Chapter 1

The Finite Element Immersed Boundary
Method for the Numerical Simulation

of the Motion of Red Blood Cells

in Microfluidic Flows

Ronald H.W. Hoppe and Christopher Linsenmann

Abstract We study the mathematical modeling and numerical simulation of the
motion of red blood cells (RBCs) subject to an external incompressible flow in a
microchannel. RBCs are viscoelastic bodies consisting of a deformable elastic mem-
brane enclosing an incompressible fluid. We study two versions of the Finite Ele-
ment Immersed Boundary Method (FE-IB), a semi-explicit scheme that requires a
CFL-type stability condition and a fully implicit scheme that is unconditionally sta-
ble and numerically realized by a predictor-corrector continuation strategy featuring
an adaptive choice of the time step sizes. The performance of the two schemes is il-
lustrated by numerical simulations for various scenarios including the tank treading
motion in microchannels and the motion through thin capillaries.

Keywords Microfluidic flows - Red blood cells - Finite element immersed
boundary method - Semi-explicit scheme - Fully implicit scheme

1.1 Introduction

Red blood cells are viscoelastic bodies which, roughly speaking, consist of a mem-
brane enclosing a liquid [2, 6-9, 26, 30, 31]. When exposed to an external flow, the
motion in the fluid represents a fluid-structure interaction problem that can be ap-
propriately modeled by the finite element immersed boundary method (FE-IB). As
opposed to the classical immersed boundary method (IB) [24, 25], which is based on
a finite difference approach, the FE-IB relies on the variational formulation of the
problem [3, 4]. We consider a semi-discretization in space by using Taylor—Hood
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Fig. 1.1 Equilibrium configuration of RBCs (leff) and deformed shapes in Poiseuille flow (right)

P2-P1 elements for the incompressible Navier—Stokes equations and periodic cubic
splines for the immersed boundaries. For discretization in time we distinguish be-
tween the semi-explicit Backward Euler/Forward Euler FE-IB and the fully implicit
Backward Euler/Backward Euler FE-IB where in both cases we use implicit time-
stepping for the semi-discretized Navier—Stokes equations. On the other hand, the
IB equations are discretized by the forward Euler method in the BE/FE FE-IB and
by the backward Euler method in the fully implicit BE/BE FE-IB. The BE/FE FE-
IB is subject to a CFL-type condition, whereas the BE/BE FE-IB is unconditionally
stable. The latter one will be solved by a predictor-corrector continuation strategy
featuring an adaptive choice of the continuation parameter. For both schemes we
provide a documentation of numerical results including a comparison with experi-
mental data.

1.2 The Finite Element Immersed Boundary Method

As is well-known, human blood is a suspension of viscoelastic cells, the red and
white blood cells, in a viscous fluid, the plasma. The blood flow is not only con-
trolled by the viscosity of the plasma, but additionally viscoelastic effects due to the
deformability of the cells, aggregation of the cells, and hematocrit come into play
and have been experimentally observed.

If not being subjected to an external flow, red blood cells (RBCs) are biconcavely
shaped disks with a diameter of 7.5-8.0 um and a thickness of about 2 um (cf.
Fig. 1.1 (left)). However, under the influence of an external flow, the cells deform
and may attain parachute- or slipper-like shapes in Poiseuille flow depending on
their position (centered or decentered) in the flow field [22] (cf. Fig. 1.1 (right)).

The FE-IB describes the fluid-structure interaction problem based on a coupled
Eulerian/Lagrangian approach. The external fluid flow is modeled by the incom-
pressible Navier—Stokes equations in an Eulerian coordinate system, whereas the
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boundaries of the immersed bodies are described by means of a Lagrangian coor-
dinate system. For its variational formulation, we will use standard notation from
Lebesgue and Sobolev space theory [29].

