
Chapter 3
Integral Representations

3.1 Introduction

In the previous chapter we addressed the problem of fractional derivative definition
and proposed the use the Grünwald–Letnikov and in particular the forward and
backward derivatives. These choices were motivated by five main reasons they:

• do not need superfluous derivative computations,
• do not insert unwanted initial conditions,
• are more flexible,
• allow sequential computations,
• are more general in the sense of allowing to be applied to a large class of

functions.

We presented also the Liouville derivatives that we deduced from the convo-
lutional property of the Laplace transform.

However there are other integral representations mainly when working in a
complex setup. It is well known that the formulation in the complex plane is
represented by the generalised Cauchy derivative. So, we need a coherent math-
ematical reasoning for a connection between the GL formulation and the gener-
alised Cauchy. We are going to present it.

In facing this problem, we assume here as starting point the definitions of direct
and reverse fractional differences and present their integral representations. From
these representations and using the asymptotic properties of the Gamma function,
we will obtain the generalised Cauchy integral as a unified formulation for any
order derivative in the complex plane. As we will see
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The generalised Cauchy derivative of analytic functions is equal to the Grünwald–Let-
nikov fractional derivative.

When trying to compute the Cauchy integral using the Hankel contour we
conclude that:

• The integral have two terms: one corresponds to a derivative and the other to a
primitive.

• The exact computation leads to a regularized integral, generalising the well
known concept of pseudo-function, but without rejecting any infinite part.

• The definition implies causality.

The forward and backward derivatives emerge again as very special cases. We
will study them for the case of functions with Laplace Transforms. This leads us to
obtain once again the causal and anti-causal fractional linear differintegrators both
with Transfer Function equal to sa, a [ R in agreement with the mathematical
development presented in Chap. 2.

3.2 Integral Representations for the Differences

In Chap. 2, we presented the general descriptions of fractional differences. These
were based on a study by Diaz and Osler [1]. They proposed an integral formulation
for the differences and conjectured about the possibility of using it for defining a
fractional derivative. This problem was also discussed in a round table held at the
International Conference on ‘‘Transform Methods & Special Functions’’, Varna’96
as stated by Kiryakova [2]. The validity of such conjecture was proved [3, 4] and
used to obtain the Cauchy integrals from the differences and simultaneously gen-
eralise it to the fractional case. Those integral formulations for the fractional dif-
ferences will be presented in the following. We will start by the integer order case.

3.2.1 Positive Integer Order

We return back to Sect. 2.2.1 and recover the formulae for the differences we
presented there. Consider first the positive integer order case (2.11) and (2.12).
Assume that f(z) is analytic inside and on a closed integration path that includes the
points t = z - kh in the direct case and t = z ? kh in the corresponding reverse
case, with k = 0, 1, …, N {see Fig. 3.1} and Re(h) [ 0.

The results stated in (2.11) and (2.12) can be interpreted in terms of the residue
theorem.1 In fact they can be considered as 1

2pj:
P

Ri where Ri i = 1, 2, … are the

1 It is important to remark that the poles are simple and that this case can be deduced without the
use of the derivative notion.
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residues in the computation of the integral of a function with poles at t = z - kh
and t = z ? kh, k = 0, 1, 2, … As it can be seen by direct verification, we have:

XN

k¼0

ð�1Þk N
k

� �

f ðz� khÞ ¼ N!

2pjh

Z

Cd

f ðwÞ
QN

k¼0
w�z

h þ k
� � dw ð3:1Þ

and

XN

k¼0

ð�1Þk N
k

� �

f ðzþ khÞ ¼ N!

�2pjh

Z

Cr

f ðwÞ
QN

k¼0
z�w

h þ k
� � dw ð3:2Þ

We must remark that the binomial coefficients appear naturally when com-
puting the residues. These formulations are more general than those proposed by
Diaz and Osler, because they considered only the h = 1 case.

The product in the denominator in the above formulae is called shifted factorial
and is usually represented by the Pochhammer symbol. With it we can express the
differences in the following integral formulations:

DN
d f ðzÞ ¼ N!

2pjh

Z

Cd

f ðwÞ
w�z

h

� �
Nþ1

dw ð3:3Þ

and

DN
r f ðzÞ ¼ ð�1ÞNþ1N!

