Chapter 10
Other Operations

This chapter is devoted to arithmetic functions and operations other than the four
basic ones. The conversion of binary numbers to radix-B ones, and conversely, is
dealt with in Sects. 10.1 and 10.2. An important particular case is B = 10 as human
interfaces generally use decimal representations while internal computations are
performed with binary circuits. In Sect. 10.3, several square rooting circuits are
presented, based on digit-recurrence or convergence algorithms. Logarithms and
exponentials are the topics of Sects. 10.4 and 10.5. Finally, the computation of
trigonometric functions, based on the CORDIC algorithm [2, 3], is described in
Sect. 10.6.

10.1 Binary to Radix-B Conversion (B even)

Assume that B is even and greater than 2. Consider the binary representation
of x:

X=Xpq - 2" V0 2" 24 xy - 24 x0. (10.1)

Taking into account that B > 2, the bits x; can be considered as radix-B digits,
and a simple conversion method consists of computing (10.1) in radix-B.

Algorithm 10.1: Binary to radix-B conversion

z = 0;

for i in 1 .. n loop
zZ 1= z°2 + X5

end loop;

X 1= zZ;
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Fig. 10.1 Binary to }
radix.B converter Zm1.0 + Xn4..0 (binarY)
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In order to compute z-2 + x,,_; the circuit of Fig. 9.14, with ¢;, = x,,—; instead of 0,
can be used. A sequential binary to radix-B converter is shown in Fig. 10.1. It is
described by the following VHDL model.

main component: doubling circuit2 GENERIC MAP(n => m)
PORT MAP(x => z, z => w, c_in => xNminusI);
register z: PROCESS (clk)

y <= z;

shift register x: PROCESS (clk)

xNminusI <= int x(n-1);

The complete circuit also includes an n-state counter and a control unit.
A complete model BinaryToDecimal2.vhd is available at the Authors’ web page
(B = 10).

The computation time of the circuit of Fig. 10.1 is equal to n-T,; where T,
must be greater than Ty 7, (Sect. 9.3). Thus

TbinaryfradixfB =n - Tryr—. (102)

10.2 Radix-B to Binary Conversion (B even)

Given a natural z, smaller than 2", its binary representation is deduced from the
following set of integer divisions

z2=4q1 + 2+,
q=q2 - 24,

qn-1 ={(qn 2+rn717


http://dx.doi.org/10.1007/978-94-007-2987-2_9
http://dx.doi.org/10.1007/978-94-007-2987-2_9

10.2  Radix-B to Binary Conversion (B even) 253

Fig. 10.2 Decimal to binary
converter Ym-.0
Fig.9.15
W1 Wo load
shift register (binary) F update
register (radix-B) load
initially: z update
Xn-1.0 (blnary)

SO

2=qn 2" 2" e, 2" 241,

As z is smaller than 2", then ¢, = 0, and the binary representation of z is
constituted by the set of remainders r,,_ 1,2 ... 7 1p.

Algorithm 10.2: Radix-B to binary conversion

do = Z7
for i in 0 .. n-1 loop
ry = q; mod 2; Jip = L%/z_]i
end loop;
X 1= Y, ; Ty, ... Iy Tg;

Observe that if ¢; = ¢;,1-2 + r;, then ¢;-(B/2) = q;1-B + r;-(B/2) where r;-(B/2) <
2-(B/2) = B.

Algorithm 10.3: Radix-B to binary conversion, version 2

JQo = zZ7
for i in 0 .. n-1 loop

yi = (B/2) -qi;

ain := Lys/Bl; £ := (yi mod B) mod 2;
end loop;

X 1= Tpq Tpp «.. T Toi

In order to compute (B/2)-g; the circuit of Fig. 9.15 can be used. A sequential
radix-B to binary converter is shown in Fig. 10.2. It is described by the following
VHDL model.
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main component: multiply by five GENERIC MAP(n => m)
PORT MAP(x => q, z => W);

r <= w(0);

register y: PROCESS (clk)

BEGIN
IF clk'EVENT AND clk = '1l' THEN
IF load = 'l' THEN g <= x;
ELSIF update = 'l' THEN g <= w(4*m+3 DOWNTO 4);
END IF;
END IF;

END PROCESS;
shift register z: PROCESS (clk)

BEGIN
IF clk'EVENT AND clk = '1' THEN
IF update = 'l' THEN z <= ré&z(n-1 DOWNTO 1);
END IF;
END IF;

END PROCESS;

The complete circuit also includes an n-state counter and a control unit.
A complete model DecimalToBinary2.vhd is available at the Authors’ web page
(B = 10).

