a temperature T = 450K enough for ensuring a 
minimum clearance h = 1 mm. Later, the hub is slowly cooled down to room  
temperature (Tr =298K) causing a reduction of hub diameter and, consequently, a 
contact pressure over the shaft. 
 

(a) (b) 

Fig. 1 Shrink fit geometrical model for the cases analyzed: (a) conventional hub and (b) 
grooved hub 
 

The design equations given by the pressure cylinder theory [10] can be used 
without committing a significant underestimation of the stress state on the edges 
of the hub if two geometrical conditions in a grooved hub are fulfilled [6]. The 
groove geometry can be described with two parameters: the notch radius rm and 
the distance from the notch center to the contact zone, x. Thus, a parameter  
λ = rm/x must be included within the range, 0.52< λ <0.55, and a second parameter 
ξ = rm/(e/2) must be within the range 0.40< ξ <0.56. So, taking into account such 
restrictions, two different kinds of grooved hubs were considered: (i) type IN, 
whose design parameters are included within the established range (λ = 0.54 and 
ξ=0.50) and (ii) type OUT, whose design parameters are outside of such design 
zone (λ = 0.50 and ξ=0.30).  

3 Stress Distributions throughout Interface 

According to the pressure cylinder theory, the contact pressure p is uniformly  
distributed and it can be obtained as the opposite of the radial stress at interface. 
Thus, Fig. 2, 3 and 4 shows the contact pressure distributions for each one of the 
three hubs analyzed considering the soft, medium and severe interference fits.  
Results obtained by the numerical simulation of the thermal assembly are com-
pared with the ones given by the theory (dashed line).  
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Fig. 2 Distribution of the contact pressure at the 200H7s6 fit interface 
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Fig. 3 Distribution of the contact pressure at the 200H7v6 fit interface 
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Fig. 4 Distribution of the contact pressure at the 200H7x6 fit interface 
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As Figs. 2-4 reflects, the circumferential groove clearly modifies the contact 
pressure in the shrink fits, notably reducing the stress concentration at the vicinity 
of the hub extremity (40 mm < zh < 50 mm), being this effect more accused in the 
grooved hub type IN. Thus, over such zone the grooved hubs present a little bit 
lower contact pressure than the one predicted by the theory. These changes in the 
distributions of contact pressure can affect the interference fit performance during 
the life in service. The maximum transmitted torque is easily obtained from the 
pressure cylinders theory equations as follows: 

 lRpM th
22πμ=     (1) 

From the obtained distribution of the contact pressure p (Fig. 2-4), the maximum 
transmitted torque can be calculated for each case according to the expression: 

 
=

l

hpdzRM
0

22πμ  (2) 

So, considering a common friction coefficient μ=0.3, the loss of the maximum 
transmitted torque, caused by the reduction of the contact pressure, is never higher 
than 6% of the Mth (Eq. 1), except for the case 200H7x6 type IN (Table 1).  

Table 1 Maximum transmitted torque 

 
M(kN m) 

Theoretical Conv. Hub  Hub IN Hub OUT 
200H7/s6 72.70 73.72 68.64 71.70 
200H7/v6 135.71 137.04 127.54 133.08 
200H7/x6 147.35 144.98 134.06 140.20 

 
Consequently, the use of hubs with a groove milled allows a huge reduction of 

the stress concentration at the edges of the hub without a significant loss of trans-
mitted torque. 

In order to go deeper in the analysis, the effects of the circumferential groove 
on the plasticity induced by assembly process are analyzed for each one of the 
interference fits in the following way. Thus, for the soft interference fit where no 
plastic strains are expected for the value of the steel yield strength given, the von 
Mises distribution is presented in Fig. 5 for both groove types. However, for a  
better understanding in the cases of the medium and severe fits, the analysis is  
focused directly on the plastic strain distributions shown in Figs. 6 and 7,  
respectively. 