2pjh

Z

Cr

f ðwÞ
z�w

h

� �
Nþ1

dw ð3:4Þ

Fig. 3.1 Integration paths
and poles for the integral
representation of integer
order differences
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Attending to the relation between the Pochhammer symbol and the Gamma
function:

Cðzþ nÞ ¼ ðzÞnCðzÞ ð3:5Þ

we can write:

DN
d f ðzÞ ¼ N!

2pjh

Z

Cd

f ðwÞ
C w�z

h

� �

C w�z
h þ N þ 1

� � dw ð3:6Þ

and

DN
r f ðzÞ ¼ ð�1ÞNþ1N!

2pjh

Z

Cr

f ðwÞ
C z�w

h

� �

C z�w
h þ N þ 1

� � dw ð3:7Þ

This is correct and is coherent with the difference definitions, because the
Gamma function C(z) has poles at the negative integers (z = -n). The corre-
sponding residues are equal to (-1)n/n!. Although both the Gamma functions have
infinite poles, outside the contour they cancel out and the integrand is analytic. We
should also remark that the direct and reverse differences are not equal.

3.2.2 Fractional Order

Consider the fractional order differences defined in (2.13) and (2.14). It is not hard
to see that we are in presence of a situation similar to the positive integer case,
excepting the fact of having infinite poles. So we have to use an integration path
that encircles all the poles. This can be done with a U shaped contour like those
shown in Fig. 3.2. We use (3.6) and (3.7) with the suitable adaptations, obtaining:

Da
df ðzÞ ¼ Cðeþ 1Þ

2pjh

Z

Cd

f ðwÞ
C w�z

h

� �

C w�z
h þ aþ 1

� � dw ð3:8Þ

and

Da
r f ðzÞ ¼ ð�1Þaþ1Cðaþ 1Þ

2pjh

Z

Cr

f ðwÞ
C z�w

h

� �

C z�w
h þ aþ 1

� � dw ð3:9Þ

Remark that one turns into the other with the substitution h ? -h. We can use
the residue theorem to confirm the correctness of the above formulae.
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3.2.3 Two Properties

In the following, we shall be concerned with the fractional order case. We will
consider the direct case. The other is similar.

3.2.3.1 Repeated differencing

We are going to study the effect of a sequential application of the difference
operator D. We have

Db
d ½D

a
df ðzÞ� ¼ Cðbþ 1ÞCðaþ 1Þ

ð2pjhÞ2
Z

Cd

Z

Cd

f ðwÞ
C w�s

h

� �

C w�s
h þ aþ 1

� � dw
C s�z

h

� �

C s�z
h þ bþ 1

� � ds

ð3:10Þ

Permuting the integrations, we obtain

Db
d ½D

a
df ðzÞ� ¼ Cðbþ 1ÞCðaþ 1Þ

ð2pjhÞ2
Z

Cd

f ðwÞ
Z

Cd

C w�s
h

� �

C w�s
h þ aþ 1

� �
C s�z

h

� �

C s�z
h þ bþ 1

� � ds dw

ð3:11Þ

Fig. 3.2 Integration paths
and poles for the integral
representation of fractional
order differences
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By the residue theorem

Cðbþ 1Þ
2pjh

Z

Cd

C w�s
h

� �

C w�s
h þ aþ 1

� �
C s�z

h

� �

C s�z
h þ bþ 1

� � ds

¼ 1
h

X1

n¼0

ð�1Þn

n!

Cðbþ 1Þ � C w�z
h þ n

� �

C w�z
h þ aþ 1þ n

� �
Cðb� nþ 1Þ

¼ 1
h

C w�z
h

� �

C w�z
h þ aþ 1

� �
X1

n¼0

w�z
h

� �
nð�bÞn

w�z
h þ aþ 1

� �
n

¼ 1
h

C w�z
h

� �

C w�z
h þ aþ 1

� �2F1
w� z

h
;�b;

w� z

h
þ aþ 1; 1

� �
ð3:12Þ

where 2F1 is the Gauss hypergeometric function. If a ? b ? 1 [ 0, we have:

