
Chapter 13
Hume–Rothery Stabilization Mechanism
of Be-Based Complex Alloys

H. Sato, M. Inukai, E.S. Zijlstra, and U. Mizutani

Abstract We performed first-principles FLAPW (Full potential Linearized Aug-
mented Plane Wave) band calculations for Be13Mg and Be13Sb. Furthermore, we
calculated the Hume–Rothery plot and e/a with the tetrahedron method from the
case.output1 file generated from WIEN2k. These complex alloys belong to fcc
structures with almost the same atom density as hcp Be. From the FLAPW-Fourier
spectrum, we could point out that, in both alloys, the pseudogap is formed by
Fs–Bz interactions with the spheres just coinciding to reciprocal lattice vectors,
|G| = 32,35,36 and 40.

13.1 Introduction

Both the Fermi surface–Brillouin zone (Fs–Bz) interactions and orbital hybridiza-
tions have been considered to be responsible for the formation of a pseudogap across
the Fermi level in structurally complex metallic alloys (CMAs) [1]. Research along
this line had been initiated in the framework of the nearly free electron (NFE) model
and later the linear muffin-tin orbital-atomic sphere approximation [2]. The NFE
model has a serious drawback since it cannot properly handle transition metals (TM)
bearing localized d-band near the Fermi level. To overcome this difficulty, Mizutani
and co-workers employed first-principles FLAPW band calculations and established
a powerful technique named the FLAPW-Fourier method to extract Fs–Bz interac-
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tions even in strongly hybridizing CMAs [3–5]. The square of the effective Fermi
diameter (2kF )2 and the number of itinerant electrons per atom e/a can be deter-
mined by extracting major plane waves of itinerant electrons outside the muffin-tin
spheres and subsequently averaging the square of the wave vectors at the Fermi
level. The method above has been specifically named the Hume–Rothery plot (here-
after abbreviated as the HR plot), since it can determine the e/a value serving as a
key parameter in the Hume–Rothery electron concentration rule. Using the HR plot
method, they could determine e/a values even for TM metals and their alloys [6],
which had been a longstanding subject in the electron theory of metals since the
1930s [7, 8].

In the present work, attention is directed to the Be13X (X = Mg, Ca, Zr, Sb and
La) compounds containing 112 atoms per unit cell (cF112) with space group Fm3̄c.
The structure information of Be13X compounds is available in the literature [9].
They are characterized by a deep pseudogap across the Fermi level. Our objective
is to discuss the origin of the pseudogap from the viewpoint of Fs–Bz interactions
by applying the FLAPW-Fourier analysis to Be13Mg and Be13Sb, both of which are
composed of only sp-bands.

We have recently established the tetrahedron method to enhance the accuracy in
the HR plot method. Its principles will be described in Sect. 13.2. We have per-
formed the HR plot analysis for not only fcc-Be13Mg and Be13Sb but also for hcp-
Be, hcp-Mg, trigonal-Sb as references.

13.2 Electronic Structure Calculations

FLAPW band calculations have been executed with INTEL version Linux personal
computers by using the WIEN2k program package [10]. It provides us the list of the
j th eigenvalue E

j

k and the corresponding Fourier coefficient C
j

k+G of an allowed
reciprocal lattice vector G for the wave vector k in the irreducible wedge of the first
Brillouin zone.

The tetrahedron method is newly developed for extracting the set of LAPW states
having the largest Fourier coefficient |Cj

k+G|2max. The values of E
j

k and C
j

k+G for
any k point in the Brillouin zone of the parallelepiped are replaced by those for
the equivalent k point in the irreducible wedge of the zone, by means of symmetry
operations in a given crystal structure. The wedge is further divided into the assem-
bly of tetrahedra. The LAPW state {2|k + G|}2

E having |Cj

k+G|2max is calculated at
the centre of gravity of each cross-sectional area S�(E) formed by cutting the �th
tetrahedron through a given energy surface E, using a linear interpolation approxi-
mation [11], and is averaged over all the tetrahedra in the Brillouin zone:

〈{
2|k + G|}2〉

E
=

∑
� in BZ

{2|k�
cg+G|}2S�(E)

|∇E|�∑
� in BZ

S�(E)
|∇E|�

(13.1)
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where k�
cg specifies the wave vector at the centre of gravity (cg) of S�(E). The

number of itinerant electrons per atom e/a is calculated from
(

e

a

)

local
= π

3Natom

[
V

3/2
uc

4π2

〈{
2|k + G|}2〉

EF

]3/2

, (13.2)

where Natom and Vuc are the number of atoms per unit cell and the volume of unit
cell, respectively.

13.3 Results and Discussions

The HR plot, i.e. the energy dependence of V
3/2
uc

4π2 〈{2|k + G|}2〉E along with the total
and partial DOSs for hcp-Be and hcp-Mg are shown in Figs. 13.1 and 13.2, respec-
tively. A DOS pseudogap of about 5 eV in width is observed across the Fermi level
in Be while a free electron-like DOS with small van-Hove singularities is present
in Mg. As can be seen in Fig. 13.1, the pseudogap in Be can be ascribed to or-
bital hybridizations mainly due to the p states in Be. The direct reading of the or-
dinate at the Fermi level in Be and Mg yield (2kF )2 of 2.64 and 2.46 in units of
(2π/a)2 × 3

√
3a2/4c2, respectively. The effective (e/a)local value is now immedi-

ately calculated from Eq. (13.2) to be 2.24 and 2.02, respectively. The HR data
points in Mg fall on a straight line from the bottom of the valence band up to +10 eV.
The resulting electronic parameters (2kF )2 and (e/a)local are in perfect agreement
with the free electron value.