Fig. 5 shows, in the same way as was previously observed in the contact pres-
sure distributions, a heavy reduction of the stress concentration at the edges of the 
hub. The values of the von Mises stress are always lower than the material yield 
strength and, consequently, no plastic strains appear at the interface.  
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However, in the case of the medium fit (Fig. 6), plastic strains appear in a con-
ventional hub over the zone 38 mm < zh < 50 mm, where approximately the con-
tact pressure distributions exceeds the theoretical value as shown in Fig. 3. In this 
case, the stress decreases caused by the presence of the circumferential groove 
and, in particular, on the contact pressure, causes a notable loss of the plastic 
strains nearby the edges of the hub. This reduction is higher for inner points in the 
case of the grooved hub type IN than the ones obtained for grooved hub type OUT. 
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Fig. 5 Distribution of the von Mises stress at the 200H7s6 fit interface 
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Fig. 6 Distribution of the equivalent plastic strain stress at the 200H7v6 fit interface 
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Fig. 7 Distribution of the equivalent plastic strain stress at the 200H7x6 fit interface 
 

Finally, in the case of the severe interference fit (Fig. 7) plastic strains appear 
throughout the whole interface exhibiting the same effects previously commented 
with regard to Fig. 6, but, obviously, the values of the plastic strains are higher as 
results of the increment of the value of stresses caused by radial interference. Far 
from the groove, the effects on the stress distributions, and hence on strains, are 
vanished and consequently, the values of the obtained plastic strains are the same 
for all the cases.  

So, results show a way of reducing the magnitude of both the stress and plastic 
strains state in shrink fits with severe radial interferences without reducing the 
maximum transmitted torque: to mill a circumferential groove on the edges of the 
hub. Thus, the groove sensible decreases the plastic strains on the hub. This effect 
is even more accused when the groove geometry verifies the design conditions 
deduced in [6]. This supposes a better coupling, avoiding undesirable effects 
which reduce the efficiency of the torque transmission and could produce harmful 
and undesirable effects during the life in service.  

4 Conclusions 

After the thermal process for assembly a shrink fit, a huge stress concentration 
appears at the extremities of the hub causing, in commonly used steels, plastic 
strains when the radial interference is severe. Obviously, the occurrence of yield-
ing can reduce the life in service of this type of joints. A simple way of notably 
reducing this harmful effect without significant reductions of the transmitted tor-
que is to mill a circumferential groove in the hub. This reduction is optimized 
when the values of the groove parameters verify the design conditions proposed  
in [6]. 
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Abstract. The components of machines very often present defects that can
grow to fatigue cracks when they are submitted to the working solicitations.
In the case of shaft,this is particularly important because the catastrophic
failures can lead to personal injuries or economic problems. When a cracked
shaft rotates, the breathing mechanism appears. The crack opens and closes
passing from the open state to the close state with a transition that produces
a partial opening. The shafts present additionally misalignments or/and un-
balances that alter their normal function. In this paper, we present a Finite
Element Method (FEM) study of the influence of the eccentricity in the
breathing mechanism of a rotating cracked shaft. The classical Jeffcott rotor
model has been chosen for this study. To simulate the rotation of the shaft,
different angular positions have been considered. The Stress Intensity Factor
(SIF) along the crack front during the rotation has been studied considering
different angles of eccentricity. The work allows to know the influence of the
unbalance of rotating shafts in the crack breathing mechanism, in the values
of the Stress Intensity Factor and in the propagation of cracks.

Keywords: Rotating shaft, crack, unbalance, Stress Intensity Factor.

1 Introduction

The increasing importance of safety and costs derived from failure in machin-
ery has pushed the researchers in the field of damage detection to analyze
the behavior of mechanical components with defects. The failures of machines
are produced quite often by the presence and propagation of fatigue cracks
due to the loads and solicitations they carry. Those failures sometimes are
catastrophic and produce personal injuries or economic problems.

Among the machine parts, shafts are one of the main components of
machines. They work in rotation, usually carrying bending and torsion ef-
forts. All of them together, can produce the shaft failure by generation and
propagation of fatigue cracks.
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When a cracked shaft rotates, the crack can open and close once per revo-
lution depending on the loads, the stiffness of the shaft at the cracked section.
The opening and closing of the crack has been modeled in different ways. The
simplest one, very much used because of that, is the switch model. It consid-
ers that the crack is open or closed, so that the crack is half the rotation in
the open state and the other half in the closed one. However, the breathing
behavior is the most feasible behavior of the crack, although it is more com-
plex. In this case, the crack passes from the closed state to the open state
gradually in a rotation. As in the switch model, the crack is closed when it
is situated in the compression zone of the shaft and it is open when situated
in the tensile zone. The transition between both situations produces partial
opening (or closing) of the crack when the static deflection dominates the
behavior of the rotating shaft. The partial opening/closing of the crack has
been studied, numerically or analytically, by different authors [1, 2, 3] always
considering an aligned and balanced shaft. The opening and closing of the
crack is very much connected with the the values taken by the the Stress
Intensity Factor (SIF) at the crack front as the shaft rotates. The SIF is a
parameter of fracture mechanics that allows to predict the stress state in the
proximity of the crack front due to remote loads. The crack is open while the
SIF remains positive, otherwise the crack will be closed.