The computation time of the circuit of Fig. 10.2 is equal to n-T,.; where T
must be greater than 7,7 (Sect. 9.3). Thus

Tradixfobinary =n - Tryr—. (103)

10.3 Square Rooters

Consider a 2n-bit natural X = xp,_1 - 22 V4 a0 - 2772+ 4 x; - 24+ X,
and compute Q = |X'/?|. Thus, Q*> < X < (Q+1)*, and the difference R =X — Q°
belongs to the range

0 <R<2Q. (10.4)

10.3.1 Restoring Algorithm

A digit recurrence algorithm consisting of n steps is defined. At each step two
numbers are generated:

Oi=qni1 -2 4+ qua 27+t quis1 - 2+ guiand R
n—i\2
=X- (Ql 2 ) )
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such that
0 <Ri< (1+20;)2%. (10.5)

After n steps, 0 < R, < 1 + 20, that is (10.4) with Q = 0, and R = R,,.
Initially define Qo = 0 and R, = X, so condition (10.5) amounts to 0 < X < 2%".
Then, at step i, compute Q; and R; in function of Q;_; and R;_;:

Qi =20Q;-1 + gu—i where g,_; € {0, 1},

Ri=X—(0: - 2"4)2: X - (201 +qn—i)2"7i)2
= (21 2n7i+])2_ (Gn-i +40i1)qu—i - 22" =Riiy — (qui +4Qi-1)gn-i22".

The value of g,_; is chosen in such a way that condition (10.5) holds. Consider
two cases:

o IfRi_; <(1+40;_1)2*" theng,; =0, Q; =20:_1,R; = Ri_,.
AsR; = Ri_1 <(1+40Q; 1)2*") = (1 4+20,)2>" ) andR; = R;_; >0,
condition (10.5) holds.

o IfRi_;>(1+40,1)2*" ) theng,,=1,Q; =20, 1+ 1, R =Ri_1—
(14+4Q; 1)22=) 5o thatR; >0 and R; < (1 +2Q; )22~ — (1 +4Q; )
22010 = (3 440;1)2°") = (1 +20;)2200.

Algorithm 10.4: Square root, restoring algorithm

Qo = 0; Ry := X;
for i in 1 to n loop
P,y := (1 + 4-Q;4)-2°""1;
if P;.; £ Ry, then g, ; := 1; Ry := Ri.1 - Piq;
else g,y = 0; Ry = Ry_q;
end 1if;
Qi = 2051 + dp-yi
end loop;
Q = Qn;

Q; is an i-bit number, R; < (1 + 2Qi)22(””') =Q;&1&00 --- 0is a 2n—i+1)-
bit number, and P;_ ; = (1 +4Q; 1)2°") = Q;&01&00 --- 0 a (2n + 2 — i)-
bit number.
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Fig. 10.3 Square root computation: data path

An equivalent algorithm is obtained if P; and R; are replaced by p;_; =
Pi_1/22<n7l‘) and r; = R,‘/Zz(nii).

Algorithm 10.5: Square root, restoring algorithm, version 2

Qo := 0; 1y := X/2°%;
for i in 1 to n loop
Pi-1 = 1 + 4057
if p;.; £ 4r;, then
Op-1 = 1; 1y := 4ri; - pPi-17
else gy := 0; r;y := 4r, ;
end 1if;
Q; = 2051 + dn-yi
end loop;
Q = Qu; R 1= r,;

As before, Q; is an i-bit number, r; is a (2n—i+1)-bit fixed-point number
with 2(n—i) fractional bits and an (i+1)-bit integer part, and p;_; a (2n—
i+2)-bit fixed-point number with 2(n—i) fractional bits and an (i+2)-bit integer
part.

A sequential implementation is shown in Fig. 10.3. It can be described by the
following VHDL model.
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dif <= r(3*n DOWNTO 2*n-2) - ('0'&g&"01l");
WITH dif (n+2) SELECT next r <=
r (3*n-2 DOWNTO 0)&"00"™ WHEN '1"',
dif (n DOWNTO 0) &r (2*n-3 DOWNTO 0) &"00" WHEN OTHERS;
remainder register: PROCESS (clk)
BEGIN
IF clk'EVENT AND clk = '1' THEN
IF load = '1l' THEN r(2*n-1 DOWNTO 0) <= x;
r (3*n DOWNTO 2*n) <= (OTHERS => '0"');
ELSIF update = 'l' THEN r <= next r;
END IF;

END IEF;
END PROCESS;

remainder <= r(3*n DOWNTO 2*n);
quotient register: PROCESS (clk)

BEGIN
IF clk'EVENT AND clk = 'l1' THEN
IF load = 'l' THEN g <= (OTHERS => '0');
ELSIF update = '1' THEN
q <= g(n-2 DOWNTO 0) &NOT (dif (n+2));
END IF;
END IF;

END PROCESS;
root <= qg;

The only computational resource is an (n+3)-bit subtractor so that the com-
putation time is approximately equal to n-T,;4.,(n). The complete circuit includes
an n-bit counter and a control unit. A generic VHDL model SquareRoot.vhd is
available at the Authors’ web page.

