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Abstract The aim of the chapter is to provide a critical assessment of Krister
Segerberg’s solution to the problems of introspective belief change. We present three
alternative ways in which the paradoxes may be avoided. The first is a solution due
to Lindstrom and Rabinowicz, using a two-dimensional semantics for DDL. The
second is found in a logic for belief change suggested by Bonanno, in which the
operator for belief is replaced by a class of operators for belief, each supplied with
a temporal index. The third solution consists in a logic for belief change due to
van Benthem, founded on the method of Dynamic Epistemic Logic in which the
dynamics is modelled by operations on entire models, rather than on some structure
within the models. We argue that, while there are some differences between these
approaches, there is a strong structural similarity between them, and they avoid the
paradoxes of DDL in essentially the same way. Furthermore, this way of avoiding
the paradoxes is both different from and, we think, more natural than Segerberg’s
own solution.

1 Introduction

Theories of rational belief change [1, 4, 5] are traditionally presented in a semi-
formalized manner. While a formalized language is used to speak about the content
of a state of belief, the theory of belief revision is, like most mathematical theories,
presented in mathematical English rather than a formal language in the strict sense.

It is possible to formulate axioms of belief change, like the well-known AGM
postulates [1], in a fully formalized language. This is the purpose of the socalled
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Dynamic Doxastic Logic (henceforth DDL, or “full” DDL) developed by Krister
Segerberg [10, 12], in which epistemic states are modelled using modal operators
of belief in the style of Jaakko Hintikka’s classic [7], and belief changes are mod-
elled using dynamic operators reminiscent of those studied in propositional dynamic
logic [6].

Reasoning about belief in a formal language has the advantage of added expressive
strength. Rather than just speaking about beliefs about the external world, we can now
also reason about introspective beliefs, i.e. beliefs that an agent has about her own
state of belief. For instance, I can believe that the world is round, which presumably
means that I don’t believe it is flat. Suppose now that someone asks me whether 1
believe the Earth is round; I answer that I do believe it. In these circumstances I am
apparently aware that I believe the Earth is round, that is, I believe that I believe
that the world is round. In the same manner, I might be asked whether I believe the
Earth is flat, and I answer that I do not believe that. In this case, I have revealed that
I believe that I do not believe that the Earth is flat. If  stands for “the Earth is round”
and f for “the Earth is flat”, we can formalize these beliefs as

BBr

and
B—Bf

respectively.

In the case of DDL, where we have the capacity to speak about not only beliefs
but also belief change, it turns out that this added expressive power comes with a
price: given that we adopt the AGM postulate known as Vacuity, we arrive at some
disturbing paradoxes of introspective belief change. These paradoxes are discussed
at length by Sten Lindstrom and Wlodek Rabinowicz in [8], where a modification of
the semantics of DDL is presented as a solution to the problem.

In this chapter, we present and criticize Krister Segerberg’s own solution to this
problem. We present three alternative ways that the paradoxes of introspective belief
change may be avoided: the first is a solution due to Sten Lindstrom and Wlodek
Rabinowicz, using a two-dimensional semantics for DDL. The second solution is
found in a logic for belief change suggested by Giacomo Bonanno, in which the
operator for belief is replaced by a class of operators for belief, each supplied with a
temporal index [3]. The third solution we present is a logic for belief change due to
Johan van Benthem [14], founded on the method of Dynamic Epistemic Logic where
dynamics is modelled by operations on entire models, rather than some structure
within the models. We shall argue that, while there are some differences between
these approaches, there is a strong structural similarity between them, and the they
avoid the paradoxes of DDL in essentially the same way. Furthermore, the way that
these logics avoid the paradoxes is both different from and, we think, more natural
than Segerberg’s own solution.

Throughout the discussion we presuppose familiarity with the AGM model of
belief revision, as well as the basics of modal logic.
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2 DDL and the Paradoxes

We begin by introducing the system DDL and the paradoxes it gives rise to.
Throughout the chapter, we work with a fixed, countably infinite supply of proposi-
tional variables Prop. The language of DDL is then defined in Backus-Naur form as
follows, where p € Prop:

Lppr:p|l—alaValBal[xa]a

Classical connectives A, —, <> are defined as usual. Informally, Ba. means “the

agent believes «”, and [*«a][ means “after revision by «, it will be the case that 3.
We now provide semantics for this language. Throughout the chapter, given a

binary relation R over a set W and given an element u € W, we use the notation

R(u) =y4r. {v € W : uRv}

The logic of revision inherent in the semantics will be rather minimal, since the
details of belief revision are irrelevant to the problem we address and its solutions.
All we shall require of revision in this semantics, and in the other semantics presented
in the chapter, are the following conditions:

e after revision by «, the agent believes a
e revision by any consistent sentence results in a consistent belief state and
e Some semantic version of the Vacuity postulate holds.

We recall that, in the standard AGM framework for belief revision, the Vacuity
postulate is:
—a¢ K= Kxa=Cn(KU{a})

where Cn is the logical closure operator of the propositional logic underlying the
epistemic states. This postulate says that if some input proposition is consistent with
the agent’s beliefs, then revision by that proposition amounts to simply adding the
proposition to the initial stock of beliefs and forming the logical closure of the results;
in other words, no information is lost in consistent revision.

Semantics for Lppy is given as follows.

Definition 1 A revision model is a structure

(W,B,R*, V)
defined as follows: B is a binary relation over W, and R* : 2% — 2W>*W i5 a function
from subsets of W (sometimes called propositions) to relations over W. Furthermore
we require that for each X C W, if vR*(X)w then

1. Bw) CX
2. if X # ¥ then B(w) # ¢
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3. if Bw)NX # @ then B(w) = B(v) N X

Finally, V : Prop — 2% is an evaluation function in the usual sense. A pointed
revision model is a pair (2, u) where 2l is a revision model and u € W.

The reader should note that the last item on the list in this definition is the obvious
way to formulate the Vacuity postulate in the present framework. The truth definition
for formulas of Lppy, in a pointed revision model is given as follows:

e uyEpiffueVip)

e standard clauses for Boolean connectives

e (A, u) F Baiff (U, v) F « for each v such that uBv

e (A, u) E[*a]B iff (A, v)E B foreach v such that uR*(||a||)v

Here, ||«|| denotes the set
weW:Q®,w) E a}

From this semantics we define the consequence relation Fppy, over Lppy by setting,
for all sets of formulas I' U {a}, T" Fppr « iff

QAuwFlI = R,u Fa

for any pointed revision model (2, u). Here, (2, u) F I" means that (2, u) = (3 for
each 3 eT.