Unfortunately, in the real work of large shafts, it is very usual that the
shafts present unbalances or misalignments that modify the normal behavior
of the component. The presence of eccentric masses [4, 2, 5, 6, 12, 7] can
be considered as a very common unbalance case in rotors. The unbalance,
as mention before, modifies the dynamic behavior of the rotating shafts and
may hide the presence of the cracks or, on the other hand, can increase their
effects.

In this paper we present the numerical study of the influence of the eccen-
tricity in a rotating cracked shaft using a finite element model of a cracked
Jeffcott rotor. The analysis has been made using the commercial finite el-
ement code ABAQUS. We have analyse the SIF along the crack front, for
each angle of rotation and for different positions of the eccentricity. We can
identify, through the study of the SIF, when and where the opening takes
place.

2 The Cracked Shaft Model

As mentioned before, the model chosen for this study is the classical Jeffcott
rotor widely used in rotordynamics [11, 8, 9, 10, 5, 6, 7]. This simple but
useful model consists in a massless shaft simply supported at the ends, with
a concentrated mass (a disc). The crack is situated at the mid span of the
shaft having a straight front, for sake of simplicity, oriented on a plane normal
to the axis of the shaft. The eccentric mass has been placed on the disc of the
Jeffcott rotor as an additional mass as can be seen in Figure 1.The round bar
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total length is equal to 900mm, whereas the diameter is 20mm. The material
of the shaft is aluminium with the following mechanical properties: Youngs
Modulus E=72GPa, Poisson ratio μ=0.33 and density ρ=2800Kg/m3.

The rotation of the shaft has been simulated considering eight different
angular positions, one for every eighth of a rotation, called angle of rotation
φ, see Figure 2. At each angular position given, we analyze the static behavior
of the shaft (considering the gravity effect), variables such as displacements,
open portion of open crack and SIF, among others. On the other hand, the
influence of the mass eccentricity on the opening of the crack has been stud-
ied considering different positions of the eccentric mass on the disc, given
by different angles measured from the position of the crack, called angle of
eccentricity θ, as shown in Figure 3. The effect of the eccentric mass, has
been included as an inertial force, Fe calculated as a mass m located at a
distance e from the center of the Jeffcott rotor rotating with the angular
rotating velocity Ω, see Figure 3. Values taken for this analysis are m=0.2
Kg, e=80mm and Ω= 1000 rpm.

Fig. 1 Jeffcott rotor with an eccen-
tric mass

Fig. 2 Angular positions of the
crack during one rotation

In order to know how much other variables are involved in the problem,
like the size of the crack, three crack lengths, α = a/D=0.1; 0.25 and 0.5,
have been considered.

The numerical simulation of the problem has been carried out using
the Finite Element commercial code ABAQUS. As there is no symmetry
in the problem, the analysis has been developed for a complete 3D model
of the shaft. The mesh of the three dimensional model is made employing 8
node linear brick elements. To avoid the interpenetration between the crack
faces when the crack is in the compression zone (closed), a surface-to-surface
contact interaction has been defined.

The analyzed cases has been done accordingly with the following:

• crack length α=0.1; 0.25; 0.5
• eccentricity angle θ= 0o; 45o; 90o; 135o; 180o

• rotation angle φ= 0o; 45o; 90o; 135o; 180o; 225o; 270o; 315o; 360o

To simulate the balanced shaft, the cases corresponding to the same three
crack lengths and eight rotation angles have been also modeled in order to
compare with the corresponding unbalanced cases.
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Fig. 3 Resume of the applied
forces on the shaft

Fig. 4 Positions on the crack
front, γ

Although the behavior of a rotating cracked shaft is a nonlinear problem
due to the vibrations produced and also to the breathing mechanism of the
crack, we have evaluated the SIF treating the problem as a succession of
static ones in which the nonlinearity is reduced to the contacts in the crack.
The commercial code ABAQUS linearizes internally this problem, so that our
study can be considered lineal.

