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Preface

Introduction

Dynamical and vibratory systems are basically applications of mathematics and
science to the solution of real-world problems. In the majority of real-life and
applied phenomena in engineering sciences, as well as in a multiplicity of other
sciences, solutions of specifically defined problems are the ultimate goal. In order
to apply engineering or any other science, it is necessary to fully understand
dynamical and vibratory systems and how to solve cases of either linear or non-
linear equations using analytical and numerical methods. It is of particular
importance to study nonlinearity in dynamics and vibration, because almost all
applied processes act nonlinearly. In addition, nonlinear analysis of complex
systems is one of the most important and complicated tasks, especially in engi-
neering and applied science problems.

There are only a handful of books that focus on nonlinear dynamics and
vibrations analysis. Some of these books are written at a fundamental level that
may not meet ambitious engineering program requirements. Others are specialized
in certain fields of oscillatory systems, including modeling and simulation. In this
book, we attempt to strike a balance between theory and practice, fundamentals
and advanced subjects, and generality and specialization.

None of the books in this area have completely studied and analyzed nonlinear
equations in dynamical and vibratory systems using the latest analytical and
numerical methods, which, if included, would allow the user to solve problems
without needing to study many different references. Therefore, in this book, we
have chosen to use the latest analytic and numerical laboratory methods, referring
to a bibliography of more than 300 books, papers, and research reports, many of
them written by the authors of this book, and to consider almost all possible
processes and physical configurations, thereby exploring new theories that have
been proposed to solve real-life problems in engineering and applied sciences. In
this way, the users (bachelor’s, master’s, and Ph.D. students, university teachers,
and even workers in research centers in different fields of mechanical, civil,
aerospace, electrical, chemical, applied mathematics, physics, etc.) can approach
such systems with confidence. In the different chapters of the book, not only are
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linear and nonlinear problems, especially those in an oscillatory form, broadly
discussed, but also applied examples are solved in a practical manner by the
proposed methodology.

An abundant number of examples and homework problems are provided.

The users of this collection can achieve very strong capabilities in the area,
especially of nonlinear phenomena in dynamically and vibratory systems, such as
the following:

e A complete understanding of the nonlinearity sources and formulation of
dynamical motion equations in different systems using the most general methods
(e.g., principle of virtual work, D’ Alembert’s principle, Newton and Lagrange
methods, etc.).

e A complete understanding of the fundamentals of oscillatory systems and their
governing nonlinear equations; also analytical and numerical methods in solving
applied problems, especially those with nonlinearities.

e A complete study of mathematical problems in engineering, analytic, and
numeric methods (e.g., perturbation methods, the homotopy perturbation
method, variational methods, energy methods, limit cycles, the parameterized
perturbation method, the singular perturbation method, Adomian’s decomposi-
tion method, the differential transformation method and its modification, He’s
parameter expansion method, He’s amplitude—frequency formulation, the har-
monic balance method, the coupled method of homotopy perturbation, the
variational method, Floquet theory, etc.).

e Complete familiarity with specialized processes and applications in different
areas of the field, studying them, eliminating complexities and controlling them,
and also applying them in real-life engineering cases.

e A complete analysis of important engineering systems (e.g., NDOF systems,
discs, springs, beams, normal modes, multibody phenomena, shafts, sliders, the
human body, nonlinear oscillators in automobile design, rotating rigid frames,
flexible beams, rotating rigid hubs, elastic cantilever beams, the human eardrum,
etc.).

e A complete analysis of important equations in the field and their generalizations
in real-life applications with practical examples (Duffing’s oscillation, Van der
Pol’s oscillation, Mathieu’s oscillation, Hamiltonian oscillation, Hill’s oscilla-
tion, resonances, viscoelasticity, damping, fraction order, cubic nonlinearity,
coupled systems, wave equations, etc.).

e The ability to encounter, model, and interpret an engineering process or system
and to solve the related complexities engendered by the vibrations property in
linear and nonlinear cases.
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Audience

This book is a comprehensive and complete text on dynamical and vibratory
motions and analytical and numerical methods in applied problems. It is self-
contained, and the subject matter is presented in an organized and systematic
manner. This book is quite appropriate for several groups of people, including the
following:

e Senior undergraduate and graduate students taking courses in the mentioned
fields.

e Professionals, for whom the book can be adapted for a short course on the
subject matter.

e Design and research engineers, who will be able to draw upon the book in
selecting and developing mathematical models for analytical and design pur-
poses in applied conditions.

e Practicing engineers and managers who want to learn about the basic principles
and concepts involved in the solving of problems using analytical and numerical
methods such as dynamics, vibrations, and systems analysis and how they can
be applied at their own workplaces.

e Generally, users who are bachelor’s, master’s, and Ph.D. students, university
teachers, and even researchers at centers in different fields of mechanical, civil,
aerospace engineering, applied physics, mathematics, and so forth.

Because the book is aimed at a wide audience, the level of mathematics is kept
intentionally low. All the principles presented in the book are illustrated by
numerous worked examples. The book draws a balance between theory and
practice.
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Notation and Units

Both the SI and the US/English systems of units have been used throughout
the book.
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Chapter 1
Introduction to Nonlinear Vibrations
and Dynamics

1.1 Usual Sources of Nonlinearity in Mechanical
and Other Engineering

1.1.1 Introduction

The world around us, and indeed we ourselves, are inherently subject to various
nonlinearities. The simplest experiment illustrating this statement is an attempt to
bend a wooden beam. As long as the load is small, the deflection of the beam is
approximately proportional to the applied force. But at some sufficiently large
level of this force, the beam will simply break. This strong and definitely irre-
versible change is an elementary example of nonlinear behavior that illustrates an
important feature forcing us to formulate the first statement more precisely. The
world is nonlinear, but in many cases, if we consider only small influences and
changes, a linear approximation is often sufficient to understand, predict, and
control its behavior.

Nonlinearities and their consequences in the physical and technical world are
highly diversified, and the development of the corresponding theoretical framework
and mathematical language is still in its infancy. We would like to start with several
examples demonstrating the most usual sources of nonlinearity in engineering
science, especially mechanical engineering and applied science (see Fidlin 2006).

1.1.2 Geometrical Nonlinearities

The first and the simplest nonlinearity is the geometrical one arising in the form of
pure kinematics. The first example shows the pendulum (Fig. 1.1), whose
dynamics is governed by the equation

¢+§sinq)=o. (1.1)
S. H. H. Kachapi and D. D. Ganji, Dynamics and Vibrations, 1
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2 1 Introduction to Nonlinear Vibrations and Dynamics

Fig. 1.1 The mathematical
pendulum is one of the
simplest examples of
geometrically nonlinear
systems

For small oscillations around the minimum equilibrium point, ¢ = 0, and this
equation can be linearized. But if one is interested in large oscillations or even in
the rotational motions of the pendulum, the system will be significantly nonlinear.

Another example appears in the crank mechanism, which is usual in all kinds of
machines (Fig. 1.2). It consists of a rotating rod, which is attached to a fixed point
by a spring with stiffness C and free length xo. We assume that the spring is linear
(which means that the deflection of this spring is proportional to the applied force,
irrespective of its magnitude). The governing equation for this system has the form

. CL(\/L2 + 12 —2Llcos ¢ — X())
q) =
ml\/L? + I> — 2LIcos ¢

sin @. (1.2)

1.1.3 Physical Nonlinearities

The assumption concerning the linearity of the spring is correct only for small
deflections. Both rubber (Fig. 1.3) and steel (Fig. 1.4) demonstrate nonlinear
relationships between stress and strain if the applied load is sufficiently large.

Figures 1.3 and 1.4 are the most common examples of physical or material
nonlinearity in mechanical engineering.

Fig. 1.2 The geometrically C x
nonlinear crank I » A0
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Fig. 1.3 Stress—strain
diagram for a rubber-like
material

stress

strain

Fig. 1.4 Stress—strain
diagram for steel

stress

strain
1.1.4 Structural or Designed Nonlinearities

The nonlinear characteristic of a spring is desired in numerous applications. Two
simple examples of the designed nonlinearities are represented in Figs. 1.5 and 1.6.

The stiffness of the spring’s system in the first example increases as the
deflection exceeds a certain value of x(, after which the spring on the right-hand
side of the mass becomes active. This behavior is usually called hardening and is
sometimes described as a progressive stiffness characteristic; here, it is achieved
through the designed clearance between the two springs.

The stiffness of the spring’s system in the second example decreases as the load
exceeds a certain value of Fy, after which the spring on the right-hand side of the
mass becomes active (since the external force is smaller than the preload Fy, the
mass will be pressed against the stop by the spring on the right-hand side of it, and
the whole frame moves as a solid body). This behavior is usually called softening.

These two examples belong to the group of structural nonlinearities and dem-
onstrate how easily the nonlinear characteristic can be designed through an
appropriate combination of linear components.

wWe w1/
% /I o 3

Fig. 1.5 Designed hard nonlinearity
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F
Fo

Fig. 1.6 Designed soft nonlinearity

1.1.5 Constraints

Unilateral constraints are another important example of structural nonlinearities.
They are important sources of nonlinearities and will be discussed extensively in
the following. Here, we give only one example (Fig. 1.7) showing the pendulum
suspended near a rigid wall.

This is not a simple nonlinear system; in fact, it is very complex. Some addi-
tional assumptions are necessary in order to describe the collisions between the
mass and the wall. In any case, this system cannot be linearized, at least as long as
the framework of rigid body mechanics is chosen.

Kinematical constraints (not just unilateral ones) are important sources of
nonlinearities. Although Newton’s equations are linear with respect to coordinates
and forces, Lagrange’s equations in generalized coordinates (which take con-
straints implicitly into account and are represented in Sect. 1.1.3) are usually
nonlinear. Consider the crank mechanism (Fig. 1.8) as an example.

Its position can be completely characterized by the angle ¢ between the crank
and the horizontal axis. The position of the slider can always be expressed in terms

of an angle such as
r2 .2
x=rcoso+1 1_1_25m Q. (1.3)

This relation is significantly nonlinear and leads to Lagrange’s equations
governing the mechanism:

Fig. 1.7 The pendulum near
the wall and its torque
characteristic
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Fig. 1.8 Crank mechanism

1 . 1 . 1 .
T:Emrzq)er EMXZ :EJ(QD)QDZ

2 2
J(@) = mr* + Mr* sinz(p<l —k;—zcos2 qo/(l —’l’—zsin2 (p))

> (1.4)
0A =Fox=Q0p = Q= —rsinqo(l +§cos¢/\/l—;—zsin2¢>

d /or oT .o 1ds .,
dt<6q)> *@*Qj-](q))(!ﬂf 5@40 =0

Here, mr? is the crank’s inertia, M is the mass of the slider, T is the kinetic
energy of the whole mechanism, and Q is the generalized force obtained through
the relation for the virtual work.

This equation is totally nonlinear, but considering the second term on the left-
hand side, which depends on ¢ ?2, it is obvious that this term is the consequence of
the variable effective inertia J(¢). Due to kinematical coupling (Eq. 1.3), this
nonlinear dependency on the generalized velocities is usual for diverse
mechanisms.

1.1.6 Nonlinearity of Friction

The last but not least source of nonlinearity we will mention here is damping.
Damping mechanisms are extremely complex and deeply connected with micro-
scopic processes in materials on their surfaces and in thin fluid films. Even the
simplest models of viscous damping are nonlinear. Usually, they can be formu-
lated in the form

IE

R = —f(|v[) (1.5)

=

Here, R is the damping force directed against the velocity. The function f(|v|)
describes how the friction force depends on the magnitude of the velocity. The usual
linear damping corresponds to f(|v|) = b|v|. This damping is extremely rare in
applications. The only real case is the stationary flow in a long pipe. Nevertheless,
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linear damping is usually used if the real damping mechanism is unknown, but some
energy dissipation is necessary for the analysis.

More realistic is the power law f(v) = blv|*, 1<a<2. It describes fluid
damping at high Reynolds numbers. The case o = 2 corresponds to the fully
developed turbulent flow, which is typical for air. Dry friction in the contact
between two surfaces depends both on the relative velocity and on the normal
force in the contact area, f(v) = uN. In the one-dimensional case of dry friction,
the relation (Eq. 1.5) is usually written as

R = —uNsgn(v). (1.6)

The friction coefficient u is, however, not a constant. Even more, the formal
relation (1.6) is not a function. It is not defined for v = 0. This special case
corresponds to the so-called sticking and is usually described by a separate
coefficient p . The friction force during sticking cannot be calculated according to
Eq. (1.6). It is determined by the condition v = 0 as long as the calculated value
does not exceed the maximal value:

IR| < . (1.7)

Slipping starts as soon as the inequality (Eq. 1.7) is broken in case of sticking.

The simplest Coulomb’s friction law (u = const) is shown in Fig. 1.9a.
The friction law corresponding with the sticking friction is shown in Fig. 1.9b.
Figure 1.9c shows the friction coefficient corresponding with the negative slope of
the force—velocity curve at small relative velocities. Decreasing of the friction
coefficient was confirmed in numerous experiments for various friction partners and
fluids (air, water, and oil) between them. Finally, Fig. 1.9d shows the regularized
friction law, which is sometimes used in numerical simulations. The possibility of

(@) R (b) R

© R @ R

—_— N

Fig. 1.9 Different idealization for dry friction
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sticking (the vertical line for v = 0 is replaced through a quasi-viscous damping) is
not taken into account and is applicable only to investigations in which sticking does
not occur.

For more details in Sect. 1.1, refer to Fidlin (2006).

1.2 Formulation of Equations

1.2.1 Introduction

The most important and fundamental step in analyzing an engineering problem is
to derive the equations governing the motion and dynamics of the system, unless
investigating the problem proves to be impossible. Since the equations governing
the motion of a body or system represent the nature of its analysis, obtaining these
equations is of great importance.

These equations lead to the formation of ordinary or partial differential equa-
tions and different types of linear and nonlinear equations in general. Therefore, in
this chapter, some fundamental methods of obtaining the governing equations are
introduced along with applied examples, and in the following chapters, the
methods of solving them are explained (see Dukkipati 2004a, b, 2006, 2009,
2010a, b; Dukkipati and Srinivas 2006).

1.2.2 Principle of Virtual Work

The principle of virtual work, due to Johann Bernoulli, is essentially a statement of
the static or dynamic equilibrium of such an engineering mechanical system. A
virtual displacement, denoted by Jr, is an imaginary displacement and occurs
without the passage of time. The virtual displacement being infinitesimal, it obeys
the rules of differential calculus. It takes place instantaneously—that is, does not
necessitate any time to materialize, 6t = 0.

Consider an applied system with N particles in a three-dimensional space where
Cartesian coordinates are (xj, yi, Z1,..., Z,)- Suppose the system is subject to
k holonomic constraints (holonomic constraints are those in which the generalized
coordinates are related by a constraint equation) qu(xl, Vis Zlseees Zns 1) =0,
j = 1,2,..., k. The virtual displacements dx;, dy;, dz;, etc. are said to be compatible
with the system’s constraints if the constraint equations are still satisfied. That is,

¢;(x1 + 0x1,y1 + 6y1,z1 + 621, . ., 2v + dzw, 1) = 0. (1.8)

Note that ¢ is constant during the virtual displacement. Expanding Eq. (1.8)
using Taylor’s series around the original position, and neglecting the higher order
terms in dx;, dy;, dz; etc., we obtain
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X (0¢; 6¢>
¢j(xlaylazl7"'7ZN7 +Z< ]

i=1

09,
a}(l o 5z,> =0. (1.9)

Hence,

N
Z( —Lay, d’fa +¢¢’61,>0 (1.10)

The condition for the virtual displacements should be compatible with the
constraints.

Let F; be the force acting on particle i, which is subject to a virtual displace-
ment, or;. Then, the virtual work of the system is

N
:ZE - OF. (1.11)
i=1

Equation (1.11) represents the virtual work performed by the resultant force vector
F; over the virtual displacement vector dr; of particle i.

When the system is in balance, the resultant force acting on each particle is
zero. The resultant force is the sum of the applied forces and the reaction forces or
the constraint forces. Hence, under balanced conditions, we will have

Fi+R; =0. (1.12)
Therefore, the virtual work done by all the forces moving through an arbitrary
virtual displacement that is compatible with the constraints is zero. Hence,

N

Z(F +R)-or = ZF 5r,—|—ZR - OF;. (1.13)

i=1

In Eq. (1.13), 27:1 R; - 6F; is the work done by constraint forces. Many constraint
forces that commonly occur do not do any work during a virtual displacement
because either they are perpendicular to the displacement or two equal and
opposite reaction forces cancel the work done by each other.

Some examples of workless constraint forces are presented below:

1. A rigid rod connecting two particles (see Fig. 1.10). Internal forces are equal in
magnitude and opposite in direction. Hence, the net work done by the internal
forces is zero.

RZZ_RI)
e, - Orp =e, - 0r,
oW, =Ry - 6Fi + Ry - 61, = 0.
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Fig. 1.10 A rigid rod me
connecting two particles

or,

2. A body sliding without friction on a fixed surface (see Fig. 1.11). The normal
reaction is perpendicular to the direction of motion, and hence, the work done
by the normal reaction is zero. R is normal to 7, and hence, R - 67 = 0.

3. A circular disk rolling without slipping along a straight horizontal path: (see
Fig. 1.12). Note that an instantaneous center does not move during a virtual
displacement (see Fig. 1.12). Hence, the work of the friction force, Ry, is zero

R; - 0=0.

Such constraints are called workless constraints. If the considered system has
workless constraints, regarding Eq. (1.13), we will have

N
> Ri- 67 =0. (1.14)
i=1

Therefore, from Eq. (1.13), we will have

N
SW =Y F;- 61, =0. (1.15)
i=1

Equation (1.15) states that the work performed by the applied forces through
infinitesimal virtual displacements, compatible with the system of constraints, is
zero. This is known as the principle of virtual work.

R

Fig. 1.11 A body sliding without friction on a fixed surface
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e

Ri
R.

Fig. 1.12 A circular disk rolling without slipping
Now if we assume that the system is not in equilibrium, it will start to move in the
direction of the resultant force. Since any motion must be compatible with the

constraints, we can always choose a virtual displacement in the direction of the
actual motion at each point. In such a case, the virtual work is positive, and therefore,

N
Zﬁi.a
i=1

But the constraints are workless; hence,

N
i+ > R 07 > 0. (1.16)
i=1

N —
> F;- 67> 0. (1.17)
i=1

The above results are summarized in the principle of virtual work: The nec-
essary and sufficient condition for the static equilibrium of the initially motionless
scleronomic system, which is subjected to workless constraints, is that the zero
virtual work will be done by the applied forces in moving through an arbitrary
virtual displacement satisfying the constraints.

It is sometimes convenient to assume that a set of dx;s, conforming to the
instantaneous constraints, occurs during an interval of time dz. The corresponding
ratios of the form ox/dt have the dimensions of velocity and are known as virtual
velocities. Accordingly, the principle of virtual power can be formulated: For a
system at rest for a finite time, the total power of the system given by the product
of the applied forces and the virtual velocity must vanish for all virtual velocities
conforming to the constraints.

For the following holonomic and nonholonomic constraints:

(f)j(xlaylazla"'vZN):Oa (118)

3N
> ajidg; + ajdr = 0. (1.19)
i=1
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The conditions for the virtual displacements and virtual velocities to be com-
patible with the constraints are, respectively,

a¢j

T 0 (1.20)
and

ajt = 0. (1.21)

A virtual displacement and virtual velocity can also be a possible real dis-
placement and real velocity described by a set of dxs and assumed to occur during
the time increment dr only if conditions (1.20) and (1.21) are satisfied. Since these
conditions are not satisfied in a general case, a virtual displacement or virtual
velocity is not, in general, a possible real displacement.

1.2.3 d’Alembert’s Principle

Here, the principle of virtual work is extended to a form of dynamics, in which it is
known as d’ Alembert’s principle. The Principle of Virtual Work is extended to the
dynamic case by considering the inertia forces and considering the systems to be in
dynamic equilibrium. Consider a system consisting of N particles. It is assumed
that a typical mass particle m; in a system of particles (i = 1, 2,..., N) is acted upon
by the applied force F; and the constraint force R;. Also, we can apply Newton’s
second law for particle m; if any inertial forces are negligibly small.
The equation of motion can be written as

Fi+1_€,~—mi;i:0, i:1,2,...,N, (122)

where F; is the applied force, R; is the constraint force and —m;# is the reversed
effective force or the inertia force. Equation 1.22 states that the sum of all the
forces, external and inertial, acting on each particle of the system is zero. This is
known as d’Alembert’s principle. Extending the principle of virtual work to a
dynamic equilibrium state results in

N
SW = Z (Fi + R — mi#),-07; = 0. (1.23)

i=1

Equation 1.23 embodies both the virtual work principle of statics and d’ Alembert’s
principle and is often referred to as the generalized principle of d’Alembert or the
Lagrange version of d’Alembert’s principle.

If the system has workless constraints and we choose J7; to be reversible virtual
displacements consistent with the constraints, we will have
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N
Z — mi¥), - 6F; = 0. (1.24)

i=1

In Eq. 1.24, the sum of the applied force F; and the inertia force —m;¥; or
(F; — m;i;) is called the effective force acting on particle m;.

The generalized principle of d’ Alembert states that the virtual work performed
by the effective forces through infinitesimal virtual displacements, compatible with
the system constraints, is zero.

1.2.4 Lagrange’s Equations of Motion

We derive Lagrange’s equations of motion for a dynamic system using an
application of d’Alembert’s principle and the principle of virtual work. First, we
treat only holonomic systems and later generalize the results to nonholonomic
systems.

1.2.4.1 Holonomic Systems

Consider a dynamic system of N particles. Using d’ Alembert’s principle and the
principle of virtual work, we have seen in Sect. 4.6 that

N

3 (ﬁk - mk#k)éfk —0, (1.25)

k=1

where Fy is the impressed force on the ith particle of mass m,. Let the system have
n degrees of freedom. For this holonomic system, if we choose ¢q;, ¢»,..., g, as
n generalized coordinates, then we have the transformation equation, between the
vector coordinates of the particles and the n generalized coordinates, as

7k:7k(611a6127~~74mt)~ (126)

Then the velocities of the particles are

5 n 6rk, 6?k
rk—;a—qiq,—&-z. (127)

Expressing the virtual displacements 07, in terms of the n generalized
coordinates

o = 2”‘ Sqi, (1.28)
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Equation (1.25) becomes

§N y <F Ok _ 5 —67k>5 0 (1.29)
k — MyTy qi =Y, .
=1 =1 9q; 9gi
and Eq. (1.29) becomes
ark
E Fy 0. (1.30)
~ "oqi

Q; is called the generalized force in the direction of the ith generalized coordinate.

The other term involving the accelerations—that is, m; 7y g(r]k may be related to

the kinetic energy of the system as follows.
From Eqgs. 1.25 and 1.27, we obtain

@ Ory

= —. 1.31
0q; 0q; ( )
The expression for kinetic energy is
1L .
T==S mi’ (1.32)
23
and
T . oF
T S i, (1.33)
g P g
N
ark
1.34
(aq) ;mkrk +Z kkdt( > ( )

From Eqgs. 1.31 and 1.34, and noting that the order of differentiation can be
changed, we obtain

( ) imr —|—Nmrark (1.35)
k k_ Kk =— .
aql k=1 k= aqz
From Eq. 1.32, we have
T L . R
— = mk?k —_— 136
g ; 0gi ( )

Substituting Eq. 1.36 into 1.35, we obtain

d /oT N or,  oT
dfory _ or 1.37
ar (aq,) > m TSt (1.37)

k=1
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Substituting Eqgs. 1.37 and 1.28 into 1.27, we get

1 d /or or
>lo-a (&) a0 -3

i=1

Since g;’s are generalized coordinates for a holonomic system, they are inde-
pendent. Hence, to satisfy Eq. 1.38, the coefficients of dg; must be zero. That is,

d /or oT
—(=)-—=—-0;,=0. 1.39
For conservative systems,
)%
= ——, 1.40
0= ¢ (1.40)
where V is the potential energy of the system, and hence,
d /or oT oV
Sl (o (1.41)
dr\9¢;) Oqi 0Oq;

Equation 1.41 is Lagrange’s equation for a conservative system. Expressing T —
V = L, known as the Lagrangian correlation, we will have

d /oL oL
(YL, 1.42
dr (aQi) Oq;i 0 (142)

If there are forces not derivable from a potential function V—that is, for non-
conservative systems

ov
0 = __Gq»+Q; (1.43)
then we have
d /0oL oL
a4 (_aq) o (1.44)

1.2.4.2 Nonholonomic Systems

The derivation of the Lagrange equations for holonomic systems requires the
generalized coordinates to be independent. For a nonholonomic system, however,
there must be a larger number of generalized coordinates than the number of
degrees of freedom. Therefore, the dgs are not independent if we assume a virtual
displacement consistent with the constraints. Let n coordinates ¢q;, ¢»,..., ¢, be
chosen to describe the motion. Then, there are m nonholonomic constraint equa-
tions of the form
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Zajidqurajtdt:O, i=12,..,m, (1.45)
i=1

where a5, i = 1, 2, ..., n, are functions of g;. The degrees of freedom are given by
(n — m), and the coordinates ¢; are not all independent. The dgs must meet the
following conditions:

Zajiaq,:o ji=1,2,...,m. (1.46)
i=1

Let us assume that each generalized applied force Q; is obtained from a
potential function and assume workless constraints. The generalized constraint
force C; must meet the condition

N
> Cidgi =0 (1.47)
i=1

for any virtual displacement consistent with the constraints.
Multiply Eq. 1.46 by factor 4;, known as the Lagrange multiplier, and obtain
the m equations as

n

i_iZajiéqi =0, j=1,2,...,m. (1.48)
i=1

Subtract the sum of these m equations from Eq. 1.47. Then, by interchanging
the order of summation, we obtain

n

> <Ci - Em: Ajaji> dg; = 0. (1.49)

i=1 j=

Now, if we choose 4;’s in such a way that
Ci:Z;jaji, i=1,2,.....n, (1.50)
=1

then the coefficients of dq’s are zero, and Eq. (1.49) will apply for any dg’s; that is,
the dq’s are independent.

Now the generalized force C; can be equated to Q; or the force not derivable by
a potential function,

d (0L oL & ,
dt(%)_aq,-:;/ljaji’ i=1,2,...n. (1.50a)

In addition to these n equations we have m equations of constraints to solve for
(n + m) unknowns—that is, n ¢’s and m A’s. The Lagrange multiplier relates the
constraints to constraint forces (see Eq. 1.50).
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1.2.4.3 Summary of Lagrange’s Method

The following are typical problems with Lagrange formulations (see Mark 2005):

e Be sure to first establish the number of degrees of freedom and then formulate
all energy terms in only those variables. Clearly identify which degrees of
freedom are relative coordinates versus absolute coordinates. Be careful about
rotational/translation problems.

e For kinetic energy terms, be sure to formulate absolute velocities before taking
derivatives. Be careful about 2-D and 3-D vector motions.

e For potential energy terms, be sure that the actual deflection, described by
relative and/or absolute coordinates, is described as well in terms of spring
elements. Be careful about 2-D and 3-D vector motions.

e There should be only one total kinetic energy equation, one total potential
energy equation, and one total dissipative energy equation for the system. The
kinetic, potential, and dissipative energy equation should be involved only with
the N generalized coordinates and the constants (mass, damping, stiffness) of the
system.

e Apply the Lagrange equation once for each generalized coordinate. For
N degrees of freedom, N generalized coordinates will yield N equations of
motion.

o If necessary, linearize the equations of motion by neglecting nonlinear terms in
the equations of motion. Note that the linear equations of motion may not
adequately describe the original equations of motion.

1.2.5 Newton’s Method

The following are typical problems with Newton’s (or d’ Alembert’s) formulations
(see Mark 2005):

e Be sure to first establish the number of degrees of freedom and then formulate
all terms in only those variables. Clearly identify which degrees of freedom are
relative coordinates versus absolute coordinates. Also, clearly identify what will
be the positive direction of motion for each coordinate. Be careful about rota-
tional/translation problems. State any constraint relationships related to inde-
pendent and dependent coordinates.

e Evaluate the static balance for the problem in order to determine whether the
orientation of the system in the gravitational field will affect the equation of
motion (are the weights of the objects balanced an initial static deflection in the
springs?). When in doubt, perform a static force balance to determine the
appropriate constraint equation.

e For displacement, velocity, and acceleration terms, be sure to develop absolute
or relative displacement, velocity, and acceleration of appropriate points as
required. Be careful about 2-D and 3-D vector motions.
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e Be sure to draw the appropriate free-body diagram for each mass (or combi-
nation of masses) in the system.

e Whenever the system is separated in order to draw a free-body diagram, replace
the separation with the appropriate internal force/moments on each side of the
separation.

e Do not move force/moments arbitrarily from one mass to another. The internal
forces account for the effects of one mass on another.

e Develop one equation of motion for each degree of freedom of the system using
Newton’s (or d’Alembert’s) method. Be sure to watch for moving reference
frame issues. Also, check that the units are the same for each term in an equation
(forces + moments: NOT!).

If necessary, once the exact equations of motion have been determined, we
linearize them by neglecting their nonlinear terms. (Note that this could lead to a
not insignificant chance of a description of the motions that will be inadequate for
solving the problem.)
1.2.5.1 Newton’s Equation
The corresponding Fig. 1.13
Force balance is

ZF:MEG(—or—ZF—Mano). (1.51)

Moment balance is

N M, =2,0+7,, x MEP(—or ~ S M, —Jb -7, x MG, = 0). (1.52)

Fig. 1.13
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For more details on Sect. 1.2, refer to Dukkipati (2004, 2006), Dukkipati and
Srinivas (2006) and Mark (2005).

1.3 Applied Examples

Example 1.1
Consider two rigid bodies connected together and moving in a plane (Fig. 1.14).
This may be considered as a typical robot arm. M, and M, are motor torques.
All the constraints are holonomic, and there are two generalized coordinates.
We choose
q1="01; q2="0,.

We could choose ¢ instead of 0, but 0, is somewhat easier since we need the
velocities and angular velocities relative to the inertial frame (x,y) to determine
the kinetic energy.

Kinetic Energy. For two rigid bodies, first consider body #1 (Fig. 1.14):
Vg = 1191
1 1- 1 ool 1.,
T, = Emlvé + 511(1)% = Emll%gl +51191 = 51191
where
I, = 71 + mll%

is the moment of inertia about A by the parallel axis theorem (Fig. 1.15).

Fig. 1.14
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Fig. 1.15 y

4 4

Now consider body #2 (Fig. 1.16). Let {i1, j1},{i2,j2} be reference frames
fixed in the ground, in link AC and in link CD, respectively. Use kinematic
analysis to relate the velocity of D relative to {23, j3} and its velocity relative to
{fl,}'l}, and let » be the angular velocity of {§3, j3} relative to {?1,}'1},

ED :2C+Xre1+gxl

where

drp dre

KD - dr 9 EC - dr .
The terms are
Ye = 191_;2’ Vel = 97 w = 102]237 r= 12;3-
The required unit vector transformation is
jz = sin(92 — 91);3 + COS(02 - 01)}3.
Substituting, we get

vy = 101)2 4+ 0 + Oaks X b3
=10y sin(0> — 01)i3 + [L0> + 10, cos(0; — 01)j3]

(This also could be obtained geometrically from the law of cosines). 75 is then

1 1-
T2 = —m2v12) +—12w%

2 2
1 4 A . 1_ .
:Emz 120%4-[%(‘)%4-2”20]9008(92—91) +5129%.

Note that this equation is quadratic in the velocity components with displace-
ment-dependent coefficients; the constant and linear terms are missing.
Consequently,
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Fig. 1.16

T=T+T,= %1’ 02 +%12 03 +mall; 01 0 cos(0, — 01),
where
I'=1+ mzlz; L =1+ mgl%.
Potential Energy and Lagrangian. Since the only given force is gravity,
V = —mgli cos 0 — mpg(lcos 0; + I, cos 0,),
L=T-V= %1’9? + %1295 + myll 0,0, cos(0, — 0;)
+ mygly cos 0y + mpg(lcos 0 + I, cos ;)
Lagrange’s Equations. Consider the following Lagrange’s equations:
d /OL oL d /oL oL
() a2 o) o

Computing some of the terms,

a—L = 1/91 + m211202 008(02 — 01)

00,
d/oL\ .
— =) =10, + mzllz[@z COS(02 — 01) — 0, sm(@z — 91)(92 — 61)]
dr \ 06,

OL

% = I’I’lzllzglgz sin(@z — 9]) — mlgll sin 9] — ngl sin 9]
1
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Finally, substitution gives the equations of motion:
1/01 +ACOS(92 — 01)92 —A Sil’l(92 — 91)9% + Bsin 0; = M,
1202 +ACOS(()2 — 01)0] —A sin(02 — 0])0% + Csin 02 = M2
where

O1=M, Q=M

and
A=mlly; B=mgli+mgl; C=mygh.

Equations of motion are dynamically coupled and highly nonlinear, making
their solution difficult. Linearizing for small angles and small angular rates and
setting M, = M, = 0 gives the special case of the double physical pendulum:

I/él -l—ACég +BO; =0
Izéz +Aél + CS@Q =0

These equations are linear but still dynamically coupled. They may be easily
dynamically uncoupled by a change of variables. Modal analysis of these equa-
tions for typical cases reveals two modes, one rapid and one relatively slow.

Example 1.2

Figure 1.17 shows a system of a uniform rigid link of mass m and length ¢ and two
linear springs of stiffness k; and k. The link is in horizontal position when the
springs are unstretched. Derive the equilibrium equation for the system using the
principle of virtual work.

Solution
Let C be the center of gravity of the link AB.
Referring to Fig. 1.18, the virtual work principle can be written as

1
OW = —kxbx — kyydy + mg§8y =0.

}_‘v\m

Fig. 1.17 Uniform rigid link
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Fig. 1.18

l<

X I / g
—s—
AR X

<

kix 9

koyv B Y oy

The rectangular coordinates x and y and the rectangular virtual displacements
ox and Jy in terms of the generalized coordinate 6 and the generalized virtual

displacement 60 are

x =4(1 — cosb),
y = {sind,
dx = fsinf) 50,
dy = Lcost) 30

Therefore, the virtual work principle in terms of the generalized displacement is
1
OW = | —k1£(1 — cosO)¥sin0 — kplsinf Lcosl + >M8 lcos0] 60 = 0.

Since 60 is arbitrary, the coefficient of 60 must be zero. Hence, the equilibrium
equation is
% = ky tan + (ks — ky )sind.

Example 1.3
Derive the equation of motion for the system of Example 1.2 by means of d’Al-

embert’s principle.

Solution
Referring to Fig. 1.18, we have
1 1 1
Xc = Exﬁéc = 55& and Oxc = EBX’

1 1 1
= —y,9c = =y and dyc = = by.
yc 2y7yc Zyan yC ) y



1.3 Applied Examples 23

The generalized principle of d’Alembert, for this system can be written as
— ky1xdx + mgdyc — kyydy — micdxc — mycdyc — 1050

1 1 1 -
= (—klx — 4m56) Ox + (—kzy + M8 — 4mj3> Sy — Ic050 = 0.

The relations between rectangular coordinates x and y and generalized coor-
dinate 0 are given by

x = £(1 —cos ) = x = £sin 00,

% = {(cos 00 + sin 0), dx = £sin 050,

y ={sin0 = y = {cos 00,

$ = £(— sin 00 + cos 06), Sy = £ cos 630.

Also,

1
I. = Eméz;

therefore,

{ [—kM(l —cosf) — %Km(cos 0% + sin 99)} £sin 6

1 . .. 1 1
+ {—sz sinf — Zﬁm(— sin 002 + cos 00) + Emg} Lcos 6 — Emﬁ@}é@
1 1 -
= {—kléz(l — cos 0) sin 0 — k¢ sin 0 cos 0 + Emgﬂ cos 0 — §m£26] 60 = 0.
Since 60 is arbitrary, its coefficient must be zero. Hence, the equation of motion is
1 . . . 1 g
gm() + k(1 — cos 0) sin 0 + ky sin 0 cos 0 — Emzcosf) =0.
Example 1.4

Figure 1.19 shows a uniform rigid disk of radius 7 rolling without slipping inside a
circular track of radius R. Obtain the differential equation of motion for the system.

Fig. 1.19
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Fig. 1.20 (a)
/&R_r
RS a
| — o
1-.)\ >’
1 6
|
F
mg N
Solution

Referring to the free-body diagram, we can write the force equation in the
transverse direction as (Fig. 1.20)

—F — mgsinf = macy = m(R — r)0.

Fy

The moment equation about the mass center is

mr* -
MC :Fr:ICO(:T ¢
The velocity v. of the mass center of the disk is given by
Ve = (R—71)0 = ro.

Combining the previous equations, we obtain the equation of motion as

. .. 2 ..
m(R —r)0 + F + mgsind = m(R — r)0 + % ¢ + mgsin0

= %m(R — 7)0 + mgsinf = 0,

or

2g
3(R—r)

For small angles 0 ~ 0, sinf = 6 and the previous equation reduces to

0+ sinf = 0.

; 2¢
b8 g
T3R-p? =0
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Fig. 1.21

Example 1.5

Use the energy method to find the natural frequency of vibration of the spring mass
pulley system if the mass m is displaced slightly and released. In Fig. 1.21, the
cord is inextensible.

Solution

The kinetic energy of the system = kinetic energy of mass + kinetic energy of the
pulley:

The potential energy of the system = the spring’s elastic energy:

_1 2_1 X 2_1 2
v=3kt=3k(5) =g

2) 8
Now,
%(T—i— V) =0
or
ik + > Mick + ~ ok = 0
8 4
or

3
x(4mx + EMX + kx> =0.
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Fig. 1.22
L2 L2

The equation of motion is
. 3
x| 4m+ EM +kx = 0.

The natural frequency of vibration is

k
Wy =y | 75— rad/s.
(4m + EM)
Example 1.6

For an undamped vibrating system with a single degree of freedom, shown in
Fig. 1.22, k; = 10 Ib/in, k, = 20 Ib/in., F = 30 sin 5¢, L = 20 in.

The weight of the uniform slender bar is 30 lb. Determine the differential
equation of motion of the bar for small oscillations.
Solution
For a small oscillation of the bar, and considering that the bar is horizontal at
equilibrium, the differential equation of motion can be written as (see Fig. 1.23):

ZMA = IAO(
or
, L. L 1
FLcos0 — (ki Lsin0)(Lcosd — | k» 5 sin 0 5 cos 0) = gmL 0
or
Fig. 1.23 (a)

ky(L/2) sin ©
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- 12ky + 3k 3F
0+ ———0=—.
+ 4m mL

Substituting the given values gives the differential equation of motion as

0 + 579.600 = 57.96 sin 5t.

Example 1.7

The support of a simple pendulum shown in Fig. 1.24 has a specified motion
y = Yy sin wt. Assuming small oscillations of the system, determine the differ-
ential equation of motion.

Solution

For small angular oscillations, the displacement of the mass m in the horizontal
direction is given by

x=y+ 0 =Y, sin wt + £0.
The velocity and acceleration of the mass are
k=400 = oYysin ot + 40,
X=y+L=—-wYy sin wr + £0.

Let R, and R, denote the reaction forces, as shown in Fig. 1.25.
Taking the moments of the applied and inertia forces about O, we obtain the
dynamic equation

Fig. 1.24 y =Yy sinmt
f—

QZOQ\ ——

0
) c ¢
Fig. 1.25
4 O Ry (0]
Ry _
cX m X
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—mglsinf — ¢ x {cost) = m X £cos0.
For small angular oscillation, sin § &~ 6 and cos 0 ~ 1. Hence,
mx¢+ cf+ mgld=0.

Example 1.8

Figure 1.26 shows a double pendulum. Assuming small amplitudes and
my = my = m, {1 =¥, = ¢ and using the coordinates x; and x,, determine the
differential equations of motion.

Solution

Taking moments about O for mass m; (see free body diagram, Fig. 1.27), one
obtains

Fig. 1.26

Fig. 1.27
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my (30, = —wy (¢ sin 01) + Q'sin 0(¢; cos 01) — Q cos 0 (¢; sin 0
= _nglgl + szl (02 - 91)7

assuming Q ~ _wy,

mﬂ%éz + mzéz (619]) = —WwW (Kz sin 02) = —szzf)z.

Using the relations 0, = Z—l and 0, = 2 g_ all , the previous equations become
1 2
. bL+0 Wyl
m1€1x1+[w1+w2< ! 2>}x1— 2 1152:0
1) %)

m1laXs — wax; +waxs = 0.
When m; =my =m, € =/0, =/, and w; = 0w, = mg, we get
mbx, 4+ 3mgx; — mgx, = 0,
mliy — mgx; + mgx, = 0.

Example 1.9

Figure 1.28 shows an undamped vibrating system with two degrees of freedom.
Assuming small angles of oscillation, obtain the equation of motion for the system.
Solution

Applying Newton’s law Y F = ma, we have m%; = —mpX, — 2kx|, where x; =
x1 + £sin 0 and / is the length of the pendulum. For small angles of oscillation,
Xy =X +£cos0 é.Hence, the equation of motion can be written as

(m1 + mz)jél + 2kx; + Ingfg =0
Taking the moments about point O, we get
—mpXrl cos 0 = (myg — mpy)esin 0

where y = fcos 0 and y = —¢sin 0 0. Assuming small angles of oscillation, sin
0 ~ 0 and cos 6 =~ 1, the previous equation becomes

0+ (%)QJF%:Q

Fig. 1.28

X1
Q A
m;g ’\g
O Q

\ AW

LU L L,

X2
0 (O m
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If m; is held stationary, the system is reduced to a single-degree-of-freedom
system having simple pendulum action—that is,

b+ (%)0:0.

Example 1.10

Determine the two natural frequencies and mode shapes for a thin rod suspended
as a pendulum shown in Fig. 1.29.

Solution

Figure 1.30 shows the free-body diagram of the system.

Applying XM = IGQ2, it results in —T%sin(Oz —0)) = %mﬁzbz and F, = mx
gives —T sin 0 = mx.
For small angles, sin 0 ~ 0 and T = W, ¥ = £0; +%0,.
Hence, previous equations become
/¢ 1 ..
—WZ(0, — 0,) = —ml*0
2( 2 1) 12"1 25

—we, :m§(91+92).

Fig. 1.29

Fig. 1.30 T

mg
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Fig. 1.31 i

F 3 F 3
A\ A 4

A »le b

Example 1.11

Determine the matrix differential equations of motion of the damped two-degrees-

of-freedom system shown in Fig. 1.31.

Solution

Noting that motion is only in the vertical direction, and applying Newton’s laws of

motion, the differential equations of motion from the free-body diagrams

(Fig. 1.32) can be written as coupled linear and angular oscillations
my=—ci1(y—00)—ki(y—£0) — 20 + 620) — ka(y + £20),

10 = c1(y — 6,000 + ki (y — 6,0)0) — e2(5 + 6,0)0, — ka(y + £,0)05,

The previous equations can be written as

my + (c1 + )y — (c1ly — c20)0 + (ki + ka)y — (kily — kal)0 = 0,
10 + (le% + 6255)9 — (c1ty — c2bp)y + (klf% + kz@)e — (k1ty — kaly)y =0,

or in the matrix form,
|:m 0] ¥y n [ c1+o —(61£1—62€2)] y
0 1 0 —(lel — 6‘262) C1€% + Cz[% 0
n |: ki + ko kolr — klflil y . 0
szz — klél klg% + kz(% ]0 N 0 ’
Example 1.12

Determine the general motion of the forced vibration system shown in Fig. 1.33.
Solution
The equations of motion for forced damped vibrations are

mi¥y + (c1 + c2)x1 + (ki + k)x; — c2ky — koxy = Fy sin wt,

mzjéz + Cz).Cz + kzXz - Cz}.Cl - kle =0.
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_ s
— .
c(y+he)
v
' Ka(y+5:) - 16

Cl(}"—lzé)

ki(y-1,6)

Fig. 1.32 Free body diagrams

Fig. 1.33 Forced vibration

system Kk, ¢
Focosmt m; |
X1
m; .
X2

Example 1.13

For the triple pendulum shown in Fig. 1.34, derive Newton’s equations of motion.
The angles 6, 0, and 05 can be considered as arbitrarily large.

Solution

Referring to the free-body diagram in Fig. 1.35, we can write

Fig. 1.34 Triple pendulum
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Fig. 1.35 Free-body
diagram

ZF” =T,sin(0, — 01) —mygsinb, = mlLléh
ZF'” =T; — Trcos(6, — 0;) —mygcos 0 = mlLlf.)%,
ZFQ =T3sin(0; — 60,) — mpgsin b,
=my [Lzbz + 1,0, cos(0, — 0y) + L, 0% sin(6, — 01)} ,
ZF,,z =T, — T5cos(0; — 0) — myg cos 0
=my [Lzog — L0, sin(6, — 0,) + L, 0% cos(6, — 0])},
ZF,3 =magsin by = mj {L3é3 + L0, cos(f3 — 01) + Lléf sin(0; — 0y)
+L,0, cos(b; — 0,) + LgO% sin(03 — 02)} ,
ZF,,g =T3 — m3g cos 3 = mj3 [Lﬁ; — 1,0, sin(63 — 61) + Lléf cos(0; — 0y)
1,0, sin(0z — 0) + Lzég cos(03 — 02)} .
Eliminating T, 7>, and T3 and rearranging, we get the equations of motion as
(my + my + m3) (lel + gsin 01) + (my +m3)L, {02 cos(0, — 0y)
—9% sin(60, — 91)} + msls {93 cos(0; — 0y) — 0% sin(0; — 01)] =0,
(my + m3) [Lzéz + L0, cos(6, — 01) + L19% sin(6, — 01) + gsin 92]
+ m3L; [93 cos(0; — 0p) — 0% sin(0; — 02)} =0,
ms3 [L3é3 + L0, cos(0; — 01) + L0, cos(0; — 6)

+L107 sin(03 — 01) + Ly03 sin(05 — 02) + gsin 93} =0
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94 63 92 el
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ks ks ki
L I L I

Fig. 1.36 Four-degrees-of-freedom system

Example 1.14
For the four-degrees-of-freedom system shown in Fig. 1.36:

(a) determine the kinetic and potential energy functions for the system,
(b) obtain the equations of motion governing the motion of the system using
Lagrange’s equation.

Solution

(@)
1., 1 .5 1 ., 1 .
T = 51101 + 51202 + 51303 + 51494.
V is equal to the work done by the shaft as it returns from the dynamic
configuration to the reference equilibrium position, or
0

2
V= / (—k0)d0 — %

0

(b)
1 ;1 ;o1 , 1
V=§k1(91—92) +§k2(92—93) +§k3(93—94) +§k494-

The Lagrange equations for subscript k = 1 are

oT . oT ..
21101 and E (—> 21101,

001 dr \ o0,
oT
20, ="
oV
= ki (0, — 05).

a0,
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Thus,

afory ar ov_
dr 661 00, 601_

]1@1 +k1(01 — 92) =0

gives

Similarly, letting subscript k = 2, 3, 4 in Lagrange’s relation yields

0

L0y 4 ki (0 — 07) + ka (02 — 03) =0,
B05 + ka(0, — 03) + k3(05 — 04) = 0,

I4é4 + k3(03 — 04) + k404 = 0.

Example 1.15

35

Derive the differential equations governing the motion of the system shown in
Fig. 1.37 using the Lagrange equation and the generalized coordinates 6, 0,, 05,

and 0,.
Solution
Writing k = kap = %, we have

JG

kpc = 050 2k,
JG 2
kep = 15035
JG
kDE = @ = 2k
The kinetic energy of the system is
1 . 1 . 1 .. 1 .
T = 5110% + 51203 + 5139§ + 51495.
" 0, —
Z o, 1" Galinls
% A B C D| |_E
/
/
% T I | I, L 115 Iy
> N| >
e =105 1.5 0501

Fig. 1.37 Four-degrees-of-freedom system
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The potential energy of the system is

1

(2k) (02 — 01)° +% <3

1
k) (03 — 0,)* + 3 (2K)62.
The Lagrangian is
L=T-V
1

=3 {11(9% + L0% + O3 + L0 — k03 — 2k(0; — 0,)* — %k(t% — 0,) — 2k6?|.

Applying Lagrange’s equation,
dfeLy e
dt 661 00, -
d .
5(1101) + k6 + 2k(6, — 61) (—1) =0,
or
10y + 3kq1 — 2kg> = 0,
drony o
dr 692 00, o
9(10)+2k(0 —00) 4 2k(0s — 02) (—1) = 0
q \[202 ) 1) 340 =0 =0,

or

. 8 2
120220{]1 + §k02 — §k03 = 0,

INEART
dr 603 693_ ’

d, . 2
5(1303) + 51((03 — 02) + 2]((94 — 03) (—]) =0,

or

1303 — gk@z +§k93 —2k04 =0,

AN
dr 694 694_ ’

d .
o (140s) +2k(0, = 05) = 0,

or

L0y — 2k05 + 2k0, = 0.
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The work done by the external moment when virtual rotations are introduced is
given by

SW = M(1)805.

The components of the force vector are therefore given by

F1 =0,
Fy =M(1),
F; =0, and
Fy=0.

The differential equations of motion can be arranged in the matrix form as

L 0 0 0](6 3k -2 0 0 0, 0
0 L 0 0|)0 L Sk 2k 0 0, | ) M@
0 0 15 0])6; 0 2k Sk 2|0 ] O
0 0 0 L]0, 0 0 —2k 2k]\0s 0

Example 1.16

For the simplified model of an automobile shown in Fig. 1.38, derive the equations
of motion using Newton’s second law of motion.

Solution

Referring to the free-body diagram shown in Fig. 1.39, and applying Newton’s
second law of motion, we have

miz = —co(3 — 60 — X1) —ka(x3 — 610 —x1) — c2(33 — €10 — 32) — k(x5 — 20 — x2),
J60 = e2(iz — 6,0 — 30) by + ko (s — 010 — 1)) — c2(33 + 60 — §2)0o
— ko (x3 + 40 — x2) 4,
mx = —c(% — X3 +€9) —ky(x) —x3 + £10) — c1x%1 — kyx) + F1,

moXy = —Cz(sz — X3 — fz()) — kz()ﬂ — X3 — 620) —kixo —c1xy + Fz‘

Fig. 1.38 Simplified model
of an automobile




38 1 Introduction to Nonlinear Vibrations and Dynamics

f] »l f] ‘l

|
________ el

4 C2(X3+fze— Xz)

A 4

| o ko(x3 +0,0 — x5)
Cz(X3_fle_ Xl) kz(X3—r€19_Xl) o 2 2

mli(.l m2i2
. A k(X —x3+ £40) + .
Ca(k = K5+0,0)" 00 =x3=00) | 1)k, -%;-1,8)

|
Xi v : v A : A rZ
m; I Fl FZI m,

v

Cq ).(1

‘Cl ).(2

v k]Xl k]Xz Y

Fig. 1.39 Free-body diagram

which can be rewritten as

mxz + 2¢coX3 — coxy — Caxy + 2kox3 + (‘)(k2€2 — kzgl) — kyx1 — kpxo = 0,

J(;é + (Cze% + szg)é + (—6251 + 6’2@2))'63 + crl1x1 — cabrxsy

+ (=kaly + kala)xs + kallyx1 — koloxs + (ko] + k2t5)0 = 0,

mx, + (6‘1 + 62)561 — X3 + 6‘2@19 + (k1 + kz)xl —koxs +kpt10 = F17

mzj&z + (C] + Cz)jCz — szCg, — szzo + (k] + kz)Xz — kz)C3 — k2€20 = Fz,
Example 1.17
Figure 1.40 shows a mass, m, attached to the midpoint of a string of length 2¢.
Assuming the tension in the string as 7, obtain the governing differential equation
of motion for the system.

Solution
Applying Newton’s second law of motion to the system in Fig. 1.41 gives

YF, = —2Tsin 0 = mx

and we get
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Fig. 1.40 s

W A
Fig. 1.41
Also,
2\ 12
T =To+k({— L) =To+k z0<1+£_2> —éo]
0
1 )2
T k(D) (2
() ()
Hence,
v 2|T +k<x>2 .
" 2\4 T =
) [ VEEe
or
2 k/x\2 RS
o2l k(x L }
mx‘i‘gO 0"'2(&)) +2<£0> ]x
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which is a nonlinear differential equation.For more details in Sect. 1.1.4, refer to
Dukkipati (2004, 2006), Dukkipati and Srinivas (2006).

Problems

1.1

1.2

1.3

1.4

Fig. 1.42

Fig. 1.43

Figure 1.42 shows a bead of mass M, free to slide along a smooth circular
hoop rotating about a vertical axis with constant angular velocity . Use the
principle of virtual work to derive the equilibrium equation for the system.
Derive the equations of motion for the vibrating system shown in Fig. 1.43
using the principle of virtual work. Use x and 0 as generalized coordinates.
Figure 1.44 shows a pulley of radius » and moment of inertia I supporting
two masses m; and m, connected to each other by a rope. Derive the equation
of motion of the system of the system by means of d’Alembert’s principle.
Figure 1.45 shows a governor mechanism for controlling the speed of
rotating shafts. A pendulum with mass m and length L is mounted on the rim
of the wheel of radius r that rotates with constant angular velocity w. The
pendulum is constrained by two springs as shown. The pendulum remains in
a radial position when the wheel is rotating at w rad/s. However, the pen-
dulum moves to one side or the other of its neutral position when the wheel

ANNNNNNNN

e

<

ASNNNNN\S

QOO

\
N\
§
.
\
\
\
.
§§
N
\
§
N\
.

P (t)



1.3 Applied Examples 41

Fig. 1.44

Fig. 1.45

IS

accelerates or decelerates. The angular velocity o is regulated by allowing
the pendulum displacement to control the power input to the system.
Determine the equation of motion of the pendulum with respect to the fly-
wheel expressed in terms of the angular velocity and acceleration of the
flywheel. Use d’Alembert’s principle.

1.5 For the simple pendulum shown in Fig. 1.46,

Fig. 1.46

A 4
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Fig. 1.47
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Fig. 1.48

1.6

1.7

1.8

1.9

(a) set up the Lagrangian,
(b) obtain the equation describing its motion.

Derive the equations of motion of the system of Fig. 1.47 using Lagrange’s
equation.

A cylinder of mass m, and moment of inertia /, about its longitudinal axis
rolls without slipping on a wedge (Fig. 1.48). The wedge slides on the floor
under the action of an applied force F(#). There is friction between the
cylinder and wedge, and the coefficient of sliding friction between the wedge
and the floor is u. Choosing x; and x, as generalized coordinates, obtain
Lagrange’s equation of motion.

Using Lagrange’s equation, derive the equations of motion for small oscil-
lations of a double pendulum, which consists of two rigid bodies, suspended
at O and hinged at A, as shown in Fig. 1.49. The centers of gravity are C; and
C,, and the moments of inertia with respect to C; and C, are I; and I,
respectively. The masses of the upper and lower bodies are m; and m,,
respectively.

Figure 1.50 shows a uniform cylinder rolling without slipping on a horizontal
surface and constrained by a linear spring. Determine the differential equa-
tion of motion for the system.
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Fig. 1.49
Fig. 1.50 5 m
7
R/
Fig. 1.51
< [2 :i
YA/
% k,
V
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Fig. 1.52 5 AMMMIMNIINING

Fig. 1.53 \ — x

Fig. 1.54

1.10

1.12

1.13

1.14

k m ko

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Y 77727272
/////////////%

Determine the differential equation of motion for the system shown in
Fig. 1.51, where the massless rigid bar is hinged at O.

Figure 1.52 shows a disk fastened to the stepped shaft. Determine the
differential equation of the angular motion of the disk.

Obtain the equation of motion of the system shown in Fig. 1.53 using the
principle of conservation of energy.

Figure 1.54 shows a mass m attached to one end of a massless rod of length
¢ and the other end of the rod is rigidly attached to the center of a homo-
geneous cylinder of radius R and mass M. Determine the differential
equation of motion for the system if the cylinder rolls without slipping.
A nonuniform bar is mounted on springs k; and k, as shown in Fig. 1.55.
Determine the equations of motion for the system.

It is given that k; = 3,200 N/mm, k, = 2,250 N/mm, /¢; = 0.48 m,
l, = 0.62 m, m = 1,000 kg, I = 320 kgm?.
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1.15 A massless rigid bar of length 3¢ and masses m and 2m is supported by two
linear springs of equal stiffness as shown in Fig. 1.56. Determine the dif-
ferential equations of motion.

1.16 Determine the differential equations of motion of the general two-degrees-
of-freedom spring—mass system shown in Fig. 1.57.

1.17 Determine the differential equations of motion of the general two-degrees-
of-freedom spring—mass system shown in Fig. 1.58.

1.18 A heavy eccentric disk can rotate about a fixed, smooth, horizontal axis at O
(Fig. 1.59). Let its mass moment of inertia about the axis of rotation be I,
and let its mass center G be at a distance of s from the axis of rotation. A
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massless connecting rod of length 7 is smoothly hinged to the disk at a point
P at a distance of R from the axis of rotation and connected to a particle of
mass m, which is constrained to move on a smooth horizontal surface as
shown. O, G, and P lie on a straight line. If gravity is the only force acting
on the system, define suitable coordinates and construct Lagrange’s equa-
tions of motion for this system.

1.19 A heavy particle of mass m is constrained to move on a circle of radius r
which lies in the vertical plane, as shown in Fig. 1.60. It is attached to a
linear spring of rate k, which is anchored at a point on the x-axis at a
distance of a from the origin of the x, y system, and a > r. The free length
of the spring is a — r. Using the angle 0 as generalized coordinate and the
equation of motion, calculate the generalized forces arising from the

Fig. 1.60 y
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gravitational and the spring forces. Does the answer change if a <r and, if
so, how?

1.20 Consider the system in Fig. 1.61a. Define a coordinate system at the pen-
dulum rest position in Fig. 1.61b. Note that the coordinate system origin is
fixed within the enclosure. Derive the equation of motion.

1.21 Consider a system with a single degree of freedom with a moving foun-
dation as shown in Fig. 1.62. Derive the equation of motion.

1.22 Figure 1.63 shows a simplified schematic of one half of the door support
system. Half of the total door inertia is coupled to one of the overhead

Fig. 1.63 Simplified
schematic of garage door
support system
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Fig. 1.64
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springs by the pulley system. Take the total weight of the door to be 200 1b
and the stiffness of each spring to be 5 pounds/in.

(a) Formulate a model to analyze the oscillations of the door.
(b) Estimate the frequency, in hertz, of the oscillations.
(c) List the main assumptions underlying your model.

A wheel is rolling along a wavy surface with a constant horizontal speed v
(Fig. 1.64). Determine the amplitude of the forced vertical vibrations of the
load W attached to the axle of the wheel by a spring if the static deflection
of the spring under the action of the load W, ds, = 3.86 in., v = 60 ft/s, and
the wavy surface is given by the equation y = asin%* in which a = 1in. and
[ =38in.
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Chapter 2
Perturbation and Variational Methods

2.1 Introduction

In this chapter and Chap. 3, we will use mathematical methods (analytical and
numerical methods) for solving strongly nonlinear systems in field dynamics and
vibration. More of these methods are mathematics methods that have been
introduced by Chinese scientists, especially Professor Ji-Huan He.

In the course of a professional career spanning 2 decades, He has made
countless contributions in variational theory, asymptotic techniques, nanotech-
nology, life science, and high-energy particle physics as well.

In 1997, in his Ph.D. Thesis, He proposed a novel method called the semi-
inverse method to search for variational formulations directly from field equations
and boundary conditions without a Lagrange multiplier (He 1997b, c). In 1998, the
well-known variational iteration method (VIM) was suggested by using general
Lagrange multipliers and restricted variations (He 1998a, b). Many asymptotic
techniques, including the homotopy perturbation method (HPM) (He 1999a), the
energy method (He 2006a), modifications of the Lindstedt—Poincaré method (He
2001c), the bookkeeping parameter method (He 2001a), the parametrized pertur-
bation method (He 1999b), the iteration perturbation method (He 2001b), and
other methods and their applications were suggested by He during 1999-2006 (He
2000a, b, c, d, 1997a, 2004a, b, c, 20054, b, c, 2006b, d, 2003a, b, 1998c, 1999c,
2002a, b, c, 2007, 2008; He and Wu 2006a, b; Shou and He 2008; He and Abdou
2007). For a relatively comprehensive survey on the method and its applications,
the reader is referred to He’s review article (He 2006a) and monograph (He
2006¢).

In the following, we introduce some early important methods, with their
applications in nonlinear systems and nonlinear equations in dynamics and
vibrations, that are today being widely used in engineering and applied sciences.

S. H. H. Kachapi and D. D. Ganji, Dynamics and Vibrations, 49
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2.2 The Basic Ideas of Perturbation Analysis

Perturbation theory has its roots in early celestial mechanics, where the theory of
epicycles was used to make small corrections to the predicted paths of planets.
Curiously, it was the need for more and more epicycles that eventually led to the
sixteenth century Copernican revolution in the understanding of planetary orbits.
The development of basic perturbation theory for differential equations was fairly
complete by the middle of the nineteenth century. It was at that time that Charles-
Eugeéne Delaunay was studying the perturbative expansion for the Earth—-Moon—
Sun system and discovered the so-called “problem of small denominators.” Here,
the denominator appearing in the nth term of the perturbative expansion could
become arbitrarily small, causing the nth correction to be as large as or larger than
the first-order correction. At the turn of the twentieth century, this problem led
Henri Poincaré to make one of the first deductions of the existence of chaos, or
what is prosaically called the “butterfly effect”: that even a very small perturbation
can have a very large effect on a system.

Perturbation theory saw a particularly dramatic expansion and evolution with
the arrival of quantum mechanics. Although perturbation theory was used in the
semiclassical theory of the Bohr atom, the calculations were monstrously com-
plicated and subject to somewhat ambiguous interpretation. The discovery of
Heisenberg’s matrix mechanics allowed a vast simplification of the application of
perturbation theory. Notable examples are the Stark effect and the Zeeman effect,
which have a simple enough theory to be included in standard undergraduate
textbooks in quantum mechanics. Other early applications include the fine struc-
ture and the hyperfine structure in the hydrogen atom.

In modern times, perturbation theory underlies much of quantum chemistry and
quantum field theory. In chemistry, perturbation theory was used to obtain the first
solutions for the helium atom.

In the middle of the twentieth century, Richard Feynman realized that the
perturbative expansion could be given a dramatic and beautiful graphical repre-
sentation in terms of what are now called Feynman diagrams. Although originally
applied only in quantum field theory, such diagrams now find increasing use in any
area where perturbative expansions are studied.