Another equivalent algorithm is obtained if P;, Q; and R; are replaced by
pi =P/ g = Q;/2  r; = R /27"

Algorithm 10.6: Square root, restoring algorithm, version 3

qo = 07 ro := 0.Xp1%Xpp2- . - %07
for i in 1 to n loop
Pis1 = 2951 + 277

if pio1 € 2r; then q = qia+ 275 1y = 2ri - Py
else r; := 2ri_;
end if;

end loop;
Q := g.2% R := r,2%;

Algorithm 10.6 is similar to the restoring algorithm defined in Chap. 21 of [1].
Its implementation is left as an exercise.
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10.3.2 Non-Restoring Algorithm

Instead of computing R; and Q; as in Algorithm 10.4, an alternative option is the
following. Define R, = R;—; — (1 + 4Q,~,1)22("”')7 whatever the sign of R;. If R; is
non-negative, then its value is the same as before. If R; is negative then it is equal
t0 Rirestoring — (1 + 4Qi,1)22(”’i) where R; resoring 1S the value that would have
been computed with Algorithm 10.4. Then, at the next step, Q; and R;,; are
computed as follows:

e if R; is non-negative, then Q; = 2Q; | + land R, = R; — (1 +4Q;) 220"==1),
e if R; is negative, then Q; = 20;  and Riy | = Riresiorig — (1 4+ 40,22 =

Ri+ (14+40:1)22) — (14+40;)2%D = R; + (1 4 20;)22—)
—(1 4 4Q)22==1) = R; 4 (3 + 4Q;)22==1),

Algorithm 10.7: Square root, non-restoring algorithm

Qo = 0; Ry := X;

R, := Ry - 221 .

for i in 1 to n loop
if R, 2 0 then Q; := 2-Q;;, + 1; Ryyy = Ri—(1 + 4-Q;) -22071,
else Q; := 2:0;.1; Ry = Ry + (3 + 4-0;) 220770,
end if;

end loop;

Q = Qn;

Q; is an i-bit number and R; is an (i+2)-bit signed number.
An equivalent algorithm is obtained if P; and R; are replaced by
pi1 = Piy /22070y = R; /220070,

Algorithm 10.8: Square root, non-restoring algorithm, version 2

Qo := 07 ro := 0.Xpn-1 Xon2 ... Xo7

r, = 4-rqg - 1;

for i in 1 to n loop
if r; 2 0 then Q; := 2-Qy1 + 1; ryy = 4-ry - (1 + 4-Q);
else Q; := 2-Q;.4; ¥y = 4-r; + (3 + 4-Q;);
end if;

end loop;

Q = Qn;

As before, Q; is an i-bit number and r; a (2n+1)-bit fixed-point number ay, -
Arp—1 A2p—2 . . . Ao 1n1tlally equal to 0.X2,—1 X20—2 ... Xo-
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Fig. 10.4 Square root computation: non-restoring algorithm

In this case r,2" is the remainder only if r, is non-negative. In fact, the
remainder is equal to (r—-47)-2" where r,_; is the last non-negative remainder.

A sequential implementation is shown in Fig. 10.4. It can be described by the
following VHDL model.

left operand <= r(3*n-1 DOWNTO 2*n-2);
right operand <= g&r(3*n+l)&'l';
WITH r(3*n+l) SELECT sumdif <=
left operand - right operand WHEN '0',
left operand + right operand WHEN OTHERS;
next r <= sumdifé&r (2*n-3 DOWNTO 0) &"O00";
remainder register: PROCESS (clk)
remainder <= r (3*n DOWNTO 2*n);
quotient register: PROCESS (clk)

BEGIN
IF clk'EVENT AND clk = 'l' THEN
IF load = '1l' THEN g <= (OTHERS => '0');
ELSIF update = 'l' THEN
g <= g(n-2 DOWNTO 0) &NOT (sumdif (n+1)) ;
END IF;
END IF;

END PROCESS;
root <= qg;

