Chapter 12
Computation of the Szeged Index of Some
Nanotubes and Dendrimers

Ali Iranmanesh

Abstract Let e be an edge of a G connecting the vertices # and v. Define two
sets Ny (e|G) and N, (e|G) as Ny (e|G) = {x € V(G)|d (x,u) <d(x,v)} and
Ny (e|G) = {x € V(G)|d(x,v) <d(x,u)}. The number of elements of N; (e| G)
and N, (e| G) are denoted by n; (e| G) and n; (e| G), respectively. The Szeged
index of the graph G is defined as Sz(G) = ZeeE(G) ni (e| G)ny (e| G).

In this chapter, we compute the Szeged index of some types of dendrimers, for
example, dendrimer nanostars, Styrylbenzene dendrimer, Triarylamine Dendrimer
of Generation 1-3, and then we compute the Szeged index of some nanotubes, for
example, TUC4Cg(R) and TUC4Cg(S) nanotubes, Armchair Polyhex nanotube, and
HACsCsCq[k; pl, V C5Cq[p; g, and HCsC7[p; g] nanotubes.

12.1 Introduction

Dendrimers are large and complex molecules with very well-defined chemical
structures. From a polymer chemistry point of view, dendrimers are nearly perfect
monodisperse (basically meaning of a consistent size and form) macromolecules
with a regular and highly branched three-dimensional architecture. They consist of
three major architectural components: core, branches, and end groups. Dendrimers
are produced in an iterative sequence of reaction steps (Holister and Harper 2003).
In 1985, the interest in this research field started to grow exponentially:

More than 1,000 articles have been published in 2002 concerning the various
aspects of dendrimer chemistry. We can consider the figure of dendrimers as the
shape of a molecular graph.
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A graph G consists of a set of vertices V(G) and a set of edges E(G). In
chemical graphs, each vertex represented an atom of the molecule, and covalent
bonds between atoms are represented by edges between the corresponding vertices.
This shape derived from a chemical compound is often called its molecular graph,
and can be a path, a tree, or in general a graph.

A topological index is a single number, derived following a certain rule, which
can be used to characterize the molecule. Usage of topological indices in biology
and chemistry began in 1947 when chemist Harold Wiener (1947) introduced
Wiener index to demonstrate correlations between physicochemical properties of
organic compounds and the index of their molecular graphs. Wiener originally
defined his index (W) on trees and studied its use for correlation of physicochemical
properties of alkenes, alcohols, amines, and their analogous compounds. A number
of successful QSAR studies have been made based in the Wiener index and its
decomposition forms (Agrawal et al. 2000).

Another topological index was introduced by Gutman and called the Szeged
index, abbreviated as Sz (Gutman 1994).

Let e be an edge of a graph G connecting the vertices u and v. Define two
sets Ny (e|G) and N, (e|G) as N1 (e |G) = {x € V(G)|d(u,x) < d(v,x)} and
Ny (e|G) = {x € V(G)|d(x,v) < d(x,u)}. The number of elements of N;(e |G)
and N, (e |G ) are denoted by n; (e |G ) and n, (e |G ), respectively. The Szeged index
of the graph G is defined as Sz(G) = Sz = ZeeE(G) ni(e|G)ny(e|G). The
Szeged index is a modification of Wiener index to cyclic molecules. The Szeged
index was conceived by Gutman at the Attila Jozsef University in Szeged. This
index received considerable attention. It has attractive mathematical characteristics
(Diudea et al. 2004).

In this chapter, in Sect. 12.2, we compute the Szeged index of some types
of dendrimers, for example, Naphthalene dendrimer, Styrylbenzene dendrimer,
dendrimer nanostars, and then in Sect. 12.3, we compute the Szeged index of some
nanotubes, for example, TUC4Cg(R) and TUC4Cg(S) nanotubes, Armchair Polyhex
nanotube, and HACsCsC7[k; p], VCsCq[p; ¢l, and HCsC7[p; g] nanotubes.

12.2 Computation of Szeged Index of Some Type
of Dendrimers

In this section, at first we compute the Szeged index of the first, second, third, and
fourth type of dendrimer nanostars. All of the results in the first part of this section
have been published in Iranmanesh and Gholami (2007, 2008).

In the second part, we compute the Szeged index of the Styrylbenzene den-
drimers, Triarylamine Dendrimer of Generation 1-3, and a Naphthalene dendrimer.
All of the results in the second part of this section have been published in
Iranmanesh and Gholami (2009) and Iranmanesh et al. (2010).
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Fig. 12.1 First-type nanostar

12.2.1 Computing the Szeged Index of First-Type Nanostar

Figure 12.1 shows a first-type nanostar which has grown n stages.

In Fig. 12.1, we show the graph of this nanostar. In this figure we have 1 nucleus
and a central hexagon denoted by hg. In stages 1 and 2, we denoted the hexagons
and edges by h{, where 1 < i < 2,1 < j < 3, and in the other stages, we
denoted the hexagons and edges by /; and e;. The growth of this nanostar from
stage 3 is the same, and we have only two hexagons in each stage. Now, we start
the computing of the Szeged index of this nanostar from stage n. Suppose that e is
an edge of the hexagon A,,; for all of the edges of /,, we have n; (¢|G) = 3; also
the number of these hexagons is 2". Suppose further that e is an edge of h,_;; for
4 of these edges we have ny (e|G) = 1 x 6 + 3, and for the other 2 edges we have
ny (e|G) = 2 x 6 + 3; also the number of these hexagons is 2"~!. Now assume
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Fig. 12.2 Nucleus

that e is an edge of A so that 3 < k < n; in this case, for 4 of the edges we have
ni(e|G) = (2"F —1) x 6 + 3, and for the other 2 edges we have n (¢|G) =
2 X (2"_k — 1) X 6 + 3; the number of these hexagons is 2¥. If e is an edge of /2,
for 4 of the edges we have n; (e|G) = (2”_2 — 1) x 6 + 3, and for the other 2
edges we have n; (e|G) = 2 x (2"—2 — 1) x 6 4 3; the number of these hexagons
is 22 If e is an edge of A}, for all 6 edges, n (e|G) = (2""' —1) x 6 + 3; the
number of these hexagons is 22. If e is an edge of A3, for 4 of the edges we have
ny (e|G) = 2"~ x 6 + 3, and for the other 2 edges we have 11 (¢|G) = 2" x 6 + 3;
the number of these hexagons is 2. If e is an edge of /2, for all 6 edges, n; (¢|G) =
(2" 4+ 1) x 6 + 3; the number of these hexagons is 2. If e is an edge of /!, for all 6
edges, n1 (e|G) = (2" + 2) x 6 + 3; the number of these hexagons is 2. If e is an
edge of 1), for 4 of the edges we have 1 (e|G) = (2" + 3) x 6+ 3, and for the other
2 edges we have n (e|G) = 2 x (2" 4+ 3) x 6 + 3. Now assuming that e is the edge
en, we have ny (e,|G) = 6, and the number of these edges is 2". For the edge e, 1,
we have n; (e,—1|G) = (2 + 1) x 6, and the number of these edges is 2"~'. For
the edge ¢y, in a way that 3 < k < n, we have n; (ex|G) = (2"**1 — 1) x 6; the
number of these edges is 2*. For the edge €3, we have n; (€3|G) = (2"7' — 1) x 6.
For the edge e}, we have n (€;|G) = 2"~! x 6; the number of these edges is 22.
For the edge e7, we have n; (e]|G) = (2" + 1) x 6. For the edge ¢7, we have
ny (e}|G) = (2" +2) x 6. For the edge ], we have n; (e]|G) = (2" + 3) x 6;
the number of these edges in stage one is 2. For the edge between the nucleus and
central hexagon (h)), we have n; (¢|G) = (2" + 7) x 6.

Now we obtain 71 (e|G) for the edges of the nucleus.

According to Fig. 12.2, we have n| (¢;|G) = 10fori = 1,2,3,4,5,6,7,8,9, 10;
for i = 11,12,13,14,15,16, we have n; (¢;|G) = 3, fori = 17,18,19,
ny (e;|G) =5,fori =20,21,22,n (e;|G) = 15,and fori =23,24,n, (¢;|G) =17.

The number of the vertices of this nanostar is equal to r = (2"*! 4 7) x 6 + 20.
But we know that n, (e|G) = r —n; (e|G) for any of edge e. Now the Szeged index
of the above nanostar is obtained in the following way:
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. 4><((2"_k—1)><6—|—3)(r—(2"_k—1)><6—3)
Sz(Gy) =) | 2F
k=3 +2><(2(2”_k—1)><6+3)(r—2(2”_k—1)x6—3>

i ax((272=1) x6+3) (r— (22 =1) x6-3)
+2(2(2 2= 1) x6+3) (r—2(2" 2= 1) x6-3)

2[6((27" =1) x6+3) (r— (2" = 1) x6-3)]

+2|:4(2”_1><6+3> (r—2”_1><6—3>:|

+202"x6+3)(r—2"x6-3)

+2

F206(2" + 1) x643)(r— (2" +1) x6—3)]
+206((2" +2)x643)(r— (2" +2) x6—3)]
F4(Q"+3)x6+3)(r— (2" +3)x6—3)
F2(2Q" +3)x643)(r—2(2" +3)x6-3)

3] (e O RD))
+22 [(2"—1 - 1) x 6 (r — (- 1) x 6)] +2? [2"—1 x 6 (r o=l 6)]

+2[Q"+ D) x6(r—2"+ 1) x6)]+2[2" +2)x6(r — (2" +2) x6)]

+2[(2"+3)x6(r—(2"+3)x6)]+(2”+1+7)x6(r—(z”+1+7)x6)
10x10x (r—10)+6x3x(r—3)+3x5x(r—>5)

+3x15x(r—=15)+2x17x(r—17)

= 41788 + 16812 x 2" + 4440 x 2" x n + 468 x 4" + 720 x n x 4"

12.2.2 Computing the Szeged Index of Second-Type Nanostar

The following figure shows a second-type nanostar which has grown n stages
(Fig. 12.3). '

Let k! be the hexagon between hexagons h; and /;—;. Let e/ be the jth edge
between two hexagons in the stage i, 1 <7 <n, 1 < j < 2. In the first step we
compute 1, (e|G) for h;’s. For h,, we have n; (e|G) = 3, which is the same for all
of its six edges; the number of these hexagons is 2". If e is an edge of h,,—;, for 2 of
the edges of the hexagon, we have n; (e|G) = 2 x 2 x 6 + 3, and for the other 4
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Fig. 12.3 Second-type nanostar

edges, we have 1 (¢|G) = 2 x 6 + 3; the number of these hexagons is 2"~!. Now
assume that e is an edge of six—;, 1 < k < n; for 2 of the edges we have n| (¢|G) =
2x (20*=D 4 2n7k 4 4 2) x 643 = 2 x (272 —2) x 6 + 3 and for the
other4, ny (e|G) = (2" *=V 42" F 4. 4 2) x 64+ 3 = (2" 2 —2) x 6 + 3;
the number of these hexagons is 2¢~". Now we compute 7, (¢|G) for hi’s. For all
of six edges of /!, we have n; (e|G) = 9; the number of these hexagons is 2". If e
is an edge of h7Z1, for all six edges, n; (¢|G) = (2> + 1) x 6 + 3, the number of
this hexagon is 271 If e is an edge of Kk, 1 <k < n—1, for all of the six edges,
n(e|G) = (2" 2k 4 4224 1) x 643 = (27K -3) x 6+ 3,
the number of these hexagons is 2. Now 1, (e|G) is computed for eij . For the
edge €2, ny (¢2|G) = 1 x 6. For the edge e}, ny (¢}|G) = 2 x 6; the number of
these edges is 2". For the edge e2_,, ny (¢?_;|G) = (22 + 1) x 6. For the edge
el_1.ni(ep_|G) = (2% + 2) x 6; the number of these edges is 2"~ For the edge
e?, we have n, (e]%|G) = (2"‘"*’2 — 3) x 6, and n; (e|G) for the edges e/ is as
follows: for the edge e;, we have n; (¢}|G) = (2"7¥*2 —2) x 6; the number of
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these edges is 2X. Therefore, we have computed 1, (e|G) for all of the edges of this
nanostar. The number of the vertices of this nanostar is equal to r = (2”12 — 3) x 6.
But we know that n; (¢|G) = r —ny (e|G) for any of edge e. Now its Szeged index
is obtained easily.

Sz(Gy)
25 (2 (27FF2 2 2) x 6.+ 3) (r =2 (27F 2~ 2) x 6 -3)

+ax (21742 -2) x6+3) (r— (27*2 -2) x 6-3)

R (o () o ) (- (2 -2) o))

+2"(6x(9(r—9)+3(—23))

; kg [ (24 =3) x6) (r = (274+2 = 3) x6)]
; Z [ (2 =2) x6) r - (2442 = 2) x6)]

= —882 + 6912 x 4" x n — 15264 x 4" 4 3456 x 2" x n + 16200 x 2"

= i 2k=1
k=1

12.2.3 Computing the Szeged Index of Three-Type Nanostar

Figure 12.4 shows a three-type nanostar which has grown n stages.

In Fig. 12.4, we show that the shape of this nanostar. In this figure we have 1
nucleus and a central hexagon denoted by /. We denoted the hexagons and edges
by 4; and e;. Now, we start the computing of the Szeged index of this nanostar from
stage n. Suppose that e is an edge of the hexagon #,; for all of edges of 4,, we
have n; (e|G) = 3; also the number of these hexagons is 2. Suppose further that
e is an edge of h,_;; for 4 of these edges we have n; (e|G) = 1 x6+3 = 9,
and for the other 2 edges we have n; (¢|G) = 2 x 6 + 3 = 15; also the number
of these hexagons is 2"~!. Suppose that e is an edge of Ay ; for 4 of the edges we
have n; (¢|G) = (2"* — 1) x 6 + 3, and for the other 2 edges we have n; (¢|G) =
2 x (2"‘k — 1) x 6 + 3; the number of these hexagons is 2.

Now 7, (e|G) is computed for e;. Suppose e is the edge e,,, we have n| (e,|G) =
1x6 = 6; the number of these edges is 2". For the edge e¢,—;, we have n; (e,—1|G) =
(2 4+ 1) x 6 = 18; the number of these edges is 2"~!. For the edge ex, 1 < k < n,
wehaven, (ex|G) = (2"_“'1 - 1) x6; the number of these edges is 2. For the edge
between the nucleus and central hexagon (%), we have n; (e|G) = (2’”’1 - 1) X 6.

Now we obtain 1, (e|G) for the edges of the nucleus.



332 A. Iranmanesh

Fig. 12.4 Three-type nanostar

According to Fig. 12.2, we have computed n; (¢|G) for all of the edges of this
nanostar. The number of the vertices of this nanostar is equal to r = (2”Jrl - 1) X
6 + 20. But we know that n; (¢|G) = r —nj (e|G) for any edge e. Now the Szeged
index of the above nanostar is obtained in the following way:

Sz Gn)
:Z":[zk<2x((2x(2"_k—1)x6+3)(r—2x(2"_k—1)x6—3))>i|

=0 +ax (2" =1)x643)(r— (2" -1)x6-3)

+ Z [2 (2" = 1) x 6) (r — (2" = 1) x 6))]

+10x10x(r—10)4+6x3x(r—3)+3x5x(r—=5)
+3x15x(r—15+2x17x(r—17)
=3636x2" + 1324+ 720 x n x 4" + 1560 x n x 2" — 1296 x 4"
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Fig. 12.5 Four-type nanostar

12.2.4 Computing the Szeged Index of Four-Type Nanostar

Figure 12.5 shows a four-type nanostar which has grown four stages. '

In this figure, we have 1 nucleus and a central hexagon denoted by /. Let hf
be the ith hexagon in stage j, | < j < n, 1 <1i < 3, and let eij be the ith
edge between two hexagons in stage j. Now, we start the computing of the Szeged
index of this nanostar from stage n. Suppose that e is an edge of the hexagon A%;
for all of edges of 4%, we have n; (e|G) = 3; for all of edges of A, we have
ny (e|G) = 6 +3 = 9; for all of edges of h|, we have n; (¢|G) =2x6+3 = 15;
also the number of these hexagons is 2". Suppose that e is an edge of the hexagon
ha~1; for 4 of these edges we have n (¢|G) = 3 x 6 + 3 = 21, and for the other
2 edges we have n (¢|G) = 2 x3 x 6 + 3 = 39; for all of edges of 15!, we
have ny (e|G) = 2 x3x 6+ 6+ 3 = 45; for all of edges of h7~!, we have
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ny(e|G) = 2x3x6+2x 6+ 3 = 51; also the number of these hexagons is 2"~ !,
We continue until to achieve stage 1. Suppose that e is an edge of the hexagon h!;
for 4 of these edges we have

ni(e|G) =3x (2" +2" 7+ 42+ 1) x6+3
=3x(2""'=1)x6+3,
and for other 2 edges, we have

ni(e]lG)=3x (2" " +2" 4+ +2)x6+3
=3xQ2"-2)x6+3;

for all of edges of /), we have

ne|G)=3x (2" +2" 2+ +2)x6+6+3
=3x2"-2)x6+9;

for all of edges of !, we have

n(e|lG)=3x(2""+2" 7+ +2)x6+2x6+3
=3x@2"-2)x6+ 15;

also the number of these hexagons is 2. Suppose that e is an edge of the hexagon hy;
for 4 of these edges we have

n(elG)=3x(2""+---+2+1)x6+3
=3x2"-1)x6+3,

and for the other 2 edges we have

n(elG)=3x(2"+2""+--+2)x6+3
=3x (2" -2) x 6 +3.