We will need to be precise about what we mean by a logical system in this chapter.
Formally, a logic will here be taken to be a pair (£, F) where £ is a set containing
the set of variables Prop and FC 2L x L. Thus, (Lppr, Fppr) is a logical system,
which we denote by Sppr .

To see why Sppy. is paradoxical, we ask the reader to verify that the following
validity holds:

bDDL —B—q /\B/B - [*Oé]B,B

and, furthermore, that we have the following validity:
Fppr [*a]Bo
The former validity is called Preservation by Lindstrom and Rabinowicz, and the
latter validity is called Success. The validity of Preservation is a direct consequence
of the fact that the Vacuity postulate is built into the semantics. From Preservation,
in turn, we derive the paradoxes: let «, 3 be any formulas. Then as an instance of
Preservation we have
Fppr. —B—a A B=Ba — [*a]B—Ba

On the other hand, from Success follows trivially by classical logic that:

Fppr —B—a A B—Ba — [xa]Ba
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But clearly the operator [*«] is normal, so that we have
[*a]Ba A [*a]B—Ba Eppr [*a](Ba A B—Ba)
By classical logic we can now derive:
Fppr “B—a A B—Ba — [xa](Ba A B—Ba)

This is the formula deemed paradoxical by Lindstrom and Rabinowicz, and it would
be hard to deny that it is quite bizarre. To see why, toss a coin, without looking at
it when it lands. Presumably, given that the coin is fair, you now have no opinion at
all on whether the coin landed heads or tails. Let « stand for the proposition that the
coin landed heads. Since you have no opinion on whether the toss came out heads or
tails, you do not believe that the coin did not land heads. That is, your current belief
state satisfies the condition —=B—a. But you do not believe that the coin did land
heads, and we think that you have the required powers of introspection to be aware
of this fact. Thus, your current belief state also satisfies the condition B—~Ba. But
then, according to DDL, the condition [*«a](Ba A B—~Ba) should also be true. This
means that if you were to take a look at the coin and learn that it did in fact land heads,
as a result you should believe that the coin landed heads, but at the same time you
should believe that you do not believe it. Under perfectly ordinary circumstances,
revision of beliefs has lead to a curious, or even incoherent, state of belief.

If we simply dropped the Vacuity postulate, then the problem would disappear. But
for those who are strongly convinced of the validity of Vacuity, the more attractive
route would be to try and retain some semantic version of the Vacuity postulate,
while employing some strategy to avoid the paradoxes. In the following section, we
present Segerberg’s own strategy for doing so.

3 Segerberg’s Solution

Segerberg treats the paradoxes of introspective belief change, which he refers to as
“Moore problems”, in a paper from 2006 [11]. In this paper, he proposes a solution
based on Sorensen’s notion of a blindspot from his 1988 book [13].

In Segerberg’s terminology, an agent has a Moore problem (of rank 0) if B(¢ A
—B¢) or B(¢ A B—¢) is true (in a certain situation and with respect to his beliefs). In
the former case, the problem is said to be acute, in the latter grave. More generally,
the agent has a Moore problem of rank n, where # is a nonnegative integer, if, for
some formula ¢, either B" (¢ A =B¢) or B"(¢ A B—¢), where B" abbreviates

B...B
~——

n times

Segerberg is very clear on the desirability of avoiding Moore problems:
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It is probably impossible to compile a complete list of all the ways in which a doxastic agent
may be incoherent or exhibit some degree of inconsistency, but certainly an agent with a
Moore problem of any rank is not perfect. Doxastically ambitious agents will stay clear of
Moore problems as far as possible! ([11], p.96)
Segerberg’s solution seems radical on first sight: he proposes to reject the assump-
tion that the star operator correctly formalizes revision. Revision by ¢ is not to be
formalized as *¢ but rather as

Ro =y (¢ A Bo)

As Segerberg points out, the Preservation and Success conditions are not affected by
this definition, meaning that the derivations of the Moorean sentences are still valid
inferences. Yet, the conclusions are no longer “an embarrassment”:

[...] for the fact that in a certain possible situation, a star change leads to a Moore problem is
not embarrassing, however plausible the situation — why would one want to perform a star
change anyway? ([11], p. 101).

What would be troublesome is if the corresponding sentences could be derived for
revision, i.e. if we could derive

(=B=¢ A B=Bp) — [RP]B(¢ A —B¢)

and
(=B=¢ A BB—¢) — [RP]B(p A B—¢)

But these sentences are not derivable. Hence his new definition of revision avoids the
Moore problems of rank 0. However, as Segerberg shows, some new problems crop
up in their stead. Suppose ¢ is such that before revision by ¢, =B—(¢ A Bo) is true,
and that, before revision, either B—=BB¢ or BB—~B¢ or BBB—¢ is true. Then it follows,
using Preservation and Success, that after revision by ¢, on the new understanding
of revision, at least one of B(B¢ A —=BB¢) or BB(¢p A =B¢) or BB(¢ A B—¢) is true.
Thus the agent is confronted with a Moore problem of rank 1.

How can this situation be avoided? Segerberg’s main idea is that the predica-
ment can be avoided by making the problematic sets of sentences inconsistent, “for
inconsistent sets describe (what according to the logic) are impossible situations,
and it is of no concern that Moore problems arise in impossible situations” ([11], p.
100). In the present case, this strategy translates into finding a plausible underlying
logic that makes each of the following sets inconsistent: {—=B—(¢ A Bp), B-BB®},
{=B—(¢ A Bp), BB=B¢p} and {—=B—(¢ A Bp), BBB—¢p}. Segerberg notes that the
weakest normal logic satisfying this condition is the normal extension of K by the
following schemata:

(1A) B—BB¢ — B—(é A Bb)

(1B) BB—B¢ — B—(¢ A Bo)
(1C) BBB—¢ — B—(¢ A Bo)
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Segerberg shows that all three are derivable, for instance, in KD4 which “is a favorite
with many doxastic logicians” ([11], p. 102). He then goes on to generalize this
approach to Moore problems at rank » and of rank w, showing that the problematic
situations can be excluded by a reasonable choice of underlying doxastic logic.
Finally, Segerberg connects his approach to Sorensen’s concept of a blindspot by
defining a blindspot as a sentence ¢ such that either ¢ is not entertainable or revision
by it leads to an inconsistent state and showing that the following principle comes out
as valid on his approach: revision by an entertainable proposition leads to a consistent
doxastic state if and only if the sentence in question is not a blindspot. Since

[R(¢ A —~B§)]B L

and
[R(¢ AB=¢)]B L

are theorems in all logics recommended by Segerberg, in those logics the original
Moore sentences ¢ A B¢ and ¢ A B—¢ are blindspots.

