Chapter 10

Spectra of Discrete Multi-Splitting
Waveform Relaxation Methods

to Determining Periodic Solutions

of Linear Differential-Algebraic Equations

Xiaolin Lin, Liming Liu, Hong Wei, Yuan Sang, Yumei Wang
and Ronghui Lu

Abstract This chapter proposed spectra of discrete multi-splitting waveform
relaxation (DMSWR) method to determine the periodic solutions of linear differ-
ential-algebraic equations. Based on the spectral radius of the derived operator by
decoupled process, we obtained some convergent conditions for DMSWR method.
The DMSWR method is an acceleration technique of the periodic waveform
relaxation. A numerical example in circuit simulation is provided to further confirm
the theoretical analysis and also to show that the multi-splitting technique can
effectively accelerate the convergent performance of the iterative process.
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10.1 Introduction

We have known that waveform relaxation (WR) method is a basic and efficient
iteration technique for solving ordinary differential equations (ODEs) and dif-
ferential-algebraic equations (DAEs) either in initial value problems or two
point boundary problems in engineering applications, such as circuit simulation
and mechanical modeling. In fact WR was first proposed to simulate MOS
VLSI circuits [1-3]. Numerical algorithms incorporated with WR are relaxation-
based methods and they are suitable for scientific computations of transient
responses for very large dynamic systems. Many researchers have given con-
vergence conditions of WR [4-9] and multi-splitting waveform relaxation
(MSWR) [10, 11].

The resulted iterative systems with periodic constraint can be numerically
solved by the sophisticated codes of DAEs or ODEs on boundary problem in
public domain. In WR method, there are many decouple techniques such as
Jacobian Iteration, Gauss—Seidel Iteration and so on. In order to accelerate the
speed of convergence of WR, we present the multi-splitting waveform relaxation
(MSWR) method [10], it is a novel splitting technique in engineering applications.

Consider the DAEs as the following:

{Mfc(r) +Ax(1) + By(1) = fi(1),  x(0) = x(T), (10,1
Cx(t) + Ny(t) = fo(t), t€]0,T]. :

where M and N are, respectively, n; X n; and ny X np nonsingular matrices, A is
an n; X n; matrix, B is an n; X ny matrix, C is an n, X ny matrix, fi(¢) € R™ and
fo(t) € R™ (¢ € 0, T)) are two known input functions with period T, x(t) € R™ and
y(r) €R™ (t€[0,T]) are to be computed. It is also obvious that y(0) =
N7 (£,(0) — Cx(0)) is for (10.1). Further, y(0) = y(T) is resulted from x(0) =
x(T) and f>(0) =f>(T). We assume that the boundary condition on periodic
solutions of (10.1) means that the condition x(0) = x(7') implies x(0) = x(T) and
¥(0) = ¥(T).

Let M =My — My, A=Ay —Ay, B=B;;— By, C=C;;—Cy, N=Ny; —
Ny (1=1,2,...,L) and (x<°>(-),y<°)(~))r is a given initial guess. Now, we present
the MSWR algorithm to compute the steady-state periodic response over one
period for (10.1). The MSWR algorithm of (10.1) is:



10 Spectra of Discrete Multi-Splitting Waveform Relaxation Methods 85

My (1) + A () + Byt (1) = Myx® =D (£) + Agx® D (8) + Bopy® = (1) +£1 (1),
Crx®H(£) + Nypy*H (1) = Cox &1 (1) + Ny * =D (1) +£2(1),
0)=x(T), yHH(0)=y*(T), 1=1,2,....L,

L _
<k)(t)=ZE1xk’l(t), YR (1) =S Ept(r), t€]0,T], k=1,2,....
=1 =1

(10.2)

where we suppose that My, and Ny;(I=1,2,...,L) are nonsingular, El and
E/(l=1,2,...,L) are non-negative diagonal matrix and Zlel E =1, also
ZzL:1 E; = I in this chapter. In order to preserve the consistency of the boundary
conditions for every periodic iteration an initial guess (x<0>(t),y(0)(t))T in (10.2)

should satisfy (x<°)(0),y<0>(0))T: (x<0>(T),y(°)(T))T and x(0) = x(T). For any
constant guess, the required boundary conditions are naturally held. Often, for a
linear system we only consider its MSWR solutions in C([0,7],C") or
L*([0,T],C"), here n = n; + ny. This treatment can greatly simplify the theoretical
analyzes on the MSWR. The convergence behaviors of the MSWR are mainly
decided by the corresponding MSWR operators in these functions spaces and
decouple process.