3 Stress Intensity Factor at the Crack Front

The model developed using commercial code ABAQUS, allows to obtain the
SIF along the crack front in a total of 13 locations, given by variable γ, as
indicated in Figure 4.

The non-dimensional values of the SIF versus non-dimensional location on
the front, γ, have been plotted in Figure 5 cases (a,b,c,d,e). In this case, we
have chosen the crack length α=0.25. Each figure shows, for a given eccen-
tricity (θ) the SIF values for five angles of rotation (φ=00, 450, 900, 1350,
1800) (only half the rotation has been considered in the plots). Looking to
those figures we can see that when the crack and the eccentricity are at the
same location, (θ=00), Figure 5 (a), the SIF is always positive which means
that the crack is always open. It is true for the whole front and the whole
rotation. On the other hand, when the crack is just opposite to the eccentric
mass (θ=1800) Figure 5 (e), the values of the SIF are always null which means
that the crack is completely closed (at any moment of the rotation and at any
location in the front). The cases corresponding to the other three (b,c,d), rep-
resent intermediate cases where the crack is partially open with positive and
negative values of the SIF along the front. The figures show clearly the influ-
ence of the eccentricity and the angle of rotation on the breathing mechanism
of the crack.

For the sake of clarity, the results in terms of stress and open area of the
crack corresponding to the case α = 0.25 and θ = 900 for the whole rotation,
have been plotted in Figures 6 and 7. In Figure 6 the tensile stress at the
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Fig. 5 Non-dimensional SIF vs location in the front, γ. Case α=0.25.

front of the crack is plotted. The white colour corresponds to the open part
of the crack (tensile stress). Note the agreement with the plotted results of
SIF in Figure 5 c). More clear is the plot of the open part of the crack for
the same case that can be observed in Figure 7.

Fig. 6 Stress map at the cracked
section. Case α = 0.25 and θ = 900

Fig. 7 Opening map at the cracked
section. Case α = 0.25 and θ = 900
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In order to know the influence of the crack length, the values of the SIF
have been plotted versus the crack front. In this case, we have selected a
specific eccentricity θ= 450, so we have plotted a figure for each crack length
for different angles of rotation. In Figure 8 we can observe that as the crack
is larger the values of the SIF are greater. On the other hand, the behavior of
the front in terms of opening and closing is nearly the same for the different
values of length, being more similar the cases of medium and large cracks.

4 Analysis of the Breathing Mechanism Using the SIF

To have a better interpretation of the data obtained for the SIF, we have
calculated for each location on the front, a new variable, ΔK, given by the
following expression:

ΔK(γ) = Kmax(γ)−Kmin(γ) (1)

where Kmax(γ) and Kmin(γ) corresponds to the maximum value of the SIF
and the minimum value of the SIF, respectively, both in a rotation for each
location γ on the front of the crack.

ΔK is a good indicator of the opening of the crack. If a point of the crack
front is open at least once in a rotation, ΔK for this point will be positive. If
ΔK takes value 0, that means that the point will be always closed during the
rotation. That indicator shows the feasibility of the crack to grow. In Figure 9,
we have plotted the value of ΔK in each location of the front, for each angle
of rotation, θ. The figures corresponds to the three values of α considered

Fig. 8 Non-dimensional SIF vs location in the front, γ. Case θ = 450.
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Fig. 9 ΔK vs location in the front. Case θ = 450.

in this study. The figures include, just for comparison, the behavior of the
balanced cracked shaft.

5 Conclusions

In this paper a numerical study of the evolution of the Stress Intensity Factor
of an unbalanced cracked shaft during a rotation has been developed. The
influence of some variables involved in the problem have also been analyzed.
The conclusions of the paper can be summarized in the following:

• Regarding the angle of eccentricity, data show that the position of the
eccentric mass with respect to the crack (angle of eccentricity) influences
very much the opening and closing of the crack. When both crack and
eccentric mass are at the same position, the crack is always open along
the rotation. However, if the eccentric mass is opposite to the crack, then
the crack never opens. With other relative positions of eccentric mass and
crack, data show the partial opening of the crack during the rotation.

