
Theory of 
Elasticity and 
Thermal Stresses 

M. Reza Eslami · Richard B. Hetnarski
Józef Ignaczak · Naotake Noda
Naobumi Sumi · Yoshinobu Tanigawa

Explanations, Problems and Solutions

Solid Mechanics and Its Applications
Series Editor: G.M.L. Gladwell



Solid Mechanics and Its Applications

Volume 197

Series Editor

G. M. L. Gladwell
Department of Civil Engineering, University of Waterloo, Waterloo, Canada

For further volumes:
http://www.springer.com/series/6557

http://www.springer.com/series/6557


Aims and Scope of the Series

The fundamental questions arising in mechanics are: Why?, How?, and How much?
The aim of this series is to provide lucid accounts written by authoritative
researchers giving vision and insight in answering these questions on the subject of
mechanics as it relates to solids.

The scope of the series covers the entire spectrum of solid mechanics. Thus it
includes the foundation of mechanics; variational formulations; computational
mechanics; statics, kinematics and dynamics of rigid and elastic bodies: vibrations
of solids and structures; dynamical systems and chaos; the theories of elasticity,
plasticity and viscoelasticity; composite materials; rods, beams, shells and mem-
branes; structural control and stability; soils, rocks and geomechanics; fracture;
tribology; experimental mechanics; biomechanics and machine design.

The median level of presentation is the first year graduate student. Some texts
are monographs defining the current state of the field; others are accessible to final
year undergraduates; but essentially the emphasis is on readability and clarity.



M. Reza Eslami • Richard B. Hetnarski
Józef Ignaczak • Naotake Noda
Naobumi Sumi • Yoshinobu Tanigawa

Theory of Elasticity
and Thermal Stresses

Explanations, Problems and Solutions

123



M. Reza Eslami
Department of Mechanical Engineering
Amirkabir University of Technology
Tehran
Iran

Richard B. Hetnarski
Department of Mechanical Engineering
Rochester Institute of Technology
Rochester, NY
USA

Józef Ignaczak
Institute of Fundamental Technological

Research
Polish Academy of Sciences
Warsaw
Poland

Naotake Noda
Department of Mechanical Engineering
Shizuoka University
Hamamatsu
Japan

Naobumi Sumi
Faculty of Education
Shizuoka University
Suruga-ku Shizuoka
Japan

Yoshinobu Tanigawa
Department of Mechanical Engineering
Osaka Prefecture University
Sakai
Japan

ISSN 0925-0042
ISBN 978-94-007-6355-5 ISBN 978-94-007-6356-2 (eBook)
DOI 10.1007/978-94-007-6356-2
Springer Dordrecht Heidelberg New York London

Library of Congress Control Number: 2013931515

� Springer Science?Business Media Dordrecht 2013, corrected publication 2018
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission or
information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed. Exempted from this legal reservation are brief
excerpts in connection with reviews or scholarly analysis or material supplied specifically for the
purpose of being entered and executed on a computer system, for exclusive use by the purchaser of the
work. Duplication of this publication or parts thereof is permitted only under the provisions of
the Copyright Law of the Publisher’s location, in its current version, and permission for use must
always be obtained from Springer. Permissions for use may be obtained through RightsLink at the
Copyright Clearance Center. Violations are liable to prosecution under the respective Copyright Law.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt
from the relevant protective laws and regulations and therefore free for general use.
While the advice and information in this book are believed to be true and accurate at the date of
publication, neither the authors nor the editors nor the publisher can accept any legal responsibility for
any errors or omissions that may be made. The publisher makes no warranty, express or implied, with
respect to the material contained herein.

Printed on acid-free paper

Springer is part of Springer Science?Business Media (www.springer.com)



The authors dedicate this book
to their wives:

Minoo Eslami

Leokadia Elizabeth Hetnarski

Krystyna Ignaczak

Tosiko Noda

Eiko Sumi

Seiko Tanigawa

They made painful sacrifices while the authors toiled
for long years at the preparation of these four books,

and of other publications not mentioned here.

They deserve words of highest appreciation and admiration –
and love



Preface

Fecimus, quod potuimus,
faciant meliora potentes.

All the authors of this book have done research in and taught numerous courses on
the Theory of Elasticity, Thermoelasticity and Thermal Stresses. Coincident with
that teaching, we have jointly created three textbooks in these critical fields of
Mechanics:

1. Richard B. Hetnarski and Józef Ignaczak, The Mathematical Theory of
Elasticity.

2. Naotake Noda, Richard B. Hetnarski and Yoshinobu Tanigawa, Thermal
Stresses.

3. Richard B. Hetnarski and M. Reza Eslami, Thermal Stresses—Advanced The-
ory and Applications.

These publications are a result of our dedication to teaching engineering stu-
dents on these subjects of Mechanics. Publication details of our three textbooks
will be found at the end of this Preface.

The new book that we now present here is the crowning achievement of our
activities in these fields. It comprises the problems contained in the three listed
books, together with detailed solutions and explanations. Thus, Part I is related to
the book The Mathematical Theory of Elasticity, Part II covers the problems in the
book Thermal Stresses, and Part III covers problems in the book Thermal Stres-
ses—Advanced Theory and Applications.

The three parts are augmented by Part IV, Numerical Methods, that covers three
important topics: the Method of Characteristics, the Finite Element Method for
Coupled Thermoelasticity, and the Boundary Element Method for Coupled
Thermoelasticity. A full chapter in Part IV is devoted to the Method of Charac-
teristics. The need for numerical methods in the solution of dynamic problems is
dictated by the well-known difficulty of obtaining exact solutions. The Method of
Characteristics serves to reduce the hyperbolic partial differential equations of
dynamic problems to a family of ordinary differential equations, each of which is
valid along a different family of characteristic lines. These equations are more
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suitable for numerical analysis because their use makes it possible to obtain the
solutions through a step-by-step integration procedure. The method has the
advantage of giving a simple description of the wave fronts, and can readily find
numerical solutions to problems with any type of input functions.

Part IV contains a chapter that treats the Finite Element Method for Coupled
Thermoelasticity. The method of finite elements described in that chapter is based
on the Galerkin method and presents classical formulation for problems of coupled
thermoelasticity. The formulation may be modified to be applicable to the
uncoupled thermoelasticity problems simply by removing the coupling term from
the energy equation. The method is also made applicable to problems of
generalized thermoelasticity, by taking into account the terms containing the
relaxation times associated with the Lord-Shulman, the Green-Lindsay, or the
Green-Naghdi models.

Part IV also dedicates a chapter to a description of the Boundary Element
Method for Coupled Thermoelasticity. The formulation of the Laplace transform
boundary element method is based on the generalized thermoelasticity theory of
the Lord-Shulman model. The unique feature of this formulation is that a single
heat excitation principle solution is used to derive the boundary element
formulation.

We consider this new book to be an indispensable companion to all who study
any of the initial three books. In it, we present not only the problems contained in
these books, together with their careful and often extensive solutions, but also
explanations in the form of introductions that appear at the beginning of chapters
in Parts I, II and III. Therefore, this book links the three listed books into one
consistent entity of four publications.

Note that in Part I, the chapter numbers correspond to chapters in the book The
Mathematical Theory of Elasticity, except that they are shifted by one, i.e., Chap. 1
in this book corresponds to Chap. 2 in MTE, Chap. 2 in this book corresponds to
Chap. 3 in MTE, etc.

Note also that the notations in Parts I, II, and III are respectively the same as in
the three listed books; since not all notations are the same in each of the three
books, some notations in different parts of this book differ from each other.

The quality and style of figures differed in the three initial books, thus they
differ in the corresponding parts of the new book. Of necessity, we note an
overlapping of the material covered in various parts of the new book. Such
occurrences are marked by cross-references at the beginning of some chapters.

We took the opportunity to list all discovered errors that exist in the second
editions of the books The Mathematical Theory of Elasticity and Thermal Stresses,
and in the book Thermal Stresses—Advanced Theory and Applications.

References to the literature are placed in footnotes. At the end of the book, we
provide a brief list of important books on the theory and applications, and also the
books that are devoted to solving of problems. More extensive lists of references to
the literature appear in our three original books.

We express our thanks to Jonathan W. Plant, Executive Editor for Mechanical,
Aerospace & Nuclear Engineering at Taylor & Francis/CRC Press, who granted us
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permission to use the text of the problems and associated figures contained in The
Mathematical Theory of Elasticity, second edition, as well as in Thermal Stresses,
second edition. Without such permission, this book could not have been published.

A positive attitude toward publication of the book by Professor G. M. L.
Gladwell, the Series Editor, is highly appreciated.

We are indebted to Nathalie Jacobs, Senior Publishing Editor/Engineering at
Springer, for undertaking the publication of the book and for her assistance in the
execution of this project.

The authors’ names are placed on the title page and below in alphabetical order.

April 2013 M. Reza Eslami
Richard B. Hetnarski

Józef Ignaczak
Naotake Noda

Naobumi Sumi
Yoshinobu Tanigawa

Publication information on the three books referred
to in Preface:

1. Richard B. Hetnarski and Józef Ignaczak, The Mathematical Theory of Elas-
ticity. 2nd ed., CRC Press, Boca Raton, 2011.

2. Naotake Noda, Richard B. Hetnarski and Yoshinobu Tanigawa, Thermal
Stresses 2nd ed., Taylor & Francis, New York, 2003.

3. Richard B. Hetnarski and M. Reza Eslami, Thermal Stresses—Advanced
Theory and Applications, Springer, 2009.
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Part I
The Mathematical Theory of Elasticity



Chapter 1
Mathematical Preliminaries

In this chapter the basic definitions of vector and tensor algebra, elements of tensor
differential and integral calculus, and concept of a convolutional product for two
time-dependent tensor fields are recalled. These concepts are then used to solve
particular problems related to the Mathematical Preliminaries.

1.1 Some Formulas in Tensor Algebra

A vector will be understood as an element of a vector space V . The inner product of
two vectors u and v from V will be denoted by u · v. If Cartesian coordinates are
introduced in such a way that the set of vectors {ei } = {e1, e2, e3} with an origin 0
stands for an orthonormal basis, and if u is a vector and x is a point of E3, then
Cartesian coordinates of u and x are given by

ui = u · ei , xi = x · ei (1.1)

Apart from the direct (vector or tensor) notationwe use indicial notation in which
subscripts range from 1 to 3 and summation convention over repeated subscripts is
observed. For example,

u · v =
3∑

i=1

ui vi = ui vi (1.2)

From the definition of an orthonormal basis {ei } it follows that

ei · e j = δi j (i, j = 1, 2, 3) (1.3)

where δi j is called the Kronecker symbol defined by

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 3
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_1,
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4 1 Mathematical Preliminaries

δi j =
{

1 if i = j
0 if i �= j

(1.4)

We introduce the permutation symbol εi jk , also called the alternating symbol,
defined by

εi jk =
⎧
⎨

⎩

1 if (i, j, k) is an even permutation of(1, 2, 3)

−1 if (i, j, k) is an odd permutation of(1, 2, 3)

0 otherwise, that is, if two subscripts are repeated
(1.5)

The permutation symbol will be used for the definition of the vector product u × v
of two vectors u and v

(u × v)i = εi jku j vk (1.6)

We may observe that the following identity holds true

εmisε jks = δmjδik − δmkδi j (1.7)

An alternative definition of the permutation symbol, given in terms of the vectors
ei , is

εi jk = ei · (e j × ek) (1.8)

Using this definition of εi jk , a generalized form of Eq. (1.7) is obtained

εi jkεpqr =
∣∣∣∣∣∣

δi p δiq δir
δ j p δ jq δ jr
δkp δkq δkr

∣∣∣∣∣∣
(1.9)

Letting k = r in this identity we obtain Eq. (1.7).
The permutation symbol εi jk can be also used to calculate a 3 × 3 determinant

εi jkai b j ck =
∣∣∣∣∣∣

a1 a2 a3
b1 b2 b3
c1 c2 c3

∣∣∣∣∣∣
(1.10)

A second-order tensor is defined as a linear transformation from V to V , that is, a
tensor T is a linear mapping that associates with each vector v a vector u by

u = Tv (1.11)

The components of T are denoted by Ti j

Ti j = ei · Te j (1.12)
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so the relation (1.11) in index notation takes the form

ui = Ti j v j (1.13)

The Kronecker symbol δij represents an identity tensor that in direct notation is
written as 1.

A product of two tensors A and B is defined by

(AB)v = A(Bv) for every vector v (1.14)

Thus, in Cartesian coordinates

(AB)i j = Aik Bk j (1.15)

The transpose of T, denoted by TT, is defined as a unique tensor satisfying the
property

Tu · v = u · TTv for every u and v (1.16)

From this definition it follows that

Tik = T T
ki (1.17)

If T = TT, then the tensor T is symmetric. Also, if T = −TT then the tensor T is
skew or asymmetric. Therefore, T is symmetric if Ti j = Tji , and skew if Ti j = −Tji .
Every tensor T can be expressed by a sum of a symmetric tensor sym T and skew
tensor skw T, that is,

T = sym T + skw T (1.18)

where

sym T = 1

2
(T + TT) (1.19)

and

skw T = 1

2
(T − TT) (1.20)

In index notation
Ti j = T(i j) + T[i j] (1.21)

where

T(i j) = 1

2
(Ti j + Tji ) (1.22)

and

T[i j] = 1

2
(Ti j − Tji ) (1.23)
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If a tensor P is skew, then there exists a vector ω, called the axial vector corresponding
to P, such that

Pu = ω × u for every vector u (1.24)

and it follows from (1.24) that

Pi j = −εi jkωk (1.25)

and
ωi = −εi jk Pjk (1.26)

For any tensor T the trace of T is denoted by tr (T). In index notation

tr (T) = Tii (1.27)

The determinant of T is denoted by det (T) and it is

det (T) =
∣∣∣∣∣∣

T11 T12 T13
T21 T22 T23
T31 T32 T33

∣∣∣∣∣∣
(1.28)

1.2 Alternative Definitions of a Vector and of a Tensor
Using an Orthogonal Tensor

We say that Q is orthogonal if and only if

QTQ = QQT = 1 (1.29)

For an orthonormal basis ei and orthogonal Q, the vectors

e′
i = Qei (1.30)

form an orthonormal basis.
Also, for two orthonormal bases ei and e′

i , there exists a unique orthogonal tensor
Q such that (1.30) holds true.

For a vector w with components in ei denoted by wi , and with components in e′
i

denoted by w′
i , we have

w′
i = Q jiw j (1.31)

wj = Q jiw
′
i (1.32)
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Similarly, for a tensor T we get

T ′
i j = Qki Ql j Tkl (1.33)

Tkl = Qki Ql j T
′
i j (1.34)

where
Q ji = e′

i · e j (1.35)

The set of three quantities wj , or nine quantities Tkl , referred to ei , which transform
to another set w′

i or T ′
i j , referred to e′

i , according to (1.31)–(1.32), or (1.33)–(1.34),
is defined as a vector, or a tensor, respectively.

1.3 Further Definitions

The tensor product of two vectors a and b denoted by a ⊗ b is defined by

(a ⊗ b)u = (b · u)a for any vector u (1.36)

In components
(a ⊗ b)i j = aib j (1.37)

Clearly
tr (a ⊗ b) = a · b (1.38)

Similarly, the inner product of two tensors A and B is defined by

A · B = tr (ATB) = AijBij (1.39)

The magnitude of A is defined by

|A| = (A · A)1/2 (1.40)

Also, for any tensor T the following relation holds

T = Ti jei ⊗ e j (1.41)

and the nine tensors ei ⊗ e j are orthonormal in the sense

(ei ⊗ e j ) · (ek ⊗ el) = δkiδ jl (1.42)

Equation (1.41) constitutes the decomposition formula for T in terms of the nine
orthonormal tensors ei ⊗ e j .
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Also note that if A is a symmetric tensor and B is a skew tensor then [see MTE-2e,
Example 2.1.5]

A · B = 0 (1.43)

and for an orthonormal basis ei and an orthogonal tensor Q the vectors e′
i = Qei

form an orthonormal basis [see MTE-2e, Example 2.1.6], and, for two orthonormal
bases ei and e′

i , there exists a unique orthogonal tensor Q such that e′
i = Qei .

1.4 Eigenproblem for a Second Order Tensor

We call λ an eigenvalue corresponding to an eigenvector u of a tensor T if

Tu = λu (1.44)

For a symmetric tensor T there exists an orthonormal basis {ni } defined by three
eigenvectors of T corresponding to three eigenvalues λi of T such that

T =
3∑

i=1

λi ni ⊗ ni (1.45)

Here
Tni = λi ni (no sum on i) (1.46)

The inverse of T, denoted by T−1, is defined by

TT−1 = T−1T = 1 (1.47)

The tensor T−1 is closely related to that of an orthogonal tensor. A tensor A is said
to be an orthogonal if A is invertible, that is if A−1 exists and A−1 = AT. Thus, A
is an orthogonal tensor if and only if

ATA = AAT = 1 (1.48)

For any invertible tensors A and B

(AB)−1 = B−1A−1 (1.49)

(A−1)−1 = A (1.50)

(AT)−1 = (A−1)T (1.51)

Also, a tensor A is invertible if and only if its matrix [A] is invertible with [A]−1 =
[A−1].
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1.5 A Fourth-Order Tensor C

A fourth-order tensor C is defined as a linear transformation that assigns to a second-
order tensor U another second-order tensor V

V = C [U] (1.52)

or, in components,

Vi j = Ci jkl Ukl (1.53)

The components Ci jkl are defined in terms of the basis {ei } by

Ci jkl = (ei ⊗ e j ) · C [(ek ⊗ el)] (1.54)

Let {e′
i } be another orthonormal basis, such that

e′
i = Qei (1.55)

and let C ′
i jkl be components of C with respect to {e′

i }. A fourth-order tensor C may
be also defined as the set of 81 quantities Cmnpq that transform to C ′

i jkl according to
the formula

C ′
i jkl = Qmi Qnj Q pkQql Cmnpq (1.56)

The transpose CT of C is defined as a unique fourth-order tensor that satisfies the
relation

A · C [B] = CT [A] · B for all second-order tensors A and B (1.57)

In components
CT
i jkl = Ckli j (1.58)

Also,
|C| = sup

|A|=1
{|C [A] |} (1.59)

is defined as the magnitude |C| of C. Clearly,

|C [A]| ≤ |C| |A| for every A (1.60)

1.6 Tensor Fields

For a scalar function f = f(x), x ∈ R ⊂E3, the gradient of f at x is defined by



10 1 Mathematical Preliminaries

u = ∇ f (1.61)

or, in components,
ui = f,i = ei · ∇ f (1.62)

The del operator ∇ is defined by

∇ = ek
∂

∂xk
(1.63)

For a vector function v = v(x), the gradient of v is defined by

V = ∇v (1.64)

or, in components,
Vi j = (∇v)i j = vi, j (1.65)

The divergence of v, div v, and the curl of v, curl v, are defined, respectively, by

div v(x) = tr(∇v) = vi,i (1.66)

and

(curl v) × a = (∇v − ∇vT) a for every a (1.67)

or
(curl v)i =εi jkvk, j (1.68)

The symmetric gradient of v, denoted by ∇̂v, is defined by

∇̂v = sym (∇v) = 1

2
(∇v + ∇vT) (1.69)

Similarly, if T is a tensor field, the divergence of T and the curl of T are defined,
respectively, in components, by

(div T)i = Ti j, j (1.70)

and
(curl T)i j =εi pq Tjq,p (1.71)

The Laplacian of a scalar field f, of a vector field v, and of a tensor field T, are
defined, respectively, by
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�f = f,kk (1.72)

(� v)i = vi,kk (1.73)

(�T)i j = Ti j,kk (1.74)

Also, instead of � we often use ∇2

� = ∇2 (1.75)

1.7 Integral Theorems

The divergence theorem for a tensor field T.

Let T be a tensor field on R ⊂ E3, let n be a unit outer normal vector to ∂R. Then

∫

∂R

Tn da =
∫

R

div T dv (1.76)

Stokes’ Theorem
Let u and T denote a vector and tensor fields, respectively, on R, and let C be a closed
curve in R. Then

∮

C

u·s dt =
∫

S

(curl u)·n da (1.77)

∮

C

Ts dt =
∫

S

(curlT)Tn da (1.78)

where S is a surface contained in R and bounded by C, n is the unit vector normal to
S, and s is a unit vector tangent to C.

1.8 Irrotational and Solenoidal Fields

A vector field u on R is said to be irrotational in R if

curl u = 0 on R (1.79)

A vector field u on R is said to be solenoidal in R if
∫

S

u · n da = 0 for every closed regular surface S in R (1.80)
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Theorem on irrotational fields
Let R be a simply connected region of E3

(a) If u is a vector field on R and curl u = 0, then there exists a scalar field f such
that u = ∇f.

(b) If T is a tensor field on R and curl T = 0, then there exists a vector field v such
that T = ∇v.

Theorem on solenoidal fields

(a) If u is a vector field on R and
∫

S
u · n da = 0 for every closed surface S ⊂ R,

then there exists a vector field w such that u = curl w.
(b) If T is a tensor field on R and

∫

S
TTn da = 0 for every closed surface S ⊂ R,

then there exists a tensor field W such that T = curl W.

Helmholtz’s Theorem
If u is a vector field on R then there exist a scalar field f and a vector field v such that

u = ∇f + curl v (1.81)

and

div v = 0 (1.82)

1.9 Time-Dependent Fields

Let f and g be scalar fields on R × T where R is a region of E3, and T = [0,∞) is
the time interval. The convolution f ∗ g of f and g is defined by

[ f ∗ g](x, t) =
t∫

0

f (x, t−τ)g(x, τ ) dτ (1.83)

We list properties of convolution that are useful in applications.
Let f , g, and h be scalar fields on R × T , continuous in time. Then

(a) f ∗ g = g ∗ f
(b) ( f ∗ g) ∗ h = f ∗ (g ∗ h) = f ∗ g ∗ h
(c) f ∗ (g + h) = f ∗ g + f ∗ h
(d) f ∗ g = 0 ⇒ f = 0 or g = 0
(e) L{ f ∗ g} = L{ f } L{g} where L is the Laplace transform with respect to t , that

is, for any function h = h(x, t)

L{h} =
∞∫

0

e−p t h(x, t) dt (1.84)
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The convolution product of two scalar functions can be applied to mixed fields. Thus,
if u is a vector field and f is a scalar field then

[ f ∗ u](x, t) =
t∫

0

f (x, t−τ)u(x, τ ) dτ (1.85)

If A and B are time-dependent tensor fields, then

[A ∗ B](x, t) =
t∫

0

A(x, t−τ) · B(x, τ ) dτ (1.86)

If A is a tensor field and u is a vector field, then

[A ∗ u](x, t) =
t∫

0

A(x, t−τ)u(x, τ ) dτ (1.87)

In components

[ f ∗ u]i = [ f ∗ ui ] (1.88)

[A ∗ B] = [Ai j ∗ Bi j ] (1.89)

[A ∗ u]i = [Ai j ∗ u j ] (1.90)

1.10 Problems and Solutions Related to the Mathematical
Preliminaries

Problem 1.1. Use the properties of the alternator εi jk introduced in Sect. 1.1 to show
that

(a × b) × c = (a · c)b − (b · c)a (1.91)

(a × b) × (c × d) = [a · (c × d)]b − [b · (c × d)]a (1.92)

where a, b, c, and d are arbitrary vectors.

Solution. To show (1.91) we write the LHS of (1.91) in components and obtain

[(a × b) × c]i = εi jk(a × b) j ck = εi jk ε j pq ap bq ck = ε jki ε j pq ap bq ck (1.93)

Now, by using the ε − δ identify [see Eq. (1.7)] we obtain
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ε jki ε j pq = δkp δiq − δkq δi p (1.94)

Therefore substituting (1.94) into (1.93) we receive

[(a × b) × c]i = ak ck bi − bk ck ai (1.95)

or
[(a × b) × c]i = (a · c)bi − (b · c)ai (1.96)

Equation (1.96) is equivalent to (1.91), and this proves (1.91). To show (1.92) we
replace the vector c in (1.91) by c × d, and arrive at (1.92).

Problem 1.2. Show that for any vector u and a unit vector n the following decom-
position formula holds true

u = u⊥ + u|| (1.97)

where
u⊥ = (u · n)n and u|| = n × (u × n) (1.98)

Also, show that
u⊥ · u|| = 0, u · n = u⊥ · n, u|| · n = 0 (1.99)

Note. If u = u(x) is a vector field defined on a surface S in E3, n = n(x) is a unit
outward normal vector field on S, and P is a plane tangent to S at x, then u⊥ and u||
represent the normal and tangent parts of u, respectively, with respect to P .

Solution. The relation (1.91) in components reads

ui = (u⊥)i + (u||)i (1.100)

where
(u⊥)i = (uk nk) ni , (u||)i = εi jk ni εkpqu pnq (1.101)

Since by the ε − δ identify

εi jk εkpq = εki j εkpq = δi pδ jq − δiqδpj (1.102)

therefore

(u||)i = (
δi p δ jq − δiq δpj

)
n j nq u p

= nq nq ui − n p u p ni (1.103)
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Now, if we substitute (u⊥)i and (u||)i from (1.101) and (1.103), respectively, into
the RHS of (1.100), and take into account that nq nq = 1, we arrive at the LHS of
(1.100) which proves (1.100).

The relations (1.93) hold true, since by (1.101) and (1.103)

u⊥ · u|| = (u⊥)i (u||)i = (uk nk)ni (ui − ni u p n p) = (uk nk)
2 − (uk nk)

2 = 0
(1.104)

u⊥ · n = [(uk nk)ni ]ni = uk nk = u · n (1.105)

and
u|| · n = (u||)i ni = (ui − ni u p n p)ni = 0 (1.106)

Problem 1.3. Show that an alternative form of Eqs. (1.107) and (1.108) in Problem
1.2 reads

u = u⊥ + u|| (1.107)

where
u⊥ = (n ⊗ u)n and u|| = (1 − n ⊗ n)u (1.108)

In Eq. (1.108) the symbol ⊗ represents the tensor product of two vectors, and 1 is a
unit second-order tensor [see Eq. (1.36)].

Solution. The tensor product of vectors a and b is defined as a second order tensor
P with the components

Pi j = ai b j (1.109)

or in direct notation
P = a ⊗ b (1.110)

Therefore, Eq. (1.108) in components read

(u⊥)i = ni u j n j and (u||)i = (δi j − ni n j )u j (1.111)

Substituting (1.111) into the RHS of (1.107) written in components, we arrive at the
LHS of (1.107) written in components. This proves (1.107).

Problem 1.4. Let T = T(x) be a symmetric tensor field defined on a surface S in
E3, n = n(x) a unit outward normal vector field on S, and P a plane tangent to S at
x. Show that

T = T⊥ + T|| (1.112)
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where
T⊥ = 2 sym (n ⊗ Tn) − (n · Tn)n ⊗ n (1.113)

and
T|| = (1 − n ⊗ n)T (1 − n ⊗ n) (1.114)

Also, show that
T⊥ · T|| = 0, Tn = T⊥n, T|| n = 0 (1.115)

Note. The tensors T⊥ and T|| represent the normal and tangential parts of T, respec-
tively, with respect to the plane P .

Solution. Equations (1.113) and (1.114), respectively, in components, take the form

(T⊥)i j = ni Tjk nk + n j Tik nk − nk Tkp n p ni n j (1.116)

and

(T||)i j = (δi p−ni n p)Tpq(δq j −nq n j ) = Ti j −n j Tiq nq−ni Tpj n p+ni n j n p Tpq

(1.117)
Since T is a symmetric tensor, therefore,

ni Tjk nk = ni Tpj n p (1.118)

Writing (1.112) in components, and substituting (1.116) and (1.117) into the RHS
of (1.112) we arrive at the LHS of (1.112) which proves (1.112).

To prove (1.115)1 note that

T⊥ · T|| = (T⊥)i j (T||)i j (1.119)

If we note that

(δi p − ni n p)ni = 0 and
(
δq j − nq n j

)
n j = 0 (1.120)

then substituting (1.116) and (1.117) into (1.119) and taking into account (1.120) we
obtain (1.115)1. To show (1.115)2 we write the RHS of (1.115)2 in components to
obtain

(T⊥n)i = (ni Tjk nk + n j Tik nk − nk Tkp n p ni n j ) n j

= Tik nk + ni n j nk Tjk − ni n p nk Tkp
= Tik nk . (1.121)

Hence the RHS of (1.115)2 = the LHS of (1.115)2 and this proves (1.115)2.
Finally, writing the LHS of (1.115)3 in components we obtain
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(T||n)i = (T||)i j n j = (δi p − ni n p) Tpq(δq j − nq n j )n j (1.122)

If Eq. (1.120)2 is substituted into (1.122) we obtain (1.115)3. This completes
solution to Problem 1.4.

Problem 1.5. Show that if S is a plane x3 = 0 with the unit outward normal vector
n = (0, 0,−1) then the decomposition formula (1.107) in Problem 1.4 reads

⎡

⎣
T11 T12 T13
T21 T22 T23
T31 T32 T33

⎤

⎦ =
⎡

⎣
0 0 T13
0 0 T23
T31 T32 T33

⎤

⎦ +
⎡

⎣
T11 T12 0
T21 T22 0
0 0 0

⎤

⎦

Solution. Substituting n1 = 0, n2 = 0, n3 = −1, into Eqs. (1.116) and (1.117),
respectively, in the solution of Problem 1.4, we obtain

T⊥ =
⎡

⎣
0 0 T13
0 0 T23
T31 T32 T33

⎤

⎦

and

T|| =
⎡

⎣
T11 T12 0
T21 T22 0
0 0 0

⎤

⎦

Hence
T = T⊥ + T||

which proves the decomposition formula of Problem 1.5.

Problem 1.6. Let T be a second-order tensor with components Ti j , and let T �= 0.
Show that

det T = εi jkTi1 Tj2 Tk3 (1.123)

εpqr (det T) = εi jkTip Tjq Tkr (1.124)

εi jkεpqr (det T) =
∣∣∣∣∣∣

Ti p Tiq Tir
T j p Tjq Tjr

Tkp Tkq Tkr

∣∣∣∣∣∣
(1.125)

Solution. To show (1.123) we use the result (1.123) of Eq. (1.10)

εi jk ai b j ck =
∣∣∣∣∣∣

a1 a2 a3
b1 b2 b3
c1 c2 c3

∣∣∣∣∣∣
(1.126)

where a, b, and c are arbitrary vectors. By letting
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ai = Ti1, bi = Ti2, ci = Ti3 (1.127)

in (1.126) we obtain

εi jk Ti1 Tj2 Tk3 =
∣∣∣∣∣∣

T11 T21 T31
T12 T22 T32
T13 T23 T33

∣∣∣∣∣∣
(1.128)

Since
det(T) = det(TT) (1.129)

Equation (1.128) is equivalent to (1.123), and this proves (1.123).
To show (1.124) we let

ai = Tip, bi = Tiq , ci = Tir (1.130)

in (1.126), where p, q, and r are fixed numbers from the set {1, 2, 3}, and obtain

εi jk Tip Tjq Tkr =
∣∣∣∣∣∣

T1p T2p T3p
T1q T2q T3q
T1r T2r T3r

∣∣∣∣∣∣
(1.131)

Next, multiplying (1.123) by εpqr , we get

εpqr det(T) = εpqr εi jk Ti1 Tj2 Tk3 (1.132)

Since by Eq. (1.9)

εpqr εi jk =
∣∣∣∣∣∣

δpi δpj δpk
δqi δq j δqk
δri δr j δrk

∣∣∣∣∣∣
(1.133)

therefore, substituting (1.133) into (1.132) and multiplying Ti1, Tj2, and Tk3, respec-
tively, by the first, second, and third column of the determinant on the RHS of (1.133),
we obtain

εpqr det (T) =
∣∣∣∣∣∣

Tp1 Tp2 Tp3
Tq1 Tq2 Tq3
Tr1 Tr2 Tr3

∣∣∣∣∣∣
(1.134)

Since det(T) = det(TT), the RHS of (1.131) is identical to the RHS of (1.134), and
this proves (1.124).

Finally, to show (1.125) we multiply (1.124) by εi jk and obtain

εi jk εpqr (det T) = εi jk εabc Tap Tbq Tcr (1.135)

or by Eq. (1.9)
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εi jk εpqr (det T) =
∣∣∣∣∣∣

δia δib δic
δ ja δ jb δ jc
δka δkb δkc

∣∣∣∣∣∣
Tap Tbq Tcr (1.136)

Now, multiplying the first, second, and third column of the determinant on the RHS
of (1.136) by Tap, Tbq , and Tcr , respectively, we get

εi jk εpqr (det T) =
∣∣∣∣∣∣

Tip Tiq Tir
Tjp Tjq Tjr

Tkp Tkq Tkr

∣∣∣∣∣∣
(1.137)

This proves (1.125), and a solution to Problem 1.6 is complete.

Problem 1.7. Let T be a second-order tensor with components Ti j such that det
T �= 0, and let T̂ be the tensor with components

T̂i j = 1

2
εi pqε jrsTpr Tqs (1.138)

Show that
TT̂T = T̂TT = (det T)1 (1.139)

T−1 = (det T)−1T̂T (1.140)

Note. The matrix [T̂i j ] is called the cofactor of the matrix [Ti j ], while [T̂ T
i j ] is called

the adjoint of [Ti j ].
Solution. The relation (1.139) in components takes the form

Tik T̂
T
k j = T̂ T

ik Tk j = (det T) δi j (1.141)

Using (1.192) we obtain

Tik T̂
T
k j = Tik T̂ jk = 1

2
ε jab εkcd Tac Tbd Tik (1.142)

Since, in view of (1.139) in Problem (1.6)

εpqr (det TT) = εi jk Tpi Tq j Trk (1.143)

and
det(TT) = det(T) (1.144)

therefore, Eq. (1.142) can be written in the form

Tik T̂
T
k j = 1

2
ε jab εiab(det T) (1.145)
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Now, using the ε − δ identity (1.7)

εmis ε jks = δmj δik − δmk δi j (1.146)

which is equivalent to
ε jkb εimb = δmk δi j − δmj δik (1.147)

and letting k = m = a in (1.147) we obtain

ε jab εiab = 2 δi j (1.148)

Thus, because of (1.145) and (1.148) we obtain

Tik T̂
T
k j = (det T) δi j (1.149)

which proves the second part of (1.141).
To prove that

Tik T̂
T
k j = T̂ T

ik Tk j (1.150)

we note that

T̂ T
ik Tk j = T̂ki Tk j = 1

2
εkab εicd Tac Tbd Tk j

= 1

2
εicd ε jcd(det T) = (det T)δi j (1.151)

and this completes the proof of (1.139).
To show (1.140) we note that

TT−1 = T−1 T = 1 (1.152)

and by virtue of (1.139)
T T̂T = (det T) 1 (1.153)

Multiplying (1.153) by T−1, taking into account (1.152) as well as the relations

A B C = (A B) C = A (B C) (1.154)

where A, B, and C are arbitrary matrices, we obtain

T̂T = (det T)T−1 (1.155)

and this proves (1.140).
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Fig. 1.1 Coordinate axes

x 2
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Problem 1.8. The x ′
i system is obtained by rotating the xi system about the x3

axis through an angle 0 < θ < π/2, as shown in Fig. 1.1. Let T be a symmetric
second-order tensor referred to the xi system. Show that

T′ = (T′)T (1.156)

T ′
11 = T11 cos2 θ + T12 sin 2θ + T22 sin2 θ

T ′
12 = 1

2
(T22 − T11) sin 2θ + T12 cos 2θ (1.157)

T ′
22 = T11 sin2 θ − T12 sin 2θ + T22 cos2 θ

and

T ′
13 = T13 cos θ + T23 sin θ

T ′
23 = −T13 sin θ + T23 cos θ (1.158)

T ′
33 = T33

Also, show that an alternative form of the transformation formulas (1.157) and (1.158)
reads

T ′
11 + T ′

22 = T11 + T22

T ′
22 − T ′

11 + 2 i T ′
12 = exp (2iθ) (T22 − T11 + 2 i T12) (1.159)

T ′
13 − i T ′

23 = exp (i θ) (T13 − T23)

T ′
33 = T33

where i = √−1.
Hence, if the coordinates (x ′

1, x ′
2, x ′

3) are identified with the cylindrical coordi-
nates (r, θ, x3), we find
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Trr + Tθθ = T11 + T22

Tθθ − Trr + 2iTrθ = exp(2iθ) (T22 − T11 + 2iT12)

Tr3 − iTθ3 = exp (iθ) (T13 − iT23) (1.160)

T33 = T33

[Do not sum over r and θ in Eq. (1.160)].
Hint. Use the formula T′ = QTTQ where QT is the matrix

QT =
⎡

⎣
cos θ sin θ 0
− sin θ cos θ 0

0 0 1

⎤

⎦

Solution. The relations (1.156)–(1.158) follow from the formula

T′ = QT TQ (1.161)

where QT is the matrix

QT =
⎡

⎣
cos θ sin θ 0

− sin θ cos θ 0
0 0 1

⎤

⎦ (1.162)

To show that (1.156) and (1.158) are equivalent to (1.159) use the identities

exp(ikθ) = cos kθ + i sin kθ, k = 1, 2 (1.163)

cos 2θ = cos2 θ − sin2 θ (1.164)

Finally, using the correspondence

x ′
1 = r, x ′

2 = θ, x ′
3 = x3 (1.165)

and

T ′
11 = Trr , T ′

22 = Tθθ , T ′
12 = Trθ

T ′
13 = Tr3, T ′

23 = Tθ3, T ′
33 = T33

(1.166)

we transform (1.159) into (1.160), and this completes a solution to Problem 1.8.

Problem 1.9. A tensor T is said to be positive definite if u ·Tu > 0 for every u �= 0.
Show that if T is invertible, then TTT and TTT are positive definite.

Solution. We are to show that TTT and TT T satisfy the inequalities

u · (TTT)u > 0 for every u �= 0 (1.167)
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and
u · (TT T)u > 0 for every u �= 0 (1.168)

To prove (1.167) and (1.168) note that (1.167) and (1.168) are equivalent to

(TTu) · (TTu) > 0 for every u �= 0 (1.169)

and
(Tu) · (Tu) > 0 for every u �= 0 (1.170)

The equivalency is implied by the identities

u · (TTT) u = (TTu) · (TTu) (1.171)

and
u · (TT T) u = (Tu) · (Tu) (1.172)

Now, since T is invertible, TT is invertible. Hence

Tu �= 0 for every u �= 0 (1.173)

and
TTu �= 0 for every u �= 0 (1.174)

As a result, the inequalities (1.169), (1.170), (1.173), and (1.174) imply that T TT

and TT T are positive definite, and this completes solution of Problem 1.9.

Problem 1.10. Show that eigenvalues and eigenvectors for the matrix

T =
⎡

⎣
1 0 1
0 2 0
1 0 3

⎤

⎦ (1.175)

are given by
λ1 = 2 − √

2, λ2 = 2, λ3 = 2 + √
2 (1.176)

and

n(1)
1 = ± 1√

2

1

1 − √
2

1√
2 + √

2
n(1)

2 = 0
(1.177)

n(1)
3 = ± 1√

2

1√
2 + √

2
n(2)

1 = 0, n(2)
2 = ±1, n(2)

3 = 0
(1.178)
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n(3)
1 = ± 1√

2

1

1 + √
2

1√
2 − √

2

n(3)
2 = 0 (1.179)

n(3)
3 = ± 1√

2

1√
2 − √

2

In Eqs. (1.176)–(1.179) λi is an eigenvalue corresponding to the eigenvector n(i)(i =
1, 2, 3).

Solution. By using steps leading to a solution of an eigenproblem for the tensor T
given by (1.175), we find that an eigenvalue λ corresponding to an eigenvector n is
a solution of the algebraic equation

det (T − λ 1) = 0 (1.180)

while a unit eigenvector n corresponding to λ satisfies the equations

(T − λ 1)n = 0 (1.181)

|n| = 1 (1.182)

Also, it is easy to check that λ1, λ2, and λ3 given by (1.176) satisfy (1.180);
and n(1),n(2), and n(3) given by (1.194), (1.195), and (1.196), respectively, sat-
isfy Eqs. (1.181) and (1.182). Hence λi and n(i)(i = 1, 2, 3) respectively, given by
(1.176) and (1.177)–(1.179) are the eigenvalues and eigenvectors for the matrix T
given by Eq. (1.176). This completes a solution to Problem 1.10.

Problem 1.11. Let T be the tensor represented by the matrix (1.183) in Problem
1.10, and let {e∗

i } be the orthonormal basis obtained from Eqs. (1.185)–(1.187) in
Problem 1.10 in which the upper signs are postulated. Define the tensor QT in terms
of components by

QT
i j = e∗

i · e j (1.183)

Show that
T∗ = QTTQ (1.184)

is a tensor represented by a diagonal matrix. Also, compute the components T ∗
11, T

∗
22,

and T ∗
33, and show that

tr T∗ = tr T = 6 (1.185)

Solution. The orthonormal basis
{
e∗
i

}
obtained from Eqs. (1.185)–(1.187) in Prob-

lem 1.10 is defined by
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e∗
1 =

[
1√
2

1

1 − √
2

1√
2 + √

2
, 0,

1√
2

1√
2 + √

2

]

e∗
2 = [0, 1, 0] (1.186)

e∗
3 =

[
1√
2

1

1 + √
2

1√
2 − √

2
, 0,

1√
2

1√
2 − √

2

]

Since
e1 = [1, 0, 0] , e2 = [0, 1, 0], e3 = [0, 0, 1] (1.187)

Eq. (1.183) implies that

QT
11 = 1√

2

1

1 − √
2

1√
2 + √

2
, QT

12 = 0

QT
13 = 1√

2

1√
2 + √

2
, QT

21 = 0

QT
22 = 1, QT

23 = 0, (1.188)

QT
31 = 1√

2

1

1 + √
2

1√
2 − √

2
, QT

32 = 0,

QT
33 = 1√

2

1√
2 − √

2

Hence, we obtain

Q11 = QT
11, Q12 = 0, Q13 = QT

31

Q21 = 0, Q22 = QT
22, Q23 = 0, (1.189)

Q31 = QT
13, Q32 = QT

23, Q33 = QT
33

Since, by Eq. (1.184),
T ∗
i j = QT

ik Tka Qaj (1.190)

therefore, substituting Tka, QT
ik , and Qaj from Eqs. (1.183) in Problem 1.10, (1.188),

and (1.189), respectively, into the RHS of (1.190), we obtain

T ∗
11 = 2(3 − 2

√
2)

2 − √
2

, T ∗
12 = T ∗

13 = 0

T ∗
21 = 0, T ∗

22 = 2, T ∗
23 = 0 (1.191)

T ∗
31 = 0, T ∗

32 = 0, T ∗
33 = 2

2 − √
2
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Equation (1.191) imply that T∗ is represented by a diagonal matrix. In addition, it
follows from (1.191) that (1.194) holds true, and this completes a solution to Problem
1.11.

Problem 1.12. Prove the following identities in which φ is a scalar field, u is a
vector field, and S is a tensor field on a region R ⊂ E3. You may use the ε − δ

relation.

curl ∇φ = 0 (1.192)

div curl u = 0 (1.193)

curl curl u = ∇div u − ∇2u (1.194)

curl ∇u = 0 (1.195)

curl (∇uT) = ∇curl u (1.196)

If ∇u = −∇uT then ∇∇u = 0 (1.197)

div curl S = curl div ST (1.198)

div (curl S)T = 0 (1.199)

(curl curl S)T = curl (curl ST) (1.200)

curl (φ 1) = −[curl (φ1)]T (1.201)

div (STu) = u · div S + S · ∇u (1.202)

tr (curl S) = 0 for every symmetric tensor S (1.203)

If S is symmetric then

curl curl S = −∇2S + 2∇̂(div S) − ∇∇(tr S) + 1[∇2(tr S) − div div S] (1.204)

If S is symmetric and S = G − 1(tr G) then

curl curl S = −∇2G + 2∇̂(div G) − 1 div div G (1.205)

If S is skew and ω is its axial vector then

curl S = 1 (div ω) − ∇ω (1.206)

Solution. To show (1.192) we recall that for any vector field ϕ = ϕ(x) the curl
operator is defined by [see Eq. (1.68)]

(curl ϕ)i = εi jk ϕk, j (1.207)

By letting ϕ = ∇φ in (1.207), we obtain

(curl ∇φ)i = εi jk φ,k j (1.208)
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Since φ,k j is a second order tensor that is symmetric with respect to the indexes k
and j , while εi jk is asymmetric with respect to k, j , then by Eq. (1.42), the RHS of
(1.208) vanishes, and this proves (1.192).

To show (1.193) we let ϕ = u in (1.207) and obtain

(curl u)i = εi jk uk, j (1.209)

By taking the operator div on (1.209) we get

[(curl u)i ],i = εi jk uk,i j (1.210)

Since uk,i j is a third order tensor that is symmetric with respect to the indices i and
j , while εi jk is asymmetric with respect to those indices, by Eq. (1.43), the RHS of
(1.210) vanishes, and this proves (1.193).

To show (1.194) we write (1.194) in components

εida εabc uc,bd = ua,ai − ui,aa (1.211)

Since, by the ε − δ relation [see Eq. (1.7)]

εida εabc = εida εbca = δib δδc − δic δbδ (1.212)

therefore
εida εabc uc,bd = (δib δdc − δic δbd)uc,bd (1.213)

and using the filtrating property of the Kronecker’s delta

δab ab = aa (1.214)

we obtain
εida εabc uc,bd = uc,ci − ui,bb (1.215)

This proves (1.194).
To show (1.195) we note that

(∇u)i j = ui, j (1.216)

and by the definition of curl of a second-order tensor field T = T(x) [see Eq. (1.71)]

(curl T)i j = εi pq Tjq,p (1.217)

Substituting T = ∇u into (1.217) we get

(curl ∇T)i j = εi pq u j,qp (1.218)
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Equation (1.218) together with Eq. (1.43) implies (1.195), and this completes a proof
of (1.195).

To show (1.196) we replace T by TT in (1.217) and obtain

(curl TT)i j = εi pq T T
jq,p = εi pq Tq j,p (1.219)

Next, by letting T = ∇u in Eq. (1.219) we obtain

(curl ∇uT)i j = εi pq uq, j p = [εi pq uq,p], j = (∇ curl u)i j (1.220)

This proves that (1.196) holds true.
To show (1.197) we need to prove that

ui, j + u j,i = 0 ⇒ ui, jk = 0 (1.221)

To this end we note that equationui, j + u j,i = 0 implies

ui, jk + u j,ki = 0 (1.222)

By replacing j by k and k by j in (1.222) we get

ui, jk + uk, j i = 0 (1.223)

Now, if Eqs. (1.222) and (1.223) are added side by side we obtain

2ui, jk + (u j,k + uk, j ),i = 0 (1.224)

Since the second term on the LHS of (1.224) vanishes by the hypothesis, Eq. (1.224)
implies (1.221).

To show (1.198), we write (1.198) in components and obtain [see Eq. (1.217)].

εi pq S jq,pj = εi pq STq j, j p (1.225)

Since
S jq = STq j (1.226)

Equation (1.225) is an identity, and this proves (1.198).
The relation (1.199) in components takes the form

ε j pq Siq,pj = 0 (1.227)

Equation (1.227) represents an identity as ε j pq is asymmetric with respect to indices
p and j , and Siq,pj is symmetric with respect to p and j , and Eq. (1.43) holds true.
This proves (1.199).



1.10 Problems and Solutions Related to the Mathematical Preliminaries 29

To show (1.200) introduce the notations

curl S = A, curl ST = B (1.228)

Then Eq. (1.200) is equivalent to

(curl A)T = curl B (1.229)

Eq. (1.229) in components takes the form

ε j pq Aiq,p = εi pq B jq,p (1.230)

where

Aiq = εiab Sqb,a (1.231)

Bjq = ε jab STqb,a = ε jab Sbq,a (1.232)

Substituting (1.231) and (1.232) into (1.230) we obtain

ε j pg εiab Sqb,ap = εi pq ε jab Sbq.ap (1.233)

By letting a = p, b = q in the RHS of (1.233) we arrive at an identity, and this
proves (1.200).

To show (1.201), note that Eq. (1.201) in components takes the form

εi pq(φ δ jq),p = −ε j pq(φ δiq),p (1.234)

or equivalently
εi pj φ,p = −ε j pi φ,p (1.235)

Since
− ε j pi = +ε j i p = −εi j p = εi pj (1.236)

therefore Eq. (1.235) is an identity, and this proves (1.201).
To show (1.202) we note that Eq. (1.202) in components reads

(
STi j u j

)
,i = uk Sk j, j + Si j ui, j (1.237)

Since (
STi j u j

)
,i = (S ji u j ),i = S ji,i u j + S ji u j,i (1.238)

therefore (1.237) is an identity, and this proves (1.202).
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To prove (1.203) we note that Eq. (1.203) in components takes the form

εi pq Siq,p = 0 (1.239)

Equation (1.239) is an identity since Siq = Sqi and εi pq = −εqpi , and this completes
proof of (1.203).

To show (1.204) note that the LHS of (1.204), written in components, takes the
form

Li j = εi pq ε jab Sqb,ap = εiqp ε jba Sqb,pa (1.240)

Using the identity [see Eq. (1.9)]

εiqp ε jba =
∣∣∣∣∣∣

δi j δib δia
δq j δqb δqa
δpj δpb δpa

∣∣∣∣∣∣
= δi j (δqb δpa − δqa δpb) − δib(δq j δpa − δpj δqa)

+ δia(δq j δpb − δpj δqb) (1.241)

as well as the filtrating property of the Kronecker symbol

δab ab = aa (1.242)

where aa is an arbitrary vector, we reduce Eq. (1.240) to the form

Li j = δi j (Sqq,aa − Sab,ab) − δib(S jb,aa − Sab, ja) + δia(S jb,ab − Sbb, ja) (1.243)

or
Li j = −Si j,aa + Sia,aj + S jb,bi − Sbb,i j + δi j (Sqq,aa − Sab,ab) (1.244)

Therefore
Li j = Ri j (1.245)

where Ri j is the RHS of (1.204) written in components, and this completes a proof
of Eq. (1.204). Note that the symmetry of S was used to obtain (1.244) from (1.243).

To show (1.205) we substitute

Si j = Gi j − δi j Gkk (1.246)

into the RHS of (1.244) and obtain

Ri j = −(Gi j − δi j Gkk),aa +Gia,aj +G jb,bi − 2Gkk,i j + 2Gaa,i j − δi j (Gaa,bb +Gab,ab)

= −Gi j,aa + 2G(ia,aj) − δi j Gab,ab (1.247)

and this proves that (1.205) holds true.
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Finally, to show (1.206) we recall the definition of an axial vector ω corresponding
to a tensor P [see Eq. (1.24)]

ωi = −1

2
εi jk Pjk (1.248)

An equivalent form of (1.248) reads

Pi j = −εi jk ωk (1.249)

By letting Pi j = Si j in (1.249) we obtain

Si j = −εi jk ωk (1.250)

Taking the curl of (1.250) we get

εi pq S jq,p = −εi pq ε jqa ωa,p (1.251)

Since
− εi pq ε jqa = εi pq ε jaq = δi j δpa − δia δ j p (1.252)

Eq. (1.251) implies
εi pq S jq,p = δi j ωp,p − ωi, j (1.253)

and this proves (1.206).
As a result the solution to Problem 1.12 is complete.

Problem 1.13. Let f be a scalar field, u a vector field, and T a tensor field on a
region R ⊂ E3. Let n be a unit outer normal vector to ∂R, where ∂R stands for the
boundary of R. Show that

∫

R

(∇ f) dv =
∫

∂R

f n da (1.254)

∫

R

(curl u) dv =
∫

∂R

(n × u) da (1.255)

∫

R

(∇ u) dv =
∫

∂R

u ⊗ n da (1.256)

∫

R

[u ⊗ divT + (∇u)TT] dv =
∫

∂R

u × Tn da (1.257)
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Solution. To show (1.254) we use the formula [see Eq. (1.76) in which Ti j = û j

for a fixed index i] ∫

R

ûk,k dv =
∫

∂R

ûk nk da (1.258)

where ûk = ûk(x) is an arbitrary vector field. By letting ûk = δki f into (1.258),
where i is a fixed number from the set {1, 2, 3}, we obtain (1.254); and this completes
proof of (1.254).

To show (1.255) we note that Eq. (1.255) in components reads

∫

R

εi jk uk, j dv =
∫

∂R

εi jk n j uk da (1.259)

By letting ûk = εika ua in (1.258), where i is a fixed number from the set {1, 2, 3},
we get ∫

R

εika ua,k dv =
∫

∂R

εika nk ua da (1.260)

Equation (1.260) is equivalent to Eq. (1.256), and this completes proof of (1.256).
To show (1.257), note that (1.257) written in components, takes the form

∫

R

ui, j dv =
∫

∂R

ui n j da (1.261)

By letting ûk = δ jk ui in (1.258), where i and j are fixed numbers from the set
{1, 2, 3} we get ∫

R

δ jk ui,k dv =
∫

δR

δ jk ui nk da (1.262)

or ∫

R

ui, j dv =
∫

∂R

ui n j da (1.263)

Equation (1.263) is equivalent to (1.257), and this completes proof of (1.257).
To show (1.258) we note that Eq. (1.258) in components takes the form

∫

R

(ui Tjk,k + ui,a T T
aj )dv =

∫

∂R

ui Tjk nk da (1.264)

Since
ui Tjk,k + ui,a T T

aj = ui Tjk,k + ui,k Tjk = (ui Tjk),k (1.265)
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therefore, by letting ûk = ui Tjk in (1.258), where i and j are fixed indices from the
set {1, 2, 3}, we obtain (1.264); and this completes proof of (1.258).

Problem 1.14. Let u be a vector field on R ⊂ E3 subject to one of the conditions

u = 0 on ∂R (1.266)

or
n × curl u = 0 on ∂R (1.267)

Show that ∫

R

u · (curl curl u) dv =
∫

R

( curl u)2 dv (1.268)

Solution. Define a scalar field f, and a vector field g by

f = u · (curl g), g = curl u (1.269)

or in components
f = uk εkab gb,a, gb = εbcd ud,c (1.270)

Also, note that

f = (uk εkab gb),a −uk,a εkab gb
= (uk εkab gb),a +εbak uk,a εbcd ud,c

= (uk εkab gb),a +(curl u)2 (1.271)

By letting ûk = uc εckb gb in Eq. (1.269) of Problem 1.13, we obtain

∫

R

(uc εckb gb),k dv =
∫

∂R

uc εckb gb nk da (1.272)

Therefore, if either (1.266) or (1.267) holds true, the RHS of (1.272) vanishes. Hence,
integrating Eq. (1.271) over R and using (1.272), we find that Eq. (1.194) holds true
provided either Eq. (1.192) or Eq. (1.193) is satisfied. This completes solution to
Problem 1.14.

Problem 1.15. Let u = u(x, t) and S = S(x, t) denote a time-dependent vector
field on E3 ×[0,∞) and a time-dependent tensor field on E3 ×[0,∞), respectively.
Let ρ = ρ(x) be a positive scalar field on E3, and let the pair [u, S] satisfy the
differential equation

div S − ρ ü = 0 on E3 × [0,∞) (1.273)
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subject to the conditions

u(x, 0) = u0(x), u̇(x, 0) = u̇0(x) for x ∈ E3 (1.274)

where u0 and u̇0 are prescribed vector fields on E3. Show that [u, S] satisfies
Eqs. (1.273) and (1.274) if and only if

u = ρ−1t ∗ (div S) + u0 + t u̇0 on E3 × [0,∞) (1.275)

Here ∗ stands for the convolution product on the time-axis.

Solution. To show that (1.273) and (1.274) imply (1.275) we integrate Eq. (1.273)
twice with respect to time over the interval [0, t], and take into account the initial
conditions (1.274).

To shows that (1.275) implies (1.273) and (1.274), we take the two steps:

(A) We let t = 0 in (1.194) to obtain (b)1. Next, we differentiate Eq. (1.275) with
respect to time and take the result at t = 0 to obtain (b)2.

(B) We differentiate Eq. (1.275) twice with respect to time, take into account the
formula

∂2

∂t2 (t ∗ f ) = f (1.276)

valid for an arbitrary function f = f (x, t), and arrive at Eq. (1.273). This
completes solution to Problem 1.15.



Chapter 2
Fundamentals of Linear Elasticity

In this chapter a number of concepts are introduced to describe a linear elastic body.
In particular, the displacement vector, strain tensor, and stress tensor fields are intro-
duced to define a linear elastic body which satisfies the strain-displacement rela-
tions, the equations of motion, and the constitutive relations. Also, the compatibility
relations, the general solutions of elastostatics, and an alternative definition of the
displacement field of elastodynamics are discussed. The stored energy of an elastic
body, the positive definiteness and strong ellipticity of the elasticity fourth-order
tensor, and the stress-strain-temperature relations for a thermoelastic body are also
discussed.

2.1 Deformation of an Elastic Body

A material body B is defined as a set of elements x, called particles, for which there
is a one-to-one correspondence with the points of a region κ(B) of a physical space;
while a deformation of B is a map κ of B onto a region κ(B) in E3 with det (∇κ)> 0.
The point κ(x) is the place occupied by the particle x in the deformation κ , and

u(x) = κ(x) − x (2.1)

is the displacement of x.
If the mapping κ depends also on time t ∈ [0,∞), such a mapping defines a

motion of B, and the displacement of x at time t is

u(x, t) = κ(x, t) − x (2.2)

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 35
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_2,
© Springer Science+Business Media Dordrecht 2013
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By the deformation gradient and the displacement gradientwe mean the tensor fields
F = ∇κ and ∇u, respectively. A finite strain tensor D is defined by

D = 1

2
(FTF − 1) (2.3)

or, equivalently, by

D = E + 1

2
(∇u)(∇uT) (2.4)

where

E = 1

2
(∇u + ∇uT) = ∇̂u (2.5)

The tensor field E is called an infinitesimal strain tensor.
An infinitesimal rigid displacement of B is defined by

u(x) = u0 + W(x − x0) (2.6)

where u0, x0 are constant vectors and W is a skew constant tensor.
An infinitesimal volume change of B is defined by

δv(B) =
∫

B

div u dv (2.7)

while
div u = tr E (2.8)

represents a dilatation field.
If a deformation is not accompanied by a change of volume, that is, if δv(P) = 0

for every P ⊂ B, the displacement u is called isochoric.

Kirchhoff Theorem. If two displacement fields u1 and u2 correspond to the same
strain field E then

u1 − u2 = w (2.9)

where w is a rigid displacement field.
A homogeneous displacement field is defined by

u(x) = u0 + A(x − x0) (2.10)

where A is an arbitrary constant tensor and u0, x0 are constant vectors. Clearly, if
A is skew, (2.10) represents a rigid displacement, while for an arbitrary A

u(x) = u1(x) + u2(x) (2.11)
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where u1(x) is a rigid displacement field and u2(x) is a displacement field corre-
sponding to the strain E = sym A. The displacement u2(x) of the form

u2(x) = E (x − x0) (2.12)

corresponds to a pure strain from x0.
Let e > 0 and let n be a unit vector. Then by substituting E = e n⊗ n into (2.12)

we obtain a simple extension of amount e in the direction n; and by substituting
E = e 1 into (2.12) we obtain uniform dilatation of amount e. Finally, let g > 0 and
let m be a unit vector perpendicular to n. Then substituting E = g [m⊗ n+ n⊗m ]
into (2.12) we obtain a simple shear of amount g with respect to the pair (m,n).

Decomposition of a strain tensor E into spherical and deviatoric tensors

E = E(s) + E(d) (2.13)

where

E(s) = 1

3
(tr E) 1 (2.14)

is called a spherical part of E, and E(d) = E− E(s) is called a deviatoric part of E.
Clearly,

tr (E(d)) = 0 (2.15)

2.2 Compatibility

Theorem Let B ⊂ E3 be simply connected. If u is a displacement field corre-
sponding to a strain field E on B, that is, if

E = 1

2
(∇u + ∇uT) on B (2.16)

then E satisfies the equations of compatibility

curl curl E = 0 on B (2.17)

Conversely, let E be a symmetric tensor field that satisfies the equations of compat-
ibility (2.17), then there exists a displacement field u on B such that u and E satisfy
(2.16).

In components the equations of compatibility (2.17) take the form

Ei j,kl + Ekl,i j − Eik, jl − E jl,ik = 0 (2.18)

An alternative form of (2.17) reads
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∇2E + ∇∇(tr E) − 2∇̂(div E) = 0 (2.19)

2.3 Motion and Equilibrium

Let S be a surface in B with unit normal n. Let B be subject to a deformation, and
let sn = sn(x, t) denote a force per unit area at x and for t ≥ 0 exerted by a portion
of B on the side S toward which n points on a portion of B on the other side of S.
The force sn is called the stress vector at (x, t), while a second-order tensor field
S = S(x, t) such that

Sn = sn on S × [0,∞) (2.20)

is called a time-dependent stress tensor field on S × [0,∞).

The equilibrium equations of elastostatics

div S + b = 0 (2.21)

S = ST (2.22)

Equation (2.21) expresses the balance of forces, and Eq. (2.22) expresses the balance
of moments; and b in (2.21) is the body force vector.

The Beltrami representation of S

S = curl curl A (2.23)

where A is a symmetric tensor field, or

S = −∇2G + 2∇̂(div G) − (div div G) 1 (2.24)

where G is a symmetric tensor field.

Self-equilibrated stress field

If S = ST on B, and ∫

S

Sn da = 0 (2.25)

∫

S

x × (Sn) da = 0 (2.26)

for every closed surface S in B, then S is called a self-equilibrated stress field.
One can show that S given by (2.23) is a self-equilibrated stress field, and S given

by (2.23) is complete in the sense that for any self-equilibrated S there is a symmetric
tensor A such that (2.23) is satisfied.
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The Beltrami-Schaefer representation of S

S = curl curl A + 2∇̂h − (div h) 1 (2.27)

where A is a symmetric tensor field and h is a harmonic vector field on B.

2.4 Equations of Motion

div S + b = ρ ü on B × [0,∞) (2.28)

where ρ is density and b is the body force vector field.

Kinetic energy of B for t ≥ 0

K(t) = 1

2

∫

B

ρ u̇2dv (2.29)

Stress power of B for t ≥ 0

P(t) =
∫

B

S · Ėdv (2.30)

A dynamic process is identified with a triplet [u,S,b] that satisfies the equations of
motion (2.28).

Theorem An array of functions [u,S,b] is a dynamic process consistent with the
initial conditions

u(x, 0) = u0(x), u̇(x, 0) = u̇0(x) for x ∈ B (2.31)

if and only if
i ∗ div S + f = ρ u on B × [0,∞) (2.32)

where
f(x, t) = i ∗ b(x, t) + ρ(x) [u0(x) + t u̇0(x)] (2.33)

and
i = i(t) = t (2.34)

The function f = f(x, t) given by (2.33) is called pseudo-body force field.
Clearly, since ρ > 0, Eq. (2.32) provides an alternative definition of the displace-

ment vector u = u(x,t) related to the stress tensor S = S(x,t).
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2.5 Constitutive Relations

A body B is said to be linearly elastic if for every point x ∈ B there is a linear
transformation C from the space of all symmetric tensors E into the space of all
symmetric tensors S, or

S = C [E] (2.35)

In components
Si j = Ci jkl Ekl (2.36)

The tensor C = C(x) is called the elasticity tensor field on B. It follows from
Eq. (1.54) that

Ci jkl = (ei ⊗ e j ) · C [(ek ⊗ el)] (2.37)

and, since S and E are symmetric, we postulate that

Ci jkl = C jikl = Ci jlk (2.38)

The elasticity tensor C is also assumed to be invertible, that means that a restriction
of C to the space of all symmetric tensors is invertible. The elasticity tensor on the
space of all tensors cannot be invertible since its value on every skew tensor is zero.

The invertibility of C means that there is a fourth-order tensor K = K(x) such
that

K = C−1 (2.39)

Then equivalent form of (2.35) is

E = K [S] (2.40)

The tensor K = K(x) is called the compliance tensor.
The fourth-order tensor C is symmetric if and only if

A · C[B] = B · C[A] (2.41)

for any symmetric tensors A and B.
In components the symmetry of C means that

Ci jkl = Ckli j (2.42)

The tensor C is positive semi-definite if

A · C[A] ≥ 0 (2.43)

for every symmetric tensor A.

http://dx.doi.org/10.1007/978-94-007-6356-2_1


2.5 Constitutive Relations 41

The tensor C is positive definite if

A · C[A] > 0 (2.44)

for every symmetric nonzero tensor A.
The compliance tensor K enjoys the properties similar to those of the elasticity

tensor C [see, Eqs. (2.38) and (2.42)–(2.44)].
By an anisotropic elastic bodywe mean the body for which the tensorC possesses

in general 21 different components.

2.6 Isotropic Elastic Body

For an isotropic elastic body the Eqs. (2.35) and (2.40), respectively, take the form

S = 2μE + λ (tr E) (2.45)

and

E = 1

2μ

[
S − λ

3λ + 2μ
(tr S) 1

]
(2.46)

where λ and μ are Lamé moduli subject to the constitutive restrictions

μ > 0, 3λ + 2μ > 0 (2.47)

An alternative form of Eqs. (2.45) and (2.46), written in terms of Young’s modulus
E and Poisson’s ratio ν, reads

S = E

1 + ν

[
E + ν

1 − 2ν
(tr E) 1

]
(2.48)

E = 1

E
[(1 + ν)S − ν (tr S) 1] (2.49)

where
E > 0 and − 1 < ν < 1/2 (2.50)

Strain energy density of B

W(E) = 1

2
E · C [E] (2.51)

Stress energy density of B

Ŵ(S) = 1

2
S · K [S] (2.52)
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The tensor C is said to be strongly elliptic if

A · C[A] > 0 (2.53)

for every A of the form
A = a ⊗ b (2.54)

where a and b are arbitrary nonzero vectors.

2.7 The Cauchy Relations

An anisotropic elastic body obeying, in addition to the symmetry relations (2.38)
and (2.42), the restrictions

Ci jkl = Cik jl (2.55)

is said to be of the Cauchy type.

2.8 Constitutive Relations for a Thermoelastic Body

For an anisotropic body subject to an uneven heating the constitutive relations take
the form

S = C [E] + TM (2.56)

and
E = K [S] + TA (2.57)

where
T = θ − θ0, θ0 > 0 (2.58)

is a temperature change, M = MT is called the stress-temperature tensor, A = AT

is called the thermal expansion tensor, θ is the absolute temperature, and θ0 is a
reference temperature.

Since relations (2.56) and (2.57) are equivalent

K = C−1 and A = −K[M] (2.59)

for an isotropic body

S = 2μE + λ (tr E) − (3λ + 2μ)α T 1 (2.60)

and
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E = 1

2μ

[
S − λ

3λ + 2μ
(tr S) 1

]
+ α T 1 (2.61)

where α is the coefficient of thermal expansion,
or

S = E

1 + ν

[
E + ν

1 − 2ν
(tr E) 1

]
− E

1 − 2ν
α T 1 (2.62)

and

E = 1

E
[(1 + ν)S − ν (tr S) 1] + α T 1 (2.63)

2.9 Problems and Solutions Related to the Fundamentals
of Linear Elasticity

Problem 2.1. Show that if u is a pure strain fromx0, thenu admits the decomposition

u = u1 + u2 + u3 (2.64)

where u1, u2, and u3 are simple extensions in mutually perpendicular directions
from x0.

Solution. Since u represents a pure strain from x0, u takes the form [see definition
of u2 in (2.12)]

u = E(x − x0) (2.65)

where E is the strain tensor corresponding to u. Now, by the decomposition spectral
theorem [see Eq. (1.45) in which T = E and λi = ei ]

E =
3∑

i=1

ei ni ⊗ ni (2.66)

where ni is a principal direction corresponding to a principal value ei of E.
Substituting (2.66) into (2.65) we obtain

u =
3∑

i=1

ei (ni ⊗ ni )(x − x0) (2.67)

Since for two arbitrary vectors a and b

(a ⊗ a)b = (a · b)a (2.68)

http://dx.doi.org/10.1007/978-94-007-6356-2_1
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therefore, Eq. (2.67) is equivalent to

u = u1 + u2 + u3 (2.69)

where
ui = ei [ni · (x − x0)]ni (no sum) (2.70)

Since ui represents a simple extension of magnitude ei in the direction of ni [see
Eq. (2.12)], and n1, n2, and n3 are orthogonal, Eq. (2.69) is equivalent to (2.64). This
completes proof of (2.64).

Problem 2.2. Show that u in Problem 2.1 admits an alternative representation

u = ud + uc (2.71)

where ud is a uniform dilatation from x0, while uc is an isochoric pure strain from x0.

Solution. We rewrite E of Problem 2.1 as

E = E(s) + E(d) (2.72)

where

E(s) = 1

3
1(tr E), E(d) = E − 1

3
1(tr E) (2.73)

Then Eq. (2.65) of Problem 2.1 takes the form

u = ud + uc (2.74)

where

ud = E(s)(x − x0) (2.75)

uc = E(d)(x − x0) (2.76)

It follows from Eqs. (2.73) and (2.75) that ud represents a uniform dilatation of
magnitude e = 1

3 (tr E), while the condition tr E(d) = 0 implies that uc represents
an isochoric pure strain. This completes solution to Problem 2.2.

Problem 2.3. Show that if u is a simple shear of amountγ with respect to the pair (m,
n), where m and n are perpendicular unit vectors, then u admits the decomposition

u = u1 + u2 (2.77)

where u1 is a simple extension of amount γ in the direction 1√
2
(m+ n), and u2 is a

simple extension of amount −γ in the direction 1√
2
(m − n).
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Solution. Since u represents a simple shear of amount γ with respect to (m, n),
then the strain tensor corresponding to u takes the form [see the definition of a simple
shear below Eq. (2.12)]

E = γ (m ⊗ n + n ⊗ m) (2.78)

Let λ and a denote a principal value and a principal vector of E, respectively. Then

γ (n · a)m + γ (m · a)n − λa = 0 (2.79)

It is easy to check that Eq. (2.79) has the three eigensolutions

a1 = m × n, λ1 = 0 (2.80)

a2 = 1√
2
(m + n), λ2 = γ (2.81)

a3 = 1√
2
(m − n), λ3 = −γ (2.82)

Therefore, using the solution (2.67) of Problem 2.1 we find that Eq. (2.77) holds true.
This completes solution of Problem 2.3.

Problem 2.4. Let u and E denote a displacement vector field and the corresponding
strain tensor field defined on B. Show that the mean strain Ê(B) is represented by
the surface integral

Ê(B) = 1

v(B)

∫

∂B

sym (u ⊗ n) da (2.83)

where v(B) is the volume of B.

Solution. The mean strain Ê(B) is defined by

Ê(B) = 1

v(B)

∫

B

E dv (2.84)

In components we obtain

Êi j (B) = 1

v(B)

∫

B

Ei j dv (2.85)

Since

Ei j = 1

2
(ui, j + u j,i ) (2.86)

therefore, by the divergence theorem,
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∫

B

Ei j dv = 1

2

∫

B

(ui, j + u j,i )dv = 1

2

∫

∂B

(ui n j + u j ni )da (2.87)

Equations (2.87) and (2.85) imply that Eq. (2.83) holds true, and this completes solu-
tion to Problem 2.4.

Problem 2.5. Show that if u = 0 on ∂B then
∫

B

(∇u)2dv ≤ 2
∫

B

|E|2 dv (2.88)

where E is the strain tensor field corresponding to a displacement field u on B.

Solution. We recall the relation

∇u = E + W (2.89)

where

E = 1

2
(∇u + ∇uT) (2.90)

and

W = 1

2
(∇u − ∇uT) (2.91)

Since E · W = 0, Eq. (2.89) implies that

|∇u|2 = |E|2 + |W|2 (2.92)

and it follows from Eqs. (2.90) and (2.91), respectively, that

|E|2 = 1

2
[(∇u)2 + (∇u) · (∇uT)] (2.93)

and

|W|2 = 1

2
[(∇u)2 − (∇u) · (∇uT)] (2.94)

Hence,
|E|2 − |W|2 = (∇u) · (∇uT) (2.95)

Now

(∇u) · (∇uT) = ui, j u
T
i, j = ui, j u j,i

= (ui, j u j ),i − ui, j i u j

= (ui, j u j ),i − (ui,i u j ), j + (ui,i )
2
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= (u j,i ui − ui,i u j ), j + (ui,i )
2

= div[(∇u)u − (div u)u] + (div u)2 (2.96)

Therefore, integrating Eq. (2.96) over B, using the divergence theorem, and the homo-
geneous boundary condition: u = 0 on ∂B, we obtain

∫

B

(∇u) · (∇uT)dv =
∫

B

(div u)2dv (2.97)

Equations (2.95) and (2.97) imply that

∫

B

(|E|2 − |W|2)dv =
∫

B

(div u)2dv (2.98)

and it follows from Eq. (2.92) that

∫

B

(|E|2 + |W|2)dv =
∫

B

|∇u|2dv (2.99)

Therefore, by adding Eqs. (2.98) and (2.99), we obtain

2
∫

B

|E|2dv =
∫

B

|∇u|2dv +
∫

B

(div u)2dv (2.100)

and Eq. (2.100) leads to the inequality

2
∫

B

|E|2dv ≥
∫

B

|∇u|2dv (2.101)

This completes solution of Problem 2.5.

Problem 2.6. (i) Let E be a strain tensor field on E3 defined by the matrix

E = N

E

⎡

⎣
1 0 0
0 −ν 0
0 0 −ν

⎤

⎦ (2.102)

where E , N , and ν are positive constants. Show that a solution u to the equation
E = ∇̂u on E3 subject to the condition u(0) = 0 takes the form

u =
[
N

E
x1, −ν

N

E
x2, −ν

N

E
x3

]T

(2.103)
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(ii) Let E be a strain tensor field on E3 defined by the matrix

E = M

E I
x1

⎡

⎣
ν 0 0
0 ν 0
0 0 −1

⎤

⎦ (2.104)

where M, E, I , and ν are positive constants. Show that a solution u to the
equation E = ∇̂u on E3 subject to the condition u(0) = 0 takes the form

u = M

E I

[
1

2
(x2

3 + ν x2
1 − ν x2

2 ), ν x1x2, −x1x3

]T

(2.105)

Solution. (i) Using (2.103) we find that u(0) = 0 and

∇u = N

E

⎡

⎣
1 0 0
0 −ν 0
0 0 −ν

⎤

⎦ (2.106)

Since ∇u = ∇uT, the equation

∇̂u = E (2.107)

in which E is given by (2.102) is identically satisfied. This completes a proof
of (i).

(ii) Using (2.105) we obtain u(0) = 0 and

∇u = M

E I

⎡

⎣
νx1 −νx2 x3
νx2 νx1 0
−x3 0 −x1

⎤

⎦ (2.108)

Hence

∇uT = M

E I

⎡

⎣
νx1 νx2 −x3

−νx2 νx1 0
x3 0 −x1

⎤

⎦ (2.109)

and

∇̂u = M

E I

⎡

⎣
νx1 0 0

0 νx1 0
0 0 −x1

⎤

⎦ (2.110)

Equation (2.110) implies that u given by (2.105) satisfies the equation

∇̂u = E (2.111)

where E is given by (2.104). This completes proof of (ii).
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Problem 2.7. Given a stress tensor S at a point A, find: (i) the stress vector s on a
plane through A parallel to the plane n · x − vt = 0 (|n| = 1, v > 0, t ≥ 0), (ii)
the magnitude of s, (iii) the angle between s and the normal to the plane, and (iv) the
normal and tangential components of the stress vector s.

Answers. (i) s = Sn; (ii) |s| = |Sn|; (iii) cos θ = s · n/ |s|; (iv) s = sn + sτ , where
sn = (n · s)n and sτ = n × (s × n).

Solution. Solution to Problem 2.7 is presented by the answers (i)–(iv).

Problem 2.8. Let {ei } be an orthonormal basis for a stress tensor S, and let {e∗
i } be

an orthonormal basis formed by the eigenvectors of S. Then a tensor S∗ obtained
from S by the transformation formula from {ei } to {e∗

i } takes the form

S∗ = λ1 e∗
1 ⊗ e∗

1 + λ2 e∗
2 ⊗ e∗

2 + λ3 e∗
3 ⊗ e∗

3 (2.112)

where λi is an eigenvalue of S corresponding to the eigenvector e∗
i . Show that the

function
g(n∗) = ∣∣s∗τ

∣∣ = ∣∣n∗ × (S∗n∗ × n∗)
∣∣ (2.113)

representing the tangent stress vector magnitude with regard to a plane with a normal
n∗ in the {e∗

i } basis, assumes the extreme values

∣∣s∗τ
∣∣
1 = 1

2
|λ2 − λ3| (2.114)

∣∣s∗τ
∣∣
2 = 1

2
|λ3 − λ1| (2.115)

and ∣∣s∗τ
∣∣
3 = 1

2
|λ1 − λ2| (2.116)

at

n∗
1 = [0, ±1/

√
2, ±1/

√
2]T (2.117)

n∗
2 = [ ±1/

√
2, 0, ±1/

√
2]T (2.118)

and
n∗

3 = [ ±1/
√

2, ±1/
√

2, 0]T (2.119)

respectively. Hence, if λ1 > λ2 > λ3 then the largest tangential stress vector mag-
nitude is ∣∣s∗τ

∣∣
2 = 1

2
|λ3 − λ1| (2.120)

and this extreme vector acts on the plane that bisects the angle between e∗
1 and e∗

3.
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Solution. It follows from (iv) of Problem 2.7 that

s∗ = s∗n + s∗τ (2.121)

where
s∗ = S∗n∗ (2.122)

and
s∗n = (s∗ · n∗)n, s∗τ = n∗ × (s∗ × n) (2.123)

Using (2.112), (2.122) and (2.123), we obtain

s∗ = λ1n
∗
1e

∗
1 + λ2n

∗
2e

∗
2 + λ3n

∗
3e

∗
3 (2.124)

and
s∗ · n∗ = λ1(n

∗
1)

2 + λ2(n
∗
2)

2 + λ3(n
∗
3)

2 (2.125)

Since s∗n · s∗τ = 0, by squaring (2.121), we get

|s∗|2 = ∣∣s∗n
∣∣2 + ∣∣s∗τ

∣∣2 (2.126)

Now, introduce the function

f (n∗) = ∣∣s∗τ
∣∣2 = |s∗|2 − ∣∣s∗n

∣∣2 = λ2
1(n

∗
1)

2 + λ2
2(n

∗
2)

2 + λ2
3(n

∗
3)

2

−
[
λ1(n

∗
1)

2 + λ2(n
∗
2)

2 + λ2
3(n

∗
3)

2
]2

(2.127)

If there is an extremum of f = f (n∗), treated as a function of n∗
1, n∗

2, and n∗
3, it is

also an extremum of g = g(n∗) = √
f (n∗).

To find the extreme values of f = f (n∗) subject to the condition |n∗| = 1 we
solve the algebraic equation for n∗

∂

∂n∗
i

[ f (n∗) − t (|n∗|2 − 1)] = 0 (2.128)

where t is a Lagrangian multiplier. In expanded form Eq. (2.128) takes the form

[
λ2

1 − 2λ1(s∗ · n∗) − t
]
n∗

1 = 0 (2.129)
[
λ2

2 − 2λ2(s∗ · n∗) − t
]
n∗

2 = 0 (2.130)
[
λ2

3 − 2λ3(s∗ · n∗) − t
]
n∗

3 = 0 (2.131)
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Fig. 2.1 The wedge region

0

0 < θ < π/2

x 2

x 2 = x 1 tan θ

S 22

S
12

x 1

S 22

θ

x2

x1

where (s∗ ·n∗) is given by (2.125). It can be verified that the unit vectors n∗
1,n

∗
2, and

n∗
3, given by Eqs. (2.117), (2.118), and (2.119), respectively, satisfy Eqs. (2.129)–

(2.131) with t = λ2λ3. In addition, by substituting n∗
1,n

∗
2, and n∗

3 into (2.127), we
obtain Eqs. (2.114), (2.115), and (2.116), respectively. Also, the vector n∗

2 that is
normal to the surface element on which the largest tangential stress vector

(
s∗τ

)
2 acts

bisects the angle between e∗
1 and e∗

3. This completes solution of Problem 2.8.

Problem 2.9. Let D = {x : x1 ≥ 0, x1 tan θ ≥ x2 ≥ 0} be a two-dimensional
wedge region shown in the Fig. 2.1, and let Sαβ = Sαβ(x), [x = (x1, x2); α, β =
1, 2] be a symmetric tensor field on D defined by

S11 = d x2 + e x1 − ρ gx1, S22 = −γ x1, S12 = S21 = −e x2 (2.132)

where d, e, g, ρ, and γ are constants [g > 0, ρ > 0, γ > 0]. (i) Show that

div S + b = 0 on D (2.133)

where
b = [ρ g, 0]T on D (2.134)

(ii) Using the transformation formula from the system xα to the system x ′
α

[see Eq. (1.157) in Problem 1.8] find the components S′
αβ in terms of Sαβ , and

show that
S′

12 = 0 and S′
22 = 0 for x2 = x1 tan θ (2.135)

provided

e = γ

tan2 θ
, and d = ρ g

tan θ
− 2γ

tan3 θ
(2.136)

(iii) Give diagrams of S11 and S12 over a horizontal section x1 = x0
1 = constant.

(iv) Give a diagram of S22 over the vertical section x2 = 0.

http://dx.doi.org/10.1007/978-94-007-6356-2_1
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Solution. To show (i) we note that Sαβ = Sαβ(x1, x2) given by Eq. (2.132) satisfies
the equilibrium equation

Sαβ,β + bα = 0 on D (2.137)

since
S1β,β = −ρ g, S2β,β = 0 on D (2.138)

for arbitrary constants d, e, g, ρ, and γ . To show (ii) we use the transformation
formulas [see Eq. (1.157) in Problem 1.8]

S′
11 = S11 cos2 θ + S12 sin 2θ + S22 sin2 θ (2.139)

S′
12 = 1

2
(S22 − S11) sin 2θ + S12 cos 2θ (2.140)

S′
22 = S11 sin2 θ − S12 sin 2θ + S22 cos2 θ (2.141)

[see Fig. 2.1].
The components S11, S12, and S22 taken on the line x2 = x1 tan θ assume the

forms

S11(x1, x1 tan θ) = (d tan θ + e − ρg)x1 (2.142)

S12(x1, x1 tan θ) = −(e tan θ)x1 (2.143)

S22(x1, x1 tan θ) = −γ x1 (2.144)

Therefore, substituting (2.142)–(2.144) into the RHS′ of (2.140) and (2.141), and
equating the results to zero, we obtain the algebraic equations for the unknown
constants e and d, provided γ and ρg are prescribed

e(sin2 θ + tan θ sin 2θ) + d tan θ sin2 θ

= γ cos2 θ + ρg sin2 θ (2.145)

e(sin 2θ + 2 tan θ cos 2θ) + d tan θ sin 2θ

= −γ sin 2θ + ρg sin 2θ (2.146)

Dividing Eq. (2.145) by sin2 θ and Eq. (2.146) by sin 2θ and introducing the notation

tan θ = u (2.147)

we obtain

3e + du = γ

u2 + ρg

(2 − u2)e + du = −γ + ρg (2.148)

http://dx.doi.org/10.1007/978-94-007-6356-2_1
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It is easy to check that a unique solution (e, d) of Eqs. (2.148) takes the form (2.136)
that is

e = γ /u2, d = ρg/u − 2γ /u3 (2.149)

This completes proof of (ii).
Finally, when x1 = x0

1 = const, S11 and S12 are represented by straight lines
on the planes (x2, S11) and (x2, S12), respectively, and S22 at x2 = 0 is represented
by a straight line passing through the origin 0 as shown in Fig. 2.1. This completes
solution to Problem 2.9.

Problem 2.10. Let B denote a cylinder of length l and of arbitrary cross section,
suspended from the upper end and subject to its own weight ρg. Then the stress
tensor S = S(x) on B takes the form

S =
⎡

⎣
0 0 0
0 0 0
0 0 ρgx3

⎤

⎦ (2.150)

since, in this case, the body force vector field is given by b = [0, 0, −ρ g]T, and
div S + b = 0 on B. The stress vector s associated with S on ∂B has the following
properties: s = [0, 0, ρ g l ]T on the end plane x3 = l; and s = 0 on the plane x3 = 0
and on the lateral surface of the cylinder since n = [n1, n2, 0]T on the surface.
Assuming that the cylinder is made of a homogeneous isotropic elastic material, the
associated strain tensor field E takes the form [see Eqs. (2.49)]

E = ρ g x3

E

⎡

⎣
−ν 0 0
0 −ν 0
0 0 1

⎤

⎦ (2.151)

where E and ν are Young’s modulus and Poisson’s ratio, respectively.

(i) Show that a solution u of the equation

E = ∇̂u on B (2.152)

subject to the condition
u(0, 0, l) = 0 (2.153)

takes the form

u = ρ g

E

[
−νx1x3, −νx2x3,

ν

2
(x2

1 + x2
2 ) + 1

2
(x2

3 − l2)

]T

(2.154)

(ii) Plot u3 = u3(0, 0, x3) over the range 0 ≤ x3 ≤ l.

Solution. To solve the problem we use (2.154) and obtain
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Fig. 2.2 The cylinder of
arbitrary cross section

x 2

x 1

x 3

gρl B

∇u = ρg

E

⎡

⎣
−νx3 0 −νx1

0 −νx3 −νx2
νx1 νx2 x3

⎤

⎦ (2.155)

and

∇uT = ρg

E

⎡

⎣
−νx3 0 νx1

0 −νx3 νx2
−νx1 −νx2 x3

⎤

⎦ (2.156)

Hence

∇̂u = ρg

E

⎡

⎣
−νx3 0 0

0 −νx3 0
0 0 x3

⎤

⎦ (2.157)

Therefore, u given by (2.154) satisfies (2.152). Also, it is easy to prove that u satisfies
(2.153). Finally, u3 = u3(0, 0, x3) is represented by a parabolic curve restricted to
the interval 0 ≤ x3 ≤ . This completes solution to Problem 2.10.

Problem 2.11. For a transversely isotropic elastic body each material point posses
an axis of rotational symmetry, which means that the elastic properties are the same
in any direction on any plane perpendicular to the axis, but they are different than
those in the direction of the axis. If the x3 axis coincides with the axis of symmetry,
then the stress-strain relation for such a body takes the form
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⎡

⎢⎢⎢⎢⎢⎢⎣

S11
S22
S33
S32
S31
S12

⎤

⎥⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎢⎣

c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 (c11 − c12)/2

⎤

⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎣

E11
E22
E33
2E32
2E31
2E12

⎤

⎥⎥⎥⎥⎥⎥⎦
(2.158)

where S and E are the stress and strain tensors, respectively, and five numerically
independent moduli c11, c33, c12, c13, and c44 are related to the components Ci jkl

of the fourth-order elasticity tensor C by [see Eq. (2.35)]

c11 = C1111, c12 = C1122, c13 = C1133, c33 = C3333, c44 = C1313 (2.159)

Show that if the axis of symmetry of a transversely isotropic body coincides with the
direction of an arbitrary unit vector e, then the stress-strain relation takes the form

S = C [E] = (c11 − c12)E + {c12(tr E) − (c12 − c13)e · (Ee)} 1
− (c11 − c12 − 2c44){e ⊗ (Ee) + (Ee) ⊗ e} (2.160)

− {(c12 − c13)(tr E) − (c11 + c33 − 2c13 − 4c44)e · (Ee)}e ⊗ e

Solution. For a transversely isotropic body in which the axis of symmetry coincides
with an arbitrary unit vector e, the stress–strain relation takes the form1

S = C[E] (2.161)

where S and E are the stress and strain tensors, respectively, and the elasticity tensor
C is given by

C = c33C(1) + (c11 + c12)C(2) + √
2 c13(C(3) + C(4))

+ (c11 − c12)C(5) + 2 c44C(6) (2.162)

In Eq. (2.162) the tensors C(a), a = 1, 2, 3, 4, 5, 6, are defined by

C (1)
i jkl = Ai j Akl , C (2)

i jkl = 1

2
Bi j Bkl

C (3)
i jkl = 1√

2
Ai j Bkl , C (4)

i jkl = 1√
2
Bi j Akl

C (5)
i jkl = 1

2
(Bik B jl + Bil B jk − Bi j Bkl)

C (6)
i jkl = 1

2
(Aik B jl + Ail B jk + A jk Bil + A jl Bik)

(2.163)

1 See P. Chadwick, Proc. R. Soc. London, A 422, p. 26 (1989).
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where
Ai j = ei e j , Bi j = δi j − ei e j (2.164)

and ei are the components of e in the coordinates {xi }.
Using (2.163) and (2.164), we obtain

C (1)
i jkl Ekl = ei e j ek el Ekl (2.165)

or in direct notation
C(1)[E] = [e · (Ee)]e ⊗ e (2.166)

Similarly, by (2.163) and (2.164), we get

C (2)
i jkl Ekl = 1

2
(δi j − ei e j )(δkl − ek el)Ekl (2.167)

or

C(2)[E] = 1

2
(1 − e ⊗ e)[tr E − e · (Ee)] (2.168)

Also, using (2.163) and (2.164), we obtain

√
2

(
C (3)
i jkl + C (4)

i jkl

)
Ekl = ei e j (δkl − ek el)Ekl + (δi j − ei e j )ek el Ekl (2.169)

or √
2(C(3)[E] + C(4)[E]) = [e · (Ee)]1 + [tr E − 2e · (Ee)]e ⊗ e (2.170)

and

C (5)
i jkl Ekl = Ei j − ei ek E jk − e j ek Eik + ei e j ek el Ekl

− 1

2
(δi j − ei e j )(Ekk − ek el Ekl) (2.171)

or

C(5)[E] = E − e ⊗ (Ee) − (Ee) ⊗ e + e ⊗ e(e · Ee)
− 1

2
(1 − e ⊗ e)(tr E − e · Ee) (2.172)

and
C (6)
i jkl Ekl = ei E jk ek + Eik ek e j − 2ei e j ek el Ekl (2.173)

or
C(6)[E] = e ⊗ Ee + (Ee) ⊗ e − 2e ⊗ e[e · (Ee)] (2.174)
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Therefore, substituting C from (2.162) into (2.161) and using (2.166), (2.168),
(2.170), (2.172), and (2.174), we obtain (2.160). Note that the representation
(2.160) coincides with (2.158) if e = (0, 0, 1). This can be proved by substitut-
ing e = (0, 0, 1) into (2.160).

Problem 2.12. Show that the stress-strain relation (2.160) in Problem 2.11 is invert-
ible provided

c ≡ (c11 + c12)c33 − 2c2
13 > 0, c11 > |c12| , c44 > 0 (2.175)

and that the strain-stress relation reads

E = K[S] = (c11 − c12)
−1S + 1

2

[{
c−1c33 − (c11 − c12)

−1} (tr S)

− {
c−1(c33 + 2c13) − (c11 − c12)

−1} e · (Se)
]
1

−
{
(c11 − c12)

−1 − 1

2
c−1

44

}
{e ⊗ (Se) + (Se) ⊗ e} (2.176)

− 1

2

[{c−1(c33 + 2c13) − (c11 − c12)
−1} (tr S)

−{c−1(2 c11 + c33 + 2c12 + 4c13) + (c11 − c12)
−1 − 2c−1

44 } e · (Se)
]
e ⊗ e

Solution. To show that (2.160) in Problem 2.11 is invertible if the inequalities
(2.175) are satisfied, and the inverted formula takes the form (2.176), consider the
fourth-order tensor

A = a1C(1) + a2C(2) + a3(C(3) + C(4)) + a5C(5) + a6C(6) (2.177)

where a1, a2, a3, a5, and a6 are scalars that satisfy the inequalities

a1 > 0, a2 > 0, a1a2 − a2
3 > 0, a5 > 0, a6 > 0 (2.178)

and C(a) (a = 1, 2, 3, 4, 5, 6) are the fourth-order tensors defined by (2.163) and
(2.164) in Problem 2.11.

Then, there is A−1 in the form

A−1 =
(
a1a2 − a2

3

)−1 {a2C(1) + a1C(2) − a3(C(3) + C(4))} + a−1
5 C(5) + a−1

6 C(6)

(2.179)
such that

AA−1 = A−1A = 1 (2.180)

where 1 is the fourth-order identity tensor with components
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Ii jkl = 1

2
(δik δ jl + δ jk δil) (2.181)

To prove (2.180) we use (2.163) and (2.164) of Problem 2.11 to obtain the 6 × 6
tensor matrix

[C(a) C(b)] =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

C(1) 0 C(3) 0 0 0
0 C(2) 0 C(4) 0 0
0 C(3) 0 C(1) 0 0

C(4) 0 C(2) 0 0 0
0 0 0 0 C(5) 0
0 0 0 0 0 C(6)

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

(2.182)

as well as the identity
C(1) + C(2) + C(5) + C(6) = 1 (2.183)

Calculating the tensor A A−1, by using Eqs. (2.177), (2.179), (2.182), and (2.183)
we obtain

A A−1 = 1 (2.184)

Similarly, using Eqs. (2.177), (2.179), (2.182), and (2.183) we get

A−1 A = 1 (2.185)

Now, by letting

a1 = c33, a2 = c11 + c12, a3 = √
2 c13

a5 = c11 − c12, a6 = 2c44
(2.186)

in Eq. (2.177) we obtain A = C, and the inequalities (2.178) reduce to those of
(2.175). Also, Eq. (2.179) reduces to

C−1 = K = c−1{(c11 + c12)C(1) + c33C(2) − √
2 c13(C(3) + C(4))}

+ (c11 − c12)
−1C(5) + 2−1c−1

44 C
(6) (2.187)

where
c = (c11 + c12)c33 − 2c2

13 > 0 (2.188)

Therefore, the strain–stress relation reads

E = K[S] = c−1{(c11 + c12)C(1)[S] + c33C(2)[S] − √
2 c13(C(3)[S] + C(4)[S])}

+ (c11 − c12)
−1C(5)[S] + 2−1c−1

44 C
(6)[S] (2.189)



2.9 Problems and Solutions Related to the Fundamentals of Linear Elasticity 59

Finally, if Eqs. (2.166), (2.168), (2.170), (2.172), and (2.174) of Problem 2.11 in
which E is replaced by S are taken into account, Eq. (2.189) reduces to (2.176).

Problem 2.13. Prove that the inequalities (2.175) in Problem 2.12 are necessary
and sufficient conditions for the elasticity tensor C (compliance tensor K) to be
positive definite. This means that the strain energy density (stress energy density) of
a transversely isotropic body is positive definite if and only if the inequalities (2.175)
in Problem 2.12 hold true.

Solution. Define the fourth-order tensor H by

H = √
a1a

′
1

(
a′ 2

1 + a2
3

)−1/2
C(1) + √

a2a
′
2

(
a′ 2

2 + a2
3

)−1/2
C(2)

+ a3(a
′
1 + a′

2)
−1/2(C(3) + C(4)) + √

a5 C(5) + √
a6 C(6) (2.190)

where

a′
1 = a1 + (a1 a2 − a3)

1/2, a′
2 = a2 + (a1 a2 − a3)

1/2 (2.191)

and a1, a2, a3, a5, and a6 satisfy the inequalities (2.178) of Problem 2.12.
Then using the matrix equation (2.182) of Problem 2.12 we obtain

H H = A (2.192)

where A is the fourth-order tensor given by (2.177) of Problem 2.12. Hence, we get

A[E] = H(H [E]) ∀ E = ET �= 0 (2.193)

and
E · A[E] = E · H(H [E]) (2.194)

or
E · A[E] = (H [E]) · (H [E]) (2.195)

Since
(H [E]) · (H [E]) > 0 ∀ E = ET �= 0 (2.196)

therefore, expressing a1, a2, a3, a5, and a6 in terms of c11, c12, c13, c33, and c44
[see Eqs. (2.186) of Problem 2.12], we conclude that if (2.175) of Problem 2.12 is
satisfied then

E · C [E] > 0 ∀ E = ET �= 0 (2.197)

that is, the elasticity tensor C is positive definite.
To prove that (2.197) implies (2.175) of Problem 2.12, that is, that (2.175) of

Problem 2.12 are also necessary conditions, we take advantage of the fact that E
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in (2.197) is an arbitrary second-order symmetric tensor, and select the following
choices

E1 = αe ⊗ e + β√
2
(1 − e ⊗ e) (2.198)

E2 = e ⊗ c + c ⊗ e (2.199)

E3 = c ⊗ (e × c) + (e × c) ⊗ c (2.200)

where α and β are the real numbers, and c is an arbitrary unit vector orthogonal to e.
Then, substituting (2.198), (2.199), and (2.200) into (2.197), respectively, we

obtain

E1 · C [E1] = c33α
2 + 2

√
2 c13 αβ + (c11 + c12)β

2 (2.201)

E2 · C [E2] = 4c44 (2.202)

E3 · C [E3] = 2 (c11 − c12) (2.203)

Since the RHS of (2.201) is positive for non-vanishing numbers α and β, we obtain

� = 8c2
13 α2 − 4(c11 + c12)c33α

2 < 0 (2.204)

or
c = (c11 + c12)c33 − 2c2

13 > 0 (2.205)

and
c11 + c12 > 0, c33 > 0 (2.206)

Also, Eqs. (2.202) and (2.203) together with the positiveness of C imply that

c44 > 0, c11 − c12 > 0 (2.207)

Since the inequalities (2.205)–(2.207) are equivalent to the inequalities (2.175) of
Problem 2.12, the solution to Problem 2.13 is complete.

Problem 2.14. Consider a plane n · x− vt = 0 (|n| = 1, v > 0, t ≥ 0). Let S be
the stress tensor obtained form Eq. (2.160) of Problem 2.11 in which 0 < e · n < 1,
and the strain tensor E is defined by

E = sym (n ⊗ a) (2.208)

where a is an arbitrary vector orthogonal to n. Let S⊥ and S|| represent the normal
and tangential parts of S with respect to the plane [see Problem 1.4 in which T is
replaced by S]. Show that
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S = (c11 − c12) sym (n ⊗ a) − (c11 − c12 − 2c44) cos θ sym (e ⊗ a) (2.209)

S⊥ = [(c11 − c12) sin2 θ + 2c44 cos2 θ ] sym (n ⊗ a) (2.210)

S|| = (c11 − c12 − 2c44) cos θ sym [(n cos θ − e) ⊗ a] (2.211)

where
cos θ = e · n, 0 < θ < π /2 (2.212)

Solution. If we let E = sym(n ⊗ a) into Eq. (2.160) of Problem 2.11, we obtain
(2.209). To obtain (2.210) and (2.211) we use the formulas:

S⊥ = 2 sym(n ⊗ Sn) − (n · Sn)n ⊗ n (2.213)

and
S‖ = (1 − n ⊗ n)[S(1 − n ⊗ n)] (2.214)

By substituting S from Eq. (2.209) into Eqs. (2.213) and (2.214), we obtain (2.210)
and (2.211), respectively. This completes solution to Problem 2.14.

Problem 2.15. Show that for a transversely isotropic elastic body the stress energy
density

Ŵ(S) = 1

2
S · K[S] (2.215)

corresponding to the stress tensor given by Eq. (2.209) of Problem 2.14 takes the
form

Ŵ(S) = 1

2
a2

[
1

2
(c11 − c12) sin2 θ + c44 cos2 θ

]
(2.216)

Also, show that
Ŵ(S) = Ŵ(S⊥) − Ŵ(S||) (2.217)

where Ŵ(S⊥) and Ŵ(S||) represent the “normal” and “tangential” stress energies,
respectively, given by

Ŵ(S⊥) = 1

2
S⊥ · K[S⊥] = Ŵ(S)

[
1 + 1

8
c−1

44 (c11 − c12)−1(c11 − c12 − 2c44)2 sin2 2θ

]

(2.218)

and

Ŵ(S||) = 1

2
S|| · K[S||] = Ŵ(S)

[
1

8
c−1

44 (c11 − c12)
−1(c11 − c12 − 2c44)

2 sin2 2θ

]

(2.219)

Here,S⊥ and S|| are given by Eqs. (2.210) and (2.211), respectively, of Problem 2.14.



62 2 Fundamentals of Linear Elasticity

Solution. If we substitute S from Eq. (2.209) of Problem 2.14 into Eq. (2.215) we
arrive at (2.216). Next, using Eqs. (2.208) and (2.210) of Problem 2.14 we obtain
(2.218); and using Eqs. (2.208) and (2.211) of Problem 2.14, we get Eq. (2.219).
Finally, subtracting (2.219) from (2.218) we obtain Eq. (2.217). This completes solu-
tion to Problem 2.15.

Problem 2.16. Let ϕ(θ) = Ŵ(S||)/Ŵ(S⊥), where Ŵ(S⊥) and Ŵ(S||) denote
the normal and tangential stress energy densities, respectively, of Problem 2.15.
Show that

max
θ ∈ [ 0, π /2 ] [ϕ(θ)] = ϕ(π/4) = A2

1 + A2 (2.220)

where

A = 1

2
√

2

|c11 − c12 − 2c44|
(c11 − c12)1/2c1/2

44

(2.221)

Note. When the body is isotropic we have

c11 = c33 = λ + 2μ, c12 = c13 = λ, c44 = μ (2.222)

whereλ andμ are the Lamé material constants. In this case Eq. (2.221) reduces to A =
0, which means that for an isotropic body the tangential stress energy corresponding
to the stress (2.211) of Problem 2.14 vanishes.

Solution. Note that, by using Eqs. (2.218) and (2.219) of Problem 2.15, we obtain

ϕ(θ) = Ŵ (S‖)/Ŵ (S⊥) = A2 sin2 2θ

(1 + A2 sin2 2θ)
(2.223)

where A is given by Eq. (2.221). Equation (2.223) implies (2.220), and this completes
solution of Problem 2.16.

Problem 2.17. Let u, E, and S denote the displacement vector, strain tensor, and
stress tensor fields, respectively, corresponding to a body force b and a temperature
change T . Suppose that the fields u, E, and S satisfy the equations

E = ∇̂u on B (2.224)

div S + b = 0 on B (2.225)

S = C[E] + TM on B (2.226)

where B is a bounded domain in E3; while C and M denote the elasticity and
stress-temperature tensors, respectively, independent of x ∈ B. Also, suppose that
an alternative equation to Eq. (2.226) reads

E = K[S] + TA on B (2.227)
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whereK and A represent the compliance and thermal expansion tensors, respectively.
Let f̂ = f̂ (B) denote the mean value of a function f = f(x) on B

f̂ (B) = 1

v(B)

∫

B

f(x) dv (2.228)

where v(B) stands for the volume of B. Show that

Ê (B) = 1

v(B)

∫

∂B

sym (u ⊗ n)da (2.229)

and

Ŝ (B) = 1

v(B)

⎡

⎣
∫

∂B

sym (x ⊗ Sn) da +
∫

B

sym (u ⊗ b) dv

⎤

⎦ (2.230)

where n is the outward unit normal on ∂B. Also, show that

Ê(B) = K[̂S(B)] + T̂ (B)A (2.231)

and
Ŝ(B) = C[Ê(B)] + T̂ (B)M (2.232)

Solution. Equation (2.229) is identical with Eq. (2.83) of Problem 2.4. Therefore, a
proof of (2.229) is the same as that of (2.83) of Problem 2.4. To show (2.230), we
note that Eq. (2.225) implies the tensorial equation

x ⊗ div S + x ⊗ b = 0 (2.233)

or in components
xi S jk,k + xi b j = 0 (2.234)

An equivalent form of Eq. (2.234) reads

(xi S jk),k −S ji + xi b j = 0 (2.235)

Integrating Eq. (2.235) over B and using the divergence theorem we obtain

∫

∂B

xi S jk nk da −
∫

B

S ji dv +
∫

B

xi b j dv = 0 (2.236)

Finally, taking into account the symmetry of Si j , and applying the operator sym
to Eq. (2.236); and dividing (2.236) by v(B), we obtain (2.230). Also applying the
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mean value operator to Eqs. (2.227) and (2.226), we obtain (2.231) and (2.232),
respectively; since the fourth-order tensors C and K, and the second-order tensors
M and A are independent of x. This completes solution of Problem 2.17.

Problem 2.18. The volume change δv(B) associated with the fields u, E, and S in
Problem 2.17 is defined by [see Eqs. (2.7)–(2.8)]

δv(B) = v(B) tr Ê(B) (2.237)

Show that

(i) δv(B) = 0, Ŝ(B) = T̂ (B)M if u = 0 on ∂B (2.238)

and

(ii) Ŝ(B) = 0, Ê(B) = T̂ (B)A, δv(B) = v(B)T̂ (B) tr A

if Sn = 0 on ∂B and b = 0 on B (2.239)

Note. Equations (2.239) imply that the volume change δv(B) of a homogeneous
isotropic thermoelastic body with zero stress vector on ∂B and zero body force
vector on B subject to a temperature change T on B is given by

δv(B) = 3 α T̂ (B) v(B) (2.240)

where α is the coefficient of linear thermal expansion of the body.

Solution. If u = 0 on ∂B then it follows from Eq. (2.229) of Problem 2.17
that Ê(B) = 0. This together with Eq. (2.232) of Problem 2.17 and Eq. (2.237)
implies (i).

To show (ii) we note that if Sn = 0 on ∂B and b = 0 on B then, by virtue of
(2.230) of Problem 2.17 we obtain

Ŝ(B) = 0 (2.241)

Hence, using (2.231) of Problem 2.17 we get

Ê(B) = T̂ (B)A (2.242)

Finally, taking the trace of (2.234) and using (2.237) we obtain

δv(B) = v(B) T̂ (B)tr A (2.243)

This completes proof of (ii). The result (2.240) follows from the fact that in a homo-
geneous isotropic body

tr A = 3α (2.244)

This completes solution of Problem 2.18.



Chapter 3
Formulation of Problems of Elasticity

In this chapter both the basic boundary value problems of elastostatics and
initial-boundary value problems of elastodynamics are recalled; in particular, the
mixed boundary value problems of isothermal and nonisothermal elastostatics, as
well as the pure displacement and the pure stress problems of classical elastodynam-
ics are discussed. The Betti reciprocal theorem of elastostatics and Graffi’s reciprocal
theorem of elastodynamics together with the uniqueness theorems are also presented.
An emphasis is made on a pure stress initial-boundary value problem of incompati-
ble elastodynamics in which a body possesses initially distributed defects. [See also
Chap. 16.]

3.1 Boundary Value Problems of Elastostatics

Field Equations of Isothermal Elastostatics

The strain-displacement relation

E = ∇̂u = 1

2
(∇u + ∇uT) (3.1)

The equations of equilibrium

div S + b = 0, S = ST (3.2)

The stress-strain relation
S = C [E] (3.3)

By eliminating E and S from Eqs. (3.1)–(3.3) we obtain the displacement equation
of equilibrium

div C [∇u] + b = 0 (3.4)
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and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_3,
© Springer Science+Business Media Dordrecht 2013

http://dx.doi.org/10.1007/978-94-007-6356-2_16


66 3 Formulation of Problems of Elasticity

For a homogeneous isotropic body the displacement equation of equilibrium (3.4)
reduces to

μ∇2u + (λ + μ)∇(div u) + b = 0 (3.5)

or

∇2u + 1

1 − 2ν
∇(div u) + b

μ
= 0 (3.6)

or
(λ + 2μ)∇(div u) − μ curl curl u + b = 0 (3.7)

An equivalent form of the stress-strain relation (3.3) reads

E = K [S] (3.8)

Therefore, by eliminatingu andE from Eqs. (3.1), (3.2), and (3.8) the stress equations
of equilibrium are obtained

div S + b = 0, S = ST (3.9)

curl curl K[S] = 0 (3.10)

For a homogeneous isotropic body, the stress equations of equilibrium (3.9)–(3.10)
reduce to

div S + b = 0, S = ST (3.11)

∇2S + 1

1 + ν
∇∇(tr S) + ν

1 − ν
(div b)1 + 2∇̂b = 0 (3.12)

Field Equations of nonisothermal Elastostatics

The strain-displacement relation

E = ∇̂u = 1

2
(∇u + ∇uT) (3.13)

The equations of equilibrium

div S + b = 0, S = ST (3.14)

The stress-strain-temperature relation

S = C [E] + T M (3.15)
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or, the strain-stress-temperature relation

E = K [S] + T A (3.16)

In Eqs. (3.15) T stands for a temperature change; while M = MT and A = AT are
the stress-temperature and thermal expansion tensors, respectively.

For an isotropic body Eqs. (3.15) and (3.16), respectively, take the form

S = 2μE + λ (tr E) 1 − (3λ + 2μ) α T 1 (3.17)

and

E = 1

2μ

[
S − λ

3λ + 2μ
(tr S) 1

]
+ α T 1 (3.18)

By eliminating E and S from Eqs. (3.13)–(3.15) the displacement-temperature equa-
tion of nonisothermal elastostatics is obtained

div{C [∇u] + TM} + b = 0 (3.19)

Also, by eliminating u and E from Eqs. (3.13), (3.14), and (3.16), the stress-
temperature equations of nonisothermal elastostatics are obtained

div S + b = 0, S = ST (3.20)

curl curl {K[S] + TA} = 0 (3.21)

For an isotropic homogeneous body, Eqs. (3.19) and (3.20)–(3.21), respectively, take
the form

μ∇2u + (λ + μ)∇(div u) − (3λ + 2μ) α ∇ T + b = 0 (3.22)

and
div S + b = 0, S = ST (3.23)

∇2S+ 1

1 + ν
∇∇(tr S)+ Eα

1 + ν

(
∇∇T + 1 + ν

1 − ν
∇2T 1

)
+ ν

1 − ν
(div b)1+2∇̂b = 0

(3.24)

3.2 Concept of an Elastic State

An ordered array of functions s = [u,E,S] is called an elastic state corresponding
to the body force b if the functions u, E, and S satisfy the system of fundamental
field equations (3.1)–(3.3) on B.
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An external force system for s is defined as a pair [b, s] where s = Sn with n
being an outward unit vector normal to ∂B.

Theorem of work and energy. If s = [u,E,S] is an elastic state corresponding to
the external force system [b, s] then

∫

∂B

s · u da +
∫

B

b · u dv = 2UC(E) (3.25)

where UC(E) is the total strain energy of body B

UC(E) = 1

2

∫

B

E · C [E] dv (3.26)

The Betti reciprocal theorem. Let the elasticity tensor C be symmetric, and let

s = [u,E,S] and s̃ = [̃u, Ẽ, S̃] (3.27)

be elastic states corresponding to the external force systems [b, s] and [̃b, S̃], respec-
tively. Then the following reciprocity relation holds

∫

∂B

s · ũ da +
∫

B

b · ũ dv =
∫

∂B

s̃ ·u da +
∫

B

b̃ ·u dv =
∫

B

S · Ẽ dv =
∫

B

S̃ ·E dv

(3.28)

3.3 Concept of a Thermoelastic State

An ordered array of functions s = [u,E,S] is called a thermoelastic state corre-
sponding to an external force system [b, s, T ] if the functions u, E, and S satisfy the
field equations of thermoelastostatics (3.13)–(3.15) on B.

Thermoelastic reciprocal theorem. Let s = [u,E,S] and s̃ = [̃u, Ẽ, S̃] be ther-
moelastic states corresponding to the external force-temperature systems [b, s, T ]
and [̃b, s̃, T̃ ], respectively. Then

∫

∂B

s · ũ da+
∫

B

b · ũ dv −
∫

B

TM · Ẽ dv =
∫

∂B

s̃ · u da+
∫

B

b̃ · u dv −
∫

B

T̃M · E dv

(3.29)
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3.4 Formulation of Boundary Value Problems

Mixed problems of elastostatics. By a mixed boundary value problem of elastosta-
tics we mean the problem of finding an elastic state s = [u,E,S] corresponding to
a body force b and satisfying the boundary conditions: the displacement condition

u = û on ∂B1 (3.30)

and the traction condition
Sn = ŝ on ∂B2 (3.31)

where
∂B1 ∪ ∂B2 = ∂B; ∂B1 ∩ ∂B2 = ∅ (3.32)

while û and ŝ are prescribed functions.
An elastic state s that satisfies the boundary conditions (3.30)–(3.31) is called a

solution to the mixed problem.
If ∂B2 = ∅, the mixed problem becomes a displacement boundary value problem.

If ∂B1 = ∅, the mixed problem becomes a traction boundary value problem.

A displacement field corresponding to a solution to a mixed problem is a vector
field u with the property that there are symmetric tensor fields E and S such that
s = [u,E,S] is a solution to the mixed problem.

A stress field corresponding to a solution to a mixed problem is a tensor field S
with the property that there are u and E such that s = [u,E,S] is a solution to the
mixed problem.

Mixed Problem in Terms of Displacements

A vector field u corresponds to a solution to the mixed problem if and only if

div C [∇u] + b = 0 on B (3.33)

u = û on ∂B1 (3.34)

(C [∇u] )n = ŝ on ∂B2 (3.35)

Displacement Problem in Terms of Displacements

A vector field u corresponds to a solution to the displacement problem if and only if

div C [∇u] + b = 0 on B (3.36)

u = û on ∂B (3.37)
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Traction Problem in Terms of Stresses

A tensor field S corresponds to a solution to the traction problem if and only if

div S + b = 0 on B (3.38)

curl curl K[S] = 0 on B (3.39)

Sn = ŝ on ∂B (3.40)

3.5 Uniqueness

Uniqueness Theorem for the Mixed Problem. If the elasticity tensor C is positive
definite, then any two solutions of the mixed problem of elastostatics are equal to
within a rigid displacement. If ∂B1 �= ∅ then the rigid displacement vanishes.

3.6 Formulation of Problems of Nonisothermal Elastostatics

By a mixed problem of nonisothermal elastostatics we mean the problem of finding
a thermoelastic state s = [u,E,S] that satisfies the field equations (3.13)–(3.15) on
B subject to the boundary conditions (3.30)–(3.31).

Mixed Thermoelastic Problem in Terms of Displacements

A vector field u corresponds to a solution to the mixed thermoelastic problem if and
only if

div{C [∇u] + TM} + b = 0 on B (3.41)

u = û on ∂B1 (3.42)

(C [∇u] + TM)n = ŝ on ∂B2 (3.43)

Traction Thermoelastic Problem in Terms of Stresses

A tensor field S corresponds to a solution to the traction thermoelastic problem if
and only if

div S + b = 0 on B (3.44)

curl curl {K[S] + TA} = 0 on B (3.45)

Sn = ŝ on ∂B (3.46)
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3.7 Initial-Boundary Value Problems of Elastodynamics

Field Equations of Isothermal Elastodynamics

The strain-displacement relation

E = ∇̂u = 1

2
(∇u + ∇uT) (3.47)

The equations of motion

div S + b = ρ ü, S = ST (3.48)

The stress-strain relation
S = C [E] (3.49)

or equivalently
E = K [S] (3.50)

By eliminatingE and S from Eqs. (3.47)–(3.49) we obtain the displacement equation
of motion

div C [∇u] + b = ρ ü (3.51)

By eliminating u and E from Eqs. (3.47), (3.48), and (3.50) the stress equation of
motion is obtained

∇̂[ρ−1(div S)] − K[S̈] = −B (3.52)

where
B = ∇̂(ρ−1b) (3.53)

For a homogeneous isotropic elastic body Eqs. (3.51) and (3.52), respectively, reduce
to

μ∇2u + (λ + μ)∇(div u) + b = ρ ü (3.54)

and

∇̂(div S) − ρ

2μ

[
S̈ − λ

3λ + 2μ
(tr S̈) 1

]
= −∇̂ b (3.55)

Field Equations of nonisothermal Elastodynamics

The strain-displacement relation

E = ∇̂u = 1

2
(∇u + ∇uT) (3.56)
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The equations of motion

div S + b = ρ ü, S = ST (3.57)

The stress-strain-temperature relation

S = C [E] + T M (3.58)

or, the strain-stress-temperature relation

E = K [S] + T A (3.59)

By eliminating E and S from Eqs. (3.56)–(3.58) we obtain the displacement-
temperature equation of motion

div (C [∇u] + TM) + b = ρ ü (3.60)

By eliminating u and E from Eqs. (3.56), (3.57), and (3.59) the stress-temperature
equation of motion is obtained

∇̂[ρ−1(div S)] − K[S̈] = −B̃ (3.61)

where
B̃ = ∇̂(ρ−1b) + T̈A (3.62)

Here, M and A are the stress-temperature and the thermal expansion tensors, respec-
tively.

3.8 Concept of an Elastic Process

An elastic process corresponding to a body force b is defined as an ordered set of
functions p = [u,E,S] that complies with the fundamental system of field equations
of isothermal elastodynamics (3.47)–(3.49).

An external force system for p is defined as a pair [b, s] in which s = Sn.

Graffi’sReciprocalTheorem.Let p = [u,E,S] be an elastic process corresponding
to the external force system [b, s] and to the initial data [u0, u̇0], Let p̃ = [̃u, Ẽ, S̃]
be another elastic process corresponding to [̃b, s̃] and [̃u0, ˙̃u0]. Then the following
integral relations hold true

i ∗
∫

∂B

s ∗ ũ da +
∫

B

f ∗ ũ dv = i ∗
∫

∂B

s̃ ∗ u da +
∫

B

f̃ ∗ u dv (3.63)



3.8 Concept of an Elastic Process 73

∫

∂B

s ∗ ũ da +
∫

B

b ∗ ũ dv +
∫

B

ρ (u0 · ˙̃u + u̇0 · ũ) dv

=
∫

∂B

s̃ ∗ u da +
∫

B

b̃ ∗ u dv +
∫

B

ρ (̃u0 · u̇ + ˙̃u0 · u) dv (3.64)

Here
i = i(t) = t, t ≥ 0 (3.65)

and f and f̃ are pseudo-body forces corresponding to p = [u,E,S] and p̃ =
[̃u, Ẽ, S̃], respectively, defined by

f = i ∗ b(x, t) + ρ[u0(x) + t u̇0(x)]
f̃ = i ∗ b̃(x, t) + ρ [̃u0(x) + t ˙̃u0(x)] (3.66)

3.9 Formulation of Problems of Isothermal Elastodynamics

Mixed Problem in Terms of Displacements

A vector field u corresponds to a solution to a mixed problem of isothermal elasto-
dynamics if and only if

div C [∇u] + b = ρ ü on B × [0,∞) (3.67)

u(x, 0) = u0(x), u̇(x, 0) = u̇0(x) on B (3.68)

u = û on ∂B1 × [0,∞) (3.69)

(C [∇u] )n = ŝ on ∂B2 × [0,∞) (3.70)

Traction Problem in Terms of Stresses

A tensor field S corresponds to a solution to a traction problem of isothermal elasto-
dynamics if and only if

∇̂[ρ−1(div S)] − K[S̈] = −B on B × [0,∞) (3.71)

S(x, 0) = C [∇u0], Ṡ(x, 0) = C [∇u̇0] on B (3.72)

Sn = ŝ on ∂B × [0,∞) (3.73)

where
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B = ∇̂(ρ−1b) on B × [0,∞) (3.74)

Mixed Problem in Terms of Stresses

A tensor field S corresponds to a solution to a mixed problem of isothermal elasto-
dynamics if and only if

∇̂[ρ−1(i ∗ div S + f)] − K[S] = 0 on B × [0,∞) (3.75)

ρ−1(i ∗ div S + f) = û on ∂B1 × [0,∞) (3.76)

Sn = ŝ on ∂B2 × [0,∞) (3.77)

where f is the pseudo-body force given by (3.66)1.

Nonconventional Traction Problem in Terms of Stresses (Uniqueness). Let S be a
solution to the following initial-boundary value problem. Find a symmetric second-
order tensor field S on 	B × [0,∞) that satisfies the field equation

∇̂[ρ−1(div S)] − K[S̈] = −F on B × [0,∞) (3.78)

the initial conditions

S(x, 0) = S0(x), Ṡ(x, 0) = Ṡ0(x) for x ∈ B (3.79)

and the boundary condition

Sn = ŝ on ∂B × [0,∞) (3.80)

Here,F is an arbitrary symmetric second-order tensor field prescribed on 	B×[0,∞),
S0 and Ṡ0 are prescribed symmetric tensor fields on B, and ŝ is a prescribed vector
field on ∂B × [0,∞). Then the problem described by Eqs. (3.78)–(3.80) has at most
one solution (Uniqueness).

If F �= B, where B is given by (3.74), S0 and Ṡ0 are not given by Eqs. (3.72),
then the problem (3.78)–(3.80) describes stress waves in an elastic body with time-
dependent continuously distributed defects.

3.10 Problems and Solutions Related to the Formulation
of Problems of Elasticity

Problem 3.1. For a homogeneous isotropic elastic body occupying a region
B ⊂ E3 subject to zero body forces, the displacement equation of equilibrium takes
the form [see Eq. (3.6) with b = 0]
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∇2u + 1

1 − 2ν
∇(div u) = 0 on B (3.81)

where ν is Poisson’s ratio. Show that if u = u(x) is a solution to Eq. (3.81) then u
also satisfies the equation

∇2
[
u + x

2(1 − 2ν)
(div u)

]
= 0 on B (3.82)

Solution. Equations (3.81) and (3.82) in components take the forms

ui,kk + 1

1 − 2ν
uk,ki = 0 on B (3.83)

and [
ui + xi

2(1 − 2ν)
uk,k

]
, j j = 0 on B (3.84)

respectively.
It follows from (3.83) that

ui,ikk + 1

1 − 2ν
uk,kii = 0 on B (3.85)

or
2(1 − ν)

1 − 2ν
ui,ikk = 0 on B (3.86)

Since −1 < ν < 1/2 < 1 [see Eq. (2.50)]

2 − 2ν

1 − 2ν
> 0 (3.87)

and (3.86) implies that
ui,ikk = 0 on B (3.88)

In addition

(xi uk,k), j j = (δi j uk,k + xi uk,k j ), j = 2δi j uk,k j + xi uk,k j j (3.89)

Hence, it follows from Eqs. (3.88) and (3.89) that

(xi uk,k), j j = 2uk,ki (3.90)

Substituting (3.90) into (3.84) we obtain (3.83), and this completes solution of Prob-
lem 3.1.

http://dx.doi.org/10.1007/978-94-007-6356-2_2
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Problem 3.2. An alternative form of Eq. (3.81) in Problem 3.1 reads [see Eq. (3.7)
in which λ = 2μν /(1 − 2ν) and b = 0]

∇(div u) − 1 − 2ν

2 − 2ν
curl curl u = 0 on B (3.91)

Show that if u = u(x) is a solution to Eq. (3.91) then

∫

B

[
div u)2 + 1 − 2ν

2 − 2ν
(curl u)2

]
dv

=
∫

∂B

u ·
[
(div u)n + 1 − 2ν

2 − 2ν
(curl u) × n

]
da (3.92)

where n is the unit outward normal vector field on ∂B.

Hint. Multiply Eq. (3.91) by u in the dot product sense, integrate the result over B,
and use the divergence theorem.

Note. Since −1 < ν < 1/2 [see Eq. (2.50)] then Eq. (3.92) implies that a displace-
ment boundary value problem of homogeneous isotropic elastostatics may have at
most one solution.

Solution. In components Eq. (3.91) takes the form

uk,ki − 1 − 2ν

2 − 2ν
εiab εbcd ud,ca = 0 (3.93)

Since

ui uk,ki = (ui uk,k),i − (ui,i )
2 (3.94)

ui εiab εbcd ud,ca = εiab εbcd [(ud,c ui ),a − ud,c ui,a] (3.95)

and
εiab εbcd ud,c ui,a = −(εbai ui,a)(εbcd ud,c) (3.96)

therefore, multiplying (3.93) by ui we obtain

(ui,i )
2 + 1 − 2ν

2 − 2ν
(εbai ui,a)(εbcd ud,c) =

(
uk,k ua + 1 − 2ν

2 − 2ν
εiab εbcd ud,c ui

)
,a

(3.97)

Finally, integrating (3.97) over B and using the divergence theorem we obtain

http://dx.doi.org/10.1007/978-94-007-6356-2_2
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∫

B

[
(ui,i )

2 + 1 − 2ν

2 − 2ν
(εbai ui,a)(εbcd ud,c)

]
dv

=
∫

∂B

ua

[
uk,k na + 1 − 2ν

2 − 2ν
εabi (εbcd ud,c)ni

]
da (3.98)

Equation (3.98) is equivalent to (3.92), and this completes solution of Problem 3.2.

Problem 3.3. Show that for a homogeneous isotropic infinite elastic body subject
to a temperature change T = T (x) its volume change is represented by the formula

tr E(x) = 1 + ν

1 − ν
α T (x) for x ∈ E3 (3.99)

where ν and α denote Poisson’s ratio and coefficient of thermal expansion, respec-
tively.

Hint. Apply the reciprocal relation (3.28) to the external force-temperature systems
[b, s, T ] = [0, 0, T ] and [̃b, s̃, T̃ ] = [0, 0, δ(x − ξ)] on E3. Also note that for an
isotropic body M = −(3λ + 2μ)α 1 and tr Ẽ = [(3λ + 2μ) /(λ + 2μ)]α T̃ .

Solution. Let s = [u,E,S] and s̃ = [̃u, Ẽ, S̃] be the thermoelastic states pro-
duced on E3 by the external thermomechanical loads [b, s, T ] = [0, 0, T (x)] and
[̃b, s̃, T̃ ] = [0, 0, δ(x − ξ)], respectively. Applying Eq. (3.29) to the states s and S̃
we obtain ∫

E3

TM · Ẽ dv =
∫

E3

T̃M · E dv (3.100)

For a homogeneous isotropic thermoelastic solid

M = −(3λ + 2μ)α1 (3.101)

Therefore,
M · Ẽ = −(3λ + 2μ)α(tr Ẽ) (3.102)

and
M · E = −(3λ + 2μ)α(tr E) (3.103)

where λ and μ are Lamé constants. Substituting (3.102) and (3.103) into (3.100) we
get ∫

E3

T (tr Ẽ)dv =
∫

E3

T̃ (tr E)dv (3.104)

Since s̃ is the thermoelastic state produced by the temperature T̃ on E3, ũ takes the
form
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ũ = ∇φ̃ (3.105)

where the thermoelastic potential φ̃ satisfies Poisson’s equation

∇2φ̃ = 1 + ν

1 − ν
αT̃ (3.106)

Hence

tr Ẽ = ∇2φ̃ = 1 + ν

1 − ν
αT̃ (3.107)

Therefore, substituting (3.107) into (3.104) we obtain

1 + ν

1 − ν
α

∫

E3

T (ξ)δ(x − ξ)dv(ξ) =
∫

E3

δ(x − ξ)[tr E(ξ)]dv(ξ) (3.108)

or using the filtrating property of the delta function we arrive at Eq. (3.99). This
completes solution of Problem 3.3.

Problem 3.4. Assume T0 to be a constant temperature, and let ai (i = 1, 2, 3) be
positive constants of the length dimension. Show that for a homogeneous isotropic
infinite elastic body subject to the temperature change

T (x) = T0[H(x1 + a1) − H(x1 − a1)] × [H(x2 + a2) − H(x2 − a2)]
× [H(x3 + a3) − H(x3 − a3)] (3.109)

where H = H(x) denotes the Heaviside function defined by: H(x) = 1 for x > 0
and H(x) = 0 for x < 0; the stress components Si j are represented by the formulas

Si j (x) = A0

a1∫

−a1

dξ1

a2∫

−a2

dξ2

a3∫

−a3

dξ3
∂2

∂ξi∂ξ j

[
(x1 − ξ1)

2 + (x2 − ξ2)
2 + (x3 − ξ3)

2
]−1/2

+ 4πδi jA0

a1∫

−a1

dξ1

a2∫

−a2

dξ2

a3∫

−a3

dξ3 δ(x1 − ξ1)δ(x2 − ξ2)δ(x3 − ξ3)

(3.110)

where

A0 = − μ

2π

1 + ν

1 − ν
α T0 (3.111)

Also, show that the integrals on the RHS of Eq. (3.110) can be calculated in terms of
elementary functions, and for the exterior of the parallelepiped

|x1| ≤ a1, |x2| ≤ a2 |x3| ≤ a3 (3.112)
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we obtain

S12 = A0 ln

[
(x3 + a3 + r+1.+2.−3)

(x3 − a3 + r+1.+2.+3)

(x3 − a3 + r+1.−2.+3)

(x3 + a3 + r+1.−2.−3)

× (x3 − a3 + r−1.+2.+3)

(x3 + a3 + r−1.+2.−3)

(x3 + a3 + r−1.−2.−3)

(x3 − a3 + r−1.−2.+3)

]
(3.113)

S23 = A0 ln

[
(x1 + a1 + r−1.+2.+3)

(x1 − a1 + r+1.+2.+3)

(x1 − a1 + r+1.+2.−3)

(x1 + a1 + r−1.+2.−3)

× (x1 − a1 + r+1.−2.+3)

(x1 + a1 + r−1.−2.+3)

(x1 + a1 + r−1.−2.−3)

(x1 − a1 + r+1.−2.−3)

]
(3.114)

S31 = A0 ln

[
(x2 + a2 + r+1.−2.+3)

(x2 − a2 + r+1.+2.+3)

(x2 − a2 + r−1.+2.+3)

(x2 + a2 + r−1.−2.+3)

× (x2 − a2 + r+1.+2.−3)

(x2 + a2 + r+1.−2.−3)

(x2 + a2 + r−1.−2.−3)

(x2 − a2 + r−1.+2.−3)

]
(3.115)

and

S11 = A0

[
tan−1

(
x2 + a2

x1 − a1

x3 + a3

r+1.−2.−3

)
− tan−1

(
x2 + a2

x1 − a1

x3 − a3

r+1.−2.+3

)

− tan−1
(
x2 − a2

x1 − a1

x3 + a3

r+1.+2.−3

)
+ tan−1

(
x2 − a2

x1 − a1

x3 − a3

r+1.+2.+3

)

− tan−1
(
x2 + a2

x1 + a1

x3 + a3

r−1.−2.−3

)
+ tan−1

(
x2 + a2

x1 + a1

x3 − a3

r−1.−2.+3

)

+ tan−1
(
x2 − a2

x1 + a1

x3 + a3

r−1.+2.−3

)
− tan−1

(
x2 − a2

x1 + a1

x3 − a3

r−1.+2.+3

)]

(3.116)

S22 = A0

[
tan−1

(
x3 + a3

x2 − a2

x1 + a1

r−1.+2.−3

)
− tan−1

(
x3 + a3

x2 − a2

x1 − a1

r+1.+2.−3

)

− tan−1
(
x3 − a3

x2 − a2

x1 + a1

r−1.+2.+3

)
+ tan−1

(
x3 − a3

x2 − a2

x1 − a1

r+1.+2.+3

)

− tan−1
(
x3 + a3

x2 + a2

x1 + a1

r−1.−2.−3

)
+ tan−1

(
x3 + a3

x2 + a2

x1 − a1

r+1.−2.−3

)

+ tan−1
(
x3 − a3

x2 + a2

x1 + a1

r−1.−2.+3

)
− tan−1

(
x3 − a3

x2 + a2

x1 − a1

r+1.−2.+3

)]

(3.117)
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S33 = A0

[
tan−1

(
x1 + a1

x3 − a3

x2 + a2

r−1.−2.+3

)
− tan−1

(
x1 + a1

x3 − a3

x2 − a2

r−1.+2.+3

)

− tan−1
(
x1 − a1

x3 − a3

x2 + a2

r+1.−2.−3

)
+ tan−1

(
x1 − a1

x3 − a3

x2 − a2

r+1.+2.+3

)

− tan−1
(
x1 + a1

x3 + a3

x2 + a2

r−1.−2.−3

)
+ tan−1

(
x1 + a1

x3 + a3

x2 − a2

r−1.+2.−3

)

+ tan−1
(
x1 − a1

x3 + a3

x2 + a2

r+1.−2.−3

)
− tan−1

(
x1 − a1

x3 + a3

x2 − a2

r+1.+2.−3

)]

(3.118)

where
r±1.±2.±3 = [(x1 ∓ a1)

2 + (x2 ∓ a2)
2 + (x3 ∓ a3)

2]1/2 (3.119)

Note that Eq. (3.114) follows from Eq. (3.113) by the transformation of indices

1 → 2, 2 → 3, 3 → 1

and Eq. (3.115) follows from Eq. (3.114) by the transformation of indices

2 → 3, 3 → 1, 1 → 2

Also, Eq. (3.117) follows from Eq. (3.116) by the transformation of indices

1 → 2, 2 → 3, 3 → 1

and Eq. (3.118) follows from Eq. (3.117) by the transformation of indices

2 → 3, 3 → 1, 1 → 2.

Hint. To find S12 use the formula

∫
du√

u2 + a2
= ln

(
u +

√
u2 + a2

)
(3.120)

and to calculate S11 take advantage of the formulas

∫
du

(
√
u2 + a2)3

= 1

a2

u√
u2 + a2

(3.121)

and

∫
du

(u2 + b2)
√
u2 + a2

= 1

b
√
a2 − b2

tan−1

(
u
√
a2 − b2

b
√
u2 + a2

)
(3.122)
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where a and b are constants subject to the conditions

a �= 0, b �= 0, |a| > |b| (3.123)

Solution. To show (3.110) we note that

Si j (x) =
a1∫

−a1

dξ1

a2∫

−a2

dξ2

a3∫

−a3

dξ3 S
∗
i j (xξ) (3.124)

where
S∗
i j (x, ξ) = 2μ

(
φ∗

,i j − δi jφ
∗
,kk

)
(3.125)

and

φ∗
,kk = 1 + ν

1 − ν
α δ(x1 − ξ1)δ(x2 − ξ2)δ(x3 − ξ3) (3.126)

Since

φ∗(x, ξ) = − 1

4π

1 + ν

1 − ν
α

1

|x − ξ |
therefore

S∗
i j (x ξ) = A0

{
∂2

∂ξi∂ξ j

1

|x − ξ | + 4πδi jδ(x1 − ξ1)δ(x2 − ξ2)δ(x3 − ξ3)

}

where A0 is given by (3.111). Hence, substituting S∗
i j into Eq. (3.124) we obtain

(3.110).

To show (3.113)–(3.118) we note that for the exterior of the parallelepiped

|x1| ≤ a1, |x2| ≤ a2, |x3| ≤ a3 (3.127)

Equation (3.110) reduces to

Si j (x) = A0

a1∫

−a1

dξ1

a2∫

−a2

dξ2

a3∫

−a3

dξ3

× ∂2

∂ξi ∂ξ j
[(x1 − ξ1)

2 + (x2 − ξ2)
2 + (x3 − ξ3)

2]−1/2

i, j = 1, 2, 3. (3.128)

Letting i = 1, j = 2 in (3.128) we obtain
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S12(x) = A0

a3∫

−a3

dξ3

a2∫

−a2

dξ2
∂

∂ξ2

×
{
[(x1 − a1)

2 + (x2 − ξ2)
2 + (x3 − ξ3)

2]−1/2

− [(x1 + a1)
2 + (x2 − ξ2)

2 + (x3 − ξ3)
2]−1/2

}
(3.129)

or

S12(x) = A0

a3∫

−a3

dξ3 ×
{
[(x1 − a1)

2 + (x2 − a2)
2 + (x3 − ξ3)

2]−1/2

− [(x1 − a1)
2 + (x2 + a2)

2 + (x3 − ξ3)
2]−1/2

− [(x1 + a1)
2 + (x2 − a2)

2 + (x3 − ξ3)
2]−1/2

+ [(x1 + a1)
2 + (x2 + a2)

2 + (x3 − ξ3)
2]−1/2

}

(3.130)

Since for every b > 0

a3∫

−a3

[b2 + (x3 − ξ3)
2]−1/2 dξ3 =

x3+a3∫

x3−a3

(b2 + u2)−1/2 du (3.131)

and by virtue of (3.121)

∫
(b2 + u2)−1/2 du = ln

(
u +

√
u2 + b2

)
(3.132)

if follows from (3.130) that

S12 = A0 ln

{
(x3 + a3 + r+1.+2.−3)

(x3 − a3 + r+1.+2.+3)

(x3 − a3 + r+1.−2.+3)

(x3 + a3 + r+1.−2.−3)

× (x3 − a3 + r−1.+2.+3)

(x3 + a3 + r−1.+2.−3)

(x3 + a3 + r−1.−2.−3)

(x3 − a3 + r−1.−2.+3)

}
(3.133)

where r±1.±2.±3 is defined by (3.119). This completes proof of (3.113). The com-
ponents S23 and S31, respectively, are obtained from (3.113) by the transformation
of the indices

1 → 2, 2 → 3, 3 → 1 (3.134)

and
2 → 3, 3 → 1, 1 → 2 (3.135)
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By letting i = 1, j = 1 in (3.128) we obtain

S11(x) = A0

a2∫

−a2

dξ2

a3∫

−a3

dξ3

a1∫

−a1

dξ1
∂2

∂ξ2
1

× [(x2 − ξ2)
2 + (x3 − ξ3)

2 + (x1 − ξ1)
2]−1/2 (3.136)

Since

∂

∂ξ1
[(x1 − ξ1)

2 + α2]−1/2 = (x1 − ξ1)[(x1 − ξ1)
2 + α2]−3/2 (3.137)

where
α2 = (x2 − ξ2)

2 + (x3 − ξ3)
2 (3.138)

therefore Eq. (3.136) takes the form

S11(x) = A0

a2∫

−a2

dξ2

a3∫

−a3

dξ3 ×
{

(x1 − a1)

[(x1 − a1)2 + α2]3/2 − (x1 + a1)

[(x1 + a1)2 + α2]3/2

}

(3.139)
Now, because of (3.121),

a3∫

−a3

dξ3
1

[(x1 − a1)2 + α2]3/2 =
x3+a3∫

x3−a3

du

[(x1 − a1)2 + (x2 − ξ2)2 + u2]3/2

= 1

(x1 − a1)2 + (x2 − ξ2)2

{
(x3 + a3)

[(x1 − a1)2 + (x2 − ξ2)2 + (x3 + a3)2]1/2

− (x3 − a3)

[(x1 − a1)2 + (x2 − ξ2)2 + (x3 − a3)2]1/2

}
(3.140)

Also, using (3.122), we obtain

a2∫

−a2

dξ2
1

(x2 − ξ2)2 + (x1 − a1)2

1

[(x1 − a1)2 + (x3 + a3)2 + (x2 − ξ2)2]1/2

=
a2∫

−a2

dξ2
1

(x2 − ξ2)2 + b2

1

[(x2 − ξ2)2 + a2]1/2 =
x2+a2∫

x2−a2

1

u2 + b2

1√
u2 + a2

du

= 1

b
√
a2 − b2

{
tan−1 u

√
a2 − b2

b
√
u2 + a2

}u=x2+a2

u=x2−a2

(3.141)
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where
b2 = (x1 − a1)

2, a2 = (x1 − a1)
2 + (x3 + a3)

2 (3.142)

By letting x1 > a1 and x3 > −a3 we receive

b = x1 − a1,
√
a2 − b2 = x3 + a3 (3.143)

and reduce Eq. (3.141) to

a2∫

−a2

dξ2
1

(x2 − ξ2)2 + b2

1

[(x2 − ξ2)2 + a2]1/2

= 1

(x1 − a1)(x3 + a3)

{
tan−1 x2 + a2

x1 − a1

x3 + a3

r+1.−2.−3
− tan−1 x2 − a2

x1 − a1

x3 + a3

r+1.+2.−3

}

(3.144)

It follows from Eq. (3.139) that

S11(x) = A0

a2∫

−a2

dξ2 (x1 − a1)
1

(x1 − a1)2 + (x2 − ξ2)2

×
{

(x3 + a3)

[(x2 − ξ2)2 + (x1 − a1)2 + (x3 + a3)2]1/2

− (x3 − a3)

[(x2 − ξ2)2 + (x1 − a1)2 + (x3 − a3)2]1/2

}

− A0

a2∫

−a2

dξ2 (x1 + a1)
1

(x1 + a1)2 + (
x2 − ξ2

2

)2

×
{

(x3 + a3)

[(x2 − ξ2)2 + (x1 + a1)2 + (x3 + a3)2]1/2

− (x3 − a3)

[(x2 − ξ2)2 + (x1 + a1)2 + (x3 − a3)2]1/2

}
(3.145)

Therefore, using Eq. (3.141) as well as equations obtained from Eq. (3.141) by suit-
able choice of a and b, we obtain (3.116).

The components S22 and S33 are obtained from Eq. (3.116) by suitable transfor-
mation of indices.

Problem 3.5. Let u = u(x, t) be a solution of the vector equation

∇2u − 1

c2

∂2u
∂t2 = − f

c2 on B × (0,∞) (3.146)
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subject to the initial conditions

u(x, 0) = u0(x), u̇(x, 0) = u̇0(x) for x ∈ 	B (3.147)

where f = f(x, t) is a prescribed vector field on 	B × [0,∞); and u0(x) and u̇0(x)
are prescribed vector fields on 	B; and c > 0.

Also, let ũ = ũ(x, t) be a solution of the vector equation

∇2ũ − 1

c2

∂2ũ
∂t2 = − f̃

c2 on B × (0,∞) (3.148)

subject to the initial conditions

ũ(x, 0) = ũ0(x), ˙̃u(x, 0) = ˙̃u0(x) for x ∈ 	B (3.149)

where f̃ = f̃(x, t) �= f(x, t), ũ0(x) �= u0(x), and ˙̃u0(x) �= u̇0(x) are prescribed
functions on 	B × [0,∞), B, and 	B, respectively. Show that the following reciprocal
relation holds true

1

c2

∫

B

(u ∗ f̃ + u · ˙̃u0 + u̇ · ũ0) dv +
∫

∂B

u ∗ ∂ũ
∂n

da

= 1

c2

∫

B

(̃u ∗ f + ũ · u̇0 + ˙̃u · u0) dv +
∫

∂B

ũ ∗ ∂u
∂n

da (3.150)

where ∗ represents the inner convolutional product, that is, for any two vector fields
a = a(x, t) and b = b(x, t) on 	B × [0,∞)

a ∗ b =
t∫

0

a(x, t − τ) · b(x, τ ) dτ (3.151)

Solution. Let f (x, p) denote the Laplace transform of a function f = f (x, t)
defined by

L f ≡ 	f (x, p) =
∞∫

0

e−pt f (x, t)dt (3.152)

Then

ḟ (x, t) = p 	f (x, p) − f (x, 0) (3.153)

f̈ (x, t) = p2 	f (x, p) − ḟ (x, 0) − p f (x, 0) (3.154)

Now, Eqs. (3.146) and (3.147) in components take the forms
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ui,kk − 1

c2 üi = − fi
c2 (3.155)

and
ui (x, 0) = u0i (x), u̇i (x, 0) = u̇0i (x) (3.156)

Taking the Laplace transform of Eq. (3.155) and using (3.156) we obtain

	ui,kk − 1

c2 (p2	ui − u̇0i − p u0i ) = − 	fi
c2 (3.157)

Similarly, Eqs. (3.148) and (3.149) imply that

	̃ui,kk − 1

c2 (p2	̃ui − ˙̃u0i − p ũ0i ) =
	̃f i
c2 (3.158)

Multiplying (3.157) by ũi and (3.158) by ui , respectively, we obtain

	̃ui 	ui,kk − 1

c2 (p2	̃ui	ui −	̃ui u̇0i − p 	̃uiu0i ) = − 	fi 	̃ui
c2 (3.159)

	ui 	̃ui,kk − 1

c2 (p2	ui	̃ui −	ui ˙̃u0i − p 	ui ũ0i ) = −
	̃f i 	ui
c2 (3.160)

Since
	̃ui	ui,kk = (	̃ui	ui,k),k −	̃ui,k	ui,k (3.161)

and
	ui	̃ui,kk = (	ui	̃ui,k),k −	ui,k	̃ui,k (3.162)

therefore, subtracting (3.160) from (3.159), and using the divergence theorem we
obtain

∫

∂B

(	̃ui	ui,k nk −	ui	̃ui,k nk)da + 1

c2

∫

B

(u̇0i	̃ui + p u0i	̃ui − ˙̃u0i	ui − pũ0i	ui )dv

= − 1

c2

∫

B

( 	fi	̃ui − 	̃f i	ui )dv (3.163)

or
∫

∂B

	ui	̃ui,knk da + 1

c2

∫

B

[	ui 	̃f i +	ui ˙̃u0i + (p	ui − u0i )̃u0i + u0i ũ0i ]dv
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=
∫

∂B

	̃ui	ui,k nk da + 1

c2

∫

B

[	̃ui 	fi +	̃ui u̇0i + (p	̃ui − ũ0i )u0i + ũ0i u0i ]dv

(3.164)

Using the formula
L−1( 	f 	g) = f ∗ g (3.165)

and applying the operator L−1 to Eq. (3.164) we arrive at Eq. (3.150). This completes
solution of Problem 3.5.

Problem 3.6. Let Ũ = Ũ(x, t) be a symmetric second-order tensor field that satisfies
the wave equation

(
∇2 − 1

c2

∂2

∂t2

)
Ũ = − F̃

c2 on B × (0,∞) (3.166)

subject to the initial conditions

Ũ(x, 0) = Ũ0(x), ˙̃U(x, 0) = ˙̃U0(x) for x ∈ 	B (3.167)

where F̃ = F̃(x, t), Ũ0(x), and ˙̃U0(x) are prescribed functions on 	B×[0,∞), 	B, and
	B, respectively. Let u = u(x, t) be a solution to Eq. (3.166) and (3.167) of Problem
3.5. Show that

1

c2

∫

B

(̃F ∗ u + ˙̃U0u + Ũ0u̇) dv +
∫

∂B

∂Ũ
∂n

∗ u da

= 1

c2

∫

B

(Ũ ∗ f + ˙̃Uu0 + Ũu̇0) dv +
∫

∂B

Ũ ∗ ∂u
∂n

da (3.168)

where for any tensor field T = T(x, t) on 	B × [0,∞) and for any vector field
v = v(x, t) on 	B × [0,∞)

T ∗ v =
t∫

0

T(x, t − τ)v(x, τ ) dτ (3.169)

Solution. Equation (3.150) of Problem 3.5 in components takes the form

1

c2

∫

B

( f̃i ∗ ui + ˙̃u0i ui + ũ0i u̇i )dv +
∫

∂B

∂ ũi
∂n

∗ uida

= 1

c2

∫

B

( fi ∗ ũi + u̇0i ũi + u0i ˙̃ui )dv +
∫

∂B

∂ui
∂n

∗ ũi da (3.170)
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It follows from the formulation of Problems 3.5 and 3.6 that Eq. (3.170) holds also
true if for a fixed index j we let

ũi = Ũi j , ũ0i = Ũ0i j , ˙̃u0i = ˙̃U 0i j , f̃i = F̃i j (3.171)

Therefore, substituting (3.171) into (3.170) we obtain

1

c2

∫

B

(F̃i j ∗ ui + ˙̃U 0i j ui + Ũ0i j u̇i )dv +
∫

B

∂Ũi j

∂n
∗ uida

= 1

c2

∫

B

( fi ∗ Ũi j + u̇0i Ũi j + u0i
˙̃Ui j )dv +

∫

B

∂ui
∂n

∗ Ũi j da (3.172)

Finally, the symmetry of tensors Ũi j , F̃i j , Ũ0i j , and ˙̃U 0i j , as well as the relation

a ∗ b = b ∗ a (3.173)

valid for arbitrary functions a = a(x, t) and b = b(x, t), imply that Eq. (3.172) is
equivalent to Eq. (3.168). This completes solution to Problem 3.6.

Problem 3.7. Let G = G(x, ξ ; t) be a symmetric second-order tensor field that
satisfies the wave equation

�2
0G = −1δ(x − ξ)δ(t) for x ∈ E3, ξ ∈ E3, t > 0 (3.174)

subject to the homogeneous initial conditions

G(x, ξ ; 0) = 0, Ġ(x, ξ ; 0) = 0 for x ∈ E3, ξ ∈ E3 (3.175)

where

�2
0 = ∂2

∂xk∂xk
− 1

c2

∂2

∂t2 (k = 1, 2, 3) (3.176)

Show that a solution u to Eqs. (3.146) and (3.147) of Problem 3.5 admits the integral
representation

u(x, t) = 1

c2

∫

B

(G ∗ f + Ġu0 + Gu̇0) dv(ξ)

+
∫

∂B

(
G ∗ ∂u

∂n
− ∂G

∂n
∗ u

)
da(ξ) (3.177)

Hint. Apply the reciprocal relation (3.168) of Problem 3.6 in which F̃/c2 =
1δ(x − ξ)δ(t) and Ũ = G(x, ξ ; t).
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Solution. To solve this problem we let in Eq. (3.168) of Problem 3.6 the following

Ũ = G(x, ξ; t), Ũ0 = G(x, ξ; 0) = 0
˙̃U0 = Ġ(x, ξ; 0) = 0, F̃/c2 = 1δ(x − ξ) δ(t) (3.178)

and
dv = dv(ξ), da = da(ξ) (3.179)

and obtain
∫

B

[1 δ(x − ξ)δ(t)] ∗ u(ξ; t)dv(ξ) +
∫

∂B

(
∂G
∂n

)
∗ u da(ξ)

= 1

c2

∫

B

(G ∗ f + Ġ u0 + G u̇0)dv(ξ) +
∫

∂B

G ∗ ∂u
∂n

da(ξ) (3.180)

Finally, using the filtrating property of the delta function we find that (3.180) is
equivalent to (3.177). This completes solution to Problem 3.7.

Problem 3.8. Show that a unique solution to Eqs. (3.174) and (3.175) of Problem
3.7 takes the form

G(x, ξ ; t) = 1

4π |x − ξ |δ
(
t − |x − ξ |

c

)
1 (3.181)

and, hence, reduce Eq. (3.177) from Problem 3.7 to the Poisson-Kirchhoff integral
representation

u(x, t) = 1

4π c2

∫

B

f(ξ, t − |x − ξ | /c)

|x − ξ | dv(ξ) + ∂

∂t
[t Mx,ct (u0)] + t Mx,ct (u̇0)

+ 1

4π

∫

∂B

{
1

|x − ξ |
∂u
∂n

(ξ, t − |x − ξ | /c) − u(ξ, t − |x − ξ | /c)
∂

∂n

1

|x − ξ |

+ 1

c |x − ξ |
[

∂

∂n
|x − ξ |

] [
∂u
∂t

(ξ, t − |x − ξ | /c)

] }
da(ξ)

(3.182)

where for any vector field v = v(x) on B ⊂ E3 the symbol Mx,ct (v) represents the
mean value of v over the spherical surface with a center at x and of radius ct, that is,
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Mx,ct (v) = 1

4π

2π∫

0

dϕ

π∫

0

dθ sin θ

× v(x1 + ct sin θ cos ϕ, x2 + ct sin θ sin ϕ, x3 + ct cos θ) (3.183)

and we adopt the convention that all relevant quantities vanish for negative time
arguments.

Note. If B = E3 and f = 0 on E3 × [0,∞) then Eq. (3.182) reduces to the form

u(x, t) = ∂

∂t
[t Mx,ct (u0)] + t Mx,ct(u̇0) (3.184)

Solution. Equation (3.174) of Problem 3.7 takes the form

(
∇2 − 1

c2

∂2

∂t2

)
G = −1 δ(x − ξ) δ(t) (3.185)

Applying the Laplace transform to this equation and using the homogeneous initial
conditions (3.175) of Problem 3.7 we obtain

[
∇2 −

( p

c

)2
]

	G = −1 δ(x − ξ) (3.186)

where

	G = 	G(x, ξ; p) =
∞∫

0

e−ptG(x, ξ, t)dt (3.187)

The only solution to Eq. (3.186) in E3 that vanishes as |x| → ∞, |ξ| < ∞, takes
the form (p > 0)

	G = 1

4π

1

|x − ξ| e
− p

c |x−ξ|1 (3.188)

Hence, applying the operator L−1 to (3.188) we obtain

G(x, ξ; t) = 1

4π |x − ξ| δ

(
t − 1

c
|x − ξ|

)
1 (3.189)

This completes proof of (3.181). To show that (3.182) holds true, we split (3.177) of
Problem 3.7 into the sum

u(x, t) = u(1)(x, t) + u(2)(x, t) + u(3)(x, t) (3.190)
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where

u(1)(x, t) = 1

c2

∫

B

G ∗ f dv(ξ) (3.191)

u(2)(x, t) =
∫

∂B

(
G ∗ ∂u

∂n
− ∂G

∂n
∗ u

)
da(ξ) (3.192)

u(3)(x, t) = 1

c2

∫

B

(Ġ u0 + G u̇0) dv(ξ) (3.193)

If G from Eq. (3.189) is substituted into Eq. (3.191) we obtain

u(1)(x, t) = 1

4π c2

∫

B

dv(ξ)
t∫

0

dτ
1

|x − ξ| f(ξ, t − τ) δ

(
τ − 1

c
|x − ξ|

)
(3.194)

Using the filtrating property of the delta function

t∫

0

δ(τ − t0) g(t − τ)dτ = g(t − t0)H(t − t0) (3.195)

where g = g(t) is an arbitrary function and H = H(t) is the Heaviside function

H(t) =
{

1 t > 0
0 t < 0

}
(3.196)

we reduce Eq. (3.194) to the form

u(1)(x, t) = 1

4π c2

∫

B

f
(
ξ, t − R

c

)

R
H

(
t − R

c

)
dv(ξ) (3.197)

where
R = |x − ξ| (3.198)

The function u(1)(x, t) given by (3.197) is identical to the first integral on the RHS
of Eq. (3.182) when the convention that f(x, t) vanishes for t ≤ 0 is adopted.

An alternative form of (3.197) reads

u(1)(x, t) = 1

4π c2

∫

B∩S(x,ct)

1

|x − ξ| f
(
ξ, t − 1

c
|x − ξ|

)
dv(ξ) (3.199)
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where
S(x, ct) = {ξ : |ξ − x| < ct}.

To show that u(2)(x, t) is identical to the last integral on the RHS of (3.182), we
apply the Laplace transform to Eq. (3.192), use Eq. (3.188), and obtain

	u(2)(x, p) = 1

4π

∫

∂B

{
1

R
e− p

c R
∂	u
∂n

−
[

∂

∂n

(
1

R

)
e− p

c R − 1

cR

∂R

∂n
e− p

c R p

]
	u
}
da(ξ)

(3.200)
Applying the inverse Laplace transform to Eq. (3.200) we obtain

u(2)(x, t) = 1

4π

∫

∂B

{
1

R

∂u
∂n

(
ξ, t − R

c

)
− ∂

∂n

(
1

R

)
u

(
ξ, t − R

c

)

+ 1

cR

∂R

∂n
u̇

(
ξ, t − R

c

)}
H

(
t − R

c

)
da(ξ) (3.201)

The function u(2) given by (3.201) is equivalent to the last integral on the RHS of
(3.182), if the convention that u(x, t) = 0 for t ≤ 0 is adopted. An equivalent form
of (3.201) reads

u(2)(x, t) = 1

4π

∫

∂B∩S(x,ct)

{
1

R

∂u
∂n

(
ξ, t − R

c

)
− ∂

∂n

(
1

R

)
u

(
ξ, t − R

c

)

+ 1

cR

∂R

∂n
u̇

(
ξ, t − R

c

)}
da(ξ) (3.202)

To show that u(3)(x, t) given by (3.193) is equal to a sum of the second and third
terms on the RHS of (3.182), consider the integral

h(x, t) = 1

c2

∫

B

G u̇0 dv(ξ) (3.203)

Since
1

R
δ

(
t − R

c

)
= tc2

R2 δ(R − ct) (3.204)

therefore, an alternative form of G given by (3.189) reads

G(x, ξ, t) = tc2

4πR2 δ(R − ct)1 (3.205)

and the function h = h(x, t) takes the form
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h(x, t) = t

4π

∫

B

u̇0(ξ)
|x − ξ|2 δ(|x − ξ| − ct)dv(ξ) (3.206)

Next, we let
R = ξ − x (3.207)

and introduce the spherical coordinates (R, ϕ, θ) with a center at x

R1 = R cos ϕ sin θ

R2 = R sin ϕ sin θ

R3 = R cos θ (3.208)

0 ≤ R < ∞, 0 ≤ ϕ ≤ 2π, 0 ≤ θ < π (3.209)

Then the integral (3.206) takes the form

h(x, t) = t

4π

∫

B∗

u̇0(R + x)
R2 δ(R − ct)dv(R) (3.210)

where
dv(R) = R2 sin θ dϕ dθ dR (3.211)

and
B∗ = {(R, ϕ, θ) : Ra < R < Rb; 0 ≤ ϕ ≤ 2π, 0 ≤ θ ≤ π} (3.212)

The domain B∗ is a mapping of B under the transformation defined by Eqs. (3.207)
and (3.208), and Ra and Rb are uniquely defined nonnegative numbers. Hence,
Eq. (3.210) can also be written as

h(x, t) = t

4π

Rb∫

Ra

dR δ(R − ct)

2π∫

0

dϕ

π∫

0

dθ sin θ

× u̇0(x1 + R cos ϕ sin θ, x2 + R sin ϕ sin θ, x3 + R cos θ) (3.213)

or

h(x, t) = t

4π

2π∫

0

dϕ

π∫

0

dθ sin θ

× u̇0(x1 + ct cos ϕ sin θ, x2 + ct sin ϕ sin θ, x3 + ct cos θ) (3.214)

or
h(x, t) = t Mx,ct (u̇0) (3.215)
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where Mx,ct (u̇0) is defined by (3.183). Finally, if we note that

g(x, t) df= 1

c2

∫

B

Ġu0 dv(ξ) (3.216)

can be written as

g(x, t) = ∂

∂t

⎧
⎨

⎩
1

c2

∫

B

Gu0 dv(ξ)

⎫
⎬

⎭ (3.217)

then computing the integral on the RHS of (3.217) in a way similar to that of the
integral h = h(x, t), and taking into account Eq. (3.193) we obtain

u(3)(x, t) = ∂

∂t

[
tMx,ct (u0)

] + tMx,ct (u̇0) (3.218)

This completes proof of (3.182).

Problem 3.9. Let G∗ = G∗(x, ξ ; t) be a solution to the initial-boundary value
problem:

�2
0G

∗ = −1δ(x − ξ)δ(t) for x, ξ ∈ B, t > 0 (3.219)

G∗(x, ξ ; 0) = 0, Ġ∗(x, ξ ; 0) = 0 for x, ξ ∈ B (3.220)

and
G∗(x, ξ ; t) = 0 for x ∈ ∂B, t > 0, ξ ∈ 	B (3.221)

and let u = u(x, t) be a solution to the initial-boundary value problem

�2
0u = − f

c2 on B × (0,∞) (3.222)

u(x, 0) = u0(x), u̇(x, 0) = u̇0(x) for x ∈ 	B (3.223)

u(x, t) = g(x, t) on ∂B × [0,∞) (3.224)

where the functions f,u0, u̇0, and g are prescribed. Use the representation formula
(3.177) of Problem 3.7 to show that

u(x, t) = 1

c2

∫

B

(G∗ ∗ f + Ġ∗u0 + G∗u̇0) dv(ξ)

−
∫

∂B

(
∂G∗

∂n
∗ g

)
da(ξ) (3.225)
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Solution. The representation formula (3.177) of Problem 3.7 reads

u(x, t) = 1

c2

∫

B

(G ∗ f + Ġu0 + Gu̇0) dv(ξ)

+
∫

∂B

(
G ∗ ∂u

∂n
− ∂G

∂n
∗ u

)
da(ξ) (3.226)

whereG satisfies Eqs. (3.174) and (3.175) of Problem 3.7, and u satisfies Eqs. (3.146)
and (3.147) of Problem 3.5.

By letting G = G∗ in Eq. (3.226) and using the boundary conditions (3.221) and
(3.224) we obtain (3.225).

This completes a solution to Problem 3.9.

Problem 3.10. A tensor field S corresponds to the solution of a traction problem of
classical elastodynamics if and only if

∇̂[ρ−1(div S)] − K[S̈] = −B on B × [0,∞) (3.227)

S(x, 0) = S(0)(x), Ṡ(x, 0) = Ṡ(0)(x) for x ∈ B (3.228)

Sn = ŝ on ∂B × [0,∞) (3.229)

[see Eqs. (3.71)–(3.73)] in which B is expressed in terms of a body force b, and S(0)

and Ṡ(0) are defined in terms of two vector fields. A tensor field S corresponding to
an external load [B,S(0), Ṡ(0), ŝ] is said to be of a σ -type if S satisfies Eqs. (3.227)
through (3.229) with an arbitrary symmetric second-order tensor field B and arbitrary
symmetric initial tensor fields S(0) and Ṡ(0), not necessarily related to the data of
classic elastodynamics. Show that if S and S̃ are two different tensorial fields of

σ -type corresponding to the external loads [B,S(0), Ṡ(0), ŝ] and [B̃, S̃(0), ˙̃S(0)
,̂̃s],

respectively, then the following reciprocal relation holds true

∫

B

{
B̃ ∗ S + S̃(0) · K[Ṡ] + ˙̃S(0) · K[S]

}
dv +

∫

∂B

ρ−1(div S̃) ∗ (Sn) da

=
∫

B

{
B ∗ S̃ + S(0) · K[ ˙̃S] + Ṡ(0) · K[̃S]

}
dv +

∫

∂B

ρ−1(div S) ∗ (̃Sn) da
(3.230)

Solution. The tensor fields Si j and S̃i j , respectively, satisfy the equations

(ρ−1S(ik,k), j ) − Ki jkl S̈kl = −Bi j on B × (0,∞) (3.231)

Si j (x, 0) = S(0)
i j (x), Ṡi j (x, 0) = Ṡ(0)

i j (x) on B (3.232)

Si j n j = ŝi on ∂B × (0,∞) (3.233)
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and

(ρ−1 S̃(ik,k), j ) − Ki jkl
¨̃Skl = −B̃i j on B × (0,∞) (3.234)

S̃i j (x, 0) = S̃(0)
i j (x), ˙̃Si j (x, 0) = ˙̃S(0)

i j (x) on B (3.235)

S̃i j n j = ̂̃Si on ∂B × (0,∞) (3.236)

Applying the Laplace transform to Eqs. (3.231) and (3.234), and using the initial
conditions (3.232) and (3.235), respectively, we obtain

(ρ−1	S(ik,k), j ) − Ki jkl

(
p2	Skl − Ṡ(0)

kl − pS(0)
kl

)
= −Bi j (3.237)

and

(ρ−1	̃S(ik,k), j ) − Ki jkl

(
p2	̃Skl − ˙̃S(0)

kl − pS̃(0)
kl

)
= −B̃i j (3.238)

Next, multiplying (3.237) by 	̃Si j and (3.238) by −	Si j , and adding up the results we
obtain

	̃Si j (ρ−1	Sik,k), j −	̃Si j Ki jkl

(
p2	Skl − Ṡ(0)

kl − pS(0)
kl

)
− 	Si j (ρ−1	̃Sik,k), j

+ 	Si j Ki jkl

(
p2	̃Skl − ˙̃S(0)

kl − pS̃(0)
kl

)
+ 	Bi j 	̃Si j − 	̃Bi j 	Si j = 0 (3.239)

Since

	̃Si j (ρ−1	Sik,k), j −	Si j (ρ−1	̃Sik,k), j = (	̃Si jρ−1	Sik,k − 	Si jρ−1	̃Sik,k), j (3.240)

and
Ki jkl

	̃Si j 	Skl = Ki jkl 	Si j 	̃Skl (3.241)

therefore, by integrating (3.239) over B and using the divergence theorem, we obtain

∫

B

(	Bi j 	̃Si j − 	̃Bi j 	Si j
)
dv(ξ) +

∫

B

Ki jkl

[	̃Si j Ṡ(0)
kl +

(
p	̃Si j − S̃(0)

i j

)
S(0)
kl + S̃0

i j S
(0)
kl

− 	Si j ˙̃S(0)

kl −
(
p	Si j − S(0)

i j

)
S̃(0)
kl − S(0)

i j S̃(0)
kl

]
dv

+
∫

∂B

ρ−1
(	̃Si j 	Sik,k − 	Si j 	̃Sik,k

)
n j da(ξ) = 0 (3.242)

Finally, applying the inverse Laplace transform to (3.242), using the convolution
theorem

f ∗ g = 	f	g (3.243)
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as well as the relation
Ki jkl S̃

(0)
i j S(0)

kl = Ki jkl S
(0)
i j S̃(0)

kl (3.244)

we obtain
∫

B

(B ∗ S̃− B̃ ∗ S)dv(ξ)+
∫

B

{
S̃ · K[Ṡ(0)] + ˙̃S · K[S(0)] −S · K[ ˙̃S(0)] − Ṡ · K[̃S(0)]

}
dv(ξ)

+
∫

B

ρ−1 [
(div S) ∗ (̃Sn) − (div S̃) ∗ (Sn)

]
da(ξ) = 0 (3.245)

Since K is symmetric

A · K[B] = B · K[A] ∀ A and B (3.246)

therefore, Eq. (3.245) is equivalent to Eq. (3.230), and this completes a solution to
Problem 3.10.

Problem 3.11. Let S(kl)
i j = S(kl)

i j (x, ξ ; t) be a solution of the following equation

(ρ−1S(kl)
(ik,k), j ) − Ki jpq S̈

(kl)
pq = 0

for x ∈ E3, ξ ∈ E3; i, j, k, l = 1, 2, 3 (3.247)

subject to the initial conditions

S(kl)
i j (x, ξ ; 0) = 0, Ṡ(kl)

i j (x, ξ ; 0) = Ci jklδ(x − ξ)

for x ∈ E3, ξ ∈ E3; i, j, k, l = 1, 2, 3 (3.248)

where Ki jkl denotes the components of the compliance tensor K, and Ci jkl stands
for the components of elasticity tensor C, that is,

Ci jkl Kklmn = δ(imδnj) (3.249)

Let Si j = Si j (x, t) be a solution of the equation

(ρ−1S(ik,k), j ) − Ki jkl S̈kl = 0 for x ∈ B, t > 0 (3.250)

subject to the homogeneous initial conditions

Si j (x, 0) = 0, Ṡi j (x, 0) = 0 for x ∈ B (3.251)

and the boundary condition

Si j n j = ŝi on ∂B × [0,∞) (3.252)
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Use the reciprocal relation (3.230) of Problem 3.10 to show that

Skl(x, t) =
∫

∂B

ρ−1
(
Sim,m ∗ S(kl)

i j n j − ŝi ∗ S(kl)
im,m

)
da(ξ) (3.253)

Note. Equation (3.253) provides a solution to the traction initial-boundary value
problem of classical elastodynamics if the field Sim,m on ∂B × [0,∞) is found
from an associated integral equation on ∂B × [0,∞). The idea of solving a traction
problem of elastodynamics in terms of displacements through an associated boundary
integral equation is due to V.D. Kupradze.