The WR solutions of initial value problems of equations as in (10.1) were
reported in [12]. The expressions of spectra and pseudo-spectra for their WR
operators were also clearly understood [13]. However, so far as we known, most of
these theoretical convergence results are about the WR, and there are few chapters
to theoretically analyze the spectra of the DMSWR operator for linear dynamic
systems in the WR literatures. In this chapter we discuss the DMSWR operator
derived from (10.2) where an analytic expression of its spectra is obtained. A
finite-difference method is then used to solve the decoupled systems (10.2) in our
test examples. The results of paper [6] are the special case of our results in this
chapter. At same tine, a numerical example in circuit simulation is provided to
further confirm the theoretical analysis and also to show that the multi-splitting
technique can effectively accelerate the convergent performance of the iterative
process.

10.2 Spectra of DMSWR Operators and Finite-Difference
for Solving MSWR Solutions

In this section we consider the discrete case of Sect. 10.2 and give a finite-
difference formula for solving the MSWR solution of (10.1).
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10.2.1 Spectra of DMSWR Operators

Now we discuss the application of linear multi-step method in the MSWR algo-
rithm (10.2). For this purpose, let us fix the time increment T = 7/N and discretize
(10.2) by a linear multi-step method, where its characteristic polynomials are a(&)

and b(&), ie., a(é) =377, ;& and b(¢) = Yo B;&’, to obtain

m

ki
My Z %X p m+/ +Au Z B! p-m+j + Bu Z Biyy=mi

(k—1
IMZIZ“J Xp— m+j+A2lZﬁ1 p— m+j+leZﬁ/yp mJ)rj—’_Zﬁ(fl)p m+j

j=0

Cix! + Nipht = Conxlf™ )+N s -I-(fz) I=1,2,...L

L L
) =S ExE, VW S Epk p=0,£1,£2,..., k=1,2,...

(10.3)

In the above algorithm we assume that a(&) and b(¢) have no common roots
where a(1) = 0 and a(1) = b(1). In practical codes one adopts a convergent linear
multi-step method to solve DAEs of (10.2). A special case of the linear multi-step
method is the backward differentiation formula (BDF) where b(£) = &". The
m-step constant BDF method converges to O(") for m<7 (see [1]).

Let x* and y*! stand for the infinite sequences {x" L }‘,,,7OO and {y}'} 2 for

all/=1,2,...,L and similarly let xg >, yg >, 5" D (fl) and (f,), stand for
the infinite sequences {xp>}p_7oo, {yp)}p_foo, {pk 1)}p_7oo, {pk 1)}p—7oo’

{(f), 1,2 and {(f2) }p,foo These infinite sequences are N-periodic, for

(k)

example it means that x,/ = xp (p 0,+1,+2,...) for the s.equence{x,(,k>}OC

p=—00"
Now we simply rewrite (10.3) as
%(ZMUX/;’[ + bA”x’;’l + bBlly = —aM xgk_l) + bAzlxq(;k_l) + ng]ygk_]> + b(f]),[
Cibl + Nyl = Coxt ™Y +N y‘r )+ (), 1=12,...,L
L
D=y Epk, W ZElyT’ . k=12,...
=1 =1

(10.4)

14

{Z’ o A ’"ﬂ}j, and {Z;n:O ﬁstyI(,’,)mH}]Zfoo by aMx!’, bAxY) and
st}’r .

o0
where we  denote the infinite sequences{z;-":o otstx(r) m ﬂ} ,
. oo
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Definition For an N-periodic sequence w., its discrete Fourier coefficients are

- 1 —ipq(2n/N

Wp:N;wqe pa(2n/ )7 p:0ai17i2>"‘
By use of Definition, we know that w, = Z;v;l WyErq, Where e, =
{eipq(Zﬂ/N) }°°

p=—00"
Condition (S) For the characteristic polynomials a(&) and b(¢), we assume that
the matrix

lg(fq)Mll +Au By B
b —
(T oy N gq=0,1,...,.N—1 (10.5)

exist for the splitting matrices M,;,Ay;, By, Cy; and Ny (I =1,2,...,L) in which
£ = glCn/N),
(1) _ (T (ON\TIT . _
Letz:’ =[(x{’)",(y:’)"] , if Condition (S) holds, for any fixed k the solution

