Chapter 16
Basic Equations of Thermoelasticity

In this chapter the basic governing equations of thermoelasticity for three-dimensional
bodies are recalled. The equilibrium equations of stresses, Cauchy’s relations
between the tractions and stresses, and the compatibility equations of strains in Carte-
sian coordinates are presented. The formulae for coordinate transformation of stress,
strain and displacement components are included. A solution of Navier’s equations
is carried out wherein Goodier’s thermoelastic potential is used in conjunction with
harmonic functions of various types. The equilibrium equations, stress, strain, the
compatibility equations, Navier’s equations in cylindrical and spherical coordinates
are also presented. [see also Chaps. 2, 3, 6, and 7.]

16.1 Governing Equations of Thermoelasticity

16.1.1 Stress and Strain in a Cartesian Coordinate System

Stress
The equilibrium equations of the elastic body from Eq.(2.21) are

oij+F=0 (i,j=1273) (16.1)

where o;j; denote the components of stress, F; mean the components of body force
per unit volume. The components of stress satisfy symmetry relations

o =05 (i,j=1,2,3) (16.2)
Cauchy’s fundamental relations are

gjiny =pni (i,j=1,2,3) (16.3)
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392 16 Basic Equations of Thermoelasticity

where n; denote the direction cosines between the external normal of the surface and
each axis.

The formulae for coordinate transformation of stress components between the
components of stress (o, Oyy, .. .) referred to an old Cartesian coordinate system
(x,y,2) and the components of stress (o, 0yy, .. .) referred to a new Cartesian
coordinate system (x', ¥, 7’) are

a'l'/j/ = li/klj/la'kl (i/,j/ = 1’ 2, 3) (164)

where [y, denote the direction cosines between the axis x; of the new Cartesian
coordinate system (x/, x5, x3) and the axis x; of the old (x1, x2, x3).

Strain
The strains are from Eq. (2.5)

1 .
€jj = E(Mi,j + uj,i) (i,j=12,3) (16.5)
where u; are the components of displacement. The components of strain are symmetric
eij = Eji (l,] - 1, 2, 3) (166)

The transformation of coordinates between the the new Cartesian coordinate system
(x) and the old system (xi) are

Xjp = l,'/ij, X = j/,-xj/ (l, lJ = 1, 2, 3) (167)

The relationship between the components of the displacement in each coordinate
system are

ujy = l,-/juj, u; = lj/iuj/ (i, i/ = 1, 2, 3) (168)

The coordinate transformation of strain components is

ey = likljien i,y =123 (16.9)

16.1.2 Navier’s Equations, Compatibility Equations
and Boundary Conditions

Navier’s equations
The constitutive equations for a homogeneous, isotropic body which are known as
the generalized Hooke’s law are
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1 v
€j = %(JU — H_—V@éy) +ard; (,j=1,2,3) (16.10)

an alternative form
ojj = 2ue; + (Ae — BT)d; (1,j=1,2,3) (16.11)
where 7 is the temperature change from the reference temperature 7y
T=T-T (16.12)
and G is the shear modulus, v is Poisson’s ratio, « is the coefficient of linear thermal
expansion, A and s are the Lamé elastic constants, and 3 is the thermoelastic constant,
and ® denotes the sum of the normal stresses
O =0y = Oxx + Oy + 0z (16.13)

e is the dilatation
€= €k = Exx T €y + € (16.14)

and §;; is Kronecker’s symbol

|1 for i=j
511—[0 for i (16.15)

The relationship between the elastic constants (E, G, v, A, u) and the thermoelastic
constant (3 is given by

E vE 2vG
2G= ) )\ = =
1+v 14+v)(1-2v) 1—2v
aF
uw=_G, pB= T2 = a(BA+2u) (16.16)
—2v

Navier’s equations of thermoelasticity, or the displacement equations of ther-
moelasticity expressed in terms of the components of displacement are from Eq. (3.22)

V2 4+ N+ i — Bri+Fi=0 (i=1,2,3) (16.17)
an alternative form
()\—G—Zu)uk’ki _zﬂfijkwk,j —ﬂTgi—i-F,’ =0 (i: 1,2, 3) (16.18)

where V2 is the Laplacian operator defined as
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, 99 P

and wy denote the rotations

and g;j is the alternating tensor, also known as permutation symbol, and is defined by

1 if ijk represents an even permutation of 123
gijk = 1 0 if any two of the ijk indices are equal (16.21)

—1 if ijk represents an odd permutation of 123

Compatibility equations
The compatibility equations are from Eq. (2.18)

€ij,kl + €kl ij — €ik ji — €jtik = 0 (16.22)

The compatibility equations (16.22) can be expressed in terms of the components of
stress

1 1 1
Vioy + T Okl +ak (:Vzﬂsij + H_VTU)

12
=- ( Firdy+Fij+ F]z) (16.23)

1—v
These equations are called the Beltrami-Michell compatibility equations for ther-
moelasticity.

Boundary conditions
The boundary conditions have been explained in Chap. 3. The three kinds of boundary
conditions are

(1) Traction boundary condition
ojinj =pp (i=1,2,3) (16.24)
where p,; denote the prescribed surface tractions, and n; denote the direction
cosines between the external normal and each axis.

(2) Displacement boundary condition
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where the displacements with overbar denote the prescribed boundary
displacements.
(3) Mixed boundary condition

ojinj = py; (i =1, 2,3) on the part of the boundary B (16.26)
U = u; (i =1, 2,3) on the part of the boundary B> '

16.1.3 General Solution of Navier’s Equations

When the body forces are absent, the boundary-value problem for thermoelasticity
may be written in the form

,N2u,~ + A+ wug ki = Bt in the body D (16.27)
ojinj = py; on the part of the boundary By (16.28)
u;i = u; on the rest of the boundary B; (16.29)

The general solution of Eq. (16.27) may be expressed as the sum of a complementary
solution u{ and a particular solution M‘i) .

up = uf + ul! (16.30)

The particular solution uf may be expressed in terms of a scalar potential function
as follows
W =a; (16.31)

1

where @ is called Goodier’s thermoelastic potential, and ® should satisfy the equation
V2o =Kr (16.32)
where

1
K= A = +Va
A2 1—-v

(16.33)

Goodier’s thermoelastic potential for transient thermoelasticity can be calculated
from

1
<I>=f£K/ Tdt + @, 4+ (t —1,)Pg (16.34)
tr

where 7, denotes the reference time, and @, and ®( denote solutions of the following
Poisson’s equation and Laplace’s equation, respectively:

