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Series P reface      

 Applications and modelling and their learning and teaching in school and university 
have become a prominent topic in the last decades in view of the growing worldwide 
relevance of the usage of mathematics in science, technology and everyday life. 
However, although there is consensus that modelling should play an important role in 
mathematics education, the situation in school and university is not satisfactory. 
Given the worldwide impending shortage of students who are interested in mathe-
matics and science, it is essential to discuss possible changes of mathematics education 
in school and tertiary education towards the inclusion of real world examples and 
the competencies to use mathematics to solve real world problems. 

 This innovative book series established by Springer “ International Perspectives 
on the Teaching and Learning of Mathematical Modelling ”, aims at promoting 
academic discussion on the teaching and learning of mathematical modelling at 
various educational levels all over the world. The series will publish books from 
various theoretical perspectives around the world dealing with Teaching and 
Learning of Mathematical Modelling in Schooling and at Tertiary level. This series 
will also enable the  International Community of Teachers of Mathematical 
Modelling and Applications  (ICTMA), an ICMI affi liated Study Group to publish 
books coming out of its biennial conference series. ICTMA is a unique worldwide 
group where not only mathematics educators dealing with education at school level 
are included but also applied mathematicians interested in teaching and learning 
modelling at tertiary level are represented as well. Two of these books published by 
Springer have already appeared. 

 The planned books will display the worldwide state-of-the-art in this fi eld, most 
recent educational research results and new theoretical developments and will be of 
interest for a wide audience. Themes dealt with in the books will be teaching and 
learning of mathematical modelling in schooling and at tertiary level including 
the usage of technology in modelling, psychological aspects of modelling and its 
teaching, modelling competencies, curricular aspects, modelling examples and 
courses, teacher education and teacher education courses. The book series aims to 
support the discussion on mathematical modelling and its teaching internationally 
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and will promote the teaching and learning of mathematical modelling all over the 
world in schools and universities. 

 The series is supported by an editorial board of internationally well-known 
scholars, who bring in their long experience in the fi eld as well as their expertise to 
this series. The members of the editorial board are: Maria Salett Biembengut 
(Brazil), Werner Blum (Germany), Helen Doerr (USA), Peter Galbraith (Australia), 
Toshikazu Ikeda (Japan), Mogens Niss (Denmark), and Jinxing Xie (China). 

 We hope this book series will inspire readers in the present and the future to 
promote the teaching and learning of mathematical modelling all over the world. 

 Gloria Ann Stillman   Gabriele Kaiser 
 Ballarat, Australia   Hamburg, Germany 

Series Preface
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    Abstract     ICTMA is a community of researchers from different countries working 
together to establish a learning culture of mathematical modelling. A clear aim is 
globalization of knowledge and understandings about research and theory about the 
teaching of mathematical modelling and applications that the community values. 
A characteristic of this global community in mathematical modelling and applica-
tions education is that it operates from a large variety of different theories and 
research paradigms when it comes to both research practices and teaching practices. 
The purpose of this chapter is to show that diversity but at the same time the inherent 
connections that create a fertile research fi eld.  
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1         Introduction 

 Different members of the ICTMA community have different levels of experience in 
research, in general, and in research into the teaching of mathematical modelling, 
in particular, as well as different levels of access to resources both for teaching and 
researching. However, participation in the ICTMA community is seen as a pro-
fessional learning experience for all whether experienced or not. Through research 
conferences it is hoped to foster international collaboration and connection and 
knowledge networks but another clear aim is globalisation of knowledge and 
understandings about the research and teaching of mathematical modelling in 
various levels of schooling, in vocational education contexts and university settings. 
The ICTMA community is quite fl uid with biennial conference location having 
impact both locally and globally in stimulating and disseminating research, both as 
a lead up to the conference and post conference. At the same time many in the 
ICTMA community, or others with similar research and scholarship interests, who 
are unable to attend continue to theorise or research into the teaching of modelling 
and applications. It is important that any published contributions stimulated by the 
conference be connected to this on-going body of research and scholarship as well as 
previous outputs from the community (e.g., Kaiser et al.  2011 ; Lesh et al.  2010 ).  

2     Innovative Practices in Research and Teaching 

 A characteristic of this global community in mathematical modelling and applications 
education is that its members operate from a large variety of different theories and 
research paradigms in both research practices and teaching practices. This is, of 
course, not unique to ICTMA (see e.g., Prediger et al.  2008 ) but a small community 
such as this can lose some of its sense of connection if other theoretical ideas or 
research paradigms are not considered thoughtfully with respect to what is valued, 
even if eventually these are not embraced. “An important role of theory in research 
is to provide new ways of conceptualizing practical questions” by transfor ming the 
dilemmas and problems of practice into more tractable forms for resolution 
(Rodríguez et al.  2008 , p. 287). Different theoretical lenses and their implications 
for research practices or teaching practices are examined in this book. 

 To begin, Galbraith takes the reader on such a journey in the chapter resulting from 
his plenary lecture at ICTMA 15. The history of ICTMA is outlined highlighting 
several issues derived from this community. The fi rst set of issues is concerned with 
the domain. Traditionally, modelling has two concurrent purposes: to solve a parti-
cular problem at hand and, over time, to develop modelling skills that individuals 
can apply to problems in their world. Furthermore, “authenticity” has loomed large 
as a domain issue in modelling discussions and will be discussed again in several 
chapters in this book. It is proposed that authenticity be viewed in terms of four 
dimensions: content authenticity, process authenticity, situation authenticity, and 
product authenticity. The second set of issues is concerned with the community. 

G.A. Stillman et al.
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By employing the Vygotskian idea of Zone of Proximal Development (ZPD), 
Galbraith describes how, within the ICTMA community of practice, both practitio-
ners and researchers, experienced and inexperienced, are represented. By using the 
diverse expertise of its members, a group ZPD could potentially be generated that 
inspires visions that none of us alone could produce. The third set of issues is con-
cerned with practice. Research themes in the domain of practice are described, 
especially focussing on the issues in formulating a mathematical model and the role 
of metacognitive activity. 

 Ärlebäck and Frejd explore Sfard’s notion ( 2008 ) of  commognition  which merges 
and combines principles from theories of communication and cognition. Thinking 
is discussed within this perspective as a special type of interpersonal communica-
tion and learning as a change in discourses. Here, a discourse is characterised by the 
meaning and use of language, including not only consensus on its interpretation, but 
also established conventions for communicating and interacting among members of 
the discourse. In addition, there are agreed formalised ways of establishing truth 
within the discourse. When examining mathematical modelling activities in a teach-
ing and learning environment, several kinds of discourses come into play:  everyday 
discourses  pervaded by personal experiences;  literate discourses  in which commu-
nication is characterised by the use of the special discourses (depending on the task) 
where mathematical models are used, created, developed and modifi ed; and  class-
room discourses  encapsulating school norms and rules. When Ärlebäck and Frejd 
applied this approach operationalized as a research practice to transcripts of the 
discourse of two students working on a modelling task, not only did they demon-
strate that this approach can identify the types of discourse processes that take place 
when students engage in mathematical modelling but also they felt their analysis 
highlighted how cognitive and social aspects are simultaneously manifested in mod-
elling activities. In the example used, the discourse is mediated by the social context 
and the task itself. Even though the task is strongly pre-structured, it is still open 
enough to provoke discourses on the relevance of different models. 

 De Oliveira and Barbosa examine  tensions in discourses  when Brazilian teachers 
attempted to engage learners in mathematical modelling tasks, adding to their previ-
ous work (de Oliveria and Barbosa  2010 ). They analyse teachers’ discourses based 
on Bernstein’s theoretical framework.  Discourse  in this instance is defi ned as an oral 
or written text produced by an individual in a specifi c social context. The teachers 
introduced real problems into their pedagogic practices but the students had diffi -
culties solving these, because they did not understand how to use mathematical 
content in the solution and they were not able to produce a  legitimate text  (Bernstein 
 2000 ) for the development of the modelling task. Teachers then questioned how they 
should resolve these student diffi culties as well as how they should teach (previous 
and new) mathematical content so such diffi culties do not arise when using this 
content for modelling. These questions represent discontinuities in relation to the 
present discourses and the new discourse of mathematical modelling in the peda-
gogic practice. These discontinuities refer to  the tension of students’ mathematical 
performance . To deal with this tension teachers had taught the previous and 
new mathematical content during the development of the modelling task in their 

1 Mathematical Modelling: Connecting to Teaching and Research Practices…
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lessons; but largely it is a timing dilemma as to when teachers should work on 
mathematical content related to the theme of the modelling task. Others (e.g., Steen 
and Turner  2007 ) have pointed this out previously but this dilemma is still not 
unequivocally resolved by teaching or research. 

 The chapter by Borromeo Ferri and Lesh is epistemological in nature and has no 
direct link to practice. It is relevant to the theory of learning and teaching of modelling 
and as such could spark innovative practices in teaching with a consequential fl ow-on 
effect to possible future research agendas. The question they ponder and thus ask the 
reader to consider is: Should interpretation systems be considered to be models if they 
only function implicitly? As has been pointed out previously, “in any application of 
mathematics a mathematical  model  is involved, explicitly or implicitly” (Niss et al. 
 2007 , p. 4). The authors note that implicit or intuitive models occur in situations such 
as where “sense-making systems must function much more rapidly than is possible 
using formal, analytic, or completely conscious thinking”, or where the information 
needing to be considered “exceeds the processing power of available models”. These 
“implicit models” rarely are used in textbooks. 

 Rosa and Orey argue that the application of ethnomathematical techniques and 
tools of modelling allows us to examine systems taken from reality and offers 
insight into forms of mathematics done in a holistic way. The pedagogical approach 
that respects a diversity of cultural forms of mathematics is best represented through 
ethnomodelling, which is a process of translation and elaboration of problems and 
the questions taken from reality. Ethnomodels as cultural artefacts are pedagogical 
tools used to facilitate the understanding and comprehension of systems taken from 
the reality of cultural groups (Rosa and Orey  2009 ). Ethnomodels are thus consid-
ered to be external representations consistent with mathematical knowledge that are 
socially constructed and shared by members of specifi c cultural groups. The inten-
tion of Rosa and Orey is to broaden the discussion of possibilities for the inclusion 
of ethnomathematics and associated ethnomodelling perspectives that respect the 
social diversity of distinct cultural groups with guarantees for the development of 
understanding different ways of doing mathematics through dialogue and respect. 

 Relating a current problem to a similar problem solved previously has long been 
associated with approaches to problem solving. Saeki and Matsuzaki provide an 
analytical instantiation of this principle with respect to modelling problems. When 
attempting to solve a modelling task there might be cases where changing from the 
initial modelling task where progress has stalled, to a similar modelling task based 
on prior experiences where some traction is considered possible by the modeler, is 
advisable. There is switching between the two modelling cycles, and progress in the 
fi rst modelling cycle based on results or limitations obtained from the second mod-
elling cycle becomes deliberate. Saeki and Matsuzaki use the term “dual modelling 
cycle” in a way that each problem has its own individual modelling cycle. Another 
view is that the outworking of a generic modelling cycle has characteristics that dif-
fer according to the specifi cs of a given problem. From the perspective of Saeki and 
Matsuzaki the purpose in using the dual modelling cycle is its utility in facilitating 
teaching when a fi rst modelling task is able to be related to a similar modelling task 
in order to solve the initial task through feedback from the solution of the second. 
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 The three chapters by Buchholtz, Geiger and Rosa and Orey arose from a 
symposium at ICTMA 15 about the role of theory in research about mathematical 
modelling. As Buchholtz points out, a complex phenomenon such as the learning and 
teaching of mathematical modelling cannot be fully described by just a single theory 
particularly given the diversity of cultural backgrounds, research and educational 
systems where the teaching and researching of mathematical modelling in education 
is taking a foothold. Theory acts as a guide for research practices but also is shaped 
by the fi ndings of that research in a symbiotic process. Geiger refers to a more 
general theoretical description formulated by Strässer generalising the notion of the 
didactical triangle and applies it to describe and explain activities in the process 
of mathematical modelling in a holistic way. He illustrates the applicability of 
Strässer’s tetrahedral description to mathematical modelling and application activity 
by analysing an episode from his research data. Rosa and Orey see ethnomodelling 
as an alternative methodological approach to analyse mathematical modelling and 
mathematical ideas in different cultural contexts and describe the dilemma between 
an “emic” and an “etic” perspective in this fi eld of research, which occurs when taking 
ethnomodelling as a research lens. They argue that traditional mathematical model-
ling does not fully take into account the implications of the cultural aspect of human 
social systems and suggest ethnomodelling as a pedagogical approach which integrates 
an “emic” perspective into a mathematical modelling curriculum.  

3     Research into, or Evaluation of, Teaching Practice 

 Research into or evaluation of teaching practice is an on-going interest in the 
ICTMA community (Niss  2001 ). At times this takes as its focus evaluation of 
teaching or learning sequences focussing on modelling activities inserted into 
more traditional mathematics curricula. In these cases there usually is a design 
aspect to the teaching materials or the facilitation of activities or both. In other 
instances it is the teacher’s behaviour (their practice) and the students’ behav-
iour in response to this that is described and investigated. 

 Ang describes a teaching experiment carried out in a Year 9 Singaporean class 
with a complex modelling problem where a teacher with no experience in teaching 
mathematical modelling and limited professional development on modelling made 
an attempt to conduct a modelling activity. The task was carefully designed and 
generally adhered to the principles of design suggested by    Galbraith ( 2006 ) although 
the teacher had no prior knowledge of these but had simply planned the tasks and 
worksheets “based on [his] own understanding and pedagogical sense”. The teacher 
lacked certain key skills in facilitating modelling activities. The lack of a strong 
framework probably resulted in the need for the teacher to “over-facilitate” and 
provide constant intervention in order to help students progress with the task. 
This experiment also showed that in general, although they may face diffi culties in 
grasping and applying certain mathematical concepts, Singaporean students are not 
opposed to the idea of engaging in mathematical modelling tasks. 
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 Blomhøj and Kjeldsen provide insights from their involvement in the teaching of 
modelling projects at university over many years and an evaluation of the facilita-
tion of such a project to illustrate their conceptualisation of this. Their experience 
from the course supports the notion that the modelling context provides a window 
to students’ understanding and their images of the mathematical concepts they work 
with as well as to their understanding of a mathematical model and modelling. 
Dialogue is used deliberately to open such windows. For specifi c modelling tasks 
conceptual diffi culties seem to be rather stable across cohorts of students. To notice, 
and to design and teach to overcome such particular learning diffi culties is a way of 
enhancing the students’ mathematical learning through modelling activities. The 
modelling context provides opportunities to challenge and strengthen the students’ 
concept images concerning important mathematical concepts. Modelling projects 
are designed deliberately to accentuate potential cognitive confl icts in the students’ 
concept images. The project and the related dialogue with teachers encourage stu-
dents to refl ect on the mathematical meaning of a mathematical object as well as on 
its interpretation and validity as a model. The authors note that such projects can be 
a didactical vehicle both for developing modelling competency and for enhancing 
students’ conceptual learning of mathematics. 

 Chan’s chapter focuses on an investigation of the engagement of Year 6 students 
in mathematical modelling in a Singapore school by exploring the mathematical 
reasoning of a group of students attempting to design an ideal tourism route. 
Engaging in mathematical modelling activity provides affordances for student-task- 
teacher interaction and in particular for the modelling task to drive learning. Chan 
notes that in such an environment, the students’ cognitive engagement can be high 
as they attempt to identify goals and variables, interpret problem situations, inter-
rogate data, make inquiries, monitor their solutions and improve their conceptuali-
sations. This form of instruction differs starkly from learning mathematics in a 
traditional manner which Chan claims is limited in scope in revealing what students 
are capable of. Engaging students in mathematical modelling paves the way for 
teachers to redesign ways where students can solve problems in real-world settings 
and bring their mathematical reasoning to the fore. 

 Fu and Xie investigated the effect of a one-semester course aiming to introduce 
some basic modelling concepts and examples to fi rst year students at a highly aca-
demic Chinese university. For 15 weekly lectures the teacher introduced a model-
ling situation related to the students’ daily lives, including basic models arising 
from engineering, public administration, operations management, marketing and 
economics. Out of class, students were asked to form groups to independently pose, 
discuss and build up mathematical models to solve real world problems of interest 
to them. At the end of the course, each group submitted a report presenting the 
group’s work. Two tests originally designed by Haines et al. ( 2001 ) were used to 
check whether there were any differences between the mathematical modelling 
skills on entry to the university and after the course. Statistical analyses showed no 
signifi cant difference between scores achieved on the two tests. Fu and Xie attrib-
uted this in part to the already very high scores in the pre-test having a ceiling effect 
which makes it diffi cult to improve further. 
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 Geiger, Goos and Dole describe the practice of one teacher who took advantage 
of a major, potentially disruptive, building development within her school to design 
a sequence of lessons in which students were challenged to adapt to the changes that 
were associated with the construction in order to demonstrate their numeracy skills. 
The teacher was participating in a project which used Goos’ ( 2007 ) model of numeracy 
as a basis for planning for teaching and for refl ecting upon the effectiveness of 
practice. The teacher showed initiative taking a professional risk in building an 
element of her mathematics teaching program around a disruptive event. Her actions 
paralleled her attempts to promote fl exible and adaptive thinking in her students in 
relation to the use of mathematics in context. Thus, this position enabled her to 
design an activity that wove the elements of the numeracy model into students’ 
learning in a seamless fashion. 

 Grünewald reports the evaluation of the effects of a short-term modelling 
project on the development of modelling competencies by Year 9 students in 
Germany. To evaluate the modelling project she developed her own modelling 
test based on test proposals designed by Haines and Crouch ( 2001 ) and Houston 
and Neill ( 2003 ), which focussed on the development of the sub-competencies 
of mathematical modelling of students. In addition, fi ve students were inter-
viewed at the beginning and the end of the project to gain deeper insight into 
their development of modelling competencies. Results showed that it is possible 
to foster at least students’ sub- competencies of mathematical modelling within 
such a short-term modelling project. 

 Matsuzaki and Saeki describe and evaluate the effect of experimental classes for 
undergraduate university students who were interested in mathematics education or 
intended to become a mathematics teacher based on evidence of a dual modelling 
cycle in their approach to tasks. The purpose of the chapter is to provide evidence 
for their contention that using the dual modelling cycle is useful in facilitating 
teaching when a fi rst modelling task is able to be related to a similar modelling task 
in order to solve the initial task through feedback from the solution of the second. 
The authors verifi ed some stages of a dual modelling cycle empirically. They 
conclude that the dual modelling cycle framework they proposed appears to have 
potential for drawing modellers’ attention to the possibility of solving the task at 
hand by fi rst solving a related problem as Polya ( 1988 ) suggested. 

 The posing of tasks that have several solutions, fostering development of several 
solution methods, and the presentation and discussion of these solution methods 
in the classroom are characteristic features of Japanese teaching method. How 
crucial these features are for good performance in mathematics and whether 
these teaching methods can also be used effectively in other countries are still 
open questions. As an attempt to address this, Schukajlow and Krug present fi rst 
results from an explorative video study of pairs of Year 9 German students solv-
ing four modelling problems that demand two outcomes. Analysis of videos of 
one task showed that students had only minor problems while solving the task. If 
they could fi nd one solution, the second outcome was developed also. Although 
students validated their results, they rarely compared different outcomes inde-
pendently. Schukajlow and Krug see the comparison of solution methods as an 
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important part of teaching tasks with multiple solutions that can improve student 
performance and cognitive fl exibility. They recommend that prompting the com-
parison of different outcomes and solution methods by teachers is crucial for the 
improvement of modelling competency. 

 Stillman, Brown and Galbraith evaluate their role as mentors in an extracurricular 
modelling event where Year 10 and 11 students chose their own situation to model and 
worked on in small groups assisted by mentors for 2 days. They investigate whether 
the student experience met their intended purposes as mentors, namely the whole 
event be considered inherently valuable as a learning experience about modelling 
and application of mathematics to real situations. Motivation for deciding on the 
choice of real world problematic situation to model was mainly goal oriented with 
many indicating the task was considered inherently useful and group members 
were interested in learning from their modelling experience. The majority of groups 
reported the outcome of the problem(s) they had formulated in their chosen situation 
or contextual details they had discovered during their investigation of this situation 
as their most interesting learning outcome from being involved in the event. Even 
though the vast majority reported having not participated in similar school activities, 
all groups were able to choose a situation to model and engage in attempts to model 
it over the 2 days to an extent that enabled them to report increased understanding 
of the complexity of the situation and to describe and critique their attempts at 
mathematical analysis of self initiated questions about the situation. Stillman, 
Brown and Galbraith conclude the whole event was considered by most participants 
as inherently valuable as intended. 

 Yanagimoto and Yoshimura evaluate the use of two different sets of teaching 
materials with Japanese junior high school students. They demonstrate that the 
materials can be successfully used with students at this level in a teacher directed 
whole class approach as an introduction to modelling. They suggest that more open 
teaching practices such as using group learning would be necessary after the intro-
duction period. The mathematical modelling teaching materials which dealt with 
societal and environmental issues aroused students’ interest and curiosity, and 
encouraged students to open up to societal issues more, boosting their awareness as 
members of society. An evaluation showed that with both sets of materials student 
perception of the utility of mathematics in the real world increased.  

4     Pedagogical Issues for Teaching and Learning 

 Pedagogical issues are the focus of both on-going research in areas where mathe-
matical modelling and applications have been present in curriculum documents for 
some time (e.g., Australia, Denmark, Germany) and also when a new education 
system (e.g., Singapore) starts advocating the use of applications and modelling in 
teaching, learning and/or assessment contexts. It is not surprising that when the fi rst 
efforts at implementation arise in new educational systems that pedagogical issues for 
the teaching of modelling soon become the focus. “The pedagogy of applications 
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and modelling intersects with the general pedagogy of mathematics instruction … 
but simultaneously involves a range of practices that are not part of the traditional 
mathematics classroom” (Niss et al.  2007 , p. 21). In order to fulfi l the goals of 
teaching applications and mathematical modelling, according to Henn ( 2007 , p. 322) 
“an adequate Modelling Pedagogy is necessary”. This entails “adequate problems, 
adequate teaching methods and instructional modes, adequate tools and adequate 
modes of assessment”. 

4.1     Appropriate Problems for an Adequate 
Modelling Pedagogy 

 Brown reports on an empirical study, involving three Year 6 classes, of the extent 
of student engagement with real world tasks. The focus is on whether applica-
tions and mathematical modelling are viewed as being outside of mathematics, 
as an add-on, or as an integral part of mathematics, requiring students and teach-
ers to operate in a “culture of mathematising as a practice” (Bauersfeld 1993 
cited in Yackel and Cobb  1996 , p. 459). Two tasks were designed that required 
students to refl ect on their mathematics and make their thinking explicit in keep-
ing with Bauersfeld ( 1992 ). Although students clearly engaged with a fi rst task 
involving the supply of wooden letters for a toy store, for many it was perceived 
as a (problematic) division problem without an appropriate exact answer. Few 
engaged with the context or gave any indication that the task required Bauersfeld’s 
“fl exible interpretation” (p. 467) with the majority not making any use of data 
although it should have been apparent that data were easily accessible. A second 
task about the stock levels of brass numerals in a hardware store resulted in inter-
pretation beyond a “ritualized reading” (Bauersfeld  1992 ). Students engaged 
with the context and for several this was sustained. In this task students were 
more likely to see their role as sense making and independent mathematising. 
Across the three classes, students were not experienced in interpreting mathe-
matical problem situations nor believing this was a normal part of school math-
ematics. This lack of experience of shared mathematising and negotiation of 
understanding and meanings contributed to lack of student belief that they had 
personal experience and knowledge to bring to the solution of the task. Brown 
concludes that using tasks requiring students to refl ect on their mathematics and 
make their thinking explicit can contribute to Year 6 students perceiving them-
selves as playing an important role in interpreting real world problem situations 
and relating mathematics to the real world. 

 In 2001, Niss, in noting missing and wanted research in applications and model-
ling education commented, that “only relatively little attention has been paid to 
tasks which are complex, extensive, authentic or realistic, and time consuming” (p. 81). 
Authentic tasks have been an on-going theme in more recent work by Kaiser and 
colleagues. Kaiser and Stender explore student interest in, and opinion about, the 
realism of several authentic modelling problems from evaluations of several modelling 
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weeks. Such problems (e.g., the optimal design of location of bus stops along a bus 
route) are authentic in the eyes of educational researchers and mathematicians but 
Kaiser and Stender investigated whether these were seen in the same light by aver-
age students not especially interested in mathematics as would be encountered in 
most classrooms not streamed for student ability. Thus, even though the authenticity of 
real-world problems often creates diffi culties (Busse  2011 ; Stillman and Galbraith 
 2003 ), teacher intervention should focus only on supporting students in the case of 
lacking mathematical techniques or when they are in a dead-end situation. Students 
who struggle with comprehension or lack of reference to the real world in their 
mathematics classroom lessons can experience the utility of mathematics in solving 
such tasks when using mathematics to answer questions that arise from reality. 

 Buchholtz and Mesrogli also investigate the issue of experiencing solving of 
complex authentic modelling problems such as chlorination of a swimming pool 
through the use of ‘modelling weeks’ for upper secondary school students. They 
were interested in whether the modelling problems tackled in these events were 
feasible for students at this level of schooling, what attitudes the students had 
towards mathematics and whether the event infl uenced student mathematical interest. 
Buchholtz and Mesrogli conclude that, although students’ mathematical knowledge 
might not be very high and their modelling competencies differ widely, experiencing 
helplessness and insecurity is a central aspect and necessary when dealing with 
mathematical modelling problems. 

 Jennings and Adams, and Leung provide examples of mathematical modelling of 
real world cases as exemplars of suitable tasks for teaching modelling. Jennings and 
Adams discuss mathematical modelling of the pharmacokinetics of alcohol after 
consumption, and in particular, Blood Alcohol Content levels. Leung addresses the 
challenge of teaching mathematical modelling skills to students, in non- mathematics 
majors, from business schools, who will potentially be employed to tackle business 
problems raised in market competition. In the discussion of methods to estimate 
customer lifetime value (CLV), the focus is on the dynamical relationship among 
variables rather than simply setting up a formula from which the subject can be 
readily solved. Such a dynamical system approach exhibits the logistic nature of the 
CLV model. The teaching implication of learning this logistic property is that the 
technique is applicable in other market scenarios. 

 Winter argues that by using contextual tasks, we are able to gain insight into the 
nature of initial modelling competencies across the modelling cycle with begin-
ning modellers such as pre-service teachers who have not experienced modelling 
instruction. There is a strong push globally towards introducing modelling to young 
children to ensure development of modelling specifi c competencies from the early 
years (see English  2003 ). South Africa’s educational policy explicitly emphasises 
development of learners’ skills and abilities to model real life contexts which con-
tain mathematical features. Within mathematical literacy, modelling focuses on 
the use of basic mathematics from the early years to lower secondary implying that 
knowledge of elementary mathematics is suffi cient for solving real life situations. 
The elementary mathematics base and use of simple word problems provide 
links between young children modelling and mathematical literacy modelling. 
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In South Africa, the advocacy to have contexts for mathematical literacy drawn from 
personal, educational/occupational, or public situations, coupled with its citizenship 
perspective provides a rationale for the use of elementary mathematics. The demand 
for new ways of structuring classroom teaching in mathematical literacy (Antonius 
et al.  2007 ) so that tasks with real life contexts are starting points, provided a strong 
rationale for introducing a university mathematics content course which aimed at 
developing the pre-service teachers’ modelling skills in order that they develop an 
adequate pedagogy for teaching the modelling expected in mathematical literacy. 

 One approach to teaching using mathematical modelling and applications is to 
take a socio-critical perspective (Kaiser and Sriraman  2006 ) where the goal is the 
development of a critical understanding of the world through modelling physical 
and social phenomena. The role of modern textbook resources in providing 
sources of problems and tasks for promoting this development and how teachers 
could use these resources to mediate such a learning goal in relation to the appli-
cations of mathematics is an under researched area. In their chapter Stillman, 
Brown, Faragher, Geiger and Galbraith interrogate curriculum documents and 
textbook tasks to assess the potential role of textbooks in developing this under-
standing in students through mathematical modelling. Although the analysis is 
carried out in the context of Australian state curricula, there are implications for 
educators and researchers in other parts of the world where similar goals are 
expressed in curriculum documents. Clearly, regular textbooks will have only 
limited impact in broadening teaching horizons for this purpose if teachers have 
little knowledge of socio-critical perspectives in a mathematics context and/or little 
inclination to take up the challenge of incorporating these into modelling tasks.  

4.2     Adequate Teaching Methods and Instructional Modes 

 Kaiser and Stender also address the issue of the adequacy of teaching methods when 
using authentic modelling tasks in an authentic manner, namely as self-directed 
modelling activities. As the main goal is to support students in their self-directed 
modelling activities, the question arises: How can teachers support the students 
without destroying the independency of these modelling activities? They develop the 
approach of providing scaffolding as a comprehensive, long-term support combined 
with interventions as direct and immediate adaptive actions by the teachers form the 
theoretical framework for their work. In contrast to the work of Leiß ( 2007 ) who 
found that strategic interventions were included infrequently in the intervention-
repertoire of the teachers he observed, Kaiser and Stender observed the usage of 
general strategic interventions. They suggest the request to the students given by the 
teacher to present the state of their work to the teacher as they enter the group, as 
prerequisite for an adequate scaffold by the teacher, enabling diagnosis of the state 
of student work, and as a central part of an effective feedback. 

 Ikeda notes that from a broad perspective, there are two categories of pedagogical 
aims of modelling which must be captured in teaching methods that underpin an 
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adequate modelling pedagogy. Firstly modelling itself is treated as an objective and 
secondly modelling is treated as a means to mathematical knowledge construction. 
For the fi rst aim the teacher needs to set an appropriate situation so that students 
realise the necessity of solving a real-world problem, assist students’ abstraction 
processes and show students the necessity of controlling for various assumptions. For 
the second aim, three teaching principles are suggested: (1) expanding and clarifying 
real-world situations satisfying a ready-made model, (2) expanding and integrating 
mathematical knowledge by setting up a concrete situation so that students can 
consider it, and (3) refi ning and clarifying the developed mathematical methods by 
treating instances of the same contexts repeatedly. 

 Kuntze, Siller and Vogl address the issue of the adequacy of teacher’s profes-
sional knowledge of modelling as a big idea in mathematics and its relevance in the 
classroom as an underpinning foundation for developing an adequate modelling 
pedagogy. They focus on Austrian teachers’ self-perceptions of their pedagogical 
content knowledge (PCK) related to modelling. These self-perceptions were 
explored directly from the perspectives of views about PCK relevant for modelling- 
specifi c teacher-student interactions and indirectly from views about teacher 
satisfaction with university studies concerning ways of fostering modelling abilities. 
‘Direct reference’ scales focused on self-perceptions of diagnostic knowledge related 
to the modelling process and on providing modelling-specifi c help to students. 
‘Indirect reference’ items focused on self-perceptions about modelling- specifi c 
PCK learned at university and about PCK relevant for technology use in the model-
ling process. The teachers’ self-perceptions of their PCK related to modelling suggest 
that there is a need for professional development not only as far as PCK related to 
modelling is concerned, but also related to the aspect of a pedagogical modelling-
specifi c self-effi cacy of teachers. This self-effi cacy may be supported by positive 
experiences of the teachers with modelling tasks in the classroom. In particular, 
professional development support for teachers related to the use of technology in 
the modelling process might be helpful. Kuntze, Siller and Vogl conclude that both 
pre-service teachers’ and in-service teachers’ professional knowledge concerning 
modelling should be developed further. Also, there is a need for further research into 
the structure of professional teacher knowledge concerning modelling to provide an 
empirical base for the conception of sustainable professional development activities 
about adequate modelling pedagogy for teachers. 

 To develop an adequate modelling pedagogy, especially with respect to diagnostic 
competencies, teachers also need access to knowledge of expected demonstration 
of modelling competency by students at different grade levels of schooling. Ludwig 
and Reit attempt to investigate this through their analysis of student solution 
approaches for a modelling task through grades 6–11. Students in younger grades 
had more diffi culties in solving this modelling task reinforcing the notion that 
modelling competencies appear to be enhanced by experience and practice but the 
increasing sophistication of mathematical knowledge with grade level might also be 
an issue. For all grades there was an obstacle proceeding from the explicit numeric 
result to its generalisation and this could be commensurate with similar diffi cul-
ties in purely mathematical contexts. In contrast to the widespread stereotype of 
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mathematically science oriented boys and linguistically gifted girls there was no 
statistical evidence of differences in the performance of boys and girls in elaborating 
on a modelling task. 

 Ng addresses the vexed issue of teacher readiness for mathematical modelling. 
Both in-service and pre-service teachers with no experience implementing model-
ling tasks with their classes or having engaged in previous modelling tasks as 
modellers were the subject of her study. The fi ndings from this study suggest that 
the challenges in teacher education for fostering a positive modelling climate in 
systems where modelling is new in the curriculum (e.g., Singapore) are many-
fold. Work is needed to help change the mind-set of in-service teachers as to the 
use of open-ended tasks situated in real world contexts. They may have to fi rst 
learn to accept and then later scaffold tasks with a non-exhaustive list of solutions 
which can use various mathematical representations. Although Kuntze ( 2011 ) 
found in-service teachers were more receptive in his German study to intensive 
modelling activities, this was not confi rmed for Singapore teachers as there was 
qualitative evidence from both samples indicative of blockages to such tasks due 
to beliefs about mathematics when the teachers were engaged in modelling them-
selves. Pre-service teachers may also need guidance in anticipating the nature of 
mathematics applied during modelling tasks by the students. This may be less 
sophisticated, less organised, and less focused than what the pre-service teachers 
themselves can produce. In contrast, for in-service teachers the opposite may be true 
with expectations needing to be raised in terms of the quality of mathematics applied. 
Work is also needed with these teachers on the range of expected mathematical 
outcomes for a given task, including the use of more sophisticated mathematical 
thinking. Discussion of how to scaffold students towards moving to using more 
sophisticated mathematics is also needed if adequate modelling pedagogy is to be 
developed in these circumstances. 

 Redmond, Brown and Sheehy investigate how the discourse of the mathematics 
classroom impacts on the practices that students engage when modelling mathematics. 
The principles of collective argumentation (Brown and Renshaw  2000 ) are used by 
teachers and students in the educational context studied to guide engagement in the 
discourse of their mathematics classrooms. The aim of this discourse is to enable 
students to analyse mathematical contexts, to synthesise strategies to mathematise 
these tasks, and to communicate solutions and conclusions to others. Redmond, 
Brown and Sheehy argue that when students engage with the discourse of their 
mathematics classroom in a manner that promotes the communication of ideas, they 
employ mathematical modelling practices that refl ect the cyclical approaches to 
modelling employed by mathematicians. Further, these modelling processes and 
ways of operating should be evidenced in the reviewing and editing that students 
make public when authoring drafts of assessment reports of their modelling. Such 
reviewing and editing processes may not only provide insights into student compe-
tency in mathematical modelling, but also insights into the way students represent 
their engagement with the discourse of their mathematics classroom. 

 According to Tan and Ang, teachers’ knowledge for mathematical modelling instruc-
tion can determine, to a large extent, how they perceive and respond to curriculum 
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innovation efforts to inject mathematical modelling activities into the secondary 
mathematics classroom in Singapore. To think about knowledge of mathematical 
modelling instruction requires going beyond knowing the mathematical modelling 
process. It may require understanding the complex interplay among aspects of other 
forms of teacher knowledge in the mathematical modelling teaching and learning 
environment. Pre-service teachers have expressed concerns about their lack of 
understanding in teaching mathematical modelling which is only now being intro-
duced into the curriculum which they must teach. Opportunities in pre-service 
courses to explore mathematical modelling learning experiences were welcomed as 
none had prior experience with the type of modelling tasks implemented in the 
study. The pre-service teachers’ initial mathematical modelling learning experience 
was limited to applying particular mathematics topics with rather narrow and known 
techniques. Hence they were not used to integrating various concepts and techniques 
in their fi rst mathematical modelling task and their modelling process was often 
isolated from the real world situation. The tutor’s introspections during the modelling 
discussions provided the basis for forming case stories that could have enabled the 
pre-service teachers to refl ect and pick up nuances about important elements of 
modelling activities in the various stages of the modelling process. The coupling of 
such case stories with the learning scaffold structured in the mathematical modelling 
learning tasks was paramount to the development and transfer of mathematical 
modelling competencies to other problem contexts. Tan and Ang argue for the 
necessity of novice teachers in teaching mathematical modelling performing 
modelling tasks themselves. This is so that the experience and knowledge gained 
can help them explicate aspects and nuances of the modelling process with respect 
to novel modelling tasks. Explicating such aspects and nuances of the modelling 
process is important later when these are needed to be translated into features of 
modelling tasks for teaching and learning purposes. Thus an adequate modelling 
pedagogy is brought into being by adequate personal modelling experience. 

 The translation of one’s understanding of a problem situation into a mathematical 
model constitutes a key step in the process of mathematical modelling according to 
Van Dooren, De Bock, and Verschaffel. The authors show that university students in 
their study were very profi cient in relating descriptions of realistic situations to models 
in cases when the situation was described as linear. When the situation was “almost” 
linear, there was a strong tendency to connect the situation also to linear models 
(and for inverse linear situations, to some extent, to affi ne models with a negative 
slope). These results parallel those of other studies (Van Dooren et al.  2004 ) showing 
the “default” role of the linear model. Results also indicated that the rep resentational 
mode had a strong impact on students’ modelling accuracy and on the tendency to 
inappropriately connect non-linear situations to linear models. A particular rep-
resentation may highlight aspects of non-linearity that are easily noticed by students 
and therefore facilitate correct reasoning, but be misleading when representing a 
situation with another model. An implication for modelling pedagogy is the need for 
drawing suffi cient attention to representations, to matching representations with 
each other and to linking them to realistic situations, and for explicitly discussing 
differences between linear and different types of “almost” linear models. 
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 Chapters by Lee, Chan, Ng and Geiger, as a result of the second symposium at 
ICTMA 15, address the perplexing issue of systemic change in pedagogy so as to 
adequately incorporate modelling pedagogy in a context where current practices are 
quite different from these, namely the Singaporean context where modelling and 
applications are a recent addition to the curriculum. Lee’s chapter captured the 
readiness of participants in a relevant professional development event in designing 
modelling tasks and the value they attached to problem posing as part of the total 
student mathematical learning experience. Chan explored the issue of adequacy of 
short teacher professional development to facilitate teachers effectively carrying out 
modelling activities in classrooms that have been dominated by teacher-centred 
pedagogy. Ng presents a preliminary teacher facilitation structure developed for 
initial professional development in an outreach programme for mathematical 
modelling in Singapore primary and secondary schools. Findings on teacher readiness 
in facilitating students’ mathematical thinking, reasoning, and communication during 
mathematical modelling are discussed. Feedback from the teachers with respect to 
their focuses and concerns about facilitating modelling tasks centred around the need 
for a balance of scaffolding during open-ended tasks where the teacher has to be 
aware of when to step in and when to draw away to encourage thinking and promote 
competencies. Geiger points out that widespread reform in teaching and learning 
practice within mathematics education is always challenging especially when the 
proposed reforms are of a very different nature to existing modes of practice. Geiger 
concludes that supporting teachers to understand, and then to adopt, these new prac-
tices will be at the heart of attempts to progress this reform.  

4.3     Adequate Tools for an Adequate Modelling Pedagogy 

 There is no denying that technological tools are “a powerful tool to aid in modelling” 
(Henn  2007 , p. 324) but they are not necessarily so as other factors come into account. 
The CASI-Project examines the long-term use of digital tools in mathematics teaching 
with German Year 9 and 10 secondary students. According to Greefrath and Reiß the 
use of digital tools infl uences each part of the modelling cycle so the technology is 
useful in relating to the real world and mathematical world of modelling. The different 
representations of functional relationships and the change between the different rep-
resentations and real situation are said to be infl uenced by digital tool use. Previously, 
Weigand and Bichler ( 2010 ) observed improved school achievements in translation 
between graph and algebraic expression when using digital tools. However, in 
the CASI-Project there was little difference between the performance of students 
translating from a graph to a real situation or vice versa with or without digital tools. 
Students using digital tools were, however, able to employ multiple solution methods 
such as availing themselves of computer drawing facilities included in dynamic 
drawing software. 

 Lamb and Visnovska explore the adequacy of students’ explorations of mathe-
matical models using a computer applet tool. In this instance the students were 
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secondary school teachers in a professional learning course. The researchers were 
attempting to gauge the teachers’ preparedness to facilitate productive mathematical 
discussions in their classrooms that compare different models. In the particular 
project about a speed trap on which the teachers were working, they had just 
 commenced learning how to engage in activities where they genuinely analyse data. 
The teachers considered a range of computer tool options, and used these in different 
ways that could support monitoring their own students’ work during task explora-
tion if using the same project with their students. However, most teachers did not 
attempt to compare different solutions or explain how they connect with specifi c 
statistical ideas. Some teachers clearly expected that if there is a  real  trend in data, 
it should be equally evident in all models. Teachers’ discussion of different models 
and their diffi culty in reconciling confl icting ideas refl ected their lack of prior expe-
rience with engaging in mathematical discussions grounded in comparison of such 
models. Developing adequate modelling pedagogy will require supporting teachers 
to work fl exibly with key statistical ideas as well as with the tools through which 
student learning can be built no matter how adequate the tools might be for modelling 
in the hands of an expert user.  

4.4     Adequate Modes of Assessment for an Adequate 
Modelling Pedagogy 

 Wiliam ( 2007 ) in the  Second Handbook of Research on Mathematics Teaching and 
Learning  points out the pivotal role classroom assessment plays in keeping learning 
on track, in particular formative assessment in the form of feedback. The interdisci-
plinary research project Co 2 CA ( Conditions and Consequences of Classroom 
Assessment ) aims at investigating the impact of different kinds of feedback in 
competency- oriented mathematics teaching on student performance. The project 
implements written and oral feedback into teaching through the following principles: 
feedback is given individually to students in short intervals; it refers to students’ 
solution processes; and students’ strengths and diffi culties and self-improvement 
strategies are pointed out. Project teachers were trained to orally intervene in students’ 
working only minimally in order to allow student independence as much as possible. 
They were informed also about different ways of intervening and supporting, namely 
through metacognitive, problem content, affective and classroom organisational 
interventions. Besser, Blum and Klimczak report on an experimental study involving 
39 Year 9 classes in this project. The classes were assigned randomly to a control 
group where no special feedback was given to students, or one of two experimental 
groups, the fi rst where students received written feedback three times within a 13 
lesson sequence and the second where additional oral feedback supported the written 
form. The research investigated whether these special kinds of formative assessment 
can help teachers improve students’ learning processes when dealing with technical 
and modelling tasks and whether an implementation in every-day teaching can 
foster students’ performances. Preliminary results showed there were no signifi cant 
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differences between the control group and either experimental group in the post-test 
but the control group had performed signifi cantly better in the pre-test than the 
second experimental group. Since analyses of covariance showed no infl uences of 
the experimental condition either, the quality of the implementation of the treatment 
is being investigated further to explain these effects. A signifi cant challenge is to 
control for both the overall quality of teaching (by analysing many hours of video-
taped lessons) and for the quality of written and oral teacher feedback (by develop-
ing adequate coding schemes for both forms of feedback). 

 Great diversity exists internationally in how, and even if, the teaching and learning 
of applications and modelling are implemented. In parallel, there is similar diversity 
in summative assessment practices, often politically and culturally infl uenced. 
Greefrath and Reiß show that there were some differences (sometimes quite large 
ones) in their German CASI-project using reality based examination tasks between 
groups of Year 9 students taught with and without digital tools, but their results were 
inconclusive regarding advantages of one group over the other. Questions addressing 
the full modelling cycle are often too complex to be treated in an examination but it 
is possible to design questions that test certain aspects of reality-based problems 
such as fi ltering important information and structuring the situation. The use of digital 
tools made more complex examination questions accessible for lower achieving 
students at lower secondary level. These test items were still challenging, but diverse 
approaches were able to be verifi ed. 

 Vos describes a study of modelling characteristics in recent mathematics exami-
nations in the Netherlands where modelling is integrated into the mathematics 
curriculum. The test items showed a wide variety of situations, demonstrating mathe-
matics is everywhere, a valid aspect of modelling. On the other hand to increase test 
reliability, the complexity of tasks was reduced and students’ creativity was limited. 

 Tasks that are valid with respect to mathematical modelling simulate the work of 
professional modelers requiring students to undertake activities as described in the 
modelling cycle. These would be expected to take an extended period of time and 
be worked on by collaborative teams. In contrast, when a problem situation is 
offered together with a ready-made mathematical model, structuring, simplifying 
and mathematising are omitted. An advantage of this mechanistic mathematising 
format is that all students start at the same point ensuring that subsequent modelling 
activities have the same mathematical demand because of similar complexities of 
the models. The presence of a ready-made model raises task reliability but students 
cannot demonstrate all competencies. The ready-made mathematical model is 
merely a starting point for ‘working mathematically’. In other tasks ready-made 
models need to be reproduced from the situation. In this format, modelling activities 
are asked in reverse order, what Vos calls  reproductive mathematising . The advan-
tage in examinations is that a range of competencies from the beginning of the 
modelling cycle are covered raising test validity with respect to modelling. Also, all 
students can continue with the correct model in ensuing tasks, even if unable to 
reproduce the model. This reduces answer variety, raising test reliability. However, 
students often short circuit reaching the ready-made model, by reasoning backwards 
using surface features of the model. 
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 Thus despite the tasks on the examination papers being situated in real life 
 contexts, students were merely required to perform mathematical activities loosely 
related to the situation described. The modelling cycle was broken into separate 
steps, reducing the answer range. Modelling activities such as structuring, simplifying 
and mathematising were avoided. These three reductions led to tasks that start from 
a situation together with a mathematical model (table, graph, diagram). The models 
were offered ready-made in the task and students were merely asked for calcula-
tions leading to a numerical answer. The Dutch examination papers thus may meet 
reliability criteria, but with respect to modelling they are limited in validity. Vos 
recommends that project-based or portfolio assessment which have a high validity 
in relation to the creative aspects of modelling not be neglected.   

5     Applicability at Different Levels of Schooling, 
Vocational Education, and in Tertiary Education 

 Much energy has been invested by the ICTMA community and others in arguing the 
case for, or demonstrating through documented implementation examples, that 
applications and modelling deserve a reasonable place in mathematics education 
whether that be at different levels of schooling, in vocational education or tertiary 
education. “The vertical interconnectedness from primary to tertiary level is indis-
pensable: One cannot start early enough with simple modelling examples” (Henn 
 2007 , p. 323). There is still a space for such advocacy whether it be research based, 
theoretical or empirically based argument or demonstration of best practice. 

 English argues that there is a need to build a stronger foundation in the mathe-
matical sciences, one that will equip students for the challenges of the twenty-fi rst 
century. Citing authoritative sources she lists core competencies that are key ele-
ments of productive and innovative workplace practices presumably that would 
ensure such a foundation. To achieve this aim, she recommends an increased focus 
on interdisciplinary problem solving that engages students in complex modelling 
with challenging, life-based scenarios. Unlike many others (e.g., Heilio  2011 ), 
however, she sees such modelling having its applicability at much lower levels of 
schooling where the focus is on future-oriented learning experiences, that is, ones 
that engage students in the kinds of mathematical and scientifi c thinking needed for 
challenges beyond the classroom. The cases she selects to provide evidence-based 
support for her argument are from two design-based studies, a data modelling one 
in Year 1 and engineering-based modelling experiences in Year 7. 

 Downton also sees the necessity of laying an early foundation for modelling 
advancing the case for the applicability of problem posing, a critical component 
of mathematical modelling, in the primary years of schooling. Problem posing 
provides opportunities for young learners to make links between the real world 
and mathematics. Stillman ( in press ) concurs, “fi nding and posing problems are 
essential ingredients in any education program in schools promoting mathemati-
cal modelling”. One of the distinguishing features of mathematical modelling is 
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that “modelers fi nd and pose their own problems to solve” (Stillman  in press ). 
Downton conducted teaching experiments in Years 1–2 and 3–4 involving problem 
posing. She provides documented evidence that students as young as 6 years of 
age are capable of generating questions that can be investigated using mathematical 
modelling. She argues that the use of problem posing and real world artefacts in 
the early years of schooling could provide the foundation for later modelling and 
applications experiences. 

 In a context where the mathematical modelling has been newly introduced into 
the high school curriculum, Kawasaki and Nisawa propose the linking of mathemati-
cal modelling with other new mathematical content to enable authentic modelling to 
be conducted. Previously, Kawasaki and Morija ( 2011 ) had advocated using model-
ling experiences to develop Japanese senior high school students’ awareness of the 
interactions between mathematics and science. In secondary education in Japan as 
in many other countries, mathematics treats functions of only one variable. However, 
if natural science and social phenomena are formulated as mathematical models, 
expressions using functions of one variable have limitations. Functions of two vari-
ables are necessary to express real case scenarios through mathematics. Kawasaki 
and Nisawa suggest this content should be introduced into the traditional curriculum. 
They support their argument by documenting use of a task with Year 12 students 
involving minimising the packaging of a box, where a two variable function is 
required. They found that the use of 3D models not only allowed students to deepen 
their function knowledge but also to gain an appreciation for the complexity of real 
world problems. Kawasaki and Nisawa argue that in a context where mathematical 
modelling is new to students its applicability in the classroom cannot be assumed, 
rather it must be shown to be authentic and the mathematical content needed for this 
should be added to the curriculum. 

 If we are to move forward in the fi eld in schooling, then real world examples and 
modelling need to be valued in mathematics teacher education by the inclusion of 
examples and full modelling courses in the programs (Kaiser and Maaß  2007 ). This 
sentiment is shared by Widjaja who considers what are suitable experiences within 
the Indonesian teacher education context. She demonstrates the authenticity of the 
common carpark design task, in this case to redesign a motorbike parking lot. This 
resonated with students engaged with the task whose most common mode of trans-
port was a motorbike. Living in places where the daily practice sees most road users 
riding motorbikes is common in many, but not all, places around the world. This 
task would not have the same authenticity to pre-service teachers in Australia, for 
example. Wadjaja’s message is clear—mathematical modelling is applicable to 
teacher education—only by experiencing authentic modelling tasks themselves will 
students develop pedagogical content knowledge about modelling for their future 
practice. She provides documented evidence of her students developing an aware-
ness of the authenticity of modelling and establishment in the local context that 
modelling is a critical part of mathematics and therefore applicable in both teacher 
education and the school curriculum. 

 Also in the fi eld of teacher education, the document analysis by Biembengut 
presents a mapping of Brazilian mathematics teacher education courses which 
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have as part of their syllabus a specifi c modelling subject or any subject that deals 
with modelling. The guiding research question is: How has mathematical modelling 
been conceived in mathematics teacher education courses in Brazil? The possibility 
that mathematical modelling becomes regular classroom practice in Brazilian 
schools lies in the interest these future teachers have in contributing to a greater 
development in Basic Education. Biembengut clearly sees this interest being 
developed (or not) during their teacher education experiences or in professional 
development programs once they are teaching. As the continental dimensions of 
Brazil make it diffi cult to provide professional learning to continually serve all 
mathematics teachers, documenting the contribution made by professors respon-
sible for these subjects in pre-service courses in improving mathematics education 
in Brazil is vital. 

 Three conceptions of modelling were evident in the subjects. Firstly, modelling is a 
 method of teaching and research . The goal is to learn mathematics content from the 
subject and simultaneously learn to do research. The teacher proposes modelling 
examples to teach or indicates the mathematical content found in these examples ( real-
istic  or  applied modelling ), and subsequently, teaches the modelling process by induc-
ing students to raise questions and data about the subject or topic, to formulate a 
hypothesis and then, formulate a mathematical model and solve the issues raised 
departing from the model and fi nally, to evaluate the model ( epistemological ). The 
second conception sees modelling as an alternative way of teaching mathematics, 
where the objective is the student learns mathematics. Modelling is proposed as it moti-
vates students to learn mathematics from subjects or topics in their context. Beginning 
with student chosen topics, professors raise issues ( educational modelling ) and solve 
them while indicating the presence of mathematical content ( contextual ). These topics 
are authentic and integrated with the development of mathematical theories. This con-
ception was the most prevalent in the documents analysed. In the third conception, 
modelling becomes the learning environment, and focuses on social issues. Modelling 
in education is able to show mathematics as a tool for decision making on environmen-
tal issues. This conception ( socio - critical modelling ) is complementary in nature to 
ethno-mathematics. The students seek to deal with issues involving situations related to 
society, developing a critical positioning regarding the context. This was the least prev-
alent conception in the documents. 

 The integration of mathematical modelling in the syllabuses of mathematics 
teacher education courses refl ects support at offi cial levels of education, in almost 
all Brazilian states, for the applicability of modelling in school education because of 
the possibility of providing modern youth with better knowledge and skills. Despite 
insuffi cient time to develop mathematical modelling fully and its usual placement at 
the end of teacher education courses, the merit and importance of mathematical 
modelling teaching in these courses cannot be underestimated if the applicability of 
modelling in schooling contexts is to be universally realised in Brazil. 

 Cristóbal and Vargas note that if students do not analyse non-mathematical situ-
ations during learning experiences, which demand the use of mathematical knowl-
edge, then they do not think about their knowledge and they do not perform any 
adaptation that allows them to use knowledge in other situations. Mathematical 

G.A. Stillman et al.



21

modelling courses in higher mathematics education such as at university level, 
where students have to analyse situations that are different to the problems of text-
books have been shown by Perrenet and Adan ( 2010 ), amongst others, as suitable 
vehicles for students to develop this awareness of applicability of their mathematics 
to other situations. In these situations the students need, in addition to mathematical 
knowledge and problem solving skills, to be able to translate the situation to math-
ematically tractable problems, to have a broad view of mathematics, to cultivate 
communication skills, and to use their common sense and intuition. In these situa-
tions the students have to use their skills and knowledge, and they have to learn or 
discover new techniques or concepts. Cristóbal and Vargas explore the applicability 
of such principles to students studying linear algebra in university mathematics. 

 Mouwitz raises issues that might cause us to pause and reconsider how we view 
mathematical modelling being applicable in workplace settings. He argues there is 
a tacit rationality, with a broader more qualitative mathematical essence, that has 
another origin and another character and function than traditional classroom math-
ematics. This kind of rationality is bound to personal acting in complex settings, and 
to our bodily interactions with the outside world. It is easily identifi ed as a specifi c 
quality in the work of experienced craftsmen, tradesmen, professionals and sports-
men, but the author argues that it is also to be found everywhere in ordinary working 
life if we but have the eyes to see. It is also a necessary interpretation tool when 
constructing and concretising abstract and general scientifi c models. Such a tool is 
seen as a bridging process that needs dialogue and mutual respect for informal 
knowledge outside the classroom and institutional knowledge. Model thinking and 
analogical thinking represent two thinking styles that can come into confl ict with 
each other. In many cases model thinking wins in such confl icts, and this can lead to 
a loss of praxis knowledge in workplace settings. This applies particularly where 
there is a generational change and the importance of hidden praxis knowledge 
becomes evident. A new group of practitioners, even though highly educated and 
with new tools such as computers, may not be able to replace the many years of 
praxis knowledge accumulated over time (see Göranzon  1993 , for examples). The 
importance of mathematical modelling and its effectiveness are pervasive in work-
place settings but as a cautionary tale it is important to point out its boundaries and 
its connections to practice, both  before  and  after  the model design. Further, Mouwitz 
cautions that if this is not recognised and highlighted, the “knowledge society” 
could instead initiate a massive societal de-professionalisation. 

 Moving beyond both school education and in fact beyond mathematics education 
per se, Schofi eld theorises about the applicability of mathematical modelling in 
university settings. His particular focus is on the use of modelling eliciting activities 
in university classrooms where students in the future will need to “use mathematics 
‘in the wild’ … [for example, as] responders to natural disasters or unfolding terror-
ist scenarios” (Hamilton and Hoyles  2006 , p. 4). He argues that to be successful in 
the sense that using these tasks is seen as of essential applicability to these students 
in their courses, consideration is needed regarding inducting such students into the 
ways of modelling, in particular the use of collaboration to solve complex tasks, an 
approach to mathematics which may be alien to some students. 
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 Also with a focus beyond mathematics, Lagereis, Hu and Feijs argue that 
competency based learning in a project driven industrial design education environ-
ment results in a different view of mathematical modelling than that held in conven-
tional tertiary education such as classical design engineering education. They argue 
that modelling tends to be hidden, however, redesigning tasks can make the useful-
ness and importance of modelling visible and allow students to be more successful 
modellers and designers and appreciate the applicability of mathematical modelling 
in an industrial design environment where the focus is on the design of intelligent 
systems, products and related services. The authors have noted that previously for 
industrial design students there is a virtual barrier in the fl ow of their work when 
going from science to the natural need for mathematics. It appears that investing in 
a deeper layer of abstraction is not seen as worth the effort by students. In the new 
approaches suggested by the authors opportunities for experiencing the competency 
 descriptive and mathematical modelling  can be provided without students being 
limited by a lack of technological skills.  

6     Conclusion 

 A comprehensive appraisal of research challenges in the fi eld of applications and 
modelling is contained in Niss ( 2001 ) and Blum et al. ( 2007 ). Recent special issues 
of international journals (e.g., Biehler and Leiß  2010 ; Kaiser et al.  2006 ; Stillman 
et al.  2010 ) and ICTMA volumes (Kaiser et al.  2011 ; Lesh et al.  2010 ) document the 
work that has been undertaken to address many of these in the ensuing years. In this 
current volume several studies have been shown to be underway that address several 
of these challenges as well. The ICTMA community operates from a large variety 
of different theories and research paradigms when it comes to both research prac-
tices and teaching practices but paramount to this global community of researchers 
is working together to establish a learning culture of mathematical modelling. The 
diversity of our global community both illuminates and connects our different per-
spectives on teaching practice and research practices as shown in this volume.     
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    Abstract     As a community ICTMA draws on its conference tradition as well as 
developing new directions in research and practice to enhance its mission of pro-
moting the teaching and learning of mathematical modelling and applications at all 
levels of education. This chapter refl ects on aspects of its mission with respect to the 
integrity of modelling activity, authenticity of its approach to modelling, character-
istics aimed to enhance a supportive and collaborative community, and activity 
within representative research foci. It concludes by identifying avenues for advo-
cacy aimed at assuring a productive and vibrant future.  

1         Introduction 

 In his plenary address at the First International Conference on the Teaching of 
Mathematical Modelling in 1983, Henry Pollak pointed out that:

  society provides the time for mathematics to be taught in schools, colleges and universities, 
not because it is beautiful, which it is, or because it provides great training for the mind, 
which it does, but because it is so useful. (Pollak  1984 , p. xv) 

 This conviction continues to be reinforced internationally within offi cial docu-
ments that set specifi c educational goals for the learning of mathematics – as in the 
following:

  Mathematical literacy is defi ned in PISA as the capacity to identify, understand and engage 
in mathematics, and to make well-founded judgements about the role that mathematics plays 
in an individual’s current and future private life, occupational life, social life with peers and 
relatives, and life as a constructive, concerned and refl ective citizen. (OECD  2001 , p. 22) 
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 Mathematics aims to ensure that students are confi dent, creative users and communicators 
of mathematics, able to investigate, represent and interpret situations in their personal 
and work lives and as active citizens. (Australian Curriculum Assessment and Reporting 
Authority  2010 , p. 1) 

 So it is that we fi nd ourselves carrying this torch, at times through conference par-
ticipation, but mostly as members of small groups of colleagues, or as individuals. 
It is appropriate then, to pause from time to time to refl ect that the meaning of the 
‘C’ in ICTMA encompasses both Conference and Community, and the progress, 
challenges and implications that this metamorphosis implies. 

 Ken Houston, whose name is associated with this presentation, is a former 
ICTMA President, one of the founding members of the ICTMA community, and the 
main author of the history of ICTMA: See Houston et al. ( 2008 ). This chapter will 
fi rst draw selectively from that history to illustrate how successive conferences fash-
ioned the agenda that now characterises the community. It will then proceed to 
refl ect on priorities, issues and foci, that stand to challenge the ICTMA community 
as we move forward.  

2     Beginnings 

 Rumblings in the United Kingdom that led to the forerunner of ICTMA might be 
traced to the McLone Report (McLone  1973 ) which described mathematics gradu-
ates as:

  Good at solving problems, not so good at formulating them, having a reasonable knowledge 
of mathematical literature and technique; some ingenuity and capable of seeking out further 
knowledge. However…not particularly good at planning work, nor at making a critical 
evaluation of it when completed; and in any event he has … apparently little idea of how to 
communicate it to others (p. 33) 

   An early seminal infl uence was injected by David Burghes, arguably the Father 
of ICTMA, and organiser of the fi rst two conferences in 1983 and 1985, who sought 
to enliven the school mathematics curriculum by working with teachers to produce 
interesting modelling investigations for students at secondary level. In 1978 he 
began the  Journal of Mathematical Modelling for Teachers , which in 1981 meta-
morphosed into  Teaching Mathematics and its Applications  under which name it 
continues today. 

 Whilst the tradition of ICTMA conferences may be fairly associated with events 
in the UK, it should be emphasised that not all initiatives in modelling related activ-
ity in education emerged from there, with parallel initiatives emerging at ICME 
Congresses and elsewhere. At ICME-3 in 1976, Henry Pollak brought applications 
and modelling to the fore through his lecture on “The Interaction between 
Mathematics and Other School Subjects” (Pollak  1979 ). In 1968 Hans Freudenthal 
began a conference with the theme of “ How  to teach mathematics so as to be use-
ful?” with an opening address “ Why  to teach mathematics so as to be useful?” 
(Freudenthal  1968 ). Thus the scene was set in many ways.  
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3     The Conferences 

 It is not intended to elaborate at length on the ‘C’ in ICTMA as representing conference, 
for the aforementioned comprehensive history is available on the website. Rather it 
is signifi cant to observe changing trends and emphases, but also issues from earlier 
days which, together with their relatives and descendants, continue to engage the 
community. We note the changing emphasis within ICTMA conferences, which 
began in 1983 with most presentations addressing issues in higher education as a 
consequence of delegates drawn heavily from UK Polytechnics, many of whom had 
experience of modelling in industry. A greater emphasis on secondary education, 
together with the inclusion of ‘applications’ in the conference title, followed from 
the increasing presence of delegates from continental Europe, and later the full 
spectrum of educational levels became represented in conference programs. Among 
conference themes from the early years that continue to characterise and challenge 
the ICTMA community today we fi nd: 

•     A practice of renewing the energy and authenticity in modelling activity by involving 
practising modellers from within and outside education as plenary speakers.  

•   Descriptions of innovative attempts to change what were seen as conservative 
national curricula, and assessment practices, that appeared fi rst at ICTM2 in 1985.  

•   Identifi cation of  model formulation  as a crucial skill that students do not do very 
well, and the associated proposing of new ideas in  formulating models .  

•   Using modelling as an agent (e.g., via “Peoples’ mathematics”) for emancipatory 
purposes – modelling within mathematics education as not just about mathematical 
empowerment but also about political and intellectual empowerment (Julie  1993 ).  

•   The emergence of  technology  as a major theme as evidenced by its appearance in 
the Proceedings title of ICTMA 8, later to be augmented with consideration of 
the rapidly changing mix of  techno-mathematical literacies .  

•   A widened international participation to embrace every continent except 
Antarctica, and in particular connection with colleagues from China, where both 
secondary and tertiary institutions are teaching mathematical modelling which is 
increasingly featured in secondary and tertiary institutions.    

 While not a conference publication, a paper reviewing the then situation regarding 
the place of applications and modelling in mathematics education was published 
following the fourth conference by two ICTMA members who remain active today 
(Blum and Niss  1991 ).  

4     ICTMA as Community 

 So how does ICTMA continue to serve its purpose, as it evolves within and from the 
traditions established by its history, including its conference legacy? We may 
approach such an analysis usefully from the viewpoint of ICTMA as a community 
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of practice (Lave and Wenger  1991 ). The defi ning characteristics of a community of 
practice are summarised in (Wenger  2006 ): “Communities of practice are groups of 
people who share a concern or a passion for something they do, and learn how to do 
it better as they interact regularly.” 

 In his terms three characteristics are central to a community’s structure and 
purpose. 

  The Domain : Identity is defi ned by a shared domain of interest, and therefore com-
mitment to a shared competence that is a distinguishing feature of the group. 

  The Community : To pursue interests in their domain, members engage in joint activ-
ities and discussions, help each other, share information, and build relationships that 
enable them to learn from each other. 

  The Practice : Members of a community of practice are practitioners – they develop 
a shared repertoire of resources, experiences, stories, insights, and ways of address-
ing characteristic problems that arise in their domain. 

 The  community  is constituted by these components in combination, and is cultivated 
by developing them in parallel.  

5     The Domain 

  Identity is defi ned by a shared domain of interest, and therefore commitment to a 
shared competence that is a distinguishing feature of the group.  It is too simplistic 
to just say that our domain of interest is in the teaching and learning of mathemati-
cal modelling and applications, for that is a broad church that harbours too many 
ambiguities if left unqualifi ed. Seven (at least) approaches to the use of mathemat-
ics with connections to the real world can be identifi ed within mathematics educa-
tion literature, that claim links to modelling in some way, and these vary from 
changes in emphasis to different genres. Only indicative identifying references can 
be afforded here.

    1.     Using contextualised examples to motivate the study of mathematics  (Pierce and 
Stacey  2006 );   

   2.     Emergent Modelling  (Doorman and Gravemeijer  2009 ; Gravemeijer  2007 );   
   3.     Modelling as curve fi tting  (Riede  2003 );   
   4.     Word problems that use practical settings  (Verschaffel et al.  2010 )   
   5.     Modelling as a vehicle for teaching other mathematical material  (Zbiek and 

Connor  2006 );   
   6.     Ethnomathematics and street mathematics  (Barbosa  2006 ; D’Ambrosio  1985 ).    

  All of these, with possibly one exception, are equipped to make signifi cant con-
tributions to the teaching of mathematics, and would be at home in any conference 
with the teaching of applications as a focus. For various reasons, if taken alone, they 
all lack one, or more, of the aspects necessary for inclusion if the full power of 
mathematical modelling as a source of real world problem solving expertise in the 
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ICTMA tradition, and individual empowerment is to be realised. This is not  per se  
a criticism for they set out to do different things. The following additional category 
is the one that most uniquely represents the ICTMA domain of practice. 

5.1     Modelling as Real World Problem Solving 

 This approach to modelling has particular relevance when the legacy and continued 
work of ICTMA is being represented. It differs in some important respects from 
those mentioned so far, notably because its origins lie in substantial part with those 
who have used mathematics to model problems in professional fi elds such as sci-
ence and industry, as well as for addressing problems of community or personal 
interest. Some, including Henry Pollak, and a variety of early ICTMA contributors, 
took their experience and insights directly across into modelling initiatives in edu-
cation. Others, such as Pedley ( 2005 ) through his Presidential address to the Institute 
of Mathematics and its Applications, have incidentally provided continuing sup-
port, by promoting this concept of modelling in public forums. The example below 
has been distilled from a problem discussed in his address and published in the 
given source. It is included here as representative of the approach to modelling that 
has characterised the domain of the ICTMA community. 

5.1.1     New Mexico Atomic Test 

 Professor Geoffrey Taylor’s analysis of the 1945 atomic bomb test in New Mexico, 
in which he estimated the energy released in the blast, followed the publication in 
 Life  magazine in 1947, of photos of the expanding blast wave (Fig.  2.1 ), taken over 

  Fig. 2.1    Blast wave photo (Source:   http://en.wikipedia.org/wiki/Nuclear_weapon_yield    )       
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a succession of small time intervals. The analysis requires no more than senior 
school mathematics, but is founded on an ability to formulate a mathematical prob-
lem from a real life situation.

5.1.2        Refl ection on Modelling Issues 

 As an example of a modelling problem it illustrates the power that modelling com-
petence provides – an empowerment provided by the ability to apply mathematical 
knowledge to address real world problems. Characteristic of the approach is a cycli-
cal modelling process, typically shown as a chart – the version in Fig.  2.2  is inferred 
from Pedley’s presentation.

   The arrows on the right indicate that iterative back tracking may occur between any 
phases of the modelling cycle as required. This is a compact version of the modelling 
chart that over the years has appeared in various forms in many sources. Modelling 
diagrams serve several purposes. In their simplest form (as here) they identify basic 
stages in the modelling process and provide mental scaffolding for a solution path. In 
more elaborated forms (see later) they also act as research or design tools. Modelling 
in this tradition has two purposes: to solve a particular problem at hand, but over time 
to develop modelling skills, that individuals can apply to problems in their world. This 
focus has typifi ed the ICTMA culture from the earliest conferences and remains a 
central interpretation of the modelling process within the community (e.g., Blum and 
Leiß  2007 ; Galbraith and Stillman  2006 ; Niss et al.  2007 ).   

5.2     Authenticity 

 Together with a commitment to modelling as real world problem solving, 
‘authenticity’ has loomed large as a  domain  issue. A section in the ICMI Study 
14 proceedings (Blum et al.  2007 ) devoted to the theme of authenticity underlines 

Understand the real problem situation. 

Frame an appropriate mathematical question.

Formulate a model, using simplifying assumptions etc.

Analyse the model.

Compare mathematical outcomes with reality.

Modify and repeat until an adequate solution has been found.

  Fig. 2.2    Modelling process (after Pedley  2005 )       
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the importance with which it is viewed within the modelling community. It is 
suggested here that one of the reasons creating potential confusion, is that the 
sense in which authenticity has been considered is too global. Here it is proposed 
that authenticity be viewed in terms of four dimensions.

    1.    Content authenticity   
   2.    Process authenticity   
   3.    Situation authenticity   
   4.    Product authenticity    

5.2.1      Content Authenticity 

 Content authenticity has two aspects. Firstly a problem itself needs to satisfy realistic 
criteria (involve genuine real world connections), and secondly the individuals address-
ing it need to possess mathematical knowledge suffi cient to support a viable solution 
attempt. With respect to the latter (Jablonka  1996 ) reviewed modelling examples from a 
range of teaching materials, and identifi ed models from a variety of fi elds, with which 
students lacked familiarity. She reasonably challenged the value of models if students do 
not know the techniques needed for their solution. Jablonka thus identifi es two issues of 
importance, one to do with the use of models that are ‘black boxes’ for students – the 
other implications of models requiring out-of- reach mathematics. Modelling attempted 
with attributes like these would certainly fail a test of ‘content authenticity’. 

 In searching for viable problems, those with genuine real world connections con-
sist broadly of two genres:

    Targeted real problems : Problems set with a specifi c goal. Example – decide the 
optimum number and spacing of speed bumps along the new stretch of road in front 
of the College.  

   Life like problems : The context is real, but there is freedom in choosing the precise 
problem to be addressed. For example an intention might be to investigate the dif-
ferential effects on families from proposed changes in a taxation system. A number 
of possible modelling problems might be developed such as: What are the relative 
benefi ts for families in different income brackets  or  what will be the effect on fami-
lies with school age children  or  how will the new provisions impact on couples 
versus individuals? Recognition of cultural and social issues and the signifi cance of 
personal values are central factors here.     

5.2.2     Process Authenticity 

 Process authenticity refers to the conduct of a modelling process that results in solutions 
that are defensible and robust in terms of the outcomes sought. Kaiser et al. ( 2006 , p. 83) 
remind us that while variations exist “the important thing is the commonly accepted idea 
about a general mathematical modelling process.” Why is this important? Because it 
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provides an agreed and tested basis from which to apply the process of modelling, teach 
the process of modelling, and analyse and improve the outcomes of modelling. As a 
community we need to have confi dence in such a process, that can (in a Popperian 
sense) survive tests of integrity and power that can be asked of it. 

 Ärlebäck ( 2009 ), when introducing modelling to upper secondary students, indi-
cated he found no evidence of the cyclic process widely described in modelling 
research as central to modelling as real world problem solving. However, earlier in 
the paper sub-processes that characterised the students’ work were identifi ed as 
follows: reading, making a model (structuring and mathematising), calculating, 
validating, and writing. All of these are essential components of the modelling pro-
cess, and validating cannot occur without reviewing a solution in terms of the origi-
nal problem statement (reading). This alone completes a cycle, without considering 
further cycles introduced through the checking and reviewing that inevitably takes 
a solver back through earlier phases in producing a defensible solution. One possi-
bility is that our use of the term ‘modelling cycle’ may not be as unambiguous as we 
have assumed, and there may be confusion at times with student activity on model-
ling problems which is anything but smoothly cyclic. Any such confusion stands to 
compromise efforts to make authenticity more transparent. 

 Other diffi culties emerge if we rely on assumptions that are not applicable to 
support the range of conclusions drawn (e.g., Jablonka and Gellert  2007 , p. 5):

  The symbolic technology at hand, as well as measuring devices, and domain specifi c con-
straints and theorems, all infl uence the form the real world model will take. So the real 
world model is by no means a description of the real world problem. 

 The fi rst sentence is obviously true, and any consideration of process authenticity 
acknowledges this. On the other hand, the second statement is not a logical conse-
quence, and appropriate evaluation procedures, integral to the modelling process, 
will provide criteria by which the authenticity of the ensuing models as ‘descrip-
tions’ of the problem will be judged. 

 A generic but adaptable approach that empowers individuals as problem solvers 
stands to benefi t users across different areas of content and purpose. This is the posi-
tion that has enabled the teaching of modelling to benefi t from contributions from 
modellers in many fi elds of application. It was infl uential at the birth of the com-
munity, continues to be valued, and provides a strong argument why modelling as 
real world problem solving can never be absorbed entirely into systems that value 
only prescribed curricular mathematical content.  

5.2.3     Situation Authenticity 

 This critical dimension brings conditions necessary for a valid modelling exercise 
into direct contact with the workplace, classroom, or other environment within which 
the modelling enterprise is conducted. The importance of ‘situation’ is brought home 
by comments such as Sfard ( 2008 ) who claimed that, the minute an ‘out of school’ 
problem is treated in school it is no longer an ‘out of school problem’, and hence the 
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search for authentic real world problems is necessarily in vain. What this does is to 
make the conception of what it means to be “in school”, or “out of school” the defi ni-
tive construct, by privileging a particular conception of what school mathematics is 
about, and what mathematics teaching and classrooms are allowed to be – then 
requiring that modelling fi t the stereotype, be subject to associated practices, and 
hence compromise its integrity. In a similar vein, Jablonka and Gellert ( 2007 , p. 5) 
argue that in classrooms there is no validation, because the result is not put back into 
a “real” real situation and that “since within a classroom activity the results are never 
put into operation, there is no real problem of validation”. These are generalisations 
that ascribe to the fi eld of modelling, weaknesses that may exist in particular imple-
mentations – the latter are important to document, but to imply their universal appli-
cation to classrooms is both inaccurate and unfortunate. 

 By contrast, what modelling properly conducted can do, is to challenge some of 
those norms, assumptions, and stereotypes – mathematical, situational, and pedagogi-
cal. The essential characteristic, for situational authenticity, is that the requirements of 
the  modelling task  drive the problem solving process, and for this purpose carry greater 
authority than beliefs or traditional teaching practices should these compromise the 
goal. Typically, modelling activity will take place both inside and outside classrooms. 
Osawa ( 2002 ), for example, describes a project in which the goal was to optimise the 
baton changing practice of relay teams. Activity took place alternately in a classroom, 
and on the running track which acted as the laboratory within which results were tested. 
Neither place alone would have suffi ced to carry out the complementary theoretical 
and experimental activities that successive improvements demanded. Equally striking 
are the actions of individuals who apply their school learning in modelling to address 
problems particular to them. Examples include the successful modelling of a 12 year 
old girl to convince her parents that she could both care for and provide for a much 
wanted pony, and a mature age student who used the cyclic modelling process to 
redesign the culture he used for growing tomatoes hydroponically. 

 A recent paper (Jablonka and Gellert  2011 ) contains several other assertions that 
require qualifi cation; such as modelling in mathematics education aims at creating 
a fl exible workforce; that modelling conceptions do not see associated competen-
cies as ‘culture bound and value driven’; that contextuality of all knowledge is 
(mis)interpreted in a way that leads to the contention that mathematical concepts 
can be meaningfully learned only within a ‘real life’ context. As generalisations 
the assertions are collectively and specifi cally refuted within sources such as the 
following (Niss et al.  2007 ; Stillman et al.  2008 ,  2010 ). When suitably qualifi ed 
such criticisms become productive warnings against extremism in the parts of a 
community, but without qualifi cation they suggest a broad fanaticism with which 
the membership of ICTMA would not be comfortable.  

5.2.4     Product Authenticity 

 As one of the most superfi cially obvious ideas, product authenticity is both an 
important and an elusive concept. It is elusive, because it is not always clear when 
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an appropriate ‘product’ has been achieved. When is a problem solution good 
enough to warrant the effort expended given that money, and/or time has run out? 
In the classroom, while money may not be a tangible constraint, time most cer-
tainly is. Hence assessing product authenticity involves asking how well an end-
point achieved by modelling informs the question asked. So assessing product 
authenticity involves looking at mathematical outcomes in two ways. Firstly to 
check that there are no obvious mathematical anomalies which have not been 
addressed, and secondly to verify that mathematical outcomes have been appropri-
ately absorbed into implications for the real world problem being addressed. If 
modelling has been curtailed, there needs to be an appraisal of the insights gener-
ated, and an indication of what aspects of the problem remain unresolved. This will 
apply irrespective of whether a project has been curtailed by cost, time, or other 
factors such as loss of key personnel. 

 In summary continuing to develop the characteristics of mathematical mod-
elling as real world problem solving, and addressing associated matters of 
authenticity, continue to occupy a central place in the domain of the ICTMA 
community.    

6     The Community 

  To pursue interests in their domain, members engage in joint activities and discus-
sions, help each other, share information, and build relationships that enable them 
to learn from each other.  

 What does it take to be a  learning community , which will enable and enhance the 
interests and activities of its members who want to do more than ‘just belong’? The 
social nature of ‘community’ suggests Vygotskian lines of thought, and in conse-
quence points to possibilities provided by expanded notions of the zone of proximal 
development (ZPD). 

6.1     The ZPD as Scaffolding 

 The most widely known defi nition of the ZPD as the ‘distance’ between what a 
learner can achieve alone, and with the assistance of a more advanced teacher or 
mentor, places the teacher in a pivotal classroom role in supporting students to 
become more self-regulating participants in learning. In modelling courses some 
physical embodiment of the modelling process (e.g., a diagram) has been a typical 
scaffolding prop, which becomes redundant as students internalise the process, 
and become independently profi cient through collaborative practice (Galbraith 
and Clatworthy  1990 ).  

P. Galbraith



37

6.2     The ZPD in Egalitarian Partnerships – Distributed 
Complementary Competence 

 Deriving originally from observations of collaborative children’s play, this view of 
the ZPD involves equal status relationships, developing the learning potential in 
peer groups where students have incomplete but relatively equal expertise – each 
partner possessing some knowledge but requiring the others’ contribution in order 
to make progress. Compared to the expert-novice situation, the co-production of the 
task typically involves contest and trial-and-error as the partners begin to appreciate 
the perspectives of others and coordinate their incomplete competence (Forman and 
McPhail  1993 ). Such understanding provides theoretical underpinnings for the 
enhancement of team problem solving through collaboration – a characteristic of 
modelling activity.  

6.3     The ZPD – In Practitioner- Researcher Relationships 

 This view applies the concept of a ZPD to whole groups, where participants with 
partially overlapping ZPDs provide a changing mix of levels of expertise, so 
enabling many different productive partnerships to be orchestrated (Brown et al. 
 1993 ). In professional collaboration, overlapping individual ZPDs can create a com-
bined ZPD which promotes a higher vision of possibilities than either separately 
could provide. Here partnerships are located in the community itself, where the 
participants are professionally linked, typically as researchers and/or practitioners. 
A motivation behind the theorising of this construct has been the experience of the 
author stimulated, by contributions within teacher – researcher partnerships. 
Increased possibilities for research were generated through equal-status collabora-
tion, using complementary expertise, which neither alone could have achieved. 

 Within the ICTMA community of practice both practitioners and researchers, 
experienced and inexperienced, are represented. How can such a community, use 
the diverse expertise of its members, to generate a group ZPD that inspires visions 
that none of us alone could produce? This I think is the spirit intended by Wenger in 
writing his summary of community.   

7     The Practice 

  Members of a community of practice are practitioners – they develop a shared rep-
ertoire of resources, experiences, stories, insights, and ways of addressing charac-
teristic problems that arise in their domain.  

 The signifi cance of  resources ,  experiences  and  stories  comes to mind when we 
consider the legacy from ICTMA conferences, where initially for example, many of 
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the talks were of the war story variety: “This is how we teach modelling” or “This 
is our curriculum,” and many were useful descriptions of models that the author(s) 
had used in their teaching. As Wenger’s conception emphasises, there is an hon-
oured place for anecdotes and stories, as those in a fi eld, new and experienced, seek 
and share ideas, trade experiences, and ask and provide advice from and to each 
other. This is a highly legitimate activity, necessarily augmented by others that aim 
to deepen  insight  into the components of the domain of interest of the community, 
and how its practice is conducted – more usually called research. 

7.1     Research in the Domain of Practice 

 A comprehensive appraisal of research challenges in the fi eld of applications and 
modelling is contained in Niss ( 2001 ). In this section we consider some selective 
foci that characterise the ICTMA culture, with directions infl uenced by the author’s 
own activities and priorities. Figure  2.3 , after Galbraith and Stillman ( 2006 ), will 
be used to locate some of these directions. The diagram is designed to support 
research description, analysis, and discussion, rather than serve a teaching purpose 
– although it does contain an embedded version of the traditional simpler model-
ling cycle – the stages A to G (with the transitions 1–7), linked clockwise by the 
heavy single headed arrows.

   For present purposes Fig.  2.3  serves to defi ne key foci for research with respect to 
individuals learning mathematical modelling, and pressure points for those teaching 
within the fi eld, for example, the kinds of mental activity that individuals engage in 
as modellers attempting to make the transition from one modelling stage to the next, 
and which provide key foci for research, are given by the broad descriptors of cogni-
tive activity, (boxed) 1–7 in Fig.  2.3 . The light double-headed arrows emphasise that 
thinking within the modelling process is far from linear (e.g., Borromeo Ferri  2006 ), 

A. Messy real 
world
situation

B. Real 
world 
problem 
statement

C. Mathematical model D. Mathematical 
Solution

E. Real world meaning 
of solution

F. Revise model or 
Accept solution

G. Report

1 2 3

4

56

7

1. Understanding, structuring, simplifying, interpreting context
2. Assuming, formulating, mathematising
3. Working mathematically
4. Interpreting mathematical output
5. Comparing, critiquing, validating
6. Communicating, justifying (if model is deemed satisfactory)
7. Revisiting the modelling process (if model is deemed unsatisfactory).

  Fig. 2.3    Modelling process (after Galbraith and Stillman  2006 )       
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and indicate the presence of refl ective metacognitive activity as articulated by many 
researchers (e.g., Maaß  2007 ). Such refl ective activity can look both forwards and 
backwards with respect to stages in the modelling process. Thus while the stages of 
problem solution follow a cyclic path, the route taken by an individual modeller is 
usually anything but smoothly cyclic. 

7.1.1     Issues in Formulating Mathematical Models 
(Modelling in Stages A–C) 

 As history tells us, challenges in this area have engaged ICTMA participants from 
the earliest days. Its presence as a  prime focus  separates modelling as real world 
problem solving, from other educational approaches that use the term ‘modelling’, 
and it is both important and exciting that current work is directed within this area. 
Some of the most systematic research is being conducted by Rita Borromeo Ferri, as 
reported in the article referenced above. This approach adds formal mental infra-
structure (see Fig.  2.4 ), in terms of a situation model (SM), its real representation 
(MRS), and a real model (RM), between the real situation (A in Fig.  2.3 ), and the 
mathematical model (C in Fig.  2.3 ).

   So we have the question whether a ‘real model’ represents a formal stage in the 
modelling process that should be shown in its structure, or whether it is a useful 
heuristic device that provides substantive help to modellers in moving from a real 
world problem statement to a mathematical model. What can be agreed is the impor-
tance of scaffolding this demanding transition in the modelling process, and the 
value of researching and applying any means that enhances the ability to achieve 
this end, whichever of the positions we currently favour.  

7.1.2    The Role of Metacognitive Activity 

 Galbraith and Stillman ( 2006 ) developed an approach in which Fig.  2.3  was used as 
a template to assist in the identifi cation and release of blockages encountered by 
students in moving between stages of the modelling process. Central to this focus, is 
the way in which metacognitive activity can enhance or retard a modelling venture. 
Goos ( 2002 ) identifi ed three generic types of situation ( red fl ag situations ) that 
should elicit metacognitive monitoring within any stage of a problem solving process 
– labelled respectively (a)  lack of progress , (b)  error detection , and (c)  anomalous 
results . She identifi ed three prevalent forms of metacognitive failure.  Metacognitive 
blindness  occurs when no required action is recognised;  Metacognitive vandalism  

RM  
RS SM/MRS MM

  Fig. 2.4    Sample mental 
infrastructure (after 
Borromeo Ferri  2006 )       
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occurs when drastic and often destructive actions not only fail to address the issue, 
but also alter (invalidate) the problem itself.  Metacognitive mirage  occurs when 
unnecessary actions derail a solution, because an ‘imaginary’ diffi culty is identifi ed. 
From our work we would add  Metacognitive misdirection  as an inappropriate response 
that represents inadequacy rather than vandalism; and  Metacognitive impasse  that 
occurs when no amount of refl ective thinking or strategic effort is successful in 
releasing a blockage. Much more remains to be done in learning to identify and release 
blockages that inhibit the ability of students in becoming effective modellers. 

 Furthermore, given that metacognitive activity is located heavily at the tran-
sitions indicated in Fig.  2.3 , how pedagogy addresses the fostering of metacog-
nitive competencies is crucial to the goal of producing students who are 
consistently able modellers. The notion of  meta-metacognition,  as discussed for 
example in Stillman ( 2011 ), has come to infl uence our thinking in this respect. 
In considering whether given metacognitive activity on the part of students is 
appropriate, or being properly conducted, a teacher is refl ecting on metacogni-
tive activity itself – that is undertaking mental activity that is  meta–metacogni-
tive  in nature. At the macro level how a teacher acts on such refl ection will be 
crucial to the way mathematical modelling is nurtured or stifl ed in their class-
room. At the micro level the capacity of students to make transitions between 
phases in the modelling cycle, and to release blockages, depends critically upon 
how they are facilitated in applying the modelling process, and metacognitive 
strategies central to it. “What should this student be asking her/himself at this 
point in the modelling process?” is a  meta-metacognitive  self-prompt, that more 
is required than a suggestion about how to progress past a problem- specifi c 
obstacle. It is centrally to do with nurturing effective problem solvers by provid-
ing a modelling culture.  

7.1.3    Other Research Themes 

 Here we briefl y note some other contemporary research themes that have character-
ised activity over time within the ICTMA community. Originally  assumptions  were 
largely considered to inhabit the process of setting up a mathematical model in the 
fi rst place. While they continue to play a major role in formulation, there is now 
realisation that they permeate the whole of the modelling process, and are not some-
thing to be merely ticked off in an early phase. Galbraith and Stillman ( 2001 ), for 
example, identifi ed three different classes of assumption; those associated with 
 model formulation ; those associated with  mathematical proc e sses;  and those asso-
ciated with  strategic choices in the solution process . 

 A second area, in which refl ection on the modelling process has resulted in a 
changing understanding of its role over time, is the use of technology in modelling. 
Geiger et al. ( 2010 ) point out that technology related activity takes place during all 
phases of the modelling cycle, rather than as previously theorised, only at the solv-
ing stage. This is relevant not only within the mathematical dimensions of a model-
ling task, but for the contextual settings within which a problem is addressed, such 
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as collaborative teamwork. It is important that we continue to identify and research 
aspects once compartmentalised, that represent fl uid and dynamic infl uences across 
stages of the modelling process. 

 Other signifi cant continuing research foci with links to ICTMA values and tradi-
tions include the identifi cation and assessment of modelling competencies (e.g., Haines 
and Crouch  2007 ; Houston and Neill  2003 ); and the development and researching of 
modelling programs at all levels of education – undergraduate, primary, and secondary, 
including teacher education (e.g., Alpers  2011 ; English  2011 ; Maaß  2007 ). We would 
also acknowledge the parallel work of modelling colleagues in developing and 
disseminating theoretical and practical dimensions of modelling programs through the 
medium of model eliciting activities (e.g., Lesh and Doerr  2003 ), and the development 
of challenging real word modelling problems through the UMAP and COMAP pro-
grams (Garfunkel  2004 ). 

 Finally, the classifi cation of modelling perspectives (Kaiser and Sriraman  2006 ) 
summarises different purposes adopted within educational settings. In identifying 
alternative research foci it incidentally draws attention to important distinctions 
between different ‘models of modelling’, and alternative perspectives and emphases 
that they serve. Perspectives represent the interests of those engaging in the model-
ling activities. For example  socio-critical purposes  (Barbosa  2006 ) involve making 
certain assumptions (rather than others) regarding which mathematical questions 
should emerge from a situational context, and how they are treated. It does not 
require a separate modelling genre, as has been exemplifi ed through the work of 
Cyril Julie in his work with students and teachers in South African townships (see: 
Julie  1993 ; Julie and Mudaly  2007 ). Research in all areas identifi ed in the paper 
continues to engage members of the ICTMA community.    

8     Addressing Issues in the Domain and Community 
– Advocacy 

 As Wenger ( 2006 ) reminds us, members of a community of practice need to develop 
ways of: “addressing characteristic problems that arise in their domain”. One issue 
confronting a community like ICTMA is how best to promote the growth and impact 
of the community – what kinds of  advocacy  should we engage in? 

 As a community ICTMA is committed to enhancing the impact that applications 
and modelling can make in equipping individuals to use mathematical knowledge in 
personal, work, and civic contexts. However, in publicly endorsing this goal for math-
ematics learning do education authorities pay more than lip service to the ideal? What 
specifi c provisions ensure that the implemented curriculum contains the time and the 
resources to make such goals attainable? It would be of great benefi t if ICTMA, as an 
affi liated study group of ICMI, could provide members with support when curriculum 
statements and intentions open the door to our fi eld of interest in their particular 
region. Statements representing ICTMA’s best advice would be welcome external 
support for those trying to engender change at local or national levels. 
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 A second important forum is afforded by the Affi liated Study Group time slots at 
ICME Congresses, where there is opportunity to do two important things. One is to 
introduce the community to new contacts, for whom a statement of core values, 
variety of perspectives, central purposes, summary achievements, and future vision 
is important. The second focus relates to those who already know about ICTMA and 
its past work. For them an essential message is that the community is on the move, 
new challenges are being set, new insights achieved, and an increasingly techno-
logical and socially challenged world is the context within which problems are 
being identifi ed and addressed.  

9     Conclusion 

 In concluding it is appropriate to return to ICTMA’s roots, and refl ect again on how this 
conference series came to be. We cannot help but note the decline in representation of 
the group most instrumental in its creation – tertiary mathematics staff with industry 
experience, concerned with helping students learn to solve real problems. We need to 
fi nd ways to rejuvenate contact with those, who while primarily involved in solving 
mathematical problems, have a vital educational interest in helping students to learn 
these abilities. A strong link between the domains of mathematics and mathematics edu-
cation needs to be maintained, in order that each can inform the other, and that together 
we can work to ensure that our community does not become absorbed by either purely 
mathematical interests, or conservative elements of the education industry.     
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    Abstract     This chapter explores an emerging framework on mathematical models 
and modelling using the theoretical perspective of  commognition  to analyse and 
discern discursive objects in a dialogue between two students engaged in a modelling 
activity. The results, partly presented as  realization trees , show a variety of  signifi ers  
from different discourses coming into play during the modelling, and examples are 
given of the  activity of negotiation , which plays an important role in any modelling 
activity. In addition, it is argued that the framework has potential to bridge different 
research perspectives on mathematical models and modelling.  

1         Introduction 

 In the research literature in mathematics education, there are many different views 
taken on, or theoretical perspectives adapted for, mathematical modelling (Frejd  2010 ; 
Garcia et al.  2006 ; Jablonka and Gellert  2007 ; Kaiser et al.  2011 ; Kaiser and 
Sriraman  2006 ). This plurality is natural considering the different social and cul-
tural realities in which research is being carried out with different objectives and 
in different traditions. This diversity of perspectives brings a variety of relevant 
aspects of learning and teaching mathematical models and modelling to the fore, 
and together they contribute to a rich and many facetted picture of mathematical 
models and modelling as well as of mathematics in general. However, it also renders 
the obvious, but easily overlooked risk, that unless interlocutors engaged in discussion 
about educational aspects of mathematical models and modelling are very explicit 
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and clear about their theoretical underpinnings and intentions, misunderstandings or 
conversational breakdowns are likely to happen. This happens simply because the 
parties are talking about different things. 

 This latter point, considered more generally and in a broader context, is one of 
the incentives of Sfard ( 2008 ) for developing the framework of  commognition , and 
it seems a promising and rewarding task to try to formulate a commognitive per-
spective of mathematical models and modelling in at least two respects. Firstly, and 
related to the issue just mentioned, commognition presents a  meta-perspective  
bridging, contrasting and synthesising the different theories about modelling in the 
mathematics education community. Secondly, a conceptualisation of mathematical 
models and modelling in terms of commognition would provide a framework for 
analysing inter- and intrapersonal communication complementary to the present 
prevailing perspectives, attending to both the social and cognitive dimensions of 
modelling. The aim of this chapter is to start exploring mathematical models and 
modelling from a commoginitive perspective with this latter focus.  

2     Theoretical Framework 

  Commognition  is a theoretical framework developed by Sfard ( 2008 ) that focuses 
on both social and individual aspects of thinking and learning; it merges and com-
bines tenets from theories of communication and cognition. The framework uses a 
set of principles and notions that discuss thinking as a special type of interpersonal 
communication and learning as a change in discourses. One of the basic principles 
of commognition is that “discourses permeate and shape all human activities, [and] 
the change in discourse goes hand in hand with the change in all other human 
doings” (p. 118). In this framework  discourse  is defi ned as a “special type of com-
munication made distinct by its repertoire of admissible actions and the way these 
actions are paired with re-actions; every discourse defi nes its own community of 
discourse; discourses in language are distinguishable by their vocabularies, visual 
mediators, routines, and endorsed narratives” (p. 297). In other words, a discourse 
is characterised by the meaning and use of language (in a general sense including 
written and spoken words, symbols, fi gures, graphs, etc.), not only including con-
sensus on the interpretation of language, but also established conventions for com-
munication and interaction between members of the discourse as well as formalised 
ways on how to determine what is regarded as ‘true’ within the discourse. Hence, a 
discourse functions as delimiter in that it includes or excludes persons from a given 
discourse. Commonly fi guring discourses when a commognitive approach is 
employed are  colloquial discourses  (or  everyday discourses ) permeated by personal 
experiences; the complementary  literate discourses  in which communication often 
is characterised by the use of specialised symbolic artefacts; and,  classroom dis-
courses  capturing school norms and rules (Sfard  2008 ). 

 According to Sfard ( 2008 )  discursive objects  arise in a recursive manner in a 
given discourse to enhance the effectiveness of communication through one or 
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a combination of the three processes of  saming ,  encapsulating , and  reifying . Briefl y, 
the act of saming means assigning one name for a collection of different objects 
(concrete as well as abstract); encapsulating refers to starting to talk about things in 
singular, although these previously have been considered in plural; and reifi cation is 
about objectifying so that talk about processes is replaced with talk about objects. 
The  activity of negotiations , which can be seen as a recursive pattern of  conjecture-
test- evaluation   carried out by the discourse participants, provides a notion for framing 
these processes in more detail. A discursive object is manifested through its  signifi er  
and its  realization tree , where the signifi er can be, for example, a word or an alge-
braic symbol, and the realization tree is the tree-like structure (in the sense of graph 
theory) of successive meaningful realizations of the signifi er. A realization tree can 
also productively be thought of as a connected graph, possibly containing loops, to 
stress the “symmetric nature of many signifi er-realization relations” (Sfard  2012 ). 
Due to the recursive nature inherent in the production of discursive objects, there is 
often a dual relation between a signifi er and its realization making the two notions 
in different contexts interchangeable. 

 In terms of commognition, one can interpret a mathematical model as a  discur-
sive object  in a  subsumed discourse , which means that in a given situation and 
context a particular mathematical model is a  signifi er  with a  realization tree  where 
the successive realizations branch over and connect multiple relevant discourses. 
To be engaged in the activity of modelling means to be participating in a modelling 
discourse, and thus involves singling out the relevant discourses for the problem by 
fi nding and making meaningful and productive connections between signifi ers/real-
izations in realization trees belonging to different discourses, subsuming these into 
the new discourse.  

3     Methodology and Method 

 Taking a commognitive approach on mathematical models and modelling means 
focusing on the special discourses where mathematical models are used, created, 
developed and modifi ed. According to Sfard ( 2008 ), discourses are characterised and 
distinguishable in different ways ( vocabulary ,  visual mediators ,  routines , and  endorsed 
narratives ), which suggest a number of complementary approaches could be taken to 
investigate a modelling discourse. This fi rst exploratory attempt to use the commogni-
tive framework analyses the collected and transcribed video data of two students 
engaged in a modelling activity with a focus on the different discourses evoked, the 
vocabulary (signifi ers) used and the relationship between different signifi ers as these 
enfold and connect (successively constituting realization trees) during the activity. 

 The data analysed comes from work on the second of two modelling tasks 
that were given sequentially to three groups of two to three upper secondary students. 
The students were taking part in a study aiming to investigate the potential use of 
 realistic Fermi problems  for introducing the notion of mathematical modelling at the 
upper secondary level (Ärlebäck  2009 ). These types of problems are open and 
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discussion promoting with clear real-world connections. The decision to use this 
piece of data was partly based on convenience since the data already were available, 
and partly on the fact that the chosen group, consisting of two male students, was a 
known well functioning, dynamic and highly verbal duo when engaged in joint 
collaborative work. In addition, compared to the fi rst of the two modelling tasks, we 
also regarded the second task to be more open in terms of relevant contexts coming 
into play. 

 The modelling task,  The Snow Clearance Problem , that the students engaged in, 
is about snow clearance of a soccer fi eld, a problem motivated in connection to the 
2010 opening soccer game in Sweden, when a local soccer club had to ask their 
supporters for help to clear away all the snow from the soccer fi eld in order for the 
opening game to take place. The actual task from which the data in this chapter 
comes was formulated as follows: 

  The Snow Clearance Problem 

 A fi rm gets the job to clear a soccer fi eld from a 2 dm thick layer of snow 
fallen during the night. If the snow is shovelled into two piles on the two 
respective shorter sides of the fi eld, how big will the piles be? What would 
each pile weigh?  

 In terms of commognition, the specifi c research question investigated in this 
chapter is:  What discursive objects can be discerned in the modelling activity of the 
students working on The Snow Clearance Problem?   

4     Analysis and Results 

 To illustrate how the data have been analysed, two excerpts from the 30 min conver-
sation between the students are presented in Tables  3.1  and  3.2  respectively. Both 
excerpts were analysed with focus on identifying the discourses in terms of what 
signifi ers the students use as well as trying to map the students’ realization trees 
created during the conversation. To set the scene, the two students, Markus and 
Viktor, started the modelling activity by making assumptions about the size of the 
soccer fi eld. Their estimates are based on Viktor’s personal experience having vis-
ited a soccer fi eld that was longer than the 100 m racetrack situated next to the fi eld. 
They calculated the total snow volume as 1,200 m 3  (600 m 3  at each end of the soccer 
fi eld) and expressed surprise that it was not a large amount. A discussion followed 
about what happens to snow when it is shovelled together and arguments were put 
forward that the snow volume becomes compacted to 200 m 3  at each end. In the 
excerpt in Table  3.1 , the students are engaged in a conversation about what the 
actual question in the problem formulation means.
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     Table 3.1    Excerpt 1 from the transcripts   

 Student  Utterance 
 Markus  [39:10]  What is asked is how big they [the snow piles] will be, then you are searching 

for the height aren’t you? 
 Viktor  [39:14]  Well, is it? I don’t know? 
 Viktor  [39:19]  If he [the teacher] wanted to know the height, he would have written ‘the 

height’ [in the problem formulation]. 
 Markus  [39:22]  Hmm, he probably wants to have the height and the width and maybe the length. 
 Viktor  [39:25]  Yeah. 
 Markus  [39:25]  They [he refers to the imaginary people that do the shovelling] are stupid 

if they don’t spread out the snow evenly. 
 Viktor  [39:27]  If we give the height, the width and the length, then we give the volume… 

so that the height will be given. We can draw it here too [points at a sheet 
of paper where the students are writing their solution], that we can do. 

 Markus  [39:39]  We can say, well say that it will be one and a half metres high. 
 Viktor  [39:43]  Hmm, I will do it here [writes and draws on the paper] one point fi ve. 
 Markus  [39:50]  [calculating on his pocket calculator] It will be two point six metres wide 

if it is square-shaped, so like three metres. However, it will not be 
square-shaped [cuboid], it will be more rounded. 

 Viktor  [39:58]  Yeah… That’s right if it is rounded, then we have a half circle. 
   Note : Original in Swedish, translated by the authors  

    Table 3.2    Excerpt 2 from the transcripts   

 Student  Utterance 

 Markus  [46:34]  When someone melts snow then it will be quite little left. 
 Viktor  [46:36]  It gets VERY little water left. 
 Markus  [46:38]  One third [of the snow volume remains], because the snow is compacted 

together. A third! 
 Viktor  [46:40]  If you bring a snowball inside and let the snowball melt in a glass it will 

not be this much left [Viktor shows with his hands]. Be serious! 
 Markus  [46:48]  How about a fi fth? 
 Viktor  [46:50]  I can go with a fi fth, but I think it is just a good approximation. 
 Markus  [46:53]  A fourth? 
 Viktor  [46:54]  No. 
 Markus  [46:55]  I still think it is quite, it gets damn compacted when you shovel with a 

machine. It is not that you shovel little and snow compacts on snow. 
 Viktor  [47:02]  However, the snow is still frozen. Were you not in the chemistry class and 

saw that water that turns to ice expands four times. Isn’t that so? 
 Markus  [47:18]  Yes, maybe so, divide it by four then. 
 Viktor  [47:22]  Hey, we do not have ice, it is far from ice. We have snow and snow is crystals 

and crystals are much more,… there is much air between [the crystals]. 
 Markus  [47:32]  Ice does not expand four times, I know that. 
 Viktor  [47:34]  Ok. 
 Markus  [47:34]  It does not. 
 Viktor  [47:36]  No, it cannot, because when you put it in the freezer… 
 Markus  [47:38]  I think snow can expand four times, four-fi ve times if the snow is 

compacted together. 
 Viktor  [47:41]  Well, say that snow expands four times. 
 Markus  [47:43]  Yes, then it is 50 tons on each side that, that is not little. Damn that’s lots 

of snow. 

   Note : Original in Swedish, translated by the authors  
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    In the beginning of this excerpt, Viktor and Markus try to interpret the word  big , 
which here is analysed as the root signifi er in the corresponding realization tree. 
Any given signifi er, for instance a specifi c word, may mean different things in 
different discourses. In excerpt 1, the signifi er  big  can have several meanings in col-
loquial discourses such as referring to size, height or weight. Depending on what the 
signifi er means or signifi es, it is associated with different realizations. The students 
try to make the signifi er operational by shifting from a colloquial discourse to a lit-
erate mathematical discourse by trying to employ a classroom discourse by specu-
lating on what is required from them by their teacher. They assume that the teacher 
wants the signifi er to be realized as a  volume , but they are not totally sure so, just in 
case, they also explicitly include the height to please the teacher. 

 Markus [Table  3.1 , 39:25] puts himself in a position of a snow shoveler and uses 
a colloquial discourse to describe how he assumes a snow shoveler would shovel. 
Markus assumes the shovelers would make even piles behind each goal and this 
idea is picked up by Viktor. Using another colloquial discourse argument, Markus 
emphasises  height  as the relevant realization of  big , probably based on his own 
experience of snow piles. Markus’s introduction of the new signifi er  height  meets 
no complaints or counter-arguments from Viktor. Finally, the shape of the pile or 
how the signifi er  volume  should be realized is discussed. Markus now uses a collo-
quial discourse and realizes the signifi er  volume  as square-shaped piles with rounded 
edges. Viktor takes this idea into a more literate mathematical discourse and con-
cludes that the cross sections of the piles are half circles. 

 The realization tree in Fig.  3.1  summarises and illustrates the identifi ed signifi ers 
together with their realizations. The root signifi er  big  was realized as  height  and 
 volume , realizations which as signifi ers were unpacked even further; the height real-
ized as 1.5 m; and, the volume (the mathematical model), the wanted signifi er, was 
realized fi rst as a cuboid and fi nally described in terms of a half cylinder.

   The second excerpt, see Table  3.2 , illustrates the frequently occurring  activity of 
negotiation  in the transcript. The episode depicts a negotiation about how to realize 
the relationship between a given volume of snow and the corresponding volume of 
melted water. This relationship is the key component of the model that describes the 
change in volume due to phase transition. This model (signifi er) is then used to 
calculate the weight of the snow in the piles. 

 In the beginning of excerpt 2, Viktor and Markus are engaged in a colloquial 
discourse on s now  and  water  resulting in their agreement on the volume of a snowball 

  Fig. 3.1    A realization tree 
from excerpt 1       
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being bigger than the volume of the liquid water constituting it. However, they do 
not agree on how big this difference is; how much the  decrease in volume  is, which 
here is what is analysed as a root signifi er. Markus [46:38] gives a conjecture, an 
idea how the signifi er might be realized, presumably drawing on a classroom dis-
course, that the volume decreases three times. This conjecture is tested by Viktor, 
based on his own experience of melting snowballs in glasses (a common experiment 
in Swedish pre-school). Viktor’s evaluation results in his dismissing of the conjec-
ture, which is manifested in his utterance to Markus to “be serious”. The negotiation 
continues by conjectures from Markus that the volume fi rst decreases fi ve times and 
then four times. Viktor tests these conjectures implicitly and evaluates that the vol-
ume might decrease fi ve times but not four. However, Markus is persistent and con-
tinues to use arguments about the realization of the root signifi er from a colloquial 
discourse and claims that the snowplough compacts the snow together so much that 
the volume should not decrease as much as fi ve times. Viktor then turns to the liter-
ate chemistry discourse in order to convince Markus to agree with his new sug-
gested realization. His argument is that ice expands four times (which is an estimate 
way above the correct value). This indicates that he is considering  ice  rather than 
 compacted snow  to be the relevant realization to consider. This transfer from a col-
loquial discourse to a more literate discourse convinces Markus. Viktor, who is still 
in the more literate chemistry (or physics) discourse, continues questioning Markus’s 
estimate, and realizes that  snow  and  ice  are not the same thing based on reasoning 
about properties of crystals. Markus makes a new conjecture and claims that he is 
sure that the  ice  does not expand four times. Viktor realizes, based on personal expe-
rience in the colloquial discourse of putting water into the freezer, that he must have 
made a mistake trying to invoke the chemistry discourse. Finally, they settle that the 
snow’s volume decreases four times when turned into water. Markus moves to the 
mathematical discourse and divides the total amount of snow measured in water by 
four. He obtains 50 tons and is surprised that the result became that much. 

 Figure  3.2  summarises the activity of negotiation in the realization of the root 
signifi er  decrease in volume  as this enfolded in excerpt 2. Note how the realizations 

  Fig. 3.2    A realization tree from excerpt 2       
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1/3, 1/4 and 1/5 arise reclusively by conjecture-test-evaluation processes drawing 
on different discourses in the ‘search’ for relevant discourses to be subsumed so that 
a usable realization can be made for the desirable signifi er (the model). The dis-
courses that are discussed for potential subsumption in constructing the model are 
discerned by the talk of  water ,  snow ,  ice ,  melting ,  shovelling/packing , and  ice 
expansion  respectively.

   To summarise, the analysis of the two excerpts shows that the students in this 
study use and combine a variety of discourses. The students mainly use several col-
loquial discourses to realize the signifi ers and often with explicit references to their 
personal experiences. There are also literate discourses visible in the data arising 
from mathematics, physics and chemistry. Classroom discourses are manifested in 
the values and norms on how to cooperate in school settings as well as assumptions 
about what is expected by the teacher. The realization trees presented in Figs.  3.1  
and  3.2  illustrate what type of signifi ers the students used in working on the problem 
within the particular context and how those signifi ers have been realized. Overall, 
the discerned discursive objects in this study are manifested by a variety of different 
signifi ers that come into play and were used during the modelling process. The links 
between these signifi ers constructed during the modelling activity, the realization 
tree, is a result of the interplay between what the two students brought with them 
cognitively, the communication between the two, and, the social setting in which the 
modelling activity took place. A commognitive perspective allows all these aspects 
to be addressed using one framework.  

5     Discussion and Conclusion 

 The students’ frequent use of colloquial discourses to identify and realise signifi ers 
may have several different explanations. Firstly,  The Snow Clearance Problem  was 
part of Markus’s and Viktor’s fi rst experience of modelling activities. According to 
Sfard ( 2008 ), ‘newcomers’ need help from ‘oldtimers’ to make the transition from 
colloquial discourses to be able to more fully participate in literate discourses. 
Secondly, realistic Fermi problems in themselves have inherent characteristics invit-
ing the use of colloquial discourses, especially when only a pocket calculator was 
allowed and not, for instance, the Internet or library resources. Therefore, it was not 
a surprise that the students use personal experiences as a base for their assumptions. 
This was found also by Ärlebäck ( 2009 ). Using Fermi problems for an introduction 
to modelling activities suggests the need for follow up lessons with more advanced 
modelling problems where students have access to more powerful tools and are 
offered opportunities to validate their work in order for the students to gain more 
knowledge in mathematical modelling. 

 The students’ use of classroom discourses may also be an effect of the students’ 
lack of modelling experiences; they did not know what was expected and required 
from them. However, the students seem to be somewhat constrained by the classroom 
discourses when it comes to validation of their mathematical models. For instance, 
in excerpt 1, there are hardly any refl ections made about whether the shape of the 
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snow piles as symmetric half cylinders is ‘realistic’ or not. In a classroom or tutoring 
situation, the lack of validation in the students’ conversation suggests a natural point 
for the teacher to discuss the important role and function of validation in a model-
ling activity. 

 The realization trees presented in the chapter depicting signifi ers and realiza-
tions, also indicate transitions between different discourses as well as how signifi ers 
from different discourses become associated and connected. An example of such a 
transition is the realization of the signifi er  decrease in volume . The move is made 
from colloquial discourses towards literate discourses in chemistry or physics and 
fi nally realized in a mathematical discourse as a mathematical relationship. These 
results are similar to fi ndings by Carreira et al. ( 2002 ). 

 An interesting detail in the data is how the signifi er  volume  (of snow) initially was 
realized as ‘not much’ snow in the beginning of the conversation in excerpt 1, but 
later, while arguing about the signifi er weight, it was realized as ‘lots of snow’. This 
example emphasises that specifi c signifi ers play an important role for how students 
experience potential realizations depending on measuring unit (m 3  and ton). In addi-
tion, it is notable what realistic assumptions the students make when they realize 
their model of the situation. For example, they implicitly make the assumption to 
shovel only the inside of the soccer fi eld without thinking about the consequences of 
this decision. This, again, might be a consequence of the classroom discourse. 

 From a researcher’s perspective, this fi rst attempt to use the commognitive per-
spective on mathematical models and modelling is challenging since we are all 
‘newcomers’ to this particular research discourse. Exploiting the potential benefi ts 
and pitfalls of this framework is in its infancy. Much work remains to be done. 
Commognition may also bridge and enhance understanding of different research 
perspectives on mathematical models and modelling by making differences and 
commonalities explicit and simultaneously providing a framework to relate these. 
In addition, commognition naturally facilitates conceiving mathematical modelling 
as an  interdisciplinary subject  including a number of different disciplines. For 
example, the transcripts of  The Snow Clearance Problem  facilitate discussions 
between the subjects of mathematics, physics and chemistry, respectively. By using 
a commognitive perspective on modelling, our analysis highlights how cognitive 
and social aspects simultaneously are manifested in modelling activities. 
Conceptualising modelling in terms of singling out relevant discourses in order to 
construct and develop a  subsumed discourse , manifested in related signifi ers and 
their realizations, provides a operationalisable approach to analysing the complex-
ity involved in mathematical modelling by explicitly addressing these aspects.     
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    Abstract     The term “mathematical model” or just “model” is interpreted differently 
by different people in current international discussions about mathematical modelling. 
For many, the term “model” is restricted to interpretation systems which are explicit 
objects of thought. In this chapter we ask the question, if interpretation systems 
should be considered to be models if they only function implicitly. Furthermore we 
describe characteristics of what we mean by “implicit models” – as well as possible 
transitions from implicit to explicit models, and what these transitions look like 
from a cognitive-psychological perspective.  

1        Introduction 

 There are a variety of reasons why many people have chosen to restrict the term 
“model” to interpretation systems which are explicit objects of thought. One reason 
is to encourage students to pay explicit attention to mismatches between models and 
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modelled systems, and to strengths and weaknesses of alternative models. Another 
reason is the main goal for many people is to teach modelling using the diagram 
(Fig.  4.1 ) or other cyclic diagram as a model of the processes through which models 
are developed.

   But, our own research agenda is about concept development at least as much as 
it is about modelling for its own sake and the following underlying questions – 
listed in order of priority – are of interest in both countries: United States of America 
and Germany. (1) What does it mean to “understand” any one of the most important 
concepts in the K-16 mathematics curriculum in the United States of America 
or in the Educational Standards (Mathematics) in Germany? (2) How do these 
understandings develop? (3) How can development be cultivated, documented, and 
assessed? Modelling enters into this research agenda because our theoretical 
perspective suggests that mathematical “understanding” is likely to depend on 
reasoning that is based on some kind of model (or interpretation system). 

 According to our  models and modelling perspective  (MMP) on mathematical learn-
ing and problem solving,  a model is defi ned to be a system that is used to interpret (e.g., 
describe, design, or develop) some other system – for some specifi c purpose.  The 
main characteristic that distinguishes mathematical models from (for example) physi-
cal, chemical, or historical models is that  mathematical models focus on the structural 
(or systemic) properties of the system – rather than focusing on the physical, chemical, 
or historical properties- of the systems they are used to describe, design, or develop . 

 Notice that there is nothing in the preceding defi nition which dictates that models 
must be explicit objects of attention – nor that they must function consciously rather 
than subconsciously, explicitly rather than implicitly, or formally or analytically 
rather than intuitively. In fact, our research has shown that: (a) models often develop 
along a variety of dimensions – such as concrete-abstract, particular-general, 
situated- decontextualized, simple-complex, intuitive-formal (Lesh and Harel  2003 ; 
Lesh and Yoon  2004 ), and (b) the models that are most useful in given situations are 
not necessarily those that are most abstract, most general, most decontextualized, 
most complex, or most formal (Lesh and Caylor  2007 ). For example, in contexts 
ranging from chess to mathematics teaching to business management, highly 

Meaningful 
“Real Life” 
Experiences

Mathematical
Model

Interpretation

DerivationVerification

  Fig. 4.1    Solutions to modelling problems involve multiple modelling cycle (Note: This diagram 
is not intended to imply that model development occurs along lockstep paths that always lead from 
mathematization, to derivation, to interpretation, to verifi cation – and back again for a second, 
third, or ninth modelling cycle)       
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successful decision makers often develop powerful sense-making systems which 
function much more rapidly than is possible using formal, analytic, or completely 
conscious thinking. In fact, in fi elds ranging from sports (such as basketball or ten-
nis) to performing arts (such as ballroom dancing), it is well known that too much 
conscious analysis often derails outstanding performances.

  The unconscious self ‘is not purely automatic; it is capable of discernment; it has tact, deli-
cacy; it knows how to choose, to divine. What do I say? It knows better how to divine than 
the conscious self, since it succeeds where that has failed. (Hadamard  1945 , p. 40) 

   It is a common experience to “take a break” during the solution of a diffi cult prob-
lem; and, without conscious thought, to return with a solution in hand. Or, people often 
fi nd themselves having “day dreamed” while simultaneously carrying out some com-
plex decision-making task – such as driving an automobile or a bicycle. So, it is clear 
that complex thinking and decision-making can take place without conscious thought. 
On the other hand, one effective technique that often is used to promote the develop-
ment of teachers, basketball players, dancers, or decision makers in other fi elds, is to 
analyse videotapes (or other examinable records) of past performances. However, 
when such refl ection activities are used, the goal may not be to reduce decision making 
to an algorithmic process that involves executing formal rules. Instead, even though 
skill development tends to be an important accompaniment to refl ections about com-
plex performances, the most important purpose of refl ection activities tends to be to 
develop increasingly powerful ways of thinking about (or interpreting) the situations. 

 So, even though increasing formalization and analysis may contribute to the 
development of more powerful models (or interpretation systems), the explicitly 
functioning aspects of these models tend to be like the visible tips of icebergs; that 
is, large parts of the models forever function intuitively and subconsciously. 
Furthermore, because MMP research tends to focus on situations that involve math-
ematical models-in-the-making, it has become clear that students’ early interpreta-
tions of problem solving situations often function without being explicit objects of 
thought. They are more like windows that students look through (rather than paint-
ings, or diagrams, or written notations that students look at) to make sense of exter-
nal systems. So, for the purposes of this paper:

  Intuitively functioning models are defi ned to be those in which decisions are made without 
relying on explicit, formal, and consciously functioning tools associated with relevant 
domains of knowledge. 

2        Theoretical Refl ections About “Implicit or Intuitive 
Models” 

 Starting with the metaphor that “the explicitly functioning aspects of these [implicit] 
models tend to be like the visible tips of icebergs”, this section stresses several 
aspects related to refl ections on implicit models and their importance for the teaching 
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and learning of mathematical modelling. In particular, we focus on: (a) the nature of 
“implicit models” within the modelling process (cycle), (b) the nature of transitions 
from implicit to explicit models, (c) the nature of situations where mature models 
might need to function intuitively and (d) the nature of beyond-cognitive aspects of 
mathematical models. 

2.1     The Nature of “Implicit Models” Within the Modelling 
Process (Cycle) 

 Just as the term “mathematical modelling” is discussed in ways that are signifi cantly 
different around the world (Kaiser and Sriraman  2006 ), notions about the concept 
of “model” itself also are often not easy to combine. In our sense, the concept of 
“model” is often interpreted or defi ned as a required (written, explicit, verbalised) 
product of an individual while solving a modelling problem. Looking at the several 
existing modelling cycles (see e.g., Borromeo Ferri  2006 ), one can see that there is 
a strong consensus using terms like “real model” and “mathematical model”, 
because of its embedding in the history of mathematical modelling for educational 
purposes. But what, for example, about the term “situation model”? Already in 
Germany, there has been a discussion about this term – in particular labelling it with 
“model”, because Blum and Leiß ( 2007 ) used the term “situation model” in their 
descriptions of modelling cycles. So, this term has gained more attention in discus-
sions about modelling in mathematics education. In particular, the term “situation 
model” has been used in connection with non-complex modelling problems – to be 
precise, with word problems (see Kintsch and Greeno  1985 ; Nesher  1982 ; 
Verschaffel et al.  2000 ) and has its origin in linguistics. 

 A “situation model” can be described as a mental representation of the situation, 
which is given in a word problem and that is why the fi rst author did not use “situation 
model” but “mental representation” in her modelling cycle (see Borromeo Ferri 
 2006 ). One reason for this was that a “mental representation” is a very distinct way of 
thinking about a given situation, and is affected by a variety of other personal attri-
butes and experiences and is consequently more diffi cult to share with others. Whereas 
explicit mathematical models in written or verbalised forms can be communicated 
much better. Furthermore, it often includes phases of building implicit models 
(see later). So, certain aspects of a “situation model” also can function as an implicit 
model. For example, decisions often are made without relying on explicit, formal, and 
consciously functioning tools associated with relevant domains of knowledge. 

 We believe that there are many open questions about how the term “model” 
should be interpreted in the context of modelling processes. We also think that stud-
ies investigating strengths and weaknesses of alternative perspectives are likely to 
provide productive areas of research on modelling. In particular, it may be useful to 
investigate similarities and differences between “implicit models” and “mental 
models” which have been investigated at a variety of stages of the modelling 
process as depicted in Fig.  4.2 .
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2.2        The Nature of Transitions from Implicit to Explicit Models 

 Considerations about transitions from implicit to explicit models raise a variety of 
issues that warrant investigation. For example, if we assume implicit models are on 
an unconscious level and that explicit models are more conscious and can be better 
communicated to others, then, taking a cognitive development perspective (see e.g., 
Vygotsky, Piaget, Aebli), it may be true that implicit models are especially impor-
tant for younger children, or for older students who are at early stages in the devel-
opment of specifi c models, or for students who are functioning at lower cognitive 
levels. For example, for problem solvers and decision makers ranging from primary 
school children through economists in business communities, it is clear that early 
interpretations of situations often function implicitly. So, how and why do transi-
tions from implicit to explicit models occur? What enables problem solvers to 
recognise the need for such transitions? How can students become aware of model-
reality mismatches if the models themselves are not functioning as explicit objects 
of thought? Similarly, how can students learn about modelling processes if relevant 
models are not explicit objects of thought? Or, can several partial models function 
intuitively and at the same time? And, if so, how can model-model mismatches 
be detected? 

 Before discussing such questions, it is useful to reconsider the two quotes from 
Hadamard that we cited earlier. Hadamard’s intensive work and observations about 
unconsciousness and “fringe-consciousness” in the fi eld of mathematics is informa-
tive. He was asking his mathematics colleagues how they form new “creative ideas” 
(see Hadamard  1945 , p. 34f). In his thinking about how mathematicians discover 
mathematics he was especially interested in how these ideas or thoughts become 
conscious – and how they came to be communicated. So he, like us, was interested 
in how mathematical concepts are developed for any age group. He was especially 
interested in how they begin to emerge at early stages – and at unconscious levels. 

 We agree with Hadamard when he said that “the very fact that it is unknown to 
the usual self gives to it such an appearance of mystery” Hadamard  1945 , p. 21. 
“Fringe-consciousness” and consciousness, speaking in the sense of Hadamard 
( 1945 , p. 38), “are so close to each other, exchanges between them are so continuous 

Meaningful 
“Real Life” 
Experiences

Mathematical
Model
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  Fig. 4.2    Solutions to modelling problems include “implicit models”       
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and so rapid, that it seems hardly possible to see how they divide their roles” – we 
think it could be the same (mental) phenomenon getting from implicit to explicit 
models. 

 In another example, Hadamard refers ( 1945 , pp. 35–36) to a chemist

  who, after half an hour, realized that he had been working on a question without being 
aware that he was doing so, and in such abstracted state of mind that during that time he 
forgot that he had already taken a bath and was taking a second one: a special case of uncon-
scious process, as the thinker was not conscious of his mental work while it was going on, 
but perceived it when ended. 

   This example again illustrates an important way that thought sometimes func-
tions; and, it also is relevant to transition questions that arise when we consider the 
stage of the so-called “fringe-consciousness” in model development. As an interpre-
tation system becomes more explicit:

  At a fi rst glance ideas are never in a more positively conscious state than when we express 
them in speaking. However, when I pronounce one sentence, where is the following one? 
Certainly not in the fi eld of my consciousness, which is occupied by sentence number one; 
and nevertheless, I do think of it, and it is ready to appear the next instant, which cannot 
occur if I do not think of it unconsciously. (Hadamard  1945 , p. 24) 

   Already, that could be the stage when an individual developed a “real model” or 
a “mathematical model” – because he or she is aware of his or her actions. From a 
cognitive-psychological point of view the mentioned thoughts can be very helpful, 
although we do not know how the interpretation systems function implicitly.  

2.3     The Nature of Situations Where Mature Models Might 
Need to Function Intuitively 

 In what kind of problem solving situations are intuitively functioning models likely 
to be needed? Answers to this question include: (a) situations in which sense- 
making systems must function much more rapidly than is possible using formal, 
analytic, or completely conscious thinking, or (b) situations in which the amount of 
information that needs to be taken into account exceeds the processing power of 
available models. These characteristics often occur for problems in which there is 
more than a single “agent” or situations that cannot be described adequately using 
only a single function (or input-output rule). For example, the problem may involve 
feedback loops in which A sends data or information to B, B sends data or informa-
tion to C, and C sends data or information back to A. Or, it may involve even simpler 
feedback loops in which A sends data or information to B, and B sends data or 
information back to A. Or, it may involve situations in which many “agents” interact – 
like cars on streets through a city. (see also Lesh and Doerr  2003 ; Lesh and 
Zawojewski  2007 ) 

 One such situation occurs in the “beer game” which is a famous simulation or 
“case study” that in often used in graduate schools offering degrees in business 
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management. The beer game involves a producer, a distributor, and a seller; and, 
one characteristic that makes it interesting in that, if each of the “agents” acts in a 
way that is greedy (by maximizing personal profi ts without regard for others), then 
everybody loses. But, if everybody thinks of the system-as-a-whole, then everybody 
can win – and the system-as-a-whole can function in a way that is stable (with no 
“crashes” in which some key player loses, as in predator-prey situations in which 
one extinct species leads to another and another). 

 Unfortunately, mathematics problems with the preceding kinds of characteristics 
almost never occur in school textbooks – where: (a) most of the problems can be 
solved using only a single one-way function, and (b) issues involving maximisation, 
minimisation, or stabilisation never arise (perhaps because of the obsolete belief 
that such problems cannot be solved without the use of calculus). Yet, today, a wide 
range of such problems can be solved quite readily using a few basic mathematical 
concepts and a modern graphing calculator. Furthermore, many elegant simulations 
of such systems can be downloaded from reliable internet sites.  

2.4     The Nature of Beyond-Cognitive Aspects 
of Mathematical Models 

 When students develop mathematical interpretations (or models) of problem solv-
ing or decision making situations, they do not simply engage conceptual systems 
that are purely logical or mathematical. They also engage feelings, dispositions, 
attitudes, beliefs, and a variety of metacognitive functions. Many of these beyond- 
cognitive attributes function without conscious thought – but function whenever the 
logical-mathematical aspects of the model are functioning. So, what is the instruc-
tional value of treating the development of beyond-cognitive attributes as part of 
mathematical model-development? 

 Like Skemp ( 1987 , p. 35f), we believe in a high instructional value of emphasiz-
ing the development of beyond-cognitive attributes. Due to the fact that there are a 
great many beyond-cognitive attributes, we mention here for example (mathemati-
cal) beliefs (see e.g., Opt’ Eynde et al.  2002 ; Pekhonen and Törner  1996 ; Schoenfeld 
 1992 ) as an important infl uencing factor on modelling. Beliefs are, roughly charac-
terised, an affective domain. In the meantime the research on beliefs has changed 
from broadly defi ned attitudes to more specifi c sub-categories, such as beliefs about 
mathematics education (mathematics as a subject, mathematical learning and prob-
lem solving, mathematics teaching in general), beliefs about self or beliefs about the 
social context. Maaß ( 2004 ; see also Kaiser and Maaß  2007 ) demonstrated in her 
empirical year-long study, that many students of grade seven changed their mathe-
matical beliefs. In particular the usefulness of mathematics was an important aspect 
for the students, which they did not recognise before and which caused more motiva-
tion for learning mathematics. Also, a lot of other studies in the last years came to 
these results. In this section our hypothesis is that encouraging students in their 
beyond-cognitive attributes could enhance the general “willingness for mathematical 
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modelling activities” (see Fig.  4.3 ). In our view the following aspects could be a 
strong basis for beyond-cognitive attributes being a part during model development:

•    If individuals should experience the diversity of mathematics (this also means 
different kinds of mathematical problems), then conceptual systems could be 
handled more  fl exibly  for building mathematical models.  

•   If individuals have learned to talk and refl ect about mathematics and their own 
way of understanding mathematics, then the modelling process could be handled 
more  goal-oriented .  

•   If individuals were aware of the fi rst mentioned points and then trust in their 
intuition when they approach a (modelling) problem, then interpretation systems 
could function as implicit models with a  match  to a successfully built mathemati-
cal model.    

 In such studies, it has become clear that theoretical refl ections about “implicit” or 
“intuitive” models have a broad spectrum, but have a strong focus on psychological 
theories concerning unconsciousness. We pointed out four aspects about the nature 
of “implicit models” in order to give some more food for thought in this direction.   

3     Summary and Conclusion 

 In this chapter, our aim has been to sort out a variety of issues related to the general 
question of whether interpretation systems should be considered to be models if 
they only function implicitly. Like the process of model development in general, we 
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believe that there is no single correct answer to our question. There are both strengths 
and weaknesses associated with a variety of perspectives. But, when considering 
“implicit models”, four issues that appear to be especially signifi cant involve: 
(a) the nature of “implicit models” within the modelling process (cycle), (b) the 
nature of transitions from implicit to explicit models, (c) the nature of situations 
where mature models might need to function intuitively and (d) the nature of 
beyond- cognitive aspects of mathematical models. 