T

of (10.4) can be written as

W =KD 4, (10.6)
here
L L —1
vot [ D EQ4EM +Ay) Y EBy
=1 =1
Krzz - Z L L
=0 Y ECy > ENy
=1 =1
L L
SE(RE(EMy + Ay) Y EiBy
=1 =1 -
L L Zqbrq
Y ECy > EiNy
=1 =1
and

v—1 [ D EQR4(EDNMy +Ay) Y EBy
_ =1 =
P = Z L _ L _ fqgr,q
=0 > ECy > EiNy
=1 =1
in which fq = [(f, );, (fz);]r. With the same approach given in [14], we can get the
following theorem (we omit the proof here).
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Theorem 1 Under Condition (S) the spectral set of the DMSWR operator K; in
(10.6) is

-1

L L
S EQR4(EM, +Ay) Y EBy
=1 =1

~

oK) =Ko

-
Il

—~
|

E
L L
S E(Q4(ENMy +Ay) Y EBy
1q=0,1,.. N—1

(10.7)

where & = ¢/27/N),

10.2.2 Finite-Difference for Solving MSWR Solutions

In this section we compute the iterative waveforms [()'c(k>)T(t), (j/(k))T(t)] ! (k=
1,2,...)in (10.2) at m + 1 time-points, tp = 0,#,1,,...,t, = T, with a constant
step-size 7. For any fixed k we approximate the derivatives x*) and *~) in (10.2)
with the implicit Euler method. As a simple case of the linear multi-step method
presented in Sect. 10.3.1, we now may write out the iterative matrix for discrete
waveforms without using the discrete Fourier series technique. We will follow this
form to do our computations in the next section. For the purpose, we denote that

T T T
X0 — {(w) (;1)7...7()&’)) (;,,,)} cR™.

Fl = [flT(t1>7f1T(t2>,. . "flT(tm)]TE Rmnl7

FZ = Vg(t1>7fg(t2), .. ’fzr(tm):lTe R™2

It is mentioned here that the order of discrete equations is different from that of
Sect. 10.2.1 for the differential part and the algebraic part. By x")(1y) = x(")(z,,)
the discrete MSWR form of (10.2) is
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Hyx* + HyYH = 7 x%Y 4+ 1y v Y + oF,y
HyX" + Hy Y = Jslx(kﬂ) + J41Y(k71) + tF,
[=1,2,....L (10.8)
L L
X0 =Y ey = Y k=2
=1 I=1
where
Mll + TA][ 0 0 —M”
—My, 0
0 K . My +tAy
Hy = My, |
M]l + 'CA”
0
0 0 —My My + Ay
‘EB][ C” N”
H21 = y HSl = ; H4[ _
TB” C“ N”
and
My + 1Ay 0 0 My,
—My 0
0 K . le —+ ‘L’AZI
Jiu= My |
MZI + TAz[
0
0 0 Mo My +tAy
Tle CZI Nzl
Joy = , Jy = CJu=
TBZZ CZZ NZZ

Let E; € R"m+m) (1=1,2,...,L) be non-negative diagonal matrix and
E[L:1 E; = 1. For any fixed step-size 7, the convergence condition of the above
iterative algorithm can be concluded in the following theorem.
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Fig. 10.1 A linear periodic DAEs circuit with n even

Theorem 2 The DMSWR algorithm (10.8) is convergent if

L -1
Z Hy Hy Ju Ju
p( — E1<H31 H41> (J31 -741)) <1 (10.9)

=1

10.3 Numerical Experiments

We define that the iterative error is the sum of the squared difference of successive
waveforms taken over all time-points.

