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          12.1   Introduction 

 The two-tier item is a relatively new diagnostic item format for classroom assessment 
and is gradually gaining popularity in certain areas of educational research. For the 
past two decades, it has been used to assess at a deeper level students’ understanding 
of the concepts being covered in classes, especially in the area of science education 
(e.g., Treagust  1988 ; Treagust and Smith  1989 ; Tan and Treagust  1999  ) . Its popularity 
in recent years may be partly illustrated with the following piece of information. 
In 2007, a whole issue of the  International Journal of Science Education  was 
devoted to reporting the research design and results of a study entitled National 
Science Concept Learning Study (NSCLS). This study was conducted in Taiwan in 
2003 and involved more than 30,000 students from primary to senior high school 
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(   Guo 2007; Tam and Li  2007  ) . Its main purpose was to assess students’ misconceptions 
of important science concepts from primary to senior high school. What is worth 
noticing is that all the items adopted in this study were framed in a two-tier format. 

 A two-tier item can be viewed as a special kind of testlet in that it has a common 
item stem followed by two subitems, with one of them requiring the respondents to 
carry out part of the task while the subsequent subitem requiring them to  fi nish the 
remaining part of the task. In science education, a typical two-tier item is made up 
of an item stem followed by two portions. Usually, the purpose of the  fi rst portion is 
to assess whether students could identify some factual aspects with respect to a 
phenomenon stated in the item stem, while the second portion examines if they can 
supply the correct reason associated with why the phenomenon occurs. Since some 
students may not be able to identify the correct option associated with the  fi rst 
portion, what they chose as the accompanying reason in the second portion could 
then reveal valuable information about their knowledge status about the phenomenon 
being tested. More speci fi cally, the combination of options being chosen across the 
two tiers has the potential of revealing the misconception being held by students 
about why some phenomenon happens or does not happen. As a result, this item 
format has been used as one of the ways to illuminate the kind of misconceptions as 
well as how widespread they have been among the students taking the test. 

 Although this format has not quite found its way into research conducted in the 
area of mathematics education, there are, nevertheless, situations where some 
mathematics items can be essentially treated as two-tier items. For example, one 
common way of assessing students’ abilities in solving word problems is to ask 
them to formulate an equation that corresponds to the conditions given in the items. 
In some tests, partial credits will already be assigned to examinees who have been 
successful in expressing the correct equation. Afterwards, the examinees are 
required to solve the equations they have formulated and then provide their  fi nal 
answers. Again in some tests, partial credits may be assigned to those who can 
provide the correct  fi nal answer. Thus accordingly, one can view a word problem 
as the item stem and the requirement to set up the corresponding equation as the 
 fi rst tier while the compilation of the  fi nal answer as the second tier. As a matter of 
actual practices, this approach has been frequently adopted by mathematics teach-
ers especially in the elementary grades. 

 Unfortunately, the methodology regarding how the two-tier items should be ana-
lyzed is still fairly underdeveloped in the area of science education. For example, 
many data analysis, as can be currently identi fi ed in the literature, is limited to 
reporting tables of percentages of options being chosen by the examinees across the 
two tiers for each individual item. This approach is descriptive in nature and is 
dependent on the sample of students taking the tests. The quality of a two-tier item, 
moreover, is usually assessed by appealing to the judgment of subject matter experts 
based on their professional experiences. However, there are many a time when pro-
fessional judgment cannot be easily made, such as when the two-tier item format 
appears brand new to the experts. In real practices, it is quite often the other way 
around with the subject matter experts requesting the data analysts to provide them 
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with supportive statistical information, thereby assisting them in their judgment 
making regarding whether the two-tier items are in good shape. 