A partial resolution of the small-divisor problem was given by the statement of
the KAM theorem in 1954. Developed by Andrey Kolmogorov, Vladimir Arnold,
and Jiirgen Moser, this theorem stated the conditions under which a system of
partial differential equations will have only mildly chaotic behavior under small
perturbations.

In the late twentieth century, broad dissatisfaction with perturbation theory in
the quantum physics community, including not only the difficulty of going beyond
second order in the expansion, but also questions about whether the perturbative
expansion is even convergent has led to a strong interest in the area of nonper-
turbative analysis—that is, the study of exactly solvable models. The prototypical
model is the Korteweg—de Vries equation, a highly nonlinear equation for which
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the interesting solutions, the solitons, cannot be reached by perturbation theory,
even if the perturbations were carried out to infinite order. Much of the theoretical
work in nonperturbative analysis goes under the name of quantum groups and
noncommutative geometry.

2.2.1 Variation of Free Constants and Systems
in Standard Form

The main idea of perturbation methods is to consider systems being close to an
unperturbed one. It is supposed that the solutions of the unperturbed system are
easy to find. In other words, it is supposed that the unperturbed system can be
integrated in a closed form (see Ref. Fidlin 2006).

Consider a system

z=17Z(z,t5¢). (2.1)

Here, ¢ < 1 is a small parameter. Consider the corresponding unperturbed
system as follows:

20 = Z(20,1,0). (2.2)

We suppose that its general solution is known as

20 =f(t,C)®g:Z(f(t,C),t,0). (2.3)

Here, C is a vector of arbitrary constants. Taking C as a set of new variables—
that is, considering Eq. 2.3 as a transformation for the perturbed system Eq. 2.1—
the following equation can be easily obtained:

of ., of 0z
—C+=—=Z(f(t,C),t,e) = Z(f(¢,C),t,0 — om0+ - 24
oC +at (f(? )a78) (f(7 )av )+868|8—0+ ( )

Here, the symbol - - - stands for the terms O(&?). Taking Eq. 2.3 into account
and supposing the matrix (9f/0C) not to be degenerated—that is,
det(df /0C) # 0—the following equation for the new variables C can be obtained:

. oF\ " 0zZ(f(t,0),1,
oo L)y OO 23

A system in the form of Eq. 2.5—that is, a system in which the right-hand side
is multiplied by a small parameter—is called a “system in the standard from” for
the averaging method. Usually, it is written as

X =eX(x,t,¢). (2.6)
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Here, x is the n-dimensional vector of the state variables, X is the n-dimensional
vector function depending on the state variables, time, and, perhaps, the small
parameter &.

Actually, the statement “the system (Eq. 2.6) is in the standard form because
the small parameter stays as a factor in front of its right-hand side” is too sim-
plified. The functions at the right-hand side of Eq. 2.6 have to be, in addition,
bounded and smooth, and the time average of the right-hand sides must exist (see
below). These additional conditions are not always easy to satisfy. Even if
the unperturbed system is a linear excited and damped oscillator (Eq. 2.7) and the
excitation and damping are not small, it cannot be directly transformed to
the standard form:

mx + fx+cx=asinwt, a=0(1), f=0(1). (2.7)

Nevertheless, there are two large and very important classes of systems suitable
for perturbation analysis.

The quasi-conservative, especially quasi-linear, systems belong to the first
class. Systems with strong excitation—that is, systems with dominating external
and inertial forces—belong to the second class. It is usual to write the governing
equations for the problems of this class in a slightly different form:

X=F(x,x,t) + o®(x,1,7), 7=0wt, 0> 1. (2.8)

This form expresses better the fact that the term w®(x,?,7), containing the
high-frequency excitation, is dominating here (because o is the large parameter).

There are many different methods for an asymptotic analysis of perturbed
dynamical systems. First of all, these methods differ according to the type of
solutions they deal with. There are numerous methods considering only periodic
solutions and their stability. Most of them are based on the ideas of Poincaré and
Liapunov.

Another group of methods also considers transient solutions of dynamical
systems; that is, these methods allow analyzing an infinitesimal vicinity of periodic
solutions and their attraction area.

¥=F(x,x,1)+o®x,t,1), =0t 0> 1. (2.9)

Three of these methods are most popular today. We are going to start with the
standard averaging.

2.2.2 Standard Averaging as an Almost Identical
Transformation

Initial value problems in the standard form are investigated by averaging:

x=eX(x,x,1), x(0) =x. (2.10)
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Let us first introduce the time average of the function X:

T
1
= TILn;oT X(x,t,¢)de. (2.11)

0

(X(x,1,2)),

The integration here has to be performed with respect to the explicit time
(variables x are considered as constant parameters).

If the function X is periodic with respect to the explicit time ¢, the definition of
the time average can be significantly simplified:

Vi X(x,t+2m, ) = X(x,t,¢)
7 (2.12)
= (X(x,t,¢), = —/X(x,t,a)dt

2n
0

The main idea of the averaging method is not to try to solve the system
(Eq. 2.10) but to try to find another system, simpler than the original one, in which
solutions are close to the solutions of the original system for a sufficiently long
time interval. The simplification that can be achieved using averaging is to
eliminate the independent variable ¢ from the considered equations—that is, to
reduce the effective order of the system by one.

In order to do it formally (without mathematical proof) for the simplest periodic
case, the following approximate identical transformation can be applied:

x=¢+eau(éte)+0(). (2.13)

It is very important to understand the sense of this transformation in order to
comprehend the physical meaning of the method. It splits the solution to Eq. 2.10
into two parts: the large slowly varying part &, describing the evolution of the
system, and the small fast oscillating part u, which is responsible for the oscilla-
tions of the solution around the slow component.

Consider that the new variable ¢ is governed by the autonomous equation

E=2E( ) +0(e). (2.14)

Both the unknown functions, u(¢, ¢, ¢), which have to be periodic functions of
time, and E(¢,¢) have to be determined by the following procedure. Applying
Egs. 2.13 and 2.14 to Eq. 2.10, the following equation can be obtained:

0
eE(¢,¢) “a_bzl: eX(E,1,8) + O(¢). (2.15)
Balancing the terms O(¢) and considering that u has to be a bounded periodic
function, we obtain that this condition can be fulfilled only if = is the time average
of X:
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eB(&e) = (X(&,1,8)),
t (2.16)
0

u(é te) = | (X(&,9,¢) —E(E,¢))dd + ug(E, ¢).

It is usual to choose the free functions uy(¢,¢) in order to guarantee that the
time average of the functions u is equal to zero—that is, (u(¢,7,¢)),= 0

It is not the unique possible choice of the functions uy. Another one is con-
venient if the Eq. 2.10 have the Hamiltonian form. Then the free functions can be
chosen in order to guarantee that the averaged equations also have the Hamiltonian
form.

Higher order approximations can be obtained in a similar way. For the second-
order approximation, we apply the following transformation:

x=CE+eu(E1,8) + up(E,1,8) + - - (2.17)

We require further that the new variable £ be governed by an autonomous
equation:

&= eZ1(E8) + &2 Ep(Ere) + -, (2.18)
Balancing the terms O(¢) we obtain, as above,
agt‘ = X(&,1,6) — Ei(&,8) =
2(&0) = (KEna m= [ K(Ene) - SiE o, (2.19)
<u1> =0

Balancing the terms O(&?), we obtain, as above,

6u2 9.4 —_ aul -
E:_Lc:é U —=p — 6_5_'] =
= <6X| u % = > <6X| u > 220
-2 = x=¢ U1 — aéull 6x:1[
Finally, the equation of the second-order approximation is
p ,/0X 3
¢=eX(&t,8) + & ol +0(s). (2.21)
t

The above procedure is purely formal, because it does not explain whether one
can shorten the equations for ¢ neglecting the small terms O(¢?) or O(&%) in
Egs. 2.14 and 2.21, respectively. Neither does it explain why and for how long a
time the solutions of the original system (Eq. 2.10) and those of the shortened
averaged systems (Egs. 2.14 or 2.21) are close to each other.
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Answers to these questions were given by Bogoliubov in his first theorem.
Consider the system (2.10) and assume:

1. X is a measurable with respect to ¢ vector function.
2. It is bounded and satisfies the Lipschitz condition with respect to the vector
argument Xx:

1X(x, 2, 8)|| <M

(2.22)
||X(X1,l,8) _X(x27t78)|| < )“”xl _XZH

3. The time average of the function X exists uniformly with respect to x.
Consider the averaged system satisfying the same initial conditions:

E=e2(&0), €0) = x. (2.23)

Under these conditions, the mistake made by using the system (Eq. 2.23) with
functions = determined by the relationships (Eq. 2.16), instead of the original one,
has the magnitude order of the small parameter ¢ for the asymptotically long time
interval r = O(1/e).

The proof of this theorem is not very complex. Readers interested in the
mathematical background can find it in Fidlin (2006).

If the averaged system (Eq. 2.23) has an asymptotically stable singular point in
the linear approximation and the function X is continuously differentiable with
respect to it, then the original system (Eq. 2.10) has a solution that remains in the
vicinity of this point for infinite time.

For more details in this section refer to Fidlin (2006).

2.2.3 Method of Multiple Scales

In mathematics and physics, the method of multiple scales comprises techniques
used to construct uniformly valid approximations to the solutions of perturbation
problems, for both small and large values of the independent variables. This is
done by introducing fast-scale and slow-scale variables for an independent vari-
able and subsequently treating these variables, fast and slow, as if they are inde-
pendent. In the solution process of the perturbation problem thereafter, the
resulting additional freedom—introduced by the new independent variables—is
used to remove (unwanted) secular terms. The latter puts constraints on the
approximate solution and are called solvability conditions (see Ref. de Sterke and
Sipe 1988).

The basic logic of the method of multiple scales can be easily illustrated by
considering a system in the standard form (Eq. 2.10). The first step of the solution
is to convert to two independent variables § =t and 7 = &f, supposing that
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x = (0, t)—that is, to convert from the system of ordinary differential equations
(Eq. 2.10) to a system with partial derivatives:
Z—(g + 82—(5 =eX((0,7),¢). (2.24)

The relationship between Eqgs. 2.10 and 2.24 is determined by the condition
that, if (0, 7) is a solution to Eq. 2.24, then x = ¢(¢, ¢t) is a solution to Eq. 2.10.
In other words, the system (Eq. 2.24) is more general than the original equations
(Eq. 2.10) and any solution (Eq. 2.24) taken along the straight line 6 = t,7 = et
satisfies the equation (Eq. 2.10).

We require ¢(0,71) to be a 2n—periodic function of 7 and try to find ¢ as a
formal asymptotic expansion in terms of &:

0(0,7) = Yo(0,7) + e (0,7) + - (2.25)

All the functions here have to be bounded functions of the fast time 0.
Substituting this expression into Eq. 2.24 and balancing the terms with equal
powers of ¢, the following relationships can be obtained:

0
e % =0

(2.26)

Wy | oY

1 0 1

: — 4+ —=X .
The first of these equations means that y, depends only on the slow time t:

Yo = &(1). (2.27)

Substituting Eq. 2.27 into the second relationship from Eq. 2.26, a simple
equation for (6, 7) can be obtained:

0 o¢
W x(ew) ) o

The function ¥, (0, t) has to be a bounded function of 0; that is, its derivative
can contain only oscillating components. It is possible if the function g—g annihilates

the constant component of X. It means that
oc

ot

Here, the average is calculated with respect to the fast time 6. Returning to the

straight line 6 = ¢, 7 = &, we find that the slow component of the solution is
governed by the equation

(2.28)

(X(&,0,¢)),. (2.29)

oc _
ot

The fast oscillating small correction y; can be calculated as

(X(&1,2)),. (2.30)
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t

b= [ (X0 0.0) = X(E0.00)) 0+ 980 (231)

0

Comparing Eqgs. 2.25 and 2.29-2.31 with the corresponding relationships from
the previous subsection describing the averaging method (Egs. 2.13, and 2.16)
Eq. 2.23, it is easy to notice that they are identical (/; = u). Considering the
higher order terms in the expansion (Eq. 2.25), the higher order approximations to
Eq. 2.10 can be obtained by the multiple scales technique. They are the same as
those obtained by the averaging method.

2.2.4 Direct Separation of Motions

Direct separation of motions was formulated originally for systems of second-
order differential equations, but it can be easily reformulated as follows.
Consider the system of ordinary differential equations (see Fidlin 2006):

X = F(x,et) + O(x, et,1). (2.32)

The basic idea of the direct separation of motions is to consider only solutions
that are a superposition of slow evolution and fast oscillations. The object of main
interest is the slow component:

x(1) = ¢(1) + ¥ (z,1)

2n

emes (e0),= 5 [ wena =0

0

(2.33)

The next step is to go over from the system of n differential equations
(Eq. 2.32) to a system of 2n integral-differential equations:

E=F (&) + (F(E+Y(E,1),1) — F(E0),A@E + ¥ (E,1),7,1),
Y =F(E+(&0),7) = F(&1) = (F(E+ (&, 7),7) — F(&, ), (2.34)
+ (D(é + lp(é7t)= T>t) - <(D(§ + W(QTL T7t)>t

The relationship between systems 2.32 and 2.34 is as follows: If a pair (&, /) is
a solution to Eq. 2.24, then x(¢) determined according to Eq. 2.33 is automatically
a solution to Eq. 2.32. It means that the system (2.34) is more general than the
original one. This system is not more general, but it is at first sight more complex.
Nevertheless, in many important cases, it is easy to solve with the assumption that
the variable ¢ in the second equation (2.34) is constant.

The system in the standard form (Eq. 2.10) can be considered as an example. In
this case, we have
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F(x,et) =0; ®(x,et,1) = eX(x,1). (2.35)

Substituting Eq. 2.35 into Eq. 2.34, the following equations can easily be
obtained:

é = e(X(E+y,1)), (236)

Y =eX(C+ 1) —e(X(E+ 1)),
Solving the second equation of the system (Eq. 2.36) asymptotically is obvious:

Y=y t+ep +--- (2.37)

Inserting this expression into the second equation (2.36) and balancing terms
with the equal powers of the small parameter, we will have

Yo =0

¢=e(X(& 1) (2.38)
Py = X(&,1) — (X(&,1)

Equation 2.38 does not differ from the equations of the first-order approxima-
tion (2.14, 2.16, or 2.30) (Eq. 2.31).

Unfortunately, neither the method of multiple scales nor the method of the
direct separation of motions has a mathematical proof differing from that for the
standard averaging.

2.2.5 Relationship Between These Methods

All the considered methods are very useful and efficient in the analysis of engi-
neering systems such as oscillating systems. All of them applied to the system in
standard form give the same result. (It is actually the necessary condition for such
a procedure to be called a method.) So selecting one of them in any special case is
mainly a personal preference. From the author’s point of view, the multiple scales
and, especially, the direct separation of motions are slightly easier for practical
use, as compared with the standard averaging method. Their main advantage is the
straightforward algorithm used to solve the problem, which does not require an
initial transformation of the system to the standard form. This transformation may
sometimes be rather difficult.

But this statement is correct only for systems that are in standard form or can be
transformed to it. The situation becomes much more interesting if it is impossible
to transform a system to the standard form or one of the conditions (2.22 or 2.23) is
not fulfilled. In such a case, one can try any of the described methods. The problem
is how to make sure that the obtained results are correct. The main advantage of
the averaging method becomes clear in these cases. There is a clear way, based on



2.2 The Basic Ideas of Perturbation Analysis 59

Gronwall’s lemma, to prove the accuracy of the averaging procedure. Thus, the
method contains an instrument to generalize itself. This situation enables
researchers to move away from pure physical intuition (being the most effective in
many cases) and to take the path of rigorous mathematical analysis.

In different chapters, we will use these perturbation techniques.

2.2.6 Application

Example 2.1
First, consider the forced oscillation of an undamped pendulum,
32
X+ ~— = constant, (2.39)
)
in which, without loss of generality, we can assume that wy > 0, > 0 and F > 0
(since F' < 0 implies a phase difference that can be eliminated by a change of time
origin and corresponding modification of initial conditions).
Consider the equation
1
sinx &~ x — 8x3. (2.40)
Use Eq. 2.40 to allow for moderately large swings, which is accurate to 1 % for
|x| < 1 radian (57°). Then Eq. 2.39 becomes approximately

1
¥+ odx — Ew%f = Fcos wt. (2.41)

Standardize the form of Eq. 2.41 considering the correlation
t=ot, P=wj/0? (Q>0), T=F/o” (2.42)
We obtain
1
K+ QP — 692x3 =T cost, (2.43)

where dashes represent differentiation with respect to 7. This is a special case of
Duffing’s equation, which is characterized by a cubic nonlinear term. If Eq. 2.43
actually arises by consideration of a pendulum, the coefficients and variables are
all dimensionless.

The methods to be described depend on how small the nonlinear term is. Here,
we assume that éQZ is small, and then

1
692 = &. (2.44)

Then Eq. 2.43 becomes
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X'+ Q%x — gox® = cost. (2.45)

Instead of taking Eq. 2.45 as it stands, with Q,T", &y as constants, we consider
the family of differential equations

X"+ Q%x — ex® = Tcos, (2.46)

where ¢ is a parameter occupying an interval /, that includes ¢ = 0. When ¢ = ¢,
we recover Eq. 2.45, and when ¢ = 0, we obtain the linearized equation corre-
sponding to the family 2.46:

X+ Q% =T cost. (2.47)

The solutions of (2.46) are now thought of as functions of both ¢ and 7, and we
will write x(e, 7).

The most elementary version of the perturbation method is to attempt a rep-
resentation of the solutions of (2.46) in the form of a power series in &:

x(e, 7) = x0(t) 4 ex1 (1) + e2x2(2) + - - -, (2.48)

whose coefficients x;(7) are only functions of 7. To form equations for x;(t),i =
0,1,2,..., substitute the series (Eq. 2.48) into Eq. 2.46:

(xg +ex] + ) + QP (xo +ex + ) —e(xo+exy +---) =Tcost.  (2.49)

Since this is assumed to hold for every member of the family Eq. 2.46—that is,
for every ¢ on I,—coefficients of the powers of ¢ must balance, and we obtain

X+ Q%xp = Tcos, (2.50a)
X+ Qx) = x, (2.50b)
Xy + Q%xy = 3x3xy, (2.50c)

and so on.
We shall be concerned only with periodic solutions having the period, 2x, of the
forcing term. Then, for all ¢ on I, and for all t,

x(e, T4 2n) = x(¢, 7). (2.51)
By Eq. 2.51, it is sufficient that for all T,
xi(t+2n) =x(t), i=0,1,2,.... (2.52)

Equation 2.51, together with the condition 2.52, is sufficient to provide the
solutions required. For the present, note that Eq. 2.50a is the same as the “line-
arized equation” (2.47), necessarily, since putting ¢ = 0 in Eq. 2.45 implies
putting ¢ =0 in Eq. 2.48. The major term in Eq. 2.48 is therefore a periodic
solution of the linearized equation (2.47). It is therefore clear that this process
restricts us to finding the solutions of the nonlinear equations that are close to (or
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branch from, or bifurcate from) the solution of the linearized equation. The method
will not expose any other periodic solutions. The zero-order solution xo(z) is
known as a generating solution for the family of Eq. 2.46.

Example 2.2

2.2.7 Introduction

This example is concerned with responses of systems with two degrees of freedom
and cubic nonlinearities to multifrequency parametric excitations governed by the
following equations:

X+ 01X + e[2umX) + o1 X; + 30X1Xs + 03 X1 X5 + X5

M
+2 Z {X1fim + Xofom } cos(Qut + T1m) | =0,
., T ) . (2.53)
Xo + 03X5 + €[21X0 4+ 0X] + 303X7 X0 + X1 X5 + o5 X5
M
+2 Z {Xlgln + X2g2n} COS(Qnt + Vln) =0.

n=1

where wy, W, A, fruns 8mny Qomy Qu, Tim, and 7y, are constants, ¢ is a small dimen-
sionless parameter, and dots indicate differentiation with respect to the time ¢.
These equations when quadratic terms are included model the responses of ships
and bowed structural elements.

2.2.8 The Method of Multiple Scales

To determine a first-order uniform solution of Eq. 2.53, we use the method of
multiple scales and let

X(l; 6) :Xn()(T(),Tl) -I-SXn](T(),Tl) + -y (254)

where Ty =t is a fast scale, which is associated with changes occurring at the
frequencies w,, Q,, and Q, and T} = &t is a slow scale, which is associated with
modulations in the amplitudes and phases resulting from the nonlinearities and
parametric resonances.

In terms of Ty and T}, the time derivative becomes

d Dy + eDy + ¢
R— 8 ... —_
dr 0 : ’ dr?

where D, = 0/0T,. Substituting Egs. 2.54 and 2.55 into Eq. 2.53 and equating
coefficients of power &, we obtain

=D} +2eDoD; + - - -, (2.55)
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DSXlO + CO%XIO = O, D()X%O + 0)1X20 = 07 (256)
D%X” + (D%X“ = — 2DOD1X10 — 2,[11 (D()X]Q) — O[]X?O — 30(2X%0X2() — 30(3X10X§0
M
— X5 +2 Z {X1ofim + Xoofom } 08(Qut + T1m), (2.57)
m=1

D(2)X21 + (J)%le = —2DyD1 X0 — 215 (DoX20) — OC2X130 — 3OC3X120X20 — 3OC4X10X§O

M
— O(5X§0 —+ 2 Z {Xlogln + X20g2n} COS(Qnt =+ yln)' (258)

n=1
The solution of Eq. 2.56 can be expressed as
X0 =44 exp(iwlTo) + cc, Xo0 =As exp(iwlTo) + cc, (259)

where cc denotes the complex conjugate of the preceding terms. Inserting Eq. 2.59
into Eq. 2.58 yields

DiXyi + 0iXy) = [—2iw (A + wAy) + 301A3 A0 + 603A1A%4,] exp i, Tp)
— [602A1A A7 + 3a4A§ZQ] exp(2imaTo)
— oclA? exp(3iw Tp) — cx4A% exp(3iwaTo)
- 30(2[A%A2 expi(2w; + w2)To +K%A2 expi(wy — 2w;)To)
— 3034142 expi(w) + 20,)To + A1Aexpi(w) — 20,)Ty
+ KIA% expi(2wy — w1)To)

M M
— Ay Zflm eXp((Qm-i-(/)])To + T]m) —Xl Zf]m eXp((Qm—UJ])T() + Tlm)
m=1 m=1

M M
- A2 Zme eXp((Qm'i'wz)TO + Tlm) - ‘Z2 Zflm CXP((Qm—wz)To + Tlm)a

=1 =1

(2.60)

D3Xo1 + 03Xy = — [2imn (A + 1pAz) + 603A1A1As + 30sA 3A] exp (i Ty)
— [B02A%A; + 604A42A] exp(io; Ty)
— A7 exp(3im Ty) — asA3 exp(3im, Ty)
— 3ou[A 1A expi(w; + 22) Ty + A1A3 expi(w; — 2,)To)
— 303 [AIA% expi(w) + 2wy)To + AIK% expi(w; — 2wy)Ty
+ATAS expi(wy + 2m1)To)

N N
— ALY gunexp(QuAo)To +71,) + A1 Y g1 exp((Qu—01)To +71,)

n=1 n=1
N

N —
— A2 ) 220 exp((Qutm2)To +71,) — A > gonexp((Qu=2)To + 71,),
n=1 n=1
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where the over term indicates the complex conjugate and the prime indicates
differentiation with respect to 7. Any particular solution of Eq. 2.60 contains
secular or small divisor terms depending on the resonant conditions (1) @, = 2w,
internal resonance, and (2) Q, = 2w, principal parametric resonance of the first
mode. To treat this case, we introduce detuning parameters ¢; and g, to convert
the small divisor terms into secular terms, defined according to the correlation
wy = 2w + ¢oq, Q, =2w, + ¢o,. (2.61)
Substituting Eq. 2.61 into Eq. 2.60 and eliminating the secular terms from X,
and X5, we obtain
21(1)1(Al1 + H]Al) + 30(1A%Zl + 60(3A1A222
+ 30(2;%142 exp(ial T]) + Z]f]r exXp i(O’zT] + ’L']r) = 0, (262)
i (A) + 1hAy) + 60341414, + 30sA3A2A, + A exp(—ic,T)) = 0.

Consequently, the particular solutions of Eq. 2.60 are

60pA1A 1 As + 30,424
Uy = —[ s 122+ 20(4 2 2} exp(imaTy)
w7 — W3

_cxlA? . OC4A% .

+ _8_(1)%:| eXp(3l(UITO) — [m eXp(3l(UzT0)

30,A2A

— 5 %1% 5—| expi(2m; + @2)Ty
H{of — 2o + w2)7}
- T2, :

— 5 30(2 122 5 expi(w2 —2(1)1)T()
{o] = (w2 = 201)7}
[ 334,42 ]

- 5 il 5—| expi(w) + 2w2)To
{of — (o1 +202)7}
[ 3om4,42 ]

- 5 BALA) 5—| expi(wr — 2w2)To
{of — (o1 —2m2)7}
[ 304,42 ]

— > bl 5—| expi(2wy — w1)To
_{wl — (2w — o) }_
[ ferl .

— expi((Qy + w1)To + T1r)
{0} — (@ + w1 +11,)}
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JarAa .
_ exp l((Qr + COQ)T() + Tlr)
[{(JJ% — (Qr —+ wy + TZr)Z}’
oAz .
_ expi((Q, — w2)To + 11,).
[{w% —(Q —my + 1)}
[30,A3A] + 604A1A2A .
Uy = — |24 ;)2 : (;2 1712 2] exp(im To)
I 2 1
[ szA? . O(5A% ;
|l —==1 3iw T, 3iw, T,
[ 3mAlA ]
- |— %3142 5= | expi(2w) + w2)Ty
H{of = 201 — w2)7} ]
[ 30,424 ]
_ x3a A 5= | expi(wy; — 2m1)Ty
{3 = (2 = 201)7}]
L : 2.63)
304A A2 (
- = 218 —| expi(wy + 2w) Ty
{3 — (01 +200)7)
[ 3wl ]
_ - X125 5—| expi(wy — 2w2)Ty
(03— (o1 — 2007}
[ 3ouAA2 ]
= 04 A1AZ —| expi(2w; — )Ty
_{a)2 — (20)2 — CO]) }_
glsAl .
_ exp i((Qs + w1)To + 71,)
{03 — (s + o1 + Vls)z}_ Y
Q1AL ;
_ expi((Qy + 1)To + 7y4)
{0} — (@ — o1 +71,)°} ]
82rA2 .
_ expi((Q + @2)To + 7y4)-
_{OJ% - (Qs + wy + V2s)2}_
Expressing A, in the polar notation, we have
1
A, =zay, exp(iﬁn)7 (264)

2

and separating the real and imaginary parts of Eq. 2.62, we obtain
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3a 1 .
a) = —wa; — 8_602161%“2 sin 0, —Eflral sin 05,
3001 5 303 R1o%) 1
alﬂll :—a1 +4(,01 1 2+8 la a200801 +2 lflral cos 0,
dy = —ar +—— al sin 0,
8 (0
30(3 2 30(5 3
azﬁ’zz4—w2ala2+8 2+8—2a 1 cos 0.
where
Oy =0T+ By =3B,  02=02T1 = 2B, + 11

65

(2.65)

(2.66)

Inserting Eqgs. 2.58 and 2.63 into Eq. 2.54 yields the approximate solutions

60patay + 3osal

064(1%
Uy =ajcos(wt+ f) +¢|— 4007 — 43

e R AR e e R

{4} —340;3(311? 20y | VTR _m . 2w2)2}] cos(¥ =242

B e e R A e W}} st

B e R A e RO R

3onaias + 6ouaia; oal
U, =aycos(mat + ) +¢| |—i=———"2| ¢ — 1
2 =azcos(oat + o) H 40} — dw? 4 03

3
Jeosv ] oo~ ot o

] cos 3y,

2sad
W] cos 3y, + [32 :|COS31//2

3uata, 3o3alas

- cos +2 — cos -2
| {40} — 4(m, — 2w1)2}_ W +29,) | (40 — 4(0n — 201)°} (¥, = 24)
[ 3“““‘“% | [ 30(4611[1%

- cos +2 — cos -2
| {403 — 4(o1 +202)°}| Wi +20) {402 — 4(or — 200,)7} (1 = 24)
[ 30(4(11(1% ) I 81541

_ cos(2y, — ;) — cos(Vy + )
ot —4Gor—o)) T T @ e r ] Y

81s5a1

{3 — (Qs— i + 71s)2}

82ra2
{03 — (s + o2+ 7))

e v - |

where

Y=ot + By, Y=t + By Yy =Qt+ 1y, Yy =

3 } cos(iy + )

Qst + yln'

+o(),

(2.67)

(2.68)
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The steady state of Eq. 2.65 is given by

3 1
way + ﬂafaz sin0; + —fi,a; sinf, =0,
8w 2w

1 3 3 3 1
—day — ia% - ﬁalag — ﬁa?az cos ) — —fi,aj cos 6, =0,
2 8w 4w, 8w 2w
o (2.69)
— ay + S—wlafaz sinf; =0,
3 30(3 30(5 30(2
(552 — O'l)az +4—w2a1a§ + 8—(1)2613 + 8—601@%612 COoS 91 =0.

There are two possibilities: first, a; = a, = O (this is the linear case); second, a;
and a, # 0 and Eq. 2.69 yield the frequency response equations

1 902 902 1 3030

2 2 2| 22 1| 4 2 302| o
uy + =965 + + - —

! 472 {64@%} i [64w%]a1 4w%f1’ |:4(/01 }az

3002 Sot1% 9oty 0 Q0003
_ [8(»1 :|a102005(')1 + LGw%}afag + LZw%}aTazcosGl + [16w%}a1agcos(91 =0,

3 2 o2 902 902
2 N N 2 2 6 3| 4.2 51 6
2 (2 2 l) ] e {64(05] @ {1 60)%] i |:640)%:| @

303 (3 22 3as (3 4 30305| 5 4
sz (252 51)}11512 20 252 o1 )|ay + 320, ajay =0.

Example 2.3
Introduction

In the present example, we consider the following two coupled Duffing—Van
der Pol oscillators with a nonlinear coupling:

% — edii(1 — x*) + o?x + eox® + edxy? = 0, (2.71a)

y—edoy(1 — y*) + w%y + eopy® + edx’y = 0. (2.71b)

When dy =d, =0 the system (Eq. 2.71a, b) consists of the two coupled
anharmonic oscillators. If the nonlinear damping is replaced by a linear damping,
the system (Eq. 2.71a,b) becomes two coupled Duffing oscillators. When the
coupling parameter is set to zero, the system (Eq. 2.71a,b) becomes two uncoupled
Duffing—Van der Pol oscillators. The Duffing oscillator corresponds to the choices
0 =0,d; = d, =0 and addition of a linear damping.

Analysis with the Method of Multiple Scales

We look for approximate asymptotic solutions of Eq. 2.71a,b by employing the
multiple scales method. For small but finite x and y, we consider the solutions in
the form of the power series

x(t, 8) :xO(T(),Tl) +8)C1(T0,T1) + -y (2728.)
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y(t,&) = yo(To, T1) + eyi(To, T1) + -+, (2.72b)

where Ty = t is a fast scale and 7| = &t is a slow scale. The slow scale T char-
acterizes the modulation in the amplitude and phase caused by the nonlinearity,
damping, and coupling. The fast scale Ty is associated with the relatively fast
changes in the response.

The first and second derivatives with respect to time ¢ are given by

d d? 5
3 = Do+eDi+ oo o5 = D5+ 2eDoDy + -, (2.73)

where D, = 0/0T,. Substituting Eq. 2.72a,b and 2.73 into Eq. 2.71a,b and
equating coefficients of equal powers of &, we obtain O(¢%):

Djxo + oixg = 0, (2.74a)
Dyo + w3yo =0, (2.74b)

O(e):
D(Z)xl + w%xl = —2D¢Dixo + di (1 — x(z))Doxo - oclxg - 5x0y(2), (2.75a)
Diyy + wiy1 = —2DoDiyo + da (1 — y5)Doyo — o2y — 6xgy0. (2.75b)

The general solutions of the linear Eq. 2.74a,b can be written in the form of the
correlations

Xo = A (T] )eiwlTo +c.c., (2768.)

yo = Ay(T))e ™ +c.c., (2.76b)

where c.c. represents the complex conjugates of the preceding term. The quantities
A; and A, are arbitrary to this order of approximation and are determined by
imposing solvability conditions at the next order of approximation. We substitute
Eq. 2.76a,b into Eq. 2.75a,b and obtain

D(z)xl + CU%X] = [—ZZ(UlA,l + id](i)]A](l —Algl) — 30(1A%.K1 — 2(3A1A2K2}€iw'r('
_ [OC]A? + ldlwlAﬂ eSiwng _ 5A]A§ei(“’1+2“’2)n’ _ 6KIA%ei(2wz—ml)Tg + c.c.,

(2.77a)

Dy1 + 3y = [—2imrAl + idynAr(1 — ArAy) — 300A3A; — 2041424, | €T
— [0243 + idr 0, A3] 312T0 — §A, A% (2 200T0 _ GATA, Q1= To 4 e
(2.77b)
where A, denotes the complex conjugate of A, the prime denotes differentiation

with respect to 7', and now c.c. represents complex conjugates of each preceding
term.
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Nonresonant Case

Consider the nonresonant case, ®; # w,. The arbitrary functions A;(7}) and
A;(Ty) are determined from Eq. 2.77a,b by satisfying the solvability conditions for
boundedness of the solutions. Particular solutions of Eq. 2.77a,b contain secular
terms generated by the first term on the right-hand sides of Eq. 2.77a,b. The
conditions for the elimination of secular terms, in Eq. 2.77a,b are

2im A} — idi1 Ay (1 — AA}) + 301 ATA| + 2041424, = 0, (2.78a)
21(,{)2A/2 — idz(l)zAz(l — Azgz) + SazAggz + 25A1A221 =0. (278]3)

At this step, we introduce the polar forms for the amplitudes A; and A, as

1 .
Al(Tl) = Eal(Tl)e’H‘(T'), (2793)

1 .
AZ(T]) = 5612(T1)€l92(T1). (279b)

Substituting the above expressions for A; and A, in Eq. 2.78a,b and separating
real and imaginary parts, we have

da; 1 a%
[ 1 -1 2.
dTl 2d1a1 ( 4>, ( 803.)
da 1, (1 & (2.80D)
ar, 22\ T4 ) '
dd) 1 2 20 30(1 1 > 20 30(2
— (=) (= -= 2.80
dT| Sal ((Uz (U]) 8a2 (O]} (00 ’ ( C)

where ¢ = 0, — 0,. Equations 2.80a, b, c are the first-order equations describing
the variation of aj,ay, and ¢. The Egs. 2.80a and 2.80b are uncoupled, and the
solutions are

4 —1/2
a(Ty) = 2{1 - (1 _6110> ed‘T‘] , (2.81a)

4 —1)2
ax(Ty) =2 {1 - (1 — —) edle] : (2.81b)
ao
The solutions x and y in the zeroth-order approximation are written as
x =xo = aj cos(0y + o1 Ty), (2.82a)

y = Yo = azcos(0 + w,Tp). (2.82b)
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Resonant Case
Next, we consider the resonant case. In order to describe the nearness of w, to
w1, we introduce a detuning parameter ¢ through the equation

W, = w1 + €o. (2.83)
Using the equations (2w, — w1)Ty = 01Ty + 20Ty and
(2w — @2)Ty = w2 Ty — 26Ty, the new solvability conditions are
Qim A — idyo Ay (1 — A1A)) + 30y ATA| + 2041424, + SA3A€27T1 = 0,
(2.84a)

2iasAl — idraAs (1 — AxAy) + 300A5A5 + 20A1A2A| + SATAze 2T = 0.
(2.84b)

Substituting Eq. 2.80a,b,c into Eq. 2.84a,b and separating the real and imagi-
nary parts of Eq. 2.84a,b, we obtain the following set of equations:

da; 1 a’ 0 .
—_ 1= = 2 4,42 2.

dT, 2d1a1( 4) 8o apa; sin ¢, (2.85a)

day 1 a3 o 5, .

T, 2 dray (1 1 + 8, ajaz sin @, (2.85b)
d(b > 0 30(1 2 0 30(2 0 a% a%
— =2a;|———) —2a;| — —— - ——-— 2
dT] @ (4602 8601 @ 4(1)1 8(1)2 + 4 (005 ()] cos ¢ + %

(2.85¢)

where ¢ = 260, — 20, + 20T,. For the resonant case, the solutions are given by
Eq. 2.83, with the time evolution of the amplitudes and phases as described by
Eq. 2.85a,b,c.

2.3 Parameterized Perturbation Method
2.3.1 Introduction

The parameterized perturbation method (PPM) was first proposed by He in 1999b
and was further developed in He (2006a).

The method can be applied to nonlinear equations including differential-dif-
ference equations (Ding and Zhang 2009; Jalaal et al. 2011).

This approach is an explicit method with high validity for resolution of strong
nonlinear systems, which can be used to derive the relationship between period
and amplitude in a nonlinear oscillator. In addition, it is more convenient and more
efficient, in comparison with traditional methods.
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2.3.2 Application

In the following, we consider the method by applied examples.
Example 2.4

Consider the free response of the undamped and single-DOF system that is
shown in Fig. 2.1. The restoring forces in the spring are given by

Fy = —(kx(t) n ax(t)3), (2.86)
with « > 0. With this restoring force, the equation of motion of the system is

% (1) + kx(t) + ax(1)’ =0, (2.87)

where the equation of motion for this system with a cubic nonlinear stiffness is
commonly known as Duffing’s equation.

In order to use the parameterized perturbation method, it is necessary to
introduce an artificial small parameter /5

x(t) = Bv(r). (2.88)
Substituting Eq. 2.88 in Eq. 2.84a,b, we obtain
V() + kov(t)+a ()’ =0, v0)=A/B, ¥(0)=0. (2.89)

Suppose that the solution of the Eq. 2.89 and the coefficient, k (or other
coefficients), can be expressed in the forms

v(t) = vo(t) + Bvi(t) + Broa(t) + - (2.90)

k=w*+ o+ o+ (2.91)

Substituting Egs. 2.90 and 2.91 into Eq. 2.89 and equating the terms with the
identical powers of f yields the following equations:

Vo (1) + @’ vo(t) =0,  vp(0) =A/B, ¥o(0) =0. (2.92)
b1 () + @™vi(t) + oo +avy =0, v(0)=0, v;(0)=0. (2.93)

Considering the initial conditions vo =A/f and v(0) = 0, the solution of
Eq. 2.92 is (1) = §cos ct.

Fig. 2.1 Single-DOF system %(t)
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Substituting the result into Eq. 2.93, it can be rewritten as

by (1) + vy (1) —i—A (w1 + AZ) cos(wt) + 1A cos(3wt) =0 (2.94)
v v — — — =0. .
1 1 ﬂ 1 4ﬁ2 4ﬁ3
Avoiding the presence of a secular term requires
30A?
oy = - (2.95)
4p
Solving Eq. 2.94, we obtain
(1) xA’ (cos(3wt) — cos(wr)) (2.96)
vi(t) =——= - . .
YWY

If, for example, its first-order approximation is sufficient, then we will have

3

x(t) = pv(t) = B(vo(t) + Bvi(t)) = A cos wt + (32w2

- )(cos(3wt) — cos(wr)).
(2.97)

Substituting Eq. 2.95 into Eq. 2.91, the first-order angular frequency can be
written in the form

1
o= 5\/4k+ 3 aA2. (2.98)
The period T = 27 /w may then be written as

_27'C_ 2n

w /1+314£A2'

2.4 Singular Perturbation Method

T (2.99)

2.4.1 Introduction

The theory of singular perturbations has been with us, in one form or another, for a
little over a century (although the term “singular perturbation” dates from the
1940s). The subject and the techniques associated with it have evolved over this
period as a response to the need to find approximate solutions (in an analytical
form) to complex problems.

Typically, such problems are expressed in terms of differential equations that
contain at least one small parameter, and they can arise in many fields: fluid
mechanics, particle physics, and combustion processes, to name but three. The
essential hallmark of a singular perturbation problem is that a simple and



72 2 Perturbation and Variational Methods

straightforward approximation (based on the smallness of the parameter) does not
give an accurate solution throughout the domain of that solution. Perforce, this
leads to different approximations being valid in different parts of the domain
(usually requiring a “scaling” of the variables with respect to the parameter). This,
in turn, has led to the important concepts of breakdown, matching, and so on. The
notion of a singular perturbation problem was first evident in the seminal work of
L. Prandtl (1874—1953) on the viscous boundary layer.

The singular perturbation method concerns the study of problems featuring a
parameter for which solutions of the problem at a limiting value of the parameter
are different in character from the limit of solutions of the general problem—
namely, the limit is singular. In contrast, for regular perturbation problems,
solutions of the general problem converge to solutions of the limit-problem as the
parameter approaches the limit-value.

Singular perturbation theory considers systems of the form x = f(x, ¢) in which
f behaves singularly in the limit ¢ — 0. A simple example of such a system is the
Van der Pol oscillator in the large damping limit.

2.4.2 Application

Example 2.5
The Van der Pol oscillator is a second-order system with nonlinear damping, of
the form

X+a(x* = 1)x4x=0. (2.100)

The special form of the damping (which can be realized by an electric circuit)
has the effect of decreasing the amplitude of large oscillations, while increasing the
amplitude of small oscillations.

We are interested in the behavior of the large «. There are several ways to write
Eq. 2.100 as a first-order system. For our purpose, a convenient representation is

= a{res5)
X=o|ly+x——],
3 (2.101)
. X
y=—=.
o

One can easily check that this system is equivalent to Eq. 2.100 by computing
x. If it is very large, x will move quickly, while y changes slowly. To analyze the
limit o — oo, we introduce a small parameter &= 1 / o and a slow time
' =t/o = y/et. This can then be rewritten as

sg—y—i-x—x—3
dr 3 (2.102)
dy
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In the limit ¢ — 0, we obtain the system

3

X
O=y+x—=

3 (2.103)
Y_
7

which is no longer a system of differential equations. In fact, the solutions are
constrained to move on the curve C:y = %x3 —x, and eliminating y from the
system, we have

dy 5 dx  dx X
=—=x-1)==—==—5.
e Vg T @ T e
The dynamics is shown in Fig. 2.2a. Another possibility is to introduce the fast
time 1" = or = t/+/e.
Then Eq. 2.100 becomes

(2.104)

dx n x

v X ==,

dr” 3 (2.105)
dy

a

In the limit ¢ — 0, we get the system

dx n X3

T, =Y TX =,

dr” 3 (2.106)
dy

dr

In this case, y is a constant and acts as a parameter in the equation for x. Some
orbits are shown in Fig. 2.2b. Of course, the systems (2.101, 2.102, and 2.105) are
strictly equivalent for ¢ > 0. They only differ in the singular limit ¢ — 0. The
dynamics for small but positive ¢ can be understood by sketching the vector field.
Let us note that x is positive if (x,y) lies above the curve C and negative when it

(a) y | (b) v ,.

Fig. 2.2 Behavior of the Van der Pol equation in the singular limit ¢ — 0, a on the slow time
scale ¥ = \/et, given by Eq. 2.103, and b on the fast time scale ' = 1/+/¢ (see Eq. 2.105)
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(a) y (b)[z

Fig. 2.3 a Two solutions of the Van der Pol equations (2.101) (light curves) for the same initial
condition (1; 0:5), for « =5 and o = 20. The heavy curve is the curve C:y = %x3 —x. b The
graph of x(r) (x = 20) displays relaxation oscillations

lies below; this curve separates the plane into regions where x moves to the right or
to the left and the orbit must cross the curve vertically; dy/dx: is very small unless
the orbit is close to the curve C, so that the orbits will be almost horizontal except
near this curve; Orbits move upward if x < 0 and downward if x > 0.

The resulting orbits are shown in Fig. 2.3a. An orbit starting somewhere in the
plane will first approach the curve C on a nearly horizontal path, in a time ¢ of
order 1/a. Then it will track the curve at a small distance until it reaches a turning
point, after a time ¢ of order «. Since the equations forbid it to follow C beyond this
point, the orbit will jump to another branch of C, where the behavior repeats. The
graph of x(¢) thus contains some parts with a small slope and others with a large
slope (Fig. 2.3b). This phenomenon is called a relaxation oscillation.

2.5 Homotopy Perturbation Method and Its Modifications

2.5.1 A Brief Introduction to the Homotopy Perturbation
Method

The HPM was first proposed by He in 1999a (2000d). It has been worked out over
a number of years by numerous authors and has matured into a relatively fledged
theory thanks to the efforts of many researchers. For a relatively comprehensive
survey on the concepts, theory, and applications of the HPM, the reader is referred
to the review articles (He 2006a, d, 2008) and (Kachapi and Ganji 2013a, b;
Kachapi et al. 2011; Ganji and Kachapi 2011; Hashemi et al. 2007; Tolou et al.
2009; Ganji and Hashemi 2007).

In contrast to the traditional perturbation methods, this technique does not
require a small parameter in an equation. In this method, according to the ho-
motopy technique, a homotopy with an imbedding parameter p € [0, 1] is con-
structed, and the imbedding parameter is considered as a “small parameter,” so the
method is called the homotopy perturbation method, which can take full advantage
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of the traditional perturbation methods and homotopy techniques. In this method,
the solution is considered as the sum of an infinite series, which converges rapidly
to accurate solutions.

In this section, three cases of the HPM are applied for solving the governing
equation. In the first case, standard HPM is applied. In the second case, time
transformation 6 = wt is used, and then a homotopy equation is constructed. The
parameter expansion technique is used in both cases to expand the square of the
unknown angular frequency. And the third case of an HPM is applied for fractional
differential equations.

2.5.1.1 First Case of HPM

To explain the basic idea of the HPM for solving nonlinear differential equations,
we consider the nonlinear differential equation

Au) —f(r)=0,r€ Q, (2.145)
subject to boundary condition
B(u,0u/on) =0,re T, (2.146)

where A is a general differential operator, B is a boundary operator, f(r) is a known
analytical function, I" is the boundary of domain €, and Ou/0n denotes differen-
tiation along the normal drawn outward from Q.The operator A can, generally
speaking, be divided into two parts: a linear part L and a nonlinear part N.
Equation 2.145 therefore can be rewritten as follows:

L(u) + N(u) — f(r) =0, (2.147)

In the case in which the nonlinear Eq. 2.145 has no “small parameter,” we can
construct the homotopy

H(v,p) = L(v) — L(uo) + pL(u) + p(N(v) —f(r)) = 0, (2.148)
where
v(r,p):Q x [0,1] — R, (2.149)

In Eq.2.146, p€ [0, 1] is an embedding parameter, and uy is the first
approximation that satisfies the boundary condition. We can assume that the
solution of Eq. 2.146 can be written as a power series in p:

V=1o+pvi +p*ve + -, (2.150)

Also, the homotopy parameter p is used to expand the square of the unknown
angular frequency w as

w=w?—poy —pioay—---, (2.151)



76 2 Perturbation and Variational Methods

or

o® = p+poy +plos+ ..., (2.152)

where u is the coefficient of u(r) in Eq. 2.145, the right-hand side of Eq. 2.151
replaces it. Also a (i = 1, 2,...) are arbitrary parameters that are to be determined.
The best approximation for solution and angular frequency w are

u:lirr}v:v0+v1—|—v2+---, (2.153)
p*)

=1+ +wm—+--, (2.154)

when Eq. 2.148 corresponds to Eq. 2.145 and Eq. 2.153 becomes the approximate
solution of Eq. 2.145.

2.5.1.2 Second Case of HPM

To explain the basic idea of this case for solving nonlinear differential equations,
we consider the nonlinear differential equation

it = f(u,i), u(0)=A, (0)=0. (2.155)

For the determination of the periodic solution of this equation, we first intro-
duce a linear stiffness term with an unknown (constant) frequency o into both
sides of Eq. 2.155 as

i+ o’u = f(u, i) + o*u = g(u,it,w), u(0)=A4, u(0)=0. (2.156)
And then an artificial parameter p, is entered into Eq. 2.156, so we have
it + w’u = pg(u,it,v), u(0)=A, u(0)=0. (2.157)

It is obvious that Eq. 2.157 is equal to Eq. 2.156 for p = 1.
We now introduce a new independent variable 6 = wt so that Eq. 2.157 can be
written as

W' +u=pgluu, o) = p(u + %f(u, u, w)), u(0)=A, u(0)=0.
(2.158)
The solution of Eq. 2.158 is
w(0) = uo(0) + pur (0) + p*ur () + - - -, (2.159)
with

0 = WR(0) + et (0) + PP} (0) + -, (2.160)
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Substituting Eqgs. 2.159 and 2.160 into Eq. 2.158, expanding of f or G about
(uo, uo, o) and setting the coefficients of the monomials p", n > 0 in the resulting
series to zero, yields the following sequential equations:

W +uo=0,  u(0)=A4, u)(0)=0, (2.161)

! f(uo,u(,,wg)> , u1(0) =0, u;(0) =0, (2.162)

/"
uyp +up =\ up+-—
@5

"

G G G
uy oy = oo (b’to, ug, wo)uy + W (uo, ugy, wo)u'y + o (uo, upy, o)1, uz(0)
=0, u(0) =0.
(2.163)
The solution of Eq. 2.161 is
up(0) = Acos(0), (2.164)

which can be substituted into Eq. 2.162, and the condition that u;(0) is free from
secular terms provides an algebraic equation for the determination of wq. Similar
conditions applied to u(0), k>2, provide algebraic equations for wy, k> 1.
Substitution of these values of u(0) and @y, k>0, into Egs. 2.159 and 2.160,
respectively, and setting p = 1 in those equations provide the solution and the
frequency of oscillation, respectively.

2.5.1.3 Third Case of HPM

Recently, Shaher Momani applied the HPM to fractional differential equations in
2006 (Momani and Odibat 2006). To illustrate the basic ideas of the modification,
we consider the following nonlinear differential equation of fractional order:

Dlu(t) + L(u(2)) + N(u(2)) =f(1), t>0, m—l<oa<m, (2.165)

where L is a linear operator that might include other fractional derivatives of order
less than a, N is a nonlinear operator that also might include other fractional
derivatives of order less than a, f is a known analytic function, and D? is the
Caputo fractional derivative of order a, subject to the initial conditions

uk(0) = cx, k=0,1,2,...m—1 (2.166)

In view of the homotopy technique, we can construct the homotopy

W™ — (1) = plu™ — L) = N(u) — D'u|,  peo, 1]. (2.167)
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2.5.2 Application

To illustrate its effectiveness and its convenience, several examples with a high
order of nonlinearity are used; the result reveals that the first order of approxi-
mation obtained by the proposed method is valid uniformly even for a very large
parameter and is more accurate than the perturbation solutions.
Example 2.6

Introduction

Consider the generalized Huxley equation

Uy — thy = fu(l —u®)(W’ —9), 0<x<1, >0

with the initial condition

\ 1
u(x,0) = % + étanh(oyx)}o,

which describes nerve pulse propagation in nerve fibers and wall motion in liquid
crystals. The exact solution of this equation was derived by Wang et al., using
nonlinear transformations, and is given by

ool 52}
where o = 5p/4(1 + ) and p = \/4B(1 + ).

Applications
After separating the linear and nonlinear parts of the equation, we apply ho-
motopy-perturbation, which can be constructed as (Hashemi et al. 2007)

(- (gen) - (Fxn))

+p (E%V(X, t)) — (aa—;v(x, t)) — Bv(x,1)

(1= v, 1)) (v(x, 1) =)
=0.

Applying HPM into the previous equation and rearranging the resultant equa-
tion on the basis of powers of p-terms, we obtain

<% vo(x, t)) =0,
2

(%vl(x, t)) — Bvo(x, t)vo(x, t)(s - (%VO(X’ t>> + Bvolx, vo(x, t)m_ =0.

Bvo(x, t)vo(x, f)(s“/ + Bvo(x, 1)y
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Consider the following conditions:
) b4
up(x,0) = E + %tanh(a yx)} , 5140()@ 0) =0,

Mi(xv 0) =0,

U0 =0, i=12...

With the effective initial approximation for vy from the designated conditions
and the solution of previous equations, we will have

) }
vo(x, 1) = E + %tanh(a yx)} ’
1420

vi(x, 1) = 51 ((l+tanh( ))%(2(7%))1( ) g2 tanh(o yx)* +2(- 1) (

1+2:))

142 1+2>)

)y(T)a tanh(oy )—|-2(7_51)y( g —|—2( )y(%)ﬂ

o tanh(g yx)*6 — 2(55

(2%‘1)«/(%) (1 + tanh(o yx))l’> po* — 2y() (2(71)y(l>) (1 + tanh(o yx))%> 2552> t>

In the same manner, the additional components were obtained using the Maple

Package.

According to the HPM, we can conclude that

u(x,t) = Ilgrll v(x, 1) = vo(x, 1) +vi(x, 1) + -

The numerical results of the exact solution and two-terms approximation of

HPM, for f =1, y=0.001, and 6 = 1, are given in Table 2.1.

Example 2.7
Introduction

Consider a one-dimensional finite beam excited at its center by a suddenly
applied transverse force Q(x,t) [variable coefficient fourth-order parabolic partial

Table 2.1 Numerical solutions for f =1, y =0.001, and 6 = 1

X t Exact HPM

0.1 0.05 5.00030171E-04 5.00005184E-04
0.1 5.00042665E-04 4.99992690E-04
1 5.00267553E-04 4.99767803E-04

0.5 0.05 5.00100882E-04 5.00075895E-04
0.1 5.00113376E-04 5.00063401E-04
1 5.00338263E-04 4.99838513E-04

0.9 0.05 5.00171593E-04 5.00146605E-04
0.1 5.00184087E-04 5.00134111E-04

1

5.00408974E-04

4.99909224E-04
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Fig. 2.4 One-dimensional A
finite beam subject to sudden 2
! O(x,1)

shear load
- ? i VAN
[ 3

differential equations, where Q(x, ) = 0]. The applied point load at the origin on a
finite beam is shown in Fig. 2.4 (Ganji and Hashemi 2007):

o 11 )\ /e 1
@u(x,t)—l— (;—FEOX)(@M(‘LI)) :O7 §<x< 1, l‘>07

subject to the initial conditions

1
u(x,0) =0, 5 << 1,

Ou x
—(x,0) =1

and the boundary conditions

1 0.5%\ . 121\ .
M(E,I) = (1 +m) Slnt, M(l,t) = (m) Sln[, > 07
Qu (1 11\ . &u 1.
a_x2<2,t) 6<2> Slnt, @(l,t)zgslnt, t>0.
HPM Method

After separating the linear and nonlinear parts of the equation, we apply HPM
as follows (Ganji and Hashemi 2007):

0*v(x,1)  *vo(x,1) 0*v(x,1) 11\ 0%(x,0)
(l_p)( o7 o )+p< o +(;+mx) i >_’

p €[0,1].

1
m, §<x<l

Applying HPM and rearranging on the basis of powers of p-terms, we have

0. *vo (x,1)

=0
or? ’
ol ot ot
. 120<¥v1(x, t))x + X (Wvo(x, t)) + 120(Wv0(x, t)) o
' 120x ’
4 2 4
o 120(%v1(x, t)) + 120x(§7vz(x, t)) 4+ (g‘f_ﬁvl(x, t)) o

120x
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Taking the following conditions into consideration,

5

v X
vo(x,0) =0, o (x,0) = 1—|—120
ov; )
vi(x,0) =0, & (x,0)];=0 =0, i=1,2,...

The solution of previous equations may be written as
(x,)=(1+ L)
Vol f) = 20" )"
B 1 \[ 1,
V](X,[)—(l+%x)< 6t>,
(x, )= (1+ : 1
Vel = 20" )\ 120

In the same manner, the remaining components were obtained using the soft-
ware Package.
According to the HPM, we can conclude that

u(x, 1) = [1’1311 v(x, 1) = vo(x, 1) +vi(x,0) + -

Therefore,
1 1 1 1 1
H=(14+— t 1+—x -7 1+—x ) —~F
u(x, 1) ( +120X> +< +120x)( 6 )+( 120" )<1zo
1+ : t ! P + 1 £
20" CTRT
The solution u(x, ) in a closed form is

u(x, 1) = <1 1)‘25 O> sin(7),

This is exactly the same as obtained by an exact solution.
Example 2.8
We next consider the parabolic equation

%zzu(x, 1)+ (Sinx( ) 1) (6644 (x, t)) =0,

O0<x<l1, t>0

with the initial conditions

u(x,0) =x—sinx, 0<x<1,
Ou

E(x,O) =—(x—sinx), 0<x<1
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and the boundary conditions

u(0,1) =0, u(l,r)=e""'(1 —sint), >0,
u 0%u .
a—xz(o,t):(), 6—x2(1,t):€ tSlnt, t>0.

A homotopy can be constructed as follows (Ganji and Hashemi 2007):

(1-p) (azva(;, ) a2ugt(;c, t)> +1’(62va(;’ : * (sinx(x) - 1) 6425? t)) -
p €[0,1].

Similar to previous example, after applying the HPM and rearranging based on
powers of p-terms, we have

62
»(galen) =0,

. (% vi(x, t)) sin(x) —|—x<% vo(x, t)) — sin(x) (% vo(x, t))

: =0
P sin(x) ’
L (Bva00) sin() + x(Sovi (1) = sin() (Eevi (1)
P . =0,
sin(x)
with the conditions
. dvo .
vo(x,0) = x — sin(x), B (x,0) = —(x — sin(x)),
vi(x,0) =0, %(x,O)L:O:O, i=1,2,...

The solution of previous equations may be written as
vo(x,7) = (x — sin(x))(1 — 1),

) = (= sinto) (- 5).
e = (= sine) (- 5 ).

In the same manner, the remaining components were obtained using a software
Package.
According to the HPM, we can conclude that

u(x,t) = ;T} v(x, 1) = vo(x,1) +vi(x, 1) +---
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Therefore,

S A A
The solution of u(x,?) in a closed form is

u(x,t) = (x — sin(x))e,

This is exactly the same as that obtained by an exact solution.
Example 2.9
Introduction
In the following, we consider the fourth-order equation in two space variables

02 1 x"\ /o 1y /o
azau(xayat)+2()62+ ><a 4 (x Y, )) +2<yz+ )(a 4 (X Y, )) :Oa

1
§<x,y<l, t>0,

subject to the initial conditions

1
u(x,y,0) =0, §<x<17
PN
u(x,y,O)—2+6|+f - <x<l,

ot 6! 2

and the boundary conditions

U(%,y,t) ( (1/62) 66l> sint, u(l,y,1) = (2 + (1/62)6 —&-é—?) sint,

0 /1 (1/2)* 0* 1.
@M(i,y,t> = 24 SlI‘ll‘7 @M(l,y,l‘) zﬂsmt,

o 1 1/2)* o 1
a—yzl/i(.x,i,l) :( é4) Sint, a—yzu(x,l,t):ﬂsint, t>0.
HPM Method

After separating the linear and nonlinear parts of the equation, a homotopy can
be constructed as follows (Ganji and Hashemi 2007):

2

— n+2{ - ! -‘rL o 1)
(a )<62 2 ) TR 720" ) 3"y

@V(X,)J,f) alz (x.y70) s 1+L 6_4( t) :07
7207 ) gyt Y

€ [0,1].
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Applying HPM and rearranging on the basis of powers of p-terms, we have

62
pO: (@VO(XL% t)) = 07

o’ 20, 2.6 o*
360 (atzvl(x,y,t)>x v+ yx (Mvo(x,y, t))
1 2 o* 2.6 o*
55 —_— _— = 0
P 360x2y2 +720y (6)(4 V()(X,)’,f)) +x y (6}14 Vo(X,y,t)> )

4
+ 720x° (Ga_y“ vo(x,y, t))
0? o*
360 (@ VZ(x7y7 t)>x2y2 + y2x6 (@Vl (xayv t))
2 1 ¢

0 ot
— 2( = 2.6 _
P Sgoyn | TP (w w(wﬁ)) +x%y (—ay4vl(x,y,t)> 0,

64
+ 720x° (a—y4 vi(x,y, t))

with the conditions

d R
vo(x,y,()):O, &VO(xay7O):2+a+)é,

d
vi(x,y,0) =0, av,-()gy,O)|,:0:()7 i=1,2,...

With the effective initial approximation for v, from the designated conditions,
the solutions of the equations may be written as

N
vo(x,y,1) = (2 —|———|-y—>t,

6! o6l

PUNNONSE
vl(x,y,t)——<2+6!+6!>3!,

PUNNNONSS
VZ(xayﬂt)<2+a+a>§a

In the same manner, the remaining components were obtained using a software
package.
According to the HPM, we can conclude that

M(x>y7t) :Iljiir{v(xayvt) = V()(X,y,t) +V1(X,y,t) +V2(X,y,t) + -



2.5 Homotopy Perturbation Method and Its Modifications 85

PN AP
u(x,y,t) = (2+6+6')( !+§—~~-),

The solution u(x, ) in a closed form is

Therefore,

6 6
u(x,y,t) = (2+x _'_36)') sint,

This is exactly the same as that obtained by an exact solution.
Example 2.10

This example considers the following nonlinear oscillator with discontinuity
(Beléndez et al. 2008):

d’x
P + sgn(x) =0, (2.168)
with initial conditions
dx
x(0) =4 and —(0) =0, (2.169)
and sgn(x) is defined by
-1, x<0,
sgn(x) = 2.170
an(x) {+1, o 2.170)

All the solutions to Eq. 2.168 are periodic. We denote the angular frequency of
these oscillations by w and note that one of our major tasks is to determine m(A)—
that is, the functional behavior of w as a function of the initial amplitude A.

Equation 2.168 can be rewritten in the form

d’x
dr?