V20, = K1, (16.35)
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VZdy =0 (16.36)
where 7, denotes the temperature change at the reference time.
The complementary solutions u{ for Navier’s equations (16.27) are discussed in
Chap. 6. The Boussinesq solution is
u¢ = grad ¢ + 2 curl [0, 0, 9] + grad (z¢)) — 4(1 — v)[0, 0, ¥] (16.37)
where ¢, 1, and 1) are harmonic functions.
Hence, a typical example of the general solution of Navier’s equations (16.27) is
given as

u = grad ® + grad ¢ + 2 curl [0, 0, 9] + grad (zv0) — 4(1 — )[0, 0, )] (16.38)

where
V2d =K1, Vip=0, V=0, V=0 (16.39)
16.1.4 Thermal Stresses in a Cylindrical Coordinate System

The equilibrium equations in a cylindrical coordinate system (r, 6, z) are

0oy 180'0;' (9O'Zr Orr — 000

F,=0
or r 00 0z r +t
dorg  10ogg Ooy o0 B
Ep =90 + 2 —l—ZT +Fyg=0 (16.40)
dor; | 100g. Doz op
- — 4+ F. =0
ar Ty T Tt

The components of stress in a cylindrical coordinate system expressed in terms of
those of a Cartesian coordinate system are

Opr = Oy cos? 0 + Oyy sin? 0 + Oxy sin 20
09 = Oxx sin? 0 + 0y, cos? 0 — 7y 5in 20
Ozz = Oz

1 (16.41)
o = _E(UXX — 0yy) sin 20 + 0y cos 20
0g; = 0y; 080 — o sind

Oz = 05 €080 4 0y, sin
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The components of strain and dilatation e in a cylindrical coordinate system in terms
of the components of displacement are

Ou, u 1 0ug Ou,
€rr = E» € = — - =

r e G o

1 18ur+8u9 Uy 1 8u9+18uz
=5\ 00 or Y A ) dz r 00

1 (O, n Ou,
Cr = 2\ 0z or

Ou, u, 10uy n Ou,
or rr 00 0z

(16.42)

e =

where u,, ug, u, are the components of displacement in the r, 8, z directions, respec-
tively.
The compatibility equations of strain in a cylindrical coordinate system are

D2 (rerg) %€ 2 (regp) ey
aro0 002 oz oar
e, _ e,  0%ep
ordz — or? 1 09z2
P(reg:) 5 0%epy

2

€z e, Bzezz

2 = 2

060: " o2 o T Toe
2(_ Derg 1 0ex 8692) N (eﬁ) 196, (16.43)
0z 0z r 00 or )~ oroo\ r 0z

0 (aere 3 laezr 3692) B D% (regy)  Oerr 1 ey

0\ a9z r o0  or ) oroz 0z r 08

0 (5‘6r9 1 ey 8692) 1%, 20eg O (691)
ar\ o * - =

=co0: v oz Tor

oz " r o0 or

r

The coordinate transformations of strain components between a cylindrical coordi-
nate system and a Cartesian coordinate system are

€rr = €xx COS> 0 + €y sin% 0 + €xy Sin 20
€09 = €xx sin® 0 + €y cos? 6 — €xy Sin 20
€zz = €z

1 . (16.44)
€ = _E(Exx — €yy) 8in 20 + €, cos 20
€g; = €y;C0s 0 — € sin 0

€zr = €2 COS ) + €, sin 6
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The constitutive equations, or the generalized Hooke’s law, for a homogeneous,
isotropic body in a cylindrical coordinate system are

1 1 v
Err = E[Urr —v(ogg + 0z0)] +aT = E(Urr - I—F_V@) +ar

1 1
€0y = E[U@o —v(ogz tom)l+ar = 2—(090 - HLV@) +ar
1 1 v
€z = E[Uzz —v(oy +ogg)l +ar = %(Uzz 1+, T y@) + aTt
Trp 00z Ozr
6"0 = i, 692 = Z_GZ’ EZV = i (1645)

An alternative form

O = 26 + A — BT, org = 2pu€rg
ooy = 2pepg + Ne — BT, 04, = 2puey; (16.46)
O =2ue; + Ae — BT, 0y = 2pey

where ® = 0, 4+ 0gg + 0,z and e = €, + €gg + €.

Navier’s equations (16.17) for thermoelasticity can be expressed in a cylindrical
coordinate system as

Oe 10w, Owy or
2W— =2\~ ——— ) - B +Fr =
A+2m75, “(r 20 az) For THr=0
1 Oe Ow,  Ow; 107
(/\+2H);% —ZM( o7 E) —ﬂ;% +Fy=0 (16.47)
de 2u[0(rwg)  Owy or .
(A’Lz“)a_z_T[T_ ae]_ﬂa_erFz_O

where

1(10u, Ouy 1(0u, Ou,
Wy = — - — — 1, wp = — —_—
"T2\ro0 oz T2\ " or
1 (O0@(rup)  Ou,
W, = — —
T a0
The solution of Navier’s equations (16.47) without the body force can be expressed,

for example, by the thermoelastic potential ® and the Boussinesq harmonic functions
as follows:

(16.48)

_ 00 8<p+2819+ oY
T o or r oo Zar

Ur
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109 10p 00 20U

“=90 T vo0 Yo T (1649
T CRY,
where the four functions @, ¢, ¥, and ) must satisfy
V2P =K1, Vip=0, V¥=0, V=0 (16.50)
and
v? # 10 1& & (16.51)

= ratrw o2

16.1.5 Thermal Stresses in a Spherical Coordinate System

The equilibrium equations in a spherical coordinate system (r, 6, ¢) are

lolog + 1 Doy, 1 60¢r
or r 00 rsinf 0¢
Oorg 1 0opg 1 Oog 1

- - — td + 30, Fo=0
or 700 T rsing 00 +r[(”"9 700) cot 0+ 30 | + Fy
0o N 1 dogy 1 0oy
or r 00 rsinf 0¢

1
+ ;(20,, — 099 — 0pp + ogrcott) + F, =0

1
+ =0,y + 2005 c0t0) + F, =0 (16.52)
r

The components of stress in a spherical coordinate system expressed in terms of
those of a Cartesian coordinate system are

