Chapter 10
Rate Analysis of Inexact Dual Fast Gradient
Method for Distributed MPC

I. Necoara

Abstract In this chapter we propose a dual decomposition method based on inexact
dual gradient information and constraint tightening for solving distributed model
predictive control (MPC) problems for network systems with state-input constraints.
The coupling constraints are tightened and moved in the cost using the Lagrange
multipliers. The dual problem is solved by a fast gradient method based on approx-
imate gradients for which we prove sublinear rate of convergence. We also provide
estimates on the primal and dual suboptimality of the generated approximate primal
and dual solutions and we show that primal feasibility is ensured by our method. Our
analysis relies on the Lipschitz property of the dual MPC function and inexact dual
gradients. We obtain a distributed control strategy that has the following features:
state and input constraints are satisfied, stability of the plant is guaranteed, whilst the
number of iterations for the suboptimal solution can be precisely determined.

10.1 Introduction

Different problems from control and estimation can be addressed within the frame-
work of network systems [11]. In particular, model predictive control (MPC) has
become a popular advanced control technology implemented in network systems
due to its ability to handle hard input and state constraints. Network systems are
complex and large in dimension, whose structure may be hierarchical, multistage or
dynamical and they have multiple decision-makers.

Decomposition methods represent a very powerful tool for solving distributed con-
trol and estimation problems in network systems. The basic idea of these methods
is to decompose the original large optimization problem into smaller subproblems.
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Decomposition methods can be divided in two main classes: primal decomposition
and dual decomposition methods. In primal decomposition the optimization prob-
lem is solved using the original formulation and variables and the complicating
constraints are handled via methods such as feasible directions, Gauss-Jacobi type
and others [3, 6, 10, 11, 20]. In dual decomposition the original problem is rewritten
using Lagrangian relaxation for the complicating constraints and the dual problem
is solved with a Newton or (sub)gradient algorithm [1, 2, 5, 11, 12, 14, 18]. Dual
decomposition methods based on subgradient iteration and averaging, that produce
primal solutions in the limit, can be found in [7, 9]. Converge rate analysis for the
dual subgradient method has been studied e.g. in [13], where the authors provide
estimates of order O(1/+/k) for the approximate solutions and for feasibility viola-
tion. Thus, an important drawback of the dual decomposition methods consists of the
fact that feasibility of the primal variables can be ensured only at optimality, which
is usually impossible to attain in practice. However, in many applications, e.g. from
control and estimation, the constraints can represent different requirements due to
physical limitations of actuators, safety limits and operating conditions of the con-
trolled plant. Therefore, any control or estimation scheme must ensure feasibility.
Thus, we are interested in developing dual optimization algorithms which satisfy the
requirement of feasibility.

One way to ensure feasibility of the primal variables in distributed MPC is through
constraint tightening [5, 8, 17], or through distributed implementations of some clas-
sical methods, such as the method of feasible directions, Gauss-Jacobi type and others
[3, 6, 20]. In [5] a dual distributed algorithm based on constraint tightening is pre-
sented for solving MPC problems for systems with coupled dynamics. The authors
prove the convergence of the algorithm using the analysis of the dual subgradient
method from [13], which has very slow convergence. In [8] the authors propose a
decentralized MPC algorithm that uses the constraint tightening technique to achieve
robustness while guaranteeing robust feasibility of the entire system. In [20] a coop-
erative based distributed MPC algorithm is proposed that converges to the centralized
solution. In [3] a distributed algorithm based on the method of feasible directions
is proposed that also converges to the centralized solution and guarantees primal
feasibility. While most of the work cited above focuses on a primal approach, our
work develops dual methods that ensure constraint feasibility, tackles more complex
constraints and provides better estimates on suboptimality.