In particular, we assume the computational domain 2 := (a, b) x (¢, d), a < b,
¢ < d, to be a microchannel with boundary I" := Tip U Ty U ﬁat, where I3, :=
{a} x (c,d), I'oy :={b} x (c,d), and Iy := (a, b) x {c} U (a, b) x {d}. We further
assume a stationary velocity g at the inflow boundary I}, and the outflow boundary
Tyt as well as zero velocity at the lateral boundary I7,¢. The impact of the immersed
bodies on the external force is described by a force density F which will be specified
later. Denoting by p, u the density and the viscosity of the external fluid, by u, p
the velocity and the pressure, by u©@ an initial velocity, and by ny, , nx ., tx,,
tx,, the exterior unit normal vectors and unit tangential vectors on Xj,, Yoy, the
incompressible Navier—Stokes equations read

p<g+(u-V)v>—MAu+Vp=F in Q:=82 x(0,T], (1.1a)
V-u=0 in Q, (1.1b)

ty,-u=0, ny -u=g on X, := I, x (0, T], (1.1¢)
ty,,-u=0 ny, -u=g on Yoy := Iy x (0, T], (1.1d)

u=20 on Xy = Ia x (0, T1], (1.1e)

u-,00=u® ing. (1.10)

The boundary of an immersed body is supposed to be a smooth closed and non-
intersecting, massless curve of length L driven by the velocity u. Denoting by X
the position vector of the boundary, by X(© the initial configuration, and assuming
periodic boundary conditions, the equations of motion of the immersed body read

X

= = u(X(,1),1), (1.2a)
X(¢,0) =X (q), g €0, L], (1.2b)
kX /0g% (0, 1) = 0¥X /0" (L, 1), k=0,1,2. (1.2¢)

The force density F € L2((0,T),H ' (£2)) in (1.1a) is given by
L
(Ft),v)= / f(q.1)-v(X(q,1))dg foralmostallz € (0,T). (1.3)
0

Here, (-, -) stands for the dual pairing between H () and H(l)(SZ). The local force
density f is defined according to f(g, 1) = —E’(X(g,t)) by means of the Gateaux
derivative E’ of the total energy E(r) := E°(t) + Eb (1), where

Ly, (18X 2
E(r) :=f 3(‘8—@,:) —1> dq, (1.4a)
0 q
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G| da (1.4b)

We introduce the function spaces
V(,T):=H'((0,7),H ' (2)) NL*((0, T), H' (£2)),
W0, T):={weV(,7T)|nx, - W5, =nz, W, =g
ty, Wiz, =ts, - Wz, =0, wlg, =0},
Wo(0,T):={weV(©,T) | wryor =0},
0(0,7):=L*((0, T), L§(£2)).

The variational formulation of the FE-IB amounts to the computation of

(u, p.X) € W(0,T) x Q0. T) xH' ((0, T), L*([0, L1)) NL*((0, T), H,,,. ([0, L]))

such that for all (w, g) € Wy(0, T) x Q(0, T) there holds

Ju
<p§,w>+a(u, w) — b(p,w) =(F(1), w), (1.52)
b(g,u) =0, (1.5b)
u(-,00=u?, (1.5¢)

and X satisfies (1.2a)—(1.2c). Here, the forms a(-, -) and b(-, -) are given by

a(u,v):=(pu-Vu, V)Oqg + (uVu, Vv)o.2, (1.62)

b(p,v):=(p,V- V). (1.6b)

The following result provides an energy estimate for the FE-IB.

Theorem 1 Suppose that the data of the FE-IB satisfy

FeL*((0,7);H '(2)), u?eL*), (1.7a)
g€ Hyl™ (i U Tow), s €(0,1/2), (1.7b)

and
N8 W g2+ ) = (4/0C(52))_1M, s €(0,1/2), (1.8)

for some constant C(8§2) > 0, depending on the domain S2. Then, if the triple
(u, p, X) solves (1.5a)—(1.5¢) and (1.2a)—(1.2c), there exist positive constants Cj,
1 <i <2, only depending on the data of the problem, and C(g), only depending