Now the homotopy parameter p is used to expand the solution x(z) and the
square of the unknown angular frequency w as

+x = x — sgn(x). (2.171)

x(t) = xo(t) + px1 (1) + p*xa (1) + -+ -, (2.172)
1 =@ —pouy —plop —---, (2.173)
where o;(i = 1,2,...) are to be determined. Substituting Eqs. 2.172 and 2.173 into
Eq. 2.171,
(xg 4+ px| +p*x5 + ) + (0 = poy — pPoy — -+ +) (x0 + px1 +p*x2 + -+ +)
=p[(x0 +pxi +p*x2 + ) —sgn(xo + px; +pPxz + )]
(2.174)
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and collecting the terms of the same power of p, we obtain a series of linear
equations, of which we write only the first four:

xXg+atxg =0, x(0) =4, x,(0)=0, (2.175)

X+ o’x; = (1+01)x —sgn(xg),  x1(0) =x,(0) =0, (2.176)
X+ ’xy = ooxp + (1 +oy)xy,  x2(0) = x5(0) =0, (2.177)

Xy + 0x3 = o3x0 + oox; + (1 +a1)x2,  x3(0) = x4(0) = 0. (2.178)

In Eqgs. 2.175-2.178, we have taken into account the expression

fx) :f(xo + pxi + pPaa + pPas + - )

df (x) 2| (I (%) 1 (df(x) > 3
= - 7 2N 7 _ 0 2
s +r(B2) | (D) nes(S) 8| voud)
(2.179)
where f(x) = sgn(x) and
d d
s%;(x) = sag;nz(x):“.:() for x#0,
and then
sgn(xo + px; +p2x2 + .. ) = sgn(xo),
The solution of Eq. 2.175 is
xo(f) = Acos wr. (2.180)
Substitution of this result into the right-hand side of Eq. 2.176 gives
X + o?x; = (1 + o)A cos ot — sgn(A cos wt). (2.181)
It is possible to do the following Fourier series expansion:
sgn(cos wr) = Z agnr1 cos[(2n + 1)wt] = a; cos wt + az cos3wr + - - -
n=0
(2.182)
where
n/2
4 " 4
Azt = sgn(A cos t) cos[(2n + 1)t]dt = (—1) Gt D (2.183)

0
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The first term of the expansion in Eq. 2.183 is given by
n/2
4 4
a; =— [ sgn(Acost)costdt =—. (2.184)
T T
0

Substituting Eq. 2.182 into Eq. 2.181, we have

o0
¥+ o?x; = [(1 4+ o)A — ay] cos ot — Zaz”“ cos[2n+ Nwt].  (2.185)

n=1

No secular terms in x;(¢) require eliminating contributions proportional to
cos wt on the right-hand side of Eq. 2.185, and we obtain

4
a1:—1+%:—1+n—A. (2.186)

From Egs. 2.173, 2.184, and 2.186, writing p = 1, we can easily find that the

first-order approximate frequency is

2 1.128379
or(A) = [P = 2 2% (2.187)

ATV VA

and the first-order approximation period can be obtained as

Ti(A) = n1v/7A = 5.568328VA (2.188)

Now, in order to obtain the correction term x; for the periodic solution xg, we
consider the following procedure. Taking Eqs. 2.185 and 2.186 into account, we
rewrite Eq. 2.185 in the form

X+ o’x) = — Zaz,,ﬂ cos[(2n + 1)wi] (2.189)

n=1

with initial conditions x; (0) = 0 and x (0) = 0. The periodic solution of Eq. 2.189
can be written as

x(t) = ibzn_'_] cos[(2n + 1)wt]. (2.190)
n=0

Substituting Eq. 2.190 into Eq. 2.189, we can write the following expression
for the coefficients by, :
A2p+1 (_l)n

bops1 = = . 2.191
T+ D n(n+ 1)(2n + 1)re? ( )

for n> 1. Taking into account that x;(0) = 0, Eq. 2.186 gives

> -3 o
bl = _zlb2n+l = Tcw2 :E (2.192)



88 2 Perturbation and Variational Methods

where

3
=1—--. 2.193
o=1-> (2.193)
Substituting Egs. 2.180, 2.186, 2.190, 2.191, and 2.192 into Eq. 2.177 gives the

following equation for x,(7):

Xy + w*xy = oA cos ot —&—%cos ot + ;Mﬁcos[(% + 1)ot].
(2.194)
The secular term in the solution for x,(#) can be eliminated if
12 -4
o = ——a ” (2.195)

A20?  m2A2w?

Similarly for @,, and taking p =1, one can easily obtain the following
expression for the second-order approximation frequency

1 24+2v4—7n  1.107452
602( ) m\/al + V aj oai A \/Z ) ( )

and the second-order approximation period is given by

T5(A) = 5.672551VA. (2.197)

With the requirement of Eq. 2.198, we can rewrite Eq. 2.194 in the form

I 2 - A2n+1
)C2 + w Xy = ZWCOS[(ZH + l)(l)t], (2198)

n=1

with initial conditions x;(0) = 0 and x5(0) = 0. The solution of this equation is

x(t) = icszr] cos[(2n + 1)wt]. (2.199)
n=0

Substituting Eq. 2.199 into Eq. 2.198, we obtain the following expression for
the coefficients ¢y, 1:

a1az; 1 _ (—1)"*!
16n2(n + 1) Aw*  n2(n+1)*2n+ )2Aw*’

Coup+1 — — (2200)

for n> 1. Taking into account that x,(0) = 0, Eq. 2.199 gives

> 72 + 247 — 66 A
=Y e =R 2.201
“ — C2ntt 6m2Aw* Aw? ( )
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where

n* + 24m — 66
A= 2.202

Substitution of Egs. 2.180, 2.186, 2.190-2.192, 2.195, and 2.199 into Eq. 2.178
gives the following equation for x3(z):

2

"(11 g a,
X+ o’ X3 = 03A COS Wt + ———COS W — ———COS Wt
3 A2t A2pt
s 2
0 Aop+1 ajap+1

cos|(2n + 1)wt] — ————————cos|(2n + 1)wt].
— dn(n + A0 I o] ;16n2(n+1)2A2w4 I Jor

(2.203)
The secular term in the solution for x3(¢) can be eliminated if
d2a; — day 240 — 1207 + 1472
B=— s = oA . (2.204)

From Egs. 2.173, 2.186, 2.195, and 2.204, and taking p = 1, one can easily
obtain that the following expression for the third-order approximation frequency is

1.111358
3(A) = ——+—, (2.205)
VA
and the third-order approximate period is given by
T3(A) = 5.633609V/A. (2.206)

Taking Eq. 2.204 into consideration, we can rewrite Eq. 2.203 in the form

] 2
" 2 _ 0 Ayp+1
X3 + w X3 = — E WCOS[(Z” + l)wt]

ala2n+l
— cos|(2n + 1)wt 2.207
Z 16n%(n+1) 2A200% i Jor ( )

with initial conditions x3(0) = 0 and x5(0) = 0. The solution of this equation is

= idz’”l cos[(2n + 1)wt]. (2.208)

Substituting Eq. 2.208 into Eq. 2.207, we obtain the following expression for
the coefficients da,11:

(=) [n(n + 1)(n = 3) + 1]
m(n+1)°(2n+ 1)3A206

dyiy = (2.209)

for n> 1. Taking into account that x3(0) = 0, Eq. 2.207 gives
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> 7 — 327% 4 2347 — 450
dy == dy1 = (2.210)
n=1

n3(n+1)°(2n+ 1)mA200

For this nonlinear problem, the exact periodic solution and the exact period are
given by the equations

2 T,

l2
xe(t) = 5—2\/2At+3A, <r< ¢ (2.211)

4
P I.
—5+ 4v/2A1 — 154, — <t=T,

T,(A) = 4V2A = 5.656854V/A. (2.212)

An easy and direct calculation gives the following series representation for the
exact solution x,(r) (Eq. 2.211):

324 & —1)"
xe(t) = —- (7)3cos[(2n + Dw,1], (2.213)
n n=0 (271 + 1)
where
2 1.110721
we(A) =~ T (2.214)

T.A)  2v2A VA

2.6 Variational Iteration Method
2.6.1 Introduction

The VIM was proposed by the Chinese mathematician He in 1997a and is a
modified general Lagrange’s multiplier method (Inokuti et al. 1978).

VIM has been favorably applied to various kinds of nonlinear problems. The
main property of the method lies in its flexibility and ability to solve nonlinear
equations accurately and conveniently, using a linearization assumption as an
initial approximation or trial function; then a more highly precise approximation at
some special point can be obtained. This approximation converges rapidly to an
accurate solution. The confluence of modem mathematics and symbol computation
has posed a challenge to developing technologies capable of handling strongly
nonlinear equations, which cannot be successfully dealt with by classical methods.
The VIM is uniquely qualified to address this challenge. The flexibility and
adaptation provided by the method have made the method a strong candidate for
approximate analytical solutions. A new iteration formulation is suggested for
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overcoming the shortcoming. A very useful formulation for determining approx-
imately the period of a nonlinear oscillator is suggested. Examples are given to
illustrate the solution procedure.

Consider the following general nonlinear differential equation of an oscillator:

' +f(u,u,u") =0, (2.215)

subject to u(0) = a and «'(0) = b, where ¢ is time and u is the displacement. The
prime denotes differentiation with respect to ¢.
We rewrite Eq. 2.215 in the form

W'+ Qu=Fu), Fu)=Q%u—f(u). (2.216)

We consider that the angular frequency of the oscillator is €, and we choose the
trial function using an initial condition [such as, for the initial condition u(0) = A
and «'(0) = 0, the trial function is uy(z) = A cos Qr]. The angular frequency Q is
identified with the physical understanding that no secular terms should appear in
u; (1), which leads to

T
/cos Qt[Quy — f(uo)|dt =0, T==. (2.217)
0

From this equation, Q can easily be found. It should be especially pointed out
that the more accurate the identification of the multiplier, the faster the approxi-
mations converge to its exact solution, and for this reason, we identify the mul-
tiplier from Eq. 2.216 rather than Eq. 2.215.

According to the VIM, we can construct a correction functional as (He 1997a)

1

Uni1 (1) = un(2) /)L{u” + Q%u, (1) — F, } dr, (2.218)
0

where 1 is a general Lagrange multiplier, which can be identified optimally via the
variational theory, the subscript n denotes the nth-order approximation, and F, is
considered as a restricted variation—that is, 51:",, = 0. Under this condition, its
stationary conditions of the above correction functional can be written as

(1) + Q*A(1) = 0,
A1) ]e= =0, (2.219)
1= 2 ()= = 0.

The Lagrange multiplier can, therefore, be readily identified by
1
A= ﬁsin Q(r—1), (2.220)

which leads to the iteration formula
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t

1
e (£) = un(t) + / e GRS (2.221)
0
As we will see in the forthcoming illustrative examples, we usually stop at the

first-order approximation, and the obtained approximate and accurate solution is
valid for the whole solution domain.

2.6.2 Application

In this section, several examples are considered for the comparison and usefulness
of the method developed.
Example 2.11

Let us consider the following nonlinear oscillators with discontinuities:

U+ u+ eulu| =0,

with initial conditions u(0) = A and '(0) = 0.
Here the discontinuous function is f(u) = u + eu|u|. From Eq. 2.217, we can
determine the angular frequency (Rafei et al. 2007a) as

T

/ cos QU [Q*Acos Qt — (Acos Qt + cAcos Qt|Acos Q)] dr =0, T = 257[
0
Noting that |cos Qt| = cos Qt when —7/2 <Qr <7/2 and |cos Qt| = — cos Q¢
when 71/2 < Q¢ <37/2, we can write the previous equation in the form
/20
/ (@ — 1)Acos® Qr — ¢ A% cos® Q] dt
—n/20
37/20Q
+ / [(Q% — 1)Acos® Qf + ¢ A% cos® Qr] dt = 0.
/20

From the above equation, one can easily conclude that

Q:\/l—i—isA.
3n

We rewrite Eq. 2.221 in the form

t

o (1) = (1) + / ésin Qc — (W (1) + n(1) + o1 () it (<)} .
0
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By the above iteration formula, we can calculate the first-order approximation

1

1
AcosQt + /ﬁsinQ(r —1){(1 — Q*)Acos Q1 + ¢ A% cos® Qt } dr,
0
east
u (1) =
Acos Qt + /5 sinQ(t — 1) {(1 — Q*)A cos Qt — ¢A > cos” Qt } dr,
0
T 3n
— << —
2= T 27
which yields
1 A? A?
Acos Qt +2—QA(§22 — 1)rsinQr + Zﬁ(cos 20t + 2 cos Q) — ;?,
T T
—— << -,
27 T2
i (t) = 1 £ A2 ¢ A2
Acos Qt +EA(QZ — 1)rsinQr — @(cos 20t + 2 cos ) + ek
3n
T<ar<
2T 27

where the angular frequency Q is defined as Q = /1 + %SA
In order to compare with a traditional perturbation solution, we write Ali Na-
Example 2.12

yfeh’s result:
4
u—=Acos|1+-—¢eA |t+
3n
Introduction

Two-strand or Sirospun yarns are produced on a conventional ring frame by
feeding two roving, drafted simultaneously, into the apron zone at a predetermined
separation. Emerging from the nip point of the front rollers, the two strands are
twisted together to form a two-ply structure (see Fig. 2.5).

Nonlinear Dynamical Model

Assume that the convergence point (equilibrium position) moves to an
instantaneous position (see Fig. 2.6), and the distance x and y are measured from
the equilibrium position. Then the motion equations in x and y directions can be
expressed (Shou and He 2008) as

2
jf—i—Fl cosa — Fpcos ff =0,
(2.222)

2y
dz—f—Flsma—i—Fzsmﬁ F=0.
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Fig. 2.5 Two-strand yarn

spinning
Fig. 2.6 Dynamical Y
illustration of two-strand CLE » (1993

spun ‘%

Here, m is total mass of a fixed control volume, the control volume having been
chosen in such a way that the mass center is located on the convergent point (O) of
the two strands.

Expanding the trigonometric functions into series of x and y, we can obtain a
coupled nonlinear oscillator. In this example, we consider the special

(2.223)

Ytoix+ey’x =0
5’—|—w%y +ex’y =0 ,

with the initial condition x(0) = A,x(0) = 0,y(0) = B,y(0) = 0.
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In our study, ¢; and &, do not need to be small. We will apply the VIM to solve
Eq. 2.222.
Applying the VIM, we can easily construct the following iteration formulations:

t
1 d?
Xnil = X + w_/ sinw; (s — t){d_s); + w%x + 81y2x} ds, (2.224)
'
t
1 . d?y 2 ’
Yn41 = Yn +a)_ sinwy (s — 1) d—s2+w1y+81x y ¢ ds, (2.225)
2
0
where A, = é sin 1, Ay = Lsinw,t.
We begin with the initial solutions:
xo = Acos Qt, (2.226)
yo = BcosQt. (2.227)

where Q;,Q, are the frequencies in the x and y directions, respectively.
According to the iteration formulations 2.224 and 2.225, we obtain

t
1
x; =AcosQyr+ w_/ sinw; (s — 1) {A((w] — QF) cos Qs + &1AB? cos Qs cos® Qs } ds
|
0

2
coswit —cosQit g AB~coswit — cos Qqt
=AcosQit + A(w} — Q)

o? — Q% 2 o? — Q%
£1AB? cos w1t — cos(2Q + Qy)t  w3AB? cos w1t — cos(2Q, — Q)¢
4 - 2+ Q) 4 0 — (2 — )

81AB2 SIABZ 1 1

=14t 22 3t 2
2((1)% — QI) 4 OJ% — (292 + Q]) CO% — (292 — Q])
2cosQ;t cos(2Q + Q))t cos(2Q — Q))t

0} —QF 0 — 20+ Q) - (20, - Q)

}cos w1t

(2.228)

£1AB?
4
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t
1
y1 =BcosQyt + —/ sinwy (s — 1) {B(w3 — Q3) cos Qs + &,BA” cos Qs cos” Qs } ds
w2
0

cos wat — cos Qpt & BA? cos wyt — cos Oyt

=Bcos Wt + B(w3 — Q)

w3 — Q% 2 w3 — Q%
& BA% cos mpt — cos(2Q) + )t w3BA? cos mat — cos(2Q; — )t
4 w% — (2Q| + 92)2 4 w% — (2Q| — Qz)z

823A2 82BA2 1 1
=Bt T | = .
2((02 — QZ) w5 — (291 + Qz) w5 — (ZQI — Qz)

2 cos Qyt cos(2Q; + Q)¢ cos(2Q; — )t

} COS ot

& BA?

4 CU% — Q% (1)% — (2Q| + Qg)z w% — (291 — 92)2
(2.229)
Eliminating the secular terms in x; and y,, we require
1 AB? el AB? [ 1 1 ]
A+ + + =0,
20}-0Q)) 4 |0l -2+ Q) of - (29 - Q)
(2.230)
5BAY  5BAY | 1 1 ]
B+ + + =0,
23 -Q) 4 |03 - 20+ Q)" 0] — (20 — Q)
(2.231)

from which the values of Q; and Q, can be determined.
From Egs. 2.230 and 2.231, we can obtain the resonance condition of the
coupled oscillator, which leads to

o} — (2Q, — Q;)* =0, (2.232)

2 — (2Q; — Q,)* = 0. (2.233)

The condition for resonance can be obtained easily when the parameters are

chosen. Resonance occurs when w; = 2Q, — Q or w, = 2Q; — Q,, where Q; and
), can be determined from Egs. 2.232 and 2.233.

2.7 He’s Variational Approach

2.7.1 Basic Idea

He’s variational approach was proposed by He in 2007. The main property of the
method is to solve nonlinear equations accurately and conveniently with a
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linearization assumption used as an initial approximation or trial function, from
which a more highly precise approximation at some special point can be obtained.
This approximation converges rapidly to an accurate solution. A very useful for-
mulation for determining approximately the period of a nonlinear oscillator is
suggested. Examples are given to illustrate the solution procedure.

Hereby, for a brief introduction of the method, we consider a general nonlinear
oscillator in the form

B (1) +f(v (1)) = 0. (2.234)
Its variational principle can be easily established using the semi-inverse method

T/4

J(v):/ (—%VZ—FF(V)) dt, (2.235)
0

where T = 2n/w is the period of the nonlinear oscillator. Using Eq. 2.235 and
F(v) = [ (av + V) dv, we obtain

T/4
1

1 1
J(v) = / (—E\'/z +§ocv2 +ZﬁV4> dr. (2.236)
0

Considering these initial conditions,
v(0) =A, v(0)=0. (2.237)
Assume that its solution can be expressed as
v(t) =A cos o t. (2.238)
Substituting Eq. 2.238 into Eq. 2.236 results in

T/4
1 1 1
J(A,w):/ (—2A2a)2sinzwt—i—zocA2coszwt+4ﬁA4cos4wt>dt
0
/2 (2.239)
1 loogeo 1 o o 1o 4
=— ——Aw"sin“t+—-aA“cos“t+— A" cos" t |dt
) 2 2 4
0
Applying the Ritz method, we require
0J/0A =0, (2.240)

0J/dw = 0. (2.241)
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But by a careful inspection, for most cases, we find that
0J /0w <O0. (2.242)
Thus, we modify the conditions 2.240 and 2.241 into the more simple form:

0J /oA =0 (2.243)

2.7.2 Application

Example 2.13

Introduction

The conservative autonomous system of a cubic Duffing equation is represented
by the following second-order differential equation that one sees in Kachapi et al.
(2010):

(1) + av(t) + (1)’ =0, (2.244)
with initial conditions
v(0) = A, ¥(0) =0. (2.245)

where v and ¢ are generalized dimensionless displacement and time variables,
respectively, and o and f§ are any positive constant parameters.

Case 1

Consider a two-mass system connected with linear and nonlinear stiffnesses
(the two-mass system model as shown in Fig. 2.7). The equation of motion is
described as

mi 4k (x —y) + ka(x —y)* =0, (2.246a)
my + ki (y — x) + ka(y — x)> =0, (2.246b)
with initial conditions
x(0) = Xo, x(0) =0. (2.247a)
y(0) = Yy, 7(0) =0. (2.247b)

Fig. 2.7 Two masses X y
connected by linear and l_. h. kb l_'
nonlinear stiffnesses //\ /\ /\
- n
" = VVAL—
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whose double dots in Eqs. 2.246a and 2.246b denote double differentiation with
respect to time ¢ and k; and k, are linear and nonlinear coefficients of spring
stiffness, respectively. Dividing Eqgs. 2.246a and 2.246b by mass m yields

.k ko 3

S (x—y)+ - (x—y) =0, (2.248a)
. Kk ky 3

— - — - =0. 2.248b
Y+ =2+ (=) ( )

Introducing intermediate variables u and v as follows:
X: =u, (2.249)
y—x: =, (2.250)
and transforming Eqs. 2.248a and 2.248b yield
i—xv—pv =0, (2.251a)
Vit +Kkv+pr =0, (2.251b)
where x = k;/m and p = k,/m. Equation 2.251a is rearranged as
it =rKxv+pv (2.252)
Substituting Eq. 2.252 into Eq. 2.251b yields
V4 2kv+2pV =0, (2.253)
with initial conditions
v(0) =y(0) —x(0) =Yy — Xo =A, v(0)=0. (2.254)

Equation 2.253 is equivalent to Duffing’s Eq. (a), with o= 2x and = 2p. For
solving Eq. 2.253 using the variational approach, the approximate solutions of
v(t) can be back-substituted into Eq. 2.252 to obtain the intermediate variable ()
by double integration.

Its variational formulation can be readily obtained from Eq. 2.253 as

T/4
1 1
) = / (-502 + 1V + 5’”4) dr. (2.255)

Substituting Eq. 2.239 into Eq. 2.255, we obtain
T/4
1 1
J(A) = / <— EAZcu2 sin®wt + kA% cos’ w1t + EpA4 cos* o t) dr.  (2.256)
0
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The stationary condition with respect to A leads to
T/4
oJ JOA = / (—Aw’sin”®wt+2KkA cos’wt+2pA’cos* wr)dt

0
n/2

:/ (—Aw’sin®t 4+ 2K A cos*t+2pA° cos* t)dr = 0.
0

(2.257)

This leads to the result

1
w==+8Kk+6pA2. (2.258)

2
According to Egs. 2.239 and 2.258, we can obtain the approximate solution

v(t) = A cos <%t\/8k+6pA2>. (2.259)

The first-order analytical approximation for u(t) is

u(t) = //(KV +pv)dedr = ﬁA cos(wt) (9x + pA cos*(wt) + 6pA?).
(2.260)

Therefore, the first-order analytically approximating displacements x(z) and
y(1) are

x(t) = u(1), (2.261)
¥(t) = u(t) + Acos(wr). (2.262)

Case 2

Consider a two-mass system connected with linear and nonlinear springs and
fixed to a body at two ends, as shown in Fig. 2.8. The equation of motion is
described as

mi + kix + ky(x — y) + ks(x —y)* =0, (2.263a)

x y
n b b h
T gy o
/\’J\f\- | m g"\"f\ m |} HH\
V v \'/_] \/\ v \/V \

Fig. 2.8 Two-mass system connected with the fixed bodies
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my + kyy + ka(y — x) + ks(y —x)° =0 (2.263b)

with initial conditions
x(0) = Xy, x(0) =0. (2.264)
y(0) = Yy, ¥(0) =0. (2.265)

whose double dots in Eqs. 2.263a and 2.263b denote double differentiation with
respect to time ¢ and where k; and k, are linear coefficients of spring stiffness and
ks is the nonlinear coefficient of spring stiffness. Dividing Eqs. 2.263a and 2.263b
by mass m yields

. ki ko k3 3

-1 2 — 2 — =0 2.266
Fb—x et (x = y) +— (x — ) , (2.266a)
.k k k

m m m

Similar to case 1, transforming the above equations, using intermediate vari-
ables, yields

i+yu—nv—2vi=0, (2.267a)
B4V +pu+ypv+np+ v =0 (2.267b)
in which y = ky/m, n§ = ky/m, and A = k3/m. Rearranging Eq. 2.267a as
i=nv+ v —yu (2.268)
and back-substituting into Eq. 2.267b yields
V4 (y4+2n) v 4240 =0, (2.269)
with initial conditions
v(0) =y(0) —x(0) =Yy —Xo =A, v(0)=0 (2.270)

Equation 2.269 is again equivalent to Duffing’s Eq. (a) with o =7 4 25 and
f = 2. For solving Eq. 2.270 using a coupled variational approach, the approx-
imate solutions of v(¢) can be back-substituted into Eq. 2.268 to yield

i+ yu = v+ A3, (2.271)
with initial conditions
u(0) = x(0) = Xo, (0) =0. (2.272)

Equation 2.271 is a linear nonhomogeneous second-order ordinary differential
equation, and it can be solved readily using a standard method such as a Laplace
transformation.
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Its variational formulation Eq. 2.273 can be readily obtained as

T/4
1, 1 1
J(v) = / < SV S+ 5“4) dr. (2.273)

Substituting Eq. 2.239 into Eq. 2.273, we obtain
T/4
1 1 1
J(A) = / (— 3 Alo?sin’ w1 + 3 (74 2n)A%cos* ot + E/IA4 cos* @ t) de.

(2.274)
The stationary condition with respect to A reads
T/4
0J/0A = / (—Aw’sin® ot + (y+2n)A cos’ ot +2 1A% cos* wt)dt
0 (2.275)

n/2
= / (~Aw’sin®t+ (y+2n) A cos®t + 2 2A° cos* t)dt = 0
0

This leads to the result

1
w:g\/8n+4w/+6lA2. (2.276)

According to Eqgs. 2.239 and 2.276, we can obtain the approximate solution

1
v(t) = A cos <§t\/8n +4y+6/lA2>. (2.277)
By Eq. 2.275, the first-order analytical approximation for u(¢) is
B cos(y/71) (AA%y —TAA> 0 — nyA 4+ 9nw?A + 57 — 50y w? + 45 »*)
N 12 — 10y w? + 9w*

36(— % (w0 — )4 A% cos(3 wr) + cos(wt) (n — 3 1A%) (w® —1y)) A
4y? — 40y »? 4 360"

u(t)

(2.278)

Therefore, the first-order analytically approximates displacements x(¢) and y(r)
are

x(¢) = u(r), (2.279)
¥(t) = u(t) + A cos(wt). (2.280)
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Discussion of Examples
The exact solution of the dynamical system can be obtained by integrating the

governing equation (2.244) and imposing the initial conditions (2.245) as follows:

n/2
4 / dr
T(A) = , 2.281
@ \/ochﬁAzo V1 —m sin®¢t (2.281)
for which
p A?
== 2.282
" 20t pA?) (2.282)

The exact frequency w, is also a function of A and can be obtained from the

period of the motion as
-1

n/2
_nyot fA? /L , (2.283)

. (A
(4) 2 1 —m sin’¢

0

It should be noted that w, contains an integral, which could only be solved

numerically in general.
Plotting the exact solution and variational solution, it is clear that the results are

in excellent agreement (Figs. 2.9, 2.10).

Example 2.14
As a last example, we consider the following nonlinear Duffing-harmonic

oscillation:
u' +u’/(1+ u?) =0, u(0)=A, u'(0)=0.

in which f(u) = o /(1 4 u?).

Fig. 2.9 Comparison of the 8
analytical approximates i &
Example 2.13 with the exact - ; ¥ t
solution for ky = 1, k, = 1, 4: Y -- Variational approach g
ks = 1, with x(0) = 5 il 1 +  Exactsolution F
/&
: i >
_— X P
Yol W 4
i T zﬂi‘!
il | {
-4 4 b fI'
i to~& F
A
s 4.
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Its variational formulation (Naghipour et al. 2008) is

T/4
1 1 1
J(u) = / (51/2 +5u2 filn(l +u2)>dt.
0

For similar previous examples, we have

T/4
1 1 1
J(A) = / (— EAzw2 sin® ot + EAZ cos’wt — Eln (1 + A%cos? a)t) dr,

/4
2—2: / (—Aco2 siffwt+A cos>mt — (A cos*wt) /(1 +A? coszwt))dt
0

/2
= / (-Aw?sin®t + A cos* t — (A cos? /(1 + A% cos’t))dt = 0.
0

From the previous equation, we have

_ ((A2+1)'/2(2 csgn((A2+1)'/2)+A2(A2+1)1/2—2(A2+1)1/2>1/2/(A (A2+1)1/2).

The csgn is defined in Maple Package Software.
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2.8 Couple Variational Method
2.8.1 Introduction

The couple variational method (CVM) is a procedure for studying periodic solu-
tions of strongly nonlinear systems (Kachapi et al. 2009b). The method consists of
a combination of variational approaches to determine frequency and amplitude of
the system and VIMs to obtain the time response of the system. Some examples
are given to illustrate the effectiveness and convenience of the method.

2.8.2 Application

Example 2.15
As a first example, let us consider a family of nonlinear differential equations

' +ou+ Pt =0, a>0, y>0, m=1,2,3,..., (2.284)
where o, 7, and mare constant values. With the initial conditions,
u(0)=A, 4'(0)=0. (2.285)
For this problem,

f(u) —ou+ ,Vu2m+l andF(u) _ laMZ n yu2m+2.
2 2m+2

Its variational formulation can be readily obtained as

T/4

J(u) / Ly Ly 297 g (2.286)

u) = ——u"+<ou .
2" T Toma

0

Substituting u(f) = A cos wt into Eq. 2.286, we obtain

T/4
1 1 v (A t 2m+2
J(A) = / <—§A2w2 sinzwt—i-i % A? cos? wt—l—% dr
0

(2.287)
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The stationary condition with respect to A leads to

/4
aJ v (A ¢ 2m+2
A / (—Aa)zsinzwt+acA coszwt—l—% dr
0 (2.288)
" 7 (A cos 1)*"+?
= / (—Aw2 sin?t + oA Coszt—i—f)dtzo
0
This leads to the result
VAT T(m+2) (xAm Tm+2) +274241 TG+ m) V/7)
— 2.289
@ AnT'(m+2) o )
Function Gamma (I') is defined in the Mathematical package.
with T = %, yield
2A7* T 2
T n Lm+2) (2.290)

- \/An I(m+2) (eAn T(m+2) +2yA21 T (34 m) /)

Thus, we apply VIM and rewrite in the form

Up1(1) = uy(t) + /ésinw (t— 1) (u)(z) + oun(t) + 9w (x))de.  (2.291)
0

By the above iteration formula, we can calculate the first-order approximation

ui(t) =Acoswt
Josin(z — 1) (—wZA cos Wt +aA cos wt + (A cos cm:)z'"“) dt

(2.292)

The angular frequency ® is defined as in Eq. 2.289. For example, for
o=7y=A=m=1, it yields

(1) = cos (1.32291) — 0.012813 cos t +0.012813 cos (3.96871).  (2.293)

The above results are in good agreement with the results obtained by the exact
solutions.
Example 2.16

In dimensionless form, a mass attached to the center of a stretched elastic wire
has the equation of motion (Kachapi et al. 2009b)
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Au —0
V14 u?

This is an example of a conservative nonlinear oscillatory system having an
irrational elastic item. All the motions corresponding to Eq. 2.294 are periodic, the
system will oscillate between symmetric bounds [—A, A], and its angular fre-
quency and corresponding periodic solution are dependent on the amplitude A.

Its variational formulation can be readily obtained as

u' +u— (2.294)

T/4

J(u) = / (—1 2yt \/1+—uZ> dt (2.295)
0

2 2

By a similar manipulation, as illustrated in the previous example, we have
T/4
1 1
J(A) = / (—2A2w2 sinza)t+§Azcoszwt -V 1+A? cosza)t)dt
0
(2.296)

The stationary condition with respect to A reads

T/4

oJ ,

a:/ (—szsin2wt+Acos2wt—(AAcoszwt/ 1 4 A2 cos? cot))dt
0

n/2
= / (—Aw2 sinf+ A cos®t — (xlA cos’ t/ 1 4+ A2 cos? t))dt =0
0
(2.297)

This leads to the result

\/ n (4& (EllipticK (\/:43)) — 4 (EllipticE (\/:747)) + Azn)

w = e . (2.298)

where the incomplete elliptic integral EllipticE and EllipticK are defined in the
Mathematical package. Hence, the approximate period is

T— 2n _ 2A7?
\/ n (4/1 ( EllipticK (\/—_AZ) ) - (4), EllipticE (\/—_AZ) ) + Azn)
(2.299)
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Fig. 2.11 The comparison of
the approximate solution
(CVM) with the exact
solution for

A=0.1, A=100

We rewrite Eq. 2.294 in the form

t

s (£) = un(f) + /ésina) (c—1)

0

2 Perturbation and Variational Methods

Ay (1)

<u;’(r) + u, (1) — m) dr. (2.300)

By the above iteration formula, we can calculate the first-order approximation

ui(t) =Acoswt+

Jo sin(z —1) (—sz cos wT+A cos mt — AL )dr

V1+A2cos2wt

w
(2.301)

in which the angular frequency w is defined as Eq. 2.298. The above results are in
good agreement with the results obtained by the exact solution, as illustrated in

Fig. 2.11.

2.9 Energy Balance Method

2.9.1 Introduction

In this section, we will introduce a heuristic approach, called the He’s energy
balance method (EBM), to nonlinear oscillators that were proposed by He in
2002a. In this method, a variational principle for the nonlinear oscillation is
established; then a Hamiltonian is constructed, from which the angular frequency
can be readily obtained by the collocation method. The results are valid not only
for weakly nonlinear systems, but also for strongly nonlinear ones.
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Some examples reveal that even the lowest order approximations are of high
accuracy. They illustrate that the energy balance methodology is very effective and
convenient and does not require linearization or small perturbation. It is predicted
that the energy balance method will find wide application in engineering problems,
as indicated in the following examples.

In order to represent the EBM, we consider a general nonlinear oscillator in the
form (He 2002a)

W'+ f(u(t)) =0 (2.302)

in which u and ¢ are generalized dimensionless displacement and time variables,
respectively.
Its variational principle can be easily obtained as

t
1
J(u) = / (— Eu’z + F(u))dt (2.303)
0
Its Hamiltonian, therefore, can be written as
1
H= 5u’2 + F(u) = F(A) (2.304)
or
1
R(t) = Eu’z +F(u) —F(A) =0 (2.305)

Oscillatory systems contain two important physical parameters—that is, the
frequency w and the amplitude of oscillation, A. So let us consider initial condi-
tions such as

u(0)=A, 4«0)=0 (2.306)
Assume that its initial approximation can be expressed as
u(t) = Acos(wr) (2.307)
Substituting Eq. 2.307 as the u term of Eq. 2.305 yields

1
R(1) = iszz sin? wr + F(A cos wt) — F(A) =0 (2.308)

If, by any chance, the exact solution had been chosen as the trial function, then
it would be possible to make R zero for all values of ¢ by appropriate choice of .
Since Eq. 2.306 is only an approximation to the exact solution, R cannot be made
zero everywhere. Collocation at wf = /4 gives

o (TETESS
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Its period can be written in the form

2
T = ” (2.310)
2(F(A)—F(A cos wt))
AZsin” wr

2.9.2 Application

Example 2.17
We consider the nonlinear oscillator

WA +ub=0
with the boundary conditions
u(0) = A,4'(0) = 0.
Its Hamiltonian, therefore, can be written in the form (Ganji et al. 2009b)

1 1 3, 1 3 .
AH == 2 — .4 _g__A4__A§:0.
2u +4u +4u 1 1

Choosing the trial function u = A cos(wt), we obtain the residual equation
3

1 s
—— At A =0.
4 4

4
3

1 1 3
R(t) = 5A2w2 sin®(wr) + ZLA4 cos*(wr) + 1 (A cos(mt))

If we collocate at wt = 7/4, we obtain

3
o= \/—AZ F1.11011844F, T = 2
4 21

We can obtain the approximate solution

3 2
u = Acos \/4A2 + 1.1101184A 3¢

Example 2.18
The governing equation of motion and initial conditions of a particle on a

rotating parabola can be expressed (Ganji et al. 2009b) as
d*u
dr?

du

2
dt) +Au=0, u(0)=A4,

(1+4q%u*) — + 4q2u<

where ¢ > 0 and A > 0 are known positive constants. For this problem,

d*u du\ 2 1
f(u) = 4‘121/12 A + 4q2u <dt> +Auand F(u) = —2q2u2u'2 + 3 Au?.
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Its variational and Hamiltonian formulations can be readily obtained as
t
1, 20, 1y o
J(u) = ——u"” = 2¢°u U + = Au” | dt,
2 2
0

1 1 1
H= 51/2 + 2q2u2u/2 —|—§AM2 — EAAZ,

1 1 1
R(t) = Eu’z + 2¢%u*u”* + EAMZ - EAA2 =0,
Substituting u = A cos(wt) into R(¢), we obtain
1 1
R(t) = EAZ(/J2 sin®(wt) 4 2¢>w*A* cos*(wt) sin*(wt) + EAAZ cos?(wr)

1
——AA% =0,
2

which gives us the result

A
@= \/(4A2q2 cos?(mt) + 1)’
with T = %’r, which yields

21

A
(4A2¢? cos?(wr)+1)

If we collocate at ot = /4, we obtain

A
o=\ a1y
with 7 = 2, yielding
2
Tgpm = —>
2A247+1)
The exact period is
2

)2

Tox = 4A™ 12 / (1+ 4% B2 cos? ) “de.
0

111



112 2 Perturbation and Variational Methods

Table 2.2 Comparison between analytical EBM and exact solutions when A =1 and ¢ = 1

A TeMm Tex Error percentage
0.1 6.34570 6.34555 0.0024

1.0 10.8827 10.5407 3.2451

10 89.0795 80.4880 10.674

100 888.598 800.071 11.064

1000 8885.76 8000.00 11.071

For comparison, the exact period Texand the approximate period Tgpy are listed
in Table 2.2; they can give a good approximate period for values of oscillation
amplitude.

Example 2.19

Consider the motion of a rigid rod rocking back and forth on a circular surface

without slipping. The governing equation of motion can be expressed as

11 N\ 1 fdu\? g du
<12+16u )dt +16u(dt> +jucosu =0, u(0) =4, —(0)=0,

where g > 0 and [ > 0 are known positive constants.
For the problem, its variational formulation (Ganji et al. 2008b) can be obtained
as

t
1 3 3 i
) = [ (-5 Guie g BRI ) g,
0

By a similar manipulation, as illustrated in the previous example by using
Egs. (2.307) and (2.308) and with T = Zr we obtain the result

1 3
R(1) = EAZCOZ sin®(wr) + gA4w2 cos?(wt) sin’(wr)

N 3g(cos(A cos(wt)) + A cos(wt) sin(A cos(wt)) — cos(A) — A sin(A))
l

:07

2 <—6lg(3A2 cos?(wt) +4) (COS(A cos(er) i_ I:O:E)jgw_t)ASisI;I(]?AC)OS(wt)) > )

= (IA(3A% cos?(wr) + 4) sin(wr)) ’

2 (1 A(3A% cos?(wt) + 4) sin(wt))
J 2 <—6lg(3A2 cos?(or) + 4) (COS(A cos(er)) +A cos(ax) sin(A cos(wr)) ))

T =

’

—cos(A) — A sin(A)



2.9 Energy Balance Method 113

Substituting wf = /4 in the previous equations for o and 7, we have

4,/-31g(8 +3A2)(n)
IA(3A2 +8) ’

_ 2mlA(3A? +38)

 4y/=31g(8 +3A%)(y)

WEBM —

Tesm

where 7 is
AV2 AV2
n=2cos (Tf) +AV2sin (T\/—) —2cos(A) — 2Asin(A)

The exact period of the equation of motion is

2 12

2 in2 2 2
Tex:4A_m/ (4 4 3 sin” @) B cos® ¢ | o
) ( [Bsing)) 7

8[fsin § + cos f — fsin ¢ sin(ffsin ) — cos

The exact period Tex and the approximate period Tggym are shown in Table 2.3.
Note that for the problem, the maximum amplitude of oscillation should satisfy
A < 7/2.

Example 2.20

Consider a system that undergoes rotary motion with linear and nonlinear
stiffness and is fixed to a body at two ends, as shown in Fig. 2.12. Suppose that the
two discs of moment of inertia (second moment of mass) are J about their center,

the torsional stiffness between the two discs is f = k20 + k30°, and torsional
stiffness at the two ends is f = k0 [].
The equation of motion is given as

JO, +ki10y + k(0 — 05) + k3(0, — 0,)> =0 (2.311)

J0y + k103 + ky (05 — 03) + k3(0, — 03)° = 0, (2.312)

with initial conditions

0,(0) = Oy0, 0,(0) =0
0,(0) = Oy, 0,(0) = 0.

Table 2.3 Comparison of approximate periods with exact solution

A TesMm Tex Error percentage
0.107 3.76397 3.76397 0.0008

0.157 3.94064 3.94086 0.0056

0.207 4.20181 4.20292 0.02642

0.30n 5.05831 5.07728 0.37348

0.407 6.70586 6.89564 2.7521

0457 8.60226 8.94333 3.8136
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Fig. 2.12 Rotary motion 8 62
with linear and nonlinear !
stiffness
N
\ R
§ | mietos e | [ 0 N
N \
J J

Transforming the above equations using intermediate variables in Eqgs. 2.311
and 2.312 yields

it yu—nv— P =0 (2.313)
Vit yu v+ v+ 7P =0, (2.314)
where y = k7‘, n= /<J_2 and 4 = k7‘ Rearranging Eq. 2.313 as follows,
= —pu+nv+i’=0 (2.315)
and substituting back into Eq. 2.314 yields
V4 (y+2n)v +200° =0, (2.316)
with initial conditions
v(0) = 0,(0) — 0,(0)=0z — @1p=A
v(0)=0

We choose two trial functions vi = Acost and v, = A cos wt.
Substituting v; and v, into Eq. 2.316, we obtain, respectively, the residuals

Ry = —Acos(t) + (y + 2n)A cos(r) + 2743 cos® (1) (2.317)

and
Ry = —Aw® cos(wt) + (7 + 217)A cos(wt) 4 24A° cos® (wt) (2.318)

Also,
2(—1A 1vA 1pA 3)A3
Ry, = 2EIATHG9AT + 3nAT + 3 A %) (2.319)
T
and

1A(—20°n + 3/A%n + 2 4
Ro = (Z20m + 304 + 2y + 4nm) (2.320)
s
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/ 3
W= y+211+§A2/1. (2.321)

According to Eq. 2.307, we can obtain the approximate solution

v(t) = Acos (1 [y +2n+ %AUZ) . (2.322)

By Eq. 2.315, the first-order analytical approximation for u(f) is

We therefore obtain

u(t) = cos(y/71) (A% — TIA3w? — A + Inw*A + 59 — 50y + 450*)
12 — 10yw? 4+ 9w*
36/(— 5 (0% — 7)2A? cos(3wr) + cos(wt) (n — 3 7A%) (w* — §7))A
492 — 40yw? + 36w*

x(t) =

2.10 Coupled Method of Homotopy Perturbation
and Variational Method

2.10.1 Introduction

The coupled method of homotopy perturbation and variational method has been
given much attention recently; it has been proved that this method is very effective
in determining the natural frequencies of strongly nonlinear oscillators with high
accuracy (He 2006c¢).

In the coupled method of homotopy perturbation and variational method, the
following homotopy is constructed, and a variational formulation for the nonlinear
oscillation is established, from which the natural frequency and approximate
solution can be readily obtained.

To illustrate the basic ideas of this method, we consider the following equation
(see Sect. 2.5):

Alu)—f(r)=0 reqQ, (2.324)
with the boundary condition
Ou
B — ] =0 r 2.325
(1 5) =0 rer (2.325)

where A is a general differential operator, B a boundary operator, f (r) a known
analytical function, and I’ is the boundary of the domain €.
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A can be divided into two parts, which are L and N, where L is linear and N is
nonlinear. Equation 2.324 therefore can be rewritten as

Lu)+Nu)—f(r)=0 reQ. (2.326)
Homotopy perturbation structure is shown as
H(v,p) = (1 =p) [L(v) = L(uo)] + p[A(v) = f(r) ] =0, (2.327)
where
v(r,p) : Q@ x[0,1] = R (2.328)

In Eq.2.328, p€[0, 1] is an embedding parameter, and uy is the first
approximation that satisfies the boundary condition. We can assume that the
solution of Eq. 2.328 can be written as a power series in p,

V=104 pvi+pva+ - (2.329)
And the best approximation for the solution is

uzlin}v:vo—i—vl—i—vz—&m-- (2.330)
p*}

Consider the following generalized nonlinear oscillations without forced terms:
W'+ ofu + ef (u) =0, (2.331)

where f is a nonlinear function of u”,u’, u.Its variational functional can be easily
obtained as (see Sect. 2.6)

1

1 1
J(u) = / { _EMQ + Ew(z)uz + sF(u)}dt, (2.332)
0

where F is the potential,

——f (2.333)

2.10.2 Application

As an example of the method, a nonlinear oscillator with discontinuities of a
conservative autonomous system can be described by the second-order differential
equation

W’ + o + PuPsgn(u) + yu® = 0 or u” + oud + Pulu| +yu> =0 (2.334)
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with initial conditions
u(0) =A, u’(O) =0 (2.335)

where sgn(u) is the sign function, equal to +1 if u > 0, 0 if ¥ = 0 and —1 if u<O0.

As we will see in the forthcoming illustrative examples, we always stop at the
first-order approximation, and the obtained approximate and accurate solution is
valid for the whole solution domain.

In order to assess the advantages and the accuracy of the coupled method of
homotopy perturbation and variational, we will consider the following two
examples (Akbarzade et al. 2011).

Example 2.21
Let us consider the following nonlinear oscillators with discontinuities:

W’ +u+ eu’sgn(u) = 0 (2.336)

with initial conditions

Ifu>0,
W' +utea’ =0 (2.337)

Suppose that the frequency of Eq. 2.337 is w. We construct the following
homotopy by the same manipulation as the basic idea:

W' + o*u+plew’ + (1 —o0®u]=0,pe 0, 1]. (2.338)

We assume that the periodic solution to Eq. 2.338 may be written as a power
series in p:

u = uy+ puy + piur + - -- (2.339)

Substituting Eq. 2.339 into Eq. 2.338 and collecting terms of the same power of
p, gives

Uy + o’y =0, up(0) = A, up(0) =0 (2.340)
and
] + ouy + e + (1 — 0*)ug =0, u; (0) = 0, u;(0) = 0. (2.341)

The solution of Eq. 2.340 is uy = A cos wt, where @ will be identified from the
variational formulation for u;, which leads to

T
2
/{ + o + (1 — o) uouy +6u(2)u1}dt, T=" (2342)
w
0
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To better illustrate the procedure, we choose the simplest trail function,
5
u; = B| coswr — 308 2wt (2.343)

Substituting u#; into the functional Eq. 2.342 results in

1 (18An — 750w°Br — 18Aw? 15A%)B
J(B,w) = {_( m — T50°Bn — 18Aw’n + 1547n) } (2.344)
18 w
Setting
aoJ aoJ
B 0, and P 0, (2.345)
we obtain
~0.833¢A — 1+ ®?* =0, and, B=0. (2.346)
A first-order approximate solution is obtained, which leads to
w1 =V 1+0.8336A. (2.347)
The approximate period is
2
P — (2.348)
v140.833¢6A
In order to compare with harmonic balance, we write Hu’s result:
2
Ty= . (2.349)
V1 +3eA
If u<O,
W' +u— e’ =0. (2.350)

Suppose that the frequency of Eq. 2.350 is w.
We construct the following homotopy by the same manipulation as the basic
idea:

W' + o*u+pl—e + (1 —o0®u]=0,pe0, 1]. (2.351)

We assume that the periodic solution to Eq. 2.351 may be written as a power
series in p:

u =g+ puy +pu, + - (2.352)

Substituting Eq. 2.352 into Eq. 2.351, collecting terms of the same power of p,
gives
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uy + ’ug =0, up(0) = A, up(0) =0 (2.353)
and
) + o*uy —eud + (1 — 0*)ug =0, uy (0) = 0, u}(0) = 0. (2.354)

The solution of Eq. 2.353 is uy = A cos wt, where @ will be identified from the
variational formulation for u;, which reads

T
1 1 2
J(u) = / {_5“,12 +§w2u% + (1 — *) uouy — euduy }dt, T= En (2.355)

To better illustrate the procedure, we choose the simplest trail function,
5
u; = B| coswr — 308 2wt (2.356)

Substituting u; into the functional Eq. 2.355 results in

1 (18An — 75w*Bn — 18Aw’n — 15A%n)B
J(B,w) = { L 184n = 750" Br o ™) (2.357)
18 w
Setting
aoJ oJ
R — = 2.
B 0, and % 0, (2.358)
we obtain
+0.833:.A — 1 + > =0, and, B =0 (2.359)
The first-order approximate solution is obtained, which reads
wy = V1 —0.833¢6A. (2.360)
The approximate period is
2
. S— (2.361)
V1 —0.833¢A
In order to compare with harmonic balance, we write He’s result
2
=" (2.362)
v/ 1 - 3% €A
We obtain the first approximate period T:
T+ T
e (2.363)

2
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Example 2.22
Consider the following nonlinear oscillator with discontinuities:

W'+ u+ eu’sgn(u) + u® =0, (2.364)

with the initial conditions

Ifu>0,
W' +u+ e +ud =0 (2.365)

Suppose that the frequency of Eq. 2.365 is w. We construct the following
homotopy by the same manipulation as the basic idea:

W'+ o*u+pd + el +(1—o?u]=0,peco, 1]. (2.366)

We assume that the periodic solution to equation Eq. 2.364 may be written as a
power series in p:

u=uy+ puy + piur + - -- (2.367)

Substituting Eq. 2.367 into Eq. 2.366, collecting terms of the same power of
p gives

Uy + o’y =0, up(0) = A, up(0) =0 (2.368)
and
] + ?uy +ud 4 eud + (1 — 0®)ug =0, u;(0) =0, 4} (0) =0.  (2.369)

The solution of Eq. 2.368 is uy = A cos wt, where @ will be identified from the
variational formulation for u;, which reads

T
2
J(uy :/{_“1 + = ? ”1 (1 —wz)uoul —|—u3u1 —FSM%ul}dl‘, T= g
0

(2.370)

To better illustrate the procedure, we choose the simplest trail function,
5
uy =B coswt—gcoskot (2.371)

Substituting u#; into the functional Eq. 2.370 results in

1 (=30eA%n — 36An + 360°An + 150Bw’n — 27A%n)B
(2.372)
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Setting
oJ oJ
ag = 0 and 5= =0 (2.373)
we obtain
—0.833¢A — 07547 — 1 + »* = 0,and, B = 0. (2.374)

The first-order approximate solution is obtained, which reads

oy = V1 +0.75A2 4 0.833¢A. (2.375)
The approximate period is

2
T, = T .
V1 0.75A% + 0.833¢A

(2.376)

In order to compare with the harmonic balance solution, we write He’s result,

2
T, = n . (2.377)
3 8
\J1+3A2+56A
If u<O,
W' +u— e’ +u’ =0. (2.378)

Suppose that the frequency of Eq. 2.378 is w. We construct the following
homotopy by the same manipulation as the basic idea:

W'+ u+pld — e’ + (1 — 0*)u] =0, p €[0,1]. (2.379)

We assume that the periodic solution to Eq. 2.379 may be written as a power
series in p:

u=uy+ puy + piur + - -- (2.380)

Substituting Eq. 2.380 into Eq. 2.379, collecting terms of the same power of
p gives

uy + *uy = 0,u(0) = A, uy(0) =0 (2.381)
and
u) + ofuy +ul + eud + (1 — 0®)ug =0, u;(0) =0, 4, (0) =0.  (2.382)

The solution of Eq. 2.381 is uy = A cos wt, where @ will be identified from the
variational formulation for u;, which reads
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T
2
/{__“1 +-w? ul + (1 — w?) uou, +u8u1 —euéul}dt, T=2"
w
0

(2.383)

To better illustrate the procedure, we choose the simplest trail function,

5
u = B(cos ot — 308 Zwt) (2.384)

Substituting u; into the functional Eq. 2.383 results in

1 (+30eA%n — 36A7 + 36w*An + 150Bw*n — 27A®)B
J(B,w) = .
36 w
(2.385)
Setting
oJ aoJ
=~ d — = 2.
B 0, an % 0, (2.386)
we obtain
40.833¢A — 075A*> = 1 + > =0, and, B =0 (2.387)
The first-order approximate solution is obtained, which reads
= /1 + 0.75A2 — 0.833¢A. (2.388)
The approximate period is
2
” (2.389)

T V1107542 — 0.833¢A
In order to compare with a harmonic balance solution, we write He’s result as
2
T, = ” . (2.390)
1+32A2 LA

We obtain the first approximate period:

T\ +T
T:%. (2.391)

In order to compare with the exact solution,
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A

/ 2dx
T, =
5 \/A2 —x2+2g(A - ) +
A

3 (A% —x)
(2.392)

/ 2dx
_l’_
5 \/Az—xz—%s(A3—x3)+%(A4—x4)

For a relatively comprehensive survey on the concepts, theory, and applications
of the methods mentioned in this chapter, see more examples in Hashemi et al.
(2009), Kachapi et al. (2009a), Shou and He (2008), Ganji et al. (2007a, b, 2008a,
c,d, e, 2009a, c, d, e, f), Varedi et al. (2007), Kimiaeifar et al. (2009), Pashaei et al.
(2008), Barari et al. (2010), Ghotbi and Barari (2008), Jamshidi and Ganji (2009),
Mehdipour et al. (2009), Ganji and Esmaeilpour (2010), Rafei et al. (2007b, c, d),
Babazadeh et al. (2008).

Problems
Solve the following problems using methods presented in this chapter.

2.1 Consider the free response of the undamped, single-DOF system with o > 0
so that the equation of motion of the system is

% (1) + kx(r) + ax(r)’ =0,

where the initial condition is zero.

2.2 We consider the motion of a ring of mass m sliding freely on the wire
described by the parabola y = gu?, which rotates with a constant angular
velocity 4 about the y-axis. The equation describing the motion of the ring is

it + o’u = —dqu(uii + ir*),

where w? = 2gq — A* and the initial conditions are u(0) = A, (0) =0
2.3 The Van der Pol oscillator is a second-order system with nonlinear damping,
of the form

4o - Di+x=0.

2.4 Here, a system consisting of a block of mass m that hangs from a viscous
damper with coefficient ¢ and a nonlinear spring of stiffness k; and k3 is
considered. Equation of motion is given by the following nonlinear differ-
ential equation:

dzx(t) ki k3
J— t —
dr? * m x(1) + m

with the following initial conditions:

3
—__p
B0+ ,

dxo

XQ(O) :A, dr

(0) = 0.
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2.5

2.6

2.7

2 Perturbation and Variational Methods

In this problem, we shall consider a system of (1 + 1)-dimensional long-
wave equations:

u; + uu, +v, =0,

v+ (vu), + %umr =0,

with the initial conditions u(x,0) = f(x) and v(x,0) = g(x), where v is the
elevation of the water wave and u is the surface velocity of water along the x-
direction.

We consider a uniform cantilever beam in which u is the constant mass
density, EI is bending stiffness, and / is the length of the beam, when its base
is given a motion wy(¢) normal to the beam axis. The corresponding fourth-
order differential equation of this case is

aziw_FE]aztiw_ " (;)
[1 atz 6)64 - /.le ’

where we can assume

wy (1) = Wsin(wt)

Thus,
Wy (1) = —Wa?sin(wt)

The boundary conditions are

ow
0,1) =0, —(0,1)=0
w(0,1) =0, ax( 1) =0,
0 w w

and the initial displacement and velocity of the beam is assumed to be zero;
thus,

w(x,0) = g(x) =0,

ow
a(x, 0) =h(x)=0.

We consider a generalized (scalar) Boussinesq equation of the form
Uy — [f ()] =t = h(x,1)  —o00<x< 4 00,1>0,
subject to the initial conditions

u(x,0) = a(x), u(x,0)=>b(x) —oo<x< + o0,
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2.8 We consider the nonlinear oscillator
W'+ =0
with the boundary conditions
u(0) =A,4'(0)=0

2.9 In this problem, we consider periodic solutions for sub-harmonic resonances
of nonlinear oscillations with parametric excitation. The governing equation
is

X" + (1 + ecos(t))[aX + BX3] = 0,
and the boundary conditions for this equation are
X(0) = Xo, X'(0) = 0.

2.10 We consider the coupled Whitham—Broer—Kaup (WBK) equations, which
have been studied by Whitham, Broer, and Kaup. The equations describe
the propagation of shallow water waves, with different dispersion relations.
The WBK equations are

Ou ou Ov *u

a atuatlee =0
dv 0 du v
T tegs =z =0

with the initial conditions
u(x,0) = A — 2k(o + %)% coth[k(x + xo)],

v(x,0) = =2k (o + B + Blo + )7 )esch?[k(x + xo)].

2.11 We consider the linear Schrodinger equation, which occurs in various areas
of physics, including nonlinear optics, plasma physics, superconductivity,
and quantum mechanics:

w+ it =0, u(x,0) =f(x), i*=-1
and the nonlinear Schrodinger equation
ity + e 4 ufu =0, u(x,0) = f(x), #=—1.
2.12 In this problem, we shall consider the Schrodinger equation in the form

oY (x, 1)

5= RV Va4 By Py, x € R 120

i
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2.13

2.14

2.15

2.16

2.17

2 Perturbation and Variational Methods

where V,(x) is the trapping potential and /3, is a real constant. With initial
data

w(xv 0) = ‘/fo(x)v xeRr!

We consider nonlinear oscillation systems with parametric excitations,
governed by

d’x(1)
dr?

where ¢, ¢, f§, /. are known as physical parameters.
Consider the Van der Pol equation

Y'(O) +y(1) =e[1 =y (0)]y' (1), y(0)=0, y(0)=2,

We consider a conservative system with a single degree of freedom for
which the equation of motion is

+ (1 — gcos(r) (Ax(t) + px(1)’) =0 x(0) = A, x(0) = 0.

(144722 (0) )22 (t) + Ax(t) + 42 (1)x(t) = 0,
where A is:
A=2gr—Q

The rigid frame is forced to rotate at the fixed rate Q) while the frame rotates
and the simple pendulum oscillates. The governing equation can be
obtained as

d?x(1)
dr?

+ (1 —Acos(x(1))) sin(x(r)) = 0.

Here, by using the Taylor’s series expansion for cos(x(¢)) and sin(x(¢)), the
above equation reduces to

d;,gt) + (1= A)x(r) - (%x3(t) +§Ax3(t) - %Axs(t)> -0,

with the boundary conditions
x(0) = 4, ¥'(0) =0,
Consider the following nonlinear oscillator governed by

W+ u=euu

with initial conditions of

u(0) =A, u'(0) =0
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2.18

2.19

2.20

221

222

We consider the motion of a particle on a rotating parabola. The governing
equation of motion can be expressed as

u"(1+4¢%u?) + oPu + 4qPuu> = 0
with initial conditions
u(0) =A, u'(0) =0
Consider the following nonlinear oscillator governed by
W' + QPu+ deu” + 4eun® = 0
with initial conditions
u(0) =A, u'(0) = 0.

In this problem, we have a rigid frame that is forced to rotate at the fixed
rate Q. The governing equation can be simply derived as

=t (1 —Acos0)sind =0, 0(0) =4, a

Consider free vibration of a conservative system with a single degree of
freedom containing a mass attached to linear and nonlinear springs in series.
After transformation, the motion is governed by a nonlinear differential
equation of motions:

(0) = 0.

(14 3ezv?)V + 6ezvV? + v+ ey’ =0,
with the initial conditions
v(0)=A, V(0)=0
We consider the RLW equation
U, + uy + utty + Uy = 0.

For the special case of this equation, the solitary wave solution is given in
the form

u(x,t) = 3Bsec h*[k(x — (1 + B)t)],

where

k—;‘/E
" 2J/1+B’

and the exact solution is

u(x,t) = 3ausec B2 (B(x — (1 + a)t)).
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2.23 Generalize the KDV equation of two space variables and formulate the
well-known Kadomtsev—Petviashvili (KP) equation to provide an expla-
nation of the general weakly dispersive waves. The (2 + 1) KP equation is
given in the form

(1 + Opuunty + Uyyy)  + 3uyy =0,
or equivalently,
Uy + 6,uu§ + Ottty + U + 33Uy =0, = (£1)
2.24 We consider the Burger equation
u; +uuy, —uy,, =0, x ER

with the exact solution being

1 1 1 1
u(x, t) = E — Etanh(:‘. (x§t>>

2.25 Consider a nonlinear equation of fourth order:
Uit =+ Sttty + e = 0,
2.26 The Whitham—Broer—Kaup equation is
U + uty + vy + P = 0,
Ve + (), + ottty — e = 0.

2.27 The motivation of this part is to extend the analysis of the sine—cosine
method to solve different types of nonlinear equations—namely, sSK and
LsKdV and water wave equations, which can be shown in the form

u; + (63144 + 63 (2u2uxx + uui) + 21 (uum( + uix + uxuxxx) + umxxx)x: 0,
u, + (35u4 + 7O(u2um + uuﬁ) + 7(2uuxxx + 3u)2g + 4uxum) + ”Wx)x: 0,
U + 30”21/!;; + Zouxuxx + louuxxx — Uxxxxx = 07

Respectively, the first equation is known as the seventh-order Sawada—
Kotera equation, the second equation is known as Lax’s seventh-order KdV
equation, and the third equation is known as the water wave equation.

2.28 In this problem, we consider the generalized Zakharov equations, which can
be shown in the form

ilpt—i_lpxx_ 20‘|¢|2W+2W"Zoa

Vit — Vxx + (|l//|2)xx= 0.
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Chapter 3
Considerable Analytical Methods

3.1 Harmonic Balance Method
3.1.1 Introduction

The harmonic balance method (HBM) is a technique used in systems including
both linear and nonlinear parts. The fundamental idea of HBM is to decompose the
system into two separate subsystems, a linear part and a nonlinear part. The linear
part is treated in the frequency domain, and the nonlinear part in the time domain.
The interface between the subsystems consists of the Fourier transform pair.
Harmonic balance is said to be reached when a chosen number of harmonics
N satisfy some predefined convergence criteria. First, an appropriate unknown is
chosen to use in the convergence check, which is performed in the frequency
domain. Then the equations are rewritten in a suitable form for a convergence
loop. One starts with an initial value of the chosen unknown, applies the different
linear and nonlinear equations, and finally reaches a new value of the chosen
unknown. If the difference between the initial value and the final value of the first
N harmonics satisfies the predefined convergence criteria, harmonic balance is
reached. Otherwise, an increment of the initial value is calculated by using a
generalized Euler method—namely, the Newton—Raphson method.

It should be mentioned that HBM is similar to other proposed coupling tech-
niques, but one advantage of HBM is the calculation of the increment of the initial
value. The method proposed by Gupta and Munjal (1992) also includes an iterative
process with a convergence condition. The main difference between their method
and the HBM is how the chosen convergence unknown is treated. In HBM, one
calculates an increment that depends on the difference of the value at the beginning
of the convergence loop and the final value after the loop. This implies a faster and
more robust convergence. In the method of Gupta and Munjal, the final value is
entered as a new initial value, which easily leads to slower convergence or
divergence.