The main contribution in this chapter is to provide a novel distributed algorithm
based on dual decomposition and constraint tightening for solving constrained MPC
problems in network systems. The algorithm has better convergence rates than the
algorithms in [5, 13] due to the fact that we exploit the Lipschitz property of the
gradient of the dual MPC function. Further, we solve the inner problems only up
to a certain accuracy by means of a parallel coordinate descent method that has
linear rate of convergence. Even if we use inexact information of the gradient of the
dual tightened function, after a finite number of iterations we are able to provide
a primal feasible solution for our original MPC problem using averaging. We also
derive estimates on dual and primal suboptimality of the generated approximate
solutions for our MPC problem. Finally, we obtain a distributed MPC scheme that
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has the following features: state and input constraints are satisfied, stability of the
plant is guaranteed, whilst the number of iterations for the suboptimal solution can
be precisely determined.

The chapter is organized as follows. In Sect. 10.2 we introduce the MPC problem
for network systems with state-input constraints. In Sect. 10.3 we develop an inexact
dual fast gradient scheme for solving a tightened MPC problem and analyze its
convergence. Section 10.4 shows how we can perform distributed computations in
the MPC scheme. Its efficiency is demonstrated on a four-tank plant in Sect. 10.5.

Notation: For u, v € R" we denote the standard Euclidean inner product (u, v) =
>, u'v', the Euclidean norm [|u|| = +/{u, u) and the projection onto R’ as [u]*.

10.2 Distributed MPC for Network Systems

Many applications from control and estimation theory can be posed in the framework
of optimization problem (10.6), e.g. the MPC problem for interconnected subsystems.
We consider network systems which are comprised of M interconnected subsystems,
whose dynamics are defined as:

xitk+1) = D" Ayjxj(k) + Bijuj(k), (10.1)
jeNi

where x; (k) € R"™ and u; (k) € R" represent the state and the input of ith sub-
system at time k, A;; € R™i ™" and B; j € R"™i*"j and N’ denotes the neighbors
of the ith subsystem including i. In a particular case frequently found in literature
[12, 20] the influence between neighboring subsystems is given only in terms of
inputs:
xitk+1) = Auxi(k) + D> Biju;(k). (10.2)
jeNi

We also impose local state and input constraints:
xitk) e Xi, uitk)yeU; Vi=1,--- , M, k>0, (10.3)

where X; € R™i and U' € R™i are simple convex sets. For the systems (10.1)
or (10.2) and a prediction horizon of length N;,, we consider a convex cost function

composed of a stage and a final cost for each subsystem i: ZIN:"O_ ! Li(xi (D), u; (1)) +

Kf(xi(Np)). The centralized MPC problem for (10.1) for a given initial state x is
formulated as:
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M Np—1
J*(x) = i 2 (xi (D), ui (1) + €5 (x; (N 10.4
(0= min ; ; i (1), ui (D) + € (xi (Np)) (10.4)
S.t: xi(l + 1) = Z Ainj(l) + B,'juj(l), x,~(0) = Xj, Xj (Np) S le Vi,

jeNi

where le are terminal sets chosen under some appropriate conditions to ensure
stability of the MPC scheme (see e.g. [19]). For the input trajectory of subsystem i and
the overall input trajectory we use the notation (here n; = Npn,; andn = Zlﬁi L1

T T
w=[uf @ ul Ny - D] er, w=[u] uf] err.

By eliminating the states from dynamics (10.1) and assuming that X; and le are
polyhedral sets for all i, problem (10.4) can be expressed as a large-scale convex
problem:

J*(x) = min {J(x,up, - ,uy): Gu+Ex+g <0} (10.5)

u €Uy, ,uyely

where the convex sets U; are the Cartesian product of the sets U; for N, times and
the inequalities Gu + Ex 4+ g < 0 are obtained by eliminating the states from the
constraints x; (/) € X; and x;(Np) € le forall/ and i.