Solution. Note that for a fixed pair (k, l) S̃i j = S(kl)
i j (x, ξ; t) is a tensor field of

σ -type corresponding to the data: B̃i j = 0, ̂̃si �= 0, S̃(0)
i j = 0, and ˙̃S(0)

i j = Ci jklδ(x−
ξ); and Si j = Si j (x, t) is a tensor field of σ -type corresponding to the data: Bi j = 0,

ŝi �= 0, S(0)
i j = 0, and Ṡ(0)

i j = 0. Therefore, using the reciprocal relation (3.230) of

Problem 3.10. in which S̃i j = S(kl)
i j (x, ξ; t) and Si j = Si j (x, t), we obtain

∫

B

˙̃S(0)

i j Ki jpq Spqdv(ξ) =
∫

∂B

ρ−1(Sim,m ∗ S̃i j n j − ŝi ∗ S̃im,m) da(ξ) (3.254)

where

˙̃S(0)

i j = Ṡ(kl)
i j (x, ξ; 0) = Ci jkl δ(x − ξ) (3.255)

S̃i j n j = S(kl)
i j (x, ξ; t)n j (ξ) (3.256)

S̃im,m = S(kl)
im,m(x, ξ; t) (3.257)

Since

˙̃S(0)

i j Ki jpq Spq = Ci jkl Ki jpq Spq δ(x − ξ) = Ckli j Ki jpq Spq δ(x − ξ)

= δ(kp δql) Spq δ(x − ξ) = Skl(ξ, t)δ(x − ξ) (3.258)

therefore, Eq. (3.254) takes the form

∫

B

Skl(ξ, t)δ(x − ξ)dv(ξ) =
∫

∂B

ρ−1
(
Sim,m ∗ S(kl)

i j n j − ŝi ∗ S(kl)
im,m

)
da(ξ)

(3.259)

Finally, using the filtrating property of the delta function we obtain (3.253). This
completes a solution to Problem 3.11.
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Problem 3.12. Consider the pure stress initial-boundary value problem of linear
elastodynamics for a homogeneous isotropic incompressible elastic body B [see
Eq. (3.55) with μ > 0 and λ → ∞]. Find a tensor field S = S(x, t) on
B × [0,∞) that satisfies the equation

∇̂(div S) − ρ

2μ

[
S̈ − 1

3
(tr S̈) 1

]
= −∇̂b on B × [0,∞) (3.260)

subject to the initial conditions

S(x, 0) = S0(x), Ṡ(x, 0) = Ṡ0(x) for x ∈ B (3.261)

and the traction boundary condition

Sn = ŝ on ∂B × [0,∞) (3.262)

Here, b, ŝ,S0, and Ṡ0, are prescribed functions (μ > 0, ρ > 0). Show that the
problem (3.260) through (3.262) may have at most one solution.

Solution. We are to show that the field equation

S(ik,k j) − ρ

2μ

(
S̈i j − 1

3
S̈kk δi j

)
= 0 on B × [0,∞) (3.263)

subject to the homogeneous initial conditions

Si j (x, 0) = 0, Ṡi j (x, 0) = 0 on B (3.264)

and the homogeneous traction boundary condition

Si j n j = 0 on ∂B × [0,∞) (3.265)

imply that
Si j = 0 on 	B × [0,∞) (3.266)

To this end we multiply (3.263) by Ṡi j and obtain

S(ik,k j) Ṡi j − ρ

2μ

(
S̈i j Ṡi j − 1

3
S̈kk Ṡii

)
= 0 (3.267)

Since
S(ik,k j) Ṡi j = Sik,k j Ṡi j = (Sik,k Ṡi j ), j −Sik,k Ṡi j, j (3.268)
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therefore (3.267) can be written in the form

(Sik,k Ṡi j ), j − Sik,k Ṡi j, j − ρ

2μ

[
1

2

∂

∂t
(Ṡi j Ṡi j ) − 1

3

1

2

∂

∂t
(Ṡaa)

2
]

= 0 (3.269)

or

(Sik,k Ṡi j ), j − 1

2

∂

∂t
(Sik,k Si j, j )− ρ

2μ

[
1

2

∂

∂t
(Ṡi j Ṡi j ) − 1

3

1

2

∂

∂t
(Ṡaa)

2
]

= 0 (3.270)

Integrating Eq. (3.270) over the cartesian product B × [0, t], using the divergence
theorem, the homogeneous initial conditions (3.264) as well as the boundary condi-
tion

Ṡi j n j = 0 on ∂B × [0,∞) (3.271)

obtained by differentiation of (3.265) with respect to time, we obtain

∫

B

{
Sik,k Si j, j + ρ

2μ

[
Ṡi j Ṡi j − 1

3
(Ṡaa)

2
] }

dv = 0 (3.272)

Since

Ṡi j = Ṡ(d)
i j + 1

3
Ṡaa δi j (3.273)

where

Ṡ(d)
i j = Ṡi j − 1

3
Ṡaa δi j (3.274)

and

Ṡi j Ṡi j = Ṡ(d)
i j Ṡ(d)

i j + 1

3
(Ṡaa)

2 (3.275)

therefore, Eq. (3.272) can be written as

∫

B

(
Sik,k Si j, j + ρ

2μ
Ṡ(d)
i j Ṡ(d)

i j

)
dv = 0 (3.276)

Equation (3.276) implies that

Sik,k = 0, Ṡ(d)
i j = 0 on 	B × [0,∞) (3.277)

Equation (3.277)2 together with the homogeneous initial conditions (3.264)1 imply
that

Si j = 1

3
Saa δi j on 	B × [0,∞) (3.278)
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Equations (3.278) and (3.277)1 imply that

Saa,i = 0 on 	B × [0,∞) (3.279)

which is equivalent to

Saa(x, t) = c(t) on 	B × [0,∞) (3.280)

where c = c(t) is an arbitrary function of time.
Finally, Eqs. (3.265), (3.278), and (3.280) lead to

c(t)ni (x) = 0 on ∂B × [0,∞) (3.281)

Since |ni ni | = 1 on ∂B, therefore Eq. (3.281) implies that

|c(t)| = 0 (3.282)

Equation (3.282) together with Eq. (3.278) implies Eq. (3.266), and this completes a
solution to Problem 3.12.



Chapter 4
Variational Formulation of Elastostatics

In this chapter the variational characterizations of a solution to a boundary value prob-
lem of elastostatics are recalled. They include the principle of minimum potential
energy, the principle of minimum complementary energy, the Hu-Washizu princi-
ple, and the compatibility related principle for a traction problem. The variational
principles are then used to solve typical problems of elastostatics.

4.1 Minimum Principles

To formulate the Principle of Minimum Potential Energy we recall the concept of
the strain energy, of the stress energy, and of a kinematically admissible state.

By the strain energy of a body B we mean the integral

UC�E� �
1

2

�
B

E � C�E� dv (4.1)

and by the stress energy of a body B we mean

UK�S� �
1

2

�
B

S � K�S� dv (4.2)

Since S � C�E�, therefore,
UK�S� � UC�E� (4.3)

By a kinematically admissible state we mean a state s � �u,E,S� that satisfies

(1) the strain-displacement relation

E � ��u �
1

2
(�u��uT) on B (4.4)
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(2) the stress-strain relation
S � C �E� on B (4.5)

(3) the displacement boundary condition

u ��u on ∂B1 (4.6)

where �u is prescribed on ∂B1.
The Principle of Minimum Potential Energy is related to a mixed boundary value

problem of elastostatics [see Chap. 3 on Formulation of Problems of Elasticity].

The Principle of Minimum Potential Energy
Let R be the set of all kinematically admissible states. Define a functional F � F�.�
on R by

F�s� � UC�E� 	
�
B

b � u dv	
�

∂B2

�s � u da (4.7)

for every s � �u, E, S� 
 R. Let s be a solution to the mixed problem of elastostatics.
Then

F�s� � F��s� for every �s 
 R (4.8)

and the equality holds true if s and �s differ by a rigid displacement.
By letting E � ��u in ( 4.7) an alternative form of the Principle of Minimum

Potential Energy is obtained.
Let R1 denote a set of displacement fields that satisfy the boundary conditions

( 4.6), and define a functional F1�.� on R1 by

F1�u� �
1

2

�
B

(�u) � C ��u� dv	
�
B

b � u dv	
�

∂B2

�s � u da u 
 R1 (4.9)

If u corresponds to a solution to the mixed problem, then

F1�u� � F1� �u� �u 
 R1 (4.10)

To formulate the Principle of Minimum Complementary Energy, we introduce a
concept of a statically admissible stress field. By such a field we mean a symmetric
second-order tensor field S that satisfies

(1) the equation of equilibrium

div S� b � 0 on B (4.11)

(2) the traction boundary condition

Sn ��s on ∂B2 (4.12)

http://dx.doi.org/10.1007/978-94-007-6356-2_3
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The Principle of Minimum Complementary Energy
Let P denote a set of all statically admissible stress fields, and let G � G�.� be a
functional on P defined by

G�S� � UK�S� 	
�

∂B1

s ��u da S 
 P (4.13)

If S is a stress field corresponding to a solution to the mixed problem, then

G�S� � G� �S� �S 
 P (4.14)

and the equality holds if S � �S.

The Principle of Minimum Complementary Energy for Nonisothermal Elasto-
statics
The fundamental field equations of nonisothermal elastostatics may be written as

E � ��u �
1

2
(�u��uT) on B (4.15)

div S� � b� � 0 on B (4.16)

S� � C �E� on B (4.17)

where
b� � b� div (TM) (4.18)

S� � S	 TM (4.19)

s� � S�n (4.20)

The Principle of Minimum Complementary Energy of nonisothermal Elastostatics
reads: Let P denote a set of all statically admissible stress fields, and let GT � GT�.�

be a functional on P defined by

GT�S� � UK�S�� 	
�

∂B1

s� ��u da S 
 P (4.21)

If S is a stress field corresponding to a solution to the mixed problem of nonisothermal
elastostatics, then

GT�S� � GT� �S� �S 
 P (4.22)

and the equality holds true if S � �S.
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Note. The functional GT � GT�.� in Eq. (4.21) can be replaced by

G�
T�S� � UK�S� �

�
B

TS � A dv 	

�
∂B1

s ��u da (4.23)

where A is the thermal expansion tensor.

4.2 The Rayleigh-Ritz Method

The functional F1 � F1�u� [see Eq. (4.9)] can be minimized by looking for u in an
approximate form

u �� u(N) ��u(N) �

N�
k�1

akfk on B (4.24)

where �u(N) is a function on B such that

�u(N) ��u on ∂B1 (4.25)

and {fk} stands for a set of functions on B such that

fk � 0 on ∂B1 (4.26)

and ak are unknown constants to be determined from the condition that F1 �

F1�u(N)� � ϕ(a1, a2, a3, . . . , aN) attains a minimum, that is, from the conditions

∂ϕ

∂ ai
(a1, a2, a3, . . . , aN) � 0 i � 1, 2, 3, . . . , N (4.27)

One can show that Eqs. (4.27) represent a linear nonhomogeneous system of algebraic
equations for which there is a unique solution (a1, a2, a3, . . . , aN).

Similarly, if ∂B1 � ∅, the functional G � G�.� [see Eq. (4.13)] can be minimized
by letting S in the form

S �� S(N) ��S(N) �

N�
k�1

akSk on B (4.28)

where�S(N) is selected in such a way that

div�S(N)
� b � 0 on B (4.29)
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and �S(N)
n ��s on ∂B (4.30)

while Sk are to satisfy the equations

div Sk � 0 on B (4.31)

and
Skn � 0 on ∂B (4.32)

The unknown coefficients ak are obtained by solving the linear algebraic equations

∂ψ

∂ ai
(a1, a2, a3, . . . , aN) � 0 i � 1, 2, 3, . . . , N (4.33)

where
ψ(a1, a2, a3, . . . , aN) � G�S(N)� (4.34)

The method of minimizing F1 � F1�u� and G � G�S� by postulating u and S by
formulas ( 4.24) and ( 4.28), respectively, is called the Rayleigh-Ritz Method.

4.3 Variational Principles

Let H�s� be a functional on A, where A is a set of admissible states s � �u,E,S�.
By the first variation of H�s� we mean the number

δ�sH�s� �
d

dω
H�s � ω �s�

����
ω�0

(4.35)

where s and �s 
 A, and s � ω �s 
 A for every scalar ω, and we say that

δ�sH�s� � δ H�s� � 0 (4.36)

if δ�sH�s� exists and equals zero for any �s consistent with the relation s � ω �s 
 A.

Hu-Washizu Principle
Let A denote the set of all admissible states of elastostatics, and let H�s� be the
functional on A defined by

H�s� � UC�E� 	
�
B

S � E dv 	

�
B

(div S� b) � u dv �

�
∂B1

s ��u da � �
∂B2

(s	�s) � u da
 s � �u,E,S� 
 A (4.37)
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Then
δ H�s� � 0 (4.38)

if and only if s is a solution to the mixed problem.

Note 1. If the set A in Hu-Washizu Principle is restricted to the set of all kinemat-
ically admissible states R [see the Principle of Minimum Potential Energy] then
Hu-Washizu Principle reduces to that of Minimum Potential Energy.

Hellinger-Reissner Principle
Let A1 denote the set of all admissible states that satisfy the strain-displacement
relation, and let H1 � H1�s� be the functional on A1 defined by

H1�s� � UK�S� 	
�
B

S � E dv�

�
B

b � u dv �

�
∂B1

s � (u	�u) da �
�

∂B2

�s � u da
 s � �u,E,S� 
 A1 (4.39)

Then
δ H1�s� � 0 (4.40)

if and only if s is a solution to the mixed problem.

Note 2. By restricting A1 to the set A2 � A1 � P, where P is the set of all statically
admissible states, we reduce Hellinger-Reissner Principle to that of the Principle of
Minimum Complementary Energy.

4.4 Compatibility-Related Principle

Consider a traction problem for a body B subject to an external load �b,�s�. Let
Q denote the set of all admissible states that satisfy the equation of equilibrium,
the stress-strain relations, and the traction boundary condition; and let I�.� be the
functional on Q defined by

I�s� � UK�S� �
1

2

�
B

S � K�S� dv  s � �u,E,S� 
 Q (4.41)

Then
δ I�s� � 0 (4.42)

if and only if s is a solution to the mixed problem.
A proof of the above variational principles is based on the Fundamental Lemma

of Calculus of Variations which states that for every smooth function �g � �g(x) on
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B that vanishes near ∂B, and for a fixed continuous function f � f(x) on B, the
condition

�
B

f(x)�g(x) dv(x) � 0 is equivalent to f(x) � 0 on B.

4.5 Problems and Solutions Related to Variational
Formulation of Elastostatics

Problem 4.1. Consider a generalized plane stress traction problem of homogeneous
isotropic elastostatics for a region C0 of (x1, x2) plane (see Sect. 7). For such a
problem the stress energy is represented by the integral

UK�S� �
1

2

�
C0

S � K�S� da (4.43)

where S is the stress tensor corresponding to a solution s � �u,E,S� of the traction
problem, and

E � K�S� �
1

2μ

�
S	

ν

1 � ν
(tr S) 1

�
on C0 (4.44)

div S� b � 0 on C0 (4.45)

E � ��u on C0 (4.46)

and
Sn ��s on ∂C0 (4.47)

Let Q denote the set of all admissible states that satisfy Eq. (4.44) through (4.47)
except for Eq. (4.46). Define the functional I �.� on Q by

I �s� � UK�S� for every s 
 Q (4.48)

Show that
δ I �s� � 0 (4.49)

if and only if s is a solution to the traction problem.

Hint: The proof is similar to that of the compatibility-related principle of Sect. 4.4.
First, we note that if s 
 Q and �s 
 Q then s � ω�s 
 Q for every scalar ω, and

δ I �s� �
�
C0

�S � E da (4.50)

http://dx.doi.org/10.1007/978-94-007-6356-2_7
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Next, by letting
�Sαβ � εαγ 3 εβδ3 �F,γ δ (4.51)

where �F is an Airy stress function such that �F, �F,α, and �F,αβ (α, β � 1, 2) vanish
near ∂ C0, w find that

δ I �s� �
�
C0

�F εαγ 3 εβδ3 Eαβ,γ δ da (4.52)

The proof then follows from (4.52).

Solution. We are to show that

(A) If s is a solution to the traction problem then

δ I (s) � 0 (4.53)

and
(B) If

δ I (s) � 0 for s 
 Q (4.54)

then s is a solution to the traction problem.

Proof of (A). Using (4.52) we obtain

δ I (s) �
�
C0

�Fεαγ 3 εβδ3 Eαβ,γ δ da (4.55)

Since s � �u, E, S� is a solution to the fraction problem, Eqs. (4.44)–(4.47) are
satisfied, and in particular

Eαβ � u(α,β) (4.56)

Substituting ( 4.56) into the RHS of ( 4.55) we obtain ( 4.53), and this completes proof
of (A).

Proof of (B). We assume that

δ I (s) � 0 for s 
 Q (4.57)

or �
C0

�Fεαγ 3 εβδ3 Eαβ,γ δ da � 0 (4.58)

where �F is an arbitrary function onC0 that vanishes near ∂C0, and Eαβ is a symmetric
second order tensor field on C0 that complies with Eqs. (4.44), (4.45), and (4.47). It
follows from ( 4.58) and the Fundamental Lemma of calculus of variations that
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lx 3

F

x 1

F

x 2

A

x 3

x 2

Fig. 4.1 The prismatic bar in simple tension

εαγ 3 εβδ3 Eαβ,γ δ � 0 on C0 (4.59)

This implies that there is uα such that

Eαβ � u(α,β) (4.60)

As a result s � �u, E, S� satisfies Eqs. (4.44)–(4.47), that is, s is a solution to the
traction problem. This completes proof of (B).

Problem 4.2. Consider an elastic prismatic bar in simple tension shown in Fig. 4.1.
The stress energy of the bar takes the form

UK�S� �

l�
0

�	�
A

1

2E
S2

11 da


� dx1 �
1

2E

l�
0

�
F

A

2

A dx �
F2l

2E A
(4.61)

where A is the cross section of the bar, and E denotes Young’s modulus.
The strain energy of the bar is obtained from

UC�E� � UK�S� �
E Ae2

2l
(4.62)

where e is an elongation of the bar produced by the force F � AEE11 � AEe/ l.
The elastic state of the bar is then represented by

s � �u1, E11, S11� � �e, e/ l, F/A� (4.63)

(i) Define a potential energy of the bar as �F�s� � ϕ(e) and show that the relation

δϕ(e) � 0 (4.64)
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is equivalent to the condition
∂ UC

∂ e
� F (4.65)

(ii) Define a complementary energy of the bar as �G�s� � ψ(F) and show that the
condition

δψ(F) � 0 (4.66)

is equivalent to the equation
∂ UK

∂ F
� e (4.67)

Hint: The functions ϕ � ϕ(e) and ψ � ψ(F) are given by

ϕ(e) �
E A

2l
e2 	 Fe

and

ψ(F) �
l

2E A
F2 	 Fe

respectively.

Note: Equations (4.65) and (4.67) constitute the Castigliano theorem.

Solution. The potential energy of the bar is given by

ϕ(e) � Uc(e)	 Fe (4.68)

where

Uc(e) �
E Ae2

2l
(4.69)

Hence, the relation
δϕ(e) � ϕ�(e) � 0 (4.70)

takes the form
∂Uc

∂e
� F (4.71)

Equations (4.69) and (4.71) imply that

F �
E Ae

l
(4.72)

which is consistent with the definition of F . This shows that (i) holds true. To prove
(ii) we define the complementary energy of the bar as



4.5 Problems and Solutions Related to Variational Formulation of Elastostatics 113

ψ(F) � Uk(F)	 Fe (4.73)

where

Uk(F) �
F2l

2E A
(4.74)

and from the relation
δψ(F) � ψ �(F) � 0 (4.75)

we obtain
∂Uk

∂F
� e (4.76)

Equations (4.74) and (4.76) imply that

e �
Fl

E A
(4.77)

which is consistent with the definition of e. This shows that (ii) holds true. Hence,
a solution to Problem 4.2 is complete.

Problem 4.3. The complementary energy of a cantilever beam loaded at the end by
force P takes the form (see Fig. 4.2)

ψ(P) �
1

2E

�
B

S2
11 dv 	 Pu2(l)

�
1

2E

l�
0

���
�
A

M2(x1)

I 2 x2
2 d A

��� dx1 	 Pu2(l) (4.78)

l − x 1
x 3

P

x 1

x 2

A

x 3

x 2

0

Fig. 4.2 The cantilever beam loaded at the end
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where M � M(x1) and I stand for the bending moment and the moment of inertia
of the area A with respect to the x3 axis, respectively, given by

M(x1) � P(l 	 x1), I �
�
A

x2
2 da (4.79)

Use the minimum complementary energy principle for the cantilever beam in the
form

δψ(P) � 0 (4.80)

to show that the magnitude of deflection at the end of the beam is

u2(l) �
Pl3

3E I
(4.81)

Solution. Substituting M � M(x1) and I from (4.79) into (4.78) and performing
the integration we obtain.

ψ(P) �
P2

2EI

l3

3
	 P u2(l) (4.82)

Finally, using the minimum complementary energy principle

δψ(P) � ψ �(P) � 0 (4.83)

we arrive at (4.81), and this completes a solution to Problem 4.3.

Problem 4.4. An elastic beam which is clamped at one end and simply supported
at the other end is loaded at an internal point x1 � ξ by force P (see Fig. 4.3)

The potential energy of the beam, treated as a functional depending on a deflection
of the beam u2 � u2(x1), takes the form

ϕ�u2� �
E I

2

l�
0

�
d2u2

dx2
1

�2

dx1 	 Pu2(ξ) (4.84)

and u2 
 �P � �u2 � u2(x1) � u2(0) � u�2(0) � 0� u2(l) � u��2(l) � 0 �. Let
u2 � u2(x1) be a solution of the equation

E I
d4u2

dx4
1

� Pδ(x1 	 ξ) for 0 < x1 < l (4.85)
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l
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x 1

ξ

x 2

A

x 3

x 2

Fig. 4.3 The beam clamped at one end and simply supported at the other end

subject to the conditions

u2(0) � u�2(0) � 0� u2(l) � u��2(l) � 0 (4.86)

Show that
δϕ�u2� � 0 (4.87)

if and only if u2 is a solution to the boundary value problem (4.85)–(4.86).

Solution. Since

δϕ�u2� �
d

dω
ϕ�u2 � ω �u2�

����
ω�0

(4.88)

where
�u2(0) � �u2

�(0) � 0 (4.89)

and

�u2(l) � �u2
��(l) � 0 (4.90)

therefore, Eq. (4.88) takes the form

δϕ�u2� � E I

l�
0

u2
��(x) �u2

��(x)dx 	 P �u2(ξ) (4.91)
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Integrating by parts we obtain

l�
0

u2
��(x) �u2

��(x)dx � u2
��(x) �u�2(x)

���x�l
x�0

	 u���2 (x) �u2(x)
���x�l
x�0

�

l�
0

u(4)
2 (x) �u2(x)dx

(4.92)
Since u2 
 �P and �u2 
 �P , Eq. (4.92) reduces to

l�
0

u2
��(x) �u2

��(x)dx �

l�
0

u(4)
2 (x) �u2(x)dx (4.93)

and Eq. (4.91) takes the form

δϕ�u2� �

l�
0

�
E I u(4)

2 (x)	 Pδ(x 	 ξ)
�
�u2(x)dx (4.94)

Equation (4.94) together with the Fundamental Lemma of calculus of variations
imply that Eq. (4.87) is satisfied if and only if u2 is a solution to problem (4.85)–
(4.86). And this completes a solution to Problem 4.4.

Problem 4.5. Use the Rayleigh-Ritz method to show that an approximate deflection
of the beam of Problem 4.4 takes the form (x1 � x)

u2(x) � 	cl3
� x
l

�2 �
1 	

x

l

��
1 	

2

3

x

l


(4.95)

where

c � 	
5

4

P

E I

�
ξ

l

2 �
1 	

ξ

l

�
1 	

2

3

ξ

l


(4.96)

Also, show that for ξ � l/2 we obtain

u2(l/2) � 0.0086
l3P

E I
(4.97)

Solution. Note that u2 � u2(x) given by Eq. (4.95) can be written in the form

u2(x) � 	cl3 f
� x
l

�
(4.98)

where

f
� x
l

�
�

� x
l

�2 �
1 	

x

l

��
1 	

2

3

x

l


(4.99)
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and
f (0) � f �(0) � f (1) � f ��(1) � 0 (4.100)

Hence
u2(x) 
 �P (4.101)

where �P is the domain of the functional ϕ�u2� from Problem 4.4, and substituting
(4.98) into Eq. (4.95) of Problem 4.4 we obtain

ϕ�u2� � l3

��� E I

2
c2

1�
0

� f ��(u)�2du � P c f

�
ξ

l

��� � ψ(c) (4.102)

The condition
δϕ�u2� � ψ �(c) � 0 (4.103)

is satisfied if and only if

c

1�
0

( f ��)2du � 	
P

E I
f

�
ξ

l


(4.104)

Since
f ��(u) � 2(4u2 	 5u � 1) (4.105)

and
1�

0

( f ��)2du �
4

5
(4.106)

it follows from Eq. (4.104) that c is given by Eq. (4.96). Finally, by letting x � l/2
and ξ � l/2 in Eqs. (4.95) and (4.96), respectively, we obtain (4.97). This completes
a solution to Problem 4.5.

Problem 4.6. The potential energy of a rectangular thin elastic membrane fixed at
its boundary and subject to a vertical load f � f (x1, x2) is

I �u� �

a1�
�a1

a2�
�a2

�
T0

2
u,αu,α 	 f u


dx1dx2 (4.107)



118 4 Variational Formulation of Elastostatics

Fig. 4.4 The thin membrane
fixed at its boundary

0

a1

−a2

−a1

x 3

a2

f

x 2

x 1

where u 
 �P , and

�P � �u � u(x1, x2) � u(�a1, x2) � 0 for �x2� < a2�

u(x1,�a2) � 0 for �x1� < a1� (4.108)

Here, u � u(x1, x2) is a deflection of the membrane in the x3 direction, and
T0 is a uniform tension of the membrane (see Fig. 4.4). Let the load function
f � f (x1, x2) be represented by the series

f (x1, x2) �

��
m,n�1

fmn sin
mπ(x1 	 a1)

2a1
sin

nπ(x2 	 a2)

2a2
(4.109)

Use the Rayleigh-Ritz method to show that the functional I �u� attains a minimum
over �P at

u(x1, x2) �

��
m,n�1

umn sin
mπ(x1 	 a1)

2a1
sin

nπ(x2 	 a2)

2a2
(4.110)

where

umn �
1

T0

fmn

�(mπ/2a1)2 � (nπ/2a2)2�
m, n � 1, 2, 3, . . . (4.111)

Solution. Let C0 stand for the interior of rectangular region

C0 � �(x1, x2) � �x1� < a1, �x2� < a2� (4.112)

and let ∂C0 denote its boundary.
Then �P � �u � u � 0 on ∂C0� (4.113)
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let u 
 �P and u � ω �u 
 �P , where ω is a scalar. Then

�u 
 �P, that is, �u � 0 on ∂C0 (4.114)

Computing the first variation of I �u� we obtain

δ I �u� �
d

dω
I �u � ω �u��ω�0 �

�
C0

(T0u,α �u,α 	 f �u)da (4.115)

Since
u,α �u,α � (u,α �u),α 	 u,αα �u (4.116)

therefore, using the divergence theorem, from Eqs. (4.115) and (4.116) we obtain

δ I �u� � 	

�
C0

(T0u,αα � f ) �u da (4.117)

and
δ I �u� � 0 for every u 
 �P (4.118)

if and only if u � u(x1, x2) is a solution to the boundary value problem

u,αα � 	
1

T0
f on C0 (4.119)

u � 0 on ∂C0 (4.120)

Therefore, the Rayleigh Ritz method applied to the functional I � I �u� leads to a
solution of problem (4.119)–(4.120). It is easy to show, by substituting (4.110) into
Eq. (4.119), that u � u(x1, x2) given by (4.110) is a solution to problem (4.119)–
(4.120).

To obtain the formula (4.110) by the Rayleigh Ritz method we look for u �

u(x1, x2) that minimizes I �u� in the form

u(x1, x2) �
�
mn

cmnϕm(x1) ψn(x2) (4.121)

where

ϕm(x1) � sin
mπ(x1 	 a1)

2a1
(4.122)

and

ψn(x2) � sin
nπ(x2 	 a2)

2a2
(4.123)
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Substituting u from (4.121) into (4.107) and using f given by (4.109) we obtain

I �u� � F(cmn) �

a1�
�a1

dx1

a2�
�a2

dx2

���T0

2

��
mn

cmnϕ
�
m(x1) ψn(x2)

�2

�
T0

2

��
mn

cmnϕm(x1) ψ �
n(x2)

�2

	

��
mn

cmnϕm(x1) ψn(x2)

�

�

��
pq

f pqϕp(x1) ψq(x2)

��
(4.124)

The conditions
∂F

∂cmn
� 0 m, n � 1, 2, . . . (4.125)

together with the orthogonality relations

1

a1

a1�
�a1

ϕm(x1) ϕk(x1)dx1 � δmk (4.126)

1

a2

a2�
�a2

ψm(x2) ψk(x2)dx2 � δmk (4.127)

lead to the simple algebraic equation for cmn

T0cmn�(mπ/2a1)
2 � (nπ/2a2)

2� 	 fmn � 0 (4.128)

Therefore, cmn � umn , where umn is given by (4.111). This completes a solution to
Problem 4.6.

Problem 4.7. Use the solution obtained in Problem 4.6 to find the deflection of a
square membrane of side a that is held fixed at its boundary and is vertically loaded
by a load f of the form

f (x1, x2) � f0�H(x1 � ε)	 H(x1 	 ε)��H(x2 � ε)	 H(x2 	 ε)� (4.129)

where H � H(x) is the Heaviside function, and f0 and ε are positive constants
(0 < ε < a). Also, compute a deflection of the square membrane at its center when
ε � a/8.

Solution. Let f be a function represented by the double series [see (4.109) of
Problem 4.6]

f (x1, x2) �
�
mn

fmnϕm(x1) ψn(x2) (4.130)
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where ϕm and ψn are given by Eqs. (4.122) and (4.123), respectively, of Problem 4.6.
Using the orthogonality conditions (4.126) and (4.127) of Problem 4.6, we find that

fmn �
1

a1a2

a1�
�a1

dx1

a2�
�a2

dx2 f (x1, x2) ϕm(x1) ψn(x2) (4.131)

For a square membrane of side a

a1 � a2 � a (4.132)

and

ϕm(x1) � sin
mπ(x1 	 a)

2a
(4.133)

ψn(x2) � sin
nπ(x2 	 a)

2a
(4.134)

Substituting f from (4.129) into (4.131) we obtain

fmn �
f0
a2

ε�
�ε

dx1

ε�
�ε

dx2 ϕm(x1)ψn(x2) (4.135)

�
16

π2 f0
1

mn
sin

�mπ

2

�
sin

�mπ

2

ε

a

�
� sin

�nπ

2

�
sin

�nπ

2

ε

a

�
(4.136)

Therefore, for a load f of the form (4.129) the deflection of the membrane is given by

u(x1, x2) �

��
m,n�1

umnϕm(x1) ϕn(x2) (4.137)

where

umn �
1

T0

4a2

π2

fmn

m2 � n2 (4.138)

and fmn is given by (4.136).
Letting x1 � 0 and x2 � 0 in (4.137) we obtain

u(0, 0) �
64a2

π4

f0
T0

�

��
m,n�1

1

mn(m2 � n2)
sin2 mπ

2
sin2 mπ

2

� ε

a

�
� sin2 nπ

2
sin

nπ

2

� ε

a

�
(4.139)
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Since

sin2 mπ

2
�

1

2
(1 	 cosmπ) �

1 	 (	)m

2
(4.140)

and

sin2 nπ

2
�

1

2
(1 	 cos nπ) �

1 	 (	)n

2
(4.141)

therefore, (4.139) can be written as

u(0, 0) �
64a2

π4

f0
T0

�

��
m,n�1,3,5,...

1

mn(m2 � n2)
sin

mπ

2

� ε

a

�
sin

nπ

2

� ε

a

�
(4.142)

Using the orthogonality relations

1�
0

sinmπζ sin nπζ dζ �
1

2
δmn (4.143)

it is easy to show that

π

4n2

�
1 	

cos h
� nπ

2 (1 	 2ζ )
�

cos h nπ
2

�
�

��
m�1,3,5,...

sinmπζ

m(m2 � n2)

for 0 < ζ < 1 (4.144)

Since
ε < 2a

therefore, letting ζ � ε/2a < 1 into (4.144) we reduce the double series (4.142) to
the single one

u(0, 0) �
16a2

π3

f0
T0

�

��
n�1,3,5,...

1

n3 sin
�nπ

2

ε

a

� �
1 	

cos h nπ
2

�
1 	 ε

a

 
cosh nπ

2

�
(4.145)

Finally, letting ε/a � 1/8 in (4.145) we get

u(0, 0) �
16a2

π3

f0
T0

��
n�1,3,...

1

n3 sin
nπ

16
�

�
1 	

cos h
� 7

16nπ
 

cos h
� 1

2nπ
 �

(4.146)

This completes a solution to Problem 4.7.

Problem 4.8. The potential energy of a rectangular thin elastic plate that is simply
supported along all the edges and is vertically loaded by a force P at a point (ξ1, ξ2)
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−a2

−a1

x 2a2

a1

x 1

x 3

P

1ξ

2ξ

0

Fig. 4.5 The rectangular thin plate simply supported along all edges

takes the form

�I �w� � 1

2
D

a1�
�a1

a2�
�a2

(�2w)2dx1dx2 	 P w(ξ1, ξ2) (4.147)

where w 
 �P , and

�P � �w � w(x1, x2) � w(�a1, x2) � 0, �2w(�a1, x2) � 0 for �x2� < a2�

w(x1,�a2) � 0, �2w(x1,�a2) � 0 for �x1� < a1�

(4.148)

Here w � w(x1, x2) is a deflection of the plate, and D is the bending rigidity of the
plate (see Fig. 4.5).

Show that a minimum of the functional �I �.� over �P is attained at a function
w � w(x1, x2) represented by the series

w(x1, x2) �

��
m,n�1

wmn sin
mπ(x1 	 a1)

2a1
sin

nπ(x2 	 a2)

2a2
(4.149)

where

wmn �
P

Da1a2

sin
mπ

2a1
(ξ1 	 a1) sin

nπ

2a2
(ξ2 	 a2)

�(mπ/2a1)2 � (nπ/2a2)2�2
m, n � 1, 2, 3, . . . (4.150)
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Hint: Use the series representation of the concentrated load P

Pδ(x1 	 ξ1)δ(x2 	 ξ2)

�
P

a1a2

��
m,n�1

sin
mπ

2a1
(ξ1 	 a1) sin

nπ

2a2
(ξ2 	 a2) sin

mπ

2a1
(x1 	 a1)

� sin
nπ

2a2
(x2 	 a2)

for every �x1� < a1, �x2� < a2, �ξ1� < a1, �ξ2� < a2. (4.151)

Solution. Let w 
 �P and �w 
 �P . Then w � ω �w 
 �P , and the first variation of�I �w�s takes the form

δ�I �w� � d

dω
�I �w� ω �w��ω�0

�D

a1�
�a1

dx1

a2�
�a2

dx2(�
2w)(�2 �w)	 P �w(ξ) (4.152)

Let C0 be an interior of the rectangular region, and let ∂C0 denote its boundary. Then
Eq. (4.152) can be written as

δ�I �w� � D
�
C0

w,αα �w,ββ da 	 P �w(ξ) (4.153)

Since

w,αα �w,ββ � (w,αα �w,β ),β 	w,ααβ �w,β

� (w,αα �w,β 	w,ααβ �w),β �w,ααββ �w (4.154)

therefore, integrating (4.154) overC0, using the divergence theorem, and the relations

w,αα � 0, �w � 0 on ∂C0 (4.155)

we reduce (4.153) to the form

δ�I �w� � �
C0

�D�4w	 Pδ(x	 ξ)� �w(ξ)da (4.156)

A minimum of the functional �I �w� over �P is attained at w that satisfies the field
equation

�4w �
P

D
δ(x	 ξ) on C0 (4.157)
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subject to the homogeneous b conditions

w � 0, �2w � 0 on ∂C0 (4.158)

To obtain a solution to problem (4.157)–(4.158) we use the representation of δ(x	ξ)

δ(x	 ξ) �
1

a1a2

��
m,n�1

ϕm(x1) ϕm(ξ1) ψn(x2) ψn(ξ2) (4.159)

where ϕm(x1) and ψn(x2), respectively, are given by Eqs. (4.122) and (4.123) of
Problem 4.6 Since

�2ϕm(x1) ψn(x2) � 	

��
mπ

2a1

2

�

�
nπ

2a2

2
�

ϕm(x1) ψn(x2) (4.160)

therefore, by looking for a solution of Eq. (4.157) in the form

w(x1, x2) �

��
m,n�1

wmn ϕm(x1) ψn(x2) (4.161)

and substituting (4.159) and (4.161) into (4.157) we find that

wmn

��
mπ

2a1

2

�

�
nπ

2a2

2
�2

�
P

Da1a2
ϕm(ξ1) ψn(ξ2) (4.162)

This completes a solution to Problem 4.8.

Problem 4.9. Show that the central deflection of a square plate of side a that is
simply supported along all the edges, and is loaded by a force P at its center, takes
the form

w(0, 0) � 0.0459
Pa2

D
(4.163)

Hint: Use the result obtained in Problem 4.8 when ξ1 � ξ2 � 0, x1 � x2 � 0, a1 �

a2 � a

w(0, 0) �
16Pa2

Dπ4

��
m,n�1

1

�(2m 	 1)2 � (2n 	 1)2�2
(4.164)
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Also, by taking advantage of the formula

��
m�1

1

�(2m 	 1)2 � x2�2
�

π

8x3

�
tan h

πx

2
	

πx

2
sec h2 πx

2

�
for every x > 0

(4.165)
which is obtained by differentiating with respect to x the formula

��
k�1

1

(2k 	 1)2 � x2 �
π

4x
tan h

πx

2
(4.166)

we reduce Eq. (4.164) to the simple form

w(0, 0) �
2Pa2

Dπ3

��
n�1

1

(2n 	 1)3

�
tan h

π

2
(2n 	 1)	

π

2
(2n 	 1)sec h2 π

2
(2n 	 1)

�
(4.167)

The result (4.163) then follows by truncating the series (4.167).

Solution. By letting a1 � a2 � a, x1 � x2 � 0, ξ1 � ξ2 � 0 in Eq. (4.165) of
Problem 4.8 we obtain

w(0, 0) �

��
m,n�1

wmn sin
�mπ

2

�
sin

�nπ

2

�
(4.168)

where

wmn �
P

Da2

sin
�mπ

2

 
sin

� nπ
2

 
(m2π2/4a2 � n2π2/4a2)2 (4.169)

Hence

w(0, 0) �
16Pa2

Dπ4

��
m,n�1

sin2
�mπ

2

 
sin2

� nπ
2

 
(m2 � n2)2 (4.170)

or

w(0, 0) �
16Pa2

Dπ4

��
m,n�1

1

�(2m 	 1)2 � (2n 	 1)2�2
(4.171)

which is equivalent to Eq. (4.164).
Finally, using (4.165) with x � 2n 	 1, we reduce (4.171) to the single series

formula (4.167). This completes solution to Problem 4.9.



Chapter 5
Variational Principles of Elastodynamics

In this chapter both the classical Hamilton-Kirchhoff Principle and a convolutional
variational principle of Gurtin’s type that describes completely a solution to an initial-
boundary value problem of elastodynamics are used to solve a number of typical
problems of elastodynamics.

5.1 The Hamilton-Kirchhoff Principle

To formulate H-K principle we introduce a notion of kinematically admissible
process, and by this we mean an admissible process that satisfies the strain-
displacement relation, the stress-strain relation, and the displacement boundary con-
dition.

(H-K) The Hamilton-Kirchhoff Principle. Let P denote the set of all kinemat-
ically admissible processes p = [u,E,S] on B × [0,∞) satisfying the conditions

u(x, t1) = u1(x), u(x, t2) = u2(x) on B (5.1)

where t1 and t2 are two arbitrary points on the t-axis such that 0 ≤ t1 < t2 < ∞,
and u1(x) and u2(x) are prescribed fields on B. Let K = K{p} be the functional on
P defined by

K{p} =
t2∫

t1

[F(t) − K(t)] dt (5.2)

where

F(t) = UC{E} −
∫

B

b · u dv −
∫

∂B2

ŝ · u da (5.3)
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and

K (t) = 1

2

∫

B

ρ u̇2dv (5.4)

for every p = [u,E,S] ∈ P . Then

δ K{p} = 0 (5.5)

if and only if p satisfies the equation of motion and the traction boundary condition.
Clearly, in the (H-K) principle a displacement vector u = u(x, t) needs to be

prescribed at two points t1 and t2 of the time axis. If t1 = 0, then u(x, 0) may be
identified with the initial value of the displacement vector in the formulation of an
initial-boundary value problem, however, the value u(x, t2) is not available in this
formulation. This is the reason why the (H-K) principle can not be used to describe
the initial-boundary value problem. A full variational characterization of an initial-
boundary value problem of elastodynamics is due to Gurtin, and it has the form of a
convolutional variational principle. The idea of a convolutional variational principle
of elastodynamics is now explained using a traction initial-boundary value problem of
incompatible elastodynamics. In such a problem we are to find a symmetric second-
order tensor field S = S(x, t) on B × [0,∞) that satisfies the field equation

∇̂[ρ−1(div S)] − K[S̈] = −B on B × [0,∞) (5.6)

subject to the initial conditions

S(x, 0) = S0(x), Ṡ(x, 0) = Ṡ0(x) for x ∈ B (5.7)

and the boundary condition

s = Sn = ŝ on ∂B × [0,∞) (5.8)

Here S0 and Ṡ0 are arbitrary symmetric tensor fields on B, and B is a prescribed
symmetric second-order tensor field on B × [0,∞). Moreover, ρ,K, and ŝ have the
same meaning as in classical elastodynamics.

First, we note that the problem is equivalent to the following one. Find a symmetric
second-order tensor field on B×[0,∞) that satisfies the integro-differential equation

∇̂[ρ−1t ∗ (div S)] − K[S] = −B̂ on B × [0,∞) (5.9)

subject to the boundary condition

s = Sn = ŝ on ∂B × [0,∞) (5.10)
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where
B̂ = t ∗ B + K[S0 + t Ṡ0] (5.11)

and ∗ stands for the convolution product, that is, for any two scalar functions a =
a(x, t) and b = b(x, t)

(a ∗ b)(x, t) =
t∫

0

a(x, τ )b(x, t − τ) dτ (5.12)

Next, the convolutional variational principle is formulated for the problem described
by Eqs. (5.9)–(5.10).

Principle of Incompatible Elastodynamics. Let N denote the set of all sym-
metric second-order tensor fields S on B × [0,∞) that satisfy the traction boundary
condition (5.8) ≡ (5.10). Let It {S} be the functional on N defined by

It {S} = 1

2

∫

B

{ ρ−1t ∗ (div S) ∗ (div S) + S ∗ K[S] − 2 S ∗ B̂ } dv (5.13)

Then
δ It{S} = 0 (5.14)

at a particular S ∈ N if and only if S is a solution to the traction problem described
by Eqs. (5.6)–(5.8).

Note.When the fieldsB, S0, and Ṡ0 are arbitrarily prescribed, the principle of incom-
patible elastodynamics may be useful in a study of elastic waves in bodies with various
types of defects.

5.2 Problems and Solutions Related to Variational Principles
of Elastodynamics

Problem 5.1. A symmetrical elastic beam of flexural rigidity E I , density ρ, and
length L , is acted upon by: (i) the transverse force F = F(x1, t), (ii) the end shear
forces V0 and VL , and (iii) the end bending moments M0 and ML shown in Fig. 5.1.
The strain energy of the beam is

F(t) = 1

2

L∫

0

E I (u′′
2)

2 dx1 (5.15)

the kinetic energy of the beam is
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L

M 0
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x 1
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F (x 1, t)

Fig. 5.1 The symmetrical beam

K (t) = 1

2

L∫

0

ρ (u̇2)
2 dx1 (5.16)

and the energy of external forces is

V (t) = −
L∫

0

F(x1, t) u2(x1, t) dx1 + V0u2(0, t)

+ M0u
′
2(0, t) − VLu2(L , t) − MLu

′
2(L , t) (5.17)

where the prime denotes differentiation with respect to x1. Let U be the set of
functions u2 = u2(x1, t) that satisfies the conditions

u2(x1, t1) = u(x1), u2(x1, t2) = v(x1) (5.18)

where t1 and t2 are two arbitrary points on the t-axis such that 0 ≤ t1 < t2 < ∞,
and u(x1) and v(x1) are prescribed fields on [0, L]. Define a functional K̂ {u2} on U
by

K̂ {u2} =
t2∫

t1

[F(t) + V (t) − K (t)] dt (5.19)

Show that
δ K̂ {u2} = 0 (5.20)

if and only if u2 satisfies the equation of motion

(E Iu′′
2)

′′ + ρ ü2 = F on [0, L] × [0,∞) (5.21)
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and the boundary conditions

[(E I u′′
2)

′] (0, t) = −V0 on [0,∞) (5.22)

[(E I u′′
2)] (0, t) = M0 on [0,∞) (5.23)

[(E I u′′
2)

′] (L , t) = −VL on [0,∞) (5.24)

[(E I u′′
2)] (L , t) = ML on [0,∞) (5.25)

The field equaton (5.21) and the boundary conditions (5.22) through (5.25) describe
flexural waves in the beam.

Solution. Introduce the notation

u2(x1, t) ≡ u(x, t) (5.26)

Then the functional K̂ {u2} takes the form

K̂ {u} = 1

2

t2∫

t1

dt

L∫

0

dx [E I (u′′)2 − ρ(u̇)2]

+
t2∫

t1

⎧
⎨

⎩−
L∫

0

Fu dx + V0u(0, t) + M0u
′(0, t) − VLu(L , t) − MLu

′(L , t)

⎫
⎬

⎭dt

(5.27)

Let u ∈ U and u + ωũ ∈ U . Then

ũ(x, t1) = ũ(x, t2) = 0 x ∈ [0, L] (5.28)

Computing δ K̂ {u} we obtain

δ K̂ {u} = d

dω
K̂ {u + ωũ}

∣∣∣∣
ω=0

=
t2∫

t1

dt

L∫

0

dx [E Iu′′ ũ ′′ − ρ u̇ ˙̃u]

+
t2∫

t1

dt

⎧
⎨

⎩−
L∫

0

Fũ dx + V0ũ(0, t) + M0ũ
′(0, t)

−VLũ(L , t) − MLũ
′(L , t)

⎫
⎬

⎭ (5.29)

Next, note that integrating by parts we obtain
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L∫

0

dx(E Iu′′ũ ′′) = (E Iu′′)ũ ′∣∣x = L
x = 0 −

L∫

0

dx(E Iu′′)′ũ ′

= (E Iu′′)ũ ′∣∣x = L
x = 0 −(E Iu′′)′ũ

∣∣x = L
x = 0 +

L∫

0

dx(E Iu′′)′′ũ (5.30)

and

−
t2∫

t1

ρu̇ ˙̃u dt = −ρu̇ũ

∣∣∣∣
t = t2

t = t1

+
t2∫

t1

ρüũ dt (5.31)

Hence, using the homogeneous conditions (5.28) we reduce (5.29) to the form

δ K̂ {u} =
t2∫

t1

dt

L∫

0

dx [(E Iu′′)′′ + ρü − F]ũ(x, t)

+
t2∫

t1

dt{[V0 + (E Iu′′)′(0, t)]ũ(0, t) − [VL + (E Iu′′)′(L , t)]ũ(L , t)

+ [M0 − (E Iu′′)(0, t)]ũ ′(0, t) − [ML − (E Iu′′)(L , t)]ũ ′(L , t)} (5.32)

Now, if u = u(x, t) satisfies (5.21)–(5.25) then δ K̂ {u} = 0. Conversely, if
δ K̂ {u} = 0 then selecting ũ = ũ(x, t) in such a way that ũ = ũ(x, t) is an arbi-
trary smooth function on [0, L] × [t1, t2] and such that ũ(0, t) = ũ(L , t) = 0 on
[t1, t2] and ũ′(0, t) = ũ ′(L , t) = 0 on [t1, t2], from Eq. (5.32) we obtain

t2∫

t1

L∫

0

[(E Iu′′)′′ + ρü − F]ũ dtdx = 0 (5.33)

and by the Fundamental Lemma of the calculus of variations we obtain

(E Iu′′)′′ + ρü = F (5.34)

Next, by selecting ũ = ũ(x, t) in such a way that ũ is an arbitrary smooth function on
[0, L]×[t1, t2] that complies with the conditions ũ(0, t) 	= 0 on [t1, t2], ũ(L , t) = 0,

ũ ′(0, t) = ũ ′(L , t) = 0 on [t1, t2], and by using (5.32) and (5.34), we obtain

t2∫

t1

[V0 + (E Iu′′)′(0, t)]ũ(0, t) = 0 (5.35)
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This together with the Fundamental Lemma of calculus of variations yields

(E Iu′′)′(0, t) = −V0 (5.36)

Next, by selecting ũ to be an arbitrary smooth function on [0, L]×[t1, t2] that satisfies
the conditions ũ(L , t) 	= 0 on [t1, t2], ũ ′(0, t) = 0, and ũ ′(L , t) = 0 on [t1, t2], we
find from Eqs. (5.34), (5.36), and (5.32) that

t2∫

t1

[VL + (E Iu′′)′(L , t)]ũ(L , t)dt = 0 (5.37)

Equation (5.37) together with the Fundamental Lemma of calculus of variations
imply that

(E Iu′′)′(L , t) = −VL (5.38)

Next, by selecting ũ to be an arbitrary smooth function on [0, L]× [t1, t2] that meets
the conditions ũ ′(0, t) 	= 0 on [t1, t2], and ũ ′(L , t) = 0 on [t1, t2], by virtue of
Eqs. (5.34), (5.36), (5.38), and (5.32), we obtain

t2∫

t1

[M0 − (E Iu′′)(0, t)]ũ ′(0, t)dt = 0 (5.39)

This together with the Fundamental Lemma of calculus of variations yields

(E Iu′′)(0, t) = M0 (5.40)

Finally, by letting ũ to be an arbitrary smooth function on [0, L] × [t1, t2] and such
that ũ ′(L , t) 	= 0, from Eqs. (5.34), (5.36), (5.38), (5.40), and (5.32) we obtain

t2∫

t1

[ML − (E Iu′′)(L , t)]ũ ′(L , t) = 0 (5.41)

Equation (5.41) together with the Fundamental Lemma of calculus of variations
yields

(E Iu′′)(L , t) = ML (5.42)

This completes a solution to Problem 5.1.

Problem 5.2. A thin elastic membrane of uniform area density ρ̂ is stretched to a
uniform tension T̂ over a region C0 of the x1, x2 plane. The membrane is subject to
a vertical load f = f (x, t) on C0 × [0,∞) and the initial conditions
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u(x, 0) = u0(x), u̇(x, 0) = u̇0(x) for x ∈ C0

where u = u(x, t) is a vertical deflection of the membrane on C0 × [0,∞), and
u0(x) and u̇0(x) are prescribed functions on C0. Also, u = u(x, t) on ∂C0 × [0,∞)

is represented by a given function g = g(x, t). The strain energy of the membrane is

F(t) = T̂

2

∫

C0

u,αu,α da (5.43)

The kinetic energy of the membrane is

K (t) = ρ̂

2

∫

C0

(u̇)2 da (5.44)

The external load energy is

V (t) = −
∫

C0

f u da (5.45)

Let U be the set of functions u = u(x, t) on C0 × [0,∞) that satisfy the conditions

u(x, t1) = a(x), u(x, t2) = b(x) for x ∈ C0 (5.46)

and
u(x, t) = g(x, t) on ∂C0 × [0,∞) (5.47)

where t1 and t2 have the same meaning as in Problem 5.1, and a(x) and b(x) are
prescribed functions on C0. Define a functional K̂ {.} on U by

K̂ {u} =
t2∫

t1

[F(t) + V (t) − K (t)] dt (5.48)

Show that the condition
δ K̂ {u} = 0 on U (5.49)

implies the wave equation

(
∇2 − 1

c2

∂2

∂t2

)
u = − f

T̂
on C0 × [0,∞) (5.50)
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where

c =
√
T̂

ρ̂
(5.51)

Note that [T̂ ] = [Force × L−1], [ρ̂] = [Density × L], [c] = [LT−1], where L and
T are the length and time units, respectively.

Solution. The functional K̂ = K̂ {u} takes the form

K̂ {u} =
t2∫

t1

dt
∫

C0

(
T̂

2
u,α u,α − ρ̂

2
u̇2 − f u

)
da

for every u ∈ U (5.52)

Let u ∈ U and u + ωũ ∈ U . Then

ũ(x, t1) = ũ(x, t2) = 0 for x ∈ C0 (5.53)

and
ũ(x, t) = 0 on ∂C0 × [0,∞) (5.54)

Computing δ K̂ {u} we obtain

δ K̂ {u} = d

dω
K̂ {u + ωũ}|ω = 0

=
t2∫

t1

dt
∫

C0

(T̂ u,α ũ,α −ρ̂u̇ ˙̃u − f ũ)da (5.55)

Since
u,α ũ,α = (u,α ũ),α −u,αα ũ (5.56)

and
u̇ ˙̃u = (u̇ũ). − üũ (5.57)

therefore, using the divergence theorem and the homogeneous conditions (5.53) and
(5.54), we reduce (5.55) into the form

δ K̂ {u} =
t2∫

t1

dt
∫

C0

(−T̂ u,αα +ρ̂ü − f )ũ da (5.58)

Hence, the condition
δ K̂ {u} = 0 on U (5.59)
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together with the Fundamental Lemma of calculus of variations imply Eq. (5.50).
This completes a solution to Problem 5.2.

Problem 5.3. Transverse waves propagating in a thin elastic membrane are described
by the field equation (see Problem 5.2.)

(
∇2 − 1

c2

∂2

∂t2

)
u = − f

T̂
on C0 × [0,∞) (5.60)

the initial conditions

u(x, 0) = u0(x), u̇(x, 0) = u̇0(x) for x ∈ C0 (5.61)

and the boundary condition

u(x, t) = g(x, t) on ∂C0 × [0,∞) (5.62)

Let Û be a set of functions u = u(x, t) on C0 × [0,∞) that satisfy the boundary
condition (5.62). Define a functional Ft {.} on Û in such a way that

δFt {u} = 0 (5.63)

if and only if u = u(x, t) is a solution to the initial-boundary value problem (5.60)
through (5.62).

Solution. By transforming the initial-boundary value problem (5.60)–(5.62) to an
equivalent integro-differential boundary-value problem in a way similar to that of
the Principle of Incompatible Elastodynamics [see Eqs. (5.6)–(5.12)] we find that the
functional Ft {u} on Û takes the form

Ft {u} = 1

2

∫

C0

(i ∗ u,α ∗ u,α + 1

c2 u ∗ u − 2g ∗ u)da (5.64)

where
i = i(t) = t (5.65)

and

g = i ∗ f

T̂
+ 1

c2 (u0 + t u̇0) (5.66)

The associated variational principle reads:

δFt {u} = 0 on Û (5.67)
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if and only if u is a solution to the initial-boundary value problem (5.60)–(5.62). This
completes a solution to Problem 5.3.

Problem 5.4. A homogeneous isotropic thin elastic plate defined over a region C0
of the x1, x2 plane, and clamped on its boundary ∂C0, is subject to a transverse load
p = p(x, t) on C0 × [0,∞). The strain energy of the plate is

F(t) = D

2

∫

C0

(∇2w)2 da (5.68)

The kinetic energy of the plate is

K (t) = ρ̂

2

∫

C0

(ẇ)2 da (5.69)

The external energy is

V (t) = −
∫

C0

p w da (5.70)

Here, w = w(x, t) is a transverse deflection of the plate on C0 × [0,∞), D is the
bending rigidity of the plate ([D] = [Force × Length]), and ρ̂ is the area density of
the plate ([ρ̂] = [Density × Length]).

LetW be the set of functionsw = w(x, t) onC0×[0,∞) that satisfy the conditions

w(x, t1) = a(x), w(x, t2) = b(x) for x ∈ C0 (5.71)

and

w = 0,
∂w

∂n
= 0 on ∂C0 × [0,∞) (5.72)

where t1, t2, a(x) and b(x) have the same meaning as in Problem 5.2, and ∂/∂n is
the normal derivative on ∂C0. Define a functional K̂ {.} on W by

K̂ {w} =
t2∫

t1

[F(t) + V (t) − K (t)] dt (5.73)

Show that
δ K̂ {w} = 0 on W (5.74)

if and only if w = w(x, t) satisfies the differential equation

∇2∇2w + ρ̂

D

∂2w

∂t2 = p

D
on C0 × [0,∞) (5.75)
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and the boundary conditions

w = 0,
∂w

∂n
= 0 on ∂C0 × [0,∞) (5.76)

Solution. The functional K̂ = K̂ {w} on W takes the form

K̂ {w} = 1

2

t2∫

t1

dt
∫

C0

[D(∇2w)2 − ρ̂ẇ2 − 2pw]da (5.77)

Let w ∈ W,w + ωw̃ ∈ W . Then

w̃(x, t1) = w̃(x, t2) = 0 for x ∈ C0 (5.78)

and

w̃ = 0,
∂w̃

∂n
= 0 on ∂C0 × [0,∞) (5.79)

Hence, we obtain

δ K̂ {w} = d

dω
K̂ {w + ωw̃}|ω = 0

=
t2∫

t1

dt
∫

C0

[D(∇2w)(∇2w̃) − ρ̂ẇ ˙̃w − pw̃]da (5.80)

Since

(∇2w)(∇2w̃) = w,αα w̃,ββ = (w,αα w̃,β ),β

−w,ααβ w̃,β = (w,αα w̃,β −w,ααβ w̃),β +w,ααββ w̃ (5.81)

and
ẇ ˙̃w = (ẇw̃). − ẅw̃ (5.82)

therefore, using the divergence theorem as well as the homogeneous conditions (5.78)
and (5.79), we reduce (5.80) to the form

δ K̂ {w} =
t2∫

t1

dt
∫

C0

(D∇4w + ρ̂ẅ − p)w̃da (5.83)

Hence, by virtue of the Fundamental Lemma of calculus of variations
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δ K̂ {w} = 0 on W (5.84)

if and only if w satisfies the differential equation

∇2∇2w + ρ̂

D

∂2w

∂t2 = p

D
on C0 × [0,∞) (5.85)

and the boundary conditions

w = ∂w

∂n
= 0 on ∂C0 × [0,∞) (5.86)

This completes a solution to Problem 5.4.

Problem 5.5. Transverse waves propagating in a clamped thin elastic plate are
described by the equations (see Problem 5.4)

∇2∇2w + ρ̂

D

∂2w

∂t2 = p

D
on C0 × [0,∞) (5.87)

w(x, 0) = w0(x), ẇ(x, 0) = ẇ0(x) for x ∈ C0 (5.88)

and

w = 0,
∂w

∂n
= 0 on ∂C0 × [0,∞) (5.89)

where w0(x) and ẇ0(x) are prescribed functions on C0. Let W ∗ denote the set of
functions w = w(x, t) that satisfy the homogeneous boundary conditions (5.89).
Find a functional F̂t {.} on W ∗ with the property that

δ F̂t {w} = 0 on W ∗ (5.90)

if and only if w is a solution to the initial-boundary value problem (5.87) through
(5.89).

Solution. First, we note that the initial-boundary value problem (5.87)–(5.89) is
equivalent to the following boundary-value problem. Find w = w(x, t) on C0 ×
[0,∞) that satisfies the integro-differential equation.

i ∗ ∇4w + 1

c2 w = h on C0 × [0,∞) (5.91)

subject to the boundary conditions

w = ∂w

∂n
= 0 on ∂C0 × [0,∞) (5.92)
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Here,

i = i(t) = t, h(x, t) = i ∗ p

D
+ 1

c2 (w0 + tẇ0),

and
1

c2 = ρ̂

D
(5.93)

Next, we define a functional F̂t {w} on W ∗ by

F̂t {w} = 1

2

∫

C0

(
i ∗ ∇2w ∗ ∇2w + 1

c2 w ∗ w − 2h ∗ w

)
da (5.94)

By computing δF̂t {w}, we obtain

δF̂t {w} =
∫

C0

(
i ∗ ∇4w + 1

c2 w − h

)
∗ w̃da (5.95)

where w̃ is an arbitrary smooth function on C0 such that

w̃ = ∂w̃

∂n
= 0 on ∂C0 × [0,∞) (5.96)

Therefore, using the Fundamental Lemma of calculus of variations, it follows from
Eq. (5.95) that the condition

δF̂t {w} = 0 on W ∗ (5.97)

holds true if and only if w is a solution to the initial-boundary value problem (5.87)–
(5.89). This completes a solution to Problem 5.5.

Problem 5.6. Free longitudinal vibrations of an elastic bar are defined as solutions
of the form

u(x, t) = φ(x) sin(ω t + γ ) (5.98)

to the homogeneous wave equation

∂

∂x

(
E

∂u

∂x

)
− ρ

∂2u

∂t2 = 0 on [0, L] × [0,∞) (5.99)

subject to the homogeneous boundary conditions

u(0, t) = u(L , t) = 0 on [0,∞) (5.100)
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or
∂u

∂x
(0, t) = ∂u

∂x
(L , t) = 0 on [0,∞) (5.101)

Here, ω is a circular frequency of vibrations, γ is a dimensionless constant, and
φ = φ(x) is an unknown function that complies with Eqs. (5.99) and (5.100), or
Eqs. (5.99) and (5.101). Substituting u = u(x, t) from Eq. (5.98) into (5.99) through
(5.101) we obtain

d

dx

(
E
dφ

dx

)
+ λφ = 0 on [0, L] (5.102)

φ(0) = φ(L) = 0 (5.103)

or
φ′(0) = φ′(L) = 0 (5.104)

where the prime stands for derivative with respect to x , and

λ = ρω2 (5.105)

Therefore, introduction of (5.98) into (5.99) through (5.101) results in an eigenprob-
lem in which an eigenfunction φ = φ(x) corresponding to an eigenvalue λ is to be
found. An eigenproblem that covers both boundary conditions (5.100) and (5.101)
can be written as

d

dx

(
E
dφ

dx

)
+ λφ = 0 on [0, L] (5.106)

φ′(0) − α φ(0) = 0, φ′(L) + β φ(L) = 0 (5.107)

where |α| + |β| > 0. Let U be the set of functions φ = φ(x) on [0, L] that satisfy
the boundary conditions (5.107). Define a functional π{.} on U by

π{φ} = 1

2

L∫

0

[
E

(
dφ

dx

)2

− λφ2

]
dx + 1

2
α E(0) [φ(0)]2 + 1

2
β E(L) [φ(L)]2

(5.108)
Show that

δ π{φ} = 0 over U (5.109)

if and only if φ = φ(x) is an eigenfunction corresponding to an eigenvalue λ in the
eigenproblem (5.106) and (5.107).

Solution. Let φ ∈ U and φ + ω φ̃ ∈ U . Then

φ̃′(0) − αφ̃(0) = 0, φ̃′(L) + βφ̃(L) = 0 (5.110)
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and

π{φ + ωφ̃} = 1

2

L∫

0

[E(φ′ + ωφ̃′)2 − λ(φ + ωφ̃)2]dx

+ 1

2
αE(0)[φ(0) + ωφ̃(0)]2 + 1

2
βE(L)[φ(L) + ωφ̃(L)]2

(5.111)

Hence, we obtain

δπ{φ} = d

dω
π{φ + ωφ̃}

∣∣∣∣
ω = 0

=
L∫

0

[Eφ′φ̃′ − λφφ̃] dx + αE(0) φ(0) φ̃(0) + βE(L) φ(L) φ̃(L) (5.112)

Since
L∫

0

Eφ′φ̃′dx = Eφ′φ̃
∣∣∣
x = L

x = 0
−

L∫

0

(Eφ′)′φ̃dx (5.113)

therefore, Eq. (5.112) takes the form

δπ{φ} = −
L∫

0

[(Eφ′)′ + λφ]φ̃dx − E(0)[φ′(0) − αφ(0)] φ̃(0)

+ E(L)[φ′(L) + βφ(L)]φ̃(L) (5.114)

Now, if φ = φ(x) is an eigenfunction corresponding to an eigenvalue λ in the
problem (5.106)–(5.107), then by virtue of (5.114) δπ{φ} = 0 over U . Conversely,
if δπ{φ} = 0 then selecting φ̃ = φ̃(x) to be a smooth function on [0, L] such that
φ̃(0) = φ̃(L) = 0, and using the Fundamental Lemma of calculus of variations, we
obtain

(Eφ′)′ + λφ = 0 on [0, L] (5.115)

Next, if δπ{φ} = 0 then selecting φ̃ = φ̃(x) to be a smooth function on [0, L] and
such that φ̃(L) = 0, and φ̃(0) 	= 0, by virtue of (5.115), we obtain

E(0)[φ′(0) − αφ(0)]φ̃(0) = 0 (5.116)

Since
E(0) > 0 (5.117)
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Equation (5.116) implies that φ = φ(x) satisfies the boundary condition

φ′(0) − αφ(0) = 0 (5.118)

Finally, if δπ{φ} = 0 then selecting φ̃ to be a smooth function on [0, L] and such
that φ̃(L) 	= 0, by virtue of (5.115) and (5.118), we obtain

E(L)[φ′(L) + βφ(L)]φ̃(L) = 0 (5.119)

Since E(L) > 0, Eq. (5.119) implies that

φ′(L) + βφ(L) = 0 (5.120)

This shows that if Eq. (5.110) holds true then (φ, λ) is an eigenpair for the problem
(5.106)–(5.107). This completes a solution to Problem 5.6.

Problem 5.7. Free lateral vibrations of an elastic bar clamped at the end x = 0 and
supported by a spring of stiffness k at the end x = L are defined as solutions of the
form

u(x, t) = φ(x) sin(ωt + γ ) (5.121)

to the equation [see Problem 5.1, Eq. (5.127) in which u2 = u, and F = 0]

∂2

∂x2

(
E I

∂2u

∂x2

)
+ ρ

∂2u

∂t2 = 0 on [0, L] × [0,∞) (5.122)

subject to the boundary conditions

u(0, t) = u′(0, t) = 0 on [0,∞) (5.123)

u′′(L , t) = 0, (E I u′′)′(L , t) − k u(L , t) = 0 on [0,∞) (5.124)

Let ρ = const, and λ = ρ ω2. Then the associated eigenproblem reads

(E I φ′′)′′ − λφ = 0 on [0, L] (5.125)

φ(0) = φ′(0) = 0 (5.126)

φ′′(L) = 0, (E Iφ′′)′(L) − kφ(L) = 0 (5.127)

Let V denote the set of functions φ = φ(x) on [0, L] that satisfy the boundary
conditions (5.126) and (5.127). Define a functional π{.} on V by
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π{φ} = 1

2

L∫

0

E I (φ′′)2dx + 1

2
k[φ(L)]2 − λ

2

L∫

0

φ2dx (5.128)

Show that
δ π{φ} = 0 over V (5.129)

if and only if (λ, φ) is a solution to the eigenproblem (5.125) through (5.127).

Solution. Let φ ∈ V and φ + ωφ̃ ∈ V . Then

φ̃(0) = 0, φ̃′(0) = 0 (5.130)

Computing the first variation of the functional π{φ} given by (5.128), we obtain

δπ{φ} = d

dω
π {φ + ωφ̃}

∣∣∣
ω = 0

=
L∫

0

(E I φ′′φ̃′′ − λφφ̃)dx + kφ(L) φ̃(L) (5.131)

Since

L∫

0

E I φ′′φ̃′′dx = (E I φ′′)φ̃′
∣∣∣∣
x = L

x = 0
− (E I φ′′)′φ̃

∣∣∣∣
x = L

x = 0
+

L∫

0

(E I φ′′)′′ φ̃dx (5.132)

therefore, using (5.130) we reduce (5.131) into the form

δπ{φ} =
L∫

0

[(E I φ′′)′′−λφ]φ̃dx+(E I φ′′)(L)φ̃′(L)−[(E I φ′′)′(L)−kφ(L)]φ̃(L)

(5.133)
Now, if (λ, φ) is a solution to the eigenproblem (5.125)–(5.127), then δπ{φ} = 0.
Conversely, if δπ{φ} = 0 over V , then selecting φ̃ to be an arbitrary smooth function
on [0, L] such that φ̃(x) 	≡ 0 for x ∈ (0, L), φ̃′(L) = 0, φ̃(L) = 0, we obtain

L∫

0

[(E I φ′′)′′ − λφ] φ̃ dx = 0 (5.134)

Equation (5.134) together with the Fundamental Lemma of calculus of variations
implies

(E I φ′′)′′ − λφ = 0 on [0, L] (5.135)
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Next, by selecting φ̃ on [0, L] in such a way that

φ̃′(L) 	= 0, φ̃(L) = 0 (5.136)

we find that the condition δπ{φ} = 0 and Eq. (5.135) imply that

(E I φ′′)(L) = 0 (5.137)

Since
E(L) > 0, I (L) > 0 (5.138)

we obtain
φ′′(L) = 0 (5.139)

Finally, by selecting φ̃ on [0, L] in such a way that

φ̃(L) 	= 0 (5.140)

we conclude that the condition δπ{φ} = 0 together with Eqs. (5.135), and (5.139)
lead to the boundary condition

(E I φ′′)′(L) − k φ(L) = 0 (5.141)

This completes a solution to Problem 5.7.

Problem 5.8. Show that the eigenvalues λi and the eigenfunctions φi = φi (x) for
the longitudinal vibrations of a uniform elastic bar having one end clamped and the
other end free are given by the relations

ωi =
√

λi

ρ
= (2i − 1)

2L

√
E

ρ

φi(x) = sin
(2i − 1)π x

2L
, i = 1, 2, 3, . . . , 0 ≤ x ≤ L

(see Problem 5.6).

Solution. For an elastic bar that is clamped at x = 0 and free at x = L the
eigenproblem reads

Eφ′′(x) + λφ(x) = 0 x ∈ [0, L] (5.142)

φ(0) = 0, φ′(L) = 0 (5.143)

where
λ = ω2ρ (5.144)
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There is an infinite sequence of eigensolutions (λi , φi ) to the problem (5.142)–(5.143)
of the form

λi = (2i − 1)2π2

4L2 E (5.145)

φi (x) = sin
(2i − 1)πx

2L
, i = 1, 2, 3, . . . (5.146)

This can be shown by substituting (5.145) and (5.146) into (5.142), and by showing
that φi (x) satisfies (5.143). By combining (5.144) and (5.145) we obtain

ωi ≡
√

λi

ρ
= (2i − 1)π

2L

√
E

ρ
(5.147)

This completes a solution to Problem 5.8.

Problem 5.9. Show that the eigenvalues λi and the eigenfunctions φi = φi (x) for
the lateral vibrations of a uniform, simply supported elastic beam are given by the
relations

ωi =
√

λi

ρ
= π2i2

L2

√
E I

ρ

φi (x) = sin
i π x

L
, i = 1, 2, 3 . . . , 0 ≤ x ≤ L

(see Problem 5.1).

Solution. For a uniform, simply supported beam with the lateral vibrations, the
eigenproblem takes the form

E Iφ(4) − λφ = 0 on [0, L] (5.148)

φ(0) = φ′′(0) = 0, φ(L) = φ′′(L) = 0 (5.149)

where
λ = ω2ρ (5.150)

There is an infinite sequence of eigensolutions (λi , φi ) to the problem (5.148)–(5.149)
of the form

λi = E I

(
iπ

L

)4

(5.151)

φi (x) = sin
iπx

L
i = 1, 2, 3, . . . (5.152)
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To prove that (λi , φi ) given by (5.151)–(5.152) satisfies Eqs. (5.148)–(5.149), we
note that

φ′′
i (x) = −

(
iπ

L

)2

φi (x) (5.153)

and

φ
(4)
i (x) =

(
iπ

L

)4

φi (x) (5.154)

Substituting (5.151) and (5.152) into (5.148) and using (5.154) we find that φi =
φi (x) satisfies Eq. (5.148) on [0, L]. Also, it follows from Eqs. (5.152) and (5.153) that
the boundary conditions (5.149) are satisfied; and Eqs. (5.150) and (5.151) imply that

ωi =
√

λi

ρ
= π2i2

L2

√
E I

ρ
(5.155)

These steps complete a solution to Problem 5.9.

Problem 5.10. Show that the eigenvalues λmn and the eigenfunctions φmn =
φmn(x) for the transversal vibrations of a rectangular elastic membrane: 0 ≤ x1 ≤
a1, 0 ≤ x2 ≤ a2, that is clamped on its boundary, are given by

ωmn =
√

λmn

ρ̂
= π

√√√√ T̂

ρ̂

(
m2

a2
1

+ n2

a2
2

)

φmn(x1, x2) = sin
m π x1

a1
sin

n π x2

a2
,

m, n = 1, 2, 3, . . . , 0 ≤ x1 ≤ a1, 0 ≤ x2 ≤ a2

(See Problem 5.2).

Solution. Let C0 denote the rectangular region

0 < x1 < a1, 0 < x2 < a2 (5.156)

and let ∂C0 be its boundary. Then the associated eigenproblem reads. Find an eigen-
pair (λ, φ) such that

T̂ ∇2φ + λφ = 0 on C0 (5.157)

and
φ = 0 on ∂C0 (5.158)
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where
λ = ω2ρ̂ (5.159)

There is an infinite number of eigenpairs (λmn, φmn), m, n = 1, 2, 3, . . . that satisfy
Eqs. (5.157) and (5.158), and they are given by Equation

λmn = π2T̂

(
m2

a2
1

+ n2

a2
2

)
(5.160)

φmn(x1, x2) = sin

(
mπx1

a1

)
sin

(
nπx2

a2

)
(5.161)

This can be proved by substituting (5.152) and (5.153) into (5.149) and (5.150).
Also, the eigenvalues λmn generate the eigenfrequencies ωmn by the formulas

ωmn =
√

λmn

ρ̂
= π

√
T̂

ρ̂

√√√√
(
m2

a2
1

)
+

(
n2

a2
2

)
(5.162)

This completes a solution to Problem 5.10.

Problem 5.11. Show that the eigenvalues λmn and the eigenfunctions φmn =
φmn(x1, x2) for the transversal vibrations of a thin elastic rectangular plate:
0 ≤ x1 ≤ a1, 0 ≤ x2 ≤ a2, that is simply supported on its boundary are given by
the relations

ωmn =
√

λmn

ρ̂
= π2

(
m2

a2
1

+ n2

a2
2

)√
D

ρ̂

φmn(x1, x2) = sin
m π x1

a1
sin

n π x2

a2
,

m, n = 1, 2, 3, . . . , 0 ≤ x1 ≤ a1, 0 ≤ x2 ≤ a2

(See Problem 5.4).

Solution. The eigenproblem associated with the transversal vibrations of a thin
elastic rectangular plate that is simply supported on its boundary, reads [see Eq. (5.85)
of Problem 5.4]

D ∇2∇2 φ − λφ = 0 on C0 (5.163)

φ = ∇2φ = 0 on ∂C0 (5.164)

where
λ = ω2ρ̂ (5.165)

and C0 and ∂C0 are the same as in Problem 5.10.
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There are an infinite number of eigenpairs (λmn, φmn) that satisfy Eqs. (5.163)
and (5.164), and the eigenpairs are given by

λmn = π4D

(
m2

a2
1

+ n2

a2
2

)2

(5.166)

φmn(x1, x2) = sin

(
mπx1

a1

)
sin

(
nπx2

a2

)
m, n = 1, 2, 3, . . . (5.167)

This is proved by substituting (5.166) and (5.167) into (5.163) and (5.164).
Also, by using (5.165) the eigenfrequencies ωmn are obtained

ωmn =
√

λmn

ρ̂
= π2

(
m2

a2
1

+ n2

a2
2

)√
D

ρ̂
(5.168)

This completes a solution to Problem 5.11.



Chapter 6
Complete Solutions of Elasticity

In this chapter general solutions of the homogeneous isotropic elastostatics and
elastodynamics are discussed. The general solutions are related to both the displace-
ment and stress governing equations, and emphasis is made on completeness of the
solutions [See also Chap. 16].

6.1 Complete Solutions of Elastostatics

A vector field u � u(x) on B that satisfies the displacement equation of equilibrium

�2u�
1

1 � 2ν
�(div u)�

b
μ
� 0 (6.1)

is called an elastic displacement field corresponding to b.

Boussinesq-Papkovitch-Neuber (B-P-N) Solution. Let

u � ψ �
1

4(1 � ν)
�(x � ψ � ϕ) (6.2)

where ϕ and ψ are fields on B that satisfy Poisson’s equations

�2ψ � �
1

μ
b (6.3)

and

�2ϕ �
1

μ
b � x (6.4)

Then u is an elastic displacement field corresponding to b.
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Boussinesq-Somigliana-Galerkin (B-S-G)Solution.Let u be a vector field given by

u � �2g �
1

2(1 � ν)
�(div g) (6.5)

where

�2�2g � �
1

μ
b (6.6)

Then u is an elastic displacement field corresponding to b.
We say that a representation for the displacement u expressed in terms of auxiliary

functions is complete if these auxiliary functions exist for any u that satisfies the
displacement equation of equilibrium (6.1).

For B-P-N solution such auxiliary functions are the fields ϕ and ψ ; while for
B-S-G solution an auxiliary function is the field g.

Completeness of B-P-N and B-S-G Solutions. Let u be a solution to the displace-
ment equation of equilibrium with the body force b. Then there exists a field g on B
that satisfies Eqs. (6.5)–(6.6). Also, there exist fields ϕ and ψ that satisfy Eqs. (6.2)–
(6.4).

B-P-N solution for axial symmetry. For an axially symmetric problem with
b � 0 in which x3 � z is the axis symmetry of a body, the displacement vector
field u � u(r, z) referred to the cylindrical coordinates (r, θ , z) takes the form

u � ψk �
1

4(1 � ν)
�(zψ � ϕ) (6.7)

where
z � x � k (6.8)

withk being a unit vector along the x3 axis, and with scalar-valued harmonic functions
ϕ � ϕ(r, z) and ψ � ψ(r, z). In components we obtain

u � �ur(r, z), 0, uz(r, z)� (6.9)

where

ur � �
1

4(1 � ν)

∂

∂r
(zψ � ϕ) (6.10)

uz � ψ �
1

4(1 � ν)

∂

∂z
(zψ � ϕ) (6.11)

and
�2ϕ � 0, �2ψ � 0 (6.12)

with
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�2 �
∂2

∂r2 �
1

r

∂

∂r
�

∂2

∂z2 (6.13)

B-S-G solution for axial symmetry with b � 0 and g � χk is also called Love’s
solution.

u � (�2χ)k �
1

2(1 � ν)
�(k � �χ) (6.14)

where
�2�2χ � 0 (6.15)

In cylindrical coordinates (r, θ, z)

ur � �
1

2(1 � ν)

∂2

∂r∂z
χ (6.16)

uθ � 0 (6.17)

uz �
1

2(1 � ν)

�
2(1 � ν)�2 �

∂2

∂z2

�
χ (6.18)

6.2 Complete Solutions of Elastodynamics

The displacement equation of motion for a homogeneous isotropic elastic body takes
the form

�2
2u�

��
c1

c2

�2

� 1

�
�(div u)�

b
μ
� 0 (6.19)

where

�2
2 � �2 �

1

c2
2

∂2

∂t2 ,
1

c2
1

�
ρ

λ� 2μ
,

1

c2
2

�
ρ

μ
(6.20)

The body force b is represented by Helmholtz’s decomposition formula

b � ��h � curl k, div k � 0 (6.21)

A solutionu on�B	�0,
) to Eq. (6.19) will be called an elasticmotion corresponding
to b.

Green-Lame (G-L) Solution. Let

u � �ϕ � curl ψ (6.22)

where ϕ and ψ satisfy, respectively, the equations
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�2
1ϕ �

h

λ� 2μ
(6.23)

and

�2
2ψ �

k
μ

(6.24)

Then u is an elastic motion corresponding to b given by Eq. (6.21). In Eq. (6.23)

�2
1 � �2 �

1

c2
1

∂2

∂t2 (6.25)

Cauchy-Kovalevski-Somigliana (C-K-S) Solution. Let

u � �2
1g �

�
c2

2

c2
1

� 1

�
�(div g) (6.26)

where g satisfies the inhomogeneous biwave equation

�2
1�2

2g � �
b
μ

(6.27)

Then u is an elastic motion corresponding to b.

Note. Both G-L and C-K-S solutions are complete.

6.3 Complete Stress Solution of Elastodynamics

The stress equation of motion for a homogeneous isotropic elastic body takes the form

	�(div S)�
ρ

2μ

�
�S�

ν

1 � ν
(tr �S)1

�
� �	�b (6.28)

A solution S on �B	�0,
) to Eq. (6.28) will be called a stress motion corresponding
to b.

Stress Solution of Galerkin Type. Let

S �

�
�� � ν1�2

2

�
tr G� 2(1 � ν)�2

1 G


(6.29)

where G is a symmetric second-order tensor field on �B 	 �0,
) that satisfies the
equations

�2
1 �2

2 G �
1

1 � ν
	�b (6.30)
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and
�2G���(tr G)� 2	�(div G) � 0 (6.31)

Then S is a stress motion corresponding to b, that is, S satisfies Eq. (6.28).

Completeness of the Stress Solution of Galerkin Type.

The stress solution of Galerkin type corresponding to homogeneous initial conditions
is complete, that is, for any stress motion S corresponding to b there exists a second-
order symmetric tensor field G such that Eqs. (6.29)–(6.31) are satisfied.

6.4 Problems and Solutions Related to Complete Solutions
of Elasticity

Problem 6.1. The displacement u � u(x, ξ) at a point x due to a concentrated force
l applied at a point ξ of a homogeneous isotropic infinite elastic body is given by
(x � ξ )

u(x, ξ) � U(x, ξ)l

where

U(x, ξ) �
1

16πμ(1 � ν)

1

R

�
(3 � 4ν)1�

(x � ξ)� (x � ξ)

R2

�
with

R � �x � ξ �

Use the stress-displacement relation to show that the associated stress S � S(x, ξ)

takes the form

S(x, ξ) � �
1

8π(1 � ν)

1

R3

�
3

R2 �(x� ξ) � l�(x� ξ)� (x � ξ)

�(1 � 2ν)�(x� ξ)� l � l � (x � ξ)� �(x� ξ) � l� 1�
�

Solution. The displacement u in components takes the form

ui � Uik �k (6.32)

where

Uik �
A

2μ
R�1



(3 � 4ν)δik � (xi � ξi)(xk � ξk)R

�2


(6.33)

and

A �
1

8π(1 � ν)
(6.34)
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The stress tensor Sij is computed from the stress-strain relation

Sij � 2μ

�
Eij �

ν

1 � 2ν
Ekk δij

�
(6.35)

where
Eij � u(i,j) � U(ik,j) �k (6.36)

Calculating Uik,j, by using Eq. (6.33), we obtain

Uik,j � �
A

2μ
R�3



(3 � 4ν)(xj � ξj)δki � 3(xi � ξi)(xj � ξj)(xk � ξk)R

�2

�(xk � ξk)δij � (xi � ξi)δkj
�

(6.37)

Hence, taking the trace of (6.37) with respect to the indices i and j, we get

Uik,i � �
A

2μ
R�3�(3 � 4ν)(xk � ξk)� 3(xk � ξk)� 3(xk � ξk)� (xk � ξk)�

� �
A

2μ
R�3 	 2(1 � 2ν)(xk � ξk) (6.38)

Since
Eii � Uik,i �k (6.39)

therefore,

Eii � Ekk � �
A

2μ
R�3 	 2(1 � 2ν)(xk � ξk)�k (6.40)

Also, by taking the symmetric part of (6.37) with respect to the indices i and j we
obtain

U(ik,j) � �
A

2μ
R�3 �(1 � 2ν)�(xj � ξj)δki � (xi � ξi)δkj�

�3(xi � ξi)(xj � ξj)(xk � ξk)R
�2 � (xk � ξk)δij

�
(6.41)

Hence, because of (6.36), we get

Eij � �
A

2μ
R�3

�
(1�2ν)�(xj � ξj)�i�(xi�ξi)�j��3(xi � ξi)(xj � ξj)(xk � ξk)�kR

�2

�(xk � ξk)�k δij
�

(6.42)

Finally, substituting Eij from (6.42) and Ekk from (6.40), respectively, into (6.35),
we obtain
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Sij � �AR�3
�

3R�2(xi � ξi)(xj � ξj)(xk � ξk)�k

�(1 � 2ν)�(xi � ξi)�j � (xj � ξj)�i � (xk � ξk)�kδij
�

(6.43)

Equation. (6.43) is equivalent to the stress formula of Problem 6.1. This completes a
solution to Problem 6.1.

Problem 6.2. The displacement equation of thermoelastostatics for a homogeneous
isotropic body subject to a temperature change T � T(x) takes the form

�2u�
1

1 � 2ν
�(div u)�

2 � 2ν

1 � 2ν
α�T � 0 (6.44)

Let

u � ψ �
1

4(1 � ν)
�( x � ψ �	ϕ) (6.45)

where
�2ψ � 0 (6.46)

and
�2	ϕ � �4(1 � ν)α T (6.47)

Show that u given by Eqs. (6.45) through (6.46) satisfies Eq. (6.44).

Solution. Eqs. (6.44)–(6.47) in components take the form

ui,kk �
1

1 � 2ν
uk,ki �

2 � 2ν

1 � 2ν
α T ,i � 0 (6.48)

ui � ψi �
1

4(1 � ν)
(xaψa �	ϕ),i (6.49)

where
ψi,aa � 0 (6.50)

and 	ϕ,kk � �4(1 � ν)αT (6.51)

Taking the gradient of (6.49) we obtain

ui,k � ψi,k �
1

4(1 � ν)
(xaψa �	ϕ),ik (6.52)

Hence, from (6.50),

ui,kk � �
1

4(1 � ν)
(xaψa �	ϕ),ikk (6.53)
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and

uk,k � ψk,k �
1

4(1 � ν)
(xaψa �	ϕ),kk (6.54)

uk,ki �

�
ψk,k �

1

4(1 � ν)
(xaψa �	ϕ),kk

�
,i (6.55)

Using the relation
(xaψa),kk � 2ψk,k � xaψa,kk � 2ψk,k (6.56)

we reduce (6.53) and (6.55) into

ui,kk � �
1

4(1 � ν)
(2ψk,k �	ϕ,kk ),i (6.57)

and

uk,ki �

�
ψk,k �

1

4(1 � ν)
(2ψk,k �	ϕ,kk )

�
,i (6.58)

Therefore, substituting (6.57) and (6.58) into the LHS of (6.48) we obtain

�
�

1

4(1 � ν)
(2ψk,k ��ϕ,kk )�

1

1 � 2ν

�
ψk,k �

1

4(1 � ν)
(2ψk,k ��ϕ,kk )

�
�

2 � 2ν

1 � 2ν
αT

�
,i

� �
1

2(1 � 2ν)
��ϕ,kk �4(1 � ν)αT�,i (6.59)

Equation (6.59) together with Eq. (6.51) imply that ui given by (6.49) meets (6.48).
This completes a solution to Problem 6.2.

Problem 6.3. The temperature change T of a homogeneous isotropic infinite elastic
body is represented by

T(x) � 	T δ(x) (6.60)

where
δ(x) � δ(x1)δ(x2)δ(x3) (6.61)

δ � δ(xi), i � 1, 2, 3, is a one dimensional Dirac delta function, and 	T is a
constant with the dimension �	T � � �Temperature 	 Volume�. Show that an elastic
displacement u � u(x) and stress S � S(x) corresponding to T � T(x) are given by

u(x) � �
1

4π

1 � ν

1 � ν
α	T � 1

�x�
(6.62)

and

S(x) � �
μ

2π

1 � ν

1 � ν
α	T (�� � 1�2)

1

�x�
(6.63)
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Hint. Use the representation (6.61) through (6.63) of Problem 6.2 in which ψ � 0
and T � 	T δ(x). Also, note that

S � �
μ

2(1 � ν)
(�� � 1�2)	ϕ (6.64)

Solution. By letting ψ � 0 and

	ϕ � �4(1 � ν)φ (6.65)

in Eqs. (6.61)–(6.63) of Problem 6.2 we obtain

ui � φ,i (6.66)

where
�2φ � m T (6.67)

and

m �
1 � ν

1 � ν
α (6.68)

Also,
Sij � 2μ(φ,ij ��

2φδij) (6.69)

If T(x) � 	Tδ(x), a solution to (6.67) in E3 takes the form

φ � �
m	T
4π

1

�x�
(6.70)

Substituting φ from (6.70) into (6.66) and (6.69), respectively, we obtain (6.62) and
(6.63). This completes a solution to Problem 6.3.

Problem 6.4. A solution ϕ � ϕ(x, t) to the nonhomogeneous wave equation

�2
0ϕ(x, t) � �F(x, t) on E3 	 �0,
) (6.71)

subject to the homogeneous initial conditions

ϕ(x, 0) � 0, �ϕ(x, 0) � 0 on E3 (6.72)

takes the form

ϕ(x, t) �
1

4π

�
�x�ξ ��c t

F(ξ, t � �x� ξ � / c)

�x� ξ �
dv(ξ) on E3 	 �0,
) (6.73)
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Here

�2
0 � �2 �

1

c2

∂2

∂ t2
(6.74)

Show that an equivalent form of Eq. (6.73) reads

ϕ(x, t) � �
c2t2

4π

�
�ξ ��1

F�x� c tξ, (1 � �ξ �)t�

�ξ �
dv(ξ) on E3 	 �0,
) (6.75)

Solution. Introduce the transformation of variables

x� ξ � c tζ, c t > 0 (6.76)

Then
dv(ξ) � dξ1 dξ2 dξ3 � �c3t3dζ1dζ2dζ3 (6.77)

and
dv(ξ) � �c3t3dv(ζ ) (6.78)

Since
�x� ξ � � ct�ζ � � ct (6.79)

therefore,
�ζ � � 1 (6.80)

and the integral (6.73) reduces to (6.75). This completes a solution to Problem 6.4.

Problem 6.5. Let S � S(x, t) be a solution to the stress equation of motion of
a homogeneous anisotropic elastodynamics [see Eq. (3.51) in which ρ and K are
constants]

	�(div S)� ρ K� �S� � �B on B	 �0,
) (6.81)

subject to the initial conditions

S(x, 0) � S0(x), �S(x, 0) � �S0(x) for x � B (6.82)

Here, B � B(x, t), S0 � S0(x), and �S0 � �S0(x) are prescribed functions. Show
that the compatibility condition

curl curl K�S� � 0 on B	 �0,
) (6.83)

is satisfied if and only if there exists a vector field u � u(x, t) on B	 �0,
) such
that 	� �u � �ρ�1B on B	 �0,
) (6.84)

http://dx.doi.org/10.1007/978-94-007-6356-2_3
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and
S0(x) � K�1 �	�u(x, 0)�, �S0(x) � K�1 �	� �u(x, 0)� on B (6.85)

Note that B in Eq. (6.81) represents an arbitrary second-order symmetric tensor field
on B	 �0,
), while S0 and �S0 in Eq. (6.82) stand for arbitrary second-order sym-
metric tensor fields on B.

Solution. A solution to Problem 6.5 is based on the following

Lemma. A symmetric tensor field E on B	 �0,
) satisfies the condition

curl curl E � 0 on B	 �0,
) (6.86)

if and only if there is a vector field u on B	 �0,
) such that

E � 	�u on B	 (0,
) (6.87)

Proof of Lemma. The proof is split into two parts
(i) (6.87) � (6.86), (ii) (6.86) � (6.87).
To show (i) we substitute (6.87) into the LHS of Eq. (6.86) and find that Eq. (6.86)

holds true. To show (ii), we note that Eq. (6.86) implies that there is a vector field a
such that

curl E � �a (6.88)

Since, by Helmholtz’s theorem, there are a scalar field ϕ and a vector field b such that

a � �ϕ � curl b, div b � 0 (6.89)

Equation (6.88) can be written as

curl E � ��ϕ �� curl b (6.90)

or
εiab Ejb,a � ϕ,ij �εiab bb,aj (6.91)

By taking the trace of (6.91), it is, by letting i � j in (6.91), we obtain

ϕ,ii� 0 or div�ϕ � 0 (6.92)

This implies that there is a vector field c on B	 �0,
) such that

�ϕ � curl c (6.93)

Substituting (6.93) into (6.90) we obtain

curl E � � curl (c � b) (6.94)
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Since for any vector v
� curl v � curl (�vT ) (6.95)

or

εiab vb,aj � εiab(vj,b)
T
,a (6.96)

therefore, Eqs. (6.94) and (6.95) imply that

curl (E��vT ) � 0 (6.97)

where
v � b� c (6.98)

Next, it follows from Eq. (6.97) that there is a vector field e on B	 �0,
) such that

E��vT � � e (6.99)

By taking the transpose of (6.99) and using the symmetry of E (E � ET ) we obtain

E��v � �eT (6.100)

By adding Eqs. (6.99) and (6.100) we get

E � 	�(v � e) (6.101)

Hence, if we let
u � v � e (6.102)

in Eq. (6.101) we obtain (6.87). This shows (ii), and proof of Lemma is complete.

To show that the compatibility condition (6.83) is satisfied if and only if there
exists a vector field u on B 	 �0,
) such that (6.84) and (6.85) hold true, we note
that Eqs. (6.81) and (6.82) are satisfied if and only if

K�S� � K�S0 � t �S0� � t � ρ�1(	�divS� B) (6.103)

Applying curl curl to this equation we obtain

curl curl K�S� � curl curl
�
t � ρ�1B� K�S0 � t �S0�

�
(6.104)

Hence, the compatibility condition (6.83) is equivalent to

curl curl �t � ρ�1B� K�S0 � t �S0�� � 0 (6.105)
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Using the Lemma we find that Eq. (6.105) holds true if and only if there is a vector
field u such that

t � ρ�1B� K�S0 � t �S0� � 	�u (6.106)

If B, S0, and �S0 are given by (6.84)–(6.85), then Eq. (6.106) is identically satisfied.
Conversely, by differentiating twice (6.106) with respect to time we obtain (6.84).
Also, by differentiating (6.106) with respect to time and letting t � 0 we obtain

�S0 � K�1�	� �u(x, 0)� (6.107)

Finally, by letting t � 0 in (6.106) we get

S0 � K�1�	�u(x, 0)� (6.108)

This completes a solution to Problem 6.5.

Problem 6.6. Consider a homogeneous isotropic elastic body occupying a region
B. Let S � S(x, t) be a tensor field defined by

S(x, t) �

�
�� � ν1�2

2

�
tr χ � 2(1 � ν)�2

1χ


on �B	 �0,
) (6.109)

whereχ � χ(x, t) is a symmetric second-order tensor field that satisfies the equations

�2
1�2

2χ �
1

1 � ν
	�b on B 	 �0,
) (6.110)

and
�2χ ���(tr χ)� 2	�(div χ) � 0 on B	 �0,
) (6.111)

Show that S � S(x, t) satisfies the stress equation of motion [see Eq. (6.28)]

	�(div S)�
ρ

2μ

�
�S�

ν

1 � ν
(tr �S) 1

�
� �	�b on B	 �0,
) (6.112)

Note. The stress field S in the form of Eqs. (6.109) through (6.111) is a tensor solution
of the homogeneous isotropic elastodynamics of the Galerkin type. To show this we
let χ � ��μ/(1� ν)�	�g, where g is the Galerkin vector satisfying Eq. (6.27). Then
Eqs. (6.110 and 6.111) are satisfied identically, and Eq. (6.109) reduces to

S � μ

�
2�2

1
	�g � 1

1 � ν
��(div g)�

ν

1 � ν
1�2

2(div g)
�

(6.113)

The stress field S given by (6.111) corresponds to a solution of C-K-S [or Galerkin]
type defined by Eqs. (6.26)–(6.27).
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Solution. Eqs. (6.109)–(6.111), respectively, in components take the form

Sij � χaa,ij � ν�2
2χaa δij � 2(1 � ν)�2

1χij (6.114)

�2
1�2

2χij �
1

1�ν
b(i,j) (6.115)

and
χij,aa � χaa,ij � χik,kj � χjk,ki � 0 (6.116)

The stress equation of motion (6.112) is rewritten as

S(ik,kj) �
ρ

2μ

�
�Sij �

ν

1 � ν
�Skk δij

�
� �b(i,j) (6.117)

In Eqs. (6.114)–(6.115)

�2
1 � �2 �

1

c2
1

∂2

∂t2
, �2

2 � �2 �
1

c2
2

∂2

∂t2
(6.118)

and 1

c2
2

�
ρ

μ
,

1

c2
1

�
1

c2
2

1 � 2ν

2 � 2ν
(6.119)

By taking the trace of (6.114) we obtain

Saa � �(1 � ν) �2
2 χaa (6.120)

Hence, an alternative form of (6.114) reads

Sij �
ν

1 � ν
Skk δij � χaa,ij � 2(1 � ν)�2

1 χij (6.121)

Next, using (6.114) we obtain

S(ik,kj) � χaa,kkij � ν�2
2 χaa,ij � 2(1 � ν)�2

1 χ(ik,kj) (6.122)

Since, from (6.116)
2χ(ik,kj) � χij,aa � χaa,ij (6.123)

therefore, (6.122) can be written as

S(ik,kj) � �2χaa,ij � ν�2
2 χaa,ij � (1 � ν)�2

1 χaa,ij � (1 � ν)�2
1 χij,aa (6.124)

or

S(ik,kj) �
1

2c2
2

�χaa,ij � (1 � ν)�2
1 χij,aa (6.125)
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Substituting (6.121) and (6.125) into the LHS of (6.117) we obtain

S(ik,kj) �
1

2c2
2

�
�Sij �

ν

1 � ν
�Skkδij

�
�

1

2c2
2

�χaa,ij � (1 � ν)�2
1 χij,aa

�
1

2c2
2



�χaa,ij � 2(1 � ν)�2

1 �χij


� �(1 � ν)�2

1 �2
2 χij (6.126)

Since χij satisfies Eq. (6.115), therefore, by virtue of (6.126), Sij given by (6.114)
meets (6.117). This completes a solution to Problem 6.6.

Problem 6.7. Let S be the tensor solution of homogeneous isotropic elastodynamics
of Problem 6.6 corresponding to homogeneous initial conditions. Show that the
solution is complete, that is, there exists a second-order symmetric tensor field χ

such that Eqs. (6.109) through (6.111) of Problem 6.6 are satisfied.

Solution. To solve Problem 6.7 we prove the two Lemmas.

Lemma 1. Let S satisfy the field equation

	�(div S)�
1

2c2
2

�
�S�

ν

1 � ν
(tr �S)1

�
� �	�b on B	 �0,
) (6.127)

subject to the homogeneous initial conditions

S(x, 0) � 0, �S(x, 0) � 0 on B (6.128)

Then
curl curl E � 0 on B	 �0,
) (6.129)

where
E �

1

2μ

�
S�

ν

1 � ν
(tr S)1

�
(6.130)

Lemma 2. Let S satisfy the hypotheses of Lemma 1, and let �S be a continuation of
S on E3 	 �0,
) such that

curl curl �E � 0 on E3 	 �0,
) (6.131)

where
�E �

1

2μ

�
�S�

ν

1 � ν
(tr �S)1

�
onE3 	 �0,
) (6.132)

Define a second-order tensor field χ on �B	 �0,
) such that

�2(1 � ν)χ � 2μ
c2

1t
2

4π

�
�ξ ��1

dv(ξ)

�ξ �
�E(x� c1tξ, (1 � �ξ �)t)�

2μ

1 � 2ν

c2
1c

2
2t

4

16π2 ��



166 6 Complete Solutions of Elasticity

	

�
�ξ ��1

dv(ξ)

�ξ �

�
�η��1

dv(η)

�η�
(tr �E)

	 (x� c1tξ � c2tη, (1 � �ξ �)(1 � �η�)t) (6.133)

Then

�2
2(tr χ) � �

2μ

1 � 2ν
(tr E) (6.134)

Notes

(1) Equations (6.129) and (6.131), respectively, are equivalent to

2	�(div S)��2S�
1

1 � ν
(ν1�2 ���)(tr S) � 0 (6.135)

and

2	�(div �S)��2 �S�
1

1 � ν
(ν1�2 ���)(tr �S) � 0 (6.136)

To prove that (6.135) � (6.129) we use the identity [see Problem 1.12,
Eq. (1.204) in which S is replaced by E]

curl curl E � 2	�(div E)��2E��� (tr E)� 1��2(tr E)� div div E�
(6.137)

Equation (6.129) implies that the LHS of (6.137) vanishes which written in
components means

Eik,kj � Ejk,ki � Eij,kk � Eaa,ij � δij(Eaa,bb � Eab,ab) � 0 (6.138)

By letting i � j in (6.138) we obtain

2Eik,ki � 2Eaa,bb � 3(Eaa,bb � Eab,ab) � 0 (6.139)

or
Eaa,bb � Eab,ab � 0 (6.140)

Hence (6.129) is equivalent to

2	�(div E)��2E���(tr E) � 0 (6.141)

Substituting E from (6.130) into (6.141), and using the relations

div E �
1

2μ

�
div S�

ν

1 � ν
�(tr S)

�
(6.142)
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(tr E) �
1

2μ

1 � 2ν

1 � ν
(tr S) (6.143)

2	��(tr S) � 2��(tr S) (6.144)

we obtain

2	�(div S)��2S�
2ν

1 � ν
��(tr S)�

ν

1 � ν
1�2(tr S)�

1 � 2ν

1 � ν
��(tr S)

� 2	�(div S)��2S�
1

1 � ν
�ν1�2(tr S)���(tr S)� � 0 (6.145)

Therefore, (6.129) � (6.135) � (6.145).
(2) An alternative form of (6.133) reads

�2(1 � ν)χ �
c2

1t
2

4π

�
�ξ ��1

dv(ξ)

�ξ �

�
�S�

ν

1 � ν
(tr �S)1

�
(x� c1tξ, t(1 � �ξ �))

�
1

1 � ν
��

�
c2

1c
2
2t

4

16π2

� �
�ξ ��1

dv(ξ)

�ξ �

�
�η��1

dv(η)

�η�
(tr �S)

	 (x� c1tξ � c2tη, t(1 � �ξ �)(1 � �η�)) (6.146)

To prove that (6.133) � (6.146) we substitute �E from (6.132) into (6.133) and
obtain (6.146).

(3) A solution 	ϕ � 	ϕ(x, t) of the biwave equation

�2
1 �2

2	ϕ � f on �B	 �0,
) (6.147)

subject to the homogeneous initial conditions

	ϕ(k)(x, 0) � 0 on B, k � 0, 1, 2, 3 (6.148)

takes the form of iterated retarded potential

�ϕ(x, t) �
c2

1c
2
2t

4

16π2

�
�ξ ��1

dv(ξ)

�ξ �

�
�η��1

dv(η)

�η�
f (x� c1tξ � c2tη, t(1 � �ξ �)(1� �η�))

(6.149)

To show that 	ϕ given by (6.149) satisfies Eq. (6.147), note that because of the
solution to Problem 6.4, a solution to the equation

�2
1u � f on B	 �0,
) (6.150)



168 6 Complete Solutions of Elasticity

subject to the homogeneous initial conditions

u(x, 0) � 0, �u(x, 0) � 0 on B (6.151)

takes the form

u(x, t) �
c2

1t
2

4π

�
�ξ ��1

dv(ξ)

�ξ �
f (x� c1tξ, t(1 � �ξ �)) (6.152)

Similarly, a solution to the equation

�2
2	ϕ � u on B	 �0,
) (6.153)

in which u is prescribed, and subject to the conditions

	ϕ(x, 0) � 0, �	ϕ(x, 0) � 0 on B (6.154)

takes the form

	ϕ(x, t) �
c2

2t
2

4π

�
�η��1

dv(η)

�η�
u(x� c2tη, t(1 � �η�)) (6.155)

Note that substituting u from (6.153) into (6.150) we obtain

�2
1 �2

2 	ϕ � f (6.156)

and it follows from (6.152) that

u(x� c2tη, t(1 � �η�))

�
c2

1t
2

4π

�
�ξ ��1

dv(ξ)

�ξ �
	 f (x� c1tξ � c2tη, t(1 � �ξ �)(1 � �η�)) (6.157)

Therefore, substituting (6.157) into (6.155) we find that a solution of (6.156)
takes the form (6.149). Also, by differentiating (6.149) with respect to time we
obtain 	ϕ(x, 0) � �	ϕ(x, 0) � �	ϕ(x, 0) �

...	ϕ(x, 0) � 0 (6.158)

This completes the proof that 	ϕ given by (6.149) satisfies (6.147) and (6.148).

Proof of Lemma 1. Applying the operator curl curl to Eq. (6.127) and using the
relation

curl curl 	�(div S� b) � 0 (6.159)
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we obtain
curl curl �E � 0 (6.160)

where E is given by Eq. (6.130).
From (6.128) and (6.130)

E(x, 0) � 0, �E(x, 0) � 0 (6.161)

Therefore, integrating (6.160) twice with respect to time, and using (6.161), we arrive
at Eq. (6.129). This completes the proof of Lemma 1.

Proof of Lemma 2. Introduce �ϕ � �ϕ(x, t) on E3 	 �0,
) by the formula

�ϕ(x, t) � �
c2

2t
2

4π

1

1 � ν

�
�ξ ��1

dv(ξ)

�ξ �
(tr �S)(x � c2tξ, t(1 � �ξ �)) (6.162)

and let �χ � �χ(x, t) be an extension of χ on E3 	 �0, 
).
Then

�ϕ(x, 0) � 0, ��ϕ(x, 0) � 0
�χ(x, 0) � 0, ��χ(x, 0) � 0

on E3 (6.163)

and

�2
2 �ϕ � �

1

1 � ν
(tr �S) on E3 	 �0,
) (6.164)

Also, using Note 3, and applying the wave operator �2
1 to Eq. (6.146), extended to

E3 	 �0,
), we obtain

�2(1 � ν)�2
1 �χ �

�
�S�

ν

1 � ν
(tr �S)1

�
���

c2
2t

2

4π

1

1 � ν

	

�
�η��1

dv(η)

�η�
(tr �S)(x � c2tη, t(1 � �η�)) (6.165)

Taking the trace of (6.165) and using definition of �ϕ [see (6.162)] we get

� 2(1 � ν)�2
1(tr �χ) �

1 � 2ν

1 � ν
(tr �S)��2 �ϕ (6.166)

Next, multiplying (6.164) by (1 � 2ν), and using the identity

(1 � 2ν)�2
2 � 2(1 � ν)�2

1 ��2 (6.167)

we obtain
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2(1 � ν)�2
1 �ϕ � �

1 � 2ν

1 � ν
(tr �S)��2 �ϕ (6.168)

By addition of Eqs. (6.166) and (6.168) we get

�2
1( �ϕ � tr �χ) � 0 (6.169)

Since, in view of (6.163),

( �ϕ � tr �χ)(x, 0) � 0 on E3 (6.170)

and
( ��ϕ � tr ��χ)(x, 0) � 0 on E3 (6.171)

therefore, it follows from (6.169) that

�ϕ � tr �χ on E3 	 �0,
) (6.172)

Substituting �ϕ from (6.172) into (6.162) and applying the operator �� we get

��(tr �χ) � �
c2

2t
2

4π

1

1 � ν
��

�
�ξ ��1

dv(ξ)

�ξ �
(tr �S)(x � c2tξ, t(1 � �ξ �)) (6.173)

Also, substituting �ϕ from (6.172) into (6.164) we obtain

�2
2(tr �χ) � �

1

1 � ν
(tr �S) (6.174)

Since, because of (6.132),

(tr �E) �
1

2μ

1 � 2ν

1 � ν
(tr �S) (6.175)

Equation (6.174) is equivalent to (6.134). A restriction of (6.134) to �B 	 �0, 
)

leads to

�2
2(tr χ) � �

1

1 � ν
(tr S) (6.176)

This completes proof of Lemma 2.

Solution to Problem 6.7. We are to show that χ introduced by Lemma 2 [see
Eq. (6.133)] satisfies Eqs. (6.109)–(6.111) of Problem 6.6.

By Lemma 2 [see also Eq. (6.176)]

�2
2(tr χ) � �

1

1 � ν
(tr S) (6.177)
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An equivalent form to Eq. (6.177) reads

tr χ � �
c2

2t
2

4π

1

1 � ν

�
�ξ ��1

dv(ξ)

�ξ �
(tr S)(x � c2tξ, t(1 � �ξ �)) (6.178)

By applying the operator �� to this equation we obtain

��(tr χ) � �
c2

2t
2

4π
��

1

1 � ν

�
�ξ ��1

dv(ξ)

�ξ �
(tr S)(x � c2tξ, t(1 � �ξ �)) (6.179)

It follows from Eq. (6.165), restricted to �B	 �0, 
), and from Eq. (6.179) that

�2(1 � ν)�2
1χ � S�

ν

1 � ν
(tr S)1���(tr χ) (6.180)

Also, from Eqs. (6.177) and (6.180), we obtain

S � ��(tr χ)� 1ν�2
2(tr χ)� 2(1 � ν)�2

1χ (6.181)

Therefore, χ introduced by Lemma 2 satisfies Eq. (6.109) of Problem 6.6.
Next, applying the operator �2

1�2
2 to Eq. (6.146) we obtain

�2(1 � ν)�2
1�2

2χ � �2
2

�
S�

ν

1 � ν
(tr S)1

�
�

1

1 � ν
��(tr S)

�
1

1 � ν
��(tr S)��2S�

ν

1 � ν
�2(tr S)1

�
1

c2
2

�
�S�

ν

1 � ν
(tr �S)1

�
(6.182)

It follows from (6.145) that

�2S�
1

1 � ν



��(tr S)� ν1�2(tr S)


� 2	�V(div S) (6.183)

Therefore, Eq. (6.182) is reduced to

�2(1 � ν)�2
1�2

2χ � 2	�(div S)�
1

c2
2

�
�S�

ν

1 � ν
(tr �S)1

�
(6.184)

and, since S is a solution to Eq. (6.127), we obtain

�2
1�2

2χ �
1

1 � ν
	�b (6.185)



172 6 Complete Solutions of Elasticity

This shows that χ introduced by Lemma 2 satisfies Eq. (6.110) of Problem 6.6.
Finally, introduce the notation

ψ � �2(1 � ν)χ (6.186)

then using Eqs. (6.146) and (6.178) we obtain

�
�2 � 2��div ���tr

�
ψ �

c2
1t

2

4π

�
�ξ ��1

dv(ξ)

�ξ �

�
�2 �S� 2��(div �S)�

1

1 � ν

�
��(tr �S)

�ν1�2(tr �S)
��
�(x�c1tξ, t(1��ξ �))

�
c2

1t
2

4π

(1 � 2ν)

1 � ν

�
�ξ ��1

dv(ξ)

�ξ �
��(tr �S)(x�c1tξ, t(1��ξ �))

����2

	
c2

1c
2
2t

4

16π2



1

1 � ν

�
�ξ ��1

dv(ξ)

�ξ �

�
�η��1

dv(η)

�η�
(tr �S)

� (x � c1tξ � c2tη, t(1 � �ξ �)(1� �η�))

���
2(1 � ν)

1 � ν

c2
2t

2

4π

�
�η��1

dv(η)

�η�
(tr �S)

� (x � c2tη, t(1 � �η�)) (6.187)

Since [see (6.167)]
�2 � 2(1 � ν)�2

1 � (1 � 2ν)�2
2 (6.188)

therefore

�2

�
c2

1c
2
2t

4

16π4

��
�ξ ��1

dv(ξ)

�ξ �

�
�η��1

dv(η)

�η�
(tr �S)(x� c1tξ � c2tη, t(1 � �ξ �)(1 � �η�))

� 2(1 � ν)
c2

2t
2

4π

�
�η��1

dv(η)

�η�
(tr �S)(x � c2tη, t(1 � �η�))

� (1 � 2ν)
c2

1t
2

4π

�
�ξ �<1

dv(ξ)

�ξ �
(tr �S)(x � c1tξ, t(1 � �ξ �)) (6.189)

Substituting (6.189) into the RHS of (6.187) we obtain
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�2ψ� 2	�(divψ)���(tr ψ) �
c2

1t
2

4π

�
�ξ ��1

dv(ξ)

�ξ �

�
�2 �S� 2	�(div �S)�

1

1 � ν

	 ���(tr �S)� ν1�2(tr �S)�

�
	 (x � c1tξ, t(1 � �ξ �)) (6.190)

Because of (6.136) the integrand on the RHS of (6.190) vanishes. Therefore, if
follows from Eqs. (6.186) and (6.190) that

�2χ� 2	�(div χ)���(tr χ) � 0 (6.191)

This means that χ introduced by Lemma 2 satisfies Eq. (6.111) of Problem 6.6.
Therefore, χ meets Eqs. (6.109)–(6.111), and a solution to Problem 6.7 is complete.

Problem 6.8. Consider the stress equation of motion

	�(div S)�
ρ

2μ

�
�S�

ν

1 � ν
(tr �S) 1

�
� �	�b on B	 �0,
) (6.192)

subject to the initial conditions

S(x, 0) � S0(x), �S(x, 0) � �S0(x) for x � B (6.193)

where b, S0, and �S0 are prescribed functions. Define a scalar field α � α(x, t) and
a vector field β � β(x, t) by

α(x, t) �
1

4πc2
1

div
�
B

γ(y, t)
�x � y�

dv(y) (6.194)

and

β(x, t) � �
1

4πc2
2

curl
�
B

γ(y, t)
�x � y�

dv(y) (6.195)

where
γ(x, t) � b(x, t)� div �S0(x)� t �S0(x)� (6.196)

Let φ and ω satisfy the equations

�2
1φ � α on B	 �0,
) (6.197)

and
�2

2ω � β, div ω � 0 on B	 �0,
) (6.198)
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subject to the homogeneous initial conditions

φ(x, 0) � �φ(x, 0) � 0
ω(x, 0) � �ω(x, 0) � 0

on B (6.199)

Let

S(x, t) � S0(x)� t �S0(x)� 2c2
2 ���φ �	�(curl�)� �

�
c2

1 � 2c2
2

�
�2φ 1 (6.200)

Show that S satisfies Eqs. (6.192) and (6.193).

Note. The solution (i), in which φ and � satisfy Equations (6.197) through (6.199),
represents a tensor solution of homogeneous isotropic elastodynamics of the Lame-
type [see Eqs. (6.22)–(6.24)].

Solution. Let φ � φ(x, t) and ω � ω(x, t) satisfy the equations

�2
1φ � α on B	 �0,
) (6.201)

�2
2ω � β, div ω � 0 on B	 �0,
) (6.202)

subject to the homogeneous initial conditions

φ(x, 0) � 0, �φ(x, 0) � 0 on B (6.203)

ω(x, 0) � 0, �ω(x, 0) � 0 on B (6.204)

where α and β are defined by

α(x, t) � �
1

4πc2
1

div
�
B

γ(y, t)
�x� y�

dv(y) (6.205)

β(x, t) � �
1

4πc2
2

curl
�
B

γ(y, t)
�x� y�

dv(y) (6.206)

and
γ(x, t) � b(x, t)� div�S0(x)� t �S0(x)� (6.207)

Define S � S(x, t) on �B	 �0,
) by

S(x, t) � S0(x)� t �S0(x)� 2c2
2
	� (�φ � curl ω)�

�
c2

1 � 2c2
2

�
�2φ1 (6.208)

we are to show that

	�(div S)�
1

2c2
2

�
�S�

ν

1 � ν
(tr �S)1

�
� �	� b on B	 �0,
) (6.209)
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and
S(x, 0) � S0(x), �S(x, 0) � �S0(x) on B. (6.210)

To this end we note first that due to the homogeneous initial conditions (6.203)
and (6.204),S given by (6.208) meets the nonhomogeneous initial conditions (6.210).
To show that S satisfies the field Eq. (6.209) we make the following steps.

Applying the identity

curl curl u � � div u��2u (6.211)

to the field

u(x, t) � �
1

4π

�
B

γ(y, t)
�x� y�

dv(y) (6.212)

that satisfies Poisson’s equation
�2u � γ (6.213)

and using the definitions of α and β [see Eqs. (6.205) and (6.206)] we obtain

� c2
1 �α � c2

2 curl β � γ (6.214)

Next, by using the relations

1

c2
2

�
ρ

μ
,

1

c2
1

�
1

c2
2

1 � 2ν

2 � 2ν
(6.215)

and differentiating (6.208) twice with respect to time we obtain

�S � 2 c2
2

�	�(� �φ � curl �ω)�
ν

1 � 2ν
�2 �φ 1

�
(6.216)

Since
tr 	� (� �φ) � �2 �φ, tr 	�(curl �ω) � 0 (6.217)

therefore, taking the trace of (6.216) we get

tr �S � c2
2

2(1 � ν)

1 � 2ν
�2 �φ (6.218)

and it follows from (6.216) and (6.218) that

1

2μ

�
�S�

ν

1 � ν
(tr �S)1

�
�

1

ρ
	�(� �φ � curl �ω) (6.219)
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In addition, if follows from (6.208) that

div S� b � div
�
S0 � t �S0 � 2c2

2
	�(�φ � curl ω)� (c2

1 � 2c2
2)�

2φ1
�
� b

(6.220)

� div(S0 � t �S0)� b(x, t)�


c2

2 �
2 � (c2

1 � c2
2)� div


(�φ � curl ω)

(6.221)

Hence, in view of (6.207) and (6.214) we get

div S� b � �c2
1 �α � c2

2 curl β��2 (c2
1� φ � c2

2 curl ω) (6.222)

Finally, applying the operator 	� to (6.222) we obtain

	�(div S� b) � 	��c2
1�(�2φ � α)� c2

2curl(�2ω � β)�

� 	� 

c2

1�
�
�2

1φ � α � c�2
1

�φ
�
� c2

2curl
�
�2

2ω � β � c�2
2 ��

�
(6.223)

Since φ and ω satisfy Eqs. (6.201) and (6.202), respectively, therefore dividing
(6.223) by ρ and taking into account (6.219) we find that S � S(x, t) satisfies
the stress equation of motion in the form

ρ�1	� (div S� b)�
1

2μ

�
�S�

ν

1 � ν
(tr �S)1

�
� 0 (6.224)

This completes solution to Problem 6.8.

Problem 6.9. Let S be a symmetric second-order tensor field on B 	 �0,
) that
satisfies the stress equation of motion

	�(div S)�
ρ

2μ

�
�S�

ν

1 � ν
(tr �S) 1

�
� �	�b on B	 �0,
) (6.225)

subject to the initial conditions

S(x, 0) � S0(x), �S(x, 0) � �S0(x) for x � B (6.226)

Show that there are a scalar field φ � φ(x, t) and a vector field ω � ω(x, t) such
that

S � S0 � t �S0 � 2c2
2

�
��φ � 	�(curl ω)

�
� (c2

1 � 2c2
2)�

2φ 1 (6.227)

�2
1φ � α, φ(x, 0) � �φ(x, 0) � 0 (6.228)
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�2
2ω � β, div ω � 0, ω(x, 0) � �ω(x, 0) � 0 (6.229)

where the fields α and β are given by Eqs. (6.227) and (6.228), respectively, of
Problem 6.8.

Note. Solution to Problem 6.9 implies that the tensor solution of Lame-type [Eqs.
(6.227) through (6.229)] is complete.

Solution. In this problem the fields S0, �S0, and b are prescribed. Therefore, the
fields α and β, given by Eqs. (6.234) and (6.235), respectively, of Problem 6.8
are given.

Let φ(0) and ω(0) be solutions to the equations [see Eqs. (6.230) and (6.231) of
Problem 6.8]

�2
1 φ(0) � α on B	 �0,
) (6.230)

�2
2 ω(0) � β, div ω � 0 on B	 �0,
) (6.231)

subject to the homogeneous initial conditions

φ(0)(x, 0) � 0, �φ(0)(x, 0) � 0 (6.232)

ω(0)(x, 0) � 0, �ω(0)(x, 0) � 0 (6.233)

For example, φ(0) and ω(0) can be taken in the form of retarded potentials. Then, it
follows from the solution to Problem 6.8 that the tensor field S(0) defined by

S(0)(x, t) � S0(x)� t �S0(x)� 2c2
2
	� �

�φ(0) � curl ω(0)
�
�
�
c2

1 � 2c2
2

�
�2φ(0)1

(6.234)
satisfies the equation

	� �
div S(0) � b

�
�

ρ

2μ

�
�S(0) �

ν

1 � ν
(tr �S(0))1

�
� 0 (6.235)

In addition, because of (6.232) and (6.233)

S(0)(x, 0) � S0(x), �S(0)(x, 0) � �S0(x) (6.236)

Introduce the notation
R � S� S(0) (6.237)

where S satisfies Eqs. (6.225) and (6.226) of the Problem 6.9. Then R satisfies the
equations 	�(div R)�

ρ

2μ

�
�R�

ν

1 � ν
(tr �R)1

�
� 0 (6.238)
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and
R(x, 0) � 0, �R(x, 0) � 0 (6.239)

An equivalent form of (6.238) reads

�R � ρ�1
�

2μ	�(div R)�
2μν

1 � 2ν
	 �div(div R)�1

�
(6.240)

In components (6.240) reads

�Rij � ρ�1
�
μ(Rik,kj � Rjk,ki)�

2μν

1 � 2ν
Rab,ab δij

�
(6.241)

Hence

�Ria,a � ρ�1
�
μ(Rik,kaa � Rak,kia)�

2μν

1 � 2ν
Rmn,mni

�
(6.242)

Taking into account the relations

�2 � � div � curl curl (6.243)

c2
2 �

μ

ρ
, c2

1 �
2(1 � ν)

1 � 2ν
c2

2 (6.244)

and using direct notation, we reduce (6.242) to the form

div �R �
�
c2

1 � div � c2
2 curl curl

�
div R (6.245)

Let ξ and r be defined by

ξ � c2
1 div div R � t (6.246)

r � �c2
2 curl div R � t (6.247)

where � represents the convolution product. Then

�ξ � c2
1 div div R (6.248)

ξ(x, 0) � 0, �ξ(x, 0) � 0 (6.249)

and

�r � �c2
2 curl div R (6.250)

r(x, 0) � 0, �r(x, 0) � 0 (6.251)

div r(x, t) � 0 (6.252)
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It follows from (6.239) and (6.245)–(6.251) that

div R � �ξ � curl r (6.253)

By taking the div operator on (6.253) we obtain

div div R � �2ξ (6.254)

and applying the curl to (6.253) we get

curl div R � curl curl r (6.255)

Hence, in view of (6.243) and (6.252)

curl div R � ��2r (6.256)

Also, because of Eqs. (6.248) and (6.254) we obtain

�2
1ξ � 0 (6.257)

and using Eqs. (6.250) and (6.256) we obtain

�2
2r � 0 (6.258)

Substituting div R from (6.253) into (6.240) we obtain

�R �
μ

ρ

�
2	� � 1

2ν

1 � 2ν
div

�
(�ξ � curl r) (6.259)

Let
φ(1) � ξ � t, ω(1) � r � t (6.260)

Then
�φ(1) � ξ, φ(1)(x, 0) � �φ(1)(x, 0) � 0 (6.261)

and
�ω(1) � r, ω(1)(x, 0) � �ω(1)(x, 0) � 0, div ω(1) � 0 (6.262)

Integrating (6.259) twice with respect to time and taking into account the homoge-
neous initial conditions (6.239), (6.261) and (6.262) we obtain

R � ρ�1μ

�
2	� � 1

2ν

1 � 2ν
div

��
�φ(1) � curl ω(1)

�
(6.263)

where, because of (6.257) and (6.258), (6.261)1 and (6.262)1,
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�2
1
�φ(1) � 0 (6.264)

and
�2

2 �ω
(1) � 0 (6.265)

Since, in view of (6.249), (6.251), (6.261)2 and (6.262)2

φ(1)(x, 0) � �φ(1)(x, 0) � �φ(1)(x, 0) �
...
φ

(1)
(x, 0) � 0 (6.266)

ω(1)(x, 0) � �ω(1)(x, 0) � �ω(1)(x, 0) �
...
ω(1)(x, 0) � 0 (6.267)

therefore, integrating twice Eqs. (6.264) and (6.265), with respect to time, we obtain

�2
1 φ(1) � 0 (6.268)

and
�2

1 ω(1) � 0 (6.269)

Also, note that an alternative form of (6.263) reads

R � 2c2
2
	� �

�φ(1) � curl ω(1)
�
�
�
c2

1 � 2c2
2

� �
�2φ(1)

�
1 (6.270)

Therefore, because of (6.234), (6.237), and (6.270)

S � S0 � R � S0(x)� t �S0(x)� 2c2
2
	� 


�
�
φ(0) � φ(1)

�
� curl

�
ω(0) � ω(1)

�
�
�
c2

1 � 2c2
2

� 

�2

�
φ(0) � φ(1)

�
1 (6.271)

The fields φ and ω are defined by

φ � φ(0) � φ(1), ω � ω(0) � ω(1) (6.272)

where (φ(0), ω(0)) and (φ(1), ω(1)) have been defined before.
If the definition (6.272) of φ and ω is taken into account, Eq. (6.271) reduces to

Eq. (6.225) of Problem 6.9.
Finally, if we note that the pair (φ(0), ω(0)) satisfies Eqs. (6.230)–(6.233) and the

pair (φ(1), ω(1)) satisfies Eqs. (6.261)–(6.262), and (6.268)–(6.269), we find that the
pair (φ, ω) meets Eqs. (6.228)–(6.229). This completes a solution to Problem 6.9.

Problem 6.10. Consider the stress equation of motion in the form

	�(div S)� ρ K� �S� � �B on B	 �0,
) (6.273)

subject to the homogeneous initial conditions
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S(x, 0) � 0, �S(x, 0) � 0 for x � B (6.274)

where

K�S� �
1

2μ

�
S�

ν

1 � ν
(tr S) 1

�
(6.275)

and B � B(x, t) is an arbitrary symmetric second-order tensor field on B	 �0,
).
Define a vector field v � v(x, t) by

v(x, t) � �
c2

2 t
2

4π

�
�ξ ��1

f�x� c2tξ, (1 � �ξ �)t�

�ξ �
dv(ξ) (6.276)

where

f(x, t) �

��
c2

1

c2
2

� 1

�
�g�

1

ρ c2
2

divK�1�B�

�
(x, t) (6.277)

g(x, t) � �
c2

1 t
2

4π

�
�ξ ��1

h�x� c1tξ, (1 � �ξ �)t�

�ξ �
dv(ξ) (6.278)

and

h(x, t) �
1

ρ c2
1

div divK�1�B�(x, t) (6.279)

Let

S(x, t) �
1

ρ
K�1�	�v � B� � t (6.280)

Show that S satisfies Eqs. (6.273) and (6.274).
Hint. Use the result of Problem 6.4 that the function

ϕ(x, t) � �
c2t2

4π

�
�ξ ��1

F�x� ctξ, (1 � �ξ �)t�

�ξ �
dv(ξ) on E3 	 �0,
) (6.281)

satisfies the inhomogeneous wave equation�
�2 �

1

c2

∂2

∂t2

�
ϕ � �F on E3 	 �0,
) (6.282)

subject to the homogeneous initial conditions

ϕ(x, 0) � �ϕ(x, 0) � 0 (6.283)

Solution. To show that S given by
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S(x, t) � ρ�1K�1�	�v � B� � t (6.284)

satisfies Eqs. (6.273)–(6.274), we note that

S(x, 0) � 0, �S(x, 0) � 0 (6.285)

Hence, S given by (6.284), satisfies Eqs. (6.274). To show that S given by (6.284)
satisfies (6.273) we substitute S given by (6.284) to (6.273) and obtain

	�(div S)� ρK� �S� � 	�(div S)� 	�v� B � �B (6.286)

In the following we prove that
v � div S (6.287)

This implies that S given by (6.284) meets (6.273). To this end we note that from
Eqs. (6.276)–(6.277) we obtain

�2
2v � �f � �

��
c2

1
c2

2
� 1

�
�g� 1

ρc2
2
div K�1�B�

�
(6.288)

v(x, 0) � 0, �v(x, 0) � 0 (6.289)

Also, Eqs. (6.278)–(6.280) imply that

�2
1g � �h � �

1

ρc2
1

div div K�1�B� (6.290)

g(x, 0) � �g(x, 0) � 0 (6.291)

By taking the div operator of (6.288) we get

�2
2div v � �

��
c2

1

c2
2

� 1

�
�2g�

1

ρc2
2

div div K�1�B�

�
(6.292)

By eliminating div div K�1�B� from Eqs. (6.290) and (6.292), we obtain

�2
2(div v) � �

��
c2

1

c2
2

� 1

�
�2g�

c2
1

c2
2

�2
1g

�

� �

�
��2g�

1

c2
2

�g

�
� ��2

2g (6.293)

Hence
�2

2(div v� g) � 0 (6.294)
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Since, v and g satisfy the homogeneous initial conditions (6.289) and (6.291), respec-
tively, Eq. (6.294) implies that

div v � g (6.295)

Substituting g from (6.295) into the RHS of (6.288), we obtain

�v � c2
2�

2v�
�
c2

1 � c2
2

�
�div v� ρ�1div K�1�B� (6.296)

Since
�2v � 2 div (	�v)��div v (6.297)

and
�div v � div �1 tr (	�v)� (6.298)

therefore, Eq. (6.296) can be written as

�v � div
�

2c2
2(
	�v)� �

c2
1 � 2c2

2

�
1 tr (	�v)� ρ�1K�1�B�

�
(6.299)

or, in view of (6.284),
�v � div �S (6.300)

Integrating (6.300) with respect to time twice, and using the homogeneous initial
conditions for v and S, given by Eqs. (6.285) and (6.289), respectively, we arrive at
Eq. (6.287). This completes a solution to Problem 6.10.

Note that the solution to Problem 6.10 provides an effective solution of the incom-
patible elastodynamics when B represents a space-time distribution of defects on
B	 �0,
).



Chapter 7
Formulation of Two-Dimensional Problems

In this chapter a class of problems is discussed in which an elastic state depends on
two space variables only, or an elastic process depends on two space variables and
time only. In particular, problems related to a plane strain state and a generalized
plane stress state of homogeneous isotropic elastostatics, a plane strain process,
and a generalized plane stress process of homogeneous isotropic elastodynamics
are discussed. The problems related to a two-dimensional homogeneous isotropic
elastodynamics described in terms of stresses only are also considered. [See also
Chaps. 16 and 17].

7.1 Two-Dimensional Problems of Isothermal Elastostatics

A state of plane strain. An elastic body is said to be in a state of plane strain corre-
sponding to a body force b = (b1, b2, 0) if the elastic state s = [u,E,S] complies
with the two-dimensional field equations

uα = uα(x1, x2) for (x1, x2) ∈ C0 (7.1)

Eαβ = 1

2
(uα,β + uβ,α) on C0 (7.2)

Sαβ,β + bα = 0 on C0 (7.3)

Sαβ = 2μ Eαβ + λ Eγ γ δαβ on C0 (7.4)

In Eqs. (7.1)–(7.4), and in all plane problems, the Greek subscripts α, β, and γ take
values 1 and 2; and C0 is a domain in the x1, x2 plane. In Eq. (7.3) bα = bα(x1, x2),
and the remaining components of s = [u,E,S] are given by
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u3 = 0, E13 = E23 = E33 = 0 on C0 (7.5)

S13 = S23 = 0, S33 = ν Sαα on C0 (7.6)

An alternative form of the constitutive relation (7.4) is

Eαβ = 1

2μ
(Sαβ − ν Sγ γ δαβ ) on C0 (7.7)

By eliminating the fields Eαβ and Sαβ from Eqs. (7.2)–(7.4) we obtain the displace-
ment field equations for a plane strain problem

μ uα,γ γ + (λ + μ)uγ,γ α + bα = 0 on C0 (7.8)

A generalized plane stress state. A generalized plane stress state s = [u,E,S] corre-
sponding to a body force b = (b1, b2, 0) is defined as an elastic state which complies
with the two-dimensional field equations

uα = uα(x1, x2) for (x1, x2) ∈ C0 (7.9)

Eαβ = 1

2
(uα,β + uβ,α) on C0 (7.10)

Sαβ,β + bα = 0 on C0 (7.11)

Sαβ = 2μ Eαβ + λ Eγ γ δαβ on C0 (7.12)

The remaining components of s = [u,E,S] are given by

u3 = 0, E13 = E23 = 0, E33 = − λ

λ + 2μ
Eγ γ on C0 (7.13)

S13 = S23 = S33 = 0 on C0 (7.14)

In Eq. (7.12)

λ = 2μλ

λ + 2μ
(7.15)

and an alternative form of (7.12) reads

Eαβ = 1

2μ
(Sαβ − ν Sγ γ δαβ ) on C0 (7.16)

By eliminating the fields Eαβ and Sαβ from Eqs. (7.10)–(7.12) we obtain the dis-
placement equations for a body subject to generalized plane stress conditions

μ uα,γ γ + (λ + μ) uγ,γ α + bα = 0 on C0 (7.17)
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7.2 Two-Dimensional Problems of Nonisothermal Elastostatics

A nonisothermal plane strain state in the x1, x2 plane corresponding to zero body
forces and a temperature change T = T (x1, x2) is defined as a thermoelastic state
s = [u,E,S] that complies with the two-dimensional field equations

uα = uα(x1, x2) for (x1, x2) ∈ C0 (7.18)

Eαβ = 1

2
(uα,β + uβ,α) on C0 (7.19)

Sαβ,β = 0 on C0 (7.20)

Sαβ = 2μ Eαβ + λ Eγ γ δαβ − (3λ + 2μ)αT δαβ on C0 (7.21)

The remaining components of s = [u,E,S] are given by

u3 = 0, E13 = E23 = E33 = 0 on C0 (7.22)

S13 = S23 = 0, S33 = ν Sαα − (3λ + 2μ)α T on C0 (7.23)

and an alternative form of (7.21) is

Eαβ = 1

2μ
(Sαβ − ν Sγ γ δαβ ) + (1 + ν)α T δαβ on C0 (7.24)

By eliminating the fields Eαβ and Sαβ from Eqs. (7.19)–(7.21) we obtain the
displacement-temperature field equations for a body under plane strain conditions

μ uα,γ γ + (λ + μ)uγ,γ α − γ T,α = 0 on C0 (7.25)

where
γ = (3λ + 2μ)α (7.26)

A nonisothermal generalized plane stress state in the x1, x2 plane corresponding to
zero body forces and a temperature change T = T (x1, x2) is defined as a thermoelas-
tic state s = [u,E,S] that complies with the two-dimensional field equations

uα = uα(x1, x2) for (x1, x2) ∈ C0 (7.27)

Eαβ = 1

2
(uα,β + uβ,α) on C0 (7.28)

Sαβ,β = 0 on C0 (7.29)

Sαβ = 2μ Eαβ + λ Eγ γ δαβ − 2μ
3λ + 2μ

λ + 2μ
α T δαβ on C0 (7.30)
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The remaining components of s = [u,E,S] are given by

u3 = 0, E13 = E23 = 0, E33 = − λ

λ + 2μ
Eγ γ + 3λ + 2μ

λ + 2μ
αT on C0 (7.31)

S13 = S23 = S33 = 0 on C0 (7.32)

and an alternative form of Eq. (7.30) reads

Eαβ = 1

2μ
(Sαβ − ν Sγ γ δαβ ) + α T δαβ on C0 (7.33)

where
ν = ν

1 + ν
(7.34)

By eliminating the fields Eαβ and Sαβ from Eqs. (7.28)–(7.30) we obtain the
displacement-temperature equations for a body subject to generalized plane stress
conditions

μ uα,γ γ + (λ + μ) uγ,γ α − γ T ,α = 0 on C0 (7.35)

where

γ = 2μ
3λ + 2μ

λ + 2μ
α (7.36)

7.3 Two-Dimensional Problems of Elastodynamics

Two-Dimensional Problems of Isothermal Elastodynamics
A plane strain process p = [u,E,S] complies with the two-dimensional field equa-
tions

uα = uα(x; t) for (x, t) ∈ C0 × [0,∞) (7.37)

Eαβ = 1

2
(uα,β + uβ,α) on C0 × [0,∞) (7.38)

Sαβ,β + bα = ρ üα on C0 × [0,∞) (7.39)

Sαβ = 2μ Eαβ + λ Eγ γ δαβ on C0 × [0,∞) (7.40)

where ρ is the density of the body, and x = (x1, x2) ∈ C0.
By eliminating the fields Eαβ and Sαβ from Eqs. (7.38)–(7.40) we obtain the

displacement equations of isothermal elastodynamics for a body subject to plane
strain conditions

μ uα,γ γ + (λ + μ)uγ,γ α + bα = ρ üα on C0 × [0,∞) (7.41)

A generalized plane stress process p = [u,E,S] complies with the two-dimensional
field equations
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uα = uα(x, t) for (x, t) ∈ C0 × [0,∞) (7.42)

Eαβ = 1

2
(uα,β + uβ,α) on C0 × [0,∞) (7.43)

Sαβ,β + bα = ρ üα on C0 × [0,∞) (7.44)

Sαβ = 2μ Eαβ + λ Eγ γ δαβ on C0 × [0,∞) (7.45)

An alternative form of Eqs. (7.40) and (7.45), respectively, is

Eαβ = 1

2μ
(Sαβ − ν Sγ γ δαβ ) on C0 × [0,∞) (7.46)

and

Eαβ = 1

2μ
(Sαβ − ν Sγ γ δαβ ) on C0 × [0,∞) (7.47)

where
ν = ν

1 + ν
(7.48)

By eliminating the fields Eαβ and Sαβ from Eqs. (7.43)–(7.45) we obtain the dis-
placement equations of isothermal elastodynamics for a body subject to generalized
plane stress conditions

μ uα,γ γ + (λ + μ) uγ,γ α + bα = ρ üα on C0 × [0,∞) (7.49)

Also, by eliminating the fields uα and Eαβ from Eqs. (7.38), (7.39), and (7.46) the
stress equation of motion for a body under plane strain conditions is obtained

S(αγ,γβ) − ρ

2μ
(S̈αβ − ν S̈γ γ δαβ) = −b(α,β) on C0 × [0,∞) (7.50)

And, by eliminating the fields uα and Eαβ from Eqs. (7.43), (7.44), and (7.47) the
stress equation of motion for a body under generalized plane stress conditions is
obtained

S(αγ,γβ) − ρ

2μ
(S̈αβ − ν S̈γ γ δαβ) = −b(α,β) on C0 × [0,∞) (7.51)

7.4 Two-Dimensional Problems of Nonisothermal
Elastodynamics

A nonisothermal plane strain process corresponding to zero body forces and a tem-
perature change T = T (x, t) is defined as a thermoelastic process p = [u,E,S] that
complies with the two-dimensional field equations
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uα = uα(x; t) for (x, t) ∈ C0 × [0,∞) (7.52)

Eαβ = 1

2
(uα,β + uβ,α) on C0 × [0,∞) (7.53)

Sαβ,β = ρ üα on C0 × [0,∞) (7.54)

Sαβ = 2μ Eαβ + λ Eγ γ δαβ − (3λ + 2μ)α T δαβ on C0 × [0,∞) (7.55)

or

Eαβ = 1

2μ
(Sαβ − ν Sγ γ δαβ ) + (1 + ν)α T δαβ on C0 × [0,∞) (7.56)

Similarly, a nonisothermal generalized plane stress process corresponding to
zero body forces and a temperature change T = T (x, t) is defined as a process
p = [u,E,S] that complies with the two-dimensional field equations

uα = uα(x, t) for (x, t) ∈ C0 × [0,∞) (7.57)

Eαβ = 1

2
(uα,β + uβ,α) on C0 × [0,∞) (7.58)

Sαβ,β = ρ üα on C0 × [0,∞) (7.59)

Sαβ = 2μ Eαβ + λ Eγ γ δαβ − 2μ
3λ + 2μ

λ + 2μ
α T δαβ on C0 × [0,∞) (7.60)

or

Eαβ = 1

2μ
(Sαβ − ν Sγ γ δαβ ) + α T δαβ on C0 × [0,∞) (7.61)

By eliminating the fields Eαβ and Sαβ from Eqs. (7.53)–(7.55), the displacement-
temperature equations for a body subject to plane strain conditions are obtained

μ uα,γ γ + (λ + μ)uγ,γ α − γ T,α = ρ üα on C0 × [0,∞) (7.62)

Similarly, by eliminating the fields Eαβ and Sαβ from Eqs. (7.58)–(7.60), the
displacement-temperature equations of motion for a body subject to generalized
plane stress conditions are obtained

μ uα,γ γ + (λ + μ) uγ,γ α − γ T ,α = ρ üα on C0 × [0,∞) (7.63)

Also, by eliminating the fields uα and Eαβ from Eqs. (7.53), (7.54), and (7.56) the
stress-temperature equation of motion for a body under plane strain conditions is
obtained

S(αγ,γβ) − ρ

2μ
(S̈αβ − ν S̈γ γ δαβ) − ρ(1 + ν)α T̈ δαβ = 0 on C0 × [0,∞)

(7.64)
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Similarly, by eliminating the fields uα and Eαβ from Eqs. (7.58), (7.59), and (7.61)
the stress-temperature equation of motion for a body under generalized plane stress
conditions is obtained

S(αγ,γβ) − ρ

2μ
(S̈αβ − ν S̈γ γ δαβ) − ρ α T̈ δαβ = 0 on C0 × [0,∞) (7.65)

It is easy to show that a particular solution Sαβ to Eq. (7.64) takes the form

Sαβ = 2μ (φ,αβ − φ,γ γ δαβ) + ρ φ̈δαβ (7.66)

where φ = φ(x, t) satisfies the wave equation

�2
1φ = m T (7.67)

in which

�2
1 = ∇2 − 1

c2
1

∂2

∂ t2 , and m = 1 + ν

1 − ν
α (7.68)

7.5 Problems and Solutions Related to Formulation
of Two-Dimensional Problems

Problem 7.1. The displacement equations of isothermal elastostatics for a body
subject to plane strain conditions take the form [see Eq. (7.8)]

μ uα,γ γ + (λ + μ)uγ,γ α + bα = 0 (7.69)

where uα is the displacement corresponding to the body force bα (α, γ = 1, 2).
Let

uα = ψα − 1

4(1 − ν)
(xγ ψγ + ϕ),α (7.70)

where

ψα,γ γ = −bα

μ
, ϕ,γ γ = xγ bγ

μ
(7.71)

Show that uα defined by Eqs. (7.70) and (7.71) satisfies Eq. (7.69).

Solution. Since

λ = 2μν

1 − 2ν
(7.72)

an equivalent form of (7.69) reads

uα,γ γ + 1

1 − 2ν
uγ,γ α + bα

μ
= 0 (7.73)
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Also, an equivalent form of (7.70) takes the form

uα = ψα − 1

4(1 − ν)
(xβψβ + ϕ),α (7.74)

Computing uα,γ and uα,γ γ , respectively, we obtain

uα,γ = ψα,γ − 1

4(1 − ν)
(xβψβ + ϕ),αγ (7.75)

and

uα,γ γ = ψα,γ γ − 1

4(1 − ν)
(xβψβ + ϕ),αγ γ (7.76)

Hence, it follows from (7.75) that

uγ,γ = ψγ,γ − 1

4(1 − ν)
(xβψβ + ϕ),γ γ (7.77)

Since

(xβψβ),γ γ = (ψγ + xβψβ,γ ),γ = 2ψγ,γ + xβψβ,γ γ (7.78)

and
(xβψβ),γ γα = 2ψγ,γα + ψα,γ γ + xβψβ,γ γα (7.79)

therefore, (7.76) and (7.77), respectively, reduce to

uα,γ γ = 1

4(1 − ν)
[(3 − 4ν)ψα,γ γ − ϕ,γ γα −2ψγ,γα − xβψβ,γ γα] (7.80)

and

uγ,γ = 1

4(1 − ν)
[2(1 − 2ν)ψγ,γ − xβψβ,γ γ − ϕ,γ γ ] (7.81)

Next, if we take into account Eq. (7.71)

ψα,γ γ = −bα

μ
, ϕ,γ γ = xβbβ

μ
(7.82)

we obtain

ψβ,γ γα = −bβ,α

μ
(7.83)

and

ϕ,γ γα = 1

μ
(xβbβ),α = bα

μ
+ xβbβ,α

μ
(7.84)
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and (7.80) and (7.81), respectively, reduce to

uα,γ γ = 1

4(1 − ν)

[
−(3 − 4ν)

bα

μ
− bα

μ
− xβ

bβ,α

μ
+ xβ

bβ,α

μ
− 2ψγ,γα

]
(7.85)

and

uγ,γ = 1

4(1 − ν)

[
2(1 − 2ν)ψγ,γ + xβ

bβ

μ
− xβ

bβ

μ

]
(7.86)

Hence

uα,γ γ = 1

4(1 − ν)

[
−4(1 − ν)

bα

μ
− 2ψγ,γα

]
(7.87)

and

uγ,γ α = 1 − 2ν

2(1 − ν)
ψγ,γ α (7.88)

Finally, substituting (7.87) and (7.88) into LHS of (7.73) we find that uα given by
(7.70) and (7.71) satisfies (7.73). This completes a solution to Problem 7.1.

Problem 7.2. The displacement equations of equilibrium for a body subject to gen-
eralized plane stress conditions take the form [see Eq. (7.17)]

μ uα,γ γ + (λ + μ) uγ,γ α + bα = 0 (7.89)

where uα is the displacement corresponding to the body force bα (α, γ = 1, 2), and

λ = 2μ

λ + 2μ
λ (7.90)

Let

uα = ψ,α − 1

4(1 − ν)
(xγ ψγ + ϕ),α (7.91)

where

ψα,γ γ = −bα

μ
, ϕ,γ γ = xγ bγ

μ
(7.92)

and
ν = ν

1 + ν
(7.93)

Show that uα defined by Eqs. (7.91) through (7.93) satisfies the equilibrium equation
(7.89).

Solution. To solve Problem 7.2 we let
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λ = 2μ
ν

1 − 2ν
(7.94)

Then uα given by (7.91), where ψα and ϕ satisfy (7.92), in view of the solution to
Problem 7.1, satisfies (7.89). To obtain (7.93) of Problem 7.2, note that because of
(7.94) and (7.90)

ν

1 − 2ν
= λ

λ + 2μ
= ν

1 − ν
, (7.95)

Hence
(1 − ν)ν = ν(1 − 2ν) (7.96)

and
ν = ν

1 + ν
(7.97)

This completes a solution to Problem 7.2.

Problem 7.3. The displacement equations of thermoelastostatics for a body under
plane strain conditions subject to a temperature change T = T (x) take the form [see
Eq. (7.25)]

uα,γ γ + 1

1 − 2ν
uγ,γ α − γ

μ
T,α = 0 (7.98)

where

γ = 2μ
1 + ν

1 − 2ν
α (7.99)

Let

uα = ∇2gα − 1

2(1 − ν)
gγ,γ α (7.100)

where
∇2∇2gα = γ

μ
T,α (7.101)

Show that uα given by Eqs. (7.100) and (7.101) satisfies Eq. (7.98).

Solution. From Eq. (7.100) we obtain

uα,γ γ = ∇2∇2gα − 1

2(1 − ν)
∇2gβ,βα (7.102)

and

uγ,γ α = ∇2gγ,γ α − 1

2(1 − ν)
∇2gγ,γ α = 1 − 2ν

2(1 − ν)
∇2gγ,γ α (7.103)
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Therefore,

uα,γ γ + 1

1 − 2ν
uγ,γ α = ∇2∇2gα (7.104)

Since, because of (7.101),

∇2∇2gα = γ

μ
T,α (7.105)

it follows from Eqs. (7.104) and (7.105) that uα given by (7.100) and (7.101) satisfies
(7.98). This completes solution to Problem 7.3.

Problem 7.4. The displacement equations of thermoelastostatics for a body under
generalized plane stress conditions subject to a temperature change T = T (x) take
the form [see Eq. (7.35)]

uα,γ γ + 1

1 − 2ν
uγ,γ α − γ

μ
T ,α = 0 (7.106)

where

ν = ν

1 + ν
, γ = 2μ

1 + ν

1 − ν
α (7.107)

Let

uα = ∇2gα − 1

2(1 − ν)
gγ,γ α (7.108)

where

∇2∇2gα = γ

μ
T,α (7.109)

Show that uα given by Eqs. (7.108) and (7.109) satisfies Eq. (7.106).

Solution. Solution to this problem follows directly from the solution to Problem
7.3 in which we replace λ by λ given by

λ = 2μ
ν

1 − 2ν
= 2μ

ν

1 − ν
(7.110)

and uα, gα, γ , and T by uα, gα, γ , and T , respectively.
This completes solution to Problem 7.4.

Problem 7.5. The displacement equations of isothermal elastodynamics for a body
subject to plane strain conditions take the form [see Eq. (7.41)]

μ uα,γ γ + (λ + μ)uγ,γ α + bα = ρ üα (7.111)

Let
bα = −h,α − εαβ3k,β (7.112)
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where h = h(x) and k = k(x) are prescribed scalar fields.
Let

uα = ϕ,α + εαβ3ψ,β (7.113)

where ϕ and ψ satisfy, respectively, the equations

�2
1ϕ = h

λ + 2μ
(7.114)

and

�2
2ψ = k

μ
(7.115)

Show that uα given by Eqs. (7.113) through (7.115) satisfies Eq. (7.111).

Solution. Using (7.113) we obtain

uα,γ γ = (∇2ϕ),α + εαβ3(∇2ψ),β (7.116)

and
uγ,γ α = (∇2ϕ),α (7.117)

Therefore,

uα,γ γ + λ + μ

μ
uγ,γ α − 1

c2
2

üα

= λ + 2μ

μ
(∇2ϕ),α − 1

c2
2

ϕ̈,α + εαβ3

[
(∇2ψ),β − 1

c2
2

ψ̈,β

]

= λ + 2μ

μ

(
∇2ϕ − 1

c2
1

ϕ̈

)
,α + εαβ3

(
∇2ψ − 1

c2
2

ψ̈

)
,β (7.118)

Substituting (7.118) into (7.111) divided by μ, and using (7.112), (7.114), and
(7.115), we obtain

λ + 2μ

μ

(
∇2ϕ − 1

c2
1

ϕ̈

)
,α + εαβ3

(
∇2ψ − 1

c2
2

ψ̈

)
,β − 1

μ
h,α − 1

μ
εαβ3k,β

= λ + 2μ

μ

(
∇2ϕ − 1

c2
1

ϕ̈ − 1

λ + 2μ
h

)
,α + εαβ3

(
∇2ψ − 1

c2
2

ψ̈ − 1

μ
k

)
,β = 0

(7.119)

This completes solution to Problem 7.5.
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Problem 7.6. The displacement equations of isothermal elastodynamics for a body
subject to generalized plane stress conditions take the form [see Eq. (7.49)]

μ uα,γ γ + (λ + μ)uγ,γ α + bα = ρ üα (7.120)

Let
bα = −h,α − εαβ3k,β (7.121)

where h = h(x) and k = k(x) are prescribed scalar fields.
Let

uα = ϕ,α + εαβ3ψ,β (7.122)

where ϕ and ψ satisfy, respectively, the equations

�2
1ϕ = h

λ + 2μ
(7.123)

and

�2
2ψ = k

μ
(7.124)

Here,

�2
1 = ∇2 − 1

c2
1

∂2

∂ t2 ,
1

c2
1

= ρ

λ + 2μ
(7.125)

Show that uα given by Eqs. (7.122) through (7.125) satisfies Eq. (7.120).

Solution. Solution to Problem 7.6 is obtained from the solution to Problem (7.5)
in which we replace λ by λ (c1 by c1), and uα, bα , (h and k), ϕ, and ψ , by uα, bα

(h and k) ϕ and ψ respectively.
This completes solution to Problem 7.6.

Problem 7.7. The displacement equations of isothermal elastodynamics for a body
subject to plane strain conditions take the form [see Eq. (7.41)]

μ uα,γ γ + (λ + μ)uγ,γ α + bα = ρ üα (7.126)

Let uα be a vector field defined by

uα = �2
1gα +

(
c2

2

c2
1

− 1

)
gγ,γ α (7.127)

where

�2
1�2

2gα = −bα

μ
(7.128)
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Show that uα given by Eqs. (7.127) and (7.128) satisfies Eq. (7.126).

Solution. To show that uα given by (7.127) and (7.128) meets (7.126), we note that
(7.127) implies

uγ,γ α = �2
1 gγ,γ α +

(
c2

2

c2
1

− 1

)
∇2 gγ,γ α (7.129)

Also, note that (7.126) can be written as

�2
2uα +

(
c2

1

c2
2

− 1

)
uγ,γ α + bα

μ
= 0 (7.130)

Therefore, substituting uα given by (7.127) and (7.128) into LHS of (7.130) we
obtain

LHS of (3) = �2
1�2

2 gα + bα

μ
+

(
c2

2

c2
1

− 1

)
�2

2 gγ,γ α

+
(
c2

1

c2
2

− 1

) [
�2

1 gγ,γ α +
(
c2

2

c2
1

− 1

)
∇2 gγ,γ α

]
(7.131)

Since

c2
2

c2
1

−1+ c2
1

c2
2

−1+
(
c2

1

c2
2

− 1

) (
c2

2

c2
1

− 1

)
=

(
c2

2

c2
1

− 1

) (
1 + c2

1

c2
2

− 1

)
+ c2

1

c2
2

−1 = 0

(7.132)
and

1

c2
2

(
1 − c2

2

c2
1

)
+ 1

c2
1

(
1 − c2

1

c2
2

)
= 0 (7.133)

LHS of (3) = �2
1 �2

2 gα + bα

μ
(7.134)

Finally, because of (7.128) and (7.134), we obtain

LHS of (3) = 0 (7.135)

This completes solution to Problem 7.7.

Problem 7.8. The stress equations of isothermal elastodynamics for a body subject
to plane strain conditions take the form [see Eq. (7.50)]

S(αγ,γβ) − ρ

2μ
(S̈αβ − ν S̈γ γ δαβ) = −b(α,β) (7.136)
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Let Sαβ be a tensor field defined by

Sαβ = 2μ

[
�2

1χαβ − 1

2(1 − ν)
(χγγ,αβ − ν δαβ�2

2χγγ )

]
(7.137)

where χαβ is a symmetric second-order tensor field that satisfies the equations

�2
1�2

2χαβ = −b(α,β)

μ
(7.138)

and
χαβ,γ γ + χγγ,αβ − 2χ(αγ,γβ) = 0 (7.139)

Show that Sαβ given by Eqs. (7.137) through (7.139) satisfies the tensorial equation
(7.136).

Note. If χαβ = g(α,β), where gα is the vector field of Galerkin type from Problem 7.7,
then χαβ satisfies Eq. (7.139) identically, and Sαβ is the stress tensor corresponding
to the displacement vector uα of Problem 7.7.

Solution. To show that Sαβ given by Eqs. (7.137)–(7.139) meets (7.136), we rewrite
Eqs. (7.137)–(7.139) and obtain

Sαβ = 2μ

[
�2

1χαβ − 1

2(1 − ν)

(
χγγ,αβ − νδαβ�2

2χγγ

)]
(7.140)

�2
1�2

2χαβ = − 1

μ
b(α,β) (7.141)

χαβ,γ γ + χγγ,αβ − 2χ(αγ,γβ) = 0 (7.142)

The stress equation of motion (7.136) is rewritten as

S(αγ,γβ) − ρ

2μ
(S̈αβ − ν S̈γ γ δαβ) = −b(α,β) (7.143)

By taking the trace of (7.140), and using the identity

�2
1 − 1

2(1 − ν)

(
∇2 − 2ν�2

2

)
= 1

2(1 − ν)
�2

2 (7.144)

we obtain
Sγ γ = μ

1 − ν
�2

2 χγγ (7.145)

Hence, an alternative form of (7.140) reads
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Sαβ − ν Sγ γ δαβ = 2μ

[
�2

1χαβ − 1

2(1 − ν)
χγγ,αβ

]
(7.146)

Next, using (7.140) we obtain

Sαγ = 2μ

[
�2

1χαγ − 1

2(1 − ν)

(
χδδ,αγ − νδαγ �2

2χδδ

)]
(7.147)

Sαγ,γ = 2μ

[
�2

1χαγ,γ − 1

2(1 − ν)

(
∇2χδδ,α − ν �2

2χδδ,α

)]
(7.148)

S(αγ,γβ) = 2μ

[
�2

1χ(αγ,γβ) − 1

2(1 − ν)

(
∇2 − ν �2

2

)
χδδ,αβ

]
(7.149)

Since, because of (7.142),

2χ(αγ,γβ) = ∇2χαβ + χδδ,αβ (7.150)

therefore, (7.149) can be written as

S(αγ,γβ) = μ

{
�2

1(∇2χαβ + χδδ,αβ) − 1

1 − ν

(
∇2 − ν�2

2

)
χδδ,αβ

}
(7.151)

Also, note that

�2
1 − 1

1 − ν

(
∇2 − ν�2

2

)
= − 1

c2
1

− ν

1 − ν

1

c2
2

= − 1

c2
2

1 − 2ν

2 − 2ν
− 2ν

2 − 2ν

1

c2
2

= − 1

2(1 − ν)

1

c2
2

(7.152)

Hence (7.151) reduces to

S(αγ,γβ) = μ

[
�2

1∇2χαβ − 1

2(1 − ν)

1

c2
2

χ̈δδ,αβ

]
(7.153)

Substituting (7.146) and (7.153) into LHS of (7.143) we obtain

LHS of (4) = μ

[
�2

1 ∇2χαβ − 1

2(1 − ν)

1

c2
2

χ̈δδ,αβ

]

− ρ

[
�2

1 χ̈αβ − 1

2(1 − ν)
χ̈γ γ,αβ

]

= μ�2
1 �2

2 χαβ (7.154)
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Finally, it follows from (7.141) and (7.154) that Sαβ satisfies (7.136) ⇔ (7.143). This
completes a solution to Problem 7.8.

Problem 7.9. Let Sαβ be a solution to the stress equations of elastodynamics [see
Eq. (7.50)]

S(αγ,γβ) − ρ

2μ
(S̈αβ − ν S̈γ γ δαβ) = −b(α,β) on C0 × [0,∞) (7.155)

subject to the homogeneous initial conditions

Sαβ(x, 0) = 0, Ṡαβ(x, 0) = 0 for x ∈ C0 (7.156)

Show that there is a second-order symmetric tensor field χαβ that satisfies Eqs. (7.137)
through (7.139) of Problem 7.8, that is, the stress representation of Problem 7.8 is
complete.

Solution. To solve the problem we use the following three Lemmas.

Lemma 1. Let f = f (x, t) be a prescribed function on E2×[0,∞). Then a solution
g = g(x, t) of the wave equation

(
∇2 − 1

c2

∂2

∂t2

)
g = f on E2 × [0,∞) (7.157)

subject to the homogeneous initial conditions

g(x, 0) = ġ(x, 0) = 0 on E2 (7.158)

takes the form

g(x, t) = − c

2π

t∫

0

∫

|x−ξ |≤c(t−τ)

f (ξ, τ )da(ξ)dτ√
c2(t − τ)2 − |x − ξ |2 (7.159)

Proof of Lemma 1. Is omitted.
Before formulating Lemma 2, we introduce a symmetric second-order tensor field

χ∗ that is related to χ by the formula

2μχ = −2(1 − ν)χ∗ (7.160)
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Then Eqs. (7.137)–(7.139) of Problem 7.8 take the form

S =
(
∇∇ − ν1 �2

2

)
tr χ∗ − 2(1 − ν)�2

1 χ∗ (7.161)

�2
1 �2

2χ
∗ = 1

1 − ν
∇̂b (7.162)

∇2χ∗ + ∇∇ tr χ∗ − 2∇̂ div χ∗ = 0 (7.163)

Also, note that (7.163) is equivalent to

∇2(tr χ∗) − div div χ∗ = 0 (7.164)

To prove that (7.163) ⇔ (7.164) we write (7.163) and (7.164) in components, and find
that two of Eqs. (7.163) are identical with (7.164), while the third one is identically
satisfied.

In the following, for simplicity∗ in Eqs. (7.161)–(7.164) is omitted. It follows from
Eqs. (7.137)–(7.139) of Problem 7.8 and Eqs. (7.161)–(7.164) that the representation
S of Problem 7.8 is equivalent to Eqs. (7.161), (7.162) and (7.164).

Lemma 2. If S satisfies the stress equation of motion

∇̂(div S) − 1

2c2
2

[S̈ − ν1(tr S̈)] = −∇̂b (7.165)

subject to the homogeneous initial conditions

S(x, 0) = 0, Ṡ(x, 0) = 0 (7.166)

then S satisfies the equation

(1 − ν)∇2(tr S) − div div S = 0 (7.167)

Proof of Lemma 2. Since for any vector field v on E2 × [0,∞)

(∇2tr − div div)∇̂v = 0 (7.168)

therefore, applying the operator (∇2tr −div div) to Eq. (7.165) and using the relation

(∇2tr − div div)1a = ∇2a (7.169)

valid for an arbitrary scalar field a on E2 × [0,∞), we obtain

(1 − ν)∇2(tr S̈) − div div S̈ = 0 (7.170)
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Finally, integrating (7.170) twice with respect to time and using (7.166) we obtain
(7.167). This completes proof of Lemma 2.

Lemma 3. Let S be a solution to Eq. (7.165) on B × [0,∞) subject to the initial
conditions (7.166) on B (B ⊂ E2). Let S̃ be an extension of S to E2 × [0,∞)

preserving Eq. (7.167). Then there is a symmetric tensor field �̃ on E2 × [0,∞)

such that
− 2(1 − ν)�2

1 �2
2�̃ = S̃ (7.171)

and
[(1 − ν)∇2tr − div div]�̃ = 0 (7.172)

Proof of Lemma 3. First, we note that Eq. (7.167) extended to E2×[0,∞) is a nec-
essary condition for solvability of Eqs. (7.171), (7.172). Next, define the components
of �̃ in terms of S̃ by the formulas:

�̃αα(x, t) = − c2

2π

t∫

0

∫

|x−ξ | ≤ c2(t−τ)

ϕα(ξ, τ )da(ξ)dτ
[
c2

2(t − τ) − |x − ξ |2]1/2 (7.173)

where

ϕα(x, t) = 1

2(1 − ν)

c1

2π

t∫

0

∫

|x−ξ | ≤ c1(t−τ)

S̃αα(ξ, τ )da(ξ)dτ
[
c2

1(t − τ)2 − |x − ξ |2]1/2 (7.174)

(α = 1, 2, do not sum on α)
and

�̃12(x, t) = φ(x, t) − ψ(x, t) (7.175)

where φ and ψ are given by

φ(x, t) = φ
(
x0

1 , x2, t
)

+ φ
(
x1, x

0
2 , t

)
− φ

(
x0

1 , x0
2 , t

)

+ 1

2

x1∫

x0
1

x2∫

x0
2

[
(1 − ν)∇2(�̃11 + �̃22) − ∂2

1 �̃11 − ∂2
2 �̃2

22

]
(ξ, t)dξ1dξ2

(7.176)

and

ψ(x, t) = − c2

2π

t∫

0

∫

|x−ξ |≤c2(t−τ)

ω(ξ, τ )da(ξ)dτ
[
c2

2(t − τ)2 − |x − ξ |2]1/2 (7.177)

in which
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ω(x, t) = − c1

2π

t∫

0

∫

|x−ξ | ≤ c1(t−τ)

[
�2

1�2
2φ + S̃12/2(1 − ν)

]

[
c2

1(t − τ)2 − |x − ξ |2]1/2 da(ξ)dτ (7.178)

In Eq. (7.176) x0 is a fixed point of B, and φ(x0
1 , x2, t), φ(x1, x0

2 , t), and φ(x0
1 , x0

2 , t)
are arbitrary functions.

In the following we show that the tensor field �̃ defined by (7.173)–(7.178)
satisfies Eqs. (7.171) and (7.172), that is, Lemma 3 holds true. To this end we first
show that

(i) The tensor field �̃ satisfies Eq. (7.171).
To show (i) we note that because of Lemma 1, the functions �̃αα and ϕα given

by (7.173) and (7.174), respectively, satisfy the equations

�2
2�̃αα = ϕα (7.179)

and

�2
1ϕα = − 1

2(1 − ν)
S̃αα (7.180)

(α = 1, 2; do not sum on α).
Hence, we obtain

− 2(1 − ν)�2
1�2

2�̃αα = S̃αα (7.181)

(α = 1, 2; do not sum on α).
This means that �̃11 and �̃22 satisfy Eqs. (7.171)1 and (7.171)2, respectively.

Also, from Lemma 1, the functions ψ and ω, defined by (7.177) and (7.178),
respectively, satisfy the equations

�2
2ψ = ω (7.182)

and

�2
1ω = �2

1�2
2φ + 1

2(1 − ν)
S̃12 (7.183)

Hence, using (7.175), (7.182), and (7.183) we find that �̃12 satisfies Eq. (7.171)3,
that is,

− 2(1 − ν)�2
1�2

2�̃12 = S̃12 (7.184)

This completes proof of (i).
Next, we are to show that

(ii) The tensor field �̃ satisfies Eq. (7.172).
By applying the operator ∂2/∂x1∂x2 to Eq. (7.176) we obtain

2∂1∂2φ = (1 − ν)∇2(�̃11 + �̃22) − ∂2
1 �̃11 − ∂2

2 �̃22 (7.185)
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or using (7.175), we get

[(1 − ν)∇2tr − div div]�̃ = 2∂1∂2ψ (7.186)

Therefore, to show (ii) it is sufficient to prove that

∂1∂2ψ = 0 (7.187)

To this end we let ξ − x = z in the integrals (7.177) and (7.178), respectively,
and obtain

ψ(x, t) = − c2

2π

t∫

0

∫

|z|≤c2(t−τ)

ω(z + x, τ )da(z)dτ
[
c2

2(t − τ)2 − |z|2]1/2 (7.188)

and

ω(x, t) = − c1

2π

t∫

0

∫

|z|≤c1(t−τ)

[
�2

1�2
2φ + S̃12/2(1 − ν)

]
(z + x, τ )

[
c2

1(t − τ)2 − |z|2]1/2 da(z)dτ

(7.189)
By applying the operator �2

1�2
2 to (7.185) and using (7.171) we obtain

2∂1∂2�2
1�2

2φ = − 1

2(1 − ν)
[(1 − ν)∇2(tr S̃) − ∂2

1 S̃11 − ∂2
2 S̃22] (7.190)

Next, applying the operator ∂1∂2 to (7.189) and using (7.190) we obtain

2∂1∂2 ω(x, t) = − 1

2(1 − ν)

c1

2π

t∫

0

∫

|z|≤c1(t−τ)

da(z)dτ

× [div div − (1 − ν)∇2tr]S̃(x + z, τ )

[c2
1(t − τ)2 − |z|2]1/2

(7.191)

Hence, and from Eq. (7.167) of Lemma 2 we obtain

2 ∂1∂2ω = 0 (7.192)

and applying the operator ∂1∂2 to (7.188) we obtain

∂1∂2ψ = 0 (7.193)

Therefore, (7.193) ⇔ (7.187) holds true, and this completes proof of (ii).
The conclusions (i) and (i) imply that Lemma 3 holds true.
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Proof of the completeness of the stress representation in Problem 7.9. We are to
show that the tensor field χ, defined in terms of � from Lemma 3, by

χ = 2

[
∇̂(div�) − 1

2c2
2

(�̈ − ν1 tr �̈)

]
(7.194)

satisfies Eqs. (7.161), (7.162), and (7.164) in which asterisk is omitted.
First, we show that χ satisfies (7.162), that is,

�2
1�2

2χ = 1

1 − ν
∇̂b (7.195)

Applying the operator �2
1�2

2 to (7.194) and using (7.171) we obtain

�2
1�2

2χ = − 1

1 − ν

[
∇̂(div S) − 1

2c2
2

(S̈ − ν1 tr S̈)

]
(7.196)

Since S is a solution to the stress equation of motion (7.165), Eq. (7.196) implies that
χ satisfies (7.195).