 One possibility is to use the techniques that have been developed for analyzing 
testlets or item bundles as reported in the literature. One such alternative is the testlet 
response theory developed by Wainer et al.  (  2007  ) . This theory is accompanied by 
a software program entitled Scoright, which is freely available by way of Educational 
Testing Service (ETS), thereby making it more attractive to applied researchers. 
Yet, the technicality behind the testlet response theory is quite involved for most 
school teachers or even applied researchers to comprehend. In addition, the current 
version of Scoright is not as user friendly as one would desire. Furthermore, since 
the theory is based on the Bayesian approach in its estimation of parameters, 
Scoright can be quite slow in terms of program execution. Though the program 
allows starting values to be provided by the users so as to speed up the estimation 
process, many school teachers or applied researchers may  fi nd it dif fi cult and need 
help in deciding on a good set of starting values. There can also be times when the 
program cannot converge at all in its execution. Thus, it seems that a friendlier 
approach is much desirable for the common practitioners so that they can handle the 
analysis of two-tier items in an easy-to-understand manner. Since such information is 
currently unavailable at large, thus there appears to be a need in developing useful 
technique for analysis that takes into consideration the relationship between the two 
tiers within the same item.  

    12.2   Purpose of Study 

 A three-step procedure has been proposed in Tam and Wu  (  2009  )  as an all-purpose 
approach to analyze two-tier items. Such practical information as the scoring of the 
item, the dependence between the two tiers, as well as the functioning of the items 
can then be provided to the item writers for item evaluation and revision. Since 
the third step is similar to the item analysis procedure that is commonly seen in a 
Rasch analysis setting, this chapter aims at illustrating the  fi rst two steps that are 
particularly important for the two-tier item format. More speci fi cally, this chapter 
will  fi rst occupy itself with assessing if there are dependencies between the two tiers 
for each item on the test as one would expect from the nature of this particular for-
mat of item. Afterwards, this chapter will turn its attention to investigate how two-
tier items should be scored in the  fi rst place. These two steps of data analysis are 
especially relevant to the data set from a mathematics test with a two-tier structure 
which will be used to demonstrate the procedure discussed herein. Both the method 
with its rationale and the data employed for demonstration will be described in more 
detail in the next two sections. They will then be followed by the results section. 
Finally, the speci fi c issue about whether all two-tier items should be scored the same 
way together with other issues of more general interest will be dealt with in the 
discussion section.  
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    12.3   Method 

 As a start, one useful yet succinct way of organizing the overall performances of 
students with respect to a typical two-tier item is to construct a two-by-two cross-
tabulation table for the distribution of the students’ proportions of right or wrong 
across the two tiers as illustrated in Table  12.1  below. Among the students who sit 
for the test, let  x  be the proportion of those who got both the factual and the reason 
portions correctly. Similarly, let  y  be the proportion that got both portions wrongly, 
 z  be the proportion that got the factual portion correctly but the reason portion 
wrongly, and  w  be the proportion that got the factual portion wrongly but the reason 
portion correctly.  

 The original data analysis procedure proposed by Tam and Wu  (  2009  )  was com-
prised of three steps, each tapping into a different kind of information from the 
two-tier items that appear on the test. The rationale behind this procedure is as fol-
lows. Since both tiers, by nature of the item structure, access the same piece of 
information in the item stem, it is regarded as being safe to assume that students’ 
performances with respect to the two tiers will be related to each other. Hence, the 
purpose of their  fi rst step is to discern systematically if there exists a dependency 
between the two portions for each two-tier item. If it so happened that the depen-
dency between the two tiers is found to be low for some items, reasonable doubt 
could then be raised concerning whether these items have functioned according to 
the intent of the item writers. These items should either be deleted or subjected to 
revision by referring them back to the item writers. After the relationships between 
the two tiers have been established, one can then consider how the items should be 
scored. For example, should the data analyst score the items by using partial credits 
or should the item be considered correct only when both portions are answered 
correctly? If the items were inappropriately scored, then any subsequent effort in 
item analysis and interpretation of results would most likely be led astray. Hence, 
the second step of the proposed procedure will concentrate on selecting an appropriate 
item response model that can take into account the dependencies between the two 
tiers. It is deemed essential to notice that even for those items with justi fi able rela-
tionship across the two tiers, they have to be properly scored with an appropriate 
item response model before further item analysis on the items be performed. The 
main concern of the third step is the provision of item information to subject matter 
experts that may be useful for revising and rewriting the items. These steps are 
explained in more detail as follows. 