Opr = Oy Sin2 0 cOS ) + Oyy sin” @sin” ¢ + 0z cos® 0

+ oy sin’ 0sin 2¢ + 0Oy 8in 20 sin ¢ + o sin 26 cos ¢
099 = Oy OS> 0 OS> @+ oyy cos? 6 sin’ ¢+ 0 sin” 0

+ Oy cos® 0sin2¢ — 0Oy 8in 20 sin ¢p — o sin 26 cos ¢

Tpp = Oxx SINZ @ + 0yy COS? ¢ — 0y 5in 260
1
0ry = 7 sin 20 (0 08> ¢ 4 0y sin ¢ — 02) (16.53)
1
+ Eaxy sin 260 sin 2¢ + oy, cos 20 sin ¢ + 0, cos 20 cos ¢
1

opp = -3 cos 0sin2¢ (o — oyy)

+ 0xycos 0 cos2¢p — oy, sinf cos ¢ + o, sin b sin ¢

1
0o =—3 sin 0'sin2¢ (o — 0yy)
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+ 0Oy sin ) cos 2¢ + oy, cos 0 cos ¢ — oz, cos O sin ¢

The components of strain and dilatation e in terms of the components of displacement
are

_ Ou, w1 Ouy
e T T e
Uy uy 1 Oug 1/10u, Oup up
= — to— —, ep==|- —_—— —
co¢ r +eo r +rsin9 oo} €ro Z(r a0 + or r
1(10uy Ug 1 Ouy
=—|-—— —cotfd— — 16.54
€69 Z(V a0 " * rsinf 0¢ ( )
1 1 Ou, Ou u
o= (L Qe Qs _ o
2\ rsinf 0¢ or r
u, ur 10uy ug 1 Oug
= 2— 4+ —— to— —
¢ or r+r(‘39 teo r +rsin0 9o}

where u,, ug, us are the components of displacement in the r, 0, ¢ directions,
respectively.

The compatibility equations of strain in a spherical coordinate system are

_ €00.66 9.0 €00r | 2600 2erg  2€00  €h9.00
r2sin26  r?tané r r2 r2 tan 6 r2 r2
_ Copr 2€4¢,0 €dr 2cosleppp  2€04,00 ﬁ —0
r r2tand = r2sin@ r2sin? 0 r2sinf = 2
2€pr.pr | Cor €rrop  2€ppr
rsinf ' r2sin®  2sin20 @ r Co.rr
269, 26,0 __Cmo Crr,r 0
rtand  rZtanf r2tanf ro
2€r<9,r9 2569,r €rr,r €rr,00 26r0,0
B e
fzrr,.0¢ . 6rG',¢r _ 261‘(9.,¢ 25¢r . 6(15;*2,0 _ €opr,rl (16.55)
resinf  rsin@ résinf = r-tanf r r
2€94,r Edrr cos O e g
+ oo+ rtanf  2sin20 0
€90.or  €0p.r  2€0pr  COSOerg s €prg
rsiné r rtanf  r2sin?@  r2tand
60,09 n €pr.09  COS 20 Cor o -0
r2sin 6 2 r2sin?@  rZsind
€pr0 | Copr  Corbp | 260 €
r rtand rZsinf r2 r2

B €06, pr €r0,0¢ cos 6 €pr,o €00,r

rsinf = r2sin%0 r2sin2 0 rtanf
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The coordinate transformations of the displacement between a spherical coordinate
system and a Cartesian coordinate system are

Uy = u, 8in 0 cos ¢ + uy cos 6 cos ¢ — uy sin ¢
uy = u, sin 0'sin ¢ + ug cos 0'sin ¢ + uy cos ¢ (16.56)
u; = u, cos — ugsin

The coordinate transformations of the strain components between a spherical coor-
dinate system and a Cartesian coordinate system are

€rr = €xx sin” 0 cos® ¢ + €y sin” sin” ¢ + €. cos” 0

+ €xy sin? 6 sin 2¢ + €y, sin 20 sin ¢ + €, sin 20 cos ¢
€09 = €xr CO8% 0 cos® ¢ + €y cos? fsin” ¢ + .. sin” 0

+ €xy cos? f'sin 2¢ — €y, 8in 20 sin ¢ — €, sin26 cos ¢

€46 = Exx SIN® G + €3y cOS% P — €4y 5in 269

€0 = % $in 20 (4, cos> O+ €y sin’ ¢ — €) (16.57)
+ %exy sin 260 sin 2¢ + €, cos 20 sin ¢ + €, cos 260 cos ¢

€y = —% cos 0sin2¢ (exx — €yy)
+ €xycosfsin2¢ — €y, sin ) cos ¢ + €, sin O sin ¢

€or = —% sin 0 sin 2¢ (€xy — €yy)
+ €xysinfl cos 2¢ + €y, cos 0 cos ¢ — €, cos fsin ¢

The constitutive equations for a homogeneous, isotropic body in a spherical coordi-
nate system are

€y = %[Urr —v(0go + 0pp)] + a7 = %(UW 1 _T_V@> +ar
1 1 v
€00 = E[Uee —v(ogy + o) +ar = E(U@a T1x 1/@) t+ar
1 1 v
€op = E[aw —v(ow + ogp)l +aT = E(fw T1r V@) +oar
- (16.58)
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An alternative form
O = 2pu€r + Xe — BT, 09 = 2pucery
Opo = 2pegy + Ne — BT, 09y = 204
Opp = 2€pp + Ae — BT, 0y = 2luey,

(16.59)

where & = 0, + 099 + 0pp and e = €, + €99 + €.
Navier’s equations (16.17) of thermoelasticity can be expressed in a spherical

coordinate system as

Oe 24 |:3(w¢ sin 6) (’“)wg] 5_ Fo—0

A+20)— —
A+ 2~ ing|~ 08 6
1 De 2u [ 0w, . 0(rwg) 1 87’ _
1 0Oe 2u[d(rwy) Owy 1 or
2 ot _ R _ _ —
A+ M)rsin08¢ r|: or 80:| rsm98¢>+ »=0

(16.60)

where

2rsin 6 o s or
O(rug)  Ou,

_1 _ 16.61

e Zr[ ar ae} (16.61)

The solution of Navier’s equations (16.60) without the body force in a spherical
coordinate system can be expressed, for example, by the thermoelastic potential ®

and the Boussinesq harmonic functions ¢, 9, v

1 |:8(u¢ sin 6) %]

B 1 [8u, " O(rug) ]
00 O

Wy =
2r 2rsinf

o® 0 200 0
L4 - +r cosﬁ—w—(3 4v)ip cosd

= T ar T e ar
_ 100 10¢p 20U oY
=50 T a0 T randag TGy TG wysing
. 1 0® 1 890_2 . 0819_20056819
Y= i 0¢  rsinf O¢ S r 00
oy
— 16.62
tan 0 0¢ ( )

where the four functions must satisfy

V=0, V20=0, V=0 (16.63)

Vid = KT,
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and
2 20 1 8% 1 9 1 o2

Vie 424 2 <z g
or? r3r+ r2 06? + r2 tan 0 00 + r2 sin? 0 O¢?