1 FE-IB for Simulation of the Motion of RBCs 7

on g, such that
t
2 lucn g+ [ Ivae ol gdr +E0)
t
a1+ + w0+ 50 +c [ Ewr).
’ 0

Proof We refer to [14]. O

1.3 Space/Time Discretization

For the spatial discretization of the incompressible Navier—Stokes equations we use
P2-P1 Taylor—Hood elements [5] with respect to a simplicial triangulation .7, (£2)
of the computational domain 2. For T € .9, (§2), we refer to hy as the diameter of
T and set i := maxre g, () hr. We further denote by Py (T), k € N, the linear space
of polynomials of degree < k on T, and we choose the function spaces

Vii={vi e C@)? luplr € AT}, Q1= {gn € C(2) | qulr € PU(T)},
and
W, (0,T) := {wj, € C([0, T1, C(£2)*) | Wy (-, 1) € Vi,
nr, -Wp=0nr,, W =g,
tr, - Wi =tr, - wy =0, np, - w, =0},
W00, T) := {w), € Wy (0, T) | Wil rx0.1) =0},
040, T):={gn € C([0, T, C(2) N L)) | gn (-, 1) € Op}.

Given some approximation g, € C([0, T, CZ(Fin)) of the inflow velocity g and
u;lo) € Vj, of the initial velocity u©®, we compute (uy, pp) € Wi (0, T) x Qr(0,T)
such that for all (wy,, gn) € W, 0(0,T) x Qp(0,T) and ¢ € [0, T'] there holds

ou
(pa—h, Wh) + auy, wi) — b(pn, W) = (Fr(1), wa), . (1.9a)
t 0,2
b(gn,up) =0, (1.9b)
w, (0,1) =u”, (1.9¢)

where (Fj,(¢), wy,);, will be defined by (1.11) below.
We discretize the immersed boundary by periodic cubic splines with respect to a
partition

Jo.n)={0=1g0<q1<---<qu:=L}, MEeN,
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of the interval [0, L] into subintervals I; := [g;_1, g;] of length Ag; :==¢q; — qi—1,
and we set

Sni={Y, € C2(10, L1, 2) | Ynl;, € Ps(IN2 Y3 (q0) = Y} (qm), 0<k <2}.

Given some approximation X;lo) €S, of X© we look for X, € C1([0, T1,S;) such
that

). ¢
~ =w(XiC.0.0), 0<r<T. (1.10a)

X, (-, 00 =X (1.10b)

Finally, the right-hand side in (1.9a) reads as follows:

(Fn(1), wp) ——K/L@ Vwi (Xn(g. 1)) %
h,hh—eoaq n\Anq, qCI

M a3
9°Xy,
+KbZ 3(]3
i=l1

qi X
/ Ywi (Xi(g, 1) 2 dg.  (1.11)
I qi—1 aq

For discretization in time, we consider a partition .Jjo 7| of the time interval [0, T']
T ={0=tg<tj<---<ty:=T}, NeN,

into subintervals [t,, t,4+1], 0 <n < N — 1, of length 7, :== 1,41 — t,,. We denote by
( ) approximations of uy, at times f, and define

(n+1) (n)
Ly oW,

D+ (n)
Aty

Semi-explicit Scheme The Backward Euler/Forward Euler FE-IB (BE/FE FE-
IB) is a semi-explicit scheme where we discretize the semi-discrete Navier—Stokes
equations (1.9a)—(1.9¢) by the implicit Euler scheme and the immersed boundary
equations (1.10a), (1.10b) by the explicit Euler scheme. In particular, given uzo), for
n > 0 we first compute (u(”H), 2 H)) € V;, x Qp, such that

(0 DL W) g+l wi) = b(p{ . ws) = (Fwi),. (L12a)

b(gnuy' ) =0, (1.12b)
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where
Lax™ 5
(n) h (n)
F, 7, wy :=—K/ -—wp(X;" ) dg
( h >h e 0 aq aq ( h )
M 3w () .
3 X/’l qi 8 (n)
E . — X, )d
+Kb i=1 8q3 I; /qil aCIWh( h ) 1

(n+1)
h

and then compute X € Sj, according to

L L L
/ X,(l"+l)~Yhdq=rn/ u (X)) .Y, dq—i—/ X" - Yydg, Yy €S
0 0 0

(1.13)
In case of an equidistant partition Jjo ] with 7, = Ar := T /N, the following sta-
bility estimate holds true (cf. [14]).