Now n; (e|G) is computed for ej.. Suppose e is the edge €5, we have n; (e’3’ |G) =
6 = ay; for the edge €5, we have n; (e§|G) = ay + 6; for the edge e/, we have
ny (€}|G) = ay + 12; the number of these edges is 2". Suppose ¢ is the edge e,
we have n; (e47'/G) = 3 x2x 6+ 6 = 42 = a,; for the edge ¢3!, we have
n (e57'G) = ap + 6; for the edge e} ~!, we have ny (¢]7'|G) = a, + 12; the
number of these edges is 2"~!. We continue until to achieve stage 1. Suppose e is
the edge e}, we have
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ni(e3lG) =3x (2" +2" 7+ +2) x6+6
=3x2"-2)x6+4+6=ay,;

for the edge e}, we have n; (e}|G) = a, + 6; for the edge e, we have n; (e]|G) =
a, + 12; the number of these edges is 2. Now assume that e is the edge between
ho and nucleus; we have n; (¢|G) = 3 x (2"*! —2) x 6 + 6. In this equation, we
computed 7, (e|G) for edges of the nucleus.

Therefore, we have computed n; (e|G) for all of the edges of this nanostar. The
number of the vertices of this nanostar is equal to r = 18 x (2"*! —2) + 26. But

we know that n; (e|G) = r — n (e|G) for any of edge e. Now its Szeged index is
obtained easily.

Sz(Gn)

(25 (3 (21177 =2) x 6.4+ 3) (r = (3 (217 =2) x 6+3))
+4(3x(2”—"—1)x6+3) (r—(sx(zn—"—1)x6+3))

+6x (3% (2177 =2) x6+9) (r— (3% (217 —2) x 6+ 9))

[+6x (3% (2717 =2) x 6+ 15) (r— (3% (2+17 =2) x 6 +15))

+2X(3><(2”+1—2>><6-|—3>(r—(3><(2”+1—2>x6+3>)

FAX(BX 2" 1) x6+3)(r—(3x (2" —1)x6+3))

(35 (217 =2) x6+6) (r— (3% (2" —2) x 6 +6))
izf x|+ (3x (217 —2) x6+12) (r— (3x (217 —2) x 6.+ 12))
- +(3x (217 —2) x6+18) (r— (3% (2117 —2) x 6.+ 18) )
+ (3% (21 =2) x6+6) (r = (3 (2*' =2) x 6+ 6))

+10x10x(r—10)+6x3x(r—3)+3x5%x(r—>5)

n
= Z2i X
i=1

+3x15x(r—15))4+2x 17 x (r —17)
=24,624 xn x 4" 425,992 x n x 2" — 57,024 x 4" + 53,532 x 2" + 7,156

12.2.5 Computing the Szeged Index of Styrylbenzene
Dendrimer

In this part, we bring all details of the computation of Styrylbenzene dendrimer,
which have been published in Iranmanesh and Gholami (2009). Figure 12.6 shows
a Styrylbenzene dendrimer which has grown n stages.



336 A. Iranmanesh

Fig. 12.6 Styrylbenzene Dendrimer

Let /1; be a hexagon which is in stage i. Since this dendrimer has grown in stage
1 in a different way from other stages, therefore A is central hexagon and h(l) is the
hexagon between kg and /. And el’.'_l, ; be the jth edge between h; and h;_; such
that1 < j <3, 2 <i < n.Also, for the first stage the edges are denoted as shown
in Fig. 12.6.

At first we compute n; (e|G) for hexagons. Now assume that e is an edge of /,,;
for 4 of these edges we have n; (e|G) = 3 + 4 = 7, and for the other 2 edges we
have nny (¢|G) = 3+8 = 11; also the number of these hexagonsis 3x2"~!. If ¢ is an
edge of 1,1, for 4 of these edges we have nn (e|G) = 1 x6+1x2+1x8+4+3 =19,
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and for the other 2 edges we have n; (e|G) = 2x 6 +2x2+2x 8 + 3 = 35;
also the number of these hexagons is 3 x 2"~2. We continue until to achieve stage 1.
Suppose that e is an edge of /,; for 4 of these edges we have

ni(e|G) = (2" 42" 4+ 1) X6
+(2n—2+2n—3+...+1)x2—|—2n_2X8+3
=2 = )x6+ Q2" —1)x2+2"2x8+3,

and for the other 2 edges we have
ny (e|G) = (2"_1 +2"_2+~~~+2) x 6
+ (22" 4 2) x 242" x84+ 3
=Q"=2)x6+Q2"—2)x24+2"x8+3;

also the number of these hexagons is 3. If e is an edge of the hexagon &, for all of
the edges of /1), we have

n(elG) = (2" 42" £ 24 1) x 6
+(2n—1+2n—2+”.+2+1)X2+2n_1X8+3
:(Zn_l)x6+(2”_l)x2+2n_lX8+3;

also the number of these hexagons is 3. If e is an edge of the hexagon /4, for all of
edges of iy we have

n(elG) = (2" 42" 4 £ 242) x 6
+(2n—l+2n—2+,,,+2+2)x2+2n_1X8+3
=2"x642"x24+2"""x8+3;

also the number of these hexagons is 3.

Now n; (e|G) is computed for ef_l,j. Suppose that e is the edge e;_, 3, we have

ny(e|G) = 1 x 6+ 1x8 = 14; for the edge e;,_, ,, we have n; (e|G) = 15; for
the edge 32—1,1’ we have 11 (e|G) = 16; the number of these edges is 3 x 21 We
continue until to achieve stage 1. Suppose that e is the edge e(lm, we have
ni(elG)= (2" +2"7+---42+1)x6
+2" x84 (2" 42" P+ 4 2) x 2
=2"—1)x6+2""x8+ (2" -2)x2.
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Also
n(elG)=02""+2"7+- +2+1)x6+2""x8
+ @7+ 2P+ 2)x2+ 1
=" x6+2" x84+ (2"=2)x2+1
and

nelG)y=(2""+2"24 - +2+1)x6+2""" x8
+ (27 2"+ 2) x2 42
=2"—D)x64+2"x8+(2"-2)x2+2;

the number of these edges is 3. If ¢ is the edge e3, we have

n(e3|G) = (2" +2" 2+ +2+2)x 642" x 8
(27 2T+ 24 1) x2
=2"x6+2"'x8+(2"—1)x2=a;
if e is the edge e%, we have n4 (e%|G) = a + 1; if e is the edge ell, we have
ni (e|G) = a + 2; the number of these edges is 3. Suppose that e is the edge
ey, we have
ni(elG) = (2" 4+2" 2+ +24+3)x6+2"" x8
+ 272+ 24 2) x2
=2"+1)x64+2"1x8+2"x2;
the number of these edges is 3.
Suppose that e = e, in Fig. 12.6, then n, (¢|G) = 4; the number of these
edges is 3 x 2". Now, let e be one of e, e3 or ey, then n; (e2|G) = n; (e3|G) =

ny (e4|G) = 1; the number of these edges is 3 x 2"~ x 6. Now the Szeged index of
this dendrimer when it grows n stages is computed:

n—1

Sz(Gy) =) 3x2

i=0

2x (2" =2)x 6+ (2" —2) x 242" x84+ 3) x (r —a1)

aj
X

FAx (27T =) x 64+ (2" = 1) x 242" X 84+ 3) X (r —an)

az



12 Computation of the Szeged Index of Some Nanotubes and Dendrimers 339

+3x6x | ((2"=1)x64+@2"—1)x2+2"""x8+3)x(r —as)

as

+3x6x|(2"x64+2"x24+2"""x843)x(r —as)

ay
(2" =1)x6+2"""7" x84 (2" =2) x2) x (r —as)

n—1
+ 3x2 x as
=0 +@as+Dx(r—as—1)+(as+2) X (r—as—2)

_(2”x6+2”_1x8+(2”—1)x2)x(r—a6)
+3x as
| +(ae+1)x(r—ag—1)+ (a6 +2) X (r —as —2)

3% [(Q"+ 1) x6+2""" x8+2"x2) x (r —ay)

ar

+3x2"x4x(r—4)+3x2" T x6x(r—1)

Sincer =3x((2"4+ 1) x6+2"x2+2"""'x8)+1=3x(12x2"+6)+1
is the number of vertices of this graph, we have

Sz (G,) = 17820 x 2" + 1512 x 4" + 9324 x n x 2" + 9072 x n x 4" + 4962

12.2.6 Computing the Szeged Index of Triarylamine
Dendrimer of Generation 1-3

In this part, we bring all details of the computation of Szeged index of Triary-
lamine Dendrimer, which have been published in Iranmanesh and Gholami (2009).
Figure 12.7 shows a Triarylamine Dendrimer of Generation 1— 3 which has grown
n stages.

Let h; be a hexagon which is in stage i. Also, let e;f_l, ; be the jth edge between
h; and h;—y such that 1 < j <2, 1 <i < n. At first we compute n; (e|G) for
hexagons. Now assume that e is an edge of £, for all 6 edges n; (e|G) = 3+1 = 4;
the number of these hexagons is 3 x 2". If e is an edge of &,—;, for all 6 edges
ny(e|G) = 2x 6+ 3+ 1+ 2 = 18; the number of these hexagons is 3 x 2",
We continue until to achieve stage 1. If e is an edge of the hexagon /1, for all of the
edges of /11, we have
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Fig. 12.7 Triarylamine Dendrimer of Generation 1-3

nilG) = (2" +2" 2+ +2) X643+ 1+2 4 2!
(2" =2)x6+3+ (2" —1).

Also, the number of these hexagons is 3 x 2. If e is an edge of the hexagon hy,
for all of edges of Ay, we have

nmelG)=(2"+2""+- 4+ 2) x6+3+1+2+--+2"
=2 -2)x64+3+ (2" —1).

Also, the number of these hexagons is 3. Suppose that e is the edge e,, we have
ni (e|G) = 1; the number of these edges is 3 x 2". Now n; (e|G) is computed
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for e,’f_l,j. Suppose that e is the edge e,_, ,, we have n; (e|G) = 6 + 1 = 7,

the number of these edges is 3 x 2". If e is the edge e,_, |, we have n; (¢|G)
2 x 6 + 1 + 2 = 15; the number of these edges is 3 x 2"~!'. We continue until to
achieve stage 1. If e is the edge e(l),z, we have

nie|G)= (2" +2" 24 2+ 1) X6+ 1+ 2400 4207
=@ -1 x6+@2"—1).

The number of these edges is 3 x 2. If e is the edge ¢ ,, we have
nmelG)=(2"+2"" 4+ 22+ 2) x 64+ 1 +2+--- 42" 42"
= (2" —2) x 64+ (2"t —1);
the number of these edges is 3. Suppose that e is the edge e, we have

mlG)=(2"+2""+ 422424+ 1) x6+1+24-+2"7 42"
=2 —1)x 64 (2" —1);

the number of these edges is 3. Now the Szeged index of this dendrimer when it
grows n stages is computed as follows:

Sz (G,) = 23 x2 x| 6x (2" =2)x6+3+ (2" = 1)) x (r —ay)
i=0

ai

+ Z 3x2 x ((2"+1_i — 1) x 6+ (Z”H_i - 1)) X (r —az)
i=0

az

+Y 32T (2T = 2) x 64 (2T = 1)) x (r —a3) |

i=1

as
Since r = 21 x (2”+1 — 1) + 1 is the number of vertices of this graph, we have
Sz (G,) = 14112 x n x 4" — 15456 x 4" + 19476 x 2" — 2346.

Also, in Iranmanesh and Gholami (2010) we computed the Szeged index of
Naphthalene dendrimer.



342 A. Iranmanesh
12.3 Computation of Szeged Index of Some Nanotubes

In this section, at first we compute the Szeged index of TUC4Cs(R) nanotube and
TUC4Cs(S) nanotube. Then we compute the Szeged index of HACsC5[r, p] nan-
otube, HAC5C4¢C[r, p] nanotube, HC5;C;[r, p] nanotube, and Armchair Polyhex
nanotube.
In the last part, we give an algorithm in the base of GAP program, which is faster
than the direct implementation and enables us to compute the Szeged index of any
graph.

12.3.1 Computation of the Szeged Index of TUC4Cg(R)
Nanotube

In this part, we compute the Szeged index of TUC4Cs(R) nanotube.

We bring all details of the computation of the Szeged index of this nanotube,
which have been published in Iranmanesh et al. (2007).

We denote the number of rhombs on the level 1 by p and the length of tube
by ¢q. Therefore, we have 2q rows of oblique edges and g — 1 rows of vertical edges
in TUC4Cg(R) nanotube. Throughout this part, our notation is standard. They are
appearing in the same way as in Mansoori (2005) and Cameron (1994).

Let e be an arbitrary edge of nanotube.

For computing the Szeged index of T = TUC4Cg(R), we assume two cases:

Case I p iseven.
At first, we begin with an example.

Example 12.3.1 Let e be a horizontal edge between u and v (see Fig. 12.8). All
vertices lying among lines /; and /, in region R are closer to the vertex u than to v.

Since n; (e|] G) = 2pq, we have n (e|G) ny(e|G) = 2pq (4pq —2pq) =
4p*q>.

Fig. 12.8 TUC4Cg(R)
nanotube for p = 8§ and
q=4
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Fig. 12.9 TUC4Cg(R) nanotube with 3p columns and 3q rows of edges

Lemma 12.3.2 Ifeis a horizontal edge of T, then ny (e| G) n, (e| G) = 4p>q>.

Proof Suppose that e is a horizontal edge of 7. 2pq vertices of T are closer
to one vertex of e than to the other. Thus, n; (¢|G) = 2pq and n; (e|G) =
(4pq — 2pq) = 2pq. So we have

ni (e| G)ny (e| G) = 4p*q>. *)

A sample of horizontal edge is given in Example 12.3.1. By the symmetry of the
TUC,4Cg(R) nanotube for every horizontal edge, the relation (*) is hold. -

Lemma 12.3.3 If e is a vertical edge in the kth row of vertical edges, then we
haveny (e| G) ny (e|G) = 16p> [k (¢ — k)].

Proof Let us denote the vertices of TUC4Cg(R) as described in Fig. 12.9.

If e = U;;U;(j+1) is a vertical edge, all vertices lying in rows of edges equal
to or less than i are closer to U;; than to U;(; 1), and all vertices lying in rows of
edges equal to or greater than i + 1 are closer to U;(;41) than to U;;. Thus, if e is
in the kth row of vertical edges, then 1) (e| G) n, (e|G) = 4pk (4pq — 4pk) =
16p [k (g — K)]. -

Before the proof of next lemma, we give some examples.

Example 12.3.4 Let e; be a vertical edge between u; and v;, | <i < 4. All vertices
lying among lines / and /; are closer to vertex u; than to v; (Fig. 12.10). Thus,
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Fig. 12.10 A nanotube with p = 8andg =2

q q
ni(e| G) ny(el| G) = (ZZp—M +3) <4pq—22p—4i +3).
i=1

i=1

All vertices lying among lines / and /, are closer to vertex u; than to v,. Thus,

q q
ni (e2] G) ny(es| G) = (ZZp—4i +5) <4pq—22p—4i+5).
i=1

i=1

If we continue this method, then for e in the fourth row we have

q q
n (es] G) ny(eq] G) = (ZZ})—M +9) <4pq—22p—4i +9).
i=1

i=1

Example 12.3.5 Let e; be an edge between vertices u; and v;, 1 <i < 8.
All vertices lying among lines /; and /, in region R are closer to vertex u; than
to vi. Thus,

p/2 p/2
ni(e1|G) my(el|G) =D 2p—4i+3|[4pg—> 2p—4i+3
i=l1

i=1

All vertices lying among lines /3 and /4 in region R are closer to vertex u, than
to v,. Thus,

p/2
1 (e2] G) my(ea Gy =D Q2p—4i+5+1/2x22-1)

i=1
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r/2
4pg =Y (2p—4i +5)—1/2x22-1)

i=1
If we continue this method, then for eg in the eighth row we have

p/2
ni(es|G) ny(es|G) =Y (@2p—4i+17)+1/2x8@8—1)

i=1

p/2
4pg =Y (2p—4i+17)—1/2x88 - 1)

i=1

Example 12.3.6 In Fig. 12.11, all vertices lying among lines /’; and /', in region
R’ are closer to vertex vg than to ug. Thus,

i=1

P
n (es] G) ma (9] G) = (Z (2p — 4i +3) + 4pint (9 — p>/2>)

P
(4pq —> @p—4i+3)—4pint((9- p)/z)) :

i=1

where int is the greatest integer function.
All vertices lying among lines /’; and in region R’ are closer to vertex vio than
to u;o. Thus,

i=1

P
ni (10l G) n2 (e10] G) = (Z (2p —4i + 1) + dpint (10 - p>/2>)

p
<4pq =Y @p—4i+1)—4pint((10— p)/Z)) .

i=1

Lemma 12.3.7 If e is an oblique edge in the kth row of oblique edges in
nanotube T , then we have the following implications.

1. If 2¢ < p, then
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P
ni (e|G) ny(e|G) = (Z Qp —4i +2k + 1))
i=1

p
(4pq—Z(2p—4i + 2k + 1)).
i=1

2. If 2q > p, then we have the following subcases:

(1) If2p—1 < 2gq, then

A(4pg — A) l<k<p
ni(elG)ny(e|G)= B@4pg—B) p+1=<k=<2q-p ,
C@pg—C)2q—p+1<k=<29q
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where

p/2
A=) "(Q2p—4i+2k+1)+1/2xk(k—1)

i=1

p

B=) (4p—4i+2— (") +4pint(k—p)/2)  and
i=1
p/2

C=) (4p—4i+2Qq—k+1D+1)+1/2Qq—k+1)2q —k).

i=1

@) If2p — 1 > 2q, then

D@4pg—D) 1<k<2q—p+1
ni(e|G)ny(e|G) =43 E(4pg—E)2q—p+2<k=<p-—1,
F (4pq — F) p=<k=<2q

where

p/2
D=>Y (2p—4i+2k+1)+1/2xk(k—1)
i=1
r/2
E=) (p-4i+2k+1) and
i=1
p/2
F=) (4p—4i+2Qq—k+1D+1)+1/2Qq—k +1)2q k).

i=1

Proof Let2q < p. By the symmetry of TUC4Cg(R) nanotube, it is sufficient that
we compute 11 (e;| G) ny(e;|G), 1 <i < q. For this reason we use the method
similar to Example 12.3.4. Therefore, the result holds.