The only computation resource is an (n+2)-bit adder/subtractor so that the
computation time is again approximately equal to n-T,44.,(n). The complete circuit
includes an n-bit counter and a control unit. A generic VHDL model Square-
Root3.vhd is available at the Authors’ web page.
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10.3.3 Fractional Numbers

Assume that X is a 2(n+p)-bit fractional number x5,,_1 X2, =+ X| Xo. X_1 X_p =+ X_o,,.
The square root Q of X, with an accuracy of p fractional bits, is defined as follows:

Q=12 + 2"+ g t+qa2 +q227 + . +q 27,
0’ <Xand (Q+27")* > X,

so that the remainder R = X — Q belongs to the range 0 < R < 21770 + 27% that
is to say

0<R<Q-2'7,

In order to compute Q, first substitute X by X' = X-2%”, which is a natural, and
then compute the square root Q' = gyip—1 Gnip—2---q1 qo of X', and the corre-
sponding remainder R’ = r,,4, I'p—1 ... 71 Fo, using for that one of the previously
defined algorithms. Thus, X' = (@) + R, with 0 < R < 20, so that X =
(Q - 277)*+R' - 2%, with 0 < R'27% < 20Q/-27%. Finally, define Q = 0/-277
and R = R'-27%". Thus

X=0>+R, with0 <R < Q2"

where O =¢quip-1Guip—2---9p - Gp—1---q1qo and R =7, ,Tip1...72p -
Typ—1 ... 71 7o is smaller than or equal to Q-21_‘” .

Comment 10.1

The previous method can also be used for computing the square root of a natural
X = X241 X242 ...X1 Xp With an accuracy of p bits: represent X as an (n+p)-bit
fractional number x5,,_1 X2,,—2 ... x1 Xo - 00...0 and use the preceding method.

10.3.4 Convergence Methods (Newton—-Raphson)

Instead of a digit-recurrence algorithm, an alternative option is the Newton—Raphson
convergence method. The following iteration can be used for computing X'/

xipr = (1/2) - (xi + X/x;).

It corresponds to the graphical construction of Fig. 10.5.

First check that (1/2)-(x + X/x) is a function whose minimum value, within the
half plane x > 0, is equal to X2, and is obtained when xi=X 122 Thus, whatever
the initial value x, x;is greater than or equal to X 2 forall i > 0. Furthermore, if x;>X 172
then x1<(1/2) - (x +X/X'?) = (1/2) - (5 +X"?)<(1/2) - (xi +x;) = x;.
Thus, either X'/2<ux;,; <xjorX'/? =x;,; =x;. For xy, choose a first rough
approximation of X'/ As regards the computation of X/x;, observe that if x; > X'/
and X <2 thenx; - 2" > X'/2 . X'/2 = X. So, compute ¢ =~ X/(x;2"), with an
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Fig. 10.5 Newton—Raphson
method:
computation of X2

1/2 Xis

X

accuracy of p+n fractional bits, using any division algorithm, so that X - 2" =
q - x; - 2"+r,withr<x;2",and X = Q - x; + R, where Q = ¢-277 and R = (r/x;)-
2 —(n+p) <277,

An example of implementation SquareRootNR4.vhd is available at the Authors’
web page. The corresponding data path is shown in Fig. 10.6. The initial value x,
must be defined in such a way that xy-2" > X. In the preceding example, initial_y =
Xo is defined so that initial_y(n+p -- n+p—4)-2~2 is an approximation of the square
root of X5,_1 .. 2,—4 and that initial_y-2" is greater than X.

first bits <= x(2*n-1 DOWNTO 2*n-4);
initial y(n+p DOWNTO n+p-4) <=
table x0(CONV INTEGER (first bits));

table_x0 is a constant array defined within a user package:

TYPE table IS ARRAY (0 TO 15) OF STD LOGIC VECTOR (4 DOWNTO O0);
CONSTANT table x0: table := (
"oooo1",

"ooilo1",

"oo1lio",

"oo1li1",

"oio001",

"oio001",

"oio010",

"oio011",

"o11o00",

"01101",

"01101",

"01110",

"01110",

"o1111",

"o1111",

"10000") ;

The end of computation is detected when x;,; = x;.
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Fig. 10.6 Newton—Raphson method: data path

Comment 10.2
Every iteration step includes a division, an operation whose complexity is similar
to that of a complete square root computation using a digit recurrence algorithm.
Thus, this type of circuit is generally not time effective.
Another method is to first compute X~ "2. A final multiplication computes
X'"? = x7'2 . X. The following iteration can be used for computing X~/

Xit1 = ()C,/Z) . (3 —)Ciz . X),

where the initial value x, belongs to the range 0 < xo < X~ ?. The corresponding
graphical construction is shown in Fig. 10.7.