In the case of Be, we obtained an almost +10 % deviation from the nominal
valence of two. The enhancement in e/a is explained in terms of the existence of
strong orbital hybridization effects in Be. Note that almost 70 % of valence elec-
trons reside inside the MT-sphere of 2 Å in radius while the remaining 30 % as
plane waves in intermediate regions. The p-states in the neighbouring Be atoms are
hybridized via plane waves in intermediate regions strongly enough to split them
into bonding and anti-bonding states across the Fermi level. This effect is reflected
in the HR plot as an upward deviation from otherwise the free electron behaviour,
as is drawn with red in colour in Fig. 13.1. Similarly, the HR plot for trigonal Sb
known as a semimetal provided the value of (e/a)local which is 0.33 larger than its
nominal valence of five due to strong hybridization effects between the p-states in
the same way as in Be.

Now we are ready to discuss Fs–Bz interactions in Be13Mg and Be13Sb. As
shown in Fig. 13.3, we found the DOS pseudogap in Be to remain essentially un-
changed except for the growth of new states immediately above the Fermi level in
fcc-Be13Mg. A horizontal line with small open circles at both ends in Fig. 13.3
refers to bonding and anti-bonding states caused by the zone splitting associated
with {2|k + G|}2 = G2 (see Fig. 13.3). It is clear that electronic states over the en-
ergy range, where both the pseudogap and the new states are involved, are dominated
by those specified by G2 = 35, 36 and 40 in units of (2π/a)2.
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Fig. 13.1 Hume–Rothery
plot, and total and partial
densities of states for hcp Be.
Small open circles denote the
electronic state |G|2 versus
the energy eigen value at
given symmetry points, at
which the square of the
Fourier coefficient |Cj

G|2 is
the largest in the wave
function outside the MT
sphere

Fig. 13.2 Hume–Rothery
plot, and total and partial
densities of states for hcp Mg.
Small open circles denote the
electronic state |G|2 versus
the energy eigen value at
given symmetry points, at
which the square of the
Fourier coefficient |Cj

G|2 is
the largest in the wave
function outside the MT
sphere

The HR plot data deviate from otherwise the free electron-like straight line (see
the red line in Fig. 13.3) from −3 up to −1 eV but resume the free electron behaviour
across the Fermi level. The square of the Fermi diameter (2kF )2 = 〈{2|k + G|}〉2

EF

can be read off from the ordinate and turned out to be 35.92. This means that the
Fermi surface lies in contact with the zones formed by |G|2 = 35 and 36, indicating
the fulfillment of the matching condition (2kF )2 = |G|2 in the compound Be13Mg.
The (e/a)local value is calculated to be 2.01, which is very close to its nominal
value of two: (e/a)Be = (e/a)Mg = 2.0. We consider this to be brought about by the
restoration of the free electron behaviour at the Fermi level, thanks to the growth of
new states arising from orbital hybridizations between Mg-p and Be-p states.

The HR plot data along with the total DOS for Be13Sb are shown in Fig. 13.4.
The total DOS is again found to be similar to that in Be except for the growth of
new states across the Fermi level. The growth of the new states must be attributed
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Fig. 13.3 Hume–Rothery
plot, and total density of
states for Be13Mg. Small
open circles denote the
electronic state |G|2 versus
the energy eigen value at
given symmetry points, at
which the square of the
Fourier coefficient |Cj

G|2 is
the largest in the wave
function outside the MT
sphere

Fig. 13.4 Hume–Rothery
plot, and total density of
states for Be13Sb. Small open
circles denote the electronic
state |G|2 versus the energy
eigen value at given
symmetry points, at which the
square of the Fourier
coefficient |Cj

G|2 is the
largest in the wave function
outside the MT sphere

to orbital hybridization effect between Be-p and Sb-p states. One can see that the
free electron-like behaviour, as guided by the red line in Fig. 13.4, is resumed across
the Fermi level owing to the growth of the new states. The value of (2kF )2 is im-
mediately deduced to be 38.75 from the HR plot. The resulting (e/a)local = 2.26 is
very close to its nominal valence of 2.21 (=31/14), lending strong support to the
restoration of the free electron behaviour at the Fermi level.

Guided by the same symbols as those in Fig. 13.3, we are convinced to say that
electronic states over energies from −2 to +2 eV are heavily perturbed by zone
effects associated with G2 = 35, 36 and 40, thereby resulting in not only a wide
pseudogap but also the new states near the Fermi level inside the pseudogap. In
other words, Fs–Bz interactions involving multi-zones of G2 = 35, 36 and 40 are to
produce a wide pseudogap as a result of interference of electrons with relevant zone
planes in the fcc Brillouin zone.
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The Fs–Bz interactions in hcp-Be and Mg essentially involve a single zone of
G2 = 1.98 and 1.90, respectively. Instead, the participation of multi-zones is essen-
tial upon forming a pseudogap in CMAs including Be13Mg and Be13Sb.

In summary, we revealed that the effective Fermi spheres with (2kF )2 = 35.92
and 38.75 for Be13Mg and Be13Sb, respectively, are embedded in the net of almost
spherical Brillouin zones consisting of 12-fold {440} with G2 = 32, 48-fold {531}
with G2 = 35, 8-fold {600} and 24-fold {442} zones with G2 = 36 and 24-fold {620}
zones with G2 = 40. The Fs–Bz interactions involving the multi-zones above must
be responsible for forming a pseudogap and new states as well across the Fermi level
and thereby lowering the electronic energy of the system. The involvement of the
common Fs–Bz interactions in them leads us to conclude that they obey the Hume–
Rothery stabilization mechanism, though the multi-zone effect causes the resulting
(e/a)local values to be scattered over 2.01 to 2.26.
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