Now suppose 2¢ > p and 2p — 1 < 2q. Let e be an oblique edge in the kth
row, 1 <k < p.For finding n; (ex| G) ny (ex| G), 1 <k < p, we use the method
similar to Example 12.3.5. Thus, we have

»/2
ni (el Gyny (e G) = | Y @p—4i +2k + 1)+ 1/2xk (k- 1)
i=l1
r/2
x[4pg—> @p—4i+2k + 1)~ 1/2%k (k- 1)
i=l1
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Now let e be an oblique edge in the kth row, p + 1 < k < 2g — p. By using a
method similar to Example 12.3.6, we can reach the result.

If e is an oblique edge in the kth row, 2g — p + 1 < k < 2¢, then by symmetry
of TUC4Cg(R) nanotube, the result is hold.

Now suppose 2g > p and 2p — 1 > 2gq; similar to the last case, we can obtain
the desired result. -

Theorem 12.3.8 If pis even, then the Szeged index of T U C4Cg(R)is as follows:

68/3><p3q3—8/3><p3q—16/3'><pq5—|—4/3'><pq3 2q <p
52/3 % pig3 —4p3q + p* —13/15x p® +8/3 x p°q —2/15x p%2 2q > p

Sz(G) = {

Proof At first, suppose A, B, and C are the sets of all horizontal, vertical, and
oblique edges of T, respectively. Then, we have

S2(G) = ) mi(e| G)na(e| G) + ) mi(e] G)n2(e| G)

e€A eEB

+ > ni(e|G)ny(e] G). (*%)

eeC

The number of horizontal edges are pq. Thus, we have

Y ni(e| Gy (e G) = 4p’q*.pq = 4p°’. (1)

e€A

The number of vertical edges are p(q — 1). So,

q—1
D nielGyna(e] G) =) p.16p%i (i — 1)
eE€EB i=1

qg—1
=16p°> i(i—1D)=8/3xp’q(¢*~1). (2

i=1

Now for 2¢g < p, we have

> ni (el G)na(e| G)

eeC

2q q
=2p [Z |:Z(2p—4i+2k+1)(4pq—2p—4i+2k+l):|:|
k=1 Li=1

=16p°¢> — 16/3 x pg° + 4/3 x pq°. 3)



12 Computation of the Szeged Index of Some Nanotubes and Dendrimers 349

Fig. 12.12 A nanotube with p = 7and g =2

And for 2g > p, we assume two cases:

1. 2p — 1 < 2g4. In this case, we represent the set of all oblique edges in the range
Il <k <pand p+1 <k <2q— p with C; and C,, respectively. Thus, we
have the following conclusion:

an (e|G)ny(e| G)

eeC
=2) ni(e|G)na(e|G)+ Y ni(e|G)na(e|G)
e€Cy e€Cy
=32/3x p3¢> —4/3x p3g+ p* —13/15x p® +8/3 x p>°q —2/15 x p>.

“

2. 2p —1 > 2q. Similar to Case 1, we have

> ni(e|G)ny(e| G) =32/3x pPq® —4/3x p>q + p* —13/15x p°

eeC

+8/3x p°q —2/15 x p*.

Soif p is even, then by using (1), (2), (3), or (4) in (¥*), we have

S2(G) = 68/3 x pq® —8/3 x p>q —16/3 X pg® +4/3 x pg’ 2 <p
T 52/3x pigP —4pdg + pt—13/15x pO +8/3 x pPq—2/15x p2 2> p

Case 2 p is odd. At first, we begin with an example.

Example 12.3.9 In Fig. 12.12, all vertices lying among lines /; and /, in region R,
are closer to the vertex u than to v, and all vertices lying among lines /; and /5 in
region R, are closer to the vertex v than to u.

So.ni (e|G) n2(e|G) =q@2p—1)q@2p—1)=4p’q’ —4pq* + ¢*.
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Lemma 12.3.10 Ifeis a horizontal edge, thenn; (e|G) n,(e|G) = 4p*q*> —
4pq® + q*.
Proof By using a method similar to Example 12.3.9, the result is hold. -

Lemma 12.3.11 Ifeis a vertical edge in thekthrow of vertical edges, then we
haveni (e| G) n, (e| G) = 16p* [k (¢ — k)].

Proof The proof is similar to the proof of Lemma 12.3.3. -

Lemma 12.3.12 [feis an oblique edge in the kthrow of oblique edges, then we have
the following implications:

1. If 2¢ < p, then
ni (e|G)na (e G)

q q
(ZZp—4i+2k+l) (4pq—q—22p—4i+2k+1) k is odd

i=1 i=1

i=1

4 .
(Z(Zp—4i+2k+l)—q) (4pq—22p—4i+2k+l)kiseven
i=1

2. If 2 > p, then we have the following cases:

(1) If2p —1 < 2gq, then

ni (e|G)ny (e| G)

Aldpg—((p+1)/2+int(k —1)/2)—A) kisodd 1<k<p

(A= ((p+1)/2+int(k —1)/2)) (4pg — 4) kiseven 1 <k < p
B(4pq—p—B) kiseven p4+1<k <2q—p

C@4pg—p—C) kisodd p+1<k<2g—p
DM@pg—((p+1)/24+int(2Qq—k+1)/2)—D) kiseven2q—p+ 1<k <2q
(D—((p+1)/2+int(2g—k +1)/2))(4pg— D) kisodd 2¢—p+ 1<k <2q

(i) If 2p — 1 > 2q, then we have

ny (e| G)ny (el G)

AW@pg—((p+1D/2+int(k—1)/2)—A4) kisodd 1<k =<2¢—p+1
(A—(p+1D/2+int(k—1)/2))(4pg— A) kiseven |l <k <2g—p+1
E(4pq—q—E) kiseven2g—p+2<k=<p-—1
(E—q)(4pqg — E) kisodd 2¢g —p+2<k<p—1
DUApg—((p+1)/2+int(2q—k +1)/2) — D) kiseven p <k <2q
(D—=((p+1)/24int(2g —k +1)/2)) (4pg — D) kisodd p <k <2q
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where

(p+1)/2
A= Z Qp—4i +2k+ 1)+ (1/2xk*=3/2xk +1)

i=1

P
B=) (4i—3)+4pint(2q—k—p+1)/2)

i=1

P
C=>) (4i—2)+4pint(2q—k—p+1)/2)

i=1
(p+1)/2
D= Y @p-4i+2Q2¢—-k+1)+1)

i=1

+(1/2x(2q—k+1)2—3/2x(2q—k+1)+1) and

q
E=Y @p—4i+2k+1).
i=1
Proof The proof is similar to the proof of Lemma 12.3.7. -
Theorem 12.3.13 If p is odd, then we have

Sz2(G)

68/3 x p°q® — 12p%¢> —8/3 x p3q + 19/3 X pg® —16/3 x pq® 2q<p
52/3 x p*q> +8/3 x p°q + p* + 2p*q —2p%qg — 1/30 x p® —15/4p°

+199/24 x p* 4+ 57/8p> 4+ 809/120 x p?> —8p3q®> +29/8 x p —4p2¢> + pg 2¢ > p

Proof The proof is similar to Theorem 12.3.8. -

12.3.2 Computation of the Szeged Index of TUC4Cg(S)
Nanotube

In this part, we bring some details of the computation of the Szeged index of
TUC4Csg(S) nanotube, which have been published in Iranmanesh and Pakravesh
(2008).

According to Fig. 12.13, we denote the number of squares in one row by p
and the number of levels by k. Throughout this part, our notation is standard. The
notation [ f] is the greatest integer function.

For computing the Szeged index of T = TUC4Cg(S), we assume two cases:

Case I piseven.
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Fig. 12.13 Two-dimensional
lattice of TU C4Cs(S)
nanotube, p =4, k =7

level 1

level 2

level 3

level 4

level 5

level 6

level 7

In this case, we need to prove some lemmas which brings all of them without the
detail of proof.

Lemma 12.3.14 [fe is a horizontal edge of T, then
ni(€|G)nz (e|G) = 4p>(k +1)%
Lemma 12.3.15 Ife is a vertical edge in level m, then we have
ni(e|G)ny(e|G) = 16p>m(k —m + 1).

For simplicity, we define a = [’”T_l], b= [%], c=[%]d= [/‘_Tm], and
e = [££1].

Lemma 12.3.16 Suppose p is even. If e is an oblique edge in level m, then we
have

(i) If m < pandk —m < p, then

ni(e|G)=2pk + 1)+ 4m —2 + (4m — 6)a — 4a>
+ (4m — 4k — 2)b + 4b>. @

(i) If m < pandk —m > p, then
ni(e|G)=2pm+1/2) +4m + p> =2 + (4m — 6)a — 4a®>. (Il
(iii) If m > pand k —m < p, then
ni(e|G) =2pk +m) — p*>—7Tp + (4m — 4k — 2)b + 4b°. (IIT)
@iv) If m > pandk —m > p, then

n (e|G) = 4p(m —2). av)
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Theorem 12.3.17 If p is even, then the Szeged index of TUC4Cs(S) nanotube is
given as follows:

1. k is even.

(i) If k < p, then we have
Sz(T) = p* (64/3k” + 64k> + 176/3k + 16)
— p (4k +34/3k> + 6k* +2/3k + 2k*)..
(ii) If p < k < 2p, then we have
Sz(T) = p (2k*+2k>—2/15k°—28/15k) + p* (4/3k* —32/3k> + 28k*
+8/3p%k —32/15) + p* (40/3k> + 120k* — 144k + 16/3) +
p*(32/3k* — 56k + 508/3) + p> (26/3 — 16/3k) + 4/5p°.
(iii) If k > 2p, then we have
Sz(T) = p* (56/3k> + 56k* — 88k + 296/3) + p* (556/3 + 72k)
+ p° (16/3k —230/3) — 88/15p> — 52/15p°.

2. k is odd.
(i) If k < p, then we have

Sz(T) = p* (64/3k> + 64k* + 176/3k + 16)
— p (34/3k® + 10k + 2k* +2/3k> — 4 — 4k)..
(i) If p < k < 2p, then we have
Sz(T) = p (2k*+2k>—28/15k—2/15k°=2) + p* (8/3k +28k*—32/3k>
+4/3k* —632/15) + p* (16/3 — 144k + 120k> + 40/3k")
+ p* (508/3 — 56k + 32/3k?) + p° (26/3 — 16/3k>) + 4/5p°.
(iii) If & > 2p, then we have
Sz(T) =p° (56/3k> + 56k* — 88k +296/3) + p* (556/3 + 72k)
+ p® (16/3k — 230/3) — 88/15p> — 52/15p°.
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Proof At first, suppose A, B, and C are the sets of all horizontal, vertical, and
oblique edges of T', respectively. Then, we have

S2(T) = ) m(e|lG)na(e|G) + Y ni(elGna(e|G) + Y ni(e|GIna(elG).

e€A e€EB eeC
()

The number of horizontal edges are 2p(k + 1). Thus, we have

Y ni(e|G)na(e|G) = 4p*(k + 1)>2p(k + 1) = 8p* (k + 1)°.

e€A
The number of vertical edges are 2 pk. So,

k k

> ni(e|Gny(e|lG) = Y 2pa6p*m(k —m + 1) =32p> > “m(k —m + 1)
e€EB m=1 m=1

= p* (16/3k> + 16k* + 32/3k).

Let k£ be even.
The number of oblique edges are 2p(k + 1). Now for k < p, we have

> n1(e|GIna(elG)

eeC

k
=2p. 3 Y AM @plk + 1) — D)} + @plk + 1)

m=1
—(4k +2)e + 4e?) (4p(k + 1) — (2p(k + 1) — (4k + 2)e + 4¢?))

=2p.(p* (8k + 16k* + 8K>) + p* (8k* + 16k + 8) — p (2k* + 4k> + 2k?)
— 22/3k> — 4k* —2/3k> — 4k) .

When p < k < 2p, we have

1

k—p—
3 ni(elGna(elG) = 2,,_{ 34D @plk + 1) — (D) +

eeC m=1

m

14 k
> @pk+D-O)+ Y (111)(4p(k+1>—(111)>}
=k—p

m=p+1

+(p+p?) (dptk + 1) = (p + p?))}
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=2p.(p (4/3k + 14k* — 16/3k> +2/3k* — 16/15)
+ p* (40k* —268/3k — 4/3) + p* (16/3k> — 28k + 254/3)
+ p*(13/3=8/3k) +2/5p° — 14/15k — 1/15k° + k* + k?) .

And if k > 2p, then we have

k—p—1
> n1(e|Gna(e|G) =2p.{ > D @pk + 1) — (D) +
m=1

eeC

14 k
V) @pk+ D) —aV)+ > (HI)(4p(k+1)—(HI))}
=k—

m p m=p+1

+(p+p*) (4ptk + 1) — (p + p?))}
=2p.(p* (136/3 — 184/3k + 8k + 8/3k")
+ p3(278/3 + 36k) + p*(8/3k — 115/3) — 44/15p — 26/15p°.

Suppose k is odd, in this case for k < p we have

> ni(e|Gna(e|G) = 2p. (p* (12k + 12k + 4k> + 4)

eeC

—17/3k> — 5k* — 1/3k”> + 2 + 2k — k*)

When p < k < 2p, we have

> ni(elG)na(e|G)

eeC
=2p.(p (4/3k + 14k* — 16/3k> + 2/3k* — 16/15)
+ p? (40k* — 268/3k — 4/3) + p* (254/3 + 16/3k* — 28k)
+ p* (13/3—8/3k) — 14/15k + —1/15k° + k* + 2/5p° + k* — 1)..
And if k > 2p, then we have

> ni(elG)na(e|G)

eeC
=2p.(p* (136/3 — 184/3k + 8k* + 8/3k?)
+p? (36k +278/3)+p* (8/3k — 115/3) — 44/15p — 26/15p°) .

So if p is even, then by using the above relations in (*), the result is hold. -
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Case 2 p is odd.
Lemma 12.3.18 If e is an oblique edge in level m (1 < m < k), then we have

(i) If m < pandk —m < p, then
ni(e|G)=2pk + 1)+ 4m — 2k + (4m —2)c — 4c>
+ (2 — 4k + 4m)d + 4d*. )
(ii)) If m < pandk —m > p, then
nie|G)=2p(m+1/2) 4+ 2m + p> + (4m — 2)c — 4c*. )
(iii) If m > pand k —m < p, then

ni(e|G) =2p(k +m)— p>—7Tp +2m — 2k + (4m — 4k + 2)d + 4d>.
(3

@iv) If m > pandk —m > p, then
ni(e|G) = 4p(m—2). “4)

Theorem 12.3.19 If p is odd, then the Szeged index of TUC,Cg(S) nanotube is
given as follows:

1. k is even.

(i) If k < p, then we have
Sz(T) = p? (64/3k> + 64k* + 176/3k + 16)
— p(4/3k +2/3k” + 6k> +10/3k* + 14/3k?) .
(i) If p < k < 2p, then we have
Sz(T) = p (4/5k +2/3k* —2/3k> — 2/3k* — 2/15k?)
+ p? (32/3k + 4k* — 8k* + 4/3k* — 32/15)
+ p? (40/3k? 4 120k> — 80k)
+ p* (32/3k* — 176/3k + 388/3) + p° (8 — 16/3k) + 4/5p°.
(iii) If k > 2p, then we have
Sz(T) = p* (56/3k> + 56k* — 72k + 24) + p*(124 + 80k)
+ p°(16/3k — 88) — 8/15p> —52/15p°.
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Fig. 12.14 HAC5C;[8.4]
nanotube

2. k is odd.
(i) If k < p, then we have
Sz(T) = p* (64/3k> + 64k> + 176/3pk + 16)
— p(4/3k +2/3k> + pk® +10/3k* + 14/3k?) .
(i) If p < k < 2p, then we have
Sz(T) = p (4/5k +2/3k* —2/3k> — 2/3k* — 2/15k°)

+ p? (32/3k + 4k* — 8k® + 4/3k* — 32/15)
+ p’ (40/3k’ + 120k — 80k)
+ p* (388/3 — 176/3k + 32/3k?) + p° (8 — 16/3k) + 4/5p°.

(iii) If k& > 2p, then we have

Sz(T) = p* (56/3k> + 56k* — 72k + 24) + p*(80k + 124)
+ p°(16/3k — 88) — 8/15p> — 52/15p°.

Proof The proof is similar to the proof of Theorem 12.3.17. -

12.3.3 Computation of the Szeged Index of HACsC;[r, p]
Nanotubes

In this part, we compute the Szeged index of HACsC[r, p] nanotubes.
We bring all details of the computation of the Szeged index of this nanotube,
which have been published in [ranmanesh and Khormali (2009) (Fig. 12.14).
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3m

Fig. 12.15 The mth period of HACsC7[p,g] nanotube

We denote the number of heptagons in one row by p and the number of the
periods by &, and each period consists of three rows as in Fig. 12.15, which shows
the mth period, 1 <m < k.

Let e be an edge in Fig. 12.14. Denote:

E, ={e € E(G)|e is an oblique edge between two heptagons}

E, ={e € E(G)|e is ahorizontal edge}

E; ={e € E(G)|e isa vertical edge}

E, = {e € E(G)|e is an oblique edge between heptagon and pentagon}
Es = {e € E(G)|e is an oblique edge between two pentagons}.