The corresponding circuit does not include dividers, only multipliers and an adder.
The implementation of this second convergence algorithm is left as an exercise.

10.4 Logarithm

Given an n-bit normalized fractional number x = 1-x_; x_5 -+ x_,,, compute y =

log,x with an accuracy of p fractional bits. As x belongs to the interval 1 < x <2, its

base-2 logarithm is a non-negative number smaller than 1, so0y=0.y_; y_5 -+ y_,,.
If y = logox, then x = 207-17-2-Yr 50 that x? = 2912 Y= - Thus

) 1f x2 2 2 . y—l — 1 and x2/2 — 20‘y72 ...yipm;
o if xz <2 Ly = 0 and x2 — 20‘y72 e yop e
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Fig. 10.7 Newton—Raphson
method: computation of X~/

Fig. 10.8 Logarithm: data path ;
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The following algorithm computes y:

Algorithm 10.9: Base-2 logarithm

z = x;
for i in 1 to p loop
z = z%;
if z 2 2 then y; := 1; z := z/2;
else y_; := 0;
end loop;

The preceding algorithm can be executed by the data path of Fig. 10.8 to which
corresponds the following VHDL model.

square <= z*z;

WITH square(2*n+1) SELECT next z <=
square (2*n+1 DOWNTO n+l) WHEN '1',
square (2*n DOWNTO n) WHEN OTHERS;

register z: PROCESS (clk)

shift register: PROCESS (clk)
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A complete VHDL model Logarithm.vhd is available at the Authors’ web page.

Comments 10.3

1. If x belongs to the interval 2"~! <x<2", then it can be expressed under the
form x =2""! . y where 1 <y <2, so that logox = n —1 + log,y.

2. If the logarithm in another base, say b, must be computed, then the following
relation can be used: logy,x = logrx/logyb.

10.5 Exponential

Given an n-bit fractional number x = 0.x_; x_;...x_,, compute y = 2* with an
accuracy of p fractional bits. As x =x_ 127! +x 272+ ... +x_,27", then

= (27) 7 (27) )

If all the constant values a; = 22 'are computed in advance, then the following
algorithm computes 2".

Algorithm 10.10: Exponential 2"

z = 1;
for i in 1 to n loop

if x.;, = 1 then z := z-a;; end 1if;
end loop;

The preceding algorithm can be executed by the data path of Fig. 10.9.
The problem is accuracy. Assume that all g;’s are computed with m fractional
bits so that the actual operand a;” is equal to a; — ¢; where ¢; belongs to the range

0<e<2" (10.6)

Consider the worst case, that is y = 2011 1" Then the obtained value is
Yy = (a1 — &) (a2 — &) ... (a, — &,). If second or higher order products &; &; - &
are not taken into account, then y = y — (g, ay =+ G, + ay &+ Gy + A} * Gy &)
As all products py = a, - a,, p» = a; az -+ a,, etc., belong to the range 1 < p; < 2,

and ¢; to (10.6), then
y—y<2.-n-27"". (10.7)
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a;
* * table (e——

multiplier X

v

shift-register

r4— load

|<— update

load—»1  parallel register
update —»| initially:1.00---0
z

y
y

Fig. 10.9 Exponential: data path

Relation (10.7) would define the maximum error if all products were computed
exactly, but it is not the case. At each step the obtained product is rounded. Thus
Algorithm 10.8 successively computes

P
2 >a; - a, —2",

b ‘ b _ :
Z3>(al -a272m> cay3—2"=a, -a, - a;—2 m(l+a3),

’

24> <a,] ay - a;fZ’m(lJra;)) cay—2"=a, - a, - as - a;f2fm<l+al‘+a; . a;)7
and so on. Finally

Zn>y,—27m(1+a:1+alnfl a:1+ _’_a; a;a;l> (108)
>y —27"14+2n—2))>y —2-n-27"

Thus, from (10.7) and (10.8), the maximum error y — z,, is smaller than 4-n-27".
In order to obtain the result y with p fractional bits, the following relation must hold
true: 4-n-27" < 27?7, and thus

m>p+ logon + 2. (10.9)

As an example, with n = 8 and p = 12, the internal data must be computed with
m = 17 fractional bits.
The following VHDL model describes the circuit of Fig. 10.9.
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a <= powers (count) (23 DOWNTO 24 - m);
product <= ('l'&a) * z;
WITH int x(n-1) SELECT next z <=
product (2*m DOWNTO m) WHEN '1l', z WHEN OTHERS;
register z: PROCESS (clk)
y <= z (m DOWNTO m-p);
shift register x: PROCESS (clk)

powers is a constant array defined within a user package; it stores the fractional
part of a; with 24 bits:

TYPE table IS ARRAY (0 TO 7) OF STD LOGIC VECTOR (23 DOWNTO O0);
CONSTANT powers: table := (

x"6a09%e6",

x"306fed",

x"172b83",

x"0b5586",

x"059b0d",
x"02c9%a3",

x"0l63da",
x"00blaf") ;

A complete VHDL model Exponential.vhd is available at the Authors’ web

page.
Instead of storing the constants a;, an alternative solution is to store a,, and to
compute the other values on the fly:

—it1 ~i\ 2
a1 =27 = (22 ) = aiz.
Algorithm 10.11: Exponential 2 *, version 2

z = 1; a = a,;
for i in 0 to n-1 loop

if x,.; = 1 then z := z-a; end 1if;
a := a-a;
end loop;

The preceding algorithm can be executed by the data path of Fig. 10.9 in which
the table is substituted by the circuit of Fig. 10.10.

Once again, the problem is accuracy. In this case there is an additional problem:
in order to get all coefficients a; with an accuracy of m fractional bits, they must be
computed with an accuracy of k > m bits. Algorithm 10.11 successively computes
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Fig. 10.10 Computation of a
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(1+2a,),a, ,> (an-1 —27%(1+ 2an))2—2*k ~a | —2a,127%(1 + 2a,)
2% =a, 5 —27K(1 + 2a,_1 +4a,_1a),a, 5 > (a0 —27F
(1424, 1 +4a, 1a,))* —27%2a , —2a, 271 4 2a, 1 + 4a, 1a,) —27*
=dap-3 _27k(1 + 261,1,2 + 4an72 a,—1 + 8an72 ap—1 Cl,,),

and so on. Finally

a/1 > a —Z’k(l + 2a, + 4araz + - - - +2"’2a2a3...a,,)
>a; -2 (1+4+8+ - +2"1)
=a; —27%(2" - 3).

In conclusion, a; _ a,’ < 27%2" = 3) < 2"*. The maximum error is smaller
than 27" if n—k < —m, that is k > n + m. Thus, according to (10.9)

k>n+p+logon+2.

As an example, with n = 8 and p = 8, the coefficients a; (Fig. 10.10) are
computed with k = 21 fractional bits and z (Fig. 10.9) with 13 fractional bits.

A complete VHDL model Exponential2.vhd, in which a,, expressed with
k fractional bits, is a generic parameter, is available at the Authors’ web page.

Comment 10.3

Given an n-bit fractional number x and a number b > 2, the computation of y = b,
with an accuracy of p fractional bits, can be performed with Algorithm 10.10 if the
constants a; are defined as follows:

—i

a,-:bz .

So, the circuit is the same, but for the definition of the table which stores the
constants g;. In particular, it can be used for computing ¢* or 107,
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Fig. 10.11 Pseudo-rotation A
Yir1 -1

Yi

aj

\J

X1 X

10.6 Trigonometric Functions

A digit-recurrence algorithm for computing ¢ =cosz+ j-sin z, with 0 < z < 7/2,
similar to Algorithm 10.10 can be defined. In the modified version, the operations
are performed over the complex field.

Algorithm 10.12: Exponential &%,z =2y - z2_12.2...2-»

(er, e1) := (1, 0);

for i in 0 to n loop
if z; = 1 then (er, e1) := (er-agi—€r-ari, €r-apiter-api);
end if;

end loop;

The constants ag; and aj; are equal to cos 27" and sin 27, respectively. The
synthesis of the corresponding circuit is left as an exercise.

A more efficient algorithm, which does not include multiplications, is CORDIC
[2, 3]. It is a convergence method based on the graphical construction of
Fig. 10.11. Given a vector (x;, y;), then a pseudo-rotation by o, radians defines a
rotated vector (x;.1, yiy1) Where

. 05
Xip1 =X —y; - tano; = (x; - coso; — y; - singy) - (1 4 tan® o),

. 0.5
Yir1 =yi+x - tano; = (y; - cosoy +x; - sinogy) - (1 + tan® o;)

In the previous relations, x;-cos o; — y;-sin o; and y;-cos o; + x;-sin o; define the
vector obtained after a (true) rotation by o; radians. Therefore, if an initial vec-
tor (xg, yo) is rotated by successive angles o, o1, -+, o,_1, then the final vector is
(%> y) where
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i

- x

shifter |«a— i shifter ra—i .
X y d tan'@@% ,
* * + * r table |-— i
+/-  O<— dn +/- |[—dm +-  Da—dy,
[ register | register regtter
init.: xo init.: 0 init.: z
X y d

Fig. 10.12 Data path executing CORDIC

Xy = (x0 - cosz — yo - sina)(1 + tanap) (1 4 tan®e )™ ... (1 4 tan®e,_;)°”,

Yu = (yo - cosa+ xo - sina)(1 4 tan?o) > (1 + tan®e;)*>. . (1 + taney, )",

with o = a9 + oy + -+ + o,_1. The CORDIC method consists in choosing angles o;
such that

e x; — y-tan o; and y; + x;tan o; are easy to calculate,
® oo+ o + 0y + -+ tends toward z.