Next, we show that χ satisfies (7.164), that is,

∇2(tr χ) − div div χ = 0 (7.197)

To this end we take the trace of (7.194) and obtain

tr χ = 2

[
div div � − 1 − 2ν

2c2
2

(tr �̈)

]
(7.198)

Applying the operator (∇2tr − div div) to (7.194) and using (7.198) we get

∇2(tr χ) − div div χ = 2

[
∇2(div div�) − 1 − 2ν

2c2
2

∇2(tr �̈)

]

− 2

{
∇2(div div�) − 1

2c2
2

[div div�̈ − ν∇2(tr �̈)]
}

= − 1

c2
2

[(1 − ν)∇2(tr �̈) − div div�̈] (7.199)

Because of Eq. (7.172) restricted to B × [0,∞), the RHS of (7.199) vanishes: this
shows that (7.197) ⇔ (7.164) holds true.

Finally, we are to show that if χ from Eq. (7.194) is substituted into the RHS of
Eq. (7.161) in which asterisk is omitted we obtain S, that is, Eq. (7.161) holds true.

It follows from the relation
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1

c2
1

= 1

c2
2

1 − 2ν

2 − 2ν
(7.200)

and from Eqs. (7.172) restricted to B × [0,∞) and (7.198) that

tr χ = 2[(1 − ν)∇2(tr �) − 1 − 2ν

2c2
2

(tr �̈)] = 2(1 − ν)�2
1(tr �) (7.201)

Applying the operator 2(1 − ν)�2
1 to Eq. (7.194) we obtain

2(1 − ν)�2
1χ = 2(1 − ν)�2

1

[
2∇̂(div�) +

(
�2

2 − ∇2
)

(� − ν1 tr �)
]

(7.202)

and applying the operator (∇∇ − ν1�2
2) to (7.201) we get

(∇∇ − ν1�2
2)tr χ = 2(1 − ν)�2

1(∇∇ − ν1�2
2)tr � (7.203)

Next, subtracting (7.203) from (7.202) we get

[(
∇∇ − ν1�2

2

)
tr − 2(1 − ν)�2

1

]
χ

= −2(1 − ν)�2
1

[
�2

2 + 2∇̂div − ∇2 − (∇∇ − ν1∇2)tr
]
� (7.204)

Since, from (7.172),
[(1 − ν)∇2tr − div div]� = 0 (7.205)

and (7.205) is equivalent to the tensorial equation

[2∇̂div − ∇2 − (∇∇ − ν1∇2)tr]� = 0 (7.206)

therefore, (7.204) takes the form

[(
∇∇ − ν1�2

2

)
tr − 2(1 − ν)�2

1

]
χ = −2(1 − ν)�2

1�2
2� (7.207)

This together with (7.171) restricted to B × [0,∞) implies that χ satisfies (7.161).
This completes a solution to Problem 7.9.

Problem 7.10. A homogeneous isotropic infinite elastic body under plane strain
conditions and initially at rest is subject to a temperature change T = T (x, t) for
every (x, t) ∈ E2 ×[0,∞). Show that the dynamic thermal stresses Sαβ = Sαβ(x, t)
corresponding to the temperature T = T (x, t) are represented by the formulas
[see Eqs. (7.66), (7.67)]

Sαβ = 2μ (φ,αβ − φ,γ γ δαβ) + ρ φ̈δαβ (7.208)



208 7 Formulation of Two-Dimensional Problems

where

φ(x, t) = −m c1

2π

t∫

0

dτ

∫

|x−ξ |<c1τ

T (ξ, t − τ) da(ξ)√
c2

1τ
2 − |x − ξ |2

(7.209)

and

m = 1 + ν

1 − ν
α,

1

c1
=

√
ρ

λ + 2μ
(7.210)

Solution. In the plane-strain case when T = T (x, t) is prescribed on E2 ×[0,∞),
the dynamic thermal stresses Sαβ = Sαβ(x, t) are computed from the formula [see
Eqs. (7.66) and (7.67)]

Sαβ = 2μ(φ,αβ −φ,γ γ δαβ) + ρφ̈δαβ (7.211)

where φ = φ(x, t) is a solution to Poisson’s equation

�2
1φ = mT on E2 × [0,∞) (7.212)

By Lemma 1 from the solution to Problem 7.9, a unique solution to Eq. (7.212)
subject to the homogeneous initial conditions

φ(x, 0) = 0, φ̇(x, 0) = 0 on E2 (7.213)

takes the form

φ(x, t) = −mc1

2π

t∫

0

∫

|x−ξ |≤c1(t−τ)

T (ξ, τ )
[
c2

1(t − τ)2 − |x − ξ |2]1/2 da(ξ)dτ (7.214)

By introducing the new integration variable: (v = t − τ) we find that φ is equivalent
to (7.209). This completes a solution to Problem 7.10.



Chapter 8
Solutions to Particular Three-Dimensional
Boundary Value Problems of Elastostatics

In this chapter the boundary value problems related to torsion of a prismatic bar
bounded by a cylindrical lateral surface and by a pair of planes normal to the lateral
surface, are discussed. It is assumed that a resultant torsion moment is applied at
one of the bases while the other is subject to a warping and the lateral surface is
stress free. In each of the problems an approximate three-dimensional formulation
is reduced to a two-dimensional one for Laplace’s or Poisson’s equation on the cross
section of the bar.

8.1 Torsion of Circular Bars

We consider a circular prismatic bar of length l and radius a referred to the Cartesian
coordinates (x1, x2, x3) in such a way that x3 coincides with the axis of the bar, the
bar is fixed at x3 = 0 in the (x1, x2) plane, while at x3 = l a torsion moment M3 is
applied. This moment causes the bar to be twisted, and the generators of the circular
cylinder deform into helical curves.

An elastic state s = [u,E,S] in the bar is approximated by s̃ = [̃u, Ẽ, S̃], where

ũ1 = −α x2 x3, ũ2 = α x1 x3, ũ3 = 0 (8.1)

and α is the angle of twist per unit length along the x3 axis

Ẽ11 = Ẽ22 = Ẽ33 = Ẽ12 = 0

Ẽ23 = 1

2
α x1, Ẽ31 = −1

2
α x2

(8.2)

and
S̃11 = S̃22 = S̃33 = S̃12 = 0

S̃23 = μα x1, S̃31 = −μα x2
(8.3)

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 209
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_8,
© Springer Science+Business Media Dordrecht 2013
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The torsion moment M3 is

M3 =
∫

A

(x1 S̃23 − x2 S̃31)dx1dx2 = μα

∫

A

(x2
1 + x2

2 )dx1dx2 ≡ μα J (8.4)

where A is the area of the cross section : A = {(x1, x2) :
√
x2

1 + x2
2 ≤ a}, and J is

the polar moment of inertia of the cross section about its center. The product μJ is
called the torsional rigidity of the bar. Also, since

nα = xα/a, n3 = 0 on ∂A (α = 1, 2) (8.5)

therefore, because of Eq. (8.3)

S̃i j n j = 0 on ∂A (i, j = 1, 2, 3) (8.6)

that is, the elastic state s̃ = [̃u, Ẽ, S̃] satisfies the homogeneous boundary conditions:
(i) ũ = 0 on x3 = 0, and (ii) S̃n = 0 on the lateral surface ∂A× [0, l]. A shear stress
boundary condition on the plane x3 = l is replaced by application of the resultant
moment M3 on this plane.

Torsion of Noncircular Prismatic Bars

A noncircular prismatic bar of length l is fixed at x3 = 0 in the sense that the
displacement components in the (x1, x2) plane vanish while the axial displacement
is subject to a warping, and the other end x3 = l is twisted by a moment M3; the
lateral surface of the bar is stress free and no body forces are present. Therefore, an
elastic state s = [u,E,S] in the bar is approximated by s̃ = [̃u, Ẽ, S̃] in which

ũ1 = −α x2 x3, ũ2 = α x1 x3, ũ3 = α ψ(x1, x2) (8.7)

where ψ = ψ(x1, x2) is called awarping function.The strain-displacement relations,
the equilibrium equations with zero body forces, and the constitutive stress-strain
relations, respectively, associated with the displacements (8.7), take the forms

Ẽ11 = Ẽ22 = Ẽ33 = Ẽ12 = 0

Ẽ23 = 1

2
α(ψ,2 + x1), Ẽ31 = 1

2
α (ψ,1 − x2)

(8.8)

ψ,11 + ψ,22 = 0 (8.9)

and
S̃11 = S̃22 = S̃33 = S̃12 = 0
S̃23 = μα(ψ,2 + x1), S̃31 = μα(ψ,1 − x2)

(8.10)

The torsion moment M3 takes the form
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M3 =
∫

A

(x1 S̃23 − x2 S̃31)dx1dx2 = α D (8.11)

where

D = μ

∫

A

(x2
1 + x2

2 + x1ψ,2 − x2ψ,1)dx1dx2 (8.12)

is called the torsional rigidity of the bar.
The boundary conditions are satisfied in the following sense. The bases x3 = 0

and x3 = l of the bar are the resultant force free, that is,

F1 =
∫

A

S̃31dx1dx2 = 0, F2 =
∫

A

S̃32dx1dx2 = 0 (8.13)

and the distribution of shear stresses on the base x3 = l is represented by the torsion
moment M3. To satisfy the stress free lateral surface boundary condition, we postulate
that

∂ψ

∂n
= x2n1 − x1n2 on ∂A (8.14)

As a result, the torsion problem of a noncircular prismatic bar has been solved once
a warping function ψ = ψ(x1, x2) that satisfies the harmonic equation

∇2ψ = 0 on A (8.15)

subject to the boundary condition

∂ψ

∂n
= x2n1 − x1n2 on ∂A (8.16)

has been found.
For example, for an elliptic bar with semi-axes a and b and with the center at the

origin, we obtain

ψ(x1, x2) = b2 − a2

b2 + a2 x1x2 (8.17)

and

D = π μ a3b3

a2 + b2 , M3 = α D (8.18)

S̃13 = − 2M3

π ab3 x2, S̃13 = 2M3

π a3b
x1 (8.19)
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Prandtl’s Stress Function
Prandtl’s stress function φ = φ(x1, x2) is defined in terms of the warping function
ψ = ψ(x1, x2) by the formulas

φ,2 = μα(ψ,1 − x2) = S̃13

φ,1 = −μα(ψ,2 + x1) = −S̃23
(8.20)

One can show that the boundary value problem for the warping function ψ =
ψ(x1, x2), described by Eqs. (8.15) and (8.16), is equivalent to finding a Prandtl’s
stress function φ = φ(x1, x2) that satisfies Poisson’s equation

∇2φ = −2μα on A (8.21)

subject to the homogeneous boundary condition

φ = 0 on ∂A (8.22)

while the torsion moment M3 is calculated from the formula

M3 = 2
∫

A

φ(x1, x2)dx1dx2 (8.23)

8.2 Problems and Solutions Related to Particular
Three-Dimensional Boundary Value
Problems of Elastostatics—Torsion Problems

Problem 8.1. Show that the warping function ψ = const solves the torsion problem
of a circular bar.

Solution. By letting ψ = 0 in Eqs. (8.7)–(8.10) we obtain s̃ = [̃u, Ẽ, S̃], where
ũ, Ẽ and S̃ are given by Eqs. (8.1)–(8.3), respectively, that describes a solution to the
torsion problem of a circular bar.

Problem 8.2. Show that in the torsion problem of an elliptic bar, the resultant shear
stress S̃t at points on a given diameter of the ellipse is parallel to the tangent at the
point of intersection of the diameter and the ellipse [see Fig. 8.1].

Solution. For an elliptic bar subject to a torsion moment M3, the stresses S̃13 and
S̃23, respectively, are given by [see Eqs. (8.19)]

S̃13 = − 2 M3

π ab3 x2 (8.24)
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and

S̃23 = 2 M3

π a3b
x1 (8.25)

The resultant shear stress magnitude is then computed from the formula

S̃t =
(
S̃2

13 + S̃2
23

)1/2 = 2 M3

π ab

(
x2

1

a4 + x2
2

b4

)1/2

(8.26)

Equations (8.24)–(8.26) hold true for any point of the elliptical cross section of the
bar. In particular, for any such point, because of (8.24) and (8.25)

S̃13

S̃23
= −a2

b2

x2

x1
(8.27)

Therefore, the ratio S̃13/S̃23 is constant along the diameter of the ellipse shown in
Fig. of Problem 8.2 represented by the equation

− a2

b2

x2

x1
= c = const (c > 0) (8.28)

As a result, the resultant shear stress vector τ̃ = S̃13 e1 + S̃23 e2, where e1 =
(1, 0)T , e2 = (0, 1)T , coincides with the tangent vector at the point of intersection
of the diameter and the ellipse. Substituting x2 from (8.28) into (8.26) we obtain

S̃t = 2 M3

π ab

√
1 + c2 |x1|

a2 (8.29)

This formula shows that for x1 > 0 S̃t is a linear function of x1 along the diameter.
This completes a solution to Problem 8.2.

Problem 8.3. Show that the torsion moment in terms of Prandtl’s stress function
φ = φ(x1, x2) is expressed by

M3 = 2
∫

A

φ(x1, x2)dx1dx2

Solution. A solution to this problem is obtained from Eqs. (8.11)–(8.12), (8.15)–
(8.16), and (8.20)–(8.22).

Problem 8.4. Show that Prandtl’s stress function φ = φ(x1, x2) given by

φ(x1, x2) = 32μα a2
1

π3

∞∑

n=1,3,5,...

sin
( nπ

2

)

n3

⎡

⎣1 −
cosh

(
nπ x2
2a1

)

cosh
(
nπ a2
2a1

)

⎤

⎦ cos

(
nπ x1

2a1

)
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x 1

− a

b

− b

St

a

x 2

0

Fig. 8.1 The cross section of an elliptic bar in torsion

solves the torsion problem of a bar with the rectangular cross section: |x1| ≤ a1,
|x2| ≤ a2. Also, show that in this case the torsion moment

M3 = 2

a1∫

−a1

a2∫

−a2

φ(x1, x2)dx1dx2 = μα(2a1)
3(2a2) k

∗

where

k∗ = 1

3

⎡

⎣1 − 192

π5

(
a1

a2

) ∞∑

n=1,3,5,...

1

n5
tanh

(
nπ a2

2a1

)⎤

⎦

Solution. For the rectangular cross section C0 : |x1| ≤ a1, |x2| ≤ a2, Prandtl’s
stress function φ = φ(x1, x2) satisfies Poisson’s equation

∇2φ = −2μα on C0 (8.30)

subject to the homogeneous boundary condition

φ = 0 on ∂C0 (8.31)

Since
cos

(nπ

2

)
= 0 for n = 1, 3, 5, . . . (8.32)

therefore, φ = φ(x1, x2) given by
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φ(x1, x2) = 32 μα a2
1

π3 ×
∑

n=1,3,5,...

sin
( nπ

2

)

n3

⎡

⎣1 −
ch

(
nπx2
2a1

)

ch
(
nπa2
a1

)

⎤

⎦ cos

(
nπx1

2a1

)

(8.33)
satisfies the homogeneous boundary condition (8.31).

In addition, applying ∇2 to (8.33) and using the identity

∇2
[

cos

(
nπx1

2a1

)
ch

(
nπx2

2a1

)]
= 0 (8.34)

we obtain

∇2φ = −8 μα

π

∑

n=1,3,5,...

sin
( nπ

2

)
cos

(
nπx1
2a1

)

n
(8.35)

Hence, φ given by (8.33) satisfies (8.30) if the function 1 on |x1| ≤ a1 can be
represented by the Fourier’s series

1 = 4

π

∑

n=1,3,5,...

sin
( nπ

2

)
cos

(
nπx1
2a1

)

n
|x1| ≤ a1 (8.36)

To show (8.36) we multiply (8.36) by cos
(
kπx1
2a1

)
and integrate over |x1| ≤ a1, and

obtain

a1∫

−a1

cos

(
kπx1

2a1

)
dx1 = 4

π

∑

n=1,3,5,...

sin
( nπ

2

)

n

×
a1∫

−a1

cos

(
kπx1

2a1

)
cos

(
nπx1

2a1

)
dx1 (8.37)

Since

a1∫

−a1

cos

(
kπx1

2a1

)
cos

(
nπx1

2a1

)
dx1 = a1δkn for n, k = 1, 3, 5, . . . (8.38)

and
a1∫

−a1

cos

(
kπx1

2a1

)
dx1 = 4a1

kπ
sin

(
kπ

2

)
(8.39)
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therefore, Eq. (8.37) is an identity. This proves that the expansion (8.36) holds true,
and as a result φ given by (8.33) solves the torsion problem of a bar with the rectan-
gular cross section.

To calculate the torsion moment we use the formula

M3 = 2

a1∫

−a1

a2∫

−a2

φ(x1, x2)dx1dx2 (8.40)

Substituting φ from (8.33) into (8.40) we obtain

M3 = 64 μαa2
1

π3 ×
a∫

−a1

a2∫

−a2

∑

n=1,3,5,...

sin
( nπ

2

)

n3

⎡

⎣1 −
ch

(
nπx2
2a1

)

ch
(
nπa2
2a1

)

⎤

⎦cos

(
nπx1

2a1

)
dx1dx2

= 32 μα(2a1)
3(2a2)

π4

∑

n=1,3,5,...

1

n4 − 64 μα(2a1)
4

π5

∑

n=1,3,5,...

1

n5
tanh

(
nπa2

2a1

)

(8.41)

Since
∑

n=1,3,5,...

1

n4 = π4

96
(8.42)

therefore, substituting (8.42) into (8.41) we obtain

M3 = 1

3
μα(2a1)

32a2 ×
⎡

⎣1 − 192

π5

a1

a2

∑

n=1,3,5,...

1

n5
tanh

(
nπa2

2a1

)⎤

⎦ (8.43)

This completes a solution to Problem 8.4.

Problem 8.5. Show that Prandtl’s stress function

φ(r, θ) = μα

2
(r2 − b2)

(
2a cos θ

r
− 1

)

defined over the region

0 < b ≤ r ≤ 2a − b, − cos−1
(

b

2a

)
≤ θ ≤ cos−1

(
b

2a

)

solves the torsion problem of the circular shaft with a circular groove shown in
Fig. 8.2; in particular, find the stresses S̃13 and S̃23 on the boundary of the shaft.

Hint. Use the polar coordinates
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Fig. 8.2 The cross section of
a circular bar with a circular
groove

r =
 2

a 
co

s 
θ

x 2

x 1
b

0

a
θ

x1 = r cos θ, x2 = r sin θ

Solution. First, we note that the function

φ(r, θ) = μα

2
(r2 − b2)

(
2a cos θ

r
− 1

)
(8.44)

vanishes on the boundary of the circular shaft with a circular groove shown in
Fig. of Problem 8.5.

Next, using ∇2 in the form

∇2 = ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2 (8.45)

and the equations
∇2(r cos θ) = ∇2(r−1 cos θ) = 0 (8.46)

and applying ∇2 to (8.44) we obtain

∇2φ = −2 μα (8.47)

Therefore, φ solves the torsion problem of the circular shaft with a circular groove. In
particular, the stresses S̃13 and S̃23 are computed from the formulas [see Eqs. (8.20)]

S̃13 = φ,2, S̃23 = −φ,1 (8.48)

Substituting φ from (8.44) into (8.48), and using the polar coordinates, we obtain
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S̃13 = μαx2

(
2a x1

b2

r4 − 1

)
(8.49)

and

S̃23 = −μα

[
a

(
1 − b2

r2

)
− x1 + 2a x2

1
b2

r4

]
(8.50)

In Eqs. (8.49) and (8.50)

x1 = r cos θ x2 = r sin θ (8.51)

By letting r = b in (8.49) and (8.50) we get

S̃13|r=b = μα(2a cos θ − b) sin θ (8.52)

S̃23|r=b = −μα(2a cos θ − b) cos θ (8.53)

Hence, the resultant shear stress magnitude for r = b takes the form

S̃t =
(
S̃2

13 + S̃2
23

)1/2 = μα(2a cos θ − b) (8.54)

Since
∂ S̃t
∂θ

= 0,
∂2 S̃t
∂θ2 < 0 at θ = 0 (8.55)

the function S̃t = S̃t (θ) attains a maximum at θ = 0. Hence, the resultant shear
stress attains a maximum at the point (x1, x2) = (b, 0) and

S̃t (θ = 0) = μα(2a − b) (8.56)

If b → 0, the RHS of (8.56) → 2μαa. Hence, for a small groove radius the maximum
resultant shear stress doubles that of a bar with a circular cross section [see Eq. (8.3)].

This completes a solution to Problem 8.5.



Chapter 9
Solutions to Particular Two-Dimensional
Boundary Value Problems of Elastostatics

In this chapter a number of two-dimensional boundary value problems for a body
under plane strain conditions or under generalized plane stress conditions are solved.
The problems include: (i) a semispace subject to an internal concentrated body force,
(ii) an elastic wedge subject to a concentrated load at its tip, and (iii) an infinite
elastic strip subject to a discontinuous temperature field. To solve the problems a
two-dimensional version of the Boussinesq-Papkovitch-Neuber solution as well as
an Airy stress function method, are used.

9.1 The Two-Dimensional Version
of Boussinesq-Papkovitch-Neuber
Solution for a Body Under Plane Strain Conditions

An elastic state s = [u,E,S] corresponding to a body under plane strain conditions
is described by the equations [see Eqs. 7.70 and 7.71 in Problem 7.1.]

uα = ψα − 1

4(1 − ν)
(xγ ψγ + ϕ),α (9.1)

where

ψα,γ γ = −bα

μ
(9.2)

and

ϕ,γ γ = xγ bγ

μ
(9.3)

The strains Eαβ and stresses Sαβ , associated with uα , are given, respectively, by

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 219
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_9,
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Eαβ = 1

4(1 − ν)
[2(1 − 2ν)ψ(α,β) − xγ ψγ,αβ − ϕ,αβ ] (9.4)

and

Sαβ = μ

4(1 − ν)
[2(1 − 2ν)ψ(α,β) − xγ ψγ,αβ + 2ν ψγ,γ δαβ − ϕ,αβ ] (9.5)

If a concentrated force P0 normal to the boundary of a semispace |x1| < ∞, x2 ≥ 0
is applied at the point (x1, x2) = (0, 0), and suitable asymptotic conditions are
imposed on s = [u,E,S] at infinity, then a suitable choice of the pair (ϕ, ψα) leads
to the stress tensor Sαβ in the form

S11 = − 2P0

π r4 x
2
1 x2, S22 = − 2P0

π r4 x
3
2 , S12 = − 2P0

π r4 x1x
2
2 (9.6)

where

r = |x| =
√
x2

1 + x2
2 (9.7)

In polar coordinates (r, ϕ) related to the Cartesian coordinates (x1, x2) by

x1 = r cos ϕ, x2 = r sin ϕ (9.8)

we obtain

Srr = −2P0

π r
sin ϕ, Sϕϕ = Srϕ = 0 (9.9)

Clearly, it follows from (9.6) and (9.9) that

|S| → 0 as r → ∞ (9.10)

Similarly, if a concentrated force T0 tangent to the boundary of a semispace
|x1| < ∞, x2 ≥ 0 is applied at the point (x1, x2) = (0, 0), and suitable asymp-
totic conditions are imposed on s = [u,E,S] at infinity, then a suitable choice of the
pair (ϕ, ψα) leads to the stress tensor Sαβ in the form

S11 = − 2T0

π r4 x
3
1 , S22 = − 2T0

π r4 x1x
2
2 , S12 = − 2T0

π r4 x
2
1 x2 (9.11)

In polar coordinates (r, ϕ) we obtain

Srr = −2T0

π r
cos ϕ, Sϕϕ = Srϕ = 0 (9.12)

and it follows from Eqs. (9.11) and (9.12) that

|S| → 0 as r → ∞ (9.13)
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9.2 Problems and Solutions Related to Particular
Two-Dimensional Boundary Value Problems
of Elastostatics

Problem 9.1. Find an elastic state s = [u,E,S] corresponding to a concentrated
body force in an interior of a homogeneous and isotropic semispace |x1| < ∞,

x2 ≥ 0, under plane strain conditions, when the boundary of semispace is stress free
and the elastic state satisfies suitable asymptotic conditions at infinity.

Solution. We confine ourselves to the case when the semispace: |x1| < ∞,

x2 ≥ 0 with stress free boundary x2 = 0 is subject to the body force of the form

bα = b0 δα2 δ(x1) δ(x2 − ξ2) (9.14)

where b0 represents intensity of the force and ξ2 > 0. This means that the semispace
is subject to an internal force that is normal to its boundary and concentrated at the
point (0, ξ2).

A solution s = [u,E,S] to the problem is to be found by using a restricted form
of Boussinesq–Papkowitch–Neuber solution [see Eqs. (9.1)–(9.5) in which we let
ψ1 = 0, ψ2 = ψ, ϕ = ϕ]

u1 = − 1

4(1 − ν)
(x2ψ,1 +ϕ,1 ) (9.15)

u2 = 1

4(1 − ν)
[(3 − 4ν) ψ − x2ψ,2 −ϕ,2 ] (9.16)

where ψ = ψ(x1, x2) and ϕ = ϕ(x1, x2) satisfy Poisson’s equations

ψ,rr = − 1

μ
b2 (9.17)

and

ϕ,rr = 1

μ
x2b2 (9.18)

The strain and stress fields are then given, respectively, by

E11 = 1

4(1 − ν)
[−x2ψ,11 −ϕ,11 ] (9.19)

E22 = 1

4(1 − ν)
[2(1 − 2ν)ψ,2 − x2ψ,22 −ϕ,22 ] (9.20)

E12 = 1

4(1 − ν)
[(1 − 2ν)ψ,1 − x2ψ,12 −ϕ,12 ] (9.21)



222 9 Solutions to Particular Two-Dimensional Boundary Value Problems

and

S11 = μ

2(1 − ν)
[−x2ψ,11 + 2νψ,2 −ϕ,11 ] (9.22)

S22 = μ

2(1 − ν)
[2(1 − ν)ψ,2 − x2ψ,22 −ϕ,22 ] (9.23)

S12 = μ

2(1 − ν)
[(1 − 2ν)ψ,1 − x2ψ,12 −ϕ,12 ] (9.24)

The boundary conditions take the form

S12(x1, 0) = S22(x1, 0) = 0 for |x1| < ∞ (9.25)

In addition, we assume suitable vanishing conditions at infinity, and suitable restric-
tions on u to obtain a unique solution to the problem.

To this end we look for a solution s = [u,E,S] in the form

s = s(0) + s(1) (9.26)

where s(0) = [u(0),E(0),S(0)] is a solution for an infinite plane |x1| < ∞, |x2| < ∞
subject to the body force (9.14), and s(1) = [u(1),E(1),S(1)] is a solution for a
semispace |x1| < ∞, x2 ≥ 0 subject to the boundary conditions

S(1)
12 (x1, 0) = −S(0)

12 (x1, 0) (9.27)

and
S(1)

22 (x1, 0) = −S(0)
22 (x1, 0) (9.28)

This amounts to looking for a pair (ψ, ϕ) in the form

ψ = ψ(0) + ψ(1) (9.29)

and
ϕ = ϕ(0) + ϕ(1) (9.30)

where

∇2ψ(0) = − 1

μ
b2 (9.31)

and

∇2ϕ(0) = 1

μ
x2b2 (9.32)

and
∇2ψ(1) = 0, ∇2ϕ(1) = 0 (9.33)
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Substituting b2 from (9.14) into (9.31) and (9.32), respectively, we obtain

∇2ψ(0) = −b0

μ
δ(x1)δ(x2 − ξ2) (9.34)

and

∇2ϕ(0) = b0ξ2

μ
δ(x1)δ(x2 − ξ2) (9.35)

where we used the identity

x2 δ(x2 − ξ2) = ξ2 δ(x2 − ξ2) (9.36)

Equations (9.34) and (9.35) are to be satisfied for every (x1, x2) ∈ E2 and for a fixed
positive ξ2. The unique solutions to Eqs. (9.34) and (9.35) are then given, respectively,
by

ψ(0) = − b0

2πμ
ln
(r1

L

)
(9.37)

and

ϕ(0) = b0ξ2

2πμ
ln
(r1

L

)
(9.38)

where

r1 =
√
x2

1 + (x2 − ξ2)2 (9.39)

and L is a positive constant of the length dimension. The solution s(0) is obtained
by letting ψ = ψ(0) and ϕ = ϕ(0) into Eqs. (9.15)–(9.16), (9.19)–(9.21), and
(9.22)–(9.24). Therefore, we obtain

u(0)
1 = b0

8πμ(1 − ν)
(x2 − ξ2)

∂

∂x1
ln
(r1

L

)
(9.40)

u(0)
2 = − b0

8πμ(1 − ν)

[
(3 − 4ν) − (x2 − ξ2)

∂

∂x2

]
ln
(r1

L

)
(9.41)

and

E (0)
11 = b0

8πμ(1 − ν)
(x2 − ξ2)

∂2

∂x2
1

ln
(r1

L

)
(9.42)

E (0)
22 = − b0

8πμ(1 − ν)

[
2(1 − 2ν)

∂

∂x2
− (x2 − ξ2)

∂2

∂x2
2

]
ln
(r1

L

)
(9.43)

E (0)
12 = − b0

8πμ(1 − ν)

[
(1 − 2ν)

∂

∂x1
− (x2 − ξ2)

∂2

∂x1∂x2

]
ln
(r1

L

)
(9.44)



224 9 Solutions to Particular Two-Dimensional Boundary Value Problems

The stress components S(0)
11 , S(0)

22 , and S(0)
12 are given by

S(0)
11 = − b0

4π(1 − ν)

[
2ν

∂

∂x2
− (x2 − ξ2)

∂2

∂x2
1

]
ln
(r1

L

)
(9.45)

S(0)
22 = − b0

4π(1 − ν)

[
2(1 − ν)

∂

∂x2
− (x2 − ξ2)

∂2

∂x2
2

]
ln
(r1

L

)
(9.46)

S(0)
12 = − b0

4π(1 − ν)

[
(1 − 2ν)

∂

∂x1
− (x2 − ξ2)

∂2

∂x1∂x2

]
ln
(r1

L

)
(9.47)

The solution s(1) is to be found by letting ψ = ψ(1) and ϕ = ϕ(1) into
Eqs.(9.15)–(9.16), (9.19)–(9.21), and (9.22)–(9.24), where ψ(1) and ϕ(1) satisfy
Eqs. (9.33)1 and (9.33)2, respectively, for |x1| < ∞, x2 > 0, subject to suitable
boundary conditions at x2 = 0. A hint as to how ψ(1) and ϕ(1) could be found
comes from the boundary conditions (9.27) and (9.28) written in terms of the pairs
(ψ(0), ϕ(0)) and (ψ(1), ϕ(1)):

[
(1 − 2ν)ψ(1) − ϕ,

(1)
2

]
,1 (x1, 0) = − f (x1) (9.48)

[
(2 − 2ν)ψ(1) − ϕ,

(1)
2

]
,2 (x1, 0) = −g(x1) (9.49)

where
f (x1) =

[
(1 − 2ν)ψ(0) − ϕ,

(0)
2

]
,1 (x1, 0) (9.50)

and
g(x1) =

[
(2 − 2ν)ψ(0) − ϕ,

(0)
2

]
,2 (x1, 0) (9.51)

Since

∂

∂x1
ln
(r1

L

)
=

∞∫

0

e−α|x2−ξ2| sin αx1dα (9.52)

and

∂

∂x2
ln
(r1

L

)
=

∞∫

0

e−α|x2−ξ2| cos αx1dα (9.53)

therefore, because of (9.37) and (9.38) we obtain

ψ,
(0)
1 = − b0

2πμ

∞∫

0

e−α|x2−ξ2| sin αx1dα (9.54)
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and

ϕ,
(0)
2 = b0ξ2

2πμ

∞∫

0

e−α|x2−ξ2| cos αx1dα (9.55)

It follows from (9.55) that

ϕ,
(0)
12 = − b0ξ2

2πμ

∞∫

0

e−α|x2−ξ2|α sin αx1dα (9.56)

and an extension of the RHS of (9.50) to include arbitrary point (x1, x2) reads

[
(1 − 2ν)ψ,

(0)
1 −ϕ,

(0)
12

]
(x1, x2)

= − b0

2πμ

∞∫

0

e−α|x2−ξ2| [(1 − 2ν) − αξ2] sin αx1dα (9.57)

Hence

f (x1) = − b0

2πμ

∞∫

0

e−αξ2 [(1 − 2ν) − αξ2] sin αx1dα (9.58)

Similarly, we obtain

ψ,
(0)
2 = − b0

2πμ

∞∫

0

e−α|x2−ξ2| cos αx1dα (9.59)

and

ϕ,
(0)
22 = b0ξ2

2πμ

∂

∂x2

∞∫

0

e−α|x2−ξ2| cos αx1dα (9.60)

For 0 ≤ x2 < ξ2 Eq. (9.60) takes the form

ϕ,
(0)
22 = b0ξ2

2πμ

∞∫

0

e−α(ξ2−x2)α cos αx1dα (9.61)

Hence, using (9.59) and (9.61) we reduce (9.51) to the form
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g(x1) = − b0

2πμ

∞∫

0

e−αξ2 [(2 − 2ν) + αξ2] cos αx1dα (9.62)

Since
∇2[e−αx2 cos αx1] = 0 (9.63)

an inspection of Eqs. (9.33) and of the boundary conditions (9.48) and (9.49) in
which f and g are given by the integrals (9.58) and (9.62), respectively, leads to the
integral form of ψ(1) and ϕ(1) for |x1| < ∞, x2 > 0:

ψ(1)(x1, x2) =
∞∫

0

A(α)e−αx2 cos αx1dα (9.64)

and

ϕ(1)(x1, x2) =
∞∫

0

B(α)e−αx2 cos αx1dα (9.65)

where A(α) and B(α) are arbitrary functions on [0,∞) to be selected in such a way
that the boundary conditions (9.48) and (9.49) are satisfied. For the partial derivatives
of ψ(1) and ϕ(1) that come into the boundary conditions (9.48) and (9.49) we obtain

ψ,
(1)
1 = −

∞∫

0

A(α)e−αx2α sin αx1dα (9.66)

ϕ,
(1)
2 = −

∞∫

0

B(α)e−αx2α cos αx1dα (9.67)

ϕ,
(1)
21 =

∞∫

0

B(α)e−αx2α2 sin αx1dα (9.68)

ψ,
(1)
2 = −

∞∫

0

A(α)e−αx2α cos αx1dα (9.69)

ϕ,
(1)
22 =

∞∫

0

B(α)e−αx2α2 cos αx1dα (9.70)

Therefore, substituting (9.66) and (9.68) into (9.48), and (9.69) and (9.70) into (9.49),
and using f and g in the forms (9.58) and (9.62), respectively, we find that the
functions A = A(α) and B = B(α) must satisfy the linear algebraic equations
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(1 − 2ν)A + αB = − b0

2πμ
e−αξ2

1

α
[1 − 2ν − αξ2]

(2 − 2ν)A + αB = − b0

2πμ
e−αξ2

1

α
[2 − 2ν + αξ2] (9.71)

and the only solution (A, B) to (9.71) takes the form

A = − b0

2πμ
e−αξ2

(1 + 2αξ2)

α
(9.72)

B = b0ξ2

2πμ
e−αξ2

(3 − 4ν)

α
(9.73)

It follows from Eqs. (9.64)–(9.65) and (9.72)–(9.73) that the integral representations
of ψ(1) and ϕ(1) are divergent, however, all partial derivatives of ψ(1) and ϕ(1) are
represented by the convergent integrals. This implies that the integral representations
of E(1) and S(1) are convergent. In the following we are to obtain first the integral
forms of E(1) and S(1), as well as of u(1)

1 and u(1)
2,1, and next the integral representa-

tion of u(1)
2,1 is used to recover u(1)

2 by integration. Note that an alternative form of

Eqs. (9.19)–(9.21) and (9.22)–(9.24), respectively, taken at ψ = ψ(1) and ϕ =
ϕ(1), reads

E (1)
11 + E (1)

22 = 1 − 2ν

2 − 2ν
ψ,

(1)
2 (9.74)

E (1)
11 − E (1)

22 = −1 − 2ν

2 − 2ν
ψ,

(1)
2 − 1

4(1 − ν)

[
x2

(
ψ,

(1)
11 −ψ,

(1)
22

)
+ ϕ,

(1)
11 −ϕ,

(1)
22

]

(9.75)

E (1)
12 = 1 − 2ν

4(1 − ν)
ψ,

(1)
1 − 1

4(1 − ν)

(
x2ψ,

(1)
12 +ϕ,

(1)
12

)
(9.76)

and
S(1)

11 + S(1)
22 = μ

1 − ν
ψ,

(1)
2 (9.77)

S(1)
11 − S(1)

22 = −μ
1 − 2ν

1 − ν
ψ,

(1)
2 − μ

2(1 − ν)

[
x2

(
ψ,

(1)
11 −ψ,

(1)
22

)
+ ϕ,

(1)
11 −ϕ,

(1)
22

]

(9.78)

S(1)
12 = μ(1 − 2ν)

2(1 − ν)
ψ,

(1)
1 − μ

2(1 − ν)

(
x2ψ,

(1)
12 +ϕ,

(1)
12

)
(9.79)

Also, it follows from (9.15) and (9.16), respectively, taken at ψ = ψ(1) and ϕ =
ϕ(1) that

u(1)
1 = − 1

4(1 − ν)

(
x2ψ,

(1)
1 +ϕ,

(1)
1

)
(9.80)
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and

u(1)
2,1 = 1

4(1 − ν)

[
(3 − 4ν)ψ,

(1)
1 −x2ψ,

(1)
12 −ϕ,

(1)
12

]
(9.81)

Therefore, substituting ψ(1) and ϕ(1) from (9.64) and (9.65), respectively, where A
and B are given by (9.72) and (9.73), respectively into Eqs. (9.74)–(9.81), we obtain

E (1)
11 + E (1)

22 = b0

2πμ

1 − 2ν

2 − 2ν

∞∫

0

e−α(x2+ξ2)(1 + 2αξ2) cos αx1dα (9.82)

E (1)
11 − E (1)

22 = − b0

2πμ

1 − 2ν

2 − 2ν

∞∫

0

e−α(x2+ξ2)(1 + 2αξ2) cos αx1dα

− b0

4πμ(1 − ν)

⎧
⎨

⎩

∞∫

0

e−α(x2+ξ2)α[x2(1 + 2αξ2) − ξ2(3 − 4ν)] cos αx1dα

⎫
⎬

⎭

(9.83)

E (1)
12 = b0

2πμ

1 − 2ν

4(1 − ν)

∞∫

0

e−α(x2+ξ2)(1 + 2αξ2) sin αx1dα

+ b0

2πμ

1

4(1 − ν)

∞∫

0

e−α(x2+ξ2)[x2 − (3 − 4ν)ξ2 + 2αξ2x2] × α sin αx1dα

(9.84)

and

S(1)
11 + S(1)

22 = b0

2π(1 − ν)

∞∫

0

e−α(x2+ξ2)(1 + 2αξ2) cos αx1dα (9.85)

S(1)
11 − S(1)

22 = −b0(1 − 2ν)

2π(1 − ν)

∞∫

0

e−α(x2+ξ2)(1 + 2αξ2) cos αx1dα

− b0

2π(1 − ν)

∞∫

0

e−α(x2+ξ2)α[x2 − (3 − 4ν)ξ2 + 2αξ2x2] cos αx1dα

(9.86)
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S(1)
12 = b0(1 − 2ν)

4π(1 − ν)

∞∫

0

e−α(x2+ξ2)(1 + 2αξ2) sin αx1dα

+ b0

4π(1 − ν)

∞∫

0

e−α(x2+ξ2)[x2 − (3 − 4ν)ξ2 + 2αξ2x2]α sin αx1dα

(9.87)

In addition, Eqs. (9.80) and (9.81), respectively, imply that

u(1)
1 = − b0

8πμ(1 − ν)

∞∫

0

e−α(x2+ξ2)[x2 −(3−4ν)ξ2 +2αξ2x2] sin αx1dα (9.88)

and

u(1)
2,1 = b0

8πμ(1 − ν)

∞∫

0

e−α(x2+ξ2){3 − 4ν + [(3 − 4ν)ξ2 + x2]α + 2ξ2x2α
2}

× sin αx1dα (9.89)

It follows from Eqs. (9.82)–(9.89), respectively, thatE(1),S(1), u(1)
1 , and u(1)

2,1 are rep-
resented by the convergent integrals for any point of the semispace: |x1|<∞, x2≥ 0.
In addition, by using the formulas [see (9.52) and (9.53)]

∞∫

0

e−αu cos αx1dα = ∂

∂u
ln

(
R

L

)
(9.90)

∞∫

0

e−αu sin αx1dα = ∂

∂x1
ln

(
R

L

)
(9.91)

and the formulas obtained from (9.90) and (9.91) by differentiation

∞∫

0

e−αuα sin αx1dα = − ∂2

∂x1∂u
ln

(
R

L

)
(9.92)

∞∫

0

e−αuα2 sin αx1dα = ∂3

∂x1∂u2

[
ln

(
R

L

)]
(9.93)

∞∫

0

e−αuα cos αx1dα = − ∂2

∂u2

[
ln

(
R

L

)]
(9.94)

∞∫

0

e−αuα2 cos αx1dα = ∂3

∂u3

[
ln

(
R

L

)]
(9.95)
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where

R =
√
x2

1 + u2, u > 0 (9.96)

the fields E(1),S(1), u(1)
1 , and u(1)

2,1 can be obtained in terms of elementary functions.

For example, by using (9.91) and (9.92), the closed form of u(1)
1 is obtained

u(1)
1 = − b0

8πμ(1 − ν)

{
[x2 − (3 − 4ν)ξ2] ∂

∂x1

[
ln
(r2

L

)]

−2x2ξ2
∂2

∂x1∂x2

[
ln
(r2

L

)]}
(9.97)

where

r2 =
√
x2

1 + (x2 + ξ2)2 (9.98)

To obtain a closed-form of u(1)
2 we integrate (9.89) with respect to x1 over the interval

[0, x1] and obtain

u(1)
2 (x1, x2) − u(1)

2 (0, x2) = b0

8πμ(1 − ν)

∞∫

0

e−α(x2+ξ2)

× {3 − 4ν + [(3 − 4ν)ξ2 + x2]α + 2ξ2x2α
2}

× 1 − cos αx1

α
dα (9.99)

By letting
u(1)

2 (0, x2) = 0 for x2 > 0 (9.100)

Equation (9.99) can be written as

u(1)
2 = b0

8πμ(1 − ν)

⎧
⎨

⎩(3 − 4ν)

∞∫

0

e−α(x2+ξ2) (1 − cos αx1)

α
dα

+ [(3 − 4ν)ξ2 + x2]
∞∫

0

e−α(x2+ξ2)(1 − cos αx1)dα

+ 2ξ2x2

∞∫

0

e−α(x2+ξ2)α(1 − cos αx1)dα

⎫
⎬

⎭ (9.101)

By integrating (9.91) with respect to x1 we obtain
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∞∫

0

e−αu 1 − cos αx1

α
dα = ln

(
R

u

)
(9.102)

Hence ∞∫

0

e−α(x2+ξ2) 1 − cos αx1

α
dα = ln

r2

x2 + ξ2
(9.103)

and by differentiation of (9.103) with respect to x2, we obtain

∞∫

0

e−α(x2+ξ2)(1 − cos αx1)dα = − ∂

∂x2
ln

(
r2

x2 + ξ2

)
(9.104)

and ∞∫

0

e−α(x2+ξ2)α(1 − cos αx1)dα = ∂2

∂x2
2

ln

(
r2

x2 + ξ2

)
(9.105)

Finally, substituting (9.103), (9.104), and (9.105) into (9.101) we obtain u(1)
2 in the

form

u(1)
2 = b0

8πμ(1 − ν)

{
(3−4ν) ln

(
r2

x2 + ξ2

)
− [(3 − 4ν)ξ2 + x2] ∂

∂x2
ln

(
r2

x2 + ξ2

)

+ 2ξ2x2
∂2

∂x2
2

ln

(
r2

x2 + ξ2

)}
(9.106)

This completes a solution to Problem 9.1 in which the semispace is subject to an
internal force that is normal to its boundary and concentrated at the point (0, ξ2).

In a similar way a solution to Prob. 9.1 in which the semispace is subject to a
force that is parallel to its boundary and concentrated at (0, ξ2), may be obtained.

Let Uα2 and Uα1, respectively, denote the displacement of the semispace corre-
sponding to the unit normal and parallel forces at (0, ξ2), and let l = (l1, l2) be an
arbitrary force concentrated at (0, ξ2). Then the displacement uα corresponding to a
solution to Problem 9.1 in which the semispace is subject to the concentrated force
l at (0, ξ2) takes the form

uα = Uαβlβ (9.107)

This completes a solution to Problem 9.1 in which the semispace with stress free
boundary is subject to a concentrated force l at (0, ξ2).

Problem 9.2. Find an elastic state s = [u,E,S] corresponding to a concentrated
body force in an interior of a homogeneous and isotropic semispace |x1| < ∞,
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x2 ≥ 0, under plane strain conditions, when the boundary of semispace is clamped
and the elastic state vanishes at infinity.

Solution. Let the semispace |x1| < ∞, x2 ≥ 0 with a clamped boundary x2 = 0
be subject to the body force

bα = b0δα2δ(x1)δ(x2 − ξ2) (9.108)

An elastic state s = [u,E,S] corresponding to (9.108) and satisfying the boundary
conditions

u1(x1, 0) = u2(x1, 0) = 0 |x1| < ∞ (9.109)

and suitable vanishing conditions at infinity may be found in a way similar to that of
Problem 9.1. To this end we use Eqs. (9.109)–(9.119) of Problem 9.1 to obtain u, E,
and S, respectively.

In particular, u1 and u2 are to be found from the equations

u1 = − 1

4(1 − ν)
(x2ψ,1 +ϕ,1 ) (9.110)

u2 = 1

4(1 − ν)
[(3 − 4ν)ψ − x2ψ,2 −ϕ,2 ] (9.111)

where ψ and ϕ satisfy Poisson’s equations

∇2ψ = − 1

μ
b2 (9.112)

and

∇2ϕ = 1

μ
x2b2 (9.113)

To find a pair (ψ, ϕ) that generates (u1, u2) by Eqs. (9.110)–(9.111) in such a way
that Eqs. (9.109) are satisfied, we let

ψ = ψ(0) + ψ(1) |x1| < ∞, x2 ≥ 0 (9.114)

and
ϕ = ϕ(0) + ϕ(1) |x1| < ∞, x2 ≥ 0 (9.115)

where

∇2ψ(0) = − 1

μ
b2 |x1| < ∞, x2 ≥ 0 (9.116)

and

∇2ϕ(0) = 1

μ
x2b2 |x1| < ∞, x2 ≥ 0 (9.117)
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and
∇2ψ(1) = 0, ∇2ϕ(1) = 0 (9.118)

and the harmonic functions ψ(1) and ϕ(1) defined for |x1| < ∞, x2 ≥ 0 are selected
in such a way that u1 and u2 vanish at x2 = 0. To obtain a pair (ψ(0), ϕ(0)) we extend
Eqs. (9.116)–(9.117) to the whole plane E2 in which a normal force of intensity
b0 is concentrated at (0, ξ2) and a normal force of intensity—b0 is concentrated at
(0,−ξ2). This amounts to solving the equations

∇2ψ(0) = −b0

μ
δ(x1)[δ(x2 − ξ2) − δ(x2 + ξ2)] (9.119)

and

∇2ϕ(0) = 1

μ
b0x2[δ(x2 − ξ2) − δ(x2 + ξ2)] for |x1| < ∞, |x2| < ∞ (9.120)

Note that a restriction of Eqs. (9.119)–(9.120) to the semispace |x1| < ∞, x2 ≥ 0
leads to Eqs. (9.116)–(9.117), and an extension of (ψ(0), ϕ(0)) is denoted in the same
way as its restriction.

Since
x2δ(x2 − ξ2) = ξ2δ(x2 − ξ2) (9.121)

then
− x2δ(x2 − ξ2) = −ξ2δ(x2 − ξ2) (9.122)

and replacing ξ2 by −ξ2 in (9.122) we get

− x2δ(x2 + ξ2) = ξ2δ(x2 + ξ2) (9.123)

Hence, Eq. (9.120) can be written as

∇2ϕ(0) = b0ξ2

μ
[δ(x2 − ξ2) + δ(x2 + ξ2)] for |x1| < ∞, |x2| < ∞ (9.124)

Proceeding in a way similar to that of solving Eqs. (9.129) and (9.130) of Problem
9.1, from Eqs. (9.119) and (9.124), respectively, we obtain

ψ(0) = − b0

2πμ

[
ln
(r1

L

)
− ln

(r2

L

)]
(9.125)

and

ϕ(0) = b0ξ2

2πμ

[
ln
(r1

L

)
+ ln

(r2

L

)]
(9.126)
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where

r1.2 =
√
x2

1 + (x2 ∓ ξ2)2 (9.127)

It follows from (9.125)–(9.127) that

ψ(0)(x1, 0) = 0, |x1| < ∞ (9.128)

and

ϕ(0)(x1, 0) = b0ξ2

πμ
ln
(r0

L

)
, |x1| < ∞ (9.129)

where

r0 =
√
x2

1 + ξ2
2 (9.130)

Also, using (9.110) and (9.111) in which ψ = ψ(0) and ϕ = ϕ(0), and letting x2 = 0
we obtain

u(0)
1 (x1, 0) = − b0ξ2

4πμ(1 − ν)

∂

∂x1
ln
(r0

L

)
(9.131)

and
u(0)

2 (x1, 0) = 0 (9.132)

The displacements u(1)
1 and u(1)

2 are represented by

u(1)
1 (x1, x2) = − 1

4(1 − ν)

(
x2ψ,

(1)
1 +ϕ,

(1)
1

)
(9.133)

u(1)
2 (x1, x2) = 1

4(1 − ν)

[
(3 − 4ν)ψ(1) − x2ψ,

(1)
2 −ϕ,

(1)
2

]
(9.134)

where ψ(1) and ϕ(1) are harmonic on the semispace |x1| < ∞, x2 > 0.
It is easy to check that the function ϕ(1) = ϕ(1)(x1, x2) given by

ϕ(1)(x1, x2) = −b0ξ2

πμ
ln
(r2

L

)
(9.135)

satisfies the Laplace’s equation

∇2ϕ(1) = 0 for |x1| < ∞, x2 > 0 (9.136)

and complies with the boundary condition

u1(x1, 0) = u(0)
1 (x1, 0) + u(1)

2 (x1, 0) = 0 (9.137)
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To find ψ(1), note that because of (9.132) and (9.134), ψ(1) must satisfy the Laplace
equation for |x1| < ∞, x2 > 0 subject to the boundary condition

(3 − 4ν)ψ(1)(x1, 0) = ϕ,
(1)
2 (x1, 0) = −b0ξ2

πμ

∂

∂x2
ln
(r2

L

)∣∣∣∣
x2=0

= −b0ξ2

πμ

∂

∂ξ2
ln
(r0

L

)
(9.138)

Since

∂

∂ξ2
ln
(r0

L

)
=

∞∫

0

e−αξ2 cos αx1dα (9.139)

therefore, (9.138) takes the form

(3 − 4ν)ψ(1)(x1, 0) = −b0ξ2

πμ

∞∫

0

e−αξ2 cos αx1dα (9.140)

and we find that for any point of the semispace |x1| < ∞, x2 ≥ 0

ψ(1)(x1, x2) = − b0ξ2

πμ(3 − 4ν)

∂

∂x2
ln
(r2

L

)
(9.141)

As a result, because of (9.114) and (9.115), (9.125) and (9.126), and (9.135) and
(9.141), we obtain

ψ(x1, x2) = − b0

2πμ(3 − 4ν)

[
(3 − 4ν) ln

(
r1

r2

)
+ 2ξ2

∂

∂x2
ln
(r2

L

)]
(9.142)

and

ϕ(x1, x2) = b0ξ2

2πμ
ln

(
r1

r2

)
(9.143)

Next, substituting ψ and ϕ from Eqs. (9.142) and (9.143), respectively, to
Eqs. (9.110)–(9.111), we obtain a closed-form displacement vector u corresponding
to the solution s =[u,E,S]. The associated fields E and S, respectively, are obtained
by substituting ψ and ϕ from (9.142) and (9.143), into Eqs. (9.113)–(9.115) and
(9.116)–(9.119) of Problem 9.1.

This completes a solution to Problem 9.2 when the concentrated body force is
normal to the clamped boundary x2 = 0.

If the concentrated body force is parallel to the clamped boundary x2 = 0, Problem
9.2 may be solved in a similar way. When the body force is arbitrarily oriented
with regard to the clamped boundary x2 = 0, a solution to Problem 9.2 is a linear
combination of the solutions corresponding to the normal and parallel directions of
the concentrated body force. This completes a solution to Problem 9.2.
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x 2

x 1

ϕr

(r, )ϕ
αα

l2

l1

l

0

θ

αθ ≤

ϕπθ −=
2

ϕ= sinrx2

ϕ= cosrx1

Fig. 9.1 The infinite wedge loaded by a concentrated force

Problem 9.3. Suppose that a homogeneous isotropic infinite elastic wedge, sub-
jected to generalized plane stress conditions, is loaded in its plane by a concentrated
force l applied at its tip (see Fig. 9.1)

x1 = r cos ϕ, θ = π

2
− ϕ

x2 = r sin ϕ, |θ | ≤ α

Show that the stress components Srr , Srϕ, and Sϕϕ corresponding to the force l and
vanishing at infinity take the form

Srr (r, ϕ) = 2l1
r

cos ϕ

(2α − sin 2α)
+ 2l2

r

sin ϕ

(2α + sin 2α)

Srϕ(r, ϕ) = Sϕϕ(r, ϕ) = 0

for every 0 < r < ∞., π /2 − α ≤ ϕ ≤ π /2 + α. Note that l1 < 0 and l2 < 0, and∣∣Srr
∣∣→ ∞ for α → 0 and r > 0.

Solution. A solution to this problem is to be given in the two cases

(i) l1 	= 0, l2 = 0
(ii) l1 = 0, l2 	= 0
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The case (i). The stress components S||
rr , S

||
rϕ , and S||

ϕϕ in a semi-infinite disk
|x1| < ∞, x2 ≥ 0 subject to a tangent concentrated force T0 at (0, 0) take the
form [see Eq. (9.12)]

S||
rr (r, ϕ) = −2T0

πr
cos ϕ = −2T0

πr
sin θ (9.144)

S||
rϕ(r, ϕ) = S||

ϕϕ(r, ϕ) = 0 (9.145)

where 0 ≤ r < ∞, 0 ≤ ϕ < 2π .
A restriction of Eqs. (9.144) and (9.145) to the wedge region shown in the Figure

provides a solution to Problem 9.3 in case (i) if a resultant tangent force at the tip of
the wedge is equal to l1, that is, if for every r ≥ 0

α∫

−α

S||
rr r sin θdθ = l1 (9.146)

Substituting S||
rr from (9.144) into (9.146) we obtain

− 2T0

π
× 2

α∫

0

sin2 θ dθ = −2T0

π

α∫

0

(1 − cos 2θ) dθ = −T0

π
(2α − sin 2α) = l1

(9.147)
Hence

T0 = − l1π

2α − sin 2α
(9.148)

and substituting T0 from (9.148) into (9.144) we obtain

S∗
rr (r, ϕ) = 2l1 cos ϕ

r(2α − sin 2α)
(9.149)

S∗
rϕ(r, ϕ) = 0, S∗

ϕϕ(r, ϕ) = 0 for 0 < r < ∞,

∣∣∣ϕ − π

2

∣∣∣ ≤ α (9.150)

The stress components S∗
rr , S

∗
rϕ , and S∗

ϕϕ represent a solution to Problem 9.3 in
case (i).

The case (ii). The stress components S⊥
rr , S

⊥
rϕ , and S⊥

ϕϕ in a semi-infinite disk
|x1| < ∞, x2 ≥ 0 subject to a normal force P0 concentrated at (0, 0) take the
form [see Eqs. (9.9)]

S⊥
rr (r, ϕ) = −2P0

πr
sin ϕ = −2P0

πr
cos θ (9.151)

S⊥
rϕ(r, ϕ) = S⊥

ϕϕ(r, ϕ) = 0 (9.152)



238 9 Solutions to Particular Two-Dimensional Boundary Value Problems

for every 0 < r < ∞, 0 < ϕ ≤ 2π .
Similarly as in the case (i), a restriction of Eqs. (9.151)–(9.152) to the wedge

region provides a solution to Prob. 9.3 in case (ii) if a resultant normal force at the
tip of wedge is equal to l2, that is, if for every r ≥ 0

α∫

−α

S⊥
rr r cos θdθ = l2 (9.153)

Substituting S⊥
rr from (9.151) into (9.153) and integrating, we obtain

− 2P0

π

α∫

0

(1 + cos 2θ)dθ = l2 (9.154)

or

P0 = − l2π

2α + sin 2α
(9.155)

Finally, substituting P0 from (9.155) into (9.151) we obtain

S∗∗
rr (r, ϕ) = 2l2 sin ϕ

r(2α + sin 2α)
(9.156)

S∗∗
rϕ(r, ϕ) = S∗∗

ϕϕ(r, ϕ) = 0 (9.157)

for every 0 < r < ∞,
∣∣π

2 − ϕ
∣∣ ≤ α.

The stress components S∗∗
rr , S∗∗

rϕ , and S∗∗
ϕϕ , represent a solution to Prob. 9.3 in

case (ii).
A solution to Problem 9.3 takes the form

Srr = S∗
rr + S∗∗

rr , Srϕ = Sϕϕ = 0 (9.158)

This completes a solution to Problem 9.3

Problem 9.4. Show that for a homogeneous isotropic infinite elastic wedge under
generalized plane stress conditions loaded by a concentrated moment M at its tip
(see Fig. 9.2) the stress components Srr , Srϕ, and Sϕϕ vanishing at infinity take the
form

Srr (r, ϕ) = 2M

r2

sin (2ϕ − α)

sin α − α cos α

Srϕ(r, ϕ) = −M

r2

cos (2ϕ − α) − cos α

sin α − α cos α

Sϕϕ(r, ϕ) = 0 for every r > 0, 0 < ϕ < α
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where

M = −r

α∫

0

(Srϕr) dϕ

Note that the stress components Srr and Srϕ become unbounded for α = α∗, where
α∗ is the only root of the equation

sin α∗ − α∗ cos α∗ = 0

that is, for α∗ = 257.4◦. Hence, the solution makes sense for an elastic wedge that
obeys the condition 0 < α < α∗.

Solution. The stress components Srr , Srϕ , and Sϕϕ produced in the wedge by a
moment M at its tip (see Figure) are to be found using an Airy stress function
F = F(r, ϕ)

Srr =
(

∇2 − ∂2

∂r2

)
F (9.159)

Sϕϕ = ∂2

∂r2 F (9.160)

Srϕ = − ∂

∂r

(
1

r

∂F

∂ϕ

)
(9.161)

where
∇2∇2F = 0 (9.162)

Fig. 9.2 The infinite wedge
loaded by a concentrated
moment

ϕ ( )ϕ,r

α

x 1

x 2

M

0
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and

∇2 = ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂ϕ2 (9.163)

By inspection of (9.160) and (9.161), and of the definition of moment M , we
conclude that a biharmonic function F = F(ϕ) is to solve the problem. In the
following we are to show that a solution to Problem 9.4 is obtained if F̄ takes the
form

F(r, ϕ) = c1(2ϕ − α) + c2 sin(2ϕ − α) (9.164)

where c1 and c2 are constants to be determined from the stress free boundary condi-
tions at ϕ = 0 and ϕ = α for r > 0, and from the definition of M :

M = −r

α∫

0

Srϕ rdϕ (9.165)

Note that F given by (9.164) satisfies Eq. (9.162) since

∇2 ∇2F = c2∇2[r−2 sin(2ϕ − α)] = 0 for 0 < r < ∞, 0 ≤ ϕ ≤ α (9.166)

Substituting F from (9.164) into (9.159), (9.160), and (9.161), respectively, we obtain

Srr = −4c2
sin(2ϕ − α)

r2 (9.167)

Sϕϕ = 0 (9.168)

Srϕ = 2

r2 [c1 + c2 cos(2ϕ − α)] (9.169)

Also note that the boundary conditions

Srϕ = 0 at ϕ = 0 and ϕ = α (9.170)

are satisfied if
c1 = −c2 cos α (9.171)

Therefore, substituting (9.171) into (9.164) and (9.169), respectively, we obtain

F = c2 [sin(2ϕ − α) − (2ϕ − α) cos α] (9.172)

and

Srϕ = 2c2

r2 [cos(2ϕ − α) − cos α] (9.173)

Hence, substituting (9.173) into (9.165) we obtain
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T = T0 ≠ 0
0= =S12S11

0==S 12S 11T = 0

2
x 2

x 1

0

Fig. 9.3 The infinite strip

M = −2c2

∫ α

0
[cos(2ϕ − α) − cos α]dϕ (9.174)

or

c2 = − M

2(sin α − α cos α)
(9.175)

Finally, by substituting c2 from (9.175) into (9.167) and (9.173), respectively, we
obtain the required result. This completes a solution to Problem 9.4.

Problem 9.5. Consider a homogeneous isotropic infinite elastic strip under gener-
alized plane stress conditions: |x1| ≤ 1, |x2| < ∞ subject to the temperature field
of the form

T (x1, x2) = T0[1 − H(x2)] (9.176)

where T0 is a constant temperature and H = H(x) is the Heaviside function

H(x) =
⎧
⎨

⎩

1 for x > 0
1/2 for x = 0
0 for x < 0

(9.177)

Note that in this case, we complemented the definition of the Heaviside function by
specifying its value at x = 0 (Fig. 9.3).

Show that the stress tensor field S = S(x1, x2) corresponding to the discontinuous
temperature (9.176) is represented by the sum

S = S
(1) + S

(2)
(9.178)
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where
S

(1)

11 = −EαT0[1 − H(x2)], S
(1)

22 = S
(1)

12 = 0 (9.179)

and
S

(2)

11 = F,22, S
(2)

22 = F,11, S
(2)

12 = −F,12 (9.180)

where the biharmonic function F = F(x1, x2) is given by

F(x1, x2) = EαT0

⎡

⎣ x2
2

4
+ 2

π

∞∫

0

(A cosh β x1 + B β x1 sinh β x1)
sin β x2

β3 dβ

⎤

⎦

(9.181)

A = sinh β + β cosh β

sinh 2β + 2β
, B = − sinh β

sinh 2β + 2β
(9.182)

Hint. Note that

S
(2)

11 (±1, x2) = −S
(1)

11 (±1, x2)

= EαT0

2

⎛

⎝1 − 2

π

∞∫

0

sin β x2

β
dβ

⎞

⎠ for |x2| < ∞

Solution. To solve the problem we recall the integral representation of the Heaviside
step function

H(x2) =
⎧
⎨

⎩

0 for x2 < 0
1
2 for x2 = 0
1 for x2 > 0

⎫
⎬

⎭ = 1

2
+ 1

π

∞∫

0

sin βx2

β
dβ (9.183)

The temperature T (x1, x2) on the strip |x1| ≤ 1, |x2| < ∞ is then represented by

T (x1, x2) = T0 [1 − H(x2)] = T0

2

⎡

⎣1 − 2

π

∞∫

0

sin βx2

β
dβ

⎤

⎦ (9.184)

We are to find a stress tensor S corresponding to a solution s = [u,E,S] of a problem
of thermo-elastostatics for the strip subject to the discontinuous temperature (9.184)
when the strip boundaries x1 = 1 and x1 = −1 are stress free, that is, when

S11(±1, x2) = S12(±1, x2) = 0 for |x2| < ∞ (9.185)

To this end we look for s in the form

s = s1 + s2 (9.186)
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where s1 = [u(1),E(1),S(1)] is generated from a displacement potential φ = φ(x2)

by the formulas

u(1) = ∇φ (9.187)

E(1) = ∇∇φ (9.188)

S(1) = 2μ(∇∇φ − ∇2φ1) (9.189)

in which φ satisfies Poisson’s equation

∇2φ = m0T , m0 = (1 + ν)α (9.190)

where T is given by Eq. (9.184) and s2 = [u(2),E(2),S(2)] is a solution of isothermal
elastostatics for the strip that complies with the boundary conditions

S(2)
11 (±1, x2) = −S(1)

11 (±1, x2)

S(2)
12 (±1, x2) = −S(1)

12 (±1, x2) (9.191)

The stress components S(2)
11 , S(2)

22 , and S(2)
12 are to be computed from an Airy stress

function F = F(x1, x2) by the formulas

S(2)
11 = F,22 , S(2)

22 = F,11 , S(2)
12 = −F,12 (9.192)

∇2∇2F = 0 (9.193)

Since φ = φ(x2), it follows from Eqs. (9.189) and (9.190) that the stress components
S(1)

11 , S(1)
22 , and S(1)

12 are given by

S(1)
11 = −2μm0T = −EαT0[1 − H(x2)] (9.194)

S(1)
22 = S(1)

12 = 0, |x1| ≤ 1, |x2| < ∞ (9.195)

and the problem is reduced to that of finding a biharmonic function F = F(x1, x2)

on the strip region: |x1| ≤ 1, |x2| < ∞ that complies with the boundary conditions

F,22 (±1, x2) = 2μm0T (9.196)

and
F,12 (±1, x2) = 0 (9.197)

An alternative form of (9.196) reads
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F,22 (±1, x2) = EαT0

2

⎡

⎣1 − 2

π

∞∫

0

sin βx2

β
dβ

⎤

⎦ (9.198)

Since

∇2(cos hβx1 sin βx2) = 0 (9.199)

∇2∇2(βx1 sinh βx1 sin βx2) = 0 (9.200)

and
F(x1, x2) = F(−x1, x2) (9.201)

the function F is postulated in the form [see Eq. 9.181 of Problem 9.5]

F(x1, x2) = EαT0

⎡

⎣ x2
2

4
+ 2

π

∞∫

0

(A cosh βx1 + Bβx1 sinh βx1)
sin βx2

β3 dβ

⎤

⎦

(9.202)
where A and B are arbitrary functions on [0,∞) that make the integral (9.202) to
converge for |x1| ≤ 1, |x2| < ∞.

Substituting (9.202) into the boundary conditions (9.197) and (9.198), respec-
tively, we obtain

A sinh β + B(sinh β + β cosh β) = 0

and
A cosh β + Bβ sinh β = 1/2 (9.203)

A unique solution to Eqs. (9.203) takes the form

A = sinh β + β cosh β

sinh 2β + 2β
(9.204)

B = − sinh β

sinh 2β + 2β
(9.205)

Hence substituting F = F(x1, x2) given by (9.202) in which A and B are given by
(9.204) and (9.205), respectively, into (9.192) we obtain the integral representation
of the stress tensor S(2). A solution to Problem 9.5 is obtained in the form

S = S(1) + S(2) (9.206)

where S(1) and S(2) are given by Eqs. (9.194)–(9.195) and (9.192), respectively.



Chapter 10
Solutions to Particular Three-Dimensional
Initial-Boundary Value Problems
of Elastodynamics

In this chapter a number of spherically symmetric initial-boundary value problems
of the dynamic theory of thermal stresses for a homogeneous isotropic infinite elastic
body are solved. The problems include: (i) the dynamic thermal stresses due to an
instantaneous temperature distributed on a spherical surface in E3, (ii) the dynamic
thermal stresses due to a time-dependent spherically symmetric temperature field that
satisfies a parabolic heat conduction equation in E3, and (iii) the dynamic thermal
stresses propagating in an infinite body with a stress free spherical cavity, correspond-
ing to an instantaneous temperature distributed on a spherical surface lying inside the
body. To solve the problems a method of the dynamic thermoelastic displacement
potential in spherical coordinates is used.

10.1 A Spherically Symmetric Green’s Function of the Dynamic
Theory of Thermal Stresses for an Infinite Elastic Body

In dimensionless spherical coordinates (R, ϕ, θ) : [R ≥ 0, 0 ≤ ϕ ≤ 2π, 0 ≤
θ ≤ π ], a spherically symmetric Green’s function of the dynamic theory of ther-
mal stresses for a homogeneous isotropic infinite elastic body, corresponding to a
spherical time-dependent temperature field of the form

T∗(R,R0; τ) = δ(R − R0)δ(τ ) for R > 0, R0 > 0, τ > 0 (10.1)

can be identified with a solution to the following initial-boundary value problem.
Find a function �∗ = �∗(R,R0; τ) for R > 0, R0 > 0, τ > 0, that satisfies the
inhomogeneous wave equation

(
∇2 − ∂2

∂τ 2

)
�∗ = T∗ for R > 0, R0 > 0, τ > 0 (10.2)

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 245
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_10,
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246 10 Solutions to Particular Three-Dimensional Initial-Boundary Value Problems

the initial conditions

�∗(R,R0; 0) = �̇∗(R,R0; 0) = 0 for R > 0, R0 > 0 (10.3)

and the boundary conditions at infinity

�∗(R,R0; τ) → 0 as R → ∞ and R0 > 0, τ > 0 (10.4)

The function �∗ = �∗(R,R0; τ) generates the radial displacement û∗
R = û∗

R
(R,R0; τ) and the stresses Ŝ∗

RR = Ŝ∗
RR(R,R0; τ) and Ŝ∗

θθ = Ŝ∗
θθ (R,R0; τ) by the

formulas

u∗
R(R,R0; τ) = ∂�∗

∂R
for R > 0,R0 > 0, τ > 0 (10.5)

and

S∗
RR(R,R0; τ) = ∂2�∗

∂τ 2 − 2(1 − 2ν)

1 − ν

1

R

∂�∗

∂R
S∗

ϕϕ(R,R0; τ) = S∗
θθ (R,R0; τ) for R > 0, R0 > 0, τ > 0 (10.6)

= ν

1 − ν

∂2�∗

∂τ 2 + (1 − 2ν)

1 − ν

(
1

R

∂�∗

∂R
− T∗

)

A unique solution �∗ = �∗(R,R0; τ) to Eqs. (10.2)–(10.4) is obtained by using
an integral representation of δ = δ(R − R0). To this end, we introduce the Laplace
transform of a function f = f (R, τ ) by

Lf = f (R, p) =
∞∫

0

e−pτ f (R, τ )dτ (10.7)

and apply the operator L to Eq. (10.2). Then, because of (10.3) we obtain

(∇2 − p2)�
∗ = δ(R − R0) (10.8)

while the asymptotic condition (10.4), in the transform domain, takes the form

�
∗
(R,R0; p) → 0 as R → ∞, R0 > 0 (10.9)

Since

R∇2�
∗ = R

(
∂2

∂R

2

+ 2

R

∂

∂R

)
�

∗ = ∂2

∂R2 (R�
∗
) (10.10)

therefore multiplying Eq. (10.8) by R we obtain
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(
∂2

∂R2 − p2
)

(R�
∗
) = Rδ(R − R0) = R0δ(R − R0) (10.11)

Since

R0δ(R − R0) = 2

π
R0

∞∫

0

sin α R0 sin α R dα (10.12)

therefore, a solution to Eq. (10.11) may be represented by the integral

R�
∗
(R,R0; p) = − 2

π
R0

∞∫

0

sin α R sin α R0

α2 + p2 dα (10.13)

or, using the identity,

2 sin x sin y = cos(x − y) − cos(x + y) (10.14)

by the formula

R�
∗
(R,R0; p) = − 1

π
R0

⎡

⎣
∞∫

0

cos α(R − R0)

α2 + p2 dα −
∞∫

0

cos α(R + R0)

α2 + p2 dα

⎤

⎦

(10.15)
Since

∞∫

0

cos α x

α2 + p2 dα = π

2

e−p|x|

p
for p > 0 (10.16)

hence, Eq. (10.15) reduces to the form

R�
∗
(R,R0; p) = −R0

2p

[
e−p|R−R0| − e−p(R+R0)

]
(10.17)

By applying the operator L−1 to Eq. (10.17) we obtain

�∗(R,R0; τ) = −R0

2R
{H[τ − |R − R0|] − H[τ − (R + R0)]} (10.18)

where H = H(x) is the Heaviside function

H(x) =
{

1 for x > 0
0 for x < 0

(10.19)
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10.2 A Spherically Symmetric Green’s Function for a Parabolic
Heat Conduction Equation in an Infinite Space

A spherically symmetric Green’s function T̂ = T̂(R, τ ) for a parabolic heat conduc-
tion equation for an infinite space can be identified with a solution to the dimension-
less initial-boundary value problem. Find a function T̂ = T̂(R, τ ) that satisfies the
inhomogeneous parabolic heat conduction equation

(
∇2 − ∂

∂τ

)
T̂ = − δ(R)

4πR2 δ(τ ) for R > 0, τ > 0 (10.20)

the initial condition
T̂(R, 0) = 0 for R > 0 (10.21)

and the vanishing condition

T̂(R, τ ) → 0 as R → ∞ and τ > 0 (10.22)

By applying the Laplace transform to Eq. (10.20) and using the initial condition
(10.21) we obtain

(
∇2 − p

)
T̂ = − δ(R)

4π R2 for R > 0 and p > 0 (10.23)

while Eq. (10.22) is reduced to

T̂(R, p) → 0 as R → ∞ and p > 0 (10.24)

Since
(
∇2 − p

)−1 δ(R)

4π R2 = −e−R
√
p

4π R
for R > 0 and p > 0 (10.25)

therefore, a unique solution T̂ = T̂(R, p) to Eq. (10.23) subject to the asymptotic
condition (10.24) takes the form

T̂(R, p) = e−R
√
p

4π R
(10.26)

By applying the operator L−1 to Eq. (10.26) we obtain

T̂(R, τ ) = 1

4π

1√
4πτ 3

e− R2
4τ for R > 0, τ > 0 (10.27)

The function T̂ = T̂(R, τ ) is the Green’s function for a parabolic heat conduction
equation corresponding to an instantaneous concentrated heat source in an infinite
space.
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10.3 Problems and Solutions Related to Particular
Three-Dimensional Initial-Boundary Value
Problems of Elastodynamics

Problem 10.1. A dimensionless temperature field T̂∗ = T̂∗(R,R0; τ) is assumed in
the form

T̂∗(R,R0; τ) = δ(R − R0)δ(τ ) (10.28)

for any point of an infinite body referred to a spherical system of coordinates
(R, ϕ, θ) : [R ≥ 0, 0 ≤ ϕ ≤ 2π, 0 ≤ θ ≤ π ] and for R0 > 0, and τ ≥ 0.
Show that a solution �̂∗ = �̂∗(R,R0; τ) to the nonhomogeneous wave equation

(
∇2 − ∂2

∂τ 2

)
�̂∗ = T̂∗ for R > 0, R0 > 0, τ > 0 (10.29)

subject to the initial conditions

�̂∗(R,R0; 0) = ˙̂�∗
(R,R0; 0) = 0 for R > 0, R0 > 0 (10.30)

and vanishing conditions at infinity takes the form

�̂∗(R,R0; τ) = −R0

2R
{H[τ − (R0 − R)] − H[τ − (R0 + R)]} H(R0 − R)

−R0

2R
{H[τ − (R − R0)] − H[τ − (R + R0)]} H(R − R0)

(10.31)

for every R > 0, R0 > 0, τ > 0.

Solution. A solution φ̂∗ = φ̂∗(R,R0, τ ) to the nonhomogeneous wave equa-
tion (10.29) (

∇2 − ∂2

∂τ 2

)
φ̂∗ = δ(R − R0)δ(τ ) (10.32)

subject to the homogeneous initial conditions (10.30)

φ̂∗(R,R0; 0) = ˙̂φ∗
(R,R0; 0) = 0 (10.33)

and suitable vanishing conditions at R → ∞, takes the form
[For the derivation see Eqs. (10.1)–(10.4) and (10.7)–(10.18)]

φ̂∗(R,R0; τ) = −R0

2R
{H[τ − |R − R0|] − H[τ − (R + R0)]} (10.34)
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Since Eq. (10.34) is equivalent to (10.31) of Problem 10.1, a solution to the problem
is complete.

Problem 10.2. Compute the radial displacements û∗
R = û∗

R(R,R0; τ), and the stress

components Ŝ∗
RR = Ŝ∗

RR(R,R0; τ) and Ŝ∗
θθ = Ŝ∗

θθ (R,R0; τ) generated by the potential

�̂∗ = �̂∗(R,R0; τ) of the Problem 10.1.

Hint. Use Eqs. (10.5)–(10.6).

Solution. The radial displacement û∗
R, and the stress components Ŝ∗

RR, and Ŝ∗
θθ

generated by φ̂∗ of Problem 10.1 are given by

û∗
R = ∂φ̂∗

∂R
(10.35)

Ŝ∗
RR = ∂2φ̂∗

∂τ 2 − 2(1 − 2ν)

1 − ν

û∗
R

R
(10.36)

Ŝ∗
θθ = Ŝ∗

ϕϕ = ν

1 − ν

∂2φ̂∗

∂τ 2 + 1 − 2ν

1 − ν

(
û∗
R

R
− T̂∗

)
(10.37)

where
T̂∗ = δ(R − R0)δ(τ ) (10.38)

Applying the Laplace transform to Eqs. (10.35)–(10.38), respectively, we obtain

û
∗
R = ∂φ̂

∗

∂R
(10.39)

Ŝ
∗
RR = p2φ̂ − 2(1 − 2ν)

1 − ν

û
∗
R

R
(10.40)

Ŝ
∗
θθ = ν

1 − ν
p2φ̂

∗ − 1 − 2ν

1 − ν

(
û
∗
R

R
− T̂

∗
)

(10.41)

where
T̂

∗ = δ(R − R0) (10.42)

and p is the Laplace transform parameter. Also, applying the Laplace transform to
Eq. (10.37) ⇔ (10.31) of Problem 10.1, we get

φ̂
∗ = − R0

2Rp

[
e−p|R−R0| − e−p(R+R0)

]
(10.43)

Hence

p2φ̂
∗ = −R0

2R

[
pe−p|R−R0| − pe−p(R+R0)

]
(10.44)
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and

∂φ̂
∗

∂R
= R0

2R2

{
e−p|R−R0| − e−p(R+R0)

p

}

+ R0

2R

{
sign(R − R0)e

−p|R−R0| − e−p(R+R0)
}

(10.45)

where

sign x =
{

1 if x > 0
−1 if x < 0

}
(10.46)

Since
∞∫

0

e−ptH(t − α)dt = e−pα

p
, α > 0 (10.47)

therefore, by differentiation of (10.47) with respect to α we obtain

∞∫

0

e−ptδ(t − α)dt = e−pα (10.48)

and
∞∫

0

e−ptδ′(t − α)dt = pe−αp (10.49)

where δ is the delta function.

Next, applying the inverse Laplace transform to (10.44) and (10.45), respectively
in view of Eqs. (10.47) and (10.48), we obtain

∂2φ̂∗

∂τ 2 = −R0

2R
{δ′[τ − |R − R0|] − δ′[τ − (R + R0)]} (10.50)

and

∂φ̂∗

∂R
= R0

2R2 {H[τ − |R − R0|] − H[τ − (R + R0)]}

+ R0

2R
{sign(R − R0)δ[τ − |R − R0|] − δ[τ − (R + R0)]} (10.51)

Finally, substituting (10.50) and (10.51) into (10.35), (10.36), and (10.37), respec-
tively, we obtain û∗

R, Ŝ∗
RR, and Ŝ∗

θθ . This completes a solution to Problem 10.2.
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Problem 10.3. Show that if T̂ = T̂(R, τ ) satisfies a parabolic heat conduction equa-
tion for R ≥ 0, τ > 0, then the radial displacement ûR = ûR(R; τ) and the stresses
ŜRR = ŜRR(R; τ) and Ŝθθ = Ŝθθ (R; τ) produced by the temperature T̂ = T̂(R, τ ) in
an infinite body R ≥ 0 and for τ > 0 are generated by the potential �̂ = �̂(R, τ )

given by the double integral

�̂(R, τ ) =
τ∫

0

∞∫

0

�̂∗(R,R0; τ − u)T̂(R0, u) dR0du (10.52)

where �̂∗ = �̂∗(R,R0; τ) is the thermoelastic displacement potential of Prob-
lem 10.1.

Solution. The function φ̂∗(R,R0; τ − u) for R ≥ 0, R0 > 0, τ − u ≥ 0 with u
fixed, satisfies the equation [see Eq. (10.29) of Problem 10.1]

(
∇2 − ∂2

∂τ 2

)
φ̂∗(R,R0; τ − u) = δ(R − R0)δ(τ − u) (10.53)

Let T̂ = T̂(R, τ ) be a solution to a parabolic heat conduction equation for R ≥ 0,

τ > 0.
Since

∞∫

0

∞∫

0

δ(R − R0)δ(τ − u)T̂(R0, u)dR0du = T̂(R, τ ) (10.54)

therefore, by multiplying (10.53) by T̂(R0, u) and integrating over the intervals:
0 < R0 < ∞, 0 < u < ∞, and taking into account the property

φ̂∗(R,R0; τ − u) = 0 for τ − u ≤ 0 (10.55)

we find that the integral

φ̂(R, τ ) =
∞∫

0

∞∫

0

φ̂∗(R,R0; τ − u)T̂(R0, u)dR0du

=
τ∫

0

∞∫

0

φ̂∗(R,R0; τ − u)T̂(R0, u)dR0du (10.56)

satisfies the wave equation
(

∇2 − ∂2

∂τ 2

)
φ̂ = T̂(R, τ ) (10.57)
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The radial displacement ûR and the stresses ŜRR and Ŝθθ corresponding to the temper-
ature T̂ are then computed from Eqs. (10.35), (10.36), and (10.37), respectively, of
the solution to Problem 10.2 in which asterisk is omitted. This completes a solution
to Problem 10.3.

Problem 10.4. The Laplace transform of the temperature T̂ = T̂(R, τ ) due to an
instantaneous concentrated source of heat in an infinite body R ≥ 0 takes the form
[see Eq. (10.26)]

T̂(R, p) = e−R
√
p

4πR
(10.58)

where p is the Laplace transform parameter. By applying the Laplace transform to
Eq. (10.52) of Problem 10.3, show that

�̂(R, p) = 1

4π p(p − 1)

e−Rp − e−R
√
p

R
(10.59)

where �̂ = �̂(R, p) is the Laplace transform of �̂ = �̂(R, τ ) associated with
T̂ = T̂(R, τ ).

Solution. Applying the Laplace transform to Eq. (10.56) of the solution to Prob-
lem 10.3 we obtain

φ̂(R, p) =
∞∫

0

φ̂
∗
(R,R0, p)T̂(R0, p)dR0 (10.60)

where T̂(R, p) is given by Eq. (10.58) and φ̂
∗
(R,R0; p) is given by Eq. (10.43) of

the solution to Problem 10.2.
Hence

φ̂(R, p) = − 1

2Rp

1

4π

∞∫

0

e−R0
√
p ×

[
e−p|R−R0| − e−p(R+R0)

]
dR0

= − 1

2Rp

1

4π

⎧
⎨

⎩

R∫

0

e−pR × e−R0(
√
p−p)dR0 +

∞∫

R

epR × e−R0(
√
p+p)dR0

−
∞∫

0

e−pR × e−R0(
√
p+p)dR0

⎫
⎬

⎭ (10.61)

Since



254 10 Solutions to Particular Three-Dimensional Initial-Boundary Value Problems

∫
e−R0α dR0 = − 1

α
e−R0α α �= 0 (10.62)

therefore, computing the integrals on RHS of (10.61) we obtain

φ̂(R, p) = − 1

2Rp

1

4π

{
e−pR × 1 − e−R(

√
p−p)

√
p − p

+ epR × e−R(
√
p+p)

√
p + p

− e−pR 1√
p + p

}

= − 1

2Rp

1

4π

{
e−pR − e−R

√
p

√
p − p

− e−Rp − e−R
√
p

√
p + p

}

= 1

4πp(p − 1)

{
e−Rp − e−R

√
p

R

}
(10.63)

This completes a solution to Problem 10.4.

Problem 10.5. Find a thermoelastic displacement potential �̂∗∗ = �̂∗∗(R,R0; τ)

for an infinite body with a stress free spherical cavity of radius R = a corresponding
to the temperature field

T̂∗∗(R,R0; τ) = δ(R − R0)δ(τ ) for R ≥ a, R0 > a, τ > 0 (10.64)

Solution. The function φ̂∗∗ = φ̂∗∗(R,R0; τ), defined for R ≥ a,R0 > a, τ ≥ 0, is
to meet the nonhomogeneous wave equation

(
∇2 − ∂2

∂τ 2

)
φ̂∗∗ = δ(R − R0)δ(τ ) for R > a, τ > 0 (10.65)

subject to the homogeneous initial conditions

φ̂∗∗(R,R0; 0) = ˙̂φ∗∗
(R,R0; 0) = 0 for R > a, R0 > a (10.66)

the homogenous boundary condition

Ŝ∗∗
RR(a,R0; τ) ≡ ∂2φ̂∗∗

∂τ 2 (a,R0; τ) − 2(1 − 2ν)

1 − ν

1

a

∂φ̂∗∗

∂R
(a,R0; τ) = 0 (10.67)

for R0 > a, τ > 0

and suitable vanishing conditions as R → ∞.
Applying the Laplace transform to (10.65) and (10.67), respectively, and using

(10.66), we obtain

(∇2 − p2)φ̂
∗∗ = δ(R − R0) (10.68)

and
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p2φ̂
∗∗

(a,R0; p) − 2(1 − 2ν)

1 − ν

1

a

∂φ̂
∗∗

∂R
(a,R0; p) = 0 (10.69)

A solution to the problem is obtained if we let

φ̂
∗∗

(R,R0; p) = φ̂
∗
(R,R0; p) + ϕ̂

∗
(R,R0; p) (10.70)

where φ̂
∗

is given by [see Problem 10.1]

φ̂
∗
(R,R0; p) = − R0

2Rp
[e−p|R−R0| − e−p(R+R0)] (10.71)

and

ϕ̂
∗
(R,R0; p) = A

R
e−pR (10.72)

In Eq. (10.72) A is a constant to be determined from the boundary condition (10.69).

Note that φ̂
∗

satisfies the nonhomogeneous wave equation (10.68) for R > a and
ϕ̂

∗
satisfies the homogeneous wave equation

(∇2 − p2)ϕ̂
∗ = 0 R > a (10.73)

Also, φ̂
∗

and ϕ̂
∗

satisfy vanishing conditions as R → ∞ if p > 0. Since, because of
Eq. (10.45) from the solution to Problem 10.2,

∂φ̂
∗

∂R
= R0

2R2

{
e−p|R−R0| − e−p(R+R0)

p

}

+ R0

2R

{
sign(R − R0)e

−p|R−R0| − e−p(R+R0)
}

(10.74)

therefore, substituting φ̂
∗∗

from (10.70) into the boundary condition (10.69), and
using Eqs. (10.71), (10.72), and (10.74), we obtain

A

[
(ap)2 + 2(1 − 2ν)

1 − ν
(1 + pa)

]
= R0

2p

{[
e−p(R0−2a) − e−pR0

]
(pa)2

}

+ R0

2p

2(1 − 2ν)

1 − ν

{[
e−p(R0−2a) − e−pR0

]
−

[
e−p(R0−2a) + e−pR0

]
(pa)

}

(10.75)

Substituting A from (10.75) into (10.72) we obtain
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ϕ̂
∗
(R,R0; p)= R0

2R

1

p
×

{
(ap)2 − 2(1−2ν)

1−ν
(ap) + 2(1−2ν)

1−ν

(ap)2 + 2(1−2ν)
1−ν

(ap) + 2(1−2ν)
1−ν

e−p(R+R0−2a) − e−p(R+R0)

}

(10.76)

By letting

x = ap; α = 1 − 2ν

1 − ν
; β =

√
1 − 2ν

1 − ν
(10.77)

into Eq. (10.76) we get

ϕ̂
∗ = R0

2R

{
1

p

[
e−p(R+R0−2a) − e−p(R+R0)

]
− 4αa

(x + α)2 + β2 e
−p(R+R0−2a)

}

(10.78)

An alternative form of (10.78) reads

ϕ̂
∗ = R0

2R

{
e−p(R+R0−2a) − e−p(R+R0)

p
− 4

α

β

1

2i

[
1

p − 1
a (−α + iβ)

− 1

p− 1
a (−α − iβ)

]

× e−p(R+R0−2a)
}

(10.79)

Since

L−1
{

1

p − α∗ e
−pβ∗

}
= eα∗(τ−β∗)H(τ − β∗) (10.80)

where α∗ and β∗ are independent of p, therefore, applying the operator L−1 to
Eq. (10.79) we obtain

ϕ̂∗(R,R0; τ) = R0

2R

{[
1 − 4

√
1 − 2ν exp

[
−1 − 2ν

1 − ν

τ − (R + R0 − 2a)

a

]

× sin

[√
1 − 2ν

1 − ν

τ − (R + R0 − 2a)

a

]]
H[τ − (R + R0 − 2a)]

− H[τ − (R + R0)]
}

(10.81)

Finally, applying L−1 to Eq. (10.70) and using φ̂∗ in the form of Eq. (10.34) of the
solution to Problem 10.1, and Eq. (10.81) we arrive at
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φ̂∗∗(R,R0, τ ) = R0

2R

{
1 − 4

√
1 − 2ν exp

[
− 1 − 2ν

1 − ν

τ − (R + R0 − 2a)

a

]

× sin

[√
1 − 2ν

1 − ν

τ − (R + R0 − 2a)

a

]}
H[τ − (R + R0 − 2a)]

− R0

2R
H[τ − |R − R0|] (10.82)

This completes a solution to Problem 10.5.

Problem 10.6. The temperature field T̂ = T̂(R, τ ) produced by a sudden heating of
a spherical cavity of radius R = a in an infinite body R ≥ a to a constant temperature
T0 is given by the formula

T̂(R, τ ) = T0a

R
erfc

(
R − a√

4τ

)
for R ≥ a and τ ≥ 0 (10.83)

Show that the associated potential �̂ = �̂(R, τ ) that generates the displacement
ûR = ûR(R; τ), and the stresses ŜRR = ŜRR(R; τ) and Ŝθθ = Ŝθθ (R; τ) in an infinite
body R ≥ a subject to the stress free boundary condition

ŜRR(a; τ) = 0 for τ > 0 (10.84)

and zero stresses at infinity, admits the integral representation

�̂(R, τ ) = T0a

∞∫

a

τ∫

0

erfc

(
R0 − a√

4u

)
1

R0
�̂∗∗(R,R0; τ − u) du dR0 (10.85)

where �̂∗∗ = �̂∗∗(R,R0; τ) is the potential obtained in Problem 10.5.

Solution. The function φ̂∗∗(R,R0; τ − u) for R ≥ a, R0 > a, τ − u ≥ 0 with u
fixed, satisfies the equation [see Eq. (10.65) from the solution to Problem 10.5]

(
∇2 − ∂2

∂τ 2

)
φ̂∗∗(R,R0; τ − u) = δ(R − R0)δ(τ − u) (10.86)

Let T̂ be given by Eq. (10.83). Multiplying (10.86) by T̂(R0, u), integrating over the
intervals a < R0 < ∞, 0 < u < ∞, and using the property

φ̂∗∗(R,R0; τ − u) = 0 for τ − u ≤ 0 (10.87)

we find that the integral
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φ̂(R, τ ) =
∞∫

a

∞∫

0

φ̂∗∗(R,R0; τ − u)T̂(R0, u)dR0du

=
τ∫

0

∞∫

a

φ̂∗∗(R,R0; τ − u)T̂(R0, u)du dR0

= T0a

∞∫

a

τ∫

0

erfc

(
R0 − a√

4u

)
1

R0
φ̂∗∗(R,R0, τ − u)du dR0 (10.88)

solves Problem 10.6, since φ̂ = φ̂(R, t) satisfies equation

(
∇2 − ∂2

∂τ 2

)
φ̂ = T̂(R, τ ) for R > a, τ > 0 (10.89)

and φ̂ generates the radial stress ŜRR = ŜRR(R, τ ) that meets the stress free boundary
condition

ŜRR(a, τ ) = 0 for τ ≥ 0 (10.90)

In addition, φ̂ generates a solution s = [u, E, S] to the problem that vanishes as
R → ∞ and t > 0. This completes a solution to Problem 10.6.



Chapter 11
Solutions to Particular Two-Dimensional
Initial-Boundary Value Problems
of Elastodynamics

The particular solutions discussed in this chapter include: (i) dynamic thermal stresses
in an infinite elastic sheet subject to a discontinuous temperature field, and (ii)
dynamic thermal stresses produced by a concentrated heat source in an infinite elastic
body subject to plane strain conditions.

11.1 Dynamic Thermal Stresses in an Infinite Elastic Body
Under Plane Strain Conditions Subject
to a Time-Dependent Temperature Field

The dynamic thermal stresses in a homogeneous isotropic infinite elastic body under
plane strain conditions and initially at rest, and subject to a time-dependent temper-
ature field T = T (x, t) are computed from the formulas

Sαβ = 2μ (φ,αβ − φ,γ γ δαβ) + ρ φ̈δαβ on E2 × [0,∞) (11.1)

where φ = φ(x, t) satisfies the field equation

(
∇2 − 1

c2

∂2

∂ t2

)
φ = m T on E2 × [0,∞) (11.2)

subject to the homogeneous initial conditions

φ(x, 0) = φ̇(x, 0) = 0 for x ∈ E2 (11.3)

where
1

c2 = ρ

λ + 2μ
and m = 1 + ν

1 − ν
α (11.4)

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 259
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_11,
© Springer Science+Business Media Dordrecht 2013
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11.2 Dynamic Thermal Stresses in an Infinite Elastic Body
Under Generalized Plane Stress Conditions Subject
to a Time-Dependent Temperature Field

The dynamic thermal stresses in a homogeneous isotropic infinite elastic body under
generalized plane stress conditions are computed from the formulas similar to those
of a plane strain state. The stresses Sαβ = Sαβ(x, t) produced by a temperature
T = T (x, t) on E2 ×[0,∞) and corresponding to a body initially at rest are given by

Sαβ = 2μ (φ,αβ − φ,γ γ δαβ) + ρ φ̈δαβ on E2 × [0,∞) (11.5)

where φ = φ(x, t) satisfies the field equation

(
∇2 − 1

c2

∂2

∂t2

)
φ = m T on E2 × [0,∞) (11.6)

subject to the homogeneous initial conditions

φ(x, 0) = φ̇(x, 0) = 0 for x ∈ E2 (11.7)

where
1

c2 = ρ

λ + 2μ
, λ = 2μλ

λ + 2μ
(11.8)

and
m = (1 + ν)α (11.9)

11.3 Problems and Solutions Related to Particular
Two-Dimensional Initial-Boundary Value
Problems of Elastodynamics

Problem 11.1. Find the dynamic thermal stresses in an infinite elastic sheet with a
quiescent past subject to the temperature T

∗ = T
∗
(x, t) of the form

T
∗
(x, t) = T0δ(x1)δ(x2)δ(t)

where T0 is a constant temperature and δ = δ(x) is the delta function.

Solution. The dynamic thermal stresses in a homogeneous isotropic infinite sheet
initially at rest are computed from the formulas [see Eqs. (11.5)–(11.9) with c ≡ c
and m ≡ m = (1 + ν)α]
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Sαβ = 2 μ(φ,αβ −∇2φδαβ) + ρφ̈δαβ on E2 × [0,∞) (11.10)

where φ = φ(x, t) satisfies the field equation

(
∇2 − 1

c2

∂2

∂t2

)
φ = mT 0 δ(x1) δ(x2) δ(t) on E2 × (0,∞) (11.11)

subject to the homogeneous initial conditions

φ(x, 0) = φ̇(x, 0) = 0, x ∈ E2 (11.12)

Since the problem is radially symmetric

δ(x1)δ(x2) = 1

2πr
δ(r) (11.13)

where r is the radial coordinate of the polar coordinates (r, ϕ)

0 < r < ∞, 0 < ϕ ≤ 2π (11.14)

a unique solution to Eq. (11.11) that satisfies Eq. (11.12) takes the form

φ(r, t) = −mT 0

2π
H
(
t − r

c

)(
t2 − r2

c2

)−1/2

(11.15)

In the polar coordinates (r, ϕ)

∇2 = ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂ϕ2 (11.16)

Hence, for the function φ that depends on r and t only, because of (11.10), we obtain

Srr (r, t) = −2μ
1

r

∂φ

∂r
+ ρ φ̈ (11.17)

Sϕϕ(r, t) = −2μ
∂2φ

∂r2 + ρ φ̈ (11.18)

Srϕ(r, t) = 0, 0 < r < ∞, t ≥ 0 (11.19)

Substituting φ from Eq. (11.15) into Eqs. (11.17) and (11.18), respectively, we get

Srr = −mT0

2π
H
(
t − r

c

) 1

(t2 − r2/c2)5/2
×
[(

2t2 + r2

c2

)
ρ − 2μ

c2

(
t2 − r2

c2

)]

(11.20)
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and

Sϕϕ = −mT0

2π
H
(
t − r

c

) 1

(t2 − r2/c2)5/2
×
[(

2t2 + r2

c2

)
ρ − 2μ

c2

(
t2 + 2

r2

c2

)]

(11.21)

It follows from Eqs. (11.20) and (11.21) that

Srr → 0 and Sϕϕ → 0 as t → ∞

which means that the dynamic thermal stresses produced by an instantaneous
concentrated nucleus of thermoelastic strain [that is, by the strain of the form
E0

αβ = αT0δαβδ(x1)δ(x2)δ(t)] in an infinite sheet have a transient character. Also, it
follows from Eqs. (11.20) and (11.21) that such stress waves are represented by the
cylindrical waves propagating from the origin r = 0 to infinity with the velocity c,
and they become unbounded on the wave front

t2 − r2/c2 = 0 (11.22)

This completes a solution to Problem 11.1.

Problem 11.2. Find the dynamic thermal stresses in an infinite elastic sheet with a
quiescent past subject to the temperature T̂ ∗ = T̂ ∗(x, t) of the form

T̂ ∗(x, t) = T0δ(x1)δ(x2)H(t)

where T0 is a constant temperature, while δ = δ(x) and H = H(t) represent the
Dirac delta and Heaviside functions, respectively.

Solution. A solution to the problem is obtained by integrating the solution of
Problem 11.1 with respect to time. In particular, the potential φ, denoted by the
same symbol as in Problem 11.1, is obtained from the formula

φ(x, t) = −mT 0

2π

t∫

0

H
(
τ − r

c

)(
τ 2 − r2

c2

)−1/2

dτ

= −mT 0

2π
H
(
t − r

c

) t∫

r/c

(
τ 2 − r2

c2

)−1/2

dτ

= −mT 0

2π
H
(
t − r

c

) [
ln

(
t +

√
t2 − r2/c2

)
− ln(r/c)

]
(11.23)

Substituting φ from (11.23) into Eqs. (11.17) and (11.18) of the solution to Problem
11.1, respectively, we obtain
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Srr = mT 0

2π
H(t − r/c)

×
⎡

⎢⎣ρ
t

(√
t2 − r2/c2

)3 − 2μ

(
1

c2

1√
t2 − c2/r2

1

t +√t2 − r2/c2
+ 1

r2

)⎤

⎥⎦

(11.24)

and

Sϕϕ = mT 0

2π
H(t − r/c)

×
{
ρ

t
(√

t2 − r2/c2
)3 − 2μ

[
2

c2

1√
t2 − r2/c2

1

t +√t2 − r2/c2

×
(

1 + r2

c2

t + 2
√
t2 − r2/c2

t +√t2 − r2/c2

1

t2 − r2/c2

)
− 1

r2

]}
(11.25)

If t → ∞, Eqs. (11.24) and (11.25) imply a solution corresponding to a static nucleus:

Srr → S
0
rr , Sϕϕ → S

0
ϕϕ as t → ∞ (11.26)

where

S
(0)

rr = −mT 0μ

π

1

r2 , S
(0)

ϕϕ = mT 0μ

π

1

r2 (11.27)

This completes a solution to Problem 11.2.

Problem 11.3. Find the dynamic shear stress S12 = S12(x, t) in an infinite elastic
sheet with a quiescent past subject to a temperature T = T (x, t) of the form

T (x, t) = T0[H(x1 + a1) − H(x1 − a1)][H(x2 + a2) − H(x2 − a2)] H(t)

where T0 is a constant temperature, H = H(t) is the Heaviside function, while a1
and a2 are positive parameters of the length dimension.

Solution. The dynamic shear stress S12 produced by the rectangular discontinuous
temperature field

T (x, t) = T0[H(x1 + a1) − H(x1 − a1)] × [H(x2 + a2) − H(x2 − a2)]H(t)
(11.28)

in an infinite elastic sheet:

|x1| < ∞, |x2| < ∞, a1 > 0, a2 > 0
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is obtained from the formula

S12(x, t) = 2μφ,12 (x, t) (11.29)

where

φ(x, t) =
a1∫

−a1

a2∫

−a2

ψ(x, ξ; t)dξ1dξ2 (11.30)

and

ψ(x, ξ; t) = −mT0

2π
H

(
t − 1

c
|x − ξ|

)

×
[

ln

(
t +

√
t2 − |x − ξ|2/c2

)
− ln(|x − ξ|/c)

]
(11.31)

[Note that Eq. (11.29) is obtained from Eq. (11.10) of the solution to Problem 11.1,
and (11.31) is implied by Eq. (11.28) of the solution to Problem 11.2].

Since
∂2

∂x1∂x2
ψ(x, ξ; t) = ∂2

∂ξ1∂ξ2
ψ(x, ξ; t) (11.32)

the shear stress S12 may be written as

S12 = 2μ

a1∫

−a1

∂

∂ξ1

⎡

⎣
a2∫

−a2

∂

∂ξ2
ψ(x, ξ; t)dξ2

⎤

⎦ dξ1 (11.33)

or

S12 = −mT 0μ

π

a1∫

−a1

∂

∂ξ1

{
H
[
t −

√
(x1 − ξ1)2 + (x2 − a2)2/c

]

×
[

ln

(
t +

√
t2 − (x1 − ξ1)2/c2 − (x2 − a2)2/c2

)

− ln
(√

(x1 − ξ1)2 + (x2 − a2)2/c
)]

− H
[
t −

√
(x1 − ξ1)2 + (x2 + a2)2/c

]

×
[

ln

(
t +

√
t2 − (x1 − ξ1)2/c2 − (x2 + a2)2/c2

)

− ln
(√

(x1 − ξ1)2 + (x2 + a2)2/c
)]}
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= −mT 0μ

π

{
H(t − r+1+2/c) ×

[
ln

(
t +

√
t2 − r2+1+2/c

2

)
− ln(r+1+2/c)

]

− H(t − r+1−2/c)

[
ln

(
t +

√
t2 − r2+1−2/c

2

)
− ln(r+1−2/c)

]

− H(t − r−1+2/c) ×
[

ln

(
t +

√
t2 − r2−1+2/c

2

)
− ln(r−1+2/c)

]

+ H(t − r−1−2/c) ×
[

ln

(
t +

√
t2 − r2−1−2/c

2

)
− ln(r−1−2/c)

]}
(11.34)

where
r±1±2 =

√
(x1 ∓ a1)2 + (x2 ∓ a2)2 (11.35)

Equation (11.34) provides a closed-form representation of the shear stress wave pro-
duced by the rectangular discontinuous temperature field in an infinite elastic sheet.
For t → ∞ S12 attains a steady-state, that is,

S12(x, t) → mT 0μ

π
ln

r+1+2 r−1−2

r+1−2 r−1+2
as t → ∞ (11.36)

This completes a solution to Problem 11.3.

Problem 11.4. An infinite elastic body described by the inequalities

0 ≤ r < ∞, 0 ≤ ϕ ≤ 2π, |x3| < ∞ (11.37)

is subject to a line heat source of the form

Q(r, t) = Q0H(t)δ(r)

2πr
(11.38)

Use a parabolic heat conduction equation for the temperature T = T (r, t) together
with a wave equation for the thermoelastic displacement potential � = �(r, t) to
find the temperature T = T (r, t) and associated thermal stresses Srr = Srr (r, t) and
Sϕϕ = Sϕϕ(r, t) produced by the line heat source. Assume that the body is initially
at rest, which means that T (r, 0) = 0, ur (r, 0) = 0, and u̇r (r, 0) = 0, where
ur = ur (r, t) is the radial displacement corresponding to the heat source. Also,
note that the stress components are generated by the potential � = �(r, t) through
Eqs. (11.1)–(11.4) restricted to the radial symmetry.

Solution. The line heat source

Q(r, t) = Q0H(t)δ(r)/2πr (11.39)

corresponds to a plane strain thermoelastodynamics in which a temperature field
T = T (r, t) satisfies the field equation
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(
∇2
r − 1

κ

∂

∂t

)
T = −Q0

κ

δ(r)

2πr
H(t) for r > 0, t > 0 (11.40)

the initial condition
T (r, 0) = 0 for r > 0 (11.41)

and the vanishing condition

T (r, t) → 0 as r → ∞, t > 0 (11.42)

In Eq. (11.40)

∇2
r = ∂2

∂r2 + 1

r

∂

∂r
(11.43)

a dynamic thermoelastic process s = [u,E,S] corresponding to T = T (r, t) is
described by the relations

u(r, t) = [∂φ/∂r, 0] (11.44)

Err = ∂2φ

∂r2 , Eϕϕ = 1

r

∂φ

∂r
(11.45)

Srr = −2μ
1

r

∂φ

∂r
+ ρ φ̈ (11.46)

Sϕϕ = −2μ
∂2φ

∂r2 + ρ φ̈ (11.47)

where φ = φ(r, t) satisfies the wave equation

(
∇2
r − 1

c2

∂2

∂t2

)
φ = mT for r > 0, t > 0 (11.48)

subject to the conditions

φ(r, 0) = 0, φ̇(r, 0) = 0 r > 0 (11.49)

and suitable vanishing conditions as r → ∞.
In Eq. (11.48)

1

c2 = ρ

λ + 2μ
, m = 1 + ν

1 − ν
α (11.50)

To find s = [u,E,S] we proceed in the following way.
Let f (p) denote the Laplace transform of a function f = f (t) on [0,∞), that is,

L f ≡ f (p) =
∞∫

0

e−pt f (t)dt (11.51)
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where p is the Laplace transform parameter.
Applying the Laplace transform to solve the problem (11.40)–(11.42) we obtain

T (r, p) = Q0

2πκ

1

p
K0

(
r

√
p

κ

)
(11.52)

Hence

L−1T = T (r, t) = Q0

4πκ

t∫

0

e− r2
4κτ

τ
dτ (11.53)

Similarly, solving the problem (11.48)–(11.49) by the Laplace transform technique
we obtain

φ(r, p) = A

p

(
1

p − c2/κ
− 1

p

)[
K0

(r
c
p
)

− K0

(
r√
κ

√
p

)]
(11.54)

where

A = mQ0

2π
(11.55)

An alternative form of (11.54) reads

φ(r, p) = A

{
κ

c2

(
1

p − c2/κ
− 1

p

)
− 1

p2

}
×
[
K0

(r
c
p
)

− K0

(
r√
κ

√
p

)]

(11.56)

Since

L−1K0(a
√
p) = 1

2t
e− a2

4t , a > 0 (11.57)

and
L−1 K0(bp) = H(t − b)(t2 − b2)−1/2, b > 0 (11.58)

therefore, applying L−1 to (11.56) and using the convolution theorem we get

φ(r, t) = φw(r, t) + φd(r, t) (11.59)

where φw and φd , respectively, represent a wave part of φ and a diffusive part of φ,
given by

φw(r, t) = AH
(
t − r

c

) t∫

r/c

1√
τ 2 − r2/c2

×
{

κ

c2 [e(c2/κ)(t−τ) − 1] − (t − τ)
}
dτ

(11.60)
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and

φd(r, t) = − A

2

t∫

0

e− r2
4κτ

τ
×
{

κ

c2 [e(c2/κ)(t−τ) − 1] − (t − τ)
}
dτ (11.61)

By substituting φ from Eq. (11.59) into Eqs. (11.44), (11.46), and (11.47), a closed-
form of the functions ur = ur (r, t), Srr = Srr (r, t), and Sϕϕ = Sϕϕ(r, t), respec-
tively, is obtained.

In particular, for ur = ur (r, t) we obtain

ur (r, t) = u(w)
r (r, t) + u(d)

r (r, t) (11.62)

where

u(w)
r (r, t) = − A

r
H
(
t − r

c

) t∫

r/c

[e(c2/κ)(t−τ) − 1] × τ√
τ 2 − r2/c2

dτ (11.63)

and

u(d)
r (r, t) = A

r

t∫

0

[e(c2/κ)(t−τ) − 1] × e−r2/4κτdτ (11.64)

Also, for φ̈ = φ̈(r, t) we get

φ̈(r, t) = A
c2

κ

⎧
⎪⎨

⎪⎩
H
(
t − r

c

) t∫

r/c

e(c2/κ)(t−τ) dτ√
τ 2 − r2/c2

−1

2

t∫

0

e(c2/κ)(t−τ) e
−r2/4κτ

τ
dτ

⎫
⎬

⎭ (11.65)

Substituting ur from (11.62) and φ̈ from (11.65) into the relation

Srr (r, t) = −2μ
1

r
ur (r, t) + ρ φ̈(r, t) (11.66)

a closed-form of the radial stress is obtained.
In a similar way a closed-form of Sϕϕ = Sϕϕ(r, t)may be obtained. This completes

a solution to Problem 11.4.

Problem 11.5. An infinite elastic body described by the inequalities

0 ≤ r < ∞, 0 ≤ ϕ ≤ 2π, |x3| < ∞ (11.67)
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is subject to a time-periodic line heat source of the form

Q(r, t) = Q0eiω tδ(r)

2πr
, i = √−1 (11.68)

where ω > 0 is the frequency. Show that the temperature T = T (r, t) and the
thermoelastic displacement potential � = �(r, t) corresponding to the heat source
take the form

T (r, t) = Q0eiω t

2πκ
K0(r

√
iω /κ) (11.69)

and

�(r, t) = Q0meiω t

2πκ(iω /κ + ω2/c2
1)

[
K0(r

√
iω /κ) − K0(i rω /c1)

]
(11.70)

where K0 = K0(z) is the modified Bessel function of the second kind and zero order;
κ stands for the thermal diffusivity, c1 is the longitudinal velocity, and

m = 1 + ν

1 − ν
α (11.71)

Here, ν and α are Poisson’s ratio and the coefficient of linear thermal expansion,
respectively.

Solution. Note that the temperature field T (r, t) given by Eq. (11.69) of the problem
can be written in the form

T (r, t) = T (r, iω)iω eiωt (11.72)

where T = T (r, p) is given by Eq. (11.52) of the solution to Problem 11.4.
Also we check that T (r, t) given by (11.72) satisfies the heat conduction equation

(
∇2
r − 1

κ

∂

∂t

)
T = −Q0

κ

δ(r)

2πr
eiωt for r > 0, t > 0 (11.73)

and represents an outgoing thermal wave from r = 0 to r = ∞ if
√
iω/κ in

Eq. (11.69) is properly selected.
As a result, the thermoelastic displacement potential φ = φ(r, t) corresponding

to T = T (r, t) is obtained from the formula

φ(r, t) = φ(r, iω)iω eiωt (11.74)
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where φ = φ(r, p) is given by Eq. (11.54) of the solution to Problem 11.4, that is,

φ(r, t) = −A eiωt
(

1

iω − c2/κ
− 1

iω

)
×
[
K0

(
irω

c

)
− K0

(
r

√
iω

κ

)]

= Q0m eiωt

2πκ(iω/κ + ω2/c2)
× [K0(r

√
iω/κ) − K0(irω/c)] (11.75)

By letting √
i = 1√

2
(1 + i) (11.76)

and using the asymptotic formula

K0(z) ≈
√

π

2z
e−z as |z| → ∞ (11.77)

we find that φ(r, t) given by Eq. (11.75) generates an outgoing thermoelastic wave
from r = 0 to r = ∞.

This completes a solution to Problem 11.5.



Chapter 12
One-Dimensional Solutions of Elastodynamics

In this chapter a number of typical one-dimensional initial-boundary value problems
of homogeneous isotropic isothermal and nonisothermal elastodynamics are solved
in a closed-form using the Laplace transform technique. The isothermal solutions
include: (a) one-dimensional displacement waves in a semispace subject to a uniform
dynamic boundary pressure, (b) one-dimensional displacement waves in a semispace
subject to the initial disturbances, and (c) one-dimensional stress waves in an infinite
space composed of two homogeneous isotropic elastic semispaces of different mate-
rial properties. The nonisothermal solutions include: (i) one-dimensional dynamic
thermal stresses produced by a plane source of heat that varies harmonically with
time in an infinite elastic solid, (ii) one-dimensional dynamic thermal stresses pro-
duced by a plane nucleus of thermoelastic strain in an infinite elastic solid, and (iii)
one-dimensional dynamic thermal stresses in a semispace due to the action of a plane
internal nucleus of thermoelastic strain.

12.1 One-Dimensional Field Equations of Isothermal
Elastodynamics

The one-dimensional field equations of isothermal elastodynamics describe an elastic
process p = [u,E,S] that depends on a single space variable x = x1 and on time t .
Such a process corresponds to the data that depend on x and t only. In the following
we let

u(x, t) = [u(x, t), 0, 0] (12.1)

and
b(x, t) = [b(x, t), 0, 0] (12.2)

where b = b(x, t) is the body force vector field.

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 271
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_12,
© Springer Science+Business Media Dordrecht 2013
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The strain tensor E has only one component: E11 = E11(x, t), and the strain-
displacement relation reads

E11 = ∂u

∂x
(12.3)

The equation of motion takes the form

∂S11

∂x
+ b = ρ

∂2u

∂t2 (12.4)

The constitutive relation reads

S11 = (λ + 2μ)
∂u

∂x
(12.5)

provided the body is homogeneous and isotropic.
By letting S11 = S(x, t) and eliminating E11 = E11(x, t) and S = S(x, t) from

Eqs. (12.3)–(12.5), the one-dimensional displacement equation of motion is obtained

(
∂2

∂x2 − 1

c2

∂2

∂t2

)
u = − b

λ + 2μ
(12.6)

where

c =
√

λ + 2μ

ρ
(12.7)

Also, by eliminating u = u(x, t) and E11 = E11(x, t) from Eqs. (12.3)–(12.5), the
one-dimensional stress equation of motion is obtained

(
∂2

∂x2 − 1

c2

∂2

∂t2

)
S = − ∂b

∂x
(12.8)

12.2 One-Dimensional Field Equations of Nonisothermal
Elastodynamics

A one-dimensional thermoelastic process p = [u,E,S] can be associated with a pair
(�, T ) in which � = �(x, t) represents a thermoelastic displacement potential and
T = T (x, t) is a temperature field.

In a dimensionless setting, the displacementu = u(x, t) and the stress S= S(x, t),
respectively, are computed from the formulas

u(x, t) = ∂Φ

∂x
(12.9)
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and

S(x, t) = ∂2Φ

∂t2 (12.10)

where (
∂2

∂x2 − ∂2

∂t2

)
Φ = T (12.11)

and (
∂2

∂x2 − ∂

∂t

)
T = −Q (12.12)

In Eq. (12.12) Q represents a dimensionless heat source field.
By eliminating � = �(x, t) from Eqs. (12.10) and (12.11), the one-dimensional

stress-temperature equation is obtained

(
∂2

∂x2 − ∂2

∂t2

)
S = ∂2T

∂t2 (12.13)

Finally, by applying the operator (∂2/∂x2 − ∂/∂t) to Eq. (12.13) and using
Eq. (12.12), we obtain the one-dimensional stress equation of nonisothermal elasto-
dynamics (

∂2

∂x2 − ∂

∂t

)(
∂2

∂x2 − ∂2

∂t2

)
S = −∂2Q

∂t2 (12.14)

Green’s Functions of One-Dimensional Nonisothermal Elastodynamics
Consider the following initial-boundary value problem of one-dimensional
nonisothermal elastodynamics. Find a temperature T ∗ = T ∗(x, t) that satisfies the
parabolic heat conduction equation

(
∂2

∂x2 − ∂

∂t

)
T ∗ = −δ(x)δ(t) for |x | < ∞, t > 0 (12.15)

the initial condition
T ∗(x, 0) = 0 for |x | < ∞ (12.16)

and the asymptotic condition

T ∗(x, t) → 0 as |x | → ∞ and t > 0 (12.17)

Applying the Laplace transform to Eq. (12.15) and using the initial condition (12.16),
we obtain (

∂2

∂x2 − p

)
T

∗ = −δ(x) for |x | < ∞ (12.18)
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where T
∗ = T

∗
(x, p) is the Laplace transform of T ∗ = T ∗(x, t), and p is the

transform parameter.
Since

(
∂2

∂x2 − k2
)−1

δ(x) = −e−k|x |

2k
for |x | < ∞ and k > 0 (12.19)

and the asymptotic condition (12.17) in the transform domain takes the form

T
∗
(x, p) → 0 as |x | → ∞ and p > 0 (12.20)

therefore, a unique solution to Eq. (12.18) subject to (12.20), is

T
∗
(x, p) = e−|x |√p

2
√
p

for |x | < ∞ and p > 0 (12.21)

Finally, by applying the inverse Laplace transform to Eq. (12.21), we obtain

T ∗(x, t) = 1

2
√

π t
e−x2/4t for |x | < ∞ and t ≥ 0 (12.22)

The function T ∗ = T ∗(x, t), satisfying Eqs. (12.15)–(12.17), is a Green’s function
for the one-dimensional parabolic heat conduction equation of the nonisothermal
elastodynamics.

A Green’s function related to the one-dimensional stress equation of nonisother-
mal elastodynamics is a solution to the following initial-boundary value problem.
Find a function S∗ = S∗(x, t) that satisfies the field equation

(
∂2

∂x2 − ∂

∂t

)(
∂2

∂x2 − ∂2

∂t2

)
S∗ = −δ(x)

∂2

∂t2 δ(t) for |x | < ∞, t > 0

(12.23)
the initial conditions

S∗(x, 0) = ∂

∂t
S∗(x, 0) = ∂2

∂t2 S
∗(x, 0) = 0 for |x | < ∞ (12.24)

and the asymptotic condition

S∗(x, t) → 0 as |x | → ∞ and t > 0 (12.25)

By applying the Laplace transform to Eqs. (12.23)–(12.25) and using the homoge-
neous initial conditions (12.24), we obtain

(
∂2

∂x2 − p

)(
∂2

∂x2 − p2
)

S
∗ = −p2δ(x) for |x | < ∞ (12.26)
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and
S∗(x, p) → 0 as |x | → ∞ and p > 0 (12.27)

Since

[(
∂2

∂x2 − p

)(
∂2

∂x2 − p2
)]−1

= 1

p(p − 1)

[(
∂2

∂x2 − p2
)−1

−
(

∂2

∂x2 − p

)−1
]

(12.28)

therefore, using Eq. (12.19), we obtain a unique solution to Eq. (12.26) subject to
the asymptotic condition (12.27) in the form

S
∗
(x, p) = 1

2

p

p − 1

[
e−|x |p

p
− e−|x |√p

√
p

]
for |x | < ∞, p > 0 (12.29)

An alternative form of this equation reads

S
∗
(x, p) = 1

2

(
e−|x |p

p − 1
+ ∂

∂ |x |
e−|x |√p

p − 1

)
for |x | < ∞, p > 0 (12.30)

Since

L−1
{
e−|x |p

p − 1

}
= et−|x |H(t − |x |) (12.31)

and

L−1

{
e−|x |√p

p − 1

}
= U (|x |, t) (12.32)

where

U (|x |, t) = 1

2
et
[
e−|x |erfc

( |x |
2
√
t

− √
t

)
+ e|x |erfc

( |x |
2
√
t

+ √
t

)]
(12.33)

therefore, applying the operator L−1 to Eq. (12.30) we obtain

S∗(x, t) = 1

2

[
et−|x |H(t − |x |) + ∂

∂ |x |U (|x |, t)
]

= 1

2

[
et−|x |H(t − |x |) − 1√

π t
e−x2/4t − V (|x |, t)

]
(12.34)

where

V (|x |, t) = 1

2
et
[
e−|x |erfc

( |x |
2
√
t

− √
t

)
− e|x |erfc

( |x |
2
√
t

+ √
t

)]
(12.35)
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The function S∗ = S∗(x, t) represents Green’s function of one-dimensional non-
isothermal elastodynamics for |x | < ∞, t ≥ 0 corresponding to an instantaneous
heat source distributed on the plane x = 0.

12.3 Problems and Solutions Related to One-Dimensional
Initial-Boundary Value Problems of Elastodynamics

Problem 12.1. Using the displacement characterization of one-dimensional homo-
geneous isotropic elastodynamics, find the displacement u = u(x, t) in a semispace
x ≥ 0 that is initially at rest and subject to a uniform dynamic pressure s = s(t) on
the boundary x = 0. Also, show that the particle velocity u̇ = u̇(x, t) is related to
the stress S = S(x, t) by the equation S(x, t) = −ρ c u̇(x, t), where ρ and c are the
density and the longitudinal velocity of the body, respectively.

Solution. We are to find a solution u = u(x, t) of the equation

(
∂2

∂x2 − 1

c2

∂2

∂t2

)
u = 0,

1

c2 = ρ

λ + 2 μ
for x > 0, t > 0 (12.36)

subject to the initial conditions

u(x, 0) = 0, u̇(x, 0) = 0, x > 0 (12.37)

the boundary condition

(λ + 2 μ)
∂u

∂x
(0, t) = −s(t), t > 0 (12.38)

and suitable vanishing conditions at x = ∞. The stress field S = S(x, t) is related
to the displacement field u = u(x, t) by

S(x, t) = (λ + 2 μ)
∂u

∂x
(x, t) (12.39)

Let f = f (p) be the Laplace transform of a function f = f (t) on [0,∞), that is,

L f ≡ f (p) =
∞∫

0

e−pt f (t)dt (12.40)

Applying the Laplace transform to Eqs. (12.36), (12.38), and (12.39), respectively,
and using the initial conditions (12.37) we obtain
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(
∂2

∂x2 − p2

c2

)
u = 0, x > 0 (12.41)

(λ + 2 μ)
∂u

∂x
(0, p) = −s(p) (12.42)

and

S(x, p) = (λ + 2 μ)
∂u

∂x
(x, p) x ≥ 0 (12.43)

Hence, a solution u = u(x, p) of Eq. (12.41) that satisfies the boundary condition
(12.42) and vanishes at infinity takes the form

u(x, p) = c

λ + 2 μ

s(p)

p
e− p

c x x ≥ 0 (12.44)

Also, substituting u from (12.44) into (12.43) we obtain

S(x, p) = −s(p) e− p
c x x ≥ 0 (12.45)

and it follows from Eqs. (12.44) and (12.45) that

S(x, p) = −ρ c p u(x, p) x ≥ 0̇ (12.46)

Finally, applying the operator L−1 to Eqs. (12.44)–(12.46), respectively, and using
the homogeneous initial condition (12.37)1 and the convolution theorem, we obtain

u(x, t) = c

λ + 2 μ
H
(
t − x

c

) t−x/c∫

0

s(τ )dτ (12.47)

S(x, t) = −H
(
t − x

c

)
s
(
t − x

c

)
(12.48)

and
S(x, t) = −ρc u̇(x, t) (12.49)

This completes a solution to Problem 12.1.

Problem 12.2. Solve a one-dimensional initial-boundary value problem for a semi-
space with fixed boundary subject to the initial disturbances u(x, 0) = u0(x),
u̇(x, 0) = u̇0(x) for x ≥ 0, where u0(x) and u̇0(x) are prescribed functions on
[0,∞).

Solution. The problem reads:
Find u = u(x, t) that satisfies the field equation

(
∂2

∂x2 − 1

c2

∂2

∂t2

)
u = 0 x > 0, t > 0 (12.50)
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the initial conditions

u (x, 0) = u0(x), u̇(x, 0) = u̇0(x) (12.51)

the boundary condition
u(0, t) = 0, t ≥ 0 (12.52)

and the vanishing condition

u(x, t) → 0 as x → ∞, t > 0 (12.53)

By using the Laplace transform technique to solve the initial-boundary value problem
(12.50)–(12.53), we obtain

u(x, t) = 1

2
[H(x − ct)u0(x − ct) + u0(x + ct) − H(ct − x)u0(ct − x)]

+ 1

2c

⎡

⎣H(x − ct)

x∫

x−ct

u̇0(ξ)dξ + H(ct − x)

x∫

0

u̇0(ξ)dξ

+
x+ct∫

x

u̇0(ξ)dξ − H(ct − x)

ct−x∫

0

u̇0(ξ)dξ

⎤

⎦ for x ≥ 0, t ≥ 0

(12.54)

It is easy to check that u given by (12.54) satisfies (12.50)–(12.53), and this completes
a solution to Problem 12.2.

Problem 12.3. Find the displacement u = u(x, t) in a homogeneous isotropic elas-
tic semispace x ≥ 0 with free boundary subject to the initial disturbances as in
Problem 12.2.

Solution. We are to find a solution u = u(x, t) to the equation

(
∂2

∂x2 − 1

c2

∂2

∂t2

)
u = 0 x > 0, t > 0 (12.55)

subject to the conditions

u(x, 0) = u0(x), u̇(x, 0) = u̇0(x), x > 0 (12.56)

∂u

∂x
(0, t) = 0, t ≥ 0 (12.57)

and the vanishing condition

u(x, t) → 0 as x → ∞, t > 0 (12.58)
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By applying the Laplace transform to Eqs. (12.55) and (12.57), respectively, and
using (12.56) we obtain

(
∂2

∂x2 − p2

c2

)
u = − 1

c2 [pu0(x) + u̇0(x)] x > 0, p > 0 (12.59)

and
∂u

∂x
(0, p) = 0, p > 0 (12.60)

where p is the transform parameter.
Let G = G(x, ξ ; t) be Green’s function defined by the equations:

(
∂2

∂x2 − 1

c2

∂2

∂t2

)
G = −[δ(x − ξ) + δ(x + ξ)]δ(t) x ≥ 0, ξ > 0, t > 0

(12.61)

G(x, ξ ; 0) = 0, Ġ(x, ξ ; 0) = 0 x > 0, ξ > 0 (12.62)

∂G

∂x
(0, ξ ; t) = 0, ξ > 0, t > 0 (12.63)

and
G(x, ξ ; t) → 0 as x → ∞, t > 0 (12.64)

By applying the Laplace transform to Eqs. (12.61), (12.63), and (12.64), respectively,
and using (12.62) we get

(
∂2

∂x2 − p2

c2

)
G = −[δ(x − ξ) + δ(x + ξ)] (12.65)

∂G

∂x
(0, ξ ; p) = 0 (12.66)

and
G(x, ξ ; p) → 0 as x → +∞ (12.67)

It is easy to show that G takes the form

G(x, ξ ; p) = c

2p

[
e− p

c |x−ξ | + e− p
c (x+ξ)

]
p > 0 (12.68)

Therefore, applying L−1 to (12.68) we get

G(x, ξ ; t) = c

2

[
H

(
t − |x − ξ |

c

)
+ H

(
t − x + ξ

c

)]
for x ≥ 0, t ≥ 0, ξ > 0.

(12.69)
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Also, it follows from Eqs. (12.59)–(12.60) and (12.65)–(12.66) that

u(x, p) = 1

c2

∞∫

0

G(x, ξ ; p)[pu0(ξ) + u̇0(ξ)]dξ (12.70)

Hence, substituting G from (12.68) into (12.70) we obtain

u(x, p) = 1

2c

⎧
⎨

⎩

∞∫

0

[
e− p

c |x−ξ | + e− p
c (x+ξ)

]
u0(ξ)dξ

+
∞∫

0

1

p

[
e− p

c |x−ξ | + e− p
c (x+ξ)

]
u̇0(ξ)dξ

⎫
⎬

⎭ (12.71)

and applying L−1 to (12.71) we get

u(x, t) = 1

2c

{ ∞∫

0

u0(ξ)

[
δ

(
t − |x − ξ |

c

)
+ δ

(
t − x + ξ

c

)]
dξ

+
∞∫

0

u̇0(ξ)

[
H

(
t − |x − ξ |

c

)
+ H

(
t − x + ξ

c

)]
dξ

}
(12.72)

or

u(x, t) = 1

2
{H(x − ct)u0(x − ct) + u0(x + ct) + H(ct − x)u0(ct − x)}

+ 1

2c

⎧
⎨

⎩H(x − ct)

x∫

x−ct

u̇0(ξ)dξ +
x+ct∫

x

u̇0(ξ)dξ

+H(ct − x)

x∫

0

u̇0(ξ)dξ + H(ct − x)

ct−x∫

0

u̇0(ξ)dξ

⎫
⎬

⎭ (12.73)

It is easy to check that (12.73) satisfies Eq. (12.55) for x > 0, t > 0, the initial
conditions (12.56), the boundary condition (12.57) as well as the vanishing condi-
tion (12.58).

This completes a solution to Problem 12.3.

Problem 12.4. Find the displacement u = u(x, t) in a homogeneous isotropic elas-
tic finite strip 0 ≤ x ≤ l fixed at x = 0 and subject to an impulsive unit traction
at x = l [that is, S(l, t) = δ(t), where S = S(x, t) is the stress associated with
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u = u(x, t), and δ = δ(t) is the delta function]. The initial conditions are assumed
to be homogeneous, that is, u(x, 0) = 0, u̇(x, 0) = 0 for 0 ≤ x ≤ l.

Solution. We are to find a solution to the equation

(
∂2

∂x2 − 1

c2

∂2

∂t2

)
u = 0, 0 < x < l, t > 0 (12.74)

subject to the conditions

u(x, 0) = 0, u̇(x, 0) = 0, 0 < x < l (12.75)

u(0, t) = 0,
∂u

∂x
(l, t) = δ(t)

λ + 2 μ
, t > 0 (12.76)

A solution u = u(x, t) is sought in the form

u(x, t) = φ(x, t) +
∞∑

n=1

φ̂n(t)ψn(x) (12.77)

where φ = φ(x, t) is a solution to the quasi-static problem:

∂2φ

∂x2 (x, t) = 0, 0 < x < l, t ≥ 0 (12.78)

φ(0, t) = 0,
∂φ

∂x
(l, t) = δ(t)

λ + 2 μ
, t > 0 (12.79)

ψn = ψn(x) are the eigenfunctions satisfying the equation

ψn
′′(x) +

(ωn

c

)2
ψn(x) = 0, 0 < x < l (12.80)

subject to the boundary conditions

ψn(0) = 0, ψ ′
n(l) = 0 (12.81)

and φ̂n = φ̂n(t) are selected in such a way that u = u(x, t) satisfies (12.74)–(12.76).
It is easy to check that a pair (ωn, ψn) is represented by

ωn = (2n − 1)πc

2l
, n = 1, 2, 3, . . . (12.82)

ψn(x) =
(

2

l

)1/2

sin
(2n − 1)πx

2l
(12.83)
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and
l∫

0

ψn(x)ψm(x)dx = δnm n,m = 1, 2, 3, . . . (12.84)

Substituting u(x, t) from (12.77) into (12.74)–(12.76) and taking into account
(12.78)–(12.83) we find that φ̂n = φ̂n(t) satisfies the relation

∞∑

n=1

ψn(x)
[ ¨̂φn(t) + ωn

2φ̂n(t)
]

= −φ̈(x, t) (12.85)

By multiplying (12.85) by ψm(x) and integrating over [0, l], and using the orthogo-
nality conditions (12.84) we obtain

¨̂φm(t) + ω2
m φ̂m(t) = φ̈m(t) (12.86)

where

φm(t) = −
l∫

0

φ(x, t)ψm(x)dx (12.87)

Since φ = φ(x, t) that satisfies (12.78)–(12.79) takes the form

φ(x, t) = δ(t)

λ + 2 μ
x, 0 ≤ x ≤ l (12.88)

we obtain

φm(t) = − δ(t)

λ + 2 μ

(
2

l

)1/2 l∫

0

x sin
(2m − 1)πx

2l
dx

= δ(t)

λ + 2 μ

4(2l)1/2l

π2

(−)m

(2m − 1)2 = 2(2l)1/2δ(t)(−)m

πρcωm(2m − 1)
(12.89)

Also note that
φ̂m(0) = ˙̂φm(0) = 0 (12.90)

and
φm(0) = 0, φ̇m(0) = 0 (12.91)

Therefore, applying the Laplace transform to (12.86) and using (12.90) and (12.91)
we obtain (

p2 + ωm
2
)

φ̂m(p) = p2φm(p) (12.92)
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Hence

φ̂m(p) =
(

1 − ω2
m

p2 + ω2
m

)
φm(p) (12.93)

and

φ̂m(t) = φm(t) − ωm

t∫

0

φm(τ ) sin ωm(t − τ)dτ (12.94)

Substituting φ̂m from (12.94) into (12.77) we obtain

u(x, t) = φ(x, t) +
∞∑

n=1

φn(t)ψn(x) −
∞∑

n=1

ωn

⎡

⎣
t∫

0

φn(τ ) sin ωn(t − τ)dτ

⎤

⎦ψn(x)

(12.95)
Since

φ(x, t) = −
∞∑

n=1

φn(t)ψn(x) (12.96)

[see Eq. (12.87)], therefore substituting φn(t) from (12.89) into (12.95) we obtain

u(x, t) = 4

πρc

∞∑

n=1

(−)n−1

2n − 1
sin

[
(2n − 1)πct

2l

]
× sin

[
(2n − 1)πx

2l

]
(12.97)

This completes a solution to Problem 12.4.

Problem 12.5. Let x = 0 be an interface between two homogeneous isotropic elas-
tic semispaces of different material properties, and assume that (ρ−, λ−, μ−) and
(ρ+, λ+, μ+) denote the material properties of the (−∞, 0) and (0,∞) semispaces,
respectively. Also, assume that an incident stress wave S(i) = S(i)(t − x /c−), where
S(i)(s) = 0 for s < 0 and c− = √

(λ− + 2μ−)/ρ−, strikes the interface x = 0 in
such a way that it is completely reflected. Let S(r) = S(r)(x, t) be the reflected wave.
Show that the total stress S = S(x, t) on |x | < ∞ and t > 0 is represented by

S(x, t) =
{
S(i)(t − x/c−) + S(r)(x, t) for x ≤ 0

0 for x ≥ 0

where S(r)(x, t) = −S(i)(t + x/c−)

This case occurs if the semispace [0,∞) is a vacuum.

Solution. A stress wave S(r) = S(r)(x, t) reflected from the interface x = 0 prop-
agates in the negative direction of the x-axis. Therefore it takes the form

S(r)(x, t) = A f

(
t + x

c−

)
(12.98)
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where A is an arbitrary constant, and f = f (s) is an arbitrary function. Since the
interface x = 0 is stress free

S(i)(0, t) + S(r)(0, t) = 0 (12.99)

where
S(i)(x, t) = S(i)(t − x/c−) (12.100)

therefore, (12.99) takes the form

S(i)(t) + A f (t) = 0 t ≥ 0 (12.101)

Equation (12.101) is satisfied if and only if

f (t) = S(i)(t) and A = −1 (12.102)

This implies that
S(r)(x, t) = −S(i)(t + x/c−1) (12.103)

A complete reflection of the striking wave from x = 0 also means that S(x, t) = 0
for x ≥ 0, t > 0. This completes a solution to Problem 12.5.

Problem 12.6. Assume that an incident stress wave S(i) = S(i)(t − x /c−) strikes
the interface x = 0 between the two semispaces introduced in Problem 12.5 in such
a way that a part of S(i) is reflected and a part is transmitted across the interface. This
case occurs when the total stress and the particle velocity are continuous at x = 0
for every t > 0. Show that the total stress wave propagating in the two semispace
solid is represented by the formula

S(x, t) =
{
S(i)(t − x/c−) + S(r)(t + x/c−) for x ≤ 0

S(t)(t − x/c+) for x ≥ 0

where S(r) = S(r)(t + x /c−) and S(t) = S(t)(t − x /c+) are the reflected and trans-
mitted stress waves, respectively, given by

S(r)(t + x /c−) = c(r)S(i)(t + x /c−)

S(t)(t − x /c+) = c(t)S(i)(t − x /c+)

and

c(r) = −1 − (ρ+c+)/(ρ−c−)

1 + (ρ+c+)/(ρ−c−)

c(t) = 2
(ρ+c+)/(ρ−c−)

1 + (ρ+c+)/(ρ−c−)
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c+ =
√

λ+ + 2μ+
ρ+

, c− =
√

λ− + 2μ−
ρ−

The dimensionless constants c(r) and c(t) are called the reflection and transmission
coefficients for the one-dimensional stress wave motion in the nonhomogeneous two
semispace medium.
Hint. Use the relation S(x, t) = −ρ c u̇(x, t) from Problem 12.1 for a stress wave
propagating in the positive direction of x with a velocity c to satisfy the particle
velocity continuity condition at the interface x = 0.

Solution. Let S = S(x, t) be defined by

S(x, t) =
{
S(i)(t − x/c−) + Sr (t + x/c−), x ≤ 0

S(t)(t − x/c+) x ≥ 0
(12.104)

where S(i) = S(i)(s) is a prescribed function on [0,∞) such that S(i)(s) = 0 for
s < 0, and

S(r)(t + x/c−) = c(r) S(i)(t + x/c−) (12.105)

S(t)(t − x/c+) = c(t) S(i)(t − x/c+) (12.106)

where the reflection and transmission coefficients c(r) and c(t), are given by

c(r) = −1 − κ

1 + κ
, c(t) = 2

κ

1 + κ
(12.107)

with
κ = ρ+c+

ρ−c−
(12.108)

For a stress wave propagating in the positive direction of x with a velocity c the
particle velocity formula reads

u̇(x, t) = − 1

ρc
S(x, t) (12.109)

Hence

u̇(i)(x, t) = − 1

ρ−c−
S(i)(x, t) (12.110)

u̇(r)(x, t) = + 1

ρ−c−
S(r)(x, t) (12.111)
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and

u̇(t)(x, t) = − 1

ρ+c+
S(t)(x, t) (12.112)

where u̇(i), u̇(r), and u̇(t), respectively, are the particle velocity associated with the
stress waves S(i), S(r), and S(t). Therefore, to solve Problem 12.6 it is sufficient to
show that S given by (12.104)–(12.108) satisfies the interface conditions at x = 0

S(i)(t) + S(r)(t) = S(t)(t), t ≥ 0 (12.113)

u̇(i)(t) + u̇(r)(t) = u̇(t)(t), t ≥ 0 (12.114)

Substituting S(r) and S(t), respectively, from (12.105) and (12.106) into (12.113)
and (12.114) in which (12.110)–(12.112) are taken into account and dividing by
S(i)(t) 
= 0, we obtain

1 + c(r) = c(t)

− 1

ρ−c−
+ 1

ρ−c−
c(r) = − 1

ρ+c+
c(t) (12.115)

or

1 + c(r) = c(t)

κ (1 − c(r)) = c(t) (12.116)

where κ is defined by Eq. (12.108).
Finally, substituting c(r) and c(t) from (12.107) into (12.116) we find that

Eq. (12.116) are identically satisfied. Also note that for κ = 0, that is, when x = 0 is
a free surface, c(t) = 0 and c(r) = −1, which corresponds to the situation discussed
in Problem 12.5. If κ = 1, c(r) = 0, that is, the pulse is completely transmitted.

This completes a solution to Problem 12.6.

Problem 12.7. Find the dynamic thermal stresses produced by a plane source of
heat that varies harmonically with time in an infinite elastic solid.

Hint. Assume the heat source function as Q(x, t) = eiω tδ(x), where ω > 0 is a
prescribed frequency, and use Eqs. (12.12) and (12.14).

Solution. Equations (12.12) and (12.14), respectively, take the forms

(
∂2

∂x2 − ∂

∂t

)
T = −Q for |x | < ∞, t > 0 (12.117)

and

(
∂2

∂x2 − ∂

∂t

)(
∂2

∂x2 − ∂2

∂t2

)
S = −∂2Q

∂t2 for |x | < ∞, t > 0 (12.118)
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If
Q(x, t) = eiωtδ(x) (12.119)

a solution (T, S) to Eqs. (12.117) and (12.118) takes the form

(T, S) = eiωt (T̃ (x, ω), S̃(x, ω)) (12.120)

where T̃ and S̃, respectively, satisfy the equations

(
∂2

∂x2 − iω

)
T̃ = −δ(x) (12.121)

and (
∂2

∂x2 − iω

)[
∂2

∂x2 − (iω)2
]
S̃ = −(iω)2δ(x) (12.122)

Proceeding in a way similar to that of section on Green’s functions of one-dimensional
nonisothermal elastodynamics [see Eqs. (12.15)–(12.35)], we find that

T̃ (x,w) = 1

2

e−|x |√iω

√
iω

(12.123)

and

S̃(x,w) = 1

2

iω

iω − 1

[
e−iω|x |

iω
− e−|x |√iω

√
iω

]
(12.124)

Note that Eqs. (12.123) and (12.124) are identical to Eqs. (12.21) and (12.29), respec-
tively, when p = iω.

Therefore

T (x, t) = 1

2
√
iω

eiωt−|x |√iω (12.125)

and

S(x, t) = 1

2

iω

iω − 1
eiωt

[
e−iω|x |

iω
− e−|x |√iω

√
iω

]
(12.126)

By letting √
i = 1√

2
(1 + i) (12.127)

and substituting (12.127) into (12.125) and (12.126), respectively, we obtain

T (x, t) = 1

2
√

ω
e−|x |√ ω

2 × exp

[
i

(
ωt − |x |

√
ω

2
− π

4

)]
(12.128)
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and

S(x, t) = − 1

2(ω2 + 1)

{
(1 + iω) exp[iω(t − |x |)] + √

ω(ω − i)

× exp

[
−|x |

√
ω

2
+ i

(
ωt − |x |

√
ω

2
− π

4

)]}
(12.129)

If the heat source function is assumed in the form

Q∗(x, t) = Re[Q(x, t)] (12.130)

where Re z denote the real part of z, then by taking the real parts of (12.128) and
(12.129), respectively, we obtain

T ∗(x, t) = 1

2
√

ω
e−|x |√ ω

2 × cos

(
ωt − |x |

√
ω

2
− π

4

)
(12.131)

and

S∗(x, t) = − 1

2(1 + ω2)

{
cos ω(t − |x |) − ω sin ω(t − |x |) + √

ωe−|x |√ ω
2

×
[
ω cos

(
ωt − |x |

√
ω

2
− π

4

)
+ sin

(
ωt − |x |

√
ω

2
− π

4

)]}

(12.132)

Equation (12.132) describes the dynamic thermal stress produced by the plane heat
source of the form

Q∗(x, t) = cos ωtδ(x) (12.133)

in an infinite elastic solid |x | < ∞. This completes a solution to Problem 12.7.

Problem 12.8. Find the dynamic thermal stresses produced by a plane heat source
of the form Q(x, t) = H(t)δ(x) in an infinite elastic solid which is initially at rest.
Here H = H(t) and δ = δ(x) are the Heaviside and delta functions, respectively.

Solution. The dynamic thermal stress produced by a plane heat source of the form
Q(x, t) = H(t) δ(x) in an infinite elastic solid that is initially at rest, satisfies the
equation [see Eq. (12.14)]

(
∂2

∂x2 − ∂

∂t

)(
∂2

∂x2 − ∂2

∂t2

)
S = − ∂2

∂t2 [H(t) δ(x)] on (−∞,+∞) × (0,∞)

(12.134)
subject to the initial conditions

S (x, 0) = ∂

∂t
S (x, 0) = ∂2

∂t2 S (x, 0) = 0, |x | < ∞ (12.135)
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and the vanishing condition

S (x, t) → 0 as |x | → ∞, t > 0 (12.136)

Let f = f (x, p) denote the Laplace transform of a function f = f (x, t)

L f ≡ f (x, p) =
∞∫

0

e−pt f (x, t)dt (12.137)

where p is the transform parameter. Applying the operator L to (12.134), and taking
into account the conditions (12.135) we obtain

(
∂2

∂x2 − p

)(
∂2

∂x2 − p2
)
S = −p δ (x) for |x | < ∞, p > 0 (12.138)

and
S (x, p) → 0 as |x | → ∞, p > 0 (12.139)

Next, proceeding in a way similar to that of section on Green’s functions of one-
dimensional nonisothermal elastodynamics [see Eqs. (12.15)–(12.35)], we obtain,
[see Eq. (12.29) divided by p]

S (x, p) = 1

2p

[
e−|x |p

p − 1
+ ∂

∂|x |
e−|x |√p

p − 1

]
(12.140)

Since
1

p(p − 1)
= 1

p − 1
− 1

p
(12.141)

Equation (12.140) can also be written as

S(x, p) = 1

2

(
e−|x |p

p − 1
− e−|x |p

p

)
+ 1

2

∂

∂|x |

(
e−|x |√p

p − 1
− e−|x |√p

p

)
(12.142)

Now

L−1 e
−|x |p

p − 1
= et−|x | H(t − |x |) (12.143)

L−1 e
−|x |p

p
= H(t − |x |) (12.144)

L−1 e
−|x |√p

p − 1
= U (|x |, t) (12.145)
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where

U (x, t) = 1

2
et
{
e−|x |erfc

[ |x |
2
√
t

− √
t

]
+ e|x |erfc

[ |x |
2
√
t

+ √
t

]}
(12.146)

and

L−1 e
−|x |√p

p
= erfc

( |x |
2
√
t

)
(12.147)

In Eqs. (12.146) and (12.147)

erfc (z) = 2√
π

∞∫

z

e−ξ2
dξ (12.148)

Hence, by applying the operator L−1 to Eq. (12.142), we obtain

S(x, t) = 1

2
{[et−|x | − 1]H(t − |x |) − V (|x |, t)} (12.149)

where

V (|x |, t) = 1

2
et
{
e−|x |erfc

[ |x |
2
√
t

− √
t

]
− e|x |erfc

[ |x |
2
√
t

+ √
t

]}
(12.150)

It follows from (12.149) that

S(x, t) = Sw(x, t) + Sd(x, t) (12.151)

where Sw and Sd represent the wave and diffusive parts of S, respectively, defined by

Sw(x, t) = 1

2

[
et−|x | − 1

]
H(t − |x |) (12.152)

and

Sd(x, t) = −1

2
V (|x |, t) (12.153)

The function Sw represents a wave with the two plane fronts propagating with a unit
velocity in the opposite directions: t + x = 0 and t − x = 0 for every |x | < ∞ and
t > 0; and the wave enters an undisturbed region in a continuous manner, that is.

Sw(x, |x | + 0) − Sw(x, |x | − 0) = 0 (12.154)

On the other hand, the diffusive part Sd is felt instantaneously at any distance |x |
from the heat source plane x = 0.
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Finally, using the limit formula

S(x, p)p → S(x,+∞) as p → 0 (12.155)

we find

S(x,+∞) = −1

2
for |x | < ∞ (12.156)

which means that the dynamic stress attains a steady state as time goes to infinity.
This completes a solution to Problem 12.8.

Problem 12.9. Find the dynamic thermal stresses in a semispace x ≥ 0 subject to the
boundary heating T (0, t) = T0t2 exp(−a t) (a > 0, T0 > 0) when the boundary is
stress free, the body is initially at rest, and both the temperature T = T (x, t) and the
induced stress S = S(x, t) vanish as x → ∞ for t > 0.

Solution. A temperature T = T (x, t) is to satisfy the field equation [see Eq. (12.12)
with Q = 0] (

∂2

∂x2 − ∂

∂t

)
T = 0 for x > 0, t > 0 (12.157)

the initial condition
T (x, 0) = 0 for x > 0 (12.158)

the boundary condition

T (0, t) = T0 t2e−at , a > 0, t > 0 (12.159)

and the vanishing condition at infinity

T (x, t) → 0 as x → ∞, t > 0 (12.160)

The associated stress S = S(x, t) is to satisfy the field equation [see Eq. (12.13)]

(
∂2

∂x2 − ∂2

∂t2

)
S = ∂2T

∂t2 for x > 0, t > 0 (12.161)

subject to the conditions

S(x, 0) = 0,
∂S

∂t
(x, 0) = 0 for x > 0 (12.162)

S(0, t) = 0 for t ≥ 0 (12.163)

and
S(x, t) → 0 as x → ∞, t > 0 (12.164)
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Let f (p) = f denote the Laplace transform of a function f = f (t)

L f ≡ f (p) =
∞∫

0

e−pt f (t)dt (12.165)

where p is the transform parameter. Then, applying the Laplace transform to
Eqs. (12.157), (12.159)–(12.161), (12.163), and (12.164), respectively, and using
(12.158) and (12.162), we obtain

(
∂2

∂x2 − p

)
T = 0 for x > 0 (12.166)

T (0, p) = 2T0

(p + a)3 , p > 0, (12.167)

T (x, p) → 0 as x → ∞, p > 0 (12.168)
(

∂2

∂x2 − p2
)
S = p2T , x > 0, p > 0 (12.169)

S(0, p) = 0 p > 0 (12.170)

and
S(x, p) → 0 as x → ∞, p > 0 (12.171)

Hence, we obtain

T (x, p) = T0
∂2

∂a2

(
e−x

√
p

p + a

)
(12.172)

and

S(x, p) = T0
∂2

∂a2

[
p(e−xp − e−x

√
p)

(p − 1)(p + a)

]
(12.173)

or by letting a = −ω > 0 in (12.172) and (12.173), respectively, we get

T (x, p) = T0
∂2

∂ω2

(
e−x

√
p

p − ω

)
(12.174)

and

S(x, p) = T0
∂2

∂ω2

[
p(e−xp − e−x

√
p)

(p − 1)(p − ω)

]
(12.175)

Since
p

(p − 1)(p − ω)
= 1

1 − ω

(
1

p − 1
− ω

p − ω

)
ω 
= 1 (12.176)
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therefore, an alternative form of S reads

S(x, p) = T0
∂2

∂ω2

{
1

1 − ω

(
1

p − 1
− ω

p − ω

)}
× (e−xp − e−x

√
p) (12.177)

Now

L−1
(

e−xp

p − ω

)
= H(t − x)eω(t−x) (12.178)

and

L−1

(
e−x

√
p

p − ω

)
= U (x, t;ω) (12.179)

where U (x, t,w) is defined by

U (x, t;ω) = 1

2
eωt
{
e−x

√
ωerfc

[
x

2
√
t

− √
ωt

]
+ ex

√
ωerfc

[
x

2
√
t

+ √
ωt

]}

(12.180)
Hence, applying the operator L−1 to Eqs. (12.174) and (12.177), respectively, we
obtain

T (x, t) = T0
∂2U

∂ω2 (x, t;ω) (12.181)

and

S(x, t) = T0
∂2

∂ω2

{
1

1 − ω
[et−x − ω eω(t−x)]H(t − x)

− 1

1 − ω
[U (x, t; 1) − ωU (x, t;ω)]

}
(12.182)

Substituting T from (12.181) into Eqs. (12.157)–(12.160) we find that T is a solution
to the heat conduction problem (12.157)–(12.160). Also, substituting S from (12.182)
into Eqs. (12.161)–(12.164) we check that S is a solution to Problem (12.161)–
(12.164).

This completes a solution to problem 12.9.

Problem 12.10. An instantaneous nucleus of thermoelastic strain distributed over
the plane x = 0 in an infinite solid can be identified with the temperature

T ∗(x, t) = δ(x)δ(t) for |x | < ∞, t > 0

Find the dynamic thermal stresses S∗ = S∗(x, t) produced by the nucleus provided
the infinite body is initially at rest, that is, S∗(x, 0) = 0, Ṡ∗(x, 0) = 0 for |x | < ∞.

Solution. The dynamic thermal stress S∗ = S∗(x, t) produced by the nucleus of
thermoelastic strain in an infinite body, that is initially at rest, satisfies the equation
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[see Eq. (12.13)] with T = T ∗ and S = S∗]

(
∂2

∂x2 − ∂2

∂t2

)
S∗ = ∂2

∂t2 [δ(x) δ(t)] for |x | < ∞, t > 0 (12.183)

subject to the initial conditions

S∗(x, 0) = 0,
∂S∗

∂t
(x, 0) = 0, |x | < ∞ (12.184)

and the vanishing condition at infinity

S∗(x, t) → 0 as |x | → ∞, t > 0 (12.185)

Let S
∗
(x, p) be the Laplace transform of S∗(x, t), that is,

LS∗ ≡ S
∗
(x, p) =

∞∫

0

S∗(x, t) e−pt dt (12.186)

where p is the transform parameter. Applying the operator L to Eq. (12.183) and
using the conditions (12.184) we obtain

(
∂2

∂x2 − p2
)
S

∗ = p2 δ(x) for |x | < ∞ (12.187)

Now using the integral representation of δ(x)

δ(x) = 1

π

∞∫

0

cos α x dα (12.188)

we find that the only solution S
∗

to Eq. (12.187) that vanishes at |x | = ∞ takes
the form

S
∗
(x, p) = − p2

π

∞∫

0

cos αx

α2 + p2 dα = −1

2
p e−|x |p, p > 0 (12.189)

Finally, applying the operator L−1 to Eq. (12.189) we obtain

S∗(x, t) = −1

2
δ′(t − |x |), |x | < ∞, t > 0 (12.190)

This completes a solution to Problem 12.10.
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Problem 12.11. Find the dynamic thermal stresses in a semispace x ≥ 0 due to the
action of an instantaneous nucleus of thermoelastic strain distributed over the plane
x = x0 > 0, when the boundary x = 0 is stress free, and the semispace is initially at
rest.

Solution. We are to find a solution S = S(x, x0; t) to the field equation [see
Eq. (12.13) with T = δ(x − x0) δ(t)]

(
∂2

∂x2 − ∂2

∂t2

)
S = ∂2

∂t2 [δ(x − x0) δ(t)] for x ≥ 0, x0 > 0, t > 0 (12.191)

subject to the homogeneous initial conditions

S(x, x0; 0) = 0,
∂S

∂t
(x, x0; 0) = 0 for x ≥ 0, x0 > 0 (12.192)

the homogeneous boundary condition

S(0, x0; t) = 0 for x0 > 0, t > 0 (12.193)

and the vanishing condition at infinity

S(x, x0; t) → 0 as x → ∞, x0 > 0, t > 0 (12.194)

Let S = S(x, x0; p) be the Laplace transform of S = S(x, x0; t) defined by

LS = S(x, x0; p) =
∞∫

0

e−pt S(x, x0; t)dt (12.195)

where p is the transform parameter. Applying the L operator to Eqs. (12.191),
(12.193) and (12.194), respectively, and using (12.192) we obtain

(
∂2

∂x2 − p2
)
S = p2δ(x − x0) for x ≥ 0, x0 > 0, p > 0 (12.196)

S(0, x0; p) = 0, x0 > 0, p > 0 (12.197)

and
S(x, x0; p) → 0 as x → ∞, x0 > 0, p > 0 (12.198)

It follows from the solution to Problem 12.10 that

(
∂2

∂x2 − p2
){

−1

2
p e−|x−x0|p

}
= p2δ(x − x0) (12.199)
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therefore, a solution S to problem (12.196)–(12.198) is sought in the form

S(x, x0; p) = A e−xp − 1

2
p e−|x−x0|p (12.200)

where A is a constant to be selected in such a way that S meets (12.197).
Substituting S from (12.200) into (12.197) we obtain

A = 1

2
p e−x0 p (12.201)

As a result, Eq. (12.200) takes the form

S(x, x0; p) = −1

2
p [e−|x−x0|p − e−(x+x0)p] (12.202)

Finally, applying the operator L−1 to (12.202) we obtain

S(x, x0; t) = −1

2

{
δ′[t − |x − x0|] − δ′[t − (x + x0)]

}
for x ≥ 0, x0 > 0, t ≥ 0

(12.203)
If we note that

δ(t) ∼ 1

ε
√

π
e
−
(
t2

ε2

)

as ε → 0 (12.204)

and

δ′(t) ∼ − 2t

ε3
√

π
e
−
(
t2

ε2

)

as ε → 0 (12.205)

the asymptotic form of S is obtained

S(x, x0; t) ∼ 1√
π

1

ε3

{
[t − |x − x0|] exp

[
− (t − |x − x0|)2 /ε2

]

− [t − (x + x0)] exp
[
− (t − (x + x0))

2 /ε2
]}

for x ≥ 0, x0 > 0, t > 0 (12.206)

By letting ε to be a small dimensionless number in (12.206) a graph of S for a fixed
x0 > 0 and for x ≥ 0, t ≥ 0 may be obtained.

This completes a solution to Problem 12.11.

Problem 12.12. Let S = S(x, x0; t) be the stress field obtained in Problem 12.11.
Show that the dynamic thermal stress S = S(x, t) produced in a semispace with free
boundary by an arbitrary temperature field T = T (x, t) on [0,∞) × [0,∞) takes
the form
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S(x, t) =
t∫

0

∞∫

0

S(x, x0; t − τ) T (x0, τ )dx0dτ

Also, use the formula to get the closed-form solution to Problem 12.9.

Solution. Let

S(x, t) =
t∫

0

∞∫

0

S(x, x0; t − τ)T (x0, τ )dx0dτ x ≥ 0, t ≥ 0 (12.207)

Applying the L operator to (12.207) we obtain

S(x, p) =
∞∫

0

S(x, x0; p)T (x0, p)dx0 (12.208)

We are to show that S given by (12.208) satisfies the equation

(
∂2

∂x2 − p2
)
S(x, p) = p2T (x, p) for x ≥ 0, p > 0 (12.209)

subject to the conditions
S(0, p) = 0 (12.210)

and
S(x, p) → 0 as x → ∞, p > 0 (12.211)

Multiplying Eq. (12.212) of the solution to Problem 12.11 by T (x0, p) we obtain

(
∂2

∂x2 − p2
)
S(x, x0; p) T (x0, p) = p2δ(x − x0) T (x, p) (12.212)

Next, integrating (12.212) with respect to x0 from x0 = 0 to x0 = ∞, we get

(
∂2

∂x2 − p2
) ∞∫

0

S(x, x0; p)T (x0, p)dx0 = p2T (x, p) (12.213)

Therefore, S given by (12.208) meets (12.209). In addition, since S(x, x0; p) satisfies
the boundary condition

S(0, x0; p) = 0, x0 > 0, p > 0 (12.214)
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and the asymptotic condition

S(x, x0; p) → 0 as x → ∞ x0 > 0, p > 0 (12.215)

S given by (12.208) also satisfies (12.210) and (12.211). This shows that S = S(x, t)
produced in a semispace with free boundary by an arbitrary temperature T = T (x, t)
and corresponding to the homogeneous initial conditions takes the form (12.207).

To obtain the closed-form solution to Problem 12.9 [see Eq. (12.182) of the
solution to Problem 12.9], using (12.208), we substitute S(x, x0; p) and T (x0, p)
from Eq. (12.218) of the solution to Problem 12.11 and (12.174) of the solution to
Problem 12.9, respectively, into (12.208), and obtain

S(x, p) = −T0

2
p

∞∫

0

[e−|x−x0|p − e−(x+x0)p] × ∂2

∂ω2

(
e−x0

√
p

p − ω

)
dx0

= −T0

2

∂2

∂ω2

p

p − ω

∞∫

0

[e−|x−x0|p − e−(x+x0)p]e−x0
√
pdx0. (12.216)

Calculating the integral on the RHS of (12.216) we obtain

∞∫

0

[
e−|x−x0|p−x0

√
p − e−(x+x0)p−x0

√
p]dx0 = − 2

p − 1
(e−xp − e−x

√
p) (12.217)

Finally, substituting (12.217) into the RHS of (12.216) we get

S(x, p) = T0
∂2

∂ω2

{
p(e−xp − e−x

√
p)

(p − 1)(p − ω)

}
(12.218)

Equation (12.218) is identical to Eq. (12.175) of the solution to Problem 12.9. There-
fore, applying the operator L−1 to (12.218) we arrive at the closed-form solution of
Problem 12.9 [see Eq. (12.182) of the solution to Problem 12.9].

This completes a solution to Problem 12.2.



Part II
Thermal Stresses



Chapter 13
Thermal Stresses in Bars

In this chapter the concept of thermal stresses in bars is introduced for the simple case
of a perfectly clamped bar subjected to arbitrary temperature change. The problems
and solutions related to thermal stresses in bars are: a perfectly clamped bar, a clamped
bar with a small gap, a clamped circular frustum, a bar with variable cross-sectional
area, two bars attached to each other, three bars fastened to each other, truss of three
bars, and three bars hanging from a rigid plate.

13.1 Thermal Stresses in Bars

When the temperature of a circular bar of length l changes from an initial temperature
T0 to its final temperature T1, the free thermal elongation λT of the bar is defined by

λT = α(T1 − T0)l = ατ l (13.1)

where α is the coefficient of linear thermal expansion which is measured in one per
one degree of the temperature 1/K, and τ denotes the temperature change given by

τ = T1 − T0 (13.2)

The free thermal strain is given by

εT = λT

l
= ατ (13.3)

When an internal force and the temperature change act simultaneously in the bar, the
normal strain is given by

ε = εs + εT (13.4)

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 301
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_13,
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Fig. 13.1 A perfectly clam-
pled bar

where εs denotes the strain produced by the internal force. The strain εs produced by
the internal force is proportional to the normal stress σ

εs = σ

E
(13.5)

where E denotes Young’s modulus.
Hooke’s law with the temperature change is

ε = σ

E
+ ατ (13.6)

When a perfectly clamped bar with length l and cross-sectional area A, shown in
Fig. 13.1, is subjected to the uniform temperature change τ , the thermal stress is

σ = −αEτ (13.7)

If the temperature change τ (x) is a function of the position x , the free thermal
elongation λT of the bar of length l is

λT =
∫

dλT =
∫ l

0
ατ (x) dx = α

∫ l

0
τ (x) dx (13.8)

The thermal strain εT is

εT = λT

l
= α

l

∫ l

0
τ (x) dx (13.9)

The thermal stress in the perfectly clamped bar is

σ = −αE

l

∫ l

0
τ (x) dx (13.10)
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13.2 Problems and Solutions Related to Thermal Stresses
in Bars

Problem 13.1. If the temperature in a mild steel rail with length 25 m is raised to
50 K, and the coefficient of linear thermal expansion for mild steel is 11.2×10−6 1/K,
what elongation is produced in the rail?

Solution. The elongation λT is from Eq. (13.1)

λT = ατ l = 11.2 × 10−6 × 50 × 25 = 14 × 10−3 m = 14 mm (Answer)

Problem 13.2. The temperature of a bar of length 1 m of mild steel is kept at 300 K.
If the temperature at one end of the bar is raised to 380 K and at the other end to
480 K, and the temperature distribution is linear along the bar, what elongation is
produced in the bar? The coefficient of linear thermal expansion for mild steel is
11.2 × 10−6 1/K.

Solution. The temperature rise τ (x) = T1(x)− T0 is

τ (x) = T1(x)− T0 =
[
380 + (480 − 380)

x

1

]
− 300 = 80 + 100x (13.11)

The free thermal elongation λT is

λT =
∫ 1

0
ατ (x)dx = α

∫ 1

0
(80 + 100x)dx

= 11.2 × 10−6 ×
[
80x + 50x2

]1

0
= 1.456 × 10−3 m = 1.46 mm (Answer)

(13.12)

Problem 13.3. A bar of mild steel at 300 K is clamped between two walls. Calculate
the thermal stress produced in the bar when the bar is heated to 360 K. The coefficient
of linear thermal expansion and Young’s modulus are α = 11.2 × 106 1/K and
E = 206 GPa, respectively.

Solution. The thermal stress σ is from Eq. (13.7)

σ = −αEτ = −138.4×106 Pa = −138 MPa (Answer)

Problem 13.4. In Problem 13.2, calculate the thermal stress produced in the bar if
it is clamped between two walls. The coefficient of linear thermal expansion and
Young’s modulus are α = 11.2 × 106 1/K and E = 206 GPa, respectively.

Solution. As the summation of the free thermal elongation λT and the elongation
λs due to the stress is zero, we get
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σ = Eλs

l
= − EλT

l
= −206 × 109 × 1.456 × 10−3

1
= −300 MPa (Answer)

Problem 13.5. A bar of mild steel at 300 K is clamped between two walls in such a
way that the initial stress is zero. Calculate the temperature when the thermal stress in
the bar reaches the compressive strength (σBC = 400 MPa). The coefficient of linear
thermal expansion and Young’s modulus are α = 11.2× 106 1/K and E = 206 GPa,
respectively.

Solution. The compressive thermal stress σ is given by Eq. (13.7). Therefore, the
temperature rise τ is

τ = σBC

αE
= 400 × 106

11.2 × 10−6 × 206 × 109 = 173.37 (13.13)

Then
T1 = T0 + τ = 300 + 173.37 = 473.37 K = 473 K (Answer)

Problem 13.6. The temperature of a bar with a small gap e = 1 mm, shown in
Fig. 13.2 is kept at 300 K. If the temperature at one end of the bar is raised to 380 K
and at the other end to 480 K, and the temperature distribution is linear along the
bar, calculate the thermal stress. Where length of the bar is 1 m, and the coefficient
of linear thermal expansion and Young’s modulus are α = 11.2 × 106 1/K and
E = 206 GPa, respectively.

Solution. The free thermal elongation is assumed to be longer than the gap. The
summation of elongations due to the free thermal elongation and the elongation due
to the stress is equal to the small gap e

∫ l

0
ατ (x)dx + σl

E
= e (13.14)

Then, we get

σ = − E

l

[
α

∫ l

0
τ (x)dx − e

]
(13.15)

Fig. 13.2 A bar with a small
gap
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The free thermal expansion is given by Eq. (13.12). Therefore,

σ = −206 × 109

1

(
1.46 × 10−3 − 1 × 10−3) = −94.8 × 106 = −94.8 MPa

(Answer)

Problem 13.7. If a clamped circular frustum of mild steel with d0 = 1 cm, d1 =
2 cm, and l = 2 m is subjected to the temperature change −50 K, calculate the
resulting thermal stress. The coefficient of linear thermal expansion and Young’s
modulus are α = 11.2 × 106 1/K and E = 206 GPa, respectively.