For general dynamical systems, the HBM is widely used, from the simplest
Duffing oscillation (Liu et al. 2006), to fluid dynamics (Ragulskis et al. 2006), and

S. H. H. Kachapi and D. D. Ganji, Dynamics and Vibrations, 133
Solid Mechanics and Its Applications 202, DOI: 10.1007/978-94-007-6775-1_3,
© Springer Science+Business Media B.V. 2014
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to complex fluid structural interactions (Liu and Dowell 2005). Wu and Wang
(2006) developed Mathematica/Maple programs to approximate the analytical
solutions of a nonlinear undamped Duffing oscillation.

For considering this method HBM deals with free vibration of a nonlinear
system, having combined the linear and nonlinear springs in series and Nonlinear
Normal Modes.

Example 3.1

The conservative oscillation system is formulated as a nonlinear ordinary dif-
ferential equation having linear and nonlinear stiffness components. The governing
equation is linearized and associated with the HBM to establish new and accurate
higher-order analytical approximate solutions. Unlike the perturbation method,
which is restricted to nonlinear conservative systems with a small perturbed
parameter and also unlike the classical HBM which results in a complicated set of
algebraic equations, the approach yields simple approximate analytical expressions
valid for small as well as large amplitudes of oscillation. Some examples are solved
and compared with numerical integration solutions, and the results are published.

3.1.2 Governing Equation of Motion and Formulation

Consider free vibration of a conservative, single-degree-of-freedom system with a
mass attached to linear and nonlinear springs in series, as shown in Fig. 3.1. After
transformation, the motion is governed by a nonlinear differential equation of
motion (see Telli and Kopmaz 2006) as

(14 32V W + 6e2vV? + 0’y + e’V =0, (3.1)
where
B
6= — 3.2
=g 32
(Displ tofli spring) (Displacement of mass)
M — )2

Fig. 3.1 Nonlinear free vibration of a system of mass with serial linear and nonlinear stiffness on
a frictionless contact surface
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ko

¢
=—) 3.4
‘TIte 34

ky
= 35
We m(1+¢) (33)
with the initial conditions

W(0) =A, V(0)=0, (3.6)

in which ¢, 5, v, w,, m, and & are perturbation parameter (not restricted to a small
parameter), coefficient of nonlinear spring force, deflection of nonlinear spring,
natural frequency, mass and the ratio of linear portion k; of the nonlinear spring
constant to that of the linear spring constant k;, respectively. Note that the nota-
tions in Egs. (3.1)—(3.5) follow those in Telli and Kopmaz (2006). The deflection
of linear spring y;(¢) and the displacement of attached mass y»(¢) can be repre-
sented by the deflection of nonlinear spring v in simple relationships as:

yi(t) = Ev(t) + e &v(e)? (3.7)
and
y2(2) = v(t) + y1(2). (3.8)

Introducing a new independent temporal variable, © = wt (Egs. 3.1 and 3.6), we
have

@ [(1 + 3e2v?) + 6ezvi?] + wlv + ey’ =0 (3.9)

and
v(0) =A, v(0)=0, (3.10)

where a dot denotes differentiation with respect to 7. The deflection of nonlinear
spring v is a periodic function of t with the period of 2x. On the basis of Eq. 3.9,
the periodic solution v(t) can be expanded in a Fourier series with only odd
multiples of 7 as follows:

v(1) = ZhZ”“ cos(2n + 1)1. (3.11)

To linearize the governing differential equation, we assume v(t) as the sum of a
principal term and a correction term as

v(t) = vi(1) + Avi (7). (3.12)

Substituting Eq. 3.11 into Eq. 3.9 and neglecting nonlinear terms of Av;(7)
yields
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w? [(1+ 382\/?)&1 + 6szv1i)ﬂ + @?v + eV + (wg + 3¢ a)gv%)Avl

3.13
+ @ [(1 + 3e2v]) Ay + 2(6ezvi91) Ay + (6ezv1¥y + 6ezv ) Avy| =0, 313)

and
AV] (O) = 0, AV] (0) = 07 (314)
where v (t) = Acost is a periodic function of t period 27.

Making use of vi(t) =Acost, we have the following Fourier-series
expansions:

(1+ 3e2v}) iy + 6e2vi¥7 = D agiy1 cos(2i + 1)
i=0
A(4 + 3A? A3
=- (4 + 3472) 005179 chos3‘c, (3.15)
4 4
= Aw?(4 4 3A%) Adew?
2 2.3 . e e
=3 by 2i4 =" TR 3t,
w5V + Wy ; 2i+1€08(2i + 1)t 2 T+ cos3t
(3.16)
1 = 2 +3A%z¢  3A%z
1+ 382\1% =—co+ C; COS 2iT = + i + < cos 21, (3.17)
2907 £ 4 2
2(6ezvi¥1) = > _ oy sin2(i + 1)t = —6A%ze sin 2t (3.18)
i=0
1 00
6ezv V) + 68Z\'/% = ECO + Z €5, c0s 2iT = —6A%¢ cos 21, (3.19)
i=1
1 = 2 +3A%)w?  3A%ew?
a)g + 3¢ a)gv% — E‘fo + ;le' cos2iT = ( + . 8)wg + ;we cos 2‘[," (320)
where a1, boiy1, €2 dogipry, €20 and fo; fori =0,1,2,... are Fourier-series

coefficients.

3.1.3 First-Order Analytical Approximation

For the first-order analytical approximation, we set
Avi(7) =0, (3.21)
and, therefore,

v(t) = vi(t) = Acost. (3.22)
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Substituting Eqs. 3.15-3.20 into Eq. 3.13, expanding the resulting expression in
a trigonometric series and setting the coefficient of cos 7 to zero yield the solution
of the angular frequency ;, where subscript ; indicates the first-order analytical
approximation. The analytical approximation of w; can be expressed as

[3eA% + 4

vi(t) = Acos[w;(A)1]. (3.24)

and the periodic solution is

3.1.4 Second-Order Analytical Approximation

For the second analytical approximation, we set
Avi(t) = x1(cos T — cos 37). (3.25)

Substituting Egs. 3.15-3.20 and 3.25 into Eq. 3.13, expanding the resulting
expression in a trigonometric series, and setting the coefficients of cos t and cos 3t
to zero result in a quadratic equation of w3, where subscript 2 indicates the second-
order analytical approximation. The angular frequency w;, can be expressed as

—b— Vb —4
wr(A) = | 2V ae (3.26)
2a
where
a=—144A — 252zA4% — 1357°A°¢2, (3.27)
b = 160Aw; + 124A% ] + 15624 ] + 15024 >, (3.28)
c = —16Anw; — 284 0} — 154w} (3.29)

where a, b and c are the coefficients of the quadratic equation of 3. The solution

of w; in Eq. 3.26 with respect to +v'b? — 4ac is omitted, so that, w,/w; & 1, and
the periodic solution is

v2(1) = [A + x1(A)] cos[wa(A)t] — x1(A) cos[3wa(A)1]. (3.30)
where
x1(A) = — [3240% + 25A% ? + 154326 0? 4 647262 w? — (1024A%0% + 1472A% oo?
+2112A%ze 0 + 421A° 0} + 365A4%26% 0! + 981A°2 &% w! + 13804%z6° !
+ 19804% 283 w? 4 900410226 ) /7] /2002 (32 + 51A% + 21A%z¢ + 36A%z6)).
(3.31)
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3.1.5 Third-Order Analytical Approximation

Although the first- and second-order analytical approximations are expected to
agree with other solutions, the agreement deteriorates as ¢ progresses during the
steady-state response. Therefore, the third-order analytical approximation is
derived for a more accurate steady-state response. To construct the third-order
analytical approximation, the previous related expressions must be adjusted, due to
the interaction between lower-order and higher-order harmonics. Here, Av (1) and,
in Egs. 3.12, 3.13, and 3.15-3.20, is replaced by Av,(7) and v,(1), respectively,
and Eq. 3.13 is modified as

w? [(1 + 38zv§)i}2 + 6szvz\>§] + cozvz + € wzv; + (wg + 3¢ cofv%)AvQ

3.32
+ 0 [(1 4 3e2v3) Ay + 2(6ezv212) Avy + (6Ezvo¥is + 66z03) Avy| = 0. (3:32)

The right-hand sides of Eqs. 3.15-3.20 in the third-order analytical approxi-
mation are completely different from the first- and second-order analytical
approximations because vi(t) is replaced by v,(t) of Eq. 3.30. It can be solved
directly by substituting the corresponding coefficients of Fourier series in any
symbolic software, such as Mathematica.

For the third-order analytical approximation, we set

Av (1) = x1(cos T — cos 31) + x3(cos 31 — cos 51). (3.33)

Substituting the modified Egs. 3.15-3.20 with v;(t) replaced by v,(t) and
Eq. 3.33 into Eq. 3.32, expanding the resulting expression in a trigonometric
series, and setting the coefficients of cos 7, cos 37, and cos 57 to zero yield w3 as a
function of A. The corresponding approximate analytical periodic solution can
then be solved as

v3(1) =[A + x1(A) + x2(A)] cos[ws(A)t] + [x3(A) — x2(A) — x1(A)] cos[3ws3(A)1]
— x3(A) cos[5w3(A)1].
(3.34)

The angular frequency s is the squared-roots of a quadratic equation of cu% in
the form of

a'(w§)4 + b'(w§)3 + c’(w%)z +d(w3) + ¢ =0, (3.35)

where subscript 3 indicates the third-order analytical approximation and
a, b, c, d,and ¢ are coefficients of the quartic equation of w3. There is a total
of eight roots, and the particular root which is closest to @, is identified as the most
appropriate solution because w3 is a more accurate and of a higher-order
approximation to w3. Comparison of w3 in the following section shows that it is in
excellent agreement with the numerical integration solution for small, as well as
large, amplitudes of oscillation. The quartic equation can be subsequently solved
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by any symbolic software, such as MATHEMATICA, for w;. The constants x, and
x3 in Eq. 3.34 derived in terms of the coefficients of Fourier series are obtained.

3.1.6 Approximate Results and Discussion

The solutions of Eq. 3.1 using the second-order LP perturbation method is briefly
derived here. Expanding the frequency w* = o}, and the periodic solution v(7) =
vip(t) of Eq. 3.9 into a power series as a function of ¢ as follows:

(a) o
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] T T T T T

{b} 00 02 04 06 08 10 1.2 14
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lp = F +ewp + Ewy + - - (3.36)
vip(t) = vo(7) + evi(t) + szvz(r) +---, T=wrpt (3.37)
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Fig. 3.2 a Comparison of deflection of nonlinear spring v(¢) for various analytical approxima-
tions and the numerical integration solution for m=1,A=0.5,6=0.5 and
¢ =0.1(ky =50,k =5). b Comparison of the deflection of linear spring y; () for various
analytical approximations and the numerical integration solutions for m = 1,& = 0.5. ¢ Compar-
ison of the displacement of mass y,(¢) for various analytical approximations and the numerical
integration solutions for m = 1,& = 0.5, and £ = 0.1 (k; = 50,k, = 5)
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Fig. 3.3 a Comparison of the deflection of nonlinear spring v(z) for various analytical
approximations and the numerical integration solutions for m = 4,A = 10,¢ = —0.008, and
¢=0.5(ky =6,ky =3). b Comparison of the deflection of linear spring y;(r) for various
analytical approximations and the numerical integration solutions for m = 4,& = —0.008, and
& =0.5(ky =6,k = 3). ¢ Comparison of the displacement of mass y,() for various analytical
approximations and the numerical integration solutions for m =4, = —0.008, and
E=0.5(ky =6,k =3)

and setting the coefficients of &, ¢!, and ¢ as zero yield
W =0, v(0)=A, ,(0)=0, (3.38)

/!
V] 4 vy = —v) — 6zvev — 32Vl — wal)‘z’o , vi(0)=0, V{(0)=0, (3.39)

62001 voV}? 3z V3V
Vb vy = —3v2v — 6vpvi2 — 20— 127ugvhy, — 6zvgupvl — =00
2 0 0 7 oV1 0 2
a)e a)e
1! /!
(€A% w1y
o 0 _ 3zv2v” o 1
2 oV1 2
we we

»(0) =0, v5(0)=0.

(3.40)
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Solving the linear second-order differential equations 3.38-3.40 with the cor-
responding initial conditions, we obtain

_ 302 _ 3 4 2en
W = 4A w,(z—1), wy= 128A w, (1527 — 14z — 1), (3.41)
3
Vo = A cos wrpt, = 3—2(91 — 1)(cos wppt — cos3wypt),
A3(44172 — 347 — 32 345972 — 1
vy = — ( Z1024 < )cos wLpt + 7(1;8 )COS3UJLPI (3.42)
A3(22572 — 34z 4+ 1) 08 S0 ot
1024 L

To further illustrate and verify accuracy of this approximate analytical
approach, a comparison of the time history response of nonlinear spring deflection
v(t), linear spring deflection y;(¢), and mass displacement y,(¢) is presented in
Figs. 3.2 and 3.3. Figure 3.2 considers the nonlinear hard-spring cases, while
Fig. 3.3 represents the nonlinear soft-spring cases.

3.2 He’s Parameter Expansion Method
3.2.1 Introduction

Parameter-expanding methods, including the modified Lindstedt—Poincaré method
and the bookkeeping parameter method, can successfully deal with such special
cases; however, the classical methods fail. The methods need not have a time
transformation like the Lindstedt—Poincaré method; the basic character of the
method is to expand the solution and some parameters in the equation.

The parameter expansion method is an easy and straightforward approach to
nonlinear oscillators. Anyone can apply the method to find an approximation of the
amplitude—frequency relationship of a nonlinear oscillator with only basic
knowledge of advance calculus. The basic idea of He’s parameter-expanding
methods (HPEMs) was provided by Prof. J. H. He in 2002, and the reader is
referred to He (2002).

In a case where no parameter exists in an equation, HPEMs can be used (2002).
As a general example, the following equation can be considered:

mu" + wju+ ¢f (u, u', u") =0, u(0) = 2, '(0) =0. (3.43)

Various perturbation methods have been applied frequently to analyze Eq. 3.43.
The perturbation methods are limited to the case of small ¢ and m w% > (0; that is,
the associated linear oscillator must be statically stable so that the linear and
nonlinear responses are qualitatively similar.
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3.2.2 Modified Lindstedt—Poincaré Method

According to the modified Lindstedt—Poincaré method (He 2001b), the solution is
expanded into a series of p or ¢ in the form

U=+ eu +euy+ - (3.44)

Hereby, the parameter ¢ (or p) does not require being small (0 <e< oo or
0<p<o0).
The coefficients m and w3 are expanded in a similar way

=0’ +ew +Eo+- or W=’ +po+prortoo (3.45)

m=1+em +&m+--- or m=1+pm +p’my+--- (3.46)

o is assumed to be the frequency of the studied nonlinear oscillator; the values
for m and wj can be any of these positive, zero, or negative real values.
Here, we are going to solve this problem using HPEM.

3.2.3 Bookkeeping Parameter Method

In this case, no small parameter exists in the equations, so a traditional pertur-
bation method cannot be useful. For this type of problem He introduced a tech-
nique in 2001 that provides for a bookkeeping parameter to be entered into the
original differential equation (He 2001a).

3.2.4 Application

Example 3.2
This section considers the following nonlinear oscillator with discontinuity
(Wang and He 2008):

W +ulul =0, u(0)=A, «(0)=0. (3.47)

There exists no small parameter in the equation. Therefore, the traditional
perturbation methods cannot be applied directly.

The parameter expansion method entails the bookkeeping parameter method
and the modified Lindstedt—Poincaré method.

In order to use the HPEM, we rewrite Eq. 3.47 in the form

u" + 0.+ Lulu| = 0. (3.48)
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According to the parameter expansion method, we may expand the solution, ,
the coefficient of u, the zero, and the coefficient of u|u|, 1, in series of p:

u=uy +puy +pu, + - (3.49)
0= +pa +piay+-- (3.50)
1 =pb +p*by+ -+ (3.51)

Substituting Egs. 3.49 and 3.50 into Eq. 3.48 and equating the terms with the
identical powers of p, we have

Phu) + o’up =0 (3.52)

phdl + uy + ajug + biuglug) =0 (3.53)

"

P (1+ o)y + ayud] + agu + by (|ug |u] + ug|ul]) + bouglug| = 0. (3.54)
Considering the initial conditions u#o(0) =A and u;(0) = 0, the solution of

Eq. 3.52 is up = A cos wt. Substituting the result into Eq. 3.53, we have
U + @0*uy + ayA cos wt + byA% cos wt|cos wt| = 0. (3.55)

It is possible to perform the Fourier series expansion

cos wt|cos wt| = Z Cont1cos[(2n + 1wt] = ¢; coswr + czcoswt + - -+, (3.56)
n=0

where ¢; can be determined by the Fourier series, for example

T

T 2 T
2 2 8
1 = —/ cos® wt|cos wt| d(wt) = = /0053 tdt — /cos3 dr | =—. (3.57)
T T 3n
0 0 z

Substitution of Eq. 3.56 into Eq. 3.55 gives

8 o0
ul + ouy + (al +biA 3—>A cos wt + Z Conv1cos[(2n+ Nwt] = 0. (3.58)
n

n=1
Not to have a secular term in u; requires that

8
biA—=0. 3.59
ap + by i ( )

If the first-order approximation is enough, then, setting p = 1 in Egs. 3.50 and
3.51, we have

1 =b (3.60)
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0=0w’+a. (3.61)
From Egs. 3.59-3.61, we obtain

A A
o=/ 2 2.6667\/:. (3.62)
3n i

The obtained frequency, Eq. 3.62, is valid for the whole solution domain,
0 < A < 0. The accuracy of frequency can be improved if we continue the
solution procedure to a higher order; however, the amplitude obtained by this
method is an asymptotic series, not a convergent one. For conservative oscillator

W+ fwu=0, fu)>0 (3.63)

where f(u) is a nonlinear function of u, we always use the zero-order approximate

solution. Thus, we have
8A
H=A i —. 3.64
u(r) cos( ”377:) ( )

Example 3.3

3.2.5 Governing Equation

Considering the mechanical system shown in Fig. 3.4, we determine that there is a
mass m grounded by linear and nonlinear springs in series. In this figure, the
stiffness coefficient of the first linear spring is k;; the coefficients associated with
the linear and nonlinear portions of spring force in the second spring with cubic
nonlinear characteristic are called k, and ks, respectively, by definition e&:

k3
£=—, 3.65
A (3.69)
The case of k3 > 0 corresponds to a hardening spring, while k3 < 0 indicates a
softening one. x and y are absolute displacements of the connection point of the
two springs and the mass m, respectively. Two new variables have been introduced

as follows:

Fig. 3.4 Geometry of the X Yy
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u=y-—x, r==x. (3.66)

The following governing equations have been obtained by Telli and Kopmaz
(2006):

d*u du\?

2 2 3y
(1+38nu)m+68nu<a> + oj(u+euw’)=0, (3.67)
r=x=¢(l+euP)u, y=(1+E+Eeu’)u, (3.68)

ko ¢ ’ ky
=2 = =" 3.69
T TTTrEe T m+o) (369)
and the initial conditions are
d

u(0) = 1, dlt‘(()):o. (3.70)

3.2.6 HPEM for Solving Problem

According to the HPEM, Eq. 3.67 can be rewritten as (Kimiaeifar et al. 2010):

d*u d*u du\>
dt2+w%u+£<3nu2dt2+6nu<dt> +oguw’ | =0. (3.71)
And initial conditions are
d
u(0) = 1, cTL; (0) = 0. (3.72)

The form of solution and the constant one in Eq. 3.71 can be expanded as
u(t) = uo() + euy () + up(r) + -+ (3.73)
wy = +eby + &by + - - (3.74)

Substituting Eqgs. 3.72-3.74 into Eq. 3.71 and processing as the standard per-
turbation method, we have

d2
TL;O +0tup =0, up(0) =4,

The solution of Eq. 3.75 is

duo

5 =0 (3.75)

uo(t) = Acos(wt). (3.76)
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Substituting xy(¢) from the above equation into Eq. 3.76 results in

duy (t
Z;z( ) + @?uy (t) + biAcos(mwt) — 312> cos® (w 1) + wii® cos® (wt) (3.77)
+ 6523 cos(w 1) sin®(w 1) = 0.
But considering Eq. 3.74 and assuming two first terms, we have
2 _ 2
by =209 (3.78)
€
On the basis of trigonometric functions properties, we have
cos’(wt) = 1/4cos(3wt) + 3/4cos(wt). (3.79)

Substituting Eq. 3.79 into Eq. 3.77 and eliminating the secular term leads to
b ) é 243 _é 3.2
1A +4w()), k 4112 - =0. (3.80)

Substituting Eq. 3.79 into Eq. 3.80, two roots of this particular equation can be
obtained as

wor/ (B3nie + 4)(4 + 3)7%)
== \/ 5 . (3.81)
3nite+4
Replacing o from Eq. 3.81 into Eq. 3.77 yields
o0/ (Bnie +4)(4 + 37%)
u(t) = up(t) = Acos t (3.82)

3nile+ 4

3.3 Differential Transformation Method
3.3.1 Introduction

The differential transform method (DTM) is an analytic method for solving dif-
ferential equations. The concept of a differential transform was first introduced by
Zhou in 1986. Its main application therein is to solve both linear and nonlinear
initial value problems in electric circuit analysis. This method constructs an
analytical solution in the form of a polynomial. It is different from the traditional
higher order Taylor series method. The Taylor series method is computationally
expensive for large orders. The DTM is an alternative procedure for obtaining an
analytic Taylor series solution of the differential equations. By using DTM, we get
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a series solution—in practice, a truncated series solution. The series often coin-
cides with the Taylor expansion of the true solution at point x = 0, in the initial
value case.

Such a procedure changes the actual problem to make it tractable by conven-
tional methods. In short, the physical problem is transformed into a purely
mathematical one for which a solution is readily available. Our concern in this
work is the derivation of approximate analytical oscillatory solutions for the
nonlinear oscillator equation (Hassan 2002; Momani 2008):

Y'(6) +ey(t) = ef (1), (1), ¥(0) =a, y(0)=b, (3.83)

where c is a positive real number and ¢ is a parameter (not necessarily small). We
assume that the function f(y(z),y'(r)) is an arbitrary nonlinear function of its
arguments. The modified DTM will be employed in a straightforward manner
without any need for linearization or smallness assumptions.

3.3.2 Differential Transformation Method

This technique, the given differential equation, and related boundary conditions are
transformed into a recurrence equation that finally leads to the solution of a system
of algebraic equations as coefficients of a power series. This method is useful for
obtaining exact and approximate solutions of linear and nonlinear differential
equations. There is no need for linearization or perturbations; large computational
work and round-off errors are avoided. It has been used to solve effectively, easily,
and accurately a large class of linear and nonlinear problems with approximations.
The method is well addressed in Ayaz (2004), Hassan (2004) and Liu and Song
(2007). The basic definitions of differential transformation are introduced as
follows:

Definition 3.1 If f(¢) is analytic in the time domain 7', then it will be differentiated

continuously with respect to time #:

d¥ (1)
drx

For t = t;, ¢(t,k) = ¢(t;, k), where k belongs to the set of nonnegative integers,
denoted as the K-domain. Therefore, Eq. 3.84 can be rewritten as

df (t)]
drk

¢(t7k) =

Vv, eT. (3.84)

. Vi€K, (3.85)

t=t;

FK) = (1, k) = [

where F(k) is called the spectrum of f(¢) at ¢t = f; in the K-domain.

Definition 3.2 If f(¢) can be represented by the Taylor series, then it can be
indicated as
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0 = 2 [(z AL /k!] F(k). (3.86)

Equation 3.86 is called the inverse transform of F(k). With the symbol D
denoting the differential transformation process, and upon combining Egs. 3.85
and 3.86, we obtain

- f: {(; — t,»)k/k!} F(k) = D™ 'F(k).

k=0

Using the differential transformation, a differential equation in the domain of
interest can be transformed into an algebraic equation in the K-domain, and f(r)
can be obtained by the finite—term Taylor series expansion plus a remainder such
as

) = XN: [(r AL /k!} F(k) + Ry (1).
k=0

The fundamental mathematical operations performed by DTM are listed in
Table 3.1.

In addition to the above operations, the following theorem, which can be
deduced from Eqgs. 3.85 and 3.86, is given below:

Theorem 3.1 If f(x) = g1(x)g2(x) - - - m—1(X)gm(x), then

ko

k3
Z Z ZZGI k)Galke = ki) Goilhuy = ki) o)

kn—1=0 k, 2=0 =0k;=
Gu(k — ky—1).

Table 3.1 The fundamental

operations of the differential Time function Transformed function
trznsform method w(t) = ou(r) £ pv(r) W(k) = aU(k) £ BV (k)
w(t) = d"u(r)/d" W(k) =S Uk 4 m)
w(t) = (t) (1 W (k) = leo U(l)Vik—1)
w(t) = , ifk=m
w(t) = exp(t) W(k) = 1/k!
w(t) = sin(wt + o) W(k) = (o* /k!) sin(kn/2 + o)

w(t) = cos(wt + o) W(k) = w‘/k' s(km/2 + o)
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The series solution (3.8) does not exhibit the periodic behavior that is char-
acteristic of oscillator equations. It converges rapidly only in a small region; in
the wide region, they may have very slow convergence rates, and then their
truncations yield inaccurate results. In the modified DTM of Shaher Momani, we
apply a Laplace transform to the series obtained by DTM, then convert the
transformed series into a meromorphic function by forming its Padé approximants,
and then invert the approximant to obtain an analytic solution, which may be
periodic or a better approximation solution than the DTM truncated series solu-
tion (Momani 2008).

3.3.3 Padé Approximations

A Padé approximant is the ratio of two polynomials constructed from the coeffi-
cients of the Taylor’s series expansion of a function y(x). The [L/M] Padé
approximations of a function y(x) are given by Baker in 1975 as

PL(.X)
Oum(x)

where Pp(x) is a polynomial of degree at most L and Qy(x) is a polynomial of
degree at most M. The formal power series are

L/M] = (3.88)

yx) =D ax, (3.89)

Pr(x) +M+1
y(x) — = Ot , 3.90
()= gorg = 06 (3.90)
which determine the coefficients of P (x) and Qu(x) by the equation.Since we can
clearly multiply the numerator and denominator by a constant and leave [L/M]
unchanged, we impose the normalization condition

0y(0) = 1.0. (3.91)

Finally, we require that P7(x) and Oy (x) have no common factors. If we write
the coefficient of Pr(x) and QO (x) as

(3.92)

PL(x) = po + p1x + pax® + -+ - Prxt
Ou(x) =qo+qix+ Gox® + - g™

then, by Egs. 3.91 and 3.92, we may multiply Eq. 3.90 by Qp(x), which linearizes
the coefficient equations. We can write out Eq. 3.90 in more detail as
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arv1 +argr + - ap—ypiqu = 0,

a2 +apv1q1 + - ap—yv2qu = 0,

(3.93)
apm +apm-191 + - -apgy =0,
a, = po,
ap + apq, = pi1,
a +aiq1 +aoqz> = pi, ) (3.94)

ap+ar—1q1 +---+aoqr = pL

To solve these equations, we start with Eq. 3.93, which is a set of linear
equations for all unknown gs. Once the gs are known, Eq. 3.94 gives an explicit
formula for the unknown ps, which completes the solution. If Egs. 3.93 and 3.94
are nonsingular, then we can solve them directly and obtain Eq. 3.95 (Baker 1975),
where Eq. 3.95 holds, and if the lower index on a sum exceeds the upper, the sum
is replaced by zero:

arp—m+1 ar-m+2 ce. ar+1
det
ar arti e ar+m
L J L J L Jj
{L} _ Dim GmX D iy X! ) agx (3.95)
M ap-m+1 Ar-m+2 ... ALyl
det
ap, ar+1 cee diym
M M=t 1

To obtain diagonal Padé approximants of different order, such as [2/2], [4/4], or
[6/6], we can use the symbolic calculus software, MATHEMATICA.

3.3.4 Application

Example 3.4
In this example, the DTM is used to solve subharmonic resonances of nonlinear
oscillation systems with parametric excitations, governed by Hassan (2002)

d?x(1)
dr?

+ (1 — ecos(pr)) (Jx(t) + Bx(6)’) =0 x(0) = A, x(0) =0,  (3.96)
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where ¢, ¢, f§, /. are known as physical parameters.

A comparison of the present results with those yielded by the established
Runge—Kutta method confirms the accuracy of the proposed method.

Applying the DTM to Eq. 3.96 with respect to ¢ gives (Hassan 2002)

(k + 2)(k + 1)Xk+2 + AXy — Je (Z Xk1¢+> (Z Xi— l(Z X P p))

1=0

_ﬁ,g(:()(kll)!((,)w cos(l _z)n))@x,,,(g; >>>_0.

(3.97)

Suppose that Xy and X; are apparent from boundary conditions. By solving
Eq. 3.97 with respect to X;.», we will have

1 1, 1, 1
X, = EBsXS — 5 X0+ 5 26Xo — Eﬁxg, (3.98)

1 1 1 1
X = ——JX| + - eX) + - JeX -
3 6 1—&-6/1? 1+6 g 0(/)cos(2n>,

3.99
1 , 1 1 5 1 ) ( )
_Eﬁxlxo —1—8[38(]5005 57 XO+§ﬁ8X1XO7
1 3, 10 3
X4 = — g/lﬁf'xo ﬁ/h X() ——) FX() + = )LﬁX
(3.100)

1 1
+ 8;4382)(3 + ﬁ 276 Xo + E AeX1¢ cos (E n) 4

9

X5 = — feX;
ﬁ IR

X4ﬁ2X1 +

1
22y Lo L
1202 & X ) eX) } 8X0¢cos<2n>

3 1
Lo L e — JeX
+120 1—}—120/18 0 cos(2 >+40A8 1 ¢? cos(m) +

(3.101)

The above process is continuous. Substituting Egs. 3.98-3.101 into the main
equation on the basis of DTM, the closed form of the solutions can be obtained:

1 1 1
x(t) =Xo + tX; + = <ﬁ8X3 Z;LXOJFE;LsxO—EﬁXg)

£ 1. 1 1
+ 3 (—gﬂxl +6}v8X1 —l-gAond) cos (571) - EﬁXng

1 1 1
+6,83¢cos(5n)xg +§,86X1X§) SEEEE (3.102)
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In this stage, in order to achieve higher accuracy, we use a subdomain tech-
nique; that is, the domain of ¢ should be divided into some adequate intervals. The
values at the end of each interval will be the initial values of the next one. For
example, at the first subdomain, it is assumed that the distance of each interval is
0.2. For the first interval, 0 — 0.2, boundary conditions are the ones given in
Eq. 3.96 at point t = 0. By exerting a transformation, we will have

Xo = A. (3.103)
And the other boundary conditions are considered as
X; =0. (3.104)

As was mentioned above, for the next interval, 0.2 — 0.4, new boundary
conditions are

Xo = x(0.2). (3.105)
The next boundary condition is considered as

dx
X = ; (0.2). (3.106)

For this interval function, x(¢) is represented by power series whose center is
located at 0.2, which means that in this power series ¢ converts to(r — 0.2).

In order to verify the effectiveness of the proposed DTM, by using the Maple
10, package, the fourth-order Runge—Kutta as a numerical method is used to
compute the displacement response of the nonlinear oscillator for a set of initial
amplitudes and different physical parameters. These results are then compared
with the DTM corresponding to the same set of amplitudes.
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Fig. 3.5 The comparison between the differential transformation method (DTM) and numerical
solutions (NS) of x[m] to 7[s], foraA =3,1=3,=2,6=00l, ¢ =10andbA =4, 1 =2,
f=2=001 ¢=10
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The results for the different methods of DTM and Runge—Kutta are compared in
Fig. 3.5.
Example 3.5

In order to assess the advantages and the accuracy of the modified DTM for
solving nonlinear oscillatory systems, we have applied the method to a variety of
initial-value problems arising in nonlinear dynamics. All the results are calculated
by using Mathematica.

Consider the Van der Pol equation,

Y'(0) +y() =e[1 =y 0]y (1),  »(0)=0, y(0)=2, (3.107)
With respect to the initial conditions, we have
y(0) =0, y(0)=2. (3.108)

Taking the differential transform of both sides of Eq. 3.107, we obtain the
recurrence relation

1
Yk+2) = 5T

c<(k+ Y(k+2)— zk:ik ky+1)Y )(kzkl)Y(kk2+l)>Y(k):|.

k=0 k;=0

(3.109)
The initial conditions given in Eq. 3.109 can be transformed at 7y = 0 as
Y(0)=0, Y(1)=2. (3.110)

By using Egs. 3.109, 3.110, and 3.107, the solution of the following series is
obtained:

£ P 7 544 9115 4118
HN=2t—=+——= |+l ——+—"— 3.111
¥t) ( 3t 7!> H( 6 360 1008) * (3.111)

This series does not exhibit the periodic behavior that is characteristic of the
oscillatory system (3.107 and 3.108). Comparison of the approximate solution
(3.111) for ¢ = 0.3 and the solution obtained by the fourth-order Runge—Kutta
method in Fig. 3.6 shows that it converges in a small region but yields a wrong
solution in a wider region. In order to improve the accuracy of the differential
transform solution (3.111), we implement the modified DTM as follows.

Applying the Laplace transform to the series solution (3.111), yields

Lly(7)] 2<12—14+1—1> +s(2—20+m—1640) +.o (3.112)

s2 st 56 8 s §7 s9
For simplicity, let s = 1/¢; then

Ly()] =2( —* + 1 — %) + ¢(2£ — 20 + 18277 — 1640£°) +--- (3.113)
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Fig. 3.6 Plots of
displacement y versus time t: 2
Runge—Kutta method, (—);
Eq 38, (— —) 1
2o
>
e |
-2
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t
The [4/4] Padé approximation for the terms containing ¢°, ¢!, ... separately
gives

4 2 23
- =2 + ¢ .
4 1+ 7 1+ 102 + 94

Recalling r = 1/s, we obtain [4/4] in terms of s as

4 _, 1 e 2s
4 7 T\s2+1 s +10s2+9/)°

By using the inverse Laplace transform to the [4/4] Padé approximation, we
obtain the modified approximate solution

y(t) = 2sin(t) + e cos(r) sin* (7). (3.114)

3.4 Adomian’s Decomposition Method
3.4.1 Basic Idea of Adomian’s Decomposition Method

The Adomian decomposition method (ADM) is a nonnumerical method for
solving nonlinear differential equations, both ordinary and partial. The general
direction of this work is toward a unified theory for partial differential equations
(PDESs). The method was developed by George Adomian, chair of the Center for
Applied Mathematics at the University of Georgia, in 1984. This method is a
semianalytical method.

The ADM had been represented by Adomian (1994a, b, 1992). This method is a
semianalytical method and has been modified by Wazwaz (1999a, b, 2001) and,
more recently, by Luo (2005) and Zhang et al. (2006). This method is useful for
obtaining closed form or numerical approximation for a wide class of stochastic
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and deterministic problems in science and engineering. These problems involve
algebraic, linear or nonlinear ordinary or partial differential equations, and integro-
differential, integral, and differential delay equations.

Let us discuss a brief outline of the ADM. For this, we consider a general
nonlinear equation in the form

Lu+Ru+Nu=g (3.115)

where L is the highest order derivative that is assumed to be easily invertible, R is
the linear differential operator of less order than L, Nu presents the nonlinear terms,
and g is the source term. Applying the inverse operator L' to both sides of
Eq. 3.115 and using the given conditions, we obtain

u=f(x) — L7 (Ru) — L™"(Nu) (3.116)

where the function f(x) represents the terms arising from integration of the source
term g(x), using given conditions. For nonlinear differential equations, the non-
linear operator Nu = F(u) is represented by an infinite series of the so-called
Adomian polynomials as

ﬂ@:ii%. (3.117)

m=0

The polynomials A,, are generated for all kinds of nonlinearity so that Ay
depends only on u, A;depends on 1 and u;, and so on. The Adomian polynomials
introduced above show that the sum of subscripts of the components of u for each
term of A,, is equal to n.

The Adomian method defines the solution u(x) by the series

U= . (3.118)
m=0
In the case of F(u), the infinite series is a Taylor expansion about uy,

(u—up)
|

(u— uo)2
2! +

F(u) = F(up) + F'(uo) (u — uo) + F" (up) 30

+ Fl//(uo)
(3.119)

Rewriting Eq. 3.118 as u —uy = u; + up +u3z + ---, substituting it into
Eq. 3.119, and then equating two expressions for F(«) found in Egs. 3.119 and
3.117 define formulas for the Adomian polynomials in the form of

Flu)=A +Ay+ -+

2
:FWQ+FWQWVHQ+~)+F%m¢ﬂig%t;L+~~(3H®
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By equating terms in Eq. 3.120, the first few Adomian’s polynomials Ag, A1,
A,, As, and A4 are given by:

A() :F(u()), (3121)
A1 = MIF/(I/L()), (3122)
1
Ay = uyF'(up) + Eu%F”(uo), (3.123)
1
Az = u3F'(ug) + uyur F" (up) + §ui’F’"(uo), (3.124)

1 1 1 .
Ag = ugF' (up) + (EM% + u1u3>F"(uo) + Eu%ugF’"(uo) + EM?F(W)(M()).

(3.125)

Since A,, is known now, Eq. 3.117 can be substituted into Eq. 3.116 to specify
the terms in the expansion for the solution of Eq. 3.125.

3.4.2 Application

Example 3.6

3.4.2.1 Introduction

The aim of this example is to employ ADM to obtain the exact solutions for linear
and nonlinear Schrodinger equations, which occur in various areas of physics,
including nonlinear optics, plasma physics, superconductivity, and quantum
mechanics (Sadighi and Ganji 2008a).

We consider the linear Schrodinger equation:

w + it = 0, u(x,0) =f(x), #=—1
and the nonlinear Schrodinger equation
it + e+’ = 0, u(x,0) = f(x), £ = —1

where 7 is a constant and u(x, 7) is a complex function.
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3.4.2.2 Analysis of the ADM

To illustrate the basic concepts of ADM for solving the linear Schrédinger
equation, first we rewrite it in the following operator form (Sadighi and Ganji
2008a):

Liu(x,t) + iLyu(x,1) =0
where the notations are

d o’
Lt —a andLXX—@.

Assuming that L, is invertible, then the inverse operator L, ! is given by

t

L :/(.)dr.

0

Operating with the inverse operator on both sides of equation
Liu(x,t) + iLyu(x, ) = 0, we obtain

u(x, 1) = u(x,0) — il " (Lyu(x,1)).
The Adomian method defines the solution u(x,?) by the decomposition series
u(x, t) = z:un(x7 1).
n=0

Substituting the previous decomposition series into u(x,?) yields

i uy(x,1) = u(x,0) — iL;1 (Lxx (i Uy (x, t)) ) .

n=0 n=0
To determine the components of u,(x,t), the Adomian decomposition method
uses the recursive relation
u0<x, t) = u(xv 0)7
-1
Up1(x,1) = —iL, " (Lygtty (x,1)).
With this relation, the components of u,(x, ) are easily obtained. This leads to
the solution in a series form. The solution in a closed form follows immediately if
an exact solution exists.

Proceeding as before, for solving the nonlinear Schrodinger equation by using
ADM, we rewrite it in the operator form

iLau(x, 1) + Lou(x, 1) + yu(x, 1)*u(x, 1) = 0.
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By using the inverse operators, we can write
iu(x, 1) = iu(x,0) — L~ (Lutt(x, 1)) — L (yu(x, a(x, z)) —0.

Substituting u(x,7) = Y7, u,(x,7) into the previous equation yields

iiun(x7 1) = iu(x,0) — L <LXX iun(x, t)) — 9L ' (A,) = 0.
n=0 n=0

Using the recursive relation to determine the components of u,(x, ), we obtain
. -1 -1
uo(x, 1) = u(x,0), ittyy1(x,1) = =L, (Lt (x,1)) — L, Ay,
where A, are Adomian’s polynomials and can be obtained as
Ay = Ltgljl(),
Ay = 2uouig + M(z)ftl,
Ay = 2uguniy + u%ﬁ() + 2uogu iy + u%ljlz,

_ 2_ _ 2 _ _
Az = 2ugusitg + uyiy + 2uyusidy + ugiis + 2uguztiy + 2uolt ;.

3.4.2.3 Case 1

Consider the linear Schrodinger equation
U + iy =0
subjected to the initial condition
u(x,0) = 1+ 2cosh(2x).

Considering the given initial condition, we can assume ug(x,y) = 1 4 cosh(2x)
as an initial approximation. Next, we use the recursive relation to obtain the rest of
the components of u,(x,y) :

uy (x,1) = —iL; " (Ltto(x, 1)) = —4it cosh(2x),

. \2
ws(x, 1) = —iL (Lt (x, 1)) = (4;!) cosh(2x),
(4ir)” cosh(2x).

u3(X, t) = —iL;l(Lmuz(x7 t)) —

Similarly, the remaining components can be found. The solution in a series
form is given by
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4 (4in? . .
u(x,t) = 1 + cosh(2x) (1 —4it + % - (;7') + :) = 1 + cosh(2x)e ",

So the exact solution is

u(x,t) = 1 4 cosh(2x)e 4",

3.4.2.4 Case 2

We then consider the linear Schrodinger equation
Uy + iy, =0
subjected to the initial condition
u(x,0) = &,

Considering u(x,0) = ¢**, we can assume uy(x,y) = ¢** as an initial approx-
imation. Next, we use the recursive relation to obtain the rest of the components of
(X, Y).

uy (x,1) = il (Lytto(x, 1)) = 9ite™™,

9ir)* .
(6, 1) = L (Lts (3, 1)) = ;) &,
. 9ir)® .

5.0) = il (Laaa(w,1)) = O

Similarly, the remaining components can be found. The solution in a series
form is given by

N2 N3
i t 1 .
u(x,t) = Pl (1 +9il+%+%+ .. > — Bilxt3n).

So the exact solution is

u(x, y) _ eSi(x+3t) )

This solution is the same as that of ADM.

3.4.2.5 Case 3

We now consider the nonlinear Schrédinger equation

i + e + 2|u|2u =0
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subjected to the initial condition
u(x,0) = ™.

Considering the given initial condition, we can assume ug(x,y) = ¢™ as an
initial approximation. We next use the recursive relation to obtain the rest of the
components of u,(x,y).

i (x,1) = il (Loto(x, 1)) + iyL; 'Ag = ite™,

N2
t .
up(x, 1) = il (Lt (x, 1)) + iyL, 'Ay = %e”‘,

23
173 ;
uz(x,1) = il (Lugua (x, 1)) + iyL, ' Ay = %e’x.

Similarly, the remaining components can be found. The solution in a series
form is given by

. \2 .n3
i t t .
u(x, 1) =e’x<1 +it+%+%+..,> — il

Therefore, the exact solution in closed form will be
u(x,t) = &t

which is the same as that obtained by ADM.

3.4.2.6 Case 4

Finally, we consider the nonlinear Schrodinger equation
ity + ey — 2|ul*u =0,
subjected to the initial condition
u(x,0) = e™.
Proceeding as before with the initial conditions, in the upper equation, gives

: 3ir)>  (3ir)’ A

Therefore, the exact solution in closed form will be
u(x, 1) = 3,

which is the same as that of ADM.
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3.5 He’s Amplitude-Frequency Formulation
3.5.1 Introduction

He’s amplitude—frequency formulation (HAFF), derived on the basis of an ancient
Chinese mathematical method, is an effective method for treating nonlinear
oscillators and is applied to obtain the amplitude—frequency relationship. This
method was used by He in 2004.

This method considers the general nonlinear oscillators

W () + £ (u(t), (), u (1)) = 0. (3.126)

Oscillation systems contain two important physical parameters—that is, the
frequency w and the amplitude of oscillation, A. Therefore, let us consider initial
conditions

u(0) =A, u'(0) = 0.

According to HAFF, we choose two trial functions, u; = Acost and
uy = Acos wt.

Substituting u#; and wupinto Eq. 3.126, we obtain the following residuals,
respectively:

Ry = (t) + f (ur (1), ) (1), uf (1)) (3.127)
and
Ry = (1) + f (ua(2), s (1), 5 (1)) (3.128)

If, by chance, u; or u, is chosen to be the exact solution, then the residual,
Egs. 3.127 or 3.128, vanishes completely. In order to use HAFF, we set

Ry = R, COS(I) dt,T) = 2= (3129)

Sl e
O\H:’

and,

L))

4
4 2
Ry = E/Rz COS((D[) dl, T, = ETE (3130)
0

Applying HAFF, we have

2 2
2 w1R22 — w2R11

, (3.131)
Ry — Ry
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where
o =1,m; =o. (3.132)

Finally, we solve this integral to determine both & and w:

u(t) = Acos wt, (3.133)
T/4
/ (*u(t) 4+ f(u(t))) x cos wrdt = 0, (3.134)
0
T = % (3.135)

3.5.2 Applications

In order to assess the advantages and the accuracy of HAFF, we will consider the
following examples:
Example 3.7

Consider a nonlinear oscillator governed by

' +u=euu

with initial condition

where

Fu(e), 0 (1),u” (1)) = u(r) — eu(D)u(r).

According to HAFF, we choose two trial functions u#; =Acost and
up, = A cos wt,where o is assumed to be the frequency of the nonlinear oscillator
upper equation. Substituting u; and u, into the previous equation, we obtain the
following residuals, respectively (Ganji 2010):

R, = —eAsin® tcost
and
Ry = —A cos(wt)w* 4 A cos(wt) — eA® sin’ (wt)w? cos(wt).

In order to use HAFF, we set
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=

1
Ry = R, COS(I) dr = —gSA3, T, =2n

S e
\»I

f=}

and

1A(A%e0’n + 4o’ — 47) 2n
8 T ’ o’

Ry = R, COS((UI) dr =

S
O\“lw‘:

Applying HAFF, we have
W @Ry — w5Ry;
Ry — Ry
where
oy =1,w; =o.
We therefore obtain

w2*74
CeAZ 47

The first-order approximate solution is obtained, which leads to

[ 1
= 1+%3A2'
1
=(1-—-e4%).
o ( 88)

This agrees with Nayfeh’s (2000) perturbation result.
In order to compare this argument with the homotopy perturbation method, we

write He’s result:
1
w=,——
1+ JeA?

Therefore, it may be concluded that the perturbation method is not reliable for
large amplitudes, whereas the method presented in this study yields reasonable
results.

For small ¢, it follows that
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Example 3.8
The next example considered here is the motion of a particle on a rotating
parabola. The governing equation of motion and initial conditions can be
expressed as (Ganji et al. 2009b)
u"(1+4¢°u?) + Pu + 4¢%uu> = 0
with the initial condition

u(0)=A, u'(0)=0.

We consider the motion of a ring of mass m sliding freely on a wire described
by the parabola z = gx?, which rotates with a constant angular velocity about the
z-axis.

According to HAFF, we choose two trial functions u; = Acost and
uy = A cos wt, where o is assumed to be the frequency of the nonlinear oscillator
of the upper equation. Substituting u; and u, into the equation of motion, we
obtain the following residuals, respectively:

Ry = —Acost(1 + 4¢*A% cos’ t) + a?Acost + 4¢°A> cos t sin® t
and
Ry = — Acos(wt)w*(1 + 4¢*A% cos*(wt))
+ o?A cos(wt) + 4¢*A* cos(wt) sin®(wt)w?.
In order to use HAFF, we set

]

4 2 1 1 1
Ry :71/131 cos(t) dt = (—4An—2A3q2n+4a2An> , Ty =2=n
0
and
n
r
4 1A(2¢2A%00? n— o 2
RzzZ—/RQCOS(O)I) dt = — = RgA’w'n+o'n an),Tzz—n.
T 2 i %)
0

Applying HAFF, we have

2 2
Wl — iRy — W3R
Ry — Ry

where

o =1, =,
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from which we therefore obtain
2
L S
24242 + 1
The first-order approximate solution is obtained, which leads to

o

\/2(Ag)* + 1 '

In order to compare with the Parameterized perturbation method, we write He’s
results:

) =

o

\/2(Ag)* +1 '

Its approximate period can be written in the form

27'[ 2
T=—1/2(A 1.
L V2(Ag)"+

In the case where gA is sufficiently small—that is, 0 < gA << 1—it follows
that

) =

2n
Tperturbation = ; (1 + quz)'

In our present study, gA needs not be small, and even in the case of gA — oo,
the present results still show high accuracy;

i T, %fgx/1+4q2A2coszt 2V2
im -2 =

lim dr = === 0.900.
e 2(Ag)* + 1

T

Therefore, for any value of gA — oo, it can be easily proved that the maximal
relative error is less than 10 % on the whole solution domain.
Example 3.9

Considering the following nonlinear oscillator (Ganji et al. 2009b) governed by

W'+ Q%u + de*u” + deur* =0
with initial condition
u(0)=A, u'(0)=0.

According to HAFF, we choose two trial functions u#; = Acost and
up, = A cos wt, where w is assumed to be the frequency of the nonlinear oscillator
of the upper equation, and then substituting u; and u, in this equation, we obtain
the following residuals, respectively:
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Ry = —Acost+ Q?Acost — 4eA3 cos’ t + 4eA cos tsin® ¢

and
Ry = —Acos(wt)w* + Q?A cos ot — 4¢A® cos® (wt)w?® + 4eA3 cos(wt) sin® (wr)w?.

In order to use HAFF, we set

il

4 2 1 1 1

R = E/Rl cos(r) dt = - <—1An +ZQZA7I - §A387'E>, T, =2n
0

and

b)

4

4 1 2
Ry = E/Rz cos(wt) dt = > (—2eA’0*n — ’n+ QPn), Tr = En
0

Applying HAFF, we have
2 _ CU%RZZ — w%R“
Ry — Riy
where
oy =1, w = o.
We therefore obtain
2
L —
26A? + 1
The first-order approximate solution is obtained, which leads to

Q
V1 + 26A2’

where the period is

T:Z—n\/1+23A2,

Q

while the exact period reads

:
4
T, :ﬁ\/l —|—48A2/ V1 — ksin? rdr,
0
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where
_ 4gA?
14 4eA?

It is evident that our result is valid for all ¢ > 0. Even in case ¢ — oo, we have

£—00

. TE.X
lim — = 0.9003.
T

For a relatively comprehensive survey on the concepts, theory, and applications
of the methods cited in this chapter, see more examples in Ganjia and Seyed
(2013a, b, 2011a, b), Momeni et al. (2011a, b), Ganji and Esmaeilpour (2010),
Fereidoon et al. (2010), Safari et al. (2009), Ganji et al. (2009a, 2010a, b, 2007),
Sadighi et al. (2008), Sadighi and Ganji (2008b, 2007), Kimiaeifar et al. (2009a).

3.5.3 Problems

Solve the following problems using presented methods in this chapter.

3.1 We consider the free oscillation of a nonlinear oscillator with quadratic and
cubic nonlinearities:

i+ o' x+a® +bx° =0, x(0)=A4, x0)=0

where a and b are constants.
3.2 Consider a family of nonlinear differential equations

F+ox+ =0, 0>0,y>0,n=1,2,3,...

with the initial conditions

The corresponding exact period 7T is

4/ do
\/oc—i— —L-A?(1 4 sin® 0 + sin* 0 + - - sm2”0)

3.3 In this problem the vibration of a mass—spring oscillator with strong qua-
dratic nonlinearity and one degree of freedom is analyzed. Both hard and soft
springs are considered.

The vibration of a one-degree-of-freedom mass—spring system is described
by differential equation

% + cx + (£) a’sign|x|(x?) = 0,
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subject to the initial conditions
X(O) = X0, X(O) = )'C().

3.3.1 Hard Spring
For the case of the hard spring, there exists only one fixed point
(x1,y1) = (0,0), which is denoted by the vanishing of the vector field
—cx — a’sign|x|(x?).

3.3.2 Soft Spring
For the soft spring and vector field —cx + a*sign|x|(x?), the following fixed
points exist:

(x1,1) = (0,0), (\x2|,y2>:(§,o).

3.4 Consider a more complex example in the form

W'+ au+ b’ + cu'® =0

with the exact one
n/2

T _ 4 / dx
“ VI+DbA2 ) V1 —ksin®x

where k = 0.5bA /(1 + bA?).
3.5 When damping is neglected, the differential equation governing the free
oscillation of the mathematical pendulum is given by

ml0 + mgsin0 = 0
or

0+ asin0 = 0.

Here m is the mass, [ the length of the pendulum, g the gravitational
acceleration, and a = g/I. The angle 0 designates the deviation from the
vertical equilibrium position.

We rewrite the equation in the form

é+9%:96f—a%?)

where Q is an unknown frequency of the periodic solution. Here, the initial
conditions are 0(0) = A, 0(0) = 0, the inputs of the starting function are
0_1 (1) = 00(t) = AcosQr and g(1,0,0,0) = Q> — a8l while the exact
period reads
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z
4 d A
Tex:_/ 74) 5 k =sin—.
\/50 1 — k2sin® ¢ 2

3.6 We consider the structure shown in Fig. 3.7. The mass m moves in the
horizontal direction only. Neglecting the weight of all but the mass, the
governing equation for the motion of m is

2
mit + (kl —Tp>u+ (k3 —l%)lf—i—--- =0,
The previous equation can be put in the general form
i+ oqu + o’ + -+ = 0.
where the spring force is given by

Fspring:klu+k3u3+"'-

3.7 In this problem, we consider a particle of mass m moving under the influence
of the central force field of magnitude k / r»*+3 . The equation of the orbit in
the polar coordinates (r, 0) is

d*u 5
— tu=—cu
de?

(b)

|

Fig. 3.7 Model for the buckling of a column

P
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where k and ¢ are constants and u = 1/r In this case, let us consider a family of
nonlinear differential equations:

W' +ou+ =0, o>0 9>0, n=1273,...,
u(0) =A, u'(0)=0.

The corresponding exact period T is

do
o+ A (1 + sin® 0 4 sin* 0 + - - - sin>" 0)

Tex =4

e \ ST
-

3.8 Consider the nonlinear equation
Y1) +y(1) = —ey* (1) (1),
subject to the initial conditions

y(0) =1, y(0)=0.

This equation can be appropriately called the “unplugged” Van der Pol
equation, and all of its solutions are expected to oscillate with decreasing

amplitude to zero.
3.9 Consider the following Duffing equation:

Y'(1) + y(1) + 0.3y (1) = 0,

3.10 The example of a nonlinear vibrating system is a nonlinear periodic system.
It can be describe by its governing motion equation as

x(t) — —dx(it(t) =0

et 4 225, (1) + [ (1) — 1.5 sin(0)] — 2sin(r) =0

for which the boundary conditions are in the form

x1(0)=0,  x(0) = 1.59929.

Guidance: With the effective initial approximation for xjo, xo9 from the
boundary conditions to the previous equation, we construct xjo(z), x20(#) as

x10(t) =sin(t),  x20(f) = 1.59929 cos(z).

3.11 The example is the initial-value problem of an ordinary nonlinear dynamic
equation. The nonlinear motion equation of this system can described as
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2 2
dd);gt) + (i’;) +x(f) —Int =0,

whose boundary conditions are in the form
x(1)=0, x(1)=1.

Hinr: With the effective initial approximation for x(0) from the boundary
conditions to the previous equation, we construct xo(#) as xo(z) = ¢ — 1.

3.12 A particle of mass m is attached to a light rigid rod of length /, which is
free to rotate in the vertical plane as shown below (see Fig. 3.8). A bead of
mass my is free to slide along the smooth rod under the action of the spring.
Show that the governing equations are

it + 0*u — u0?* + w3(1 — cos 0) = ’u,,
(14 mu®)0 + (1 + mu)w? sin 0 + 2muid = 0,

where w? =k/ m, w35 = g/l, m =my/my, u=x/l, and u, is the equilibrium
position, and then solve it.

3.13 The nonlinear parametric pendulum is described by

a0 do

et gt ¢ [1 4 hcos2(wg + &)] sin 0 = 0.

For this problem, choose wy = 1. Unless otherwise specified, use y = 0
and ¢ = 0.

The initial conditions are

Fig. 3.8 A particle of mass A
m; is attached to a light rigid 3
rod of length /, which is free
to rotate in the vertical plane
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Fig. 3.9 Inverted pendulum
balanced by a moving cart

Bsin (QF +7) l

AsinQf

3.14 The motion of a damped pendulum can be described by

2
((11_1‘20 + yi—f + w’sinf =0,
where 0 is the angle the pendulum makes with the vertical (0 = 0 is down), y
is a damping factor, and w = \/g_/l is the natural frequency of the pendulum.
3.15 Figure 3.9 shows the standard system normally used to test control algo-
rithms. It contains a cart used to balance a pendulum in the up-pointing
position against the gravitation force. The system state can be described
through two degrees of freedom—the position of the cart S and pendulum
angle 0 as observed from the rigid platform. The cart has the mass M and the
linear damping coefficient d. The pendulum has the mass m and the torsion
inertia J about its center of gravity at distance L from the loss free hinge. The
system’s reaction to perturbations is governed by a feedback control force
U="U(S, S, 0, 0) The rigid platform can be excited kinematically relative to
the fixed inertial frame.

The system’s motion is governed by the equations

5+ 2ﬁ$+oc(0cos0 —0? sinO) = u + aw’ sin ot
0— (1 — bo’* sin(wt + 7)) sin @ + §cos § = aw sin wt cos 0
3.16 For the damped pendulum equation with a forcing term,

1
x—|—kx+w%x—gw%x3 = Fcoswt.

3.17 The equation of motion in the Van der Pol plane for the forced, damped
pendulum equation is

1
x—i—kx—}—x—g)c3:l“cosa)t7 k>0
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Fig. 3.10 The cylinder rolls

X
back and forth without slip (a) : 4 (b)

: '_ 8 &
L
L7777777777 ///f%??/????????////f//

3.18 For the modal equation in a rotating coordinate system, if the x-, y-coor-
dinate system is rotating relative to a Newtonian frame with angular speed
o, the presence of Coriolis and centripetal accelerations produces the dif-
ferential equations

STTTT7777.

d’x dy oV d?y dx
2w — = — 24 20— — @y = — .
w2 Ca T T @ e YTy

3.19 The cylinder rolls back and forth without slip, as shown in Fig. 3.10.
Fig. 3.10a show that the equation of motion can be written in the form

it o[l —1(14+2) =0,

where w? = 2k/3M and [ is the free length of the spring. All lengths were made
dimensionless with respect to the radius r. Fig. 3.10b solve this problem.

3.20 The motion of a particle restrained by a linear Coulomb and square
damping is governed by

it + wfu + e(ugsgnit + piir]) =0,

where (1, 1) > 0 and ¢ < 1.
Show that

u = acos(wot + f) + O(e),

where

. 2py 4 2
= 8<nw0 + 3n,uzwoa >
and
B =o0.

3.21 Consider a two-degree-of-freedom system consisting of two concentrated
masses and two springs with a linear damper, under a harmonic excitation
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Fig. 3.11 Mechanical model pcosox

of a two-degrees-of-freedom —

oscillatory system with cubic =

nonlinearity E

m m2
kio
kia, ky
X X2

as shown in Fig. 3.11. One of the springs is linear with the stiffness coef-
ficient ko, and another one is a cubic nonlinear spring. The restoring force
is defined as

f=ki(x1 —x2) + ks (x) — x2)°.
The governing equations of the system can be expressed in the following matrix

m:
[m1 0 ] x1 n |:C1 0 ] n |:k10 + kia k12:| X1
0 m||% 0 o —ki2 ki || x

pcoswt — ks(x; — XZ)W

X

X

k3 (x; — x3)°

In the above equation, x; and x, are the displacements of the concentrated
masses m; and my, and kg, k12, k3, c, p, », t designate the coefficients of linear
stiffness, coefficient of nonlinear stiffness, coefficient of damping, excitation
amplitude, excitation frequency, and time, respectively. Solve this problem by
the present methods.
3.22 In this problem, consider large time behavior of the solutions of the linear
PDE problem

U (x,1) — (X, 1) —px (x,2) =0
u(0,1) =0
up(1,1) = —elue(1,1) + o (1,8) + ru(1,1)]

forx € (0,1),7>0a, ¢ > 0andr > 0. In this model, u(x, r) represents the
longitudinal displacement at time ¢ of the x particle of a viscoelastic spring.
This spring is attached at one end (x = 0) to a fixed wall, and it is attached
to a rigid moving body of mass 1/¢ at the other end (x = 1). The possible
spring inner viscosity or damping is represented by the parameter o > 0.
3.23 Consider the free oscillation of a suspension system, which is represented
schematically in Fig. 3.12 by two bodies of mass m; and m; linked with
each other by a nonlinear spring (k3), a linear one (k;), and a shock damper
with viscous damping (d;). Mass m, is contacting with the ground through
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Fig. 3.12 The free
oscillation of a suspension
system

E’\/\/\ /\‘/\ﬂ @)= peosvt

a linear spring (k). The free vibration without damping d; = 0 is governed
by the nonlinear equations

71 = bz + bz + bz,
%) = byz1 + bz + bz,
where it is written as
2=y =y, 22 = Y2, 0 = ki fmy, 03 = ka[my, f=ks/my, by = —i(1+ p)
by = @3, bis = —B(1 + p), bay = wip, byy = —w3, bys = P, = my/my.

3.24 Consider the forced periodic vibration of the suspension system shown in
Fig. 3.12, which is governed by the differential equation system

3 =~ (14 w)z1 + 0z — P(1 + p)z3 — {(1 + )z — peost,
= w%,uzl — CU%ZZ + ,B,uz? + Luzy + p cos vt,
where
{=di/m, p =ky(m +my)/2m;.

3.25 Consider an MEMS translational gyroscope. Focusing attention on the drive
direction and considering only rigid modes, the gyroscope’s dynamic
behavior is equivalent to that of the lumped parameter model shown in
Fig. 3.13. The equation of motion of the modal system is

m'x 4 rix + k'x + 4k3x> = F*.

Fig. 3.13 Equivalent

lumped-parameter model of 2kp 31'- ke e, 2k

the designed gyroscope while AM— A AW
moving along drive direction g m 0 m " _E
—ANN— —WW— —“fm—/

E kT 2

2kt



176 3 Considerable Analytical Methods

Since the actuation forces are in counterphase, only one vibration mode is
excited. Therefore, using the modal superposition approach, it is possible to
further simplify the two-degrees-of-freedom lumped-parameter model to a
one-degree-of-freedom modal system having the following mass and stiffness
parameter values:

m*:2m, k*:4kd+4kc+4k1, kX/L:4k37 F*:FI—FQ.