This is certainly an impressive treatment of the Moore problems, especially con-
sidering the proposal, which we will grant, that the Moore problems arise in impos-
sible situations where what is impossible or not is defined in a principled manner
relative to logical frameworks that have an independent standing in the literature.
Segerberg can hardly be accused of adhockery in that respect. However, Segerberg’s
strategy may still be ad hoc in another regard. Consider again Segerberg’s new defin-
ition of revision by ¢, i.e. Rg =g4r. (¢ A B¢). First of all, it surely is less simple and
striking than the old one. But second and more important, Segerberg does not give any
independent motivation for his new definition of revision. Certainly, defining revision
in this way does the job of providing a framework within which Moore problems
can be avoided, but apart from this fact little speaks in favor of the new definition.
And, one might ask, why should every revision by ¢ be, as it were, accompanied by
a revision by B¢? Suppose ¢ is an object level sentence such as “it is raining”. Why
should updating by “itis raining” involve updating by “I believe that it is raining”’? Of
course, it may often be the case that these two propositions are accommodated in one
swoop, but it is less clear that it has to be that way. For certain kinds of introspective
agents the new definition of revision may be fine. But what about agents that adopt
beliefs routinely without reflecting on those beliefs at the time of adoption? So there
is still a sense in which Segerberg’s approach is, at least to some extent, ad hoc.

Another way of putting it is that Segerberg gives but a partial solution to the Moore
problems, a solution that takes care of those problems for reflective agents (by which
we mean agents for which an update by ¢ is always accompanied by an update by
Bo), but that he has little to say about the prospects of dealing with those problems
from the perspective of unreflective agents.

In the light of these remarks, it is natural to ask whether there is some other way to
treat the paradoxes of full DDL. In the next section, we present three different logics
for belief revision that can be found in the literature, each of which can be shown
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to avoid the paradoxes of introspective belief change. We shall begin by introducing
each variant formally, and then discuss what we believe is the common structure
behind each approach.

4 Three Alternative Solutions

4.1 First Solution: Two-dimensional DDL

The first solution we consider is due to Sten Lindstrom and Wlodek Rabinowicz.
The approach suggested by Lindstrom and Rabinowicz is to adopt a modified, two-
dimensional semantics for DDL in which formulas are no longer evaluated at single
worlds, but rather at pairs of worlds. Here, the idea is that in an evaluation point (i, v),
the left component u serves as a point of reference, while v functions as a point of
evaluation. In addition, rather than an accessibility relation B over the universe of
a model, a class of accessibility relations is used, one relative to each world in the
universe. Each accessibility relation B,,, where v € W, represents the agent’s beliefs
about the point of reference v.

Formally, the definition of a model from the system Sppy is modified as follows:

Definition 2 A rwo-dimensional revision model is a structure

(Wv {BM}MGWa {RZ}MGWa V)

defined as follows: for each u € W, B, is a binary relation over W. For each u € W
RE . 2W — 2WxW ig a function from propositions to relations between possible
worlds, such that for each X € W, if vR}(X)w then

1. Buw) CX
2. if X # @ then B,(w) # @
3. if Bu(v) N X # @ then B, (w) = B,(v) N X

A pointed two-dimensional revision model is a triple (2, u, v) where 2 is a two-
dimensional revision model and u, v € W.

To speak about these models, we use an extension of the language £ppy. . Formally,
the language L,p is given by the following definition where, again, p € Prop:

Lop:p|—a|aVval|Bal|[xa]a]|ta

The truth definition for formulas is given as follows:

e A, u,v)Epiff veV(p)

e standard Boolean clauses

e (A, u,v) F Baiff (A, u,w)FE «aforeach w such that vB,w

o (A u,v)F [xalBiff (A, u, w)E §for each w such that vR! (|||, )w
e L uv)FEtaiff v, v)Fa
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The consequence relation F»p is defined from this semantics as before, and we let
S>p denote the logical system (Lop, Fap). The new component of the language of
this logic is the f-operator, although the meanings of the modal operators present
in Lppr. have changed. This operator has the effect of making the current point of
evaluation the current point of reference as well. The formula { « can informally be
interpreted as saying that « is true about the present point of evaluation.

How does this avoid the paradoxes of DDL? As noted by Lindstrém and Rabi-
nowicz, for each formula « the paradoxical formula of Spp; which we recall was:

—B—-a A B—~Ba — [*a](Ba A B—Ba)

is still valid in this semantics. But, as we said, the meaning of the connectives has
changed. Consider an evaluation point (u, ) in amodel 2 (here, the point of reference
and the point of evaluation is the same). Suppose that

A, u, u) E =B—a A B—~Ba

so that the agent does not disbelieve « at (u, ) and she believes that she does not
believe a. According to the validity of the previously deemed paradoxical formula,
we must have

A, u, u) E [*a](Ba A B—Ba)

This means that
(A, u, v) F Ba A B-Ba

But this is not incoherent, since the righthand conjunct here means that at the present
point of evaluation (v), the agent believes that the condition —Ba holds for the point
of evaluation prior to revision by « (). By contrast, the formula

—=B—a A B—=Ba — [*a] T (Ba A B—Ba)

is paradoxical, since the beliefs described as resulting after revision by « are now
beliefs about the point of evaluation after revision, not the one prior to it. But this
formula is not valid in S»p. Thus, the system Syp is free of this paradoxical feature
of SDDL~

4.2 Second Solution: Temporally Indexed Beliefs

The second solution, present in Giacomo Bonanno’s “simple”” modal logic for belief
revision, consists in letting a model represent an w-ordered discrete time-line and use
belief operators supplied with indexes representing points in the succession of time.
Each move forward in time corresponds to an act of revision by some new piece of
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information. The expression B, «, where n € w, says that the agent believes a at the
nth point in the succession of time.

Formally, the language L7, for Bonanno’s system is defined as follows, where
n is any natural number:

Ltemp :p |l —alaVal|Ba|la

The new operator I, is interpreted so that I, means, informally, that « is the last
piece of information received at the nth point in time, or that « it is the input of the
revision that results in the belief state at time 7.