(16.64)

16.2 Problems and Solutions Related to Basic Equations
of Thermoelasticity

Problem 16.1. When the elastic body moves under the mechanical and thermal
loads, find the equations of motion.

Solution. The motion of the element in the x direction is

) doy,
(Uxx + %dx)dydz — oxedydz + (ny + %dy)dzdx — Oyxdzdx
X y ’

) o2
+ (sz + %dz) dxdy — odxdy + Fydxdydz = p%dxdydz (16.65)
Z

where p means the density. Simplification of Eq. (16.65) gives

00y n 0oy, 00y . &%u,

16.66
Ox dy 0z ( )

The two other equations of motion in the y and z directions can be obtained in the
same way. Then, we get the equations of motion

ojij + Fi = pi (i=1,2,3) (Answer) (16.67)

where u; denote the components of displacement and the dot denotes partial differ-
entiation with respect to the time.

Problem 16.2. Derive the compatibility equations (16.22).
Solution. Using the definition of strain

25,']' =uij+uj,; (16.68)
we get

2eii k0 = Uijki + Wiikis  2Eki = U lij + U kij (16.69)
2eik i = Wi kit + U jts  2€j1ik = W gik + U jik
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Therefore,

€ij.kl + €kl ij — Eik,jl — Ejlik
= E(ui,jkl + ) g+ Ui+ U ki
— Ui kjl — Uk, ijl — Wi jik — U jik) =0 (Answer)

Problem 16.3. Show that the strain components can be transformed by the following
equations

€y = emll2 + eyym% + ezzn% + 2(exylimy + €y;ming + eznily)
Eyly = eﬂlﬁ + eyym% + ezzn% + 2(exylama + eyzmong + exnola)
€ = exxlg + eyym% + ezzng + 2(exylzms + €y;m3n3 + €;,:n313)
€vy = exlila + €yymimy + €zniny + exy(lymy + lmy)
+ €y (miny + many) + e (nily + naly)
€yz = €xxlalz + eyymams + €znon3 + exy(lams + l3my)
+ €y (monz +m3ny) + e (n2l3 + n3ba)
€rv = Exl3ly + eyymamy + €n3ny + exy(l3my + lym3)
+ €y (m3ny + min3) + ez (n3ly + nil3) (16.70)

Solution. Equations (16.9) are written as

iy = liklyign
= lnlpnen + linlyaein + linlyzers + lalyiean + linlyaen
+ linlpzeas + lislyesr + lislinesn + lr3lizess (16.71)

Using the notation

hn=h lhin=m L3z=n
bhi=b lbyy=m bz=m
ly1 =13 Iy =m3 Ily3 =n;3 (16.72)

and rewriting subscript (1,2,3) as (x, y, z), we get

Exyl = Exxl% + 5yym% + Ezzn% + 2(exylimy + ey;ming + exnily)
Eyy = &‘xxl% + syym% + Ezzn% + 2(exylamy + ey;mony + exmal)
€y = sxxl§ + syym§ + 6zzn§ + 2(exylzams + ey;m3nz + en3103)
= el b + eyymimy + en1ny

+ exy(lima + bhmy) + gy, (miny + many) + e (nily + naly)

<
\<\
|
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Eyy = el + EyyMom3 + €z;N2N3
+ exy(lamz + l3my) + gy, (man3 + m3nz) + e (n2ls + n3la)
exy = Exl3l1 + eyymamy + e n3ng
+ exy(lamy + himz) + €y, (m3ny + min3) + e (n3ly +n1l3)  (Answer)

Problem 16.4. Derive Navier’s equations of thermoelasticity with motion of the
body.

Solution. The equations of motion are given from Eq.(16.67)
gjij+ Fi=pit; (i=1,2,3) (16.73)

Substitution of Eq.(16.11) into Eq. (16.73) gives

ojij + Fi — piij
= plui i + wjji) + Nujji — BT + Fi — pii
= uV2ui + A+ pug i — B + Fi — pit; = 0 (16.74)
Then, we get
pV2ui + A+ pug i — Bri + Fi = piiy (i =1,2,3) (Answer)

Problem 16.5. Derive the Beltrami-Michell compatibility equations (16.23).

Solution. The compatibility equations are from Eq. (16.22)

ey n 826yy _ 825xy
Oy? Ox? Ox0y
ey N % _
072 oy? Oyoz

Pe. 0Py e,

o2 T oz T oz

ey 0 Ogy, Oy Oeyy

0yoz - 5(  ox Ay 0z )

ey 0 (Oey; Doy | Oeyy

dz0x 3_y( ox  dy | 0Oz )

ey O (02,  Oeye  Oeyy

oxdy = 3_Z( o + 8_)) - a—z) (16.75)

The constitutive equations are from Eq. (16.10)
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1

EAEYs

(0,] - ®5U)+a75ij (16.76)

Substitution of Eq. (16.76) into the first three equations in Eq. (16.75) gives

Doy DPoyy v (0?0 0*0 o*r O O*0ry
+ - + +26a( 2= + 52 ) =2
0y? Ox2 1+v\ 0y?  0Ox? o2 0x2

D*oyy . %o, v (828 n 328) N 2Ga(& n 0t ) Zazayz
072 2 14+v\0z2 6? 02 9y?