 We illustrate our conclusion in Fig.  4.3 :
   In the context of model-eliciting activities (MEAs) that we have investigated 

in our research, the diagram emphasises parallel and interacting developments 
between the “explicit modelling world of an individual” (right side of the fi gure) 
and on the other hand a fuzzy “implicit and intuitive modelling world of an indi-
vidual” (left side of the fi gure). The fi rst stage when working on a modelling elicit-
ing activity or another complex modelling problem in every kind of area is this 
fuzzy “implicit modelling world” including cognitive aspects and beyond-cognitive 
attributes which infl uence each other in several (unconscious) ways. Cognitive 
aspects comprise general abilities for modelling, which means in particular mathe-
matical abilities and modelling competencies and thus are necessary for developing 
an adequate mathematical model. At the same time these cognitive aspects are infl u-
enced by beyond-cognitive attributes such as beliefs and feelings, which in turn 
build a basis for general willingness dealing with the MEA at all. It is impossible to 
reconstruct these mental actions of an individual. But these interpretation systems 
within this fuzzy unconscious world are the bricks for the upcoming mathematical 
model in the “explicit modelling world” through the fringe-consciousness and 
fi nally consciousness. The match or the mismatch of the interpretation systems 
developed in the implicit world as an implicit model with the mathematical model 
in the explicit world cannot be investigated, because it disappeared in the mystery 
of the unconsciousness:

  The unconscious self ‘is not purely automatic; it is capable of discernment; it has tact, deli-
cacy; it knows how to choose, to divine. What do I say? It knows better how to divine than 
the conscious self, since it succeeds where that has failed. (Hadamard  1945 , p. 40) 
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    Abstract     In this chapter, we present part results of an empirical study on tensions 
in discourses manifested by teachers when they implemented mathematical model-
ling in the pedagogic practices. The focus is on analysing the tension of students’ 
mathematical performance. Using Bernstein’s theoretical frame, we followed three 
teachers from the lower secondary school level from Brazilian public schools. These 
teachers were videotaped during their modelling-based lessons. The nature of the 
research analysis is qualitative. The procedures used for collecting data were obser-
vations accomplished through recordings of lessons, interviews after each lesson 
and teachers’ narratives on their lessons. The results have shown that the tension of 
students’ mathematical performance is related to what and how to teach mathemati-
cal content in the modelling environment, when students do not have a mathemati-
cal performance to solve problems from daily life situations.  

1         Introduction 

 Mathematical modelling has been one of the ways to promote the connections of 
everyday life in the classroom. We defi ne  mathematical modelling  as a learning envi-
ronment where students are invited to solve problems from daily life, professional 
areas or situations in scientifi c disciplines, through mathematics (Barbosa  2006 ). 
By  learning environment , we mean the social conditions provided to students for the 
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development of some activities (Skovsmose  2001 ). The problem that students are 
asked to formulate and/or solve about daily life, professional areas or situations in 
other disciplines is a  mathematical modelling task . 

 Recent studies have discussed how mathematical modelling demands specifi c 
actions from students and teachers to address daily situations in the classroom: 
interventions in the students’ modelling process (Leiß  2005 ), the pedagogical 
knowledge for teaching modelling (Doerr  2006 ,  2007 ; Doerr and English  2006 ), 
classroom activities and type of teaching patterns through modelling (Antonius 
et al.  2007 ) and mathematical thinking styles (Borromeo Ferri and Blum  2010 ). 
Regarding these discussions questions arise: How have teachers engaged their stu-
dents to work on mathematical modelling tasks in mathematics lessons? How have 
teachers worked mathematical content while engaging their students in modelling 
tasks? Empirical evidence on teachers’ pedagogic practices in mathematical model-
ling is still scarce, especially regarding studies that examine what happens when 
using mathematical modelling in school settings. 

 In this chapter, we will examine  tensions in discourses  when teachers engaged 
learners in mathematical modelling tasks in their classrooms through an analysis of 
teachers’ discourses based on Bernstein’s theoretical framework. We defi ne  dis-
course  as an oral or written text produced by an individual in a specifi c social con-
text. In particular, we focus on  the tension of students’ mathematical performance  
when teachers implemented mathematical modelling in the pedagogic practices.  

2     Tensions in Discourses 

 In this study, Bernstein’s theory ( 1990 ,  2000 ) is employed to highlight the tensions in 
teachers’ discourses when they engaged learners in mathematical modelling tasks in 
the pedagogic practices. Empirical studies have suggested that teachers play a crucial 
role in ensuring the implementation of modelling in the pedagogic practices (Doerr 
 2006 ,  2007 ; Doerr and English  2006 ). Bernstein ( 1990 ,  2000 ) uses the term  pedagogic 
recontextualising  for the movement of a discourse from its original site to a pedagogic 
site. To understand the process of pedagogic recontextualising, we will use Jablonka’s 
( 2007 ) description of mathematics, as a school subject: 

mathematics is a highly specialised activity that consists of a range of practices, some 
of which employ sophisticated tools and sign systems. The recontextualisation of parts of 
those practices establishes the school subject mathematics as it is defi ned in curriculum 
documents (p. 194).

This recontextualising process involves the selection of those practices and their 
relocation into school mathematics that it is operated by a  pedagogic discourse.  

 Bernstein ( 1990 ) defi ned  pedagogic discourse  as a principle for the selection of 
discourses that are relocated according to their own order. It is “a principle for 
appropriating other discourses and bringing them into a special relation with each 
other for the purpose of their selective transmission and acquisition” (pp. 183–184). 
The notion of discourse as text, presented in the introduction, is different from the 
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concept of pedagogic discourse which is a principle, because pedagogic discourse 
“cannot be identifi ed with any of the discourses it has recontextualized” (p. 184). In 
this sense, once everyday life situations are moved to the classroom by teachers 
through pedagogic recontextualising, the pedagogic discourse selectively relocates 
and refocuses them in agreement with the rules present in the pedagogic practice. In 
addition, pedagogic discourse places them in a special relationship with other dis-
courses to constitute its own order. Thus, the movement of everyday life situations 
for classroom practice is regulated by rules that have already been socially estab-
lished and legitimated in this pedagogic context. 

 Doerr ( 2006 ) examined the ways in which teachers identifi ed, interpreted and 
responded to students’ work with modelling tasks. The results suggested that teach-
ers develop sophisticated schemas to understand the diversity of students’ ways of 
thinking. Teachers’ actions supported students’ engagement in the task and led them 
to review and refi ne their own mathematical thinking. Similarly, the results in Leiß’s 
study ( 2005 ) pointed out that teachers’ interventions were important in terms of 
facilitating student understanding of the problem, fi nding an appropriate model 
for the situation and refl ecting on the model. These results mean that promoting 
modelling in the classroom has provoked some change in the pedagogical relationship 
between teachers and students. 

 In Brazil and in many countries, teachers have had contact with mathematical 
modelling through teacher education programmes (in-service or pre-service), results 
from research in the community of mathematics education, conferences, which are 
pedagogic recontextualising fi elds, as named by Bernstein ( 2000 ). The discourse on 
modelling, that is moved by teachers from a pedagogic recontextualising fi eld to the 
classroom (defi ned as a fi eld of reproduction) is a specialised discourse, named by 
Barbosa ( 2006 ) as  school mathematical modelling.  

 Bernstein ( 1990 ,  2000 ) uses two concepts to stress relations of power (classifi cation) 
and control (framing) in the pedagogic practice. Classifi cation embodies power 
relations between different categories, as for example, kinds of discourses. It is 
defi ned by the space between categories that are maintained by power relations. 
This space is defi ned by Bernstein ( 2000 ) as  insulation . On the other hand, framing 
regulates relations within a context. It refers to different forms of legitimating com-
munication in any pedagogic practice. Framing refers to control of communication 
(selection, sequencing, pacing and criteria) in pedagogic relations, as for example, 
between teachers and students. 

 According to Bernstein ( 2000 ), classifi cation establishes  recognition rules  that 
regulate what meanings are relevant in a context, and framing establishes  realisation 
rules  that regulate how the meanings are to be put together to create the legitimate text 
according to this context. Bernstein ( 2000 ) defi nes  legitimate text  as any realisation 
on the part of the acquirer which is evaluated. In short, “classifi cation provides us 
with the limits of any discourse, whereas framing provides us with the form of the 
realisation of that discourse” (Bernstein  2000 , p. 12). Lerman and Zevenbergen ( 2004 ) 
argue that school mathematics is a specialised discourse with strong classifi cation 
and framing, because “it is often taught as a discipline quite distinct from others, and 
taught in a way where there is an emphasis on specialised skills” (p. 29). 
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 Regarding Bernstein’s theoretical frame, what happens when mathematical 
modelling is moved to the classroom? How have teachers moved it to the school 
context? We used the aforementioned concepts to understand how teachers have 
engaged learners in mathematical modelling tasks in the pedagogic practices. Doerr 
( 2006 ) and Doerr and English ( 2006 ) have argued that understanding teachers’ 
knowledge means knowing how teachers interpret their pedagogic practices in the 
classroom, and how and when those interpretations infl uence decisions and actions 
in the classroom. “It is precisely teacher’s interpretations of a situation that infl u-
ence when and why as well as what it is that the teacher does” (Doerr  2006 , p. 5). 

 Empirical studies have discussed teachers’ dilemmas and uncertainties when using 
modelling in the classroom (Blomhøj and Kjeldsen  2006 ; Doerr and English  2006 ). 
Some teachers’ dilemmas pointed out by Blomhøj and Kjeldsen ( 2006 ) are: under-
standing of the phases in the modelling process from a holistic point of view or as an 
inner part of the modelling process to work the mathematical content; the goal of 
modelling as an educational one or as a mean for motivating and supporting the stu-
dents’ learning of mathematics; and how to develop students’ autonomy when work-
ing with projects. Doerr and English ( 2006 ) identifi ed teacher uncertainty with how 
students can develop mathematically viable solutions. This uncertainty is related to 
the teachers’ legitimate action in promoting modelling in the pedagogic practice. It 
constituted a kind of tension between how to develop the task and the uncertainty of 
which solutions the students might develop to solve the problem. These dilemmas and 
uncertainties might be seen as results of trying to place a new discourse in the peda-
gogic practice. 

 Based on Bernstein’s theory, we use the expression  tensions in discourses  to 
understand how teachers engage learners in mathematical modelling tasks in the 
pedagogic practices.  Tensions in discourses  are manifested by teachers through con-
tradictions, cleavages and dilemmas that are constituted because of the space 
between categories (present discourses in the pedagogic practice and a new dis-
course in the pedagogic practice). “The classifi catory principle creates order, and 
the contradictions, cleavages and dilemmas which necessarily inhere in the princi-
ple of a classifi cation are suppressed by the insulation” (Bernstein  2000 , p. 7). In 
this sense, discourse on modelling is moved to the classroom through a pedagogic 
recontextualising process. As a result, it might change the values of classifi cation 
(what can be said) and framing (how it can be said) in a mathematics lesson. 

 It means that  tensions in discourses  might be interpreted in terms of a recontextu-
alising process, because taking a new discourse into the classroom involves crossing 
the insulation between its original site and a pedagogic site. This new discourse is 
positioned by the pedagogic discourse, presenting a discontinuity in relation to the 
present discourses in the pedagogic practice. This discontinuity is justifi ed by the 
insulation among discourses that are positioned in the pedagogic practice. In this 
sense,  tensions in discourses  can be identifi ed when there are characteristics of dis-
courses that had been consolidated and legitimated in the pedagogic practice and 
discourses that have been brought into it. The expression  tensions in discourses  has 
its origin in the discontinuity among legitimate discourses and a new discourse posi-
tioned by the pedagogic discourse, when teachers decide what can be said in the 
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pedagogic practice when using mathematical modelling and how it can be said. This 
discontinuity is manifested in the teachers’ discourses through contradictions, cleav-
ages and dilemmas which occur in specifi c moments in the pedagogic practice and 
shows the tensions in discourses that are denominated  situations of tension .  

3     Context and Methodology 

 The research context was the fi rst modelling experience of three lower secondary 
school level teachers from public schools in the Northeast of Brazil. The teachers 
who developed modelling-based lessons were Boli, Maria and Vitoria (pseud-
onyms). Each of them has been teaching for more than 14 years in public schools 
with classes of disadvantaged students. The teachers organised the modelling envi-
ronment according to what Barbosa ( 2003 ) calls Case 2; in other words, teachers 
present a problem and students are required to collect and investigate data. The 
teachers elaborated some tasks during the development of the modelling environ-
ment. They then presented some problems with quantitative and qualitative data and 
students solved them (framed in Case 1 Barbosa  2003 ). Each teacher’s lesson was 
organised in small student groups, who solved the teacher assigned tasks. 

 At the time of data collection, the teachers were fi nishing a training program for 
non-certifi ed teachers at the State University of Feira de Santana. The fi rst author of 
this chapter was a lecturer for them in two semesters devoted to mathematical mod-
elling. They, and their colleagues, engaged in the approach of using problems from 
daily situations and in the development of modelling projects by themselves, as well 
as in the implementation of modelling in their classrooms. 

 The research was framed according to the qualitative perspective (Denzin and 
Lincoln  2005 ), because its purpose was the analysis of the tensions in discourses 
when teachers were using modelling in pedagogic practices. Each teacher was vid-
eotaped during the modelling-based lessons. The videotaping focused on the teacher 
and the interactions between teacher and students and these videotapes were tran-
scribed. After each lesson, interviews were conducted with each teacher that 
described how the modelling task was developed. The interviews were also recorded 
and transcribed. The teachers wrote narratives about each lesson and these were 
analysed. With the purpose of producing theoretical understandings, based on the 
collected data and guided by a research question, the teachers’ pedagogic practices 
were analysed in terms of the relationships between agents (teachers and students) 
and discourses that were present in the pedagogic practice as well as discourses on 
mathematical modelling moved into the pedagogic practice. 

 The analysis of data had some inspiration in the analytical procedures of grounded 
theory (Charmaz  2006 ), namely, the elaboration of codes and categories of the tran-
scribed data. The analysis of data occured in three phases. In the fi rst phase, the tran-
scripts of the videotapes and interviews, as well as teacher narratives on their lessons 
were read. The second phase was identifi cation of extracts. These extracts are pieces 
of data from the interviews, class videotapes and teacher narratives. Following this, 
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each extract was read, line by line, and we used an open- ended coding of the tensions 
in discourses that we identifi ed in the teachers’ pedagogic practice. In the third phase, 
we classifi ed the codes into general categories and we were able to understand the 
focus of the study by integrating the results from literature and Bernstein’s theory.  

4     The Tension of Students’ Mathematical Performance 

 To investigate the focus of this study, we examined the pedagogic practices of three 
teachers (one male and two female) through an analysis of their discourses. The 
study focuses on analysis of the  tension of students’ mathematical performance  
when teachers have implemented mathematical modelling into their classroom 
practice. In this section, we will present this tension in discourses that we identifi ed 
in teachers’ pedagogic practices. 

 The teachers introduced real problems 1  in their lessons and the students had dif-
fi culties in solving them, because they did not understand how the mathematical 
content could be used, that is, they were not able to produce a legitimate text to make 
the modelling task .  The teachers did not expect that their students would show diffi -
culties in using previous mathematical content to solve the problems. As well they 
did not expect that the students would not use other content to solve these problems. 
In other words, teachers wanted to know what can be done and how it can be done 
when the students are not able to solve the modelling task, because they have diffi -
culties in using the mathematical content to solve it. This tension was identifi ed when 
the teachers had decided how to approach (previous and new) mathematical content 
when modelling was implemented in the pedagogic practices. In this section, we 
present three  situations of tension  to discuss how each teacher understood and dealt 
with the  tension of students’ mathematical performance  during the modelling task. 

4.1     Situation of Tension 1: Students Making Mistakes 
in Mathematical Procedures 

 Teacher Boli implemented a modelling task entitled  Basic Basket of Goods  in two 
classes (Year 9) in the lower secondary level (see de Oliveira and Barbosa  2010  for 
further detail). He organised modelling in several phases, such as discussing the 
theme, introducing a problem, defi ning the products and quantities of a basic basket, 
students working in groups, students getting information to solve the problem, 
defi ning families’ expenses, making calculations and comparisons, and drawing 
graphs. He used part of the lessons that were to be dedicated for the modelling task 
to deal with student diffi culties in relation to previous mathematical content 
required to solve the problem. This situation of tension happened in Boli’s class 

1    We use “real problem” to mean a problem from daily life or situations in scientifi c disciplines.  
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when he asked the students who were organised in groups to present their calculations 
of the costs of a family, having as parameter the minimum wage. He asked that 
each group write their table on the whiteboard with the expenses and their percent-
ages: “What could you see here for each percentage calculation in relation to the 
expenses of a family with these expenses?” Then, Boli discussed the values found 
by the groups and asked students to explain the observed values. At this point, he 
noted that some calculations were incorrect. In the interview, he commented on the 
incorrect calculations of the students:

  Boli:  I observed that the calculations were wrong and they remade them again. I was 
concerned with the high values that they had found. […] When students had 
errors, I had to stop everything and they did the calculations again. I guided 
each group how to do the calculations. Then, I asked that they calculate the 
percentage of each item relative to the minimum wage. So, I noticed that 
almost all students did not know rule of three and percentage .  

   Boli was concerned about the incorrect calculations of the students. This situa-
tion indicated that students could not solve the task because they did not know the 
mathematical content required in the proposed problem. Boli requested that the 
students do the calculations again. After that, he followed the groups doing the cal-
culations and explained the required content in the solution of the problem.  

4.2     Situation of Tension 2: Students Unable 
to Solve the Problems 

 Teacher Maria implemented a modelling task entitled  Analyzing Water Bills  in a 
Year 6 class at the lower secondary level. She organised it in some phases, such as 
discussing the theme, introducing a problem, students working in groups, students 
getting information, analysing tables, making calculations and comparisons. She 
noticed that her students had stopped developing the task, because they did not 
know how to use the mathematical content to solve the problem. This situation of 
tension arose in Maria’s class when her students were solving problems about the 
waste of water for household chores: washing clothes, watering the garden, washing 
dishes, washing the sidewalk, washing the car. She noted her students were not solv-
ing the problems. She asked: “Why are you not doing something?” A student 
answered: “Teacher, we have no idea how to start doing something”. In the inter-
view, Maria commented on students’ diffi culties in solving the problems proposed:

  Maria:  […] I was worried because most of the students stopped doing the task. 
What will I do now? Can I explain it to them? I was observing the groups 
answer the questions and I noticed the big problem they had when making 
the calculations. Then, I decided to show them, on the whiteboard, how to 
solve one of the problems. After that, I thought they started working more 
easily and they made the calculations without great efforts. 
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   Maria was concerned about how she could intervene to help her students when 
they had diffi culties in using mathematical content to solve the modelling task. Her 
students did not solve the problem, because they did not know which mathematical 
content could be used to solve it. As she did not know how to intervene to help her 
students, she asked the lecturer for help to work with the students’ diffi culties. After 
the lecturer explained that she could intervene and help the students, Maria explained 
to the students how to solve one of the problems.  

4.3     Situation of Tension 3: Students Not Using New 
Mathematical Content Taught by Teacher 

 Vitoria implemented a modelling task entitled  The Minimum Wage and a Family’s 
Cost of Living  in a Year 8 class at the lower secondary level. She organised it as 
follows: discussing the theme, introducing a problem, defi ning families’ expenses, 
students getting information, establishing the products and quantities of a basic 
basket of goods, collecting data, making calculations and comparisons, and elabo-
rating tables. A tension situation arose in Vitoria’s class when she tried to approach 
new mathematical content required in the resolution of the proposed task. She tried 
to work with other mathematical content, but her students had diffi culties to use 
this other content to solve the problem. She explained that they had diffi culties, 
because they had no contact with the content before the modelling task. Thus, she 
wanted to know how to work on new mathematical content in the modelling task. 
The following extract shows this:

  Vitoria:  I don’t know what contents we will work with the modelling task. Students 
have many diffi culties, as for example, with graphs. They do not know what 
a graph is. I wanted to work with graphs and other mathematical contents. 
I have worked until this moment with operations and percentage. I have 
diffi culties to explain other contents with students. I don’t know how to 
work them, because students do not know the other contents. I imagine this 
problem will request “function” and I think I will be able to work with it. 
[…] I tried to work with graph, but they have no notion of what a graph is. 
I tried to make a graph on the expenses but… I explained [to] them how to 
make a graph, but they had many diffi culties. 

   We noticed that Vitoria admitted that she did not know how to approach new 
content in the modelling task. Nevertheless, she tried to approach new content, but 
her students had diffi culties to understand it and to use it to solve the problem. Due 
to this situation, she argued that the students need to have previous knowledge of the 
content that will be used in the modelling task. She was concerned about how to 
approach new mathematical content in a modelling task.   
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5     Conclusion and Implications 

 In this study, we present extracts that refer to a tension in teachers’ discourses: the 
 tension of students’ mathematical performance . We now discuss how this tension 
has been constituted while the teachers developed mathematical modelling in 
 pedagogic practices. 

  Students making mistakes in mathematical procedures ;  students unable to solve 
the problems  and  students not using new mathematical content taught  were three 
situations of tension that represented students’ actions in the modeling environment. 
These situations have blocked following the task at the time that teachers accompanied 
the students to solve problems. In relation to Boli, the students used incorrect 
procedures to solve the problem and he had to explain the content required in the 
task and already studied by students in previous lessons. Maria’s students were 
unable to mobilise any mathematical content already studied in previous years to 
solve the problems. Vitoria’s students were unable to use new mathematical content 
worked during the modelling task. They failed to mobilise this new content in solv-
ing the problem. These students’ actions refer to their  mathematical performance . 
Students’  mathematical performance  is related to mathematical procedures and use 
of mathematical content to deal with the problem. 

 The teachers introduced real problems in the pedagogic practices and the students 
had diffi culties to solve them, because they did not understand how to use the math-
ematical content to solve the problems and they were not able to produce a  legitimate 
text  (Bernstein  2000 ) for the development of the modelling task .  They had encoun-
tered diffi culties in solving problems from daily life situations. How do we address 
the students’ diffi culties to solve these problems? How do we teach (previous and 
new) mathematical content? These questions represent discontinuities in relation to 
the present discourses and a new discourse (the discourse of mathematical model-
ling) in the pedagogic practice. These discontinuities refer to  the tension of students’ 
mathematical performance . This tension refers to the discontinuity in relation to 
what and how to deal with mathematical performance in the modelling environment. 
Due to that tension, the teachers wanted to know how to work the mathematical con-
tent, before or during the modelling task; how to work new mathematical content; 
how to work the students’ diffi culties with mathematical content, in other words, 
what to do and how to approach the mathematical content in the modelling environ-
ment. To deal with this tension they had worked the previous and new mathematical 
content in the development of the modelling task in their lessons. Antonius et al. 
( 2007 ) point out that it is a timing dilemma as to when teachers work on mathemati-
cal content related to the theme of the modelling task, that is, to decide to approach 
the mathematical topics before, during or after the task. 

 Implications of the research are fi rstly understanding how  tensions in discourses  
can contribute to the teachers’ professional development when teachers produce 
actions and strategies to deal with them; and secondly for practice teaching education 
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programmes in mathematical modelling need to discuss tensions in discourses to 
support teachers in implementing this learning environment in the classroom. 
Thus, tensions in discourses can provide opportunities for teachers to realize actions 
and strategies to implement mathematical modelling in the pedagogic practice.     
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Abstract  The application of ethnomathematical techniques and tools of modelling 
allows us to examine systems taken from reality and offers insight into forms of 
mathematics done in a holistic way. The pedagogical approach that respects a diver-
sity of cultural forms of mathematics is best represented through ethnomodelling, 
which is a process of translation and elaboration of problems and the questions taken 
from reality. We would like to broaden the discussion of possibilities for the inclu-
sion of ethnomathematics and associated ethnomodelling perspectives that respect 
the social diversity of distinct cultural groups with guarantees for the development of 
understanding different ways of doing mathematics through dialogue and respect.

1  �Introduction

Culture and society considerably affect the way individuals understand mathemati-
cal ideas and concepts. Research in ethnomathematics has demonstrated how math-
ematics has grown from the many diverse and distinct cultural traditions that 
comprise human activity over time. In this regard, all cultural groups have devel-
oped unique ways of incorporating mathematical knowledge and have often come 
to represent given cultural systems, especially in ways that cultural groups quantify 
and use numbers, incorporate geometric forms and relationships, and measure and 
classify objects (D’Ambrosio 1990).

Each cultural group has developed unique and distinct ways to mathematise their 
own realities (Rosa and Orey 2006). Mathematisation is a process in which individu-
als from different cultural groups have developed mathematical tools that can help 
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them to organise, analyse, comprehend, understand, model, and solve problems 
located in real-life contexts. These tools allow for identification and description of 
mathematical ideas, procedures, and practices by schematising, formulating, and 
visualising a problem in different ways, discovering relations and regularities, and 
translating real world problems to mathematical ideas through mathematisation.

Inclusion of a diversity of ideas brought by students from other cultural groups 
can give confidence and dignity to students, while allowing them to see a variety of 
perspectives and provide a base for learning academic-Western mathematics 
(Bassanezi 2002). Equally important is the search for alternative methodological 
approaches. One alternative methodological approach is ethnomodelling (Rosa and 
Orey 2010), a practical application of ethnomathematics, and which adds the cul-
tural perspective to modelling concepts.

When justifying the need for a culturally bound view on mathematical model-
ling, our sources are rooted in the theory of ethnomathematics and modelling 
(Bassanezi 2002; D’Ambrosio 1990; Rosa and Orey 2003). Research on culturally 
bound modelling ideas seeks to address the problem of mathematics education in 
non-Western cultures by bringing the cultural background of students into the tradi-
tional curriculum (Rosa and Orey 2010).

2  �Ethnomathematics

Ethnomathematics as a research paradigm is wider than traditional concepts of 
mathematics, ethnicity or any current sense of multiculturalism. Ethnomathematics 
is described as the arts and techniques (tics) developed by individuals from diverse 
cultural and linguistic backgrounds (ethno) to explain, to understand, and to cope 
with their own social, cultural, environmental, political, and economic environ-
ments (mathema) (D’Ambrosio 1990). Ethno refers to distinct groups identified by 
cultural traditions, codes, symbols, myths, and specific ways of reasoning and infer-
ring. Detailed studies of mathematical procedures and practices of distinct cultural 
groups most certainly allow us to further our understanding of the internal logic and 
mathematical ideas of diverse groups of students.

Ethnomathematics is the intersection of cultural anthropology, mathematics, and 
mathematical modelling, which is used to help students understand and connect 
diverse mathematical ideas and practices found in their communities to traditional-
academic mathematics (Fig. 6.1).

Ethnomathematics, as well, is a program that seeks to study how students have come 
to understand, comprehend, articulate, process, and ultimately use mathematical ideas, 
procedures, and practices that enable them to solve problems related to their daily activi-
ties. This holistic context helps students to reflect, understand, and comprehend extant 
relations among all components of systems under study. In this regard, educators should 
be empowered to analyse the role of students’ ethnoknowledge in the mathematics class-
room (Borba 1990), which is acquired by students in the process of pedagogical action 
of learning mathematics in culturally relevant educational systems.
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3  �Ethnomodelling

Ethnomodelling is the process of the elaboration of problems and questions that 
grow from real situations, which form an image or sense of an idealised version 
of the mathema. According to Rosa and Orey (2006), the focus of this perspective 
essentially forms a critical analysis of the generation and production of knowl-
edge (creativity), and forms an intellectual process for its production, the social 
mechanisms of institutionalisation of knowledge (academics), and its transmis-
sion (education). D’Ambrosio (2000) affirmed that “this process is [called] mod-
elling” (p. 142). By analysing reality as a whole, ethnomodelling allows those 
engaged in the modelling process to study systems of reality in which there is an 
equal effort to create an understanding for all components of the system as well as 
the interrelationships among them (D’Ambrosio 1993).

The use of modelling as pedagogical action for an ethnomathematics program 
values students’ previous knowledge and traditions (Rosa and Orey 2007). This 
is done by developing student capacity to assess and translate daily phenomena 
and by elaborating mathematical models in their different applications. The eth-
nomodelling process starts with the social context, reality, and interests of stu-
dents and not by enforcing a set of external values and decontextualised 
curricular activities without meaning for the students. This process is defined as 
“the mathematics practiced and elaborated by different cultural groups, which 
involves the mathematical practices present in diverse situations in the daily 
lives of diverse group members” (Bassanezi 2002, p. 208). In this regard, ethno-
modelling uses mathematics as a language for understanding, simplification, 
and resolution of problems.

Ethnomathematics

Mathematical
Modelling

Mathematics

Cultural
Anthropology

Fig. 6.1  Ethnomathematics as an intersection of three research fields (Rosa 2000)
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3.1  �Ethnomodels

We define ethnomodels as cultural artefacts that are pedagogical tools used to facilitate 
the understanding and comprehension of systems taken from the reality of cultural 
groups (Rosa and Orey 2009). Ethnomodels are considered the external representa-
tions consistent with mathematical knowledge that are socially constructed and 
shared by members of specific cultural groups. According to this perspective, the 
primary objective for the elaboration of ethnomodels is to translate mathematical 
ideas, procedures, and practices developed by distinct and diverse cultural group 
members into academic mathematics.

4  �Examples of Ethnomodelling

Many interesting models are formulated by using information and data obtained 
from studies and research related to ethnomathematics, which proposes the exami-
nation of knowledge systems adopted by distinct cultural groups. When some of 
this knowledge consists of mathematical ideas and procedures found via ethnomod-
els, we are better able to reach the origin of mathematical practices.

4.1  �Measuring Land

Knijnik (1996) proposed activities related to the demarcation of land with the 
participants of the Landless Peoples’ Movement (Movimento dos Sem Terra – 
MST) in Southern Brazil. The demarcation activity examined the method of cuba-
ção of the plots, which is a traditional mathematical practice applied by the 
participants of this movement. Flemming et al. (2005) defined cubação of the land 
as the solution of “problems of the measurement of land using diverse shapes” 
(p. 41). The use of the cubação land practice as a pedagogical proposal to elabo-
rate activities for teaching and learning mathematics shows the importance of the 
contextualisation of problems in the learning environment of ethnomodelling 
through the elaboration of ethnomodels.

4.1.1  �An Ethnomodel to Calculate the Area of Land

The landless people needed to calculate the area of figures with irregular quadrilat-
eral shapes (Fig. 6.2a). One of these problems states that it is necessary to calculate 
the area of land, which has a quadrilateral shape that measures 114 metres x 152 
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metres x 90 metres x 124 metres” (Fleming et al. 2005, p. 42). Thus, the mathematical 
knowledge of the landless can be represented by a model that transforms the shape 
of the given land into a rectangle of 138  m × 102  m with an area of 14,076  m2 
(Fig. 6.2b).

The model of this mathematical practice can be explained by the following 
ethnomodel:

•	 Transform the shape of the irregular quadrilateral into a rectangle whose area can 
be easily determined through the application of the formula A = b·h.

•	 Determine the dimensions of the rectangle by calculating the mean of the two 
opposite sides of the irregular quadrilateral.

	
Base =

+
=

152 124

2
138 m

	

	
Height =

+
=

114 90

2
102 m

	

•	 In order to determine the area of this irregular quadrilateral, it is necessary to 
determine the area of the rectangle.

	

A b h

A

A

= ⋅
=
=

138 102

14 076 2

•

, m 	

Regarding this problem, there is another procedure from the mathematical 
knowledge of the landless that can be explained through another ethnomodel. 
The irregular shaped quadrilateral parcel presented in this example can also be 
transformed into “a square with sides of 120 metres, therefore with an area of 
14400 square metres” (Flemming et al. 2005, p. 42). It is possible to observe 

114 metres

124 metres

90 metres

138 metres

A = 14076 square metres 102 metres

152 metres

ba

Fig. 6.2  (a) A problem to calculate the area of a figure with irregular quadrilateral shape.  
(b) Representation of a model that transforms the irregular quadrilateral in a rectangle
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that the value of 120 was calculated by adding the dimensions of the quadrilateral 
and then dividing it by four, which is the number of sides of the irregular 
quadrilateral.

A model is efficient if we realise that it is only an approximation of reality 
(Bassanezi 2002). Thus, both methods present an approximated calculation of the 
area of the irregular quadrilateral that satisfies the needs of this specific group 
(Flemming et al. 2005).

4.2  �The Wine Barrel

D’Ambrosio (2002) noted an ethnomathematics example that offers us a mathematical 
modelling methodology, with a group of Brazilian teachers who studied wine 
production. The motivation was to find the volume of wine barrels and to apply the 
techniques learned by ancestors of the wine producers who came to Southern Brazil 
as Italian immigrants in the early twentieth century.

In order to construct a wooden wine barrel with pre-established volume, it is 
necessary for wine producers to cut wooden strips to fit perfectly. This process 
drew the attention of the students who were interested in knowing what kind of 
inherited mathematics the wine producers were using in their geometric schemes. 
In Fig. 6.3, the larger circle (R) represents the base of the barrel while the smaller 
circle (r) represents its cover. The wine barrels are shaped like a truncated cone and 
are constructed by interlocking wooden strips (Fig. 6.4).

A

A’

L

B

l
B’

R

r

b

b

Fig. 6.3  Geometric scheme 
used by wine producers in the 
construction of wine barrels 
(Bassanezi 2002, p. 47)
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R

r

L

Fig. 6.4  Wine barrel shaped 
like a truncated cone 
(Bassanezi, 2002, p. 48)

This process was investigated from an ethnomathematics perspective as the 
cultivation of vines and production of wine barrels are linked strongly to the history 
and culture of people in that particular region of Brazil. The wine case study is an 
excellent example that typifies the connection between ethnomathematics and 
mathematical modelling through ethnomodelling (D’Ambrosio 2002; Rosa and 
Orey 2010).

4.3  �Modelling the Tipi

The word tipi from the Sioux language refers to a conical dwelling common among 
the prairie peoples of North America. Spatial geometry is inherent in the shape of 
the tipi which was used to symbolise the universe in which the people lived. The 
nomadic prairie people observed that the tripodal foundation appeared to be per-
fectly adapted for the harsh environment in which they lived (Orey 2000). In this 
regard, if we look at variations between tripodal and quadripodal tipis, there is some 
evidence that they have an understanding of geometry concepts such as triangles 
and their geometrical characteristics and properties, which show manifestations of 
mathematical knowledge. The majority of Sioux tipis use the tripod foundation or 
three-pole foundation because it is stronger and offers a firmer foundation than a 
quadripodal or four-pole tip foundation (Orey 2000).
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4.3.1  �Tripodal Versus Quadripodal Foundations of the Tipi

Mathematisation helps us to explain why a tripod is more stable than a quadripodal or 
four-legged structure. Imagine three points, A, B, and C, which are not collinear. 
There are an infinite number of planes that pass through points A and B that contain 
line AB. Only one of these planes also passes through point C. Three points determine 
a plane if, and only if, they are non-collinear. In terms of geometry, this can be 
explained by using the plane postulate, which states that through three non-collinear 
points, there is exactly one plane.

For example, in a four-legged table, there is the possibility of the extremity of 
one of the legs not belonging to the same plane. A table that has three legs, however, 
is always balanced. Similar to a three-legged table, the tripod foundation of the tipi 
(Fig. 6.5) appears to be perfectly adapted for the harsh environment in which it was 
used as it provided a stable structure that was lightweight and portable. At the same 
time, it withstood the prevailing winds and extremely variable weather of this 
region. Let us look at this information mathematically.

The base formed by the tripod is ∆ABC in which the midpoints of each of the 
sides are points M, N, and P (Fig. 6.6a). In this regard, it is possible to connect the 
midpoint of each opposite side of ∆ABC to each of its vertices, which form line 
segments AM, BN, and CP. These line segments form three medians that intersect at 
only one point called the centroid, which is the balance point or centre of gravity of 
∆ABC (Fig. 6.6b).

Fig. 6.5  Tripodal foundation 
of the Tipi
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4.3.2  �Determining the Centre of the Circular Base of the Tipi

Tipi dwellers placed the altar and fire at the centroid of the tipi because it “holds 
a definite power and holiness” (Orey 2000, p. 246). It is possible to use geomet-
ric concepts to determine how tipi dwellers determine the centre of the circular 
base of the Tipi. An ethnomodel can explain how to determine the centre, height 
and lateral area of the Tipi cover. By using the triangle formed by the tripod, it 
is possible to trace each one of the sides of the triangle by using lines passing 
perpendicularly through the midpoints of each of its sides. It can be shown that 
these lines are perpendicular bisectors. These bisectors are intercepted at the 
same point, which is an equal distance from the vertices of the triangle. This 
point is called the circumcentre (Fig. 6.7).

The Tipi scaffolding itself is constructed by placing poles around its tripod 
foundation, thus assisting in the calculation of the area of its base. This means that 
the poles are placed as if they were points on a circumference. However, it is 
important to highlight that the base of the Tipi is slightly oval because it is not a 
perfect cone (Fig. 6.8).

The centre of the Tipi holds a definite power and holiness, which is more than 
just necessity or aesthetics that went into finding the centre of the Sioux home. The 
mathematical ideas implicit in this mathematical knowledge was passed on to the 
members of the Sioux people across generations by the women, who were respon-
sible for the construction, and upkeep of these unique conical dwellings. From this, 
it is possible to conclude that Sioux understanding of the strength of tripodal con-
struction is valid general and universal knowledge compatible with Western math-
ematical knowledge.
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Fig. 6.6  (a) The tripod base of the Tipi. (b) The three medians of ∆ABC
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5  �The Methodology of Ethnomodelling

What is most difficult for researchers and educators is to learn how to connect what 
they would consider fundamental in academic mathematical ideas and procedures 
of the school community to what concepts have become almost universal in their 
mathematical practices. Most importantly, it is crucial to understand how to trans-
late this knowledge into formalised aspects of academic mathematics through eth-
nomodelling (Rosa and Orey 2007).

There are three reasons for the application of ethnomodelling as a methodology 
for ethnomathematics:

	1.	 Ethnomodelling is an effective path that can be used to reach traditional mathe-
matical concepts.

	2.	 Ethnomodelling can be used to develop intercultural classroom activities.
	3.	 Ethnomodelling is a pedagogical action that can be used to transform the rela-

tionship between mathematics and society.

This paradigm suggests that developing a curricular praxis of ethnomodelling by 
investigating the ethnomathematics of a culture in constructing a mathematics cur-
riculum values contributions of other mathematical knowledge traditions. One way 
to achieve this goal is for teachers to interpret  alternative ethnomathematical 
approaches by starting with the outside sociocultural reality of their students. 
However, students may refuse to study their reality because it may be oppressive, 
and this may mean that students may not be able to identify their reality as contex-
tualised mathematics.

On the other hand, they have a grounded mathematical knowledge based on pre-
vious experiences. In this educational process, perhaps teachers should not start 
with the students’ own realities, but start with their own conceptions of mathemat-
ics, even though they might be traditional. Further, teachers should be encouraged 
to explore student ethnomathematical knowledge by applying contextualised math-
ematics activities to uncover important mathematical ideas and concepts.

It is beneficial to apply an ethnomathematical ethnographic perspective in order 
to come to a good understanding of mathematical aspects of a given cultural group, 
and having a clear purpose of this educational activity. For best practices, imple-
menting an ethnomodelling perspective must be preceded by an inventory of 

radius
Fig. 6.8  The circular area 
of the base of the Tipi
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previous knowledge of the student. Coming to understand student context, simply 
put is good pedagogy, and provides for the construction of relevant mathematical 
experiences that allow for a deeper appreciation of mathematical beauty and utility. 
It is important to understand what mathematical ideas, procedures, and practices are 
important to their particular cultural environment and historical contexts.

6  �Final Considerations

Any study of ethnomathematics using modelling represents a powerful means for vali-
dating students’ real life experiences and allows students to become familiar with tools 
that may enable them to become full participants in society. In this process, the discus-
sion between teachers and students about the efficiency and relevance of mathematics 
in different contexts should permeate instructional activities. The role of teachers is to 
help students to develop a critical view of the world by using mathematics.

It is necessary that current researchers continue to investigate ethnomodelling in 
terms of non-Western cultural contexts and consider implementing new views into old 
themes. In this regard, we hope that this discussion broadens the discussion of possi-
bilities and potentialities for the inclusion of ethnomathematics and mathematical 
modelling perspectives that respect social and cultural diversity of all students with 
guarantees for the understanding of our differences through dialogue and respect.
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    Abstract     The modelling cycle (e.g., Blum and Leiß How    do students and teachers 
deal with modelling problems? In: Haines C, Galbraith P, Blum W, Khan S (eds) 
Mathematical modelling (ICTMA12): education, engineering and economics. 
Horwood, Chichester, pp 222–231, 2007) contains the repeated processes that 
modellers are asked for in deepening their thinking. When we investigate the modelling 
cycle of modellers, we have to consider the diversities of various modellers in their 
modelling progress (Blum and Borromeo Ferri J Math Model Appl 1(1):45–58, 
2009). In addition, problems or tasks can be changed from the initial real situation 
and problem with the aim of meeting the need of modellers. In this chapter, we 
make two modelling cycles parallel and focus on interactions between cycles, and 
call it the dual modelling cycle. We show three types of modelling cycles based on 
the dual modelling cycle framework through the example of one modelling cycle 
based on an  Oil Tank Task , and another modelling cycle based on a  Toilet Paper 
Tube Task .  

1         Modelling Cycles for Responding to Diversities 
of Modellers 

 We use the Blum and Leiß ( 2007 , p. 225) modelling cycle (Fig.  7.1 ) because this 
cycle indicates as its fi rst step the “constructing” process from “real situation & 
problem” to “situation model” in the “rest of the world”. Especially, progression of 
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this process depends on the characteristics of each modeller and is the fi rst cognitive 
barrier in tackling modelling tasks (Blum and Borromeo Ferri  2009 ). Borromeo 
Ferri ( 2007 ) focused on individual modelling progress and called such modelling 
progress a “modelling route” because each modeller’s modelling progress differs. 
When we investigate the modelling cycle of modellers, we have to consider the 
diversities of various modellers in their modelling progress.

2        Background of Dual Modelling Cycle Framework 

 Polya ( 1988 ) advised problem solvers in the second step “devising a plan (respond-
ing to what is asked for)” of his problem solving model, “If you cannot solve the 
proposed problem try to solve fi rst some related problem” (p. 10). Thus, variation 
between problems is performed by generalisation, specialisation, an analogy, and 
various decompositions and combinations. This idea is useful to understand and 
solve a problem, and provides the possibility of making the union which is helpful 
to solve the original problem. 

2.1      Historical Background 

 Such variation of a problem is seen also in the history of the fi eld of natural science. 
Galileo Galilei, for example, discovered the law of free-fall motion from the results 
of research of slope motion. In research of slope motion, he experimented by less-
ening friction on a slope and a ball, air resistance of the ball, and infl uence of rota-
tion. Thus, when an experiment is directly impossible, experiments on the basis of 
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  Fig. 7.1    Modelling cycle (Blum and Leiß  2007 )       
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resemblance/approximation conditions are one approach of the scientifi c method 
which measures or observes the result and fi nds out a rule and a law indirectly. For 
solving problems through such scientifi c methods, we built a framework using the 
modelling cycle for variation between problems.  

2.2     Framework for Corresponding Changes 
in the Modelling Tasks 

 One of the important characteristics of modelling is deepening of the models con-
structed through repeating progress, and the conventional modelling cycles are also 
intended to represent this. Models and connections between variables which con-
struct models change during modelling progression (Matsuzaki  2007 ,  2011 ; 
Stillman  1996 ; Stillman and Galbraith  1998 ), and a modeller might tackle tasks or 
problems that are different from the initial modelling task in this process. In this 
chapter, we make two modelling cycles parallel and focus on switching between 
these cycles, which we call the  dual modelling cycle . One of the reasons for creating 
a dual modelling cycle is that there might be cases for changing from an initial 
modelling task to a similar modelling task through both modelling progressions. 
Furthermore, we hope that distinguishing of each modeller’s “modelling route” 
becomes clear by making two modelling cycles parallel and focusing on switching 
between these cycles as in Fig.  7.2 .

3         Three Types of Modelling Cycle from the Perspective 
of Dual Modelling Cycles 

 In this chapter, we use the  Oil Tank Task  as the initial modelling task and explain 
three types of modelling cycles. 
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  Fig. 7.3    Single modelling cycle diagram       

 Though only two pieces of data (i.e., sizes of a diameter and the height) are available 
from the description of this task, we prepared other data (e.g., beginning height of a 
spiral banister from the ground 1.050 m) and would present these necessary data to 
each modeller only on demand during solving of the task. 

3.1     Type 1: Single Modelling Cycle 

 If a modeller thinks of only the initial modelling task, we can explain the modelling 
by a typical single modelling cycle (see Fig.  7.1 ). In this instance, the second mod-
elling cycle is not necessary for a modeller to solve the initial modelling task. As 
prior knowledge or experiences of each modeller are scaffolding the progress of the 
modelling cycle (Matsuzaki  2007 ,  2011 ), the fi rst modelling becomes a basis for 
progression. In other words, we can explain this modelling by a single modelling 
cycle from the perspective of dual modelling cycles (see Fig.  7.3 ). In this case, we 
assume that a modeller will tackle the  Oil Tank Task  based on only an oil tank situ-
ation. For example, a modeller could make a parallelogram or a rectangle as a devel-
oping image model of an oil tank. This model is located in “real model & problem” 
stage because this fi gure is cut and developed along with a spiral banister.

  Oil Tank Task 

 We would like to measure the length of a spiral banister of 
a heavy oil tank. However, it is out of bounds except for the 
persons concerned with the safety control of the oil tank. 
Therefore we cannot measure with a tape measure directly. 

 We found out the sizes of the diameter (9.766 m) at the 
bottom and the height (10.772 m) of the oil tank by speaking 
to the persons concerned. Based on these data, we decided to 
fi nd the length of the spiral banister of the oil tank.  
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3.2        Type 2: Double Modelling Cycle 

 When a modeller cannot forecast solutions of the initial task, he/she will be able to 
imagine other models based on personal prior knowledge or experiences (Matsuzaki 
 2007 ,  2011 ); otherwise his/her modelling progress is stopped at this point. In this 
case, some modellers might think that an oil tank looks like a toilet paper tube (see 
Fig.  7.4 ). At that time, transition from the modelling cycle for the oil tank to a mod-
elling cycle for a toilet paper tube is implemented. Other modellers might imagine 
a signpole which can be seen in the front of some barber shops or a screw from the 
shape of the spiral banister of an oil tank. These images could be useful models for 
solving the  Oil Tank Task . In this chapter we explain use of a toilet paper tube as a 
similar model for a spiral banister of the oil tank.

   A slit of a toilet tube looks like the shape of a spiral banister. Additionally, it is 
impossible to open along the actual spiral banister of an oil tank, but it is easy to 
open along the slit of an actual toilet paper tube. So we assume a modelling cycle 
for a toilet paper tube as the second modelling cycle (Fig.  7.5 ) can be used because 
a toilet paper tube might be a similar model which we can use instead of an oil tank.

   Thus, the initial modelling task is the  Oil Tank Task  and another modelling 
task is located in a second modelling cycle in this double modelling cycle. Some 
modellers might tackle the question as the new task located in the modelling 
cycle of a toilet paper tube: “How long is a spiral of a toilet paper tube?” They 
could imagine parallelograms as a developing model of the toilet paper tube. In 
this type of modelling, the two modelling cycles are separate modelling cycles, 
even if each modelling task is solved successfully or unsuccessfully. In other 

  Fig. 7.4    A toilet paper tube as a similar model for the spiral banister of an oil tank       
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words, switching between the modelling cycle of the oil tank and modelling 
cycle of the toilet paper tube is not implemented.  

3.3     Type 3: Dual Modelling Cycle 

 This type is advanced from type 2. In this type, a modeller can apply the results 
obtained through the second modelling cycle to the fi rst modelling cycle (see 
Fig.  7.6 ). The differences between the double modelling cycle and the dual model-
ling cycle are (1) there is switching between two modelling cycles, and (2) progress 
in the fi rst modelling cycle based on results or limitations obtained from the second 
modelling cycle is deliberate.

   In this case, the initial modelling task is the  Oil Tank Task  and the second model-
ling task is the  Toilet Paper Tube Task . One thing that our modelling teachers have 
to pay attention to in dual modelling cycles is that it is different for each modeller 
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as he/she will apply answers from the second modelling cycle to the  Oil Tank Task . 
This implies we have to teach bearing in mind the diversities of modellers. In addi-
tion, a modeller is not necessarily able to solve the  Oil Tank Task  even if he/she can 
solve the task located in the second modelling cycle.   

4     Example of Problems in the Second Modelling Cycle 

 During the explanation of three types of modelling cycles, we have set the modelling 
cycle of a toilet paper tube as the second modelling cycle of the dual modelling 
cycle framework. 

4.1     Street Interview regarding the Toilet Paper Tube Task 

 To gain a sense of the range of likely responses for the  Toilet Paper Tube Task  we 
conducted an interview (see Fig.  7.7 ) on the street on 2nd and 3rd September 2010. 
Collected results of responses ( N  = 41) for each question are shown in Table  7.1 .

    There were a few responses for (a) rectangle for question (T2) even though the 
development of a cylinder is learnt in school mathematics. There was no character-
istic relationship between the responses to questions (T1) and (T2) and experience 
opening a toilet paper tube.   

Toilet Paper Tube Task Interview

(T1) Have you ever opened a toilet paper tube? (Yes or No)

(T2) What kind of shape do you think will form when the toilet paper tube is opened
along its slit? Please select from the following shapes and write also about the reason
for this selection.

(a) Rectangle (b) Parallelogram (c) Curve-1

(d) Curve-2 (e) Triangle (f) Others

  Fig. 7.7     Toilet Paper Tube Task  interview       
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5     Designing Lesson Practices 

5.1     To Explore the Length of a Spiral Banister 
of the Heavy Oil Tank 

 For solving the  Oil Tank Task , an advantage of using a toilet paper tube which is 
similar to the oil tank is that we can cut and open it easily. After opening it, mod-
ellers have to measure data for the resulting parallelogram. Thus, the modellers have 
to decide on the necessary variables for solving the  Oil Tank Task . Variables for 
solving the  Toilet Paper Tube Task  are not necessarily those for solving the  Oil Tank 
Task . There are two cases to decide between for a base of the parallelogram from the 
opened toilet paper tube. At fi rst, we would start to consider the left hand parallelo-
gram in Fig.  7.8 .

   We can measure the length of slit as 183 mm directly. Angle  θ  (see Fig.  7.9 ) is 

needed to explore the following relationship:  sin .θ = =
80

128
0 625

 
 . From this value, 

angle  θ  is nearly 38°. Alternatively, we can measure this angle by using a protractor 
directly. In addition, the length of the diameter at the bottom of a toilet paper tube is 
41 mm and the height of the tube is 112 mm.

The length of slit The length of slit

  Fig. 7.8    Two cases for the base of parallelogram formed from opened toilet paper tube       

   Table 7.1    Responses for questions (T1) and (T2) of the  Toilet Paper Tube Task    

 (T2)  (a) Rectangle  (b) Parallelogram  (c) Curve-1  (d) Curve-2  (e) Triangle 

 (T1)  Yes  No  Yes  No  Yes  No  Yes  No  Yes  No 
 0  2  5  9  4  6  1  0  5  9 

  Note. No one chose (f) for question (T2)  
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   We can fi nd the length of the slit of the toilet paper tube through measuring 
several lengths but necessary measuring data are only angle  θ  and the height of the 
toilet paper tube (Fig.  7.10 ). These data are necessary to lead to fi nding the length 
of a spiral banister of an oil tank through exploration based on a toilet paper tube as 
a model. Of course, modellers have to transfer the relationship of the data between 
the toilet paper tube and the oil tank.

183mm

128mm
80mm

The length of slit

  Fig. 7.9    Dimensions of a toilet paper tube       

183mm

128mm

80mmThe length of slit112mm

  Fig. 7.10    Necessary measuring data to lead to the answer for the length of a slit       
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6         Conclusion and Implications 

 In this chapter, we introduced the dual modelling cycle framework and explained 
three typical types of modelling cycle based on this framework. Relating a current 
problem to a similar problem solved previously has long been associated with 
approaches to problem solving as was pointed out in Sect.  2 . This chapter provides 
an analytical instantiation of this principle with respect to modelling problems. 
We use the term “dual modelling cycle” as if each problem has its own individual 
modelling cycle. An alternative view would be that the outworking of a generic 
modelling cycle has characteristics that differ according to the specifi cs of a given 
problem. However, our purpose in using the dual modelling cycle has its basis in its 
utility in facilitating teaching when a current modelling task is able to be related to 
a similar modelling task in order to solve the initial task through feedback from the 
solution of the second. 

 We have implemented experimental modelling lessons for students at Year 5 pri-
mary level (Kawakami et al.  2012 ) and plan to design practice lessons for students at 
secondary level. It is important for implementing our modelling lessons that we teach 
how to feedback from the modelling cycle of a toilet paper tube to the modelling cycle 
of an oil tank in a dual modelling cycle. In other words, it is necessary for our research-
ers to develop teaching materials matched for students of each school level to feed-
back from the second modelling cycle to the fi rst modelling cycle. We have already 
conducted experimental modelling lessons for undergraduate primary and lower sec-
ondary mathematics pre-service teachers with the intention of supporting this feed-
back process, and analysed their lessons from the perspective of providing empirical 
evidence for the dual modelling cycle (see Matsuzaki and Saeki  2013 ).     
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    Abstract     This chapter will contribute to the discussion in one of the two symposia 
held at ICTMA-15, in particular the symposium about the role of theory in the 
research about mathematical modelling. First, the necessity to discuss theoretical 
approaches in the research about mathematical modelling and the idea of the sym-
posium will be pointed out. Subsequently in the second part of the chapter the role 
of theory in research will be described more differentially. Finally, the contributions 
to the symposium are classifi ed concerning the role of theory in the theoretical 
approach. The chapter closes with open questions still remaining, which may guide 
future symposia on the topic.  

1         Introduction 

 In the preface of the fi rst volume of the newly established series “International 
Perspectives on the Teaching and Learning of Mathematical Modelling” Kaiser 
et al. ( 2011 ) point out the diversity that has evolved over the past 30 years in the 
discussion of mathematical modelling and applications within the scientifi c com-
munity. The growing interest has previously culminated in an ICMI study on this 
theme (Blum et al.  2007 ) and is evidence of the increasing importance of the sci-
entifi c discussion of this particular fi eld of research within mathematical and 
mathematics educational research. Increasing diversity, however, in many cases is 
accompanied with an increasing complexity of the respective methodological, 
theoretical and practical approaches to research. Not least for this reason, the 
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diversity in research about mathematical modelling also was one of the basic 
points of discussion within the Modelling and Applications Working Group at the 
5th Congress of the European Society for Research in Mathematics Education 
(CERME 5) in 2007. 

 A fi rst classifi cation of the variety of research approaches was formulated by 
Kaiser and Sriraman previously in 2006, who classifi ed the different approaches 
on the basis of their understanding of goals of modelling and distinguished various 
perspectives related to the central educational aims in mathematics modelling 
(Kaiser and Sriraman  2006 ). Gabriele Kaiser gave a plenary lecture related to 
this classifi cation at ICTMA-15 (see Kaiser and Stender, Chap.   23     this    volume). 
Although the classifi cation was considered to be very useful in helping and 
understanding different approaches, it was also stressed that such a classifi cation 
is a strong systematising simplifi cation, which might not refl ect all research 
approaches appropriately. Nevertheless, the classifi cation is an important working 
instrument, but the need to revise this classifi cation was also mentioned. The 
CERME 5 Working Group revised the classifi cation considering the main point 
of criticism being that the classifi cation of Kaiser and Sriraman did not distinguish 
between didactical approaches and research perspectives. “Didactical approaches 
are characterized by a normative orientation concerning the overall aims of applica-
tions and modelling in mathematics education in contrast to research perspectives, 
which guide studies on special aspects concerning applications and modelling” 
(Kaiser et al.  2007 , p. 2036). 

 This distinction clarifi es in greater degree the differentiation between practice- 
and research-oriented approaches, but always with the proviso of a better mutual 
understanding. An essential feature of the diversity of different approaches was seen 
in the theoretical perspective: “It makes clear, that the various approaches promot-
ing applications and modelling in school or university teaching come from very 
different theoretical perspectives spanning the debate from ethno-mathematics to 
problem solving” (Kaiser et al.  2007 , p. 2041). 

 The reference to theory within different research approaches can vary and be less 
pronounced. For this reason, the question is legitimated, whether the reference to 
various scientifi c theories can serve as a distinguishing criterion of research 
approaches in general. If one wants to classify different research approaches, the 
necessary abstraction of key criteria of differentiation makes a comparison diffi cult 
in general. What criteria are appropriate and how many criteria should be consid-
ered, by which research approaches can be classifi ed? 

 As the integration of theory into the research approach as a classifi cation crite-
rion was mentioned in the previous discussions, at ICTMA-15 for the fi rst time a 
symposium on the role of theory in various research approaches was conducted. 
Jonei Barbosa, 1  Vince Geiger and Milton Rosa presented their different research 
approaches with emphasis on the theoretical reference.  

1    No chapter submitted.  
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2     Role of Theory in the Research Approach 

 The symposium was named “The Eyes to See: Theoretical Lenses for Mathematical 
Modelling Research”. This title incorporates a reference to the infl uence of (a specifi c) 
theory on the research process. As research in general is a hermeneutic process, 
theory can – in a very simplifi ed manner – be considered as a pair of glasses with 
which the researcher looks at his or her research object. A research object like math-
ematical modelling therefore appears within the different research approaches 
exactly the way as described by the underlying theory. More generally, already in 
the 1960s the American philosophers of science, Norwood Russell Hanson and 
Thomas Samuel Kuhn, were of the opinion that observations are in principle 
“theory- laden”. Research results in this sense never appear pure, and a fundamental 
conception of research, which neglects a theoretical context of research results, 
therefore would be inadequate (Hanson  1958 ; Kuhn  1962 ). 

 This role of the infl uence of theory was emphasised by the title of the symposium 
in two ways: fi rstly by the term “lens”, secondly by the word “theory” itself, which 
has its etymological meaning derived from the Greek θεωρείν which means “to 
view” or “to observe” and therefore refers to the perspective, under which a 
researcher is investigating a research object. Understanding the integration of the-
ory into the research act as a fi lter, the resulting diversity of theoretical approaches 
even in the research on mathematical modelling is not surprising at all. 

 On the contrary, the diversity of theories in research can be perceived not only as 
a delimiting criterion in the context of classifi cations, but also as a rich resource for 
grasping complex realities. Bikner-Ahsbahs and Prediger ( 2010 ), who analysed the 
role of theory in mathematics educational research in general, highlight two impor-
tant aspects on this: (1) Theories evolve independently in different regions of the 
world and different cultural circumstances. (2) The complexity of the topic of 
research itself, since mathematics learning and teaching is a multi-faceted phenom-
enon which cannot be described by one monolithic theory alone, means a variety of 
theories is necessary to do justice to the complexity of the fi eld. Not least because 
of this, the Theory Working Group of CERME claims that the notion of different 
intentions behind research effort calls for strategies for comparing and connecting 
theories or research obtained results using different theoretical approaches (Prediger 
et al.  2010 ). However, concerning comparability, the necessary (relatively rough) 
distinction of Kaiser et al. ( 2007 ) between different theoretical backgrounds like the 
problem-solving debate for contextual modelling or the socio-critical approaches to 
political sociology for socio-critical and socio-cultural modelling is limited in dis-
tinguishing different research approaches as long as the range of theoretical refer-
ence within one research approach is not clarifi ed. 

 If the theoretical perspective should serve as a distinguishing feature of different 
research approaches, according to Bikner-Ahsbahs and Prediger ( 2010 ) it has to 
become clear, what is meant by using the terms “theory” or “theoretical approach” 
or “theoretical perspectives”. They suggest that there is no unique defi nition of 
shared theory and theoretical approach among mathematics education researchers. 
Theory can infl uence the research approach in different ways. 

8 The Eyes to See: Theoretical Lenses for Mathematical Modelling Research
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 Bikner-Ahsbahs and Prediger ( 2010 ) distinguish different types of views on 
theory:

•      A normative  more static view , which regards theory as a human construction to present, 
organize and systemize a set of results about a piece of the real world, which becomes a 
tool to be used. In this sense, a theory is given to make sense of something in some kind 
and some way (for example Bernstein’s structuralist perspective…)  

•   And a  more dynamic view , which regards a theory as a tool in use, rooted in some 
kind of philosophical background which has to be developed in a suitable way in order 
to answer a specifi c question about an object. In this sense the notion of theory is 
embedded in the practical work of researchers. It is not ready for use, the theory has to 
be developed in order to answer a given question (for example…an interpretative 
approach…). In this context, the term ‘theoretical approach’ is sometimes preferred to 
‘theory’. (p. 485).    

   Bikner-Ahsbahs and Prediger note with this dialectic understanding of theory:

  If we approach the notion of theory in this way from its role in research and from research 
practices, theories can be understood as guiding research practices and at the same time 
being infl uenced by or being the aim of research practices. (p. 487) 

3        Examples of Theory Guiding Research 

 Against this background, let us have a closer look at the research featured in the 
symposium: 

 Vince Geiger participated with a contribution in which he considers the potential 
of a tetrahedral model for teaching and learning “to describe and explain mathematical 
modelling and application activity that incorporates roles of students, teachers, 
mathematical knowledge and artefacts during engagement with mathematical appli-
cations and modelling” (Geiger, Chap.   9     this volume). He refers, from the perspective 
of research into mathematical modelling, to a more general theoretical model origi-
nally formulated by Rudolf Strässer and applies it for the description and explana-
tion of the activity that takes place in the process of mathematical modelling in a 
holistic way. He illustrates the applicability of Strässer’s tetrahedral model to math-
ematical modelling and application activity by analysing an episode from his 
research data. “In this episode the teacher was working with a year 11 class on a unit 
of work which engaged students in the study of a range of mathematical functions.” 
It shows that “consideration must be given to different types of interactions between 
participants and between participants and artefacts.” The result of the application is 
that Strässer’s tetrahedral model seems to work for the interactions between the 
students and the digital tool, but does not describe the social interactions between 
the participants of this episode suffi ciently well. This is why another sphere is added 
to the tetrahedral model, which already Strässer had pointed to: Chevallard’s 
“noosphere”. “This implies that a socio-cultural perspective must be considered 
when developing frameworks which incorporate the concept of a noosphere.” 
Geiger combines the two theoretical approaches in order to describe his episode. 
He summarises “that there is still much research to be done into how the role of 
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social aspects of learning and teaching can be theorised together with the roles of 
students, teachers, secondary artefacts and mathematical knowledge.” 

 Milton Rosa and Daniel Clark Orey contributed to the symposium with a presen-
tation on ethnomodelling as a research lens (Rosa and Orey, Chap.   10     this volume). 
Ethomodelling “may be considered as the intersection area of cultural anthropology, 
ethnomathematics, and mathematical modelling”. They see ethnomodelling as an 
alternative methodological approach to analyse mathematical modelling and math-
ematical ideas in different cultural contexts and describe the dilemma between an 
“emic” and an “etic” perspective in this fi eld of research, which occurs when taking 
ethnomodelling as a research lens. “Using an ethnomodelling perspective, the emic 
constructs are the accounts, descriptions, and analyses expressed in terms of the 
conceptual schemes and categories that are regarded as meaningful and appropriate 
by the members of the cultural group under study.” A cultural bias may occur if 
researchers, who are not embedded in the culture they observe, assume that an emic 
construct is actually etic. “Thus, according to this context, mathematical ideas and 
procedures are etic if they can be compared across cultures using common defi ni-
tions and metrics”. Rosa and Orey claim that researchers and investigators should 
gain an informed sense of distinctions of the cultural-dependent mathematical 
knowledge used in modelling. This dilemma has a pedagogical inference. They 
argue that traditional mathematical modelling does not fully take into account the 
implications of the cultural aspect of human social systems and suggest regarding 
ethnomodelling as a pedagogical approach which integrates an emic perspective 
into a mathematical modelling curriculum. 

 The different contributions presented at the symposium vary in the way theory is 
embedded in the research approach. With Rosa and Orey, the theoretical approach 
can be seen in the orientation to whole research paradigms (like the sociological 
perspective or the ethno-modelling). Geiger’s approach, in contrast, refers to local 
theoretical approaches that relate to specifi c aspects of the research object (Strässer’s 
tetrahedral model) and therefore can be combined with each other. Common to all 
contributions was the noting that a specifi c or broader theory is used to explain the 
research object or to interpret modelling in mathematics education (more static 
view). In the interpretive approach of Geiger and the development of Strässer’s 
theory, however, we also fi nd a dynamic view of theory.  

4     Open Questions 

 Bikner-Ahsbahs and Prediger ( 2010,  p. 487) develop a fi vefold category schema for 
theory guiding research, allowing them to distinguish different research approaches 
concerning incorporation of theory.

  Most theories about and within mathematics education share their  research object  up to a 
certain point: it is about aspects of mathematics teaching and learning. But they differ in 
the  situations  that are considered and what exactly in these situations is theoretically 
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conceptualized, in the  methods  that are used for generating results for theory building and 
in their  aims . … [They add] the  sort of questions considered to be relevant  […] to describe 
more precisely how research practice, background theory and its philosophical base are 
deeply interwoven. 

   This raises the question whether this scheme is an appropriate tool to describe 
the different approaches to research within the research on Mathematical Modelling. 
The symposium, “The Eyes to See: Theoretical Lenses for Mathematical Modelling”, 
was a fi rst step to deal with the infl uence of theory in research on mathematical 
modelling. There still remain open questions which should be addressed in future 
discussions on the role of theory in research on Mathematical Modelling:

•    How is theory actually infl uencing the different understanding of mathematical 
modelling and the research on mathematical modelling?  

•   Is the role of theory appropriate to distinguish between various research 
approaches on mathematical modelling?  

•   How can we combine different theories on mathematical modelling and what 
happens if different theories contradict each other?        
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    Abstract     This chapter considers the potential of Strässer’s tetrahedral model for 
teaching and learning mathematics as a means for examining the activity and/or 
roles of students, teachers, mathematical knowledge and artefacts during engage-
ment with mathematical applications and modelling. Research data, collected from 
mathematics classrooms, will be used to illustrate how the interactions and transfor-
mations that are part of this activity are played out in authentic classroom settings.  

1         Introduction 

 Since research interest in mathematical modelling and applications began to emerge 
in the 1970s (Niss  2008 ) researchers have attempted to understand and describe the 
use of models and the process of mathematical modelling in mathematics class-
rooms. Niss ( 2008 ) observes that initially this movement focused on how students’ 
made use of pre-existing models, this is, “models were taken for granted and used, 
but not built, and the activity concentrated on working solely within a mathematical 
context derived from the model” (p. 80). Over time, the models themselves, the con-
structions of these models, and students’ active involvement in the process of 
construction became the centre of interest for mathematics education researchers. 
From this research, different branches of the fi eld have developed including models 
of mathematical modelling, interest in modelling competencies, the role of model-
ling in assessment, and the role of technology in enhancing the mathematical mod-
elling process (Stillman  2007 ). While these sub-fi elds of research explore important 
elements of the processes associated with engaging students with authentic 
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applications of mathematics, there appears to have been less attention invested into 
a holistic understanding of the role of all elements of the mathematical modelling 
process including teachers, students, mathematical knowledge and artefacts such as 
physical, symbolic and digital tools. These artefacts include tasks, textbooks, tools 
of measurement and computers and on-line facilities. 

 The aim of this chapter is to explore the potential of a model for teaching and 
learning proposed by Strässer ( 2009 ) to describe and explain mathematical model-
ling and application activity that incorporates roles of students, teachers, mathemat-
ical knowledge and artefacts during engagement with mathematical applications 
and modelling.  

2     Theoretical Framework 

 Verillon and Rabardel’s ( 1995 ) iconic work on the distinction between an artefact 
and an instrument has laid the groundwork for a signifi cant corpus of literature 
within which theories of teaching and learning incorporate a wider range of infl u-
ences than on students and teachers alone. From Verillon and Rabardel’s ( 1995 ) 
perspective, artefacts, which include both physical and sign tools, have no intrinsic 
meaning of their own but a meaningful relationship develops between an artefact 
and a user when both combine to work on a specifi c task. Different tasks will require 
different relationships between the user and the artefact, and the development of 
these relationships is referred to as instrumental genesis. This instrumental genesis 
has two components (as described by Artigue  2002 ). Firstly, the transformation of 
the artefact itself into an instrument is known as instrumentalisation. In this process 
the potentialities of the artefact for performing specifi c tasks are recognised. 
Secondly, the process that takes place within the user, in order to use the instrument 
for a particular task, is known as instrumentation. This process leads to the develop-
ment of schemas of instrumented action, which are developed either personally or 
through the appropriation of pre-existing schemas from others. Thus an instrument 
is composed of the artefact, along with its affordances and constraints, and the 
user’s task specifi c schemas. In concert, these elements provide direction for the use 
of the instrument in a given context. Finally, the process of instrumental genesis is 
bilateral in that the possibilities and constraints shape the conceptual development 
of the user, while at the same time, the user’s conceptualisation of the artefact and 
thus its instrumentation leads, in some cases, to the user changing the instrument 
(Drijvers and Gravemeijer  2005 ). 

 Prominent within the mathematics education literature that is concerned with the 
process of instrumental genesis are writers who have attempted to theorise the 
nature of interaction between user and digital tools. Guin et al. ( 2005 ) and Artigue 
( 2002 ), for example, have attempted to explain how digital artefacts such as 
Computer Algebra Systems (CAS) are transformed into instruments for learning 
through interaction with teachers and students. A teacher’s activity in promoting a 
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student’s instrumental genesis is known as instrumental orchestration (Trouche 
 2003 ,  2005 ). Social aspects of learning are recognised within this process and take 
the form of student activity that makes explicit the schemas that individuals have 
developed within a small group or a whole class. These schemas are then available 
for appropriation by other class members through careful and selective questioning 
by the class teacher, that is, the teacher orchestrates the interaction so that a new 
individual scheme is shared with others. 

 More recently, Gueudet and Trouche ( 2009 ) have extended the concept of the instru-
mental approach to include other artefacts, in addition to CAS enabled technologies, 
when considering the professional work of teachers. They extend our understanding of 
artefacts by introducing the term  resources  to identify any artefact with the potential to 
promote semiotic mediation in the process of learning including computer applications, 
student worksheets or discussions with a colleague. In their view, resources must 
undergo a process of genesis, parallel to that of the instrumental approach, in which a 
resource is appropriated and reshaped by a teacher, in a way that refl ects their profes-
sional experience in relation to the use of resources, to form a scheme of utilisation. The 
combination of the resource and the scheme of utilisation is called a document. The 
process of documental genesis is an ongoing one as utilisation schemes will be reshaped 
as the teacher gains more experience through the use of a resource. 

 Theorising about the role of artefacts in mediating transformative learning expe-
riences from a different perspective, Rezat ( 2006 ) draws on activity theory to assign 
artefacts, such as textbooks, a position in a tetrahedral model (Fig.  9.1 ) which uses 
Steinbring’s ( 2005 ) didactical triangle as a base. The faces of the tetrahedron repre-
sent activity sub-systems of textbook use in which one element mediates between 
the other two elements of the triangular face. For example, the face that is bounded 
by the elements student-teacher-textbooks represents activity in which the teacher 
mediates the use of the textbook in order for students to learn.

   In order to extend Rezat’s ( 2006 ) tetrahedral model to include additional aspects 
of teaching and learning, Strässer ( 2009 ) draws on Wartofsky’s ( 1979 ) classifi cation 
of artefacts. In his model, Strässer ( 2009 ) includes the theoretical constructs of 

  Fig. 9.1    Rezat’s ( 2006 ) 
model for the use of 
textbooks in teaching and 
learning       
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semiotic mediation and instrumental genesis, as well as incorporating Wartofsky’s 
( 1979 ) broader view of arefacts. He argues that Wartofsky’s class of “secondary” 
artefacts, which are “used in the preservation and transmission of the acquired 
skills or modes of action or praxis by which this production is carried out” 
(Wartofsky  1979 , p. 2005), can replace textbooks in Rezat’s tetrahedron to create 
a more inclusive model for the use of instruments in teaching and learning mathe-
matics. In this new model, the edges which join elements allow for a number of 
processes. The edges that join student and secondary artefacts and teacher, for 
example, allow for the process of instrumental genesis. The vertices of secondary 
artefact and mathematical knowledge are joined by an edge that represents semiotic 
mediation (Fig.  9.2    ).

3        Strässer’s Tetrahedron as a Model of Mathematical 
Modelling and Applications Activity 

 The applicability of Strässer’s tetrahedral model to mathematical modelling and 
application activity is illustrated by using this model to analyse an episode reported 
by Geiger et al. ( 2010 ). In this episode, the teacher worked with a Year 11 class on 
a unit of work which engaged students in the study of a range of mathematical func-
tions. As part of this unit the teacher challenged students to use linear, quadratic, 
cubic, exponential and power functions to model authentic life-related data. During 
one lesson students were asked to work on the  Algal Bloom Problem , outlined in 
the shaded section below, using the data in Table  9.1 . 

 Students were expected to build a mathematical model for these data by fi rst 
inspecting a scatterplot; the characteristics of which were then used to determine the 
general form of the function that would best fi t the data. This general form was then 
to be adapted to the specifi c data presented in the task and used to address the fi nal 
questions. Students had earlier studied strategies for determining if a particular 
function type was most suited to a data set. 

secondary artefacts

student
teacher

mathematical knowledge/
didactical aspects of the
mathematical knowledge

  Fig. 9.2    Strässer’s ( 2009 ) 
tetrahedral model for 
teaching and learning       
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  Algal Bloom Problem 

    The CSIRO has been monitoring the rate at which Carbon Dioxide is produced 
in a section of the Darling River. Over a 20 day period they recorded the rate 
of CO 2  production in the river. The averages of these measurements appear in 
the table below. 

 The CO 2  concentration [CO 2 ] of the water is of concern because an exces-
sive difference between the [CO 2 ] at night and the [CO 2 ] used during the day 
through photosynthesis can result in algal blooms which then results in oxy-
gen deprivation and death of the resulting animal population and sunlight 
deprivation leading to death of the plant life and the subsequent death of that 
section of the river. 

 From experience it is known that a difference of greater than 5 % between 
the [CO 2 ] of a water sample at night and the [CO 2 ] during the day can signal 
an algal bloom is imminent.  

   Table 9.1    Rate of CO 2  production versus time                             

 Time in hours  0  1  2  3  4  5  6  7  8  9 

 Rate of CO 2  
production 

 0  −0.042  −0.044  −0.041  −0.039  −0.038  −0.035  −0.03  −0.026  −0.023 

 Time in hours  10  11  12  13  14  15  16  17  18  19 

 Rate of CO 2  
production 

 −0.02  −0.008  0  0.054  0.045  0.04  0.035  0.03  0.027  0.023 

 Time in hours  20  21  22  23  24 

 Rate of CO 2  production  0.02  0.015  0.012  0.005  0 

   Is there cause for concern by the CSIRO researchers? 
 Identify any assumptions and the limitations of your mathematical model.  

 Prior to this activity, students were introduced to a technique where  ln  versus  ln  
plots of data sets were used to determine if a power function was an appropriate 
basis on which to build a mathematical model. This appears to have infl uenced the 
actions of two students as the transcript below indicates.

   Researcher: So you are up to building the model are you?  
  Student 1: Well we worked out a plan of what we are going to do, we are just put-

ting it on paper.  
  Researcher: So do you want to tell me what the plan is?  
  Student 1: The plan is to do the Log/Log plot of both the data to see if they are 

modelled by a power function. We have previously seen that the…  
  Researcher: So that is something you have learnt to do over time? Whenever you see 

data look like that, you check if it’s a power function by using Log/Log?  
  Student 1: Yes    
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 These students experienced problems with this approach, as the technique 
employed in this case meant the students tried to fi nd the natural logarithm of 0.

   Student 1:  0.44 zero… (entering information into the Nspire device). Don’t tell 
me I have done something wrong. Dammit. [Mumbles] Start at zero is it 
possible to do a power aggression (sic)? I don’t think so!    

 This comment was in response to the display that resulted when the students 
attempted to fi nd the natural logarithm of both  Time  and  CO  2   output  data using the 
spreadsheet facility of their handheld device (see Fig.  9.3 ). Students were surprised 
by the outputs they received for both sets of calculations, that is, the #UNDEF 
against the 0 entry in the  Time  column and the lack of any entries in the  CO  2  column. 
In addition, an error message was produced indicating the results of the students’ 
entries were problematic for the handheld device.

   After a little more thought the students realised where the problem lay.

   Student 1:  Ln  time is going to be equal to the  Ln  of actually time. Time…. Oh, is 
that undefi ned ‘cause it’s zero?  

  Student 2: Yep.  
  Student 1: Right now if I go back to my graph… Enter  
  Student 2: If you try zero fi t, it will just go crazy.    

 Students eventually identifi ed the problem with their approach and realised their 
initial assumption, that is, the best model for the whole data set was a power func-
tion, was at fault. Eventually, they realised it was best to model the data with two 
separate functions.

  Fig. 9.3    Nspire display of spreadsheet for natural logarithm of time and CO 2  output data       
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   Student 1:  So we have fi tted a linear model for the top data and then we fi tted a 
power function to the bottom data given we take the absolute value of 
those the question asks, the difference greater than 5 % we need to look 
at the actual CO 2  produced, now what we have got is the rate, to go back 
to the actual CO 2  absorbed we need to integrate the model or both models 
and then use the percentage difference formula – predicted minus actual 
divided by actual or, in this case, night minus day divided by day multi-
plied 100 to look at whether for any  x  or any  t  there is any percentage 
difference greater than 0.05.    

 Towards the end of the lesson, the teacher asked these students to share their experi-
ence with the rest of the class and by doing so, made public what these two students 
had learned together over the lesson. 

 This episode begins with the teacher setting a task which is represented on 
Strässer’s tetrahedron by the face defi ned by student, teacher and secondary arte-
facts. The edges on this face between student and secondary artefacts and teacher 
and secondary artefacts allow for the process of documental genesis. The edge 
between teacher and secondary artefacts represents an interaction within which the 
teacher is attempting to shape a tool that will mediate the learning of his/her 
student(s). The intent of this interaction is to facilitate the process of semiotic medi-
ation which takes place in the theoretical space between student, secondary artefacts 
(the task) and mathematical knowledge. The result of this process, however, is infl u-
enced by students’ prior learning which has generated schemes of instrumental 
action which are not valid in the presented situation. Students appear to have chosen 
these schemes (power functions fi tted to real life data) because they were the most 
recently used in mathematics classes. 

 The approach chosen by students, however, is disrupted because of a second 
level of activity that takes place on the student-secondary artefacts-mathematical 
knowledge face of the tetrahedron. Here, interaction between students, digital tools 
and mathematical knowledge produces a confounding outcome from which stu-
dents realise their initial approach is inappropriate (their model does not accommo-
date zero values). This realisation forces them to reconsider their choice of action 
scheme and to choose a different direction; to model the data with a piece-wise 
function. It is not clear from the data whether students have invoked an already 
existing alternative scheme or that the disruption caused by the unexpected result 
led to the genesis of a new scheme in which the task, their selection of modelling 
function and the results displayed on their digital tools, were all accommodated. 
Finally, the teacher brings these students into the space on the tetrahedron defi ned 
by teacher, student and mathematical knowledge. 

 While this model accommodates most of the activity which takes place within 
this teaching and learning episode, for example, the interactions between digital 
tools and students, it does not appear to provide for a theoretical space for the 
interactions which take place between the students as they work their way for-
ward through the problem. As Strässer points out, one of the shortcomings of this 
model is that it does not clearly theorise a role for social aspects of teaching 
and learning mathematics. While he does not attempt to address this gap in 
theory himself, he points to the concept of Chevallard’s ( 1985 /1991) “noosphere” 
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– a space that accommodates “all persons and institutions interested in the teach-
ing and learning of mathematics” (Strässer  2009  p. 75) and suggests his model for 
teaching and learning should also provide for productive interactions between all 
participants. This means that consideration must be given to different types of 
interactions between participants and between participants and artefacts. In the 
case discussed above, it is the interaction between student-student and digit tool 
which brings about a confl ict that leads to new learning through the resolution of 
this confl ict. Further, this new knowledge, which is developed in a small group 
situation, is eventually shared with the whole class. A possible representation of 
these interactions, developed from Strässer’s tetrahedral model, appears in 
Fig.  9.4 . In this representation his model is nested within two realms based on the 
concept of a noosphere, one that represents small group interaction and one that 
represents whole class interaction. The intersection between these two spheres 
represents the interaction between both social groups. It is important to note that 
these spheres are not permanent theoretical objects but that they are instantiated as 
different types of in-class interactions take place and then disappear again when a 
particular type of interaction comes to a conclusion.

4        Conclusion 

 How to describe and explain all of the activity that takes place in the process of 
mathematical modelling in a holistic way is clearly an area in which greater research 
effort is required. Strässer’s extended model highlights the need to develop frame-
works which describe, theorise and interpret the ways that teachers and students 
engage with mathematical knowledge and secondary artefacts within learning com-
munities. This implies that a socio-cultural perspective must be considered when 
developing frameworks which incorporate the concept of noosphere. 

Small group 
noosphere

Whole group 
noosphere

secondary artefacts

student teacher

mathematical knowledge/
didactical aspects of the
mathematical knowledge

Intersection between 
small group and whole 
group noospheres.

  Fig. 9.4    Noospheres surrounding Strässer’s tetrahedral model for teaching and learning       
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 The example described and interpreted in this chapter by no means offers an 
exhaustive list of possibilities for what might constitute a plethora of different types 
of mathematical modelling processes within different types of social settings. 
Strässer’s concept of a realm of spaces for social interaction, based on Chevallard’s 
( 1985 /1991) spheres that surround Strässer’s tetrahedral model of learning and 
teaching, offers one possibility for investigating the roles of cognitive, semiotic 
and social elements in the process of mathematical modelling within authentic 
classroom settings. An analysis of the classroom episode presented in this chapter 
also suggests that these spheres are not concentric nor independent entities, as 
interaction between spheres can occur, as was the case when the teacher asked two 
students to describe the results of their interaction in attempting to solve the  Algal 
Bloom Problem  to the whole class. Such points of intersection may also be sites that 
provide for dynamic learning possibilities.   The evidence presented here suggests that 
there is still much research to be done into how the role of social aspects of learning 
and teaching can be theorised together with the roles of students, teachers, secondary 
artefacts and mathematical knowledge.     
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Abstract  Mathematics used outside of the school may be considered as a process 
of modelling rather than a mere process of manipulation of numbers and proce-
dures. The application of ethnomathematical techniques and the tools of modelling 
allow us to see a different reality and give us a more holistic insight into the kind of 
mathematics used by specific groups of people. The pedagogical approach that con-
nects the academic to the cultural aspects of mathematics is named ethnomodelling; 
which is a process of translation and elaboration of problems and questions taken 
from systems that are part of any given cultural group.

1  �Introduction

When researchers investigate the knowledge possessed by members of diverse cul-
tural groups, they may be able to find distinctive characteristics of mathematical 
ideas that we might label as ethnomathematics. It is important to note that, an out-
sider’s understanding of cultural traits is always an interpretation that may emphasise 
inessential features and misinterpretations of this mathematical knowledge. The 
challenge arising from this approach is related to how we can find and understand 
culturally bound mathematical ideas without letting the culture of the researcher or 
investigator interfere with the culture of the members of the cultural group under 
study. This can happen when the members of distinct cultural groups share their own 
interpretation of their culture (emic) as opposed to an outsider’s interpretation (etic).
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Researchers, investigators, educators, and teachers who take on an emic perspective 
believe that many factors such as cultural and linguistic backgrounds, social and moral 
values, and lifestyle come into play when mathematical ideas, concepts, procedures, 
and practices are developed by the members of cultural groups. Different cultural 
groups have developed different ways of doing mathematics in order to understand and 
comprehend their own cultural, social, political, economic, and natural environments 
(Rosa 2010). In other words, each cultural group has developed unique and quite often 
distinct ways to mathematise their own realities (D’Ambrosio 1990).

From this perspective, mathematisation1 is a process in which individuals from 
different cultural groups come up with different mathematical tools that help them 
organise, analyse, comprehend, understand, and solve specific problems located in 
the context of their real-life situation (Rosa and Orey 2006). These tools allow them 
to identify and describe a specific mathematical idea or practice in a general context 
by schematising, formulating, and visualising a problem in different ways, discov-
ering relations and regularities, and transferring a real world problem to a mathe-
matical idea through mathematisation.

It is important to search for alternative methodological approaches as Western 
mathematical practices are accepted worldwide in order to archive, study and record 
historical forms of mathematical ideas that have occurred in different cultural contexts. 
One alternative methodological approach is ethnomodelling; the practical application 
of ethnomathematics, which adds a cultural perspective to the mathematical modelling 
process. When justifying the need for a culturally bound view of mathematical model-
ling, our sources are derived from the theory of ethnomathematics (D’Ambrosio 1990).

2  �Ethnomodelling

Studies conducted by Orey (2000) and Rosa and Orey (2009) “have revealed sophis-
ticated mathematical ideas and practices that include geometric principles in craft 
work, architectural concepts, and practices in the activities and artefacts of many 
indigenous, local, and vernacular cultures” (Eglash et  al. 2006, p. 347). These 
concepts are related to numeric relations found in measuring, calculation, games, 
divination, navigation, astronomy, modelling, and a wide variety of other mathe-
matical procedures and cultural artefacts.

Eglash et  al. (2006) and Rosa and Orey (2006) use the term translation to 
describe the process of modelling local cultural systems, which may have a Western 
academic mathematical representation. However, indigenous designs may be merely 
analysed from a Western view such as the application of symmetry classifications 
from crystallography to indigenous textile patterns (Eglash et  al. 2006). On the 

1 We acknowledge that there are other meanings of mathematisation in the field of modelling edu-
cation. For example, in Kaiser’s (2006) point of view, mathematisation is considered as the process 
in which the real world model is translated into mathematics, leading to a model of the original 
situation, object or context.
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other hand, ethnomathematics makes use of modelling by attempting to apply it in 
order to establish relations between the local conceptual framework and the math-
ematical ideas embedded in relation to global designs through translations. In this 
regard, this relationship may be named as ethnomodelling because “the act of 
translation is more like mathematical modeling” (Eglash et al. 2006, p. 348).

In some cases, “the translation to Western mathematics is direct and simple such 
as counting systems and calendars” (Eglash et al. 2006, p. 347). However, there are 
cases in which mathematical ideas and concepts are “embedded in a process such as 
iteration in bead work, and in Eulerian paths in sand drawings” (p. 348). This means 
that mathematical knowledge arises from emic rather than etic origins, which is a 
reasonable assumption, as ethnomathematics often uses modelling to establish rela-
tions between conceptual frameworks and the mathematics embedded in indigenous 
designs (Eglash et al. 2006). For example, the mathematical knowledge that lace 
makers in the Northeast part of Brazil use to make geometric lace patterns, as shown 
in Fig. 10.1, have mathematical concepts arising from emic origins. The lace mak-
ers are not able to associate these geometrical principles to the mathematical aspect 
of this practice, which arises from etic origins.

Ethnomodelling takes into consideration the processes that help in the construc-
tion and development of scientific and mathematical knowledge, which includes 
collectivity, creativity, and inventivity. In so doing, it is impossible to imprison 
mathematical concepts in registers of univocal designation of reality because there 
are distinct systems that provide an unambiguous representation of reality as well as 
universal explanations (Craig 1998). This means that mathematics may not be, as is 
often thought, a universal language because its principles, concepts, and founda-
tions are not always the same everywhere around the world.

The processes and production of scientific and mathematical ideas, procedures, 
and practices operate in the register of interpretative singularities regarding the pos-
sibilities for the symbolic knowledge construction in different cultural groups. In 
this regard, we believe that through “using ethnomodelling as a tool towards peda-
gogical action of the ethnomathematics program, students have been shown to learn 
how to find and work with authentic situations and real-life problems” (Rosa and 
Orey 2010, p. 60).

Fig. 10.1  Geometric lace 
patterns
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3  �The Emic and Etic Constructs of Ethnomodelling

The elaboration of models that represent systems taken from reality are representations 
that help members of cultural groups to understand and comprehend the world by 
using small units of information, called ethnomodels, which link their cultural 
heritage with the development of their mathematical practices. It is our under-
standing that this approach may help the organisation of pedagogical action that 
occurs in classrooms through the use of emic and etic aspects of these mathemati-
cal practices.

In using an ethnomodelling perspective, the emic constructs are the accounts, 
descriptions, and analyses expressed in terms of conceptual schemes and catego-
ries that are regarded as meaningful and appropriate by the members of the cul-
tural group under study. This is in accordance with perceptions and understandings 
deemed appropriate by the insider’s culture (Lett 1996). The validation of emic 
knowledge comes through consensus; that is the consensus of those who must 
agree that these constructs match shared perceptions and portray the characteristic 
of their culture.

In contrast, the etic constructs represent the accounts, descriptions, and analyses 
of mathematical ideas, concepts, procedures, and practices expressed in terms of 
conceptual schemes and categories regarded as meaningful and appropriate by 
the community of scientific observers and researchers (Lett 1996). An etic con-
struct needs to be precise, logical, comprehensive, replicable, theoretical, and 
observer-researcher independent. Researchers and investigators have to acknowledge 
and recognise that the people under study possess scientifically valid mathematical 
knowledge (D’Ambrosio 1990).

4  �Ethnomodels

We argue that traditional mathematical modelling does not fully take into account 
the implications of cultural aspects of human social systems. The cultural compo-
nent in this process is critical as it emphasises “the unity of culture, viewing culture 
as a coherent whole, a bundle of [mathematical] practices and values” (Pollak and 
Watkins 1993, p. 490) that are incompatible with the rationality of the elaboration 
of traditional mathematical modelling processes. In the context of mathematical 
knowledge, what is meant by the cultural component varies widely and ranges 
from viewing mathematical practices as socially learned and transmitted mathe-
matical practices that are viewed as made of abstract symbolic systems with an 
internal logic that gives a symbolic system its mathematical structure, power and 
usefulness. This is the process by which knowledge transmission takes place from 
one person to another, central to elucidating the role of culture in the development 
of mathematical knowledge (D’Ambrosio 1990). If the latter is considered, then 
culture plays a far-reaching and constructive role with respect to mathematical 
practices that cannot be induced simply through observation of these practices. 
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As mathematical knowledge is developed by the members of a cultural group, it 
possesses an abstract symbol system whose form is the consequence of an internal 
logic; then students learn the specific instances of the usage of that symbol system 
as well as deriving from those instances a cognitive-based understanding of the 
internal logic of the mathematical symbology system itself.

In the context of constructing ethnomodels of the mathematical practices of 
sociocultural systems, mathematical knowledge consists of socially learned and 
transmitted mathematical practices (Rosa and Orey 2010). The cognitive aspects 
needed in this framework are primarily decision processes by which the ethno-
models are either accepted or rejected as part of their own repertoire of mathemat-
ical knowledge. This represents the conjunction of two scenarios and appears to 
be adequate to encompass the full range of cultural-mathematical phenomena, 
made up of abstract symbolic systems with an internal logic, which provides its 
own mathematical structure.

In effect, there are two ways in which we recognise, represent and make sense of 
mathematical phenomena. First, there is a level of cognition that we share, to vary-
ing degrees, with all members of our own and other cultural groups. This level 
would include the cognitive models that are elaborated at a non-conscious level, 
which serve to provide an internal organisation of external mathematical phenom-
ena and to provide the basis upon which mathematical practices take place.

Second, there is a culturally constructed representation of external mathematical 
phenomena that also provide an internal organisation for these phenomena; but 
where diverse forms of representation arise through formulating an abstract, 
conceptual structure that provides form and organisation for external phenomena. 
This must occur in a consistent manner with forms and patterns of those same 
phenomena as external phenomena; that is, the cultural construct provides a con-
structed reality.

The implications for mathematical modelling of systems are that models of a 
cultural construct may be considered a symbol system organised by the internal 
logic of cultural group members. However a model built without a first-hand sense 
for the world being modelled should be viewed with suspicion (Eglash et al. 2006). 
If not influenced by their prior theory and ideology, researchers and investigators 
will develop an informed sense of the distinctions that make a difference from the 
point of view of the mathematical knowledge of people being modelled. In the end, 
they should be able to communicate to outsiders (global-etic) what matters to insid-
ers (local-emic).

According to this perspective, we define ethnomodels as culturally-based models 
that are pedagogical tools used to facilitate the understanding and comprehension 
of systems that are taken primarily from the common, day to day reality of cultural 
groups. This means that ethnomodels can be considered as external representations 
that are precise and consistent with the scientific and mathematical knowledge that 
is socially constructed and shared by members of specific cultural groups. From 
this perspective, the primary objective for ethnomodel elaboration is to translate 
mathematical ideas, procedures, and practices developed by the members of 
distinct cultural groups.
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5  �An Ethnomodelling Example: Modelling  
the Mangbetu Ivory Sculpture

To give the reader an example, it may be informative to examine the mathematical 
ideas found in an ivory hatpin from the Mangbetu people, who occupy the Uele River 
area in the northeastern part of the Democratic Republic of Congo in Africa, and the 
geometric algorithm involved in its production, which “gives explicit instructions for 
generating a particular set of spatial patterns” (Eglash 1999, p. 61).

In this perspective, the creation of a Mangbetu design may reflect the artisans’ 
desire to “make it beautiful and show the intelligence of the creator” (Schildkrout 
and Keim 1990, p. 100) by adhering to angles that are multiples of 45°. This is only 
one part of an elaborated geometric esthetic based on multiples of 45° angles, which 
is used in many Mangbetu designs. However, this also may suggest that if there 
were no rules to follow, then it would have been difficult to compare designs. On the 
other hand, by restricting the permissible angles to a small set, the Mangbetu were 
better able to display their geometric accomplishments (Eglash 1999).

Figure 10.2 shows the decorative end of this ivory hatpin that is composed of 
four scaled similar heads, which shows a scaling design. According to Eglash 
(1999), the combination of the 45° angle construction technique with the scaling 
properties of the ivory carving may reveal its underlying structure, which has three 
interesting geometric features. First, each head is larger than the one above it, and 
faces in the opposite direction. Second, each head is framed by two lines, one 
formed by the jaw and one formed by the hair; these lines intersect at approximately 
90°. Third, there is an asymmetry in which the left side shows a distinct angle about 
20° from the vertical.

Figure 10.3 shows the geometric analysis of this sculpture in which the sequence 
of shrinking squares can be constructed by applying an iterative process that bisects 

Fig. 10.2  Mangbetu ivory 
sculpture (Eglash 1999)
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one square to create the length of the side for the next square. However, Eglash 
(1999) stated that it is not possible “to know if this iterative squares construction 
was the concept underlying the sculpture’s design, but it does match the features 
identified in this process” (p. 68).

Figure 10.4 shows the geometric relations in the sculpture iterative square struc-
ture. We can see that since a1  and a2  are alternate interior angles of a transversal 
intersecting two parallel lines, then a a1 2= . In so doing, we have that:
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Fig. 10.3  Geometric analysis 
of a Mangbetu ivory 
sculpture (Eglash 1999)

Fig. 10.4  Geometric 
relations in the Mangbetu 
ivory sculpture (Eglash 1999)
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According to Eglash (1999), in the ivory sculpture, the left side is about 20° from 
the vertical while in the iterative squares structure, the left side is about 18° from the 
vertical. The construction algorithm can be continued indefinitely, and the resulting 
structure can be applied to a wide variety of mathematics teaching applications, 
from simple procedural construction to trigonometry.

5.1  �Some Considerations Regarding the Mangbetu  
Ivory Sculpture

An emic observation sought to understand this mathematical practice for the ivory 
sculpture from the perspective of internal dynamics and relationships within the 
Mangbetu culture. An etic perspective provides a cross-cultural contrast and com-
parative perspective by using aspects of academic mathematics to translate this 
phenomenon for understanding by those from different cultural backgrounds so as 
to comprehend and explain this mathematical practice as a whole from the point of 
view of outsiders. The emic perspective clarifies intrinsic cultural distinctions 
while the etic perspective seeks objectivity as an outside observer across cultures. 
Both emic and etic perspectives are essential to help us to understand this mathe-
matical practice.

6  �The Emic-Etic Dilemma in Ethnomodelling Research

The concepts of emic and etic were first introduced by the linguist Pike (1954) who 
drew on an analogy with two linguistic terms. Phonemic, which is the sounds used 
in a particular language and phonetic, which is the general aspects of vocal sounds 
and sound production in languages. In this regard, all the possible sounds human 
beings can make constitute phonetics. However, when people actually speak a par-
ticular language, they may not hear all possible sounds. As modelled by linguists, 
not all sounds make a difference because they are locally significant. This means 
that they are the phonemics of that language.

If we make an analogy with this approach to ethnomodelling, it is possible to 
state that the emic perspective is about differences that make mathematical practices 
unique from an insider’s point of view. We argue that emic models are grounded in 
what matters in the mathematical world of those being modelled. However, many 
models are etic in the sense that they are built on an outsider’s view of the world 
being modelled. In this context, etic models represent how the modeller thinks the 
world works through systems taken from reality while emic models represent how 
people who live in such worlds think these systems work in their own reality. The 
etic perspective always plays an important role in ethnomodelling research, yet the 
emic perspective should also be taken into consideration in this process because, in 
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this perspective, the emic models sharpen the question of what an agent-based 
model should include to serve practical goals in modelling research. Thus, according 
to this context, mathematical ideas and procedures are etic if they can be compared 
across cultures using common definitions and metrics while the focus of the emic 
analysis of these aspects are emic if the mathematical concepts and practices are 
unique to a subset of cultures that are founded in the diverse ways in which etic 
activities are carried out in a specific cultural setting.

While emic and etic are often thought to create a conflicting dichotomy, Pike 
(1954) originally conceptualised them as complementary viewpoints. Berry 
(1999) argued that rather than posing a dilemma, the use of both approaches can 
deepen our understanding of important issues in scientific research and investiga-
tions. Usually, in ethnomodelling research, an emic analysis focuses on a single 
culture and employs descriptive and qualitative methods to study a mathematical 
idea, concept, procedure, or practice of interest. An emic focuses on the study 
within the cultural group context in which the researcher tries to develop research 
criteria relative to the internal characteristics or logic of the cultural system. 
Meaning is gained relative to the context and therefore not transferable to other 
contextual settings. On the other hand, an etic analysis would be comparative, 
examining many different cultures by using standardised methods. The primary 
goal of the emic approach is a descriptive idiographic orientation of the mathe-
matical phenomena because it puts emphasis on the uniqueness of each mathe-
matical idea, concept, procedure, or practice. In contrast, the etic approach tries to 
identify lawful relationships and causal explanations valid across different cul-
tures. Thus, if researchers and educators wish to make statements about universal 
or etic aspects of mathematical knowledge, these statements need to be phrased in 
abstract ways. Conversely, if they wish to highlight the meaning of these generali-
sations in specific or emic ways, then they need to refer to more precisely speci-
fied mathematical events.

We also agree with Pike’s (1954) viewpoint that the etics perspective may be a 
way of gaining insight into emics of the members of cultural groups. In this 
regard, the etic perspective may be useful for penetrating, discovering, and eluci-
dating emic systems that were developed by members of distinct cultural groups. 
We would like to highlight that in the dialectical perspective, the etic perspective 
claims to knowledge of any given cultural group have no necessary priority over 
its competing emic claims. According to this point of view, Eglash et al. (2006) 
stated that there is a necessity to depend “on acts of ‘translation’ between emic 
and etic perspectives” (p. 347). In this regard, the cultural specificity may be bet-
ter understood with the background of communality and the universality of theo-
ries and methods and vice versa.

The rationale behind the emic-etic dilemma is the argument that mathematical 
phenomena in their full complexity can only be understood within the context of the 
culture in which they occur. The emic approach tries to investigate the mathematical 
phenomena and their interrelationships and structures through the eyes of the people 
native to a particular cultural group.
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7  �The Emic-Etic Perspective in an Ethnomodelling 
Curriculum

The mathematical knowledge of distinct cultural group members combined with 
Western mathematical knowledge systems results in dialectical perspectives in 
mathematics education. An emic analysis of a mathematical phenomenon is based 
on internal structural or functional elements of a particular cultural group. An etic 
analysis is based on predetermined general concepts external to that cultural group 
(Lovelace 1984). The emic perspective provides internal conceptions and percep-
tions of mathematical ideas and concepts while the etic perspective provides the 
framework for determining the effects of those beliefs on the development of the 
mathematical knowledge. In this regard, the acquisition of mathematical knowledge 
is based on the applications of current mathematics curriculum, which is assessed 
based on multiple instructional methodologies across various cultures.

Reasons for academic failure in every country are complex, but one reason for 
this seemingly universal problem may be related to educators and curriculum devel-
opers who ignore the emic perspectives in the mathematics curriculum that they 
elaborate for school use. An emic-etic perspective includes a respect for alternative 
epistemologies, and of holistic and integrated natures of the mathematical knowl-
edge of members of diverse cultural groups found in many urban centres. An ethno-
modelling practice provides an ideological basis for learning with, and from, the 
diverse cultural and linguistic backgrounds of members of distinct cultural groups 
(Rosa and Orey 2010). However, in this kind of curriculum it is crucial to under-
stand that an etic construct is a mathematical-theoretical idea that is assumed to 
apply in all cultural groups while an emic construct is one that applies only to mem-
bers of a specific cultural group. This means that a cultural bias may occur if 
researchers assume that an emic construct is actually etic, which results in an 
imposed etic perspective in which a culture-specific idea is wrongly imposed on 
another culture. In this context, an emic-etic perspective in an ethnomodelling cur-
riculum practice provides the underlying philosophy of knowledge generation and 
exchange within and between all subsystems of mathematics education.

8  �Final Considerations

Currently, many local mathematical practices are disappearing because of the intrusion 
of often foreign values, technologies and ideas, and as a result of the development 
of concepts that promise short-term gains or solutions to problems faced by 
cultural groups without being capable of sustaining them; defined in this manner, the 
usefulness of the emic and etic distinction is evident. In every country, researchers, 
educators, and teachers have been enculturated to a particular cultural worldview; 
they therefore need a means of distinguishing between the answers they derive as 
enculturated individuals and the answers they derive as observers. By utilising the 
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research provided by both emic and etic approaches, it is possible to gain a more 
complex understanding of the cultural groups under study.

An alternative goal for ethnomodelling research must be the acquisition of both 
emic and etic knowledge. Emic knowledge is essential for an intuitive and empathic 
understanding of mathematical ideas of a culture and it is essential for conducting 
effective ethnographic fieldwork. Etic knowledge, on the other hand, is essential for 
cross-cultural comparison, the essential components of ethnology, because such 
comparison necessarily demands standard units and categories. Furthermore, emic 
knowledge is a valuable source of inspiration for etic hypotheses. Finally, we define 
ethnomodelling as the study of mathematical phenomena within a culture because it 
is a social construction and culturally bound.
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    Abstract     Many mathematics teachers in Singapore are not familiar with designing, 
implementing and facilitating modelling activities in the classroom. In this chapter, 
we report an experiment in which a teacher with no experience in mathematical 
modelling made an attempt to conduct a modelling activity in his mathematics class 
at a local secondary school. Data in the form of students’ work and feedback, lesson 
videos and interviews were collected. We examine the reactions from students, and 
discuss the lessons gained from this experience. From the data collected, it appears 
that while students were generally motivated in carrying out the task, they had some 
diffi culties handling the mathematics involved and the modelling process. The 
teacher was able to design a reasonable task, but had some diffi culty with classroom 
implementation of the activity.  

1         Introduction 

 In 1990, a new mathematics curriculum based on a framework with mathemati-
cal problem solving as a core theme was designed and implemented in Singapore 
by the Ministry of Education (Lim  2002 ). The intention was to frame the cur-
riculum as one in which a learner, through different processes, acquires the 
skills and concepts in various mathematical topics and develops the appropriate 
attitudes and metacognitive attributes for the purpose of mathematical problem 
solving. Since then, the Singapore mathematics curriculum has undergone sev-
eral rounds of refi nements although the central theme – mathematical problem 
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solving – has remained unchanged. One notable change made in 2007 was the 
explicit mention of “Applications and Modelling” as one of the areas of devel-
opment in the latest, revised framework (Ministry of Education  2006a ,  b ). 
However, not much else has changed in the syllabuses of all the mathematics 
subjects offered in Singapore schools to promote or include mathematical 
modelling. 

 Mathematics teachers in Singapore have very little, if any, training and expo-
sure to mathematical modelling or the teaching of mathematical modelling (Ang 
 2010 ). It has been suggested that some form of support or course like those 
reported by Kaiser ( 2005 ) would have been helpful for teachers. In her report, 
Kaiser concluded that through the kinds of seminars that she and her team had 
planned and conducted for prospective teachers, “a change of mathematics 
teaching towards a stronger consideration of modelling and real world context 
is possible” (pp. 107–108). However, in the current context, given there are 
other priorities to be addressed, a comprehensive programme in mathematical 
modelling may not be viewed as the most essential component in the local 
teacher training curriculum. 

 Nevertheless, it may be useful for a teacher to be guided by a set of principles 
when designing modelling tasks. One such framework was proposed by 
Galbraith ( 2006 , p. 233) who outlined such a set to guide a teacher through 
problem design. These include ensuring the modelling activity or task (a) has “a 
genuine link with the real world of the students”; (b) provides opportunities to 
“identify and specify” appropriate mathematical questions; (c) requires students 
to make assumptions or collect data in the formulation process; (d) contains a 
feasible solution accessible by students; and (e) includes “an evaluation proce-
dure” to check the model. Additionally, Galbraith suggested that the problem 
be structured into “sequential questions that retain the integrity of the real 
situation”. 

 Currently, a typical mathematics teacher in Singapore will neither have the 
opportunity to undergo an intensive course on “mathematical modelling in schools” 
as advocated by Kaiser ( 2005 ), nor have heard of the “principles of design” of 
modelling problems as proposed by Galbraith ( 2006 ). It is therefore both interesting 
and instructive to see how such a teacher would handle a modelling task from design 
to implementation on his/her own, and how the lesson would turn out. This study 
attempts to investigate this. 

 The objective of the present study is twofold. Firstly, we wish to determine 
whether a typical Singapore mathematics teacher, who has no training or experience 
in mathematical modelling, is able to design and implement an appropriate model-
ling task. Secondly, we wish to assess the general performance and response of 
students undertaking a modelling task given that such activities are not a norm in 
their mathematics learning experience. We hope that through this study, we can gain 
insights into what can, or should, be done if we wish to promote the teaching of 
mathematical modelling amongst local teachers.  

K.C. Ang



133

2     Method 

2.1     Participants 

 The teacher involved in this study is a relatively young teacher with about 5 years of 
experience teaching secondary mathematics. While he is a trained teacher, he has 
no formal training in mathematical modelling, whether as a student or a teacher. 
However, prior to this study, he has attended one 3 hour workshop on mathematical 
modelling, and been exposed to a few local publications on mathematical model-
ling. The student participants of this study included 20 Secondary 3 (aged 14–15) 
students of mixed ability, from a typical secondary school in Singapore. The stu-
dents were divided into groups of four, and each group was expected to work on the 
same problem. They had recently been taught basic trigonometry a week before the 
implementation of the modelling task, and did not have any experience or lessons 
on mathematical modelling previously.  

2.2     The Task 

 The modelling task required students to design and plan the layout of car park spaces 
within a car park subject to some constraints. It was a relevant and real problem as 
the school premises had often been used for various events, resulting in a severe 
shortage of car park space during such times. The problem was stated as follows: 

  School Car Park Spaces Task 

 The existing car park in our school cannot accommodate the overwhelming 
number of teachers, guests and parents who drive to the school whenever the 
school hosts special events or workshops. The school board is considering the 
possibility of converting a part of the school fi eld (measuring 110 m by 60 m) 
to a car park. 

 Design a possible layout for a car park with at least 100 parking spaces 
while leaving as much space as possible to the remainder of the fi eld for other 
activities.  

 A task sheet was designed by the teacher to guide students through the task. 
Apart from the problem statement, the task sheet consisted of seven sub-tasks or 
questions intended to provide some form of scaffolding for successful completion 
of the task. These are given below: 
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        1.    Collect data for the following ( from cars parked in the school ).

 Car brand  Length of car  Width of car  Length of front door 

       2.    What is the minimum opening angle of a car door so that the driver/
passenger can get in or out of the car comfortably? Describe how you 
obtained this angle.   

   3.    Determine the size of a parking space: Make a plan view sketch of how 
two cars can be parked side by side to each other in two parking spaces. 
Show the possible obstruction when the door is opened and comment on 
your observation.   

   4.    Using the information gathered in (1), (2) and (3), form a mathematical 
expression to help you fi nd the width of the car park space.   

   5.    Using the internet as a resource,

    (a)    list the different modes of parking a car;   
   (b)    choose one of the parking angles (except 90°) for your design, fi nd the 

minimum width of the parking aisle.       

   6.    Find the minimum width of the access way. You may use the internet as a 
resource or estimate from some site measurements.   

   7.    Design the overall car park layout. You should take into consideration the 
minimum width of the parking aisle and the access way.       

2.3     Data Collection 

 The task was implemented in one 120-min lesson. One video camera was set up in 
the classroom. As the class size was not large, it was possible for the videographer 
to move around to capture critical incidents involving student discussion or teacher 
intervention throughout the lesson. Part of the lesson involved students making 
actual physical measurements of a typical car, and the space required for someone 
to get out of the car (see sub-tasks 1 and 2 above). This was done outdoors, and was 
also video-recorded. 

 Although students worked and discussed the problem in groups, they had to fi ll 
out the task sheets individually. All task sheets and students’ work were collected at 
the end of the activity. In addition, students were asked to write down what they 
have learnt from the task and their general feelings towards the activity in an open 
feedback form. The teacher was interviewed after the lesson to gather more infor-
mation and insights into his actions and decisions made during the lesson, as well as 
his choice and design of the task.   
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3     Results and Discussion 

3.1     The Lesson 

 To motivate the modelling task, the teacher began the lesson with a video on road 
rage arising from a dispute over parking space. Students were then asked for their 
views on what could have prevented the incident. It did not take long for them to 
conclude that the incident had happened because of poor planning in the parking 
space of the car park. 

 Students, in their groups, were then given the task sheet and encouraged to 
discuss the problem. After about 15 min of discussion, they went outside to an 
existing car park and took the necessary measurements. Each group was supplied 
with a measuring tape and large protractor. The data collection phase took about 
another 20 min. Armed with the necessary data and guided by the task sheet, the 
groups went back into the classroom and made attempts at formulating and solv-
ing the problem. 

 During this stage, it was observed that the teacher had to intervene several times 
to prompt students on the kind of mathematics they needed to use. On one occasion, 
everyone stopped work while the teacher taught some basic concepts of trigonom-
etry in a whole-class, “frontal teaching” style for about 15 min. The lesson ended 
with some students presenting their groups’ models and solutions, and all task 
sheets and feedback sheets were collected.  

3.2     Students’ Work 

 Figure  11.1  contains two samples of students’ work. From the working, it would 
appear that the students were able to apply simple concepts in trigonometry to the 
real problem of determining the space required between two cars in adjacent park-
ing spaces. In Fig.  11.1(a) , the student made an assumption on the space needed for 
a person to comfortably get out of a car (“60 cm”). Based on the average length of 
the car door (driver’s side), the “minimum opening angle” required in sub-task 2 
above was computed. However, from the diagram drawn, it is evident that this stu-
dent had made an error, demonstrating inability to relate the assumption to the real 
life situation. In Fig.  11.1(b) , another student had attempted to provide an answer to 
sub-task 4. Instead of using exact measurements, the student gave a general formula, 
in terms of angle α, length of car door  L , and the width of the car. However, the 
student did not seem to realise that the required space can be very different if the 
confi guration involves angled parking.

   In reality, if angled parking is used, then the actual space occupied by one indi-
vidual parking space will be as depicted in Fig.  11.2 , where  L  and  w  are the length 
and width of the space for one vehicle. These may be estimated from the average 
dimensions of a vehicle, giving allowance for some space all around the vehicle. 
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  Fig. 11.1    Samples of students’ work demonstrating ability to apply trigonometry. ( a ) Student’s 
attempt at fi nding a comfortable “car door angle”. ( b ) Formula for “width of car park lot” (parking 
space) derived by student       

     Fig. 11.2    Actual dimensions of space occupied by one parking space is  x  by  y        
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Therefore, using Eqs. (11.1) and (11.2), and following the guidelines on the dimensions 
of parking aisles and access ways given by the local Land Transport Authority 
(LTA), some layouts of car park arrangements may be constructed. These guidelines 
are spelt out in the handbook published by the local LTA ( 2005 ) which is available 
in the public domain.

   While some students were able to work towards solutions similar to the above, 
they needed quite a deal of assistance and prompting from the teacher. In addition, 
they seemed unable to proceed from this point towards a plausible solution to the 
task. Although one group did manage to provide a layout based on a “45° angle 
parking”, there was no evidence to indicate that they had based their design on 
earlier calculations. In other words, there was little connection between their fi nal 
product and the sub-tasks (1)–(4).  

3.3     Student Feedback and Teacher Interview 

 From their written feedback, it was observed that most students agreed that they 
have learnt more about trigonometry and how it can be used in a practical, real life 
problem-solving situation during the task. In Singapore, it is very common that 
textbook exercises or items found in assessment books available in the market 
are used to reinforce concepts taught in the class. Students therefore found it 
refreshing to be applying school mathematics in a real life problem. One student 
commented that she “had a great experience” and that her knowledge in trigo-
nometry had “expanded”. 

 Another common positive feeling amongst the students was that they realised 
how important it was to be able to work as a team and to communicate well when 
tackling this task as a group. In fact, one student expressed satisfaction (and relief?) 
that her group managed to “conquer this project with minimal confl icts”. She went 
on to say positively that “overall, I fi nd this project quite interesting”. On the other 
hand, there were also students who did not quite enjoy the task, although they agreed 
that they did learn more about trigonometry and its uses. A number of students com-
mented that the modelling task was a stressful exercise for them. This could be due 
to the lack of exposure to such non-routine tasks in mathematics lessons. 

 Apart from having to solve an unfamiliar problem, students found that they had 
to do so as a team, and to some, this can be a stressful experience. One student 
wrote, “I do not like this type of project because I fi nds (sic) it boring” but quickly 
added, “But there are fun sides”. This student probably does not care much about 
car park space, and so the problem did not interest her. However, she probably 
enjoyed the idea of working in groups, collecting data and so on as she had also 
mentioned the importance of communication and team work in her refl ection. 

 A more negative comment came from a male student, who commented,

  Overall, I feel that it is a waste of time doing this project although I have learned 
alot (sic) from it. We could actually use the time to a better use like classroom 
teaching instead of doing this project. 
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 He went on to suggest that the activity could have been carried out after the 
examinations. To this student, while the task did provide opportunity to learn more 
about trigonometry and its applications, it did not serve the purpose of preparing 
him for examinations. 

 In general, most of the comments were not unexpected and students did not 
express any strong feelings either way. Nevertheless, the videos of the task imple-
mentation, samples of students’ work and written feedback had provided much 
information on the overall experience from which valuable lessons are gained. 

 The task was designed by the teacher and is adapted from one of the suggested 
tasks in Ang ( 2001 ). The task has been carefully thought through and generally 
adheres to the principles of design suggested by Galbraith ( 2006 ). There is some 
genuine link with a real world problem that students can identify with, mathematically 
tractable questions are possible, formulation of solution process is feasible and within 
reach, and sub-tasks are constructed to provide necessary scaffolding. When asked, 
the teacher affi rmed that he had no prior knowledge of Galbraith’s “principles of 
design”, but had simply planned the tasks and worksheets “based on my own under-
standing and pedagogical sense”. 

 From the videos, it was observed that although all the students have been taught 
basic trigonometry, they did not seem to have internalised the concepts well enough 
to be able to apply them when the situation called for it. Much prompting and teach-
ing had to be provided by the teacher who facilitated the activity. Sampled student 
work indicated that while most students were able to handle simple problems in 
trigonometry, they had trouble dealing with slightly more complex ones. In retro-
spect, it may have been better if students were informed of the need to be prepared 
in the topic before the task was implemented. Alternatively, a separate “pre-task 
sheet” could be used to help students recall and revisit relevant topics or concepts 
needed for the task a few days before. 

 Another observation concerns the facilitation skills of the teacher. The teacher 
was clearly excited, passionate and enthusiastic about the task. However, in his 
eagerness to share, he may have spent too much time explaining and presenting his 
solutions. Although no quantitative data was collected, from the video records, it 
appears that whenever they were in the classroom, the teacher did a lot more talking 
than the students thinking or discussing. Even data collection was done under the 
watchful eyes of the teacher, and every step was guided. 

 When interviewed, the teacher revealed that he was concerned about students not 
being able to arrive at the required or expected solution. In hindsight, he agreed that 
he could have given students more opportunities to discuss and talk among them-
selves, and attempt to solve the problem. Perhaps instead of providing answers, the 
teacher could have asked questions that lead students along, and guide them towards 
a solution. Nonetheless, it is acknowledged such demands on the teacher are not 
trivial. As pointed out by Leiβ, “a teacher must fulfi l a very complex task when 
combining appropriate teacher interventions and students’ self-regulated learning 
processes” (Leiβ  2005 , p. 87) in a modelling task. 

 Although the modelling task may seem manageable, as this was the fi rst time these 
students were engaged in such a venture, a more structured approach would probably 
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have worked better. In addition, specifi c activities and the competence required should 
have been clearly identifi ed when designing the task (Stillman et al.  2007 ). The lack 
of a strong framework probably resulted in the need for the teacher to “over-facilitate” 
and provide constant intervention in order to help students along with the task.   

4     Conclusion 

 In an environment where examinations often take priority and within a curriculum 
that is largely traditional, it was indeed a challenge to embark on such a venture and 
convince students that “modelling is a way of life” (Houston  2001 ). While students 
and some teachers may acknowledge that a well designed modelling task can rein-
force mathematical concepts and skills, the fact remains that they may not embrace 
the idea as enthusiastically as they do assessment exercises. Perhaps, as observed by 
Lingefjärd, mathematical modelling can be used as “a way to summarize and assess 
the mathematical competencies the students possess” (Lingefjärd  2007 , p. 336). 
Perhaps, one has to fi nd a way to make these assessment processes more explicit 
within the modelling tasks. 

 The instructional approach adopted by the teacher may have also played a part in 
determining the outcome of the experience, as suggested by Legé ( 2005 ). Besides 
thinking about adopting a more “reductionist” or “constructivist” approach when 
introducing mathematical modelling, the teacher may need to regulate his frequency 
and level of intervention during the modelling process. That said, it is understand-
able that in the present case, the teacher was doing all he could to keep students 
engaged in the activity. 

 From this experiment with one typical teacher in a modelling class, we gather that 
the teacher was able to design a reasonable modelling task that is, to some extent, 
aligned with Galbraith’s ( 2006 ) principles of design. However, it has also shown that 
the teacher lacked certain key skills in facilitating modelling activities. Perhaps a more 
structured and formal professional development programme will be useful in this case. 

 This experiment has also shown that in general, although they may face diffi cul-
ties in grasping and applying certain mathematical concepts, students are not 
opposed to the idea of engaging in mathematical modelling tasks. In this particular 
case, there was evidence to suggest the students enjoyed the activity, but were at the 
same time, concerned with its relevance to the curriculum. It would have been better 
if the activities could be explicitly aligned and linked to the school’s mathematics 
curriculum or scheme of work. 

 In summary, although the study involved only one typical teacher in one lesson, it 
provided useful information as well as encouraging signs to indicate that given proper 
professional training for teachers and clearer alignment of curriculum goals for stu-
dents, it is possible to promote and further develop the teaching of mathematical mod-
elling in Singapore schools. The next logical step would be for local mathematics 
educators concerned with mathematical modelling to design and apply a professional 
development framework that would help teachers move forward in this endeavour.     

11 Real-Life Modelling Within a Traditional Curriculum…



140

   References 

    Ang, K. C. (2001). Teaching mathematical modelling in Singapore schools.  The Mathematics 
Educator, 6 (1), 62–73.  

    Ang, K. C. (2010). Mathematical modelling in the Singapore curriculum: Opportunities and 
challenges. In A. Araújo, A. Fernandes, A. Azevedo, & J. F. Rodrigues (Eds.),  Conference 
proceedings of EIMI 2010: Educational interfaces between mathematics and industry  
(pp. 53–61). Lisbon/Bedford: Centro Internacional de Matemática/COMAP.  

      Galbraith, P. (2006). Real world problems: Developing principles of design. In P. Grootenboer, 
R. Zevenbergen, & M. Chinnappan (Eds.),  Identities, cultures and learning spaces . (Proceedings 
of the 29th annual conference of the Mathematics Education Research Group of Australasia, 
Canberra, Vol.1, pp. 228–236). Adelaide: MERGA.  

      Houston, K. (2001). Teaching modelling as a way of life.  Questiones Mathematicae  , 24 (Suppl 1), 
105–113.  

     Kaiser, G. (2005). Mathematical modelling in school – Examples and experiences. In H.-W. Henn 
& G. Kaiser (Eds.),  Mathematikunterricht im Spannungsfeld von Evolution und Evaluation  
(pp. 99–108). Hildesheim: Franzbecker.  

    Land Transport Authority. (2005).  Handbook on vehicle parking provision in development proposals . 
Singapore: Land Transport Authority.  

    Legé, J. (2005). Approaching minimal conditions for the introduction of mathematical modelling. 
 Teaching Mathematics and Its Applications, 24 (2–3), 90–96.  

    Leiβ, D. (2005). Teacher interventions versus self-regulated learning?  Teaching Mathematics and 
Its Applications, 24 (2–3), 75–89.  

    Lim, S. K. (2002). Mathematics education in Singapore: Looking back and moving on.  The Mathematics 
Educator, 6 (2), 1–14.  

    Lingefjärd, T. (2007). Mathematical modelling in teacher education – Necessity or unnecessarily. 
In W. Blum, P. L. Galbraith, H. Henn, & M. Niss (Eds.),  Modelling and applications in math-
ematics education  (pp. 333–340). New York: Springer.  

    Ministry of Education. (2006a).  A guide to teaching and learning of O-level mathematics . Singapore: 
Ministry of Education.  

    Ministry of Education. (2006b).  Mathematics higher 3, (Syllabus 9810) . Singapore: Ministry of 
Education.  

    Stillman, G., Galbraith, P., Brown, J., & Edwards, I. (2007). A framework for success in implement-
ing mathematical modelling in the secondary classroom. In J. Watson & K. Beswick (Eds.), 
 Mathematics: Essential research, essential practice  (Vol. 2, pp. 688–697). Adelaide: MERGA.    

K.C. Ang



141G.A. Stillman et al. (eds.), Teaching Mathematical Modelling: Connecting  
to Research and Practice, International Perspectives on the Teaching  
and Learning of Mathematical Modelling, DOI 10.1007/978-94-007-6540-5_12,  
© Springer Science+Business Media Dordrecht 2013

Abstract  Ten years of experience with analyses of students’ learning in a modelling 
course for first year university students, led us to see modelling as a didactical activ-
ity with the dual goal of developing students’ modelling competency and enhancing 
their conceptual learning of mathematical concepts involved. We argue that progress 
in students’ conceptual learning needs to be conceptualised separately from that of 
progress in their modelling competency. Findings are that modelling activities open 
a window to the students’ images of the mathematical concepts involved; that model-
ling activities can create and help overcome hidden cognitive conflicts in students’ 
understanding; that reflections within modelling can play an important role for the 
students’ learning of mathematics. These findings are illustrated with a modelling 
project concerning the world population.

1  �Progress in Modelling Competency

In the Danish KOM-project (Niss and Højgaard 2011), mathematical competence is 
described as a union of eight overlapping competencies of which modelling compe-
tency is one. As for all the competencies, progress in modelling competency is 
spanned in three dimensions: (1) Degree of coverage, according to which part of the 
modelling process the students are working; (2) Technical level, according to which 
kind of mathematics the students are able to use and on how flexible and reflective 
they use their mathematics; and (3) Radius of action, according to the domain of 
situations in which the students can perform modelling activities and their level of 
reflection across domains of applications.
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In this general framework, progress in the technical level of modelling competency 
can be seen as embracing the progress in students’ learning of mathematical con-
cepts through modelling activities. However, the framework does not really concep-
tualise progress in students’ understanding of mathematical concepts involved in 
modelling activities. Therefore, in our research we strive to better understand how 
modelling activities can challenge and support the overcoming of specific learning 
difficulties related to important mathematical concepts. In this chapter we offer 
some examples and reflections on how to plan for, notice, and encourage progress 
in students’ conceptual understanding of mathematics involved in modelling activi-
ties. The chapter can be seen as a case study contributing to the answering of a more 
general research question: How to conceptualise progress in students’ mathematical 
learning in modelling activities?

2  �Students’ Conceptual Learning Through  
Modelling Activities

In general, we find that the potential of modelling activities for enhancing students’ 
learning of mathematical concepts to be connected with principal learning difficul-
ties caused by the epistemology and abstract nature of mathematics. However, in 
order to be useful for analysing students’ modelling activities and for improving the 
practice of teaching mathematical modelling, these principal difficulties have to be 
concretised and adhered to particular modelling activities. Hence, in our work we 
have analysed students’ modelling activities in order to pinpoint particular aspects 
of the mathematical concepts involved, which are causing difficulties. In relation to 
specific modelling tasks such conceptual difficulties seem to be rather stable across 
cohorts of students (Blomhøj and Kjeldsen 2010a). To notice, and to design and 
teach to overcome such particular learning difficulties is a way of enhancing the 
students’ mathematical learning through modelling activities.

The conceptual difficulties that students encounter in modelling activities can, to 
a large extent be explained as particular instances of principal learning difficulties 
described in the research literature. In our work we have found it relevant and fruit-
ful to use the concept of students’ concept images–signifying a student’s total cogni-
tive structure associated with a particular concept–as developed in Tall and Vinner 
(1981, p. 152). Sfard’s (1991) model for formation of mathematical concepts, which 
emphasises the duality between process and object aspects of mathematical con-
cepts; and the interplay between different representations involved in modelling 
activities, that is: natural language, types of diagrams (e.g., compartment diagrams), 
numerical tables, computer programs, symbolic/analytical and graphical representa-
tions. We use these theoretical ideas not only to analyse and explain empirical obser-
vations, but also as basis for inspiration in our ongoing design of modelling activities, 
which can contribute to the students’ conceptual learning of mathematics.

Based on our analyses with these tools we describe the mathematical under-
standing of particular mathematical concepts as intended learning outcome for 
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students. This forms the basis for our dialogical interactions with the students during 
their work and for the redesign and design of new projects. In Blomhøj and Kjeldsen 
(2010a) we present a case on the integral concept along these lines. In this chapter 
we present another case from the same modelling course. Here the main mathemati-
cal concepts are first order (non-linear) differential equations and their numerical 
and analytical solutions. Before presenting the case, we provide some background 
information on the educational context of our work.

3  �The Educational Context and the Empirical Basis  
for the Research

This research is based on experiences and data gathered during more than 10 years 
of collaboration between the authors on the development and teaching of a course on 
mathematical modelling of dynamical systems for first (or second) year university 
students in a general science program at Roskilde University, Denmark. The course 
is one eighth of a full year program. The general aims of the course are to: (1) 
develop students’ modelling competency; (2) support students’ learning of mathe-
matical concepts and methods used for modelling dynamical phenomena, (i.e., dif-
ferential equations, systems of differential equations and qualitative analyses of such 
systems); and (3) provide students with experiences of models and modelling in 
different scientific contexts. However, it should be emphasised, that in this particular 
study program, the first aim of the course is very much supported also by problem 
oriented student directed projects that all students at our university conduct each 
semester. These projects occupy half of a student’s workload each semester. Here 
students can work with the entire modelling process setting up their own model or 
analysing a model used in science or society (Blomhøj and Kjeldsen 2010b).

The analyses presented below are based on our dialogue with students and their 
reports on the project concerning the world population (with 10 h over 2 weeks as 
the total working load for the students). The students have to complete three such 
projects in the course and for each project the students can choose between three or 
four modelling problems. In total more than 20 groups have completed this project 
over the years.

A common element for the projects in the course is that the students must col-
laborate and document their work with the project in a written report. They are 
required to write the report as a coherent text that can be read, understood, and vali-
dated by any interested person with the same mathematical background as them-
selves, (e.g., a fellow student not following the course). It is up to the students to 
structure their report; hence all reports are different. They depend on the particular 
group of students and on the modelling problem. All projects begin with a set of 
(quasi) authentic data, and in general all reports must contain the following ele-
ments: a description and explanation of which kind of questions the model can 
provide answers to; a description and explanation in ordinary language of the sys-
tem they want to model including discussion of the choices and assumptions they 

12  Students’ Mathematical Learning in Modelling Activities



144

made in the modelling process, a presentation of data (if feasible for the mini-project 
in question), how data were obtained and their role in the modelling process; a 
description and explanation of a mathematical representation of the system including 
a presentation of the symbols the students used and the units in which they are mea-
sured, a description and explanation of the parameters of the model with consider-
ations about the possibilities of estimating their value; if a computer program is 
used the students should explain their choice of numerical method, and the numeri-
cal treatment of the model must be documented; numerical analyses of the model 
simulating certain developments including sensibility analyses with documented 
results often in the form of curves or tables from a computer program; mathematical 
analysis of the model; interpretation and discussion of the results of the model in 
relation to the original problem; a final discussion including reflections with regard 
to the status and applicability of the model(s). These general requirements contribute 
to the students’ awareness of the modelling process in their work and to their modelling 
competency as well as to their communication competency. In addition we emphasise 
the importance of collaborative group work in the projects.

Teaching and developing the modelling course together with colleagues for more 
than 10 years has allowed us to identify particular learning difficulties, which have 
to be overcome in each of the modelling projects. In fact, many of these learning 
difficulties are so stable that they can be identified in dialogue with the students 
essentially every time a group of students are working with that particular model-
ling project. That is exactly the case with the learning obstacles illustrated in the 
following.

4  �Presentation of the Case: Modelling the Growth  
of the World Population

The project analysed below is called Explosive Population Growth. It belongs to a 
group of projects from which the students can chose one to work with in the first 
3 weeks of the course. In this period, first order differential equations and compart-
ment modelling of dynamical systems are introduced. In compartment models, state 
variables are represented by compartments (depicted as boxes and measured by 
their level) and the dynamic of the system is represented by flows between the com-
partments (depicted by arrows).