10.3 Solving the Dual MPC Problem Using an Inexact Fast
Gradient Method and Tightened Constraints

In this section we present briefly an optimization algorithm for solving distributively
the MPC problem (10.5). For brevity, we remove the dependence of the cost and
constraints in (10.5) on the initial state x and consider the smooth convex problem:

F*=min{F(u): Gu+g <0}, (10.6)
uel

where F : R" — R is a convex function, U C R” is a convex set and G € R"*" g €
R™. We assume that projection on the set defined by the coupling constraints
(called also complicating constraints) Gu+g < 0 is hard to compute, but the
local constraints are in the form of a Cartesian product U = Uy x - -+ x Uy, with
U; C R"™ being simple sets, i.e. the projection on these sets can be computed effi-
ciently (e.g. box sets or entire space R"). We define the partition of identity matrix:
I, =[E{---Ey] € R"™" where E; € R"*" foralli =1,---, M. Thus, u can be
represented as: u = Z,Ail E'u;. We define the partial gradient of F at u, denoted
V;F(u) € R%,as: V; F(u) = (E")T VF (u) for all i. For simplicity we use the short
notation: #(u) = Gu + g. The following assumptions are considered in this paper:
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Assumption 10.1 (i) Function F is op-strongly convex w.r.it || - ||.
(ii) The gradient of F is coordinate-wise Lipschitz continuous with constants
L; >0, ie: ||ViF(u+ Eid;) — ViF)| < L; ||d; || for allu € R", d; € R".

Assumption 10.2 Slater constraint qualification holds for (10.6), i.e. there exists
vector i € U such that Gu + g < 0.

In dual decomposition, instead of minimizing the primal function F(u), one has
to maximize the dual function d(\) = minycy L(u, \), where L(u, \) = F(u) +
(A, h(u)) denotes the partial Lagrangian w.r.t. the complicating constraints 4 (u) < 0.
Since we assume the set U to be simple, any gradient or Newton based projection
method for solving the inner subproblems, for a given A, has cheap iterations. More-
over, based on Assumption 10.1 (i) the dual function d () has Lipschitz continuous
gradient with constant Ly = ||G||?/oF (see e.g. [15]). As a consequence of Assump-
tion 10.2, we also have that strong duality holds.

10.3.1 Tightening the Coupling Constraints

In many applications, e.g. the MPC problem from Sect. 10.2, the constraints may
represent different requirements on physical limitations of actuators, safety limits
and operating conditions of the controlled plant. Thus, ensuring the feasibility of
the primal variables in (10.6), i.e. u € U and Gu + g < 0, becomes a prerequisite.
However, dual decomposition methods can ensure these requirements only at opti-
mality, which is usually impossible to attain in practice. Therefore, in our approach,
instead of solving the original problem (10.6), we propose a first order optimization
algorithm based on dual decomposition for a tightened problem (see also [5] for a
similar approach where the tightened dual problem is solved using a subgradient
algorithm). We introduce the following tightened problem associated with original
problem (10.6):

F; =min{F): Gu+g+ee=0}, (10.7)
ue

where e denotes the vector with all entries 1 and
0 < éc < min{—(Ga+g)y,---, —(Ga+gu}, (10.8)

where i is a Slater vector for (10.6) as in Assumption 10.2. Note that for this choice of
€¢c, we have that u is also a Slater vector for problem (10.7), so that Assumption 10.2
remains valid for this problem. Our goal is to solve the optimization problem (10.7)
using dual decomposition. In order to update the dual variables we use an inexact
dual fast gradient method. An important feature of our algorithm consists of the fact
that even if we use inexact information of the gradient of the dual function, we are
still able to compute a sequence of primal variables which, after a certain number of
outer iterations, become feasible and e,y -optimal for our original problem (10.6).
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Recall that we use the short notation 2 (u) = Gu+g. We assume that projection on
U; is simple but the projection on the set defined by the tightened coupling constraints
h(u) + ece < 0 is hard to compute. Therefore, we remove the tightened constraints
in the cost via Lagrange multipliers and define the dual function:

de.(\) = min L_(u, \), (10.9)
uelU

where L. (u, \) = F(u)+ (), h(u) +¢.e). Further, the gradient of the dual function
de. (M) is Lipschitz continuous, with the same constant Lqg as for the original dual
function for (10.6), and is given by [2, 15]: Vd, (A) = h(u()\)) + ec.e, where u()
is the optimal solution of the inner problem:

u(\) = argmin L (u, \). (10.10)
uelU

Under strong duality we have for the outer problem:

F! =maxd. (). (10.11)
¢ A>0

Remark 10.1 1f Assumption 10.2 holds for (10.7) and F:Z is finite, then from [2] it
follows that the set of optimal Lagrange multipliers for the inequalities 2 (u) + e <
0 is bounded. Therefore, problem (10.11) can be written equivalently as: F::\ =
max)eg de. (\), where 4

O={XeR":A>0, |\]| <R}, (10.12)

for some R > 0 such that \* € Q, where A\* denotes an optimal solution of (10.11).
O

Since we cannot usually solve the inner optimization problem (10.10) exactly, but
with some accuracy €j, and obtaining an approximate solution w(\), we do not have
available an exact gradient of the dual function in A, but only an approximation:

Vd.,(\) = h(@i(\) + ece.
If we assume that w(\) is computed such that the following €;,-optimality holds:
u(A) €U, L @A), A) — Le, (@), A) < €in/2, (10.13)

then next lemma gives bounds for the dual function d (\) (see Sect.3.1 in [4]):

Lemma 10.1 [4] Let Assumptions 10.1 and 10.2 hold and for a given X let u(\) be
computed as in (10.13). Then, the following inequalities are valid for all X € R :
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Algorithm 10.1 (IDFG)(\°)

Given X0 € R}, for p > 0 compute:
1: u? ~ arg milrjl L. (u, A?) such that (10.13) holds
ue

_ +
200 =W+ LVdEC(,\P)] and n? = [\ + 4 320, 419 gc(AS)]

3: A0 — ptl p+

p.
p3k p+%77

0> de,(N) = [Le, @A), N) + (Vde,(\), A = N1 = —LallA = M — €. (10.14)

Our goal is to solve the dual problem (10.11) using a fast gradient scheme with
accuracy €oy. We obtain such accuracy egy¢ after poy iterations and after which
we construct a primal estimate G”out, We want to guarantee for this estimate primal
feasibility and primal suboptimality of order €, for problem (10.6):

a’w e U, Gar™ 4+g <0 and F@”") — F* < O(eour)-

10.3.2 Inexact Dual Fast Gradient Method for Solving
Outer Problem

In this section we discuss an inexact dual fast gradient scheme for updating A. The
algorithm was proposed by Nesterov [15] and applied further in [12] for solving
dual problems with exact gradient information. The scheme defines three sequences
(AP, u?, Up)pzo for the dual variables, see Algorithm 10.1.

Based on Theorem 1 in [4], which is an extension of the results in [12, 15] to the
inexact case, we have the following result:

Lemma 10.2 [4, 12] If Assumptions 10.1 and 10.2 hold and sequences (0P, \P, u?,
nP) p=0 are generated by Algorithm 10.1, then for all p > 0 we have:

%Q( )z max— LalA=X| +Z [LQ(‘S N)+ (Ve (N), A=X)]
s=0
_ D@ EDP I RY. (10.15)

12

The next theorem provides estimates on the dual suboptimality of the generated
approximate dual solutions of (IDFG):

Theorem 10.1 Let Assumptions 10.1 and 10.2 hold and the sequences (0P, \P, u?,
nP) p>0 be generated by Algorithm 10.1 with X0 = 0. Then, an estimate on dual
suboptimality for the original problem (10.6) is given by:
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4L4R* p+3

- dEL- (ﬂp) - ( + 1)2 3

€in. (10.16)

Proof Using the first inequality from (10.14) in (10.15) we get:

(p+D(p+2) s+1

4

P+DP+2(p+3)

14
de(nP) = — La NI+ > €in-

s=0

de,(\*) —

Dividing now both sides of the previous inequality by Wﬂ, using (10.12),
rearranging the terms and taking into account thatde, (\*) = F} > F*and ( p+1? <
(p+1)(p+2) we obtain (10.16). a

We are interested now in finding estimates on primal suboptimality and primal
infeasibility for our original problem (10.6). For this purpose we define the following
average sequence for the primal variables:

p
Z _ 264D o (10.17)
(p+D(p+2)

The next theorems give estimates on primal suboptimality and infeasibility, whose
proofs can be found in Appendix (Sect. 10.7).