Also, we can define some subsets of E;s as follows:

Ey ={e € E;|e isanedgein (3m — 1) — th row}

Ey ={e € E;|e isanedgein 3m-th row} so that E, = Ey U Eyr.

Ey = {e € E;3|e isanedge between (3m — 1)-th and (3m — 2)-th rows}

E3r = {e € E3|e isan edge between 3m-th and (3(m + 1) — 2)-th rows} so that
Es=Ey UEy.

Ey ={e € E;|e isanedgein (3m — 1)-th row}

E, = {e € E;|e isanedge in 3m-th row} so that £y = Ey U Eyr.

And the number of vertices in each period of this nanotube is equal to 8§p.
For computing the Szeged index, we must discuss two cases:

Case 1 piseven.

If p = 2, then
2560 1118
Sz ="—k*—720k> + —k +2.
3 3
If p = 4, then
9920 16240
——k3 + 6556k> + ——k k<2
— ) 8192 113404
Sz = k—999122 <k < 4

Tk3 + 9312k% +
6272k3 — 7040k? + 26276k — 18, 824 k>4
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11 \3
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Fig. 12.16 The symmetry line for HACsC5[4, 2]

Now, let p > 6.

We can show all vertices in a period on a circle; let e be an arbitrary edge on this
period.

This edge is connecting two points on the circle. Consider that a line perpendic-
ular at the midpoint to this edge passed a vertex or an edge, say a, in the opposite
side of the circle. A line through the point a and parallel to the height of nanotube is
called a symmetry line of the nanotube.

For example, in Fig. 12.16, we show the symmetry line for HACsC;[4, 2]:

(a) e € Ey:
According to Fig. 12.17, the region R has the vertices that belong to
Ni(e |G ), and the region R’ has vertices that belong to N»(e |G ). (The notations
ni(e|G) and ny(e |G ) are indicated with n,(«) and n,(v), respectively.) Then,

8km — 4k?> — 9k + 4pk — 1, m<tk-m<%—1

4pm —9m + 4m* + p*> — Ip + 4, m<Ek-m>2%5—1

ne(u)=1{8m—32p—6—p*+4pk+4pm+ m>% k-m=<5—1

9m — 4k* — 4m? — 9k,

8pm—9p — 1, m>% k—m>%—1

—8km — 4k + 4pk — 1, m<Ek-m<%5—-1

8pk —4pm +5m—4m*—p*+3p—-2, m<L k-m>2%—1

n.(v) = —8km+ 3p+ p>+4pm—5m+ m>5%8 k—m<%—1
4k? + 4m?* + 5k,

8pk —8pm + 5p — 1, m>5 k—m>25—1

(b) e € Ey:
According to Fig. 12.18, the region R has the vertices that belong to
Ni(e |G), and in this sub-case, we have n,(#) =n.(v). Then,
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@D ee Ey:
8km — 4k* — Tk + 4pk —4—8m* +12m, m< % k—m<4—1
4pm+5m—4m2+p2—%p—1, mﬁg,k—m>§—1
ne(u) = 8km+§p—4+p2+4pk—4pm+ m>§,k—m§§—l.
Tm — 4k* — 4m? — Tk, m>% k—-m<£%—1
202 —p—1, m>% k—m>2%—1
(II) e € Epr:
8km — 4k?> — k + 4pk + 1 — 8m?, m<Lt k-m<%&—1
4pm —m —4m* + p* — 3p -2, m<8 k—m>2%—1
ne(u) =\ 8km—1ip+1+p>+4pk—dpm+ m>2% k-m=<£L—1
m— 4k? — 4m? — k,
20— p—2, m>% k—m>2%-1

(c) e € Ej:
According to Fig. 12.19, the region R has the vertices that belong to
Ni(e |G ), and the region R’ has vertices that belong to N»>(e |G ). Then,

(I e€ Ey:

ne(u) = 8pm — 28

n.(v) = 8pk —m) + 14
(IT) e € E3 (in this sub-case, m # k):

ne(u) =8pm—6p + 14

n.(v) =8k —m)+6p—2

(d) e e Ey:
According to Fig. 12.20, the region R has the vertices that belong to
Ni(e |G ), and the region of R’ has vertices that belong to N>(e |G ). Then,

(I ee€ Ey:
dpm—m—5—-2+4m?>, m<L k-m=<£E—1
dpm—m+4m> —ip—2, m<L k-m>5 -1
ne(u) = 5 ) , .
8pm+1—p~+7p, m>%.k—m=<5—1
8pm—p>+7p + 1, m>2 k-m>2-1
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k + 4k? —8km + 4pk —dpm —m+ m<45 k-m=<5 -1
L1+ 4m?,

8pk — p?> +3p +4—8pm, m<&,

k + 4k% — 8mk + 4pk — 4pm — m+ m>§
L1+ 4m?,

8pm — p% +3p +4—8pm, m>%5 k—m>2%5—1

ne(v) =

(Il) e € Eyr:

4pm —13m — & + 11+ 4m>,  m
d4pm —13m +4m*> —Lp + 11, m
8pm +2— p* + p, m
8pm—p>+p+2, m

R
|
I 333

ne(u) =

V V IAIA

[N ST RSTTR ST AN

V IA V IA

(SRS RSTTR ST AN
|

3 3 3 3

9% + 4p(k —m) —9m + & + 4(k —m)*,
8pk — p>+7p — 6 — 8pm,
9% +4p(k —m) —9m + £ + 4(k —m)?,
8pm — p*+71p — 6 —8pm,

ne(v) =

[STRSTSTRSTNY STTESY

EaalE ]

VIA V IA

[STSTNY LTSI SIS
|

— =

(e) e € Es:
According to Fig. 12.21, the region R has vertices that belong to Nj(e |G ),
and the region R’ has vertices that belong to N»(e |G ). Then,

ne(u) =8p(m—1)+5p—9

n.(v) =8pk —m)+3p—09.

For simplicity, we define:
In sub-case a:

a; = 8km — 4k* — 9k + 4pk — 1
by =4pm—9m+4m*>+ p* —Ip + 4
¢y =8km—3p—6— p> + 4pk + 4pm + 9m — 4k> — 4m* — 9%k
di =8pm—9p —1
a, = —8km — 4k* + 5k + 4pk — 1
by = 8pk —4pm + 5m — 4m> — p> + 3p —2
¢y = —8km + 3p + p> + 4pk — 4pm — 5m + 4k> + 4m> + 5k
dy = 8pk —8pm + 5p — 1

In sub-case b:
as = 8km — 4k?> — Tk + 4pk — 4 — 8m? 4+ 12m
b3=4pm+5m—4m2+p2—%p—1
c3=8km+ 3p—4+ p*+dpk —dpm + Tm — 4k> — 4m> — Tk
d3:2p2—p—1
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a4:8km—4kz—k+4pk+1—8m2
b4=4pm—m—4m2+p2—%p—2
cs =8km—1Lp+ 1+ p>+4pk —dpm +m—4k> —4m> —k
d4:2p2—p—2

In sub-case c:

71 = 8pm — 28

ty = 8p(k —m) + 14

7 =8pm—6p + 14

tph=8k—m)+6p—2
In sub-case d:

as =4pm—m— 5 -2+ 4m?

b5=a5
cs=8pm+1—p>+7p
d5=Cs

ag =k + 4k* — 8km + 4pk —4dpm —m + L + 1 + 4m?
be = 8pk — p*> 4+ 3p + 4 —8pm

Ce = dg

de¢ = bg

a7 = 4pm —13m — & + 11 + 4m?
b7=a7

c7=8pm+2—p>+p

d7=C7

ag = 9k +4p(k —m) —9m + £ + 4(k —m)?
by = 8pk — p*> +7p —6—8pm
Cg = dg
dg = bg
In sub-case e:
z3=8pm—1)+5p—9
ts =8pk—m)+3p—9

Then:

s1 = 2paaz + pa32 + pa42 + pzit1 + 2pasag + 2pasas + 2pzsts
57 = 2pb1by + pbs® + pby® + pzity + 2pbsbe + 2pbbg + 2 pzats
53 = 2pcica + pe3® + peg® + pzity + 2pescs + 2percg + 2pzats

s = 2pdidy + pds* + pdy* + pzity + 2pdsds + 2pdads + 2 pzats

Then, we have for p > 6,

367
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k
X—:1S1+ _lpzzlz k<%
£ k g k—1
Yosat DY s+ Y, pnh+ Y. pub % <k=p
m=1 m=4+1 m=1 m=5+1
Sz=1 4 kb : :
o+ > sat > st ). pab+ k>p
m=1 m=4+1 m=k—5+1 m=1
k=% k—1
Z Pty + Z Pty
m=5+1 m=k—5+1
Case 2 p is odd number.
If p =1, then
320 342
Sz = —k* —164k* + —k — 42.
3 3
If p = 3, then
Sz = 2880k> — 2952k? + 3180k — 822.
If p =5, then
24310 40985
Tk3 + 13670k> + Tk + 240 k<2
20000 13739084983828481
Sz = =——k3 + 24400k> k—190820 2<k<4.
3 + + 206158430208 -
44000 23552226261729281
——— k3 — 24600k? + k — 109220 k>4
3 206158430208

For p > 7, we can compute Sz as the same case of even. There are only some

differences between odd and even numbers. For example, we must use [%] instead

P
of 5.

(a) e € Ey:
8km — 4k? — 9k + 4pk —2+m, m=<[4]. k—m<[5]-1
4pm—8m+4m2—4[§]2+4p [g]
PR B C TR < (5] k=m> (4]

8km —4p — 6+ 4[] —4p[2]
+4pk + 4pm + 9m — 4k> — 4m?> — %k, m >
8pm —8p —[5]. m>
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—8km + 4k? + 6k + 4pk — 1, m<|
8pk — 4pm + 6m — 4m? + 4[ L] —4p[L] —2

[8]+4p—4. m< (8] k=m>[5]-1
ne(v) = )
=34+4p[5]—4[5] —2[5] +4ptk —m+ 1)
—2k +2m + 4(k —m + 1), >[2], k—m<[%]-1
8pk —8pm +8p —2—4[4], >[4]. m>[4]—1
(b) e € Ey:
In this sub-case n, (1) = n.(v),
I ee€ Ey:
8km — 4k> — Tk + 4pk — 4
+12m — 8m?, m< [ﬁ] k_ms[ﬁ}_l
, 2 2
dpm + 5m + 4m? — 4 §:|
ne(u) = +4P|:§:|+|:§:|—4P, m < |:§:|,k—m>|:§:|—l

(Il) e € Eyr:

ne(u) =

(c) e € Ej:
(I e € Ey:

(Il) e € E3r:

2
)4 P )4
skm+1—4| 2| +ap| 2| +5| 2] +apk
" [2]+p[2}+[2]+p

—4pm + Tm — 4k? — 4m? — Tk, m >

wlg]-r 2] 2]+

8km — 4k> — k + 4pk + 1 — 8m?,

4pm—m—4m2—4|:§]2+4p [%]

_[§i|+1, m< %},k—m>|:§]—l
8km+1—4|:§]2+4p|:§] - [%]

+apk —dpm +m — 4k> — dm® —k, m > [%} k—mf[%}—l
8p[§}—2[§}—8[§}2+1, m>[§},k—m>[§]—1

ne(u) = 8pm — 28

n.(v) =8pk —m) + 14

ne(u) =8pm—6p + 14

n.(v) =8k —m)+6p—2
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(d) e Ey:
() e € Ey:

ne(u) =

ne(v) =

(I) e € Eyr:

ne(u) =

ne(v) =

(e) e € Es:

pm—[E]+6m[5]+7—Tm + 4m?,
pm—Tm+4m* +6m[5]—[4] +7.
8pm + 10[ 2] = 7p[2] + 6]
8p1n+p+6[§]—7p[§]+ O[§]+1, m >

—|:§:|+6|:§:|(k—m+1)+p(k—m+1)

+5m—5k —p+ 4k —m+ 1)%,

2

P P )4
8pk — 8 10l=| —=7pl|=|—-5|—=
pk=Spm+ [2} p[z} [2}

)
2
1

J+p+1,m>

A. Iranmanesh

mf[%],k—mf[%]—l
m=<[5] k—m>[5]-1
[8]. k—m <[] -1
(2] k—m >8] -1

+7p+9, m§|:£ k—m>|:§:|—1
5m+6|:§:|(k—m+1)—|:§:|
+plk—m+1) + 4k —m + 12 = 5k — p, m>[§],k—m5[§ -1

2
P P
8pk — 8 10l=| —=7p|=|—5
Pk = 8pm M PH [

+7p +9,

pm—[§}+6m[§}+15—14m+4m2,mf

p
8pm + 10[5]2 —1Tp [g] — [
P
2

—[4]+6[4]tk—m+ D)+ plk —m+1)

—1 44k —m 412 —p,

8pk —8pm + 1051 = 7p [2] = [3] +7p =4, m <
6[5]tk—m+1)—[4]+ pk —m+1)

+4tk —m+ 12— p—1,

p

2

[
pm—l4m+4m2+6m[5]—[§}+15,mf[
[
[

}er,

spm+p—[2]- [£]+10[2].

m>|:£:|,k—m>|:£:|—1
2 2

=~
|

3

%

I I

[ SR S I S —
)
|
3
IA
L B s B e B e |

|
—

L k—m >

I
—

[SNESENYEN SR LESTNES!

» »
2 2
8pk —8pm + 10[ 2] —7p[2] = [2]+Tp—4, m > [2], k—m > [2] -1

ne(u) =8p(m—1)+5p—9

n.(v)y =8plk —m)+3p—9
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Fig. 12.22 HACs5Cs(C4[2,2]
nanotube, p =2, k =2

Therefore, we obtain the Szeged index for odd number as follows:

bl
L

k

Z s1+ Pl k < [%]
m=1 m=1

s k 5 k=1

Yost X syt ) paub+ Y pub [5]<k<p
m=1 m=5+1 m=1 m=54+1

SEEN 8kt 3 —
Yosat D st Y. st ) puh+ ). pab
m=1 m=5+1 m=k—5+1 m=1 m=5+1
k—1
+ yJels) k>p
m=k—§+l

12.3.4 Computation of the Szeged Index of HAC5C¢Cr[r, p]
Nanotube

In this part, we compute the Szeged index of HAC5C¢C5[r, p] nanotube.

We bring all details of the computation of the Szeged index of this nanotube,
which have been published in Iranmanesh and Pakravesh (2007).

In Fig. 12.22, an HAC5C¢C4[2, 2] lattice is illustrated.

We denote the number of pentagons in one row by p and the number of the
periods by k, and each period consists of three rows as in Fig. 12.23, which shows
the mth period, 1 <m <k.

Let e be an edge in Fig. 12.22. Denote:

E, ={e € E(G)|e is a vertical edge between hexagon and pentagon}

E, ={e € E(G)|e is an oblique edge between pentagon and hexagon}

E; ={e € E(G)|e is an oblique edge between heptagon and hexagon}

E, = {e € E(G)|e is an oblique edge between heptagon and hexagon adjacent
with pentagon}

Es = {e € E(G)|e is an oblique edge between two heptagons}

E¢ = {e € E(G)|e is ahorizontal edge}
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Fig. 12.24 e = uv is an edge belonging to E; in m = 3 rd row

E;
Eg

{e € E(G) | e is a vertical edge between two hexagons}
{e € E(G)|e is an oblique edge between two hexagons}.

And the number of vertices in each period of this nanotube is equal to 16p. For

computing the Szeged index, we must discuss two cases:
Case 1 p iseven.

Let e = uv be an edge denoted in Fig. 12.24.
(a) If e € Ey, then,

according to Fig. 12.24, the region R has the vertices that belong to N; (e| G),

and the region R’ has vertices that belong to N, (e| G) Then,
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Fig. 12.25 e = uv is an edge belonging to E; in m = 3 rd row

19
n.(v) = 16pk —m) + ?p — 14.
Ifm < [%] + 1, then
11 )
ne(u) = 8pm — 71) + 16m~ —19m + 11.

1tm > [%54] + 1, then

5p—4 5p—47?
5
s
5p—147°
20

(o2 2= s
2P 20
3p— 10 3p— 10
16 6 .
w10 P+ Y
(b) If e € E,, then,

according to Fig. 12.25, the region R has the vertices that belong to N (e| G),
and the region R’ has vertices that belong to N, (e| G). Then,

ne(u) = p(16m —11) 4+ 25 + (7 + gp)
2
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(i) Ifm§[5p 2]—l—landk m < p, then

n.(v) =k@p +5) +m(18—16m)—9

2
+ (16(k — m) — 10) [k;m}—m[k;m} .

(i) If m > [5” 2] +landk —m < p, then

2 20
5p—271 (5 5p—12 5p—127?
_5|22 (2p—11) |2 _5|22
20 2 20 20
-8 3p—87°
3p—14 -6
+ -1 | L2 | -6 L

2
+ (16(k —m) — 10) [k 2’”}—16['%} .

ne(v) = (8p+5)(k—m)+22—7p—16+ (§p—6) [E}

(i) Ifm < [51’ 2] 4+ landk —m > p, then
1 2
n.(v) = 8p 2k—m—§p —16m~ + 23m — 9.

@iv) If m > [Sp 2] +landk —m > p, then

27 5 5p—2
W) =16pk —m)—4p>+ —p—16+|=p—6
ne(v) p( m) p—i—zp +(217 )|: 20 i|

5p—2 5 5p—12 5p—1277
e 2p—11)| 2 _5| 22
20 2 20 20
3p—38 3p—87°
3p—14 —6 .
+Gp )[ 12 } [ 12 }

And for n,(u), we have

(i) If m < p, then

2
ne(u) = 4pQ2m — 1) + 9m — 3 + (16m — 22) [’”T_l}—lé[ : 1} .
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Fig. 12.26 e = uv is an edge belonging to E3 in m = 3 rd row

(i) If m > p, then
ne(u) =4p2m+p—1)—2m + 3.