This property is useful to easily synchronize sense and drive resonances, thus
increasing the sensibility of the MEMS gyroscope.
3.26 The equation of motion is given by

M3 + kx(1 + gsgn(xx)) =0,
x(0) =a, x(0)=0,
where k is the spring constant and g is the “nonlinearity parameter.” The

“signum” function is defined as

+1 for 0 > 0
sgn(f) =< 0 0 =0.
-1 for 0 <O

3.27 We consider the system depicted in Fig. 3.14, composed of a chain of 10
strongly coupled linear oscillators (designated as the “primary system”)
with a strongly nonlinear (nonlinearizable) end attachment [designated as
the nonlinear energy sink (NES)]. The system possesses weak viscous
damping, and the mass of the NES is assumed to be small, as compared
with the overall mass of the chain. The governing equations of motion of
the system are given by:

Fig. 3.14 The chain of linear coupled oscillations (the primary system) with strongly nonlinear
end attachment (the NES)
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&b + eA(V — o) + C(v — yo)’ = 0,

Yo + eAjo + fyo — €A — Jo) — C(v = y0)* +d(yo — y1) =0,
i + ey + ody; +d(2y; — yio1 —yie1) =0, j=1,...8,

Yo + 430 + 0gye + d(yo — yg) =0,

where we introduce the small parameter ¢, 0 < & << 1 and all other
parameters are assumed to be quantities of O(1). In addition, we assume that
the system is initially at rest and that an impulse of magnitude F is applied at
t = 0 at the left boundary of the linear chain, corresponding to the following
initial conditions for the system:

v(0) =9(0) =0, y,(0)=0, p=0,...,9,
yk(o) - 07 k == 0,.. .,8, y9(0—|—) = F

3.28 We consider a nonlinear damping term with a fractional exponent covering
the gap between viscous, dry friction, and turbulent damping phenomena.
The equation of motion has the form

% + ox|x” ' 4 ox 4 ysgn(x)|x]!'= pcos o,
where x is displacement and x velocity, respectively, while the external force is
F, = —dx — psgn(x)|x[7",
3.29 We consider the stochastic dynamical system
X4 (r+ o — E(1)k +ox = —bx’,

where &(#) is a white noise with intensity D and the parameters a and b are
taken to be positive in order to have a stabilizing effect.
3.30 The quadratically-damped Mathieu equation is

X+ (0 +ecost)x + px|x| =0,

where the parameter y is assumed to be small.
Guidance: We further expand ¢ and x as follows:

x:xo+,ux1+,u2x2+,u3x3+u4x4+,u5x5+~-
5=5o+,ll51+,M252+,u353+,u454+/1555+"'

And we further introduce the parameter ¢; defined by

&= &+ uey.
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3.31 The response of a nonlinear system to harmonic excitation is governed by
the equation

Q
% 4 2cx|x| + x + fex® = cos—1,
o

where Q/wg ~ 1. Assume light damping (¢ < 1) and weak nonlinearity
(0< ¢ < 1) with

B=0(1).

3.32 The system considered in the present problem consists of a harmonically
excited 2d system of linear coupled oscillators (with identical masses) and
NES attached to it. By the term NES, we mean a small mass (relative to the
linear oscillator mass) attached via essentially a nonlinear spring (pure
cubic nonlinearity) and linear viscous damper to the linear subsystem, as
illustrated in Fig. 3.15.
As was mentioned above, masses of linear oscillators are identical and,
therefore, may be taken as unity without loss of generality (M = 1). The
system is described by the following equations:

V2 + kays + ki (y2 — y1) = eF cos(wt),
1+ kayi + k(1 — y2) + ek (1 — v)’ + eA(1 — V) = eFy cos(w1),
&+ ek, (v — y1)® + (v — 1) = 0,

where y;,y,,v are the displacements of the linear oscillators and NES,
respectively, ¢4 is the damping coefficient, and &eF;(i = 1,2) are the
amplitudes of excitation of each linear oscillator.

3.33 To show the response of a nonlinear oscillator under a harmonic excitation,
we consider the weakly nonlinear system

i+ it + ’u + pyic + oo’ + oz’ + aqut + asu’ = F cos(Qr + ),

Fig. 3.15 Mechanical model F, cos(wt) F, cos(wr)
of the system | m— |—» ¢k,

Linear Subsystem NES
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where & = du/dt, t is the time, o; are constants, p and ys are damping coeffi-
cients, F' is the excitation amplitude,  is the linear natural frequency,
Q(~ w) is the excitation frequency, and 7 is the phase angle of the exci-
tation w.r.t. the response.
3.34 Consider a nonlinear oscillator in the form

W' + lu+ e = Fycos(ot)
with the initial condition
u(0)=A, «'(0)=0
3.35 Consider the nonlinear cubic-quintic Duffing equation, which reads
W' +f(u) =0, f(u) = o+ pu’ + yu’

with the initial conditions
u(0)=A

3.36 We assume that the anchor spring is nonlinear with a force—displacement
relation (see Fig. 3.16):

f=06+d.

The second spring is assumed to be linear with characteristics f = J. The
equations of motion are given by
d’x 3 d?y
—+2x—y+x =0, —5+y—x=Fcoswt
dr? Y TR
3.37 Consider the nonlinear oscillator in Fig. 3.17.
This oscillator is very applicable in automobile design where a horizontal
motion is converted into a vertical once or vice versa.
The equation of motion and appropriate initial conditions for this case can
be given as

Fig. 3.16 Forced mass—
spring system with nonlinear

spring

Fcosat
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Fig. 3.17 Geometry of the FREE LENGTH |

-

problem M
(1 4 Ru(1)?) (
u(0) =
where
k R
mp l mp

3.38 We consider the motion of a ring of mass m sliding freely on the wire
described by the parabola y = gu?, which rotates with a constant angular
velocity 4 about the y-axis. The equation describing the motion of the ring
is

it + w’u = —dqu(uit + it?),
where w? = 2gq — 2* and the initial conditions are u(0) = A, (0) = 0.
3.39 The generalized Huxley equation
Uy — e = Pu(l — u‘s)(u‘s —v), 0<x<I1, t>0

with the initial condition

) 3
u(x,0) = E + %tanh(o yx)}

3.40 This problem considers a nonlinear oscillator with discontinuity,

&

a2 +sgn(x) =0
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with initial conditions
dx
x(0)=A and E(O) =0

and sgn(x) defined by

-1, x<0,

sgn(x) =

gn(x) +1, x>0.

3.41 Here, a system consisting of a block of mass m that hangs from a viscous
damper with coefficient ¢ and a nonlinear spring of stiffness k; and k3 is
considered. The equation of motion is given by the nonlinear differential

equation

&x(r) Ky ky ¢ dx(r)
—t+—xt)+ =) +——=> =0

dr? Jrmx()erx()+m dr ’

with the initial conditions
dxo
0)=A, —(0)=0
x0(0) =4, S2(0)

3.42 In this problem, we shall consider a system consisting of a (1+1)-dimensional
long-wave equation:

u; + uu, + v, =0,

1
v+ (vu), + 5“""" =0

with the initial conditions of u(x,0) = f(x) and v(x,0) = g(x), where v is the
elevation of the water wave and u is the surface velocity of water along the
x-direction.
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Chapter 4
Introduction of Considerable Oscillatory
Systems

In this chapter, we introduce some considerable oscillatory systems, including
Duffing’s oscillation systems, Van der Pol oscillator systems, Mathieu’s equation,
and Ince’s equation, with their applications, that are the most important ones for
analysis of dynamical and vibratory systems.

4.1 Duffing’s Oscillation Systems
4.1.1 Introduction to Duffing’s Oscillation

4.1.1.1 Introduction

The differential equation
3(t) +x(1) +eax(r)’ =0, &£>0 (4.1)

is called the Duffing oscillator, in which x and ¢ are generalized dimensionless
displacement and time variables, respectively, and o and ¢ are constant parameters
in the nonlinear Duffing oscillator.

This oscillator is a model of a structural system that includes nonlinear restoring
forces (for example, springs). It is sometimes used as an approximation for the
pendulum shown in Fig. 4.1:

0(t) + %sin 0=0. (4.2)

Expanding sin 0 = 0 — (’—63 + 0(0°) and then setting 0(r) = /& x(t), we get
8 x(1)* 2
() +2 | x(r) —e—=] =0(). (4.3)
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Fig. 4.1 Simple pendulum

3(t) +x(t) — e % = 0(&?), (4.4)

which is Eq. 4.1 considering o = — 1/6.
In order to understand the dynamics of Duffing’s Eq. 4.1, we begin by writing it
as a first-order system:

(1) =y(1), () = —x(t) — eax(r)’. (4.5)

For a given initial condition (x(0), y(0)), Eq. 4.5 specifies a trajectory in the
x—y phase plane—that is, the motion of a point in time. The integral curve along
which the point moves satisfies the differential equation

dy () _ —x(t) — exx(t)’

L=l T T 4.6
&TH) T 0 (0
Equation 4.6 may be easily integrated to give
2 2 4
t t t
¥) +x( ) + socx( ) = constant. (4.7)

2 2 4

Equation 4.7 corresponds to the physical principle of conservation of energy. In
the case of a positive o, Eq. 4.7 represents a continuum of closed curves sur-
rounding the origin, each of which represents a motion of Eq. 4.1 and is periodic in
time. In the case in which « is negative, all motions that start sufficiently close to
the origin are periodic. However, in this case, Eq. 4.5 has two additional equi-
librium points besides the origin—namely, x(r) = +1/v/—a¢, y(r) =0. The
integral curves that go through these points separate motions that are periodic from
motions that grow unbounded and are called separatrices (singular: separatrix).

If we were to numerically integrate Eq. 4.1, we would see that the period of the
periodic motions depended on which closed curve in the phase plane we were on.
This effect is typical of nonlinear vibrations and is referred to as the dependence of
period on amplitude. In the next section, we will use a perturbation method to
investigate this. Figure 4.2 shows a phase plan for Duffing’s equation at different oss.
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Fig. 4.2 Phase plan for
Duffing’s equation

®
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4.1.1.2 Solution Procedures Using Analytical Approaches

In this section, we solve Duffing’s equation using some analytical approaches.

Parameterized Perturbation Method

Parameterized perturbation method is a perturbation technique, where the coeffi-
cients in an equation are also expressed in power of the artificial parameter, which
can be used to derive the relationship between period and amplitude in Duffing’s
oscillator (Eq. 4.1).

In order to use the traditional perturbation methods, it is necessary to introduce
an artificial small parameter 5. We let

x(t) = pv(r) (4.8)
in Eq. 4.1 and obtain
p(1) 4+ 1) +aefPv(t)’ =0, v(0)=A/p v(0)=0. (4.9)

Suppose that the solution of Eq. 4.8 and the coefficient, 1, can be expressed in
the forms

V(1) = vo(t) + Bvi(t) + Boa(t) + -, (4.10)

1=+ o+ o+ (4.11)

Substituting Eqgs. 4.10 and 4.11 into Eq. 4.9 and equating the terms with the
identical powers of f§ yields the equations

o(t) + @®vo(t) =0, vo(0) =A/B, ¥o(0) =0, (4.12)
V1(1) + 0®vi (1) + ovo +oevy =0, v (0) =0, ;(0)=0. (4.13)

Considering the initial conditions v(0) = A/f and v(0) = 0, the solution of
Eq. 4.12 is
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vo(t) = %cos wt. (4.14)

Substituting the result into Eq. 4.13 can therefore be rewritten as

2 3
B1(1) + v (1) +% (m + %) cos(wr) + %COS(W) —0.  (4.15)

Avoiding the presence of secular terms requires

3o eA?
o = - (4.16)
4p
Solving Eq. 4.15, we obtain
o eA3
v1(t) = ———= (cos(3wt) — cos(wt)). 4.17
1) = 55 (Cos(301) = cos(on) (417)

If, for instance, its first-order approximation is sufficient, then we have

3

)(cos(3wt) — cos(wr)).
(4.18)

x(t) = pv(t) = B(vo(t) + Bvi(t)) = A cos wt + (%

Substituting Eq. 4.16 into Eq. 4.11, the angular frequency can be written in the
form

1
wZE\/4+3oc8A2. (4.19)

The period T = 27/w may then be written as

727r7 2n

w /1+3122A2'

T (4.20)

Variational Approach

In the present part, we repeat the variational approach of Chap. 2, which considers
a general nonlinear oscillator in the form

B(1) +f(v (1)) = 0. (4.21)

Its variational principle can be easily established using the semi-inverse method
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J(v) = 74 (—%92 + F(v))dt, (4.22)

0

where T = 27/w is the period of the nonlinear oscillator. Using Eq. 4.22 and
F(v) = [(av + Bv*) dv, we get

J(v):/ <%i}2+%av2+%ﬁv4>dt. (4.23)
0

Consider such initial conditions:
v(0) = A, v(0) =0. (4.24)
Assume that its solution can be expressed as
v(t) = A cos wt. (4.25)

Substituting Eq. 4.23 into Eq. 4.25 results in

T/4
1 1 1
JA, o) = / (— §A2w2 sin? ot + > a A% cos® wt + ZﬁA4 cos* a)t) dt
0
a2 (4.26)
1 L s h .o 1 5 2 L, 4 4
=— ——A“w"sin“t + -aA” cos“t+ - fA" cos"t |dr
w 2 2 4
0
Applying the Ritz method, we require
0J/0A =0,
0J/0w =0. (4.27)
But by a careful inspection, for most cases, we find that
0J /0w <O0. (4.28)

Thus, we modify the conditions 4.25 and 4.26 into the more simple form
0J/0A =0. (4.29)

Its variational principle can be easily established using the semi-inverse method

for the nonlinear Duffing equation (4.1), Using Eq.4.22 and F(x) =
Ik (x(t) + aocx(t)3>dx yields
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T/4
1 1 1
J(x) = / (—5562 +§x2 + ersx“) dr. (4.30)
0

Substituting Eq. 4.25 into Eq. 4.30 results in
T/4
1 1 1
JA o) = / (— §A2w2 sin® wr + EAZ cos® ot + I aeA* cos? wt) dr
0

af2 (4.31)
1 1 1 1
= —/ —~A’w?sin®t + = A% cos’t +—aeA* cos*r |dt
w 2 2 4
0
Then substituting Eq. 4.31 into Eq. 4.29 results in
/2
A
0J /oA = —/ (—o?sin® t + cos® t + 0eA® cos* f)dt = 0. (4.32)
w

0

This leads to the result

1
1) :5\/4+3oc8A2 (4.33)

Corresponding to Eq. 4.33, Eq. 4.19 showed absolutely the same result. These
results are shown where the variational approach yields an extended rather than a
lesser order than the parameterized perturbation method.

Hence, the approximate period is

T:2n/a):4n/\/4+3ocsA2. (4.34)

Therefore, the analytically approximated displacement x(¢) is gained by
substituting Eq. 4.33 into Eq. 4.24, from which we can obtain the approximate
solution

x(t) = A cos <% V443 3A2t> . (4.35)

Discussion and Results

To illustrate and verify accuracy of the variational approach and parameterized
perturbation method, a comparison with an exact solution is presented. The exact
frequency w, for a dynamic system governed by Eq. 4.1 can be derived as shown
in Eq. 4.36:
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~1
dr

we(A) =2 4/ e Ty (4.36)

We first present a derivation of w,.

The exact solution of the dynamical system can be obtained by integrating the
governing Eq. 4.1 and imposing the initial conditions x(0) = A, x(0) =0, as
follows. Equation 4.1 can be expressed as

1, 1, 1

chz—i—ixz—i—zocsx =C. (4.37)
in which C is a constant. Imposing the previous initial conditions yields
c=ta i Lypa (4.38)
2 4 ' '

Equating Eqgs. 4.37 and 4.38 yields

dx
dr = T E A (4.39)

Integrating Eq. 4.39, the period of oscillation is

dx
A) = 4/ (4.40)
| V=R A=
(
Substituting x = —A cost into Eq. 4.40 and integrating,
/2
dr
T 4.41
)= / V1 —% A2(1 + cos? 1) (4.41)

The exact frequency w, is also a function of A and can be obtained from the
period of the motion as

n/2 -1

A)=2n|4 / : (4.42)
/1 —%A%(1 +cos?1)
0

It should be noted that w, contains an integral that can only be solved
numerically, in general.

The corresponding analytical approximation results between the zero-order
variational approach and the first-order parameterized perturbation method with
exact solution are tabulated in Table 4.1 for different values of ¢ and a constant
value A = 1 and also & = —1/6 for the Duffing oscillator, where, corresponding to
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Table 4.1 Comparison of angular frequencies in Eq. 4.1 from various approximations of ana-
lytical methods with the exact solution

Constants Results

A o ¢ Exact solution Variational Parameterized Percentage
W, approach o perturbation @ error

1 —1/6 0.1 0.98766 0.99373 0.99373 0.61

1 —1/6 0.5 0.94119 0.96825 0.96825 2.80

1 —1/6 1 0.88889 0.93542 0.93542 4.98

1 —-1/6 3 0.72727 0.79058 0.79058 8.00

1 —1/6 5 0.66667 0.70710 0.70710 5.72

Eq. 4.34, these results are absolutely the same as those reported in Eq. 4.19. From
the table, the percentages of errors of the variational approach and parameterized
perturbation method are 0.61 and 2.8 % for ¢ = 0.01 and ¢ = 0.05, respectively.
Of course, the accuracy can be improved upon using higher-order approximate
solutions for approximation methods. The lower-order approximated solutions are
of a high accuracy, and the percentage of error improves significantly from lower-
order to higher-order analytical approximations for different parameters and initial
amplitudes. Hence, we conclude that we can provide excellent agreement with the
exact solutions for the nonlinear Duffing equation.

To further illustrate and verify the accuracy of these approximate analytical
approaches, a comparison of the time history oscillatory displacement responses for
anonlinear Duffing’s oscillator with the exact solution is presented in Figs. 4.3, 4.4.
The figures represent the displacement x(¢) for the undamped nonlinear Duffing’s
oscillator including nonlinear restoring forces. Apparently, it is confirmed that the
lower-order analytical approximations show excellent agreement with the exact
solution, using a Jacobin elliptic function.

4.1.2 The Forced Duffing Oscillator

4.1.2.1 Introduction

The differential equation (see Rand 2005)

2
% +x+ SC% + eax® = &F cos Pt (4.43)
is called the forced Duffing equation. It is used to model the forcing of a damped
elastic structure when the displacements are sufficiently large to make nonlinear
elastic effects significant. In contrast to the unforced Duffing equation (4.35),
Eq. 4.43 is nonautonomous; that is, time ¢ explicitly appears in the equation in the
cos wt term. The phase plane is no longer a suitable arena in which to investigate
this equation, since the vector field at a given point changes in time, allowing a
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trajectory to return to that point and intersect itself. The system may be made
autonomous, however, by increasing its dimension by 1:

dx
= 4.44
Pl (4.44)
d
o o ecy — eax’ + eF cos z. (4.45)

dt
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dz
- (4.46)

This system of three first-order ODEs is defined on a phase space with topology
R? x S, where the circle S comes from the fact that the vector field of Egs. 4.44-4.46
is 2n—periodic in z.

A convenient scheme for viewing this three-dimensional flow in two dimensions
is by way of a Poincaré map M. This map is generated by the flow’s intersection
with a surface of section ), which may be taken as > :z =0 (mod 2r). The
Poincaré map M : > — > is defined as follows: Let p be a point on ) _ and, using
it as an initial condition for the flow Eqs. 4.44-4.46, let the resulting trajectory
evolve in time until z = 27—that is, until it once again intersects >, this time at
some point g. Then M maps p to g. Note that a fixed point of the Poincaré map
corresponds to a 27 periodic motion of the flow. In the cases of Eqs. 4.44-4.46
when F = 0, we could still use this setup, even though, in that case, the system
would be autonomous and the phase plane would be more appropriate. We use the
three-dimensional space instead, in order to draw conclusions about the F' > 0 case
from the structure of the F = 0 case. Thus, when F = 0, the equilibria that would
normally lie in the x—y phase plane now become closed loops in the R? x S phase
space—that is, “periodic” orbits of period 2n. If we now allow F' to be nonzero, a
continuity argument may be expected to yield the result that each of these periodic
orbits continues to persist, giving rise to the conclusion that for each equilibrium
point of the F = 0 system, there is a 27 periodic motion of the F > 0 system, at
least for small enough F's. Such a periodic motion would be a limit cycle in the
R? x S phase space and a fixed point in the Poincaré map. The continuity argument
is called structural stability and offers conditions under which this story holds true.
The equilibria in the autonomous system must be hyperbolic; that is, the linearized
constant coefficient system valid in the neighborhood of a given equilibrium point
must have no eigenvalues with zero real part.

4.1.2.2 Two-Variable Expansion Method

In this section, we use a perturbation method to investigate the dynamics of
Eq. 4.43 for small values of ¢&. We could use averaging for this purpose, but instead
we use another method that is equivalent to first-order averaging. The idea of the
method is that the expected form of solution of many nonlinear vibration problems
involves two time scales: the time scale of the periodic motion itself and a slower
time scale that represents the approach to the periodic motion. The method pro-
poses to distinguish between these two time scales by associating a separate
independent (time-like) variable with each one. We will use the notation that &
represents stretched time wt and # represents slow time &t

E=owt, n=et (4.47)
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In order to substitute these definitions into the forced Duffing equation (4.43),
we need expressions for the first and second derivatives of x with respect to t. We
obtain these by using the chain rule:

dx  Ox dé 6xd11 % ox

had 4.4
drocdr Topdr Yo fay (4.48)
d’x ) 62x ?x ,0%
S el . 4.4
oY R g (4.49)

Substituting Eqgs. 4.48 and 4.49 into Eq. 4.43 gives the partial differential
equation

2 2 2
w22—§+ aae:a +e a—+x+8c<w2—£+8%)+8M3—3Fcosé' (4.50)

Next, we expand x and w in power series:

Substituting Eq. 4.50 into Eq. 4.51 and neglecting terms of O(¢?) gives, after
collecting terms,

62x0
652 +x0 =0, (4.52)
ale 62)6() 62x0 axo
—4x =2 — — = — ox + Fcos 4.53
o R R “ (4.53)
We take the general solution to Eq. 4.52 in the form
xo(&, 1) = A(n) cos &+ B(n) sin €. (4.54)

Note here that the constants of integration A, B are, in fact, arbitrarily a function
of slow time 5, since Eq. 4.52 is a PDE. Substituting Eq. 4.54 into Eq. 4.53 and
simplifying the resulting trig terms, we obtain an equation of the form

62
afle +x; = (--)siné+ (---) cos ¢ + nonresonant terms. (4.55)

For no resonant terms, we require the coefficients of sin & and cos ¢ to vanish,
giving the following slow flow:

dA 3
2@ + cA + 2k|B — ZLocB(A2 + B*) =0, (4.56)

dB 3
2d—" + ¢B + 2kA — ZocA(Az +B*) =F. (4.57)
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Equilibrium points of the slow flow Eqgs. 4.56 and 4.57 correspond to periodic
motions of the forced Duffing equation (4.43). To determine them, set dA/dn and
dB/dn to zero. Multiplying Eq. 4.56 by A and adding it to Eq. 4.57 multiplied by B
gives

R’c = BF, where R?=A’+B% (4.58)

Similarly, multiplying Eq. 4.56 by B and subtracting it from Eq. 4.57 multi-
plied by A gives

3
—2kiR* + 1 aR* = AF. (4.59)

Squaring Eq. 4.58 and adding it to the square of Eq. 4.59 gives

3 2
R? <c2 + (—2k1 + 4ocR2) ) = F2. (4.60)

Equation 4.60 may be solved for k;, which, with Eq. 4.51, gives the following
relation between the response amplitude R and the frequency w of the periodic
motion:

F
w:1—|—§£ocR2j:8— R——c2. (4.61)

Note that if both the forcing F and the damping c are zero, then Eq. 4.61 gives
o to be a single-valued function of R. The resulting curve, when plotted in the
o — R plane, is called a backbone curve. If ¢ = 0 but F > 0, then Eq. 4.61 gives @
to be a double-valued function of R that is valid for every R. On the other hand, if
both F > 0 and ¢ > 0, then Eq. 4.61 gives w to be a double-valued function of R,
which, however, is valid only for R<F/c.

The slow flow Egs. 4.56 and 4.57 may also be used to determine the stability of
these periodic motions (which correspond to slow flow equilibria). We do so in the
special case of zero damping. Setting ¢ = 0 in Eqgs. 4.56 and 4.57, we obtain

dA 3

— = —k;B+=aB(A* + B 4.62
4y = BTGB+ B, (4.62)
dB 3 F

—=kA-CoAA*+ B +—. 4.63
ay = ATy (A" + )+2 (4.63)

Equations 4.62 and 4.63 have equilibria at

3 F
B=0, A=+R, where k; =ZoR*F_— 4.64
, , where ki =caR"Foo, ( )
where we use the convention that R > 0. In order to determine the stability of these
equilibriums, we set B = u and A = £R + v and linearize the resulting equations
in u, v, giving:
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dv 3 du 9
— = (ZoR*—k — = —ZoR*+k |v. 4.65
5 (- ) g (g en ) (463

From Eq. 4.65, we see that the equilibrium is a center if

(2 aR? — k1> (z aR? — k1> > 0. (4.66)

If this same quantity is negative, the equilibrium is a saddle. Equation 4.66 can
be simplified by using Eq. 4.64 to eliminate k;, giving that the equilibrium is a
center if

F (3 , F

Now let’s consider each branch separately. For the upper sign, A = 4R > 0,
and condition 4.67 is satisfied so that the equilibrium is a center. For the lower

sign, A = —R <0, and condition 4.67 states that the equilibrium is a center if
3 , F
—-aR” — — <0. 4.68
4™ TR (4.68)

Equation 4.68 can be simplified by using Eq. 4.61, which, in this case, may be
written as

3 Fe
=1+ke=1+ZcoR* +—. 4.69
o=1+ke=1+geaR +-0 (4.69)
Differentiating Eq. 4.69 with respect to R, we obtain
dw 3 F
—=¢|l-aR——]. 4.70
dR 8(4 * 2R2> (4.70)
The comparison of Eq. 4.70 with Eq. 4.68 shows that the slow flow equilibrium

point corresponding to the lower sign in Eq. 4.64 will be a center if % <0 and a

saddle if 42 > 0.
If we imagine the forcing frequency w to be varied quasistatically, then as it
attains the value at which g—g = 0, a saddle-node bifurcation occurs in which the

saddle and center (which have been shown to occur for parameters that satisfy
Eq. 4.69 merge and disappear. The number of slow flow equilibria will have
changed from three to one, and a motion that was circulating around the bifur-
cating center would now find itself circulating around the other center. If the
system included some damping, ¢ > 0, the centers would become stable spirals,
and a motion that had been close to the bifurcating spiral would, after the bifur-
cation, find itself approaching the remaining spiral. This motion is known as a
jump phenomenon. Before the bifurcation, each of the stable spirals had its own
basin of attraction—that is, its own set of initial conditions, which would approach
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it as + — c0. As the bifurcation occurs, the basin of attraction of the bifurcating
spiral disappears along with the spiral itself, and a motion originally in that basin
of attraction now finds itself in the basin of attraction of the remaining spiral. If the
forcing frequency were now to reverse its course (again quasistatically), the
bifurcation would occur in reverse, and the saddle and spiral pair would be reborn,
and, with them, the basin of attraction of the spiral would reappear. However, now
the motion that was originally in the basin of attraction of the bifurcating spiral has
been relocated into the basin of attraction of the other spiral, where it remains.
When the value of w has returned to its original value, the motion in question will
have moved from one basin of attraction to the other. This process is called
hysteresis.

4.1.3 Universalization and Superposition in Duffing’s
Oscillator

Nonlinear systems do not obey the same superposition law that linear systems do.
One of the main violations of superposition in nonlinear systems is the interaction
between the free (complementary) and forced (particular) responses. Moreover,
the free and forced responses of nonlinear systems interact to varying degrees
depending on the system and operating parameters. For instance, consider the
single-degree-of-freedom (SDOF) Duffing oscillator in Fig. 4.5. The output
equation of motion that describes this system is given by (see Philips 2006)

mi + cx + kx + kx> = f(1). (4.71)

Assume that a sinusoidal excitation is used. For a particular forcing frequency
and given mass, damping, and stiffness parameters, the steady state response of
this system is sensitive to the initial conditions. Figure 4.6 shows the steady state
response of the system in Eq. 4.71 to a sinusoidal excitation with a frequency that
is slightly more than the undamped natural frequency of the underlying linear
system. Note that for different initial conditions, the steady state response
amplitude of the underlying system is invariant, whereas the response amplitude of
the nonlinear system can be different. This phenomenon is called a pitchfork
bifurcation or jump catastrophe and will be more thoroughly discussed later in the

Fig. 4.5 Single-degree-of- fl‘ (r)
freedom Duffing oscillator k >
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Fig. 4.6 Steady state response of the single-degree-of-freedom Duffing oscillator to a sinusoidal
excitation for different sets of initial conditions. Underlying linear system response, (---);
nonlinear system response, (—)

course. The important point is that the steady state response of the nonlinear
system depends on the initial conditions and other parameters as well.

Although nonlinear systems do not obey the principle of superposition in the
traditional sense, they do obey their own kind of nonlinear superposition principle.
In fact, for a given simulated or measured set of inputs and outputs, “superposi-
tion” holds so long as the external inputs and the internal feedback forces due to
the nonlinearities are combined to form the total external input to the underlying
linear system:

Total force = External force + Nonlinear internal force . (4.72)

This nonlinear superposition principle is tantamount to a simple feedback loop
between the external inputs and the system outputs (Fig. 4.7). For example, the
equation for the SDOF Duffing oscillator in Eq. 4.71 can be rewritten as follows to
directly account for the superposition of the external and nonlinear internal forces:

mi + cx + kx = f(t) — kyx® = f(t) — f(1). (4.73)

The output equation of motion for the Duffing oscillator was given in Eq. 4.71,
which is rewritten below for reference:
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Fig. 4.7 Superposition of @ . x@)
external inputs and internal [MUx}+[CHx}+[E)x}={F )} >
forces due to nonlinearities =
3§
Sa® HNonlinear Feedback
g, x,%)

mx + cx + kx — f,,(x) = f(¢)

4.74
mx + cx + kx + ak,x® = f(1). (4.74)

The parameters associated with the underlying linear system are the mass m,
viscous damping ¢, and stiffness k, o and k, are associated with the nonlinear
stiffness characteristic. When o is positive (o = 1), the system is said to exhibit
hardening stiffness. For negative a(a = —1), the system exhibits softening stiff-
ness. This terminology can be better understood by rewriting Eq. 4.74 in a slightly
different form as follows:

m¥ + cx + kx + kx> = f(t)
mi + ci + (k 4 ak,x*)x = f(t) (4.75)
mi(t) + cx(t) + (k + n(x))x(r) = f(1),

in which k + n(x) is the nonlinear stiffness associated with a unit displacement in
x(t). Plots of both kx + f,(x) and k + n(x) are shown in the top and bottom of
Fig. 4.8 for positive, negative, and zero o with k = 2N/m and k, = 1 N/m. Note
that the stiffness for the linear system (—) is constant, whereas the hardening and
softening stiffnesses for nonlinear systems vary with amplitude.

4.1.3.1 Unforced (Homogeneous)

The free vibration characteristics of the Duffing oscillator in Eq. 4.74 can be very
different from those of the underlying linear system (o = 0). One feature of the
free vibration response of this system is illustrated in Fig. 4.9. It was demonstrated
there that higher harmonics are created in the response due to internal feedback, as
in Fig. 4.7.

A second feature of the free vibration response of nonlinear systems, frequency
modulation, was illustrated in conjunction with Fig. 4.8. There, it was demon-
strated that the restoring force in a simple pendulum is tantamount to a softening
stiffness and that the natural frequency of oscillation decreased with increasing
amplitude. In contrast, consider the system in Eq. 4.74 with « =1 (hardening
stiffness) and f(r) = ON:

mi 4 cx + kx + k,x® = 0. (4.76)
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Figure 4.9 shows the free vibration response to the initial conditions, x(0) =
I m and x(0) = O0m/s. The time history indicates that the frequency of oscillation
is large for large amplitudes and small for small amplitudes, which reflects the
hardening stiffness nonlinearity in the system. Note that the frequency spectrum of
the response history (bottom) extends across a frequency range from 1 to 12 Hz. It
is also clear from the spectrum that larger frequencies correspond to larger
amplitude oscillations. This is consistent with the free decay and frequency
variations in the time history.

4.1.3.2 Forced (Nonhomogeneous)

The forced Duffing oscillator with hardening stiffness, mx + cx + kx + kx> =
focos(wot), can respond in many different ways depending on the size of the
nonlinear internal force, k,x>, relative to sizes of the internal linear forces and the
amplitudes of the excitation and the response. This idea will be discussed later in
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Fig. 4.9 Top free (complementary) response of system in Eq. 4.76 to x(0) = 1 m and x(0) =
O0m/s initial condition. Botfom magnitude of FFT spectrum (fourier series coefficient)

the course in conjunction with perturbation and other methods of solving for the
responses of nonlinear systems.

For now, consider the variation in the steady state response of this system with
m = 1kg, c =0.5(N.s)/m, k= 10N/m, k, = 100N/m?, and fy = 1N to a slowly
swept sinusoidal excitation (chirp). The time history and frequency spectrum of
the excitation are shown in the top left and right of Fig. 4.10. The slow chirp varies
in frequency from 2 rad/s to 6 rad/s. The responses of the underlying linear system
(ks =O0N/m?) and the nonlinear system (k, = 100N/m?®) are shown in the
middle-left and bottom-left plots. Note that the linear system response passes
through the resonance condition smoothly, as expected. The frequency content of
the linear response is shown in the middle-right plot, which also indicates that the
transition is smooth through resonance.

In contrast, the nonlinear system steady state response amplitude increases until
the excitation frequency is approximately 5 rad/s and then becomes unstable and
suddenly transitions to a lower steady state amplitude. When the higher amplitude
response becomes unstable, the system jumps to the lower response amplitude and
resumes a stable steady response.
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Fig. 4.10 Top-left, right slow swept sine (chirp) excitation and spectrum. Middle—left, right
linear response and spectrum. Bottom—left, right nonlinear response and spectrum for Duffing
oscillator with hardening stiffness showing jump bifurcation near 5 rad/s

4.2 The Van der Pol Oscillator Systems

4.2.1 The Unforced Van der Pol Oscillator

The following differential equation,

d*x dx
et x—g(l =) — =
+x—¢ x)dt

dr?
is called the Van der Pol oscillator. It is a model of a nonconservative system in
which energy is added to and subtracted from the system in an autonomous
fashion, resulting in a periodic motion called a limit cycle. Here, we can see that

0, >0, (4.77)

dx
the sign of the damping term, —¢&(1 — x?) P changes, depending upon whether |x|

is larger or smaller than unity. Van der Pol’s equation has been used as a model for
stick—slip oscillations, aero-elastic flutter, and numerous biological oscillators, to
name but a few of its applications (Rand 2005).



204 4 Introduction of Considerable Oscillatory Systems

Numerical integration of Eq. 4.77 shows that every initial condition (except

dx
x = pri 0) approaches a unique periodic motion. The nature of this limit cycle is

dependent on the value of ¢ For small values of ¢, the motion is nearly sinusoidal,
whereas for large values of ¢, it is a relaxation oscillation, meaning that it tends to
resemble a series of step functions, jumping between positive and negative values
twice per cycle. If we write Eq. 4.78 as a first-order system,
i—); =y, % = —x+e(l —x%)y. (4.78)
We find that there is no exact closed form solution. Numerical integration shows
that the limit cycle is a closed curve enclosing the origin in the x—y phase plane. From
the fact that Eq. 4.78 are invariant under the transformation x+— —x, y+— —y,
we may conclude that the curve representing the limit cycle is point symmetric about
the origin.

4.2.1.1 Hopf Bifurcations

Before proceeding to further examine the properties of the Van der Pol equation,
we pause to consider how a limit cycle may get born. In particular, we consider the
following equation, which is a generalization of Van der Pol’s equation:

d*z

dz dz dz
@+Z*cd—+fx1z +a2zd—+a3<d) + B +ﬁzz

+ Baz (dz) + B, (dz) (4.79)

where ¢ is the coefficient of linear damping, where the o;s are coefficients of
quadratic nonlinear terms and where the f5;s are coefficients of cubic nonlinear
terms. For some values of these parameters, Eq. 4.79 may exhibit a limit cycle,
whereas for other values, it may not. We are interested in understanding how such
a periodic solution can be born as the parameters are varied.

We shall investigate this question by using Lindstedt’s method. We begin by
introducing a small parameter ¢ into Eq. 4.79 by the scaling z = ex, which gives

&y dr\’
ocx 0 X — o
! a7 \ar

2 3
ﬂlx "‘Bzx d_x‘f'ﬁs (dx) +ﬂ4<dx> 1

There remains the question of how to scale the coefficient of linear damping c.
Let us expand c in a power series in &:

d*x iy dx N
—_ =C— &
dr? dr
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c=co+cre+crg®+ . (4.81)

In order to perturb the simple harmonic oscillator, we must take ¢y = 0 Next,
consider ¢;. As we shall see, although the quadratic terms are of O(¢), their first
contribution to secular terms in Lindstedt’s method occurs at O(¢?). Thus, if ¢;
were not zero, the perturbation method would fail to obtain a limit cycle regardless
of the values of the o; and f5; coefficients. Physically speaking, the damping would
be too strong, relative to the nonlinearities, for a limit cycle to exist.

Thus, we scale the coefficient ¢ to be 0(82), and we set ¢ = szu:

dx
dr?

+x=¢

o X +otxd—x+oc dx ’
! ar "7 \ar

dx , dx dx\ 2 dx 3
[ +ﬁ1x + pox’ —+ﬁ3x A E

In order to apply Lindstedt’ s method to Eq. 4.82, we first set 1 = wt, and then
we expand

(4.82)
+

o=1+kie+ke®+---, x(t) =x0(1) +exy(t) +&x(t) +---.  (4.83)
Substituting Eq. 4.83 into Eq. 4.82 and collecting terms gives

dsz

42 T =0 (4.84)
dZX] d d de
W—I—xl = 2](] dz — +O(]XO+OC2.X0d—+OC’;<dT> s (485)
d2x2 . . -
e + xp = 12terms which are not listed for brevity. (4.86)

We take the solution to Eq. 4.84 as
xo(t) =Acost. (4.87)

Substituting Eq. 4.87 into Eq. 4.85 and simplifying the trig terms requires us to

take k; = 0 for no secular terms, and we obtain the following expression for x; (7):
A2

xi(7) = 3 (3(o1 + a3) + (o3 — o1 )A cos 2t + 0, sin 27). (4.88)

Substituting these results into the x, equation (4.86) and requiring the coeffi-
cients of both the sint and cos 7 to vanish (for no secular terms), we obtain

B —f
A 2\/0&(0(1 o B S (4.89)

as well as the following expression for k,:
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(1003 + o3 + 10003 + 403 + 9B, + 355)
ky = . (4.90)
6010 + 60203 + 6, + 186,

According to this approximate analysis, a limit cycle will exist if the expression
(4.89) for the amplitude A is real. This requires that the linear damping coefficient
u have the opposite sign to the quantity S defined by

S =o(o1 +03) + By + 3Py (4.91)

If we imagine a situation in which S is fixed and u is allowed to vary (quasi-
statically), then as u goes through the value zero, a limit cycle is either created or
destroyed. This situation is called a Hopf bifurcation. There are two cases, S > 0
and S <0. In either case, the stability of the equilibrium point at the origin of the
phase plane is influenced only by the sign of y, and not by the value of the ;s or
f;s. This may be seen by rewriting Eq. 4.82 in the form

2

% +x— szuj—); = linear terms, (4.92)
from which we see that the origin is stable for p<0 and unstable for p > 0.
Moreover, the stability of the limit cycle is opposite to the stability of the origin,
since motions that leave the neighborhood of the origin must accumulate on the
limit cycle because of the two-dimensional nature of the phase plane. Thus, in the
case §<O0, the limit cycle exists only when g > 0, in which case the origin is
unstable and the limit cycle is stable. This case is called a supercritical Hopf. The
other case, in which S > 0 and which involves the limit cycle being unstable, is
called a subcritical Hopf. In both cases, the amplitude of the newly born limit
cycle grows like \/m , a function that has infinite slope at = 0, so that the size of
the limit cycle grows dramatically for parameters close to the bifurcation value of
w=0.

4.2.1.2 Relaxation Oscillations

We have seen that for small values of ¢, the limit cycle in Van der Pol’s equation
(4.77) is nearly a circle of radius 2 in the phase plane and its frequency is
approximately equal to unity. The character of the limit cycle gradually changes as
¢ 1s increased until, for very large values of ¢, it becomes a relaxation oscillation.
In this section, we obtain an approximation for the limit cycle for large ¢, by using
a perturbation technique called matched asymptotic expansions. We begin by
defining a new small parameter, &y = % < 1. Substituting this into Eq. 4.77 gives
d’x dx

. S 2 _
aoﬁ—i—aox—(l—x)a—o. (4.93)

Next, we scale time by setting ¢ = ¢yt;; here, v is to be determined:
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Lo, dx dx

P i —5 +eox — g (1 —x )dtl 0. (4.94)

The idea of the method is to select v so that we get a distinguished limit—that
is, so that two of the three terms in Eq. 4.94 are of the same order of &, and are
larger than the other term. The first and third terms will balance if 1 — 2y = —v—
that is, if v = 1. Another distinguished limit is v = —1, for which value the second
and third terms will balance. We consider each of these limits separately.

First, we set v = —1 in Eq. 4.94, which gives

deZ +x—(1 2)dx 0, t =eot (4.95)
— X _— = . .

0 dr 2 dtl ’ ! 0

Note that #; is slow time. Neglecting terms of O(e}), we get a first-order
differential equation, which can be solved by separation of variables:

i 2
wdx =dt; = In|x] —% = 1) + constant. (4.96)
x

The motion proceeds according to Eq. 4.96 until it reaches x = £/, where the
speed dx/dr; is infinite. At this point, the motion undergoes a jump, the dynamics
of which are given by the other distinguished limit, as follows. We set v =1 in
Eq. 4.94, and to avoid confusion of notation, we use (y, ;) here in place of (x,#):

d?y dy t

(1 =)L+ Ey=0, th=—. 4.97

dt% ( Y ) dr, + ey ’ 2 &0 ( )
Note that #, is fast time. Neglecting terms of O(3), we get a second-order

differential equation that has the first integral

d (dy Y’ dy Y’
T (dtz y+ 3> 0,= an y+ 3 = constant. (4.98)

The second equation of (4.98) gives a flow along the y-line, which represents a
jump in the relaxation oscillation. We wish to choose the constant of integration so
that y = 1 is an equilibrium point of this flow, in which case the motion will
proceed from y = 1 to some as yet unknown second equilibrium point, which will
determine the size of the jump. (The value y = 1 is obtained from the other
distinguished limit, Eq. 4.96, as described above.) For equilibrium at y = 1, we
find

d ’ 1 2
o= y-— Y 4 constant = 1 — = + constant = constant = — -. (4.99)
dr 3 3 3

Using this value of the integration constant in Eq. 4.98, we obtain
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dy y o2 1 2
Y3 3" 01D +2). (4.100)

From Eq. 4.100, we see that the second equilibrium point lies at y = —2. Thus,
the jump goes from y = 1 to y = —2. In a similar fashion, we would find that a
jump starting at y = —1 ends up at y = 2.

It remains to compute the period of the relaxation oscillation. Since #, is fast
time and #; is slow time, the time spent in making the jump is negligible, as
compared with the time spent moving according to the second equation in
Eq. 4.96. That is, half the period is spent in going from x =2 to x =1 via

Eq. 4.96, then a nearly instantaneous jump occurs from x = 1 to x = —2, then the
other half of the period is spent in going from x = —2 to x = —1, again via
Eq. 4.96, and, finally, another nearly instantaneous jump occurs from x = —1 to
x =2
A half-period on ¢#; time scale is
21 3
= [ln|x| 2L2_2 In2. (4.101)

If we let T represent the period of the limit cycle on the original time scale ¢, we
find

T =(3-2In2)e~ 1.614c. (4.102)

4.2.2 The Forced Van der Pol Oscillator

4.2.2.1 Introduction

The differential equation

2
%—&—x—s(l—xz)%:sF cos wt (4.103)
is called the forced Van der Pol equation (Rand 2005). It is a model for situations
in which a system that is capable of self-oscillation is acted upon by another
oscillator—in this case, represented by the ¢F cos wt term. When a damped
Duffing-type oscillator is driven with a periodic forcing function, we have seen
that the result may be a periodic response at the same frequency as the forcing
function. Since the unforced oscillation is dissipated due to the damping, we are
not surprised to find that it is absent from the steady state forced behavior. In the
case of a periodically forced limit cycle oscillator, however, we may expect that
the steady state forced response might include both the unforced limit cycle
oscillation and a response at the forcing frequency. If, however, the forcing is
strong enough, and the frequency difference between the unforced limit cycle
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oscillation and the forcing function is small enough, the response may occur only
at the forcing frequency. In this case, the unforced oscillation is said to have been
quenched, the forcing function is said to have entrained or enslaved the limit cycle
oscillator, and the system is said to be phase-locked or frequency-locked, or just
simply locked.

A biological application involves the human sleep-wake cycle, in which a
person’s biological clock is modeled by a Van der Pol oscillator and the daily
night—day cycle caused by the earth’s rotation is modeled as a periodic forcing
term. Experiments have shown that the limit cycle of a person’s biological clock
typically has a period that is slightly different than 24 h. Normal sleep patterns
correspond to the entrainment of a person’s biological clock by the 24-h night—day
forcing cycle. Insomnia and other sleep disorders may result if the limit cycle of
the biological clock is not quenched, in which case we may expect a quasiperiodic
response composed of both the limit cycle and forcing frequencies.

4.2.2.2 Entrainment

In this section, we will use the two-variable expansion method to derive a slow
flow system that describes the dynamics of Eq. 4.103 for small &. We replace time
t by ¢ = wt and n = wt, giving

o’x o’x o°x ox  ox
2 2 2
@) a—§2+2w8@+8 a—anrxfs(l —x )(wa_gﬂﬁ) =¢Fcosé. (4.104)
Next, we expand x and w in power series:

Note that the second of Eq. 4.105 means that we are restricting the following
discussion to cases where the forcing frequency is nearly equal to the unforced
limit cycle frequency, which is called /:1/ resonance. Substituting Eq. 4.105 into
Eq. 4.104 and neglecting terms of O(&?) gives, after collecting terms,

62)60
— +x =0, 4.106
aéz 0 ( )
%x; *xo *xo N
—+x1="2—-2ki—5+ (1 —x)) ==+ F . 4.107
oz TN e e T TRt iese (0D
We take the general solution to Eq. 4.106 in the form
xo(&,m) = A(n) cos £ + B(E) sin . (4.108)

Removing resonant terms, we obtain the slow flow
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dA A

2— = 2kiB+A — = (A% + B? 4.109
dB o

2—n—2k1A+B—Z(A +B*) +F. (4.110)

Eqsuations 4.109 and 4.110 can be simplified by using polar coordinates p and
0 in the A-B slow flow phase plane:

A=pcosl, B=psind, (4.111)
which produces the following expression for xq, from Eq. 4.108:

x0(&,m) = p(n) cos(& — 0(n)). (4.112)
Substituting Eq. 4.111 into Eqgs. 4.109 and 4.110 gives

dp_p n, Fo.

_Py_ Zsin6 4.113
=g (a=p?) +3sino, (4.113)
do F

= — . 4.114
an k1+2pcos0 ( )

We seek equilibrium points of the slow flow Egs. 4.113 and 4.114. These

represent locked periodic motions of Eq. 4.103. Setting g” = ge =0, solving for

sin 0 and cos 0, and using sin? 0 4 cos? 0 = 1, we obtain

2\ 2
F?= p2(1 - p4> + 422 (4.115)

Expanding Eq. 4.115,

MS 2

— ——+ @4k +1u—F*=0 4.116

where we have set u = p? in order to simplify the algebraic expressions. Eq. 4.116
is a cubic polynomial in u, and application of Descartes’s rule of signs gives, in
view of its three sign changes, that it has either three positive roots or one positive
and two complex roots. The transition between these two cases occurs when there
is a repeated root, and the condition for this transition is that the partial derivative
of Eq. 4.116 should vanish, which gives

3u 3

E—u+1+4k2—0 (4.117)

Eliminating u between Eqs. 4.117 and 4.116, we obtain

F* F? 16
3 2K (1 4 4K)’=0. (4.118)

2
(14 36k7) + 57
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Equation 4.118 plots as two curves meeting at a cusp in the k; — F plane. As
one of these curves is traversed quasistatically, a saddle-node bifurcation occurs.
At the cusp, a further degeneracy occurs, and there is a triply repeated root. The
condition for this is that the partial derivative of Eq. 4.117 should vanish, which
gives

3u

M _o. 4.11
g 0 (4.119)

Substituting u = 8/3 into Eqs. 4.117 and 4.116 gives the location of the cusp as

32
ki=——~0288, F=,/>-~1088. (4.120)

Before we can conclude that the perturbation analysis predicts that the forced
Van der Pol equation (4.103) supports entrainment, we must investigate the sta-
bility of the slow flow equilibria. Let (p,,6y) be an equilibrium solution of
Egs. 4.113 and 4.114. To determine its stability, we set

p=po+v, 0=0+w, (4.121)

where v and w are small deviations from equilibrium. Substituting Eq. 4.121 into
Egs. 4.113 and 4.114 and linearizing in v and w gives the constant coefficient
system:

dv v 3 F

& :E—gpgv—i—gcos Oow, (4.122)
aw F F
— = ———cos py — ——sin Oyw. 4.123
dn 2p3 20 ( )

Equations 4.122 and 4.123 may be simplified by using the following expres-
sions from Egs. 4.113 and 4.114 at equilibrium:

F 5 F
Esineg = f%Jr%, 5 cos 6o = —ki1py- (4.124)
Thus, stability is determined by the eigenvalues of the matrix
1_3.2
1-308 —kip
M:[Z 20 1_102]. (4.125)
Po 27 8P

The trace and determinant of M are given by

2
p 1 3 11
tr(M) = 1 —7"7 det(M) = (—§+§p%) <—§+§p3> +k2 (4.126)

The eigenvalues A of M satisfy the characteristic equation
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2% — tr(M) A + det(M) = 0. (4.127)

For stability, the eigenvalues of M must have negative real parts. This requires
that tr(M) < 0 and det(M) > 0, which become, using the notation u = p3,

u 1 (3u2 2)
trM) =1—--<0, detM)=—-(——u+1+4+kj | >0. (4.128)
2 4\ 16
Comparison of this expression for det(M) and Eq. 4.117 shows that det(M)
vanishes on the curves (Eq. 4.118) along which there are saddle-node bifurcations.
This illustrates a very typical phenomenon that characterizes nonlinear vibra-
tions—namely, that a change in stability is accompanied by a bifurcation. (This is
not true of linear systems, in which a change in stability cannot be accompanied by
a bifurcation.) The condition (Eq. 4.128) on the tr(M) requires that u > 2 for
stability. Substituting ¥ = 2 into Eq. 4.116, we obtain

F* = %+ 8Kk3. (4.129)

Hopf bifurcations occur along the curve represented by Eq. 4.129 (assuming

det(M) > 0). This curve (Eq. 4.129) intersects the lower curve of saddle-node

bifurcations, Eq. 4.118, at a point we shall refer to as point P, and it intersects and

is tangent to the upper curve of saddle-node bifurcations at a point we shall refer to
as point Q:

5 3 1
P:klz%%0.279, F:%ml.060, Q:kI:Z:O.ZS, F=1.

(4.130)

It turns out that the perturbation analysis predicts that the forced Van der Pol
equation (4.103) exhibits stable entrainment solutions everywhere in the first
quadrant of the k; — F' parameter plane except in that region bounded by (1) the
lower curve of saddle-node bifurcations (Eq. 4.118), from the origin to the point P;
(2) the curve of Hopf bifurcations (Eq. 4.129), from point P to infinity; and (3) the
ky axis. In physical terms, this means that for a given detuning ki, there is a
minimum value of forcing F required in order for entrainment to occur. Moreover,
as the detuning k; gets larger, entrainment requires larger forcing amplitude F.
Also note that since k; always appears in the form k7 in the equations of the
bifurcation and stability curves, the above conclusions are invariant under a
change of sign of k;; that is, they are independent of whether we are above or
below the 1:1 resonance.
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4.2.2.3 Secondary Resonances in the System with Cubic Nonlinearity
and Strong Excitation

The considered resonance at @ = 1 is the strongest but not the only one in the
system with cubic nonlinearity. Let us assume that the amplitude of the excitation
is not small and investigate whether additional resonances are possible in that
system (see Fidlin 2006):

¥+2Bc+x+ex’ =acoswr, <1, a=0(1), f=0(). (4.131)
The unperturbed system corresponding to Eq. 4.131 is (¢ =0, = 0):
Xo + X0 = acos wt. (4.132)

Its general solution can be easily obtained if we exclude the main resonance
from the further analysis:
xo =Asin(t + o) + %cos wt
P (4.133)
sin wt.

. aw
Xo =Acos(t+ o) — =

A and o are the free constants here. We apply the modified Van der Pol’s
transformation based on the solution (Eq. 4.133) in order to investigate the per-
turbed system:

x=Asing +2Acoswt; ki =Acosp —2Asinwt, A=——-=0(1).

The new variables A and ¢ are governed by the equations

A = —2Bcos (A cos ¢ — 2hwsiny) — ecos p(Asin @ + 24 cos )

=1+ i‘—ﬁsin @(Acos @ —2wsiny) —|—§sin @(Asing + 2i.cosy)’  (4.135)
¥ = o.

What is a resonance in such a system? Resonance is such a combination of
parameters that the time average of the right-hand sides becomes discontinuous.
The basic idea behind this definition is as follows. Consider a product of two
trigonometric functions sin w ¢ sin w,t. Its time average is always equal to zero,
except one parameter combination w; = @,. Then the time average is equal to 1/2.
Thus, this parameter combination corresponds to the resonance.

Let us investigate how this definition works for the system (Eq. 4.135). These
equations can be transformed to more convenient form if we use trigonometric
identities:
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1

’;

COS” X = —CcOoSXx + —Ccos 3x
4 +4

3 1
sin’ x = Zsinx - Zsin 3x (4.136)

2

1 1
cosxsin” x = Zcosx — Zcos3x

Applying Eq. 4.136 to Eq. 4.135, one obtains

. 3
A= —2BAcos® ¢ + 4B wcos @siny — eA’ cos g sin® ¢ — EsAz/l(cos @ — cos3¢p) cosy
— 3eA7? sin 29 (1 + cos 2y) — 2&2° cos (3 cos i + cos 3)

4B 3
@ =1+ fsin2¢ — l;wsinqosim//JreAzsin“go+§£A)L(3sinqo—sin3q))cos¢
23
+3e2(1 — cos 2¢)(1 + cos 2¢) + 23%sin @(3cosy + cos3y)

V= o.
(4.137)

Which terms in these equations can produce a discontinuous average? In order
to see that, we can replace ¢ through 7 and y through wt. Then it becomes obvious
that the main resonance corresponds to the parameter constellation @ = 1. This
case was investigated in the previous subsection. There are, however, two further
parameter constellations producing discontinuous terms:

w =3 — cos3¢pcosyy

1 (4.138)
w =37 cos ¢ cos 3.

These frequencies correspond to the secondary resonances in our system.

Let us consider the first case, @ = 3. Here, the natural frequency of the line-
arized system is smaller than the frequency of the external excitation. The cor-
responding resonance is called subharmonic.

In the second case, w = %, and the natural frequency is larger than the fre-
quency of the external excitation. The corresponding resonance is called
superharmonic.

Approximate predictions for the stationary amplitudes in these cases can be
obtained similarly as in the previous subsection.

4.2.3 Two Coupled Limit Cycle Oscillators

A limit cycle oscillator, such as the Van der Pol oscillator, is capable of autono-
mously generating an attractive periodic motion. This section concerns what hap-
pens if we couple two such oscillators together (Rand et al. 2005). A contemporary
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example involves the interaction of two lasers. A laser is an oscillator that produces a
coherent beam of light. If two lasers operate physically near one another, the light
from either one of them can influence the behavior of the other. Although both
oscillators will, in general, have different frequencies, the effect of the coupling may
be to produce a motion that is phase and frequency locked.

We will distinguish between three states of a system of two coupled limit cycle
oscillators: strongly locked, weakly locked, and unlocked. The motion will be said
to be strongly locked if it is both frequency locked and phase locked. If the motion
is frequency locked (on the average) but the relative phase of the oscillators is not
constant, we will say that the system is weakly locked. If the frequencies are
different (on the average), we will say that the system is unlocked or drifting.

4.2.3.1 Two Coupled Van der Pol Oscillators

In this section, we investigate the dynamics of a pair of coupled Van der Pol
oscillators in the small ¢ limit:
d’x dx
F—l—x—s(l—x)dt:soc(y—x), (4.139)

d’ d
S+ +edy—e1 - )T
where ¢ is small, where A is a parameter relating to the difference in uncoupled
frequencies, and where « is a coupling constant.

We use the two variable expansion methods to obtain a slow flow. Working to
O(e), we set & = (1 + ki&)t,n = ¢t, and we expand x = xo + ex; and y = yo + &y,
giving

= ea(x —y), (4.140)

22—?+x0 =0, (4.141)

aazgyzo+y° =0, (4.142)
aaz—g;+x1:—2§2—gf7—zk1%2—g§)+(l 2) ag + a(yo — x0), (4.143)
szy; +y1=-2 s;;‘; — 2k f;zéyzo Ayo + (1 —yg)%; +a(xo —yo). (4.144)

We take the general solution to Eqgs. 4.141 and 4.142 in the form

x0(¢, 1) =A(n)cos &+ B(n)siné,  yo(&,n) = C(n)cos &+ D(n)sin. (4.145)

Removing resonant terms in Eqgs. 4.143 and 4.144, we obtain the slow flow
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2%: —2le+A—%(A2+BZ)+oc(B—D), (4.146)
Zj—l;:2k1A+B—§(A2+Bz)+a(C—A)7 (4.147)
2%:—2k1D+AD+C—%(C2+D2)+oc(D—B), (4.148)
Zi—l;:Zle—ACJrD—g(CZ—FDZ)+oc(A—C). (4.149)

Equations 4.146—4.149 can be simplified by using polar coordinates R; and 0;:
A=Ricosbf;, B=Ry;sinf;, C=Rrcosth, D=R,sinb,, (4.150)
which gives the following expressions for xog and yg, from Eq. 4.172:

xo(&,m) = Ri(n) cos(& = 01(n)),  yo(&,m) = Ra(n) cos(& — 02()).  (4.151)
Substituting Eq. 4.151 into Eqs. 4.146-4.149 gives

2(3—1511 =R, (1 - RZ%) + aR, sin(0; — 0,), (4.152)
2(2—1;2:&(1 —RZ%> — oR; sin(0, — 0,), (4.153)

22—6:11 = 2k — o4 220080 = 0o) Coslg?l —0s) (4.154)
2% 2k — A— oy KOS —0) Cosl(é)l —02). (4.155)

This system of four slow flow ODEs can be reduced to a system of three ODEs
by defining ¢ to be the phase difference between the x and y oscillators,

¢ =010,

dR R

2d—;71:R1 (1 _?1) + aR; sin ¢, (4.156)
dR, R ,

ZW:RZ 1 ~2 ) Ry sin ¢, (4.157)

R, R
2—:A—|—occosd><R—2—R—l>. (4.158)
1 R
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We seek equilibrium points of the slow flow Eqgs. 4.156—4.158. These represent

strongly locked periodic motions of the original system (Eqgs. 4.139 and 4.140).
We multiply Eq. 4.156 by R, and Eq. 4.157 by R, and add to get

R} + R}
R§+R§—< ‘: 2) =0. (4.159)

Next, we multiply Eq. 4.156 by R, and Eq. 4.184 by R; and subtract to get

sing = 4.160
¢ 40 (R + R3) ( )
Now we use Eq. 4.158 to solve for cos ¢:
RiRA
cos ¢ = 4.161
R R el

Using the identity sin> ¢ 4 cos? ¢ = 1 in Egs. 4.160 and 4.161 and setting
P=R+R;, and Q=R}-Rj, (4.162)
we get
0% — P*Q* + (16A% + 6402 ) P2Q* — 16A*P* = 0. (4.163)
Using the P and Q notation of Eq. 4.162, Eq. 4.159 becomes
Q> =8P — P2 (4.164)
Substituting Eq. 4.164 into Eq. 4.163, we get
P? —20P* + P(16A* + 3207 + 128) — (64A° + 2560> +256) = 0.  (4.165)

Using Descartes’s rule of signs, we see that Eq. 4.165 has either one or three
positive roots for P. At bifurcation, there will be a double root that corresponds to
requiring the derivative of Eq. 4.165 to vanish:

3P% — 40P + 16A* + 320> + 128 = 0. (4.166)

Eliminating P from Eqs. 4.165 and 4.166 gives the condition for saddle-node
bifurcations as

A® + (607 +2)A* + (120* — 100% + 1)A* + 84° — a* = 0. (4.167)

Equation 4.167 plots as two curves intersecting at a cusp in the A — a plane. At
the cusp, a further degeneracy occurs, and there is a triple root in Eq. 4.165.
Requiring the derivative of Eq. 4.166 to vanish gives P = 20/3 at the cusp, which
gives the location of the cusp as
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1 2

A Nl ~0.1924, « i ~ 0.3849. (4.168)

Next we look for Hopf bifurcations in the slow flow system (Eqgs. 4.156-4.158).