Solution. The free thermal elongation λT is

λT = ατ l (13.16)

The cross-sectional area Ax at the position x is given by

Ax = π

4
d2
x = π

4

[
d0 + (d1 − d0)

x

l

]2 (13.17)

Thus, the strain εx of the frustum at x due to an internal force Q becomes

εx = σx

E
= Q

EAx
= 4Q

Eπ
[
d0 + (d1 − d0)

x

l

]2
(13.18)

and the elongation λs of the frustum due to the internal force Q equals

λs =
∫

dλs =
∫ l

0
εx dx =

∫ l

0

4Q

Eπ
[
d0 + (d1 − d0)

x

l

]2
dx

= − 4Ql

Eπ(d1 − d0)

[
1

d0 + (d1 − d0)
x

l

]l

0

= 4Ql

Eπd1d0
(13.19)

As the frustum is perfectly constrained in the x direction, the combined elongation
of the free thermal elongation λT and the elongation λs due to the internal force Q
must be zero

λ = λT + λs = 0 (13.20)

From Eqs. (13.16), (13.19), and (13.20) the internal force Q is

Q = −αEτ
π

4
d1d0 (13.21)

Then, the thermal stress is
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σx = Q

Ax
= −αEτ

d1d0
[
d0 + (d1 − d0)

x

l

]2
(13.22)

If d1 > d0, the maximum thermal stress (σx )max occurs at the minimum cross-
sectional area and the minimum thermal stress (σx )min occurs at the maximum cross-
sectional area

(σx )max = −αEτ
d1

d0
, (σx )min = −αEτ

d0

d1
(13.23)

The thermal stress σx is calculated from Eq. (13.22)

σx = −11.2 × 10−6 × 206 × 109 × (−50)

× 1 × 10−2 × 2 × 10−2
[
1 × 10−2 + (2 × 10−2 − 1 × 10−2)

x

2

]2

= 230.7 × 106

(
1 + x

2

)2 Pa = 231
(

1 + x

2

)2 MPa (Answer) (13.24)

The maximum and minimum thermal stresses are from Eq. (13.24)

(σx )max = 231 MPa, (σx )min = 231
(

1 + 2

2

)2 MPa = 57.8 MPa (Answer)

Problem 13.8. If the temperature of a clamped circular frustum of mild steel with
d0 = 1 cm, d1 = 2 cm, and l = 2 m changes linearly from 0 K at one end to
−50 K at the other end, calculate the resulting thermal stress. The coefficient of linear
thermal expansion and Young’s modulus are α = 11.2× 106 1/K and E = 206 GPa,
respectively.

Solution. The distribution of the temperature change τ (x) is

τ (x) = −50
x

l
(13.25)

The free thermal elongation λT is

λT =
∫ l

0
ατ (x)dx = α

∫ l

0

−50x

l
dx = −

[
25αx2

l

]l

0
= −0.56×10−3 m (13.26)

The cross-sectional area Ax at the position x is given by

Ax = π

4
d2
x = π

4

[
d0 + (d1 − d0)

x

l

]2 (13.27)
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Thus, the strain εx of the frustum at x due to an internal force Q becomes

εx = σx

E
= Q

EAx
= 4Q

Eπ
[
d0 + (d1 − d0)

x

l

]2
(13.28)

and the elongation λs of the frustum due to the internal force Q equals

λs =
∫

dλs =
∫ l

0
εx dx =

∫ l

0

4Q

Eπ
[
d0 + (d1 − d0)

x

l

]2
dx

= − 4Ql

Eπ(d1 − d0)

[
1

d0 + (d1 − d0)
x

l

]l

0
= 4Ql

Eπd1d0
(13.29)

As the frustum is perfectly constrained in the x direction, the summation of elongation
of the free thermal elongation λT and the elongation λs due to the internal force Q
must be zero

λ = λT + λs = 0 (13.30)

From Eqs. (13.29) and (13.30) the internal force Q is

Q = − Eπd1d0λT

4l
(13.31)

and the thermal stress is calculated to be

σx = Q

Ax
= − Eπd1d0λT

4l
π

4

[
d0 + (d1 − d0)

x

l

]2

= (0.56 × 10−3)× (206 × 109)× (1 × 10−2)× (2 × 10−2)

2 × [
1 × 10−2 + (2 × 10−2 − 1 × 10−2)

x

2

]2

= 115.36 × 106

(
1 + x

2

)2
Pa = 115

(
1 + x

2

)2
MPa (Answer)

The maximum and minimum thermal stresses are

(σx )max = 115 MPa, (σx )min = 28.8 MPa (Answer)

Problem 13.9. If a bar with a small gap e between its free end and a rigid wall is
subjected to the positive temperature change τ (x), and the cross-sectional area of
the bar is given by A(x), calculate the thermal stress produced in the bar.

Solution. The small elongation dλ(x) of the small element dx is
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dλ(x) = ε(x)dx =
[σ(x)

E
+ ατ (x)

]
dx (13.32)

The elongation λ of the bar with length l is

λ =
∫

dλ =
∫ l

0

[
σ(x)

E
+ ατ (x)

]
dx =

∫ l

0

[ Q

EA(x)
+ ατ (x)

]
dx (13.33)

in which Q is an internal force. The free thermal elongation is assumed to be longer
than the gap. The summation of elongation due to the free thermal elongation and
elongation due to the stress is equal to the small gap e

∫ l

0
ατ (x)dx + 1

E

∫ l

0

Q

A(x)
dx = e (13.34)

Then, we get

Q = − E
∫ l

0

1

A(x)
dx

[
α

∫ l

0
τ (x)dx − e

]
(13.35)

Thermal stress is

σ = Q

A(x)
= − E

A(x)
∫ l

0

1

A(x)
dx

[
α

∫ l

0
τ (x)dx − e

]
(Answer)

The maximum and minimum thermal stresses are

(σ)max = − E

A(x)min

∫ l

0

1

A(x)
dx

[
α

∫ l

0
τ (x)dx − e

]

(σ)min = − E

A(x)max

∫ l

0

1

A(x)
dx

[
α

∫ l

0
τ (x)dx − e

]
(Answer)

Problem 13.10. A hollow cylinder with a bar of the same length l and the same
centerline, shown in Fig. 13.3 is subjected to different temperature changes τi , (i =
1, 2). The hollow cylinder and the bar are connected to two rigid plates. Calculate the
thermal stresses produced in both the hollow cylinder and the bar, and the elongations.

Solution. The elongations λi due to both the free thermal elongation and the thermal
stress are

λ1 = α1τ1l + σ1

E1
l, λ2 = α2τ2l + σ2

E2
l (13.36)
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Fig. 13.3 A bar and a hol-
low cylinder with both ends
clamped to rigid plates

where Ai , Ei , and αi denote cross-sectional area, Young’s modulus, and the coef-
ficient of linear thermal expansion of the i-th material, respectively. Since the final
length of both the cylinder and the bar after deformation is the same, the following
relation holds

l + α1τ1l + σ1

E1
l = l + α2τ2l + σ2

E2
l (13.37)

The equilibrium of the internal forces is described by

σ1A1 + σ2A2 = 0 (13.38)

Solving Eqs. (13.37) and (13.38) gives the stresses

σ1 = − A2E1E2(α1τ1 − α2τ2)

A1E1 + A2E2

σ2 = A1E1E2(α1τ1 − α2τ2)

A1E1 + A2E2
(Answer)

Substitution of these stresses into Eq. (13.36) gives the elongations of the cylinder
and the bar

λ1 = λ2 = (α1τ1E1A1 + α2τ2E2A2)l

A1E1 + A2E2
(Answer)

Problem 13.11. Two circular bars, one is mild steel of length 50 cm and diameter
1 cm, and the other is aluminum of length 25 cm and diameter 2 cm, are attached to
each other in series, placed between rigid walls, and subjected to the temperature
change τ = T1 − T0, as shown in Fig. 13.4. Calculate the temperature rise needed
for the thermal stresses in the bars to reach the compressive strength. The coefficient
of linear thermal expansion, Young’s modulus and the compressive strength for mild
steel are α1 = 11.2 × 106 1/K, E1 = 206 GPa and 400 MPa, respectively. The coef-
ficient of linear thermal expansion, Young’s modulus and the compressive strength
for aluminum are α2 = 23.1 × 106 1/K, E2 = 72 GPa and 70 MPa, respectively.

Solution. The elongations of bar 1 and 2 are, respectively, given by

α1τ l1 + σ1

E1
l1, α2τ l2 + σ2

E2
l2 (13.39)
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Fig. 13.4 Two bars attached
to each other

As two bars are placed between rigid walls, the combined elongation of the bars is
zero. Thus,

α1τ l1 + σ1

E1
l1 + α2τ l2 + σ2

E2
l2 = 0 (13.40)

From the equilibrium condition of internal forces, the internal force in bar 1 is equal
to the internal force in bar 2

σ1A1 = σ2A2 (13.41)

From Eqs. (13.40) and (13.41), the thermal stresses σ1 and σ2 are given as

σ1 = −
α1E1τ

(
1 + α2l2

α1l1

)

1 + A1E1l2
A2E2l1

, σ2 = σ1
A1

A2
= −α1E1τ

A1

A2

1 + α2l2
α1l1

1 + A1E1l2
A2E2l1

(13.42)

Therefore, the necessary temperature rise for bar 1 is

τ = − σ1

α1E1

1 + A1E1l2
A2E2l1

1 + α2l2
α1l1

(13.43)

Numerical calculation gives the temperature rise

τ = 115.876 K = 116 K (13.44)

On the other hand, the necessary temperature rise for bar 2 is given by

τ = − σ2

α1E1

A2

A1

1 + A1E1l2
A2E2l1

1 + α2l2
α1l1

(13.45)

Therefore, the necessary temperature rise is

τ = 81.11 K = 81 K (13.46)
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Fig. 13.5 A hollow cylinder
with an inserted screw

Then, comparison between Eqs. (13.44) and (13.46) gives the necessary temperature
rise 81 K.

Problem 13.12. A hollow cylinder with an inserted screw, shown in Fig. 13.5 is
subjected to different temperature changes τi , (i = 1, 2). Calculate the thermal
stresses produced in both the hollow cylinder and the screw.

Solution. The elongations λi due to both the free thermal elongation and the thermal
stress are

λ1 = α1τ1l + σ1

E1
l, λ2 = α2τ2l + σ2

E2
l (13.47)

where Ai , Ei , and αi denote cross-sectional area, Young’s modulus, and the coef-
ficient of linear thermal expansion of the i-th material, respectively. Since the final
length of both the hollow cylinder and the screw after deformation is the same, the
following relation holds

l + α1τ1l + σ1

E1
l = l + α2τ2l + σ2

E2
l (13.48)

The equilibrium condition of the internal forces is described by

σ1A1 + σ2A2 = 0 (13.49)

Solving Eqs. (13.48) and (13.49) gives the thermal stresses

σ1 = − E1E2A2(α1τ1 − α2τ2)

A1E1 + A2E2

σ2 = E1E2A1(α1τ1 − α2τ2)

A1E1 + A2E2
(Answer)

Problem 13.13. A copper tube is fastened by a mild steel bolt, as shown in Fig. 13.6.
The length of the tube is 50 cm, and the cross-sectional areas of the bolt and the
tube are As = 1 cm2 and Ac = 2 cm2, respectively. Calculate the thermal stresses
produced if the system is subjected to the temperature change of 80 K. The coefficient
of linear thermal expansion and Young’s modulus for mild steel are αs = 11.2 ×
106 1/K and Es = 206 GPa, respectively. The coefficient of linear thermal expansion
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Fig. 13.6 A copper tube
fastened by a mild steel bolt

and Young’s modulus for copper are αc = 16.5 × 106 1/K and Ec = 120 GPa,
respectively.

Solution. Since the final length of both the copper tube and the mild steel bolt after
deformation is the same, the following relation holds

l + αsτ l + σs

Es
l = l + αcτ l + σc

Ec
l (13.50)

The equilibrium condition of the internal forces is described by

σs As + σc Ac = 0 (13.51)

Solving Eqs. (13.50) and (13.51) gives the stresses

σs = − Es Ec Ac(αs − αc)τ

As Es + AcEc
, σc = Es Ec As(αs − αc)τ

As Es + AcEc
(13.52)

The numerical results are

σs = 47.001× 106 Pa = 47 MPa, σc = −23.5 MPa (Answer)

Problem 13.14. In the foregoing problem, calculate the maximum tolerable tem-
perature rise such that stresses in the system do not exceed the compressive or the
tensile strength. The tensile strengths of the steel and the copper are σst = 400 MPa
and σct = 300 MPa, respectively. We assume the compressive strength has the same
magnitude as the tensile strength. The safety factor (defined by the ratio of yield
stress or the tensile strength and the tolerable stress) is f = 3.

Solution. The stresses due to the temperature change τ are given by Eq. (13.52),
namely

σs = − Es Ec Ac(αs − αc)τ

As Es + AcEc
, σc = Es Ec As(αs − αc)τ

As Es + AcEc
(13.53)

The tolerable stress of a mild steel bolt is
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σsa = σst

f
(13.54)

The maximum tolerable temperature rise τ of the mild steel bolt is given by

τ = − σsa

αs Es

(
1 − αc

αs

)/(
1 + As Es

AcEc

) = −σst

f

1 + As Es

AcEc

αs Es

(
1 − αc

αs

)

= −400 × 106

3

× 1 + 1 × 10−4 × 206 × 109/(2 × 10−4 × 120 × 109)

11.2 × 10−6 × 206 × 109 × [1 − 16.5 × 10−6/(11.2 × 10−6)]
= 226.944 = 227 K (13.55)

Tolerable stress of the copper tube is

σca = σct

f
(13.56)

The maximum tolerable temperature rise τ of the copper tube is given by

τ = σca

αs Es
As

Ac

(
1 − αc

αs

)/(
1 + As Es

AcEc

) = σct

f

Ac

As

1 + As Es

AcEc

αs Es

(
1 − αc

αs

)

= −300 × 106

3

2 × 10−4

1 × 10−4

× 1 + 1 × 10−4 × 206 × 109/(2 × 10−4 × 120 × 109)

11.2 × 10−6 × 206 × 109 × [1 − 16.5 × 10−6/(11.2 × 10−6)]
= 340.416 = 340 K (13.57)

Therefore, from Eqs. (13.55) and (13.57), the maximum tolerable temperature rise
is 227 K.

Problem 13.15. A bar of mild steel of cross-sectional area As is placed between
two parallel bars of copper of cross-sectional area Ac, shown in Fig. 13.7. When the
three bars of same length l are bonded together and are subjected to a temperature
change of τs in the bar of mild steel and τc in the bar of copper, calculate the thermal
stresses produced in each bar.

Solution. The final lengths of middle steel and two copper bars are same

l + αsτsl + σsl

Es
= l + αcτcl + σcl

Ec
(13.58)
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While the equilibrium condition of internal forces gives

σs As + 2σc Ac = 0 (13.59)

From Eqs. (13.58) and (13.59) we get

σs = Es(αcτc − αsτs)

1 + As Es

2AcEc

, σc = −σs As

2Ac (Answer)

Problem 13.16. Calculate the thermal stresses produced in the bars of the truss
shown in Fig. 13.8, if the temperature changes of the bars are τi .

Solution. The relation between the elongation of bar 1 and bar 2 is

λ2 = λ1 cos θ (13.60)

Therefore,

α2τ2l2 + σ2l2
E2

= (
α1τ1l1 + σ1l1

E1

)
cos θ (13.61)

The relation between the length of bar 1 and bar 2 gives

l1 = l2 cos θ (13.62)

Substitution of Eq. (13.62) into (13.61) reduces to

α2τ2 + σ2

E2
= (

α1τ1 + σ1

E1

)
cos2 θ (13.63)

Then σ1

E1
cos2 θ − σ2

E2
= −α1τ1 cos2 θ + α2τ2 (13.64)

The equilibrium of internal forces requires

σ1A1 + 2σ2A2 cos θ = 0 (13.65)

Solution of Eqs. (13.64) and (13.65) gives

Fig. 13.7 Three bars with
rectangular cross section
fastened to each other
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Fig. 13.8 Truss of three bars

σ1 = −α1E1τ1

cos2 θ − α2τ2

α1τ1

cos2 θ + E1

E2

A1

2A2

1

cos θ

= −α1E1τ1

1 − α2τ2

α1τ1 cos2 θ

1 + A1E1

2A2E2 cos3 θ

σ2 = − A1

2A2 cos θ
σ1 (Answer)

Problem 13.17. Calculate the thermal stresses produced in the bars which hang
from a rigid plate shown in Fig. 13.9, if the temperature changes of the bars are τi .
The weight of the rigid plate may be neglected.

Solution. The elongations of each bar are

λi = σi

Ei
l + αiτi l (i = 1, 2, 3) (13.66)

The equilibrium condition of the internal forces in each bar requires

σ1A1 + σ2A2 + σ3A3 = 0 (13.67)

The equilibrium of the moments at the point A is

σ2A2a + σ3A3(a + b) = 0 (13.68)

The relation between the elongation of each bar is

(λ3 − λ1) : (λ2 − λ1) = (a + b) : a (13.69)
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Fig. 13.9 Three bars on whih
hangs a rigid plate

Solution of Eqs. (13.67), (13.68) and (13.69) gives

σ1 = A2A3b
C

D
, σ2 = −A1A3(a + b)

C

D
, σ3 = A1A2a

C

D
(Answer)

in which

C = −bα1τ1 + (a + b)α2τ2 − aα3τ3

D = a2 A1A2

E3
+ b2 A2A3

E1
+ (a + b)2 A1A3

E2
(13.70)



Chapter 14
Thermal Stresses in Beams

In this chapter, based on the Bernoulli-Euler hypothesis, thermal stresses in beams
subjected to thermal and mechanical loads are recalled. Thermal stresses in composite
and curved beams, and thermal deflections in beams subjected to a symmetrical
thermal load are treated. Furthermore, solutions for stresses in curved beams are
included. Problems and solutions for beams subjected to various temperature field
or various boundary conditions are presented. [see also Chap. 23.]

14.1 Thermal Stresses in Beams

14.1.1 Thermal Stresses in Beams

We consider the thermal stresses in beams under the Bernoulli-Euler hypothesis.1

The neutral axis passes through the centroid of the cross section of the beam which
is defined by �

A
y dA � 0 (14.1)

where dA denotes a small element area of the cross section at a distance y from the
neutral plane.

The thermal stress is given by

σx � �αEτ � Eε0 � E
y

ρ
(14.2)

where ρ denotes the radius of curvature at the neutral plane and ε0 denotes the axial
strain at the neutral plane. When the beam is subjected to an axial force N and a

1 The plane which is perpendicular to the neutral axis before deformation remains plane and per-
pendicular to the neutral axis after deformation.

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 317
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_14,
© Springer Science+Business Media Dordrecht 2013

http://dx.doi.org/10.1007/978-94-007-6356-2_23
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mechanical bending moment MM , the axial strain ε0 and the curvature 1/ρ at the
neutral plane y � 0 are

ε0 �
1

EA

�
N �

�
A

αEτ (y) dA
�

(14.3)

1

ρ
�

1

EI

�
MM �

�
A

αEτ (y)y dA
�

(14.4)

where I denotes the moment of inertia of the cross section which is defined by

I �
�
A
y2 dA (14.5)

The thermal stress is

σx(y) � �αEτ (y)�
1

A

�
N �

�
A

αEτ (y) dA
�

�
y

I

�
MM �

�
A

αEτ (y)y dA
�

(14.6)

The thermal stress in the beam with free boundary conditions under only thermal
loads is

σx(y) � �αEτ (y)�
1

A

�
A

αEτ (y) dA�
y

I

�
A

αEτ (y)y dA (14.7)

The thermal stress in the beam with rectangular cross section with width b and height
h is

σx(y) �� αEτ (y)�
1

h

� h/2

�h/2
αEτ (y) dy

�
12y

h3

� h/2

�h/2
αEτ (y)y dy (14.8)

Next, we consider the thermal stress in the beam subjected to an arbitrary tem-
perature change τ (x, y, z).

The thermal stress σx is

σx � �αEτ (x, y, z)� Eε0 � E
y

ρy
� E

z

ρz
(14.9)

where ε0 and ρy, ρz denote the axial strain and the radii of curvature in y and z direc-
tions at the centroid of the cross section. When the external force and moments act
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on the beam, the conditions of the equilibrium of both the force and the moments are

�
A

σxdA � N,

�
A

σxydA � MMz,

�
A

σxzdA � MMy (14.10)

where N denotes the axial force, and MMy and MMz mean the mechanical bending
moments with respect to y and z axes, respectively.

The axial strain ε0 and the curvatures 1/ρy and 1/ρz at y � z � 0 are from
Eq. (14.10)

ε0 �
P

EA
(14.11)

1

ρy
�

IyMz � IyzMy

E(IyIz � I2
yz)

(14.12)

1

ρz
�

IzMy � IyzMz

E(IyIz � I2
yz)

(14.13)

where Iy and Iz are the moments of inertia of the cross section about the y and z axes,
respectively, and Iyz is the product of inertia about these axes which are defined by

Iy �
�
A
z2 dA, Iz �

�
A
y2 dA, Iyz �

�
A
yz dA (14.14)

and
P � N � PT , My � MMy �MTy, Mz � MMz �MTz (14.15)

PT �

�
A

αEτ (x, y, z) dA (14.16)

MTy �

�
A

αEτ (x, y, z)z dA, MTz �

�
A

αEτ (x, y, z)ydA (14.17)

in which PT denotes the thermally induced force, and MTy and MTz the thermally
induced moments about y and z axes, respectively, P the total force, and My,Mz the
total moments due to both mechanical and thermal loads.

The thermal stress due to both thermal and mechanical loads is given from
Eq. (14.9) by

σx(x, y, z) � �αEτ �
P

A
�

IyMz � IyzMy

IyIz � I2
yz

y�
IzMy � IyzMz

IyIz � I2
yz

z (14.18)

When the cross section of the beam is symmetric about y axis, the thermal stress is
simplified from Eq. (14.18)
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σx(x, y, z) � �αEτ �
P

A
�

Mz

Iz
y�

My

Iy
z (14.19)

Because the product of inertia Iyz reduces to zero.
Next, we consider the shearing stress in a beam. The equilibrium of an element

of the beam with arbitrary cross section, small length dx and width of the beam b(y)
as shown in Fig. 14.1, is

�

� b1

�b1

(σxydx)dz �
� b1

�b1

� � e1

y
(σx �

∂σx

∂x
dx)dy

�
dz

�

� b1

�b1

� e1

y
σxdydz � 0 (14.20)

where σxy is the shearing stress.
The shearing stress is from Eqs. (14.6) and (14.20)

σxy �

� e1

y

∂

∂x

�
� αEτ (x, y)�

1

A

�
N �

�
A

αEτ (x, y) dA

�

�
y

I

�
MM �

�
A

αEτ (x, y)y dA

��
dy (14.21)

If the bending stress σx is independent of the coordinate x, the shearing stress does
not occur.

14.1.2 Thermal Stresses in Composite Beams

We consider a multi-layered composite beam, shown in Fig. 14.2, subjected to tem-
perature change τi(y) and mechanical loads. The origin y � 0 of the coordinate
system (x, y) is taken at the upper surface of the composite beam.

Thermal stresses σxi are

σxi � �αiEiτi(y)� Eiε0 � Ei
y

ρ
(i � 1, 2, . . . , n) (14.22)

Fig. 14.1 Shearing stress in a
beam
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Fig. 14.2 A multi-layered
composite beam

where ε0 and 1/ρ denote the axial strain at the upper surface y � 0 and the curvature
at y � 0, respectively. When the axial force N and the mechanical bending moment
MM act on the multi-layered composite beam, the axial strain ε0 and the curvature
1/ρ at y � 0 are

ε0 �
PIE2 �MIE1

IE0IE2 � I2
E1

,
1

ρ
�

MIE0 � PIE1

IE0IE2 � I2
E1

(14.23)

where

IE0 �

n�
i�1

Eibi(yi � yi�1)

IE1 �
1

2

n�
i�1

Eibi(y
2
i � y2

i�1), IE2 �
1

3

n�
i�1

Eibi(y
3
i � y3

i�1)

PT �

n�
i�1

� yi

yi�1

αiEiτi(y)bi dy, MT �

n�
i�1

� yi

yi�1

αiEiτi(y)ybi dy

P � N � PT , M � MM �MT

(14.24)

in which bi and yi � yi�1 � hi denote the width and the height of each layer,
respectively, and yi (i � 1, 2, . . . , n) mean the lower surface of the i-th beam, and
y0 � 0.

The thermal stresses in the composite beam may be expressed as

σxi(y) � �αiEiτi(y)� Ei
PIE2 �MIE1

IE0IE2 � I2
E1

� Ei
MIE0 � PIE1

IE0IE2 � I2
E1

y (14.25)

Let us consider the thermal stress in a nonhomogeneous beam in which the coeffi-
cient of linear thermal expansionα and Young’s modulusE are functions of position y.
Taking the origin y � 0 of the coordinate system (x, y) at the centroid of the cross
section of the beam, the thermal stress σx is

σx � �α(y)E(y)τ (y)� E(y)ε0 � E(y)
y

ρ
(14.26)
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When the axial force N and the mechanical bending moment MM act on the beam,
we can obtain the axial strain ε0 at y � 0 and the curvature 1/ρ as

ε0 �
PIE2 �MIE1

IE0IE2 � I2
E1

,
1

ρ
�

MIE0 � PIE1

IE0IE2 � I2
E1

(14.27)

where

IE0 �

�
A
E(y) dA, IE1 �

�
A
E(y)y dA, IE2 �

�
A
E(y)y2 dA

PT �

�
A

α(y)E(y)τ (y) dA, MT �

�
A

α(y)E(y)τ (y)y dA

P � N � PT , M � MM �MT (14.28)

The thermal stress σx in the nonhomogeneous beam may be expressed from
Eq. (14.26) as

σx(y) � �α(y)E(y)τ (y)� E(y)
PIE2 �MIE1

IE0IE2 � I2
E1

� E(y)
MIE0 � PIE1

IE0IE2 � I2
E1

y (14.29)

14.1.3 Thermal Deflection in Beams

When the homogeneous beam is subjected to the symmetrical thermal load τ (x, y),
the axial load N and the mechanical bending moment MM , the axial displacement
u is

u � u0 �

� x

0

�
1

EA

�
N �

�
A

αEτ (x, y) dA

�

�
y

EI

�
MM �

�
A

αEτ (x, y)y dA

��
dx (14.30)

where u0 is the axial displacement at x � 0. The average axial displacement for the
cross section uav is

uav � u0 �
1

A

�
A

�� x

0

1

EA

�
N �

�
A

αEτ (x, y) dA

�
dx

�
dA (14.31)

Next, consider the deflection v of the beam subjected to both mechanical and
thermal loads. The relationship between the deflection and the curvature is
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1

ρ
� �

d2v

dx2 (14.32)

The governing equation for the deflection v can be obtained by substitution of
Eq. (14.4) into Eq. (14.32)

d2v

dx2 � �
MM �MT

EI
(14.33)

Then, the deflection v is given by

v � �

� 	�
MM �MT

EI
dx



dx � C1x � C2 (14.34)

The unknown constants C1, C2 will be determined from the boundary conditions:

for simply supported edge v � 0,
d2v

dx2 �
MT

EI
� 0

for built-in edge v � 0,
dv

dx
� 0

(14.35)

14.1.4 Curved Beams

We consider a curved beam with the curvature 1/R subjected to both mechanical
and thermal loads. The origin of the coordinate system is taken at the centroid of the
curved beam. When the curvature 1/R before deformation deforms to the curvature
1/ρ after deformation, the strain ε0 at the center line is given by

ε0 �
ρ� R

R
�

ρ

R
ω0 (14.36)

where ω0 means the ratio of angle change of the curved beam defined by

ω0 �
�dθ

dθ
(14.37)

The strain ε at a distance y from the center line is2

ε � ατ �
σθθ

E
�

1

R� y

	
ε0R� ω0y�

� y

0
ατ dy



(14.38)

The hoop stress σθθ can be expressed by

σθθ � �αEτ �
E

R� y

	
ε0R� ω0y�

� y

0
ατ dy



(14.39)

2 N. Noda, R. Hetnarski, Y. Tanigawa, Thermal Stresses (Taylor & Francis, New York, 2004).
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When the curved beam is subjected to both the axial force N and the mechanical
bending moment MM , the axial strain ε0 and ω0 at the center surface y � 0 are

ε0 �
P

EA
�

M

EAR
, ω0 �

P

EA
�

M

EAR

	
1 �

1

κ



(14.40)

where

κ � �
1

A

�
A

y

R� y
dA (14.41)

P � N � NT , M � MM �MT (14.42)

NT �

�
A

αEτdA�
�
A

E

R� y

	� y

0
ατdy



dA

MT �

�
A

αEτy dA�
�
A

Ey

R� y

	� y

0
ατdy



dA

(14.43)

The radius of curvature after deformation at the center surface y � 0 is obtained
from Eqs. (14.36) and (14.40)

ρ �

	
1 � ε0

1 � ω0



R �

�
���1 �

M

EAR

1

κ

1 �
P

EA
�

M

EAR

	
1 �

1

κ



�
����R (14.44)

Then, the hoop stress σθθ due to both mechanical and thermal loads is

σθθ � �αEτ �
1

A

�
P �

M

R

	
1 �

y

κ(R� y)


�
�

E

R� y

� y

0
ατ dy

� �αEτ �
1

A

�
N �

�
A

αEτ dA

�
1

R

	
1 �

y

κ(R� y)



(MM �

�
A

αEτy dA)

�

�
1

A

� �
A

E

R� y

� y

0
ατ dy dA

�
1

R

	
1 �

y

κ(R� y)


�
A

Ey

R� y

� y

0
ατ dy dA

�
�

E

R� y

� y

0
ατ dy (14.45)
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14.2 Problems and Solutions Related to Thermal Stresses
in Beams

Problem 14.1. When the boundary conditions of the beams are given by

[1] perfectly clamped ends
[2] free expansion and restrained bending
[3] restrained expansion and free bending

derive the thermal stress in the beam.

Solution. Thermal stress in the beam is given by Eq. (14.2). The axial strain ε0 at
the neutral plane and the curvature 1/ρ at the neutral plane can be determined by
following boundary conditions.

[1] perfectly clamped ends
From the boundary conditions of perfectly clamped ends, the axial strain ε0 and
the curvature 1/ρ are zero. Then,

σx(y) � �αEτ (y) (Answer)

[2] free expansion and restrained bending
From the boundary conditions of free thermal expansion and restrained bending,
the axial strain ε0 is given by Eq. (14.3) and the curvature 1/ρ is zero. Then,

σx(y) � �αEτ (y)�
1

A

�
A

αEτ (y) dA (Answer)

[3] restrained expansion and free bending
From the boundary conditions of restrained expansion and free bending, the
axial strain ε0 is zero and the curvature 1/ρ is given by Eq. (14.4). Then,

σx(y) � �αEτ (y)�
y

I

�
A

αEτ (y)y dA (Answer)

Problem 14.2. A rectangular beam with a cross section b � h is subjected to the
temperature change τ (y) � C1y�C0. Calculate the thermal stresses in the beam for
the following cases:

[1] perfectly clamped ends
[2] free expansion and restrained bending
[3] restrained expansion and free bending
[4] free expansion and free bending.

Solution. From the Problem 14.1, we can get the thermal stress for each boundary
condition.
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[1] perfectly clamped ends
σx � �αEτ (y) (14.46)

Substitution of τ (y) � C1y� C0 into Eq. (14.46) gives

σx � �αE(C1y� C0) (Answer)

[2] free expansion and restrained bending

σx � �αEτ (y)�
1

h

� h/2

�h/2
αEτ (y)dy (14.47)

Substitution of τ (y) � C1y� C0 into Eq. (14.47) gives

σx � �αE(C1y� C0)�
1

h

� h/2

�h/2
αE(C1y� C0)dy

� �αE(C1y� C0)�
1

h
αEC0h � �αEC1y (Answer)

[3] restrained expansion and free bending

σx � �αEτ (y)�
12y

h3

� h/2

�h/2
αEτ (y)ydy (14.48)

Substitution of τ (y) � C1y� C0 into Eq. (14.48) gives

σx � �αE(C1y� C0)�
12y

h3

� h/2

�h/2
αE(C1y� C0)ydy

� �αE(C1y� C0)�
12y

h3 αE
2

3
C1

h3

8
� �αEC0 (Answer)

[4] free expansion and free bending

σx � �αEτ (y)�
1

h

� h/2

�h/2
αEτ (y)dy �

12y

h3

� h/2

�h/2
αEτ (y)ydy (14.49)

Substitution of τ (y) � C1y� C0 into Eq. (14.49) gives

σx � �αE(C1y� C0)�
1

h

� h/2

�h/2
αE(C1y� C0)dy

�
12y

h3

� h/2

�h/2
αE(C1y� C0)ydy
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� �αE(C1y� C0)�
1

h
αEC0h�

12y

h3 αEC1
h3

12
� 0 (Answer)

Problem 14.3. When the origin of the coordinate system does not coincide with the
centroid of the section, find the thermal stress in the beam with temperature rise τ .

Solution. The variable y denotes the distance from the origin of the coordinate
system. If ε0 and ρ denote the axial strain and the radius of curvature at y � 0,
respectively, then the stress σx is

σx � �αEτ � Eε0 � E
y

ρ
(14.50)

Since external forces do not act on the beam�
A

σxdA � 0,

�
A

σxydA � 0 (14.51)

Substitution of Eq. (14.50) into Eq. (14.51) gives

Eε0A� E
1

ρ

�
A
ydA �

�
A

αEτdA

Eε0

�
A
ydA� E

1

ρ

�
A
y2dA �

�
A

αEτydA (14.52)

The solutions of algebraic equations (14.52) are

ε0 �
1

E(AI2 � I2
1 )

	
I2

�
A

αEτdA � I1

�
A

αEτydA




1

ρ
�

1

E(AI2 � I2
1 )

	
A
�
A

αEτydA � I1

�
A

αEτdA



(14.53)

where

I1 �
�
A
ydA, I2 �

�
A
y2dA (14.54)

The stress σx is

σx � �αEτ (y)�
1

AI2 � I2
1

�
I2

�
A

αEτ (y)dA � I1

�
A

αEτ (y)ydA

�

�
y

AI2 � I2
1

�
A
�
A

αEτ (y)ydA � I1

�
A

αEτ (y)dA

�
(Answer)

Problem 14.4. A rectangular beam with length l, height h, and width b is subjected
to the temperature change
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τ �

��
n�0

T2ny
2n �

��
n�0

T2n�1y
2n�1 (14.55)

Calculate the thermal stress and curvature produced in the beam assuming a stress
free boundary condition. Furthermore, calculate the thermal deflection in the simply
supported beam .

Solution. Substitution of the temperature change (14.55) into Eq. (14.8) gives

σx � �αEτ (y)�
1

h

� h/2

�h/2
αEτ (y)dy �

12y

h3

� h/2

�h/2
αEτ (y)ydy

� �αE
��
n�0

(T2ny
2n � T2n�1y

2n�1)

�
1

h
αE

��
n�0

�
1

2n� 1
T2ny

2n�1 �
1

2n� 2
T2n�1y

2n�2
�h/2

�h/2

�
12y

h3 αE
��
n�0

�
1

2n� 2
T2ny

2n�2 �
1

2n� 3
T2n�1y

2n�3
�h/2

�h/2

� �αE
��
n�0

�
T2n

�
y2n �

1

2n� 1

	
h

2


2n�

� T2n�1

�
y2n�1 �

3

2n� 3

	
h

2


2n

y

��
(Answer)

The curvature is given by Eq. (14.4)

1

ρ
�

1

EI

� h/2

�h/2
αEτ (y)ydA

�
12

h3 α

��
n�0

�
1

2n� 2
T2ny

2n�2 �
1

2n� 3
T2n�1y

2n�3
�h/2

�h/2

� 3α

��
n�0

1

2n� 3
T2n�1

	
h

2


2n

(Answer)

The deflection v is given by Eq. (14.34)

v � �

��
MT

EI
dxdx � C1x � C2 (14.56)

where
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MT �

�
A

αEτydA, I �
bh3

12
(14.57)

Calculation of MT gives

MT �

�
A

αEτydA � 2αEb
��
n�0

T2n�1

2n� 3

	
h

2


2n�3

(14.58)

From Eqs. (14.56) and (14.58) we get

v � �2
��

αEb

EI

��
n�0

T2n�1

2n� 3

	
h

2


2n�3

dxdx � C1x � C2

� �
3α

2

��
i�0

T2n�1

2n� 3

	
h

2


2n

x2 � C1x � C2 (14.59)

The boundary conditions of the simply supported beam are

v � 0 at x � 0 and x � l (14.60)

The boundary conditions (14.60) give

C1 �
3α

2

n�
n�0

T2n�1

2n� 3

	
h

2


2n

l, C2 � 0 (14.61)

From Eqs. (14.59) and (14.61) we get the deflection v

v �
3

2
α

��
n�0

T2n�1

2n� 3

	
h

2


2n

x(l � x) (Answer)

Problem 14.5. When the beam is subjected to both thermal and mechanical loads,
derive the axial strain ε0, the curvature 1/ρ at the plane y � 0 and the thermal stress.

Solution. The thermal stress is given by Eq. (14.2)

σx � �αEτ � ε0E � E
y

ρ
(14.62)

As the beam is subjected to the external force N and bending moment MM�
A

σx dA � N,

�
A

σxy dA � MM (14.63)
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Substitution of Eq. (14.62) into Eq. (14.63) gives the axial strain ε0 and the curvature
1/ρ at the plane y � 0 in the beam

ε0 �
1

D

�
N
�
A
Ey2 dA�MM

�
A
Ey dA

�

�
A
Ey2 dA

�
A

αEτ (y) dA�
�
A
Ey dA

�
A

αEτ (y)y dA

�

1

ρ
�

1

D

�
MM

�
A
E dA� N

�
A
Ey dA

�

�
A
E dA

�
A

αEτ (y)y dA�
�
A
Ey dA

�
A

αEτ (y) dA

�
(Answer)

(14.64)

where

D �

�
A
E dA

�
A
Ey2 dA�

	�
A
Ey dA


2

(14.65)

Then, the substitution of Eq. (14.64) into Eq. (14.62) gives the thermal stress

σx(y) � �αEτ (y)

�
E

D

�
N
�
A
Ey2 dA�MM

�
A
Ey dA

�

�
A
Ey2 dA

�
A

αEτ (y) dA�
�
A
Ey dA

�
A

αEτ (y)y dA

�

�
Ey

D

�
MM

�
A
E dA� N

�
A
Ey dA

�

�
A
E dA

�
A

αEτ (y)y dA�
�
A
Ey dA

�
A

αEτ (y) dA

�
(Answer)

(14.66)

If the origin of the coordinate system is selected in the neutral plane, that is�
A y dA � 0, and Young’s modulus E is independent of y axis, the axial strain ε0 and

the curvature 1/ρ at the plane y � 0 reduce to Eqs. (14.3) and (14.4), respectively

ε0 �
1

EA

�
N �

�
A

αEτ (y) dA

�
,

1

ρ
�

1

EI

�
MM �

�
A

αEτ (y)y dA

�
(Answer)

and the thermal stress Eq. (14.66) reduces to Eq. (14.6)
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σx(y) � �αEτ (y) �
1

A

�
N �

�
A

αEτ (y) dA

�
�

y

I

�
MM �

�
A

αEτ (y)y dA

�

(Answer)

Problem 14.6. When a two-layered beam with the same dimensional cross sections
is subjected to the same temperature change τ , calculate the thermal stress produced
in the beam. The upper beam and the lower beam are made of mild steel and of
aluminum, respectively, and the temperature change is τ � 100 K.

Solution. We take the origin (y � 0) at the bonded surface of the two-layered beam.
The subscript i (i � 1, 2) refer to the mild steel (i � 1) and the aluminum (i � 2),
and bi and hi denote the width and the height of each layer, respectively. The stresses
are from Eq. (14.22)

σxi � �αiEiTi(y)� Eiε0 � Ei
y

ρ
(i � 1, 2) (14.67)

From the conditions of no external forces, the strain ε0 and the curvature 1/ρ at the
bonding surface y � 0 are obtained

ε0 �
2

D

�
2

� � 0

�h1

α1E1τ1(y)b1 dy�
� h2

0
α2E2τ2(y)b2 dy

�

� (E2h
3
2b2 � E1h

3
1b1)

� 3

� � 0

�h1

α1E1τ1(y)b1y dy �
� h2

0
α2E2τ2(y)b2y dy

�

� (E2h
2
2b2 � E1h

2
1b1)

�

1

ρ
�

6

D

�
2

� � 0

�h1

α1E1τ1(y)b1y dy

�

� h2

0
α2E2τ2(y)b2y dy

�
(E2h2b2 � E1h1b1)

�

� � 0

�h1

α1E1τ1(y)b1 dy�
� h2

0
α2E2τ2(y)b2 dy

�

� (E2h
2
2b2 � E1h

2
1b1)

�
(14.68)

where
D � (E2h

2
2b2 � E1h

2
1b1)

2 � 4E1E2h1h2(h1 � h2)
2b1b2 (14.69)

Thus, thermal stresses in the two-layered beam are given by
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σxi(y) � �αiEiτi(y)

�
2Ei

D

�
2

� � 0

�h1

α1E1τ1(y)b1 dy�
� h2

0
α2E2τ2(y)b2 dy

�

� (E2h
3
2b2 � E1h

3
1b1)

� 3

� � 0

�h1

α1E1τ1(y)b1y dy

�

� h2

0
α2E2τ2(y)b2y dy

�
(E2h

2
2b2 � E1h

2
1b1)

�

�
6Eiy

D

�
2

� � 0

�h1

α1E1τ1(y)b1y dy�
� h2

0
α2E2τ2(y)b2y dy

�

� (E2h2b2 � E1h1b1)

�

� � 0

�h1

α1E1τ1(y)b1 dy�
� h2

0
α2E2τ2(y)b2 dy

�

� (E2h
2
2b2 � E1h

2
1b1)

�
(i � 1, 2) (14.70)

The thermal stresses for this problem given by Eq. (14.70) reduce to

σx1 �
E1E2

D
(α2 � α1)(7E1 � E2 � 12

y

h
E1)τ

σx2 � �
E1E2

D
(α2 � α1)(7E2 � E1 � 12

y

h
E2)τ (14.71)

where
D � (E1 � E2)

2 � 12E1E2 (14.72)

When the material properties are given by

α1 � 11.2 � 10�6 1/K, E1 � 206 � 109 Pa

α2 � 23.1 � 10�6 1/K, E2 � 72 � 109 Pa (14.73)

numerical results give

σxs �
206 � 109 � 72 � 109 � (23.1 � 10�6 � 11.2 � 10�6)

(206 � 109 � 72 � 109)2 � 12 � 206 � 109 � 72 � 109

� (7 � 206 � 109 � 72 � 109 � 12
y

h
� 206 � 109)� 100

� (104.683 � 170.922
y

h
)� 106 Pa

� (104.7 � 170.9
y

h
) MPa
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σxa � �
206 � 109 � 72 � 109 � (23.1 � 10�6 � 11.2 � 10�6)

(206 � 109 � 72 � 109)2 � 12 � 206 � 109 � 72 � 109

� (7 � 72 � 109 � 206 � 109 � 12
y

h
� 72 � 109)� 100

� �(49.0917 � 59.7398
y

h
)� 106 Pa

� �(49.1 � 59.7
y

h
) MPa (Answer)

Problem 14.7. When the temperature on the upper and the lower surfaces of the two-
layered beam with rectangular cross section is prescribed to Ta and Tb, respectively,
the temperature is given by

T1 � Ta � (Ta � Tb)
1 � y/h1

1 � λ1h2/λ2h1
� h1 � y � 0

T2 � Ta � (Ta � Tb)
1 � λ1y/λ2h1

1 � λ1h2/λ2h1
0 � y � h2

(14.74)

in which λ1 and λ2 denote the thermal conductivities of the upper and lower beams,
respectively. Calculate the curvature and the thermal stress, when the two-layered
beam is subjected to the temperature (14.74).

Solution. The temperature changes from the initial temperature T0 are rewritten
from Eq. (14.74) as

τi � Ti � T0 � (Ta � T0)� (Tb � Ta)K(1 � Ciy) (i � 1, 2) (14.75)

where

C1 �
1

h1
, C2 �

λ1

λ2h1
, K �

1

1 �
λ1h2

λ2h1

(14.76)

Substitution of Eq. (14.75) into Eq. (14.68) yields

1

ρ
�

6

D

�
2

�
α1E1

�
� (Ta � T0)

h2
1

2
� (Tb � Ta)K

	
�

h2
1

2
� C1

h3
1

3


�
b1

� α2E2

�
(Ta � T0)

h2
2

2
� (Tb � Ta)K

	
h2

2

2
� C2

h3
2

3


�
b2

�

� (E2h2b2 � E1h1b1)

�

�
α1E1

�
(Ta � T0)h1 � (Tb � Ta)K

	
h1 � C1

h2
1

2


�
b1
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� α2E2

�
(Ta � T0)h2 � (Tb � Ta)K

	
h2 � C2

h2
2

2


�
b2

�

� (E2h
2
2b2 � E1h

2
1b1)

�
(Answer)

where
D � (E2h

2
2b2 � E1h

2
1b1)

2 � 4E1E2h1h2(h1 � h2)
2b1b2 (14.77)

Substitution of Eq. (14.75) into Eq. (14.70) gives

σxi(y) � �αiEi(Ta � T0)

�
1 �

1

Dαi

�
4(α1E1h1b1 � α2E2h2b2)

� (E2h
3
2b2 � E1h

3
1b1)

� 3(α1E1h
2
1b1 � α2E2h

2
2b2)(E2h

2
2b2 � E1h

2
1b1)

�

�
6y

Dαi

�
(α1E1h

2
1b1 � α2E2h

2
2b2)(E2h2b2 � E1h1b1)

� (α1E1h1b1 � α2E2h2b2)(E2h
2
2b2 � E1h

2
1b1)

��

� αiEi(Tb � Ta)K

�
(1 � Ciy)

�
1

Dαi

�
2�α1E1(2 � C1h1)h1b1 � α2E2(2 � C2h2)h2b2�

� (E2h
3
2b2 � E1h

3
1b1)

� �α1E1(3 � 2C1h1)h
2
1b1 � α2E2(3 � 2C2h2)h

2
2b2�

� (E2h
2
2b2 � E1h

2
1b1)

�

�
y

Dαi

�
2�α1E1(3 � 2C1h1)h

2
1b1 � α2E2(3 � 2C2h2)h

2
2b2�

� (E2h2b2 � E1h1b1)

� 3�α1E1(2 � C1h1)h1b1 � α2E2(2 � C2h2)h2b2�

� (E2h
2
2b2 � E1h

2
1b1)

��
(i � 1, 2) (Answer)

Problem 14.8. When two parallel beams with rectangular cross section are clamped
to rigid plates, and are subjected to the different constant temperature rises τi as in
Fig. 14.3, calculate the thermal stresses produced in each beam.



14.2 Problems and Solutions Related to Thermal Stresses in Beams 335

Fig. 14.3 Two parallel beams
clamped to rigid plates

Solution. The origin of the coordinate y is taken at an arbitrary position between
two beams, and the origin of the local coordinate yi is taken at the centroid of the
cross section of each beam. e denotes the distance between the centroids of cross
sections of both beams, and ei denotes the distance from y � 0 to the centroid of the
cross section of each bar. The moments of the area Ai of the cross section for each
beam are zero �

Ai
yi dAi � 0 (i � 1, 2) (14.78)

because the origin of the local coordinate system passes through the centroid of the
section of each beam.

When ε0 and ρ denote the axial strain and the radius of curvature at y � 0,
respectively, the stress σx is

σx � �αEτ � Eε0 � E
y

ρ
(14.79)

Since external forces are not applied to the beam, we get

�
A

σx dA � 0,

�
A

σxy dA � 0 (14.80)

where the integration extends from the top of the upper beam to the bottom of the
lower beam. Using the relationship y2 � y� e2 and y1 � y� e1, we obtain the axial
strain ε0 and the curvature 1/ρ at y � 0 from Eqs. (14.79) and (14.80)

ε0 �
PT IE2 �MTIE1

IE0IE2 � I2
E1

,
1

ρ
�

MTIE0 � PT IE1

IE0IE2 � I2
E1

(14.81)

where Ii �
�
Ai
y2
i dAi denotes the moment of inertia of the cross section of each beam

with respect to its neutral axis and

IE0 � (E1A1 � E2A2), IE1 � (e2E2A2 � e1E1A1)

IE2 � E1(I1 � A1e
2
1)� E2(I2 � A2e

2
2)

PT � PT1 � PT2



336 14 Thermal Stresses in Beams

PT1 �

�
A1

α1E1τ1(y1) dA1, PT2 �

�
A2

α2E2τ2(y2) dA2

MT � MT1 �MT2 � e2PT2 � e1PT1

MT1 �

�
A1

α1E1τ (y1)y1 dA1, MT2 �

�
A2

α2E2τ2(y2)y2 dA2 (14.82)

Thus, the thermal stresses are expressed by

σx1(y1) � �α1E1τ1(y1)� E1

�
PT IE2 �MTIE1

IE0IE2 � I2
E1

�

� (y1 � e1)E1

�
MTIE0 � PT IE1

IE0IE2 � I2
E1

�

σx2(y2) � �α2E2τ2(y2)� E2

�
PT IE2 �MTIE1

IE0IE2 � I2
E1

�

� (y2 � e2)E2

�
MTIE0 � PT IE1

IE0IE2 � I2
E1

�
(14.83)

For the different constant temperature rise τi, we have

σx1(y1) � �α1E1τ1 �
E1

D

�
(PT1 � PT2)(E1I1 � E2I2)

�PT1E2A2e
2 � (MT1 �MT2)E2A2e

�

�
E1y1

D

�
(MT1 �MT2)(E1A1 � E2A2)

� (PT2E1A1 � PT1E2A2)e

�

σx2(y2) � �α2E2τ2 �
E2

D

�
(PT1 � PT2)(E1I1 � E2I2)

�PT2E1A1e
2 � (MT1 �MT2)E1A1e

�

�
E2y2

D

�
(MT1 �MT2)(E1A1 � E2A2)

� (PT2E1A1 � PT1E2A2)e

�
(14.84)

where
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D � (E1A1 � E2A2)(E1I1 � E2I2)� E1E2A1A2e
2

PT1 �

�
A1

α1E1τ1dA1 � α1E1τ1A1

PT2 �

�
A2

α2E2τ2dA2 � α2E2τ2A2

MT1 �

�
A1

α1E1τ1y1dA1 � α1E1τ1

�
A1

y1dA1 � 0

MT2 �

�
A2

α2E2τ2y2dA2 � α2E2τ2

�
A2

y2dA2 � 0 (14.85)

Substitution of Eq. (14.85) into Eq. (14.84) gives

σx1(y1) �
E1

D
��α1τ1(E1A1 � E2A2)(E1I1 � E2I2)� α1τ1E1E2A1A2e

2

� (α1E1τ1A1 � α2E2τ2A2)(E1I1 � E2I2)� α1E1τ1A1E2A2e
2	

�
E1y1

D
(α2E2τ2A2E1A1 � α1E1τ1A1E2A2)e

�
E1

D
(α2τ2 � α1τ1)�E2A2(E1I1 � E2I2)� y1E2A2E1A1e	

�
1

D
(α2τ2 � α1τ1)E1E2A2(E1I1 � E2I2 � y1eE1A1)

σx2(y2) �
E2

D
��α2τ2(E1A1 � E2A2)(E1I1 � E2I2)� α2τ2E1E2A1A2e

2

� (α1E1τ1A1 � α2E2τ2A2)(E1I1 � E2I2)� α2E2τ2A2E1A1e
2	

�
E2y2

D
(α2E2τ2A2E1A1 � α1E1τ1A1E2A2)e

�
1

D
(α1τ1 � α2τ2)E1E2A1(E1I1 � E2I2 � y2eE2A2)

�
1

D
(α2τ2 � α1τ1)E1E2A1��(E1I1 � E2I2)� y2eE2A2	 (Answer)

Problem 14.9. When two parallel beams clamped at each end to rigid plates are
subjected to different temperature changes τi shown in Fig. 14.3, calculate the thermal
stress and the curvature produced in each beam if the elongation at y � 0 is restrained
to zero.

Solution. Thermal stress is

σx � �αEτ � Eε0 � E
y

ρ
(14.86)
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From the condition ε0 � 0, Eq. (14.86) gives

σx � �αEτ � E
y

ρ
(14.87)

Since an external moment is zero, we get

�
A

σxydA � 0 (14.88)

Substitution of Eq. (14.87) into Eq. (14.88) gives

�
A
E(

y

ρ
� ατ )ydA

�

�
A1

E1

	
y1 � e1

ρ
� α1τ1



(y1 � e1)dA1

�

�
A2

E2

	
y2 � e2

ρ
� α2τ2



(y2 � e2)dA2

�
1

ρ
E1

�
A1

(y2
1 � 2y1e1 � e2

1)dA1 �

�
A1

α1E1τ1(y1 � e1)dA1

�
1

ρ
E2

�
A2

(y2
2 � 2y2e2 � e2

2)dA2 �

�
A2

α2E2τ2(y2 � e2)dA2

�
1

ρ
IE2 � (MT1 �MT2 � e1PT1 � e2PT2) � 0 (14.89)

where

IE2 � E1(I1 � A1e
2
1)� E2(I2 � A2e

2
2)

PT1 �

�
A1

α1E1τ1(y1)dA1, PT2 �

�
A2

α2E2τ2(y2)dA2

MT1 �

�
A1

α1E1τ1(y1)y1dA1, MT2 �

�
A2

α2E2τ2(y2)y2dA2 (14.90)

Then
1

ρ
�

1

IE2
(MT1 �MT2 � e1PT1 � e2PT2) (Answer)

Substitution of above equation into Eq. (14.87) gives

σx(y1) � �α1E1τ1(y1)� E1(y1 � e1)
MT

IE2

σx(y2) � �α2E2τ2(y2)� E2(y2 � e2)
MT

IE2
(Answer)
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where
MT � MT1 �MT2 � e2PT2 � e1PT1 (14.91)

Problem 14.10. Prove that the boundary condition of simply supported edge of the
beam is given by Eq. (14.35).

Solution. When the beam is subjected to an external moment MM and the temper-
ature change τ , the axial strain ε0 and the curvature 1/ρ reduce from Eq. (14.3) and
Eq. (14.4) to

ε0 �
1

EA

�
A

αEτ (y)dA,
1

ρ
�

MM

EI
�

1

EI

�
A

αEτ (y)ydA (14.92)

From Eqs. (14.32) and (14.92), we get

�
d2v

dx2 �
MM

EI
�

1

EI

�
A

αEτ (y)ydA (14.93)

The deflection and the external moment are zero at the simply supported edge so that

v � 0,
d2v

dx2 �
1

EI

�
A

αEτ (y)ydA � 0 (14.94)

Then, the boundary conditions are

v � 0,
d2v

dx2 �
MT

EI
� 0 (Answer)

where

MT �

�
A

αEτ (y)ydA (14.95)

Problem 14.11. When the temperature change in a rectangular beam with width b,
height h and length l is given by τ (y) � A � By, calculate the deflections of four
kinds of beams:

[1] the cantilever beam
[2] the simply supported beam
[3] the clamped-simply supported beam
[4] the perfectly clamped beam

Solution. The deflection v is given by Eq. (14.34)

v � �

� 	�
MT

EI
dx



dx � C1x � C2 (14.96)
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where MT is given by Eq. (14.28). Substitution of the temperature change τ (y) �
A� By into Eq. (14.28) gives

MT �

�
A

αEτ (y)ydA �

� h/2

�h/2
αE(A� By)ybdy

� αE
bh3

12
B (14.97)

Substitution of Eq. (14.97) into Eq. (14.96) gives

v � �αB
x2

2
� C1x � C2 (14.98)

The unknown coefficients C1 and C2 in Eq. (14.98) are determined by the boundary
conditions.

[1] the cantilever beam
The boundary conditions are

v � 0,
dv

dx
� 0 on x � 0 (14.99)

Substitution of Eq. (14.98) into Eq. (14.99) gives

C1 � 0, C2 � 0 (14.100)

The deflection v is

v � �
αB

2
x2 (Answer)

[2] the simply supported beam
The boundary conditions are

v � 0 on x � 0, l (14.101)

Substitution of Eq. (14.98) into Eq. (14.101) gives

C1 �
αB

2
l, C2 � 0 (14.102)

Then the deflection is

v �
αB

2
x(l � x) (Answer)

[3] the clamped-simply supported beam
We putMA as the supporting bending moment and RA as the supporting reaction
force at the clamped edge.
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The equilibrium of the force and the moment gives

MM(x) � �MA � RAx (14.103)

The deflectionv due to both mechanical and thermal loads is given by Eq. (14.34)

v � �

� 	�
MM �MT

EI
dx



dx � C1x � C2 (14.104)

Substitution of MM given by Eq. (14.103) and MT given by Eq. (14.97) into
Eq. (14.104) gives

v � �
1

6EI
(RAx

3 � 3MAx
2 � 3MTx

2)� C1x � C2 (14.105)

The unknown coefficients RA, MA, C1 and C2 are determined by the boundary
conditions:

v � 0,
dv

dx
� 0 on x � 0

v � 0,
d2v

dx2 �
MT

EI
� 0 on x � l (14.106)

Substitution of Eq. (14.105) into Eq. (14.106) gives

C1 � C2 � 0, MA �
3

2
MT , RA �

3

2l
MT (14.107)

Then, the deflection v is

v �
MT

4EIl
x2(l � x) �

αB

4l
x2(l � x) (Answer)

[4] the perfectly clamped beam
We putMA as the supporting bending moment and RA as the supporting reaction
force at the clamped edges. The equilibrium of the force and the moment gives

MM(x) � �MA � RAx (14.108)

The deflection v due to both mechanical and thermal loads is given by
Eq. (14.105). The unknown coefficients RA, MA, C1 and C2 are determined
by the boundary conditions:

v � 0,
dv

dx
� 0 on x � 0, l (14.109)
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Fig. 14.4 A structure made
by the bar and the beam

Substitution of Eq. (14.105) into Eq. (14.109) gives

C1 � C2 � 0, MA � MT , RA � 0 (14.110)

Then, the deflection v is
v � 0 (Answer)

That is, the thermal deflection does not occur.

Problem 14.12. There is a structure made by a simply supported beam and a bar
hung from the ceiling shown in Fig. 14.4. When the temperature rise τ2 occurs in the
bar, calculate the thermal stress in both the bar and the beam, and the deflection in
the beam.

Solution. We put the internal force produced in the bar and the reaction force from
the beam to Q and P, respectively. The equilibrium of the forces is

Q� P � 0 (14.111)

The elongation of the bar is

λ2 �
Ql2
E2A2

� α2τ2l2 (14.112)

where A2, α2 and τ2 denote the cross sectional area, the coefficient of linear thermal
expansion and the temperature change in the bar, respectively. When the simply
supported beam is subjected to the external force P at the center of the beam, the
deflection v of the beam is

v �
P

48E1I1
x(3l21 � 4x2) for 0 � x � l1/2 (14.113)

where I1 means the moment of inertia of the cross section of the beam. The deflection
vx�l1/2 of the beam at x � l1/2 is
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vx�l1/2 �
Pl31

48E1I1
(14.114)

As the elongation of the bar is equal to the deflection vx�l1/2 of the beam at x � l1/2,
we get

Ql2
E2A2

� α2τ2l2 �
Pl31

48E1I1
(14.115)

From Eqs. (14.111) and (14.115), the internal force Q produced in the bar and the
reaction force P can be obtained as

P � �Q �
48E1E2A2I1α2τ2l2
48E1I1l2 � E2A2l31

(14.116)

Therefore, the thermal stress produced in the bar is

σ2 � �
48E1E2I1α2τ2l2

48E1I1l2 � E2A2l31
(Answer)

The thermal stress and the deflection of the beam for 0 � x � l1/2 are

σ1 �
M

I1
y �

Pxy

2I1
�

24E1E2A2α2τ2l2
48E1I1l2 � E2A2l31

xy

v �
P

48E1I1
x(3l21 � 4x2) �

E2A2α2τ2l2
48E1I1l2 � E2A2l31

x(3l21 � 4x2) (Answer)

The elongation λ2 and maximum deflection of the beam ymax are

λ2 � ymax �
E2A2α2τ2l2l31

48E1I1l2 � E2A2l31
(Answer)

Problem 14.13. When a curved beam with uniform rectangular cross section b� h
is subjected to the uniform temperature rise τ , calculate the thermal stress, the radius
of curvature, and the change of θ in the curved beam.

Solution. Equation (14.40) give

ε0 �
NT

EA
�

MT

EAR
, ω0 �

NT

EA
�

MT

EAR

	
1 �

1

κ



(14.117)

where

κ � �
1

A

�
A

y

R� y
dA
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NT �

�
A

αEτdA�
�
A

E

R� y

	� y

0
ατdy



dA

MT �

�
A

αEτydA�
�
A

Ey

R� y

	� y

0
ατdy



dA (14.118)

As τ is constant, we get

κ � �
1

h

� h/2

�h/2

y

R� y
dy

NT � αEτb

	
h�

� h/2

�h/2

y

R� y
dy



� αEτbh(1 � κ)

MT � �αEτb
� h/2

�h/2

y2

R� y
dy

� �αEτb
� h/2

�h/2

	
y�

yR

R� y



dy � �αEτbhκR (14.119)

Therefore

ε0 �
NT

EA
�

MT

EAR
�

1

EA

�
αEτbh(1 � κ)�

1

R
(�αEτbhκR)

�
� ατ

ω0 �
NT

EA
�

MT

EAR

	
1 �

1

κ




�
1

EA

�
αEτbh(1 � κ)�

1

R
(�αEτbhκR)

	
1 �

1

κ


�
� 0 (14.120)

Then

σθθ � �αEτ �
E

R� y

	
ε0R� ω0y�

� y

0
ατdy




� �αEτ �
E

R� y
(ατR� ατy) � �αEτ � αEτ � 0

ρ �
1 � ε0

1 � ω0
R � (1 � ατ )R (Answer)

Using Eqs. (14.37) and (14.120), we get

�θ � ω0dθ � 0 (Answer)

Problem 14.14. Derive the thermal stress in the curved beam for three kinds of
boundary conditions:

[1] perfectly clamped ends
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[2] free expansion and restrained bending
[3] restrained expansion and free bending

Solution. [1] As perfectly clamped ends are considered, ε0 and ω0 in Eq. (14.39)
become zero. Then thermal stress is given by

σθθ � �αEτ �
E

R� y

� y

0
ατ dy (Answer)

[2] The conditions of free expansion and restrained bending give

�
A

σθθ dA � 0, ω0 � 0 (14.121)

Substitution of Eq. (14.39) into Eq. (14.121) yields

ε0 �
NT

EA(1 � κ)
(14.122)

Then thermal stress is

σθθ � �αEτ �
E

R� y

	
NTR

EA(1 � κ)
�

� y

0
ατ dy



(Answer)

[3] The conditions of restrained expansion and free bending give

ε0 � 0,

�
A

σθθy dA � 0 (14.123)

Substitution of Eq. (14.39) into Eq. (14.123) yields to

ω0 �
MT

EARκ
(14.124)

Then thermal stress is

σθθ � �αEτ �
E

R� y

	
MT

EARκ
y�

� y

0
ατ dy



(Answer)

Problem 14.15. When a partial circular curved beam with a radius R, shown in
Fig. 14.5 is subjected to the temperature change τ (y) along the radial direction,
derive the thermal deflection at a free end B by use of the Castigliano theorem.3 One
end A of the partial circular curved beam is clamped and the other end B is free.

3 The Castigliano theorem: The displacement δPi of the point where the load Pi is applied in the
direction of the load is given by the partial derivative of the strain energy U(P0,P1,P2, ...) with
respect to the load Pi.
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Fig. 14.5 A partial circular
curved beam

Solution. The strain energy U due to the bending stress σ is given by

U �

�
V

σ2

2E
dV (14.125)

Substitution of Eq. (14.45) into Eq. (14.125) gives

U �

�
V

1

2E

�
� αEτ �

E

R� y

� y

0
ατdy

�
1

A

	
N � NT �

MM �MT

R
�

MM �MT

κR

y

R� y


�2

dV (14.126)

We apply the virtual axial force Q0, the virtual lateral force P0, the virtual bending
moment M0 on the end B. Using the Castigliano theorem, the displacements on the
end B can be obtained as

δP0 �

�
s

�
1

EA

�
A
F(s, y)

�
∂N

∂P0
�

∂MM

∂P0

1

R
(1 �

1

κ

y

R� y
)

�
dA

�
ds

δQ0 �

�
s

�
1

EA

�
A
F(s, y)

�
∂N

∂Q0
�

∂MM

∂Q0

1

R
(1 �

1

κ

y

R� y
)

�
dA

�
ds

δM0 �

�
s

�
1

EA

�
A
F(s, y)

�
∂N

∂M0
�

∂MM

∂M0

1

R
(1 �

1

κ

y

R� y
)

�
dA

�
ds

(14.127)

where

F(s, y) � �αEτ �
E

R� y

� y

0
ατdy

�
1

A

	
N � NT �

MM �MT

R
�

MM �MT

κR

y

R� y



(14.128)
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The the axial force N , the lateral force FM , the bending moment MM at the position
(R, θ) are obtained from the equilibrium of the forces and moment

N � �P0sinθ � Q0cosθ, FM � P0cosθ � Q0sinθ

MM � M0 � P0Rsinθ � Q0R(1 � cosθ) (14.129)

Substituting of Eq. (14.129) into Eq. (14.127), performing the partial differentiation
and taking into consideration of zero virtual forces and ds � Rdθ, we get

δR � δP0 �
R

EA

� β

0

��
A

�
� αEτ �

E

R� y

� y

0
ατdy

�
1

A

	
NT �

MT

R
�

MT

κR

y

R� y


�
sinθ

κ

y

R� y
dA

�
dθ

δθ � δQ0 �
R

EA

� β

0

��
A

�
� αEτ �

E

R� y

� y

0
ατdy

�
1

A

	
NT �

MT

R
�

MT

κR

y

R� y


��
1 �

1 � cosθ

κ

y

R� y

�
dA

�
dθ

δM � δM0 �
1

EA

� β

0

��
A

�
� αEτ �

E

R� y

� y

0
ατdy

�
1

A

	
NT �

MT

R
�

MT

κR

y

R� y


�	
1 �

1

κ

y

R� y



dA

�
dθ (Answer)

(14.130)

Problem 14.16. Derive the thermal deflection at a free end B, when the quarter
circular curved beam with a radius R and the rectangular section b� h is subjected
to the linear temperature change τ (y) � C1 � C2y along the radial direction. One
end A of the quarter circular curved beam is clamped and the other end B is free.

Solution. Equation (14.130) reduce to for this problem

δR � δP0 �
bR

EA

� π/2

0

�� h/2

�h/2

�
� αE(C1 � C2y)

�
E

R� y

� y

0
α(C1 � C2y)dy

�
1

A

	
NT �

MT

R
�

MT

κR

y

R� y


�
sinθ

κ

y

R� y
dy

�
dθ

δθ � δQ0 �
bR

EA

� π/2

0

�� h/2

�h/2

�
� αE(C1 � C2y)

�
E

R� y

� y

0
α(C1 � C2y)dy
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�
1

A

	
NT �

MT

R
�

MT

κR

y

R� y


��
1 �

1 � cosθ

κ

y

R� y

�
dy

�
dθ

δM � δM0 �
b

EA

� π/2

0

�� h/2

�h/2

�
� αE(C1 � C2y)

�
E

R� y

� y

0
α(C1 � C2y)dy

�
1

A

	
NT �

MT

R
�

MT

κR

y

R� y


�	
1 �

1

κ

y

R� y



dy

�
dθ (14.131)

We use the integration as follows:

� h/2

�h/2

y

R� y
dy � h� R ln

	
2R� h

2R� h




� h/2

�h/2

y2

R� y
dy � �hR� R2 ln

	
2R� h

2R� h




� h/2

�h/2

y3

R� y
dy �

h

12
(h2 � 12R2)� R3 ln

	
2R� h

2R� h




� h/2

�h/2

y2

(R� y)2 dy �
h(8R2 � h2)

4R2 � h2 � 2R ln

	
2R� h

2R� h




� h/2

�h/2

y3

(R� y)2 dy � �2hR
6R2 � h2

4R2 � h2 � 3R2 ln

	
2R� h

2R� h



(14.132)

NT and NT are evaluated as

NT �

�
A

αEτ (y)dA�
�
A

E

R� y

� �
A

αEτ (y)dy

�
dA

�

�
A

αE(C1 � C2y)dA�
�
A

E

R� y

� �
A

αE(C1 � C2y)dy

�
dA

� αEC1bR ln

	
2R� h

2R� h



�

1

2
αEC2b

�
� hR� R2 ln

	
2R� h

2R� h


�

MT �

�
A

αEτ (y)ydA�
�
A

Ey

R� y

� �
A

αEτ (y)dy

�
dA

�

�
A

αE(C1 � C2y)ydA�
�
A

Ey

R� y

� �
A

αE(C1 � C2y)dy

�
dA

� �αEC1b

�
� hR� R2 ln

	
2R� h

2R� h


�

�
1

2
αEC2b

�
�

h3

12
� hR2 � R3 ln

	
2R� h

2R� h


�
(14.133)
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Substituting Eqs. (14.132) and (14.133) into Eq. (14.131), the thermal deflections at
the free end B can be obtained as follows:

δR � δP0 �
αR

κh

�
1

αEbh

	
NT �

MT

R
� C1αEbh


�
h� R ln

	
2R� h

2R� h


�

� C2

�
� hR� R2 ln

	
2R� h

2R� h


�

�

	
C1 �

MT

καERbh


�
h(8R2 � h2)

4R2 � h2 � 2R ln

	
2R� h

2R� h


�

�
1

2
C2

�
3R2 ln

	
2R� h

2R� h



� 2hR

6R2 � h2

4R2 � h2

��

δθ � δQ0 �
παR

2h

�
1

αEb

	
NT �

MT

R
� C1αEbh




�

	
C1 �

MT

καERbh


�
h� R ln

	
2R� h

2R� h


�

�
1

2
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�
� hR� R2 ln

	
2R� h

2R� h
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2

π
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1

κ

	
1
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2R� h


�
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�
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MT
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�
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�

�
1

2
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�
3R2 ln

	
2R� h

2R� h



� 2hR
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�
�
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�
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R
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�
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2
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�
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�
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�
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Fig. 14.6 A beam on elastic
foundation

�
1

2
C2

�
3R2 ln

	
2R� h

2R� h



� 2hR

6R2 � h2

4R2 � h2

�
�
(Answer)

Problem 14.17. Derive the deflection and the thermal stress in a beam with a rec-
tangular cross section b � h on the elastic foundation with simply supported edges
subjected to the temperature change

τ �

n�
i�0

(T2iy
2i � T2i�1y

2i�1) (14.134)

Solution. When the beam supported by an elastic foundation along its whole length,
shown in Fig. 14.6 is subjected to thermal load τ (y) and mechanical load p(x), the
relation between stress and strain is given by Eq. (14.2)

σx � �αEτ � ε0E � E
y

ρ
(14.135)

where the axial strain ε0 and the curvature 1/ρ at the neutral plane y � 0 are

ε0 �
α

A

�
A

τ (y) dA ,
1

ρ
�

MM

EI
�

α

I

�
A

τ (y)y dA (14.136)

When the beam is deflected, the reaction from the elastic foundation which is pro-
portional to the deflection v supports the beam. The reaction per unit length along
the beam can be expressed by kv, where k is a constant. The relation between the
bending moment MM and the load p� kv is given by4

d2MM

dx2 � �p� kv (14.137)

Using Eqs. (14.32), (14.136) and (14.137), the differential equation for the deflection
v is

d4v

dx4 �
k

EI
v �

p

EI
�

α

I

d2

dx2

�
A

τ (y)y dA (14.138)

4 See: S. Timoshenko, Strength of Materials, Part 1 Elementary, 3rd edn. (Van Nostrand Reinhold,
New York, 1995), Eqs. (50) and (51), pp. 77–78.
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Since the temperature change (14.134) is independent of a variable x and the mechan-
ical load p does not act on the beam, the differential equation for deflection (14.138)
reduces to

d4v

dx4 �
k

EI
v � 0 (14.139)

The boundary conditions for simply supported edges are

v � 0,
d2v

dx2 �
α

I

�
A

τ (y)y dA � 0 at x � 0, l (14.140)

The general solution of Eq. (14.139) is

v(x) � eβx(C1 cos βx � C2 sin βx)� e�βx(C3 cos βx � C4 sin βx) (14.141)

From the boundary conditions (14.140), we get the unknown constants

C1 � B
sin βl(cosh βl � cos βl)

4β2(sinh2 βl � sin2 βl)

C2 � B
e�βl sinh βl � sin2 βl � sinh βl cos βl

4β2(sinh2 βl � sin2 βl)

C3 � �B
sin βl(cosh βl � cos βl)

4β2(sinh2 βl � sin2 βl)

C4 � B
eβl sinh βl � sin2 βl � sinh βl cos βl

4β2(sinh2 βl � sin2 βl)
(14.142)

where

B � α

n�
i�0

3

2i � 3

	
h

2


2i

T2i�1 (14.143)

Then, the deflection v is

v � α

n�
i�0

3

2i � 3
T2i�1

	
h

2


2i cosh βl � cos βl

2β2(sinh2 βl � sin2 βl)

� �sinh βx sin β(l � x)� sinh β(l � x) sin βx	 (Answer) (14.144)

The thermal stress is determined as

σx � �αEτ (x, y)�
αE

A

�
A

τ (x, y) dA� Ey
d2v

dx2 (14.145)
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Substitution of the deflection (14.144) into Eq. (14.145) gives the thermal stress in
the beam

σx � �αE
n�

i�0

�
T2iy

2i � T2i�1y
2i�1 �

T2i

2i � 1

	
h

2


2i

�
3

2i � 3
T2i�1

	
h

2


2i

y
cosh βl � cos βl

sinh2 βl � sin2 βl

� �cosh βx cos β(l � x)� cosh β(l � x) cos βx	

�
(Answer)



Chapter 15
Heat Conduction

In this chapter the Fourier heat conduction equation along with the boundary
conditions and the initial conditions for various coordinate systems are recalled.
One-dimensional heat conduction problems in Cartesian coordinates, cylindrical
coordinates and spherical coordinates are treated for both the steady and the transient
temperature fields. The particular problems and solutions for heat conduction in a
strip, a solid cylinder, a hollow circular cylinder and a hollow sphere are presented
for various boundary conditions. [See also Chap. 22.]

15.1 Heat Conduction Equation

Heat conduction equation
The Fourier law of heat conduction is

q = −λ
∂T

∂n
(15.1)

where q denotes the heat flux with dimension [W/m2] and λ is the thermal conduc-
tivity of the solid with dimension [W/(m · K)]. Here, ∂/∂n denotes differentiation
along out-drawn normal n to the isothermal surface.

The Fourier heat conduction equation for the homogeneous isotropic solid based
on the Fourier law of heat conduction (15.1) is

cρ
∂T

∂t
= λ∇2T + Q (15.2)

An alternative form is
1

κ

∂T

∂t
= ∇2T + Q

λ
(15.2′)
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where

κ = λ

cρ
(15.3)

in which Q is the internal heat generation per unit volume per unit time, c is the
specific heat with dimension [J/(kg · K)], ρ is the density with dimension [kg/m3]
of the solid, and κ means the thermal diffusivity with dimension [m2/s], and the
expression for the Laplacian operator ∇2 is different for each coordinate system:

∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 : for Cartesian coordinates

= ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2 + ∂2

∂z2 : for cylindrical coordinates

= ∂2

∂r2 + 2

r

∂

∂r
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+ 1

r2 sin2 θ

∂2

∂φ2

: for spherical coordinates (15.4)

The heat conduction equation for a nonhomogeneous anisotropic solid is

cρ
∂T

∂t
= ∂

∂x

(
λx

∂T

∂x

)
+ ∂

∂y

(
λy

∂T

∂y

)
+ ∂

∂z

(
λz

∂T

∂z

)
+ Q (15.5)

whereλx ,λy , andλz denote the thermal conductivities along the x , y, and z directions,
respectively, and depend on the position.

The heat conduction equation for a nonhomogeneous isotropic solid is

cρ
∂T

∂t
= ∂

∂x

(
λ

∂T

∂x

)
+ ∂

∂y

(
λ

∂T

∂y

)
+ ∂

∂z

(
λ

∂T

∂z

)
+ Q (15.6)

The heat conduction equation for homogeneous anisotropic solid is

cρ
∂T

∂t
= λx

∂2T

∂x2 + λy
∂2T

∂y2 + λz
∂2T

∂z2 + Q (15.7)

The heat conduction equation for a homogeneous isotropic solid without internal
heat generation is

1

κ

∂T

∂t
= ∇2T (15.8)

The steady state heat conduction equation for the homogeneous isotropic solid with
the internal heat generation Q is

∇2T + Q

λ
= 0 (15.9)
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The steady state heat conduction equation for the homogeneous isotropic solid
without internal heat generation is

∇2T = 0 (15.10)

Boundary conditions

When heat transfer between the boundary surface of the solid and the surrounding
medium occurs by convection, the boundary condition is

− λ
∂T

∂n
+ qb = h(T − �) (15.11)

where h denotes the heat transfer coefficient with dimension [W/(m2 ·K)], qb means
heat generation per unit area per unit time on the boundary surface and � is the
temperature of the surrounding medium which is a given function of position and
time.

When the surfaces of two solids are in perfect thermal contact, the temperature
on the contact surface and the heat flow through the contact surface are the same for
both solids

T1 = T2, λ1
∂T1

∂n
= λ2

∂T2

∂n
(15.12)

where subscripts 1 and 2 refer to the solid 1 and 2, respectively, and n is the common
normal direction on the contact surface.

Initial condition
When the transient heat conduction Eq. (15.2) is considered, an initial condition
which expresses the temperature distribution in the solid at initial time must be
specified

T = �(P) (15.13)

where �(P) is the initial temperature distribution and P is a position in the solid.

15.2 One-Dimensional Heat Conduction Problems

Temperature in a strip

The heat conduction Eq. (15.9) simplifies to the form for one-dimensional steady
state heat conduction problems of a homogeneous isotropic solid with the internal
heat generation Q

d2T

dx2 = −Q

λ
(15.14)
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If there is no internal heat generation Q, Eq. (15.14) reduces to

d2T

dx2 = 0 (15.15)

The steady temperature in a strip of width l with constant internal heat generation
Q is given for the heat transfer boundary conditions

T = Ta + (Tb − Ta)
hb(hax + λ)

λ(ha + hb) + hahbl

+ Ql2

2λ

[ (2λ + hbl)(hbx + λ)

λ(ha + hb)l + hahbl2
− x2

l2

]
(15.16)

where Ta and Tb are the temperatures of the surrounding media, ha and hb are the
heat transfer coefficients, and subscripts a and b denote boundaries at x = 0 and
x = l, respectively.

The heat conduction Eq. (15.8) simplifies to the form for one-dimensional transient
heat conduction problems of a homogeneous isotropic solid

∂T

∂t
= κ

∂2T

∂x2 (15.17)

The transient temperature in a strip of width l with the initial temperature Ti (x) is
given for the heat transfer boundary conditions

T (x, t) = Ta + (Tb − Ta)
hb(hax + λ)

λ(ha + hb) + hahbl

+ 2
∞∑

n=1

(λ2s2
n + h2

b)(ha sin snx + λsn cos snx)e−κs2
n t

l(λ2s2
n + h2

a)(λ
2s2

n + h2
b) + λ(ha + hb)(λ2s2

n + hahb)

×
∫ l

0

{
Ti (x) −

[
Ta + (Tb − Ta)

hb(hax + λ)

λ(ha + hb) + hahbl

]}

× (ha sin snx + λsn cos snx) dx (15.18)

where sn are eigenvalues of the transcendental equation

tan snl = λsn(ha + hb)

λ2s2
n − hahb

(15.19)

Temperature in a hollow cylinder

The heat conduction Eq. (15.9) simplifies to the form for one-dimensional steady
state heat conduction problems of the homogeneous isotropic cylinder with an inter-
nal heat generation Q
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d2T

dr2 + 1

r

dT

dr
= −O

λ
(15.20)

Furthermore, if there is no internal heat generation Q, Eq. (15.20) reduces to

d2T

dr2 + 1

r

dT

dr
= 0 (15.21)

The steady temperature in a hollow cylinder of inner radius a and outer radius b
with constant internal heat generation Q is given for the heat transfer boundary
conditions

T = Ta + (Tb − Ta)
ln

r

a
+ λ

haa

ln
b

a
+ λ

haa
+ λ

hbb

− Q

4λ
r2 + Q

4λ

⎛

⎜⎜⎝
a2

(
1 − 2

λ

aha

)
ln

b

r
+ b2

(
1 + 2

λ

bhb

)
ln

r

a

+ λ

aha
b2 + λ

bhb
a2 + 2(b2 − a2)

λ

aha

λ

bhb

⎞

⎟⎟⎠

ln
b

a
+ λ

haa
+ λ

hbb

(15.22)

where subscripts a and b denote the boundaries at r = a and r = b, respectively.
The heat conduction Eq. (15.8) simplifies to the form for one-dimensional transient

heat conduction problems of a homogeneous isotropic cylinder

∂T

∂t
= κ

(∂2T

∂r2 + 1

r

∂T

∂r

)
(15.23)

The transient temperature in a hollow cylinder of inner radius a and outer radius b
with the initial temperature Ti (r) is given for the heat transfer boundary conditions

T = Ta + (Tb − Ta)
ln(r/a) + λ/(haa)

ln(b/a) + λ/(haa) + λ/(hbb)

− π

∞∑

n=1

Taha − TbhbGn

(h2
a + λ2s2

n ) − (h2
b + λ2s2

n )G
2
n

f (sn, r)e
−κs2

n t

− π2

2

∞∑

n=1

s2
n f (sn, r)

(h2
a + λ2s2

n ) − (h2
b + λ2s2

n )G
2
n

∫ b

a
Ti (η) f (sn, η)ηdη e−κs2

n t

(15.24)

where sn are eigenvalues of the transcendental equation
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[ha J0(sna) + λsn J1(sna)][hbY0(snb) − λsnY1(snb)]
− [hb J0(snb) − λsn J1(snb)][haY0(sna) + λsnY1(sna)] = 0 (15.25)

and

Gn = ha J0(sna) + λsn J1(sna)

hb J0(snb) − λsn J1(snb)
= haY0(sna) + λsnY1(sna)

hbY0(snb) − λsnY1(snb)
(15.26)

f (sn, r) = J0(snr)[haY0(sna) + λsnY1(sna)]
− Y0(snr)[ha J0(sna) + λsn J1(sna)] (15.27)

in which J0(sr) is the Bessel function of the first kind of order zero, and Y0(sr) is
the Bessel function of the second kind of order zero.

Temperature in a hollow sphere

The heat conduction Eq. (15.9) simplifies to the form for one-dimensional steady state
heat conduction problems of the homogeneous isotropic sphere with the internal heat
generation Q

d2T

dr2 + 2

r

dT

dr
= −Q

λ
(15.28)

Furthermore, if there is no internal heat generation Q, Eq. (15.28) reduces to

d2T

dr2 + 2

r

dT

dr
= 0 (15.29)

The steady temperature in a hollow sphere of inner radius a and outer radius bwith
constant internal heat generation Q is given for the heat transfer boundary conditions

T = Ta + (Tb − Ta)
1 + λ

haa
− a

r

1 − a

b
+ λ

haa
+ a

b

λ

hbb

− Q

6λ
r2

− Q

6λ
b2

⎛

⎜⎜⎝

[
1 −

(a
b

)2 + 2
λ

aha

(a
b

)2 + 2
λ

bhb

]a
r

−
[(

1 + 2
λ

bhb

) (
1 + λ

aha

)
−

(a
b

)3
(

1 − 2
λ

aha

) (
1 − λ

bhb

)]

⎞

⎟⎟⎠

1 − a

b
+ λ

haa
+ a

b

λ

hbb
(15.30)

The heat conduction Eq. (15.8) simplifies to the form for one-dimensional transient
heat conduction problems of a homogeneous isotropic sphere
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∂T

∂t
= κ

(∂2T

∂r2 + 2

r

∂T

∂r

)
(15.31)

The transient temperature in a hollow sphere of inner radius a and outer radius b
with the initial temperature Ti (r) is given for the heat transfer boundary conditions

T (r, t) = Ta + (Tb − Ta)
1 + λ

haa
− a

r

1 − a

b
+ λ

haa
+ a

b

λ

hbb

+
∞∑

n=1

Cn

r

[
(haa + λ) sin sn(r − a) + λsna cos sn(r − a)

]
e−κs2

n t

(15.32)

where coefficients Cn are

Cn =

⎛

⎝ 2[(hbb − λ)2 + λ2s2
nb

2]
∫ b

a
[Ti (η) − Ts(η)]η

×[(haa + λ) sin sn(η − a) + λsna cos sn(η − a)] dη

⎞

⎠

(
(b − a)[(haa + λ)2 + λ2s2

na
2][(hbb − λ)2 + λ2s2

nb
2]

+λ[b(haa + λ) + a(hbb − λ)][(haa + λ)(hbb − λ) + λ2s2
nab]

)

(15.33)
and sn are eigenvalues of the transcendental equation

[
(haa + λ) (hbb − λ) − λ2s2

nab
]

sin sn(b − a)

+ λsn [b (haa + λ) + a (hbb − λ)] cos sn(b − a) = 0 (15.34)

15.3 Problems and Solutions Related to Heat Conduction

Problem 15.1. When the boundary conditions of a strip are given by following three
cases (1), (2) and (3), find the steady temperatures in the strip.

[1] Prescribed surface temperatures Ta and Tb at both surfaces x = 0 and x = l,
respectively.

[2] Prescribed surface temperature Ta at the left surface x = 0 and constant heat
flux qb (= −λ(dT/dx)) at the right surface x = l.

[3] Constant heat flux qa (= λ(dT/dx)) at the left surface x = 0 and prescribed
surface temperature Tb at the right surface x = l.

Solution. The general solution of the governing Eq. (15.15) is

T = A + Bx (15.35)
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where unknown coefficients A and B are determined by each boundary condition.

[1] The boundary conditions are

T = Ta on x = 0, T = Tb on x = l (15.36)

Substituting Eq. (15.35) into Eq. (15.36), unknown coefficients A and B can be
determined as

A = Ta, B = (Tb − Ta)
1

l
(15.37)

The temperature becomes

T = Ta + (Tb − Ta)
x

l
(Answer)

[2] The boundary conditions are

T = Ta on x = 0, −λ
dT

dx
= qb on x = l (15.38)

Substituting Eq. (15.35) into Eq. (15.38), unknown coefficients A and B can be
determined as

A = Ta, B = −qb
λ

(15.39)

The temperature becomes

T = Ta − qb
λ
x (Answer)

[3] The boundary conditions are

λ
dT

dx
= qa on x = 0, T = Tb on x = l (15.40)

Substituting Eq. (15.35) into Eq. (15.40), unknown coefficients A and B can be
determined as

A = Tb − qa
λ
l, B = qa

λ
(15.41)

The temperature becomes

T = Tb − qa
λ

(l − x) (Answer)

Problem 15.2. When the boundary conditions of a hollow cylinder are given by
following five cases (1)–(5), find the steady temperatures in the hollow cylinder.

[1] Prescribed surface temperatures Ta and Tb at both surfaces r = a and r = b,
respectively.
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[2] Prescribed surface temperature Ta at the inner surface r = a, and heat transfer
between the outer surface and the surrounding medium with temperature Tb at
the outer surface r = b.

[3] Prescribed surface temperature Tb at the outer surface r = b, and heat transfer
between the inner surface and the surrounding medium with temperature Ta at
the inner surface r = a.

[4] Constant heat flux qa (= λ(dT/dr)) at the inner surface r = a, and heat transfer
between the outer surface and the surrounding medium with temperature Tb at
the outer surface r = b.

[5] Constant heat flux qb (= −λ(dT/dr)) at the outer surface r = b, and heat
transfer between the inner surface and the surrounding medium with temperature
Ta at the inner surface r = a.

Solution. The general solution of the governing Eq. (15.21) is

T = A + B ln r (15.42)

where unknown coefficients A and B are determined by each boundary condition.

[1] The boundary conditions are

T = Ta on r = a, T = Tb on r = b (15.43)

Substituting Eq. (15.42) into Eq. (15.43), unknown coefficients A and B can be
determined as

A = Ta − Tb − Ta
ln b − ln a

ln a, B = Tb − Ta
ln b − ln a

(15.44)

The temperature becomes

T = Ta + (Tb − Ta)
ln

r

a

ln
b

a

(Answer)

[2] The boundary conditions are

T = Ta on r = a, −λ
∂T

∂r
= hb(T − Tb) on r = b (15.45)

Substitution of Eq. (15.42) into Eq. (15.45) gives

A = Ta − (Tb − Ta)
ln a

ln
b

a
+ λ

hbb

, B = (Tb − Ta)
1

ln
b

a
+ λ

hbb

(15.46)
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The temperature becomes

T = Ta + (Tb − Ta)
ln

r

a

ln
b

a
+ λ

hbb

(Answer)

[3] The boundary conditions are

λ
dT

dr
= ha(T − Ta) on r = a, T = Tb on r = b (15.47)

Substitution of Eq. (15.42) into Eq. (15.47) gives

A = Ta − (Tb − Ta)
ln a − λ

haa

ln
b

a
+ λ

haa

, B = (Tb − Ta)
1

ln
b

a
+ λ

haa

(15.48)

The temperature becomes

T = Ta + (Tb − Ta)
ln

r

a
+ λ

haa

ln
b

a
+ λ

haa

(Answer)

[4] The boundary conditions are

λ
dT

dr
= qa on r = a, −λ

dT

dr
= hb(T − Tb) on r = b (15.49)

Substitution of Eq. (15.42) into Eq. (15.49) gives

A = Tb − qaa

λ
(ln b + λ

hbb
), B = qaa

λ
(15.50)

The temperature becomes

T = Tb + qaa

λ

(
ln

r

b
− λ

hbb

)
(Answer)

[5] The boundary conditions are

λ
dT

dr
= ha(T − Ta) on r = a, −λ

dT

dr
= qb on r = b (15.51)
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Substitution of Eq. (15.42) into Eq. (15.51) gives

A = Ta + qbb

λ
(ln a − λ

haa
), B = −qbb

λ
(15.52)

The temperature becomes

T = Ta − qbb

λ

(
ln

r

a
+ λ

haa

)
(Answer)

Problem 15.3. When the boundary conditions of a hollow sphere are given by fol-
lowing five cases (1)–(5), find the steady temperatures in the hollow sphere.

[1] Prescribed surface temperatures Ta and Tb at both surfaces r = a and r = b,
respectively.

[2] Prescribed surface temperature Ta at the inner surface r = a, and heat transfer
between the outer surface and the surrounding medium with temperature Tb at
the outer surface r = b.

[3] Prescribed surface temperature Tb at the outer surface r = b, and heat transfer
between the inner surface and the surrounding medium with temperature Ta at
the inner surface r = a.

[4] Constant heat flux qa (= λ(dT/dr)) at the inner surface r = a, and heat transfer
between the outer surface and the surrounding medium with temperature Tb at
the outer surface r = b.

[5] Constant heat flux qb (= −λ(dT/dr)) at the outer surface r = b, and heat
transfer between the inner surface and the surrounding medium with temperature
Ta at the inner surface r = a.

Solution. The general solution of the governing Eq. (15.29) is

T = A + B

r
(15.53)

where unknown coefficients A and B are determined by each boundary condition.

[1] The boundary conditions are

T = Ta on r = a, T = Tb on r = b (15.54)

Substitution of Eq. (15.53) into Eq. (15.54) gives

A + B

a
= Ta , A + B

b
= Tb (15.55)
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Equation (15.55) gives

A = Ta + Tb − Ta

1 − a

b

, B = −a(Tb − Ta)

1 − a

b

(15.56)

The temperature becomes

T = Ta + (Tb − Ta)
1 − a

r

1 − a

b

(Answer)

[2] The boundary conditions are

T = Ta on r = a, −λ
dT

dr
= hb(T − Tb) on r = b (15.57)

Substitution of Eq. (15.53) into Eq. (15.57) gives

A = Ta + (Tb − Ta)
1

1 − a

b
+ a

b

λ

bhb

, B = − a(Tb − Ta)

1 − a

b
+ a

b

λ

bhb

(15.58)

The temperature becomes

T = Ta + (Tb − Ta)
1 − a

r

1 − a

b
+ a

b

λ

bhb

(Answer)

[3] The boundary conditions are

λ
dT

dr
= ha(T − Ta) on r = a, T = Tb on r = b (15.59)

Substitution of Eq. (15.53) into Eq. (15.59) gives

A = Ta + (Tb − Ta)
1 + λ

aha

1 − a

b
+ λ

aha

, B = − a(Tb − Ta)

1 − a

b
+ λ

aha

(15.60)
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The temperature becomes

T = Ta + (Tb − Ta)
1 + λ

aha
− a

r

1 − a

b
+ λ

aha

(Answer)

[4] The boundary conditions are

λ
dT

dr
= qa on r = a, −λ

dT

dr
= hb(T − Tb) on r = b (15.61)

Substitution of Eq. (15.53) into Eq. (15.61) gives

B = −a2qa
λ

, A = Tb + aqa
λ

a

b

(
1 − λ

bhb

)
(15.62)

The temperature becomes

T = Tb − aqa
λ

a

b

(b
r

− 1 + λ

bhb

)
(Answer)

[5] The boundary conditions are

λ
dT

dr
= ha(T − Ta) on r = a, −λ

dT

dr
= qb on r = b (15.63)

Substitution of Eq. (15.53) into Eq. (15.63) gives

B = b2qb
λ

, A = Ta − bqb
λ

b

a

(
1 + λ

aha

)
(15.64)

The temperature becomes

T = Ta − bqb
λ

b

a

(
1 + λ

aha
− a

r

)
(Answer)

Problem 15.4. Find the steady temperature in a strip of width l with constant internal
heat generation Q under heat transfer boundary conditions.

Solution. The steady state heat conduction equation is given by Eq. (15.14). The
boundary conditions are

λ
dT

dx
= ha(T − Ta) on x = 0, −λ

dT

dx
= hb(T − Tb) on x = l (15.65)
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where Ta and Tb are the temperatures of the surrounding media, ha and hb are the
heat transfer coefficients, and subscripts a and b denote boundaries at x = 0 and
x = l, respectively. A general solution of Eq. (15.14) is

T = A + Bx − Q

2λ
x2 (15.66)

The coefficients A and B can be determined from the boundary conditions (15.65)

A = Ta + λhb(Tb − Ta)

λ(ha + hb) + hahbl
+ Q

2λ

λl(2λ + hbl)

λ(ha + hb) + hahbl

B = hahb(Tb − Ta)

λ(ha + hb) + hahbl
+ Q

2λ

hal(2λ + hbl)

λ(ha + hb) + hahbl
(15.67)

Substitution of Eq. (15.67) into Eq. (15.66) gives the temperature

T = Ta + (Tb − Ta)
hb(hax + λ)

λ(ha + hb) + hahbl

+ Ql2

2λ

[ (2λ + hbl)(hbx + λ)

λ(ha + hb)l + hahbl2
− x2

l2

]
(Answer)

Problem 15.5. Find the steady temperature in a hollow cylinder of inner radius
a and outer radius b with constant internal heat generation Q under heat transfer
boundary conditions.

Solution. The steady heat conduction equation in the hollow cylinder is given by
Eq. (15.20). The boundary conditions are

λ
dT

dr
= ha(T − Ta) on r = a

− λ
dT

dr
= hb(T − Tb) on r = b (15.68)

The general solution of Eq. (15.20) is

T = A + B ln r − Q

4λ
r2 (15.69)

The coefficients A and B can be determined from the boundary conditions (15.68)

A = Ta − (Tb − Ta)
ln a − λ

haa

ln
b

a
+ λ

haa
+ λ

hbb
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+ Q

4λ

⎛

⎜⎝
a2 ln b − b2 ln a − 2

λ

bhb
b2 ln a − 2

λ

aha
a2 ln b

+ λ

aha
b2 + λ

bhb
a2 + 2(b2 − a2)

λ

aha

λ

bhb

⎞

⎟⎠

ln
b

a
+ λ

haa
+ λ

hbb

B = Tb − Ta

ln
b

a
+ λ

haa
+ λ

hbb

+ Q

4λ

(
1 + 2

λ

bhb

)
b2 −

(
1 − 2

λ

aha

)
a2

ln
b

a
+ λ

haa
+ λ

hbb

(15.70)

Thus the temperature is

T = Ta + (Tb − Ta)
ln

r

a
+ λ

haa

ln
b

a
+ λ

haa
+ λ

hbb

− Q

4λ
r2 + Q

4λ

⎛

⎜⎜⎝

a2
(

1 − 2
λ

aha

)
ln

b

r
+ b2

(
1 + 2

λ

bhb

)
ln

r

a

+ λ

aha
b2 + λ

bhb
a2 + 2(b2 − a2)

λ

aha

λ

bhb

⎞

⎟⎟⎠

ln
b

a
+ λ

haa
+ λ

hbb

(Answer)

Problem 15.6. Find the steady temperature in a hollow sphere of inner radius a and
outer radius b with constant internal heat generation Q under heat transfer boundary
conditions.

Solution. The steady heat conduction equation in the hollow sphere is given by
Eq. (15.28). The boundary conditions are

λ
dT

dr
= ha(T − Ta) on r = a

− λ
dT

dr
= hb(T − Tb) on r = b (15.71)

The general solution of Eq. (15.28) is

T = A + B

r
− Q

6λ
r2 (15.72)
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The coefficients A and B can be determined from the boundary conditions (15.71)

A = Ta + (Tb − Ta)
1 + λ

haa

1 − a

b
+ λ

haa
+ a

b

λ

hbb

+ Q

6λ
b2

(
1 + 2

λ

bhb

) (
1 + λ

aha

)
−

(a
b

)3
(

1 − 2
λ

aha

) (
1 − λ

bhb

)

1 − a

b
+ λ

haa
+ a

b

λ

hbb

B = −(Tb − Ta)
a

1 − a

b
+ λ

haa
+ a

b

λ

hbb

− Q

6λ
ab2

1 −
(a
b

)2 + 2
λ

aha

(a
b

)2 + 2
λ

bhb

1 − a

b
+ λ

haa
+ a

b

λ

hbb

(15.73)

Thus, the temperature is

T = Ta + (Tb − Ta)
1 + λ

haa
− a

r

1 − a

b
+ λ

haa
+ a

b

λ

hbb

− Q

6λ
r2

− Q

6λ
b2

⎛

⎜⎜⎝

[
1 −

(a
b

)2 + 2
λ

aha

(a
b

)2 + 2
λ

bhb

]
a

r

−
[(

1 + 2
λ

bhb

) (
1 + λ

aha

)
−

(a
b

)3
(

1 − 2
λ

aha

) (
1 − λ

bhb

)]

⎞

⎟⎟⎠

1 − a

b
+ λ

haa
+ a

b

λ

hbb
(Answer)

Problem 15.7. Determine the one-dimensional steady temperature of a two-layered
hollow cylinder for the heat transfer boundary conditions.

Solution. The temperature of each layer is

Ti = Ai + Bi ln r (i = 1, 2) (15.74)

The boundary conditions at each boundary are
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λ1
dT1

dr
= ha(T1 − Ta) on r = a

T1 = T2 , λ1
dT1

dr
= λ2

dT2

dr
on r = c

−λ2
dT2

dr
= hb(T2 − Tb) on r = b (15.75)

We get the coefficients Ai and Bi in Eq. (15.74) from (15.74) and (15.75)

A1 = Ta − Tb − Ta
D

bhbλ2(aha ln a − λ1) , B1 = Tb − Ta
D

abhahbλ2

A2 = Ta + Tb − Ta
D

bhb(ahaλ2 ln
c

a
− ahaλ1 ln c + λ1λ2)

B2 = Tb − Ta
D

abhahbλ1 (15.76)

where

D = λ1λ2(aha + bhb) + abhahb
(
λ1 ln

b

c
+ λ2 ln

c

a

)
(15.77)

Then, the temperature of each layer is

T1 = Ta + Tb − Ta
D

bhbλ2

(
aha ln

r

a
+ λ1

)

T2 = Ta + Tb − Ta
D

bhbλ2

{
aha

(
ln

c

a
+ λ1

λ2
ln

r

c

)
+ λ1

}
(Answer)

Problem 15.8. Find the transient temperature in a strip, when the initial temperature
is Ti (r), and the boundary conditions of the strip are given by following two cases:

[1] Prescribed surface temperatures Ta and Tb at both surfaces x = 0 and x = l,
respectively.

[2] Prescribed surface temperature Ta at x = 0 and constant heat flux qb(=
−λ(∂T/∂x)) at x = l.

Solution. When the heat transfer conditions at both surfaces are

λ
∂T

∂x
= ha(T − Ta) on x = 0, −λ

∂T

∂x
= hb(T − Tb) on x = l (15.78)

the temperature is given by Eq. (15.18). Comparing between the heat transfer con-
ditions (15.78) and each boundary condition, the temperature for each boundary
condition can easily be obtained.

[1] The boundary conditions on x = 0 and x = l for this problem are

T = Ta on x = 0, T = Tb on x = l (15.79)
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Rewriting the boundary conditions (15.78) gives

T = Ta + λ

ha

∂T

∂x
on x = 0, T = Tb − λ

hb

∂T

∂x
on x = l (15.80)

Putting ha → ∞ and hb → ∞, Eq. (15.80) reduces to Eq. (15.79). Therefore,
we can obtain the temperature from Eq. (15.18) after putting ha → ∞ and
hb → ∞.

T (x, t) = Ta + (Tb − Ta)
x

l

+ 2
∞∑

n=1

{∫ l

0

[
Ti (x) − Ta − (Tb − Ta)

x

l

]
sin nπ

x

l
dx

}

× sin nπ
x

l
e−κ(nπ/ l)2t (Answer)

[2] The boundary conditions of this case are

T = Ta on x = 0, −λ
∂T

∂x
= qb on x = l (15.81)

If we rewrite hbTb = −qb, and put ha → ∞ and hb = 0 in Eq. (15.78),
Eq. (15.78) reduces to Eq. (15.81). Therefore, we can obtain the temperature
from Eq. (15.18), after rewriting hbTb = −qb and putting ha → ∞ and hb = 0.

T (x, t) = Ta − qb
λ
x

+ 2
∞∑

n=1

{∫ l

0

[
Ti (x) − Ta + qb

λ
x
]

sin
(2n − 1

2
π
x

l

)
dx

}

× sin
(2n − 1

2
π
x

l

)
e−κ[(2n−1)π/2]2t (Answer)

Problem 15.9. When the boundary condition of the solid cylinder is heat transfer
between the surface and the surrounding medium with the temperature Ta , and the
initial temperature is Ti (r), find the transient temperature in the solid cylinder.

Solution. When the boundary condition of the solid cylinder is heat transfer be-
tween the surface of the cylinder and the surrounding medium with the temperature
Ta , and the initial temperature is Ti (r), the equations to be solved are

(1) Governing equation
∂T

∂t
= κ

(∂2T

∂r2 + 1

r

∂T

∂r

)
(15.82)



15.3 Problems and Solutions Related to Heat Conduction 371

(2) Boundary condition

− λ
∂T

∂r
= ha(T − Ta) on r = a (15.83)

(3) Initial condition
T = Ti (r) at t = 0 (15.84)

The solution of Eq. (15.82) can be obtained by use of the method of separation of
variables. We put the temperature to

T (r, t) = f (r)g(t) (15.85)

Substitution of Eq. (15.85) into Eq. (15.82) leads to a pair of ordinary differential
equation for g(t) and f (t)

dg(t)

dt
+ κs2g(t) = 0 (15.86)

d2 f (r)

dr2 + 1

r

d f (r)

dr
+ s2 f (r) = 0 (15.87)

where s is arbitrary constant, and Eq. (15.87) is Bessel’s differential equation of order
zero.1

The linearly independent solutions of Eq. (15.86) are

g(t) = 1 for s = 0, g(t) = exp(−κs2t) for s �= 0 (15.88)

and the linearly independent solutions of Eq. (15.87) are

f (r) =
(

1
ln r

)
for s = 0, f (r) =

(
J0(sr)
Y0(sr)

)
for s �= 0 (15.89)

where J0(sr) is the Bessel function of the first kind of order zero, and Y0(sr) is the
Bessel function of the second kind of order zero. As these solutions exist for arbitrary
values of s, the general solution of temperature T (r, t) may be given by

T (r, t) = A0 + B0r +
∞∑

n=1

[An J0(snr) + BnY0(snr)]e−κs2
n t (15.90)

As the Bessel function Y0(sr) and ln r are infinite at r = 0, B0 and Bn must be zero
for the solid cylinder. Therefore, the temperature for this problem reduces to

1 G. N. Watson, Theory of Bessel Functions (2nd ed.), Cambridge University Press, Cambridge
(1944).
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T (r, t) = A0 +
∞∑

n=1

An J0(snr)e
−κs2

n t (15.91)

where An are unknown coefficients.
Substitution of Eq. (15.91) into the boundary condition (15.83) gives

ha(A0 − Ta) +
∞∑

n=1

An[ha J0(sna) − λsn J1(sna)]e−κs2
n t = 0 (15.92)

If A0 = Ta and sn are eigenvalues of the eigenfunction

ha J0(sna) − λsn J1(sna) = 0 (15.93)

then, Eq. (15.92) is identically satisfied. Therefore, the temperature is

T = Ta +
∞∑

n=1

An J0(snr)e
−κs2

n t (15.94)

Using the initial condition (15.84), Eq. (15.94) yields

∞∑

n=1

An J0(snr) = Ti (r) − Ta (15.95)

Multiplying both sides of Eq. (15.95) by r J0(smr), and integrating from 0 to a, we
find

Am = 2

a2[J 2
0 (sma) + J 2

1 (sma)]
∫ a

0
[Ti (r) − Ta]J0(smr)rdr (15.96)

in which the following relations are used

∫ a

0
J0(smr)J0(snr)rdr

= a

s2
m − s2

n
[sm J1(sma)J0(sna) − sn J1(sna)J0(sma)]

= a

λ(s2
m − s2

n )
[ha J0(sma)J0(sna) − ha J0(sna)J0(sma)] = 0

for m �= n
∫ a

0
J 2

0 (smr)rdr = a2

2
[J 2

0 (sma) + J 2
1 (sma)] (15.97)



15.3 Problems and Solutions Related to Heat Conduction 373

Therefore, the temperature is given by

T (r, t) = Ta − 2

a2

∞∑

n=1

{
1

J 2
0 (sna) + J 2

1 (sna)

∫ a

0
[Ta − Ti (r)]J0(snr)rdr

}

× J0(snr)e
−κs2

n t (Answer)

If the surface temperature on the surface r = a is prescribed, the boundary
condition is

T = Ta on r = a (15.98)

For this case the temperature becomes

T (r, t) = Ta − 2

a2

∞∑

n=1

{
1

J 2
1 (sna)

∫ a

0
[Ta − Ti (r)]J0(snr)r dr

}
J0(snr)e

−κs2
n t

(Answer)
where sn are eigenvalues of eigenfunction

J0(sna) = 0 (15.99)

Problem 15.10. Find the transient temperature in a hollow cylinder of inner radius
a and outer radius b with the initial temperature Ti (r) under heat transfer boundary
conditions.

Solution. The problem to be solved consists of

(1) Governing equation:
∂T

∂t
= κ

(∂2T

∂r2 + 1

r

∂T

∂r

)
(15.100)

(2) Boundary conditions:

λ
∂T

∂r
= ha(T − Ta) on r = a

−λ
∂T

∂r
= hb(T − Tb) on r = b (15.101)

(3) Initial condition:
T = Ti (r) at t = 0 (15.102)

The general solution of Eq. (15.100) is from (15.90)

T (r, t) = A0 + B0 ln r +
∞∑

n=1

[An J0(snr) + BnY0(snr)]e−κs2
n t (15.103)
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Substitution of Eq. (15.103) into Eq. (15.101) gives

aha A0 + B0(aha ln a − λ) − ahaTa +
∞∑

n=1

{An[aha J0(sna) + λsna J1(sna)]

+ Bn[ahaY0(sna) + λsnaY1(sna)]}e−κs2
n t = 0

bhb A0 + B0(bhb ln b + λ) − bhbTb +
∞∑

n=1

{An[bhb J0(snb) − λsnbJ1(snb)]

+ Bn[bhbY0(snb) − λsnbY1(snb)]}e−κs2
n t = 0 (15.104)

Equation (15.104) gives

aha A0 + B0(aha ln a − λ) = ahaTa
bhb A0 + B0(bhb ln b + λ) = bhbTb (15.105)

and

An[aha J0(sna) + λsna J1(sna)] + Bn[ahaY0(sna) + λsnaY1(sna)] = 0

An[bhb J0(snb) − λsnbJ1(snb)] + Bn[bhbY0(snb) − λsnbY1(snb)] = 0

(15.106)

Solving Eq. (15.105) for A0 and B0, we get

A0 = Ta − (Tb − Ta)
ln a − λ

aha

ln
b

a
+ λ

aha
+ λ

bhb

, B0 = Tb − Ta

ln
b

a
+ λ

aha
+ λ

bhb

(15.107)

Equation (15.106) is satisfied, if sn are eigenvalues of the transcendental equation

[ha J0(sna) + λsn J1(sna)][hbY0(snb) − λsnY1(snb)]
− [hb J0(snb) − λsn J1(snb)][haY0(sna) + λsnY1(sna)] = 0 (15.108)

Referring to Eq. (15.108) we may put

Gn = ha J0(sna) + λsn J1(sna)

hb J0(snb) − λsn J1(snb)
= haY0(sna) + λsnY1(sna)

hbY0(snb) − λsnY1(snb)
(15.109)

Equation (15.108) can be written as

hb f0(sn, b) − λsn f1(sn, b) = 0 (15.110)
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where

fi (sn, r) = Ji (snr)[haY0(sna) + λsnY1(sna)]
−Yi (snr)[ha J0(sna) + λsn J1(sna)] (i = 0, 1) (15.111)

The temperature (15.103) reduces to

T = A0 + B0 ln r +
∞∑

n=1

An f0(sn, r)e
−κs2

n t (15.112)

where An/[ahaY0(sna) + λsnY1(sna)] is rewritten as An . From the initial condition
(15.102), Eq. (15.112) reduces to

∞∑

n=1

An f0(sn, r) = Ti (r) − (A0 + B0 ln r) (15.113)

Multiplying r f0(smr) to both sides of Eq. (15.113) and integrating form a to b,
we get2

Am = π2s2
m

2[(h2
b + λ2s2

m)G2
m − (h2

a + λ2s2
m)]

×
∫ b

a
[Ti (r) − (A0 + B0 ln r)] f0(sm, r)rdr (15.114)

Substitution of Eq. (15.107) into Eq. (15.114), we get

Am = π2s2
m

2[(h2
b + λ2s2

m)G2
m − (h2

a + λ2s2
m)]

∫ b

a
Ti (r) f0(sm, r)rdr

− π(TbhbGm − Taha)

(h2
b + λ2s2

m)G2
m − (h2

a + λ2s2
m)

(15.115)

Rewriting f0(sm, r) as f (sm, r), the temperature can be expressed as

T = Ta + (Tb − Ta)
ln(r/a) + λ/(haa)

ln(b/a) + λ/(haa) + λ/(hbb)

− π

∞∑

n=1

Taha − TbhbGn

(h2
a + λ2s2

n ) − (h2
b + λ2s2

n )G
2
n

f (sn, r)e
−κs2

n t

− π2

2

∞∑

n=1

s2
n f (sn, r)

(h2
a + λ2s2

n ) − (h2
b + λ2s2

n )G
2
n

∫ b

a
Ti (η) f (sn, η)ηdη e−κs2

n t

(Answer)

2 see: Problem 15.11.



376 15 Heat Conduction

Problem 15.11. Derive Eqs. (15.114) and (15.115) from Eq. (15.113) in Problem
15.10.

Solution. From Eq. (15.113), we have

∞∑

n=1

An f0(sn, r) = Ti (r) − (A0 + B0 ln r) (15.116)

Multiplying r f0(sm, r) to Eq. (15.116) and integrating form a to b, we get

∫ b

a
f0(sm, r)

∞∑

n=1

An f0(sn, r)rdr =
∫ b

a
f0(sm, r)[Ti (r) − (A0 + B0 ln r)]rdr

(15.117)
where

fi (sn, r) = Ji (snr)[haY0(sna) + λsnY1(sna)]
−Yi (snr)[ha J0(sna) + λsn J1(sna)] (i = 0, 1) (15.118)

Before performing integration of Eq. (15.117), we calculate the following functions:

f0(sn, a) = −λsn
2

πasn
= − 2λ

πa

f1(sn, a) = 2ha
πsna

f0(sn, b) = J0(snb)[haY0(sna) + λsnY1(sna)]
− Y0(snb)[ha J0(sna) + λsn J1(sna)]

= J0(snb)Gn[hbY0(snb) − λsnY1(snb)]
− Y0(snb)Gn[hb J0(snb) − λsn J1(snb)]

= Gnλsn[J1(snb)Y0(snb) − Y1(snb)J0(snb)]
= Gnλsn

2

πsnb
= Gn

2λ

πb

f1(sn, b) = J1(snb)[haY0(sna) + λsnY1(sna)]
− Y1(snb)[ha J0(sna) + λsn J1(sna)]

= J1(snb)Gn[hbY0(snb) − λsnY1(snb)]
− Y1(snb)Gn[hb J0(snb) − λsn J1(snb)]

= Gnhb[J1(snb)Y0(snb) − Y1(snb)J0(snb)] = Gn
2hb
πsnb

(15.119)

in which the following formula of Bessel functions is used:
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Jn+1(z)Yn(z) − Jn(z)Yn+1(z) = 2

πz
(15.120)

and

Gn = ha J0(sna) + λsn J1(sna)

hb J0(snb) − λsn J1(snb)
= haY0(sna) + λsnY1(sna)

hbY0(snb) − λsnY1(snb)
(15.121)

By use of Eq. (15.119), the integration of the left side in Eq. (15.117) becomes

∫ b

a
f0(sm, r) f0(sn, r)rdr

= b

s2
m − s2

n

[
sm f1(sm, b) f0(sn, b) − sn f1(sn, b) f0(sm, b)

]

− a

s2
m − s2

n

[
sm f1(sm, a) f0(sn, a) − sn f1(sn, a) f0(sm, a)

]

= b

s2
m − s2

n

[ hb
λsm

sm f0(sm, b) f0(sn, b) − hb
λsn

sn f0(sn, b) f0(sm, b)
]

− a

s2
m − s2

n

[
sm

2ha
πsma

(
− 2λ

πa

)
− sn

2ha
πsna

(
− 2λ

πa

)]
= 0

∫ b

a
f 2
0 (sm, r)rdr = b2

2

[
f 2
0 (smb) + f 2

1 (smb)
]

− a2

2

[
f 2
0 (sma) + f 2

1 (sma)
]

= b2

2

h2
b + λ2s2

m

h2
b

f 2
1 (smb) − a2

2

[
f 2
0 (sma) + f 2

1 (sma)
]

= b2

2

h2
b + λ2s2

m

h2
b

(
Gm

2hb
πsmb

)2 − a2

2

[( 2ha
πsma

)2 +
(
− 2λ

πa

)2]

= 2

π2s2
m

[
(h2

b + λ2s2
m)G2

m − (h2
a + λ2s2

m)
]

(15.122)

From Eqs. (15.117) and (15.122), Am is determined as

Am = π2s2
m

2[(h2
b + λ2s2

m)G2
m − (h2

a + λ2s2
m)]

×
∫ b

a
[Ti (r) − (A0 + B0 ln r)] f0(sm, r)rdr (Answer)

Calculating the following integral:

∫ b

a
(A0 + B0 ln r) f0(sm, r)rdr

=
[
(A0 + B0 ln r)

r

sm
f1(sm, r) −

∫
B0

sm
f1(sm, r)dr

]b
a
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=
[
(A0 + B0 ln r)

r

sm
f1(sm, r) + B0

s2
m

f0(sm, r)
]b
a

= 2

πs2
m

{
(hbGm − ha)A0 + B0

[(
ln b + λ

bhb

)
hbGm

−
(

ln a − λ

aha

)
ha

]}

= 2

πs2
m

(hbGm − ha)Ta + 2

πs2
m

(Tb − Ta)hbGm

= 2

πs2
m

(TbhbGm − Taha) (15.123)

we get

Am = π2s2
m

2[(h2
b + λ2s2

m)G2
m − (h2

a + λ2s2
m)]

∫ b

a
Ti (r) f0(sm, r)rdr

− π(TbhbGm − Taha)

(h2
b + λ2s2

m)G2
m − (h2

a + λ2s2
m)

(Answer)

Problem 15.12. Find the solution of the differential equation

d2 f (r)

d2r
+ 1

r

d f (r)

dr
− q2 f (r) = g(r) (15.124)

Equation (15.124) is appeared in the derivation of the transient temperature in the
cylinder when Laplace transform technique is used.

Solution. The solution of homogeneous differential equation of Eq. (15.124) is

f (r) = AI0(qr) + BK0(qr) (15.125)

where I0(qr) and K0(qr) are modified Bessel functions.
We introduce the method of variation of parameters to obtain the particular solu-

tion of Eq. (15.124). We put f (r) instead of Eq. (15.125)

f (r) = A(r)I0(qr) + B(r)K0(qr) (15.126)

Differentiation of Eq. (15.126) with respect to r gives

d f (r)

dr
= d A(r)

dr
I0(qr) + dB(r)

dr
K0(qr) + A(r)

d I0(qr)

dr
+ B(r)

dK0(qr)

dr
d2 f (r)

dr2 = d

dr

[d A(r)

dr
I0(qr) + dB(r)

dr
K0(qr)

]
+ d A(r)

dr

d I0(qr)

dr

+ dB(r)

dr

dK0(qr)

dr
+ A(r)

d2 I0(qr)

dr
+ B(r)

d2K0(qr)

dr
(15.127)
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Substitution of Eqs. (15.127) into Eq. (15.124) yields

( d

dr
+ 1

r

)[d A(r)

dr
I0(qr) + dB(r)

dr
K0(qr)

]

+ d A(r)

dr

d I0(qr)

dr
+ dB(r)

dr

dK0(qr)

dr
= g(r) (15.128)

Equation (15.128) can be satisfied when we take

d A(r)

dr
I0(qr) + dB(r)

dr
K0(qr) = 0

d A(r)

dr

d I0(qr)

dr
+ dB(r)

dr

dK0(qr)

dr
= g(r) (15.129)

Solving Eq. (15.129), we get

d A(r)

dr
= g(r)

K0(qr)

q[I0(qr)K1(qr) + I1(qr)K0(qr)]
dB(r)

dr
= −g(r)

I0(qr)

q[I0(qr)K1(qr) + I1(qr)K0(qr)] (15.130)

where
d I0(qr)

dr
= q I1(qr),

dK0

dr
= −qK1(qr) (15.131)

Using the following formula

I0(qr)K1(qr) + I1(qr)K0(qr) = 1

qr
(15.132)

Equation (15.130) reduce to

d A(r)

dr
= rg(r)K0(qr),

dB(r)

dr
= −rg(r)I0(qr) (15.133)

Then, we obtain

A(r) =
∫

r
rg(r)K0(qr)dr, B(r) = −

∫

r
rg(r)I0(qr)dr (15.134)

Therefore the general solution is given by

f (r) = AI0(qr)+BK0(qr)+
∫

r
ηg(η)[I0(qr)K0(qη)−K0(qr)I0(qη)]dη (Answer)

(15.135)
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Problem 15.13. Find the transient temperature in a hollow cylinder, when the initial
condition is Ti (r), and the boundary conditions of the hollow cylinder are given by
following five cases (1)–(5):

[1] Prescribed surface temperatures Ta and Tb at both surfaces r = a and r = b,
respectively.

[2] Prescribed surface temperature Ta at the inner surface r = a, and heat transfer
between the outer surface and the surrounding medium with temperature Tb at
the outer surface r = b.

[3] Prescribed surface temperature Tb at the outer surface r = b, and heat transfer
between the inner surface and the surrounding medium with temperature Ta at
the inner surface r = a.

[4] Constant heat flux qa(= λ(∂T/∂r)) at the inner surface r = a, and heat transfer
between the outer surface and the surrounding medium with temperature Tb at
the outer surface r = b.

[5] Constant heat flux qb(= −λ(∂T/∂r)) at the outer surface r = b, and heat
transfer between the inner surface and the surrounding medium with temperature
Ta at the inner surface r = a.

Solution. When the both surfaces are heat transfer conditions

λ
∂T

∂r
= ha(T − Ta) on r = a, −λ

∂T

∂r
= hb(T − Tb) on r = b (15.136)

the temperature is given by Eq. (15.24). Comparing between the heat transfer con-
ditions (15.136) and each boundary condition, the temperature for each boundary
condition can be obtained.

[1] The boundary conditions on r = a and r = b for this problem are

T = Ta on r = a, T = Tb on r = b (15.137)

Rewriting the boundary conditions (15.136) gives

T = Ta + λ

ha

∂T

∂r
on r = a, T = Tb − λ

hb

∂T

∂r
on r = b (15.138)

Putting ha → ∞ and hb → ∞ in Eq. (15.138), Eq. (15.138) reduces to
Eq. (15.137). Therefore, we can obtain the temperature from Eq. (15.24) after
putting ha → ∞ and hb → ∞.
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T = Ta + (Tb − Ta)
ln

r

a

ln
b

a

− π

∞∑

n=1

Ta J0(snb) − Tb J0(sna)

J 2
0 (snb) − J 2

0 (sna)
J0(snb) f (sn, r) e

−κs2
n t

− π2

2

∞∑

n=1

s2
n J

2
0 (snb) f (sn, r)

J 2
0 (snb) − J 2

0 (sna)

∫ b

a
Ti (η) f (sn, η)η dη e−κs2

n t (Answer)

where
f (sn, r) = Y0(sna)J0(snr) − J0(sna)Y0(snr) (15.139)

and sn are eigenvalues of the eigenfunction f (sn, b) = 0.
[2] The boundary conditions of this case are

T = Ta on r = a, −λ
∂T

∂r
= hb(T − Tb) on r = b (15.140)

If we put ha → ∞ in Eq. (15.138), Eq. (15.138) reduces to Eq. (15.140). There-
fore, we can obtain the temperature from Eq. (15.24) after putting ha → ∞.

T = Ta + (Tb − Ta)
ln

r

a

ln
b

a
+ λ

hbb

− π

∞∑

n=1

(Ta − TbGnhb) f (sn, r)

1 − G2
n(h

2
b + λ2s2

n )
e−κs2

n t

− π2

2

∞∑

n=1

s2
n f (sn, r)e

−κs2
n t

1 − G2
n(h

2
b + λ2s2

n )

∫ b

a
Ti (η) f (sn, η)η dη (Answer)

where f (sn, r) and Gn are given by

f (sn, r) = Y0(sna)J0(snr) − J0(sna)Y0(snr)

Gn = J0(sna)

hb J0(snb) − λsn J1(snb)
= Y0(sna)

hbY0(snb) − λsnY1(snb)
(15.141)

and sn are eigenvalues of the eigenfunction

[hbY0(snb) − λsnY1(snb)]J0(sna) − [hb J0(snb) − λsn J1(snb)]Y0(sna) = 0
(15.142)
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[3] The boundary conditions of this case are

λ
∂T

∂r
= ha(T − Ta) on r = a, T = Tb on r = b (15.143)

By comparison between Eqs. (15.138) and (15.143), Eq. (15.138) reduces to
Eq. (15.143) if we put hb → ∞. Therefore, we can obtain the temperature from
Eq. (15.24) after putting hb → ∞.

T = Ta + (Tb − Ta)
ln

r

a
+ λ

haa

ln
b

a
+ λ

haa

− π

∞∑

n=1

(Taha − TbGn) f (sn, r)

h2
a + λ2s2

n − G2
n

e−κs2
n t

− π2

2

∞∑

n=1

s2
n f (sn, r)e

−κs2
n t

h2
a + λ2s2

n − G2
n

∫ b

a
Ti (η) f (sn, η)η dη (Answer)

where f (sn, r) and Gn are given by

f (sn, r) = [haY0(sna) + λsnY1(sna)]J0(snr)

− [ha J0(sna) + λsn J1(sna)]Y0(snr)

Gn = ha J0(sna) + λsn J1(sna)

J0(snb)
= haY0(sna) + λsnY1(sna)

Y0(snb)
(Answer)

and sn are eigenvalues of the eigenfunction f (sn, b) = 0.
[4] The boundary conditions of this case are

λ
∂T

∂r
= qa on r = a, −λ

∂T

∂r
= hb(T − Tb) on r = b (15.144)

By comparison between Eqs. (15.136) and (15.144), after rewriting haTa = −qa
and putting ha → 0, Eq. (15.136) reduces to Eq. (15.144). Therefore, we can
obtain the temperature from Eq. (15.24), after rewriting haTa = −qa and putting
ha → 0.

T = Tb + qaa

λ

(
ln

r

b
− λ

hbb

)

+ π

∞∑

n=1

(qa + TbGnhbλsn) f (sn, r)

λsn[1 − G2
n(h

2
b + λ2s2

n )]
e−κs2

n t
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− π2

2

∞∑

n=1

s2
n f (sn, r)e

−κs2
n t

1 − G2
n(h

2
b + λ2s2

n )

∫ b

a
Ti (η) f (sn, η)η dη (Answer)

where f (sn, r) and Gn are given by

f (sn, r) = Y1(sna)J0(snr) − J1(sna)Y0(snr)

Gn = J1(sna)

hb J0(snb) − λsn J1(snb)
= Y1(sna)

hbY0(snb) − λsnY1(snb)
(15.145)

and sn are eigenvalues of the eigenfunction

[hbY0(snb) − λsnY1(snb)]J1(sna) − [hb J0(snb) − λsn J1(snb)]Y1(sna) = 0
(15.146)

[5] The boundary conditions of this case are

λ
∂T

∂r
= ha(T − Ta) on r = a, −λ

∂T

∂r
= qb on r = b (15.147)

By comparison between Eqs. (15.136) and (15.147), after rewriting hbTb = −qb
and putting hb → 0, Eq. (15.136) reduces to Eq. (15.147). Therefore, we can
obtain the temperature from the temperature Eq. (15.24), after rewriting hbTb =
−qb and putting hb → 0.

T = Ta − qbb

λ

(
ln

r

a
+ λ

haa

)

− π

∞∑

n=1

(Tahaλsn − qbGn) f (sn, r)

λsn(h2
a + λ2s2

n − G2
n)

e−κs2
n t

− π2

2

∞∑

n=1

s2
n f (sn, r)e

−κs2
n t

h2
a + λ2s2

n − G2
n

∫ b

a
Ti (η) f (sn, η)η dη (Answer)

where f (sn, r) and Gn are given by

f (sn, r) = [haY0(sna) + λsnY1(sna)]J0(snr)

− [ha J0(sna) + λsn J1(sna)]Y0(snr)

Gn = ha J0(sna) + λsn J1(sna)

J1(snb)
= haY0(sna) + λsnY1(sna)

Y1(snb)
(15.148)

and sn are eigenvalues of the eigenfunction

[haY0(sna) + λsnY1(sna)]J1(snb) − [ha J0(sna) + λsn J1(sna)]Y1(snb) = 0
(15.149)
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Problem 15.14. Find the transient temperature in the hollow sphere, when the initial
condition is Ti (r), and the boundary conditions of a hollow sphere are given by
following five cases (1)–(5):

[1] Prescribed surface temperatures Ta and Tb at both surfaces r = a and r = b,
respectively.

[2] Prescribed surface temperature Ta at the inner surface r = a, and heat transfer
between the outer surface and the surrounding medium with temperature Tb at
the outer surface r = b.

[3] Prescribed surface temperature Tb at the outer surface r = b, and heat transfer
between the inner surface and the surrounding medium with temperature Ta at
the inner surface r = a.

[4] Constant heat flux qa(= λ(∂T/∂r)) at the inner surface r = a, and heat transfer
between the outer surface and the surrounding medium with temperature Tb at
the outer surface r = b.

[5] Constant heat flux qb(= −λ(∂T/∂r)) at the outer surface r = b, and heat
transfer between the inner surface and the surrounding medium with temperature
Ta at the inner surface r = a.

Solution. When at both surfaces the heat transfer conditions are

λ
∂T

∂r
= ha(T − Ta) on r = a, −λ

∂T

∂r
= hb(T − Tb) on r = b (15.150)

the temperature is given by Eq. (15.32). By comparing between the heat transfer
conditions (15.150) and each boundary condition, the temperature for each boundary
condition can be obtained.

[1] The boundary conditions on r = a and r = b for this problem are

T = Ta on r = a, T = Tb on r = b (15.151)

Rewriting the boundary conditions (15.150) gives

T = Ta + λ

ha

∂T

∂r
on r = a, T = Tb − λ

hb

∂T

∂r
on r = b (15.152)

If we put ha → ∞ and hb → ∞ in Eq. (15.152), Eq. (15.152) reduces to
Eq. (15.151). Therefore, we can obtain the temperature from Eq. (15.32) after
putting ha → ∞ and hb → ∞

T = Ta + (Tb − Ta)
1 − a

r

1 − a

b

+ 2

(b − a)r

∞∑

n=1

sin sn(r − a)e−κs2
n t

×
∫ b

a

[
Ti (η) − Ta − (Tb − Ta)

1 − a

η

1 − a

b

]
η sin sn(η − a)dη (Answer)
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where sn = nπ/(b − a).
[2] The boundary conditions of this case are

T = Ta on r = a, −λ
∂T

∂r
= hb(T − Tb) on r = b (15.153)

If we put ha → ∞ in Eq. (15.152), Eq. (15.152) reduces to Eq. (15.153). There-
fore, we can obtain the temperature from Eq. (15.32), after putting ha → ∞.

T = Ta + (Tb − Ta)
1 − a

r

1 − a

b
+ a

b

λ

hbb

+ 2

r

∞∑

n=1

sin sn(r − a)e−κs2
n t

× λ2s2
nb

2 + (hbb − λ)2

(b − a)[λ2s2
nb

2 + (hbb − λ)2] + λb(hbb − λ)

×
∫ b

a

⎡

⎢⎢⎣Ti (η) − Ta −
(Tb − Ta)

(
1 − a

η

)

1 − a

b
+ a

b

λ

hbb

⎤

⎥⎥⎦ η sin sn(η − a) dη

(Answer)

where sn are eigenvalues of the eigenfunction

(hbb − λ) sin sn (b − a) + λsnb cos sn (b − a) = 0 (15.154)

[3] The boundary conditions of this case are

λ
∂T

∂r
= ha(T − Ta) on r = a, T = Tb on r = b (15.155)

If we put hb → ∞ in Eq. (15.152), Eq. (15.152) reduces to Eq. (15.155). There-
fore, we can obtain the temperature from Eq. (15.32) after putting hb → ∞.

T = Ta + (Tb − Ta)
1 + λ

haa
− a

r

1 − a

b
+ λ

haa

+ 2

r

∞∑

n=1

(haa + λ) sin sn(r − a) + λsna cos sn(r − a)

(b − a)[λ2s2
na

2 + (haa + λ)2] + λa(haa + λ)
e−κs2

n t
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×
∫ b

a

⎡

⎢⎢⎣Ti (η) − Ta − (Tb − Ta)

⎛

⎜⎜⎝
1 + λ

haa
− a

η

1 − a

b
+ λ

haa

⎞

⎟⎟⎠

⎤

⎥⎥⎦

× η[(haa + λ) sin sn(η − a) + λsna cos sn(η − a)] dη (Answer)

where sn are eigenvalues of the eigenfunction

(haa + λ) sin sn (b − a) + λsna cos sn (b − a) = 0 (15.156)

[4] The boundary conditions of this case are

λ
∂T

∂r
= qa on r = a, −λ

∂T

∂r
= hb(T − Tb) on r = b (15.157)

If we rewrite haTa = −qa and put ha → 0 in Eq. (15.150), Eq. (15.150) reduces
to Eq. (15.157). Therefore, we can obtain the temperature from Eq. (15.32) after
rewriting haTa = −qa and putting ha → 0.

T = Tb − qaa

λ

a

b

(
b

r
− 1 + λ

hbb

)

+ 2

r

∞∑

n=1

[λ2s2
nb

2 + (hbb − λ)2][sin sn(r − a) + sna cos sn(r − a)]
(

(b − a)(1 + s2
na

2)[λ2s2
nb

2 + (hbb − λ)2]
+ [bλ + a(hbb − λ)][λs2

nab + (hbb − λ)]
)

× e−κs2
n t

∫ b

a

[
Ti (η) − Tb + qaa

λ

a

b

(
b

η
− 1 + λ

hbb

)]

× η[sin sn(η − a) + sna cos sn(η − a)] dη (Answer)

where sn are eigenvalues of the eigenfunction

(
hbb − λ − λs2

nab
)

sin sn (b − a) + sn [a (hbb − λ) + bλ] cos sn (b − a) = 0

(15.158)
[5] The boundary conditions of this case are

λ
∂T

∂r
= ha(T − Ta) on r = a, −λ

∂T

∂r
= qb on r = b (15.159)

If we rewrite hbTb = −qb and put hb → 0 in Eq. (15.150), Eq. (15.150) reduces
to Eq. (15.159). Therefore, we can obtain the temperature from Eq. (15.32) after
rewriting hbTb = −qb and putting hb → 0.

T = Ta − qbb

λ

b

a

(
1 − a

r
+ λ

haa

)
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+ 2

r

∞∑

n=1

(s2
nb

2 + 1)[(haa + λ) sin sn(r − a) + λsna cos sn(r − a)]
(

(b − a)(1 + s2
nb

2)[λ2s2
na

2 + (haa + λ)2]
+[b(haa + λ) − aλ][λs2

nab − (haa + λ)]
)

× e−κs2
n t

∫ b

a

[
Ti (η) − Ta + qbb

λ

b

a

(
1 − a

η
+ λ

haa

)]

× η[(haa + λ) sin sn(η − a) + λsna cos sn(η − a)] dη (Answer)

where sn are eigenvalues of the eigenfunction

(
haa + λ + λs2

nab
)

sin sn (b − a) − sn [b (haa + λ) − aλ] cos sn (b − a) = 0

(15.160)

Problem 15.15. When a solid cylinder with the initial temperature Ti (r) is exposed
to heat transfer between the surface of radius a and the surrounding medium with
time dependent temperature Ta(t), find the transient temperature in the solid cylinder.

Solution. The equations to be solved are

(1) Governing equation
1

κ

∂T

∂t
= ∂2T

∂r2 + 1

r

∂T

∂r
(15.161)

(2) Boundary condition

− λ
∂T

∂r
= ha[T − Ta(t)] on r = a (15.162)

(3) Initial condition
T = Ti (r) at t = 0 (15.163)

Applying the Laplace transform with respect to the time t and taking the initial
condition into consideration, we obtain
Governing equation:

d2T̄

dr2 + 1

r

dT̄

dr
− q2T̄ = − 1

κ
Ti (r) (15.161′)

Boundary condition:

− λ
dT̄

dr
= ha(T̄ − T̄a) on r = a (15.162′)

where q2 = p/κ.
The general solution of Eq. (15.161′) for a solid cylinder is obtained from

Eq. (15.135) of Problem 15.12 by putting B = 0 and g(η) = −Ti (η)/κ
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T̄ = AI0(qr) − 1

κ

∫ r

0
Ti (η)η[I0(qr)K0(qη) − I0(qη)K0(qr)]dη

= AI0(qr) + G(qr) (15.164)

where

G(qr) = − 1

κ

∫ r

0
Ti (η)η[I0(qr)K0(qη) − I0(qη)K0(qr)]dη (15.165)

Differentiation of Eq. (15.164) with respect to r gives

dT̄

dr
= Aq I1(qr) + G1(qr) (15.166)

where

G1(qr) ≡ dG(qr)

dr
= − 1

κ

∫ r

0
Ti (η)ηq[I1(qr)K0(qη) + I0(qη)K1(qr)]dη

(15.167)
The boundary condition (15.162′) gives

Aλq I1(qa) + λG1(qa) + Aha I0(qa) + haG(qa) = ha T̄a (15.168)

Then, A is given by

A = ha T̄a
λq I1(qa) + ha I0(qa)

− λG1(qa) + haG(qa)

λq I1(qa) + ha I0(qa)

= ha T̄a
λq I1(qa) + ha I0(qa)

+ λqK1(qa) − haK0(qa)

λq I1(qa) + ha I0(qa)

× 1

κ

∫ a

0
Ti (η)η I0(qη)dη + 1

κ

∫ a

0
Ti (η)ηK0(qη)dη (15.169)

Hence, the temperature in the Laplace transformed domain is

T̄ = ha T̄a I0(qr)

λq I1(qa) + ha I0(qa)

+ λqK1(qa) − haK0(qa)

λq I1(qa) + ha I0(qa)

I0(qr)

κ

∫ a

0
Ti (η)η I0(qη)dη

+ I0(qr)

κ

∫ a

0
Ti (η)ηK0(qη)dη + G(qr) (15.170)

or an alternative form
T̄ = T̄a T̄1 + T̄2 + T̄3 (15.171)
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where

T̄1 = ha I0(qr)

λq I1(qa) + ha I0(qa)
(15.171′)

T̄2 = λqK1(qa) − haK0(qa)

λq I1(qa) + ha I0(qa)

I0(qr)

κ

∫ a

0
Ti (η)η I0(qη)dη (15.171′′)

T̄3 = I0(qr)

κ

∫ a

0
Ti (η)ηK0(qη)dη + G(qr) (15.171′′′)

The inverse Laplace transform of Eq. (15.170) reduces to calculation of the sum of
the residues at the poles in the inner region with the contour. Since Eq. (15.171′′′) has
no pole, the inverse Laplace transform of Eq. (15.171′′′) reduces to zero. Equations
(15.171′) and (15.171′′) have poles at p = −κs2

n , and sn are eigenvalues of the
eigenfunction

λsn J1(sna) − ha J0(sna) = 0 (15.172)

The residue of T̄1 is

ha I0(qr)ept

d

dp
[λq I1(qa) + ha I0(qa)]

∣∣∣∣
p=−κs2

n

= ha I0(qr)e−κs2
n t

1

2qκ

d

dq
[λq I1(qa) + ha I0(qa)]

∣∣∣∣
q=isn

= 2isnκha I0(isnr)e−κs2
n t

a[λisn I0(isna) + ha I1(isna)] = 2isnκha J0(snr)e−κs2
n t

a[λisn J0(sna) + iha J1(sna)]
= 2snκha J0(snr)e−κs2

n t

a[λsn J0(sna) + ha J1(sna)] = 2κλs2
nha J0(snr)e−κs2

n t

a(λ2s2
n + h2

a)J0(sna)
(15.173)

where i2 = −1. On the other hand,

λqK1(qa) − haK0(qa)|q=isn

= λisn(−π

2
)[J1(sna) − iY1(sna)] − ha(−π

2
i)[J0(sna) − iY0(sna)]

= π

2
i[ha J0(sna) − λsn J1(sna)] + π

2
[haY0(sna) − λsnY1(sna)] (15.174)

Using Eq. (15.172), Eq. (15.174) reduces to

λqK1(qa) − haK0(qa)|q=isn

= π

2

{
haY0(sna) − λsn

J0(sna)

[
J1(sna)Y0(sna) − 2

πsna

]}
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= π

2
[ha J0(sna) − λsn J1(sna)]Y0(sna)

J0(sna)
+ λ

aJ0(sna)

= λ

aJ0(sna)
(15.175)

Residue of T̄2 is

λqK1(qa) − haK0(qa)

d

dp
[λq I1(qa) + ha I0(qa)]

I0(qr)

κ

∫ a

0
Ti (η)η I0(qη)dηept

∣∣∣
p=−κs2

n

= 2λ2s2
n J0(snr)e−κs2

n t

a2(λ2s2
n + h2

a)J
2
0 (sna)

∫ a

0
Ti (η)ηJ0(snη)dη (15.176)

We get

L−1[T̄a T̄1] =
∫ t

0
Ta(τ )T1(t − τ )dτ

= 2κλha
a

∫ t

0
Ta(τ )

∞∑

n=1

s2
n J0(snr)e−κs2

n (t−τ )

(λ2s2
n + h2

a)J0(sna)
dτ (15.177)

Therefore, the temperature is given by

T = 2κλha
a

∫ t

0
Ta(τ )

∞∑

n=1

s2
n J0(snr)e−κs2

n (t−τ )

(λ2s2
n + h2

a)J0(sna)
dτ

+ 2λ2

a2

∞∑

n=1

s2
n J0(snr)e−κs2

n t

(λ2s2
n + h2

a)J
2
0 (sna)

∫ a

0
Ti (η)ηJ0(snη)dη (Answer)



Chapter 16
Basic Equations of Thermoelasticity

In this chapter the basic governing equations of thermoelasticity for three-dimensional
bodies are recalled. The equilibrium equations of stresses, Cauchy’s relations
between the tractions and stresses, and the compatibility equations of strains in Carte-
sian coordinates are presented. The formulae for coordinate transformation of stress,
strain and displacement components are included. A solution of Navier’s equations
is carried out wherein Goodier’s thermoelastic potential is used in conjunction with
harmonic functions of various types. The equilibrium equations, stress, strain, the
compatibility equations, Navier’s equations in cylindrical and spherical coordinates
are also presented. [see also Chaps. 2, 3, 6, and 7.]

16.1 Governing Equations of Thermoelasticity

16.1.1 Stress and Strain in a Cartesian Coordinate System

Stress
The equilibrium equations of the elastic body from Eq. (2.21) are

σji,j + Fi = 0 (i, j = 1, 2, 3) (16.1)

where σji denote the components of stress, Fi mean the components of body force
per unit volume. The components of stress satisfy symmetry relations

σij = σji (i, j = 1, 2, 3) (16.2)

Cauchy’s fundamental relations are

σjinj = pni (i, j = 1, 2, 3) (16.3)

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 391
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where nj denote the direction cosines between the external normal of the surface and
each axis.

The formulae for coordinate transformation of stress components between the
components of stress (σxx,σxy, . . .) referred to an old Cartesian coordinate system
(x, y, z) and the components of stress (σx′x′,σx′y′, . . .) referred to a new Cartesian
coordinate system (x′, y′, z′) are

σi′j′ = li′klj′lσkl (i′, j′ = 1, 2, 3) (16.4)

where li′k denote the direction cosines between the axis xi′ of the new Cartesian
coordinate system (x′

1, x
′
2, x

′
3) and the axis xk of the old (x1, x2, x3).

Strain
The strains are from Eq. (2.5)

εij = 1

2
(ui,j + uj,i) (i, j = 1, 2, 3) (16.5)

whereui are the components of displacement. The components of strain are symmetric

εij = εji (i, j = 1, 2, 3) (16.6)

The transformation of coordinates between the the new Cartesian coordinate system
(xi′) and the old system (xk) are

xi′ = li′jxj, xi = lj′ixj′ (i, i′ = 1, 2, 3) (16.7)

The relationship between the components of the displacement in each coordinate
system are

ui′ = li′juj, ui = lj′iuj′ (i, i′ = 1, 2, 3) (16.8)

The coordinate transformation of strain components is

εi′j′ = li′klj′lεkl (i′, j′ = 1, 2, 3) (16.9)

16.1.2 Navier’s Equations, Compatibility Equations
and Boundary Conditions

Navier’s equations
The constitutive equations for a homogeneous, isotropic body which are known as
the generalized Hooke’s law are

http://dx.doi.org/10.1007/978-94-007-6356-2_2
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εij = 1

2G

(
σij − ν

1 + ν
Θδij

)
+ ατδij (i, j = 1, 2, 3) (16.10)

an alternative form

σij = 2μεij + (λe − βτ )δij (i, j = 1, 2, 3) (16.11)

where τ is the temperature change from the reference temperature T0

τ = T − T0 (16.12)

and G is the shear modulus, ν is Poisson’s ratio, α is the coefficient of linear thermal
expansion, λ and μ are the Lamé elastic constants, and β is the thermoelastic constant,
and Θ denotes the sum of the normal stresses

Θ = σkk = σxx + σyy + σzz (16.13)

e is the dilatation
e = εkk = εxx + εyy + εzz (16.14)

and δij is Kronecker’s symbol

δij =
{

1 for i = j
0 for i �= j

(16.15)

The relationship between the elastic constants (E,G, ν,λ,μ) and the thermoelastic
constant β is given by

2G = E

1 + ν
, λ = νE

(1 + ν)(1 − 2ν)
= 2νG

1 − 2ν

μ = G, β = αE

1 − 2ν
= α(3λ + 2μ) (16.16)

Navier’s equations of thermoelasticity, or the displacement equations of ther-
moelasticity expressed in terms of the components of displacement are from Eq. (3.22)

μ∇2ui + (λ + μ)uk,ki − βτ,i + Fi = 0 (i = 1, 2, 3) (16.17)

an alternative form

(λ + 2μ)uk,ki − 2μεijkωk,j − βτ,i + Fi = 0 (i = 1, 2, 3) (16.18)

where ∇2 is the Laplacian operator defined as

http://dx.doi.org/10.1007/978-94-007-6356-2_3
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∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 (16.19)

and ωk denote the rotations

ωx = 1

2

(∂uz
∂y

− ∂uy
∂z

)
, ωy = 1

2

(∂ux
∂z

− ∂uz
∂x

)
, ωz = 1

2

(∂uy
∂x

− ∂ux
∂y

)
(16.20)

and εijk is the alternating tensor, also known as permutation symbol, and is defined by

εijk =

⎧
⎪⎨

⎪⎩

1 if ijk represents an even permutation of 123

0 if any two of the ijk indices are equal

−1 if ijk represents an odd permutation of 123

(16.21)

Compatibility equations
The compatibility equations are from Eq. (2.18)

εij,kl + εkl,ij − εik,jl − εjl,ik = 0 (16.22)

The compatibility equations (16.22) can be expressed in terms of the components of
stress

∇2σij + 1

1 + ν
σkk,ij + αE

(
1

1 − ν
∇2τδij + 1

1 + ν
τ,ij

)

= −
(

ν

1 − ν
Fk,kδij + Fi,j + Fj,i

)
(16.23)

These equations are called the Beltrami-Michell compatibility equations for ther-
moelasticity.

Boundary conditions
The boundary conditions have been explained in Chap. 3. The three kinds of boundary
conditions are

(1) Traction boundary condition

σjinj = pni (i = 1, 2, 3) (16.24)

where pni denote the prescribed surface tractions, and nj denote the direction
cosines between the external normal and each axis.

(2) Displacement boundary condition

ui = ui (i = 1, 2, 3) (16.25)

http://dx.doi.org/10.1007/978-94-007-6356-2_2
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where the displacements with overbar denote the prescribed boundary
displacements.

(3) Mixed boundary condition

σjinj = pni (i = 1, 2, 3) on the part of the boundary B1

ui = ūi (i = 1, 2, 3) on the part of the boundary B2
(16.26)

16.1.3 General Solution of Navier’s Equations

When the body forces are absent, the boundary-value problem for thermoelasticity
may be written in the form

μ∇2ui + (λ + μ)uk,ki = βτ,i in the body D (16.27)

σjinj = pni on the part of the boundary B1 (16.28)

ui = ui on the rest of the boundary B2 (16.29)

The general solution of Eq. (16.27) may be expressed as the sum of a complementary
solution uci and a particular solution upi .

ui = uci + upi (16.30)

The particular solution upi may be expressed in terms of a scalar potential function
as follows

upi = �,i (16.31)

where� is called Goodier’s thermoelastic potential, and� should satisfy the equation

∇2� = Kτ (16.32)

where

K = β

λ + 2μ
= 1 + ν

1 − ν
α (16.33)

Goodier’s thermoelastic potential for transient thermoelasticity can be calculated
from

� = κK
∫ t

tr
τ dt + �r + (t − tr)�0 (16.34)

where tr denotes the reference time, and �r and �0 denote solutions of the following
Poisson’s equation and Laplace’s equation, respectively:

∇2�r = Kτr (16.35)
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∇2�0 = 0 (16.36)

where τr denotes the temperature change at the reference time.
The complementary solutions uci for Navier’s equations (16.27) are discussed in

Chap. 6. The Boussinesq solution is

uc = grad ϕ + 2 curl [0, 0,ϑ] + grad (zψ) − 4(1 − ν)[0, 0,ψ] (16.37)

where ϕ, ϑ, and ψ are harmonic functions.
Hence, a typical example of the general solution of Navier’s equations (16.27) is

given as

u = grad � + grad ϕ + 2 curl [0, 0,ϑ] + grad (zψ) − 4(1 − ν)[0, 0,ψ] (16.38)

where
∇2� = Kτ , ∇2ϕ = 0, ∇2ϑ = 0, ∇2ψ = 0 (16.39)

16.1.4 Thermal Stresses in a Cylindrical Coordinate System

The equilibrium equations in a cylindrical coordinate system (r, θ, z) are

∂σrr

∂r
+ 1

r

∂σθr

∂θ
+ ∂σzr

∂z
+ σrr − σθθ

r
+ Fr = 0

∂σrθ

∂r
+ 1

r

∂σθθ

∂θ
+ ∂σzθ

∂z
+ 2

σrθ

r
+ Fθ = 0 (16.40)

∂σrz

∂r
+ 1

r

∂σθz

∂θ
+ ∂σzz

∂z
+ σrz

r
+ Fz = 0

The components of stress in a cylindrical coordinate system expressed in terms of
those of a Cartesian coordinate system are

σrr = σxx cos2 θ + σyy sin2 θ + σxy sin 2θ

σθθ = σxx sin2 θ + σyy cos2 θ − σxy sin 2θ

σzz = σzz

σrθ = −1

2
(σxx − σyy) sin 2θ + σxy cos 2θ

σθz = σyz cos θ − σzx sin θ

σzr = σzx cos θ + σyz sin θ

(16.41)

http://dx.doi.org/10.1007/978-94-007-6356-2_6
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The components of strain and dilatation e in a cylindrical coordinate system in terms
of the components of displacement are

εrr = ∂ur
∂r

, εθθ = ur
r

+ 1

r

∂uθ

∂θ
, εzz = ∂uz

∂z

εrθ = 1

2

(
1

r

∂ur
∂θ

+ ∂uθ

∂r
− uθ

r

)
, εθz = 1

2

(
∂uθ

∂z
+ 1

r

∂uz
∂θ

)

εzr = 1

2

(
∂ur
∂z

+ ∂uz
∂r

)

e = ∂ur
∂r

+ ur
r

+ 1

r

∂uθ

∂θ
+ ∂uz

∂z

(16.42)

where ur, uθ, uz are the components of displacement in the r, θ, z directions, respec-
tively.

The compatibility equations of strain in a cylindrical coordinate system are

2
∂2(rεrθ)

∂r∂θ
= ∂2εrr

∂θ2 + r
∂2(rεθθ)

∂r2 − r
∂εrr

∂r

2
∂2εzr

∂r∂z
= ∂2εzz

∂r2 + ∂2εrr

∂z2

2
∂2(rεθz)

∂θ∂z
= r2 ∂2εθθ

∂z2 − 2r
∂εzr

∂z
+ r

∂εzz

∂r
+ ∂2εzz

∂θ2

∂

∂z

(
− ∂εrθ

∂z
+ 1

r

∂εzr

∂θ
+ ∂εθz

∂r

)
= ∂2

∂r∂θ

(
εzz

r

)
+ 1

r

∂εθz

∂z

∂

∂θ

(
∂εrθ

∂z
− 1

r

∂εzr

∂θ
+ ∂εθz

∂r

)
= ∂2(rεθθ)

∂r∂z
− ∂εrr

∂z
− 1

r

∂εθz

∂θ

∂

∂r

(
∂εrθ

∂z
+ 1

r

∂εzr

∂θ
− ∂εθz

∂r

)
= 1

r

∂2εrr

∂θ∂z
− 2

r

∂εrθ

∂z
+ ∂

∂r

(
εθz

r

)

(16.43)

The coordinate transformations of strain components between a cylindrical coordi-
nate system and a Cartesian coordinate system are

εrr = εxx cos2 θ + εyy sin2 θ + εxy sin 2θ

εθθ = εxx sin2 θ + εyy cos2 θ − εxy sin 2θ

εzz = εzz

εrθ = −1

2
(εxx − εyy) sin 2θ + εxy cos 2θ

εθz = εyz cos θ − εzx sin θ

εzr = εzx cos θ + εyz sin θ

(16.44)
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The constitutive equations, or the generalized Hooke’s law, for a homogeneous,
isotropic body in a cylindrical coordinate system are

εrr = 1

E
[σrr − ν(σθθ + σzz)] + ατ = 1

2G

(
σrr − ν

1 + ν
Θ

)
+ ατ

εθθ = 1

E
[σθθ − ν(σzz + σrr)] + ατ = 1

2G

(
σθθ − ν

1 + ν
Θ

)
+ ατ

εzz = 1

E
[σzz − ν(σrr + σθθ)] + ατ = 1

2G

(
σzz − ν

1 + ν
Θ

)
+ ατ

εrθ = σrθ

2G
, εθz = σθz

2G
, εzr = σzr

2G
(16.45)

An alternative form

σrr = 2μεrr + λe − βτ , σrθ = 2μεrθ

σθθ = 2μεθθ + λe − βτ , σθz = 2μεθz (16.46)

σzz = 2μεzz + λe − βτ , σzr = 2μεzr

where Θ = σrr + σθθ + σzz and e = εrr + εθθ + εzz.
Navier’s equations (16.17) for thermoelasticity can be expressed in a cylindrical

coordinate system as

(λ + 2μ)
∂e

∂r
− 2μ

(
1

r

∂ωz

∂θ
− ∂ωθ

∂z

)
− β

∂τ

∂r
+ Fr = 0

(λ + 2μ)
1

r

∂e

∂θ
− 2μ

(
∂ωr

∂z
− ∂ωz

∂r

)
− β

1

r

∂τ

∂θ
+ Fθ = 0 (16.47)

(λ + 2μ)
∂e

∂z
− 2μ

r

[
∂(rωθ)

∂r
− ∂ωr

∂θ

]
− β

∂τ

∂z
+ Fz = 0

where

ωr = 1

2

(
1

r

∂uz
∂θ

− ∂uθ

∂z

)
, ωθ = 1

2

(
∂ur
∂z

− ∂uz
∂r

)

ωz = 1

2r

(
∂(ruθ)

∂r
− ∂ur

∂θ

) (16.48)

The solution of Navier’s equations (16.47) without the body force can be expressed,
for example, by the thermoelastic potential � and the Boussinesq harmonic functions
as follows:

ur = ∂�

∂r
+ ∂ϕ

∂r
+ 2

r

∂ϑ

∂θ
+ z

∂ψ

∂r
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uθ = 1

r

∂�

∂θ
+ 1

r

∂ϕ

∂θ
− 2

∂ϑ

∂r
+ z

r

∂ψ

∂θ
(16.49)

uz = ∂�

∂z
+ ∂ϕ

∂z
+ z

∂ψ

∂z
− (3 − 4ν)ψ

where the four functions �, ϕ, ϑ, and ψ must satisfy

∇2� = Kτ , ∇2ϕ = 0, ∇2ϑ = 0, ∇2ψ = 0 (16.50)

and

∇2 = ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2 + ∂2

∂z2 (16.51)

16.1.5 Thermal Stresses in a Spherical Coordinate System

The equilibrium equations in a spherical coordinate system (r, θ,φ) are

∂σrr

∂r
+ 1

r

∂σθr

∂θ
+ 1

r sin θ

∂σφr

∂φ
+ 1

r
(2σrr − σθθ − σφφ + σθr cot θ) + Fr = 0

∂σrθ

∂r
+ 1

r

∂σθθ

∂θ
+ 1

r sin θ

∂σφθ

∂φ
+ 1

r

[
(σθθ − σφφ) cot θ + 3σrθ

]
+ Fθ = 0

∂σrφ

∂r
+ 1

r

∂σθφ

∂θ
+ 1

r sin θ

∂σφφ

∂φ
+ 1

r
(3σrφ + 2σθφ cot θ) + Fφ = 0 (16.52)

The components of stress in a spherical coordinate system expressed in terms of
those of a Cartesian coordinate system are

σrr = σxx sin2 θ cos2 φ + σyy sin2 θ sin2 φ + σzz cos2 θ

+ σxy sin2 θ sin 2φ + σyz sin 2θ sin φ + σzx sin 2θ cos φ

σθθ = σxx cos2 θ cos2 φ + σyy cos2 θ sin2 φ + σzz sin2 θ

+ σxy cos2 θ sin 2φ − σyz sin 2θ sin φ − σzx sin 2θ cos φ

σφφ = σxx sin2 φ + σyy cos2 φ − σxy sin 2φ

σrθ = 1

2
sin 2θ (σxx cos2 φ + σyy sin2 φ − σzz) (16.53)

+ 1

2
σxy sin 2θ sin 2φ + σyz cos 2θ sin φ + σzx cos 2θ cos φ

σθφ = −1

2
cos θ sin 2φ (σxx − σyy)

+ σxy cos θ cos 2φ − σyz sin θ cos φ + σzx sin θ sin φ

σφr = −1

2
sin θ sin 2φ (σxx − σyy)
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+ σxy sin θ cos 2φ + σyz cos θ cos φ − σzx cos θ sin φ

The components of strain and dilatation e in terms of the components of displacement
are

εrr = ∂ur
∂r

, εθθ = ur
r

+ 1

r

∂uθ

∂θ

εφφ = ur
r

+ cot θ
uθ

r
+ 1

r sin θ

∂uφ

∂φ
, εrθ = 1

2

(
1

r

∂ur
∂θ

+ ∂uθ

∂r
− uθ

r

)

εθφ = 1

2

(
1

r

∂uφ

∂θ
− cot θ

uφ

r
+ 1

r sin θ

∂uθ

∂φ

)
(16.54)

εφr = 1

2

(
1

r sin θ

∂ur
∂φ

+ ∂uφ

∂r
− uφ

r

)

e = ∂ur
∂r

+ 2
ur
r

+ 1

r

∂uθ

∂θ
+ cot θ

uθ

r
+ 1

r sin θ

∂uφ

∂φ

where ur, uθ, uφ are the components of displacement in the r, θ,φ directions,
respectively.

The compatibility equations of strain in a spherical coordinate system are

− εθθ,φφ

r2 sin2 θ
+ εθθ,θ

r2 tan θ
− εθθ,r

r
+ 2εrθ,θ

r2 + 2εrθ

r2 tan θ
− 2εθθ

r2 − εφφ,θθ

r2

− εφφ,r

r
− 2εφφ,θ

r2 tan θ
+ εφr

r2 sin θ
+ 2 cos θ εθφ,φ

r2 sin2 θ
+ 2εθφ,θφ

r2 sin θ
+ 2εrr

r2 = 0

2εφr,φr

r sin θ
+ εφr,φ

r2 sin θ
− εrr,φφ

r2 sin2 θ
− 2εφφ,r

r
− εφφ,rr

+ 2εrθ,r

r tan θ
+ 2εrθ

r2 tan θ
− εrr,θ

r2 tan θ
+ εrr,r

r
= 0

2εrθ,rθ

r
− 2εθθ,r

r
− εθθ,rr − εrr,r

r
− εrr,θθ

r2 + 2εrθ,θ

r2 = 0

εrr,θφ

r2 sin θ
− εrθ,φr

r sin θ
− εrθ,φ

r2 sin θ
+ εφr

r2 tan θ
− εφr,θ

r2 − εφr,rθ

r
(16.55)

+ εθφ,rr + 2εθφ,r

r
+ εφr,r

r tan θ
− cos θ εrr,φ

r2 sin2 θ
= 0

εθθ,φr

r sin θ
− εθφ,rθ

r
− 2εθφ,r

r tan θ
+ cos θεrθ,φ

r2 sin2 θ
+ εφr,θ

r2 tan θ

− εrθ,θφ

r2 sin θ
+ εφr,θθ

r2 − cos 2θ εφr

r2 sin2 θ
− εrr,φ

r2 sin θ
= 0

εφφ,rθ

r
+ εφφ,r

r tan θ
− εφr,θφ

r2 sin θ
+ 2εrθ

r2 − εrr,θ

r2

− εθφ,φr

r sin θ
+ εrθ,φφ

r2 sin2 θ
− cos θ εφr,φ

r2 sin2 θ
− εθθ,r

r tan θ
= 0
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The coordinate transformations of the displacement between a spherical coordinate
system and a Cartesian coordinate system are

ux = ur sin θ cos φ + uθ cos θ cos φ − uφ sin φ

uy = ur sin θ sin φ + uθ cos θ sin φ + uφ cos φ (16.56)

uz = ur cos θ − uθ sin θ

The coordinate transformations of the strain components between a spherical coor-
dinate system and a Cartesian coordinate system are

εrr = εxx sin2 θ cos2 φ + εyy sin2 θ sin2 φ + εzz cos2 θ

+ εxy sin2 θ sin 2φ + εyz sin 2θ sin φ + εzx sin 2θ cos φ

εθθ = εxx cos2 θ cos2 φ + εyy cos2 θ sin2 φ + εzz sin2 θ

+ εxy cos2 θ sin 2φ − εyz sin 2θ sin φ − εzx sin 2θ cos φ

εφφ = εxx sin2 φ + εyy cos2 φ − εxy sin 2φ

εrθ = 1

2
sin 2θ (εxx cos2 φ + εyy sin2 φ − εzz) (16.57)

+ 1

2
εxy sin 2θ sin 2φ + εyz cos 2θ sin φ + εzx cos 2θ cos φ

εθφ = −1

2
cos θ sin 2φ (εxx − εyy)

+ εxy cos θ sin 2φ − εyz sin θ cos φ + εzx sin θ sin φ

εφr = −1

2
sin θ sin 2φ (εxx − εyy)

+ εxy sin θ cos 2φ + εyz cos θ cos φ − εzx cos θ sin φ

The constitutive equations for a homogeneous, isotropic body in a spherical coordi-
nate system are

εrr = 1

E
[σrr − ν(σθθ + σφφ)] + ατ = 1

2G

(
σrr − ν

1 + ν
Θ

)
+ ατ

εθθ = 1

E
[σθθ − ν(σφφ + σrr)] + ατ = 1

2G

(
σθθ − ν

1 + ν
Θ

)
+ ατ

εφφ = 1

E
[σφφ − ν(σrr + σθθ)] + ατ = 1

2G

(
σφφ − ν

1 + ν
Θ

)
+ ατ

εrθ = σrθ

2G
, εθφ = σθφ

2G
, εφr = σφr

2G
(16.58)
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An alternative form

σrr = 2μεrr + λe − βτ , σrθ = 2μεrθ

σθθ = 2μεθθ + λe − βτ , σθφ = 2μεθφ (16.59)

σφφ = 2μεφφ + λe − βτ , σφr = 2μεφr

where Θ = σrr + σθθ + σφφ and e = εrr + εθθ + εφφ.
Navier’s equations (16.17) of thermoelasticity can be expressed in a spherical

coordinate system as

(λ + 2μ)
∂e

∂r
− 2μ

r sin θ

[
∂(ωφ sin θ)

∂θ
− ∂ωθ

∂φ

]
− β

∂τ

∂r
+ Fr = 0

(λ + 2μ)
1

r

∂e

∂θ
− 2μ

r sin θ

[
∂ωr

∂φ
− sin θ

∂(rωφ)

∂r

]
− β

1

r

∂τ

∂θ
+ Fθ = 0

(λ + 2μ)
1

r sin θ

∂e

∂φ
− 2μ

r

[
∂(rωθ)

∂r
− ∂ωr

∂θ

]
− β

1

r sin θ

∂τ

∂φ
+ Fφ = 0

(16.60)

where

ωr = 1

2r sin θ

[
∂(uφ sin θ)

∂θ
− ∂uθ

∂φ

]
, ωθ = 1

2r sin θ

[
∂ur
∂φ

− sin θ
∂(ruφ)

∂r

]

ωφ = 1

2r

[
∂(ruθ)

∂r
− ∂ur

∂θ

]
(16.61)

The solution of Navier’s equations (16.60) without the body force in a spherical
coordinate system can be expressed, for example, by the thermoelastic potential �

and the Boussinesq harmonic functions φ,ϑ,ψ:

ur = ∂�

∂r
+ ∂ϕ

∂r
+ 2

r

∂ϑ

∂φ
+ r cos θ

∂ψ

∂r
− (3 − 4ν)ψ cos θ

uθ = 1

r

∂�

∂θ
+ 1

r

∂ϕ

∂θ
+ 2

r tan θ

∂ϑ

∂φ
+ cos θ

∂ψ

∂θ
+ (3 − 4ν)ψ sin θ

uφ = 1

r sin θ

∂�

∂φ
+ 1

r sin θ

∂ϕ

∂φ
− 2 sin θ

∂ϑ

∂r
− 2

cos θ

r

∂ϑ

∂θ

+ 1

tan θ

∂ψ

∂φ
(16.62)

where the four functions must satisfy

∇2� = Kτ , ∇2ϕ = 0, ∇2ϑ = 0, ∇2ψ = 0 (16.63)
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and

∇2 = ∂2

∂r2 + 2

r

∂

∂r
+ 1

r2

∂2

∂θ2 + 1

r2 tan θ

∂

∂θ
+ 1

r2 sin2 θ

∂2

∂φ2 (16.64)

16.2 Problems and Solutions Related to Basic Equations
of Thermoelasticity

Problem 16.1. When the elastic body moves under the mechanical and thermal
loads, find the equations of motion.

Solution. The motion of the element in the x direction is
(

σxx + ∂σxx

∂x
dx

)
dydz − σxxdydz +

(
σyx + ∂σyx

∂y
dy

)
dzdx − σyxdzdx

+
(

σzx + ∂σzx

∂z
dz

)
dxdy − σzxdxdy + Fxdxdydz = ρ

∂2ux
∂t2

dxdydz (16.65)

where ρ means the density. Simplification of Eq. (16.65) gives

∂σxx

∂x
+ ∂σyx

∂y
+ ∂σzx

∂z
+ Fx = ρ

∂2ux
∂t2

(16.66)

The two other equations of motion in the y and z directions can be obtained in the
same way. Then, we get the equations of motion

σji,j + Fi = ρüi (i = 1, 2, 3) (Answer) (16.67)

where ui denote the components of displacement and the dot denotes partial differ-
entiation with respect to the time.

Problem 16.2. Derive the compatibility equations (16.22).