Cðbþ 1Þ
2pjh

Z

Cd

C w�s
h

� �

C w�s
h þ aþ 1

� �
C s�z

h

� �

C s�z
h þ bþ 1

� � ds ¼ 1
h

C w�z
h

� �
Cðaþ bþ 1Þ

C w�z
h þ aþ bþ 1

� �
Cðaþ 1Þ

ð3:13Þ
leading to the conclusion that:

Db
d ½D

a
df ðzÞ� ¼ Cðaþ bþ 1Þ

2pjh

Z

Cd

f ðwÞ
C w�z

h

� �

C w�z
h þ aþ bþ 1

� � dw ð3:14Þ

and
Db

d ½D
a
df ðzÞ� ¼ Daþb

d f ðzÞ ð3:15Þ

provided that a ? b ? 1 [ 0. It is not difficult to see that the above operation is
commutative. The condition a ? b ? 1 [ 0 is restrictive, since it may happen that
we cannot have b B -a - 1. However, we must remark that (3.8) and (3.9) are
valid for every a 2 R. The same happens with (a ? b) in (3.15). This means that
we can use (3.15) with every pair (a, b) 2 R. It should be stressed that, at least in
principle, we must not mix the two differences, because they use different inte-
gration paths. If any way we decide to do it, we have to use a doubly opened
integration path. The result seem not to have any interest here. Later we will use
such a path when dealing with the centred derivatives.

3.2.3.2 Inversion

Putting a = -b into (3.15), we obtain:

D�a
d ½D

a
df ðzÞ� ¼ Da

d½D
�a
d f ðzÞ�

¼ 1
2pj

Z

Cd

f ðwÞ 1
w� z

dw ¼ f ðzÞ ð3:16Þ
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as we would expect. So the operation of differencing is invertible. This means that
we can write:

f ðzÞ ¼ Cðaþ 1Þ
2pjh

Z

Cd

Da
df ðwÞ

C w�z
h

� �

C w�z
h � aþ 1

� � dw ð3:17Þ

in the direct case. In the reverse case, we will have:

f ðzÞ ¼ Cðaþ 1Þ
2pjh

Z

Cd

Da
r f ðwÞ

C z�w
h

� �

C z�w
h � aþ 1

� � dw ð3:18Þ

according to (3.9).

3.3 Obtaining the Generalized Cauchy Formula

The ratio of two gamma functions CðsþaÞ
CðsþbÞ has an interesting expansion [5]:

Cðsþ aÞ
Cðsþ bÞ ¼ sa�b 1þ

XN

1

Cks�k þ Oðs�N�1Þ
" #

ð3:19Þ

as |s| ? ?, uniformly in every sector that excludes the negative real half-axis. The
coefficients in the series can be expressed in terms of Bernoulli polynomials. Their
knowledge is not important here.

Consider (3.8) and (3.9) again. Let |h| \ e 2 R, where e is a small number. This
allows us to write:

Da
df ðzÞ ¼ Cðaþ 1Þ

2pjh

Z

Cd

f ðwÞ 1
w�z

h

� �aþ1dwþ g1ðhÞ ð3:20Þ

and

Da
r f ðzÞ ¼ ð�1Þaþ1Cðaþ 1Þ

2pjh

Z

Cr

f ðwÞ 1
z�w

h

� �aþ1dwþ g2ðhÞ ð3:21Þ

where Cd and Cr are the contours represented in Fig. 3.2. The g1(h) and g2(h) terms
are proportional to ha+2. So, the fractional incremental ratio are, aside terms
proportional to h, given by:

Da
df ðzÞ
ha

¼ Cðaþ 1Þ
2pj

Z

Cd

f ðwÞ 1

ðw� zÞaþ1 dw ð3:22Þ
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and

Da
r f ðzÞ
ha

¼ Cðaþ 1Þ
2pj

Z

Cr

f ðwÞ 1

ðw� zÞaþ1 dw ð3:23Þ

Allowing h ? 0, we obtain the direct and reverse generalised Cauchy
derivatives:

Da
df ðzÞ ¼ Cðaþ 1Þ

2pj

Z

Cd

f ðwÞ 1

ðw� zÞaþ1 dw ð3:24Þ

and

Da
r f ðzÞ ¼ Cðaþ 1Þ

2pj

Z

Cr

f ðwÞ 1

ðw� zÞaþ1 dw ð3:25Þ

If a = N, both the derivatives are equal and coincide with the usual Cauchy
definition. In the fractional case we have different solutions, since we are using a
different integration path. Remark that (3.24) and (3.25) are formally the same.
They differ only in the integration path. This means that we can use a general
procedure as we did on Chap. 2.