The project has been designed deliberately to challenge students to:

•	 apply transformation of data and linear regression to setup models, and to use 
graphs and residuals to compare, discuss and reflect upon different models for 
the world’s population;

•	 setup, solve, and analyse the differential equation for explosive growth (explained 
to the students as a growth where the rate is proportional to the square of the size 
of the population);

•	 estimate parameters for the explosive growth model;
•	 reflect on what could be relevant criteria for judging the quality of a model;
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•	 experience an interplay between understanding the model mathematically and 
judging the quality of the model.

Before the students begin the project they have been introduced to linear regression, 
and they have some experiences with the technique of transformation of data in order 
to estimate model parameters. Also, they are acquainted with MatLab to produce plots 
of data and residuals. Before the project, the students have worked numerically with 
MatLab and analytically with solving first order ordinary differential equations.

Explosive Population Growth

Describe the growth of the world population in the period 1650–1960 and 
estimate the population in 2100. Some background for the relevance of 
knowing how the world population will develop, and a set of data for the 
world population in year 1650–1960, are provided.

To guide the students’ work with this particular modelling project, the general 
requirements are supplemented with the following guided questions:

•	 Does the given population data follow an exponential growth?
•	 For explosive growth, the growth rate is proportional to the square of the 

population size. Can the given data be described as explosive growth?
•	 What does the explosive model predict about the world population?
•	 What is your estimate of the world population in 2100?
•	 Try to find newer data and discuss the model’s prediction in relation to these.

The students worked in groups of two to four. Due to their earlier experiences in 
the course, they all began the project by creating a plot of data. The students worked 
with the project in their groups independent of the teacher. Most of the work takes 
place outside of course hours, but for each mini-project some time is set aside 
during course hours for the students to work on the project. On such occasions the 
teacher functions as consultant and the students were encouraged to be well pre-
pared for these sessions so as to take advantage of the possibility to consult with the 
teacher. As teachers, we support and challenge the students through dialogues and 
questions such as:

•	 How do you find the explosive model with the best fit to the data?
•	 In which period do you think that the explosive model is a good model for 

describing the world population?

Or more specific questions for the explosive model, such as:

•	 How many people inhabited the world in the year 0 according to your model?
•	 According to year model, when did Adam and Eve live?

As teachers we focus the students’ attention deliberately on issues, which may cause 
cognitive conflict in their concept images (Tall and Vinner 1981, p. 152) or foster 
reflections relevant for their development of modelling competency.
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5  �Analysis of Students’ Work: Learning Mathematics 
Through Modelling

As mentioned our observations of the students work with this modelling project 
have been collected over the past 10 years where we have either taken turns teaching 
the course or in a few cases taught the course together. Our insights into the stu-
dents’ work are based on analyses of dialogue with the groups during their work; the 
students’ group reports; the students’ oral presentations of their project in the 
course, and on the oral individual finals. For each of the projects in the course, we 
have developed a number of focus points where we are checking and challenging 
the students’ mathematical understanding and their reflections related to the model-
ling process. These focus points guide our dialogical interactions with the groups, 
our reading and commenting on their reports, and our questioning at the presenta-
tions and at the finals. Often one of us is the examiner while the other is the censor 
at these finals. We compare and discuss our analyses and experiences in order to 
redesign the projects, to develop new projects and to search for new interesting 
focus points.

In our design of the Explosive Population Growth project we have tried to bal-
ance the development of the students’ modelling competency and the enhancing of 
their conceptual mathematical learning as a dual goal for teaching mathematical 
modelling. In the following, we will point out some of the difficulties observed in 
the students’ work with this project and discuss the learning potentials in overcom-
ing these difficulties with respect to the dual goal.

Many groups encounter their first problems when they try to write up a differen-
tial equation from the verbal representation of the explosive growth model. Reaching 
the equation ′ =N kN 2  is not trivial for the students and the task creates different 
kinds of cognitive problems. Firstly, understanding the generality of the verbal rep-
resentation and then introducing a symbol ′N (t) (or similar) to represent the growth 
rate for all values of the time t causes problems for many students. Secondly, math-
ematising the expression ‘proportional to the square of population size’ causes 
problems. It is difficult for the students to read the expression mathematically. The 
global meaning of the expression is not easily grasped. Probably, for many students 
the natural language representation of the derivative of a function is not a well inte-
grated element in their concept image. Students who can read the sense ‘for all 
values of (independent variable for time) the growth rate of the population is given 
by a constant times the square of the actual size of the population’ out of the given 
expression find it trivial to write the differential equation. Here we see a very close 
connection between the process of mathematisation as an element in modelling 
competency and the understanding of the involved mathematical concepts. Thirdly, 
some groups end up with the equation: ¢=y kN 2  arguing that the growth rate is the 
derivative hence it must be ¢y , without considering what ¢y  represents. The model-
ling context of the world population gives us an opportunity to discuss with the 
students what this particular differential equation actually means. It provides a con-
text, in which the students can read meaning into a differential equation; that the 
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growth rate at any given time depends on (is proportional to) how many individuals 
there already are; that the population will continue to grow if the constant is posi-
tive; that ′N  will also continue to grow. That this means there is no limit for the size 
of the population. No equilibrium, is, as we shall see below, not at all obvious to 
students. When investigating whether the explosive model fits data some groups 
realise that the differential equation ′ =N kN 2  can be interpreted as a linear rela-
tionship between N 2  and ′N , and that k can be estimated using linear regression on 
N 2  and ′N . However, often these groups are faced with the problem that this can 
only be done “if we have ‘data’ for ′N , and we have not”. Even though the students 
know very well that the differential quotient, if it exists, is the limit of difference 
quotients it does not automatically occur to them that they can use difference quo-
tients as estimates for ′N . Here the modelling context provides opportunities to 
challenge and strengthen the students’ concept images concerning important math-
ematical concepts. In particular the modelling challenges the students to shift 
between interpreting ′N  as a differential quotient in a particular point and as a 
mathematical object given by a differential equation, which is essential in concept 
formation according to Sfard (1991).

Some groups use the value found for k to find the explosive model with the best fit 
to data by means of numerical solution using the standard routine ode45 in MatLab. 
The following dialogue is typical for such groups (T teacher and S students).

T:	 Are you sure that the solution you have found for the explosive differential 
equation is the best possible in relation to the given population data?

S1:	 We have determined the value for k by transformation of data and linear regres-
sion and found a good fit, look here. (The students show a plot of their model 
with data)

T:	 Okay, but how have you found the solution curve?
S2:	 We have solved the diff equation with ode45 in MatLab.
T:	 What initial value did you use?
S2:	 The first point ….?
T:	 But why should the first point be the one that will give the best fit to all data?
S1:	 Hmm right, but what shall we do then?
T:	 I don’t know. Are there other ways to solve the equation?
S:	 Analytically?
T:	 You can try, maybe that will give you a way to estimate both the parameter k 

and the initial value using all given data.

With some help the groups are typically able to develop a solution such as:
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c is an arbitrary real number, which can be determined from an initial condition 
N0 = N(t0).

The relation between the integration constant and an initial condition are typically 
not very clear to students. The same goes for the fact that N(t) is assumed to be free 
of zeros. In addition the domain of the obtained solution is typically not specified.

Even for groups who solve the equation correctly, typically it is not obvious, and 
often takes a challenge from the teacher, before the students realise that the second 
last equation expresses a linear relationship between the reciprocal of the popula-
tion size and the time, and this can be used to find the two constants in the solution 
to the given data by means of linear regression. A typical dialogue goes like this:

T:	 Yes, that is just fine! Can you use all data to estimate values for k and c?
S1:	 Not really…
T:	 Look at the last but one equation you have written – what does this equation 

tell you?
S2:	 The right hand side is a linear expression.
T:	 Exactly, and what is on the left hand side?
S1:	 One over the N(t) – the population size.
T:	 So how can you use these data to estimate k and c?
S2:	 We could plot 1/N(t) against t and use linear regression.
T:	 Good idea – try that.

After some time the teacher comes back:

S1:	 Look, we have drawn this nice solution with the data (see Fig. 12.1).
T:	 Yes, it looks very nice. Try and see what happens if you plot it up to year 2100.
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Fig. 12.1  Students’ plot of data and their analytical solution (in millions as function of time in 
years)
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The teacher leaves the group and enters again after some time:

S2:	 It grows until year 2025, and then it suddenly becomes negative, but that cannot 
be right…. we cannot have a negative amount of people on the earth! (see 
Fig. 12.2).

S1:	 Is this a numerical mistake in MatLab?
T:	 No, it is not a numerical solution you have drawn. It is the analytical solution 

– right? So that is not the explanation!
T:	 Look at the analytical expression for the solution you found and try to explain 

the graph.

The teacher leaves the group and enters again after some time

S2:	 The denominator is zero for t = 2029.1. So here the population goes to infinity.
T:	 What does that mean mathematically for the graph?
S1:	 What is it called? … It has a vertical asymptote.
T:	 Exactly, and for greater values of t, N(t) becomes negative. What do you think 

of this as a model for the world population?
S1:	 It must mean that doomsday is near! (The students laugh).

The solution to the differential equation for the explosive growth becomes larger 
and larger as t approaches the singularity, and for t greater than this the values are 
negative. In the mathematical domain, this is not a problem. The function is not 
defined in the singularity; it tends to infinity and minus infinity for t approaching the 
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Fig. 12.2  Students’ plot of the analytic solution
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singularity from left and right respectively; and it tends to zero for t approaching 
infinity and minus infinity. In the modelling domain however, this is a problem. 
As the students argued, we cannot have a negative number of people, and we cannot 
have infinitely many either. In their argumentation and understanding of the model-
ling situation, the students used the modelling domain to argue about the mathemat-
ical domain thus helping them develop their mathematical understanding.

In the final part of the project the students are challenged to find more recent data 
for the world population and to see if they can find a better model than the explosive 
model. In the project, most students come to understand and be able to argue as 
expressed in the following points paraphrased and translated from students’ reports:

•	 The explosive model actually gives a fairly precise description of the given data 
for the growth of the world’s human population from 1650–1980,

•	 With the same parameter and initial value the model even captures the growth up 
to year 2000. However, the model predicts that the population will increase still 
faster and tend to infinity as time approaches year 2029.1, which is unrealistic we 
hope! Beyond this point of time the population becomes negative. So the explo-
sive model cannot be used in 2100.

•	 The United Nations’ (UN) population model can be used to predict the popula-
tion until year 2100 based on estimates for the fertility and death rates in differ-
ent regions. The model predicts ten billion people in 2100. A few groups manage 
to combine the explosive model and the UN model in one diagram as shown 
in Fig. 12.3.
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Fig. 12.3  Explosive model (1600–2000) and UN model 1960–2050
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6  �Discussion

It is our general experience from the course that the modelling context provides a 
window to students’ understanding and their images of the mathematical concepts they 
work with as well as to their understanding of a mathematical model and modelling. 
We use dialogue deliberately to open such windows. We have discussed how the 
project supported the students’ formation of the concept of differential equations, how 
to interpret them, and how to read meaning into the representations mathematically and 
in the modelling context. The dialogue shows that students do not automatically distin-
guish between analytical and numerical solutions to differential equations, and they do 
not have a clear separation of the mathematical domain and the modelling domain in 
their argumentation. In particular, what cause difficulties for the students is shifting 
between viewing a differential equation as a relation between the momentary rate of 
change and the actual size of a certain function (here the size of the population) and 
viewing it as a relation between a function and its derivative. This phenomenon can be 
explained by Sfard’s (1991) model of concept formation, where the reification of a 
process into an object is pinpointed as the crucial step in formation of mathematical 
concepts. The modelling project discussed here is designed deliberately to accentuate 
potential cognitive conflicts in the students’ concept images of differential equations 
and their solutions. The project and the related dialogue encourage students to reflect 
on the mathematical meaning of the differential equation as well as on its interpretation 
and validity as a model for the world population. Therefore we find that the project 
illustrates very well how the same modelling activity in a course for first year university 
students can be a didactical vehicle both for developing modelling competency and for 
enhancing students’ conceptual learning of mathematics. At the same time we offer 
some ideas for the conceptualisation of progress in the students’ mathematical learning 
through modelling activities. We will continue our research on this issue.
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    Abstract     This chapter is part of a larger study investigating Primary 6 (Grade 6) stu-
dents’ engagement in mathematical modelling in a Singapore school and focuses on the 
mathematical reasoning of one of the modelling tasks attempted by a group of students. 
The task challenged the students to design an itinerary package for a group of tourists 
intending to visit a holiday resort island. The design primarily included the need to 
plan a plausible route to cover places to visit while taking into consideration distance, 
time, and cost aspects framed within certain task conditions. Through a models-and-
modelling perspective, examples of the group’s work are presented to show their con-
ceptualisations and mathematical reasoning towards reaching a fi nal considered route.  

1         Introduction 

 Mathematics education reform efforts worldwide are increasingly calling for peda-
gogies that teach for understanding where students’ cognitive reasoning can be 
deeply engaged (Hiebert et al.  1996 ). Mathematical modelling has been recognised 
as able to provide such a platform for students to develop skills and competencies 
that are required of twenty-fi rst century learners towards enabling them to manage 
complex systems and solve real-world problems (English and Sriraman  2010 ). 
Recent research based on the models-and-modelling view of modelling has suggested 
that students are capable of developing models and devising systems like sorting, 
quantifying, weighting, ranking, and organising to give meanings to their concep-
tual representations (Chan  2008 ; English and Watters  2005 ). Engaging in model-
ling activities thus helps in the promotion of important mathematical reasoning 
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processes such as constructing, explaining, justifying, predicting, conjecturing, and 
representing (English and Watters  2005 ). 

 One key aspect of working on modelling activities lies in the explicit revealing 
of students’ thinking about their solutions through their expressing, testing, and 
revising of the models they are developing via some representational media 
(Lesh and Doerr  2003 ). The refi nement of their mathematical ideas helps them to 
construct models that are useful and meaningful to them and for their clients. This 
chapter illustrates the conceptualisation and reasoning of a group of Primary 6 stu-
dents in their design of an ideal tourism route and the revisions of the models 
towards achieving their ideal route.  

2     The Models-and-Modelling View of Modelling 

 The models-and-modelling view of modelling suggests that students are capable of 
making meaningful interpretations of situations during mathematical modelling 
(Sriraman and Lesh  2006 ). In essence, students construct their own model of a situ-
ation that results in sharable and re-usable constructs or conceptual systems. 
According to Lesh and Doerr ( 2003 ), a model consists of elements, relationships, 
and operations that describe how the elements interact and patterns or rules that 
apply to the preceding relations or operations. During mathematical modelling, stu-
dents make signifi cant changes to their underlying ways of thinking about important 
conceptual systems in mathematics as they express, test, and revise their conceptual 
and mathematical representations. In this chapter, students make conceptual repre-
sentations and mathematical translations to describe the system, that is, provide a 
model of an itinerary package that people can use. To do that, they need to reason 
and communicate those ideas through behaviours of describing, explaining, justify-
ing and making decisions as they create the representations in the real-world situa-
tion. In this regard, students’ mental conceptualisations are made visible through 
some representational media such as expressions of spoken language, written sym-
bols, graphs, diagrams, and experience-based metaphors. In other words, these con-
ceptualisations are continually projected into the external world during mathematical 
modelling (Lesh and Doerr  2003 ).  

3     Research Design and Method 

 This chapter stems from a larger study examining students’ mathematical reasoning 
during mathematical modelling. The research question was: What are the character-
istics of the mathematical modelling process manifested as mathematical modelling 
pathways, model development and collaborative discourse for different groups of 
Primary 6 students? Eighteen groups of students (grouped in fours and fi ves) in two 
classes were involved in completing a series of fi ve modelling activities (in different 
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weeks, 1.5 h each). Four groups were video recorded. The four groups were selected 
by their mathematics teachers who knew them to be vocal and could provide richer 
displays of problem solving behaviours. 

 Students’ protocols from the transcribed video data were coded and analysed as 
problem solving behaviours and as episodes using the think-aloud protocol analysis 
method (Ericsson and Simon  1993 ). The problem solving behaviour codes were 
classed under procedural and computational knowledge (K), reasoning (R), meta-
cognitive thinking (M) and critical thinking (C). These categories were further 
subdivided, for example, reasoning included making a conjecture (R3). Modelling 
episodes were classed under the modelling stages—description, manipulation, pre-
diction, and optimisation—for the purpose of reducing, displaying and interpreting 
data (Miles and Huberman  1994 ). Two independent coders and the researcher 
reviewed the protocols and codes to establish consensus of meanings. In addition to 
the video recordings, the students’ written solutions, and their group journals were 
collected to triangulate with the transcribed data. In this chapter, only the outcomes 
related to the model development of one of the modelling activities,  The Itinerary 
Problem , is presented. 

3.1     The Modelling Task 

  The Itinerary Problem  included a modifi ed version of Singapore’s Sentosa Island, 
an island dedicated as a recreation resort. The scale in the map is represented as 
5 km per interval in the grid. The students were expected to design a tourism pack-
age to take tourists around an island called Trimbell. In particular, they were to plan 
a route to visit all the places of interest within a certain duration and at a reasonable 
cost. Additional information on a separate sheet was provided about accommoda-
tion, transportation and places of interest. For example, there were three choices of 
accommodation, one being the 3-star Prince Hotel offering twin beds at $100 and 
queen at $120 per night. Supreme Hotel was a 4-star hotel offering twin and queen 
beds at $120 and $150 respectively per night, and Leisure Hotel was rated 3-stars 
and offered twin and queen beds at $80 and $120 respectively per night. Other 
details included a price list for taking a cab with variable costs, a van with a fl at rate 
and a trishaw with the lowest cost to visit the different places of interests as well as 
the entrance fees for the places of interest.

4        Findings 

 For the purpose of exemplifying the richness of the students’ model development, 
the work of one group of students has been selected and is used in this chapter for 
illustrative purposes. 

13 Students’ Designing an Ideal Tourism Route as Mathematical Modelling



156

4.1     Models of the Route 

 An initial route was conceptualised based on visiting all the places spread over two 
days (Table  13.1 ). This initial route was very direct with the starting point at one 
end, the Airport (AP), and proceeded to Grandeur Beach (GB) at the other end 
before going back to the AP, thus covering all the places of interest. It was a plau-
sible model of a route design based on reasons that avoided ‘going round and round’ 

   Table 13.1    First conceptualisation of route   

 Conceptualisation of route 
 Selected mathematical 
reasoning  Inference and comment 

 Manipulation stage 1   I think we should consider 
factors like we must plan 
it in a way that it fl ows so 
that we don’t make rounds 
and we don’t waste money 
going round and round…  

 R3 (Conjecture) – that costs 
will be lower if 
overlapping routes can 
be prevented. 

 (1st day): 
AP → AC → AR → NM → LH 

  Leisure Hotel is cheap and it 
is easy to go to the places 
of interest.  

 R3 (Conjecture) – appropriate 
choice of hotel 
as it was situated 
along the route 
in terms of moving 
forward. 

 (2nd day): 
LH → GB → UU → WP → AP 
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with respect to the visits so as not to ‘waste time and money’. This route represented 
a plausible initial model but it was yet to be tested for feasibility in terms of the time 
taken in the travelling.

   The second conceptualisation of the route was a revision of the fi rst and this is 
shown in Table  13.2  where the students’ personal preference (from their real-world 
experience) for a more relaxed itinerary on the fi rst day was taken into consideration 
in the planning. They preferred the route to the Waterfall Peak (WP) followed by the 
Undersea Universe (UU) rather than the route where Amusement Central (AC) was 
located. This resulted in the revision of the route. The students took into consider-
ation the need to fi nd the distance of the route as they used the scales on the map. So 
far, the students at that juncture had assumed that they could cover all the places 
over 2 days but they had not factored the time duration as yet.

   The third conceptualisation (see Table  13.3 ) of the route involved working out 
the time duration for the travelling and the visits. The students found out that they 
did not have enough time to get back to the airport on the second day if they had 
visited three places of interest that day. The route was re-conceptualised towards 
visiting more places on the fi rst day instead as well as altering their bedtime and 
waking time.

   As the students worked out the cost, they decided to exclude the visit to Undersea 
Universe (UU) because it was expensive. They expressed that they need not visit 
two places that had to do with water (the other place being Grandeur Beach). This 
fourth conceptualisation is shown in Table  13.4 .

   Table 13.2    Second conceptualisation of route   

 Conceptualisation of route 
 Selected mathematical 
reasoning  Inference and comment 

 Manipulation stage 1:   From the airport, we’re 
very tired so we go to 
Waterfall Peak and after 
that to Undersea 
Universe, and at night 
already, we go to Night 
Market, and then we go 
back to Leisure Hotel. 
Next morning, you’ll 
feel refreshed, so we go 
to Grandeur Beach. 
After that we go to 
Artropolis, and then 
Amusement Central. … . 

 M8 (Impress personal 
knowledge) – Revising 
route based on need to 
have a more relaxed 
itinerary on the fi rst day. 

 (1st day): 
AP → WP → UU → NM → LH 

  No, you gotta see here, it says 
how many kilometres 
down here and then we 
gotta count. (referring to 
the scale on the map)  

 C2 (Challenge effi cacy of 
idea) – Conceptualisation 
was challenged. 

 (2nd day): 
LH → GB → AR → AC → AP 

 K1 (Delineate mathematics 
components) – 
Determining the distance 
travelled by using the 
scale in the map. 
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   It must be noted that the students were not supposed to exclude any place of 
interest in their visits. Unfortunately this happened because there was a miscommu-
nication during their consultation with the teacher in their attempt to plan an ideal 
route and the students misinterpreted the teacher’s advice. Nevertheless, the revised 
route was one where the itinerary could fi t the time schedules as well as kept within 
reasonable cost as they compared the expenditure of their package with other groups. 

   Table 13.3    Third conceptualisation of route   

 Conceptualisation of route 
 Selected mathematical 
reasoning  Inference and comment 

 Manipulation stage 2:   I think we should change 
(the route) because we 
do not have enough time 
to cover.  

 R4 (Generalise) – Proposing 
revision of route (after 
considering previous 
data). 

 (1st day): AP → AC → WP → UU 
→ NM → LH 

  Next day you have only 12 
hours.  

 R2 (Make mathematical 
translations) – Worked 
out that there was not 
enough time to visit three 
places in the second day. 

 (2nd day): LH → GB → AR → AP   I think we should cover 
more places of interest 
on the fi rst day because 
second day we have less 
time.  

 R4 (Generalise) – Genera-
lising and justifying for 
this conceptualisation. 

  That’s let’s say we wake up 
at 7 o’clock. 8, 9, 10, 11, 
12, 1, 2, 3, 4, 5, 6, 7. 7 
o’clock exactly (time to 
reach airport)  

 R2 (Make mathematical 
translations) – Calculating 
time duration to ensure 
they could reach airport 
on time based on this new 
route. 

   Table 13.4    Fourth conceptualisation of route   

 Conceptualisation 
of route 

 Selected mathematical 
translation  Inference 

 Prediction stage 2:   I still think we either give up 
this or this because both 
have to do with the sea. 
This one (GB) you can get 
to settle down (relax), this 
one you only get to see 
(UU).  

 M8 (Impress personal 
knowledge) – suggest 
a place of interest to 
exclude. 

 (1st day): AP → AC → AR 
→ NM → LH 

  Which one is more expensive?   M3 (Check to understand) 
– Choice to exclude 
based on cost. 

 (2nd day): LH → GB → WP → AP   This one. Yes, so this one? 
(UU). So we drop out this.  

 M6 (Monitor progress) – 
Checking to confi rm. 
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 In summary, the initial conceptualisation began with just a proposed route but 
along the way, the students delved more deeply into the task by considering vari-
ables like distance, time and costs towards getting the fi nal route. Their fi nal route 
unfortunately was not an ideal route because the students did not manage to cover 
all the places of interest as they had excluded the Undersea Universe (UU). The 
fourth conceptualisation of the route was the route the students decided they would 
recommend to the family visiting Trimbell Island. In this respect, it is considered a 
workable route but not an optimised route.  

4.2     Travelling Costs 

 The conceptualisation of the routes was not a stand-alone endeavour. The problem 
context demanded that the students also took into account travelling and accommo-
dation costs to determine if the whole travel package would be value for money. An 
example of how the students reasoned about the travelling cost is exemplifi ed next. 

 The students’ initial thought about the travelling cost was to hire the van as it had a 
fl at rate of $100 (see Table  13.5 ). They reasoned that taking a cab would cost more 
although at that point they had not verifi ed that yet. Their reasons were based on their 
theory that because taking the cab would involve fi xed and variable costs, and since they 
had to travel a reasonable distance, taking a cab would be more expensive. However, 
when a student worked out the distance to travel to the various places of interest with 
respect to the cab fares, they found that this was not the case (see Table  13.6 ).     The stu-
dents worked out how much it would take to travel 50 km by cab, made some pro-
jections and found that it cost less than taking the van. They switched their choice 
to taking the cab. The students’ written solution to the modelling problem is shown 
in Fig.  13.1 .

   Table 13.5    First conceptualisation of travel cost   

 Conceptualisation 
of travel cost 

 Selected mathematical 
reasoning  Inference and comment 

 Manipulation stage 1:   Because it’s $100 per day. But if 
you use this (cab), it’s per km. 
And imagine how many km 
will you travel?  

 R2 (Make mathematical 
translations) – Comparing 
costs based on distance. 

 The van – fl at fare 
of $100 per day. 

  If, 5 km, it’ll be $2.50, so I think 
it’s van.  

 R3 (Conjecture) – that taking the 
cab would be more expensive 
due to the fi xed and variable 
costs as there would be quite a 
distance to travel. 

  Then you also have boarding 
charge, $5 (for cab).  

  I don’t think this (cab) is cheaper 
because it’s 50 cents per km. 
How many km are you 
travelling on that day? So 
much!  
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   The solutions clearly distinguish four important aspects taken into account by the 
students: the itinerary showing the time durations for each place of visit for both 
days, the entrance cost involved, the cost of transportation related to the distance 
travelled (their recommended route) for both days, and the amount spent on accom-
modation. For example, it could be seen that the students have cancelled their initial 
proposal to use the travel van as they initially thought it was cheaper and better 
value. The cab fare calculations, shown at the top right of Fig.  13.2 , reveals how the 
group worked out the variable rates for the 2 days. The itinerary shows the timings 
which were obtained by taking into consideration the distances (shown in brackets) 
as well as adherence to task conditions of staying in a place of interest for 4 h. 

  Fig. 13.1    The students’ written solution for  Th e Itinerary Problem        

   Table 13.6    Second conceptualisation travel cost   

 Conceptualisation of 
travel cost  Selected mathematical reasoning  Inference and comment 

 Manipulation stage 2:   Hey it’s actually cheaper (cab). 
I’ve calculated already. 1, 2, 
3, 4, 5, 6, 7, 8, 9, 10 (making 
estimation of distances). 
10…10 x 5 so is 50. 50 km … 
it’s cheaper!  

 M4 (Realise new information), 
K2 (Compute), R4 (Generalise) 
– Working out the cab fare for 
50 km and fi nding it to be 
cheaper than taking the van. 

 The cab – fi xed and 
variable costs 
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The costs of the visits were evident and the students made their own assumptions 
by factoring reasonable expenditures for meals. On the whole, each aspect illus-
trates the students’ mathematical reasoning in the overall scheme of conceptualis-
ing representations based primarily on establishing distance-time and distance-cost 
relationships.   

5     Discussion and Implications 

 In this case study, the students’ modelling endeavours show how they reasoned 
towards getting their “ideal” route and the decisions made that had an impact on 
distance-cost and distance-time relationships. The modelling effort involved express-
ing, testing, and revising their conceptualisations. Several implications are brought 
to light with respect to the potential of implementing mathematical modelling in the 
mathematics curriculum. 

5.1     The Pedagogic Platform 

 Engaging in mathematical modelling activity provides affordances for student-
task- teacher interaction and in particular for the modelling task to drive learning. 
Chan ( 2008 ) noted that in such an environment, the students’ cognitive engagement 
was kept high as they made attempts to identify goals and variables, interpret prob-
lem situations, interrogate data, make inquiries, monitor their solutions and improve 
their conceptualisations. This form of instruction differs starkly from learning math-
ematics in a traditional and didactical manner which is limited in scope in revealing 
what students are capable of. A modelling platform points to the role that mathe-
matical modelling has in developing students to make sense of complex systems, 
working within teams, adapting rapidly to a variety of evolving conceptual tools, 
and developing sharable tools that draw on a variety of disciplines (Sriraman and 
Lesh  2006 ) which is more than working with mere computations.  

5.2     Modelling and Mathematising 

 To develop an attractive tour package in light of the given problem was to be able to 
model a route where all the places of interest could be visited once (without passing 
by any of the places again except going back to the Airport) with resource effi ciency 
as a key consideration. The students in this study developed their initial model with 
the goal to plan a route that covered all places of interest but they did not consider 
other aspects such as the relationships between distance and time or distance and 
cost. They then revised their initial model into workable ones through greater 
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deliberation on the given data as well as the employment of their own real- life expe-
riences. The testing and revising of their models exemplify the students’ sense-
making, explaining and decision-making aspects of mathematising towards bringing 
the real-world situation into the model world and vice-versa. In other words, consis-
tent with what Sriraman and Lesh ( 2006 ) have found, these cycles of expressing, 
testing and revising do not just take the students from pre-mathematised givens to 
goals when the path is not obvious but also lead to conceptualising givens and goals 
in productive ways.   

6     Concluding Remarks 

 Engaging students in mathematical modelling paves the way for teachers to redesign 
ways where students can solve problems in real-world settings. The modelling task 
such as  The Itinerary Problem  takes on a dimension for students to notice phenom-
ena that are amenable to mathematical thinking, have them clarify the purposes for 
the modelling situation, brainstorm quantities and variables related to the problem 
situation, evaluate these quantities and variables towards relevance for working with 
and developing, manipulating and interpreting models in various ways to obtain 
results. In the process, the students are forced to manifest their problem solving 
behaviours and formulate important relationships between variables. It also allows 
students to assess the appropriateness and limitations of the models and communi-
cate the results. In this respect, mathematical modelling helps students in appreciat-
ing mathematics as a critical tool for analysing important issues in their lives, 
communities, and in society in general (Greer et al.  2007 ).     
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Abstract  The primary motivation of this study is to investigate whether there are any 
differences, and what they are, between the mathematical modelling skills of second-
ary and tertiary students entering a highly academic university in China. With this aim 
in mind, we used a multiple-choice question instrument, which has been extensively 
used in experimental studies in various countries, to assess students’ modelling skills. 
Two tests, each consisting of six questions, were conducted with approximately 200 
first-year students from Tsinghua University. The first test was carried out as the stu-
dents entered the University, and the second test was carried out at the end of the first 
semester after an introductory unit in mathematical modelling. Statistical analyses 
were conducted to compare the differences in the results of these two tests.

1  �Introduction

During the last two decades, research on mathematical modelling and applications 
has attracted an increasing interest in the mathematics education field (e.g., Biehler 
and Leiss 2010; Blum et al. 2002; Frejd and Ärlebäck 2011; Kaiser et  al. 2006; 
Stillman et al. 2010). This increasing trend can be noted from the fact that in recent 
years there is much research focusing on the teaching and learning of mathematical 
modelling and applications, ranging across all education levels including primary, 
secondary, tertiary and teacher education. However, among all the research studies, 
it seems only a few (e.g., Kaiser 2007) focus explicitly on the comparison of math-
ematical modelling skills between the students at the secondary and the tertiary 
levels. This is a little puzzling and the reason might be due to that until now there 
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are actually no roadmaps to sustained implementation of modelling education at all 
levels. Just as Blum et al. (2002) point out: 

In spite of a variety of existing materials, textbooks, etc., and of many arguments for the 
inclusion of modelling in mathematics education, why is it that the actual role of applica-
tions and mathematical modelling in everyday teaching practice is still rather marginal, for 
all levels of education? How can this trend be reversed to ensure that applications and 
mathematical modelling is integrated and preserved at all levels of mathematics education? 
(p. 165)

This is a big issue and it appears it remains to be resolved. The primary motivation 
of the current study is to investigate whether there are any differences, and what 
they are, between the mathematical modelling skills of secondary and tertiary 
students. To assess students’ modelling skills, we adopted a multiple-choice ques-
tion instrument which has been extensively used in experimental studies in vari-
ous countries.

As an early application of the multiple-choice question instrument, Haines et al. 
(2000, 2001) designed two similar tests (Test 1 and Test 2, each consisting of six 
questions) to examine and measure students’ mathematical modelling skills at dif-
ferent stages of a modelling process. As has been clarified in Houston and Neill 
(2003b), the six questions in each quiz try to identify six types of students’ model-
ling sub-competencies, namely:

Type 1: Making simplifying assumptions… . Type 2: Clarifying the goal… . Type 3: 
Formulating the problem… . Type 4: Assigning variables, parameters and constants… . Type 
5: Formulating mathematical statements… . Type 6: Selecting a model. (pp. 156–158)

The work by Haines et  al. (2000, 2001), including research methods and tests 
designed, gave an introductory reference for follow-up studies in the United 
Kingdom (Haines and Crouch 2001, 2005) and spreading to Australia, Ireland, 
Japan, Germany, Sweden and China (Dan and Xie 2011; Frejd and Ärlebäck 2011; 
Ikeda et  al. 2007; Houston and Neill 2003a, b; Kaiser 2007; Lingefjärd and 
Holmquist 2005). In particular, Haines and Crouch (2001) paid more attention to 
the effectiveness of their research tool. They mixed these two tests into one with 
questions in a random order and asked 42 mathematics undergraduates to finish 
them within 30 min. According to their analyses, they found that scores with the 
same question number in these two tests are close, and the comparable manner of 
the analogue pairs indicates their tests are generally robust. Houston and Neill 
(2003b) added another question in each test to require students to sketch the graph 
of a function. They used Test 1 as a pre-test and Test 2 as a post-test in the first year. 
When it came to the second year, they created a new test comparable to the former 
ones and took it as a new pre-test. Test 2 was used again as a post-test at the end of 
the fourth semester. They found that over a 1 year course of study, students gener-
ally improved their test scores; however, there was a larger decline on the third test 
than the second one, indicating that most students did not have their modelling skills 
consolidated effectively over their summer holiday. The number of test questions 
was extended to 22 questions by Houston and Neill (2003b), and the issue of assess-
ment validity was addressed in Lingefjärd and Holmquist (2005). Dan and Xie (2011) 
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carried out a study with the students from Logistics Engineering College, an average 
level institution among Chinese engineering universities. Significant positive 
correlation between mathematical modelling skills and innovative thinking levels 
was found. However, correlation between mathematical modelling skills and scores 
achieved in basic mathematics courses was not so strong.

In the current study, we adopted the two tests (Test 1 and Test 2) originally 
designed by Haines et al. (2001). We used the data from the tests with students 
from Tsinghua University, a highly academic university in China, to check 
whether there are any differences between the mathematical modelling skills of 
secondary and tertiary students. We also examined whether the students’ model-
ling skills are influenced by other factors such as the scores they achieved in 
basic mathematics courses.

2  �Experiment

The tests were conducted in fall semester of 2010 with 193 first-year students of 
Tsinghua University. Among these, 157 were boys and the rest were girls. All the 
students were taking a course called Introduction to Mathematical Modelling, which 
is a one-semester course aiming to introduce some basic modelling concepts and 
examples to the first year students. The course consists of fifteen 90-min lectures, 
once every week. In each lecture, the teacher introduces a modelling instance with 
close relationship with the students’ daily life, including some basic models arising 
from engineering, public administration, operations management, marketing and 
economics. Most of the instances are taken from a Chinese textbook by Jiang et al. 
(2011), which is the most popular one used in Chinese universities for mathematical 
modelling courses. Here are some examples for the modelling tasks: How do you 
allocate the number of seats in a committee (i.e., the apportionment problem)? How 
do you predict the growth of the population size in China and in the world? How 
much data can red and blue laser compact disks hold? What is the best design for 
the shape of a Cola can? What’s the best time to sell a pig to the market? What is the 
best policy for inventory management (in particular, the classical economic order-
ing quantity (EOQ) model and the newsboy model)? Why and how does an airline 
company use an overbooking strategy? Why are prices usually subject to periodic 
fluctuations in certain types of markets (in particular, the cobweb model)? How do 
you calculate the repayment scheme for a fixed rate mortgage? How do you estimate 
the explosive power for the Trinity detonation with only a video of the detonation 
(in particular, using the dimensional analysis approach)? What are the advantages of 
using multi-stage rockets (and why usually are three-stage rockets used)?

During a lecture, the teacher first introduces to the students the modelling context 
for a specific modelling task, and asks the students to think about and try to solve the 
problem by themselves for about 15 min. Next the teacher asks some students to report 
their ideas in front of their classmates, followed by students’ discussions guided by the 
teacher. Finally the teacher presents some well-established mathematical models for 
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the task, pointing out the basic assumptions of the models and analysing the advantages 
and disadvantages of the models. Although out of the class no homework is assigned to 
students after each week’s lecture, the students are asked to form groups (each group 
consists of three or four students) to independently pose, discuss and build up mathe-
matical models to solve real world problems they are interested in. At the end of the 
course, each group is required to submit a course report to the teacher, presenting the 
out of class achievement of the group. Usually, a very large number of problems and 
topics from various contexts are covered in the students’ reports.

Test 1 was carried out as the first year students entered the University and had 
just attended the first lecture of the course. Test 2 was carried out at the end of the 
first semester. All students finished both tests within 20 min. We used the results 
from the first test as a measure of secondary students’ modelling skills, and the 
results from the second test as a measure of tertiary students’ modelling skills. 
Questions with the same number in the two tests were quite similar and had compa-
rable difficulty, which was proved in Haines and Crouch (2001). Take Question 6 
for example.

Question 6 in Test 1. Which one of the following options most closely models the 
height of a sunflower while it is growing (in terms of time t)?

	 A B. C D E. ( ) . . . / ( )1 1 1 12 2- - - +- -e t t t t et t

	

Question 6 in Test 2. Which one of the following options most closely models the 
speed of a car starting from rest (in terms of time t)?

	 A B C D E. . ( ) . . . / ( )1 1 1 12 2- - - +- -e t t t t et t

	

Both of the questions ask the modeller to choose a reasonable model, by reflecting upon 
the mathematical model to be used in a particular situation and evaluating a solution or 
comparing the model with the real world problem. So it is reasonable to compare the 
scores in the two tests to check if students made any progress in modelling skills.

Together with the second test, we also asked the students to report their scores 
achieved at midterm examinations in Calculus and Linear Algebra, which are the 
two major basic mathematical courses for the first year students. This information 
was used to check whether modelling abilities are related to the knowledge of basic 
mathematics courses.

3  �Results

3.1  �Comparison of the Two Tests

Each question in the tests has one correct answer worth 2 points and one or several 
partial correct answers worth 1 point, so full marks for each test is 12. The average 
scores achieved by the students on the two tests are summarised in Table 14.1.

J. Fu and J. Xie



169

As can be seen from Table 14.1, the difference of the overall average scores of 
the two tests is within a gap of only 0.21 points, with almost the same standard 
deviations. Statistical analyses (in the statistical analyses in this chapter, we use 
t–tests with the significance level of 0.1) show that there is no significant difference 
between scores achieved by the students on the two tests. We also checked the num-
ber of students who performed better in Test 2 and found that 90 students achieved 
higher scores on Test 2 than Test 1, while 71 students’ performance was worse. The 
difference was statistically insignificant. Therefore, we come to the conclusion that 
there is no statistically significant difference between the mathematical modelling 
skills of (upper) secondary and (first year) tertiary students. More precisely, first 
year students in Tsinghua University did not make any progress in mathematical 
modelling ability through one semester’s study. It disappointed us more or less, as 
in an analogous study done by Kaiser (2007), the students scored 8.4 in pre-test and 
9.6 in post-test (both tests consisted of eight testing questions other than six ques-
tions as in our study), which was a significant improvement. Nevertheless, a similar 
conclusion to our study was also made in Haines et al. (2000) with data from UK 
students. Some of the possible reasons we think are as follows:

•	 For quality teaching, “teachers ought to support students’ individual modelling 
routes and encourage multiple solutions” (Blum 2011, p. 24); but we did not do 
much work along this line in our class or assign such kind of homework for our 
students. In fact, we put more attention on imposing the well-established models 
to the students in our class. This motivates us to improve our teaching methods 
in the future, making our teaching more effective.

•	 The students entering Tsinghua University are among the best students in China. 
They already achieved very high scores (with an overall average score of 9.32 
out of 12) in the pre-test (Test 1), so it is difficult to improve further. In contrast, 
German students in Kaiser’s study (2007) only scored 8.4 out of 16 on average 
in the pre-test so they had more of a gap to close.

•	 One semester is only a short time. It is difficult to improve the students’ modelling 
skills in such a short time. 

Since questions with the same number examine the same type of sub-competencies 
in the process of modelling, if we sum up the scores achieved for two questions with 
the same number in the two tests, we can identify advantages and disadvantages of 
our students in the corresponding sub-competency. It is reasonable to add the scores 
up directly since we have found that our students made little progress through one 
semester, although the two tests were finished at different times. A similar approach 

Table 14.1  Summary of Test 1 and Test 2

Question number 1 2 3 4 5 6 Overall average
Standard 
deviation

Test 1 1.17 1.35 1.68 1.42 1.91 1.78 9.32 1.86
Test 2 1.69 1.26 1.62 1.47 1.73 1.75 9.53 1.79
Sum 2.87 2.61 3.30 2.89 3.64 3.53 – –
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was used by Haines et al. (2000) to check students’ understanding at stages within 
the modelling process. Haines and Crouch (2001) also followed this idea in order to 
develop a measure of attainment for stages of modelling. Examination of Table 14.1 
shows that the students were most successful in solving Questions 3, 5 and 6 
(82.6 %, 91.1 % and 88.2 % of the total marks were achieved), whilst Questions 1, 
2 and 4 (only 71.6  %, 65.3  % and 72.3  % of the total marks were achieved) 
seemed to be more challenging for them. This observation suggests, in order to 
improve the students’ modelling skills, we should put more attention to training 
students’ ability in making reasonable assumptions for the real world problems, 
understanding the goals of the modelling tasks, and identifying required parameters, 
variables and constants. Among them, the problem of understanding the goals of the 
modelling tasks was also reported by Houston and Neill (2003a), and Kaiser (2007).

3.2  �Comparison with UK Students

Now we compare the differences of the achievements of Tsinghua students (in our 
experiment) with those achieved by the students from two universities in UK (we 
refer to them as UK students hereafter) as reported by Haines and Crouch (2001). 
On average, Tsinghua students in our experiment performed better in each ques-
tion than the UK students. Noticing that the students in Tsinghua are among the 
best in China, it is unreasonable and not meaningful to compare their scores 
directly with those of the UK students. Therefore, we decided to analyze the rela-
tive scores as shown in Table 14.2. Here the relative score achieved by students in 
a question means the average score achieved in this question divided by the overall 
average score for all test questions. For example, Tsinghua students scored 1.63 
points in the third question of Test 1 on average and their overall average score is 
9.32. Then the relative score in the third question of Test 1 equals 18.1  % 
(=1.63/9.32). If the relative score achieved by Tsinghua students in a question is 
much higher than that by UK students, it is reasonable to consider Tsinghua students 
performed better according to the sub-competency corresponding to the question 
in the process of modelling.

Table 14.2  Relative scores of Tsinghua and UK students

Test 1 Test 2 Tests 1 & 2

Question UK (%) Tsinghua (%) UK (%) Tsinghua (%) UK (%) Tsinghua (%)

1 15.8 12.6 18.0 17.9 17.0 15.2
2 12.0 14.5 7.2 13.2 9.5 13.9
3 14.7 18.1 22.9 17.0 19.1 17.5
4 21.4 15.2 19.7 15.5 20.5 15.3
5 22.6 20.5 20.5 18.1 21.4 19.3
6 13.5 19.1 11.7 18.3 12.5 18.7
Sum 100.0 100.0 100.0 100.0 100.0 100.0
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Table 14.2 shows that UK students performed relatively better in Question 4, 
and Tsinghua students performed relatively better in Question 6. This indicates 
that UK students have relatively better understanding than Tsinghua students in 
assigning parameters, variables and constants, whilst Tsinghua students have rela-
tively better understanding than UK students in assessing and choosing a proper 
model. The differences in other questions are only marginal. In addition to this, 
Question 2 seems to be the most difficult one for all the students and Question 5 is 
the easiest one for them.

3.3  �Relationship with Basic Mathematics Courses

Serious mathematical modelling needs to make use of much “pure” mathematical 
knowledge and skills. Questions in our tests also reflect some mathematics thinking, 
so it is natural to check the relationship between modelling skills and basic mathe-
matics levels of the students. Similarly as in Dan and Xie (2011), firstly, we calcu-
lated the correlation coefficients of mathematical modelling skills and both 
the marks achieved by the students in their midterm examinations for two basic 
mathematics courses – Calculus and Linear Algebra. We found that the correlation 
coefficients were both less than 0.2, so no meaningful conclusion can be drawn 
from the data. However, we achieved a meaningful result after reanalyzing our data 
from another perspective as below.

We regard those who scored 12 points in Test 1 or Test 2 as skilled modellers, 
and those who scored no more than 6 points as having poor modelling skills. 
Similarly, when dealing with the total scores for the two tests, we regard 22–24 
points as an indicator for strong modeling skills, and no more than 15 points as an 
indicator for poor modelling skills. The comparison results are listed in Table 14.3.

Examination of Table  14.3 indicates that the scores achieved by students in 
Calculus have no significant relationships with modelling skills in our experiment. In 
contrast, for the Linear Algebra course, all the p-values are less than 0.1, which leads 
to a positive conclusion: Students with strong modelling skills also possess strong 
skills in Linear Algebra and those with poor modelling skills possess relatively weak 
skills in Linear Algebra. The reason why this happens is not very clear and needs 
further investigation and discussion. One possible explanation might be that all the 
questions in our tests for modelling skills do not need to use knowledge in Calculus, 
but knowledge in Linear Algebra is relevant to the test questions we used.

4  �Discussion and Conclusion

This chapter reports some initial results of comparison of the differences in model-
ling skills between upper secondary and first year tertiary students, from an experi-
ment conducted at Tsinghua University in China. We recognize the difficulties that 
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students met in the process of modelling, which will help us improve our teaching 
approach. The comparison with UK students (Haines and Crouch 2001) clarifies 
the distinction of modelling competencies between Chinese and UK students, 
which to some extent reflects the difference between thinking patterns of the two 
countries’ students. In addition, it needs to be noted that the tests used in our study 
did not examine some competencies which are necessary for a holistic way of con-
ducting modelling processes (Kaiser 2007). So a research tool that addresses the 
full range of modelling skills is expected to be developed (Haines and Crouch 
2001). For example, it might be reasonable to use an authentic modelling task to test 
students’ modeling skills (e.g., Ludwig and Xu 2010).

Due to the limitations of our experiment (e.g., it was only a very short time 
between the pre-test and the post-test, and the students were all from a highly 
academic university in China), findings from the study are not very stimulating. 
However, the authors think it is a very interesting area to investigate whether there 
are any differences, and what they are, in modelling skills between students at dif-
ferent levels of education, since the answers to these questions can benefit the cur-
riculum design and qualified teaching for mathematical modelling courses of 
students at different levels. More studies are expected to be done in the future along 
this line.
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    Abstract     This paper reports on one aspect of a 2 year research and development 
project aimed at enhancing primary and secondary teachers’ instructional practices 
in numeracy. The project made use of Goos’ model of numeracy as a basis for 
assisting teachers to plan for teaching and also to refl ect upon the effectiveness of 
their practice. As part of the project, teachers were challenged to develop learning 
experiences which were relevant to their own students’ lived-in worlds. One teacher 
took advantage of a major, potentially disruptive, building development within her 
school to design a sequence of lessons in which students were challenged to adapt 
to the changes that were associated with the construction. The chapter concludes by 
discussing the changes to the teacher’s disposition towards incorporating events 
from the students’ lived-in worlds into her teaching practice.  

1         Introduction 

 While there are now mature arguments in favour of the inclusion of learning experi-
ences in school classrooms that situate mathematics within authentic, richly contex-
tualised situations (e.g., Hoyles et al.  2002 ), opportunities for students to use 
mathematics to investigate issues in the social, political, environmental and economic 
worlds to which they will eventually contribute cannot yet be considered mainstream 
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(Damlamian and Straesser  2009 ; Stillman  2007 ). Despite the availability of teaching 
resources, and in some contexts, the support of educational jurisdictions through 
curriculum documents (e.g., Queensland Studies Authority  2009 ), the task of fi nding 
applications of mathematics that are genuinely meaningful to students appears to be 
a diffi cult challenge for many teachers. Whilst there are substantial bodies of litera-
ture devoted to the nature and importance of contextualised mathematics learning and 
teaching, such approaches to numeracy/mathematical literacy education (e.g., Steen 
and Turner  2007 ), and to effective approaches to professional development in math-
ematics teaching (e.g., Loucks-Horsley et al.  2003 ), far less is known about how 
teachers learn about and then appropriate the means to create effective mathematics 
teaching practices that have a connection with the lived-in world. 

 This chapter reports on one aspect of a 2 year research and development project 
aimed at enhancing primary and secondary teachers’ planning and teaching practice 
through attention to context based learning activities. In meeting this aim, teachers 
were faced with the challenge of developing learning experiences that were relevant 
to their own students’ lived-in worlds. A confounding aspect of this endeavour was 
how to also take advantage of situations that open the way for the teaching of appli-
cations of mathematics as they presented themselves, that is, these are incidental 
and so cannot be carefully planned. The potentials offered by this challenge are 
examined in addressing the following research question: Can teachers learn to take 
advantage of opportunities for the application of mathematics  in situ  within their 
unique school contexts?  

2     Theoretical Framework 

 Approaches to situating the learning and doing of mathematics within authentic life 
relevant contexts has been the interest of two distinct but closely aligned branches 
of mathematics education research: modelling and applications in mathematics and 
numeracy, which is also known internationally as mathematical literacy. The process 
of mathematical modelling involves the formulation of a mathematical representa-
tion of real world phenomena and then the use of mathematics to derive results from 
this representation or model. Results are interpreted in terms of the original context 
and, if necessary, the model is adapted and re-evaluated until an acceptable align-
ment occurs between model and phenomena. 

 Numeracy is increasingly seen as a fundamental goal of education as it is a vital 
element in the formation of informed, refl ective and contributing citizens (Steen 
 2001 ). This aspect of mathematics education has been recognised internationally 
through the OECD’s Program for International Student Assessment (PISA). 
According to PISA’s defi nition mathematical literacy is:

  an individual’s capacity to identify and understand the role mathematics plays in the world, 
to make well-founded judgments, and to use and engage with mathematics in ways that 
meet the needs of that individual’s life as a constructive, concerned and refl ective citizen. 
(OECD  2004 , p. 15) 
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   Thus, both mathematical modelling and numeracy are concerned with the use of 
learned-in-school mathematics in the lived-in world away from the school class-
room. In order to effectively practice mathematics in the world of work and in the 
community at large, individuals must also acquire the disposition to think critically 
and fl exibly. The ability to take a critical orientation to the use of mathematics when 
evaluating or critiquing aspects of students’ current cultures or future worlds cannot 
be assumed to fl ow from a high level of mathematical knowledge (Jablonka  2003 ) 
and so teachers need to design learning activities that provide opportunities to 
develop these capacities. While theoretical frameworks for both mathematical mod-
elling and for numeracy are apparent in the corpus of literature associated with both 
fi elds, few manage to capture the interrelated nature of the elements required for 
using mathematics in real world practice, especially in relation to critical elements 
of both enterprises. More recently, however, Goos ( 2007 ) proposed a model of 
numeracy that encompasses four essential elements which are enacted within a per-
ception of mathematics as knowledge-in-action. The model incorporates attention 
to real-life contexts, the deployment of mathematical knowledge, the use of physi-
cal and digital tools, and consideration of students’ dispositions towards the use of 
mathematics. This model incorporates the elements required for using mathematics 
in real world practice in a tightly integrated way and so was chosen as the theoreti-
cal framework for both the design of application tasks and for the analysis of related 
teaching and learning practice. 

  Contexts  are considered the heart of numeracy and an individual is only considered 
numerate within contexts in which they can competently apply their mathematical 
knowledge. This means that it is important for individuals to be numerate in a range of 
contexts (Steen  2001 ). The  mathematical knowledge  that underpins numeracy includes 
concepts, skills, problem solving strategies and the capability to make valid estimations 
(Zevenbergen  2004 ). The  use of tools  is a vital element of numeracy. In school and work-
place contexts, tools may be representational (symbol systems, graphs, maps, diagrams, 
drawings, tables, ready reckoners), physical (models, measuring instruments), and digital 
(computers, software, calculators, internet) (Noss et al.  2000 ; Zevenbergen  2004 ). 
A numerate person has a positive  disposition  to use mathematics when a problem or 
situation calls for the use of a mathematical approach, that is, they are comfortable with 
using their mathematical knowledge. This also means that individuals must feel confi -
dent in adapting what they know to suit the specifi cs of a situation and have the fl exibil-
ity to think about a problem in different ways. The importance of developing positive 
dispositions to using mathematics has been emphasised in national and international 
curriculum documents (e.g., National Curriculum Board  2009 ; OECD  2004 ). 

 This model is grounded in a  critical orientation  to numeracy since numerate 
people not only know and use effi cient methods, but also they evaluate the reason-
ableness of the results obtained and are aware of appropriate and inappropriate uses 
of mathematical thinking. The critical evaluation of mathematical information is 
used to make decisions and judgements, add support to arguments, or to challenge 
an argument or position. Mathematical information and practices can be used to 
persuade, manipulate, disadvantage or shape opinions about social or political 
issues (Frankenstein  2001 ). 
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 The elements of the model can also be represented as the net of a tetrahedron 
surrounded by and bound together by a critical orientation (Fig.  15.1 ). Descriptions 
of the elements of the model and the critical orientation within which these elements 
interact are summarised in Table  15.1 .

    This model has been used as a framework to audit mathematics curriculum 
designs (Goos et al.  2010 ), for documenting teachers’ refl ections on their own 

  Fig. 15.1    A model for numeracy in the twenty-fi rst century (Goos  2007 )       

   Table 15.1    Descriptions of the elements and critical orientation of the numeracy model   

 Model component  Descriptions 

 Mathematical 
knowledge 

 Mathematical concepts and skills; problem solving strategies; estimation 
capacities. 

 Contexts  Capacity to use mathematical knowledge in a range of contexts, both within 
schools and beyond school settings 

 Dispositions  Confi dence and willingness to use mathematical approaches to engage 
with life-related tasks; preparedness to make fl exible and adaptive use 
of mathematical knowledge. 

 Tools  Use of material (models, measuring instruments), representational (symbol 
systems, graphs, maps, diagrams, drawings, tables, ready reckoners) 
and digital (computers, software, calculators, internet) tools to mediate 
and shape thinking 

 Critical orientation  Use of mathematical information to: make decisions and judgements; 
add support to arguments; challenge an argument or position. 
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professional learning in relation to the planning and implementation of numeracy 
teaching practice (Geiger et al.  2011 ), and for the analysis of teachers’ attempts to 
design for the teaching of numeracy across the curriculum (Goos et al.  2011 ).  

3     Research Design 

 The project was conducted over a 2 year period, 2010–2011, and involved two 
teachers from each of 12 schools – 24 teachers in total. Participating schools were 
selected by their employing authority after responding to a call for expressions of 
interest to be involved in a cross-curricular numeracy project. Participants included 
a mix of primary and secondary teachers. Because of the cross-curricular intent 
of the project participants included generalist primary teachers who taught across 
the curriculum and also secondary teachers with specialist subject knowledge 
(e.g., mathematics, science). Two teachers from each school were included so that 
they could provide support to each other throughout the project. 

 An action research approach was chosen for this research-as-development project 
as this is an appropriate methodology for supporting educational reform through 
collaborative partnerships between teachers and university researchers (Soomekh 
and Zeichner  2009 ). The action research design was consistent with the Loucks- 
Horsley et al. ( 2003 ) framework for professional development that provided direc-
tion for the teacher professional learning aspect of the project. In alignment with 
both of these aspects of the design, project meetings that involved all participants 
were followed up with school visits. In project meetings, elements of the numeracy 
model were explored and examples of classroom activities which embodied these 
elements were demonstrated. Project meetings were also used by teachers to show-
case work in progress, to seek feedback on ideas they were preparing for implemen-
tation from other project teachers as well as the researchers. Between whole project 
meetings, members of the research team visited each participating school to collect 
data and to discuss the achievements and challenges associated with improving 
numeracy practice. Thus these visits provided on-going support to teachers in their 
efforts to meet goals they had set for improving their own numeracy practice. 

 The research component of the project was based on data gathered during whole 
project meetings and school visits. During whole project meetings teachers were 
asked to: outline their initial conceptions of numeracy; complete a survey on teachers’ 
confi dence with numeracy teaching; and to map their personal progress in numeracy 
by using the numeracy model as a lens. Researchers’ visits to schools involved: 
recording fi eld notes for lesson observation; pre- and post-lesson teacher interviews 
and post-lesson interviews with students; and collection of artefacts including 
teacher planning documents and student work samples. 

 Data sources used in this report are drawn from a focus group interview with 
participating teachers in one school and the personal planning documents of an 
individual teacher who also participated in the same interview. The teacher’s plan-
ning documents and reports on her own and her students activity when engaging in 
the applications task were analysed by identifying how plans and action aligned 
with the elements of the numeracy model. 
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 The school is located in an urban, non-metropolitan setting; the town being the 
commercial centre of a farming community. The school itself caters for students 
from a wide range of socio-economic backgrounds. The teacher, who is the focus of 
this report, was in her third year as a practitioner and had volunteered for the project 
because of the encouragement she received from the school administration. She also 
felt that the project provided her with an opportunity to extend her knowledge of 
mathematics and mathematics pedagogy – areas she admitted to feeling less confi -
dent about at the commencement of the project. She was selected as the focus for 
this chapter because of the unique way in which she took advantage of a potentially 
disruptive school rebuilding program to develop a task involving the application of 
mathematics that was relevant to her students lived-in-world.  

4     Surviving the Reconstruction 

 As part of the project, teachers were challenged to develop learning experiences 
which were relevant to their own students’ lived-in-worlds. One teacher, Kym 
(pseudonym), embraced this challenge by redesigning a unit of her learning plan for 
her Year 6 class. Within this unit on the topic of Location, Kym chose themes in 
which she took a contextualised approach to introducing new mathematical knowl-
edge and also to consolidating ideas and concepts students had met earlier. The plan 
included the following themes:

•     New School Plan  – In response to the injection of signifi cant funds, students 
were asked to consider what facilities required upgrading and what new facilities 
were required in redesigning the school. A map needed to be produced to show 
how these new or up-graded facilities would fi t on the current school site.  

•    What a Load of Rubbish  – Students were set the task of gathering information 
about the school’s litter patterns and asked to produce a plan for the location of 
rubbish bins that would optimise students’ opportunities of placing litter in the 
appropriate place.  

•    Up the Garden Path  – After being provided with details of a prefabricated path kit, 
students were asked to show how the pieces would be assembled to form a pathway 
across a specifi ed square in the school. It was expected that students demonstrated 
they had considered a variety of possible options and justifi ed their fi nal design.    

 These tasks were good examples of the type of contextualised approaches to 
learning and teaching the project aimed to encourage. Each task had the potential to 
help address each element of the model for numeracy which was introduced to the 
teachers as a way of structuring their planning and practice. These tasks, however, 
could have been introduced to students at anytime, or in any other school, as they 
were not really bound to any particular circumstance that existed within the school 
at the time of the project. There was another task, however, that drew on happenings 
within the schools that had immediate and unavoidable consequences for the school 
community; students, teachers and parents alike. 
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 In the particular instance that is the focus of this chapter, the teacher took advantage 
of a major, and potentially disruptive, building development within her school to 
design a sequence of lessons in which students were required to consider how many 
day to day activities would need to be adapted in order to accommodate the changes 
that were associated with the construction. Mathematics was seamlessly integrated 
into the range of adaptations students were asked to investigate because of the way 
the teacher structured this sequence. 

 A description of the task, as it appears in Kym’s planning documents, appears 
below:    

 The construction at the school has caused many changes. The school map is 
now out of date and new parents would get confused trying to use it. Your task 
is to alter the out of date map so that it refl ects the changes to the school. Then 
design a tour of the school for new parents that will show them where every-
thing is. 

 You need to mark your tour on the map. Write a tour guide to go along with 
it so that parents can do the tour alone, with instructions like, “On your left 
you will see the parent entrance to the offi ce. If you look to your right you will 
see the years 6 and 7 building.” 

 The tour is to be no longer than 10 min. When you have designed your 
tour, test it out on a group to check for errors and timing. 

 Before fi nal drafts, compare journeys. Discuss differences in routes, school 
highlights and times taken for the journey. Discuss any glitches that came up 
in organising tours. Precision in map reading and instructions is important so 
people don’t get lost.  

 To begin the task students were given a plan of the school before the construction 
began and asked to label key landmarks. They were then asked to redesign the plan 
to include the new buildings that were already being built within the school. As they 
were required to produce a scaled plan, the task included the particular challenge for 
students of determining distances and locations without getting too close to the 
buildings under construction. The task also included a requirement to develop 
instructions for a tour of the school, that the Year 6 students would take responsibility 
for, as part of an introduction to the school for prep students’ parents. These instruc-
tions needed to accommodate the new buildings. Students’ plans and instructions 
were then tested by swapping plans with other students and noting how easily these 
assisted non-authors to tour the school from the perspective of ease of interpretation 
and also coverage of important areas in the school. The experiences of using other 
students’ directions were shared in a whole class discussion. 

 Kym reported a high level of engagement by students with the task. She argued 
that the inquiry approach, within which the task was conducted, allowed students an 
element of control over their own learning which contributed to this engagement. 
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Kym also believed that there were two more contributing factors to students’ 
engagement – the outdoor nature of the activity, and the relevance of the task to 
students’ personal circumstances.

   Kym:  Students have control of where they want to take it. The students tell me this 
approach allows them to look into “stuff that we want to learn about”.     

5     The Construction Through the Lens of the Numeracy Model 

 This task allowed students to engage with all elements of the numeracy model, 
although more strongly in some areas than another. There was a clear and engaging 
 context  based on an obvious and disruptive building development within the school. 
 Mathematical knowledge  was addressed through engagement with the activity as 
students were required to construct scale maps and make accurate use of the lan-
guage of location in order to provide directions for other students in their role as 
school tour guides. Kym attempted to promote students’  dispositions  towards math-
ematics and towards the use of mathematics by introducing a context that students’ 
found relevant in an immediate sense because it was affecting their routine activities 
on a daily basis. In order to accommodate challenges associated with the task, such 
as establishing the location of the new building on a map without approaching the 
site too closely, students were required to think fl exibly and adaptively and to show 
initiative and take intellectual risks. Kym also asked students to use representational 
 tools  such as maps and made use of digital  tools  herself through the use of Google 
Earth to provide students with a plan view of the school. The whole activity was 
embedded in a  critical orientation  as students used the elements of the task to make 
decisions about the best route for a school tour. 

 While this task provides evidence of Kym’s skill as a designer of context driven 
mathematical tasks, it also provides insight into her own  disposition  as a creator of 
students’ learning experiences in mathematics. Through this episode Kym has 
shown a capacity to think fl exibly and adaptably herself, not in the way she is hop-
ing to promote in her students’ use of mathematics, but in the way she is open to, 
and able to take advantage of, new and unexpected opportunities to design tasks that 
enhance her own numeracy practice as a teacher. This disposition has also allowed 
her to connect with other elements of the numeracy model within her practice. She 
has recognised the potential of a context for engaging her students in their learning 
and for situating a specifi c type of  mathematical knowledge  within her students’ 
world of experience. To do this she needed to determine a unit of mathematics, and 
thus what specifi c  mathematical knowledge  was best aligned to this context. Kym 
has also considered what  tools  were needed to support the task. In this case, she 
provided plan views of the school before the construction and Google Earth images 
of the school, as well as physical tools such as measuring tapes and rulers. In order 
for there to be a connection between elements of the numeracy model, Kym had to 
think of an overarching problem or issue for students to address. She did this in a 
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way that was very personal to students by asking them to develop a set of instructions 
for a tour of the school that the students themselves would make use of as guides to 
new parents.  

6     Conclusion 

 While the aim of the project was to assist teachers to enhance their planning and 
teaching practices through the use of a research based model of numeracy (Goos  2007 ), 
it became apparent that the model not only offered a framework for guiding teach-
ers’ work when planning students’ learning experiences but also a way of thinking 
about how teachers change their own practice. In this project, one teacher took 
advantage of a major, potentially disruptive, building development within her school 
to design a sequence of lessons in which students were challenged to adapt to the 
changes that were associated with a school rebuilding program. In doing so, she was 
still able to incorporate all of the elements of a rich applications task as identifi ed by 
the model of numeracy which guided the development of tasks and teacher action 
through the project. 

 Kym’s planning documents demonstrated that she had the capacity to develop 
innovative tasks which engaged students in addition to paying due attention to all the 
elements of numeracy identifi ed in Goos’ model ( 2007 ). It was not only her aware-
ness of the elements of this model alone that allowed her to take advantage of the 
unusual circumstances of her school for the betterment of her students’ mathematics 
education; but also her own disposition towards this unexpected circumstance. In a 
similar way to how she was attempting to promote fl exible and adaptive thinking in 
her students, in relation to the use of mathematics in context, she demonstrated 
 initiative and took a professional risk in building an element of her mathematics 
teaching program around what many teachers would consider a disruptive event. It 
was then, from this position, that she was able to design an activity that wove the 
elements of the numeracy model into students’ learning in a seamless fashion. 

 How other teachers appropriate the ways of thinking, reasoning and discourse 
that promote the development of such a disposition is a topic worthy of future 
research effort. Without an understanding of how such a disposition might be appro-
priated by teachers, it is diffi cult to see how the inclusion of authentic and relevant 
contexts for learning mathematics can ever be an accepted part of mainstream math-
ematics education at primary or secondary levels.     
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    Abstract     For several years the competency of mathematical modelling has been 
prescribed as one of the central competencies in German educational standards in 
mathematics. This chapter reports results of the study of my master thesis, during 
which the effects of a short-term modelling project to the development of modelling 
competencies were evaluated. To evaluate the modelling project I developed a mod-
elling test based on one designed by Houston, Haines, Crouch, Izard and others 
previously, which focussed on the development of the sub-competencies of mathe-
matical modelling of students. Furthermore, fi ve students were interviewed at the 
beginning and the end of the project to gain deeper insight into their development of 
modelling competencies. The results show that it is possible to foster at least stu-
dents’ sub-competencies of mathematical modelling within a modelling project.  

1         Introduction 

 For several years the competency of mathematical modelling has been prescribed as 
one of the central competencies in German educational standards in mathematics, 
but still mathematical modelling plays a minor role in German mathematics lessons. 
As a consequence, mainly two questions have to be answered: In which way can 
authentic modelling problems be integrated into everyday mathematics lessons to 
foster the modelling competencies of students and in which way can modelling 
competencies effi ciently be measured? In an attempt to give preliminary answers to 
these questions a modelling project with approximately 160 Year 9 students partici-
pating took place during 4 days in February 2010 in Hamburg. 
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 In the fi rst part of this chapter the theoretical framework will be summarised. 
Afterwards the structure and course of this “modelling week” will be presented as 
well as the design of the study and the methods of data collection. Finally, the 
results of the evaluation will be described and discussed.  

2     Theoretical Framework 

2.1     Mathematical Modelling 

 Mathematical modelling is a highly discussed topic of didactics of mathematics inter-
nationally. There are different perspectives of mathematical modelling that include dif-
ferent representations of the modelling process as a cycle as well as goals and modelling 
competencies. An overview is given, for instance, in Kaiser and Sriraman ( 2006 ). 

 Basically, mathematical modelling describes the process of solving real world 
problems by using mathematical instruments. The ideal-typical process of mathe-
matical modelling is usually illustrated in the form of a cycle. The article at hand 
refers to a didactical modelling cycle adapted from Maaß ( 2006 ) (see Fig.  16.1 ). 
The entire process of modelling depends on the assumptions and the choice of 
mathematical resources (Maaß  2007 ). In addition, the modelling process is typically 
portrayed as a cycle with linear sequential steps. In reality, however, such processes 
are characterised by frequent switching between the various stages of modelling 
cycles (Maaß  2007 ; Schwarz et al.  2008 ).

2.2        Modelling Competencies 

 The exact defi nition of modelling competencies is dependent on the particular 
underlying concept of mathematical modelling (Zöttl  2010 ). Widely accepted is that 

  Fig. 16.1    Modelling cycle (Adapted from Maaß  2006 )       
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modelling competencies include abilities and a willingness to solve real-world 
problems by using mathematical modelling (Maaß  2004 ,  2006 ). Sub-competencies 
of mathematical modelling as an essential part of modelling competencies are based 
on the underlying modelling cycle and include the abilities needed to perform the 
different steps of the cycle (Kaiser and Schwarz  2006 ). Based on the modelling 
cycle from Maaß ( 2006 ) the following sub-competencies of mathematical model-
ling are distinguishable:

•    Simplifying the real-world problem (I1),  
•   Clarifying the goal (I2),  
•   Defi ning the problem (I3),  
•   Assigning central variables and their relations (I4),  
•   Formulating mathematical statements (I5),  
•   Selecting a model (I6),  
•   Interpreting the solution in a real-world context (I7),  
•   Validating the appropriateness of the solution (I8).   

According to Maaß ( 2004 ,  2006 ), Zöttl ( 2010 ) and Stillman ( 2011 ), metacognitive 
competencies play a signifi cant role for the modelling competencies. Non-existent 
or very little meta-knowledge about the modelling process as a result may lead to 
considerable problems while working on modelling tasks, for example, at the transi-
tions between the different phases of the modelling process.   

3     Design of the Study 

3.1     The Modelling Project 

 The modelling project took place in February 2010 in Hamburg. During 4 days approx-
imately 160 students of the Year 9 of an academic high school tackled one of the fol-
lowing authentic complex modelling problems in small groups of 4–6 students:

•    “Optimal” positioning of three rescue helicopters in a skiing area in South Tirol. 
For this modelling problem the positions of villages and ski slopes were given as 
well as the number of skiing accidents for each place. The students had to defi ne 
“optimal” on their own.  

•   Defi nition of more suitable dress sizes, based on measurements carried out in 
advance.  

•   Automatic watering of gardens: aim of this modelling problem was to fi nd the 
“optimal” positioning of lawn sprinklers for a pre-defi ned garden. Again, the 
students had to defi ne “optimal” on their own.  

•   Optimal tariffs for communication networks (phone, mobile phone, internet) for 
different users. The students had to research tariffs on their own.   

During the modelling project each small group of students was mentored by one 
university student. The university students were instructed to introduce the students 
to the modelling cycle, but in fact only a few of them presented the modelling cycle. 
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At the end of the modelling project a poster presentation of the different solving 
processes and solutions of the small groups took place. 

 One of the main goals of the modelling project was the fostering of the mod-
elling competencies of the students. To evaluate the project the modelling com-
petencies of the students were tested at the beginning and the end of the 
modelling project. A total of 135 students (63 girls and 72 boys) took part in 
both tests and are in the following considered as the sample. Students mathe-
matical performance varied from 1 to 5 where 1 means “very good” and 5 “fail” 
(see Table  16.1 ).

3.2        Research Questions 

 The main research question of the evaluation of the modelling project was:

•    To what extent can students’ modelling competencies be fostered within a mod-
elling project?    

 In addition to this, three more questions were investigated by evaluating the data:

•    Is there a relationship between the development of the students’ modelling com-
petencies and their mathematical abilities?  

•   Are there gender differences in the development of the students’ modelling 
competencies?  

•   Do specifi c sub-competencies develop differently?     

3.3     Methods of Data Collection 

 The study was designed in a pre- and post-format and includes qualitative and quan-
titative research components. At the beginning and at the end of the modelling proj-
ect all students fi lled in a modelling test to assess the sub-competencies of 
mathematical modelling. The tests were supplemented by semi-open pre- and post-
interviews with the same fi ve students each time. 

 Mathematical grade 

 Gender  1  2  3  4  5 

 Girls  6  22  17  17  1 
 Boys  5  22  31  11  3 

   Note . For mathematical grade,  1  means 
“very good” and  5  “fail”  

  Table 16.1    Number of girls 
and boys with different 
mathematical grades 
(self-reported)  
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3.3.1     Modelling Test 

 To evaluate the impact of the project, tests in a pre-post-design were developed 
based on already existing modelling tests designed and reworked by Houston, 
Haines, Crouch, Izard and others (e.g., Haines and Crouch  2001 ; Houston and Neill 
 2003 ). Eight items in multiple-choice format were developed by the researcher to 
measure the development of the sub-competencies related to the different phases of 
the modelling process (see Fig.  16.2  for an example).

   Each item formulated a different modelling problem in a specifi c phase of the 
modelling process and asked for the next appropriate step. For each item four possi-
ble answers are given, one of which is correct, one is partly right and two are wrong. 

 The tests were divided into part A and part B. Part A contained two questions 
about gender and previous grades in mathematics classes. Part B contained eight 
questions about modelling tasks. To maximise the comparability of the pre- and 
post-test, the items and structure of the modelling tests were most closely corre-
sponded to each other. At the beginning and at the end of the modelling project all 
students present fi lled in these tests.  

3.3.2     Interviews 

 In addition to the collection of the modelling tests of all students, fi ve students (two 
girls and three boys with different mathematical skills) were interviewed after com-
pleting the test to additionally measure the development of metacognitive modelling 
competencies. The pre- and post-interviews were conducted as guided interviews 
(Flick  2000 ) to achieve the most comparability of the answers of the students. To 
study the development of modelling competencies the same fi ve students were 
interviewed for about 15 min at the beginning and at the end of the modelling proj-
ect. During both interviews the students were asked about their answers to the tests. 
In the course of the second interview, in addition the modelling processes during the 
modelling project and mathematical modelling itself were discussed.   

Item 8 : Distance

Lisa leaves the highway A21 at the exit Bad Oldesloe-Süd, 
when she sees this road sign. “Look”, Lisa tells her little 
brother Felix, “this sign shows that Lübeck and Hamburg are 
73 km away from each other.”

Which of the following comments on the statement of Lisa 
is the most appropriate ? 

(A) ‘‘Lisa is right, because in order to drive to Lübeck  or Hamburg you have to drive on the opposite direction.”

(B) ‘‘Lübeck and Hamburg don’t have to be situated at this street, so Lisa doesn’t have to be right.”

(C)
‘‘Lübeck and Hamburg don’t have to be situated at this street. Lisa would be right if she said that
the cities are at most 73 km away from each other.”

(D) “Lisa is right – it says on the road sign that Lübeck and Hamburg are 73 km away from each other.”

  Fig. 16.2    Validating the appropriateness of the solution       
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3.4     Methods of Data Evaluation 

 Based on the evaluation of the modelling tests and the interviews, the development 
of the modelling competencies of the students was reconstructed. It was of interest 
to identify changes in the modelling competencies as a whole as well as dependen-
cies of gender or general mathematical skills. To answer the research questions, 
fi rstly the chosen answers in the modelling tests were analysed with Excel and after-
wards set in relation with the evaluation of the interviews. 

 For the evaluation of the tests the individual response options of the different 
items were rated differently, according to a partial credit system. In each case one 
response option was correct and therefore rated with 2 points. One response option 
was partially correct and rated with 1 point and two response options were incorrect 
and evaluated with 0 points. The marking of several response options for one item 
led to the rating of the item as incorrect. Thus, the highest achievable score on the 
8-item individual test is 16 points. Starting from this database, fi rst the average overall 
score of the students as well as the achieved average scores per item were calculated. 
In addition, the average scores of the students were calculated differentiated 
by gender and by mathematical grade. Furthermore, how many students achieved a 
higher, the same, or a lower score on the post-test in comparison to the pre-test 
were analysed. Finally, for each item the number of correct, partially correct and 
incorrect answers given were calculated. The distribution of points within the pre- 
and post-tests as well as the changes between the results of the two test dates were 
checked with tests of signifi cance to their reasonableness, namely  t -tests respectively 
and one-way ANOVA. 

 The analysis of the transcripts of the interviews was based on key questions. 
Subsequently, the analyses were evaluated in terms of how the results and state-
ments of the interviewees are connected to the items of the modelling tests and the 
sub-competencies of mathematical modelling as well as whether the students were 
able to develop metacognitive modelling skills.   

4     Results 

 In the following the results of the empirical study are presented, fi rst the outcomes 
of the evaluation of the modelling test and afterwards the analysis of the interviews. 
Taken as a whole the evaluation of the modelling tests and interviews showed a 
signifi cant increase in the sub-competencies of mathematical modelling of the 
students. There were no signifi cant differences between the improvements dif-
ferentiated by gender or mathematical grade. The biggest changes in the scores 
were identifi ed in items which test competencies that are not fostered by usual 
mathematical tasks. 
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4.1     Results of the Modelling Test 

 The students achieved an average overall score of 10.95 points in the pre-test and in the 
post-test 12.57 points. All in all, the average overall score of the students showed a sta-
tistically signifi cant increase from the pre- to the post-test,  t (134) = −12.279,  p  = .000, 
 d  = −1.622, 95 % CI [−1.884, −1.361]. The girls attained an average overall score of 
10.98 points in the pre- and 12.7 points in the post-test. The boys achieved an average 
overall score of 10.92 points in the pre- and 12.46 points in the post-test. The differences 
between the results of the girls and boys are not statistically signifi cant (see Fig.  16.3 ).

   Figure  16.4  shows the achieved average overall scores of the students differentiated 
by mathematical performance grades. Students across the spectrum of grades were 
able to improve their average overall score. There is an obvious correlation between the 
grade in mathematics and the achieved score, the better the grade in mathematics, the 
better the achieved average overall score. However, the differences between the extent 
of improvement differentiated by mathematical grade are not statistically signifi cant.

   Considering the achieved average scores per item, there were also signifi cant 
improvements in the scores of all items which relate to Maaß’s modelling sub- 
competencies ( 2006 ), except item I7 (Interpreting the solution in a real-world con-
text) (see Fig.  16.5 ). The biggest changes in the scores were identifi ed in items 
which test sub-competencies that are not fostered by usual mathematical tasks, for 
example the sub-competence of validating the appropriateness of a solution (I8). 
There were also no signifi cant differences between the results per item differenti-
ated by gender or mathematical grade.

4.2        Results of the Interviews 

 The analysis of the interviews verifi ed the results of the evaluation of the tests. The 
students’ statements in the interviews resonated with the obvious improvement of 
the sub-competencies of mathematical modelling in the tests, especially of the 

Group Statistics
Independent Samples Test

Leven’s Test for 
Equality of Variances

t-test for Equality of Means

N Mean F Sig. t df P (2-
tailed)

95% CIof the Difference

Lower Upper

Boys (Pre-Test)
Girls (Pre-Test)

72
63

10.92
10.98 5.536 .20 -.183

-.180
133
117.827

.855

.858
-.799
-.811

.664

.676
Boys (Post-Test)
Girls (Post-Test)

72
63

12.46
12.70

.366 .546 -.756
-.753

133
128.281

.451

.453
-.869
-.871

.388

.391

  Fig. 16.3    Comparison of the overall scores (differentiated by gender)       
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validation sub-competence. The statements of the students at the beginning of the 
modelling project show that most of the students solved the tasks in the modelling 
test intuitively. During the second interview the students were more able to explain 
their chosen answers in the test; nevertheless, they still had problems in generalising 
their work on one modelling problem. During the modelling project, only one of the 
interviewed students became familiar with the modelling cycle and only this boy 
was able to abstract from the single modelling process he had undertaken, so he was 
the only one of the interviewed students who showed recognisable developments of 
metacognitive modelling competencies.   

  Fig. 16.4    Comparison of the overall scores (differentiated by mathematical performance grades)       

Item for Maaß’s modelling 
sub-competencies

Paired Samples 
Statistics

Paired Samples Test

t df
p (2-
tailed)

Mean Std. 
Deviation

95% CI of the Difference

Lower Upper

I1 (Pre-Test)
I1 (Post-Test)

1.16
1.38

-.215 .737 -.340 -.089 -3.387 134 .001

I2 (Pre-Test)
I2 (Post-Test)

1.25
1.56

-.304 .614 -.408 -.199 -5.745 134 .000

I3 (Pre-Test)
I3 (Post-Test)

1.43
1.70

-.267 .693 -.385 -.149 -4.469 134 .000

I4 (Pre-Test)
I4 (Post-Test)

1.63
1.78
1.61
1.83

-.148 .580 -.247 -.049 -2.969 134 .004

I5 (Pre-Test)
I5 (Post-Test) -.222 .582 -.321 -.123 -4.439 134 .000

I6 (Pre-Test)
I6 (Post-Test)

1.84
1.92

-.074 .379 -.139 -.010 -2.270 134 .25

I7 (Pre-Test)
I7 (Post-Test)

1.32
1.25

.067 .576 -.031 .165 1.346 134 .181

I8 (Pre-Test)
I8 (Post-Test)

0.70
1.16

-.459 .741 -.585 -.333 -7.204 134 .000

m1 − m2

  Fig. 16.5    Comparison of the results per item       
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5     Discussion 

 The evaluation of the modelling tests and interviews showed a signifi cant increase 
in the sub-competencies of mathematical modelling during the modelling project. A 
correlation between the extent of improvement and gender was not found; however, 
the mathematical performance grade did indeed have an infl uence on the achieved 
average scores. Certainly the results of the study are only able to show tendencies 
and have to be treated very cautiously. On the one hand, this empirical study mea-
sured only short-term effects of a modelling project and considered a comparatively 
small group of students. On the other hand, the design of the modelling test causes 
strong limitations of the study, because different items were used in the pre- and 
post-test and due to time limitations only one item was used to measure each sub- 
competence of mathematical modelling. However, the results of the study – that it 
is possible to foster students’ modelling competencies by integrating modelling 
problems into mathematics lessons – correspond to the outcomes of other projects 
aiming at promoting students’ modelling competencies (Maaß  2004 ; Zöttl  2010 ). 
Furthermore, the results of the study are in line with the fi ndings of Frejd and 
Ärlebäck ( 2011 ), who used the same test design (albeit with different and more 
actual items) to evaluate Swedish upper secondary students’ modelling competen-
cies. In their study there was no signifi cant impact on the fi nal average scores of the 
students regarding gender too, and the mathematical grades of the students also had 
a signifi cant infl uence on the achieved overall scores of the students.     
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Abstract  A proposed dual modelling cycle is illustrated with a typical dual 
modelling cycle example. The purpose is to verify some stages of a dual model-
ling cycle. In a typical case, the dual modelling cycle indicates switching between 
two modelling cycles, for example between those for an Oil Tank Task and a 
Toilet Paper Tube Task. Some modellers might imagine a toilet paper tube from 
an Oil Tank Task because the tank shape and the spiral banister are similar to an 
intact toilet paper tube and when it is slit, respectively. Verification methods are 
(1) to conduct experimental classes for pre-service teachers, and (2) to analyse 
their worksheets for evidence of the dual modelling cycle. We confirm that the 
intended transition to answer the initial Oil Tank Task was enabled by consider-
ation of the other model/situation.

1  �Dual Modelling Cycle Framework for Responding  
to Diversities of Modellers

Each modeller’s modelling cycle potentially differs from another’s. We distinguish 
three types of modelling cycle (single, double and dual) based on what we call a 
dual modelling cycle framework as theoretically elaborated and illustrated in Saeki 
and Matsuzaki (2013). Models and connections between variables used to construct 
models change during modelling (Borromeo Ferri 2007; Matsuzaki 2007, 2011; 
Stillman 1996; Stillman and Galbraith 1998), and a modeller might tackle tasks or 
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problems along the way that are different from the initial modelling task. A dual 
modelling cycle framework is constructed from the modelling cycle of Blum and 
Leiß (2007), and is duplicated for progression through a corresponding modelling 
task to progress the modelling of the initial task. In a typical case, the dual model-
ling cycle indicates switching between these modelling cycles.

The purpose of this chapter is to verify the existence of some stages of a dual 
modelling cycle. The first method of verifying was to conduct experimental classes 
for undergraduate university students who were interested in mathematics education 
or would like to become a mathematics teacher. The second method was to analyse 
their worksheets for evidence of a dual modelling cycle. Through these analyses, we 
would like to develop teaching materials matched to each school level.

2  �Modelling Tasks and Dual Modelling Cycle

In this chapter, we use the following two modelling tasks that are distinguished and 
described in a dual modelling cycle.

2.1  �Modelling Tasks

The Oil Tank Task is an initial modelling task and we provide the modeller with the 
following second task, the Toilet Paper Tube Task, to explore the length of a spiral 
banister of an oil tank.

Oil Tank Task

We would like to measure the length of 
a spiral banister of a heavy oil tank. 
However, it is out of bounds except for the 
persons concerned with the safety control 
of the oil tank. Therefore we cannot mea-
sure with a tape measure directly.

We found out the sizes of the diameter 
(9.766  m) at the bottom and the height 
(10.772 m) of an oil tank by speaking to 
the persons concerned. Based on these 
data, we decided to find the length of the 
spiral banister of the oil tank.

(O1) What kind of methods do you use 
to answer?

(O2) Let’s actually answer. 

A. Matsuzaki and A. Saeki
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Stillman (2007), commenting on the issue of task authenticity for upper secondary 
level students, distinguished the following two directions of task authenticity, “Firstly, 
there is objective authenticity that comes from the real world. Secondly, there is sub-
jective authenticity that comes from the situation being modelled being authentic to 
the modeller” (p. 464). We prepare the above Toilet Paper Tube Task mainly from the 
perspective of the second direction of task authenticity.

2.2  �Dual Modelling Cycle

Now we set these two tasks in our dual modelling cycle framework as described in 
Chap. 7, and we distinguish three stages of modelling progress (see Fig. 17.1). The 
Oil Tank Task is treated in the first modelling cycle and the Toilet Paper Tube Task 
is treated in the second modelling cycle. So the first method of verifying is to 
develop an imagined model of an oil tank by developing a model of a toilet paper 
tube. Firstly, we will explain the experimental classes based on these three stages.

We describe the flow of experimental classes and how the tasks were treated. In 
the first lesson, we presented the Oil Tank Task to the students and asked them to 
solve the problem (O1). The students showed their own solution(s), and we asked 
them to point out the necessary things to solve their solution(s). In the second 
lesson, we presented a picture of a toilet paper tube that is one of several similar 
models of an oil tank with a spiral guard rail or banister (e.g., a sign pole which can 
be seen in the front of a barber’s shop or a screw), and the students tackled the Toilet 

Toilet Paper Tube Task

(T1) Have you ever opened a toilet paper tube? (Yes or No)
(T2) What kind of shape do you think will form when the toilet paper tube is 
opened along its slit? Please select from the following shapes and write also 
about the reason for this selection.

(a) Rectangle (b) Parallelogram (c) Curve-1

(d) Curve-2 (e) Triangle (f) Others

17  Evidence of a Dual Modelling Cycle: Through a Teaching Practice Example…
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Paper Tube Task. After tackling this task, we handed an actual toilet paper tube to 
each student and they confirmed the form its opening has. In the third lesson, the 
students explored mathematical relationships between lengths and angle and applied 
the result to the Oil Tank Task. After these activities, we presented the actual length 
of the spiral banister, and the students were asked about the difference between the 
actual length and their mathematical result for a spiral banister.

3  �The First Method of Verifying the Purpose  
of Our Research

We conducted two classes with pre-service teachers (N = 66) who were undergradu-
ate university students preparing to be mathematics teachers. In the future they will 
mainly become primary and lower secondary school teachers. They were in the 
third year of their 4-year course. The first class was conducted in 2nd semester 2010 
and the second in 1st semester 2011. The subject studied was Teaching Secondary 
School Mathematics and the teacher of both classes was the first author. The goals 
of this subject were to understand teaching materials and methods of secondary 
mathematics. Selected teaching materials in the subject were intended to be applied 
mathematics or links between mathematics and other subjects. It is necessary for us 
to understand and analyse responses of the students, because we would like to 
develop teaching materials matched to each school level and have plans for lesson 
implementation.

3.1  �First Stage: Transition from Modelling Cycle of Oil Tank 
to Toilet Paper Tube Cycle

Firstly, the university students tackled problem (O1) of the Oil Tank Task. Some 
students might find an answer directly to the Oil Tank Task whilst others might set 

Fig. 17.1  A dual modelling cycle diagram
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an original task for themselves. In this teaching practice the students were asked to 
foreshadow their own solution, and the teacher asked, ‘Are there similar things to a 
spiral banister of the oil tank?’ The teacher intended that the students would imple-
ment a transition from the modelling cycle of an oil tank. Following this the teacher 
provided an actual toilet paper tube to each student. If modellers do not imagine a 
toilet paper tube from the Oil Tank Task, the teacher can present a toilet paper tube. 
At this point, the Toilet Paper Tube Task could be: ‘How long is a spiral of a toilet 
paper tube?’ The shape of an oil tank and a spiral banister are similar to an intact 
toilet paper tube and when it is slit, respectively.

3.2  �Second Stage: Modelling of Toilet Paper Tube

Secondly, the students tackled problems (T1) and (T2) of the Toilet Paper Tube 
Task. Thus, the new situation and the problem in the modelling cycle of a toilet 
paper tube are based on the Toilet Paper Tube Task which differs from the initial real 
situation and problem located in the modelling cycle of the oil tank of a dual model-
ling cycle. Following this, the students opened the toilet paper tube along its slit. 
The shape of the opened toilet paper tube is a parallelogram and it is easy to mea-
sure the lengths (slit is 183 mm) and angles (see Fig. 17.2).

3.3  �Third Stage: Transition from Modelling Cycle of Toilet 
Paper Tube to Oil Tank Cycle

Thirdly, the students tackled the problem (O1) again and the problem (O2) of the 
Oil Tank Task based on these data from a toilet paper tube (Fig. 17.2). As shown in 
Fig. 17.3, necessary data to explore the length of a spiral banister of an oil tank are 
slope 26° and height from ground to the spiral banister (1.050 m) in addition to the 
initial data (diameter of tank is 9.766 m at the bottom and the height is 10.772 m) 
which is given in the task statement.

183mm

128mm

80mm

38 °

The length of slit

Fig. 17.2  Dimensions of a toilet paper tube

17  Evidence of a Dual Modelling Cycle: Through a Teaching Practice Example…
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The length of the projection on the ground from the beginning to the end of the

spiral banister is 
10 772 1 050

26

9 722

0 4877
19 934 39

, ,

tan

,

.
, .

−
= =° mm.

Thus, the length of a spiral banister = 
10 772 1 050

26

9 722

0 4384
22 176 09

, ,

sin

,

.
, .

−
= =° mm.

Actual length determined by using a tape measure was 19.4 m. (19,400 mm).

4  �Analysis of Students’ Responses and Evidence  
of a Dual Modelling Cycle

4.1  �First Stage: Transition from Modelling Cycle of Oil Tank 
to Toilet Paper Tube Cycle

The students answered problem (O1) of the Oil Tank Task by responding with 
what they saw as necessary additional data except for the known dimensions of 
the diameter at the bottom and the height of an oil tank. The following data were 
what the students wanted to know to solve the task: the beginning point (the 
height from the ground) and the end point of the banister, the width of a banister 
or space between body of a tank and the banister, and how many times the rail 
spiralled around the tank. Some students (4 of 66) drew a diagram of an oil tank 
viewed from the top to indicate necessary data for leading to an answer indicat-
ing times around the spiral steps and width of space between the tank and a 
banister (as shown in Fig. 17.4).

Almost all students (63 of 66) answered that they would try to draw a develop-
ment and some of them used Archimedes theorem as the method for finding the 
length of the spiral banister. Chie, for example, showed the height of a banister from 
the ground and considered the circular nature of the spiral (see Fig.  17.5). Nao 
described a model as her method to develop a solution as the following: “make a 
straight line opened along with a spiral banister” (see Fig. 17.6). Subsequently most 

The length of
a spiral banister

26°
19934.39 mm

26°

30665.24 mm

9722 mm

Fig. 17.3  Model of the oil tank and its developing models
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students (56 of 66) drew the development as a rectangle and tried to answer the 
problem as exploring the shortest distance.

As other solution ideas, two students (2 of 66) raised alternative ideas: The first 
was to make a scale model of an oil tank. Taku wrote: “I will make a model of an oil 
tank (1/10 or 1/100 scale) and measure a spiral banister model made by a string, and 
extend it to an actual size”. A second idea was to draw a parallelogram or triangle as 
a projection figure. Ken drew a parallelogram as a projection figure, but he mistook 
the position of the banister (see Fig. 17.7). A projection figure for an oil tank is not 
a triangle. Similarly as for problem (T2) of the Toilet Paper Tube Task, this idea is a 
mistake (see Saeki and Matsuzaki 2013). Next, we present the Toilet Paper Tube 
Task (Sect. 2.1) for providing a transition from the modelling cycle of an oil tank to 
the modelling cycle of a toilet paper tube.

Necessary data
Width of space between 
body of a tank and a banister

How many times 
around spiral steps?

View from the top

Fig. 17.4  Evidence of necessary data that Miri wants to know leading to her answer

Fig. 17.5  Chie’s drawing of 
a projection figure

The length of a banister

Circumference of a tank

The height of a tank
Fig. 17.6  Nao’s drawing of a 
projection figure

17  Evidence of a Dual Modelling Cycle: Through a Teaching Practice Example…
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4.2  �Second Stage: Modelling of Toilet Paper Tube

The teacher provided a toilet paper tube to each student and they tackled the 
Toilet Paper Tube Task with this. Initially, the students responded to the prob-
lems without opening a toilet paper tube along its slit. Pooled results from the 
two classes of responses for each problem of the Toilet Paper Tube Task are 
given in Table 17.1.

Almost all responses (58 of 66) for the shape formed when a toilet paper tube is 
opened along its slit (T2) were (b) Parallelogram. This was not related to whether 
they had ever opened a toilet paper tube (T1). Subsequently, all students opened the 
slit of the toilet paper tube and confirmed or disproved their answers. Almost all 
students (63 of 66) had answered problem (O1) of the Oil Tank Task based on a 
rectangle, but they answered parallelogram in the Toilet Paper Tube Task. From this 
result, we can say that the intended transition, the first stage, from the modelling 
cycle of an oil tank to the modelling cycle of a toilet paper tube was successful. On 
the other hand, there were a few students who were not able to find the height of the 
toilet paper tube in the parallelogram formed from opening the tube.

4.3  �Third Stage: Transition from Modelling Cycle of Toilet 
Paper Tube to Oil Tank Cycle

The students tried to answer the initial Oil Tank Task again based on the results of 
step 5 of the Blum and Leiß (2007) cycle, that is “working mathematically”, in the 
modelling cycle of a toilet paper tube. Most students (61 of 66) found their answers 

Fig. 17.7  Ken’s erroneous 
projection figure

Table 17.1  Pooled responses for problems (T1) and (T2) of the Toilet Paper Tube Task

T1 (opened tube or not)

Response to T2 (form of open tube)

Rectangle Parallelogram Curve-1 Curve-2 Triangle Others

Yes 1 31 1 0 2 1
No 0 27 0 1 2 0

A. Matsuzaki and A. Saeki
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by using a trigonometric ratio (see Fig. 17.8) and one student found his answer by 
focusing on equal area of parallelogram (see Fig. 17.9).

In addition, it is noted that a few students (2 of 66) did not find the height of the 
oil tank by developing a parallelogram model. These students did not apply the 
relationship between dimensions of a toilet paper tube to the relationship between 
dimensions of an oil tank. Although all the students were able to explore the length 
of a spiral banister of the oil tank mathematically, there was a significant error giv-
ing a result higher than the actual measurement by using a tape measure. We have 
to take into consideration many more of the variables that the students wanted to 
know for finding the answer that were pointed out at the beginning of this section. 
Thus, we need to refine the model.

Some further suggestions that the students raised for tackling this task included 
considering the space between the body of the oil tank and the spiral banister 
(580 mm), measurement mistake of slope angle (26°), or number of rotations of the 
spiral banister around the tank. The following point regarding lacking data was 

The length of circumference of base = 9.766π

So, area of side is

Angle of a spiral banister is 26° 
Length of a banister is let to be x

From a table of 
trigonometric 
ratio

Fig. 17.8  Example of working mathematically by Osa

Fig. 17.9  An evidence of working mathematically by Ryo
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raised by Tomi. The beginning point of the spiral banister had not been considered 
(see Fig. 17.10). Tomi pointed out that the end point of a spiral banister is lower than 
the top of the oil tank and the beginning of the rail must also be higher than the bot-
tom of the oil tank. Tomi assumed that these heights in total were 2 m to refine the 
calculation. Actually, the measured height is 820 mm.

5  �Discussion and Conclusion

In this chapter we verified some stages of a dual modelling cycle empirically. We 
prepared two modelling tasks: the first one is the Oil Tank Task and the second one 
is the Toilet Paper Tube Task. The method of verification was to conduct experimen-
tal classes for pre-service teachers who were undergraduate university students and 
to analyse their worksheets for evidence of a dual modelling cycle. For discussing 
this evidence, we distinguished three stages for the dual modelling cycle.

Before the transition from the first stage, most students drew the development 
as a rectangle and tried to answer the problem (O1). However, after the transition 
at the first stage, most students answered that the opened form of toilet paper 
tube along its slit was a parallelogram (T2). This intended transition was to 
enable them to answer the Oil Tank Task again by another model. At the third 
stage, all the students were able to explore the length of a spiral banister of the 
oil tank mathematically. However, the solution differed significantly from the 
actual measurement. For a more acceptable solution modellers have to take into 
consideration many more variables. Thus, we would hope that modellers could 
refine the model through the dual modelling cycle. A dual modelling cycle frame-
work as proposed appears to have potential for drawing modellers’ attention to 
the possibility of solving the task at hand by first solving a related problem as 
Polya (1988) suggested.

Fig. 17.10  Lacking data 
identified by Tomi

A. Matsuzaki and A. Saeki
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    Abstract     This chapter deals with the research project MultiMa that investigates the 
effects of treating multiple solutions while solving modelling problems on student 
achievements and motivation in mathematics. First, the starting points of MultiMa 
are discussed followed by the effects of treating multiple solutions from theoretical 
and empirical points of view. The MultiMa project goals and methods including 
important research steps are discussed. Finally, a modelling task is presented and 
fi rst results of the explorative video study are introduced. The analysis of videos 
shows that students had only minor problems while solving the task, where two 
outcomes were demanded. If they could fi nd one solution, the second outcome was 
developed also. Further, students seldom compared different outcomes and did not 
discuss why there were differences in outcomes.  

1         Introduction: Starting Points of the Research 
Project MultiMa 

 The main starting point of the project,  Multiple solutions for Mathematics teaching 
oriented towards students’ self-regulation (MultiMa  1  ),  is the disappointing results 
of German students in large-scale assessment studies. In the TIMSS and PISA 

    Chapter 18   
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studies German students were average in mathematics, but signifi cantly worse than 
Japanese or Finnish students (e.g., OECD  2004 ). The reasons for this result have 
been intensively analysed and discussed over the past decade. One possible reason 
is that students could not transfer their knowledge to the new context, because they 
have so-called “inert knowledge” (Whitehead  1962 ). The inert knowledge could not 
be activated while solving a new problem. With their inert knowledge the students 
even have diffi culties with solving the types of tasks already known to them when 
the context was slightly changed. The consequence of this is that teaching mathe-
matics should support the fl exibility of knowledge in the classroom. 

 In the TIMSS video study differences in teaching methods in Japan, the USA and 
Germany have been found. In Japan, for example, where students achieve the best 
results in mathematics, the lessons were organised in a different way.

  Japanese teachers frequently posed mathematics problems that were new for their students 
and then asked them to develop a solution method on their own. After allowing time to work 
on the problem, Japanese teachers engaged students in presenting and discussing alternative 
solution methods and then teachers summarized the mathematical points of the lesson. 
Especially revealing was the way in which these features were combined into a pattern or 
system that characterized a distinctive method of teaching observed in eighth grade 
Japanese mathematics lessons. These features of practice offer an alternative to those seen 
in the United States and Germany (Hiebert et al.  2003 , p. 16). 

 Thus, the posing of tasks that have several solutions, the fostering of the development 
of several solution methods, and the presentation and discussion of these solution 
methods in the classroom are the characteristic features of Japanese teaching method. 
To what extent these features are crucial for the performance of Japanese students 
in mathematics and whether these teaching methods or parts of them can also be 
used effectively in other countries is still an open question in teaching education. 

 Further, analysis of large-scale studies and video surveys shows the quality of 
learning is not determined only by the surface processes that can be observed 
directly like, for example, different ways of organising students’ learning in indi-
vidual, pair or group work. That is why a statement like “using of a special type of 
surface structure, (e.g. group work), can guarantee students’ high performance” is 
not true. Such surface structures can only give possibilities for individual develop-
ment of students’ competencies in the particular domain. The consequence is that 
we need the analysis of the students’ cognitive learning processes and not just the 
surface structures that can be observed directly in the classroom. The indicator of 
such learning processes may be the  cognitive activation  of students. Some empirical 
studies show that cognitive activation is a key variable that infl uences students’ 
achievements (Baumert et al.  2010 ). Cognitive activation is a construct that is 
founded on different conceptualisations. In the German – Swiss video-based 
 classroom study directed by Klieme, Pauli and Reusser, the important parts are the 
challenging tasks, activation of prior knowledge and a content-related discourse in 
the classroom (Klieme et al.  2006 ). Thus, in the context of cognitive activation the 
following two questions are important: What tasks should be used in the classroom? 
and How should these tasks be treated? 
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 The leading question of the MultiMa project focuses on one specifi c aspect that 
is connected to the two questions above: What do we know about the effect of treating 
multiple solutions on students’ achievements?  

2     Multiple Solutions: Theoretical and Empirical Background 

 What is the basis of the effects of treating multiple solutions? Analysis of theories 
of learning shows that the active development of multiple solutions or representa-
tions 2  is an important part of  constructivist  theories of learning in general. According 
to proponents of these theories, students’ engagement with different solutions helps 
to improve their domain-specifi c knowledge and competencies. For example, in 
cognitive fl exibility theory Spiro et al. ( 1988 ) emphasise the necessity of construct-
ing multiple representations and connecting them with each other. They point out 
that it is signifi cant to:

   (a)    allow an important role for  multiple representations ,   
  (b)    view learning as a multidirectional and multiperspectival “criss-crossing” of cases and 

concepts,   
  (c)    foster the ability to assemble diverse knowledge sources to adaptively fi t the needs of a 

particular knowledge application situation. (p. 383)    

Learning new skills occurs by exploring them from various perspectives. Solving 
problems with different methods stimulates constructing several mental represen-
tations and enables multiple mental representations of a new domain. Therefore, 
the use of different solution methods can improve cognitive fl exibility as well as 
 students’ academic achievements. Mathematics teachers ought to encourage their 
students to consider more than one possibility when solving problems (Silver 
et al.  2005 ). One of the important points while treating multiple solutions is the 
theoretical perspective promoting the coherence between different solution methods 
and concepts. Students’ willingness to develop multiple solutions is a crucial pre-
requisite for the improvement of their mathematical knowledge. There is the fi rst 
evidence (see Yoshimura and Yanagimoto Chap.   21     this volume) that the majority of 
students in a small Japanese study indicated willingness to fi nd different solutions. 

 Other arguments for treating multiple solutions in the classroom are (see also 
Leikin and Levav-Waynberg  2007 ):

•    a deep understanding of the subject, which has to be learned,  
•   additional opportunities to optimise a solution,  

2    Multiple solutions can be developed using the same representation or using different representa-
tions such as arithmetic or graphical ones. In the recent study we do not distinguish between 
 solutions and representations (but see Große and Renkl  2006 ).  
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•   stimulation of connections among different mathematical topics or among 
 various representations of the same concept, and  

•   support of students’ self-regulation.   

Some empirical studies have investigated teaching practice and teacher beliefs 
regarding treating multiple solutions. Research about teaching practice and teachers’ 
beliefs shows that teachers are reluctant to solve problems in different ways in the 
classroom and do so very rarely (see Silver et al.  2005 ). Some teachers think a presen-
tation of multiple solutions may confuse students (see Leikin and Levav- Waynberg 
 2007 ). Silver et al. ( 2005 ) assume that teachers’ poor content knowledge and peda-
gogical content knowledge prevent them from using multiple solutions. Some case 
studies show that capable and confi dent teachers encourage students’ use of multiple 
solutions, comparing them in the classroom (Ball  1993 ; Richland et al.  2007 ). 

 We have found several studies which investigated the infl uence of treating multi-
ple solutions on students’ achievements in mathematics (see detailed review by 
Schukajlow and Blum  2011 ). These studies investigated the question of how prob-
lems that could be solved with multiple solution methods should be treated in the 
classroom. Worked-out examples were used as a form of teaching how to answer the 
question whether it is better to compare different solution methods and different 
representations or to refl ect on one solution method at a time. The mathematics top-
ics were combinatorics, probability and algebra. One of the important results of these 
studies is that when the students have suffi cient prior knowledge, contrasting differ-
ent solution methods can improve the students’ procedural and conceptual knowl-
edge as well as their procedural fl exibility (Große and Renkl  2006 ; Rittle- Johnson 
and Star  2009 ). When the students’ prior knowledge is poor, they show better results 
when refl ecting on one solution method at a time (Rittle-Johnson et al.  2009 ). 

 The following research question still remains open: What advantages do treating 
the tasks, which have various solutions, have in comparison with those, which have 
only one solution? This problem is investigated within the framework of the 
MultiMa project.  

3     The Goals and Method of the MultiMa Project 

 The main goal of MultiMa is to investigate treating multiple solutions of modelling 
problems in learning environments oriented towards self-regulation. The main 
hypothesis of the project is that the treatment of multiple solutions in learning envi-
ronments oriented towards self-regulation has a more positive effect on students’ 
performance (in solving modelling as well as intra-mathematical problems) and 
motivation than the treatment of only one solution. 

 The project consists of three parts. The fi rst step was to carry out an explorative 
study and preliminary results of this are discussed in the fi nal section of this chapter. 
The main research question of this explorative study is: How do students deal with 
the problems that allow multiple outcomes? 
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 The second step was to develop instruments that measure special parts of modelling 
competency and to investigate:

   How do students identify the data they need to solve a modelling problem,  
  How do students identify the data they lack, and  
  How do students assume the data they lack?   

The third part of the project is the comparison of two types of treatment that differ 
according to the possibilities and demands to develop multiple solutions (see fi rst 
results by Schukajlow and Krug  2012 ). 

 Before the effect of treating multiple solutions on students’ performance and 
motivation can be explored, what kinds of solutions can be developed while solving 
modelling problems have to be clarifi ed. Analysis of problem solving shows that 
different solutions could be developed with multiple solution methods and/or mul-
tiple outcomes. Similar principles can be used for analysing the modelling process. 
Even if different mathematical procedures are used to solve a modelling task, the 
same result/outcome could be attained. However, if different assumptions are made 
and different real models are developed, one has different outcomes applying 
the same mathematical procedures. In the MultiMa project we focus on investigat-
ing the effects of treating different solutions resulting from different assumptions 
and leading to different outcomes. Variation in the solution methods while solving 
modelling problems will be the focus of further studies.  

4     Solving Problems That Demand Multiple Outcomes 

 The problem  Parachuting MO  that is presented below requires developing two 
outcomes. 

       

Parachuting MO

Wind speed

light 60 metres 540 metres

middle 160 metres 1440 metres

strong 340 metres 3060 metres

What distance does the parachutist cover during the entire jump? Find two possible solutions 
by estimating missing data.

Side deviation per thousand metres during
free fall

Side deviation per thousand 
metres while gliding

When “parachuting", a plane takes jumpers to the altitude of about 
4000 metres. From there they jump off the plane. Before a jumper 
opens his parachute, he free falls about 3000 metres. At an altitude 
of about 1000 m the parachute opens and the sportsman glides to 
the landing place. While falling, the jumper is carried off target by 
the wind. Deviations at different stages are shown in the table 
below.
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3000 Metres

180 Metres

540
Metres

1000 Metres

  Fig. 18.1    A solution of problem  Parachuting MO        

     To solve this problem, students have to make the following assumptions, amongst 
others:

•    the deviation remains constant at the different stages of the jump,  
•   the wind has the same direction during the entire jump,  
•   the wind speed is light, middle or strong during the respective stages,  
•   the parachute opened, for example, at 1,000 metres above the earth.   

In the solution presented in Fig.  18.1 , the wind is light so the deviation at the 
falling stage is 180 m and at the gliding stage 540 m. With the help of Pythagoras’ 
theorem you can calculate the hypotenuses in the right-angled triangles and add up 
the results. The entire jump is approximately 4.14 km. The fi rst possible solution is 
“The parachutist covers the distance of about 4.1 km”. The second solution you can 
fi nd by analogy when, for example, the assumption is that the wind is strong during 
both stages. Both solutions were developed using different assumptions but the 
same solution method but the outcomes are different.

5        Students’ Diffi culties While Solving Modelling Problems 
with Multiple Outcomes 

5.1     Research Questions and the Method 

 The explorative study was carried out to clarify the following research questions:

   How do students deal with problems that allow multiple outcomes?  
  How do students react to the demand to develop two outcomes?   

The sample for the study consists of six pairs of Year 9 students (ten female and 
two male) who solved four modelling problems that demand two outcomes. One 
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of these problems was the task,  Parachuting MO . It was possible to solve these 
 problems using Pythagoras’ Theorem as the mathematical procedure. Two months 
before the study was carried out, intra-mathematical problems and simple model-
ling problems, the solution of which demands using the Pythagoras’ Theorem, had 
been treated in the classroom. The students were from a German middle track 
school (Realschule) and were about 15 years old. The students’ performance in 
mathematics varied from very good to poor. Their mathematics teachers reported 
on the treating of the tasks with connection to reality that demand simple assump-
tions in the classrooms. The process of solving the problems was fi lmed from two 
 different locations. The fi rst camera was placed in front of the students. The sec-
ond camera was pointed to their work sheets. Immediately after solving the prob-
lems, one student of each pair was interviewed. The interview was based on the 
“stimulated recall” method. During this interview, the student watched the video 
and from time to time was asked to explain his/her way of solving the problem. 
The interview was also fi lmed. In the next section we present the preliminary 
results that are based on the analysis of the processes of solving the modelling 
problem,  Parachuting MO .  

5.2     Preliminary Results 

 In this section we analyse (a) the general diffi culties of students solving modelling 
problems and (b) their specifi c diffi culties that refer to the demand to develop two 
outcomes. The collected data were analysed using the modelling cycle by Blum and 
Leiß ( 2007 ) as a structural scheme. 

5.2.1     General Diffi culties with Modelling Problems 

 The analysis showed students’ general diffi culties in (1)  understanding , (2)  making 
assumptions , (3)  idealising and structuring a situation model  as well as in  con-
structing a mathematical model . All students applied the same mathematical method 
for calculating the falling distance. Some students validated their results using their 
mathematical knowledge. 

 Firstly, with respect to understanding, some students misunderstood the question 
of the task and did not construct a correct situation model. For example, they 
 calculated the duration of the parachutist’s fall instead of the distance. In addition, 
students had diffi culties with understanding some terms. For example, most students 
were not sure what the term “side deviation” meant. 

 While developing a mathematical model, some students did not differentiate 
between two right-angled triangles, and used only one triangle to calculate the distance 
covered by the parachutist. The students who identifi ed right-angled triangles used 
Pythagoras’ Theorem for calculating the hypotenuses. Other mathematical methods 
like drawing the triangles using a suitable scale, measuring the length of hypotenuses 
in the sketch and calculating their real length were not applied by the students. 
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 There were some students who validated their results. One of them, for instance, 
said, “If the parachutist falls vertically, he covers 4,000 m”. He thought that the 
distance of less than 4,000 m is impossible and the distance of 4,080 m is far too 
little (although even the distance of about 4,050 m is possible, if a light wind blows).  

5.2.2     Specifi c Diffi culties Related to Developing Two Outcomes 

 The analysis of the second research question deals with one specifi c feature of the 
task  Parachuting MO , namely the development of two solutions to the same prob-
lem. The results of analysis indicate that the demand to develop two outcomes did 
not impede students’ solution process. Some diffi culties that are specifi c to dealing 
with such tasks were identifi ed. These are now elaborated. 

 The students had only minor diffi culties with the development of the second 
outcome whilst solving the task  Parachuting MO . When they found the fi rst solu-
tion, they could fi nd the second result as well. However, while solving the task 
 Parachuting MO  students had diffi culties with understanding the demand to 
develop two outcomes. In this task the demand is formulated as follows: “Find 
two possible solutions by estimating the missing data”. First, some students sup-
posed they had to estimate using their prior knowledge only, instead of using the 
information given in the task. Students only had to assume how strong the wind 
blows in each falling stage (light, middle or strong) and at what distance the 
parachute has to be opened. They, however, did not need to make assumptions of 
the relevant side deviation using only their experience. The required data could 
be found in the table. 

 Students overlooked various possibilities to obtain different outcomes. For 
example, they varied the wind power but not the altitude at which the parachute 
opens when solving the  Parachuting MO  problem. 

 The analysis of one of the DISUM 3  studies shows that students feel bored when 
solving the same modelling problem with changed numbers. We were unsure 
whether they would be motivated in looking for a second solution. In this study we 
noticed no problems with motivating students while developing the second  outcome. 
One possible reason is that the development of the second solution is part of the task 
here and because of that is interesting to students. 

 Although students validated the results, they rarely compared different outcomes 
on their own. The comparison of solution methods is an important part of teaching 
tasks with multiple solutions and can improve students’ performance and cognitive 
fl exibility. Thus, we assume that prompting of comparison of different outcomes and 
solution methods is crucial for improvement of modelling competency. That is why 
stimulating discussions by teacher about the following questions is essential: How 
great are the differences between the outcomes? Why do the outcomes differ?    

3    The research project DISUM (Didactical intervention modes for mathematics teaching oriented 
towards self-regulation and directed by tasks) led by W. Blum, R. Messner and R. Pekrun.  
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6     Discussion and Conclusion 

 In the previous section we analysed students’ diffi culties while solving the modelling 
problem  Parachuting MO , the solution of which demands two outcomes. Firstly, we 
found that students had some diffi culties that refer to the activities described in 
modelling cycles. Students’ process of solving the problem was impeded because of 
the misconception of the meaning of some terms of the task, general diffi culties 
with understanding the real situation, estimation of missing data and development 
of the mathematical model. All students used the same mathematical method 
(Pythagoras’ Theorem) for solving the problem. One reason for their choice of this 
mathematical procedure was that it allows the calculation of the length of one side 
in the right-angled triangle quickly and exactly in comparison with other mathemat-
ical methods. Students’ good prior knowledge of Pythagoras’ Theorem could also 
infl uence their choice of mathematical procedure. The students had practised rela-
tively recently solving tasks that required Pythagoras’ Theorem before the study 
was carried out. 

 Secondly, students were motivated to develop two solutions of the same problem. 
This result is in line with fi ndings by Yoshimura and Yanagimoto ( 2013 ). As motiva-
tion is an important prerequisite for learning, we assume that there are favourable 
conditions for treating multiple solutions in the classroom. However, only students 
who found the fi rst solution were capable of fi nding the second one by varying the 
assumptions. We assumed that the development of the second outcome guides 
students to a deeper understanding of the real situation and stimulates students’ 
practising in modelling. This hypothesis should be tested in future research. The 
observed students varied the wind power but not the distances. Looking for the 
simplest solution method may be one reason for these students’ solving paths. 
Although some students validated their mathematical results, they did not compare 
two outcomes with each other and did not refl ect on their similarities or differences 
on their own. Such a refl ection has to become a part of teaching multiple solutions. 
How teachers can successfully do this in the classroom is an open question. 

 In conclusion, we have to point out the following limitations of this study: only 
one modelling problem was offered to students and the data we analysed were based 
on the sample of six student pairs only. Increasing the number of students and varied 
tasks are important for validation of the results of this study.     
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    Abstract     Extra curricular    modelling events for school students are increasing in 
popularity. The experience from the perspective of participating Australian and 
Singaporean Year 10 and 11 students in one such event, the A. B. Paterson College 
Mathematical Modelling Challenge, is investigated. The aim is to gauge whether 
their experience meets the intended purposes of mentors that the whole event be 
considered an inherently valuable learning experience about modelling and applica-
tion of mathematics to real situations. Findings from a questionnaire and other data 
included motivation for choice of situation to model, decision making about 
approach, and reporting of fi ndings were mainly goal oriented rather than perfor-
mance oriented, despite the Challenge ostensibly being a competition.  

1         Introduction 

 Extra-curricular modelling experiences for school students appear to be on the rise 
in several countries (see Bracke and Geiger  2011 ; Brown and Redmond  2007 ; 
Kaiser and Schwarz  2010 ; Kaiser et al.  2011 ; Kaland et al.  2010 ; Lee and Ng  in 
press ). These take a variety of forms and descriptions: “modelling weeks” (Göttlich 
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 2010 ; Kaiser et al.  2011 ), “modelling challenges” (Brown and Redmond  2007 ), 
“modelling outreach” as occurred in Singapore in 2010 (Lee and Ng  in press ) and 
“modelling days” (Bracke and Geiger  2011 ). The commonality among all these is 
that their focus is on mathematical modelling activity, they are events that are external 
to normal classroom activity, they involve experts external to the school and are 
usually not at the student’s school. It seems an appropriate time to pause and look at 
the intents, purposes and outcomes of one of these events and whether these are 
realised in the context of local curricula supporting the teaching of modelling.  

2     A Selection of Previous Research Related 
to Extra- curricular Modelling Events 

 There has been some previous research in the context of these extra-curricular 
 modelling events and a selection will be briefl y overviewed. Kaiser and several 
 colleagues, for example, have researched the feasibility of using “authentic model-
ling problems, which promote the whole range of modelling competencies” and 
expand the range of situations where the students can demonstrate their modelling 
skills (Kaiser and Schwarz  2010 , pp. 54–55). To this end, in the main, the problems 
used are suggested by applied mathematicians motivated by their work in industry, 
problems which do not necessarily have known solutions. Features peculiar to these 
problems, and seen as desirable by the researchers, are complexity and openness to 
the modeller’s viewpoint. Evaluation of various modelling events conducted in 
Hamburg has allowed the researchers to conclude that these tasks are suitable 
for successful completion in an autonomous manner by upper secondary students 
(aged 16–19 years) of different mathematical performance levels in the context of 
schooling in Hamburg (see Kaiser and Schwarz  2006 ,  2010 ; Kaland et al.  2010 ). 
In early work evaluating extra-curricular modelling activities conducted from 2001 
to 2004, Kaiser and Schwarz ( 2006 ) observed that “motivation of the students often 
increased when the problems were part of their own life experiences or if a practical 
purpose could be identifi ed directly. Also if the students were asked to develop 
problems autonomously, motivation increased” (p. 205). Before undertaking the 
modelling activity, the majority of students professed a static view of what consti-
tutes mathematics but after the event a more application oriented view was evident 
(p. 207). Working in groups allowed them to cope better with the “uncertainty which 
is characteristic of modelling activities”, produce more solution attempts, and learn 
new ways of working in mathematics (p. 207). 

 Bracke and Geiger ( 2011 ) report on an annual mathematical modelling week for 
secondary students held since 1993 as well as modelling days for secondary stu-
dents in Years 7–13 and more recently primary students (Years 2–5). As mathemati-
cal modelling has become more prominent in local curricula, two questions of 
relevance they investigated with Year 9 students (14 years old) are: Was experiencing 
a program of fi ve modelling tasks in regular lessons advantageous over students 
without this experience when it came to solving a single modelling task as happens in 
one of these modelling events? What kind of attitude do these naïve modellers 

G.A. Stillman et al.



219

develop towards modelling during a single event? When reports from the students 
were compared, the experienced modellers were superior in fi nding a solution 
and quality of documentation. However, although the experienced modellers 
fi nished more quickly, the naïve modellers produced deeper solutions on average. 
The self- reported attitude of the experienced modellers towards modelling was, not 
surprisingly, “quite positive” and “better” than that of the naïve modellers (p. 548). 
The authors conclude that instead of short, one-off modelling events, “one should 
try to create a long-term modelling experience” throughout the existing curriculum 
(p. 548). On the other hand, modelling events allow deeper analysis than usually 
occurs in schools due to timetabling restrictions in the latter.  

3     Structure and Context of the A. B. Paterson 
Modelling Challenge 

 The 2-day A. B. Paterson Modelling Challenge for Years 4–11 students has been 
held annually on the Gold Coast in Australia since 2003. Since its inception, one or 
more of the authors have been involved in mentoring modelling groups in the Years 
10–11 level. Students in the Challenge at Year 10–11 level are asked to choose their 
own situations from which they pose their own questions to answer (see Galbraith 
et al.  2010 ). Students come from a variety of schools in Queensland and since 2009 
some have also come from Singapore schools. Students are placed in mixed school 
groups by the organisers including students from both countries. 

 The Challenge begins for students in the Year 10–11 level with a presentation by 
the mentors on the nature of modelling during which the modelling cycle is pre-
sented as a scaffold and students are given a short modelling task (e.g., optimum 
location for a hospital) to tackle on the fi rst morning. After morning tea student 
groups begin the process of choosing a situation of their own to model, posing a 
problem and generating questions to answer. They have access to the internet in 
computer laboratories as well as any materials they have brought with them. 
Subsequently, they begin modelling the situation in earnest. From this point on the 
mentor’s role is mainly supervisory and to intervene as little as practicable. 
Sometimes there are a few iterations of this process before the group decides on 
their topic and approach. This is a challenging process but is seen as an essential 
ingredient of the Challenge by us as it separates modelling as real world problem 
solving from other educational “modelling” approaches. The fi nal product from the 
group modelling is a poster report that is displayed publicly for parents and guests 
to view at the awards ceremony at the end of the second day. Just before taking their 
posters to be displayed each group gives a 5 min oral presentation of their problem 
and modelling solution to the mentor and the other teams in their class. 

 Curricula in Queensland schools actively promote investigation and modelling 
activity (QSA  2008 ,  2009 ) and have done so for many years. The rationale of the 
Queensland Mathematics B syllabus for Years 11 and 12, for example, requires that 
the mathematical content be used “to develop mathematical modelling and problem- 
solving strategies and skills” (QSA  2008 , p. 1). Two of the global aims of this 
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syllabus are the development of “the ability to recognise when problems are suitable 
for mathematical analysis and solution, and be able to attempt such analysis and 
solve problems with confi dence” and the development of “positive attitudes to the 
learning and practice of mathematics” (p. 3). In Singapore, mathematical modelling 
is a more recent addition being added to the mathematics framework in the 
Secondary Mathematics Syllabus in 2006 (MOE  2006 ) for implementation in 2007 
although extended investigations in the form of Interdisciplinary Project Work have 
been around since 2000 (Ng     2011 ). Similar aims with respect to developing positive 
attitudes to learning and using mathematics are expressed in the Singapore Syllabus. 

 As mentors at the Challenge, our intention is that students engage deeply with 
modelling a problem derived from a real world situation of their choice, work 
autonomously in teams to produce models in order to answer questions they pose 
about the situation and communicate and evaluate this solution via a poster and oral 
presentation. Many educators believe motivation signifi cantly infl uences  student 
engagement in learning and learning activities (Kasmer and Kim  2011 ). By motiva-
tion we mean “the inclination to do certain things and avoid doing some others” 
(Hannula  2006 , p. 165). Brahier ( 2011 ) elaborates on the three dimensions of 
motivation according to Ford ( 1992 ): goals, emotions and self-effi cacy. Motivation 
deriving from goals refers to an individual engaging “in an activity because some 
external reward or punishment is associated with it or because the person believes 
the activity is inherently useful and has a desire to learn from the experience” (p. 5). 
Goal orientation and performance orientation are different  perspectives on why a 
person might engage in a task (particularly a challenging modelling task), persevere 
in mathematical exploration and tackle more challenging mathematics (Kasmer and 
Kim  2011 ). In the previous statement concerning goal motivation the fi rst alterna-
tive is indicative of performance oriented motivation whilst the second indicates 
goal orientation. Our intention in the Challenge is for students to demonstrate the 
latter rather than the former. Emotional motivation “refers to how interest and 
curiosity can drive” the desire to learn about a topic and so engagement in a task 
(Brahier  2011 , p. 5). This is one reason we allow freedom of choice in what to 
model. Self- effi cacy involves the notion that  personal agency beliefs allow students 
to feel capable of succeeding at a task so as to engage in it. As authentic modelling 
tasks often bring an initial sense of uncertainty and being at risk of failing to 
progress (see Kaiser and Schwarz  2006 ) or complete the task, positive personal 
agency beliefs are essential for students to persevere and enjoy the challenge of 
what they are doing during the 2 days of the Modelling Challenge. 

 An open question with regards to modelling is: What motivates students to choose 
a particular situation to model when the choice is theirs?    Julie ( 2007 ) has pointed out 
that “the issues and contexts learners prefer for mathematics investigation is a largely 
under-researched area” (p. 193). Previously, from categorising the topics modelled 
by groups in the fi rst years of the Challenge, we found that many of the situations 
chosen by the students have been from social or ecological contexts such as the 
spread of HIV/AIDS or water shortages, respectively (Galbraith et al.  2010 ). 

 Considering the foregoing, our focus question for our research was: Does the 
student experience from the student’s perspective meet our intended purposes as 
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mentors, namely the whole event be considered inherently valuable as a learning 
experience about modelling and application of mathematics to real situations?  

4     Data Collection and Analysis 

 At the 2010 Challenge, we mentored 70 students in 19 groups of 3–4 students. 
Group membership was mixed with respect to schools, countries (from Australia or 
Singapore), gender and year level (10 or 11) as much as possible. Students com-
pleted a 12 item questionnaire over the 2 days of the Challenge. All questions were 
open and required a written response (see Appendix for examples). Questionnaires 
were completed as a group. In addition, student work during the challenge was pho-
tographed as a digital record, and the fi nal presentations of several groups to the 
combined group were videorecorded. Final posters from several groups were also 
made available to the researchers. For the analysis each group’s response to the 
questionnaire was categorised according to emergent themes in the data. In order to 
identify these themes, the researchers qualitatively analysed the questionnaire 
responses and used data from the other sources to clarify and confi rm their classify-
ing codes. The analysis involved intensive scrutiny of the data from a particular 
group and across the corpus of data from all groups to develop and refi ne categories 
related to these themes (Richards  2005 ). To gain a window into the students’ experience 
of the Challenge we focused on their motivation in choosing a particular situation to 
model, their decision making for key points of progress in the event, perceived 
diffi culties, their most interesting learning outcomes and their familiarity from their 
regular classroom with similar activities. Findings from a selection of the questions 
on the questionnaire are presented.  

5     Findings 

5.1     Motivation for Choice of Modelling Contexts 

 Students were asked for reasons for deciding on their choice of real world problem-
atic situation to model. Categorised responses are shown in Table  19.1 . Motivation 
for particular contexts was mainly goal oriented with many comments indicating the 
task was considered inherently useful and group members were interested in learning 
from their modelling experience (e.g., “We are in the twenty-fi rst century, and where 
are we going in the future? Our population is something that needs to be seriously 
considered. The theory of Australia’s population being ‘out of control’, is it true, is 
it real, is it the future?”). Interest and natural curiosity indicating emotional motiva-
tion did play a role in choice of context for some groups. For example, the 
Mathematical Mythbusters group had their natural curiosity piqued by Hollywood 
stunts so they modelled three to determine their feasibility.
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5.2        Decision Making Re Choice of Approach 
and Content of Poster 

 When questioned about their decision making re approach used, most groups wrote 
about examining the conditions in the real world situation resulting in an approach 
based on modelling the effect of the most critical variable (e.g., temperature for the 
Car Baby Safety Group) or taking a comparative approach (Queensland Population 
Group). Group processes such as brainstorming, discussion and division of labour 
underpinned decision making in four groups. Others used criteria such as effi ciency 
and data availability or schemas such as “Practicality, Feasibility and Manageability” 
(Traffi c Congestion Group). Attempts to simplify a complex situation determined 
the approach of two other groups. 

 As a culminating product from their modelling, student groups produced posters 
and presented orally. Decisions about content to include were subject to group 
discussion and consensus. A typical response was: “Group discussion and team-
work lead [sic] to agreeing on the important factors” (Queensland Population 
Group). The power of communicative devices was highlighted by other groups 
indicating fi nal selection was based on providing supporting evidence, illustrating 
points and explaining thinking. Relevance and importance to the solution or 
 predictions were criteria used by several groups. The “points the public need to 
know” was the overriding selection criterion for another group. Others wrote about 
imagining themselves in the situation to gain “a fi rst hand    feel as to which are the 
key aspects”. All these responses are goal oriented. Only one group appeared 
performance oriented in their reporting using competitive considerations: 
“We decided to use the mathematics which best displayed our mathematical abili-
ties…” (World Oil Group).  

   Table 19.1    Reasons for choice of situation to model   

 Response category  Example responses 

 Pragmatic reasons 
  Explored particular context previously  “One of us have done work on topic beforehand.” 
  Strengths of the group members  “Most of us are very good at Physics.” 
  Only viable idea considered  “All our other ideas failed.” 
 Evokes curiosity or interest  “We considered many different models but combined 

two that were of interest to the group.” 
 Currency of topic  “Currently featured in news → very topical” 
 Involves complexity or challenge  “Because it is an interesting and appropriately 

complex situation to model” 
 Serious societal issue  “Because oil is essential to power the world 

and produce many of the world’s goods.” 
 Personal issue or personally relevant  “Personally faced by us every day.” 
 Signifi cant problem  “There is a signifi cant problem in current systems 

of timetabling in schools.” 
 Mathematically tractable or interesting  “There’s a lot of math behind how energy is made.” 
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5.3     Perceived Diffi culties with Whole Process 

 Students were asked about their perceptions of the most diffi cult aspects of 
 participating in the Challenge. Several groups raised organisational diffi culties 
associated with managing such an open task or managing group processes as they 
worked in teams (see Table  19.2  for examples). Gathering information or data about 
their chosen problematic situation was a concern for several groups. In some 
instances this was indicative of misunderstanding that in modelling not every datum 
value need be known, rather reasonable estimates of missing quantities can be 

   Table 19.2    Perceived diffi culties with whole process   

 Response category  Example responses 

  Managing the task   “We came up with a signifi cant amount of ideas we 
could potentially have worked with, and it was 
quite a hard choice” 

  Developing an overall aim and focus 

  Keeping the aim in mind  “Keeping in mind the initial aim throughout the 
process.” 