Solution. Using the definition of strain

2εij = ui,j + uj,i (16.68)

we get

2εij,kl = ui,jkl + uj,ikl, 2εkl,ij = uk,lij + ul,kij

2εik,jl = ui,kjl + uk,ijl, 2εjl,ik = uj,lik + ul,jik
(16.69)
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Therefore,

εij,kl + εkl,ij − εik,jl − εjl,ik

= 1

2
(ui,jkl + uj,ikl + uk,lij + ul,kij

− ui,kjl − uk,ijl − uj,lik − ul,jik) = 0 (Answer)

Problem 16.3. Show that the strain components can be transformed by the following
equations

εx′x′ = εxxl
2
1 + εyym

2
1 + εzzn

2
1 + 2(εxyl1m1 + εyzm1n1 + εzxn1l1)

εy′y′ = εxxl
2
2 + εyym

2
2 + εzzn

2
2 + 2(εxyl2m2 + εyzm2n2 + εzxn2l2)

εz′z′ = εxxl
2
3 + εyym

2
3 + εzzn

2
3 + 2(εxyl3m3 + εyzm3n3 + εzxn3l3)

εx′y′ = εxxl1l2 + εyym1m2 + εzzn1n2 + εxy(l1m2 + l2m1)

+ εyz(m1n2 + m2n1) + εzx(n1l2 + n2l1)

εy′z′ = εxxl2l3 + εyym2m3 + εzzn2n3 + εxy(l2m3 + l3m2)

+ εyz(m2n3 + m3n2) + εzx(n2l3 + n3l2)

εz′x′ = εxxl3l1 + εyym3m1 + εzzn3n1 + εxy(l3m1 + l1m3)

+ εyz(m3n1 + m1n3) + εzx(n3l1 + n1l3) (16.70)

Solution. Equations (16.9) are written as

εi′j′ = li′klj′lεkl
= li′1lj′1ε11 + li′1lj′2ε12 + li′1lj′3ε13 + li′2lj′1ε21 + li′2lj′2ε22

+ li′2lj′3ε23 + li′3lj′1ε31 + li′3lj′2ε32 + li′3lj′3ε33 (16.71)

Using the notation

l1′1 = l1 l1′2 = m1 l1′3 = n1

l2′1 = l2 l2′2 = m2 l2′3 = n2

l3′1 = l3 l3′2 = m3 l3′3 = n3 (16.72)

and rewriting subscript (1, 2, 3) as (x, y, z), we get

εx′x′ = εxxl
2
1 + εyym

2
1 + εzzn

2
1 + 2(εxyl1m1 + εyzm1n1 + εzxn1l1)

εy′y′ = εxxl
2
2 + εyym

2
2 + εzzn

2
2 + 2(εxyl2m2 + εyzm2n2 + εzxn2l2)

εz′z′ = εxxl
2
3 + εyym

2
3 + εzzn

2
3 + 2(εxyl3m3 + εyzm3n3 + εzxn3l3)

εx′y′ = εxxl1l2 + εyym1m2 + εzzn1n2

+ εxy(l1m2 + l2m1) + εyz(m1n2 + m2n1) + εzx(n1l2 + n2l1)
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εy′z′ = εxxl2l3 + εyym2m3 + εzzn2n3

+ εxy(l2m3 + l3m2) + εyz(m2n3 + m3n2) + εzx(n2l3 + n3l2)

εz′x′ = εxxl3l1 + εyym3m1 + εzzn3n1

+ εxy(l3m1 + l1m3) + εyz(m3n1 + m1n3) + εzx(n3l1 + n1l3) (Answer)

Problem 16.4. Derive Navier’s equations of thermoelasticity with motion of the
body.

Solution. The equations of motion are given from Eq. (16.67)

σji,j + Fi = ρüi (i = 1, 2, 3) (16.73)

Substitution of Eq. (16.11) into Eq. (16.73) gives

σji,j + Fi − ρüi
= μ(ui,jj + uj,ji) + λuj,ji − βτ,i + Fi − ρüi

= μ∇2ui + (λ + μ)uk,ki − βτ,i + Fi − ρüi = 0 (16.74)

Then, we get

μ∇2ui + (λ + μ)uk,ki − βτ,i + Fi = ρüi (i = 1, 2, 3) (Answer)

Problem 16.5. Derive the Beltrami-Michell compatibility equations (16.23).

Solution. The compatibility equations are from Eq. (16.22)

∂2εxx

∂y2 + ∂2εyy

∂x2 = 2
∂2εxy

∂x∂y

∂2εyy

∂z2 + ∂2εzz

∂y2 = 2
∂2εyz

∂y∂z

∂2εzz

∂x2 + ∂2εxx

∂z2 = 2
∂2εzx

∂z∂x
∂2εxx

∂y∂z
= ∂

∂x

(
− ∂εyz

∂x
+ ∂εzx

∂y
+ ∂εxy

∂z

)

∂2εyy

∂z∂x
= ∂

∂y

(
∂εyz

∂x
− ∂εzx

∂y
+ ∂εxy

∂z

)

∂2εzz

∂x∂y
= ∂

∂z

(
∂εyz

∂x
+ ∂εzx

∂y
− ∂εxy

∂z

)
(16.75)

The constitutive equations are from Eq. (16.10)
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εij = 1

2G

(
σij − ν

1 + ν
�δij

)
+ ατδij (16.76)

Substitution of Eq. (16.76) into the first three equations in Eq. (16.75) gives

∂2σxx

∂y2 + ∂2σyy

∂x2 − ν

1 + ν

(
∂2�

∂y2 + ∂2�

∂x2

)
+ 2Gα

(
∂2τ

∂y2 + ∂2τ

∂x2

)
= 2

∂2σxy

∂x∂y

∂2σyy

∂z2 + ∂2σzz

∂y2 − ν

1 + ν

(
∂2�

∂z2 + ∂2�

∂y2

)
+ 2Gα

(
∂2τ

∂z2 + ∂2τ

∂y2

)
= 2

∂2σyz

∂y∂z

∂2σzz

∂x2 + ∂2σxx

∂z2 − ν

1 + ν

(
∂2�

∂x2 + ∂2�

∂z2

)
+ 2Gα

(
∂2τ

∂x2 + ∂2τ

∂z2

)
= 2

∂2σzx

∂z∂x
(16.77)

The summation of Eq. (16.77) gives

∇2� −
(

∂2σxx

∂x2 + ∂2σyy

∂y2 + ∂2σzz

∂z2

)
− 2ν

1 + ν
∇2� + 4Gα∇2τ

= 2

(
∂2σxy

∂x∂y
+ ∂2σyz

∂y∂z
+ ∂2σzx

∂z∂x

)
(16.78)

Therefore,

1 − ν

1 + ν
∇2� + 4Gα∇2τ =

(
∂2σxx

∂x2 + ∂2σxy

∂x∂y
+ ∂2σzx

∂z∂x

)

+
(

∂2σxy

∂x∂y
+ ∂2σyy

∂y2 + ∂2σyz

∂y∂z

)
+

(
∂2σzx

∂z∂x
+ ∂2σyz

∂y∂z
+ ∂2σzz

∂z2

)
(16.79)

Taking Eq. (16.1) into consideration, Eq. (16.79) becomes

∇2� = − 2E

1 − ν
α∇2τ − 1 + ν

1 − ν

(
∂Fx

∂x
+ ∂Fy

∂y
+ ∂Fz

∂z

)
(16.80)

The summation of the second and the third equation in Eq. (16.77) gives

∂2σzz

∂y2 + ∂2σzz

∂x2 + ∂2(σxx + σyy)

∂z2 − ν

1 + ν

(
∇2� + ∂2�

∂z2

)

+ 2Gα

(
∇2τ + ∂2τ

∂z2

)
− 2

∂

∂z

(
∂σxz

∂x
+ ∂σyz

∂y

)

= ∇2σzz + ∂2�

∂z2 − 2
∂

∂z

(
∂σxz

∂x
+ ∂σyz

∂y
+ ∂σzz

∂z

)
+ 2Gα

(
∇2τ + ∂2τ

∂z2

)
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− ν

1 + ν

∂2�

∂z2 + ν

1 + ν

[
2E

1 − ν
α∇2τ + 1 + ν

1 − ν

(
∂Fx

∂x
+ ∂Fy

∂y
+ ∂Fz

∂z

)]

= ∇2σzz + 1

1 + ν

∂2�

∂z2 + αE

1 + ν

∂2τ

∂z2 + αE

1 − ν
∇2τ

+ ν

1 − ν

(
∂Fx

∂x
+ ∂Fy

∂y
+ ∂Fz

∂z

)
+ 2

∂Fz

∂z
= 0 (16.81)

From Eq. (16.81), we get

∇2σzz + 1

1 + ν

∂2�

∂z2 + αE

(
1

1 + ν

∂2τ

∂z2 + 1

1 − ν
∇2τ

)

= − ν

1 − ν

(
∂Fx

∂x
+ ∂Fy

∂y
+ ∂Fz

∂z

)
− 2

∂Fz

∂z
(Answer)

The two other equations can be obtained in the same way. Then, we get the first,
second and third equation in Eq. (16.23).

Substitution of Eq. (16.76) into the fourth equation in Eq. (16.75) gives

2G

[
∂2εxx

∂y∂z
− ∂

∂x

(
− ∂εyz

∂x
+ ∂εzx

∂y
+ ∂εxy

∂z

)]

= ∂2

∂y∂z

(
σxx − ν

1 + ν
� + 2Gατ

)
− ∂

∂x

(
− ∂σyz

∂x
+ ∂σzx

∂y
+ ∂σxy

∂z

)

= 1

1 + ν

∂2�

∂y∂z
+ 2Gα

∂2τ

∂y∂z

−
[

∂

∂z

(
∂σyy

∂y
+ ∂σxy

∂x

)
+ ∂

∂y

(
∂σzz

∂z
+ ∂σzx

∂x

)
− ∂2σyz

∂x2

]

= 1

1 + ν

∂2�

∂y∂z
+ 2Gα

∂2τ

∂y∂z

+
[

∂

∂z

(
∂σyz

∂z
+ Fy

)
+ ∂

∂y

(
∂σyz

∂y
+ Fz

)
+ ∂2σyz

∂x2

]

= ∇2σyz + 1

1 + ν

∂2�

∂y∂z
+ 2Gα

∂2τ

∂y∂z
+

(
∂Fy

∂z
+ ∂Fz

∂y

)
= 0 (16.82)

From Eq. (16.82), we get the fifth equation in Eq. (16.23)

∇2σyz + 1

1 + ν

∂2�

∂y∂z
+ αE

1 + ν

∂2τ

∂y∂z
= −

(∂Fy

∂z
+ ∂Fz

∂y

)
(Answer)

The fourth and sixth equations can be obtained in the same way.
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Problem 16.6. Derive the equilibrium equations (16.40) in a cylindrical coordinate
system.

Solution. The equilibrium equation of the forces in the r direction acting on the
element is

(
σrr + ∂σrr

∂r
dr

)
(r + dr) dθdz − σrrr dθdz

+
(

σzr + ∂σzr

∂z
dz

)[
π(r + dr)2 − πr2

]
dθ

2π
− σzr

[
π(r + dr)2 − πr2

]
dθ

2π

+
(

σθr + ∂σθr

∂θ
dθ

)
drdz cos

dθ

2
− σθrdrdz cos

dθ

2

−
(

σθθ + ∂σθθ

∂θ
dθ

)
drdz sin

dθ

2
− σθθdrdz sin

dθ

2

+ Fr

[
π(r + dr)2 − πr2

]
dθ

2π
dz = 0 (16.83)

After dividing Eq. (16.83) by rdrdθdz and omitting higher infinitesimal terms, we
obtain

∂σrr

∂r
+ 1

r

∂σθr

∂θ
+ σzr

∂z
+ σrr − σθθ

r
+ Fr = 0 (Answer)

The equilibrium equation of the forces in the θ + dθ/2 direction acting on the
element is

(
σθθ + ∂σθθ

∂θ
dθ

)
drdz cos

dθ

2
+

(
σθr + ∂σθr

∂θ
dθ

)
drdz sin

dθ

2

− σθθdrdz cos
dθ

2
+ σθrdrdz sin

dθ

2

+
(

σzθ + ∂σzθ

∂z
dz

)
[π(r + dr)2 − πr2]dθ

2π
− σzθ[π(r + dr)2 − πr2]dθ

2π

+
(

σrθ + ∂σrθ

∂r
dr

)
(r + dr)dθdz − σrθrdθdz

+ Fθ [π(r + dr)2 − πr2]dθ

2π
dz = 0 (16.84)

Letting cos
dθ

2
→ 1, sin

dθ

2
→ dθ

2
, we get
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∂σθθ

∂θ
drdθdz + σθrdrdθdz + ∂σθr

∂θ
drdθdz

dθ

2
+ ∂σzθ

∂z

(
r + dr

2

)
drdθdz

+ σrθdrdθdz + ∂σrθ

∂r
(r + dr)drdθdz + Fθ

(
r + dr

2

)
drdθdz

=
(

∂σrθ

∂r
+ 1

r

∂σθθ

∂θ
+ ∂σzθ

∂z
+ 2

σrθ

r
+ Fθ

)
rdrdθdz

+
(

∂σθr

∂θ

dθ

2
+ ∂σzθ

∂z

dr

2
+ ∂σrθ

∂r
dr + Fθ

dr

2

)
drdθdz = 0 (16.85)

After dividing Eq. (16.85) by rdrdθdz and omitting higher infinitesimal terms, we
obtain

∂σrθ

∂r
+ 1

r

∂σθθ

∂θ
+ ∂σzθ

∂z
+ 2

σrθ

r
+ Fθ = 0 (Answer)

The equilibrium equation of the forces in the z direction acting on the element is

(
σzz + ∂σzz

∂z
dz

)
[π(r + dr)2 − πr2]dθ

2π
− σzz[π(r + dr)2 − πr2]dθ

2π

+
(
σθz + ∂σzθ

∂θ
dθ

)
drdz − σθzdrdz +

(
σrz + ∂σrz

∂r
dr

)
(r + dr)dθdz

− σrzrdθdz + Fz [π(r + dr)2 − πr2]dθ

2π
dz

= ∂σzz

∂z

(
r + dr

2

)
drdθdz + ∂σzθ

∂θ
dθdrdz + σrzdrdθdz

+ ∂σrz

∂r
(r + dr)drdθdz + Fz

(
r + dr

2

)
drdθdz = 0 (16.86)

After dividing Eq. (16.86) by rdrdθdz and omitting higher infinitesimal terms, we
obtain

∂σrz

∂r
+ 1

r

∂σθz

∂θ
+ ∂σzz

∂z
+ σrz

r
+ Fz = 0 (Answer)

Problem 16.7. Derive Eq. (16.47) in a cylindrical coordinate system.

Solution. Substitution of Eq. (16.46) into the first equation of Eq. (16.40) gives

∂

∂r
(2μεrr + λe − βτ ) + 2μ

r

∂εθr

∂θ
+ 2μ

∂εzr

∂z
+ 2μ

εrr − εθθ

r
+ Fr = 0 (16.87)

Using the strain-displacement relation (16.42), Eq. (16.87) reduces to
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(λ + 2μ)
∂e

∂r
+ 2μ

{1

2

∂

∂z

(∂ur
∂z

− ∂uz
∂r

)
− 1

r

1

2r

∂

∂θ

[∂(ruθ)

∂r
− ∂ur

∂θ

]}

− β
∂τ

∂r
+ Fr = 0 (16.88)

Then, we can get

(λ + 2μ)
∂e

∂r
− 2μ

(
1

r

∂ωz

∂θ
− ∂ωθ

∂z

)
− β

∂τ

∂r
+ Fr = 0 (Answer)

where

ωθ = 1

2

(
∂ur
∂z

− ∂uz
∂r

)
, ωz = 1

2r

(
∂(ruθ)

∂r
− ∂ur

∂θ

)

We can obtain the second and third equations of Navier’s equations (16.47) by the
same technique.

Problem 16.8. Derive the solutions of Laplace’s equation in a cylindrical coordinate
system.

Solution. We consider the solutions of Laplace’s equation in a cylindrical coordi-
nate system by use of the method of separation of variables. Laplace’s equation is

(
∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2 + ∂2

∂z2

)
ϕ = 0 (16.89)

We assume that the harmonic function can be expressed by the product of three
unknown functions, each of only one variable

ϕ(r, θ, z) = f (r)g(θ)h(z) (16.90)

Substitution of Eq. (16.90) into Eq. (16.89) gives

1

f (r)

(
d2

dr2 + 1

r

d

dr

)
f (r) + 1

r2

1

g(θ)

d2g(θ)

dθ2 + 1

h(z)

d2h(z)

dz2 = 0 (16.91)

Equation (16.91) will be satisfied if the functions are selected as

d2f (r)

dr2 + 1

r

df (r)

dr
+

(
a2 − b2

r2

)
f (r) = 0

d2g(θ)

dθ2 + b2g(θ) = 0

d2h(z)

dz2 − a2h(z) = 0 (16.92)
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where a and b are constants. The first equation of Eq. (16.92) is called the Bessel’s
differential equation, and has two independent solutions f (r) = Jb(ar) and Yb(ar)
for a �= 0, |b| < ∞. Jb(ar) and Yb(ar) are the Bessel function of first kind of order b
and of second kind of order b, respectively. Similarly, the first equation of Eq. (16.92)
has two independent solutions f (r) = 1 and ln r for a = b = 0, and f (r) = rb and
r−b for a = 0, b �= 0.

The linearly independent solutions of Eq. (16.92) are

f (r) =
(

1
ln r

)
for a = b = 0, f (r) =

(
rb

r−b

)
for a = 0, b �= 0

f (r) =
(
Jb(ar)
Yb(ar)

)
for a �= 0, |b| < ∞

g(θ) =
(

1
θ

)
for b = 0, g(θ) =

(
sin bθ
cos bθ

)
for b �= 0

h(z) =
(

1
z

)
for a = 0, h(z) =

(
eaz

e−az

)
for a �= 0 (16.93)

In another case, Eq. (16.91) will be satisfied if the functions are selected as

d2f (r)

dr2 + 1

r

df (r)

dr
−

(
a2 + b2

r2

)
f (r) = 0

d2g(θ)

dθ2 + b2g(θ) = 0

d2h(z)

dz2 + a2h(z) = 0 (16.94)

The first equation of Eq. (16.94) is called the modified Bessel’s differential equation,
and has two independent solutions f (r) = Ib(ar) and Kb(ar) for a �= 0, |b| < ∞.
Ib(ar) and Kb(ar) are the Bessel function of first kind of order b and of second kind
of order b, respectively.

The linearly independent solutions of Eq. (16.94) are

f (r) =
(

1
ln r

)
for a = b = 0, f (r) =

(
rb

r−b

)
for a = 0, b �= 0

f (r) =
(
Ib(ar)
Kb(ar)

)
for a �= 0, |b| < ∞

g(θ) =
(

1
θ

)
for b = 0, g(θ) =

(
sin bθ
cos bθ

)
for b �= 0

h(z) =
(

1
z

)
for a = 0, h(z) =

(
sin az
cos az

)
for a �= 0 (16.95)



412 16 Basic Equations of Thermoelasticity

Therefore, the particular solutions of Laplace’s equation in a cylindrical coordinate
system may be expressed as follows:

(
1
ln r

) (
1
θ

) (
1
z

)
,

(
rb

r−b

) (
sin bθ
cos bθ

) (
1
z

)

(
J0(ar)
Y0(ar)

) (
1
θ

) (
eaz

e−az

)
,

(
I0(ar)
K0(ar)

) (
1
θ

) (
sin az
cos az

)

(
Jb(ar)
Yb(ar)

) (
sin bθ
cos bθ

) (
eaz

e−az

)

(
Ib(ar)
Kb(ar)

) (
sin bθ
cos bθ

) (
sin az
cos az

)
(Answer) (16.96)

where

(
sinh az
cosh az

)
can be used instead of

(
eaz

e−az

)
.

In Eq. (16.96), we used the following notation for the product of three one-column
matrices

(
f1
f2

) (
g1
g2

) (
h1
h2

)
=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f1g1h1

f2g1h1

f1g2h1

f2g2h1

f1g1h2

f2g1h2

f1g2h2
f2g2h2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(16.97)

Then,

(
Ib(ar)
Kb(ar)

) (
sin bθ
cos bθ

) (
sin az
cos az

)
, for example means

(
Ib(ar)
Kb(ar)

) (
sin bθ
cos bθ

) (
sin az
cos az

)
=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ib(ar) sin bθ sin az

Kb(ar) sin bθ sin az

Ib(ar) cos bθ sin az

Kb(ar) cos bθ sin az

Ib(ar) sin bθ cos az

Kb(ar) sin bθ cos az

Ib(ar) cos bθ cos az
Kb(ar) cos bθ cos az

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(16.98)

Therefore, a product of the three one-column matrices in Eq. (16.96) produces 8
particular solutions of Laplace’s equation, and Eq. (16.96) represent an ordered array
of 8 × 6 particular harmonic solutions in cylindrical coordinates.
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Problem 16.9. Derive the equilibrium equations (16.52) in a spherical coordinate
system.

Solution. We consider the infinitesimal element in a spherical coordinate system.
The area of the infinitesimal element of φ plane is rdrdθ
The area of the infinitesimal element of (φ + dφ) plane is rdrdθ
The area of the infinitesimal element of θ plane is drr sin θdφ
The area of the infinitesimal element of (θ + dθ) plane is

drr sin(θ + dθ)dφ = drr sin θ cos dθdφ + drr cos θ sin dθdφ
∼= drr sin θdφ + drr cos θdθdφ

The area of the infinitesimal element of r plane is r2 sin θdθdφ
The area of the infinitesimal element of (r + dr) plane is

(r + dr)2dθ sin θdφ ∼= (r2 + 2rdr)dθ sin θdφ

The volume of the infinitesimal element is r2 sin θdrdθdφ

The equilibrium equation of the forces in the r direction acting on the element is

(
σrr + ∂σrr

∂r
dr

)
(r2 + 2rdr) sin θdθdφ − σrrr

2 sin θdθdφ

+
(
σθr + ∂σθr

∂θ
dθ

)
(sin θ + cos θdθ)rdrdφ cos

dθ

2
− σθr sin θrdrdφ cos

dθ

2

−
(
σθθ + ∂σθθ

∂θ
dθ

)
(sin θ + cos θdθ)rdrdφ sin

dθ

2
− σθθ sin θrdrdφ sin

dθ

2

+
(
σφr + ∂σφr

∂φ
dφ

)
rdrdθ cos

sin θdφ

2
− σφrrdrdθ cos

sin θdφ

2

−
(
σφφ + ∂σφφ

∂φ
dφ

)
rdrdθ sin

sin θdφ

2
− σφφrdrdθ sin

sin θdφ

2

+ Fr r
2 sin θdrdθdφ = 0 (16.99)

Letting cos
dθ

2
→ 1, sin

dθ

2
→ dθ

2
, cos

sin θdφ

2
→ 1, sin

sin θdφ

2
→ sin θdφ

2
,

we get

∂σrr

∂r
r2 sin θdrdθdφ + 2σrrr sin θdrdθdφ + 2

∂σrr

∂r
r sin θdrdθdφdr

+ σθrr cos θdrdθdφ + ∂σθr

∂θ
r sin θdrdθdφ + ∂σθr

∂θ
r cos θdrdθdφdθ

− σθθr sin θdrdθdφ

− 1

2

(
σθθ cos θdθ + ∂σθθ

∂θ
sin θdθ + ∂σθθ

∂θ
cos θdθdθ

)
rdrdθdφ
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+ ∂σφr

∂φ
rdrdθdφ − σφφr sin θdrdθdφ − 1

2

∂σφr

∂φ
r sin θdrdθdφdφ

+ Fr r
2 sin θdrdθdφ = 0 (16.100)

After dividing Eq. (16.100) by r2 sin θdrdθdφ and omitting higher infinitesimal
terms, we obtain

∂σrr

∂r
+ 1

r

∂σθr

∂θ
+ 1

r sin θ

∂σφr

∂φ
+ 1

r
(2σrr − σθθ − σφφ + σθr cot θ) + Fr = 0

(Answer)
The equilibrium equation of the forces in the (θ + dθ/2) direction acting on the
element is

(
σrθ + ∂σrθ

∂r
dr

)
(r2 + 2rdr) sin θdθdφ − σrθr

2 sin θdθdφ

+
(
σθr + ∂σθr

∂θ
dθ

)
(sin θ + cos θdθ)rdrdφ sin

dθ

2
+ σθr sin θrdrdφ sin

dθ

2

+
(
σθθ + ∂σθθ

∂θ
dθ

)
(sin θ + cos θdθ)rdrdφ cos

dθ

2
− σθθ sin θrdrdφ cos

dθ

2

+
(
σφθ + ∂σφθ

∂φ
dφ

)
rdrdθ cos

cos θdφ

2
− σφθrdrdθ cos

cos θdφ

2

−
(
σφφ + ∂σφφ

∂φ
dφ

)
rdrdθ sin

cos θdφ

2
− σφφrdrdθ sin

cos θdφ

2

+ Fθ r
2 sin θdrdθdφ = 0 (16.101)

Letting cos
dθ

2
→ 1, sin

dθ

2
→ dθ

2
, cos

cos θdφ

2
→ 1, sin

cos θdφ

2
→ cos θdφ

2
,

we get

2σrθr sin θdrdθdφ + ∂σrθ

∂r
r2 sin θdrdθdφ + 2

∂σrθ

∂r
r sin θdrdθdφdr

+ σθrr sin θdrdθdφ

+ 1

2

(
σθr cot θ + ∂σθr

∂θ
+ ∂σθr

∂θ
cot θdθ

)
r sin θdrdθdφdθ

+
(
σθθ cot θ + ∂σθθ

∂θ
+ ∂σθθ

∂θ
cot θdθ

)
r sin θdrdθdφ

+ 1

sin θ

∂σφθ

∂φ
r sin θdrdθdφ −

(
σφφ + 1

2

∂σφφ

∂φ
dφ

)
cot θr sin θdrdθdφ

+ Fθ r
2 sin θdrdθdφ = 0 (16.102)

After dividing Eq. (16.102) by r2 sin θdrdθdφ and omitting higher infinitesimal
terms, we obtain
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∂σrθ

∂r
+ 1

r

∂σθθ

∂θ
+ 1

r sin θ

∂σφθ

∂φ
+ 1

r
(3σrθ + σθθ cot θ − σφφ cot θ) + Fθ = 0

The equilibrium equation of the forces in (φ + dφ/2) direction acting on the ele-
ment is

(
σrφ + ∂σrφ

∂r
dr

)
(r2 + 2rdr) sin θdθdφ − σrφr

2 sin θdθdφ

+
(
σθφ + ∂σθφ

∂θ
dθ

)
(sin θ + cos θdθ)rdrdφ − σθφ sin θrdrdφ

+
(
σφr + ∂σφr

∂φ
dφ

)
rdrdθ sin

sin θdφ

2
+ σφrrdrdθ sin

sin θdφ

2

+
(
σφφ + ∂σφφ

∂φ
dφ

)
rdrdθ cos

cos θdφ

2
cos

sin θdφ

2

− σφφrdrdθ cos
cos θdφ

2
cos

sin θdφ

2
+

(
σφθ + ∂σφθ

∂φ
dφ

)
rdrdθ sin

cos θdφ

2

+ σφθrdrdθ sin
cos θdφ

2
+ Fφ r

2 sin θdrdθdφ = 0 (16.103)

Letting cos
sin θdφ

2
→ 1, cos

cos θdφ

2
→ 1, sin

sin θdφ

2
→ sin θdφ

2
,

sin
cos θdφ

2
→ cos θdφ

2
, we get

2σrφr sin θdrdθdφ + ∂σrφ

∂r
r2 sin θdrdθdφ + 2

∂σrφ

∂r
rdr sin θdrdθdφ

+ σθφr cos θdrdθdφ + ∂σθφ

∂θ
r sin θdrdθdφ + ∂σθφ

∂θ
dθr cos θdrdθdφ

+
(
σφr + 1

2

∂σφr

∂φ
dφ

)
r sin θdrdθdφ + ∂σφφ

∂φ
rdrdθdφ

+ σφθr cos θdrdθdφ + 1

2

∂σφθ

∂φ
dφr cos θdrdθdφ

+ Fφ r
2 sin θdrdθdφ = 0 (16.104)

After dividing Eq. (16.104) by r2 sin θdrdθdφ and omitting higher infinitesimal
terms, we obtain

∂σrφ

∂r
+ 1

r

∂σθφ

∂θ
+ 1

r sin θ

∂σφφ

∂φ
+ 1

r
(3σrφ + 2 cot θσθφ) + Fφ = 0 (Answer)

Problem 16.10. Derive Navier’s equations (16.60) in a spherical coordinate system.

Solution. Substitution of Hooke’s law (16.59) into the first equation of the equilib-
rium equations (16.52) yields
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∂

∂r
(2μεrr + λe − βτ ) + 2μ

r

∂εrθ

∂θ
+ 2μ

r sin θ

∂εφr

∂φ

+ 1

r
[2(2μεrr + λe − βτ ) − (2μεθθ + λe − βτ )

− (2μεφφ + λe − βτ ) + (2μεrθ) cot θ] + Fr = 0 (16.105)

Using Eq. (16.54), Eq. (16.105) reduces to

(λ + 2μ)
∂e

∂r
− 2μ

[(
1

r

∂ur
∂r

− ur
r2 − 1

r2

∂uθ

∂θ
+ 1

r

∂2uθ

∂r∂θ

)
+ 1

r

∂ur
∂r

− ur
r2

+ cot θ

(
1

r

∂uθ

∂r
− uθ

r2

)
− 1

r2 sin θ

∂uφ

∂φ
+ 1

r sin θ

∂2uφ

∂r∂φ

)]

+ μ

(
1

r2

∂2ur
∂θ2 + 1

r

∂2uθ

∂r∂θ
− 1

r2

∂uθ

∂θ

)

+ μ

r sin θ

(
1

r sin θ

∂2ur
∂φ2 + ∂2uφ

∂r∂φ
− 1

r

∂uφ

∂φ

)

+ μ

r

[
4
∂ur
∂r

− 4
ur
r

− 2

r

∂uθ

∂θ
− 3 cot θ

uθ

r
− 2

r sin θ

∂uφ

∂φ
+ cot θ

1

r

∂ur
∂θ

+ cot θ
∂uθ

∂r

]
− β

∂τ

∂r
+ Fr = 0 (16.106)

From Eq. (16.106), we get

(λ + 2μ)
∂e

∂r
− μ

r sin θ

[
sin θ

r

(
∂uθ

∂θ
+ r

∂2uθ

∂r∂θ
− ∂2ur

∂2θ

)

+ cos θ

r

(
uθ + r

∂uθ

∂r
− ∂ur

∂θ

)
− 1

r

(
1

sin θ

∂2ur
∂2φ

− ∂uφ

∂φ
− r

∂2uφ

∂r∂φ

)]

− β
∂τ

∂r
+ Fr = 0 (16.107)

Taking into the consideration of

2
∂(ωφ sin θ)

∂θ
= 2 sin θ

∂ωφ

∂θ
+ 2 cos θωφ

= sin θ

r

(
∂uθ

∂θ
+ r

∂2uθ

∂r∂θ
− ∂2ur

∂2θ

)
+ cos θ

r

(
uθ + r

∂uθ

∂r
− ∂ur

∂θ

)

2
∂ωθ

∂φ
= 1

r

(
1

sin θ

∂2ur
∂2φ

− ∂uφ

∂φ
− r

∂2uφ

∂r∂φ

)
(16.108)

equation (16.107) reduces to
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(λ + 2μ)
∂e

∂r
− 2μ

r sin θ

[
sin θ

∂ωφ

∂θ
+ cos θωφ − ∂ωθ

∂φ

]
− β

∂τ

∂r
+ Fr = 0 (16.109)

We finally obtain

(λ + 2μ)
∂e

∂r
− 2μ

r sin θ

[
∂(ωφ sin θ)

∂θ
− ∂ωθ

∂φ

]
− β

∂τ

∂r
+ Fr = 0 (Answer)

We can obtain the second and third equations of Navier’s equations (16.60) by same
technique.

Problem 16.11. Derive the solutions of Laplace’s equation in a spherical coordinate
system.

Solution. We consider the solution of Laplace’s equation in a spherical coordinate
system by use of the method of separation of variables. Laplace’s equation in a
spherical coordinate system is

(
∂2

∂r2 + 2

r

∂

∂r
+ 1

r2

∂2

∂θ2 + 1

r2 tan θ

∂

∂θ
+ 1

r2 sin2 θ

∂2

∂φ2

)
ϕ = 0 (16.110)

We assume that the harmonic function can be expressed by the product of three
unknown functions, each of only one variable

ϕ(r, θ,φ) = f (r)g(θ)h(φ) (16.111)

Substitution of Eq. (16.111) into Eq. (16.110) gives

r2

f (r)

(
d2

dr2 + 2

r

d

dr

)
f (r) + 1

g(θ)

(
d2

dθ2 + 1

tan θ

d

dθ

)
g(θ)

+ 1

sin2 θh(φ)

d2h(φ)

dφ2 = 0 (16.112)

Equation (16.112) will be satisfied if the functions are selected as follows:

d2f (r)

dr2 + 2

r

df (r)

dr
− ν(ν + 1)

r2 f (r) = 0

d2g(θ)

dθ2 + 1

tan θ

dg(θ)

dθ
+

[
ν(ν + 1) − μ2

sin2 θ

]
g(θ) = 0

d2h(φ)

dφ2 + μ2h(φ) = 0 (16.113)

The linearly independent solutions of the first and the third equations of Eq. (16.113)
are
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f (r) =
(
rν

r−(ν+1)

)

h(φ) =
(

1
φ

)
for μ = 0, h(φ) =

(
sin μφ
cos μφ

)
for μ �= 0 (16.114)

Application of the transformation of a variable x = cos θ to the second equation in
Eq. (16.113) gives

(1 − x2)
d2g(x)

dx2 − 2x
dg(x)

dx
+

[
ν(ν + 1) − μ2

1 − x2

]
g(x) = 0 (16.115)

The Eq. (16.115) is called the associated Legendre’s differential equation, and the
linearly independent solutions are given by

g(x) =
(
Pμ

ν (x)
Qμ

ν (x)

)
(16.116)

Therefore, the particular solutions of the harmonic equation in a spherical coordinate
system may be expressed as follows:

(
rν

r−(ν+1)

) (
Pν(cos θ)
Qν(cos θ)

) (
1
φ

)

(
rν

r−(ν+1)

) (
Pμ

ν (cos θ)
Qμ

ν (cos θ)

) (
sin μφ
cos μφ

)
(Answer)

where μ and ν are constants, Pν(cos θ) is the Legendre function of the first kind,
Qν(cos θ) is the Legendre function of the second kind, Pμ

ν (cos θ) is the associated
Legendre function of the first kind, andQμ

ν (cos θ) is the associated Legendre function
of the second kind. The notation for the product of three one-column matrices is
explained by Eqs.(16.97) and (16.98).

Problem 16.12. Express the displacements and strains in a spherical coordinate
system by use of the thermoelastic potential � and the Boussinesq functions ϕ,ϑ,ψ.

Solution. The relationship between the Cartesian and the spherical coordinate
systems is

x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ

r =
√
x2 + y2 + z2, tan θ =

√
x2 + y2/z, tan φ = y

x
(16.117)

The direction cosines in both coordinate systems are
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l1 = sin θ cos φ, m1 = sin θ sin φ, n1 = cos θ

l2 = cos θ cos φ, m2 = cos θ sin φ, n2 = − sin θ

l3 = − sin φ, m3 = cos φ, n3 = 0 (16.118)

The partial derivatives are

∂

∂x
= sin θ cos φ

∂

∂r
+ cos θ cos φ

r

∂

∂θ
− sin φ

r sin θ

∂

∂φ

∂

∂y
= sin θ sin φ

∂

∂r
+ cos θ sin φ

r

∂

∂θ
+ cos φ

r sin θ

∂

∂φ

∂

∂z
= cos θ

∂

∂r
− sin θ

r

∂

∂θ
(16.119)

Displacements ux, uy, uz in a Cartesian coordinate system are expressed by the ther-
moelastic potential � and the Boussinesq functions ϕ,ϑ,ψ from Eq. (16.38)

ux = ∂�

∂x
+ ∂ϕ

∂x
+ 2

∂ϑ

∂y
+ z

∂ψ

∂x

uy = ∂�

∂y
+ ∂ϕ

∂y
− 2

∂ϑ

∂x
+ z

∂ψ

∂y

uz = ∂�

∂z
+ ∂ϕ

∂z
+ z

∂ψ

∂z
− (3 − 4ν)ψ (16.120)

Displacements ur, uθ, uφ in a spherical coordinate system are expressed by the dis-
placements ux, uy, uz in a Cartesian coordinate system

ur = ux sin θ cos φ + uy sin θ sin φ + uz cos θ

uθ = ux cos θ cos φ + uy cos θ sin φ − uz sin θ

uφ = −ux sin φ + uy cos φ (16.121)

Substituting Eq. (16.120) into Eq. (16.121) and translating the partial differentials
from the Cartesian to the spherical coordinate systems, we get

ur = ux sin θ cos φ + uy sin θ sin φ + uz cos θ

=
[(

sin θ cos φ
∂�

∂r
+ cos θ cos φ

r

∂�

∂θ
− sin φ

r sin θ

∂�

∂φ

)

+
(

sin θ cos φ
∂ϕ

∂r
+ cos θ cos φ

r

∂ϕ

∂θ
− sin φ

r sin θ

∂ϕ

∂φ

)

+ 2
(

sin θ sin φ
∂ϑ

∂r
+ cos θ sin φ

r

∂ϑ

∂θ
+ cos φ

r sin θ

∂ϑ

∂φ

)

+ r cos θ
(

sin θ cos φ
∂ψ

∂r
+ cos θ cos φ

r

∂ψ

∂θ
− sin φ

r sin θ

∂ψ

∂φ

)]
sin θ cos φ
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+
[(

sin θ sin φ
∂�

∂r
+ cos θ sin φ

r

∂�

∂θ
+ cos φ

r sin θ

∂�

∂φ

)

+
(

sin θ sin φ
∂ϕ

∂r
+ cos θ sin φ

r

∂ϕ

∂θ
+ cos φ

r sin θ

∂ϕ

∂φ

)

− 2
(

sin θ cos φ
∂ϑ

∂r
+ cos θ cos φ

r

∂ϑ

∂θ
− sin φ

r sin θ

∂ϑ

∂φ

)

+ r cos θ
(

sin θ sin φ
∂ψ

∂r
+ cos θ sin φ

r

∂ψ

∂θ
+ cos φ

r sin θ

∂ψ

∂φ

)]
sin θ sin φ

+
[(

cos θ
∂�

∂r
− sin θ

r

∂�

∂θ

)
+

(
cos θ

∂ϕ

∂r
− sin θ

r

∂ϕ

∂θ

)

+ r cos θ
(

cos θ
∂ψ

∂r
− sin θ

r

∂ψ

∂θ

)
− (3 − 4ν)φ

]
cos θ

= ∂�

∂r
+ ∂ϕ

∂r
+ 2

r

∂ϑ

∂θ
+ r cos θ

∂ψ

∂r
− (3 − 4ν)ψ cos θ (16.122)

uθ = ux cos θ cos φ + uy cos θ sin φ − uz sin θ

=
[(

sin θ cos φ
∂�

∂r
+ cos θ cos φ

r

∂�

∂θ
− sin φ

r sin θ

∂�

∂φ

)

+
(

sin θ cos φ
∂ϕ

∂r
+ cos θ cos φ

r

∂ϕ

∂θ
− sin φ

r sin θ

∂ϕ

∂φ

)

+ 2
(

sin θ sin φ
∂ϑ

∂r
+ cos θ sin φ

r

∂ϑ

∂θ
+ cos φ

r sin θ

∂ϑ

∂φ

)

+ r cos θ
(

sin θ cos φ
∂ψ

∂r
+ cos θ cos φ

r

∂ψ

∂θ
− sin φ

r sin θ

∂ψ

∂φ

)]
cos θ cos φ

+
[(

sin θ sin φ
∂�

∂r
+ cos θ sin φ

r

∂�

∂θ
+ cos φ

r sin θ

∂�

∂φ

)

+
(

sin θ sin φ
∂ϕ

∂r
+ cos θ sin φ

r

∂ϕ

∂θ
+ cos φ

r sin θ

∂ϕ

∂φ

)

− 2
(

sin θ cos φ
∂ϑ

∂r
+ cos θ cos φ

r

∂ϑ

∂θ
− sin φ

r sin θ

∂ϑ

∂φ

)

+ r cos θ
(

sin θ sin φ
∂ψ

∂r
+ cos θ sin φ

r

∂ψ

∂θ
+ cos φ

r sin θ

∂ψ

∂φ

)]
cos θ sin φ

−
[(

cos θ
∂�

∂r
− sin θ

r

∂�

∂θ

)
+

(
cos θ

∂ϕ

∂r
− sin θ

r

∂ϕ

∂θ

)

+ r cos θ
(

cos θ
∂ψ

∂r
− sin θ

r

∂ψ

∂θ

)
− (3 − 4ν)φ

]
sin θ

= 1

r

∂�

∂φ
+ 1

r

∂ϕ

∂φ
+ 2

r tan θ

∂ϑ

∂φ
+ cos θ

∂ψ

∂φ
+ (3 − 4ν)ψ sin θ (16.123)
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uφ = −ux sin φ + uy cos φ

= −
[(

sin θ cos φ
∂�

∂r
+ cos θ cos φ

r

∂�

∂θ
− sin φ

r sin θ

∂�

∂φ

)

+
(

sin θ cos φ
∂ϕ

∂r
+ cos θ cos φ

r

∂ϕ

∂θ
− sin φ

r sin θ

∂ϕ

∂φ

)

+ 2
(

sin θ sin φ
∂ϑ

∂r
+ cos θ sin φ

r

∂ϑ

∂θ
+ cos φ

r sin θ

∂ϑ

∂φ

)

+ r cos θ
(

sin θ cos φ
∂ψ

∂r
+ cos θ cos φ

r

∂ψ

∂θ
− sin φ

r sin θ

∂ψ

∂φ

)]
sin φ

+
[(

sin θ sin φ
∂�

∂r
+ cos θ sin φ

r

∂�

∂θ
+ cos φ

r sin θ

∂�

∂φ

)

+
(

sin θ sin φ
∂ϕ

∂r
+ cos θ sin φ

r

∂ϕ

∂θ
+ cos φ

r sin θ

∂ϕ

∂φ

)

− 2
(

sin θ cos φ
∂ϑ

∂r
+ cos θ cos φ

r

∂ϑ

∂θ
− sin φ

r sin θ

∂ϑ

∂φ

)

+ r cos θ
(

sin θ sin φ
∂ψ

∂r
+ cos θ sin φ

r

∂ψ

∂θ
+ cos φ

r sin θ

∂ψ

∂φ

)]
cos φ

= 1

r sin θ

∂�

∂φ
+ 1

r sin θ

∂ϕ

∂φ
− 2 sin θ

∂ϑ

∂r
− 2 cos θ

r

∂ψ

∂θ
+ 1

tan θ

∂ψ

∂φ
(16.124)

The displacement-strain relations (16.54) are

εrr = ∂ur
∂r

, εθθ = ur
r

+ 1

r

∂uθ

∂θ

εφφ = ur
r

+ cot θ
uθ

r
+ 1

r sin θ

∂uφ

∂φ
, εrθ = 1

2

(1

r

∂ur
∂θ

+ ∂uθ

∂r
− uθ

r

)

εθφ = 1

2

(1

r

∂uφ

∂θ
− cot θ

uφ

r
+ 1

r sin θ

∂uθ

∂φ

)

εφr = 1

2

( 1

r sin θ

∂ur
∂φ

+ ∂uφ

∂r
− uφ

r

)
(16.125)

Substitution of Eqs. (16.122)–(16.124) into Eq. (16.125) gives

εrr = ∂2�

∂r2 + ∂2ϕ

∂r2 − 2

r2

∂ϑ

∂φ
+ 2

r

∂2ϑ

∂r∂φ
+ r cos θ

∂2ψ

∂r2

− 2(1 − 2ν) cos θ
∂ψ

∂r

εθθ = 1

r

∂�

∂r
+ 1

r2

∂2�

∂θ2 + 1

r

∂ϕ

∂r
+ 1

r2

∂2ϕ

∂θ2 + 2

r2

∂ϑ

∂φ
− 2

r2 sin2 θ

∂ϑ

∂φ
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+ 2

r2 tan θ

∂2ϑ

∂φ∂θ
+ cos θ

∂ψ

∂r
+ cos θ

r

∂2ψ

∂θ2 + 2(1 − 2ν)
sin θ

r

∂ψ

∂θ

εφφ = 1

r

∂�

∂r
+ cot θ

r2

∂�

∂θ
+ 1

r2 sin2 θ

∂2�

∂φ2 + 1

r

∂ϕ

∂r
+ cot θ

r2

∂ϕ

∂θ

+ 1

r2 sin2 θ

∂2ϕ

∂φ2 + 2

r2 sin2 θ

∂ϑ

∂φ
− 2

r

∂2ϑ

∂r∂φ
− 2 cos θ

r2 sin θ

∂2ϑ

∂θ∂φ

+ cos θ
∂ψ

∂r
+ cos2 θ

r sin θ

∂ψ

∂θ
+ cos θ

r sin2 θ

∂2ψ

∂φ2

εrθ = 1

r

∂2�

∂r∂θ
− 1

r2

∂�

∂θ
+ 1

r

∂2ϕ

∂r∂θ
− 1

r2

∂ϕ

∂θ

+ 1

r2

∂2ϑ

∂θ∂φ
− 2

r2 tan θ

∂ϑ

∂φ
+ 1

r tan θ

∂2ϑ

∂r∂φ

− 2(1 − ν) sin θ
∂ψ

∂r
− 2(1 − ν)

cos θ

r

∂ψ

∂θ
+ cos θ

∂2ψ

∂r∂θ

εθφ = − cos θ

r2 sin2 θ

∂�

∂φ
+ 1

r2 sin θ

∂2�

∂θ∂φ
− cos θ

r2 sin2 θ

∂ϕ

∂φ
+ 1

r2 sin θ

∂2ϕ

∂θ∂φ

+ 1

r2 sin θ

∂ϑ

∂θ
− sin θ

r

∂2ϑ

∂r∂θ
− cos θ

r2

∂2ϑ

∂θ2 + cos θ

r2 sin2 θ

∂2ϑ

∂φ2

+ 1

r tan θ

∂2ψ

∂θ∂φ
+

(
1 − 2ν − 1

tan2 θ

)1

r

∂ψ

∂φ

εrφ = 1

r sin θ

∂2�

∂r∂φ
− 1

r2 sin θ

∂�

∂φ
+ 1

r sin θ

∂2ϕ

∂r∂φ
− 1

r2 sin θ

∂ϕ

∂φ

+ 1

r2 sin θ

∂2ϑ

∂φ2 − sin θ
∂2ϑ

∂r2 + cos θ

r2

∂ϑ

∂θ
− cos θ

r

∂2ϑ

∂r∂θ

+ 1

tan θ

∂2ψ

∂r∂φ
− 2(1 − ν)

1

r tan θ

∂ψ

∂φ
(Answer)



Chapter 17
Plane Thermoelastic Problems

In this chapter the basic treatment of plane thermoelastic problems in a state of
plane strain and a plane stress are recalled. Typical three methods for the solution
of plane problems are presented: the thermal stress function method for both simply
connected and multiply connected bodies, the complex variable method with use of
the conformal mapping technique, and potential method for Navier’s equations [See
also Chap. 7].

17.1 Plane Strain and Plane Stress

The unified systems of the governing equations for both plane strain and plane stress
are as follows:

The generalized Hooke’s law is

εxx = 1

E∗
(
σxx − ν∗σyy

) + α∗τ − c∗

εyy = 1

E∗
(
σyy − ν∗σxx

) + α∗τ − c∗

εxy = 1

2G
σxy

(17.1)

An alternative form

σxx = (λ∗ + 2μ)εxx + λ∗εyy − β∗τ
σyy = (λ∗ + 2μ)εyy + λ∗εxx − β∗τ
σxy = 2μεxy

(17.1′)

where

E∗ =
⎧
⎨

⎩
E ′ = E

1 − ν2 for plane strain

E for plane stress

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 423
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_17,
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ν∗ =
{

ν ′ = ν

1 − ν
for plane strain

ν for plane stress

α∗ =
{

α′ = (1 + ν)α for plane strain
α for plane stress

λ∗ =
⎧
⎨

⎩

λ for plane strain

λ′ = 2μλ

λ + 2μ
for plane stress

β∗ =
⎧
⎨

⎩

β for plane strain

β′ = 2μβ

λ + 2μ
for plane stress

c∗ =
{

νε0 for plane strain
0 for plane stress

(17.2)

The equilibrium equations in the absence of body forces are

∂σxx

∂x
+ ∂σyx

∂y
= 0,

∂σxy

∂x
+ ∂σyy

∂y
= 0 (17.3)

The compatibility equation is

∂2εxx

∂y2 + ∂2εyy

∂x2 = 2
∂2εxy

∂x∂y
(17.4)

Navier’s equations are from Eqs. (7.25) and (7.35)

μ∇2ux + (λ∗ + μ)
∂e

∂x
− β∗ ∂τ

∂x
= 0

μ∇2uy + (λ∗ + μ)
∂e

∂y
− β∗ ∂τ

∂y
= 0

(17.5)

where e = εxx + εyy + c∗.
The boundary conditions are

σxx l + σyxm = pnx , σxyl + σyym = pny (17.6)

Next, we show typical three analytical methods for the plane problem.

Thermal stress function method
We introduce a thermal stress function χ related to the components of stress as
follows

σxx = ∂2χ

∂y2 , σyy = ∂2χ

∂x2 , σxy = − ∂2χ

∂x∂y
(17.7)

http://dx.doi.org/10.1007/978-94-007-6356-2_7
http://dx.doi.org/10.1007/978-94-007-6356-2_7
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The governing equation for the thermal stress function χ is

∇4χ = −α∗E∗∇2τ (17.8)

where

∇4 = ∇2∇2 =
(

∂2

∂x2 + ∂2

∂y2

)(
∂2

∂x2 + ∂2

∂y2

)
= ∂4

∂x4 +2
∂4

∂x2∂y2 + ∂4

∂y4 (17.9)

α∗E∗ =
⎧
⎨

⎩

αE

1 − ν
for plane strain

αE for plane stress
(17.10)

The components of displacement can be expressed in the form

ux = 1

2G

[
−∂χ

∂x
+ 1

1 + ν∗
∂ψ

∂y

]
− c∗x

uy = 1

2G

[
−∂χ

∂y
+ 1

1 + ν∗
∂ψ

∂x

]
− c∗y

(17.11)

where c∗ is a constant and the function ψ satisfies the equation

σxx + σyy + α∗E∗τ = ∇2χ + α∗E∗τ ≡ ∂2ψ

∂x∂y
(17.12)

in which
∂2

∂x∂y
∇2ψ = 0 (17.13)

When the external force does not apply to the body, the boundary conditions of
pure thermal stress problems are

χ(P) = C1x + C2y + C3
∂χ(P)

∂n′ = C1 cos(n′, x) + C2 cos(n′, y) (17.14)

where n′ denotes some direction which does not coincide with the direction of the
contour, and C1, C2, and C3 are arbitrary integration constants. The arbitrary inte-
gration constants C1, C2, and C3 can be taken zero for a simply connected body. On
the other hand, for a multiply connected body whose boundary consists of m + 1
simply closed contours Li (i = 0, 1, . . . ,m), Eq. (17.14) can be rewritten as

χ(Pi ) = C1i x + C2i y + C3i
∂χ(Pi )

∂n′ = C1i cos(n′, x) + C2i cos(n′, y) on Li (i = 0, 1, · · · ,m) (17.15)
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where Pi is an arbitrary point on the i-th boundary contour Li (i = 0, 1, . . . ,m),
C1i , C2i , and C3i are the integration constants on the boundary contour Li (i =
0, 1, . . . ,m), and the integration constants on only one contour can be zero.

The conditions of single-valuedness of rotation and displacements in (m+1)-tuply
connected body with traction free surfaces are

∮

Li

∂

∂n
(∇2χ + α∗E∗τ ) ds = 0 (i = 1, . . . ,m) (17.16)

∮

Li

(
x1

∂

∂s
− x2

∂

∂n

)
(∇2χ + α∗E∗τ ) ds = 0 (i = 1, . . . ,m) (17.17)

∮

Li

(
x1

∂

∂n
+ x2

∂

∂s

)
(∇2χ + α∗E∗τ ) ds = 0 (i = 1, . . . ,m) (17.18)

The general solution of Eq. (17.8) for the thermal stress function χ may be
expressed as the sum of the complementary solution χc and the particular solution χp

χ = χc + χp (17.19)

where the complementary solution χc and the particular solution χp are governed
by

∇4χc = 0 (17.20)

∇2χp = −α∗E∗τ (17.21)

When the transient heat conduction equation with no heat generation is discussed,
the particular solution χp is

χp = −α∗E∗κ
∫ t

tr
τ (x, y, t ′) dt ′ + χpr + (t − tr )χp0 (17.22)

where tr denotes the reference time, andχpr andχp0 denote solutions of the following
Poisson’s and Laplace’s equations, respectively

∇2χpr = −α∗E∗τr , ∇2χp0 = 0 (17.23)

in which τr denotes the temperature at the reference time tr .

Complex variable method
The biharmonic function χc governed by Eq. (17.20) can be represented by two
complex functions ϕ(z) and ψ1(z) as follows

χc = 1

2

[
zϕ(z) + zϕ(z) + ψ1(z) + ψ1(z)

]
(17.24)
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where the upper bar denotes its conjugate complex function

z = x − iy, ϕ(z) = p − iq (17.25)

where i2 = −1. Hence, the thermal stress function χ can be represented by two
complex functions and the particular solution χp

χ = χc + χp = 1

2

[
zϕ(z) + zϕ(z) + ψ1(z) + ψ1(z)

]
+ χp (17.26)

The plane thermal stresses are given by

σxx + σyy = 4Re
[
ϕ′(z)

] − α∗E∗τ

σyy − σxx + 2iσxy = 2
[
zϕ′′(z) + ψ′(z)

] +
(

∂

∂x
− i

∂

∂y

)2

χp
(17.27)

where ψ(z) ≡ ψ′
1(z), and the complex functions ϕ(z) and ψ(z) are called the complex

stress functions.
The components of displacement are

ux + iuy = 1

2G

[
3 − ν∗

1 + ν∗ ϕ(z) − zϕ′(z) − ψ(z) −
(

∂χp

∂x
+ i

∂χp

∂y

)]
− c∗(x + iy)

(17.28)
The boundary condition for the pure thermoelastic problem without traction is

ϕ(z) + zϕ′(z) + ψ(z) = −
(

∂χp

∂x
+ i

∂χp

∂y

)
+ C (17.29)

The resultant moment M about the origin of the coordinate system is

M = Re
[
ψ1(z) − zψ′

1(z) − zzϕ′(z)
]P
A

−
[
x
∂χp

∂x
+ y

∂χp

∂y
− χp

]P
A

(17.30)

Let us translate a given region S in the complex z-plane into a region � in the
complex ζ-plane by use of the conformal mapping function ω(ζ)

z = x + iy = ω(ζ), ζ = ξ + iη = ρeiθ (17.31)

A curvilinear coordinate system (ρ, θ) consists of curves ρ = constant and radii
θ = constant. The components (uρ, uθ) of displacement vector u in the ζ-plane
referred to a curvilinear coordinate system (ρ, θ) can be expressed by the components
(ux , uy) of displacement vector u in the z-plane referred to a Cartesian coordinate
system (x, y)

uρ + iuθ = e−iα(ux + iuy) (17.32)
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where α denotes an angle between x axis and ρ axis. The components of stress in
plane problems referred to a curvilinear coordinate system (ρ, θ) can be expressed
by the components referred to a Cartesian coordinate system (x, y) as follows

σρρ + σθθ = σxx + σyy

σθθ − σρρ + 2iσρθ = e2iα(σyy − σxx + 2iσxy) (17.33)

With the conformal mapping function ω(ζ), Eq. (17.32) with c∗ = 0 becomes

uρ + iuθ = 1

2G

ζ

ρ

ω′(ζ)

|ω′(ζ)|
[3 − ν∗

1 + ν∗ φ(ζ) − ω(ζ)

ω′(ζ)
φ′(ζ) − �(ζ)

− ζ

ρ

1

ω′(ζ)

(∂χp

∂ρ
+ i

1

ρ

∂χp

∂θ

)]
(17.34)

The stress fields (17.33) are expressed by

σρρ + σθθ = 4 Re
[φ′(ζ)

ω′(ζ)

]
− α∗E∗τ

σθθ − σρρ + 2iσρθ = 2ζ2

ρ2ω′(ζ)

{
ω(ζ)φ(ζ)

[φ′(ζ)

ω′(ζ)

]′ + � ′(ζ)

}

+ 4ζ2

ρ2ω′(ζ)

{
∂2χp

∂ζ2

1

ω′(ζ)
− ∂χp

∂ζ

ω′′(ζ)

[ω′(ζ)]2

}

(17.35)

Potential method
Navier’s equations (17.5) can be rewritten as

μ∇2ux + (λ∗ + μ)

(
∂2ux
∂x2 + ∂2uy

∂x∂y

)
− β∗ ∂τ

∂x
= 0

μ∇2uy + (λ∗ + μ)

(
∂2ux
∂x∂y

+ ∂2uy

∂y2

)
− β∗ ∂τ

∂y
= 0

(17.36)

The general solutions of Navier’s equations (17.36) for the plane problem can be
expressed as the sum of the complementary solutions ucx and ucy , and the particular
solutions u p

x and u p
y

ux = ucx + u p
x , uy = ucy + u p

y (17.37)

The particular solutions u p
x and u p

y can be expressed in terms of Goodier’s ther-
moelastic potential � as follows:

u p
x = �,x , u p

y = �,y (17.38)
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� must satisfy the equation as
∇2� = K τ (17.39)

where

K = β∗

λ∗ + 2μ
= (1 + ν∗)α∗ (17.40)

The complementary solutions ucx and ucy of Navier’s equations (17.36) are expressed
by two plane harmonic functions.

ucx = 3 − ν∗

1 + ν∗ φ1 − x
∂φ1

∂x
− y

∂φ2

∂x
, ucy = 3 − ν∗

1 + ν∗ φ2 − x
∂φ1

∂y
− y

∂φ2

∂y
(17.41)

where two functions φ1 and φ2 are harmonic

∇2φ1 = 0, ∇2φ2 = 0 (17.42)

17.2 Problems and Solutions Related to Plane Thermoelastic
Problems

Problem 17.1. Derive the governing equation for χ to be expressed by Eq. (17.8).

Solution. From Eq. (17.7) the thermal stress function χ is defined by

σxx = ∂2χ

∂y2 , σyy = ∂2χ

∂x2 , σxy = − ∂2χ

∂x∂y
(17.43)

The equilibrium equations (17.3) are automatically satisfied by use of the thermal
stress function χ. The compatibility equation is from Eq. (17.4)

∂2εxx

∂y2 + ∂2εyy

∂x2 = 2
∂2εxy

∂x∂y
(17.44)

Using Hooke’s law, and substituting the thermal stress function χ into Eq. (17.44),
we obtain

∂2εxx

∂y2 + ∂2εyy

∂x2 − 2
∂2εxy

∂x∂y

= ∂2

∂y2

[ 1

E∗
(
σxx − ν∗σyy

) + α∗τ − c∗]

+ ∂2

∂x2

[ 1

E∗
(
σyy − ν∗σxx

) + α∗τ − c∗] − 2
∂2

∂x∂y

( 1

2G
σxy

)
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= ∂2

∂y2

[ 1

E∗
(∂2χ

∂y2 − ν∗ ∂2χ

∂x2

)
+ α∗τ − c∗]

+ ∂2

∂x2

[ 1

E∗
(∂2χ

∂x2 − ν∗ ∂2χ

∂y2

)
+ α∗τ − c∗]

+ 2
∂2

∂x∂y

(1 + ν∗

E∗
∂2χ

∂x∂y

)

= 1

E∗
[∂4χ

∂x4 + 2
∂4χ

∂x2∂y2 + ∂4χ

∂y4 − α∗E∗( ∂2

∂x2 + ∂2

∂y2

)
τ
]

= 0 (17.45)

Therefore, the governing equation for thermal stress function χ is

∇4χ = −α∗E∗∇2τ (Answer)

where

α∗E∗ =
⎧
⎨

⎩
(1 + ν)α

E

1 − ν2 = αE

1 − ν
for plane strain

αE for plane stress
(17.46)

Problem 17.2. Prove that the arbitrary integration constants C1, C2, and C3 in
Eq. (17.14) may be taken as zero for a simply connected body.

Solution. We take
χ = χ∗ + C1x + C2y + C3 (17.47)

Substitution of Eq. (17.47) into Eqs. (17.8), (17.7) and (17.14) gives the governing
equation

∇4χ∗ = −α∗E∗∇2τ (17.48)

the stresses

σxx = ∂2χ∗

∂y2 , σyy = ∂2χ∗

∂x2 , σxy = − ∂2χ∗

∂x∂y
(17.49)

and the boundary conditions

χ∗(P) = 0,
∂χ∗(P)

∂n′ = 0 on L (17.50)

Since the function C1x + C2y + C3 does not appear in the governing Eq. (17.48),
the stresses (17.49) and the boundary conditions (17.50), the integration constants
can be taken zero for the simply connected body.

Problem 17.3. Prove that the integration constantsC1i ,C2i , andC3i on the boundary
contour Li (i = 0, 1, . . . ,m) in Eq. (17.15) can be taken zero on only one contour.

Solution. We take
χ = χ∗ + C10x + C20y + C30 (17.51)
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Substitution of Eq. (17.51) into Eqs. (17.8), (17.7) and (17.15) gives the governing
equation

∇4χ∗ = −α∗E∗∇2τ (17.52)

the stresses
σxx = ∂2χ∗

∂y2 , σyy = ∂2χ∗

∂x2 , σxy = − ∂2χ∗

∂x∂y
(17.53)

and the boundary conditions

χ∗(P0) = 0,
∂χ∗(P0)

∂n′ = 0 on L0

χ∗(Pi ) = (C1i − C10)x + (C2i − C20)y + (C3i − C30)

∂χ∗(Pi )
∂n′ = (C1i − C10) cos(n′, x) + (C2i − C20) cos(n′, y)

on Li (i = 1, 2, · · ·, n) (17.54)

If we put

C∗
1i = C1i − C10, C∗

2i = C2i − C20, C∗
3i = C3i − C30 (17.55)

equations (17.54) reduce to

χ∗(P0) = 0,
∂χ∗(P0)

∂n′ = 0 on L0

χ∗(Pi ) = C∗
1i x + C∗

2i y + C∗
3i

∂χ∗(Pi )
∂n′ = C∗

1i cos(n′, x) + C∗
2i cos(n′, y) on Li (i = 1, 2, · · ·, n) (17.56)

Taking Eqs. (17.52), (17.53) and (17.56) into consideration, the integration constants
on only one contour can be taken zero.

Problem 17.4. Prove that the thermal stress is not produced in a strip with thick-
ness l, when the steady temperature distribution without the internal heat generation
is treated.

Solution. The heat conduction equation without internal heat generation is

∇2T = 0 (17.57)

The thermal stress function χ satisfies the equation

∇4χ = −α∗E∗∇2τ (17.58)

where τ = T − T0. From Eqs. (17.57) and (17.58) we get

∇4χ = 0 (17.59)
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The general solution of Eq. (17.59) is

χ = A0 + A1x + B1y + A2x
2 + B2y

2 + C2xy

+ A3x
3 + B3y

3 + C3x
2y + D3xy

2 (17.60)

Thermal stresses are

σxx = ∂2χ

∂2y
= 2B2 + 6B3y + 2D3x

σyy = ∂2χ

∂x2 = 2A2 + 6A3x + 2C3y

σxy = − ∂2χ

∂x∂y
= −C2 − 2C3x − 2D3y (17.61)

The boundary conditions are

σxx = 0 , σxy = 0 on x = 0, l (17.62)

The unknown coefficients are determined from Eq. (17.62) as

B2 = 0, B3 = 0, D3 = 0 , C2 = 0, C3 = 0 (17.63)

From the condition of lim
y→∞ σyy = 0, we get

A2 = 0, A3 = 0 (17.64)

Then, the thermal stress is not produced in the strip.

Problem 17.5. Find the displacements in a strip when a steady temperature is
given by

T = Ta + (Tb − Ta)
x

l
(17.65)

Solution. Thermal stress is not produced in a strip, since the temperature given by
Eq. (17.65) is the steady temperature without internal heat generation. As the thermal
stress is not produced in a strip, a harmonic function ψ expressed by Eq. (17.12)
reduces to

∂2ψ

∂x∂y
= ∇2χ + α∗E∗τ = α∗E∗τ = α∗E∗[Ta − T0 + (Tb − Ta)

x

l

]
(17.66)

where T0 denotes the initial temperature. The integration of Eq. (17.66) gives

ψ = A + Bx + Cy + α∗E∗[(Ta − T0)xy + (Tb − Ta)
x2y

2l

]
(17.67)
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The displacements (17.11) with no thermal stress reduce to

ux = 1

2G(1 + ν∗)
∂ψ

∂y
− c∗x, uy = 1

2G(1 + ν∗)
∂ψ

∂x
− c∗y (17.68)

Substitution of Eq. (17.67) into Eq. (17.68) gives

ux = C

E∗ − c∗x + α∗[(Ta − T0)x + (Tb − Ta)
x2

2l

]

uy = B

E∗ − c∗y + α∗[(Ta − T0)y + (Tb − Ta)
xy

l

]
(Answer)

Problem 17.6. Derive the solutions of Eq. (17.20) in a Cartesian coordinate system.

Solution. First, we consider the solutions of Laplace’s equation in a Cartesian
coordinate system by use of the method of separation of variables. Laplace’s equation
is ( ∂2

∂x2 + ∂2

∂y2

)
h(x, y) = 0 (17.69)

We assume that the harmonic function can be expressed by the product of two
unknown functions, each of which has only one variable

h(x, y) = f (r)g(y) (17.70)

Substitution of Eq. (17.70) into Eq. (17.69) gives

d2 f (x)

dx2 + a2 f (x) = 0,
d2g(y)

dy2 − a2g(y) = 0 (17.71)

or
d2 f (x)

dx2 − a2 f (x) = 0,
d2g(y)

dy2 + a2g(y) = 0 (17.72)

where a is a constant. The linearly independent solutions of Eq. (17.71) are

f (x) =
(

1
x

)
for a = 0, f (x) =

(
cos ax
sin ax

)
for a �= 0

g(y) =
(

1
y

)
for a = 0, g(y) =

(
cosh ay
sinh ay

)
for a �= 0 (17.73)
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and the linearly independent solutions of Eq. (17.72) are

f (x) =
(

1
x

)
for a = 0, f (x) =

(
cosh ax
sinh ax

)
for a �= 0

g(y) =
(

1
y

)
for a = 0, g(y) =

(
cos ay
sin ay

)
for a �= 0 (17.74)

Now, we show that a function

p(x, y) = [Ax + By + C(x2 + y2)]h(x, y) (17.75)

is a biharmonic function, where a function h(x, y) is harmonic, and A, B,C are
arbitrary constants. Differentiation of Eq. (17.75) gives

∂2 p(x, y)

∂x2 = 2Ch(x, y) + 2(A + 2Cx)
∂h(x, y)

∂x

+ [Ax + By + C(x2 + y2)]∂
2h(x, y)

∂x2

∂2 p(x, y)

∂y2 = 2Ch(x, y) + 2(B + 2Cy)
∂h(x, y)

∂y

+ [Ax + By + C(x2 + y2)]∂
2h(x, y)

∂y2 (17.76)

As the function h(x, y) is harmonic, we get

∇2 p(x, y) = 4Ch(x, y) + 2(A+ 2Cx)
∂h(x, y)

∂x
+ 2(B + 2Cy)

∂h(x, y)

∂y
(17.77)

Differentiation of Eq. (17.77) gives

∂2∇2 p(x, y)

∂x2 = 12C
∂2h(x, y)

∂x2 + 2(A + 2Cx)
∂3h(x, y)

∂x3

+ 2(B + 2Cy)
∂3h(x, y)

∂x2∂y

∂2∇2 p(x, y)

∂y2 = 12C
∂2h(x, y)

∂y2 + 2(B + 2Cy)
∂3h(x, y)

∂y3

+ 2(A + 2Cx)
∂3h(x, y)

∂y2∂x
(17.78)

Therefore, we obtain

∇4 p(x, y) = 12C∇2h(x, y) + 2(A + 2Cx)
∂

∂x
∇2h(x, y)

+ 2(B + 2Cy)
∂

∂y
∇2h(x, y) = 0 (17.79)
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From Eqs. (17.73), (17.74) and (17.75), the particular solutions of a biharmonic
equation (17.20) in a Cartesian coordinate system may be expressed as follows:

⎛

⎜⎜⎝

1
x
y

x2 + y2

⎞

⎟⎟⎠

(
1
x

)(
1
y

)

⎛

⎜⎜⎝

1
x
y

x2 + y2

⎞

⎟⎟⎠

(
sin ax
cos ax

)(
sinh ay
cosh ay

)

⎛

⎜⎜⎝

1
x
y

x2 + y2

⎞

⎟⎟⎠

(
sinh ax
cosh ax

)(
sin ay
cos ay

)
(Answer) (17.80)

The notation for the product of three one-column matrices is explained by Eqs.
(16.97) and (16.98).

Next, we show another type of the solutions of the biharmonic equation. A com-
plex function ϕ(z) is introduced.

z = x + iy, ϕ(z) = p + iq (17.81)

where i2 = −1, and p and q are harmonic functions. Therefore

2p = ϕ(z) + ϕ(z), 2iq = ϕ(z) − ϕ(z) (17.82)

We assume that ϕ(z) is expressed by

ϕ(z) = 1 +
∞∑

n=1

(Anz
n + Bnz

−n) (17.83)

where An, Bn are real constants. Then, the harmonic function p of the real part of
ϕ(z) is written as

p = 1

2
[ϕ(z) + ϕ(z)]

= 1 + 1

2

∞∑

n=1

[An(z
n + zn) + Bn(z

−n + z−n)

= 1 + 1

2

∞∑

n=1

(zn + zn)
[
An + Bn

1

(x2 + y2)n

]
(17.84)

http://dx.doi.org/10.1007/978-94-007-6356-2_16
http://dx.doi.org/10.1007/978-94-007-6356-2_16
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We obtain the following harmonic functions from Eq. (17.84)

z + z = (x + iy) + (x − iy) = 2x

z2 + z2 = (x + iy)2 + (x − iy)2 = 2(x2 − y2)

z3 + z3 = (x + iy)3 + (x − iy)3 = 2x(x2 − 3y2)

z4 + z4 = (x + iy)4 + (x − iy)4 = 2(x4 − 6x2y2 + y4) (17.85)

In the similar way, we obtain the harmonic function q of the imaginary part of ϕ(z)

q = 1

2i
[ϕ(z) − ϕ(z)]

= 1

2i

∞∑

n=1

[An(z
n − zn) + Bn(z

−n − z−n)]

= 1

2i

∞∑

n=1

(zn − zn)
[
An − Bn

1

(x2 + y2)n

]
(17.86)

From Eq. (17.86) we obtain the following imaginary parts

z − z = (x + iy) − (x − iy) = 2iy

z2 − z2 = (x + iy)2 − (x − iy)2 = 4i xy

z3 − z3 = (x + iy)3 − (x − iy)3 = −2iy(y2 − 3x2)

z4 − z4 = (x + iy)4 − (x − iy)4 = 8i zy(x2 − y2) (17.87)

Therefore, taking into the consideration of Eqs. (17.84)–(17.87), we obtain the alter-
native forms of the particular solutions of the biharmonic equation

⎛

⎜⎜⎝

1
x
y

x2 + y2

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎝

1
x
y

x2 + y2

⎞

⎟⎟⎠

(
1

r−2

)(
x
y

)

⎛

⎜⎜⎝

1
x
y

x2 + y2

⎞

⎟⎟⎠

(
1

r−4

)(
x2 − y2

xy

)

⎛

⎜⎜⎝

1
x
y

x2 + y2

⎞

⎟⎟⎠

(
1

r−6

)(
x(x2 − 3y2)

y(y2 − 3x2)

)

⎛

⎜⎜⎝

1
x
y

x2 + y2

⎞

⎟⎟⎠

(
1

r−8

)(
x4 − 6x2y2 + y4

xy(x2 − y2)

)
, . . . (Answer)
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in which r = √
x2 + y2. The notation for the product of three one-column matrices

is explained by Eqs. (16.97) and (16.98).

Problem 17.7. Derive the solutions of Eq. (17.20) in the polar coordinate system.

Solution. First, we consider the solutions of Laplace’s equation in the polar coor-
dinate system by use of the method of separation of variables. Laplace’s equation is

( ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2

)
h(r, θ) = 0 (17.88)

We assume that the harmonic function can be expressed by the product of two
unknown functions, each of which has only one variable

h(r, θ) = f (r)g(θ) (17.89)

Substitution of Eq. (17.89) into Eq. (17.88) gives

d2 f (r)

dr2 + 1

r

d f (r)

dr
− n2

r2 f (r) = 0

d2g(θ)

dθ2 + n2g(θ) = 0 (17.90)

where n is the integer. The linearly independent solutions of Eq. (17.90) are

f (r) =
(

1
ln r

)
for n = 0, f (r) =

(
rn

r−n

)
for n �= 0

g(θ) =
(

1
θ

)
for n = 0, g(θ) =

(
sin nθ
cos nθ

)
for n �= 0 (17.91)

Next, we consider the particular solution p(r, θ) which satisfies the equation

∇2 p(r, θ) = f (r)g(θ) (17.92)

The particular solution p is assumed to be expressed by the product of two functions,
each of which has only one variable

p(r, θ) = F(r)g(θ) (17.93)

Substitution of Eq. (17.93) into Eq. (17.92) gives

d2F(r)

dr2 + 1

r

dF(r)

dr
− n2

r2 F(r) = f (r) (17.94)

and a particular solution F(r) of Eq. (17.94) takes the form

http://dx.doi.org/10.1007/978-94-007-6356-2_16
http://dx.doi.org/10.1007/978-94-007-6356-2_16
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F(r) =
(
r2/4
r2(ln r − 1)/4

)
when f (r) =

(
1

ln r

)

F(r) =
(

r3/8
r ln r/2

)
when f (r) =

(
r

r−1

)

F(r) =
(

rn+2/(4n + 4)

−r−n+2/(4n − 4)

)
when f (r) =

(
rn

r−n

)
(17.95)

From Eqs. (17.91) and (17.95), the particular solutions of Eq. (17.20) in the polar
coordinate system are

⎛

⎜⎜⎝

1
r2

ln r
r2 ln r

⎞

⎟⎟⎠

(
1
θ

)
,

⎛

⎜⎜⎝

r
r−1

r3

r ln r

⎞

⎟⎟⎠

(
cos θ
sin θ

)

⎛

⎜⎜⎝

rn

r−n

rn+2

r−n+2

⎞

⎟⎟⎠

(
cos nθ
sin nθ

)
(Answer) (17.96)

In Eq. (17.96), we used the following notation for the product of two one-column
matrices

⎛

⎜⎜⎝

f1
f2
f3
f4

⎞

⎟⎟⎠

(
g1
g2

)
=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f1g1
f2g1
f3g1
f4g1
f1g2
f2g2
f3g2
f4g2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(17.97)

Then, for example

⎛

⎜⎜⎝

rn

r−n

rn+2

r−n+2

⎞

⎟⎟⎠

(
cos nθ
sin nθ

)
=

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

rn cos nθ
r−n cos nθ
rn+2 cos nθ
r−n+2 cos nθ
rn sin nθ
r−n sin nθ
rn+2 sin nθ
r−n+2 sin nθ

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(17.98)

Problem 17.8. Derive Eq. (17.34).
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Solution. The relationship for the displacement between a curvilinear coordinate
system and a Cartesian coordinate system is given by Eq. (17.32)

uρ + iuθ = e−iα(ux + iuy) (17.99)

When a small displacement dz is produced, a corresponding point ζ undergoes a
small displacement dζ

dz = |dz|eiα, dζ = |dζ|eiθ (17.100)

From Eq. (17.100), we get

eiα = dz

|dz| = ω′(ζ)dζ

|ω′(ζ)| · |dζ| = eiθ
ω′(ζ)

|ω′(ζ)| = ζ

ρ

ω′(ζ)

|ω′(ζ)|
e−iα = e−iθ ω′(ζ)

|ω′(ζ)| = ζ

ρ

ω′(ζ)

|ω′(ζ)|
e2iα =

[ζ

ρ

ω′(ζ)

|ω′(ζ)|
]2 = ζ2

ρ2

ω′(ζ)ω′(ζ)

ω′(ζ)ω′(ζ)
= ζ2

ρ2

ω′(ζ)

ω′(ζ)
(17.101)

Next, we introduce the new notation

ϕ(z) = ϕ(ω(ζ)) ≡ φ(ζ), ψ(z) = ψ(ω(ζ)) ≡ �(ζ)

ϕ′(z) = dϕ(z)

dz
= dφ(ζ)

dζ

dζ

dz
= 1

ω′(ζ)

dφ(ζ)

dζ
= φ′(ζ)

ω′(ζ)
(17.102)

Substitution of Eqs. (17.28) with c∗ = 0, (17.101) and (17.102) into Eq. (17.99)
yields

uρ + iuθ = e−iα 1

2G

[3 − ν∗

1 + ν∗ ϕ(z) − zϕ′(z) − ψ(z) −
(∂χp

∂x
+ i

∂χp

∂y

)]

= 1

2G

ζ̄

ρ

ω′(ζ)

|ω′(ζ)|
[3 − ν∗

1 + ν∗ φ(ζ) − ω(ζ)

ω′(ζ)
φ′(ζ) − �(ζ)

−
(∂χp

∂x
+ i

∂χp

∂y

)]
(17.103)

Taking into the consideration the following relationship

∂

∂x
+ i

∂

∂y
=
( ∂

∂z

∂z

∂x
+ ∂

∂ z̄

∂ z̄

∂x

)
+ i

( ∂

∂z

∂z

∂y
+ ∂

∂ z̄

∂ z̄

∂y

)

=
( ∂

∂z
+ ∂

∂ z̄
) + i2

( ∂

∂z
− ∂

∂ z̄

)

= 2
∂

∂ z̄
= 2

∂

∂ζ̄

d ζ̄

dz̄
= 2

1

ω′(ζ)

∂

∂ζ̄
= 2

1

ω′(ζ)

( ∂

∂ρ

∂ρ

∂ζ̄
+ ∂

∂θ

∂θ

∂ζ̄

)
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= 2
1

ω′(ζ)

{ ∂

∂ρ

∂

√
ζζ̄

∂ζ̄
+ ∂

∂θ

∂

∂ζ̄

[
− i

2
(ln ζ − ln ζ̄)

]}

= 1

ω′(ζ)

( ∂

∂ρ

√
ζ

ζ̄
+ i

∂

∂θ

1

ζ̄

)
= eiθ

ω′(ζ)

( ∂

∂ρ
+ i

1

ρ

∂

∂θ

)

= ζ

ρ

1

ω′(ζ)

( ∂

∂ρ
+ i

1

ρ

∂

∂θ

)
(17.104)

we obtain the displacement

uρ + iuθ = 1

2G

ζ̄

ρ

ω′(ζ)

|ω′(ζ)|
[3 − ν∗

1 + ν∗ φ(ζ) − ω(ζ)

ω′(ζ)
φ′(ζ) − �(ζ)

− ζ

ρ

1

ω′(ζ)

( ∂

∂ρ
+ i

1

ρ

∂

∂θ

)
χp

]
(Answer)

Problem 17.9. Derive Eq. (17.35).

Solution. The relationship for the stress between a curvilinear coordinate system
and a Cartesian coordinate system is given by Eq. (17.33):

σρρ + σθθ = σxx + σyy

σθθ − σρρ + 2iσθρ = e2iα(σyy − σxx + 2iσxy) (17.105)

Substitution of Eq. (17.27) into Eq. (17.105) yields

σρρ + σθθ = 4Re[ϕ′(z)] − α∗E∗τ

σθθ − σρρ + 2iσθρ = e2iα
{

2[z̄ϕ′′(z) + ψ′(z)] +
( ∂

∂x
− i

∂

∂y

)2
χp

}
(17.106)

By transforming the variable from z to ζ, and using Eqs. (17.101) and (17.102) in
Problem 17.8, Eq. (17.106) reduce to

σρρ + σθθ = 4Re
[φ′(ζ)

ω′(ζ)

]
− α∗E∗τ

σθθ − σρρ + 2iσθρ = ζ2

ρ2

ω′(ζ)

ω′(ζ)

{
2
[ ω(ζ)

ω′(ζ)

(φ′(ζ)

ω′(ζ)

)′ + � ′(ζ)

ω′(ζ)

]

+
( ∂

∂x
− i

∂

∂y

)2
χp

}
(17.107)

Taking into the consideration of the relationship
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∂

∂x
− i

∂

∂y
=
( ∂

∂z

∂z

∂x
+ ∂

∂ z̄

∂ z̄

∂x

)
− i

( ∂

∂z

∂z

∂y
+ ∂

∂ z̄

∂ z̄

∂y

)

=
( ∂

∂z
+ ∂

∂ z̄

)
− i2

( ∂

∂z
− ∂

∂ z̄

)
= 2

∂

∂z
= 2

∂

∂ζ

dζ

dz
= 2

1

ω′(ζ)

∂

∂ζ
( ∂

∂x
− i

∂

∂y

)2 = 4
1

ω′(ζ)

∂

∂ζ

[ 1

ω′(ζ)

∂

∂ζ

]

= 4
1

ω′(ζ)

[ 1

ω′(ζ)

∂2

∂ζ2 − ω′′(ζ)

[ω′(ζ)]2

∂

∂ζ

]
(17.108)

we obtain the stress

σρρ + σθθ = 4Re
[φ′(ζ)

ω′(ζ)

]
− α∗E∗τ

σθθ − σρρ + 2iσθρ = 2
ζ2

ρ2

1

ω′(ζ)

{
ω(ζ)

[φ′(ζ)

ω′(ζ)

]′ + � ′(ζ)
}

+ 4
ζ2

ρ2

1

ω′′(ζ)

[ 1

ω′(ζ)

∂2χp

∂ζ2 − ω′(ζ)

[ω′(ζ)]2

∂χp

∂ζ

]
(Answer)

Problem 17.10. Airy’s stress function F related to the components of stress

σxx = ∂2F

∂y2 , σyy = ∂2F

∂x2 , σxy = − ∂2F

∂x∂y
(17.109)

is usually used in isothermal plane problems, where a governing equation of F is
∇4F = 0. Prove that the thermal stress in plane problems can be expressed by

σxx = ∂2

∂y2 (F − 2μ�), σyy = ∂2

∂x2 (F − 2μ�)

σxy = − ∂2

∂x∂y
(F − 2μ�) (17.110)

where � is Goodier’s thermoelastic potential and F is Airy’s stress function.

Solution. Using Eqs. (17.37) and (17.38), the strains are expressed by

εxx = εcxx + �,xx , εyy = εcyy + �,yy , εyx = εcxy + �,xy (17.111)

From Eqs. (17.1′) and (17.111), we get

σxx = (λ∗ + 2μ)εcxx + λ∗εcyy − 2μ�,yy + (λ∗ + 2μ)∇2� − β∗τ
σyy = (λ∗ + 2μ)εcyy + λ∗εcxx − 2μ�,xx + (λ∗ + 2μ)∇2� − β∗τ
σxy = 2μεcxy + 2μ�,xy (17.112)
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Since the governing equation for Goodier’s thermoelastic potential function � is
given by Eq. (17.39), Eq. (17.112) reduces to

σxx = (λ∗ + 2μ)εcxx + λ∗εcyy − 2μ�,yy = σc
xx − 2μ�,yy = F,yy − 2μ�,yy

σyy = (λ∗ + 2μ)εcyy + λ∗εcxx − 2μ�,xx = σc
yy − 2μ�,xx = F,xx − 2μ�,xx

σxy = 2μεcxy + 2μ�,xy = σc
xy + 2μ�,xy = −(F,xy − 2μ�,xy ) (Answer)

Next, we derive the governing equation of Airy’s stress function F . Substitution
of Eq. (17.1) into Eq. (17.4) gives

1

E∗
∂2σxx

∂y2 − ν∗

E∗
∂2σyy

∂y2 + α∗ ∂2τ

∂y2 + 1

E∗
∂2σyy

∂x2 − ν∗

E∗
∂2σxx

∂x2 + α∗ ∂2τ

∂x2

= 2
1 + ν∗

E∗
∂2σxy

∂x∂y
(17.113)

Simplification of Eq. (17.113) reduces to

∂2σxx

∂y2 − 2
∂2σxy

∂x∂y
+ ∂2σyy

∂x2 − ν∗
(

∂2σxx

∂x2 + 2
∂2σxy

∂x∂y
+ ∂2σyy

∂y2

)

= −α∗E∗∇2τ (17.114)

Substitution of Eq. (17.110) into Eq. (17.114) gives

∂2(F,yy − 2μ�,yy )

∂y2 + 2
∂2(F,xy − 2μ�,xy )

∂x∂y
+ ∂2(F,xx − 2μ�,xx )

∂x2

− ν∗[∂2(F,yy − 2μ�,yy )

∂x2 − 2
∂2(F,xy − 2μ�,xy )

∂x∂y
+ ∂2(F,xx − 2μ�,xx )

∂y2

]

= −α∗E∗∇2τ (17.115)

Simplification of above equation reduces to

∇4F − 2μ∇2
(
∇2� − α∗E∗

2μ
τ
)

= 0 (17.116)

By the use of Eq. (17.39), Eq. (17.116) reduces to

∇4F = 0 (17.117)

Problem 17.11. Prove that the components of thermal stress in plane problems can
be expressed by

σxx = 2μ
[
−�,yy + xφ1,yy + yφ2,yy + 2

1 + ν∗ (φ1,x + ν∗φ2,y)
]
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σyy = 2μ
[
−�,xx + xφ1,xx + yφ2,xx + 2

1 + ν∗ (φ2,y + ν∗φ1,x )
]

σxy = 2μ
[
�,xy − (xφ1 + yφ2),xy + 1 − ν∗

1 + ν∗ (φ1,y + φ2,x )
]

(17.118)

where � denotes Goodier’s thermoelastic potential given by Eq. (17.38) and two
harmonic functions φ1, φ2 are given by Eq. (17.41).

Solution. The displacement may be expressed from Eqs. (17.38) and (17.41)

ux = �,x +3 − ν∗

1 + ν∗ φ1 − xφ1,x −yφ2,x

uy = �,y +3 − ν∗

1 + ν∗ φ2 − xφ1,y −yφ2,y (17.119)

Equation (17.119) give the strains

εxx = �,xx + 2
1 − ν∗

1 + ν∗ φ1,x − xφ1,xx − yφ2,xx

εyy = �,yy + 2
1 − ν∗

1 + ν∗ φ2,y − xφ1,yy − yφ2,yy

εxy = �,xy + 1 − ν∗

1 + ν∗ (φ1,y +φ2,x ) − xφ1,xy − yφ2,xy (17.120)

From Eqs. (17.1′) and (17.120), we get

σxx = (λ∗ + 2μ)(�,xx + 2
1 − ν∗

1 + ν∗ φ1,x − xφ1,xx − yφ2,xx )

+λ∗(�,yy + 2
1 − ν∗

1 + ν∗ φ2,y − xφ1,yy − yφ2,yy ) − β∗τ

σyy = (λ∗ + 2μ)(�,yy + 2
1 − ν∗

1 + ν∗ φ2,y − xφ1,yy − yφ2,yy )

+λ∗(�,xx + 2
1 − ν∗

1 + ν∗ φ1,x − xφ1,xx − yφ2,xx ) − β∗τ

σxy = 2μ[�,xy + 1 − ν∗

1 + ν∗ (φ1,y +φ2,x ) − xφ1,xy −yφ2,xy ] (17.121)

By the use of Eqs. (17.39) and (17.42), we can obtain

σxx = 2μ(−�,yy − xφ1,xx − yφ2,xx ) + 2
1 − ν∗

1 + ν∗ [(λ∗ + 2μ)φ1,x +λ∗φ2,y ]

σyy = 2μ(−�,xx − xφ1,yy − yφ2,yy ) + 2
1 − ν∗

1 + ν∗ [(λ∗ + 2μ)φ2,y +λ∗φ1,x ]

σxy = 2μ[�,xy + 1 − ν∗

1 + ν∗ (φ1,y +φ2,x ) − xφ1,xy −yφ2,xy ] (17.122)
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Material constants are rewritten as for plane strain

ν∗ = ν

1 − ν
↔ ν = ν∗

1 + ν∗

λ∗ = λ = 2νμ

1 − 2ν
= 2μν∗/(1 + ν∗)

1 − 2ν∗/(1 + ν∗)
= 2μν∗

1 − ν∗
1 − ν∗

1 + ν∗ (λ∗ + 2μ) = 2μ
1 − ν∗

1 + ν∗
( ν∗

1 − ν∗ + 1
)

= 2μ
1

1 + ν∗
1 − ν∗

1 + ν∗ λ∗ = 2μ
1 − ν∗

1 + ν∗
ν∗

1 − ν∗ = 2μ
ν∗

1 + ν∗ (17.123)

and for plane stress

ν∗ = ν, λ∗ = 2μλ

λ + 2μ
= 2μ2νμ/(1 − 2ν)

2νμ/(1 − 2ν) + 2μ
= 2μν

1 − ν
= 2μν∗

1 − ν∗
1 − ν∗∗
1 + ν∗ (λ∗ + 2μ) = 2μ

1 − ν∗

1 + ν∗
( ν∗

1 − ν∗ + 1
)

= 2μ
1

1 + ν∗
1 − ν∗

1 + ν∗ λ∗ = 2μ
1 − ν∗

1 + ν∗
ν∗

1 − ν∗ = 2μ
ν∗

1 + ν∗ (17.124)

By the use of Eqs. (17.123), (17.124) and (17.42), Eq. (17.122) reduce to

σxx = 2μ
[
−�,yy + xφ1,yy + yφ2,yy + 2

1 + ν∗ (φ1,x + ν∗φ2,y )
]

σyy = 2μ
[
−�,xx + xφ1,xx + yφ2,xx + 2

1 + ν∗ (φ2,y + ν∗φ1,x )
]

σxy = 2μ
[
�,xy − (xφ1 + yφ2),xy + 1 − ν∗

1 + ν∗ (φ1,y +φ2,x )
]

(Answer)



Chapter 18
Thermal Stresses in Circular Cylinders

In this chapter various techniques are presented to determine the thermal stresses in
solid and hollow cylinders. The one-dimensional problems of cylindrical bodies are
treated by the displacement method. Plane problems for infinitely long cylinders and
for circular plates are treated by the thermal stress function method. Two-dimensional
axisymmetric problems and three-dimensional problems are treated with Goodier’s
thermoelastic potential and the Boussinesq harmonic functions or Michell’s bihar-
monic function. The derivation and the general solution of the basic equations related
to thermal stresses in circular cylinders are treated in a number of problems. [See
also Chap. 24.]

18.1 One-Dimensional Problems

The one-dimensional equilibrium equation of a cylindrical body due to axi-symmetric
temperature field is

dσrr

dr
+ σrr − σθθ

r
= 0 (18.1)

The generalized Hooke’s law for plane problems is

εrr = 1

E∗ (σrr − ν∗σθθ) + α∗τ

εθθ = 1

E∗ (σθθ − ν∗σrr ) + α∗τ (18.2)

εrθ = 1

2G
σrθ

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 445
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_18,
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where

E∗ =
⎧
⎨

⎩

E

1 − ν2 for plane strain

E for plane stress

ν∗ =
{ ν

1 − ν
for plane strain

ν for plane stress
(18.3)

α∗ =
{

(1 + ν)α for plane strain
α for plane stress

The strain-displacement relations are

εrr = du

dr
, εθθ = u

r
, εrθ = 0 (18.4)

where u is the radial displacement.
The components of stress are

σrr = E∗

1 − ν∗2

[du
dr

+ ν∗ u
r

− (1 + ν∗)α∗τ
]

σθθ = E∗

1 − ν∗2

[
ν∗ du

dr
+ u

r
− (1 + ν∗)α∗τ

]

σrθ = 0 (18.5)

The equilibrium equation with respect to the displacement is

d

dr

[1

r

d(ru)

dr

]
= (1 + ν∗)α∗ dτ

dr
(18.6)

The general solution of Eq. (18.6) is

u = (1 + ν∗)α∗ 1

r

∫
τr dr + C1r + C2

r
(18.7)

where C1 and C2 are constants which may be determined from the boundary condi-
tions.

The stresses are

σrr = −α∗E∗

r2

∫
τr dr + E∗

1 − ν∗C1 − E∗

1 + ν∗
C2

r2

σθθ = α∗E∗

r2

∫
τr dr − α∗E∗τ + E∗

1 − ν∗C1 + E∗

1 + ν∗
C2

r2 (18.8)

σrθ = 0
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The displacement and stresses in a solid cylinder of radius a with free traction are

u = (1 + ν∗)α∗(1

r

∫ r

0
τr dr + 1 − ν∗

1 + ν∗
r

a2

∫ a

0
τr dr

)
(18.9)

σrr = α∗E∗(− 1

r2

∫ r

0
τr dr + 1

a2

∫ a

0
τr dr

)

σθθ = α∗E∗( 1

r2

∫ r

0
τr dr + 1

a2

∫ a

0
τr dr − τ

)
(18.10)

σzz =
⎧
⎨

⎩

0 for plane stress
αE

1 − ν

(2ν

a2

∫ a

0
τr dr − τ

)
for plane strain

The displacement and stresses in a hollow cylinder with inner radius a and outer
radius b with free traction are

u = (1 + ν∗)α∗[1

r

∫ r

a
τr dr +

(1 − ν∗

1 + ν∗ r + a2

r

) 1

b2 − a2

∫ b

a
τr dr

]
(18.11)

σrr = α∗E∗[− 1

r2

∫ r

a
τr dr + r2 − a2

r2(b2 − a2)

∫ b

a
τr dr

]

σθθ = α∗E∗[ 1

r2

∫ r

a
τr dr + r2 + a2

r2(b2 − a2)

∫ b

a
τr dr − τ

]
(18.12)

σzz =

⎧
⎪⎨

⎪⎩

0 for plane stress

αE

1 − ν

( 2ν

b2 − a2

∫ b

a
τr dr − τ

)
for plane strain

Since there is no restriction on the temperature field in above solutions, the formulae
for displacement and stresses are valid for both steady and transient temperature
fields in the cylindrical body.

18.2 Plane Problems

We introduce the thermal stress function method which is discussed in Chap. 17 for
the plane thermal stress problems. The governing equation for the thermal stress
function χ is from Eq. (17.8)

∇4χ = −α∗E∗∇2τ (18.13)

where

∇4 = ∇2∇2 =
( ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2

)2
(18.14)

http://dx.doi.org/10.1007/978-94-007-6356-2_17
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The components of stress in a cylindrical coordinate system are expressed by χ as

σrr = 1

r

∂χ

∂r
+ 1

r2

∂2χ

∂θ2 , σθθ = ∂2χ

∂r2 , σrθ = − ∂

∂r

(1

r

∂χ

∂θ

)
(18.15)

The conditions of single-valuedness of rotation and displacements (17.16), (17.17)
and (17.18) for a cylindrical coordinate system reduce to

∫ 2π

0
r

∂

∂r

(
∇2χ + α∗E∗τ

)
dθ = 0

∫ 2π

0
r
(

cos θ
∂

∂θ
− r sin θ

∂

∂r

)
(∇2χ + α∗E∗τ ) dθ = 0 (18.16)

∫ 2π

0
r
(
r cos θ

∂

∂r
+ sin θ

∂

∂θ

)
(∇2χ + α∗E∗τ ) dθ = 0

18.3 Two-Dimensional Axisymmetric Problems (r, z)

We now consider axisymmetric problems (r, z) of a homogeneous, isotropic cylin-
drical body.

The equilibrium equations are from Eq. (16.40)

∂σrr

∂r
+ ∂σzr

∂z
+ σrr − σθθ

r
+ Fr = 0

∂σr z

∂r
+ ∂σzz

∂z
+ σr z

r
+ Fz = 0 (18.17)

The constitutive equations are from Eq. (16.45)

εrr = 1

E
[σrr − ν(σθθ + σzz)] + ατ = 1

2G

(
σrr − ν

1 + ν
Θ

)
+ ατ

εθθ = 1

E
[σθθ − ν(σzz + σrr )] + ατ = 1

2G

(
σθθ − ν

1 + ν
Θ

)
+ ατ

εzz = 1

E
[σzz − ν(σrr + σθθ)] + ατ = 1

2G

(
σzz − ν

1 + ν
Θ

)
+ ατ

εzr = σzr

2G
(18.18)

where Θ = σrr + σθθ + σzz .

http://dx.doi.org/10.1007/978-94-007-6356-2_17
http://dx.doi.org/10.1007/978-94-007-6356-2_17
http://dx.doi.org/10.1007/978-94-007-6356-2_17
http://dx.doi.org/10.1007/978-94-007-6356-2_16
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The strain-displacement relations are from Eq. (16.42)

εrr = ∂ur
∂r

, εθθ = ur
r

, εzz = ∂uz
∂z

εzr = 1

2

(∂ur
∂z

+ ∂uz
∂r

)
, e = ∂ur

∂r
+ ur

r
+ ∂uz

∂z
(18.19)

where ur and uz are the components of displacement in the direction of r and z,
respectively.

Navier’s equations are from Eq. (16.47)

∇2ur − ur
r2 + 1

1 − 2ν

∂e

∂r
− 2

1 + ν

1 − 2ν
α

∂τ

∂r
+ 2(1 + ν)

E
Fr = 0

∇2uz + 1

1 − 2ν

∂e

∂z
− 2

1 + ν

1 − 2ν
α

∂τ

∂z
+ 2(1 + ν)

E
Fz = 0 (18.20)

in which

∇2 = ∂2

∂r2 + 1

r

∂

∂r
+ ∂2

∂z2 (18.21)

The solution of Navier’s Eq. (18.20) without the body forces can be expressed,
for example, by Goodier’s thermoelastic potential � and the Boussinesq harmonic
functions ϕ and ψ. Referring to Eq. (16.49) under the axisymmetric condition, the
displacements and the stresses can be expressed by

ur = ∂�

∂r
+ ∂ϕ

∂r
+ z

∂ψ

∂r

uz = ∂�

∂z
+ ∂ϕ

∂z
+ z

∂ψ

∂z
− (3 − 4ν)ψ (18.22)

σrr = 2G
(∂2�

∂r2 − K τ + ∂2ϕ

∂r2 + z
∂2ψ

∂r2 − 2ν
∂ψ

∂z

)

σθθ = 2G
(1

r

∂�

∂r
− K τ + 1

r

∂ϕ

∂r
+ z

r

∂ψ

∂r
− 2ν

∂ψ

∂z

)

σzz = 2G
[∂2�

∂z2 − K τ + ∂2ϕ

∂z2 + z
∂2ψ

∂z2 − 2(1 − ν)
∂ψ

∂z

]

σr z = 2G
[ ∂2�

∂r∂z
+ ∂2ϕ

∂r∂z
+ z

∂2ψ

∂r∂z
− (1 − 2ν)

∂ψ

∂r

]
(18.23)

in which Goodier’s thermoelastic potential � and the Boussinesq harmonic functions
ϕ,ψ must satisfy the following governing equations

∇2� = K τ , ∇2ϕ = 0, ∇2ψ = 0 (18.24)

http://dx.doi.org/10.1007/978-94-007-6356-2_16
http://dx.doi.org/10.1007/978-94-007-6356-2_16
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On the other hand, Michell’s function M may be used instead of the Boussinesq
harmonic functions ϕ and ψ. If we take

M = −
∫

(ϕ + zψ)dz (18.25)

the displacements and the stresses are represented by Michell’s function M as
follows:

ur = ∂�

∂r
− ∂2M

∂r∂z

uz = ∂�

∂z
+ 2(1 − ν)∇2M − ∂2M

∂z2 (18.26)

σrr = 2G
[∂2�

∂r2 − K τ + ∂

∂z

(
ν∇2M − ∂2M

∂r2

)]

σθθ = 2G
[1

r

∂�

∂r
− K τ + ∂

∂z

(
ν∇2M − 1

r

∂M

∂r

)]

σzz = 2G
{∂2�

∂z2 − K τ + ∂

∂z

[
(2 − ν)∇2M − ∂2M

∂z2

]}

σr z = 2G
{ ∂2�

∂r∂z
+ ∂

∂r

[
(1 − ν)∇2M − ∂2M

∂z2

]}
(18.27)

where Michell’s function M must satisfy the equation

∇2∇2M = 0 (18.28)

18.4 Three-Dimensional Problems

We now consider three-dimensional problems in a cylindrical coordinate system
(r, θ, z). The equilibrium equations are from Eq. (16.40)

∂σrr

∂r
+ 1

r

∂σθr

∂θ
+ ∂σzr

∂z
+ σrr − σθθ

r
+ Fr = 0

∂σrθ

∂r
+ 1

r

∂σθθ

∂θ
+ ∂σzθ

∂z
+ 2

σrθ

r
+ Fθ = 0 (18.29)

∂σr z

∂r
+ 1

r

∂σθz

∂θ
+ ∂σzz

∂z
+ σr z

r
+ Fz = 0

The constitutive equations for a homogeneous, isotropic body are from Eq. (16.45)

http://dx.doi.org/10.1007/978-94-007-6356-2_16
http://dx.doi.org/10.1007/978-94-007-6356-2_16
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εrr = 1

E
[σrr − ν(σθθ + σzz)] + ατ = 1

2G

(
σrr − ν

1 + ν
Θ

)
+ ατ

εθθ = 1

E
[σθθ − ν(σzz + σrr )] + ατ = 1

2G

(
σθθ − ν

1 + ν
Θ

)
+ ατ

εzz = 1

E
[σzz − ν(σrr + σθθ)] + ατ = 1

2G

(
σzz − ν

1 + ν
Θ

)
+ ατ

εrθ = σrθ

2G
, εθz = σθz

2G
, εzr = σzr

2G
(18.30)

where Θ = σrr + σθθ + σzz .
The strain-displacement relations are from Eq. (16.42)

εrr = ∂ur
∂r

, εθθ = ur
r

+ 1

r

∂uθ

∂θ
, εzz = ∂uz

∂z

εrθ = 1

2

(1

r

∂ur
∂θ

+ ∂uθ

∂r
− uθ

r

)
, εθz = 1

2

(∂uθ

∂z
+ 1

r

∂uz
∂θ

)

εzr = 1

2

(∂ur
∂z

+ ∂uz
∂r

)
, e = ∂ur

∂r
+ ur

r
+ 1

r

∂uθ

∂θ
+ ∂uz

∂z
(18.31)

where ur , uθ, uz are the components of displacement in the r , θ, z directions, respec-
tively.

Navier’s equations for three-dimensional thermoelastic problems are expressed
from Eq. (16.47) as

(λ + 2μ)
∂e

∂r
− μ

[ 1

r2

∂2(ruθ)

∂r∂θ
− 1

r2

∂2ur
∂θ2 − ∂2ur

∂z2 + ∂2uz
∂r∂z

]

− β
∂τ

∂r
+ Fr = 0

(λ + 2μ)
1

r

∂e

∂θ

− μ
[1

r

∂2uz
∂z∂θ

− ∂2uθ

∂z2 + 1

r2

∂(ruθ)

∂r
− 1

r

∂2(ruθ)

∂r2 − 1

r2

∂ur
∂θ

+ 1

r

∂2ur
∂r∂θ

]

− β
1

r

∂τ

∂θ
+ Fθ = 0

(λ + 2μ)
∂e

∂z
− μ

[1

r

∂ur
∂z

+ ∂2ur
∂r∂z

− ∂2uz
∂r2 − 1

r

∂uz
∂r

− 1

r2

∂2uz
∂θ2 + 1

r

∂2uθ

∂z∂θ

]

− β
∂τ

∂z
+ Fz = 0 (18.32)

The solution of Navier’s equations (18.32) without body forces in a cylindrical coor-
dinate system can be expressed by Goodier’s thermoelastic potential � and the
Boussinesq harmonic functions ϕ, ϑ, and ψ. The displacements and the stresses
can be expressed by

http://dx.doi.org/10.1007/978-94-007-6356-2_16
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ur = ∂�

∂r
+ ∂ϕ

∂r
+ 2

r

∂ϑ

∂θ
+ z

∂ψ

∂r

uθ = 1

r

∂�

∂θ
+ 1

r

∂ϕ

∂θ
− 2

∂ϑ

∂r
+ z

r

∂ψ

∂θ
(18.33)

uz = ∂�

∂z
+ ∂ϕ

∂z
+ z

∂ψ

∂z
− (3 − 4ν)ψ

σrr = 2G
[∂2�

∂r2 − K τ + ∂2ϕ

∂r2 + 2
∂

∂r

(1

r

∂ϑ

∂θ

)
+ z

∂2ψ

∂r2 − 2ν
∂ψ

∂z

]

σθθ = 2G
[1

r

∂�

∂r
+ 1

r2

∂2�

∂θ2 − K τ + 1

r

∂ϕ

∂r
+ 1

r2

∂2ϕ

∂θ2 − 2
∂

∂r

(1

r

∂ϑ

∂θ

)

+ z

r

∂ψ

∂r
+ z

r2

∂2ψ

∂θ2 − 2ν
∂ψ

∂z

]

σzz = 2G
[∂2�

∂z2 − K τ + ∂2ϕ

∂z2 + z
∂2ψ

∂z2 − 2(1 − ν)
∂ψ

∂z

]

σr z = 2G
[ ∂2�

∂r∂z
+ ∂2ϕ

∂r∂z
+ 1

r

∂2ϑ

∂θ∂z
+ z

∂2ψ

∂r∂z
− (1 − 2ν)

∂ψ

∂r

]

σrθ = 2G
[ ∂

∂r

(1

r

∂�

∂θ

)
+ ∂

∂r

(1

r

∂ϕ

∂θ

)
− ∂2ϑ

∂r2 + 1

r

∂ϑ

∂r
+ 1

r2

∂2ϑ

∂θ2

+ z
∂

∂r

(1

r

∂ψ

∂θ

)]

σθz = 2G
(1

r

∂2�

∂θ∂z
+ 1

r

∂2ϕ

∂θ∂z
− ∂2ϑ

∂r∂z
+ z

r

∂2ψ

∂θ∂z
− 1 − 2ν

r

∂ψ

∂θ

)
(18.34)

in which the four functions must satisfy

∇2� = K τ , ∇2ϕ = ∇2ϑ = ∇2ψ = 0 (18.35)

where

∇2 = ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2 + ∂2

∂z2 (18.36)

On the other hand, Michell’s function M may be used instead of the Boussinesq
harmonic functions ϕ and ψ. If we take

M = −
∫

(ϕ + zψ)dz (18.37)

the displacements and the stress components are represented by Goodier’s ther-
moelastic potential �, Michell’s function M , and the Boussinesq harmonic
function ϑ
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ur = ∂�

∂r
− ∂2M

∂r∂z
+ 2

r

∂ϑ

∂θ

uθ = 1

r

∂�

∂θ
− 1

r

∂2M

∂z∂θ
− 2

∂ϑ

∂r
(18.38)

uz = ∂�

∂z
+ 2(1 − ν)∇2M − ∂2M

∂z2

σrr = 2G
[∂2�

∂r2 − K τ + ∂

∂z

(
ν∇2M − ∂2M

∂r2

)
+ 2

r

∂2ϑ

∂r∂θ
− 2

r2

∂ϑ

∂θ

]

σθθ = 2G
[1

r

∂�

∂r
+ 1

r2

∂2�

∂θ2 − K τ + ∂

∂z

(
ν∇2M − 1

r

∂M

∂r
− 1

r2

∂2M

∂θ2

)

+ 2

r2

∂ϑ

∂θ
− 2

r

∂2ϑ

∂r∂θ

]

σzz = 2G
{∂2�

∂z2 − K τ + ∂

∂z

[
(2 − ν)∇2M − ∂2M

∂z2

]}

σr z = 2G
{ ∂2�

∂r∂z
+ ∂

∂r

[
(1 − ν)∇2M − ∂2M

∂z2

]
+ 1

r

∂2ϑ

∂θ∂z

}

σrθ = 2G
[ ∂

∂r

(1

r

∂�

∂θ

)
− ∂

∂r

(1

r

∂2M

∂θ∂z

)
− ∂2ϑ

∂r2 + 1

r

∂ϑ

∂r
+ 1

r2

∂2ϑ

∂θ2

]

σθz = 2G
{1

r

∂2�

∂θ∂z
+ 1

r

∂

∂θ

[
(1 − ν)∇2M − ∂2M

∂z2

]
− ∂2ϑ

∂r∂z

}
(18.39)

in which Michell’s function M must satisfy the equation

∇2∇2M = 0 (18.40)

18.5 Problems and Solutions Related to Thermal Stresses
in Circular Cylinders

Problem 18.1. Derive Eq. (18.13).

Solution. The equations of equilibrium in a cylindrical coordinate system for the
plane problem are from Eq. (16.40)

∂σrr

∂r
+ 1

r

∂σθr

∂θ
+ σrr − σθθ

r
= 0

∂σrθ

∂r
+ 1

r

∂σθθ

∂θ
+ 2

σrθ

r
= 0 (18.41)

Substitution of Eq. (18.15) into Eq. (18.41) gives

http://dx.doi.org/10.1007/978-94-007-6356-2_16
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∂

∂r

(1

r

∂χ

∂r
+ 1

r2

∂2χ

∂θ2

)
− 1

r

∂2

∂r∂θ

(1

r

∂χ

∂θ

)
+ 1

r

(1

r

∂χ

∂r
+ 1

r2

∂2χ

∂θ2 − ∂2χ

∂r2

)

= − 1

r2

∂χ

∂r
+ 1

r

∂2χ

∂r2 − 2

r3

∂2χ

∂θ2 + 1

r2

∂3χ

∂r∂θ2 − 1

r

(
− 1

r2

∂2χ

∂θ2 + 1

r

∂3χ

∂r∂θ2

)

+ 1

r2

∂χ

∂r
+ 1

r3

∂2χ

∂θ2 − 1

r

∂2χ

∂r2 = 0

− ∂2

∂r2

(1

r

∂χ

∂θ

)
+ 1

r

∂3χ

∂r2∂θ
− 2

r

∂

∂r

(1

r

∂χ

∂θ

)

= −
( 2

r3

∂χ

∂θ
− 2

r2

∂2χ

∂r∂θ
+ 1

r

∂3χ

∂r2∂θ

)

+ 1

r

∂3χ

∂r2∂θ
− 2

r

(
− 1

r2

∂χ

∂θ
+ 1

r

∂2χ

∂r∂θ

)
= 0 (18.42)

The thermal stress function χ automatically satisfies the equations of equilibrium
(18.41).

Next, the compatibility equation is from Eq. (16.43)

2
1

r2

∂2(rεrθ)

∂r∂θ
− 1

r2

∂2εrr

∂θ2 − 1

r

∂2(rεθθ)

∂r2 + 1

r

∂εrr

∂r
= 0 (18.43)

The constitutive equations are

εrr = 1

2G
[σrr − ν∗

1 + ν∗ (σrr + σθθ) + 2Gα∗τ ]

εθθ = 1

2G
[σθθ − ν∗

1 + ν∗ (σrr + σθθ) + 2Gα∗τ ]

εrθ = 1

2G
σrθ (18.44)

Substitution of Eq. (18.15) into Eq. (18.44) gives

εrr = 1

2G

[1

r

∂χ

∂r
+ 1

r2

∂2χ

∂θ2 − ν∗

1 + ν∗ ∇2χ + 2Gα∗τ
]

εθθ = 1

2G

[∂2χ

∂r2 − ν∗

1 + ν∗ ∇2χ + 2Gα∗τ
]

εrθ = − 1

2G

∂

∂r

(1

r

∂χ

∂θ

)
(18.45)

where

∇2 = ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2 (18.46)

http://dx.doi.org/10.1007/978-94-007-6356-2_16
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Multiplying 2G to the left hand side of Eq. (18.43) and representing it to CE, we
obtain

2G
[
2

1

r2

∂2(rεrθ)

∂r∂θ
− 1

r2

∂2εrr

∂θ2 − 1

r

∂2(rεθθ)

∂r2 + 1

r

∂εrr

∂r

]
= CE (18.47)

From Eqs. (18.43) and (18.47) we have

CE = 2G

{
2

1

r2

∂2(rεrθ)

∂r∂θ
−

[ 1

r2

∂2εrr

∂θ2 + 1

r

∂2(rεθθ)

∂r2 − 1

r

∂εrr

∂r

]}

= 2
1

r2

∂2

∂r∂θ

[
−r

∂

∂r

(1

r

∂χ

∂θ

)]
− 1

r2

∂2

∂θ2

[(
∇2χ − ∂2χ

∂r2

)

− ν∗

1 + ν∗ ∇2χ + 2Gα∗τ
]

− 1

r

∂2

∂r2

[
r
∂2χ

∂r2 − ν∗

1 + ν∗ r∇2χ + 2Gα∗rτ
]

+ 1

r

∂

∂r

[(
∇2χ − ∂2χ

∂r2

)
− ν∗

1 + ν∗ ∇2χ + 2Gα∗τ
]

= − 2

r4

∂2χ

∂θ2 + 2

r3

∂3χ

∂r∂θ2 − 2

r2

∂4χ

∂r2∂θ2 −
( 1

r2

∂2

∂θ2 − 1

r

∂

∂r

)
∇2χ

+ 1

r2

∂4χ

∂r2∂θ2 − 1

r

∂2

∂r2

(
r
∂2χ

∂r2

)

− 1

r

∂3χ

∂r3 + ν∗

1 + ν∗ ∇2∇2χ − 2Gα∗∇2τ

= −
( ∂4

∂r4 + 3

r

∂3

∂r3 + 2

r4

∂2

∂θ2 − 2

r3

∂3

∂r∂θ2 + 1

r2

∂4

∂r2∂θ2

)
χ

−
( 1

r2

∂2

∂θ2 − 1

r

∂

∂r

)
∇2χ + ν∗

1 + ν∗ ∇2∇2χ − 2Gα∗∇2τ (18.48)

On the other hand,

∇2∇2χ =
( ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2

)
∇2χ

=
( ∂2

∂r2 + 2

r

∂

∂r

)
∇2χ +

( 1

r2

∂2

∂θ2 − 1

r

∂

∂r

)
∇2χ

=
( ∂2

∂r2 + 2

r

∂

∂r

)( ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2

)
χ +

( 1

r2

∂2

∂θ2 − 1

r

∂

∂r

)
∇2χ

=
[ ∂4

∂r4 + 2

r3

∂

∂r
− 2

r2

∂2

∂r2 + 1

r

∂3

∂r3

+ 6

r4

∂2

∂θ2 − 4

r3

∂3

∂r∂θ2 + 1

r2

∂4

∂r2∂θ2
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+ 2

r

∂3

∂r3 − 2

r3

∂

∂r
+ 2

r2

∂2

∂r2 − 4

r4

∂2

∂θ2 + 2

r3

∂3

∂r∂θ2

]
χ

+
( 1

r2

∂2

∂θ2 − 1

r

∂

∂r

)
∇2χ

=
( ∂4

∂r4 + 3

r

∂3

∂r3 + 2

r4

∂2

∂θ2 − 2

r3

∂3

∂r∂θ2 + 1

r2

∂4

∂r2∂θ2

)
χ

+
( 1

r2

∂2

∂θ2 − 1

r

∂

∂r

)
∇2χ (18.49)

From Eqs. (18.48) and (18.49), we get

CE = −∇2∇2χ + ν∗

1 + ν∗ ∇2∇2χ − α∗E∗

1 + ν∗ ∇2τ

= − 1

1 + ν∗ ∇2∇2χ − α∗E∗

1 + ν∗ ∇2τ = 0 (18.50)

Therefore, the governing equation of the thermal stress function χ becomes

∇2∇2χ = −α∗E∗∇2τ (Answer)

Problem 18.2. Derive Eq. (18.16).

Solution. The conditions of single-valuedness of rotation and displacements are
given by Eqs. (17.16), (17.17) and (17.18). When variables (n, ds, x1, x2) are
rewritten with variables (r, rdθ, r cos θ, r sin θ) in a cylindrical coordinate system,
Eqs. (17.16)–(17.18) reduce to Eq. (18.16) in a cylindrical coordinate system

∫ 2π

0
r

∂

∂r

(
∇2χ + α∗E∗τ

)
dθ = 0

∫ 2π

0
r
(

cos θ
∂

∂θ
− r sin θ

∂

∂r

)
(∇2χ + α∗E∗τ ) dθ = 0

∫ 2π

0
r
(
r cos θ

∂

∂r
+ sin θ

∂

∂θ

)
(∇2χ + α∗E∗τ ) dθ = 0 (Answer)

Problem 18.3. Find the thermal stresses in a hollow cylinder subjected to asymmet-
ric temperature change by use of the thermal stress function χ.

Solution. We divide the thermal stress function χ into two functions:

χ = χc + χp (18.51)

http://dx.doi.org/10.1007/978-94-007-6356-2_17
http://dx.doi.org/10.1007/978-94-007-6356-2_17
http://dx.doi.org/10.1007/978-94-007-6356-2_17
http://dx.doi.org/10.1007/978-94-007-6356-2_17
http://dx.doi.org/10.1007/978-94-007-6356-2_17
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where the functions χc and χp are complementary and particular solutions of
Eq. (18.13), respectively, and are governed by

∇4χc = 0, ∇4χp = −α∗E∗∇2τ (18.52)

General solutions of the thermal stress function χ are from Eq. (17.96)

χ = χc + χp

= E0 + F0 ln r + G0r
2 + H0r

2 ln r

+ (E1r + F1r
−1 + G1r

3 + H1r ln r) cos θ

+ (E ′
1 + F ′

1r
−1 + G ′

1r
3 + H ′

1r ln r) sin θ

+
∞∑

n = 2

[
(Enr

n + Fnr
−n + Gnr

n + 2 + Hnr
−n + 2) cos nθ

+ (E ′
nr

n + F ′
nr

−n + G ′
nr

n + 2 + H ′
nr

−n + 2) sin nθ
] + χp (18.53)

The differentiation of Eq. (18.53) gives

∂χ

∂r
= F0r

−1 + 2G0r + H0r(2 ln r + 1)

+ [E1 − F1r
−2 + 3G1r

2 + H1(ln r + 1)] cos θ

+ [E ′
1 − F ′

1r
−2 + 3G ′

1r
2 + H ′

1(ln r + 1)] sin θ

+
∞∑

n = 2

{[nEnr
n − 1 − nFnr

−n − 1 + (n + 2)Gnr
n + 1

− (n − 2)Hnr
−n + 1] cos nθ + [

nE ′
nr

n − 1 − nF ′
nr

−n − 1

+ (n + 2)G ′
nr

n + 1 − (n − 2)H ′
nr

−n + 1] sin nθ
} + ∂χp

∂r
(18.54)

1

r

∂χ

∂r
= F0r

−2 + 2G0 + H0(2 ln r + 1)

+ [E1r
−1 − F1r

−3 + 3G1r + H1r
−1(ln r + 1)] cos θ

+ [E ′
1r

−1 − F ′
1r

−3 + 3G ′
1r + H ′

1r
−1(ln r + 1)] sin θ

+
∞∑

n = 2

{[nEnr
n − 2 − nFnr

−n − 2 + (n + 2)Gnr
n

− (n − 2)Hnr
−n] cos nθ + [nE ′

nr
n − 2 − nF ′

nr
−n − 2

+ (n + 2)G ′
nr

n − (n − 2)H ′
nr

−n] sin nθ
} + 1

r

∂χp

∂r
(18.55)

http://dx.doi.org/10.1007/978-94-007-6356-2_17
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∂2χ

∂r2 = −F0r
−2 + 2G0 + H0(2 ln r + 3)

+ (2F1r
−3 + 6G1r + H1r

−1) cos θ

+ (2F ′
1r

−3 + 6G ′
1r + H ′

1 ln r−1) sin θ

+
∞∑

n = 2

{[n(n − 1)Enr
n − 2 + n(n + 1)Fnr

−n − 2

+ (n + 1)(n + 2)Gnr
n + (n − 1)(n − 2)Hnr

−n] cos nθ

+ [n(n − 1)E ′
nr

n − 2 + n(n + 1)F ′
nr

−n − 2

+ (n + 1)(n + 2)G ′
nr

n + (n − 1)(n − 2)H ′
nr

−n] sin nθ} + ∂2χp

∂r2 (18.56)

1

r2

∂2χ

∂θ2 = −(E1r
−1 + F1r

−3 + G1r + H1r
−1 ln r) cos θ

− (E ′
1r

−1 + F ′
1r

−3 + G ′
1r + H ′

1r
−1 ln r) sin θ

−
∞∑

n = 2

n2[(Enr
n − 2 + Fnr

−n − 2 + Gnr
n + Hnr

−n) cos nθ

+ (E ′
nr

n − 2 + F ′
nr

−n − 2 + G ′
nr

n2 + H ′
nr

−n) sin nθ
] + 1

r2

∂2χp

∂θ2

(18.57)

∂

∂r

(1

r

∂χ

∂θ

) = −(−2F1r
−3 + 2G1r + H1r

−1) sin θ

+ (−2F ′
1r

−3 + 2G ′
1r + H ′

1r
−1) cos θ

+
∞∑

n = 2

n
{−[(n − 1)Enr

n − 2 − (n + 1)Fnr
−n − 2

+ (n + 1)Gnr
n − (n − 1)Hnr

−n] sin nθ

+ [(n − 1)E ′
nr

n − 2 − (n + 1)F ′
nr

−n − 2

+ (n + 1)G ′
nr

n − (n − 1)H ′
nr

−n] cos nθ
} + ∂

∂r

(1

r

∂χp

∂θ

)
(18.58)

Substitution of Eqs. (18.55)–(18.58) into Eq. (18.15) gives the thermal stress com-
ponents
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σrr = F0r
−2 + 2G0 + H0(2 ln r + 1)

+ (−2F1r
−3 + 2G1r + H1r

−1) cos θ

+ (−2F ′
1r

−3 + 2G ′
1r + H ′

1r
−1) sin θ

−
∞∑

n = 2

{[
n(n − 1)Enr

n − 2 + n(n + 1)Fnr
−n − 2

+ (n − 2)(n + 1)Gnr
n + (n − 1)(n + 2)Hnr

−n] cos nθ

+ [
n(n − 1)E ′

nr
n − 2 + n(n + 1)F ′

nr
−n − 2

+ (n − 2)(n + 1)G ′
nr

n + (n − 1)(n + 2)H ′
nr

−n] sin nθ
}

+ σ
p
rr

σθθ = −F0r
−2 + 2G0 + H0(2 ln r + 3)

+ (2F1r
−3 + 6G1r + H1r

−1) cos θ

+ (2F ′
1r

−3 + 6G ′
1r + H ′

1r
−1) sin θ

+
∞∑

n = 2

{[
n(n − 1)Enr

n − 2 + n(n + 1)Fnr
−n − 2

+ (n + 1)(n + 2)Gnr
n + (n − 1)(n − 2)Hnr

−n] cos nθ

+ [
n(n − 1)E ′

nr
n − 2 + n(n + 1)F ′

nr
−n − 2

+ (n + 1)(n + 2)G ′
nr

n + (n − 1)(n − 2)H ′
nr

−n] sin nθ
}

+ σ
p
θθ

σrθ = (−2F1r
−3 + 2G1r + H1r

−1) sin θ

− (−2F ′
1r

−3 + 2G ′
1r + H ′

1r
−1) cos θ

+
∞∑

n = 2

n
{[

(n − 1)Enr
n − 2 − (n + 1)Fnr

−n − 2

+ (n + 1)Gnr
n − (n − 1)Hnr

−n] sin nθ

− [
(n − 1)E ′

nr
n − 2 − (n + 1)F ′

nr
−n − 2

+ (n + 1)G ′
nr

n − (n − 1)H ′
nr

−n] cos nθ
}

+ σ
p
rθ (Answer)

in which

σ
p
rr = 1

r

∂χp

∂r
+ 1

r2

∂2χp

∂θ2 , σ
p
θθ = ∂2χp

∂r2 , σ
p
rθ = − ∂

∂r

(
1

r

∂χp

∂θ

)
(18.59)

The unknown coefficients can be determined from the boundary conditions and the
conditions of single-valuedness of rotation and displacements (18.16).
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Problem 18.4. Find the steady thermal stresses in a long hollow cylinder of inner
radius a and outer radius b with the constant initial temperature Ti , when the hollow
cylinder is subjected to asymmetric temperature T (r, θ).

Solution. The governing equation of the heat conduction problem without the inter-
nal heat generation is

∂2T

∂r2 + 1

r

∂T

∂r
+ 1

r2

∂2T

∂θ2 = 0 (18.60)

The general solution of Eq. (18.60) is

T (r, θ) = A0 + B0 ln r +
∞∑

n = 1

[
(Anr

n + Bnr
−n) cos nθ + (A′

nr
n + B ′

nr
−n) sin nθ

]

(18.61)
The temperature change from the initial temperature Ti is given by

τ (r, θ) = A0 − Ti + B0 ln r

+ (A1r + B1r
−1) cos θ + (C1r + D1r

−1) sin θ

+
∞∑

n = 2

[
(Anr

n + Bnr
−n) cos nθ + (Cnr

n + Dnr
−n) sin nθ

]
(18.62)

From Eq. (18.62) and the second equation in Eq. (18.52), the particular solution χp

becomes zero. Using the boundary conditions for traction free surfaces and the con-
ditions of single-valuedness of rotation and displacements (18.16), unknown coef-
ficients can be determined. Therefore, thermal stress components can be obtained
as

σrr = F0r
−2 + 2G0 + H0(2 ln r + 1)

+ (−2F1r
−3 + 2G1r + H1r

−1) cos θ

+ (−2F ′
1r

−3 + 2G ′
1r + H ′

1r
−1) sin θ

σθθ = −F0r
−2 + 2G0 + H0(2 ln r + 3)

+ (2F1r
−3 + 6G1r + H1r

−1) cos θ

+ (2F ′
1r

−3 + 6G ′
1r + H ′

1r
−1) sin θ

σrθ = (−2F1r
−3 + 2G1r + H1r

−1) sin θ

− (−2F ′
1r

−3 + 2G ′
1r + H ′

1r
−1) cos θ (Answer)

From the conditions of single-valuedness of rotation and displacements (18.16),
we get

H0 = −1

4
α∗E∗B0, H1 = −1

2
α∗E∗B1, H ′

1 = −1

2
α∗E∗B ′

1
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The components of cos nθ and sin nθ for n ≥ 2 in the temperature do not affect the
thermal stress.

Problem 18.5. Prove that Navier’s equation in a cylindrical coordinate system in
plane problems can be expressed by

(λ∗ + 2μ)
∂e

∂r
− 2μ

r

∂ω

∂θ
= β∗ ∂τ

∂r

(λ∗ + 2μ)
1

r

∂e

∂θ
+ 2μ

∂ω

∂r
= β∗ 1

r

∂τ

∂θ
(18.63)

where

e = ∂ur
∂r

+ ur
r

+ 1

r

∂uθ

∂θ
, ω = 1

2r

[∂(ruθ)

∂r
− ∂ur

∂θ

]
(18.64)

Solution. From the equilibrium equations (16.40) in a cylindrical coordinate sys-
tem, the equilibrium equations without the body forces reduce for the plane problem
to

∂σrr

∂r
+ 1

r

∂σθr

∂θ
+ σrr − σθθ

r
= 0

∂σrθ

∂r
+ 1

r

∂σθθ

∂θ
+ 2

σrθ

r
= 0 (18.65)

Hooke’s law is

σrr = (λ∗ + 2μ)εrr + λ∗εθθ − β∗τ
= (λ∗ + 2μ)(εrr + εθθ) − 2μεθθ − β∗τ

σθθ = (λ∗ + 2μ)εθθ + λ∗εrr − β∗τ
= (λ∗ + 2μ)(εrr + εθθ) − 2μεrr − β∗τ

σrθ = 2μεθr (18.66)

The components of strain and rotation are

εrr = ∂ur
∂r

, εθθ = ur
r

+ 1

r

∂uθ

∂θ
, εrθ = 1

2

(1

r

∂ur
∂θ

+ ∂uθ

∂r
− uθ

r

)

e = ∂ur
∂r

+ ur
r

+ 1

r

∂uθ

∂θ

ω = 1

2r

[∂(ruθ)

∂r
− ∂ur

∂θ

]
= 1

2

(uθ

r
+ ∂uθ

∂r
− 1

r

∂ur
∂θ

)
(18.67)

The shear strain may be written as

εrθ = −ω + ∂uθ

∂r
(18.68)

http://dx.doi.org/10.1007/978-94-007-6356-2_16
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Substitution of Eq. (18.66) into the first equation of Eq. (18.65) gives

(λ∗ + 2μ)
∂e

∂r
− 2μ

∂εθθ

∂r
− β∗ ∂τ

∂r
− 2μ

1

r

∂ω

∂θ

+ 2μ
1

r

∂2uθ

∂r∂θ
+ 2μ

εrr − εθθ

r

= (λ∗ + 2μ)
∂e

∂r
− 2μ

r

∂ω

∂θ
− β∗ ∂τ

∂r

− 2μ

(
1

r

∂ur
∂r

− ur
r2 + 1

r

∂2uθ

∂r∂θ
− 1

r2

∂uθ

∂θ
− 1

r

∂2uθ

∂r∂θ

− 1

r

∂ur
∂r

+ ur
r2 + 1

r2

∂uθ

∂θ

)
= 0 (18.69)

Therefore, we get

(λ∗ + 2μ)
∂e

∂r
− 2μ

r

∂ω

∂θ
= β∗ ∂τ

∂r
(Answer)

Substitution of Eq. (18.66) into the second equation of Eq. (18.65) gives

(λ∗ + 2μ)
1

r

∂e

∂θ
− 2μ

1

r

∂εrr

∂θ
− β∗ 1

r

∂τ

∂θ
+ 2μ

∂ω

∂r
− 2μ

∂2uθ

∂r2

+ 4μ
(∂εrθ

∂r
+ εrθ

r

)

= (λ∗ + 2μ)
1

r

∂e

∂θ
+ 2μ

∂ω

∂r
− β∗ 1

r

∂τ

∂θ
− 2μ

[1

r

∂2ur
∂r∂θ

+ ∂2uθ

∂r2 −
(
− 1

r2

∂ur
∂θ

+ 1

r

∂2ur
∂r∂θ

+ ∂2uθ

∂r2 + uθ

r2 − 1

r

∂uθ

∂r

+ 1

r2

∂ur
∂θ

+ 1

r

∂uθ

∂r
− uθ

r2

)]
= 0 (18.70)

Therefore, we get

(λ∗ + 2μ)
1

r

∂e

∂θ
+ 2μ

∂ω

∂r
= β∗

r

∂τ

∂θ
(Answer)

Problem 18.6. Prove that the governing equation (18.63) can be solved by use of
Goodier’s thermoelastic potential � and the Boussinesq harmonic functions ϕ, ϑ
which are related to the components of displacement as follows

ur = ∂�

∂r
+ ∂ϕ

∂r
+ 2

r

∂ϑ

∂θ

uθ = 1

r

∂�

∂θ
+ 1

r

∂ϕ

∂θ
− 2

∂ϑ

∂r
(18.71)
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where Goodier’s thermoelastic potential � and the Boussinesq harmonic functions
ϕ, ϑ must satisfy the equations

∇2� = K τ , ∇2ϕ = 0, ∇2ϑ = 0 (18.72)

in which

K = β∗

λ∗ + 2μ
, ∇2 = ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2 (18.73)

Solution. The strain, the dilatation, and the rotation are derived from Eq. (18.71)

εrr = ∂2�

∂r2 + ∂2ϕ

∂r2 + 2

r

∂2ϑ

∂r∂θ
− 2

r2

∂ϑ

∂θ

εθθ = 1

r

∂�

∂r
+ 1

r2

∂2�

∂θ2 + 1

r

∂ϕ

∂r
+ 1

r2

∂2ϕ

∂θ2 + 2

r2

∂ϑ

∂θ
− 2

r

∂2ϑ

∂r∂θ

e = ∇2� + ∇2ϕ

ω = 1

2r

[∂(ruθ)

∂r
− ∂ur

∂θ

]

= 1

2r

[ ∂2�

∂r∂θ
+ ∂2ϕ

∂r∂θ
− 2

∂ϑ

∂r
− 2r

∂2ϑ

∂r2 − ∂2�

∂r∂θ
− ∂2ϕ

∂r∂θ
− 2

r

∂2ϑ

∂θ2

]

= −
(∂2ϑ

∂r2 + 1

r

∂ϑ

∂r
+ 1

r2

∂2ϑ

∂θ2

)
= −∇2ϑ (18.74)

Navier’s equations are

(λ∗ + 2μ)
∂e

∂r
− 2μ

r

∂ω

∂θ
= β∗ ∂τ

∂r
(18.75)

(λ∗ + 2μ)
1

r

∂e

∂θ
+ 2μ

∂ω

∂r
= β∗

r

∂τ

∂θ
(18.76)

Eliminating ω from Eqs. (18.75) and (18.76) by
∂

∂r
[(18.75) × r ] + ∂

∂θ
[(18.76)],

we get

(λ∗ + 2μ)
[ ∂

∂r

(
r
∂e

∂r

)
+ 1

r

∂2e

∂θ2

]
= β∗[ ∂

∂r

(
r
∂τ

∂r

)
+ 1

r

∂2τ

∂θ2

]
(18.77)

Simplification of Eq. (18.77) yields

∇2
(
e − β∗

λ∗ + 2μ
τ
)

= 0 → ∇2(e − K τ ) = 0 (18.78)

Calculating the operation of
∂

∂r
[(18.76) × r ] − ∂

∂θ
[(18.75)], we get
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2μ
[ ∂

∂r

(
r
∂ω

∂r

)
+ 1

r

∂2ω

∂θ2

]
= 0 → ∇2ω = 0 (18.79)

Equations (18.78) and (18.79) are satisfied from Eqs. (18.72) and (18.74).

Problem 18.7. Derive Eq. (18.26).

Solution. The definition of Michell’s function M is from Eq. (18.25)

M = −
∫

(ϕ + zψ)dz (18.80)

Application of the Laplacian operator to Eq. (18.80) gives

∇2M = −
(

∂2

∂r2 + 1

r

∂

∂r
+ ∂2

∂z2

) ∫
(ϕ + zψ)dz

= −
∫ [( ∂2

∂r2 + 1

r

∂

∂r

)
ϕ + z

( ∂2

∂r2 + 1

r

∂

∂r

)
ψ

]
dz

−
(

∂ϕ

∂z
+ z

∂ψ

∂z
+ ψ

)
(18.81)

Since the functions ϕ, ψ are harmonic functions, Eq. (18.81) reduces to

∇2M =
∫ (∂2ϕ

∂z2 + z
∂2ψ

∂z2

)
dz −

(∂ϕ

∂z
+ z

∂ψ

∂z
+ ψ

)

=
(∂ϕ

∂z
+ z

∂ψ

∂z
− ψ

)
−

(∂ϕ

∂z
+ z

∂ψ

∂z
+ ψ

)
= −2ψ (18.82)

Therefore, we get from Eq. (18.82)

∇2∇2M = −2∇2ψ = 0 (18.83)

Substitution of Eq. (18.80) into Eq. (18.22) yields

ur = ∂�

∂r
+ ∂ϕ

∂r
+ z

∂ψ

∂r
= ∂�

∂r
+ ∂2

∂r∂z

∫
(ϕ + zψ)dz = ∂�

∂r
− ∂2M

∂r∂z

uz = ∂�

∂z
+ ∂ϕ

∂z
+ z

∂ψ

∂z
− (3 − 4ν)ψ

= ∂�

∂z
− 4(1 − ν)ψ +

(∂ϕ

∂z
+ z

∂ψ

∂z
+ ψ

)

= ∂�

∂z
+ 2(1 − ν)∇2M − ∂2M

∂z2 (Answer)
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Problem 18.8. Derive Eq. (18.27).

Solution. The strains are expressed by Goodier’s thermoelastic potential � and
Michell’s function M

εrr = ∂ur
∂r

= ∂2�

∂r2 − ∂3M

∂r2∂z

εθθ = ur
r

= 1

r

∂�

∂r
− 1

r

∂2M

∂r∂z

εzz = ∂uz
∂z

= ∂2�

∂z2 + 2(1 − ν)
∂∇2M

∂z
− ∂3M

∂z3

εr z = ∂2�

∂r∂z
+ (1 − ν)

∂∇2M

∂r
− ∂3M

∂r∂z2

e = εrr + εθθ + εzz = ∇2� + (1 − 2ν)
∂

∂z
∇2M

= K τ + (1 − 2ν)
∂

∂z
∇2M (18.84)

Therefore, Hooke’s law gives

σrr = 2μεrr + λe − βτ

= 2μ
(∂2�

∂r2 − ∂3M

∂r2∂z

)
+ λ

[
K τ + (1 − 2ν)

∂

∂z
∇2M

]
− βτ

= 2G
[∂2�

∂r2 − K τ + ∂

∂z

(
ν∇2M − ∂2M

∂r2

)]

σθθ = 2μεθθ + λe − βτ

= 2μ
(1

r

∂�

∂r
− 1

r

∂2M

∂r∂z

)
+ λ

[
K τ + (1 − 2ν)

∂

∂z
∇2M

]
− βτ

= 2G
[1

r

∂�

∂r
− K τ + ∂

∂z

(
ν∇2M − 1

r

∂M

∂r

)]

σzz = 2μεzz + λe − βτ

= 2μ
[∂2�

∂z2 + 2(1 − ν)
∂∇2M

∂z
− ∂3M

∂z3

]

+ λ
[
K τ + (1 − 2ν)

∂

∂z
∇2M

]
− βτ

= 2G
{∂2�

∂z2 − K τ + ∂

∂z

[
(2 − ν)∇2M − ∂2M

∂z2

]}

σr z = 2Gεr z = 2G
{ ∂2�

∂r∂z
+ ∂

∂r

[
(1 − ν)∇2M − ∂2M

∂z2

]}
(Answer)

where
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λK − β = λβ

λ + 2μ
− β = −2μ

β

λ + 2μ
= −2μK = 2GK

λ(1 − 2ν) = 2νμ

1 − 2ν
(1 − 2ν) = 2νμ = 2Gν (18.85)

Problem 18.9. We assume that the steady temperature change τ in a long circular
cylinder is given by

τ = T − Ti =
∫ ∞

0
A(s)I0(sr) cos sz ds (18.86)

where

A(s) = 2

π

h
∫ ∞

0
[Ta(z) − Ti ] cos sz dz

h I0(sa) + λs I1(sa)
(18.87)

Ta(z) means the temperature of the surrounding medium, Ti is the constant initial
temperature, h means the heat transfer coefficient, and λ denotes the heat conduc-
tivity. Then, find the thermal stresses by use of Goodier’s thermoelastic potential �

and Michell’s function M .

Solution. Michell’s function M and Goodier’s thermoelastic potential � are

M =
∫ ∞

0
[B(s)I0(sr) + C(s)r I1(sr)] sin szds

� = K

2

∫ ∞

0
A(s)

r

s
I1(sr) cos szds (18.88)

Since the displacements and the stresses are expressed by Eqs. (18.26) and (18.27),
we first calculate following integrals

∂M

∂r
=

∫ ∞

0
[B(s)s I1(sr) + C(s)sr I0(sr)] sin szds

1

r

∂M

∂r
=

∫ ∞

0
[B(s)

s

r
I1(sr) + C(s)s I0(sr)] sin szds

∂2M

∂r2 =
∫ ∞

0
{B(s)s[s I0(sr) − 1

r
I1(sr)]

+ C(s)s[I0(sr) + sr I1(sr)]} sin szds

∂2M

∂z2 = −
∫ ∞

0
s2[B(s)I0(sr) + C(s)r I1(sr)] sin szds

∇2M = 2
∫ ∞

0
C(s)s I0(sr) sin szds

∂�

∂r
= K

2

∫ ∞

0
A(s)r I0(sr) cos szds
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∂2�

∂r2 = K

2

∫ ∞

0
A(s)[I0(sr) + rs I1(sr)] cos szds (18.89)

Then, the displacements and the stresses are

ur = ∂�

∂r
− ∂2M

∂r∂z

=
∫ ∞

0

[K
2
A(s)r I0(sr) − s2B(s)I1(sr) − s2C(s)r I0(sr)

]
cos szds

uz = ∂�

∂z
+ 2(1 − ν)∇2M − ∂2M

∂z2

=
∫ ∞

0

{
−K

2
A(s)r I1(sr) + s2B(s)I0(sr)

+ sC(s)[4(1 − ν)I0(sr) + sr I1(sr)]
}

sin szds

σrr = 2G
[∂2�

∂r2 − K τ + ∂

∂z

(
ν∇2M − ∂2M

∂r2

)]

= 2G
∫ ∞

0

{
−K

2
A(s)[I0(sr) − r I1(sr)] + s3B(s)

[ 1

sr
I1(sr) − I0(sr)

]

− s2C(s)[(1 − 2ν)I0(sr) + sr I1(sr)]
}

cos szds

σθθ = 2G
[1

r

∂2�

∂r
− K τ + ∂

∂z

(
ν∇2M − 1

r

∂M

∂r

)]

= −2G
∫ ∞

0

[K
2
A(s)I0(sr)

+ s3B(s)
I1(sr)

sr
+ s2C(s)(1 − 2ν)I0(sr)

]
cos szds

σzz = 2G
{∂2�

∂z2 − K τ + ∂

∂z

[
(2 − ν)∇2M − ∂2M

∂z2

]}

= 2G
∫ ∞

0

{
−K A(s)[I0(sr) + 1

2
sr I1(sr)] + s3B(s)I0(sr)

+ s2C(s)[2(2 − ν)I0(sr) + sr I1(sr)]
}

cos szds

σr z = 2G
{ ∂2�

∂r∂z
+ ∂

∂r

[
(1 − ν)∇2M − ∂2M

∂z2

]}

= 2G
∫ ∞

0

{
−K

2
A(s)sr I0(sr) + s3B(s)I1(sr)

+ s2C(s)[2(1 − ν)I1(sr) + sr I0(sr)]
}

sin szds (18.90)

The boundary conditions of the traction free surface are
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σrr = 0, σr z = 0 on r = a (18.91)

The boundary conditions (18.91) give B(s) and C(s) as follows:

B(s) = (1 − ν)K A(s)
a

s2

sa I 2
0 (sa) − sa I 2

1 (sa) + I0(sa)I1(sa)

(2 − 2ν + s2a2)I 2
1 (sa) − s2a2 I 2

0 (sa)

C(s) = K A(s)
a2

2

I 2
1 (sa) − I 2

0 (sa)

(2 − 2ν + s2a2)I 2
1 (sa) − s2a2 I 2

0 (sa)
(18.92)

Substitution of Eq. (18.92) into Eq. (18.90) gives the displacements and the thermal
stresses.

Problem 18.10. Derive a biharmonic function M in a cylindrical coordinate system
(r, θ, z).

Solution. The biharmonic function M in a cylindrical coordinate system may be
expressed as M = Mc + Mp, where Mc and Mp satisfy the equations

∇2Mc = 0, ∇2Mp = L , ∇2L = 0 (18.93)

Since two functions Mc and L are harmonic functions, we first obtain the harmonic
functions by use of the method of separation of variables. We assume that the har-
monic function may be expressed by the product of three functions, each of only one
variable

L(r, θ, z) = f (r)g(θ)h(z) (18.94)

Substitution of Eq. (18.94) into the third equation in Eq. (18.93) gives the governing
equations for functions f (r), g(θ) and h(z)

d2 f (r)

dr2 + 1

r

d f (r)

dr
−

(
a2 + n2

r2

)
f (r) = 0

d2g(θ)

dθ2 + n2g(θ) = 0

d2h(z)

dz2 + a2h(z) = 0 (18.95)

in which a is an arbitrary constant, and n is the integer. Therefore, the linearly
independent solutions of Eq. (18.95) are

f (r) =
(

1
ln r

)
for n = a = 0

f (r) =
(
rn

r−n

)
for n �= 0, a = 0
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f (r) =
(
In(ar)
Kn(ar)

)
for a �= 0

g(θ) =
(

1
θ

)
for n = 0, g(θ) =

(
sin nθ
cos nθ

)
for n �= 0

h(z) =
(

1
z

)
for a = 0, h(z) =

(
sin az
cos az

)
for a �= 0 (18.96)

Next, we consider a particular solution Mp which satisfies the equation

∇2Mp = f (r)g(θ)h(z) (18.97)

The particular solution Mp is assumed to be expressed by the product of three func-
tions, each of only one variable

[Case 1] Mp(r, θ, z) = F(r)g(θ)h(z) (18.98)

[Case 2] Mp(r, θ, z) = f (r)G(θ)h(z) (18.99)

[Case 3] Mp(r, θ, z) = f (r)g(θ)H(z) (18.100)

[Case 1] Substitution of Eq. (18.98) into Eq. (18.97) gives

d2F(r)

dr2 + 1

r

dF(r)

dr
−

(
a2 + n2

r2

)
F(r) = f (r) (18.101)

We get a particular solution F(r):

F(r) =
(
r2/4
r2(ln r − 1)/4

)

when f (r) =
(

1
ln r

)
for n = a = 0

F(r) =
(
r3/8
r ln r/2

)

when f (r) =
(
r
r−1

)
for n = 1, a = 0

F(r) =
(
rn + 2/(4n + 4)

−r−n + 2/(4n − 4)

)

when f (r) =
(
rn

r−n

)
for n ≥ 2, a = 0
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F(r) =
( [ar In + 1(ar) + nIn(ar)]/(2a2)

[−arKn + 1(ar) + nKn(ar)]/(2a2)

)

when f (r) =
(
In(ar)
Kn(ar)

)
for a �= 0 (18.102)

[Case 2] Substitution of Eq. (18.99) into Eq. (18.97) gives

d2G(θ)

dθ2 + n2G(θ) = r2g(θ) (18.103)

The expression on the left-hand side in Eq. (18.103) is a function of θ. However, the
expression on the right-hand side in Eq. (18.103) is a function of θ and r . Because
of this reason, the assumption of [Case 2] is not acceptable.

[Case 3] Substitution of Eq. (18.100) into Eq. (18.97) gives

d2H(z)

dz2 + a2H(z) = h(z) (18.104)

and we get a particular solution H(z):

H(z) =
(
z2/2
z3/6

)

when h(z) =
(

1
z

)
for a = 0

H(z) =
(
z sin az/(2a)

−z cos az/(2a)

)

when h(z) =
(

cos az
sin az

)
for a �= 0 (18.105)

Next, we consider the second case in which the harmonic function can be expressed
by

L(r, θ, z) = f (r)g(θ)h(z) (18.106)

where the governing equations of functions f (r), g(θ) and h(z) are

d2 f (r)

dr2 + 1

r

d f (r)

dr
+

(
a2 − n2

r2

)
f (r) = 0

d2g(θ)

dθ2 + n2g(θ) = 0

d2h(z)

dz2 − a2h(z) = 0 (18.107)

The linearly independent solutions of Eq. (18.107) are
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f (r) =
(

1
ln r

)
for n = a = 0

f (r) =
(
rn

r−n

)
for n �= 0, a = 0

f (r) =
(
Jn(ar)
Yn(ar)

)
for a �= 0

g(θ) =
(

1
θ

)
for n = 0, g(θ) =

(
sin nθ
cos nθ

)
for n �= 0

h(z) =
(

1
z

)
for a = 0, h(z) =

(
eaz

e−az

)
for a �= 0 (18.108)

Next, we consider a particular solution Mp of Eq. (18.97). A particular solution
Mp is assumed to be expressed by the product of three functions, each of only one
variable

[Case 4] Mp(r, θ, z) = F(r)g(θ)h(z) (18.109)

[Case 5] Mp(r, θ, z) = f (r)G(θ)h(z) (18.110)

[Case 6] Mp(r, θ, z) = f (r)g(θ)H(z) (18.111)

[Case 4] Substitution of Eq. (18.18.109) into Eq. (18.97) gives

d2F(r)

dr2 + 1

r

dF(r)

dr
+

(
a2 − n2

r2

)
F(r) = f (r) (18.112)

We get a particular solution F(r):

F(r) =
(
r2/4
r2(ln r − 1)/4

)

when f (r) =
(

1
ln r

)
for n = a = 0

F(r) =
(
r3/8
r ln r/2

)

when f (r) =
(
r
r−1

)
for n = 1, a = 0

F(r) =
(
rn + 2/(4n + 4)

−r−n + 2/(4n − 4)

)

when f (r) =
(
rn

r−n

)
for n ≥ 2, a = 0
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F(r) =
( [ar Jn + 1(ar) − nJn(ar)]/(2a2)

[arYn + 1(ar) − nYn(ar)]/(2a2)

)

when f (r) =
(
Jn(ar)
Yn(ar)

)
for a �= 0 (18.113)

[Case 5] Substitution of Eq. (18.110) into Eq. (18.97) gives

d2G(θ)

dθ2 + n2G(θ) = r2g(θ) (18.114)

The expression on the left-hand side in Eq. (18.114) is a function of θ. However, the
expression on the right-hand side in Eq. (18.114) is a function of θ and r . Because
of this, the assumption of [Case 5] is not acceptable.

[Case 6] Substitution of Eq. (18.111) into Eq. (18.97) gives

d2H(z)

dz2 − a2H(z) = h(z) (18.115)

and we get a particular solution H(z):

H(z) =
(
z2/2
z3/6

)

when h(z) =
(

1
z

)
for a = 0

H(z) =
(
zeaz/(2a)

−ze−az/(2a)

)

when h(z) =
(
eaz

e−az

)
for a �= 0 (18.116)

Finally, the particular solutions of the Laplace’s equations in Eq. (18.35) in a cylin-
drical coordinate system are

(
1

ln r

) (
1
θ

)(
1
z

)
,

(
J0(ar)
Y0(ar)

) (
1
θ

)(
eaz

e−az

)

(
I0(ar)
K0(ar)

) (
1
θ

)(
sin az
cos az

)
,

(
rn

r−n

) (
cos nθ
sin nθ

) (
1
z

)

(
Jn(ar)
Yn(ar)

)(
cos nθ
sin nθ

) (
eaz

e−az

)
,

(
In(ar)
Kn(ar)

)(
cos nθ
sin nθ

) (
cos az
sin az

)
(Answer)

(18.117)
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where a is an arbitrary constant, Jn(ar) and Yn(ar) are Bessel functions, In(ar) and

Kn(ar) are the modified Bessel functions. Moreover, functions

(
sinh az
cosh az

)
can be

used instead of

(
eaz

e−az

)
.

The particular solutions of Eq. (18.40) in a cylindrical coordinate system are given

⎛

⎜⎜⎝

1
ln r
r2

r2 ln r

⎞

⎟⎟⎠

(
1
θ

)(
1
z

)
,

(
1

ln r

)(
1
θ

) (
z2

z3

)

⎛

⎜⎜⎝

J0(ar)
Y0(ar)
r J1(ar)
rY1(ar)

⎞

⎟⎟⎠

(
1
θ

) (
eaz

e−az

)
,

(
J0(ar)
Y0(ar)

) (
1
θ

)(
zeaz

ze−az

)

⎛

⎜⎜⎝

I0(ar)
K0(ar)
r I1(ar)
r K1(ar)

⎞

⎟⎟⎠

(
1
θ

)(
sin az
cos az

)
,

(
I0(ar)
K0(ar)

)(
1
θ

) (
z sin az
z cos az

)

(
0
r

) (
θ cos θ
θ sin θ

) (
1
z

)
,

(
r3

r ln r

)(
cos θ
sin θ

) (
1
z

)

⎛

⎜⎜⎝

rn

r−n

rn + 2

r−n + 2

⎞

⎟⎟⎠

(
cos nθ
sin nθ

) (
1
z

)
,

(
rn

r−n

) (
cos nθ
sin nθ

) (
z2

z3

)

⎛

⎜⎜⎝

Jn(ar)
Yn(ar)

r Jn + 1(ar)
rYn + 1(ar)

⎞

⎟⎟⎠

(
cos nθ
sin nθ

)(
eaz

e−az

)

(
Jn(ar)
Yn(ar)

) (
cos nθ
sin nθ

)(
zeaz

ze−az

)

⎛

⎜⎜⎝

In(ar)
Kn(ar)

r In + 1(ar)
r Kn + 1(ar)

⎞

⎟⎟⎠

(
cos nθ
sin nθ

) (
cos az
sin az

)

(
In(ar)
Kn(ar)

) (
cos nθ
sin nθ

) (
z cos az
z sin az

)
(Answer)

In these equations, the notation for the product of three one-column matrices is
explained by Eqs. (16.97) and (16.98).

http://dx.doi.org/10.1007/978-94-007-6356-2_16
http://dx.doi.org/10.1007/978-94-007-6356-2_16


Chapter 19
Thermal Stresses in Spherical Bodies

In this chapter the thermal stresses in spherical bodies are presented. First,
one-dimensional problems for a solid and a hollow sphere are discussed. Next, two-
dimensional axisymmetric problems are treated by Goodier’s thermoelastic potential
and the Boussinesq harmonic functions. Problems and solutions for thermal stresses
in a solid and a hollow cylinder subjected to the steady and the transient temperature
field are presented. [See also Chap. 24.]

19.1 One-Dimensional Problems in Spherical Bodies

The equilibrium equation without body force for a one-dimensional problem in a
spherical coordinate system is obtained from Eq. (16.52)

dσrr

dr
+ 2

r
(σrr − σθθ) = 0 (19.1)

Hooke’s law is from Eq. (16.59)

σrr = 2μεrr + λe − βτ
σθθ = σφφ = 2μεθθ + λe − βτ

(19.2)

where e = εrr + 2εθθ.
The strain-displacement relations are

εrr = dur
dr

, εθθ = εφφ = ur
r

(19.3)
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The stress components in terms of the displacement component ur are

σrr = E

(1 + ν)(1 − 2ν)

[
(1 − ν)

dur
dr

+ 2ν
ur
r

− (1 + ν)ατ
]

σθθ = σφφ = E

(1 + ν)(1 − 2ν)

[
ν
dur
dr

+ ur
r

− (1 + ν)ατ
] (19.4)

The equilibrium equation in terms of the displacement component ur is

d

dr

[ 1

r2

d

dr

(
r2ur

)]
= 1 + ν

1 − ν
α
dτ

dr
(19.5)

The general solution of Eq. (19.5) is

ur = 1 + ν

1 − ν
α

1

r2

∫
τr2 dr + C1r + C2

1

r2 (19.6)

where C1 and C2 are constants.
The stresses are expressed by

σrr = E

(1 + ν)(1 − 2ν)

[
−2

(1 + ν)(1 − 2ν)

1 − ν
α

1

r3

∫
τr2 dr

+ (1 + ν)C1 − 2(1 − 2ν)C2
1

r3

]

σθθ = σφφ (19.7)

= E

(1 + ν)(1 − 2ν)

[ (1 + ν)(1 − 2ν)

1 − ν
α
( 1

r3

∫
τr2 dr − τ

)

+ (1 + ν)C1 + (1 − 2ν)C2
1

r3

]

The displacement and the thermal stresses in a solid sphere of radius a with free
traction are

ur = α

1 − ν

[
(1 + ν)

1

r2

∫ r

0
τr2 dr + 2(1 − 2ν)

r

a3

∫ a

0
τr2 dr

]

σrr = αE

1 − ν

[ 2

a3

∫ a

0
τr2 dr − 2

r3

∫ r

0
τr2 dr

]
(19.8)

σθθ = σφφ = αE

1 − ν

[ 2

a3

∫ a

0
τr2 dr + 1

r3

∫ r

0
τr2 dr − τ

]

The displacement and the thermal stresses in a hollow sphere of inner radius a and
outer radius b with free traction are
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ur = 1 + ν

1 − ν
α
[ 1

r2

∫ r

a
τr2 dr

+ 2(1 − 2ν)

1 + ν

r

b3 − a3

∫ b

a
τr2 dr + a3

b3 − a3

1

r2

∫ b

a
τr2 dr

]

σrr = αE

1 − ν

[ 2(r3 − a3)

r3(b3 − a3)

∫ b

a
τr2 dr − 2

r3

∫ r

a
τr2 dr

]
(19.9)

σθθ = σφφ = αE

1 − ν

[ 2r3 + a3

r3(b3 − a3)

∫ b

a
τr2 dr + 1

r3

∫ r

a
τr2 dr − τ

]

The displacement and the thermal stresses in an infinite space with a spherical cavity
of radius a with free traction are

ur = 1 + ν

1 − ν
α

1

r2

∫ r

a
τr2 dr

σrr = − 2αE

1 − ν

1

r3

∫ r

a
τr2 dr (19.10)

σθθ = σφφ = αE

1 − ν

( 1

r3

∫ r

a
τr2 dr − τ

)

19.2 Two-Dimensional Axisymmetric Problems

We now consider two-dimensional axisynetric problems of a spherical body. The
equilibrium equations in the directions of r and θ are obtained form Eq. (16.52)

∂σrr

∂r
+ 1

r

∂σθr

∂θ
+ 1

r

(
2σrr − σθθ − σφφ + σθr cot θ

)+ Fr = 0

∂σrθ

∂r
+ 1

r

∂σθθ

∂θ
+ 1

r

[
(σθθ − σφφ) cot θ + 3σrθ

]+ Fθ = 0
(19.11)

The constitutive equations in a spherical coordinate system are from Eq. (16.58)

εrr = 1

E

[
σrr − ν

(
σθθ + σφφ

)]+ ατ = 1

2G

(
σrr − ν

1 + ν
Θ
)

+ ατ

εθθ = 1

E

[
σθθ − ν

(
σφφ + σrr

)]+ ατ = 1

2G

(
σθθ − ν

1 + ν
Θ
)

+ ατ

εφφ = 1

E

[
σφφ − ν (σrr + σθθ)

]+ ατ = 1

2G

(
σφφ − ν

1 + ν
Θ
)

+ ατ

εrθ = 1

2G
σrθ (19.12)

http://dx.doi.org/10.1007/978-94-007-6356-2_16
http://dx.doi.org/10.1007/978-94-007-6356-2_16
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where Θ = σrr + σθθ + σφφ. Alternative forms are

σrr = 2μεrr + λe − βτ , σθθ = 2μεθθ + λe − βτ
σφφ = 2μεφφ + λe − βτ , σrθ = 2μεrθ

(19.13)

where e = εrr + εθθ + εφφ.
The components of strain for an axisymmetric deformation are from Eq. (16.54)

εrr = ∂ur
∂r

, εθθ = ur
r

+ 1

r

∂uθ

∂θ

εφφ = ur
r

+ cot θ
uθ

r
, εrθ = 1

2

(1

r

∂ur
∂θ

+ ∂uθ

∂r
− uθ

r

)

e = ∂ur
∂r

+ 2
ur
r

+ cot θ
uθ

r
+ 1

r

∂uθ

∂θ

(19.14)

Substituting Eqs. (19.13) and (19.14) into Eq. (19.11), Navier’s equations of
thermoelasticity for axisymmetric problems may be expressed as

(λ + 2μ)
∂e

∂r
− 2μ

r sin θ

∂(ωφ sin θ)

∂θ
− β

∂τ

∂r
+ Fr = 0

(λ + 2μ)
1

r

∂e

∂θ
+ 2μ

r

∂(rωφ)

∂r
− β

1

r

∂τ

∂θ
+ Fθ = 0

(19.15)

where

ωφ = 1

2r

[∂(ruθ)

∂r
− ∂ur

∂θ

]
(19.16)

The solution of Navier’s equations (19.15) without body force for axisymmetric
problems in a spherical coordinate system can be expressed, for example, by Good-
ier’s thermoelastic potential � and the Boussinesq harmonic functions ϕ and ψ from
Eq. (16.62)

ur = ∂�

∂r
+ ∂ϕ

∂r
+ r cos θ

∂ψ

∂r
− (3 − 4ν) ψ cos θ

uθ = 1

r

∂�

∂θ
+ 1

r

∂ϕ

∂θ
+ cos θ

∂ψ

∂θ
+ (3 − 4ν) ψ sin θ

(19.17)

where the three functions must satisfy the equations

∇2� = K τ , ∇2ϕ = 0, ∇2ψ = 0 (19.18)

in which

∇2 = ∂2

∂r2 + 2

r

∂

∂r
+ 1

r2

∂2

∂θ2 + 1

r2 cot θ
∂

∂θ
, K = 1 + ν

1 − ν
α (19.19)

http://dx.doi.org/10.1007/978-94-007-6356-2_16
http://dx.doi.org/10.1007/978-94-007-6356-2_16
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Making use of Eq. (19.17), the strain components are represented as

εrr = ∂2�

∂r2 + ∂2ϕ

∂r2 + r cos θ
∂2ψ

∂r2 − 2 (1 − 2ν) cos θ
∂ψ

∂r

εθθ = 1

r

∂�

∂r
+ 1

r2

∂2�

∂θ2 + 1

r

∂ϕ

∂r
+ 1

r2

∂2ϕ

∂θ2

+ cos θ
∂ψ

∂r
+ 1

r
cos θ

∂2ψ

∂θ2 + 2 (1 − 2ν)
1

r
sin θ

∂ψ

∂θ

εφφ = 1

r

∂�

∂r
+ cot θ

1

r2

∂�

∂θ
+ 1

r

∂ϕ

∂r
+ cot θ

1

r2

∂ϕ

∂θ

+ cos θ
∂ψ

∂r
+ cos2 θ

sin θ

1

r

∂ψ

∂θ

εrθ = ∂2

∂r∂θ

(�

r

)
+ ∂2

∂r∂θ

(ϕ

r

)

+ (1 − 2ν) sin θ
∂ψ

∂r
+ cos θ

∂2ψ

∂r∂θ
− 2 (1 − ν)

1

r
cos θ

∂ψ

∂θ

e = K τ − 2 (1 − 2ν)
(

cos θ
∂ψ

∂r
− 1

r
sin θ

∂ψ

∂θ

)
(19.20)

Substitution of Eq. (19.20) into Eq. (19.13) gives the stress components

σrr = 2G
[∂2�

∂r2 + ∂2ϕ

∂r2 + r cos θ
∂2ψ

∂r2 − 2(1 − ν) cos θ
∂ψ

∂r

+ 2ν
1

r
sin θ

∂ψ

∂θ
− K τ

]

σθθ = 2G
[1

r

∂�

∂r
+ 1

r2

∂2�

∂θ2 + 1

r

∂ϕ

∂r
+ 1

r2

∂2ϕ

∂θ2

+ (1 − 2ν) cos θ
∂ψ

∂r
+ 1

r
cos θ

∂2ψ

∂θ2 + 2(1 − ν)
1

r
sin θ

∂ψ

∂θ
− K τ

]

σφφ = 2G
[1

r

∂�

∂r
+ cot θ

1

r2

∂�

∂θ
+ 1

r

∂ϕ

∂r
+ cot θ

1

r2

∂ϕ

∂θ

+ (1 − 2ν) cos θ
∂ψ

∂r
+ (cos θ cot θ + 2ν sin θ)

1

r

∂ψ

∂θ
− K τ

]

σrθ = 2G
[ ∂2

∂r∂θ

(�

r

)
+ ∂2

∂r∂θ

(ϕ

r

)

+ (1 − 2ν) sin θ
∂ψ

∂r
+ cos θ

∂2ψ

∂r∂θ
− 2(1 − ν)

1

r
cos θ

∂ψ

∂θ

]
(19.21)

The particular solutions ϕ and ψ for the axisymmetric bodies can be expressed as

(
ϕ
ψ

)
=
(
rn Pn(cos θ)
r−n−1Pn(cos θ)

)
(n = 0, 1, 2, . . .) (19.22)

where Pn(cos θ) is the Legendre function of the first kind of order n.
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19.3 Problems and Solutions Related to Thermal Stresses
in Spherical Bodies

Problem 19.1. Find the displacement and the thermal stresses in a solid sphere of
radius a with constant heat generation Q under a steady temperature field. Further-
more derive the displacement and the thermal stresses in a solid sphere with constant
temperature Ta at r = a.

Solution. The one-dimensional steady state heat conduction equation with constant
heat generation Q is

d2T

dr2 + 2

r

dT

dr
= −Q

λ
(19.23)

The general solution of Eq. (19.23) is

T = A + Br−1 +
(
− Q

6λ

)
r2 (19.24)

Since T is finite at r = 0, the temperature change from the initial temperature Ti
reduces to

τ = (A − Ti ) +
(
− Q

6λ

)
r2 (19.25)

The following integral relation is obtained

∫
τr2 dr = 1

3
(A − Ti )r

3 +
(
− Q

30λ

)
r5 (19.26)

Substitution of Eq. (19.26) into Eq. (19.8) gives the radial displacement and the
thermal stresses as

ur = α(A − Ti )r + α

1 − ν

(
− Q

30λ

)
r [(1 + ν)r2 + 2(1 − 2ν)a2]

σrr = αE

1 − ν

(
− Q

15λ

)
(a2 − r2)

σθθ = σφφ = αE

1 − ν

(
− Q

15λ

)
(a2 − 2r2) (Answer) (19.27)

The boundary condition of the temperature is

T = Ta at r = a (19.28)

From Eq. (19.28), the unknown constant A is determined as

A = Ta −
(
− Q

6λ

)
a2 (19.29)
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Then, the temperature change is

τ = Ta − Ti +
(
− Q

6λ

)
(r2 − a2) (19.30)

Substitution of Eq. (19.29) into Eq. (19.27) gives the displacement and the thermal
stresses

ur = α(Ta − Ti )r + α

1 − ν

(
− Q

30λ

)
r [(1 + ν)r2 − (3 − ν)a2]

σrr = αE

1 − ν

(
− Q

15λ

)
(a2 − r2)

σθθ = σφφ = αE

1 − ν

(
− Q

15λ

)
(a2 − 2r2) (Answer)

Problem 19.2. Find the displacement and the thermal stresses in a hollow sphere
of inner radius a and outer radius b with constant heat generation Q under a steady
temperature field. Furthermore derive the displacement and the thermal stresses in a
hollow sphere with constant temperature Ta at r = a and with constant temperature
Tb at r = b.

Solution. The one-dimensional steady state heat conduction equation with constant
heat generation Q is

d2T

dr2 + 2

r

dT

dr
= −Q

λ
(19.31)

The general solution of Eq. (19.31) is

T = A + Br−1 +
(
− Q

6λ

)
r2 (19.32)

The temperature change from the initial temperature Ti reduces to

τ = (A − Ti ) + Br−1 +
(
− Q

6λ

)
r2 (19.33)

and the following integral relation is obtained

∫
τr2 dr = 1

3
(A − Ti )r

3 + 1

2
Br2 +

(
− Q

30λ

)
r5 (19.34)

Substitution of Eq. (19.34) into Eq. (19.9) gives the displacement and the thermal
stresses as
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ur = α(A − Ti )r + 1 + ν

1 − ν
α
B

2

[
1 + 2(1 − 2ν)

1 + ν

b2 − a2

b3 − a3 r − a2b2(b − a)

b3 − a3

1

r2

]

+ 1 + ν

1 − ν
α
(
− Q

30λ

)[
r3 + b2 − a2

b3 − a3

a3b3

r2 + 2(1 − 2ν)

1 + ν

b5 − a5

b3 − a3 r
]

σrr = αE

1 − ν
B

b − a

b3 − a3

(
1 − a

r

)(
1 − b

r

)(
b + a + ab

r

)

+ αE

1 − ν

(
− Q

15λ

) 1

(b3 − a3)r3

[
(r3 − a3)(b5 − a5)

− (b3 − a3)(r5 − a5)
]

σθθ = σφφ

= αE

1 − ν
B

b − a

2(b3 − a3)

[
2(b + a) − (b2 + ab + a2)

1

r
− a2b2

r3

]

+ αE

1 − ν

(
− Q

30λ

) 1

r3

[ (2r3 + a3)(b5 − a5)

b3 − a3 − (4r5 + a5)
]

(Answer)

(19.35)

The boundary conditions of the temperature are

T = Ta at r = a, T = Tb at r = b (19.36)

From Eq. (19.36), the unknown constants A and B are determined as

A = 1

b − a

[
(bTb − aTa) −

(
− Q

6λ

)
(b3 − a3)

]

B = 1

b − a

[
−ab(Tb − Ta) +

(
− Q

6λ

)
ab(b2 − a2)

]
(19.37)

The temperature change is

τ = Ta − Ti + (Tb − Ta)
1 − a

r

1 − a

b

+
(
− Q

6λ

)[
−(b2 + ab + a2) + ab(b + b)

r
+ r2

]
(19.38)

Substitution of Eq. (19.37) into Eq. (19.35) gives the displacement and the thermal
stresses
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ur = α(Ta − Ti )r + 1 + ν

2(1 − ν)
α(Tb − Ta)

b

b3 − a3

×
{ 2r

1 + ν

[
(1 − ν)b2 + ν(ab + a2)

]− a(b2 + ab + a2) + a3b2

r2

}

+ 1 + ν

1 − ν
α
(
− Q

60λ

){
−1 − ν

1 + ν
10(b2 + ab + a2)r + 5ab(a + b) + 2r3

+ 2(1 − 2ν)

1 + ν

r

b3 − a3

[
5(b2 − a2)(a + b)ab + 2(b5 − a5)

]

− 3(b2 − a2)

b3 − a3

a3b3

r2

}

σrr = − αE

1 − ν
(Tb − Ta)

ab

b3 − a3

(
1 − a

r

)(
1 − b

r

)(
b + a + ab

r

)

+ αE

1 − ν

(
− Q

30λ

) 1

r3(b3 − a3)

×
{
(r3 − a3)[5(a + b)ab(b2 − a2)r + 2(b5 − a5)]

− 5(a + b)ab(r2 − a2)(b3 − a3) − 2(r5 − a5)(b3 − a3)
}

σθθ = σφφ = − αE

1 − ν
(Tb − Ta)

ab

b3 − a3

[
b + a − (b2 + ab + a2)

1

2r
− a2b2

2r3

]

+ αE

1 − ν

(
− Q

60λ

) 1

r3(b3 − a3)

{
5(a + b)ab[(2r3 + a3)(b2 − a2)

− (r2 + a2)(b3 − a3)] + 2(2r3 + a3)(b5 − a5) − 2(4r5 + a5)(b3 − a3)
}

(Answer) (19.39)

Problem 19.3. Find the displacement and the thermal stresses in an infinite body
with a spherical cavity of radius a with heat generation Q = Q0r−m, (m ≥ 4) under
a steady temperature field. Furthermore derive the displacement and the thermal
stresses in the infinite body with a spherical cavity with constant temperature Ta at
r = a.