Po, 0o v RC) n FoMC) 426 & n & _ Zazazx
Ox? 072 I1+v\ox2 922 2

The summation of Eq.(16.77) gives

o? Poyy O 2
V26 — ( aff;x n a? + aUZZZ) — 1+” V20 +4Gavir
X 'y Z v

et o 0o
_ o ow 2 o 16.78
(8x8y + Oyoz * 828x) ( )

Therefore,
1—v & Poy 0o
O +4GaVir = Al i 2
1+v HatavTT ( Ox? Oxdy  0z0x

820xy 620yy %oy, 0?0 62U),Z %0
) 16.79
(axay + oy? * 8y8z) * (8zax + dyoz * 072 ) ( )

Taking Eq. (16.1) into consideration, Eq. (16.79) becomes

(16.80)

Ve = —

2F 14+v (OF OF. OF
vip— 17 LA I A Tl
T (8}6 T Ay * 3z)

1—v

The summation of the second and the third equation in Eq. (16.77) gives

%o, N %o, N (0 + oyy) _ " (vee4 >’e
oy? ox? 072 1+v 022
0t 0 (do Jdo
2Ga| Vi 4 =) -2 == yz)
+ a( T+82) az(ax + Oy

2C) 0 (0o do Oo 927
=V? —_— —2— ast X & 2Ga| Vi + —
=t 072 31( Ox * Oy * 0z )+ “ i 072
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v 82@+ v 2E - +1+1/ anJraFeran
_ avVir 4 Y Ty o=
1+v 072 14+v Ox dy 0z
1 9*0 aE 9*r  aF
+ — +
14+v 072 14+ v 072 1—v

v (O0Fc OF, 8FZ) OF,
—_— 4 — 2— =0 16.81
(ax + dy * 0z 0z ( )

1—v 1—v

= Vo, + v2ir

1—v

From Eq.(16.81), we get

1 9?0 1 92 1
Vzazz + aE( T + VzT)

+1—|—y8z2 1 +v 072 1—v
v OFc OFy, OF;, OF,
— — ) -2—

(8x + Ay + 81) 0z

(Answer)

1—v

The two other equations can be obtained in the same way. Then, we get the first,
second and third equation in Eq. (16.23).
Substitution of Eq. (16.76) into the fourth equation in Eq. (16.75) gives

Gazgxx_g _6€yz+8€_u+8€_xy
Oydz  Ox Ox oy 0z
o v 0 do do do
= A A % 2 - - = i
Oyoz (U 1+ l/® * GQT) Ox ( Ox + Ay + 0z
1 0’0 o*r

- 1+ v dyoz + aay(‘)z

B 2(8JW n 0oy n 2(8011 n aozx) B a2o_zyz
oz \ Oy Ox oy \ 0z Ox Ox
1 9°0 Y 0t
= a
1+ v dydz dy0z

0 (0o, 0 (0o, Gzayz
— F, — F
+[8z(61 * >)+ay(ay TRt R

1 9°0 oO*r OF,  OF,
=v? 2G 24+ =2)=0 16.82
Tyt 1+1/6y8z+ a8y6z+( 0z dy ( )
From Eq. (16.82), we get the fifth equation in Eq. (16.23)
1 9’0  aE 0t OF,  OF
v2 - (=24 == A
UyZ+1+z/8yﬁz+l+u8yaz (5'2 + ay) (Answer)

The fourth and sixth equations can be obtained in the same way.
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Problem 16.6. Derive the equilibrium equations (16.40) in a cylindrical coordinate
system.

Solution. The equilibrium equation of the forces in the r direction acting on the
element is

0
(orr + %dr) (r +dr)dOdz — o,rddz
r
0 db db
+ o+ &dz 7(r+dr)? — 7 | — — o | m(r+ dr)? — 7t | —
0z 27 27
dogy do do
+ (Jgr + Wd@) drdz cos 5~ ogrdrdz cos >
0 do dé
— (099 + %d&) drdz sin - — ogpdrdz sin -
+ F|\w(r+dr) —nr Z—dz =0 (16.83)
T

After dividing Eq.(16.83) by rdrdfdz and omitting higher infinitesimal terms, we

obtain 9 18
Orr Oor Ozr Orr — 000
— ~ 4 74 F. =0 A
or + r 06 + 0z + r o (Answer)

The equilibrium equation of the forces in the § + df/2 direction acting on the
element is

dog,
00

do
(099 + %dﬂ)dﬂiz cos > + (09, +

do
d9) drdz sin 5

do do
— ogpdrdz cos > + og,drdz sin 5

0 do do
(0w + L0 ) inr + dr)? — 71= — opln(r + dr)? — mr )
0z 27 2
9o,
+ (Ur(; + %dr) (r +dr)dfdz — o,9rdfdz
r
2 2,49
+ Fyn(r+dr)” —nr ]2—dz=0 (16.84)
T

. do . do
Letting cos — — 1, sin — — —, we get
2 2 2
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d9 e
80;9 drdfdz + ogrdrdbdz + 200 arana Ll 4 272 (;»

dr
9N 4rdod
0 oz +2)’ <

0
+ o,9drdfdz +

dr
(r + dr)drdfdz + Fy (r + )drd@dz

Odog 1 00pg 8020 o
= — - 2— Fo VrdrdOd.
(ar F o0 oz oy Hho)rerdba

doy, ﬁ n doy dr 80,9
06 2 0z 2 or

dr
dr + Fg—)a’rd@dz = (16.85)

After dividing Eq.(16.85) by rdrdfdz and omitting higher infinitesimal terms, we

obtain 5 L P
Trh [o’L] 0z0 Trp
— 2— +Fp=0 A
or Ty o o Tt (Answer)

The equilibrium equation of the forces in the z direction acting on the element is
0 do do

(OZZ + Pz dz) [7(r + dr)? — 7r?|— — o.[n(r + dr)* — 7r*]—

0z 27 27

doy do,.
¥ (ng n 8—;d0) drdz — cg,drdz + (a,z n 8—r2dr) (r + dr)d6dz

do
— 0prdOdz + F, [7(r + dr)2 — 7TV2]2—dZ
0

0 d 0
= gzz (r + _r) :97;0 drdfdz
z
orz (r +dr)drdfdz + F, (r + > )drd&dz =0 (16.86)

After dividing Eq.(16.86) by rdrdfdz and omitting higher infinitesimal terms, we

obtain 9 19 9
Oz 06z Tz Orz
— — 4+ F,=0 A
or r 00 0z + + (Answer)

Problem 16.7. Derive Eq.(16.47) in a cylindrical coordinate system.