Theorem 2 In addition to the assumptions of Theorem 1 suppose that the CFL-type
condition

At "
- , (1.14)
h 4Cp(keL1 4+ «pL2)
is satisfied, where Cp > 0 is a computable constant, depending on the domain §2,
and the constants L;, 1 <i <2, are given by

Li:= max max |0X" /3
! Ognque[O,L]| h / 1

’

(1.15)

Ly := max max max‘83X£l")/8q3|1i’.
0<n<N I<i<M q¢el;

Then, if (wy, pn, Xp) solves the BE/FE FE-IB (1.12a), (1.12b), (1.13), there exist
positive constants Ci, 4 <i <6, depending only on the data of the problem, such
that

n

o I 2

2 g SISl A B
m=1

n—1
< C4<1 +Cs ity t Ju’ o o+ E +Co Y E,([”)Af) (1.16)

m=1

Remark 1 Semi-explicit schemes based on the classical IB have been applied to the
simulation of the motion of RBCs in [11, 23, 33].

Fully Implicit Scheme The Backward Euler/Backward Euler FE-IB (BE/BE FE-
IB) is a fully implicit scheme where we discretize both the semi-discrete Navier—
Stokes equations (1.9a)—(1.9c) and the immersed boundary equations (1.10a),
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(1.10b) by the backward Euler scheme. In particular, we simultaneously compute

(u;n+l)’ p}(l'H‘l)) € Vi, x Qp, such that for all w, € Wj, 0(0, T), g» € Qp it holds

(,0 D:;u;ln), Wh)o,:z +a(u;ln+1), Wh) — b(p;lnﬂ,wh) = <F;ln+1), Wh>h’ (1.17a)

b(gn,u"™V) =0, (1.17b)
where
L 8X(}H~1) aX(n+1)
(n+1) h 1 (n+1) h
F , Wy, ::—K,/ —t . D'wy(X —1—dq
0w = e [ Dl ()

L 82x(”+1) 82x(”+1)

(n+1) h
+Kb/ ——h__ -<D1wh X R -
0 an ( h ) an

(n+1) (n+1)
X 0X
+ D2wj, (X\HD h h dq,

and compute XEL"H) € S;, such that for all Y, € Sy, there holds

L L L
/0 X+ -Yhdq—‘l:n/() u,g"“)(x,g"“)).yhdq:/() X" .Y,dg. (1.18)

Remark 2 For the classical IB, semi-explicit, approximate implicit, and fully im-
plicit schemes have been considered in [18-21, 28], whereas the unconditional sta-
bility of fully implicit FE-IB methods has been shown in [4].

1.4 Predictor-Corrector Continuation Strategy for the
Numerical Solution of the Fully Implicit Scheme

The numerical realization of the fully implicit BE/BE FE-IB amounts to the solu-
tion of a nonlinear system of equations. The application of Newton’s method turns
out to be delicate, since the numerical stiffness of the BE/BE FE-IB significantly
affects the convergence radius of Newton’s method in a negative way. In compli-
ance with this, for the fully implicit IB it was stated in [32] that Newton’s method
is computationally too expensive in practice. To overcome this difficulty, we will
use a continuation method in a predictor—corrector manner. Thereby, the time in-
crement is chosen adaptively in such a way that the convergence requirements of
Newton’s method for the next time step are met. Consequently, a successful appli-
cation of Newton’s method is guaranteed without an expensive search for proper
initial guesses.