Solution. The one-dimensional steady state heat conduction equation with a heat
generation Q = Q0r−m (m ≥ 4), is

d2T

dr2 + 2

r

dT

dr
= −Q0

λ
r−m (19.40)
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The general solution of Eq. (19.40) is

T = A + Br−1 +
(
−Q0

λ

) r2−m

(m − 2)(m − 3)
(19.41)

The temperature change from the initial temperature Ti reduces to

τ = (A − Ti ) + Br−1 +
(
−Q0

λ

) r2−m

(m − 2)(m − 3)
(19.42)

and the following integral relation is obtained
∫

τr2 dr = (A − Ti )
r3

3
+ B

r2

2
−
(
−Q0

λ

) r5−m

(m − 2)(m − 3)(m − 5)
(19.43)

Substitution of Eq. (19.43) into Eq. (19.10) gives the displacement and the thermal
stresses as

ur = 1 + ν

1 − ν
α

1

r2

[
(A − Ti )

r3 − a3

3
+ B

r2 − a2

2

−
(
−Q

λ

) r5−m − a5−m

(m − 2)(m − 3)(m − 5)

]

σrr = − 2αE

1 − ν

1

r3

[
(A − Ti )

r3 − a3

3
+ B

r2 − a2

2

−
(
−Q

λ

) r5−m − a5−m

(m − 2)(m − 3)(m − 5)

]

σθθ = σφφ = − αE

1 − ν

1

r3

[
(A − Ti )

2r3 + a3

3
+ B

r2 + a2

2

+
(
−Q

λ

) (m − 4)r5−m − a5−m

(m − 2)(m − 3)(m − 5)

]
(Answer) (19.44)

Since the temperature at cavity is given by the constant temperature Ta , and the
temperature at infinite point equals the initial temperature Ti , the boundary conditions
are

T = Ta at r = a, T = Ti at r = ∞ (19.45)

From Eq. (19.45), the unknown constants A and B are determined as

A = Ti , B = (Ta − Ti )a −
(
−Q

λ

) a3−m

(m − 2)(m − 3)
(19.46)

The temperature change is

τ = (Ta − Ti )
a

r
+
(
−Q

λ

) r3−m − a3−m

(m − 2)(m − 3)r
(19.47)
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Substitution of Eq. (19.46) into Eq. (19.44) gives the displacement and the thermal
stresses

ur = 1 + ν

1 − ν
α(Ta − Ti )

a(r2 − a2)

2r2

− 1 + ν

1 − ν
α
(
−Q0

λ

)2r5−m + (m − 5)r2a3−m − (m − 3)a5−m

2(m − 2)(m − 3)(m − 5)r2

σrr = − αE

1 − ν
(Ta − Ti )

a(r2 − a2)

r3

+ αE

1 − ν

(
−Q0

λ

)2r5−m + (m − 5)r2a3−m − (m − 3)a5−m

(m − 2)(m − 3)(m − 5)r3

σθθ = σφφ

= − αE

1 − ν
(Ta − Ti )

a(r2 + a2)

2r3

+ αE

1 − ν

(
−Q0

λ

)−2(m − 4)r5−m + (m − 5)r2a3−m + (m − 3)a5−m

2(m − 2)(m − 3)(m − 5)r3

(Answer) (19.48)

Problem 19.4. Both the inner surface (r = a) and the outer surface (r = b) of a
hollow sphere without heat generation are kept at the constant temperature Ta and
Tb, respectively. When b = 2a and ν = 0.3, calculate the steady temperature change
and extremum values of ur ,σrr and σθθ for the following two cases:
[Case 1] Ta − Ti = 50 K, Tb − Ti = 0 K
[Case 2] Ta − Ti = 0 K, Tb − Ti = 50 K

Solution. The steady temperature change and thermal stresses can be obtained from
Eqs. (19.38) and (19.39) as

τ = Ta − Ti + (Tb − Ta)
1 − a

r

1 − a

b

(19.49)

ur = α(Ta − Ti )r + 1 + ν

1 − ν
α(Tb − Ta)

b

2(b3 − a3)

×
{ 2r

1 + ν

[
(1 − ν)b2 + ν(ab + a2)

]− a(b2 + ab + a2) + a3b2

r2

}

(19.50)

σrr = − αE(Tb − Ta)

1 − ν

ab

b3 − a3

(
1 − a

r

)(
1 − b

r

)(
b + a + ab

r

)
(19.51)

σθθ = σφφ

= − αE(Tb − Ta)

1 − ν

ab

b3 − a3

[
b + a − (b2 + ab + a2)

1

2r
− a2b2

2r3

]
(19.52)
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Making use of Eq. (19.51), it can be seen that the extremum value of σrr appears at

the position r =
[

3a2b2

b2 + ab + a2

]1/2

, which is

(σrr )extremum = − αE

1 − ν
(Tb − Ta)

ab

b3 − a3

×
[
a + b − 2

√
3

9ab

(
a2 + ab + b2)3/2

]
(19.53)

Furthermore, the extremum values of σθθ(= σφφ) appear at the inner and outer
surfaces, and they are

σθθ|r=a = αE

2(1 − ν)
(Tb − Ta)

b(2b + a)

b2 + ab + a2

σθθ|r=b = − αE

2(1 − ν)
(Tb − Ta)

a(b + 2a)

b2 + ab + a2 (19.54)

Numerical assumptions are

b = 2a, ν = 0.3

[Case 1] Ta − Ti = 50 K, Tb − Ti = 0 K, Tb − Ta = −50 K

[Case 2] Ta − Ti = 0 K, Tb − Ti = 50 K, Tb − Ta = 50 K (19.55)

[Temperature change]
Substituting Eq. (19.55) into Eq. (19.49), the temperature change τ is determined as

[Case 1] τ = 50 − 50 × 2l
(
1 − a

r

) = 50
(
2
a

r
− 1
)

K

[Case 2] τ = 0 + 50 × 2
(
1 − a

r

) = 100
(
1 − a

r

)
K (Answer)

[Thermal displacement]
Substituting the relation b = 2a into Eq. (19.50), the displacement ur is represented
as

ur = (Ta − Ti )αr + (Tb − Ta)α
1 + ν

1 − ν

1

7

[2(4 − ν)

1 + ν
r − 7a + 4

a3

r2

]
(19.56)
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Substituting Eq. (19.55) into Eq. (19.56), we have

[Case 1] ur = 50αr − 50α
1 + ν

1 − ν

1

7

[2(4 − ν)

1 + ν
r − 7a + 4

a3

r2

]

ur |r=a = 50αa − 50α
1 + ν

1 − ν

1

7

[2(4 − ν)

1 + ν
a − 7a + 4a

]

= 50αa
(

1 − 5

7

)
= 14.3αa

ur |r=b = 100αa − 50α
1 + ν

1 − ν

1

7

[4(4 − ν)

1 + ν
a − 7a + a

]

= 100αa
(

1 − 5

7

)
= 28.6αa

[Case 2] ur = 50α
1 + ν

1 − ν

1

7

[2(4 − ν)

1 + ν
r − 7a + 4

a3

r2

]

ur |r=a = 50α
1 + ν

1 − ν

1

7

[2(4 − ν)

1 + ν
a − 7a + 4a

]

= 50αa
5

7
= 35.7αa

ur |r=b = 50α
1 + ν

1 − ν

1

7

[4(4 − ν)

1 + ν
a − 7a + a

]

= 50αa
10

7
= 71.4αa (Answer)

[Stress component σrr ]
Substituting the relations b = 2a and ν = 0.3 into Eq. (19.53), the extremum value
of σrr is

(σrr )extremum = −αE(Tb − Ta)
1

0.7

2

7

[
3 − 7

√
21

9

]

= −αE(Tb − Ta) × (−0.230) (19.57)

Substituting Eq. (19.55) into Eq. (19.57), we have

[Case 1] (σrr )extremum = −αE × (−50) × (−0.230) = −11.5αE

[Case 2] (σrr )extremum = −αE × (+50) × (−0.230) = 11.5αE (Answer)

[Stress component σθθ]
Substituting the relation b = 2a, ν = 0.3 into Eq. (19.52), σθθ is

σθθ = −αE(Tb − Ta)
1

0.7
× 2

7

[
3 − 7

2

a

r
− 2

a3

r3

]
(19.58)



488 19 Thermal Stresses in Spherical Bodies

Substituting of Eq. (19.55) into Eq. (19.58) gives

[Case 1] σθθ = +50αE
1

0.7
× 2

7

[
3 − 7

2

a

r
− 2

a3

r3

]

σθθ |r=a = +50αE
1

0.7
× 2

7

[
3 − 7

2
− 2
]

= −51.0αE

σθθ |r=b = +50αE
1

0.7
× 2

7

[
3 − 7

4
− 1

4

]
= 20.4αE

[Case 2] σθθ = −50αE
1

0.7
× 2

7

[
3 − 7

2

a

r
− 2

a3

r3

]

σθθ |r=a = −50αE
1

0.7
× 2

7

[
3 − 7

2
− 2
]

= 51.0αE

σθθ |r=b = −50αE
1

0.7
× 2

7

[
3 − 7

4
− 1

4

]
= −20.4αE (Answer)

Problem 19.5. When the temperature on the surface of the cavity with radius a
of an infinite body without heat generation is kept at the constant temperature Ta ,
calculate the steady temperature change and extremum values of σrr and σθθ, where
Ta − Ti = 50 K and ν = 0.3.

Solution. The steady temperature change τ , stress components σrr and σθθ for an
infinite body with the spherical cavity are given by Eqs. (19.47) and (19.48), namely

τ = (Ta − Ti )
a

r

σrr = − αE

1 − ν
(Ta − Ti )

a

r

(
1 − a2

r2

)

σθθ = − αE

1 − ν
(Ta − Ti )

1

2

a

r

(
1 + a2

r2

)
(19.59)

When Ta − Ti = 50 K, ν = 0.3, we obtain τ , σrr and σθθ from Eq. (19.59).

τ = 50
a

r
K

σrr = −500

7
αE

a

r

(
1 − a2

r2

)
, σθθ = −250

7
αE

a

r

(
1 + a2

r2

)
(Answer)

Now, the extremum value of σrr is obtained from the condition dσrr/dr = 0. The
condition gives

− 1

r2 + 3
a2

r4 = 0 (19.60)

The solution of Eq. (19.60) is
r = √

3a (19.61)
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Therefore, the extremum value of σrr is

(σrr )extremum = (σrr )
∣∣
r=√

3a = − 500

7
αE

1√
3

(
1 − 1

3

)
= −27.5αE (19.62)

On the other hand, the extremum value of σθθ occurs at the boundary r = a, namely

(σθθ)extremum = (σθθ)
∣∣r=a = − 250

7
αE × 2 = −71.4α (19.63)

From Eqs. (19.62) and (19.63), it can be seen that

(σ)extremum = (σθθ) |r=a = − 71.4αE (Answer)

Problem 19.6. When the surface r = a of a solid sphere with the initial temperature
Ti is heated to the temperatureTa , find the radial displacement and the thermal stresses
in the unsteady state.

Solution. Consider a solid sphere of radius a with the initial temperature Ti (r) and
the boundary surface temperature Ta . One-dimensional heat conduction equation is

∂T

∂t
= κ

(∂2T

∂r2 + 2

r

∂T

∂r

)
(19.64)

Boundary condition is
T = Ta on r = a (19.65)

Initial condition is
T = Ti (r) at t = 0 (19.66)

Applying the Laplace transform with respect to the time t to the above equations,
the heat conduction equation reduces to

d2T̄

dr2 + 2

r

dT̄

dr
− p

κ
T̄ = − 1

κ
Ti (r) (19.65′)

and the boundary condition reduces to

T̄ = Ta
p

on r = a (19.66′)

Then, we obtain the solution of Eq. (19.65′) with the method of variation of parame-
ters

T̄ = A
1

r
sinh qr + B

1

r
cosh qr − 1

κqr

∫ r

0
Ti (η)η sinh q(r − η)dη (19.67)

where q = √
p/κ.
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Since the temperature must be bounded at r = 0, Eq. (19.67) reduces to

T̄ = A
1

r
sinh qr − 1

κqr

∫ r

0
Ti (η)η sinh q(r − η)dη (19.68)

Substitution of Eq. (19.68) into Eq. (19.66′) gives the coefficient A

A = Taa

p sinh qa
+ a

κqa sinh qa

∫ a

0
Ti (η)η sinh q(a − η)dη (19.69)

Substitution of Eq. (19.69) into Eq. (19.68) gives the temperature T̄

T̄ =
[ Taa

p sinh qa
+ a

κqa sinh qa

∫ a

0
Ti (η)η sinh q(a − η)dη

]1

r
sinh qr

− 1

κqr

∫ r

0
Ti (η)η sinh q(r − η)dη (19.70)

Performing the inverse Laplace transform on Eq. (19.70), we can obtain the temper-
ature.

When the initial temperature is constant, the inverse Laplace transform on
Eq. (19.70) gives the temperature in the form

T (r, t) = Ta + 2(Ti − Ta)
∞∑

n=1

∫ a

0
η sin snη dη

sin snr

ar
e−κs2

n t (19.71)

where sn are eigenvalues of sin sna = 0, that is

sn = nπ

a
(n = 1, 2, 3, . . .) (19.72)

Performing the integration in Eq. (19.71), the temperature is obtained as

T = Ta + 2(Ta − Ti )
∞∑

n=1

(−1)n
sin nπ

r

a

nπ
r

a

e−κn2π2t/a2
(19.73)

Then the temperature change τ is

τ = (Ta − Ti )

⎡

⎢⎣1 + 2
∞∑

n=1

(−1)n
sin nπ

r

a

nπ
r

a

e−κn2π2t/a2

⎤

⎥⎦ (19.74)
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The thermal stresses are from Eq. (19.8)

ur = α

1 − ν

[
(1 + ν)

1

r2

∫ r

0
τr2 dr + 2(1 − 2ν)

r

a3

∫ a

0
τr2 dr

]

σrr = αE

1 − ν

[ 2

a3

∫ a

0
τr2 dr − 2

r3

∫ r

0
τr2 dr

]

σθθ = σφφ = αE

1 − ν

[ 2

a3

∫ a

0
τr2 dr + 1

r3

∫ r

0
τr2 dr − τ

]
(19.75)

We first calculate the following integral:

∫ r

0
τr2 dr = (Ta − Ti )

{
r3

3
+ 2

∞∑

n=1

(−1)n

s3
n

[sin(snr) − snr cos(snr)]e−κs2
n t

}

(19.76)
Substitution of Eq. (19.76) into Eq. (19.75) gives the radial displacement and the
stresses

ur = α(Ta − Ti )r − 4
1 − 2ν

1 − ν
α(Ta − Ti )r

∞∑

n=1

1

n2π2 e
−κn2π2t/a2

+ 2
1 + ν

1 − ν
α(Ta − Ti )a

∞∑

n=1

(−1)n

n3π3(r/a)2

×
(

sin nπ
r

a
− nπ

r

a
cos nπ

r

a

)
e−κn2π2t/a2

σrr = − 4
αE

1 − ν
(Ta − Ti )

∞∑

n=1

[ 1

n2π2 + (−1)n

n3π3(r/a)3

×
(

sin nπ
r

a
− nπ

r

a
cos nπ

r

a

)]
e−κn2π2t/a2

σθθ = σφφ = 2
αE

1 − ν
(Ta − Ti )

∞∑

n=1

{
(−1)n

n3π3(r/a)3

×
[(

1 − n2π2 r
2

a2

)
sin nπ

r

a
− nπ

r

a
cos nπ

r

a

]
− 2

n2π2

}
e−κn2π2t/a2

(Answer)

Problem 19.7. Let us consider a hollow sphere with the initial temperature Ti and
with prescribed surface temperatures Ta and Tb at both surfaces at r = a and r = b,
respectively. Find the thermal displacement and thermal stresses in a hollow sphere
subjected to the transient temperature field.

Solution. Consider the transient temperature in a hollow sphere of inner radius a
and outer radius b.
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One-dimensional heat conduction equation is

∂T

∂t
= κ

(∂2T

∂r2 + 2

r

∂T

∂r

)
(19.77)

Boundary conditions are

T = Ta on r = a, T = Tb on r = b (19.78)

Initial condition is
T = Ti at t = 0 (19.79)

We introduce the temperature change τ from the initial temperature Ti as

τ = T − Ti (19.80)

Then, Eqs. (19.77)–(19.79) can be rewritten by τ .
One-dimensional heat conduction equation is

∂τ

∂t
= κ

(∂2τ

∂r2 + 2

r

∂τ

∂r

)
(19.77′)

Boundary conditions are

τ = Ta − Ti on r = a, τ = Tb − Ti on r = b (19.78′)

Initial condition is
τ = 0 at t = 0 (19.79′)

By use of the method of separation of variables, the general solution of the heat
conduction equation (19.77′) may be expressed by

τ = A0 + B0r
−1 +

∞∑

n=1

(
An

sin snr

r
+ Bn

cos snr

r

)
e−κs2

n t (19.81)

From the boundary conditions (19.78′), the coefficients A0, B0 and Bn are

A0 = Ta − Ti + (Tb − Ta)
b

b − a
, B0 = −(Tb − Ta)

ab

b − a

Bn = − sin sna

cos sna
An (19.82)

and sn are eigenvalues of eigenfunction sin sn(b − a) = 0, that is
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sn = nπ

b − a
(n = 1, 2, 3, . . .) (19.83)

Therefore, the temperature change τ is

τ = Ta − Ti + (Tb − Ta)
b

b − a

(
1 − a

r

)

+
∞∑

n=1

An
sin sn(r − a)

r cos sna
e−κs2

n t (19.84)

The initial condition (19.79′) gives

∞∑

n=1

An
sin sn(r − a)

r cos sna
= −

[
Ta − Ti + (Tb − Ta)

b

b − a

(
1 − a

r

)]
(19.85)

Multiplying r sin sm(r − a) to both sides of Eq. (19.85) and integrating from a to b,
the coefficient Am can be determined as

Am = 2
cos sma

sm(b − a)
[(−1)m(Tb − Ti )b − (Ta − Ti )a] (19.86)

Then, the temperature change τ is

τ = (Ta − Ti ) + (Tb − Ta)
1 − a

r

1 − a

b

+ 2

πr

∞∑

n=1

1

n
sin
[
nπ
( r − a

b − a

)]
e−κn2π2t/(b−a)2

× [(Tb − Ti )(−1)nb − (Ta − Ti )a
]

(19.87)

Substituting Eq. (19.87) into Eq. (19.9), the radial displacement and the stresses are
given as

ur = α(Ta − Ti )r

+ 1 + ν

1 − ν
α(Tb − Ta)

b

2(b3 − a3)

×
{

2r

1 + ν

[
(1 − ν)b2 + ν(ab + a2)

]
− a(b2 + ab + a2) + a3b2

r2

}

− 2(b − a)

π3

∞∑

n=1

1

n3 e
−κn2π2t/(b−a)2 [(Tb − Ti )(−1)nb − (Ta − Ti )a]
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×
(

2(1 − 2ν)

1 + ν
r

nπ

b3 − a3 [(−1)nb − a] + nπ

r
cos
[
nπ
( r − a

b − a

)]

+ 1

r2

{
−(b − a) sin

[
nπ
( r − a

b − a

)]
+ nπab

b3 − a3 [a2(−1)n − b2]
})

σrr = αE

1 − ν

{
−(Tb − Ta)

ab

b3 − a3

(
1 − a

r

)(
1 − b

r

)(
b + a + ab

r

)

− 4(b − a)

π3

∞∑

n=1

1

n3 e
−κn2π2t/(b−a)2 [(Tb − Ti )(−1)nb − (Ta − Ti )a]

×
(

(r3 − a3)nπ

r3(b3 − a3)
[(−1)nb − a] − 1

r3

{
nπr cos

[
nπ
( r − a

b − a

)]

− (b − a) sin
[
nπ
( r − a

b − a

)]
− nπa

})}

σθθ = σφφ

= αE

1 − ν

{
−(Tb − Ta)

ab

b3 − a3

[
b + a − (b2 + ab + a2)

1

2r
− a2b2

2r3

]

− 2(b − a)

π3

∞∑

n=1

1

n3 e
−κn2π2t/(b−a)2 [(Tb − Ti )(−1)nb − (Ta − Ti )a]

×
(

(2r3 + a3)nπ

r3(b3 − a3)
[(−1)nb − a]

+ 1

r3

{
nπr cos

[
nπ
( r − a

b − a

)]
− (b − a) sin

[
nπ
( r − a

b − a

)]
− nπa

}

+ n2π2

b − a

1

r
sin
[
nπ
( r − a

b − a

)])}
(Answer)

Problem 19.8. Find solutions of the steady axisymmetric temperature field in the
spherical body without internal heat generation.

Solution. Referring to Eq. (15.10), the steady state axisymmetric heat conduction
equation without internal heat generation is given by

∂2T

∂r2 + 2

r

∂T

∂r
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂T

∂θ

)
= 0 (19.88)

We put the new variable as follows:

μ = cos θ (19.89)

By use of Eq. (19.89), Eq. (19.88) can be rewritten as

http://dx.doi.org/10.1007/978-94-007-6356-2_15
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∂2T

∂r2 + 2

r

∂T

∂r
+ 1

r2

∂

∂μ

[
(1 − μ2)

∂T

∂μ

]
= 0 (19.90)

Now, we use the method of separation of variables to solve Eq. (19.90). If the steady
temperature can be expressed by

T = f (r)g(μ) (19.91)

equation (19.90) reduces to

r2

f (r)

[d2 f (r)

dr2 + 2

r

d f (r)

dr

]
= − 1

g(μ)

d

dμ

[
(1 − μ2)

dg(μ)

dμ

]
≡ ν(1 + ν) (19.92)

where ν(1 + ν) means an arbitrary constant. Equation (19.92) gives two separate
equations

d2 f (r)

dr2 + 2

r

d f (r)

dr
− ν(1 + ν)

r2 f (r) = 0 (19.93)

and
d

dμ

[
(1 − μ2)

dg(μ)

dμ

]
+ ν(1 + ν)g(μ) = 0 (19.94)

The linearly independent solutions of Eq. (19.93) are

f (r) =
(
rν

r−(1+ν)

)
(19.95)

We recall that Eq. (19.94) is Legendre’s differential equation. The linearly indepen-
dent solutions of Legendre’s differential equation (19.94) are

g(μ) =
(
Pν(μ)

Qν(μ)

)
(19.96)

where Pν(μ) is the Legendre function of the first kind of order ν and Qν(μ) is the
Legendre function of the second kind of order ν.

Then, the particular solutions for the steady temperature equation in the axisym-
metrical spherical coordinate system are

⎛

⎜⎜⎝

rν Pν(cos θ)
r−(1+ν)Pν(cos θ)
rνQν(cos θ)
r−(1+ν)Qν(cos θ)

⎞

⎟⎟⎠ (Answer) (19.97)

When an arbitrary constant ν is an integer n, the Legendre functions satisfy the
following relations:
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P−n−1(cos θ) = Pn(cos θ)

Q−n−1(cos θ) = Qn(cos θ) (n = 0,±1,±2, . . .) (19.98)

Since the Legendre function of the second kind Qn(cos θ) has a singular value when
cos θ = 1 (θ = 0), the particular solutions of the steady state temperature equation
for the axisymmetrical spherical coordinate system are

(
rn Pn(cos θ)
r−n−1Pn(cos θ)

)
(n = 0, 1, 2, . . .) (Anwer) (19.99)

Since the Boussinesq harmonic functions ϕ and ψ satisfy Eq. (19.88), the particular
Boussinesq harmonic functions ϕ and ψ are also expressed by Eqs. (19.97) or (19.99).

Problem 19.9. Find the solutions of the unsteady axisymmetric temperature field
in the spherical body without internal heat generation.

Solution. Referring to Eq. (15.8), the unsteady state axisymmetric heat conduction
equation without internal heat generation is given as

∂2T

∂r2 + 2

r

∂T

∂r
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂T

∂θ

)
= 1

κ

∂T

∂t
(19.100)

We put the new variable as follows:

μ = cos θ (19.101)

By use of Eq. (19.101), Eq. (19.100) can be rewritten as

∂2T

∂r2 + 2

r

∂T

∂r
+ 1

r2

∂

∂μ

[
(1 − μ2)

∂T

∂μ

]
= 1

κ

∂T

∂t
(19.102)

We use the method of separation of variables to solve Eq. (19.102). If the unsteady
temperature can be expressed by

T = f (r)g(μ)h(t) (19.103)

equation (19.102) reduces to

1

f (r)

[d2 f (r)

dr2 + 2

r

d f (r)

dr

]
+ 1

r2g(μ)

d

dμ

[
(1−μ2)

dg(μ)

dμ

]
= 1

κh(t)

dh(t)

dt
(19.104)

Equation (19.104) gives three separate equations

dh(t)

dt
+ κs2h(t) = 0 (19.105)

http://dx.doi.org/10.1007/978-94-007-6356-2_15
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d

dμ

[
(1 − μ2)

dg(μ)

dμ

]
+ n(1 + n)g(μ) = 0 (19.106)

d2 f (r)

dr2 + 2

r

d f (r)

dr
+
(
s2 − n(1 + n)

r2

)
f (r) = 0 (19.107)

where s is an arbitrary constant and n means the positive integer.
The linearly independent solutions of Eq. (19.105) are

h(t) = 1 for s = 0, h(t) = e−κs2t for s �= 0 (19.108)

That is, s = 0 and s �= 0 correspond to the steady and the unsteady temperature
change, respectively.

Since Eq. (19.106) is Legendre’s differential equation, the linearly independent
solutions of Eq. (19.106) are

g(μ) =
(
Pn(μ)

Qn(μ)

)
=
(
Pn(cos θ)
Qn(cos θ)

)
(19.109)

where Pn(μ) is the Legendre function of the first kind of order n and Qn(μ) is the
Legendre function of the second kind of order n.

When s �= 0, Eq. (19.107) is called the spherical Bessel’s differential equation.
Then the linearly independent solutions of Eq. (19.107) is

f (r) =
(
jn(sr)
yn(sr)

)
(19.110)

where jn(sr) is the spherical Bessel function of the first kind of order n and yn(sr)
is the spherical Bessel function of the second kind of order n.

The linearly independent solutions of Eq. (19.107) for s = 0 are

f (r) =
(
rn

r−(1+n)

)
(19.111)

Then, the particular solutions for the unsteady temperature equation in the axisym-
metrical spherical coordinate system are

T =

⎛

⎜⎜⎝

rn Pn(cos θ)
r−(1+n)Pn(cos θ)
rnQn(cos θ)
r−(1+n)Qn(cos θ)

⎞

⎟⎟⎠ ,

⎛

⎜⎜⎜⎝

jn(sr)Pn(cos θ)e−κs2t

yn(sr)Pn(cos θ)e−κs2t

jn(sr)Qn(cos θ)e−κs2t

yn(sr)Qn(cos θ)e−κs2t

⎞

⎟⎟⎟⎠ (Answer)(19.112)

Since the Legendre function of the second kind Qn(cos θ) has a singular value when
cos θ = 1 (θ = 0), the particular solutions for the unsteady temperature equation for
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the axisymmetrical spherical coordinate system are

T =
(
rn Pn(cos θ)
r−(1+n)Pn(cos θ)

)
,

(
jn(sr)Pn(cos θ)e−κs2t

yn(sr)Pn(cos θ)e−κs2t

)
(Answer) (19.113)

Problem 19.10. Derive a particular thermoelastic displacement potential �, when
the spherical body is subjected to the unsteady axisymmetric heating.

Solution. The temperature change τ is given from Eq. (19.113) as

τ = τs + τu (19.114)

where τs is the steady temperature change given by

τs = (A0 − Ti ) + B0r
−1 +

∞∑

n=1

(Anr
n + Bnr

−(n+1))Pn(μ) (19.115)

and τu is the unsteady temperature change given by

τu =
∞∑

n=0

[Cn jn(sr) + Dnyn(sr)]Pn(μ)e−κs2t (19.116)

Corresponding to the temperature change (19.114), the thermoelastic displace-
ment potential � is divided into two parts

� = �s + �u (19.117)

where �s and �u satisfy

∇2�s = K τs, ∇2�u = K τu (19.118)

The fundamental equation for the thermoelastic displacement potential �s given by
Eq. (19.18) reduces to

∂2�s

∂r2 + 2

r

∂�s

∂r
+ 1

r2

∂

∂μ

[
(1 − μ2)

∂�s

∂μ

]

= K

[
(A0 − Ti ) + B0r

−1 +
∞∑

n=1

(
Anr

n + Bnr
−(n+1)

)
Pn(μ)

]
(19.119)

To solve Eq. (19.119), we now assume that �s is given in the form

�s = K
[
(A0 − Ti )

r2

6
+ B0

r

2

]
+ �s1 (19.120)
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and

�s1 =
∞∑

n=1

Fn(r)Pn(μ) (19.121)

Substituting Eq. (19.120) and (19.121) into Eq. (19.119), we have

∞∑

n=1

{(d2Fn
dr2 + 2

r

dFn
dr

)
Pn(μ) + Fn

1

r2

d

dμ

[
(1 − μ2)

dPn
dμ

]}

= K
∞∑

n=1

(
Anr

n + Bnr
−(n+1)

)
Pn(μ) (19.122)

We first calculate

d

dμ

[
(1 − μ2)

dPn
dμ

]
= d

dμ

{
(n + 1)[μPn(μ) − Pn+1(μ)]} = −n(n + 1)Pn(μ)

(19.123)
Then, Eq. (19.122) is rewritten as

∞∑

n=1

[d2Fn
dr2 + 2

r

dFn
dr

− n(n + 1)

r2 Fn
]
Pn(μ)

= K
∞∑

n=1

(Anr
n + Bnr

−(n+1))Pn(μ) (19.124)

From Eq. (19.124), the following equations are derived

d2Fn
dr2 + 2

r

dFn
dr

− n(n + 1)

r2 Fn = K (Anr
n + Bnr

−(n+1)) (19.125)

Here we put
Fn = A′

nr
n+2 + B ′

nr
1−n (19.126)

Substitution of Eq. (19.126) into Eq. (19.125) gives

2(2n + 3)A′
nr

n + 2(1 − 2n)B ′
nr

−(n+1) = K
(
Anr

n + Bnr
−(n+1)

)
(19.127)

From Eq. (19.127), An and Bn are

A′
n = K

An

2(2n + 3)
, B ′

n = K
Bn

2(1 − 2n)
(19.128)
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Then, �s1 is

�s1 = K
∞∑

n=1

[ 1

2(2n + 3)
Anr

n+2 + Bn
1

2(1 − 2n)
r1−n

]
Pn(μ) (19.129)

From Eqs. (19.120) and (19.129), the thermoelastic displacement potential �s is
given by

�s = K
{
(A0 − Ti )

r2

6
+ B0

r

2

+
∞∑

n=1

[ 1

2(2n + 3)
Anr

n+2 + Bn
1

2(1 − 2n)
r1−n

]
Pn(μ)

}
(19.130)

Next, we consider the thermoelastic displacement potential �u . The thermoelastic
displacement potential �u for the unsteady temperature can be obtained from
Eq. (16.34)

�u = κK
∫

τu dt (19.131)

Substitution of Eq. (19.116) into Eq. (19.131) gives

�u = −K

s2 τu (19.132)

Then

�u = −K
∞∑

n=0

1

s2 [Cn jn(sr) + Dnyn(sr)]Pn(μ)e−κs2t (19.133)

From Eqs. (19.117), (19.130) and (19.133), the thermoelastic displacement potential
� for the axisymmetric temperature distribution is

� = K
{
(A0 − Ti )

r2

6
+ B0

r

2

+
∞∑

n=1

[ 1

2(2n + 3)
Anr

n+2 − Bn
1

2(2n − 1)
r1−n

]
Pn(μ)

−
∞∑

n=0

1

s2

[
Cn jn(sr) + Dnyn(sr)

]
Pn(μ)e−κs2t

}
(Answer) (19.134)

Problem 19.11. When the temperature at boundary surface (r = a) of a solid sphere
is given by Fig. 19.1, find the temperature in a solid sphere with the initial temperature
Ti under a steady temperature field.

http://dx.doi.org/10.1007/978-94-007-6356-2_16
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Fig. 19.1 Band temperature

Solution. The heat conduction equation is

∂2T

∂r2 + 2

r

∂T

∂r
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂T

∂θ

)
= 0 (19.135)

The boundary condition is

T = TaF(θ) on r = a (19.136)

where

F(θ) =
∞∑

n=0

fn Pn(μ), μ = cos θ (19.137)

The initial temperature is
T = Ti at t = 0 (19.138)

Multiplying both sides of Eq. (19.137) by Pm(μ), integrating from −1 to 1, and
using the integration as follows:

∫ 1

−1
Pn(μ)Pm(μ) dμ = 0 for m �= n

∫ 1

−1
Pn(μ)Pm(μ) dμ = 2

2n + 1
for m = n (19.139)

we obtain the coefficients fn as

fn = 2n + 1

2

∫ 1

−1
F(θ)Pn(μ)dμ (19.140)

When boundary temperature TaF(θ) is shown in Fig. 19.1, F(θ) is represented as

F(θ) = H
[1

2
(π + α0) − θ

]
− H

[1

2
(π − α0) − θ

]
(19.141)
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where H(x) means the Heaviside step function.
If F(θ) is given by

F(θ) = H(θ0 − θ), μ0 ≡ cos θ0 (19.142)

substitution of Eq. (19.142) into Eq. (19.140) gives

f0 = 1

2
(1 − μ0) for n = 0

fn = 2n + 1

2n
{μ0Pn(μ0) − Pn+1(μ0)} for n ≥ 1 (19.143)

Now putting

θ1 = 1

2
(π + α0), μ1 = cos θ1 ; θ2 = 1

2
(π − α0), μ2 = cos θ2 (19.144)

we have for Eq. (19.141)

f0 = 1

2
(1 − μ1) − 1

2
(1 − μ2) = 1

2
(μ2 − μ1) for n = 0

fn = 2n + 1

2n
{μ1Pn(μ1) − Pn+1(μ1)} − 2n + 1

2n
{μ2Pn(μ2) − Pn+1(μ2)}

= 2n + 1

2n
[{μ1Pn(μ1) − Pn+1(μ1)} − {μ2Pn(μ2) − Pn+1(μ2)}]

for n ≥ 1 (19.145)

where

μ1 = cos θ1 = cos

{
1

2
(π + α0)

}
= − sin

α0

2

μ2 = cos θ2 = cos

{
1

2
(π − α0)

}
= sin

α0

2
(19.146)

Referring to the linearly independent solutions of the temperature distribution given
by Eq. (19.113), the temperature can be expressed by

T =
∞∑

n=0

Anr
n Pn(μ) (19.147)

Substitution of Eq. (19.147) into the boundary condition (19.136) gives the unknown
constants An as

An = fn
an

(19.148)
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Therefore, the steady state temperature distribution is

T = Ta

∞∑

n=0

fn
an

rn Pn(μ) (Answer)(19.149)

Problem 19.12. When the temperature at boundary surface (r = a) of a solid sphere
is given by Fig. 19.1, find the displacements and stresses in the solid sphere with the
initial temperature Ti under a steady temperature field.

Solution. Since the temperature is given by Eq. (19.149), the temperature change
is

τ = T − Ti = −Ti + Ta

∞∑

n=0

fn
an

rn Pn(μ) (19.150)

The displacements and stresses are given by Eq. (19.17) and (19.21) by use of Good-
ier’s thermoelastic displacement potential � and the Boussinesq harmonic func-
tions ϕ and ψ. Referring Eqs. (19.22) and (19.129), the Boussinesq harmonic func-
tions ϕ, ψ and Goodier’s thermoelastic displacement potential � are

ϕ =
∞∑

n=0

C ′
nr

n Pn(μ), ψ =
∞∑

n=0

D′
nr

n Pn(μ) (19.151)

� = K

[
−1

6
Tir

2 +
∞∑

n=0

1

2(2n + 3)
Anr

n+2Pn(μ)

]
(19.152)

Furthermore, we introduce new constants

C ′
n = Cn − (n − 4 + 4ν)Dn−2, D′

n = (2n + 1)Dn−1 (19.153)

Using Eq. (19.153), ϕ and ψ are rewritten as

ϕ =
∞∑

n=0

[
Cn − (n − 4 + 4ν)Dn−2

]
rn Pn(μ)

ψ =
∞∑

n=0

(2n + 1)Dn−1r
n Pn(μ) (19.154)

Substitution of Eqs. (19.152) and (19.154) into Eqs. (19.17) and (19.21) gives the
displacements and stresses
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ur = − 1

3
KTir +

∞∑

n=0

[
nCnr

n−1 + (n + 1)(n − 2 + 4ν)Dnr
n+1

+ n + 2

2(2n + 3)
K Anr

n+1
]
Pn(μ) (19.155)

uθ = − (1 − μ2)1/2
∞∑

n=1

[
Cnr

n−1 + (n + 5 − 4ν)Dnr
n+1

+ 1

2(2n + 3)
K Anr

n+1
] n + 1

1 − μ2

[
μPn(μ) − Pn+1(μ)

]
(19.156)

σrr = 4

3
GKTi + 2G

∞∑

n=0

[
n(n − 1)Cnr

n−2

+ (n + 1)(n2 − n − 2 − 2ν)Dnr
n + n2 − n − 4

2(2n + 3)
K Anr

n
]
Pn(μ)

(19.157)

σθθ = 4

3
GKTi + 2G

{
−

∞∑

n=0

[
n2Cnr

n−2

+ (n + 1)(n2 + 4n + 2 + 2ν)Dnr
n + (n + 2)2

2(2n + 3)
K Anr

n
]
Pn(μ)

+
∞∑

n=1

[
Cnr

n−2 + (n + 5 − 4ν)Dnr
n + 1

2(2n + 3)
K Anr

n
]

× (n + 1)
μ

1 − μ2

[
μPn(μ) − Pn+1(μ)

]}
(19.158)

σφφ = 4

3
GKTi + 2G

{ ∞∑

n=0

{
nCnr

n−2

+ (n + 1)
[
n − 2 − 2ν(2n + 1)

]
Dnr

n − 3n + 4

2(2n + 3)
K Anr

n
}
Pn(μ)

−
∞∑

n=1

[
Cnr

n−2 + (n + 5 − 4ν)Dnr
n + 1

2(2n + 3)
K Anr

n
]

× (n + 1)
μ

1 − μ2

[
μPn(μ) − Pn+1(μ)

]}
(19.159)
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σrθ = − 2G(1 − μ2)1/2
∞∑

n=1

[
(n − 1)Cnr

n−2 + (n2 + 2n − 1 + 2ν)Dnr
n

+ n + 1

2(2n + 3)
K Anr

n
] n + 1

1 − μ2

[
μPn(μ) − Pn+1(μ)

]
(19.160)

The mechanical boundary conditions on the traction free surface r = a are

σrr = 0, σrθ = 0 on r = a (19.161)

From the boundary conditions (19.161), the unknown constants Cn and Dn can be
determined as

Cn = 1 − ν

2[(n2 + n + 1) + ν(2n + 1)]K Ana
2 (n = 2, 3, . . .)

D0 = − K

3(1 + ν)
(A0 − Ti )

Dn = − n + 2

2(2n + 3)[(n2 + n + 1) + ν(2n + 1)]K An (n = 1, 2, . . .)

(19.162)

Then, the displacements and thermal stresses are obtained by substitution of
Eq. (19.162) into Eqs. (19.155) to (19.160).

Problem 19.13. Find the displacements and stresses in a spherical coordinate
system using the displacement functions ϕ and ψ for the axisymmetric thermoelastic
deformation.

Solution. Using Eq. (19.22), the displacement functions ϕ and ψ are represented
by series forms

ϕ =
∞∑

n=0

(
C ′

1,nr
n + C ′

2,nr
−n−1

)
Pn(cos θ)

ψ =
∞∑

n=0

(
D′

1,nr
n + D′

2,nr
−n−1

)
Pn(cos θ) (19.163)

Substituting Eq. (19.163) into Eq. (19.17), the radial displacement ūr in terms of ϕ
and ψ is obtained

ūr = ∂ϕ

∂r
+ μ

[
r
∂ψ

∂r
− (3 − 4ν)ψ

]

=
∞∑

n=0

[
nC ′

1,nr
n−1 − (n + 1)C ′

2,nr
−n−2]Pn(μ)
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+
∞∑

n=0

[
(n − 3 + 4ν)D′

1,nr
n − (n + 4 − 4ν)D′

2,nr
−n−1

]

× 1

2n + 1

[
(n + 1)Pn+1(μ) + nPn−1(μ)

]
(19.164)

in which μ = cos θ.
Since Eq. (19.164) contains three kinds of Legendre functions with different

orders n − 1, n, n + 1 under the summation signs, we introduce new unknown
constants as follows:

C ′
1,n = C1,n − (n − 4 + 4ν)D1,n−2

C ′
2,n = C2,n − (n + 5 − 4ν)D2,n+2

D′
1,n = (2n + 1)D1,n−1, D′

2,n = (2n + 1)D2,n+1 (19.165)

Using new unknown constants (19.165), the displacement functions ϕ and ψ are
represented by

ϕ =
∞∑

n=0

{
[C1,n − (n − 4 + 4ν)D1,n−2]rn

+ [C2,n − (n + 5 − 4ν)D2,n+2]r−n−1
}
Pn(cos θ)

ψ =
∞∑

n=0

[
(2n + 1)D1,n−1r

n + (2n + 1)D2,n+1r
−n−1

]
Pn(cos θ) (19.166)

The radial displacement ūr is then reduced to

ūr =
∞∑

n=0

{
n[C1,n − (n − 4 + 4ν)D1,n−2]rn−1

− (n + 1)[C2,n − (n + 5 − 4ν)D2,n+2]r−n−2}Pn(μ)

+
∞∑

n=0

[(n − 3 + 4ν)(2n + 1)D1,n−1r
n

− (n + 4 − 4ν)(2n + 1)D2,n+1r
−n−1]

× 1

2n + 1
[(n + 1)Pn+1(μ) + nPn−1(μ)]

=
∞∑

n=0

[nC1,nr
n−1 − (n + 1)C2,nr

−n−2]Pn(μ)

+
∞∑

n=0

[−n(n − 4 + 4ν)D1,n−2r
n−1
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+ (n + 1)(n + 5 − 4ν)D2,n+2r
−n−2]Pn(μ)

+
∞∑

n=0

[(n − 3 + 4ν)(2n + 1)D1,n−1r
n

− (n + 4 − 4ν)(2n + 1)D2,n+1r
−n−1]

× 1

2n + 1
[(n + 1)Pn+1(μ) + nPn−1(μ)] (19.167)

We now change the index in Eq. (19.167) as follows:

−
∞∑

n=0

n(n − 4 + 4ν)D1,n−2r
n−1Pn(μ) [n − 2 → m]

+
∞∑

n=0

(n − 3 + 4ν)(2n + 1)D1,n−1r
n

× 1

2n + 1
[(n + 1)Pn+1(μ) + nPn−1(μ)] [n − 1 → m]

= −
∞∑

m=−2

(m + 2)(m − 2 + 4ν)D1,mr
m+1Pm+2(μ)

+
∞∑

m=−1

(m − 2 + 4ν)D1,mr
m+1[(m + 2)Pm+2(μ) + (m + 1)Pm(μ)]

=
∞∑

m=−1

(m + 1)(m − 2 + 4ν)D1,mr
m+1Pm(μ)]

=
∞∑

n=0

(n + 1)(n − 2 + 4ν)D1,nr
n+1Pn(μ)] (19.168)

Similarly,

∞∑

n=0

(n + 1)(n + 5 − 4ν)D2,n+2r
−n−2Pn(μ) [n + 2 → m]

−
∞∑

n=0

(n + 4 − 4ν)(2n + 1)D2,n+1r
−n−1

× 1

2n + 1
[(n + 1)Pn+1(μ) + nPn−1(μ)] [n + 1 → m]

=
∞∑

m=2

(m − 1)(m + 3 − 4ν)D2,mr
−m Pm−2(μ)
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−
∞∑

m=+1

(m + 3 − 4ν)D2,mr
−m[mPm(μ) + (m − 1)Pm−2(μ)]

= −
∞∑

m=+1

m(m + 3 − 4ν)D2,mr
−m Pm(μ)

= −
∞∑

n=0

n(n + 3 − 4ν)D2,nr
−n Pn(μ) (19.169)

Substituting Eqs. (19.168) and (19.169) into Eq. (19.167), we have

ūr =
∞∑

n=0

[
nC1,nr

n−1 − (n + 1)C2,nr
−n−2

+ (n + 1)(n − 2 + 4ν)D1,nr
n+1

− n(n + 3 − 4ν)D2,nr
−n]Pn(μ) (Answer)

In a similar way, the hoop displacement is

ūθ = −(1 − μ2)1/2
[

1

r

∂ϕ

∂μ
+ μ

∂ψ

∂μ
− (3 − 4ν)ψ

]

= −(1 − μ2)1/2
∞∑

n=1

[
C1,nr

n−1 + C2,nr
−n−2

+ (n + 5 − 4ν)D1,nr
n+1 + (n − 4 + 4ν)D2,nr

−n
]

× n + 1

1 − μ2

[
μPn(μ) − Pn+1(μ)

]
(Answer)

From Eq. (19.21), the stress component σ̄rr in terms of ϕ,ψ is given by

σ̄rr = 2G
[∂2ϕ

∂r2 + μr
∂2ψ

∂r2 − 2(1 − ν)μ
∂ψ

∂r
− 2ν

1

r
(1 − μ2)

∂ψ

∂μ

]
(19.170)

Using the formula

(1 − μ2)
∂Pn
∂μ

= (n + 1)[μPn(μ) − Pn+1(μ)] (19.171)

the radial stress σ̄rr is

σ̄rr = 2G
[ ∞∑

n=0

{n(n − 1)[C1,n − (n − 4 + 4ν)D1,n−2]rn−2

+ (n + 1)(n + 2)[C2,n − (n + 5 − 4ν)D2,n+2]r−n−3}Pn(μ)
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+
∞∑

n=0

[n(n − 1)(2n + 1)D1,n−1r
n−1

+ (n + 1)(n + 2)(2n + 1)D2,n+1r
−n−2]μPn(μ)

− 2(1 − ν)

∞∑

n=0

[n(2n + 1)D1,n−1r
n−1

− (n + 1)(2n + 1)D2,n+1r
−n−2]μPn(μ)

− 2ν

∞∑

n=0

[(2n + 1)D1,n−1r
n−1 + (2n + 1)D2,n+1r

−n−2]

× (n + 1)[μPn(μ) − Pn+1(μ)]
]

= 2G
{ ∞∑

n=0

[n(n − 1)C1,nr
n−2 + (n + 1)(n + 2)C2,nr

−n−3]Pn(μ)

+
∞∑

n=0

[−n(n − 1)(n − 4 + 4ν)D1,n−2r
n−2

− (n + 1)(n + 2)(n + 5 − 4ν)D2,n+2r
−n−3]Pn(μ)

+
∞∑

n=0

[n(2n + 1)(n − 3 + 2ν)D1,n−1r
n−1

+ (n + 1)(2n + 1)(n + 4 − 2ν)D2,n+1r
−n−2]μPn(μ)

− 2ν

∞∑

n=0

[(2n + 1)D1,n−1r
n−1

+ (2n + 1)D2,n+1r
−n−2](n + 1)[μPn(μ) − Pn+1(μ)]

}

≡ 2G
{ ∞∑

n=0

[n(n − 1)C1,nr
n−2 + (n + 1)(n + 2)C2,nr

−n−3]Pn(μ)

+ S1 + S2

}
(19.172)

Now, we change the index in Eq. (19.172) as follows:

S1 = −
∞∑

n=0

n(n − 1)(n − 4 + 4ν)D1,n−2r
n−2Pn(μ) [n − 2 → m]

+
∞∑

n=0

n(2n + 1)(n − 3 + 2ν)D1,n−1r
n−1μPn(μ) [n − 1 → m]
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−
∞∑

n=0

2ν(n + 1)(2n + 1)D1,n−1r
n−1[μPn(μ) − Pn+1(μ)]

= −
∞∑

m=−2

(m + 2)(m + 1)(m − 2 + 4ν)D1,mr
m Pm+2(μ)

+
∞∑

m=−1

(m + 1)(2m + 3)(m − 2 + 2ν)D1,mr
mμPm+1(μ)

−
∞∑

m=−1

2ν(m + 2)(2m + 3)D1,mr
m[μPm+1(μ) − Pm+2(μ)]

= −
∞∑

m=−1

[(m + 1)(m − 2) − 2ν]D1,mr
m[(m + 2)Pm+2(μ)

− (2m + 3)μPm+1(μ)]

=
∞∑

m=−1

(m + 1)[(m + 1)(m − 2) − 2ν]D1,mr
m Pm(μ)

=
∞∑

n=0

(n + 1)[(n + 1)(n − 2) − 2ν]D1,nr
n Pn(μ) (19.173)

Similarly,

S2 = −
∞∑

n=0

(n + 1)(n + 2)(n + 5 − 4ν)D2,n+2r
−n−3Pn(μ) [n + 2 → m]

+
∞∑

n=0

(n + 1)(2n + 1)(n + 4 − 2ν)D2,n+1r
−n−2μPn(μ) [n + 1 → m]

−
∞∑

n=0

2ν(n + 1)(2n + 1)D2,n+1r
−n−2[μPn(μ) − Pn+1(μ)]

= −
∞∑

m=2

m(m − 1)(m + 3 − 4ν)D2,mr
−m−1Pm−2(μ)

+
∞∑

m=1

m(2m − 1)(m + 3 − 2ν)D2,mr
−m−1μPm−1(μ)

−
∞∑

m=1

2νm(2m − 1)D2,mr
−m−1[μPm−1(μ) − Pm(μ)] (19.174)

Using formula
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(m − 1)Pm−2(μ) = (2m − 1)μPm−1(μ) − mPm(μ) (19.175)

substitution of Eq. (19.175) into Eq. (19.174) gives

S2 = −
∞∑

m=2

m(m + 3 − 4ν)D2,mr
−m−1

× [(2m − 1)μPm−1(μ) − mPm(μ)]

+
∞∑

m=1

m(2m − 1)(m + 3 − 2ν)D2,mr
−m−1μPm−1(μ)

−
∞∑

m=1

2νm(2m − 1)D2,mr
−m−1[μPm−1(μ) − Pm(μ)]

=
∞∑

m=1

m[m(m + 3) − 2ν]D2,mr
−m−1Pm(μ)

=
∞∑

n=0

n[n(n + 3) − 2ν]D2,nr
−n−1Pn(μ) (19.176)

Substituting Eqs. (19.173) and (19.176) into Eq. (19.172), the radial stress can be
obtained

σ̄rr = 2G
∞∑

n=0

[
n(n − 1)C1,nr

n−2 + (n + 1)(n + 2)C2,nr
−n−3

+ (n + 1)(n2 − n − 2 − 2ν)D1,nr
n

+ n(n2 + 3n − 2ν)D2,nr
−n−1

]
Pn(μ) (Answer)

In a similar way, the stresses are

σ̄θθ = 2G
{1

r

∂ϕ

∂r
+ 1

r2

[
−μ

∂ϕ

∂μ
+ (1 − μ2)

∂2ϕ

∂μ2

]
+ (1 − 2ν)μ

∂ψ

∂r

+ μ

r

[
−μ

∂ψ

∂μ
+ (1 − μ2)

∂2ψ

∂μ2

]
− 2(1 − ν)

1

r
(1 − μ2)

∂ψ

∂μ

}

= 2G
{
−

∞∑

n=0

[
n2C1,nr

n−2 + (n + 1)2C2,nr
−n−3

+ (n + 1)(n2 + 4n + 2 + 2ν)D1,nr
n

+ n(n2 − 2n − 1 + 2ν)D2,nr
−n−1

]
Pn(μ)
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+
∞∑

n=1

[
C1,nr

n−2 + C2,nr
−n−3 + (n + 5 − 4ν)D1,nr

n

+ (n − 4 + 4ν)D2,nr
−n−1

]

× (n + 1)
μ

1 − μ2

[
μPn(μ) − Pn+1(μ)

]}
(Answer)

σ̄φφ = 2G
{1

r

∂ϕ

∂r
− μ

1

r2

∂ϕ

∂μ
+ (1 − 2ν)μ

∂ψ

∂r
−
[
2ν + (1 − 2ν)μ2

] 1

r

∂ψ

∂μ

}

= 2G
{ ∞∑

n=0

{
nC1,nr

n−2 − (n + 1)C2,nr
−n−3

+ (n + 1)[n − 2 − 2ν(2n + 1)]D1,nr
n

− n[n + 3 − 2ν(2n + 1)]D2,nr
−n−1

}
Pn(μ)

−
∞∑

n=1

[
C1,nr

n−2 + C2.nr
−n−3 + (n + 5 − 4ν)D1,nr

n

+ (n − 4 + 4ν)D2,nr
−n−1

]

× (n + 1)
μ

1 − μ2

[
μPn(μ) − Pn+1(μ)

]}
(Answer)

σ̄rθ = 2G(1 − μ2)1/2
[
− ∂2

∂r∂μ

(ϕ

r

)
+ (1 − 2ν)

∂ψ

∂r

− μ
∂2ψ

∂r∂μ
+ 2(1 − ν)

1

r
μ

∂ψ

∂μ

]

= − 2G(1 − μ2)1/2
∞∑

n=1

[
(n − 1)C1,nr

n−2 − (n + 2)C2,nr
−n−3

+ (n2 + 2n − 1 + 2ν)D1,nr
n

− (n2 − 2 + 2ν)D2,nr
−n−1

]

× n + 1

1 − μ2

[
μPn(μ) − Pn+1(μ)

]
(Answer)



Chapter 20
Thermal Stresses in Plates

In this chapter the thermal stresses and the deflection in thin rectangular plates
subjected to the temperature change in the thickness direction only are recalled. The
basic equations are developed with the Kirchhoff-Love hypothesis. Next, the basic
equations for the thermal bending of circular plates with various boundary condi-
tions are summarized. A number of problems for rectangular and circular plates are
presented.

20.1 Basic Equations for a Rectangular Plate

We consider a thermal stress in a plate shown in Fig. 20.1, due to uniform temperature
in flat surface as a simple case of thermal stresses in plates. When the temperature
change τ varies in the thickness direction only, and the plate is subjected to the same
bending along both x and y axes, the strain components εx and εy are

εx = εy = ε0 + z

ρ
(20.1)

where ε0 and ρ denote the in-plane strain and the radius of curvature at the neutral
plane of z = 0, respectively. When the plate is subjected to the in-plane force P per
unit length and the bending moment MM per unit length in the x and y directions,
the thermal stress component σx (= σy) is given by

σx (= σy) = P

h
+ 12MM

h3 z + αE

1 − ν

[
−τ (z) + 1

h

∫ h/2

−h/2
τ (z) dz

+ 12z

h3

∫ h/2

−h/2
τ (z)z dz

]
(20.2)
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Fig. 20.1 A plate

Fig. 20.2 Displacement

For the pure thermal stress problems without external forces, Eq. (20.2) reduces to

σx (= σy) = αE

1 − ν

[
−τ (z) + 1

h

∫ h/2

−h/2
τ (z) dz + 12z

h3

∫ h/2

−h/2
τ (z)z dz

]
(20.3)

It is seen that the thermal stress given by Eq. (20.3) for the plate are 1/(1 − ν) times
the values for the beam given by Eq. (14.8).

Next, we discuss the general treatment of the thermal bending problems of an
isotropic thin plate with thickness h under Kirchhoff-Love hypothesis that the plane
initially perpendicular to the neutral plane of the plate remains a plane after defor-
mation and is perpendicular to the deformed neutral plane.

Referring to Fig. 20.2, the displacement components u′ and v′ in the in-plane
direction x and y at the arbitrary point z of the plate are

u′ = u − z
∂w

∂x
, v′ = v − z

∂w

∂y
(20.4)

where u, v, and w are displacement components in the x , y, and z direction at the
neutral plane (z = 0).

The strain components in the in-plane direction are

εxx = ∂u′

∂x
= ∂u

∂x
− z

∂2w

∂x2

εyy = ∂v′

∂y
= ∂v

∂y
− z

∂2w

∂y2 (20.5)

εxy = 1

2

(∂u′

∂y
+ ∂v′

∂x

)
= 1

2

(∂u

∂y
+ ∂v

∂x

)
− z

∂2w

∂x∂y

http://dx.doi.org/10.1007/978-94-007-6356-2_14
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Hooke’s law is

εxx = 1

E

(
σxx − νσyy

) + ατ

εyy = 1

E

(
σyy − νσxx

) + ατ (20.6)

εxy = 1

2G
σxy = 1 + ν

E
σxy

The stress components are

σxx = E

1 − ν2

[∂u

∂x
+ ν

∂v

∂y
− z

(∂2w

∂x2 + ν
∂2w

∂y2

)
− (1 + ν)ατ

]

σyy = E

1 − ν2

[∂v

∂y
+ ν

∂u

∂x
− z

(∂2w

∂y2 + ν
∂2w

∂x2

)
− (1 + ν)ατ

]

σxy = E

2(1 + ν)

(∂u

∂y
+ ∂v

∂x
− 2z

∂2w

∂x∂y

)
(20.7)

Let us introduce the resultant forces Nx , Ny , Nxy , and the resultant moments
Mx , My , Mxy per unit length of the plate

Nx =
∫ h/2

−h/2
σxxdz, Ny =

∫ h/2

−h/2
σyydz, Nxy =

∫ h/2

−h/2
σxydz

Mx =
∫ h/2

−h/2
σxx zdz, My =

∫ h/2

−h/2
σyyzdz, Mxy = −

∫ h/2

−h/2
σxyzdz

(20.8)

Moreover, we introduce NT and MT which are the so-called thermally induced
resultant force and resultant moment

NT = αE
∫ h/2

−h/2
τdz, MT = αE

∫ h/2

−h/2
τ zdz (20.9)

The resultant forces and resultant moments expressed by the displacement compo-
nents u, v, w are

Nx = Eh

1 − ν2

(∂u

∂x
+ ν

∂v

∂y

)
− 1

1 − ν
NT

Ny = Eh

1 − ν2

(∂v

∂y
+ ν

∂u

∂x

)
− 1

1 − ν
NT (20.10)

Nxy = Eh

2(1 + ν)

(∂u

∂y
+ ∂v

∂x

)
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Mx = −D
(∂2w

∂x2 + ν
∂2w

∂y2

)
− 1

1 − ν
MT

My = −D
(∂2w

∂y2 + ν
∂2w

∂x2

)
− 1

1 − ν
MT (20.11)

Mxy = (1 − ν)D
∂2w

∂x∂y

where D is the bending rigidity of the plate defined by

D = Eh3

12(1 − ν2)
(20.12)

The thermal stress components are represented in terms of the resultant forces and
the resultant moments

σxx = 1

h
Nx + 12z

h3 Mx + 1

1 − ν

( 1

h
NT + 12z

h3 MT − αEτ
)

σyy = 1

h
Ny + 12z

h3 My + 1

1 − ν

( 1

h
NT + 12z

h3 MT − αEτ
)

(20.13)

σxy = 1

h
Nxy − 12z

h3 Mxy

The equilibrium equations of the forces in the in-plane directions of x and y as
shown in Fig. 20.3 are

∂Nx

∂x
+ ∂Nxy

∂y
= 0,

∂Nxy

∂x
+ ∂Ny

∂y
= 0 (20.14)

When the thermal stress function F is defined by

Nx = ∂2F

∂y2 , Ny = ∂2F

∂x2 , Nxy = − ∂2F

∂x∂y
(20.15)

the equilibrium equations (20.14) are satisfied automatically. The governing equation
for F is

∇2∇2F = −∇2NT (20.16)

Consider the equilibrium in the out-of-plane direction (z axis). We define the
resultant twisting moment Myx , the resultant shearing forces Qx and Qy per unit
length parallel to axes x and y in Fig. 20.3

Qx =
∫ h/2

−h/2
σxzdz, Qy =

∫ h/2

−h/2
σyzdz, Myx =

∫ h/2

−h/2
σyx zdz (20.17)
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Fig. 20.3 Resultant forces,
resultant moments and resul-
tant shearing forces

Comparison between the definition of Mxy given by Eq. (20.8) and Myx in Eq. (20.17)
gives

Myx = −Mxy (20.18)

The governing equation of deflection w for the thermal bending problems is

∇2∇2w = − 1

(1 − ν)D
∇2MT (20.19)

The coordinate transformations of the moments and the shearing forces between
a Cartesian coordinate system (x, y) and a Cartesian coordinate system (n, s) are

Mn = Mx cos2 α + My sin2 α − 2Mxy sin α cos α

Ms = Mx sin2 α + My cos2 α + 2Mxy sin α cos α

Mns = (Mx − My) sin α cos α + Mxy(cos2 α − sin2 α) (20.20)

Qn = Qx cos α + Qy sin α

Qs = −Qx sin α + Qy cos α

where α means an angle between x axis and n axis.
The moments Mn , Ms , Mns , and the shearing forces Qn , Qs in terms of w in the

coordinate system (n, s) are

Mn = −D
(∂2w

∂n2 + ν
∂2w

∂s2

)
− 1

1 − ν
MT

Ms = −D
(∂2w

∂s2 + ν
∂2w

∂n2

)
− 1

1 − ν
MT

Mns = (1 − ν)D
∂2w

∂n∂s
(20.21)

Qn = − ∂

∂n

(
D∇2w + 1

1 − ν
MT

)

Qs = − ∂

∂s

(
D∇2w + 1

1 − ν
MT

)
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Three kinds of boundary conditions for plate bending problems due to thermal
loads are
(1) A built-in edge or fixed end

w = 0,
∂w

∂n
= 0 (20.22)

(2) A simply supported edge

w = 0, Mn = 0

alternative form (20.23)

w = 0,
∂2w

∂n2 + ν
∂2w

∂s2 = − 1

(1 − ν)D
MT

(3) A free edge

Mn = 0, Vn = Qn − ∂Mns

∂s
= 0

alternative form

∂2w

∂n2 + ν
∂2w

∂s2 = − 1

(1 − ν)D
MT (20.24)

∂

∂n

[∂2w

∂n2 + (2 − ν)
∂2w

∂s2

]
= − 1

(1 − ν)D

∂MT

∂n

20.2 Basic Equations for a Circular Plate

Let us consider the thermal bending problems of a circular plate of thickness h. We
introduce the resultant forces Nr , Nθ, Nrθ, the resultant moments Mrr , Mθθ, Mrθ,
and the shearing forces Qr , Qθ per unit length of the circular plate

Nr =
∫ h/2

−h/2
σrr dz, Nθ =

∫ h/2

−h/2
σθθdz, Nrθ =

∫ h/2

−h/2
σrθdz

Mrr =
∫ h/2

−h/2
σrr zdz, Mθθ =

∫ h/2

−h/2
σθθzdz, Mrθ = −

∫ h/2

−h/2
σrθzdz

Qr =
∫ h/2

−h/2
σr zdz, Qθ =

∫ h/2

−h/2
σθzdz (20.25)

The thermal stress components σrr , σθθ, and σrθ in terms of the resultant forces and
the resultant moments are
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σrr = 1

h
Nr + 12z

h3 Mrr + 1

1 − ν

( 1

h
NT + 12z

h3 MT − αEτ
)

σθθ = 1

h
Nθ + 12z

h3 Mθθ + 1

1 − ν

( 1

h
NT + 12z

h3 MT − αEτ
)

(20.26)

σrθ = 1

h
Nrθ − 12z

h3 Mrθ

The equilibrium equation of the force in the in-plane direction is

∇2∇2F = −∇2NT (20.27)

where F denotes the thermal stress function defined by

Nr = 1

r

∂F

∂θ
+ 1

r2

∂2F

∂θ2 , Nθ = ∂2F

∂r2 , Nrθ = −∂

r

(1

r

∂F

∂θ

)
(20.28)

and

∇2 = ∂2

∂r2 + 1

r

∂

∂θ
+ 1

r2

∂2

∂θ2 (20.29)

The governing equation of the deflection w for a circular plate is

∇2∇2w(r, θ) = − 1

(1 − ν)D
∇2MT (r, θ) (20.30)

The components of the resultant moments and shearing forces are

Mrr = −D
[∂2w

∂r2 + ν
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)]
− 1

1 − ν
MT

Mθθ = −D
[
ν

∂2w

∂r2 +
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)]
− 1

1 − ν
MT

Mrθ = (1 − ν)D
∂

∂r

(1

r

∂w

∂θ

)
(20.31)

Qr = −D
∂

∂r

(
∇2w

)
− 1

1 − ν

∂MT

∂r

Qθ = −D
1

r

∂

∂θ

(
∇2w

)
− 1

1 − ν

1

r

∂MT

∂θ

The boundary conditions for a circular plate are
(1) A built-in edge

w = 0,
∂w

∂r
= 0 (20.32)
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(2) A simply supported edge

w = 0, Mrr = 0

alternative form (20.33)

w = 0,
∂2w

∂r2 + ν
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)
= − MT

(1 − ν)D

(3) A free edge

Mrr = 0, Qr − 1

r

∂Mrθ

∂θ
= 0

alternative form

∂2w

∂r2 + ν
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)
= − MT

(1 − ν)D
(20.34)

∂∇2w

∂r
+ (1 − ν)

1

r

∂

∂r

(1

r

∂2w

∂θ2

)
= − 1

(1 − ν)D

∂MT

∂r

20.3 Problems and Solutions Related to Thermal Stresses
in Plates

Problem 20.1. Derive Eq. (20.2).

Solution. Since the plate is subjected to the same bending along both x and y axes,
the strain components εx and εy are

εx = εy = ε0 + z

ρ
(20.35)

where ε0 and ρ denote the in-plane strain and the radius of curvature at the neutral
plane of z = 0, respectively. Using Hooke’s law, the strain components εx and εy at
a distance z from the neutral plane are expressed as

εx = 1

E
(σx − νσy) + ατ = ε0 + z

ρ

εy = 1

E
(σy − νσx ) + ατ = ε0 + z

ρ
(20.36)

Therefore, the stress components σx and σy are

σx (= σy) = E

1 − ν

(
ε0 + z

ρ
− ατ

)
(20.37)
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Since the plate is subjected to the in-plane force P per unit length and the bending
moment MM per unit length in the x and y directions, both the balances of force and
moment are ∫ h/2

−h/2
σx dz = P,

∫ h/2

−h/2
σx z dz = MM (20.38)

Substitution of Eq. (20.37) into Eq. (20.38) gives

ε0 = (1 − ν)P

Eh
+ α

h

∫ h/2

−h/2
τ (z)dz,

1

ρ
= 12(1 − ν)MM

Eh3 + 12α

h3

∫ h/2

−h/2
τ (z)zdz

(20.39)
From Eqs. (20.37) and (20.39), the thermal stress component σx (= σy) for the plate
is

σx (= σy) = P

h
+ 12MM

h3 z + αE

1 − ν

[
−τ (z) + 1

h

∫ h/2

−h/2
τ (z) dz

+ 12z

h3

∫ h/2

−h/2
τ (z)z dz

]
(Answer)

Problem 20.2. When a thin plate is subjected to the temperature change τ (z) =
A + Bz, find the thermal stress.

Solution. Thermal stress is given by Eq. (20.3)

σx = αE

1 − ν

[
−τ (z) + 1

h

∫ h/2

−h/2
τ (z) dz + 12z

h3

∫ h/2

−h/2
τ (z)z dz

]
(20.40)

We calculate each integral

∫ h/2

−h/2
τ (z) dz =

∫ h/2

−h/2
(A + Bz) dz = Ah

∫ h/2

−h/2
τ (z)z dz =

∫ h/2

−h/2
(Az + Bz2) dz = B

12
h3 (20.41)

Substitution of Eq. (20.41) into Eq. (20.40) gives thermal stress

σx = αE

1 − ν

[
−(A + Bz) + 1

h
Ah + 12z

h3

B

12
h3

]
= 0 (Answer)

Thus, thermal stress does not occur.

Problem 20.3. When a two-layered thin plate is subjected to the temperature change
τ (z), find the thermal stress components σxi and σyi .
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Solution. Let us denote the material constants and thickness for each layer by
αi , Ei , νi , hi (i = 1, 2). Since the components of strain and stress in the x, y
directions are identical, they are

εxi = ε0 + z

ρ
= 1

Ei
(σxi − νiσyi ) + αiτ (z)

εyi = ε0 + z

ρ
= 1

Ei
(σyi − νiσxi ) + αiτ (z) (20.42)

where ε0 and ρ are the uniform strain and the uniform radius of curvature at the
bonded surface (z = 0) in the x, y directions, respectively.

From Eq. (20.42), the stress components are represented by

σxi (= σyi ) = Ei

1 − νi

[
ε0 + z

ρ
− αiτ (z)

]
(i = 1.2) (20.43)

The equilibrium conditions of resultant forces and resultant moments are

∫ 0

−h1

σx1dz +
∫ h2

0
σx2dz = 0

∫ 0

−h1

σx1zdz +
∫ h2

0
σx2zdz = 0 (20.44)

Substitution of Eq. (20.43) into Eq. (20.44) gives

∫ 0

−h1

E1

1 − ν1

[
ε0 + z

ρ
− α1τ (z)

]
dz

+
∫ h2

0

E2

1 − ν2

[
ε0 + z

ρ
− α2τ (z)

]
dz = 0

∫ 0

−h1

E1

1 − ν1

[
ε0 + z

ρ
− α1τ (z)

]
zdz

+
∫ h2

0

E2

1 − ν2

[
ε0 + z

ρ
− α2τ (z)

]
zdz = 0 (20.45)

Performing the calculation of integrals for Eq. (20.45), we have

ε0[(1 − ν2)E1h1 + (1 − ν1)E2h2] + 1

2ρ
[−(1 − ν2)E1h

2
1 + (1 − ν1)E2h

2
2]

= (1 − ν2)α1E1

∫ 0

−h1

τ (z)dz + (1 − ν1)α2E2

∫ h2

0
τ (z)dz

1

2
ε0[−(1 − ν2)E1h

2
1 + (1 − ν1)E2h

2
2] + 1

3

1

ρ
[(1 − ν2)E1h

3
1 + (1 − ν1)E2h

3
2]

= (1 − ν2)α1E1

∫ 0

−h1

τ (z)zdz + (1 − ν1)α2E2

∫ h2

0
τ (z)zdz (20.46)
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From Eq. (20.46), ε0 and 1/ρ can be determined as

ε0 = 1

D

{
1

3

[
(1 − ν2)E1h

3
1 + (1 − ν1)E2h

3
2

]

×
[
(1 − ν2)α1E1

∫ 0

−h1

τ dz + (1 − ν1)α2E2

∫ h2

0
τ dz

]

− 1

2

[
−(1 − ν2)E1h

2
1 + (1 − ν1)E2h

2
2

]

×
[
(1 − ν2)α1E1

∫ 0

−h1

τ z dz + (1 − ν1)α2E2

∫ h2

0
τ z dz

]}
(20.47)

1

ρ
= 1

D

{[
(1 − ν2)E1h1 + (1 − ν1)E2h2

]

×
[
(1 − ν2)α1E1

∫ 0

−h1

τ z dz + (1 − ν1)α2E2

∫ h2

0
τ z dz

]

− 1

2

[
−(1 − ν2)E1h

2
1 + (1 − ν1)E2h

2
2

]

×
[
(1 − ν2)α1E1

∫ 0

−h1

τ dz + (1 − ν1)α2E2

∫ h2

0
τ dz

]}
(20.48)

in which

D = 1

12

{[
(1 − ν2)E1h

2
1 + (1 − ν1)E2h

2
2

]2

+ 4(1 − ν1)(1 − ν2)E1E2h1h2(h
2
1 + h1h2 + h2

2)
}

(20.49)

Substituting Eqs. (20.47) and (20.48) into Eq. (20.43), we can obtain thermal stress
components σxi and σyi in the two-layered thin plate.

Problem 20.4. When a multi-layered plate is subjected to the temperature change
τ (z), find the thermal stress components σxi and σyi .

Solution. The origin of the coordinate system is taken on the upper surface of the
multi-layered plate with thickness h. The material constants for each layer are defined
by αi , Ei , νi (i = 1, · · · , n). The thickness of each layer is given by

hi = zi − zi−1 (i = 1, . . . , n), z0 = 0, zn = h (20.50)

Since the components of strain and stress in the x, y directions are identical, the
strain components can be expressed by

εxi = ε0 + z

ρ
= 1

Ei
(σxi − νiσyi ) + αiτ (z)

εyi = ε0 + z

ρ
= 1

Ei
(σyi − νiσxi ) + αiτ (z) (20.51)
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where ε0 and ρ are the uniform strain and the uniform radius of curvature at the
position z = 0 in the x, y directions, respectively.

From Eq. (20.51), the stress components are

σxi (= σyi ) = Ei

1 − νi

[
ε0 + z

ρ
− αiτ (z)

]
(20.52)

The equilibrium conditions of the resultant force and the resultant moment are

∫ h

0
σxdz = 0,

∫ h

0
σx zdz = 0 (20.53)

Substitution of Eq. (20.52) into Eq. (20.53) gives

n∑

i=1

∫ zi

zi−1

Ei

1 − νi

[
ε0 + z

ρ
− αiτ (z)

]
dz = 0

n∑

i=1

∫ zi

zi−1

Ei

1 − νi

[
ε0 + z

ρ
− αiτ (z)

]
zdz = 0 (20.54)

Performing the integration for Eq. (20.54), we have

ε0

n∑

i=1

Eihi
1 − νi

+ 1

ρ

n∑

i=1

Eihi
1 − νi

1

2
(zi + zi−1)

=
n∑

i=1

αi Ei

1 − νi

∫ zi

zi−1

τ (z)dz

ε0

n∑

i=1

Eihi
1 − νi

1

2
(zi + zi−1) + 1

ρ

n∑

i=1

Eihi
1 − νi

1

3
(z2

i + zi zi−1 + z2
i−1)

=
n∑

i=1

αi Ei

1 − νi

∫ zi

zi−1

τ (z)zdz (20.55)

From Eq. (20.55), ε0 and 1/ρ can be determined as

ε0 = 1

D

[ n∑

i=1

Eihi
1 − νi

1

3
(z2

i + zi zi−1 + z2
i−1)

n∑

j=1

α j E j

1 − ν j

∫ z j

z j−1

τ (z) dz

−
n∑

i=1

Eihi
1 − νi

1

2
(zi + zi−1)

n∑

j=1

α j E j

1 − ν j

∫ z j

z j−1

τ (z)z dz
]

(20.56)
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1

ρ
= 1

D

[ n∑

i=1

Eihi
1 − νi

n∑

j=1

α j E j

1 − ν j

∫ z j

z j−1

τ (z)z dz

−
n∑

i=1

Eihi
1 − νi

1

2
(zi + zi−1)

n∑

j=1

α j E j

1 − ν j

∫ z j

z j−1

τ (z) dz
]

(20.57)

where

D =
n∑

i=1

Eihi
1 − νi

n∑

i=1

Eihi
1 − νi

1

3
(z2

i + zi zi−1 + z2
i−1)

−
[ n∑

i=1

Eihi
1 − νi

1

2
(zi + zi−1)

]2
(20.58)

Substituting ε0 and 1/ρ into Eq. (20.52), we can obtain the thermal stress components
σxi and σyi in the multi-layered thin plate.

Problem 20.5. When a nonhomogeneous plate is subjected to the temperature
change τ (z), find the thermal stress components σx and σy .

Solution. Since the components of strain and stress in the x, y directions are iden-
tical, they are defined by

εx = ε0 + z

ρ
= 1

E(z)
[σx − ν(z)σy] + α(z)τ (z)

εy = ε0 + z

ρ
= 1

E(z)
[σy − ν(z)σx ] + α(z)τ (z) (20.59)

where ε0 and ρ are the uniform strain and the uniform radius of curvature at the
position z = 0 in the x, y directions, respectively.

From Eq. (20.59), the stress component is

σx (= σy) = E(z)

1 − ν(z)

[
ε0 + z

ρ
− α(z)τ (z)

]
(20.60)

The equilibrium conditions of the resultant force and the resultant moment are

∫ h/2

−h/2
σxdz = 0,

∫ h/2

−h/2
σx zdz = 0 (20.61)

Substitution of Eq. (20.60) into Eq. (20.61) gives
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ε0

∫ h/2

−h/2

E(z)

1 − ν(z)
dz + 1

ρ

∫ h/2

−h/2

E(z)

1 − ν(z)
zdz =

∫ h/2

−h/2

α(z)E(z)

1 − ν(z)
τ (z)dz

ε0

∫ h/2

−h/2

E(z)

1 − ν(z)
zdz + 1

ρ

∫ h/2

−h/2

E(z)

1 − ν(z)
z2dz =

∫ h/2

−h/2

α(z)E(z)

1 − ν(z)
τ (z)zdz

(20.62)

From Eq. (20.62), ε0 and 1/ρ can be determined as

ε0 = 1

D

[∫ h/2

−h/2

E(z)

1 − ν(z)
z2 dz

∫ h/2

−h/2

α(z)E(z)

1 − ν(z)
τ (z) dz

−
∫ h/2

−h/2

E(z)

1 − ν(z)
z dz

∫ h/2

−h/2

α(z)E(z)

1 − ν(z)
τ (z)z dz

]
(20.63)

1

ρ
= 1

D

[∫ h/2

−h/2

E(z)

1 − ν(z)
dz

∫ h/2

−h/2

α(z)E(z)

1 − ν(z)
τ (z)z dz

−
∫ h/2

−h/2

E(z)

1 − ν(z)
z dz

∫ h/2

−h/2

α(z)E(z)

1 − ν(z)
τ (z) dz

]
(20.64)

where

D =
∫ h/2

−h/2

E(z)

1 − ν(z)
dz

∫ h/2

−h/2

E(z)

1 − ν(z)
z2 dz −

[∫ h/2

−h/2

E(z)

1 − ν(z)
z dz

]2
(20.65)

Substituting ε0 and 1/ρ into Eq. (20.60), we can obtain thermal stress components
σx and σy in the nonhomogeneous thin plate.

Problem 20.6. When an orthotropic plate is subjected to the temperature change
τ (z), find the thermal stress components σx and σy .

Solution. When the principal axes of orthotropy coincide with the coordinate axes
x and y, the strain components εx and εy are

εx = ε0x + z

ρx
, εy = ε0y + z

ρy
(20.66)

From Hooke’s law, the stress components σx and σy are obtained

σx − νxyσy = Ex
[
εx − αxτ (z)

] = Ex
[
ε0x + z

ρx
− αxτ (z)

]

σy − νyxσx = Ey
[
εy − αyτ (z)

] = Ey[ε0y + z

ρy
− αyτ (z)] (20.67)

From Eq. (20.67), the stress components σx and σy may be solved as follows:
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σx = 1

1 − νxyνyx

{
Ex [ε0x + z

ρx
− αxτ (z)]

+ νxy Ey[ε0y + z

ρy
− αyτ (z)]

}

σy = 1

1 − νxyνyx

{
Ey[ε0y + z

ρy
− αyτ (z)]

+ νyx Ex [ε0x + z

ρx
− αxτ (z)]

}
(20.68)

Now, the unknown constants ε0x , ε0y, 1/ρx , 1/ρy are determined from the equi-
librium conditions of the resultant forces and the resultant moments in the x, y
directions. Namely,

∫ h/2

−h/2
σxdz = 0,

∫ h/2

−h/2
σydz = 0,

∫ h/2

−h/2
σx zdz = 0,

∫ h/2

−h/2
σyzdz = 0

(20.69)
By the substitution of Eq. (20.68) into Eq. (20.69), we have

∫ h/2

−h/2

{
[Exε0x + νxy Eyε0y] +

[
Ex

1

ρx
+ νxy Ey

1

ρy

]
z

− [αx Ex + νxyαy Ey]τ (z)
}
dz = 0

∫ h/2

−h/2

{
[Eyε0y + νyx Exε0x ] +

[
Ey

1

ρy
+ νyx Ex

1

ρx

]
z

− [αy Ey + νyxαx Ex ]τ (z)
}
dz = 0

∫ h/2

−h/2

{
[Exε0x + νxy Eyε0y]z +

[
Ex

1

ρx
+ νxy Ey

1

ρy

]
z2

− [αx Ex + νxyαy Ey]τ (z)z
}
dz = 0

∫ h/2

−h/2

{
[Eyε0y + νyx Exε0x ]z +

[
Ey

1

ρy
+ νyx Ex

1

ρx

]
z2

− [αy Ey + νyxαx Ex ]τ (z)z
}
dz = 0 (20.70)

Calculation of integrals in Eq. (20.70) gives

(Exε0x + νxy Eyε0y) = (αx Ex + νxyαy Ey)
1

h

∫ h/2

−h/2
τ (z)dz

(Eyε0y + νyx Exε0x ) = (αy Ey + νyxαx Ex )
1

h

∫ h/2

−h/2
τ (z)dz
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(Ex
1

ρx
+ νxy Ey

1

ρy
) = (αx Ex + νxyαy Ey)

12

h3

∫ h/2

−h/2
τ (z)zdz

(Ey
1

ρy
+ νyx Ex

1

ρx
) = (αy Ey + νyxαx Ex )

12

h3

∫ h/2

−h/2
τ (z)zdz (20.71)

Solving Eq. (20.71), we get

ε0x = αx
1

h

∫ h/2

−h/2
τ (z)dz, ε0y = αy

1

h

∫ h/2

−h/2
τ (z)dz

1

ρx
= αx

12

h3

∫ h/2

−h/2
τ (z)adz,

1

ρy
= αy

12

h3

∫ h/2

−h/2
τ (z)adz (20.72)

By the substitution of Eq. (20.72) into Eq. (20.68), we obtain thermal stresses

σx = αx Ex + νxyαy Ey

1 − νxyνyx

{
−τ (z) + 1

h

∫ h/2

−h/2
τ (z)dz + 12z

h3

∫ h/2

−h/2
τ (z)zdz

}

σy = αy Ey + νyxαx Ex

1 − νxyνyx

{
−τ (z) + 1

h

∫ h/2

−h/2
τ (z)dz + 12z

h3

∫ h/2

−h/2
τ (z)zdz

}

= αy Ey + νyxαx Ex

αx Ex + νxyαy Ey
σx (Answer)

Problem 20.7. Derive the equilibrium equations for the resultant shearing forces
Qx and Qy in the plate.

Solution. Considering the equilibrium condition of the resultant moment with
respect to the y axis, we have

[(
Mx + ∂Mx

∂x
dx

)
− Mx

]
dy +

[(
Myx + ∂Myx

∂y
dy

)
− Myx

]
dx

−
(
Qx + ∂Qx

∂x
dx

)
dydx = 0 (20.73)

Equation (20.73) reduces to

∂Mx

∂x
+ ∂Myx

∂y
− Qx = 0 (Answer)

Similarly, the following relation is obtained from the equilibrium condition of the
resultant moment with respect to the x axis

[(
My + ∂My

∂y
dy

)
− My

]
dx −

[(
Mxy + ∂Mxy

∂x
dx

)
− Mxy

]
dy

−
(
Qy + ∂Qy

∂y
dy

)
dxdy = 0 (20.74)
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Equation (20.74) reduces to

∂My

∂y
− ∂Mxy

∂x
− Qy = 0 (Answer)

Now, considering the equilibrium condition of the resultant force in the z direction,
we have

[(
Qx + ∂Qx

∂x
dx

)
− Qx

]
dy+

[(
Qy + ∂Qy

∂y
dy

)
− Qy

]
dx + pdxdy = 0 (20.75)

where p means an exteral load acting on the flat surface of the palte. Equation (20.75)
reduces to

∂Qx

∂x
+ ∂Qy

∂y
+ p = 0 (Answer)

Problem 20.8. Derive the complementary solution wc of Eq. (20.19) for the simply
supported rectangular plate (a × b).

Solution. The complementary solution of Eq. (20.19) is given by Eq. (17.80). Here,
we consider the complementary solution which is suitable for the simply supported
rectangular plate. The fundamental equation for the complementary solution wc of
Eq. (20.19) is given by

∂4wc

∂x4 + 2
∂4wc

∂x2∂y2 + ∂4wc

∂y4 = 0 (20.76)

Now, we assume that

wc =
∞∑

m=1,3,5,

fm(y) cos smx (20.77)

where
sm = mπ

a
(20.78)

Then, the deflectionwc is automatically satisfied by the following boundary condition
of the simply supported plate

wc = ∂2wc

∂x2 = 0 on x = ±a

2
(20.79)

By the substitution of Eq. (20.77) into Eq. (20.76), we have

( d4

dy4 − 2s2
m

d2

dy2 + s4
m

)
fm(y) = 0 (20.80)

http://dx.doi.org/10.1007/978-94-007-6356-2_17
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Now, we put fm(y) into the form

fm(y) = exp(cy) (20.81)

By the substitution of Eq. (20.81) into Eq. (20.80), we have

(c − sm)
2(c + sm)

2 = 0 (20.82)

From Eqs. (20.81) and (20.82), the linearly independent solutions of Eq. (20.80) are
given as

fm(y) =

⎛

⎜⎜⎝

exp(sm y)
exp(−sm y)
y exp(sm y)
y exp(−sm y)

⎞

⎟⎟⎠ or fm(y) =

⎛

⎜⎜⎝

sinh(sm y)
cosh(sm y)
y sinh(sm y)
y cosh(sm y)

⎞

⎟⎟⎠ (20.83)

Now, we choose as fm(y) a symmetrical solution with respect to y

fm(y) = C1m cosh sm y + C2msm y sinh sm y (20.84)

By the substitution of Eq. (20.84) into Eq. (20.77), the following result is obtained

wc =
∞∑

m=1,3,5,

(C1m cosh sm y + C2mαm y sinh sm y) cos smx (Answer)

Problem 20.9. Derive the thermal deflectionw, and bending moments Mrr and Mθθ

for a simply supported solid circular plate when the temperature distribution T is
given by

T = 1

2
(Tb + Ta) + (Tb − Ta)

z

h
(20.85)

and the initial temperature is T = Ti .

Solution. The governing equation of deflection w is given by Eq. (20.30)

1

r

∂

∂r

{
r

∂

∂r

[1

r

∂

∂r

(
r
∂w

∂r

)
+ 1

(1 − ν)D
MT

]}
= 0 (20.86)

A general solution of Eq. (20.86) is

w(r) = 1

D

[
C1r

2 + C2 + C3r
2 ln r + C4 ln r

− 1

1 − ν

∫

r

1

r

∫

r
rMT (r)drdr

]
(20.87)
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in whichC1 toC4 are the unknown constants. Substituting Eq. (20.87) into Eq. (20.31),
the resultant moments Mrr , Mθθ, and shearing force Qr are represented as

Mrr = −
{

2(1 + ν)C1 + [2(1 + ν) ln r + 3 + ν]C3

− (1 − ν)C4
1

r2 + 1

r2

∫

r
rMT (r)dr

}

Mθθ = −
{

2(1 + ν)C1 + [2(1 + ν) ln r + 1 + 3ν]C3

+ (1 − ν)C4
1

r2 + MT − 1

r2

∫

r
rMT (r)dr

}

Qr = −4C3
1

r
(20.88)

Since the solid circular plate with radius a is treated, it can be found from
Eqs. (20.87) and (20.88) that the solutions for the solid plate are easily derived by
neglecting the terms containing C3 and C4. Then w,Mrr ,Mθθ and Qr are

w = 1

D

[
C1r

2 + C2 − 1

1 − ν

∫ r

0

1

r

∫ r

0
rMT (r)drdr

]

Mrr = −
[
2(1 + ν)C1 + 1

r2

∫ r

0
rMT (r)dr

]

Mθθ = −
[
2(1 + ν)C1 + MT − 1

r2

∫ r

0
rMT (r)dr

]

Qr = 0 (20.89)

The simply supported boundary condition is from Eq. (20.33)

w = 0,
∂2w

∂r2 + ν
1

r

∂w

∂r
= − MT

(1 − ν)D
at r = a (20.90)

The unknown constants C1 and C2 are determined from Eq. (20.90)

C1 = − 1

2(1 + ν)

1

a2

∫ a

0
rMT (r)dr

C2 = 1

1 − ν

∫ a

0

1

r

∫ r

0
rMT (r)drdr + 1

2(1 + ν)

∫ a

0
rMT (r)dr (20.91)

Then, w, Mrr , Mθθ, and Qr are

w = 1

D

[ 1

1 − ν

∫ a

r

1

r

∫ r

0
rMT (r)drdr + 1

2(1 + ν)

(
1 − r2

a2

) ∫ a

0
rMT (r)dr

]

Mrr = 1

a2

∫ a

0
rMT (r)dr − 1

r2

∫ r

0
rMT (r)dr
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Mθθ = 1

a2

∫ a

0
rMT (r)dr + 1

r2

∫ r

0
rMT (r)dr − MT (r)

Qr = 0 (20.92)

The temperature change τ is

τ = 1

2
(Tb + Ta) − Ti + (Tb − Ta)

z

h
(20.93)

The thermally induced resultant moment MT is given by

MT = αE
∫ h/2

−h/2

[1

2
(Tb + Ta) − Ti + (Tb − Ta)

z

h

]
zdz

= h2

12
αE(Tb − Ta) = const. (20.94)

Therefore, the following relations are obtained
∫ r

0
rMT (r)dr = MT

1

2
r2

∫ a

r

1

r

∫ r

0
rMT (r)drdr = MT

∫ a

r

1

2
rdr = 1

4
MT (a

2 − r2) (20.95)

We have w,Mrr and Mθθ

w = 1

D

[ 1

1 − ν

∫ a

r

1

r

∫ r

0
rMT (r)drdr

+ 1

2(1 + ν)

(
1 − r2

a2

) ∫ a

0
rMT (r)dr

]

= 1

D

[ 1

1 − ν

1

4
MT (a

2 − r2) + 1

2(1 + ν)

(
1 − r2

a2

)1

2
MTa

2
]

= MT

2(1 − ν2)D
(a2 − r2)

Mrr = 1

a2

∫ a

0
rMT (r)dr − 1

r2

∫ r

0
rMT (r)dr = 1

a2 MT
a2

2
− 1

r2 MT
r2

2

= 0

Mθθ = 1

a2

∫ a

0
rMT (r)dr − MT + 1

r2

∫ r

0
rMT (r)dr

= 1

a2 MT
a2

2
− MT + 1

r2 MT
r2

2
= 0 (Answer)

Problem 20.10. Derive the thermal deflection w and bending moments Mrr and
Mθθ for a solid circular plate with built-in edge when the temperature distribution T
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is given by
T = 1

2
(Tb + Ta) + (Tb − Ta)

z

h
(20.96)

and the initial temperature is T = Ti .

Solution. From Eq. (20.89), w,Mrr ,Mθθ and Qr are

w = 1

D

[
C1r

2 + C2 − 1

1 − ν

∫ r

0

1

r

∫ r

0
rMT (r)drdr

]

Mrr = −
[
2(1 + ν)C1 + 1

r2

∫ r

0
rMT (r)dr

]

Mθθ = −
[
2(1 + ν)C1 + MT − 1

r2

∫ r

0
rMT (r)dr

]

Qr = 0 (20.97)

The boundary conditions are from Eq. (20.32)

w = 0,
dw

dr
= 0 at r = a (20.98)

The unknown coefficientsC1 andC2 can be determined from the boundary conditions
Eq. (20.98)

C1 = 1

1 − ν

1

2a2

∫ a

0
rMT (r)dr

C2 = 1

1 − ν

[∫ a

0

1

r

∫ r

0
rMT (r)drdr − 1

2

∫ a

0
rMT (r)dr

]
(20.99)

Since MT is constant from Eq. (20.94), w, Mrr , Mθθ, and Qr are

w = 1

(1 − ν)D

[∫ a

r

1

r

∫ r

0
rMT (r)drdr

− 1

2

(
1 − r2

a2

) ∫ a

0
rMT (r)dr

]
= 0

Mrr = −1 + ν

1 − ν

1

a2

∫ a

0
rMT (r)dr − 1

r2

∫ r

0
rMT (r)dr

= − MT

1 − ν

Mθθ = −1 + ν

1 − ν

1

a2

∫ a

0
rMT (r)dr − MT (r) + 1

r2

∫ r

0
rMT (r)dr

= − MT

1 − ν

Qr = 0 (Answer)



Chapter 21
Thermally Induced Instability

In this chapter the thermoelastic buckling of beam-columns subjected to both in-plane
and lateral loads is recalled for a built-in edge, a simply supported edge and a free
edge. Furthermore, the thermoelastic buckling of rectangular and circular plates is
also recalled. The problems and solutions for the buckling behavior of beam-columns
with various boundary conditions are given. The stress-displacement relations, the
relations between the resultant forces and the stress function are treated in illustrative
problems.

21.1 Instability of Beam-Column

When the deflection w of the beam-column is produced in the z axial direction, the
fundamental equation for thermal bending problems is

d2w

dx2 = −My

EIy
(21.1)

where
My = MMy + MTy (21.2)

MTy =
∫

A
αEτ (x, z)z dA (21.3)

Iy =
∫

A
z2dA (21.4)

in which My is the total bending moment about y axis, MMy is the bending moment
about y axis due to the force, MTy is the thermally induced bending moment about y
axis, and Iy is the moment of inertia about the y axis. The boundary conditions are
expressed as follows:

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 535
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[1] A built-in edge

w = 0,
dw

dx
= 0 (21.5)

[2] A simply supported edge

w = 0, EIy
d2w

dx2 + MTy = 0 (21.6)

[3] A free edge

EIy
d2w

dx2 + MTy = 0, EIy
d3w

dx3 + P
dw

dx
+ dMTy

dx
= 0 (21.7)

where P means the axial compressive force.

The bukling load Pcr for each boundary condition is

Pcr =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

π2EIy
l2

for simply supported edges

π2EIy
4l2

for a cantilever beam-column

2.046π2EIy
l2

for simply supported edge and built-in edge

4π2EIy
l2

for built-in edges

(21.8)

21.2 Instability of Plate

The governing equation of the thermal stress function F, which is available to the
in-plane deformation is

∇2∇2F = −∇2NT (21.9)

where NT means the thermally induced resultant force defined by Eq. (20.9), and

∇2 = ∂2

∂x2 + ∂2

∂y2 (21.10)

Here, the thermal stress function F is defined by

Nx = ∂2F

∂y2 , Ny = ∂2F

∂x2 , Nxy = − ∂2F

∂x∂y
(21.11)

http://dx.doi.org/10.1007/978-94-007-6356-2_20
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and Nx,Ny,Nxy denote the resultant forces per unit length of the plate defined by
Eq. (20.8).

The boundary conditions for the in-plane deformation are

[1] A built-in edge
un = 0, us = 0 (21.12)

[2] A free edge
Nn = 0, Nns = 0 (21.13)

where ui (i = n, s) mean in-plane displacement components, n and s are the normal
and tangential directions of the boundary surface of the plate.

On the other hand, the governing equation of deflection w is

∇2∇2w = 1

D

(
p − 1

1 − ν
∇2MT + Nx

∂2w

∂x2 + Ny
∂2w

∂y2 + 2Nxy
∂2w

∂x∂y

)
(21.14)

where p is the lateral load, D means the bending rigidity defined by Eq. (20.12) and
MT denotes thermally induced resultant moment defined by Eq. (20.9).

The boundary conditions for the out-plane deformation are

[1] A built-in edge

w = 0,
∂w

∂n
= 0 (21.15)

[2] A simply supported edge

w = 0,
∂2w

∂n2 + ν
∂2w

∂s2 = − 1

(1 − ν)D
MT (21.16)

[3] A free edge

∂2w

∂n2 + ν
∂2w

∂s2 = − 1

(1 − ν)D
MT

∂

∂n

[∂2w

∂n2 + (2 − ν)
∂2w

∂s2

]
= − 1

(1 − ν)D

∂MT

∂n

(21.17)

Next, we consider buckling problems in the circular plate. The governing equation
of the thermal stress function F for the in-plane deformation is

∇2∇2F = −∇2NT (21.18)

where

∇2 = ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2 (21.19)

Here, the thermal stress function F is defined by

http://dx.doi.org/10.1007/978-94-007-6356-2_20
http://dx.doi.org/10.1007/978-94-007-6356-2_20
http://dx.doi.org/10.1007/978-94-007-6356-2_20
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Nr = 1

r

∂F

∂r
+ 1

r2

∂2F

∂θ2 , Nθ = ∂2F

∂r2 , Nrθ = − ∂

∂r

(1

r

∂F

∂θ

)
(21.20)

and Nr,Nθ,Nrθ denote the resultant forces per unit length of the circular plate which
are expressed by the displacement components as follows

Nr =
∫ h/2

−h/2
σrrdz = Eh

1 − ν2

[∂ur
∂r

+ ν
(ur
r

+ 1

r

∂uθ

∂θ

)]
− 1

1 − ν
NT

Nθ =
∫ h/2

−h/2
σθθdz = Eh

1 − ν2

[
ν

∂ur
∂r

+
(ur
r

+ 1

r

∂uθ

∂θ

)]
− 1

1 − ν
NT

Nrθ =
∫ h/2

−h/2
σrθdz = Eh

2(1 + ν)

[1

r

∂ur
∂θ

+ r
∂

∂r

(uθ

r

)]
(21.21)

The thermal stress function F are determined under the appropriate mechanical
boundary conditions

[1] A built-in edge
ur = 0, uθ = 0 (21.22)

[2] A free edge
Nr = 0, Nrθ = 0 (21.23)

On the other hand, the governing equation of deflection w of the circular plate for
the out-plane deformation is

∇2∇2w = 1

D

[
p − 1

1 − ν
∇2MT + Nr

∂2w

∂r2

+Nθ

(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)
+ 2Nrθ

∂

∂r

(1

r

∂w

∂θ

)]
(21.24)

The boundary conditions for the thermally induced bending problems of the circular
plate are

[1] A built-in edge

w = 0,
∂w

∂r
= 0 (21.25)

[2] A simply supported edge

w = 0
∂2w

∂r2 + ν

(
1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)
= − 1

(1 − ν)D
MT

(21.26)

[3] A free edge



21.2 Instability of Plate 539

∂2w

∂r2 + ν

(
1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)
= − 1

(1 − ν)D
MT

∂

∂r

(
∇2w

)
+ (1 − ν)

1

r

∂

∂r

(
1

r

∂2w

∂θ2

)
= − 1

(1 − ν)D

∂MT

∂r

(21.27)

21.3 Problems and Solutions Related to Thermally Induced
Instability

Problem 21.1. Derive the thermal stress distribution σx in a beam-column when the
thermally induced bending moment MTy is given by an arbitrary function f (x), and
the temperature change τ (x, y, z) is given by τ0(x)g(y, z).

Solution. Making use of Eqs. (14.9), (14.12) and (14.13), we have the following
relations when the x and y axes are the principal axes

σx = −αEτ (x, y, z) + PT

A
+ E

y

ρy
+ E

z

ρz
(21.28)

1

ρy
= MTz

EIz
,

1

ρz
= MTy

EIy
(21.29)

Therefore,

σx = −αEτ (x, y, z) + PT

A
+ MTz

Iz
y + MTy

Iy
z (21.30)

From Eqs. (14.16) and (14.17) we have

PT =
∫

A
αEτ (x, y, z)dA

MTz =
∫

A
αEτ (x, y, z)ydA, MTy =

∫

A
αEτ (x, y, z)zdA (21.31)

The assumptions for the thermally induced bending momentMTy and the temperature
change τ (x, y, z) are

MTy = f (x), τ (x, y, z) = τ0(x)g(y, z) (21.32)

http://dx.doi.org/10.1007/978-94-007-6356-2_14
http://dx.doi.org/10.1007/978-94-007-6356-2_14
http://dx.doi.org/10.1007/978-94-007-6356-2_14
http://dx.doi.org/10.1007/978-94-007-6356-2_14
http://dx.doi.org/10.1007/978-94-007-6356-2_14
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The substitution of Eq. (21.32) into Eq. (21.31) leads to

αEτ0(x) = f (x)∫

A
g(y, z)zdA

(21.33)

By the substitution of Eq. (21.33) into Eq. (21.31), we get

PT = αEτ0(x)
∫

A
g(y, z)dA = f (x)

∫

A
g(y, z)dA

∫

A
g(y, z)zdA

MTz = αEτ0(x)
∫

A
g(y, z)ydA = f (x)

∫

A
g(y, z)ydA

∫

A
g(y, z)zdA

(21.34)

Therefore, thermal stress σx can be obtained as

σx = f (x)∫

A
g(y, z)zdA

[
−g(y, z) + 1

A

∫

A
g(y, z)dA

+ y

Iz

∫

A
g(y, z)ydA + z

Iy

∫

A
g(y, z)zdA

]
(Answer)

Problem 21.2. Derive the boundary conditions Eq. (21.7) for the free edge.

Solution. The total bending moment My is

My = MMy + MTy (21.35)

From Eqs. (21.35) and (21.1), we get

MMy = My − MTy = −EIy
d2w

dx2 − MTy (21.36)

Since the bending moment MMy on the free edge is zero, the free edge boundary
condition is rewritten by

EIy
d2w

dx2 + MTy = 0 (Answer)

Next we consider a small element with length dx at x plane in the beam-column.
The bending moment MMy, the shearing force Fz, the axial compressive force P and
the deflection w are produced at x plane, and on the other hand, the bending moment
MMy + dMMy, the shearing force Fz + dFz, the axial compressive force P + dP and
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the deflection w+ dw are produced at x+ dx plane. From the moment balance at the
neutral axis on x plane, we have

MMy − (MMy + dMMy) + (Fz + dFz)dx + (P + dP)dw = 0 (21.37)

Omitting the infinitesimal terms, Eq. (21.37) reduces to

Fz − dMMy

dx
+ P

dw

dx
= 0 (21.38)

Then we get

Fz = dMMy

dx
− P

dw

dx
(21.39)

From Eq. (21.35) and (21.1), Eq. (21.39) becomes

Fz = dMy

dx
− dMTy

dx
− P

dw

dx

= −EIy
d3w

dx3 − dMTy

dx
− P

dw

dx
(21.40)

Since Fz = 0 for a free edge boundary condition, Eq. (21.40) reduces to

EIy
d3w

dx3 + P
dw

dx
+ dMTy

dx
= 0 (Answer)

Problem 21.3. Find the deflectionw of a beam-column with length l for both simply
supported edges shown in Fig. 21.1, and derive the buckling load Pcr , when the
thermally induced bending moment MTy(x) is represented by a linear function of x

MTy(x) = D1 + D2x (21.41)

Solution. The bending moment My is

My = MMy + MTy = Pw + D1 + D2x (21.42)

where P is the axial compressive force and w means the deflection at x.
Substituting Eq. (21.42) into Eq. (21.1), the fundamental equation for w is rewrit-

ten as

Fig. 21.1 Simply supported
beam-column
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EIy
d2w

dx2 + Pw = −(D1 + D2x) (21.43)

A solution of Eq. (21.43) is

w = C1 cos kx + C2 sin kx − 1

P
(D1 + D2x) (21.44)

where

k2 = P

EIy
(21.45)

and C1 and C2 are unknown constants.
When both edges are simply supported, the boundary conditions are

w = 0, EIy
d2w

dx2 + MTy(x) = 0 at x = 0, l (21.46)

The two unknown constants C1 and C2 can be determined from the boundary con-
ditions (21.46)

C1 = D1

P
, C2 = D1

P

1 − cos kl

sin kl
+ D2

P

l

sin kl
(21.47)

Then the deflection w is

w = 1

P

[
D1

(
cos kx − 1 + 1 − cos kl

sin kl
sin kx

)
+ D2

k

(kl sin kx

sin kl
− kx

)]
(Answer)

The deflection w tends to infinity when kl satisfies the condition

sin kl = 0 (21.48)

Solutions of Eq. (21.48) are kl = nπ (n = 1, 2, 3, . . .). Since smallest value of kl is
π, the buckling load Pcr is from Eq. (21.45)

Pcr = π2EIy
l2

(Answer)

Problem 21.4. Find the deflection w of a cantilever beam-column with length l
shown in Fig. 21.2, and derive the buckling load Pcr , when the thermally induced
bending moment MTy(x) is represented by a linear function of x

MTy(x) = D1 + D2x (21.49)

Solution. When the deflection at the free edge is defined byw0, the bending moment
My is

My = MMy + MTy = D1 + D2x − P(w0 − w) (21.50)
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Fig. 21.2 Cantilever beam-
column

where P is the axial compressive force. Substituting Eq. (21.50) into Eq. (21.1), the
fundamental equation for w is rewritten as

EIy
d2w

dx2 + Pw = Pw0 − (D1 + D2x) (21.51)

A solution w of Eq. (21.51) is

w = C1 cos kx + C2 sin kx + w0 − 1

P
(D1 + D2x) (21.52)

where

k2 = P

EIy
(21.53)

The boundary conditions for the built-in edge at x = 0 and the condition of the
deflection w = w0 at x = l are

w = 0,
dw

dx
= 0 at x = 0

w = w0 at x = l (21.54)

The three unknown constants C1, C2 and w0 can be determined from the boundary
conditions (21.54)

C1 = D1

P cos kl
+ D2

Pk cos kl
(kl − sin kl), C2 = D2

kP

w0 = D1

P
− D1

P cos kl
− D2

Pk cos kl
(kl − sin kl) (21.55)

Then, the deflection w is

w = 1

P cos kl

{
D1(cos kx − 1)

+ D2

k

[
(kl − sin kl)(cos kx − 1) + cos kl(sin kx − kx)

]}
(Answer)
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Therefore, the buckling load Pcr is derived from the condition

cos kl = 0 (21.56)

Then, the buckling load Pcr is given by

Pcr = π2EIy
4l2

(Answer)

Problem 21.5. Find the deflection w of beam-column with length l for one simply
supported edge and the other one built-in edge, shown in Fig. 21.3, and derive the
buckling load Pcr , when the thermally induced bending moment MTy(x) is repre-
sented by a linear function of x

MTy (x) = D1 + D2x (21.57)

Solution. Let P, R0 and w denote the axial compressive force, the reaction force at
simply supported edge x = 0, and the deflection at x, respectively. Then, the bending
moment My is given by

My = MMy + MTy = Pw + R0x + D1 + D2x (21.58)

Substituting Eq. (21.58) into Eq. (21.1), the fundamental equation for w is rewritten
as

EIy
d2w

dx2 + Pw = −R0x − (D1 + D2x) (21.59)

A solution w of Eq. (21.59) is

w = C1 cos kx + C2 sin kx − R0

P
x − 1

P
(D1 + D2x) (21.60)

where
k2 = P

EIy
(21.61)

When the edge x = 0 is simply supported and the edge x = l is built-in, the boundary
conditions are

w = 0, EIy
d2w

dx2 + (D1 + D2x) = 0 at x = 0

Fig. 21.3 Beam-column with
a simply supported edge and a
built-in edge
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w = 0,
dw

dx
= 0 at x = l (21.62)

The unknown constants C1, C2 and R0 in Eq. (21.60) can be determined from the
boundary conditions (21.62)

C1 = D1

P
, C2 = D1

P

kl sin kl + cos kl − 1

kl cos kl − sin kl

R0 = −D2 + kD1
1 − cos kl

kl cos kl − sin kl
(21.63)

Then, the deflection w is

w = D1

P

{
cos kx − 1 + 1

kl cos kl − sin kl

× [
(cos kl − 1)(kx + sin kx) + kl sin kl sin kx

]}
(Answer)

Therefore, the buckling load Pcr is derived from the condition

kl cos kl − sin kl = 0 i.e., tan kl = kl (21.64)

Then, the buckling load Pcr is

Pcr = 4.49342EIy
l2

� 2.046π2EIy
l2

(Answer)

Problem 21.6. Find the deflection w of a beam-column with length l for both built-
in edges, shown in Fig. 21.4, and derive the buckling load Pcr , when the thermally
induced bending moment MTy(x) is represented by a linear function of x

MTy (x) = D1 + D2x (21.65)

Solution. Let P, R0, M0 and w denote the axial compressive force, the reaction
force at the edge x = 0, the bending moment at the edge x = 0, and the deflection at
x, respectively. The bending moment My is given by

My = MMy + MTy = Pw + R0x + M0 + D1 + D2x (21.66)

Fig. 21.4 Beam-column with
built-in edges
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Substituting Eq. (21.66) into Eq. (21.1), the fundamental equation for w is
rewritten as

EIy
d2w

dx2 + Pw = −M0 − R0x − (D1 + D2x) (21.67)

A solution w of Eq. (21.67) is

w = C1 cos kx + C2 sin kx − 1

P
[D1 + M0 + (D2 + R0)x] (21.68)

where

k2 = P

EIy
(21.69)

The boundary conditions are

w = 0,
dw

dx
= 0 at x = 0, l (21.70)

From the boundary conditions (21.70), we have

D1 + M0 = C1P, D2 + R0 = PkC2

C1 cos kl + C2 sin kl = 1

P
[D1 + M0 + (D2 + R0)l]

−kC1 sin kl + kC2 cos kl = 1

P
(D2 + R0) (21.71)

Elimination of (D1 + M0) and (D2 + R0) from Eq. (21.71) gives

[
cos kl − 1 sin kl − kl
− sin kl cos kl − 1

] [
C1
C2

]
=

[
0
0

]
(21.72)

From Eqs. (21.71) and (21.72), the deflection w becomes

w = C2

[
sin kx − kx − sin kl − kl

cos kl − 1
(cos kx − 1)

]
(Answer)

In order to have a non-trivial solution for Eq. (21.72), we find

∣∣∣∣
cos kl − 1 sin kl − kl
− sin kl cos kl − 1

∣∣∣∣ = 0 (21.73)

From Eq. (21.73), we have

sin
kl

2

(
sin

kl

2
− kl

2
cos

kl

2

)
= 0 (21.74)
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The smallest value of kl is kl = 2π. Therefore, the buckling load Pcr is

Pcr = 4π2EIy
l2

(Answer)

Problem 21.7. Show that the deflection w equals zero in a pre-buckling state for
a beam-column with length l for both built-in edges when the thermally induced
bending moment MTy is given by a linear function of x

MTy (x) = D1 + D2x (21.75)

Solution. Let P, R0, M0 and w denote the axial compressive force, the reaction
force at the edge x = 0, the bending moment at the edge x = 0, and the deflection at
x, respectively. The bending moment My is given by

My = MMy + MTy = Pw + R0x + M0 + D1 + D2x (21.76)

Substituting Eq. (21.76) into Eq. (21.1), the fundamental equation for w is
rewritten as

EIy
d2w

dx2 + Pw = −M0 − R0x − (D1 + D2x) (21.77)

A solution w of Eq. (21.77) is

w = C1 cos kx + C2 sin kx − 1

P
[D1 + M0 + (D2 + R0)x] (21.78)

where

k2 = P

EIy
(21.79)

The boundary conditions are

w = 0,
dw

dx
= 0 at x = 0 and x = l (21.80)

From the boundary conditions (21.80), we have

D1 + M0 = C1P, D2 + R0 = PkC2

C1 cos kl + C2 sin kl = 1

P
[D1 + M0 + (D2 + R0)l]

−kC1 sin kl + kC2 cos kl = 1

P
(D2 + R0) (21.81)
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The substitution of Eq. (21.81) into Eq. (21.78) gives

w = C1(cos kx − 1) + C2(sin kx − kx) (21.82)

Elimination of (D1 + M0) and (D2 + R0) from Eq. (21.81) gives
[

cos kl − 1 sin kl − kl
− sin kl cos kl − 1

] [
C1
C2

]
=

[
0
0

]
(21.83)

From Eq. (21.83), it can be seen that

C1 = 0, C2 = 0 for prebuckling state (21.84)

∣∣∣∣
cos kl − 1 sin kl − kl
− sin kl cos kl − 1

∣∣∣∣ = 0 for postbuckling state (21.85)

Substitution of Eq. (21.84) into Eq. (21.82) gives the deflection for pre-buckling state

w = 0 (Answer)

Problem 21.8. When the thermally induced bending moment MTy is given by the
parabolic function

MTy(x) = D0x(l − x) (21.86)

find the deflectionw of a beam-column with length l for both simply supported edges,
and derive the buckling load Pcr .

Solution. The bending moment My is

My = MMy + MTy = Pw + D0x(l − x) (21.87)

where P is the axial compressive force and w means the deflection at x.
Substituting Eq. (21.87) into Eq. (21.1), the fundamental equation for w is

rewritten as

EIy
d2w

dx2 + Pw = −D0x(l − x) (21.88)

A solution w of Eq. (21.88) is

w = C1 cos kx + C2 sin kx − D0

Pk2 [2 + k2x(l − x)] (21.89)

where

k2 = P

EIy
(21.90)

and C1 and C2 are unknown constants.
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When both edges are simply supported, the boundary conditions are

w = 0, EIy
d2w

dx2 + D0x(l − x) = 0 at x = 0, l (21.91)

The two unknown constants C1 and C2 can be determined from the boundary con-
ditions (21.91)

C1 = 2
D0

Pk2 , C2 = 2
D0

Pk2

1 − cos kl

sin kl
(21.92)

Substitution of Eq. (21.92) into Eq. (21.89) gives

w = D0

Pk2

[
2(cos kx − 1) + 2

(1 − cos kl

sin kl

)
sin kx − k2x(l − x)

]
(Answer)

The buckling load Pcr is derived from sin kl = 0

Pcr = π2EIy
l2

(Answer)

Problem 21.9. When the thermally induced bending moment MTy is given by the
parabolic function

MTy(x) = D0x(l − x) (21.93)

find the deflection w of a cantilever beam-column with length l, and derive the
buckling load Pcr .

Solution. When the deflection at the free edge is defined byw0, the bending moment
My is

My = MMy + MTy = D0x(l − x) − P(w0 − w) (21.94)

where P is the axial compressive force. Substituting Eq. (21.94) into Eq. (21.1), the
fundamental equation for w is rewritten as

EIy
d2w

dx2 + Pw = Pw0 − D0x(l − x) (21.95)

A solution w of Eq. (21.95) is taken in the form

w = C1 cos kx + C2 sin kx + w0 − D0

Pk2

[
2 + k2x(l − x)

]
(21.96)

where

k2 = P

EIy
(21.97)
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The boundary conditions for the built-in edge at x = 0 and the condition of the
deflection w = w0 at x = l are

w = 0,
dw

dx
= 0 at x = 0

w = w0 at x = l (21.98)

The three unknown constants can be determined from the boundary conditions
(21.98)

C1 = D0

Pk2

2 − kl sin kl

cos kl
, C2 = D0kl

Pk2

w0 = 2
D0

Pk2 − D0

Pk2

2 − kl sin kl

cos kl
(21.99)

Then, the deflection w is

w = D0

Pk2

[
kl sin kx + (cos kx − 1)

2 − kl sin kl

cos kl
− k2x(l − x)

]
(Answer)

The buckling load Pcr is determined from cos kl = 0

Pcr = π2EIy
4l2

(Answer)

Problem 21.10. When the thermally induced bending moment MTy is given by the
parabolic function

MTy(x) = D0x(l − x) (21.100)

find the deflection w of a beam-column with length l for one simply supported edge
and the other one built-in edge, and derive the buckling load Pcr .

Solution. Let P, R0 and w denote the axial compressive force, the reaction force
at simply supported edge x = 0, and the deflection at x, respectively. The bending
moment My is given by

My = MMy + MTy = Pw + R0x + D0x(l − x) (21.101)

Substituting Eq. (21.101) into Eq. (21.1), the fundamental equation for w is
rewritten as

EIy
d2w

dx2 + Pw = −R0x − D0x(l − x) (21.102)

A solution w of Eq. (21.102) is taken in the form

w = C1 cos kx + C2 sin kx − R0

P
x − D0

Pk2

[
2 + k2x(l − x)

]
(21.103)
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where

k2 = P

EIy
(21.104)

When the edge x = 0 is simply supported and the edge x = l is built-in, the boundary
conditions are

w = 0, EIy
d2w

dx2 + D0x(l − x) = 0 at x = 0

w = 0,
dw

dx
= 0 at x = l (21.105)

The two unknown constants C1,C2 and the reaction force R0 can be determined from
the boundary conditions (21.105)

C1 = 2
D0

Pk2 , C2 = D0

Pk2

2kl sin kl + 2 cos kl − 2 − k2l2

kl cos kl − sin kl

R0 = −D0

k

2 cos kl − 2 + kl sin kl

kl cos kl − sin kl
(21.106)

Then, the deflection w is

w = D0

Pk2

[
2(cos kx − 1) − k2x(l − x) + kx

2 cos kl − 2 + kl sin kl

kl cos kl − sin kl

+ sin kx
2 cos kl − 2 + 2kl sin kl − k2l2

kl cos kl − sin kl

]
(Answer)

The buckling load Pcr is given from kl cos kl = sin kl

Pcr � 2.046π2EIy
l2

(Answer)

Problem 21.11. When the thermally induced bending moment MTy is given by the
parabolic function

MTy(x) = D0x(l − x) (21.107)

find the deflection w of a beam-column with length l for both built-in edges, and
derive the buckling load Pcr .

Solution. Let P, R0, M0 and w denote the axial compressive force, the reaction
force at the edge x = 0, the bending moment at the edge x = 0, and the deflection at
x, respectively. The bending moment My is given by

My = MMy + MTy = Pw + R0x + M0 + D0x(l − x) (21.108)
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Substituting Eq. (21.108) into Eq. (21.1), the fundamental equation for w is
rewritten as

EIy
d2w

dx2 + Pw = −M0 − R0x − D0x(l − x) (21.109)

A solution w of Eq. (21.109) is taken in the form

w = C1 cos kx + C2 sin kx − 1

P
(R0x + M0) − D0

Pk2

[
2 + k2x(l − x)

]
(21.110)

where

k2 = P

EIy
(21.111)

The boundary conditions are

w = 0,
dw

dx
= 0 at x = 0 and x = l (21.112)

From the boundary conditions (21.112), we have

C1 = D0kl

Pk2

2 sin kl − kl cos kl − kl

2 − 2 cos kl − kl sin kl

C2 = D0

Pk2 kl, R0 = 0

M0 = D0

k2

[
kl

2 sin kl − kl cos kl − kl

2 − 2 cos kl − kl sin kl
− 2

]
(21.113)

Then, the deflection w is

w = D0

Pk2

{
kl sin kx − k2x(l − x)

+ 1 − cos kx

2 − 2 cos kl − kl sin kl

[
k2l2(1 + cos kl) − 2kl sin kl

]}
(Answer)

The deflection w tends to infinity, when kl satisfies the condition

2 − 2 cos kl − kl sin kl = 0 (21.114)

Equation (21.114) is rewritten by

sin
kl

2

(
sin

kl

2
− kl

2
cos

kl

2

)
= 0 (21.115)

Since the smallest value of kl in Eq. (21.115) is kl = 2π, the buckling load Pcr is
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Pcr = 4π2EIy
l2

(Answer)

Problem 21.12. When the thermally induced bending moment MTy(x) is given as
an arbitrary function of x, find the deflection w and the buckling load Pcr of a beam-
column with length l for both simply supported edges.

Solution. The fundamental equation for deflection w is given by Eq. (21.1)

EIy
d2w

dx2 + Pw = −MTy(x) (21.116)

A solution of Eq. (21.116) can be obtained by use of the method of variation of
parameters. A general solution of the homogeneous Eq. (21.116) is given by

wc = C1 cos kx + C2 sin kx, k2 = P

EIy
(21.117)

To get a particular solution of Eq. (21.116), we take

wp = A1(x) cos kx + A2(x) sin kx (21.118)

Substitution of Eq. (21.118) into Eq. (21.116) gives

d

dx

[dA1(x)

dx
cos kx + dA2(x)

dx
sin kx

]

−k
dA1(x)

dx
sin kx + k

dA2(x)

dx
cos kx = −MTy(x)

EIy
(21.119)

Equation (21.119) can be satisfied when we take

dA1(x)

dx
cos kx + dA2(x)

dx
sin kx = 0

−k
dA1(x)

dx
sin kx + k

dA2(x)

dx
cos kx = −MTy(x)

EIy
(21.120)

Solving Eq. (21.120), we get

dA1(x)

dx
= 1

EIyk
MTy(x) sin kx

dA2(x)

dx
= − 1

EIyk
MTy(x) cos kx (21.121)

Then, A1(x) and A2(x) are determined as
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A1(x) = 1

EIyk

∫
MTy(x) sin kxdx

A2(x) = − 1

EIyk

∫
MTy(x) cos kxdx (21.122)

Therefore, a particular solution wp is given by

wp = 1

EIyk

[
cos kx

∫
MTy(x) sin kxdx − sin kx

∫
MTy(x) cos kxdx

]
(21.123)

From Eqs. (21.117) and (21.123), a solution of Eq. (21.116) is represented by

w = C1 cos kx + C2 sin kx + k

P

[
cos kx

∫ x

0
MTy(x

′) sin kx′dx′

− sin kx
∫ x

0
MTy(x

′) cos kx′dx′] (21.124)

The boundary conditions are given by Eq. (21.6)

w = 0, EIy
d2w

dx2 + MTy(x) = 0 on x = 0, x = l (21.125)

From Eq. (21.124) we have

d2w

dx2 = − k2(C1 cos kx + C2 sin kx)

− 1

EIy

[
k cos kx

∫ x

0
MTy(x

′) sin kx′dx′

− k sin kx
∫ x

0
MTy(x

′) cos kx′dx′ + MTy(x)
]

(21.126)

The boundary conditions on x = 0 give

C1 = 0, EIy
[
−k2C1 − 1

EIy
MTy(0)

]
+ MTy(0) = 0 (21.127)

The boundary conditions on x = l give

C2 sin kl + k

P

[
cos kl

∫ l

0
MTy(x

′) sin kx′dx′

− sin kl
∫ l

0
MTy(x

′) cos kx′dx′] = 0
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EIy[ − k2C2 sin kl] −
[
k cos kl

∫ l

0
MTy(x

′) sin kx′dx′

− k sin kl
∫ l

0
MTy(x

′) cos kx′dx′ + MTy(l)
]

+ MTy(l) = 0

(21.128)

From Eq. (21.128), we have

C2 = − k

P

[
cot kl

∫ l

0
MTy(x

′) sin kx′dx′ −
∫ l

0
MTy(x

′) cos kx′dx′] (21.129)

Substitution of Eqs. (21.127) and (21.129) into Eq. (21.124) leads the deflection w

w = k

P

[
sin kx

∫ l

x
MTy(x

′) cos kx′dx′ + cos kx
∫ x

0
MTy(x

′) sin kx′dx′

− cot kl sin kx
∫ l

0
MTy(x

′) sin kx′dx′] (Answer)

The deflection w tends to infinity, when kl satisfies the condition

sin kl = 0 (21.130)

Then, the buckling load Pcr is

Pcr = π2EIy
l2

(Answer)

Problem 21.13. When the thermally induced bending momentMTy(x) is given as an
arbitrary function of x, find the deflection w and the buckling load Pcr of a cantilever
beam-column with length l.

Solution. The fundamental equation for deflection w is given by Eq. (21.1)

EIy
d2w

dx2 + Pw = Pw0 − MTy(x) (21.131)

where w0 is the deflection at the free edge.
Using derivation of a solution for deflection w as in Problem 21.12, the funda-

mental solution w of Eq. (21.131) is

w = C1 cos kx + C2 sin kx + w0

+ k

P

[
cos kx

∫ x

0
MTy(x

′) sin kx′dx′ − sin kx
∫ x

0
MTy(x

′) cos kx′dx′]

(21.132)
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The boundary conditions are from Eqs. (21.5) and (21.7)

w = 0,
dw

dx
= 0 on x = 0

EIy
d2w

dx2 + MTy(x) = 0

EIy
d3w

dx3 + P
dw

dx
+ dMTy

dx
= 0 on x = l (21.133)

The differentiation of w with respect to x gives

dw

dx
= −C1k sin kx + C2k cos kx

− k2

P

[
sin kx

∫ x

0
MTy(x

′) sin kx′dx′ + cos kx
∫ x

0
MTy(x

′) cos kx′dx′]

d2w

dx2 = −k2(C1 cos kx + C2 sin kx)

− k2

P

[
k cos kx

∫ x

0
MTy(x

′) sin kx′dx′

− k sin kx
∫ x

0
MTy(x

′) cos kx′dx′ + MTy(x)
]

d3w

dx3 = k3(C1 sin kx − C2 cos kx)

− k2

P

[
−k2 sin kx

∫ x

0
MTy(x

′) sin kx′dx′

− k2 cos kx
∫ x

0
MTy(x

′) cos kx′dx′ + dMTy

dx

]
(21.134)

The boundary conditions on x = 0 give

w0 = −C1, C2 = 0 (21.135)

The boundary conditions on x = l give

EIy
{
−k2C1 cos kl − k2

P

[
k cos kl

∫ l

0
MTy(x

′) sin kx′dx′

−k sin kl
∫ l

0
MTy(x

′) cos kx′dx′ + MTy(l)
]}

+ MTy(l) = 0

EIy
{
k3C1 sin kl − k2

P

[
−k2 sin kl

∫ l

0
MTy(x

′) sin kx′dx′
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− k2 cos kl
∫ l

0
MTy(x

′) cos kx′dx′ +
(dMTy

dx

)

x=l

]}
+ P

{
−C1k sin kl

− k2

P

[
sin kl

∫ l

0
MTy(x

′) sin kx′dx′ + cos kl
∫ l

0
MTy(x

′) cos kx′dx′]}

+
(dMTy

dx

)

x=l
= 0 (21.136)

From Eq. (21.136) we obtain

C1 = k

P

[
−

∫ l

0
MTy(x

′) sin kx′dx′ + tan kl
∫ l

0
MTy(x

′) cos kx′dx′] (21.137)

Substitution of Eqs. (21.135) and (21.137) into Eq. (21.132) leads to the deflection w

w = k

P

{
(cos kx − 1)

[
−

∫ l

0
MTy(x

′) sin kx′dx′

+ tan kl
∫ l

0
MTy(x

′) cos kx′dx′] + cos kx
∫ x

0
MTy(x

′) sin kx′dx′

− sin kx
∫ x

0
MTy(x

′) cos kx′dx′} (Answer)

The deflection w tends to infinity, when kl satisfies the condition

cos kl = 0 (21.138)

Then, the buckling load is

Pcr = π2EIy
4l2

(Answer)

Problem 21.14. When the thermally induced bending moment MTy(x) is given as
an arbitrary function of x, find the deflection w and the buckling load Pcr of a beam-
column with length l for one simply supported edge and the other one built-in edge.

Solution. The fundamental equation for deflection w is given by Eq. (21.1)

EIy
d2w

dx2 + Pw = −R0x − MTy(x) (21.139)

where R0 denotes the reaction force at the edge x = 0.
Using derivation of a solution for deflection w as in Problem 21.12, the funda-

mental solution w of Eq. (21.139) is
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w = C1 cos kx + C2 sin kx − R0

P
x

+ k

P

[
cos kx

∫ x

0
MTy(x

′) sin kx′dx′ − sin kx
∫ x

0
MTy(x

′) cos kx′dx′]

(21.140)

The boundary conditions are from Eqs. (21.6) and (21.5)

w = 0, EIy
d2w

dx2 + MTy(x) = 0 on x = 0

w = 0,
dw

dx
= 0 on x = l (21.141)

The differentiation of w with respect to x gives

dw

dx
= − C1k sin kx + C2k cos kx − R0

P

− k2

P

[
sin kx

∫ x

0
MTy(x

′) sin kx′dx′ + cos kx
∫ x

0
MTy(x

′) cos kx′dx′]

d2w

dx2 = − k2(C1 cos kx + C2 sin kx)

− k2

P

[
k cos kx

∫ x

0
MTy(x

′) sin kx′dx′

− k sin kx
∫ x

0
MTy(x

′) cos kx′dx′ + MTy(x)
]

(21.142)

The boundary conditions on x = 0 gives

C1 = 0 (21.143)

The boundary conditions on x = l give

C2 sin kl − R0

P
l + k

P

[
cos kl

∫ l

0
MTy(x

′) sin kx′dx′

− sin kl
∫ l

0
MTy(x

′) cos kx′dx′] = 0

C2k cos kl − R0

P
− k2

P

[
sin kl

∫ l

0
MTy(x

′) sin kx′dx′

+ cos kl
∫ l

0
MTy(x

′) cos kx′dx′] = 0 (21.144)

By solving the simultaneous Eq. (21.144) with respect to C2 and R0, we get
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C2 = k

P

[kl sin kl + cos kl

kl cos kl − sin kl

∫ l

0
MTy(x

′) sin kx′dx′

+
∫ l

0
MTy(x

′) cos kx′dx′]

R0 = k2

kl cos kl − sin kl

∫ l

0
MTy(x

′) sin kx′dx′ (21.145)

Therefore, the deflection w is

w = k

P

[ sin kx(kl sin kl + cos kl) − kx

kl cos kl − sin kl

∫ l

0
MTy(x

′) sin kx′dx′

+ sin kx
∫ l

x
MTy(x

′) cos kx′dx′ + cos kx
∫ x

0
MTy(x

′) sin kx′dx′] (Answer)

The deflection w tends to infinity, when kl satisfies the condition

tan kl = kl (21.146)

Then, the buckling load Pcr is

Pcr = 2.046π2EIy
l2

(Answer)

Problem 21.15. When the thermally induced bending moment MTy(x) is given as
an arbitrary function of x, find the deflection w and the buckling load Pcr of a beam-
column with length l for both built-in edges.

Solution. The fundamental equation for deflection w is given by Eq. (21.1)

EIy
d2w

dx2 + Pw = −R0x − M0 − MTy(x) (21.147)

where R0 and M0 denote the reaction force and moment at the edge x = 0.
Using derivation of a solution for deflection w as in Problem 21.12, the funda-

mental solution w of Eq. (21.147) is

w = C1 cos kx + C2 sin kx − 1

P
(R0x + M0)

+ k

P

[
cos kx

∫ x

0
MTy(x

′) sin kx′dx′ − sin kx
∫ x

0
MTy(x

′) cos kx′dx′]

(21.148)

The boundary conditions are given by Eq. (21.5)
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w = 0,
dw

dx
= 0 on x = 0, l (21.149)

The differentiation of w with respect to x gives

dw

dx
= − C1k sin kx + C2k cos kx − R0

P

− k2

P

[
sin kx

∫ x

0
MTy(x

′) sin kx′dx′ + cos kx
∫ x

0
MTy(x

′) cos kx′dx′]

(21.150)

The boundary conditions on x = 0 give

M0 = C1P, R0 = C2kP (21.151)

The boundary conditions on x = l give

C1(cos kl − 1) + C2(sin kl − kl)

+ k

P

[
cos kl

∫ l

0
MTy(x

′) sin kx′dx′ − sin kl
∫ l

0
MTy(x

′) cos kx′dx′] = 0

− C1k sin kl + C2k(cos kl − 1)

− k2

P

[
sin kl

∫ l

0
MTy(x

′) sin kx′dx′ + cos kl
∫ l

0
MTy(x

′) cos kx′dx′] = 0

(21.152)

By solving the simultaneous Eq. (21.152) with respect to C1 and C2, we get

C1 = − k

P

1

2(1 − cos kl) − kl sin kl

×
[
(1 − cos kl − kl sin kl)

∫ l

0
MTy(x

′) sin kx′dx′

+ (sin kl − kl cos kl)
∫ l

0
MTy(x

′) cos kx′dx′]

C2 = − k

P

1

2(1 − cos kl) − kl sin kl

[
sin kl

∫ l

0
MTy(x

′) sin kx′dx′

+ (cos kl − 1)
∫ l

0
MTy(x

′) cos kx′dx′] (21.153)
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Then, the deflection w is

w = k

P

{ 1 − cos kx

2(1 − cos kl) − kl sin kl

×
[
(1 − cos kl − kl sin kl)

∫ l

0
MTy(x

′) sin kx′dx′

+ (sin kl − kl cos kl)
∫ l

0
MTy(x

′) cos kx′dx′]

−
( sin kx − kx

2(1 − cos kl) − kl sin kl

)[
sin kl

∫ l

0
MTy(x) sin kx′dx′

+ (cos kl − 1)
∫ l

0
MTy(x

′) cos kx′dx′]

+ cos kx
∫ x

0
MTy(x

′) sin kx′dx′ − sin kx
∫ x

0
MTy(x

′) cos kx′dx′} (Answer)

The deflection w tends to infinity, when kl satisfies the condition

2 − 2 cos kl − kl sin kl = 0 (21.154)

That is

sin
kl

2

(
sin

kl

2
− kl

2
cos

kl

2

)
= 0 (21.155)

Then, the buckling load Pcr is

Pcr = 4π2EIy
l2

(Answer)

Problem 21.16. Derive the stress-displacement relations for a circular plate.

Solution. The stress-displacement relations in the Cartesian coordinates are given
by Eq. (20.7), namely

σxx = E

1 − ν2

[∂u

∂x
+ ν

∂v

∂y
− z(

∂2w

∂x2 + ν
∂2w

∂y2 ) − (1 + ν)ατ
]

σyy = E

1 − ν2

[∂v

∂y
+ ν

∂u

∂x
− z(

∂2w

∂y2 + ν
∂2w

∂x2 ) − (1 + ν)ατ
]

σxy = E

2(1 + ν)

[∂u

∂y
+ ∂v

∂x
− 2z

∂2w

∂x∂y

]
(21.156)

By use of the coordinate transform between the Cartesian coordinate system and the
cylindrical system, we have the following relations from Eqs. (16.8) and (16.4)

ui = lj′iuj′ (21.157)

http://dx.doi.org/10.1007/978-94-007-6356-2_20
http://dx.doi.org/10.1007/978-94-007-6356-2_16
http://dx.doi.org/10.1007/978-94-007-6356-2_16
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σi′j′ = li′mlj′nσmn (21.158)

in which, ui = u, v, σij = σxx,σyy,σxy are the displacement components and stress
components in the Cartesian coordinate system, ui = ur, uθ, σi′j′ = σrr,σθθ,σrθ are
the displacement components and stress components in the polar coordinate system,
li′j is direction cosines defined by

li′j =
(

cos θ
− sin θ

sin θ
cos θ

)
(21.159)

The relations between the coordinate variables are given by

(
x = r cos θ
y = r sin θ

)
,

(
r2 = x2 + y2

θ = arctan
y

x

)
(21.160)

Making use of the relations (21.157), displacement components are transformed by
the relations

ux = ur cos θ − uθ sin θ, uy = ur sin θ + uθ cos θ (21.161)

Similarly, stress components are transformed by the relations

σrr = cos2 θσxx + sin2 θσyy + 2 sin θ cos θσxy

σθθ = sin2 θσxx + cos2 θσyy − 2 sin θ cos θσxy

σrθ = sin θ cos θ(σyy − σxx) + (cos2 θ − sin2 θ)σxy (21.162)

Making use of relations (21.160), we have

∂

∂x
= cos θ

∂

∂r
− sin θ

1

r

∂

∂θ
,

∂

∂y
= sin θ

∂

∂r
+ cos θ

1

r

∂

∂θ
∂2

∂x2 = cos2 θ
∂2

∂r2 + sin2 θ
(1

r

∂

∂r
+ 1

r2

∂2

∂θ2

)

− 2 sin θ cos θ
(1

r

∂2

∂r∂θ
− 1

r2

∂

∂θ

)

∂2

∂y2 = sin2 θ
∂2

∂r2 + cos2 θ
(1

r

∂

∂r
+ 1

r2

∂2

∂θ2

)

+ 2 sin θ cos θ
(1

r

∂2

∂r∂θ
− 1

r2

∂

∂θ

)

∂2

∂x∂y
= sin θ cos θ

( ∂2

∂r2 − 1

r

∂

∂r
− 1

r2

∂2

∂θ2

)

+ (cos2 θ − sin2 θ)
(1

r

∂2

∂r∂θ
− 1

r2

∂

∂θ

)
(21.163)
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We now calculate the stress components in the polar coordinate system. Substituting
Eqs. (21.156), (21.161), and (21.163) into Eq. (21.162), we have

σrr = cos2 θσxx + sin2 θσyy + 2 sin θ cos θσxy

= E

1 − ν2

{
cos2 θ

[∂u

∂x
+ ν

∂v

∂y
− z

(∂2w

∂x2 + ν
∂2w

∂y2

)
− (1 + ν)ατ

]

+ sin2 θ
[∂v

∂y
+ ν

∂u

∂x
− z

(∂2w

∂y2 + ν
∂2w

∂x2

)
− (1 + ν)ατ

]

+ (1 − ν) sin θ cos θ
[∂u

∂y
+ ∂v

∂x
− 2z

∂2w

∂x∂y

]}

= E

1 − ν2

{
cos2 θ

(
cos θ

∂

∂r
− sin θ

1

r

∂

∂θ

)
(ur cos θ − uθ sin θ)

+ ν cos2 θ
(

sin θ
∂

∂r
+ cos θ

1

r

∂

∂θ

)
(ur sin θ + uθ cos θ)

+ sin2 θ
(

sin θ
∂

∂r
+ cos θ

1

r

∂

∂θ

)
(ur sin θ + uθ cos θ)

+ ν sin2 θ
(

cos θ
∂

∂r
− sin θ

1

r

∂

∂θ

)
(ur cos θ − uθ sin θ)

+ (1 − ν) sin θ cos θ
(

sin θ
∂

∂r
+ cos θ

1

r

∂

∂θ

)
(ur cos θ − uθ sin θ)

+ (1 − ν) sin θ cos θ
(

cos θ
∂

∂r
− sin θ

1

r

∂

∂θ

)
(ur sin θ + uθ cos θ)

− z cos2 θ
[
cos2 θ

∂2w

∂r2 + sin2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

− 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

− νz cos2 θ
[
sin2 θ

∂2w

∂r2 + cos2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

+ 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

− z sin2 θ
[
sin2 θ

∂2w

∂r2 + cos2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

+ 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

− νz sin2 θ
[
cos2 θ

∂2w

∂r2 + sin2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

− 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

− 2(1 − ν)z sin θ cos θ
[
sin θ cos θ

(∂2w

∂r2 − 1

r

∂w

∂r
− 1

r2

∂2w

∂θ2

)
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+ (cos2 θ − sin2 θ)
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]
− (1 + ν)ατ

}

= E

1 − ν2

{∂ur
∂r

+ ν
(ur
r

+ 1

r

∂uθ

∂θ

)

− z
[∂2w

∂r2 + ν
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)]
− (1 + ν)ατ

}
(Answer)

σθθ = sin2 θσxx + cos2 θσyy − 2 sin θ cos θσxy

= E

1 − ν2

{
sin2 θ

[∂u

∂x
+ ν

∂v

∂y
− z

(∂2w

∂x2 + ν
∂2w

∂y2

)
− (1 + ν)ατ

]

+ cos2 θ
[∂v

∂y
+ ν

∂u

∂x
− z

(∂2w

∂y2 + ν
∂2w

∂x2

)
− (1 + ν)ατ

]

− (1 − ν) sin θ cos θ
[∂u

∂y
+ ∂v

∂x
− 2z

∂2w

∂x∂y

]}

= E

1 − ν2

{
sin2 θ

(
cos θ

∂

∂r
− sin θ

1

r

∂

∂θ

)
(ur cos θ − uθ sin θ)

+ ν sin2 θ
(

sin θ
∂

∂r
+ cos θ

1

r

∂

∂θ

)
(ur sin θ + uθ cos θ)

+ cos2 θ
(

sin θ
∂

∂r
+ cos θ

1

r

∂

∂θ

)
(ur sin θ + uθ cos θ)

+ ν cos2 θ
(

cos θ
∂

∂r
− sin θ

1

r

∂

∂θ

)
(ur cos θ − uθ sin θ)

− (1 − ν) sin θ cos θ
(

sin θ
∂

∂r
+ cos θ

1

r

∂

∂θ

)
(ur cos θ − uθ sin θ)

− (1 − ν) sin θ cos θ
(

cos θ
∂

∂r
− sin θ

1

r

∂

∂θ

)
(ur sin θ + uθ cos θ)

− z sin2 θ
[
cos2 θ

∂2w

∂r2 + sin2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

− 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

− νz sin2 θ
[
sin2 θ

∂2w

∂r2 + cos2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

+ 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

− z cos2 θ
[
sin2 θ

∂2w

∂r2 + cos2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

+ 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

− νz cos2 θ
[
cos2 θ

∂2w

∂r2 + sin2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)
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− 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

+ 2(1 − ν)z sin θ cos θ
[
sin θ cos θ

(∂2w

∂r2 − 1

r

∂w

∂r
− 1

r2

∂2w

∂θ2

)

+ (cos2 θ − sin2 θ)
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]
− (1 + ν)ατ

}

= E

1 − ν2

{
ν

∂ur
∂r

+
(ur
r

+ 1

r

∂uθ

∂θ

)
− z

[
ν

∂2w

∂r2 +
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)]

− (1 + ν)ατ
}

(Answer)

σrθ = sin θ cos θ(σyy − σxx) + (cos2 θ − sin2 θ)σxy

= E

1 − ν2

{
sin θ cos θ

[
−(1 − ν)

∂u

∂x
+ (1 − ν)

∂v

∂y

− (1 − ν)z
(∂2w

∂y2 − ∂2w

∂x2

)]

+ (cos2 θ − sin2 θ)
1 − ν

2

(∂u

∂y
+ ∂v

∂x
− 2z

∂2w

∂x∂y

)}

= E

2(1 + ν)

{
2 sin θ cos θ

[
−∂u

∂x
+ ∂v

∂y
− z

(∂2w

∂y2 − ∂2w

∂x2

)]

+ (cos2 θ − sin2 θ)
(∂u

∂y
+ ∂v

∂x
− 2z

∂2w

∂x∂y

)}

= E

2(1 + ν)

{
−2 sin θ cos θ

(
cos θ

∂

∂r
− sin θ

1

r

∂

∂θ

)
(ur cos θ − uθ sin θ)

+ 2 sin θ cos θ
(

sin θ
∂

∂r
+ cos θ

1

r

∂

∂θ

)
(ur sin θ + uθ cos θ)

+ (cos2 θ − sin2 θ)
(

sin θ
∂

∂r
+ cos θ

1

r

∂

∂θ

)
(ur cos θ − uθ sin θ)

+ (cos2 θ − sin2 θ)
(

cos θ
∂

∂r
− sin θ

1

r

∂

∂θ

)
(ur sin θ + uθ cos θ)

− 2z sin θ cos θ
[
sin2 θ

∂2w

∂r2 + cos2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

+ 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)

− cos2 θ
∂2w

∂r2 − sin2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

+ 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

− 2z(cos2 θ − sin2 θ)
[
sin θ cos θ

(∂2w

∂r2 − 1

r

∂w

∂r
− 1

r2

∂2w

∂θ2

)
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+ (cos2 θ − sin2 θ)
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]}

= E

2(1 + ν)

[1

r

∂ur
∂θ

+ r
∂

∂r

(uθ

r

)
− 2z

∂

∂r

(1

r

∂w

∂θ

)]
(Answer)

Problem 21.17. Derive the resultant forces Nr,Nθ, and Nrθ for a circular plate by
use of the stress function F given by Eq. (21.20).

Solution. The resultant forces constitute a second-order tensor, so thatNr,Nθ, and
Nrθ are transformed by the relations given by Eq. (21.162), namely

Nr = cos2 θNx + sin2 θNy + 2 sin θ cos θNxy

Nθ = sin2 θNx + cos2 θNy − 2 sin θ cos θNxy

Nrθ = sin θ cos θ(Ny − Nx) + (cos2 θ − sin2 θ)Nxy (21.164)

Now, the relations of the resultant forces Nx,Ny, and Nxy with the stress function F
are given by Eq. (21.11), namely

Nx = ∂2F

∂y2 , Ny = ∂2F

∂x2 , Nxy = − ∂2F

∂x∂y
(21.165)

By the substitution of Eq. (21.165) into Eq. (21.164), we have

Nr = cos2 θ
∂2F

∂y2 + sin2 θ
∂2F

∂x2 − 2 sin θ cos θ
∂2F

∂x∂y

Nθ = sin2 θ
∂2F

∂y2 + cos2 θ
∂2F

∂x2 + 2 sin θ cos θ
∂2F

∂x∂y

Nrθ = sin θ cos θ
(∂2F

∂x2 − ∂2F

∂y2

)
− (cos2 θ − sin2 θ)

∂2F

∂x∂y
(21.166)

The relations for the differential operators such as ∂2/∂x2, ∂2/∂y2, ∂2/∂x∂y are
given by Eq. (21.163)

∂2

∂x2 = cos2 θ
∂2

∂r2 + sin2 θ
(1

r

∂

∂r
+ 1

r2

∂2

∂θ2

)

−2 sin θ cos θ
(1

r

∂2

∂r∂θ
− 1

r2

∂

∂θ

)

∂2

∂y2 = sin2 θ
∂2

∂r2 + cos2 θ
(1

r

∂

∂r
+ 1

r2

∂2

∂θ2

)

+2 sin θ cos θ
(1

r

∂2

∂r∂θ
− 1

r2

∂

∂θ

)
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∂2

∂x∂y
= sin θ cos θ

( ∂2

∂r2 − 1

r

∂

∂r
− 1

r2

∂2

∂θ2

)

+(cos2 θ − sin2 θ)
(1

r

∂2

∂r∂θ
− 1

r2

∂

∂θ

)
(21.167)

By the substitution of Eq. (21.167) into Eq. (21.166), we can evaluate the resultant
forces Nr,Nθ, and Nrθ

Nr = cos2 θ
[
sin2 θ

∂2F

∂r2 + cos2 θ
(1

r

∂F

∂r
+ 1

r2

∂2F

∂θ2

)

+ 2 sin θ cos θ
(1

r

∂2F

∂r∂θ
− 1

r2

∂F

∂θ

)]

+ sin2 θ
[
cos2 θ

∂2F

∂r2 + sin2 θ
(1

r

∂F

∂r
+ 1

r2

∂2F

∂θ2

)

− 2 sin θ cos θ
(1

r

∂2F

∂r∂θ
− 1

r2

∂F

∂θ

)]

− 2 sin θ cos θ
[
sin θ cos θ

(∂2F

∂r2 − 1

r

∂F

∂r
− 1

r2

∂2F

∂θ2

)

+ (cos2 θ − sin2 θ)
(1

r

∂2F

∂r∂θ
− 1

r2

∂F

∂θ

)]

= 1

r

∂F

∂θ
+ 1

r2

∂2F

∂θ2 (Answer)

Nθ = sin2 θ
[
sin2 θ

∂2F

∂r2 + cos2 θ
(1

r

∂F

∂r
+ 1

r2

∂2F

∂θ2

)

+ 2 sin θ cos θ
(1

r

∂2F

∂r∂θ
− 1

r2

∂F

∂θ

)]

+ cos2 θ
[
cos2 θ

∂2F

∂r2 + sin2 θ
(1

r

∂F

∂r
+ 1

r2

∂2F

∂θ2

)

− 2 sin θ cos θ
(1

r

∂2F

∂r∂θ
− 1

r2

∂F

∂θ

)]

+ 2 sin θ cos θ
[
sin θ cos θ

(∂2F

∂r2 − 1

r

∂F

∂r
− 1

r2

∂2F

∂θ2

)

+ (cos2 θ − sin2 θ)
(1

r

∂2F

∂r∂θ
− 1

r2

∂F

∂θ

)]

= 1

r2

∂2F

∂r2 (Answer)
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Nrθ = sin θ cos θ
[
(cos2 θ − sin2 θ)

∂2F

∂r2

− (cos2 θ − sin2 θ)
(1

r

∂F

∂r
+ 1

r2

∂2F

∂θ2

)

− 4 sin θ cos θ
(1

r

∂2F

∂r∂θ
− 1

r2

∂F

∂θ

)]

− (cos2 θ − sin2 θ)
[
sin θ cos θ

∂2F

∂r2 − sin θ cos θ
(1

r

∂F

∂r
+ 1

r2

∂2F

∂θ2

)

+ (cos2 θ − sin2 θ)
(1

r

∂2F

∂r∂θ
− 1

r2

∂F

∂θ

)]

= − ∂

∂r

(1

r

∂F

∂θ

)
(Answer)

Problem 21.18. Derive the fundamental relation of thermal buckling given by
Eqs. (21.24) for a circular plate.

Solution. The fundamental equation of thermal buckling for the Cartesian coordi-
nate system is given by Eq. (21.14)

∇2∇2w = 1

D

(
p − 1

1 − ν
∇2MT + Nx

∂2w

∂x2 + Ny
∂2w

∂y2 + 2Nxy
∂2w

∂x∂y

)
(21.168)

Now, the Laplace operator ∇2 is

∇2 = ∂2

∂x2 + ∂2

∂y2 = ∂2

∂r2 + 1

r

∂

∂r
+ 1

r2

∂2

∂θ2 (21.169)

The resultant forces Nx,Ny, and Nxy are transformed into the form derived from
Eq. (21.164)

Nx = cos2 θNr + sin2 θNθ − 2 sin θ cos θNrθ

Ny = sin2 θNr + cos2 θNθ + 2 sin θ cos θNrθ

Nxy = sin θ cos θ(Nr − Nθ) + (cos2 θ − sin2 θ)Nrθ (21.170)

The relations for the differential operators ∂2/∂x2, ∂2/∂y2, ∂2/∂x∂y are given by
Eq. (21.167)

∂2

∂x2 = cos2 θ
∂2

∂r2 + sin2 θ
(1

r

∂

∂r
+ 1

r2

∂2

∂θ2

)

− 2 sin θ cos θ
(1

r

∂2

∂r∂θ
− 1

r2

∂

∂θ

)

∂2

∂y2 = sin2 θ
∂2

∂r2 + cos2 θ
(1

r

∂

∂r
+ 1

r2

∂2

∂θ2

)
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+ 2 sin θ cos θ
(1

r

∂2

∂r∂θ
− 1

r2

∂

∂θ

)

∂2

∂x∂y
= sin θ cos θ

( ∂2

∂r2 − 1

r

∂

∂r
− 1

r2

∂2

∂θ2

)

+ (cos2 θ − sin2 θ)
(1

r

∂2

∂r∂θ
− 1

r2

∂

∂θ

)
(21.171)

Making use of Eqs. (21.170) and (21.171), we can calculate the following relation

Nx
∂2w

∂x2 + Ny
∂2w

∂y2 + 2Nxy
∂2w

∂x∂y

= [cos2 θNr + sin2 θNθ − 2 sin θ cos θNrθ]
×

[
cos2 θ

∂2w

∂r2 + sin2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

− 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

+[sin2 θNr + cos2 θNθ + 2 sin θ cos θNrθ]
×

[
sin2 θ

∂2w

∂r2 + cos2 θ
(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)

+ 2 sin θ cos θ
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

+ 2[sin θ cos θ(Nr − Nθ) + (cos2 θ − sin2 θ)Nrθ]
×

[
sin θ cos θ

(∂2w

∂r2 − 1

r

∂w

∂r
− 1

r2

∂2w

∂θ2

)

+ (cos2 θ − sin2 θ)
(1

r

∂2w

∂r∂θ
− 1

r2

∂w

∂θ

)]

= Nr
∂2w

∂r2 + Nθ

(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)
+ 2Nrθ

∂

∂r

(1

r

∂w

∂θ

)
(21.172)

Substituting Eq. (21.172) into Eq. (21.168), we have

∇2∇2w = 1

D

[
p − 1

1 − ν
∇2MT + Nr

∂2w

∂r2

+ Nθ

(1

r

∂w

∂r
+ 1

r2

∂2w

∂θ2

)
+ 2Nrθ

∂

∂r

(1

r

∂w

∂θ

)]
(Answer)
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Theory and Applications



Chapter 22
Heat Conduction

In this chapter heat conduction problems are presented. Employing the first law of
thermodynamics, the problems in the rectangular Cartesian coordinates, cylindrical
coordinates, and the spherical coordinates are solved. The method of treatments of
the nonhomogeneous boundary and differential equations are given and the lumped
formulation of the heat conduction problems are discussed.

22.1 Problems in Rectangular Cartesian Coordinates

The general form of the governing equation of heat conduction in solids in rectangular
Cartesian coordinates for the anisotropic material is

∂

∂x

(
kx

∂T

∂x

)
+ ∂

∂y

(
ky

∂T

∂y

)
+ ∂

∂z

(
kz

∂T

∂z

)
= −R + ρc

∂T

∂t
(22.1)

where T is the absolute temperature and kx , ky , and kz are the coefficients of thermal
conduction along the coordinate axes x , y, and z, respectively. We will consider the
analytical methods of solution of this partial differential equation and we will discuss
some examples.

22.1.1 Steady Two-Dimensional Problems: Separation of Variables

The general form of the governing partial differential equation for a steady two-
dimensional problem in x and y directions is

∂

∂x

(
kx

∂T

∂x

)
+ ∂

∂y

(
ky

∂T

∂y

)
= −R (22.2)

where the thermal conductivities in x and y directions are assumed to be variable.
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The solution of the partial differential equation (22.2), when kx is a function of
x and ky is a function of y, is obtained by the method of separation of variables, which
is the most common method of solution of this partial differential equation. When
the boundary conditions of a problem are specified, then according to this method,
the solution is sought as the product of functions of each coordinate separately. This
allows the constants of integration in each separated function to be found directly
from the homogeneous boundary conditions, and the non-homogeneous boundary
conditions be treated by using the concept of expansion into a series.

To show the method let us assume a general form of Eq. (22.2)

a1(x)
∂2T

∂x2 + a2(x)
∂T

∂x
+ a3(x)T + b1(y)

∂2T

∂y2 + b2(y)
∂T

∂y
+ b3(y)T = 0 (22.3)

The solution of this equation may be taken in the product form as

T (x, y) = X (x)Y (y) (22.4)

where X (x) is a function of x alone, and Y (y) is a function of y alone. Upon
substitution of Eq. (22.3) into Eq. (22.4) and after dividing of the whole equation by
XY , we get

[
a1(x)

d2X

dx2 + a2(x)
dX

dx
+ a3(x)X

]
1

X
=−

[
b1(y)

d2Y

dy2 + b2(y)
dY

dy
+ b3(y)Y

]
1

Y
(22.5)

The left-hand side of Eq. (22.5) is a function of the variable x only and the right-
hand side is a function of y only. Therefore, we conclude that the only way that the
above equation can hold is when both sides are equal to a constant, say, ±λ2. This
constant is called the separation constant. Considering this, the equation reduces to
the following ordinary differential equations:

a1(x)
d2X

dx2 + a2(x)
dX

dx
+ [a3(x) ∓ λ2]X = 0 (22.6)

b1(y)
d2Y

dy2 + b2(y)
dY

dy
+ [b3(y) ± λ2]Y = 0 (22.7)

These equations may be solved by the techniques of the ordinary differential equa-
tions as two independent equations, and the constants of integration then may be
found using the boundary conditions.

In solving a partial differential equation by the method of separation of variables
two questions may be raised: (1) Is it always possible to find the constants of inte-
gration using the given boundary conditions? (2) What sign should be considered
for the separation constant? The answer to question (1) is positive, provided that
the problem’s geometry is classical (rectangular or circular domains). The answer
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to question (2) depends on the problem’s geometry and the thermal boundary con-
ditions. The nature of the solution must be compatible with the given boundary
conditions. A pair of the homogeneous boundary conditions in a given direction
requires harmonic solution in that direction. Therefore, the sign of the separation
constant is selected in such a way that the solution in the direction of a pair of homo-
geneous boundary conditions leads to a harmonic solution. Referring to Eqs. (22.6)
and (22.7), two boundary conditions are required in each x and y direction. If the
boundary conditions in x direction, as an example, are homogeneous, the sign of
the separation constant must be selected so that the solution in x direction leads to a
harmonic function.

The method described may be readily extended to the three-dimensional and
transient problems as they will be discussed subsequently. Before we show some
examples of this method, we may study the expansion into a Fourier series, as it will
be needed in the treatment of such problems.

22.1.2 Fourier Series

Consider the following series

g(x) = ao
2

+
∞∑

n=1

[an cos nx + bn sin nx] (22.8)

where ao, an , and bn, (n = 1, 2, . . .) are constants. If this series converges for −π ≤
x ≤ +π, then the function g(x) is a periodic function with a period 2π, since sin (nx)
and cos (nx) are periodic functions of period 2π, that is

g(x) = g(x + 2π) (22.9)

Now, we need to know whether it is possible to find a series solution of the above
form for a given function f (x) so that upon expansion into a series of sine and
cosine functions it converges to the given function.

Consider an arbitrary function f (x). Let us assume that this function may be
represented by a trigonometric series

f (x) = a0

2
+

∞∑

n=1

[an cos nx + bn sin nx] (22.10)

It will be assumed that the above series converges to the value of the function f (x).
With this assumption we may integrate both sides of Eq. (22.10) from −π to π
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∫ π

−π
f (x)dx =

∫ π

−π

a0

2
dx +

∞∑

n=1

(∫ π

−π
(an cos nxdx +

∫ π

−π
bn sin nxdx

)
(22.11)

Evaluating each term gives ∫ π

−π

a0

2
dx = πa0

∫ π

−π
an cos(nx)dx = an

∫ π

−π
cos nxdx = an sin nx

n
|π−π = 0

∫ π

−π
bn sin nxdx = bn

∫ π

−π
sin nxdx = −bn cos nx

n
|π−π = 0 (22.12)

Therefore, ∫ π

−π
f (x)dx = πa0 (22.13)

or

a0 = 1

π

∫ π

−π
f (x)dx (22.14)

To calculate an and bn we need to know certain definite integrals. If n and k are
integer numbers, then the following relations for n �= k hold

∫ π

−π
cos nx cos kxdx = 0

∫ π

−π
cos nx sin kxdx = 0

∫ π

−π
sin nx sin kxdx = 0 (22.15)

and for n = k ∫ π

−π
cos2 nxdx = π (n �= 0)

∫ π

−π
cos nx sin nxdx = 0

∫ π

−π
sin2 nxdx = π (n �= 0) (22.16)

With the aid of the relations (d) and (e) we can compute the coefficients an and bn
of the series (22.10). To find the coefficients an for n �= 0, multiplying both sides of
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Eq. (22.10) by cos kx and integrating from −π to π yields

∫ π

−π
f (x) cos kxdx = a0

2

∫ π

−π
cos kxdx +

∞∑

n=1

(
an

∫ π

−π
cos nx cos kxdx

+bn

∫ π

−π
sin nx cos kxdx

)
(22.17)

From relations (22.15) and (22.16), all the integrals on the right-hand side of
Eq. (22.17) equal to zero, except the integral with the coefficient ak , that is

∫ π

−π
f (x) cos kxdx = ak

∫ π

−π
cos2 kxdx = akπ (22.18)

or

ak = 1

π

∫ π

−π
f (x) cos kxdx (22.19)

To obtain bn , we multiply both sides of Eq. (22.10) by sin kx and integrate from
−π to π ∫ π

−π
f (x) sin kxdx = bk

∫ π

−π
sin2 kxdx = bkπ (22.20)

or

bk = 1

π

∫ π

−π
f (x) sin kxdx (22.21)

The coefficients a0, ak , and bk determined by Eqs. (22.14), (22.19), and (22.21) are
called Fourier coefficients of the function f (x), and the trigonometric series (22.10)
is called Fourier series of the function f (x).

One may ask what properties must the function f (x)possess in order to be possible
to expand it into a Fourier series. The following theorem deals with this matter:

Theorem. If a periodic function f (x) with period 2π is piecewise monotonic and
bounded in the interval [−π,π], then Fourier series constructed for this function
converges at all points where f (x) is continuous, and it converges to the average of
the right- and left-hand limits of f (x) at each point where f (x) is discontinuous.

22.1.3 Double Fourier Series

We have discussed the expansion of a function of a single variable into sine and
cosine Fourier series. In many practical problems where a function is defined in
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terms of two independent variables, the solutions may be sought in a form of a series
of products of sine and cosine functions. In this situation, the concept of expansion of
a given function of two variables into a double series will be an essential tool to handle
the non-homogeneous boundary conditions involved in the solution. Expansion of a
function of two independent variables into a double Fourier series is discussed in this
section. The method will be applied to the solutions of problems of heat conduction,
thermal stresses, and deflection of plates.

To expand a given function of two variables into a double Fourier series, we
follow precisely the same procedure as for single variable functions. Consider a
given function f (x, y) defined in the rectangular region −a < x < a, −b < y < b.
It is easily verified that for a set of two orthogonal functions, sinmπx/a,m =
1, 2, 3, . . . , and cos nπy/b, n = 0, 1, 2, 3, . . . , the product of any two functions
obeys the following rules:
For m �= i or n �= j

∫ a

−a

∫ b

−b

(
sin

mπx

a
sin

nπy

b

)(
sin

iπx

a
sin

jπy

b

)
dxdy = 0

∫ a

−a

∫ b

−b

(
sin

mπx

a
cos

nπy

b

)(
sin

iπx

a
cos

jπy

b

)
dxdy = 0

∫ a

−a

∫ b

−b

(
cos

mπx

a
sin

nπy

b

)(
cos

iπx

a
sin

jπy

b

)
dxdy = 0

∫ a

−a

∫ b

−b

(
cos

mπx

a
cos

nπy

b

)(
cos

iπx

a
cos

jπy

b

)
dxdy = 0 (22.22)

The only products of such functions whose integrals do not vanish over the rectan-
gular region are those for which m = i and n = j

∫ a

−a

∫ b

−b

(
sin

mπx

a
sin

nπy

b

)2
dxdy =

∫ a

−a

∫ b

−b

(
sin

mπx

a
cos

nπy

b

)2
dxdy

=
∫ a

−a

∫ b

−b

(
cos

mπx

a
sin

nπy

b

)2
dxdy =

∫ a

−a

∫ b

−b

(
cos

mπx

a
cos

nπy

b

)2
dxdy

= ab m = n = 1, 2, 3, . . . (22.23)

If n = 0 in the second, m = 0 in the third, or either m = 0 or n = 0 in the last of the
above integrals, the results of the integrations is doubled. If m = n = 0 in the last
integral, its value is 4ab.

With the above relations, and following the procedure given for Fourier expansion
of a function of a single variable, we may expand a given function f (x, y) into a
double Fourier series as
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f (x, y) =
∞∑

m=1

∞∑

n=1

Amn sin
mπx

a
sin

nπy

b
+

∞∑

m=1

∞∑

n=0

Bmn sin
mπx

a
cos

nπy

b

+
∞∑

m=0

∞∑

n=1

Cmn cos
mπx

a
sin

nπy

b
+

∞∑

m=0

∞∑

n=0

Dmn cos
mπx

a
cos

nπy

b

(22.24)

To find the coefficients of the series, both sides of the above equation are multi-
plied by one of the functions (sinmπx/a)(sin nπy/b), (sinmπx/a)(cos nπy/b),
(cosmπx/a)(sin nπy/b), or (cosmπx/a)(cos nπy/b), and integrated from −a to a
with respect to x , and from −b to b with respect to y. Using the results of Eqs. (22.22)
and (22.23), we find

Amn = 1

ab

∫ a

−a

∫ b

−b
f (x, y) sin

mπx

a
sin

nπy

b
dxdy

Bmn = 1

ab

∫ a

−a

∫ b

−b
f (x, y) sin

mπx

a
cos

nπy

b
dxdy

Cmn = 1

ab

∫ a

−a

∫ b

−b
f (x, y) cos

mπx

a
sin

nπy

b
dxdy

Dmn = 1

ab

∫ a

−a

∫ b

−b
f (x, y) cos

mπx

a
cos

nπy

b
dxdy (22.25)

The values of Bm0,C0n, D0n, Dm0 are one half, and D00 is one quarter of the above
values.

If the function f (x, y) is an odd function of both x and y, then Bmn = Cmn =
Dmn = 0 and it follows that

f (x, y) =
∞∑

m=1

∞∑

n=1

Amn sin
mπx

a
sin

nπy

b
(22.26)

where Amn is obtained from the first of Eq. (22.25).

22.1.4 Bessel Functions and Fourier-Bessel Series

Bessel functions
Consider a differential equation of the form

x2 d
2y

dx2 + x
dy

dx
+ (x2 − p2)y = 0 (22.27)
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where p is any real, imaginary, or complex constant. The solution of this differential
equation is sought in the form of a series of products of some power of x , that is

y = xr
∞∑

k=0

akx
k (22.28)

The coefficient a0 is a nonzero constant. Equation (22.28) may be rewritten as

y =
∞∑

k=0

akx
r+k (22.29)

A solution presented by this equation is complete if the coefficientsak are computed in
such a way that the series (22.29) satisfies the differential equation (22.27). Therefore,
taking the derivatives

y′ =
∞∑

k=0

(r + k)akx
r+k−1

y
′′ =

∞∑

k=0

(r + k)(r + k − 1)akx
r+k−2

and substituting in Eq. (22.27) yields

x2
∞∑

k=0

(r + k)(r + k − 1)akx
r+k−2 + x

∞∑

k=0

(r + k)akx
r+k−1

+ (x2 − p2)

∞∑

k=0

akx
r+k = 0 (22.30)

To satisfy Eq. (22.30) for all the values of x , the coefficients of x to the power r ,
r + 1, r + 2, . . . , r + k must be equal to zero, which yields a system of equations

[(r − 1)r + r − p2]a0 = 0

[(r + 1)r + (r + 1) − p2]a1 = 0

[(r + 2)(r + 1) + (r + 2) − p2]a2 + a0 = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[(r + k)(r + k − 1) + (r + k) − p2]ak + ak−2 = 0

These equations can be written in the form

[r2 − p2]a0 = 0
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[(r + 1)2 − p2]a1 = 0

[(r + 2)2 − p2]a2 + a0 = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

[(r + k)2 − p2]ak + ak−2 = 0 (22.31)

The last of Eq. (22.31) can be presented as

[(r + k − p)(r + k + p)]ak + ak−2 = 0

Since a0 cannot be zero, therefore, from the first of Eq. (22.31)

r2 − p2 = 0

The roots are r1 = p, r2 = −p. From the second of Eq. (22.31), a1 = 0.
First, a solution for r1 = p > 0 is considered. From the system of Eq. (22.31) all

the coefficients a1, a2, . . . are computed in succession in terms of a0. For instance,
if we put a0 = 1, then

ak = − ak−2

k(2p + k)
(22.32)

which for different values of k yields

a1 = 0, a3 = 0, and in general a2ν+1 = 0

a2 = − 1

2(2p + 2)

a4 = 1

2 × 4(2p + 2)(2p + 4)

a2ν = (−1)ν
1

2 × 4 × 6 × . . . × 2ν(2p + 2)(2p + 4) × . . . × (2p + 2ν)
(22.33)

where ν is a natural number. Upon substitution of the coefficients ak from Eq. (22.33)
into Eq. (22.28), we receive

y1 = x p
[

1 − x2

2(2p + 2)
+ x4

2 × 4(2p + 2)(2p + 4)

− x6

2 × 4 × 6(2p + 2)(2p + 4)(2p + 6)
+ . . .