The presence of a stable limit cycle in the slow flow surrounding an unstable

equilibrium point, as occurs in a supercritical Hopf, represents a weakly locked

quasiperiodic motion in the original system (Egs. 4.139 and 4.140). Let

(R10, R0, ) be an equilibrium point. The behavior of the system linearized in

the neighborhood of this point is determined by the eigenvalues of the Jacobian
matrix

3RY,—4 . .
- o sin ¢ o sin ¢yRao
1 . 3R 4
— —osin ¢ — =4 —ocos poR10 |- (4.169)
 acos ¢y (R§O+an) 0cos ¢ (R%0 +Rf0) __asingy (R%O—Rfo)
R},R0 R3Ri0 RioR20

This matrix may be simplified by using Eqs. 4.160 and 4.161 to replace sin ¢,
and cos ¢, then using Eqs. 4.162 to replace Rjo and Ry by P and Q, and then
using Eq. 4.164 to replace Q. This turns out to give the following cubic equation
on the eigenvalues 1 of the matrix (Eq. 4.169):

P4 Ci2+ ClA+Cy =0, (4.170)
where
P—4
C =" (4.171)
2

7P3 — 112P2 + (—16A* +512)P — 512

Ci = al +512) , (4.172)
64P — 512

P* —22P% + 160P% — (32A% + 384)P

Co = i (3247 + 384)P (4.173)

128P — 1024

For a Hopf bifurcation, the eigenvalues y will include a pure imaginary pair,
+if, and a real eigenvalue, y. This requires the characteristic equation to have the
form

By -y =0. (4.174)
Comparing Eqs. 4.169 and 4.174, we see that a necessary condition for a Hopf is

Co = C,Cy = 3P* — 59P% + (—8A* 4+ 400)P* + (48A* — 1088)P + 1024 = 0.
(4.175)
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Eliminating P between Eqs. 4.175 and 4.167 gives the condition for a Hopf as

49A° + (2660% + 238)A° + (88a* + 7584% + 345)A"
+ (10560 4 10990* + 8920% 4 172)A* — 11520 — 274005 — 8760* + 16 = 0.
(4.176)

This curve (Eq. 4.176) intersects the lower curve of saddle-node bifurcations
(Eq. 4.167) at a point we shall refer to as point P, and it intersects and is tangent to
the upper curve of saddle-node bifurcations at a point we shall refer to as point Q:

P:A~0.1918, o~ 0.3846, Q:A~0.1899, o=~ 0.3837. (4.177)

We may obtain the asymptotic behavior of the curve for large A and large o by
keeping only the highest order terms in Eq. 4.176:

49A° + 26607 A° + 880 A* — 10560°A° — 11524° =0, (4.178)

which may be factored to give
(A% = 262) (A% + 402) (—7A% + 124%)°= 0, (4.179)
which gives the asymptotic behavior

A~V2a. (4.180)

However, there is an additional bifurcation here which did not occur in the
forced problem. There is a homoclinic bifurcation, which occurs along a curve
emanating from point Q. This involves the destruction of the limit cycle that was
born in the Hopf. The limit cycle grows in size until it gets so large that it hits a
saddle and disappears in a saddle connection. For points on this curve far from
point O, we find that the limit cycle changes its topology into a closed curve in
which ¢ changes by 27 each time around. Unfortunately, we do not have an
analytic expression for the curve of homoclinic bifurcations. In summary, we see
that the transition from strongly locked behavior to unlocked behavior involves an
intermediate state in which the system is weakly locked. In the three-dimensional
slow flow space, we go from a stable equilibrium point (strongly locked) to a
stable limit cycle (weakly locked) and, finally, to a periodic motion that is topo-
logically distinct from the original limit cycle (unlocked). As in the case of the
forced Van der Pol oscillator, in order for strongly locked behavior to occur, we
need either a small difference in uncoupled frequencies (small A) or a large
coupling constant o.
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4.3 Mathieu’s Equation
4.3.1 Introduction

The differential equation

d’*x
dr?

is called Mathieu’s equation. It is a linear differential equation with variable
(periodic) coefficients. It commonly occurs in nonlinear vibration problems in two
different ways: (1) in systems in which there is periodic forcing and (2) in stability
studies of periodic motions in nonlinear autonomous systems (see Rand 2005).

As an example of (1), take the case of a pendulum whose support is periodically
forced in a vertical direction. The governing differential equation is

+ (04 ecost)x=0 (4.181)

d? Aw?
d_thr (%JrTwcos wt> sinx = 0, (4.182)

where the vertical motion of the support is A cos wt, g is the acceleration of
gravity, L is the pendulum’s length, and x is its angle of deflection. In order to
investigate the stability of one of the equilibrium solutions x = 0 or x = 7, we
would linearize Eq. 4.182 about the desired equilibrium, giving, after suitable
rescaling of time, an equation of the form of Eq. 4.181.

As an example of (2), we consider a system known as “the particle in the plane.”
This consists of a particle of unit mass that is constrained to move in the x—y plane
and is restrained by two linear springs, each with spring constant of 1/2. The anchor
points of the two springs are located on the x-axis at x = 1 and x = —1. Each of the
two springs has unstretched length L. This autonomous two-degrees-of-freedom
system exhibits an exact solution corresponding to a mode of vibration in which the
particle moves along the x-axis:

x=Acost, y=0. (4.183)

In order to determine the stability of this motion, one must first derive the
equations of motion, then substitute x = Acost + u, y = 0 + v, where u and v are
small deviations from the motion (Eq. 4.183), and then linearize in u and v. The
result is two linear differential equations on u and v.

The u equation turns out to be the simple harmonic oscillator and cannot
produce instability.

The v equation is

d%v 1 —L—A%cos?t
" vy =o0. 4.184
dt2+( 1 — A2cos? ¢t )v ( )
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Expanding Eq. 4.184 for small A and setting T = 2¢, we obtain

d? 2-2L—A’L AL
d—t: (f . cosv:+0(A4)> =0, (4.185)

which is, with respect to O(A%), in the form of Mathieu’s Eq. 4.181 with § =
2-2L—AL AL

8 8 -

The chief concern with regard to Mathieu’s equation is whether or not all
solutions are bounded for given values of the parameters é and . If all solutions
are bounded, the corresponding point in the 6 — ¢ parameter plane is said to be

stable. A point is called unstable if an unbounded solution exists.

and ¢ = —

4.3.1.1 Perturbations

In this section, we will use the two-variable expansion method to look for a general
solution to Mathieu’s Eq. 4.181 for small ¢. Since Eq. 4.181 is linear, there is no
need to stretch time, and we set & = ¢ and 5 = &, giving

o*x o*x o%x
— t+2¢ + &2 —= 4 (6 +¢ecos 4.186
o2 %oz T ap S = (4.186)

Next, we expand x in a power series
x(éﬂ/’) :xo(éan)+?‘xl(évn)+"" (4187)

Substituting Eq. 4.187 into Eq. 4.181 and neglecting terms of O(&?) gives, after
collecting terms,

62x0

e + 0x9 =0, (4.188)
0? 0?
—x21+(3x1 = —Zﬂ—xocos & (4.189)

aéon

We take the general solution to Eq. 4.188 in the form

x0(&,1) = A(n) cos V6& + B(n) sin V6E. (4.190)
Substituting Eq. 4.190 into Eq. 4.189, we obtain

¥+5x1 2f—smfé 2f—cosff Acos V¢ cos ¢
—Bsm\/—ismf. (4.191)
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Using some trig identities, this becomes
o dA dB
S 4 S =25 sin V/3E — 2V/5— cos v/o¢
o¢ dn dn

—%(cos(\/g—k 1)¢ 4 cos(Vo — l)f) (4.192)

B
3 (sin(\/g—i- 1)é + sin(V06 — l)f).
For a general value of d, removal of resonance terms gives the trivial slow flow
dA dB
—=0,—=0. (4.193)
dn dn

This means that for general J, the cos 7 driving term in Mathieu’s Eq. 4.181 has
no effect. However, if we choose 6 = 1/4, Eq. 4.192 becomes

62x1 1 dAé dBoi

87524—1)61 :@Slni—@c 5
A 3¢ ¢
_Z ) d 4.194
5 (cos 5 + cos 2) ( )
B

Now removal of resonance terms gives the slow flow

dA B dB A dA A
dy 27 dy 2 Tdpr 4 ( )

Thus, A(n) and B(#) involve exponential growth, and the parameter value
0 = 1/4 causes instability. This corresponds to a 2:1 subharmonic resonance in
which the driving frequency is twice the natural frequency.

This discussion may be generalized by “detuning” the resonance—that is, by
expanding J in a power series in é&:

1
5:Z+35‘+‘°’252+"" (4.196)
Now Eq. 4.189 gets an additional term,
62x1 1 O*x

oy =222 -9 4.197
652 +4X1 Xxocos & 1X0, ( )

o&on
which results in the following additional terms in the slow flow Eq. 4.195:

dA 1\ dB 1 d’A , 1
— =6 —=|B—=—(0—2)JA=-S=(d—--)a=0. (41
w1 2)pa (0o (mgho wo
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Here, we see that A(n) and B(#) will be sine and cosine functions of slow time 7
if 07 — 1 > O—that s, if either 6; > §or 6; < — 1. Thus, the following two curves
in the 0 — ¢ plane represent stability changes and are called transition curves:

1 e 2
5—4:|:2+0(8 ). (4.199)
These two curves emanate from the point 0 = 1/4 on the J axis and define a
region of instability called a fongue. Inside the tongue, for small & x grows
exponentially in time. Outside the tongue, from Eqs. 4.190 and 4.197, x is the sum
of terms each of which is the product of two periodic (sinusoidal) functions with
generally incommensurate frequencies; that is, x is a quasiperiodic function of .

4.3.1.2 Floquet Theory

In this section, we present Floquet theory—that is, the general theory of linear
differential equations with periodic coefficients. Our goal is to apply this theory to
Mathieu’s equation (4.181) (Rand et al. 2005).

Let x be an n x 1 column vector, and let A be an n X n matrix with time-varying
coefficients that have period 7. Floquet theory is concerned with the following
system of first-order differential equations:

dx
de

Note that if the independent variable ¢ is replaced by 7+ 7, the system
(Eq. 4.200) remains invariant. This means that if x(¢) is a solution (vector) of
Eq. 4.200 and if, in the vector function, x(¢), is replaced everywhere by ¢ + T,
then the new vector, x(z + T), which in general will be completely different from
x(t), is also a solution of Eq. 4.200. This observation may be stated conveniently
in terms of fundamental solution matrices.

Let X(r) be a fundamental solution matrix of Eq. 4.200. X(¢) is then an n X n
matrix, with each of its columns consisting of a linearly independent solution
vector of Eq. 4.200. In particular, we choose the ith column vector to satisfy an
initial condition for which each of the scalar components of x(0) is zero, except for
the ith scalar component of x(0), which is unity. This gives X(0) = I, where [ is
the n x n identity matrix. Since the columns of X(¢) are linearly independent, they
form a basis for the n-dimensional solution space of Eq. 4.200, and thus any other
fundamental solution matrix Z(¢) may be written in the form Z(z) = X(¢)C, where
C is a nonsingular n x n matrix. This means that each of the columns of Z() may
be written as a linear combination of the columns of X(r).

From our previous observations, replacing 7 by ¢ + T in X(¢) produces a new
fundamental solution matrix X(z + 7). Each of the columns of X(z + T) may be
written as a linear combination of the columns of X(7), so that

At)x, A(t+T)=A(). (4.200)
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X(t+T)=X(r)C. (4.201)
Note that at r = 0, Eq. 4.201 becomes X(T) = X(0)C = IC = C; that is,
C =X(T). (4.202)

Equation 4.202 says that the matrix C (about which we know nothing up to
now) is, in fact, equal to the value of the fundamental solution matrix X(z) eval-
uated at time T—that is, after one forcing period. Thus, C could be obtained by
numerically integrating Eq. 4.200 from t = 0 to t = T, n times, once for each of
the n initial conditions satisfied by the ith column of X(0).

Equation 4.201 is akey equation here. It has replaced the original system of ODEs
with an iterative equation. For example, if we were to consider Eq. 4.201 for the set of
t values t =0,7T,2T,3T, ..., we would be generating the successive iterates of a
Poincaré map corresponding to the surface of section > : ¢ =0 (mod 27r). This
immediately gives the result that X(nT) = C", which shows that the question of the
boundedness of solutions is intimately connected to the matrix C.

In order to solve Eq. 4.201, we transform to normal coordinates. Let Y () be
another fundamental solution matrix, as yet unknown. Each of the columns of ¥ (¢
may be written as a linear combination of the columns of X(7):

Y(r) = X(1)R, (4.203)

where R is an as yet unknown n X n nonsingular matrix. Combining Egs. 4.201
and 4.203, we obtain

Y(t+T)=Y(t)R'CR. (4.204)

Now let us suppose that the matrix C has n linearly independent eigenvectors. If
we choose the columns of R as these n eigenvectors, then the matrix product

R~!CR will be a diagonal matrix with the eigenvalues /; of C on its main diagonal.
With R~'CR diagonal, the element y;;(¢) of the matrix Y (z) will satisfy

yj,'(l + T) = ;uiyji([). (4205)

Equation 4.205 is a linear functional equation. Let us look for a solution to it in
the form

yji(t) = ii-dpji(l‘% (4206)

where k is an unknown constant and pj;(r) is an unknown function. Substituting
Eq. 4.206 into Eq. 4.205 gives

Vit +T) = XD pi(t +T) = 4(AFpis(t)) = Aiyis(t). (4.207)

Equation 4.207 is satisfied if we take k = 1/T and p;;(¢) a periodic function of
period T,
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yii(t) = iﬁ/TPﬁ(f), pii(t+T) = pj(1). (4.208)

Here, Eq. 4.208 is the general solution to Eq. 4.208. The arbitrary periodic
function pj;(r) plays the same role here that an arbitrary constant plays in the case
of a linear first-order ODE.

Since we are interested in the question of boundedness of solutions, we can see
from Eq. 4.208 that if |4;| > 1, then y; — oo as t — oo, whereas if |4;| <1, then
vji — 0 as ¢t — oo. Thus, we see that the original system (Eq. 4.200) will be stable
(all solutions bounded) if every eigenvalue A; of C = X(T) has modulus less than
unity. If any one eigenvalue /; has modulus greater than unity, then Eq. 4.200 will
be unstable (an unbounded solution exists).

Note that our assumption that C has n linearly independent eigenvectors could
be relaxed, in which case we would have to deal with a Jordan canonical form. The
reader is referred to Cesari (1963), Sect. 4.1 for a complete discussion of this case.

4.3.1.3 Hill’s Equation

In this section, we apply Floquet theory to a generalization of Mathieu’s equation
(Eq. 4.181), called Hill’s equation (see Rand et al. 2005):

d%x
dr?

Here, x and f are scalars, and f(¢) represents a general periodic function with
period 7. Equation 4.209 includes examples such as Eq. 4.184.

+f(x=0, f+T)=f(@). (4.209)

We begin by defining x; = x and x, = % so that Eq. 4.209 can be written as a
system of two first-order ODEs:

aln) =1 o) ln) (4210)

Next, we construct a fundamental solution matrix out of two solution vectors,

{xl ! (t)] and [xm (t)} , which satisfy the initial conditions

xlz(l‘) sz(I)
x11(0) 1 x21(0) 0
— = . 4.211
|:X12(0):| |:0 ’ )sz(()) 1 ( )
As we saw in the previous section, the matrix C is the evaluation of the
fundamental solution matrix at time 7

_ [an(T) xu(T)
€= [XIZ(T) Xzz(T):|' (4.212)
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From Floquet theory, we know that stability is determined by the eigenvalues of
C:

2* — (rC)). 4 detC = 0, (4.213)

where trC and det C are the trace and determinant of C. Now Hill’s Eq. 4.209 has
the special property that detC = 1. This may be shown by defining W (the
Wronskian) as

W(l) =detC = x“(t)xgz(t) — X12<I>XQ1(Z). (4214)
Taking the time derivative of W and using Eq. 4.210 gives %_v:/ = 0, which
implies that W(¢) = constant = W(0) = 1. Thus Eq. 4.213 can be written as

22— (C)+1=0, (4.215)
which has the solution
trC £ VtrC?2 — 4
A= % (4.216)

Floquet theory showed that instability results if either eigenvalue has modulus
larger than unity. Thus, if |trC| > 2, then Eq. 4.216 gives real roots. But the
product of the roots is unity, so if one root has modulus less than unity, the other
has modulus greater than unity, with the result that this case is unstable and
corresponds to exponential growth in time.

On the other hand, if |trC| <2, then Eq. 4.216 gives a pair of complex conjugate
roots. But since their product must be unity, they must both lie on the unit circle,
with the result that this case is stable. Note that the stability here is neutral
stability, not asymptotic stability, since Hill’s Eq. 4.209 has no damping. This case
corresponds to quasiperiodic behavior in time.

Thus, the transition from stable to unstable corresponds to those parameter
values that give |trC| = 2. From Eq. 4.216, if trC = 2, then 4= 1,1, and from
Eq. 4.208, this corresponds to a periodic solution with period 7. On the other hand,
if trC = =2, then 4 = —1, —1, and from Eq. 4.208, this corresponds to a periodic
solution with period 27. This gives the important result that on the transition
curves in parameter space between stable and unstable, there exist periodic
motions of period T or 2T.

The theory presented in this section can be used as a practical numerical pro-
cedure for determining stability of a Hill’s equation. Begin by numerically inte-
grating the ODE for the two initial conditions (Eq. 4.211). Carry each numerical
integration out to time ¢ = T and so obtain trC = x;1(T) + x22(T). Then [trC| > 2
is unstable, while |trC|<?2 is stable. Note that this approach allows you to draw
conclusions about large time behavior after numerically integrating for only one
forcing period. Without Floquet theory, you would have to numerically integrate
out to large time in order to determine whether a solution was growing unbounded,



4.3 Mathieu’s Equation 227

especially for systems that are close to a transition curve, in which case the
asymptotic growth is very slow.

4.3.1.4 Harmonic Balance

In this section, we apply Floquet theory to Mathieu’s equation (4.191). Since the
period of the forcing function in Eq. 4.191 is T = 2rn, we may apply the result
obtained in the previous section to conclude that on the transition curves in the d—¢
parameter plane, there exist solutions of period 27 or 47. This motivates us to look
for such a solution in the form of a Fourier series (see Rand et al. 2005):

nt

> (4.217)

- t
x(t) = Z a, cos% + b, sin
n=0

This series represents a general periodic function with period 4n, and includes
functions with period 27 as a special case (when a,qq and bogq are zero). Substi-
tuting Eq. 4.217 into Mathieu’s equation (4.191), simplifying the trig, and col-
lecting terms (a procedure called harmonic balance) gives four sets of algebraic
equations on the coefficients a, and b,. Each set deals exclusively with
Qevens Deven, Godd, and byqq, respectively. Each set is homogeneous and of infinite
order, so for a nontrivial solution, the determinants must vanish. This gives four
infinite determinants (called Hill’s determinants):

5 ¢2 0 0
e 0—1 ¢/2 0

deven * | 62 5—4 &2 =0, (4.218)
o—1 ¢2 0 0
1 e2 o0—-4 €2 O _
boent| 0 Y s5l9 e =0, (4.219)
d—1/4+¢/2 &2 0 0
) e/2 0—9/4 /2 0o - _
flodd : 0 /2 5-25/4 &2 =0 (4.220)
d—1/4—¢/2 g2 0 0
' /2 0—9/4 g/2 0 _
boda : 0 e/2  0—-25/4 ¢&/2 =0 (4.221)

In all four determinants, the typical row is of the form
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0 &2 6-n*/4 ¢/2 0

(except for the first one or two rows).

Each of these four determinants represents a functional relationship between ¢
and &, which plots as a set of transition curves in the é—¢ plane. By setting ¢ = 0 in
these determinants, it is easy to see where the associated curves intersect the o
axis. The transition curves obtained from the deye, and beye, determinants intersect
the d axis at 6 =n?>,n =0, 1, 2,. .., while those obtained from the doqq and bogq

determinants intersect the J axis at 6 = %, n=0,1,2,...Fore >0, each of
these points on the ¢ axis gives rise to two transition curves, one coming from the
associated a determinant, and the other from the b determinant. Thus, there is a

tongue of instability emanating from each of the following points on the ¢ axis:

2
5:%, n=0,1,2,3,... (4.222)

The n = 0 case is an exception, since only one transition curve emanates from
it, as a comparison of Eq. 4.218 with Eq. 4.219 will show.

Note that the transition curves (Eq. 4.199) found earlier in this chapter by using
the two variable expansion methods correspond to n = 1 in Eq. 4.222. Why did the
perturbation method miss the other tongues of instability? It was because we
truncated the perturbation method, neglecting terms of O(&?). The other tongues of
instability turn out to emerge at higher order truncations in the various perturbation
methods (two-variable expansion, averaging, Lie transforms, normal forms, even
regular perturbations). In all cases, these methods deliver an expression for a
particular transition curve in the form of a power series expansion:

2

5:%+518+5zs2+---. (4.223)

As an alternative method of obtaining such an expansion, we can simply

substitute Eq. 4.223 into any of the determinants (Eqs. 4.218-4.221) and collect

terms, in order to obtain values for the coefficients ;. As an example, let us

substitute Eq. 4.223 for n = 1 into the a,q¢ determinant (Eq. 4.220). Expanding a
3 x 3 truncation of Eq. 4.220, we get (using computer algebra)

& 9¢ 132 &% 17 225 5 358% 2595 225
Y+ — + 8 — -
8 28 2 4 ' 3 4 16 64

Substituting Eq. 4.223 with n = 1 into Eq. 4.224 and collecting terms gives

(4.224)

(245, — 1657 — 86, + 3)é?
5 +

(128, + 6)e + (4.225)

Requiring the coefficients of ¢ and ¢* in Eq. 4.225 to vanish gives
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5y = ——. (4.226)

This process can be continued to any order of truncation. Here are the
expansions of the first few transition curves:

2 Tet 295 68687c5 123707610 802216757922
d=— 4y — + Foe, (4227)
2 32 144 294912 409600 19110297600

5_1_E_f+i_i_1185+4986_ 55¢7 B 83¢8
T4 2 8 32 384 4608 36864 294912 552960
12121¢° 114299¢10 192151¢!! 83513957¢!2

117964800 6370099200 15288238080 | 8561413324800

(4.228)
5 1 +3 2 g & N 118 N 490 N 55¢7 83¢8
T4 2 8 32 384 4608 36864 294912 552960
12121¢° 114299¢10 n 192151¢! n 83513957¢!2 "
117964800 6370099200 = 15288238080 8561413324800 ’
(4.229)
& 5 289¢0 21391¢8
b=1-T 428 +
12 3456 4976640 7166361600 (4.230)

_ 24997670 n 1046070973¢!2 "
14447384985600 © 97086427103232000 ’

5¢2 763 10024015 166906840168

12 3456 T 4976640 7166361600 (4.231)
4363384401463¢1°  40755179450909507¢'2 '

14447384985600  97086427103232000

=1+

4.3.2 Effect of Damping

In this section, we investigate the effect that damping has on the transition curves
of Mathieu’s equation by applying the two-variable expansion method to the
following equation, known as the damped Mathieu equation (Rand et al. 2005):
d>  dx
d_tf + 4 + (0 4 ecost)x = 0. (4.232)
In order to facilitate the perturbation method, we scale the damping coefficient ¢
to be O(¢):
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c=¢eu. (4.233)

We can use the same setup from earlier in this section, where upon Eq. 4.186
becomes
o x| 0% ox 0
ax Z@Jre ~—t u<a€+sx>+(5+scosf)x0. (4.234)
Now we expand x as in Eq. 4.187 and 0 as in Eq. 4.196, and we find that
Eq. 4.197 gets an additional term:

Px; 1 *xo Oxg
0 = 22 —xpcos £ — i — H2 4.235
el x| %oy X ¢—01xo— E ( )

which results in two additional terms appearing in the slow flow Eqs. 4.198:
dA 1 dB 1 u
—=—=-A or—=|B, —=—-(61—=]A—%B. 4.236
dy 2+(12>’d17 (12> 2 (4.236)

Equations 4.236 are a linear constant coefficient system that may be solved by
assuming a solution in the form A(n) = Agexp(4n), B(n) = Byoexp(in). For
nontrivial constants Ag and By, the following determinant must vanish:

=0= /)= —=44/-01 +- (4.237)

1— .2
R iy (4.238)
This gives the following expressions for the n = 1 transition curves:
1 1— 2 1 &2 — 2
d=—delr—" 40 =-+t——+0(). 4.239
JEe o) = ;=21 0() (4.239)

Equation 4.239 predicts that for a given value of ¢, there is a minimum value of
¢ that is required for instability to occur. The n = 1 tongue, which for ¢ =0
emanates from the J-axis, becomes detached from the ¢ axis for ¢ > 0. This
prediction is verified by numerically integrating Eq. 4.232 for fixed ¢, while 6 and
¢ are permitted to vary.

4.3.3 Effect of Nonlinearity

In the previous sections of this chapter, we have seen how unbounded solutions to
Mathieu’s equation (4.181) can result from resonances between the forcing
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frequency and the oscillator’s unforced natural frequency. However, real physical
systems do not exhibit unbounded behavior.

The difference lies in the fact that the Mathieu equation is linear. The effects of
nonlinearity can be explained as follows: As the resonance causes the amplitude of
the motion to increase, the relation between period and amplitude (which is a
characteristic effect of nonlinearity) causes the resonance to detune, decreasing its
tendency to produce large motions.

A more realistic model can be obtained by including nonlinear terms in the
Mathieu equation. For example, in the case of the vertically driven pendulum
(Eq. 4.182), if we expand sinx in a Taylor series, we get

d>x g Ao’ X3
@—1— <Z__L Coswt> (x—€+-~-> =0. (4.240)
Now if we rescale time by 7 = wf and set 6 = _§7 and ¢ = %, we get
d2 3
d—t;ch(é—scosr)(x—%Jr-u) =0. (4.241)

Next, if we scale x by x = /ey and neglect terms of O(&?), we get
d?y
dr?

Motivated by this example, in this section, we study the nonlinear Mathieu
equation

+ (0 —ecost)y — sgy3 +0(&*) =0. (4.242)

d%x

dr?

We once again use the two-variable expansion method to treat this equation.
Using the same setup that we did earlier in this chapter, Eq. 4.186 becomes

+ (6 + ecost)x + eox® = 0. (4.243)

0%*x 0%x , O%x 3

6—52+28@+8 6—172+(5+800sé)x+gocx’ =0. (4.244)
We expand x as in Eq. 4.187 and 0 as in Eq. 4.196, and we find that Eq. 4.197

gets an additional term

ale 1 azxo
a—ézﬂ—ﬁl = _2@_%0055—51% — o, (4.245)
where x is of the form
_ ¢ &
xo(&,m) =A(n) cosi + B(n) smi. (4.246)

Removal of resonant terms in Eq. 4.245 results in the appearance of some
additional cubic terms in the slow flow Eq. 4.198:
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dA 1 30 dB 1 30
— = (0, —=|B+=B(A*+B*), —=—(6+=)A—-"A(A*+B?).
i <12>+4(+), an <1+2> AN+ B

(4.247)

In order to more easily work with the slow flow (Eq. 4.247), we transform to
polar coordinates in the A—B phase plane:

A=Rcosfl, B=Rsinb. (4.248)

Note that Eqs. 4.248 and 4.246 give the following alternate expression for x:

¢
(6o = Rln)cos (5 = 00n) ). (4.249)
Substitution of Eq. 4.248 into the slow flow Eq. 4.274 gives
dR R do cos20 3
—=—5sin20, —=-d— - —FR%. 4.250
dn 2 S dy : 2 4 ( )

We seek equilibria of the slow flow (Eq. 4.250). From Eq. 4.249, a solution in
which R and 0 are constant in slow time 7 represents a periodic motion of the
nonlinear Mathieu Eq. 4.243, which has one half the frequency of the forcing
function—that is, such a motion is a 2:1 subharmonic. Such slow flow equilibria
satisfy the equations

cos 20 3acR2 B
2 4

Ignoring the trivial solution R = 0, the first equation of Eq. 4.251 requires
sin 20 =0 or 0 = 0,5, 7, or 37”
Solving the second equation of Eq. 4.251 for R?, we get

4 [cos20
R=— (COZ + 51>. (4.252)

—gsin 20=0, —0;— 0. (4.251)

For a nontrivial real solution, RZ > 0. Let us assume that the nonlinearity
parameter a > 0.

Then, in the case of 6 = 0 or 7,cos20 = 1 and nontrivial equilibria exist only
for 01 < — % On the other hand, for 0 =7 or 3T’T,cos 20 = —1, and nontrivial
equilibria require 9; < %

Since 6; = j:% corresponds to transition curves for the stability of the trivial
solution, the analysis predicts that bifurcations occur as we cross the transition
curves in the d—¢ plane. That is, imagine quasistatically decreasing the parameter o
while ¢ is kept fixed and moving through the n = 1 tongue emanating from the
point 6 :% on the J axis. As 0 decreases across the right transition curve, the
trivial solution x = 0 becomes unstable, and simultaneously, a stable 2:1 subhar-
monic motion is born. This motion grows in amplitude as ¢ continues to decrease.
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When the left transition curve is crossed, the trivial solution becomes stable again,
and an unstable 2:1 subharmonic is born. This scenario can be pictured as
involving two pitchfork bifurcations.

If the nonlinearity parameter a <0, a similar sequence of bifurcations occurs,
except that, in this case, the subharmonic motions are born as J increases quasi-
statically through the n = 1 tongue.

4.4 Ince’s Equation
4.4.1 Introduction

The equation

dx o dx
(1 +acos2t)ﬁ+bsm2ta+ (c+dcos2t)x =0, (4.253)

which is called Ince’s equation, occurs in a variety of mechanics problems. It
includes Mathieu’s equation as a special case (for which a = b = 0). However,
because Ince’s equation contains four parameters instead of only two for Mathieu’s
equation, a certain phenomenon called coexistence can occur in Ince’s equation, but
not in Mathieu’s equation. The phenomenon of coexistence involves the disap-
pearance of tongues of instability that would ordinarily be there (see Rand et al.
2005).
As an example, consider the equation

2

(1 —&—%cosZt) %+§sin2ti—};+cx =0, (4.254)
which is Ince’s equation with a = b =¢/2 and d = 0. We are interested in the
location of the transition curves of Eq. 4.254 in the c—¢ plane, which separate regions
of stability (all solutions bounded) from regions of instability (an unbounded
solution exists). A straightforward line of reasoning leads us to expect tongues of
instability to emanate from the points ¢ = n?>,n = 1, 2, 3, ... on the c-axis. Let us
examine this reasoning. We have seen that Floquet theory tells us that equations of
the form of Hill’s equation,

d’z

dr?

+f(0)z=0, f@+T)=f(), (4.255)

have periodic solutions of period T or 2T on their transition curves. However,
Eq. 4.254 is not of the form of Hill’s equation (4.255). Nevertheless, if we set

1
X = (1 + %cos 2z) s (4.256)
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then it turns out that Eq. 4.254 becomes a Hill’s equation (4.255) on z(¢), with the
coefficient

_ &2cosdr + 16¢(c — 1) cos 2t + 32¢ — 9¢?
© 4(e2cos4dt + 8ecos2t + 8 + ¢2)

S (4.257)

Here, f(¢) is periodic with period n. Thus, Floquet theory tells us that the
resulting Hill’s equation on z(#) will have solutions of period 7 or 27 on its
transition curves. Now from Eq. 4.256, the boundedness of z(¢) is equivalent to the
boundedness of x(t), so transition curves for the z equation occur for the same
parameters as do those for the x equation (4.254). Also, since the coefficient

1
(14 £cos2)* in Eq. 4.256 has period 7, we may conclude that Eq. 4.254 has
solutions of period 7 or 27 on its transition curves. Now when ¢ = 0, Eq. 4.254 is
2
of the form % + cx = 0 and has solutions of period 2—\/72- These will correspond to
_2n

~no

since a solution with period 2,—1” may also

be thought of as having period 7 (n even) or 27 (n odd), which gives ¢ = n*>,n =

1,2, 3,..., as claimed above.

To reiterate, the purpose of the preceding long-winded paragraph was to show
that we can expect Eq. 4.254 to have tongues of instability emanating from the
points ¢ = n?>,n = 1, 2, 3,... on the c-axis. While this would be true in general for
an equation of the type 4.253, the coefficients in Eq. 4.254 have been especially
chosen to illustrate the phenomenon of coexistence. In fact, Eq. 4.254 has only one
tongue of instability, which emanates from the point ¢ = 1 on the c-axis.

solutions of period © or 2r when \2/—75
c

4.4.2 Coexistence

In order to understand what happened to all the tongues of instability that we
expected to occur in Eq. 4.254, we use the method of harmonic balance. Since the
transition curves are characterized by the occurrence of a periodic solution of
period 7 or 27, we expand the solution x in a Fourier series:

x(t) =Y aycosnt + b, sinnt. (4.258)
n=0

This series represents a general periodic function of period 27 and includes
functions of period 7 as a special case (when aoqq and boqq are zero). Substituting
Eq. 4.258 into Eq. 4.254, simplifying the trig, and collecting terms, we obtain four
sets of algebraic equations on the coefficients a, and b,. Each set deals exclusively
With deyen, Devens dodd, and beqq, respectively. Each set is homogeneous and of
infinite order, so for a nontrivial solution, the determinants must vanish. This gives
four infinite determinants:



4.4 Ince’s Equation 235

c =% 0 0 0
0 c—4 5S¢ 0 0
Qeven 1|0 —% c—16 =2t =0 (4.259)
0 0 -3¢ c¢c—36 —18¢
c—4 5S¢ 0 0
£ 2le
boen | 0" 35 36 —18¢ =0 (4.260)
c—1-% -3¢ 0 0
0 -9 -1 0
Godd * 0 “3 25 —lde =0 (4.261)
c—1+% 3¢ 0 0
_ — 15
0 c? > 0 = 0. (4.262)

boaa 2| g g c-25 —l4e

If we represent by A the determinant (Eq. 4.260) of the b, coefficients, then
the determinant (4.259) of the deye, coefficients may be written cAg, a result
obtainable by doing a Laplace expansion down the first column. This gives us the
result that ¢ = 0 is the exact equation of a transition curve.

Examination of Eq. 4.259 shows that on ¢ = 0, we have the exact solution
x(t) = ay, the other deye, coefficients vanishing on ¢ = 0. Note that x(t) = ag (= 1,
say) may be considered a m-periodic solution.

On the other hand, we may also satisfy Eq. 4.259 by taking Ay = 0, which
corresponds to taking ap = 0, while the other a.ye, coefficients do not, in general,
vanish. Note that this same condition Ay = 0 gives a nontrivial solution for the
beven coefficients. Thus, on the transition curves corresponding to Ay = 0, we have
the coexistence of two linearly independent n-periodic solutions, one even and the
other odd. Now a region of instability usually lies between two such transition
curves, one of which has an even n-periodic solution, and the other of which has an
odd m-periodic solution. In the case where two such periodic functions coexist, the
instability region disappears (or rather, has zero width). In the case of Eq. 4.281,
all of the even coefficient (n-periodic) tongues disappear.

Let us turn now to Eqgs. 4.261 and 4.262 on the coefficients dogg and boqq,
respectively. The determinant 4.261 may be written (¢ — 1 —¢&/2)A;, and the
determinant 4.262 may be written (¢ — 1+ ¢/2)A;, where A; is the infinite
determinant:
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Al — | _ 3 c—25 —14¢ ---|. (4263)

We may satisfy Eq. 4.261 by taking ¢ = 1 + ¢/2. This corresponds to taking a;
nonzero, and all the other a,gg = 0. Similarly, we may satisfy Eq. 4.262 by taking
¢ =1 — ¢/2, which corresponds to taking b nonzero, and all the other bogq = O.
Thus, we have obtained the following exact expressions for two transition curves
emanating from ¢ = 1 on the c-axis:

c=1 —|—§ onwhich x(t) = cost, (4.264)

c=1 —% onwhich x(t) = cost. (4.265)

All the other transition curves correspond to the vanishing of A;. This condition
guarantees a nontrivial solution for both the a,yq and the b,y coefficients,
respectively. Since the same relation between ¢ and ¢ produces two linearly
independent 27w-periodic solutions, we have another instance of coexistence, and
the associated tongues of instability do not occur.

4.4.3 Ince’s Equation

Let us now apply the foregoing approach to the general version of Ince’s equation
(4.253). We substitute the Fourier series (Eq. 4.258) into Eq. 4.253, perform the
usual trig simplifications, and collect terms, thereby obtaining four sets of alge-
braic equations on the coefficients a, and b,. For a nontrivial solution, these
require that the following four infinite determinants vanish (Rand 2005):

c %—b—Za 0 0 0
d c—4 %be—Sa 0 0
v |0 §+b—2a c—16  §-3b—18a 0 —0
0 0 4+2b—8a c—36 4—4b—32a
0 0 44+3b—18a  c—64
(4.266)
c—4 4-2b—8a 0 0
d4b—-2a c-16 $-3b—18a 0
Beyen : 0 44+2b—8a c—36 4-4p-32a ---|=0
0 0 44+3b—18a  c—64

(4.267)
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c—1+ d—l27—a d—3g—9a 0 0
d+g—a c—9 d—5!)2—25a 0
oda - 0 dt3b9a o Zp5 dTbAa .l =(0  (4.268)
0 0 d+5b2725a c—49
c—1— dfgfa d73379a 0 0
d+gfa c—9 d7517272511 0
boda : 0 di3b9a o 5 dTbda .| =0.  (4.269)
0 0 d+5b2—250 c—49

The notation in these determinants may be simplified by setting

O(m) = 5_21 + bm — 2am?, (4.270)
A —1?
P(m)Q(m;)d—’—Zb(m 2)2 4a(m — 1)
_d+2b2m—1) —a(2m— 1)’

(4.271)

2

Using the notation of Egs. 4.270 and 4.271, the determinants (Egs. 4.266—
4.269) become

c Q-1 0 0 0
20000 c—4 Q(-2) 0 0
0 o) c—16 QO(-3) 0 o)
event| 0 002) 36 O(-4) 0 (4.272)
0 0 0 03) c— 64
c—4 Q(-2) 0 0
o(1) c¢c—16 0O(-3) 0
boen:| 0  Q2) c—36 Q(—4) ---[=0 (4.273)
0 0 03) c-—64
c—14+P0) P(=1) 0 0
P(1) c—9 P(-=2) 0
fodd ° 0 P2) ¢—25 P(-3) ---|=0 (4.274)

0 0 PB) c—49
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c—1-P0) P(-1) 0 0
P(1) c—9 P(=2) 0
boda : 0 P2) c¢—25 P(-3) ---|=0. (4.275)

0 0  P(B) c—49

Comparison of determinants 4.272 and 4.273 shows that if the first row and first
column of Eq. 4.299 are removed, then the remainder of Eq. 4.272 is identical to
Eq. 4.273. The significance of this observation is that if any one of the off-diagonal
terms vanishes—that is, if Q(m) = 0 for some integer m (positive, negative, or
zero)—then coexistence can occur, and an infinite number of possible tongues of
instability will not occur.

In order to understand how this works, suppose that Q(2) = 0. Then we may
represent Eqs. 4.272 and 4.273 symbolically as follows:

XX 0 0 0
XX X 0 0
0 X X X 0

waily 0 o) X X =0 (4.276)
00 0 X X
X X 0 0
X X X 0

baam:|0 02) X X =0, (4.277)
0 0 X X

where we have used the symbol X to represent a term which is nonzero. The
vanishing of Q(2) “disconnects” the lower (infinite) portion of these equations
from the upper (finite) portion.

There are now two possible ways in which to satisfy these equations with

0(2) = 0.

1. For a nontrivial solution to the lower (infinite) portion, the (disconnected,
infinite) determinant must vanish. Since this determinant is identical for both
the as and the bs, coexistence is present, and the associated tongues emanating
from ¢=36,64,... do not occur. The coefficients ag,as,aio,... and
be, bg, by, . .. will not, in general, vanish. In this case, the upper portion of the
determinant will not vanish, in general, and the coefficients ay, a,, a4, by, and by
will not be zero, because they depend, respectively, on ag and bg.

2. Another possibility is that the infinite determinant of the lower portion is not
zero, requiring that the associated deyen and beye, coefficients vanish. With these
as and bs zero, the upper portion of the system becomes independent of the
lower. For a nontrivial solution for ag, a», a4, the upper portion of determinant
4.276 must vanish, whereas for a nontrivial solution for b, and b4, the upper
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portion of determinant 4.277 must vanish. For Eq. 4.276, this involves a 3 x 3
determinant and yields a cubic on ¢, while for Eq. 4.277, this involves a 2 x 2
determinant and gives a quadratic on c. Together, these yield five expressions
for ¢ in terms of the other parameters of the problem, which, if real, correspond
to five transition curves. One of these passes through the c-axis at ¢ = 0, and
the other four produce tongues of instability emanating from ¢ = 4 and ¢ = 16,
respectively.

A similar story holds for Eqs. 4.274 and 4.275. If P(m) = 0 for some integer m
(positive, negative, or zero), then only a finite number of tongues will occur from
among the infinite set of tongues that emanate from the points ¢ = (2n — 1)2, n=
1,2,3,... on the c-axis.

As an example, let us return to Eq. 4.254, for which a =b = ¢/2 and d = 0.
The polynomials Q(m) and P(m) become, from Eqs. 4.270 and 4.271,

o(m) = g + bm — 2am* = % (m—2m*) =0= Q(0) =0, Q(;) =0, (4.278)
2
P(m) — d+b(2m— 1)27 a(2m—1)

(4.279)

&

1
1 2m—1)— (2m — 1) :>P(l)O,P<) =0.

2

The important results here are that Q(0) = 0 and P(1) = 0. When Q(0) = 0 is
substituted into Eqs. 4.272 and 4.273, we see that the element ¢ in the upper left
corner of Eq. 4.282 becomes disconnected from the rest of the infinite determi-
nant, which is itself identical to the infinite determinant in Eq. 4.273. From this,
we may conclude that all the “even” tongues disappear.

And when P(1) = 0 is substituted into Eqs. 4.274 and 4.275, we see that the
element in the upper left corner of both Egs. 4.274 and 4.275 becomes discon-
nected from the rest of the infinite determinant, which itself is the same for both
Egs. 4.274 and 4.275. From this, we may conclude that only one “odd” tongue
survives. It is bounded by the transition curves ¢ = 1+ P(0) = 1 £4.

4.4.4 Designing a System with a Finite Number of Tongues

By choosing the coefficients a, b, and d in Eq. 4.253 such that both Q(m) and P(m)
have integer zeros, we may design a system that possesses a finite number of
tongues of instability. For example, let us take Q(—2) =0 and P(3) = 0. Since
P(m) =Q(m —1/2) from Eq. 4.271, P(3) = Q(5/2) =0, and we require a
function Q(m) which has zeros m = —2,5/2,—that is, Q(m) = (m + 2)(m — 5/2)
=m* —m/2 — 5. Now since Q(m) = d/2 + bm — 2am? from Eq. 4.297, we may
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choose a = —¢/2,b = —¢/2, and d = —10¢, producing the ODE (Rand et al.
2005):

2
(1 - %cos 2t) % - % sin Zt% + (¢ — 10ecos 2t)x = 0. (4.280)
From the reasoning presented above, we see from Eqs. 4.282 and 4.273 that
0(—2) =0 produces a single tongue emanating from the point ¢ =4,6=0.
Similarly, we see from Eqs. 4.274 and 4.275 that P(3) = 0 produces three tongues
emanating from the points ¢ = 1, 9, 25, ¢ = 0. Thus, Eq. 4.280 has four tongues
of instability.
This result may be checked by generating series expansions for the transition
curves and verifying that the tongue widths are zero for all tongues except for the
four stated tongues.

4.4.5 Application

4.4.5.1 Application 1

In this section on Mathieu’s equation, we saw that the stability of the x-mode of the
particle in the plane was governed by the equation (Rand et al. 2005)

d?v 1 —L—A%cos’t
- 7" v =0. 4.281
dt2+( 1 —A%cos? ¢ )v ( )

Multiplying Eq. 4.281 by 1 — A?cos? ¢ and using a trig identity, we obtain

A2 A2 d A2 A2
(1_7_70082t>d_t;+ <I—L—7—7c052t>v:0. (4.282)

Equation 4.282 may be put in the form of Ince’s equation (4.253) by dividing
by 1 — A;, in which case we obtain the following expressions for the parameters
a,b,c,d:

_A2 A2
s 1 -1 —4

a:d:ﬁ, b =0, c=— 2. (4.283)
-2 2

Next, we use Eqs. 4.297 and 4.298 to compute Q(m) and P(m):

Q(m) :§+bm—2am2 a<2m2+;> = Q(é) 0,Q<;> =0,
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—1)—a2m—1)*
pmy — 4 2m 1)2 (2m — 1)

:g(—(Zm — 1)’ +1) = P(0) = 0,P(1) = 0.

The important result here is that P(0) =0 and P(1) =0. Inspection of
Egs. 4.274 and 4.275 shows that the resulting linear algebraic equations on the
coefficients ay,qq are identical to those on byqq, SO that coexistence occurs for all
solutions of period 2x. Thus, all the “odd” tongues are absent. On the other hand,
since the zeros of Q(m) are not integers, we see that Eq. 4.281 exhibits an infinite
number of “even” tongues that are bounded by transition curves on which there
exist solutions of period .

(4.285)

4.4.5.2 Application 2

A two-degree-of-freedom system consists of a particle of mass m and a disk having
moment of inertia J, which are respectively restrained by two linear springs and a
linear torsion spring. As is shown in the figure, the equations of motion can be
written in the form (Rand et al. 2005)

d’x dydx
(1 —&-syz)@-i-Zsyaa-l-pzx =0, (4.286)
a2y dx\ 2

This system has an exact solution called the y-mode:
y=Asint, x=0 (4.288)
The stability of the y-mode is governed by the linear variational equation
2

A% A2 d d
<1 + ‘37 - %cos 2;) d—t;‘ + eA%sin 2td—”t‘ +pPu=0. (4.289)

Equation 4.289 can be put in the form of Ince’s equation (4.253) by dividing by
1+ %2. The parameters a, b, c,d are found to be

8A2 2
b= 2a=—2_ =P _ g-o. (4.290)
144 144

Next, we use Eqgs. 4.270 and 4.271 to compute Q(m) and P(m):

Q(m) = g +bm — 2am® = —2a(m* +m) = Q(0) =0,0(—1) =0. (4.291)
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Pm) d+b(2m — 1)2— a@m—1)" —2a(2m — 1)2— a2m—1) N P(:I: 1)

= 0.
(4.292)

The important result here is that Q(0) =0 and Q(—1) = 0. Inspection of
Eqgs. 4.272 and 4.273 shows that ¢ = 0 is a transition curve and that the linear
equations on the other a.ye, coefficients are identical to those on the beye, coeffi-
cients, so that coexistence occurs for all solutions of period 7. Thus, all the “even”
tongues are absent. On the other hand, since the zeros of P(m) are not integers, we
see that Eq. 4.289 exhibits an infinite number of “odd” tongues that are bounded
by transition curves on which there exist solutions of period 2.

4.4.5.3 Application 3

This example involves an elastic pendulum—that is, a plane pendulum consisting
of a mass m suspended under gravity g by a weightless elastic rod of unstretched
length L and having spring constant k. Let the position of the mass be given by the
polar coordinates r and ¢. Then the kinetic energy T and the potential energy V are

given by
m | (dr\? do 2
T=—1|(= of s 4.293
2[<dt> T <dt>]’ (4.293)

k
V= > (r — L)* — mgrcos ¢. (4.294)
Lagrange’s equations for this system are
d? o\’
md_tzr —mr (d—qf> +k(r—L) —mgrcos¢ =0, (4.295)
d*¢ drd¢
2 aree ind =
mr - + 2mr & ds + mgrsin ¢ = 0. (4.296)

Equations 4.295 and 4.296 have an exact solution, the r—mode:

k
r:Acoswt—i—L—i—%, ¢ =0, where o= = (4.297)

The stability of the r-mode is governed by the linear variational equation
d’u . du
(Ak cos wt + mg + kL) pra 2Ake sin wta + gku = 0. (4.298)

In order to put Eq. 4.297 in the form of Ince’s equation (4.253), we set
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ot = 21, (4.299)
which gives

d? du  4gk
(Ak cos ot + mg + kL) dT-I; — 4Akosin 21(% + % u=0. (4.300)

Equation 4.300 can be put in the form of Ince’s equation (4.253) by dividing by
mg + kL. The parameters a, b, ¢, d are found to be

b Ak 4
a=—2=_AF % 4 . (4.301)
4 mg—+kL Aw?

Next, we use Eqs. 4.297 and 4.298 to compute Q(m) and P(m):

o(m) = §+ bm — 2am* = —2a(m* 4+ 2m) = Q(0) = 0,0(-2) =0, (4.302)

—1) —a2m —1)?
pm) — 422 1)2 (2m—1)

— 2a(2m— 1) fg(sz 1)? ¢P<;) - O,P<;) = 0.

(4.303)

The important result here is that Q(0) =0 and Q(—2) = 0. Inspection of
Eqgs. 4.272 and 4.273 shows that ¢ = 0 is a transition curve and that the linear
equations on the other acye, coefficients are identical to those on the beye, coeffi-
cients, so that coexistence occurs for all solutions of period 7. Thus, all the “even”
tongues are absent. Note that ¢ =4 is an exact transition curve, but because of
coexistence, there is no associated tongue. On the other hand, since the zeros of
P(m) are not integers, we see that Eq. 4.300 exhibits an infinite number of “odd”
tongues, which are bounded by transition curves on which there exist solutions of
period 2.

Problems
Solve the differential equations of motion for systems in this chapter using pre-
sented methods in previous chapters.

4.1 This problem concerns a nonlinear oscillator with quadratic nonlinearity

d*x 2
W +x+ex =0
and the initial condition x(0) = 1, $:(0) = 0.
4.2 For the oscillator,
d*x

¥+x+sax2+82bx3 =0
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4.3 We studied the forced Duffing oscillator in the form

d’x dx 3
— +x+ec—+ eoux’ = eF cos wt, ek 1
dr? dr

4.4 Consider the free response of the undamped, SDOF system where it is shown
in Fig. 4.11 that the restoring forces in the spring are given by

Fy=— (kx(t) n otx(t)3>
with o > 0. With this restoring force, the equation of motion of the system is
¥+kx+ox =0

where the equation of motion for this system with a cubic nonlinear stiffness
is commonly known as Duffing’s equation.

4.5 The equations of motion for the two identical coupled double-well Duffing
oscillators that we are interested in are the following:

d? dx
d—tf:foca+xfx3+k(yfx) +f cos(Cx)
d?y dy

= Ayt Tk

where o is the damping parameter, k the coupling parameter, f and the
amplitude and the frequency of the driving force, respectively.

4.6 The Duffing equation near resonance at Q = 3, with weak excitation, is
%4 9x = g(ycost — fx +x°).
4.7 The Duffing oscillator with equation
¥+ exk —x+x° = ef (1),

is driven by an even T = periodic function f(¢) with mean value zero. where

f() is
f(r)={ norsiss

-y, 1<t<3.

4.8 Consider the following generalization of Van der Pol’s equation:

Fig. 4.11 Single-degree-of- ()
freedom system —»
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d’x de\ % dx
—4x—¢e(l-a*—b(—) |==0
az 8( o <dt> )dt

4.9 This problem concerns the equation

@+x+8d_x 1 — % 2+ﬁ d_x ) =0
dr dt dr dr -

4.10 This problem concerns the equation

d2x dx dx dr\?
—= 0.035—+x—0.6x>—+0.1(—) =0
a T TR A TR (dt> ’

d*x dx\ )\ dx
——dx—e|l-—ax*—b(—) |==0
az €< “ (dt) )dt

4.11 This problem concerns the equation
d dx
d—;—&—x—sa(l—i—x—xz) =0, &>1

4.12 This problem concerns the equation

dzz dZ 3 2dZ
—< — A4 A2t
et @i Ty

4.13 Consider the modified Van der Pol oscillator:

d*x dx
ﬁ_g(l —x4)5+x:0

4.14 The Van der Pol equation is

d%u n du
el T St
dr? dr

4.15 Consider two Van der Pol oscillators with delay coupling:

(W —=1)+u=0.

X1 +x1 — ?(1 — X%)).Cl = SQXQ(I — ‘E),
%+ xy — &(1 — x3)iy = eak; (t — 1),
where a is a coupling parameter, 7 is the delay time, and ¢ < 1.

4.16 Consider a Van der Pol oscillator with a cubic nonlinear spring under
harmonic forcing:

Q
¥ — ex(1 —x2) +x+ex® = Fcos—t.
w,
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4.17

4.18

4.19

4.20

4.21

4.22

4.23

4 Introduction of Considerable Oscillatory Systems

Consider a model of two coupled Van der Pol oscillators that can be rep-
resented by the following differential equations:

)"(1 + (U%Xl = K(l - ﬁXlz)Xl + G(Xg —Xl) + Ry sin w,t
Xz + (,O%Xz = K(l — ﬁX%)Xz + G(X] — Xz) + R, sin w,t.
An autonomous modified van der Pol oscillator is described by the equation

2

Mi +T(x* — i+ 7

sin(2nx/A) + Kx =0

where M is the mass, I' is damping coefficient, b is the strength of the
periodic potential, 4 is its period, and K is the stiffness constant.
Consider a general class of nonlinear Van der Pol oscillators:

¥+ sgn(x)[x[*=ex(1 — %), o>0,
where

sgn(x) = +1 for x>0,
& "1 -1 for x>0.

The one-dimensional, nonlinear elastic force Van der Pol oscillator equa-
tion is
X4 x[x| = ex(1 —x%),

where ¢ is a positive parameter.
Consider the system governed by

X+ pusinx+x=0
The equation for the nonrelativistic externally forced Van der Pol oscillator is
¥+ ok (x — 1) + kx = gcos o,

where the right-hand side corresponds to an external driving force.

The system
1 21
=) Ty Pt
w* -1 +1 | 1, +F
= x+-oll—-=r —
YT w T2 1" ) T

occurs in the theory of forced oscillations of the Van der Pol equation:
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(o=1,T =075 0=12;
(ii)a=1,I'=20,0=1.6

4.24 The Van der Pol equation with parametric excitation is
%+ e(x* — 1) i+ (1 + Beost)x = 0.
4.25 The equations of a displaced Van der Pol oscillator are given by

x=y—a, y:—x+5(l—x2)y,

where a > 0 and 0 > 0. If the parameter a = 0, then the usual equations for
the Van der Pol oscillator appear.
4.26 This problem concerns the differential equation

d? 1
dt§+<4+3k1>x+gx3czost0, e< <1

4.27 This question concerns the nonlinear Mathieu equation o > 0:

d’x 3
ﬁ—i-(é—&—scost)x—&-socx:O, o>0

4.28 Damped Mathieu equation for 6 = 1/4:

@—i—cg—k 1—i—scost x=0
dr? dt 4 B

4.29 We consider the differential equation

2

d dx
(1 — =cos 2t) d_tf —%sinZta—i— (¢ —10ecos2t)x =0
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Chapter 5
Applied Problems in Dynamical Systems

In this chapter, we consider several important applied problems in the field of
dynamics, vibrations, and oscillations that were analyzed by methods mentioned in
previous chapters and solved by nonlinear dynamical teams from Babol
Noshirvani University of Technology.

5.1 Problem 5.1. Displacement of the Human Eardrum

5.1.1 Introduction

As in the first problem, we consider the displacement equation of a human
eardrum:

W' + o’u+eu? = 0,u(0) = A,u'(0) = 0. (5.1)

5.1.2 Variational Iteration Method

According to the variational iteration method (VIM), the first three approximations
of this equation can be written as follows:

uo (1) = A cos awt, (5.2)
ui(t) = acos wt — b + ccos 20mt, (5.3)
where
eA? eA? eA? eA?
=A+—-—————b=— c=—F——5—— 54
¢ s 200%(402 — 1)’ 207°¢ 2% (402 — 1)’ (54)
S. H. H. Kachapi and D. D. Ganji, Dynamics and Vibrations, 249
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1
oc:E\/sA/(sA+2w2)+1. (5.5)
ec? 1
(1) =u (1) — (fbw2 +eb® + 7) X3 (1 — coswt) + (—4d*w*c + w*c — 2bce)
1 e

cos 20w — cos wr) + (cos 4ot — cos wr)

ey 202(1622 — 1)

(5.6)

Now this equation can be solved using the other three methods.

5.1.3 Perturbation Method

Since this method does not have a high level of accuracy, the fourth order is used
to develop accuracy, as follows.
Using a perturbation technique up to the fourth order of ¢, we have

u=up+&u +&u + us + e*ua. (5.7)

Inserting Eq. 5.7 into Eq. 5.1 and equating the coefficients of powers of ¢ on
both sides, we obtain the following equations:

el (;; uo(t)> + @’up(t) = 0, (5.8)

e luy (f) + (j;ul(t)> + up(1)* = 0, (5.9)

& wtun(t) + 2up(t)u (1) + (j:z uz(t)> =0, (5.10)

&y (1) + 0?us (1) + 2uo(H)us (1) + (;—;m(t)) =0, (5.11)

&t (g—; M(z)) + g (t) + 2uy (1)ua (1) + 2u0 (s (1) = 0. (5.12)

Equations 5.8-5.12 are solved recursively for u;(7)(i = 0,1,2,3,4), with respect
to the initial conditions (Eq. 5.1).
Consider the following initial conditions:

1o(0) = A, u(0) = 0. (5.13)
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Inserting them into Eq. 5.8, the solution is simply obtained as follows:
uo(t) = A cos wt. (5.14)
Substituting Eq. 5.14 into Eq. 5.9, we have
a2
o’uy (1) + <dt2u1(t)) + A% cos(wr)* = 0. (5.15)
Considering Eq. 5.15 and using the initial conditions
u1(0) =0, u;(0) =0, (5.16)
the solution of Eq. 5.15 is attained as follows:

1 cos(wt)A?  1A%(=3 + cos(2mt))
ul(t) = § o2 + g o2 . (517)

In the same way, we substitute Eqgs. 5.14 and 5.17 into Eq. 5.10, and we obtain

1 cos(wt)A?  1A%(—3 + cos(2wt)) d?
2 _
ouy(t) + 2A cos(wr) <§ g + 3 e + @uz(t) =0
(5.18)
with the following initial conditions:
u2(0) = 0,u5(0) = 0. (5.19)
Now we solve Eq. 5.18 with the above initial conditions as follows:
1 A’ cos(wt)
) =————— =
) = g
1 A3(—48 + 16 cos(2mt) + 30 cos(wt) + 60 sin(wt)wt) (5.20)
144 w* ' '

In the same way, we obtain u3(¢) and u4(t) as

29 A*cos(wt) 1
W) =33 s T a3208
+ 9 cos(3wr) + cos(4wt) + 96 cos(2wt) + 60wt sin(2wt)),

A*(—=225 + 90 cos(wt) + 180 sin(wt)wt

(5.21)

37 cos(wr)A’ N 1
S 6912 b 207360
sin(wt)wt + 1116 cos(3wr) + 64 cos(4wt) 4+ 540wt sin(3wt) + 6144

cos(2wt) + 3840wt sin(2wr) + 5 cos(5wr) — 1800 cos(wt)w?* )
(5.22)

uy(t) A’ (—14400 + 6960 cos(wt) + 13920
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Substituting u; (1), us(t), u3(), and uy(¢) into Eq. 5.7, u(z) will be

= ———(—144004%¢* + 207364 8 1A%¢* cos
u(t) 30736 2 ( 00A°¢* 4 20736A cos(wr)w® 4+ T071A°¢* cos(wr)

+ 11164%¢* cos(3wr) 4 64A%E* cos(4wr) + 6144A%* cos(2mt) + 5A%E* cos(5or)
— 108004%83w? — 69124%£%w* — 10368A4%ew® + 8640A° s> sin(wt)t
+ 8640A%s> * sin(wr)t + 540A4%* wt sin(3wr) 4 28804% e} w3t sin(2wt)) (5.23)
+ 69124%00° cos(wr) 4 48A4*e* w? cos(dwr) 4 4608A4%e> w* cos(2wt)
+ 3456A%£w® cos(2wr) + 4176A3w* cos(wr) + 4324% 2w cos(3wr)
+ 5712443 0% cos(wt) + 4324463 w? cos(3wt) + 23044320 cos(2mr)
+ 139204°¢* sin(wr)wt + 384045 ot sin(2wr) — 18004%* cos(wt)w’r

The perturbation method (PM) is not exact enough for the fewer number of
repetitions, so that we have to apply four stages, as seen above.

5.1.4 Homotopy Perturbation Method

According to the homotopy technique,
L=u"+o’u,N = cu? (5.24)

We construct a homotopy as follows:

(:—;v(t)) + a?v(t) - (;—;uo(t)> — ’ug(t) +p((§—;u0( )) + wzuo(;)) Fpev?(t) =0
(5.25)

Substituting v(7) = vo(¢) + pvi(¢) into Eq. 5.25, we have

v (1) + (%vﬂt)) + (% uo(t)) + 0?up(t) + evg(t) = 0. (5.26)

Substituting uo () = vo(r) = A cos(awt) into Eq. 5.26, we obtain

& 1
v (1) + (@ Vi (t)) — A cos(awt)d*w® + w*A cos(amt) + EaAz cos(2awr) = 0.

(5.27)

Now we solve Eq. 5.27 with the conditions of v;(0) = 0,v|(0) = 0:

A
20%(—1 + 402)
— 2eA cos(wt) + eA cos(2awt) — 4eAa’® + 20* cos(awt) — 8 cos(awr)o’w® + eA)

(5.28)

(8c? cos(r)a? + 4eA cos(wr)oa? — 2w cos(wt)

Vl(l‘) =
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Therefore,

ult) = lim(uo() + pon (1)) =3 B ELEZD  (s9)

Now we can obtain different values of u(¢) for different values of ¢, w, A, and o.

5.1.5 Numerical Solution

The numerical solution obtained from the Runge—Kutta method includes the
results from Table 5.1, Figs. 5.1 and 5.2.

Consistent with this problem, when ¢ < 3, all the methods lead to similar results,
and as ¢ increases, the results of the different methods increasingly diverge from
each other.

Table 5.1 The numerical results of u(¢) for different values of time for Eq. 5.1 with the fixed
values of A = 1,6 =0.1,0 = 0.51177, and v = 1

t u(t) t u(t)

0 1.00000 5.5 0.66070
0.5 0.86589 6 0.94711

1 0.50196 6.5 0.98055
1.5 0.00843 7 0.75138
2 —0.48824 7.5 0.32455
25 —0.87181 8 —0.18516
3 —1.06020 8.5 —0.65137
35 —1.01555 9 —0.96877
4 —0.74669 9.5 —1.07129
4.5 —0.30868 10 —0.93859
5 0.20169

Fig. 5.1 The solution results 14 Numerical

— —A— — Perturbation
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5.2 Problem 5.2. Slides Motion Along a Bending Wire

5.2.1 Introduction

In this problem, we consider a bead of mass m that slides without friction along a
wire that has the shape of a parabola y = Ax? with axis vertical in the earth’s
gravitational field g, as shown in Fig. 5.3. x is the generalized coordinate of the
horizontal displacement. We can write down Lagrange’s equation of motion as

(1+42%x(1)%) (%) 472x(1) (d"—(l)) 2+ 2g/x(1).