Asregards the first condition, o; is chosen as follows: o; =tan™ 127 or-tan" 27, s0
that tan o; = 27" or —27". In order to satisfy the second condition, o; is chosen in
function of the difference d; =z — (ag + oty + -+ + 0;.1): if d; <0, then o; = tan ™ 1277,
else o, = -tan~'27". The initial values are

xo = 1/k, wherek = (14 1)®3(1 4272 . (1 42720=10)%3 v =0, dy = z.

Thus, if z =09+ o + ... +a,—1, then x,, = cos z and y,, = sin z. It can be
shown that the error is less than 27", In the following algorithm, x, has been
computed with n = 16 and 32 fractional bits.
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Algorithm 10.13: CORDIC, x = cos z, y = sin z

Xg = 0.607252935; yo := 0; dy := z;
for i in 0 to n-1 loop
if d; < 0 then

diyp = dj + tan™'27%; Xy 1= X3+ yi-Zfi; Vis1 1= Vi — xi-2’i;
else
diyp = dy - tan™'27; Xipp 5 Xy 7 Yi’ziir' Yis1 = Vit Xi'ziii
end if;
end loop;
X 1= Xni Y T Yn;

A circuit for executing Algorithm 10.13 is shown in Fig. 10.12. It can be
described by the following VDL model.

a <= angles (count) (31 DOWNTO 32 - m);
WITH d(m) SELECT next d <=

d+ ('0'&a) WHEN '1', d - ('0'&a) WHEN OTHERS;
shifter x: shifter GENERIC MAP(m => m)
PORT MAP(a => x, shift => count, b => shifted x);
shifter y: shifter GENERIC MAP(m => m)
PORT MAP(a => y, shift => count, b => shifted y);
WITH d(m) SELECT next x <=

x + shifted y WHEN 'l', x - shifted y WHEN OTHERS;
WITH d(m) SELECT next y <=

y - shifted x WHEN 'l', y + shifted x WHEN OTHERS;
register d: PROCESS (clk)
register x: PROCESS (clk)
cos <= x(m DOWNTO m-p) ;
register y: PROCESS (clk)
sin <= y(m DOWNTO m-p);

angles is a constant array defined within a user package; it stores tan™ 27", for i up
to 15, with 32 bits:
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CONSTANT angles: table := (
x"c90fdaa2",
x"76b19cl5",
x"3ebbebf2",
x"1fd5ba%a",
x"0ffaaddb",
x"07f£556e",
x"03ffeaab",
x"01f££d55",
x"00ffffaa",
x"007££££5",
x"003ffffe",
x"001ff£f£f£",
x"000ff£ff£f",
x"0007£f£££",
x"0003ffff",
x"0001f££f£f") ;

shifter is a previously defined component that computes b = a-2~*"". A complete
VHDL model cordic2.vhd is available at the Authors’ web page. It includes an n-
state counter, which generates the index i of Algorithm 10.13, and a control unit.

CORDIC can be used for computing other functions. In fact, Algorithm 10.13 is
based on circular CORDIC rotations, defined in such a way that the difference
di=z— (ap+ 0o+ ... +0o_1) tends to 0. Another CORDIC mode, called cir-
cular vectoring, can be used. As an example, assume that at each step the value of
o; is chosen in such a way that y; tends toward 0: if sign(x;) = sign(y;), then «; = -
tan~'27; else, o = tan~'27". Thus, if v, = 0, then x, is the length of the initial
vector multiplied by k. The following algorithm computes (x> + y*)°~.

Algorithm 10.14: CORDIC, z = (x* + y*)*?