]
(22.34)

All the coefficients a2ν are determined, as for every k the coefficient of ak in
Eqs. (22.31), (r + k)2 − p2, is different from zero. The function y1 from Eq. (22.34)
is a particular solution of Eq. (22.27).
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Now, we will establish a condition under which all the coefficients ak will be
determined for the second root r2 = −p. This occurs if for any even natural number
k the following inequalities are satisfied

(r2 + k)2 − p2 �= 0 (22.35)

or
±(r2 + k) �= p

But p = r1, hence
±(r2 + k) �= r1

Therefore, condition (e) is in this case equivalent to

±(r1 − r2) �= k

where k is an even natural number. But

r1 = p, r2 = −p

Thus
r1 − r2 = 2p

Therefore, if p is not equal to an integer, it is possible to write a second particular
solution that is obtained from expression (22.34) by substituting −p for p

y2 = x−p
[

1 − x2

2(−2p + 2)
+ x4

2 × 4(−2p + 2)(−2p + 4)

− x6

2 × 4 × 6(−2p + 2)(−2p + 4)(−2p + 6)
+ . . .

]
(22.36)

It is easily verified that both series from expressions (22.34) and (22.36) converge for
all the values of x . The series for y1, in Eq. (22.34), multiplied by a certain constant,
is called Bessel function of the first kind of orderp and is designated by Jp. The series
y2 in Eq. (22.36) is then J−p.

The general solution to Eq. (22.27) for p not equal to an integer is

y = C1 Jp(x) + C2 J−p(x) (22.37)

where C1 and C2 are arbitrary constants and Jp(x) and J−p(x) are defined as

Jp(x) =
∞∑

k=0

(−1)k
( x2 )p+2k

k!�(p + k + 1)
(22.38)
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and

J−p(x) =
∞∑

k=0

(−1)k
( x2 )−p+2k

k!�(−p + k + 1)
(22.39)

The function �(.) appearing in these equations is called the Gamma function and is
defined for integer numbers as

�(p + 1) = p�(p) = p!
�(1) = 0! = 1 (22.40)

When p is a real number, then �(.) is defined as

�(p)�(p − 1) = π

sin π p
(22.41)

The solution (22.37) is valid as long as p is not an integer number. When p = n,
a natural number, Jp(x) and J−p(x) are not two independent solutions of Eq. (22.27)
and it is easily verified that for p = n the following relation exists

J−n(x) = (−1)n Jn(x) (22.42)

Thus, the functions given in Eq. (22.37) are a constant multiple of the other and the
solution is not complete, and therefore we must look for another independent solution
to be combined with Jn(x) to give the complete solution. To obtain a second linearly
independent solution, the function Yp(x) is defined as

Yp(x) = Jp(x) cos pπ − J−p(x)

sin pπ
(22.43)

This combination of Jp(x) and J−p(x) is obviously a solution of Bessel equation for
p not being an integer, as cos π p and sin π p are constant numbers. Note that Yp(x)
is linearly independent of Jp(x). When p = n is an integer, Yp(x) assumes the
indeterminate form 0/0. A rather tedious mathematical manipulation indicates that
the limit when p → n exists and Yp(x) in this case is a solution of Bessel equation.

We, therefore, conclude that Eqs. (22.38) and (22.43) are two linearly independent
solutions of Bessel Eq. (22.27) when p is any real or imaginary number, and the
general solution of Eq. (22.27) can be written as

y(x) = C1 Jp(x) + C2Yp(x) (22.44)

The function Yp(x) is known as Bessel function of the second kind of order p.
In the differential equation (22.27) replacing x by ±i x we arrive at

x2 d
2y

dx2 + x
dy

dx
− (x2 + p2)y = 0 (22.45)
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This equation is called the modified Bessel equation and its solution is readily
obtained by replacing x by i x in Eq. (22.44), thus

y(x) = C1 Jp(i x) + C2Yp(i x) (22.46)

According to the definition, from Eq. (22.38) it follows that

Jp(i x) =
∞∑

k=0

(−1)k( 1
2 i x)

p+2k

k!�(p + k + 1)

= i p
∞∑

k=0

( 1
2 x)

p+2k

k!�(p + k + 1)

Defining the modified Bessel function of the first kind of order p as

Ip(x) =
∞∑

k=0

( 1
2 x)

p+2k

k!�(p + k + 1)
(22.47)

we find that
Jp(i x) = i p Ip(x) (22.48)

When p = n is a natural number

In(x) = i−n Jn(i x)

and by interchanging n by −n we receive

I−n(x) = in J−n(i x) = (−1)nin Jn(i x) = i−n Jn(i x)

The comparison shows that
In(x) = I−n(x) (22.49)

Also, since k is an even natural number, from Eq. (22.47) we find that

In(−x) = (−1)n In(x) (22.50)

Equation (22.50) indicates that In(x) is odd or even, depending upon the value of n.
When n is an even integer In(x) is an even function of x , and when n is odd integer
In(x) is an odd function of x .

The second solution of Eq. (22.45), which is linearly independent of Ip(x), is
I−p(x) if p is not an integer. But, since I−p(x) is not in general independent of
Ip(x) and for integer values of p it is a constant multiple of Ip(x), we introduce the
function Kp(x) as
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Fig. 22.1 Bessel functions of the first and second kind

Kp(x) = 1

2
π

[I−p(x) − Ip(x)]
sin pπ

(22.51)

The function Kp(x) is called the modified Bessel function of the second kind of
order p, and it is a solution linearly independent of Ip(x). The complete solution of
Eq. (22.45) is thus shown to be

y(x) = C1 Ip(x) + C2Kp(x) (22.52)

The graphical representations of Bessel functions and the modified Bessel func-
tions of the first and second kinds, respectively, are presented in Figs. 22.1 and 22.2.
More mathematical details are left out and the reader interested in Bessel functions
may consult specialized books on the subject.

Fourier-Bessel series
Let us consider the piecewise continuous function f (x) defined in the interval

0 < x < a. Fourier-Bessel series is defined as

f (x) =
∞∑

j=1

A j Jn(ξ j x) (22.53)
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Fig. 22.2 Modified Bessel functions of the first and second kind

where

A j = 1

‖ Jn(ξ j x) ‖2

∫ a

0
x f (x)Jn(ξ j x)dx j = 1, 2, . . . (22.54)

and ‖ Jn(ξ j x) ‖2 is the square of the norm of Jn(ξ j x) on the interval 0 < x < a,
with weight function x , and is defined by

‖ Jn(ξ j x) ‖2 =
∫ a

0
x[Jn(ξ j x)]2dx

= ξ2
j a

2[J ′
n(ξ j a)]2 + (ξ2

j a
2 − n2)[Jn(ξ j a)]2

2ξ2
j

(22.55)

Now the coefficient A j in Eq. (22.53) is obtained for three special cases.
(1) if ξ j , ( j = 1, 2, . . .) are the positive roots of the equation

Jn(ξa) = 0 (22.56)

then the coefficient A j is given by

A j = 2

a2[Jn+1(ξ j a)]2

∫ a

0
x f (x)Jn(ξ j x)dx j = 1, 2, . . . (22.57)

(2) if ξ j , ( j = 1, 2, . . .) are the positive roots of the equation

bJn(ξa) + ξaJ ′
n(ξa) = 0 (b ≥ 0, b + n > 0) (22.58)
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which can also be written in the form

(b + n)Jn(ξa) − ξaJn+1(ξa) = 0 (22.59)

then the coefficient A j is given as

A j = 2ξ2
j

(ξ2
j a

2 − n2 + b2)[Jn(ξ j a)]2

∫ a

0
x f (x)Jn(ξ j x)dx j = 1, 2, . . . (22.60)

(3) if n = 0 in Eq. (22.53) and ξ j , ( j = 1, 2, . . .) are the positive roots of the
equation

J ′
0(ξa) = 0 (22.61)

which can also be written in the form

J1(ξa) = 0 (22.62)

then the coefficient A j is given as

A j = 2

a2[J0(ξ j a)]2

∫ a

0
x f (x)J0(ξ j x)dx j = 1, 2, . . . (22.63)

In the latter case, since ξ1 = 0 and J0(0) = 1, it is more convenient to write
Eq. (22.53) in the form

f (x) = A1 +
∞∑

j=2

A j J0(ξ j x) (22.64)

where

A1 = 2

a2

∫ a

0
x f (x)dx

A j = 2

a2[J0(ξ j a)]2

∫ a

0
x f (x)J0(ξ j x)dx j = 2, 3, (22.65)

With the general discussion presented for the method of separation of variables,
Fourier expansion of a function, Bessel function, and Fourier-Bessel expansion, we
may now consider the solution to some problems.

22.1.5 Nonhomogeneous Differential Equations and Boundary
Conditions

In the previous section we studied a heat conduction problem in two-dimensional
rectangular coordinates governed by a homogeneous differential equation, where
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all boundary conditions except one were homogeneous, and the application of the
nonhomogeneous boundary condition resulted in obtaining the final solution to the
problem. Now the question arises on how we should deal with problems in which:

(a) Two or more boundary conditions are nonhomogeneous.
(b) The governing differential equation is nonhomogeneous.

The first type of problems is easily handled by the principle of superposition. Since
the governing differential equation for heat conduction in solids is linear, therefore,
we may use the concept of linear superposition of the auxiliary problems. To describe
the method we consider the following example.

22.2 Problems and Solutions Related to Heat Conduction

Problem 22.1. Find the steady-state temperature distribution in the rectangular plate
shown in Fig. 22.3.

Solution: The heat conduction equation and associated boundary conditions are

∂2T

∂x2 + ∂2T

∂y2 = 0, 0 ≤ x ≤ a, 0 ≤ y ≤ b

T (0, y) = f (y), T (a, y) = T0

K
∂T (x, 0)

∂y
= q

′′
, K

∂T (x, b)

∂y
+ h(T (x, b) − T∞) (22.66)

Applying the simple transform θ = T − T∞, see Fig. 22.4, the heat conduction
Eq. (22.66) simplifies to

Fig. 22.3 Rectangular plate
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Fig. 22.4 The problem in terms of θ

∂2θ

∂x2 + ∂2θ

∂y2 = 0, 0 ≤ x ≤ a, 0 ≤ y ≤ b

θ(0, y) = θ(y), θ(a, y) = θ0 = T0 − T∞

K
∂θ(x, 0)

∂y
= q

′′
, K

∂θ(x, b)

∂y
+ hθ(x, b) = 0 (22.67)

where θ(y) = f (y)− T∞. To obtain a solution for boundary value problem (22.67),
the solution is divided into three parts as θ = θ1 + θ2 + θ3, as shown in Fig. 22.5.
Employing this transformation and separating the equations, each equation has one
non-homogeneous boundary condition. Note that in each figure the coordinate system
is placed on the sides where boundary conditions are homogeneous. The results are
three boundary value problems as

∂2θ1

∂x2 + ∂2θ1

∂y2 = 0, 0 ≤ x ≤ a, 0 ≤ y ≤ b

θ1(0, y) = θ(y), θ1(a, y) = 0,

K
∂θ1(x, 0)

∂y
= 0, K

∂θ1(x, b)

∂y
+ hθ1(x, b) = 0 (22.68)

∂2θ2

∂x2 + ∂2θ2

∂y2 = 0, 0 ≤ x ≤ a, 0 ≤ y ≤ b

θ2(0, y) = 0, θ2(a, y) = 0,

K
∂θ2(x, 0)

∂y
= q

′′
, K

∂θ2(x, b)

∂y
+ hθ2(x, b) = 0 (22.69)

∂2θ3

∂x2 + ∂2θ3

∂y2 = 0, ≤ x ≤ a, 0 ≤ y ≤ b

θ3(0, y) = 0, θ3(a, y) = θ0,

K
∂θ3(x, 0)

∂y
= 0, K

∂θ3(x, b)

∂y
+ hθ3(x, b) = 0 (22.70)
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Fig. 22.5 Decomposition of the main problem into three separate problems with one nonhomoge-
neous boundary condition for each one

where new coordinates, x = a − x and y = b − y are used for Eqs. (22.69) and
(22.70). Now each of the Eqs. (22.68)–(22.70) have to be solves separately.

Solution for θ1: Following the method of separation of variables, θ1(x, y) =
X1(x)Y1(y). Thus, the governing equation for θ1 transforms to

X
′′
1(x) − λ2X1(x) = 0

Y
′′
1 (y) + λ2Y1(y) = 0, Y

′
1(0) = 0, Y

′
1(b) + h

K
Y1(b) = 0 (22.71)

Finding the solution of the eigenvalue problem Y1(y) gives us Y1n(y) = cos(λn y),

where λn is the nth. positive real root of the equation λ tan(λb) = h

K
. Therefore,

the eigenvalues are known and the solution of θ1 may be written in the form

θ1 =
∞∑

n=1

(A1n sinh(λnx) + B1n cosh(λnx)) cos(λn y) (22.72)

The introduced coefficients A1n and B1n have to be obtained using the boundary
conditions along the x-axis. Employing the first and second boundary conditions
from Eq. (22.68) into the above equation results in give

∞∑

n=1

(A1n sinh(λna) + B1n cosh(λna)) cos(λn y) = 0

∞∑

n=1

B1n cos(λn y) = θ(y) (22.73)

Solving the system of Eq. (22.73) for A1n and B1n and substituting the coefficients
into Eq. (22.72) gives the final form of the solution for θ1 as
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θ1 =
∞∑

n=1

2λn (cosh(λnx) − coth(λna) sinh(λnx))

bλn + sin(λnb) cos(λnb)

∫ b

0
θ(y) cos(λn y)dy (22.74)

Solving θ2: By means of separation of variables method we may write the function
θ2(x, y) in the form θ2(x, y) = X2(x)Y2(y). In this case the governing equations
for X2 and Y2 become

Y
′′
2 (y) − μ2Y2(y) = 0

X
′′
2(x) + μ2X2(x) = 0, X2(0) = 0, X2(a) = 0 (22.75)

Solving the eigenvalue problem X2(x) gives X2n(x) = sin
(nπx

a

)
. Hence the solu-

tion for θ2 may be written in the following form

θ2 =
∞∑

n=1

(
(A2n cosh

(nπy

a

)
+ B2n sinh

(nπy

a

))
sin
(nπx

a

)
(22.76)

Now the constants A2n and B2n have to be obtained by means of the associated bound-
ary conditions on y = 0, b. These boundary conditions according to Eq. (22.69) are

∞∑

n=1

nπ

a
B2n sin

(nπx

a

)
= 1

K
q

′′

∞∑

n=1

(
A2n

(
h

K
+ nπ

a
tan

(
nπb

a

))
+ B2n

(
h

K
tan

(
nπb

a

)
+ nπ

a

))
sin
(nπx

a

)
= 0

(22.77)

Solving the system of Eq. (22.77) for A2n and B2n and substituting the results into
Eq. (22.76) gives

θ2 =
∞∑

n=1

2aq
′′

n2π2K
(1 − (−1)n)

×

⎧
⎪⎪⎨

⎪⎪⎩
sinh

(nπy

a

)
−

nπ

a
+ h

K
tanh

(
nπb

a

)

nπ

a
tanh

(
nπb

a

)
+ h

K

cosh
(nπy

a

)
⎫
⎪⎪⎬

⎪⎪⎭
sin
(nπx

a

)

(22.78)

Solving θ3: Following the method of separation of variables for θ3(x, y) we may
write θ3(x, y) = X3(x)Y3(y). Thus the governing equation for θ3 reduces to
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X
′′
3(x) − λ2X3(x) = 0

Y
′′
3 (y) + λ2Y3(y) = 0, Y

′
3(0) = 0, Y

′
3(b) + h

K
Y3(b) = 0 (22.79)

Finding the solution of eigenvalue problem Y3(y) gives Y3n(y) = cos(λn y), where

λn is the nth positive real root of the equation λ tan(λb) = h

K
. Therefore, the

eigenvalues are known and the solution of θ3 may be written in the form

θ3 =
∞∑

n=1

(A3n sinh(λnx) + B3n cosh(λnx)) cos(λn y) (22.80)

where the introduces coefficients A3n and B3n have to be obtained by means of
the boundary conditions along the x-axis. Employing the first and second boundary
conditions of Eq. (22.70) gives

∞∑

n=1

(A3n sinh(λna) + B3n cosh(λna)) cos(λn y) = θ0

∞∑

n=1

B3n cos(λn y) = 0 (22.81)

Solving the system of Eq. (22.81) for A3n and B3n and substituting the coefficients
into Eq. (22.80) gives the final form of the solution for θ3 as

θ3 = θ0

∞∑

n=1

2 sin(λnb)

sinh(λna)(λnb + sin(λnb) cos(λnb))
sinh(λnx) cos(λn y) (22.82)

After finding θ1, θ2, and θ3 the temperature distribution becomes

T = T∞ + θ1 + θ2 + θ3 (22.83)

Problem 22.2. Consider an infinitely long bar of square cross section floating in
a fluid of constant temperature T0. If the heat transfer coefficient between the bar
and the fluid is large compared with that of the bar and ambient, find a steady-state
distribution of the temperature in the cross section of the bar.

Solution: The heat conduction equation and associated boundary conditions are

∂2T

∂x2 + ∂2T

∂y2 = 0, 0 ≤ x ≤ L , 0 ≤ y ≤ L

T (0, y) = T0

T (x, 0) = T0
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−K
∂T (L , y)

∂x
= h(T (L , y) − T∞)

−K
∂T (x, L)

∂y
= h(T (x, L) − T∞) (22.84)

where K is thermal conductivity coefficient. Defining θ = T − T∞, Eq. (22.84)
transforms to

∂2θ

∂x2 + ∂2θ

∂y2 = 0, 0 ≤ x ≤ L , 0 ≤ y ≤ L

θ(0, y) = θ0

θ(x, 0) = θ0

−K
∂θ(L , y)

∂x
= hθ(L , y)

−K
∂θ(x, L)

∂y
= hθ(x, L) (22.85)

in which θ0 = T0 − T∞. As a solution of the Eq. (22.85), lets assume θ = θ1 + θ2.
This transformation is adopted to divide the boundary value problem (22.85) into
two partial differential equations where each of them has at least two homogeneous
boundary conditions. Therefore the following governing equations are resulted for
θ2 and θ2.

∂2θ1

∂x2 + ∂2θ1

∂y2 = 0

θ1(0, y) = 0, θ1(x, 0) = θ0

−K
∂θ1(L , y)

∂x
= hθ1(L , y), −K

∂θ1(x, L)

∂y
= hθ1(x, L)

(22.86)

∂2θ2

∂x2 + ∂2θ2

∂y2 = 0

θ2(0, y) = θ0, θ2(x, 0) = 0

−K
∂θ2(L , y)

∂x
= hθ2(L , y), −K

∂θ2(x, L)

∂y
= hθ2(x, L)

Solving θ1: Following the method of separation of variables lets define θ1 = X1
(x)Y1(y). Substituting the aforementioned separation into Eq. (22.86) reveals us

X
′′
1(x) + λ2X1(x) = 0, X1(0) = 0, K X

′
1(L) + hX1(L) = 0

Y
′′
1 (y) − λ2Y1(y) = 0 (22.87)
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Solving the upper eigenvalue problem gives us X1n(x) = sin(λnx), where λn

is defined as the nth positive real root of the equation tan(λL) + K

h
λ = 0. Now

the eigenvalues λn are known and after finding Y1n , the solution of θ1 may be written
in the form

θ1 =
∞∑

n=1

(An cosh(λn y) + Bn sinh(λn y)) sin(λnx) (22.88)

The constants An and Bn have to be obtained by means of boundary conditions on
y = 0, L . By means of series expansion (22.88) one may reach to

∞∑

n=1

An sin(λnx) = θ0

∞∑

n=1

{
An(λn sinh(λnL) + h

K
cosh(λnL))

+ Bn(λn cosh(λnL) + h

K
sinh(λnL)))

}
sin(λnx) = 0 (22.89)

Solving the upper system of equations gives us

An = 2θ0(1 − cos(λnL))

L + h

K
cos2(λnL)

Bn = −
h

Kλn
+ tanh(λnL)

1 + h

Kλn
tanh(λnL)

An (22.90)

Finally, substituting the Eq. (22.90) into Eq. (22.88), gives the solution of θ1 as

θ1 =
∞∑

n=1

2θ0(1 − cos(λnL))

L + h

K
cos2(λnL)

×

⎛

⎜⎜⎝cosh(λn y) −
h

Kλn
+ tanh(λnL)

1 + h

Kλn
tanh(λnL)

sinh(λn y)

⎞

⎟⎟⎠ sin(λnx) (22.91)

Solving θ2: Following the method of separation of variables lets define
θ2 = X2(x)Y2(y). Substituting this separation into Eq. (22.87) reveals us

Y
′′
2 (y) + μ2Y2(y) = 0, Y2(0) = 0, KY

′
2(L) + hY2(L) = 0

X
′′
2(x) − μ2X2(x) = 0 (22.92)
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Solving the upper eigenvalue problem gives us Y2n(y) = sin(μn y), where μn is

defined as the nth positive real root of the equation tan(μL) + K

h
μ = 0. As seen

μn = λn and therefore in the rest of present work, we use λn instead of μn . Now the
eigenvalues λn are known and after finding X2n , the solution of θ2 may be written
in the form

θ2 =
∞∑

n=1

(Cn cosh(λnx) + Dn sinh(λnx)) sin(λn y) (22.93)

The constants Cn and Dn have to be obtained by means of boundary conditions on
x = 0, L . Recalling Eq. (22.87), with the simultaneous aid of Eq. (22.93) one may
reach to

∞∑

n=1

Cn sin(λn y) = θ0

∞∑

n=1

{
Cn(λn sinh(λnL) + h

K
cosh(λnL))+

Dn(λn cosh(λnL) + h

K
sinh(λnL))

}
sin(λn y) = 0 (22.94)

Solving the upper system of equations gives us

Cn = 2θ0(1 − cos(λnL))

L + h

K
cos2(λnL)

Dn = −
h

Kλn
+ tanh(λnL)

1 + h

Kλn
tanh(λnL)

Cn (22.95)

Finally, substituting the Eq. (22.95) into Eq. (22.93), gives the solution of θ2 as

θ2 =
∞∑

n=1

2θ0(1 − cos(λnL))

L + h

K
cos2(λnL)

×

⎛

⎜⎜⎝cosh(λnx) −
h

Kλn
+ tanh(λnL)

1 + h

Kλn
tanh(λnL)

cosh(λnx)

⎞

⎟⎟⎠ sin(λn y) (22.96)

Now, the solution for T (x, y) is equal to T = T∞ + θ1 + θ2 which may be written
also in the following closed form expression
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T = T∞

+ 2θ0

∞∑

n=1

⎛

⎜⎝
1 − cos(λnL)

L + h

K
cos2(λnL)

⎞

⎟⎠

× (sin(λn y) cosh(λnx) + sin(λnx) cosh(λn y))

− 2θ0

∞∑

n=1

⎛

⎜⎝
1 − cos(λnL)

L + h

K
cos2(λnL)

⎞

⎟⎠

⎛

⎜⎜⎝

h

Kλn
+ tanh(λnL)

1 + h

Kλn
tanh(λnL)

⎞

⎟⎟⎠

× (sin(λnx) sinh(λn y) + sin(λn y) sinh(λnx)) (22.97)

22.2.1 Lumped Formulation

In many practical cases the differential formulation of heat conduction requires the
solution in complex geometries where the boundary conditions are complicated. Fur-
thermore, the nature of the geometry is such that the detailed analysis in particular
direction does not provide valuable information. In this case, we may ignore the dif-
ferential formulation in that direction and by averaging the temperature distribution
simplify the solution while satisfying the boundary conditions. A lumped formulation
of a problem in a specific direction means that it is independent of space variable
in that direction. For this reason, proper consideration of boundary conditions in
the lumped direction must be observed to insure the correctness of the solution.
Depending on the problem’s geometry, we are allowed to lump in one or more space
directions. The result of lumped formulation of a problem in any direction should,
however, result in simplification of the solution while the boundary conditions and
the required accuracy are maintained. In general, when a problem is lumped in one
or more than one direction, the general form of distributed law of heat conduction
is no longer valid and the governing equation is obtained by consideration of the
heat balance of the lumped element. The following examples illustrate the lumped
formulation for a triangular fin and a turbine blade.

Problem 22.3. Consider a portion of a gas turbine blade shown in Fig. 22.6a. An ele-
ment of the blade is shown in Fig. 22.6b and an idealized configuration of the cross
section for the calculation purpose is shown in Fig. 22.6c. The blade is cooled over
its base and receives heat over its other surfaces in convective and radiative form as
a result of the flow of hot gases. The boundary conditions are shown in Fig. 22.6a.
We may assume that the tip of the blade is insulated. We are to find a temperature
field within the blade.

Solution: The coordinates x and y are defined in Fig. 22.6a. For an element shown
in Fig. 22.6b, the energy balance equation may be written in the form
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Fig. 22.6 Turbine blade

− ∂(qx Ax )

∂x
dx − ∂(qy Ay)

∂y
dy − 2h∞(T − T∞)dxdy + 2q

′′
dxdy = 0 (22.98)

where in the above equation, T∞ is the reference temperature and h∞ is the heat

transfer coefficient. Noting that Ax = b
( x
L

)2
dy, Ay = b

( y
L

)2
dx , qx = −K

∂θ

∂x

and qy = −K
∂θ

∂y
, where θ = T − T∞. Therefore the above equations simplifies to

∂

∂x2

(
x2 ∂θ

∂x

)
+ x2 ∂2θ

∂y2 − m2θ = −n (22.99)

Here, for the sake of simplicity the constants m2 = 2h∞L2

Kb
and n = 2q

′′
2 L

2

Kb
are

introduced. The associated boundary conditions for the above equation are

θ(0, y) = f ini te

− K
∂θ(L , y)

∂x
= −q

′′
1 + h∞θ(L , y)

∂θ(x, 0)

∂y
= 0

− K
∂θ(x, l)

∂y
= h0(θ(x, l) − θ0) (22.100)
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where θ0 = T0 − T∞. To obtain a solution for Eq. (22.99), θ(x, y) is divided as the
sum of two functions in the form of θ(x, y) = ψ(x, y) + φ(x), where the governing
equation for each of these functions and their associated boundary conditions are

d

dx

(
x2 dφ

dx

)
− m2φ = −n

φ(0) = f ini te,

− K
dφ(L)

dx
= −q

′′ + h∞φ(L) (22.101)

∂

∂x

(
x2 ∂ψ

∂x

)
+ x2 ∂2ψ

∂y2 − m2ψ = 0

ψ(0, y) = f ini te

∂(x, 0)

∂y
= 0

− K
∂ψ(L , y)

∂x
= h∞ψ(L , y)

− K
∂ψ(x, l)

∂y
= h0(ψ(x, 0) + φ(x) − θ0) (22.102)

At first, the solution ofφ(x)has to be obtained. The solution of this equation according
to Eq. (22.101) may be expressed as

φ(x) = Axα− 1
2 + Bx−α− 1

2 + n

m2 (22.103)

where α =
√

(m2 + 1
4 ). Constants A and B have to be calculated using the boundary

conditions (22.101). As seen, for α ≥ 1
2 and B �= 0, limx→0+ φ(x) = ∞ which is

in contradiction with φ(0) = finite, hence B = 0. Applying the other boundary
condition gives the constant A as

A = q
′′
1 − q

′′
2

Lα− 3
2
(
Lh∞ + K (α − 1

2 )
) . (22.104)

And so the solution of φ(x) is accomplished in the form

φ(x) = q
′′
1 − q

′′
2

Lα− 3
2 (Lh∞ + K (α − 1

2 ))
xα− 1

2 + q
′′
2

h∞
(22.105)

The solution of boundary value problem (22.102) may be obtained by means of sep-
aration of variables method. Assuming the solution of Eq. (22.102) in the form
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ψ(x, y) = X (x)Y (y), the governing equations for X (x) and Y (y) become

x2 d
2X

dx2 + 2x
dX

dx
+ (λ2x2 − m2)X = 0

d2Y

dy2 − λ2Y = 0 (22.106)

The exact solutions of the Eq. (22.106) may be written as

Y (y) = C1e
λy + C2e

−λy

X (x) = C3x
− 1

2 Jα(λx) + C4x
− 1

2 Yα(λx) (22.107)

where Jα and Yα are the Bessel functions of the first and second kind of order α.
Constants Ci , i = 1, 2, 3, 4 have to be obtained by means of boundary condi-
tions (22.102). Due to property of the Bessel function of second kind limx→0+ Yα

(λx) = −∞. Therefore when C4 �= 0 , limx→0+ X (x) = ∞, which is in contra-
diction with the boundary condition ψ(0, y) = finite. Therefore C4 = 0. The other
boundary condition on x results in

Jα(λL)

(
1

2L
− h∞

K

)
= λJ

′
α(λL) (22.108)

Assuming λn as the nth positive real root of the Eq. (22.108), the eigenfunctions
Xn(x) become

Xn(x) = x− 1
2 Jα(λnx) (22.109)

Finally the solution of function ψ(x, y) may be written as the linear summation of
functions ψn(x, y) as

ψ(x, y) =
∞∑

n=1

ψn(x, y) =
∞∑

n=1

(
C1ne

λn y + C2ne
−λn y

)
x− 1

2 Jα(λnx) (22.110)

Considering the boundary condition
∂ψ(x, 0)

∂y
= 0 gives us C1n = C2n . Defining

Cn = 1

2
C1n = 1

2
C2n simplifies the Eq. (22.110) to the following form

ψ(x, y) =
∞∑

n=1

Cn cosh(λn y)x
− 1

2 Jα(λnx) (22.111)

Employing the boundary condition −K
∂ψ(x, l)

∂y
= h0(ψ(x, l)+φ(x)−θ0) gives us
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∞∑

n=1

Cn(Kλn cosh(lλn) + h0 sinh(lλn))x
− 1

2 Jα(λnx) = h0(θ0 − φ(x)) (22.112)

Now to find the constants Cn , the associated weight function for Xn’s have to be
determined. Based on Eq. (22.106), functions Xn(x), n = 1, 2, . . . ,∞ are orthog-
onal functions with respect to each other when the weight function w(x) = x2 is
also taken into account. To obtain the constants Cn both sides of the Eq. (22.112) are
multiplied by Xm(x)w(x) and integrated over x = [0, L], which reveals us

Cn = h0
∫ L

0 (θ0 − φ(x))x
3
2 Jα(λnx)dx

(Kλn sinh(lλn) + h0 cosh(lλn))
∫ L

0 x J 2
α(λnx)dx

(22.113)

Note that, the function φ(x) is known in Eq. (22.105), and therefore constants Cn

have to be evaluated through Eq. (22.113). Substituting constantsCn into Eq. (22.112)
reveals the solution for function ψ(x, y). The temperature distribution through the
gas turbine blade is then θ(x, y) = ψ(x, y) + φ(x).

22.3 Problems in Cylindrical Coordinates

A general form of the governing equation of heat conduction in cylindrical coordi-
nates is

k

(
∂2T

∂r2 + 1

r

∂T

∂r
+ 1

r2

∂2T

∂φ2 + ∂2T

∂z2

)
+ R = ρc

∂T

∂t
(22.114)

In the following, we will discuss one-, two-, and three-dimensional problems, both
steady-state and transient.

Problem 22.4. Consider a hollow thick cylinder of inside radius a and outside
radius b. The initial temperature of the cylinder is T = 0 at t = 0. At time t > 0, a
constant heat flux q

′′
is radiated to the side of the cylinder. The side z = 0 is insu-

lated and z = L is at ambient temperature T∞. The inside surface is kept at constant
temperature T0. Find the transient temperature distribution in the cylinder.

Solution: Assuming the axisymmetric temperature distribution, the problem is find-
ing the temperature distribution T (r, z, t) which satisfies the following heat conduc-
tion equation and associated initial and boundary conditions
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∂2T

∂r2 + 1

r

∂T

∂r
+ ∂2T

∂z2 = 1

κ

∂T

∂t
∂T

∂r
(b, z, t) = − 1

K
q

′′
,

∂T

∂z
(r, 0, t) = 0

T (r, L , t) = T∞, T (a, z, t) = T0
T (r, z, 0) = 0

(22.115)

Due to the non-homogeneity of boundary conditions, the solution of the partial
differential equation (22.115) is assumed in the form

T = ψ(r, z, t) + θ(r, z) + T∞ (22.116)

Substituting the Eq. (22.116) into the Eq. (22.115), the following set of conditions
are obtained for θ(r, z)

∂2θ

∂r2 + 1

r

∂θ

∂r
+ ∂2θ

∂z2 = 0

θ(a, z) = θ0,
∂θ

∂r
(b, z) = − 1

K
q

′′

θ(r, L) = 0,
∂θ

∂z
(r, 0) = 0 (22.117)

And the governing equation for ψ(r, z, t) may be written as

∂2ψ

∂r2 + 1

r

∂ψ

∂r
+ ∂2ψ

∂z2 = 1

κ

∂ψ

∂t
∂ψ

∂r
(b, z, t) = 0,

∂ψ

∂z
(r, 0, t) = 0

ψ(r, L , t) = 0, ψ(a, z, t) = 0,

ψ(r, z, 0) = −θ(r, z) − T∞ (22.118)

Each of the functions θ(r, z) and ψ(r, z, t) have to be obtained. According to the initial
condition of the function ψ(r, z, t), at first the function θ(r, z) has to be obtained.

Solving θ(r, z): By means of separation of variables method, lets separate the
function θ in the form θ(r, z) = R(r)Z(z), which transform the Eq. (22.117) to

r R
′′
(r) + R

′
(r)

r R(r)
= − Z

′′
(z)

Z(z)
= λ2, Z

′
(0) = 0, Z(L) = 0 (22.119)

The eigenvalues and eigenfunctions of the Eq. (22.119) are obtained as

λn = (2n − 1)π

2L
, Zn(z) = cos(λnz) (22.120)
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Solving the second order differential equation for R(r) gives us

Rn(r) = AI0(λnr) + BK0(λnr) (22.121)

Finally the solution for θ(r, z) may be written as the linear summation of functions
θn(r, z) = Rn(r)Zn(z) as

θ(r, z) =
∞∑

n=1

(An I0(λnr) + BnK0(λnr)) cos(λnz) (22.122)

where An and Bn are constants have to be evaluated using the first an second bound-
ary conditions in Eq. (22.117). Employing these boundary conditions and using the
relations I

′
0(x) = I1(x), K

′
0(x) = −K1(x), the coefficients An and Bn are derived as

An = 2(−1)n+1

LKλ2
n

{
θ0KλnK1(λnb) − q

′′
K0(λna)

K1(λnb)I0(λna) + K0(λna)I1(λnb)

}

Bn = 2(−1)n+1

LKλ2
n

{
θ0Kλn I1(λnb) + q

′′
I0(λna)

K1(λnb)I0(λna) + K0(λna)I1(λnb)

}
(22.123)

Therefore, the solution for θ(r, z) is accomplished.
Solution of ψ(r, z, t): Using the method of separation of variables, we seek for a

solution in the form ψ(r, z, t) = ρ(r)Y (z)τ (t). Therefore Eq. (22.118) transforms to

rρ
′′
(r) + ρ′(r)
rρ(r)

− 1

κ

τ
′
(t)

τ (t)
= −Y

′′
(z)

Y (z)
= μ2

Y
′
(0) = 0,Y (L) = 0

ρ(a) = 0, ρ
′
(b) = 0 (22.124)

The eigenvalues and eigenfunctions associated with second order differential equa-
tion for Y (z) are

μn = (2n − 1)π

2L
, Yn(z) = cos(λnz) (22.125)

Thus, the governing equation for ρ(r) and τ (t) may be described in the following
form

r2ρ
′′
(r) + rρ

′
(r) + r2β2ρ(r) = 0, ρ(a) = 0 ρ

′
(b) = 0

1

κ

τ
′
(t)

τ (t)
+ μ2

n = −β2 (22.126)

when the governing eigen-problem forρ(r) is solved, reveals us that the eigenfunctions
of the corresponding equation are
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ρm(r) = Y0(βmr)J0(βma) − J0(βmr)Y0(βma) (22.127)

where βm is the mth positive real root of the equation

Y1(βb)J0(βa) + J1(βb)Y0(βa) = 0 (22.128)

Finally solving the governing equation for τ (t) gives us

τmn(t) = e−(μ2
n+β2

m )κt (22.129)

Solution of the equation ψ(r, z, t) may be written as the summation of the functions
ψmn(r, z, t) as below

ψ(r, z, t) =
∞∑

n=1

∞∑

m=1

Cmn (Y0(μmr)J0(μma) − J0(μmr)Y0(μma))

× cos(λnz)e
−(μ2

n+β2
m )κt (22.130)

whereCmn’s are constants have to be obtained by means of initial condition (22.118).
For this purpose, the function T∞ is expanded in terms of functions Yn(z) as below

T∞ = 2T∞
L

∞∑

n=1

(−1)n+1

λn
cos(λnz) (22.131)

substituting Eqs. (22.122), (22.130) and (22.131) into the initial condition (22.118)
results in

∞∑

m=1

Cmn (Y0(μmr)J0(μma) − J0(μmr)Y0(μma))

= −An I0(λnr) − BnK0(λnr) − 2T∞(−1)n+1

Lλn
(22.132)

The constantCmn may be evaluated by mean of orthogonality properties. Considering
Eq. (22.126), one can obtain that, functions ρn(r) are orthogonal with respect to each
other when the weight function w(r) = r is also taken into account. Now, both sides
of the Eq. (22.131) are multiplied by w(r)ρm(r) and integrated over [a, b], which
gives the constants Cmn as below

Cmn = −
∫ b
a r

(
An I0(λnr) + BnK0(λnr) + 2T∞(−1)n+1

Lλn

)
ρm(r)dr

∫ b
a rρ2

m(r)dr
(22.133)
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Fig. 22.7 Spherical coordi-
nates

when coefficients Cmn are substituted into Eq. (22.130), the function ψ(r, z, t) is
known. Consequently, the temperature profile is obtained based on Eq. (22.116).

22.4 Problems in Spherical Coordinates

The governing heat conduction equation in spherical coordinates has the form

1

r

∂2

∂r2 (rT ) + 1

r2 sin θ

∂

∂θ

(
sin θ

∂T

∂θ

)
+ 1

r2 sin2 θ

∂2T

∂φ2 + R

k
= ρc

k

∂T

∂t

where the variables are in accordance with Fig. 22.7. In its very general form, the
analytical solution of this equation may be obtained by the use of separation of
variables. The one- and two-dimensional cases are discussed in the subsections which
follow.

22.4.1 Steady-State Two- and Three-Dimensional Problems

In spherical coordinates a method of separation of variables results in the Legen-
dre differential equation. For this reason, before proceeding further, we discuss the
Legendre equation and Legendre series.

The differential equation

(1 − x2)
d2y

dx2 − 2x
dy

dx
+ n(n + 1)y = 0 (22.134)

where n is a constant, is called the Legendre differential equation. A general solution
to this equation is obtained in a similar manner to that of Bessel equation, and it is
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y(x) = APn(x) + BQn(x) (22.135)

where Pn(x) is the Legendre polynomial of the first kind and degree n, and Qn(x)
is the Legendre polynomial of the second kind and degree n, and both polynomials
have some definite relations with the variable x , as will be shown. The method at
which we arrive at Eq. (22.135) is by assuming a series solution of Eq. (22.134) as

y(x) =
∞∑

k=0

akx
k (22.136)

which upon substitution in Eq. (22.134) results in a recurrence relation for ak

ak+2 = −ak
(n − k)(n + k + 1)

(k + 1)(k + 2)
k = 0, 1, 2, . . . (22.137)

Specifically, we define

a0 = a0 a1 = a1 a2 = −n(n + 1)

2! a0

a3 = − (n − 1)(n + 2)

3! a1 a4 = n(n + 1)(n − 2)(n + 3)

4! a0

a5 = (n − 1)(n + 2)(n − 3)(n + 4)

5! a1

We see that all ai are expressible in terms of a0 and a1 and, therefore, a solution
being the sum of two independent solutions to Eq. (22.134) is obtained as

y1(x) = a0

[
1 − n(n + 1)

2! x2 + n(n + 1)(n − 2)(n + 3)

4! x4 − . . . . . . . . .

]

+ a1x

[
1 − (n − 1)(n + 2)

3! x2 + (n − 1)(n + 2)(n − 3)(n + 4)

5! x4 − . . . . . . . . .

]

(22.138)

This solution is convergent as long as |x | < 1.
It can be easily verified that when n is a positive even integer, the first expression

in Eq. (22.138) has a finite number of terms, but the second expression remains to
have infinite number of terms. In this case, when n is a positive even integer, the first
expression reduces to a polynomial called the Legendre polynomial, but the second
expression remains an infinite series. When n is a positive odd integer the situation is
opposite, that is, the second expression in Eq. (22.138) has a finite number of terms,
called a Legendre polynomial, and the first expression is an infinite series. To obtain
a standard form for the Legendre polynomial in any case, when n is even or odd,
it is customary to multiply the finite sum occurring in Eq. (22.138) by one of the
following factors
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(−1)n/2n!
2n[( n2 )!] when n is even integer

(−1)(n−1)/2(n + 1)!
2n( n−1

2 )!( n+1
2 )! when n is odd integer

This leads to the following general relations for the series in Eq. (22.138), which we
call here Pn(x) and Qn(x) as indicated in Eq. (22.135):

(a) When n is a positive odd integer greater than or equal to 3, then

Pn(x) = (−1)(n−1)/2 1 × 3 × 5 × . . . . . . n

2 × 4 × 6 × . . . . . . (n − 1)

×
[
x − (n − 1)(n + 2)

3! x3 + (n − 1)(n + 2)(n − 3)(n + 4)

5! x5 + . . . . . .

]

Qn(x) = (−1)(n+1)/2 2 × 4 × 6 × . . . . . . (n − 1)

1 × 3 × 5 × . . . . . . n

×
[

1 − n(n + 1)

2! x2 + n(n + 1)(n − 2)(n + 3)

4! x4 + . . . . . .

]
(22.139)

(b) When n is a positive even integer greater than or equal to 2, then

Pn(x) = (−1)n/2 1 × 3 × 5 × . . . . . . (n − 1)

2 × 4 × 6 × . . . ..n

×
[

1 − n(n + 1)

2! x2 + n(n + 1)(n − 2)(n + 3)

4! x4 + . . . ..

]

Qn(x) = (−1)n/2 2 × 4 × 6 × . . . . . . n

1 × 3 × 5 × . . . ..(n − 1)

×
[
x − (n − 1)(n + 2)

3! x3 + (n − 1)(n + 2)(n − 3)(n + 4)

5! x5 + . . . ..

]

(22.140)

It is easily verified that the solution to the Legendre differential equation as given
by Eq. (22.135) is in terms of the Legendre polynomials Pn(x), which has a finite
number of terms depending on the value of n, and Legendre function Qn(x), which
has an infinite number of terms, as defined in Eqs. (22.139) and (22.140). The first
seven Legendre polynomials Pn(x) are

P0(x) = 1

P1(x) = x

P2(x) = 1

2
(3x2 − 1)

P3(x) = 1

2
(5x3 − 3x)
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P4(x) = 1

8
(35x4 − 30x2 + 3)

P5(x) = 1

8
(63x5 − 70x3 + 15x)

P6(x) = 1

16
(231x6 − 315x4 + 105x2 − 5) (22.141)

The Legendre polynomial Pn(x) is also expressible in the following form

Pn(x) = 1

2nn!
dn(x2 − 1)n

dxn
(22.142)

which is called the Rodrigues formula. We also notice that the Legendre polynomials
have the following properties for all values of n

Pn(1) = 1

Pn(−1) = (−1)n

Pn(−x) = (−1)n Pn(x) (22.143)

Differentiating the Legendre differential equation (22.134) m times using Leibnitz
formula we obtain the associated Legendre differential equation as

(1 − x2)
d2y

dx2 − 2x
dy

dx
+ [n(n + 1) − m2

1 − x2 ]y = 0 (22.144)

The standard solution to this differential equation is

y(x) = APm
n (x) + BQm

n (x) (22.145)

where

Pm
n (x) = (1 − x2)m/2 d

m Pn(x)

dxm
(22.146)

is called the associated Legendre polynomial of the first kind of degree n and order
m and

Qm
n (x) = (1 − x2)m/2 d

mQn(x)

dxm
(22.147)

is called the associated Legendre polynomial of the second kind of degree n and
order m. The form of Pm

n (x) for some values of m and n, when x = cos θ, is
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P1
1 (x) = (1 − x2)1/2 = sin θ

P1
2 (x) = 3x(1 − x2)1/2 = 3 cos θ sin θ

P2
2 (x) = 3(1 − x2) = 3 sin2 θ

P1
3 (x) = 3

2
(5x2 − 1)(1 − x2)1/2 = 3

2
(5 cos2 θ − 1) sin θ

P2
3 (x) = 15x(1 − x2) = 15 cos θ sin2 θ

P3
3 (x) = 15(1 − x2)3/2 = 15 sin3 θ

P1
4 (x) = 5

2
(7x3 − 3x)(1 − x2)1/2 = 5

2
(7 cos3 θ − 3 cos θ) sin θ

P2
4 (x) = 15

2
(7x2 − 1)(1 − x2) = 15

2
(7 cos2 θ − 1) sin2 θ

P3
4 (x) = 105x(1 − x2)3/2 = 105 cos θ sin3 θ

P4
4 (x) = 105x(1 − x2)2 = 105 sin4 θ (22.148)

In discussing the Legendre differential equation it was indicated that to have a solu-
tion, the condition |x | < 1 must be satisfied and, furthermore, the limit of conver-
gence for the solution in the Legendre polynomial was set to be −1 < x < +1. This
suggests that we may take the variable in the form of x = cos θ. With such a change
of variable, Eq. (22.134) reduces to

1

sin θ

d

dθ

(
sin θ

dy

dθ

)
+ n(n + 1)y = 0 (22.149)

This is the Legendre differential equation in terms of the variable θ, and thus the
solution follows from Eq. (22.135):

y = APn(cos θ) + BQn(cos θ) (22.150)

Equation (22.149) is usually obtained when Laplace equation in spherical coordinates
is solved by the method of separation of variables and the variable θ is considered
as the co-latitude coordinate.

Similarly to the trigonometric functions cos nx and sin nx , the Legendre polyno-
mials Pn(x) are orthogonal functions with respect to a weighting function w(x) = 1,
over the interval −1 to +1, that is

∫ +1

−1
Pm(x)Pn(x)dx = 0 if m �= n (22.151)

and when m = n

∫ +1

−1
[Pn(x)]2dx = 2

2n + 1
n = 0, 1, 2, . . . . (22.152)
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This property is used to expand any arbitrary function in terms of the Legendre
polynomials. Suppose f (x) is a continuous function and its derivative is continuous
in the interval (−1, 1). Then the function f (x) can be expanded in a series of the
form

f (x) =
∞∑

n=0

an Pn(x) (22.153)

The coefficients an are obtained by multiplying both sides of Eq. (22.153) by Pm(x)
and integrating over the interval (−1, 1). This gives

∫ +1

−1
f (x)Pm(x)dx =

∞∑

n=0

an

∫ +1

−1
Pm(x)Pn(x)dx

Using Eqs. (22.151) and (22.152) yields

∫ +1

−1
f (x)Pn(x)dx = an

∫ +1

−1
[Pn(x)]2dx = 2an

2n + 1

and thus

an = 2n + 1

2

∫ +1

−1
f (x)Pn(x)dx (22.154)

The integral in Eq. (22.154) is obtained as long as we know f (x). Similarly to Pn(x),
we notice that Pm

n (x) are also orthogonal in the same interval of (−1, 1) with respect
to the weighting function w(x) = 1, that is

∫ +1

−1
Pm
n (x)Pm

k (x)dx = 0 for n �= k (22.155)

and ∫ +1

−1
[Pm

n (x)]2dx = (n + m)!
(n − m)!

2

(2n + 1)
(22.156)

This property suggests that, like in the case of Legendre polynomial Pn(x), we
can expand a given function F(x) in terms of Pm

n (x) as

F(x) =
∞∑

n=0

Cn P
m
n (x)

Multiplying both sides of the above equation by Pn
k (x) and integrating from −1 to 1

and using Eqs. (22.155) and (22.156) gives
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Cn = (n − m)!
(n + m)! .

(2n + 1)

2

∫ +1

−1
F(x)Pm

n (x)dx

Often, while solving Laplace equation in spherical coordinates, we have to deal
with a series expansion involving Pm

n (x) of the following form

F(θ,φ) =
∞∑

n=0

(amn cosmφ + bmn sinmφ)Pm
n (cos θ)

In this case we need to find the coefficients amn and bmn in terms of the known
function F(θ,φ). To find amn we note that

∫ 2π

0
F(θ,φ) cos kφdφ =

∞∑

n=0

∞∑

m=0

amnπP
m
n (cos θ)δmk

where δmk is the Kronecker symbol. This gives

∫ 2π

0
F(θ,φ) cosmφdφ =

∞∑

n=0

amnπP
m
n (cos θ)

Using the orthogonality condition for Pm
n (x), multiplying both sides by sin θPk

s
(cos θ), integrating from 0 to π, and interchanging k with m in the final result, yields

amn = (n − m)!
(n + m)!

(2n + 1)

2π

∫ π

0
sin θPm

n (cos θ)dθ

∫ 2π

0
F(θ,φ) cosmφdφ

In a similar manner bmn is found.
In Figs. 22.8, 22.9, 22.10 and 22.11 the plots of Legendre polynomials with respect

to θ and x are shown.
We now present some useful relations for the Legendre polynomials and the

associated Legendre functions, as

Pm
n (−x) = (−1)n+m Pm

n (x)

Pm
n (±1) = 0 for m > 0 (22.157)

The recurrence relations for Pn(x) and Qn(x) are

Pn(x) =
n/2∑

k=0

(−1)k(2n − 2)!
2nk!(n − 2k)!(n − k)! x

n−2k

Qn(x) =
∞∑

k=0

2n(n + k)!(n + 2k)!
k!(2n + 2k + 1)! x−(n+2k+1)
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Fig. 22.8 Legendre polynomial Pn(cos θ) versus θ

(2n + 1)x Pn(x) = (n + 1)Pn+1(x) + nPn−1(x) n = 1, 2, 3, . . .

P ′
n+1(x) − P ′

n−1(x) = (2n + 1)Pn(x) n = 1, 2, 3, . . .

(n + 1)Qn+1(x) − (2n + 1)xQn(x) + nQn−1(x) = 0

xQ′
n(x) − Q′

n−1(x) − nQn(x) = 0 (22.158)

Knowing the properties of the Legendre polynomials, we return to our discussion
on a general solution of the heat conduction equation in spherical coordinates. We
may consider heat conduction in a spherical, or partly spherical, solid body which
is exposed to some kind of steady thermal fields. The steady-state temperature will
then satisfy Laplace equation

∇2T = 0 (22.159)

which in spherical coordinates is

r2 sin θ
∂2T

∂r2 + 2r sin θ
∂T

∂r
+ sin θ

∂2T

∂θ2 + cos θ
∂T

∂θ
+ 1

sin θ

∂2T

∂φ2 = 0 (22.160)

Any solution of this equation is called a spherical harmonic. This equation will be
solved by the method of separation of variables by taking
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Fig. 22.9 Legendre polynomial Pn(x) versus x

T (r, θ,φ) = R(r)F(θ,φ) (22.161)

Substituting this in Eq. (22.161) yields

r2 sin θ
d2R
dr2 F + 2r sin θ

dR
dr

F + sin θR∂2F

∂θ2 + cos θR∂F

∂θ
+ R

sin θ

∂2F

∂φ2 = 0

Dividing by RF sin θ, rearranging and equating the separated function to a constant
such as λ, gives

r2

R
d2R
dr2 + 2r

R
dR
dr

= −
(

1

F

∂2F

∂θ2 + cos θ

F sin θ

∂F

∂θ
+ 1

F sin2 θ

∂2F

∂φ2

)
= λ (22.162)

It will be seen later that taking the separation constant λ = n(n + 1) is more conve-
nient. Doing so, results in
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Fig. 22.10 Legendre polynomial Qn(x) versus x

Fig. 22.11 Legendre polynomial Qn(x) versus x
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r2 d
2R
dr2 + 2r

dR
dr

− n(n + 1)R = 0 (22.163)

∂2F

∂θ2 + cos θ

sin θ

∂F

∂θ
+ 1

sin2 θ

∂2F

∂φ2 + n(n + 1)F = 0 (22.164)

Equation (22.163) is the Euler differential equation and is readily solved to give

R(r) = A1r
n + A2

rn+1 (22.165)

where A1 and A2 are constants of integration. Equation (22.164) still has to be sep-
arated, and thus by taking

F(θ,φ) = �(θ)�(φ) (22.166)

and substituting in Eq. (22.164) we find

d2�

dθ2 � + cos θ

sin θ

d�

dθ
� + 1

sin2 θ
�
d2�

dφ2 + n(n + 1)�� = 0

Dividing this equation by ��/ sin2 θ, and calling the separation constant m2, gives

sin2 θ

�

d2�

dθ2 + sin θ cos θ

�

d�

dθ
+ n(n + 1) sin2 θ = − 1

�

d2�

dφ2 = m2

This yields

sin2 θ
d2�

dθ2 + sin θ cos θ
d�

dθ
+ [n(n + 1) sin2 θ − m2]� = 0 (22.167)

d2�

dφ2 + m2� = 0 (22.168)

Solution to Eq. (22.168) is

� = A3 cosmφ + A4 sinmφ (22.169)

while the solution to Eq. (22.167) is obtained in terms of the Legendre functions.
In fact, Eq. (22.167) is the associated Legendre equation which by taking x = cos θ
and knowing that

d�

dθ
= d�

dx

dx

dθ
= − sin θ

d�

dx
d2�

dθ2 = d

dθ

(
− sin θ

d�

dx

)
= − cos θ

d�

dx
+ sin2 θ

d2�

dx2
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it is modified to

(1 − x2)
d2�

dx2 − 2x
d�

dx
+
[
n(n + 1) − m2

1 − x2

]
� = 0 (22.170)

Equation (22.170) is the same as Eq. (22.144) and, therefore, its solution, after sub-
stitution of x = cos θ, is

� = A5P
m
n (cos θ) + A6Q

m
n (cos θ) (22.171)

Substituting Eqs. (22.165), (22.169), and (22.171) into Eqs. (22.166) and (22.161),
the general solution to Laplace equation in spherical coordinates becomes

T (r, θ,φ) =
(
A1r

n + A2

rn+1

)
(A3 cosmφ + A4 sinmφ)

[A5P
m
n (cos θ) + A6Q

m
n (cos θ)] (22.172)

There are six constants of integration, A1 through A6, which can be evaluated by
using the thermal boundary conditions.

We may notice that if the problem is designed in such a way that the temperature
distribution is independent of the meridional angle φ, then the temperature is only a
function of r and θ and the equation in θ direction, since m = 0, is reduced to

(1 − x2)
d2�

dx2 − 2x
d�

dx
+ n(n + 1)� = 0 (22.173)

which is the Legendre differential equation and thus, from Eq. (22.135),

� = A5Pn(cos θ) + A6Qn(cos θ) (22.174)

Equation (22.174) is a solution in θ-direction for m = 0.

Problem 22.5. Consider a thick sphere of inside and outside radii a and b, respec-
tively. At t = 0, the sphere is at uniform temperature T∞. The sphere is suddenly
exposed to a constant heat flux q

′′
from one side. Find the transient temperature

distribution in the sphere if the inside surface is kept at constant temperature T0. The
sphere is cooled by convection from the outer surface to the ambient at (h, T∞).

Solution: The transient axisymmetric heat conduction equation for spherical
bodies is

1

r

∂2

∂r2 (rT ) + 1

r2 sin θ

∂

∂θ

(
sin θ

∂T

∂θ

)
= ρc

K

∂T

∂t
(22.175)

in which, T (r, θ, t) is the temperature distribution through the sphere and a ≤ r ≤ b
and 0 ≤ θ ≤ π. Furthermore, ρ, c and K stand for the mass density, heat capacity
and conductivity, respectively. For the problem in hand the initial and boundary
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conditions are as follows

T (r, θ, 0) = T∞
T (a, θ, t) = T0

−K
∂T

∂r
(b, θ, t) =

{
h(T (b, θ, t) − T∞) π/2 ≤ θ ≤ π

h(T (b, θ, t) − T∞) − q
′′

cos θ 0 ≤ θ ≤ π/2
(22.176)

With the aid of simple transformation θ(r, θ, t) = T (r, θ, t) − T∞, the heat con-
duction equation transforms to

1

r

∂2

∂r2 (r�) + 1

r2 sin θ

∂

∂θ

(
sin θ

∂�

∂θ

)
= ρc

K

∂�

∂t
(22.177)

and the associated initial and boundary conditions are

�(r, θ, 0) = 0

�(a, θ, t) = �0

−K
∂�

∂r
(b, θ, t) =

{
h�(b, θ, t) π/2 ≤ θ ≤ π

h�(b, θ, t) − q
′′

cos θ 0 ≤ θ ≤ π/2
(22.178)

where, �0 = T0 − T∞. Solution of the above equation is written in terms of two dis-
tinct functions in the form �(r, θ, t) = �1(r, θ)+�2(r, θ, t). The resulted governing
equation and boundary condition for �1 are

1

r

∂2

∂r2 (r�1) + 1

r2 sin θ

∂

∂θ
(sin θ

∂�1

∂θ
) = 0

�1(a, θ) = �0

−K
∂�1

∂r
(b, θ) =

{
h�1(b, θ) π/2 ≤ θ ≤ π

h�1(b, θ) − q
′′

cos θ 0 ≤ θ ≤ π/2
(22.179)

and for �2 we have

1

r

∂2

∂r2 (r�2) + 1

r2 sin θ

∂

∂θ

(
sin θ

∂�2

∂θ

)
= ρc

K

∂�2

∂t

�2(r, θ, 0) = −�1(r, θ)

�2(a, θ, t) = 0

−K
∂�2

∂r
(b, θ, t) = h�2(b, θ, t) (22.180)

Each of the above partial differential equations has to be solved, separately.
Solution of �1:
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To solve the system of Eq. (22.179), the separation of variables method is adopted.
With the transformation �1(r, t) = R1(r)G1(θ) the following ordinary differential
equations are resulted

1

R1(r)
(r2R

′′
1(r) + 2r R

′
1(r)) = − 1

sin θG1(θ)
(cos θG

′
1(θ) + sin θG

′′
1(θ)) = μ

(22.181)
where μ is constant. The differential equation associated to the function G1(θ) sim-
plifies to

G
′′
1(θ) + cot θG

′
1(θ) + μG1(θ) = 0 (22.182)

Taking the constant μ equal to n(n + 1) is more convenient, since the solution of the
above equation is obtained exactly as

G1(θ) = G1n Pn(cos θ) + G2nQn(sin θ) (22.183)

in which G1n and G2n are constants of differential equation and Pn and Qn are the
Legendre polynomial of the first and second kind, respectively. For the problem in
hand, G2n = 0, since G1(θ) has to be bounded at θ = 0.

Therefore from Eq. (22.181) the governing equation for R1(r) is extracted as

r2R
′′
1(r) + 2r R

′
1(r) − n(n + 1)R1(r) = 0 (22.184)

The above equation is a second-order Euler equation which has the exact solution of
the form

R1n(r) = Anr
n + Bnr

−(1+n) (22.185)

The complete solution for �1(r, θ) may be written in the following form

�1(r, θ) =
∞∑

n=0

(
Anr

n + Bnr
−(1+n)

)
Pn(cos θ) (22.186)

where, the constants An and Bn have to be obtained according to the boundary
conditions (22.179). According to the first boundary condition (22.179) on r = a,
the following equality is concluded from (22.186)

�0 =
∞∑

n=0

(
Ana

n + Bna
−(1+n)

)
Pn(cos θ) (22.187)

Here we use the orthogonality conditions of the Legendre functions. According to
Eq. (22.182) the eigenfunctions (22.184) are orthogonal with respect to each other
when the weighting function sin θ is also taken into account. Multiplying both sides
of the Eq. (22.187) by Pm(cos θ) sin θ and integrating over the domain [0,π] gives us
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∫ π

0
�0Pm(cos θ) sin θdθ

=
∞∑

n=0

{(
Ana

n + Bna
−(1+n)

) ∫ π

0
Pn(cos θ)Pm(cos θ) sin θdθ

}
(22.188)

Due to the orthogonality of the Legendre polynomials, among all terms of the right-
hand-side of the above equation only the case n �= m results in a nonzero integral
and therefore Eq. (22.188) simplifies to

Ama
m + Bma

−(1+m) =
∫ π

0 �0Pm(cos θ) sin θdθ∫ π
0 P2

m(cos θ) sin θdθ
(22.189)

The above equation is nonzero only for m = 0, since P0(cos θ) = 1. Therefore, the
relation between the constants An and Bn is extracted as

A0 = �0 − B0

a
An = −Bna

−(1+2n) n ≥ 1 (22.190)

When the above constants are inserted into the Eq. (22.186) one may write

�1 = �0 +
∞∑

n=0

Bn

(
r−1−n − rna−(1+2n)

)
Pn(cos θ) (22.191)

with the aid of the above equation, the second boundary condition (22.179) is rewrit-
ten in the form

∞∑

n=0

K Bn

(
b−2−n

(
n + 1 + bh

K

)
− bn−1a−1−2n

(
n + bh

K

))
Pn(cos θ)

=
{−h�0 π/2 ≤ θ ≤ π

−h�0 + q
′′

cos θ 0 ≤ θ ≤ π/2
(22.192)

Again, both sides of the above equation are multiplied by Pm(cos θ) sin θ and inte-
grated over the domain [0,π] which results in

Bn = 2n + 1

2

⎧
⎪⎪⎨

⎪⎪⎩

− ∫ π
0 h�0Pn(cos θ)dθ + ∫ π/2

0 q
′′

cos θPn(cos θ)dθ

K

(
b−2−n

(
n + 1 + bh

K

)
− bn−1a−1−2n

(
n + bh

K

))

⎫
⎪⎪⎬

⎪⎪⎭

(22.193)
The constants Bn are obtained and therefore solution of �1 is accomplished according
to Eq. (22.191).
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Solution of �2:
With the aid of the separation of variables method for θ2(r, θ, t), we may write,

�2(r, θ, t) = R2(r)G2(θ)H(t). Therefore, the heat conduction Eq. (22.180) is
rewritten as

1

r

∂2

∂r2 (r R2(r)G2(θ)) + 1

r2 sin θ

∂

∂θ

(
sin θR2(r)

∂G2(θ)

∂θ

)

R2(r)G2(θ)

= ρc

K H(t)

dH(t)

dt
= −λ2

m (22.194)

where λm is a set of constant parameters. The solution of the first order ordinary
differential equation associated to H(t) is equal to

H(t) = Ame
−κλ2

mt (22.195)

In which κ = K

ρc
, Am is the constant of integration. The right-hand-side of the

Eq. (22.195) is written in the present form since H(t) has to be bounded. Separating
the functions R2(r) and G2(θ) in Eq. (22.194) gives us

1

R2(r)
(r2R

′′
2(r) + 2r R

′
2(r)) + λ2

mr
2

= − 1

sin θG2(θ)
(cos θG

′
2(θ) + sin θG

′′
2(θ)) = ξ (22.196)

where ξ is constant. The differential equation associated to the function G2(θ) sim-
plifies to

G
′′
2(θ) + cot θG

′
2(θ) + ξG2(θ) = 0 (22.197)

Same as the process developed before for G1(θ), the solution of the above equation
is obtained as

G2(θ) = G4n Pn(cos θ) (22.198)

And finally, from Eq. (22.196) the governing differential equation for R2(r) is written
in the form

r2R
′′
2(r) + 2r R

′
2(r) + (λ2

mr
2 − n(n + 1))R2(r) = 0 (22.199)

Exact solution of the above equation can be obtained with the aid of a proper
transformation. With the definition of S(r) = √

r R2(r) we may write

r2S
′′
(r) + r S

′
(r) +

(
λ2
mr

2 −
(
n + 1

2

)2
)
S(r) = 0 (22.200)
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The solution of the above equation according to the Bessel functions may be written
in the form

S(r) = S1n Jn+ 1
2
(λmr) + S2nYn+ 1

2
(λmr) (22.201)

Since the solution of each of the ordinary differential equations is obtained, recalling
the separation of variables method, previously introduced, reaches us to the following
solution for �2(r, θ, t)

�2(r, θ, t)

=
∞∑

m=0

∞∑

n=0

1√
r
e−κλ2

mt Pn(cos θ)
(
Cnm Jn+ 1

2
(λmr) + DnmYn+ 1

2
(λmr)

)
(22.202)

Here constants Cnm , Dnm and parameters λm are still unknown.
Based on the boundary conditions (22.180), which are both homogeneous, we

have the following equalities

Jn+ 1
2
(λma)Cnm + Yn+ 1

2
(λma)Dnm = 0

(
λm J

′
n+ 1

2
(λmb) + h

K
Jn+ 1

2
(λmb)

)
Cnm

+
(

λmY
′
n+ 1

2
(λmb) + h

K
Yn+ 1

2
(λmb)

)
Dnm = 0 (22.203)

To obtain the parameter λm the determinant of coefficient matrix of the above system
of equations has to set equal to zero. Consequently, the parameter λm is obtained as
the mth positive real root of the following equation

Jn+ 1
2
(λma)

(
λmY

′
n+ 1

2
(λmb) + h

K
Yn+ 1

2
(λmb)

)

− Yn+ 1
2
(λma)

(
λm J

′
n+ 1

2
(λmb) + h

K
Jn+ 1

2
(λmb)

)
= 0 (22.204)

The solution of �2 is obtained as

�2(r, θ, t) =
∞∑

m=0

∞∑

n=0

Cnm
1√
r
e−κλ2

mt Pn(cos θ)

×
(
Jn+ 1

2
(λmr) −

Jn+ 1
2
(λma)

Yn+ 1
2
(λma)

Yn+ 1
2
(λmr)

)
(22.205)

Constants Cnm are obtained with the aid of initial condition. Accordingly, the
following equation is obtained with the consideration of initial condition (22.180)
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∞∑

m=0

∞∑

n=0

Cnm
1√
r
Pn(cos θ)

(
Jn+ 1

2
(λmr) −

Jn+ 1
2
(λma)

Yn+ 1
2
(λma)

Yn+ 1
2
(λmr)

)

= �0 +
∞∑

n=0

Bn

(
r−1−n − rna−(1+2n)

)
Pn(cos θ) (22.206)

In which constants Bn are previously introduced in Eq. (22.193). The function �0
has to be expanded in terms of the Legendre function. To this end we may write

�0 =
∞∑

n=0

En Pn(cos θ) (22.207)

which results in

En =
{

�0 n = 0
0 n > 0

(22.208)

Substituting Eq. (22.207) into Eq. (22.206) results in the following equation for each
integer number n

∞∑

m=0

Cnm
1√
r

(
Jn+ 1

2
(λmr) −

Jn+ 1
2
(λma)

Yn+ 1
2
(λma)

Yn+ 1
2
(λmr)

)

= En + Bn

(
r−1−n − rna−(1+2n)

)
(22.209)

or ∞∑

m=0

Cnm Rm(r) = En + Bn

(
r−1−n − rna−(1+2n)

)
(22.210)

To obtain the constants Cnm the orthogonality property of the eigenfunctions is
implemented. According to Eq. (22.199), the eigenfunction Rn(r) are orthogonal
with respect to each other when the weight function r2 is taken into account. Therefore
multiplying both sides of the above equation by r2Rp(r) and integrating over the
domain [a, b] yields the constants Cnp as

Cnp =
∫ b
a r2Rp(r)

(
En + Bn

(
r−1−n − rna−(1+2n)

))
∫ b
a r2R2

p(r)dr
(22.211)

Since the constants Cnp are known the function �2 is obtained (see Eq. (22.205))
which accomplishes the solution.

Problem 22.6. Consider a thick hollow cylinder of inside radius a and outside radius
b. The initial temperature of the cylinder is T = 0 at time t = 0. At times t > 0
a constant heat flux q

′′
is radiated to one side of the cylinder. The side z = 0 is
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insulated and z = L is at ambient temperature. The inside surface is at constant
temperature T0. The cylinder is cooled from the outer surface to the ambient at
(h, T∞). Find the transient temperature distribution through the cylinder.

Solution: The transient three-dimensional heat conduction equation is

∂2θ

∂r2 + 1

r

∂θ

∂r
+ 1

r2

∂2θ

∂φ2 + ∂2θ

∂z2 = 1

κ

∂θ

∂t
(22.212)

where, θ = T − T∞. The associated boundary conditions for Eq. (22.212) are

K
∂θ

∂r
+ hθ = q

′′
f (φ) at r = b

θ = θ0 = T0 − T∞ at r = a
θ = 0 at z = L
∂θ

∂z
= 0 at z = 0

where, f (φ) = cos φ for −π/2 < φ < π/2 and is equal to zero else-where. To
find a solution, we start by dividing a solution into two different parts. One with
homogeneous boundary conditions and the other one with nonhomogeneous bound-
ary conditions. Dependency of the solution on time is included in the first part.
Therefore we have

θ(r,φ, z, t) = θ1(r,φ, z, t) + θ2(r,φ, z) (22.213)

with the following governing equations for θ1 and θ2

∂2θ1

∂r2 + 1

r

∂θ1

∂r
+ 1

r2

∂2θ1

∂φ2 + ∂2θ1

∂z2 = 1

κ

∂θ1

∂t

∂2θ2

∂r2 + 1

r

∂θ2

∂r
+ 1

r2

∂2θ2

∂φ2 + ∂2θ2

∂z2 = 0 (22.214)

The associated boundary and initial conditions for Eq. (22.214) are

K
∂θ1

∂r
+ hθ1 = 0, K

∂θ2

∂r
+ hθ2 = q

′′
f (φ) at r = b

θ1 = 0, θ2 = θ0 = T0 − T∞ at r = a

θ1 = 0, θ2 = 0 at z = L

∂θ1

∂z
= 0,

∂θ2

∂z
= 0 at z = 0 (22.215)

Solution for θ2:
The boundary conditions of θ2 on z are homogeneous and allow us to express the
solution of the function θ2 in terms of the proper trigonometric functions. Considering
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the boundary conditions on z = 0, L reveals that the eigenfunctions and eigenvalues
for Z(z) are

Zk(z) = cos(βk z), βk = (2k − 1)π

2L
k = 1, 2, . . . (22.216)

Also due to periodicity conditions the solution for �(φ) may be written in the fol-
lowing form

�n(φ) = cos(αnφ), sin(αnφ) αn = 0, 1, 2, . . . (22.217)

Therefore the solution for the function θ2 may be written in the following form

θ2(r,φ, z)

=
∞∑

k=0

{
1

2
R0
k (r) +

∞∑

n=0

(
Rc
nk(r) cos(nφ) + Rs

nk(r) sin(nφ)
)
}

cos(βk z)

(22.218)

Substituting the Eq. (22.218) into the Eq. (22.214) gives us

(
∂2

∂r2 + 1

r

∂

∂r
− n2

r2 − β2
k

)
Rc
nk(r) = 0

(
∂2

∂r2 + 1

r

∂

∂r
− n2

r2 − β2
k

)
Rs
nk(r) = 0

(
∂2

∂r2 + 1

r

∂

∂r
− β2

k

)
R0
k (r) = 0 (22.219)

Equations (22.219) are the well-known modified Bessel equations and their solu-
tions are

Rc
nk(r) = C1 In(βkr) + C2Kn(βkr)

Rs
nk(r) = C3 In(βkr) + C4Kn(βkr)

R0
k (r) = C5 I0(βkr) + C6K0(βkr) (22.220)

Defining

Rnk(r,φ) = 1

2
R0
k (r) +

∞∑

n=0

(
Rc
nk(r) cos(nφ) + Rs

nk(r) sin(nφ)
)

(22.221)

results in the solution of θ2(r,φ, z) in the form
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θ2(r,φ, z) =
∞∑

k=1

∞∑

n=0

Rnk(r) cos(βk z) (22.222)

with boundary conditions (22.215) for θ2 on r = a, b, we may write the next equal-
ities

∞∑

k=1

∞∑

n=0

Rnk(a) cos(βk z) = θ0

∞∑

k=1

∞∑

n=0

(K R
′
nk(b) + hRnk(b)) cos(βk z) = q

′′
f (φ) (22.223)

when both sides of the above equations are multiplied by Zl(z) and integrated over
z = [0, L], the next system of equations are revealed

∞∑

n=0

Rnk(a) = 2(−1)k+1

Lβk
θ0

∞∑

n=0

(
K R

′
nk(b) + hRnk(b)

)
= 2(−1)k+1

Lβk
q

′′
f (φ) (22.224)

which also maybe interpreted in the following form according to Eq. (22.221),

1

2
R0
k (a) +

∞∑

n=0

(
Rc
nk(a) cos(nφ) + Rs

nk(a) sin(nφ)
) = 2(−1)k+1

Lβk
θ0

1

2

(
K R0′

k (b) + hR0
k (b)

)

+
∞∑

n=0

{(
K Rc′

nk(b) + hRc′
nk(b)

)
cos(nφ) +

(
K Rs′

nk(b) + hRs
nk(b)

)
sin(nφ)

}

= 2(−1)k+1

Lβk
q

′′
f (φ) (22.225)

The coefficients of the complete Fourier series are given in the form

1

2
R0
k (a) = 2(−1)k+1

Lβk
θ0

Rc
nk(a) = 0

Rs
nk(a) = 0

K R0′
k (b) + hR0

k (b) = 2(−1)k+1

Lπβk
q

′′
∫ π

−π
f (φ)dφ



22.4 Problems in Spherical Coordinates 625

K Rc′
nk(b) + hRc

nk(b) = 2(−1)k+1

Lπβk
q

′′
∫ π

−π
f (φ) cos φdφ

K Rs′
nk(b) + hRs

nk(b) = 2(−1)k+1

Lπβk
q

′′
∫ π

−π
f (φ) sin φdφ (22.226)

where according to Eq. (22.220) can be written in terms of constants C1, . . . ,C6 as

1

2
(C5 I0(βka) + C6K0(βka)) = 2(−1)k+1

Lβk
θ0

C1 In(βka) + C2Kn(βka) = 0

C3 In(βka) + C4Kn(βka) = 0
(
Kβk I

′
0(βkb) + hI0(βkb)

)
C5

+
(
Kβk K

′
0(βkb) + hK0(βkb)

)
C6 = 2(−1)k+1

Lπβk
q

′′
∫ π

−π
f (φ)dφ

(
Kβk I

′
n(βkb) + hIn(βkb)

)
C1

+
(
Kβk K

′
n(βkb) + hKn(βkb)

)
C2 = 2(−1)k+1

Lπβk
q

′′
∫ π

−π
f (φ) cos φdφ

(
Kβk I

′
n(βkb) + hIn(βkb)

)
C3

+
(
Kβk K

′
n(βkb) + hKn(βkb)

)
C4 = 2(−1)k+1

Lπβk
q

′′
∫ π

−π
f (φ) sin φdφ (22.227)

The above system contains six equations and six unknowns C1, . . . ,C6. Evaluating
constants Ci , i = 1 . . . , 6, the solution of θ2 can be considered to be accomplished
according to Eqs. (22.218) and (22.220).

Solution for θ1:
The boundary conditions on z allow us to express the solution of the function θ1 in
terms of the proper trigonometric functions. Considering the boundary conditions
on z = 0, L reveals that the eigenfunctions and eigenvalues for Z(z) are

Zk(z) = cos(βk z), βk = (2k − 1)π

2L
k = 1, 2, . . . (22.228)

Also due to periodicity conditions the solution for �(φ) may be written in the fol-
lowing form

�n(φ) = cos(αnφ), sin(αnφ) αn = 0, 1, 2, . . . (22.229)

Therefore the solution for the function θ1 may be written in the following form
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θ1(r,φ, z, t) =
∞∑

k=1

{ ∞∑

n=0

(
Scnk(r, t) cos(nφ) + Ssnk(r, t) sin(nφ)

)
}

cos(βk z)

(22.230)
Substituting Eq. (22.230) into the Eq. (22.214) gives the following partial differential
equation

(
∂2

∂r2 + 1

r

∂

∂r
− n2

r2 − β2
k

)
Scnk(r, t) = 1

κ

∂Scnk(r, t)

∂t
(

∂2

∂r2 + 1

r

∂

∂r
− n2

r2 − β2
k

)
Ssnk(r, t) = 1

κ

∂Ssnk(r, t)

∂t
(22.231)

The solution of each of the above equations can be extracted via the separation of
variables method. To this end, let’s write

Scnk(r, t) = T c(t)Uc(r)

Ssnk(r, t) = T s(t)Us(r) (22.232)

Substituting the above equations into the Eq. (22.231), and applying the boundary
conditions (22.215) on r = a, b reveals the solution of r−dependent functions as

Uc(r) = ucnm (Jn(ζnmr)Yn(ζnma) − Jn(ζnma)Yn(ζnmr))

Uc(r) = usnm (Jn(ζnmr)Yn(ζnma) − Jn(ζnma)Yn(ζnmr)) (22.233)

where ucnm and usnm are constants and ζnm is the mth positive real root of the charac-
teristic equation which is deduced as

(
n

b
+ h

K

)
[Jn(ζnmb)Yn(ζnma) − Jn(ζnma)Yn(ζnmb)]

= ζnm
[
Jn+1(ζnmb)Yn(ζnma) − Jn(ζnma)Yn+1(ζnmb)

]
(22.234)

And the solution of the time dependent functions; T c(t) and T s(t) can be unified as
T (t) as

T (t) = e−κ(ζ2
mn+β2

k )t (22.235)

Substituting the Eqs. (22.232), (22.233) and (22.235) into Eq. (22.230), one arrives at

θ1(r,φ, z, t) =
∞∑

k=1

∞∑

m=1

∞∑

n=0

(
ucnm cos nφ + usnm sin nφ

)

{Jn(ζnmr)Yn(ζnma) − Jn(ζnma)Yn(ζnmr)} cos(βk z)e
−κ(ζ2

mn+β2
k )t (22.236)

The unknown constants have to be determined according to the initial condition.
Let’s assume that the initial condition through the cylinder is known by a function
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α(r,φ, z). Therefore, we may write

θ(r,φ, z, 0) = α(r,φ, z) (22.237)

or equivalently
θ1(r,φ, z, 0) = −θ2(r,φ, z) + α(r,φ, z) (22.238)

The right hand side of the above equation is known. To obtain the unknown constants
on the left-hand-side, both sides of the above equation are multiplied by

r {Jn(ζnmr)Yn(ζnma) − Jn(ζnma)Yn(ζnmr)} cos(βk z) = rUnm(r)Zk(z) (22.239)

and integrated over [0, L] × [a, b]. According to the orthogonality properties of the
eigenfunctions, following is concluded

∞∑

n=0

(
ucnm cos(nφ) + usnm sin(nφ)

)

=
∫ L

0

∫ b
a rUnm(r)Zk(z)(α(r,φ, z) − θ2(r,φ, z))drdz

∫ L
0

∫ b
a rU 2

nm(r)Z2
k (z)drdz

= �nm(φ) (22.240)

which is the form of a complete Fourier series. Finally the constants ucnm and usnm
can be extracted in the next form

uc0m = 1

2π

∫ π

π
�nm(φ)dφ

ucnm = 1

π

∫ π

π
�nm(φ) cos(nφ)dφ, n = 1, 2, . . .

usnm = 1

π

∫ π

π
�nm(φ) sin(nφ)dφ, n = 1, 2, . . . (22.241)

Having developed the coefficients ucnm and usnm , the solution of the boundary value
problem θ1 is completed. The temperature profile through the cylinder may be
assumed as the sum of θ1 and θ2 developed in Eqs. (22.218) and (22.236).



Chapter 23
Thermal Stresses in Beams

Beam are one of the basic elements of structural design problems. Thermal stresses
in beams are discussed in this chapter. The elementary beam theory is employed and
the equations for thermal stress and thermal deflection are presented.

23.1 Thermal Stresses in Beams

In accordance with Euler-Bernoulli hypothesis, a beam deflects in such a way that
its plane sections remain plane after deformation and perpendicular to the beam
neutral axis. Now, consider a beam under axial and lateral loads in x-y plane, as
shown in Fig. 23.1 Consider two line elements of the beam, EF and GH , which are
straight and along the axial direction with equal lengths before the load is applied.
Element EF lies on the neutral axis, while the element GH is at a distance y from the
neutral axis. The beam is assumed to be under the bending and axial loads so that it
deflects in lateral direction. Considering Euler-Bernoulli hypothesis, the elongation
of EF and GH elements may be written as

Ê′F ′ = (1 + ε0)EF

Ĝ′H ′ = (1 + ε)GH

Ĝ′H ′

Ê′F ′ = ry + y

ry
(23.1)

where ε and ε0 are strains ofGH andEF elements, respectively, and ry is the radius of
curvature of the beam axis at y = 0 in the xy-plane. Dividing the second of Eq. (23.1)
by the first equation and using the last of Eq. (23.1) gives

1 + y

ry
= (1 + ε)

(1 + ε0)
(23.2)

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 629
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_23,
© Springer Science+Business Media Dordrecht 2013
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Fig. 23.1 Deflection of an element of beam

Then, using the small deformation theory, yields

ε = ε0 + y

ry
+ y

ry
ε0 ∼= ε0 + y

ry
(23.3)

Now, consider a beam with thermal gradients along the y and z-directions. In
accordance with Euler-Bernoulli assumption, the axial displacement is a linear func-
tion of the coordinates y and z in the plane of cross section of the beam. Thus

u = C1(x) + C2(x)y + C3(x)z (23.4)

where C1, C2, and C3 are coefficients, which are functions of x, the beam axis.
Assuming thermal loading only, these coefficients may be obtained using the bound-
ary conditions. Since the beam is in static equilibrium, the axial force and bending
moments in y and z directions must vanish. These conditions in terms of the axial
stress in the beam yield the following relations:

∫

A
σxxdA = 0,

∫

A
σxxydA = 0,

∫

A
σxxzdA = 0 (23.5)

wheredA = dydz. Equations (23.5) are sometimes called the equilibrium equations of
the beam. In order to findC1, C2, andC3, the axial strain is written from Eq. (23.4) as

εxx = du

dx
= dC1

dx
+ dC2

dx
y + dC3

dx
z = ε0 + y

ry
+ z

rz
(23.6)

where ry and rz are the radii of curvatures of the beam axis in xy and xz planes,
respectively, and ε0 is the axial strain of the beam on the x-axis. The stress, according
to Hooke’s law is

σxx = E(εxx − αθ) (23.7)
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where θ = T − T0. Thus

σxx = E[ε0 + y

ry
+ z

rz
− αθ] (23.8)

Substituting Eq. (23.8) in Eq. (23.5) and noting that ε0, ry, and rz are functions of x
only, they may be taken outside of the integral over the area dy dz, thus

ε0

∫

A
dA + 1

ry

∫

A
ydA + 1

rz

∫

A
zdA =

∫

A
αθdA

ε0

∫

A
ydA + 1

ry

∫

A
y2dA + 1

rz

∫

A
yzdA =

∫

A
αθydA

ε0

∫

A
zdA + 1

ry

∫

A
yzdA + 1

rz

∫

A
z2dA =

∫

A
αθzdA (23.9)

From the above system of equations ε0, ry, and rz are calculated and substituted into
Eq. (23.8) to obtain the axial stress.

If we select the y and z axes as the centroid axes of the cross section, then

∫

A
ydA =

∫

A
zdA = 0 (23.10)

and since, by definition, the moments of inertia and the product of inertia of the cross
section are

∫

A
y2dA = Iz

∫

A
z2dA = Iy

∫

A
yzdA = Iyz (23.11)

then the system of Eq. (23.9) may be solved for ε0, ry, and rz to give

ε0 = PT

EA

ry = E(IyIz − I2
yz)

IyMTz − IyzMTy

rz = E(IyIz − I2
yz)

IzMTy − IyzMTz
(23.12)
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where

PT =
∫

A
EαθdA

MTy =
∫

A
EαθzdA

MTz =
∫

A
EαθydA (23.13)

Upon substitution of ε0, ry, and rz into Eq. (23.8) we obtain

σxx = −Eαθ + PT

A
+

(
IyMTz − IyzMTy

IyIz − I2
yz

)
y +

(
IzMTy − IyzMTz

IyIz − I2
yz

)
z (23.14)

Equation (23.14) can be further simplified by taking the y and z axes in the principal
directions of the cross sectional area of the beam. In this case Iyz = 0, and Eq. (23.14)
simplifies to the form

σxx = −Eαθ + PT

A
+ MTzy

Iz
+ MTyz

Iy
(23.15)

Equation (23.14) gives the axial stress in a beam subjected to thermal loading when
the temperature distribution is a function of y and z. To find the strains, radii of
curvature and thermal stresses due to the combined mechanical and thermal loads,
the thermal moments must be replaced by the total moments acting on the beam in
Eqs. (23.12), (23.14) and (23.15). Also, the term PT must be replaced by PT + PM ,
where PM is the axial load due to the external forces applied on the beam and the
reaction forces at the boundary. Thus, in general, when both mechanical and thermal
moments are present, the relations for the axial strain, radii of curvature, and axial
stress will be written in the form

ε0 = P

EA

ry = E(IyIz − I2
yz)

IyMz − IyzMy

rz = E(IyIz − I2
yz)

IzMy − IyzMz
(23.16)

and

σxx = −Eαθ + P

A
+

(
IyMz − IyzMy

IyIz − I2
yz

)
y +

(
IzMy − IyzMz

IyIz − I2
yz

)
z (23.17)
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in which the total moments and the axial load are

My = MTy + MMy

Mz = MTz + MMz

P = PT + PM (23.18)

where MT is the moment due to the thermal gradient, and MM is the mechanical
moment due to action of the external forces and the reaction forces at the boundary
of the beam.

23.2 Deflection Equation of Beams

Consider a beam of arbitrary cross section as shown in Fig. 23.2. The dimensions of
the beam in y and z directions are assumed to be small enough so that σyy and σzz

are negligible. Denoting deflection in y and z directions by v and w, respectively,
the differential equation for the beam deflection is derived as follows. From the
elementary beam theory and for a small deflection, the radii of curvature are related
to the deflections of the beam as

1

ry
= −

d2v

dx2
[

1 +
(
dv

dx

)2
]3/2

∼= −d2v

dx2

1

rz
= −

d2w

dx2
[

1 +
(
dw

dx

)2
]3/2

∼= −d2w

dx2 (23.19)

where ry and rz are the radii of curvature of the beam axis in xy and xz planes,
respectively. Substituting the relations for radii of curvature given by Eq. (23.16)
into Eq. (23.19) leads to the deflection equations of the beam

d2v

dx2 = − IyMz − IyzMy

E(IyIz − I2
yz)

d2w

dx2 = − IzMy − IyzMz

E(IyIz − I2
yz)

(23.20)

When both the mechanical and the thermal moments act, the total moments are

My = MTy + MMy

Mz = MTz + MMz (23.21)
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Fig. 23.2 Positive directions
for the moments applied on
the beam

where MT is the moment due to the thermal gradient, and MM is the mechanical
moment due to the action of the external forces and the reaction forces at the boundary
of the beam.

When the principal directions of the cross section of the beam are selected as the
y and z axes, Iyz = 0 and Eq. (23.20) simplify to the form

d2v

dx2 = − Mz

EIz
d2w

dx2 = − My

EIy
(23.22)

In addition to the lateral deflections of the beam, the axial displacement of the
beam may be of interest. The integration of Eq. (23.6) with respect to x, using the
relations for the axial strain and radii of curvature given by Eq. (23.16), results in an
expression for the axial displacement as

u = u0 +
∫ x

0

{
P

EA
+

(
IyMz − IyzMy

E(IyIz − I2
yz)

)
y +

(
IzMy − IyzMz

E(IyIz − I2
yz)

)
z

}
dx (23.23)

where u0 is the axial displacement at x = 0. Sometimes the average axial dis-
placement for the cross section of the beam is of interest. The average of the axial
displacement for the cross section is obtained from Eq. (23.23) as

uav = 1

A

∫

A
u dA

= 1

A

∫

A
u0 dA +

∫ x

0

P

EA
dx +

∫ x

0

{(
IyMz − IyzMy

E(IyIz − I2
yz)

) (∫

A
y dA

)

+
(
IzMy − IyzMz

E(IyIz − I2
yz)

)(∫

A
z dA

)}
dx (23.24)

Since the relations for the axial strain and radii of curvature given by Eq. (23.16) are
obtained when the y and z axes are the centroid axes of the cross section, Eq. (23.24)
reduces to
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uav = 1

A

∫

A
u0 dA +

∫ x

0

P

EA
dx (23.25)

It may be found from this equation that when a cantilever beam of constant cross
section and length L is exposed to a thermal gradient and axial mechanical loads, the
total average displacement of the free end of the beam is

uav = PL

EA
(23.26)

and when the temperature rise, θ, is uniformly distributed through the cross section
of the cantilever beam, Eq. (23.26) reduces to

uav = αθL + PML

EA
(23.27)

which is identical to the elongation of a bar under a uniform temperature rise θ and
the axial mechanical load PM .

23.3 Boundary Conditions

Consider a beam of arbitrary cross section subjected to both mechanical and thermal
loads. Take the x-axis along the axis of the beam. The following boundary conditions
may exist at any end of the beam:

1- Simply supported end Let assume that the end x = L of the beam is simply
supported in y direction. Thus, the deflection and the moment at this end must be
zero, that is

w|x=L = 0 MMy|x=L =
(

−EIy
d2w

dx2 − MTy

)

x=L
= 0 (23.28)

2- Built-in end At the built-in end the deflection and the slope of the beam must
be zero. Thus, if the end x = L is assumed to be built-in, it follows that

w|x=L = 0
dw

dx
|x=L = 0 (23.29)

3- Free end At the free end the moment and the shear force must be zero, thus, if
the end x = L is assumed to be free, it follows that

MMy|x=L =
(

−EIy
d2w

dx2 − MTy

)

x=L
= 0

(Qz)x=L =
(
dMMy

dx

)

x=L
= − d

dx

(
EIy

d2w

dx2

)

x=L
−

(
dMTy

dx

)

x=L
= 0 (23.30)
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23.4 Problems and Solutions of Beams

Problem 23.1. Consider a rectangular cross section beam (b × a) of length L. The
temperature distribution across the beam thickness is given below.

T(y, t) = T0 + aq
′′

24K

⎡

⎢⎣
24κt

a2 + 12y2

a2 + 12y

a
− 1

−48

π2

∞∑

n=1

(−1)n

n2 e
−n2π2κt

a2 cos
nπ(2y + a)

2a

⎤

⎥⎦ (23.31)

in which κ is thermal diffusivity and K is the thermal conductivity. Calculate the
transverse shear stress distribution in the beam cross section if two ends are simply
supported.

Solution: The temperature distribution through the beam is given by Eq. (23.31).
Next, thermal force and thermal moment through the beam can be obtained by the
following equations

PT =
∫

A
Eα(T − T0)dA

MTz =
∫

A
yEα(T − T0)dA (23.32)

where dA = bdy. When Eq. (23.31) is substituted into Eq. (23.32), thermal moment
and thermal force resultants are obtained as

PT = EαAq
′′
κt

aK

MTz = Eαq
′′
Iz

2K

⎛

⎜⎝1 − 96

π4

∞∑

n=1,3,5,...

1

n4 e
−n2π2κt

a2

⎞

⎟⎠ (23.33)

The deflected shape of the beam which is subjected to the elevated temperature is
governed by the following equation

d2v

dx2 = −MTz + M0z + Q0x

EIz
(23.34)

where M0z and Q0 are the bending moment and shear force at the left boundary of
the beam. Boundary conditions for a beam which is simply supported at both ends
are
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v(0) = v(L) = d2v(0)

dx2 + MTz

EIz
= d2v(L)

dx2 + MTz

EIz
= 0 (23.35)

Solving the ordinary differential Eq. (23.34) with boundary conditions (23.35) reveals
that the shear force and bending moment at the edge x = 0 are zero and therefore
total axial stress of the beam is equal to

σxx = −Eα(T − T0) + PT

A
+ MTzy

Iz
(23.36)

Substituting Eqs. (23.31) and (23.33) into the above equation gives the expression
for axial stress of the beams as

σxx =Eαaq
′′

2K

⎡

⎢⎣
(

1

12
− y2

a2

)
+ 4

π2

∞∑

n=1

(−1)n

n2 e
−n2π2κt

a2 cos
nπ(2y + a)

2a

− 96y

π4a

∞∑

n=1,3,5,...

1

n4 e
−n2π2κt

a2

⎤

⎥⎦ (23.37)

When the axial stress through the beam is known, the shear stress may be evaluated by

σxy = −
∫ a/2

y

∂σxx

∂x
dy (23.38)

As seen, no shear stress is produced through the beam since the normal stress is not
a function of x component.

Problem 23.2. A beam of rectangular cross section (b × a) is exposed to a constant
heat flux q

′′
on the top surface (y = a/2) and the to convective heat transfer at the

bottom surface (y = −a/2) by (h,T∞). The heat is generated in the beam material
at the rate of R per unit volume. The ends of the beam are simply supported. Obtain:

(a) Temperature distribution
(b) Thermal stresses
(c) Thermal deflection
(d) The transverse shear stress across the thickness

The thermal boundary conditions make the sides of the beam insulated so that the
temperature variation is only in y-direction.

Solution:

(a): Assuming the one-dimensional heat conduction in y direction, heat conduction
equation and the associated boundary conditions become
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K
d2T

dy2 + R = 0

K
dT(a/2)

dy
= q

′′

K
dT(−a/2)

dy
= h (T(−a/2) − T∞) (23.39)

Solving the above second order differential equation and employing the related
boundary conditions gives the temperature distribution across the thickness as

T(y) = − 1

2K
Ry2 + 1

K

(
q

′′ + 1

2
Ra

)
y + R

(
3a2

8K
+ a

h

)
+ q

′′
(

1

h
+ a

2K

)
+ T∞
(23.40)

(b): Considering α and E as thermal expansion coefficient and elasticity module of
the beam, the thermal force becomes

PT =
∫

A
Eα(T(y) − T0)dA = bEα

∫ a
2

− a
2

(T(y) − T0)dy

= EAα

(
1

3K
Ra2 + 1

h

(
Ra + q

′′ + 1

2K
q

′′
ah

)
+ T∞ − T0

)
(23.41)

and the thermal moment is equal to

MTz =
∫

A
Eαy(T(y) − T0)dA = bEα

∫ a
2

−a
2

y(T(y) − T0)dy

= 1

K
EαIz

(
q

′′ + 1

2
Ra

)
(23.42)

The deflected shape of the beam which is subjected to the elevated temperature is
governed by the following equation

d2v

dx2 = −MTz + M0z + Q0x

EIz
(23.43)

where M0z and Q0 are the bending moment and shear force at the left boundary of the
beam. Boundary conditions for a beam which is simply supported at both ends are

v(0) = v(L) = d2v(0)

dx2 + MTz

EIz
= d2v(L)

dx2 + MTz

EIz
= 0 (23.44)

Solving the ordinary differential Eq. (23.43) with boundary conditions (23.44) reveals
that the shear force and bending moment at the edge x = 0 are zero and therefore
total axial stress of the
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σxx = −Eα(T − T0) + PT

A
+ MTzy

Iz
(23.45)

After simplifications the normal stress reduces to

σxx = Eα
Ra2

8K

((
2y

a

)2

− 1

3

)
(23.46)

(c): The governed lateral deflection and associated mechanical boundary conditions
are

d2v

dx2 = −MTz + M0z + Q0x

EIz

v(0) = v(L) = d2v(0)

dx2 + MTz

EIz
= d2v(L)

dx2 + MTz

EIz
= 0 (23.47)

Here, M0x and Q0 are the mechanical moment and shear reaction at x = 0, respec-
tively. Solving this second order differential equation and applying the boundary
conditions gives the lateral deflection of the beam as

v(x) = α

2K

(
q

′′ + Ra

2

)
(xL − x2) (23.48)

(d): When axial stress is known through the beam, the shear stress may be evaluated as

σxy = −
∫ a/2

y

∂σxx

∂x
dy (23.49)

As seen, the shear stress vanishes through the beam. The reason is that the normal
stress is independent of the variable x.

Problem 23.3. The beam of previous section is reconsidered. The initial temperature
at t = 0 is T0. At this instant of time, the heat is generated at the rate of R per unit
volume and unit time. The side at z = ±b/2 are thermally insulated while the top
and bottom surfaces at y = ±a/2 are exposed to ambient at (h,T∞). Both ends of
the beam are clamped. Find:

(a) Temperature distribution
(b) Thermal stresses
(c) Thermal deflection
(d) The transverse shear stress across the thickness

Solution:

(a): Defining θ = T − T∞, the one-dimensional transient heat conduction equation
including heat generation becomes
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K
∂2θ

∂y2 + R = ρc
∂θ

∂t
(23.50)

and the associated initial and boundary conditions are

−K
∂θ(a/2, t)

∂y
= hθ(a/2, t)

K
∂θ(−a/2, t)

∂y
= hθ(−a/2, t)

θ(y, 0) = θ0 = T0 − T∞ (23.51)

As a solution, we let θ(y, t) = ψ(y, t) + ϕ(y). In this case the governing equation
for ϕ(y) and the associated boundary conditions become

K
∂2ϕ

∂y2 + R = 0

−K
dϕ(a/2)

dy
= hϕ(a/2)

K
dϕ(−a/2)

dy
= hϕ(−a/2) (23.52)

Solving Eq. (23.52) provides

ϕ(y) = R

2K

(
a2

4
+ aK

h
− y2

)
(23.53)

Defining κ = K

ρc
the governed equation for ψ(y, t) and its initial and boundary

conditions are

κ
∂2ψ

∂y2 = ∂ψ

∂t

ψ(y, 0) = θ0 − ϕ(y)

−K
∂ψ(a/2, t)

∂y
= hψ(a/2, t)

K
∂ψ(−a/2, t)

∂y
= hψ(−a/2, t) (23.54)

Following the method of separation of variables, the solution for ψ(y, t) becomes

ψ(y, t) =
∞∑

n=0

Bne
−λ2

nκt
(

sin λn(a/2 − y) + Kλn

h
cos λn(a/2 − y)

)
(23.55)
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where λn is the nth positive real root of the equation

tan(aλ) =
2
h

K
λ

λ2 − h2

K2

. (23.56)

Applying the initial condition (23.54) to the Eq. (23.55) leads us to

∞∑

n=0

Bn

(
sin λn(a/2 − y) + Kλn

h
cos λn(a/2 − y)

)
= θ0 − ϕ(y) (23.57)

The unknown constants Bn have to be obtained by means of orthogonality condition
of the eigenfunctions. To this end both sides of the above equation are multiplied by

sin λn(a/2 − y) + Kλn

h
cos λn(a/2 − y) (23.58)

and integrated over [−a/2, a/2] which results in

Bn =
∫ a

2
− a

2
(θ0 − ϕ(y))

(
sin λn(a/2 − y) + Kλn

h
cos λn(a/2 − y)

)
dy

∫ a
2

− a
2

(
sin λn(a/2 − y) + Kλn

h
cos λn(a/2 − y)

)2

dy

(23.59)

(b): Considering α and E as thermal expansion coefficient and elasticity modulus of
the beam, respectively. The thermal force become

PT =
∫

A
Eα(T(y, t) − T0)dA

= bEα

∫ a
2

− a
2

(ψ(y, t) + ϕ(y) + T∞ − T0)dy

= EαA

(
T∞ − T0 + Ra

2K

(
K

h
+ a

6

)
+

=
∞∑

n=0

Bn
Kλ sin(aλn) + h − h cos(aλn)

ahλn
e−λ2

nκt

)
(23.60)

and thermal moment is equal to

MTz =
∫

A
Eyα(T(y, t) − T0)dA
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=bEα

∫ a
2

−a
2

y(ψ(y, t) + ϕ(y) + T∞ − T0)dy

=EαIz

∞∑

n=0

{ −6Bn

a3λ2
nh

e−λ2
nκt×

((2h + λ2
naK) sin(aλn) + λn(2K − ah) cos(aλn) − 2Kλn − λnah)

}

(23.61)

For beams with both ends clamped, the governing equation for deflected shape and
boundary conditions are

d2v

dx2 = −MTz + M0z + Q0x

EIz

v(0) = v(L) = dv(0)

dx
= dv(L)

dx
= 0 (23.62)

Here, M0x and Q0 are the mechanical moment and shear reaction at x = 0. Solving
this second order differential equation and applying the boundary conditions reveals
that the produced mechanical moment at x = 0 is equal to −MTz and the shear force
vanishes at x = 0. Therefore, when beam is free to expand, the normal stress which
is produced due to elevated temperature is

σxx = −Eα(T − T0) + PT

A
(23.63)

After some simplifications, the normal stress reduces to

σxx =Eα
Ra2

8K

((
2y

a

)2

− 1

3

)

+ Eα

∞∑

n=0

Bne
−λ2

nκt
{

sin λn(y − a/2) − Kλn

h
cos λn(a/2 − y)

+ Kλn sin(aλn) + h − h cos(aλn)

ahλn

}
(23.64)

(c): The governed lateral deflection equation and associated mechanical boundary
conditions are

d2v

dx2 = −MTz + M0z + Q0x

EIz
(23.65)

v(0) = v(L) = dv(0)

dx
= dv(L)

dx
= 0 (23.66)
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Here, M0x and Q0 are the mechanical moment and shear reaction at x = 0. Solving
this second order differential equation and applying the boundary conditions gives
the lateral deflection of the beam as

v(x) = 0 (23.67)

which means that the beam remains flat.

(d): When axial stress is known through the beam, the shear stress may be evaluated as

σxy = −
∫ a/2

y

∂σxx

∂x
dy (23.68)

As seen, shear stress vanishes through the beam, because normal stress is independent
of the variable x.

Problem 23.4. Obtain the general expression for the axial thermal stresses of a
beam, if the cross section is circular.

Solution: The general form of axial thermal stress for an arbitrary cross section
beam is

σxx = −Eαθ + P

A
+ IyMz − IyzMy

IyIz − I2
yz

y + IzMz − IyzMz

IyIz − I2
yz

z (23.69)

Here,P = PT+PM ,Mz = MTz+MMz, andMy = MTy+MMy. A subscriptM indicates
the mechanical reactions which are produced due to the external forces/moments or
the reactions of the boundary conditions. By taking y and z axis as the principal

directions of the circular cross section Iyz = 0 and Iy = Iz = π

4
a4. In the polar

coordinates, y = r cos φ and z = r sin φ, (see Fig. 23.3) therefore thermal force and
moments are evaluated as

PT =
∫

A
EαθdA =

∫ 2π

0

∫ a

0
Eαrθ(r,φ)drdφ

MTy =
∫

A
EαθzdA =

∫ 2π

0

∫ a

0
Eαr2 sin φθ(r,φ)drdφ

MTz =
∫

A
EαθydA =

∫ 2π

0

∫ a

0
Eαr2 cos φθ(r,φ)drdφ (23.70)

Thus, the total axial stress produced due to the thermal loading becomes

σxx = − Eαθ(r,φ) + 1

πa2

∫ 2π

0

∫ a

0
Eαrθ(r,φ)drdφ

+ 4r sin φ

πa4

∫ 2π

0

∫ a

0
Eαr2 sin φθ(r,φ)drdφ
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Fig. 23.3 Circular cross
section beam

y

z

r

φ

a

+ 4r cos φ

πa4

∫ 2π

0

∫ a

0
Eαr2 cos φθ(r,φ)drdφ

+ PM

πa2 + 4MMzr cos φ

πa4 + 4MMyr sin φ

πa4 (23.71)

As an especial case, considering constant thermo-elastic properties and axisym-
metric temperature loading θ = θ(r), thermal moments vanish along both y and z
directions and the total axial thermal stress reduces to

σxx = − Eαθ(r) + 2

a2

∫ a

0
Eαrθ(r)dr

+ PM

πa2 + 4MMzr cos φ

πa4 + 4MMyr sin φ

πa4 (23.72)

Problem 23.5. A beam of the height 2a and width b is considered. The initial tem-
perature of the beam is T0. The beam is suddenly exposed to a rate of heat flux q

′′
at

the top surface, while the bottom surface is in equilibrium with the ambient through
the convective heat transfer at (h,T∞). The side surfaces of the beam are thermally
insulated. Obtain the expression for thermal stresses.

Solution: Assuming the one-dimensional heat conduction, the heat conduction
equation and associated initial and boundary conditions may be written in the form

∂2T

∂u2 = 1

κ

∂T

∂t
T(u, 0) = T0, 0 ≤ u ≤ 2a

K
∂T(2a, t)

∂t
= q

′′

K
∂T(0, t)

∂t
= h(T(0, t) − T∞) (23.73)
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whereK is thermal conductivity and κ is defined as κ = K

ρc
. Substituting θ = T−T0,

this equation transforms to

∂2θ

∂u2 = 1

κ

∂θ

∂t
θ(u, 0) = θ0 = T0 − T∞

K
∂θ(2a, t)

∂u
= q

′′

K
∂θ(0, t)

∂u
= hθ(0, t) (23.74)

As a solution for θ(u, t), let us define θ(u, t) = θ1(u, t)+F(u). The heat conduction
equation is divides into two differential equations for F(u) and θ1(u, t). The ordinary
differential equation for F(u) and the associated boundary conditions are

F
′′
(u) = 0, KF

′
(0) − hF(0) = 0, KF

′
(2a) = q

′′
(23.75)

Solving this second order differential equation provides

F(u) = 1

K
q

′′
(
u + K

h

)
(23.76)

The governing equation and the initial and boundary conditions for θ1(u, t) are

∂2θ1

∂u2 = 1

κ

∂θ1

∂t
θ(u, 0) = θ0 − F(u)

K
∂θ1(2a, t)

∂u
= 0

K
∂θ1(0, t)

∂u
= hθ(0, t) (23.77)

To solve the function θ1(u, t), the method of separation of variables is adopted. For
this purpose, the function θ1(u, t) is assumed as θ1(u, t) = U(u)T(t). With the aid
of this transformation, Eq. (23.77) simplifies to two ordinary differential equation as

U
′′
(u) + λ2U(u) = 0, U

′
(0) − h

K
U(0) = 0, U

′
(2a) = 0

T
′
(t) + κλ2T(t) = 0 (23.78)

The above eigenvalue problem providesUn(u) = cos λn(u−2a) and Tn(t) = e−λ2
nκt ,

where λn is the nth positive real root of the equation λ tan(2aλ) = h

K
. Finally, the
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general expression for θ1(u, t) may be written in the following form

θ1(u, t) =
∞∑

n=1

Ane
−λ2

nκt cos λn(u − 2a) (23.79)

The constants An has to be obtained using the initial condition θ1(u, 0) = θ0 −F(u).
Applying the initial condition gives

θ0 − F(u) =
∞∑

n=1

An cos λn(u − 2a) (23.80)

Recalling the orthogonality property of the eigenfunctions, multiplying both side of
this equation by cos λm(u − 2a) and integrating over the interval [0, 2a] gives the
constants An as

An =
∫ 2a

0 (θ0 − F(u)) cos λn(u − 2a)du
∫ 2a

0 (cos λn(u − 2a))2 du
(23.81)

The constant An is obtained after substituting F(u) = 1

K
q

′′
(
u + K

h

)
. With some

simplifications, we obtain

An =
λn

(
θ0 − 1

h
q

′′
)

sin(2aλn) − 1

K
q

′′
(1 − cos(2aλn))

aλ2
n + h

2K
cos2(2aλn)

(23.82)

For simplicity, a new coordinate y = u + a is introduced. The solution of T(y, t)
may be obtained as

T(y, t) =
∞∑

n=1

Ane
−λ2

nκt cos λn(y − a) + 1

K
q

′′
(
y + a + K

h

)
+ T∞ (23.83)

Now, to obtain the thermal stress through the beam, the boundary conditions
should be known. Let us assume a beam with both edges simply supported. From
the definition of thermal force we have

PT =
∫

A
Eα(T(y, t) − T0)dA = Eαb

∫ a

−a
(T(y, t) − T0)dy

= EαA

{ ∞∑

n=1

1

2aλn
Ane

−λ2
nκt sin(2aλn) + a

K
q

′′ + 1

h
q

′′ − θ0

}
(23.84)

and for thermal moment
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MTz =
∫

A
Eαy(T(y, t) − T0)dA = Eαb

∫ a

−a
y(T(y, t) − T0)dy

= EαIz

{
1

K
q

′′ + 3

2a3

∞∑

n=1

1

λ2
n
(1 − aλn sin(2aλn) − cos(2aλn))e

−λ2
nκt

}

(23.85)

In these equations A = 2ab and Iz = 2

3
ba3. Now the boundary reactions have to be

obtained by means of solving the curve shape equation of the beam and associated
boundary conditions. For a beam with both ends simply supported, we have

d2v

dx2 = −MTz + M0z + Q0x

EIz

v(0) = v(L) = d2v(0)

dx2 + MTz

EIz
= d2v(L)

dx2 + MTz

EIz
= 0 (23.86)

Here, M0x and Q0 are the mechanical moment and shear reaction at x = 0, respec-
tively. Solving this second order differential equation and applying the boundary
conditions gives M0z = Q0 = 0 and therefore total stress is calculated as

σxx = −Eα(T − T0) + PT

A
+ MTzy

Iz
(23.87)

Substituting expressions forPT andMTz into the Eq. (23.87) gives the normal stress as

σxx =Eα

∞∑

n=1

{
q

′′

K

(
y + a + K

h

)
+ An

[
sin(2aλn)

2aλn
− cos λn(y − a)

+ 3y

2a3λ2
n
(1 − cos(2aλn) − aλn sin(2aλn))

]}
e−λ2

nκt (23.88)

When the normal stress through the beam is known, the shear stress may be obtained
with the following equation

σxy = −
∫ a

y

∂σxx

∂x
dy (23.89)

As seen, shear stress vanishes through the beam, because normal stress is independent
of the variable x.

Problem 23.6. A beam of the height 2a and width b is generating heat through its
body at the rate given by

R(z, t) = A(t) sin(ηz)
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where η is constant. The beam is initially at a reference temperature T0. Thermal
boundary conditions are convective heat transfer from the top and bottom surfaces,
where the side surfaces are thermally insulated. Find the thermal stress in the beam.

Solution: Assuming the one-dimensional heat conduction, the heat conduction
equation and associated initial and boundary conditions may be written in the form

∂2T

∂z2 = − 1

K
R(z, t) + 1

κ

∂T

∂t
T(z, 0) = T0

−K
∂T(a, t)

∂t
= h(T(a, t) − T∞)

K
∂T(−a, t)

∂t
= h(T(−a, t) − T∞) (23.90)

whereK is thermal conductivity and κ is defined as κ = K

ρc
. Substituting θ = T−T0,

the upper boundary value problem transforms to

∂2θ

∂z2 = − 1

K
R(z, t) + 1

κ

∂θ

∂t
θ(z, 0) = θ0 = T0 − T∞

−K
∂θ(a, t)

∂u
= hθ(a, t)

K
∂θ(−a, t)

∂u
= hθ(−a, t) (23.91)

To solve the system of boundary value problem (23.91), we should find the eigen-
values and eigenfunctions of the corresponding homogeneous equation. Considering
the homogeneous part of the equation for θ and following the method of separation
of variables, the second order differential equation and boundary conditions for the
z domain become

Z
′′ + μ2Z = 0

Z
′
(a) + h

K
Z(a) = 0, Z

′
(−a) + h

K
Z(−a) = 0 (23.92)

where μ is eigenvalue. Solving Eq. (23.92), the eigenfunctions Zn(z) are obtained as

Zn(z) = h1 sin μn(z + a) + μn cos μn(z + a) (23.93)
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where μn is the nth positive real root of the equation tan(2aμ) = 2μh1

μ2 − h2
1

and h1 is

defined as h1 = h

K
. Now as a solution for the non-homogeneous transient equation

for θ, the next series expansion is considered

θ(z, t) =
∞∑

n=1

Bn(t)Zn(z)

=
∞∑

n=1

Bn(t)(h1 sin μn(z + a) + μn cos μn(z + a)) (23.94)

Here, the constants Bn are time dependent coefficients which have to be evaluated
using the initial condition. The above solution satisfies both of the boundary con-
ditions in Eq. (23.90), while the governing equation and initial condition are not
satisfied yet. To obtain the time-dependent functions Bn, the function sin(ηz) has to
be expanded by means of the orthogonal functions Zn(z) in the form

sin(ηz) =
∞∑

n=1

Pn(t)Zn(z)

=
∞∑

n=1

Pn(t)(h1 sin μn(z + a) + μn cos μn(z + a)) (23.95)

The constants Pn may be easily obtained by means of the orthogonality property of
the eigenfunctions. To this end, Eq. (23.95) is multiplied by Zm(z) and integrated
over the interval z[−a, a] which results in

Pn =
∫ a
−a sin(ηz)(h1 sin μn(z + a) + μn cos μn(z + a))dz

∫ a
−a(h1 sin μn(z + a) + μn cos μn(z + a))2dz

(23.96)

After integration and proper mathematical simplifications, the constants Pn are
obtained as

Pn = 1

2(ah2
1 + aμ2

n + h1)
×

[
h1

sin a(η − 2μn)

η − μn
− h1

sin a(η + 2μn)

η + μn

−μn
cos a(η + 2μn)

η + μn
− μn

cos a(η − 2μn)

η − μn
+ 2h1μ sin(ηa) + 2μη cos(ηa)

(η2 − μ2
n)

]

(23.97)

Substituting the expanded forms of θ(z, t) and sin(ηz) into the associated partial
differential equation for θ gives an ordinary differential equation for Bn(t) as follows
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B
′
n(t) + κμ2

nBn(t) = κ

K
PnA(t) (23.98)

The solution of the first-order differential equation (2.6-9) is

Bn(t) = κ

K
Pn

∫ t

0
A(τ )e−κμ2

n(t−τ )dτ + Bn(0)e
−κμ2

nt (23.99)

The constantsBn(0)have to be evaluated by means of the initial conditionθ(z, 0) = θ0.
Considering the expanded form of θ(z, t) we have

θ0 =
∞∑

n=1

Bn(0)(h1 sin μn(z + a) + μn cos μn(z + a)) (23.100)

The constants Bn(0) are obtained by the same method that the constants Pn were
calculated. After some simplifications, constants Bn(0) are evaluated as

Bn(0) = θ0

ah2
1 + aμ2

n + h1

(
sin(2aμn) + h1

μn
(1 − cos(2aμn))

)
(23.101)

From the definition of the thermal force resultant, we have

PT =
∫

A
Eα(T(y) − T0)dA = bEα

∫ a

−a
(T(y) − T0)dy

= EαA
∞∑

n=1

1

2a
Bn(t)

(
h1

1 − cos(2aμn)

μn
+ sin(2aμn)

)
− EαAθ0 (23.102)

and the thermal moments is

MTz =
∫

A
yEα(T(y) − T0)dA = bEα

∫ a

−a
y(T(y) − T0)dy

= Eαb
∞∑

n=1

Bn(t)

((
h1

μ2
n

+ a

)
sin(2aμn) + (1 − ah1) cos(2aμn) − ah1 − 1

μn

)

(23.103)

To evaluate the axial thermal stress, boundary conditions of the beam should be
known. Assume a beam with both ends simply-supported. In this case the boundary
conditions are

v(0) = v(L) = d2v(0)

dx2 + MTz

EIz
= d2v(L)

dx2 + MTz

EIz
= 0 (23.104)

and the governing equation for deflection shape of the beam is
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d2v

dx2 = −MTz + M0z + Q0x

EIz
(23.105)

Solving this equation and using the associated boundary conditions gives Q0 =
M0z = 0 and thus the normal stress is evaluates as

σxx = −Eα(T − T0) + PT

A
+ MTz

EIz
(23.106)

Substituting the temperature distribution in the beam from Eq. (23.94) and PT
and MTz from Eqs. (23.102) and (23.103) into the thermal stress Eq. (23.106) leads
us to

σxx = − Eα

∞∑

n=1

Bn(t) (h1 sin μn(z + a) + μn cos μn(z + a))

+ 1

2a
Eα

∞∑

n=1

Bn(t)

(
h1

1 − cos(2aμn)

μn
+ sin(2aμn)

)

+ 3Eα

2a3

∞∑

n=1

Bn(t)

(
(
h1

μ2
n

+ a) sin(2aμn) + (1 − ah1) cos(2aμn) − ah1 − 1

μn

)
z

(23.107)

When the axial stress through the beam is known, the shear stress may be obtained
using the following equation

σxz = −
∫ a

z

∂σxx

∂x
dz (23.108)

As seen, the shear stress is zero through the beam, as the axial stress is independent
of the variable x.



Chapter 24
Thick Cylinders and Spheres

Thick cylinders and spheres are components of many structural systems. Due to their
capacity to withstand high pressures, radial loads, and radial temperature gradients,
the problem of thermal stress calculations is an important design issue in these types
of problems. This chapter presents the method to calculate thermal stresses in such
structural members which are made from the homogeneous/isotropic materials. The
application of Michell conditions to derive thermal stresses in a multiply-connected
region, such as thick walled cylinders, is shown through the solution of problems.

24.1 Problems and Solutions of Cylinders and Spheres

Problem 24.1. Obtain the Michell conditions in cylindrical coordinates. For a hol-
low thick cylinder under radial temperature distribution, T = T (r), check the exis-
tence of thermal stresses through the Michell conditions.

Solution: In the Cartesian coordinates, Michell conditions are obtained as

1

E

∫

cs

(
x
∂∇2�

∂s
− y

∂∇2�

∂n

)
ds + α

∫

cs

(
x
∂T

∂s
− y

∂T

∂n

)
ds

− 1 + ν

E

∫

cs

(
tny

)
ds = 0

1

E

∫

cs

(
y
∂∇2�

∂s
+ x

∂∇2�

∂n

)
ds + α

∫

cs

(
y
∂T

∂s
+ x

∂T

∂n

)
ds

+ 1 + ν

E

∫

cs

(
tnx

)
ds = 0

1

E

∫

cs

∂∇2�

∂n
ds + α

∫

cs

∂T

∂n
ds = 0 (24.1)

The original version of this chapter was revised: Belated correction has been incorporated. The
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Fig. 24.1 Polar, cartesian and
tangential coordinate systems

ϕ

y

x
θ

r

t

n

The above conditions should be transformed to the polar coordinates. The geometric
relation between the three coordinates systems (x, y), (r, θ), and (t, s) is shown in
Fig. 24.1

Based on the chain rule of integration, we write

∂

∂s
= ∂

∂x

∂x

∂s
+ ∂

∂y

∂y

∂s
= ∂

∂r

∂r

∂x

∂x

∂s
+ ∂

∂θ

∂θ

∂x

∂x

∂s
+ ∂

∂r

∂r

∂y

∂y

∂s
+ ∂

∂θ

∂θ

∂y

∂y

∂s
(24.2)

which simplifies to

− ∂

∂r
cos θ sin φ − 1

r

∂

∂θ
sin θ sin φ + ∂

∂r
sin θ cos φ + 1

r

∂

∂θ
cos θ cos φ (24.3)

or
∂

∂s
= sin(θ − φ)

∂

∂r
+ 1

r
cos(θ − φ)

∂

∂θ
(24.4)

In a similar manner one may reach to

∂

∂n
= cos(θ − φ)

∂

∂r
− 1

r
sin(θ − φ)

∂

∂θ
(24.5)

Components �tn of the surface traction force on a plane whose unit outer normal
vector is �n should be interpreted in the polar coordinates. It is simply to show that

tny = tnr sin θ + tnθ cos θ

tnx = tnr cos θ − tnθ sin θ (24.6)

Finally, the operator ∇2 should be transformed into the polar coordinates. By means
of transformation x = r cos θ and y = r sin θ, this operator in the polar coordinates is
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∇2 = ∂2

∂x2
+ ∂2

∂y2
= ∂2

∂r2
+ 1

r

∂

∂r
+ 1

r2

∂2

∂θ2
(24.7)

Now, when Eqs. (24.2)–(24.4) are substituted into Eq. (24.1), the following equations
are obtained

1

E

∫

cs

(
x£1∂

2� − y£2∂
2�

)
ds + α

∫

cs
(x£1T − y£2T ) ds−

1 + ν

E

∫

cs

(
tnr sin θ + tnθ cos θ

)
ds = 0

1

E

∫

cs

(
y£1∂

2� + x£2∂
2�

)
ds + α

∫

cs
(y£1T + x£2T ) ds+

1 + ν

E

∫

cs

(
tnr cos θ − tnθ sin θ

)
ds = 0

1

E

∫

cs

£2∂
2�ds + α

∫

cs

£2Tds = 0 (24.8)

with the following definitions

£1 = sin(θ − φ)
∂

∂r
+ 1

r
cos(θ − φ)

∂

∂θ

£2 = cos(θ − φ)
∂

∂r
− 1

r
sin(θ − φ)

∂

∂θ
(24.9)

As an especial case, the Michell conditions are obtained for a hollow cylinder. In this
case θ = φ and r is constant. Then the operators of Eq. (24.9) simplifies to

£1 = 1

r

∂

∂θ

£2 = ∂

∂r
(24.10)

and Eq. (24.8) simplify to

1

E

∫ 2π

0

(
x

r

∂∇2�

∂θ
− y

∂∇2�

∂r

)
rdθ + α

∫ 2π

0

(
x

r

∂T

∂θ
− y

∂T

∂r

)
rdθ

− 1 + ν

E

∫ 2π

0

(
tnr sin θ + tnθ cos θ

)
rdθ = 0

1

E

∫ 2π

0

(
y

r

∂∇2�

∂θ
+ x

r

∂∇2�

∂θ

)
rdθ + α

∫ 2π

0

(
y

r

∂T

∂θ
+ x

∂T

∂r

)
rdθ

+ 1 + ν

E

∫ 2π

0

(
tnr cos θ − tnθ sin θ

)
rdθ = 0
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1

E

∫ 2π

0

∂∇2�

∂r
rdθ + α

∫ 2π

0

∂T

∂r
rdθ = 0 (24.11)

For a hollow cylinder without traction force and subjected to thermal loads only,
the Michell conditions are

∫ 2π

0

(
y
∂∇2�

∂r
− x

r

∂∇2�

∂θ

)
rdθ + Eα

∫ 2π

0

(
y
∂T

∂r
− x

r

∂T

∂θ

)
rdθ = 0

∫ 2π

0

(
x
∂∇2�

∂r
+ y

r

∂∇2�

∂θ

)
rdθ + Eα

∫ 2π

0

(
x
∂T

∂r
+ y

r

∂T

∂θ

)
rdθ = 0

∫ 2π

0

∂∇2�

∂r
rdθ + Eα

∫ 2π

0

∂T

∂r
rdθ = 0 (24.12)

where � is the Airy stress function which satisfies the equation:

∇4� + Eα∇2T = 0 (24.13)

By means of the Fourier expansion for � in the form

�(r, θ) = f0(r) +
∞∑

n=1

( fn(r) cos nθ + gn(r) sin nθ) (24.14)

Then we have

d4 f0(r)

dr4
+ 2

r

d3 f0(r)

dr3
− 1

r2

d2 f0(r)

dr2
+ 1

r3

d f0(r)

dr
+

∇4

( ∞∑

n=1

fn(r) cos nθ + gn(r) sin nθ

)

= Eα

(
d2T

dr2
+ 1

r

dT

dr

)
(24.15)

Note that term
1

r2

d2T

dθ2
in the right-hand-side of the above equation is neglected due

to the assumed radial temperature distribution. By means of the method of evaluating
Fourier expansion coefficients, it is found that fn = gn = 0 for n ≥ 1 and therefore
Eq. (24.15) results in

d4 f0
dr4

+ 2

r

d3 f0
dr3

− 1

r2

d2 f0
dr2

+ 1

r3

d f0
dr

= Eα

(
d2T

dr2
+ 1

r

dT

dr

)
(24.16)

To obtain complete solution of this equation, the temperature distribution must be
known. For the steady-state temperature distribution, without heat generation, we
have
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T (r) = Ta + Tb − Ta

ln
b

a

ln
r

a
(24.17)

Here, a and b are the inner and outer radii of the cylinder, respectively. Solving
Eq. (24.16) for f0 results in

�(r) = f0(r) = c1 + c2 ln
r

a
+ c3

( r
a

)2 + c4

( r
a

)2
ln

r

a
(24.18)

where c1, c2, c3 and c4 are constants have to be obtained with the aid of boundary con-
ditions. Substituting the Eqs. (24.17) and (24.18) into the Michell conditions (24.12),
reveals that the first and second Michell conditions are automatically satisfied, while
the third one results in

4

a2
c4 + Eα

Tb − Ta

ln
b

a

= 0 (24.19)

Based to the definition of Airy stress function, the components of stress field are

σrr = 1

r

d f0
dr

= c2

r2
+ 2c3

a2
+ c4

a2

(
1 + 2 ln

r

a

)

σθθ = d2 f0
dr2

= −c2

r2
+ 2c3

a2
+ c4

a2

(
3 + 2 ln

r

a

)
(24.20)

Since the cylinder is only subjected to temperature loads, radial stress vanishes at
inner and outer radii of the cylinder. Based to the Eq. (24.20) following equations
for constants c2, c3 and c4 are obtained

c2 + 2c3 + c4 = 0

c2 + 2

(
b

a

)2

c3 +
(
b

a

)2

c4(1 + 2 ln(b/a)) = 0 (24.21)

Solving the Eqs. (24.19) and (24.21) for c1, c2 and c3 and substituting the results
into Eq. (24.21) yield the components of stress tensor as

σrr = Eα
Tb − Ta

2 ln
b

a

[
− ln

r

a
+ b2

b2 − a2

(
1 − a2

r2

)
ln

b

a

]

σθθ = Eα
Tb − Ta

2 ln
b

a

[
−1 − ln

r

a
+ b2

b2 − a2

(
1 + a2

r2

)
ln

b

a

]
(24.22)

Problem 24.2. Consider a temperature change distribution in a thick hollow cylinder
of the form
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θ (r,φ) =
∞∑

n=1

(
Anr

n + Bnr
−n

)
cos nφ (24.23)

where An and Bn are known constants and θ = T − T∞, T∞ being the reference
temperature. The related stress function satisfies the equation

∇2� =
∞∑

m=1

(
c1mr

m + c2mr
−m

)
(c3m sinmφ + c4m cosmφ) (24.24)

Check all the three Michell conditions to identify the terms of temperature which do
not satisfy the conditions. Then use the Navier equations in polar coordinates and
with the use of Papkovich function obtain the stresses.

Solution: The given temperature distribution in Eq. (24.23) must satisfy the heat
conduction equation in polar coordinates as

∇2θ = ∂2θ

∂r2
+ 1

r

∂θ

∂r
+ 1

r2

∂2θ

∂φ2
= 0 (24.25)

It would be easy to verify that the given temperature distribution θ (r,φ) satisfies this
equation. Next, the given form of stress function in Eq. (24.24) should satisfy the
compatibility equation which is given by

∇4� + E1α1∇2θ = 0 (24.26)

It is easy to show that the given form of ∇2� satisfies this equation. Finally all
three Michell conditions in terms of stress function and temperature profile in polar
coordinates are given by

∫ 2π

0

(
y
∂∇2�

∂r
− x

r

∂∇2�

∂φ

)
rdφ = −E1α1

∫ 2π

0

(
y
∂θ

∂r
− x

r

∂θ

∂φ

)
rdφ

∫ 2π

0

(
x
∂∇2�

∂r
+ y

r

∂∇2�

∂φ

)
rdφ = −E1α1

∫ 2π

0

(
x
∂θ

∂r
+ y

r

∂θ

∂φ

)
rdφ

∫ 2π

0

∂∇2�

∂r
rdφ = −E1α1

∫ 2π

0

∂θ

∂r
rdφ at r = a (24.27)

Recalling the following properties of the trigonometric functions

∫ 2π

0
cos nφ cosmφdφ =

{
0 n �= m

2π n = m �= 0
∫ 2π

0
sin nφ sinmφdφ =

{
0 n �= m

2π n = m �= 0
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∫ 2π

0
sin nφ cosmφdφ = 0 (24.28)

and substituting the proposed form of the temperature and Airy stress function from
Eqs. (24.23) and (24.24) into the first of Michell conditions, i.e. the first of Eq. (24.28)
reveals that the right hand side of this equation is equal to zero, while in the left hand
side all terms are vanished except the one associated to m = 1. Therefore, the first
Michell condition implies that

c21c31 = 0 (24.29)

Similarly, it is seen that in the second Michell condition described by the second of
Eq. (24.28), all terms in both right and left sides of the equality are vanished except
for m = 1, which results in

c21c41 �= 0 (24.30)

The third Michell condition, i.e. the third of Eq. (24.28) is held automatically. There-
fore, all three Michell conditions are satisfied for n > 1 and for n = 1 conditions are
given by Eqs. (24.29) and (24.30). From these two conditions, one may concluded
that c21 �= 0 and c31 = 0. Therefore, among all infinite number of terms in tem-
perature and stress function profile, the followings are not satisfied automatically in
Michell conditions

θ (r,φ) = (
A1r + B1r

−1
)

cos φ

∇2�(r,φ) = (
c11r + c21r

−1
)
c41 cos φ (24.31)

The complete solution of the stress function can be decomposed as � = �h + �p,
where �h is the general solution of the stress function in Eq. (24.31) with the right
hand side equal to zero and is obtained with the aid of the Fourier series expansion as

�h =
∞∑

n=0

{(
D1nr

n + D2nr
−n

)
cos nφ + (

D3nr
n + D4nr

−n
)

sin nφ
}

(24.32)

and �p is the particular solution of this equation and is extracted as

�p =
(

1

8
c11c41r

3 + 1

2
c21c41r ln r − 1

4
c21c41r

)
cos φ (24.33)

The boundary condition along the interior radii of the cylinder, i.e. r = a are

� = a1x + a2y + a3

∂�

∂r
= a1 cos φ + a2 sin φ (24.34)
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and along the exterior radii, i.e. r = b are

� = ∂�

∂r
= 0 (24.35)

Using the boundary condition (24.34) and considering the solution of the stress
function as the sum of Eqs. (24.32) and (24.33), results in D1n = D2n = D3n =
D4n = 0 for n > 1. Besides, due to the temperature distribution through the cylinder,
which is a cosine function, the constants D10, D20, D31, D41 are ignored and therefore
the stress function is obtained in the form

� =
(
C1

r

a
+ C2

a

r
+ C3

( r
a

)3 + C4
r

a
ln

r

a

)
cos φ (24.36)

where Ci ’s are constants. The stress components are now obtained using the Airy
stress function as

σrr =1

r

∂�

∂r
+ 1

r2

∂2�

∂φ2
=

(
−2a

r3
C2 + 2a

r3
C3 + 1

ar
C4

)
cos φ

σφφ =∂2�

∂r2
=

(
2a

r3
C2 + 6r

a3
C3 + 1

ar
C4

)
cos φ

σrφ = − ∂

∂r

(
1

r

∂�

∂θ

)
=

(
−2a

r3
C2 + 2r

a3
C3 + 1

ar
C4

)
sin φ (24.37)

where in the above equations, three constants C2,C3, and C4 have to be determined
using the given boundary conditions. It is worth mentioning that in the temperature
profile of Eq. (24.31), the term A1r cos φ = A1x is not included into the formulations
as it is a linear function and does not produce any thermal stresses. The three constants
are obtained when the stress function (24.36) and temperature profile are substituted
into the second Michell condition and the boundary conditions (24.33) and stress
free conditions at r = a, b are satisfied. The results are

C2 = − E1α1B1ab2

4(a2 + b2)

C3 = E1α1B1a3

4(a2 + b2)

C4 = − E1α1B1a

2
(24.38)

The stress components are computed upon substitution of Eq. (24.38) into
Eq. (24.37) to give

σrr = E1α1r

2
(
a2 + b2

)
(

1 − a2

r2

)(
1 − b2

r2

)
B1 cos φ
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σrφ = E1α1r

2
(
a2 + b2

)
(

1 − a2

r2

) (
1 − b2

r2

)
B1 sin φ

σφφ = E1α1r

2
(
a2 + b2

)
(

3 − a2 + b2

r2
− a2b2

r4

)
B1 cos φ (24.39)

Here, E1α1 have to be replaced by
Eα

1 − ν
for the case of plane stress conditions.

Problem 24.3. Consider a finite solid circular cylinder of the length 2l and radius r2.

(a) Use the Papkovich function to obtain the expression for displacement
components.

(b) For the given temperature distribution

T (r, z) = T0 + a0 (r) +
∞∑

n=1

an (r) cos knz (24.40)

where an (r) are prescribed and kn = nπ

l
are constant values, obtain the associated

thermal stresses.

Solution:

a: In the case of axisymmetric temperature distribution the strain-displacement rela-
tions are

εr = ∂ur
∂r

εφ = ur
r

εz = ∂uz

∂z

εr z = 1

2

(
∂ur
∂z

+ ∂uz

∂r

)
(24.41)

where, in the above equations, ur and uz are displacements along r radial and aixal
directions respectively. Besides, εr , εφ, εz and εr z are radial strain, hoop strain, axial
strain and shear strain respectively. The equilibrium conditions in the symmetrical
case of deformations are

∂σr

∂r
+ ∂σr z

∂z
+ σr − σφ

r
= 0

∂σr z

∂r
+ ∂σz

∂z
+ 1

r
σr z = 0 (24.42)
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where σr , σz , σφ and σrφ are the radial, axial, hoop and shear stresses, respectively.
The stress-strain relations in symmetrical case of deformations are

σr = (2μ + λ) εr + λ
(
εφ + εz

) − β (T − T0) (24.43)

σφ = (2μ + λ) εφ + λ (εr + εz) − β (T − T0)

σz = (2μ + λ) εz + λ
(
εφ + εr

) − β (T − T0)

σr z = 2μεr z

Combining Eqs. (24.41), (24.42) and (24.43) provides the Navier equations in terms
of the displacement components for axisymmetric cylindrical coordinates as

(2μ + λ)

(
∂2ur
∂r2

+ 1

r

∂ur
∂r

− 1

r2
ur

)
+ μ

∂2ur
∂z2

+

(λ + μ)
∂2uz

∂r∂z
= β

∂T

∂r
(24.44)

μ

(
∂2uz

∂r2
+ 1

r

∂uz

∂r

)
+ (2μ + λ)

∂2uz

∂z2
+

(λ + μ)

(
∂2ur
∂r∂z

+ 1

r

∂ur
∂z

)
= β

∂T

∂z

Using the Papkovich-Neuber solution, displacement field is assumed in the form

�u = �uT + �u∗ = �∇� + 4 (1 − ν) �B − �∇
( �B.�r + �B0

)
(24.45)

Here, B is a harmonic vector, B0 is a harmonic scalar and � is the thermoelastic
potential function. Components of the above equation may also be written as

uT
r = ∂�

∂r

uT
z = ∂�

∂z

u∗
r = 4 (1 − ν) Br − ∂

∂r
(rBr + zBz + B0)

u∗
z = 4 (1 − ν) Bz − ∂

∂z
(rBr + zBz + B0) (24.46)

Substituting these relations into the Eq. (24.44) results into governing equations for
Br , Bz, B0, and � as

∂2�

∂r2
+ 1

r

∂�

∂r
+ ∂2�

∂z2
= 1 + ν

1 − ν
α (T − T0)



24.1 Problems and Solutions of Cylinders and Spheres 663

∂2Br

∂r2
+ 1

r

∂Br

∂r
+ ∂2Br

∂z2
− Br

r2
= 0

∂2Bz

∂r2
+ 1

r

∂Bz

∂r
+ ∂2Bz

∂z2
= 0

∂2B0

∂r2
+ 1

r

∂B0

∂r
+ ∂2B0

∂z2
= 0 (24.47)

b: The temperature distribution given by Eq. (24.40) may be written in the next form

�(r, z) = T (r, z) − T0 = a0 (r) +
∞∑

n=1

an (r) cos knz (24.48)

the above equation is the cosine Fourier series expansion for the function �(r, z).
Therefore the constantsan may be considered to be known by the following equations.

a0(r) = 1

l

∫ l

0
�(r, z) dz

an(r) = 2

l

∫ l

0
�(r, z) cos knzdz (24.49)

Now, each of the functions �, Br , Bz and B0 have to be solved. Based to the first of
Eq. (24.47), the function �(r, z) may be written as

�(r, z) = 1 + ν

1 − ν
α

∞∑

n=0

bn (r) cos knz (24.50)

Substituting the expressions for � from Eq. (24.50) and T from (24.48) into the first
of relations in Eq. (24.47) reaches us to

r
d

dr

(
rb

′
n(r)

)
− k2

nr
2bn(r) = r2an(r), n = 0, 1, 2, ... (24.51)

The particular solution of the above equations may be written as

b0 (r) =
∫ r

0

1

r

(∫ r

0
ra0 (r) dr

)
dr

bn (r) = I0 (knr)
∫ r

0
r K0 (knr) an (r) dr−

K0 (knr)
∫ r

0
r I0 (knr) an (r) dr, n = 1, 2, ... (24.52)

And displacement components, uT
r and uT

z can be obtained by mean of the first of
Eq. (24.46) as
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uT
z = −1 + ν

1 − ν
α

∞∑

n=1

knbn (r) sin knz (24.53)

uT
r = 1 + ν

1 − ν
α
db0 (r)

dr
+ 1 + ν

1 − ν
α

∞∑

n=1

dbn (r)

dr
cos knz

From Eqs. (24.41) and (24.43) the associated stress components are

σT
r = 2μ

{
1 + ν

1 − ν
α

(
d2b0 (r)

dr2
− a0 (r)

)

+ 1 + ν

1 − ν
α

∞∑

n=1

(
d2bn (r)

dr2
− an (r)

)
cos knz

}

σT
φ = 2μ

{
1 + ν

1 − ν
α

(
1

r

db0 (r)

dr
− a0 (r)

)

+ 1 + ν

1 − ν
α

∞∑

n=1

(
1

r

dbn (r)

dr
− an (r)

)
cos knz

}

σT
z = −2μ

1 + ν

1 − ν
α

∞∑

n=1

(
k2
nbn (r) + an (r)

)
cos knz

σT
rz = −2μ

1 + ν

1 − ν
α

∞∑

n=1

kn
dbn (r)

dr
sin knz (24.54)

When the temperature distribution is symmetric with respect to the plane z = 0, the
solution of u∗

r and u∗
z must satisfy the conditions u∗

r (−z) = u∗
r (z) and u∗

z (−z) =
u∗
z (z). We split the solution into two parts; u∗

r = uI
r + uI I

r and u∗
z = uI

z + uI I
z .

The first part with superscript I will be constructed for arbitrary boundary condition
on r = r2. The related stresses to this solution must be in the form of complete
orthogonal series on domain [−l, l] so Br and B0 will be chosen in the form

Br (r) = g0 (r) +
∞∑

n=1

gn (r) cos knz

B0 (r) = h0 (r) +
∞∑

n=1

hn (r) cos knz (24.55)

and also in this case Bz can be set equal to zero. Substitution of Eq. (24.55) into the
second and fourth relations of Eq. (24.47) results in

g
′′
0 + 1

r
g

′
0 − 1

r2
g0 = 0
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h
′′
0 + 1

r
h

′
0 = 0

g
′′
n + 1

r
g

′
n −

(
k2
n + 1

r2

)
gn = 0

h
′′
n + 1

r
h

′
n − k2

nhn = 0 (24.56)

and the solutions of these equations are

g0 (r) = α0r + α
′
0

r
gn (r) = an I1 (knr) + α

′
nk1 (knr)

h0 (r) = β0r + β
′
0 ln r

hn (r) = βn I0 (knr) + β
′
nk0 (knr) (24.57)

Here, α0,α
′
0,β0,β

′
0,αn,βn,α

′
n,β

′
n are arbitrary constants. Since the cylinder is

solid, the above-mentioned functions have to be finite at r = 0 which results in

α
′
0 = 0,β

′
0,α

′
n = 0,β

′
n = 0 (24.58)

With the simultaneous aids of Eqs. (24.46) and (24.55), we have

uI
z =

∞∑

n=1

{αnknr I1 (knr) + βnkn I0 (knr)} sin knz

u I
r = 2 (1 − 2ν) α0r+
∞∑

n=1

{αn [4 (1 − ν) I1 (knr) − knr I0 (knr)] − βnkn I1 (knr)} cos knz (24.59)

When constructing the second part uI I
r and uI I

z we can assume the functions Br , B0

and Bz in the form

Br (r) = 0

Bz(r) = p0 (z) +
∞∑

j=1

p j (z) J0
(
λ j r

)

B0(r) = q0 (z) +
∞∑

j=1

q j (z) J0
(
λ j r

)
(24.60)

This form is chosen according to the second and fourth of the Eq. (24.47). Substituting
the Eq. (24.60) into the second and fourth of Eq. (24.47) reveals that λ j ’s are roots
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of the equations J1
(
λ j r2

) = 0. Simultaneously, the governing equations for the
eigenfunctions are

p
′′
0 (z) = 0

q
′′
0 (z) = 0

p
′′
j − λ2

j p j = 0

q
′′
j − λ2

j q j = 0 (24.61)

Solving these equations and considering that p j and q j are odd and even functions,
respectively, the solutions of these functions are

p0 (z) = γ0z

q0 (z) = δ0

p j (z) = γ j sinh λ j z

q j (z) = δ j cosh λ j z (24.62)

Finally, uI I
r and uI I

z are given as

uI I
r =

∞∑

j=1

{
γ jλ j z sinh λ j z + δ jλ j cosh λ j z

}
J1

(
λ j z

)

uI I
z = 2 (1 − 2ν) γ0z+
∞∑

j=1

{
γ j

[
(3 − 4ν) sinh λ j z − λ j z cosh λ j z

] − δ jλ j sinh λ j z
}
J0

(
λ j z

)
(24.63)

The complete solution of the functions u∗
t and u∗

z is equal to the summation of Eqs.
(24.53) and (24.63), that are

u∗
r = 2 (1 − 2ν) α0r

+
∞∑

n=1

{αn [4 (1 − ν) I1 (knr) − knr I0 (knr)] − βnkn I1 (knr)} cos knz

+
∞∑

j=1

{
γ jλ j z sinh λ j z + δ jλ j cosh λ j z

}
J1

(
λ j r

)

u∗
z = 2 (1 − 2ν) γ0z +

∞∑

n=1

{αnknr I1 (knr) + βnkn I0 (knr)} sin knz
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+
∞∑

j=1

{
γ j

[
(3 − 4ν) sinh λ j z − λ j z cosh λ j z

] − δ jλ j sinh λ j z
}
J0

(
λ j r

)

(24.64)

Using Eqs. (24.41), (24.43), and (24.64) the related stress components are found
to be

σ∗
r

2μ
= 2α0 + 2νγ0

−
∞∑

j=1

1

r

(
γ jλ j z sinh λ j z + δ jλ j cosh λ j z

)
J1

(
λ j r

)

+
∞∑

n=1

{
αn

[
−4 (1 − ν)

1

r
I1 (knr) − k2

nr I1 (knr) + (3 − 2ν) kn I0 (knr)

]}

× cos knz +
∞∑

n=1

{
βnkn

[
1

r
I1 (knr) − kn I0 (knr)

]}
cos knz

+
∞∑

j=1

{
γ j

(
λ2
j z sinh λ j z + 2νλ j cosh λ j z

) + δ jλ
2
j cosh λ j z

}
J0

(
λ j r

)

σ∗
φ

2μ
= 2α0 + 2νγ0

+
∞∑

n=1

{
αn

[
4 (1 − ν)

1

r
I1 (knr) − (1 − 2ν) kn I0 (knr)

]

− βnkn
1

r
I1 (knr)

}
cos knz

+
∞∑

j=1

1

r

{
γ jλ j z sinh λ j z + δ jλ j cosh λ j z

}
J1

(
λ j r

)

+
∞∑

j=1

2ν
{
γ jλ j cosh λ j z

}
J0

(
λ j r

)

σ∗
z

2μ
= 2 (1 − ν) γ0 + 4να0

+
∞∑

n=1

{
αn

[
k2
nr I1 (knr) + 2νkn I0 (knr)

] + βnk
2
n I0 (knr)

}
cos knz

+
∞∑

j=1

{
γ j

[
2 (1 − ν) λ j cosh λ j z − λ2

j z sinh λ j z
] − δ jλ

2
j cosh λ j z

}

× J0
(
λ j r

)
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σ∗
r z

2μ
=

∞∑

n=1

{
αnkn [−2 (1 − ν) I1 (knr) + knr I0 (knr)] + βnk

2
n I1 (knr)

}
sin knz

+
∞∑

j=1

{
γ jλ j

[
λ j z cosh λ j z − (1 − 2ν) sinh λ j z

] + δ jλ
2
j sinh λ j z

}

× J1
(
λ j z

)
(24.65)

when Eqs. (24.54) and (24.65) are added together, the complete solution of thermal
stresses is obtained. It should be emphasized that for the case when cylinder is
subjected to thermal loadings only, shear and radial stresses have to be vanished at
r = r2. Also axial and shear stresses have to be omitted at z = ∓l/2. In such a
case the series expansion have to be truncated into a finite number to enable us to
calculate the constants αn,βn, γ j and δ j .

Problem 24.4. Find the thermal stresses in a thick hollow sphere of inside and
outside radii a and b, respectively, subjected to the general temperature variation of
the form T = T (r,φ) and with the stress-free boundary conditions.

Solution: In spherical coordinates and in the case of axisymmetric heat conduction,
the governing heat conduction equation is

1

r2

∂

∂r

(
r2θ

) + 1

sin ϕ

∂

∂ϕ
(sin ϕθ) = 0 (24.66)

where θ = T (r,ϕ) − T0. Using the method of separation of variables

θ (r,ϕ) = R (r)φ (ϕ) (24.67)

Substituting Eq. (24.67) into the heat conduction equation (24.66) gives

(
r2R

′
(r)

)′
− μ2R(r) =

(
φ

′
(ϕ) sin ϕ

)′
+ μ2φ(ϕ) sin ϕ = 0 (24.68)

where, μ is constant. The above equations have to solved as an eigenvalue problem.
The eigenvalues and eigenfunctions are

μ2
n = n (n + 1)

φn (ϕ) = Pn (cos ϕ) (24.69)

Substituting the eigenvalues μn form Eq. (24.69) into the Eq. (24.68) and solving for
Rn(r) gives us Solving for R (r) gives

Rn (r) = αnr
n + βnr

−n−1 (24.70)
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Having developed the functions Rn and φ(ϕ), the temperature profile becomes

T (r,ϕ) = T0 +
∞∑

n=0

(
αnr

n + βnr
−n−1

)
Pn (cos ϕ) (24.71)

The components of the displacement vector, as a sum of the general u∗ and particular
uT solutions, have the form

ur = uT
r + u∗

r

uϕ = u∗
ϕ + uT

ϕ (24.72)

where, each of these components can be interpreted in terms of Papkovich-Neuber
functions, displacement field is assumed in the form

uT
r = ∂ψ

∂r

u∗
r = 4 (1 − ν) Br − ∂

∂r
(rBr + B0)

uT
ϕ = 1

r

∂ψ

∂ϕ

u∗
ϕ = 4 (1 − ν) Bϕ − 1

r

∂

∂ϕ
(rBr + B0) (24.73)

Here, Br and Bϕ are the elements of a harmonic vector, B0 is a harmonic scalar and
ψ is the thermoelastic potential function.

In spherical coordinates, the strain - displacement relations are

εr = ∂ur
∂r

εϕ = 1

r

(
ur + ∂uϕ

∂ϕ

)

εθ = 1

r

(
ur + uϕ cot ϕ

)

εrϕ = 1

2

(
∂uϕ

∂r
+ 1

r

∂ur
∂ϕ

− uϕ

r

)
(24.74)

and the equilibrium equations are

∂σr

∂r
+ 1

r

(
∂σrϕ

∂ϕ
+ 2σr − σϕ − σθ + σrϕ cot ϕ

)
= 0

∂σrϕ

∂r
+ 1

r

(
∂σϕ

∂ϕ
+ (

σϕ − σθ

)
cot ϕ + 3σrϕ

)
= 0 (24.75)
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The linear thermoelastic stress-strain relations are

σr = (2μ + λ) εr + λ
(
εθ + εϕ

) − βθ

σθ = (2μ + λ) εθ + λ
(
εr + εϕ

) − βθ

σϕ = (2μ + λ) εϕ + λ (εθ + εr ) − βθ

σrϕ = 2μεrϕ (24.76)

where, μ and λ are Lame constants. Combining Eqs. (24.73)–(24.76) yields the
equilibrium equations in terms of the Papkovich-Neuber functions, that are

1

r2

∂

∂r

(
r2 ∂ψ

∂r

)
+ 1

r2

1

sin ϕ

∂

∂ϕ

(
sin ϕ

∂ψ

∂ϕ

)
= 1 + ν

1 − ν
α (T − T0)

∂eB
∂r

− 1

r sin ϕ

∂

∂ϕ
(sin ϕwB) = 0

∂eB
∂ϕ

+ ∂

∂r
(rwB) = 0 (24.77)

where we have set

eB = 1

r

(
1

r

∂

∂r

(
r2Br

) + 1

sin ϕ

∂

∂ϕ

(
sin ϕBϕ

))

wB = 1

r

(
∂

∂ϕ

(
r Bϕ

) − ∂Br

∂ϕ

)
(24.78)

Solution for ψ: Solution of the function ψ(r,φ) has to be obtained by means of the
first of Eq. (24.77). Since the temperature profile is written in terms of the Legendre
polynomials, we seek the particular solution of ψ in the form

ψ (r,ϕ) =
∞∑

n=0

bn (r) Pn (cos ϕ) (24.79)

Substituting Eqs. (24.71) and (24.79) into the first of Eq. (24.77) results in

d

dr

(
r2b

′
n(r)

)
− n (n + 1) bn(r) = 1 + ν

1 − ν
αr2Rn(r) (24.80)

which has the exact solution for bn(r)’s as

bn (r) = 1 + ν

1 − ν

α

2n + 1

(
rn

∫ r

rin

ξ1−n Rn (ξ) dξ − r−n−1
∫ r

rin

ξn+2Rn (ξ) dξ

)

(24.81)
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with the substitution of Eq. (24.70) into the above equation, closed-form expressions
for bn(r) are deduced

bn (r) = 1 + ν

1 − ν
α

(
αn

2 (2n + 3)
rn+2 − βn

2 (2n − 1)
r−n+1

)
(24.82)

Having developed the function ψ(r,φ), the particular solution for displacement com-
ponents can be evaluated based on Eq. (24.73). Substitution of the displacements into
the stress-displacement relations gives us the particular stress components in the form

σT
r

2μ
=

∞∑

n=0

{
−2

r
b

′
n(r) + n (n + 1)

r2
bn(r)

}
Pn (cos ϕ)

σT
ϕ

2μ
=

∞∑

n=0

{
−1

r

(
rb

′
n(r)

)′
Pn (cos ϕ) + bn(r)

dPn (cos ϕ)

dϕ
cot ϕ

}

σT
θ

2μ
=

∞∑

n=0

{
−1

r

(
rb

′
n(r)

)′
Pn (cos ϕ) − n (n + 1) bn(r)Pn (cos ϕ)

− bn(r)
dPn (cos ϕ)

dϕ
cot ϕ

}

σT
rϕ

2μ
=

∞∑

n=1

{
− 1

r2
bn(r) + 1

r
b

′
n(r)

}
dPn (cos ϕ)

dϕ
(24.83)

with the substitution of Eq. (24.83) into the Eq. (24.82), above equations simplify to

σT
r

2μ
= α (1 + ν)

2 (1 − ν)

∞∑

n=0

{
n2 − n − 4

2n + 3
αnr

n − n2 + 3n − 2

2n − 1
βnr

−n−1

}
Pn (cos ϕ)

σT
ϕ

2μ
= α (1 + ν)

2 (1 − ν)

∞∑

n=0

{(
(n + 2)2

2n + 3
αnr

n − (n − 1)2

2n − 1
βnr

−n−1

)
Pn (cos ϕ)

}

+ α (1 + ν)

2 (1 − ν)

∞∑

n=0

{(
αnrn

2n + 3
+ βnr−n−1

2n − 1

)
dPn (cos ϕ)

dϕ
cot ϕ

}

σT
θ

2μ
= − α (1 + ν)

2 (1 − ν)

∞∑

n=0

{(
3n + 4

2n + 3
αnr

n + 3n − 1

2n − 1
βnr

−n−1

)
Pn (cos ϕ)

}

− α (1 + ν)

2 (1 − ν)

∞∑

n=0

{(
αnrn

2n + 3
− βnr−n−1

2n − 1

)
dPn (cos ϕ)

dϕ
cot ϕ

}

σT
rϕ

2μ
= α (1 + ν)

2 (1 − ν)

∞∑

n=1

{
n + 1

2n + 3
αnr

n + n

2n − 1
βnr

−n−1

}
dPn (cos ϕ)

dϕ
(24.84)



672 24 Thick Cylinders and Spheres

When the sphere is solid βn = 0, and when spherical coordinates is used for a
half-space αn = 0.

Now we turn to determination of u∗
r and u∗

ϕ. To find the general solution for eB
and wB , these function are written in terms of Legendre polynomials such as

eB =
∞∑

n=−∞
eBn =

∞∑

n=−∞
C

′
nr

n Pn (cos ϕ)

wB =
∞∑

n=−∞
wBn =

∞∑

n=−∞
D

′
nr

n d Pn (cos ϕ)

dϕ
(24.85)

Substitution of these equations into the third of Eq. (24.77). results in the relation
between constants C

′
n and D

′
n as

C
′
n + (n + 1) D

′
n = 0 (24.86)

Recalling the above equation and substituting Eq. (24.85) into Eq. (24.77) gives

1

r

∂

∂r

(
r2Brn

) + 1

sin ϕ

∂

∂ϕ

(
sin ϕBϕn

) = − (n + 1) D
′
nr

n+1Pn (cos ϕ)

∂
(
rBϕn

)

∂r
− ∂Brn

∂ϕ
= D

′
nr

n+1 dPn (cos ϕ)

dϕ
(24.87)

A particular solution of the above equations is easy to obtain in the form

Brn = − (n + 1) Anr
n+1Pn (cos ϕ)

Bϕn = Anr
n+1 dPn (cos ϕ)

dϕ
(24.88)

where in the above equation, the new constant An = D
′
n

2n + 3
is introduced. It should

be emphasized that there is no need to obtain the particular solutions for Brn and Bϕn

since the boundary conditions will be applied next when governing equations asso-
ciated to B0 are solved. Thus the general solution for Br and Bϕ are not necessary.
In the next we present the function B0 as the sum of the terms B0n as

B0 =
∞∑

n=−∞
B0n =

∞∑

n=−∞
−Bnr

n Pn (cos ϕ) (24.89)

Substituting the later expression and Eq. (24.88) into Eq. (24.73) and using the
relation Pn (cos ϕ) = P−n−1 (cos ϕ) one may reach to
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u∗
r =

∞∑

n=0

{
(n + 1) (n − 2 + 4ν) Anr

n+1 + nBnr
n−1

}
Pn (cos ϕ)

+
∞∑

n=0

{
(n + 3 − 4ν)Cnr

−n − (n + 1) Dnr
−n−2

}
Pn (cos ϕ)

u∗
ϕ =

∞∑

n=0

{
(n + 5 − 4ν) Anr

n+1 + Bnr
n−1

+ (4 − n − 4ν)Cnr
−n + Dnr

−n−2
}dPn (cos ϕ)

dϕ
(24.90)

where in the above equation the new constants Cn = A−n−1 and Dn = B−n−1 are
introduced. Stress components associated to displacements u∗

r and u∗
ϕ are

σ∗
r

2μ
=

∞∑

n=0

{
(n + 1)

(
n2 − n − 2 − 2ν

)
Anr

n + n (n − 1) Bnr
n−2

}

+
∞∑

n=0

{
− n

(
n2 + 3n − 2ν

)
Cnr

−n−1 + (n + 1) (n + 2) Dnr
−n−3

}

σ∗
ϕ

2μ
= −

∞∑

n=0

{
(n + 1)

(
n2 + 4n + 2 + 2ν

)
Anr

n + n2Bnr
n−2

}
Pn (cos ϕ)

−
∞∑

n=0

{
− n

(
n2 − 2n − 1 + 2ν

)
Cnr

−n−1 + (n + 1)2 Dnr
−n−3

}
Pn (cos ϕ)

−
∞∑

n=0

{
(n + 5 − 4ν) Anr

n + Bnr
n−2

+ (4 − n − 4ν)Cnr
−n−1 + Dnr

−n−3
}dPn (cos ϕ)

dϕ
cot ϕ

σ∗
θ

2μ
=

∞∑

n=0

{
(n + 1) (n − 2 − 2ν − 4nν) Anr

n + nBnr
n−2

}
Pn (cos ϕ)

+
∞∑

n=0

{
n (n + 3 − 2ν − 4nν)Cnr

−n−1 − (n + 1) Dnr
−n−3

}
Pn (cos ϕ)

+
∞∑

n=0

{
(n + 5 − 4ν) Anr

n + Bnr
n−2

+ (4 − n − 4ν)Cnr
−n−1 + Dnr

−n−3
}dPn (cos ϕ)

dϕ
cot ϕ
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σ∗
rϕ

2μ
=

∞∑

n=1

{ (
n2 + 2n − 1 + 2ν

)
Anr

n + (n − 1) Bnr
n−2

}dPn (cos ϕ)

dϕ

+
∞∑

n=1

{ (
n2 − 2 + 2ν

)
Cnr

−n−1 − (n + 2) Dnr
−n−3

}dPn (cos ϕ)

dϕ

(24.91)

The constants An, Bn,Cn , and Dn are determined using the given boundary condi-
tions. Since the sphere is subjected to thermal loads only, the stress-free conditions
at inner and outer radii should be satisfied. In this case we may write

r = a, b : σr = σ∗
r + σT

r = 0

r = a, b : σrϕ = σ∗
rϕ + σT

rϕ = 0 (24.92)

We will consider the cases n = 0, n = 1 and n ≥ 2, separately. For the case

n = 0,
dP0

dϕ
= 0, and using Eqs. (24.84) and (24.91), σrϕ = 0 and other stresses are

function of r only. From the four constants of integration, there remains only A0 and
D0. These constants are determined by the two algebraic equations

2 (1 + ν) A0 − 2

a3
D0 = −2

a
b

′
0 (a)

2 (1 + ν) A0 − 2

b3
D0 = −2

b
b

′
0 (b) (24.93)

Solving these equations for A0 and D0 gives us

A0 = 1

(1 + ν)
(
b3 − a3

)
[
b2b

′
0 (b) − a2b

′
0 (a)

]

D0 = a2b2

b3 − a3

[
bb

′
0 (a) − ab

′
0 (b)

]
(24.94)

In the case of steady state temperature distribution, from Eq. (24.82)

b0 (r) = 1 + ν

1 − ν
α

(
α0

6
r2 + β0

2
r

)
(24.95)

which yields the stresses to be

σr = −4μ

(
1

r
b

′
0 + (1 + ν) A0 − 1

r3
D0

)

σθ = σϕ = −2μ

(
b

′′
0 + 1

r
b

′
0 + 2 (1 + ν) A0 + 2

r3
D0

)
(24.96)
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In the case when n = 1, the coefficient B1 in the associated equation vanishes (see the
first of Eq. (24.91)). For the determination of the remaining constants A1,C1, and
D1 we have

− 4 (1 + ν) aA1 − 2 (2 − ν)

a2
C1 + 6

a4
D1 = 2

a

(
b

′
1 (a) − 1

a
b1 (a)

)
= λ1

2 (1 + ν) aA1 − 1 − 2ν

a2
C1 − 3

a4
D1 = 1

a

(
1

a
b1 (a) − b

′
1 (a)

)
= λ2

− 4 (1 + ν) bA1 − 2 (2 − ν)

b2
C1 + 6

b4
D1 = 2

b

(
b

′
1 (b) − 1

b
b1 (b)

)
= λ3

2 (1 + ν) bA1 − 1 − 2ν

b2
C1 − 3

b4
D1 = 1

b

(
1

b
b1 (b) − b

′
1 (b)

)
= λ4 (24.97)

The existence of a solution for the system of equations (24.97) requires that the
determinant of the following matrix vanishes.

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−4(1 + ν)a −2(2 − ν)

a2

6

a4
−λ1

2(1 + ν)a −1 − 2ν)

a2
− 3

a4
−λ2

−4(1 + ν)b −2(2 − ν)

b2

6

b4
−λ3

2(1 + ν)b −1 − 2ν)

b2
− 3

b4
−λ4

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(24.98)

This determinant has the value


 = 36

a6b6

(
b5 − a5

)(
1 − ν2

)[
a2 (λ1 + 2λ2) − b2 (λ3 + 2λ4)

]
(24.99)

and the solution is

C1 = 0

A1 =
b2

[
bb

′
1 (b) − b1 (b)

]
− a2

[
ab

′
1 (a) − b1 (a)

]

2 (1 + ν)
(
a5 − b5

)

D1 = a4b4

3
(
a5 − b5

)
{
a

b

[
b

′
1 (b) − 1

b
b1 (b)

]
− b

a

[
b

′
1 (a) − 1

a
b1 (a)

]}
(24.100)

For n ≥ 2, similar procedure is followed. The solution of the problem can be
considered to be accomplished.



Chapter 25
Piping Systems

Piping systems are essential components in many industries such as refineries, power
plants, and chemical plants, where their prime purpose is the transport of fluid from
one piece of equipment to another. Normally, the content fluid of the pipe is hot, and
since the piping system is initially designed at reference temperature, the temperature
change causes thermal expansion. If the ends of the piping system are restricted,
which is usually the case, forces and moments are produced through the pipe system
and at the supports of the pipes causing thermal stresses in the system. The art of
piping flexibility analysis is to give enough flexibility to the piping system so that
the resulting stresses at all points of the system remain under a safe limit. Usually,
this flexibility is designed with a loop in the system or flexible joints at the ends.
Therefore, the design procedure of a piping system is to consider the isometric of the
piping system at the reference temperature. Then, by means of analytical or numerical
methods the restrained forces and moments at the support of the piping system are
calculated and, finally, by sketching the free body diagram of each piping member
using the appropriate codes and standards, the stresses are computed and compared
with the safe limit. If the calculated stresses are above the allowable limit, a loop
for the piping system at a proper location may be considered and the calculation
procedure is repeated.

25.1 Thermal Expansion of Piping Systems

There are many methods for the calculation of the restrained forces and moments of
a piping system under thermal expansion. In this chapter we discuss an analytical
technique based on the elastic center method. The stiffness approach or the finite
element method may also be employed for pipeline analysis. The stiffness approach
is essentially derived from the structural analysis under mechanical loads. Since
thermal loads behave similarly to mechanical loads, they may be included in the
stiffness method of analysis of structures. In the following sections the elastic center
method is described.

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 677
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_25,
© Springer Science+Business Media Dordrecht 2013
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25.1.1 Definition of the Elastic Center

Consider a piping system in two-dimensions with clamped endsA andB. The isomet-
ric lines of the piping system are shown in Fig. 25.1. The piping system is assumed
to be under a uniform reference temperature T0. If we ignore the weight of the pipes,
the reaction forces and moments at ends A and B at the reference temperature T0
are zero. Now, a hot fluid is passed through the piping system and the temperature
of the piping system is raised to T . It is again assumed that the temperature T is
constant through the length of the piping system. If the end B is considered free,
due to thermal expansion of the piping system, it travels to point B′, as seen from
Fig. 25.1 To bring point B′ to B, considering the clamped condition, forces Fx , Fy,
and a bending moment MB must be applied at point B, see Fig. 25.2. The application
of these forces and moment at point B produce opposite and equal reaction forces
Fx and Fy at A, as well as a bending moment MA which in general is not equal to
MB. The pipeline analysis entails computation of the reaction forces and moments at
the ends of the piping system, based upon free-body diagrams of each pipe element.
The stress analysis of the pipe is then carried out in conjunction with an acceptable
engineering code.

To obtain the reaction forces Fx and Fy and the reaction moments MA and MB,
the method of elastic center may be used. According to this method, the elastic
center of the piping system is found and a coordinate system is fixed to it. In the

Fig. 25.1 Pipe at reference
temperature and at raised tem-
perature, without constraint
at B

Fig. 25.2 Pipe at elevated
temperature
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coordinate system fixed to the elastic center, the bending moments do not appear
and, therefore, the problem is reduced to two equations for two unknown forces Fx

and Fy. To find the elastic center and the associated coordinate system, the Maxwell
reciprocity theorem is used. A general treatment of this theorem is given in Sect. 15
of Chap. 2 of Ref. [3]. The general reciprocity theorem is reduced to a simple law
for a piping system in two-dimensions.

The Maxwell Reciprocity Theorem

The work done by the loads of the first state on the corresponding deformations of
the second state is equal to the work done by the loads of the second state on the
corresponding deformations of the first state.

To apply the reciprocity theorem to a piping system in two-dimensions, consider
Figs. 25.3a and b with the first and second states as defined below:

The first state:

• The load is the bending moment MB acting at point B.
• The deformations are the horizontal and vertical displacements δxo and δyo, respec-

tively, and the rotation φo at an arbitrary point O (which is elastically connected
to the piping system).

The second state:

• The loads are Fx and Fy applied at point O.
• The deformations are δxB, δyB, and the rotation φB, produced at point B.

According to Maxwell theorem

MBφB = Fxδxo + Fyδyo (25.1)

Now, if the point O is selected so that the application of forces Fx and Fy at O do not
produce any rotation in the piping system (and, consequently, no bending moment

Fig. 25.3 (a) The first and (b) second states
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is produced), then φB = 0. From Eq. (25.1), since φB = 0, the left-hand side is zero
and thus

Fxδxo + Fyδyo = 0 (25.2)

Since Fx and Fy are, in general, different from zero, it follows that

δxo = 0

δyo = 0 (25.3)

Since δxo and δyo are the displacements produced by MB acting at point B, Eq. (25.3)
provide a method of calculation of the location of the point O. This point is called
the elastic center, and it is a fictitious point in the piping system. Its property is that
if the forces Fx and Fy act at that point, no rotation and thus the moments appear
at any point on the piping system. But, since Fx and Fy are needed at points other
than O, moments MA and MB will appear in the system.