(c) If e € E3, then,

according to Fig. 12.26, the region R has the vertices that belong to N; (e| G),
and the region R’ has vertices that belong to N, (e| G).

In Figs. 12.26, 12.27, and 12.28, the symbol o means that the vertex assigned
with this symbol has the same distance from « and v. Then,

(i) fm < pandk —m < p, then

2

2 2
— 16['%} + (26— 16m) [mT_l} + 16[}”7_1} .

(i) If m > pand k —m < p, then

ne(v) = 8pk + 3k —16m + 9+ (16(k —m) — 6) [lﬂ}

ne(v) = 8p +3)(k —m) + 4p> —1

2
+ (16(k — m) — 6) ["‘Tm} - 16["‘7’”} .
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(iii) If m < p and k —m > p, then
ne(v) = 8p(2k —m) —4p* + 9 — 13m

m—1 m—177

@iv) If m > pand k —m > p, then n,(v) = 16p(k —m) — 1. And for n,(u),
we have

(1) Ifm < pandk —m < p, then

ne(u) = 8pk — 6k + 18m — 11 + (6 — 16(k —m)) [/{—Tm:|

k—m7? k—m+1
16| —— | —4|—
w157 e[
+6m—30)| =]y ! ’
m 2 2 .
(i) If m > pand k —m < p, then
ne(u) = 8p(k +m) + 6(m —k)—4p> —3p +3
k_
+(6—16(k —m)) [Tm}
k—m-+1 k—m7?
4| | +16|——].
e
(iii) If m < pand k —m > p, then

ne(u) = 8pm + 4p> —5p — 11 + 12m

m—1 m—17?
+(16m—30)[ 7 i|—16[ 7 i|

@iv) If m > pand k —m > p, then
ne(u) = 16pm — 8p + 3.
(d) If e € Ey4, then,

according to Fig. 12.27, the region R has vertices that belong to N, (e| G), and
the region R’ has vertices that belong to N, (e| G). Then,

G) Tfm < [5”2‘010] +landk —m < p, then
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ne(v) = 8k(p + 1) —16m?> +m —1

2
+ (16(k — m) — 6) ["‘Tm} - 16["‘7’”} .

(i) Ifm < [5,,2_010] +landk —m > p, then

ne(v) = 8p(2k —m) —4p> 4+ 5p + 9m — 16m> + 7.

(i) Ifm > [51’2‘010] +landk —m < p, then

ne(v) = (8p + 8)(k —m) + 8p — 8 + (16(k —m) — 6) [l%}
_ 16[’%}2 + Gp _ 11) [sz—olo} _5[5172_010}2
+(Gr-9)[3]-<(]
+(3p—7)[3p1;1} —6[3”1; 1}2.

@iv) If m > [%] +1landk —m > p, then

5 5p—10

5p—1071* (5 5p 5p7?

=[]+ (Gr-9) [56) -5
3p—1 3p—17°
+(3p_7>[ = }—6[ — }

For n,(u), we have

G Ifk—m < [;—g] and m < p, then

ne(u) = 8k(p + 4m — 2k) — 16m* + 14m — 6k — 7

m—1 m—17°
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(i) Ifm < pandk —m > [g—g] then

-1 177
ne(u) = 8pm + 8m — 7 + (16m — 22) [’"T} — 16[’"7}

() 2] = (Gr-o) [3]

5p7? 3p+5 3p+57°
5| 22| yap-t —6 .
[20} +Gp )[ 12 } [ 12

i) Ifm > pandk —m < [g—g] then
ne(u) = 8p(k +m)—4p>*~3p + 6(m — k) — 16 (m*> + k*) + 32km — 7.

@Gv) Ifm > pandk —m > [g—g] then

5 5p+ 10 5p+107°
ne(u)z16pm—3p—4p2—1+(§p)|: 50 }—5[ 50 }

5 5p 5p 2 3p+5
“Gr-9) 5] -5] - [Pe]

3 2
—6 p+5 .
12

(e) If e € Es, then,

according to Fig. 12.28, the region R has vertices that belong to N; (e| G),
and the region R’ has vertices that belong to N, (e|G). Then, n.(v) = 16
ptk —m)—1.

And for n,(u), we have

G) Ifm < [%],men
ne(u) = m@8p + 16m —2).
(i) Ifm > [%‘] then

5p + 4 5p+47
ne(u):24pm—11p+6+(3—5p)[p+ i|+5[p+ i|

20 20

5p—4 5p—47*
+(7—11p)[ % }+5[ % }

3p—4 3p—47?
10 6 :
oo ]
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Fig. 12.29 e = uv is an edge belonging to E¢ in m = 3 rd row

If e € Eg, then,
according to Fig. 12.29, the region R has vertices that belong to N, (e| G), and
the region R’ has vertices that belong to N, (e| G). Then,

) @) Ifm < pandk —m < p, then

ne(v) = 8pk — 5k —8m + 9 + (10 + 16(m — k)) ["‘Tm}

L6l Em 2—1—(26—16 ) i PP ik 2
2 S 2 |-
(i) If m > pand k —m < p, then
ne(v) = 8p—5)(k —m) +4p”> —1

2
+ (10 + 16(m—k))[k;m} + 16[";’”} .

(iii) If m < p and k —m > p, then

5 m—1 m—17°
n.(v) =8pm+4p°+9—13m + (26 — 16m) — +16T .
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Fig. 12.30 e = uv is an edge belonging to E7 in m = 3 rd row

@iv) If m > pand k —m > p, then
n.(v) = 8p> —1.

And n,(u) = n.(v).
(g) If e € E7, then,
according to Fig. 12.30, the region R has vertices that belong to N, (e| G), and
the region R’ has vertices that belong to N, (e| G). Then,
If p < 3, then

ne(v) = 16p(k —m) 4+ 5p — 1.
And if p > 3, then
n.(v) = 16p(k —m) + 11p — 20.
For n,(«), we have

Q) Ifm < [%] + 1, then

ne(u) = 32m* — 28m + 10.
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Fig. 12.31 e = uv is an edge belonging to Eg in m = 3 rd row

5p— 87
10| ==
20 }r [ 20 }
17—}-42 3p
11
20 }+ [

5p—8

|
Joof

16p(m—1) + (18 — 5p)

(i) Ifm > [51’258] + 1, then
ne(u)

)

+1

12

5p+4
20

|

+(7—11p)

2
12 :| ’

according to Fig. 12.31, the region R has vertices that belong to N; (e| G), and

the region R’ has vertices that belong to N, (e| G). Then,

3p +

+ 12[

If e € Eg, then,

For n.(v), we have
(h) () Ifm < pandk —m < p, then
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n.(v) = 8pk + 6k — 18m + 11 + (16(k — m) — 6) ["‘Tm}

1621 4 s 16my [ ] 4 16[ 22T
- [T}H - ’”)[T}“ [T}

(i) If m > pand k —m < p, then

ne(v) = @Bp+6)k—m)+4p>+p+1

2
+ (16(k — m) — 6) ["_Tm} - 16[k_Tm} .

(iii) If m < pand k —m > p, then
ne(v) = 8p(2k —m) —4p* +3p + 11 — 12m
m—1 m—17°
26— 16 —_— 16| —— | .
-0 1om| = | o]
@iv) If m > p and k —m > p, then

ne(vy = 16p(k —m) +4p + 1.

And for n,(u), we have

(i) fm < pandk —m < p, then
k—m
ne(u) = 8pk — 6k + 18m — 13 + (4 — 16 (k — m)) —5
k—m7? k—m+1
6l —— | —g| 2"~
a5 o5
+tem—32)| =] Z g ! ’
m 3 3 .

(i) If m > pand k —m < p, then

ne(u) = 8p(k +m) —4p> —dp + 3+ 6(m — k)

2
+ (4= 16(k —m)) [l%} v 16[1%} —6 [’%H} .
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(iii) If m < p and k —m > p, then
ne(u) = 8pm + 4p> —7p — 134+ 12m
m—1 m—17
16m—32) | —— | — 16| —— | .
o= [ [
@iv) If m > pand k —m > p, then

ne(u) = 16pm — 11p + 3.

For simplicity, we define in sub-case a:
ap = 16p(k —m) + ¥ p—14.
ay = 8pm — L p + 16m*> — 19m + 11.

5 5p—4 5p—47?
a3=p(16m—11)+25+(7+§p)|:p20 }+5[” }

21 \[5p—14 5p — 1477 3p—10 3p — 107
12— = 5 16 6 .
+( 2”)[ 20 }r [ 20 }Jr [ 2 T2

In sub-case b:
5 5p—2 5p—271 (5 5p—12
by=(=p—6 -5 —-p—11
o= (Gr-o) [ |- |+ G [P

5p—127° 3p—38 3p—87°
5 3p— 14 —6 .
[ 20 }Jr(p )[ 12 } [ 12

2
b'o = (16(k — m) — 10) ["_—m} - 16[1%} .

2
by = k(8p + 5) + m(18 - 16]’)’1) -9+ b/().

27
by = (8p+5)(k—m)+7p— 16+b0+b/0.
by = 8p(2k —m — 3 p) — 16m* 4+ 23m — 9.
27
by = 16p(k—m)—4p2+ ?p— 16 + by.

_1 _1 2
bs =4p2m —1)+9m —3 + (16m —22) [MT} _16[’”_} ]

2
be =4p2m+p—1)—2m + 3.

In sub-case c:

2
co = (16(k —m) — 6) [l%} . 16[1%} .

¢ = 26— 16m [ "] 4 16[ 1T
0 2 2 |-
cy = 8pk + 3k —16m + 9+ ¢y + ¢y.
c2=08p+3)k—m)+4p*—1+co.
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c3 =8p(2k —m) —4p* +9—13m + /.
cy = l6p(k —m) — 1.
k—m+1 -1
cs = 8pk — 6k + 18m—11—co—4|:L:| + (16m — 30) [mT}

2
2
_ 16['"_1} _
2

k—m+1
66:Sp(k+m)+6(m—k)—4p2—3p+3—co—4|:—m+ }

2

5 m—1 (m—17
c;=8pm+4p - —5p— 114 12m + (16m — 30) — — 16| —— | .
cg = 16pm —8p + 3.

In sub-case d:

5 5p—10 5p—107* (5 507 5p7?
do==p—11 -5 “p-5)|=|-5=
0 (2” )[ 20 } [ 20 :|+(2p )[20_ 20

2
+(3p—7)[3p_1}—6[3p_1} .

12 12

5 5p 410 5p+107 (5 5p 5p7?
do=|= -5 “p-5)|=|-51=
0 (2’7)[ 20 } [ 20 :|+(2p )[20 20
3p+5} 6[31)—%—5}2

3p— 1
+Gp )[ 12 12
dy = 8k(p + 1) —16m> +m — 1+ c,.

dy = 8p(2k —m) —4p* + 5p + 9m — 16m> + 7.
dy = (8p +8)(k —m) +8p — 8+ co + dy.
dy = 16p(k—m)+5p—4p2+d0.

—1
ds = 8k(p + 4m — 2k) — 16m* + 14m — 6k — 7 + (16m — 22) [’"T}

m—1 2
—16] —— | .
2
m—1 m—17?

de =8pm +8m — 7+ (16m — 22) [Ti| — 16[Ti| +d’y.

d7 = 8p(k +m)—4p> —3p + 6(m — k) — 16(m* + k?) + 32km — 7.
ds = 16pm —3p —4p> — 1+ d’y.

In sub-case e:

5p+ 4 5p 447 5p—4 5p —47?
= (3-5 5 711 5|22~ 7
¢ = p)[ 20 }JF [ 20 }H p)[ 20 |20

3p—4 3p—47?
10 6 .
<10 | Y

e; = 16pk —m) — 1.
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e, =m(8p + 16m —2).
e3 =24pm — 11p + 6 + eo.

In sub-case f:

k— k—m7?
fo = (10 + 16(m — k)) [Tm} ¥ 16[7’“} ,
fi =8pk —5k —8m + 9+ fo + .
fHh=08p—=5k—m)+4p>*—1+ f.
f3=8pm+4p>+9—13m + c/.
fi=8p*—1.

In sub-case g:

5p—38 5p—87 5p+4
= (18-5 10 7—11
o= 5=5p) | 28] 10 LEE - | 2

5p+47 3p+1 3p+17°
10| =—— 11 12 .
+ 20 }Jr [ 2 |7 12
g1 = 16p(k —m) + 11p — 20.

g2 = 32m?* — 28m + 10.
g3 =16p(m —1) + go.

In sub-case h:

2

2
ho = (4 — 16(k — m)) ["_Tm} + 16[%} —6 [ll“} .

m—1 m—17

hi = 8pk + 6k —18m + 11 + ¢¢ + .

hy = 8p + 6)(k —m) +4p>+ p + 1 + co.

hy = 8p(2k —m) —4p* +3p + 11 — 12m + ¢’o.
hy =16p(k —m) +4p + 1.
h5:8pk—6k+18m—13+h0+h/0.

he = 8p(k +m) —4p* —4p + 3 + 6(m — k) + hy.
hy = 8pm +4p> —Tp — 13 + 12m + I,

hg = 16pm — 11p + 3.

S1 =4p(aiay + bibs 4 cics + dids) + 2p (fl2 + glgz) .
[55]
20 k—1
S, = 2p Z (616‘2) + Z (6‘1@3)
m=l m=[254]+1
S3 =4p (blbs + cic5) +2p (hlhs + f12 + glgz) .
S4 = 4p (babs + cics + dads) + 2p (hth + A2+ glgS) .

Ss = 4p (b3bs + c3c7 + dods) + 2p (h3h7 + f32) .

A. Iranmanesh
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S¢ = 4p (babg + crc6 + d3d7) + 2p (h2h6 + f22) .
S7 = 4p (babs + cac6 + dzds) .

5] k
Sg =2p > (g182) + > (g183)
m=1 m=[%]+2

Sy =4pczcr +2p (h3h7 + f32) .
S10 = 4pcacs + 2p (hzhs + £7).
S11 = 4pcies +2p <h1h5+f12 .
S12 = 4pcycs + 2p (h4h3 + fi%).

k—p—1 [S"ng +1 k*[s’%]*l k
Si3=4dp > (dadg) + 3. (dodg) + Y. (didg) + > (d3dy)

m=[%]+2 m=1 m=p-+1 m=k7[%]

p )
Siu=4dp > (babs) + > (dids + bibs) + > (d3ds) + > (d3ds) ¢ .

n=[%5%]+2 =k n=[%2 42 m=k—] %52 ]
k= %57 |~ k
Si5s =4p Y. (dsdy)+ Y (didy)
m=|:%:|+2 m=k—[%]

If p =2 and k > 4, then the Szeged index of HAC5;C¢C5[r, p] nanotube is
Sz = 2048k + 45080k* — 46136k — 57776.

The Szeged index of HAC5CsC5[r, p] nanotube for p > 4 is given as follows:

Itk < [ %], then

k k—1
SZ=Y S+ Y 2peie.
m=1 m=1

0[5 <k < [%32] + 1. then

k
SZ=>"(5)+5,.

m=1

0[] +1 <k <2([%52] +1), then
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(%55 +1 k k=[2552 ] [22]+1
SZ = Z 83+ Z Sy +4p Z (d,ds) + Z (dds) b + S,

m=1 m=[%]+2 m=1 m=k—[%]

If2<[5” 2] + 1) <k < p, then

%]
20 k
Yo (Ss+dpdide) + Y (Sa—4pdids) + Sis+ Ss.
=! m= %52 ]+2
Ifk = p+ 1, then
[ ]+ ,
Y (Ss+4pdid) + Y (Sa—4pdids —2pgigs)
m=1 m=[ %52 ]+2
p+1
+ ) (2pgi1g3) + Sis+ S + S5,
m=[ %52 ]+2
If [Sp 2]
p+l<k<p+ + 1, then
k—p—1 k P
= ZSs-l- Z S¢ + Z S+ Sia+ 82 + Ss.
m=1 m=p+1 m=k—p

pr—i—[sf’ 2]—|—I<k<2p,then

k—p—1 k p
= Y Sot+ > S+ Y (Su+dsds)+ Sis+ Sy+ Ss.
m=1 m=p+1 m=k—p

If k > 2p, then

k 1

b

m=p+1 m

P k
SZ = ZS9+ S+ Z (Slo—Zszz)
-

-p

p
+ Z <4pd3d6 + 2[7f22) + S 4+ Si3 + Ss.
—k

m=Kk—p
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Case 2 p is odd.
(a) Ife € Ey, then

19 25
ne(v) = 16p(k —m) + 717 -5

ifm < [%54] + 1, then

11 23
ne(u) = 8pm — P 16m* — 19m + >

Ifm > [%] + 1, then
11 17 15 5 5p—5 5p—577
w=p(8m——|+—=+(=-2 5
e (1) p(m 2)+2+(2 2p)[ 20 }+[20}
5 11 5p+5 5p+577
s 5
+(2 2”)[ 20 }r [ 20 }

3p+2 3p+27°
4 6 .
o]

(b) If e € E5, then

() Ifm < [%]—i—landk—mgp,then

n.(v) =k@p +5)+m(18—16m)—9

k—m:|2

+ (16(k —m) — 10) [k_zm}—m[ .