Semantics for Lz, is given by the following definitions:

Definition 3 A remporal belief model is a structure

(W, {Butnews {ntnew, V)

such that:

1. By(u) C I,(u)
2. if I,(u) # P then B, (u) # 0
3. if By(u) N Ipt1(u) # ¥ then Byt 1 (1) = Bp(u) N Iy (u)

A pointed temporal belief model is a pair (2, #) where 2l is a temporal belief model
andu € W.

Truth definitions of formulas in a pointed temporal belief model are:

e A, wEpiff ueV(p)

e standard clauses for Boolean connectives

e (AU, u) FByaiff (A, v)E «foreach v such that uB,v
o (U u) F Lyaiff In(w) = |la

Here, as before, ||a| = {v € W : (%, v) E a}. From this semantics we define the
consequence relation Fz,,, as before, and we define Sz, to be the logical system
(LTemp» F1emp). To get a grasp of how the language works, consider the syntactic
form of the Success postulate in this system; this is captured by the validity

Fremp Ino = Bpo
This says that if the belief state at time 7 is the result of the revision of a prior belief
state by «, then « is believed at time 7.
The way that the paradoxes of DDL are avoided in this system is simple. We do
have a form of the Preservation formula valid in Sz, namely:

Fremp —Bpn—a A By — (Iny10c — Bpy18)

That is, if « is consistent with the agent’s beliefs at time n, and the next revision at
time n + 1 has the input formula «, then everything the agent believes at time n she
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believes at time n 4 1 also. But we cannot derive any paradoxes from this formula,
since belief operators come with temporal indexes. To see this, let’s try to derive a
paradox in the same manner as before. Consider any formula «.. As an instance of
the previous validity we get

’:Temp =B,—a A By=Bya — (i1 — Byp1—Ba)

From this, using the St;,;p-version of Success above together with classical logic, we
can derive

Fremp —Bn—a A B,=B,a = (Iy10 = Byy1a A By 1—Bja)

The informal content of this formula looks a lot like that of the paradoxical formula
we derived in Sppr.. But of course, it is not paradoxical. It says that if « is consistent
with the agents beliefs at time n, and the agent is aware that she does not believe «
at time n, then after revision by « at time n + 1, she believes « and believes that she
did not believe it at time n. By contrast, the formula

t:Temp —B,—a A B,—Bya = (Inyp100 = Bpy1a A Bpp1—Bpt100)

is paradoxical but not valid.

4.3 Third Solution: The DEL Method

The third alternative way of getting out of the paradoxes of DDL we consider in
this chapter is found in Johan van Benthem’s dynamic logic for belief revision. The
system is built on a method used in Dynamic Epistemic Logic (DEL), a framework
for studying dynamics of multi-agent epistemic scenarios. The relevant aspect of
DEL here is not the multi-agent feature, but rather the way in which dynamics is
modelled semantically and reasoned about syntactically.

The method can be described in this way: to model changes of some type of
states, one should first develop a static base language for reasoning about the states
and provide it with a semantics, i.e. define models for it. Then, changes of states are
modelled as operations on models for the static base language, which is extended
with dynamic operators to reason about these operations. If the static base logic is
rich enough in expressive strength, then it is often possible to translate any dynamic
formula into a semantically equivalent formula of the static base logic via socalled
reduction axioms.

For brevity we will present the static and the dynamic part of van Benthem’s
system all in one swoop. For a gentler presentation of the system we refer to [14].
For an introduction to DEL, see [15].

We begin by defining the models for the static part of the logic:
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Definition 4 A conditional belief model is a structure

(Wv {UM}M€W7 V)

defined as follows. For each u € W, o, : 2% — 2W is called a selection function

and satisfies the following properties:

1. o,(X) X
2. X # () implies 0,(X) # 0
3. ifo,(X)NY #Ptheno,(XNY)=0,X)NY

V is a valuation function as before, and pointed conditional belief models are defined
as before.

The central component of these models is the set of selection functions, which
can be thought of as encoding the conditional beliefs of the agent. The intuitive
explanation is that, for each proposition X € W, the set 0,,(X) consists of the “most
plausible” worlds from the agent’s point of view at the world u. Actual beliefs of the
agent are defined as beliefs conditional on the trivial proposition. That is, the set of
possible worlds compatible with the agent’s actual beliefs at the world u is the set
0, (W). The semantics presented in [14] is a bit different from the presentation here
and uses orders of plausibility rather than selection functions, but this is irrelevant
to the current issue.

To model dynamics of the models, we will use an operation that van Benthem
calls lexicographic upgrade. Or, rather, we use a version of this operation, adapted to
the semantics here based on selection functions which is slightly more general than
van Benthem’s semantics. Consider a proposition X € W in a model 2(; we want
a way to revise the selection function u at a world u by X. This is provided by the
following definition:

Definition 5
o )NX ifo, Y)NX £0

X oy —
o M=1"0 X) ifo,(V)NX =@

Given a conditional belief model 2% = (W, {o,},ew, V) and X C W, we define the
revised model 2 {} X by

AN X =g, (W, {0 Yuew, V)

We leave it to the reader to check that this is always a well defined conditional belief
model. Notice that we have

cWNX#0 = oXW)=0,W)NX

With the definition of actual beliefs as beliefs conditional on the trivial proposition,
this property can be seen as a semantic formulation of the Vacuity postulate.
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Turning to the syntactic side of the system, we define the language Lpgy :
Lper:p|—alavalBalo)Aa] [ ala

Here, B(a | ) says that « is believed conditionally on (3, and [} a]f says that
the condition § will hold after revision by «.. The operator A is the global necessity
operator (see [2]). Ao means that « holds in all possible worlds of a model; it can
be thought of as expressing logical necessity. A static formula of Lpgy is a formula
without any occurrences of the dynamic operators. We define an operator for actual
beliefs by Ba =4r. B(cw | p V —p), where p is a propositional variable.