Theorem 10.2 Assume the conditions from Theorem 10.1 hold and let u? be given
by (10.17). Then, the following estimate on primal suboptimality for (10.6) can be

derived:
p+3

F@P) — F* < JmRe. + €in- (10.18)

Theorem 10.3 Under the assumptions of Theorem 10.2, an estimate for primal

infeasibility is given by: if we define v(p, €¢in) =

I[GR” + g + ece] || < v(p, €in). (10.19)
Assume now that we fix the outer accuracy €y to a desired value such that:

€out = 2\/ER . I'll’lin {_(Gﬁ+g)j},
J=Lm

where 0 is a Slater vector for (10.6) (see Assumption 10.2). We are now interested
in finding the number of outer iterations poy; and a relation between €y, €in and €
such that primal feasibility holds and primal suboptimality will be less than €qy:

G e U, GiaP™ +g <0 and F(@P") — F* <eou. (10.20)
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From (10.18), we can take for example:

€out 3eout
and €y

T 2 mR T 2(pou +3)

(10.21)

Using Theorem 10.2 we see that for this choice of €. and ¢;, we ensure the second
condition in (10.20), i.e. eoy-optimality for original problem (10.6). To get primal
feasibility we impose the condition v(poys, €in) < €c, from which we obtain e.g.

2
(Pout + 1)? > 16*{% and thus we can take:

L
Pout = | 4R @

€out

It follows immediately that for this choice of e, €, and poy the approximate
primal solution produced for our original problem (10.6) is feasible (i.e. G/t € U
and GaPon + g < 0) and egye-optimal (i.e. F(@Pout) — F* < eqye) and thus (10.20)
holds.

Note that all the results derived in this section hold also for \° # 0, but in this
case the formulas are more cumbersome. Further, our results hold also in the case
when we solve the inner problems exactly, i.e. €;, = 0 in (10.13), or when U = R”,
i.e. the inner problems are unconstrained.

10.3.3 Parallel Coordinate Descent Method for Solving
Inner Problem

In this section, due to space limitations, we present briefly a block-coordinate descent
algorithm which permits solving in parallel, for a fixed A?, the inner problem (10.9)

approximately: wel; g}il&MeUM L (u, A\7).Based on Assumption 10.1 it follows that

Lc.(u, A) = F(u) 4+ (), Gu+ g + €ce) is strongly convex and with coordinate-wise
Lipschitz continuous gradient in the first variable. Since the algorithm can be applied
to a larger class of problems, which also includes our problem (10.9), we consider
the more general problem:

*

f* = min £, (10.22)

ll]EU],w, uMEU1

where f is convex and satisfies Assumption 10.1 (i.e. itis op-strongly convex and has
L;-coordinate-wise Lipschitz continuous gradient) and U; € R" are simple, convex
sets (e.g. box sets, entire space R", etc). There exist many parallel algorithms in the
literature for solving the optimization problem (10.22): e.g. Jacobi-type algorithms
[2, 20]. However, the rate of convergence for these algorithms is guaranteed under
more conservative assumptions than the ones required for the parallel coordinate
descent method proposed in this section (see [10] for more details).
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Algorithm 10.2 (PCD)(u®)

Given u?, for q > 0do:

1: compute in parallel v; (u?) fori =1, ..., M
2: update: wit! = 37 Lo o).

Let us define the constrained coordinate update for our inner algorithm:

. L;
v; (W) = arg min (Vi £ (W), v; — ;) + == fJvi = wi]]®

wi) =u+E @@ —uw) Vi=1,--, M.

Algorithm 10.2 shows our Parallel Coordinate Descent Method, resembling the
method in [20] but with a simpler iteration and guaranteed rate of convergence and
which can also be viewed as a parallel version of the block-coordinate descent method
from [16].