      Table 12.1    Proportions of students’ performance across the two portions of a 
two-tier item   

 Second tier 
 First tier  Right  Wrong  Row total 

 Right   x    z    x  +  z  
 Wrong   w    y    w  +  y  
 Column total   x  +  w    z  +  y   1 



22712 Using User-De fi ned Fit Statistic to Analyze Two-Tier Items in Mathematics

 Tam and Wu  (  2009  )  pointed out that if dependencies exist across the two portions 
within the two-tier structure, the local independence assumption behind the item 
response modeling approach will in principle be violated should an item response 
model be attempted on the data (Embretson and Reise  2000  ) . In order to detect this 
violation, the user-de fi ned  fi t statistic as discussed in Adams and Wu  (  2011  )  can be 
applied. The gist of this test statistic will be explained here brie fl y. Let us  fi rst 
consider an examination that is made up of the usual multiple-choice test items. 
The user-de fi ned  fi t statistic allows the data analyst to de fi ne several items as a 
group. The number of items correct within the group is then counted for each 
participant, which can be regarded as the sum score obtained by each participant. 
If there is no violation of the local independence assumption within the group of 
multiple-choice items in the  fi rst place, then the sum score should also  fi t the item 
response model. However, if there is dependency among the items in a group, then 
the sum score will tend to be too high or too low than expected, owing to the rela-
tionship among the items in the group. Thus, when all the items satisfy the local 
independence assumption except for those items de fi ned in the group, this group of 
items can be picked up by the user-de fi ned  fi t statistic as not  fi tting the item response 
model applied. The user-de fi ned  fi t statistic is implemented in the ConQuest and 
can be used to compute any groupings of items in a test (Wu et al.  1998  ) . The sum 
score can be tested against the sum score of yet another group of items also de fi ned 
by the data analyst. This idea can then be extended to the situation when the multiple-
choice test has an extra two-tier item added. For this particular two-tier item, if a 
respondent scores high on one tier, then it is likely that the same respondent will 
also score high on the other tier. Thus, when the two portions of the two-tier item 
are treated as a group, it can be picked up by the user-de fi ned  fi t statistic. In this 
chapter, a data set will be used to demonstrate the procedure discussed herewith. 
This data came from an examination that consisted of both regular items and a 
number of two-tier items. In our  fi rst analysis, an item response model was  fi t to the 
two-tier items as if they were all made up of independent items. In other words, the 
relationships between the two tiers were ignored in this round of analysis. Fit 
statistics were then computed for the two tiers in each item pair. The magnitude of 
the  fi t statistic provides a measure of model violation, thereby revealing how closely 
the two tiers are related within each item pair. 

 After the relationship between the two tiers has been established, the second step 
focuses on selecting an appropriate item response model that can account for the 
dependencies between the two tiers of the items. For example, each two-tier item 
can be modeled as one item by scoring it by ways of assigning partial credits. In this 
step, the data analyst should consider a number of item response models that might 
reasonably be used to score the two-tier items. These models will then be applied to 
the data. Model comparisons are made by means of the model  fi t statistics as well 
as the test reliability information from each model. The best  fi tting model could 
then be used for calibrating and further purposes. 

 The third step involves the extraction of information at the level of response 
categories so as to assist item writers in assessing how each item pair functioned. In 
addition to the frequencies or proportions of respondents in the various response 



228 H.P. Tam et al.

categories, the average ability is, for example, also useful information, as well as the 
corresponding item characteristic curves by category. As explained earlier, the third 
step is more familiar to applied researchers, so this chapter will focus on delineating 
the  fi rst two steps. The data set that will be utilized to illustrate the suggested proce-
dure will be described in the next section.  