Definition 3.1 We define the generalised Cauchy derivative by

Da
hf ðzÞ ¼ Cðaþ 1Þ

2pj

Z

Ch

f ðwÞ 1

ðw� zÞaþ1 dw ð3:26Þ

where Ch is any U-shaped path encircling the branch cut line and making an angle
h ? p with the real positive half axis. As we will see next, the particular cases
h = 0 or h = p lead to new forms of representing the forward and backward
derivatives.

3.4 Analysis of Cauchy Formula

3.4.1 General Formulation

Consider the generalised Cauchy formula (3.26) and rewrite it in a more conve-
nient format obtained by a simple translation:

Da
hf ðzÞ ¼ Cðaþ 1Þ

2pj

Z

C

f ðwþ zÞ 1
waþ1

dw ð3:27Þ
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Here we will choose C as a special integration path: the Hankel contour rep-
resented in Fig. 3.3. It is constituted by two straight lines and a small circle. We
assume that it surrounds the selected branch cut line. This is described by x�ejh,
with x [ R+ and h [ (0,2p[. The circle has a radius equal to q small enough to
allow it to stay inside the region of analyticity of f(z). If a is a negative integer, the
integral along the circle is zero and we are led to the well known repeated inte-
gration formula [6–8] as we will see later. In the general a case we need the two
terms. Let us decompose the above integral using the Hankel contour. For reducing
steps, we will assume already that the straight lines are infinitely near. We have,
then:

Da
hf ðzÞ ¼ Cðaþ 1Þ

2pj

Z

C1

þ
Z

C2

þ
Z

C3

2

6
4

3

7
5f ðwþ zÞ 1

waþ1
dw ð3:28Þ

Over C1 we have w = x�ej(h-p), while over C3 we have w = x�ej(h+p), with
x [ R+, over C2 we have w = qeju, with u [ ]h - p, h+p[. We can write, at last:

Da
hf ðzÞ¼Cðaþ1Þ

2pj

Zq

1

f ðx �ejðh�pÞ þ zÞe
�jaðh�pÞ

xaþ1
dxþ

Z1

q

f ðx �ejðhþpÞ þ zÞe
�jaðhþpÞ

xaþ1
dx

2

6
4

3

7
5

þCðaþ1Þ
2pj

1
qa

Zhþp

h�p

f ðq �ejuþ zÞe�jaujdu ð3:29Þ

For the first term, we have:

Fig. 3.3 The Hankel contour
used in computing the
derivative defined in Eq. 3.27
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Zq

1

f ðx � ejðh�pÞ þ zÞe
�jaðh�pÞ

xaþ1
dxþ

Z1

q

f ðx � ejðhþpÞ þ zÞe
�ja hþpð Þ

xaþ1
dx

¼ ½�e�jaðh�pÞ þ e�jaðhþpÞ�
Z1

q

f ð�x � ejh þ zÞ 1
xaþ1

dx

¼ �e�jah � ½ejpa � e�jpa�
Z1

q

f ð�x � ejh þ zÞ 1
xaþ1

dx

¼ �e�jah � 2j � sinðapÞ
Z1

q

f ð�x � ejh þ zÞ 1
xaþ1

dx ð3:30Þ

where we assumed that f(-x�ej(h-p) ? z) = f(-x�ej(h+p) ? z), because f(z) is
analytic.