We can easily show that Algorithm 10.2 decreases the objective function at each
iteration: f(u¢t!) < f(u?) for all ¢ > 0 (see [10] for more properties of this
algorithm). Note that if the sets U; are simple (e.g. boxes) the projection on U; can
be easy (for boxes in O (n;) operations) and if f has cheap coordinate derivatives
(e.g. quadratic function with sparse Hessian), then the cost of computing V; f(u)
is less than O(n - n;). Thus, for quadratic problems the worst case complexity per
iteration of our method is O (n?). Note that the complexity per iteration of the method
from [20] is at least O(n> + Zlﬁil n?), provided that the local quadratic subproblems
are solved with an interior point solver. The next theorem provides the convergence
rate of Algorithm 10.2:

Theorem 10.4 [10] If function f has L;-coordinate-wise Lipschitz continuous gra-
dient and is also op-strongly convex, then the Algorithm 10.2 has linear rate of
convergence.

10.4 A Distributed MPC Scheme Based on Local Information

In this section we discuss some technical aspects for the implementation of our inex-
act dual decomposition method in the case of MPC problem (10.4) and its equivalent
form (10.5) presented in Sect. 10.2. Usually, in the linear MPC framework, the local
stage and final cost are taken of the following quadratic form:

2 2 f 2
Ciiou)) = lxily, + luily, o Che) = lxl

where ||x||%,i = xT Pix, the matrix Q;, P; € R"™i*™i are positive semidefinite,
whilst matrices R; € R™i > are positive definite. We also assume that the local
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constraints sets U;, X; and the terminal sets X lt are polyhedral. In this particular case,
the objective function in (10.5) is quadratically strongly convex, having the form:

Fu) =J(x,u) =05u’Qu+ (Wx +w) u,

where Q is positive definite due to the assumption that all R; are positive definite.
Since we assume that the sets U;, X; and Xy are polyhedral, then after eliminating
the dynamics (10.1) or (10.2) all the complicating constraints are gathered in:

h(u) =Gu+Ex +g <0.

If the projection on the set U; is difficult we also move the input constraints in
the complicating constraints defined above. In this case U; = R". Otherwise (i.e.
the local sets U; are simple, e.g. boxes or the entire space R"i) the convex sets

U, = Hlszl U;. Usually, for the dynamics (10.1) the corresponding matrices Q
and G obtained after eliminating the states are dense and despite the fact that both
Algorithms 10.1 and 10.2 can perform parallel computations (i.e. each subsystem
needs to solve small local problems) we need all to all communication between
subsystems. However, for the dynamics (10.2) the corresponding matrices Q and G
are sparse and in this case in our Algorithms 10.1 and 10.2 we can perform distributed
computations (i.e. the subsystems solve small local problems in parallel and they need
to communicate only with their neighbors). Indeed, if the dynamics of the system
are given by (10.2), then x;(I) = Aﬁix,- ) + Zizl Zjej\/i A‘;i_lB,-juj(l — ) and
thus the matrices Q and G have a sparse structure (see e.g. [3, 20]). In particular, the
complicating constraints have the following structure: for matrix G the (i, j) block
matrices of G, denoted G, are zero forall j ¢ N\ " for a given subsystem 7, while the
matrix E is block diagonal. Further, if we define the neighborhood subsystems of a
certain subsystemi as N = NTU{l : [ e N/, j e N'},where NV = {j : i € NV},
then the matrix Q has all the block matrices Q;; = 0 for all j ¢ N and the matrix
W has all the block matrices W;; = 0 for all j ¢ N i, for any given subsystem i.
Thus, the ith block components of both @dec and VL (u, \) can be computed using
local information:

Vide N) = D Giju; +Eiixi + g + ece, (10.23)
JeNt
ViLCC(ll, A = Z Q,’jllj + z (Wijx]‘ —i—GiTj)\j) +w;. (10.24)
JeN jeNi

Note that in the Algorithm 10.2 the only parameters that we need to compute are
the Lipschitz constants L;. However, in the MPC problem L; does not depend on the
initial state x and can be computed locally by each subsystem as: L; = Apax (Qi;).
From the previous discussion it follows immediately that the iterations of Algorithm
10.2 can be performed in parallel using distributed computations (see (10.24)).
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Algorithm 10.3 Distributed MPC scheme (x, A°, u®)

Given x and accuracy €,y choose Xoe Rﬁ and u’ € U.
Write MPC problem (10.4) into optimization problem (10.5).