Solution. Substitution of Eq. (16.46) into the first equation of Eq. (16.40) gives

dezr Err

9 _
/-l €or + 2’u—66‘9 +F, =0 (16.87)
r

(2M6rr + e — fB7) + 7

2
8¢9+M81

Using the strain-displacement relation (16.42), Eq. (16.87) reduces to
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10 (814, (“)uz) 110 [8(ru9) 3ur]}

20z\0z or) r2roel or o8

N 56_ LF =0 (16.88)
"

O+ 2u)— + 2;;{

Then, we can get

(/\+2u)%—2u(——'——) —ﬂ& +F. =0 (Answer)
or r Z

1(0u, Ou, d(rug) 8ur
wy = = -——), w
*=2\oz  or T\ o o9
We can obtain the second and third equations of Navier’s equations (16.47) by the
same technique.

where

Problem 16.8. Derive the solutions of Laplace’s equation in a cylindrical coordinate
system.

Solution. We consider the solutions of Laplace’s equation in a cylindrical coordi-
nate system by use of the method of separation of variables. Laplace’s equation is

CARRR R S P (16.89)
o2 " ror 2o a2 )T '

We assume that the harmonic function can be expressed by the product of three
unknown functions, each of only one variable

o(r,0,2) = f(rg(@h(z) (16.90)

Substitution of Eq. (16.90) into Eq. (16.89) gives

rdr

1 (d? ld 1 1 d%g(0) 1 d%h(z)
(4 - — = 16.91
f(r)( )f( )+ g(6) do? + h(z) dz? 0 (16.51)

Equation (16.91) will be satisfied if the functions are selected as

2 2

dr? rodr
d’g(0)
b2g(6) =0
2 T g(0)
d*h
@ _ 2y =0 (16.92)

dz?
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where a and b are constants. The first equation of Eq.(16.92) is called the Bessel’s
differential equation, and has two independent solutions f(r) = Jp(ar) and Yj(ar)
fora # 0, |b| < oco.Jp(ar) and Yj(ar) are the Bessel function of first kind of order b
and of second kind of order b, respectively. Similarly, the first equation of Eq. (16.92)
has two independent solutions f(r) = l and In r fora = b = 0, and f(r) = b and
rPfora=0,b # 0.

The linearly independent solutions of Eq. (16.92) are

b
f(r)=(11m) for a=b=0, f(r)=(:_b) for a=0, b#0

f(r) = (J"(‘”)) for a#0, |b] <oo

Yy (ar)
g(0) = (;) for b=0, ¢(0) = (i‘o‘lsl[;%) for b#0
h(z) = (Zl) for a =0, h(z)= (iﬂaz) for a#0 (16.93)

In another case, Eq. (16.91) will be satisfied if the functions are selected as

2 2
HO L IFO (24 ) =0

dr? r dr
d?q0)
b2g() =0
q T 9(0)
d*h
4h@) +d*h(z) =0 (16.94)
dz2

The first equation of Eq. (16.94) is called the modified Bessel’s differential equation,
and has two independent solutions f(r) = I(ar) and Kj(ar) fora # 0, |b| < oco.
Ip(ar) and K (ar) are the Bessel function of first kind of order » and of second kind
of order b, respectively.

The linearly independent solutions of Eq. (16.94) are

b
f(r):(llm) for a=b=0, f(r):(:_b) for a=0, b#0

Ip(ar)

O =\ Ky(ar)

) for a#0, |b] <o

sin b0

g(e)z(;) for b =0, g(a)z(cosbe) for b0
I
Z

h(z) = ) for a =0, h(z)=(5m“Z

cosaz

) for a#0 (16.95)
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Therefore, the particular solutions of Laplace’s equation in a cylindrical coordinate
system may be expressed as follows:

1 1\ (1 rb sin b 1
Inr 0 z )’ pb cos bl z
Jo(ar) 1 e® Iy(ar) 1 sin azg
Yo(ar) 0 e %] Ko(ar) 0 cosazg
Jp(ar) sin b6 e
Y, (ar) cos bf e %
Ip(ar) sin bl sin az
( Ky (ar) ) ( cos bl ) ( cosazg ) (Answer) (16.96)

sinh az . e®
can be used instead of { _ .
oshaz e~ %

In Eq. (16.96), we used the following notation for the product of three one-column
matrices

where

Sigih
frgih
fig2h

fl g1 h _ f292h1
(fz) (92) (hz) | A (16.97)
fHagiha

figho
Hghn

Ip(ar) sin bl sinaz
Then, ( K, (ar)) (cos bo cosaz ) for example means

I, (ar) sin b6 sin az

Ky (ar) sin bl sin az

I (ar) cos b sin az

(Ib(ar) ) (sin bo ) (sin az ) _ Ky (ar) cos bl sin az (16.98)
Kp(ar) cos bl cosaz I, (ar) sin b6 cos az

Ky (ar) sin bl cos az

I (ar) cos bl cos az
Ky (ar) cos bl cos az

Therefore, a product of the three one-column matrices in Eq.(16.96) produces 8
particular solutions of Laplace’s equation, and Eq. (16.96) represent an ordered array
of 8 x 6 particular harmonic solutions in cylindrical coordinates.
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Problem 16.9. Derive the equilibrium equations (16.52) in a spherical coordinate
system.

Solution. We consider the infinitesimal element in a spherical coordinate system.
The area of the infinitesimal element of ¢ plane is rdrd6

The area of the infinitesimal element of (¢ + d¢) plane is rdrdf

The area of the infinitesimal element of 8 plane is drr sin 8d ¢

The area of the infinitesimal element of (6 + d6) plane is

drrsin(0 + d0)d¢ = drrsin 6 cos dfd ¢ + drr cos 0 sin d0d ¢
= drrsin0d¢ + drr cos 0dfd ¢

The area of the infinitesimal element of r plane is 72 sin 8d0d
The area of the infinitesimal element of (r 4+ dr) plane is

(r 4 dr)?d0 sin 0d¢ = (+* + 2rdr)d0 sin Od¢

The volume of the infinitesimal element is 72 sin Odrdfd ¢

The equilibrium equation of the forces in the r direction acting on the element is
80” 2 . 2 .
(0,, + 6—dr) (r* + 2rdr) sin 8d0d ¢ — orr” sin 0dOd ¢
do do
+ (09, + —d@) (sin @ 4 cos 8dO) rdrd ¢ cos — ~Obr sin Ordrd ¢ cos >

do do
(099 + —df)) (sin 0 + cos 0dO)rdrd ¢ sin 5~ g sin Ordrd ¢ sin >

0d in 6d
+ (oo + 0% d¢>) rdrdf co ¢ sinbdg
6 0d 0d
— (o0 + :;"’ do)rdrdf si HT¢ — Ggyrdrdf sin sz ¢
+ F, r*sin Odrdfd$ = 0 (16.99)
. do . de deo sin Od ¢ . sinfd¢ sin Od ¢
Letting cos — — 1, sin— — —, cos — 1, sin — s
2 2 2 2 2 2

we get

9 o,
1 2 Gin 0drdfdd + 20,7 sin 0drdfdd + 2 a " 1 sin Odrdfd pdr
.