5.30
dr? dr ( )

Fig. 5.3 Geometry of the b )
problem
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5.2.2 Energy Balance Method

Equation 5.30 can be rewritten as

d:;gt) +adx(r) + Mdzg’) (1) + Nx(f) <d’;(t’)> o, (5.31)
where
N=M=4)" and 0} =2g/. (5.32)
Initial conditions are
x(0) = A,xY(0) = 0. (5.33)

Its variational and Hamiltonian formulations for N = M = 2 can be easily
obtained as

J(x) = /t {—% (dxd—(:)> 2—!—% W2 x()? + x(1)? <dxd_(tt))2}dt. (5.34)
0

Its Hamiltonian, therefore, can be written in the form

2 2
e -1 (d”d—(t”> LR + 20 (dxd—(f)) oA (539)

Choosing the trial function x(#) = A cos(wt), the following residual equation
will be obtained as

1 1 1
R= 5 A? sin(wr)® o + 3 A2 @2 cos(wt)” + A* cos(wr)® sin(wr)® w? — 3 i A%

(5.36)
If we collocate at wt = %, the following result will be achieved:
V14 A2
o=20V_*t4 (5.37)
1+ A2
The following approximate solution is obtained:
woV1+A2
H=A 1. 5.38
x(2) cos( T A2 ( )
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5.2.3 Variational Iteration Method

To solve Eq. 5.31 by means of the VIM, the arbitrary initial approximation is
supposed as

xo(t) = A cos(wr). (5.39)

Then we have

d’x(1) - M (M) x(1)* = Nx(1) (dx—(t))z— wp x(1) (5.40)

dr? dr

or

2x (A cos(w )
d'x(t) —M<7d (A dtz( t))>(A cos(wt))

d(A cos(wt))

o ) — wi(A cos(wt)). (5.41)

— N(A cos(wr)) (

Integrating twice yields

11
x(t) = — 902 (A(=TM A’ + 2NA*@* + 903} + M A cos(wt)’

+ 6M A2 cos(wr) — N A2w? cos(wr) sin(wt)* — 2N A2w? cos(wt)

— 9w} cos(wt))).

(5.42)
Equating the coefficients of cos(wt) in Eq. 5.42, we have
1AL MA?w? —2 NA>w? — 9}
1A 1 0) _ 4 (5.43)
9 W
or
2wo\/(BM A2 — NA? +4)
= d/s. 5.44
AT —Na e a s (5.44)
Therefore:
2w\/(BM A2 — NA? +4)
=A t 5.45
Xo COS( AMAL_NAZ 14 ) (5.45)

where 0x, is considered as a restricted variation. Its stationary conditions can be
obtained as
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Xn+1 (t) = Xn

0
+ [y (dz‘z(f) +aia© - (2 a0 - i) (52) ) a
0

(5.46)
where 7 is a Lagrange multiplier. Its stationary conditions can be obtained as
(1,
00 4 ko) =0, (547
oC
o(t,0)
T l— =0, (5.48)
(0= = 0. (5.49)
The Lagrangian multiplier can there be identified as
1
7 =—sinwj({ —1). (5.50)
@5

As a result, the following iteration formula is obtained:

/ 2x 2.x
S (1) = (1) + / ésin W (c— 1) (d dtgt ) m (d dtg”) (1)
0

0
2
+ Nx(1) (dxd_(tt)> +aj x(1) ) dr.

Using Eq. 5.51, other components can be obtained directly as follows:

(5.51)

1
0} (3MA? — NA? + 4)
+ 32M cos(wr)® — 48M cos(wt)* + 32N cos(wt)® — 48N cos(wr)* — M — N)
(cos(wit) — 1)).

x1(t) = A cos(wt) — (A*(18M cos(wt)* + 18N cos(wt)?

(5.52)

and so on, in the same way, the rest of the components of the iteration formula can
be obtained.

5.2.4 Parameter Lindstedt—Poincaré Method

In order to use the parameter Lindstedt—Poincaré method (PL-PM), Eq. 5.31 can
be re-written in the form
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dzd);gt) + o’ x(t) —¢ ((w% — ) x(t) — M% x(t)> = Nx(r) (dxd_(tt)> 2) =0
(5.53)

The solution x(¢) and frequency w are expanded as
x(t) = xo(t) + exy (t) + & x2(t) + - - -, (5.54)
0 =wf+ew e wy+ ... (5.53)

Substituting Eqs. 5.54 and 5.55 into Eq. 5.53 and equating the terms with the
identical powers of ¢, gives

& %o(t) + w? xo(f) = 0, (5.56)
2 2 2
el d ;12(2‘) + @ x1 (1) + (0} — ) xo(t) + Md ;C(t)z(t) xo(1)” + Nxo(r) (dxst(t))
=0.

(5.57)

Considering the initial conditions x(0) = A, x(0) = 0, the solution of Eq. 5.56 is
xo(t) = A cos(wt).
Substituting xo(¢) into Eq. 5.57 and simplifying it, we obtain

d2X1 ([) 3
a2 + @? x1(t) + (0f — ©*)Acos(wt) — M A’ cos(wt)’ o
+ N A? cos(wt) sin(wr)* »?
=0. (5.58)

If, for this problem, the first-order approximation of solution and frequency are
sufficient, then setting ¢ = 1 in Egs. 5.54 and 5.55, we have

x(2) = xo(2) + x1(2), (5.59)

* = 0} + o). (5.60)
Based on of trigonometric functions properties, we have

cos®(wt) = 1/4cos(3wt) + 3/4 cos(wt). (5.61)

Substituting Eq. 5.61 into Eq. 5.58 and eliminating the secular term, we have

3 1
(wé—wz)A—ZMA3a)2+ZNA3w2:O (5.62)

or
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Fig. 5.4 The comparison of 0.2
the obtained solutions with
the numerical solution at
i=L2 A=02
0.1

—-o--— EBM
]
— A— - PEM
—X— Numeric

-0.1

-0.2

_ 2y/(4+3MA* — NA?)
T 443MA2—NA?

. (5.63)
Solving the equation (5.58) yields

_ 1 3, 1 3 13
x1(t) = cos(wt) <32 MA’ + n NA > 7 A’(M +N) cos(3wt).  (5.64)

Fig. 5.5 Phase plane, at 0.2 r S EBW
A= \/TZ,A =0.2 | ——x—— Numerical
0.1}
0 -
= L
0.1
0.2 - <
! L1 | L1 |
-0.8 0.4 0 0.4 0.8
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Then we have (Figs. 5.4, 5.5)
x(t) = xo(t) + xi (1)
1 1 1
= A cos(wt) + cos(wt) (ﬁ M A3 + 7 NA3> 3 A*(M + N) cos(3wt).
(5.65)

5.3 Problem 5.3. Movement of a Mass Along a Circle
5.3.1 Introduction

As is shown in Fig. 5.6, the motion of a mass m moving without friction along a
circle of radius R that is rotating with a constant angular velocity Q about its
vertical diameter is considered. The forces acting on the particle are the gravita-
tional force mg, the centrifugal force m Q>R sin(6(r)), and the reaction force N.
Taking moments about the center of the circle o and equating their summation to
the rate of change of angular momentum of the particle about o, we obtain

mR*0(t) — mQ? R* sin(0()) cos(0(r)) + mgR sin(0(z)). (5.66)

In this problem, the nonlinearity is due to both inertia and large deformation.
The initial conditions are

0(0) = A, S (0) = 0. (5.67)

By using the approximations sin(6(¢)) ~ 0(t) — %,COS(Q(Z‘)) ~1-— %)2, the
governing equation can be rewritten as

Fig. 5.6 Geometry of A
problem |
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(0(1)) 20(8) + GO —MO()° =0, 0(0)=A,00) =0 5.68
a2 + w0(2) (1) (1)” =0, 0(0) =A,0(0) =0, (5.68)
where
R O’ R? R 2mQO?R?
It:mRz’w(z’:(%_mn )’G:<_m6it i m31; )and
(5.69)
_m§22R2
12K

5.3.2 Energy Balance Method

Variational and Hamiltonian formulations of Eq. 5.68 can be easily obtained as

0= [ {; (550 + oo+ 5 o' ”;e<r>6}dr. (5.70)

0

Its Hamiltonian, therefore, can be written in the form

O L(dOON L, Gy Mo 6 1o, Gy M
H__§<T) +§(D00(l) +Z 0(1) —ge(l) —E(UOA _ZA —‘rgA

(5.71)

Choosing the trial function 6(t) = A cos(wt), the following residual equation can
be obtained:

1 1 G M
R= EAZ sin(wr)® o® + §A2 w? cos(wr)® + ZA4 cos(wt)* — EAé cos(wr)®
1 5o G M
— SR A? — At L AS
PR Y
(5.72)

If we collocate at wt = % the following result can be obtained:

1
w:g\/27 GA® + 3602 — 21 M A%, (5.73)

The approximate solution can be obtained in the form

1
0(r) = A cos<6 \/27 G A2 436w} — 21 M A* z). (5.74)
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5.3.3 Variational Iteration Method

According to VIM, the arbitrary initial approximation is supposed as

0o(t) = A cos(wr). (5.73)
Then we have
d*0(t
dtg ). ¢ 0(1)* + M 0(1)° — 2 0(2) (5.76)
or
d*0(r) _ 3 5 2
a7 = —G(A cos(wr))” +M(A cos(wt))” — wi(A cos(wr)). (5.77)
Twice integrating yields
B 11 2 2 4 2
01) = — 5555 (A(225 w0 + 175 GA® — 149 M A* — 225 0§ cos(o)
—25GA? cos(wr)® — 150 GA? cos(wt) + 9 M A* cos(wr)’ (5.78)

+20M A* cos(wt)® 4+ 120 M A* cos(wr))).
Equating the coefficients of cos(wt) in Eq. 5.78, we have

1 A(—%2 GA? + UE MA* — 225 o)

-5 £ —A (5.79)
or
1 2 2 4
0=y V12GA% + 1607 — 10M A rad/s. (5.80)
Therefore:
1 2 2 4
0y = A cos Z\/1ch F 1602 — 10MA* ¢ (5.81)

where 66, is considered as a restricted variation. Its stationary conditions can be
obtained as

1

2
a0 =00+ [ 2(S 05 4 000 - MO© 4 GO Yot (582
0

ac
where A is a Lagrange multiplier. Its stationary conditions can be obtained as

2
o ;(;2 ) k21,0 =0, (5.83)
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Y,
==l =0, (5.84)
M, )=y = 0. (5.85)

The Lagrangian multiplier can there be identified as

lz%sinw%((—t}. (5.86)
@g

As a result, the following iteration formula is obtained as

0n+l(t) = Qn(t)
r1 &0
+ Gz s wp(t —1) ( dtg’) —Mx(1) +GO(r)’ +w30(t)) dr.

0
(5.87)

Using Eq. 5.87, other components can be obtained directly as

01(1) =A cos(wr) — ﬁ (A cos(r)(6G — 5 MA2 555
0 .

+8MA? cos(wt)* — 5G cos(wr)®)(cos(wir) — 1)).

In the same way, the rest of the components of the iteration formula can be
obtained.

5.3.4 Parameter Lindstedt—Poincaré Method

In order to use the PL-PM, Eq. 5.68 can be re-written in the form
d20(r)
dr?

The solution x(¢) and frequency w are expanded as

+ @ 0(t) — e((02 — @*) 0(t) — M O(1)° + G O(r)*) = 0. (5.89)

0(t) = 00(1) + £ 01 (1) + & 02(t) + - - -, (5.90)
o' = o5+ ew) + oyt (5.91)

Substituting Eqs. 5.90 and 5.91 into Eq. 5.89 and equating the terms with the
identical powers of ¢ gives

60 ) d290(l)

gt ? 0o(t) = 0, (5.92)
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el %tlz(t)_F @ 0,(1) + (0 — ) Op(t) — M 0o(2)> + G 0y(1)* = 0. (5.93)

Considering the initial conditions 0(0) = A, 0(0) = 0, the solution of Eq. 5.92
is Op(t) = A cos(wt). Substituting 0y(z) into Eq. 5.93 and simplifying it, we obtain
d291 ([)

dr

+ 0% 0,(1) + (0% — ©?) A cos(wt) — M A’ cos(wr)’ + GA® cos(wr)’ = 0.
(5.94)

Similarly, setting ¢ = 1 in Egs. 5.90 and 5.91, the first-order approximations of
solution and frequency are

0(r) = 0o(t) + 0,(2), (5.95)
o’ = o} + . (5.96)
Based on of trigonometric functions properties, we have
cos’ (wt) = 1/4cos(3wt) + 3/4cos(wt). (5.97)
Substituting Eq. 5.97 into Eq. 5.94 and eliminating the secular term leads to

5 3
(0 — @*)A — 3 M A’ + 1 GA®* =0 (5.98)

or

1
w:Z\/IZGA2 1602 — 10M A%, (5.99)
Solving Eq. 5.94, we obtain

1 cos(wt)A3(4MA*—-3G) 1 1
0,(t) = % — Ty (A3(15M A cos(3wt)

— 12G cos(3wt) + M A? cos(5mt))).

(5.100)

Then the first approximation solution can be written as (Figs. 5.7, 5.8)

0(1) = Oo(2) + 0:(2)
1 cos(wt)A3(4M A% — 3G 1 1
e (i) (w2 )—ﬂE(A%ISMA2 cos(3wr)

—12G cos(3wt) + M A* cos(Smt))).

= A cos(wt) +

(5.101)
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Fig. 5.7 Comparison of the 0.14
obtained solutions with the

numerical solution at m =
3,R=0.5,Q=7%and

A=0.1. 0.05
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5.4 Problem 5.4. Rolling a Cylinder on a Cylindrical
Surface

5.4.1 Introduction

As is shown in Fig. 5.9, a cylinder with weight w and radius r rolls without
slipping on a cylindrical surface of radius R. For no slipping, we have r ¢ = R 0.
Its differential equation of motion about the lowest point is
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Fig. 5.9 Geometry of the

problem
A
e
R
3w 9 .
o (R—r)"0(t) + w(R — r) sin(6(r)) = 0. (5.102)
8
The initial conditions are

0(0) = A,(:l—?(O) =0. (5.103)

At this step, we investigate Eq. 5.102 using an approximation for sin(0) as
follows:

sin(0(1) = 0(t) — ——,—= <0(r) < =. (5.104)

T
2

Substituting Eq. 5.104 into Eq. 5.102, and by some manipulation, Eq. 5.102
can be re-written in the form

dz(d(gt)) + wR0(0) ﬁ 0(1) =0, 0(0) =4, 0(0)=0.  (5.105)
where
ol 28
= B (5.106)

In the present problem, similar to the procedure mentioned in previous cases,
the obtained results are as follows.

5.4.2 Energy Balance Method Results

1

g
= [ A2 4402 5.107
@ 2\/3(R—r) e, ( )
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0(r) = A cos G \/ﬁ A2+ 40} t). (5.108)

5.4.3 Variational Iteration Method Results

w:%\/ﬁm +4aR, (5.109)
0(t) = A cos(wt) — 4wa3 <9(i7A_3r)cos(wt)(—3 + 4 cos(wr)?)(cos(w?r) — 1)>
(5.110)

5.4.4 Parameter Lindstedt—Poincaré Method Results

1 8 2 2
a)—z\/3(R_r)A +40?, (5.111)

g A cos(wr)

8
+ 283(R — r) w?

0(r) = A cos(wr) — m

A? cos(3wrt).
(5.112)

In this problem, the three resulting frequencies calculated using the three dif-
ferent methods are exactly the same (Figs. 5.10, 5.11).

Fig. 5.10 Comparison of the 0.2 e
obtained solutions with the B == \Fl,gIIM
numerical solution at : —x— Numeric
R=05r=0.1,andA =0.2 |
0.1
° LL
01 |
-0.2 [ L1 | I [ |
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Fig. 5.11 Phase plane, at 0.01
R=2,r=0.1,and A = 0.01

0.005

-0.005

o
LA LA B B Sy I N N B B S |

5.5 Problem 5.5. Movement of Rigid Rods on a Circular
Surface

5.5.1 Introduction

The rigid rod rocks back and forth on the circular surface without slipping
(Fig. 5.12).

Fig. 5.12 Rigid rods on a
circular surface

5
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The equation governing 0 is

(11—2 P+ 9(t)2> 0(r) + r20(1)(0(1))* + g r 0(z) cos(0(r)) = 0. (5.113)

5.5.2 Energy Balance Method

We consider the above equation with the following initial conditions:
0(0) = A, 0(0) = 0. (5.114)

By some manipulation, in Eq. 5.113, we have the following equation:

0(1) + M(0(2)) 0()* + N 0(r) 0(t)* + a 0(r) — WO(1)* =0 (5.115)
with the initial condition of Eq. 5.114, where

1272 6gr? 12¢gr
= = and a =

I 2 2

N=M (5.116)

its variational formulation for N =M =2 or ; = V/6 can be easily established as
t 1 1 1
J(Q)Z/{—§92+§a92 +9292—ZW94}dz. (5.117)

0

Its Hamiltonian, therefore, can be written in the form

1. 1 . 1 1
H==00)"+=ab()?+00)?0()* —=aA> +- waA* (5.118)
2 2 2 4
and
a 1
H_y==A*—-wa* 11
=0 ) 4 w ) (5 9)
1, 2 H(T)Z 1 2002 4 01 4
H —H_y=-— — = ——A -WA" =0. .12
We will use the trial function to determine the angular frequency o, i.e.,
0(t) = A cos(wr). (5.121)

If we substitute Eq. 5.121 into Eq. 5.120, it results in the residual equation
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2
l(—Aw sin(wr))* + (4 cos(on))” +1(A cos(wt))*(—Aw sin(wr))> — T —i—l WA* = 0.
2 2 2 2 4
(5.122)
If we collocate at ot = ﬁ, we obtain
1 A’w?  a 3
—A’w? — A+ WAt =0 5.123
AT T T g (5.123)
or
1 /=1 +A2)(—4a+3WA2)
=_ . 5.124
) 1+ A2 (5.124)
Hence, the approximate period is
2
T = ” (5.125)
1 V/—(1+A2)(— 4a+3W A2)
<2 1+AZ >
and
1 /(1 +A2)(—4a+3WA2)
0(t) = A cos (E A t. (5.126)

5.5.3 Variational Iteration Method

To solve Eq. 5.115 by means of the VIM, we start with an arbitrary initial
approximation

0o(t) = A cos(wr). (5.127)

Then we have

- (dz‘)(”> 00 — N 0(1) (dfff))z—a 00 + WOl (5.128)

dr?
or
P (A cos(w w))\ 2
0=-M (W) (A cos(wt))* — N(A cos(wr)) <W>

— a(A cos(wr)) + W(A cos(wr))’.
(5.129)
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Integrating twice yields

11
0() = =5 (A(-7 MA*? + 2N A20* +9a —TWA? + MA2w? cos(wt)?
w

+ 6 M A2 cos(wt) — N A2w” cos(wt) sin(wr)* — 2N A% w? cos(wt)
— 9a cos(wt) + WA? cos(wr)® +6 W A% cos(wr))).

(5.130)
Equating the coefficients of cos(w?) in Eq. 5.131, we have
1A(6MA*w?* —3 NA*w? — 9a + 6 WA?
LAl § 7= a+tOWA) _ (5.131)
9 w
or
2\/—(8M A2 —3NA? + 12)(—3a +2 W A?)
= d/s. 5.132
© SMA? —3NA” 1 12 rad/s (5.132)
Therefore,
2/—(8MAZ —3N A%+ 12)(—3a+ 2 WA?)
0h=A . 5.133
0 COS( SMA? —3NA2 + 12 (5.133)
We obtain the approximate period
2
T = ” (5.134)

2\ /—(8MA>3NA 1 12)(3a+2WA?)
SMAT 3NAT112

where o1, is considered as a restricted variation. Its stationary conditions can be
obtained as

)= 0,00+ [ z(‘”“) rang - u (S
0

)02 - wo (%(f))z W@(ﬁ)dg

d¢? a¢?
(5.135)
Its stationary conditions can be obtained as
2
A
THLD | a0 =0, (5.136)
oC
0A(,§)

1-— o li— =0, (5.137)
At Q)= = 0. (5.138)

The Lagrangian multiplier can be identified as
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1
J.=—sina({ —1). (5.139)
a
As a result, we obtain the iteration formula

! 2
Opir (1) = 0,(1) + / ésin a(t — 1) ('9 +M <d2d(i§’)> 0(r)> + N 0(1) (%”) +ab(t) — W@(z)3) dr.
0

(5.140)

By use of Eq. 5.140, we can directly obtain other components as follows:

1
-—(A cos(wr)(w? + M A% @* cos(wr)? — NA2 o sin(wt)?
a

—a+ WA? cos(wt)?)(cos(at) — 1)).

0:(t) =A cos(wt)

(5.141)

And so on, in the same way, the rest of the components of the iteration formula
can be obtained.

5.5.4 Parametrized Perturbation Method

We rewrite the governing equation as

00) + M) 067 +NOW IO +a00) ~ WO =0,
0(0) =A,0(0) = 0.

In order to apply the perturbation techniques, we introduce a small parameter ¢
by the transformation as

0(r) = ev(t). (5.143)

So the original Eq. 5.142 becomes a small parameter equation, which means that

dv(r) 127282, (d*v(1) 12 r2¢? dv(r)\> 6gré® , 4
e T 0 <dt2 0\ ) —TE 0 a0 =0,

wngmmnzo
(5.144)

We assume that o} and the solution of Eq. 5.143 can be written in the forms
v(t) = vo(t) + &2 v (1) + s (1) + K, (5.145)

a=ow*+&w + o +K (5.146)
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Substituting Eqs. 5.144 and 5.145 into Eq. 5.143 and equating coefficients of
the same powers of ¢ results in the equations

() A dvy
ar2 +w V()(t) = O, V()(O) = z,a (0) = O, (5147)
(1) 1272 (1)) 122 dvo()\? 6gr .-
d; +5 vo()? ( d?z ) +=volr) (%) -5 vo(1)* 4 avi (1) + wvo(r) = 0,
B dv(0) _
v(0) = 0, ~ =0.
(5.148)
Solving Eq. 5.147 yields
A
vo(t) = zcos(a)t). (5.149)

Substituting vy into Eq. 5.148 and eliminating the secular term gives us

mA 3MA*0* 1NAw? 3WA3_0

2 = 5.150
e 4 & 4 & 4 & ( )
or
1A2(30* M — N o + 3W)
== . 5.151
“r=7 &2 ( )
Where the angular frequency o can be obtained from Eq. 5.146,

a=ow*+& o, (5.152)

which leads to

\/—(4 +3A2M — A2N)(—4a + 3A2W)
= . 5.153
@ 4+ 3AZM — AN (5.153)

Hence, the approximate period is

T = 2n . (5.154)
\/—(4+3A2M—A2N) (—4a+3A2W)
413A°M—A’N

Solving Eq. 5.148, we obtain

1 cos(wt) A3(Mw? + No? + W) 1 (M +N)w? + W)A3 cos(3mt)
01() = 32 Sw? 32 Sw? '
(5.155)

If, for this problem, its first-order approximation is sufficient, then we have the
first-order approximation solution of Eq. 5.142 (Figs. 5.13, 5.14, 5.15):
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Fig. 5.13 Results of the
energy balance method
(EBM), parameterized
perturbation method (PPM),
and parameter expansion
method (PEM) at

I=1,r="/andA=0.1

Fig. 5.14 Time history
diagram of Oatli=1,r=
Y8/ and A = 0.1. EBM
energy balance method, PPM
parameterized perturbation
method, VIM variational
iteration method

0(t) = e(0o(r) + &% 0, (1))
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1 cos(wt) A*(Mo? + No? + W)

1 (M +N)o? + W) A3 cos(3wt)

= A cos(wt) + —

32

w?

32 w?

(5.156)
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Fig. 5.15 Phase plane,
inl=05,r=
Y81 0<r<40 and A =0.2.

()

6(r)

5.6 Problem 5.6. Application of Two Degrees of Freedom
Viscously Damped

5.6.1 Introduction

In this problem, a viscously damped spring—mass system having linear and non-
linear stiffness with two degrees of freedom has been considered, as shown in
Fig. 5.16. The system consists of two blocks of mass m; and mj;. The block m; is
connected to a nonlinear spring, the force displacement relation of which is
Frontinear spring = k114(t) +k3u(t)3 and the same viscous damper with coefficient
¢ that is connected to the latter. The block of mass m, is connected to a linear
spring of stiffness k,. The motion of the system is described by the coordinates ()
and v(¢), which define the positions of the masses m; and m, at any time ¢ from the
respective equilibrium positions. The application of Newton’s second law of
motion to each of the masses gives the equations of motion as

Fig. 5.16 Spring—mass U v
damper system with two
degrees of freedom \S | v
N 4
A
y MAA m f——=—m AMA _F
WA M= my W
3k 4
Y R1,ks ¢ ke 7
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&u(r) PR S (du_(t)_ dv(t)) o,

dr? m m mi dt dt
() k ¢ (dv(r)  du(r) (5.157)
v 2
—v(t) + — — =0
dr? +m2v()+m2<dt dr ) ’
with the initial conditions of:
du
u(0) = A,~ > (0) = 0,
dv (5.158)
0
0)=B,—(0)=0
v(0) = B, 22 (0)

5.6.2 Application of the Homotopy Perturbation Method

Solving Eq. 5.157 considering the initial conditions (5.158) by means of the
homotopy perturbation method (HPM), the following process, after separating
the linear and nonlinear parts of each equation, is considered.A homotopy can be
constructed as follows:

dPu K ¢ du dPu Ky ks 5 ¢ (du dv
H =(1- — 4 — — = — = —-=
1(14,]7) ( p)<dt2+m1 quml d[) +p(dlz+m1 u+m1 " +I’I’ll (dl dl))’

Ha(v,p) = (1 ) d2v+k2 +cdv n d2v+k2 +c dv du
v,p)=(1— —t+— v+ —— —+—v+—— == ).
2P PI\ a2 my my, dt P\ap my mp \dt dt

(5.159)

One can now try to obtain the solutions of system 5.159, in the form of

u(t) = uy (1) 4 ua (1) 4 us(t) + - -,
{ v(t) = vi(t) +wa(t) + v;(z) 4o (5.160)

Substituting Eq. 5.160 into Eq. 5.159 and rearranging the resultant equations
based on powers of p-terms, we obtain

d? k d d
L+ =200, ug(0) = A,=2(0) =0,
0 __ dr m my dt dr 5.161
p = 2 (5. )
M+k_2v o dv_ vo(0) = %(0)_0
a2 Ty Y Ty ar 0 N T g Y T
d2M1 k] kg 3 C du] c dVO dl/to
— 4+ — —= —_———=0 0)=0,—(0)=0
pl _ dr? mp “ +m1 u°+m1 dr my dt ’ MO( ) T dt ( ) ’
T )P ke c dv ¢ dug dv;
— —————=0 0)=0,—(0)=0
@ m T a my A v1(0) ar ) =0,
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dzu k ¢ du c dv
TR T ;
pZ _ %(HO(I))ZI,“(I) — 07 Mo(o) = 7%(O) =0, (5163)

0
dzv k.
_122+m_22v2+m_2E_m_2E707 V](O):O,—(O): s

where u;(¢),vi(f) can be obtained by solving these equations in terms of
uo (1), vo(t), respectively. To solve Eq. 5.161, the traditional approach is to assume
each of the following solution forms:

up(t) = e, (5.164)
vo(t) = e, (5.165)

where w and s are complex parameters yet to be determined.

Here the solution procedure is described for obtaining u(¢) which can similarly
be applied to obtain vy(z). By substituting Eq. 5.164 into the first equation of
Eq. 5.161, we obtain

o\
<s2 +S +—‘> e =0, (5.166)

mj ny

which is satisfied for all values of + when the following equation, is known as the
characteristic equation, holds:

k
Pt —s+-L=0. (5.167)

m m

Equation 5.9 yields the roots
2
c c ki

=——d — ——. 5.168
512 2my (2 ml) m ( )

Hence, the general solution of the first equation of Eq. 5.161 consists of the sum
of two solutions of the form of Eq. 5.164 corresponding to the two roots of
Eq. 5.168:

up(t) = Me*" + Ne®™, (5.169)

or
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where M; and N; are constants to be evaluated from initial conditions. The

behavior of the terms in the parentheses depends on whether the numerical value
2

within the radical is positive, zero, or negative. When the damping term (2,”7]) is

larger than , the exponents in the previous equation are real numbers, and no
oscillation occurs. This case is said to be overdamped. When the damping term

2
(ﬁ) is less than % the exponent becomes an imaginary number,
my m

2
N L. (;) ¢
m 2my :

Using Euler’s Formula, we have

= ti r. 5.171
= cos \/ 2m1 i sin 2m1 ( )

Hence, the terms of Eq. 5.169 within the parentheses are oscillatory; we refer to
this case as underdamped. A typical response history of an underdamped system is
shown in Fig. 5.17. In the limiting case between the oscillatory and nonoscillatory

2
motion, (ﬁ) =% and the radical is zero. The damping corresponding to this
1 my

case is called critical damping, denoted by c¥, where

CZ:Zml,a),,:2vk1m1, (5172)

ty[m]

Tg

nl

1
\ N ug(t+ Ta)| to(t)
/‘ FAN S
| VAR ts]

Tq

Fig. 5.17 Characteristic response history of the underdamped system
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and
ky

w, =
m

wy, 1s called the natural frequency of the undamped system. Any damping can
then be expressed in terms of the critical damping by a nondimensional number (,

called the damping ratio or damping factor:
¢ (5.173)

Similar to those of uy(7), it holds for vy(z), that is

c c \? ko
= —— —) —— 5.174
Wiz 2m2 (2 m2> mz7 ( )
2 ) 2
_ (7:” ) P (2'712) - :"_22 ! - (2512) N :l_zz !
vov=e \"™/ | Me +Nye , (5.175)
c
E=— 5.176
¢ o ( )
cl=2myw, =2 kymy, (5.177)
where

ko
@y =\ —.
ny

We shall consider the third case, since it is the only case that leads to an

oscillatory motion.
Transformation of the rearranged resultant equations on the basis of powers of

p-terms into the standard form yields
d?uy (1 dug(t d
101) | (1) + 2 c oo % =0, u(0) = A,%(O) =0,

~—

d“vo(t dvy(t d
Yo(1) + @v(t) + 2 ¢, 7‘}35 ) =0, v(0) =B, T;to (0) =0,

dr? "
(5.178)
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d2u|([) > du|(l) dVo(l)
2‘: n -2g n
a2 +wu(t) +2cw 5 con =g
p' = tow?id(t) =0, 0 (0) =0,%(0) =0,
d2V1([) 2 dvl(t) . duo([) dv,
a2 +avi(t)+2¢m, 5 —2¢w, & =0, vl(O)—O,—[(O)— ,
(5.179)
dzuz(l‘> ) duz(t) dvl(t)
dt2 —l—wnuz(t) +2;wn dr _2Cwn dr
P = F3xw? () u (1) = 0, 0(0) =0,%(0) =0,
dn@) |, . dna() duy (1) dv,
a2 +av(t)+2¢@, n —2¢w, ” =0, »(0)=0,73(0) =0,
(5.180)
where
c c k
2¢w, =—,2¢w, =— and « =3
m my 1

A spring for which o is positive is called a hardening spring, and a spring for
which « is negative is called a softening spring. The problem under consideration
is the former case. Each of Eq. 5.178 is known as the mathematical model of the
linear vibration of the system with one degree of freedom and is classified as a
linear homogeneous ordinary differential equation of the second order.

In the underdamped case the characteristic roots are given by Eq. 5.167 and
may be written as

Sip=—w, ¢ tiwy, (5.181)
and similarly for vy(z), we have
Wi = fwnle:iwd, (5182)

where

wg=w,\/1—c and wy = w, /1 — &

The quantity wy, is called the frequency of the damped vibration.
Substitution of each of the characteristic roots defined by Eqgs. 5.181 and 5.182
into corresponding Eq. 5.178 gives two solutions in the following form:

up(t) = Ce =0ttt (5.183)

vo(t) = D e ¢t (5.184)
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Hence, we have:
up(t) = e ="' (Cr '™ + Cre™' ™), (5.185)

vo(t) = e =™ (Dy ™ + Dye™' ™), (5.186)

where Ci,C,,D; and D, are determined by the initial conditions of uy(0) =
XS,%(O) = Vg and Vo(O) = XS 7%(0) — V(\))

E(ciqluations 5.185 and 5.186 ma}(li lalso be expressed in the equivalent form as
up(t) = Q1 e =" cos(wat — ¢y), (5.187)
vo(t) = Qy e ™" cos(wmyt — ), (5.188)
where

U u 2 ” "
Q] :Xg\/l +w7¢l :tan71 ((VO/(,U,,XO)M>,

1 —¢2

v VV nXV + é 2 B VV nXV + é
Q> —Xo\/l +4(( O/T_ %)2 3 , ¢ = tan”" <—( O/wl _022 )

It may be seen that the solutions of Eqs. 5.187 and 5.188 correspond to har-
monic oscillation whose amplitudes Q; and @, decline with time at the rate ¢ w,
and ¢ @, respectively. In this case, the motion is not periodic, but the time T} (see
Fig. 5.17) between every second zero-point is constant and is called the period of
the damped vibration. It is easy to see from Eq. 5.170 that, T = or T, ="

The frequency of a damped oscillation is lower, and hence, the correspondlng
period is longer than that of the undamped system (¢ = 0,¢ = 0). Thus, it is seen
that damping tends to slow the system down, as might be anticipated. The two
amplitude coefficients Q1, O, and the phase angles ¢, and ¢, of Eqgs. 5.187 and

5.188 can be determined by the initial conditions of u((0) = A,% (0) =0, and
vo(0) =B vy (0) = 0 as follows:

dr
~ 2 ~
0 =A 1+1(i)g2,¢1 —tan1< 15_ ﬁ2>, (5.189)
2 P
0, =By|1+ (5)52,% tan™ (%) (5.190)

The solution terms of u;(¢) and v;(¢) are too long to be shown in this problem.
But, for current purposes, by letting A =0.01,B=0.02,k; =5 x 10° ,k, =
1.5 x 10°, ks =8 x 10° ,m; = 40,my = 35 and ¢ =20 these values will be
calculated as
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@01 ¢ ﬁ () ooz ﬁ n ..... “ren
0.005 [ “ n n 0.01 ] n n | ’\ | ﬂ
RUARARARAEN 111120000

Fig. 5.18 The comparison of the solutions obtained by the homotopy perturbation method
(HPM) and the numerical method for A =0.01,B=0.02,k; = 10°,k, = 1.5 x 10°, k3 =
8 x 10°,m; = 40,my = 35 and ¢ = 20

vo(£) = 0.02000001904 ¢~01971615884V2101 o5 (14.28570068/210¢ — 0.001380131557),
(5.191)

{ (1) = 0.01000002500 ¢~0-1118033988V5 ¢55(49.99987500 /51 — 0.002236069840),

In the same manner, the rest of the components are obtained. A significant
achievement of this work is that, if higher numbers of iterations are applied, the
solution tends toward a closed form, completely similar to the exact solution.
According to the HPM, we can conclude that

u(t) = lim(uo(t) + pur () + ),
p—1

v(t) = lim(vo(t) + pvi(2) +---).
p—1

(5.192)

In Fig. 5.18 the comparison of the solutions between the HPM and numerical
results is shown.

5.7 Problem 5.7. Application of Viscous Damping
with a Nonlinear Spring

5.7.1 Introduction
Here, a system consisting of a block of mass m that hangs from a viscous damper

with coefficient ¢ and a nonlinear spring of stiffness k; and k3 is considered. The
force displacement for the spring is Fyping = ki x(f) + k3 x(t)3, as shown in
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ki:k; ¢ x I"-'-" Ik.r X +kx®

= 3
ki xX+ksx;

i;\' =) cx k} X !—k_;]' a
=l
me

Fig. 5.19 Spring—mass damper system with one degree of freedom

m I

Fig. 5.19. The system is considered to be in equilibrium. To develop the mathe-
matical model, we take advantage of Newton’s generalized equations. This
requires introduction of the absolute system of coordinates. We are assuming that
the origin of the absolute system of coordinates coincides with the center of
gravity of the body while the body stays at its equilibrium position, as shown in
Fig. 5.19. Assuming that the system is out of the equilibrium position (see
Fig. 5.19) by a distance x(¢), the equation of motion is given by the nonlinear
differential equation

dx(r) kK ky ¢ dx(r)
&1 4 — V) .1
a2 +mx(t)+mx (t)+m i 0, (5.193)
with the initial conditions
dx,
x0(0) = A, d—tO(O) = 0. (5.194)

5.7.2 Application of Homotopy Perturbation Method

To solve Eq. 5.193 by means of the HPM, the following process, after separating
the linear and nonlinear parts of the equation, is considered.
An HPM can be constructed as
Px kb c dx> (dzx ki ks 5 ¢ dx>
i p hdhatd)

Hexp)=(1—p) (2484 € fx b s
(ep) = ( p)<dt2+mx+mdt & e T

(5.195)

Substituting x(¢) = xo +px; +p*x; +--- into Eq. 5.195 and rearranging the
resultant equation on the basis of powers of p-terms, we obtain
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dxo(r) |k ¢ dxo(r) dx.
0. 0 1 0 0
' m —— =0 0 —(0)=0 5.196
a2 T m 0()+ ” , X0(0) ’dt( ) =0, ( )
dx (1) k cdx(t) k dr
1 1 1 1 3 3 1
- ()-l—m P +mx0() ., x1(0) ’dt() ’
(5.197)
Transformation of the above equations into the standard form yields
po déo(>+wx0( )+2”a)n dxd"()_()7 X()(O) A’(gto (0) =0, (5.198)
pl~d5;2(>+wx()"'Zgwndﬁ()-l-(xwzxg(t) 0, xl(O)ZO,%(O):O,
(5.199)
where

k k
w, = : 2cw, = £andoc:—'%.
Vom’ m ki

wy, is called the natural frequency of the undamped system, and ¢ is called the
damping factor or damping ratio. A spring for which o is positive is called a
hardening spring, and a spring for which o is negative is called a softening spring.
The problem under consideration is the former case.

Equation 5.198 is known as the mathematical model of the linear vibration of
the system with one degree of freedom and is classified as a linear homogeneous
ordinary differential equation of the second order.

To solve Eq. 5.198, we assume the solution in the form

xo(t) = Ce", (5.200)

where C and s are (complex) parameters that are yet to be determined. Substitution
of Eq. 5.200 into Eq. 5.198 results in the characteristic equation

s +2w,c5+ > =0, (5.201)

which yields the roots

s=—-w,ctw,/2—1. (5.202)

The solution of Eq. 5.198 is thus made up of the sum of two solutions of the
form of Eq. 5.200 corresponding to the two roots of Eq. 5.202. It is evident from
Eqgs. 5.200 and 5.202 that the solution of Eq. 5.198 is characterized by whether the
damping ratio is less than, greater than, or equal to unity. Since the resulting
solution of the main problem is affected from the solution of Eq. 5.198 directly, it
is necessary to consider the solutions of Eq. 5.198 by choosing different values of
parameter ¢. Then, we shall consider each case separately.
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5.7.3 Underdamped System <g2 <lor 5 < \/£>
m m

In this case, the characteristic roots given by Eq. 5.202 may be written as
§ = —w, ¢ Eiwy, (5.203)
where

wg = wp\/1—¢2.

The quantity wy is called the frequency of the damped vibration. Substituting each
of the characteristic roots defined by Eq. 5.203 into Eq. 5.200 gives two solutions
of the form

xo(t) = Ce s nteHiwit, (5.204)

The general solution for Eq. 5.198 consists of a linear combination of these two
solutions. Hence, we have

Xo(t) — efgu),,Z(Cl ei(ut,t + C2 e*iwﬂ), (5205)
where C; and C, are determined by the initial conditions of x¢(0) = xo,
du (0) = v

Equation 5.205 may also be expressed in the equivalent form as

xo(t) = Qe =" cos(wgt — ), (5.206)

where

0= xO\/l + ((VO/?’ZXO)2+ §)2_7 ¢ =tan~! <(VO/wHXO) - g) ’
—¢
It may be noticed that the solution of Eq. 5.198 corresponds to the harmonic
oscillation the amplitudes of which, O, decay with time at the rate ¢ ®,. In this
case, the motion is not periodic, but for the time 7, (see Fig. 5.20), every two-zero
point is constant, and it is called the period of the damped vibration. It is easy to
see from Eq. 5.206 that T, = i—’; The frequency of the damped oscillations is

lower, and hence, the corresponding period is longer than that of the undamped

system (¢ = 0). It is thus obvious that damping tends to slow the system down, as
might be anticipated. For o, = 1 [1],x(0) = 1 [m},%(O) =1[2], and ¢ =0.1..

The free motion is shown in Fig. 5.20.
The amplitude coefficient Q and phase angle ¢ of Eq. 5.198 can be determined

by applying the initial conditions of x¢(0) = A,% (0) = 0 to Eq. 5.206 as
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-1.5 -

Fig. 5.20 Free motion of the underdamped system

/ 2 -

In the same manner, substituting xo(¢) into the right-hand side of Eq. 5.199,
x1(f) can be obtained. The resulting solution is too long to be shown here.
However, by letting A = 0.01,k; = 200, k3 = 400,c = 5, and m = 1 the values of
x1(¢) and xo(¢) can be obtained as

xo(t) = 0.0101600101 e=>> cos(13.91941090 ¢ — 0.1777106008)  (5.208)

x1(f) = — 0.000002490047909¢ 23" sin(13.91941091 1)
+ 7.280000035 10"~ cos(13.91941091 1)
+2.097550492 10°7(1.043955815 10°! sin(13.91941090 ¢
— 0.1777106009) + 8.351646536 10* sin(41.75823270 ¢ (5.209)
—0.5331318027) — 1.875000011 10% cos(13.91941090 ¢
— 0.1777106009) + 3.049999995 10*° cos(41.75823270 ¢
—0.5331318027)) e~ """

According to the HPM, we can conclude that

x(1) = limv(x, 1) = xo(f) +x1 () + - -- (5.210)
p—1.
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Therefore, if the first-order approximation of the solution is sufficient, substi-
tuting the values of x(¢) and x;(¢) from Egs. 5.208 and 5.209 into Eq. 5.210 yields
x(f) =0.0101600101 e~ >3" cos(13.91941090 1 — 0.1777106008)
— 0.000002490047909 ¢ 23" 5in(13.91941091 ¢)
+ 7.280000035 10~ 7e>3" cos(13.91941091 1)
4 2.097550492 10737 (1.043955815 10°" sin(13.91941090 ¢
— 0.1777106009) + 8.351646536 10* sin(41.75823270 ¢
—0.5331318027) — 1.875000011 10°° cos(13.91941090 ¢
— 0.1777106009) + 3.049999995 10* cos(41.75823270 ¢
—0.5331318027)) e ",

(5.211)

Comparisons of the results obtained by HPM and the exact solutions are given
in Table 5.2 and Fig. 5.21.

For different values of k, the accuracy of the resulting solutions has been shown
in the following Figs. 5.22 and 5.23.

In Figs. 5.22 and 5.23, the comparisons are made with the fixed values of
ki = 100,k3 = 50,c =5,m =1 and various values of A in the four cases: (a)
A =0.01, (b) A =0.05(c)A=0.1,(d) A =05.

In Fig. 5.24, the comparisons are made with the fixed values of k; = 100, k3 =
50,m = 1,A = 0.01 and various values of ¢ in the four cases: (a) ¢ = 10, (b)
c=12,(c) c =14, (d) c = 18.

These comparisons are an indication of the accuracy of the HPM as applied to
this particular problem and show that it provides an excellent approximation to the
solution of Eq. 5.193.

Table 5.2 The comparison of the results of the underdamped system for k; = 200, k3 = 400,
c=5m=1,A=0.01

1(s) HPM solutions Numeric solutions Error presentation
0 0.010000000 0.010000000 0.0
0.25 —0.005368253 —0.005368262 0.00016
0.5 0.002555940 0.002555945 0.00020
0.75 —0.001043101 —0.001043097 0.00038
1 0.000321098 0.000321088 0.00306
1.25 —0.000025411 —0.000025394 0.06446
1.5 —0.000066335 —0.000066353 0.02745
1.75 0.000074269 0.000074287 0.02489
2 —0.000055996 —0.000056013 0.03020
2.25 0.000035270 0.000035284 0.04050
2.5 —0.000019574 —0.000019585 0.05560

Note HPM homotopy perturbation method
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Fig. 5.21 Free motion of the 0.013
underdamped system. HPM
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5.7.4 Overdamped System <g2 > lor 55 > \/%>

For such systems, characteristic roots given by Eq. 5.202 are all real. Substitution
of these roots into Eq. 5.200 gives the solution for the overdamped case as

xo(f) = Cre ot ) e EFD ot (5.212)
where y = y/¢2 — 1 and C; and C, are determined by the initial conditions of
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Fig. 5.23 The comparison of
the results of the
underdamped system (cases:
¢ and d). HPM Homotopy
PerturbationMethod

Fig. 5.24 The comparison of
the results of the
underdamped system (cases:
a, b, ¢, and d). HPM
Homotopy
PerturbationMethod
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An equivalent form of the solution is easily obtained with the aid of e** =

cosh o & sinh o as

xo(t) = e =" (xo cosh(y w,t) +

(vo + ¢ wpt)

sinh(y w,t) |. 5.213
L0 non). (5213)

Consideration of the exponential form of the solution, Eq. 5.212, shows that both
terms of the solution decay exponentially.
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Fig. 5.25 Free motion of the underdamped system

For w, =1 [}, x(0) =1[m ], “(0)=1[%], and ¢ =5, the free motion is
shown in Figs. 5.21 and 5.25.

In this case for the initial conditions x((0) :xo,%(O) = vp, xo(f) can be
obtained as

c cwpl) .
xo(t) = e =" (A cosh(y w,t) + (Z)wy) sinh(y wnt)). (5.214)

n

By substituting xo(7) into the right-hand side of Eq. 5.199, x,(z) is obtained. For

A =0.01,k; = 100, k3 = 400, c = 100, and m = 1, the values of x;(¢) and xo(¢)
can be obtained as

xo(1) = e7°"(0.01 cosh(5 v2V/461) + 0.0010869565221/46+/2 sinh(5 v/2v/46t)),

(5.215)

x1(f) = —0.000001085153262 ¢~ 20416847701 _ 1 163302757 107 ¢~ 2793831523
—2.956253516 10710 9793831523 _163 6313736 cosh(91.8332609¢)

+ 0.000466207519 739166330461 ¢45h(291.8332609 1)
— 163.6313736 5inh(91.8332609 ¢)

— 0.0004662075196 ¢°>-166330467 5inh (291.8332609 1)

+ (—3680.000672 ¢¥9166330467 _ 230 0999566) cosh(—4.083369540 )

+ (—0.0999566 ¢3-9166330461 _ (0 000694 ) cosh(195.9166305 ¢)

(—3680.000672 739166330461 _ 23 0999566) sinh(—4.083369540 )

(0.0999566 ¢°>-2166330461 1 () 000694 ) sinh(195.9166305 1)

(9.395831522 ¢>9166330467 1 () 195831524 (cosh(100¢) — sinh(1007))).
(5.216)

_|_
+
+



5.7 Problem 5.7. Application of Viscous Damping with a Nonlinear Spring 291

Therefore, substituting the values of x((¢) and x; () from Egs. 5.215 and 5.216
into Eq. 5.210 yields
x(t) =e7°7(0.01 cosh(5v2v/461) 4 0.001086956522/46+/2 sinh(5 v2v/46t))
— 0.000001085153262 ¢~ 20416847701 _ 1 163392757 107 ¢ 9795831523
—2.956253516 10 1079799831523 (_163 6313736 cosh(91.8332609 )
+ 0.000466207519 7166330467 ¢45h(291.8332609 1)
— 163.6313736 sinh(91.8332609 1)
— 0.0004662075196¢7-9166330467 ¢inh (291.8332609 1)
+ (—3680.000672¢°166330461 _23() 0999566) cosh(—4.083369540 1)
+ (—0.0999566¢°>9166330461 _ () 000694 cosh(195.9166305 1)
+ (—3680.000672¢%>9166330461 _ 230 0999566) sinh(—4.083369540 1)
+ (0.0999566¢°>°166330461 1 () 000694) sinh(195.9166305 )
(9.395831522¢%59166330461 4 () 195831524)(cosh(100¢) — sinh(1007))).
(5.217)

The comparisons between the results obtained by HPM and the exact solutions
are given in Table 5.3 and Fig. 5.26.

In Fig. 5.27, comparisons are made with the fixed values of k; = 50,k; =
100, ¢ = 100,m = 1 and various values of A in the three cases: (a) A = 0.01, (b)
A =0.05, (c) A =0.1.

In Fig. 5.28, comparisons are made with the fixed values of k; = 50,k; =
100,m = 1,A = 0.01 and various values of ¢ in the three cases: (a) ¢ = 150, (b)
¢ = 200, and (c) ¢ = 300.

Table 5.3 Comparison of the results of the overdamped system for k; = 100, k3 = 400,
c=100,m=1,A =0.01

1(s) HPM solutions Numeric solutions Error presentation
0 0.010000000 0.010000000 0.0
0.25 0.007846639 0.007847636 0.01272
0.5 0.006095397 0.006095865 0.00767
0.75 0.004735004 0.004735224 0.00463
1 0.003678228 0.003678332 0.00281
1.25 0.002857309 0.002857357 0.00170
1.5 0.002219604 0.002219626 0.00099
1.75 0.001724225 0.001724236 0.00062
2 0.001339406 0.001339411 0.00038
2.25 0.001040472 0.001040475 0.00022
2.5 0.000808256 0.000808258 0.00019

Note HPM homotopy perturbation method



292 5 Applied Problems in Dynamical Systems

Fig. 5.26 Free motion of the 0.01 %
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5.7.5 Critically Damped System (g2 =1lor ;<= K)

For the critically damped system, the characteristic roots given by Eq. 5.202 will
reduce to

S = —Wy, —Wy,. (5.218)

Substitution of these roots into Eq. 5.200 yields the solution for the critically
damped case as
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Fig. 5.28 Comparison of the results of the overdamped system (cases: a, b, and c¢). HPM
Homotopy Perturbation Method

xo(t) = (Cy + Cat)e™ ", (5.219)

Imposition of the initial conditions, x¢(0) :xo,%(O) = vy, renders the

response given by Eq. 5.219 as

xo(t) = (x0 + (vo + wxg) t)e™ . (5.220)

For w, = 1[}], x0(0) = 1[m], % =1[2], and ¢ =35, the free motion is
shown in Fig. 5.29.
Critical damping offers a possibly faster return to the system’s equilibrium

position.
xmj

g
%

T
10 20 30 40 50 s]

0.5 -

Fig. 5.29 Free motion of the critically damped system
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In this case, for the initial conditions, xo(0) = A, % (0) =0, xo() can be
obtained as

xo(t) = A(1 + wpt)e” ™", (5.221)

By substitution xo(7) into the right-hand side of Eq. 5.199, x,(¢) is obtained. For

A = .01,k; =200, k3 = 400, c = 20 /20, and m = 10 the values of x; (¢) and xo ()
can be obtained as

xo(f) = e 2V3(0.01 +0.02V/51), (5.222)

x1(f) =0.00000575 ¢~ +4721339541 _ (0 0000212426457 ¢~ +4721339541;
+ ((—51.42956347 — 7244.860245 > — 61715.47617 t* — 35777.08763 1°
— 9601 — 28400 > — 72000 1> )~ 3416407861y /(8 944271908 10°
+5.36656314510%* + 1.210% 1 + 8 10% £).
(5.223)

Similarly, the resultant solution can be written as

x(1) =e 2V3(0.01 +0.02V/51)
+0.00000575 ¢~ 44721359341 _ (0. 0000212426457 ¢~ 44721359341,
+ ((—51.42956347 — 7244.860245 * — 61715.47617 * — 35777.08763°
—960¢ — 28400 > — 72000 £ )¢~ 13416407861 /(8 944271908 10°
+5.36656314510° 2 +1.210% ¢ + 8 10% ).
(5.224)

Comparisons between the results obtained by HPM and the exact solutions are
given in Table 5.4 and Fig. 5.30.

In Fig. 5.31, comparisons have been made with the fixed values of k; =
50,k3 = 100, A = 0.01 and various values of ¢ and m in the three cases: (a)
¢ =10v/10, m = 5, (b) ¢ = 20v/5, m = 10, and (c) ¢ = 20/10, m = 20.

In Fig. 5.32, comparisons are made with the fixed values of k3 = 600, A =
0.01, m=10 and various values of ¢ and k; in three cases: (a)

¢ = 20v/10, k; = 100, (b) ¢ = 40V/5, k; = 200, and (c) ¢ = 40v/10, k; = 400.

5.7.6 Discussion and Conclusion

The underdamped case is very important in the study of mechanical vibrations,
since it is the only case that leads to an oscillatory motion. Thus, we investigate the
details of this case further. The accuracy of the results is shown in Table 5.5 and
demonstrates the acceptability of greater values for the parameter k.
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Table 5.4 Comparison of the results of the critically damped system for
ki = 200, k3 = 400, ¢ = 40v/5,m = 10,4 = 0.01

1(s) HPM solutions Numeric solutions Error presentation
0 0.010000000 0.010000000 0.0
0.25 0.006923840 0.006923844 0.00006
0.5 0.003458071 0.003458076 0.00013
0.75 0.001520996 0.001520999 0.00022
1 0.000624899 0.000624900 0.00022
1.25 0.000246025 0.000246020 0.00189
1.5 0.000094074 0.000094060 0.01455
1.75 0.000035215 0.000035204 0.03154
2 0.000012971 0.000012961 0.07157
2.25 0.000004717 0.000004711 0.12444
2.5 0.000001698 0.000001694 0.24157
Fig. 5.30 Free motion of the 0.01 3

critically damped system.
HPM homotopy perturbation
method 0.008
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0.006 —r—%-—-— HPM
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The obtained results are sensitive to the values of the parameter A, and for
A > 0.5, the accuracy of the results decreases. Letting A = 1,k = 200, k3 =
400,c =5, and m = 1, the result has been compared in Fig. 5.33, in which the
decrement of accuracy is obvious.

Another point is that, in the case of the underdamped system with linear
vibration, the logarithmic decrement is introduced, which is defined as the natural
logarithm of ratio of two successive displacements, x(¢) and x(z + T), that are one
period apart, as shown in Fig. 5.20. The expression for the logarithmic decrement
can be obtained as

B x1\ _ 2=n{
0=1In <x_2) = 7\/? (5.225)
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Fig. 5.31 Comparison of the
results of the critically
damped system (cases: a, b,
and c¢). HPM homotopy
perturbation method

Fig. 5.32 Comparison of the
results of the critically
damped system (cases: a, b,
and c¢). HPM homotopy
perturbation method
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A convenient way to determine the amount of damping present in a system is to
measure the rate of decay of free oscillations. The larger the damping, the greater
will be the rate of decay. If, as in the present problem, the damper coefficient ¢ is
constant, it is expected that the logarithmic decrement will remain constant.
Values of a logarithmic decrement for the present nonlinear problem have been
calculated and compared with the logarithmic decrement of the equivalent linear

system (k3 = 0) in Table 5.6.
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Table 5.5 Comparison of the results of the underdamped system for k; = 1000000,

ks = 100000, c = 50,m = 5,A = 0.02

1(s) HPM solutions Numeric solutions Error presentation
0 0.02000000000 0.02000000000 0.0

0.1 0.00907624026 0.00907642982 0.00209
0.2 0.00079943390 0.00079949857 0.00809
0.3 —0.00262014085 —0.00262026831 0.00486
0.4 —0.00264907980 —0.00264928302 0.00767
0.5 —0.00141720697 —0.00141736011 0.01080
0.6 —0.00029931667 —0.00029936832 0.01725
0.7 0.00025231886 0.00025234637 0.01090
0.8 0.00033691011 0.00033696699 0.01688
0.9 0.00021001020 0.00021005720 0.02237
1 0.00006482633 0.00006484737 0.03245
1.1 —0.00001898810 —0.00001899149 0.01317
1.2 —0.00004091661 —0.00004093236 0.03847
1.3 —0.00002979243 —0.00002980983 0.05838
1.4 —0.00001172668 —0.00001173796 0.09615
1.5 0.00000004194 0.00000004174 0.49024

Note HPM homotopy perturbation method

Fig. 5.33 Comparison of the 1
approximate solution
obtained by the homotopy
perturbation method (HPM)
with the exact one in the case
of the underdamped system
for A =1,k =200,

k3 =400,c=5,and m =1

— s Numeric

o
o
n
-

1.5 2 2.

5.8 Problem 5.8. Application of Cubic Nonlinearity
5.8.1 Introduction

A system having cubic nonlinearities with the following governing equation is
considered:
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Table 5.6 Comparison of the logarithmic decrement of the underdamped system

A Kl K3 C m Td (Td)linear d (5)linear
0.01 800 1000 5 1 0.223014 ~ 7 0.223017 0.55751 ~ 4 0.55754
0.01 100 150 14 1 0.879821924 ~ 5 0.879821925 6.1586 ~ 7 6.1587

0.02 100000 1000000 50 5 0.0140503 ~ 4  0.014050507 0.070250 ~ 2 0.07025253

Note The symbol “~” denotes that the last digit varies between the two digits connected by this
symbol

d?u(t du(t
dig i ot u(t) = =2 ’zl(t )4 o u(r)’ 4 o u(t)* v(t) + o5 u(t) v(r)?
+ oy v(1)?, (5.226)
d>v(t dv(t
djg )} w3 u(t) = —2 Z(I ) 4 asu(t)® + o6 (e v(t) + o7 u(e) v(1)? + a5 v(2)’,
(5.227)
with the initial conditions
duo
1(0) = A, o (0) =0, (5.228)
de

We seek the approximate solution of Eqs. 5.226 and 5.227 for small but finite
amplitudes when p; = 0 and u, = 0.

By means of the MHPM, the periodic solutions and frequency—amplitude
relations have been obtained for each component of a two-degrees-of-freedom
system separately.

All the solutions to Eqgs. 5.228 and 5.229 are periodic, and the angular fre-
quencies of these oscillations are denoted by Q, and Q,. Note that one of our major
tasks is to determine the functional behavior of frequencies as a function of the
initial amplitudes A and B.

For Eqgs. 5.226 and 5.227, the following homotopy can be established:

(I-p) <ddi§t) + w% u(t)) +p<ddut£t) + w% u(t) — (o u(t)3 + oy u(z)2 v(t)

+ o u(f) v(t) + o4 v(t)3)> =0,

(5.230)
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2y 2y
(I-p) (ddtgt) + w% v(t)) +p (ddtgt) + w% v(t) — ((os u(t)3 + o6 u(t)2 v(t)

+ a7 u(r) v(1)* + og v(t)3)) =0,
(5.231)

where p is the homotopy parameter. When p = 0, Egs. 5.230 and 5.231 become
linear differential equations for which an exact solution can be calculated. For
p = 1, these equations then become the original problem. Now, the homotopy
parameter p is used to expand the solutions u(z), v(¢) and the square of the
unknown angular frequencies €, and €, as

u(t) = pPuo(t) + p' ui (1), (5.232)

v(t) = p°vo(t) + p'vi(2). (5.233)

As was discussed above, the angular frequencies of each component of the
system will be obtained separately. These frequencies are denoted by Q, and Q,
where Q,,Q, are frequencies for u(¢) and v(z), respectively. In the frequency
expansion, two general cases have been considered. First, it can be assumed that
Q, = Q, = Q, which means that all components of the system are oscillating with
the same frequency. Next, it is assumed that components of the system are
oscillating with different frequencies.

5.8.2 First Assumption

In this case, frequencies can be expanded as
wf = Q> +p' oy, (5.234)
;=0 +p' o, (5.235)

where w, and w, should be determined.
Substituting Eqgs. 5.232-5.235 into Eqs. 5.230 and 5.231 and collecting the
terms of the same power of p, a series of linear equations is obtained:

d2

Moz([) + Q% uy(r) =0,

dr . (5.236)
1(0) = A, 2 (0) = 0,

dr
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PO
d®vo (1) 2
a2 + Q V()(l‘) =0,
dVo
= B _ =
vo(0) = B, —~(0) =0,
d?u (1
Z;z( ) + Q% uy (1) + @, 1o () — oagvo(1)* — oy (2)?
— a3 (1) vo(£)* — otaug (1) vo () = 0,
du
u1(0) = 0, d—tl(O) =0,
P!
d?v,(t
;;f )4 Qw1 (0) + 0o vo(t) — asuole)’ — asyolt)’
— a1 (1) vo(£)* — ogug () vo(t) = 0,
dv
v1(0) =0, d—t'(O) =0.

Solutions of Egs. 5.236 and 5.237 are
uo(t) = A cos(Q),
vo(t) = B cos(Qx).
On the basis of trigonometric functions properties, we have

cos® (Qt) = 1/4 cos(3Qt) + 3/4 cos(Qx).

Substituting Eqs. 5.240 and 5.241 into Eqgs. 5.238 and 5.239 yields

d?uy (1
gtlz( ) + Q% uy (1) + wu A cos(Qr) — asB? cos(Qr)® — a1 A° cos(Q)’
— a3AB? cos(Q)* — o BA? cos(Qr)® =0
dI/l1
0)=0,—(0)=0
w(0) =0, % (0)
d?v (t
;;2( ) + Qv (1) + w, B cos(Q) — asA> cos(Qr)® — ag B® cos(Qr)’
— a7AB?(cos(Q1))® — uA’B cos(Qr)’ =0
d
1(0)=0,"7-(0) =0

T dt

(5.237)

(5.238)

(5.239)

(5.240)
(5.241)

(5.242)

(5.243)

(5.244)
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On the basis of the trigonometric function properties of Eq. 5.242, Egs. 5.243
and 5.244 can be rewritten in the following forms:
d2u1 (I )
dr?

3 3 3 3
+Q%uy (1) + (qu ~32 nAd — Zoc4B3 ~12 wpA’B — ) a3ABz) cos(Qr)

1 1 1 1
~37 1B cos(3Qr) — 2 1A% cos(3Q1) — 2 ,A’B cos(3Q1) — Zoc3AB2 cos(3Q¢) =0,
(5.245)

d2V1 (l)
dr?