Truth definitions for formulas in a pointed model are:

e uyEpiffueVip)

e standard clauses for Boolean connectives
o (A u) FB(a|p)iff oulBl) € llell

e A u)FAaiff R/, v)FaforeachveW
e QLuw E[Nalfiff AMNlal,uEp

The consequence relation Fpgy and the system Spgy, are now defined as before.
It is instructive to look at the reduction axioms for Spgy . These are as follows (we
follow van Benthem’s axiomatization almost without any modification):

1: vyl g < g, q a propositional atom

120 [ v]—a < = yla

13 (e v B) < A yla VIt 715

14 [ 7lAa < Al 7la

N5 [ YIB(a | B) <
< (E(y A 18 ABUAN 1B — [ vl [ 1)V
V(—E@ A Y18 ABANT vl | [ 715)

The reader can check that these axioms are sound in the semantics for Spgr. These
axioms can be thought of as providing recursive definitions of the truth conditions of
dynamic formulas in terms of static formulas. Together with a suitable set of complete
axioms for the static fragment of Spgy, and a rule for substitution of equivalents, they
provide a complete axiomatization of Spgr. To prove this result, one exploits the
soundness of the reduction axioms to prove the following proposition as a lemma.
The proof is excluded here.

Proposition 1 There exists a function p : Lpgr, — Lpgr such that for each formula
« € Lpgr, the formula p(«) is a static formula and, furthermore, for each pointed
conditional belief model (2, u),

RLu)Foa<s= R uF pla
To get a feel for the system, let us look at some validities. Here, p, g are two propo-

sitional variables and _L is any tautological contradiction. First, revision by p leads
the agent to believe p:
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Fper [ p1Bp

Second, revision by a consistent sentence results in a consistent belief state:
FpeL —A—p — [ p]—=B L

What about Preservation? We do indeed have a form of the Preservation principle
valid in this system:

(i) FpeL —B—p A Bq — [ plBq

Now, if validity in Spg; were closed under substitutions for propositional variables
(as is the case in most logics), then obviously we could derive a paradox in the same
manner as in Sppy . However, this is not the case, and it is in fact this feature of Spgz,
that makes it non-paradoxical. In particular, the following substition instance of (i):

(ii) —B—a A B—Ba — [} a]B—B«a

is invalid. This is exactly the formula that would be required to derive a paradox in
SpEer- By contrast, the following formula is valid:

(iity —B—a A B—Ba — B(—Ba | a)

Now, what does this formula say? it says that, if =B—« and B—B« are true at some
world in a model, than from the point of view of the agent in that world, =Ba will
be true in the most plausible worlds where « is true. Now, the most plausible worlds
where « is true, prior to revision by «, are exactly those worlds that are compatible
with the agent’s actual beliefs after revision. But since the truth values of formulas
involving beliefs will change at every world in a model through the act of revision by
«, it does not follow from this that =B« will be true at all worlds that are compatible
with the agent’s beliefs after the revision. This is why (ii) fails to be valid.

5 Comparison of the Solutions

5.1 What the Three Approaches Have in Common

The three solutions we have just presented are, we think, essentially one and the
same. All three of them are based on making a distinction between two different
perspectives, the state of affairs prior to revision and the one after revision. This
is perhaps clearest in Lindstrom and Rabinowicz’s system; it is embodied quite
explicitly in the distinction between the point of reference (typically being the state
prior to revision) and the point of evaluation (typically the state after revision).
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But we see the same distinction very clearly in Bonanno’s temporal system of
belief revision, although in a different form. Here, it turns up through the temporally
indexed belief operators. In particular, in the formula

—B,—a A By—Bya — (Iyy100 = Bpyi1a A Byp1—By«)

which is provable in Sz, the state prior to revision corresponds to the time-point
represented by the number 7, and the state after revision corresponds to n + 1.

It is perhaps a bit less obvious how van Benthem’s system Spgy, fits into this
picture, but we think it does. We postpone the task of explaining this to Sect.5.3,
where we will be better prepared to do so. The fact that the same solution to the
paradoxes can be found in three seemingly rather different frameworks for belief
revision counts, we think, as evidence in favor of this approach as a particularly
natural way to resolve the paradoxes. Think of it in analogy with the case of various
definitions of computable functions, for example in terms of recursive functions or
in terms of Turing machines. The wellknown fact that these definitions turn out to
be equivalent speaks strongly in favor of the idea that they all capture the pre-formal
notion of computability in a natural way. The present situation, where three different
formalisms can be seen to resolve the paradoxes of DDL in the same way, is similar.

To strengthen these claims, we shall establish a formal correspondence between
the three logical systems S>p, S7emp and Spgr. More specifically, we shall show that
the system S>p can in a precise sense be interpreted in Styp, and in turn, Spgg,. can be
interpreted in S>p. From this will follow that Spgy, can be interpreted in Sz, also.
These interpretation results will help to clarify the deeper connection that we think
exists between the different systems, particularly with respect to how they handle the
paradoxes of DDL. In order to formally prove these claims, we need to make precise
what it means that a logical system can be interpreted in another. This is captured by
the following definition.

Definition 6 Given logical systems S| = (L1, F) and S» = (L2, F2), an inter-
pretation of Sy in Sy is any function F : £1 — L such that F(p) = p for any
p € Prop. The interpretation F is said to be a sound interpretation of S if, for all
sets of formulas I' U {a} € L, we have

TEla= F() ) F(o)

So a sound interpretation of a logical system S in S is a translation that maps sen-
tences of S to sentences of S» in a way that preserves logically valid consequences.
Just like when we interpret a logical system in a semantics, we might consider the
question of whether an interpretation is complete in addition to being sound. We could
say that an interpretation F of S| in S» is sound and complete if, for all T U {a} C Ly,
we have

I'Fla<= FI) R F(a)
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The issue of completeness will not concern us in this chapter. Rather, we will focus
on soundness. Completeness is a welcome property of any interpretation of a logical
system, but soundness is absolutely crucial. If an interpretation is not sound, it is
doubtful whether it can be called a proper interpretation at all. Also, as we shall
see in the next section, the soundness property of the interpretations we provide is
enough to make the correspondence quite enlightening.

5.2 Interpreting Sap in Stemp

Our first result is that, in the sense of Definition 6, there exists a sound interpretation
F of $>p in Szepp. First, by induction over the complexity of formulas, we define the
class of functions

Tn,m - Lop — ACTemp

where n, m € w as follows:

Tn,m (P) =p

Tn,m (@) = =Ty (@)

7—n,m(OC v ﬁ) = Tn,m(a) \% Tn,m(ﬁ)
Tn,m(Ba) = Ban,n(a)

7'nm([*@]ﬁ) = m+17'n,n(05) i Tn,m+l(6)
Tn,m (T @) = Ty m (@)

SO

We then set F' =47, 70,0. For this mapping F we have the following result, proved in
Appendix A.1:

Theorem 1 The translation F constitutes a sound interpretation of the system Syp
in the system Stemp.