(i) Ifm > [%] 4 landk —m < p, then

ne(V):(8P+5)(k—m)+8p_2+(gp_?) [51)253}
5p=317 (5 1\[5p+9 5p+ 97
_5[ 20 } +(§p—§)[ 20 }—5[ 50 }

2
+(3p—-2) [3”1; 4} _ 6[3f2+}

2
+ (16(k — m) — 10) ["_Tm} - 16["_7’”} .
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(i) Tfm < [51’ 2] +1landk —m > p, then
n.(v) = 8p(2k —m — p + 1) — 16m* + 23m — 12.

@iv) If m > [5” 2] +landk —m > p, then

5 13\ [5p—3
c()=16pk —m)—4p* +8p—1+(Zp— —
o) = 1690 =m) =457+ 31+ (- 3 ) | 52

5p—3 5 IN[5p+9
—5 2oz
[ 20 :|+(2p 2)[ 20 }

5p+97° 3p +4 3p+47?
Y S E S i DY e
20 2 2

And for n, (), we have

(i) If m < p, then

2
ne(u) =4p2m—1) + 11m — 4 + (16m — 22) [m2_1:|—16|: 3 1:| .

(i) If m > p, then
ne(u) =4p2m+p—1)+3.
(c) Ife € E5, then

(i) fm < pandk —m < p, then

ne(v) = 8pk + 3k — 16m + 9 + (16(k — m) — 6) [l%}

2 2
_ 16[1%} + (26— 16m) [mT_l} + 16[’"7_1} .

(ii)) If m > pand k —m < p, then

ne(v) = 8p +3)(k —m) +4p*—1

2
+ (16(k — m) — 6) ["_Tm}— 6[k 2’”} .

(iii) If m < p and k —m > p, then
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ne(v) = 8p(2k —m) —4p* + 2 — 13m
m—1 m—17
26 — 16 —_— 16| —— | .
ces-tom [ e[
@iv) If m > p and k —m > p, then
n.(v) = 16pk —m) — 1.

And for n,(u), we have

(i) Ifm < pandk —m < p, then

ne(u) = 8pk — 3k + 16m — 11 + (6 — 16(k—m))[

2
+ 16[1%} —4 [ll“} + (16m — 30) [’”—_1}

2 2
]
—16 ——| .
2

(i) If m > pand k —m < p, then

k—m
2

ne(u) = 8p(k +m) +3(m—k)—4p> —2p +1

2
+ (6 — 16(k —m)) ["_Tm} —4 []%H} + 16["_7’”} .

(iii) If m < pand k —m > p, then

ne(u) = 8pm + 4p* —3p — 5+ 13m

m—1 m—17?

(iv) Ifm > pand k —m > p, then

ne(u) = 16pm — 5p.

(d) Ife € Ey4, then

G) Tfm < [%] +landk —m < p, then

e (v) = 8k(p + 1) — 16m + 2m — 1 + (16(k — m) — 6) ["__’"}

2
"]
- 16 ——| .
2
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(i) Ifm§[5p “]—i—landk m > p, then

n.(v) = 8p(2k —m) — 4p* + 5p + 10m — 16m> + 6.

(i) Ifm > [51’ “] +landk —m < p, then

ne() = (8p + 8)(k —m) +8p — 7 + (16(k — m)—6)[k 2’”}

k—m71*> (5 21\[5p—11 5p—117°
— 16| —— Zp-= -5
G e
5 9\[5p+1 5p+17
“p—2 -5
+(2p 2)[ 20 } [ 20 }
3p—1 3p—17°
3p—7 -6 .
+Gp )[ 12 } [ 12 }

@v) If m > [5” 10] +1landk —m > p, then

5 21\[5p—11
”“(V)zgp(k—m)+13p—4p2—8+(_P‘_)[ pzo }
Sp—117 (5 9\[5p+1 5p 4 172

-5 P +(Zp—= P+ _5 p +

20 27 2 20 20

3p—1 3p—17%
+(3p—7)|:p12 :|—6[ p12 }

For n,(u), we have

1) Ifk—m < [5”201] and m < p, then

ne(u) = 8k(p + 4m — 2k) — 16m* + 14m — 6k — 7

m—1 m—17

(i) Ifm < pandk —m > [M] then

-1 177
ne(u):8pm+8m—7+(16m—22)[m2 }—16[’”2 }

G
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(5, [t
2775 20

5p+ 11 3p+5 3p+57°
B LY P /R A
20 12 12

(i) Ifm > pandk —m < [51’ 1] then
ne(u) = 8p(k +m) —4p*—3p + 6(m —k) — 16 (m* + k?) + 32km.

@Gv) fm > pandk —m > [M] then

5 11\[5p—1 5p—17?
ne(u):16pm—3p—4p2—1+(§p—7)|: 20 }—5[ 20 i|

5 1\[5p+11 5p+ 1177
2o+ = ~5
+(2p+2)[ 20 } [ 20 }

2
Gy _1)[3174—5} 6[3p+5} '

12

(e) Ife € Es, then n.(v) = 16p(k —m). And for n, (1), we have

G) Ifm < [5P+5] then
ne(u) = m@8p + 16m —2).

(i) Ifm > [ﬁ] then

5p+5 5p+57
ne(u)=24pm—11p+6+(3—5p)[”20 }Jrs[ ”20 }

2
+(7—11p) [5”_5} +5[5p—5}

20 20

3p—4 3p—47?
10 6 .
ol e
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(f) If e € Eg, then
(i) If m < pand k —m < p, then

n.(v) = 8pk — 5k —8m 4+ 9 4 (10 + 16(m — k))[k2 }

16—k_m22616 m
e R S B

(i) If m > pand k —m < p, then

ne(v) = 8p —5)(k —m) + 4p’

k—m k—m7?
+ (10 + 16(m — k)) 7 + 16 .
(iii) If m < p and k —m > p, then
) m—1 m— 17
ne(v) =8pm+4p° + 8p —13m + (26 — 16m) — +16|——| .
@iv) If m > pand k —m > p, then

ne(v) = 8p> —1.

And n,(u) = n.(v).
(g) Ife € E7, then

ne(v) = 16p(k —m) + 11p — 20.

For n,(u), we have

G) Tfm < [5” 7] + 1, then
ne(u) = 32m* — 28m + 10.

(i) Ifm > [%] + 1, then

5p—17 5p—77°
ne(u)z16p(m—1)+14+(18—5p)|: p20 }+10[ p20 }

5p+5 5p+572 3p+ 1
+(T-11p )[p:)r }+10[ ”2?; } Jrll[pl;r }

3p+17°
12 .
o]
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(h) If e € Eg, then:
for n.(v), we have

(i) If m < pand k —m < p, then

n.(v) = 8pk + 5k —15m + 9 + (16(k —m) — 4) [k—Tm:|

16k_m2+(26 tomy | ™ =11 4+ 16 m—17°
— —_— —16m) | —— — .
2 2 2

(i) If m > pand k —m < p, then

ne(v) = 8p +5)(k —m) +4p> +3p + 1

2
1 (16(k —m) — 4) ["‘Tm} - 16["‘7’”} .

(iii) If m < pand k —m > p, then
ne(v) = 8p(2k —m) —4p> +3p + 8 — 10m
+ (26 — 16m) [mT—l} + 16[mT_1T'
@iv) If m > p and k —m > p, then
ne(v) = 16p(k —m) + 6p — 1.
and for n, (1), we have

(i) Ifm < pandk —m < p, then

ne(u) = 8pk — 5k + 13m — 11 + (4 — 16(k — m)) [’C_Tm}

k—m7? k—m+1
16| —— | —4| —
el

m—1 m—17

(i) If m > pandk —m < p, then

ne(u) = 8p(k + m) —4p*> —7p — 1 4 5(m — k)

2
+ (4= 16(k —m)) [l%} v 16[1%} _4 [’%H} .
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(iii) If m < p and k —m > p, then

ne(u) = 8pm + 4p> —5p — 12 + 8m

m—1 m—17

@iv) If m > pand k —m > p, then
ne(u) = 16pm —12p — 1.

For simplicity, we define in sub-case a:

a'y = 16p(k — m)+19p—§
a'y =8pm — 2p+16m —19m+%

11 17 15 5 5p—5 5p—577
=plm—— )+ L (22 222 45|22
a3 p(m 2)+2+(2 2p)[ 20 }+[20}

5 11 5p+5 5p+577 3p+2 3p+27°
S 5 4 6 .
+(2 zp)[ 20 }r [ 20 }Jr [ 2 |7

In sub-case b:

= (3 2)[5p 5 G ]
p+97 3p+4}_6[3p+4}2

-5 3p—2

20| T )[ 12 12

=k@Bp +5) +m(18—16m) — 9+ by.
by =@8p+5(k—-—m)+8p—2+b"y+b.
b's =8pR2k —m — p + 1) — 16m> + 23m — 12.
b'y = 16p(k —m) —4p> +8p — 1 + b".

—1 —17

b's = d4p(2m —1) + 11m — 4 + (16m — 22) [mT} - 16[’"7} .

b/6 = 4p(2m +p— 1) + 3.

In sub-case c:

’1—8pk+3k—16m+9+c0+co
c2=08p+3)k-— m)+4p—1+co
/3—8p(2k m) 4p +2—13m+6’0.
'y = 16p(k —m) — 1.

5=8pk—3k+16m—11—co—4[

2
_ 16['"_1} _
2

]ﬂ} + (16m — 30) [mT_l}
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k — 1
o= 8plk )+ 3m =)~ 4p7 = 2p 1 =g =4 | <2 L],

m—1

1 2
/7 = 8pm +4p? —3p — 5+ 13m + (16m — 30) [mT} - 16[7} .

c's = 16pm — 5p.

In sub-case d:
O S Ol
B 5[5])2?; 1}2 P, |:3p1; 1} B 6[31,1; IT.
2
(o T G D

5p+ 1177 3p+5 3p+57°
—5 3p—1 —6| 22 .
[ 20 }Hp )[ 12 } [ 12

d'y = 8k(p + 1) — 16m> +2m — 1 + co.

d's = 8p(2k —m) — 4p> + 5p + 10m — 16m? + 6.
d's=08p+8)(k—m)+8p—T+co+d".
dy=8plk —m)+13p —4p> —84+d",.

—1
d's = 8k(p + 4m — 2k) — 16m> + 14m — 6k — 7 + (16m — 22) [mT}

—17?
_16['"_]
2
m—1 m—17?

d'¢ =8pm+8m—"7T+ (16m —22) [T:| —16 — +d"”.

d'; =8p(k +m) —4p*—3p 4+ 6(m — k) — 16(m? + k?) + 32km.
d's =16pm—3p—4p>—1+d",.

In sub-case e:

e’y = 16p(k —m).
er=m@8p+ 16m—2).

5p+5 5p+57°
e’3=24pm—11p+6+(3—5p)[p+ }+5[p+ }

20

2 2
+(7—11p)|:5p_5i|+5|:5p_5i| +10[3p—4}+6[3’)—4} .

20 20

In sub-case f:

[’ =8pk—5k—8m+9+ fo + .
[ =Bp=35)k —m) +4p> + fo.
f'3=8pm+4p*+8p —13m + ¢’o.
fly=8p— 1

397
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In sub-case g:

g =16pk —m)+ 11p — 20.
g5, = 32m?> —28m + 10.

e[

g5 =16p(m—1)+ 14 + (18 — 5p) |:

A. Iranmanesh

2
LT 11p )[ P+5i|+10|:5p+5i| +11|:3p+1i|+12|:3p+1i| .

20 20 12

In sub-case h:
k—m k—m7?
= (16(k —m) — 4) [ > :| — 16|:T:| .

—1 —1
Wy = (16m—30) | 2 | —16]| | .
2 2

W'y =8pk + 5k —15m + 9+ h"y + c'o.
=@p+5)(k—m)+4p>+3p+1+ 1.

h's = 8p(2k —m) —4p> +3p + 8 — 10m + ¢y.

Wy=16p(k —m)+ 6p — 1.

hs = 8pk —5k +13m — 11+ hy + h"y.

he=28plk +m)—4p>—Tp—1+5(m—k) + h,.

h'y =8pm + 4p* —5p — 124 8m + h".

hg=16pm—12p — 1.

Sy =4p@ar+b\b's+cic's+dd's)+2p (f1’2 + g’lg’z) )

5p+5
.
Sh=2pq X2 (e + Y. (ehe3)
5 i

=4p (b'\b's +c'1¢'s) +2p (l’l/lh/s + f1/2 + g’lg’z) .

— 4p (b/zb/s—l-C/]C/s+d/3d/5)+2p (hllh/5+f1/2+g/1g/3)-

=d4p (b'2b's + 2’6 +d'3d’7) + 2p (h/zh/6+fz/2).

S
S
S's = 4p (b'3b's + ¢'3c'7 + d'2d's) + 2p (h’3h’7 n f3’2) .
S
S’ =4p (b'2b's + ¢'2c'¢ +d'3d's) .

5p—17
[ 20 ]'H k
Ss=2p1 Y (gig)+ X (gg)
m=1 m=[75p77:|+2
20

S’ = 4pc'sc’s +2p (h’3h’7 + f3’2) .
S'10 = 4pc’ac’s + 2p (h’zh’6 + fz’z) )
S'11 = 4pc’ lcs+2p(h’1h’5+f1 )
S’y =4pclsc’s +2p (h/4h/8 + 1 ) .

12
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L5t |+ ke—| %5t |1

‘3= "*l’*l (d/4d/6) + Z (d’2d’¢) + > (d’3d’s) + f (d’sd’7) ¢ .
=] : - m=p—+1 m=t—[ 51
S'i4=4p Z (b/zb/s)-i- (d"d's+b'1b's)+ Z (d'3d’s)
P
+ ) (dhd's)
i
k_[spzo 1]_1 k
S'is =4p Y. (dhds)+ Y (d'sd'y)
m=[%]+2 m=k—[%]

The Szeged index of HACsC¢C7[r, p] nanotube is given as follows:

Ifk < [5P+5] then

k k—1
S7Z = Z S/l + Z 6‘/1@/2.
m=1 m=1

[ 22] <k = [%5H] + 1. then

k
Z 1)+ 82

i[5+ 1 <k <2([25] +1), then

[5]) 1]+1 .
Z S5 + Z
m=1 m=[§ngl:|+2
k=[5t ] [%74]+1

20
xSy+4py D (dhdle)+ Y. (dhd's)p + 5
m=1
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1£2 ([ 25H | +1) <k < p. then

5] :
= Z (8’34 4pd"\d's) + Z (S's—4pd’sd's) + S5+ S5,
m=1 m [%]-{—2

Ifk = p+ 1, then

[ ]+ ,

Z (8’3 +4pd’id's) + Z (S's—4pd'sd's —2pg'g'5)

m=1 m=[551 ]+2
p+1
+ Z (2pg’1g’3) + 85+ 8+ 8.
m=[551 42

1fp+1<k<p+[5” 1]+1 then

k—p—1 k
Z S's + Z S'e + Z S'u+ S+ S+ 8.
m=1 m=p+1 m=k—p

pr+[ ]+1<k<2p,then

k—p—1 k 4
=Y Sot+ Y S+ Y (Su+dsde)+ S5+ S+ 5
m=1

m=p+1 m=k—p

If k > 2p, then

14 k—p—1 k
Z So+ Y. S+ Y (5/10 —217f2/2)
m=p+1 m=k—p
P
+ > (4pd’3d’o + prz’z) + 85+ 813+ 8.
m=k—p

Therefore, the Szeged index of above nanotube is computed.
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Fig. 12.32 HCsC,[4, 8]
nanotube, p = 8, k =4

12.3.5 Computation of the Szeged Index of HCsC7[r, p]
Nanotube

In this part, we compute the Szeged index of HCsC;[r, p] nanotube.

We bring all details of the computation of the Szeged index of this nanotube,
which have been published in Iranmanesh et al. (2008b).

In HC5C4[r, p] nanotubes, we denote the number of pentagons in one row by p
and number of the rows by k. In Fig. 12.32, an HC5C;[4, 8] lattice is illustrated.

Let e be an edge in Fig. 12.32. Denote:

E, = {e € E(G)|e is a oblique edge between heptagon and pentagon adjacent
a vertical edge}

E, = {e € E(G)| e aoblique edge between heptagon and pentagon adjacent
a horizontal edge}

E; = {e € E(G)] e is an oblique edge between two heptagons}

E, = {e € E(G)| e is an vertical edge between two pentagons}

Es = {e € E(G)| e is a horizontal edge} .

And the number of vertices in each period of this nanotube is equal to 4p. For
computing the Szeged index of above nanotube, we have the following cases:

(e) If e € Ey, then,

according to Fig. 12.33, the region R has vertices that belong to N; (e| G), and
the region R’ has vertices that belong to N (e| G). (The notations n; (e| G) and
n; (e| G) are indicated with n,(u) and n,(v), respectively.)

In Fig. 12.33, the vertex assigned by symbol * is closer to v, and the vertices
assigned by symbol o have the same distance from « and v.

In this paper, for simplicity we define B = [2], C = [Z],
D = [52] E = [S=5=] A() = |2 ] 4G.0) = [29*], where
i,j=0,£1,£2,....

(i) If m < &, thena; = n,(u) = 2pk —2m* +m —1— B —2C + 2D.
(i) Ifm > &, thena, = n.(u) = 2p(k —m) + %pz—p+2D.
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Fig. 12.33 e = uv is an edge belonging to £ in m = 4 th row

belonging to £, inm = 4th

Fig. 12.34 ¢ = uvis an edge
row

402

And for n,(v), we have

pP+ip—1-B-2C.

1
2

(i) Ifk—m < &, thenaz = n.(v) = k2p—2k+4m—1)—2m*+m—1—-B—2C.
£, thenay = n.(v) = 2pm +

Gi) Ik —m >

then,
according to Fig. 12.34, the region R has vertices that belong to N; (e| G), and

the region R’ has vertices that belong to N, (e| G).