3 3 3 3
+ %y, O+ w,B—= osA3 — ZogB® — Z0gA’B — = 0,AB? cos(Q1)
4 4 4 4

1 1 1, I
- Zoch‘ cos(3Q¢) — Zoc5A‘ cos(3Q¢) — Z%A Bcos(3Q¢) — ZowAB cos(3Q) = 0.
(5.246)

To avoid secular terms in u;(f) and v(f), we must eliminate contributions
proportional to cos(€#) on the left-hand side of Egs. 5.245 and 5.246:

3 3 3 3

WA — ZoclA3 — Za4B3 — Za2A2B — Zo<3A192 =0, (5.247)
3 3 3 3

w,B — Za5A3 - Za833 — Z%AZB — Zoc7AB2 =0. (5.248)

From these equations, the solutions w, and w, can be easily obtained as

3 304B’ 3 3
L=+ oA 4= Zo,AB + =03 B 5.249
O =+ mAT+ 3=+ J0AB+ Ta B ( )
3asA 3, 3, 3
S =42 2 ogB® + 2 oA + 2 a7AB. 5.250
GG Tamh Ty T (5.250)

Letting p = 1 in Eqgs. 5.234 and 5.235, the approximate frequency can be easily
obtained:

B \/—A(4 wﬁA + 303AB? + 3001 A3 + 304 B3 + 30, AZB)

Q
2A ’

(5.251)

—B(4 w? B + 307AB? 4 305 A3 + 30y B3 + 305 A2B
Q:\/ ( B+ 307 +2t;15 + 308 B> + 30 ) (5.252>

Equations 5.251 and 5.252 are frequency—amplitude relations for u(¢) and v(r),
respectively. In this approach, the obtained results for frequency—amplitude rela-
tions are similar to what is obtained in the nonlinear oscillatory systems with only
one degree of freedom, where frequency is a function of initial amplitude; here,
also, frequency—amplitude relations are functions of both initial amplitudes of
A and B.
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The correction term u; (¢) for the periodic solution uy(#) can be obtained as

1
up (1) = (cos(Qt)(3oc3AB2 + 30A%B + 30, A% + 304B%))

969’ (5.253)
T (cos(3Q¢)(303AB* + 30,A%B + 304 A® + 304B%)),
1
Vi (f) = —— (cos(Q1) (3e7AB* + 3066A”B + 3usA” + 303B%))
960’ (5.254)

Ty (cos(3Qt) (3u7AB* 4 3064A’B + 3usA* + 303B%)).
Therefore, from Eqgs. 5.232 and 5.233, the approximation to the periodic
solution is given by

1
u(r) =A cos(Qr) + 9602 (cos(Q1)(303AB% + 30,A%B + 304 A 4 304 B°))

T (cos(3Qt)(303AB* + 30,A’B + 3,A* + 304B%))

(5.255)

1
v(t) =B cos(Qt) + 9602 (cos(Qt)(307AB% + 3064A’B + 30sA> + 305B°))

vy (cos(3Q1)(307AB* 4 304A%B + 3usA> + 303B%))

(5.256)

According to obtained results, it can be seen that when w; = wy,m; =
my, o] = s, 0y = Og, %3 = 07, and oy = og, then if A=B and A = —B, the
components oscillate in equal frequencies. The comparisons between the results
obtained by the MHPM and the numerical solutions are given in Tables 5.7 and
5.8 for u(t) and v(¢) in the first 3 s of oscillation, respectively.

Table 5.7 Comparison between obtained solutions for u(¢) with a numerical one for colz = wf =
57‘[,0(1 =05 = 0.],0(2 =0 = 0.15,0(3 =07 = 0.27 Og = g = 0.25,14 = 0.0S,B = —0.05

1(s) MHPM solution Numerical solution Error presentation
0 0.050000000 0.050000000 0.0

0.5 —0.019970739 —0.019970753 0.0000668

1 —0.034046692 —0.034046745 0.0001549

1.5 0.047168342 0.047168448 0.0002253

2 —0.003632802 —0.003632795 0.0002042

2.5 —0.044266333 —0.044266510 0.0003985

3 0.038994110 0.038994275 0.0004228
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Table 5.8 Comparison between obtained solutions for v(¢) with a numerical one for w|2 =w

303

2

2

Smyop =as5 =0.1,00 =06 =0.15,03 =07 = 0.2,04 = g = 0.25,A = 0.05,B = —0.05

1(s) MHPM solution Numerical solution Error presentation
0 —0.050000000 —0.050000000 0.0

0.5 0.019972211 0.019969735 0.0000667

1 0.034048497 0.034048550 0.0001549

1.5 —0.047167186 —0.047167292 0.0002250

2 0.003628098 0.003628091 0.0002065

2.5 0.044269121 0.044269296 0.0003977

3 —0.038989728 —0.038989893 0.0004218

5.8.3 Second Assumption

When the components of the system oscillate with different frequencies, the fol-
lowing expansion can be used:

o} =Q +ploy, (5.257)
0} =0 +p' o, (5.258)

where Q, and Q, are the frequency—amplitude relations of u(z) and v(r),
respectively. Similarly, substituting Egs. 5.257 and 5.258 into Egs. 5.230 and 5.231
yields

uo(1) = A cos(Qut), (5.259)
vo(t) = B cos(,1). (5.260)
Substituting Egs. 5.259 and 5.260 into Eqgs. 5.238 and 5.239, yields

d2M| (t)
dr?
— a3AB? cos(Q, 1) cos(Q,1)* — ay BA? cos(Qu1)* cos(Q,1) = 0,

+ Q2 uy (1) + @, A cos(Qut) — auB> cos(Q,1)° — 01 A% cos(Q,1)°

(5.261)

dzvl (t)
dr?
— 07AB? cos(Qu1) cos(Q,1)* — o BA% cos(Q,1)* cos(Q,t) = 0.

+ Q2 (1) + w, A cos(Qt) — agB> cos(Q,1)° — asA> cos(Q,1)°

(5.262)

To analyze the particular solution of Egs. 5.261 and 5.262, we need to distin-
guish between two cases: Q, ~ 3Q,, Q, = % (case 1) and Q, away from 3Q, and
% (case 2). In this problem, the first case (case 1) has been considered. In the

second case (case 2), the only terms that produce secular terms are the terms
proportional to cos(€,7) in Eq. 5.261 and the terms proportional to cos(Q,f) in
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Eq. 5.262. On the basis of trigonometric function properties of Eq. 5.242,

Egs. 5.261 and 5.262 can be rewritten in the form

d2M1 ([)
dr?

30(1A3 OC3AB2
4 2

+ Q2 uy (1) + (qu —

3 2
_ %cos(%)ut) - OW;B cos(Q,1) cos(2 Q1) — a BA cos(Q,1)* cos(Q1) =0,

) cos(Q,t) — ouB’ cos(Q,1)°

(5.263)

d2V1 (t)
dr?

06 BAZ _ 3agB3
2 4

33
+ Q2 (1) + (wVB - ) cos(Q,t) — 068Tcos(3Qvt)

BA?
— asA® cos(Qu1)° — w7AB? cos(Qu1) cos(Q,1) — % 5 cos(2Q,t) cos(Q,t) = 0.

(5.264)
Eliminating the secular terms in Eqgs. 5.263 and 5.264 yields
3 3 1 2
WA ——aA” — —AB” =0, (5.265)
4 2
3 o0 1
w,B —=agB’ — —0cA°B = 0. (5.266)
4 2
And similarly, the approximate frequency can be obtained as
4 @? + 2 03B8% — 30,y A2
o — VAot “; nA”) (5.267)
4 @? + 30gB% — 2 06 A2
q, = VAo +3% %A%) (5.268)

2

By solving Egs. 5.263 and 5.264 after eliminating the secular terms, u;(¢) and
v1(#) are obtained and are shown in the Appendix. Then, the approximation to the
periodic solutions can be written from Eqs. 5.232 and 5.233. In the first case, in
addition to the terms proportional to cos(€,?) and cos(Q,f), secular terms are
produced by the terms proportional to cos(£(Q, — 2Q,)t), cos(+£3Q,t), and
cos(£3Q,7) in each of Egs. 5.261 and 5.262, but MHPM will not give accurate
solutions in this case.

In the second case, the obtained approximate results are accurate for the small
range of amplitudes and coefficients of nonlinear terms. For this problem, in
Figs. 5.34 and 5.35, comparisons have been made with w? = 1,0} = 4,0 =
10,00 = 1.5,03 = 2,04 = 2.5,05 = 3,06 =3.5,00 = 4,08 =4.5,A =0, and
B = —0.05.
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Fig. 5.34 Comparison of the
result of the second
assumption for u(r)

Fig. 5.35 Comparison of the
result of the second
assumption for v(¢)
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5.9 Problem 5.9. Van der Pol Oscillator

5.9.1 Introduction

In this problem, we consider the following Van der Pol oscillator:

W' +e(u? — 1)’ +u=0,u0)=1and «/(0) =0 (5.269)

For every nonnegative value of the parameter ¢, the solution of Van der Pol’s
equation for the initial conditions given above is periodic, and the corresponding
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phase plane trajectory is a limit cycle to which the other trajectories converge. The
straightforward expansion solution of the above problem is

3 1. 9 .
u—cost+s<§tcost—3—2$1n3t—3—25mt>+--- (5.270)

It is worth noting that Eq. 5.270 is not asymptotically valid for ¢ equal to or
greater than ¢!

We will study the mathematical model of these methods (PM, HPM, VIM,
Adomian’s decomposition method [ADM]) and then their applications in the
Van der Pol oscillator, and at the end, we will compare their solutions with the
numerical solution (using Maple software to get a BPV form numerical solution

method).

5.9.2 The Application of PM in the Van der Pol Oscillator

We assume that
u=uy+eu + uy (5.271)

After substituting u from Eq. 5.271 into Eq. 5.269 and some simplification and
substitution, we have:

du, du d®u, du du, du, d*u d’u
(2u0u1—°+u2+u2 1+—27—‘>32+ <f—°+u1 +u2—°+—'>e+uo+—°=0,

dr Odr ' dr dr dr Odr ' de dr?
(5.272)
where
d=et=...=0. (5.273)
After a rearrangement based on power of e-terms, we have
d*u duy(0)
0 . —0 = = 0 =
&g +uy =0, up(0) =1, m” 0 (5.274)
d*u duy  du du; (0)
1 1 2 dug 0 1
— ———=0 0)=0 =0 5.275
Eige TG Ty, » w1 (0) =0, dr ( )
d’u du;  du du duy (0)
2 2 2 duy 1 0 2
i —= ———+2 —=0 0)=0 =0. (5.276
Citgp Tt g Ay, 1 12(0) =0, dt ( )

To determine u, the above equations should be solved. Solving Eq. 5.274
considering the appropriate initial conditions, we have

Uy = cost. (5.277)
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Then we have

1 1 3
U :—Zsint—gcosztsint—i—gtcost (5.278)
= @costfitcosztsintfltsintJr—tzcostf—cosSt
"2 7 768 64 256 128 192
83
— ﬁCOS3 t. (5279)

So u will be generally as follows (see Eq. 5.271):

(1) t+ Lint — Lcostsi z+3z t
= COs El ——-SInf— -COS"7SIn —1COS
" 1 8 8

+é 103cost 9tco%2t§int 11 tsint + 3 % cost cos’ t cos> t
3 ST S S T hee 763 "

768 64 256 128
(5.280)

5.9.3 Homotopy Perturbation Method

_du - o .
Assuming —20 = up = 0 and substituting v, some simplifications and rearranging

based on powers of p-terms, we obtain

d?v dvy(0)
0 0 0
— =0 0)=1 =0 5.281
az T (0 =1, dr ( )
d?y dv dv dv;(0)
1. 1 0 0) o 1 o
p @ “+ v + &vg (dl‘) — 8<dt> =0 V1 (0) = 0, ar =0 (5282)
d?v dv dv dv dv,(0)
, A 2 (dvi 1 0\ _ 2(V)
p -F+V2+8V0 (dl‘> 78@4’28\)0\)1 <dt> =0 Vz(O) —0, d[ =0.
(5.283)

Solving Egs. 5.281-5.283 considering appropriate initial conditions, we have

Vo = cost (5.284)

1 1 3
vy _g<—Zsint—gcosztsint—l—gtcost) (5.285)

v, =& 1OBcost 2 rcos?rsint L tsint + 3 ? cost > cos’ t cos’ ¢
T 768 64 256 128 192 768
(5.286)
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So u(t) will be generally expressed as

u(t) = lin}(vo +pvi +p°n2)
p*}

cost+¢ 1sinl 1c:osztsint—|—3lcost +é 1O3cosl 9tcosztsint
4 8 8 768 64

1n . 3, 5 83 3)
———1tSsInt+—=1"CcCoSt ———=CO0S" t — ——=CO0S™ ¢

256 128 192 768
(5.287)
5.9.4 Application of VIM in the Van der Pol Oscillator
Its correction variational functional in ¢ can be expressed as
(o[ dii
u u
w1 (1) = (2 y) ", > — 1) ——=Vdé, 5.288
ty 1 (1) u()+/ {d52+u+s(un )dé}g (5.288)
0

where / is a general Lagrange multiplier and can be identified optimally by the
variational theory.
After some calculations, we obtain the following stationary conditions:

(&) +2(E) =0 (5.289a)
1= 2(8),=0 (5.289b)
&)= 0. (5.289¢)

Equation 5.289a is called the Lagrange—Euler equation, and Egs. 5.289b and
5.289c¢ are natural boundary conditions.

Therefore, the Lagrange multiplier can be identified as A = sin(& — ¢), and the
variational iteration formula is obtained in the form

t

2 ~
1M+10)::un0)4—j/shm§-—t){%é?~+un+—dﬁﬁ—-U(Z?}dé. (5.290)
/ ,

We start with the initial approximation of u(¢) given by Eq. 5.269. Using the
above iteration formula (5.290), we can directly obtain the other components:

uo(t) = cos(z) (5.291)

3 1 1
ui(t) =cost+ s(gtcost - gsintcoszt - Zsint) (5.292)
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(t) tte(tcost — wsintcos?t — ~sint) + & ( okt sint + —< 12 cost
u = COS E|l =ITCOST — —=SINnfCoS — —Sin & -_— Sll’l —_— COS
2 8 8 4 256 128

—icos t—gcos t—itsmtcos H—@cost + -
192 768 64 768

(5.293)

5.9.5 Application of ADM in the Van der Pol Oscillator

By applying the procedure explained in the last section to the Van der Pol
equation, we have

w(t) = f(1) = eLy " (u(t)ui (1)) + €L (i (1)) — u(2), (5.294)

where, in Eq. 5.294,
t t
2//(.)dtdt. (5.295)
0 0

Substituting the Adomian polynomial, «(z) is obtainable in the form

oGt (5 () 50
N N (5.I296)
Finally,
wolr) = £(1) (5.297)
and
i (1) = L Ay — (1) + 0, ()] (5.298)

By the latest replicable relation, we are able to compute all components of
uy(t). Therefore, we consider the Van der Pol equation with initial conditions:

w(0) =1, u,(0)=0. (5.299)
With these initial conditions, f(z) can be calculated as

) =1. (5.300)
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Hence,

uo(f) = f(t) = 1. (5.301)

By means of the recursive relation obtained in the previous section, Adomian
polynomials A, and the component of decomposition series u,(¢) for n =3 are
yielded and listed as below, respectively:

Ao =0
Al =—t
Ay = —ef* + %P (5.302)
2 25 61
_ 2423, .24 Ol s
A= e et T 0!
and
M()([) =1
0 =5
o (5.303)
1, 1, 5.303
=—g=F +—t
ual) = —e3t 4+ 5
1 1 1
__p2ra s L
ut) = =& g+ egst =551
Lastly, u(z) given by creating a decomposition series for n = 3 is
3
u(t) = un(r) = uo(t) + wi (1) + ua(r) + us (1)
n=0 (5.304)

2 Ly, 1y o1y 1 s 1 s
=1 2t 831‘ +24t £ 6t —|—812t 720t
As is shown in Figs. 5.36, 5.37, 5.38 and 5.39, the differences between the
results of these four methods and the numerical solution (using Maple software to
get a BPV form numerical solution method) are very small, and all of them closely
mirror the numerical solution with great accuracy. Note that VIM is the easiest of
them, PM and the HPM are similar together, and, importantly, the answer obtained
through ADM, as shown in Fig. 5.39, is valid only at a certain area (0 up to 2),
which is a limitation. As is shown in Fig. 5.40, these are differences between the
results of three methods (PM, HPM, VIM) and the numerical solution. All of them
have the same very small margin of curve error.
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Fig. 5.36 Comparison of the answer resulted by perturbation method (PM) and the numerical
solution (NM) at ¢ = 0.1
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Fig. 5.37 Comparison of the answer resulting from the homotopy perturbation method (HPM)
and numerical solutions (NM) at ¢ = 0.1
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Fig. 5.38 Comparison of the answer obtained through the variational iteration method (VIM)
and the numerical solution (NM) at ¢ = 0.1
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Fig. 5.39 The comparison of the answer obtained through ADM and the numerical solution at
e=0.1
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Fig. 5.40 Error in answers obtained through the perturbation method (PM), homotopy PM (HPM),
and variational iteration method (VIM) in comparison with the numerical solution at ¢ = 0.1

5.10 Problem 5.10. Application of a Slender, Elastic
Cantilever Beam

5.10.1 Introduction

Many engineering structures can be modeled as a slender, elastic cantilever beam
carrying a concentrated mass at an intermediate point along its span. This system
can be simulated by a mass with serial linear, nonlinear, or exponential stiffness, as
shown in Fig. 5.41.

Fig. 5.41 System of mass

with serial linear and ]
exponential stiffness kl e 61 kot B ¥ - 8
¢ T2
Linear llv Exponential {
\r
k-l B2
N Linear kl Exponential k2,,3, b4
By m
N —0
rd d

no friction
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For this system, the governing differential equation of the motion is of the

following form:
kixy — ka(xp = x1) = oy — xp)e’™ ) =0,
mi; + ka(xa — x1) + Pxp — xl)e"(xz_x‘) =0.
Using the new variables, u and v can be defined as
u=x,
V=X, —X|.
Then, Eq. 5.305 can be put into a different form:
kiu — kpv — pve’’ =0,
m(ii + V) + kyv + fre’ = 0.
Solving Eq. 5.306a for u yields
kh B

u=-—v+-—ve,

ki ki

(5.305a)

(5.305b)

(5.306a)
(5.306b)

(5.307)

If Eq. 5.307 is differentiated twice with respect to time and substituted into

Eq. 5.306b, one finds that

k . ) . k .
(1 + ﬁ)v +£(1 + pv)ve’ +l]j—l/(2 + pv)ite’” +£v +£ve"v
or
Vv 4 [(14 )& + (2 + )& + pv)je’” =0,
where
kit k]
B
&= Ekl )
ka
n= —&,
m
B
n=-

3

=0 (5.308)

(5.309)
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5.10.2 Solution Using the First Case of the Homotopy
Perturbation Method

We write Eq. 5.309 as

V4w + pl(1+ )& + (24 pv)Epi? + nyle?” = 0.

v(0) = A, v(0) = 0. (5.310)

To illustrate the new modified HPM, we expand the solution v(¢) and the square
of the unknown angular frequency o as

v=vo+pvi +pva -, (5.311)

n=® —pay —plog — -, (5.312)

where o; (i = 1, 2,...) are to be determined.
Substituting Eq. 5.311 into Eq. 5.310, and replacing Eq. 5.312 with the coef-
ficient of v(¢) in Eq. 5.310, we have

Vo + piy + pPin 4 -+ (0 — poy — pPog — ) (vo +pvi +pPva + o)
+plE(L+ (o + pvi +pPva o+ ) (Fo + piy + pPia + )
+ &2+ 90+ pyi 4P ) (o + piy + PP o)’
+n(vo +pvi +p*va + - - .)]e"/(V0+PV1+P2V2+‘“) —0.
(5.313)

Equating the terms with identical powers of p, we obtain the following set of
linear differential equations:

PP : Vo 4+ vy = 0, v5(0) = A, 7(0) = 0. (5.314)

P+ vy — agvo + [E(1 + yvo)io + Ep(2 + pvo) Vg + nwole™ = 0,

v1(0) =0,91(0) = 0. (5.315)

Py + vy — vy — oavg + [E(F + p(vody + Vovr)) + Ep(digir)
+ & (2vovovy + vivg) + nvile’ ot = 0, (5.316)
V2(O) = O, VZ(O) =0.

PP Vs 4 0’y — aavg — 0avy — agva + [E(Ba + p(viV + vaiio + voiha))
+ Ep(20% + 4000) + EY2(vo? + 2vVav + 2V 0100 + Vova) 4 )]’ 0TI = )
v3(0) =0, 3(0) = 0.
(5.317)
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The solution of Eq. 5.314 is
vo(t) = A cos(wt). (5.318)

Substitution of this result into Eq. 5.315 gives

V1 + v — A cos(wr) + [~E(1 4 7A cos(wr))Aw?” cos(wr) (5.319)
+ (2 + A cos(wt) ) A% sin(w1)” + nA cos(wt)]e™ <) = 0. .

It is possible to generate the Fourier series expansion
[—6(1 + 74 cos(wt))Aw? cos(wr) + Ey(2 + yA cos(wr))A2w? sin(wr)*

+nA cos(wt)]e (@) = 3 gy, cos((2n + 1)) = aj cos(wt) + az cos(3wt) + K
n=0

(5.320)

where

2
4
il = / [—&(1 + yA cos(wt))Aw? cos(wr) + Ep(2 + A cos(wt))A%w? sin(wr)
0
+ nA cos(wt)]e™ <) (cos(2n + 1)) do,

where w = /1t
(5.321)
Substituting Eq. 5.320 into Eq. 5.319, we have
b1 4 vy + Zaz,,ﬂ cos((2n + lwt) — oA cos(wt) = 0, (5.322)

n=0

or

b1 4+ vy + Zd2n+] cos((2n + l)wt) + (a1 — 1A) cos(wt) = 0.

n=1

The absence of secular terms in v;(t) requires eliminating contributions pro-
portional to cos(wr) in Eq. 5.322, and we obtain

ay
1
Considering Eqs. 5.323 and 5.322, we rewrite Eq. 5.322 in the form

(5.323)

o =

[o.¢]
P14 P ==Y a1 cos((2n + Do), (5.324)

n=1
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with initial conditions v;(0) = 0 and v;(0) = 0. The periodic solution to
Eq. 5.324 can be written as

vi(r) = Zb2n+1 cos((2n + l)wt) = by cos(wt) + bz cos(Bwt) + ---.  (5.325)
n=0

Substituting Eq. 5.325 into Eq. 5.324, we obtain

w? ib2n+1(l — (2n4 1)) cos((2n + Dwr) = — zoo:az,,ﬂ cos((2n + 1)wt).
n=0

n=1

(5.326)

We can write the following expression for the coefficients by, :

Aopt1 Aont1
bops1 = = , forn>1. 5.327
T (i 1~ De? An(n+ 1)o? (3327
Taking into account that v{(0) = 0, Eq. 5.327 gives
by=—= by (5.328)
n=1

The function v;(t) has an infinite number of harmonics, and it is difficult to
solve the new differential equation; however, we can truncate the series expansion

at Eq. 5.325 and write an approximate equation vEN)(t) in the form

N

v§N>(t) = b<1N> cos(wr) + Z byps1 cos((2n + 1wt), (5.329)
n=1
where
. N
BY = =3 by, (5.330)
n=1

Equation 5.329 has only a finite number of harmonics. It is possible to make
this approximation because the absolute value of the coefficient b,,,; decreases
when n increases, as we can easily verify from Eqs. 5.320 and 5.327. Comparing
Egs. 5.325 and 5.329 and Eqgs. 5.328 and 5.329, it follows that

vi (1) = lim v (1), by = lim bV (5.331)

In the simplest case, we consider N = 1 (n = 0, 1) in Egs. 5.329 and 5.330, and

we obtain

W (1) = by(— cos(wt) + cos(3wt)). (5.332)
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From Eq. 5.327, the following expression for the coefficient b5 is obtained:

az

And from Egs. 5.323 and 5.312, writing p = 1, we can find that the first-order
approximate frequency is

w1(A) = Vi Fog = ,//H% (5.334)

Substituting Egs. 5.332 and 5.318 into Eq. 5.316 gives the following equation
for v,(7):

Vy 4+ vy — oy b3(— cos(wt) + cos(3wr)) — aA cos(wt) + [E(b3w?(cos(wr) — 9 cos(3wt))
+ (A cos(wt)b3w? (cos(wr) — 9 cos(3wt)) — Aw*bs cos(wt)(— cos(wr) 4 cos(3mt))))
+ Ey(4Abs3* sin(wt) (sin(wr) — 3 sin(3wr))) + &2 (—24%b3w” cos(wt) sin(wr) (sin(wt)
— 3sin(3wr)) + b3A%w? sin(wr)?(— cos(wr) + cos(3wr)))
+ 17b3(— cos(wr) 4 cos(3wt))] /4 cos(@n+ba(=cos(@n+eos(er))) — (.
(5.335)

It is possible to generate an expansion of the Fourier series

— ayb3 cos(3mt) + [E(bs?(cos(wt) — 9 cos(3wt)) + (A cos(wt)bzw? (cos(wt) — 9 cos(3wr))

— Aw*bs cos(wr)(— cos(wt) + cos(3wt)))) + Ey(4Absw* sin(wr)(sin(wt) — 3sin(3wr)))

+ &2 (=243 cos(wt) sin(wr) (sin(wr) — 3sin(3wr)) + bsA2w? sin(wr)?(— cos(wr) + cos(301)))
+ nb3(— cos(wt) + (:os(ficut))]e”"(A cos(wt)+b3 (— cos(wr)+cos(3r)))

= Z cant1c08((2n + wt) = ¢y cos(wt) + ¢3 cos(3wt) + - - -
n=0

(5.336)
where

72 {—oubscos(3wr) + [E(b3e?(cos(ot) — 9 cos(3at)) + 7(A cos(wt)b3w* (cos(wt) — 9 cos(3wt))

4 / — Aw’by cos(wt)(— cos(wt) + cos(301)))) + Ep(4Absew? sin(wt)(sin(wr) — 3sin(3wr)))

Copt1 = —
.

0

+ &1 (—2A%b30* cos(wt) sin(wt) (sin(wr) — 3 sin(301)) + bA%w? sin(wr)?(— cos(wt) + cos(3wr)))
+ ’7173(* cos(wt) + COS(3(/)[))]E”‘<A cm(wl)erw(—cos(wr)+co>(3w1)))] }COS((2n 4 1)(0) do,

(5.337)
Where o = /pu + ;.

By substituting equations, we have
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V) 4+ w?vy + Z Cont1c0s((2n + 1)wt) — apA cos(wr) + aybs cos(wt) = 0,
n=0

or

Yy + vy + Z Cant1c08((2n + 1)wt) + (13 — A + ¢1) cos(wt) = 0.

n=1

(5.338)

The absence of secular terms in v,(f) requires eliminating contributions pro-
portional to cos(wr) in Eq. 5.338, and we obtain

_c1+abs
=

Taking into account Eqgs. 5.339 and 5.338, we rewrite Eq. 5.338 in the form

% (5.339)

¥y + 0Py = — Z Cont1 cos((2n + Dwt), (5.340)

n=1

with initial conditions v,(0) = 0 and ¥,(0) = 0. The periodic solution to
Eq. 5.340 can be written as:

w(t) = ng,,H cos((2n + 1)wt) = dy cos(wt) + ds cos(3wt) + K. (5.341)
n=0

Substituting Eq. 5.341 into Eq. 5.340, we obtain:

o’ idm] (1—(2n+1)*) cos((2n + 1wt) = — i Cang1 cos((2n + Doot).
n=0

n=1
(5.342)
We can write the following expression for the coefficients by, 1:
Con Con
dopi1 = o 12);1_ T _ 4n(n2++i)w2’ forn>1. (5.343)
Taking into account that v,(0) = 0, Eq. 5.343 gives
00
dy == dui1. (5.344)
n=1

With the same procedure as was used for approximate x;, we obtain the fol-
lowing expression for x;:

vgz)(t) = —(d5 + ds) cos(wt) + ds cos(3wt) + ds cos(Swt). (5.345)
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And from Eqgs. 5.323and 5.339, writing p = 2, we can find that the second-
order approximate frequency is

albq

Wy (A) =+ oy +op = \/u+— —+A—2’. (5.346)

5.10.3 Solution Using Second Case of the Homotopy
Perturbation Method

In this method, firstly, Eq. 5.309 is written as

1 v+ (2 2 v
v+v:v_“v+[( +yv)év+ci2+yv)5/v + e |

vo(0) = A, v(0) =0, v,(0) =0, v,(0) =0,

(5.347)

where ¢ = wt.
Expanding v(¢) and w? corresponding to the HPM, and applying the artificial
parameter method, one can easily obtain, at O(p°),

o +vo = 0,v9(0) = A, ¥(0) =0, (5.348)
the solution of which is
vo(@) = Acos(o). (5.349)
At O(p'), one obtains
(1A cos() + [~(1 + 74 cos () EA? cos()

(o) —
+ 2+ yA cos())EpA?w? sin(qo)2 + nAcos(g)]e’ C"S(‘”))/w%,
v1(0) =0,v,(0) =

V1 + v =Acos(p

(5.350)

By the same manipulation as illustrated previously, we obtain

1
Vi + v =Acos(@p) +—(ajcos(p) + azcos(3¢)),
1V () w%(l (@) + a3 cos(39)) (5.351)

Vl(O) = O,Vl(O) = 0,

where
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o1 =

2
4/ [—(uA cos(@) + [—(1 4 7A cos()) EAw” cos(p)+

m J (2 + 1A cos())EyA%w? sin()* + 1A cos ()] @] (cos(2n + 1) @)dg.
(5.352)
The absence of secular terms in v;(¢) requires that
2 .
=—— 5.353
Wy A ) ( )
and Eq. 5.351 will be
By vy = %cos(?)(p), y1(0) = 0, 91 (0) = 0. (5.354)
0
The solution of Eq. 5.354 is
a
vi(p) = 8—32 (cos(@) — cos(3¢)). (5.355)
0

At O(p?), one obtains

2

1+ (29EV0 + 92 EvoPo + 3p>EVE + p3Evei + 1 + nvw)e”"”> )
1
Wy

V) + vy = (l —
20 . - . .. oy 2(24 yvo)Epéige™ .
+ (7] (o + (&g + yEvoiip + 29EV] + y*Evglg + nvo)e™) — %Vl
) 0
Vz(O) :07 VZ(O) =0.

(5.356)
By the same manipulation, we obtain
Vo +vo = by cos(@) + bz cos(3¢p) + bscos(5¢),
V2 + V2 1 . (¢) 3 (30) 5 (50) (3.357)
12(0) = 0, 2(0) = 0
where
2
4 p+ (29E0 + y2Evovio + 392805 + 17 Evovg + 1 + nvey)e’™
by == 1 - 5 Vi
n g
20)1 . . %) 2 .2 o
+ e (vo + (Evg + yévoig + 2yEvg + y~Evevy + nvo)e™)
0
2(2 QN
22+ yvo)zé/fvoe Vi [ (cos(2n + 1)¢)de.
Wy
(5.358)

The absence of secular terms in v2(¢) requires that b; = 0, and we have
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J; 72 [—(0f — i+ (29Ebg + y*Evoii + 392EV] + PP Eovy + 11 + nvoy)e’™ ) wovy
0 —002(2 + yv0) Eyige’" ] cos(g)de

w; =
Jo ? [2(mvo + (EVo + Evoii + 29E0G + y2Evovg + nvo)er™)] cos(¢)dg.

(5.359)
Equation 5.357 will be
Vo + vy = b3 f:os(3go) + bscos(5¢), (5.360)
v2(0) = 0,7,(0) = 0.
The solution of Eq. 5.360 is
v(p) = <% + s—i) cos(p) — co;g(p) [16bs cos()* + 12b3 cos(¢)*
— 20bs cos(p)> — 9bs + 5bs]. (5.361)
Finally, the solution of Eq. 5.309 and its frequency for p = 2 are
v(t) = vo(t) +vi(t) +va(2), (5.362)
* = 0} + wl. (5.363)

5.11 Problem 5.11. Dynamic Behavior of a Flexible Beam
Attached to a Rotating Rigid Hub

5.11.1 Introduction

In this problem, the dynamic behavior of a flexible beam attached to a rotating
rigid hub with torque is investigated. The beam model is widely used in engi-
neering structures such as turbines, compressors, helicopter blades, satellite
antennas, and robotic arms. These beam systems have complicated dynamic
responses.

The system under consideration is shown in Fig. 5.42. The hub is assumed to be
a rigid disc with radius R, and mass M and rotating at an angular velocity 0 about
the inertial z-axis. Therefore, torque T effect on the hub causes it only to rotate.
The X, Y, Z is a system of fixed rectangular Cartesian coordinate axes with origin at
the center of the hub. The x, y, z and x/,y’, 7 are two sets of rectangular Cartesian
coordinate axes rotating with the hub with common origin at the root of the beam.
The beam mid-plane y'Z’ is inclined to the plane of rotation yz at an angle ¥ called
the setting angle. The beam is assumed to be initially straight along the x'-axis
clamped at its base to the hub surface, having a uniform cross-sectional area A,,
flexural rigidity EI, constant length /, mass m, and mass density p. The beam
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Fig. 5.42 Arm hub
schematic diagram ,

thickness is assumed to be small, as compared with its length, so that the effects of
shear deformation and rotary inertia can be ignored. The mathematical model used
to describe the dynamics of the mentioned beam system is a special case of
original work:

w +w w4+ wnw? +w? =0, (5.364)

with initial conditions

w(0)=A  w(0)=0. (5.365)

5.11.2 Application of the Homotopy Perturbation Method

To solve Eq. 5.364 by means of the HPM, we consider the following process after
separating the linear and nonlinear parts of the equation. A homotopy can be
constructed as

H(w,p) = (1 —p)W" +w] +pw" +w+ww" +ww? +w’], (5.366)

where prime denotes differentiation with respect to ¢.
We consider w to be

w = wo + pwi + p*wy +pPws +ptwy + - (5.367)

Substituting Eq. 5.367 into Eq. 5.366 and rearranging the resultant equation on
the basis of powers of p-terms, one has

PP w) +wo =0,wp(0) =A = 1,w}(0) =0 (5.368)
p' i wiwh + wi 4+ wow +w] +wi = 0,w(0) =0,w[(0) =0 (5.369)

2. /o] 2 " " 2 2.1
P 2woww + wa + 3wowy + 2Zwowiwy + wy + wiwg + wowy = 0,

Wz(O) =0, W;(O) =0 (5370)
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3. " ! 2 2 2 ! 2 2.1
D7 2wowowa + 2woww, + wawy + 3wowy + wow| + 2wiwwy + WIWO + wyw,

+ 2wowiw] 4+ Wi + w3 + 3wiwy = 0,w3(0) = 0,w4(0) =0
(5.371)

prwiw! A 2wow wh + wa -+ wiwE A+ 2wowaw] 4 2wow w4+ 2wawpw! + w1
+ 2wiwwh 4+ Wy + 3wiws + 6wow wa + 2wiwawp + 2wewwh + wiw
+ wiw§ 4 2wowswjy = 0,w4(0) = 0,w,(0) =0
(5.372)

where w(f) may be written as follows by solving Egs. 5.368-5.372 with the initial
condition w(0) = A = I:

wo(t) = cos(r), (5.373)
1
wi(t) = — gsin(t)(t — cos(t) sin(7)), (5.374)
1 3 9 1
wa(t) = ﬁcos(t) + jSosz(z‘) sin(#)r + 756 sin(#)t — ﬁcos(t)t2
(5.375)
+ > cos’ (1) 21 cos’ (1)
64 256 ’
AL s — 103 S() — 2 cost(1) si
ws(t) = 37768 cos(?) T53g C08 (1) + =y cos (1) 1708 (¢) sin(2)¢
3 1 )
+ 98304 (320 + 3641%) cos™ (1) + =— 556 508 2(r) sin(r)r + 98304 (—481* — 2337) cos(1)
1
+m(32z — 18721) sin(z)
(5.376)
And:
1407 1389 721 .
wy(t) = — mcos(t) + mcos%t) - mcos7(t) + mcosﬁ(t) sin(t)z
1 65 . 1
+ eeam2 (9900 — 12000£*) cos’ (f) — 576 cos*(r) sin(£)r + 36a2 (85207 — 3687) cos’ ()
1 . 1
+ e (—8641> — 34441) sin(r) cos? (1) + 8653 (12264 — 2142t + 8¢*)
1
ETTT (99631 — 88¢*) sin(r)
(5.377)
Then,

w(t) = wo(t) + wi(2) + walt) + ws(t) + walt) + - -. (5.378)
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5.11.3 Application of the Energy Balance Method

In order to assess the advantages and the accuracy of the energy balance method
(EBM), we will apply this method to the discussed system. Its variational for-
mulation can be easily established:

t
1 1 1
J(w) = / L ewdy e Ly (5.379)
2 2 4
0
in which w and ¢ are generalized dimensionless displacement and time variables,
respectively.
Its Hamiltonian, therefore, can be written as
1 1 1 1 1
H=_w?(1+w?) +-w +-w'=-47+_A* 5.380
2w(+w)+2w+4w 5A +7 ( )
or
[ o Lo g 1Ty 1y
R(t) =-w?(14+w?) +-w +-w* —-A? ——A* =0 (5.381)

2 2 4 2 4

Oscillatory systems contain two important physical parameters—that is, the
frequency w and the amplitude of oscillation A. So let us consider such initial
conditions:

w(0)=A w(0)=0 (5.382)
Assume that its initial approximate guess can be expressed as
w = A cos(wt). (5.383)
Substituting Eq. 5.384 into Eq. 5.382 yields

1 1 1 1 1
~ (—Awsin ot)? (1 + (Acos a)t)z) +=(Acoswr)* +=(Acoswr) — A% ——A*
2 2 4 2 4
=0
(5.384)

If we collocate at wt = %, we obtain

Ao [ AP\ A2 At A2 A
w (1+_) ALA A A ~0 (5.386)

z 2) Tt 2
or
AZ
—Jie A 5.387
MPERyE (5.387)

Substituting Eq. 5.386 into Eq. 5.384 yields
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0.2
b
015 - Runge-Kutta |
g oA HPM
—»--EBM
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Fig. 5.43 Comparison of homotopy perturbation method (HPM) and energy balance method
(EBM) with Runge—Kautta fourth order (A = n/18)

/ A2

5.11.4 Results

Figure 5.43 shows the comparison solution of motion from the HPM and EBM
with the Runge—Kutta 4th method. It can be observed that there is a significant
agreement between the results obtained from the HPM and EBM and those of
Runge—Kutta.

5.12 Problem 5.12. The Motion of a Ring Sliding Freely
on a Rotating Wire

5.12.1 Introduction

A problem of a single-degree-of-freedom conservative system has been considered
and is described in an equation as follows (see Problem 5.2). The motion of a ring
of mass m sliding freely on the wire described by the parabola z = rx?, which
rotates with a constant angular velocity Q about the z-axis, is shown in Fig. 5.44.
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Fig. 5.44 Geometry of the
problem G Q

It is convenient to write the equation of motion of a ring by using a Lagrange
formulation. For a conservative holonomic system, it can be expressed by the
kinetic and potential energies 7 and V in terms of what is usually called gen-
eralized coordinate g, where ¢ is a vector the elements of which are the inde-
pendent coordinates needed to describe the system under consideration. For the
present problem, the kinetic and potential energies are

T = 2m(e (0) + @20 + 20, (5.389)

V = mgz(r). (5.390)
Using the concentrate z = rx2, the above equations can be rewritten as
1
T =2m((1 + 422 ()" (1) + 2 (1)), (5.391)
V = mgra®(t). (5.392)
Substituting 7 and V into the Lagrange equation yields
1
L= Fm [(1 4422 (0))" (1) + Q23 (1)] — mgrad(1). (5.393)
Finally, the equation of motion is

(144223 (1)x" (1) + Ax(1) + 47 i (1)x(1) = 0, (5.394)
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where A is

A=2gr— Q. (5.395)

5.12.2 Application of HPEM

According to the PEM, Eq. 5.394 can be rewritten as
d’x(1)
dr?

and the initial conditions are

1

+ Ax(t) — 42 [(P ()X (t) + X (£)x(2))] = 0, (5.396)

x(0) =4, X'(0)=0. (5.397)

The form of the solution and the constant one in Eq. 5.394 can be expanded as
x(1) = xo(2) + pxi (1) + p*xa (1) + K, (5.398)

1 =1+ pa, + pa, + K, (5.399)

A = + pb; + pby + K, (5.400)

4r* = pey +pey + K. (5.401)

Substituting Eqgs. 5.398-5.401 into Eq. 5.396, and processing as the standard
PM, we have

xg(1) + @’xo(1) = 0,x0(0) = 4,x,(0) = 0, (5.402)
dzzic;z(t) +e1(7) (%) +¢100(7) <dx§—t(t)>2+ 1 (1) + bixo (1) = 0,
x1(0) =0, x{(0) = 0.
(5.403)
The solution of Eq. 5.397 is
xo(t) = Acos(wt). (5.404)

Substituting x((f) from the above equation into Eq. 5.403 results in
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dZX] (I)

dr?
=0.

329

— 12 0? cos® () + ¢ 22 w? cos(wr) sin 2(wt) + w?x, (1) + by J.cos(wt)

(5.405)

But from Egs. 5.400 and 5.401 and considering just two first terms, we have

A— 2
p =22 (5.406)
p
and
4 2
o = —. (5.407)
p
After p = 1, eliminating the secular term requires that
5 39
biA— EC];L w” =0. (5.408)
Two roots of this particular equation can be obtained as
AL
0==*4———: 5.409
A —10r27 (3.409)
Replacing o from Eq. 5.409 into Eq. 5.404 yields (Fig. 5.45)
Al
x(¢) = x0(¢) = A cos —t . 5.410
(6) = x0(1) ( }Vloﬂ;vS) (5.410)
(a) s ~ Numeric (b) O»ZT mm—— Nu‘meric
01 PEM [ PEM
5 0 5 5 0 5
t t

Fig. 5.45 The effects of constant parameters on position and velocity: a A =2, 1 =0.1,

r=05bA=5 A1=0.15, r = 0.25. PEM parameter expansion method
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5.13 Problem 5.13. Application of a Rotating Rigid Frame
Under Force

5.13.1 Introduction of Case 1

The rigid frame is forced to rotate at the fixed rate Q. While the frame rotates, the
simple pendulum oscillates (see Fig. 5.46).

By using the Lagrange method, the governing equation can be easily obtained
as

d?x(1)
dr?

Here, by using the Taylor’s series expansion for cos(x(#)) and sin(x(¢)), the
above equation reduces to

+ (1 — Acos(x(t))) sin(x(r)) = 0. (5.411)

d?x(r) 1, 2, 1
1-A — | = —Ax(t) —ZA = 412
T - - (00 + 3400 - 3480 ) 0. (5412)
with the boundary conditions
x(0) =4, X'(0)=0, (5.413)

. QZ
where A is 7’

5.13.2 Application of HPEM
According to the HPEM, Eq. 5.412 can be rewritten as
Fig. 5.46 Geometry of a

rotating rigid frame under
force
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d2 t 1 2 1
! ;tg ) (1—=A)x(r) =1 (ng(t) +3Ax (1) - EAxS(t)> =0, (5414)
and the initial conditions are
x(0) =4, x(0) =0. (5.415)

The form of the solution and the constant one in Eq. 5.414 can be expanded as

x(1) = xo(t) + pxi (1) + p°xa(t) + K, (5.416)
1 =1+pa; +pa +K, (5.417)

1 —A = w® +pb; + pby + K, (5.418)

1 =pcy +pes + K. (5.419)

Substituting Eqs. 5.416-5.419 into Eq. 5.420 and processing as the standard
PM, it can be written as

Xy (1) + 0%xo(t) = 0, x0(0) = 4, x,(0) =0 5.420
O( ) ()( ) ) 0( ) ) 0( ) ) ( )
d?x (1) dd()\ 1 2 1
iz + bixg (1) d(;z - EAx(S)(t) + §Ax3(t) + w’x (1) + gxa(t) =0,
x1(0) =0, x;(0) = 0.
(5.421)
The solution of Eq. 5.420 is
xo(t) = Acos(wt). (5.422)

Substituting x((z) from the above equation into Eq. 5.421 results in

Ea() 15 4 ) 2,5 3 2 s s
a2 —i—g/l cos” (wt)by Acos(mt) +§Ai cos”(wt) + wx; (1) —EA/I cos” ()
=0.
(5.423)
But from Eqgs. 5.418 and 5.419,
po A (5.424)
p
and
S (5.425)
p
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—-—F-——  Numeric
——— PEM

(a) : —-—ge—-—  Numeric (I:))O2 B

o PEM

x(1)

Fig. 5.47 The effects of constant parameters on position and velocity: a A =0.5, 1 =0.2;
b A =0.15, A =0.15. PEM parameter expansion method

On the basis of trigonometric functions properties, we have
cos®(wt) = 1/4cos(3wt) + 3/4cos(wt), (5.426)

cos’ (wt) = 1/6[cos(5wt) — 5 cos(3wr) + 20 cos(wt)]. (5.427)

After p = 1 and eliminating the secular term, @ has been obtained as

co_j:\/gxl +gAt = AR+ 1A, (5.428)

Replacing o from Eq. 5.428 into Eq. 5.429 yields (Fig. 5.47)

1 5 1
x(t) = xo(t) = Acos <\/§ 2+ EA)f‘ — EA)? +1-— At) . (5.429)

5.13.3 Introduction of Case 2

The governing equation (5.411) can be derived with respect to 0 as

d’0 do
@—i—(l — Acosf)sinf = 0,6(0) :A,E(O) =0. (5.430)
where A = Q—Z’, we can use centrifugal acceleration from the rotating reference

frames. It is a readily observable physical fact. The magnitude and direction of the
centrifugal acceleration varies from place to place in the rotating frame. Therefore,
we call it the centrifugal field. It is zero at the pivot. When we go farther from the
pivot, it gets stronger. It is everywhere directed radially outward from the pivot.
Centrifugal force is related to the Coriolis force in rotating frameworks.
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Pendulums require great mechanical stability: a length change of only 0.02 %,
1/5 mm in a clock pendulum, will cause an error of a minute per week.

5.13.4 Solution of Case 2 Using Frequency Formulation

Having introduced the above mentioned approach, it is applied here to the non-
linear differential equation. The equation takes the form

d2
@M

The trial functions are chosen as

(£) + (1 — Acosu(z)) sinu(t). (5.431)

ui (1) = Acost, (5.432)
up (1) = Acos2t. (5.433)

Substituting u;, u, into Eq. 5.431 separately results in Ry, R, where

2

R, = e (Acost) + (1 — Acos(Acost)) sin(A cost) (5.434)
= —Acost+ (1 — Acos(Acost) sin(A cos )
and
2
Ry = a7 (Acos2t) 4+ (1 — Acos(A cos 2t)) sin(A cos 2r) (5.435)
= —4A cos 2t + (1 — Acos(A cos2t)) sin(A cos 2¢).
So

,  —4Acos2t+ (1 — Acos(Acos2t))sin(A cos2f) +4Acost — 4(1 — Acos(A cost)sin(A cos )
~ —4Acos2t+ (1 — Acos(Acos2t)) sin(A cos 2t) + Acost — (1 — Acos(A cost) sin(A cost)

(5.436)

Now we form this equation and put cost = cos 2t = k, so
Ry = —Ak + (1 — Acos(Ak)) sin(Ak), (5.437)
Ry = —4Ak + (1 — A cos(Ak)) sin(Ak). (5.438)

The period may be obtained as

_ (—1 4 Acos(Ak)) sin(Ak)
“= \/_ A : (5.439)
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Write the following integral as Eq. 5.428:

—1+A cos(Ak)) sin(Ak)

(s ey

k

_ <1 — Acos (A cos <\/_ (—1+ Aco;(:k)) sin(Ak) o t> )) (5.440)
X sin (A cos (\/_ -1+ Aco;(;{k)) sin(Ak) X z))) X COS a)t:| dr.

If we equate Eq. 5.430 to zero, we can find K as K = -0.8657421586.
We may then substitute K in Eq. 5.439) to find

0

_sin(0. A) — Asin(1. 17.A
" 0.7599599730\/2 sin(0.8657421586 A)A A.sin(1.731484317.A)

Using EBM, we can find the parameter above as

2 2 A 2
WERM = n \/cos <§A> — cosA + 0 (cosZA — cos? (\/T_A)> , (5.441)

where we assumed that

m rad
g:981 S—27r:1m,Q:3T.

The comparison of results obtained through the amplitude frequency formula-
tion (AFF) and EBM is illustrated in Fig. 5.48.
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i

o
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T | T

Fig. 5.48 Comparison of periods between two methods (case 2)
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As was discovered earlier, we cannot consider every quantity for A, because for
some amounts of A, the value of w? becomes negative. By continuing this pro-
cedure, the amplitudes of w decrease and tend to zero.

5.14 Problem 5.14. Application of a Nonlinear Oscillator
in Automobile Design

5.14.1 Introduction

Consider the nonlinear oscillator shown in Fig. 5.49.

This oscillator is very applicable in automobile design, where a horizontal
motion is converted into a vertical one or vice versa.

The equation of motion and appropriate initial conditions for this case can be
formulated as

d2 d 2 1R t 3
(14 Ru(t)?) (=5 u(r) | + Ru(r) [ —u(t) | +wdu(r) +_L() _0
o & 2 ! (5.442)
du
M< ) 7d[( ) )
Fig. 5.49 Geometry of the . FREE LENGTH R
problem * >
m
k ! X
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where
wf=—+-—, R=— (5.443)

The specific dynamics of a spring—mass system are described mathematically
by the simple harmonic oscillator, and the regular periodic motion is known as
simple harmonic motion. In the spring—mass system, oscillations occur because, at
the static equilibrium displacement, the mass has kinetic energy that is converted
into potential energy stored in the spring at the extremes of its path. The spring—
mass system illustrates some common features of oscillation, namely the existence
of equilibrium and the presence of a restoring force getting stronger when the
system deviates from equilibrium.

5.14.2 Solution Using the Amplitude Frequency
Formulation

According to He’s AFF, we choose two trial functions: u;(f) = A cos(t), uy(t) =
A cos(2t) Substituting uy, u, into Eq. 5.442, we will obtain the following residuals,
respectively:

2

Ry =(1+ RA% cos(1)?) <§t2 (A cos(t))> + RA cos(r) <§t (A cos(t))>
3

+ wiA cos(t) + %M — (1 4+ RA? cos(t)*)A cos () + RA> cos(t)

sin(t)” + wiA cos(t) + %M

(5.444)

and

2

Ry =(1 + RA% cos(2t)%) (% (A cos(2t))) + RA cos(2t) (% (A cos(2t)))

1 RgA? cos(21)’
+ wiA cos(2t) + E%OS() — 4(1 4 RA? cos(21)*)A cos(21) + 4RA® cos(2t)
1 RgA? cos(21)°
sin(21)> + w2A cos(21) + E%OS()

(5.445)
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The angular rate is

o= <74(1 + RA? cos(21)%) A cos(2t) + 4RA® cos(21) sin(21)?

1 RgA3 cos(21)*

5 7 + 4(1 4 RA? cos()*)A cos(t) — 4RA cos(r)

+ w3A cos(21) +

2RgA> ’
sin(r)® — 4w2A cos(r) — %"S(’)) / (74(1 + RA? cos(21)%) A cos(21)
3 3
+ 4RA? cos(2t) sin(21)* + wiA cos(2t) + %w
1 RgA® cos(1)’
+(1 + RAZ cos(r)*)A cos(r) — RA® cos(r) sin(r)* — w2A cos(t) — E%os(z))
(5.446)
Now we form this equation and put cost = cos 2t = k, so
211 ReAZK?
V2 %
o — I(1+2RAZK*—RA?) (5.447)

2

We choose u(t) = A cos(wt) and put it into the AFF equation to determine the
integral

2
2 242 2 22
T/4 202 1+RgA2K 202 1+RgA2K
/ 1 RA2 V2 I(1+2RA21<2—RA2)><[ o2 A l(1+2RA2k2—RA2)Xt
f =+ COS - bl COS 3
0
202 1+RgA2 k2 202 1+RgA2k2
V24— Xt V2t
1(1+2RA2k2—RA2) 0 1 I(1+2RA2k2 —RA2)
+ RA cos S — B A cos 2 (N —
p / 2tu‘,2)l+2Rg2A2k2? "
ReA? cos 1(1+2R2A k2—RA2)
2<u21+RgA2k2 .
0
IREST Y romryviteld
+ w3A cos e I ; x cos(wt) | dt
(5.448)
We can find K if we put Eq. 5.448 equal to zero. So we have
3
K= 3 (5.449)

Now, the exact expression for o can be found by substituting K into Eq. 5.447.
Subsequently, we have
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Fig. 5.50 Comparison of periods by method

1 Sw%l + 3A2Rg
WIAFF = 5 XA\ 577 T i

2 1(2+ RA?) (5.450)

by considering the constants g = 9.81 %,k =200 %,ml = 10kg, mp = 1kg,
[=05m.

To evaluate the utility of the method and show how the value of mass ratio
affects frequency, variations of the frequency versus R are demonstrated in
Fig. 5.50.

The results obtained here show the high-efficiency and accuracy of the AFF,
although this method is very simple.

Note

Applied problems used in this chapter were written by a number of nonlinear
dynamics teams in the Mechanical Engineering Department of Babol Noshirvani
University of Technology. For more details on this chapter, refer to http:/
ddganji.com/publish/publish.htm.


http://ddganji.com/publish/publish.htm
http://ddganji.com/publish/publish.htm

	Preface
	Acknowledgments
	Contents
	Notation and Units
	1 Introduction to Nonlinear Vibrations and Dynamics
	1.1…Usual Sources of Nonlinearity in Mechanical and Other Engineering
	1.1.1 Introduction
	1.1.2 Geometrical Nonlinearities
	1.1.3 Physical Nonlinearities
	1.1.4 Structural or Designed Nonlinearities
	1.1.5 Constraints
	1.1.6 Nonlinearity of Friction

	1.2…Formulation of Equations
	1.2.1 Introduction
	1.2.2 Principle of Virtual Work
	1.2.3 d’Alembert’s Principle
	1.2.4 Lagrange’s Equations of Motion
	1.2.4.1 Holonomic Systems
	1.2.4.2 Nonholonomic Systems
	1.2.4.3 Summary of Lagrange’s Method

	1.2.5 Newton’s Method
	1.2.5.1 Newton’s Equation


	1.3…Applied Examples
	References

	2 Perturbation and Variational Methods
	2.1…Introduction
	2.2…The Basic Ideas of Perturbation Analysis
	2.2.1 Variation of Free Constants and Systems in Standard Form
	2.2.2 Standard Averaging as an Almost Identical Transformation
	2.2.3 Method of Multiple Scales
	2.2.4 Direct Separation of Motions
	2.2.5 Relationship Between These Methods
	2.2.6 Application
	2.2.7 Introduction
	2.2.8 The Method of Multiple Scales

	2.3…Parameterized Perturbation Method
	2.3.1 Introduction
	2.3.2 Application

	2.4…Singular Perturbation Method
	2.4.1 Introduction
	2.4.2 Application

	2.5…Homotopy Perturbation Method and Its Modifications
	2.5.1 A Brief Introduction to the Homotopy Perturbation Method
	2.5.1.1 First Case of HPM
	2.5.1.2 Second Case of HPM
	2.5.1.3 Third Case of HPM

	2.5.2 Application

	2.6…Variational Iteration Method
	2.6.1 Introduction
	2.6.2 Application

	2.7…He’s Variational Approach
	2.7.1 Basic Idea
	2.7.2 Application

	2.8…Couple Variational Method
	2.8.1 Introduction
	2.8.2 Application

	2.9…Energy Balance Method
	2.9.1 Introduction
	2.9.2 Application

	2.10…Coupled Method of Homotopy Perturbation and Variational Method
	2.10.1 Introduction
	2.10.2 Application

	References

	3 Considerable Analytical Methods
	3.1…Harmonic Balance Method
	3.1.1 Introduction
	3.1.2 Governing Equation of Motion and Formulation
	3.1.3 First-Order Analytical Approximation
	3.1.4 Second-Order Analytical Approximation
	3.1.5 Third-Order Analytical Approximation
	3.1.6 Approximate Results and Discussion

	3.2…He’s Parameter Expansion Method
	3.2.1 Introduction
	3.2.2 Modified Lindstedt--Poincaré Method
	3.2.3 Bookkeeping Parameter Method
	3.2.4 Application
	3.2.5 Governing Equation
	3.2.6 HPEM for Solving Problem

	3.3…Differential Transformation Method
	3.3.1 Introduction
	3.3.2 Differential Transformation Method
	3.3.3 Padé Approximations
	3.3.4 Application

	3.4…Adomian’s Decomposition Method
	3.4.1 Basic Idea of Adomian’s Decomposition Method
	3.4.2 Application
	3.4.2.1 Introduction
	3.4.2.2 Analysis of the ADM
	3.4.2.3 Case 1
	3.4.2.4 Case 2
	3.4.2.5 Case 3
	3.4.2.6 Case 4


	3.5…He’s Amplitude--Frequency Formulation
	3.5.1 Introduction
	3.5.2 Applications
	3.5.3 Problems

	References

	4 Introduction of Considerable Oscillatory Systems
	4.1…Duffing’s Oscillation Systems
	4.1.1 Introduction to Duffing’s Oscillation
	4.1.1.1 Introduction
	4.1.1.2 Solution Procedures Using Analytical Approaches
	Parameterized Perturbation Method
	Variational Approach
	Discussion and Results


	4.1.2 The Forced Duffing Oscillator
	4.1.2.1 Introduction
	4.1.2.2 Two-Variable Expansion Method

	4.1.3 Universalization and Superposition in Duffing’s Oscillator
	4.1.3.1 Unforced (Homogeneous)
	4.1.3.2 Forced (Nonhomogeneous)


	4.2…The Van der Pol Oscillator Systems
	4.2.1 The Unforced Van der Pol Oscillator
	4.2.1.1 Hopf Bifurcations
	4.2.1.2 Relaxation Oscillations

	4.2.2 The Forced Van der Pol Oscillator
	4.2.2.1 Introduction
	4.2.2.2 Entrainment
	4.2.2.3 Secondary Resonances in the System with Cubic Nonlinearity and Strong Excitation

	4.2.3 Two Coupled Limit Cycle Oscillators
	4.2.3.1 Two Coupled Van der Pol Oscillators


	4.3…Mathieu’s Equation
	4.3.1 Introduction
	4.3.1.1 Perturbations
	4.3.1.2 Floquet Theory
	4.3.1.3 Hill’s Equation
	4.3.1.4 Harmonic Balance

	4.3.2 Effect of Damping
	4.3.3 Effect of Nonlinearity

	4.4…Ince’s Equation
	4.4.1 Introduction
	4.4.2 Coexistence
	4.4.3 Ince’s Equation
	4.4.4 Designing a System with a Finite Number of Tongues
	4.4.5 Application
	4.4.5.1 Application 1
	4.4.5.2 Application 2
	4.4.5.3 Application 3


	References

	5 Applied Problems in Dynamical Systems
	5.1…Problem 5.1. Displacement of the Human Eardrum
	5.1.1 Introduction
	5.1.2 Variational Iteration Method
	5.1.3 Perturbation Method
	5.1.4 Homotopy Perturbation Method
	5.1.5 Numerical Solution

	5.2…Problem 5.2. Slides Motion Along a Bending Wire
	5.2.1 Introduction
	5.2.2 Energy Balance Method
	5.2.3 Variational Iteration Method
	5.2.4 Parameter Lindstedt--Poincaré Method

	5.3…Problem 5.3. Movement of a Mass Along a Circle
	5.3.1 Introduction
	5.3.2 Energy Balance Method
	5.3.3 Variational Iteration Method
	5.3.4 Parameter Lindstedt--Poincaré Method

	5.4…Problem 5.4. Rolling a Cylinder on a Cylindrical Surface
	5.4.1 Introduction
	5.4.2 Energy Balance Method Results
	5.4.3 Variational Iteration Method Results
	5.4.4 Parameter Lindstedt--Poincaré Method Results

	5.5…Problem 5.5. Movement of Rigid Rods on a Circular Surface
	5.5.1 Introduction
	5.5.2 Energy Balance Method
	5.5.3 Variational Iteration Method
	5.5.4 Parametrized Perturbation Method

	5.6…Problem 5.6. Application of Two Degrees of Freedom Viscously Damped
	5.6.1 Introduction
	5.6.2 Application of the Homotopy Perturbation Method

	5.7…Problem 5.7. Application of Viscous Damping with a Nonlinear Spring
	5.7.1 Introduction
	5.7.2 Application of Homotopy Perturbation Method
	5.7.3 Underdamped System \left( {\varsigma^{2} \lt 1\;{\hbox{or}}\;\frac{c}{2\,m} \lt \sqrt \frac{k}{m} } \right) 
	5.7.4 Overdamped System \left( {\varsigma^{2} \gt 1\;{\hbox{or}}\;\frac{c}{2\,m} \gt \sqrt \frac{k}{m} } \right) 
	5.7.5 Critically Damped System \left( {\varsigma^{2} = 1\;{\hbox{or}}\;\frac{c}{2\,m} = \sqrt \frac{k}{m} } \right) 
	5.7.6 Discussion and Conclusion

	5.8…Problem 5.8. Application of Cubic Nonlinearity
	5.8.1 Introduction
	5.8.2 First Assumption
	5.8.3 Second Assumption

	5.9…Problem 5.9. Van der Pol Oscillator
	5.9.1 Introduction
	5.9.2 The Application of PM in the Van der Pol Oscillator
	5.9.3 Homotopy Perturbation Method
	5.9.4 Application of VIM in the Van der Pol Oscillator
	5.9.5 Application of ADM in the Van der Pol Oscillator

	5.10…Problem 5.10. Application of a Slender, Elastic Cantilever Beam
	5.10.1 Introduction
	5.10.2 Solution Using the First Case of the Homotopy Perturbation Method
	5.10.3 Solution Using Second Case of the Homotopy Perturbation Method

	5.11…Problem 5.11. Dynamic Behavior of a Flexible Beam Attached to a Rotating Rigid Hub
	5.11.1 Introduction
	5.11.2 Application of the Homotopy Perturbation Method
	5.11.3 Application of the Energy Balance Method
	5.11.4 Results

	5.12…Problem 5.12. The Motion of a Ring Sliding Freely on a Rotating Wire
	5.12.1 Introduction
	5.12.2 Application of HPEM

	5.13…Problem 5.13. Application of a Rotating Rigid Frame Under Force
	5.13.1 Introduction of Case 1
	5.13.2 Application of HPEM
	5.13.3 Introduction of Case 2
	5.13.4 Solution of Case 2 Using Frequency Formulation

	5.14…Problem 5.14. Application of a Nonlinear Oscillator in Automobile Design
	5.14.1 Introduction
	5.14.2 Solution Using the Amplitude Frequency Formulation