  Relating small scale investigations 
with the situation as a whole 

 “Relating small scale investigations with the real world 
rocket forces and dimensions.” “Having to change 
our approach half way through due to lack of 
knowledge and time.” 

  Changing approach 

  Group processes   “Working together as each of us is different 
(in personality)” “making sure all group members 
were on the same page.” 

  Working in teams; collaborating 

  Gathering information/data   “Finding all the information” 
  Suitability/availability of data  “Finding appropriate data for oil consumption” 
  Consolidating the data  “Consolidating the data” 

  Formulation   “Formulating our ideas onto the graph” 
  Estimating quantities  “Finding a reasonable estimate of the world’s supply 

of oil” 
  Understanding the concept globally  “Understanding the concept – arrow dynamics in 

archery” 
  Representing data in tables  “Making sure our tables were set up right – population 

data” 

  Model building   “Another diffi cult part was developing a formula to 
suit our model” “Understanding some of the 
formulas used to form the model.” “Combining the 
equations for displacement with the infl uence of 
the drag force air resistance” 

  Developing/understanding a formula 
for the model 

  Linking factors 

  Model Solution   “Calculations – projectile motion” “Changing m 2  to 
km 2 ”   Doing calculations or converting 

units 

  Interim goals   “Trying to isolate theta.” “Working out why time 
couldn’t go below 0.5.”   Establishing/interpreting 

interim goals 
  Verifi cation   “Making sure our table’s results correspond with the 

real data.” 
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made. Others experienced diffi culties with different stages of the modelling process 
such as formulation, model building, model solution, establishing and interpreting 
interim goals and verifi cation. Report writing, presenting to others or evaluation or 
refi nement of models were not mentioned.

5.4        Most Interesting Learning Outcomes from Involvement 
in the Event 

 The majority of groups were most interested in the outcome of the problem(s) they 
had formulated in the chosen situation they were modelling or contextual details 
they had discovered during their investigation of this situation. For example, the 
group Mathematical Mythbusters discovered from their modelling of a movie stunt 
from Diehard IV where a car crashes into a hovering helicopter that: “It is possible 
to get a car to crash into a helicopter although doing it is suicidal.” 

 Meta-aspects of engaging in modelling activity were seen as the most interest-
ing outcome by several student groups. Participation in the Challenge highlighted 
the importance of domain knowledge for the Archery Group who pointed out 
“that, in order to complete a modelling and problem solving problem, there needs 
to be a large investigation into the topic.” Others were intrigued by the number of 
factors contributing to a particular situation needing consideration. The Tennis 
Serve Group commented: “There were more factors than expected involved in 
determining time, angle and velocity of a tennis serve”. The complexity of model-
ling real world situations was of most interest to three groups. The Emergency 
Response Group, for instance, was surprised by “the complexities involved in 
scheduling” which they were using to model responses of emergency vehicles to 
an accident. They had great diffi culty simplifying a realistic beginning scenario to 
become tractable to their mathematical expertise. Engaging in the Challenge 
brought the utility of mathematics to the attention of others who commented on its 
almost universal applicability and usefulness. The Traffi c Congestion Group, for 
example, noted: “Mathematics can be applied (almost everywhere)”; whilst the 
Australian Population Group marvelled how “maths could unlock complicated 
future scenarios such as population”. 

 Students in three groups noted as their most interesting learning outcome the 
new mathematics they had learnt from other group members with such knowledge, 
from internet sources or with assistance of mentors. These included how to calculate 
velocity, projectile motion, Leslie matrices, solving equations simultaneously to 
fi nd points of intersection and the relationship between velocity and air resistance, 
particularly drag coeffi cients and the velocity squared relationship. Perhaps, in 
response to the diffi culties they had with the openness of choice of task, members 
of the Energy Effi ciency Group commented that they had learnt the focusing nature 
of a task, commenting: “It’s easier to work when you have a task” as fi nding an idea 
to investigate in the fi rst place was noted as their most diffi cult challenge.  
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5.5     Frequency of Open Modelling Activities in School 

 Even though modelling has been a part of upper secondary school curricula in 
Queensland for some time, this does not mean all students have necessarily experi-
enced extended modelling tasks in the classroom particularly where the choice of 
what to model is theirs. The students in the Challenge were no exception with some 
members of six groups indicating they had never done this and of another eight 
groups, rarely. As the group modelling the effects of alcohol on stopping distance 
when driving a car pointed out: “Most of the time we’re given problems to solve 
instead of us having to fi nd a problem and solve it.” A member of the Cinema Profi t 
Group noted that, “In Singapore, little to no such lessons are conducted due to the 
rigorous and demanding curriculum which the students are undertaking.” However, 
the Singaporean Year 10 student from the Tennis Serve Group wrote that these 
activities were done “very often” in her school and that she had done such activities 
over the “whole of this year. It is called project work in Singapore.” The Singaporean 
members of the Car Baby Safety Group had done such activities “not very often” 
adding, “This maths is much more practical to the real world.”   

6     Discussion and Conclusions 

 The format of the Year 10–11 part of the Challenge corresponds with elements 
found by other researchers (e.g., Kaiser and Schwarz  2006 ,  2010 ) in similar extra 
curricular modelling events as desirable for increased student motivation such as 
complexity, being able to develop problems autonomously and working in groups. 
Similarly, it had the potential to raise awareness of an application-oriented view of 
mathematics by the nature of the tasks students chose and worked on. Having 
opportunities to recognise problems in real situations suitable for mathematical 
analysis and being confi dent enough to attempt such analysis with the support of 
group members was in alignment with the local curriculum documents in the edu-
cational systems from which students came. 

 Student choice of situation to model was motivated, in the main, by a goal 
 oriented perspective (Kasmer and Kim  2011 ). Indicators of emotions being involved 
in task engagement were also present in the form of natural curiosity and interest 
driving choice of task and perseverance in quite challenging and complex tasks. 
Decision making about approach to adopt in tackling modelling of their chosen situ-
ation and reporting results was also mainly goal oriented although one group was 
clearly performance oriented in reporting results (encouraged by the advertised 
competitive nature of the Challenge). Students perceived as most diffi cult about the 
Challenge managing such an open task or managing group processes as they worked 
in teams. It became evident in responses to other questions that students who had 
experienced modelling tasks in the classroom might not have tackled such open 
problems. Others had not experienced similar activities at all and certainly had not 

19 Challenges in Modelling Challenges: Intents and Purposes



226

worked in teams in mathematics previously. Gathering information or data about 
their chosen situation was a concern for several groups; whilst others experienced 
various diffi culties with different stages of the modelling process. 

 Students were most interested in the outcomes of their modelling indicating they 
found the whole experience intrinsically interesting. Meta-aspects of engaging in 
modelling activity were nominated as their most interesting learning outcome by 
several groups with complexity of modelling real situations and the importance of 
domain knowledge and factors to be considered coming to the fore. There was 
 evidence that students became more acutely aware of an application-oriented view 
of mathematics. As in previous events (see Kaiser and Schwarz  2006 ), students 
reported learning new mathematics mainly facilitated by working with students 
from different school contexts. Even though the vast majority reported having not 
participated in similar school activities, all groups were able to choose a situation to 
model and engage in attempts to model it over the 2 days to an extent that enabled 
them to report increased understanding of the complexity of the situation and to 
describe and critique their attempts at mathematical analysis of self initiated ques-
tions about the situation. In terms of student experience, our intended purposes as 
mentors were met in that the whole event was considered by most as inherently 
valuable as a learning experience about modelling and application of mathematics 
to real situations.      

    Appendix – Relevant Questionnaire Questions 

    Q 1: Why did you decide on this particular situation to model? 
 Q 3: How did you come to choose the approach you adopted? 
 Q 7: How did you decide on what was most important to include in your report? 
 Q10: What were the most interesting things you learned by being involved in the 
Modelling Challenge? 
 Q11: What were the most diffi cult parts of the whole process? 
 Q12: How often would you have done similar types of activities in your mathemat-
ics classroom at school?   
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    Abstract     Nature and the constructed world in which students live have provided 
suitable sources of tasks for junior high school students in the past. The decreasing 
number of bluefi n tuna was considered another appropriate context. Students were 
asked to provide a mathematical solution to this problem, utilising data on the num-
ber of bluefi n and the catch of bluefi n in the past. Three different mathematical 
approaches, appropriate to the educational level of the students involved, were taken 
to considering the decline in bluefi n tuna. Year 7 students used a proportional model, 
Year 8 students used linear function models, and in Year 9 students used recurring 
formula models. Each set of models was appropriate to the mathematics in the cur-
ricula at the level. The aim of this mathematical modelling activity was to develop 
people with the skills to lead the way in our society.  

1         Introduction 

 Problems in the natural world (Matsumiya et al.  1989 ; Yanagimoto  2003 ) and built 
environment (Yanagimoto and Yoshimura  2001 ) have been the stimuli for tasks for 
junior high school students in the past. The decreasing number of bluefi n is another 
such problem and was the subject matter for teaching material for mathematical mod-
elling. An educational experiment for Japanese junior high school students was con-
ducted using this context. The consumption of tuna has increased internationally, and 
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the number of existing bluefi n has decreased drastically, resulting in an international 
problem. According to an estimate by the science committee of the International 
Commission for the Conservation of Atlantic Tunas (ICCAT, see   www.iccat.int    ), the 
volume of bluefi n inhabiting the Mediterranean Sea and the Atlantic Ocean has 
decreased from a peak fi gure of about 300,000 tons in 1974 to the present level of a 
little under 80,000 tons. Each ICCAT participant country agreed to reduce the bluefi n 
tuna fi shery frames for the Mediterranean Sea and the Atlantic Ocean in 2010 to 
13,500 tons, approximately a 40 % decrease in comparison with 2009, and took 
various other measures. However, according to the estimation of the science commit-
tee, the bluefi n tuna of the area are subject to indiscriminate fi shing. For example, in 
2007, there were fi sh catches of 61,000 tons, even though the fi shery frames of 2007 
allowed for only 29,500 tons. Environmentalist groups may put strong pressure on the 
government of every country to work on bluefi n tuna protection, and Monaco pro-
posed an embargo on the catching of bluefi n tuna. The Monaco proposal prohibits 
international transactions by the Washington Convention. This proposal was later 
voted on at a Washington Convention international conference held in Doha, Qatar, in 
March 2010 (Black  2010 ). 

 Bluefi n tuna consumption in Japan, at approximately 43,000 tons (2008), 
accounts for approximately 80 % of the world consumption and almost 40 %, 
approximately 17,000 tons, are Atlantic bluefi n tunas that are imported along with 
other bluefi n tunas for consumption in Japan. Therefore the Monaco proposal was a 
very serious matter for Japan. Early in 2010 this news was frequently reported on 
TV and in newspapers in Japan. Many Japanese were interested in this news. 

 “Essential characterisations of modelling and applications involve posing and 
solving problems located in the real world, which…includes…general contexts of 
living as they impact on individuals, groups and communities” (Niss et al.  2007 , p. 17). 
To this end, using the context just described, the authors created teaching materials 
focused on mathematical modelling that aimed to allow students to predict the 
future survival quantity of bluefi n tuna. This was based on the quantity of past 
 bluefi n tuna survival and the data of fi sh catches. We decided to implement this as 
lessons for junior high school students across three different year levels, 7, 8, and 9, 
at one school. The aim of this mathematical modelling activity was to develop 
 students with the skills to lead the way in our society in keeping with one of the 
goals of modelling, namely “to provide experiences…that contribute to education 
for life after school…enhancing the quality of life” (Niss et al.  2007 , p. 19), in this 
instance “ensuring…environmental well being” (p. 18).  

2     Teaching Practices 

2.1     The Proportion Model for Year 7 Students 

 In Year 7, the task was implemented with 152 students, in four classes, from ‘T’ 
national junior high school. Two 1-h sessions were allocated to the task on different 
days in March 2010. The teacher was the usual teacher, Kenichi Taketoshi. The aim 
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of the implementation was (a) training students in mathematical modelling, and 
(b) making students aware of the problem of the decreasing number of bluefi n tuna. 

  The fi rst period : Students were directed to study the issue of bluefi n tuna before-
hand. Subsequently, several students were asked to present what they had learned. 
They looked at the species of the tuna, world consumption levels, fi shing grounds, 
the problem of the extinction crisis, and general information about bluefi n tuna 
including the news of the international conference. The teacher distributed to stu-
dents an article from a recent newspaper and documents explaining the various 
kinds of tuna. 

 Table  20.1 , which shows fi sh catches of bluefi n tuna and the number of bluefi n 
tuna in existence, was distributed to the students. It was confi rmed that the number 
of bluefi n tuna inhabiting the Atlantic decreased from approximately 300,000 tons 
in 1974 to approximately 80,000 tons in 2009, according to the International 
Commission for the Conservation of Atlantic Tunas (ICCAT). Data in Table  20.1  
were taken from a graph (Organization for the Promotion of Responsible Tuna 
Fisheries  2006 ) (  http://www.oprt.or.jp/c27.htm    ).

   Next, students drew a rough graph of bluefi n tuna fi sh catches in the Atlantic 
using the data from Table  20.1 . The aim was to help students grasp the numerical 
change in the list. Finally, students worked on posing various mathematical 
 problems from the table and the graph about the number of bluefi n tuna that have 
survived, and tried to answer one of the problems by themselves. This was intended 
to be an incentive to study the next learning content, and also to examine their 
 problem- posing abilities. 

     Table 20.1    Catches of bluefi n tuna and the survival quantity in Atlantic area (1974–2009)   

 Year 
 Fish catches 
(10,000 tons) 

 Quantity of survival 
(10,000 tons)  Year 

 Fish catches 
(10,000 tons) 

 Quantity of survival 
(10,000 tons) 

 1973  1992  3.5 
 1974  2.4  30  1993  3.7 
 1975  2.7  1994  4.9 
 1976  2.8  1995  5.0 
 1977  2.4  1996  5.3 
 1978  2.0  1997  4.9 
 1979  1.9  1998  3.9 
 1980  2.0  1999  3.5 
 1981  2.0  2000  3.7 
 1982  2.5  2001  3.7 
 1983  2.4  2002  3.7 
 1984  2.7  2003  3.4 
 1985  2.4  2004  3.3 
 1986  2.1  2005  3.8 
 1987  2.0  2006  3.2 
 1988  2.7  2007  3.4 
 1989  2.4  2008  – 
 1990  2.6  2009  –  8 
 1991  3.0  2010 
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  The second period:  Table  20.2  showing fi sh catches of bluefi n tuna and the number 
of bluefi n tuna in existence and a learning handout were distributed to the students. 
The following problems were posed: When is the extinction time? Can we recover the 
number of bluefi n tuna? Students attempted to solve the problems by using proportion 
under the teacher’s guidance as follows.

   Firstly, students estimated the quantity of bluefi n tuna from 2000 surviving in 
2009. The data showed that over 35 years 1974–2009, the quantity of fi sh reduced 
by 22 ten thousand tons. To estimate the proportion surviving in 2000, assume the 
decrease is constant and hence:

   30 − 8 = 22 (10,000 tons), 2009 − 1974 = 35, 2000 − 1974 = 26 (years)  
  22 ÷ 35 ≈ 0.6286 ≈ 0.63: yearly average decrease over the 35 years 1974–2009  
  0.6286 × 26 ≈ 16.3 (10,000 tons): the decrement from 1974 to 2000  
  30 − 16.3 = 13.7 (10,000 tons): the quantity of bluefi n tuna of 2000    

 Secondly, the students defi ned variables  x  and  y  such that  x  represented the num-
ber of years since 2000 and  y  represented the decrease of bluefi n tuna in 10,000 tons. 
They found  y  = −0.63 using a negative constant. 

 Thirdly, students estimated the survival quantity and predicted when extinction 
would occur. They undertook calculations using the proportional expression. They 
fi lled in the decrement of the bluefi n tuna and the estimated quantity of surviving 
bluefi n tuna from 2000 through 2020. They used electronic calculators, Sharp 
EL-N422-x, for the calculation. The number of bluefi n tuna decreased steadily in this 
calculation. Consequently, it was predicted that they would become extinct in 2022. 

 Fourthly, students considered the yearly average fi sh catches. They were able to 
come up with a yearly average of 35,300 tons, based on the fi sh catches in Table  20.2  
from 2000 through 2007. Fifthly, students considered fi sh catches to maintain the 
current bluefi n tuna population. They determined that the annual fi sh catches must 
be 3.53 − 0.63 = 2.9 (10,000 tons) if the current bluefi n tuna population is to be 
maintained. 

        Table 20.2    Catches of bluefi n tuna and survival quantity in Atlantic area (1974–2020)   

 Year 
 Fish catches 
(10,000 tons) 

 Quantity of survival 
(10,000 tons)  Year 

 Fish catches 
(10,000 tons) 

 Quantity of survival 
(10,000 tons) 

 1973  2008  – 
 1974  30  2009  –  8 
 •  •  •  2010 
 •  •  •  2011 
 •  •  •  2012 
 2000  3.7  ?  2013 
 2001  3.7  2014 
 2002  3.7  2015 
 2003  3.4  2016 
 2004  3.3  2017 
 2005  3.8  2018 
 2006  3.2  2019 
 2007  3.4  2020 
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 Lastly, students thought about the proportional expression of the increment 
supposing fi sh catches to be zero. If we suppose the fi sh catches are 0 tons from 
2010, it is  y =  2.9 x,  where  y  is expressed in an expression of  x  as 10,000  y  tons with 
the increment of bluefi n tuna after  x  years from 2010. In this case, when does the 
number of bluefi n tunas recover to 30 tons of 1974? They performed the calcula-
tions using the proportional expression  y =  2.9 x , and fi lled in the increment of bluefi n 
tuna and the quantity of estimated survival from 2010 through 2020 in the table. 
It was predicted that the number of bluefi n tunas increased steadily and the amount 
of the increase from 2010 to 2017 was 8 + 2.9 × 8 = 31.2 (10,000 tons) that is more 
than 300,000 tons. Finally, they looked back on the solving process and the overall 
problem- solving task; but there was not enough time to complete it.  

2.2     The Linear Function Model for Year 8 Students 

 In Year 8, the task was implemented with 151 students, in four classes, from ‘T’ 
national junior high school. Two hours were allocated to the task on different days 
in March 2010. The teacher was the usual teacher, Noboru Yoshimura. The aim of 
the implementation was the same as in Year 7. There was nothing the students had 
to do beforehand, but the rest of the fi rst period of the lesson was similar to Year 7. 
Table  20.2  and a learning handout were distributed to the students in the second 
period. Students did the calculation using the linear function as follows. 

 Firstly, students estimated the quantity of bluefi n tuna of 2000 as in Year 7. Then 
they thought about the linear function of the quantity of surviving bluefi n tuna. 
Students expressed  y  as a function of  x  in 10,000  y  tons for the quantity of surviving 
bluefi n tuna after  x  years from 2000. The relationship the students determined in 
class was  y  = −0.63 x  + 13.7, where 13.7 is the quantity of bluefi n tuna in 2000. 

 Secondly, students undertook calculations using the linear function formula and 
completed the quantity of estimated surviving bluefi n tuna from 2000 through 2020. 
They used the same calculators for the calculation. The results were the same as for 
Year 7. In addition, they drew a linear function graph and calculated the value  x  
when  x =  0 (see Fig.  20.1 ). Yearly average fi sh catches and the fi sh catches to main-
tain the current survival rate were the same as for Year 7 too.

y (ten thousand ton)

x (year)O

7.4

13.7

1.0

10 20

y =−0.63x +13.7

  Fig. 20.1    Estimation from 
Table  20.2        
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   Thirdly, students thought about the linear function of the quantity of survival of 
bluefi n tuna supposing fi sh catches to be zero. If we suppose that fi sh catches are 
0 tons from 2010, what is the linear function? It becomes  y  = 2.9 x  − 21.6, where  y  is 
expressed in terms of  x  as 10,000  y  tons for the quantity of surviving bluefi n tuna 
after  x  years from 2000. 

 Fourthly, students calculated using the linear function formula  y  = 2.9 x  − 21.6, to 
complete the quantities of estimated survival of bluefi n tuna from 2010 through 
2020 of the table. In this case, it was predicted that the number of bluefi n tuna 
increased steadily and the quantity of surviving bluefi n tuna was more than 
300,000 tons in 2018. In addition they drew a linear function graph and confi rmed 
the state of the increase and decrease of this function (see Fig.  20.2 ).

   Finally, validating and interpreting the results was discussed. It was confi rmed 
that there was an average decrease of 6,300 tons a year, and a natural increase of 
29,000 tons a year, as the basis of the said calculation. However, we did not have 
time to discuss whether this prediction was valid or not.  

2.3     The Recurring Formula Model for Year 9 Students 

 In Year 9, the task was implemented with 157 students, in four classes, from ‘T’ 
national junior high school. Two hours were allocated to the task on different days 
in March 2010. The teacher was the usual teacher, Noboru Yoshimura, who was the 
same teacher as for Year 8. The aim of the implementation was the same as for Year 
7. Again, there was nothing the students had to do beforehand, and the rest of the 
content was similar to the Year 7 implementation. Table  20.2  and a learning handout 
were distributed to the students in the second period. Students did the modelling 
calculation by using the recurring formula as follows: 

 First, similar to the Year 7 students, the Year 9 students found that the quantity of 
the decrease in bluefi n tuna is 6,300 tons a year on average, and that estimated quan-
tity of surviving bluefi n tuna in 2000 is calculated to be approximately 136,000 tons, 
and that the average catch is 35,300 tons a year, calculating from fi sh catches in 
Table  20.2  from 2000 through 2007. 

y (ten thousand ton)

x (year)O

7.4

36.4

13.7

2010

y =2.9x −21.6
  Fig. 20.2    Model where no 
catch from 2010       

 

A. Yanagimoto and N. Yoshimura



235

 Secondly, students calculated the natural average yearly increase to be 
29,000 tons, using the fi gures 6,300 tons, the yearly average decrease, and 
35,300 tons, the yearly average fi sh catch. They divided this by 136,000 tons, the 
estimated surviving bluefi n tuna in 2000. Thus, they came up with an approximate 
fi gure of 21.3 % as the natural increase rate of bluefi n tuna. 

 Thirdly, students calculated the quantity of surviving bluefi n tuna in 2001, using 
the survival quantity of 136,000 tons in 2000, natural increase rate of 21.3 %, and 
the average fi sh catch of 35,300 tons. That is, 13.6 × 1.213 − 3.53 ≅ 13.0 (10,000 tons), 
which is 130,000 tons. Similarly, 13.0 × 1.213 − 3.53 ≅ 12.2 (10,000 tons). So the 
quantity of surviving bluefi n tuna in 2002 was 122,000 tons. 

 Fourthly, students continued doing this recurring formula calculation. For this cal-
culation they used COMP menu of a CASIO fx-9700GE graphic calculators and found 
that the number of bluefi n tuna decreased steadily in this calculation. It was predicted 
that the quantity of bluefi n tuna would drop by 26,396 tons in 2008, to −0.328 tons in 
2009, which would mean extinction. Here they used the iteration calculation of COMP 
menu, not the recursion mode of TABLE menu. We can easily see the change in the 
graph in the recursion mode of the graphic calculator menu (see Fig.  20.3 ).

   Fifthly, suppose the quantity of surviving bluefi n tuna in 2000 is 136,000 tons, 
and the annual fi sh catch 35,300 tons. Then how large a natural increase rate in 
percent would be needed for the quantity of surviving bluefi n tuna in 2009 to 
become approximately 80,000 tons? Students successfully determined the increase 
rate by trial and error with a graphic calculator. It was approximately 24.1 %. Here 
they used the recursion mode of the graphic calculator (see Figs  20.4  and  20.5 ).

  Fig. 20.3    Natural increase 
rate of 21.3 %       

  Fig. 20.4    Natural increase 
rate of 24.1 %       
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    Sixthly, students calculated the quantity of surviving bluefi n tuna again, using the 
natural increase rate of 24.1 %, and wrote in the quantity of estimated survival blue-
fi n tuna from 2000 through 2015 on their worksheets. The bluefi n tuna would become 
extinct in 2013 in this case (see Fig.  20.5 ). In addition, they copied the rough graph 
by hand onto their worksheets from the screen of the graphic calculator. 

 Seventhly, supposing that there will be no fi sh catch after 2010, it was calculated 
that in 2017 the quantity of surviving bluefi n tuna would recover to the level of 
1974: 300,000 tons (a 0   = 6.4  in 2010, a n + 1   =  a n   × 1.241 , then ,  a 7   = 29.0 , see Fig.  20.6 ).

   Eighthly, it was assumed that the quantity of surviving bluefi n tuna would recover 
to 300,000 tons in 2020. The question posed was: What would the fi sh catch be in this 
case? Students tried to fi gure out the quantity of the fi sh catch by trial and error with 
a graphic calculator, and succeeded. It was approximately 8,000 tons (see Fig.  20.7 ).

  Fig. 20.5    Natural increase 
rate of 24.1 %       

  Fig. 20.6    No fi sh catch after 
2010       

  Fig. 20.7    0.8 tons fi sh catch 
after 2010       
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   Finally, we come to validating and interpreting the results. Though there was not 
enough time for students to think about it thoroughly, students were able to see that 
the calculations undertaken were based on the present quantity of surviving bluefi n 
tuna, the quantity of fi sh catches, the natural increase rate, etcetera.   

3     Evaluation of Student Performance 

 As schooling year level increases, many Japanese students are not interested in 
mathematics. In addition, they feel that mathematics is not useful for them. These 
are serious situations in mathematics education in Japan. Although students of ‘T’ 
national junior high school are higher level, and they are more interested in mathe-
matics than general students, they show the same tendency. The implementation of 
mathematical modelling and applications, as discussed in this chapter, are effective 
in changing this situation as is illustrated below. 

3.1     Mathematics in Junior High School 

 In this teaching sequence Japanese junior high school students were taught about 
the decreasing number of bluefi n tuna using mathematical modelling materials. An 
assessment of students’ attitude towards mathematics was carried out by administer-
ing a pre-test before teaching and a post-test after teaching. The tests included the 
following question: When you think about real-world problems, do you think that 
mathematics is helpful? The answer to the question was selected from: Very much; 
A little; Not so much; Not at all. The results are shown in Table  20.3 .

   Across all year levels students were able to recognize the usefulness of mathemat-
ics through these lesson sequences. The results reveal that the number of students 
who answered very much or a little increased from pre- to post-test for students for 
all year levels (from 86 to 91 % for Year 7 students, from 74 to 89 % for Year 8 
students, and from 66 to 84 % for Year 9 students). This confi rms more students were 
able to recognise the usefulness of mathematics after this lesson sequence.  

   Table 20.3    Student recognition of the usefulness of mathematics (%)   

 Year level  N  Test 

 Response (%) 

 Very much  A little  Not so much  Not at all 

 7  Pre  26  60  12  2 
 152  Post  44  47   9  0 

 8  Pre  23  51  22  4 
 151  Post  38  51   9  2 

 9  Pre  20  46  30  4 
 157  Post  29  55  14  2 
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3.2     Students’ Interest in This Lesson 

 The problem of the decreasing bluefi n tuna was the stimulus for this lesson sequence, 
because it is an important international environmental problem in our world. The 
assessment of student interest in this topic was done by administering a post-test 
after the classes were conducted. The students were asked the following question: 
Were you interested in this learning content of calculating the survival quantity of 
bluefi n tuna? The answer to the question was chosen from the following selections: 
Very much; A little; Not so much; Not at all. The results are shown in Table  20.4 .

   About 80 % of the students in each year level chose answers very much or a little, 
showing a interest in this learning context. This result is higher than the results from 
lessons researched previously (e.g., Yanagimoto et al.  1993 ; Yanagimoto and 
Yoshimura  2001 ). However, these lesson sequences were implemented when the 
topic used was timely in the world.   

4     Conclusion 

 Firstly, the experimental lessons have shown it is possible to use mathematical 
modelling teaching materials for “posing and solving problems located in the real- 
world” (Niss et al.  2007 , p. 17) in this case dealing with the declining bluefi n tuna 
population for instructing junior high school students. For Years 7 and 8, it is appro-
priately placed in the mathematics curriculum in Japan. Students learn the propor-
tion function in Year 7, and linear functions in Year 8, so this content is easy to treat 
as applied mathematics teaching materials at the end of the topic. For Year 9, the 
recurring formula calculation is part of the content of the Year 10 mathematics 
curriculum in Japan, but Year 9 students can treat it appropriately by using graphic 
calculators including the iteration and recursion calculations. It is suggested that 
these teaching materials are effective in large classes as a teaching material for the 
introduction period of mathematical modelling. However, strategies such as group 
learning, “typical for learning environments where modelling is required” (Niss 
et al.  2007 ), might be necessary for the more advanced stages of mathematical 
modelling. Generally there is no placement of these kinds of tasks in the Japanese 
mathematics curriculum. In this implementation, students had to solve the problem 
with a mathematical model given by the teacher, as they had little previous experi-
ence of mathematical modelling activities. 

   Table 20.4    Student interest in context (%)   

 Year level 

 Response (%) 

 Very much  A little  Not so much  Not at all 

 7  23  62  11  4 
 8  22  54  17  7 
 9  26  53  14  7 
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 Importantly, the students’ perception of mathematics changed for the better as a 
result of this educational experiment. When asked, students who answered that 
 mathematics is useful for solving real-life problems  accounted for 91 % of the Year 
7, 89 % of the Year 8, and 84 % of the Year 9 students. Students who thought  this 
teaching material was interesting  accounted for 85 % of Year 7, 76 % of Year 8, and 
79 % of the Year 9 students. Our future challenge is to promote the development of 
mathematical modelling teaching materials from the viewpoint of nurturing future 
citizens in Japanese society. The aim of this mathematical modelling activity is to 
develop leaders in our society similar to one of the goals of using applications and 
modelling in school curricula (Niss et al.  2007 ).     
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    Abstract     Problems in students’ social world, the natural world and built environment 
have proved to be fruitful sources of tasks for junior high school students in the past. 
Pension tax issues were taken up as a teaching material for mathematical modelling, 
and an educational experiment for junior high school students was conducted. 
Students were asked to think about the mathematical solution of the prefecture tax 
rate on the basis of the data about Osaka Prefecture. A proportion model for the 
7th grade students and a linear function model for the 9th grade students were used 
in this experiment. As a result of the teaching experiment, the percentage of 
students who felt that mathematics was useful for solving real-world problems 
increased. Students showed high interest in the task context but only 50–60 % 
indicated a desire to fi nd other solutions than the fi rst one.  

1         Introduction 

 Problems in students’ social world (Yanagimoto et al.  1993 ) the natural world 
(Matsumiya et al.  1989 ; Yanagimoto  2003 ) and built environment (Yanagimoto 
and Yoshimura  2001 ) have proved to be fruitful sources of tasks for junior high 
school students in the past. Pension tax issues were considered to be a prime 
candidate for mathematical modelling. It is important to have a pension so that at 
the age of retirement you will have enough money coming in each month to cover 
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the cost of your bills and allow you to live a comfortable life. Currently, young 
people’s lack of payment into the national pension funds is becoming a serious 
social problem. For years the Japanese nation has spent beyond its means. As a 
result, it has become diffi cult for the Japanese government to maintain the levels 
of social security such as healthcare and old-age pensions. Japan is at a fi scal 
tipping point. There is a need for the Japanese government to make drastic 
changes to the pension system. This issue is so perplexing that it is impossible to 
fi nd an answer immediately. 

 In this situation, the original pension reform was deemed suitable as teaching 
material for mathematical modelling for junior high school students in years 7 and 
9. This is intended to be a mathematical modelling activity that will develop people 
to lead the way in our society in keeping with one of the goals of applications and 
modelling and their curricular embedding (Niss et al.  2007 ).  

2     Teaching Practices 

2.1     The Proportion Model for 7th Grade Students 

 In the 7th grade, the task was implemented with 152 students in four classes from 
‘T’ national junior high school. Three hours were allocated to the task on different 
days in December 2010. The teacher was the usual teacher, Noboru Yoshimura. The 
aims of the implementation were (a) training students in mathematical modelling, 
and (b) making students aware of pension reform plans. The teacher led all students 
in a class as is the usual traditional Japanese style lesson. 

  The fi rst period : Students discussed an extract of the explanation document and a 
recent newspaper article about pension issues to understand the context of the pen-
sion issues. The original system that prefecture tax money is used to cover the basic 
portion was introduced. Students were asked to think about the mathematical solu-
tion of the prefecture tax rate problem on the basis of the data for Osaka prefecture. 

 These data are as follows:

    (1)    Osaka prefecture has a population of 8.8 million. The population distribution by 
age is equal to each other and the average life expectancy in Osaka pref. is just 
80 years old.   

   (2)    The average income of wage-earners, 70 % of whom are 20–60 years old, is 
4 million yen annually.   

   (3)    People over 61 years old are eligible for a  y  thousand yen pension when pension 
tax rate for the income of wage-earners is  x  %.     

 Students calculated using proportion. After deliberations, students calculated as 
follows:

    (a)    The estimated population over 61 years of age is

  
( . ) ( ) .8 8 80 80 60 2 2÷ × − = ( )million people
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      (b)    Proportional expression of pension payments

  

y = ( ) ( )
∴ =

61 19 8.8 80 0.7 4,000 100 2.2 12− × ÷ × × × ÷ ÷ ÷x

y x4 78.    

      (c)    Drawing the graph (see Fig.  21.1 )

       Students calculated values of  y , when  x  = 10 and  x  = 20. In consideration of welfare 
payments (from 62 to 81 thousand yen) based on an aged single person household, stu-
dents reached the appropriate decision that the pension tax rate of 13–17 % is better. 

  The second period:  Supposing that the mandatory retirement age is extended from 
the current 60 years old to 65, those over 66 years old are eligible for a  y  thousand 
yen pension, when the pension tax rate for the income of wage-earners is  x  %. The 
content was approximately similar to the fi rst period. Students were left to solve the 
issue by themselves. They expressed  y  in an expression of  x  as  y  thousand yen 
pension a month charging a pension tax of  x  % on income of wage-earners. The 
expression became  y  = 7.16 x . 

 Charging a pension tax of 9 %, pension payments are 64.4 thousand yen a month. 
Charging a pension tax of 11 %, pension payments are 78.8 thousand yen a month. 
In consideration to welfare payments (from 62 to 81 thousand yen) based on an 
aged single-person household, students reached the appropriate decision that the 
pension tax rate of 9–11 % is better. 

 They looked back on their solving process and the setup conditions of this problem. 
They were then given an assignment in which they had to search for another solution. 

  The third period:  Students discussed their assignment. Students were asked to think 
about the mathematical solution for the prefecture tax rate on the basis of the other 
conditions of Osaka prefecture. 

 These modifi ed conditions are as follows: 
 The people over 66 years old are eligible for a pension with the following 

conditions:

    1.    Aged single-person households are a third of the population of those over 
66 years old and are eligible for a  y  thousand yen pension.   

   2.    Aged couple households are a third of the population of those over 66 years old 
and are eligible for 70 % of aged single-person households’ payments.   

O 10 20

47.8

95.6

y (thousand yen)  Fig. 21.1    The proportion of 
pension payments       
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   3.    Elderly households living with children or grandchildren are a third of the 
population of those over 66 years old and are eligible for 30 % of aged single-
person households’ payments.     

 Students were left to solve the issue. Some students were told that when there is 
a  y  thousand yen pension for aged single-person households, pension payments for 
aged couple households are 0.7 y  thousand yen and pension payments for aged 
households living with children or grandchildren are 0.3 y  thousand yen. Students 
calculated by a way of thinking of the proportion as follows.

    (a)    A third of the over 66 years old population

  
8 8 80 80 65 3 0 55. .÷( )× −( ) ÷ = ( )million people

   

      (b)    The quantity of estimated total amount of pension payments

  
0 55 0 55 0 7 0 55 0 3 12 0 55 2 12. . . . . .y y y y+ × + ×( )× = × × ( )billion yen

   

      (c)    Quantity of estimated total amount of pension taxes

  
4 000 100 65 19 0 11 0 7, . .× ÷( )× −( )× × ( )x billion yen

   

      (d)    Proportional expression of pension payments

  
0 55 2 12 4 000 100 65 19 0 11 0 7 1 07. , . . .× × = × ÷( )× −( )× × ∴ =y x y x

   

      (e)    Drawing the graph    

  Students calculated the values of  y , when  x =  5 and  x =  10. When the pension tax 
rate is 6 %, aged single-person households are eligible for about a 64 thousand yen 
pension, aged couple households are eligible for about a monthly 90 (45 × 2) thousand 
yen pension payment and aged households living with children or grandchildren are 
eligible for about a 19 thousand yen pension. In consideration of welfare payments 
(from 62 to 81 thousand yen) based on aged single person household, students 
reached the appropriate decision that the pension tax rate of 6 % is better. 
The amount of pension taxes is reduced from 600 to 240 thousand yen a year. 
The students also reached the appropriate decision that the pension tax rate of 6 % 
is better. They reviewed their solving process and the conditions of the problem. 
They were given a report assignment where they had to obtain the original solution.  

2.2     The Linear Function Model for the 9th-Grade Students 

 In a second teaching experiment conducted with the 9th grade students, the linear 
function model was used. The task was implemented with 157 students on different 
days in May 2011. The intended aims were as for Year 7. 
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  The fi rst period:  Students discussed the extract of the explanation documents and 
the recent newspaper article about pension issues. The teacher explained Japan’s 
pension system. It is complex. The national pension program is a single-tier one that 
provides a basic pension for the entire populace. The welfare pension program and 
mutual aid pension program are a two-tier system. The lower tier is the basic 
pension of the national pension program. The upper tier is a pension geared to each 
individual’s income. In other words, the insured person pays premiums and receives 
benefi ts in proportion to his or her income. The future of the pension insurance 
system is threatened by a number of issues, such as rising pension payments in 
accordance with the aging of the population, a diminishing number of new participants 
caused by a low birth-rate, and a larger number of people shunning the system. 
Reforms for keeping the system stable and sustainable are therefore being imple-
mented from the long-term perspective. Students understood the context around 
these pension issues. 

 The original system that prefecture tax money is used to cover the basic portion 
was introduced. Students were asked to think about the mathematical solution to the 
prefecture tax rate on the basis of the data for Osaka prefecture. 

 These data are as follows:

         (1), (2) are the same as for the fi rst period for 7th grade.   
        (3) People over 66 years old are eligible.   
        (4) The contributions from the government to those over 66 years old per 

person are 30 thousand yen per month per person.     

 Students calculated using a linear function as follows:

    (a)    The quantity of estimated total amount of pension payments without any 
contributions from the government

  
( ) . ( ) .y y− × ÷( )× −( )× = − × × −( )× (3 8 8 80 80 65 12 3 0 11 80 65 12 billion yen))    

      (b)    The quantity of estimated total amount of pension taxes

 
4 000 100 60 19 8 8 80 0 7 28 60 19 0 11, . . .× ÷ × − × ÷ × = × × − ×( ) ( ) ( ) ( )x x billionn yen( )    

      (c)    Linear function of pension payments

  
( ) . . .y x y x− × × −( )× = × × −( )× ∴ = +3 0 11 80 65 12 28 60 19 0 11 6 4 30

   

      (d)    Drawing the graph (see Fig.  21.2 )

       In consideration of welfare payments (from 62 to 81 thousand yen) based on 
aged single-person households, students reached the appropriate decision that the 
pension tax rate of 6 % is better. When the pension tax rate is 6 %, aged single- 
person households are eligible for a monthly pension of about 68 thousand yen. 
The amount of pension taxes is reduced to 240 thousand yen a year. They refl ected 
on their process and the setup conditions of this problem. 
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 Students discussed this result and they searched for another solution. They were 
asked to think about the mathematical solution to the prefecture tax rate based on 
additional conditions. The additional conditions (i), (ii), (iii) are the same as those 
for the third period for the 7th grade students. 

 They expressed  y  in an expression of  x . The equation became  y  = 9.6 x  + 30. In 
consideration of welfare payments (from 62 to 81 thousand yen) based on an aged 
single-person household, students reached the appropriate decision that the pension 
tax rate of 4 % is better. When pension tax rate is 4 %, aged single-person 
households are eligible for a monthly pension payment of about 68 thousand yen. 
The amount of pension taxes is reduced to 160 thousand yen a year. Again, they 
reviewed their process and the setup conditions of the problem. They were given an 
assignment in which they had to search for another solution. 

  The second period:  Students discussed their assignment. They considered divid-
ing the income earners into three groups without changing the overall average 
income. Students were asked to think about the mathematical solution of the prefec-
ture tax rate. 

 The three groups are as follows.

   (i)     Pension tax rate for the group of 80 % of wage-earners is  x  %. The average 
income of those who earn less than 4 million yen is 3 million yen.   

  (ii)     Pension tax rate for the group of 10 % of wage-earners is 1.5 x  %. The aver-
age income of those who earn more than 4 and less than 8 million yen is 
6 million yen.   

  (iii)     Pension tax rate for the group of 10 % of wage-earners is 2 x  %. The average 
income of those who earn more than 8 million yen is 10 million yen.     

 Students calculated by using a linear function as follows.
   (a)     The quantity of estimated total amount of pension payments except the contri-

butions from the government

  
y y−( )× ÷ × −( )× = −( )× −( )× ×30 8 8 80 80 65 12 30 80 65 0 11 12( . ) . billion yenn( )    

x(%)6 7

68.4

74.8

30

y = 6.4 x 30

O

y (thousand yen)  Fig. 21.2    The linear function 
of pension payments       
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      (b)    The quantity of estimated total amount of pension taxes

 

3 000 100 60 19 0 11 0 7 0 8 6 000 1 5 100

60 19

, . . . , .× ÷( )× −( )× × × + × ÷( )
× −(

x x

))× × × + × ÷( )× −( )×

× × = +

0 11 0 7 0 1 10 000 2 100 60 19 0 11

0 7 0 1 24 9

. . . , .

. .

x

x xx x x+( )× −( )× ÷( )× = ×20 60 19 8 8 80 0 7 1521 1 0 11. . . .
  

      (c)    Linear function of pension payments

  
y x y x−( )× −( )× × = × ∴ = +30 80 65 0 11 12 1521 1 0 11 8 5 30. . . .

       

   (d)    Drawing the graph     

 In consideration of welfare payments (from 62 to 81 thousand yen) based on an aged 
single-person household, students reached the appropriate decision that the pension tax 
rate of 4 % is better. In that case pension payments are 64 thousand yen a month. 

 Pension tax rate for the group of 80 % of wage-earners is 4 %, pension taxes are 120 
thousand yen pension a year. Pension tax rate for the group of 10 % of wage- earners is 
6 %, pension taxes are 360 thousand yen pension a year. Pension tax rate for the group 
of 10 % of wage-earners is 8 %, pension taxes are 800 thousand yen pension a year.   

3     Evaluation of Student Performance 

 Students who are not interested in mathematics as their grade in school advances are 
a growing trend in Japan. They also feel that mathematics will not be of help. These 
are serious situations in mathematical education in Japan. We found the same 
tendency in a survey of students of ‘T’ national junior high school students who are 
at a higher level. A survey of ‘T’ national junior high school students’ to evaluate if 
the teaching material for mathematical modelling discussed in this chapter changes 
some aspects of this situation was conducted. 

3.1     Mathematics in the Junior High School 

 The assessment of students’ evaluation about the utility of mathematics in real 
problems was done by carrying out a pre-test before teaching and a post-test after 
teaching. Students were asked: 

 When you think about real problems, do you think that the mathematics is helpful? 
 The answer to the question above was chosen from the following choices: (A) 

Very helpful, (B) Agreeably helpful, (C) Not so helpful, (D) Not helpful at all. 
The results were as shown in Table  21.1 .

   The result reveals that the number of students who answered (A) or (B) were 
87 % in the pre-test, 94 % in the post-test for 7th grade students, and 82 % in the 
pre-test, 95 % in post-test for 9th grade students. Students commented that “Pension 
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tax is roughly proportional to pension payment”, “I was able to understand pension 
tax issues”, “I could understand balanced profi ts and losses”, “I could understand 
the fl ow of money using the mathematics” and so on, as the reasons for changing 
their answers between the two tests. Thus more students were able to appreciate the 
helpfulness of mathematics through experiencing this single teaching practice.  

3.2     Students’ Interest in This Lesson 

 We used the pension tax issue in this teaching practice. This is a serious modern 
social problem in Japan. The assessment of students’ interest in the topic was 
carried out using a post-test after teaching. Students were asked: 

 Were you interested in this learning content of pension tax issue? 
 The answer to the question above was chosen from the following choices: (A) 

Very much, (B) Rather, (C) Not so much, (D) Never. The results are shown in 
Table  21.2  together with results from previous cohorts using different contexts for 
comparison.

   This table shows that the students who participated in this study responded with 
almost the same tendency as those in Yanagimoto et al. ( 1993 ) when sport was used 
and Yanagimoto and Yoshimura ( 2001 ) when traffi c safety was used. About 
30–60 % students chose the answers (A) or (B) in the various aspects of the track 
and field events task, and about 55–75 % students chose the same answers in 
the traffi c safety context. Interest depends on how much students are related to the 
learning context. In this learning context about 70–80 % of students chose the 
answers (A) or (B), and showed more interest than in the other two studies. This 
learning context included a socially serious problem, a topic discussed frequently in 
Japan. In general, students’ interests are infl uenced by their own involvement and 
the currency of topics. 

 The reasons given by students for answering (A) or (B) included: “I have never 
gone through pension tax issues with a critical eye”, “We will face the same prob-
lem in future”, “I could learn a bit about how society works.” This practice aroused 
many students’ curiosity. However, the reasons for other students choosing (C) or (D) 
included “It has nothing to do with me”, “It happens in a distant world unrelated 
to me”, “The problem is so complicated.” This suggests that some lacked a feeling 

   Table 21.1    Students’ evaluation of the usefulness of mathematics (%)   

 Year  Response (%) 

 Level  N  Test  A  B  C  D 

 7  152  Pre  40  47  11  2 
 Post  53  41  6  0 

 9  157  Pre  29  53  17  1 
 Post  56  39  4  1 
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of motivation for solving the task and it might be necessary to improve the specifi c 
teaching guidelines to overcome this.  

3.3     Students’ Willingness for Seeking Other Solutions 

 All students found one of the solutions to the pension tax issue. An assessment of 
the students’ willingness to fi nd the other solutions was included in the post-test 
after teaching. We asked: 

 Do you think you want to seek the other solution to pension tax issue after this 
learning? 

 The answer to the question above was chosen from the following choices: (A) 
Very much, (B) A little, (C) Not so much, (D) Never. The results are in Table  21.3 .

   The result reveals that the number of students who answered (A) or (B) were 
49 % for 7th grade students and 64 % for 9th grade students. This implies many 
students showed willingness to seek the other solutions. From our observations, the 
mathematical modelling teaching materials opened up society for students more and 
boosted awareness for them as members of society; but students who did not have 
any patience for the task, were relying on others and had a tendency to avoid chal-
lenging tasks.   

   Table 21.2    Student interest (%) in different contexts   

 Year  Response (%) 

 Teaching context  Level  N  A  B  C  D 

  Pension tax   7  152  16  56  24  4 

 9  157  20  62  15  3 

  Track and fi eld   9  157 
 1. Designing an athletics track  6  25  53  16 
 2. Recording running broad jump  13  39  34  14 
 3. Location of mark point in passing a baton  18  43  29  10 

  Traffi c safety   9  160 

 1. Pedestrian crossing time  12  50  32  6 
 2. Stopping distance of cars  28  46  22  4 
 3. Time to yellow signal  13  44  38  5 

   Table 21.3    Students’ willingness (%) to seek other solutions   

 Year  Response (%) 

 Level  N  A  B  C  D 

 7  152  12  37  44  7 
 9  157  10  54  32  4 
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4     Conclusion 

 Firstly, it is possible to use mathematical modelling teaching materials which deal 
with the pension tax issues for instructing junior high school students. Students 
learn the proportion function in 7th grade, and linear function in 8th grade, so this 
content is easy to treat as applied mathematics teaching materials. It is thought that 
these teaching materials are effective in a large class as a teaching material for 
the introduction period of mathematical modelling. There has been no coursework 
at these levels of schooling like this performed practice in Japan previously and 
students are hardly used to mathematical modelling activities. It is best that a teacher 
gives students the problem with a mathematical model modifi ed by teachers rather 
than the students develop the model themselves. However, more open teaching 
practices such as using group learning (Antonius et al.  2007 ) are necessary for the 
more advanced stages. 

 Secondly, one of the goals of dealing with teaching material for mathematical 
modelling would be to promote excellence in problem solving and also to make 
students aware of the usefulness of mathematics. The students’ evaluation of 
mathematics changed for the better as a result of this educational experiment. 
When asked, the percentage of students who answered that mathematics is useful 
for solving real-world problems jumped from 87 to 94 % of the 7th grade students 
and from 82 to 95 % of the 9th grade students. The mathematical modelling 
teaching materials aroused students’ curiosity, encouraged students to open up 
society more and boosted awareness as members of society. Students who thought 
this teaching material was interesting accounted for 72 % of the 7th grade students 
and 82 % of the 9th grade students. Students who indicated willingness to seek other 
solutions accounted for 49 % of the 7th grade students and 64 % of the 9th grade 
students. These are general surveys, however. We need to gain deeper insights into 
the level of performance of the students on the tasks by further analysis. 

 Maaß ( 2010 ) has developed a scheme for classifying modelling tasks so other 
potential users can be guided in terms of task features, objectives and target audi-
ence. This teaching material has a general focus in terms of the whole process as a 
modelling activity in the classifi cation scheme for modelling tasks (Maaß  2010 ), 
though the teacher led students. There has been consideration about the contexts 
which interest students in other literature (e.g., Julie  2007 ). Some of this has been 
related to the modelling of social issues in schooling contexts (e.g. Julie and Mudaly 
 2007 ). Indeed, Galbraith et al. ( 2010 ) and Caron and Bélair ( 2007 ) suggest that 
social contexts have several benefits as topics for modelling. This teaching 
material appears to have interested many students because it is a social context and 
related to their future lives, in spite of the topic being chosen by teachers. 

 Our future challenge is to promote the development of mathematical modelling 
teaching materials from the viewpoint of nurturing pioneers who will be trailblazers 
in our society. The aim of this mathematical modelling activity is to develop people 
who can lead the way in our society in keeping with one of the goals of applications 
and modelling and their curricular embedding (Niss et al.  2007 ).     
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Abstract  From a broad perspective, there are two categories of pedagogical aims 
of modelling. The first is where modelling itself is treated as an objective. The second 
is mathematical knowledge construction, where modelling is treated as a means to 
an end. For the first aim three key questions are considered: (1) How can the teacher 
set an appropriate situation so that students realise the necessity of solving a real-
world problem? (2) How can the teacher assist students’ abstraction processes?  
(3) How can the teacher show students the necessity of controlling various assumptions? 
For the second aim, three principles are suggested: (1) expanding and clarifying 
real-world situations satisfying a developed original model, (2) expanding and 
integrating mathematical knowledge by setting up a concrete situation so that students 
can consider it, and (3) refining and clarifying the developed mathematical methods 
by treating instances of the same contexts repeatedly.

1  �Background of This Study

1.1  �Pedagogical Aims of Modelling

Regarded from a wide perspective, the pedagogical aims of modelling can be 
regarded as two. The first is modelling itself, with modelling treated as the objective. 
Of course, it is divisible into several more detailed aims (Blomhøj 2009; Blum and 
Niss 1991). Regarding this point, the author suggests the issue of a teacher’s role: 
‘How does a teacher cultivate students’ thinking about modelling?’ The second aim 
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is mathematics knowledge construction, with modelling treated as a method to 
achieve a goal. The issue of the relation between modelling and mathematics 
knowledge construction is selected to answer questions such as ‘How is modelling 
related to mathematics knowledge construction in the teaching of mathematics?’

1.2  �Pedagogical Reflections on the Role of Modelling

When considering mathematics instruction, we must distinguish school mathematics 
from mathematics and modelling outside of school. By considering the content or 
activities related to modelling and mathematics outside of school, it is possible to 
design a school mathematics curriculum, teaching plan, and so on that are expected 
to be more relevant to students’ interests. Nevertheless, these products should be 
examined after due reflection upon students’ activities and understanding. It is 
important to contrast the activities of scientists and mathematicians with students’ 
activities and thereby derive practical issues or suggestions that might be adapted to 
the future teaching of mathematics.

1.2.1  �Pedagogical Reflection as Objectives

When examining modelling activities outside of school mathematics from the 
perspective of cultivating students’ thinking about modelling, three characteristics 
can be observed from contrasting students’ activities against those of scientists and 
others who use mathematics as a tool.

First, the problems and contexts that scientists and others encounter are familiar 
to scientists. They are those very situations in which they are interested. Therefore, 
they have clear reasons and incentive and motivation to solve a problem. 
Nevertheless, problems and contexts that students encounter are not always familiar 
to them. Students do not always know the reason why there is a need to solve a given 
real-world problem. This difference creates an issue for a teacher of how to present 
a real-world problem to students.

Second, scientists and others who use mathematics as a tool observe a situation 
or a phenomenon over a long duration. In other words, they have thought exten-
sively about the structure of a problem, particularly which variables are important 
and which are not. In contrast, students have little or no experience at observing a 
situation or phenomenon before encountering a problem presented by the teacher. 
Moreover, it is difficult for students to observe a realistic set of circumstances in a 
classroom. This difference creates an issue for a teacher of how to assist students’ 
process of abstraction from a real world into mathematics.

Third, scientists who use mathematics as a tool can illustrate modelling pro-
cesses and modelling skills very well. They have experienced modelling processes 
numerous times. However, students who have not experienced modelling have 
no idea how to mathematise a real-world situation into mathematical terms and 
contexts. Real-world problems have many variables. Students typically have no idea 
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about how to treat numerous variables to solve a problem. This difference presents 
an issue to the teacher of how to support students’ thinking so that they can acquire 
modelling competency.

The three issues described above are discussed in the first parts of this paper.

1.2.2  �Pedagogical Reflection as Methods

Next, we can consider mathematical knowledge construction by which modelling is 
treated as a means to an end. By examining the activities of scientists and others who use 
mathematics as a tool and those of mathematicians who construct more abstract 
mathematics, the following are addressed by contrasting them with students’ activities.

First is a suggestion that mathematics education be conducted by analysing the 
activities of scientists who use mathematics as a tool. Most scientists and others 
build up a mathematical model based on mathematical principles and processes 
that were developed by someone many years ago. After producing an original 
model, they begin to gather additional concrete examples which satisfy the original 
model. In the philosophy of science, Hesse (1966) discerned analogies of three types 
in scientific models: positive analogies, negative analogies, and neutral analogies. 
Positive analogies are those features which are known, or thought, to be shared by 
two systems. Negative analogies are those features which are known or thought to 
be present in one system, but which are absent in the other. Neutral analogies are 
those features for which status as positive or negative analogies is uncertain. Of 
those three types, neutral analogies are by far the most interesting because they 
suggest ways to test the limits of our models, lighting a path to scientific advance-
ment. Using the idea of Hesse in modelling, expanding and clarifying real-world 
situations that satisfy a developed original model is crucial. The original model is 
applicable over a wide range if more extra concrete examples are applied in the 
model. Building up the original model and extending the range in which the original 
model is applied is an extremely important activity for students.

Second is the difference between students’ activities and scientists’ activities. 
This analysis shifts our emphasis to mathematicians who construct more abstract 
mathematics. Unlike scientists and others, students have not acquired the necessary 
mathematics skills or knowledge to solve the problem, and mathematics is unfamil-
iar to students. In other words, for scientists who use mathematics as a tool, math-
ematics is viewed as a developed system, but for students, mathematics should best 
be viewed as a developing system. In some cases, students can solve a problem by 
application of acquired mathematical knowledge. However in some cases, they 
cannot solve a problem even through application of all mathematical knowledge 
acquired previously. However, students’ perceptions about the limitations of their 
mathematical knowledge draw on a breakthrough in acquiring new mathematical 
knowledge. It is a meaningful motivation for students to understand the necessity of 
acquiring new mathematical knowledge.

When we specifically examine these aspects, recognizing that ‘mathematics has 
not been developed yet,’ and that ‘mathematics is not always familiar for them,’ 
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mathematicians’ activity is brought into relief. Mathematicians construct more 
abstract mathematics based on their concrete mathematics. More abstract mathe-
matical methods, which are now being developed, are not familiar even to many 
mathematicians. We can see similar situations with students from this perspective. 
Students construct mathematics in their internal world, and mathematics is not always 
familiar. Therefore, a mathematician’s typical approach such as ‘consideration by 
producing a concrete model’ is emphasised (Iyanaga 2008, pp. 71–95). Even for 
mathematicians, constructing new abstract mathematics is not easy, so they produce 
concrete models and consider the mathematical principles using the model.

What principles can we elicit to teach mathematical knowledge through 
modelling from these analyses? These issues are discussed in the second part of 
this chapter.

2  �Teacher’s Role Derived from Pedagogical  
Reflections as Objectives

2.1  �Why Do Students Solve Problems?

We first specifically examine the first characteristic by which the immediate problem 
situation is familiar to scientists and others who use mathematics as tools: they have 
clear motivations to solve problems. In this regard, students’ situations differ greatly. 
The following questions should be addressed: ‘Why do students solve problems?’ 
and ‘How can a teacher select a material, and establish a learning situation?’

Regarding the question of ‘What is an appropriate modelling task?’, Galbraith 
(2007, pp. 181–184) pointed out two issues: (T1) consistency with an avowed 
purpose, and (T2) introducing real-world modelling tasks. Regarding (T2), two 
additional issues are pointed out: (a) the importance of using models based on expe-
rience, and (b) motivation. Regarding (a), additional questions can be derived such 
as ‘Does the problem situation concern the surroundings of students at present, 
in the past, or in the future?’ and ‘Is it concerned with most students or only a few 
students?’ If the first question is related to the students’ future, then an additional 
question is suggested: ‘Is it related to a situation confronted as a citizen, as individu-
als, or in their profession or vocation?’ The PISA category related to contexts is 
extremely useful in relation to this point (PISA 2009). Regarding ‘(b) motivation,’ 
the teacher’s role is to clarify the reason why someone must solve the problem, 
then to set the appropriate situation so that students can accept the problem posed 
by someone as their own problem.

For instance, students are very familiar with relay races. To win a relay is impor-
tant for a typical class. Therefore, a teacher might ask students how to win in a relay 
race in a school sports competitions (Osawa 2004). Several issues can then be 
inferred by students, such as the runner order, how to pass the baton, and so on. It is 
important that the teacher clarifies types of issues to be considered and thereafter 
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specifically examine the baton pass, but not specifically examine the baton pass 
without clarifying issues to be considered. Students’ awareness that the baton pass 
is one issue related to winning a relay race is crucial.

A problem derived from students’ school life will be readily accepted as their 
own problem. How can we treat a problem derived from someone else (not 
students)? In such cases, the teacher should at least explain the background related 
to why the problem arose. We can select two illustrative examples. Figure 22.1 is the 
Great Wall of China. On the top of a mountain, we can feel that it is apparently very 
steep. The question ‘How steep is it?’ is derived if we were actually climbing the 
Great Wall. How many degrees of this inclination angle is the steepest slope? When 
treating such a problem, it is important for the teacher to let students surmise the 
answer. For example, the teacher asks students to select the following alternatives 
of this inclination angle: (1) 25°, (2) 35°, or (3) 45°. By selecting an alternative, 
students might want to clarify whether their own answer is correct or not. It is 
one method for the teacher to let students build desire to solve the problem. After 
selecting alternatives, the teacher explains the situation as shown in Fig. 22.1.

‘Let’s presume we were there in summer. Then we have a plastic bottle of water 
and pen. Is there any method to measure the inclination angle?’ The answer is 
depicted in Fig. 22.1a. It is one way to present the geometrical figure exactly as 
shown in Fig. 22.1b, c if students have no idea of how to measure the inclination 
angle. Students can understand that this mathematical problem can arise in a real-
world situation. By asking ‘Which angle is the inclination angle?’ students have a 
chance to solve the problem. For students, the setting in Fig. 22.1b supports their 
discovery of the inclination angle. Another setting, shown in Fig. 22.1c, is a little bit 
more difficult to work with. In ordinary mathematics teaching in Japan, the alterna-
tive angle and corresponding angle are taught in a purely geometrical situation. 
Finding relations between angles in a purely geometrical situation is not useful for 
their life and is also not surprising for students. However, in this situation, ascertain-
ing the relation between angles is extremely useful: we can measure an angle that is 
physically impossible to measure by measuring an angle that can be measured 
easily. Ascertaining relations is crucial. The angle is 35°, which is not so steep. 
Why do we feel that it is so steep? Additional questions are derived after solving 
the problem. The reason to solve the suggested problem is clear for students. 

a b c

Fig. 22.1  Great Wall problem (a) using a bottle, (b) Method 1, (c) Method 2
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From the top From the bottom

person

person

Fig. 22.2  Explanation  
by geometrisation

Fig. 22.3  Three sizes  
of crucifixes

Psychological aspects will affect human feelings, but this feeling is explainable by 
drawing figures as shown in Fig. 22.2.

From the top, the inclination angle is apparently large, but from the bottom it is 
not so big. We can consider one more example. There is the very big and very old 
Berliner Dom in Germany. After looking at the inside of this dome, there is a sou-
venir shop just at the exit. Three sizes of crucifixes are sold, as presented in Fig. 22.3, 
which suggests a question. Are these three similar mathematically? It is also one 
method for the teacher to entice students to form their conjectures of whether these 
three crucifixes are similar or not. By supposition, this problem might be accepted 
as a students’ own problem: ‘How can we judge that in a souvenir shop? I have no 
measure and no protractor. Is there any good method?’ It is necessary to formulate 
the problem. Here, particularly addressing the right triangle is effective (Fig. 22.4). 
The formulated question is ‘Is the relation of two right triangles similar?’

Several methods exist. Direct comparison of two inclination angles is one 
(Fig. 22.5). Another is to use three crucifixes to judge the similarity of two of them 
(Fig. 22.6). The largest one and the middle one are similar if the point is touched. In 
this case, it is not touched, so these two triangles are not similar. Moreover, we must 
devote attention to the implicit assumptions of two methods. We must check two 
assumptions: that the crucifix is linearly symmetric, and another small right triangle 
has not been considered yet.
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When the teacher selects the materials, it is suggested that the teacher identify 
the purposes of using mathematics. Niss (2008) categorised the following three 
purposes to use mathematics: understand, action, and design. Teaching processes 
as well as modelling processes depend on the purpose or area of other disciplines. 
For example, particularly addressing validation, the process differs according to the 
aims—understand and action and design. In understanding, the model is validated 
by contrasting it with real-world phenomena. However, in action and design, plural 
models are compared by discussing the merits and shortcomings of each.

2.2  �Students’ Abstraction Processes

Next is the second question of the first issue. For scientists and others who use 
mathematics as tools, the situation and related phenomena of the confronted 

Fig. 22.5  First method

Fig. 22.6  Second method

Fig. 22.4  Right triangles
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problem have been observed for a long time. However, students confront the 
problem situation in a classroom immediately. Therefore, if students cannot see or 
experience a real problem situation, then it is necessary for the teacher to prepare 
concrete models so that students can observe or manipulate them.

Abstraction is an important phase of mathematisation. Abstraction means that 
when ‘the meanings of same terms and things are grasped only by first calling to 
mind more familiar things and tracing out connections between them and what 
we do not understand’, they are designated as “abstract” (Dewey 2007, p. 66). The 
essential structure of a problem situation and related phenomena, which are abstract 
for students, can be grasped only by observing and manipulating a concrete situa-
tion and phenomena. Discerning the essential structure is difficult for students who 
have little experience with concrete real-world situations. Using a concrete model 
is crucial for students.

I explain two examples. First is a sunset. ‘Here is Cabo da Roca. It is at the 
extreme western part of Portugal. What a wonderful sunset! However, because I 
became careless, I missed seeing the sunset from the beginning. Unfortunately, the 
sun has almost set. How long does it take from the beginning of sunset to the end of 
sunset? Which do you think is correct among the following alternatives: 2, 4, 8, or 
16 minutes?’ It is difficult to imagine the relation between the sun and earth. A 
globe is useful to grasp the relation between them. We can manipulate and observe 
the positional relation between them. The teacher can ask ‘What is the situation in 
the concrete model regarding the beginning and end of sunset? When viewed from 
above, we can ascertain the positional relation between them (Fig. 22.7). The loca-
tion of the end of the sunset is easy to ascertain. By asking why that is so, the line 
tangent to two circles is elicited. Then, the teacher can ask about the location of 
the beginning of the sunset. Similarly, another line, which is tangent to two circles, 
is elicited. To calculate the time of the sunset, it is necessary to ascertain the central 
angle comprising two tangent points. Therefore, by regarding the distance between 
the sun and earth as OB in Fig.  22.8, it becomes possible to solve the right 
triangle OAB.

The time of sunset is calculated as 24 (hours) × 60 (min) × 2θ/360°. The radius of 
the sun is 700,000 km and distance between the sun and earth is 150,000,000 km. 
The ratio between the radius of the sun (OA) and the distance between them (AB) 
is 7:1,500. Using the reduction method––by constructing a right triangle of which two 
lengths are 1.75 and 37.5 cm––produces a very thin right triangle. It is difficult to 
measure such an angle that depends on the strictness of construction (Fig. 22.13). 
Someone will measure it as around 1°, others as around 0.5°. The time of sunset is 
4 min in the case of 0.5° and 8 min in the case of 1°. Students will be able to under-
stand that the method to construct the figure is limited.

Another example is the situation derived from a journey to northern Europe in 
summer, to Bergen in Norway. ‘The north latitude of Bergen is 60°. Past 9 o’clock, 
past 10 o’clock, it is still not dark. Before 11 o’clock, it is just getting dark (Fig. 22.9). 
Why is the night time (sunset–sunrise) so short?’ The purpose to solve this problem 
is ‘to understand’. Manipulating and observing the globe is effective to find out 
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Earth

Sun

Earth

Beginning of sunset

End of sunset

Fig. 22.7  Positional relation between sun and earth

Sun

o

A BA
?

Earth

Fig. 22.8  Assumptions to calculate the time of sunset

Fig. 22.9  Sunset in Bergen
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Fig. 22.10  Observation using a concrete model

North
latitude

Hours of
nighttime

0

12

1

North
latitude

Hours of
nighttime

0

12

2

North
latitude

Hours of
nighttime

0

12
3

Hours of
nighttime

0

12
4

North
latitude

Fig. 22.11  Four graphs

which part in a globe is night and which quantity corresponds to night time. The 
necessary structure is elicited from manipulation or observation using the concrete 
model. Considering special cases, such as countries near the equator, is effective for 
estimation. In countries near the equator, we can realize by observing the globe that 
daytime and night time are equal: 12  h. What about in high-latitude countries? 
Using some additional tools, we can realize that night time at high latitudes is 
shorter than daytime (Fig. 22.10). Night time decreases as latitude increases. How 
does night time decrease with latitude?

Can we draw a graph for which the x axis is north latitude and the y axis is hours 
of night time? Of the following four graphs (Fig. 22.11), which graph is correct? It 
is also possible to obtain data about ‘angle of night’ using a globe and draw the 
graph (Fig. 22.12). We can judge that (1) is correct.
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2.3  �Fostering Students’ Modelling Skills

The following discussion relates to the third question. For scientists and others who 
use mathematics as a tool, modelling processes and modelling skills are familiar. 
However, in school, students do not know it well. Control of assumptions is a 
challenge for students.

In a previous study (Ikeda and Stephens 1998), we asked undergraduate students 
to solve an oil pipeline problem. Our analyses of their reports revealed that even 
students who are good at mathematics set too many variables to solve it. In contrast, 
another student formulated a problem which ignored the essence of the problem. 
Responses of many students did not even make sense. How can the teacher help 
students to realize how to control many variables to solve a real-world problem? 
One method is to inform them of why they need to control the number of variables. 
They can generate related variables; subsequently they need to check whether or not 
the generated variables affect problem solving. Additionally, they must consider 
‘Is it possible to solve this using my acquired mathematics knowledge?’ It was a 
good occasion for students to understand why they need to control many variables 
when encountering a conflicting situation. For example, they will appreciate key 
ideas to set assumptions as simple as possible at the beginning, modifying them 
gradually later into more general situations.

As one example, the mirror problem is illustrative. This problem is an extremely 
popular one in Japan, and many Japanese teachers have treated this problem 
(Matsumoto 2000; Shimada 1990, pp. 41–54). ‘What size of mirror do we need to 
see at least your entire face? The following is only a small part of classroom teaching 
for Japanese junior high school students at grade 9 (Ikeda and Stephens 2010). After 
students’ experiments, the teacher asked students, Is the following sentence true or 
false: At least a half-size mirror is needed to see my whole face? Students responded, 
it might be true because it is apparently half in this drawn figure. Another student 
said, it might be false because, if the mirror is far from my face, it is sufficient to 
use a small mirror. Then the teacher said to students, Let’s draw a figure to check the 
answer. By picking up one student’s drawing (Fig. 22.13), various variables were 
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Time of nightFig. 22.12  Data and a graph 
in a concrete model
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elicited from students: How about the face width? Are three points, namely the point 
of the eye, the point of head and the point of chin, on the same line? Is the relation 
of two lines, namely the face and mirror, parallel or not? and Is the eye located at the 
midpoint between the point of head and the point of the chin? After writing all vari-
ables on the blackboard, the teacher asked students, How can we treat these 
variables in this problem situation? Setting assumptions is necessary for students to 
proceed. For example, I pick up one variable, Is the relation of two lines of the face 
and the mirror parallel or not? Two students said, It is apparently easy to solve the 
problem if the relation of the two lines is parallel, and If the angle is not a right 
angle, then it is too difficult to solve the problem. Hearing two opinions, another 
student stated it from a different perspective, However, the relation of the two lines is 
not always parallel in a real situation. This situation is very conflicting. Students can 
appreciate the key idea that setting up an assumption so that the relation of two lines 
can be parallel at first, and in case they are not parallel, this can be considered later.

After solving the longitudinal (vertical) direction, it is important to consider 
the side width (horizontal direction) by changing the assumption. In this case, the 
difference from the previous analysis is the number of eyes. When we see one ear 
with two eyes, the mirror is larger than the longitudinal (vertical) direction 
(Fig. 22.14). However, when we see one ear with one eye, the mirror is smaller than 
the longitudinal length. That is to say, the mirror size is the width between the left 
eye and left ear (Fig.  22.15). After solving the problem, checking the answer is 
important. ‘Is it okay in any situation? Is there any mistake?’ If the distance between 
two eyes is great, the centre is invisible, as it would be for a horse. We should add 
the assumption that the ‘width between two eyes is shorter than double of width 
between left eye and left ear’.

It is also possible to consider the general case: The mirror size when the face 
length is 1; y, the declination angle of the mirror; θ, location of eye in face; 
α:β, α + β = 1; distance between face and mirror; d (Fig. 22.16). By applying the 
similar relation of triangle, the following general formula is elicited: y = d·β·sin θ/ 
(2d − β·cos θ) + d·α·sin θ/ (2d + α·cos θ). In the special case such as θ = 90°, we can 
check that y is 1/2.

Fig. 22.13  Students’ drawing
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3  �Mathematical Knowledge Construction Through 
Modelling

When we specifically examine the standpoint by which mathematics is viewed as a 
developing system, we can find traditional textbooks published before World War 2 
in Japan (Tyuto Gakko Kyokasho Kabushiki Kaisya 1943). These textbooks had 
been used for the 5 years subsequent to the 6 years of elementary education. 
This textbook was not used for teaching everyone, but was used instead for elite 
students. These textbooks were divided into two parts: Dai Ichirui was related to 
Algebra and Dai Nirui was related to Geometry. The objective of these textbooks 
was to show students mathematical concepts and methods abstracted from real-
world situations. By contrasting scientists’ and mathematicians’ activities with stu-
dents’ activities related to mathematics knowledge construction through modelling 
as described in 1.2.2, we elicit three principles by reflecting on historical textbooks, 
even though these are not described explicitly in a teacher’s textbooks.

3.1  �Principle 1: Expanding and Clarifying Real-World 
Situations Satisfying a Developed Original Model

In this textbook, the reason why students must solve a problem is emphasised. At grade 
7, in the introduction of the ‘measurement’ unit, a problem with an illustration is 
described. ‘It is impossible to measure the distance directly from here to an island 
across the sea even though we would like to know it. Of course it is possible to judge 
the distance with the eye. However, we would like to know it precisely, and it is 
necessary to devise some way of doing it.’ The explanation is intended to mathematise 
a problem from a real-world situation into an abstract representation. ‘Is there any 
method to measure the distance AC?’ (Fig. 22.17) A previously developed system is 
recalled. Students will think, If we have a scale figure, then it might be possible …. 
Students will translate a concrete situation into an abstract representation. Then 
students will take three points and draw a scale figure, namely triangle A′B′C′ in 
Fig. 22.18. However, it is impossible to measure A′C′ because C′ is not fixed. How 
can we fix the point C′ in a triangle A′B′C′? One method is to measure the angle 
formed by A and B. If ∠A′ and ∠B′ is fixed, then point C′ is fixed. By measuring 
∠A and ∠B, for example, presuming that ∠A is 110° and ∠B is 28°, then point C is 
uniquely fixed: triangle ABC is determined. Students can draw a scale figure just 
like that shown in Fig. 22.18. It becomes possible to measure A′C′. After solving 
this problem, new ideas are derived by reflecting their thinking process in a class. 
The new idea is that a unique triangle is determined by two angles and the included 
side (ASA). Then we can calculate the real distance using the ratio between two 
similar triangles. It was called the ‘reduction method’.

It is important to clarify the situations in which this idea is likely to be useful. By 
expanding real-world situations satisfying the developed ideas, this kind of idea will 
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be clarified. This activity is suggested by scientists’ activity (see Sect. 1.2.2). Up to 
now, we have examined how to measure the distance between one point and another 
point for which it was impossible to measure. Therefore, the question is posed: Are 
there any other situations satisfying these new ideas? Students will encounter new 
situations, namely how to measure distances between two distant points. As one 
example, Fig. 22.19 is the distance between two trees across the river. It is impos-
sible to apply the previously developed method. It is therefore necessary for students 
to develop new ideas.

Some additional activity to expand real-world situations satisfying previously 
developed methods is sought. Fig. 22.20 shows an illustration of a monument. The 
problem presented here is ‘let us consider how to measure the height of an object 
that is far from here’. A real-world situation differs from previous situations; 
however, from mathematical points of view, we can identify it as a similar case. 
We can apply the previously developed method.

3.2  �Principle 2: Expanding and Integrating Mathematical 
Knowledge by Setting Up a Concrete Situation  
That Students Can Consider

When considering the balance between modelling and constructing mathematical 
knowledge, it is suggested for us to examine the dual meaning of a model. The first 
role is to build up the model to mathematise and solve real-world problems. In this 
role, the activity is abstraction from the real world to a mathematical model. The 
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Fig. 22.17  (a) Island problem (b) Mathematisation

Fig. 22.18  Drawing a scale figure
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second role is to build up the model to test the validity of mathematical concepts. 
The activity is translation of mathematical concepts to a real-world model. This 
activity is suggested by the mathematician’s activity, as noted in Sect. 1.2.2. In the 
teaching of mathematics, clarifying which world the problem is derived from is 
important for the teacher.

In this textbook, we can regard the second role of a model. Mathematical questions 
are posed for students at first, such as ‘Let’s consider how to determine the code 
(plus or minus) if you multiply a positive or a negative number by a negative number.’ 
It is difficult for students to consider this problem without a concrete situation. 
Therefore, a concretized model is developed: an upward slope from west to east. In this 
concretised model, if we go east x m horizontally, then height increases 0.2 times x m. 
The mathematical question is translated into a concretised situation as, ‘If x is a nega-
tive number, then how can we define the rule?’ By considering the concretised model 
(Fig. 22.21), mathematical rules such as ‘a positive number times a negative number is 
a negative number’ are determined.

One more question is posed: a negative number times a negative number. We 
should develop a different kind of concretised model, with a downward slope from 
west to east. The mathematical problem is translated to a concretized model as ‘If we 
go east x m in the horizontal direction, then the height is increased -0.2 times x m. If 
x is a negative number, then how can we define the rule?’ By considering the concre-
tised model (Fig. 22.22), mathematical rules are determined so that a previous rule 
applied in a positive number is also included in a new developed rule.

Fig. 22.19  Distance between 
trees across the river

Fig. 22.20  Height of some 
distant edifice
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At the junior high school level, many problems are posed which are non-realistic 
situations. When students think about the real world, they cannot make sense of it. 
For example, a simultaneous equation problem might be posed such as ‘He bought 
a cake for 230 yen and a loaf of bread for 80 yen, and the total cost is just 2,000 yen. 
How many cakes and loaves of bread has he bought?’ When considering a real-world 
situation, students wonder ‘Why did he not know the number? He bought them.’ 
Some teachers want to develop more realistic situations so that simultaneous 
equations become effective in a real-world situation. However, we should consider 
alternative methods. We regard this problem as derived from the mathematical 
world, and seek to develop a concretised model. No problem arises even though the 
problem is non-realistic, if we truly think about it.

3.3  �Principle 3: Refining and Clarifying Developed 
Mathematical Methods by Treating Instances  
of Similar Contexts Repeatedly

In these historical textbooks, the same context is treated repeatedly. For example, at 
grade 7, an open-ended problem is treated like this. ‘Let’s devise methods for how 
to measure the height of a mountain using the angle between a line from my eye to 
the top of the mountain and a horizontal line, and the angle between a line from my 
eye to the top of the mountain of the shadow on the pond and a horizontal line.’ 
Then during grade 9, before and during learning of trigonometric methods, the 

Fig. 22.21  Concretized 
model of ‘a positive number 
times a negative number’

Fig. 22.22  Concretized 
model of ‘a negative number 
times a negative number’
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formulated problem is treated twice. The formulated problem is cast in these terms: 
I am standing on the ground and looking at the top of the tower and a shadow of it 
on the pond. There is a 30° angle between a line from my eye to the top of the tower 
and a horizontal line, and there is a 40° angle between a line from my eye to the top 
of the tower of the shadow on the pond and a horizontal line. The height of the loca-
tion of my eye from the surface of water is 3 m. Find the height of the tower from 
the surface of water by constructing the geometric figure (Fig. 22.23a). This prob-
lem is solved by construction (Fig. 22.23b). To construct the figure, 3 m is reduced 
to 3  cm: 1:100 scale reduction. Then take 30° and make a line. Next, take 40°, 
however it is impossible to do it. Therefore, taking 3 cm from the opposite side 
and make a line just like Fig. 22.23b. The intersection is the top of the tower. 
We can measure the tower’s scale height then make the length 100 times.

By treating similar contexts, it becomes possible to appreciate the different sub-
systems in mathematics, including an awareness of their strengths and limitations. 
Using the tower problem, it becomes possible to contrast reduction methods with 
trigonometric methods. A real-world problem situation is treated as a concrete 
example. Actually, in reduction methods, the error is large, but in trigonometric 
methods, the answer is accurate.

It is possible to select two more problems that were treated before. The first is 
‘How long does it take from the beginning of sunset to the end of sunset?’ We can 
see that reduction methods engender large errors. That is the important limitation of 
reduction methods. However, if students study trigonometric methods, then they 
can calculate the time accurately. Sin θ equals 7/1,500, or 0.00466. Using a trigono-
metric table (or a calculator), students can apply a double-angle formula, triple-
angle formula, and fourth-angle formula. Students can restrict the range of θ, and 
also the range of time. Consequently, the time of the sunset is between 2 and 2.7 min. 
Using a calculator, the answer can be found as about 2.1 min. We can check the time 
by contrasting the results of real measurement.

Another example is that of night time. A further question comes to mind: ‘Is it 
possible to develop a function for north latitude and night time?’ By formulating a 
mathematical problem, trigonometric methods become applicable (Fig. 22.24). The 
location of city with latitude θ is P. The assumption is that the midsummer angle α 
is 23.4°. Line M is perpendicular to line L passing through point P. Viewed from 
above (Right figure in Fig. 22.24), PR is diameter, β is the pursuing angle, and the 
time from sunset to sunrise is described as ‘24 × 2β/360’.

By solving the problem mathematically, we can obtain the following function, in 
which x is the north latitude (degree) and y is night time (hours):

	 y x= ( )× ( )×{ }−2 15 23 41/ tan . tancos 	 formula (22.1)

It is possible for students to draw a graph using trigonometric functions with tech-
nology (Fig. 22.25). What can students find that out from the graph? In middle-
latitude countries such as Japan, the difference of night time is short, but in 
high-latitude countries such as Norway, the difference of night time is huge, even 
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though the latitude interval is shorter than that of Japan. At latitudes greater than 
66.6°, it is ‘night of the midnight sun’. Another important issue is that the graph 
presents the values obtained when x is a negative number (Fig. 22.26). How can 
students interpret this result? Actually, it shows the function for the southern 
hemisphere. The mathematics presented more information than the students 
considered.

After developing the function for midsummer, we can generate the night time 
function after t days from the day of the vernal equinox. The ‘tan 23.4’ in formula 
(22.1) is changed into ‘tan θ’, in which θ means the declination of axis of earth. 
In fact, tan θ is represented as follows from the vernal equinox to the autumnal 
equinox.

	
tan tan( . ) tan / tan , : /q a q a= × +23 4 1 360 3602 t

	

30

40 3cm 3m
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a b

Fig. 22.23  (a) Tower problem, (b) Reduction method
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Fig. 22.24  Formulated problem of night time
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Fig. 22.26  Graph presents x 
as a negative number

Then, the night time function is produced as follows. In the formula, ‘SIGN’ is the 
function used in Excel (Microsoft Corp.) which presents ‘1’ when the number is 
positive and presents ‘−1’ when the number is negative.

	
y x SIGN= × × × − × +{ }−( / ) tan tan( . ) ( ) tan / tan2 15 23 4 180 11 2cos a a a

	

By devoting attention to the refraction of air, the definition of sunset and sunrise and 
so on, the following formula is modified: night time is shorter than daytime as 1/6 h 
at vernal equinox.

	

y cos= 
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The different sub-systems in mathematics can be appreciated, along with an 
awareness of their strengths and limitations. It is also possible to contrast deductive 
methods with inductive methods by referencing a real-world situation as a concrete 
example.

Fig. 22.25  Graph of night 
time
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    Abstract     After a short description of the development of the current discussion on 
teaching and learning mathematical modelling special modelling activities are 
described. These so-called modelling weeks or days deal with complex modelling 
problems, which are focusing on students in an autonomous learning environment. 
Evaluation results of these modelling activities are presented pointing out, that most 
of the participating students from upper secondary level appraised these positively. 
Finally scaffolding as an approach to support students’ independent modelling 
 processes is discussed and fi rst results of an empirical study on interventions in 
modelling activities with complex modelling problems are presented.  

1          Theoretical Framework for Modelling in School 

 Currently, responsible educational institutions like politicians, curriculum designers 
and educational committees agree worldwide on the aim for mathematics education 
to include mathematical modelling into mathematics education departing from the 
central goal of mathematical literacy put forward by the large-scale international 
study PISA. Under this perspective mathematical education shall offer students the 
opportunity to become a responsible citizen, who is able to solve mathematics- 
related problems using mathematical means in a competent and refl ective way. In 
order to achieve this goal real world examples tackled independently by the students 
need to be incorporated into mathematics education. 
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 However, many different goals and intentions combined with the teaching of 
mathematical modelling have been developed in the last decades leading to different 
approaches to the teaching and learning of mathematical modelling (for an over-
view see Blum et al.  2007 ). In principle two different directions can be identifi ed: 
(a) under the headline ‘mathematics for applications, models and modelling’, the 
usage of mathematics of extra-mathematical contexts for extra-mathematical pur-
poses is emphasised as an important activity in itself; in contrast to (b) the headline 
‘applications, models and modelling for the learning of mathematics’, in which the 
utilisation of mathematics in extra-mathematical contexts for extra- mathematical 
purposes, which can support the learning of mathematics in various ways, is in the 
foreground. This contrast has shaped the debate on the teaching and learning of 
mathematical modelling for decades since its beginning and has signifi cant infl u-
ence on the way of integration of modelling examples into mathematics education 
and the kind of modelling examples used. 

 Various descriptions of goals for the inclusion of mathematical modelling into 
classrooms have been developed in the last decades ranging from pedagogical goals, 
which emphasise within modelling activities that students acquire abilities to under-
stand central aspects of our world in a better way to subject-related goals, which 
intend to structure learning processes or introduce new mathematical concepts and 
methods including modelling as illustrations (see Blum et al.  2007 ). Departing from 
these descriptions Kaiser and Sriraman ( 2006 ) developed a classifi cation of the debate 
on mathematical modelling in school distinguishing several perspectives on mathe-
matical modelling according to the aims pursued with mathematical modelling. The 
projects described in this chapter are embedded in the perspective of the so-called 
realistic or applied modelling fostering pragmatic-utilitarian goals and continuing 
traditions of pragmatically oriented approaches developed within approaches coming 
from applied mathematics. A key characteristic of these various perspectives is the 
way how the mathematical modelling process is understood, and how the relation 
between mathematics and the rest of the world is described. Analyses show, that the 
modelling processes are differently specifi ed by the various perspectives and streams 
within the modelling debate. The realistic or applied perspective as the theoretical 
basis of the projects described in this chapter put the solution of the original problem 
in the foreground in contrast to theory development as other perspectives do. Within 
this realistic perspective on modelling and closely connected perspectives, various 
modelling cycles have been developed, but they all share as a common core the 
description of the idealised process of mathematical modelling as a cyclic process to 
solve real problems by using mathematics. The following phases are central compo-
nents of the modelling cycle: The given real problem is simplifi ed in order to build a 
real model of the situation, amongst other things many assumptions have to be made, 
and central infl uencing factors have to be identifi ed. To create a mathematical model 
the real model has to be translated into mathematics. Inside the mathematical model 
mathematical results are worked out by using mathematics. Interpreting the mathe-
matical results leads to real results, which have to be validated within the real situation 
and/or within the real model. It might be necessary to carry out single parts of the 
modelling process or the whole process once more or even several times. The version 
of the modelling cycle in Fig.  23.1  is used in the empirical studies, which will be 
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described in the following sections and is a slight variation of a description proposed 
by Maaß ( 2005 ) and a further  development of earlier proposals.

   Although the modelling process is described as cyclical, it is nowadays a consensus 
that modelling processes consist of moving forward and backwards from the real 
world to mathematics in order to solve the real world problem with several mini-
loops within the process (Borromeo Ferri  2011 ). 

 The competencies needed for these kinds of modelling processes are still the topic 
of current controversial debate. The following consensus has been reached in the last 
decade (for an overview see Blomhøj  2011 ): It seems to be inevitable that students 
develop partial competencies for conducting the single phases of a modelling process 
as well as an overall competency to carry out the whole modelling process on their 
own. In addition metacognitive modelling competencies are necessary, that means the 
ability and the willingness to monitor and refl ect about one’s own modelling process 
based on metacognitive knowledge. Furthermore social competencies such as the 
ability to work in a group and to communicate about and via mathematics are empha-
sised. Especially metacognitive and social competencies seem to be necessary for the 
complex modelling examples proposed by the realistic or applied perspective. 

 Summarising the current state-of-the-art, one can state, that despite the prolifi c 
research on modelling there is still a lack of strong empirical evidence for, how to 
integrate modelling examples into mathematical teaching, although several research 
projects have been launched in the last years evaluating the effects of various ways of 
including modelling examples into school practice (for an overview on the more 
recent debate see Kaiser et al.  2011  and the 14th ICMI Study, Blum et al.  2007 ). It is 
especially an open question, how complex authentic modelling problems put forward 
by the realistic or applied perspective on modelling can be integrated into mathemat-
ics education, what kind of learning environment is necessary, whether a change in 
the role of the teacher to a coach or mentor of the students is needed. In the following 
we will discuss research activities around this distinctive approach to including mod-
elling into mathematics education, namely the usage of complex modelling examples 
into co-operative, self-directed learning environments in school.  

Mathematical
model

Mathematical
result

Real world
model

Real
situation

Real world 
meaning of result
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  Fig. 23.1    Modelling cycle       
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2      Activities with Authentic Modelling Examples 

 In the following modelling activities will be described, which belong to the so- called 
realistic or applied modelling perspective. Departing from the consensus that 
 modelling can only be learned by modelling and from the overall aim to promote 
responsible citizenship by the students we see the necessity of treating authentic 
modelling problems, which promote the whole range of modelling competencies and 
broaden the radius of action of the students (Blomhøj and Jensen  2003 ). The central 
feature of these activities is the usage of authentic modelling problems in order to 
implement pragmatic-utilitarian educational goals like the understanding of the real 
world or the promotion of modelling competencies. Authentic problems are defi ned 
as problems that are recognised by people working in this fi eld as being a problem 
they might meet in their daily work (Niss  1992 ). These examples then should articu-
late the relevance of mathematics in daily life, the environment and the sciences, and 
impart competencies to apply mathematics in daily life, the environment and the 
sciences. The conducting of project-oriented modelling activities embedded in co-
operative, self-directed learning environments is considered to be a powerful and 
effective way to promote these goals. In the following we will describe only briefl y 
these activities and refer the reader for details to Kaiser and Schwarz ( 2010 ). 

 The project ‘Mathematical Modelling in School’ was established in 2000 by the 
Department of Mathematics (Jens Struckmeier and Claus Peter Ortlieb) in co- operation 
with the working group on Didactics of Mathematics at the Department of Education 
(Gabriele Kaiser) at the University of Hamburg and aimed to establish a bridge between 
university and school. It has undergone several changes in the last years, but the project 
has kept the two components, namely complex modelling examples dealt with by stu-
dents in school tutored by future teachers, who carry out these activities in the frame of 
their university study, as part of their mathematical and their didactical courses. 

 Since its establishment, one aim of the project has been that the participating 
students will acquire competencies to enable them to carry out modelling examples 
self-directed, that is they should be able to extract mathematical questions from the 
given problem fi elds and develop on their own the solutions of real-world problems. 
The purpose of this project is not to provide a comprehensive overview about rele-
vant fi elds of the application of mathematics. An overarching goal is that students’ 
experiences with mathematics and their mathematical world views or mathematical 
beliefs are broadened. This kind of approach can be described as a holistic approach, 
using the terminology of Blomhøj and Jensen ( 2003 ), that is a whole mathematical 
modelling process is carried out covering all modelling competencies described 
above. Adapting a phrase by Schoenfeld on problem solving one can say that 
modelling is not a ‘spectator sport’, but can only be learnt through own activities. 
The teaching-and-learning-process is characterised as co-operative self- directed 
learning, that is, a process in which the students decide upon their ways of tackling 
the problem and no fast intervention by the tutors takes place. The future teachers 
working as tutors are expected to offer no more than just assistance, if mathematical 
means are needed or if the students are heading into a cul-de-sac. With this kind of 
teaching approach the students experience long phases of helplessness and insecurity, 
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which is an important aspect of modelling and a necessary phase within the modelling 
process. Overall, no high technical level of mathematical knowledge is expected, the 
complexity of the problems comes from the context, and from making assumptions, 
simplifi cations, and interpretations. The challenge does not come from the algorithms 
used, but lies in the independent realisation of the modelling process. 

 Within this project modelling activities in various organisational forms were 
carried out. In the last years we have concentrated on the following two forms:

•    modelling activities using the form of a modelling week within the school 
year, which take place in the university with students from upper secondary 
level, twice a year with about 200 students from schools from Hamburg and 
its surroundings; and  

•   modelling activities in the form of so-called modelling days lasting 3 days and 
which are carried out in schools with students at the end of the lower secondary 
level covering the whole age cohort of this school and which are offered by us 
once a year with several hundred students participating.    

 The idea of these project oriented-modelling weeks has been developed at the 
University of Kaiserslautern by the working group of Helmut Neunzert (for descrip-
tions and examples see for example Kaiser et al.  2013 ), who has already been run-
ning modelling weeks for more than a decade. In contrast to other forms of modelling 
weeks, we aim at working with average students who are not especially interested 
in mathematics. 

 In the following we describe one example in detail, the optimal design of a bus 
stop, which was used in several modelling activities in the last years.

   The Bus Stop Problem refers to the following situation: A bus drives through in 
area, where people live on both sides of the road. The question is: At which distance 
should the bus company place the bus stops? The underlying problem is that a very 
small distance between two bus-stops leads to an increase in the travel-time of the 
bus; on the other hand, big distances between the bus stops lead to long walking 
distances from the home of the people to the bus stop. These two contradicting 
issues bring up the question of whether there is an optimal bus-stop-distance . 

   The following assumptions can be made in order to develop a real world model:

•    The bus route is a straight line on a major street.  
•   The overall travel time includes the walking time to the bus stop, the driving time 

between the bus stops and the time the bus needs to accelerate and the people to 
get on the bus.  

•   The best distance between two bus-stops is found, if the overall travel time for a 
randomly picked traveller is minimal.    

 In order to develop a mathematical model and, based on this, a mathematical solu-
tion, the unknown distance between two bus stops, the length of the total bus line and 
the velocity of the bus need to be taken into account. To calculate the walking time 
to the bus stops, additional assumptions are necessary with respect to the total walk-
ing distance and the walking velocity of the person. As a third infl uential group of 
factors, the time for decelerating, alighting from the bus, boarding and accelerating, 
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needs to be estimated. This leads to a function describing the travel time as a function 
of the walking time, the travel time between the bus stops and the time for boarding 
and alighting. The minimum of the travel time in relation to the total travel distance 
can be calculated in different ways according to the level of mathematical knowl-
edge, either by evaluating a graph or by determining the extreme value. 

 Before we present the results of the evaluation, we describe the modelling weeks 
from the perspective of the students using the written words of two female students, 
who wrote this report for their school journal (school name and the names of teach-
ers and students are pseudonyms).

   How much acid sulphur can the Rhine withstand?  
  Mathematical modelling week 27/01/12 – 03/02/2012  

  Math is not just mindless opening the book, use numbers and write down results. 
The question raised often in class: ‘And for what do I need it?’ was heard by the 
UHH (University of Hamburg, authors), who designed for students the mathemati-
cal modelling week. The motto was ‘Use maths in real life.’ 22 schools participated 
in the 7th modelling week, including our school August-Bebel comprehensive 
school. The maths courses from Ms. Miller and Mr. Smith of S2 (second semester of 
year 12, authors) came together for a week and worked intensively on the topic, 
‘pollutant dispersion in the Rhine’.  

  The week was launched with a plenary meeting of all participating schools. The 
various proposed themes were presented and the leading professors presented the 
weekly schedule. Then we were assigned to two maths students. The fi rst fi nding: 
maths students can also look good!  

  With an easy entry task we warmed ourselves up. The following 3 days were char-
acterised by much confusion, but also new insights and many aha moments. Despite 
some obstacles, we mastered our group task with fl ying colours. Some of us went on 
longer in poster design, others in formulas and graphs. The enquiry was at the fore-
front too, because nothing runs without background knowledge! On the last day there 
was an exhibition of all the posters, as well as a Powerpoint presentation, which was 
presented by the computer scientists amongst us, well, compact and consistent. To 
conclude, our poster was chosen as second best and as prize there was chocolate for 
everybody, a lanyard and a Rubik’s Cube. So the week was over quickly, many new 
experiences were made and the question, where maths is hidden in everyday life has 
been defi nitely clarifi ed for us. The modelling week is a great project of the UNI 
Hamburg. Thanks for the chance to get to know maths differently!  

  Sarah Lueck, Laura Moeller, S2  
  August-Bebel Comprehensive School  

3        Empirical Results of the Evaluation 

 In the following we report about results of the evaluation of the modelling activities 
described in the last section limited to the evaluation of four modelling weeks 
from 2009 to 2011. The modelling week in September 2009 has not been evaluated 
due to organizational problems. We evaluated the beliefs and the appraisal of the 
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participating students of their tackled modelling example. A description of the 
development of modelling competencies can be found amongst others in Kaiser 
( 2007 ). For this evaluation we used a questionnaire with seven half-standardised 
questions on the beliefs of students about mathematics and mathematics teaching and 
their interest in mathematics teaching. In addition three open questions on the appraisal 
of modelling examples tackled in the modelling week and four closed questions to be 
answered on a 5-point-Likert-scale were asked. The questionnaire was fi lled in at the 
end of the modelling weeks by most of the participating students. The open questions 
were evaluated based on methods of Grounded Theory (see Strauss and Corbin  1990 ). 
We evaluated the open questionnaires using in-vivo-codes, that is, codes extracted out 
of the text written by the students as verbatim quotation and grouped them to related 
quotations under a theoretical perspective. In the following we describe the appraisal 
of the modelling examples due to space limitations and refer for results of the open 
questions restricted to the fi rst modelling week to Kaiser and Schwarz ( 2010 ). 

 Table  23.1  shows the number of students who returned the questionnaire, the 
return rate was approximately 75 % of the overall participants.

3.1       General Results of the Evaluation 

 One central aspect is the question, whether the students want to have modelling 
examples included in their usual mathematics lessons or whether they want to keep 
these kinds of ambitious examples out of their usual lessons. This aspect is dealt 
with in the next question, where the students are asked the following question: 
“Should these examples be increasingly dealt with as part of regular maths classes 
or would you reject this?” 

 As shown in Fig.  23.2 , the majority of students gave strong approval to the ques-
tion whether these examples shall be dealt with in usual mathematics lessons, but 
with varying degrees ranging from 56 to 75 %. A signifi cant number of students 
ranging from 21 to 34 % of the participating group rejected the inclusion of these 
examples in their usual mathematics teaching.

   The variety of the answers is unexpectedly high, however as further analysis 
showed this was dependent on other factors, mainly the kind of modelling examples 
chosen and the learning success experienced by the students. An analysis of the nega-
tive answers shows as the main reason for this answer time constraints, the students 
are expecting. Other reasons given by the students such as “not interesting,” “not 

   Table 23.1    Number of participating students in the evaluation   

 Date 
 Number of students participating 
in the evaluation 

 March 2009  281 
 March 2010  170 
 September 2010  162 
 March 2011  182 
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relevant”, “too diffi cult” or “imprecise” are less important compared to the time con-
straints and given by similar numbers of students. The results clearly show the time 
pressure students are experiencing in upper secondary level. Furthermore it shows 
that many students were simply not acquainted with independent work on open 
problems. 

 Another important part of the questionnaire dealt with the appreciation of the 
learning outcomes of the modelling week. The students answered the question “In 
your opinion, what did you learn when dealing with the modelling example?” 
Answers to the question were prevailingly positive ranging from 71 to 86 %, with 
only a small group of students not seeing any learning outcomes from the modelling 
week (see Fig.  23.3 ).

   From Fig.  23.4  it can be seen, in which areas the students identifi ed by them-
selves their learning results. In 2009, other codes were used, which yielded incom-
parable results and are therefore omitted.

   These answers point out that the highest outcome was experienced in the area 
modelling competencies, however other aspects were important too such as work-
ing techniques, mathematical competencies and social competencies.  
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Inclusion of modelling examples in ordinary lessons
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  Fig. 23.2    Inclusion of modelling examples in ordinary lessons       
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  Fig. 23.3    Learning outcomes of the modelling weeks       
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3.2     Results of the Appraisal of the Modelling Examples 

 In the following we concentrate on the evaluation of those modelling examples, 
which were dealt with most often within the modelling weeks in order to avoid a 
bias by examples only tackled rarely as chosen examples. Table  23.2  shows the 
frequency with which particular examples have been chosen.

   The students were asked to rate the modelling example dealt with during the 
modelling week with respect to their interest in the content, the diffi culty, the 
strength of the given structure, and the strength of the relation to the real world. 

 The answers to the question “How interesting was the problem, that you dealt 
with?” show an overall positive assessment. All examples except the ski jumping 
inrun were evaluated as interesting or even very interesting by about 60 % of the 
students. Only the ski jumping inrun was evaluated more negatively with only 42 % 
describing it as interesting or very interesting. 

 The question “How did you rate the diffi culty of the modelling problem?” 
showed an overall judgement of the examples as being of adequate diffi culty vary-
ing from 60 to 80 % of the students. An exception is the example venereal diseases 

16% 20%
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52%

38% 35%

6%
1% 1%

21% 22% 23%

9% 12% 16%
6% 5%

11%9% 5%2% 4% 3%
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mathematical competencies modelling competencies computer skills

working techniques social aspects importance of mathematics

general kowledge not specified

  Fig. 23.4    Differentiation concerning areas of learning outcomes       

  Table 23.2    Number of 
students dealing with the 
most often chosen examples  

 Modelling example  Number of students 

 Optimal design of windpark  113 
 Design of ski jump inrun   63 
 Development of venereal disease 

of ladybugs 
  78 

 Optimal position of rescue helicopter  124 
 Optimal planning of water irrigation 

systems 
 199 

 Optimal design of bus stops   91 
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of ladybugs, which is based on systems of differential equations and indeed very 
ambitious. The bus stop example was rated by nearly 70 % as being of adequate 
diffi culty. 

 The question “How highly was the example structured?” showed, that apart from 
the rescue helicopter example about 40 % of the students evaluated the examples as 
reasonably structured. Only the rescue helicopter example was rated by less than 
10 % of the students as unstructured. These results point to the fact, that a majority 
of the students were satisfi ed with the given structure of the problem description. 

 The answers to the question “How realistic was the modelling example?” showed 
some variety, but as a global tendency most examples were seen as being realistic or 
even very realistic. The ski jumping inrun was the only exception and was assessed 
by 40 % of the students as being unrealistic or even very unrealistic. 

 To summarise, the students’ evaluation of the modelling weeks yielded positive 
results. According to the students’ opinion the modelling tasks were adequately 
structured, mostly realistic, adequately diffi cult and interesting. Furthermore, most 
students described their impression of learning success in several areas, not only 
those limited to modelling competencies. However, not all students wished to 
include these kinds of modelling activities in ordinary teaching, mainly due to time 
constraints.   

4     Interventions in Co-operative, Self-Directed Modelling 
Activities – First Results of an Empirical Study 

 In the following we will describe fi rst results of a project focusing on the role of the 
teacher in co-operative, self-directed modelling activities with complex modelling 
examples. As it is the main goal of these kinds of activities, described in Sect.  2 , to 
support the students in their self-directed modelling activities, the question arises: 
How can teachers support the students without destroying the independency of 
these modelling activities? The theoretical approach of scaffolding as a comprehen-
sive, long-term approach combined with interventions as direct and immediate 
adaptive actions by the teachers form the theoretical framework of this project. 

4.1     Theoretical Framework – Scaffolding and Adaptive 
Interventions 

 Teaching and learning modelling is a complex interactional process infl uenced by 
many factors ranging from the learning environment to teachers’ knowledge. In the 
last decade within the framework of constructivist teaching-and-learning approaches 
emphasising own knowledge construction by the students and based on approaches 
for adaptive teaching, the pedagogical approach of scaffolding has been developed. 
Scaffolding aims at tailored and temporary support that teachers can offer students 
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during autonomous teaching-and-learning-processes. The central goal of scaffolding 
approaches, as has been pointed out by Van de Pol et al. ( 2010 ) in their survey of the 
state-of-the-art, is to enable students to solve a problem on their own. Therefore 
adequate measures are provided in order to support the students in case they are not 
able to solve the given problem or when they are stuck. The support focuses on the 
means at the cognitive level (such as required strategies and concepts) and measures 
at the metacognitive level (such as instructing self-regulated learning). The main 
principle is a consequent orientation on the individual learning process. Van de Pol 
et al. ( 2010 ) name this ‘contingency’ as one of three central attributes of scaffolding. 
When students work on complex modelling tasks and can choose mathematical algo-
rithms on their own, the teacher must be able to understand the thinking processes of 
the students and decide in a short time, if the student’s way is goal-oriented or not. 
Depending on how self-regulated students are in this process, the teacher tries to 
reduce the support given to them, which is called ‘fading’ by Van de Pol et al. ( 2010 ), 
because the teachers are ‘transferring the responsibility’ to their students. Hammond 
and Gibbons ( 2005 ) defi ne the interaction in classroom between teacher and students 
as micro scaffolding or interactional scaffolding, that is the assistance teachers give 
during teaching in order to enable students to reach a solution, they otherwise would 
not have achieved. Although, these interventions cannot be planned in advance in 
detail, the question arises, whether it is possible to develop guidelines for these kinds 
of interventions beforehand. Referring to the teaching and learning of modelling, the 
question arises, whether these interventions carried out by the teachers during the 
modelling process by the students are adequate. The adequacy of these interventions 
may depend on many variables amongst others on the circumstances when they are 
given, the modelling competency of the students and so on. Therefore, adequate 
interventions have to be a consequence of teachers’ diagnosis of students’ diffi culties 
while solving mathematical problems or by other activities happening in the class-
room. Hammond and Gibbons ( 2005 ) describe interventions as special kinds of 
micro scaffolding and distinguish it from macro scaffolding as a way by which 
teachers can provide or foster different didactical settings. 

 In the didactical research on scaffolding and interventions several theoretical 
approaches for the support of learners by teachers are discussed. A distinction 
between different kinds of interventions – well-known in the German debate – is 
offered by the taxonomy of assistance developed by Zech ( 1998 ), which refers to 
the principle of minimal help developed by    Aebli ( 1983 ). This taxonomy developed 
by Zech ( 1998 ) for problem solving activities departs from the norm, that the inten-
sity and strength of the intervention shall increase step by step in relation to the lack 
of success of the students and that these interventions shall support the students to 
develop a solution on their own, if possible. This taxonomy differentiates motiva-
tional, feedback, general-strategic, content-oriented strategic and content-oriented 
assistance. The intensity of the intervention increases gradually from the motiva-
tional assistance to the content-oriented assistance. This classifi cation has been used 
in modelling activities already for a long time, but only at a practical level without 
empirical evaluation on its effi ciency. Based on this categorisation, Leiß ( 2007 ) 
evaluated in a laboratory study within the DISUM project (cf. Blum  2011 ) the usage 
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of various kinds of support given by teachers in modelling processes. The main 
results of Leiß’s study were, amongst others, that strategic interventions are included 
in the intervention-repertoire of the observed teachers only very marginally and that 
the teachers often choose indirect advice where students have to fi nd only one step 
by themselves in order to overcome the diffi culty. Further studies from Link ( 2011 ) 
and Beutel and Krosanke ( 2012 ) achieved partly different results. Link’s study 
departed from the taxonomy developed by Zech and identifi ed in laboratory studies a 
high amount of general-strategic interventions. Both studies found that, in particular, 
strategic interventions lead to metacognitive activities of learners (for details see 
Link  2011  and for results by Beutel and Krosanke see next section). 

 Beside studies on this principle of minimal help, the role of metacognition within 
mathematical modelling for a basis of possible interventions was studied by Stillman 
et al. ( 2007 ). These studies identify mental or cognitive blockages, which prevent 
students from successful modelling. They emphasise the necessity of metacognitive 
activities of the students, that is students should observe their own modelling pro-
cess as “looking over one’s own shoulder”. Stillman ( 2011 ) claims the necessity for 
teachers’ refl ections about students’ metacognitive activity within the specifi c situ-
ation and with respect to the teacher’s role in the modelling process and calls that a 
meta-metacognitive process. It is consensus within these studies that teacher inter-
ventions are necessary in order to facilitate refl ective learning, for example, as 
teachers actions ‘on the fl y’.  

4.2     Methodical Approach and First Results of an Own Study 

 In the following we will describe fi rst results of a study, which aims to develop possible 
methods of micro scaffolding, or to phrase it differently, measures of adaptive inter-
ventions within self-directed complex modelling processes. In addition, the effects of 
these methods of micro scaffolding shall be evaluated. The study is embedded in 
ongoing more comprehensive activities at the University of Hamburg, which aim at 
implementing complex modelling activities into schools, amongst others modelling 
days and modelling weeks. In addition it is intended to develop a teacher training 
course for pre-service and in-service teachers where (future) teachers will acquire 
competencies to introduce and support mathematical modelling in school. 

 The design of the empirical study is shaped by the modelling days, carried out in 
February 2011 and 2012 at a higher track school of Hamburg. The whole school age 
cohort of year 9 (age 14–15 years) participated in these modelling days, about 160 
students, with about 50 % female students. The groups of students have been super-
vised by future teachers, who were prepared for tutoring mathematical modelling in 
the frame of their master studies. The students were offered a choice between sev-
eral modelling examples, amongst others the modelling task,  The Bus Stop . In 2011 
two groups of students, supervised by a female tutor, were videotaped for the whole 
period, two and a half days, the last half day was reserved for presentation. The tutor 
intended and practised an explicit usage of various kinds of scaffolding and 
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intervention methods, amongst others the refl ective usage of the modelling cycle 
described in Sect.  1  as a means for metacognitive aspects. After certain interven-
tions, stimulated recall with selected students was carried out by using the respec-
tive video-taped sequence (for details of this method see Busse and Borromeo Ferri 
 2003 ). The stimulated recall was done on an individual basis, selected video-taped 
sequences were shown to the students and the students were asked, whether the 
experienced and just seen special kind of intervention was helpful or disturbing, 
adequate or not adequate for them. Likewise, stimulated recall was carried out with 
the tutor, and she was asked about her reasons for the intervention and the adequacy 
of her intervention. Both stimulated recall interviews were executed by other future 
teachers, who were closer to students than a mature researcher would have been. In 
2012 ten groups of students with ten future teachers as tutors were video-taped. One 
group was analysed in detail in the frame of a master thesis (Beutel and Krosanke 
 2012 ). In total 160 h of video-taped lessons, 41 interviews as stimulated recall last-
ing six hours and 36 min were sampled. After a screening of the material, about 
15 % of the video-taped lessons and 100 % of the interview material was transcribed 
verbatim following transcription rules. 

 The analysis of the large data set follows various methods, amongst others, as an 
overall framework the heuristics by Polya ( 1945 ), and the classifi cation of the inter-
ventions developed by Zech ( 1998 ) with the increasing degree of intensity of offered 
help. In addition, interventions are connected to the various phases of the modelling 
process (see Table  23.3 ).

   The ongoing evaluation of the data yielded the following preliminary results: A 
variety of interventions is within the scope of novice teachers, at least, if they are 
trained adequately. We will exemplify this result by a short example from the mod-
elling weeks in 2011, in which three students, two females and one male worked on 
the  Bus Stop Problem , supported by a female future teacher, who was at the end of 
her university study. 

 The three students Ute, Klaus and Sarah were trying to fi gure out how to calcu-
late the acceleration distance in order to fi nd out the whole distance between the bus 
stops. In the middle of their discussion the tutor enters the table and intervenes 
within a longer discussion of about 4 min three times. 

 The fi rst intervention was a content-oriented strategic help which can be read 
from the following dialogue:

   T: So you want to pass on from the time to the distance in order to see ….    

 The second intervention was a motivational help:

   T: Have you thought about how you can calculate that?    

 The third intervention was a motivational and feedback help:

   T: Think again by yourselves, you are on the right way.    

 From the fi rst results as reconstructed, no uniform evaluation pattern of the stu-
dents to the same intervention occurs, that is, students react to intervention of a 
teacher in very different ways. For example, Ute assessed the effects of the above 
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described interventions positively when questioned by the reviewer as to whether 
they had the feeling that they needed help, as follows:

   Ute:  Oh God, yes- Thus, that moment we didn’t know how to calculate it… it 
was something that was dealing with acceleration; thus, I think she came 
at the right moment.  

  Ute:  (…) at that moment we didn’t know how to continue, we also didn’t know 
whether we would do it correctly, yes. Thus I thought it was good, that she 
had come.    

 Sarah reacted more indifferently to these interventions and answered the ques-
tion, whether the help of the teacher was helpful as follows:

   Sarah:  Yes, exactly that moment, it did not really help us that she has said that we 
should continue alone.    

 However, she saw positive effects of the motivational help:

   Sarah.  Eh, yes, I think so. Therefore we knew that we were on the right track and 
not totally wrong and therefore we were able to continue well.    

 The third student, Klaus, reacted negatively and saw neither a reason nor a use in 
the intervention by the tutor:

   Klaus:  No, no, not really. We were just a bit thinking about, so that, not really 
needed it, in that sense, no not.    

 Similarly to the other student, he felt motivated by the motivational intervention, 
but devaluated it quite strongly:

   Klaus:  Eh, yes, that motivates a little bit, but, yes, but to get the result it didn’t 
really help, but a little bit as a kind of motivation or so, but…    

 In the interview the tutor emphasised the motivational aspects of her 
intervention:

   Tutor:  I think that it had the infl uence, … they continued to calculate at that point 
where they were thinking to calculate… Possibly because I said: ‘Yes, I 
think it is already quite good!’    

 She identifi ed the necessity to encourage students to think by themselves as the 
main reason for her feedback help, and the students’ own thinking process and its 
encouragement as the underlying focus for her interventions:

   Tutor:  Basically, a concrete question came up, a concrete question, which they 
could have solved by means of their mathematical knowledge and they 
should have got the idea by themselves, to have a look into a book or so 
and therefore I do not believe, that I should have done more there.    

 In addition, she stressed the support of metacognitive activities, namely the 
strengthening of self-monitoring activities as another reason for her kind of chosen 
support based on earlier experiences she had made:
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   T: Exactly. Rather, I think, that I in a way felt that (student’s work, authors) as 
being a bit disorderly. (…) Something could develop, where I (would) possibly 
need to say something. If I sit down, then most often something occurs on 
one’s own. ‘We are here, we are going to make that …’ And then sometimes 
they already settle themselves on their own, without one needs to have said 
anything.    

 To summarise, the effectiveness and appropriateness of teacher interventions seem 
to strongly depend on how these measures are accepted and adopted by the students, 
probably dependent on their intellectual capacity, beliefs on mathematics and 
mathematics education, self-confi dence and so on. Due to this variety of infl uencing 
factors one might expect that no right or adequate intervention for all types of students 
can be developed. On the teacher’s side a careful analysis of the actual situation is 
necessary before intervening, the teacher needs to have clear goals for the interven-
tion. Strategic and content-related strategic interventions are possible and can even 
be done by novice teachers, probably necessitating careful training in advance. But 
which kind of strategic and content-related strategy has to be chosen strongly depends 
on the given modelling problem, so there are no easy recipes to follow. 

 However, one powerful and effective intervention could be identifi ed so far, 
namely a general strategic intervention, the request to the students given by the 
teacher to present the state of their work to him/her, when entering the table. This 
intervention is on the one hand a prerequisite for an adequate scaffold by the teacher, 
because scaffolding has to be based on a careful diagnosis of students’ work, if it 
shall be effi cient and successful. On the other hand as the synthesis of meta-studies 
by Hattie ( 2009 ) has pointed out this kind of intervention is a central part of an 
effective feedback and is closely related to the kind of feedback questions Hattie 
( 2009 ) identifi es as being effective, namely the “feed up” question ‘Where am I 
going?’ and the “feed back” question ‘How am I going?’ and supports the “feed 
forward” question ‘Where to next?’ The refl ections of the novice teacher clearly 
points out that she had these kinds of elements of an effective feedback in mind. The 
ongoing evaluation of the data sampled will probably lead to a better understanding, 
how these kinds of feedback questions and further interventions can be connected to 
the teaching and learning of mathematical modelling, referring amongst others to 
the explicit usage of the modelling cycle as a meta-cognitive measure.      
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    Abstract     This chapter describes a classroom teaching experiment conducted in 
three Year 6 classes where the purpose was to induct students into the mathematising 
of real world tasks. The focus is on whether applications and mathematical model-
ling are viewed as being outside of mathematics, as an add-on, or as an integral part 
of mathematics, requiring students and teachers to operate in a “culture of mathema-
tising as a practice” (Bauersfeld 1993 cited in Yackel and Cobb J Res Math Educ 
27(4):459, 1996   ). Two tasks were used. In one task student mathematising was quite 
superfi cial. The second task, introduced with an explicit focus on modelling, resulted 
in more in-depth mathematising but students still stalled in the modelling process.  

1         A Culture of Mathematising as a Practice 

 In discussing classroom cultures, Bauersfeld describes the extremes as “fl exible 
interpretation versus ritualised reading” ( 1992 , p. 467). He notes that, as teachers 
strive to embed in their students clear images of what mathematics is they may 
[inadvertently] provide an image of mathematics as having “an unequivocal relation 
between object and activity” (p. 467). For example, a picture of three people climb-
ing out of a swimming pool leaving six swimmers in the water playing is perceived 
as only being able to portray the image of 9 − 3 = 6 with no other interpretation pos-
sible (Voigt  1998 , p. 197). Bauersfeld argues that this situation, and many others, 
can and should be interpreted in multiple ways, as he ponders when he asks:

  how could one generate fl exibility in mathematising any subject matter — the fl exibility that 
is required later for problem solving — when the student’s ascription of meaning is forcibly 
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narrowed to ritualised interpretation, by social conventions rather than by mathematical 
necessities? It would seem more promising to develop the art of mathematical interpreting 
rather than the usual funnel-like limiting to prepared, unequivocal reactions. ( 1992 , p. 468) 

   Suggestions by Bauersfeld to develop this fl exibility included tasks requiring 
students to refl ect on their own mathematical activities. In these the teacher provides 
opportunities for students to “make explicit  their  ways of constructing, analysing, 
and reasoning” (p. 468)—a task he notes which is much more complex than consid-
ering the thinking of others. 

 What learners do is impacted by what teachers do. Individual teachers’ views of 
mathematics impact on their classroom practice (see e.g., Kaiser and Maaβ  2007 ). 
Is mathematics “taken as an objective truth, … or as a practice of shared mathema-
tizing, guided by rules and conventions emerging from this practice” (Bauersfeld 
 1994 , p. 140)? Bauersfeld argues teachers who perceive mathematics as a practice 
of shared mathematising will develop classroom practices where learners experi-
ence “optimal chances for discussions based on intensive experiences and aiming at 
the negotiation of meanings” (p. 140). These ideas were elaborated by Yackel, Cobb 
and Wood (e.g., Wood  1993 ; Yackel and Cobb  1996 ). Wood ( 1993 ) describes such 
a classroom as one where:

  The teacher acted to initiate and guide students’ learning by posing questions and highlight-
ing children’s expectations. As students engaged in this discourse, their personal meanings 
were negotiated until an agreement was reached. The establishment of taken-as-shared 
meanings between the participants enabled mathematical ideas to be established by mem-
bers of the class. (p. 20) 

   The view held by Bauersfeld and others is that teaching and learning mathemat-
ics involves “a model of participating in a culture rather than a model of transmitting 
knowledge. Participating in the process of a mathematics classroom is participating 
in a culture of using mathematics, or better, a culture of mathematising as practice” 
(Bauersfeld 1993, p. 4, cited in Yackel and Cobb  1996 ). The study reported here 
will attempt to ascertain if the students who are the focus approach their mathemat-
ics genuinely believing they have a role to play in interpreting the problem situation 
and relate the mathematics to themselves and/or the real world in general.  

2     Methods 

 This chapter reports an empirical study of the extent of student engagement with 
real world tasks. This study is situated within a larger project (Contemporary 
Teaching and Learning of Mathematics Project, CTLM) with a research and pro-
fessional development focus. CTLM aims to improve the teaching and learning of 
mathematics by the provision of professional development to extend teachers’ 
pedagogical content knowledge and hence classroom practice, and thereby 
improve student learning. Mathematical modelling formed a small part of the 
project as one approach to the development of mathematical thinking and reason-
ing. A qualitative inquiry approach following Stake ( 2005 ) is taken. The unit of 
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analysis is students working in small groups of 2–4. It is an intrinsic case study as 
the intention is to gain insight into the phenomenon of upper primary students’ 
mathematising of real world tasks. 

 Three Year 6 classes, one each from three schools (referred to as School A, B, 
and C) involved in CTLM, participated. Each school was in the second year of par-
ticipation in the project. Participation by classes from School A and B was as part 
of the standard practice of the school visits in the CTLM Project whereas the teacher 
of the class from School C volunteered to have his students engage in modelling 
activity. Data collection occurred in the latter part of the year (term 4 of 4). Due to 
time constraints it was only possible for each class of students to attempt one task. 
The students’ responses to two tasks form the basis of the data collection. The fi rst 
task was undertaken in a single lesson (approximately 60 min) at Schools A and B. 
The second task formed part of a two lesson focus on real world tasks at School C. 
Both tasks were researcher designed. The second task was developed after imple-
mentation of the fi rst task, with the intention of having “task context and the math-
ematics entwined” (Stillman  2002 , p. 77) (i.e., context as tapestry). 

 Data collected included student scripts, photographs of student scripts taken at 
various stages during task solution, audio recording of elements of student engage-
ment with the tasks, fi eld notes, post lesson discussion with observing teachers, and 
for the second task, a post task questionnaire completed by the students. 

2.1     The Tasks 

 The fi rst task,  Letters,  saw students fi rst familiarised with examples of wooden let-
ters. These letters are often used on people’s bedroom doors. For example, the let-
ters shown belong to Jill (J), Mel (M), and in contrast the other letters belong to Ada. 

  Letters 

 A toy store owner asks for help in determining 
how many of each letter she should include in 
an order for 400 letters. In addition, students 
were asked to explain their solution in the form 
of a letter with enough details such that the toy 
store owner could apply their solution strategy 
to a different number of letters   .

         The second task,  Brass Numerals , focused on numerals used for house and apartment 
numbers, for example. In this task, rather than being given a set number to order, 
after being familiarised with the context, students were asked how many of each 
numeral should be in stock in a large hardware store, where all stock is on the fl oor. 
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2.2     Implementation 

 The fi rst task was implemented at Schools A and B with Year 6 students early in 
term 4. In both schools, the lesson was observed by the classroom teacher as well as 
several other classroom teachers. In both classes students worked in self-selected 
groups. The class at School A contained 29 students (15 male, 14 female) aged 
11–12 years old. The students worked in nine groups of three and one pair. All but 
two groups were single gender groups. The School B class included 26 students 
(13 male, 13 female), working in eight groups of three and one pair. Six groups were 
of mixed gender. Both lessons were also observed by another researcher. 

 The second task was implemented in School C with 25 students (15 male, 10 
female) who worked in 8 self selected groups over the 2 days. Five students attended 
only one of the 2 days. Group size ranged from two to four over the 2 days. All groups 
except one were single gender groups. Prior to presenting the  Numerals Task,  the les-
son focused on mathematical modelling, with the intention of inducting students into 
the importance of context throughout the solving of real world problems. Elements of 
this included: the nature of mathematical modelling, important aspects of mathemati-
cal modelling and the modelling process as exemplifi ed by Galbraith et al. ( 2007 ). 
These ideas were explored further through the context of the following messy real 
world situation: Dreamworld’s thrill rides are very popular and sometimes patrons can 
be waiting 30–60 min or more for just one ride. Student groups then considered the 
following: What is the real world mathematical problem? What variables or factors 
are involved? What assumptions can I make? Ideas were discussed in small groups 
and then as a whole class. These ideas were linked to the various stages of the modelling 
cycle as shown in Fig.  24.1  and each stage related back to the real world.

   Both tasks presented a somewhat familiar context to students and asked them to 
solve a specifi c problem. In the fi rst task, a specifi c total number of letters were 
required to be ordered, however it was clear the task involved looking beyond this 
particular case. The use of communication artefacts, in the  Letters Task , this was the 

  Brass Numerals 

 Recently my friend shifted into a duplex in Ballarat. She noticed that she often 
received next door’s mail in her mailbox so she decided she needed to put 
some numerals on the fence to tell the postie whose mailbox it was. She lives 
at No.2 302 in her street. She went to her local Bunnings hardware store but 
found that there were no 0’s or 2’s. On several visits to Melbourne she also 
found that the two Bunnings stores she visited also did not have 2’s. After 
about 6 months she visited the Ballarat Bunnings store again and found she 
could buy one brass 3 and one brass 2. She asked the local store if they could 
get in some more 2’s and 0’s and fi nally they did. Can you help Bunnings 
decide how many of each brass numeral they should have in stock?   
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requirement to write a letter to the toy store owner, has been found previously to be 
an effective tool in allowing students to demonstrate their understanding to teachers 
and researchers by making “understanding transparent” (Brown and Edwards  2011 , 
p. 196). The  Brass Numerals Task  also required students to communicate their 
thinking, albeit in a less specifi c form, as they were clearly asked to explain how 
Bunnings should decide how many of each numeral to stock. No time was available 
for students to present their solutions to each other in the class. 

 Both tasks involved several layers of complexity. In the fi rst task, letters could be 
used for example, as a single initial or a full name. If both cases were considered 
then the task solvers also needed to consider in what proportion this might occur. In 
contrast, simplifying assumptions could have been made and task solvers assume, 
for example, that all buyers of the wooden letters were only buying a single initial 
(i.e., J for Jill). In the  Brass Numerals Task,  the placement of the brass letters was a 
possible consideration (some locations may have the letterbox and building num-
bered). The proportion of fl ats or apartments (and if numbers or letters were used) 
was a key factor as was the varying length of streets in the local area or Ballarat 
(although, students, from suburban Melbourne, were more likely to use local knowl-
edge where this was considered).   

3     Findings 

3.1     The Letters Task 

 Upon analysis of the data, four non-mutually exclusive approaches were undertaken 
by the student groups. These approaches can be described as (1) a data approach, (2) 
an ‘equal proportions’ approach, (3) an unequal proportions approach, and (4) an 

  Fig. 24.1    Elements of the Dreamworld situation mapped to the modelling cycle       
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altered problem situation. These will be described fi rst and then the analysis 
presented. More than one of these approaches could be used by a group. 

 A  data  approach occurred when students used data in solving the problem. The 
data may have been carefully collected (e.g., Group A8:  We have taken a telly [sic] 
in the class and each name in the class has at least one vowel ) or simply a rough 
estimate (see discussion of Group A9 later in this chapter). 

 An ‘ equal proportions’  approach occurred when students decided that Chris should 
order equal quantities of each letter. As the number of letters in the alphabet (26) is not 
a factor of 400, this required some re-adjustment. This may have involved simply 
allocating the remaining ten letters as shown in Fig.  24.2  or having approximately 15 
per letter (e.g., group A4 had 17 of A and E, 16 of IJKLMS and 15 of the remaining 
letters). Group B7, and others, simply allocated all remaining letters to be vowels.

   An  unequal proportions approach  occurred when students grouped letters of the 
alphabet and determined different numbers of wooden letters to be ordered for each 
group. The number of groups ranged from two to eight. Rationale for determining 
allocation to groups may have been according to the nature of the letter (i.e., vowel 
versus consonant), perceived frequency (e.g., popular v unpopular, see Fig.  24.3 ), or 
a combination of these.

   Finally, the  altered problem  approach saw student groups change the problem task. 
Examples included, situations where the students avoided diffi culties by increasing 
the number of letters to be ordered. For example, Group A6 proposed, ‘Four hundred 
letters is nowhere near enough letters, and if you work it out, you only get 15. 348615  
letters. Next time you may have to order around 2,600. Then you will have 100 of 
each letter.’ Group A10 who considered the ratio of buyers who bought their initial 
versus fi rst name (average length of 5) also argued that more than 400 letters were 
required. ‘We think you should get 1,400 letters. 70 per vowel. 50 per consonant. We 
worked this out by getting 7 letters per 3 people and we got that by fi guring every third 
person would put their whole name and 2 others would get fi rst initial.’ 

Dear Chris. We have solved your problem and our answer was … 17 vowels 
and 15 consonants. This was how we worked it out. First we divided 26 by 400 
[sic]. The answer was 15.38 so we rounded it down to 15. We multiplied 26 by 
15 and got 390. We realised that we had 10 left over so we put two extra letters 
for each vowel. We did this because most names have more vowels than 
consonants in it. We hope this helps you solve your problem.

  Fig. 24.2    Excerpt from letter by Group B7 showing ‘equal proportions’ with adjustments approach       

Dear Chris, We have decided that you should get 20 of A, J, L, R, E, K, C, I, 
S, H, O, M, D, and N because they are most likely to be the most popular 
letters to be bought. You should get 14 of Y, T, P, G, B, and F because they 
may be bought and they may not be bought. You should get six U, Z, X, Y, 
Q, and V because they are unlikely to be bought.

  Fig. 24.3    Excerpt from letter to Chris by Group A8       
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 Table  24.1  presents the initial analysis of the classifi cation of the approach(es) 
taken by the student groups from Schools A and B. Overall, this shows that the 
equal proportions approach was most common. However, distinct differences can 
be seen across the two schools. At school A the approaches were almost equally 
likely to be undertaken, whereas at School B the equal proportions approach domi-
nated student strategies.

3.1.1       Task Complexity 

 For School A groups A1–A8, it is impossible to ascertain, if the factor related to 
buying one’s whole name versus one’s initial was considered. However, both 
groups A9 and A10 clearly considered this factor thus increasing the complexity of 
their solution strategy. Both of these groups considered the class of 30 as being 
representative of a set of customers at the toy shop. Group A9 did a rough tally of 
letters in the fi rst name of the class members and thus increased the data to cover 
the possibility of some student deciding to buy letters for their family name in 
addition to their fi rst name, as illustrated in the following discussion. (All names 
are pseudonyms.).

   Jasmine:  Yes. But not all people have an A in their name. We are just like 
rounding it off to a comfortable number.  

  Dearne: Just in case they want their last name.  
  Researcher: So when you say you are rounding, what do you mean by rounding?  
  Jasmine:  We are just adding a few more, so like Dearne said, because some 

people might want their surname. …  
  Dearne:  Well now, like if all 30 of us go into the shop and we decide we want 

to have our last name, or our fi rst name with the letters. But we will 
know that we will have enough letters.    