) Ife € E,,

In Fig. 12.34, the vertices assigned by symbol o have the same distance from

u and v. Then,

< A(-3) and k — m < A(3), then

() Ifm

ne(u) =k 2p 4+ 12m — 6k —3) —4m> +2m — 1 —

2C —-2F.

by
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(i) If A(=3) <m < £ and k —m < A(3), then
by = n.(u) = k(2p + 12m — 6k —3) — 4m*> + 2m — 1 — A(-3) — 2E.
(iii) If m > % and k —m < A(3), then
by =n.(u) =kQ2p+12m—6k —4) + m(4—6m + 2p)
- %pz— %p— 1 — A(=3) —2E.
@iv) If m < A(-=3) and k —m > A(3), then

by=n,(u)=mQ2p+2m—-1)—1-2C + (2p —3) x AQ3)
—6(A(3))2 —24(3, 1).

(v) If A(=3) <m < £ and k —m > A(3), then

bs =n,(w) =mQp +2m—1)—14+ 2p —3)x A(3)
—6(A(3))* — A(=3) —24(3.1).

(vi) If m > £ and k —m > A(3), then

b =n.(u) =p (Zm + %p+ 1) + (2p—3)x A(3)
—6(A(3))> — A(=3) —24(3., 1).

And for n,.(v), we have

(i) Ifm < A(=3)and k —m < £, then
by =n,(v) =kQ2p —4m + 2k + 1) — 4m> + 2m — 1.
(i) Ifm > A(=3)andk —m < %, then

bs = n,(v) = 2p + 1) (k —m) + k 2k — 4m) + 2m* + 2p — 4
+(2p—8) x A(=3) — 6(4(=3))> =24 (=3,0).

(iii) If m < A(=3) and k —m > £, then

1 1
b9=ne(v):2p(2k—m)+3m—6m2—§p2+Ep—l.
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Fig. 12.35 ¢ = uv is an edge
belonging to E3 in m = 4th
row

(iv) If m > A(=3) and k —m > £, then

5 1
bio = ne(v) = 4p(k —m) + P~ 51’2 —4+(2p—8) x A(=3)
— 6(A(=3))* —24(=3,0).
(g) If e € E3, then according to Fig. 12.35, the region R has vertices that belong to
N (e| G), and the region R’ has vertices that belong to N, (e| G).

In Fig. 12.35, the vertices assigned by symbol * is closer to u, and the vertices
assigned by symbol o have the same distance from « and v. Then,

(i) If m < A(=5), then
¢ =ne(u) =mQ2p+6m—1)—1+ B.
(ii) If m > A(=5), then
€2 = ne(u) = 4pm — 1 4+ 6(A(=5))> — 2p + 1) x A(—=5) + A(=5,0).

And for n,.(v), we have

(1) Ifk —m < A(-5), then
c;=n.(v)=kQp—12m+ 6k — 1) + m(6m —2p + 1) — 1 —2E.
(i) If k —m > A(=5), then

ca=n.(v)=4p(k —m) — 14+6(A(—=5))>—2p + 1) x A(=5) — 2A(-5,0).
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Fig. 12.36 ¢ = uv is an edge
belonging to E4 in m = 4th
row
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(h) If e € E4, then,
according to Fig. 12.36, the region R has vertices that belong to N; (e| G), and

the region R’ has vertices that belong to N, (e| G). Then,

(i) If m < A(0) + 1, then
di =n.(u) = 12m(m —1) + 2 —3C.

(ii) Ifm > A(0) + 1, then

dy=n.(u)=4pm —4p + 2 + 12(A(0))> + (12 — 4p) x A(0)—3A(0,0).

And for n,(v), we have
(i) If k —m < A(0), then
di =n.(v) =12(k —m)(k —m +1)+2—-3D.

@ii) Ifk —m > A(0) + 1, then

dy=n,(v)=4p(k —m) 4+ 2+ 12(A(0))*> 4 (12 — 4p) x A(0)—3A(0,0).

(i) If e € Es, then according to Fig. 12.37, the region R has vertices that belong to
N (e| G), and the region R’ has vertices that belong to N, (e| G). Then,

eo =n,(u) =n,(v) =4pk —1—-2(E + B).
For simplicity, we define

k
So =Y {2p(a1az + biby) + & (dids + e?)}.

m=1
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Fig. 12.37 e = uv is an edge
belonging to E5 in m = 4th
row
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k—A(=5)—1 A(=5) k—1
Si=p { Z cicq + Z cics + Z 6’26'3} .
m=1 m=k—A(=5) m=A(=5)+1
A(=5) k—A(=5)—1 k—1
S, =ps Y cea+ > e+ > 6263} .
m=1 m=A(=5)+1 m=k—A(=5)
k—A(G3)—1 AQB3) k
S3=2p g > bbb+ Y, bibi+ D> bzbs} .
m=1 m=k—AQ3) m=A(3)+1
A(=3) k—A(3)—1 k
Sy =2p { Y bibr+ Y bshs+ ) bybg
m=1 m=A(=3)+1 m=k—A(3)
k=5-1 A(=3) k—AG3)—1 4
Ss=2p { Z bsbg + Z byb7 + Z bsbg + Z bybg
i=1 m=k—2 m=A(=3)+1 m=k—A(3)
k
+ Z b3bg} .
m=5+1
A(=3) k=5-1 £ k—A@3)—1
Se =2p Z bsbo + Z bsbio + Z bsbg + Z bebg
m=1 m=A4(=3)+1 m=k—% m=5+1
k
+ Z bibg ¢ .
m=k—A(3)
k—A(0)—1 A(0) k
S; = g g didy + Z dids + Z dzdj,} .
m=1 m=k—A(0) m=A(0)+1
A(0) k—A®0)—1 k—1
Sg = g { Z didy + Z dydy + Z d2d3; .
m=1 m=A(0)+1 m=k—A(0)
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k
So =Y (2paras + Seo?).

m=1

k—5—1 k
S0 =2p Z ajays + Z aas; .

——2
1 m=k—%5

—
5 k—5—1 k

Su=2p| > aias+ Y @mas+ Y axas].
m

=1 m= % +1 m=k—%
The Szeged index of HC5C4[r, p] nanotube is given as follows:
If k < A(-5), then

k—1
SZ =8y + Z pcics.

m=1
If A(=5) < k < A(-3), then
SZ = 81 + So.
If A(-3) <k < A(0) + 1, then

k
SZ =89+ S5+ 81+ ngldg,

m=1

If A0) + 1 < k <2A(-5), then

SZ =S+ S+ 81+ S;.
£ 24(=5) < k < A(3) + A(=3), then

SZ =S+ S+ S5+ S;.
If A(3) + A(=3) < k < 24(0) + 1, then

SZ = So+ S7+ Ss+ 5.
If24(0) + 1 <k < £, then

SZ = So + Sg + 5> + S

If £ <k < £ 4 A(=3), then

k
SZ=S10+S3+SQ+S5+Z€02.

m=1

407
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Fig. 12.38 Two-dimensional level 1
lattice of TUACs[4, 14] — Jevel 2
nanotube, p = 4, k = 14

level 3

If £ + A(=3) <k < p, then

k
SZ=S10+S3+SQ+S6+Z€02.

m=1

If k > p, then

k
SZ=S11+S3+SQ+S6+Z€02.

m=1

Therefore, the Szeged index of above nanotube is computed.

12.3.6 Computation of the Szeged Index of Armchair
Polyhex Nanotube

In this part, we compute the Szeged index of Armchair Polyhex nanotube. This
nanotube is denoted by TUAC¢[p, k]. We bring all details of the computation of
the Szeged index of this nanotube, which have been published in Mahmiani et al.
(2008).

According to Fig. 12.38, we denote the number of horizontal lines in one row by
p, and the number of levels by k.

Let e be an arbitrary edge of nanotube. For computing the Szeged index of T', we
assume two cases:

Case I p iseven.

Lemma 12.3.20 Ife is a horizontal edge of T, then ni(e |G )na(e |G ) = p?k>.
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Fig. 12.39 e = wvisa
horizontal edge in level
m=26 4 |

Proof Suppose that e is a horizontal edge of 7', for example, e = uv in Fig. 12.39.
In this figure, the region R has vertices that belong to N; (e| G), and the region
R’ has vertices that belong to N, (e| G). So we have n(e |G) = ny(e|G) = pk;
therefore, n1(e |G )na(e |G) = p?k>. By the symmetry of TUACs|p, k] nanotube
for every horizontal edge, the above relation is hold. -

For simplicity, we define @ = [*=2='] and b = [2}].

Lemma 12.3.21 Suppose p is even. If e is an oblique edge in level m, then we
have

(1) If m < pandk —m < p, then

ni(e|lG)=pk+m—1)+2b(5-2m+3b—p)+2atk—m—a—2)
+2k —6m +2. )

(i) If m < pandk —m > p, then
ni(elG)=pRk—-1/2p—-1)+2b5—p+3b—-2m)—4m+4. )
(iii) If m > pand k —m < p, then

nlG)=pk—-—m+1/2p)+2atk—a—m-—-2)+2(k —m—1).
(IID)

(iv) If m > p and k —m > p, then
ny(e|G) =2p (k —m) + 2. av)
Proof Let e be an oblique edge of 7', for example, e = uv in Fig. 12.40. In this

figure, the region R has vertices that belong to N; (e| G), and the region R’ has
vertices that belong to N, (e| G).
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410

Fig. 12.40 ¢ = uvis an
oblique edge in level m = 6

Number of vertices that are closer to u than to v are as follows: If m <p and
k—m <p, then
a
i (e|G) = plk—m+ 1)+ ) (4i)
i=1
b
+Y @p—4i)+ (k—m—2a—1)(2a +2)

i=1
+(m—2b—1)2p—4b—4)
=pk+m—-1)+2b5-2m+3b—p)+2ak—m—a-2)
+ 2k —6m + 2.

If m <pand k—m <p, then

(p—2
r=2) b

i (e|G) = p2k—2m—p+2)+ Y (4i)+ > _ (2p—4i)

i=1 i=1
+(m—2b—1)(2p —4b —4)
=pRk—-1/2p—1)+2b(5—p+3b—2m)—4m + 4.

If m> p and k —m < p, then

p—2

n(elG)=plk—m+1)+Y @4i)+Y @p—4i)+(k—-m—2a—1)

i=1 i=1
2a+2)+2
=pk—-—m+1/2p)+2atk —a—m—=2)+2(k—m—1).
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And if m > p and k —m > p, then

(p=2) (r—2)
2

m(e|G)=p2k —2m—p+2)+ Y (4i)+ Y (2p—4i)+2=2p(k-m)+2.

i=1 i=1

By the symmetry of TUACs|p, k] nanotube for every oblique edge, this relation
is hold. -

Remark 12.3.22 According to Fig. 12.40, let e be an oblique edge in level m, then

ny(e|G) = 2pk —ny(e|G).

Theorem 12.3.23 If p is even, then the Szeged index of TUAC¢[p, k| nanotube is
given as follows:

1. kis even.

(i) If k < p, then we have

S«(T) = p*(2k* —k? — k + 2) + p*(k* — 2k) + p(—1/6k> + 1/3pk*
+1/3k* — 1/3k* —2/3k).

(ii) If p < k < 2p, then we have

Sz(T) = p*(91/12 — 31/3k) + p* (14/3k* — 22/3k — 10/3)
+ p? (2k* + 1/2k* + 4/3k — 4/3)
+ p? (11/3k® — 4k* — 2/3k* — 4/3k + 2/15)
+ p(=1/30k> —7/12k* + 7/3k® — 5/3k> — 4 /5k) + 31/5pS.

(iii) If k > 2p, then we have

Sz(T) = p (1/4k* — 1/5k> + 2/3k* — 22/15k) + p* (+1/3k*
+2/3k* +2/3k* — 14/3k + 22/15)
+ p? (—2k” + 5/2k> — 8/3k + 8/3) + p* (10k* — 6k —2/3)
+ p>(91/12 —31/3k) + 31/5p°.

2. kis odd.
(i) If k < p, then we have
Sz(T) = p (—1/6k> + 1/3k* —2/3k> — 4/3k> + 5/6k + 1)
+ P2 (2> =2) + p* (2 — K> —k + 1).



412 A. Iranmanesh
(i) If p < k < 2p, then we have

Sz(T) = p* (2k> + 1/2k* + 13/3k + 13/6) + p* (+14/3k* —22/3k
—7/3) + p (—1/30k>—1/12k* + 1/3k> + 5/6k*>—3/10k — 3/4)
+ p* (—2/3k* 4+ 5/3k*—13/3k + 17/15) + 91/12p°+31/5p°.

(iii) If k& > 2p, then we have

Sz(T) = p* (=2k™ + 5/2k* — 11/3k + 1/6) + p* (+10k* — 6k + 1/3)
+31/5p%+p (—1/5k°+1/4k*~1/3k>—1/2k*+8/15k + 1/4)
+ p* (1/3k* +2/3k> + 5/3k* — 8/3k + 22/15)
+ p®(=31/3k +91/12).

Case 2 pis odd.
Lemma 12.3.24 [fe is an oblique edge in level m, then we have

(i) fm < pandk —m < p,thenn(e|G) = p(k + m—1) +2b(5—2m + 3b —
p)+2atk —m—a—2)+2k —6m+2.

(i) If m < pandk —m > p, thenn(e|G) = pRk —1/2p—1)+2b(5—p +
3b —2m)+ —4m +7/2.

(iii)) If m > pandk —m < p,thenn (e|G) = p(k + m—1/2p)—3/2+ 2a(k —
m—a—2)+2(k —m).

@(iv) If m > pandk —m > p,thenn (e|G) = 2p(k —m).

Theorem 12.3.25 If p is odd, then the Szeged index of TUACs[p, k] nanotube is
given as follows:

1. kis even.

(i) If k < p, then we have
Sz(T) = p* (2k» —k* —k +2) + p (—1/6k> + 1/3k* + 1/3k> — 1/3k*
—2/3k) + p* (k* — 2k).
(ii) If p < k < 2p, then we have
Sz(T) = p* (2k* + 1/2k* —26/3k — 41/6) + p (—1/30k> — 7/12k*
+2/3k* + 11/6k* — 17/15k — 7/4) + p* (=2/3k* + 11/3k*
+2k* — 10/3k — 128/15) + p* (14/3k* — 22/3k + 4/3)
+ p°(91/12 —31/3k) + 31/5pe.
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(iii) If & > 2p, then we have

Sz(T) = p* (—2k* + 5/2k* —26/3k + 7/6) + p (—1/5k” + 1/4k*
+1/2k* — 4/5k + 1/4) + p* (1/3k* + 2/3k> + 8/3k>
—8/3k —6/5) + p* (10k* — 6k + 4)
+ p°>(91/12 —31/3k) + 31/5p°.
2. kis odd.
(i) If k < p, then we have

Sz(T) = p* (2k* —k* —k + 1) + p (—1/6k> + 1/3k* —2/3k> — 4/3k*
+5/6k + 1) +2p* (k> — 1).

(ii) If p < k < 2p, then we have

Sz(T) = p* (—2k> = 17/3k + 1/2k* = 10/3) + p (—1/30k> — 1/12k*
—4/3k> —2/3k* + 41/30k) + p* (—2/3k* + 5/3k> + 3k*
+11/3k —8/15) + p* (14/3k* —22/3k + 7/3)
+ p° (91/12—31/3k) + 31/5p°.

(iii) If k > 2p, then we have

Sz(T) = p* (—2k? + 5/2k* —29/3k —4/3) + p (—1/5k> + 1/4k*
—k 4+ 1/5k) + p* (1/3k* +2/3k> + 11/3k* = 2/3k — 1/5)
+ p* (10k* — 6k + 5) + p° (91/12 — 31/3k) + 31/5p".

12.3.7 Computation of the Szeged Index of Nanotubes
by a Different Method

In the previous parts, we computed the Szeged index of some nanotubes by a
theoretical method. It takes a long time for computing the Szeged index of a graph
theoretically, especially when the graph has many vertices. In this part, we give
an algorithm in the base of GAP, which is faster than the direct implementation.
We bring all details of this program published in Taherkhani et al. (2009) and
Iranmanesh et al. (2008a).
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We give an algorithm that enables us to compute the Szeged index of any graph.
For this purpose, the following algorithm is presented:

1. We assign to any vertex one number.

2. We determine all of the adjacent vertices set of the vertex i, i€V (G), and this
set is denoted by N(i). The set of vertices that their distance to vertex i is equal
to #(t > 0) is denoted by D;, and consider D;y = {i}. Let e = ij be an edge
connecting the vertices i and j; then we have the following result:

(a) V= Uf>0 Dis.i € V(G).

(b) (DisIDjs) < (Dj,t—l UDj,t+l) NESE

©) (Di,t m Dj,t—l) C M(e|G)and Dy, ij,t+l C Nie|G)r = 1.

@ (o) /(PiaU ) € Miel6) and (D0 3)
/(Di,l U{i}) C Nz (e]G).

According to the above relations, by determining D;,,# > 1, we can obtain
Ni(e|G) and N,(e|G) for each edge e, and, therefore, the Szeged index of the
graph G is computed. By continuing we obtain the D;;, ¢ > 1 for each vertex i.
3. The distance between vertex i and its adjacent vertices is equal to 1; therefore,
D;; = N(i).Foreach j € D;,,t > 1, the distance between each vertex of set
N(j)/(Dis\J D;;—1) and the vertex i is equal to ¢ 4 1; thus, we have

D41 = UjeDi_,(N(j)/(Di,t UDi,t—l)at > 1.

According to the above equation, we can obtain D;,,t > 2 foreachi € V(G).