At each time-step, the BE/BE FE-IB (1.17a), (1.17b), (1.18) amounts to the com-
putation of z" D ;= (D p+D X0+ 0 <y < M — 1, as the solution of
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the parameter dependent nonlinear system

G(z"V;7,) =0, (1.19)
where the nonlinear mapping G(:; t,,) : R — R is given by

M; + t,A)u + 7,C(u) + 7,B” p — 7, F(X) — Mju"™ — 7, F,
G(z; 1) = Bu—-b
M;zX — M3X™ — 7, K(X)u

(1.20)
Here, M1, A, and B are the mass and stiffness matrices associated with the fully dis-
cretized Navier—Stokes equations (1.17a), (1.17b). M3 is the mass matrix associated
with (1.18). The nonlinear maps C(u) and K(X) are associated with the nonlinear
parts of (1.17a), (1.18), respectively, and b, Fy are vectors stemming from the in-
homogeneous boundary data on Xj,. For scaling purposes, we have multiplied the
second block in (1.20) with 7, 1.

We note that the continuation parameter is the time . We attempt to solve (1.19)
by a path-following predictor—corrector continuation strategy with constant contin-
uation as a predictor featuring an adaptive choice of the continuation steplength
and a Newton-type method as a corrector [10]. A first result in this direction is the
invertibility of the Jacobian G'(z; t,,).

Theorem 3 For given z € R and t™" > 0 there exists "% (2) such that for all
step sizes T™" < 1, < "™ the Jacobian

M; + 1,A +7,C’(w) 7,BT —,F(X)
G'(z; 1)) = B 0 0 (1.21)
—1,K(X) 0 M;—7,KiX.u

is invertible with bounded inverse
1(G' @ w) ™| < A,
where A, depends on T™" and % (2).
Proof For a proof we refer to [15]. O

The adaptive predictor-corrector continuation strategy is as follows:

Initialization Specify the initial variables z(#p) = (u®, p(o), X7 an initial con-
tinuation step size 7(g,0) > 0, and bounds pmin pmax g &L 1.Setn=j=0.
Here, n is the iteration counter for the outer continuation, whereas j is the itera-
tion counter for the inner predictor—corrector cycles.

Step 1: Predictor Aslongast, <T,settyy1, )y =1t + T(»,j) and perform the con-
tinuation

20 (tni1,j) = 2(tn).
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Step 2: Corrector Solve G(z; 7(», j)) = 0 by a combination of the ordinary and the
simplified Newton method with initial guess 2(¥ (t(n+1, ) and iteration counter
£ =1£(j) = 0. Thereby, z gets updated by means of

2V 1) =20 (g, jy) + sz,

where ¢ > 0 is a suitable damping factor, and contraction factors &, £ > 0, are
computed according to

—Ll+1
Az

@( .
— ’
Azl

£>0.

The contraction factors serve as a convergence monitor in the simplified New-
ton method. If the simplified Newton corrector was successful, predict the new
continuation step size by

(V2 - 1]|AzO
2max(Qg, Omin) 12(ty) — 2(tn11) |

T(n+1,0) := min( T(n,j)» Tmax)s

where 2,11 :=t(;41,;) and z(f,11) = i(f)(t(”Jrl,j)). Setn:=n+1, j:=0and
go to Step 1.

Else correct the continuation step size t by means of

. 2-b
(n,j+1) -= 30, +1—1 (n,j)-

If T4, j+1) < Tmin, Stop the algorithm (convergence failure). Otherwise, set j :=
J + 1 and go to Step 1.

1.5 Documentation of Numerical Results

In this section, we provide a documentation of simulation results for both the semi-
explicit BE/FE FE-IB and the fully implicit BE/BE FE-IB.