 In contrast, group A10 decided to estimate what proportion of customers would 
buy initials as compared to their fi rst name, “we got that by fi guring every third 
person would put there [sic] whole name and 2 others would get fi rst initial.” 

 As a data approach necessarily required student groups to also use a second 
approach, it was decided to see if there was any correlation between the use of a data 
approach and the other three approaches. In addition, those taking a data approach 
were more likely to be engaging with the real world, in contrast to those not using a 

   Table 24.1    Approaches taken to the Letters Task   

 Approach  School A  School B  Total 

 Data  A1*, A6 2 *, A9*, A10*  B3*, B6*, B7*  7 
 Equal proportions  A4, A6 2 *, A7  B1, B2, B3*, B4, B5, B7*, B8  10 
 Unequal proportions  A1*, A3, A5, A8  B6*  5 
 Altered problem  A2, A6 1 , A9*, A10*  B9  5 

  Note: *Indicates two approaches undertaken in the same solution.  1 First distinct solution of the 

group.  2 Second distinct solution of the group  
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data approach, who tended to ignore real world aspects of the task. Table  24.2  shows 
the approach taken and whether or not a data approach was considered. It can be 
seen that student solutions were more likely not to use a data approach than to do so 
(7 solutions used data, 13 did not). Of the solutions taking data into consideration, 
there was little difference in approach chosen (equal proportions 3, unequal propor-
tions 2, and altered problem approach 2). In contrast, the solutions where no data 
were considered tended to be an equal proportions approach (7 of the 13). It must 
be noted that the number of groups is small and no inferences can be made.

3.2         The Brass Numerals Task 

 In considering the responses to the second task, it quickly became apparent that the 
analysis was more complex. However, the same four approaches were taken. Details 
of these are presented in Table  24.3 . Table  24.3  includes brief descriptions of details 
of student approaches. In addition, where student groups took multiple approaches 
in the course of their solution this is indicted by an arrow.

   Four groups altered the problem situation. For example, C1 suggested that at the 
store, Bunnings should be checking “daily to see if more numerals are needed. 
[Moreover,] they should have inspectors who drive around and note where numerals 
are placed, the amount of numerals included in each house number. Inspectors could 
also check on the computers/ receipts to see the popular numbers bought, and how 
many customers buy numbers”. 

 Of particular interest was, what did students do in terms of the transitions in the 
fi rst two phases of the modelling cycle. Namely, fi rstly from the  messy real world 
problem  to the  real world problem statement  and secondly from the  real world 
problem statement  to the  mathematical model . In the fi rst transition, the focus is on 
u nderstanding, structuring, simplifying, and interpreting context.  In the second 
transition, the focus turns to  making assumptions, formulating, mathematising.  
Figure  24.4  maps the student progress with respect to the modelling process.

   As can be seen in Fig.  24.4 , student progress varied considerably. Two student 
groups (C4 and C7) were unable to seriously engage with the messy real world situ-
ation, preferring to offl oad the problem to the store owners (or suggest a different 
store not realising the same situation may occur) rather than investigate proposing a 
solution themselves. A third group, C1, was unable to formulate a problem from the 
situation although they were able to undertake some mathematisation of the problem 
situation as they noted the need for data. Group C2 progressed further, as they 

   Table 24.2    A closer look at the use of a data approach   

 Approach  Data  No data considered 

 Equal proportions  A6 2 , B3, B7  A4, A7, B1, B2, B4, B5, B8 
 Unequal proportions  A1, B6  A3, A5, A8 
 Altered problem  A9, A10  A2, A6 1 , B9 

  Note:  1 First distinct solution of the group,  2 Second distinct solution of the group  
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considered types of houses (duplexes, fl ats, etc.) however they were unable to set a 
mathematical problem to solve. Group C8 moved beyond the real world problem 
but were unable to arrive at a mathematical solution. Two groups, C3 and C5, arrived 
at a mathematical solution for a simple mathematical problem posed by them (C3: 
How many 2’s needed for a street numbered 220–240? C5: What numerals are 
required for a street of 20 houses?) but were unable to progress further. Group C6 
not only posed and solved a problem, but also they were able to consider the real 
world meaning of their solution (i.e., would the solution fi t on the warehouse racks).   

     Fig. 24.4    Student group progress in the modelling process       

       Table 24.3    Analysis of approaches taken at School C to the Letters Task   

 Approach   No Data considered  Data 

 Equal proportions   C3 1 :      C3 2 : A new street with 20 
houses, numbered 220 
– 240 (sic), more 
zeros, less ones then 
from 1–100 it would 
even out 

   C5 1 : 40–50 letters, at least 20 
  C6: 50 of each     

 Unequal proportions   C5 2 : more ones than twos is 20 
houses in the street  

 C4 2 : Our 3 streets – a lot of 
1’s and 2’s. 

 0–7, 1–26, 2–13, 3–8, 4–9, 
5–7, 6–5, 7–6, 8–8, and 
9–8. 

 C8: say an average street of 
40 houses, need 14 of 1, 
2, 3; four 5’s, and four 
of 5–9 and 0. So more 
digits less than 4, 
excluding zero 

 Altered problem   C1:, C2:, C4 1 :, C7 

  Note:  1 First distinct solution of the group,  2 Second distinct solution of the group  
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4     Discussion and Conclusions 

 Although students clearly engaged with the  Letters Task , many student groups 
perceived the task as a division problem, albeit without an appropriate exact answer 
as desired. Few engaged with the context or gave any indication that the task 
required Bauersfeld’s “fl exible interpretation” ( 1992  p. 467). The majority of solu-
tions (13 of the 20) failed to make any use of data although it should have been 
apparent that data were easily accessible. 

 Subsequently, the revised task, the  Brass Numerals Task  certainly saw the task 
interpreted beyond a “ritualized reading” (Bauersfeld  1992 ). Students did engage 
with the context and several sustained this engagement. They were more likely in this 
task to see that their role was to make sense of the situation and to mathematise it 
themselves. In addition, the use of the Dreamworld scenario and modelling cycle 
diagram provided prior experience. However, successfully undertaking this model-
ling process remained a diffi cult task. Reasons for this could lie in the task itself, the 
facilitation of the task, the length of time available, the need to make the goals of the 
task more explicit, and/ or previous experiences. There is no doubt that across these 
three classes, students were not experienced in interpreting mathematical problem 
situations nor believing this was a normal part of school mathematics. This lack of 
experience of shared mathematising and negotiation of understanding and meanings 
contributed to the lack of student belief that they had personal experience and knowl-
edge to bring to the solving of the tasks. In the  Letters Task  this resulted in many 
students ignoring the real world and perceiving only a (problematic) division prob-
lem and in the  Brass Numerals Task  the result was diffi culties in mathematising the 
task or making substantial progress in the modelling task. Finally, it appears that 
using tasks of the type described by Bauersfeld ( 1992 ), in this case tasks that required 
students to refl ect on their mathematics and make their thinking explicit can contrib-
ute to Year 6 students perceiving themselves as playing an important role in interpret-
ing the real world problem situation and to relating to mathematics of the real world.     

  Acknowledgements   Thanks to Ann Downton (ACU) and Michael Di Nuzzo (CEOM) for data 
collection support and to the teacher and student participants without whom this research could not 
have been undertaken.  
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Abstract  This chapter describes the arrangement of a project about mathematical 
modelling at the University of Hamburg. In the first part of the chapter the back-
ground and the structure of a modelling week are presented in detail. Subsequently 
in the second part of the chapter the experiences with one modelling problem are 
described including problems the students had to face when dealing with the 
problem. Finally, experiences and selected results of the evaluation of the modelling 
weeks are taken into focus, in which it became apparent, that the students have 
different attitudes towards mathematics as a subject with different reasons for 
their attitude.

1  �Introduction

Even though the teaching of mathematical modelling has found its place within 
the German national mathematics curricula (see KMK 2004), students often do 
not have the opportunity to experience complex modelling problems, either due 
to restrictions of time or probably due to the teachers’ lack of knowledge of how 
to treat complex modelling problems adequately (cf. Blum 2011). Since 2009, 
the project of the ‘modelling weeks’ offer a possibility for students from upper 
secondary school to solve complex modelling problems at the University of 
Hamburg. The continuous work on modelling problems for a few days, away 
from the school environment, enhances the students’ modelling competencies 
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and motivates them to solve mathematical problems with the help of their own 
mathematical skills. However, the systematic evaluation of the impact of the 
project is now beginning. The project is accompanied by regular evaluation. The 
central questions of our research in this chapter are whether the rather complex 
modelling problems tackled in the modelling weeks are feasible for the stu-
dents, what attitudes the students have towards mathematics and whether the 
visit of the modelling weeks has an influence on their mathematical interest. In 
the following, we will report about the project and present findings from the 
evaluation of the project from 2009–2011.

1.1  �Framework for the Mathematical Modelling in Hamburg

The approach of teaching students mathematical modelling at the University of 
Hamburg, which is described in this chapter, belongs to the comprehensive didactical 
perspective of the realistic or applied modelling (Kaiser and Sriraman 2006; 
Kaiser et al. 2007). A central feature of this approach is the use of authentic model-
ling problems in order to implement different educational goals of mathematical 
modelling (see Kaiser et al. 2010).

First, pragmatic-utilitarian educational goals such as understanding the real 
world, the ability to apply mathematics to solve practical problems in general 
or the promotion of (selected) modelling competencies are the focus. The 
authentic examples that are used in the teaching of mathematical modelling 
should therefore explain the relevance of mathematics in daily life, the environment 
and the sciences, and impart competencies to apply mathematics. Authentic 
problems are hereby defined as problems that are only a little simplified and, in 
accordance with the definition of authentic problems by Niss (1992) recognised 
by people working in this field as being a problem they might meet in their daily 
work. However, the problems should not be authentic only for experts. According 
to Vos (2011), our understanding of authenticity of the problems used also 
includes that this authenticity is obvious to the students and that the problems 
have an out-of-school purpose.

Secondly, psychological goals play a major role in the teaching of mathematical 
modelling at the University of Hamburg. The approach takes as essential starting 
point that – in order to promote modelling competencies – the students need 
their own experiences with authentic modelling problems. The authenticity of 
the problems therefore should foster the motivation and attitude of the students 
towards mathematics in general and hopefully arouse their interest in applied 
mathematics.

Based on empirical research (see e.g., Kaiser-Meßmer 1986) we see the 
necessity of using authentic modelling problems in teaching, which promotes 
the whole range of modelling competencies and broadens the radius of action of 
the students. Similar proposals have been developed by Haines and Crouch (2006) 
or at the beginning of the modelling debate by Pollak (1969).
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1.2  �Structure of the Modelling Week

Modelling weeks are a further development of previous activities between the 
departments of mathematics and education at the University to include mathematical 
modelling in school and teacher education. These activities – like seminars about 
mathematical modelling for future teachers – have been conducted since 2000. They 
usually offer the possibility for future teachers to make their own experiences with 
mathematical modelling in schools (see e.g., Kaiser and Schwarz 2006). Since 2009, 
modelling weeks – conducted twice a year – are also a great opportunity for students 
from upper secondary level of schools in and around Hamburg to get in touch with 
the Department of Mathematics and especially with authentic mathematical prob-
lems (see Kaiser et al. 2011). Approximately 500 secondary students (about 10 % of 
the age-cohort of 16–18 year old students in Hamburg) took part in the 2 modelling 
weeks in 2010. The students were released from school and worked in small groups 
on complex and authentic modelling problems continuously for 1  week at the 
Department of Mathematics.

The project was carried out as a joint activity between the Department of Education 
(Mathematics Didactics) and the Department of Mathematics (Applied Mathematics) 
and was directed by professors from both departments. In addition, on the part of 
the university parallel to the modelling week, a seminar was carried out for future 
teachers who worked as tutors for the students. By this means the students were 
intensively supervised during their work on the modelling problems whilst on the 
other hand the future teachers had the opportunity both to gain practical experiences 
during the project and to reflect on the supervision of the students in the respective 
seminar. Through the students’ independent work on modelling examples, precisely 
in developing mathematical questions from given problems by themselves and devel-
oping solutions for real world problems the promotion of modelling competencies 
can be achieved. In addition, the students’ motivation can be enhanced because at the 
end of the week, the groups have to present their solution to the other participants.

According to the framework of the realistic modelling approach, the modelling 
examples on which the students work have to conform to necessary ‘authentic’ 
requirements. For example, they have to be suggested by applied mathematicians 
working in industry, they are often taken from the area of industrial or other tech-
nical processes and are still embedded into reality. This leads to the difficulty, 
that neither the students nor the questioner know an adequate solution for the 
modelling examples. Additionally, a problematic situation is described in the 
example and the students have to determine or develop a question, which they can 
solve, themselves. Various problem definitions and solutions are possible; they all 
depend on the approach of the modellers.

In Kaiser et al. (2010), we find an overview about the problems used so far and 
give references to already published descriptions of their implementation:

•	 Stock price forecast,
•	 Premium in private health insurance,
•	 Prediction of fishing quotas,
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•	 Optimal position of rescue helicopters (Kaiser 2005),
•	 Radio-therapy planning for cancer patients,
•	 Identification of fingerprints,
•	 Pricing for internet booking of flights (Kaiser and Schwarz 2006),
•	 Price calculation of an internet café (Kaiser and Schwarz 2006),
•	 Traffic flow during the Soccer World Championship in 2006 in Hamburg,
•	 Construction of an optimised timetable of school,
•	 Irrigation of a garden,
•	 Population of ladybugs (Kaiser et al. 2011),
•	 Chlorination of a swimming pool (Kaiser et al. 2010),
•	 Optimal planning of bus lines and placement of bus stops, (see Chap. 23, this 

volume),
•	 New rules in ski jumping: the influence of a variable inrun.

2  �Experiences with a Specific Modelling Example

One of the problems tackled in the modelling week in 2009 investigated the chlori-
nation of a swimming pool. The company Grundfos, that markets pumping systems, 
is searching for a model describing the mixture of chemicals in a swimming pool. 
The concentration of urea and the number of bacteria in a swimming pool is to be 
adjusted by a systematic supply of chlorine. A mathematical model is needed, which 
describes the regulation of pool water quality via the chlorine concentration in 
swimming pools. We will briefly describe one approach to the solution of this mod-
elling problem and refer for further description to Kaiser et al. (2010). The approach 
is from a group of students, but shows quite typically the solutions of complex 
modelling problems of the students in the context of the modelling week in Hamburg.

First, the group created a real model, where different factors were listed that 
influence the quality of the bathing water. The group agreed on examining the 
concentration of bacteria, urea and chlorine since different sources of information 
referred to varying factors. These are exposed to the following influences:

Concentration of bacteria

	1.	 New bacteria are added by the bathers.
	2.	 These bacteria proliferate.
	3.	 Chlorine kills the bacteria.

Concentration of urea

	1.	 The concentration of urea is increased by the bathers.
	2.	 Chlorine destroys the urea.

Concentration of chlorine

	1.	 The concentration of chlorine decreases by the killing of bacteria.
	2.	 By neutralising the urea, the concentration of chlorine decreases.
	3.	 Since chlorine is gaseous at room temperature, it also evaporates from the water.
	4.	 Chlorine is added via the pumping system.
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It became clear that specific modelling assumptions had to be made. In particular, 
only concentrations were considered. The amount of water in a swimming pool 
changes continuously in reality. However, the model does not take this into account 
because the considerations of a varying amount of water complicates the model to 
such an extent that it is mathematically difficult to handle. The volume of water 
was therefore considered to stay constant. The proliferation rate of bacteria in 
bathing water also depends on its temperature; therefore, the water temperature 
was considered to stay constant as well.

The first attempt to create a mathematical model resulted in a rather complicated 
model, in which several factors of influence were considered. Thus, the model limited 
itself by the different units of the concentrations of the main influence factors: bacteria 
concentration B, the urea concentration H, and the chlorine concentration C. The 
urea and the chlorine concentration are given in [g m−3] whereas the concentration 
of bacteria is measured in [KbE m−3] as colony forming units. More precisely, the 
mathematical model examined the modifications of concentration beforehand. 
This was achieved by functions of change fB, fH and fC which the students developed 
(for details see Kaiser et al. 2010):

	
f v CB z V A B mB B B

-3= − + +  
− −1 1l KbE· min

	

	
f v CH z V A g mH H H

-3= − +  
− −1 1· ·min

	

	
f n BC n HC Z g C g mC B H C

-3= − − + −  
−· · ·min 1

	

For the group, it was also necessary to take into account defined limits per 
DIN-norm:
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Already the attempt to compare the different factors made two problems clear, 
which are typical for a situation also observed by Peretz (2005) and which can be 
transferred to our experiences with the modelling weeks. After mathematising the 
real situation, the resulting mathematical model is still too complex and needs ‘fur-
ther’ simplifying. The functions of change have varying units. Therefore, the values 
are not comparable and the magnitudes of the single summands are also enormous 
as the values of the constants and the allowed bacteria concentration clearly show.

The model had to be scaled respectively to make its values comparable and to 
eliminate these problems. Obviously, the students reached a dead-end situation, 
because they wanted to take into account so many different factors, but the model 
developed was far too complicated. We will not describe the whole modelling pro-
cess of the group, but after the intervention of the future teachers and further 
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elaboration of the model by the students (simplification, scaling), the group in the 
end was able to create a model, with which different concentrations of chlorine 
could be calculated concerning the volume of water and the average number of 
bathers of several swimming pools in Hamburg.

3  �Evaluation of the Modelling Week

We contribute our evaluation of the modelling weeks to previous and ongoing 
research. Kaiser and Schwarz (2010) report on the evaluation of the modelling 
week in March 2009, they describe the high learning outcomes of the modelling 
weeks in the area of working techniques, strategies in problem solving, and 
social aspects. They also identify a strong plea of the students for the inclusion 
of modelling in usual mathematics lessons. However, in order to analyse the 
effectiveness of the modelling week at the level of the personal attitudes of the 
students, we want to identify relevant aspects of the interest of the students from 
their statements.

For the evaluation of the modelling weeks a questionnaire with mainly open 
questions was completed at the end of each modelling week. The questions focused 
on the beliefs of the students about mathematics teaching and on the appreciation of 
the modelling examples tackled in the modelling week. Not all participating 
students filled out the questionnaire, but 289 questionnaires in March 2009 and 170 
and 162 questionnaires in March and September 2010 respectively were evaluated. 
In March 2011, the questionnaire was completed by 182 of the 254 participating 
students. Based on qualitative methods of grounded theory (Strauss and Corbin 
1998) we used in-vivo codes for the open questions, that is, codes extracted from the 
students’ answers, written as verbatim quotations, and grouped them to similar 
quotations under a theoretical perspective. In order to analyse the students’ answers 
in the open questions we transformed the grouped in-vivo-codes into theoretical 
codes. We used methods of consensual coding for reasons of quality assurance, 
which means that a coding team consisted of two coders, who conducted all steps 
described above together.

The question, on which we will concentrate in this chapter, is: Are you interested 
in mathematics?

Figure 25.1 shows the results of the recent modelling weeks. Most of the students 
who took part in the modelling week are interested in mathematics as a subject.

In the next section, we focus on the students from the March 2011 modelling 
week. The students gave different and sometimes multiple reasons for their interest 
or disinterest, but these reasons may not be directly connected to the experiences in 
the modelling week. The most frequent reasons the students are interested in 
mathematics as a subject were subordinated under the perspective formalism  
(e.g., mathematics is logical; exact; abstract), process (e.g., I like to develop new ideas; 
think on problems; find solutions) and use (e.g., I use mathematics in daily-life; 
reference to reality; mathematics makes sense). Additionally, reasons were classified 
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under the perspective of procedure (e.g., I like to calculate; solve equations) and 
emotional causes (e.g., I feel challenged; fun; interested) as shown in Fig. 25.2. 
Examples of reasons given by the students:

Yes, because it is such a concrete subject. It is never vague, but always right or 
wrong. (student, 17 years)

Topics that are related to daily life concern me. Uninteresting and useless things 
discourage me. (student, 17 years)

Fig. 25.1  Distribution of interest in mathematics

Fig. 25.2  Reasons for interest in mathematics (n = 121, multiple coding possible)
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In addition to reasons that highlight the challenging formal character of 
mathematics, many reasons for the interest in mathematics were about its utility in 
everyday life and its process-like character in the search for solutions to given 
problems. We assume that the experiences of the modelling week have a big impact 
here. Thirty students indicated disinterest in mathematics. The reasons for disin-
terest are shown in Fig. 25.3.

Explanations suggest that many of these students are not interested in mathemat-
ics as a subject, because their usual mathematics lessons lack reference to the daily-
life of the students. These reasons were subordinated under the perspective use 
(e.g., lack of relevance for future profession; mathematics doesn’t make sense; no 
reference to reality). We assume that these reasons could also be influenced by the 
experiences of the modelling week, because the students also differentiate here 
between their ordinary mathematics lessons and the week they spent at the university.

It is difficult to understand, unrealistic and I will never need it in my life to the same 
extent as I now have to learn it. It is a waste of time for me. (student, 18 years)

Also emotional causes play a major role in the disinterest. The students 
mentioned that they were not motivated or did not like their teacher. In addition, the 
students, who are disinterested in mathematics as a subject, often give other emotional 
reasons, for example perceiving themselves as having a lack of understanding:

I would say, mathematics is not ‘my’ subject, because I do not understand very much and  
I do not find mathematics very interesting. (student, 16 years)

Actually, I am interested in mathematics, because I would like to understand physical 
and technical processes. Nevertheless I am often not very good in finding logical 
coherence and therefore I am often one of the weakest students in mathematics courses. 
Therefore I do not have much fun. (student, 17 years)

Fig. 25.3  Reasons for disinterest in mathematics (n = 30, multiple coding possible)

N. Buchholtz and S. Mesrogli



315

4  �Conclusions

When planning an event such as a modelling week, the necessary authenticity of the 
problems to be used needs to be considered. In addition, whether the used examples 
are compatible with the students’ mathematical knowledge, which might not be 
very high, for example only covering the beginning of calculus, needs to be consid-
ered. The modelling competencies of the students differ on a large scale and the 
authenticity of the given real-world problems often creates difficulties for the 
students. Nevertheless, teacher intervention should focus only on supporting 
students in the case of lacking mathematical means or when the students are in a 
dead-end situation such as the case of the group struggling with the swimming-pool 
task. After all, experiencing helplessness and insecurity is a central aspect and a 
necessary phase when dealing with mathematical modelling.

As several comments of the students show, the modelling weeks may not only 
have outcomes on the level of mathematical skills but also on the level of attitude 
towards mathematics. So far, we assume that the experiences with the complex and 
authentic modelling problems actually have an influence on the students’ interest in 
mathematics, although the question about the interest in mathematics unfortunately 
does not suggest a direct relation to these experiences. For further research, we will 
concentrate on this relation. First, we conclude that either the experience of help-
lessness or the surprise of how well a student can actually use known mathematics 
for solving problems that arise from reality may influence the students’ motivation 
in either a challenging or enhancing way. In particular, students who struggle with 
comprehension problems or the lack of reference to the real world in their mathe-
matics lessons, can experience the utility of mathematics when using it to answer 
questions that arise from the reality.
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    Abstract     Empirical research into teachers’ views and pedagogical content 
knowledge related to modelling in the mathematics classroom is still relatively 
scarce, such as in the domain of self-perceptions of modelling-specifi c pedagogical 
content knowledge. Consequently, this study concentrates on such views of an 
Austrian sample of pre-service and in-service mathematics teachers. Both quanti-
tative and qualitative methods were used to explore how teachers perceive their 
knowledge about possibilities of providing students with specifi c help in the model-
ling process and how they see their professional development at university with 
respect to modelling. The fi ndings show that the mean self-perceptions in both of 
these areas were not positive, indicating a need for intensifi ed professional develop-
ment support.  

1          Introduction 

 There is a consensus that modelling is an integral part of mathematics and that it 
should play an important role in mathematics education. For this reason modelling 
is agreed to be a big idea for mathematics as a scientifi c discipline with high 
relevance for mathematical literacy. Consequently, teachers should be aware of 
this big idea, know how modelling relates to a variety of curricular content, and 
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master instructional strategies linked to modelling. However, empirical research 
into in-service teachers’ knowledge and views associated with modelling is still 
relatively scarce, despite its importance. 

 The project ABCmaths (“Awareness of Big Ideas in Mathematics Classrooms”, 
  www.abcmaths.net    ) therefore concentrates on pre-service and in-service teachers’ 
views related to modelling, including self-perceptions held by the teachers of their 
modelling-specifi c professional knowledge. In this study, we analyse quantitative 
and qualitative data from a questionnaire survey on modelling in the mathematics 
classroom. The results give insight into how teachers think about their own profes-
sional development related to mathematical modelling at the university level, as 
well as into their views about their own abilities of supporting students in modelling 
processes. The results indicate differences in the teachers’ perceptions, which point 
to a need for intensifying both learning opportunities at the university level and 
ongoing professional development focusing on modelling.  

2     Theoretical Framework 

2.1     Modelling – A Big Idea for the Mathematics Classroom 

 The idea of modelling (Blum  1996 ; Blum et al.  2007 ) is an aspect of mathematics 
that is not only important within mathematics (Siller et al.  2011 ), but also is crucial 
for the competencies of mathematically literate citizens (OECD  2003 ). For instance, 
national standards in many countries (AECC  2008 ; KMK  2004 ; NCTM  2000 ) and 
assessment studies in the domain of mathematical literacy (OECD  2003 ) emphasise 
the signifi cance of modelling as an aspect of mathematical competency. 

 Process aspects are in the focus of the idea of modelling, such as the descriptions 
of the modelling cycle (Blomhøj and Jensen  2003 ; Blum and Leiß  2005 ). However, 
empirical observations have shown that the modelling process is individual and 
does often not follow the cyclic model (Borromeo Ferri  2006 ). In the process of 
modelling, translation processes between the real world context and mathematics 
(in both directions) play a central role (Blum  2007 ), an aspect that tends to increase 
the complexity of modelling problems and to cause many diffi culties of learners. 
Consequently, support for learners often focuses on meta-knowledge about model-
ling and an increased awareness of the modelling process (Blum  2007 ; Breitenbücher 
and Kuntze  2010 ; Maaß  2006 ). Further, an appropriate task culture (Neubrand 
 2002 ) can enhance instructional quality by a focus on tasks with modelling require-
ments, on a level of diffi culty adapted to the specifi c groups of learners. Siller ( 2010 ) 
suggests learning opportunities for student-centred classroom settings that aim at 
fostering modelling competencies. An increasing body of publications with sugges-
tions of “good classroom practice” associated with modelling (Blum et al.  2007 ) 
points to a need for developing  corresponding professional knowledge of mathe-
matics teachers. For the domain of professional knowledge, we will outline the 
theoretical background of this study.  

S. Kuntze et al.
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2.2     Professional Knowledge and Instruction-Related 
Views of Mathematics Teachers 

 Creating cognitively activating learning opportunities related to modelling and 
helping students when dealing with modelling requirements presupposes profes-
sional knowledge linked to modelling in the classroom. Such specifi c professional 
knowledge includes knowledge about modelling in mathematics, meta-knowledge 
about the modelling process (Blomhøj and Jensen  2003 ; Blum and Leiß  2005 ; 
for empirical results see Maaß and Gurlitt  2009 ; Siller et al.  2011 ) and implications 
for teaching, knowledge about specifi c settings for modelling in the mathematics 
classroom, knowledge about technology use in the modelling process (Siller and 
Greefrath  2010 ), about possibilities of support of students in the modelling process, 
and views related to tasks (Kuntze  2011 ; Kuntze and Zöttl  2008 ). Hence, specifi c 
professional knowledge of mathematics teachers should cover a range of aspects – 
including those mentioned in the previous section. These aspects are necessary 
for an awareness of modelling as a big idea with relevance for the mathematics 
classroom. 

 As an over-all framework for professional knowledge, we refer to Shulman’s 
( 1986 ) categories of “pedagogical content knowledge” (PCK), “content knowl-
edge” and “pedagogical knowledge”. For designing learning opportunities in the 
mathematics classroom, PCK is expected to play a key role. In a more detailed 
model of professional knowledge (Kuntze  2011 ), we integrate the spectrum between 
knowledge and epistemological beliefs/convictions (Törner  2002 ) as well as the 
spectrum of so-called levels of globality (Törner  2002 ) as additional dimensions. 
For example, the teachers’ views about the signifi cance of modelling for the math-
ematics classroom (Siller et al.  2011 ) can be described according to this model: they 
can either be global (general signifi cance of modelling) or rather content-specifi c 
(e.g., views about the signifi cance of modelling for certain content areas such as 
functions). Among such views are also self-perceptions of the teachers’ PCK related 
to modelling, a component of professional knowledge that merits attention, as 
empirical evidence in this area is scarce.  

2.3     Teachers’ Self-Perceptions of Pedagogical Content 
Knowledge Related to Modelling 

 Self-perceptions of PCK, that is, views of teachers concerning their own PCK, are 
likely to play a mediating role for the development of professional knowledge. 
Moreover, they may be considered as indicators of the teachers’ PCK, in an analo-
gous way to the predictive role of self-effi cacy for competency (Dweck  1986 ). 
Further, such self-perceptions afford insight into the teachers’ views about their 
personal needs of professional development. In this sense, these self-perceptions 
can be considered as “local” individual views, which might frame somewhat 
“larger” epistemological beliefs, as understood by Törner ( 2002 ). 
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 In a fi rst approach to self-perceptions of PCK related to modelling, empirical 
indicators can use the perspective of a direct reference, that is self-perceptions of 
PCK when relevant for teacher-student interactions related to modelling in the 
classroom, or the perspective of a more indirect reference, that is, perceptions of the 
professional development at university against the background of the requirements 
of instructional practice. For both of these complementary perspectives, qualitative 
explanations for the teachers’ answers can support the validity of the data. Hence, 
open questions focusing on corresponding PCK and on views about teacher profes-
sional development at the university can help to frame empirical fi ndings related 
to self-perceptions of PCK in the domain of modelling.   

3     Research Questions 

 Consequently, in order to fi nd out about teachers’ self-perceptions of PCK in the 
domain of modelling, the following two research questions are at the centre of 
this study:

    (a)    What self-perceptions of their PCK related to modelling do Austrian pre- service 
and in-service teachers hold?   

   (b)    What explanations for these self-perceptions can be found in the teachers’ 
answers to open questions related to their modelling-specifi c PCK?      

4     Sample and Methods 

 In this study, 38 Austrian pre-service and 48 Austrian in-service teachers were 
asked to answer a pencil-and-paper-questionnaire. All pre-service teachers and 
20 in-service teachers answered the questionnaire. The 20 in-service teachers 
(14 female, 6 male) had a mean age of 32.6 years ( SD  = 9.97 years) and had 
been teaching for a mean time of 6.7 years ( SD  = 9.51 years) at academic-track 
secondary schools. The 38 pre-service teachers (30 female, 8 male) had a mean 
age of 23.5 years ( SD  = 3.55 years) and were preparing to teach in academic-track 
secondary schools. 

 The questionnaire consists of several sub-sections. For the research questions 
above, a multiple-choice section about self-perceptions complemented with open 
questions about providing help to students in the modelling process, hence focusing 
on specifi c PCK, and views related to possibilities of improving modelling-specifi c 
professional development at the university. The multiple-choice part of the 
questionnaire was designed to consist of four indicator-like scales; the data were 
analysed with quantitative methods based on the answers given in the format of four 
point Likert scales. The answers to the open questions were analysed with qualita-
tive methods in a bottom-up approach. The scope of this qualitative analysis was to 
explore possible backgrounds to the quantitative results and to check their validity, 
according to research question (b).  
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5     Results 

5.1     Self-Perceptions of PCK Related to Modelling 

 Research question (a) focuses on the teachers’ self-perceptions of their PCK related 
to modelling. As mentioned at the end of Sect.  1 , these self-perceptions were 
explored from the perspectives of views about PCK relevant for modelling-specifi c 
teacher-student interactions (‘direct reference’) and views about the teachers’ 
satisfaction with what they had learned at university concerning ways of fostering 
modelling abilities (‘indirect reference’). For both of these perspectives, two scales 
had been conceived for the questionnaire, covering more than only one aspect per 
perspective. The ‘direct reference’ scales focused on self-perceptions of diagnostical 
knowledge related to the modelling process and on providing modelling-specifi c 
help to students. Sample items are given in Table  26.1 . The ‘indirect reference’ items 
focused on self-perceptions about modelling-specifi c PCK learned at university and 
about PCK relevant for technology use in the modelling process. The teachers’ answers 
were coded with values from 1 (“I do not agree at all”) to 4 (“I fully agree”). The 
reliability values for all scales were good, given the low number of items per scale.

   Figure  26.1  displays mean values and standard errors for the two sub-samples. 
The mean values are close to the centre of the scale or in the spectrum of negative 
answers. The difference between the mean answers of pre-service and in-service 
teachers for the self-perceptions of PCK about technology use is signifi cant. 
The data in Fig.  26.1  show that the indicators for self-perceptions of PCK related to 
modelling do not show high values, neither for pre-service nor for in-service teachers. 

    Table 26.1    Scales about self-perceptions of PCK and reliability values   

 Scales 

 Sample item 
 Number 
of items   α  (Cronbach) 

 Positive self-perception 
concerning PCK … 

 in the domain of 
diagnostical knowledge 
related to the modelling 
process 

 I know how to connect the origins 
of diffi culties of learners with 
(particular) phases of the solution 
process of modelling tasks. 

 2  .86 

 relevant for giving specifi c 
help to students in the 
area of modelling 

 I can give hints to students which 
phases of the modelling cycle have 
to be gone through again in order to 
improve the quality of the fi nal result. 

 2  .79 

 about modelling learned at 
university 

 During my professional development 
at the university I have been able 
to build up a good knowledge base 
for teaching modelling tasks. 

 4  .85 

 about technology use 
in modelling processes 
learned at university 

 As far as the use of technological tools 
for solving modelling tasks in the 
classrooms is concerned, I see my 
preparation at the university as 
satisfactory. 

 2  .76 
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Especially the in-service teachers saw their PCK development at the university as 
rather negative.

   Table  26.2  shows correlations between the scales considered in this study. The 
values indicate a relatively high interdependence between the ‘direct reference’ 
scales, suggesting that the constructs may not be empirically different. These scales 
correlate with the self-perceptions of modelling-specifi c PCK learned at university. 
This expected correlation appears to underpin the signifi cance of professional 
development at the university for modelling-specifi c PCK. Another expected 
correlation is the interdependence between the ‘indirect reference’ scales referring 
to the perceived PCK learning outcomes of professional development at university.

5.2        Explanations of Self-Perceptions of PCK 
Related to Modelling 

 In order to evaluate whether the fi ndings in Fig.  26.1  correspond to a low modelling- 
specifi c PCK, research question (b) focuses on an analysis of the open questions. 
Relatively closely linked to the fi rst two scales, the teachers were asked which help 
they would provide students with who are facing problems in the modelling process. 

Positive view concerning professional knowledge…
1

1,5

2

2,5

3

3,5

4

… in the domain of
diagnostical

knowledge related to
the modelling process

...relevant for giving
specific help to

students in the area of
modelling

… about modelling
learned at university

… about technology
use in modelling

processes learned at
university

in-service teachers pre-service teachers

Positive 
view

Negative
view

  Fig. 26.1    Teachers’ self-perceptions of their PCK related to modelling       

   Table 26.2    Correlations between the scales displayed in Table  26.1    

 Positive self-perception concerning PCK …  (2)  (3)  (4) 

 in the domain of diagnostical knowledge related 
to the modelling process (1) 

 .80***  .64***  .06 

 relevant for giving specifi c help to students in the area 
of modelling (2) 

 .65***  .10 

 about modelling learned at university (3)  .45*** 
 about technology use in modelling processes learned 

at university (4) 

  *** p < 0.001  
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We observed that those in-service and pre-service teachers who were able to give 
an answer to this open question (about 74 % of all pre-service and 45 % of all in- 
service teachers) frequently focused on rather general suggestions instead of specifi c 
help linked to different phases of the modelling process. Examples of typical answers 
are given in Table  26.3 . Claire’s suggestions, for instance, appear to stay on a rela-
tively superfi cial level, with an emphasis on the teacher’s role and little awareness 
of specifi c aspects of the modelling process. In contrast, Fred’s answers contain 
aspects specifi c to modelling and hence suggest that he has corresponding PCK.

   Practical experience might play a role: There is a tendency that in-service teach-
ers noted more diverse strategies when asked to do so in the questionnaire, in line 
with the fi ndings related to research question (a). For example, in-service teachers 
referred to strategies like using different models, working with analogies, asking 
well-directed questions or helping students interpreting the results. In contrast, pre- 
service teachers predominantly listed strategies like giving hints (which were mostly 
not explained further) or just showing them how they could translate a real-life 
problem into a mathematical one. In-service teachers also answered that they would 
help students by giving them help with respect to the content of the problem. None 
of the pre-service teachers suggested this form of intervention, perhaps a result of a 
lack of experience with students’ work on modelling problems in the classroom. 

 Qualitative evidence linked to the ‘indirect reference’ scales can be seen in the 
sample answers to the question displayed in Table  26.4 . For instance, in several 
answers by in-service and pre-service teachers, there appears to be a demand for 
more emphasis on practical experience like active work with students in class on 
modelling tasks. The work on modelling tasks is seen as a valuable preparation 
activity for building up PCK about modelling by several teachers. This might refl ect 
the process focus and the task culture aspect of modelling-specifi c PCK. Moreover, 
meta-knowledge about modelling (“what modelling is”) plays a role.

6         Discussion and Conclusions 

 The teachers’ self-perceptions of their PCK related to modelling suggest that there 
is a need for professional development not only as far as PCK related to modelling 
is concerned, but also related to the aspect of a pedagogical modelling-specifi c 

     Table 26.3    Examples of answers to the open question on modelling-specifi c PCK   

 Teacher 
 Question: Which possible teacher reactions to potential diffi culties 
of students when working on modelling tasks can you think of? 

 Claire’s answers 
(pre-service teacher): 

 Repeating contents again, with which problems have occurred 
 Addressing particular weaknesses of students 
 Using tasks with easily accessible solution path 

(→ i.e. using also solutions that “make sense”) 
 Fred’s answers 

(in-service teacher): 
 Re-considering/refi ning situational model 
 Help when interpreting the mathematical solution 
 Finding further possibilities of solving the problem mathematically 
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self- effi cacy of teachers. This self-effi cacy may be supported by positive experiences 
of the teachers with modelling tasks in the classroom. In particular, professional 
development support for teachers related to the use of technology in the modelling 
process might be helpful according to the in-service teachers’ self-perceptions. 
Even if the results have to be interpreted with care, given the limited sample size, 
the results related to research question (a) indicate that there might be differences 
between pre- service and in-service teachers concerning the perception of their 
education at university. These differences might stem from recent developments 
in the professional development program at the university that include the idea of 
modelling in relation with mathematical contents and mathematical education 
goals. Moreover, the pre- service teachers’ comparatively high self-effi cacy con-
cerning the application of technology when dealing with modelling tasks might 
not be fully justifi ed – it could be seen as a result of their lack of practice in the 
mathematics classroom. The pre- service teachers’ assessment concerning their 
relatively good knowledge towards the use of technology might change when 
they need to use technology in the setting of modelling tasks with all the possible 
impeding conditions. 

 However, intensifi ed professional development in the domain of modelling- 
specifi c PCK appears to be needed, both in initial teacher education at the university 
level and at the ongoing professional development level for in-service teachers, 
even in the case of existing modelling courses at universities. The relatively 
non- optimistic self-perceptions of the teachers’ PCK point to a need even seen from 
the teachers’ own perspective. These fi ndings are in line with prior empirical results 
about professional knowledge related to modelling (Kuntze  2011 ; Maaß and Gurlitt 
 2009 ; Siller et al.  2011 ). 

 The results related to research question (b) raise the issue of the role of instruc-
tional practice and classroom experience. Classroom experience might shift the 
perspective not only of learning at the university, but also of the teachers’ PCK. 

   Table 26.4    Examples of answers to the open question on modelling-specifi c PCK   

  

 Question: How can professional development at university 
be improved concerning the work with modelling tasks 
in the mathematics classroom? 

 Answers by pre-service 
teachers 

 Practice is lacking not only in the area of modelling in the classroom 
 Practice-orientation instead of knowledge orientation 
 Putting in place special university courses that put the focus 

on modelling 
 Teacher education: dealing with modelling (for more than one hour) 

 Answers by in-service 
teachers 

 Presenting what modelling is, producing examples and discussing them 
 Solving tasks, that can be used also in the school context 
 Work on such tasks (university level), for sharing the situation 

and developing solution strategies 
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Hence, the development of self-perceptions of PCK against the experience of 
pre-service and in-service teachers merits deepened attention in further research, 
for example, in deepening qualitative studies. 

 There appear to be differences in the answering patterns of the pre-service and 
the in-service teaches. Even if the data in Table  26.3  suggest that there are in-service 
teachers who have developed modelling-specifi c PCK, the relatively low answering 
rate of the in-service teachers indicates that there are other in-service teachers who 
might not have been able to describe any modelling-specifi c help to learners in the 
classroom. 

 As far as the pre-service teachers are concerned, the self-perceptions of 
modelling- specifi c PCK tended to be lower, in line with less specifi c answers to the 
open question in Table  26.3 . However, the pre-service teachers showed a less 
negative view of their PCK development related to the use of technology for solving 
modelling tasks experienced at university. These fi ndings appear to draw a picture 
of professional knowledge in a phase of development. With intensifi ed and specifi c 
opportunities of professional learning and support when linking this knowledge to 
classroom experience, there is the hope that these teachers will continue to build 
up modelling-specifi c professional knowledge. However, pre-service learning in 
the area of modelling should be combined with continuous professional develop-
ment activities, as the fi ndings related to providing specifi c help in classroom 
situations suggest. 

 Generally, the teachers’ answers to the open questions appear to support the 
validity of the quantitative indicator-like scales. For example, the answers that stay 
on a relatively superfi cial level, with an emphasis on the teacher’s role and little 
awareness of specifi c aspects of the modelling process can be interpreted as non- 
optimal modelling-specifi c PCK, in line with the non-optimistic self-perceptions 
reported by the teachers. 

 As a conclusion for practice, not only pre-service teachers’ professional knowl-
edge but also in-service teachers’ professional knowledge concerning modelling 
should be developed further. In order to meet this demand, one fi eld of activity in 
the project ABCmaths (  www.abcmaths.net    ) aims at providing teachers with specifi c 
learning opportunities connected to modelling. The fi ndings also indicate a need 
for further research into the structure of professional teacher knowledge concern-
ing modelling. Such research could provide an empirical base for the conception of 
sustainable professional development activities for teachers about modelling.     
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    Abstract     The meaning of mathematical modelling and modelling competencies 
has been discussed frequently and, in parts also controversially, recently. There is 
still a debate about how to measure modelling competency and a comprehensive 
agreement is not yet in sight. In this chapter we applied six stages of mathematical 
modelling competency to classify student solutions according to their modelling 
performance and investigated 234 student solution approaches from grades 6 to 11 
for the modelling task,  Restringing a Tennis Racket . We identifi ed four main solu-
tion approaches. In the study we analysed the correlation of modelling competency 
stage and students’ grade as well as gender. The study shows that mathematical 
modelling competency is independent of gender issues in this specifi c case, and 
gives insights into the modelling behaviour of students of different grades.  

1         Introduction 

 In the last 10 years there has been a busy and controversial discussion about how 
mathematical modelling competencies can be evaluated and, especially, how they 
can be improved (e.g., Blomhøj and Jensen  2003 ; Kaiser et al.  2011 ). For this reason 
a variety of treatments have been established which show, among others, that the 
modelling competency, as well as incorporated sub-competencies (see Fig.  27.1 ), 
can defi nitely be improved by many different forms of treatments (e.g., DISUM  1  - 
project). Modelling competency is a quite diffi cult construct, involving many 
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factors, reaching from cognitive psychological aspects, like the infl uence of different 
thinking styles on the transition process from reality to mathematics (Borromeo 
Ferri  2010 ), through to problems concerning the analysis of empirical results, due 
to its limited measurability. In the context of measuring modelling competency 
there is still no consistent opinion. Isolated efforts have been made to operationalise 
modelling competency to have an assessable concept (e.g., Maaß  2007 ).

   The study of Ludwig and Xu ( 2008 ) investigated solutions, documented by 
Chinese and German students of different grades, concerning the mathematical 
background of peeling a pineapple in a presented, characteristic way. Based on the 
possibility that there are differences among the two populations, students from 
grade 9 to 11 from Germany and Shanghai were asked to mathematically explain, 
that is, to set up a mathematical model of the spiral-shaped appearance of a peeled 
pineapple, as it is customary in China. Besides the result that the solution quality is 
correlated to the grade (9–11) of the students, the authors argued that the ability to 
solve the problem successfully increases with the grade. The research question for 
the present chapter results from this observation and addresses the assumption that 
the required mathematical knowledge needs to be cognitively consolidated before 
it can be used in a targeted manner. This phenomenon forms the basic question of 
the present chapter. How will students from a wider range of grades solve a model-
ling task? Can we expect multiple solution strategies? Is there any difference 
according to gender? To answer these questions we fi rst have to analyse and evalu-
ate the student solutions.  

2     Theoretical Framework 

 This study is based on an evaluation scheme already applied in the study of Ludwig 
and Xu ( 2008 ) which assigns stages to the documented solutions of students, which 
represent their modelling progress in terms of the modelling cycle of Blum and Leiß 
( 2007 ). The implementation of the study as a cross section study of students from 

  Fig. 27.1    Modelling cycle according to Blum and Leiß ( 2007 ) completed with modelling compe-
tency stages       
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different grades allows for an investigation of the relationship between modelling 
competency and grade. The same modelling task is given to all of the students, so 
that a consistent comparison of performance can be archieved. In addition, by 
extracting different solution approaches, we are better able to understand the model-
ling process of students. 

2.1     The Stages 

 When elaborating on a mathematical modelling task, one passes through different 
phases of the modelling cycle, according to Blum and Leiß ( 2007 ) (see Fig.  27.1 ). 
The transition from one modelling phase to another, that is a progression in terms 
of the modelling cycle, requires a successful overcoming of cognitive obstacles 
(Blum  2007 ). Although we cannot assume a linear cycling through the modelling 
cycle by the students, as it was verifi ed by Borromeo Ferri ( 2006 ) that students 
follow individual modelling routes when being confronted with modelling tasks, 
most solutions indicate a more or less detailed solution process. Since it was not 
part of the study to reveal the actual modelling progress of the students, we concen-
trated on how far the students have gone through the modelling cycle refl ected by 
their solutions. We assigned so called  modelling competency stages  to each student 
solution, based on their solution progress within the modelling cycle. We applied a 
scale of six consecutive stages to categorise the student solutions (Ludwig and Xu 
 2008 ), which can be easily integrated in the modelling cycle of Blum and Leiß 
( 2007 ) (see Fig.  27.1 ). However we cannot preclude that the students would not 
have been able to reach a higher stage when having had more time to work on the 
task. This fact is represented by the terminology “stage” since “stage” refl ects a 
part of a progress which implies a potential achievement of a higher stage. 

 The defi nition of  modelling competency stage , as we use it in this chapter in 
relation to modelling competency, is based on the competency concept of Weinert 
( 2001 ), where he points out that competency is an ability which is subject to assess-
ment and used by a person explicitly. In a broader sense this understanding of 
modelling competency coheres with the defi nition of Blomhøj and Jensen where 
they pointed out that modelling competency is “headed for action” (Blomhøj and 
Jensen  2003 ). 

 In the following we will explain the stages as they are applied in this study. For 
a comparative explanation see Ludwig and Xu ( 2008 ). We have to note, that the 
stages are not distributed equidistantly in general. The reason for this lies in the fact, 
that the underlying scale is not metric.

•    Stage 0 indicates that the student does not understand the task or is not willing to 
solve it. There are no sketches or notes on the worksheet.  

•   Stage 1 shows that the student understands the given real situation, but the 
student is neither able to structure nor to simplify it. The student is also not 
able to fi nd a connection of real situation and mathematical ideas. There are 
some reasonable sketches on the worksheet but no simplifi cations or mathe-
matical formations are identifi able.  
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•   Stage 2 encompasses the development of a real model by simplifying and 
structuring the real situation. However, the student is not able to transfer this 
model into a mathematical model. There are sketches of the situation and 
assumptions to simplify it.  

•   Stage 3 contains the transfer of the real model into a mathematical model. The 
student is able to work to a limited extent with this model and produces a con-
crete result. However, the student is not able to generalise the solution process. 
The real model is set up, which implies a completion of any sketch with mathe-
matical notations. In addition, reasonable formula approaches are obvious and a 
solution in terms of a numeric value is identifi able.  

•   Stage 4 includes a generation of a mathematical question from the real situation. 
The student is able to work within the mathematical context and to establish a 
general formula; but this formula is not analysed or validated yet.  

•   Stage 5 indicates that the student analysed or validated the solution to better adjust the 
formula to the given situation. Thus, the student gives suggestions for improvement.      

3     The Study 

3.1     The Real Situation 

 The string of a tennis racket can only be replaced as a whole, in contrast to the 
strings of a guitar, which can be easily exchanged individually. In addition, the 
string needed for the racket has to be cut off from a big string coil, such that the total 
length must be known in advance. Of course the string should not be cut off too 
short, since then it is unusable. On the other hand, string should not be wasted. 

 Based on these considerations the question arises, how the minimal string length of 
a tennis racket can be determined using the dimension data of the racket. To be able to 
repair different sorts of rackets, as for example also badminton rackets, a general for-
mula has to be established which is independent of the actual dimension data given on 
the worksheet. This problem has also been considered by Ludwig ( 2008 ); however we 
focus here on the student solutions, their performance and correlation with gender 
aspects. An extended version has been published in Ludwig and Reit ( 2013b ).  

3.2     Sample and Study Implementation 

 The study was performed in grammar schools in Bavaria and Baden-Wuerttemberg 
in grades 6, 8, 9, 10 and 11 with students from the age of 12–17. We involved a total 
of 234 students, all not having had special training in mathematical modelling before. 

 The study was to be integrated into the normal school routine, so the task had to 
be able to be processed in a 45-min class, as is usual in Germany. We developed a 
modelling task which is, according to the German curricula, equally well suited for 
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all participants. The underlying mathematical knowledge, for example performing 
an approximation of the tennis racket by a rectangle, should already be available to 
5th graders, according to German curricula. 

 At the beginning of the lesson a 90 s clip was shown, illustrating the situation of 
the modelling task. The second phase of the lesson contained working on the actual 
modelling task in a seatwork setting. Therefore, the students received a worksheet 
in A4 landscape format (see Fig.  27.2 ); on the left side there is a picture of the tennis 
racket with the broken string. This picture is equipped with original specifi cations, 
indicating the horizontal and vertical length of the racket area. Additionally, the fol-
lowing two mathematical questions are below the picture (not shown in Fig.  27.2 ).    

     (a)    It is now up to you to estimate the total length of the string you need for this racket 
in a mathematical way. Perhaps the dimensions in the picture will help you.   

   (b)    Can you specify a simple formula that an employee in a sports shop can use to 
calculate the total length of the string of different rackets? The formula can use 
racket data, which are easy to determine.      

4        Solution Approaches 

4.1     Approach by Direct Measurement 

 With a direct measurement approach the student directly measures the string length 
illustrated on the worksheet with a ruler and translates these values subsequently 
into real values by calculating the scale using the dimensions given in the picture. 

  Fig. 27.2    Worksheet with the modelling task       
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This process can also be observed vice versa, that is, calculating the scale fi rst and 
then summing up the real string lengths to obtain the total length (see Fig.  27.3 ). 
The main problem of the direct measurement approach is that it is not possible to set 
up a general formula based on this approach so it must be classifi ed as stage 3. Most 
students using this approach stopped after subtask (a), having stated a numeric value 
for the total string length. Subtask (b) requiring aspects of generalisation, had often 
not been elaborated to some extent.

4.2        Rectangle Model 

 The rectangle model includes the approximation of the tennis racket area by a rectangle 
(see Fig.  27.4 ). Doing this, the respective students lengthen the strings beyond the frame 
of the racket. They count the vertical and horizontal strings (in our case 18 horizontal 
and vertical strings) and multiply these values by the given side length (here 32 cm) and 
width (here 26 cm) of the rectangle, or tennis racket respectively (see Fig.  27.5 ).

    The calculated result of 1,044 cm total string length in Fig.  27.5  qualifi es the 
solution approach for stage 3. Furthermore, the student argues, that the rectangle 
model is suffi ciently exact, because the resulting overestimation intuitively includes 
the extra string needed to fasten the string on the frame of the racket. This improves 
the student solution to stage 4. The establishment of variables for the number of 
horizontal and vertical strings and length and width of the racket leads to a general 
formula, which is valid for different rackets. This gives rise to rating the student 
solution at stage 5.  

  Fig. 27.3    A student solution 
using direct measurement 
(rated stage 3)       

  Fig. 27.4    The  rectangle  net 
overlaying the elliptical 
racket       
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4.3     Functional Model 

 By applying the functional model some students tried to approximate the shape of the 
elliptical tennis racket with a graph of a function (see Fig.  27.6 ). To do so, the student 
implicitly inserted a coordinate system into the picture on the worksheet such that three 
constraints ( f (16) = 13,  f (0) = 0,  f ′(16) = 0) can be set up. However, as long as the func-
tion type is unknown, the three equations are more or less unusable, even if they are 
indeed comprehensible. An explicit calculation could not be performed by the student 
which leads to a rating with stage 2, but the subsequent strategy was outlined perfectly. 
The student argued that the inverse function of the sketched function is necessary and 
that the outputs belonging to integer  x -values provide the single string lengths.

  Fig. 27.5    A rectangle solution of a student in grade 10 (rated stage 5)       

  Fig. 27.6    A solution using the function approach (rated stage 2)       
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4.4        Area Model 

 The area model, as shown in Fig.  27.7 , was used rather infrequently. It became clear, 
that the student had diffi culties in transforming the area of an object with the string 
length (see Fig.  27.7 ). One explanation may be the diffi cult accessibility of a circle 
or other geometric object by a functional term.

5         Results 

 The 234 solutions have been analysed by two independent raters classifying each 
solution approach according to our stages. They found the four main solution 
approaches and classifi ed them using the six stages. With Cohen’s reliability coef-
fi cient,  κ  = 0.789 and Pearson’s correlation coeffi cient,  r  = 0.84, there was a good 
inter-rater reliability. 

 In Fig.  27.8 , it is obvious that the students improve their modelling skills 
between grade 6 and grade 9, at least related to the given task. From grade 9 this 
development passes over to saturation. A possible assumption is that so long as the 
required mathematical knowledge is not cognitively consolidated to this point, 
we have a continuous process of improvement concerning modelling skills. This 
increase in modelling competency then reaches its maximum and stays at this 
stage.

  Fig. 27.7    A student solution 
using a circular model and 
ignoring units (rated stage 2)       

  Fig. 27.8    Distribution of stages per grade       
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5.1       Stages Within Grades 

 When looking at the distribution of stages within the grades, it is apparent that no 
student of grade 6 reached stage 5 and more than 80 % of the students of grade 6 and 
8 did not reach stage 4 (see Fig.  27.9 ). Grade 6 and 8 students appear to have had 
more problems with subtask (b), that is generalising their solution of subtask (a), 
than the others, since the elaboration of subtask (b) was prerequisite to reach stage 
4. The distribution of stages from grade 9 to 11 is not conspicuously different, con-
sistent with the fi ndings of Fig.  27.8 .

5.2        Performance by Gender 

 A Mann-Whitney- U -Test to detect differences in the modelling competency among 
boys and girls was not statistically signifi cant ( z  = −0.89,  p  = 0.374) (see also 
Fig.  27.10 ).

   Both, girls and boys have a maximum at stage 3, suggesting that stage 3 is a kind 
of barrier for the students. Figure  27.9  also clearly shows that most students reached 

  Fig. 27.9    Percentage of students by grade reaching various stages       

  Fig. 27.10    Percentage of 
boys and girls stopping at 
various stages       
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stage 3. The main step from stage 3 to 4 is the establishment of a general formula. 
It is known that generalisations are often very hard to understand and to accomplish 
by students (c.f. Stillman et al.  2007 ). However, this shows that the transfer to the 
actual modelling task, namely subtask (b), is still diffi cult for students.   

6     Discussion 

 The investigation of solutions of a single modelling task and the comparison to 
performance has not been done before explicitly in this manner and gives interest-
ing insights into modelling behaviour of students. A fi rst quite pleasing result of this 
study was that nearly all students were able to document a more or less useful solu-
tion to this modelling task in contrast to PISA 2000 where German students were 
not yet able to work on mathematical problem solving tasks in a satisfactory manner 
(Artelt et al.  2001 ). 

 As expected, especially students in younger grades seem to have had more diffi cul-
ties in solving this modelling task. This strengthens the assumption that mathematical 
modelling competencies are enhanced by experience and practice, even though the 
more advanced mathematical knowledge might also be an issue. Since the present 
study cannot uniquely determine the actual reasons for the differences in performance 
of grades, more data must be collected to clarify this. However, for all grades there is 
an obstacle proceeding from the explicit numeric result to its generalisation and this 
could be commensurate with similar diffi culties in purely mathematical contexts. 

 In contrast to the widespread stereotype of mathematically science oriented boys 
and linguistically gifted girls we did not fi nd statistical evidence of differences in the 
performance of boys and girls in elaborating on a modelling task. This coincides well 
with the fi ndings of Ludwig and Reit ( 2013a ) where tests support a general compa-
rability of boys’ and girls’ modelling competency with reference to the tennis racket 
task. To explain this in more detail, some more task oriented research is needed. The 
correlation between solution model and performance has not been investigated in 
this study. Moreover, with the evaluation of solution approaches it is possible to draw 
conclusions about the coherence of subject matter and approach used.     
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    Abstract     Since its introduction in the Singapore mathematics curriculum in 2003, 
there have been limited efforts at incorporating modelling tasks in schools. One key 
factor for this relates to the unpreparedness of Singapore teachers for modelling 
tasks. It is believed that the majority of the teachers have yet to experience the role 
of a modeller and hence have diffi culty acknowledging the potentials of the use of 
modelling tasks in their classrooms. This chapter presents fi ndings on the initial 
modelling experiences of pre-service teachers in primary mathematics education in 
Singapore. The fi ndings will be compared with those from a previous study involving 
in-service primary mathematics teachers. Implications from the fi ndings of this 
study will be drawn with respect to the focuses and challenges of teacher education 
in mathematical modelling.  

1         Mathematical Modelling in the Singapore 
Mathematics Curriculum 

 In this chapter, mathematical modelling refers to a “process of representing real- 
world problems in mathematical terms in an attempt to understand and fi nd solutions 
to the problems” (Ang  2010 ). Problem solving has been the central theme in the 
Singapore mathematics curriculum framework since 1990. Singapore teachers are 
encouraged to use a wide range of problems (non-routine, open-ended, and real 
world) in mathematical teaching and learning. The mathematics syllabus encourages 
the use of mathematical modelling where students may formulate and improve math-
ematical models to represent and solve real world problems. Through mathematical 

    Chapter 28   
 Teacher Readiness in Mathematical 
Modelling: Are There Differences Between 
Pre-service and In-Service Teachers? 

                Kit     Ee     Dawn     Ng    

        K.  E.  D.   Ng      (*) 
  Mathematics and Mathematics Education Academic Group, National Institute of Education,  
 Nanyang Technological University,      Singapore   
 e-mail: dawn.ng@nie.edu.sg  



340

modelling, students can learn to “deal with ambiguity, make connections, select and 
apply appropriate mathematics concepts and skills, identify assumptions and refl ect 
on the solutions to real-world problems, and make informed decisions based on 
given or collected data” (CPDD  2012 , p. 18). 

 Curriculum planners (Balakrishnan et al.  2010 ) suggested four key elements of 
the mathematical modelling cycle are:  mathematisation ,  working with mathematics , 
 interpretation  and  refl ection . These are activities students engage in during the 
modelling process contributing towards the completion of a task. Mathematisation 
refers to the process of representing a real-world problem mathematically using 
models (i.e., drawings, graphs, functions, or algebraic equations) by making appro-
priate assumptions about, and simplifi cations of, the problem. Working with math-
ematics involves students choosing appropriate mathematical methods and tools to 
solve the real world problem which has been represented mathematically. 
Interpretation activities encourage students to make sense of their mathematical 
solutions in terms of relevance and appropriateness to the real-world situation. 
Through refl ection, students examine the assumptions made and subsequent limita-
tions of their models. This may result in the development of more sophisticated 
models. Good modelling tasks could consist of four features: a real world con-
text, open-endedness, unstructuredness, and complexity, hence providing platforms 
for a  complete experience of the entire modelling cycle proposed by Balakrishnan 
et al. A good modelling task should also connect with the solvers meaningfully. 

 The potentials of mathematical modelling have been recognized in the Singapore 
mathematics curriculum for the development of processes such as mathematical 
reasoning, communication, and connections. Arguments for the use of modelling 
tasks in the teaching and learning of mathematics in Singapore echoed those of the 
proponents of mathematical modelling (e.g., Blum  2002 ; English  2007 ; Kaiser and 
Sriraman  2006 ; Lesh and Doerr  2003 ). Nonetheless, challenges exist in fostering a 
positive climate towards mathematical modelling in a generally traditional, pre-
scriptive, and structured classroom culture in Singapore which has accountability 
towards students’ performances in high-stakes examinations. Stillman ( 2010 ) called 
for a three-pronged approach in working towards success in modelling experiences 
in schools. Among these, there is a need for teachers to adjust their mind-sets so as 
to make appropriate expectations and provide for student-centred learning during 
modelling tasks. 

 In Singapore, one of the main causes of a lack of teacher readiness in implement-
ing modelling tasks in classrooms is limited exposure of teachers to modelling tasks 
– both as modellers and as facilitators. International research on the facilitation of 
modelling tasks is robust. Some (e.g., Doerr  2007 ) called for a pedagogical shift 
towards more student-centred facilitation, encouraging student-initiated explora-
tions and discussions of ideas, as opposed to prescriptive authoritarian styles of 
delivery. Others (e.g., Galbraith and Stillman  2006 ; Schaap et al.  2011 ) embarked 
on developing frameworks to help teachers identify blockages in students’ experi-
ences during modelling (e.g., making inappropriate assumptions, not recognising 
a relevant variable) and proposed the use of strategies to overcome blockages 
(e.g., searching for a model using inductive reasoning, verifying the model through 
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estimation). In her work with in-service primary school teachers, Ng ( 2010 ) discovered 
that beliefs and conceptions of mathematics have implications on whether the 
potentials of modelling tasks would be harnessed for teaching and learning in 
Singapore classrooms. Teachers who become modellers for the fi rst time had diffi -
culties accepting the open-ended nature of the modelling task because there is no 
single solution and model development may not involve the direct use of algorithms 
or algebraic equations. Many even took time to accept that graphs and drawings are 
also mathematical models. Arguably, there is a need therefore for teachers to fi rst 
become modellers in order to appreciate the potentials of modelling, identify stu-
dent diffi culties in their attempts, and most of all empathise with blockages. 

 Yet, would there be differences in how pre-service and in-service teachers 
engage with the same modelling tasks? In what ways could teacher educators work 
with both groups of teachers to help set the stage for fostering a positive climate 
towards mathematical modelling in their own classrooms? A study investigating 
the differences between Singapore primary in-service and pre-service teachers dur-
ing their engagements with the same model-eliciting tasks was embarked upon 
from 2009 to 2010. Results from the participation of the in-service teachers in one 
of the three tasks implemented have been reported earlier (see Ng  2010 ). This 
chapter will focus on the fi ndings related to pre-service teachers and report prelimi-
nary comparisons of the two teacher samples (i.e., in-service and pre-service) in 
terms of the variety of (1) mathematical approaches used, (2) task interpretations, 
and (3) challenges faced.  

2     Method 

 The study was conducted fi rst in a 3 h session involving 48 in-service primary 
school teachers with teaching experiences ranging from 1 to 10 years. A similar 
session was later conducted with 57 pre-service teachers in primary mathematics 
education who had only a maximum of 10 weeks of teaching practice. Both teacher 
samples had no experience implementing modelling tasks with their classes. Neither 
had they engaged in modelling tasks as modellers previously. In each session, the 
teachers were initially given a 20-min introductory lecture on what mathematical 
modelling is and the key features of modelling tasks. They were then requested to 
take on the role of a modeller and work in groups of three to four on an assigned 
model-eliciting task designed for primary school students within 70 min. There 
were a total of three tasks used in each session. The fi ndings presented in this chap-
ter focus on one of the tasks entitled  Youth Olympic Games Task  (YOG) (Fig.  28.1 ). 
Although the task was designed for implementation at primary levels, the partici-
pants were asked to use their existing mathematical knowledge and skills as adults 
to work on the task. Given their fi rst experience as modellers in this study and the 
short interaction time with the task, it was not expected that the teachers had time to 
embark on in-depth discussions nor produce concrete evidence on the validity and 
applicability testing attempts for their models. Each group recorded their 
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mathematical model on a fl ip chart along with the assumptions, conditions, and 
variables considered. In the fi nal portion of the session, each group member took 
turns to orally present their work to others during a gallery walk. Here, participants 
visited stations to view and hear about all three tasks and the solutions. They then 
chose two solutions from groups which attempted the same task as they did to cri-
tique the models presented in written form based on three criteria on a given tem-
plate:  representation  (i.e., how well does this model solve the problem?),  validity  
(i.e., can you suggest how to improve the model so as to address the problem more 
appropriately?), and  applicability  (i.e., can this model be used in other similar con-
texts?). Five groups of in-service and ten groups of pre-service teachers participated 
in the YOG task. 

 The  YOG task  (Fig.  28.1 ) was adapted from English ( 2007 ). The Youth Olympic 
Games was an appropriate context to work with given that Singapore hosted the 
inaugural YOG in August 2010. In this task, problem solvers were to come up with 
a mathematical model to help the Singapore Sports School select two female 
swimmers for participation in the Women’s 100 m freestyle event using the data 
provided (i.e., previous competition records). Some background information about 
the purpose of YOG, age group of participants and types of events was included. 
Model- eliciting tasks were chosen for the study because they articulate the “con-
textual modelling perspective” (Kaiser and Sriraman  2006 , p. 306) of mathematical 
modelling where models are perceived as “purposeful conceptual systems” (Lesh 
 2003 , p. 44) which describe, explain, or predict real world phenomena. It was the 
intention of the researcher to investigate how the two teacher samples mathematised 

Time in 100 m Freestyle (Minutes and Seconds)

Swimmer A Swimmer B Swimmer C Swimmer D Swimmer E

1 00:56 00:49 01:02 00:57 00:55

2 00:55 DNC 00:59 01:05 DNC

3 DNC 00:56 DNC 00:59 00:55

4 00:58 01:01 00:57 DNC 01:04

5 DNC 00:57 DNC 00:58 00:49

6 00:59 DNC DNC 00:56 00:57

7 01:00 DNC 00:59 00:56 00:57

8 00:59 00:56 00:55 00:58 00:57

9 00:59 00:56 DNC DNC 00:58

10 00:59 00:57 00:57 DNC 00:58

Note: *Best time across heats, semi-finals and finals. DNC: Did not compete.

(1) Decide on which two female swimmers should be selected. 
(2) Write a report to the YOG organizing committee in Singapore to recommend your choices. 
You need to explain the method you used to select your swimmers. The selectors will then be able to 
use your method to select the most suitable swimmers for all other swimming events.

Competition 
No.

  Fig. 28.1    The Youth Olympic Games task        
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a realistic situation during their model development, activating the key elements in 
the mathematical modelling process by Singapore curriculum planners mentioned 
briefl y above.

   During the process of mathematising and subsequent discussions on the repre-
sentation, validity, and applicability of the models, insights could be drawn about 
the chosen mathematical approaches, task interpretations, and challenges. Data 
collection involved the use of fi eld notes and work done by the two teacher samples, 
including the verbal and written comments made during the session. Data were 
analysed qualitatively by doing cross-group comparisons based on the identifi ed 
focuses (1)–(3) above.  

3     Findings 

 In each sub-section here, the fi ndings derived from pre-service teachers will be pre-
sented fi rst followed by comparisons between the two teacher samples. 

3.1     Mathematical Approaches 

 All ten groups of pre-service teachers used a variety of mathematical representa-
tions and concepts in their models. Five groups used  tables  (Fig.  28.2a ) and one 
group used a  graph  (Fig.  28.2b ) to present their interpretations of the problem and 
its solution. In their written reports, all the groups described briefl y how they deter-
mined the two proposed swimmers using some of the data provided and their calcu-
lations. Seven out of ten groups worked with  average competition time  of each 
swimmer. In particular, Groups 1 and 7 showed more sophisticated mathematical 
arguments. Figure  28.2a  shows that Group 1 had based their decision to select 
Swimmers A and E because of consistency in performances as supported by their 
smaller range of  standard deviation  scores. Interestingly, their solution was echoed 
by Group 5 who also argued for the selection of the same two swimmers based on 
consistency in results but instead presented a  timeline  marking the trend in competi-
tion times over ten competitions for the fi ve swimmers (Fig.  28.2b ) without using 
mean scores. On the other hand, Group 7 used average as a “sieve” to select 
Swimmers B and E after two rounds of comparisons. This group fi rst eliminated 
competition times of more than one minute (identifi ed as outliers). Then, they took 
an average of the fastest (55.57 min) and slowest (59.99 min) timings across all ten 
swimmers (i.e., 57.78 min rounded down to 57 min) as the guide to grade the swim-
mers, awarding one point every time the swimmer achieved a timing of less than 
57 min. Thus, Swimmer B had the best score of four, indicating that she took less 
than 57 min of competition time on four occasions. Finally, to decide between 
Swimmers D and E, the group used the mean competition times of the two 
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swimmers. In contrast, Groups 6 and 8 worked with average or mean competition 
times, along with other concepts such as  probability  (i.e., the likelihood of the 
swimmer not competing) and  ranking  based on average timings.

3.2        Task Interpretations 

 Pre-service teachers generally interpreted the task based on the data given establish-
ing criteria for selection using competition times and whether the swimmers had 
participated in key competitions. One group discussed briefl y the importance of 

  Fig. 28.2    Mathematical representations used ( a ) a table, and ( b ) a graph (colour coded in original)       
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professionalism in the swimmers as one criterion but this information was not provided 
in the data. Although the assumptions made by the pre-service teachers had revolved 
around the information provided (e.g., the best timing refers to the swimmers giving 
their best in their performance), there were some references to  real-world con-
straints and expectations  placed on the swimmers. For example, Group 2 assumed 
that there were genuine reasons for swimmers not being able to compete in some of 
the competitions as opposed to non-professional tactical planning. In another exam-
ple, Group 7 made assumptions about the height and weight of the swimmers as 
being in comparable range and conditions of each competition are kept consistent 
for each swimmer.  

3.3     Challenges Faced 

 Researcher observations and verbal comments from the participating pre-service teach-
ers seem to suggest that they faced several challenges. Firstly, some groups experienced 
 blockages right at the beginning  as they could not fi gure out how to get started because 
of the open-ended nature of the task. They were apprehensive as there was no apparent 
direct application of mathematical algorithms and straightforward solution pathways 
guided by formulae use. In addition, there were many variables to consider as intro-
duced in the data (e.g., competition timings over 2 years, evidence of swimmers not 
competing) as well as others related to real world constraints. Secondly, there were 
feelings of  frustration and loss  in a few pre-service teachers who were used to more 
routine mathematical tasks as they were not aware that time spent on decision making 
to select the variables to focus upon and to discuss how to move on from the data work-
ing towards the goal was a necessary part of the modelling process. There appeared to 
be a need for constant reassurance by others that they were on the “right track” because 
the solution process was not a linear one as experienced in routine mathematical tasks. 
Thirdly, there were also  limited discussions on how the variables could be related to 
each other  and which combination of factors could be used to predict the swimmers’ 
performances for YOG. Indeed, the written work of the sample showed that many 
groups had concentrated on using one variable for their decision making, the average 
competition time, despite the fact that this could be affected by the number of competi-
tions the swimmers had participated in. Lastly, there were pre-service teachers who 
needed  prompting to use other forms of mathematical representations  other than alge-
braic equations or formulae to work on the problem. They had diffi culty “seeing the 
mathematics” in the task as well as accepting that graphs, drawings, tables, and even 
mathematical arguments presented in prose writing was mathematical.   

4     Discussion and Conclusion 

 This chapter is a further report of a preliminary study investigating the nature of 
initial engagement of pre- and in-service teachers with modelling tasks. A limitation 
to the research design could be the diverse backgrounds of in-service teachers in the  
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sample. Nonetheless, similarities and contrasts could be detected in the modelling 
experiences of the two teacher samples. 

4.1     Similarities 

 The nature of the task appears to support the use of average in presenting arguments 
for the selection of the two swimmers. This was apparent in the majority of the work 
done by the two teacher samples. Both in-service and pre-service teachers saw the 
need to relate the task to real world constraints, citing the importance of factoring in 
professional attitude of the swimmers as a selection criterion. Furthermore, there 
were incidences of the teachers experiencing blockages at the beginning of the task as 
well as feelings of frustration and loss during the task. This could suggest that the 
open-ended nature of the modelling task was a little overwhelming for the partici-
pants in both sessions. In addition, there was also evidence of a fi xed mind-set of what 
mathematics is (i.e., using algorithms and formulae) and challenges in overcoming 
this. Stillman et al. ( 2010 ) reported their use of a framework developed in an earlier 
study (Galbraith and Stillman  2006 ; Galbraith et al.  2007 ) to identify blockages faced 
by Year 9 students in the various phases of the modelling cycle. This study found that 
teacher modellers also faced blockages during their engagement with the modelling 
task. Comments and questions gathered during task engagement suggest that the 
teachers’ prior experiences in problem solving and beliefs about mathematics seem to 
activate blockages in their initial modelling experience. The teachers generally per-
ceived mathematics to be formula-based involving linear track solutions. Hence, 
these teachers could have been taken aback with the open-ended nature of modelling 
tasks considering the multiple interpretations and mathematical representations 
where the modeller also needs to engage in a cyclical modelling process.  

4.2     Contrasts 

 Disparities between two teacher samples came mainly from the mathematical 
approaches used and presentation of work during their modelling attempts. Firstly, 
pre-service teachers appeared to have used more sophisticated mathematical 
approaches in the same task (e.g., standard deviation, probability) as compared to 
the in-service teachers. The latter group displayed mainly the mathematics their 
own students could have used for the YOG task (i.e., average, ranking, addition). 
There could be two explanations for this. For one, the in-service teachers in this 
study may be used to taking on the teacher role consciously or subconsciously. 
Thus, despite the request by the researcher for them to engage with the tasks as adult 
modellers, the teachers may still have worked on the task by immersing themselves 
in the shoes of their students and at the same time assessed the tasks for possible 
implementation in their own classrooms, based on the pre-requisite knowledge of 
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the students they were teaching at that point in time. On the other hand, the pre- service 
teachers in the study could have engaged with the modelling tasks as adult mod-
ellers, using the abstract mathematics they knew. A second disparity came from the 
level of confi dence in the systematic approaches the pre-service teachers displayed 
when they presented their arguments in written form as compared to the in- service 
teachers who preferred to verbally explain their approaches as they would do in 
their own classrooms. This could be because it was some time since the in- service 
teachers had to make written mathematical arguments. 

 The fi ndings from this study seem to suggest that the challenges in teacher edu-
cation for fostering a positive modelling climate in Singapore schools are many- 
fold. Work is needed to help change the mind-set of in-service teachers as to the use 
of open-ended tasks situated in real world contexts. Predominantly, these teachers 
may have to fi rst learn to accept and then later scaffold tasks with a non-exhaustive 
list of solutions which can use various mathematical representations. Although 
Kuntze ( 2011 ) discovered that it was the in-service teachers who were more recep-
tive to intensive modelling activities compared to pre-service teachers, the case 
could not be confi rmed for Singapore teachers in this study as there was qualitative 
evidence from both samples indicative of blockages to such tasks due to beliefs 
about mathematics when the teachers are modellers themselves. Lastly, teacher edu-
cators would perhaps have to work with the two teacher samples in tailoring expec-
tations for students’ work on modelling tasks, albeit on two different fronts. 
Pre-service teachers may need guidance in anticipating the nature of mathematics 
applied during modelling tasks by the students. These may be less sophisticated, 
less organised, and less focused than what the pre-service teachers themselves can 
produce. In contrast, in-service teachers may have set their expectations at a lower 
level during modelling tasks and be content with the students meeting those expec-
tations in terms of the quality of mathematics applied. Teacher educators may need 
to work with these teachers on the range of expected mathematical outcomes for a 
given task, including the use of more sophisticated mathematical thinking and 
discuss with the teachers how to scaffold the students towards moving to using more 
sophisticated mathematics.      
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    Abstract     This chapter explores the notion that the discourse of the mathematics 
classroom impacts on the practices that students engage when modelling mathematics. 
Based on excerpts of a Year 12 student’s report on modelling Newton’s Law of 
Cooling, it is argued that when students engage with the discourse of their mathe-
matics classroom in a manner that promotes the communication of ideas, they 
employ mathematical modelling practices that refl ect the cyclical approaches to 
modelling employed by mathematicians.  

1         Introduction 

 Knowing what mathematics to use in a problem situation, knowing when to use it 
and how to use it are powerful expressions of mathematics competence (National 
Council of Teachers of Mathematics  2000 ). However, in some classrooms, stu-
dents’ development of mathematics competence is limited to working out of a text 
book where the answers are provided and little opportunity is given to making 
thinking visible (Boaler  2001 ). As a consequence, some students are not given the 
opportunity to see the expression of mathematics competence as being relevant to 
out of classroom experiences. Using mathematical modelling to explore mathemat-
ics empowers students by allowing them to engage meaningfully with multiple 
contexts of mathematics use (Galbraith  1995 ). Through the development of 
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mathematical models students are encouraged to make their thinking visible. When 
thinking is made visible, ideas are able to be revisited for the purpose of making 
them consistent with the requirements of the context and consistent with the con-
ventions of the mathematics being employed. For the purpose of this chapter we 
adopt Galbraith’s ( 1989 ) defi nition of ‘open’ mathematical modelling which refers 
to the entire process of doing the mathematics leading from interpreting the origi-
nal problem situation, formulating and designing a mathematical model, through to 
the validation of the model in terms of the context that it represents. In short, this 
approach to mathematical modelling embodies the following cyclical practices: 
(a) making assumptions, (b) formulating questions, (c) developing and interpreting 
solutions, (d) verifying models, and (e) reporting, explaining, and predicting results 
(Galbraith  1989 ). 

 As students engage in the process of modelling they are presented with opportu-
nities to make choices; choices about the sophistication of the mathematics they use 
to model the context (for a discussion of task context as it applies here, see Stillman 
 2012 ), the assumptions they make and whether they realise they have made these 
assumptions, the degree of verifi cation they implement and to what level they con-
sider consistency between the model and the context and whether they are prepared 
to refi ne the model or accept it as it is. Decisions such as these, evident within a 
student’s solution, provide insight for the teacher into a student’s thinking at a time 
when he/she was engaged in the process of modelling.  

2     Theoretical Framing 

 Learning in mathematics is a social activity (Schoenfeld  2002 ). When students are 
provided with an appropriate task, a suitable structure to interact with that task, 
and scaffolded in their interactions with each other, a form of classroom discourse 
may be brought about where students are provided with multiple opportunities to 
construct sophisticated understandings of a mathematics concept or procedure. 
Within such classroom discourse, the understanding that is demonstrated by an 
individual student becomes part of the collective understanding of the group 
(Wertsch  2002 ). However, when undertaking an assessment task it is generally 
accepted that the understanding that is demonstrated is that of the individual. 
While there are a variety of tools that can be used to assess understanding that 
range from formal examinations to group projects, the authoring of individual 
mathematical reports that can be worked on over a period of time and that encour-
age students to conference with their peers, teachers and others, is an important 
mechanism for assessing student understanding (Morgan  1998 ). In most instances 
the fi nal product of such an authoring process is accepted as an individual repre-
sentation by the student of the student’s analysis of a task and a report of the stu-
dent’s synthesis of strategies for dealing with the task and the mathematical 
assumptions upon which conclusions are based. However, even though the end 
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product is accredited to an individual student the process of authoring that product 
is inherently social as the student often has discoursed drafts of the work with the 
teacher and with peers. 

 The pedagogical context of the classroom referred to in this chapter focused on 
the implementation of Collective Argumentation (CA) (Brown and Renshaw 
 2000 ). Students in the Year 12 classes reported here were encouraged to engage 
in CA when doing mathematics. CA is an approach to teaching and learning that 
is based on fi ve interactive principles. The fi rst principle, the ‘generalisability’ 
principle, requires that students think about the problem that has been posed in 
terms of what mathematical concepts and procedures might be useful in building 
a solution. The second principle, the ‘objectivity’ principle, requires that ideas, 
relevant to the task are objectifi ed and communicated to other members of the 
group. Third, the ‘consistency’ principle requires that ideas which are contradic-
tory to each other or that belong to mutually exclusive points of view must be 
resolved through discussion. The fourth principle is ‘consensus’. Consensus 
requires that all members of the group understand the agreed approach to solving 
the problem. Finally, in implementing the fi fth principle, ‘recontextualisation’, 
students re-present the group response to the class for discussion and validation. 
The principles of CA are used by teachers and students to guide engagement in 
the discourse of their mathematics classrooms. The aim of this discourse is to 
enable students to analyse mathematical contexts, to synthesise strategies to 
mathematise these tasks, and to communicate solutions and conclusions to others. 
What is of interest to this chapter is how the discourse of a Collective 
Argumentation classroom may be evidenced in the authoring of an individual 
mathematical report.  

3     Method 

 The school context referred to in this study is a metropolitan P-12 College that has 
a mathematics programme from Year 6 through to Year 12 with a major focus on 
mathematical modelling. Using the framework, ‘Teaching for Understanding’ 
(Perkins  1992 ), the mathematics department of this College has identifi ed a sequence 
of generative topics that are explored to develop an understanding of mathematical 
concepts using mathematical modelling. The Year 12 classes referred to in this 
chapter comprised female and male students studying the Queensland Studies 
Authority (QSA) Mathematics B Syllabus ( 2008 ). 

 Task content focused on an individual mathematical report given to Year 12 
classes of students. The task was comprised of two parts. The fi rst part asked stu-
dents to use the practices of mathematical modelling to investigate Newton’s Law 
of Cooling. The task was an out-of-class task enacted over a 6-week period designed 
to provide summative feedback to students regarding their competence in developing 
a mathematical model. 
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  Investigation of Newton’s Law of Cooling (Year 12 Task) 

 Newton’s Law of Cooling states: “The rate at which a body cools is proportional 
to the difference between the temperature of the body and the temperature of the 
surroundings.” 

 Investigate a situation that directly relates to this statement by looking at an 
experiment that contains a ‘hot mass’, and using the N-Spire calculator and a 
temperature probe or thermometer collect data of a mass cooling. 

 Analyse the data collected, decide the most appropriate model for this data 
set and build an equation for that model. Use the model to investigate Newton’s 
Law of Cooling; identify and document a set of attributes necessary for 
Newton’s Law of Cooling to hold true.  

 This chapter explores how the discourse of Year 12 classrooms may be evidenced 
in the authoring of one student’s report that required her to model generalisations 
developed from investigating Newton’s Law of Cooling.  

4     Analysis of Segments of Student Work 

 The analysis focuses on Jane’s fi rst draft of her mathematical report. As Jane had 
been exposed to the principles of CA to engage in the discourse of her classroom for 
a number of years, the analysis looked for evidence of her incorporating the prin-
ciples of CA into her mathematical report. We will not be considering the report in 
total but, due to word constraints, consider sections which link to the principles – 
Generalisability, Objectivity, Consistency, Consensus, and Recontextualisation. 

4.1     Generalisability 

 Jane begins her draft report by detailing what she understands the task to involve 
(see Fig.  29.1 ). She outlines the process she is going to employ to investigate 
Newtons’ Law of Cooling: that is, Jane evidences the principle of Generalisability, 
as she clarifi es her understanding of the task and details the approach she is going 
to adopt. She represents the task from a practical point of view. In doing so, Jane 
identifi es the variables of room temperature, temperature of the probe, and the tem-
perature of the cup, as being important. In the report, Jane does not disclose why she 
considers these variables to be the ones that need to be controlled, out of the many 
that are available, but she does indicate procedures that she is going to adopt in an 
attempt to control them.

   As seen in Fig.  29.1 , Jane has chosen to use graphing calculator technology and 
a temperature probe to collect data. The use of technology and probe were identifi ed 
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in the task as one method Jane could use to collect data, but, in the end, was a choice 
she made. Jane’s choice of technology provides a clue as to the thinking that Jane is 
employing. In identifying the variables that need to be controlled and by indicating 
her choice of the technological tool that she is going to use to assist her investiga-
tion, Jane has established a way of thinking and operating about the task. This way 
of thinking and operating is consistent with the principle of Generalisability that she 
has been encouraged to use, over a number of years, to direct her initial thinking 
about a task so that she can engage in the discourse of her mathematics classroom. 

 Through identifying variables and indicating her preferred tool of representation, 
Jane is able to enter into discussion with others about the task, ask questions of 
others, share ideas with others, and to monitor her understanding. Jane has also 
provided a representation of her thinking that can be compared with others who may 
have highlighted or de-emphasised the same variables and use of technology. As 
such, Jane’s way of initially thinking and operating is consistent with the practice of 
mathematical modelling that requires a mathematician to  formulate assumptions 
and procedures  upon which to base an investigation. This consistency is again dem-
onstrated as Jane objectifi es her thinking about the task (see Fig.  29.2 ).

4.2        Objectivity 

 As seen in Fig.  29.2  Jane has contextualised her thinking about the task to the 
context of a ‘fair experiment’. That is, Jane situates her thinking and the proce-
dures within the practices of a ‘fair experiment’ comparing what she does to the 
scientifi c assumptions upon which a ‘fair experiment’ is based so as to keep her 
investigation on track. In many ways Jane compares her ideas with the practices 
of a scientifi c experiment and explains those comparisons using the practices of 
mathematics. In this way, Jane takes her work from the individual to the social 
plane of reasoning, allowing herself to see what is the same and what is different 
about her ideas and submitting her ideas to practices that may assist her to view 
her thinking and procedures from an objective perspective. 

  Fig. 29.1    Identifying variables       
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 This objectivity sets her up for not submitting a report that just looks authoritative, 
but is authoritative according to the practices of mathematics. In other words, the 
approach that Jane has taken speaks to the mathematical modelling practices of  for-
mulating and solving  and requires her to engage in repeated cycles of attaining con-
sistency within her thinking about and doing the mathematical report (see Fig.  29.3 ).

  Fig. 29.2    Contextualising thinking       

 

T. Redmond et al.



355

4.3        Consistency 

 Within Fig.  29.3  we can see the principle of Consistency operating as Jane gathers 
and shares evidence about the data fi tting an ‘exponential’ model that satisfi es 
disciplinary constraints. However, in order to satisfy the principle of consistency, 
Jane needs to justify her ideas and to become conscious of ways of modelling the 
data that may better fi t task requirements. We see this happening in Fig.  29.3  as 
Jane becomes conscious of “a slight curve” that suggests the “original data to be 
non-exponential”. 

 In the process, Jane allows her processes of thought as well as the product of her 
thinking to become visible and open to change. This relates to the modelling prac-
tice of  interpreting  which Jane pursues as she tries to gain consensus between her 
thinking and the thinking of the mathematical community as represented by her 
teacher (see Fig.  29.4 ).

4.4        Consensus 

 Jane sort feedback from her peers and the teacher about what this might mean. She 
argued that it should be exponential but the graph of the semi-log graph was incon-
clusive. The teacher suggested there might be an alternative test that might be per-
formed that might lead to more information about the data and its ability to be 
modelled by an exponential function. At this College, students in Year 11 develop 
and use the test of Change in  Y  over Change in  X  vs  Y  to determine whether a data set 
is able to be modelled by an exponential function. So this was not new knowledge, 
just knowledge that was either forgotten or ignored until prompted by the teacher. 

 After this feedback, Jane re-represents her ideas by comparing the Change in the 
values of  y  divided by Change in the values of  x  versus  y  graph, noting that the data 

  Fig. 29.3    Testing the data       
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“follows a linear trend”. Jane then verifi es this trend by representing a “linear 
regression of the data”. In other words, through questioning her own thinking and 
prompting to think about knowledge she had forgotten or ignored, Jane conducted 
further inquiry and attained a consensus between her thinking about the task and 
that based on the mathematics she was using to test the data. 

 In Fig.  29.2  Jane argues that given the water will cool to room temperature she 
expects that graph to be exponential. However, upon completing the fi rst test, the 
semi-log test, she obtains a result that is inconsistent with her initial observations. 
Jane then looks for further evidence to support her original conjecture and fi nds it in 
the graph of Change in  Y  divided by Change in  X  vs  Y  graph. This graph being linear 
supported her original conjecture that the data and, hence the context, were able to 
be modelled by an exponential function. In this way, Jane takes the display of her 
thinking from the individual to the collective plane of functioning as she attempts 
to use the language of mathematics to express and to verify her thinking. This shift 
from the individual to the collective is supported in Jane’s use of language as she 
uses the pronouns ‘us’ and ‘we’, attempting to regain consistency (see Fig.  29.5 ) in 
her thinking – a practice that relates to the modelling practice of  verifying .

4.5        Consistency Revisited 

 In attempting to regain consistency in her thinking Jane declared that there “was 
some error in the semi-log test” and attributed this error to the value of the asymptote. 
Jane then considered the room temperature in the calculation of the semi-log test but 

  Fig. 29.4    Verifying thinking       
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still was unable to fi nd consistency between the context and the mathematics 
through her analysis of the semi-log graph. She then resorted to calculating a value 
for the asymptote and verifying its suitability by substituting values to fi nd a value 
for the asymptote using the data and the graph of Change in  Y  divided by Change in 
 X  versus  Y . 

 However, the value for this asymptote is unexpected. Jane then attempts to make 
this value consistent with the re-representation of her thinking about the task by 
explaining the value in terms of the “small amount of the water being cooled by the 
air” and the transfer of heat. Through re-engaging the principle of consistency to 
guide her investigation, Jane is regulating her attention to the requirements of the 
task, conceptualising the task within a different set of assumptions and integrating 
her ideas with scientifi c understandings. This integration assists Jane to re-gain con-
sensus among her thoughts (see Fig.  29.6 ).

4.6        Consensus Revisited 

 Jane’s incorporation of the new asymptote into the semi-log test allows Jane to gain 
consensus between her original representation and her re-representation of the task. 
In the process, Jane verifi es her original approach to doing the task and surrenders 

  Fig. 29.5    Rethinking the asymptote       
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the idea that the data are non-exponential. The re-representation of the temperature 
versus time plot and the construction of the regression analysis refl ect her develop-
ing understanding of the task. In the process, Jane, again uses the pronoun ‘we’, 
acknowledging that her report goes beyond herself to incorporate the discourse of 
her Year 12 classroom.   

5     Conclusion 

 This chapter explores the notion that the discourse of a mathematics classroom 
impacts on the practices that students engage with when doing mathematics. The 
student whose report was analysed represented her approach to doing mathemati-
cal modelling as being one that displayed practices that were congruent with 
those employed by mathematicians. However, in the process of informing those 
practices, Jane situated herself within a collective, that is, the discourse of her 
Year 12 classroom. Through situating herself within this discourse, Jane pro-
duced a report that not only represented her thinking about the investigation in an 
objective manner, but a report that evidenced engagement in repeated cycles of 
consistency and consensus between the mathematics and the context. As such it 
could be expected that through providing students with access to classroom dis-
courses (e.g., Collective Argumentation, Brown and Renshaw  2000 ) that privi-
lege the cyclical practices of mathematical modelling as articulated by Galbraith 

  Fig. 29.6    Validating thinking       
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( 1989 ), that is the mathematisation of a context including making, reviewing and 
refi ning assumptions and verifi cation of the mathematical model, such practices 
would reinforce these modelling processes. Further, these modelling processes 
and ways of operating should be evidenced in the reviewing and editing that stu-
dents make public when authoring drafts of assessment reports. Such reviewing 
and editing processes may not only provide insights into student competency in 
mathematical modelling, but also insights into the way students represent their 
engagement with the discourse of their mathematics classroom. For Jane, her 
draft report clearly demonstrates repeated cycles of looking for consensus 
between the context and the mathematics. This is what applied mathematicians 
do on a regular basis (Clements  1989 ). To fi nd consensus Jane was persistent and 
willing to consider alternative processes and ways of thinking. Having found 
consensus she then had to construct a mathematical model to represent the con-
text taking into account the necessary changes found using the mathematical 
processes. Jane was thoughtful and attempted to provide a reason for the differ-
ence between room temperature and the fi nal value developed mathematically for 
the asymptote. In going from the context to the mathematics in a number of itera-
tions, Jane’s draft report not only demonstrates a good understanding of the 
mathematical concepts and the modelling competencies but also indicates that 
she is an active participant in the discourse of her mathematics classroom. In 
other words, Jane was engaged in the process of abstracting ‘within’ not ‘away’ 
from the context of the task for the purpose of connecting her thinking with the 
discourse of mathematics of her Year 12 classroom (see Stillman  2012  for a dis-
cussion relating to abstraction and the task context). Whether this relationship 
between student authoring of assessment reports and their participation in dis-
course holds true for students other than Jane is a question for further research.     
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Abstract  One approach to teaching using mathematical modelling and applications 
is to take a socio-critical perspective where the goal is development of a critical 
understanding of the world through modelling physical and social phenomena. 
Several curriculum documents in Australia as well as in other countries, with a 
modelling and applications emphasis, promote socio-critical aspects to be developed 
by mathematics curricula, particularly at senior secondary level. The role of modern 
textbook resources in promoting this development and how teachers could use 
these resources to mediate such a learning goal in relation to the applications of 
mathematics is an under researched area. This chapter interrogates curriculum 
documents and textbook tasks to assess the potential role of textbooks in developing 
this understanding in students through mathematical modelling.
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1  �Introduction

According to Burkhardt (2006) amongst others, “Society now needs thinkers, who 
can use their mathematics for their own and society’s purposes. Mathematics educa-
tion needs to focus on developing these capabilities” (p. 183). Niss et  al. (2007) 
when discussing the goals of embedding applications and mathematical modelling 
within curricula, point out that “since mathematics accounts for a large proportion of 
time in school, it needs to provide experiences and abilities that contribute to educa-
tion for life after school, whether in further study, work, or in enhancing the quality 
of life” (p. 19). Many curriculum documents (e.g., ACT BSSSS 2007; QSA 2010; 
VCAA 2010) that advocate, to a more or lesser extent, the use of applications and 
mathematical modelling give as a rationale the developing of socio-critical capabili-
ties with respect to use of mathematics. In a socio-critical perspective the pedagogi-
cal goal is a “critical understanding of the surrounding world and of the models and 
the modelling process” (Kaiser et  al. 2010, p. 224). How does this translate into 
practice? Biembengut (2013) reports that 13  % of syllabus documents from 183 
courses for training Brazilian teachers, which she identified in her study as having 
mathematical modelling as a subject in its own right or mathematics education sub-
jects involving modelling, used socio-critical modelling in their pre-service teacher 
education courses. This was to deal with social issues allowing pre-service students 
to develop a critical positioning regarding the context of the modelling of physical 
and social phenomena. Our suspicion is that social-critical aspects are even less fre-
quently used in secondary school settings despite curriculum document statements.

2  �Widening Perspectives on Mathematics Education  
and Modelling in School

Kaiser et al. (2010) point out that there is no “homogeneous understanding on model-
ling and its epistemological backgrounds within the different groups working in the 
area of mathematical modelling in school” (p. 221). Should we really expect that there 
would be? Mathematical modelling research in school must be set against the back-
drop of what has happened over the years as mathematics education has evolved as a 
field of study in its own right. Mukhopadhyay and Greer (2001) give a simplified 
overview (see Fig. 30.1) from their perspective of the evolution of mathematics educa-
tion and associated influences and goals that have resulted in widening perspectives on 
mathematics education as the notion that “mathematics is a human activity” (p. 295) 
gained support over time. According to these authors, expanding viewpoints resulted 
as mathematics education has shifted from a very strong cognitive perspective, influ-
enced by cognitive psychology and focussing on individual technical competence as 
goal, to embrace firstly social and cultural contexts and then political aspects as inter-
pretative and ideological influences have diluted the dominant empirical influence. 
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Although at times educators and researchers are seen as working within particular 
broad perspectives, all are part of a holistic view of what currently constitutes mathe-
matics education. It is not surprising then that elements of all three perspectives are 
seen in rationales or global aims of curriculum documents for schooling.

In relation to mathematical modelling in schooling, Mukhopadhyay and Greer 
(2001) identify three nested views of what they see as being advocated by propo-
nents of the different perspectives on mathematics education generally as necessary 
to be included in school mathematics in terms of modelling (Fig. 30.2). Roughly, 
these correspond firstly, to development of underpinning mathematical competen-
cies so that particular models and procedures that have been learnt can then be 
applied; secondly, to development of modelling competencies but within the social/
cultural context so reflective knowledge is as important as technical knowledge; and 
thirdly, the development of a critical disposition emphasising awareness of the 
social/political context of modelling, that is, socio-critical competency. According 
to Mukhopadhyay and Greer (2001, p. 301),
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The social/political perspective shifts to a higher level, in that it is concerned with not 
simply the analysis of particular models but the nature of the modelling process per se, 
including understanding that modelling is relative to the goals of the modeler and the 
resources available and that there are generally alternative models, depending on the 
assumptions made, that should be subject to criticism.

An example incorporating the socio-political perspective is the following:  
You are asked to decide on the best design for a wind farm. What might best mean? 
Is your definition of best going to be in terms of most efficient in energy generation 
or best in terms of outcomes for the people who will live near this wind farm  
(i.e., in terms of noise levels, visual pollution) or best for those whose land will be 
bought or used for locating the towers supporting the turbines? The modelling will 
thus need to include both social and physical phenomena from the natural and built 
environment related to the wind farm.

3  �Socio-critical Perspectives and Curricula

Australia will be implementing a national curriculum in the near future but currently 
all states and territories have their own educational jurisdictions and curricula. 
We have chosen mathematics curricula from the three jurisdictions in which we 
work for examination as upper secondary (Years 11–12) curricula in these states 
include modelling to some extent. Our examples are from Queensland, Australian 
Capital Territory (ACT) and Victoria.

The Queensland Mathematics B syllabus rationale, for example, presents math-
ematics as “enhanc[ing] an understanding of the world and the quality of partici-
pation in a rapidly changing society [and] a truly international system for the 
communication of ideas and concepts” (QSA 2010, p. 1). A syllabus global aim is 
development of “an awareness of the uncertain nature of the world and be[ing] 
able to use mathematics to help make informed decisions in life-related situations” 
(p. 3). General affective objectives include appreciation of “the contribution of 
mathematics to human culture and progress [and the] power and value of mathe-
matics” (p. 5). The ACT Mathematical Methods course guide states that students’ 
capabilities as “critical thinkers”, “informed and ethical decision-makers”, and 
“environmentally and culturally aware citizens” should be developed and students 
provided with “personal attributes enabling effective participation in society” 
(ACT BSSS 2007, p. 2). “Environmentally and socially aware citizens…consider 
the implications of problem solutions on the natural and constructed world and the 
society around them” (p. 15). Thus, both curriculum documents espouse aspects 
indicative of developing a critical disposition.

The Victorian Study Design for Mathematical Methods (2006–2014), on the 
other hand, states that “Mathematics provides a means by which people can under-
stand and manage their environment”. Modelling is listed as one of the “essential 
mathematical activities”. “This study is designed to promote students’ awareness of 
the importance of mathematics in everyday life in a technological society, and 
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confidence in making effective use of mathematical ideas, techniques and processes” 
(VCAA 2010, p. 7). Rationale statements in this document place the least emphasis 
on the socio/political perspective.

Before we began delving into how these statements might be influencing what 
was potentially done in classrooms, we listed what we perceived as potential sites 
for contexts that might serve these purposes. These are not meant to be exhaustive 
but rather to demonstrate accessibility for curriculum writers, textbook authors and 
classroom teachers. For enhancing an understanding of the world, population 
growth, food production, spread of disease, climate change, diet, quality of life, 
poverty and measures of poverty and socio-economic indices are suggested.  
In order to develop a critical disposition of the surrounding world, measures of 
humankind’s impact on the environment such as the IPAT equation (i.e., Impact = 
Population × Affluence × Technology, see Chertow 2001) are suggested as having 
potential. All are opportunities that could be chosen.

4  �Textbook Analysis

Bearing in mind the different emphases in these curriculum documents with respect 
to our focus, we began an analysis of textbooks and associated resources used in the 
different states to see what role textbook tasks might be able to play in developing a 
socio-critical perspective on mathematical modelling. We chose three textbooks 
each for Year 11 and 12 that were being used in the three educational contexts (see 
Table 30.1 for details) in similar pre-tertiary mathematics courses.

Taking into account that textbooks cannot really do modelling for you but they 
can be a platform for broadening teaching horizons by the nature of tasks provided, 
the following questions were framed to guide examination of tasks in each textbook 
with respect to opportunities for socio/political perspectives to be pursued by the 
teacher or student.

(1) What are the contexts being used? (2) What are students asked to do? (3) To what 
extent are the selected texts able to provide a foundation for teaching modelling? 
(4) To what extent are the selected texts able to provide a foundation for developing 
a socio/critical competency/perspective in students with respect to (a) enhancing 
an understanding of the world and (b) developing a critical disposition towards the 
surrounding world?

Table 30.1  Textbook details

Author Level Where used Format Code

Dooley (2001) 11 Queensland Student text, website MIC
Dowsey et al. (2009) 11, 12 Victoria Student text, CD, teacher  

text
MW11, MW12

Evans et al. (2009) 11, 12 Victoria, ACT Student text, CD EM11, EM12
Hodgson et al. (2010) 12 Victoria Student text, ebook, website MQ12
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In reporting findings, the answers to the first two questions will be subsumed 
under the sections dealing with the latter two questions.

5  �Findings

5.1  �Texts as a Foundation for Teaching Modelling

The Mathematics Quest (MQ) and Essential Mathematical Methods (EM) texts give 
quite an impoverished view of modelling. For MQ, Hodgson et al. take a curve fitting 
view of modelling summarising their perspective as: “Modelling is the process of 
finding the rule (mathematical model) that fits the given data” (p. 122). They advise 
students “the best way to start is to plot the data, as the shape of the graph might 
suggest the type of relationship between the variables” (p. 111). In an extended 
example using the context of a cyclone (MQ12, p. 131), students are led to first 
translate given real data into a linear model of the relationship between wind speed 
and time, then two quadratic models using two data points then three, and finally a 
cubic model. Clearly the message is that “modelling” is a vehicle to display math-
ematical understanding. Evans et al. (2009) merely introduce the term “modelling” 
in the Year 11 version of EM without explanation in a heading “Functions and mod-
elling exercises” (p. 197) following the introduction of the terms “Linear models” 
(p. 43) and “Quadratic models” (p. 135) in headings also without explanation. The 
subsequent “modelling” exercise (EM11, p. 199) includes a purely mathematical 
area maximisation task then three applications involving postal charges, phone call 
costs, and car rental. In a later section, the heading “Exponential models and appli-
cations” is qualified by the sub-heading “Fitting data” (EM11, p. 433). In the Year 
12 text neither the word “model” nor “modelling” is mentioned although the term 
“applications” is used on occasions.

Both the Mathematics in Context (MIC) and MathsWorld (MW) texts provide a 
foundation for teaching modelling to some extent. Dooley (2001) gives a three 
page explanation of modelling in MIC including a five stage pentagonal model 
building diagram with the processes of analyse, create, solve, translate and evaluate 
being the steps between stages. A mathematical model is defined as “a representa-
tion of a problem situation that contains the essential characteristics of an object or 
event, often in the real world” (MIC, p. 1–27). In keeping with the nature of the 
Queensland Mathematics B course for which the text is written, Dooley claims that 
as “modelling plays a central part in this course”, students “will be given many 
opportunities to develop skill in modelling” (MIC, p. 1–29). Here, modelling 
appears to be seen as content in its own right. Dowsey et al. (2009) are less explicit 
about the nature of modelling when introducing the term in the Year 11 MW text 
(pp. 171, 229) in the context of functions. In addition, several modelling tasks for 
School Assessed Coursework are introduced in the text at various points and 
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extended versions appear on a teacher CD. The first, Energy Balance, dealing with 
the energy value of packaged and canned foods appears much earlier than any 
attempt at explanation (MW11, p. 128). These tasks are described as “innovative 
Modelling tasks” but were prepared by others, not the authors. The teacher version 
of the textbook does not explain modelling more explicitly for the uninitiated. 
There are some additional comments related to formulation but these are related to 
translation of worded problems (MW11, p. 229, teacher edition). This vagueness 
about the nature of modelling reflects mentions of “modelling” in the study design 
(VCAA, 2010).

5.2  �Enhancing Understanding of the World

Several extended investigative, modelling or analysis tasks which are meant to 
model physical phenomena and ostensibly enhance students’ understanding of the 
world are present in MIC and MW. Only one appears in MQ12 and there are none 
in EM. Contexts include age of cats, growth of weeds, crops, bacteria and crystals, 
biorhythms, sagging of chains, quality of frozen food, wind speed in cyclones, 
spread of disease, decay of drug levels in blood and length of daylight. Contexts 
from the constructed environment include design of a fish pond, volume of water in 
a dam, speed humps and ferris wheels.

In the Length of Daylight Investigation (MIC, p. 6–34 to 6–39), for example, 
some interesting activities are given to cover most of the usual trigonometric func-
tion work in a practical context. As part of an extensive investigation, data are fitted 
to y = A cos B(t + C) + D to find A, B, C, D. The function is then used to obtain theo-
retical answers to questions such as when there are 12 h of daylight. Data are given 
for Brisbane. Students are then asked to work in groups using data from where they 
live and any other location to find a general model that will determine the length of 
the day at any location on the Earth, given the time of the year and the latitude and 
longitude. Application to their own location and other world locations adds some 
more applied flavour. Much communicative work is required in asking for qualita-
tive explanations of phenomena so in this sense students could be expected to be 
enhancing their understanding of the world.

Social phenomena are less often used as contexts for extended tasks where the 
one context is sustained throughout. These included community market stall profit-
ability, currency exchange, cricket bowling averages and gambling on horse races, 
card games and at the Casino. For the uninitiated, these tasks could extend students’ 
understanding particularly of Australian culture and social life.

There were many examples of standard applications in MIC and MW of all sorts 
of functions in simple plausible contexts (e.g., exchange rates, simple interest, inter-
net usage, break even analysis to determine viability of a business venture, shape of 
a roller coaster track, skate board track profile, bridge arch, and composition of 
tennis club committee).
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Simple Interest Investigation (MIC, pp. 4–35 to 4–36)

Jenny has earned $2000.00 cotton-chipping over her holidays. She wants to 
keep the money for a holiday in a year’s time. Her older sister Alice is starting 
a new career at a solicitors firm and needs new clothes. Jenny agrees to loan 
the $2000.00 to Alice so long as Alice can return the money to her as soon as 
possible as a lump-sum, and pay her interest of 1 % per month flat (simple 
interest).

There were fewer in the other texts (MQ12, EM) and these were often influenced 
by the format of tasks in high stakes examinations held at the end of Year 12. The latter 
were at best “pretend” genuine contexts (Tide Height) or judged by the researchers as 
contrived (Weight). There were, however, examples of standard applications in 
extended or short written contexts that the textbook authors saw as clearly contrived 
situations (e.g., The Dog ate my Homework, MW11, p. 544) and this was conveyed to 
students by how the task was presented. Although some of these contexts are authen-
tic to real life many are not and instead of enhancing students’ understanding of the 
world are more likely to give them a rather strange view of reality or, as has been 
demonstrated previously, a cynical view of the applicability of school mathematics.

Tide Height (EM Yr 11, p. 487)

It is suggested that the height h(t) metres of the tide above mean sea level on 1 

January at Warnung is given approximately by the rule h t t( ) sin= æ
è
ç

ö
ø
÷4

6

p
, 

where t is the number of hours after midnight.

	(a)	 Draw the graph of y = h(t) for 0 ≤ t ≤ 24.
	(b)	 When was high tide?
	(c)	 What was the height of the high tide?
	(d)	 What was the height of the tide at 8 am?
	(e)	 A boat can only cross the harbor bar when the tide is at least 1 m above 

mean sea level. When could the boat cross the harbor bar on 1 January?

Weight (MQ12, p. 26)

The weight of a person t months after a gymnasium program is started is given by

the function: W t
t

t( ) = - +
2

2
3 80 , where t Î[ ]0 8,  and W is in kilograms. 

Find:

	(a)	 the minimum weight of the person
	(b)	 the maximum weight of the person.
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5.3  �Developing a Critical Disposition Towards  
the Surrounding World

The modelling of social phenomena is clearly a candidate for the development of a 
critical disposition towards the world. The modelling task, Supersize Me! (MW12, 
p. 235) inspired by the Morgan Spurlock film (Spurlock 2004) of the same name is 
such an example where the habits of modern American lifestyles (i.e., poor diet, 
inadequate exercise) and obesity can readily be explored mathematically and from 
a critical perspective. The MW student text hints at this: “It is worth pointing out 
that the film created hostile as well as positive reaction. It was pointed out by some 
columnists that there was no compulsion to consume 5,000 cal per day and healthier 
choices are available from McDonalds and other outlets. This is relevant to discuss-
ing real-world aspects of the problem of obesity”.

In an extension of an analysis task, You win some you lose some (MW11, p. 316) 
profitability of a Casino is explored in a theoretical sense at least as students are
instructed: “If the probability that a player will win a game is 

a

b
 and the player is

charged $x to play the game, give a general formula in each case for what the casino 
would need to pay a player to achieve various profit levels.” Justification for such 
profit levels could easily explore social/political issues such as part of the Casino’s 
potential profit being the source of governmental funding for programs to assist 
problem gamblers and their families and the limitations of the proposed model in 
taking these considerations into account. This may not have been the intention of 
the authors in setting the task but scope is there for a teacher or student so inclined.

5.3.1  �Missed Opportunities or Launching Pads

In the wealth of contexts that appeared in these texts, there were opportunities that 
seemed to have been missed. In World Population Investigation (MIC, p. 7–4 to 
7–6), for example, the investigation begins by examining the world population from 
1950 to 2000. A series of questions are posed estimating population for future years 
and the inverse problem – when will the population reach ten billion, when will it 
double its 2000 value. Assumptions are given but are contrived (e.g., “Assume popu-
lation has continued to grow in same way since 2000”). In the process of viewing 
closeness of fit of the equation to data, however, there is a continuing discussion 
about relying on assumptions that might change in the future (e.g., “cultural norms 
such as the number of children desirable in a family”). A warning about extrapolat-
ing is discussed usefully but held at the theoretical level rather than used to review 
some actual outcomes (e.g., ten billion between 2025 and 2030). The contribution of 
the investigation to students’ understanding of natural phenomena is dubious and a 
critical perspective is not taken. This investigation appears to be an opportunity lost.

A major social issue in Australia is gambling. In an analysis task involving 
casino games, You win some, you lose a lot more (MW Units 3&4, pp. 470–471), the 
clear social message in the title is not explored. The task as presented in the text 
stays at the mathematical level being really just a wrapper for probability exercises. 
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However like many other tasks on gambling at the horse races (Weighing Up Odds, 
MW11, p. 302) or the casino (Wheel of Fortune, MW11, p. 291) these are contexts 
that could be the launching pad for modelling and critique of social phenomena.

6  �Possibilities

At this point it is time to pause to reflect on what could have been included in these 
textbooks that was readily accessible. Proposed taxes, for example, come and go 
over the years but political expediency means these are many and varied (e.g., currently 
carbon tax) and the effects of these on particular groups (e.g., self funded retirees) 
could be modelled. Tax cuts or reducing financial support by government raises 
many questions: How are families affected? Are there disadvantaged groups? Is the 
redistribution fair? What is the rationale for an unfair distribution? What is the polit-
ical gain? Any change of law disadvantages some and not others and the political 
advisors have done their own modelling ahead of time to determine effect on votes. 
Data are readily available in newspapers so an astute teacher wishing to take a socio/
critical stance could use these in preference to a textbook. Socio-critical questions 
about these situations could then be readily orchestrated.

7  �Discussion and Conclusions

In terms of Mukhopadhyay and Greer’s nested views (2001) of what to include in 
school mathematics, in the main all texts provided ample opportunity to develop 
underpinning mathematical competencies for modelling so particular learnt models 
and procedures could be applied. The development of modelling competencies is 
restricted by the authors’ perspectives on the nature of modelling although one text, 
MW, was supplemented with modelling tasks. Where modelling is promoted by the 
textbook authors in its richness, technical knowledge usually holds sway over reflec-
tion on social or cultural concerns regarding the situation being modelled. Enhancing 
students’ understanding of the world around them does seem to be a goal of many of 
the tasks in the texts but at times this goal is lost as didactical considerations 
(Hickman 1986) overwhelm authenticity. The development of a critical disposition 
emphasising awareness of the social/political context of modelling, (i.e., socio-critical 
competency) is certainly not the intention of any of the textbook authors; however, 
there are opportunities for teachers to take up in both MW and MIC.

In the ICMI 14 study volume, Niss et al. (2007) saw as imperative for our field “to 
articulate the relationship between applications and modelling, its values, methods 
and skills and the world we live in” (p. 18). This was in pursuit of the epistemological 
goal of “linking of the field of mathematics with some aspects of the world, with the 
purpose of enhancing knowledge, but also ensuring or advancing the sustainability 
of health, education and environmental well-being, and the reduction of poverty and 
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disadvantage” (pp. 17–18). Although the analysis in this chapter has been carried out 
in the context of Australian state curricula, it does have implications for educators 
and researchers in other parts of the world where similar goals are expressed in 
curriculum documents. Clearly, regular textbooks will have only limited impact in 
broadening teaching horizons for this purpose especially if the teachers have little 
knowledge of socio-critical perspectives in a mathematics context and/or little 
inclination to take up the challenge to incorporate into modelling activities.
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Abstract  This paper reports an exploratory study which examined how a group of 
pre-service secondary school mathematics teachers’ knowledge in mathematical 
modelling was shaped by their independent modelling experiences. It also deter-
mined the pre-service teachers’ views on teaching mathematical modelling. The 
findings show that independent modelling experiences with reflection activities had 
enabled the pre-service teachers to acquire knowledge on the important elements of 
modelling activities in the various stages of the modelling process. The pre-service 
teachers’ views on teaching mathematical modelling were mainly limited to the 
scientific-humanistic perspective. Implications for these findings on mathematical 
modelling instructional practice were discussed.

1  �Introduction

Application and modelling has been a component in the process domain of the 
Singapore Mathematics Curriculum since 2006. However mathematical modelling 
primarily has existed as a topic in the pre-university curriculum. Only recently, plans 
were made to integrate mathematical modelling learning experiences into the pri-
mary and secondary mathematics classrooms via the “island approach” (Blum and 
Niss 1991, p.60). Although Blum and Niss (1991) noted that some of the frontline 
developments and findings in mathematical modelling are gradually being translated 
into mainstream mathematics education practice, mathematics education in Singapore 
still lags behind in terms of the development in mathematical modelling instruction 
due to the recency of the explicit inclusion of mathematical modelling in the 
curriculum. Also, mathematics teachers’ practices are guided by syllabuses that are 
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topical, whereas mathematical modelling will need to connect several mathematics 
topics concurrently. It may therefore be expected that many secondary school teach-
ers have limited background and confidence in mathematical modelling and would 
experience discomfort when faced with teaching mathematical modelling in the 
mathematics classroom (Ang 2010).

2  �Mathematical Modelling Process

As the modelling process is central to the teaching of mathematical modelling, we 
seek to clarify the mathematical modelling process suggested by Ang (2009) and 
how its components relate with one another. The mathematical modelling process is 
characterised by the iterative negotiation of learning between the real and mathe-
matical world. A typical mathematical modelling learning task traces the following 
trajectory: The mathematical modelling process begins with a problem motivated 
by practical concerns oriented in the real world. The real world problem is then 
formulated into a mathematical problem through which a mathematical solution is 
obtained. The mathematical solution is then interpreted into some plausible real 
world solution. The reasonableness in the real world solution will then determine if 
the process needs to be iterated by re-examining how the mathematical problem has 
been formulated.

Such a mathematical mode of thought as reflected by the mathematical model-
ling process can be a challenge for pre-service teachers, especially the process of 
formulating the mathematical model. The notion of real world model as identified 
by Blum and Leiss (2007) is central in helping to bridge this process, in that it high-
lights the importance of understanding and simplifying the real world situation. 
Whilst an expert modeller formulates the real world problem into a mathematical 
problem directly, understanding and simplifying the real world situation by stating 
the assumptions first can help pre-service teachers identify and relate the variables 
of interest in the mathematisation process.

3  �Teachers’ Knowledge for Teaching Mathematical Modelling

Teachers’ knowledge for mathematical modelling instruction can determine, to a 
large extent, how pre-service teachers perceive and respond to curriculum innovation 
efforts to infuse mathematical modelling learning experiences into the secondary 
mathematics syllabus. To think about knowledge of mathematical modelling instruc-
tion requires going beyond knowing the mathematical modelling process. It may 
require understanding the complex interplay among aspects of other forms of teacher 
knowledge in the mathematical modelling teaching and learning environment.

Shulman (1986) represented pedagogical content knowledge as the blend of con-
tent and pedagogy for the understanding of how particular aspects of the subject 
matter are organised, adapted and represented to teach for understanding by 
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considering students’ conceptions, abilities and interests. Following the work of 
Shulman (1986), Ball (2000) has deconstructed mathematical content knowledge 
and mathematical pedagogical content knowledge into its key components. Like 
Shulman (1986), Ball (2000) argued that both content and pedagogical content 
knowledge are critical for effective teaching.

Stillman et  al. (2007) developed a framework to support implementation of 
mathematical modelling in the secondary classroom. Essentially, this framework 
comprises elements of modelling activities that correspond to the respective stages 
of the modelling process, and serves as a guide for teachers, researchers, and cur-
riculum designers to anticipate possible student blockages as they transit between 
the stages of the modelling process. Such understanding can then lead to the identi-
fication of particular prerequisite modelling skills and competencies required by 
students to complete a modelling task.

The framework developed by Stillman et al. (2007) is akin to what Ball et al. 
(2008) pointed out as the specialized content knowledge for the unpacked modelling 
process, which in turn can be useful for developing teachers’ knowledge of content 
and students in identifying possible students’ blockages and its corresponding pre-
requisite modelling skills and competencies. While the framework can be useful to 
experienced teachers of mathematical modelling for this purpose, novice Singapore 
mathematics teachers in the teaching of mathematical modelling may need to gain 
independent modelling experiences first. This is so that they can better make sense 
of the various aspects and nuances of the modelling process as outlined by the 
framework and to experience the possible blockages students may have during the 
modelling process.

4  �Mathematical Modelling Perspectives

The different views of mathematical modelling in education have been discussed 
extensively by researchers and curriculum planners (e.g., Barbosa 2006; Kaiser and 
Sriraman 2006; MOE 2012). One view regards mathematical modelling as an end 
by itself that focuses on students developing modelling competencies needed to 
solve extra-mathematical problems. A second perspective sees mathematical 
modelling as a way to motivate and develop the learning of particular mathematics 
content. These views are similar to the categorisation in the pragmatic and scien-
tific-humanistic perspectives respectively as discussed by Kaiser and Sriraman 
(2006). Our curriculum planners have adopted the eclectic approach of incorpo-
rating both of these perspectives in their curriculum purpose for applications and 
modelling (MOE 2012).

Aligned to this curriculum purpose for applications and modelling, our own ori-
entation for teaching mathematical modelling is shaped by the perspective where the 
pragmatic encompass the scientific-humanistic. These perspectives can serve as a 
lens for us to examine the views of our pre-service teachers on teaching mathemati-
cal modelling. The pre-service teachers’ decisions on future mathematical modelling 
teaching situations can then be explored and negotiated with regards to these views.
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5  �Pre-service Teachers’ Knowledge and Views  
on Teaching Mathematical Modelling

In order to develop their knowledge and determine their views on teaching 
mathematical modelling, it has become very much a pedagogical imperative to 
explore how the pre-service secondary school mathematics teachers can be engaged 
in mathematical modelling learning experiences. The questions of interest are:

•	 How is the pre-service teachers’ knowledge in mathematical modelling being 
shaped by the mathematical modelling learning experiences?

•	 What are the pre-service teachers’ views on teaching mathematical modelling?

We next report an exploratory study which examines the development of a group 
of pre-service secondary school mathematics teachers’ knowledge and their views 
in mathematical modelling during the course of their mathematics teacher education 
programme.

6  �The Study

Mathematical modelling learning experiences were integrated into the mathematics 
teacher education programme for 6 weeks, as two course hours per week, by the 
researcher as the tutor. The mathematical modelling tasks presented to the pre-
service teachers were selected by taking into account the mathematics content top-
ics covered previously. The pre-service teachers completed two mathematical 
modelling tasks based on common modelling approaches suggested by Ang (2009) 
over the course of the semester. They began with empirical modelling and moved on 
to build deterministic models.

The empirical mathematical modelling learning task examining the relationship 
between the stopping distances of cars and their corresponding speeds is as 
follows:

Task 1: Stopping Distances. Highway Code books often recommend stop-
ping distances for a car driven at various speeds. (The data set showing the 
typical stopping distances of a car driven at different speeds was presented). 
Construct an empirical model for the stopping distances of a car driven at 
different speeds to explain this. You may consider the following questions: 
List down the variables in the problem, write down a possible model for the 
stopping distances of the car, write down the solution method for the proposed 
model, carry out your solution method and interpret the solution, and suggest 
ways to refine the model or extend the problem.
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The deterministic mathematical modelling learning task determining how the 
volume of a fuel tank is calibrated against its dipstick height is as follows:

Task 2: Fuel Tank Calibration. Petrol stations very rarely run out of fuel due 
to efficient stock control. Each type of fuel is stored in an underground tank 
and the amount in each tank is regularly monitored using a dipstick. Develop 
a mathematical model to explain how such efficient stock control can take 
place. You may consider the following questions: Write down your assump-
tions in simplifying the problem, list down the variables in the simplified 
problem, construct a possible model for the calibration of the dipstick to the 
volume of fuel in the tank, write down the solution method for the proposed 
model and carry it out, explain how efficient stock control is done, and sug-
gest ways to refine the model or extend the problem.

The mathematical modelling process is structured slightly differently in these 
two mathematical modelling learning tasks. Notwithstanding this, the main stages 
of the modelling process are still retained and serve to scaffold the pre-service 
teachers in their solutions as well as reveal the ways they may think about and expe-
rience the various aspects and nuances of the modelling process.

The pre-service teachers worked in groups of four to solve the modelling problems. 
They alternated between periods of group work, individual work and classroom 
discussion. As part of their course assessment for mathematical problem solving, 
they were asked to make oral and written presentations of their solutions to the 
modelling tasks in the classroom. After some didactic instruction in the modelling 
process, the pre-service teachers received neither additional resources nor engaged 
in any discussion of their solutions with the tutor except after they had experienced 
solving the modelling tasks themselves.

Of the 24 pre-service secondary mathematics teachers who participated in this 
study, 14 were male and 10 female. Ages ranged from 23 to 39 years old. None of 
the pre-service teachers had a mathematics degree. The pre-service teachers 
expressed concerns about their lack of understanding in teaching mathematical 
modelling and welcomed the opportunity to explore mathematical modelling learn-
ing experiences. None of the pre-service teachers had prior experience with the type 
of modelling tasks implemented in the study.

The data were obtained from the pre-service teachers’ performance of the math-
ematical modelling tasks and the questions they were asked in an open-ended ques-
tionnaire. The pre-service teachers’ learning actions and thoughts about the 
modelling process were noted through in-class discussions and post-class reflec-
tions via the course blog, respectively. Their written reports to the modelling tasks 
also served as artefacts to be examined in detail for aspects of the modelling process 
discussed in class. After completing the modelling tasks, the pre-service teachers 
responded to open-ended questions that pertained to their modelling experiences 
and their views on teaching mathematical modelling.
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The pre-service teachers’ modelling learning experiences was analysed in light 
of Ang’s (2009) modelling process as well as some elements of modelling activities 
in Stillman et  al.’s (2007) framework for mathematical modelling instruction. 
Analysis of the pre-service teachers’ responses to the open-ended questionnaire was 
based on the interpretations of teaching mathematical modelling in the pragmatic 
and scientific-humanistic perspectives.

7  �Results

7.1  �Pre-service Teachers’ Knowledge  
in Mathematical Modelling

Table 31.1 shows the shift in development of the pre-service teachers’ knowledge in 
the various stages of the modelling process as they progressed from the Car Stopping 

Table 31.1  Pre-service teachers’ learning and blockages in the modelling process

Mathematical 
modelling stages Car stopping distance task Fuel tank calibration task

Understand and 
simplify the 
real world 
situation

Assumed flat road condition, 
standard category of cars

Assumed fuel tank is 
uniformly cylindrical in 
shape and located on a flat 
surface

Formulate the real 
world problem 
into a 
mathematical 
model

VARIABLES: CAR SPEED 
(km/h), BRAKING DIST. (m), 
REACTION DIST. (m); 
INCORRECT 
DETERMINATION OF 
INDEPENDENT VARIABLE 
IN THE NUMBERING OF 
DATA SET

Independent variables: dipstick 
height of fuel h‚  radius of 
cross sectional circle r‚  
angle of sector q‚  
dependent variable: cross 
sectional area of fuel tank; 
represented these variables 
and their relationships in a 
circular measure diagram

Obtain the 
mathematical 
solution

MODEL SOLUTION DID NOT 
SATISFY INITIAL DATA 
CONDITION

Cross sectional area of fuel 

= −( )1

2
2r q qsin ‚  where 

q = −







−2 11cos
h

r
Interpret the 

mathematical 
solution in the 
context of real 
world situation

NOTED GRADIENT OF GRAPH 
INCREASES WITH CAR 
SPEED, BUT DID NOT 
RELATE IT TO HIGHWAY 
CODE RECOMMENDATIONS

Noted nature of gradient of 
graph at different h  values 
and related it to efficient 
stock control of fuel

Validate the 
mathematical 
model

DID NOT COMPARE MODEL 
WITH REAL DATA

Justified difference between 
model generated data and 
real data
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Distance Task to the Fuel Tank Calibration Task.  The pre-service teachers’ blockages 
(Stillman et al. 2007) and learning during the modelling stages are elucidated 
(in capitals) and (in regular type) with reference to the modelling tasks respectively. 
Following this, data from selected examples of the pre-service teachers’ modelling 
learning experiences and their reflections on the modelling process are presented in 
the analysis of these blockages and learning at the various stages of the modelling 
process.

Understand and simplify the real world situation.  No blockages were noted from 
the pre-service teachers’ written and oral presentations of the two modelling tasks 
for this stage of the modelling process. The pre-service teachers were able to inter-
pret the real world situations for the modelling tasks, identify important quantities 
involved, and make realistic assumptions (see Table 31.1) for more tractable formu-
lation of the mathematical model.

Formulate the real world problem into a mathematical model.  Four out of the six 
groups of pre-service teachers made basic errors like ignoring unit conversion of 
speed from km/h to m/s in their formulation of the car stopping distance empirical 
model. One group had difficulty determining the variables of interest and were 
observed applying known techniques like number pattern generalisation to derive 
the empirical model from the numbering of the given data set n  (see Fig. 31.1). The 
pre-service teachers were asked to consider the consequences of incorrect determi-
nation of variables of interest on the predictive and retrospective functions of empir-
ical modelling. As they progressed to the Fuel Tank Calibration Task, it was noted 
that not only were the variables of interest determined correctly, but also these vari-
ables and their corresponding relationships were “represented mathematically so 
formulae can be applied” (Stillman et al. 2007) via the circular measure diagrams. 
In fact, from the pre-service teachers’ reflective comments that mathematical mod-
elling is about “developing a model that can relate two quantities” and the need to 
“know how the model behaves over time”, they might have come to realize that 
mathematical modelling is about uncovering relationships between variables of 
interests that can help us better understand the real world situation.

Obtain the mathematical solution.  The Least Squares Regression derivation of the 
quadratic function for the stopping distances of cars against their corresponding 
speeds was done in a black box fashion and could not plausibly satisfy the given 

Fig. 31.1  Pre-service teacher’s performance on the Car Stopping Distances Task (artefact 1)
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initial data condition of zero car speed and stopping distance. The pre-service teachers 
were asked to consider how the manner in which the mathematical model was being 
solved could impact its interpretation and the learning of mathematics. Using the 
Solver tool in Microsoft EXCEL (refer to Lawson and Tabor 2001 for details on 
how to use the Solver Tool), the pre-service teachers were then engaged in the pro-
cess of studying the pattern of the car stopping distances data before mindfully 
conjecturing the general form of a quadratic function that could possibly fit the data 
with the given initial condition. For the Fuel Tank Calibration Task, it was observed 
that the pre-service teachers had been “applying appropriate formulae” (Stillman 
et al. 2007) in circular measure and trigonometry to determine the functional rela-
tionship between the cross sectional area of fuel and the dipstick height of fuel for 
a fixed radius length.

Interpret the mathematical solution in the context of real world situation.  Although 
the pre-service teachers noted the gradient of the quadratic function graph for the 
stopping distances of cars increases with car speed, they were not able to interpret 
this mathematical model’s result in the context of the Highway Code recommenda-
tions for increasing car stopping distances with respect to its car speeds. On the 
other hand, the pre-service teachers were integrating mathematical arguments to 
augment their explanations for effective fuel stock control in the Fuel Tank 
Calibration Task. As shown in Fig. 31.2, they argued that, since the gradient of the 
function graph in the fractional cross sectional area of fuel A′  is more gradual for 
smaller dipstick height of fuel, it would mean that when the fuel supply is low, there 
would be a smaller decrease of fuel volume for every unit decrease in dipstick 
height, hence allowing more time for the station attendant to top up the fuel.