day or
+ ogrr cos Odrd0d ¢ + 5 9’ rsin Odrdfd ¢ + a 5T cos Odrd0d do

— oggr sin Odrd0d ¢

1 0oy doy
~5 (099 cos 0dO + —— 50 Y sin0do 4+ — 50 0 cos 6d9d9) rdrd0d ¢
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Hos 100y
+ ;‘2 rdrdfdo — 001 sin drd0d s — gz rsin 0drdfdpd

+ F, r*sin0drdfd¢ = 0 (16.100)

After dividing Eq.(16.100) by 2 sin fdrdfd¢ and omitting higher infinitesimal
terms, we obtain

Aoy n 1809, 1 Ooy,

1
~ (20, — ogg — 0 t0) + F, =0
or r 00 rsinf d¢ + r( Trr = 009 = 0¢p + 0grCOLO) + Fy

(Answer)
The equilibrium equation of the forces in the (§ + d6/2) direction acting on the
element is

do, . .
(0’,9 n g 0 dr) (r2 + 2rdr) sin 0d0d — g1 sin 0d0d
r

dogy . . do . . db
+ (ag, + %dH) (sin 6 4 cos 0d6)rdrd¢ sin 5 + oy, sin Ordrd ¢ sin 5

0 do do
+ (099 + %d&) (sin 6 4 cos 0d6) rdrd ¢ cos 5~ opp sin Brdrd ¢ cos 5

0d 0d
cosbdg _ o grdrdf cos cos 9d¢

0
+ (%9 + (;%fmb) rdrdf cos

doy 0d od
- (a¢¢+ aa;¢d¢)rdrd9 sin 205049 i 208949

— 0g¢rdrdf sin

+ Fy r? sinOdrdfd¢ = 0 (16.101)

. do . do do cos 0d¢ . cosfdo cos 0d¢
Letting cos — — 1, sin— — —, cos — 1, sin — s
2 2 2 2 2 2

we get

oy
20,91 sin 0drdOd ¢ + 6‘ 90,2 Gin 0drdfd ¢ + 2 o O sin 0drdOd pdr
r

~+ og,r sin O0drd0d ¢
dogr Doy,

89+89

dogg | Ooge .
+ (099 cot + 20 + 20 cot 0d6‘) r sin Odrd0d ¢
1 0oy

1 Qo
g ag TSN bdrdbd ~ (a¢d,+§ 5

+ Fy % sin 0drdfdep = 0 (16.102)

1
+35 (09, cot 0 + cot 0d0)r sin Odrd0d $do

d¢>) cot Or sin 0drd0d

After dividing Eq.(16.102) by r? sin @drdfd¢$ and omitting higher infinitesimal
terms, we obtain
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ol n l dog 1 Oog

1
-3 t0 —ogpcotf) +Fyp=0
or r 00 rsinf d¢ + r( org + 066 €0 T cOL0) + Fy

The equilibrium equation of the forces in (¢ + d¢/2) direction acting on the ele-
ment is

90,
(070 + 5 72dr) (2 4 2rdr) sin 006 — 40 sin 00

P
n (% + ﬂd@) (sin 0 + cos 0d0)rdrd — o4 sin Ordrd s

060
00y . sinfd . sinfd
+ (%, + g;) d(b) rdrd0 sin sz e + 0¢rrdrdf sin sin ¢

cos 0d¢ sin 6d¢

+ (000 + a—¢d¢) rdrdf cos

cos
2 2
0d 0d 8 0d
— 0 grdrdd cos 052 ? cos sm2 ¢4 ( ;" a’qS) rdrd0 sin Cosz ¢
0d
+ oprdrdd sin 0% 4 B2 sin Gdrd0d = 0 (16.103)
. sin Od ¢ cos Bd¢ . sinfd¢ sin Od ¢
Letting cos — 1, cos > — 1, sin — 5
. cosfdo cos 0d ¢
sin — , we get
2 2
Oo Or¢ .
20,41 sin 0drdfd¢ + 8 010,12 in OdrdOd¢p + 2 8 rdr sin Odrd0d ¢
r
doy
+ ogpr cos 0drdOd ¢ + 7 % sin 0drdfd¢p + 89 2% 49r cos 0drdfd¢p
1 0o
+ (a(,,, +5> (‘; dgf))rsm 0drdfde + af rdrdfd¢
+ Fyr?sin0drdfdo = 0 (16.104)

After dividing Eq.(16.104) by r? sin @drdfd¢$ and omitting higher infinitesimal
terms, we obtain

30r¢ n 1 80’9¢ 1 6CT¢¢
or r 00 rsinf O0¢

1
+ —Q@Bo,y +2cotlogs) + Fy =0 (Answer)
, :

Problem 16.10. Derive Navier’s equations (16.60) in a spherical coordinate system.

Solution. Substitution of Hooke’s law (16.59) into the first equation of the equilib-
rium equations (16.52) yields
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241 O€rg 21 O€gr
2 rr - - .
( perr + e = 1) + r 00 rsin@ 0¢

+ ;[Z(Z,uerr + Xe — B7) — Quegyg + Ne — B7)
— Quegy + Ae — B7) + (2uerg) cot 0] + F, =0 (16.105)

Using Eq. (16.54), Eq. (16.105) reduces to

Ot 2 )8e 5 10u, u, 18u9+182u9 +18u,_u,
H H r or r2 r2 00 r Orof r or r2

10ug uy 1 Oug 1 82%
+Ct9(r or rz)_rzsinﬂ ¢ +rsin08r8¢

1 o%u, 102 10
+( u ug ug)

M\2 002 T v or00 ~ 72 00
I ( 1 %u,  uy 18u¢)

rsin® \ rsin6 9¢? + ordp r 0¢
Ou, u 2 0uy ug 2 0u¢ 1 Ou,
4l 20 it ot -
Ty [ o T e O T g o Y e
Ouy or
teotd 2| 3 L F =0 (16.106)
or or