    12.4   Data 

 The aforementioned methodology has been applied to a set of data collected in 2010 
by the Assessment Research Centre of The Hong Kong Institute of Education. The 
test instrument was made up of ten mathematics items cater for students at the 
 fi fth-grade level in Hong Kong. The contents being tested included eight items on 
fractions, one item on rearranging a given set of digits to obtain the smallest number, 
and one item on  fi nding the greatest common divisor out of a given set of numbers. 
Of the eight items related to fractions, two of them were purely computational type 
of items while the other six were word problems. Furthermore, three of the word 
problems required the respondents to list out their steps before reporting their 
answers. These three items were regarded as two-tier items in the present study. The 
other items only required the respondents to write down their answers. A total of 
860  fi fth-grade students participated in the test. This data set was actually part of a 
larger study, the purpose of which did not affect in whatever way the methodology 
proposed hereby in this chapter. All the analysis was performed by using the 
specialized software program ConQuest (Wu et al.  1998  ) .  

    12.5   Results 

 In order to explore if the three two-tier items really did violate the local indepen-
dence assumption, the step listing portion and the corresponding answer reporting 
portion were treated as a group for each item. They were labeled as items 7.1, 7.2, 
8.1, 8.2, 9.1, and 9.2, respectively. User-de fi ned  fi t statistics were applied to these 
three two-tier items. For comparison purpose, individual portion of the three two-
tier items were treated as independent items and were randomly paired with the 
rest of the items on the test form. User-de fi ned  fi t statistics were also applied to 
each of these random pairs of items. The results were reported in Table  12.2  below. 
The user-de fi ned  fi t statistic in Table  12.2  can be regarded as approximately a 
 z -test. When its value is within the range of −2 and 2, the item pair could be 
regarded as  fi tting the item response model that is based on the assumption of 
local independence. When the user-de fi ned  fi t statistic is greater than 2, the item 
pair is regarded as having a dependency beyond what the item response model 
assumes. When it is less than −2, the item pair is regarded as testing different 
constructs.  
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 It can be seen that when the portions from the two-tier items were correctly 
paired, the three two-tier items (i.e., items 7–9) all had a user-de fi ned  fi t statistic 
much greater than 2, thereby indicating that dependencies existed between the two 
portions within each two-tier item. In contrast, for items that were randomly paired, 
as reported in the last two right-hand columns in Table  12.2 , their user-de fi ned  fi t 
statistics were mostly within the range from −2 to 2. This indicated that the item 
pairs did not have a dependency over and beyond what the item response model 
assumed. This was especially the case for both items 7 and 8. When the portions 
from these items were paired up randomly with other items in the same test, their 
user-de fi ned  fi t statistics tended to be much smaller in magnitude. Another interest-
ing observation is that the  fi rst portion of each two-tier item tended to have a smaller, 
at least in a relative sense, user-de fi ned  fi t statistic when they were randomly paired 
with the non-two-tier items. This may be attributable to the fact that the computa-
tional step of a mathematics item will under most circumstances be unrelated to the 
answer of another mathematics item. It must be emphasized that the pairing of one 
portion from a two-tier item with a non-two-tier item is not limited to those listed in 
Table  12.2 . The pairings listed over there are for demonstration purposes. Should 
any doubt ever arise, another round of random pairings can be pursued and the user-
de fi ned  fi t statistics performed again. However, one should be careful not to capital-
ize on chances by running too many tests. 

 It was further noticed that not only did the three two-tier items demonstrate a 
similar pattern in terms of high user-de fi ned  fi t statistics, they also shared a similar 
distribution of respondents’ performances in proportions with respect to the two-tier 
structure. As a typical example, Table  12.3  reported the distribution of participants’ 
proportions across various combinations of right and wrong with respect to the two-
tier structure in item 7.  

 As can be seen from the table, the majority of the respondents (almost 95%) 
answered either correctly or incorrectly to both tiers of item 7 at the same time. 
There were a few respondents who had written down the computational portion 

   Table 12.2    User-de fi ned  fi t statistics for the two-tier items that were correctly paired and also for 
items that were randomly paired   

 Portions of two-tier items correctly paired  Items paired randomly 

 Item pair  Fit statistic (weighted)  Item pair  Fit statistic (weighted) 

 7.1, 7.2  12.162  1, 7.1  −0.672 
 8.1, 8.2  13.203  2, 7.2  −0.408 
 9.1, 9.2  13.693  3, 8.1  −1.592 