For the second term, we begin by noting that the analyticity of the function
f(z) allows us to write:

f ð�x � ejh þ zÞ ¼
X1

0

f ðnÞðzÞ
n!
ð�1Þnxnejnh ð3:31Þ

for x \ r [ R+. We have, then:

j
1
qa

Zhþp

h�p

f ðq � eju þ zÞe�jau du ¼ j
1
qa

X1

0

f ðnÞðzÞ
n!

qn
Zhþp

h�p

ejðn�aÞudu ð3:32Þ

Performing the integration, we have:

j
1
qa

Zhþp

h�p

f ðq � eju þ zÞe�jaudu¼ �j
X1

0

f ðnÞðzÞ
n!

qn�aejðn�aÞh2 � sin½ðn� aÞp�
ðn� aÞ

¼ 2j � e�jahsinðapÞ
X1

0

f ðnÞðzÞ
n!

ejnhð�1Þnqn�a

ðn� aÞ
ð3:33Þ

But the summation in the last expression can be written in another interesting
format:
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X1

0

f ðnÞðzÞ
n!

ejnhð�1Þnqn�a

ðn� aÞ

¼ �
XN

0

f ðnÞðzÞ
n!
ð�1Þnejnh

Z1

q

xn�a�1dxþ
X1

Nþ1

f ðnÞðzÞ
n!

ð�1nÞejnhqn�a

ðn� aÞ

2

6
4

3

7
5

where N = bac.2 Substituting it in (3.33) and joining to (3.30) we can write:

Da
hf ðzÞ ¼ K �

Z1

q

f ð�x � ejh þ zÞ �
PN

0
f ðnÞðzÞ

n! ð�1Þnejnhxn
h i

xaþ1
dx

� K
X1

Nþ1

f ðnÞðzÞ
n!
ð�1Þnejnh qn�a

ðn� aÞ ð3:34Þ

If a\ 0, we make the inner summation equal to zero. Using the reflection
formula of the gamma function

1
CðbÞCð1� bÞ ¼

sinðpbÞ
p

we obtain for K

K ¼ �Cðaþ 1Þe�jha

p
sinðapÞ ¼ e�jha

Cð�aÞ ð3:35Þ

Now let q go to zero in (3.34). The second term on the right hand side goes to
zero and we obtain:

Da
hf ðzÞ ¼ e�jha

Cð�aÞ

Z1

0

f ð�x � ejh þ zÞ �
PN

0
f ðnÞðzÞ

n! ð�1Þnejnhxn
h i

xaþ1
dx ð3:36Þ

that is valid for any a [ R.
It is interesting to remark that (3.36) is nothing else than a generalisation of the

‘‘pseudo-function’’ notion [9, 10], but valid for an analytic function in a non
compact region of the complex plane. On the other hand, we did not have to reject
any infinite part as Hadamard did. Relation (3.36) represents a regularised frac-
tional derivative that has some similarities with the Marchaud derivative [5]: for
0 \ a\ 1, they are equal.

If one puts w = x�ejh, we can write:

2 bac means ‘‘the least integer less than or equal to a’’.
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Da
hf ðzÞ ¼ 1

Cð�aÞe
�jha

Z

ch

f ðz� wÞ �
PN

0
f ðnÞðzÞð�1Þn

n! wn
h i

waþ1
dw ð3:37Þ

where ch is a half straight line starting at w = 0 and making an angle h with the
positive real axis. As we can conclude there are infinite ways of computing the
derivative of a given function: these are defined by the chosen branch cut lines.
However, this does not mean that we have infinite different derivatives. It is not
hard to see that all the branch cut lines belonging to a given region of analyticity of
the function are equivalent and lead to the same result unless the integral may be
divergent if the function increases without bound.

3.5 Examples

3.5.1 The Exponential Function

To illustrate the previous assertions we are going to consider the case of the
exponential function.

Let f(z) = eaz, with a [ R. Inserting it into (3.36), it comes:

Da
hf ðzÞ ¼ 1

Cð�aÞe
�jhaeaz

Z1

0

e�ax�ejh �
PN

0
an

n!e
jnhð�1Þnxn

h i

xaþ1
dx

With a variable change s = axejh, the above equation gives:

Da
hf ðzÞ ¼ 1

Cð�aÞa
aeaz

Z1�aejh

0

e�s �
PN

0
ð�1Þn

n! sn
h i

saþ1
ds ð3:38Þ

where the integration path is half straight line that forms an angle equal to h with
the positive real axis, in agreement with (3.36). The integral in (3.38) is almost the
generalised Gamma function definition [11, 12] and is a generalisation of Euler
integral representation for the gamma function. But this requires integration along
the positive real axis. However, the integration can be done along any ray with an
angle in the interval [0, p/2) [13]. To obtain convergence of this integral we must
have Re(aejh) [ 0. This means that a must necessarily be positive. This is coherent
with what was said in Chap. 2: the forward derivative {|h| [ [0, p/2)} of an
exponential exists only if the function behaves like ‘‘right’’ function going to zero
when z goes to -?. Returning to the above integral, we can write:

Da
hf ðzÞ ¼ 1

Cð�aÞa
aeaz

Z1

0

e�s �
PN

0
ð�1nÞ

n! sn
h i

saþ1ð Þ ds ð3:39Þ
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The integral defines the value of the gamma function C(-a). In fact [11, 12] we
have

CðzÞ ¼
Z1

0

sz�1 e�s �
XN

0

ð�1Þn

n!
sn

" #

ds ð3:40Þ

if we maintain the convention made before: when z \ 0 the summation is zero. We
obtain then:

Da
h eaz½ � ¼ aaeaz ð3:41Þ

as expected. In the particular limiting case, a ? 0, we obtain Dh
a1 = 0 provided

that a[ 0. If a\ 0, the limit is infinite. The Grünwald–Letnikov definition
allowed us to obtain the same conclusions as seen. Now, consider the case where
a \ 0. To obtain convergence in (3.38) we must have h [ [p/2, 3p/2). This means
that the exponential must go to zero when z goes to +?. It is what we called a
‘‘left’’ function. The derivative is also expressed by (3.41) but the branch cut line
to define the power is now a half straight line in the right half complex plane: in
particular the positive real half axis. This is the same problem we found in
Sect. 2.7.3. We conclude then that (3.41) is the result given by the forward
derivative if a [ 0 and the one given by the backward derivative if a \ 0. This has
very important consequences. By these facts we must be careful in using (3.41). In
fact, in a first glance, we could be lead to use it to compute the derivatives of
functions like sin(z), cos(z), sinh(z) and cosh(z). But if we have in mind our
reasoning we can conclude immediately that those functions do not have finite
derivatives if z [ C.

In fact they use simultaneously the exponentials ez and e-z which derivatives
cannot exist simultaneously, as we just saw. However, we can conclude that
functions expressed by Dirichlet series f ðtÞ ¼

P1
0 akekkt with all the Re(kk)

positive or all negative have finite derivatives given by f ðaÞðtÞ ¼
P1

0 akðkkÞaekkt.
In particular functions with Laplace transform with region of convergence in the
right or left half planes have fractional derivatives.

Another interesting case is the cisoid f(t) = ejxt, x [ R+. Inserting it into (3.36)
again, it comes:

Da
hf ðtÞ ¼ 1

Cð�aÞe
�jhaejxt

Z1

0

ejxx:ejh �
PN

0
ðjxÞn

n! ejnhxn
h i

xaþ1
dx ð3:42Þ

With h = p/2, jxejh = -x and we obtain easily:

Da
f f ðtÞ ¼ ðjxÞaejxt
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It is not difficult to see that (3.42) remains valid if x\ 0 provided that we
remember that the branch cut line is the negative real half axis. We only have to
put h = -p/2

Da
f f ðtÞ ¼ ð�jxÞae�jxt

We can conclude then that:

Da
f cosðxtÞ ¼ xacosðxt þ ap=2Þ ð3:43Þ

This procedure corresponds to extend the validity of the forward derivative and
agrees with the results we presented in Sect. 2.7.4. For sin(xt), the procedure is
similar leading to

Da
f sinðxtÞ ¼ xa sinðxt þ ap=2Þ ð3:44Þ

When a = 1, we recover the usual formulae. The backward case would lead to
the results obtained in Sect. 2.7.3. We will not consider it again.

3.5.2 The Power Function

Let f(z) = zb, with b [ R. If b[ a, we will show that Da[zb] defined for every
z [ C does not exist, unless a is a positive integer, because the integral in (3.36) is
divergent for every h [ [-p, p). This has an important consequence: we cannot
compute the derivative of a given function by using its Taylor series and computing
the derivative term by term.