Now consider a two-dimensional piping system with fixed ends A and B under
elevated temperature, as shown in Fig. 25.4. The coordinate axes are fixed to the
end B. The position of the elastic center is shown at point O with the coordinates
a and b from the end B. We let the end B remain free to move. Due to the action
of the bending moment MB at point B, this point is displaced to point B′, as shown
in Fig. 25.5, with horizontal and vertical displacements uB and vB and the end line
rotation φB. The location of the elastic center O is found using Eq. (25.3). From the
elementary theory of strength of materials, the slope of a pipe element ds due to the
constant bending moment MB is

dφ = MB

EI
ds

or

φB = MB

∫

L

ds

EI
(25.4)

where the integration is carried over the length of the pipe L. The horizontal dis-
placement of the end B due to the rotation of an element ds at the vertical distance y

Fig. 25.4 Position of the
elastic center
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Fig. 25.5 Displacement of
the end point B due to the
bending moment MB

from B is

uB =
∫

L
y dφ = MB

∫

L

yds

EI
(25.5)

Similarly, the vertical displacement of B due to the rotation of an element ds at the
horizontal distance x from B is

vB =
∫

L
x dφ = MB

∫

L

xds

EI
(25.6)

The displacements uB and vB and the rotation φB at the end B cause the point O to
be displaced. We may assume that a rigid bar connects points O and B. The total
horizontal and vertical displacements of point O due to the displacements uB and vB
and the rotation φB at point B are, see Fig. 25.3b

δxo = uB − bφB

δyo = aφB − vB (25.7)

Therefore, when the material and the pipe properties remain constant through the
length of the piping system, from Eq. (25.3) and upon the substitution from Eq. (25.4),
the coordinates a and b of the elastic center O are

a = vB
φB

=
∫
L xds∫
L ds

= x̄

b = uB
φB

=
∫
L yds∫
L ds

= ȳ (25.8)
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It is noticed that the elastic center O of a two-dimensional piping system coincides
with the center of mass of the isometric of the piping system.

25.2 Piping Systems in Two-Dimensions

Consider a piping system in two-dimensions, as shown in Fig. 25.6. A hot fluid is
passed through the piping system and its temperature is raised from T0 to T . It is
assumed that T0 and T are uniform along the piping system. The global coordinate
axes are fixed at one of the ends of the piping system. The rule is that the considered
fixed end is arbitrarily made free, while the other end is fixed, and the global coordi-
nate axes are chosen in opposite direction of the thermal expansion of the free end.
Let, arbitrarily, the endB be free, while the endA remain fixed. The global coordinate
system (x, y) is fixed to the point B and the axes are pointed in opposite directions
to their thermal expansion. The location of the elastic center O is calculated and the
global coordinate system is transferred to the point O.

The deformation of the piping system in the coordinates xy fixed to the elastic
center O, and in terms of the thermal deflections, are

�xx + �yx = �x

�xy + �yy = �y (25.9)

where

�xx = deflection of the piping system due to force Fx in x direction.
�yx = deflection of the piping system due to force Fy in x direction.
�x = thermal expansion of the piping system in x direction due to the temperature
change (T − T0).
Symbols �xy, �yy, and �y are similarly defined.

To obtain the thermal deformation, Castigliano theorem may be used. According
to Castigliano theorem, the deflection of a piping system in a specific direction is

Fig. 25.6 A piping system in
two-dimensions
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the partial derivative of the strain energy with respect to the force in that specific
direction.

From the elementary theory of strength of materials, the strain energy of a pipe
segment of length L under the axial force P and bending moment M is

U =
∫ L

0

P2ds

2AE
+

∫ L

0

M2ds

2EI
(25.10)

where E is the modulus of elasticity, A is the cross sectional area of the pipe, and I
is the moment of inertia of the pipe cross section. Neglecting the axial strain energy
as small compared to the bending strain energy, we have

U =
∫ L

0

M2ds

2EI
(25.11)

Consider an element ds of the piping system in the local coordinate system xy
fixed to the elastic center. To obtain �xx , we apply the force Fx to point O, Fig. 25.7.
Since the deflection in x direction is required, an auxiliary force Fxa is applied at O,
where the deflection is

�xx = ∂U

∂Fxa
|(Fxa = 0) (25.12)

From Fig. 25.7, the moment about the element ds is

M = (Fx + Fxa)y

where the moment in the clockwise direction is considered positive. Thus

∂U

∂Fxa
=

∫
M

EI

∂M

∂Fxa
ds

Therefore, substituting into Eq. (25.12) and using M = (Fx + Fxa)y, yields

�xx = FxIxx
EI

(25.13)

Fig. 25.7 Calculation of �xx
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Fig. 25.8 Calculation of �yx

where Ixx = ∫
y2ds is the line moment of inertia of the piping system about the

x-axis.
Deformation �yx is calculated by applying the force Fy at point O along the y

direction and the auxiliary force Fxa along the x-axis, as shown in Fig. 25.8. The
deformation �yx is

�yx = ∂U

∂Fxa
|(Fxa = 0) =

∫
M

EI

∂M

∂Fxa
ds (25.14)

The bending moment of forces acting at O about the element ds is

M = Fxay − Fyx

Substituting into Eq. (25.14) gives

�yx = −FyIxy
EI

(25.15)

where Ixy = ∫
xyds is the line product of inertia of the piping system about the

xy-axes.
To calculate �xy, we apply the force Fx at point O and the auxiliary force Fya at

O along the y-axis, as shown in Fig. 25.9. The deformation �xy is

Fig. 25.9 Calculation of �xy
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Fig. 25.10 Calculation of
�yy

�xy = ∂U

∂Fya
|(Fya = 0) =

∫
M

EI

∂M

∂Fya
ds (25.16)

The bending moment about ds is

M = Fxy − Fyax

and the deformation �xy is

�xy = −FxIxy
EI

(25.17)

Finally, the deformation �yy is obtained by applying the forceFy and the auxiliary
force Fya at point O along the y-axis, as shown in Fig. 25.10. The deformation is

�yy = ∂U

∂Fya
|(Fya = 0) =

∫
M

EI

∂M

∂Fya
ds (25.18)

The bending moment of forces about the element ds is

M = −(Fy + Fya)x

Substituting into Eq. (25.18) gives

�yy = FyIyy
EI

(25.19)

where Iyy = ∫
x2ds is the line moment of inertia of the piping system about the

y-axis. Substituting Eqs. (25.13), (25.15), (25.17), and (25.19) into Eq. (25.9) yields
the system of equilibrium equations of the piping system in terms of the forces in
the coordinate system fixed to the elastic center as
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Fig. 25.11 Moment of inertia
of a straight pipe

FxIxx − FyIxy = EI�x

−FxIxy + FyIyy = EI�y (25.20)

This is a system of two equations for two unknownsFx andFy. Once the configuration
of the piping system in xy-coordinates is known, the line moments of inertia are
calculated. Given the pipe material and the pipe cross section properties, the constants
E and I are known. The values of �x and �y are thermal expansions of the piping
system in x and y directions, which are calculated knowing the coefficient of thermal
expansion, temperature change, and the projection of the piping system between the
end points. These known values are substituted into Eq. (25.20) and the system of
equations is solved for Fx and Fy. The calculated forces are in the coordinate system
fixed to the elastic center. The calculated forces with their moments are transferred
to the end where the global coordinate is fixed. The forces Fx and Fy with their
moments are transferred to the other end, changing their directions. The following
example illustrates the technique discussed in this section.

As a note from statics, the line moments of inertia of a pipe of length L in m − n
plane, see Fig. 25.11, is

Imm = Ln̄2

Inn = L3

12
+ Lm̄2

Imn = Lm̄n̄ (25.21)

Equation (25.21) show that Imm and Inn are always positive, but Imn may be positive
or negative, depending on the coordinates of its elastic center. The algebraic sign of
m̄ and n̄ must be considered in calculating Imn.

25.3 Piping Systems in Three-Dimensions

The equilibrium equation of a three-dimensional piping system under thermal expan-
sion in the coordinate system fixed to the elastic center can be established by means
of the equilibrium of thermal deflection. In each direction, the total deflection of the
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Fig. 25.12 Applied forces at
elastic center in x-y plane

piping system due to the reaction forces must be equal to the thermal expansion. For
a piping system in three-dimensions the deflection equations are

�xx + �yx + �zx = �x

�yx + �yy + �yz = �y

�zx + �zy + �zz = �z (25.22)

where �ij is the deflection of the piping system in j-direction due to a force in
i-direction and �x, �y, and �z are the total thermal expansions of the piping system
in x, y, and z direction, respectively. To evaluate the deflection �ij, Castigliano
theorem may be used (Fig. 25.12).

The strain energy of a pipe segment of lengthL under the action of an axial forceP,
bending moment Mb, and torsional moment Mt , is

U =
∫ L

0

P2ds

2AE
+

∫ L

0

M2
bds

2EI
+

∫ L

0

M2
t ds

2GJ
(25.23)

where I and J are the moment of inertia and the polar moment of inertia of the pipe
cross section, respectively. In the evaluation of �ij, the strain energy of the axial force
may be ignored since it is small compared to the other terms. Since G = E/2(1 + ν)

and for the pipe cross section J = 2I , therefore, GJ = EI/(1+ν). The strain energy
of a pipe under the bending moment Mb and the torque Mt is thus

U =
∫ L

0

M2
bds

2EI
+

∫ L

0

M2
t (1 + ν)ds

2EI
(25.24)

which suggests that the torsional strain energy of a pipe may be calculated similarly
to that of the bending strain energy, but with an equivalent length of (1 + ν)ds.
Now, consider a pipe element ds in x-y projection of the piping system, as shown in
Fig. 25.12.

To obtain �yx , for instance, the real forceFy and the auxiliary forceFxa are applied
at the elastic center O and the strain energy of the pipe element ds under the action
of Fy and Fxa is calculated. From Castigliano theorem the deformation is
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�yx = ∂U

∂Fxa
|Fxa= 0 =

∫
Mb

EI

∂Mb

∂Fxa
ds for in-plane pipe member (25.25)

�yx = ∂U

∂Fxa
|Fxa= 0 = (1 + ν)

∫
Mt

EI

∂Mt

∂Fxa
ds for out-of-plane pipe member

(25.26)

Forces Fy and Fxa produce bending moment Mb = Fxay − Fyx about element ds, if
ds lies in x-y plane. Otherwise, that is, if ds is an element of out-of-plane pipe, forces
Fy and Fxa produce a torque Mt = Fxay − Fyx. Upon substitution of the moment
Mb, or the torque Mt , in Eq. (25.25), or (25.26), and integrating over the length of
the pipe, we obtain

�yx = −Fy
Ixy
EI

(25.27)

where Ixy = ∫
xyds is the product of inertia of the isometric line of the pipe

system in x-y plane. In a similar manner, the remaining deformations in the x-y
plane, �xx,�yy, and �xy, may be calculated. Projection of the piping system in the
y-z plane provides four deformations �′

yy (not to be confused with �yy in the x-y
plane), �yz, �zy, and �zz, and projection in the x-z plane produce another set of
four displacements �′

xx, �xz, �zx , and �′
zz, which in general, are

�ii = Fi
Iii
EI

i not summed (25.28)

and

�ji = −Fj
Iij
EI

i �= j j not summed (25.29)

Upon substitution into Eq. (25.22), the equilibrium equations of the piping systems
in three-dimensions under thermal expansions are obtained as

(Ixx + I ′xx)Fx − IxyFy − IxzFz = EI�x

−IxyFx + (Iyy + I ′yy)Fy − IyzFz = EI�y

−IxzFx − IyzFy + (Izz + I ′zz)Fz = EI�z (25.30)

Here, Ixx is the moment of inertia in the x-y plane and I ′xx is the moment of inertia
in the x-z plane. Similarly, Iyy and I ′yy are the line moments of inertia in the x-y and
y-z planes, and Izz and I ′zz are the line moments of inertia in the y-z and x-z planes,
respectively. In these equations the forces Fx,Fy, and Fz are unknowns. The quantity
I is the moment of inertia of the pipe’s cross section, E is the modulus of elasticity
at the design temperature, �x,�y, and �z are the total thermal expansions of the
piping system in x, y, and z directions, respectively, which are obtained knowing the
coefficient of thermal expansion of the pipe’s material.
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25.4 Problems and Solutions of Piping Systems

Problem 25.1. Consider a three dimensional pipeline configuration, where instead
of fixed ends, the ends are supported by flexible joints. The flexible joints are assumed
to work only along the pipeline axes. Modify the three-dimensional equilibrium
equations of the pipeline system to include this type of boundary conditions.

Solution: Consider two flexible joints at the ends of the piping system, where their
stiffness are denoted by (kx1, ky1 , kz1) and (kx2 , ky2 , kz2).

The equilibrium equations of a three dimensional piping system under thermal
expansion with flexible joints may be established by means of the equilibrium of
thermal deflection. In each direction, the total deflection of the piping system due to
the reaction forces must be equal to the thermal expansion minus the total deflection
of each flexible joint as

�xT − �kx1 − �kx2 = �xx + �yx + �zx

�yT − �ky1 − �ky2 = �xy + �yy + �zy

�zT − �kz1 − �kz2 = �xz + �yz + �zz (25.31)

where �ij is the deflection of piping system in the j−direction due to a force in
i−direction, and �xT , �yT , and �zT are total thermal expansions of the piping
system in the x, y, and z directions, respectively.

To evaluate the deflection �ij, the Castigliano theorem may be used. For this
purpose, total strain energy of the pipe, including the strain energies of the axial
load P, bending moment Mb, and torsional moment Mt should be calculated. For a
pipe with length L, one may obtain

U =
∫ L

0

P2

2AE
ds +

∫ L

0

M2
b

2EI
ds +

∫ L

0

M2
t

2JG
ds (25.32)

For a pipe with circular cross section the polar moment of inertia J is twice of moment
of inertia I , i.e. J = 2I . Also, the shear modulus G may be replaced in terms of the

elasticity modulusE and Poisson’s ratio ν, asG = E

2(1 + ν)
. The strain energy of the

axial load is negligible in comparison with the bending and torsional strain energies
and may be neglected. Therefore, the following is obtained as the simplified form of
the total strain energy

U =
∫ L

0

M2
b

2EI
ds +

∫ L

0

M2
t (1 + ν)

2EI
ds (25.33)

Now, to obtain �yx, for instance, the force Fy and an imaginary force Fxa are con-
sidered to be applied on the elastic center O, as shown in Fig. 25.13.
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Fig. 25.13 Pipe element ds in
x-y plane

ds

y

x

y

x

Fxa

Fy

O

Based on the Castigliano theorem, the deformation for in-plane pipe members is

�yx = ∂U

∂Fxa
|Fxa= 0=

∫
Mb

EI

∂Mb

∂Fxa
ds (25.34)

and for the out of plane pipe members is

�yx = ∂U

∂Fxa
|Fxa= 0= (1 + ν)

∫
Mt

EI

∂Mt

∂Fxa
ds (25.35)

where the produced bending moment due to the action of forces Fxa and Fy is equal
to Mb = Fxay− Fyx, when the element lies in the x–y plane. If the element is out of
x–y plane, a torsional moment is produced which is equal to Mt = Fxay−Fyx. Now,
substituting the bending moment, or torsional moment, into Eq. (25.34) or (25.35)
gives the deflection of the pipe as

�yx = −Fy
Ixy
EI

(25.36)

Note that in the case of torsional moment, the length of the pipe is assumed to be
(1 + ν)ds instead of ds. Here, Ixy is the product of inertia of the isometric line of the
pipe in the x–y plane, that is Ixy = ∫

xyds. Using the same progress, other deflections
in the x–y plane may be obtained. When the pipe is projected in the y–z plane, four
deformations are produced which are �

′
yy,�yz,�zy, and �zz. Also, projection in the

x− z plane produces �
′
xx,�xz,�zx , and �

′
zz. In general, all of the deformations may

be calculated as
�ii = Fi

Iii
EI

�ji = −Fj
Iij
EI

(25.37)

Also, �kim , i = x, y, z, m = 1, 2, is the deflection of the flexible joint in the
i−direction, which is equal to
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�kim = Fi

kim
(25.38)

Eqs. (25.37) and (25.38) have to be substituted into Eq. (25.31) to give the modified
three dimensional equations of the pipeline systems as

(
Ixx + I

′
xx + EI

kx1

+ EI

kx2

)
Fx − IxyFy − IxzFz = EI�xT

−IyzFx +
(
Iyy + I

′
yy + EI

ky1

+ EI

ky2

)
Fy − IyzFz = EI�yT

−IzxFx − IzyFy +
(
Izz + I

′
zz + EI

kz1

+ EI

kz2

)
Fz = EI�zT (25.39)

Here, Ixx and I
′
xx are the line moment of inertia in the x–y and x–z planes, respectively.

Similarly, Iyy and I
′
yy are the line moments of inertia in the x–y and y–z planes,

respectively. The inertia moments in the y–z and x–z planes are denoted by Izz and
I

′
zz. The system of Eq. (25.39) should be solved for the unknowns Fx,Fy, and Fz.

Problem 25.2. Consider the pipeline isometric, as shown in Fig. 25.14, under tem-
perature change �T = 400◦ C. The pipe is No. 8, schedule 30 with the modulus of
elasticity E = 20600 kN/cm2. The geometric properties of the pipe are

D = 21.908 cm

I = 2638.9 cm4

t = 0.688 cm

The radius of elbows is R = 150 cm. Find the pipeline reaction forces and moments
at end points A and H.

Solution: The mean radii of the pipe is evaluated as

r = D − t

2
= 10.61 cm (25.40)

The von-Karman bending rigidity factor K is obtained as

K = 12λ2 + 10

10λ2 + 1
= 1 + 9r4

12t2R2 + r4 = 1.812 (25.41)

Now, the piping system should be projected in each plane (Fig. 25.14).
The x−y plane: The length of the elements when are projected in the x−y plane, are
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Fig. 25.14 Pipeline isometric

AB = 700 cm

BC = 1.15 × 235.62 = 271 cm

CD = 1.3 × 600 = 780 cm

DE = 271 cm

EF = 500 cm

FG = 1.812 × 235.62 = 427 cm

GH = 400 cm (25.42)

The inertia moment Ielbow and the position of the elastic center E.C.elbow of the
elbow are found as

Ielbow = R3
(

π

4
− 2

π

)
= 0.1488R3, E.C.elbow = 2

π
R (25.43)

The elastic center of the projection in x–y plane is evaluated by

x =
∑7

i= 1 xiLi∑7
i= 1 Li

y =
∑7

i= 1 yiLi∑7
i=1 Li

(25.44)

where Li is the length of the ith pipe and xi and yi indicate the position of center
of each pipe with respect to a prescribed point. These quantities are evaluated as

7∑

i= 1

Li = 700 + 2 × 271 + 780 + 500 + 427 + 400
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7∑

i= 1

xiLi = −700 × 500 − 271 × (1 − 0.6366) × 150 + 780 × 0

+ 271 × 0 + 500 × 0 + 427 × (1 − 0.6366) × 150 + 400 × 350
7∑

i= 1

yiLi = 700 × 0 + 271 × 0 + 780 × 0 + 271 × (1 − 0.6366) × 150

+ 500 × 400 + 427 × (650 + 0.6366 × 150) + 400 × 800 (25.45)

where xi and yi are measured from points F and A, respectively. After substitution
of Eq. (25.45) into (25.44), one may reach to

x = −60.166 cm, y = 254.73 cm (25.46)

The local coordinate axes are transferred to the elastic center and the line inertia
moments of projection of the system are calculated as

Ixx = 700 × 254.732 + 271 × (254.73)2 + 1.15 × 0.1488 × 1503

+ 780 × 254.732 + 1.15 × 0.1488 × 1503

+ 271 × (254.73 − 150 × (1 − 0.6366))2 + 500 × (400 − 254.73)2

+ 1

12
× 5003 + 1.812 × 0.1488 × 1503

+ 427 × (650 + 0.6366 × 150 − 254.73)2

+ 400 × (800 − 254.73)2 = 369283775.966 cm3

Iyy = 700 × (500 − 60.166)2 + 1

12
× 7003

+ 1.15 × 0.1488 × 1503 + 271 × (−60.166 + 150 × 0.3634)2

+ 780 × (−60.166)2 + 1.15 × 0.1488 × 1503

+ 271 × (−60.166)2 + 500 × (−60.166)2 + 1.812 × 0.1488 × 1503

+ 427 × (60.166 + 150 × 0.3634)2 + 1

12
× 4003

+ 400 × (350 + 60.166)2 = 233071384.763 cm3

Ixy = 700 × (500 − 60.166) × 254.73 + 780 × (−60.166) × 254.73

+ 500 × 60.166 × (400 − 254.73) + 1.812 × (−1

2
× 1503

+ 1502 × (210.66 − 395.27) + 397.27 × 210.166 × 150 × π

2
)

+ 400 × (350 + 60.166) × (800 − 254.73) = 185148262.708 cm3

(25.47)
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The piping system should be projected on other planes. For the sake of simplicity
the calculations are omitted.
The x − z plane: Similar to the process developed for x–y plane, the length of each
pipe in this plane is

AB = 700 cm

BC = 1.812 × 235.62 = 427 cm

CD = 600 cm

DE = 271 cm

EF = 1.3 × 500 = 650 cm

FG = 1.15 × 235.62 = 271 cm

GH = 400 cm (25.48)

The position of the elastic center

x = −65.84 cm, y = 515.61 cm (25.49)

where x and z are measured from points F and A, respectively. And the magnitudes
of line inertia moments are

I
′
xx = 524206944.335 cm3

Izz = 247670711.248 cm3

Ixz = 233095278.126 cm3 (25.50)

The y–z plane: The length of each pipe when is projected in this plane is

AB = 1.3 × 700 = 910 cm

BC = 1.15 × 235.62 = 271 cm

CD = 600 cm,

DE = 427 cm

EF = 500 cm

FG = 1.15 × 235.62 = 271 cm

GH = 1.3 × 400 = 520 cm (25.51)

The position of elastic center is then obtained as

y = 240.44 cm, z = 383.367 cm (25.52)

where y and z are measured from points A and F, respectively.
The magnitudes of line inertia moments are
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I
′
yy = 559408274.77 cm3

I
′
zz = 37476182l.725 cm3

Iyz = 239520234.191 cm3 (25.53)

Now, the thermal expansions of the pipe should be evaluated. At 400◦C, the the
thermal expansion coefficient of the pipe is equal to 4.9153 cm/10 m. Therefore,
total thermal deformations in each direction are

�xT = 4.9153 × 1.4 = 6.8814 cm

�yT = 4.9153 × 0.8 = 3.9322 cm

�zT = 4.9153 × 0.9 = 4.4238 cm (25.54)

The governing equilibrium equations for the forces at the boundaries are

(Ixx + I
′
xx)Fx − IxyFy − IxzFz = EI�xT

−IyzFx + (Iyy + I
′
yy)Fy − IyzFz = EI�yT

−IzxFx − IzyFy + (Izz + I
′
zz)Fz = EI�zT (25.55)

Substituting the magnitudes of total thermal deflections and moments of inertia into
the system of Eq. (25.55) and solving for the unknowns Fx,Fy and Fz, yields

Fx = 0.8085 KN

Fy = 0.7376 KN

Fx = 0.9084 KN (25.56)

The moments acting on the boundaries due to the subjected thermal loading are

MzA = 376.613 KN.cm

MyA = −295.44 KN.cm

MzA = 162.647 KN.cm

MzB = −9.1986 KN.cm

MyB = 248.62 KN.cm

MzB = 225.52 KN.cm (25.57)

Problem 25.3. Reconsider the problem of the previous section, where both ends are
supported by axial flexible joints with axial spring constant ka = 600 N/m. Calculate
the pipeline reaction forces and moments. Discuss the results.

Solution: The displacements of axial springs must be incorporated into the deflec-
tion Eq. (25.55) of problem (2) in x-direction. The effect of elastic boundaries have
been reported in Eq. (25.39) of problem (1). In this equation, the force-equilibrium
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conditions for a piping system with all edges flexible are obtained. For two flexible
joints in the x-direction, these equations simplify to

(
Ixx + I

′
xx + 2EI

ka

)
Fx − IxyFy − IxzFz = EI�xT

−IyzFx + (Iyy + I
′
yy)Fy − IyzFz = EI�yT

−IzxFx − IzyFy + (Izz + I
′
zz)Fz = EI�zT (25.58)

Substituting ka = 0.006 KN/cm and the magnitudes of line moment of inertia from
Eqs. (25.47), (25.50) and (25.53) of problem (2) into the Eq. (25.31) of problem (1)
and solving the resulted system for unknowns Fx , Fy, and Fz gives us

Fx = 0.0304 KN

Fy = 0.4391 KN

Fz = 0.5282 KN (25.59)

The moments acting on the boundaries due to the subjected thermal loading are then
evaluated by

MzA = 339.094 KN.cm

MyA = −398.572 KN.cm

MzA = 99.8515 KN.cm

MzB = −251.355 KN.cm

MyB = 313.637 KN.cm

MzB = 127.25 KN.cm (25.60)

Proper design of flexible joints at the end connections of a piping system will
reduce the induced forces. In this system, springs reduce the reaction forces in
x-direction, significantly. Solving the system of equations shows that the reactions
forces in other directions are also reduced.

Problem 25.4. Reconsider the problem 25.2 and find the reaction forces and
moments when point I (the middle of pipe CD) is fixed. Discuss the results.

Solution: The piping system is divided into two systems, AI and IH.
Piping system AI: This system is lied in x–z plane. Length of each element in this
plane are

AB = 700 cm

BC = 427 cm

CI = 300 cm (25.61)
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The moments of inertia for the piping system are easily obtained as

Ixx = 22436877.516 cm3

Izz = 108120315.685 cm3

Ixz = 29197502.746 cm3 (25.62)

and thermal expansions due to the evaluated temperature are

�x = 4.9153 × 0.85 = 4.178 cm

�z = 4.9153 × 0.45 = 2.212 cm (25.63)

For the problem in hand, elasticity modulus and moment of inertia are

E = 20600 KN/cm2 I = 2638.9 cm4 (25.64)

Therefore, the forces acting on the boundaries are obtained when the following
system of equations is solved

IxxFx − IxzFz = EI�xT

−IxzFx + IzzFz = EI�zT (25.65)

Solving the upper system of equations gives the boundary forces as

Fx = 17.8387 KN

Fz = 5.9294 KN (25.66)

The moments on points A and I are evaluated as

MzA = 2072.92 KN.m

MzI = 5060.367 KN.m (25.67)

Piping system IH:

The x–y plane:

In a similar manner discussed for piping system AI , we have

GH = 400 cm

EF = 500 cm

DI = 300 cm

FG = 427 cm

DI = 271 cm (25.68)
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The moments of inertia for the piping system projected in the x–y plane are
calculated as

Ixx = 219933678.88 cm3

Iyy = 48763445.612 cm3

Ixy = 51780878.72 cm3 (25.69)

The x–z plane:

The effective lengths of the piping system projected in the x–z plane are

ID = 300 cm

FG = 271 cm

DE = 271 cm

EF = 650 cm

GH = 400 cm (25.70)

The moments of inertia for the piping system projected in the x–z plane are calcu-
lated as

I
′
xx = 25408381.97 cm3

Izz = 43632719 cm3

Ixz = −30071031.25 cm3 (25.71)

The y–z plane:

The effective lengths of the piping system projected in the y–z plane are

ID = 300 cm

DE = 427 cm

EF = 500 cm

GH = 520 cm (25.72)

The moments of inertia for the piping system projected in the y − z plane are calcu-
lated as

I
′
yy = 25647804.852 cm3

I
′
zz = 22584345.511 cm3

I
′
yz = 41787016.45 cm3 (25.73)
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The thermal expansions due to the elevated temperature are

�xT = 4.9153 × 0.55 = 2.7034 cm

�yT = 4.9153 × 0.8 = 3.9324 cm

�zT = 4.9153 × 0.45 = 2.212 cm (25.74)

Material properties of the pipe are

E = 20600 KN/cm2 I = 2638.9 cm4 (25.75)

Therefore, the forces acting on the boundaries are obtained when the following
system of equations is solved

(Ixx + I
′
xx)Fx − IxyFy − IxzFz = EI�xT

−IyzFx + (Iyy + I
′
yy)Fy − IyzFz = EI�yT

−IzxFx − IzyFy + (Izz + I
′
zz)Fz = EI�zT (25.76)

Solving the above equations give the boundary forces as

Fx = 2.7466 KN

Fy = 5.9052 KN

Fz = 1.9965 KN (25.77)

The moments on points I and H are evaluated as

MzI = −693.63 KN.cm

MyI = 420.55 KN.cm

MxI = 149.352 KN.cm

MzH = −1744.183 KN.cm

MyH = 782.634 KN.cm

MxH = 433.37 KN.cm (25.78)

As seen, the fixed point I divides the piping system into two parts causing the length
of each of the piping system to become shorter. The results show that for shorter
piping elements, the forces and moments become larger.

The reason is that a piping system with shorter pipe length has smaller lines
of moments of inertia. While the right hand side of the equilibrium equations are
the same (similar elevated temperature and pipe’s moments of inertia of the cross
section), reducing the numerical values of the lines moments of inertia results into
larger end forces. Let us examine the case mathematically. The mathematical nature
of a linear system of equations is the same as a linear single equation



700 25 Piping Systems

AF = B (25.79)

The force F is thus

F = B

A
(25.80)

Now, the value of F becomes large if B is large or A is small. In case of piping
system, the value of B is related to the temperature change, modulus of elasticity of
the pipe material, and the cross section moment of inertia of the run pipe. None of
these values may be reduced for a piping system which is designed to transport the
piping content. Thus, to reduce the force F, the value of A must be increased. This
may be done by increasing the piping length, designing proper loops and large radius
elbows, and placing flexible joints at the end points of a piping system. Proper cold
spring of the end points of the piping system is also an efficient method to reduce
the induces forces.

The example of this section is intended to show that fixing of a point in a piping
system cause to increase the end forces, and thus the resulting moments, in a pipeline.



Chapter 26
Coupled Thermoelasticity

When a structure is under the thermal shock load, the governing equation of
thermoelasticity and the first law of thermodynamics are coupled. This thermal shock
may be applied to the surface of a body or may be caused through the body heat-
ing. When the period of applied thermal shock is considerably smaller than the time
period of the first natural frequency of the structure, then coupled equations may be
justified to be employed to obtain the stress and deformation of the structure. In this
chapter the governing equations for the classical coupled thermoelasticity theory
are given. Some basic problems, such as solid sphere and one-dimensional rod, are
considered and their behavior under thermal shock loads are discussed.

26.1 Governing Equations, Classical Theory

Returning to displacement formulations, and introducing the displacement vector
U = ui+vj+wk, the vectorial form of governing equations of the classical coupled
thermoelasticity are

k∇2T − ρcṪ − αT0(3λ + 2μ) div U̇ = −R (26.1)

and
μ∇2U + (λ + μ) grad divU − (3λ + 2μ)α grad T = ρÜ (26.2)

The displacement vector can now be written as the sum of an irrotational and a
potential part as given in the form

U = grad ψ + curl � (26.3)

where ψ is a scalar potential, and � is a vector potential. We may substitute
Eq. (26.3) into Eqs. (26.2) and (26.1) to arrive at
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∇2ψ − 1

c2
1

ψ̈ = (3λ + 2μ)

λ + 2μ
α(T − T0)

∇2�i − 1

c2
2

�̈i = 0 i = 1, 2, 3

k∇2T − ρcṪ − αT0(3λ + 2μ)∇2ψ̇ = −R (26.4)

where c1 and c2 are the speed of propagation of the elastic longitudinal wave and the
speed of the shear wave, respectively.

Elimination of T between the first and the last of Eq. (26.4) results in a single
equation for ψ, namely

(
∇2 − 1

κ

∂

∂t

)(
∇2 − 1

c2
1

∂2

∂t2

)
ψ − β2T0

(λ + 2μ)k
∇2ψ̇ = −m1R

k
(26.5)

with

m1 = β

λ + 2μ
β = (3λ + 2μ)α κ = k

ρc
(26.6)

and the equation for the components of vector � remains as

∇2�i − 1

c2
2

�̈i = 0 i = 1, 2, 3 (26.7)

For quasi-steady problems, when the variation of temperature with respect to time
is slow and the inertia effects are neglected, the system of equations reduces to

∇2T − 1

κ
Ṫ − αT0(3λ + 2μ)

k
∇2ψ̇ = − R

k

∇2ψ = α(3λ + 2μ)

λ + 2μ
(T − T0) (26.8)

The functionψ can be eliminated from Eq. (26.8) and the equation for heat conduction
takes the form

∇2T − mṪ = − R

k
(26.9)

where

m = 1

κ
+ α2T0(3λ + 2μ)2

k(λ + 2μ)
(26.10)

which is the uncoupled heat conduction equation in a solid body.
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26.2 Problems and Solutions of Coupled Thermoelasticity

Problem 26.1. Solve Eq. (26.5) for a solid spherical domain with the radial thermal
flow when R = 0

Solution: When the heat generation, R, thought the elastic medium is neglected,
Eq. (26.5) reduces to

(
∇2 − 1

κ

∂

∂t

)(
∇2 − 1

c2
1

∂2

∂t2

)
ψ − α2(3λ + 2μ)2T0

(λ + 2μ)k
∇2ψ̇ = 0 (26.11)

The Laplace operator in spherical coordinates is defined as

∇2 f = 1

r2

∂

∂r

(
r2 ∂ f

∂r

)
+ 1

r2 sin φ

∂

∂φ

(
sin φ

∂ f

∂φ

)
+ 1

r2 sin2 φ

∂2 f

∂θ2 (26.12)

Assuming thermal heat flow is symmetrically distributed only, Eq. (26.12)
reduces to

∇2 f = 1

r2

∂

∂r

(
r2 ∂ f

∂r

)
(26.13)

Now, as a solution of Eq. (26.11), the following separated solution is assumed for
ψ(r, t)

ψ(r, t) = R(r)ept (26.14)

Here, p is a constant. Substituting Eq. (26.14) into Eq. (26.11) gives us

∇4R(r) −
(
p2

c2
1

+ p

κ
+ pα2(2λ + 3μ)2T0

(λ + 2μ)k

)
∇2R(r) + p3

κc2
1

R(r) = 0 (26.15)

Introducing the constants C = pα2(2λ + 3μ)2T0

(λ + 2μ)ρc
and η = κp

c2
1

transforms the

Eq. (26.15) to

∇4R(r) − p2

c2
1

(
1 + 1 + C

η

)
∇2R(r) + p4

ηc4
1

R(r) = 0 (26.16)

which also may be written as

(
∇2 + δ2

1

) (
∇2 + δ2

2

)
R(r) = 0 (26.17)
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where

δ2
1,2 = − p2

2c2
1

⎧
⎨

⎩

(
1 + 1 + C

η

)
±

[
1 + 2(C − 1)

η
+

(
1 + C

η

)2
]1/2

⎫
⎬

⎭ (26.18)

The solution of Eq. (26.17) is divided as the summation of two distinct functions
R1(r) and R2(r), where each of these functions satisfy the following equations

(∇2 + δ2
1)R1(r) = 0

(∇2 + δ2
2)R2(r) = 0 (26.19)

Now, each of these equations have to be solved distinctly. Considering Eq. (26.13),
the governing equation for R1(r) may also be written as

R
′′
1(r) + 2

r
R

′
1(r) + δ2

1 R1(r) = 0 (26.20)

To find an exact solution for this equation, the transformation R1(r) = 1

r
G1(r) is

adopted. Equation (26.20) in terms of function G1(r) simplifies to

G
′′
1(r) + δ2

1G1(r) = 0 (26.21)

The exact solution of this equation is given as

G1(r) = C1 sinh(δ1r) + C2 cosh(δ1r) (26.22)

In similar manner, the solution of the function R2(r) is obtained. Now the exact
solution of Eq. (26.17) has the following form

R(r) = 1

r
(C1 sinh(δ1r) + C2 cosh(δ1r) + C3 sinh(δ2r) + C4 cosh(δ3r)) (26.23)

For a solid sphere, the solution at r = 0 has to be finite. Therefore, the constants
C2 and C4 are equal to zero and the final solution is obtained as

R(r) = 1

r
(C1 sinh(δ1r) + C3 sinh(δ2r)) (26.24)

The constants C3 and C1 have to be determined by means of the prescribed boundary
conditions at the outer surface of the sphere.

Problem 26.2. Consider a rod of length L thermally insulated along its length. The
initial temperature at x = L is suddenly raised by T (L , t) = T0e−t/t0 while the
temperature at side x = 0 is kept at T0. Find the temperature and displacement
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distribution for the fixed boundary conditions at x = 0 and the free end x = L .
The body is initially at rest and at the uniform temperature T0.

Solution: Since the beam is thermally insulated along the length, the temperature
distribution varies only as a function of length coordinate and problem is considered
as a one-dimensional classical coupled thermoelasticity. The governing equations
for this case, in the absence of heat generation, are

(λ + 2μ)
∂2u

∂x2 − ρ
∂u2

∂t2 − (3λ + 2μ)α
∂T

∂x
= 0

K
∂2T

∂x2 − ρc
∂T

∂t
− (3λ + 2μ)αT0

∂2u

∂x∂t
= 0 (26.25)

where λ and μ are the Lamé constants and ρ, K , and c indicate the mass density,
thermal conductivity, and the specific heat capacity. The initial conditions of the
beam are

u(x, 0) = 0

∂u

∂t
(x, 0) = 0

T (x, 0) = T0 (26.26)

and the boundary conditions are

u(0, t) = 0,

σx (L , t) = 0

T (0, t) = T0

T (L , t) = T0e
−t/t0 (26.27)

in which σx is the axial stress through the beam and is defined by

σx = (λ + 2μ)
∂u

∂x
− (3λ + 2μ)α(T − T0) (26.28)

The system of Eqs. (26.25)–(26.27) may be transferred into the nondimensional form.
To this end, the following dimensionless quantities are introduced

x = c1

κ
x, t = c2

1

κ
t

u = c1

κ
u, c1 =

√
λ + 2μ

ρ
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T = T − T0

T0
, η = (3λ + 2μ)α

ρc

γ = 3λ + 2μ

λ + 2μ
αT0 (26.29)

where κ = K

ρc
. With the introduction of Eq. (26.29), the governing Eq. (26.25) reduce

to

∂2T

∂x2 − ∂T

∂t
= η

∂2u

∂x∂t

∂2u

∂x2 − ∂2u

∂t2 = γ
∂T

∂x
(26.30)

and the transformed initial condition are

u(x, 0) = 0

∂u

∂t
(x, 0) = 0

T (x, 0) = 0 (26.31)

and the boundary conditions are

u(0, t) = 0,
∂u

∂x
(L, t) = γ(e−t/t0 − 1)

T (0, t) = 0, T (L, t) = e−t/t0 − 1 (26.32)

where L = c1

κ
L and t0 = c2

1

κ
t0.

The time-domain solution of the problem is accomplished via the Laplace trans-
form. The Laplace operator for the function f (t) is defined by

f ∗(s) = £[ f (t)] =
∫ ∞

0
e−st f (t)dt (26.33)

Applying the Laplace transform to Eq. (26.30) with the consideration of initial con-
ditions (26.31) and defining the operator D = d/dx reaches us to the following
system of homogeneous equations

(D2 − s)T
∗
(x, s) − ηsDu∗(x, s) = 0

γDT
∗
(x, s) − (D2 − s2)u∗(x, s) = 0 (26.34)
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The above equations has nonzero solution if and if only the determinant of the
coefficient matrix is set equal to zero, which results in

D4 − s(s + 1 + γη)D2 + s3 = 0 (26.35)

Accordingly, the characteristic equation associated to the (26.32) takes the form

k4 − s(s + 1 + γη)k2 + s3 = 0 (26.36)

This equation has four roots, i.e. ±k1 and ±k2, which are defined by

k1,2 = s(s + 1 + γη) ± √
s(s + 1 + γη)2 − 4s3

2
(26.37)

Consequently, the solutions for T ∗(x, s) and u∗(x, s) take the following form

T ∗(x, s) = A1e
−k1x + A2e

k1x + A3e
−k2x + A4e

k2x

u∗(x, s) = B1e
−k1x + B2e

k1x + B3e
−k2x + B4e

k2x (26.38)

It should be pointed out that the constants Bi and Ai are related to each other according
to Eq. (26.34). According to the second of Eq. (26.34), one may deduce

A1 = −k2
1 − s2

γk1
B1

A2 = k2
1 − s2

γk1
B2

A3 = −k2
2 − s2

γk2
B3

A4 = k2
2 − s2

γk2
B4 (26.39)

Therefore, the system of Eq. (26.38), take the form

T ∗(x, s) = − k2
1 − s2

γk1
B1e

−k1x + k2
1 − s2

γk1
B2e

k1x

− k2
2 − s2

γk2
B3e

−k2x + k2
2 − s2

γk2
B4e

k2x

u∗(x, s) = B1e
−k1x + B2e

k1x + B3e
−k2x + B4e

k2x (26.40)

The constants Bi are determined using the given boundary conditions. Applying the
Laplace transform to the boundary conditions (26.32), gives
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u∗(0, s) = 0

∂u∗

∂x
(L, s) = −γt0

s(1 + t0s)

T
∗
(0, s) = 0

T
∗
(L, s) = −t0

s(1 + t0s)
(26.41)

Using the boundary conditions (26.41) and substituting into Eq. (26.38) yield the
following system of non-homogeneous equations for Bi ’s

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 1

−k1e−k1L k1ek1L −k2e−k2L k2ek2L

−k2
1 − s2

γk1

k2
1 − s2

γk1
−k2

2 − s2

γk2

k2
2 − s2

γk2

−k2
1 − s2

γk1
e−k1L

k2
1 − s2

γk1
ek1L −k2

2 − s2

γk2
e−k2L

k2
2 − s2

γk2
ek2L

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧
⎪⎪⎨

⎪⎪⎩

B1

B2

B3
B4

⎫
⎪⎪⎬

⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

0
−γt0

s(1 + t0s)
0

−t0
s(1 + t0s)

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(26.42)

The constants Bi are obtained from the above system of equations in terms of
the Laplace parameter s. Therefore, the functions u∗(x, s) and T

∗
(x, s) are known

in the Laplace domain. Definition of Laplace inverse should be implemented herein
to extract the functions u(x, t) and T (x, t). Since the closed-form solution for the
inverse Laplace transform for these functions may not be simple to obtain, to trace
the displacement and temperature profiles in time domain, numerical Laplace inverse
method may be used. Such methods are given by Durbin1. For instance, according
to Durbin method, function f (t) can be obtained from Eq. (26.33) as follows

f (t) ∼ eaN

N

{
1

2
�( f ∗(a)) +

∞∑

n=1

�
(
f ∗(a + in

π

N
)
)

cos
(
n

π

N
t
)

−
∞∑

n=0

�
(
f ∗(a + in

π

N
)
)

sin
(
n

π

N
t
)}

(26.43)

1 F. Durbin, Numerical Inversion of Laplace Transforms: An E±cient Improvement to Dubner and
Abate’s Method. Computer J. 17, 371–376 (1974)
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where �(x) and �(x) stand for the real and imaginary parts of the number x . The
numbers a and N should be chosen according to the method conditions.

Problem 26.3. Consider a rod of length L . The heat described by

Q(x, t) = Q1(t) cos(x/L) (26.44)

is generated along the rod. Both ends of the beam at x = 0, L are fixed. The temper-
ature distribution and displacement distribution along the rod are to be obtained.

Solution: The governing equations for one-dimensional coupled thermoelasticity
are

k
∂2T

∂x2 − ρc
∂T

∂t
− (3λ + 2μ)αT0

∂2u

∂x∂t
+ Q = 0

(λ + 2μ)
∂2u

∂x2 − ρ
∂2u

∂t2 − (3λ + 2μ)α
∂T

∂x
= 0 (26.45)

When both ends of the rod are fixed, the following assumed displacement function
satisfies the boundary conditions

u(x, t) = ρcL

α(3λ + 2μ)
F(τ ) sin(x/L) (26.46)

where τ = kt

ρcL2 . As seen the assumed form in Eq. (26.46) satisfies the fixed

conditions on x = 0, L . Also, the following form is assumed for the axial temperature
distribution through the rod

T = T0G(τ ) cos(x/L) (26.47)

When Eqs. (26.46) and (26.47) are substituted into Eq. (26.45), two coupled ordinary
differential equations are obtained as

G(τ ) + dG(τ )

dτ
+ dF(τ )

dτ
= Q1(τ )L2

T0k

F(τ ) + K 2 d
2F(τ )

dτ2 − δG(τ ) = 0 (26.48)

where we have set

δ = (3λ + 2μ)2α2T0

(λ + 2μ)ρc

K = k

Lρc

√
ρ

λ + 2μ
(26.49)
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The initial conditions for a rod which is initially at rest in terms of functions
F(τ ) and G(τ ) are

F(0) = dF

dτ
(0) = G(0) = 0 (26.50)

The complementary solution, which is denoted by a subscript c, may be written as

Fc(τ ) = C1e
m1τ + C2e

m2τ + C3e
m3τ

Gc(τ ) = D1e
m1τ + D2e

m2τ + D3e
m3τ (26.51)

When Eq. (26.51) are substituted into Eq. (26.48), it is found that the constants
Ci and Di are the nontrivial roots of

m jC j + (1 + m j )Dj = 0

(1 + m2
j K

2)C j − δDj = 0, j = 1, 2, 3 (26.52)

The above system of equations has non-trivial solution only when the determinant
of the coefficient matrix has set equal to zero. Therefore, the m j ’s are the roots of
the following determinantal equation

(1 + m j )(1 + m2
j K

2) + m jδ = 0, j = 1, 2, 3 (26.53)

The constants C j and Dj are related to each other as

Dj

C j
= 1 + m2

j K
2

δ
= r j , j = 1, 2, 3 (26.54)

Note that the determinant of Eq. (26.53) is equal to

(
1 + δ − K 2

3

)3
K 6

27
+

(
δ

2
− 1 − K 2

9

)2
K 8

9
= 0 (26.55)

which is positive when K is small compared to unity. Therefore, Eq. (26.53) have
one real root and two conjugate complex roots. Hence, the roots of Eq. (26.53) may
be written as

m1,2 = −p ± iq, m3 = −n (26.56)

where p, q and r satisfy the following equalities

2p + n = 1

K 2(p2 + q2 + 2np) = 1 + δ

K 2n(p2 + q2) = 1 (26.57)
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In term of p, q, and n the ratios r j from Eq. (26.54) become

r1,2 = 1

δ

(
1 + (p2 − q2)K 2 ± 2i pqK 2

)

r3 = 1 + n2K 2

δ
(26.58)

Therefore, Eq. (26.51) may be rewritten in terms of constants p, q and n in the form

Fc = e−pτ {A cos qτ − B sin qτ } + Ce−nτ

Gc = 1

δ
e−pτ

{[
(1 + K 2 p2 − K 2q2)A + 2pqK 2B

]
cos qτ

−
[
(1 + K 2 p2 − K 2q2)B − 2pqK 2A

]
sin qτ

}
+ 1

δ
(1 + n2K 2)Ce−nτ

(26.59)

The above functions are the general solution of the Eq. (26.49). The particular solution
of these equations, also has to be found for a complete solution. As an example, lets
assume Q1(τ ) = Q0(1 − e−τ/τ0). Recalling Eq. (26.49), it is easy to obtain the
particular solutions for F and G as

Fp(τ ) = Q0L2δ

T0k

(
1 + τ3

0 e
−τ/τ0

D

)

Gp(τ ) = Q0L2

T0k

(
1 + τ0(K 2 + τ0)e−τ/τ0

D

)
(26.60)

in which the newly introduced parameters are defined by

D = (K 2 + τ2
0 )(1 − τ0) + δτ2

0

τ0 = kt0
ρcL2 (26.61)

Now the solutions of each of functions F and G are known as the sum of associated
particular and complementary components, i.e.

F(τ ) = Fp(τ ) + Fc(τ )

G(τ ) = Gp(τ ) + Gc(τ ) (26.62)

The constants A, B, and C which are appeared in Eq. (26.59) have to be obtained
by means of the initial conditions given by Eq. (26.50). This constants are easy to
obtain and the final form of displacement and temperature profiles are can then be
obtained as
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u(τ , x) = sin(x/L)

(
(3λ + 2μ)Q0L3α

(λ + 2μ)kD
[
(p − n)2 + q2

]
)

×
{(

τ3
0 e

−τ/τ0 + D(1 − e−nr )
) (

(p − n)2 + q2
)

+ e−pτ cos qτ
{[

K 2(1 − τ0) + τ2
0 (1 + δ)

]
(2p − n)n + τ0(1 − 2pτ0)

}

+ 1

q
e−pτ sin qτ

{[
K 2(1 − τ0) + τ2

0 (1 + δ)
]
(p2 − q2 − np)n

+ τ0(p − n) − τ2
0 (p2 − q2 − n2)

}
− e−nr

{[
K 2(1 − τ0)

+ τ2
0 (1 + δ)

]
(2p − n)n + τ0(1 − 2pτ0)

+ τ3
0

(
(p − n)2 + q2

)}}
(26.63)

T (τ , x) = cos(x/L)

(
Q0L2

kD
[
(p − n)2 + q2

]
)

×
{{

τ0(τ
2
0 + K 2)e−τ/τ0 + D

[
1 − (1 + n2K 2)e−nr

]}
[(p − n)2 + q2]

+ e−pτ cos qτ
{[

K 2(1 − τ0) + τ2
0 (1 + δ)

]
(2p − n + 1)n

+ 2K 2npτ0(1 − nτ0) + τ0

(
1 − 2τ0 p − 1

n

)}

+ 1

q
e−pτ sin qτ

{[
K 2(1 − τ0) + τ2

0 (1 + δ)
]

×
[

1

nK 2 + n(p2 − q2 − p − np)

]
+ 2nq2K 2τ0(1 − τ0n)

+ τ0(p − n)

(
1 + 1

n

)
− τ2

0

(
p2 − q2 − n2 − n + 1

n2K 2

)}

− e−nr
{[

K 2(1 − τ0) + τ2
0 (1 + δ)

]
(2p − n)n + τ0 − 2pτ2

0

+ τ3
0 [(p − n)2 + q2]

}
(1 + n2K 2)

}
(26.64)
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Numerical Methods



Chapter 27
The Method of Characteristics

The purpose of this chapter is to develop the method of characteristics for the
solution of dynamic problems in thermoelasticity. The theoretical analysis of dynamic
stresses due to impact loadings has generally been performed by the Laplace trans-
form method. Due to inversion difficulties, the Laplace transform method is usually
limited to simple wave problems. The need for the numerical methods to the solu-
tion of dynamic problems is dictated by the well-known difficulty of obtaining the
exact solutions. Among the various numerical methods, the method of characteris-
tics has the advantages of giving a simple description of the wave fronts and it can
give numerical solutions readily to problems with any types of input functions. In
mathematics, the method of characteristics is a method of numerical integration of a
system of partial differential equations of hyperbolic type. The method is to reduce
the hyperbolic partial differential equations to a family of ordinary differential equa-
tions, each of which is valid along a different family of characteristic lines (called
the characteristics). These equations (called the characteristic equations) are more
suitable for numerical analysis because the use of these equations makes it possible
to obtain the solutions by a step-by-step integration procedure.

27.1 Basic Equations for Plane Thermoelastic Waves

For the shake of motivation, we confine our attention to the solution of one-
dimensional transient, uncoupled dynamic thermal stresses in plane thermoelastic
media subjected to sudden temperature change. The equations which govern the
propagation of plane waves in thermoelastic media is given by

(1) Equation of motion

ρ
∂U

∂t
= ∂σxx

∂x
; U = ∂u

∂t
(27.1)

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 715
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_27,
© Springer Science+Business Media Dordrecht 2013
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(2) Constitutive equations

∂σxx

∂t
= (λ + 2μ)

∂U

∂x
− β

∂T

∂t
(27.2)

where x is the Cartesian coordinate and t is the time; u is the displacement and
U = ∂u/∂t is the particle velocity in the direction x of the wave propagation; σxx

is the normal stress; T is the temperature to be determined independently of the
mechanical state of the thermoelastic media; ρ is the density; β = α(3λ + 2μ),
where α is the coefficient of thermal expansion; λ and μ are Lamé constants.

Eliminating σxx from Eqs. (27.1) and (27.2), we obtain the governing equation
in terms of the displacement u

∂2u

∂x2 = ρ

λ + 2μ

(
∂2u

∂t2 + β

ρ

∂T

∂x

)
(27.3)

Thus, the dynamic thermoelasticity theory results in the displacement field governed
by a hyperbolic second-order partial differential equation, which predicts the finite
propagation velocity for mechanical disturbances.

27.2 Characteristics and Characteristic Equations

Equation (27.3) is more convenient for the application of the Laplace transform
method. For the method of characteristics, we use a system of two linear first-order
partial differential equations (27.1) and (27.2) with U and σxx as two dependent
variables, because the expression for the boundary conditions are simple when the
dependent variables areU and σxx . In the (x−t) plane, certain curves may exist, along
which these variables are continuous, but their first partial derivatives may be dis-
continuous. These curves will be called the characteristics, physical characteristics,
or waves and the differential equations governing the propagation of discontinuities
(waves) along characteristics will be called the characteristic equations. The charac-
teristics and the characteristic equations may be derived by the directional derivative
method.

The total differentials of two dependent variables are written as

dU = ∂U

∂t
dt + ∂U

∂x
dx (27.4)

dσxx = ∂σxx

∂t
dt + ∂σxx

∂x
dx (27.5)

Discontinuity in the derivatives of U and σxx implies that four derivatives ∂U/∂t ,
∂U/∂x , ∂σxx/∂t , ∂σxx/∂x are indeterminate along the characteristics.
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If these derivatives are considered as unknown variables, they are related by the
four equations (27.1), (27.2) and (27.4), (27.5) as follows:

AX = B :
4∑

j=1

ai j x j = bi , (i = 1−4) (27.6)

where the matrix A and vectors X and B denote

A = [ai j ] =

⎡

⎢⎢⎣

ρ 0 0 −1
0 −(λ + 2μ) 1 0
dt dx 0 0
0 0 dt dx

⎤

⎥⎥⎦

X = [xi ] =

⎡

⎢⎢⎣

∂U/∂t
∂U/∂x
∂σxx/∂t
∂σxx/∂x

⎤

⎥⎥⎦ , B = [bi ] =

⎡

⎢⎢⎣

0
−β∂T/∂t

dU
dσxx

⎤

⎥⎥⎦

Solving the linear equations (27.6) for ∂U/∂t , we obtain

∂U

∂t
= |A1|

|A| (27.7)

where the matrix A1 is obtained by exchanging the first column of the matrix A by
the column vector B. Therefore, when both the numerator and denominator become
zero, the derivative ∂U/∂t becomes indeterminate. The vanishing of the denominator
of Eq. (27.7) yields two characteristics Ii , (i = 1, 2),

Ii : dx

dt
= (cL ,−cL) = (V1, V2) = Vi , (i = 1, 2) (27.8)

where cL is the dilatation wave speed defined by

cL =
√

λ + 2μ

ρ
(27.9)

For Ii : dx/dt = Vi , (i = 1, 2), the vanishing of the numerator of Eq. (27.7) yields
two characteristic equations along two characteristics I1 and I2. These characteristic
equations are

dσxx − ρVidU = −β
∂T

∂t
dt, (i = 1, 2) (27.10)
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Solving the system of Eq. (27.6) for ∂U/∂x, ∂σxx/∂t , or ∂σxx/∂x gives the same
result as Eq. (27.10). The I1 characteristic represents propagation of the discontinuity
in the derivatives at velocity cL , traveling to the right in the (x−t) plane (direct
characteristics). The I2 characteristic gives the propagation towards the left (return
characteristics). For homogeneous materials, the velocity cL is constant throughout
the medium and the characteristics are straight lines of equal slope. Finally, the values
of U and σxx may be found by solving Eq. (27.10) subjected to appropriate initial
and boundary conditions. The boundary inputs may be in the form of specified time
functions of any one of two variables.

27.3 Derivation of Difference Equations and Numerical
Procedure

A numerical procedure involving stepwise integration of characteristic equations
along characteristics is employed to solve problems. The (x−t) plane is subdivided
into a grid system by the two characteristics (27.8) as shown in Fig. 27.1. A step of
integration on length �x is connected with a step of integration on time �t by linear
correlation �x = cL�t . If we assume a linear variation of variables between these
closely spaced mesh points, the integration of the characteristic equations (27.10)
between points A and D along I1 characteristic, and points C and D along I2 char-
acteristic yield their finite-difference equivalents.

∫ D

i
dσxx − ρVi

∫ D

i
dU = −β

∫ D

i

∂T

∂t
dt, (i = 1, 2) (27.11)

Therefore, we obtain

σxxD − ρViUD = σxxi − ρViUi − β(TD − TE ), (i = 1, 2) (27.12)

In Eq. (27.12), the quantities with subscripts i take the values at the points A(i = 1)

and C(i = 2), respectively. Therefore, the two unknowns at typical point D can
be calculated successively from these two finite-difference equations (27.12) if all
the quantities at neighboring points A,C and E are known from the previous cal-
culations. Along the boundary point where one of these variables is prescribed, the
analysis is the same except that the characteristic equation along the characteris-
tic extending outside of the region should be replaced by the prescribed boundary
condition.
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Fig. 27.1 Characteristics net-
work for numerical procedure

Fig. 27.2 Finite-difference
and wave front diagram

27.4 Finite-Difference Solution for Temperature

The one-dimensional uncoupled, unsteady heat conduction equation is given by

∂T

∂t
= k

ρcv

∂2T

∂x2 (27.13)

where k is the thermal conductivity; cv is the specific heat. In the method of char-
acteristics, the temperature can be obtained by writing Eq. (27.13) in the explicit
finite-difference form in the (x−t) characteristic plane. A typical finite-difference
mesh and a wave front diagram in the (x−t) plane is shown in Fig. 27.2. We can
use approximate values of the partial derivatives at a typical point E by the central
difference expressions:

(∂T

∂t

)

E
= TD − TB

2�t
,

(∂2T

∂x2

)

E
= TC − 2TE + TA

(�x)2 (27.14)

The “leap-frog” method replaces the value at point E by the arithmetic mean of the
values at points B and D.

TE = TD + TB
2

(27.15)
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Applying Eqs. (27.14) and (27.15) into Eq. (27.13), we obtain

TD = 1 − 2p

1 + 2p
TB + 2p

1 + 2p
(TC + TA) (27.16)

where

p = �t

(�x)2 , q = �t

�x
(27.17)

The leap frog equation (27.16) is stable if �x ≥ cL�t . Therefore the temperature
at a typical mesh point D can be calculated if the temperature at three neighboring
point A,C and B are known from the previous calculations.

27.5 Problems and Solutions Related to The Method
of Characteristics

Problem 27.1. The equations governing the propagation of cylindrical and spherical
waves are given by

ρ
∂U

∂t
= ∂σrr

∂r
+ N

(σrr − σθθ)

r
; U = ∂u

∂t
(27.18)

∂σrr

∂t
= (λ + 2μ)

∂U

∂r
+ Nλ

U

r
− β

∂T

∂t
(27.19)

∂σθθ

∂t
= λ

∂U

∂r
+ N {λ + 2μ − (N − 1)μ} U

r
− β

∂T

∂t
(27.20)

where N is a constant, with values of 1 and 2, corresponding to the cylindrical and
spherical waves, respectively: r is the radial coordinate. Derive the characteristics
and characteristic equations for cylindrical and spherical waves.

Solution. Equations (27.18), (27.19) and (27.20) constitute three linear first-order
partial differential equations with U , σrr and σθθ as three dependent variables. The
total differentials of three dependent variables U , σrr and σθθ are written as

dU = ∂U

∂t
dt + ∂U

∂r
dr (27.21)

dσrr = ∂σrr

∂t
dt + ∂σrr

∂r
dr (27.22)

dσθθ = ∂σθθ

∂t
dt + ∂σθθ

∂r
dr (27.23)



27.5 Problems and Solutions Related to The Method of Characteristics 721

If six derivatives ∂U/∂t , ∂U/∂r , · · · ∂σθθ/∂t , ∂σθθ/∂r are considered as six
unknown variables, they are related by the six equations Eqs. (27.18)–(27.20) and
Eqs. (27.21)–(27.23) as follows:

AX = B :
6∑

j=1

ai j x j = bi , (i = 1−6) (27.24)

where the matrix A and vectors X and B denote

A = [ai j ] =

⎡

⎢⎢⎢⎢⎢⎢⎣

ρ 0 0 −1 0 0
0 −(λ + 2μ) 1 0 0 0
0 −λ 0 0 1 0
dt dr 0 0 0 0
0 0 dt dr 0 0
0 0 0 0 dt dr

⎤

⎥⎥⎥⎥⎥⎥⎦

X = [xi ] =

⎡

⎢⎢⎢⎢⎢⎢⎣

∂U/∂t
∂U/∂r
∂σrr/∂t
∂σrr/∂r
∂σθθ/∂t
∂σθθ/∂r

⎤

⎥⎥⎥⎥⎥⎥⎦

B = [bi ] =

⎡

⎢⎢⎢⎢⎢⎢⎣

N (σrr − σθθ)/r
NλU/r − β∂T/∂t

N {λ + 2μ − (N − 1)μ}U/r − β∂T/∂t
dU
dσrr
dσθθ

⎤

⎥⎥⎥⎥⎥⎥⎦

Solving these linear equations (27.24) for the k-th derivative xk , we obtain

xk = |Ak |
|A| , (k = 1−6) (27.25)

where the matrix Ak is obtained by exchanging the k-th column of the matrix A by
the column vector B.

The vanishing of the denominator of Eq. (27.25) yields three characteristics
Ii , (i = 1−3)

Ii : dr

dt
= (cL ,−cL , 0) = (V1, V2, V3) = Vi , (i = 1−3) (27.26)
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where cL is the dilatation wave speed defined by Eq. (27.9).
For I j : dr/dt = Vj , ( j = 1, 2), the vanishing of the numerator of Eq. (27.25)

yields two characteristic equations along two characteristics I1 and I2. These char-
acteristic equations are

l( j)1 dσrr + l( j)2 dU = l( j)3
U

r
dt + l( j)4

σrr − σθθ

r
dt − β

∂T

∂t
dt, ( j = 1, 2) (27.27)

where
l( j)1 = 1, l( j)2 = −ρVj , l( j)3 = Nλ, l( j)4 = −NVj (27.28)

From Eq. (27.25), the characteristic equation along the characteristic I3 : dr = 0
cannot be obtained, since (dr)2 appears in the numerator and denominator as a
common factor. Eliminating ∂U/∂r from Eqs. (27.19) and (27.20), we obtain the
characteristic equation along I3 : dr/dt = V3 = 0

l(3)
1 dσrr + l(3)

2 dσθθ = l(3)
3

U

r
dt + 2μβ

λ
dT (27.29)

where

l(3)
1 = 1, l(3)

2 = −λ + 2μ

λ

l(3)
3 = N

[
λ − λ + 2μ

λ

{
λ + 2μ − (N − 1)μ

}]
(27.30)

The characteristic equation (27.29) is merely a restatement of Eqs. (27.19) and
(27.20), which gives the static relation between the differentials of velocity and
stresses at any constant r . The I3 is a degenerate dynamic wave expressing condi-
tions along lines with r = constant.

Problem 27.2. Derive the difference equations for cylindrical and spherical waves.

Solution. The (r−t) plane is subdivided into a grid system by the three character-
istics (27.26) as shown in Fig. 27.3. The integration of the characteristic equations
(27.27) between points A and D along I1 characteristic, and points C and D along
I2 yield their finite-difference equivalents.

(
l( j)1 − l( j)4 �t

2rD

)
σrr D + l( j)4 �t

2rD
σθθD +

(
l( j)2 − l( j)3 �t

2rD

)
UD

=
(
l( j)1 + l( j)4 �t

2r j

)
σrr j − l( j)4 �t

2r j
σθθ j +

(
l( j)2 + l( j)3 �t

2r j

)
Uj

− β(TD − TE ), ( j = 1, 2) (27.31)
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Fig. 27.3 Characteristics
network for cylindrical and
spherical waves

Along I3 from points B to D, Eq. (27.29) is also expressed in finite-difference
algebraic form

l(3)
1 σrr D + l(3)

2 σθθD − l(3)
3 �t

rD
UD

= l(3)
1 σrr B + l(3)

2 σθθB + l(3)
3 �t

rB
UB + 2μβ

λ
(TD − TB) (27.32)

Therefore, the three unknowns at typical point D can be calculated successively
from these three finite-difference equations (27.31) and (27.32) if all the quantities
at neighboring points A,C and B are known from the previous calculations.

Problem 27.3. Based on the generalized theory of thermoelasticity proposed by
Lord and Shulman, the equations that govern the propagation of one-dimensional
thermal and thermal stress waves in linear elastic, isotropic and homogeneous mate-
rials under plane strain are given by one set of generalized equations

ρ
∂U

∂t
= ∂σxx

∂x
: U = ∂u

∂t
(27.33)

∂σxx

∂t
= (λ + 2μ)

∂W

∂x
+ β

∂T

∂t
(27.34)

τ
∂qx
∂t

+ k
∂T

∂x
= −qx (27.35)

∂qx
∂x

+ ρcv

∂T

∂t
+ T0β

∂U

∂x
= 0 (27.36)

where qx is the heat flux; T is the temperature change from the absolute reference
temperature T0. In Eq. (27.35), the classical Fourier’s law is modified by adding a
thermal relaxation time τ to eliminate the paradox of infinite thermal speed of the
classical theory of thermoelasticity. In Eq. (27.36), a coupling between thermal and
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mechanical fields is taken into account. Derive the characteristics and the character-
istic equations.

Solution. Equations (27.33)–(27.36) constitute a system of four linear first-order
partial differential equations with U , σxx , qx and T as four dependent variables.
Equations (27.33)–(27.36) and total differentials of these four variables may be con-
sidered as eight linear equations with eight derivatives ∂U/∂t , ∂U/∂x , · · · ∂T/∂t ,
∂T/∂x . They are expressed in the matrix form as

AX = B :
8∑

j=1

ai j x j = bi , (i = 1−8) (27.37)

By Cramer’s formula of linear equations, the k-th solution of Eq. (27.37) is

xk = |Ak |
|A| (27.38)

The vanishing of the denominator of Eq. (27.38) yields

(
dx

dt

)4

−
(

λ + 2μ

ρ
+ k

ρcvτ
+ T0β

2

ρ2cv

)(
dx

dt

)2

+ k

ρ2cvτ
= 0 (27.39)

If we denote the four solutions of Eq. (27.39) as ±c1,±c2, we obtain

(
dx

dt

)2

=
{
c2

1

c2
2

}
= 1

2

[(
c2
L + δc2

L + κ

τ

)

±
√

(c2
L + δc2

L + κ

τ
)
2 − 4

κc2
L

τ

⎤

⎦ (27.40)

where κ is the thermal diffusivity and δ is the thermomechanical coupling parameter,
respectively defined by

κ = k

ρcv

, δ = β2T0

ρcv(λ + 2μ)
(27.41)

Therefore, the characteristics are found to be composed of four families of charac-
teristic lines I j , ( j = 1−4)

dx

dt
= (c1,−c1, c2,−c2) = (V1, V2, V3, V4) = Vj , ( j = 1−4) (27.42)

The corresponding characteristic equations along characteristics are obtained
by calculating the determinant of matrix Ak be zero (|Ak | = 0). Therefore, the
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Fig. 27.4 Characteristics net-
work for numerical procedure

characteristic equations along characteristics I j : dx/dt = Vj , ( j = 1−4) are given
as follows:

l( j)1 dσxx + l( j)2 dU + l( j)3 dqx + l( j)4 dT = l( j)5 qxdt (27.43)

where

l( j)1 = 1, l( j)2 = −ρVj , l( j)3 = βτVj

(k − ρcvτV 2
j )

l( j)4 = l( j)3 × k

τVj
, l( j)5 = −l( j)3 × 1

τ
(27.44)

Finally, the values ofU,σxx , qx , and T may be found by solving Eq. (27.43) subjected
to the appropriate initial and boundary conditions.

A characteristic network constructed by two families of lines dx/dt = ±c1 is
shown in Fig. 27.4. At a typical mesh point D, we draw two characteristic lines
ED, FD with slopes ±c2. The location and values of variables at points E, F may
be found from the locations and values of points A, B and C, B, respectively. Then,
the values at point D are obtained by integration of the characteristic equations
(27.43) along the characteristics (27.42).



Chapter 28
Finite Element of Coupled Thermoelasticity

Due to the mathematical complexities encountered in analytical treatment of the
coupled thermoelasticity problems, the finite element method is often preferred.
The finite element method itself is based on two entirely different approaches, the
variational approach based on the Ritz method, and the weighted residual methods.
The variational approach, which for elastic continuum is based on the extremum
of the total potential and kinetic energies has deficiencies in handling the coupled
thermoelasticity problems due to the controversial functional relation of the first law
of thermodynamics. On the other hand, the weighted residual method based on the
Galerkin technique, which is directly applied to the governing equations, is quite
efficient and has a very high rate of convergence.

28.1 Galerkin Finite Element

The general governing equations of the classical coupled thermoelasticity are the
equation of motion and the first law of thermodynamics as

σi j, j + Xi = ρüi in V (28.1)

qi,i + ρcθ̇ + βT0ε̇i i = R in V (28.2)

These equations must be simultaneously solved for the displacement components ui
and temperature change θ. The thermal boundary conditions are satisfied by either
of the equations

θ = θs on A for t > t0 (28.3)

θ,n + aθ = b on A for t > t0 (28.4)

where θ,n is the gradient of temperature change along the normal to the surface
boundary A, and a and b are either constants or given functions of temperature on

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 727
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_28,
© Springer Science+Business Media Dordrecht 2013
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the boundary. The first condition is related to the specified temperature and the second
condition describes the convection and radiation on the boundary.

The mechanical boundary conditions are specified through the traction vector on
the boundary. The traction components are related to the stress tensor through the
Cauchy‘s formula given by

tni = σijnj on A for t > t0 (28.5)

where tni is the prescribed traction component on the boundary surface whose outer
unit normal vector is �n. For displacement formulations, using the constitutive laws
of linear thermoelasticity along with the strain-displacement relations, the traction
components can be related to the displacements as

tni = μ(ui, j + u j,i )n j + λuk,kni − (3λ + 2μ)αθni (28.6)

where θ = T −T0 is the temperature change above the reference temperature T0. It is
further possible to have kinematical boundary conditions where the displacements
are specified on the boundary as

ui = ūi (s) on A for t > t0 (28.7)

The system of coupled Eqs. (28.1) and (28.2) does not have a general analytical
solution. A finite element formulation may be developed based on the Galerkin
method. The finite element model of the problem is obtained by discretizing the
solution domain into a number of arbitrary elements. In each base element (e), the
components of displacement and temperature change are approximated by the shape
functions

u(e)
i (x1, x2, x3, t) = Umi (t)Nm(x1, x2, x3) (28.8)

θ(e)(x1, x2, x3, t) = θm(t)Nm(x1, x2, x3) m = 1, 2, ..., r (28.9)

where r is the total number of nodal points in the base element (e). The summation
convention is used for the dummy index m. This is a Kantrovitch type of approxima-
tion, where the time and space functions are separated into distinct functions. Here
Umi (t) is the component of displacement at each nodal point, and θm(t) is the tem-
perature change at each nodal point, all being functions of time. The shape function
Nm(x1, x2, x3) is function of space variables.

Substituting Eqs. (28.8) and (28.9) into Eq. (28.1) and applying the weighted
residual integral with respect to the weighting functions Nm(x1, x2, x3), the formal
Galerkin approximation reduces to

∫

V (e)
(σi j, j + Xi − ρüi )NldV = 0 l = 1, 2, ..., r (28.10)
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Applying the weak formulation to the first term, yields

∫

V (e)
(σi j, j )Nldv =

∫

A(e)
σi j n j NldA −

∫

V (e)

∂Nl

∂x j
σi j dV (28.11)

where n j is the component of the unit outer normal vector to the boundary. Substi-
tuting Eq. (28.11) in Eq. (28.10) gives

∫

A(e)
σi j n j Nld A −

∫

V (e)

∂Nl

∂x j
σi j dV +

∫

V (e)
Xi NldV −

∫

V (e)
ρüi NldV = 0

(28.12)
According to Cauchy’s formula, the traction force components acting on the boun-
dary are related to the stress tensor as

ti = σi j n j (28.13)

Thus, the first term of Eq. (28.12) is

∫

A(e)
σi j n j Nld A =

∫

A(e)
ti Nld A (28.14)

From Hooke’s law, the stress tensor is related to the strain tensor, or the displace-
ment components, and temperature change θ as

σi j = G(ui, j + u j,i ) + λuk,kδi j − βθδi j (28.15)

Substituting for σi j in the second term of Eq. (28.12) yields

∫

V (e)

∂Nl

∂x j
σi j dV =

∫

V (e)

∂Nl

∂x j
[G(ui, j + u j,i ) + λuk,kδi j − βθδi j ]dV (28.16)

Substituting this expression in Eq. (28.12) gives

∫

V (e)
ρüi NldV +

∫

V (e)

∂Nl

∂x j
[G(ui, j + u j,i ) + λuk,kδi j ]dV

−
∫

V (e)
βθ

∂Nl

∂xi
dV =

∫

V (e)
Xi NldV +

∫

A(e)
ti Nld A (28.17)

Now, the base element (e) with r nodal points is considered and the displacement
components and temperature change in the element (e) are approximated by Eqs.
(28.8) and (28.9). Using these approximation, Eq. (28.17) becomes

(∫

V (e)
ρNl NmdV

)
Ümi +

(∫

V (e)
G

∂Nl

∂x j

∂Nm

∂x j
d

)
Umi
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+
(∫

V (e)
G

∂Nl

∂x j

∂Nm

∂xi
dV

)
Umj +

(∫

V (e)
λ

∂Nl

∂xi

∂Nm

∂x j
dV

)
Umj

−
(∫

V (e)
β

∂Nl

∂xi
NmdV

)
θm =

∫

V (e)
Xi NldV +

∫

A(e)
ti Nld A

l,m = 1, 2, ..., r i, j = 1, 2, 3 (28.18)

Equation (28.18) is the finite element approximation of the equation of motion.
The Galerkin approximation of the energy equation given by Eq. (28.1) becomes

∫

V (e)
(qi,i + ρc

∂θ

∂t
+ T0βu̇i,i − R)NldV = 0 l = 1, 2, · · ·, r (28.19)

The weak formulation of the heat flux gradient qi,i gives

∫

V (e)
qi,i NldV =

∫

V (e)

(
∂qx
∂x

+ ∂qy
∂y

+ ∂qz
∂z

)
NldV =

∫

A(e)
(�q · �n)Nld A

−
∫

V (e)
qi

∂Nl

∂xi
dV (28.20)

where A(e) is the boundary surface of the base element (e). Substituting Eq. (28.20)
in Eq. (28.19) and rearranging the terms gives

∫

V (e)
ρc

∂θ

∂t
NldV −

∫

V (e)
qi

∂Nl

∂xi
dV +

∫

V (e)
T0βu̇i,i NldV

=
∫

V (e)
RNldV −

∫

A(e)
(�q · �n)Nld A l = 1, 2, · · ·, r (28.21)

Substituting for the displacement components ui and temperature change θ their
approximate values in the base element (e) from Eqs. (28.8) and (28.9) give

(∫

V (e)
k

∂Nm

∂xi

∂Nl

∂xi
dV

)
θm +

(∫

V (e)
T0β

∂Nm

∂xi
NldV

)
U̇mi

+
(∫

V (e)
ρcNmNldV

)
θ̇m =

∫

V (e)
RNldV −

∫

A(e)
(�q · �n)Nld A (28.22)

Equation (28.22) is the finite element approximation of the coupled energy equation.
Equations (28.18) and (28.22) are assembled into a matrix form resulting in the

general finite element coupled equation given by

[M]{�̈} + [C]{�̇} + [K ]{�} = {F} (28.23)
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where [M], [C] and [K ] are the mass, damping, and the stiffness matrices, respec-
tively. Matrix {�}T =< Ui , θ > is the matrix of unknowns and {F} is the known
mechanical and thermal force matrix.

For a two-dimensional problem, l and m take the values 1, 2, ...r . In this case,
Eq. (28.18) reduces into two equations in x and y-directions, as

(∫

V (e)
ρNl NmdV

)
Üm +

[∫

V (e)
(2G + λ)

∂Nl

∂x

∂Nm

∂x
dV

+
∫

V (e)
G

∂Nl

∂y

∂Nm

∂y
dV

]
Um +

[∫

V (e)
G

∂Nl

∂y

∂Nm

∂x
dV

+
∫

V (e)
λ

∂Nl

∂x

∂Nm

∂y
dV

]
Vm −

[∫

V (e)
βNm

∂Nl

∂x
dV

]
θm

=
∫

V (e)
XNldV +

∫

A(e)
tx NldA (28.24)

(∫

V (e)
ρNl NmdV

)
V̈m +

[
(2G + λ)

∫

V (e)

∂Nl

∂y

∂Nm

∂y
dV

+
∫

V (e)
G

∂Nl

∂x

∂Nm

∂x
dV

]
Vm +

[∫

V (e)
G

∂Nl

∂x

∂Nm

∂y
dV

+
∫

V (e)
λ

∂Nl

∂y

∂Nm

∂x
dV

]
Um −

[∫

V (e)
βNm

∂Nl

∂y
dV

]
θm

=
∫

V (e)
YNldV +

∫

A(e)
ty NldA (28.25)

The energy Eq. (28.22) for a two-dimensional problem becomes

(∫

V (e)
T0β

∂Nm

∂x
NldV

)
U̇m +

(∫

V (e)
T0β

∂Nm

∂y
NldV

)
V̇m

+
(∫

V (e)
ρcNmNldV

)
θ̇m +

(∫

V (e)
k

∂Nm

∂x

∂Nl

∂x
dV

+
∫

V (e)
k

∂Nm

∂y

∂Nl

∂y
dV

)
θm =

∫

V (e)
RNldV −

∫

V (e)
(�q · �n)NldA (28.26)

The elements of the mass, damping, stiffness, and the force matrices of the base
element (e) are

[M](e) =
⎡

⎣
[∫V (e) ρNl NmdV ] 0 0

0 [∫V (e) ρNl NmdV ] 0
0 0 0

⎤

⎦ (28.27)
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The damping matrix is

[C](e) =

⎡

⎢⎢⎣

0 0 0
0 0 0

∫
v(e) T0β

∂Nm

∂x
NldV

∫
v(e) T0β

∂Nm

∂y
NldV

∫
v(e) ρcNmNldV

⎤

⎥⎥⎦

(28.28)
and the stiffness matrix is

[k](e) =
⎡

⎣
k11 k12 k13
k21 k22 k23
k31 k32 k33

⎤

⎦ (28.29)

where

[klm11 ] =
[∫

V (e)
(2G + λ)

∂Nl

∂x

∂Nm

∂x
dV +

∫

V (e)
G

∂Nl

∂y

∂Nm

∂y
dV

]

[klm12 ] =
[∫

V (e)
G

∂Nl

∂y

∂Nm

∂x
dV +

∫

V (e)
λ

∂Nl

∂x

∂Nm

∂y
dV

]

[klm13 ] = −
[∫

V (e)
βNm

∂Nl

∂x
dV

]

[klm21 ] =
[∫

V (e)
G

∂Nl

∂x

∂Nm

∂y
dV +

∫

V (e)
λ

∂Nl

∂y

∂Nm

∂x
dV

]

[klm22 ] =
[∫

V (e)
(2G + λ)

∂Nl

∂y

∂Nm

∂y
dV +

∫

V (e)
G

∂Nl

∂x

∂Nm

∂x
dV

]

[klm23 ] = −
[∫

V (e)
βNm

∂Nl

∂y
dV

]

[klm31 ] = [k32]ml = 0

[klm33 ] =
[∫

V (e)
k

∂Nm

∂x

∂Nl

∂x
dV +

∫

V (e)
k

∂Nm

∂y

∂Nl

∂y
dV

]
(28.30)

The force matrix is

{ f }(e)l =
⎧
⎨

⎩

{∫V (e) XNldV + ∫
A(e) tx Nld A}

{∫V (e) Y NldV + ∫
A(e) ty Nld A}

{∫V (e) RNldV − ∫
V (e)(�q · �n)Nld A}

⎫
⎬

⎭ (28.31)

and the unknown matrix is

{δ}(e) =
⎧
⎨

⎩

{U }
{V }
{θ}

⎫
⎬

⎭ (28.32)
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The initial and the general form of the thermal boundary conditions are one,
or the combinations, of the following:

θ(x, y, z, 0) = 0(x, y, z) at t = 0

θ(x, y, z, t) = θs on A1 and t > 0

qxl + qym + qzn = −q
′′

on A2 and t > 0

qxl + qym + qzn = h(θ + T0 − T∞) on A3 and t > 0

qxl + qym + qzn = σε(θ + T0)
4 − αabqr on A4 and t > 0 (28.33)

where T0(x, y, z) is the known initial temperature, θs is the known specified
temperature change on a part of the boundary surface A1, q

′′
is the known heat

flux on the boundary A2, h and T∞ are the convection coefficient and ambient tem-
perature specified on a part of the boundary surface A3, respectively, σ is the Stefan-
Boltzmann constant, ε is the radiation coefficient of the boundary surface, αab is the
boundary surface absorption coefficient, and qr is the rate of thermal flux reaching
the boundary surface per unit area all specified on boundary surface A4. The cosine
directors of the unit outer normal vector to the boundary in x , y, and z-directions are
shown by l, m, and n, respectively. According to the boundary conditions given by
Eq. (28.33), the last surface integral of the energy Eq. (28.22) may be decomposed
into four integrals over A1 through A4 as

∫

A(e)
(�q · �n)Nld A =

∫

A2

q
′′
Nld A −

∫

A3

h(θ + T0 − T∞)Nld A

−
∫

A4

(σε(θ + T0)
4 − αabqr )Nld A l = 1, 2, · · ·r (28.34)

Note that the signs of the integrals in Eq. (28.34) depend upon the direction of the
heat input. The positive sign is defined when the heat is given to the body, and is
negative when the heat is removed from the body. That is, q ′′ is defined positive in
Eq. (28.34), since we have assumed that the heat flux is given to the body. On the other
hand, we have assumed negative convection on the surface area A3, which means
the heat is removed from A3 boundary by convection. Similarly, the boundary A4 is
assumed to radiate to the ambient, as the sign of this integral is considered negative.

28.2 One-Dimensional Problem

In order to discuss the method in more detail a one-dimensional problem is consid-
ered. The equation of motion in terms of displacement is

(λ + 2G)
∂2u

∂x2 − β
∂θ

∂x
= ρ

∂2u

∂t2 (28.35)

and the first law of thermodynamics reduces to
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k
∂2θ

∂x2 − ρc
∂θ

∂t
− βT0

∂2u

∂x∂t
= 0 (28.36)

Taking a line element of length L , the approximating function for axial displace-
ment for the base element (e) is assumed to be linear in x as

u(x, t)(e) = NiUi + N jU j =< N >(e) {U }(e) (28.37)

where the piecewise linear shape function < N > is Ni = (L − η)/L , N j = η/L ,
and η = x − xi . Similarly the temperature change is approximated by

θ(x, t)(e) = Niθi + N jθ j =< N >(e) {θ}(e) (28.38)

Employing the formal Galerkin method and applying the weak form to the first and
second terms of Eq. (28.35) and first term of Eq. (28.36) results in the following
system of equations

(∫ L

0
ρNl Nmdη

)
Üm +

(∫ L

0
(2G + λ)

∂Nl

∂η

∂Nm

∂η
dη

)
Um

−
(∫ L

0
βNm

∂Nl

∂η
dη

)
θm = tx Nl

∣∣∣∣
j

i
+

∫ L

0
XNldη (28.39)

(∫ L

0
T0β

∂Nm

∂η
Nldη

)
U̇m +

(∫ L

0
ρcNmNldη

)
θ̇m

+
(∫ L

0
k

∂Nm

∂η

∂Nl

∂η
dη

)
θm = − (�q · �n)Nl | ji +

∫ L

0
RNldη (28.40)

This system of equations may be written in matrix form as

[M]{�̈} + [C]{�̇} + [K ]{�} = {F} (28.41)

where the mass, damping, stiffness and force matrices for first order element are
4 × 4 matrices and are defined as

[M](e) =
∫ L

0

⎡

⎢⎢⎣

ρNi Ni 0 ρNi N j 0
0 0 0 0

ρN j Ni 0 ρN j N j 0
0 0 0 0

⎤

⎥⎥⎦ dη (28.42)
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[C](e) =
∫ L

0

⎡

⎢⎢⎢⎢⎢⎣

0 0 0 0

T0β Ni
∂Ni

∂η
ρcNi Ni T0β Ni

∂N j

∂η
ρcNi N j

0 0 0 0

T0β N j
∂Ni

∂η
ρcN j Ni T0β N j

∂N j

∂η
ρcN j N j

⎤

⎥⎥⎥⎥⎥⎦
dη

(28.43)

[K ](e) =
∫ L

0

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(2G + λ)

(
∂Ni

∂η

)2

−βNi
∂Ni

∂η
(2G + λ)

∂Ni

∂η

∂N j

∂η
−βN j

∂Ni

∂η

0 k

(
∂Ni

∂η

)2

0 k
∂N j

∂η

∂Ni

∂η

(2G + λ)
∂N j

∂η

∂Ni

∂η
−βNi

∂N j

∂η
(2G + λ)

(
∂N j

∂η

)2

−βN j
∂N j

∂η

0 k
∂Ni

∂η

∂N j

∂η
0 k

(
∂N j

∂η

)2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

dη

(28.44)

{F}(e) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

tx Ni |L0 + ∫ L
0 XNidη

− qx Ni |L0 + ∫ L
0 RNidη

tx N j
∣∣
L + ∫ L

0 XN jdη

− qx N j
∣∣L
0 + ∫ L

0 RN jdη

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(28.45)

Upon substitution of the shape functions in the foregoing equations, the subma-
trices for the base element (e) are

[M](e) =

⎡

⎢⎢⎣

ρL
3 0 ρL

6 0
0 0 0 0
ρL
6 0 ρL

3 0
0 0 0 0

⎤

⎥⎥⎦ (28.46)

[C](e) =

⎡

⎢⎢⎢⎢⎣

0 0 0 0

− T0β
2

ρcL
3

T0β
2

ρcL
6

0 0 0 0

− T0β
2

ρcL
6

T0β
2

ρcL
3

⎤

⎥⎥⎥⎥⎦
(28.47)

[K ](e) =

⎡

⎢⎢⎢⎢⎣

(2G+λ)
L

β
2 − (2G+λ)

L
β
2

0 k
L 0 − k

L

− (2G+λ)
L −β

2
(2G+λ)

L −β
2

0 − k
L 0 k

L

⎤

⎥⎥⎥⎥⎦
(28.48)
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{F}(e) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

− tx |0 + XL
2

qx |0 + RL
2

tx |L + XL
2

− qx |L + RL
2

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(28.49)

and the matrix of unknown nodal value is

{�}(e) =

⎧
⎪⎪⎨

⎪⎪⎩

Ui

θi
U j

θ j

⎫
⎪⎪⎬

⎪⎪⎭
(28.50)

28.3 Problems and Solutions Related to Coupled
Thermoelasticity

Problem 28.1. Find the dynamic response of a layer made of functionally graded
materials based on the Lord-Shulman (LS) theory. The power law form function is
assumed for the material properties distribution.

Solution: The Functionally Graded Materials (FGMs) are high-performance heat
resistant materials able to withstand ultra high temperatures and extremely large
thermal gradients used in the aerospace industries. The FGMs are microscopically
inhomogeneous in which the mechanical properties vary smoothly and continuously
from one surface to the other. Typically, these materials are made from a mixture of
ceramic and metal.

Consider a ceramic-metal FG layer with thickness of L and assume that the
properties of FG layer obey a power law function as

P =
( x

L

)n
(Pm − Pc) + Pc (28.51)

where x is the position from the ceramic rich side of the layer, P is the effective
property of FGM, n is the power law index that governs the distribution of the
constituent materials through the thickness of the layer, and Pm and Pc are the
properties of metal and ceramic, respectively. Meanwhile, the subscripts m and c
indicate the metal and ceramic features, respectively.

For the LS theory, in the absence of body forces and heat supply, when the deriv-
ative of the relaxation time with respect to the position variable is neglected, the
governing equations of an FG layer in terms of displacement and temperature, are
as follow
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(λ + 2μ)
∂2u

∂x2 + ∂(λ + 2μ)

∂x

∂u

∂x
− ∂[β(T − T0)]

∂x
= ρ

∂2u

∂t2 (28.52)

∂

∂x

(
k
∂T

∂x

)
− ρc

∂T

∂t
− ρct0

∂2T

∂t2 − βT0

(
t0

∂2

∂t2 + ∂

∂t

)
∂u

∂x
= 0 (28.53)

where t0 is the relaxation time proposed by Lord and Shulman. The preceding equa-
tions may be introduced in dimensionless form for convenience. The nondimensional
parameters are defined as

x̄ = xcm
√

ρm(λm + 2μm)

km
; T̄ = T − T0

Td

t̄ = t (λm + 2μm)cm
km

; t̄0 = t0(λm + 2μm)cm
km

q̄x = qx
cmTd

√
ρm(λm + 2μm)

; σ̄xx = σxx

βmTd

ū = (λm + 2μm)3/2ρ
1/2
m cm u

kmβmTd
(28.54)

where the subscript m denotes the metal properties and term Td is a characteristic
temperature used for normalizing the temperature. Using the dimensionless parame-
ters, the governing Eqs. (28.52) and (28.53) appear in the form

[
(λ + 2μ)

(λm + 2μm)

∂2

∂ x̄2 + 1

(λm + 2μm)

∂(λ + 2μ)

∂ x̄

∂

∂ x̄
− ρ

ρm

∂2

∂ t̄2

]
ū

− 1

βm

(
∂β

∂ x̄
+ β

∂

∂ x̄

)
T̄ = 0 (28.55)

[
k

km

∂2

∂ x̄2 + 1

km

∂k

∂ x̄

∂

∂ x̄
− ρc

ρmcm
(

∂

∂ t̄
+ t̄0

∂2

∂ t̄2 )

]
T̄

− βmT0

ρmcm(λm + 2μm)
β

(
t̄0

∂2

∂ t̄2 + ∂

∂ t̄

)
∂ū

∂ x̄
= 0 (28.56)

Also, the dimensionless stress-displacement-temperature relation and the heat con-
duction equation for the functionally graded layer based on the LS theory are

σ̄xx = (λ + 2μ)

(λm + 2μm)

∂ū

∂ x̄
− β

βm
T̄ (28.57)

q̄x + t̄0
∂q̄x
∂ t̄

= − k

km

∂T̄

∂ x̄
(28.58)

The layer is occupied in the region 0 ≤ x̄ ≤ 1 and the corresponding dimensionless
boundary conditions are
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q̄x = 1 − (1 + 100t̄)e−100t̄ ; σ̄xx = 0 at x̄ = 0

T̄ = 0 ; ū = 0 at x̄ = 1 (28.59)

To solve the coupled system of equations, the transfinite element method may
be employed. To this end, the equations may be transformed to the space domain
using the Laplace transformation. Assume that the layer is initially at rest and the
initial displacement, velocity, temperature, and temperature rate are zero. Applying
the Laplace transformation to Eqs. (28.55) and (28.56) give

[
(λ + 2μ)

(λm + 2μm)

∂2

∂ x̄2 + 1

(λm + 2μm)

∂(λ + 2μ)

∂ x̄

∂

∂ x̄
− ρ

ρm
s2

]
ū∗

− 1

βm

(
∂β

∂ x̄
+ β

∂

∂ x̄

)
T̄ ∗ = 0 (28.60)

[
k

km

∂2

∂ x̄2 + 1

km

∂k

∂ x̄

∂

∂ x̄
− ρc

ρmcm
s(1 + t̄0s)

]
T̄ ∗

− βmT0

ρmcm(λm + 2μm)
βs(1 + t̄0s)

∂ū∗

∂ x̄
= 0 (28.61)

To find the solution of the equations using the transfinite element method, the geom-
etry of the layer may be divided into a number of discretized elements through the
thickness of the layer. In the base element, the Kantorovich approximation for the
displacement u and temperature T with identical shape functions is assumed as

ū∗(e) =
�∑

i=1

NiŪ
∗
i T̄ ∗(e) =

�∑

i=1

Ni T̄
∗
i (28.62)

where Ni is the shape function and terms Ū∗
i and T̄ ∗

i are the unknown nodal val-
ues of displacement and temperature, respectively. Substituting Eq. (28.62) into
Eqs. (28.60) and (28.61) and then employing the Galerkin finite element method,
the following system of equations, applying the weak form to the terms of second
order of derivatives of the space variable, is obtained:

[
[K11] [K12]
[K21] [K22]

]{
Ū∗
T̄ ∗

}
=

{
F∗
Q∗

}
(28.63)

The submatrices [K11], [K12], [K21], [K22], F∗ and Q∗ are

[Ki j
11] =

∫ x̄e

x̄ f

{
(λ + 2μ)

(λm + 2μm)

∂Ni

∂ x̄

∂N j

∂ x̄
+ ρs2

ρm
Ni N j

}
dx̄ (28.64)

[Ki j
12] = 1

βm

∫ x̄e

x̄ f

{
βN j

∂N j

∂ x̄
+ ∂β

∂ x̄
Ni N j

}
dx̄ (28.65)
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[Ki j
21] = sβmT0

ρmcm(λm + 2μm)

∫ x̄e

x̄ f

β(1 + t̄0s)Ni
∂N j

∂ x̄
d x̄ (28.66)

[Ki j
22] =

∫ x̄e

x̄ f

{
k

km

∂Ni

∂ x̄

∂N j

∂ x̄
+ ρc

ρmcm
s(1 + t̄0s)Ni N j

}
dx̄ (28.67)

{F∗} =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

βc
βm

T̄ ∗
1

0
.

.

0

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

; {Q∗} =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(1 + t̄0s)q̄∗
x

0
.

.

0

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(28.68)

In these equations x̄ f and x̄e are the first and last nodes of the solution domain,
respectively.

System of Eq. (28.63) is solved in the space domain. To transform the results
from the Laplace transform domain into the real time domain, the numerical inverse
Laplace transform technique is used.

Consider an FG layer composed of aluminum and alumina as metal and ceramic
constituents, respectively. The reference temperature is assumed to be T0 = 298K .
The relaxation time of aluminum and alumina are assumed to be t̄0m = 0.64,

t̄0c = 1.5625, respectively. The linear Lagrangian polynomials are used for the
shape functions in the base element. Figures 28.1 and 28.2 show the temperature and
stress waves propagation and reflection from the boundaries of the layer for n = 1. In
Fig. 28.1, the times t̄ = 0.2, 0.4, 0.6, 0.8, 1.7 show the temperature wave propaga-
tion through the thickness of the layer, while the reflection of the temperature wave
occurred at time t̄ = 1.9. Figure 28.2 shows that the maximum of stress occurs at the

Fig. 28.1 Distribution of the
nondimensional temperature
through the thickness of the
layer for n = 1

Fig. 28.2 Distribution of the
nondimensional stress through
the thickness of the layer for
n = 1
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Fig. 28.3 Variations of the
nondimensional temperature
at the middle point of the
thickness of the layer for
different values of power
index

Fig. 28.4 Variations of the
nondimensional stress at the
middle point of the thickness
of the layer for different values
of power index

Fig. 28.5 Variations of the
nondimensional temperature
at the middle point of the
thickness of the layer for the
classical and LS theories

temperature wave front. In Figs. 28.1 and 28.2 it is seen that a conversion between
the mechanical and thermal energies occurs at the temperature wave front. It may
be found from the figures that the propagation velocity of waves varies through the
thickness of the layer.

The effect of power law index, n, on variation of the temperature and stress at a
point located at the middle point of the layer thickness is shown in Figs. 28.3 and
28.4. It is seen from Fig. 28.3 that when n increases the speed of temperature wave
decreases. In Fig. 28.4 it is shown that the amplitude of stress variation is decreased
with the increase of n.

The relaxation time effect on variation of the temperature and stress at the middle
point of the thickness of the layer is investigated and are shown in Figs. 28.5 and
28.6. The value of n = 1 is considered for the power law index. It is seen that for
the classical theory of thermoelasticity, the case when t0 = 0, smaller values for
amplitude of temperature and resulting stress variations are obtained. Since with the
increase of relaxation time the propagation velocity of temperature wave decreases,
these maximum values of variations occurs at the later times.
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Fig. 28.6 Variations of the
nondimensional stress at the
middle point of the thickness
of the layer for the classical
and LS theories

Problem 28.2. Consider a thick-walled sphere of inside and outside radii rin and
rout , respectively. The sphere is under symmetric thermal shock load on its inside
surface. Find the distribution of the temperature and stresses along the radial direc-
tion.

Solution: For symmetric thermal shock loading condition

σθθ = σφφ εθθ = εφφ (28.69)

the equation of motion is

∂σrr

∂r
+ 2

σrr − σθθ

r
= ρü (28.70)

and the strain-displacement relations are

εrr = ∂u

∂r
εθθ = u

r
= εφφ (28.71)

From Hooke’s law

σrr = E

(1 + ν)(1 − 2ν)
[(1 − ν)εrr + 2νεθθ − (1 + ν)α(T − T0)]

σθθ = E

(1 + ν)(1 − 2ν)
[εθθ + νεrr − (1 + ν)α(T − T0)] (28.72)

The first law of thermodynamics for coupled condition is

∂2T

∂r2 + 2

r

∂T

∂r
− ρc

k
Ṫ = γ1(ε̇rr + 2ε̇θθ) − R (28.73)

where γ1 = (3λ+2μ)αT0/k. Elimination of the stresses from Eqs. (28.70), (28.71),
and (28.72) results in the equation of motion in terms of the displacement
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∂2u

∂r2 + 2

r

∂u

∂r
− 2u

r2 − α
(1 + ν)

(1 − ν)

∂T

∂r
= (1 + ν)(1 − 2ν)ρ

(1 − ν)E
ü (28.74)

The energy equation, after substitution for strains, becomes

∂2T

∂r2 + 2

r

∂T

∂r
− ρc

k
Ṫ = γ1

r2

∂r

∂
(r2u̇) − R (28.75)

The boundary conditions are in general given as

σrr × nr = tr − k
∂T

∂r
= qr (28.76)

where nr is the unit vector in radial direction. In terms of displacement, the boundary
conditions at inside and outside radii are:

At r = rin

E(1 − ν)

(1 + ν)(1 − 2ν)

[
∂u

∂r
+ ν

(1 − ν)

2u

r
− (1 + ν)

(1 − ν)
α(T − T0)

]
= −Pa(t)

T (t) = T0

{
2 +

[
(
ρ c c2

1 t

k
)2 − ρ c c2

1 t

k
− 1

]
e− ρ c c2

1 t
k

}
(28.77)

At r = rout

u = 0

k
∂T

∂r
= −ho[T − T0] (28.78)

where ho is the convection coefficients at inside and outside surfaces of the sphere,
respectively, Ti (t) is the inside surface temperature which is assumed to vary in time
and is applied as a thermal shock to the inside surface, T0 is the constant outside
ambient temperature, Pa(t) is the applied pressure shock at the inside surface which
may be considered zero.

The governing equations are changed into dimensionless form through the fol-
lowing formulas

T̄ = (T − T0)

T0

ū =
(

1 − ν

1 + ν

)
ρ c c1 u

k α T0

σ̄rr = (1 − 2ν)σrr

EαT0

r̄ = ρ c c1 r

k
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t̄ = ρ c c2
1 t

k

c1 =
√

(1 − ν)E

(1 + ν)(1 − 2ν)ρ
(28.79)

Using these quantities, and in the absence of heat generation, the governing equations
are expressed in dimensionless form (bar is dropped for convenience)

∂r

∂

(
∂u

∂r
+ 2u

r

)
− ∂T

∂r
= ü (28.80)

∂r

∂

(
∂T

∂r

)
+ 2

r

∂T

∂r
− Ṫ = C

1

r2

∂r

∂
(r2u̇) (28.81)

The boundary conditions are

∂u

∂r
+ γ2

u

r
− T = −1 − 2ν

EαT0
Pa(t)

T = 1 + (t2 − t − 1 ) e−t at r = a (28.82)

and

u = 0

∂T

∂r
= −ηoT at r = b (28.83)

where a and b are the dimensionless inner and outer radii of the sphere, respectively,
and the parameters used in these equations are defined as

C = T0(1 + ν)Eα2

ρc(1 − ν)(1 − 2ν)
; γ2 = 2ν

(1 − ν)
; ηo = ho

ρcc1
(28.84)

Due to the radial symmetry of loading conditions the variations of the dependent
functions are along the radius of the sphere. Thus, the radius of the sphere is divided
into a number of line elements (NE) with nodes i and j for the base element (e), as
shown in Fig. 28.7.

The displacement of element (e) is described by the linear shape function

Fig. 28.7 The element (e)
along the radius
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u(r, t) = α1(t) + α2(t)r (28.85)

in terms of nodal unknown variables, the unknown coefficients α1(t) and α2(t) are
found from Eq. (28.85) as

Ui (t) = α1 + α2ri
U j (t) = α1 + α2r j (28.86)

Solving for α1 and α2 and substituting in Eq. (28.85) yields

u(η, t) = L − η

L
Ui + η

L
U j (28.87)

where η is the variable in local coordinates, η = r − ri , and L is the element length
L = r j − ri . Defining the linear shape functions as

Ni = L − η

L
N j = η

L
(28.88)

the displacement u is allowed to vary linearly in the base element (e) as

u(e)(η, t) = NiUi + N jU j =< Ni N j >

{
Ui

U j

}
=< N >(e) {U }(e) (28.89)

Similarly, the temperature variation in the element (e) is assumed to vary linearly

T (e)(η, t) = NiTi + N jTj =< N >(e) {T }(e) (28.90)

Using Eqs. (28.89) and (28.90) and applying the formal Galerkin method to the
governing Eq. (28.80) and (28.81) for the base element (e) yields

∫ r j

ri

[
∂r

∂

(
∂u

∂r
+ 2u

r

)
− ∂T

∂r
− ∂2u

∂t2

]
r2Nmdr = 0 (28.91)

∫ r j

ri

[
∂r

∂

(
∂T

∂r

)
+ 2

r

∂T

∂r
− ∂T

∂t
− C

1

r2

∂r

∂

(
r2 ∂u

∂t

)]
r2Nmdr = 0

m = i, j (28.92)

Considering the change of variable η = r − ri and applying the weak formulation
to the terms of second order derivatives gives

∫ L

0

∂[(η + ri )2Nm]
∂η

∂u

∂η
dη −

∫ L

0
(η + ri )

2Nm

(
2

(η + ri )

∂u

∂η
− 2u

(η + ri )2

)
dη

+
∫ L

0
(η + ri )

2Nm
∂T

∂η
dη +

∫ L

0
(η + ri )

2Nmüdη = (η + ri )
2Nm

∂u

∂η
|L0 (28.93)
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∫ L

0

∂[(η + ri )2Nm]
∂η

∂T

∂η
dη −

∫ L

0
2(η + ri )Nm

∂T

∂η
dη +

∫ L

0
(η + ri )

2NmṪ dη

+ C
∫ L

0
Nm

∂η

∂[ (η + ri )
2u̇]dη = (η + ri )

2Nm
∂T

∂η
|L0

m = i, j (28.94)

Substituting the shape functions for u and T from Eqs. (28.89) and (28.90) yields

∫ L

0

(
d[(η + ri )2Nm]

dη
<

dN

dη
> −2Nm[(η + ri ) <

dN

dη
> − < N >]

)
dη{U }

+
∫ L

0
(η + ri )

2Nm <
dN

dη
> dη{T } +

∫ L

0
(η + ri )

2Nm < N > dη{Ü }

= (η + ri )
2Nm

∂u

∂η
|L0 (28.95)

∫ L

0

(
d[(η + ri )2Nm]

dη
<

dN

dη
> −2(η + ri )Nm <

dN

dη
>

)
dη{T }

+
∫ L

0
(η + ri )

2Nm < N > dη{Ṫ } + C
∫ L

0
Nm <

d[(η + ri )2N ]
dη

> dη{U̇ }

= (η + ri )
2Nm

dT

dη
|L0
m = i, j (28.96)

The terms on the right-hand side of Eqs. (28.95) and (28.96) are derived through the
weak formulation and coincide with the natural boundary conditions. They cancel out
each other between any two adjacent elements except the first node of the first element
and the last node of the last element which coincide with the given boundary condi-
tions on inside and outside surfaces of the sphere. These boundary conditions are

− a2 ∂u

∂η
|1 = 2aγ2U1 − a2T1 + a2 1 − 2ν

EαT0
Pa(t)

UM = 0

T1 = 1 + (t2 − t − 1 ) e−t

b2 ∂T

∂η
|M = −b2ηoTM (28.97)

where the index 1 denotes the first note of the first element of the solution domain
at r = a and the index M denotes the last node of the last element of the solution
domain at r = b. It is to be noted that due to the assumed boundary conditions at

r = a and r = b terms −a2 ∂T

∂η
|1 and b2 ∂u

∂η
|M vanish. Equations (28.95) and (28.96)

are solved for the nodal unknown of the element (e) and are finally arranged in the
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form of the following matrix equations

[M]{�̈} + [C]{�̇} + [K ]{�} = {F} (28.98)

The definitions of the mass, damping, stiffness, and force matrices of Eq. (28.98) for
the base element (e) are

Mass matrix

[M](e) ==

⎡

⎢⎢⎣

m11 0 m13 0
0 0 0 0

m31 0 m33 0
0 0 0 0

⎤

⎥⎥⎦ (28.99)

where the components of the mass matrix are

m11 =
∫ L

0
(η + ri )

2Ni Nidη

m13 =
∫ L

0
(η + ri )

2Ni N jdη

m31 =
∫ L

0
(η + ri )

2N j Nidη

m33 =
∫ L

0
(η + ri )

2N j N jdη (28.100)

Damping matrix

[C](e) =

⎡

⎢⎢⎣

0 0 0 0
C21 C22 C23 C24

0 0 0 0
C41 C42 C43 C44

⎤

⎥⎥⎦ (28.101)

where the components of the damping matrix are

C21 = C
∫ L

0
Ni

d[(η + ri )2Ni ]
dη

dη

C23 = C
∫ L

0
Ni

d[(η + ri )2N j ]
dη

dη

C41 = C
∫ L

0
N j

d[(η + ri )2Ni ]
dη

dη

C43 = C
∫ L

0
N j

d[(η + ri )2N j ]
dη

dη

C22 =
∫ L

0
(η + ri )

2Ni Nidη
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C24 =
∫ L

0
(η + ri )

2Ni N jdη

C42 =
∫ L

0
(η + ri )

2N j Nidη

C44 =
∫ L

0
(η + ri )

2N j N jdη (28.102)

Stiffness matrix

[K ](e) =

⎡

⎢⎢⎣

K11 K12 K13 K14
0 K22 0 K24
K31 K32 K33 K34
0 K42 0 K44

⎤

⎥⎥⎦ (28.103)

where the components of the stiffness matrix are

K11 =
∫ L

0

(
d[(η + ri )2Ni ]

dη

dNi

dη
− 2(η + ri )Ni

dNi

dη
+ 2Ni Ni )

)
dη

K13 =
∫ L

0

(
d[(η + ri )2Ni ]

dη

dN j

dη
− 2(η + ri )Ni

dN j

dη
+ 2Ni N j )

)
dη

K31 =
∫ L

0

(
d[(η + ri )2N j ]

dη

dNi

dη
− 2(η + ri )N j

dNi

dη
+ 2N j Ni )

)
dη

K33 =
∫ L

0

(
d[(η + ri )2N j ]

dη

dN j

dη
− 2(η + ri )N j

dN j

dη
+ 2N j N j )

)
dη

K12 =
∫ L

0
(η + ri )

2Ni
dNi

dη
dη

K14 =
∫ L

0
(η + ri )

2Ni
dN j

dη
dη

K32 =
∫ L

0
(η + ri )

2N j
dNi

dη
dη

K34 =
∫ L

0
(η + ri )

2N j
dN j

dη
dη

K22 =
∫ L

0

(
d[(η + ri )2Ni ]

dη

dNi

dη
− 2(η + ri )Ni

dNi

dη

)
dη

K24 =
∫ L

0

(
d[(η + ri )2Ni ]

dη

dN j

dη
− 2(η + ri )Ni

dN j

dη

)
dη

K42 =
∫ L

0

(
d[(η + ri )2N j ]

dη

dNi

dη
− 2(η + ri )N j

dNi

dη

)
dη

K44 =
∫ L

0

(
d[(η + ri )2N j ]

dη

dN j

dη
− 2(η + ri )N j

dN j

dη

)
dη (28.104)
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Also, the matrix {F} for this special case is related to the boundary conditions. With
the inside temperature and pressure shocks and outside surface insulated, as given
by Eq. (28.97), the final assembled form of this matrix becomes

{F} =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2aγ2U1 − a2T1 + a2 1−2ν
EαT0

Pa(t)
1 + (t2 − t − 1 ) e−t

0
0
.

.

0
0

−b2ηoTM

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(28.105)

Moreover, the matrix of unknown nodal values is

{�}(e) =

⎧
⎪⎪⎨

⎪⎪⎩

Ui

Ti
U j

Tj

⎫
⎪⎪⎬

⎪⎪⎭
(28.106)

Using the linear shape functions (28.89) and (28.90) for {U } and {T } the compo-
nent of the matrices are simplified as

Components of mass matrix

m11 = L(L2 + 5ri L + 10r2
i )

30

m13 = m31 = L(3L2 + 10ri L + 10ri2)

60

m33 = L(6L2 + 15ri L + 10r2
i )

30
(28.107)

Components of damping matrix

C21 = C
(L2 + 4ri L − 6r2

i )

12

C23 = C
(3L2 + 8ri L + 6r2

i )

12

C41 = −C
(L2 + 4ri L + 6r2

i )

12

C43 = C
(9L2 + 16ri L + 6r2

i )

12
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C22 = L
(L2 + 5ri L + 10r2

i )

30

C24 = C42 = L
(3L2 + 10ri L + 10r2

i )

60

C44 = L
(6L2 + 15ri L + 10r2

i )

30
(28.108)

Components of stiffness matrix

K11 = K33 = L2 + ri L + r2
i

L

K13 = K31 = −ri (L + ri )

L

K12 = −K14 = − 1

12
L2 − 1

3
ri L − 1

2
r2
i

K32 = −K34 = −1

4
L2 − 2

3
ri L − 1

2
r2
i

K22 = K44 = −K24 = −K42 = L2 + 3ri L + 3r2
i

3L
(28.109)

The element matrices given by Eqs. (28.102)–(28.104) are generated within a loop
to construct the general matrices of Eq. (28.98), where after assembly of all the ele-
ments in the solution domain, they are solved using one of the numerical techniques
of either time marching or modal analysis methods.

As a numerical example, a thick sphere is considered with the following prop-
erties: E = 70 × 109N/m2, ν = 0.3, ρ = 2707 Kgr/m3, k = 204 W/m-K,
α = 23 × 10−61/K, c = 903 J/Kgr-K, T0 = 298 K. The pressure at the inner
surface of the sphere is assumed to be zero (traction free condition) and the outer
surface of the sphere is insulated (with ho = 0). The plot of internal thermal shock
is shown in Fig. 28.8. The distribution of temperature, radial displacement, radial
stress, and hoop stress at different times are plotted in Figs. 28.9 28.10, 28.11, and
28.12. Figure 28.13 show the variations of radial and hoop stresses versus radius at
different times. Figure 28.14 shows the time variation of the radial and hoop stresses
and temperature at mid-point of the thickness of the sphere.

Problem 28.3. Employ the transfinite element method, using the Laplace transform,
to solve the coupled equations for an axisymmetrically loaded disk in the transformed
domain. By the inverse numerical method obtain the distribution of the temperature
and stresses in the real time domain. Consider elements with various orders to inves-
tigate the effects of the number of nodes in an element.

Solution: In the absence of the heat source and body forces and for isotropic materi-
als, the nondimensionalized form of the generalized coupled thermoelastic equations
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Fig. 28.8 The temperature
shock applied to the inner
surface of the sphere

Fig. 28.9 The temperature
distribution at different times

Fig. 28.10 The displacement
distribution at different times

Fig. 28.11 The radial stress
distribution at different times

of the axisymmetrically loaded circular disk based on the Lord-Shulman theory in
terms of the displacement and temperature may be written as

{
∂2

∂r2 + 1

r

∂

∂r
− 1

r2 − ∂2

∂t2

}
u − ∂T

∂r
= 0 (28.110)

{
∂2

∂r2 + 1

r

∂

∂r
− ∂

∂t

(
1 + t0

∂

∂t

)}
T

− C

{
t0

[
∂3

∂r∂t2 + 1

r

∂2

∂t2

]
+ ∂2

∂r∂t
+ 1

r

∂

∂t

}
u = 0 (28.111)
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Fig. 28.12 The hoop stress
distribution at different times

Fig. 28.13 Time history of
temperature, displacement
and stresses at mid-radius
point of the thickness of the
sphere

Fig. 28.14 Distribution of the
dimensionless temperature
along the radius of the disk
at three values of the time for
three types of elements

Here,C = T0β̄
2/

[
ρce

(
λ̄ + 2μ

)]
is the coupling coefficient. For the plane stress con-

dition λ̄ = 2μ
λ+2μλ and β̄ = 2μ

λ+2μβ. In the preceding equations ρ, u, T0, T, β̄, ce,
and t0 are the density, radial displacement, reference temperature, temperature
change, stress-temperature moduli, thermal conductivity, specific heat and the relax-
ation time (proposed by Lord and Shulman), respectively, while λ and μ are Lamé
constants. The dimensionless thermal and mechanical boundary conditions are

qin = −∂T

∂r
; u = 0 at r = a

T = 0; σrr = ∂u

∂r
+ λ̄

λ̄ + 2μ

u

r
− T = 0 at r = b (28.112)

where σrr and a and b are the radial stress and dimensionless inner and outer radii,
respectively.

In order to derive the transfinite element formulation, the Laplace transformation
is used to transform the equations into the Laplace transform domain. Applying the
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Galerkin finite element method to the governing Eqs. (28.110) and (28.111) for the
base element (e), yields

∫ L

0

{
−

[{
1

(η + ri )

∂

∂η
− 1

(η + ri )2 − s2
}
u − ∂T

∂η

]
Nm(η + ri )

+∂ (Nm(η + ri ))

∂η

∂u

∂η

}
dη = Nm(η + ri )

∂u

∂η

∣∣∣∣
L

0
(28.113)

∫ L

0

{
−

[{
1

(η + ri )

∂

∂η
− s(1 + t0s)

}
T − C

(
t0s

2 + s
)(

∂

∂η
+ 1

η + ri

)
u

]

×Nm(η + ri ) + ∂ (Nm(η + ri ))

∂η

∂T

∂η

}
dη = Nm(η + ri )

∂T

∂η

∣∣∣∣
L

0
(28.114)

where u = ∑n
m=1 NmUm and T = ∑n

m=1 NmTm . In the preceding equations,
s, Nm, η = r − ri , ri , L , Um, and Tm are the Laplace parameter, shape function,
local coordinates, the radius of the i-th node of the base element, the length of element
in the radial direction, nodal displacement, and the nodal temperature respectively.
The terms on the right-hand sides of Eqs. (28.113) and (28.114) cancel each other
between any two adjacent elements, except the nodes located on the boundaries of
the solution domain. These boundary conditions are

−a
∂T

∂η

∣∣∣∣
1

= aqin ; U1 = 0

TM = 0 ; b
∂u

∂η

∣∣∣∣
M

= − λ̄

λ̄ + 2μ
UM + bTM (28.115)

The subscript 1 and M are referred to the first and last nodes of the solution domain,
respectively.

To investigate the accuracy of the method, a numerical example is considered. The
material of the disk is assumed to be aluminum. The dimensionless inside and outside
radii are a = 1 and b = 2. The dimensionless input heat flux is defined as the
Heaviside unit step function. Since the applied boundary conditions are assumed to
be axisymmetric, the radius of the disk is divided into 100 elements. Three types of
shape functions, linear, second order, and third order polynomials are used for the
finite element model of the problem. Results for each of these orders are plotted and
are compared.

Figures 28.15 and 28.16 show the wave propagation of the temperature and ra-
dial displacement along the radial direction. The numerical values of the coupling
parameter and the dimensionless relaxation time are assumed to be 0.01 and 0.64,
respectively. The waves propagation are shown at several times. Two wave fronts for
elastic and temperature waves are detected from the figures, as expected from the LS
model. It is seen from the figures that the results of the three types of shape functions
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Fig. 28.15 Distribution of the dimensionless displacement along the radius of the disk at three
values of the time for three types of elements

Fig. 28.16 Elements with linear, second, and third order shape functions

for the assumed number of elements coincide. For smaller number of elements, the
difference between the results obtained for different shape functions increase notice-
ably. For the assumed number of elements, the curves for radial displacement and
temperature distribution are checked against the known data in the literature, where
very close agreement is observed. Figure 28.15 clearly shows the temperature wave
front (the second sound effect), which is propagating along the radius of the disk.



Chapter 29
Boundary Element, Coupled Thermoelasticity

In this chapter, considering the Lord and Shulman’s theory, a Laplace-transform
boundary element method is developed for the dynamic problems in coupled ther-
moelasticity with relaxation time involving a finite two dimensional domain. The
boundary element formulation is presented and a single heat excitation is used to
drive the boundary element formulations. Aspect of numerical implementation are
discussed. It is shown that the distributions of temperature, displacement, and stress
show jumps at their wave fronts. The thermo-mechanical waves propagation in a
finite domain and the influence of relaxation time on them are presented. The results
of this section are compared with the classical coupled theory (CCT) and the Green-
Lindsay theory (GL). It is verified that the LS theory of the generalized thermoelastic-
ity results into significant differences in the patterns and wave fronts of temperature,
displacement, and stress compared to the CCT and GL theories, although the material
and geometrical properties of the solution domain are identical. The details of these
differences are given in the result section.

29.1 Governing Equations

A homogeneous isotropic thermoelastic solid is considered. In the absence of body
forces and heat flux, the governing equations for the dynamic coupled generalized
thermoelasticity in the time domain based on the Lord and Shulman theory are
written as 1

(λ + μ)uj,ij + μui,jj − γT0T,i − ρüi = 0 (29.1)

kT,jj − ρceṪ − ρcet0T̈ − γ(t0üj,j + u̇j,j) = 0 (29.2)

1 Tehrani, P., Eslami, M.R., Boundary Element Analysis of Finite Domain Under Thermal and
Mechanical Shock with the Lord-Shulman Theory, Proceedings of I.Mech.E, Journal of Strain,
Analysis, 38(1), 53–64 (2003).

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics 755
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2_29,
© Springer Science+Business Media Dordrecht 2013
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Throughout this section, the summation convention on repeated indices is used. A dot
indicates time differentiation and the subscript i after a comma is partial differen-
tiation with respect to xi(i = 1, 2). In these equations λ,μ, ui, ρ,T ,T0, k, γ, ce,
and t0 are the Lame’s constants, the components of displacement vector, mass den-
sity, absolute temperature, reference temperature, coefficient of thermal conductivity,
stress-temperature modulus, specific heat at constant strain, and relaxation times pro-
posed by Lord and Shulman, respectively. When t0 vanish, Eq. (29.2) reduces to the
classical coupled theory. In the Lord and Shulman’s theory, Fourier’s law of heat con-
duction is modified by introducing the relaxation time t0. It is convenient to introduce
the usual dimensionless variables as

x̂ = x

α
; t̂ = tCs

α
t̂0 = t0Cs

α
;

σ̂ij = σij

γT0
; ûi = (λ + 2μ)ui

α · γ · T0
; T = T − T0

T0
(29.3)

where α = k/ρceCs is the dimensionless characteristic length and Cs =√
(λ + 2μ)/ρ is the velocity of the longitudinal wave. Equations (29.1) and (29.2)

take the form (dropping the hat for convenience)

μ

λ + 2μ
ui,jj + λ + μ

λ + 2μ
uj,ij − T,i − üi = 0 (29.4)

T,jj − Ṫ − t0T̈ − T0γ
2

ρce(λ + 2μ)
(u̇j,j + t0üj,j) = 0 (29.5)

At the above dimensionless equations, the stress wave speed is one and the speed of
the temperature wave may be computed as

Ct =
√

1

t0
(29.6)

Transferring Eqs. (29.4) and (29.5) to Laplace domain yield

μ

λ + 2μ
ũi,jj + λ + μ

λ + 2μ
ũj,ij − T̃,i − s2ũi = 0 (29.7)

T̃,jj − sT̃ − t0s
2T̃ − T0γ

2

ρce(λ + 2μ)
(sũj,j + t0s

2ũj,j) = 0 (29.8)

Equations (29.7) and (29.8) are rewritten in matrix form as

LijUj = 0 (29.9)

For two-dimensional domain the operator Lij reduces to
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Lij =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

μ

λ + 2μ
� + λ + μ

λ + 2μ
D2

1 − s2 λ + μ

λ + 2μ
D1D2 −D1

λ + μ

λ + 2μ
D1D2

μ

λ + 2μ
� + λ + μ

λ + 2μ
D2

2 − s2 −D2

− T0γ2

ρce(λ + 2μ)
s(1 + t0s)D1 − T0γ2

ρce(λ + 2μ)
s(1 + t0s)D2 � − s(1 + st0)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

Ui =< ũ ṽ T̃ >

where Di = ∂

∂xi
(i = 1, 2) and � denotes the Laplacian. The effect of the relaxation

time t0 is apparent in Eq. (29.9). The boundary conditions are assumed to be as follow

ui = ūi on �u

τi = τ̄i = σijnj on �τ

T = T̄ on �T

q = q̄n = qini on �q

(29.10)

where ūi, τ̄i, T̄ , and q̄n are the given values of the displacement, traction, tempera-
ture, and heat flux vector on the boundary.

29.2 Boundary Integral Equation

In order to derive the boundary integral equation, we start with the following weak
formulation of the differential equation (29.9) for the fundamental solution tensorV∗

ik

∫

�

(LijUj)V
∗
ikd� = 0 (29.11)

After integrating by parts over the domain and taking a limiting procedure by taking
the internal source point to the boundary point, we may obtain the following boundary
integral equation

CkjUk(y, s) =
∫

�

τ̃α(x, s)V∗
αj(x, y, s) − Uα(x, s)�∗

αj(x, y, s)d�(x)

+
∫

�

T̃,n(x, s)V
∗
3j,n(x, y, s) − T̃(x, s)V∗

3j,n(x, y, s)d�(x) (29.12)

where Uα = ũα(α = 1, 2) and U3 = T̃ and Ckj denotes the shape coefficient tensor.
The kernel �∗

αj in Eq. (29.12) is defined by
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�∗
αj =

[(
λ

λ + 2μ
V∗
kj,k + T0γ

2(s + t0s2)

ρCe(λ + 2μ)
V∗

3j

)
δαβ + μ

λ + 2μ
(V∗

αj,β + V∗
βj,α)

]
nβ

(29.13)

where nβ is the component of the normal vector to the boundary. Here, the funda-
mental solution tensor Vjk must satisfy the differential equation

lijV
∗
jk = −δikδ(x − y) (29.14)

where lij is the adjoint operator of Lij in Eq. (29.9) and is given by

lij =

⎡

⎢⎢⎣

μ
λ+2μ� + λ+μ

λ+2μD
2
1 − s2 λ+μ

λ+2μD1D2
T0γ

2

ρce(λ+2μ)
(s + t0s)D1

λ+μ
λ+2μD1D2

μ
λ+2μ� + λ+μ

λ+2μD
2
2 + s2 T0γ

2

ρce(λ+2μ)
(s + t0s)D2

D1 D2 � − s(1 + t0s)

⎤

⎥⎥⎦

29.3 Fundamental Solution

In order to construct the fundamental solution, we put the fundamental solution
tensorV∗

ij of Eq. (29.14) in the following potential representation using the transposed
co-factor operator μij of lij and scalar function �∗

V∗
ij (x, y, s) = μij�

∗(x, y, s) (29.15)

After substitution of Eq. (29.15) into (29.14), the following differential equations is
obtained

��∗ = −δ(x − y) (29.16)

where the operation � is

� = det(lij) = μ

λ + 2μ
(� − h2

1)(� − h2
2)(� − h2

3) (29.17)

and h2
i are the solution of

h2
1 = λ + 2μ

μ
s2

h2
2 + h2

3 = s2 + s(1 + t0s) + T0γ
2

ρCe(λ + 2μ)
s(1 + t0s)

h2
2h

2
3 = s3(1 + t0s) (29.18)

where h1 = longitudinal wave velocity, h2 = shear wave velocity, and h3 =
rotational wave velocity. Note that h2 and h3 are functions of the relaxation times t0.
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The solution for �∗ from Eq. (29.16) with the help of Eq. (29.17) is thus

�∗ = λ + 2μ

2πμ

[
K0(h1r)

(h2
2 − h2

1)(h
2
3 − h2

1)
+ K0(h2r)

(h2
3 − h2

2)(h
2
1 − h2

2)
+ K0(h3r)

(h2
1 − h2

3)(h
2
2 − h2

3)

]

(29.19)

The fundamental solution tensor V∗
ij for two dimensional domain is found as

V∗
αβ =

3∑

k=1

(ψk(r)δαβ − κkr,αr,β) (α,β = 1, 2)

V∗
3α =

3∑

k=1

ξ́k(r)r,α

V∗
α3 =

3∑

k=1

ξk(r)r,α

V∗
33 =

3∑

k=1

ζk(r) (29.20)

where

ψk (r) = Wk

2π

[(
h2
k − m2

) (
h2
k − m1

)
+

(
λ + μ

μ

) (
h2
k − m1 − m3C

λ + 2μ

λ + μ

))
h2
k

]
K0 (hkr)

+ Wk (λ + μ)

2πμ

[
h2
k − m1 − m3C

λ + 2μ

λ + μ

)]
hk
r
K1 (hkr)

κk (r) = Wk (λ + μ)

2πμ

[
h2
k − m1 − m3C

λ + 2μ

λ + μ

)]
K2 (hkr)

ξ́k (r) = Wk

2π
m4

(
h2
k − m2

)
hkK1 (hkr)

ξk (r) = Wk

2π
Cm3

(
h2
k − m2

)
hkK1 (hkr)

ζk (r) = Wk

2π

(
h2
k − m2

) (
h2
k − s2

)
K0 (hkr) (29.21)

and

r = ‖x − y‖; m1 = s(1 + t0s); m2 = λ + 2μ

μ
s2

m3 = s(1 + t0s); C = T0γ
2

ρce(λ + 2μ)

Wi = −1

(h2
i − h2

j )(h
2
k − h2

i )
(i = 1, 2, 3 j = 2, 3, 1 k = 3, 2, 1) (29.22)
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Here, K0,K1, and K2 are the modified Bessel function of second kind and zero, first,
and second orders, respectively.

In order to solve numerically the boundary element integral equation (29.12), the
standard procedure is applied. When transformed numerical solutions are specified,
transient solutions can be obtained using an appropriate numerical inversion tech-
nique. In this section, the method presented by Durbin2, which combines the Fourier
cosine and sine transform to reduce numerical error, is adopted for numerical inver-
sion. This formulation yields time-domain functional values F(tn) as

F(tn) = 2enβ�t

tN

[
−1

2
ReF̃(s0) + Re

{
N−1∑

k=0

(Ak + iBk)W
nk

}]

for n = 0, 1, . . . ,N − 1 and tn = n�t (29.23)

where F̃ is the function in the Laplace-domain, and

Ak =
L∑

l=0

ReF̃(sk+lN ),

Bk =
L∑

l=0

ImF̃(sk+lN ),

W = e2πi/N ,

sm = β + 2πim/tN , (29.24)

with the real constant β = 6/tn, based upon experience and the recommendation of
Durbin. Different values of 5 ≤ βtn ≤ 10, according to Durbin’s recommendation,
were considered in the analysis and verification of the method. The best results were
achieved by choosing (βtn) = 6. This value was used for all examples given in this
section. Notice that from Eqs. (29.23) and (29.24), the determination of F(tn) for
n = 0, 1, . . . ,N − 1 depends upon the values of F̃(sm) for m = 0, 1, . . . ,M − 1,
where M = N(L + 1). Consequently, the boundary integral equations

CkjUk(y, sm) =
∫

�

τ̃α(x, sm)V∗
αj(x, y, sm) − Uα(x, sm)�∗

αj(x, y, sm)d�(x)

+
∫

�

T̃,n(x, sm)V∗
3j,n(x, y, sm) − T̃(x, sm)V∗

3j,n(x, y, sm)d�(x)

(29.25)

must be solved independently at each of the M discrete values sm of the transform
parameters. In the current implementation, L = 0 is considered to minimize the
computational effort.

2 F. Durbin, Numerical Inversion of Laplace Transforms: An Efficient Improvement to Dubner and
Abate’s Method. Computer J. 17, 371–376 (1974).
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29.4 Numerical Formulation

The boundary of the solution domain � is divided into N elements, such that
Eq. (29.12) becomes

CkjUk(y, s) =
N∑

n=1

∫

�n

[
τ̃α(x, s)V∗

αj(x, y, s) − Uα(x, s)�∗
αj(x, y, s)

]
d�n(x)

+
N∑

n=1

∫

�n

[
T̃,n(x, s)V

∗
3j,n(x, y, s) − T̃(x, s)V∗

3j,n(x, y, s)
]
d�n(x)

(29.26)

where � = ∑N
n=1 �n. On each element the boundary parameter x (with compo-

nents xj), the unknown displacement and temperature fields Uj(x, s), and the traction
and heat flux fields τ̃α(x, s), T̃,n(x, s) are approximated using the interpolation func-
tions in the form

x =
m∑

θ=1

Mθxθ

U =
m∑

θ=1

NθUθ

τ̃ =
m∑

θ=1

Nθτ̃ θ (29.27)

where Mθ and Nθ are called shape functions and are polynomials of degree m − 1.
The property of these shape functions is such that they are equal to 1 at node θ, and
0 at all other nodes. Here, xθ,Uθ and τ̃ θ are the values of the functions at node θ.

The different choices of Mθ and Nθ lead to different boundary element formula-
tions. If Mθ = Nθ, the formulation is referred to as isoparametric, and if Mθ is of
higher order polynomial than Nθ then the formulation is referred to as superpara-
metric. Conversely, if Mθ is of lower order polynomial than Nθ then the formulation
is referred to as subparametric.

For the present two-dimensional formulation, the isoparametric element is con-
sidered. The shape functions Mθ are defined in terms of the non-dimensional coor-
dinates ξ(−1 ≤ ξ ≤ 1) and can be derived from the Lagrange polynomials defined,
for degree (m − 1), as

Mθ(ξ) =
m∏

i=0;i �=θ

ξ − ξi

ξθ − ξi
(29.28)
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It is seen that Mθ(ξ) is given by the product of m linear factors. The Lagrangian
shape functions Mθ(ξ) can be shown to have the following properties:
At node β

Mθ(ξβ) = δαβ, ξ0 < ξβ < ξm; (29.29)

Also
m∑

θ=1

Mθ(ξ) = 1 and
m∑

θ=1

dMθ(ξ)

dξ
= 0 (29.30)

For constant and quadratic elements, the shape functions Mθ(ξ) are listed as:
For constant element m = 1 and M(ξ) = 1
For quadratic element considering l1 = 1/2(1 − ξ), l2 = 1/2(1 + ξ)

M1(ξ) = l1(2l1 − 1), M2(ξ) = 4l1l2, M3(ξ) = l2(2l2 − 1) (29.31)

A discretized boundary element formulation can be obtained by substituting the
expressions (29.27) and (29.28), with Mθ = Nθ, into the integral equation (29.26)
to obtain

CkjUk(y, s) +
N∑

n=1

m∑

θ=1

Pnθ
jk U

nθ
k =

N∑

n=1

m∑

θ=1

Qnθ
jk τnθk k, j = 1, 2, 3 (29.32)

The coefficients Pnθ
jk and Qnθ

jk are defined in terms of the integrals over �n, where
d�n(ξ) becomes Jn(ξ)dξ. That is

Pnθ
jk =

∫ 1

−1
Mθ(ξ)τ̃jk(y, x(ξ), s)J

n(ξ)dξ

Qnθ
jk =

∫ 1

−1
Mθ(ξ)Ujk(y, x(ξ), s)J

n(ξ)dξ (29.33)

In general, the Jacobian of a transformation J(ξ) is given as

J(ξ) =
[[

dx1

dξ

]2

+
[
dx2

dξ

]2
]1/2

(29.34)

Therefore

Jn(ξ) =
⎡

⎣
[

m∑

θ=1

dMθ(ξ)

dξ
xnθ1

]2

+
[

m∑

θ=1

dMθ(ξ)

dξ
xnθ2

]2
⎤

⎦
1/2

. (29.35)
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29.5 Problems and Solutions Related to Coupled
Thermoelasticity

Problem 29.1. Consider a rectangular two-dimensional plate of length l × l, as
shown in Fig. 29.1. The plate is exposed to a thermal shock load at its edge at x = 0.
Let us first consider the uncoupled condition, where the temperature equation is
separately solved for the temperature distribution and is independent of the stress
field.

Solution. Since the data presented in Figs. 29.2, 29.3 and 29.4 are related to the axis
of symmetry of the plate, thus qy = k ∂T

∂y is zero and temperature distribution is sym-
metric about the x-axis. Consequently, the distribution of temperature along the axis
of symmetry of a two-dimensional domain coincides with that of the one-dimensional
solution of the half-space. For the coupled solution, however, the influence of the
stress field in temperature distribution of a two-dimensional domain results into
lower curve of temperature compared to the half-space solution. The displacement
curves of the two-dimensional domain along the axis of symmetry of the domain
almost coincide with those of half-space. The reason is that due to symmetry, v = 0
along the x-axis and the only non-zero displacement is u. This condition coincides
with the one-dimensional half-space solution. The stress plot of two-dimensional
domain along the axis of symmetry, shown in Fig. 29.4, is different from those of
the half-space. The main reason for the difference is the existence of non-zero εy in
the two-dimensional domain. The effect of εy causes the peak compressive stress to
occur at shorter time. The tensile stress produced by the application of thermal shock
is larger in a finite domain compared to the half-space. This is shown in Fig. 29.4 for
the range of time where the wave reflection is not produced yet.

Problem 29.2. Now, the influence of the finite domain in wave reflection may be
studied. Consider a coated surface subjected to a laser beam. When the length is
large compared to thickness, as it is in the case of a coated surface, the problem may
be modelled as shown in Fig. 29.5. A number of 40 constant elements uniformly
distributed along the boundary are considered, as shown in Fig. 29.5.

Fig. 29.1 A square plate
subjected to thermal loading

l

θ (t)= θ 0 lx

y
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Fig. 29.2 Comparison of the dimensionless temperature at x = 1. Curve identified by 1 is related
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Fig. 29.3 Comparison of the dimensionless axial displacement at x = 1

Solution. To compare the results with the solutions available for the half-space, the
square plate ( l = 2 nondimensional) of Fig. 29.5 is considered to experience a step
function heating in one side and to be insulated at the other sides. The u-displacement
at x = l and v-displacements at y = ±l/2 are assumed to be zero. The thermoelastic
wave propagation, reflection, and the effect of relaxation time due to the Lord and
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Fig. 29.4 Comparison of the dimensionless axial stress at x = 1

Fig. 29.5 Model of a layer
subjected to thermal loading

l

θ (t) = θ 0 lx

y

Shulman model are investigated along the axis of symmetry of the plate in unit
dimensionless length and are compared with the half-space results reported by Chen
and Lin3. We Consider a unit step function temperature rise at edge x = 0. Figure 29.6
shows the dimensionless temperature distribution versus dimensionless time for the
LS theory. The temperature distribution shows oscillations after the temperature wave
front, due to the temperature wave reflection from the boundaries of the plate. The
distribution of the axial displacement based the LS model is shown in Fig. 29.7. In the
LS model, the temperature variation has no effect on the displacement distribution.

Problem 29.3. Now, the discussion proceeds on the coupled thermoelastic response
of a square plate under thermal and mechanical shocks based on classical and Lord
and Shulman model. Consider a finite two-dimensional square domain of l × l. The

3 H. Chen, H. Lin, Study of Transient Coupled Thermoelastic Problems with Relaxation Time,
Trans. ASME. J. Appl. Mech. 62, 208–215 (1995).
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Fig. 29.7 Comparison of the dimensionless axial displacement at middle of the plate for L.S. theory

plate is fixed at x = l and free at other edges (Fig. 29.8). The plate is initially stress
free and at reference temperature T0 = 0. At t > 0, the edge x = 0 experiences
thermal and/or mechanical shocks given by (Fig. 29.9)
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Fig. 29.8 Model of A plate
subjected to thermal loading
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Fig. 29.9 Pattern of thermal loading

T(t) = 5t exp−2t (29.36)

τ1 = 5t exp−2t (29.37)

Solution. When thermal shock is applied to the edge x = 0, τi = 0 on x = 0,
where τi are the traction components. Temperature shock is in the form of heat input,
and the traction shock is applied in the positive x-direction.

Comparison of the constant and quadratic elements:

The temperature shock of Eq. (29.36) is applied to the edge x = 0. We consider
the uncoupled equations (C = 0) and study the accuracy of the boundary element
solution by assuming the constant and quadratic elements. The boundary of the plate
is divided into 40 and 20 number of elements for the constant and quadratic elements,
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Fig. 29.10 Comparison of the dimensionless temperature at middle of the plate for temperature
loading

respectively. Figures 29.10, 29.11 and 29.12 show comparison of the temperature T ,
axial displacement u, and the axial stress σxx along the x-axis at dimensionless time
t = 3 and t = 6. The figures show that the constant elements over estimates the
temperature distribution especially for the longer x-values and under estimate the
axial displacement and the stress distribution. It is clearly shown that the constant
elements approach is not capable to represent the sharp variation of stress near the
free edge at x = 0, and its error in temperature distribution increases with the increase
of the distance from the free edge x = 0, where the temperature shock is applied.

To show briefly the effects of LS model, in the following figures the effect of
thermal shock alone, traction shock alone, and the combination of two shocks applied
simultaneously are studied. All curves are plotted along the x-axis of symmetry of
the plate. The boundary shown in Fig. 29.8 is divided uniformly into 20 quadratic
elements.

A—Thermal loading: Consider the plate under thermal shock alone on its edge at
x = 0. Figures 29.13, 29.14 and 29.15 show the axial temperature, displacement, and
the axial stress along the x-axis for dimensionless times t = 3 and 6. The curves are
plotted for two different conditions. When t0 = 0.64, the speed of propagation of the
thermal wave is Ct = 1.25 and the speed of propagation of the stress wave is Cs = 1
(Ct > Cs). On the other hand, for t0 = 1.5625, Ct = 0.8 and Cs = 1 thus Cs > Ct .
The speed of temperature wave is Ct and when t0 = 0.64, the speed of temperature
wave is faster than the stress wave (Ct > Cs). At the stress wave front, a negative
thermal gradient is appeared in temperature curve. At this point the thermal energy
is converted to the mechanical energy resulting into negative temperature gradient.
This is shown in Fig. 29.13. On the other hand, when t0 = 1.5625 Cs > Ct and the
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Fig. 29.11 Comparison of the dimensionless axial displacement at middle of the plate for temper-
ature loading
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Fig. 29.12 Comparison of the dimensionless axial stress at middle of the plate for temperature
loading

speed of stress wave is faster than the temperature wave. At the stress wave front,
due to the induced compressive stress, positive temperature gradient is observed due
to the conversion of mechanical energy into the thermal energy. This is again seen
from Fig. 29.13. The peak of the temperature curve for Ct < Cs is greater compared
to the condition when Cs > Ct . The reason is for larger t0 (smaller Ct) time available
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Fig. 29.13 Comparison of the dimensionless temperature at middle of the plate for temperature
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Fig. 29.14 Comparison of the dimensionless axial displacement at middle of the plate for temper-
ature loading

for the exchange of thermal energy of pulse with domain is larger and the peak of
temperature wave is thus higher.

Figure 29.14 is a plot of the axial displacement of the middle of the plate at times
t = 3 and 6 (dimensionless time). In comparison with Fig. 29.13, it seems that when
Ct > Cs (curve corresponding to t0 = 0.64) larger displacement is taken place. The
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Fig. 29.15 Comparison of the dimensionless axial stress at middle of the plate for temperature
loading

plot of axial stress along the axis of symmetry of the plate is shown in Fig. 29.15.
The comparison of this figure with the plot of the temperature, Fig. 29.13, shows
that the stress wave front coincide with the temperature wave front indicating that
the conversion of the mechanical energy into thermal energy takes place at these
locations. When Ct > Cs, larger compressive axial displacement (+u) is produced
resulting into larger compressive axial stress.

Now, the results may be compared with the solution based on the Green-Lindsay
(GL) model4. The same geometrical and material properties are assumed for the
solution domains. The coupling parameter is the same and t1 = t2 = t0, where
t1 and t2 are the relaxation times associated with the Green-Lindsay model. The
temperature distribution between the LS and GL model are about the same for pure
thermal loadings, but the temperature distribution across the plate for LS theory is
much higher than the CCT. The temperature wave front for the LS and GL models are
about the same, but quite different with the CCT theory, as the CCT theory principally
do not predict any temperature wave. The pattern of stress distribution for the same
type of thermal loading for the LS model is quite different with that of the GL model.
The stress wave front for LS model is much smaller than the GL model.

B—Mechanical loading: Consider the plate under compressive traction load of
Eq. (29.37) on its boundary at x = 0. The axial displacement, temperature, and
axial stress are shown in Figs. 29.16, 29.17 and 29.18. Figure 29.16 is the plot of
temperature along the x-axis. The scale of temperature along the temperature axis
shows the temperature rise due to a mechanical shock applied at the boundary x = 0
and is small, as expected. The mechanical energy is transferred into heat energy

4 P. Tehrani, M.R. Eslami, Boundary Element Analysis of Green and Lindsay Theory under Thermal
and Mechanical Shocks in a Finite Domain. J. Thermal Stresses 23(8), 773–792 (2000).
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Fig. 29.16 Comparison of the dimensionless temperature at middle of the plate for traction loading

through the expression C(u̇i,i + t0üi,i) in Eq. (29.2). For larger value of t0, more
mechanical energy is changed into thermal energy and thus for Cs > Ct the plot of
temperature shows higher values. Figure 29.17 shows the plot of axial displacement
along the x-axis. The differences between the two cases of t0 = 0.64 and t0 = 1.5625

0 1 2 3 4 5 6 7 8 9 10
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

x

A
xi

al
 D

is
pl

ac
em

en
t

t
0
 = 1.5625, t = 3

t
0
 = 0.64, t = 3

t
0
 = 1.5625, t = 6

t
0
 = 0.64, t = 6

Traction Load

Fig. 29.17 Comparison of the dimensionless axial displacement at middle of the plate for traction
loading
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Fig. 29.18 Comparison of the dimensionless axial stress at middle of the plate for traction loading

0 1 2 3 4 5 6 7 8 9 10
−0.1

0

0.1

0.2

0.3

0.4

x

Te
m

pe
ra

tu
re

t
0
 = 0.64, t = 3 

t
0
 = 0.64, t = 6

t
0
 = 1.5625, t = 3

t
0
 = 1.5625, t = 6

Temp. and Trac. Load

Fig. 29.19 Comparison of the dimensionless temperature at middle of the plate for temperature
and traction loading

are negligible. Figure 29.18 is the plot of axial stress, and shows the stress wave fronts
at t = 3 and t = 6 (dimensionless time). The difference between the two cases are
negligible. The curves related to t = 6 clearly show the after shock vibrations (with
smaller amplitudes).

Now, the results may be compared with the solution obtained using the GL model.
The geometrical and material properties of the solution domains are considered
similar. Also, the relaxation times associated with the GL and LS models are identical
and the coupling parameter is the same. The pattern of the temperature distributions
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Fig. 29.20 Comparison of the dimensionless axial displacement at middle of the plate for temper-
ature and traction loading
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Fig. 29.21 Comparison of the dimensionless axial stress at middle of the plate for temperature and
traction loading

between the LS and GL models for pure mechanical loading are quite different. The
temperature wave front based on the LS model is much larger of that of the GL
model. The stress wave front are about the same for both LS and GL models.

C—Combined mechanical and thermal loading: The thermal and mechanical
shocks given by Eqs. (29.36) and (29.37) are applied simultaneously at edge x = 0.
The plot of the axial displacement, temperature, and the axial stress are shown in
Figs. 29.19, 29.20 and 29.21. In this loading condition the response of the plate due
to the thermal and mechanical shock loadings are the superimposed results of the
cases A and B above, as expected.



Dear Reader,
While studying this book, you might have been wondering

what the Latin sentence at the top of Preface means.
Here is the translation:

We did what we could;
let those who are able, do it better.
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Errata to Three Books

The Mathematical Theory of Elasticity, Second Edition

R. B. Hetnarski and J. Ignaczak

1. Page xxii, delete first 7 lines, that is, J – L{f(tÞ}
2. Page 60, Eq. (2.3.36), ðp� aÞn should read: ðp� aÞ
3. Page 169, line 1 and 6, a unique solution u should read: a solution u
4. Page 174, line 14, ŴðSÞ? should read: ŴðS?Þ
5. Page 224, Eq. (4.2.62), ~B ¼r̂bþ q €T1 should read: ~B ¼ r̂bþ a q €T1

6. Page 229, line 3, ½~u0; _u0� should read: ½~u0; _~u0�
7. Page 250, line 5 and 9 from bottom, h2

1 should read: h2
0

8. Page 251, line 4 from bottom, h2
1 should read: h2

0

9. Page 252, line 2, h2
1 should read: h2

0
10. Page 266, Eq. (5.1.65), oB should read: B
11. Page 773, Eq. (A.2.21), enðr2Þ should read: enðr2Þn

12. Page 773, Eq. (A.2.22),
enðr2Þ
ðn !Þ2

1
R
should read:

enðr2Þn

ðn !Þ2

13. Page 774, Eq. (A.2.25),
enðr2Þ
ðn !Þ2

1
R
should read:

en

ðn !Þ2
14. Page 787, line 7 under ‘‘F’’, Frederick the Great, 5 should read: Frederick the

Great, 6

Thermal Stresses, Second Edition

N. Noda, R. B. Hetnarski and Y. Tanigawa

1. Page 10, line 4, (1.5) should read: (1.20)
2. Page 10, line 8, (1.6) should read: (1.21)

M. Reza Eslami et al., Theory of Elasticity and Thermal Stresses, Solid Mechanics
and Its Applications 197, DOI: 10.1007/978-94-007-6356-2,
� Springer Science+Business Media Dordrecht 2013
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3. Page 50, line 5, in Example 2.1 should read: as shown in Fig. 2.7
4. Page 78, lines 1 and 2, Calculate the thermal stress and curvature produced in a

beam if the elongation at y ¼ 0 is restrained to zero, as in Example 2.1.
should read: Calculate the thermal stress and curvature produced in two parallel
beams clamped to rigid plates in Fig. 2.7, if the elongation at y ¼ 0 is restrained
to zero.

5. Page 154, footnote, Kellog should read: Kellogg
6. Page 300, Eq. (a), � ½ðTi � TbÞð�1Þnbþ ðTb � TaÞa�

should read: �½ðTi � TbÞð�1Þnbþ ðTi � TaÞa�

7. Page 414, Eq. (9.95),
o2w

ox2
þ o2w

oy2

� �
w� N0

D
w ¼ F

should read:
o2w

ox2
þ o2w

oy2

� �
� N0

D
¼ F

8. Page 420, Eq. (9.119), Nrh ¼ ð1� mÞD o

or

1
r

ow

oh

� �

should read: Mrh ¼ ð1� mÞD o

or

1
r

ow

oh

� �

Thermal Stresses—Advanced Theory and Applications

R. B. Hetnarski and M. R. Eslami

1. Page XXV, line 6 from bottom, Eight should read: Eighth
2. Page XXIX, line 5, Warszaawa should read: Warszawa
3. Page 3, line 8, 0 and Eq. (1.2-3) should read: 0, Eq. (1.2-3)
4. Page 11, line 1, The difference of the should read: The difference of squares of

the
5. Page 32, line 12 from bottom, strain deformation should read: strain
6. Page 37, Eq. (1.13-12), third term �a

H
Li

oT
on ds should read: �a

H
Ci

oT
on ds

7. Page 38, Eq. (1.13-17), second line, remove h.
8. Page 133, Example 2, line 4, Assume a rate of internal heat generation per unit

volume R ... should read: Assume a rate of internal heat generation per unit
volume per unit time R ...

9. Page 135, line 10, Yoshinbo should read: Yoshinobu
10. Page 163, under Eq. (4.2-68), change Eq. (4.2-53) to Eq. (4.2-68)
11. Page 164, two lines under Eq. (e), Thus, Amn is obtained from the first of Eq.

(4.2-17) should read: Amn is obtained from the first of Eq. (4.2-27)

12. Page 171, second of Eqs. (b), ohð0;yÞ
oy should read: ohð0;tÞ

oy

13. Page 176, Example 15, Consider the hollow cylinder of Example 12 should
read: Consider the hollow cylinder of Example 14

14. Page 233, Eq. (5.8-1), R ¼ q0e�la=2 cosh lz should read: R ¼ q0e�la=2 cos lz
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15. Page 253, 3 lines from bottom, Thick hollow cylinders or spheres under
axisymmetric ... should read: Thick hollow cylinders under axisymmetric ....

16. Page 254, line 1, The reason is that Michell conditions are automatically
satisfied for symmetric loadings should read: The reason is that it is known the
Michell conditions are not automatically satisfied for symmetric thermal
loading in thick cylinders and thermal stresses must be calculated for this type
of temperature distribution

17. Page 257, Eq. (6.2-23), rzz ¼ rðrrr � r//Þ þ Eað�h� hÞ should read:
rzz ¼ mðrrr � r//Þ þ Eað�h� hÞ

18. Page 265, Eq. (6.6-1), part of the equation þ
P1

n¼0 FnðrÞ cosðn/Þ should read:
þ
P1

n¼1 FnðrÞ cosðn/Þ
19. Page 272, line under Eq. (6.7-10), From Eqs. (6.7-6), (6.7-9) and (6.7-10)

should read: From Eqs. (6.7-7), (6.7-9) and (6.7-10)
20. Page 280, under Eq. (6.8-8), change Eq. (6.7-7) to (6.8-7)
21. Page 285, line 4, general from should read: general form
22. Page 291, Eq. (6.9-12), after Eq. (6.9-12) description is needed. This

description is: ‘‘where p1; p2; q1, are q2 are the proper values of p and q in Eqs.
(6.9-10). The values of p and q in the expression for e7 to e10 are replaced
with p1 and q1’’.

23. Page 293, Eq. (6.9-19) e7
8 should read: e7

e8

24. Page 299, line 5 under Eq. (6.10-20), .... are obtained from Eq. (6.10-21)
should read: .... are obtained from Eq. (6.10-20)

25. Page 305, line under Eq. (6.11-17), Equation (6.11-19) should read: Equation
(6.11-17)

26. Page 361, Eq. (8.5-2), the first parenthesis ‘‘
o2

o�x2
� o2

ot2

� �
’’ should be changed

to ‘‘
o2

o�x2
� o2

o�t2

� �
’’.

27. Page 391, Caption of Fig. 8.9-2, change x ¼ 1 to X ¼ 1.
28. Page 416, two lines below Eq. (9.2-18), change Eq. (9.2-1) to (9.2-2).
29. Page 438, first line from top, change Eqs. (9.4-34) to (9.4-36) to (9.4-31) to

(9.4-36).
30. Page 448 and 449, in the captions of Figs. 9.5-3 to 9.5-6, change ‘‘disk’’ to

‘‘sphere’’.
31. Page 471, three lines below Eq. (9.8-25), change ‘‘The solution of Eq. (9.8-

22)’’ to ‘‘The solution of Eq. (9.8-25)’’.
32. Page 472, Figures (9.8-2) and (9.8-3), the reference number [4] must be

changed to [51].
33. Page 478, eight line from top, change ‘‘… a single heat excitation is used to

drive…’’ should be changed to ‘‘… a single heat excitation is used to derive…’’.
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Index

A
Airy stress function, 110, 656
Alternating tensor, 4, 394

B
Balance

of forces, 38
of moments, 38

Bar, 301
perfectly clamped, 302
with a small gap, 304, 307

Base element submatrices, 735, 738, 746
Basis

orthonormal, 3, 6
Beam, 317

cantilever, 339
clamped-simply supported, 339
curved, 323
multi-layered composite, 321
nonhomogeneous, 322
perfectly clamped, 340
simply supported, 329, 339
two-layered, 331, 333
two parallel, 335, 337

Beam-column, 535
Beams, boundary conditions, 635
Beams, thermal stresses, 632
Beltrami representation, 38
Beltrami–Schaefer representation, 39
Bending, 513, 518

rigidity, 516, 537
thermal, 535

Bernoulli–Euler hypothesis, 317
Bessel

differential equation, 175, 411, 579
equation, modified, 584

function, 358, 371, 411, 473
function, first kind, 584
function, modified, first kind, 584
function, modified, second kind, 585
function, second kind, 583

Biharmonic function, 426, 434, 468
Body, 391

anisotropic, 41
homogeneous isotropic, 66
isotropic, 41
material, 35
transversely isotropic, 54

Body force, 38
Boundary condition, 323, 355, 424, 518, 519
Boundary element integral, 760
Boundary integral equation, 757, 760
Boundary value problem, 69

of elastodynamics, 71
Displacement, 69
of elastostatics, 68, 104
traction, 69
mixed, 69

Boussinesq–Papkovich–Neuber solution, 151
Boussinesq–Somigliana–Galerkin solution,

152
Buckling, 537

load, 541, 542, 544
Built-in edge, 323, 518, 519, 536

C
Castigliano theorem, 112, 345, 682
Cauchy relations, 42
Cauchy–Kovalevski–Somigliana solution, 154
Cauchy’s fundamental relation, 391
Centroid of the cross section, 317, 318, 321
Characteristic
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Characteristic (cont.)
equation, 715, 716
method, 715
physical, 716

Clamped circular frustum, 305, 306
Classical coupled theory, 756
Coefficient of linear thermal expansion, 301,

309, 311
Compatibility, 37

equations, 37
Compatibility equation, 394, 397, 400, 424,

429
Beltrami–Michell, 394, 405

Complementary solution, 395, 426, 428
Complex

function, 426
stress function, 427
variable method, 426

Compressive strength, 304
Concentrated body force, 235
Concentrated body force in semispace, 231
Conformal mapping function, 428
Constitutive equation, 716
Constitutive relations, 40, 42
Convection, 355
Convolution, 12
Coordinate, 321–323, 517

Cartesian, 391
cylindrical, 396, 397
local, 335
spherical, 399, 475

Coordinate transformation, 517
of displacement, 401
of strain components, 392, 397, 401
of stress components, 392

Coupled equations, 730
Coupled thermoelasticity, 736

in FG layer, 736
one-dimensional, 733

Coupled thermoelasticity, rod, 703, 709
Coupled thermoelasticity, sphere, 701
Coupled thermoelasticity thick sphere, 741
Cross-sectional area, 302, 311, 312
Curl, 10
Curvature, 317
Cylinder

composite hollow, 368
hollow, 360, 366, 386, 447, 460
solid, 370, 447
temperature in a hollow, 356

Cylindrical coordinates, 653

D
Damping matrix, 732, 746
Deflection, 322, 350, 535

thermal, 328, 345, 347
Deformation, 36

axisymmetric, 478
Del operator, 10
Delatation, 37
Density, 354, 403
Dilatation, 393, 397, 400
Displacement, 322, 476

boundary condition, 394
Direction cosine, 392, 394
Disk, 749
Displacement, 71

average axial, 322, 634
axial, 322
infinitesimal rigid, 36
isochoric, 36
by stress function, 425

Displacement boundary condition, 104
Displacement equation of motion, 153
Displcement–temperature equation

of motion, 72
Divergence, 10
Double Fourier series, 577
Durbin method, 708
Dynamic process, 39
Dynamic thermal stresses

in sheet, 260
in space, 260

E
Eigenfunction, 492
Eigen problem, 8, 24
Eigenvalue, 8, 356, 373, 492
Eigenvector, 8
Elastic displacement field, 151, 152
Elastic foundation, 350
Elastic state, 67
Elementary beam theory, 629
Elastic center, 677
Elongation

free thermal, 301–308, 311
small, 307

Equation of motion, 71
displacement, 71

Equations of motion, 272, 721
Equilibrium

displacement equation of, 65
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Equilibrium (cont.)
equation, 210, 391, 396, 399, 424, 448
of the internal force, 309

Euler–Bernoulli assumption, 630
Euler differential equation, 614
External normal, 394

F
FG layer, 736
FGM power law form, 736
Field, 9

solenoidal, 12
time-dependent, 12

Finite-difference equation, 718
Finite element, 727

displacement formulation, 734
higher order, 761
one-dimensional, 733

Force
axial, 317, 319, 321, 347, 540
body, 391
external, 319
in-plane, 513, 521
internal, 301, 305
lateral, 346
reaction, 340, 341
resultant, 514, 518, 536, 538
shearing, 516, 517
thermally induced, 319
total, 319

Fourier
heat conduction equation, 353
law, 353

Fourier coefficients, 577
Fourier series, 575
Free edge, 536–539
Free expansion and free bending, 325
Free expansion and restrained bending, 325,

354
Functionally graded layer, 737
Functionally graded materials, 736
Fundamental Lemma of Calculus of Varia-

tions, 108
Fundamental solution, 757
Fundamental solution tensor, 757

G
Galerkin finite element, 727, 752
Galerkin type stress solution, 154

Goodier’s thermoelastic potential, 395, 428,
449, 478

Gradient, 10
deformation, 36
displacement, 36

Green’s function
for dynamic theory of thermal

stresses, 245
for heat conduction equation, 248
for nonisothermal elastodynamics, 274

Green–Lame solution, 153
Green–Lindsay model, 771

H
Harmonic function, 396

Boussinesq, 398, 449, 478
plane, 429

Heat conduction
steady state, 354, 355
transient, 353

Heat flux, 353, 359, 369
Heat generation, 354, 355
Heat transfer, 355
Heat transfer coefficient, 355
Heaviside step function, 78, 502
Helmholtz’s decomposition

formula, 153
Hollow cylinder, 356, 373
Hollow sphere, 358, 359, 363
Homogeneous anisotropic solid, 354
Homogeneous isotropic cylinder, 356
Homogeneous isotropic solid, 353
Homogeneous isotropic sphere, 358
Hooke’s law

generalized, 392, 398, 423, 445
with the temperature change, 302

Hyperbolic differential equation, 716

I
Infinitesimal volume change, 36
Initial condition, 355, 733
Inner convolutional product, 85
Inner product of two tensors, 7
In-plane deformation, 536
In-plane direction, 514
Instability of plate, 536
Internal heat generation, 354
Invertibility, 40
Isoparametric element, 744, 749, 761
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J
Jacobian of transformation, 762

K
Kantorovich approximation, 728, 738
Kinematically admissible state, 103
Kirchhoff–Love hypothesis, 514
Kronecker symbol, 3, 5, 393

L
Lagrangian polynomials, 739, 761
Lamé elastic constant, 393
Lamé moduli, 41
Laplace equation, spherical coordinates, 608
Laplace transform, 85, 246, 250, 253, 273,

378, 387, 489
inverse, 389, 490

Laplace’s equation, 234, 395, 410, 417, 472
Laplacian, 10, 757
Laplacian operator, 354, 393, 465
Laser beam, 763
Legendre

associated function, 418
associated differential equation, 418, 607
differential equation, 495, 497, 604
function, 418
polynomials, 605, 610
polynomial, associated, 607

Leibnitz formula, 607
Linearly independent solutions, 371, 411, 418,

433, 434, 437
Line moment of inertia, 684
Load

lateral, 537
mechanical, 341, 350
thermal, 318, 341, 350

Longitudinal wave, 702, 756
Lord and Shulman model, 750, 755, 765

for FG layer, 736
Lumped formulation, 596

M
Matrix

damping, 732, 734, 746
force, 732, 734, 746
mass, 731, 734, 746, 748
stiffness, 732, 734, 747, 749

Maxwell reciprocity theorem, 679
Mechanical shock, 765

Michell conditions, 653, 658
Michell’s function, 450, 452, 453, 464
Mixed boundary condition, 395
Mixed problem in terms of stresses, 74
Modified Bessel function, 760
Moment

bending, 318, 319, 340, 341, 346, 513, 521,
535

resultant, 427, 515, 518
thermally induced, 319
thermally induced bending, 535, 539
total, 319
twisting, 516

Moment of inertia of the cross section, 318,
319, 335, 342

Multiply connected body, 423, 425

N
Navier’s equation, 392, 393, 398, 402, 424,

451, 658
Neutral axis, 317, 335
Neutral plane, 317, 325, 513, 514, 520
Non-axisymmetric temperature, 658
Nonhomogeneous anisotropic solid, 354
Nonhomogeneous boundary conditions, 588
Nonhomogeneous differential equations, 588
Nonhomogeneous isotropic solid, 354
Notation

direct, 3
indicial, 3

Nucleus of thermoelastic strain, 262
Numerical method, 717

O
One-dimensional problem, 475
Ordinary differential equation, 715

P
Papkovich function, 658, 661, 669
Particular solution, 378, 395, 426, 428
Perfectly clamped end, 325, 326, 344
Permutation symbol, 4, 394
Piping systems, 677
Piping systems, equilibrium

equations, 685, 688
Piping systems, three dimensions, 686
Piping systems, two dimensions, 678
Plane strain

body in, 219
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Plane strain (cont.)
Boussinesq-Papkovich-Neuber solution for
body in, 219
displacement equations for, 186
displacement-temperature equations for,

187
elastic state for body in, 219
elastodynamics displacement equations for,

188
nonisothermal, 187
noniosthermal process, 189
state of, 185
stress equation of motion for, 73, 95, 189
stress-temperature equation of motion for,

190, 191
Plane stress

displacement-temperature equations of,
187

elastodynamics displacement equations for,
188

motion for generalized, 190
generalized, 186, 189
generalized in a strip, 241
generalized in a wedge, 236
generalized process, 188
nonisothermal generalized, 187
nonisothermal generalized process, 190
traction problem, 109

Plate
circular, 518, 537
multi-layered, 523
nonhomogeneous, 525
orthotropic, 526
rectangular, 513
simply supported, 529
two-layered thin, 523

Poisson’s equation, 212, 214, 232, 394, 426
Poisson’s ratio, 41, 393
Potential method, 428
Power law index effect, 740
Prandtl’s stress function, 212
Principal

direction, 43
value, 43

Principle
of incompatible elstodynamics, 129
of minimum complementary energy, 105
of minimum potential energy, 104
Hamiltton–Kirchhoff, 127
Hellinger–Reissner, 108
Hu-Washizu, 107

Product of inertia, 319, 320
Pseudo-body force field, 39

Q
Quadratic element, 762, 767

R
Radius of curvature, 513, 520
Rayleigh-Ritzmethod, 106
Reciprocal relation of elastodynamics in terms

of stresses, 95
Relaxation time, 723, 756
Relaxation time effect, 740
Restrained expansion and free bending, 325,

326, 345
Rodrigues formula, 607
Rotational wave velocity, 758

S
Safety factor, 313
Self-equilibrated stress field, 38
Separation of variables, 371, 410, 417, 433,

437, 468, 495, 496
Shape function, 728
Shape function linear, 734
Shear modulus, 393
Shear wave velocity, 758
Shearing stress, 320
Simple shear, 37
Simply connected body, 425
Simply supported edge, 339, 518, 520,

536–538
Single-valuedness of rotation

and displacements, 426, 448, 459
Specific heat, 354
Sphere

hollow, 358, 359, 476, 491
solid, 476, 480, 489
steady temperature in a hollow, 358

Spherical body, 477, 480
Stefan–Boltzmann constant, 733
Strain, 391

axial, 317
energy, 346
free thermal, 301
in-plane, 513, 520
normal, 301
plane, 423, 444
pure, 37

Strain energy of a body, 103
Strain–displacement relation, 71, 72, 103, 210,

446
Strain-stress-temperature relation, 66, 72
Strain tensor, 37
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Strength
compressive, 312
tensile, 312

Stress, 391
hoop, 323, 324
normal, 302
plane, 423, 444
tolerable, 313

Stress energy density, 41
Stress energy of a body, 103
Stress function

Airy’s, 441, 442
thermal, 424, 536, 537

Stress–displacement relation, 155, 561, 671
Stress equation of motion, 73, 95
Stress–strain relation, 65, 104, 210
Stress-temperature equation of motion, 190,

191
Stress wave speed, 756, 768
Strip, 355, 359, 365, 369, 431

temperature in, 356
Summation convention, 3
Symbol

Kronecker, 5, 393
permutation, 4, 394

T
Temperature

absolute, 42
change, 42, 67, 301, 302, 309, 393, 513
final, 301
initial, 301, 355
tolerable, 312, 313
transient, 380, 384
reference, 42
rise, 309
shock, 767

Tensor
asymmetric, 5
compliance, 41
deviatoric, 37
elasticity, 40
field, 9
fourth-order, 9
identity, 5
infinitesimal strain, 36
invertible, 8
orthogonal, 6
positive definite, 22
positive semidefinite, 40

product of two vectors, 7
second-oder, 4
shape coefficient, 757
skew, 5
spherical, 37
stress-temperature, 42, 72
strongly elliptic, 42
thermal expansion, 42, 72
time-dependent stress, 38

Theorem
Betti reciprocal, 68
divergence, 11
Graffi’s reciprocal, 72
Helmhotz’s, 12
Kirchhoff, 36
Stokes’, 11
thermoelastic reciprocal, 68

Thermal
conductivity, 333, 353
contact, 355
diffusivity, 354
strain, 301

Thermal boundary conditions, 733
Thermal relaxation time, 323
Thermal shock load, 741, 763
Thermal stress, 317

in a plate, 513
in a hollow sphere, 476
in an infinite space, 477
in a solid sphere, 476

Thermal stress function method, 424, 447
Thermal wave speed, 723, 768
Thermoelastic constant, 393
Thermoelastic displacement potential, 269
Thermoelastic potential, 395, 418, 478, 662
Thermomechanical coupling parameter, 724
Theromelastic state, 68
Thick cylinder, 653
Thick hollow sphere, 668
Three-dimensional problem, 450
Torsion

of circular bars, 209
of circular shaft with groove, 216
of elliptic bar, 212
moment, 210, 211, 213
of noncircular bars, 210
of rectangular bars, 214

Torsional rigidity of a bar, 210, 211
Traction, 394

boundary condition, 394
Traction problem in terms of stresses, 73
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Transcendental equation, 356, 357, 359, 374
Transfinite element, 751
Transfinite element method, 738
Transposed co-factor operator, 758
Truss, 314
Two-dimensional axisymmetric problem, 448,

477

V
Variation of parameters, 378, 489, 553
Vector, 3

space, 3
Vector field

irrotational, 11
solenoidal, 11

W
Warping function, 211
Wave

cylindrical, 720
front, 715
plane, 715
spherical, 720

Weak formulation, 729, 744

Y
Young’s modulus, 41, 302, 304, 330
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