4. In the start of the program, we set SZ equal to zero and T equal to an empty set.

In the end of program, the value of SZ is equal to the Szeged index of the graph

G. For each vertex i, | <i < n, and each vertex j in N(i), we determine N;(e|G)

and N,(e|G) for edge e = ij, then add the values of n;(e|G).n1(e|G) to SZ.

Since the edge ji is equal to ij, we add the vertex i to T and continue this step for
the vertex i + 1 and for each vertexin N(i + 1) /T .

GAP stands for Groups, Algorithms, and Programming (Schonert et al. 1992).
The name was chosen to reflect the aim of the system, which is group theoretical
software for solving computational problems in group theory. The last years have
seen a rapid spread of interest in the understanding, design, and even implementa-
tion of group theoretical algorithms. GAP software was constructed by GAP’s team
in Aachen. We encourage the reader to consult Dabirian and Iranmanesh (2005) and
Trinajstic (1992) for background materials and computational techniques related to
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Toa  Tia Toa Ty 4 i

Fig. 12.41 Molecular graphs of dendrimers 7T} 4

applications of GAP in solving some problems in chemistry and biology. According
to the above algorithm, we prepare a GAP program to compute the Szeged index of
dendrimers Ty 4.

Example 12.3.26 The Wiener index of tree dendrimers, Ty 4,k > 1,d > 3, is
computed in Entringer et al. (1994) and Gutman et al. (1994). Since the Wiener
and Szeged indices coincide on trees (Gutman 1994 and Karmarkar et al. 1997), the
Szeged index of T} 4 is equal to its Wiener index (Fig. 12.41).

The following results are obtained in Entringer et al. (1994) and Gutman et al.
(1994).
For every d > 3, the tree T 4 has order

n(Tea) =1+ %[(d —DF —1]

and its Szeged index is equal to the Wiener index, that is,

Sz(Trag) =W (Trq) = (d —1)*[kd® —2(k + 1)d* + d]

@y
+2d*(d —1)* —d].

For computing of the Szeged index of Ty 4 by the above program, at first we
assign to any vertex one number; according to this numbering, the set of adjacent
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vertices to each vertex, 1 <i<n, is obtained by the following program (part 1).
In fact, part 1 of the program is the presentation of the graph. We use part 2 for
computing the Szeged index of the graph.

The following program computes the Szeged index of the Ty, for arbitrary
values of d and k.

d:=3; k:=3;#(For example)

n:=14(d/(d-2) )*((d-1)’k - 1);

N:=[];
K1:=[2..d+1];
N[1]:=K1;

foriin K1 do
if k=1 then N[i]:=[1];
else
N[i]:=[(d-1)*i+4-d..(d-1)*14-2];
Add(N[i],1):fi;
od;
K2:=[d+2..14+(d/(d-2) )*((d-1)"(k-1) - D];
foriin K2 do
N[i]:=[(d-1)*i+4-d..(d-1)*i+2];
Add(N[i],Int((i-44d)/(d-1)));
od;
K3:=[2+4(d/(d-2) )*((d-1)"(k-1) - 1)..n];
foriin K3 do
if k=1 then N[i]:=[1];
else
N[i]:=[Int((i-4+d)/(d-1))]; fi;
od;
# (Part2)
D:=[];
foriin[1..n] do
DIlil:=[1;
u:=[i];
D[i][1]:=NTIi];
u:=Union(u,D[i][1]);
s:=1;
t:=1;
while s<>0 do
D[t+11:=[];
for j in D[i][t] do
for m in Difference(N[j],u) do
AddSet(D[i][t+1],m);
od;
od;
u:=Union(u,D[i][t+1]);
if D[i][t+1]=[] then



12 Computation of the Szeged Index of Some Nanotubes and Dendrimers 417

s:=0;
fi;
t:=t+1;
od;
od;
T:=[I;
sz:=0;
pi:=0;
foriin [1..n-1] do
NI1:=[];
for j in Difference(N[i],T) do
N2:=[];
N1[j]:=Union(Difference(N[i],Union([j],N[j])),[i]);
N2[i]:=Union(Difference(N[j],Union([i],N[i])),[j]);
for tin [2..Size(D[i])-1] do
for x in Difference(D[i][t],Union(D[j][t],[j])) do
if not x in D[j][t-1] then
AddSet(N1[j1,x);
elif x in D[j][t-1] then
AddSet(N2[i],x);
fi;
od;
od;
sz:=sz+Size(N1[j])*Size(N2[i]);
od;
Add(T,i);

od;

sz;# (The value of sz is equal to Szeged index of the graph)

Now, as an example, we compute the Szeged index of VCsC7[p,q] nanotube by
GAP program.

A CsCy net is a trivalent decoration made by alternating Cs and C7. It can cover
either a cylinder or a torus nanotube (Fig. 12.42).

We denote the number of pentagons in the first row by p. In this nanotube, the first
four rows of vertices and edges are repeated alternatively; we denote the number of
this repetition by ¢. In each period, there are 16p vertices and 3p vertices which are
joined to the end of the graph, and, hence, the number of vertices in this nanotube is
equal to 16pg + 3p.

We partition the vertices of the graph to the following sets:

K: The vertices of the first row whose number is 6p.

K5: The vertices of the first row in each period except the first one whose number is
6p(g—1).

K3: The vertices of the second row in each period whose number is 2pg.

K4: The vertices of the third row in each period whose number is 6pgq.

Ks: The vertices of the fourth row in each period whose number is 2pgq.

Ks: The last vertices of the graph whose number is 3p.
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120 130 131 132 133 134 135 136 137 138 139 140

Fig. 12.42 VCsC; [4, 2] nanotube

13 /N NASNNASNANAANNA

4m-2 P — — p—
4m-3 \/V\N\N\N\/\N\/
4m - -— p— — —-—

Fig. 12.43 The rows of mth period VCsC;[p,q] nanotube

Figure 12.43 shows the rows of the mth period.

We write a program to obtain the adjacent vertices set to each vertex in the sets
K;,i=1...6. We can obtain the adjacent vertices set to each vertex by joining these
programs. In this program, the value of x is the assigned number of vertex i in that
row.

The following program computes the Szeged index of VC5C5 [p, g] nanotube for
arbitrary p and q.

p:=4; q:=2; # (for example)

n:=16*p*q+3*p;

N:=[];
K1:=[1..6%p];
Vi:=[2..6%p-1];

foriin V1 do
if i mod 6=1 then N[i]:=[i-1,i+1,i+8%p];
elif i mod 6 in [0,2,4] then N[i]:=[i-1,i+1];
elif i mod 6=3 then N[i]:=[i-1,i41,(1/3)*(i-3)+6*p+1];
elif i mod 6=5 then N[i]:=[i-1,i4+1,(1/3)*(i-5)+6*p +2];fi;
N[1]:=[2,6*p,8*p+1];
N[6*p]:=[6"p-1,1];
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od;
K:=[6*p+1..16%p*q];
K2:=Filtered(K,i->i mod (16*p) in [1..6*p]);
foriin K2 do
x:=1mod (16*p);
if x mod 6=1 then N[i]:=[i-1,i+1,i4+8%*p];
elif x mod 6=2 then N[i]:=[i-1,i41,(1/3)*(x-2)+2+i-x-2*p];
elif x mod 6=3 then N[i]:=[i-1,i+1,(1/3)*(x-3)+14i-x4+-6%*p];
elif x mod 6=4 then N[i]:=[i-1,i+1,i-8%p];
elif x mod 6=>5 then N[i]:=[i-1,i+1,(1/3)*(x-5) +2+i-x+6%*p];
elif x mod 6=0 then N[i]:=[i-1,i+1,(1/3)*x +1+i-x-2*p];fi;
if x=1 then N[i]:=[i+1,i-14+6%p,i+8*p];fi;
if x=6%p then N[i]:=[i-1,i- 6*p+1,i- 8*p+1];fi;
od;
K3:=Filtered(K,i->i mod (16*p) in [6¥p+1..8*p]);
foriin K3 do
x:=(i-6*p) mod (16*p);
if x mod 2=0 then N[i]:=[i-1,3*(x-2)+54+i-x- 6¥p,3*(x-2)+5+i-x+2%p];
else N[i]:=[i+1,2*x+i- 6*p,2*x+i+2*p]:fi;
od;
K4:=Filtered(K,i->i mod (16*p) in [8*p+1..14%p]);
for iin K4 do
x:=(i- 8*p) mod (16*p);
if x mod 6=1 then N[i]:=[i-1,i+1,i- 8*p];
elif x mod 6=2 then N[i]:=[i-1,i+1,(1/3)*(x-2)4+2+i-x+6%*p];
elif x mod 6=3 then N[i]:=[i-1,i+1,(1/3)*(x-3)+ 1 +i-x-2*p];
elif x mod 6=4 then N[i]:=[i-1,i+1,i+8%*p];
elif x mod 6=>5 then N[i]:=[i-1,i+1,(1/3)*(x-5)+2+i-x- 2*p];
elif x mod 6=0 then N[i]:=[i-L,i+1,(1/3)*x+1+i-x+6*p];fi;
if x=1 then N[i]:=[i-8*p,i+ 1,i+6*p-1];fi;
if x=6%*p then N[i]:=[i-1,i-6*p+1,i+1];fi;
od;
K5:=Filtered(K,i->i mod (16*p) in Union([14*p+1..16¥p-1],[0]));
for iin K5 do
x:=(i-14*p) mod (16*p);
if x mod 2=1 then N[i]:=[i+1,3*(x-1)+i-x-6*p,3*(x-1)+i-x+2*p];
else N[i]:=[i-1,3*(x-2)+2+i-x-6%p,3%(x-2)+2+i-x+2*p];fi;
if x=1 then N[i]:=[i+1,i-1,i-1+8*p];fi;
if x=2%p then N[i]:=[i-1,3*(x-2)+2+i-x-6%p,3*(x-2)+2+i-x+2*p];fi;
od;
K6:=[16*p*q+1..n];
for iin K6 do
x:=i mod (16¥p);
if x mod 3=1 then y:= (2/3)*(x-1)+2+i-x- 2*p;
elif x mod 3=2 then y:=i+x- 8*p;
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elif x mod 3=0 then y:=(2/3)*(x- 3)+3+i-x-2*p;fi;
if x=3%*p then y:=i- 5*p+1;fi;
N[il:=[yl;
NIyl[3]:=i;
od;
D:=[];
foriin[1..n] do
DIlil:=[1;
u:=[i];
D[i][1]:=NTIi];
u:=Union(u,D[i][1]);
s:=1;
t.=1;
while s<>0 do
D[l[t+11:=[];
for j in D[i][t] do
for m in Difference(N[j],u) do
AddSet(D[i][t+1],m);
od;
od;
u:=Union(u,D[i][t+1]);
if D[i][t+1]=[] then
s:=0;
fi;
t:=t+1;
od;
od;
T:=[];
sz:=0;
foriin [1..n-1] do
NI:=[];
for j in Difference(N[i],T) do
N2:=[];
N1[j]:=Union(Difference(N[i],Union([j],N[j])),[i]);
N2[i]:=Union(Difference(N[j],Union([i],N[i])),[j]);
for tin [2..Size(D[i])-1] do
for x in Difference(D[i][t],Union(D[j][t],[j])) do
if not x in D[j][t-1] then
AddSet(N1[j],x);
elif x in D[j][t-1] then
AddSet(N2[i],x);
fi;
od;
od;
sz:=sz+ Size(N1[j])*Size(N2[i]);
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Fig. 12.44 HCsC; [4,2] nanotube

od;
Add(T,i);

od;

sz; # (The value of sz is equal to Szeged index of the graph)

Also, as another example, we compute the Szeged index of HCsC;[p,q]
nanotube similar to the previous section. We computed the Szeged index of this
nanotube in Sect. 12.3.5 by a theoretical method. A HC5C7 [p, ¢] nanotube consists
of heptagon, pentagon nets as below (Fig. 12.44).

We denote the number of heptagons in the first row by p. In this nanotube, the
four first rows of vertices and edges are repeated alternatively; we denote the number
of this repetition by g. In each period, 16p vertices and 2p vertices are joined to the
end of the graph, and hence the number of vertices in this nanotube is equal to
16pg + 2p.

The following program is the same as the last program. In this program, value of
x is the number of vertex i in a row.

p:=6;q:=7;# (for example)

n:=16*p*q+2*p;

N:=[];

foriin [1..5%p] do

if i mod 5=1 then N[i]:=[i-1,i4+1,(3/5)*(-1)+145%p];

elif i mod 5 in [0,2] then N[i]:=[i-1,i41];
elif i mod 5=3 then N[i]:=[i-1,i4-1,(3/5)*(i-3)+2+5%p];
elif i mod 5=4 then N[i]:=[i-1,i4+1,(3/5)*(i-4)+3+5*pl:fi;

N[1]:=[2,5%p,5*p+1];
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N[5*pl:=[1,5%*p-11;
od;
K:=[5*p+1..16%p*q];
K1:=Filtered(K,i->i mod (16*p) in [1..5%p]);
foriin K1 do
x:=(1) mod (16*p);
if x mod 5=1 then N[i]:=[i-1,i+1,(3/5)*(x-1)+1+i-x+5%p];
elif x mod 5=2 then N[i]:=[i-1,i41,(3/5)*(x-2)+1+i-x-3*p];
elif x mod 5=3 then N[i]:=[i-L,i+1,(3/5)*(x-3)+2+i-x+5%p];
elif x mod 5=4 then N[i]:=[i-L,i+1,(3/5)*(x-4)+3+i-x+5%p];
elif x mod 5=0 then N[i]:=[i-1,i+1,(3/5)*x+i-x-3*p];fi;
if x=1 then N[i]:=[i+1,i-14+5*p,i+(5*p)]:fi;
if x=5%p then N[i]:=[i-1,i-5%p,i+1-5*p];fi;
od;
K2:=Filtered(K,i->1 mod (16*p) in[5*p+1..8%p]);
foriin K2 do
x:=(i- 5*p) mod (16*p);
if x mod 3 =1 then N[i]:=[i-1,i4+1,(5/3)*(x-1)+1+i-x- 5*p];
elif x mod 3 =2 then N[i]:=[i-1,(5/3)*(x-2)+3+i-x- 5%p,(5/3)*(x-2)+3+i-
x+3*pl;
elif x mod 3 =0 then N[i]:=[i+1,(5/3)*x-1+i-x- 5*p,(5/3)*x +i-x+3*p];fi;
if x=3%*p then N[i]:=[i-3*p+1,(5/3)*x-14i-x- 5*p,(5/3)*x +i-x+3*p];fi;
if x=1 then N[i]:=[i-5%p,i+1,i-1+3*p];fi;
od;
K3:=Filtered(K,i->i mod (16*p) in [8§*p+1..13%p]);
foriin K3 do
x:=(i- 8*p) mod (16*p);
if x mod 5=1 then N[i]:=[i-1,i+1,(3/5)*(x-1) +i-x+5%p] ;
elif x mod 5=2 then N[i]:=[i-1,i+1,(3/5)*(x-2)+ 1 +i-x+5%*p];
elif x mod 5=3 then N[i]:=[i-1,i4+1,(3/5)*(x-3)+2+i-x-3*p];
elif x mod 5=4 then N[i]:=[i-1,i+1,(3/5)*(x-4)+2+i-x+5*p];
elif x mod 5=0 then N[i]:=[i-1,i+1,(3/5)*x +i-x-3*p];fi;
if x=1 then N[i]:=[i+1,i-14+5*p,i-1+8*p];fi;
if x=5%p then N[i]:=[i-1,i-5%p,i4+1-5*p];fi;
od;
K4:=Filtered(K,i->i mod (16*p) in Union([13*p+1..16¥p-1],[0]));
for iin K4 do
x:=(i-13*p) mod (16*p);
if x mod 3=1 then NI[i]:=[i+1,(5/3)*(x-1)424i-x-5%p,(5/3)*(x-1)+2+i-
x+3%*pl;
elif x mod 3=2 then N[i]:=[i-1,i41,(5/3)*(x-2)+4+i-x-5*p];
elif x mod 3=0 then N[i]:=[i-1,(5/3)*x+14i-x-5%p,(5/3)*x+i-x+3*p]:fi;
if x=3%p then N[i]:=[i-1,i+1-8%p,(5/3)*x+i-x+3*p]; fi;
od;
K5:=[16*p*q+1..n];
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foriin K5 do
x:=1 mod(16*p);
if x mod 2=0 then y:=(3/2)*x+i-x-3*p;
else y:=(3/2)*(x-1)+1+i-x-3%*p;fi;
N[il:=[yl;
N{yl[3]:=i;
od;
D:=[];
foriin[1..n] do
DIlil:=([1;
u:=[i];
D[i][1]:=NTIi];
u:=Union(u,D[i][1]);
s:=1;
t.=1;
while s<>0 do
D[l[t+11:=[];
for j in D[i][t] do
for m in Difference(N[j],u) do
AddSet(D[i][t+1],m);
od;
od;
u:=Union(u,D[i][t+1]);
if D[i][t+1]=[] then
s:=0;
fi;
t:=t+1;
od;
od;
T:=[];
sz:=0;
foriin [1..n-1] do
NI:=[];
for j in Difference(N[i],T) do
N2:=[];
N1[j]:=Union(Difference(N[i],Union([j],N[j])),[i]);
N2[i]:=Union(Difference(N[j],Union([i],N[i])),[j]);
for tin [2..Size(D[i])-1] do
for x in Difference(D[i][t],Union(D[j][t],[j])) do
if not x in D[j][t-1] then
AddSet(N1[j],x);
elif x in D[j][t-1] then
AddSet (N2[i],x);
fi;
od;

423
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od;
sz:=sz+Size(N1[j])*Size(N2[i]);
od;
Add(T,i);
od;
sz;# (The value of sz is equal to Szeged index of the graph)
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