Appendix A

height of
fuel, h

Volume of
fuel (Model)

Volume of fuel
(Data) Error (%)

0.0254
0.0508
0.0762
0.1016

0.05010 0.04921
0.14006
0.25741
0.38990

-1.82
-0.70
-0.18
-1.33

0.14104
0.25787
0.39509

To further interpert the solution, the rate of increase of A’ with respect to h is
slower when h is low (less than 0.5 m). This is because the gradient is gentle for
small values of h. For larger values of h (between 0.5 m to 1 m), the rate of
increase of A’ is faster and approximately constant as the gradient now
increase to become almost constant.

Hence, as the fuel starts to be consumed, te rate of decrease of fuel volume
with respect to the fuel height is almost constant and faster. When the fuel is about
to be depeted, the rate of decrease of fuel volume is much slower due to the
gentle gradient when the fuel height is small. This slow rate of volume
consumption when fuel height is small allows the station attendant to have
ample time to top it up.
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Fig. 31.2  Pre-service teacher’s performance on the Fuel Tank Calibration Task artefact
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Validate the mathematical model.  In contrast to the Car Stopping Distance Task 
where pre-service teachers did not evaluate their empirical model by comparing it 
with real data, they went about seeking online real data on the variation of fuel volume 
with dipstick height of fuel to be compared with the fuel tank calibration model data 
(see Fig.  31.2). They also attempted to explain the percentage error difference 
between the model generated data and the real data by suggesting that the fuel tank 
used in the real data set could be elliptical in shape. Such learning of the modelling 
process was also highlighted in the pre-service teachers’ reflective comments that 
they would need to “check their model with any real data (if available) and justify 
for any difference”. In addition, from the open ended questionnaire which had a 
response rate of 87.5 %, about 80 % of the respondents were of the view that they 
could understand and identify with the stages of the modelling process.

7.2  �Pre-service Teachers’ Views on Teaching Mathematical 
Modelling

When asked to comment on what they think the possible benefits in carrying out 
mathematical modelling lessons are, the pre-service teachers by and large expressed 
a scientific-humanistic perspective (Kaiser and Sriraman 2006) for it. Many of them 
opined consistently that teaching mathematical modelling can be beneficial to stu-
dents’ learning in terms of “helping students develop higher order thinking skills, 
see the involvement of real world context, allowing for highly meaningful explora-
tion of concepts”; “bringing on the real world context to maths learning”. They were 
also of the view that “a benefit for implementing mathematical modelling would be 
a deepening of students’ understanding and application of concepts”.

According to the pre-service teachers, learning mathematical modelling not only 
demands time and effort on the part of the students, but also requires them to have 
the basic mathematics knowledge for meaningful engagement. This was inferred 
from their comments that mathematical modelling learning “really induces students 
to think and come up with their own solution. This requires a lot of understanding 
on their part instead of just application of formulae and theories”.

8  �Discussion

It could be seen that the pre-service teachers’ initial mathematical modelling learn-
ing experience was limited to applying particular mathematics topics with rather 
narrow and known techniques. Hence they were not used to integrating various 
concepts and techniques in their first mathematical modelling task on car stopping 
distances and their modelling process was often isolated from the real world situa-
tion. The tutor’s introspections during the mathematical modelling learning task 
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discussions provided the basis for forming case stories that could have enabled the 
pre-service teachers to reflect and pick up nuances about important elements of 
modelling activities in the various stages of the modelling process (Stillman et al. 
2007). The coupling of such case stories with the learning scaffold structured in 
the mathematical modelling learning tasks was paramount to the development and 
transfer of mathematical modelling competencies to other problem contexts. This 
observation was supported by the shift in the development of the pre-service teachers’ 
knowledge in the various stages of the modelling process as they progressed from 
the Car Stopping Distance Task to the Fuel Tank Calibration Task.

We argue for the necessity that novice teachers in teaching mathematical modelling 
should perform the novel modelling tasks themselves. This is so that the experience 
and knowledge gained in mathematical modelling can help teachers explicate aspects 
and nuances of the modelling process with respect to novel modelling tasks. It is noted 
that explicating such aspects and nuances of the modelling process is important later 
when we need to translate them into features of modelling tasks for teaching and learn-
ing purposes. Some features of the modelling learning tasks needed for its successful 
implementation may include identification of the pre-requisite modelling skills and 
competencies required and the employment of appropriate teaching strategies to help 
resolve possible student blockages in the modelling process (Stillman et al. 2007).

The pre-service teachers’ views on teaching mathematical modelling were 
mainly limited to the scientific-humanistic perspective. This is to be expected to 
some extent as the pre-service teachers had not carried out modelling learning expe-
riences in their classroom and hence may not be able to appreciate the benefits and 
importance of developing modelling competencies in students yet. Notwithstanding 
this, we note that teachers need to have wider perspectives of mathematical model-
ling in education as that will guide and orientate the organisation and implementa-
tion of modelling instruction in classrooms.

9  �Conclusion

Through this study, we have seen that independent modelling experiences with 
reflection activities enabled a group of pre-service secondary school mathematics 
teachers to acquire knowledge of the important elements of modelling activities in 
the various stages of the modelling process. Future work is needed to examine the 
necessity and influence of such specialized content knowledge for the unpacked 
modelling process on teachers’ development of pedagogical content knowledge in 
mathematical modelling instruction. The pre-service teachers’ future practice in 
mathematical modelling instruction may also need to be shaped in part by the prag-
matic perspective on teaching mathematical modelling in order for their students to 
have more meaningful mathematical modelling experiences.

L.S. Tan and K.C. Ang
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    Abstract     The translation of a problem situation into a mathematical model consti-
tutes a key – but not at all obvious – step in the modelling process. We focus on two 
elements that can hinder that translation process by relating it to the phenomenon of 
students’ overreliance on the linear model and their (lack of) representational fl uency. 
We investigated: (1) How accurate are students in connecting descriptions of realistic 
situations to “almost” linear models, and (2) Does accuracy and model confusion 
depend on the representational mode in which a model is given? Results highlight 
that students confuse linear and non-linear models, and that the representational 
mode has a strong impact on this confusion: Correct reasoning about a situation 
with one mathematical model can be facilitated in a particular representation, while 
the same representation is misleading for situations with another model.  

1         Theoretical and Empirical Background 

 The translation of one’s understanding of a problem situation into a mathematical 
model constitutes a key step in the process of mathematical modelling (Verschaffel 
et al.  2000 ). However, as research at different levels of schooling has shown, this step 
is far from obvious. An element that can hinder that translation process is students’ 
tendency to assume a linear model in non-linear situations (De Bock et al.  2007 ). 

    Chapter 32   
 How Students Connect Descriptions 
of Real- World Situations to Mathematical 
Models in Different Representational Modes 
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An example of this tendency was documented by Van Dooren et al. ( 2003 ): Many 
upper secondary students respond proportionally (2 × 1/6 = 2/6) to probabilistic 
problems such as “The probability of getting a six in one roll with a die is 1/6. What 
is the probability of getting at least one six in two rolls?” Students’ overreliance on 
linear models has been evidenced in a variety of other mathematical domains as 
well (e.g., elementary arithmetic, algebra, (pre)calculus, and geometry). 

 Another element that can hinder the translation from a situation to a mathe-
matical model is students’ (lack of) mastery of different external representations 
of a function – such as graphs, tables and formulas – and their use in relation to the 
solution of a given problem situation (Verschaffel et al.  2010 ). External represen-
tations are notational systems that help to express, describe, manipulate, and com-
municate mathematical ideas. Vergnaud ( 1997 ) argues that external representations 
are inherent to the discipline of mathematics, since a characteristic of mathematical 
concepts is that they can  only  be accessed through their external representations 
(Duval  2002 ). For quite some time already, mathematics educators emphasize the 
(stimulating) role of “multiple” external representations in mathematics. External 
representations have also been shown to facilitate mathematical problem solving 
(Duval  2002 ; Kaput  1992 ). The NCTM Standards ( 1989 ) therefore hold a strong 
plea for establishing “mathematical connections” through the use of multiple external 
representations:

  Different representations of problems serve as different lenses through which students 
interpret the problems and the solutions. If students are to become mathematically powerful, 
they must be fl exible enough to approach situations in a variety of ways and recognize the 
relationships among different points of view (p. 84). 

 However, research has shown that students are not always fl uent in using all the 
external representations that are available to solve a problem, and in translating 
between representations (e.g., Bieda and Nathan  2009 ; Grüber et al.  1995 ; 
Tabachneck et al.  1994 ; Yerushalmy  1991 ). Another reason why students do not 
always benefi t from solving problems using multiple external representations is that 
they are unable to make fl exible representational choices, before engaging in  using  
the representations as such (Acevedo Nistal et al.  2009 ). 

 In this chapter, we relate students’ overreliance on the linear model with their (lack 
of) mastery of external representations because we think that the role of external rep-
resentations so far is not suffi ciently acknowledged in research on the overreliance on 
the linear model. More concretely, we investigate: (1) How accurate are students in 
connecting descriptions of realistic situations to linear and “almost” linear models, 1  
and (2) Does accuracy and model confusion depend on the representational mode 2  in 
which a function is given? 

1    In this chapter we use the term linear to determine models that can be described by a formula of 
the form “ y  =  ax ”. Models that can be described by a formula of the form “ y  =  ax  +  b ” with  b  ≠ 0 are 
labelled as affi ne models. The term “almost” linear is used as a collective term for inverse linear 
and affi ne models, that is models that share some but not all characteristics with the linear model.  
2    In the rest of this chapter, we will use the term “representation” to denote “external representation”.  

W. Van Dooren et al.
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 Students’ diffi culties in selecting a model were also addressed by Frejd and 
Ärlebäck ( 2011 ) who investigated Swedish secondary students’ mathematical 
modelling competencies. Selecting a model was one of the seven sub-competencies 
these researchers focused on. In two items of their instrument a “realistic” situation 
was described and students had to link this situation to a mathematical model, 
once to a graphical and once to a formula representation of the model. The results 
indicated selecting a model was one of the sub-competences students showed 
least profi ciency with, when this model was given in either a graphical or formula 
representational mode. 

 Students’ tendency to adhere to characteristics or representations of linearity has 
been observed in several studies. Particularly the straight line prototype proved to be 
very appealing for many students (De Bock et al.  2007 ). Leinhardt et al. ( 1990 ) 
show that students of different ages have a strong tendency to produce a linear pat-
tern through the origin when asked to graph non-linear situations, such as the growth 
in the height of a person from birth to the age of 30. The tendency towards linearity 
is not limited to attempts to graph real-life situations. For example, when Markovits 
et al. ( 1986 ) asked 14- to 15-year-old students to draw a graph of a function that 
passes through two given points, they typically drew straight lines. Similarly, 
Karplus ( 1979 ) found that when students interpolate between two graphed data 
points in a science experiment, they strongly tend to connect the points using a 
straight line.  

2     Method 

 Sixty-four students in the fi rst year of Educational Sciences of the University of 
Leuven participated. These students have successfully fi nished secondary education 
and typically also 3 years of non-university higher education. Although they all fol-
lowed the obligatory mathematics courses in secondary school, this was in most 
cases not the core of their curriculum. In these mathematics courses, solving realis-
tic problems and the applicability of basic functions such as the ones central in our 
study receive quite some attention. 

 Participants were confronted with a written multiple-choice test consisting of 12 
descriptions of realistic situations they had to connect with an appropriate mathemati-
cal model. For each situation the appropriate model was either linear (i.e. of the form 
 y  =  ax ) or “almost” linear: inverse linear ( y  =  a / x ), affi ne with positive slope ( y  =  ax  +  b  
with  a  > 0 and  b  ≠ 0), or affi ne with negative slope ( y  =  ax  +  b  with  a  < 0 and  b  ≠ 0). 
These models were given either in graphical, tabular or formula form (each represen-
tation was provided in one third of the cases). Three examples of descriptions of 
situations to be connected to the appropriate model in one of the three representations 
as used in the study follow. Situations were chosen so that there would be a strong 
and clear fi t with the provided models, although we are aware that models never 
perfectly fi t to a realistic situation. In example 1, for instance, students are expected 
to start from the assumption that one of the four options provided is an adequate 
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representation of the situation that is stated. Since every option has the number 150 in 
it, the only possible interpretation is that it points to the amount of butter. 

 Responses were statistically analysed by means of a repeated measures logistic 
regression analysis, using the generalized estimating of equations (GEE) approach 
within SPSS (   Liang and Zeger  1986 ). This procedure allows analysis of repeated 
(and thus possibly correlated) categorical observations within series of individuals, 
and to appropriately correct for the inferences that can be drawn from such 
correlated measures. Given the dichotomous nature of the dependent variable (i.e., 
is a particular response alternative chosen or not), a logistic regression (modelling 
the probability that an observation is made in terms of some explanatory variables) 
was appropriate. 

(continued)

 Example 1 (Inverse Linear Situation/Alternative Formulas) 

  During the war, butter was rationed. Each week, butter was delivered and 
fairly distributed among the people. Which formula properly represents the 
relation between the number of people who want butter and the amount of 
butter everybody receives? 

   �     y  = 150  x    
  �     y  = 150/ x    
  �     y  = 150  x  + 30   
  �     y  = −150  x  + 30     

 Example 2 (Linear Situation/Alternative Tables) 

  Jennifer buys minced meat at the butcher's shop. Which table properly repre-
sents the relation between the amount of minced meat that Jennifer buys and 
the price she has to pay? 

 �   x    y   �   x       y   �   x    y   �   x    y  

 0  8  0  0  0  0  8 
 1  −4  1  12  1  12  1  20 
 2  −16  2  24  2  6  2  32 
 3  −28  3  36  3  4  3  44 
 4  −40  4  48  4  3  4  56 

 Example 3 (Affi ne Situation with Negative Slope/Alternative Graphs) 

  A chemical concern has a big cistern with hydrochloric. This morning they 
started to pump with a constant pace all hydrochloric out of this cistern. 
Which graph properly represents the relation between the time elapsed and 
the amount of hydrochloric that is still in the cistern?    

W. Van Dooren et al.
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   Table 32.1    Percentage of correct assignments for the four models underlying the 
verbal descriptions and for the three representational modes   

 Representational modes 

 Model  Graph  Table  Formula  Average 

 Linear  98  95  89  94 
 Inverse linear  70  69  92  77 
 Affi ne with positive slope  81  55  66  67 
 Affi ne with negative slope  81  81  48  70 
 Average  83  75  74  77 

        Results 

2.1     Accuracy 

 Table  32.1  shows the percentage of correct assignments for the different models 
underlying the verbal descriptions and for the different representational modes. The 
logistic regression analysis fi rst of all revealed a main effect of model, indicating 
that students’ accuracy in connecting situations to the appropriate mathematical 
model depended on the type of model involved: The percentage of correct matches 
for an underlying linear model was signifi cantly higher than for an inverse linear, 
affi ne with positive slope, and affi ne with negative slope model. The analysis did not 
reveal a main effect of representation: The percentages of correct assignments for 
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the three representational modes did not differ signifi cantly. Finally but most 
importantly, an interaction effect between model and representation was found: 
The percentage of correct matches for a given underlying model depended on the 
representational mode in which that model was given, and for different underlying 
models, different representational modes led to higher percentages of correct 
matches. Although for an underlying linear model, all representations were quite 
good, the percentage of correct assignments in the formula mode was signifi cantly 
lower than in the tabular and graphical mode. For the inverse linear model, the result 
for formula was signifi cantly higher than for table and graph. Underlying affi ne 
models with positive slope elicited signifi cantly more correct matches in the graph 
mode than in the two other representational modes, while underlying affi ne models 
with negative slope elicited signifi cantly fewer correct matches in the formula mode 
than for the two other modes.

   These results indicate that the graph is the “best” representation in all cases, 
except for the inverse linear relationships. For these relations the formula proved to 
be more supportive. A possible explanation is that students strongly tend to over- 
associate characteristics of linear graphs (straight lines) and linear tables (equal 
distances) with graphs and tables in general. Absence of these prototypical charac-
teristics in graphs and tables of inverse linear relationships might have retained 
students to choose these representations, leading to a decrease of correct matches 
for the inverse linear model when given in graphical or tabular mode. Another more 
general observation is that formulas seem to be misleading for affi ne relations. This 
might have been a side effect of the fact that the situations to be modeled were given 
in a “ y  =  a  ±  bx ” form while the formulas to be matched with were given in a 
“ y  =  ax  +  b ” form. 

 Based on the number of correct responses, we conclude that the students could 
interpret all representations (correct matches for all representations varied between 
83 and 74 % and mutual differences were not signifi cant). Students were also 
able to detect underlying mathematical models (more than 80 % of the students 
detected the underlying model in at least one of the three representations), but some 
representations support one underlying model better than other underlying models, 
while others put the students on the wrong track. To obtain a better understanding 
of these fi ndings, a quantitative error analysis was conducted.  

2.2     Error Analysis 

 Table  32.2  shows the percentage of erroneous assignments for the different models 
in the different representational modes. The error analysis revealed that in situations 
for which the underlying model was inverse linear, (direct) linear errors were most 
frequently made, especially in the tabular and graphical representational mode. 
This fi nding confi rms results of previous studies on students’ overreliance on the 
linear model (De Bock et al.  2007 ) when an “almost” linear model is appropriate. 
Students are most likely misled by characteristics of representations of the linear 
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model (i.e., equal distances and straight lines), which are prominently present in 
respectively tabular and graphical representations.

   Also in situations for which the underlying model was affi ne with positive slope, 
linear errors were most frequent, but now these errors mainly occurred in the for-
mula and tabular representational mode. Apparently, for this model that comes clos-
est to the linear model, students  see  the  Y -intercept in the graphical representation, 
while this seems to be more diffi cult for the other representations. 

 Finally, in situations for which the underlying model was affine with nega-
tive slope, inverse linear errors were most frequent, especially in the formula 
representational mode. A straightforward explanation refers to the decreasing 
nature of both models. Apparently, for many students, the independent variable 
in the denominator is more appealing than the negative sign in the numerator. 
Another explanatory element refers to the attraction of the “doubling/halving” 
prototype in situations of decrease which is most prominent in the formula 
representation. Students likely experience this prototype both in daily life and 
from school word problems that are typically found in textbooks for teaching 
inverse proportionality such as “For 4 painters, it takes 12 days to paint a 
bridge. How many days does it take 8 painters to do that job?” (Van Dooren 
et al.  2005 ) and tend to over-generalise it to situations of decrease which are 
not inverse proportional.   

3     Conclusions and Discussion 

 Our results show that students are very profi cient in relating descriptions of realistic 
situations to models in cases where the situation described is a linear one. In cases 
where the situation is “almost” linear (i.e., affi ne with a positive or negative slope, 
or inverse linear), there is, however, a strong tendency to connect the situation also 

   Table 32.2    Percentage of erroneous assignments for various models in the different representational 
modes   

 Representational modes 

 Model  Graph  Table  Formula  Total 

 L  IL  A+  A−  IL  A+  A−  IL  A+  A−  IL  A+  A− 
 0  2   0   2  3  0   9   0  2   4   2  1 

 IL  L  A+  A−  L  A+  A−  L  A+  A−  L  A+  A− 
 14  3  11  27  2  3   5   3  0  15   3  5 

 A+  L  IL  A−  L  IL  A−  L  IL  A−  L  IL  A− 
 17  2   0  41  0  2  31   2  0  30  1  1 

 A−  L  IL  A+  L  IL  A+  L  IL  A+  L  IL  A+ 
  8  11   0   6  11  2  19  23  3  11  15  2 

   Note.  Linear (L), the inverse linear (IL), the affi ne with positive slope (A+), and the affi ne with 
negative slope (A−) models  
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to linear models (and for inverse linear situations, to some extent, also to affi ne 
models with a negative slope). These results are in line with several other studies 
showing the “default” role of the linear model, this time in situations in which an 
“almost” linear model is appropriate (inverse linear, affi ne with positive slope, and 
affi ne with negative slope models). 

 Results also indicate that the representational mode has a strong impact on stu-
dents’ modelling accuracy and on the tendency to inappropriately connect non- 
linear situations to linear models. Apparently, a particular representation may 
highlight aspects of non-linearity that are easily noticed by students and therefore 
facilitate correct reasoning, but be misleading when representing a situation with 
another model. Further research should also draw out students’ ability to link given 
representations to other representations and their ability to link given representa-
tions to properties of these representations. 

 An implication for mathematics education is the need for drawing suffi cient 
instructional attention to representations, to match representations with each other 
and to link them to realistic situations, and for explicitly discussing differences 
between linear and different types of “almost” linear models. Modelling exercises 
in prototypically clean situations as used in the current study can be applied to 
develop students’ ability to more easily recognize mathematical models and their 
characteristics, and to fl uently apply related procedures (or strategies), but, evidently, 
this type of exercise should be regularly alternated with tasks relating more authen-
tic real-world situations to mathematical models and with refl ections on this relation 
(Verschaffel et al.  2000 ).     
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    Abstract     Evidence has shown that teachers in South Africa often lack the capacity 
to both connect their mathematics to real-life contexts and struggle to see the internal 
connections between mathematical concepts. Situating our argument within the 
‘critical competence’ and ‘utility’ perspectives, we focus on pre-service teachers’ 
initial mathematical modelling competencies in a professional development course. 
Using the notion of modelling competencies with specifi c reference to the didactic 
modelling process, we argue that the pre-service teachers’ initial mathematical 
modelling competencies are at early stages of development.  

1         Introduction 

 Mathematical modelling is one of the key goals of mathematics education in most 
countries across the globe despite differences in emphases and purposes. The rele-
vance of pushing for a modelling agenda in schools is evident in the numeracy 
demands contained in a wide range of real world situations. The need for students 
to develop their capacity to use mathematics in modelling situations in their present 
and future lives has been strongly emphasised in the PISA studies (OECD  2003 , 
 2009 ). The PISA intentions imply the need for teachers to have a deep and con-
nected understanding of mathematical modelling in order to provide adequate guid-
ance to students in modelling classrooms. Pre-service teachers in particular need to 
have the modelling-based understanding of mathematics developed in order to 
reduce the barriers related to integration of modelling examples in modelling class-
rooms (Kaiser and Maaß  2007 ). 
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 In line with the global curricula reforms, the South African government introduced 
mathematical literacy as a subject in the Further Education and Training (FET) band 
(Years 10–12) to provide more opportunities for learners who intend to pursue 
tertiary degree programs which are not mathematically based. The subject focus on 
real-life situations coupled with the use of elementary mathematics to solve the situ-
ations within the citizenship domain contributes to this cause. The National 
Curriculum Statement (NCS) (Department of Education  2003 ) for mathematical 
literacy defi nes the subject in the following terms:

  Mathematical Literacy provides learners with an awareness and understanding of the role 
that mathematics plays in the modern world. Mathematical Literacy is a subject driven by 
life-related applications of mathematics. It enables learners to develop ability and confi -
dence to think numerically and spatially in order to interpret and critically analyze everyday 
situations and to solve problems (p. 9). 

   South Africa is one of the countries whose educational policy explicitly empha-
sise development of learners’ skills and abilities to model real life contexts which 
contain mathematical features. The notion of mathematical modelling is captured 
in both the mathematics and mathematical literacy curricula. Within the mathemat-
ics curriculum statement, the rhetoric suggests that mathematics modelling skills 
would be developed across all levels (Years R-12) (Department of Basic Education 
 2011 ). It states that “Mathematical modelling is an important focal point of the 
curriculum” and further stresses the need for use of realistic rather than contrived 
contexts (p. 8). Since mathematical literacy is introduced at FET level (Years 
10–12) the modelling skills learnt in school mathematics from R to Year 9, are 
further developed within the context of citizenship agenda in this subject. The sub-
ject is focused largely on modelling real life situations using elementary mathe-
matics as demonstrated in its purposes: “Mathematical literacy will develop the use 
of basic mathematical skills in critically analysing situations and creatively solving 
everyday problems” (Department of Education  2003 , p. 9). The above intentions in 
both mathematics and Mathematical literacy curricula, point towards the need for 
teachers who are competent in mathematical modelling to teach either mathemat-
ics or mathematical literacy in the schools. However, evidence from research stud-
ies conducted in South Africa has revealed that teachers often struggle to 
successfully engage with real life contexts, an aspect which is more manifested in 
mathematical literacy classrooms (Brombacher  2003 ; Venkat  2007 ). The need to 
further develop the pre-service teachers’ modelling-based knowledge provided a 
strong rationale for this study. 

 Our main agenda in this chapter is to document the mathematical literacy of pre- 
service teachers’ learning in the context of a university mathematics course focused 
on modelling real world contexts. We consider initial modelling competencies of 
the pre-service teachers at the beginning of the 2-year course as they solve some 
contextual tasks which in our view present an entry point into complex modelling. 
We situate our discussion within the  “critical competence”  and  “utility”  arguments. 
The critical competence argument is related to the utility argument in that the former 
focuses on empowering students to “see and judge” situations in life independently 
in order to make informed decisions, and the latter emphasises the need for students 
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to use mathematical ideas in making sense of extra-mathematical situations 
(Blum and Niss  1991 , p. 43). The citizenship perspective adopted by mathematical 
literacy informed the choice or design of contexts which fell within the citizenship 
domain. The pre-service teachers’ responses are analysed in terms of how they 
engaged with contextual problems across the didactical modelling process (Kaiser 
and Schwarz  2006 ). We therefore intend to address the following specifi c question: 
What kinds of initial modelling competences could be seen in pre-service teachers’ 
performance in the fi rst 3 months after participating in a university course?  

2     Modelling with Elementary Mathematics 

 The idea of modelling with elementary mathematics has been extensively docu-
mented in school mathematics (English and Watters  2005 ; Verschaffel et al.  1997 ) 
and less so in mathematical literacy (e.g., Geiger et al.  2013 ). There is a strong push 
globally towards introducing modelling to young children to ensure development of 
modelling specifi c competences across all levels of schooling. Within Mathematical 
literacy, modelling focuses on the use of basic mathematics (Years 0–9 mathemat-
ics), implying that knowledge of elementary mathematics is suffi cient for solving 
real life situations (Department of Education  2003 ). The elementary mathematics 
base and use of simple word problems, provide some links between young children 
modelling and mathematical literacy modelling. In South Africa, the advocacy to 
have contexts for mathematical literacy drawn from either personal, educational/
occupational, or public situations, coupled with its citizenship perspective provides 
a good rationale for the use of elementary mathematics. Greer and colleagues ( 2007 ) 
suggest that elementary mathematics is useful in situations where modelling of 
social issues focusing on critical analysis is concerned, an aspect closely linked with 
the citizenship view. Such modelling, they argue, provides “a sense of agency 
through recognising the potential of mathematics as a critical tool for analysis of 
issues in their lives” (Greer et al. p. 89).  

3     Learning for Mathematical Modelling 

 The demand for new ways of structuring classroom instruction in mathematical 
literacy so that real life contexts are starting points, provided a strong rationale 
for introducing a university mathematics content course which aimed at developing 
the pre-service teachers’ modelling skills. Being a new course, research was 
needed to explore the nature of knowledge development in terms of their under-
standings of mathematics and how this knowledge could be applied in modelling 
situations. As highlighted above, we intend to explore the initial modelling com-
petences of the pre-service teachers through a focus on solutions to some contextual 
test items. 
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3.1     Theoretical Frame 

 Within the mathematics didactical debate, modelling abilities and competencies 
have provided theoretical lenses for understanding students’ modelling processes 
(Blomhøj and Jensen  2003 ; Kaiser  2007 ). By analysing pre-service teachers’ solu-
tions to contextual tasks, we were able to gain insight into the nature of initial mod-
elling competencies across the modelling cycle. Kaiser and Schwarz ( 2006 ) suggest 
a four-stage didactical modelling process (Fig.  33.1 ) which is useful in terms of 
understanding thought processes as students engage with modelling tasks. We found 
these theoretical lenses to be useful in understanding the pre-service teachers’ initial 
modelling competencies. Their notion of didactical modelling process requires stu-
dents’ demonstration of competencies related to four major stages:

•      Idealisation : simplifying, structuring the real world situation to get a real world 
model.  

•    Mathematisation : transforming the real world model into a mathematical model 
which includes identifying relevant quantities and their relationships.  

•    Solving mathematical model : using symbols and mathematical language to solve 
a problem.  

•    Reinterpretation and validation : making sense of the mathematical solution in 
the context of the original situation. Here, we are answering the question; does 
this mathematical solution make sense in the context of the problem situation?    

 Although the modelling process suggests a linear relationship between stages, 
students’ thought processes involve going back and forth during problem solving. 
The modelling competencies which are at play during this process have been given 
adequate attention in Maaß ( 2006 ). Her conception of modelling competencies in 
relation to the didactic modelling process was found to be useful in this study and 
has helped us to understand the pre-service teachers’ modelling processes.  

3.2     Methodological Approach 

 This study is qualitative in nature and adopts a case study approach (Yin  2009 ). 
We present results where data were drawn from the fi rst 3 months of a 2-year 

Real world model

Real world situation

Mathematical model

Mathematical results

Reality Mathematics

Mathematisation

Reinterpretation/validation

Idealisation Working within mathematics

  Fig. 33.1    Didactical modelling process (Kaiser and Schwarz  2006 , p. 197)       
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longitudinal study (2011–2012). Eight second-year Bachelor of Education 
(BEd) students were sampled purposively. They were enrolled in a new 3-year 
(2011–2013) Concepts and Literacy in Mathematics (CLM) course. The course 
was aimed at developing modelling skills within a citizenship perspective 
among the pre-service teachers. All the participants had a pass in Mathematical 
literacy at the end of their high school education. We use data from the fi rst 
3 months of the CLM course. In the fi rst year of their BEd degree programme 
they had enrolled for, and passed, ‘mathematical routes’, a university course 
aimed at both developing the pre-service teachers’ numerical skills and consoli-
dating their mathematical content knowledge. 

 The fi rst 3 months of the course focused on further developing the pre-service 
teachers’ knowledge related to elementary mathematics content and contextual 
problem solving. At the end of the fi rst 3 months the participants were then given a 
test which consisted of both pure mathematics ( N  = 5) and contextual ( N  = 5) tasks. 
The main purpose of the test was to assess pre-service teachers’ content knowledge 
and their modelling abilities. We have selected the contextual tasks for this chapter 
because our focus is to understand the pre-service teachers’ initial competencies 
relating to modelling situations. The tasks were designed or selected in such a way 
that the teachers would draw from their elementary mathematical understandings. 
The course coordinator was responsible for selecting or designing of the test items 
and the researchers were not involved. The test scripts were then collected for analy-
sis. Table  33.1  presents the test items. As argued above these items provide an entry 
point into modelling situations within a citizenship perspective.

   Table 33.1    Contextual test items   

 Item number  Items 

 Q1  My daughter wants to paint her bedroom pink. I mixed three tins of red paint 
with fi ve tins of white paint and she says the pink it makes is perfect. 
I fi gure we need about 12 tins of paint to paint her bedroom 

 (a) If I add two tins of white paint and two tins of red paint to the perfect pink 
mix will it be too red, too white or still perfect? 

 (b) How many tins of red paint and white paint must I add to the original 
perfect pink mix to make 12 tins worth of perfect pink mix? 

 Q2  At Pizzaz, the pizza with a 10 cm radius costs R30. The pizza with a 15 cm 
radius costs R45. Which is the better deal or is there no difference? 
Explain fully and clearly why you say so. 

 Q3  I have 8.2 m of material. I need 0.4 m of material to make a doll’s dress 
 (a) How many complete dresses can I make from the material? 
 (b) How much material will I have left over? 

 Q4  The only sports offered at Burg High School are soccer and netball. The 
principal loves soccer so he allocates the sports budget so that for every R2 
spent on netball, R3 will be spent on soccer 

 (a) If R450 is allocated to soccer, how much will be allocated to netball? 
 (b) If the school gets R8,000 to spend on sport, how much will be allocated to 

netball? 
 Q5  You buy a car for R85,000. If each year the value of the car depreciates by 10 % 

of its value the previous year, what will its value be at the end of 3 years? 
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4         The Nature of Pre-service Teachers’ Mathematical Work 

 We focus our analysis on the nature of initial modelling competencies across the 
didactic modelling process. By adopting the deductive approach (Creswell  2009 ; 
Yin  2009 ), we use the four indicators adopted from the theoretical framework, 
namely: idealisation, mathematisation, use of mathematical language, and interpret-
ing mathematical solutions in the context of the real life situation. 

4.1     Idealisation in Modelling 

 Idealisation involves competencies related to transforming real world problems into 
a real model. Although the pre-service teachers’ solutions do not show how the situ-
ations have been simplifi ed or structured to get a real world model and then a math-
ematical model, there is evidence around the teachers’ identifi cation and selection 
of “quantities that infl uence the situation” (Maaß  2006 , p. 116). The results show 
that the pre-service teachers tend to rush into constructing a mathematical model 
without explicitly showing how the real world situation has been simplifi ed or struc-
tured. Furthermore, the results suggest that pre-service teachers do not seem to have 
problems with idealisation at this level of question, as evidenced in the way relevant 
quantities from the situations were identifi ed. Evidence of pre-service teachers’ 
work which does not explicitly show idealisation is shown in Fig.  33.2 .

4.2        Mathematisation in Modelling 

 Mathematisation competencies include establishing relationships between quantities 
and choosing appropriate notations to be represented in a mathematical model 
(Maaß  2006 ). It involves setting up a procedure. As the teachers move from the 
“reality space” into the “mathematical space” there seem to be a breakdown in 
terms of choosing the correct operation to be used. For instance, after dividing 8.2 m 
by 0.4 m in item Q3a, 20.5 was obtained. However, instead of using a multiplication 
operation in item Q3b (i.e. 0.5 × 0.4), subtraction was used as shown in Fig.  33.3 .

4.3        Using Mathematical Language to Solve Modelling Tasks 

 After setting up a mathematical model, mathematical content knowledge becomes 
fundamental in solving the problem mathematically. Those with strong mathemati-
cal content knowledge would have different ways of solving the problem, weigh up 
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the different ways and choose the strategy that best solves the problem. The results 
show that some of the pre-service teachers in the study found it diffi cult to work 
within mathematics, suggesting that the mathematical content knowledge was not 
strong enough, as shown in Fig.  33.4 .

4.4        Interpretive Aspect of Modelling 

 Interpretation can sometimes be the most challenging stage of modelling because it 
draws from insight in relation to the problem situation. It involves making realistic 

  Fig. 33.2    Evidence of solution not showing idealisation       

  Fig. 33.3    Evidence of 
incorrect choice of operation       

  Fig. 33.4    Evidence of incorrect mathematical work       
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considerations in order to obtain a sensible solution within the context of the problem 
situation. The evidence given in Fig.  33.5  illustrates the importance of making 
considerations which make sense within the context of the problem situation.

5         Discussion of Results 

 Analysis of the pre-service teachers’ solutions to contextual problems which in our 
view provide an entry point into modelling complexities involved in dealing with 
real life problems has revealed two critical issues. 

 First, the pre-service teachers’ abilities to reason within the realistic space was a 
critical issue. This includes transforming the real-world context into some statement(s) 
which can be subjected to mathematical treatment. It also involves insight related to 
interpretation of mathematical solutions in the context of the situation. Although there 
is no evidence pointing towards specifi city of competencies related to idealisation 
from the data, the pre-service teachers’ initial stages of their solutions suggest that 
they were able to identify quantities that infl uenced the situations. Thus the correct 
quantities in the solution strategies can be linked to some recognition processes which 
took place prior to the setting up of the procedure. Reasoning within the realistic space 
is also evident in the way mathematical solutions were interpreted in the context of the 
problem situation. Realistic considerations were employed which assisted in provid-
ing more sensible solutions. For instance, instead of rounding up the answer to test 
item Q3a to obtain 21 as is the case in a purely mathematical context, the results show 
evidence of insight related to the context. 

 Second, there was evidence of lack of deep and connected understanding of 
elementary mathematics ideas. Mathematics content knowledge is central in 
problem solving. This involves identifying relationships between variables and 
representing these relationships using some mathematical operations. As the 
problem is mathematised, some abstraction using mathematical language is 
needed so that mathematical principles can be applied. The study results have 
revealed some diffi culties relating to enacting a procedure particularly when 
choosing an operation that best represents the relationship between the quantities. 
For example, the solution to Q3b required multiplication of 0.5 by 0.4 to obtain 
the left over material. Instead some teachers interpreted it as a subtraction prob-
lem (0.5–0.4) which resulted in 0.1 as an answer. Furthermore, in some cases, 

  Fig. 33.5    Evidence of realistic considerations       
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correct quantities were identifi ed but incorrect procedures were used, which 
resulted in an incorrect answer. Diffi culties in constructing mathematical models 
and fi nding solutions to such models such as these are associated with what Kaiser 
and Maaß call “mathematics-distant modellers” (Kaiser and Maaß  2007 ).  

6     Conclusion and Recommendations 

 In this chapter, we have presented preliminary results from a larger study which 
broadly focuses on pre-service teachers’ development in knowledge and practice 
related to modelling real-life situations within the citizenship domain. By focusing 
our analysis on solutions to realistic word problems using modelling competencies 
as lenses, we have argued that the reasoning within the realistic space among the 
sample of pre-service teachers is, in some ways, developed but comprehension of 
fundamental mathematics is fragmented. This means that the pre-service teachers’ 
initial mathematical modelling competencies are at early stages of development. In 
view of this, we recommend further development of the pre-service teachers’ mod-
elling competencies with a specifi c focus on mathematics content understandings.     
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    Abstract     In the Singapore context, mathematical modelling is often equated with 
the Model – Drawing Approach – a key pedagogical tool in the Singapore mathe-
matics curriculum. Though related, the two concepts are not identical. The partici-
pants in a professional development workshop program on mathematical modelling 
were initially facilitated through a 1 day workshop to experience what mathematical 
modelling entailed. This chapter captures the participants’ understanding of mathe-
matical modelling and the value they attached to it as part of the total mathematical 
learning experience for their students after having undertaken this professional 
development. Concerns the teachers had about mathematical modelling in the 
Singapore context are shared.  

1         Introduction 

 Mathematical modelling has been advocated by some researchers to be an impor-
tant goal in mathematics education (Lesh and Sriraman  2005 ). The inclusion of 
mathematical modelling as part of the teaching and learning of mathematics in 
school curricula has become more prominent recently. This transition from an 
emphasis on mathematical problem solving in the 1980s towards mathematical 
modelling apparently stems from the need to recognise the importance of modelling 
in dealing with real-world situations and solving problems in an ability-driven econ-
omy. To function well in the twenty-fi rst century, learners will need to acquire 
knowledge and skills to manage complex systems and solve real world problems 
(English and Sriraman  2010 ) and mathematical modelling is perceived to provide 
students with the opportunity to develop those competencies (Maaβ  2006 ). 
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 The Singapore Ministry of Education revised its curriculum in 2007 to include 
 applications and modelling  as part of the process component in alignment with 
international reform movements (Ministry of Education  2007 ). As mathematical 
modelling is in its formative stage in Singapore, the lack of detailed description 
about what mathematical modelling entails has not helped to actualise the intended 
curriculum (Chan  2008 ). Most primary and secondary school mathematics teachers 
tend to relate modelling to the model-drawing approach, a heuristic that is popularly 
used in Singapore mathematics classrooms to solve structured word problems. That 
is one form of direct modelling but it does not adequately fi t the description of what 
mathematical modelling means in the curriculum. The curriculum document defi nes 
mathematical modelling as “the process of formulating and improving a mathemati-
cal model to represent and solve real-world problems” (Ministry of Education  2007 , 
p. 8). It requires students to “use a variety of representations of data, and to select 
and apply appropriate mathematical methods and tools in solving real-world prob-
lems” (p. 8), including dealing with empirical data and using mathematical tools for 
data analysis. In this regard, without a good understanding of mathematical model-
ling, it is only reasonable that teachers do not carry out mathematical modelling 
activities in the mathematics classroom.  

2     Selected Reviews on Teachers’ Conceptions 
of Mathematical Modelling 

 According to Ärlebäck ( 2009 ), having a better understanding of teachers’ beliefs 
about mathematical modelling is important if teachers are to be encouraged to inte-
grate mathematical modelling in their mathematics teaching. Teachers may hold 
different beliefs about mathematical modelling and these beliefs come from their 
understanding of modelling based on their experiences and what they think model-
ling is. As mentioned earlier, many primary school teachers in Singapore have the 
notion that the new process component of mathematical modelling that has been 
included in the revised syllabus of 2007 is about an exemplifi cation of the model- 
drawing approach (Chan  2008 ). On the other hand, those who teach higher level 
mathematics in junior colleges or tertiary courses that involve applied mathematics 
or mechanics see mathematical modelling as formulating and using abstract formu-
las. Kaiser and Maaβ ( 2007 ) found in a German study that there were teachers who 
viewed mathematical modelling as stressing the process of creating opportunities 
for developing solutions while others strictly stress the establishment of formulas. 
These different orientations can lead to a particular emphasis in the way modelling 
is taught and carried out in classrooms. As well, differences in opinions about mathe-
matics and reality and teacher-held beliefs could build resistance to introducing 
mathematical modelling into teaching (Kaiser  2006 ). 

 Selected literature on teachers involved in mathematical modelling professional 
development sessions have shown that they generally appreciate the potential of what 
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mathematical modelling could offer as part of students’ learning of mathematics but 
not without challenges. Sixteen Taiwanese teachers, for example, who underwent 
model-eliciting activities (MEAs) workshops found that MEAs were useful to enhance 
students’ problem-solving ability and attitudes towards modelling but the MEAs were 
diffi cult to develop and design to fi t the modelling design principles (Yu and Chang 
 2011 ). According to these researchers, this can be attributed to the lack of theoreti-
cal knowledge of the teachers to make the connections between MEAs and the 
school curriculum. 

 In Chan’s ( 2011 ) case study of Singaporean primary six students’ mathematical 
modelling endeavours where two mathematics teachers were the facilitators, the 
teacher-facilitators’ journals refl ected mathematical modelling as being benefi cial 
to students in ways they had personally observed like developing creative thinking, 
collaborative skills, problem-solving skills and decision making skills, and indepen-
dent learning. They were concerned about the tensions that exist such as classroom 
management issues, completing the syllabus, the high-stake examinations, and the 
large class sizes that needed to be reconciled before mathematical modelling can be 
effectively carried out or would become a prominent feature in the classroom. 

 In Cheah’s ( 2008 ) case studies of teachers who underwent mathematical model-
ling sessions, he found that the teachers appreciated the creative and collaborative 
experience of mathematical modelling in learning mathematics that enabled their 
thinking to move from the real world to the mathematical world, and that learning 
was acquired through mathematical discourse. A concern raised by teachers was the 
issue of time and space in the curriculum to do mathematical modelling. 

 This brief review offers some preliminary information with respect to what 
teachers appreciate about mathematical modelling and the tensions they face in 
thinking about how to effectively carry out modelling activities in classrooms that 
have been based on a predominantly teacher-centred pedagogy.  

3     Stimulating Teacher Conceptions at the Mathematical 
Modelling Outreach 

 The Mathematical Modelling Outreach (MMO) was conceived by the Mathematics 
and Mathematics Education Academic Group of the National Institute of Education 
to promote mathematical modelling as a means to support the school mathematics 
curriculum in Singapore. The main objective of this outreach was to put theory into 
practice by providing students with the experience of engaging in modelling tasks 
spread over 3 days. Lee’s chapter in this volume describes the methodology for 
data collection in this exploratory study for reporting fi ndings through surveys 
(Lee, Chap.   35    , this volume). 

 By teachers experiencing modelling workshops where they were scaffolded 
through a modelling task, it was believed that what the teachers gained from 
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that experience would enable them to formulate some conceptions of what mathe-
matical modelling is. This chapter reports on the teachers’ conception of mathema-
tical modelling based on the fi rst day’s workshop where they were taken through a 
modelling task to experience what mathematical modelling was like. 

 The task, entitled  My Hometown , was used with 31 teachers during the immersion 
programme because of the then current local news items pertaining to new migrants 
in Singapore: 

  My Hometown (Years 7 and 8) 

 According to the Urban Redevelopment Authority, more than 80 % of the 
4,000 Singaporeans and permanent residents who participated in a lifestyle 
survey conducted in 2010 found Singapore to be a great place to live in, work 
and play. When interviewed, people shared what they liked about the town 
they live in, however new or old. The editor of “Good Living”, a lifestyle 
magazine, is featuring an article to showcase the most suitable town for a fam-
ily of new migrants. Come up with a proposal for your recommended town.  

 The teachers worked in fi ve groups. They were given internet access during the 
session so that the required information could be sourced. The two facilitators, who 
are teacher educators, implemented the task using a purpose designed facilitation 
framework (see Ng, Chap.   36    , this volume) in three sessions over the day, allowing 
for whole class discussions and facilitation inquiries by participating teachers 
between different phases of the modelling process. 

 To ascertain the teachers’ conceptions of what modelling was a simple survey 
questionnaire based on a 5 point Likert scale (i.e., Strongly Disagree (1), Disagree, 
Neutral, Agree, Strongly Agree (5)) was administered at the end of the day’s 
workshop for the teachers to pen their conceptions. The two main items in the 
survey were:

    (i)    I have an understanding of what mathematical modelling is.   
   (ii)    I see the potential of mathematical modelling tasks as part of the total mathe-

matical learning experience for students in my school.     

 To obtain a better understanding of the teachers’ perceptions concerning their 
responses to the two main items, teachers were encouraged to express as open- 
ended responses what they knew about the features/process and the potential of 
mathematical modelling respectively in blank spaces below the two main items. 
There was also one other item not linked to the two main items where teachers were 
asked to write about “My concerns about mathematical modelling”. 

 The teachers’ responses to the two main survey items were reported as percent-
age fi gures while the open-ended responses were tallied based on the comments 
given (or similar comments) as frequency counts. For a participant who gave a sin-
gle comment with two or more distinctive descriptions, the responses were treated 
as separate occurrences in the tallying process.  
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4     Responses 

4.1     Teacher Understanding of Mathematical Modelling 

 Table  34.1  shows the percentage response of the teachers to the statement “I have an 
understanding of what mathematical modelling is” with 83 % (“agree” and “strongly 
agree”) of the teachers responding that they had an understanding of mathematical 
modelling after the fi rst day introductory workshop.

   Table  34.2  presents the frequency of the open-ended responses. Responses that 
did not specifi cally fi t the notions of the features or process of mathematical model-
ling (e.g., “the need to design tasks that are relevant to pupils” or “they are demand-
ing”) were not considered.

   After the modelling experience, the response that surfaced the most was specifi c 
mention of the modelling process including the various phases that they had encoun-
tered (17 occurrences). The other most occurring response relates to the openness of 
the modelling endeavour (16 occurrences) in terms of the modellers’ responses, 
goals and interpretations of task and solutions. As well, several respondents listed a 
few specifi c modelling behaviours (16 occurrences). There were 11 responses con-
cerning mathematical modelling as relating to the real world or involving the use of 
real data towards solving real world problems. Six responses described the toggling 
between the real world and mathematical world for transforming the problem. There 
was only one response indicating that group work was a feature of mathematical 
modelling.  

   Table 34.1    Teachers’ response towards attaining an understanding of mathematical modeling ( N  = 31)   

 Strongly
disagree    Disagree  Neutral  Agree 

 Strongly
agree   

 I have an understanding of what 
mathematical modelling is 

 0 %  3 %  13 %  77 %  7 %   

   Table 34.2    Teachers’ conceptions of the features and process of mathematical modelling   

 Conceptions of the features and process of mathematical modelling  Frequency 

 The process includes representation of relationships, experimentation, 
verifi cation and generalisation 

 17 

 They are open-ended/elicit different interpretations/achieve different goals  16 
 They involve (naming of some specifi c modelling behaviours) problem posing, 

explaining, describing, simplifying, classifying, exploring, conjecturing, 
predicting, justifying, reasoning, assuming, reasoning, communicating, revising, 
metacognitive thinking 

 16 

 They involve the real world/real data/real world problems  11 
 They involve making links to transform a real world model into a mathematical 

solution 
  6 

 They involve group work   1 
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4.2     The Potential of Using Mathematical Modelling Tasks 

 The percentage fi gures of the teachers’ response to the item “I see the potential of 
mathematical modelling tasks as part of the total mathematical learning experience 
for students in my school” are presented in Table  34.3 . Most teachers (63 %) agreed 
that there is potential to use mathematical modelling tasks in the mathematics cur-
riculum with 20 % of the teachers strongly agreeing. The fi gures refl ect that teach-
ers viewed positively mathematical modelling as playing an integral part in the 
mathematics learning experience of students.

   Table  34.4  shows the frequency of the open-ended responses in relation to the 
potential of having mathematical modelling in the classroom. As before, responses 
that did not specifi cally give the potentials (e.g., “it has many potentials”) were not 
considered further. There were 6 responses that indicated the potential of using 
mathematical modelling as linking students’ mathematical ideas to real-world 
applications or situations. There were fi ve responses that suggested mathematical 
modelling is enriching, enjoyable, interesting or refreshing. Four responses men-
tioned the affective domain, namely, modelling increases students’ motivational 
level or appreciation of mathematics. There were three responses that suggested 
mathematical modelling could make students think more, apply their mathematics 
learned or be creative (but these responses did not indicate linking to the real world). 
There was one response that related its potential mainly for higher-ability students.

4.3        Teacher Concerns About Mathematical Modelling 

 Table  34.5  shows the consolidated 41 responses of the teachers with respect to their 
concerns about mathematical modelling. It can be inferred that most teachers 
(19 occurrences) found the constraints of time and the completion of syllabus 

   Table 34.3    Teachers’ response concerning the potential of using mathematical modelling tasks in 
schools ( N  = 31)   

 Strongly 
disagree  Disagree  Neutral  Agree 

 Strongly 
agree 

 I see the potential of mathematical 
modelling tasks as part of the total 
mathematical learning experience 
for students in my school 

 0 %  3 %  13 %  63 %  20 % 

   Table 34.4    Teachers’ conception of the potential of using mathematical modelling tasks in 
schools   

 The potential of using modelling tasks  Frequency 

 It links maths concepts to real world situations/applications  6 
 It is enriching/enjoyable/interesting/refreshing  5 
 It helps to improve students’ motivational level/appreciation of maths  4 
 It makes students think more/apply their maths learned/be creative  3 
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requirements to be the inhibiting factors in carrying out mathematical modelling. 
The concern that teachers need to be well-equipped so as to be able to teach mathe-
matical modelling had the next highest response, garnering seven occurrences. Six 
responses concerned how to differentiate the instruction in terms of managing dif-
ferent ability groups of students. Three responses were task related, in that they 
might not be able to deal with the openness of the interpretation of the task and 
solution. Two responses concerned task design and two responses sought answers 
for linking the relevance of mathematical modelling to high-stakes examinations 
and routine classroom practice. The other concerns each raised by only one respon-
dent included the availability of support for teachers, parents’ concerns, the lack of 
familiarity with the task, how to assess student learning, readiness to implement 
mathematical modelling and whether students would be discouraged if they were 
not successful in completing a modelling task.

5         Discussion and Implications 

 From the responses of the fi rst survey item about teachers’ understanding of math-
ematical modelling, most of the teachers (83 % agree and strongly agree) after 
their modelling experience, believed that they had an understanding of what math-
ematical modelling entailed. The more prominent accompanying open-ended 
responses entailed their stating modelling phases, the open nature of making inter-
pretations to tasks and solutions, as well as the stating of certain specifi c modelling 
and mathematising behaviours. As this modelling endeavour was an initial, but 
encouraging, step in promoting mathematical modelling in accord with the goal of 
the MMO, it must be recognised that the teachers did not have the opportunity to 
design, carry out and facilitate mathematical modelling sessions with students. In 
this regard, what might have been acquired as their conceptions of modelling was 
a surface level understanding about mathematical modelling, which nonetheless 

   Table 34.5    Teachers’ concerns about mathematical modelling   

 Concerns about mathematical modelling  Frequency 

 It takes up (substantial) curriculum time/cannot complete syllabus  19 
 I am unsure how to facilitate/lack competence/unsure how to scaffold  7 
 How to differentiate the instruction for different (ability) groups of students?  6 
 Lacks confi dence in dealing with openness of interpretation of task/solution  3 
 How to design (appropriate) modelling task?  2 
 How to incorporate into examinations/daily maths practice?  2 
 What support is available for teachers?  1 
 Will parents buy in?  1 
 Lack of familiarity with the task  1 
 How to assess student learning in mathematical modelling?  1 
 May discourage students when they do not get breakthrough  1 
 Are schools/teachers/students ready for mathematical modelling?  1 
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was a good start to address future mathematics teachers’ professional knowledge 
in the area of modelling competencies. 

 Similarly, 83 % of these local teachers saw the potential of having mathematical 
modelling in the classroom although not many provided open-ended responses to 
what the potentials were. The two highest occurrences (six and fi ve) had to do with 
linking mathematics to the real world and that such tasks offered something refresh-
ing and interesting. There were more responses highlighted as concerns though. 
Being new to mathematical modelling, the concerns raised by teachers were not 
surprising. With a tight curriculum and the need to complete the syllabus (this high-
est response garnered 19 occurrences), this tension would need to be addressed 
towards reconciling how to integrate modelling activities in the mathematics class-
room. Notably too, a number of teachers were unsure of how to facilitate such activ-
ities (seven occurrences) as well as in managing the differentiation in instruction for 
different ability-groups of students (six occurrences). 

 We see that training teachers for future professional knowledge and modelling 
competencies as a means to address some of the concerns. As well, tackling the 
affective aspect should not be dismissed. Lim ( 2002 ) noted similar concerns with 
mathematics education in Singapore in light of implementing reform classroom 
practices and recommended that the issue be approached from the stance of intrinsic 
motivation of the teachers to carry new developments through. She also believed 
that it takes dedicated teachers who are confi dent and passionate in mathematics 
besides being grounded in pedagogy and new developments in mathematics educa-
tion to advance more contemporary pedagogies. Thus, starting small and appealing 
to cultivate the teachers’ interest in mathematics in the area of mathematical model-
ling could help infuse the gradual use of modelling into the curriculum. It is indeed 
demanding for a facilitator to manage a class of 40 students. To circumvent this, the 
school could arrange to have two teachers involved in facilitating a modelling ses-
sion as Chan ( 2011 ) has done in his study related to implementing model-eliciting 
activities. This helped the teachers to reach out to the signifi cantly fewer groups of 
students on a more timely basis.  

6     Conclusion 

 By the end of the introductory workshop on mathematical modelling, most teachers 
had a basic understanding with regards to what mathematical modelling entailed. 
Most teachers also saw the benefi ts of having mathematical modelling in the school 
curriculum. Teachers would gain greater confi dence and develop modelling compe-
tencies if they are better exposed and directly involved in modelling activities with 
students. While generally most of the teachers saw the potential of mathematical 
modelling, their concerns were mainly with respect to time constraints and complet-
ing the school syllabus. There is scope therefore in developing a teacher training 
programme towards helping teachers acquire future professional knowledge in 
mathematics competencies and thereby address some of the concerns. As well, a 
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greater promotion of using simple modelling tasks for the purpose of helping 
students to communicate and reason mathematical ideas towards giving meanings 
to problem situations can be a good starting point to integrate modelling activities 
into the classroom.     
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    Abstract     The Singapore Mathematics Curriculum is often referred to as the 
Problem Solving Curriculum. Despite two major reviews, it has remained largely 
unchanged. Consequently, teachers are familiar with problem solving but not prob-
lem posing, a key feature in mathematical modelling, an addition to the curriculum 
since 2003. As mathematical modelling is context based, teachers expressed con-
cern with the availability of appropriate relevant tasks and the sustainability of 
mathematical modelling. This chapter is the second in a series of three on initial 
perspectives of teacher professional development on mathematical modelling in 
Singapore. It captures the readiness of participants in a relevant professional devel-
opment event in designing modelling tasks and the value they attached to problem 
posing as part of the total student mathematical learning experience.  

1         Introduction 

 One aspect of the 1990s Singapore mathematics syllabus document that differed 
signifi cantly from past syllabus documents was the articulation of the key role 
played by problem solving in school mathematics. The primary aim of the mathe-
matics curriculum was to “enable pupils to develop their ability in mathematical 
problem solving” (Ministry of Education  1990a , p. 3,  1990b , p. 3). The buzz inter-
nationally on mathematical problem solving in the 1980s may have been the key 
contributing factor for Singapore to develop its national mathematical curriculum 
with an emphasis on mathematical problem solving. However, as Lee ( 2010 ) 
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observed, the Singapore mathematics curriculum of the 1990s survived, with minor 
modifi cations, the major curriculum reviews for implementation in 2001 and 2007 
(Ministry of Education  2000a ,  b ,  2006a ,  b ). Consequently, Singapore mathematics 
teachers are generally familiar and comfortable with the role mathematical problem 
solving plays in the mathematics classroom. 

1.1     The Context 

1.1.1     The Singapore Mathematics Curriculum 

 The Singapore Mathematics Curriculum Framework (Fig.  35.1 ) provides a succinct 
description of the philosophy of the curriculum and articulates the important aspects 
of learning and teaching in Singapore mathematics classrooms. The centre of the 
Framework, also known as the Pentagonal Framework, depicts the primary aim of 
the curriculum – mathematical problem solving. The fi ve sides of the pentagon 
refl ect the dependence of the attainment of problem solving ability on fi ve inter- 
related components – concepts, skills, processes, attitudes, and metacognition. 
Concepts and skills refer to the relevant mathematical concepts and skills, attitudes 
refers to the affective aspects of mathematical learning, and metacognition refers to 
the awareness of, and the ability to, control one’s thinking processes. The processes 
refer to the “knowledge skills (or process skills) involved in the process of acquiring 
and applying mathematical knowledge” (Ministry of Education  2006b , p. 13).

  Fig. 35.1    Framework for the Singapore mathematics curriculum (Ministry of Education  2006b )       
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1.1.2        Singapore Mathematics Curriculum and Mathematical Modelling 

 As shown in Fig.  35.1 , processes in the Singapore Mathematics Curriculum Framework 
include reasoning, communication and connections, thinking skills and heuristics, 
and application and modelling. As noted by Balakrishnan et al. ( 2010 ), applications 
and modelling were introduced in the Singapore Mathematics Curriculum Framework 
in 2003. This is to highlight the importance of applications and modelling in mathe-
matics learning so as to meet the challenges of the twenty- fi rst century (Ministry of 
Education  2009 ; Soh  2005 ). However, it should be pointed out that the inclusion of the 
applications and modelling in the Singapore Mathematics Curriculum Framework 
was only refl ected in the Syllabus documents for implementation in 2007 (Ministry of 
Education  2006a ,  b ).  

1.1.3     Professional Development of Singapore Mathematics Teachers 

 In the Singapore Education System, all trained teachers (those deemed to have suc-
cessfully completed the necessary pre-service education) are “eligible to [sic] 
100 hours of professional development a year” (Lim-Teo  2009 ). The professional 
development courses range from one session workshops, whole day conference/
seminars to long certifi cation programmes. However, up to the end of 2009, there 
was no record of professional development courses dedicated to address mathematical 
modelling in the mathematics classroom.   

1.2     The Issues 

 With a lack of professional development opportunities to avail mathematics teachers 
with the necessary knowledge and skills to address mathematical modelling in the 
mathematics classroom, this particular aspect of the Singapore Mathematics 
Curriculum appears to be often more neglected than others. Many issues are 
involved, but this chapter seeks to discuss and shed some light on two related ones: 
problem posing and task design. 

1.2.1     Problem Posing 

 Although Polya ( 1957 ) considered problem posing as an inseparable part of prob-
lem solving, it is observed that only after 10 years of existence, did the Singapore 
Problem Solving Curriculum explicitly encourage problem posing – in the form 
of “extend and generate problems” (Ministry of Education  2000b ). As Yeap ( 2002 , 
pp. 3–4) observed, students “reason with laws that involve symbols to solve well- 
defi ned problems that have fi xed conceptual meaning”. On the other hand, Reed 
( 1999 ) argued that one way in which real-world problem solving differs from 
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school problem solving is that in the former the problem solver often has to for-
mulate the problem and collect relevant data for solving it. In fact, Bonotto ( 2010 ) 
noted that problem posing activities lay the foundation for a mathematisation dis-
position – a key aspect of the modelling process (Niss  2010 ). However, as Bonotto 
( 2010 , p. 406) also recognised that such activities require “a radical change on the 
part of teachers” who are more used to using tools that are always “highly struc-
tured, rigid, not really suitable to develop alternative processes deriving from cir-
cumstantial solicitations, unforeseen interests, particular classroom situations”. 
Such radical change could often only be effected by fi rst impacting on the rele-
vant teachers’ belief systems. It is thus important to address and  examine the value 
Singapore mathematics teachers attached to problem posing as part of the total 
student mathematical learning experience.  

1.2.2     Task Design 

 Stillman ( 2010 , p. 301) noted that “mathematical modelling connects from the out-
side world into the classroom”, whilst Kaiser et al. ( 2010 , p. 227) observed that “a 
real world situation is the [modelling] process’ starting point”. Muller and Burkhardt 
( 2006 , p. 269) also pointed out that “context-based mathematical modelling pro-
vides ideal settings to blend content and process so as to produce fl exible mathemat-
ical competence”. Thus, one of the key features of a mathematical modelling task is 
its context-based real-world nature. As mathematical modelling is new to Singapore 
mathematics classrooms, the availability of such context-based real-world model-
ling tasks that will allow Singapore students to “address problems in their world” 
(Galbraith et al.  2010 , p. 135) has become a main concern of Singapore mathematics 
teachers. This in turn affects how these teachers perceive the sustainability of math-
ematical modelling in mathematics classrooms. However, if teachers feel that 
designing modelling tasks is just part of their broader repertoire of professional 
strategies, such concerns may no longer be an issue. It is thus useful to gather some 
insight into teachers’ perceived level of competency in designing modelling tasks 
after being exposed to some relevant professional development.    

2     Methodology 

 In June 2010, the Mathematics and Mathematics Education Academic Group of the 
National Institute of Education – the sole provider of pre-service teacher education and 
main provider of in-service teacher education in Singapore, organised two consecutive 
events, namely a Mathematical Modelling Outreach (MMO) and the Second Lee Peng 
Yee Symposium. Both events centred around the theme of mathematical modelling. In 
addition to invited talks on mathematical modelling for participating students and 
teachers, there were hands-on sessions for the students solving a mathematical 
modelling task. There were also hands-on workshop sessions to better prepare 
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teachers to implement the mathematical modelling aspect of the Singapore Mathematics 
Curriculum. These workshops addressed issues related to conceptions of mathematical 
modelling, problem posing for mathematical modelling, mathematical modelling task 
design, and facilitation of mathematical modelling instruction. These were identifi ed as 
areas of concern given the unfamiliarity of teachers with mathematical modelling, the 
lack of appropriate mathematical modelling tasks, and inexperience of teachers to con-
duct mathematical modelling lessons. This chapter, fi rst of a series of three to provide 
some insights into the form and type of teacher professional development on mathe-
matical modelling in these aspects for Singapore mathematics teachers, through an 
exploratory survey study, addresses the issues related to problem posing and task 
design for mathematical modelling. Chan ( 2013 ) deals with the issue of conceptions of 
mathematical modelling whilst Ng ( 2013 ) explores facilitation. 

2.1     The Participating Teachers 

 A total of 31 teachers participated in the hands-on workshop sessions, of these, two 
were from an Australian high school and one from an Indonesian International pri-
mary school as the events also generated interest among educators in the Asia Pacifi c 
region. Of the 28 Singapore teachers who participated, 13 were teaching at primary 
levels and 15 at secondary levels. The schools that these teachers were teaching in 
also provided a good mix of school backgrounds in Singapore, as it was endeavoured 
by the organiser to ensure that schools were well-represented at both events. The 
teaching experience of these participating teachers was unable to be controlled as it 
was at the discretion of the schools which teacher to send to the events. However, 
from informal interaction with participating teachers, it was observed that level of 
teaching experience among the participants was quite varied. There were novice 
teachers who have just joined the schools upon completion of their pre-service edu-
cation, whilst others had taught for more than 20 years. A few were also appointment 
holders, such as senior subject teacher or heads of department.  

2.2     Workshop Sessions for Participating Teachers 

 The session on  Problem Posing for Mathematical Modelling  was conducted by an 
international expert – an invited speaker for the events. The session was of one and a 
half hours duration and consisted of short lectures, demonstrations, and hands-on 
activities. The session dealt with the role of problem posing from the perspective of its 
relationship to modelling and fi nding modelling tasks. In particular, the session 
exposed teachers to the use of photographs as a stimulus to task design and the kind 
of problems that could be posed. Examples used were contexts drawn from common 
daily life experiences, alerting teachers to the importance of sensitising one to the 
surrounding environment for suitable contexts for mathematical modelling. 
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 The session on  Task Design  was conducted by Dr Dawn Ng and Dr Lee Ngan 
Hoe, the two co-Chairs for the Organising Committee. The session was of 1 h dura-
tion and consisted of a sharing of the journey taken to create eight modelling tasks 
that the participating students were undertaking during the MMO as well as a short 
hands-on session for the participating teachers to design a task. In particular, the 
teachers were exposed to the use of a stimulus, such as printed materials, video 
clips, the physical environment, and photographs, to create the tasks. The process 
taken to lend contexts to the designed tasks relevant to the participating students 
was also illustrated. Teachers were also shown how the tasks were designed to 
ensure that the key attributes of modelling tasks, namely openness of the tasks and 
the focus on mathematics, were well aligned. The participating teachers were then 
given an opportunity to apply these principles to design a sample task.  

2.3     Collection of Feedback from Participating Teachers 

 After having attended both Workshop sessions, participating teachers were asked to 
respond to a survey. In relation to the session on  Problem Posing for Mathematical 
Modelling , participating teachers was asked to rate on a 5 point Likert scale how 
they saw the importance of students posing their own problems during mathemati-
cal modelling. Qualitative comments were also sort from the participating teachers 
through the completion of the following statements:

    (i)    When encouraging problem posing by students, I would like to focus on:   
   (ii)    When encouraging problem posing by students, I would like to be careful about:   
   (iii)    My concerns about facilitating problem posing by students during mathemati-

cal modelling:    

  For the  Task Design  session, participating teachers were asked to rate on another 
5 point Likert scale if they had obtained some ideas for designing modelling tasks. 
Qualitative comments were again sought from the teachers through the completion 
of the statements:

    (i)    When designing modelling tasks, I would like to focus on:   
   (ii)    When designing modelling tasks, I would like to be careful about:   
   (iii)    My concerns about task design in mathematical modelling:    

  At the end of the survey, the teachers were also asked to list the key learning 
points from the sessions.   

3     Results 

 A total of 27 participating teachers responded to the survey. Of the 27 sets of survey 
forms collected, it was noted that despite the structured nature of the qualitative 
statements, the teachers still did not write at length – a common trait of Singapore 
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teachers. Nonetheless, compared to the norm whereby many blanks are left by 
participants in qualitative surveys, numerous short sentence responses by the teachers 
provided some insights into their thoughts after the workshop sessions. However, 
teacher responses to these statements were not as focussed as it was desired. The 
teachers’ qualitative comments with regards to problem posing and task design 
were often stated in general terms and not distinctly on only one of two aspects. 
Sometimes the qualitative comments even touched on other general aspects of 
mathematical modelling. This is not surprising, as the aspects though distinct, are 
not actually independent, but are inter-related aspects of addressing mathematical 
modelling in the mathematics classroom. Consequently, this section will report on 
two consolidated aspects of the survey data, namely quantitative versus qualitative, 
instead of delineating the results along the lines of problem posing and task design. 

3.1     Quantitative Results 

 Based on a Likert scale of 1–5 (Strongly Disagree, Disagree, Neutral, Agree, 
Strongly Agree), the responses on the importance of students posing their own 
problems during mathematical modelling had a mean of 4.26 and a SD of 0.45. All 
27 respondents either agreed (20) or strongly agreed (7 responses). In other words, 
all the responding teachers agreed that it was important for students to pose their 
own problems during mathematical modelling. 

 Similarly, using a Likert scale of 1–5 (Strongly Disagree, Disagree, Neutral, 
Agree, Strongly Agree), the responses of the participating teachers on their having 
obtained some ideas for designing modelling tasks had a mean of 4.11 and a SD of 
0.42. Other than one Neutral response, the other 26 responses consisted of 22 agree-
ments and 4 strongly agreed. So, the responding teachers generally felt they had 
obtained some ideas for designing modelling tasks.  

3.2     Qualitative Results 

 Table  35.1  summarises the key qualitative comments provided by the participating 
teachers that are relevant to the discussion of this chapter, in order of frequency, that 
is, the number of participating teachers who provided the respective response.

   More than half of the respondents had captured the key considerations when 
designing a modelling task, namely the need to use a context that is relevant to the 
students, and to ensure a mathematical focus of the task while retaining an openness 
to the problem. Eleven of 27 respondents expressed that the key learning point of 
the workshop sessions was to ensure that modelling tasks are real-life contexts that 
are of interest and relevance to students. On the other hand, teachers’ competencies 
to provide appropriate scaffolding when encouraging problem posing without ‘clos-
ing’ the task remained a concern to many (more than a third of the respondents). 
Interestingly, the perennial concern of inadequacies of teachers in dealing with 
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real- life tasks did not appear to concern as many of the participating teachers as was 
expected (6 respondents). The message that the teachers of the twenty-fi rst century 
are no longer simply dispensers of knowledge but facilitators of students’ learning 
appears to have sat well with these teachers. 

 It was also apparent that comments with regards to problem posing and task 
design from the teacher participants also centred on more detailed concerns relat-
ing to implementation of mathematical modelling in the classroom. Some respon-
dents expressed explicitly the need for task design to include opportunities for 
problem posing that will help students to better identify assumptions made and 
variables, verify their models and appreciate limitations of their models. This 
refl ected a greater level of immersion of the participants in a culture of mathe-
matical modelling.   

4     Discussion, Implications and Conclusion 

 It is evident that the short professional development, in the form of hands-on 
workshop sessions, on problem posing and task design in relation to mathematical 
modelling for the participating teachers yielded a positive, though maybe short 
term, outcome. More than 90 % of the participants had not implemented mathe-
matical modelling in their classroom and had little or no experience in carrying 
out problem posing in their mathematics class. After the workshop sessions, not 
only did they generally consider it important for students to problem pose during 
mathematical modelling, but also they were able to identify some of the key 
principles for designing modelling tasks. In the latest curriculum document 

    Table 35.1    Participating teachers’ qualitative comments to survey   

 Comments 
 Number 
of responses 

 Need to focus on the mathematics  16 
 Need to ensure relevance of task to students  14 
 Need to ensure openness of task  14 
 Concern about teachers’ competencies to provide appropriate scaffolding  10 
 Concern with the need for teachers to trek unfamiliar grounds 

(lack of necessary knowledge) 
 6 

 Need to get students to examine assumptions made  6 
 Need for consideration of students’ ability  5 
 Need to get students to examine the variables (reasonable number, 

and ensure that variables are quantifi able) 
 6 

 Time constraint when implementing modelling task  3 
 Need to get students to verify their models  2 
 Need to get students to appreciate the limitations of their models  2 
 Availability of resources  1 
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(Ministry of Education  2012 , p. 15), teachers were alerted to the fact that “appli-
cations and modelling allow students to connect mathematics that they have learnt 
to the real world, enhance understanding of key mathematical concepts and meth-
ods as well as develop mathematical competencies. Students should have oppor-
tunities to apply mathematical problem- solving and reasoning skills to tackle a 
variety of problems, including open-ended and real-word problems”. Thus, the 
three most frequent comments from teachers (Table  35.1 ), that is, focus on math-
ematics, relevance of task to students, and the need for openness of the tasks, are 
also refl ective and in line with the Singapore Mathematics Curriculum. In fact, 
Galbraith et al. ( 2010 ) listed six principles for identifying a “potential situation 
for model development”:

•    Principle 1: Relevance and Motivation  
•   Principle 2: Accessibility  
•   Principle 3: Feasibility of Approach  
•   Principle 4: Feasibility of Outcome  
•   Principle 5: Validity  
•   Principle 6: Didactical Flexibility    

 The participating teachers have at least been able to relate the design of a model-
ling task to Principles 1 and 2. In addition, the qualitative comments have touched 
on some other aspects of the other four Principles. Maybe a more systematic and 
explicit addressing of these six principles, coupled with a more generous allocation 
of time for professional development in these areas, could better equip teachers with 
the necessary skills and knowledge so as to better empower them to address the 
issue of mathematical modelling in the mathematics classroom. 

 It must also be pointed out that the receptivity of the teachers, as refl ected by 
their responses to the survey and during casual discussions, was indeed a wel-
coming surprise. The lack of experience in mathematical modelling and the 
many initiatives that the Singapore mathematics teachers need to address (Wong 
and Lee  2009 ), often result in teachers bringing a skeptical view towards new 
approaches. One could, of course, attribute the positive outcome to the dyna-
mism, charisma and effectiveness of some of the facilitators of the sessions with 
one presenter described as enlightening on both mathematical modelling and 
problem posing. Some participants also expressed their ability to link the mate-
rials presented at the sessions with real classroom situations as the tasks dis-
cussed were also being implemented simultaneously with participating students 
in the MMO in a classroom context. Participating teachers could, in between 
teacher workshop sessions, visit these classes to observe how students reacted 
and approached the modelling tasks. Could these demonstration classes lend 
more credibility to the theories behind such new pedagogical approaches to the 
teachers? Should Singapore teachers’ professional development courses be 
structured around more demonstration classes? Such considerations, rather than 
simply making available more in-service courses on mathematical modelling 
might be needed to effect the “radical change on the part of teachers” that 
Bonotto ( 2010 , p. 406) described.     
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    Abstract     Challenges exist for the incorporation of modelling tasks in Singapore 
mathematics classrooms particularly due to the open-ended, interdisciplinary nature 
of such tasks. This chapter presents a preliminary teacher facilitation structure 
developed for initial professional development in an outreach programme for 
mathematical modelling in Singapore primary and secondary schools. Findings on 
teacher readiness in facilitating students’ mathematical thinking, reasoning, and 
communication during mathematical modelling will be discussed.  

1         Introduction 

 Proponents of mathematical modelling have long argued for the inclusion of model-
ling tasks in school curricula (English  2009 ; Kaiser and Maaß  2007 ; Lesh and Doerr 
 2003 ; Stillman et al.  2008 ) to promote connections between school-based mathe-
matics and real-world problem solving. Mathematical modelling refers to the pro-
cess of formulating and improving a mathematical model to represent and solve 
real-world problems (CPDD  2012 ). Although mathematical modelling was intro-
duced in the Singapore mathematics curriculum in 2003, more concerted efforts at 
teacher education for task design, facilitation, and evaluation of learning occurred 
only in recent years (CPDD  2012 ; Ng  2013 ). As Stillman ( 2010 ) observed, the 
teacher factor is one crucial condition for successful incorporation of modelling 
activities in schools. Three main challenges exist among teachers when promoting 
the use of modelling activities in Singapore mathematics classrooms. 
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 Firstly, there appears to be confusion among teachers with respect to what 
mathematical modelling is. Mathematical modelling is often mistakenly inter-
preted as the Model Drawing Approach, which is often used as a problem solving 
heuristic and a teaching approach at primary and lower secondary levels (Chan 
 2013 ). In addition, there is also a need to clarify differences between applications 
and modelling tasks (Stillman et al.  2008 ). Applications are used when the 
teacher looks for possible real-world contexts where specifi c taught mathemati-
cal knowledge and skills can be applied. For many years, Singapore teachers 
have designed problem solving activities revolving around applications. A mod-
elling task on the other hand begins with the real-world context where various 
mathematical knowledge and skills can be elicited to derive models representa-
tive of the context for problem solving purposes. Singapore teachers may also 
fi nd it challenging to identify and subsequently weave the spectrum of possible 
mathematical knowledge to be drawn from the open-ended modelling task in 
their facilitation. 

 Secondly, Singapore teachers and students are bound by traditional high stakes 
assessment systems. These bring about constraints in time management and the 
nature of mathematical learning activities. 

 Thirdly, there is a lack of teacher readiness in implementing modelling tasks 
for several reasons. Singapore schools have limited, sporadic exposure to model-
ling activities. Modelling tasks often require problem posing, justifi cation and 
articulation of decision making factors in model development and validation by 
students as well as critique processes to be displayed by their teachers. These 
challenge the mind sets and comfort levels of Singapore teachers who are gener-
ally used to prescriptive teacher-centred approaches where problems with a lim-
ited selection of approaches all converging towards an answer are discussed. 
Furthermore, it has been ingrained in many Singapore teachers that mathematics 
is about algorithms, working out, solution steps, and one fi nal answer all occur-
ring in a linear sequential manner. This has narrowed the views of what can com-
prise appropriate mathematical models (Ng  2010 ) with resulting implications on 
facilitation. 

 These challenges provided impetus for the development of a framework to 
guide teachers towards facilitation of modelling tasks hoping to bring about a 
pedagogical shift in approach towards a more student-centred mode but within the 
comfort levels of teachers who are used to prescriptive forms of instruction. This 
chapter is the third and last in a series of reports in this book on initial perspec-
tives of teacher professional development in Singapore. It presents a facilitation 
framework for modelling in Singapore classrooms and exemplifi es its use when 
teacher educators scaffolded teachers in their preliminary attempts as modellers 
in the second session of a “mathematical modelling outreach” 3-day immersion 
programme (see Lee  2013 ). Teacher readiness at facilitating modelling in their 
own classrooms will be examined from data collected in an exploratory study 
conducted during the programme, with implications drawn for future teacher 
education.  

K.E.D. Ng



429

2     Theoretical Perspectives of Modelling 
for Facilitation Framework 

 Mathematical modelling in the context of the Singapore curriculum appears to 
refl ect two perspectives proposed by Kaiser and Sriraman ( 2006 ): realistic model-
ling and contextual modelling. The former views modelling as having pragmatic- 
utilitarian goals to promote the solving of real-world problems for relevance of 
school mathematics and to nurture competencies related to the modelling process. 
Modelling is taken as an activity to solve authentic real-world problems from indus-
try and science, not as the development of mathematical theories (e.g., Kaiser and 
Maaß  2007 ). The latter perspective, however, perceives models as “purposeful con-
ceptual systems” (Lesh  2003 , p. 44) which describes, explains, or predicts real- 
world phenomena. Here, the mathematisation of reality is placed in the foreground 
during modelling tasks. When mathematising a situation, students devise or select 
appropriate symbolic mathematical representations (i.e., model development) for 
the given real-world situation in meaningful ways, engaging in processes like con-
structing, explaining, justifying, predicting, conjecturing, and representing. This 
approach is espoused to contrast textbook-based mathematics where students try to 
make sense of symbolically described situations. Hence, an important goal of the 
contextual modelling perspective is to facilitate students to develop, critique, and 
validate their own models of mathematical representations for identifi ed purposes 
based on the assumptions and conditions set in relation to specifi c real-world con-
texts. English ( 2003 ) and Lesh and Doerr ( 2003 ) posit the use of model-eliciting 
activities to achieve the stated goal. Model-eliciting activities focus on the useful-
ness of models and their development in the given situations and beyond. 

 The two theoretical perspectives of modelling set the foundation underlying the 
development of the facilitation framework. An objective of the immersion pro-
gramme was for teacher participants to experience the entire journey of being mod-
ellers guided by teacher educators demonstrating the use of the facilitation 
framework.  

3     A Framework for Facilitating the Modelling Process 

 The framework (Fig.  36.1 ) consists of six phases which are articulated based on 
Polya’s four stages ( 1957 ) of problem solving process: (a) understand the problem, 
(b) plan, (c) implement plan, and (d) refl ect. Singapore mathematics teachers are 
generally familiar with Polya’s work as part of their pre-service education as well as 
their teaching repertoire articulated in the syllabus documents. Thus, it was a con-
scious decision to anchor the facilitation framework on Polya’s stages.

   Each phase in the facilitation framework is marked by focused questions aligned 
to the development of modelling competencies and crucial modelling elements 
highlighted by experts. Houston ( 2007 ) emphasised the importance of looking 
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holistically into students’ overall sense making of the real-world situation presented 
in the problem and their efforts at generating a mathematical model. The facilitation 
framework in Fig.  36.1  allows for time spent discussing the problem in order to 
make sense of it. The framework also provides opportunities to embark on repeated 
attempts to derive an appropriate model for the problem situation. Responding to 
calls for nurturing metacognitive competencies during modelling espoused by 
Stillman ( 2009 ), the framework provides platforms for developing student’s ability 
to refl ect critically about their completed modelling attempts. Lesh ( 2003 ) and 
English ( 2003 ) brought out key elements in the modelling process echoed by 
Balakrishnan et al. ( 2010 ): (a) mathematisation of the problem, (b) the explicit 
statements of assumptions and conditions during the interpretation of the problem, 
(c) validity checking of the derived model, and (d) refl ections about the applicability 
of the model in other situations. These elements are included in the framework. 

 Phase 1 of the framework, “discuss”, is translated from Polya’s fi rst stage of 
“understanding the problem”. The term “discuss” was specifi cally chosen to high-
light the importance of communication and group consensus during the negotiation 
of meaning when developing understanding of the given real-world problem. In this 
phase, important modelling competencies (Niss et al.  2007 ) such as the following 
are developed: ability to perform problem posing, goal setting, defi ning key ideas, 
selecting relevant information, and identifying variables. This phase simultaneously 
elicits the use of processes such as explaining, describing, conjecturing, justifying, 
and comparing while assumptions based on interpretations are stated. 

 “Plan”, in Phase 2 of the framework, replicates the second stage of Polya’s struc-
ture because modelling encourages group collaborations. Careful planning and 
organisation of approaches related to set conditions of investigations during the task 
may well be instrumental to positive group experiences. 

 Phase 3 is referred to as “experiment” because it scaffolds students in devising 
data collection, interpretation, analysis, and representation approaches for testing of 
conjectures as part of preliminary model development. This phase extends Polya’s 

  Fig. 36.1    A preliminary 
facilitation framework for 
scaffolding student learning 
during modelling tasks       
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“implementation” stage to encompass the fi ne tuning of initial macroscopic plans 
through sometimes repeated microscopic but focused implementation procedures 
guided by the goal set. Students are prompted to relook, refl ect, and possibly revise 
their implementation attempts within this phase. An important instructional goal 
for teachers during this phase is to steer students towards developing meaningful 
symbolic mathematical representations of the given real-life problem situation 
(i.e., mathematisation). 

 Phase 4, “verify”, guides students to check the accuracy of their calculations, the 
reasonableness of their approaches, their experimentation attempts, and the subse-
quent conclusions drawn based on the results obtained. It encourages students to 
evaluate the appropriateness of their representations (i.e., models) based on the 
goals set. 

 It is important to note the cyclical relationships between Phases 1–4 because of 
the need for repeated clarifi cations of key ideas, sharpening of focuses, and revi-
sions of the model. By Phase 5, students fi nalise their models and work towards 
crafting a response or recommendation adhering to the requirements of the task. 
They should justify their responses and conclusions based on the models 
generated. 

 Lastly, in Phase 6, students refl ect on the validity of their models in relation to 
the real-world context and comment on the appropriateness of their attempts in 
addressing the problem. They are also invited to discuss the possible applications of 
their models in other real-world scenarios by comparing the assumptions and 
conditions.  

4     Exemplifying the Facilitation Framework 

 During the second session of the immersion programme, 31 teachers took on the 
role of modellers and worked in groups on  My Hometown Task  (for more details see 
Chan  2013 ), facilitated by two teacher educators using the framework proposed 
above. The goal was to recommend the most suitable town in Singapore for a family 
of new migrants. Although internet access was provided, the teachers were encour-
aged to use other sources to collect relevant information that was not given in the 
problem. The two facilitators implemented the framework alternating between 
whole class and group discussions within all phases except during Phase 5 (Present) 
where the groups worked on their own following brief instructions. Table  36.1  
shows some of the question prompts used during each phase.

   There was an initial state of excitement among the teachers. Many questions 
surfaced resulting from varying interpretations of the task. Each group was encour-
aged to fi nd a common understanding of key terms related to the task such as “town”, 
“migrants”, and “suitability”. They also had to decide what comprises “a family of 
migrants”. Different variables affecting the “suitability” of a town and hence differ-
ent sets of criteria for ranking the towns were explored. Information was collected 
on the needs of new migrants. The teachers applied arithmetic concepts such as 
percentage and fractions as well as various forms of visual data representations to 

36 Initial Perspectives of Teacher Professional Development…



432

support their recommendations. Some used measures of central tendencies on the 
identifi ed variables (e.g., family income, expected monthly expenditure) as part of 
their ranking decisions. There were intense discussions on how they would deter-
mine the validity and applicability of their models under differing assumptions and 
conditions.  

5     Teacher Readiness in Facilitating Modelling Tasks 
in Singapore Classrooms 

 Teacher readiness in facilitation was deemed a crucial aspect of investigation in this 
exploratory study (for details and methodology, see Lee  2013 ) as fi ndings would 
help inform future professional development programmes towards meaningful, not 
just successful incorporation of modelling tasks in schools. Teacher readiness was 
conceptualised as having two aspects in the study in addition to teacher knowledge 
of facilitation phases presented in the framework: (1)  facilitation focuses  identifi ed 
by the teachers themselves in view of enhancing their own repertoire and (2) teach-
ers’ awareness of  “tensions”  (i.e., concerns) they may face during facilitation. 

 Participating teachers were given a brief survey at the end of the session to gather 
feedback on their (a) facilitation focuses when incorporating modelling tasks in 
their own classrooms in view of their existing repertoire, (b) concerns about facilita-
tion, and (c) key learning points from the framework. These were analysed qualita-
tively. Written comments were sought about the usefulness and limitations of the 
framework. Twenty-six of 31 participants completed the survey voluntarily. They 
also rated whether they had gained some good teaching points for facilitating 

   Table 36.1    Question prompts   

 Phase  Prompts 

 Discuss  Can your team state the goal clearly in a problem statement? 
 What information does your team need to help determine the “suitability” of a 

town for a family of migrants? Were there any assumptions made? 
 Plan  What criteria has your team chosen to determine the “suitability” of a town? 
 Experiment  Using mathematics, how would your team explain the approach to determine 

the “suitability” of a town? 
 Verify  How does your team check the reasonableness of the mathematical 

representations? 
 Does your team need to relook at the problem and form new plans of approach? 

Why? 
 Present  Which town does your team recommend to the editor of  Good Living  

magazine? 
 How would your team support the recommendations using mathematics? 

 Refl ect  How successful is your team in addressing the requirements of the problem? 
 Can your team use the same mathematical representations to choose the most 

suitable town for other residents of Singapore? Why? 
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modelling tasks on a Likert scale from 1 to 5 (representing a very positive learning 
experience). All except one respondent indicated productive learning experiences 
(i.e., scores of 4 and 5 on the Likert scale) during the session. 

5.1     Facilitation Focuses 

 The teachers were asked to identify focus areas they would like to embark on when 
facilitating modelling tasks. Most listed  questioning techniques  as one of the key 
focuses in their facilitation. They indicated they wanted to ask the right questions at 
the right time so as not to be too prescriptive in their question prompts. The right 
questions address the entry levels of the students during the task and guide them 
further in their investigations without “helping too much”. Another important focus 
was  task design , as the teachers saw this as playing a large role in their facilitation 
pathways. There was a clear understanding that a modelling task should be open- 
ended and meaningful to the students. Some proposed using simple tasks of direct 
relevance to the daily lives of their students. Others wanted to help students gain 
a good understanding of the context presented as well as the tasks requirements. 
A few teachers highlighted the importance of guiding students in problem posing 
and goal setting. A third focus was on  mathematics . The teachers would specifi cally 
like to help draw out the mathematics from the tasks and subsequently bridge stu-
dents’ approaches to provide quality mathematical representations based on their 
entry levels.  

5.2     Facilitation Concerns 

 The teachers’ concerns about facilitation were related to their perceived focuses in 
facilitation described above. Of most concern was how to achieve  a “balance” of 
scaffolding  during their interactions with students so as to maintain suffi cient 
student- ownership of the task to promote enriching learning experiences. The teach-
ers were conscious of being over-prescriptive during facilitation. At least two teach-
ers inquired about how much guidance should be given to lower-ability students so 
they could still seek and expand their knowledge in an independent way. Another 
concern high on the priority list was the  tension  between providing just-in-time 
guidance through appropriate questioning techniques and presenting students with 
ready-made pathways of investigations when they are stuck. At least two teachers 
from the session indicated over-reliance of students on teacher help as an undesir-
able outcome of this tension. Also of concern was the  scaffolding of mathematical 
learning  from the task. The open-ended nature of the modelling task elicits varying 
mathematical concepts and skills and hence, the adequacy of students’ pre-requisite 
knowledge for the task will be crucial. The teachers were concerned with how they 
could ensure that mathematical learning from the existing pre-requisites could be 
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realised for different pockets of students during their facilitation.  Classroom 
management  during modelling activities was mentioned as another concern by 
teachers. They were worried about engaging students throughout the task and keep-
ing discussions on task. Lastly, some teachers wondered whether mathematical 
modelling would form part of school  assessment  requirements. Such a decision 
from the Singapore Ministry of Education would be seen as having wide implica-
tions for the use of modelling tasks in mathematics classrooms.  

5.3     Learning Points from Framework 

 The data implied that the framework had some impact on teachers’ facilitation 
repertoires in at least three areas. Firstly, the phases of the modelling process that 
students could be brought through during the task as articulated in the framework 
provided a structure for teachers new to modelling. Secondly, the importance of 
questioning for thinking, mathematical reasoning and justifi cation was emphasised 
when the framework was exemplifi ed. Thirdly, the framework prompts modellers to 
refl ect on their modelling process. Nonetheless, some teachers indicated the frame-
work alone was insuffi cient to guide them through the subtle nuances of facilitating 
modelling, feeling they needed to be able to adapt the questions pertaining to the 
phases to different tasks.   

6     Discussion and Implications 

 It appears that more can be done to ease teacher tension with respect to incorporat-
ing modelling tasks in Singapore mathematics classrooms. At this stage, whether 
these tasks are used and whether the attempts at these tasks are formally assessed 
are still decided by schools. The purpose of providing a facilitation framework for 
modelling tasks as presented in this chapter was a fi rst step by teacher educators to 
help Singapore teachers, who are used to prescriptive instructional approaches, 
structure their modelling lessons. As aptly pointed out by the teachers in the study, 
the framework alone does not adequately inform teachers about the nature of 
scaffolding of mathematical learning during modelling activities. Appropriate key 
questions have to be asked in each phase of the framework at the right time to the 
right students. In addition, how this framework is used in actual classroom situa-
tions will vary depending on the teaching experiences and confi dence levels of 
teachers. This may impact the quality of mathematics presented in the fi nal out-
comes of the modelling tasks. 

 Feedback from the teachers with respect to their focuses and concerns about 
facilitating modelling tasks echoes previous fi ndings of Ng ( 2011 ); there needs to be 
a balance of scaffolding during open-ended tasks where the teacher has to be aware 
of when to step in and when to draw away to encourage thinking and promote 
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competencies. Lingefjärd and Meier ( 2010 ) described the “theory of teacher as a 
manager” of the modelling process where the focus is on “adaptive teacher interven-
tion” which consists of “organizational, metacognitive or content-related support” 
(p. 95). This means the teacher will have to know when to step in, how to respond 
to students’ queries without being prescriptive, how to invoke students’ thinking and 
prod them along their decision making path by making explicit justifi cations of the 
choices made. Such pedagogical repertoire would be enhanced with experience 
over time. In addition, the teachers’ focuses and concerns during facilitation of 
modelling tasks suggest the development of the following two key competencies in 
teacher education: (a) questioning skills and (b) fostering a modelling climate. 

 The nature, purpose, and timing of questioning were mentioned by teachers as 
important considerations when scaffolding students’ learning in modelling activi-
ties. Teachers have to know when and how to ask “diagnostic questions” (Lingefjärd 
and Meier  2010 , p. 105) to assess students’ progress and help them refl ect on their 
thinking, approaches, and decisions. Such diagnostic questions include “framing” 
questions where teachers help students sharpen their focus and work towards an 
intermediate answer and “clearing frame” questions where the teacher explicitly 
questions towards a specifi c solution pathway initiated by the students. 

 Stillman ( 2010 ) emphasised the need to establish a modelling climate before 
embarking on modelling activities. This climate is co-created by teachers and 
students because there will be common expectations set within the classroom 
for modelling activities. To do this, both teachers and students have to undergo 
some mind-set changes towards mathematics teaching and learning, working 
towards a more student-centred approach. This involves time spent in class to listen to 
students as they interpret and explain their models (Doerr  2007 ).     
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    Abstract     In this chapter, I will provide commentary on the symposium dedicated 
to teacher professional development on mathematical modelling in Singapore which 
was based on papers by: Chan,  Teacher professional development on mathematical 
modelling: Conceptions of mathematical modelling ; Lee,  Initial perspectives from 
Singapore: Problem posing and task design ; and Ng,  Teacher professional develop-
ment on mathematical modelling: Facilitation and scaffolding . Across these three 
themes emerge – the importance for teachers to understand the nature of mathematical 
modelling; the need to acknowledge the interconnection between teaching, learning 
and assessment; and the infl uence of teacher dispositions toward designing modelling 
tasks. I conclude this commentary by offering observations on the research designs 
employed in these studies.  

1         Understand the Nature of Modelling 

 As the corpus of literature related to what knowledge teachers require to teach 
mathematics through applications and modelling indicates that subject matter 
knowledge alone is not enough (Doerr  2007 ), what teachers and students need to 
know and understand in addition to the relevant mathematics to solve a problem is 
a vital question when attempting a system wide change to teachers’ instructional 
practices. Chan argues that one of the challenges associated with the implementa-
tion of a new mathematics curriculum that includes mathematical modelling and 
applications, is a lack of clarity, in the minds of teachers, about the nature of math-
ematical modelling. This lack of clarity appears to stem from the term used for a 
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heuristic employed in the well established approach to teaching problem solving in 
Singaporean schools – draw a model of a problem situation. Thus, many teachers 
believe they have already incorporated the modelling and applications element of 
the new curriculum because they were incorporating the similarly named heuristic 
when teaching problem solving. 

 In order to understand and then describe the range of teachers’ beliefs about an 
understanding of mathematical modelling, Chan surveyed 27 teachers who attended 
a professional learning event – the Mathematical Modelling Outreach (MMO). 
From this survey, Chan concludes that teachers were able to develop an understand-
ing of the important features of mathematical modelling after only one day’s 
engagement at the MMO. This seems a remarkable turn around since most previous 
research (see, e.g., Kaiser and Maass  2007 ) suggests that teachers’ mathematical 
beliefs and understanding are diffi cult to reconstruct. 

 While we must regard this fi nding with some caution, as I believe there is some 
potential for ambiguity in the survey items used to determine this finding, 
none-the- less, participating teachers appeared to display a positive attitude towards 
introducing mathematical modelling tasks with 83 % agreeing or strongly agreeing 
that such activity had the potential to benefi t their students’ mathematics education. 
These teachers saw the major benefi ts for students as the meaningfulness brought to 
teaching and learning through teaching in real-life contexts, and as motivation for 
student learning by engaging with interesting applications of mathematics. These 
are important conceptions for teachers to hold if they are to engage with modelling 
approaches to teaching mathematics (Chapman  2007 ). Time and the constraints of 
the syllabus were identifi ed as limiting factors in any attempt to include mathemati-
cal modelling activities as part of the mainstream business of school mathematics 
classrooms. In conclusion, Chan suggests that teachers in the program developed a 
clear understanding of mathematical modelling through the MMO as they were able 
to identify the modelling stages of representation of relationships, experimentation, 
verifi cation and generalisation. However, it is unclear if Chan established whether 
the teachers also understood the cyclic nature of the mathematical modelling 
process. 

 Lee also raises the issue of teachers’ understanding of the modelling process. 
He asserts that teachers are familiar with the ideas of mathematical problem solv-
ing because of its inclusion in syllabus documents since the 1990s (problem solv-
ing is the primary aim of the mathematics curriculum) but they are less familiar 
with mathematical problem posing – which he argues is an essential part of the 
mathematical modelling process. An additional factor that may have delayed the 
development of teachers’ understanding on mathematical modelling is that, while 
applications and modelling were introduced into the Singaporean Mathematics 
Curriculum Framework in 2003, this element of the Framework was only refl ected 
in syllabus documents, from which teachers develop their teaching and learning 
plans, since 2007. Further, despite a requirement that Singaporean teachers com-
plete 100 hours of professional development per year, Lee could fi nd no record of 
professional development opportunities for teachers in mathematical modelling 
and applications until 2009. 
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 Ng also reports that there appears to be confusion among teachers in regards to 
the nature of mathematical modelling. She poses a fi ner grained view of this prob-
lem by identifying the lack of understanding by teachers of the distinction between 
application and modelling tasks. This, in Ng’s view, has impacted upon the degree 
of implementation of the syllabus intent in relation to mathematical modelling and 
applications as some teachers believe they have met requirements by engaging stu-
dents in application activities alone. This means students are usually provided with 
a model of a real-life context and asked to make use of it to solve a problem and so 
are denied the opportunity to develop their own models. Ng identifi es the capacity 
to “identify and weave the spectrum of possible mathematical knowledge and skills 
to be elicited from the open-ended nature of a modelling task in their teaching” 
(p. 428) as a signifi cant challenge for Singaporean teachers in attempting to include 
effective approaches to teaching mathematical modelling in their classrooms. 

 In offering a possible way forward with this challenge, Ng has attempted to 
connect modelling with aspects of the problem solving with which teachers are 
already familiar, that is, Polya’s four stage plan for problem solving (a) under-
stand the problem, (b) plan, (c) implement the plan, and (d) refl ect, as she sees this 
as a way to encourage teachers to include application tasks that have an element 
of open- endedness to them. This in turn, she believes, will encourage teachers 
towards including more modelling tasks rather than simply tasks based on appli-
cations of mathematics.  

2     The Interconnection Between Teaching, 
Learning and Assessment 

 All three authors raise the issue of the interconnection of teaching, learning and 
assessment as a major infl uence in the implementation of the applications and mod-
elling element of the Singaporean Mathematics Curriculum Framework. This is an 
indication of the important role teachers play in the development of students’ mod-
elling competencies (Blum  2011 ) and of the infl uence of assessment regimes on 
classroom teaching practices (Stillman  2010 ; Stillman and Galbraith  2009 ). 

 Lee comments that the nature of open-ended modelling tasks requires problem 
posing, justifi cation, and articulation of decision making factors in model develop-
ment. This process also challenges teachers to develop the capacity of offering rel-
evant critique of students’ work “in progress”. He argues that this challenge points 
teachers in a very different direction from their current norms of practice which are 
often prescriptive, teacher-centred and textbook-based. 

 Ng points out that most teachers listed questioning techniques as one of the key 
areas they wished to develop in relation to mathematical modelling while at the 
MMO. The challenge, as teachers saw it, was to ask the right questions at the right 
time so as not to be too prescriptive in their question prompts. Teachers want to 
achieve a balance between scaffolding students in a way that they could begin a task 
while not providing a level of assistance that would trivialise a task. This was 
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particularly pertinent when students encountered blockages to this forward progress 
through a task. Teachers saw this as a tension that was diffi cult to resolve. They also 
pointed out the importance of making the mathematics embedded within a modelling 
or application task explicit to students. Both of these issues are taken up by Blum 
( 2011 ) who argues that it is important for teachers to provide suffi cient freedom for 
students to explore their own solutions and not have them imposed by the teacher. 
In order to be confi dent in managing such an approach, it is necessary for teachers 
to have a knowledge of the cognitive demands of a task in order that they have the 
capacity to see potentially valid solutions different from their own. 

 Assessment is a critical issue in relation to the inclusion of modelling activities 
in mathematics instruction as it can both drive and constrain curriculum change 
(Stillman  2010 ; Stillman and Galbraith  2009 ). While it was not a focus of his study, 
Chan draws attention to the infl uence of the content and focus of high stakes exami-
nations on the implementation of mathematical modelling. He points out that the 
closed-ended nature of questions on high stakes examinations sit uneasily, in the 
minds of some teachers, with the extended and open-ended nature of mathematical 
modelling tasks. Thus, they view modelling as a developmental activity, at best, that 
has limited value in preparing students for examinations. This is a position consis-
tent with other curriculum contexts across the world. Antonius ( 2007 ), for example, 
notes that while modelling has been a key element of the Danish curricula for more 
than a decade, the fi nal examination still consists of traditional written and oral 
components. This has resulted in teaching not yet refl ecting the goals and intentions 
of the curriculum as teachers tend to focus on preparing students for examinations 
which are not suitable for assessing open-ended modelling tasks. 

 Ng agrees that Singapore teachers and students appear to be bounded by tradi-
tional high stakes assessment systems which bring about constraints in time man-
agement and the nature of mathematical learning activities (Ang  2010 ). She points 
out that it is diffi cult for teachers to harness the potentials of modelling tasks if these 
tasks are not integrated into the main stream curriculum foci of teaching, learning, 
and assessment. Whether mathematical modelling will form a part of assessment 
requirements in schools is still an open question, but one that has wide ranging 
implications for the type of activity that will receive emphasis in school mathemat-
ics classrooms.  

3     Designing for Modelling – Teacher Dispositions 

 As pointed out by Niss ( 2008 ), one of the key ways in which mathematics is put 
to use in other disciplines is in order to design, create or shape objects, systems 
and structures. Yet one of the challenges often identifi ed by teachers as a con-
straint in the implementation of application and modelling approaches to learning 
mathematics is the diffi culty in developing accessible but challenging tasks. The 
availability of resources which support context based, real world tasks was identi-
fi ed by Lee as a serious concern for Singaporean mathematics teachers as they 
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attempt to implement the syllabus. This refl ects on how Singaporean mathematics 
teachers view themselves as designers of modelling tasks and has the potential to 
impact on the sustainability of modelling approaches as part of a mainstream 
mathematics education. 

 In an attempt to address this issue, Lee provided teacher professional learning 
opportunities, as part of the MMO, that focused on the development of teachers’ 
problem posing capabilities as a means of assisting teachers to become designers 
of quality modelling tasks. After this program, Lee reported that more than half of 
the respondents captured the key considerations of designing a modelling task, 
namely the need to identify a context that is relevant to the students, and to ensure 
a mathematical focus of the task while retaining at least a degree of openness to the 
problem. This was despite more than 90 % of the participants self reporting as not 
having implemented mathematical modelling in their classrooms and having little 
or no experience of attempting activities that demanded the capability to problem 
pose. Lee believes the success of this program was, in part, due to the opportunities 
which were available for participating teachers to visit groups of teachers and stu-
dents, in a parallel program, to see how students reacted to and carried out the 
modelling tasks. This observation leads Lee to speculate that teachers’ professional 
development courses in mathematical modelling might be best structured around 
more demonstration classes. 

 Task design was a feature that Ng noted was a focus for teachers during the 
MMO as they saw this as playing a large role in their capability to facilitate effec-
tive mathematical modelling activity. She observes, however, that the capability to 
design effective tasks is strongly related to teachers’ understanding of the nature 
and processes of mathematical modelling. Variation in this understanding was evi-
dent through the MMO as while there was a clear understanding that a modelling 
task should be open-ended and meaningful to students among some teachers, only 
a few highlighted the importance of guiding students through the processes of 
problem solving and goal setting.  

4     Conclusion 

 Widespread reform in teaching and learning practice with mathematics education is 
always an enormous challenge. This is even more the case when the proposed 
reform, in this case the introduction of open-ended, context laden approaches to the 
teaching and learning of mathematics in the form of applications and mathematical 
modelling, is of a very different nature to existing traditional, teacher-centred modes 
of practice. The papers presented for this symposium indicate that supporting teach-
ers to understand, and then to adopt, these new practices will be at the heart of 
attempts to progress this reform. Teachers will need support, not just for implement-
ing the processes and modes of knowing and coming to know mathematics through 
applications and modelling approaches, but also to develop the capability to design 
accessible but challenging tasks. Teachers will also need to fi nd ways to implement 
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the intent of the syllabus within an assessment environment that appears to be at 
odds with the extended nature of applications and modelling. Each of these issues is 
an important point of departure for future research. For such research to have an 
impact on practice, it must be concerned with how teachers implement new knowl-
edge and capabilities in their classrooms in addition to how they develop themselves 
as teachers of mathematics through programs such as the MMO.     
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Abstract  Some results of the German CASI-Project (Computer Algebra Systems 
used in lower secondary schools) in terms of test tasks with real life examples are 
described. The CASI-Project examines the long-term use of digital tools in math-
ematics teaching with Years 9 and 10 secondary students. Different tests were 
developed for special teaching units with digital tools. This contribution brings 
reality based test problems into focus. The different representations of functional rela-
tionships and especially the change between the representations graph and real 
situation. The resulting differences between students using handheld CAS-
calculators, and control group students, using simple pocket calculators, are pre-
sented with a focus on test tasks about real situations.

1  �Modelling and Digital Tools

The solution of modelling problems using digital tools requires two important 
translation processes to take place. Firstly, the real situation of the problem has 
to be understood and translated into mathematical language. The digital tool 
(e.g., handheld CAS-calculator), though, cannot be used before mathematical 
expressions have been translated into the language used by the digital tool. 
Thus, a special technological model has to be built. The technological results 
then have to be translated into mathematical expressions again. Finally, the 
problem can be solved by relating the mathematical results to the given real situ-
ation. Using digital tools not only broadens the range of approaches that can be 
taken to solve certain mathematical models, but also the types of situations that 
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can be investigated by providing the possibility of using solution strategies 
which would not be accessible otherwise. The use of digital tools as in Fig. 38.1 
gives a restricted view of using digital tools in applications and modelling. It is 
also possible to use the digital tools in many phases of the modelling process 
(e.g., for experimenting and visualising). Therefore the use of digital tools, not 
only creates an important addition to the modelling cycle (see Fig. 38.1), but also 
influences each part of the cycle. Thus the technology is relating to the real 
world and mathematical world of the modelling cycle (Greefrath 2011).

2  �The German School System

The findings presented are from a project conducted in German schools thus their 
meaning has to be evaluated considering the German school system. There are 
four types of secondary schools in Germany all starting at Year 5. Students show-
ing high academic abilities during primary school attend the Gymnasium to 
graduate to the German Abitur, comparable to the British A-levels at Year 12. 
Students with moderate academic abilities attend the Realschule until Year 10 
and start an apprenticeship afterwards or try to switch schools to the Gymnasium 
to reach Abitur later. Students showing low academic abilities in primary school 
attend the Hauptschule and most likely start an apprenticeship after Year 10 even 
though there are possibilities to switch schools and reach Abitur later. In some 
German states Hauptschule and Realschule are replaced by a new integrated 
type of school. The fourth type of school, the Gesamtschule, incorporates all 
three types. This is done by differentiation through special courses on various 
academic levels in each grade; some students learning at Gymnasium-level others 
at Hauptschule-level.

Fig. 38.1  Modelling cycle (Blum and Leiß 2007) with added technology component
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3  �Usage of Handheld CAS-Calculators  
in Mathematics Education

Some empirical studies regarding the usage of handheld CAS-calculators have been 
undertaken in Germany, in particular the CALIMERO-Project in Lower Saxony and the 
M3-Project in Bavaria. In Lower Saxony handheld CAS-calculators are employed at the 
Gymnasium from Years 7–10 and up to the Abitur. The Bavarian study examined stu-
dents at the end of the Gymnasium (Bruder and Ingelmann 2009; Weigand and Bichler 
2010). A study from Barzel (2005) showed that the results of students using handheld 
CAS-calculators did not fall off in quality. Ingelmann and Bruder (2007, p. 95) verified 
an increase in test results regarding the competence “Using symbolic, formal and techni-
cal elements of mathematics” and the big ideas measuring and space and form. Weigand 
and Bichler (2010) observed an improvement regarding the translation between the 
graph and equation of a function. Generally at the end of term, students from classes 
using a handheld CAS-calculator did as well in tests as the control group.

All major empirical studies regarding the use of digital tools in mathematics 
education in Germany took place at the German Gymnasium. An interesting aspect, 
which could be observed during these studies, was the particularly large increase in 
school achievement of the underachieving students from the Gymnasium in com-
parison to the examined total of students (29 classes of 6 Gymnasiums). The increase 
in school achievement found in this group of students was significantly greater than 
the average (Ingelmann and Bruder 2007). Weigand and Bichler (2010) note, in 
Year 10 particularly the weaker students may benefit from the use of digital tools. 
International meta-studies even observe substantially better test results in classes 
using digital tools (Ellington 2003; Hembree and Dessart 1986).

With regard to real life examples Drijvers (2005) argues, the introduction of 
handheld CAS-calculators facilitates handling realistic numbers and enables stu-
dents to explore mathematical situations which would, due to calculation difficul-
ties, be inaccessible without digital tools. Kendal and Stacey (2001) and Kutzler 
(2003) note the use of realistic data enhances the relation between mathematics and 
reality. In addition, handheld CAS-calculators provide new opportunities to solve 
real-life examples without dealing with wearisome computations, by applying 
graphical or numerical approaches (Lagrange 2003).

4  �The CASI-Project

The Project Computer Algebra Systems used in lower secondary schools (CASI-
Project) examines the long-term use of handheld CAS-calculators at the German 
Realschule and courses of the same academic level at the Gesamtschule. It aims to 
support, test, and examine the use of digital tools by students taught in Years 9 and 
10. The focus lies on the design and evaluation of educational concepts for the use 
of handheld CAS-calculators by lower achieving students. At present, there are 

38  Reality Based Test Tasks with Digital Tools at Lower Secondary



448

five project schools in North Rhine-Westphalia participating in the project provid-
ing a total of ten project classes, all equipped with ClassPad handheld CAS. In addi-
tion, six parallel classes from these schools serve as a control group for the 
competence tests. Approximately 250 project and 120 control group students par-
ticipated in the project. Ten project teachers were involved not only in carrying out, 
but also in designing educational concepts. The project started in July 2009 and 
ended in June 2011 spanning two German school years.

One part of the project concept is the constant support for participating schools. 
During the 2 year duration of the project, five content areas (linear functions and 
equation systems, Pythagoras theorem, circles and the number p , quadratic func-
tions and equations, and mathematical growth) were chosen to be of special interest 
and the educational concept of these was jointly planned and carried out by all 
project teachers. To make this possible several project meetings were held each term 
as well as email support at any time. The educational concept fixed for these special 
content areas included the definition of competencies the students are meant to 
achieve with digital tools, but also without any technological support at all. For this 
reason examination parts in which the use of any technological help is forbidden are 
considered obligatory whenever it makes sense. Another part of the project concept 
is the aim to encourage and support diverse use of digital tools. The intent is to use 
the handheld CAS-calculator not only to calculate, but also to experiment, visualise, 
create algebraic models and control (Greefrath 2010).

The test-design consists of a classical pre-test-post-test-control-group design 
for the competency tests with added questionnaire for the teachers in order to col-
lect information on the prerequisites of the students. These tests take place before 
and after the lessons addressing the subject matter of special interest. Pre- and 
post-test consisted of parallel examination questions which included the newly 
learned knowledge in the post-test. An example for the first content area linear 
functions and equation systems, follows:

Whenever reasonable the test was divided into two parts; one to be solved 
without technical devices and another where digital technology was allowed to 
be used as normal. Additionally, a third part only for project students was added 
to the post-tests in order to evaluate the usage of handheld CAS-calculators in a 
more precise way. It was possible for teachers to make the post-test a normal 
school examination. During the lessons on the five content areas, teachers kept a 
journal detailing the type and length of CAS-usage, teaching method and subject 
of each lesson. In addition, at three different moments (beginning of the project, 
after 1 year, end of the project) questionnaires dealing with attitudes towards 

Question 2. (pre-test) Question 2. (post-test)

Draw the graph of the function Draw the graphs of the functions and determine 
the intersection point

y x= -2 1 y x= -2 5

y x= - + 7
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certain aspects of mathematics, applications of mathematics, and the usage of 
digital tools were filled out by the students.

5  �Different Types of Examination Questions  
Using Digital Tools

When creating examination questions many aspects should be considered. As a 
basic principle following Heinrich Winter, real life applications in education should 
only be used in sense-making real situations or if they bring advantages in under-
standing the problem (Henn 2007). However, due to the complexity factor examina-
tion tasks containing the whole modelling process are not possible in most cases. 
Consequently, we have to construct examination tasks within parts of the modelling 
cycle. Examination questions can be categorised into four types according to the 
potential use of digital tools when solving (see Table 38.1). Designing examination 
questions of type four proved to be rather difficult. Looking at German examina-
tions over the last years mostly questions of types two and three are used in exami-
nations with digital tools (Bichler 2007). In the next section we present some results 
from the CASI-Project regarding real-life-applications of mathematics.

Table 38.1  The four task types when using digital tools

Type Elaboration

1 Digital tools cannot be used to solve the problem
2 Digital tools can be used, but have no potential to contribute to the solution
3 Digital tools could contribute to the solution of the examination question but their use 

is not required, (The Copier Task [post-test] can be solved by-hand, but students 
face difficult calculations. The calculator also provides the possibility of a graphical 
approach)

4 Tasks which cannot be solved without the use of digital tools (Brown 2003)  
(e.g., Bridge of the Great Belt Task (Greefrath and Mühlenfeld 2007, p. 31),  
part of a longer task)

Copier Task
Question 12. The old copier of the school broke down  
and has to be replaced. The head of school already  
decided to buy the model KM-C2520. Two firms offer  
maintenance for this model
Offer 1: 649 € per year and 0.01 € per copy

Offer 2: 749 € per year and 0.009 € per copy
Which offer is the most suitable?
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6  �Results from the CASI-Project

6.1  �Translation Skills

One of the aims of the CASI-Project was to examine the influence of digital tools on 
the translations between described situations and graphs. This is an interesting 
question considering the observed improved school achievements regarding the 
translation between graph and algebraic expression when using digital tools 
(Weigand and Bichler 2010). The first observation, which has little to do with the 
usage of digital tools, is the importance of taking the direction of the translation into 
account. Figure 38.2 shows a comparison between the two directions of translations 
regarding the description of a situation and a graph. There is practically no 

Fig. 38.2  Translations results, graph-situation description, in the context of quadratic functions

Bridge Over the Great Belt Task

In mid-1998, a fixed link across the Great Belt was inaugurated. Its main part 
is the so-called Eastern Bridge – a road suspension bridge with a length of 
6,790 m – with a free span of 1,624 m between the two pylons. The vertical 
clearance for ships is 65 m, at 254 m above sea level, the two pylons are the 
highest points on solid structures in Denmark. The lowest point of the main 
cable between the two pylons is at about 3 m above the road deck. (…)

The form of the cable can be approximated by the graph of the function g 
with g x a e ebx bx( ) •= +( )- , a, b > 0. Determine a and b. (…)

G. Greefrath and M. Rieß
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difference between the project students and the control group, but whilst one half of 
the students scored 80 % or more on the examination question dealing with the trans-
lation from a described situation to a graph, more than 50 % of the students did not 
achieve any points when translating in the other direction.

An example of an examination task on the translation from situation to graph 
follows:

Fig. 38.3  Comparison of results on the translation from situation to graph between pre- and post-
test of linear (test 1 and 2) resp. quadratic (test 3 and 4) functions and students with and without 
CAS

Question 4. Two water basins are connected by a pipe. The first one contains 
48 l while the second one is empty. Through the pipe there is a flow of 8 l per 
hour from the first basin into the empty one. Draw both graphs representing 
the situation in the given coordinate system.

At least when the translation involves a situation, the direction has to be noted. 
Therefore, the translation between situations and graphs leads to two different types 
of tasks. Results on these show little variation regarding the difference between 
project students and control group, so we limit the analysis to one case. Figure 38.3 
compares results of project students and control group students on four different 
tests during the first 18 months of the project regarding the translation from a 
described situation to a graph.

Although some small differences between project and control group students are 
noticeable if only one test is taken into account (e.g., Test 1 in Fig. 38.3), the bigger 
picture shows mixed results regarding the nature of these differences. The quantita-
tive analysis is not able to show any advantage or disadvantage of the usage of digi-
tal tools for translations involving a description of a situation. The effect of the 
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digital tools seems to be overlaid by the effect of other variables. For our project it 
is an important result that the use of digital tools does not lead to weaker skills of 
the students. Nonetheless some indicators exist that there are more subtle differ-
ences, which will be subject to qualitative studies.

6.2  �Modelling Skills in Examinations

Questions addressing the full modelling cycle are often too complex to be 
treated in an examination. Nevertheless, it is possible to test certain aspects of 
reality-based problems. One is the Crane Task in which students receive a data 
sheet for a crane with a photograph and calculate the height the crane could 
reach at the maximum operating distance of 92 m above the ground. Filtering 
important information, considering height of the vehicle and structuring the 
situation are some of the modelling-related aspects students need to address. 
Clearly these are not sophisticated modelling problems, but involve some real-
ity-based problem solving as well as transforming the given situation into a 
mathematical model. The Roundabout Task (Post-test on circles and p ) is 
closer to a standard exercise whereas the Crane Task can be considered more 
challenging. Figure 38.4 compares the resulting performance of students with 
and without digital tools, on these two tasks.

Over half of the students were unable to score one point (out of 10) on the Crane 
Task. There was a slight advantage for project students, related to the knowledge of 
a similar problem involving a fire engine. Even though the project teachers shared 
this task with the teachers of the control group it is possible it might have been 
ignored. This task was very challenging for the students and solutions like the one 
shown in Fig. 38.5 were rare.

Fig. 38.4  Comparison of 
results on for reality-based 
problems
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Roundabout Task
Question 4. Traffic in and around 
modern cities relies more and more 
on replacing classic junctions with 
traffic lights by roundabouts. This is 
an aerial photo of a roundabout.
Naturally the asphalt of the circle is 
especially prone to wear and tear and 
has to be renewed from time to time
How big is this area?

Fig. 38.5  One student’s solution for the Crane Task

As expected, students generally did better on the Roundabout Task and surprisingly 
the control group did much better than the project students. One possible explana-
tion might be their more intense training in recognising annuli which was agreed by 
project teachers to be undesirable for their students. Summing up, the qualitative 
results are indecisive. Note, these findings can only be applied to examination ques-
tions, whereas one of the most significant advantages in using digital tools is the 
possibility to deal with complex and otherwise impossible problems which clearly 
are not suitable for examinations.

Effects of digital tools use were visible in a more subtle way. The expectation, 
that students using digital tools are able to employ multiple different methods to 
solve a problem, proved true even in an examination environment. For example a 
geometrical problem which suggested the use of Pythagoras’ Theorem was solved 
using the handheld CAS-calculator in an effective but unintended way: students 
drew the situation using the included dynamic geometry software and solved the 
problem by reading off the value in the computer-drawing. A scale drawing without 
digital tools would have been impossible.
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6.3  �Attitude Towards Reality-Based Problems  
in Mathematics

Questionnaires evaluating student attitudes towards certain aspects of mathematics, 
applications of mathematics and use of digital tools have been completed twice by 
project students: at the beginning and after the first year of the project. A four-level 
Likert scale was used. Figure  38.6 shows the comparison of results concerning 
application of mathematics in real life between these two moments. A slight trend 
towards a more positive attitude regarding applications of mathematics can be 
observed, but this is barely more than a trend to avoid giving the extreme answers. 
This tendency was also found for the other items.

7  �Conclusion

The results produce a rather mixed picture. So far, we have been unable to duplicate 
the expected better test results of project students concerning translation skills 
involving a description of a situation. The quantitative approach seems unable to 
detect more subtle differences between the project students and the control group. 
Qualitative analysis is a promising perspective here. Reality based examination 
tasks showed some differences (sometimes even quite big ones) between the two 
groups, but these were indecisive regarding the advantages of one group over the 
other. The reason for these findings is not clear at this time and remains to be exam-
ined further. Methods have to take into account the different possible approaches 
students are now able to take when using digital tools. As mentioned, looking 

Fig. 38.6  Comparison of the students’ opinions towards real applications of mathematics
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closely at the solutions, it was clear that students at this educational level are able to 
find and use these possibilities even in an examination environment.

Attitudes of the students towards reality-based problems in mathematics changed 
slightly, but taking into account the stronger changes in the students’ attitude 
towards other examined aspects, this can only mean that there is a need to improve 
the representation of reality-based tasks when surveying the concept. However, it 
can be stated that the use of digital tools made more complex examination questions 
(e.g., Copier Task) available for lower secondary level students attending German 
Realschule or similar courses at Gesamtschule. They may still be challenging, but 
even diverse approaches can be verified.
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    Abstract     Comparing and contrasting different mathematical models of realistic 
situations is one way in which the relative strengths and weaknesses of these mod-
els, and the mathematics that underpins them, can become the focus of discussion 
in a mathematics classroom. This chapter reports on one episode from a research 
and development project where teachers were learning to orchestrate such class-
room discussions with a view to providing opportunities for their students to apply 
mathematical understanding and skills in context. While the teachers did discuss a 
range of models they also experienced diffi culty in reconciling the confl icting ideas 
represented in these models.  

1         Introduction 

 Modelling and application tasks in which students are required to mathematise 
realistic situations and examine the usefulness of different mathematical models 
can be effectively used to support students’ development of a variety of mathemat-
ical competencies. Niss et al. ( 2007 ) argue that “modelling problems provide con-
texts for coherent rather than piecemeal learning, providing a vehicle both for 
connecting individual pieces of mathematical knowledge and giving them pur-
pose – a whole that is much more than the sum of the parts” (p. 21). This is evident 
in research where tasks based on comparisons of two data sets were successfully 
used to support middle years students’ appreciation of different ways in which 
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data can be organised that ultimately led to discussions about data distributions 
(e.g., Cobb  1999 ; Cobb et al.  2003b ). By making and comparing models of task 
situations, students developed an understanding of measures of centre and spread, 
and of conventional representations such as histograms, box plots, and scatter 
plots as tools for making sense of data distributions. This however, did not happen 
solely by students exploring models using a computer applet tool. The teacher’s 
role in orchestrating classroom discussions that supported students’ understand-
ings was crucial (McClain and Cobb  2001 ). 

 Stein and colleagues ( 2008 ) outline fi ve practices they consider crucial for facili-
tating productive mathematical discussions: (a) anticipating likely student solutions to 
cognitively demanding mathematical tasks, (b) monitoring students’ responses to the 
tasks during the explore phase, (c) selecting particular students to present their mathe-
matical responses during the discuss-and-summarise phases, (d) purposefully sequenc-
ing the student responses that will be displayed, and (e) helping the class make 
mathematical connections between different students’ responses and between students’ 
responses and key mathematical ideas. Balancing these practices to facilitate classroom 
discussions, which are invaluable in the context of modelling, is a complex endeavour. 
It demands teachers have a deep understanding of both the mathematics and the peda-
gogy of mathematical modelling. Since skilfully led classroom discussions are shown to 
benefi t students’ mathematical learning (Sfard et al.  1998 ), fi nding ways to support 
teachers’ orchestration of discussions within the context of modelling is imperative. 

 Professional development programs often focus on helping teachers identify and 
interpret students’ mathematical ideas in their written work as well as in their verbal 
contributions. The intention of such programs is to prepare teachers to better anticipate 
student solutions and increase their ease of monitoring these solutions. Nonetheless, it 
is a widely shared experience among teacher professional development researchers, 
that while teachers frequently become competent in interpreting and categorising stu-
dents’ solutions, they often continue to struggle with how these solutions can be used 
in classrooms to meet particular mathematical goals (Kazemi et al.  2010 ). 

 One way to support teachers to develop an appreciation of their own reasoning, 
and also that of their students, is through professional development that engages 
teachers in the kinds of learning experiences that are effective for students (Fennema 
et al.  1993 ). This helps teachers to identify and interpret one another’s mathematical 
ideas privileging the importance of interpreting and comparing different solutions 
that will assist them when orchestrating discussion in their own classroom. 

 The questions explored in this study were: (1) What different models do the 
teachers use to represent the data? and (2) To what extent do the teachers compare 
different models?  

2     Research Design 

 This longitudinal research and development project in a rural and remote area of 
Queensland, Australia, commenced in 2011. The study aims to enhance instructional 
practices in the teaching of statistics for mathematics teachers of 13 and 14 year old 
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students. Participants in this project included one regional mathematics advisor and 
11 teachers from six high schools, spread over an area of 500 km 2 . Reported in this 
paper is the second full-day session that involved 8 of the 11 participating teachers. 

 A design research approach (Cobb et al.  2003a ) was adopted to support and 
study teachers’ learning. Prior studies that focused on students’ statistics learning 
(Cobb  1999 ; Cobb et al.  2003b ; McClain and Cobb  2001 ) and the use of technolo-
gies in mathematics classrooms (Zbiek et al.  2007 ) informed the design. Means of 
support developed in prior design studies (Dean  2004 ; Visnovska et al.  2012 ; Zhao 
et al.  2006 ) were tested and revised while working with this cohort of Australian 
teachers. Central to the adopted approach is the engagement of teachers as learners 
in comparing and contrasting different mathematical models of statistical data. 

2.1     Speed Trap Task 

 Teachers were introduced to a road safety scenario that considered problems associ-
ated with cars regularly speeding on a local road. 1     The eight teachers collectively 
proposed what action could be taken to reduce the car speeds deciding that placing 
a visible speed camera would be the most effective deterrent. They also discussed 
how the effectiveness of this action could be measured deciding to record the speed 
at which cars travelled before and after the introduction of a speed camera. They 
noted that keeping the conditions the same, such as time, weather, and day in the 
week was important for drawing valid conclusions from data. Two data sets specifi -
cally generated to provide opportunities for maximum model development were 
then introduced to the teachers as data that had been generated in the manner they 
had proposed. The teachers were asked to use the data to support their advice to the 
police department about the effectiveness of the speed trap. The data were presented 
in the computer tool 2  pictured in Fig.  39.1 , which was used by teachers for the fi rst time.

   In Fig.  39.1 , each dot represents the speed of a car in kilometres per hour. The 60 
dark dots represent the speeds of cars measured before and the 60 light dots repre-
sent the speeds of cars measured 3 weeks after the speed trap has been in operation. 
The applet permits several actions allowing users to model the speed trap data. 
These include structuring the data by creating one’s own groups, partitioning the 
data into groups of a fi xed size, partitioning the data into two groups with an equal 
number of data points in each, partitioning the data into four equal groups (precursor 
to the box plot), and partitioning data into groups with fi xed interval width 

1    The actual speed limit was intentionally not made known to teachers. Whether or not to introduce 
speed limit in classrooms and how doing so may enhance or limit students’ analyses later became 
a point of discussion (i.e., students might be tempted to introduce a cut off point at the speed limit 
value, thus limiting the diversity of models used).  
2    The applet tool is part of three statistical applet Minitools (© 1998 Vanderbilt University) developed 
in collaboration with the Freudenthal Institute in The Netherlands. Please contact the second 
author for more details.  
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(precursor to the histogram). Elaborations of the modelling options are discussed in 
the Results Section.  

2.2     Data Collection and Methodology 

 The professional development session was video and audio recorded and subse-
quently transcribed. As teachers discussed various models the images they 
presented were saved as screen captures. The transcript and screen captures were 
analysed to gain insight into the research questions outlined above, and thus gauge 
teachers’ preparedness to facilitate productive mathematical discussions that com-
pare different models. The data were analysed using an adaptation of constant 
comparative method described by Cobb and Whitenack ( 1996 ) that involves testing 
and revising tentative conjectures while working through the data chronologically. 
Teacher names used in this chapter are pseudonyms.   

3     Results and Discussion 

 Working in pairs, teachers analysed the speed trap data and reported their fi ndings 
as to whether the speed trap was effective in reducing drivers’ speed. During reporting, 
all proposed models were projected for the whole group to see. Section  3.1  
documents how teachers used the tool to generate a variety of models to support 
their data-based arguments. Section  3.2  discusses teachers’ willingness to compare 
these generated models. 

  Fig. 39.1    Computer applet tool with speed trap data       
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3.1      Diversity of Teacher-Generated Solutions 

  Create your own groups  (see Fig.  39.2 ) .  The least sophisticated option on the com-
puter tool involves placing one or more vertical bars at locations on the axis in order 
to partition the data set into groups of points. The number of points in each partition 
is displayed on the screen and adjusts automatically when the bars are dragged 
along the axis. One teacher pair, Tanya and Zoe, used this tool option when they 
partitioned the data, arbitrarily, at 50 and 60 km/h.

    Tanya:     We created our own groups and put a bar at about 50k and at about 60k… 
And so thinking about the speed camera and it being there we saw a gen-
eral trend that the yellow [light dots] did technically move down to the 
left, like a lesser speed.   

   It transpired that Tanya and Zoe focused on position of the dots along the speed 
axis rather than on relative comparison of numbers of data points in different groups 
created by this partition. Notice that the number of cars in the middle section of their 
 before  and  after  partition only differed by one car. Zoe argued that  after  the speed 
trap was installed, most data in the middle section showed lower speeds, while the 
 before  group data covered the entire interval between 50 and 60 km/h. She used the 
tool to highlight what they saw as a shift in data towards lower speeds, manifested 
by no cars travelling at 58–60 km/h in the  after  group. At this point, the teachers 
relied on pictorial evidence and did not use the counts that the model provided to 
quantify and support their observations. 

  Fig. 39.2    Speed trap data with partitions at 50 and 60 km/h (create your own groups)       
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  Two equal groups  (see Fig.  39.3a ) .  John, working with Tom, used another tool 
where they partitioned data into two equal groups.

    John:     So now looking at  before , which are blue [dark] dots, we can see that 
because it’s two equal groups, we can say that 50 % of the cars were travel-
ling at 54 km/h or below. So that’s 50 %, whereas after the camera [was 
installed] we can say 50 % of the cars were travelling at 52 (km/h) or below, 
so I can say that, yeah, for [slower] 50 % of the cars their speed is lower 
[than before].   