• With respect to the crack length, data show that the SIF grows with the
length of the crack. The pattern is the same independently of the crack
length.

• For a better interpretation of the data, a new variable is proposed, ΔK,
calculated at each location on the front. This variable allows to know if the
crack would probably grow or not depending on its value. For a positive
value, the crack very probably will grow.



408 B. Muñoz-Abella, L. Rubio, and P. Rubio

Acknowledgements. The authors gratefully acknowledge the financial support
given by the Spanish Ministerio de Economı́a y Competitividad (Project DPI2009-
13264).

References

1. Dimarogonas, A.D., Papadopoulos, C.A.: Vibration of cracked shafts in bend-
ing. Journal of Sound and Vibration 91, 583–593 (1983)

2. Darpe, A.K., Gupta, K., Chawla, A.: Transient response and breathing be-
haviour of a cracked Jeffcott rotor. Journal of Sound and Vibration 272, 207–
243 (2004)

3. Bachschmid, N., Pennacchi, P., Tanzi, E.: Some remarks on breathing mech-
anism, on non-linear effects and on slant and helicoidal cracks. Mechanical
Systems and Signal Processing 22, 879–904 (2008)

4. Sekhar, A.S., Prabhu, B.S.: Condition monitoring of crecked rotors throeugh
transient response. Mechanism and Machine Theory 33(8), 1167–1275 (1998)

5. Patel, T.H., Darpe, A.K.: Influence of crack breathing model on nonlinear dy-
namics of a cracked rotor. Journal of Sound and Vibration 311, 1953–1972
(2008)

6. Cheng, L., Li, N., Chen, X.F., He, Z.J.: The influence of crack breathing and
imbalance orientation angle on the characteristics of the critical speed of a
cracked rotor. Journal of Sound and Vibration 330, 2031–2048 (2011)
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Abstract. The aim of the present work is to present a fast identification method to 
estimate the inertial and friction parameters of a rigid body dynamic model of an 
electromechanical actuator. These are the dominant effects that determine the 
dynamics of machines and although the inertia is easily predictable, the friction 
can only be accurately known performing experimental measurements. The work 
provides the mathematical aspects of the identification method as well as several 
practical aspects for its implementation. The procedure is applied to an actuator 
based on a motor and a gearbox, and a comparison of the torque estimated and the 
real one are provided.      

Keywords: Identification, Mechatronics, Actuators, Dynamics Modeling,  
Friction. 

1 Introduction 

At present, the market demand for higher precision, stiffness and speed calls for 
an optimal mechatronic design of machines. To do so, the modeling of the dynam-
ics of actuators, manipulators, robots, and machine tools is of great relevance. 
With the use of these models, designers can improve the dynamic behavior of the 
machine modifying actuators, redesigning lighter or stiffer mechanical compo-
nents, or improving the control architecture. The mechatronic analysis starts with 
the dynamic modeling of the transmission mechanism of the machine, leading to a 
multibody model or a lumped parameters model [4]. After the modal analysis and 
the calculation of the transfer functions is done, the mechatronic modeling of the 
transmission dynamics and the control dynamics allow the estimation of the 
bandwidth of the system, which characterizes its global dynamic behaviour [1]. 

One of the main problems of the dynamics modeling is the lack of accurate data 
that can be relevant for the analysis. Inertial terms, as well as stiffness can be ac-
curately predicted by means of analytical methods, or finite element modeling. 
However, very little estimations can be done about friction and damping, whose 
influence is usually underestimated due to the absence of data. System identifica-
tion methods can be used to overcome this problem [3,5]. They are based on the 
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use of experimental data from the machine, several inputs and outputs, to mathe-
matically build a model that fits them.  

The present work presents a method for automatic parameter identification of a 
rigid body with friction dynamic model of an electromechanical actuator. First, the 
rigid body model is presented. Second, the system identification method selected 
is presented. Third, the experimental procedure is presented, as well as the results 
obtained for an actuator based on a motor and a gearbox. The article ends with 
some conclusions and future works.   