Let us see what happens for non integer values of a. The branch cut line needed
for the definition of the function must be chosen to be outside the integration
region. This is equivalent to say that the two branch cut lines cannot intersect. To
use (3.36) we compute the successive integer order derivatives of this function that
are given by:

Dnzb ¼ ð�1Þnð�bÞnzb�n ð3:45Þ

Now, we have:

Da
hzb ¼ e�jha

Cð�aÞ

Z1

0

ð�x � ejh þ zÞb �
PN

0
ð�1Þnð�bÞnzb�n

n! ejnhxn
h i

xaþ1
dx ð3:46Þ

With a substitution s = x�ejh/z, we obtain:

Da
hzb ¼ 1

Cð�aÞz
b�a

Z1 ejh=z

0

ð1� sÞb �
PN

0
ð�1Þnð�bÞn

n! sn
h i

saþ1
ds ð3:47Þ
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To become simpler the analysis let us assume that h = 0 and z [ R+. We
obtain:

Da
f zb ¼ 1

Cð�aÞz
b�a
Z1

0

ð1� sÞb �
PN

0
ð�1Þnð�bÞn

n! sn
h i

saþ1
ds ð3:48Þ

Let us decompose the integral

Z1

0

ð1� sÞb �
PN

0
ð�1Þnð�bÞn

n! sn
h i

saþ1
ds ¼

Z1

0

ð1� sÞb �
PN

0
ð�1Þnð�bÞn

n! sn
h i

saþ1
ds

þ
Z1

1

ð1� sÞb �
PN

0
ð�1Þnð�bÞn

n! sn
h i

saþ1
ds

As shown in Ortigueira [14], the first integral is a generalised version of the
Beta function B(-a, b ? 1) valid for a [ R and b[ -1. But the second is
divergent. We conclude that the power function defined in C does not have
fractional derivatives.

3.5.3 The Derivatives of Real Functions

As we are mainly interested in real variable functions we are going to obtain the
formulae suitable for this case. Now, we only have two hypotheses: h = 0 or
h = p.

3.5.3.1 h 5 0: Forward Derivative

This corresponds to choosing the real negative half axis as branch cut line.
Substituting h = 0 into (3.36), we have:

Da
f f ðzÞ ¼ 1

Cð�aÞ

Z1

0

f ðz� xÞ �
PN

0
f ðnÞðzÞ

n! ð�xÞn
h i

xaþ1
dx ð3:49Þ

As this integral uses the left hand values of the function, we will call this
forward or direct derivative again in agreement with Sect. 2.3.

3.5.3.2 h 5 p: Backward Derivative

This corresponds to choosing the real positive half axis as branch cut line.
Substituting h = p into (3.36) and performing the change x ? -x, we have:
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Da
bf ðzÞ ¼ �jpa

Cð�aÞ

Z1

0

f ðxþ zÞ �
PN

0
f ðnÞðzÞ

n! xn
h i

xaþ1
dx ð3:50Þ

As this integral uses the right hand values of the function, we will call this
backward or reverse derivative in agreement with Sect. 2.3 again.

3.5.4 Derivatives of Some Causal Functions

We are going to study the causal power function and exponential. Although we
could do it using the LT as we will see in the next section, we are going to do it
here using the relation (3.49). Let f(t) = tbu(t). As seen above:

DntbuðtÞ ¼ ð�1Þnð�bÞntb�nuðtÞ

that inserted in (3.49) gives

Da
f f ðtÞ ¼ tbuðtÞ 1

Cð�aÞ

Z t

0

ð1� x=tÞb �
PN

0
ð�1Þnð�bÞnt�n

n! ð�xÞn
h i

xaþ1
dx

that is converted in the next expression through the substitution s = x/t

Da
f tb ¼ tb�auðtÞ 1

Cð�aÞ

Z1

0

ð1� sÞb �
PN

0
ð�1Þnð�bÞn

n! ð�sÞn
h i

saþ1
ds:

The above integral is a representation of the beta function, B(-a,b ? 1), for
b[ -1 {see [14]}. But