To see how this interpretation relates the two systems to each other, let us consider
the interpretation of the formula

—B—p A B—Bp — [*p](Bp A B—Bp)

given by F. This formula is an instance of the paradoxical schema we derived in Sppy .

As we mentioned earlier, the formula is valid in Szp also, and therefore by soundness

its interpretation under F is valid in S;,p. Now, Lindstrom and Rabinowicz claim that

this formula is not paradoxical under the interpretation given to it in two-dimensional

semantics. Then, its interpretation under F had better not be paradoxical either!
Indeed it is not. For the formula

(1) F(—=B—p A B—Bp — [*p](Bp A B—Bp))

is identical to
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(2) (—=Bo—p A —By—Bop) — (I1p — Bip A B1—Byp)
which is perfectly fine. We can derive this as follows: first, recalling that ' = 79 ¢
and using translation clauses for Boolean connectives, atomic formulas and B, the
formula (1) becomes
—Bop A Bo—~Bop — 70,0([*p1(Bp A B—Bp))
Carrying out the translation further, we get
—Bop A Bo—Bop — (I1p — 70,1(Bp) A 10,1(B—Bp))
Applying the function 7 1 to its arguments here, we get

—Bop A Bo—Bop — (I1p — Bip A B170,0(—Bp))

But 79,0(—Bp) = —Bop, so now we arrive at (2) as desired.
By contrast, let’s look at the translation of the formula

—B—p A B=Bp — [*p] T (Bp A B—=Bp)

which is paradoxical. Applying the translation F to this formula, instead of (2) we
will get the formula

(3) (=Bo—p A —=Bo—Bop) — (Iip — Bip A Bi—Bip)
which is indeed paradoxical, and not valid in Sz, To see what happens here, we
can carry out the translation step by step and check that we eventually arrive at the
formula
—Bop A Bo—Bop — (I\p — 70,1(T(Bp A B—Bp))
Applying the translation clause for T, this becomes

—Bop A Bo—Bop — (I1p — 71,1(Bp AN B—Bp)

But
T1,1(Bp A B=Bp) = B1p A B171,1(—=Bp) = Bip A Bi—=B1p

and so we arrive at (3).



170 S. Enqvist and E. J. Olsson

5.3 Interpreting Spgy. in Sap

‘We now show how to interpret Spgy, in S2p. The central observation here is that, since
we know that there is a translation p that sends every formula « to an equivalent static
formula p(«), it suffices to interpret the static formulas of Spgy in order to get a full
interpretation of Spgy, in Sap.

Formally, we define the mapping 7 as follows:

T(p) =p

. 7(ma) = 7()

. T(av ) =T1(@) Vv T(B)

. T(Aa) = [*—=7(a)]B L

- T(B(a | B)) = [*7(B)1BT ()

Clearly, every static formula of Lpgy receives an interpretation by this mapping.

Letting p be any translation function as specified in Proposition 1, we define an
interpretation F' : Lpgr — Lp by setting

F(a) = 7(p(a))

for each @ € Lpgr. As before, we have the following soundness result for this
interpretation:

Theorem 2 The translation F constitutes a sound interpretation of the system Spgy,
in the system Sop.

The proof of this result is in Appendix A.2 Furthermore, the composition of two
sound interpretations (whenever it is well defined) is obviously a sound interpretation.
So by the existence of a sound interpretation of Spg in S>p and a sound interpretation
of Sop in Szemp, we get:

Corollary 1 There exists a sound interpretation of Spgr in Stemp.

An interesting aspect of the translation F presented in this section is that, clearly,
for any Lpgr-formula «, the corresponding L£op-formula F(«) will never contain
any occurrence of the operator 7. Our analysis of this state of affairs is this: consider
a formula

(A) B(a| )

contrasted with

(B) [t BB

What is the difference in meaning between these two formulas? We think it can be
understood in terms of Lindstrom and Rabinowicz’s distinction between point of
evaluation and point of reference. Both (A) and (B) can be thought of as expressing
that the formula « is believed after revision by /3, but the formula « has different
meaning in the two cases. In (A), the point of reference is held fixed, while in (B), the
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formula « is evaluated against a different point of reference than (3. However, since
the interpretation F takes a detour through the static fragment of the system Spgy,,
in which no formulas of the form (B) occur, it makes sense that the operator { does
not occur in the interpretation of any formulas: it has exactly the effect of changing
the point of reference.

Thus, by extracting this insight from our interpretation of Spgr in Sap, we have
managed to show how Spgy also fits into the picture we described earlier. The dis-
tinction between a perspective corresponding to the states of affairs before and after
revision, respectively, is mirrored in Spgy, by the distinction between expressions of
the form (A) and (B). Expressions of the first kind describe our revised beliefs about
the state prior to revision, and expressions of the second kind describe our revised
beliefs about the state of affairs after revision. Really, we do not have three different
solutions; we have three different logical systems, each of which solves the problem
with full DDL in one and the same way.

6 Discussion

We have argued that the systems S>p, Szemp and Spgr all solve the problems of full
DDL by distinguishing between two perspectives, expressed most explicitly in Lind-
strom and Rabinowicz’s two-dimensional approach. Given this, it is striking to find
that Segerberg himself has suggested a two-dimensional approach to resolve another
well-known paradox, namely Fitch’s paradox (in a paper from 1994 with Rabinowicz
[9]). Given the obvious similarities between Fitch’s paradox and the paradoxes of full
DDL, and given that Segerberg argued for a two-dimensional approach to the former,
one would have expected him to embrace a two-dimensional approach to the latter
as well. Thus it is surprising that Segerberg instead bases his solution on Sorensen’s
notion of a blindspot, which is essentially unrelated to the two-dimensional approach.