   In his argument, John attempted to highlight that the shape of the distribution has 
changed despite the range of data being the same in both the  before  and  after  groups. 
He focused on speeds of the slower 50 % of the cars and used the tool to show that 
these cars slowed down. 

  Four equal groups  (see Fig.  39.3b ) .  Ben, working with Claire, shared that he 
would prefer his students to choose the tool that generates a model with four equal 
groups. He elaborated:

   Ben:    If you put it into the four groups, then you can look at it from a lot a 
higher point of view, you can look at the standard deviations away 
from the mean.   

  Tanya:    Yeah. [Multiple teachers murmur in agreement, then 3 seconds pause]   
  Researcher:    Well, you need to say more. [encouraging]   
  Ben:    Well you can go to the mean value [sic, referring to Fig.  39.3b ], 

which has obviously dropped like John says, but then … if you put in 
the next quartile, looking at coming down, obviously the quartile dif-
ferences between the  after  and  before  are quite measurable and they 
also dropped. So this just backs up the further information based 
upon the mean averages.   

   The teachers identifi ed the  four equal groups  option, as an equivalent of quar-
tiles. Ben indicated that both the centre (median) and two quartiles (lines corre-
sponding to Q 1  and Q 3  values) were lower in the  after  data, but did not explain how 

46 47 49 51 53 55 57 59 61 63 65 67 69

46 47 49 51 53 55 57 59 61 63 65 67 69

before

after
46 47 49 51 53 55 57 59 61 63 65 67 69

46 47 49 51 53 55 57 59 61 63 65 67 69
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a b

  Fig. 39.3    Speed trap data with ( a ) Two equal groups and ( b ) Four equal groups option       
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this helped him to understand what was happening with the car speeds, why these 
comparisons were relevant, or how they related to standard deviation. He offered 
that he would use the task as a follow up after the students had learned how to cal-
culate various measures. At this stage he did not appreciate that the tool can be used 
to develop background understanding as to why modelling data in  four equal groups  
might be useful to answering the question at hand. 

 Overall, despite using the computer applet tool for the fi rst time, the teachers 
generated a variety of ideas, in which they made use of options afforded by the 
computer tool. While they did not routinely give reasons for their choices and some 
continued to focus on calculating statistical measures as a goal in its own right, the 
collection of solutions could become a basis for anticipating and recognising stu-
dent approaches to the task.  

3.2      Struggling to Reconcile Different Models 
of the Same Task Situation 

  Fixed interval width.  Sarah and May fi rst organised data into fi xed interval width 
groups of 5 km/h (Fig.  39.4 ) and concluded that the cars slowed down after the 
speed camera was installed. They argued that while in the  before  data 19 cars drove 
at 55–60 km/h and six cars at 60–65 km/h, these numbers dropped to seven and two, 
respectively, after the camera was installed.    Continuing to explore, they also organ-
ised data into 1 km/h intervals (Fig.  39.5 ). This led Sarah to question whether the 
speed trap had been effective.

  Fig. 39.4    Speed trap data grouped into 5 km/h-wide intervals       
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    Sarah:    Looking at this, if you’re making comparison, is it really a great deal?   
  Researcher:    What are you comparing?   
  Sarah:    Well, if you’re looking at each and every single kilometre, like if you 

look at the 57, they’re all around the same sort of speed.   
  Researcher:    So you are saying that there are 4 cars travelling at this speed  before    
  Sarah:    And then it’s the same there [after]. Even if we look down at 53 k, 

there’s 7 and 9, and 7 and 9 [16 cars in both the  before  and  after  
groups travelled between 52 and 54 km/h]. There’s not really [a dif-
ference], not until you get through 13 and 6, there was a difference 
[in the interval between 51 and 52 km/h]. That’s where those people 
who were up the top in the dark [ before ] were sort of down in the 
bottom [in the  after  group]. So is that enough?   

  Researcher:    So you are saying, if we look at this representation, it seems like both 
of them are the same. Is that what you were saying?   

  Sarah:    Not the same but-   
  May:    Still might be.   
  Sarah:    Not close enough for me to have a defi nite yes, the camera worked, 

to me.   

   Sarah identifi ed sections in her partitioning at 1 km/h intervals, which had the 
same number of cars in the  before  and  after  data. This seemed to have confl icted 
with her idea of a convincing trend in the data, which should be always identifi able, 
possibly irrespective of whether the tool used to model the situation is suitable for 
the purpose or not. While some teachers seemed to be convinced by the argument 
built with equal intervals of 5 km/h, others (e.g., May) shared Sarah’s concern and 
struggled to reconcile what they viewed as confl icting solutions.   

  Fig. 39.5    Speed trap data grouped into 1 km/h-wide intervals       

 

J. Lamb and J. Visnovska



465

4     Conclusions 

 In this project, teachers have just commenced learning how to engage in activities 
where they genuinely analyse data. The ideas about purposes, goals, and accept-
able ways of  doing statistics  in classrooms were not yet established in the group. 
Research demonstrates that as teachers initially try to make sense of professional 
development activities, they draw on practices established in their classrooms and 
attempt to incorporate new ideas into their teaching usually without profound 
changes to their practice (Franke et al.  2008 ). Evidence of this was present in 
Ben’s suggestion to only provide modelling opportunities to his students after 
they had  learnt  the mathematical content. This suggests that supporting him and 
the entire group to experience how statistical understandings can emerge from the 
activity of modelling and analysing data, without being taught to students in 
advance (e.g., Hiebert et al.  1997 ), will be of key importance in future profes-
sional development sessions. 

 To respond to the research questions the analysis indicates that teachers did con-
sider a range of computer tool options, and used these in different ways, as they 
modelled the task situation. For instance, Tanya and Zoe used the  create your own 
groups  option to make a gap in the data more visible. In contrast, John used both the 
visual impact of his partition and quantitative comparison provided by the  two equal 
groups  option. These generated solutions and group discussion may help these 
teachers to  anticipate likely student solutions  when planning to teach this task in 
their own classrooms. In addition, teachers’ awareness of different possible 
approaches and how these relate to specifi c arrangements of the computer tool could 
be helpful in  monitoring students’ work  during the task exploration. The PD activities 
thus provided the teachers with opportunities to elaborate on practices (a) and (b) 
identifi ed by Stein et al. ( 2008 ). 

 Data also indicate that teachers, with the exception of Sarah and May, did not 
attempt to compare different solutions or explain how they connect with specifi c 
statistical ideas. Moreover, when Sarah pointed out what she viewed as confl icting 
solutions (the data split into 5 km/h and the 1 km/h intervals), the group did not come 
up with a way to reconcile this confl ict. At least some teachers seemed to expect that 
if there is a  real  trend in data, it should be equally evident in all models. 

 Teachers’ discussion of different models and their diffi culty in reconciling the 
confl icting ideas refl ected their lack of prior experience with engaging in mathemat-
ical discussions grounded in comparison of such models. While the activity sup-
ported them in making successful steps towards developing some of the skills 
identifi ed by Stein et al. ( 2008 ), other skills, in particular (d) and (e), remained in 
the background. This episode illustrates that preparing teachers to “provide contexts 
for coherent rather than piecemeal [mathematical] learning … [and to create] a 
whole that is much more than the sum of the parts” (Niss et al.  2007 , p. 21) is a 
nontrivial endeavour. Developing adequate skills will require supporting teachers to 
work fl exibly with key statistical ideas as well as with the tools through which stu-
dent learning can be built. Model comparisons will be further explored as a means 
to ground professional development discussions of teaching and learning principles 
(Cobb et al.  2008 ; Gravemeijer  2004 ).     
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    Abstract     The interdisciplinary research project Co 2 CA investigates how assessing 
and reporting students’ performances in mathematics can be arranged in every-day 
teaching in such a way that teachers are able to analyse students’ outcomes appro-
priately and organise further learning as well targeted as possible. In this context, 
39 classes of German middle track schools were observed for several weeks while 
dealing with mathematical tasks focusing on technical and modelling competencies. 
Based on the assumption that assessing and reporting students’ outcomes regularly 
will foster learning processes, students from some classes were given individual, 
task-related feedback, in some classes several times in a written form, in some 
classes in addition permanently accompanying the students’ solution processes. In 
this chapter, we describe the study and report some preliminary results.  

1         Introduction 

 Following ideas of the Danish KOM-project (Blomhoj and Jensen  2007 ; Niss  2003 ) 
and of activities in the context of the development of national education standards for 
mathematics in several countries (Deutsche Kultusministerkonferenz  2003 ; National 
Council of Teachers of Mathematics  2000 ), the discussion of how to improve compe-
tency-oriented teaching and learning of mathematics is of central interest in 
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mathematics education. Considering the tension between ‘unguided learning’ on the 
one hand and ‘instructional learning’ on the other hand (DeCorte  2007 ; Hoops  1998 ; 
Kirschner et al.  2006 ; Mayer  2004 ), several studies have tried to fi nd out how every-
day teaching of mathematics could be arranged so as to foster students’ learning as well 
targeted as possible (among many others, see e.g. Dekker and Elshout-Mohr  2004 ; 
Leiss  2010 ; Teong  2003 ). 

 The interdisciplinary research project Co 2 CA ( Conditions and Consequences of 
Classroom Assessment)  1  aims at investigating the impact of different kinds of feed-
back in competency-oriented mathematics teaching on students’ performances, 
emotions and attitudes. In a fi rst step, starting in 2007, competency-oriented tasks 
(modelling tasks and technical tasks) that were to assess students’ outcomes reliably 
have been constructed successfully. In a second step, special kinds of feedback to 
students’ responses on the constructed items have been developed and tested in the 
laboratory (Besser et al.  2010 ; Bürgermeister et al.  2011 ; Klieme et al.  2010 ). Here 
the effect of feedback on performance tests based on marks has been compared to 
criteria-based feedback (students who are as good as you are generally able to deal 
with the following topics) and feedback directly based on students’ working pro-
cesses (as can be seen from your answers to the test, you are able/not able to 
deal with the following topics). In a third step, from October 2010 to March 2011, 
the items as well as the feedback that had been developed were implemented in a 
13 lesson teaching unit in 39 Year 9 classes of German middle track schools (see 
Fig.  40.1  for a timetable of the Co 2 CA-project; for a short overview of this special 
part of the study see Besser et al.  2011 ). In relation to this last step, one of the main 
research questions is: Will students in classes with an optimized kind of written 
and oral feedback outperform their counterparts who are not given such feedback, 
especially concerning their modelling competency?

   In this chapter we will present the design of the Co 2 CA study in school as well 
as some very fi rst results of this study that hint at challenges we have to deal with in 
further steps.  

  Fig. 40.1    Stages of the research project Co 2 CA (2007–2011)       

1    Supported by the German Research Society (DFG) as part of the current priority programme 
“Kompetenzmodelle zur Erfassung individueller Lernergebnisse und zur Bilanzierung von 
Bildungsprozessen” (SPP 1293); principal researchers: E. Klieme, K. Rakoczy (both Frankfurt), 
W. Blum (Kassel), D. Leiss (Lüneburg).  
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2     Implementation of Feedback in Every-Day Mathematics 
Teaching: Design of the Co 2 CA Study in School 

 According to results of pedagogical and psychological research (Hattie and Timperley 
 2007 ), it is reasonable to assume that assessing and reporting students’ outcomes 
regularly in short intervals will foster students’ learning. Such so called “formative 
assessment” (in contrast to ideas of “summing up” students’ results only once at the 
end of a unit; for a general discussion about formative assessment see for example 
Black and Wiliam  2009 ) is said to be even more successful if the students are con-
tinuously offered feedback that is informative, individual and task-related (Deci et al. 
 1999 ; Kluger and DeNisi  1996 ) and if the assessment tries to answer some central 
questions concerning the students’ learning processes: “Where am I going?”, “How 
am I going?”, and “Where to next?” (Hattie and Timperley  2007 , p. 88). 

 The Co 2 CA project tries to implement written and oral feedback into teaching that 
sticks closely to the above-mentioned principles, that means it is given individually 
to students in short intervals (written feedback: three times during the 13 lessons; 
oral feedback: on the fl y whenever possible), refers to students’ solution processes, 
points out students’ strengths as well as diffi culties and offers strategies for students 
on how to improve themselves – especially feedback that helps students to concen-
trate on individual weaknesses and strengths on their own. In contrasting three differ-
ent groups of students, the main question of how such feedback infl uences students’ 
performances is pursued by the following research design (see Fig.  40.2 ).

2.1       A Teaching Unit Dealing with Pythagoras’ Theorem 

 Altogether 39 Year 9 classes from 23 middle track schools (Realschule) in the state of 
Hessen (Germany) with 978 secondary students participated in this study. This sample 
can be regarded as fairly representative for this ability and age group. The classes were 
assigned randomly to either a control group CG: no special kind of feedback is given 
to the students, or one of two experimental groups, that is EG 1: students are given 

  Fig. 40.2    Design of the Co 2 CA study in school (2010–2011)       
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   The    rope of the cable car  Ristis  has to be replaced. 1 m of the rope costs 8 €. How 
much does a new rope cost approximately? Write down your solution process.

                                    

 Name:  Cable car “Ristis”  Weight capacity:  132 × 3 persons 
 Station 1:  1,600 m above sea level  Haul capacity:  1,200 pers. per hour 
 Station 2:  1,897 m above sea level  Speed:  1.5 m/s 
 Horizontal difference:  869 m  Time of travel:  10 min 

written feedback three times within the 13 lessons and EG 2: in addition to written 
feedback students are supported by a special kind of oral feedback. Before starting the 
study, all teachers participated in half a day training to conduct a 13 lesson unit deal-
ing with the topic area of Pythagoras’ theorem. These 13 lessons comprised an intro-
duction to Pythagoras’ theorem (including a proof of the theorem), a phase with 
technical items, a phase with dressed up word problems and fi nally a phase with more 
demanding modelling problems. Referring to Kaiser ( 1995 ) and Maaß ( 2010 ) these 
modelling problems can be characterized in such a way that students’ have to pass 
through the whole modelling cycle but that they only have to hark back to standard-
ized, familiar ways of calculating. To control for the quality of teaching, every teacher 
was given a so called “logbook” with obligatory and optional tasks to use during the 
lessons. In addition, 4 of the 13 lessons were video-taped in all the classes.  

2.2     Written Feedback in Both Experimental Groups 

 In the classes of the two experimental groups (EG 1 and EG 2) the students had to 
work on special short tasks on three occasions (at the end of lessons 5, 8 and 11). At 
the beginning of the next lesson, all students got back their solution, corrected by the 
teacher, together with an individual, process-oriented, written feedback and a suitable 
exercise to work on. The teachers were prepared to do so on a second half day of train-
ing. To ensure that all participating students worked on the aforementioned special 
short tasks, these were integrated into the regular lessons of the control group. An 
example of such a written feedback can be seen in Fig.  40.3 . This example shows 
feedback given to the following modelling item that students were given at the end of 
lesson 11.
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  Fig. 40.3    Example of written feedback       

2.3        Oral Feedback in One of the Two Experimental Groups 

 In addition to the written feedback, the teachers of experimental group 2 (EG 2) 
were trained on a third half day to implement a special kind of oral feedback that 
copes with the requirements of competency-oriented tasks in every-day teaching of 
mathematics, similar to the so-called “operative-strategic” teaching method devel-
oped in the DISUM project (here students mainly have to deal with mathematical 
modelling tasks in groups and with only little support by the teacher; for details see 
Blum  2011  and Schukajlow et al.  2011 ). According to ideas of the DISUM project, 
the teachers were trained to orally intervene into students’ working processes only 
by minimal-adaptive support in order to let the students work on their own as much 
as possible (Leiss  2005 ). The participating teachers were informed about different 
ways of intervening and supporting. Here we distinguish between four cate-
gories of teacher interventions: metacognitive interventions that give hints on a 
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meta-level (such as ‘Imagine the situation’), interventions related to the special 
content of a problem, affective interventions (such as ‘Well done so far’), and inter-
ventions referring to the organizational context in the classroom (Leiss  2007 ; Leiss 
and Wiegand  2005 ).  

2.4     Pre-test and Post-test 

 To control for students’ prior mathematical knowledge there was a pre-test immedi-
ately before the study and, to fi nd out differences between students’ mathematical 
performances, a post-test at the end of the study. Both tests only consisted of items 
that have been empirically identifi ed as technical items (TI) or modelling items (MI) 
as a result of the pilot study (pre-test: 13 TI, 6 MI; post-test: 9 TI, 8 MI). Since stu-
dents normally cannot solve items dealing with the topic of Pythagoras’ theorem 
before this topic is explicitly taught, here only ‘prior knowledge’ – elements that 
were necessary to work on Pythagoras’ theorem in the following weeks – was asked 
for (e.g., fi nding the square root of a number or naming characteristics of a triangle). 
Both tests could be linked by the item-parameters known from the pilot study. 
Examples of a pre-test item testing prior knowledge, a technical post-test item and 
a modelling post-test item are given below. 

  Prior-knowledge pre-test item: 

 A broom is rested against a wall as shown below. 
 Broom, wall and bottom form a triangle. Mark the triangle 
in the picture and give names to the sides.     

      Technical post-test item: 

 Calculate the length of the side a = |BC|. 
 a = _____________    
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      Modelling post-test item: 

 On May 1st people in Bad 
Dinkelsdorf dance around a 
so called “Maibaum”. This is 
a tree which has a height of 
8 m. While dancing, the 
people hold bands in their 
hands. These bands are 15 m 
long. How far away from the 
“Maibaum” are the people at 
the beginning of the dance?     

2    Both  wle  reliability and  eap  reliability are computed in ConQuest as indicators for the reliability 
of a latent variable/construct. In general values greater than 0.6 are expected to be acceptable. For 
more details see also Rost ( 2004 ).  

3           Some Preliminary Results of the Field Study 

 Both pre-test and post-test have been rated and fi rst analyses can be reported 
concerning the test results. The reported results are deduced from scores which have 
been given to the students’ answers by trained raters, and these scores have been 
used for scaling the tests based on the Rasch model. 

3.1     Test Results 

  Inter-rater reliability:  The rating has been successful since the inter-rater reliability 
for the fi ve trained raters can be said to be very good (pre-test: Cronbach’s alphas 
between 0.829 and 1.000; post-test: Cronbach’s alphas between 0.947 and 1.000). 

  Test reliability:  Whether linked to the results of the pilot study or not, the  wle  
(weighted likelihood estimation) and  eap  (expected a-posteriori) reliability of the 
tests 2  (as a one-dimensional mathematical construct) are acceptable (0.571–0.735). 
However, a two-dimensional scaling – separately for TI and MI – points to some 
problems concerning the MI dimension of the pre-test. First factor analyses hint at 
two out of six items not fi tting suffi ciently to this dimension. 

  Diffi culties of the tests:  One-dimensional as well as two-dimensional scaling illus-
trate bigger differences in the diffi culty of the pre-test depending on whether the 
item-parameters of the pre-test are linked to the pilot study or not. If linked, the 
pre-test becomes much harder. Further analyses highlight that these differences 
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    Table 40.1    Results of pre-test and post-test separated for CG, EG 1 and EG 2   

 Test 

 Test-results (one-dimensional-scaling)  Signifi cance in differences 

 CG  EG 1  EG 2  CG vs. EG 1  CG vs. EG 2 

 Pre-test  −0.152  0.205  −0.420  No  Yes 
  SD  = 1.106   SD  = 0.929   SD  = 0.918  ( p  < 0.01) 
  n  = 340   n  = 303   n  = 206 

 Post-test  −0.140  −0.230  −0.332  No  No 
  SD  = 1.274   SD  = 1.211   SD  = 1.219 
  n  = 334   n  = 302   n  = 220 

seem to be caused by differences in technical abilities between the populations of 
the pilot study and of the fi eld study. Since there were also higher track (Gymnasium) 
students in the population of the pilot study, these differences are apparently caused 
by these higher ability students (interestingly, there are no such differences con-
cerning the modelling dimension of the pre-test and the TI or MI dimension of the 
post-test). 

  Differences in performance:  One of the main questions of the study obviously is: 
Are there signifi cant differences in the post-test performance between the three 
groups (control group and two experimental groups)? Unfortunately, this question 
cannot be answered satisfactorily yet – too many variables are not yet evaluated, and 
too little control for appropriate treatment implementation was possible to date. 
Nevertheless, some very fi rst results concerning the students’ performances in the 
control group and the two experimental groups shall be reported here, taking into 
account that these results have to be dealt with very carefully (here we only refer to 
results of a one-dimensional scaling of the tests since the reliability of the 
MT-dimension of the post-test is not really acceptable) (see Table  40.1 ).

   Table  40.1  shows that there are no signifi cant differences between CG and EG 1 
or CG and EG 2 in the post-test. The control group performed signifi cantly better in 
the pre-test than experimental group 2 (−0.152 vs. −0.420) and these differences are 
no longer visible in the post-test. Since analyses of covariance do not show any 
infl uences of the experimental condition either, we have to know a lot more about 
the quality of the implementation of the treatment to explain these effects – especially 
we have to know in detail what really happened in the 13 lessons.  

3.2     Challenges for the Future 

 The main research question of Co 2 CA is whether special kinds of formative assess-
ment – theoretically based and optimised forms of written or oral feedback – can help 
teachers to improve students’ learning processes when dealing with competency- 
oriented mathematical tasks (here: with technical and modelling tasks) and whether 
an implementation in everyday teaching can foster students’ performances. Except 
for one special case (the reliability of the MI dimension of the pre- test), the performance 
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tests have worked quite well. Within the next few months, further analyses have to 
be carried out in order to answer the main question stated above, that is to fi nd out 
whether there are differences in students’ outcomes between different groups and 
whether these differences are really caused by our treatments. Therefore, the big 
challenge is to control both for the overall quality of teaching (by analysing about 
160 h of video-taped lessons; see Lipowsky et al.  2009  for some relevant variables) 
and for the quality of written and oral feedback given by the teachers (by developing 
adequate coding schemes for both written and oral feedback). We will report about 
these analyses in the near future in particular at the next ICTMA.      
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    Abstract     In the Netherlands modelling is integrated into the mathematics curriculum. 
This chapter describes a study of modelling characteristics in recent mathematics 
examination papers. Results show that the tasks convey the message that mathematics 
can be found in unexpected situations. In many tasks a situation and a ready-made 
model are given and students are asked to work with the model. For mathematising, 
two design principles were: to fi nalise the parameters of a given model, and to 
reconstruct a given mathematical model from verbal descriptions and diagrams of a 
situation. These formats were coined as  mechanistic  and  reproductive mathematising  
respectively. These formats have been introduced to cater for test reliability at the 
expense of test validity.  

1        Introduction 

 Standardised, large-scale assessment adheres to several criteria, such as validity 
and reliability. Validity means that the test really assesses the knowledge, skills and 
insights that are meant to be evaluated. Reliability means that a test yields results 
independent of factors external to the assessed candidate, such as skills and moods 
of the examiner. For large-scale tests that include mathematical modelling, these 
same criteria are at stake. 

 Tasks that are valid with respect to mathematical modelling simulate the work of 
professional modelers, or parts thereof; therefore, they require students to undertake 
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activities as described in the modelling cycle by Blum and Leiss (    2005 ), see Fig.  41.1 . 
Additionally, valid tasks with respect to modelling may require students to work for 
a long stretch of time, and even collaboratively. For example in the modelling com-
petition  A-lympiad , groups of students work for 2 days on a single task (Vos  2010 ), 
and in a modelling project at the University of Hamburg groups of students work for 
a week on a single problem (   Kaiser et al.  2011 ). Tasks that are valid with respect to 
modelling may ask for creativity, problem solving, and collaborative, communica-
tive and metacognitive skills. ‘Open’ tasks based on complex situations have a good 
validity with respect to mathematical modelling. However, open tasks have a lower 
test reliability. Reliability is a major criterion for large-scale standardised assess-
ment, and it often leads to closed questions, to which there is only one correct 
answer and this answer can be reached by only a limited number of well-defi ned 
methods within a few steps. Often the mathematical skills evaluated in standardised 
tests are reproductive knowledge and algorithmic skills. By contrast, mathematical 
modelling tasks allow multiple methods and diverse answers. Modelling skills 
based on creativity and higher order thinking are hard to assess separately and eval-
uators need to be fl exible in their judgement as they should be prepared for surprising 
answers from students.

   A number of studies on the assessment of mathematical modelling have been 
carried out. Haines and Crouch ( 2001 ) developed a 20-min test with multiple 
choice questions on the mathematisation phase in modelling (e.g., on identifying 
variables and making assumptions). They found that students with higher model-
ling skills outperformed students without modelling experiences, implying that a 
reliable assessment format (multiple choice) can have validity to modelling, despite 
not covering the full range and complexity of modelling activities. Also, Houston 
( 2007 ) found that separate phases in the modelling cycle can reliably be assessed. 
With respect to reliability, Palm ( 2007 ) and Vos ( 2007 ) found that small changes in 
the assessment environment of modelling tasks can signifi cantly affect students’ 
performance. For example, slightly altering the wording or adding a photograph 
can support students’ mental activities or hinder these. Their research supports 

  Fig. 41.1    The modelling cycle by Blum and Leiss ( 2005 )       
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fi ndings on how students construct mental models while reading the task’s text and 
end up with individualised interpretations (Bower and Morrow  1990 ). Therefore, 
validly and reliably assessing mathematical modelling competences is still an area 
for further research, not only with respect to question formats, but also with regard 
to the descriptions of scoring guidelines to ensure that independent coders deliver 
equivalent evaluations. 

 In a number of countries modelling has been integrated into the mathematics 
curriculum. To sustain this integration, educational authorities have included mod-
elling into paper-and-pencil tests, such as national examinations. Examination tasks 
are designed by authorities outside the schools, and they concretise the aims and 
objectives stated in curriculum documents. These tasks may guide teachers in les-
son preparation, but also they may be used in teacher training, and they guide 
authors in textbook writing. As such, exam questions and standardised tests play a 
wider role than being merely instruments to assess students’ learning. It is therefore 
important to study what message assessment developers put into the tasks they 
design and how they deal with issues such as validity and reliability. In this chapter, 
I will present a case study of examinations in the Netherlands. Frejd ( 2011 ) carried 
out a similar study for Sweden.  

2     The Dutch Context 

 From the 1970s onwards, mathematics education in the Netherlands was shaped 
by Hans Freudenthal and his colleagues, developing a curriculum guided by the 
question:  “How can we teach mathematics so as to be useful?”  In consecutive 
interventions, the mathematics curriculum was reformed towards applications 
and modelling, based on the idea that mathematical models can be used as a 
vehicle to develop mathematical conceptual knowledge (see also Vos  2010 ). The 
mathematics curriculum for primary schools and vocational secondary schools 
(indicated as  vmbo , see Fig.  41.2 ) builds on situations, emphasising  numeracy  
skills needed by future citizens who should be able to gather, fi lter and handle 
information quantitatively. In the other secondary streams, the ‘general’ ( havo ) 
and the ‘pre-university’ ( vwo ) streams, the mathematics curricula are split into 
two separate subjects:  Mathematics A  for future students in the social and eco-
nomical sciences and  Mathematics B  for future engineers. Mathematics A has a 
strong modelling component, based on Statistics, Probability, and Discrete 
Mathematics, whereby all models originate from  non-technical  areas. The sub-
ject of  Mathematics B  is more similar to the traditionally shaped mathematics 
(calculus and geometry) taught in most countries.

   In the Netherlands the exit examinations of secondary schools are pivotal: a pass 
is the entry ticket into tertiary education. These examinations are administered 
nationally. At all schools extensive training is offered, often based on the papers of 
prior years. For the present chapter modelling characteristics of Dutch mathematics 
examination tasks are studied, taking these as curricular messengers.  
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3     Method 

 The sample consisted of all mathematics examination papers for all levels: 
vocational (examination at the end of grade 10), general (examination at the end of 
grade 11), and pre-university (examination at the end of grade 12), see Fig.  41.2  for 
a scheme of the Dutch school system. Primary education starts at the age of 4 and 
ends at the age of 12. When students enter secondary school they still can switch 
between levels. 

 For mathematics each secondary school level (vocational, general and pre- 
university) has its own examination. At vocational level, there are three different 
papers for different streams ( KB ,  BB , and  GLTL ). At general level, there are 
three different papers ( Mathematics A12 ,  Mathematics B1  and  B12 ). At pre-
university level there are four different papers ( Mathematics A1  and  A12 , 
 Mathematics B1  and  B12 ). Excluding the experimental computer examinations 
and the repeat examination for referred students, each year has a total of ten 
mathematics papers. To obtain a spread over recent years, I studied the papers 
from 2006, 2008 and 2010. 

 For all tasks, I coded the modelling characteristics of the given information in the 
tasks’ text and the steps that students were asked to undertake. At fi rst I coded in 
terms of the modelling cycle from Blum and Leiss ( 2005 ). For example, when a task 
asked for the translation from a real model to a mathematical model, I indicated this 
as a mathematisation task. However, after a few rounds of coding, I needed addi-
tional categories and I switched to a Grounded Theory approach (Strauss and Corbin 
 1997 ), a method recommended for exploring descriptors of observed phenomena. 
In this way, I could discern different kinds of tasks, that at fi rst were all coded as 
mathematisation tasks. A subsample was coded by a colleague for another study 
(Schaap et al.  2011 ).  

grade 12
grade 11
grade 10
grade 9
grade 8
grade 7
grade 6
grade 5
grade 4
grade 3
grade 2
grade 1

Primary school

national test

VMBO
(vocational)

Havo
(general)

VWO
(pre-
univ.)

EXAM
EXAM

EXAM  Fig. 41.2    Dutch school 
system for primary and 
secondary education       
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4     Results 

 In Table  41.1  general characteristics of the mathematics papers are presented. 
Generally, a paper consists of 10–12 pages. The larger number of pages at the lower 
level can be explained by the many space-consuming photographs and diagrams 
that are used to present information to the students. Also, at vocational level more 
often tables are used while at the higher levels more often symbolic (algebraic) 
models are offered.

   I calculated the percentage of points that students could earn from tasks that were 
situated in a non-mathematical context relative to the maximum number of points in 
an examination. Almost all tasks at vocational level and all tasks in the papers for 
 Mathematics A  (for future students of social/economic disciplines) were set in real- 
life situations. Also in the papers for  Mathematics B  (for future engineers) many 
points could be earned in situated tasks: at the general level ¾ of the tasks were situ-
ated in real contexts and at pre-university level ½ of the tasks were situated. 

 In all papers the tasks were grouped under a theme. Each theme had a clear title. 
The tasks connected by a title were independent of one another (i.e., if students can-
not complete one task, they still can complete the others). For example in the year 
2006 the following titles were used:

•    At vocational level ( Vmbo GLTL 2006 ): Road signs – Tiling pattern – Food 
waste – Wishing well – Buying a new bicycle – Moons of Jupiter.  

•   At general level ( Havo Mathematics A12 2006 ): Do women earn less? – 
Batteries – Packages – Mortgage – Daniël – Education costs.  

•   At pre-university level ( VWO Mathematics B1 2006 ): Sauna – Covering – In a 
square – Knock-out system – Area of trapezium.   

The themes demonstrate that mathematics is everywhere, and students can expect to 
encounter new areas of mathematics application in the examination. This is a valid 
aspect with respect to mathematical modelling. 

 Three exemplary tasks for different levels are shown below. In these tasks stu-
dents are offered a real-life situation together with a ready-made mathematical 

    Table 41.1    General characteristics of Dutch mathematics examination papers   

 School type 

 Average number of 

 % score points 
in situated tasks 

 Pages 
( SD ) 

 Pictures, 
diagrams  Tables  Graphs 

 Symbolic 
models 

 Vocational (vmbo)  12.2 (1.6)  10.6  2.8  1.9  2.0  98 
 General (havo)  9.9 (1.8)  3.8  1.3  4.4  5.8  100 (in Math A) 

 77 (in Math B) 
 Pre-university (vwo)  9.5 (2.1)  3.3  1.9  3.9  5.4  100 (in Math A) 

 47 (in Math B) 
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model (a diagram, a table, a graph, a formula) and then asked to work with that 
model. The  Food Waste Task  offers two circle diagrams that model data as if from a 
magazine. In the  Wind Speed Task  a model is offered: data presented in a table, as if 
from research measurements, and a linear equation is offered, albeit with parame-
ters still to be calculated. In the  Trivet Task  the algebraic (trigonometric) model is 
offered. All mathematical models come out of the blue. 

  Food waste (vocational, KB, 2006) 

 In the Netherlands each day much of the bought food is thrown away. A large 
part of it disappears untouched into the waste bin. In the diagram below you 
can read how much food is bought by an average household in 1 year, and 
how much of that is thrown away   .

     

•        Calculate the average price in Euro of 1 kg of thrown away food.  
•   In the Netherlands there are approximately 16 million inhabitants. On 

average a household consists of 2.4 people. Calculate the total amount of 
money in Euro that is thrown away as food in the Netherlands in 1 year.     

  Wind speed and altitude (general, Wiskunde B1, 2006) 

 In Vlaardingen ( a small Dutch city ) on a certain day the wind speed was measured 
at different altitudes. The measurements show approximately a linear relation 
between wind speed  W  in m/s and altitude  h  in m, when the altitude is between 10 
and 80 m (see Table  41.1 ). The formula  W = a·h + b  gives this linear relation.

     

•        Calculate  a  and  b  with help of the table .  Round off  a  and  b  to two decimals.    

  Ensuing tasks use another mathematical model (logarithmic).   

P. Vos



485

  Trivet (pre-university, Mathematics B, 2010) 

 A certain trivet consists of bars that can hinge. This trivet has 19 equal rhombuses, 
see the photo.

                   

    In a mathematical model for this trivet we ignore the thickness of the bars. 
We indicate the leftmost hinging point with P, the midpoint of the middle 
rhombus with O. The inner angle at P is  α  (in radians), see the diagram. We 
choose length 1 for the side of a rhombus. Length  l  and width  w  of the model 
are functions of  α , whereby 0 ≤ α ≤ π . We have:  l  = 10cos(½ α ) and  w  = 6sin(½ α ).

•    Show that the formula for  l  and  w  are correct.    

  In the ensuing questions the above mathematical model has to be used for 
calculating angle α at which w increases with the same rate as l decreases, for 
reconstructing a given formula for distance OQ, and for calculating angle α 
at which the trivet fi ts within a circle.   

 When a problem situation is offered together with a ready-made mathematical 
model, the structuring, simplifying and mathematising is skipped from the model-
ling cycle. The message from such tasks is that the creation of a mathematical model 
is not a learning aim. An advantage of this format is that all students start from the 
same formula; if they would create their own mathematical model and continue to 
work with it, the ensuing modelling activities may have a different mathematical 
demand between students, because of differing complexities of the mathematical 
models created. The presence of a ready-made model raises the reliability of the 
task. A disadvantage is, that students are not  owners  of the model and they cannot 
demonstrate competencies such as simplifying and structuring. 

 The ready-made mathematical model does not serve to solve a practical problem, 
but it is merely a starting point for ‘working mathematically’. See the  Food Waste 
Task:  the diagrams offer information that has to be transformed into number 
answers. These answers do not solve the problem of food waste, although they may 
assist in understanding the immensity of food waste. Primarily, these tasks convey 
the message, that answers in mathematics examinations are numbers. More than 
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90 % of the situated tasks had this format: ending in a number answer. In other tasks 
there was also a ready-made mathematical model, but then the students had to rea-
son on model properties (e.g., whether it meets certain assumptions), compare 
between models, or rewrite the model. 

 Tasks that start from  ready-made models  are ‘wrapped mathematical tasks’, but 
this terminology covers a broad range of tasks. I therefore use additional terminology. 

 In the  Wind Speed Task  a ready-made table is offered to the students and they are 
asked to translate this table into a linear model, thus to transform the numerical 
model into a symbolical model. The advantage for students is that mathematising 
becomes easier; the advantage for examiners is that the question becomes a closed 
question. This raises the test’s reliability. The disadvantage is that students are no 
longer aware that they are building a model representing phenomena: they do not 
need to look at the situation, but only at the table to fi t points into a given parametric 
formula. With this question format, the transformation of numerical data into a sym-
bolical representation becomes an algorithmic exercise that ends in two numbers 
(parameter values) instead of a formula. Thus, the validity of the test with respect to 
modelling is low. This task format in the examination papers aligns with Dutch 
textbooks, where the formulation  “calculate a and b”  is a reoccurring mantra to 
make students calculate parameters that will make a formula match a given pair of 
data (Vos  2011 ). In the textbooks the most frequently used parameters are  a  and  b , 
so in the examination these letters may trigger memorisation without understand-
ing. To categorise this task format of calculating parameters of a mathematical 
model prompted by the question  “calculate a and b” , I coin it as:  mechanistic 
mathematising . 

 Figure  41.3  illustrates how mechanistic mathematising fi ts the modelling cycle 
by Blum and Leiss ( 2005 ). In the examination papers I also observed a second for-
mat, for which the  Trivet Task  is an example. In this format a situation is extensively 
described by photographs and diagrams and then the ready-made model needs to be 
 reproduced  from the situation. In this question format, the modelling activities are 
asked in reversed order. I coin this as  reproductive mathematising  (see Fig.  41.3 ): 
“show that the formula fi ts the situation”. The advantage in examinations is that a 
range of competencies from the beginning of the modelling cycle are covered. This 
raises test validity. Also, all students can continue with the correct mathematical 

  Fig. 41.3    Illustration of mechanistic mathematisation ( left ) and reproductive mathematisation 
( right )       
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model in ensuing tasks, even if they were not able to reproduce the model. This nar-
rows down the variety in answers, thus raising test reliability. However, a disadvan-
tage of this format is that students adopt  smart strategies  to reach the ready-made 
model, such as reasoning backwards using surface features of the model (e.g., a 
 cosine  indicates a horizontal projection) as found by Schaap et al. ( 2011 ).

5        Conclusions and Recommendations 

 The Dutch mathematics examination papers of 2006, 2008 and 2010 demonstrate 
that certain aspects of modelling can well be framed into assessment tasks that meet 
the strict criteria of reliability as needed in large-scale, standardized assessment. 
In this study, the tasks were scrutinized in light of validity with respect to modelling. 
The studied test items show a wide variety of situations, demonstrating that mathe-
matics is everywhere; this is a valid aspect of modelling. On the other hand to 
increase test reliability, the complexity of tasks was reduced and students’ creativity 
was limited. This was achieved in several ways. 

 First, despite the tasks being situated in real life contexts, students were not 
asked to solve problems related to the situation, but merely to perform mathematical 
activities loosely related to the situation described. Second, the examination design-
ers broke the modelling cycle into separate steps, reducing the range of answers. 
Third, modelling activities such as structuring, simplifying and mathematising were 
avoided. These three reductions led to tasks that start from a situation together with 
a mathematical model (table, graph, diagram). The models were offered ready- 
made in the task. More than 90 % of these tasks merely asked for calculations lead-
ing to a number answer. When students are trained on such tasks, they will not have 
ownership over the mathematical model and the message is conveyed that, starting 
from a problem situation, the necessary steps to reach a mathematical model are not 
to be tested. This reduces the validity with respect to modelling. 

 The examination designers used two formats to emulate the steps of structur-
ing, simplifying and mathematising. These formats recurred each year at general 
and pre-university level. The format of  mechanistic   mathematising  asks students 
to fi nd parameters of a ready-made model ( “calculate a and b” ); in this way stu-
dents are helped into the mathematical world. Instead of a formula, they only need 
to produce number values. The second format,  reproductive   mathematising , asks 
students to deduce a ready-made model from a situation. This format asks stu-
dents to give meaning to the mathematical model and to make considerations on 
its creation, but in not one examination paper were the students asked to introduce 
variables or make assumptions. Nevertheless, from research we know that the 
translation of a narrative description into a mental model, and thereafter into draft 
sketches, diagrams and all other means needed to develop a mathematical model, 
is not a straight-forward step (e.g., Bower and Morrow  1990 ). The Dutch exami-
nation papers thus may meet criteria of reliability, but with respect to modelling 
they are limited in validity. Therefore, it is recommended that more assessment 
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research be carried out, in particular on the fi rst steps in the modelling cycle. 
Additionally, we do not need to throw out the baby with the bathwater and abolish 
project-based or portfolio assessment: these formats have a high validity in rela-
tion to the creative aspects of modelling; research may assist in improving these 
formats with respect to test reliability.     
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    Abstract     The world’s increasing complexity, competitiveness, interconnectivity, 
and dependence on technology generate new challenges for nations and individu-
als that cannot be met by continuing education as usual. With the proliferation of 
complex systems have come new technologies for communication, collaboration, 
and conceptualisation. These technologies have led to signifi cant changes in the 
forms of mathematical and scientifi c thinking required beyond the classroom. 
Modelling, in its various forms, can develop and broaden students’ mathematical 
and scientifi c thinking beyond the standard curriculum. This chapter fi rst considers 
future competencies in the mathematical sciences within an increasingly complex 
world. Consideration is then given to interdisciplinary problem solving and models 
and modelling, as one means of addressing these competencies. Illustrative case 
studies involving complex, interdisciplinary modelling activities in Years 1 and 7 
are presented.  

1         Introduction 

 In recent decades our global community has rapidly become a knowledge driven 
society, one that is increasingly dependent on the distribution and exchange of ser-
vices and commodities, and one that has become highly inventive where creativity, 
imagination, and innovation are key players. At the same time, the world has become 
governed by complex systems—fi nancial corporations, the World Wide Web, edu-
cation and health systems, traffi c jams, and classrooms. These are just some of the 
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complex systems we deal with on a regular basis. For all citizens, an appreciation 
and understanding of the world as interlocked complex systems is critical for making 
effective decisions about one’s life as both an individual and as a community mem-
ber (Bar-Yam  2004 ; Jacobson and Wilensky  2006 ; Lesh  2006 ). 

 Complexity—the study of systems of interconnected components whose behavior 
cannot be explained solely by the properties of their parts but from the behavior that 
arises from their interconnectedness—is a fi eld that has led to signifi cant scientifi c 
methodological advances. With the proliferation of complex systems has come new 
technologies for communication, collaboration, and conceptualisation. These tech-
nologies have led to signifi cant changes in the forms of mathematical and scientifi c 
thinking that are needed beyond the classroom, such as the need to generate, analyse, 
operate on, and transform complex data sets (English and Sriraman  2010 ). 

 Educational leaders from different walks of life are emphasising the importance 
of developing students’ abilities to deal with complex systems for success beyond 
school. Such abilities include: constructing, describing, explaining, manipulating, 
and predicting complex systems; working on multi-phase and multi-component 
projects in which planning, monitoring, and communicating are critical for success; 
and adapting rapidly to ever-evolving conceptual tools (or complex artifacts) and 
resources (Gainsburg  2006 ; Lesh and Doerr  2003 ; Lesh and Zawojewski  2007 ; 
Pellegrino and Hilton  2012 ). 

 The purpose of this chapter is threefold: First, it argues for the need to build a 
stronger foundation in the mathematical sciences, one that will equip students for 
the challenges of the twenty-fi rst century. Second, as one means of achieving this 
aim, the chapter recommends an increased focus on interdisciplinary problem solv-
ing that engages students in complex modelling with challenging, life-based sce-
narios. Third, as an illustration of such modelling, consideration is given to selected 
cases from two design-based studies in Years 1 and 7.  

2     Future Competencies in the Mathematical Sciences 

 The Australian  Mathematics, Engineering & Science in the National Interest  report 
(Offi ce of the Chief Scientist  2012 ) highlighted the universal perspective that an 
education in these disciplines is essential to a nation’s future prosperity. Numerous 
concerns have been expressed over students’ achievements in the sciences, both in 
Australia and internationally (e.g., Australian Academy of Science  2006 ,  2010 ; 
Business Council of Australia  2007 ; The National Academies, USA  2009 ). Indeed, the 
Business Council of Australia stressed that “too many young Australians are being left 
behind by our school education system,” beginning with early learning in mathematics 
and science, and that many aspects of our school system “have not changed since the 
1960s.” Likewise, other nations are highlighting the need for a renaissance in the 
science, technology, engineering, and mathematics (STEM) fi elds. For example, the 
fi rst recommendation of The National Academies’  Rising above the Gathering Storm  
( 2007 ,  2009 ) was to vastly improve K-12 science and mathematics education. 

L.D. English



493

 With the advent of digital technologies have come changes in the future world of 
work for our students. As Clayton ( 1999 ) and others (e.g., Hoyles et al.  2010 ; 
Jenkins et al.  2006 ; Lombardi and Lombardi  2007 ; Pellegrino and Hilton  2012 ) 
have stressed, the availability of increasingly sophisticated technology has led to 
changes in the way mathematics and science are being applied in workplace set-
tings. These technological changes have led to both the addition of new competen-
cies and the elimination of existing skills, together with increased application of 
interdisciplinary knowledge in solving problems and communicating results. 
Although we cannot simply list a number of competencies and assume these can be 
automatically applied to the workplace setting, there are several that employers gen-
erally consider essential to productive outcomes (e.g., Doerr and English  2003 ; 
English  2008 ; English et al.  2008 ; Gainsburg  2006 ;    Hoyles et al.  2002 ; Lesh and 
Zawojewski  2007 ; Pellegrino and Hilton  2012 ). In particular, the following are 
some of the core competencies that have been identifi ed as key elements of produc-
tive and innovative workplace practices.

•    Problem solving, including working collaboratively on complex problems where 
planning, overseeing, moderating, and communicating are essential components 
for success;  

•   Techno-mathematical literacy, “where the mathematics is expressed through 
technological artefacts” (Hoyles et al.  2002 , p. 14);  

•   Applying numerical and algebraic reasoning in an effi cient, fl exible, and creative 
manner;  

•   Generating, analysing, operating on, and transforming complex data sets;  
•   Applying an understanding of core ideas from ratio and proportion, probability, 

rate, change, accumulation, continuity, and limit;  
•   Constructing, describing, explaining, manipulating, and predicting complex 

systems;  
•   Thinking critically and being able to make sound judgments, including being 

able to distinguish reliable from unreliable information sources;  
•   Synthesising, where an extended argument is followed across multiple 

modalities;  
•   Engaging in research activity involving the investigation, discovery, and dissemi-

nation of pertinent information in a credible manner; and  
•   Flexibility in working across disciplines to generate innovative and effective 

solutions.     

3     Interdisciplinary Problem Solving 

 These future competencies alert us to rethink the nature of the learning tasks we 
implement in our classrooms. I argue that we need a greater focus on future- oriented, 
interdisciplinary problem-solving experiences, ones that mirror problem solving 
beyond the classroom. Such a focus is especially needed, given that “problems 
themselves change as rapidly as the professions and social structures in which they 
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are embedded change” (Hamilton  2007 , p. 2). For example, experiences that draw 
upon the broad fi eld of engineering provide powerful links between the classroom 
and the real world, enabling students to apply their mathematics and science learn-
ing to the solution of authentic problems (English and Mousoulides  2011 ; Kuehner 
and Mauch  2006 ). 

 Our challenge then, is how to promote creative and fl exible use of mathematical 
and scientifi c ideas within an interdisciplinary context where students solve 
substantive, authentic problems that address multiple core learnings. One approach 
is through modelling involving cycles of model construction, evaluation, and revi-
sion, which is fundamental to mathematical and scientifi c understanding and to the 
professional practice of mathematicians and scientists (English  2010b ; Lesh and 
Zawojewski  2007 ; Romberg et al.  2005 ). Modelling is not just confi ned to mathe-
matics and science, however. Other disciplines including engineering, economics, 
information systems, social and environmental science, and the arts have also 
contributed in large part to the powerful mathematical models we have in place for 
dealing with a range of complex problems (Beckmann et al.  2005 ). Unfortunately, 
many mathematics and science curricula do not capitalise on the contributions of 
other disciplines. A more interdisciplinary and unifying model-based approach to 
students’ mathematics learning could go some way towards alleviating the well-
known “one inch deep and one mile wide” problem in many of our curricula 
(Sabelli  2006 , p. 7; Sriraman and Steinthorsdottir  2007 ). There is limited research, 
however, on ways in which we might incorporate other disciplines within the math-
ematics curriculum.  

4     Models and Modelling 

 Modelling is increasingly recognised as a powerful vehicle for not only promoting 
students’ understanding of a wide range of key mathematical and scientifi c con-
cepts, but also for helping them appreciate the potential of the mathematical sci-
ences as a critical tool for analysing important issues in their lives, communities, 
and society in general (Greer and Mukhopadhyay  2012 ; Greer et al.  2007 ; Romberg 
et al.  2005 ). In acknowledging the efforts made in many curricular documents to 
place a greater focus on mathematical applications and modelling, Greer and 
Mukhopadhyay ( 2012 ) expressed concerns that insuffi cient attention is being given 
to critical, political, and ethical considerations. These considerations warrant sig-
nifi cant attention in the design and implementation of modelling experiences, 
beginning with the primary school years. 

 Perspectives on models and modelling are broad and have been addressed exten-
sively in the literature. These have included solving word problems, conducting 
mathematical simulations, creating representations of problem situations (including 
constructing explanations of natural phenomena), and creating internal, psychologi-
cal representations while solving a particular problem (e.g., English and Halford 
 1995 ; Gravemeijer  1999 ; Greer and Verschaffel  2007 ; Lesh and Doerr  2003 ; 
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Romberg et al.  2005 ). Furthermore, these perspectives appear to be ever-evolving as 
research in the fi eld continues to expand. Lesh and Fennewald ( 2010 ) provide a use-
ful “fi rst-iteration defi nition of a model,” one that is apt for the present case studies, 
namely, “   A model is a system for describing (or explaining, or designing) another 
system(s) for some clearly specifi ed purpose” (p. 7). 

 A signifi cant component of modelling is the crossing of disciplinary boundar-
ies, where there is an emphasis on the structure of ideas, connected forms of 
knowledge, and the adaptation of complex ideas to new contexts (Hamilton et al. 
 2008 ). The modelling problems I have implemented in classrooms are realistically 
complex situations where the problem solver engages in mathematical and scien-
tifi c thinking beyond the usual school experience and where the products to be 
generated often include complex artifacts or conceptual tools that are needed for 
some purpose, or to accomplish some goal (Lesh and Zawojewski  2007 ). I refer to 
these problems as  complex modelling  because students are faced with multidimen-
sional situations where they need to make reasoned and sophisticated choices in 
their application of mathematical and scientifi c ideas and processes. Furthermore, 
these problems require students to present their models to their peers for question-
ing and constructive feedback, which, in itself presents a complex situation requir-
ing critical and empathetical thinking (cf. Greer and Verschaffel’s third level of 
“critical modelling”  2007 ). 

 To illustrate some of the ideas I have advanced to this point, I give consideration 
to two case studies of interdisciplinary modelling, one that I implemented in Year 1, 
and the other, in Year 7. The former involved data modelling experiences that drew 
upon the children’s curriculum studies of caring for the environment. The latter 
introduced students to the fi elds of engineering, specifi cally civil engineering, where 
the extensive civil constructions taking place in their city formed the problem 
context.  

5     Case Studies of Models and Modelling 

 In both the Year 1 and Year 7 projects, design-based research specifi cally a design 
experiment, involving the learning of students, teachers, and researchers (Kelly et al. 
 2008 ) was adopted. Comparative case studies (focus groups) were also included (   Yin 
 2003 ). The activities were designed in collaboration with the teachers, who imple-
mented them in their classrooms across the duration of each of the 3-year, longitu-
dinal studies. 

 Data collection included copies of all student artefacts and the videotaping and 
audiotaping of the work of the focus groups and whole-class discussions, with all 
taping transcribed. Data analyses involved ethnomethodological interpretative 
practices (Erickson  1998 ), with data progressively reviewed, transcribed, coded, 
and examined for patterns and trends in the students’ developments using constant 
comparative strategies (Creswell  2012 ). 
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5.1     Data Modelling in Year 1: Background 

 From 2009 to 2011, I conducted a longitudinal study of data modelling in three 
classrooms in a state school situated within a middle socio-economic area of 
Brisbane, an Australian capital city. The study followed the children from Year 1 
to Year 3 (6–8 years). The children and their teachers engaged in multiple, life-
based experiences that incorporated other disciplines, such as health and nutri-
tion, and environmental studies. The children investigated meaningful phenomena, 
decided what was worthy of attention (identifying complex attributes), and then 
progressed to organising, structuring, visualising, and representing data (English 
 2010a ; Lehrer and Schauble  2006 ). Given that identifying variation, drawing 
inferences, and making predictions are also important components of data model-
ling in the early years (Watson  2006 ), these components were incorporated within 
the learning experiences. 

 In designing the classroom activities, literature was used as a basis for the prob-
lem context. It is well documented that storytelling provides an effective context for 
mathematical learning, with children being more motivated to engage in mathemati-
cal activities and displaying gains in achievement (van den Heuvel-Panhuizen and 
Van den Boogaard  2008 ). Picture story books that addressed the overall theme of 
 Looking after our Environment , a key theme in the teachers’ curriculum at the time, 
were selected. 

 To illustrate the data modelling activities that were implemented, the second and 
third of four activities of the fi rst year of the study are addressed, namely,  Fun with 
Michael Recycle  and  Litterbug Doug . The Australian picture story books that served 
as the basis for these activities were  Michael Recycle  (Bethel  2008 ) and  Litterbug 
Doug  (Bethel  2009 ). The former tells the story of Michael Recycle who came from 
the sky to clean up a very dirty town, with his motto, “I’m green and I’m keen to 
save the planet.” Litterbug Doug was originally a dirty creature who lived in a pile 
of rubbish in a very clean town. A “green-caped crusader” then swooped to the 
Earth to reform Litterbug Doug. As a consequence, Litterbug Doug became the 
Litter Police for the town and enthusiastically monitored the town’s environment. 
Children worked in small groups for each activity.  

5.2     Data Modelling in Year 1: Fun with Michael Recycle 

  Fun with Michael Recycle  involved two lessons (lesson one, average duration of 
30 min and lesson two, 60 min). The activity involved posing questions, identifying 
and generating attributes, organising and analysing data, and displaying and repre-
senting data in different ways. 

 Prior to the lessons, the storybook,  Michael Recycle , was read and discussed, and 
the classroom was set up with collections of reusable/recyclable and waste items. 
Next, each child in each group was given two Post-It notes and the group was 
directed to explore the classroom for these various items. Each group member was 
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to draw and name an item on each Post-It note. The groups subsequently returned to 
their group desk and proceeded to discuss the attributes of their items, then organise, 
analyse, and represent their data however they chose (on a large sheet of paper pro-
vided). On completion, the groups reported back to the class on how they repre-
sented their data. A brief whole class discussion followed on the nature of the 
attributes the children had identifi ed and how they had organised and represented 
their data. 

 Following this, the children were advised that Michael Recycle “really likes the 
different ways you have represented your recyclable/reusable and waste items but 
would like you to represent them in a different way on your chart paper.” The chil-
dren were given a second sheet of paper to do so and were to leave their initial 
representation sheet intact. On completion, the groups reported back to the class, 
during which they were encouraged to explain their new representation and indicate 
how it differed from their fi rst. 

5.2.1     Selected Findings 

 Most groups (of 15 in total) focused on the attributes of recycle/junk/waste/reuse 
in structuring and representing their data on their fi rst attempt, which is not surpris-
ing given the task context. On their second attempt, however, over half of the 
groups changed their attributes along with their representations. Although not 
directed to do so, children’s generation of new attributes demonstrated their ability 
to switch their attention from one item feature to another. That is, they needed to 
consider what was worthy of attention and what needed to be placed in the back-
ground, refl ecting Lehrer and Lesh’s ( 2003 ) notion of “lifting away from the plane 
of activity” (p. 377). 

 Children’s representations for  Fun with Michael Recycle  were predominantly 
pictographs, which was likely infl uenced by the task design. Task presentation and 
context can create both obstacles and supports in developing children’s statistical 
reasoning (Cooper and Dunne  2000 ; Pfannkuch  2011 ). Here, the initial use of 
Post-It notes likely limited the forms of representation the children created. 
Nevertheless, the children did display an awareness of the structure of their picto-
graphs, making effective use of rows and columns, and appropriate inscriptions. 
These early representations are important in assisting young children in abstracting 
or simplifying information they have gathered from their data collection (Konold 
and Higgins  2003 ). 

 Divergent ways of creating re-representations were observed, with children again 
displaying a repertoire of inscriptions including drawings, written text, numerical 
symbols, and other referents (ticks and crosses). The children also displayed meta-
representational competence (di Sessa  2004 ; Lehrer and Lesh  2003 ), an important 
factor in young children’s development of data modelling. Such competence, albeit 
emerging, was evident in the children’s use of inscriptions, their structuring and dis-
playing of data, their detection of redundant information, their awareness of the need 
to eliminate unnecessary features, and their conservation of ideas and quantities of 
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items. The children had not received direct instruction on these components; their 
seemingly naturally developing metarepresentational competence appeared to play 
a substantial role in shaping their learning and reasoning in working the activity 
(Lehrer and Lesh  2003 ).   

5.3     Data Modelling in Year 1: Litterbug Doug 

 The second activity,  Litterbug Doug , was designed to engage the children in inter-
preting tables of data, identifying variations in the data, posing questions, and mak-
ing predictions. The activity was implemented in one lesson, average duration of 
75 min. Prior to the lesson, the children read and discussed the storybook,  Litterbug 
Doug . The lesson began with the teacher explaining that, “Now that Litterbug Doug 
has become the Litter Police, the townsfolk are interested to see what he collects in 
Central Park during his fi rst three days. They also want to know if Litterbug Doug 
is doing a good job of collecting litter in Central Park.” The children were then 
shown a table displaying how many of each of fi ve items Litterbug Doug collected 
on day 1, with the explanation that, “As a start, the town’s mayor asked Litterbug 
Doug to show him what he collected on his fi rst day, Monday. Litterbug Doug 
showed the mayor what he saw and what he collected in the park.” Next, the chil-
dren were posed questions to explore their interpretation of the table, given that they 
had had almost no exposure to such a table. It was then explained to the children 
that, “Litterbug Doug has now collected litter in Central Park for three days and the 
townsfolk are keen to see how much he has collected.” The children were next pre-
sented with a second table showing how many items had been collected from 
Monday through to Wednesday, with the Thursday column left blank. In their 
groups, children were to explore the second table, fi rst noting the numbers of items 
collected on the second and third days, then how the data varied across the fi rst 3 
days and why this might be the case. Their fi nal task was to consider the blank 
Thursday column. The children were to predict how many different items Litterbug 
Doug might have collected on Thursday. On completion, the groups reported back 
to the class on the variation they noticed in the data and on their predictions for 
Thursday. 

5.3.1     Selected Findings 

 Children’s predictions for the numbers of items Litterbug Doug might have col-
lected on the Thursday suggested that they had an informal awareness of the range 
and variation in the existing data. Twelve groups (out of 13 [student absenteeism 
reduced the number of groups for this activity]) recorded predictions of values rang-
ing from 0 to 10. All but one of these 12 groups explicitly recognised that wild outli-
ers (e.g., 56, 45) would be unlikely. 

L.D. English



499

 In their class presentations, fi ve groups indicated that they considered the 
frequencies of the values across the rows of the table. They avoided repeating a 
quantity, or repeated a quantity, or gave a quantity that was not in the existing 
row. For example, when asked why a group recorded 7 cans for Thursday, they 
explained, “Because there was no seven in that one. We did a number that wasn’t 
in that line.” One group justifi ed their recording of four newspapers as, “’Cause 
he found six but then he didn’t fi nd that much on the other two days so I thought 
to do four ’cause he didn’t fi nd that much on the other two days.” 

 Two other groups displayed a more sophisticated awareness of trends in the data, 
for example, “   They went up and down (indicating Monday to Tuesday to Wednesday 
for the apple cores), then it kept counting down” (referring to the 3 they added to the 
Thursday column). One child in this group actually did a corresponding hand 
motion to illustrate the trend. Other approaches (3 groups) to predicting the values 
for the Thursday column included the use of patterns, numerical sequences (e.g., 4, 
3, 2, 1), and odd and even numbers.   

5.4     Engineering-Based Modelling Experiences: Background 

    This 3-year longitudinal study (2009–2011) across Years 7–9 was conducted in fi ve 
classrooms across three Brisbane private schools (one co-educational, and two 
single- sex schools). The study was undertaken in collaboration with an engineering 
educator and a science educator (e.g., English et al.  2010 ). The project team worked 
with the classroom teachers in developing a range of engineering-based modelling 
problems, which engaged student groups in devising, testing, and evaluating life- 
based engineering problems that demonstrated the link to mathematical principles 
and science inquiry. We also developed comprehensive teaching notes, which sup-
plemented the teachers’ existing knowledge of engineering ideas and principles. 

5.4.1     Bridge Design and Construction 

 In the fi rst year of the study, we introduced the students to the varied world of engi-
neering, including the different roles of engineers (two lessons of approximately 
45 min duration). This was followed by 5–7 lessons that explored bridge designs 
and their construction. These lessons entailed: learning about the work of civil engi-
neers; exploring bridge structure with a focus on the main types of bridges in 
Brisbane; recognising features/constraints of the main bridge types; and investigat-
ing the concepts of tension, compression, load distribution, reinforcement, and 
strength, and their importance in bridge designs. Next, the students were to plan, 
design, model, and construct a truss bridge with given constraints and materials. 
The students documented and refl ected on the engineering design processes they 
used in constructing their bridge. 
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 The activity was set within the context of the students assisting two engineer 
graduates, as follows: 

  Truss Bridge Project 

 Remember our engineer graduates, Ben and Jane, and our need for a bus 
bridge across the Brisbane River from Adelaide St to Southbank? Well you 
are now going to help them design and build a model bridge that will solve the 
transport problem near Victoria Bridge. Engineers always consider their 
design objective when creating their models. Also, they often have many 
design constraints or limitations they have to take into consideration. Ben and 
Jane’s design objective is to make a truss bridge that:

    1.    Can span a distance of 150 m.   
   2.    Must support the most weight for the vehicles that will pass over it.   
   3.    Must not disturb the river’s fi sh.   
   4.    Must not obstruct normal watercraft, such as the City Cat.   
   5.    Must be at least 12 m above water level.      

 A limited number of resources to build their bridge (drinking straws, sticky tape, 
scissors, rulers, small containers, metal washers) was supplied. The students were 
advised to spend time generating ideas, planning and designing their bridges, and 
taking measurements before the actual construction. On completion of their bridge, 
the students reported back to the class explaining their steps to designing, model-
ling, and building their bridge. They were to explain how they used engineering 
design processes, such as, defi ne the problem, brainstorm, select the most promising 
design, communicate the design, create and test a model, and then evaluate and 
revise their design. Finally, the students were to indicate how they might have 
improved their design to strengthen their bridge.  

5.4.2     Selected Findings 

 Students’ responses revealed a number of iterative design processes, where the 
problem goals, including the constraints placed on bridge construction, played a 
major role in students’ planning of their model and its construction. For example, 
one focus group from the all-female school reported on how they decided between 
two possible designs, on the importance of initially documenting their chosen 
design, and on how they worked at improving their evolving bridge model:

   Jenny:    Well, okay, everyone knows we had to design a bridge that was 150 m long 
and environmentally friendly and 12 m above the water, and so fi rst of all 
we like brainstormed and fi gured out all the details and um we shared all 
our ideas, like we each sort of brainstormed individually and then we put 
them together.   
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  Shelley:    We came up with two designs and we weren’t sure which one to use so 
we had input from every single member and from there we worked out 
which one would sustain the most weight.   

  Jilly:    Um, then we drew a diagram to make sure everyone understood what we 
were doing and then we started to make the thing by fi rst making the 
criss-crosses in our design and then putting on the layers kind of and 
then adding the sticks (straws) in between.   

  Shelley:    Initially, we had, it was kind of different; we altered it a bit though, when 
we found some last minute materials so…   

  Jenny:    And then when we saw it like collapsing, we realised if we had more 
straws we could have like put more members in but we probably could 
have used them more wisely maybe, in some places…   

  Lainie:    We also had this theory, if all the straws were 1.5 cm longer our bridge 
would have been perfect.   

   It is also interesting to note the students’ awareness of the environmental con-
cerns (as Jenny mentioned above) and a consideration of minimising the costs 
involved, as illustrated in the report from a member of one of the co-educational 
school’s focus groups:

  The bridge with no piers and trusses supports was chosen because nothing was 
allowed to disturb the aquatic life in the water, meaning there were no piers allowed 
in the design. The trusses were placed in the bridges [sic] design to  support the 
beam bridge because trusses can make the bridge span from a  possible 80 m to a 
possible 180 m. Using the trusses also makes the bridge thicker meaning more 
strength without having so much wind resistance and without using tonnes of 
material. 

   The student’s recommendations for improving his model included “extending the 
trusses on the bridge right to the end of the bridge, making the design more  symmetrical 
on either side, [and] having better joints where the trusses were connected…” With his 
concern for the environment, the student recommended another type of bridge:

  If another type of bridge was allowed, the chosen bridge would have been a suspen-
sion bridge because it would not have needed piers or anything else touching the 
water or interfering with the aquatic life. It would have easily spanned the 150 m 
distance the bridge needed to be because suspension bridges can span up to 200 m 
and the suspension bridge would have lasted longer and would be a lot stronger. 

6          Discussion and Concluding Points 

 This chapter has argued for an increased focus on future-oriented learning experi-
ences, ones that engage students in the kinds of mathematical and scientifi c thinking 
needed for challenges beyond the classroom. It is important that we design prob-
lems that cut across disciplines and encourage students to apply their learning 
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from multiple sources because such challenges do not come neatly packaged in 
one- dimensional domains. As noted, students face a working future where they will 
need competencies that are not given adequate attention in existing curricula, and 
indeed, competencies that we have yet to determine. 

 One means of preparing students for existing and future challenges is the inclu-
sion of complex modelling problems within the curriculum. Such problems place 
students in multidimensional situations that require them to make reasoned and 
sophisticated choices about the knowledge they will apply and how, and ways in 
which they might communicate and share their products. The importance of diverse 
forms of thinking and working cannot be underestimated here. The ability to deal 
with complex, life-based situations requires fl exibility, creativity and innovation, 
critical analysis, empathetical considerations, political awareness, and a commitment 
to knowledge generation and refi nement. 

 In the fi rst case study, young children displayed abilities to generate, analyse, 
operate on, represent, and transform data, as well as to draw inferences from given 
data—competencies that provide foundations for navigating effectively through the 
complex data they will increasingly face from multiple directions. In completing the 
activities, the children were also dealing with important environmental issues in 
their considerations of how they might better protect their surroundings. Basing the 
data modelling experiences on the children’s existing studies of society and the 
environment enhanced their engagement with the problem scenarios. Opportunities 
for the diverse forms of thinking identifi ed above were ever-present. 

 The engineering-based modelling experiences likewise targeted future compe-
tencies in the mathematical sciences, connecting students’ learning across disci-
plines and involving them in planning, designing, constructing, testing, and refi ning 
a life-based bridge model to solve one of their city’s transport problems. In applying 
their learning from mathematics and science, the students also needed to deal with 
the problem constraints including environmental concerns and cost factors (limited 
materials); safety issues also emerged in their group discussions. 

 In both case studies, students’ sharing of ideas with others, both in a group situ-
ation and in peer reporting, encouraged awareness, respect, and tolerance of the 
thinking and feelings of others. However, a more overt focus on these underrepre-
sented aspects of modelling would likely have broadened and enriched the students’ 
learning. As previously argued, modelling activities need to include these critical 
elements, commencing in the early primary school years, if we are to fully develop 
the future competencies highlighted in this chapter. Certainly, a good deal more 
research is warranted here, as noted by Greer and Mukhopadhyay ( 2012 ), Jablonka 
and Gellert ( 2012 ), and many others. 

 In concluding my argument for the inclusion of complex modelling in the pri-
mary and middle school years, I reiterate the words of Greer and Mukhopadhyay 
( 2003 ): “The most salient features of most documents that lay out a K-12 program 
for mathematics education is that they make an intellectually exciting program bor-
ing,” a feature they refer to as “intellectual child abuse” (p. 4). Clearly, we need to 
rise above this situation and look towards nurturing students’ abilities to work 
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creatively and innovatively in generating mathematical and scientifi c knowledge, as 
distinct from working creatively on tasks that provide the required knowledge 
(Bereiter and Scardamalia  2006 ).     
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    Abstract     This chapter presents the mapping of the Brazilian mathematics teacher 
education courses that have the subject of mathematical modelling (MM) or math-
ematics education dealing with MM. The goal is to identify the conceptions and 
tendencies of modelling in these subjects. This study is a document analysis since 
the data come from the course syllabuses and a questionnaire directed at professors. 
This questionnaire sought to provide information about the development of MM 
teaching. In Brazil, out of the 413 courses, 183 have the subject of mathematical 
modelling or mathematics education dealing with MM. The analysis indicated three 
conceptions of MM and as a consequence, three tendencies, which represent the 
contributions of professors that aim at enhancing knowledge.  

1         Mathematical Modelling in Brazilian Education 

 The international movements concerning mathematical modelling (MM) in educa-
tion infl uenced Brazil almost simultaneously due to the collaboration of Brazilian 
educators representing the country in the international academic community 
involved in mathematics education in the 1970s. The fi rst proposals came from 
mathematics professors of higher education courses, mainly from engineering 
courses, who tried to meet the constant questions from students about ‘what is 
mathematics for’ and also, business’s criticism of mathematical training for stu-
dents. Since many of those professors were aware of Applied Mathematics, in 
which MM is part of the syllabus, they began to propose activities for students with 
the objective of enabling them to identify the application of mathematical concepts 
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and defi nitions, so that these students will be able to solve problems in the area they 
will be acting in their future careers and lives (Biembengut  2003 ). 

 MM in education sprang from lectures or presentations given in courses and 
conferences by those professors and their respective enthusiasts or supervised stu-
dents. The lectures in education conferences aimed at improving education, since 
many professors became interested in implementing the proposals in their classes 
because they had already had contact with work that encouraged them to use the 
ideas in the classroom. Indeed, many classroom activities or research projects have 
begun with an interest provoked by a talk, research or activities that at another time, 
in a cyclical process, stimulated new interests. 

 This educational effort that aimed at providing better mathematical teaching and 
learning has culminated with the development of research and has gained signifi cant 
space in the discussions and in the offi cial educational documents in Brazil, espe-
cially in the last two decades. MM has become part of the methodological processes 
in offi cial educational documents in Brazil, generating curricular reformulations 
and pedagogical proposals. Among them, the National Curriculum Guidelines for 
mathematics teacher education courses present orientations related to the inclusion 
in the curriculum, of subjects such as MM. Thus, various mathematics teacher edu-
cation courses have sought to include modelling in their course syllabuses as a sub-
ject or as part of the subject of mathematics education. Along with the number of 
professors who have become interested in modelling through extension courses or 
publication, the amount of research and reports of classroom experience presented 
at mathematics education conferences has increased signifi cantly. 

 These lectures in courses and academic events, in particular, are resources for 
development and improvement in education. Many professors became interested in 
making use of MM in their classes due to contact with work encouraging the usage 
of MM in education. In a feedback cycle those who are motivated and practice in the 
classroom or research, are willing to share, in order to advance to a better under-
standing of processes and results. This comprehension encompasses the conception 
of the person or of the group who conducted the study or the activity within the 
classroom with students. 

 According to Thompson ( 1992 ),  conceptions  about several entities come from 
beliefs, from knowledge acquired through experience and interactions with the sur-
rounding environment. This set of entities and individual and social relations, 
closely associated, form a functional unit more or less interrelated and interdepen-
dent and it usually tends to spread. In various social activities, from the conceptions 
of several groups, there are tendencies that are manifested in different ways, which 
are renewed by the cohesion of its elements, by the education and (re)education of 
the integrated people (Linton  1971 ). 

 As MM in recent decades has reached a signifi cant place in discussions of educa-
tion and offi cial documents in several countries, and considering the different 
approaches and consequently, different understandings, at the present time, different 
conceptions and tendencies can be identifi ed.  A MM tendency  in education is under-
stood as all action and practice in MM performed by professors/teachers, based 
on knowledge and the understanding they demonstrate in their work departing 
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from the conception they have.  A MM conceptio n is understood as the knowledge 
or the understanding the professor/teacher has about MM that, in turn, comes from 
experience. 

 Kaiser and Sriraman ( 2006 , p. 304) developed a system to classify the approaches 
to modelling and applications in mathematical education based on an analysis of a 
sample of international literature. In this system, the authors indicate fi ve  perspec-
tives : (1) Realistic or applied modelling; (2) Contextual modelling; (3) Educational 
modelling; (4) Socio-critical; and (5) Epistemological or theoretical modelling. For 
the fi rst,  Realistic or applied modelling , pragmatic-utilitarian goals may be found, 
such as solving real world problems, understanding the real world, and promoting 
modelling competencies. For the second,  Contextual , subject-related and psycho-
logical goals may be encountered, such as solving word problems. For the third 
perspective,  Educational,  the goal is pedagogical, aiming at structuring learning 
processes from an introduction and developing of mathematical concepts and moti-
vating mathematical learning. The fourth perspective, the  Socio-critical , involves 
pedagogical goals such as promoting critical understanding of the surrounding 
world; being the problem-situation departing points to analyse the nature and rela-
tionship of the mathematical model within society. The fi nal perspective, 
 Epistemological or theoretical modelling  involves promoting connections among 
modelling and mathematics; in this way, problem-situations aim at leading the stu-
dent to understand mathematical theory. The authors also add a meta-perspective, 
 Cognitive , that is restricted to research and aims at analysing and understanding 
cognitive processes that take place during modelling, as well as promoting mathe-
matical thinking processes by using models as mental images, pictures and empha-
sising modelling as a mental process of abstraction or generalisation. 

 With the purpose of explaining how MM has been introduced and developed in 
Brazilian mathematics education, I have been mapping, since 2003, the pedagogical 
actions with MM. I have also built a reference map of both experience and research 
conducted up to now. The mapping consists of raising data, organising it according 
to some criteria, describing and analysing the experience reports, the pieces of 
research, the publications, the courses, in short, the MM facts as they stand in 
Brazilian education. For example, in 2003, I analysed 40 pieces of research, pub-
lished in the period between 1976 and 2002. Through a careful analysis, it was pos-
sible to fi nd different MM conceptions, when compared with the 1970s professors’ 
proposals (Biembengut  2003 ). According to Kaiser and Sriraman ( 2006 ) there 
seems not to be a homogeneous understanding of modelling and its epistemological 
backgrounds within the international discussion on modelling. 

 In this chapter, I present the mapping of Brazilian mathematics teacher education 
courses which have as part of their syllabus a specifi c modelling subject or any 
subject that deals with modelling. This mapping is in constant update and is also 
part of a greater project. For the sake of this work, the guiding research question is: 
 How has MM been conceived in mathematics teacher education courses in Brazil ? 
This research had as its main purpose the identifi cation of conceptions and tenden-
cies in mathematical modelling adopted in the MM subject or in the one dealing 
with MM in Brazilian mathematics teacher education courses.  
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2     Material and Methods 

 The aspects related to the surveyed issues were organised according to a theoretical 
study about conception and tendency, as well as in relation to the identifi cation, 
description and understanding of the mathematical modelling subject syllabuses or 
the mathematics education subject that deals with modelling. It is research based 
on document analysis, since the data come from the syllabuses and the information 
about the development of these syllabuses presented by the related professors of 
the discipline, by means of a questionnaire. It is important to highlight that the syl-
labuses and the data collected in the questionnaires are considered documents in 
this research. The research had two parallel stages:  implementation  and  analysis of 
the results . 

2.1     Implementation of Document Analysis and Questionnaire 

 The fi rst stage was divided into three sub-stages. In the fi rst sub-stage, by using 
data collected from the Government Ministry of Education websites and univer-
sity websites, 413 courses were identifi ed that aimed at training mathematics 
teachers. Sequentially, by means of e-mail contact with the course coordinators or 
even information about the programs available on the Internet page, it was possi-
ble to identify 183 courses, from which 122 have the subject MM and 61 have 
mathematics education subjects that deal with MM. At this stage, I had access to 
the subjects’ syllabus as in Brazil, it is guaranteed by law, that all university 
courses must present a syllabus, in which it must have the program of the subject, 
the content, methodology and bibliography used. In the second sub-stage, this 
early data enabled me to identify and describe the MM subject syllabus or the 
mathematics education syllabus that addresses MM during the teaching period. 
Having these data, I could classify the 183 courses by region and by the topics 
presented in the syllabuses:  content ,  methodological procedures  and  bibliogra-
phy . In the third sub-stage, in order to better clarify the requirements in the pro-
grams of the MM subject or the one that deals with MM, a questionnaire (Fig.  43.1 ) 
was sent by e-mail to the professors of those subjects (183 courses). In response, 
78 out of 183 professors answered the questionnaire.

a) How and where did you get to know about Mathematical Modelling?
b) What types of activity have you developed with students in the Mathematical Modelling
subject or the one dealing with Mathematical Modelling?
c) What are the main difficulties in using/teaching Mathematical Modelling to students 
(future professors of mathematics)? 

  Fig. 43.1    Email questionnaire questions       
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2.2        Analysis of Results 

 In the second stage, I identifi ed the MM conceptions and tendencies in these 
subjects and attempted to explain the meanings of the data based on the syllabus and 
on the answers given by the 78 professors. To reach the proposed goal, I employed 
the fi ve perspectives presented by Kaiser and Sriraman ( 2006 ), namely, (1) Realistic or 
applied modelling; (2) Contextual modelling; (3) Educational modelling; (4) Socio- 
critical; and (5) Epistemological or theoretical modelling, with the objective of 
analysing tendencies in the course programs.   

3     Results and Discussion 

 In the fi rst analysis of those 183/413 courses that have the MM subject or another 
subject that deals with MM, I could verify that the majority of mathematics teacher 
education courses remain divided into subjects composed of rigid plans, without 
any connection between each subject. In Brazil, the courses follow a national syl-
labus guidance document provided by the Ministry of Education. It states that the 
subjects must have at least 2,800 h of classes in a course. In general, the classes do 
not go beyond the mere transposition of content, exercise handouts, teaching of 
techniques or even exposing students to theorems and statements devoid of any 
meaning, any practical result, any link with previous subjects (Biembengut  2009 ). 

 Professors of subjects, such as Teaching Methodology, Teaching Practice, 
Tendencies in Mathematics Education and Mathematical Modelling, hold the 
responsibility for the ‘preparation’ of future professors. These subjects are gener-
ally part of the fi nal stage of the course, and have about 400 h of classes, which 
represent less than 15 % of the total hours of the course. These subjects are com-
monly found at the end of the courses and the number of class hours is not always 
enough to adequately prepare the future teachers. For example, the MM subject of 
the majority of courses takes 60 h of classes (less than 3 %). This perception was 
confi rmed by 78 professors, since they answered that unless individual experiments 
are undertaken, the specifi c subjects are treated without any link. However, these 
interdisciplinary links must be provided in Basic Education when these students 
become teachers. 

 According to these 78 professors, the time available, for the MM subject or the 
one that deals with MM, is not suffi cient to cover all possible loopholes left by train-
ing: for them, there is not enough time for students to devote themselves to a work 
in MM, nor for the professors to guide them. For the student to understand the 
meaning of a fact or phenomenon studied s/he needs to have knowledge learned 
from experience and understanding generated by mathematical proofs. It takes time, 
not only for the students but also for the teacher, who should guide the time available 
during class hours (Osawa  2007 ). 
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 In general, the 183 course syllabuses analysed present three main parts:  content , 
 methodological procedures  and  bibliography . In the  content  section, concepts and 
defi nitions of models and modelling are presented, as well as a review of literature 
on mathematics education, mathematical applications, problem solving situations 
and MM in education. The  methodological procedures  section presents the reading 
of texts on MM and/or related topics for refl ection and discussion in class; exercises 
on mathematical models; a MM work based on the students’ topics of interest; and 
especially, how the work on MM in education will be done. In the  bibliography  sec-
tion, several articles and books about mathematics education are presented, in addi-
tion to books with mathematical applications and three books written by Brazilian 
authors on MM education. 

 Analysing the  content , it can be seen that mathematical applications are priori-
tised. Historically, mathematics has developed from applications not previously 
studied: some of these situations were natural practices while others were abstract. 
It is known for certain that these situations encouraged those who were involved to 
conduct a kind of investigation to solve the situational problem. Possibly, many of 
the fi ndings that emerged from heuristic endeavour turned out to be the basis for 
theorems (Wheal  2007 ). By the still existing educational structure and with regards 
to the answers of the 78 professors, I may say that most professors responsible for 
the MM subject have mathematical training focused on this tendency: from theory 
to techniques and from techniques to application. It does not restrict a change in 
tendency departing from the MM experiences in pedagogical practices, as can be 
seen in the bibliography indicated in most syllabuses. The conception of MM the 
professor has, depends on what s/he knows about MM: from whom and from which 
circumstances, studies, experiments and experience s/he has gone through. 

 In the  methodological procedures , the modelling process is advocated, although 
the 183 syllabuses analysed do not make clear whether these refer to MM per se or 
MM for education. The purpose of the MM per se is primarily related to teaching 
students how to establish a mathematical model of a problem-situation, solve it, 
understand it or even modify it when necessary. MM for education, in turn, aims at 
providing students, at any stage of schooling, with mathematical knowledge and 
critical awareness in relation to the reality that surrounds them; besides teaching 
them how to formulate and solve problems, and also think critically to understand 
the results. 

 According to the 78 professors who answered the questionnaire, the time avail-
able for the subject is not enough to teach students (future teachers) neither to do 
MM nor to use MM in education. As most of these students did not have any experi-
ence with, or knowledge of, MM during school, it requires more time from the pro-
fessor to guide them. Despite the fact that at the beginning of the subject, these 
students show an interest in learning about MM, the lack of experience in searching 
for data, in raising and formulating questions, in solving (modelling process), and/or 
even in adapting to MM in education, makes most of them lose their interest. In addi-
tion, the majority of students do not know how to use the ‘mathematical knowledge’ 
acquired during their school life and further, the MM subject is usually presented at 
the end of the course. Thus, according to the majority of the 78 professors, what they 
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can do in this period is to show students the concepts and defi nitions, making 
students refl ect upon the teaching of mathematics, and preparing the ground for at 
least one work about MM in education, departing from their topics of interest. 

 In the  bibliography  sections of the documents, the texts on mathematics educa-
tion are diverse in relation to the topics covered and the authors. The adoption of one 
or another subject/author depends on the conception of mathematics education and/
or of MM that each responsible professor or teaching group has. The articles about 
modelling deal with reports of classroom teaching practices and refl ections upon 
these practices. From a certain standpoint, this is legitimate, if one considers that 
MM emerged as a strategy for motivating students of all grade levels and became a 
consolidated method that, besides motivating the learning of mathematics, enables 
students to learn how to solve problems, make decisions, use critical thinking and 
be creative. 

 As regards the books with mathematical applications, 87 out of 183 courses are 
about Integral Differential Calculus, Differential Equations, and Operational 
Research. Many of these books have been in the bibliography of several mathemat-
ics subjects in courses of higher education for decades, and have contributed to the 
mathematics formation of several generations of mathematics professors. Three 
Brazilian books on modelling for teaching are indicated by 139 out of 183 courses. 
These books come from the results of research conducted by the books’ authors, 
during the decades of 1980s and 1990s. These books aim at clarifying the concept 
of modelling in teaching and the methodological bases of classroom practice for 
Basic Education and Higher Education professors, presenting some modelling 
examples as proposals or suggestions for teaching. 

3.1     MM Conceptions and Tendencies 

 When comparing the statements in the topics  content ,  methodological procedures  
and  bibliography  from the 183 syllabuses and in the questionnaire answers of those 
78 professors with the fi ve perspectives proposed by Kaiser and Sriraman ( 2006 ), 
I verifi ed that the fi ve perspectives intersperse among the statements with greater or 
lesser emphasis. Based on these emphases, I consider three conceptions of MM in 
education and three tendencies on modelling adopted by the professors responsible 
for MM in teaching. I rearranged the perspectives, as follows: (a) method of teach-
ing and research ( Realistic  and  Epistemological ), (b) alternative teaching of math-
ematics ( Contextual  and  Educational Modelling ) and (c) the learning environment 
( Socio-critical ). 

 In conception (a), MM as a  method of teaching and research , defended by the 
precursors of MM in education, the goal is making the student learn mathematics 
content from the subject and at the same time, learn to do research. That is, the 
teacher proposes modelling examples to teach or indicate the mathematical content 
found in these examples ( realistic  or  applied modelling ), and subsequently, teaches 
the modelling process by inducing students to raise questions and data about the 
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subject or topic, to formulate a hypothesis and then, formulate a mathematical 
model, and in the fi nal step, to solve the issues raised departing from the model and 
fi nally, to make an evaluation of the model ( epistemological ). For example, each 
group of students chooses a topic of interest and attempts to develop the problem 
situations in genuine environments, enabling students to develop skills and exper-
tise to solve them. This conception is present in about 20 % of the documents. 
According to this conception, “MM is essential for the professional formation, as it 
uses scientifi c knowledge as a tool to identify and understand a problem, propose 
models, and discuss the results and validation of the mathematical methods. MM 
provides the student with all these procedures”. (Professor A) 1  

 In conception (b), MM is an alternative teaching of mathematics, the objective 
is to make the student learn mathematics. MM is proposed, since it motivates 
the student to learn mathematics from subjects or topics in their context. Departing 
from the topics chosen by the students, professors raise issues ( educational mod-
elling ) and solve them while indicating the presence of mathematical content 
( contextual) . These topics are authentic and integrated with the development of 
mathematical theories. This conception is present in 67 % of the documents anal-
ysed. Typically this conception sees “MM in the classroom is a strategy that can 
and should be used in certain moments in the classroom and in different levels of 
teaching”. (Professor B) 1  

 In conception (c), MM is the learning environment, MM focuses on the social 
issue. It means that the MM procedures in education are able to show mathematics 
as a tool for judging environmental issues. This conception ( socio-critical modelling ) 
is complementary in nature to ethno-mathematics (see Rosa and Orey  2013 ). 
The students seek to deal with issues involving situations related to society, making 
them have a critical positioning regarding the context. It is present in 13 % of 
the documents. According to professor C, 1  “MM supports critical mathematics 
in education; moreover, it provides rich moments for discussion on the role of 
mathematics in society”. 

 These three conceptions, and as a consequence the three MM tendencies, indi-
cated by the document examination, represent the sum of contributions from many 
professors and students interested in improving school learning, enhancing knowl-
edge and living standards in society. The actions that each one has in the environ-
ment, the activities combined and the constant training of each person in the 
community, professional or productive sector of society contribute to a mutual shar-
ing of experience. Although there are different conceptions and tendencies shown 
by the professors responsible for the subjects, they converge on the understanding 
that MM can contribute not only to the improvement of mathematics teaching and 
learning, but also to provoke a reaction and interaction between the faculty mem-
bers and the students involved in the ongoing knowledge production.   

1    Professors A, B and C are among the 78 who answered the questionnaire.  
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4     Concluding Remarks 

 The Brazilian movement for MM in education started four decades ago by a small 
group of professors as a proposal to invigorate students’ interest in mathematics. 
It has been increasing signifi cantly, leading to the formation of research groups and 
development of many studies. As a result, the studies and research have contributed 
to MM in education so that it becomes part of the syllabuses of mathematics teacher 
education courses. This has led to different understandings and new conceptions 
infl uenced by the experience recognised by the dominant educational communities, 
thus, generating new tendencies. 

 The integration of MM in the syllabuses of mathematics teacher education courses 
shows how much this area has attracted support at offi cial levels of education, in almost 
all Brazilian states because of the possibility of providing youth from this millennium, 
with better knowledge and skills. Despite the insuffi cient time to develop MM and its 
usual placement at the end of teacher education courses, the merit and importance of 
MM teaching in these courses cannot be underestimated. It is vital to acknowledge the 
contributions made by the professors responsible for these subjects, whatever theoreti-
cal framework they follow, improving mathematics education in Brazil. 

 MM in teaching aims at engaging students in combining of the existing elements 
regarding the actual topic. It is expected that if students learn to translate real issues, 
or those they imagine, into mathematical language and are interested in solutions as 
a means of production in understandable terms, we can expect a better training that 
will be refl ected when they act professionally. Therefore, if the MM conception in 
education is a method, or an alternative environment for learning, the value of their 
accomplishment with students will tend to grow. The objective of MM is guiding 
students to a proper understanding of the environment they live in, and with MM 
knowledge, to be able to practice in order to bring change. According to Linton 
( 1971 ), the individual learns his/her environment and acts to adapt to it. While living 
in a community, the individual faces nature and the nature of the other, not in isola-
tion but as a member of a cooperative and organised group. 

 From analysing the syllabuses and the answers from the questionnaire, it is evi-
dent that it has been possible to disseminate modelling not just as a way of applying 
mathematical knowledge, but especially as a way of developing, in the students/
future professors: (1) the research idea, (2) a sense of critical and creative thinking, 
(3) a concept of culture by studying the lifestyles of the community departing from 
a topic of interest, (4) the ability to distinguish conceptions and purposes of the 
mathematics teaching, (5) the potential usefulness of modelling, especially in deal-
ing with problems that affect society and (6) the establishment of the modelling 
principles contingent with the aim of improving Brazilian education. 

 There is still little data available that allows for understanding the extent to which 
pedagogical actions, experience, values, beliefs, goals and ideals guide or form the 
teacher for basic education, or mathematics teacher education courses, or even how 
these prospective professors will match educational objectives with those of the 
society in which they live. Nevertheless, the conceptions and tendencies of MM 
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identifi ed in the 183 syllabuses suggest that the professors’ classroom practice has 
sought to encourage students (i.e., future teachers) to engage actively in their learn-
ing, so as to produce work departing from needs, interests and personal goals in a 
challenging talented way. In addition, professors have sought to motivate students 
to commit themselves to social and environmental issues. 

 The possibility that MM becomes regular classroom practice lies in the interest 
these future teachers have in contributing to a greater development in Basic 
Education. The diffi culties reside, mainly, in the continental dimensions of Brazil, 
making it diffi cult to provide students with enough activities, courses and events to 
continually serve all mathematics teachers. Furthermore, it is not easy in an educa-
tional structure that offers a syllabus with so many subjects. As already mentioned, 
issues of time and lack of linking between subjects is a problem faced by professors 
and teachers (Biembengut  2009 ). 

 The mapping of modelling in Brazilian education will continue to be the objec-
tive in the future. There is much to know and many facts to be gathered. It is worth 
reasserting that each event is made up of the message and each person is the mes-
senger. The slightest perception becomes an indicator or a symbol. In other words, 
knowing how to generate knowledge about educational questions, knowing how to 
develop context-maps allows us to see the new realities that are present, but perhaps, 
incapable of gaining signifi cant visibility for improving education.     
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    Abstract     This chapter reports progress of a study to gain insight into the development 
of the ability of undergraduate students to work with modelling situations. The 
questions that guide the research are: How to relate the development of concepts 
and the development of modelling abilities? What does it mean that a person has 
knowledge of a concept? What does it mean that a person has ability in modelling? 
Is the development of modelling ability independent of the development of knowl-
edge about concepts? We discuss results from a research study with mathematics 
students at the university level.  

1         Introduction 

 We understand by transfer of learning the use that a person makes of knowledge 
learnt in one context to analyse different situations. It also refers to the individual’s 
ability to apply that knowledge in other situations (Mestre  2002 ). One of the funda-
mental assumptions of education is that students will use knowledge learned in the 
classroom to solve problems associated with situations they face outside of school. It 
is assumed that mathematics instruction should lead students to develop their abilities 
to use mathematics, that is, to develop skills to model, to make abstractions, to gen-
eralise, to make inferences, to think, and to use representations (Schoenfeld  1992 ). 

 The usual way of teaching mathematics involves the sequence: reading (and 
memorising), defi ning, demonstrating and stating of properties of concepts (theo-
rems), exercises and applications. The fi rst activities are embedded within mathe-
matical knowledge. The applications are related to the use of learned concepts 
and properties to solve problems that arise in mathematical situations. Usually 
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applications are at the end of the topic or course. It is thus assumed that mathematical 
knowledge is required to develop students’ ability to apply mathematics to situations. 

 Usually we identify two types of mathematics courses: ‘theoretical’ courses and 
courses on applications of mathematics. This classifi cation assumes that the devel-
opment of knowledge about concepts and the development of skills to analyse 
situations are independent. What does it mean that a person has knowledge of a 
concept? What does it mean that a person is competent to apply mathematics? Is the 
development of the ability to model independent of the development of knowledge 
about concepts? What type of activities encourages the students’ ability to analyse 
and solve “real life” situations? We present and discuss results from a research study 
with university students where the purpose was to seek answers to these questions.  

2     Literature Review 

 The use of instructional activities based on problem solving has been recommended 
since some decades ago (Freudenthal  1991 ; Mathematical Sciences Education 
Board, National Research Council  1990 ; Polya  1954 ). Some studies show that if the 
students do not analyse non-mathematical situations during the teaching process, 
which demand the use of mathematical knowledge, then they do not think about 
their knowledge and they do not perform any adaptation that allows them to use the 
knowledge in other situations (Greeno and MMAP  1998 ; Sierpinska  2000 ). To suc-
cessfully solve the problems, a person must develop mathematical knowledge and 
skills, and have heuristic strategies and metacognitive strategies (Schoenfeld  1992 ). 

 Perrenet and Adan ( 2011 ) describe the experience of mathematical modelling 
courses, where students have to analyse situations that are different to the problems 
of textbooks. In these situations the students need, in addition to mathematical 
knowledge and problem solving skills, to be able to translate the situation to math-
ematically tractable problems, to have a broad view of mathematics, to have com-
munication skills, and to use their common sense and intuition. In these situations 
the students have to use their skills and knowledge, and they have to learn or dis-
cover new techniques or concepts. 

 The Models and Modelling perspective (MMP) on problem solving, learning and 
teaching of mathematics (Lesh and Doerr  2003 ) is a framework that permits integra-
tion and proposes responses to the questions posed in this research. The MMP 
conceives the learning process as the development of conceptual systems. These 
conceptual systems are continually changing by the individual’s interactions with 
his/her environment. The conceptual systems are used to describe, to explain, to 
communicate, and to predict the behaviour of other systems. The learning process 
involves a series of cycles of understanding. In these cycles, the conceptual systems 
or models are changing to more refi ned models. Conceptual development is a grad-
ual process and contextualised. The early development of the knowledge of students 
tends to be organised around experiences; that is, two ideas are considered related, 
not because they are logically connected, but because they were used together in a 
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problem-solving experience. When there are a lot of experiences, the knowledge 
tends to be organised around abstractions. 

 The students’ knowledge develops along a variety of dimensions: concrete – 
abstract, simple – complex, situated – decontextualized, specifi c – general, internal – 
external, intuitive – formal, stable – unstable. The most useful models are not always 
the most abstract, complex, general or formal. During the early stages of develop-
ment, the conceptual systems are characterized as being diffuse, poorly differenti-
ated, and poorly coordinated (Lesh  2010 ). In assessing a person’s knowledge it is 
not useful to ask about the concepts that he/she knows. It is more productive to ask 
about what he/she can do with these concepts, what problems he/she can solve, the 
explanations he/she can make, or what calculations he/she can perform (Lesh and 
Doerr  2003 ). 

 The MMP uses model-eliciting activities (MEAs). They are problem situations 
for which there is no single solution, they have a lot of answers. These activities, 
together with the individual work, in teams, and in groups, allow the students to 
perform the actions of representation, interpretation, speculation, evaluation, 
communication, and explanation of situations to other people. During the process 
of solving problem situations, the students pose questions and seek strategies to 
fi nd one answer. They must share with other students their ideas about the imple-
mented strategies and the outcomes. They need to make explicit the criteria used 
to evaluate and compare these strategies. The students go through multiple stages 
of understanding about the problem situation and its solution, each stage is a 
refi nement of the previous one. In this process everyone encourages others to 
communicate their ideas and conceptualizations of the situation and actions for 
the solution. The products of this activity allows the teacher to have important 
elements to describe characteristics of the student’s thinking about these situa-
tions and about the concepts used.  

3     Methodology 

 We used a qualitative observation of cases during the teaching process of linear 
algebra courses. A workshop, designed to solve problems that involved linear alge-
bra knowledge, was implemented in these courses. The observer was the instructor 
of the courses and the workshop. 

 The fi rst data were collected from a group of eight students, who were in the 
second year of the undergraduate program in physics and mathematics, during the 
workshop on Problem Solving which occurred in 2007. These students had taken 
basic courses in mathematics, including linear algebra, calculus of one and several 
variables, and differential equations. 

 The second group of data was taken from 11 students, who were in the fi rst year 
of an engineering undergraduate program. They were attending a Linear Algebra 
course in the autumn of 2009. They had just studied Systems of Linear Equations 
(SLEs). After this, they undertook the workshop to solve application problems. 
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 The third group of data was collected from 17 students, who were in the fi rst year 
of an engineering undergraduate program. They were attending a Linear Algebra 
course in the spring of 2010. They were just starting this course. The course began 
with a workshop, where the students were solving problems that could be repre-
sented by a system of linear equations. They did not study SLEs before the work-
shop. Mexican high school students only learn ways to solve linear equation systems 
of 2 × 2 and 3 × 3 dimensions, and also they solve problems that can be represented 
by these systems. The data were taken from one activity with the characteristics of 
MEAs: the  Making Granola Task . 

 This activity was posed in the same way in each of the three groups. The activity was 
developed by undertaking one phase of individual work, a second phase of working in 
teams, and a third phase where each team presented their progress with the other teams. 
The students could use any resource, including computers and mathematical software. 
In the fi rst and in the third phase, each student prepared a report, including his/her 
response. These reports revealed the evolution of understanding of the problem. 

 We analyzed the approaches developed by the students. We wanted to see if they 
came to write a functional expression to characterise the properties of the mixture 
obtained; that is, if they could write something like this:

  a x a x a x c11 1 12 2 1+ +¼+ =in n    

where x i  represents the amount of ingredient  i  used, a ij  represents the unit value of  
and c i  represents the amount of property  i  in the mixture. 

  Making Granola Task 

 The granola is a food made of seeds, dry fruit and honey. It can be very nutri-
tious. It is high-use among people with a vegetarian diet, or trying to eat a 
balanced diet. A person wants to produce and sell granola. To expand the 
market, the person wants to know the needs of people who should control the 
nutrients ingested. 

 What is the procedure to develop and sell the product? 
 The cost per kg of ingredients that could be used and the nutritional values 

are listed in the table below.

 Ingredient 

 Cost 
pesos
/kg 

 kcal
/kg 

 Grams 
protein
/kg 

 Grams 
Fat
/kg 

 Grams 
HC
/kg 

 mgs 
Ca
/kg 

 mgs 
Fe
/kg 

 mgs 
Zn
/kg 

 UI 
vit A
/kg 

 mgs 
vit B
/kg 

 Oats  60  3,890  168.9  6.9  662.7  540  47.2  39.7  0  01.19 
 Sesame  100  5,650  169.6  48  257.4  9,890  147.6  71.6  90  8 
 Raisin  120  2,960  25.2  0.54  780  280  26  2  0  2 
 Almond  85  5,780  212.6  50.64  197.4  2,480  43  33.6  50  1,310 
 Peanut  35  5,940  173  51.45  253.5  700  37  38  50  2.96 
 Prune  76  1,130  12.3  0.24  297  240  117  2.5  5,230  2 
 Coconut  32  3,540  33.3  33.49  152.3  140  24.3  11  0  5.4 
 Strawberry  135  690  05.8  0.6  173.6  210  02.2  0  900  0 
 Apple  86  670  01.8  0.43  168.4  40  02.4  0.5  560  0.44 
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    In this way we wanted to know if they came to write the equation or a similar 
expression:

  x x x k1 2+ +¼+ =n    

This equation denotes the total quantity of the mixture. We wanted to know if the 
students used the quantity  c  1 / k , that is, the characteristic  a  1  contained in one unit of 
the mixture obtained.  

4     Results and Discussion 

4.1     First Group (n = 8 Students) 

 The fi rst group approached the problem by following two routes. The students did 
not use the simplifi ed form of representation using SLEs. Four students of this 
group (fi rst team) used Excel to develop a procedure that would allow determining 
the characteristic values of the mixture, when they knew the quantity of each ingre-
dient used. They calculated the characteristic of a unitary quantity dividing the 
result by the mixture’s total quantity. They asked about the characteristics of the 
mixture and they used trial and error to answer the questions. They used the proce-
dure made in Excel to make new calculations. This procedure changed continually 
to a more effective one. In teamwork, this team failed to construct a SLE, but the 
procedure in Excel was very useful for solving the problem (Figs.  44.1  and  44.2 ). 
Student A2 used the same amount of each ingredient. He observed that the mix-
ture had the same ratio of kcal/kg. He changed the quantity and explored this ratio 
(Fig.  44.3 ).

  Fig. 44.1    Excerpt from report showing Excel procedure of student A1 (fi rst team)       
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     The second team of this group (four students) worked using a simpler approach: 
they regarded the mixture of two ingredients and calculated characteristics. Like the 
previous team, the students determined the amount of nutrient and then they calcu-
lated the amount per unit. They posed the question: How much do I require of each 
ingredient to make a mixture that contains a given amount of nutrients? Additionally, 
they used linear equations to represent it (Fig.  44.3 ). Whilst working as a team, the 
students failed to construct a SLE. When they presented their work to the entire 
group, the fact that the sum of the amounts of the ingredients should be equal to 
1 was presented. 

 During the problem solving process, some questions arose related to the mixture, 
for example, How much do I require of each ingredient to make a mixture that 

  Fig. 44.2    Excel procedure of student A2 (fi rst team)       

FOR A SUITABLE METHOD FOR CARRYING OUT THE PROBLEM IS THE FOLLOWING:
• RAISE THE PROBLEM
We want to build a granola containing two ingredients and it also cost 50 pesos per kilo.
• TRANSFORM THE PROBLEM IN UNKNOWNS
Let x
x = Amount of oats

• ESTABLISH A SYSTEM OF EQUATIONS
60x is the cost of x kilograms of oat. If x = 1 then 60x = 60
90y is the cost of y kilograms of sesame. If y = 1 then 90y = 90
60x + 90y = 150
And x + y = 2
It is the system whose solution x=y=1 kg1 kg
Determining the number of kilograms in the mixture is obtained and the cost of the mixture divided by the
total mixture is obtained and the cost of a kilogram of the mixture.
Do the same if there are three ingredients.

y = amount of sesame
cost of a kilogram of oats = 50 pesos
cost of a pound of sesame = 90 pesos

  Fig. 44.3    Excerpt from report showing procedure of student A3 (second team)       
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contains a given amount of nutrients? How much do I require of each ingredient to 
make a mixture that contains a given quantity of different nutrients? These ques-
tions were approached by SLEs. These two teams systematised their exploration 
using Excel procedures, which allowed them to characterise the mixture of ingre-
dients roughly. They allocated quantities of ingredients, under the procedure to 
approach a cost, the amount of calories, and the amount of protein in the mixture. 
They were able to identify some characteristics of functional expressions, for 
example, the range of values that could be taken when assigning the amounts of 
ingredients.  

4.2     The Second Group (n = 11 Students) 

 The procedures of the teams of the second group show that these students 
approached the problem in a similar way to the students of the fi rst group: all of 
them sought to represent the problem using SLEs. They used two and three ingre-
dients and determining the cost, the amount of calories and the amount of protein 
in the mixture. They worked the situation in a similar way to that used by team 2 
of the fi rst group (Fig.  44.3 ). They were able to provide a procedure for calculating 
the characteristics of the mixture, and determining separately the unitary character-
istics of the mixture. 

 In this group a student (B2) proceeded to use more ingredients (Fig.  44.4 ). This 
student used nine characteristics of the ingredients and of the mixture; but he could 
not use a complete SLE. He could not use the total quantity of the mixture. However, 
he did not work with other students and he did not share the procedure. For this 
reason, the teams did not know of this approach.

4.3        The Third Group (n = 17 Students) 

 The third group raised equations using two ingredients (Fig.  44.5 ). Two students 
used a proportional relationship in the problem solving process; that is, they consid-
ered the fact that the sum of the ingredients was equal to 1 kg. They detected the 

Equation of the cost of the mixture

60 O at + 100Ses + 120Rai + 85Alm + 35 Pea + 76Pru + 32 Coc +135Str + 86 App = 250

389 O at + 565 Ses + 296 Rai + 578 Alm + 594 Pea + 113 Pru + 354 Coc + 69 Str + 67App =1200

Equation of the amount of calories in the resulting mixture

  Fig. 44.4    Excerpt from report report showing procedure of student B2 (second group)       
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need to write additional equations associated with the characteristics of the resulting 
mixture. They observed that if the amounts were established in advance then they 
should write a number of relationships (Fig.  44.5 ).

   During the presentation to the group, the need to use the equation that gave the 
total quantity of the mixture emerged (Fig.  44.5 ). The students of team C2 noted 
that they could do just 1 kg of the mixture, and then the sum of the amounts of the 
ingredients should be equal to one, therefore they said, “Now we have the formula 
to get whatever quantity of mixture”. 

 None of the fi rst, second or third groups wrote the SLE in a correct way when 
they worked individually and in teams. The SLE was written during the group 
discussion. The instructor used questions to highlight some of the approaches 
achieved by the students, and to permit the students to identify the relations among 
the quantities (Fig.  44.6 ).

5         Conclusions 

 The above results show that in the three groups observed, the way to approach the 
situation was very similar. The exploration of particular cases of the situation led to 
expressing the relationships among the quantities involved. The students needed to 
explore the particular cases of the situation to identify the functional relationship 
among the quantities. The students posed a question about the mixture: What char-
acteristics would the mixture have if I take  x  quantity of each ingredient? Team C3 

If you mix1 kg of oats and 2 kg of sesame we have that the mixtureis of 3 kg.
This mixture has:
60(1) + 100(2)= 260 cost
3900(1) + 5650(2) = 15200 calories
170(1) +170(2)= 510 protein
70(1) + 280(2)=630 fat

One kilogram costs 260/3 = 86.67 , 5066.67 calories, 170 protein,  y 630 fat.

If we mix 2 kg of oats and 3 kg of sesame we have that the mixture is of 5 kilograms.
This mixture contains:
60(2) + 100(3)= 420 cost
3900(2) + 5650(3) = 24750 calories
170(2) +170(3)= 850 protein
70(2) + 280(3)=980 fat

One kilogram costs 420/3= 84, 4950 calories, 170 protein, and 196 fat.
If we know the amount of each ingredient we look for numbers that approximate the
amount you want.

We must satisfy the sum is one kilogram, so we can get everyone.

  Fig. 44.5    Excerpt of report showing procedure of team C2 (third group)       
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wrote the equations in a correct way, but they could not understand them as a SLE. 
They did not know how to obtain the solution because they did not know methods 
to solve SLEs of large dimensions, and when the number of equations is greater 
than the number of unknowns, or when the number of unknowns is greater than the 
number of equations. Another question that emerged was: How much should I use 
of each ingredient if I want that mixture to have a characteristic value? This question 
led students to write the equation and ensured they identifi ed the relationship 
between the concepts of function and equation. 

 The relationship between the development of knowledge about concepts and the 
ability to use them in solving problems is strong. This is what is meant when it is 
said that learning is a contextualized process (Lesh and Doerr  2003 ). The students 
developed different cycles to understand the situation; each one provided answers to 
specifi c questions. For some students the representations in Excel were useful to 
answer some questions, but later the same students recognised that the algebraic 
representations allowed more accurate responses. 

 The student work, particularly from the fi rst group, allowed insight into what 
they could do with the knowledge developed about SLE. They could see some for-
mal aspects of the SLE, for example, the SLE’s conditions when it did or did not 
have solutions, or the range of the values of linear functions of several variables, but 
the students had diffi culties in writing the SLE.     

We assign unknowns to the quantities of each ingredient that we need

We propose and equate equations for each condition.

60 X1 +110 X2 +85 X3 +35 X4 +32 X5+135 X6 = 76 ---- Eq. Cost

3900 X1 +5650 X2 +5780 X3 +5949 X4 +3540 X5+ 690 X6 = 5500 ---- Eq. Kcal

X1 = Required quantity of oatsin one kilogram of granola
X2= Required quantity of sesame seeds in a kilogram of granola
X3 = Required quantity of almond in a kilogram of granola
X4 = Required quantity of peanuts in a kilogram of granola
X5 = Required quantity of coconuts in one kilogram of granola
X6= Required quantity of strawberry in a kilogram of granola

70 X1 +280 X2 +420 X3 +454 X4 +335 X5+ 6 X6 = 400 ----Eq.grams of fat.

560 X1 +250 X2 +200 X3 +253 X4 +150 X5+ 180 X6 = 210 ----Eq.grams of cbh.

10 X1 +9 X2 +50 X3 +50 X4 +8 X5+ 900 X6 = 80 ----Eq.Vit A

X1 + X2 + X3 + X4 + X5+ X6 = 1   ----------------- Eq.quantity of granola

  Fig. 44.6    Excerpt from report showing procedure of team C3 (third group)       
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    Abstract     Problem posing is an important component of learning mathematics as is 
problem solving, and it is an essential part of mathematical modelling. This chapter 
reports two small studies conducted in a Year 1–2 class and a Year 3–4 class, respec-
tively. The purpose of each study was to examine the extent to which the use of real 
world artefacts provide a stimulus for young students to pose problems that can be 
investigated using mathematical modelling. The students in both studies had no 
prior experience in problem posing. However, they generated a range of problems 
linked to the real world albeit some in a superfi cial sense, whereas others gave genu-
ine rise to mathematical modelling.  

1         Problem Posing: What Is It? Why Use It? 

 Problem posing involves both the generation of new problems and reformulation of 
given problems (English  2003 ; Silver  1994 ; Whitin  2006 ). Bonotto ( 2010b ) suggests 
that mathematical problem posing is the process by which “students construct per-
sonal interpretations of concrete situations and formulate them as meaningful math-
ematical problems” (p. 109). English ( 2003 ) goes further in suggesting that problem 
posing “is a fundamental part of learning and doing mathematics” (p. 187) as is 
problem solving to mathematical modelling. Others concur with English and argue 
that problem posing is a key component of mathematical exploration (Bonotto 
 2010b ; Cai and Hwag  2002 ). Christou et al. ( 2005 ) argue that problem posing is “an 
integral part of modelling cycles, which require the mathematical idealization of real 
world phenomenon” p. 149   . For this reason, Bonotto ( 2010a ) considers “problem 
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posing is of central importance in the discipline of mathematics and in the nature of 
mathematical thinking and it is an important companion to problem solving” (p. 404). 

 Constructing problems is only one facet of problem posing. When students are 
applying problem posing processes they are “actively engaged in challenging situa-
tions that involve them in exploring, questioning, constructing, and refi ning mathe-
matical ideas and relationships” (English  2003 , p. 197). Bonotto ( 2008 ) argues that 
immersing students in situations related to their real-life experience and meaningful 
sense–making is a way to “deepen and broaden their understanding of the scope and 
usefulness of mathematics as well as learning ways of thinking mathematically that 
are supported by mathematising situations” (p. 14). 

 Problem posing can be initiated using diagrams, defi nitions, questions, state-
ments, equations, concrete materials, real world situations, children’s literature, or 
objects (Brown and Walter  2005 ; English  1998 ; Whitin  2004 ). Bonotto ( 2008 ) sug-
gests the use of real world artefacts that are relevant and meaningful to students, 
such as weekly TV guides and supermarket dockets, bridges the gap between formal 
school mathematics and informal out-of-school mathematics. 

 Although problem posing is a natural occurrence in real life it does not receive 
suffi cient attention in the mathematics classroom. According to English ( 1998 ) edu-
cators need to

  broaden the types of problem experiences we present to children … and, in so doing, help 
children “connect” with school mathematics by encouraging everyday problem posing 
(   Resnick et al. 1991). We can capitalize on the informal activities situated in children’s 
daily lives and get children in the habit of recognizing mathematical situations wherever 
they might be (p. 100). 

   Bonotto ( 2008 ) concurs with English ( 1998 ) and argues that school mathematics 
should more closely relate to the experiences students have in their everyday life, to 
make it relevant to students. By doing so, students are enabled to view mathematics 
as a “means of interpreting and understanding reality” (Bonotto  2010b , p. 110), 
rather than purely as a set of abstract, formal structures. 

 As stated earlier, English ( 2003 ) indicates that problem posing underpins stu-
dents’ mathematical learning and involves skills such as questioning, describing, 
constructing, justifying, and explaining, all of which are evident in mathematical 
modelling. It could be argued that problem posing provides the foundation for not 
only students’ development of problem solving skills, but also for mathematical 
modelling. Stillman ( in press ) argues, “fi nding and posing problems are essential 
ingredients in any education program in schools promoting mathematical model-
ling”. One of the features of mathematical modelling is that “modelers fi nd and pose 
their own problems to solve” (Stillman  in press ). 

 Mathematical modelling refers to a process in which a real world situation has 
to be “   problematised and understood, translated into mathematics, worked out 
mathematically, translated back into the original situation, evaluated and commu-
nicated” (Bonotto  2010b , p. 108). It “involves using mathematical concepts, struc-
tures and relationships to describe and characterise, or model, a real world situation 
in a way that it captures its essential features” (Stillman  in press ). As is the case in 
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real-life situations, “modelling activities often comprise information that might be 
incomplete, ambiguous, or undefi ned, with too much or too little data” (English 
et al.  2005 , p. 156). 

 Mathematical modelling provides rich learning experiences that extend stu-
dents problem solving and problem-posing abilities (English et al.  2005 ). Making 
conjectures and predictions, justifying and refuting arguments and resolving 
confl icts are components of mathematical modelling situations (English et al. 
 2005 ). Posing problems and questions occurs naturally throughout mathematical 
modelling situations because they “evoke repeated asking of questions and pos-
ing of conjectures” (p. 156). 

 Traditionally, mathematical modelling has been a topic for secondary school 
students. However, English et al. ( 2005 ) argue that younger students would benefi t 
from rich learning experiences that could promote their problem-solving and 
problem- posing abilities. These abilities are necessary “to function effectively in a 
world that is demanding more fl exible, creative, and future-orientated mathematical 
thinkers and problem solvers” (p. 156). 

 From a research perspective, little is known about students’ ability to create their 
own problems in numerical and non-numerical contexts, or the extent to which 
these abilities are linked to their problem-solving competency (English  1998 ). 
English ( 1997 ) found Year 5 students who participated in specifi c problem posing 
programs exhibited greater facility in creating solvable problems than those who did 
not. Silver and Cai ( 1996 ) found that there was a high correlation between students’ 
problem posing performance and their problem solving performance. 

 The studies reported in this chapter will attempt to demonstrate that young students 
(ages 6–9) can pose problems using real world contexts, such as buttons, children’s 
literature and photographs that can be investigated using mathematics. Furthermore, 
these real-life situations are more conducive to young students’ development of math-
ematical understanding and problem solving skills than formal contexts, which are 
quite removed from their natural real world experiences (Bonotto  2008 ).  

2     Methods 

 This chapter reports on two studies in the form of teaching experiments, one in a 
Year 1–2 (6–7 year olds) class in their second and third year of schooling and the 
other in a Year 3–4 (8–9 year olds) class. Within some schools the classes are multi- 
age in structure, hence the notion of Year 1–2. Neither class had any formal experi-
ence with posing problems during mathematics lessons. The Year 3–4 students’ 
problem solving experiences were limited to word problems for which they could 
apply a known procedure or follow a clearly defi ned pathway (Brown and Walters 
 2005 ). The purpose of the studies was to explore the extent to which young students, 
with no prior experience, could pose problems that could be investigated using 
mathematics, in particular mathematical modelling. 
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 These teaching experiments are situated within a larger project, Contemporary 
Teaching and Learning of Mathematics Project (CTLM), the aim of which is to 
improve the teaching and learning of mathematics by providing teacher profes-
sional development and in-school classroom support. These two studies are part of 
the in-school classroom demonstration lesson component of the CTLM project. 
They were conducted in two different schools, both in their second year of partici-
pation in the project. 

 Each teaching experiment consisted of a single lesson (approximately 90 min). 
The lessons were conducted by the researcher and observed by several classroom 
teachers. Data collection occurred in February (start of the school year) in the Year 
1–2 class (12 boys, 13 girls) and in June (5 months into the school year) in the Year 
3–4 class (19 boys, 7 girls). Data collected included student work samples, photo-
graphs of student engagement at various stages during the lesson, audio recording 
of student conversations during the task, fi eld notes, and post lesson discussion with 
observing teachers. 

2.1     The Tasks 

 In both classes real world artefacts (drawing on the work of Bonotto  2008 ,  2010b ) 
were used as the main stimulus for students’ problem posing activities. One task 
was implemented with the Year 1–2 class and two tasks with the Year 3–4 class. In 
the Year 1–2 lesson, the real world artefact was a very old tin containing a collection 
of recycled buttons of various shapes, sizes, textures, and hole confi gurations. In the 
Year 3–4 lesson the students fi rst explored a numerical situation that drew on the 
work of English ( 1998 ): “What problems could you pose about the number 20?” 
Following English ( 1998 ) and Whitin ( 2006 ), students then selected one of their 
questions to compose a real-life word problem for it. Real world photographs were 
the stimulus for the second problem posing activity. Real world photographs used 
included a wood stack and a tennis stadium (see Fig.  45.1 ).

  Fig. 45.1    Examples of real world photographs used for problem posing stimuli       
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2.2         Implementation 

 As the tin of buttons was introduced to the Year 1–2 students, they were immediately 
engaged in problem posing and reasoning about the contents of this tin, an object 
that they could associate with the real world (Bonotto  2008 ). Fluency, fl exibility, 
and originality (English  1998 ; Silver  1994 ) were evident in the responses. As the tin 
was shaken the students began to eliminate some of the suggestions with justifi ca-
tion such as, ‘If there were chocolates inside, it would not make this much noise.’ 
Novel responses included socks, pasta, toy cars, and money. The categories included 
food, toys, natural objects (e.g., rocks, sand, pebbles), jewellery, money, and class-
room equipment (e.g., scissors, pencils, paper clips). It took some time for buttons 
to be considered. 

 The buttons were then distributed to the tables where students worked in pairs to 
explore the buttons for 5 min. Students were then asked to think of questions they 
could pose that we could investigate as a class. During this time, the observing 
teachers were encouraged to observe, listen and assist with recording of questions 
(only if necessary) and to refrain from prompting. 

 The lesson in the Year 3–4 class began by indicating to the students my interest 
in their mathematical thinking and the type of problems they might pose for the 
class to investigate. Students were asked to think about some problems they could 
pose about the number 20. They worked individually then some of the problems 
posed were shared with the class. All the problems posed were in numerical form. 
Students were then asked if the questions could be made more challenging which 
led to open-ended problems such as _ × _ = 20 and _ (+, −, ×, or ÷) _ = 20. A brief 
discussion ensured about the kind of thinking they needed to do when problem 
posing compared to fi nding a solution. Some students indicated that it was more 
diffi cult to pose a problem because “you had to work backwards from the answer.” 
Students then had to make up some word problems for 4 × 5 = 20. These were dis-
cussed briefl y to highlight the need for the problems posed to be clear, make sense 
and include a question. 

 This activity provided the groundwork for the main part of the lesson, the use of 
real world photographs to pose a problem that could be investigated using mathe-
matics. The students worked in self-selected pairs, all single gender except for one 
pair. Each pair had 20 min to generate a range of problems, test them out and refi ne 
them to ensure they met the following criteria: (1) it is a genuine problem to inves-
tigate using mathematics; (2) the problem is clear; (3) the problem requires more 
than a calculation of the given information; and (4) solving the problem requires the 
extra-mathematical world to be considered. The students also needed to think about 
how they might solve the problem and the mathematics they might use to solve it. 

 In sharing their problems the students were required to explain and justify how 
the problem posed addressed the criteria. During this time, other students were 
encouraged to contribute their thoughts. For example, some students did not con-
sider  The Stamps Problem  (see Fig.  45.3 ) to be a real world problem because 
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one-cent coins are no longer in circulation. Others suggested that the cost would be 
rounded up to the next multiple of ten like they do in the supermarket, while others 
said you could use a credit card!

   At the conclusion of the lesson challenges faced in having to pose problems 
rather than solve them were discussed. Common responses included: “Making sure 
the problems make sense”, “Trying to translate the problem that someone else has 
made”, “Making sure the problem is clear for you and those who have to solve it”, 
and “Coming up with a problem that is challenging”.   

3     Findings 

3.1     Year 1–2 Problem Posing 

 The questions posed for the  Buttons Task  by the Year 1–2 class ranged from “How 
many buttons in the collection?” to “What are buttons made of?” The list of ques-
tions generated from the lesson is included in Fig.  45.2 . The majority of problems 
posed related to quantity and exploration of number and some data representation. 
However, other problems led to more in-depth investigations relating to pattern, 
shape and size. The ‘what’ and ‘why’ problems the students posed link to the 
real world and provide opportunities for mathematical modelling. In contrast, the 
‘how many’ problems posed may appear trivial from a modelling and applications 
point of view but are important mathematically in terms of quantifying, sorting and 
classifying. The ‘what’ and ‘why’ problems posed are messy and complex and 
require more thought to begin to solve them than the ‘how’ problems posed. Brown 
and Walter ( 2005 ) suggest that it is important in the initial stages to accept all ques-
tions even when some appear irrelevant or nonsensical. 

How many holes in each button?

How many buttons have just two holes?

How many buttons have just one hole at the back?

How many holes on all the buttons?

How many buttons of each colour?

How many buttons altogether?

How many buttons fit in the tin?

How many buttons cover my page?

How far will the buttons go, if we made a line of them?

What size are the buttons?

What kinds of patterns are on the buttons?

What kinds of shapes are the buttons?

Why are most buttons round?

How do you know if something is a button?

What are buttons made of?
  Fig. 45.2    Problems posed 
from the button exploration       
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 The observing teachers were surprised by the amount of mathematics the students 
used in the lesson, their engagement and the range of problems they posed particu-
larly from some of the students who normally struggle in mathematics and are 
reluctant to contribute. In the follow-up lesson, which the class teacher conducted, 
the students chose one of the problems to work on in pairs.

3.2        Year 3–4 Problem Posing – Story Problems for 20 

 There were a range of problems generated for the equation 4 × 5 = 20. Most of the 
problems posed indicate students’ use of the real world (contexts such as shopping, 
games, lollies) to demonstrate their understanding of the mathematical world. Some 
of the problems refl ected insuffi cient information while others indicated little con-
sideration of the equation. Examples of the different word problems posed are 
included in Table  45.1 .

   The students’ problems posed for 20 were classifi ed according to the connection 
between reality and the mathematical world and whether they refl ected the original 
equation. There were 26 student responses and the results of the analysis of these 
are presented in Table  45.2 .

   From this analysis it is reasonable to infer that students were familiar with solving 
routine problems and so were able to draw on their experience and formulation of 
problems of this nature. It was not surprising, based on research by others (e.g., 
English  1998 ) that some students had diffi culty in posing problems that related to 
the equation and to the real world.  

   Table 45.1    Examples of the word problems posed for 4 × 5 = 20   

 Word problem 
 Connection between reality and mathematical 
world 

 Patrick and Ryan go to the shops and spent $20. 
They bought 4 things. How much did each 
thing cost? 

 Yes, using a routine problem with result 
unknown 

 There are 20 cupcakes and fi ve girls at a party. 
How many cupcakes did each girl get? 

 Declan, Aidan, Luke and Dan each gave Liam 
5 lollys [sic] 

 Yes, but assumes each gets the same amount 

 How many did Liam have altogether? 
 Dad put 20 apples in boxes. Each box had the 

same amount 
 Yes, partially used the context to match the 

situation but more information is required 
 How many boxes did he get and how many 

apples in each? 
 Patrick had 40 marballs [sic]. He shared 

10 to Ryan and Daniel 
 None 

 How many did Patrick have left? (4 × 5) 
 I had a box of 20 cookies and dropped it. Nine 

were broken and I ate 3. How many are left? 
 None 
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3.3     Year 3–4 Problem Posing from Real World Photographs 

 From an analysis of all 13 problems posed, most were based on the literal interpreta-
tion of the picture initially then as the lesson developed some students explored the 
possibilities of more challenging problems. This was facilitated by the problems 
posed being presented to the class and discussed in relation to the criteria in 
Sect.  2.2 . Some students generated more than one problem relating to their picture 
while others had diffi culty in moving beyond a pure computation type problem. 
Each pair of students was able to produce a problem that could be investigated using 
mathematics, regardless of the level of complexity involved. Examples of problems 
posed and real world photographs are included in Fig.  45.3 . 

 Some of the problems generated could be considered too challenging for 8 and 
9 year old students to solve, however they do give genuine rise to problem solving, 
making some assumptions and lead to mathematical modelling, such as the  Windows 
Problem  and the  Grains of Rice Problem . The other problems ( Strawberries ,  Jellybeans , 
and  Stamps ) are routine type word problems, which suggests the students possibly 
posed the problems based on a literal interpretation of the photographs. These prob-
lems do not refl ect engagement with the real world. Such problems can be solved using 
prior knowledge and skills and do not require any problem solving. However, for some 
students the  Strawberries Problem  is a genuine problem, as it requires them to make 
some assumptions. 

 Two observations made by the classroom teachers watching the lesson give 
some insight into possible reasons for the nature of the problem posing. First, some 
of the boys were very competitive when the problems were shared and wanted to 
work them out rather than offer suggestions. This could suggest that they were 
focused on the solution rather than the problem posing. Second, some of the more 
mathematically capable students struggled initially with generating a problem 
beyond just the literal interpretation of the picture, possibly because of the need to 
think differently. It appears that the students’ view of mathematics or their experi-
ences of mathematics is as a purely abstract subject. It could be argued that from a 
young age students need to develop views of mathematics as being both abstract 
and connected to the real world.   

   Table 45.2    Frequency of word problems types posed for 20 ( N  = 26)   

 Problem type  Frequency 

 Connection between reality and mathematical world using routine problem  9 
 Connection between reality and mathematical world with missing element  1 
 Partial connection between reality and mathematical world with additional 

information required 
 4 

 No connection between reality and mathematical world, nor does the problem 
match equation 

 8 

 Not formulated as a word problem  4 
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4     Discussion and Conclusions 

 Silver and Cai ( 1996 ) have reported that student engagement in problem posing 
experiences has a positive infl uence on their problem solving achievement or their 
disposition towards mathematics. The students in both teaching experiments were 
engaged and the teachers gained insights into their learning that they were not nec-
essarily aware of prior to the lesson. In the Year 3–4 class students of various ability 
levels persevered with the challenge of formulating questions and wanted to pro-
duce something for their efforts. The observing teachers found the use of real world 
artefacts benefi cial and some were surprised at the level of engagement of the Year 
1–2 students and their understanding of number. 

 The fi ndings suggest that students as young as 6 years of age, with no prior expe-
rience with problem posing, are capable of generating questions that can be investi-
gated using mathematical modelling. As stated earlier, mathematical modelling 
involves skills in problem posing and problem solving so it is reasonable to argue 
that providing students with opportunities to develop expertise in problem posing 
may enhance their capabilities as mathematical modelers (English  2003 ; English 
et al.  2005 ; Stillman  in press ). Furthermore, the use of real world artefacts that are 
meaningful to students enabled them to construct meaningful mathematical problems 
as suggested by Bonotto ( 2008 ). 

 While acknowledging the studies reported in this chapter are small, they provide 
evidence to suggest that the use of problem posing and real world artefacts in the 

Windows problem
How many windows in the building? 
How long would it take someone to clean the windows?
How many rooms might be in the building?

Grains of rice problem
If my dad grew fifteen rice plants, how much rice would he have in a 
year?
If me and Flynn eat 50 grams of rice each day, how many grams of rice 
would we eat in a year? How many grains of rice would that be?

Stamps problems
There are 50 stamps. Tom buys 10 on Monday, 3 on Tuesday. 
How many stamps does he have left? Each stamp costs 3 cents. 
He has $3.00. He has until Friday to buy all 50 how many will he buy on 
the other three days? How much money will he have left when he buys 
all 50 stamps?

Jellybean candies problem
A man in a lolly shop put jellybeans in a container. There were 12 rows 
and 18 in each row. How many jellybeans are there?

Strawberries problem
Me and Declan picked 60 strawberries. I ate ¼ of them. How many are 
left?
We had to pack 60 strawberries into containers. 
How many containers did we need and how many did we pack in each?

  Fig. 45.3    Problems posed from photographs of real world situations       
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early years of primary school could provide the foundation for use of real life 
 modelling and applications in the classroom. Further research into the extent to 
which the use of real world artefacts support young students’ ability to pose rich 
mathematical problems that can be investigated using mathematical modelling, and 
develop their problem solving and reasoning skills needs to be conducted particu-
larly with respect to the infl uence of the views of mathematics that students appear 
to be developing at such a young age.     
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    Abstract     Teaching of functions in secondary education in Japan, as in many other 
countries, treats only single variable functions, but in our daily life and in nature a 
lot of phenomena can be expressed by functions of several variables. A home delivery 
packaging model was provided as a typical teaching material for learning mathe-
matical development models. Fifteen Year 12 students participated in this educa-
tional experiment. The theme given to the students was about maximising the 
volume of a box with a fi xed outer length in order to pack the box with as large an 
amount as possible. This modelling will effectively help students to imagine the 
maximum value for three dimensional models with two variable integer functions, 
and it will also help them solve partial differentials. It is hoped that this study will 
provide additional support for Japanese mathematical activities and improve the 
teaching of functions in Japan.  