2 Rigid Body Model of the Actuator with Friction 

The actuator studied in the present work is based on an asynchronous motor and a 
gearbox. The dynamic behavior is represented by a rigid body model with friction. 
The model, shown in Fig. 1, considered is purely inertial, with 1 degree of free-
dom θ that represents the rotation measured on the motor encoder. There are two 
lumped inertias, from the motor Jm and from the gearbox Jg, whose total is consi-
dered as J. The motor makes a torque τ. Also, friction torque is considered as τf.  

Jm

τθ τf

Jg

 

Fig. 1 Rigid body with friction model 

Hence, the equation of motion of the system can be written as 

 f Jτ τ θ− =   (1) 

The modeling of the friction torque is based on a nonlinear model [2]. Two ap-
proaches have been compared, one considering the Coulomb friction and the visc-
ous friction, and another one that also takes into account the Striebeck effect, see 
Fig. 2, where also both a discontinuous and a continuous model of only Coulomb 
friction are shown.  

The first model is shown in Eq. (2), where c is the torsional viscous friction 
coefficient, and Fc is the Coulomb friction torque, which has been represented 
with a hyperbolic tangent dependent on β and the motor speed.  

 ( )f cc F tanhτ θ βθ= + ⋅   (2) 
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On the other hand, the second friction model considers also the Striebeck effect 
as a torque Fcs modeled as a function of the product of a hyperbolic secant  
dependent on α. 

 ( )( ) ( )f c csc F F sec h tanhτ θ αθ βθ= + + ⋅    (3) 
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-1

-0.5

0

0.5

1

dθ/dt (rpm)

τ f (
N

m
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Coulomb+Striebeck+Viscous

 

Fig. 2 Comparison of the friction models considered 

3 Grey-Box Identification Method 

The so-called grey-box identification methods are used to quantify the value of the 
parameters that characterize the dynamic of a given system from the measurement 
of several of its variables [5]. They differ from the black-box identification me-
thods in that the parameters identification is based on a previously developed 
model of the system dynamics. Once the model is developed and the variables 
measured, the identification of the unknown parameters is based on the minimiza-
tion of a criterion that compares the measurement with the model prediction. 

The first step to apply this method consists on rearranging the equation of mo-
tion of Eq. (1) as a pseudo-linear regression. 

 ( ) ( )Tˆ t | , t ,τ ρ η η= ρ φ  (4) 

In Eq. (4) ρ is the unknown parameters vector, which is dependent on the also 
unknown parameter vector η and the vector ϕ, which contains several measurable 
variables. For example, when only the Coulomb friction and the viscous friction 
are considered, these terms are as follows in Eq. (5).   
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Once the model is arranged, the identification problem consists on minimizing 
the following functional VN.  

 ( ) ( ) ( ) ( )2 2

1

N
T

N i i
t

V , t t ,τ
=

= − = −ρ η ρ φ η τ Φ η ρ  (6) 

The columns of the matrix ( )Φ η  contain each of the terms of the vector ϕ, 

where N is the size of the measured sample.  

 ( )
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 (7) 

Indeed, the functional constitutes a separable least squares problem where the 
estimation of the unknown parameter vector ρ can be calculated approximating it 
as Eq. (8). 

 ( )ˆ +≡ρ Φ η τ  (8) 

Where ( )+Φ η  is the Moore-Penrose pseudo-inverse of the matrix ( )Φ η . 

Substituting Eq. (8) into Eq. (6), the identification problem is simplified as the 
functional that must be minimized, hence becoming dependent only on the para-
meter vector η. In this way, the estimation of ρ is somewhat postponed.  

 ( ) ( ) ( ) ( ) ( )
22

N
ˆV , + + ≡ − = − ρ η τ Φ η Φ η τ I Φ η Φ η τ  (9) 

Once the functional is minimized for an estimated value of η̂ , the unknown  

parameters vector ρ̂ is finally estimated as Eq. (10). 

 ( ) ( )ˆ ˆ ˆ+≡ρ η Φ η τ  (10) 

4 Experiments 

Several experimental tests have been done on an actuator based on an asynchron-
ous motor Schneider BSH1401P with encoder and a gearbox Neugart PLE-160 
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with a reduction of 1:40. The control of the actuator is based on a PID servo con-
trol. It has been programmed in Labview using a National Instruments PXIe.  

The velocity of the motor has been measured from the motor encoder and then 
the acceleration was calculated by numeric differentiation. Finally, the torque was 
obtained from the current signal of the motor. The sampling frequency was set on 
72 Hz.  