10.3.1 Example One

Example one is a test circuit shown in Fig. 10.1 where n is 10. This circuit is taken
from [15]. It is a general form of uniformly dissipative low-pass ladder filter circuit
with a current-source input and a voltage output.The circuit equations have a form
as (10.1) where

x(t) = [i1(£),v3(0), is (1), va(t), io (), vir (1))
and y(r) = [Vl(t),vz(t),V4(t),v6(t),v8(t),v10(t)]T€ R®,

fi(t)y=10,...,0,1()]" € R and f5(r) = [0,...,0]" € R®, for any givens € [0, T].
Now, M,A, B, C and N in (10.1) are some concrete matrices. For M,A € R'0*1°
we have M = diag(L,, C,L3,Cy, ..., Lo, C1y) and A = diag(A;,As, . .., As) where

/0 1 o - (0 -1
Ai— (1 G2i+R2i£rl) (1_1727374)7 AS— <1 GIO)

The matrix B € R'%%¢ and C € R%*1° are
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0 1 0 0 0
00 —R' 0 0 0
00 1 0 0 0
00 0 —R' 0 0
s_|00 o 1 0 o |
00 0 0 —R;' 0
00 0 0 1 0
00 0 0 0 —Ry'
00 0 0 0 1
00 0 0 0 0
o 0 0 0 0 0 0 0 0 0
-1 0 0 0 0 0 0 0 0 0
c_| o &' -1 0 0 0 0 0 00
0O 0 0 —R' -1 0 0 0 0 0
o 0 0 0 0 —R' -1 0 0 0
O 0 0 0 0 0 0 —R' —-10

For N € R®® we have N = diag(N,N,),where N, = diag(R;"',Rs',R;",Ry") €
RI'"+Ry' —R;!

—-Ri' Ry >

We seek its periodic responses by the MSWR algorithm. In our computations
we use the discrete algorithm (10.8). For simplicity we let n = 10 and T = 2m, all
circuit parameters are set to be one. The boundary values satisfy x(0) = x(27) and
¥(0) = —N"1Cx(0)(= y(27)).

For example one, we use the Jacobi splitting to split the matrices M and N, i.e.,
M, and N, are diagonal matrices of M and N if we adopt the symbols in (10.2).
The matrices Bl and Clare

R4 and N, = (

10x6
B € R,

eNeoNeoBoNolololoRoNe]
eleoloBoNololeolheRe S
S oo oo oo~ OO
cNeoNeBoNel i =l=Relw]
[N eNell = l=NololelNo]
el T NeloNeoBolololeNe]
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10’

10°

10"

Error

102
103

10

10°

0 1‘0 26 Sb 4b 50
Number of iteration t

Fig. 10.2 Computed results for Example One. Left DMSWR iterations (dashed line, solid line,

and point line for Jacobi splitting, Gauss—Sediel splitting and MSWR, respectively). Right

approximate waveforms (k = 20 for Jacobi splitting, k = 12 for Gauss—Sediel splitting and
k = 6 for DMSWR) of the voltage v;(¢) (solid line)

00 00 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0
1o 0o -10 0 0 0 0 0 0 10
G=109 0 0 0 -10 0 0 0 ofSR
00 00 0 0120 0 0
00 00 0 0 0 0 —10

For the matrix A we have two ways to treat its splitting, for / = 1, we simply do
not split A, i.e., A} = A; for [ = 2, we split A as

2

1
A = o, € RI0x10

1 2

Let ¢ =i{({ €R), the spectral of ¢(K) and ¢(K.) = U{a(K(i)) : { € R} can
been calculated for Ey =0.6I and E, =04l in which p=0,£1,...,+50
and{ =0,40.1,...,+49.9 £ 50.

To compute the MSWR solution of the system, we let the input function I(z) =
t, 0<r<0.57;
I(t 4 2m) satisfy I(1) = 0.5z, 0.57<t<1.57;

2r—1), 15n<1<2m.
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The time-step is 0.027 sec and the initial guess is the zero function. The con-
vergence results and three approximate waveforms for the voltage v; () are shown
in Fig. 10.2.

10.4 Conclusions

We have successfully deduced an analytic expression of the spectral set on the
DMSWR operator for a linear system of DAEs under a normal periodic constraint.
The convergent conditions of the DMSWR algorithm on periodic solutions can be
conveniently chosen from this useful expression, namely the DMSWR algorithm
converges to the exact periodic response if the supremum value of spectral radii
for a series of complex matrices is less than one. The convergent condition of the
chapter is necessary and sufficient for the DMSWR algorithm.
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