 4, 8.2  −1.830 
 5, 9.1  −0.606 
 6, 9.2  −2.158 
 1, 2  3.161 
 3, 4  1.417 
 5, 6  1.909 
 8.1, 10  −0.087 
 8.2, 10  −0.111 
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correctly but yet provided the wrong answer. However, there were no respondents 
who could obtain the correct answer for the second tier yet missed out on the  fi rst 
tier. These  fi ndings make empirical sense since the  fi rst tier of this item required the 
respondents to write down the expression that was necessary for computing the 
answer. Logically speaking, one must  fi rst get the computational portion correct 
before one can obtain the right answer to the item. It is highly uncommon that a 
wrongly formulated expression would still render the right answer in real life situation. 
Apparently, the dependence between the two tiers is fairly strong as demonstrated 
by the distribution of respondents’ performances with respect to this item. After 
taking all the information together, it can be regarded that the two-tier structure 
of this particular mathematics exam has been substantiated by results from the 
user-de fi ned  fi t statistic. 

 The second step of the suggested procedure in Tam and Wu  (  2009  )  involved the 
selection of an appropriate item response model. Four separate models were  fi tted 
to the group of two-tier items in the mathematics exam. The  fi rst model attempted 
was a dichotomous model in which all the portions from the two-tier items were 
treated as if they were entirely independent items. Accordingly, all the portions 
were scored either as right or wrong. This model served as the baseline model in this 
study and was adopted purely for comparison purpose. Since it is deemed improba-
ble by most subject matter experts that a respondent could get the second tier correct 
and yet missed the  fi rst tier, the second model attempted was a partial credit model 
in which a score of 2 was assigned to the case when both tiers were answered cor-
rectly, a score of 1 when only the  fi rst tier was correct, and a score of zero for the 
other combinations. This model was denoted as the 2100 model to facilitate subse-
quent discussion. As for the third model, another partial credit model similar to the 
previous one was  fi tted to the data with slight modi fi cation. This time, however, a 
score of 1 was also assigned to those respondents who obtained the correct answer 
to the second tier. This model was short-handed as the 2110 model below. Finally, 
another dichotomous model was attempted as the fourth model in which a respon-
dent was assigned a score of 1 if and only if he/she had answered both tiers cor-
rectly. All the other combinations were scored as zero. This model was adopted 
upon recommendation from some subject matter experts who maintained that both 
the step and the answer must be correct before mastery of the content being tested 
could be justi fi ably assumed. For ease of discussion, this model was short-handed 
as the 1000 model. It should be noticed that since there were very few respondents 
who would only get the second tier correctly, hence a partial credit model with the 
scoring scheme of assigning a score of 3 to both tiers correct, a score of 2 to the  fi rst 
tier correct, a 1 to the second tier correct, and a zero to both tiers incorrect would 

   Table 12.3    Distribution of 
respondents’ performances in 
proportions with respect to 
item 7   

 Second tier 
 First tier  Right (%)  Wrong (%) 

 Right  66.16   5.47 
 Wrong   0  28.37 
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create calibration problem. For similar reason, more re fi ned scoring schemes were 
not practically pursued in the present study. 

 The results are shown in Table  12.4  above. It is found that the fourth model had 
the lowest deviance statistic among the four models being processed. In addition, 
the reliability of the fourth model was found to be the smallest even though its value 
was quite comparable to the other two partial credit models. Meanwhile, the drop in 
reliability of the 1000 model from the  fi rst model in which the two-tier items were 
treated as independent items was quite prominent. There are two possible explana-
tions for the drop in reliability when we use the 1000 model. First, when items are 
treated as independent items when they are actually dependent, the reliability will 
be arti fi cially in fl ated, as in the 2100 model. Second, the three two-tier items could 
be more discriminating items, so a maximum score of 2 instead of 1will give more 
weight to these items, leading to an increase in reliability. In any case, the reliabili-
ties among the 2100, 2110, and 1000 models are very close to each other. As a 
result, the 1000 model was being adopted as the model to score the two-tier items in 
this study.  