1.5.1 The Semi-explicit BE/FE FE-IB

For studying the so-called tank treading motion [1, 12, 13, 16, 17] of viscoelas-
tic particles under shear flow, we have applied the semi-explicit BE/FE FE-
IB to a microchannel £ = (0.0, 1.2) x (0.0,0.1)10 m with inflow boundary
I, = {0.0} x (0.0,0.1), inflow velocity g = 1.0 x 10~* m/s, and outflow bound-
ary Iy = {1.2} x (0.0,0.1). We have further used p = 1.0 x 103 kg/m3 and
p = 6.0 x 1073 Pa/s resulting in a Reynolds number of approximately 0.1 which is
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2
Channel wall

150

100

0 100 300 500 um

Fig. 1.2 Tank treading motion of a vesicle in shear flow: snapshots from experimental data (fop)
and numerical simulation by the FE/BE FE-IB (bottom)

typical for microfluidic flows. The elasticity coefficients have been chosen accord-
ing to Kk, = 6.0 x 107 N/m and «p = 2.0 x 10~1° N/m, which correspond to the
values of RBCs [11]. We have chosen a simplicial triangulation with & = +/2/16
and an equidistant partitioning of [0, L] with Ag = h/2 giving rise to a total of
42555 degrees of freedom. The time step has been chosen as At = 1/240.

Figure 1.2 displays snapshots from experimental data (top) and the simulation
results due to the application of the BE/FE FE-IB (bottom). The initially spherical
particle first gets deformed by attaining an ellipsoidal shape and then continues to
move forward with a rotating membrane (cf. the motion of a material point on the
immersed boundary marked by an arrow in the experimental result and by a black
dot in the simulations). As can be observed as well, the particle experiences some lift
towards the center of the channel. We computed an inclination angle of 34° which
is in very good agreement with the experimental data.

The deformability of RBCs is such that they can pass through capillaries with
diameters significantly less than the diameter of an RBC [27]. We have studied the
motion of an RBC in a microchannel of width 20 x 10~° m featuring a capillary
of width 4.0 x 107 m (cf. Fig. 1.3). The inflow and outflow occur through the left
and right boundary of the microchannel, respectively. The inflow velocity g as well
as the other data p, u, k., kp have been chosen as in the previous example. For
discretization in space and time, we have used & = 1/15 and Ag = h/2 yielding a
total of 26709 degrees of freedom and a time step size of Az = 1/1000. We note that
At had to be chosen that small in order to satisfy the CFL condition (1.14), since the
velocity at the opening of the capillary is almost five times higher than the inflow
velocity. Figure 1.3 (top) displays the results obtained by the BE/FE FE-IB. For
comparison, Fig. 1.3 (bottom) shows the snapshot of an RBC shortly before leaving
a capillary in an experimental set up under essentially the same flow conditions. The
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) ===

Fig. 1.3 RBC passing through a capillary of half its resting diameter: numerical simulation by the
BE/FE FE-IB (top) and snapshot from an experiment (bottom)

Fig. 1.4 Breakdown of the BE/FE FE-IB for v = 1/250 due to high oscillations of membrane
nodes

fish-like shape of the RBC inside the capillary is very well captured by the numerical
simulation.

1.5.2 The Fully Implicit BE/BE FE-IB

The motion of an RBC through a thin capillary is an appropriate example to illustrate
the limitations of the semi-explicit BE/FE FE-IB and the advantages of the fully
implicit BE/BE FE-IB. We have studied the same scenario as before, but applied
the BE/FE FE-IB with a time step size At = 1/250. Figure 1.4 shows the onset
of numerical instabilities due to oscillations of membrane nodes which caused a
breakdown of the algorithm after + = 0.05. Such instabilities do not occur when
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Fig. 1.5 Application of the BE/BE FE-IB: Snapshots of the RBC’s membrane at selected time
instants corresponding to the %-marked time instants in Fig. 1.6

0.025

0.02

0.015

0.01

T resp. Em

0.005}-

Fig. 1.6 Application of the BE/BE FE-IB: Evolution of the adaptively chosen time step sizes
(solid line) and of the (scaled) total energy (dashed line)

using the fully implicit BE/BE FE-IB and its numerical realization by the predictor-
corrector continuation strategy as described in Sect. 1.4 (cf. Fig. 1.5).

In fact, the adaptive time step size selection detects the critical stage of the pro-
cess which occurs when the RBC starts to deform before entering the capillary and
thus leads to a significant increase of its total energy. This is displayed in Fig. 1.6
which shows the evolution of the adaptively chosen time increments and the total
energy.
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