From Eq. (16.106), we get

Oe uo [sinf [ Ouy Pug  u,
A+ 205, = reind [T(% om0~ 9%

cos Oug  Ouy 1 1 0%u, Oug 6‘ Ug
+ Uy + r—— — =5 -
r or 00 r\sinf 9%2¢  9¢ 8r8¢

— B +F =0 (16.107)
p,

Taking into the consideration of

) O(wg sin ) B
o0 a
sin 6 (8u9 &%uy 8214,) cos 6 ( duyg 8ur)

= — ue

0
2sin 0% + 2 cos Owy

- \o0 a0~ % s T o0
2(%)9 1 1 0%u, 8u¢ 62u¢
©r\sinf 92¢  0¢ ara¢

o (16.108)

equation (16.107) reduces to
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Oe B
Or rsin6

Owy

3

Owg
(A +2p) |:sin Qﬂ + cos Owy —

or
5 }—ﬂEJrFr:o (16.109)

We finally obtain

Oe 2u [ O(wgsind)  Owy or
2) — — ‘ el R SRy - A
A+2w) o [ 50 9% :| ﬁar + 0 (Answer)

rsinf

We can obtain the second and third equations of Navier’s equations (16.60) by same
technique.

Problem 16.11. Derive the solutions of Laplace’s equation in a spherical coordinate
system.

Solution. We consider the solution of Laplace’s equation in a spherical coordinate
system by use of the method of separation of variables. Laplace’s equation in a
spherical coordinate system is

(82 20 1 82 1 9 1 o2

- 4 -z 4= 4 - 4 - 7 =0 16.110
or? r8r+r2 002  r2tan6 00 2 sin29a¢2)(p ( )

We assume that the harmonic function can be expressed by the product of three
unknown functions, each of only one variable

@(r,0,9) =f(r)g@h(®) (16.111)
Substitution of Eq.(16.111) into Eq. (16.110) gives
P2 s (L)
f(r) \dr? + rdr Fr)+ g(0) \ do? + tan6 d6 )’

1 dh@) _
sin? Oh(¢) dp?

(16.112)

Equation (16.112) will be satisfied if the functions are selected as follows:

I’f(r) | 2df(r)  vw+1)

dr? r o dr r2 f) =0
d*g(0) 1 dg(0) p? _
4> Tamo a0 T [”(V+ D= sin29i|g(9) =0
h(@) | 4
02 + 1*h(¢) =0 (16.113)

The linearly independent solutions of the first and the third equations of Eq. (16.113)
are
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)= (f_<,,+n)

h(¢)=((1b) for p=0, h<@=(i§lﬁﬁ) for pu#0 (16.114)

Application of the transformation of a variable x = cos 6 to the second equation in
Eq.(16.113) gives

d 2
O

d2
96) .

1— 2
(1= dx? dx

]g(x) —0 (16115

The Eq.(16.115) is called the associated Legendre’s differential equation, and the
linearly independent solutions are given by

m
g(x) = (Pn((’;))) (16.116)

Therefore, the particular solutions of the harmonic equation in a spherical coordinate
system may be expressed as follows:

rY P, (cosB) 1
pm D 0, (cos ) o
P Pl (cos 6) sin g
( i an)) ) ( 0, (cos®) ) \ cos ug (Answer)
where p and v are constants, P, (cos f) is the Legendre function of the first kind,
0, (cos 0) is the Legendre function of the second kind, P! (cos #) is the associated
Legendre function of the first kind, and Qﬁ (cos 0) is the associated Legendre function

of the second kind. The notation for the product of three one-column matrices is
explained by Eqs.(16.97) and (16.98).

Problem 16.12. Express the displacements and strains in a spherical coordinate
system by use of the thermoelastic potential ® and the Boussinesq functions ¢, ¥/, 1.

Solution. The relationship between the Cartesian and the spherical coordinate
systems is

x=rsinfcosp, y=rsinfsing, z=rcost

r=J2+2+22 tanf=x2+)2/z, tnp=2 (16.117)

X

The direction cosines in both coordinate systems are
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[y =sinfcos¢, my =sinfsingp, n; =cosf
Iy =cosfcos¢p, my=cosbfsing, ny=—sinf
I3 =—sin¢, mz=cos¢p, n3 =0 (16.118)

The partial derivatives are

cosfcosgp O sing 0

r %_rsinHG_d)
cosfsing 0 cos¢p 0
r %—i_rsinea_gb

0 . 0
pm = sm900sq§5 +

a_y = sin@sinqb% +
9 osp L SN0 0 (16.119)
0z

Displacements uy, uy, u, in a Cartesian coordinate system are expressed by the ther-
moelastic potential ® and the Boussinesq functions ¢, ¥, ¢ from Eq. (16.38)

Uy = 5'_y 3_y_ a—i- 3_y
0D Oy oY
=2+ S Gy (16.120)

Displacements u,, uy, us in a spherical coordinate system are expressed by the dis-
placements uy, uy, u; in a Cartesian coordinate system

Uy = Uy Sin 0 cos ¢ + u, sin 0 sin ¢ + u, cos ¢
ug = Uy cos 0 cos ¢ + u, cos 0 sin ¢ — u; sin
Uy = —Uy Sin ¢ + uy COs @ (16.121)

Substituting Eq.(16.120) into Eq.(16.121) and translating the partial differentials
from the Cartesian to the spherical coordinate systems, we get

Uy = Uy sin 0 cos ¢ + u, sin 0 sin ¢ + u; cos ¢
cosfcos g 0P  sing 6_@)
00  rsin 0¢

i Op cosfcospdp  sing Jp
—}—(sm@cos¢E+ r 00 rsinﬁa_qf))
cos&sinqﬁ@_ﬁ n cos ¢ 8_19)

r 00 ' rsinf 0¢
cosfcosp Oy sing O

r 00 rsin98_¢

[
= |:(sin 0 cos qbaa—r +

.00
+ 2(sm9s1n ¢E +

—i—rCOS@(SinQCOS(ba—w—i- )]sin@cos¢
or
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0® cosfsing 0P  cos¢ I
+ [(sm&smgﬁ—r + Y + rsinﬁa_(b)

. . @ cosfsingpdp  cosp Oy
—i—(sm9s1n¢—r+—% rsin08_¢>)
0¥ cosfcosp 0¥  sing OV

- 2(s1nﬁcos (;5— 20 rsin@%)

0 0 0 0
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The displacement-strain relations (16.54) are
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Substitution of Egs. (16.122)—(16.124) into Eq. (16.125) gives
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