 In case further evidences were desired to justify the adoption of the 1000 scoring 
scheme, then more analysis should be performed at the individual item level. 
Reported in Table  12.5  above were the proportions of respondents who manifested 
different response patterns in item 7 together with their average abilities in terms of 
logits. As can be seen from the table, the average ability for those respondents who 
were incorrect in both tiers was −0.767, while that for the respondents who were 
incorrect in the second tier but right in the  fi rst tier was −0.339, and 0.841 for those 
who were correct in both tiers. It is noticed that the average abilities for those who 
answered both tiers correctly amounted to a positive value that was much larger 
than the negative average abilities for other two combinations of response catego-
ries. These  fi ndings seem to re fl ect that the three groups of respondents were of 
different abilities, with those respondents answering both tiers correctly attaining 
the highest average abilities while the other two groups of respondents were of 

   Table 12.4    The deviances and the reliabilities for the four-item response 
models being attempted   

 Treatment of second tier item  Deviance  Reliability 

 Individual items  12694.13  0.793 
 Scored as 2100  10792.24  0.720 
 Scored as 2110  10798.12  0.720 
 Scored as 1000  10079.44  0.710 

   Table 12.5    The percentages and average abilities for respondents manifesting 
different response patterns with respect to item 7   

 Response category  Percentages (%)  Average ability (logits) 

 Both tiers incorrect  28.37  −0.767 
 Second tier correct but not  fi rst  0  N/A 
 First tier correct but not second  5.47  −0.339 
 Both tiers correct  66.16  0.841 
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closer average abilities. Thus, this further piece of information warranted strong 
support regarding the adoption of the 1000 scoring scheme for the two-tier items 
that appeared on the test, at least with respect to the models attempted.   

    12.6   Conclusion and Discussion 

 This study had demonstrated a new and rather comprehensive approach from Tam and 
Wu  (  2009  )  to analyze two-tier items beyond the report of mere proportions of respon-
dents with respect to the various combinations of response categories across the two 
tiers as a means of data analysis. While such proportions are simple and straightfor-
ward to compute, the kind of information that can be gleaned is fairly limited. With 
mere proportions, incorrect responses to a two-tier item may of course be attributed to 
some inappropriate mastery on the part of the respondents towards the content being 
tested. However, it could also be attributed to some underlying de fi ciency in terms of 
the conceptualization, design, or even wordings of two-tier items being written. There 
is not enough information to distinguish between these and other possibilities because 
they are convoluted with one another. In comparison, the approach suggested herein 
will be much easier to comprehend by most applied researchers. Under the suggested 
approach, the results from the  fi rst stage of our procedure can re fl ect whether the two-
tier item structures can be substantiated from the empirical data. With respect to the 
mathematics exam being analyzed, the result from the  fi rst stage will re fl ect whether 
the computational steps and their respective answers can really substantiate a two-tier 
structure. If there is no foundation for such claim, careful revision of the two-tier item 
is advised. On the other hand, the second stage aims at  fi nding a basis concerning how 
the two-tier items can be scored more appropriately. The decision attained at this stage 
can subsequently be used to calibrate the items for various parameter estimates as well 
as generate other useful information. 

 Furthermore, it was found in this study that the 1000 model had the lowest 
deviance than the two partial credit models as well as the independent items model 
being considered. This  fi nding forms the basis for scoring our items in accordance 
to the 1000 scoring scheme. Thus, consideration of an appropriate scoring proce-
dure should constitute an important step in the analysis of two-tier items. According 
to our experiences, it appears that the 1000 scoring scheme always performs rela-
tively well with two-tier items. Hence, it is suggested to always include this scoring 
scheme as one of the options while carrying out the second step of the suggested 
procedure for two-tier items. 

 Finally, in order to obtain the best result from the two-tier item format, it is 
suggested that potential item writers should try every effort to focus on improving 
the qualities of the items  fi rst. Pilot testing on the items is highly recommended. The 
procedure demonstrated in this study will be quite useful in throwing some light on 
the quality of the items especially during the pilot testing stage. Rather than jumping 
to early conclusion with regards to the abilities of the respondents, it is only after 
careful revision of all items with questionable quality before one should proceed to 
use the two-tier items for actual assessment purpose.      
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