In fact it is not only surprising but, we think, it is questionable from a method-
ological point of view. Given the affinities between these paradoxes it would be
desirable to treat them in a uniform fashion. Thus, for Segerberg, who is associated
with two-dimensional semantics and the blindspot approach, the following uniform
approaches suggests themselves:

(1) Treating both paradoxes as involving blindspots
(2) Treating both paradoxes in a two-dimensional semantics

By contrast, the following would seem less attractive from a systematic perspective:

(3) Treating Fitch’s paradox in a two-dimensional semantics and Moore’s paradox
as involving blindspots

(4) Treating Fitch’s paradox as involving blindspots and Moore’s paradox in a two-
dimensional semantics

And yet, as we saw, Segerberg’s published responses to the paradoxes correspond to
option (3), a suboptimal strategy from a systematic perspective. Finally, the result of
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the present article suggests that option (2) is, in a sense, considerably more plausible
than meets the eye. More precisely, (2) is but a specific variant of a more general
approach:

(2") Treating both paradoxes as arising from failure to distinguish between different
perspectives

As we have argued, two-dimensional DDL, Bonanno’s temporal system and van
Benthem’s DEL-style system are all instances of (2'). They all resolve the para-
doxes by distinguishing between two different perspectives, in the two-dimensional
case the point of reference and the point of evaluation, in Bonanno’s case the time
before and after revision, and in van Benthem’s logic between conditional beliefs and
beliefs after revision. Thus, the main competitor to the blindspot approach, as things
must look from Segerberg’s point of view, is more widely adopted, and thus has a
stronger standing in the research community, than the apparent diversity could lead
one to believe. Perhaps even more important is the fact that the main competitor—
the perspectival strategy—is a very natural way of dealing with the problems, or
else researchers with widely different starting points would not have converged on
it. Furthermore, to reconnect with our discussion of Segerberg’s own solution, the
perspectival strategy is perfectly compatible with the traditional view that we often
revise simply by « rather than by a A Ba, and are quite rational in doing so. Not
only does this accord better with our pre-theoretical conceptions of things (at least
those of the present authors), but it means that this strategy works for reflective
agents and unreflective agents alike. Unlike the perspectival strategy, Segerberg’s
solution is dependent on the assumption that the agent in question is reflective. Thus,
unless an independent motivation is provided for not taking unreflective agents into
consideration, the perspectival strategy stands out as the more general solution.

Appendix: Proofs of Main Results

A.1 Proof of Theorem 1

The proof is based on constructing models for S>p out of models for Szzyp, in the
following manner:

Definition 7 Given a temporal belief model % = (W, {B,}recw, {In}new, V), we
define the two-dimensional revision model

QLZD = (W*’ {Bu}ueW9 {RZ}MGW1 V*>

as follows. We set
W*={(u,n):uecW&n c w}
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For all (u, n), (v, m), (w, k) € W*, we set (u, n)Bgy,m) (W, k) iff uB,w and k = m.
We set (u, n)R¥ (X)) (w, k) iff

(v,m)
e U=W,
e k=n-+1and
o Z=1I(u),whereZ ={t e W: (t,m) € X}

Finally, we set (#, n) € V*(p) iff u € V(p).
The construction is sound by the following proposition:

Proposition 2 20p is a two-dimensional revision model, for any temporal belief
model 2.

Proof We need to check that, for each X C W*, if (u, m)R} . (X)(w, k) then

(v,n)
I. Bonyw, k) CX
2. if X #@then By ,y(w, k) # 0
3. if By,ny(u, m) N X # @ then By ny(W, k) = By ) (u, m) N X

So suppose (u, m)R’("v ) X)(w, k). Thenu =w,k =m+ 1 and
Ipi1(u) ={t € W: (t,n) € X}

Now, since
Byp1(u) C Lyy(u)

item (1) follows easily by definition of the relation B, ,): for if
(w,m + DBy ,(W, k), then k' = n and uBy41w', so w' € Lyy1(w), so (W, n) =
W, k) eX.

For (2), note that X # @ implies 1,11 (u) # @, s0 Byy1-1 (u) # @. Pick w' such that
uBpy+1w'. Then (u, m + 1)By (W', n) 80 By pmy(u, m + 1) # .

Lastly, for (3), suppose By n) (1, m)NX # @. Let (W', k') € By (u, m)NX # &;
then k' = n and uB,,w’. Since (W', n) € X, w' € I, 1(u). So

By () O L1 (u) 7 9

and hence
Bit1(u) = By (1) N Ly 1 (1)

This means that
B(v,n)(ua m+1) = B(v,n)(ua m)NX

To see this, suppose (u, m + 1)B(, (s, 1). Then i = n, and uB,,y1s. But then uB,,s
and s € 1,41 (u). So (u, m)By, ) (s, n) and (s, n) € X.

Conversely, suppose (i, m + 1)B(, »)(s, i) and (s, i) € X. By definition of B, ,,
i = n.So (s, n) € X and therefore s € I,,,+1 («). Furthermore, uB,,,+15.Sos € B, (#)N
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Iny1(u), hence s € By, 11 (u). By definition this means that (u, m 4+ 1)B(, ») (s, n), i.e.
(u, m + 1)B(y ) (s, i) as required.

We now define a mapping G from pointed temporal belief models to pointed
two-dimensional revision models by setting

G u) =qr. (Aop, (,0), (u,0))

for each pointed temporal revision model (2, «). We then have the following result,
which gives the key to the soundness result for F:

Lemma 1 For any pointed temporal model (U, u) and any Lop-formula o, we have
®RLu) FF(a) &= GR,u)Fa

Proof We show, for any formula «, that for each world « in the universe of 2(, we
have both

1) R uw Emm@ = YveW: Rbop, (v,n), (u,m) F a

and
2) LuwFEmm@) = YveW: Rap, (v,n), (u,m) ¥ «a

for all v € W. From (1) and (2) together it follows that
2L u) F 10,0() <= (RAop, (4, 0), (1,0)) F a

i.e.
R u)EF(a) < G, uFa«a

as desired.

The proof goes by induction on the length of «.. For propositional variables, both
clauses are immediate, and the steps for Boolean connectives are easy.

Step for B: Suppose (A, u) F 7, m(Ba),i.e. QL u) E By Tyn(a).Letv € Wandlet
(w, k) be such that («, m)B,_,(w, k). Then by definition uB,,w and k = n, so we must
have (2(, w) F 7, ,() and by clause (1) of the IH we get (Uzp, (v, n), (w, n)) F a.
So we must have (20p, (v, n), (1, m)) E Ba. This shows that

1) L uw EmymBa) = YveW: &p, (v,n), (u,m)) F Ba

Suppose that (A, u) ¥ 7, m(Ba), i.e. (A, u) ¥ B, 7y n(v). Then there exists w € W
such that uB,w and (A, v) ¥ 7, ,. Let v € W; then we have (u, m)B(y, ) (w, n) and
by clause (2) of IH we have (20>p, (v, n), (w, n)) ¥ «, hence (Aop, (v, n), (u, m)) ¥
Ba. We have shown that
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2 @ uw ¥ 1 m(Ba) = Yv € W : 2p, (v,n), (u, m)) ¥ Ba

as required.
Step for : Suppose (A, u) = 7, ([xalPB), i.e.