4.1 Motion Planning 

In order to be representative of the dynamic behaviour of the actuator, the motion 
programmed must excite as much as possible the frequencies inside the band-
width. However, under the rigid body assumption, the identification must be 
oriented to identify the actuator response at 0 Hz and the friction.  

In [5], several recommendations are made: first, the execution of several multi-
sine velocity profiles with fixed frequencies and amplitudes, second, execution of 
a multisine with flat amplitude in the frequency domain up to 40 Hz, third, para-
meter identification with each signal, and finally, calculation of the average and 
deviation of all the parameters. The problem of this approach is that the identifica-
tions are made with a small sample of all the motions that the actuator can per-
form, so the parameters estimated are not representative enough.      

Here, the execution of the multiprofile velocity signal of Fig. 3 is proposed. 
The motion is divided in four profiles: first, a sum of sinusoids with frequencies 
0.1, 0.3, 0.5 Hz and increasing amplitude from 10 rpm to 3100 rpm, second, two 
stages of ascending and descending velocity steps from 10 rpm to 3700 rpm, third, 
two stages with constant acceleration and deceleration, and, four, two stages of 
exponentially increasing and decreasing velocity. This profile represents better in 
a single signal the diversity of motions that the actuator can perform in the whole 
range of velocities and, as a consequence, the estimation should be more robust.   
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Fig. 3 Velocity multiprofile test 
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4.2 Results 

In Table 1, all the parameters estimated with the different methods and models are 
compared with the available data from the manufacturers. There, test GBI-CV-MP 
indicates the parameters estimated with the grey-box method using the Cou-
lomb+viscous friction model and a multiprofile signal. Test GBI-CSV-MP is the 
same but adding the Striebeck effect to the friction model. Experiments GBI-CV-
MS and GBI-CSV-MS test the two friction models and are made with the same 
identification method applied to several multisine signals, and then averaging the 
parameters as suggested by [5].    

Table 1 Estimated parameters 

Test J (·10-4kg·m2) c (·10-3N·m·s/rad) Fc (N·m) β Fcs (N·m) α 

Manufacturer 
datasheet 

14 - - - - - 

GBI-CV-MP 13 1,7 0,478 10,78 - - 

GBI-CSV-MP 13 1,7 0,477 9,21 0,069 9,648 

GBI-CV-MS 10,6 ± 4,6 -4,1±18 0,46±0,09 18,89± 

33,37 

  

GBI-CSV-MS 10,4±4,4 -5,1±17 0,54±0,14 124± 

273 

1,11±2,02 222± 

489 

VS-CVdisc  - 1,5 0,341 - - - 

 
 
The resulting parameters have been compared with the manufacturer data and 

with a manual identification method based on performing several steps of constant 
velocity from 10 rpm to 3700 rpm. At constant velocity, the friction parameters of 
a discontinuous model with Coulomb and viscous friction can be estimated as a 
linear function of the motor velocity. The resulting parameters are shown in Table 
1 as VS-CVdisc. 

Regarding the results from the multiprofile signal, the inertia is similar to the 
one provided by the manufacturers, and the friction parameters are close to the 
ones obtained with the VS-CVdisc test, as it can be seen in Fig. 4. Furthermore, it 
can be seen that the Striebeck effect is neglectable. Therefore, the simple friction 
could be used for the simulation of the dynamics of the system. 

On the other hand, in Table 1 when the multisine signal has been used for the 
identification, a large standard deviation is observed. Also the mean values do not 
fit to experimental ones as much as the multiprofile results.  
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Fig. 4 Measured mean torque vs. Friction models 

Figure 5 shows a simulation of the dynamics of the systems with the parameters 
obtained using the simple friction model. The simulations shows that the parame-
ters obtained represent quite well the dynamics. 
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Fig. 5 Measured torque vs. Simulated torque 

5 Conclusions 

A fast method for rigid body dynamics with nonlinear friction identification has 
been presented. It has been demonstrated that the identification of the parameters 
is highly dependent of the signal measured, which has to be representative enough 
of the different movements that the actuator can perform. The tests carried out 
with an electromechanical actuator show that the identification on a single multi-
profile velocity signal provides more consistent parameters than the averaged 
parameters of several identifications based on multisine signals. 
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