Xg = X; Yo T Y
for i in 0 to n-1 loop
if sign(x;) = sign(y;) then
Xigp 1= X3 b Y0270 yign 1= yi oo X027
else
Xipp 1= X3 - Y0277 Vi = yiob %027
end 1if;
end loop;

z = 0.607252935"x%,;



272 10 Other Operations

Table 10.1 Binary to

. n m FFs LUTs Period Total time
decimal converters
8 3 27 29 1.73 15.6
16 5 43 45 1.91 325
24 8 54 56 1.91 47.8
32 10 82 82 1.83 60.4
48 15 119 119 1.83 89.7
64 20 155 155 1.83 119.0

Table 10.2 Decimal-to-binary converters

n m FFs LUTs Period Total time
8 3 26 22 1.80 16.2
16 5 43 30 1.84 31.3
24 8 65 43 1.87 46.8
32 10 81 51 1.87 61.7

48 15 118 72 1.87 91.6
64 20 154 92 1.87 121.6

A complete VHDL model norm_cordic.vhd corresponding to the previous
aslgorithm is available at the Authors’ web page.

10.7 FPGA Implementations

Several circuits have been implemented within a Virtex 5-2 device. The times are
expressed in ns and the costs in numbers of Look Up Tables (LUTs) and flip-flops
(FFs). All VHDL models are available at the Authors’ web page.

10.7.1 Converters

Table 10.1 gives implementation results of several binary-to-decimal converters.
They convert n-bit numbers to m-digit numbers.

In the case of decimal-to-binary converters, the implementation results are
given in Table 10.2.
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Table 10.3 Square rooters:
restoring algorithm

Table 10.4 Square rooters:
non-restoring algorithm

Table 10.5 Square rooter:
Newton—Raphson method

Table 10.6 Base-2
logarithm

273
n FFs LUTs Period Total time
8 38 45 2.57 20.6
16 71 79 2.79 44.6
24 104 113 3.00 72.0
32 136 144 3.18 101.8
n FFs LUTs Period Total time
8 39 39 2.61 20.9
16 72 62 2.80 44.8
24 105 38 2.98 71.5
32 137 111 3.16 101.1
n P FFs LUTs Period
8 0 42 67 2.94
8 4 51 78 3.50
8 8 59 90 3.57
16 8 92 135 3.78
16 16 108 160 3.92
32 16 173 249 4.35
32 32 205 301 4.67
n p FFs LUTs DSPs Period Total time
8 10 16 20 1 4.59 45.9
16 18 25 29 1 4.59 82.6
24 27 59 109 2 7.80 210.5
32 36 44 46 4 9.60 345.6

10.7.2 Square Rooters

Three types of square rooters have been considered, based on the restoring
algorithm (Fig. 10.3), the non-restoring algorithm (Fig. 10.4) and the Newton—
Raphson method (Fig. 10.6). The implementation results are given in Tables

10.3, 10.4.

In the case of the Newton—Raphson method, the total time is data dependent. In
fact, as was already indicated above, this type of circuit is generally not time

effective (Table 10.5).
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Table 10.7 Exponential 2* p m FFs LUTs DSPs Period Total time

8 8 13 27 29 1 4.79 383
16 16 23 46 48 2 6.42 102.7

Table 10.8 Exponential 2%, 1™ ™" 1" FFg LUTs DSPs Period Total time

version 2
8 13 21 49 17 3 5.64 45.1

16 16 23 39 8 71 10 10.64 170.2
Table 1A0'9 CORDIC: sine n p m FFs LUTs Period Total time
and cosine

16 8 16 57 134 3.58 57,28

32 16 32 106 299 4.21 134.72

32 24 32 106 309 4.21 134.72
Table 10.10 CORDIC: n p m FFs LUTs DSPs Period Total time

— +y2)0'5

z 8 16 43 136 1 3.39 27.12

16 16 32 76 297 2 4.44 71.04

48 24 483 210 664 5 4.68 224.64

10.7.3 Logarithm and Exponential

Table 10.6 gives implementation results of the circuit of Fig. 10.8. DSP slices
have been used.

The circuit of Fig. 10.9 and the alternative circuit using a multiplier instead of a
table (Fig. 10.10) have been implemented. In both cases DSP slices have been
used (Tables 10.7, 10.8)

10.7.4 Trigonometric Functions

Circuits corresponding to algorithms 10.13 and 10.14 have been implemented. The
results are summarized in Tables 10.9, 10.10.

10.8 Exercises

1. Generate VHDL models of combinational binary-to-decimal and decimal-to-
binary converters.
2. Synthesize binary-to-radix-60 and radix-60-to-binary converters using LUT-6.
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(O8]

Implement Algorithm 10.6.

4. Implement the second square rooting convergence algorithm (based on
Fig. 10.7).

5. Synthesize circuits for computing In, logg, ¢ and10™.

6. Generate a circuit which computes e”* = cosx +j - sinx.
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