1: Outer Iteration: for 0 < p < poy do
Inner iteration: given u? Vi and \?, for ¢ > 0 repeat

Each subsystem i computes in parallel V; L. (u?, A?) as in (10.24)

Each subsystem i updates in parallel uqu using Algorithm 10.2 and ¢ <— ¢ + 1.
e Untilu/ =[uf,. -ul,] ~arg mi{r} L, (u, \X) such that (10.13) holds
ue

e Define u’ = ¢ and compute 47 as in (10.17)

2: Each subsystem i computes in parallel ﬁidéc (AP) as in (10.23).

3: Each subsystem i computes in parallel (uf’, nl.p, )\fﬂ) using Algorithm 10.1, p < p + 1.

Since the Algorithm 10.1 uses only first order information, we can observe that
once V;d. () has been computed distributively, as proved in (10.23), all the compu-
tations for updating (A?, u”, n?) can be done in parallel distributively, due to the fact

that we have to do only vector operations. However, in the gcheme 1(2).1 all subsys-

G G
% - —Aim EQ)
be computed distributively. In practice, a good upper bound on Aﬂgl(‘Q) is sufficient.
Note that we do not need to compute a Slater vector u for (10.4) as long as the MPC
problem is well possed and the desired accuracy e, is sufficiently small such that
€out < 24/mRminjj ... »{—(Gu+ Ex + g);} for all x in some region of attraction
Xn,- In Algorithm 10.1 another global constant that has to be computed offline is an
upper bound on the norm of the optimal multiplier, Rq, for any x € Xy,. Note that
practical ways to compute an upper bound Ry can be found in [13, 18]. Once the
desired accuracy was chosen and an upper bound Rgq was computed offline, then we
can take ¢, = zf/‘”l; > as proven in previous sections.

tems need to know the global Lipschitz constant Lg = that cannot

From previous discussion we can conclude that the sequences (ﬁp, AP uP nP ) >0
generated by the Algorithms 10.1 and 10.2 can be computed in parallel and their
updates can be performed distributively using local information, provided that
dynamics (10.2) are considered and that good approximations for Lq and Rq can
be computed offline. Closed loop stability for our MPC scheme as given as Algo-
rithm 10.3 can be ensured by choosing the terminal costs Elf and the terminal sets X lf
for all i appropriately [19].

10.5 Numerical Example

To demonstrate the applicability of the new algorithms we consider the MPC problem
for a 4-tank process, whose objective is to control the level of water in each tank.
We obtain a continuous state-space model by linearizing the nonlinear model (see
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e.g. [1]) at an operating point given by hf, 7f, 75 (Where A§ = 0.19m, S = 0.13m,
h§ = 0.23m, h§ = 0.09m denote the water levels and 7] = 0.58, 75 = 0.54
represent the valve ratios) and the maximum inflows from the pumps ¢{"“* = 0.39
m3/h, ¢3'** = 0.39 m3/h, with the deviation variables x; = h; — h$, u; =y — 5,

Uy =7 — -

max

-1 0 o L e 0
d_x_ 0 _Tl_z Tl_* 0 X+ (I)nax qQS u
dt 0 0 —-% 0 S ’
0 0 0 —+ 0 fqé"“x

where the state vector x € R?, the input vector u € R2, T = %,/ % denotes the
1

time constant for tank i and S = 0.02, q; = 5.8- 1073, Using zero-order hold method
with a sampling time of 7 = 5s we obtain the discrete time model of type (10.2):

x1(k+1) = Anxi(k) + Briuy (k) + Biaua(k),

x2(k + 1) = Axpxp(k) + Bous (k) + Bayuy (k),
with the partition x| <— [x] x4]7 and x, < [x2 x3]%. For the input constraints we
consider the practical constraint of the ratios of the three way valves for our plant,
ieu € [0.3,0.8] — ~°. We also consider state constraints 0 < x < 0.31 — h®. For
the stage cost we have taken the weighting matrices to be Q; = I and R; = 0.1.
Since the matrices A;; are stable, in order to ensure stability of the MPC scheme we
can compute matrices P; for the final costs as the solutions of the discrete Lyapunov
equations [19]: Al.TiPiAi,- — P+ Q;=0.