1        Introduction 

 The Ministry of Education, Culture, Sports, Science and Technology ( 2009 ) mandated 
a new course of study for lessons in mathematics in Japanese junior high schools which 
began in April, 2009. In the case of high school mathematics, the new course started in 
April, 2012. “Learning Mathematics through Problems” and “Mathematical Activity” 
were described as teaching content for the fi rst time. These new ideas entail expressing 
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real case scenarios through mathematical models with the use of technological 
instruments such as a personal computer or a calculator. In the past, there have been 
few cases where mathematical modelling was practised in mathematics education in 
Japan. Thus, using it now may cause puzzled reactions from senior high school teach-
ers. This revision of the course of study gives a chance to treat mathematical modelling 
in classes, but it is not certain whether the practice of mathematical modelling will 
yield positive results even if teachers understand its value. Solving many problems as 
fast as possible in a given time limit and repetition drills take a lot of time, so mathe-
matical modelling seems unsuitable in the traditional Japanese university entrance 
examination system. It is necessary to practice mathematical modelling effectively 
while considering the traditional educational custom. The content of functions as a 
feature in high school mathematics education is an ideal starting point. 

 In secondary education in Japan, mathematical education treats functions of one 
variable. However, if natural science and social phenomena are expressed by math-
ematical models, expressions using functions of one variable have limitations. Some 
problems that can be solved by using functions of two variables are hidden in pres-
ent textbooks. The importance and meaning of using these in classes will rise if such 
problems and mathematical modelling are effectively integrated, and it will be 
understood that functions of two variables are necessary to express real case sce-
narios through mathematics. To attempt to address this situation the following edu-
cational example was introduced to fi fteen Year 12 students who are aiming at 
taking courses in science and engineering departments after high school.  

2    Classes Based on Integral Functions of Two Variables 

 According to the course of study, it is thorough to plot a graph, to remember the 
shape of each function’s graph, and to determine the intersection with the coordi-
nate axis (the solution to an equation). We injected the essence of two variable func-
tions into the traditional Japanese educational curriculum because one of the 
diffi culties that should be tackled when students engage in mathematical modelling 
according to the modelling cycle process (Kaiser 1995, cited in Borromeo Ferri 
 2006 ) is that if new mathematics content (in this instance functions of two variables) 
is not given to students, they cannot form a mathematical development model 
(Kawasaki and Moriya  2011 ). The following teaching material of integral functions 
is a way to more easily introduce mathematical modelling to high school students. 

2.1    Maxima and Minima of Quadratic Functions 

 The problem shown in Fig.  46.1  is one where Year 10 students encounter a function 
of two variables for the fi rst time. The solution to this problem is called “Pre-election 
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and fi nal method” in Japan (Fig.  46.1 ). In obtaining the function of  x , various prob-
able maximum and minimum values are gathered (Pre-election). The maximum and 
minimum values are narrowed down from these (Final). However, the meaning of a 
function of two variables is not described in Year 10 textbooks. The impression of 
using this technique or method is strong. Even if students remember the technique 
but do not know the meaning, they will forget it over time. In fact, 6 of the 15 stu-
dents could not solve this problem. Then, it was explained to them how to make a 
three dimensional model as in Fig.  46.2 , and they were shown the real thing. If trans-
parent sheets are used, the two graphs can be seen at the same time. By using this 
model, students can observe the appearance of the change and can understand the 
relationship between  a  and  x .

(Problem) Solve for the maximum value and the minimum value.
(quadratic function of x)

(Answer) (1) The minimum and the maximum values,"m" and "M".
Change into 

(2) 

y = 3x2 − 6ax + 2

y = 3(x − a)2 − 3a2 + 2

a = 0 ⇒  M = 14 a = m= −10

(0 ≤ a ≤ 2)

 2 ⇒
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  Fig. 46.1    Pre-election and fi nal method       

  Fig. 46.2    Three dimensional model       
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2.2        Area Shown by Inequality (Maximum and Minimum) 

 Year 11 students are supposed to learn linear programming (Fig.  46.3 ), where they 
will fi nd the maximum value and minimum value by plotting many straight lines in 
an area. The contour of the three dimensional model is represented by a group of 
straight lines. However, the meaning of a function of two variables is not described 
in the textbooks, so students must also consider this as one technique. When think-
ing about the maximum and the minimum of an expression like  x y2 +   , students 
might similarly plot some straight lines. By making a three dimensional model 
students can better understand which of  x  or  y  gives major impact to the value of 
the expression.

  Fig. 46.3    Linear programming problem in textbook ( Sugaku II ,    Suken Syuppan  2007 , p. 91) and a 
contour line       
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3         Example of Mathematical Modelling of Home Delivery 
Packaging: Mathematical Development Model with Partial 
Differentiation 

 As a case of solving a problem as a real scenario, mathematical modelling of a home 
delivery package in Japan was done. Though this problem is a function of three 
variables, by using some constraints, it becomes a function of two variables. As this 
model can be made from an integral function, it is comparatively easy to treat. Here, 
the purpose is to introduce mathematical modelling that is authentic to the function 
for the fi rst time in secondary education so it is important that it becomes easy for 
teachers and students to treat by preparing a simple and friendly scene. In addition, 
if teaching material that students have learnt up until this lesson can be revised from 
a different angle, this modelling will succeed. 

 According to the rules for home delivery packaging in Japan, the shipping charge 
is dependent on the total length, breadth and height of a box in which goods are to 
be packed (Table  46.1 , Fig.  46.4 ). Note, however, that neither the weight of the 
goods in the box nor the delivery distances are considered. For any hexahedral 
delivery box, the charge will be the same within a given range. The students were 
given the following conditions:  “You select a size 60 box. To send as many goods as 
possible, what box shape must be prepared?”  Many students will decide that the 
answer is to fi nd the maximum volume of the box. They will easily make the math-
ematical equations ( V xyz x y z x y z= + + = < <, , , ,60 0 60  ), and they will notice 
that  V  is a function of two variables ( V xy x y= - -( )60   ).

  Table 46.1    List of charges 
(Japan Post  2011 )  

 Size  Total (length + breadth + height)  Charge 

  60  Under 60 cm  ¥600 
  80  60–80 cm  ¥800 
 100  80–100 cm  ¥1,000 
 120  100–120 cm  ¥1,200 
 140  120–140 cm  ¥1,400 
 160  140–160 cm  ¥1,600 
 170  160–170 cm  ¥1,700 

  Fig. 46.4    The size 60 box       
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3.1        The Approach to an Elementary Model (First Stage 
of the Modelling Cycle Process) 

 Figure  46.5  shows the lesson being facilitated. Figure  46.6  is a systematic approach 
that students use to make a model. First of all, a spreadsheet is prepared. Students 
narrow the range of  x  and  y  so that the maximum value of volume can come into 
focus. They check by improving the accuracy of the value for volume even a little. 
Next, they make a three dimensional model to observe the image of changes around 
the maximum value. They also use mathematical software. It can be expected that 

  Fig. 46.5    Students creating 
models during a class       
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  Fig. 46.6    The genealogical tree to an elementary model       
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computer-assisted learning improves the student’s performance. Students will fi nd 
the maximum value of the volume of the box becoming 8,000 cm 3  at the cube 
( x  =  y  =  z  = 20). However, some students do not agree with the result. This is because 
this value is an approximate one calculated by the computer. It might have to be dis-
cussed whether this maximum value is a proper numerical value. In fact, because of 
the style of traditional mathematics education in Japan, this mathematical model 
will be dissatisfying. So, the next stage will likely be to aim to form a development 
model by using more advanced mathematics.

3.2         Approach to a New Model (Second Stage 
of the Modelling Cycle Process) 

 The students, who were satisfi ed by the previous elementary model, and even those 
who did not construct it must begin work on a new model using the mathematics that 
they have studied. Students solved for the maximum value with a “Pre-election and 
fi nal method” thinking of a quadratic function concerning  x  as shown in Fig.  46.7 .

   However, this mathematical expression takes time to transform and a cubic func-
tion of  y  appears in the end. If they do not use differentiation, they will not be able 
to solve for the maximum value. There are a lot of repeated practices using differ-
entiation of functions of one variable in the students’ textbook. Students were accus-
tomed to differentiation, and therefore were able to derive satisfaction from this 
maximum value using this mathematical modelling.  

3.3     Approach to a Mathematical Development Model 
(Third Stage of Modelling Cycle Process) 

 Here, even if the model is the same as the elementary model, it is considered as 
a mathematical development model and is the reason why this modelling has 
improved rigour by taking on new mathematical content (i.e., partial differentials). 

  Fig. 46.7    The solution using the mathematics that students have studied       
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This modelling does not use a delta (Δ) as the judgment condition concerning 
the extreme points. Moreover, a setting equal to the maximum value yields a 
stationary point (Fig.  46.8 ).

   The stationary point is represented by a three dimensional model. It might be 
easy for students to solve simultaneous equations shown by integral expressions 
(Fig.  46.9 ). So the teacher will need to prepare other real case scenarios for students 
interested in partial differentials.

4        Students’ Evaluation and Impressions 

 The fi fteen Year 12 students who participated in the modelling activity were given a 
questionnaire (see Appendix) where they had to rate items from 1 (lowest) to 4 
(highest) evaluating their understanding of the modelling lessons. Table  46.2  is the 
result of the students’ nationwide achievement test (Sugaku Z Mondai  2009 ) and 
preliminary poll before completing this modelling practice on two questions con-
cerning (1) preference for hand calculation over using technological instruments 

  Fig. 46.8    Group discussion of a three dimensional model concerning partial differentials       

  Fig. 46.9    Mathematical development model with a partial differential       
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    Table 46.2    Year 12 students ( N  = 15) academic ability (Sugaku Z Mondai  2009 ) and preliminary 
questionnaire results   

 Student  Mathematics T-score 
 (1) Preference 
for hand calculation 

 (2) Experience using 
spreadsheets 

 I  51.2  4  3 

 N  55.5  3  3 

 J  55.8  2  3 

 F  58.2  2  3 

 E  58.7  2  3 

 D  64.9  3  3 

 K  67.1  2  3 

 O  59.9  2  1 

 M  63.2  3  1 

 C  64.2  4  1 

 G  66.8  4  1 

 H  69.3  3  1 

 L  71.4  3  1 

 B  71.4  4  1 

 A  77.2  4  2 

   Note.  Items on poll were ranked  1  (low),  2  (little),  3  (high) and  4  (much)  

and (2) level of experience of analysing with spreadsheets. By the traditional 
 educational custom of Japan, students are accustomed to studying calculations by 
hand, without a technological instrument. Seven students with high mathematics 
T-scores (see Table  46.2 ) were not accustomed to the use of spreadsheets or math-
ematical software. Rather than solving for approximate values by the personal com-
puter, the academically-gifted students preferred hand calculation and performed 
remarkably. As shown in Fig.  46.10 , they appeared to be satisfi ed with solving for 
an exact solution without using a computer (8); therefore, only partial differentials 
might have had to be taught directly to these students. The mathematical develop-
ment model became more effective through each stage of the modelling cycle pro-
cess. Particularly, the understanding of students improved (see Fig.  46.10 , 
Understanding). Furthermore the students were satisfi ed with the effectiveness of 
the information technology (6). However, the fi rst stage modelling will have to be 
of more interest to students (7). One student’s impression was: “Until now, if I could 
not solve the value of a mathematical expression by hand calculation, I might have 
given up. I was surprised because it was easily treatable, and I want to challenge 
myself with other more complex equations”.
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    Some students could not use the “Pre-election and fi nal method” in the Second Stage, 
but most of them made a mathematical development model with a partial differential by 
themselves. Figure  46.11  shows part of a student’s written solution to the problem. One 
of the 15 students commented, “This modelling was a little easy though it was suitable 

  Fig. 46.11    The student’s answer sheet       

  Fig. 46.10    Evaluation of each lesson by students       

 

 

T. Kawasaki and Y. Nisawa



547

for the student’s level”. Another student’s opinion was, “With original, new and different 
methods, my motivation to practice mathematical modelling progressed”. The same stu-
dent also found a problem in a textbook (Fig.  46.12 ) and said, “If the following condi-
tion (AB = AC) is lost, I am sure this is a function of two variables”.

5        Conclusion and Implications for Future 

 When mathematical modelling is introduced for the fi rst time, it is necessary to 
avoid treating a sudden, diffi cult problem. Employing integral functions is sure to 
soften students’ resistance. In relation to this, the researcher succeeded in developing 
teaching material related to the connection between high schools and universities in 
Japan. Students broke loose from the world of functions of one variable, and they 
have worked through the problems of functions of two variables easily. By produc-
ing a three dimensional model, students developed new ideas, and their motivation 
for learning increased. In addition, they succeeded in analysing a phenomenon in 
their daily life with partial differentiation. One student had the insight to recognise 
that if a problem sentence in the textbook was deleted or changed slightly it changed 
the problem into a partial differential problem. This means a signifi cant transfer 

  Fig. 46.12    An exercise problem from a textbook ( Sugaku III , Suken Syuppan  2006 , p. 115)       
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from practice was achieved. He may well enjoy analysing the phenomena in his life 
and natural sciences at university in the future. 

 In this lesson, it is emphasised that teachers should interact with their students 
and provide support, but a minimum of support by the teachers might be all that is 
needed. Especially, students need as much such self-help as possible at early stages 
of their growth (cf. Blum and Leiß  2007 ). The activity of solving mathematical 
problems without understanding the underlying mathematical concepts cannot be 
considered mathematical modelling; therefore, teachers will need a certain amount 
of mathematical academic ability in pursuing this approach. 

 Lessons using mathematical modelling should be developed with a clear purpose 
so that students can recognise the connections between abstract mathematics and 
real world problems. Teachers must boost the level of the students’ mathematics 
achievement. However, if the mathematical academic ability of the teacher is too 
low, the purpose of the activity may not be realised (cf. Kawasaki et al.  2012 ). Of 
course care must be taken with mathematical modelling as well. In the worst-case 
scenario, students may fi nish a lesson with the feeling of modelling-practice as just 
a practice activity. Teachers must aid the students in recognising the purpose of the 
modelling practice. So, although the role of teacher training in college is important, 
the mathematics achievements of the student should not be the only focus. Teachers 
should address issues of both mathematical academic ability and the utilisation of 
that knowledge at the same time. The development of teaching-materials which 
increases the mathematics achievements of students through mathematical model-
ling lessons should be treated in teacher training colleges.     

    Appendix – Questionnaire 

   Preliminary Poll Items 

  (1)    Do you like to solve by hand calculation better than to solve using informa-
tional instruments?   

   (2)    Do you have experience of analyzing by use of spreadsheets or mathematics 
software?    

  Post-lesson Items 

   (3)    Were you interested in the use of functions of two variables from what you have 
learned?   

   (4)    Could you understand the use of functions of two variables from what you have 
learned?   

   (5)    Did you understand the structure of the maximum value as discovered by the 
spreadsheet?   

   (6)    Were the use of the spreadsheet and the production of a 3D model effective?   
   (7)    Were you interested in this solution?   
   (8)    Are you satisfi ed with this solution?   
   (9)    Could you solve this problem using the mathematics that you have learned?          
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    Abstract     With competency based learning in a project driven environment, we are 
facing a different perspective of how students perceive mathematical modelling. 
In this chapter, a model is proposed where conventional education is seen as a pro-
cess from mathematics to design, while competency driven approaches tend to have 
an inverted sequence. We assume there is a virtual barrier for on-demand learning 
with regards to the mathematical modelling layer under the layer of technical skills. 
Several successful attempts were done in the past to remove the technology skill from 
the chain in order to make the opportunities of modelling visible. After experiencing 
the modelling competency in such a setting, students can benefi cially deploy it for 
technology. We evaluated this model based on a learning activity which was changed 
from traditional education into competency centred learning.  

1         Introduction 

 The Department of Industrial Design at the Eindhoven University of Technology 
distinguishes itself by a focus on the design of intelligent systems, products, and 
related services. The user-focused application area is continued in the research and 
educational system by means of a competency-centred learning approach. The asso-
ciated refl ective transformative design process (Hummels and Frens  2009 ) is based 
on learning and developing “from doing” and “by doing” and is, as such, highly 
dependent on action research. This is where it distinguishes fundamentally from 
classical design engineering approaches. In classical engineering education, a foun-
dation of mathematical tools and thinking is taught fi rst. Secondly, a scientifi c 
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notion is taught, depending on the department being physics, chemistry, electronics, 
computer science, or any other area. After having acquired these two layers of 
background, the engineer can tackle practical problems in a design engineering 
approach. With our competency centred educational system, we start with engineering, 
to discover the science behind it by playing and exploring. The consequence is that 
the mathematical background is experienced as a deep third layer, which is not 
evidently a skill noted by our students as a next investment in their self directed 
competency development. 

 This chapter will explain the competency based learning system fi rst. Next 
the aspects of modelling required for academic design students are discussed. 
In a subsequent section, some examples of teaching modelling skills are explained. 
In a section about balancing design engineering and modelling, a vision of the 
con sequence of the educational system on the learning behaviour is given. With this 
model we can propose how teaching activities can be improved to optimise the 
learning outcome. The theory and proposal is evaluated based on our experience 
with a specifi c assignment on microcontrollers.  

2     Competency Based Learning as Optimised 
for Design Education 

 Industrial Design (ID) is one of the nine departments of the Eindhoven University of 
Technology (TU/e), and was established in 2001. In consultation with industry and 
government, ID focuses on the development and design of user-friendly interfaces 
for intelligent systems, products and related services in multimedia environments. 
Current research topics include Human-Computer-Interaction, multi-modal interac-
tion, perceptive user interfaces and aware environments (also known as “ambient 
intelligence”), as well entertainment computing research. The research aims to 
provide generic models and frameworks in the domains of perception, cognition, 
interaction and communication to the extent that these fi elds are relevant to the 
design of technical products and services. 

 The focal area of the Department of Industrial Design, being the creation of 
intelligent systems, products and related services, has resulted in an educational 
system that differs signifi cantly from the other departments. For designing intelligent 
products at the Industrial Design Department, we are facing the problem that theory 
for interaction with humans is unpredictable, or at least complex. Therefore, in con-
trast to the knowledge driven approach of the other departments, Industrial Design 
has implemented an educational system that is based on action research. Education 
starts with practical work before students discover which scientifi c foundation is 
involved. This learning model applies particularly well for industrial designers 
because the industrial designer has to develop contexts of use, actively explore con-
cepts, evaluate alternative solutions, and bring new products to the world. 

 The educational model is in agreement with social constructivism (Vygotsky 
 1978 ), the sociological theory of knowledge. In education, social constructivism 
stresses interaction over observation. As a consequence, students in our competency 
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based system act and interact with objects, teachers and other students to learn. 
They need to become experts who create, apply and disseminate knowledge, and 
continuously construct and reconstruct their expertise in a process of life-long learn-
ing. Meeting the goals of education requires a high consistency between instruction, 
learning and assessment. With the new social constructivism insights in instruction and 
learning, the paradigm of assessment had to be changed as well (Birenbaum  2003 ; 
Segers et al.  2003 ). Although similar systems of Competency-Centered Learning 
programs are seen (e.g., Pereira et al.  2009 ), at the Industrial Design Department of 
Eindhoven University of Technology, it is implemented in every layer of the organ-
isation, and already optimised over the past 10 years. 

 To assess the quality of the students, and to monitor their progress, ten compe-
tency areas are defi ned. The tenth competency area is  Descriptive and mathematical 
modelling . This makes clear that the ability to describe models and to fi nd the 
mathematical models behind concepts is seen as one of the skills of an industrial 
designer. The other competency areas are  Self-directed and continuous learning , 
 Integrating technology ,  Ideas and concepts ,  Form and senses ,  User focus and 
perspective ,  Social cultural awareness ,  Designing business process ,  Design and 
research processes  and  Teamwork and communication . In practice, it is expected 
from the students that they can integrate all ten competences into a single design 
process. The ten competencies are primarily learned from projects (3 days per week), 
and taught on-demand in classes (2 days a week). It is essential to understand that 
none of the classes are mandatory. Until the academic year 2012/2013, there was no 
class available for basic mathematics. Students who had to apply mathematics in their 
project, had to learn from an expert or external resources. Nevertheless, awareness 
of the potentials of mathematics is an intended learning outcome.  

3     Interpretation of the Modelling Competency for Design 

 The defi nition of the competence “Descriptive and Mathematical Modelling” is

  Being able to create and apply descriptive and mathematical models by using formal and 
mathematical tools, in order to justify design decisions and support the design of complex, 
highly dynamic and intelligent systems. 

 Understanding and mastering methods and tools for descriptive modelling enables 
students to describe relationships between parameters resulting in system behaviour. 
It is the foundation of simulation and optimisation. There is a strong link to the ability 
to analyse complex problems: to identify structures before tackling partial problems 
and to work towards a solution structurally. 

 When mathematical modelling is put into practice, it can be subdivided into four 
skills for gaining system insights. The fi rst is where models are used for  analysing 
a complex problem  by breaking it into pieces. In this case, the model can be a state 
diagram or a fl ow chart, and does not necessarily have to be fi nalised into a numerical 
model. It is a method of communication about the problem with others or with oneself 
lowering the cognitive load by drawing systems on paper. The model can be the fi rst 
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step to translate the problem into solutions. Based on the state diagram, a designer 
can evaluate options and process fl ow. 

 A second modelling deployment for design is to  identify behaviour and dynamics  
of systems. The notion of feedback systems, second order dynamic systems and, 
for example, phenomena like friction, are typical engineering skills, almost a 
craftsmanship, resulting in a predictive design process. A designer can prevent 
oscillations in a system by identifying mass-spring systems, for example. 

 The  predictive power  of models becomes strongest when a numerical mathematical 
model is implemented. The model can consist of closed form equations, or of a fi nite 
element simulation. Closed form equations normally can be solved to fi nd design 
cri teria or to exclude options. However, this type of modelling, which is highly 
dependent on calculus and numerical mathematics, is normally not seen from 
our students because of the absence of basic mathematical education in our 
offered classes. 

 The fourth skill is to eliminate options before building them. This is part of 
 evidence based design  where calculations are used to underpin design choices. 
To do this, estimations or calculations are made of an envisioned implementation in 
order to prove that the chosen solution is correct or that the design choice is the 
optimum solution. 

 In the next section, these four skills of modelling are identifi ed with some examples 
of educational innovations at our Industrial Design Department. It is worth noting, 
that in practice the competency “descriptive and mathematical modelling” is closely 
related to the competency “integrating technology”. Although developing tech-
nology is not the core business of the department, hardware is needed as a substrate 
to explore intangible concepts.  

4     Some Implementations of the Modelling Competency 

 Previously, a teaching method (Hu et al.  2007 ) was presented to teach students to 
understand object-oriented design principles and formal software specifi cation 
methods up to a level suitable for communication with software experts. The method 
was based on exploring a set of simple interaction rules by means of acting. Students 
became software objects (or “classes” in software terminology) themselves and 
could so transform acted behaviour into state diagrams. Such a practical realisation of 
a complex concept as object-oriented programming helped students to understand 
contexts, evaluate design ideas, explore new ideas and communicate designs to an 
audience. This learning activity is an example of the fi rst modelling skill  analysing 
a complex problem  and appeared to be an easy way to make state diagrams explicit. 
The chosen “acting-out” methods can be seen as a strategy to educate modelling 
without having a technological frame of reference. 

 In van der Vlist et al. ( 2008 ) a method to teach the abstract concept of “machine 
learning” to students was explained. In this case, we did not remove the technological 
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substrate completely, but we replaced it by a platform with which most students 
are comfortable: Lego Mindstorms NXT. The related modelling skill is  identify 
behaviour and dynamics . With the ambition to teach the students to see patterns, the 
mathematical background was not omitted. For both reinforcement learning using 
the complex Q-learning method, and voice command learning using neural networks, 
the underlying principles were explained to the students using equations. 

 In the fi rst example, the technology was removed. In the second example, tech-
nology was replaced by a simplifi ed vehicle as most students are confi dent with 
Lego. This was done to bring the model and the real world as close as possible. 
In other words, the mathematical modelling is decoupled from the hardware/
software substrate. However, when the teaching activity is about hardware or 
software, this is not always an effective option. When teaching programming, 
students must write code in a commonly accepted language like C or Java. This is 
done by focusing on the creative part of programming (Alers and Hu  2009 ) and 
using a robotic platform for a practical approach. Although this is not a modelling 
nor mathematics assignment, it proves that there is room to bring students into a 
state where they may discover that modelling skills,  analysing a complex problem  
by means of state diagrams and  identify behaviour and dynamics , have become 
within reach. 

 The  predictive power  skill of mathematical modelling is implemented amongst 
others in a course about geometrical principles (Feijs and Bartneck  2009 ). In that 
course tesselations are used to create plexiglass forms. A tesselation is a collection 
of plane geometries with no overlaps and no gaps. Industrial Design students were 
asked to create tesselations by using mathematical software like Mathematica 
instead of the usual visual drawing tools. The didactic of this approach is that students 
are empowered in their success of creating when they start to express patterns in 
equations. Again, a setting is created where technology is not the limiting factor 
when students explore their thoughts. 

 Finally, the modelling skill of  evidence based design  is implemented in an 
assignment on the basics of electronics. Electronics, especially analogue electron-
ics, is seen as the toolset to give concepts “eyes and ears” by means of sensors and 
actuators. The learning goals are mainly limited to (1) switching actuators with 
transistors and (2) placing resistors to limit currents, and (3) low-pass and high pass 
fi ltering of sensor signals. For all three learning goals, one has to calculate currents 
and voltages to pick the right electronic components immediately: there is no 
effi ciency in electronic design by iterative trial and error. We empower the students 
by three approaches. First, we have created a low-threshold electronics studio. 
The electronics assignment includes a guided workshop in the studio after which 
students are found there on a regular basis. Assistants are always available in the 
atelier for answering questions. Secondly, the mathematical skills are reduced to 
specifi cally solve the three learning goals as mentioned above. Finally, specifi c 
building blocks are identifi ed based on components available in the electronics 
studio (i.e., shift registers, a limited set of sensors, etc.) and are well documented on 
the intranet. This approach appeared to be successful.  
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5     Balance Between Design Engineering and Modelling 

 Traditional engineering education and strategies work from theory towards practice. 
This means that, roughly speaking, students are learning mathematics in the fi rst year, 
scientifi c theory and practice in the second and third, before they can do the practical 
applied engineering work in the end or during the masters phase. In Fig.  47.1  this is 
represented as a three-stage approach from left to right. The mathematical founda-
tion is seen as the base for understanding science, which in its turn is needed to create 
new things. In the representation, the block “science” is used in a broad sense: it 
includes computer code, fabrication techniques, drawing skills and electronics. 
The right block represents all practical work to integrate scientifi c knowledge into a 
prototype or product and to explore the impact in our society.

   As already explained in the introduction, the vision of the Industrial Design 
Department in Eindhoven to work on intelligent systems, products and related 
services, resulted in the implementation of a competency centred education model. 
This is done by starting with practical realisations (on the right of Fig.  47.2 ); 

  Fig. 47.1    One-way learning direction in traditional education and the opposite direction in 
competency centred learning       

  Fig. 47.2    Learning strategy 
for stimulating the 
mathematical modelling 
skill optimised for 
competency- based learning       
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scientifi c and engineering backgrounds offered on-demand. From that perspective, 
the mathematics and modelling question comes third, instead of being the founda-
tion of our thinking. The inverted execution method is placing challenges on how to 
educate and how to do research. Design students prefer to explore using tangible 
 artefacts, not with mathematical formulas.

   For Industrial Design students in the fl ow of their work there is a virtual barrier 
when going from science to the natural need for mathematics. We experience this in 
their way of working and we can only guess the reason. It appears that investing in 
a deeper layer of abstraction is not seen as worth the effort. In the approaches 
discussed in the previous section, we assumed the barrier of scientifi c knowledge is 
too high to see the value in the mathematics and modelling skills; therefore, these 
approaches were based on lowering or removing the scientifi c substrate. This means 
in terms of Fig.  47.1  that the modelling and mathematics competency has been 
placed next to science as shown in Fig.  47.2 . 

 What we are aiming at with this approach is that the opportunities of the com-
petency  descriptive and mathematical modelling  can be experienced without 
being limited by a lack of technological skills. Once this is experienced, the 
dotted line may be put in practice in future projects, which is now in the natural 
direction.  

6     Education Example:  Introducing Microcontrollers 
Assignment  

 An assignment in the core of designing intelligent systems is about deploying 
microcontrollers for realising prototypes. At the Department for Industrial Design, 
assignments are learning activities offered to Bachelor students. Assignments con-
sist of 6 weekly lessons of two contact hours, plus 36 h of self-study and/or practi-
cal work. In the  Introducing Microcontrollers Assignment  the self-study mainly 
consists of a design case. This assignment was originally organised by the 
Department of Electrical Engineering of our university. As of the academic year 
2010–2011, the assignment was transferred to the responsibility of Industrial 
Design because “the message of the assignment did not reach the students”. In the 
fi rst term (Q1) of the academic year 2010–2011 the assignment was given in the 
old style, to discover how it could be improved. Afterwards, some adjustments 
were made which changed it from “traditional engineering education” (technology 
push) to “competency based learning” (technology pull from design perspective). 
Next, it was repeated in the fourth term (Q4). This is an excellent opportunity to 
verify the difference between the original model of Fig.  47.1  and the alternative 
learning strategy model of Fig.  47.2 . The execution in Q1 and Q4 was the same in 
the sense that the offered theory was similar (microcontroller architecture, 
C-programming, on-chip hardware, hardware interfaces, a system design), and the 
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design cases were the same. The cases consisted of designing an electronic game. 
The exact descriptions of the case for Q1 and Q4 are: 

  Introducing Microcontrollers Assignment (for Q1) 

 Measure the time between pressing button A and button B and communicate 
time in milliseconds over the serial bus.

•    Hint 1: Use timer-interrupts to defi ne timing  
•   Hint 2: A third button may be needed to reset the game  
•   Challenge 1: Implement as a small game. Player 1 can press a button any 

time, player 2 has to respond within 500 ms     

 So, in Q1 the technical perspective was chosen by starting with a technical problem 
of measuring an interval. In Q4, the question started with describing the application, 
and asked for technical insights later. To substantiate the change from technology 
push to technology pull was further substantiated by three other modifi cations. 
First, we asked for an appropriate housing for the game to be made to focus on 
the user experience, rather than seeing the code plus circuit as the end result. 
This was accompanied by a lecture with examples of attractive functional casings. 
Next, one lecture was added on how to communicate about a microcontroller 
system. This was needed for debugging, to fi nd effective details from experts, 
and to structure the problem before solving it. In that explanation there was an 
introduction to state diagrams to transfer concepts into programmable solutions. 
This is a method to create the direct link from design needs towards modelling, 
while bypassing the hardware state (curved arrow in Fig.  47.2 ). Finally, in Q1 the 

  Introducing Microcontrollers Assignment (for Q4) 

 Make a game. One of these:

•    Make a “high striker”: a game where you have to hit a pressure sensor. 
Implement such that people want to play more  

•   Reaction game: when person 1 presses a button, person 2 has to react 
within a reasonable time by pressing a second button. Test to fi nd what a 
reasonable time is. Find a feedback method: a buzzer or LED for success 
or fail. Make it such that either player 1 or 2 can do the fi rst press  

•   Colour memory game: Player 1 mixes two or three LED colours (with pot 
meters) into one RGB colour, presses a button and puts the pot meters in 
a random position. Player 2 has to memorise the colour and has to repro-
duce it. The microcontroller determines whether you are close enough.

 –    Explain design choices, if possible by calculations  
 –   Show state diagram (or other used abstraction of system)  
 –   Evaluate functionality (user test?)        
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introduction questions, before the design cases, were about specifi c technical 
functions, like “timers” and “sampling for A/D conversion”. In Q4 the introduc-
tion questions were more about becoming familiar with the microcontroller: con-
necting it, writing subroutines, playing with communication between computer 
and the microcontroller board. 

 To compare Q1 to Q4, we assessed the end reports for the four skills of modelling 
for design. In addition, we evaluated whether the students worked from the per-
spective of the end-product; so, whether the end result has a functional shape or 
packaging. There was however one risk in the evaluation: the lecturer, being the fi rst 
author of this chapter, did the evaluation of the outcome himself. To avoid a biasing 
effect, a clear scoring list was made fi rst in order to have an objective set of criteria 
(Table  47.1 ).

   In Q1 there were ten groups, in Q4 nine. The scores are shown in Fig.  47.3 . It can 
be seen that the number of groups creating a packaged functional game increased 
from 30 to 66 %. This is interpreted as a perspective change from pure technology 
to the user or end result. In the new setting the skill of analysing a problem has been 
stimulated much better. This was mainly seen in the communication of students in 
terms of state diagrams, which immediately resulted in more structured code.

   Table 47.1    Scoring criteria for microcontroller assignment   

 Criterion  When scored? 

 Analysing a complex 
problem 

 State diagram, fl ow chart, notion of design choices 

 Identify behaviour 
and dynamics 

 Insight, explore, characterize a sensor, A/D input window consideration, 
sample rate consideration 

 Predictive power  Equation, FEM 
 Evidence based design  Eliminate options by calculations, calculate transistor operational point, 

power consumption calculation 
 Box  Electronics is packaged, integration, form and senses 

Box

evidence based design

predictive power

identify behaviour and dynamics

analysing a complex problem

0% 10% 20% 30% 40% 50% 60% 70%

2010-2011-Q4 (N=9)

2010_2011_Q1 (N=10)

  Fig. 47.3    Scores on four mathematical modelling skills before and after changing the content of 
 Introducing Microcontrollers Assignment        
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   More students gave explanations of their design considerations in numbers 
( evidence based design ). This was mainly done for selecting the right electronic 
components. The skill of  identifying behaviour and dynamics  scored less. This can 
be attributed to a question about timers which gave a very favourable outcome in 
Q1, but which was removed in Q4. Note that it is not the only assignment contri-
buting to the competence  descriptive and mathematical modelling ; so there is no 
problem that not all students score on all skills. The skill of  using a predictive model  
is not scored at all, because it falls outside the scope of this assignment.  

7     Conclusion 

 In a project driven environment with a competency based learning approach, students 
perceive mathematical modelling differently. A model was proposed where conven-
tional education is seen as a process from mathematics to design, while competency 
driven approaches tend to have an inverted sequence. We assumed there is a virtual 
barrier for on-demand learning when touching the mathematical modelling layer 
under the layer of technical skills. Several successful attempts were done in the past 
to remove the technology skill from the chain in order to make the opportunities of 
modelling visible. 

 We evaluated a learning activity that was changed in favour of this model. A simple 
reformulation of the design exercise towards an end product made students think 
from the user perspective. This was done by teaching them to talk about their design 
(e.g., with state diagrams) in order not to be confi ned by programming or electronics 
skills. Overall, there was an improvement in the ability to analyse the problem.     
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    Abstract     There is a tacit rationality, with a broader more qualitative mathematical 
essence, that has another origin and another character and function than traditional 
classroom mathematics. This kind of rationality is bound to personal acting in 
complex settings, and to our bodily interactions with the outside world. It is easily 
identifi ed as a specifi c quality in the work of experienced craftsmen, surgeons, engi-
neers, musicians, and sportsmen, but we will fi nd it everywhere in ordinary working 
life. It is also a necessary interpretation tool when you shall bring to life and concre-
tion abstract and general scientifi c models, a bridging process that needs dialogue 
and mutual respect.  

1         Background 

 The role of mathematics in the workplace and in vocational profi ciency has been a 
subject for research during the last 25 years (Noss and Hoyles  2010 ; Noss et al.  2000 ; 
Pozzi et al.  1998 ). This research is still only scratching the surface of the intricate 
relationships between mathematics (in a broad sense) and its use at the workplace, 
and has only a minor place in the mathematics education research community so far. 
Yet what emerges from these studies is that the relation between school mathematics and 
its use at the workplace is much more complicated and problematic than normally 
assumed (Hoyles et al.  2001 ; Pozzi et al.  1998 ; Wake  2007 ; Wake and Williams  2001 ). 

 In school settings there is a strong belief in the value of formal mathematics and 
its transferability to diverse contexts outside the school context. At the workplace 
however, it is not unusual, even though mathematical knowledge is highly regarded 
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per se, to hear that school mathematics plays only a minor role in practising diverse 
work tasks. A rather extreme and fascinating example of the impact from more 
informal kinds of knowledge was presented by Cooley ( 1985 ):

  At one aircraft company they engaged a team of four mathematicians, all of PhD level, to 
attempt to defi ne in a programme a method of drawing the afterburner of a large jet 
engine. This was an extremely complex shape, which they attempted to defi ne by using 
Coons’ Patch Surface Defi nitions. They spent some two years dealing with this problem 
and could not fi nd a satisfactory solution. When, however, they went to the experimental 
workshop of the aircraft factory, they found that a skilled metal worker, together with a 
draughtsman had actually succeeded in drawing and making one of these. One of the 
mathematicians observed: ‘They may have succeeded in making it but they didn’t under-
stand how they did it.’ … All their knowledge of the physical world about them acquired 
through years of making things and seeing them break and rupture, is regarded as insig-
nifi cant, irrelevant … (p. 171) 

 How, indeed, was it possible for the metal worker and the draughtsman to 
solve the problem? What kind of knowledge did they use? What lessons should 
be learned about how to validate the professional knowledge of a skilled and 
experienced worker? Who should have the “defi nition power” to decide what 
“understanding” is, and the workers used “mathematics” without knowing it? 
One lesson we can learn is that there is a lot of knowledge transfer outside the 
school system, and also a lot of knowledge production outside academic institu-
tions. This disturbing fact about the importance of informal learning outside the 
classroom has been highlighted by some researchers during the last decade, for 
instance Feutrie ( 2007 ): 

 The main problem is that this [informal] learning is:

   – not formalised, less codifi ed than traditional knowledge  
  – not organised as traditional knowledge in disciplines, domains, …  
  – rather unconscious  
  – hidden in action  
  – contextualised, attached to a specifi c environment  
  – built of elements more or less coherent, specifi c to an individual. (p. 17)   

Indeed this kind of knowledge is contextualised and specifi c to an individual. 
But what about school mathematics, is it free from these kinds of “burdens”?  

2     Models and Practice 

 A common view is that practice is, or always should be, applied theory. This, 
however, is only realised for one special type of practice, typical for science and 
technical applications. At least equally common is that practice lives its own life, 
without the support of scientifi c models and formalised language. Scientifi c appli-
cation is, in addition, dependent on the adaptation and implementation of “tacit” 
practice which is not formulated in the model itself. In many cases we also try to 
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model “regularities” (Popper  2002 ) on a lower level than the “laws of nature” level, 
for instance in social science, economy and meteorology. Therefore we have to 
handle in practice also that the very regularities are changing over time, and the 
most unpredictable effects will suddenly occur (Taleb  2007 ). 

 The knowledge ideal of our era is theoretical and intimately related to the 
concept of a model. A model is an abstraction formulated with the support of one 
or more examples. The modelling phase involves removing the concrete, which 
is considered to be unnecessarily complex, and also the distracting deviations. 
A model thus always represents a  loss of reality  and implicitly a  choice of view  
since it is based on a view of what exists, its structures and connections, how these 
interact, and what is considered to be essential. For instance, the views of time and 
space are very different in Newton’s and Einstein’s physics. The views are both 
expressed in accordance with mathematical theory and therefore “mathematical 
models”, but they are very different in structure and consequences. It is quite 
obvious that it is not reality itself that is quantifi ed by mathematics, it is our 
 conceptions  about that reality that are quantifi ed. A mathematical model therefore 
has the same weakness as the underpinning conceptions behind it. If a model is 
perceived as general; that is, it claims applicability to a variety of new situations, 
it should be able to approximate reality, and be applicable to the complexity of 
specifi c cases in the future, as well as able to explain or forecast concrete future 
events and the success of constructions. A model is explicitly formulated, for 
example mathematically formalised, to enable its meaning to be communicated 
through education. 

 Since the model should be able to explain the complexity it has been extracted 
from, some practical complications must arise. In many cases, successive adapta-
tion between the model and the individual concrete case is required for its applica-
tion to be possible. The strength of a general model is therefore at the same time its 
weakness. Sometimes a real situation creates such intensive “resistance” that the 
model must be revised or rejected. If the problem has to be resolved quickly, the 
model must be replaced by the hands-on knowledge and skills of the labour force, 
as when an unanticipated error suddenly occurs, for example, with a nuclear power 
facility. One example is a rather serious “incident” in a Swedish nuclear power setting 
some years ago that had not been foreseen neither by the formal operator educators 
nor by the simulator device, therefore nothing in the instructions explained how to 
handle it. A naïve belief of this kind, that nothing will happen “outside” the model, 
can be disastrous. 

 Especially when you try to connect model applications to a messy surrounding 
reality, there is a risk of total collapse, for instance the oil leak accident in the 
Mexican Gulf, and the horrible Fukushima nuclear catastrophe. A way to avoid this 
risk is to try to  rebuild  reality surroundings, both material and social contexts, so 
that the crucial part of reality will fi t the model, instead of vice versa (Gellert and 
Jablonka  2007 ; Skovsmose  2005 ). The correctness of the model will therefore be 
seemingly perfect, but sometimes to tremendous economical, ecological, or human 
“external” costs because of the model’s inherent nature of self- confi rmation.  
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3     Analogical Thinking 

 Practical profi ciency developed through more or less practical actions does not fi t 
comfortably into the model domain. The boat builder, the carpenter and the sheet 
metal worker do not develop theoretical models in the same way as a physicist, 
chemist or economist does. The profi ciency that a tradesman possesses is of a more 
analogical type. The analogies are not abstract, but rather consist of sets of concrete 
memorised examples, analogically connected with each other from the practitio-
ner’s repertoire of past experience. In this way knowledge becomes highly personal 
and often unformulated. The examples may retain their complexity. Each new 
concrete situation is compared and related to earlier concrete examples, in a pattern 
matching process, and these examples have more or less general applicability 
without claiming the generality of a model. Analogical profi ciency is related to the 
person, situation and complexity, and is not easily transferred through formal educa-
tion. Instead it must be  demonstrated  rather than formulated, and the classical 
method of conveying such profi ciency is through a master-apprentice system 
(Dreufus  2004 ; Polanyi  1998 ; Sennet  2008 ). Practice will remain more complex 
than the representing model, otherwise the model has to be a new complete uni-
verse, in every aspect identical with the present. Practice must also be formed in 
other categories, presupposing a human agent continuously acting in complex and 
sometimes unpredictable material settings.  

4     School Practice 

 In school situations, attempts are often made to solve mathematical problems of a 
purely theoretical nature, that is they deal with a world of mathematical concepts. 
Sometimes attempts are made to link these to reality, but these become “cosmetic” 
since not only the starting point, but also the aim, is to solve what is essentially a 
mathematical problem. Practical reality is thus used to illustrate a  theoretical  
problem, as opposed to formulating a practical one. It is also common that focus 
is put on students demonstrating a particular theoretical method of solving a 
problem, a method which, in the problem context, is perhaps unnecessarily 
advanced and cumbersome. It is also worth considering that this practical reality 
does not exist as such, but only as an artifi cial interpretation, a virtual and theo-
retical “school reality”. The pupils’  real  practice is to sit at their desks, and satisfy 
the specifi c requirements on how theoretical knowledge should be presented only 
 orally  or in  writing . Sometimes concrete aids such as plastic or wooden cubes are 
used. The aim of this, however, is also abstract, and you only “touch down” in the 
concrete world for a brief landing. Concrete “tools” are not used to process a 
concrete reality, but instead to represent a theoretical activity. The actual arrange-
ment of the cubes has no practical relevance, and they are discarded as soon as the 
theoretical problem is solved. 
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 Other types of aids such as calculators and computers are different in kind, as 
they are not used to illustrate theoretical reasoning, but as tools to replace the  person  
making the calculations. Computers can, with greater speed and precision in their 
calculations, carry out theoretical work that earlier required signifi cant brainpower. 
In such cases, however, the theoretical school domain also determines the nature 
and purpose of the activity. 

 Despite claims for generality, it can be argued that theoretical mathematical 
education is just as context dependent as other mathematical activities in voca-
tional life. A strong indication that this is the case is the relative helplessness that 
people, for instance new engineers, with purely theoretical backgrounds initially 
demonstrate at a workplace (Göranzon et al.  2006 ). New aims, methods, strategies 
and evaluations of results must be identifi ed and internalised, much that was valued 
and encouraged in the school environment lacks, to varying degrees, relevance at 
the workplace. As a conclusion we can say that applying school mathematics is in 
fact about the diffi cult task of transferring knowledge from one practical context 
to another (Evans  2008 ; Lieberman  2000 ).  

5     Usability of Mathematics in Practice Contexts 

 The aim of mathematics in practical profi ciency is rather instrumental. Now math-
ematics is a  tool  among other tools: the problem in focus is of a practical nature, and 
the criteria for evaluation of the solutions are only based on practical consider-
ations:  Is the practical problem solved?  From this, it follows that the mathematical 
reasoning most often is carried out in the form of simple rules and approximations. 
The heights of advanced mathematical theories, logical deductions, scientifi cally 
accepted methods, rigorously defi ned concepts, and extreme precision of results, 
are of little relevance or value per se in solving practical problems. The  rationality 
of practice  is here at work, just as “effective” as the theoretical rationality, but for 
another type of purpose. In many cases, problems are solved on the spot immedi-
ately, in physical interaction with the surroundings, because of your responsibility 
to  do  something as fast as possible. Withdrawing to a different setting, for example a 
computation room, to carry out calculations becomes cumbersome, time- consuming, 
costly and irrelevant. In the practical application of mathematics, there is no need 
for mathematical proof or internal theoretical consistency, practical usability is the 
criterion for “truth” and for the relevance of the methods used. 

 In addition to mathematics in the form of rules and methods in practical profi -
ciency, there are also mathematical models incorporated in, for example, computer 
programs. One example is how a successful sheet metal worker today must both 
master a long established trade tradition, and at the same time understand how to 
handle a computer and various drawing and spreadsheet programs. But usability in 
this context is also the very point, not the underlying mathematical theory in the 
software. In many cases instruction can be linked to the profi ciency the adult already 
possesses; for instance working as a carpenter with the number 1.414 “opens the 
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window” to Pythagoras’ theorem, linear models and irrational numbers in a possible 
theoretical education process (Gustafsson and Mouwitz  2008 ). Another form of 
“window opening” is when a  dilemma  occurs, which ordinary rules of thumb cannot 
resolve, but where a more general method could provide a solution (Noss  2002 ). 

 You can also fi nd  qualitative mathematics  in the form of a familiarity with the 
“big ideas of mathematics” embedded in practical knowledge, for instance: count-
ing, communicating, change, shape, symmetry, regularity, and position (Devlin 
 1997 ; Lakoff and Núnez  2000 ). These kinds of invisible connecting threads 
between practice and theory seem to be crucial for understanding both intuition 
and creativity in designing and the interpretation processes of symbols in science 
and its applications.  

6     Ethics, Aesthetics, Dialogue and Cooperation 

 As mentioned, practical profi ciency is person-related and often forms a part of the 
adult’s identity. Knowing one’s job is a source of self-esteem and vocational pride, 
and leads to the desire to do a “good job” which has both an aesthetic and ethical 
dimension: taking responsibility for ensuring that the result is good, and corre-
sponds to the customer’s or employer’s quality expectations. Losing one’s job can 
lead to an identity crisis, which is further aggravated if the adult’s vocational 
profi ciency is not identifi ed, validated and taken advantage of in future educational 
or vocational situations. 

 Much practical work is carried out in teams where communication and the ability 
to co-operate is an important competence. Sometimes joint initiatives are taken put-
ting high demands on discipline, planning and coordination. It is also possible to see 
that the tools used “speak to” the user and vice versa. The tool becomes an extension 
of the body in a continuous interplay with the work situation. In some industries, 
there is also a master-apprentice trainee period, or where a new employee merely 
functions as an observer, and the person with experience demonstrates and talks 
whilst the trainee imitates and puts questions. 

 The above are important aspects of practical profi ciency, often involving some 
mathematical content, aspects which have very low priority in “school mathematics”. 
In practical application in the real world, thought and action, tools and materials, 
quality and responsibility, identity and co-ordination together form an integral whole.  

7     Skill and Technology at KTH (The Royal Institute 
of Technology), Stockholm 

 In Arbetslivscentrum (The Swedish Centre for Working Life) during the 1970s, 
there was an intensive discussion on the meaning of vocational profi ciency in rela-
tion to contemporary research into working life at that time. The latter basically 
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focused on research into qualifi cations, that is research into the qualifi cations an 
individual needed to be able to carry out a specifi c work task. In the fi rst instance, 
the fi ndings showed that vocational profi ciency appeared to be an application of 
specifi c advanced theoretical knowledge. Attempts to theoretically describe different 
work tasks produced, however, only marginal success, as they were often mislead-
ing or counterproductive. The skill and familiarity typical of well-established 
vocational profi ciency appeared to be quite different from what could be “caught” 
in theoretically formulated models and rule systems. This insight gradually led to 
the development of a completely new research area, Yrkeskunnande och Teknologi 
(Skill and Technology) under the supervision of Professor Bo Göranzon at KTH 
(The Royal Institute of Technology), Stockholm. A number of philosophers, 
amongst others, Bengt Molander, Tore Nordenstam and Kjell S. Johannessen, at 
the same time worked on trying to analyse the underlying theoretical knowledge 
complex. The last, in particular, has had a major impact on this research 
(Johannessen  1988 ,  1999 ). Typical for his work is that Wittgenstein’s philosophy 
of language is of major interest, both the idea of a perfect logical language and the 
idea of language games: a craving for a perfect language will create a certain kind 
of silence, or “tacitness”, and this sometimes suppressed knowledge can only be 
expressed in other forms as professional  action  and in art. A good overview of this 
research is Göranzon et al. ( 2006 ). Other research environments, which from 
completely different theoretical and methodological starting points, focusing on 
the relationship between theoretical and practical profi ciency, have come to 
conclusions which essentially coincide with the analysis presented here. Examples 
of this are fi ndings of narrative research, activity theory, situated learning and 
socio-cultural theories. There are also fi ndings of cognitive science that point out 
that the human brain has two kinds of memory systems: one for declarative knowl-
edge, and one for tacit knowledge, the latter not reachable by explicit thinking or 
declaration (Evans  2008 ; Lieberman  2000 ).  

8     Tacit Rationality 

 Practical knowledge has indeed many rational elements. It relies, for instance, on 
doing a set of adjustments in the right order, to put together a complicated machine 
with all parts in the right place, or connecting an electrical network correctly. In new 
situations this cannot be a routinised behaviour. Instead it is a kind of rational not 
formalised, intentional, and often unconscious, acting: a  tacit rationality . If we 
focus on a test situation in school contexts, the approved mode to articulate an 
underlying rationality is traditionally restricted to the “tools” pencil and paper (and 
sometimes orally), but in working life settings rational acting is expressed through 
a broad repertoire of tools and materials. If the “answer” is wrong the costs will 
often be extensive in many aspects. Indeed the context poor school settings are 
possible as an ideal because the educational system has by tradition the authority to 
defi ne and decide what counts as knowledge (FitzSimons  2002 ; Zevenbergen and 
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Zevenbergen  2009 ). Behind this idea of the almost empty classroom is often a 
non- formulated idea that a poor context is good for abstraction. 

 Due to its character as not being clearly worded, tacit rationality becomes 
invisible and therefore neglected in school contexts. The ordinary way to organise 
knowledge tests in school settings reveals indirectly a hidden paradigm about what 
knowledge is, how it should be represented, how it should be tested, and how it 
should be learned. 

  Tacit rationality  includes, of course, some general cognitive abilities. Partly as a 
consequence of its embeddedness in traditions, culture, artefacts and action it is 
constituted by our experiences and manifests itself as  knowledge by familiarity  and 
as  practical knowledge . Some of these manifestations have resemblance to mathe-
matics, but not as mathematical knowledge in a traditional sense. The craftsmen that 
tessellated the walls and ceiling of Alhambra were not mathematicians, and did not 
use mathematics, but their craftsmanship can be thoroughly analysed from a purely 
mathematical perspective. In  Finding moonshine: a mathematician’s journey 
through symmetry,  Marcus Du Sautoy ( 2008 ) gives a striking example of the power 
of praxis knowledge. In Alhambra there are 17 different kinds of symmetries in the 
tilings – no less and no more. It took the science of mathematics 800 years to 
develop methods by which it was possible to strictly prove that there theoretically 
could not be more than these 17 different underlying symmetries. Another, perhaps 
even more striking, example is the discovery of quasi-crystalline Penrose patterns in 
Arabic tilings 500 years before they were discovered and described by mathemati-
cians in the West (Lu and Steinhardt  2007 ). Finally, it is important to emphasise the 
fact that tacit rationality is not restricted only to traditional trades. It is, as men-
tioned earlier, equally signifi cant, in highly specialised and academic occupations 
as well (Roth  2003 ; Vergnaud  2000 ). 

 Model thinking and analogical thinking represent two thinking styles which can 
very well come into confl ict with each other. In many cases model thinking is the 
winner in such confl icts, and this can lead to a loss of praxis knowledge in, for 
example, a company. This applies particularly where there is a generational change 
and the importance of hidden praxis knowledge becomes evident. A new group of 
practitioners, even though highly educated, may not be able to replace the many 
years of praxis knowledge accumulated over time, currently a very problematic 
issue for the Swedish nuclear industry. 

 An interesting question is the extent to which mathematical profi ciency is also 
embedded in the analogical thinking that typifi es the more trade-like aspects of 
vocational profi ciency. The ability of a sheet metal worker to recognise that a desired 
construction is similar to something he has done before requires some form of ability 
to understand similarities and differences between two geometrical structures in 
three dimensions. Such recognition gained through experience should be of great 
relevance, not just in the sheet metal trade, but also in many other occupations with 
similar demands. 

 If conceptual tools do not exist for making a deeper analysis of knowledge, 
then practical knowledge will also remain invisible and unknown. Practical 
knowledge is also, in contrast to propositional knowledge, personal; whilst 
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instruments for validation and assessing qualifi cations are generally of a more 
abstract and impersonal nature. Vocational profi ciency is closely connected with 
questions about identity and self-esteem, and an impersonal test that only recog-
nises school knowledge may have an overwhelmingly negative impact on a person’s 
desire and ability to develop and advance.  

9     Concluding Remark 

 The importance of mathematical modelling and the effectiveness of its use is over-
whelming; but just for that reason it is important to point out its borders and its 
connections to practice, both  before  and  after  the model design. If we do not 
recognise and highlight this, the “knowledge society” will instead rather initiate a 
massive societal de-professionalisation. Several young research environments are 
just now focusing on these crucial issues, and there is a great need for cooperation 
both on a national and international level. At best this chapter will be a small 
contribution to such future cooperative endeavours.     
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    Abstract     This chapter recognizes the potential effi cacy of MEA-related approaches 
in university classrooms. It explores principles associated with MEA design and 
raises challenges to their transfer beyond mathematical settings into natural and 
environmental sciences, engineering and beyond. It attempts to address the state of 
readiness of individuals to engage with MEA-related processes. A fi rst stage model 
of progression of learners and teachers into MEA-related activities is proposed 
alongside consideration of the phenomenon of  fl ow  and the beginnings of a set of 
questions intended to set the scene for emerging development and research agendas. 
A new seventh ‘Entry’ principle for MEA design is proposed.  

1         Introduction 

 The chapter originated as a vehicle to provoke discussion and debate about 
Modelling Eliciting Activities (MEAs) in contexts beyond the mathematics curricula 
in schools, which have been the prime test-bed. It is derived from consideration of 
the Modelling Eliciting Activity (MEA) concept in contexts outside of mathematics 
curricula in universities. In engaging with MEAs

  the products that students produce go beyond short answers to narrowly specifi ed ques-
tions – which involve sharable, manipulatable and reusable conceptual tools (eg models) 
for constructing, describing, explaining, manipulating, predicting or controlling mathemati-
cally signifi cant systems. (Lesh and Doerr  2003 , p. 3) 

   A team of UK and US researchers has been in receipt of National Science 
Foundation (NFS) and Economic Social Research Council (ESRC) funding to 
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explore extrapolation of the MEA concept and design principles to university 
curricula areas such as engineering, natural and environmental sciences and education, 
in pursuit of richer understandings of the potential pedagogic effi cacy of MEA- 
related approaches. (For details of the proposal and work streams work see Hamilton 
and Hoyles  2006 .) There are some fundamental questions emerging which represent 
a commitment to understanding the nature, design and conditions associated with 
implementation and researching learner and teacher engagement in MEAs. 

 The NSF/ESRC proposal (Hamilton and Hoyles  2006 , p. 3) expressed a shared 
aspiration

  to enhance ways in which learners acquire capacity to adopt and synthesise multiple frame-
works in solving complex problems, to anticipate new situations, to develop the ability to 
see both problems and the underlying systems in which they are embedded differently. 

 A main task was to research and theorize the design of complex problems, 
refl ecting upon six principles for the design of MEAs (Diefes-Dux et al.  2004 ; Lesh 
et al.  2000 ) in an attempt to trial emerging prototype problems in a range of 
disciplinary contexts.

  The NSF/ESRC proposal recognises extended potential for MEAs as there is a stark gap 
between (mathematical) problem solving of the classroom and that encountered by those 
who use mathematics ‘in the wild’ … responders to natural disasters or unfolding terrorist 
scenarios. A parallel exists in activities involving management of critical incidents in medical 
and education settings. (p. 4) 

 Investigations focused on the potential effi cacy of immersion of learners in 
professional, transdisciplinary settings in MEA-related tasks. We hypothesized, in 
the spirit of the MEA movement, enhancement of their ability to visualise the nature 
of problems and to apply metacognitive schema (models) to similar problems and to 
transfer elements of their models to novel situations. The focus in this chapter is 
based upon an assumption that knowledge and rich thinking can be elicited by 
‘ill- formed’ problems predicated on the need for a solution in a more meaningful, 
contextualised and vital way than commonly presented in traditional ‘transmissionist’ 
modes in many school and university classrooms. 

 MEAs have been traditionally structured to enable teachers, researchers, and 
students to track the evolution of conceptual schema as learners produce, trial, 
and reconfi gure solutions or models in problems. Lesh et al. ( 2000 ) designed and 
tested numerous iterations of MEAs in their attempts to elicit learners’ rich mathe-
matics concepts. This approach has been historically used with school students and 
more recently in selected university undergraduate classrooms with mathematics 
foci. One simplistic interpretation of the original MEA approach is that it was based 
upon selection of a single or close group of ‘big ideas’, such as need for analysis of 
variance, or other specifi c mathematical concepts which may be used to design 
problems to elicit rich, systematic, thinking. This, for convenience, I will codify as 
a design down approach. Analyses and evidence from the application of Refl ection 
Tools (Hamilton et al.  2007 ) suggest that MEAs may indeed evoke concepts of a 
deep nature. Such tools are paper-based questions and prompts (scaffolds) to capture 
evidence of thinking and refl ection in action. Similar outcomes can be achieved through 
use of digital recorders by participants during MEAs and both can give insights into 
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learners’ (and teachers) metacognitive events and developments before, during and 
after a MEA. These mathematical concepts, it is argued, are better understood (or 
can become better understood) in the context of MEAs than if they are taught as 
rules, algorithms and heuristics applied to de-contextualised tasks. In these latter 
instances there is limited motivational need in many learners to engage and persist 
towards a solution. There are parallels here to the distinction drawn by Biggs ( 2004 ) 
between deeper and surface approaches to learning. Surface approaches may be 
categorised as rote or report, or administration of formulae to instrumentally survive 
an examination or test. The former are represented by critical, higher order, thinking 
and enhanced potential for transferability to other contexts and present challenges 
to more longitudinal assessment of effectiveness beyond testing for grading. 

 The ‘Leshian’ position of construction of a MEA from a big mathematical idea, 
involves the nature of the MEA being controlled and organised (to a greater or lesser 
degree) by the chosen high order concept/s. A group of engineers and environmental 
scientists in the NSF/ESRC group, refl ecting on their attempts to design a MEA 
related to a natural fl ooding disaster, alluded to reductionist characteristics of this 
type of design approach. I suggest that such natural phenomena may indeed be 
hyper-complex, containing numerous big ideas and that they constitute a source of 
potential for eliciting numerous models. In short, the design down notion is argued 
here as being more easily situated in the exploration of MEAs in mathematics 
contexts. I suggest that complex (MEA-related) problems in areas such as medical 
emergencies, military incidents and those related to natural disasters may be rich 
sources of elicitation of deep understandings through integration of existing models 
in addition to potentially generating new ones, by acts of creativity or coalescence 
of existing, incipient models in the problem solving scenario space. The use of 
nature’s challenges and problems in scenarios provides rich test-beds for research 
into such theoretical positions. The complexity of such systems, when referenced to 
the developing status of our current command of models that may be applied in any 
design down approach outside of mathematics, raises key questions for research: 
What models could be anticipated as useful in designing or adopting our problem 
solving scenarios? How may we identify appropriate models? To what extent may 
natural scenarios align with the design legacy of MEAs in mathematics education? 
And, is this the right track of enquiry?  

2     Refl ections on the ‘Six Principles of MEA Design’ 

 Lesh et al. ( 2000 ) and Diefes-Dux et al. ( 2004 ) elaborated six principles for design 
of MEAs, which have infl uenced the emerging position and research agenda in 
trans-disciplinary groups of engineers, environmental scientists and educationalists. 
The principles are summarized below:

    1.    The personal meaningfulness principle – could it happen in real life?   
   2.    The model construction principle – construction, modifi cation, extension or 

refi ning of a model   
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   3.    The self-evaluation principle – judging whether responses are good enough   
   4.    The model-documentation principle – revealing thinking   
   5.    The simple prototype principle – emerging prototype or metaphor for interpret-

ing other ‘structurally similar’ situations   
   6.    The model generalisation principle – reusable, sharable, transferable.    

  The fi rst principle ( personal meaningfulness ) may be considered axiomatic in 
that the problem foci in our interest groups were based on real case scenarios, such 
as Hurricane Katrina, fl oods and other natural occurrences. Principles 2, 3 and 4 
( construction ,  self-evaluation  and  documentation ) are currently being interpreted in 
such ‘MEA-related’ scenarios as opportunities for refl ection in action and after 
action by individuals and groups through the use of simple Refl ection Tools 
(Hamilton et al.  2007 ). These can be deployed as cognitive scaffolds to stimulate the 
capture of feelings, thought processes and models and as research tools to capture 
evidence of individual and group modelling in action. Research should necessarily 
focus on analyses of refl ection and similar observational and ethnographic data 
from modelling activities in non-mathematical contexts to develop better sightlines 
into relationships between design, content and organization of problem scenarios. 
Attention should be given to understanding key features of problems (simulated or 
real world) that may impact upon elicitation of models, systematic thinking and 
transferable learning. 

 My personal articulation of the Refl ection Tool concept is one of a ‘capture 
device’ or record of metacognitive events as consciously accessible and re- accessible 
language. This may be in the form of text or audio recording of refl ections during 
and after MEA activity. These artefacts may be used to infl uence development of the 
repertoire of learners and teachers. As such they can be learning, evaluation, research 
and development tools. The act of articulation and ‘going public’ as a function of 
using Refl ection Tools, I propose, cements and embeds existing and new learning 
(i.e., it enhances models). As refl ection tools promote and scaffold cognitive pro-
cessing they cement schema, impact upon memory for model integration, and may 
thus support prediction in new problems where learners are able to identify familiar, 
transferable, features. They have the potential to act as diagnostic assessment tools 
for teachers and learners as well as in research data collection. An under- investigated 
potential of refl ection tools is their potential use in tracking affective activity before, 
during and after problem solving and thus the potential they may have to enhance 
our understanding of design for experiences to ensure the ‘entry’ of learners and 
teachers into the MEA space is appropriately prepared for. The location of refl ection 
tools in MEA-related instructional modules is suggested here as essential for 
deepening learning in and from complex problem solving scenarios. 

 The potential of Refl ection Tools for assisting in elaborating principles for good 
problems or scenarios; for drilling down into characteristics of models per se, and 
for investigation of characteristics of problem solving and metacognitive apparata 
is documented with clear learning and research foci by Hamilton et al. ( 2007 ). 
Serial immersion in rich MEA-related experiences could prove key to enhancing 
and deepening our current understanding through research.
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  Our underlying conjecture is that as modelers become more sophisticated in the way they 
think about themselves as problem solvers, they become more sophisticated in thinking 
about problems. (Hamilton et al.  2007 , p. 1) 

   In considering principles 5 and 6 ( simple prototyp e and  model generalisation ), a 
challenge emerges for the use of Refl ection Tools and other research enquiry 
methods. Such tools aim to gain insights into learners’ abilities to interpret struc-
turally similar problems and transfer of elements of models, groups of models and 
integration strategies to novel situations. I suggest pedagogic opportunities arise in 
using Refl ection Tools as scaffolds to enhance articulation and consciousness of 
models by learners and that assisted self-articulation of application, integration and 
elicitation of new models adds a layer of cognitive processing that may make models 
more accessible and transferable for learners in addition to assisting educators’ 
research analyses. 

 Notions of  internal  psychological conditions of motivation and identity as a 
problem solver run alongside  external  conditions and climate (in cultures, classrooms, 
and groups) which may affect MEAs. The former includes affective factors linked to 
my proposal that experts not only see problems differently from novices, but also  feel  
them differently and hence handle and moderate feelings differently/effectively 
during problem events. Both internal and external aspects expand to culture per se; 
permission to engage in classroom experiences, related to group dynamics and self- 
permission (of teachers and learners) to operate in iterative, often messy, open- 
ended MEA-related scenario cycles. These cultural foci are sources of challenge 
and anxiety for learners and teachers in classrooms in current education systems 
globally, where content, curriculum-coverage, testing, public accountability and 
performance-related instrumentalism are arguably prevalent factors. The state of 
readiness of participants, learners and teachers, for MEA-related activity is thus 
dealt with below in the proposal of a seventh ‘Entry Principle’ in MEA design.  

3     State of Readiness for Participation in MEA-Related 
Activities and the Case for a Seventh Principle 

 Expansion of MEA-related curriculum experiences in higher education are perhaps 
helpfully considered against anecdotal concerns about the discomfort experienced 
by some students and teachers whose previous school and cultural experiences 
make the human dynamics of MEA-related approaches challenging. This may 
preclude or limit engagement as MEA-related approaches may confl ict with 
previous experiences and personal epistemologies. If learners’ school histories or 
early experiences in university are focused on values of individual reward and less 
on collaboration and group success, then a well conceived MEA-related activity 
may fail in its implementation. 

 I have raised the debate as to a need for development of an additional ‘Entry 
Principle’ in addition to the existing six. This would focus on, and address, cultural 
readiness to work with MEA-related activities, on groups and role expectations, and 
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on consideration of diversity in teachers’ and learners’ point of arrival at MEA 
related activities. In Ausubellian terms, it would focus attention on starting closer 
to where learners are ‘at’. Not all will be in an immediate state of readiness or 
susceptibility to a desirable depth of engagement characteristic of highly engaged 
individuals on a trajectory of deeper learning through MEAs or related complex 
problem solving activities. 

 This plays forward into relatively unchartered territory in our knowledge map of 
MEA-related processes in university classrooms and into research opportunities. 
What is needed is further investigation as to the extent to which serial experiences 
of MEAs may enhance confi dence, learner’s access to and transfer of their models 
and potential for self-management of affective experiences? Will measurable 
effects related to ‘practice’ and ‘rehearsal phenomena’ emerge? Will enquiry lead 
to design for MEA-related activities organized on familiar principles of progression 
as in traditional curricula, (with induction and a sequenced approach) or will a 
different mindset emerge? We are yet to see, but the importance of researching such 
activity is pressing and aligns with this proposal for theorizing and elaborating such 
an ‘Entry Principle’ and the nature of a positive climate and conditions for learner 
engagement.  

4     Progression into MEA-Related Activities 

 As a way forward towards refi ning an ‘Entry Principle’ I have refl ected on pedagogic 
approaches associated with development of writing in different genres in school 
classrooms and its extrapolation to University classroom settings for academic writing 
(Schofi eld  2005 ). The journey towards  Independence  as a ‘maximized problem 
solver’, (and as a writer in different genres) should focus on progression. The notion 
of progression in designing series of MEA-related events for learners and teachers 
from a carefully considered point of ‘Entry’ which recognizes learner history and 
the need for sequenced orientation and preparation is emphasised here. As a starting 
point for debate, Table  49.1  is offered to illustrate a proposed developmental 
sequence. This sequence is adapted from Schofi eld ( 2005 ).

5        Engagement in Complex Problem Solving, the Affective 
Domain and the Elusive Concept of ‘Flow’ 

 The elusive and desirable concept of deep engagement, may be (in MEA-related 
activities) considered as a function of the interaction of a range of components such 
as confi dence, identity as a problem solver, arousal state, motivation, situated ‘com-
fort’ in problem spaces and history of exposure to problem solving in education and 
life settings. All contribute to the identity of the problem solver, their management 
of their affective domains, and to their personal rules of engagement with problems 
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which are inextricably linked with previous schooling and cultural experiences and 
hence the emphasis placed on preparation and ‘Entry’ above. 

 Csikszentmihaly ( 2000 , p. 4) posited nine characteristics of ‘play and work fl ow 
situations’. Hamilton et al. ( 2007 , p. 4) suggest these are useful in considering 
design of MEAs, for formation and testing, and for analyses of their affect on 
participants. They summarise the nine characteristics as follows:

    1.    There are clear goals every step of the way   
   2.    There is immediate feedback on one’s action   
   3.    There is balance between challenges and skills   
   4.    Distractions are excluded from consciousness   
   5.    There is no worry of failure   
   6.    Action and awareness are merged   
   7.    Self-consciousness disappears   
   8.    The sense of time becomes distorted   
   9.    The activity becomes autotelic (having itself as its only purpose)    

  Assuming fl ow is a desirable state, some questions follow in relation to MEA and 
MEA-related like approaches:

•    is it unique to individuals and variably experienced and triggered?  
•   is it ascribable to groups? What might trigger group fl ow?  
•   is it potentially allied to a ‘type’ description and analysis in participants like a 

‘learning style’ ‘preference’ or ‘attribute’?  

   Table 49.1    A proposed developmental sequence for introduction of MEA-related approaches in 
university curricula   

 Progression  Detail 

 Immersion 
and modelling 
(Enculturation) 

 Introduction and orientation to MEA-related activities, acclimatisation 
and enculturation (inherent in the ‘Entry Principle’): 

 Teacher explains pedagogy and concepts, roles, expectations 
 Emphasis placed on refl ection, positive climate and building trust and 

giving permission not to have to produce the defi nitive answer; 
support; observing problem solving in action by experts and 
within peer groups; using Refl ection Tools; building understand-
ing of processes and appropriate confi dence levels; rehearsal and 
seeing and feeling the art of the possible in MEA-related contexts 

 Learners given opportunities to practice with in lower risk, ‘less 
complex’ problem solving activities 

 Joint construction  Engagement in group activities and articulation of learning using 
Refl ection Tools (as scaffolds to encourage and capture refl ection 
and learning) individually and in de-briefi ng activities and use of 
these as diagnostic tools by the teacher 

 Emphasis on metacognition and learners’ emerging cognitive 
‘repertoire’ as problem solvers (as confi dence and competence 
develops) 

 Independence  Enhanced repertoire of problem solving capacities as a Maximized 
Problem Solver alone and in groups, with deeper engagement 
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•   could there be a qualitatively describable developmental continuum of fl ow on which 
individuals/groups may be located, for example No fl ow ↔ maximum fl ow?  

•   if so, what predictors of movement on such a continuum do we know about 
currently? Are there additional principles to those of Csikszentmihaly that we 
may need to deploy to precipitate fl ow or fl ow-like phenomena in learning 
environments where MEA-related activities are situated? Also, to what extent 
may some form of an Entry Principle be worthy of consideration?    

 What is lacking is clarity in the nature of factors that may precipitate fl ow which 
may be related to individual conceptions of self and classroom cultures. For illustra-
tion, consider teachers’ permission, and learners’ self-permission to persist with or 
even enjoy dissonance in a complex problem solving environment. Is this socialised 
out of learners by teachers suffering the imperious constraints of public account-
ability in contemporary classrooms? Previous experiences must be considered. Has, 
in some instances, teaching for success on tests reduced the climate of risk taking 
and hypothesising and limited learners’ and teachers’ comfort with uncertain or 
provisional knowledge in school and university classrooms? To what extent may 
this be acting as an impediment to readiness to engage with MEA-related activities 
and a key factor in fl ow’s elusiveness? Will fl ow continue as an elusive, aspirational 
concept without radical, research-informed re-conceptualisation of the climate and 
conditions prevailing within learning environments for the future? I suggest that this 
is worthy of further consideration in terms of teaching for deeper learning approaches 
if these are to be achieved and due regard given to the diversity of learners and 
teachers, learner histories and teaching cultures that exist within countries and 
around the world who are implementing MEAs and related approaches.  

6     Conclusion 

 This paper attempts to raise questions and issues for research and theoretical pursuit 
as MEAs and MEA-related approaches are gaining momentum in contexts outside 
of mathematics education. Whilst much has been learned from the elaboration of 
MEA design principles in schools, many questions are arising as the ideas and 
approaches are shifted towards university classrooms. Challenges of individual and 
organizational cultures, customs and practices in curriculum design in test-oriented 
societies, and currently less well-formed concepts of MEAs outside of mathematics 
are a rich substrate for further research and enquiry.     
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    Abstract     Interest to teach mathematics closely connected to its use in daily life 
has grown in Indonesia for over the last decade (Sembiring RK, Hadi S, Dolk M, 
ZDM – Int J Math Educ 40(6):927–939, 2008). This chapter reports an exploratory 
case study of the building of an awareness of mathematical modelling in teacher 
education in Indonesia. A modelling task,  Re-designing a Parking Lot  (Ang KC, 
Mathematical modelling in the secondary and junior college classroom. Prentice 
Hall, Singapore, 2009), was assigned to groups of pre-service secondary mathe-
matics teachers. All groups collected data on a parking lot, identifi ed limitations in 
the current design, and proposed a new design based on observations and analyses. 
The nature of the mathematical models elicited during the modelling task were 
examined. Implications of this study suggest a need to encourage pre-service teachers 
to state assumptions and real-world considerations and link them to the mathe-
matical model in order to validate if the model is appropriate and useful.  

1        Background 

 Mathematical modelling is not formally introduced at any school level in Indonesia. 
At the tertiary education level, mathematical modelling is offered as either a com-
pulsory or an elective subject at the university but it is not formally part of teacher 
education training programmes in mathematics education. Nonetheless, courses in 
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teacher education programmes encourage pre-service teachers to work on projects 
which open up possibilities for mathematical modelling ideas to be embedded in 
the course. There has been an increased awareness in Indonesia of the need to create 
an engaging and meaningful learning process in learning mathematics. One of the 
reform initiatives in Indonesia, known as PMRI ( Pendidikan Matematika Realistik 
Indonesia ), has adapted Realistic Mathematics Education (Freudenthal  1983 ) and 
put into classroom practice the use of real-world contexts for mathematics learning 
(Sembiring et al.  2010 ). PMRI advocates pedagogical practices that cultivate 
reasoning, sense making and communication skills using real-world contexts. 
Students are encouraged to explore multiple pathways in solving real-world tasks, 
and to communicate and challenge each other’s ideas during the process of learning 
mathematics. 

 Potential of real-world tasks to engage students in meaningful and interactive 
instructions have been well documented in recent studies in Indonesia (Sembiring 
et al.  2008 ; Widjaja et al.  2010 ). However, teachers face challenges in facilitating 
students to move beyond the real-world bound setting and in establishing a different 
set of classroom norms to support productive discussions (Dolk et al.  2010 ; 
Sembiring et al.  2008 ; Widjaja  2010 ). Establishing a classroom practice and norms 
that support productive use of real-world tasks is quite demanding for both teachers 
and students. There is a strong impetus to better equip teachers with a broader scope 
of knowledge and skills to facilitate student-centred lessons which encourage 
multiple interpretations and diverse solution pathways. Provision of a wide range of 
exposure to mathematical modelling tasks during their training in teacher education 
will lay a foundation for effective facilitation of mathematical modelling in classrooms 
(Burkhardt  2006 ; Doerr  2007 ). 

 This chapter reports preliminary fi ndings from a case study of an attempt to build 
an awareness of mathematical modelling in teacher education in Indonesia. A mathe-
matical modelling project to re-design a parking lot (Ang  2009 ) was assigned to 
groups of pre-service secondary teachers as a mathematics education project to be 
completed in 3 weeks. The nature of mathematical models elicited by pre-service 
teachers while completing this project will be examined and discussed in order to 
identify key aspects that need to be emphasised in the facilitation of such projects. 
Hence this chapter will examine: What is the nature of the knowledge being 
activated by pre-service teachers while engaged in the  Re-designing a Parking 
Space  modelling project?  

2     Mathematical Modelling at Tertiary Education 

 Facilitating mathematical modelling entails different beliefs from those tradition-
ally held by mathematics teachers in Indonesia of what constitutes mathematics and 
mathematical learning processes as well as a major reversal in the usual role of 
teachers and students (Doerr  2007 ; Niss et al.  2007 ). Niss et al. ( 2007 ) underscored 
the signifi cant role of teachers in ensuring the successful development of 

W. Widjaja



585

applications and modelling competencies. They argued for effective promotion of 
inclusion of modelling in teacher pre-service education to develop pre-service 
teachers’ capacities in providing rich learning environments for modelling activi-
ties and scaffolding strategies that support mathematisation. It is imperative to 
engage pre- service teachers in fi rst-hand experience as mathematical modellers 
before expecting them to facilitate mathematical modelling in their own teaching. 

 Teachers’ own exposure to, and experience of, mathematical modelling play 
critical roles in developing facilitation skills in mathematical inquiry involving real 
world situations (see e.g., Blum  1993 ; Doerr  2007 ; Stillman  2010 ). Stillman ( 2010 ) 
emphasised the importance of teachers’ fi rst-hand experience as mathematical 
modelers over an extended period of time to equip them with the skills needed 
in mathematical inquiry and modelling. Ideally, early exposure to mathematical 
modelling from the schooling years, even as early as primary school, will pave a 
strong path for mathematical modelling skills to develop (English  2006 ,  2010 ). 
Lamon et al. ( 2003 , p. ix) claim that late adoption of mathematical modelling at the 
tertiary level (e.g., in teacher education) is challenging due to different beliefs and 
ways of looking at mathematics and its role in understanding real world phenomena. 

 The open-ended nature of mathematical modelling tasks also present signifi cant 
challenges as substantial diversity and unexpected responses are likely to occur. 
Doerr ( 2007 ) pointed out the importance of listening and moving away from 
prescriptive modes of instruction. She called for teachers to provide ample room 
for students to exercise their reasoning and decision making skills and to support 
students in making progression in their model development. According to Doerr 
( 2007 ), the authority of evaluating students’ work is no longer placed solely in the 
hands of the teacher but rather shared with the students.  

3     Method 

3.1     Setting and Participants 

 The data reported in this chapter came from 14 pre-service secondary teachers who 
completed a modelling task,  Re-designing a parking space  (Ang  2009 , pp. 52–53), 
during a 3-week session in April 2010. These pre-service teachers were a subset of 
the second year cohort undertaking a 4-year bachelor degree program to become 
qualifi ed secondary mathematics teachers in Indonesia. They did not have any prior 
experience working with mathematical modelling tasks because mathematical mod-
elling was not listed as part of any mathematics education course. The inclusion of 
mathematical modelling tasks was the author’s own initiative to build pre-service 
teachers’ awareness of mathematical modelling and to engage them in a productive 
classroom discourse to justify the mathematical model. 

 Pre-service teachers formed their own groups consisting of 2–4 pre-service 
teachers to facilitate a productive working relationship. Gender was not the basis 
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in forming groups; in fact they were encouraged to form mixed-gender groups. 
In the fi rst week, the task was introduced with the guidelines that highlighted 
various stages of the modelling process to help groups in planning their investiga-
tions. No readings on particular modelling literature were assigned but they were 
required to conduct real-world investigations and online research in their own time. 
In the second week, each group was allocated a 10-min presentation to share the 
progress of their ongoing investigation and to report any challenges they faced 
during the process of completing the task. At the end of the third week, a gallery 
walk session, consisting of poster presentations of written work, was conducted 
followed by a whole class discussion. Written reports of the group fi ndings, and 
posters were collected. During the gallery walk, one member of each group was 
assigned to stand and explain the poster to the visitors whilst other members 
observed and asked questions while visiting posters from other groups. It was 
expected that each group would arrange their members to take turns during the 
gallery walk sessions. This arrangement allowed pre-service teachers to engage in 
meaningful discussion of different approaches and solutions to the problem and to 
exercise their evaluative communication skills. Throughout the session, the author 
observed posters from group to group, took notes and asked questions. At the end of 
the gallery walk, two groups were invited to summarise and present their posters 
to the whole class. The analysis reported in this chapter will be based mainly 
on groups’ written reports to examine mathematical knowledge and real-world 
considerations that were activated by pre-service teachers. Pre-service teachers’ 
knowledge and diffi culties will be discussed in respect to the two main didactical 
modelling processes, that is  mathematisation  and  re-interpretation of mathematical 
solutions  to the real-life situations.  

3.2     The Re-designing of Parking Space Task 

 The original task was situated in the context of re-designing a car parking space 
to increase the number of lots available (Ang  2009 ). Taking into account that the 
majority of pre-service teachers involved in this study rode motorbikes as their 
mode of transport; a decision to change the setting to the motorbike parking 
space was made. Unlike the parking lots for cars, the parking lots for motorbikes 
are not clearly marked with lines. On the mathematical front, the task carried rich 
potential to bring forth relationships among pertinent variables such as the 
notion of angle, the relationship between the curb space and the sine of the angle, 
and maximum capacity interpreted within the real-world settings. The task was 
open-ended in nature and allowed for multiple pathways to derive a mathematical 
solution depending on interpretations, assumptions and choice of variables. 
Guidelines for the  Re-designing Parking Space Project , (Ang  2009 , pp. 52–53) 
follow.     
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4      Findings 

4.1     Variables Identifi ed and Mathematical Approaches Used 

 Four groups opted for different locations, namely campus, hospital, supermarket, 
and traditional market parking space to complete the project. Pertinent variables 
such as location, a variety of brands and dimensions of motorbikes, parking posi-
tions, distance between two motorbikes, space between lots, and the area of the 
parking space were identifi ed. Other factors such as time of the day which was 
likely to affect parking arrangements and positions (i.e., 1 stand or 2 stand) in some 
places was noted in the report (Fig.  50.1 ). These were valid variables because dur-
ing the busy time of the day such as visiting hours in the hospital, the arrangement 
of motorbikes and their positions turned out to be incredibly messy and complex. 
However, an assumption to hold time as a non-affecting variable was made to sim-
plify the task. As evident in their observations of various parking lots, there were 
great variations in the parking positions and dimensions of the motorbikes in one 
parking lot. The messiness of real-world conditions related to re-designing motor-
bikes parking lots was clearly recorded in the report.

   All groups took into consideration a wide range of dimensions of motorbikes and 
parking positions. Examination of data from the parking space and dimensions of 
motorbikes were evident in the written reports. In dealing with a variety of brands 
and dimensions of motorbikes, motorbikes were classifi ed into scooters and sport 
motorbikes. However, the levels of mathematics being activated in analysing the 
capacity of the parking space and in re-designing a new parking space showed 
great variation. 

  Re-designing Parking Space Project 

 Choose a parking space of your own choice. Are the parking lots arranged or 
designed in a way that makes the best use of the parking space? Develop a 
mathematical model that optimises the use of the space for parking. Use the 
following steps to guide your completion of the project:

    1.    Sketch a rough plan of the parking space of your own choice.   
   2.    List factors or variables in the problem.   
   3.    Discuss possible designs for the parking lot.   
   4.    Design a new parking lot that caters for an optimum parking space.   
   5.    Derive a mathematical model from the initial design to the proposed 

design.   
   6.    Identify the limitations of the proposed model for the parking space.     
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 Group 1 conducted an investigation on the campus parking space where the lots 
were clearly partitioned. A methodical approach in measuring the dimension of 
each parking lot, the width of motorbikes, and the space between two motorbikes 
was evident in the report (Fig.  50.1 ). Different parking positions were documented 
and reported during their poster display but they were not taken into account in the 
analysis. Group 1 suggested narrowing a gap between two parallel lots to increase 
the capacity of the parking space in the proposed design. Whilst the calculation sug-
gested an increased parking space capacity, this approach was impractical because 
in reality enough space should be reserved for motorbikes to move in and out of the 
parking area safely. Clearly this group did not validate their result but focused on 
mathematical calculations that refl ected a higher parking capacity. 

 Deriving a new design for the parking lot proved to be not simple. Group 2 opted 
to re-design a parking space in one of the private hospitals and gathered detailed 
measurements of different sections to produce the initial sketch of the parking space 
(Fig.  50.2 ). They measured the crowdedness in the three busiest sections (Section 
A, Section B, and Section C) to determine the area taken for each motorbike in the 
three sections by dividing the area of each section by the number of motorbikes in 
the corresponding section. An average of the three results of 1.2438 m 2  was noted 
as an area for parking one motorbike. This approach was mathematically sound but 
not entirely appropriate in the real world setting. Group 2 noted that the parking 
space in the three sections was overcrowded and non-ideal. This was a direct result 
of their choice to focus on the most crowded sections. However, this was not articu-
lated which raised a concern if they realised the connection between their decision 
and the mathematical result. Taking an average area of 1.2438 m 2  resulted in an 
overestimate of the parking space capacity. Group 2 decided to follow the recom-
mended area for one motorbike by the transport authority (1.3125 m 2 ) and offered 
to eliminate the space in between two sections of the initial design of the parking lot 
to increase the capacity of the parking area. However, the general structure of the 
initial design was retained (Fig.  50.2 ). The proposed design was also represented in 
a scaled-down model during the gallery walk presentation. During the gallery 
display session, one member of the group explained the group’s consideration: 

  Fig. 50.1    Parking arrangement and position as identifi ed variables       
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“ We are not only concerned about the design that offers optimum capacity but also 
the comfort and easy access for parking the motorbikes ” . 

   Group 3 was the only group who examined the parking positions (i.e., 1 stand or 
2 stand) in the analysis even though all groups acknowledged that the parking 
positions affected the parking space capacity. Several possibilities by varying 
parking arrangements (curb angle between two motorbikes) of motorbikes and 
comparing the number of motorbikes that could occupy the same area were examined. 
However, the relationship between the curb space, and the angle the lines make with 
the curb space using the sine of the angle was not activated in the strategy. Instead, 
Pythagoras’ theorem was activated when calculating the area of the parking space. 

  Fig. 50.2    Group 2 initial sketch of the hospital parking ( top ) and the proposed re-design 
( bottom )       
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Group 3 concluded that the highest capacity was reached when motorbikes were 
parked in 1 stand and refl ected this in the proposed design (Fig.  50.3 ).

   Group 4 opted to conduct their investigation in a parking lot next to a shopping 
mall and proposed to subdivide the parking lots into two divisions to cater for 
different motorbike sizes, that is, sport motorbikes and standard size motorbikes 
(scooters). However, the illustration in the proposed design (Fig.  50.4 ) was not con-
sistent with this idea suggesting diffi culties in translating real world considerations 
into the proposed mathematical model. The report showed no clear understanding 
of the task. No discussion on the derivation of the new mathematical model was 
presented. A predicted maximum number of motorbikes was stated based on simple 
calculation taking into account the area of the parking space and motorbike dimen-
sions. The report suggested the task was interpreted as a calculation task to fi gure 
out the maximum capacity of the parking space rather than re-designing it.

5         Discussion 

 Pre-service teachers activated their knowledge on measurement of area and real- world 
considerations such as relationships between various dimensions of the motorbikes 
and the capacity of the parking space whilst engaged in this modelling project. 

  Fig. 50.3    Group 3 strategy in examining different parking arrangements       

  Fig. 50.4    Proposed new design of shopping mall parking lot from Group 4       
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Parking arrangements were considered as a variable but angles and sine of the 
angle were overlooked as variables. In identifying the limitations of the proposed 
model, all groups cited accuracy in measurement as an area for refi ning the model. 
Group 1 for instance suggested that increasing the number of motorbikes for their 
investigations could increase the accuracy of the proposed mathematical model. 
Increasing the number of data was impractical and it did not add insights into 
refi ning a mathematical model. The fact that all groups did not clearly state the 
simplifi cations of conditions and assumptions made from the real-word situations to 
the mathematical models might explain diffi culties in identifying factors causing 
limitations to the proposed models. The validation stage is known to be challenging 
in the mathematical modelling process (Maaß  2007 ). In this study, Groups 2 and 3 
showed better attempts at incorporating real-world considerations into their 
mathematical model. This concurs with similar fi ndings from a study by Kaiser 
et al. ( 2010 ) who identifi ed diffi culties with “evaluating and validating results, 
making wrong and oversimplifi ed assumptions, and in re-interpreting the results into 
the real world” (p. 438). Evidence from an earlier study (Widjaja  2010 ) involving 
other Indonesian pre-service teachers on a  Cooling of Coffee Project  also suggested 
re- interpreting and linking variables in the mathematical model back to the real 
world data were particularly challenging.  

6     Concluding Remarks 

 This study sought to investigate the building of an awareness of mathematical 
modelling among pre-service teachers in Indonesia as they undertook a personally 
meaningful modelling task. The task of  Re-designing a Parking Lot  served as a rich 
platform to build awareness of mathematical modelling. Pre-service teachers 
engaged in interactive and engaging discussions about re-designing their self- chosen 
parking space. During the gallery walk, pre-service teachers took up the role of 
authoritative evaluators of their own work and that of their peers as suggested by 
Doerr ( 2007 ). Multiple ways of re-designing parking lots for motorbikes were 
observed with the area of each other parking space as the main strategy in deter-
mining the optimum capacity of the parking space. Pertinent variables such as 
parking positions, distance between motorbikes, and motorbike dimensions were 
identifi ed. However, only one group took into consideration the key variable 
parking arrangements (curb angle between two motorbikes) in re-designing the 
parking lot. In retrospect, more prompts could have been provided to help groups 
consider angles to expand their strategy. 

 The validation stage, in particular establishing the link between real-world con-
ditions and mathematical solutions, was challenging for these pre-service teachers. 
Clarifying assumptions and simplifi cations of conditions from real-world contexts 
at the beginning stages of modelling and revisiting these towards the end of the 
modelling stages might be helpful to overcome this problem. Moreover, it is impor-
tant to revisit the assumptions to establish links between assumptions, variables 
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chosen and proposed mathematical models. Pre-service teachers might benefi t 
more from explicit discussion of assumptions (see Stillman  2008 ) and examples of 
modelling processes from modelling research literature. More time should be spent 
in discussing these critical aspects with pre-service teachers. 

 Finally, it must be pointed out that the following are limitations of this study: 
only one modelling task was used with the pre-service teachers and the data 
analysed were from a small sample. Increasing the sample size and varied tasks 
are important for validation of the results of this study.     
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Abstract  Alcohol is the most widely consumed recreational drug in the world and 
is commonly regarded as an essential component of Australian culture. However, 
alcohol is also a major contributor to mortality and morbidity not only in Australia 
but also around the world. Whilst alcohol-related education is typically considered 
from social and medical perspectives, it is also an area that provides a range of 
mathematically rich investigations. This chapter discusses mathematical modelling 
of blood alcohol content (BAC) levels. The investigations detailed enable teachers 
of a range of year levels to develop students’ mathematical abilities and also their 
social understanding of alcohol-related issues. The mathematics of the investigations 
includes functions, graphing, derivatives, integration, and mathematical modelling 
and reasoning.

1  �Introduction

In the last few decades, mathematical modelling of authentic phenomena has 
become increasingly prominent in school and university curricula. In the Australian 
state of Queensland, for example, Modelling and Problem Solving now makes up 
one-third of a student’s senior mathematics final grade (QSA 2008), while many 
university courses require students to develop, analyse, and apply models.

Researchers have interpreted the term mathematical modelling in a range of 
ways. Julie and Mudaly (2007) categorised modelling in an educational context into 
two types according to purpose: modelling as vehicle and modelling as content. 
In addition to these two interpretations, Stillman et  al. (2008) identified three 
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other approaches of mathematical modelling that teachers have taken in a range 
of settings: using contextualised examples to motivate students, using technology 
to fit curves to models, and emergent modelling, where the model emerges in the 
process of structuring a problem. Kaiser and Sriraman (2006) classify modelling 
into three perspectives: realistic or applied modelling, educational modelling, and 
the model-eliciting approach.

Teachers rarely have classes in which all students have the same mathematical 
abilities. Even in classes streamed according to previous performance, students 
show variation in knowledge, skills, and motivation. As a result, teachers typically 
require a range of classroom activities. In the most conceptually complete form of 
mathematical modelling, a problem is posed, data collected, and an appropriate 
model developed. At the other end of the spectrum, students simply insert numbers 
into an existing model to confirm or refute the suitability of the model. The most 
appropriate approach will depend on a number of factors including: year level, 
students’ abilities, mathematical content, syllabus requirements, teachers’ own likes 
and abilities, and of course, time.

Mathematical modelling is often considered as an excellent way to motivate students 
to engage in mathematics (Brown and Edwards 2011; Stillman and Galbraith 2011; 
Zbiek and Conner 2006). Brown and Edwards (2011) suggest that mathematical 
modelling activities support three different types of motivation: real world situations 
appealing to learners, motivation to study mathematics in general, and motivation 
to learn new mathematics. Stillman and Galbraith (2011) found that mathematics 
teachers in the Queensland context were often extremely positive towards modelling 
as it promotes mathematical understanding and thinking rather than ‘regurgitation’, 
makes mathematics applicable and demonstrates utility of mathematics, engenders 
student interest in mathematics promoting engagement, promotes variety in teaching 
strategies, and promotes success leading to retention of students in mathematics.

2  �Background

There is no doubt that alcohol consumption and its impact is an area of major 
interest to societies and individuals. In 2009–2010 the total quantity of pure drinking 
alcohol available for consumption in Australia was equivalent to 2.2 standard drinks 
per person per day for each person aged 15 or more (Australian Bureau of Statistics 
2011), and consuming alcohol is widely regarded as an integral part of Australian 
culture. Data from the 2007–2008 National Health Survey (Australian Bureau of 
Statistics 2009) showed that 13 % of Australians aged 15 or more had consumed 
alcohol at a level associated with long-term health risks. Furthermore, 27  % of 
Australians aged 16–85 first consumed alcohol when aged less than 15, and 40 % 
when aged between 15 and 17.

Alcohol-related harm is a major cause of mortality and morbidity in Australia, 
causing around 3,000 deaths and 65,000 hospitalisations every year (Chikritzhs et al. 
2003). There are numerous well-known negative health and social impacts associated 
with excessive alcohol consumption, including increased risks of developing a range 
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of cancers, risk of causing damage to the brain (particularly in younger drinkers), 
negative health impacts on unborn babies when the mother consumes alcohol during 
pregnancy, road trauma and accidents, violence and sexual promiscuity or assault. In 
2004–2005, the annual cost to the Australian community of alcohol-related social 
problems was estimated at $15.3 billion (Collins and Lapsley 2008).

In an effort to reduce the frequency and impact of excessive alcohol consumption, 
governments and health bodies run regular education campaigns highlighting both 
short and long-term risks. In 2008, the Australian Government announced a national 
strategy to address the high levels of binge drinking among young Australians. 
In 2011 the Government classed alcohol as a Class 1 carcinogen, joining tobacco 
and asbestos.

Alcohol-related education is typically considered from social and medical 
perspectives. However, it is also an area that provides a range of mathematically 
rich investigations, particularly in the context of developing mathematical models. 
For example, Siller (2010) and Greefrath et al. (2011) proposed developing models 
of blood alcohol content using technology. (Interestingly, some of their statements 
and the graph they present do not accurately represent the pharmacokinetics of alcohol. 
For example, the rate of metabolism of alcohol tends to be constant irrespective of 
amount consumed, absorption is more rapid than their graph indicates, and maximum 
blood concentration is proportional to amount consumed.)

In this chapter we discuss mathematical modelling of the pharmacokinetics of 
alcohol after consumption, and in particular, Blood Alcohol Content (BAC) levels. 
(Strictly speaking, pure drinking alcohol is ethanol. The term alcohol is used in this 
chapter, to match common usage.) Starting with only the facts that alcohol is soluble 
in water and typically metabolised at a constant rate, and assuming that consump-
tion is relatively rapid, six investigations are presented, to both increase students’ 
mathematical skills and also develop their understanding of why behaviours such as 
binge drinking are harmful.

Mathematical content of the case studies includes functions, graphing, derivatives, 
integration, mathematical modelling and reasoning, all in an authentic context. By 
assuming that consumed alcohol is instantly absorbed in the digestive system, 
students are able to deduce the Widmark formula (Posey and Mozayani 2007)
which is used in criminal prosecutions of drink drivers. A variation of this formula 
that does not assume instant absorption of alcohol can also be deduced. Using these 
formulae and areas under curves, students investigate the effects of periodic binge 
drinking compared to other consumption patterns.

These activities have been used in two first-year courses at The University of 
Queensland, taken by mathematics, science and engineering students. The modelling 
approaches are consistent with Julie and Mudaly’s (2007) modelling as vehicle, 
Stillman et  al.’s (2008) contextualised examples, and Kaiser and Sriraman’s 
(2006) realistic modelling. However, the investigations are easily modifiable to 
allow teachers to use a different modelling perspective. The investigations can 
also be used with high school students and can run from 1 hour to a week or longer. 
Below we detail a range of investigations and approaches that teachers can use 
in their classes from early secondary school through to university. There are also 
many possible extensions to these investigations, based on information sourced 
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from newspapers or the internet. For example, there are numerous high-profile 
court cases involving celebrities facing trial for driving under the influence of 
alcohol. Students can investigate these cases mathematically, and also analyse the 
social and legal contexts.

3  �Investigation 1: Time Taken for BAC to Return to Zero

Table 51.1  Approximate time (in hours) for BAC to return to zero for males (Adams 2011)

Number  
of drinks (n)

Weight, W (pounds)

120 140 160 180 200 220 240 260

1 2 2 2 1.5 1 1 1 1
2 4 3.5 3 3 2.5 2 2 2
3 6 5 4.5 4 3.5 3.5 3 3
4 8 7 6 5.5 5 4.5 4 3.5
5 10 8.5 7.5 6.5 6 5.5 5 4.5

Goal: Given the following USA guidelines for time taken for BAC to return to 
zero for males of various body weights and levels of alcohol consumption, 
deduce a corresponding mathematical model (Table 51.1).

Students will require different levels of prompting, depending on their mathematical 
confidence and modelling abilities. A guided approach could be as follows; the actual 
discussion should be student-driven, with the questions below highlighting key points.

•	 What parameters are given in the table? What happens to time as the values of the 
parameters change? What mathematical operations can be used to achieve this? 
(Answer: The number of drinks consumed n, and weight W. As n increases, time t 
increases. As W increases, t decreases. Mathematically, the former can be achieved 
by adding or multiplying by n, the latter by subtracting or dividing by W.)

•	 Do you notice any important properties of some of the data in the table? (Hint: 
consider the column corresponding to a weight of 240 pounds. Answer: for this 
weight, the time in hours equals n. For a weight of 120 pounds, time equals 2n.)

•	 Find a mathematical relationship between n, W and t that gives correct values for 

the column corresponding to a weight of 240 pounds. (Answer: t
n

W
=

240
.)

•	 How accurate is this formula for other weights? (Note: the model is quite accurate, 
as can be verified by substituting some values into the model. The largest variation 
between modelled and tabulated times is less than 20 min.)

A less guided approach would be simply to present the table to students and ask 
them to derive the model by hand or using technology. Note that weights in the table 
are given in pounds, so a further discussion could be held on conversions between 
systems of units.
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4  �Investigation 2: Predicting Your BAC, Part 1

Goal: From first principles, derive an equation that models a person’s BAC 
over time, assuming that consumed alcohol is instantly absorbed.

Experimental scientific research has shown that alcohol is soluble in water (but 
not in fat), and is typically metabolised by the body at a constant rate. A mathematical 
model for BAC was derived in the 1920s by the Swedish physician E. Widmark, 
who conducted much of the early research into alcohol pharmacokinetics. The model, 

known as the Widmark formula, is B
A

rW
Vt= ´ -100 , and is commonly used in 

modern legal cases. The parameter r is called the Widmark factor, and estimates the 
proportion of body weight that is water. The precise value of r varies between 
individuals, but reasonable estimates are r = 0.7 for males and r = 0.6 for females. 
(The Widmark model assumes that alcohol is instantly absorbed after consumption; 
this is relaxed in Investigation 5.) Here are some questions that could be used to 
prompt discussions on deducing the Widmark formula.

•	 What factors impact on a person’s BAC over time? (Answer: Amount of pure 
alcohol consumed, weight (more correctly, mass), gender, time since consumption, 
stomach contents – see Investigation 5.)

•	 Will each of these result in an increase or decrease in BAC? Why? (Note: 
more consumption leads to increased BACs because more alcohol must be 
distributed in the body; higher weights lead to lower BACs because there is a 
larger volume into which the alcohol is distributed; women typically have a 
lower proportion of body weight that is water compared to men, so will have 
a higher BAC when other factors are fixed; as the time since consumption 
increases, BAC will decrease as more alcohol will already have been 
metabolized.)

•	 Consider a person with weight W grams and proportion r of their body weight 
being water, who consumes an amount A grams of pure alcohol. Find their 
BAC immediately after consuming the alcohol, assuming that absorption is 

instantaneous. Express your answer as a percentage. (Answer: B
A

rW
= ´100.)

•	 Assuming that alcohol is metabolized at a constant rate of V % per hour, find an 
expression for BAC at time t after consumption. (Answer: the Widmark formula.)

•	 Verify that the units in the Widmark formula are consistent.
•	 Typically, the value of V is around 0.015 % per hour, r = 0.7 for males and r = 0.6 

for females. Determine how long it would take for your BAC to go below 0.05 % 
(the legal limit for driving in Australia on an Open Driver’s Licence) and to zero 
(the legal limit for Learner’s Permits and Provisional Licences.) Do this for your 
current weight and ±10 kg, for a range of levels of alcohol consumption.

•	 What does the graph of BAC look like? (Answer: a decreasing linear function.) 
Interpret the gradient and y-intercept. (Note: y-intercept is the initial BAC, and 
the gradient is V.)
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An alternative approach to this investigation is to use calculus to derive the Widmark 
formula. Given that alcohol is metabolised at a constant rate of 0.015 % per hour, 
students can use integration and knowledge of the initial BAC deduced above to 
derive the formula.

5  �Investigation 3: Predicting Your BAC, Part 2

Goal: From first principles, derive an equation that models a person’s BAC 
over time, without assuming that consumed alcohol is instantly absorbed.

Derivation of the Widmark formula (for example, in Investigation 2) relies on the 
assumption that after alcohol is consumed, it is instantaneously absorbed by the 
body. In reality, whilst absorption is very rapid, it is not immediate. Instead, the rate 
at which alcohol is absorbed by the gut at any time is proportional to the amount of 
alcohol that is present in the gut at that time. Posey and Mozayani (2007) present the 
following variant of the Widmark formula for BAC at any time t after commencing 
consuming alcohol:

	
B

A

rW
e Vtkt= - ´ --( ) .1 100

	

A range of approaches could be taken in this investigation. For students who have 
studied differential equations, the following key questions could be used to prompt 
discussions.

•	 The rate at which alcohol is absorbed into the bloodstream is proportional to 
the amount in the gut at any time, G(t). Write a DE for G(t). (Answer: G′ = −kG, 
noting that the constant must be negative because the amount is 
decreasing.)

•	 If a person consumes a quantity A of pure alcohol, solve the preceding DE. (Hint: 
what function has its derivative equal to some constant multiplied by the original 
function? Answer: G t Ae kt( ) = - .)

•	 Write an expression for the amount of alcohol absorbed into the body at any 
time. (Answer: A Ae kt- - .)

•	 Rewrite the Widmark formula to include the new absorption term. (Note: this is 
the Posey and Mozayani formula, given above.)

•	 What does k represent, and what might affect its value? (Answer: k represents the 
absorption rate of alcohol in the gut, and is influenced by factors such as whether 
there is food in the stomach prior to consuming alcohol.)

•	 Compare and contrast the two formulae. What happens to the new absorption 
term for larger values of t? Repeat for larger values of k. (Note: as t increases, the 
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absorption term approaches the amount of alcohol consumed, A. For larger values 
of k, the absorption term approaches A more quickly.)

•	 The value of k is approximately 2.3 when there is no food in the stomach, and 6 
for a full stomach. What does this tell you about eating before consuming alcohol? 
(Note: alcohol will be absorbed less rapidly if you eat before drinking.)

•	 It is commonly believed that eating prior to consuming alcohol results more quickly 
in a zero BAC, compared to not eating first. Is this supported by the mathematics? 
(Note: there is an impact on the rate of absorption but not on metabolism.)

6  �Investigation 4: Maximum BAC Levels

Goal: Investigate the maximum BAC and the time at which it occurs.

Posey and Mozayani’s formula (see Investigation 3) can be used to complete this 
investigation. Here are some key points that could be used to prompt discussions.

•	 Graphically investigate the maximum BAC and the time at which it occurs.
•	 Use calculus to find an expression for the maximum BAC and the corresponding 

time. (Note: find the derivative B′and solve B′= 0.)
•	 Investigate the impact of different levels of consumption, heights, weights and 

genders, and the presence (or otherwise) of food in the stomach.
•	 Collect information on some commonly prescribed drugs, and report on the role of 

mathematics in the pharmacological data. (Note: most fact sheets report such things 
as the maximum concentration, the corresponding time, and the drug half-life.)

There are many interesting extensions to this investigation. For example, students 
could be presented with a scenario in which an individual records a certain BAC at 
a given time after consuming alcohol, and be asked to extrapolate back to determine 
whether the individual had a peak BAC higher than a certain level, say 0.05 %. 
Students would need to know the height, weight and gender of the person. This type 
of calculation is relatively common in court cases relating to driving under the 
influence of alcohol.

7  �Investigation 5: Time for BAC to Reach a Certain Level

Goal: Investigate the time at which BAC reaches certain levels (such as the 
legal level for driving a vehicle), without assuming that consumed alcohol is 
instantly absorbed.
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Estimating the time at which BAC reaches certain levels (such as 0.05 % or zero) 
is easy when using the Widmark formula. However, this is substantially more chal-
lenging when using Posey and Mozayani’s formula as it is not possible to isolate t. 
Students could use technology or apply root finding algorithms to find approximate 
values of t. The following key questions could be used to prompt discussions.

•	 How can BAC be estimated if it cannot be calculated exactly? (Note: estimate, 
check, and improve, use technology)

•	 What value for t might be chosen as the initial value?
•	 Does the time taken to return to 0 % depend on whether you drink on an empty 

or full stomach? (Answer: no; however, stomach contents do affect the rate of 
absorption, and hence the maximum BAC and the time taken to reach that value.)

As in Investigation 5, students can be presented with details of a particular case 
and deduce (for example) the times during which it would be illegal to drive a 
motor vehicle.

8  �Investigation 6: Areas Under BAC Curves

Goal: Investigate areas under the curve for BAC graphs, particularly in the 
context of binge drinking.

Areas under blood concentration curves (AUCs) are important in pharmacology. 
By combining the key pharmacological parameters of concentration and time, the 
AUC quantifies the “total exposure of the body to the drug”. In the context of BAC, 
the AUC allows some interesting observations to be made. The following questions 
could be used to prompt discussions; they are suitable even for students who have 
not studied calculus.

•	 Collect information on some commonly prescribed drugs, and report on the role 
of mathematics in some of the pharmacological data. (Note: most fact sheets 
report such things as the AUC of the concentration curve.)

•	 Sketch the BAC graph using the Widmark formula and calculate AUC for n 
drinks. (Note: this calculation can be undertaken using the area of a triangle.)

•	 Compare the AUC for different levels of consumption. What do you notice about 
how the AUC changes? Why? (Note: the AUC rises with the square of the number 
of drinks consumed, as there is an increase in both the maximum BAC (height) 
and the time to return to zero (width).)

•	 Compare the AUC for a person consuming two drinks a day for each day in a 
week, with the AUC of another person who consumes 14 standard drinks in a 
binge drinking session on 1 day in the week. (Note: the AUC for the binge drinker 
is 7 times that of the other person.)
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•	 What are the implications of your results for binge drinking? (Note: AUC 
quantifies the total exposure of the body to alcohol. Because the AUC rises with 
the square of the amount consumed, binge drinking results in a much larger poten-
tial negative impact of alcohol on the body as compared to moderate consumption.)

For students who have studied calculus, the above calculations can be repeated 
using integration to find the AUC for the Widmark BAC graph, then repeated using 
Posey and Mozayani’s formula, for the case when the stomach contains food and 
when it does not.

9  �Conclusion

The investigations provide opportunities to motivate students to engage in 
mathematics due to their real world appeal. Whilst the modelling approaches are 
consistent with Julie and Mudaly’s (2007) modelling as vehicle, Stillman et al.’s 
(2008) contextualised examples, and Kaiser and Sriraman’s (2006) realistic model-
ling, the investigations can be approached from other modelling perspectives. These 
investigations allow teachers, of both upper secondary and first year university 
students, to promote mathematical understanding and thinking rather than ‘regurgi-
tation’, they make mathematics applicable, demonstrate utility of mathematics, and 
promote variety in teaching strategies. They may also engender student interest in 
mathematics promoting engagement and success, leading to retention of students 
in mathematics.
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Abstract  Mathematical modelling is a popular tool used to solve many quantitative 
business problems. It is a challenge to teach mathematical modelling skills to 
students, in non-mathematics majors, from business schools for example, who will 
potentially be employed to tackle business problems raised in market competition. 
In discussing the method to estimate customer lifetime value (CLV), as an example, 
we focus on the dynamical relationship among variables rather than simply setting 
up a formula from which the subject can be readily solved. Such a dynamical 
system approach exhibits the logistic nature of the CLV model. The pedagogical 
implication of learning this logistic property is that the learnt technique is applicable 
in various market scenarios. In showing this model, it is asserted that mathematical 
modelling is not merely a variation of problem solving.

1  �Introduction

Mathematical modelling is a popular approach for solving many quantitative 
problems in business. Taking investment optimization as an example, in a highly 
competitive market environment the survival of an enterprise depends on its ability 
to capture recurrent revenue generated by its customers. Senior management 
frequently questions the worthiness of high spending on promotions and other 
marketing tactics in order to keep customers loyal. When answering the question of 
worthiness in general, inevitably the solution represented by the unknown of an 
equation showing the relation between revenue and cost is sought. In other words, 
the quantitative answer to a modelling equation which reflects the real market 
situation must be found.
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In business school, it is a challenge for teachers to teach mathematical modelling 
to non-mathematics major students who will work in various business sectors after 
graduation. Business professionals feel that it is absurd for mathematicians to be 
concerned with abstract and niche concepts of Lie groups or locally convex spaces, 
for example. For them, this is totally disconnected from what they have learnt since 
university education in the real world. My personal experience verifies this double 
discontinuity described by Klein (2004a, b) really exists. There is a relational 
gap between school mathematics and university mathematics as well as when we 
return to teach school mathematics after earning a university degree. Mathematics 
professionals will experience similar disconnections and hurdles in how to apply 
learnt knowledge practically when employed, after university education, in various 
business sectors like banking, telecommunications, or other service industries. To 
close this gap a little, university teachers have to teach undergraduate students how 
to use mathematics properly in this area. Applied mathematicians play an irreplace-
able role in filling the gap such as the disconnection between university knowledge 
of mathematical modelling and real-life application in various industries.

One common way to fill such a gap is to have students practise relevant problem-
solving skills. Exposing students to many real-life problem scenarios is useful. 
However, as Sweller et al. (2010) claim, teaching general problem-solving skills is 
not a substitute for teaching mathematics. How can students be effectively taught 
real-life problem-solving skills at the same time as being taught the mathematical 
concepts and knowledge of modelling? One suggestion is that instead of teach-
ing students particular problem-solving skills, we may consider teaching them 
genuine mathematical modelling skills. Applying modelling skills in tackling the 
challenge in real business situations leads to solving a particular problem (e.g., solv-
ing the modelling equation of business enquiry). While building the model, solid 
mathematical knowledge is required. In such a learning process, learners have to 
grasp deep and wide mathematics knowledge, in order that they can use this when 
encountering real-life problems both at university and in work. Hence, a more holis-
tic learning sequence for modelling could be: (i) identifying real-life problems; (ii) 
establishing an appropriate modelling equation; (iii) solving the modelling equation 
in general hence, solving the particular real-life problem; (iv) using the result to 
make some estimations or business forecasting; and (v) fine-tuning the modelling 
skills and modifying the modelling equation. A fundamental question is: what is the 
difference between modelling and problem solving? Besides, is getting the numeri-
cal answer the sole goal of learning the modelling process?

2  �Theoretical Frameworks

Doerr and English (2003) defined a model as a system of elements, operations, 
relationships, and rules that can be used to describe, explain, or predict the behav-
iour of some other familiar system. In problem solving, we do not necessarily need 
any system of elements, operations, relationships, or rules to discuss or explain. 
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Many problematic results (expressed by an equation or a formula) are simply 
represented by a solved solution. Such a solution when obtained via a problem-
solving approach is represented in the form of equality. They are mostly parameter 
dependent but not variable (e.g., time) dependent. That means the equation consists 
of some unknown parameters and quantities, and real-life situations and conditions 
will numerically provide the values of such unknowns, except for one subject 
unknown needing to be found. In modelling, in contrast, the equality among 
unknowns is not compulsorily directly established but the interrelationship is set up 
among dependent and independent variables, represented by a modelling equation. 
Solving such an equation leads to the answer sought. Taking the well-known 
business problem of finding the value of a customer within a period in the service 
industry, we may intuitively set up an immediate quantitative solution to the 
problem of customer value furnished by the difference between the revenue generated 
and the marketing cost, represented by the equality: Customer’s value over a period 
of service = revenue generated by the customer – cost to keep the customer loyal to 
the service provider, or simply: customer value = revenue generated – cost. This 
shows that customer value is a direct result of a single subtraction by substituting 
the known quantities: revenue and cost. However, it is difficult to estimate future 
value of such a customer because future magnitudes of the two unknowns on the 
right-hand side are not easy to predict. In more mathematical terminology, to 
estimate the future value of such a customer when this value is time dependent is a 
difficult task. Two different approaches for finding such customer value are discussed 
in coming sections.

2.1  �Models of Customer Life Time Value

In their paper, Kotler and Armstrong (1996) defined a profitable customer as a person, 
household, or company whose revenue over time exceeds, by an acceptable amount, 
the company costs of attracting, selling, and servicing the customer. This excess is 
called the customer lifetime value (CLV). A positive CLV is then necessary for a 
company’s survival. Berger and Nasr (1998) discussed a CLV equation originally 
offered by Dwyer (1989) when the market scenario is relatively simple and stable:
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(52.1)

In this equation they defined the following: C as the yearly gross contribution =  
Revenue − Cost of sales; M as the promotion cost per customer per year; n as the 
length in years of the period over which cash flows are to be projected; r as 
the yearly retention rate; d as the yearly discount rate (appropriate for marketing 
investment). Explanation of setting up Eq. (52.1) is given by Dwyer (1989) (also see 
Reichheld 1996).
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To mathematicians, it seems an already solved resultant equality rather than an 
equation showing the relationship among the unknown variables and parameters. 
It simply shows a solution that has already been solved, which is a formula type of 
equality rather than the original unsolved equation. When mathematicians talk 
about modelling, they do not directly establish Eq. (52.1) as a well-made type of 
solution but the system of equations itself. Solving such a system of equations 
(a dynamical system if the variables are time dependent) will give Eq. (52.1), as a 
solution, representing the CLV we want. This is one of the differences between 
problem-solving and modelling. The next question is: does the equation of dynamical 
modelling to estimate CLV exist? If so, what will it be, and what is the solution?

By definition, CLV can be summed up as the periodical net revenue generated by 
a particular customer over the entire duration of service. In the service industry, a 
household may subscribe to the same service over a very long time. Assuming that 
the gross revenue is larger than the total cost, the profit P, as a function of time t, per 
such customer will be periodically generated. We can represent the time dependent, 
periodic profit by P t P t h P t h( ), ( ), ( ), ,+ + ¼2  respectively for such a discrete case, 
where h is the time interval. We then have the increase in profit over the time period 
h P(t h) P(t): + - ;  the gross contribution (GC) is proportional to P(t) over a period 
of h such that GC BP t h= ,( )  B is a constant; the marketing cost (M) to retain a 
customer is proportional to P(t), over a period of h, gives M CP t h= ,( )  C is a 
constant. Then the profit over a period of h is given by the expression 
P t h P t GC M( ) ( )+ - = - . Now we consider the case when h is small, to get 
P t h P t B C P t h( ) ( ) ( ) ( )+ - = -  and obtain a linear ordinary differential equation 

(ODE) 1
P t

d
dt P t B C( ) ( ) ,= −  where the ratio of the rate of change of profit and the

profit at the time t is a constant. For a more realistic market situation, we can further 
suppose that the right-hand side is non-linear. Instead of B − C, we make it a 
non-linear function, f (P(t)) or simply f (P). It is natural to assume that the rate of 
profit generated per customer will start with a slow manner initially, and then grow 
faster when the customer adopts the services provided, and is eventually slowed 
down again when consumption is reaching its maximum. Possessing such an 
effect of diminishing returns, P(t) will approach its maximum P* as the equilibrium 
stage after a long service period. Then f (P) can be assumed to be proportional to 

P P* - . Hence, the above linear ODE can be modified by putting f P
P
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where, α is a constant. We finally arrive at the non-linear, ordinary differential 
equation
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(52.2)

This is called the logistics CLV modelling equation. It does not directly lead to the 
value P by simple substitution, but P is embedded in this parametric equation, where 
the two parameters, a and P* , are feasibly estimated by the historical data of ser-
vicing the customer. Solving the above non-linear logistic differential equation 
gives the profit, in P t( ),
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where k is a constant depending on the initial value P P0 0= ( ), and the ceiling P*.  
The solution curve can be sketched qualitatively (Fig. 52.1).

Integrating the function P(t) over the length of the servicing period T, we shall 
have the CLV evaluated by using the solution of the logistic differential equation. 
However, in a realistic case, services are subscribed to in a discrete manner, or for 
data that can only be collected in discrete time. Putting equal time interval h and 
letting t = nh, and normalizing the time interval, says, monthly, we can set h = 1, 
and get from (52.3) that
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This gives the discrete modelling equation
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To compare the two approaches to evaluate CLV, we summarise and modify 
the characteristics of the two different models in the following in Table 52.1, with 
reference to Zawojewski (2007).

Generalizing Eq. (52.1) into a smaller period of discounted profits, we define the 
desired effective discount rate d and nominal annual discount rate d* respectively. 
The logistic nature can be verified in the light of the characteristic of the exponential 
property of CLV value function. Then the continuous CLV formula over a period T 
will be given by:
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Fig. 52.1  The logistic nature 
of the profit per customer P(t) 
over time.
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(For detail, see Berger and Nasr 1998). p ( )t  is the profit function, and the term 
r

d1+
 also appears in formula (52.1). For validation of the CLV equations (52.1) 

and (52.5), see illustrations in Berger and Nasr (1998).

2.2  �Pedagogical Implications

Lesh and Zawojewski (2007) described problem solving as modelling when “a 
task, or goal-directed activity, becomes a problem (or problematic) when the 
problem solver needs to develop a more productive mathematical way of thinking 
about the given situation” (p. 782). The question is of course: how much more is 
more? Ability to identify the logistic nature of a CLV function by a problem solver 
is an indicator for his or her development of a more productive way of thinking 
about the given market scenario. During the modelling procedure, analysis skills 
will be sharpened. This is an analytic interpretation (logistic nature) rather than 
pattern recognition (a periodic sum during the service purchased). The model-
builder seeks an explanation for phenomena of dependencies and independencies 
of variables. It is a kind of functional interpretation rather than substituting known 
values to solve for unknowns from a formula. The most prominent result of mod-
elling, rather than problem solving, is that a modelling equation with a solution 
has much stronger predictive power. It has a better hypothetical justification in 
that it predicts potential outcomes and justifies its legitimacy. Such forecasting 
potential is welcomed by most marketing managers. Solving a problem in a 
dynamical modelling approach requires an even more productive mathematical 
way of thinking about the situation.

Applying modelling skills to solve a problem in comparison with applying 
general problem-solving skill is more appealing to students who are learning 
mathematical concepts because further steps are taken to analyse the character of the 
expected solution. The logistic nature of the solution of the CLV equation is a good 
illustration of how a more holistic way (i.e., more productive mathematical way) of 

Table 52.1  Comparison of Berger and Nasr’s CLV model and the Logistic CLV model

CLV models and the modelling equations

Berger and Nasr’s model Logistic CLV model

Direct calculation of unknowns  
from the equation formulated

Setting up the equation, solve it to get the parametric 
dependent solution

Not necessary to develop a theory Possible theory developed
Static system establishment: the effect  

of rate of change is embedded
Dynamical system establishment: incorporate the 

effect of the rate of change
Static approach focus on “what to do”:  

goes from the “given information”  
to the “goals”

Dynamic approach focus on “way of thinking” via 
interpretation and reinterpretation to establish the 
inter-relationship among variables and parameters
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knowing how to solve similar problems in different situations can occur. In a real 
business environment, such a situation likely exists as a competitive market environ-
ment with various promotions offered by competitors.

One of the functional purposes asserted by Doerr and English (2003) about 
modelling is to use it in some other familiar systems, which indicates a transferral 
of skills, reinterpretation, and generalisation in the modelling process. A competent 
modelling skill enables problem solvers to further generalise it, in a relatively 
straightforward way, to a more sophisticated model to adopt the change of market 
situation. In particular, when the rate of change in profit made at the current 
time is the time delay effect of some marketing promotion done before, we 
can then model Eq. (52.2) by a more realistic time delay ODE for CLV; 
d

dt
P t P t P t P t t t( ) ( ) ( ) ( ) ( )= - - , = , Î - , ,a b t f t1 0[ ] [ ]  where t  is the delay and 

f( )t  is the initial function. Furthermore, in a keen competitive market situation, it 
is natural that the system, represented by the modelling equation, will exhibit a sudden 
stir for a short time during the customers’ loyalty period. Such a stir may exist as a 
competitor promotes a highly discounted subscription fee for potential churners. 
Thus, a sharp drop in revenue for a particular customer will result for a very short 
time during the regular service period. We then further generalise the non-linear 
ODE, where the logistic nature is preserved, to the impulsive ODE for which 
advanced knowledge of solving is required.
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2.3  �From Modelling Process to Theory Development

As asserted by Newby et al. (2006, p. 25), mathematical theory can be developed in 
a general looping sequence of three analytical steps:

	

observation explanation prediction observation
explanation

→ → →
→ →→ … → theory 	

In reality, there is always discrepancy in the prediction stage after we have observed 
and explained (solved) the corresponding problem. This discrepancy can also be 
used as a feedback to observation for refinement of further explanation then such 
a loop continues. Observing the spending behaviour from customers’ consumption 
statistics will lead to our conjecture that customers will easily churn without appro-
priate promotion reaching them. Such promotion is costly and likely to increase 
over time. When customers learn from the market and shop around for cheaper 
service, diminishing return on the generated profit of the customers of the service 
provider or company results. This explains the logistic nature and leads to the estab-
lishment of a logistic model equation. The solution acts as a good tool to predict the 
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future value of the customer, hence CLV. Perception wise, problem solvers learn 
that modelling skills mean looking for a well-made formula and then substituting in 
some values for unknowns to obtain an answer, though the unknowns are sometimes 
not easy to obtain. Education professionals may find that, when teaching mathematical 
modelling to non-mathematics majors, students tend to use a ready-to-evaluate type 
of formula to find the answer but are reluctant to develop a modelling equation 
from the very beginning where variables are interrelated. Though in our example of 
logistic CLV, the solution itself is not easy to be found because it is beyond the 
standard knowledge of an elementary course of ordinary differential equations, such 
an approach in solving practical problems in a business course can still be introduced. 
In introducing the logistic nature, students are not merely told of the characteristic 
of diminishing return of the solution curve, rather, such a logistic property can be 
deduced mathematically from the basic CLV equation.

Gravemeijer (1994) defined four levels of the modelling process when a problem 
solver tackles a real life problem, namely: (1) the situational level, (2) the referential 
level, (3) the general level, and (4) the formal level. In brief, in the formal level, 
problem solvers will reason the situation in terms of formal mathematical relations 
and principles. However, as mathematics learners, we are keen to know if we can 
further generalise the mathematical relations rigorously to an analytic system from 
which related theory can possibly be developed. Can we go one more level beyond 
the formal level in Gravemeijer’s hierarchy of the modelling process? What kind 
of mathematical process will be exhibited at this extended level? From the CLV 
model we are discussing, we can initially summarize the possible characteristics 
of such an extended level: it is likely to be an establishment of a generalised, para-
metric dependent equation (e.g., Eq. (52.2)) where the solution (e.g., Eq. (52.3)) is 
expressed as an equation, instead of formula (e.g. Eq. (52.1)), and is also parametric 
dependent. In the extended level, generalisation must go beyond the superficial 
calculation to develop a related theory that may be used to solve the entire problem 
of CLV in a holistic way. The circular loop observation – explanation – prediction 
originally defined by Newby et al. (2006) can lift up the Gravemeijer’s modelling 
process from the formal level to this extended level where theory can be developed. 
Because of the intensive analytic nature in such a level, we call it the analytic level 
where mathematics theory is developed for a more holistic sense of solving the real 
life problem via the modelling process. The following figure schematically shows 
how the logistic model can be generalised to the time delay model, impulsive model, 
and discrete model, and reduced to the Berger and Nasr formula. As a whole, these 
formulate a simple theory of solving the general CLV problem.

All the models shown in Fig. 52.2 serve as a complete explanation to cover 
various real market situations. It is understood in reality that time measures are 
discrete, profit generated by a customer exhibits a time delay effect in logistic 
characteristics, while the competitors’ promotion will stir the market in an impulsive 
manner. With all these generalised versions considered, a theory has been generated, 
perhaps not the most complete one, to explain and evaluate the CLV problem. 
Though there might be some more sophisticated model to explain the evaluation 
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of CLV, such as the stochastic model (e.g., Leung et  al. 2008), our analysis has 
demonstrated how to generate a related theory. We may add an extended level: the 
analytic level to the modelling process described by Gravemeijer (1994).

3  �Conclusion

There are other types of generalisation of the CLV model such as the Stochastic 
model or the perpetual model. We conclude our discussion for further generalisation 
but intend to incorporate both problem-solving skills and modelling skills in teacher 
competency. We note the consensus that the understanding of the logistic nature of 
a function is essential in deducing the modelling equation of the logistic type. In 
tackling the problem using Eq. (52.1), students may easily gloss over some very 
important mathematical knowledge essentially constituting the logical deduction of 
the non-linear ODE. One may argue that many business students, even in university, 
may not have the knowledge to solve ODEs. That is true. However, there are com-
putational software tools that provide ready-made solutions of logistic type ODEs. 
Technically, the answers can be found by supplying the numerical values of those 
parameters to the equation. We believe that mathematical content knowledge will 
play a key role in the process of modelling. In teaching modelling courses to busi-
ness students, we shall not sacrifice the rigorous derivation to arrive at the dynami-
cal system represented in the ODEs, instead of deriving solely the formula solution 
type of Eq. (52.1). Students will learn that modelling does not directly go for a 
solution but a precedent stage of dynamical relationship represented by Eq. (52.2). 
Whether one decides to teach problem-solving skills through the problematic 
approach as in establishing Eq. (52.1), or the dynamical modelling approach as in 
establishing Eq. (52.2) and hence the entire theory of tackling the CLV problem 
depends on, inevitably, the subject content knowledge of the teachers.

Borrowing the claim by Viadero (2004): “teaching mathematics requires a 
special set of skills” (p. 8), we may analogously say that teaching mathematical 
modelling requires a special set of skills. Competent teachers must be able to 
unpack, as defined by Ball et al. (2009), mathematical ideas and be able to scaffold 

Fig. 52.2  The schematic relationship among the various logistic CLV models
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them for student learning. Teachers must be able to distinguish and identify student 
confusion, misconceptions, ability to manipulate abstract definitions and expressions, 
and level of confidence in using algorithms. All these ingredients are fundamental 
to any teaching approach; but what is the set of skills needed, and what kind of 
mathematical ideas are ready to be unpacked?

Hill et al. (2008) show the various components of such knowledge contained in 
two domains: the domain of pedagogical content knowledge (PCK) and subject 
matter knowledge (SMK). SMK consists of the sub-components: (i) Common content 
knowledge, (ii) Knowledge at the Mathematics horizon, and (iii) Specialised 
content knowledge. Common content knowledge in the case of developing the theory 
of mathematical modelling of CLV is knowledge about calculus and differential 
equations. Knowledge of making use of data to establish unknown parameters in the 
modelling equation is probably the knowledge at the mathematics horizon because 
teachers must have the ability to connect the real situation such as the sensitivity of 
retention rates and the reality manifested by recorded data in the process of building 
the CLV model, and analysis of the solution in the forecasting process. Finally, the 
most important aspect is knowledge of applying the logistic concept to interpret this 
whole process of modelling. Knowledge of the consumer market such as the effect 
of diminishing returns, the concept of the Law of Mass Action in chemical reaction 
of two substances in justifying the product P(t)(1-P(t)/P*) in Eq. (52.2), under-
standing of the relationship of the derivative of the profit function and the function 
itself all constitute the third component: the specialised content knowledge. Without 
such knowledge teachers are unlikely to lead students to interpret the CLV in a non-
linear, logistic, and realistic manner. Consequently, they will not be able to build up 
the fundamental logistic ODE (52.2), and in turn, develop the whole theory of CLV.

In light of the many theories of mathematics education, when tackling the problem 
in a business scenario, how to effectively teach students of non-mathematics majors 
to use mathematical modelling skills will be a challenge. Higher-level knowledge 
is essential and a holistic understanding of the subject content is required. Content 
knowledge is a backup to good pedagogy. Hence, we also believe that content 
knowledge guides pedagogy (Belfort and Guimaraes 2002; Li et al. 2010), at least 
in teaching of mathematical modelling under a real business situation.
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