L uw) F Lyp1Tnn (@) = Tnms1(B)
We note that by the IH we have, for eachv € W,
@ rn@ g =t €W: @ n) € llalqn)

Suppose for v € W that (u, m)REkv,n) (lleell y,my) (W, k). Then k = m + 1. Furthermore,
by definition and by (f) we get

Inpi() = {t € W:(t,n) € allgm) = [nnl@)]g

So R u) F Lyt1(mun(e)). Thus, we get (A, u) E 7 m+1(3). By clause (1) of
the IH, this gives (/zp, (v, n), (w,m + 1)) E 3, i.e. Qop, (v, n), (w,k)) E 3. So
Rbp, (v, n), (u, m)) F [*a]B. We have thus shown

(D L w) Emym([xa]B) = Yv € W (ap, (v, n), (u, m)) F [xa]B

Suppose (A, u) ¥ 7y m([*]B), ie. (A u) F Lyt17na(c) but (A, u) ¥ 7y mt1(03).
Pick v € W. Using () we obtain

Ln1() = | Tan() g ={t € W: (t.n) € llallpn)

From this we can conclude that (u, m)RZ"U,n)(Ilall(v,,,))(u, m + 1). Furthermore, by
clause (2) of the IH we have (24,p, (v, n), (u, m+ 1) ¥ (), so Rlbp, (v, n), (u, m) ¥
[*a]3). We have thus shown

) A w) E mpm([xa]B) = Yv € W (op, (v, n), (u, m)) ¥ [xa]f

as required.

Step for {: Given that the IH holds for «, suppose first that we have (A, u) F
Tam (T @), 1.e. (A, u) F T m(c). Then we have by clause (1) of IH: forallv e W,
ap, (v, m), (u, m)) E o In particular, (sp, (#, m), (u, m)) F «. This means that,
forallv e W, Rlp, (v, n), (u, m)) E ¥ a. We have established:

1) R u)Emm(ta)=YveW:&p, (v,n),w,m)kF+taoa

On the other hand, suppose (A, u) ¥ 7, T o, 1e. (A, u) ¥ 7y m(c). Then we
have by clause (2) of IH: for all v € W, (R4p, (v, m), (u, m)) ¥ «. In particular,
RAop, (u, m), (u, m)) ¥ «. This means that, for all v € W, Rlyp, (v, n), (u, m)) ¥
T a. We have established:
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2) QL u)E (T o) = VYveW: Rhp, (v,n), (u,m) # i«

This ends the proof.

We now prove Theorem 1 as follows: suppose F'(I') Fzep F(cv). Then there is
a pointed temporal belief model (2, u) such that (A, u) F F(I") but (A, u) ¥ F(«).
By the previous theorem, G(2, ) F I" but G(, u) ¥ «. Hence I #>p «. This ends
the proof of the theorem.

A.2 Proof of Theorem 2

We use the same strategy as in the previous section:

Definition 8 Given a two-dimensional model 2 and a world v in the universe of 2,
we define the conditional belief model

Aperv] = (W*, {ou}uews, V*)
as follows: we set W* = W and V* = V. Foreachu € W and X C W, we set
ouX) ={w e W :3p e WuR}(X)p and pB,w]}

It is easily checked that 2Apgr[v] is a conditional belief model. We define the
mapping G from pointed two-dimensional revision models to pointed conditional
belief models by setting G(, v, u) = (Apgr[v], u) for a pointed two-dimensional
revision model (2, v, u). We have the following result:

Lemma 2 For any pointed two-dimensional model (A, u, v) and any static Lpgy -
formula o we have
& u,v) ET(0) <= G, u,v) Fa

Proof By induction over the length of static formulas we show that, for all v € W
we have
(A, u, v) F 7(0) <= (Uperlul, v) F o

The steps for atomic formulas and Boolean connectives are trivial.

Step for A: suppose (2, u, v) F 7(Aa),i.e. (A, u, v) E [*—7(a)]B L. By seriality
of R¥(|l-7 () ||MQ1) there must be some w such that vR} (|| -7 (a) ||3l)w. Furthermore,
clearly we have B, (w) = @, and this means that ||—|7'(oz)||§l = (. Hence ||T(Oé)||3[ =
W = W*. By the IH, [allg,, g = W, and so we have (/pgLlul, v) F Aa as
required.

Conversely, suppose (2, u, v) ¥ 7(Ax), i.e. A, u,v) F [*—7(x)]B L. Then
there is some w such that UR:(H—'T(Oé)Hg[)W and B, (w) # (). Hence there is some
s such that wBys. By the definition of a two-dimensional model, s € ||—7(a)] i.e.
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(A, u, s) E —~7(a). Hence (A, u, s) ¥ 7(a), and by the IH (RApgz[u], s) # «. Hence
Apgrlu], v) ¥ Aa as required.
Step for B: suppose (2, u, v) F 7(B(«a | £)), i.e.

(A, u, v) E [*7(B8)]1BT ()

Suppose w € av(IIﬂIIQlDEL[M]). By the IH this means that w € o, (||7(5) ||31), so there

is some s such that vRZ(||a||3l)s and sB,w. Since (2, u, v) F [*7(6)]B1(c) we have
A, u, s) E Br(a) so (A, u,w) F 7(v). By IH we get (Apgr[u], w) F a. We have
thus shown that (2, u, v) F B(« | 3) as required.

Conversely, suppose that (A, u, v) # 7(B(« | 3)), i.e.

A, u, v) ¥ [*7(B)]IBT ()

Then there is some s such that vR’: (|| 7(3) || Sl)s and (2, u, s) ¥ B7(a). This means that
for some w we have sB,w and (2, u, w) ¥ 7(«). By the IH we have vRy; (|| Bl 9, [u1)S>
and thus we have w € o,(||8 2z, [u1)- Furthermore, by the TH again, we have
RApgerlu], w) E a. Thus (Apgr[u], v) ¥ B(a | §) as required.

Using the fundamental property of the translation p used in the construction of F,
this lemma immediately entails:

Corollary 2 For any pointed two-dimensional model (2, u,v) and any Lpgr-
formula o we have
QR u,v) F F(a) <= G, u,v) F a

From this result, we can prove Theorem 2 just like we proved Theorem 1.
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