For a prediction horizon N = 20 and starting from sy = 0.3m, the simulated
closed-loop trajectories for the levels using Algorithm 10.1 are displayed in Fig. 10.1.
Note that the closed-loop system is driven to the equilibrium point /€.

15 .

Levels of tanks 1 and 4
Levels of tanks 2 and 3

10 I ~\“"'r‘—-v-———\———-\—;
0O 20 40 60 80 100 120 0O 20 40 60 80 100 120

Time instant t Time instant t

Fig. 10.1 Trajectories of the states (levels) for the four tanks
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Fig. 10.2 Primal suboptimality and infeasibility for Algorithm 10.1

In Fig. 10.2 we represent the primal suboptimality and infeasibility for the MPC
optimization problem solved at step k = 10 using Algorithm 10.1. We fix €oy¢ = 0.01.
The continuous line corresponds to €, and €. computed according to Sect. 10.3.2,
while the dotted line corresponds to €, = 10€eqy. We can observe that Algorithm
10.1 is sensitive due to error accumulations.

10.6 Conclusions

Motivated by MPC problems for network systems, we have proposed a dual based
method for solving constrained MPC problems in network systems. We moved the
coupling constraints in the cost using duality theory and introduced a tightened
version of the dual MPC problem. We solved the inner subproblems only up to a
certain accuracy by means of a parallel coordinate descent method for which we have
linear convergence. For solving the outer problems we developed an inexact dual fast
gradient scheme. We proved primal feasibility for our original MPC problem and
derived upper bounds on dual and primal suboptimality. We also discussed some
implementation issues of the new algorithms for distributed MPC and tested them
on a practical example.

For future research we intend to apply these newly developed algorithms to other
practical problems and implement them in a distributed setting using MPI.

10.7 Appendix

Proof of Theorem 2: Using (10.15) and (10.17) and the convexity of F and & together
with the fact that O € R”', we obtain:
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€in-.

~ 4Ld 2 A P+3
F@P) —d. (u’) < —max ———< ||\ \, h(GP
W) —de. (1") = max (p+1)2|| I 4+ (A, A7) 4 ece) + 3

Since maxeg — (;fr‘;‘)z IAIZ 4+ (A, R(GP) + ece) > 0 and taking into account that

de.(uP) < FZ, we have: F(0P) — FY < ”;’3 €in. We can write further:

€c

F* =r§1axd \) = magmlnF(u)—i—()\ h(u) + ece)

A

r/{laémm F) + (\, h(w)) —i—max()\ €ce) = F* + /mRee,
€

which combined with the previous inequality proves (10.18). (]
Proof of Theorem 3: Recall that 4#(u) = Gu + g. Using (10.15) and convexity of F
and &, we have:

. 3 X
24 (N h(8P) + ece) < €in + de, () — F(@7).

L
max — ——"— |1\l
220 (p+1)2
For the second term of the right hand-side we have:

de () —F @) < de,(\") — F(@) = minF(w) + (A h(u) + ece)— F(@P)
ue

< F(@P) + (A", h(8P) + cce) — F(@") = (X" h@P) +ece) < [I\*[I[h @) +ecel ™|,

where in the last inequality we used that (), y) < [|A|||[[y]T|| for any y € R™ and
A > 0. Using now the fact that:

(p+1)?

6L A (@P) + ece]T|?

_=d Y4 —
max — (+1)2||/\|| + (A, h(0F) + ece)

and introducing the notation « = h(4”) + €.e, we obtain the following second
2
order inequality in [|[[a][|: LEL|[[a] T2 — A [ I[a]t ]| — 226 < 0. Therefore,

16L4 3 —
l[a]™ || must be less or equal than the largest root of the corresponding second-order
equation, from which, together with (10.12), we get the result. |
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