Bð�a; bþ 1Þ ¼ Cð�aÞCðbþ 1Þ
Cðb� aþ 1Þ

and then

Da
f tb ¼ Cðbþ 1Þ

Cðb� aþ 1Þt
b�auðtÞ ð3:51Þ

that coincides with the result obtained in (2.76).
Now let us try the exponential function, f(t) = eatu(t). Inserting in (3.49) we

obtain

Da
f eatuðtÞ ¼ �eatuðtÞ 1

Cð�aÞ

Z t

0

P1
Nþ1

ð�aÞnxn

n!

h i

xaþ1
dx
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Assuming that the series converges uniformly, we get easily

Da
f eatuðtÞ ¼ �eatuðtÞ 1

Cð�aÞ
X1

Nþ1

ð�aÞntn�a

n!ðn� aÞ

" #

ð3:52Þ

Alternatively we can use the causal part of the McLaurin series and compute the
derivative of each term. This is not a contradiction with our affirmation because the
terms of the series are causal powers.

3.6 Derivatives of Functions with Laplace Transform

Consider now the special class of functions with Laplace Transform. Let f(t) be
such a function and F(s) its LT, with a suitable region of convergence, Rc. This
means that we can write

f ðtÞ ¼ 1
2pj

Zaþj1

a�j1

FðsÞestds ð3:53Þ

where a is a real number inside the region of convergence. Inserting (3.53) inside
(3.49) and permuting the integration symbols, we obtain:

Da
f f ðzÞ ¼ 1

2pjCð�aÞ

Zaþj1

a�j1

FðsÞesz

Z1

0

e�sx �
PN

0
ðsxÞn

n!

h i

xaþ1
dx ds ð3:54Þ

Now we are going to use the results presented above in Sect. 3.5. If Re(s) [ 0,
the inner integral is equal to C(-a)�sa, if Re(s) \ 0 it is divergent. We conclude
that:

LT ½Da
f f ðtÞ� ¼ saFðsÞ for ReðsÞ[ 0 ð3:55Þ

a well known result.
Now, insert (3.53) inside (3.50) and permute again the integration symbols to

obtain

Da
bf ðzÞ ¼ e�jpa

2pjCð�aÞ

Zaþj1

a�j1

FðsÞesz
Z1

0

esx �
PN

0
ðsxÞn

n!

h i

xaþ1
dx ds ð3:56Þ

If Re(s) \ 0 and considering the result obtained in Sect. 3.5 {see Sect. 2.7 also}
the inner integral is equal to C(-a)�sa, if Re(s) [ 0 it is divergent. We conclude
that:

LT ½Da
bf ðtÞ� ¼ saFðsÞ for ReðsÞ\0 ð3:57Þ
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We confirmed the results we obtained in Chap. 2 stating the enlargement the
applicability of the well known property of the Laplace transform of the derivative.
The presence of the factor e-jpa may seem strange but is a consequence of
assuming that H(s) = sa is the common expression for the transfer function of the
causal and anti-causal differintegrator. We must be careful because in current
literature that factor has been removed and the resulting derivative is called
‘‘right’’ derivative. According to the development we did that factor must be
retained. It is interesting to refer that this was already none by Liouville.

3.7 Generalized Caputo and Riemann–Liouville Derivatives
for Analytic Functions

The most known and popular fractional derivatives are almost surely the
Riemann–Liouville (RL) and the Caputo (C) derivatives [5, 8, 15]. Without con-
sidering the reserves put before [14], we are going to face two related questions:

• Can we formulate those derivatives in the complex plane?
• Is there a coherent relation between those derivatives and the incremental ratio

based Grünwald–Letnikov (GL)?

As expected attending to what we wrote in Chap. 2 about these derivatives, the
answers for those questions are positive. We proceed by constructing formulations
in the complex plane obtained from the GL as we did in Sect. 3.5.

3.7.1 RL and C Derivatives in the Complex Plane

As we showed in Sect. 2.6, the generalised GL derivative verifies

Da
h Db

hf ðtÞ
h i

¼ Db
h Da

hf ðtÞ
� 	

¼ Daþb
h f ðtÞ ð3:58Þ

provided that both derivatives (of orders a and b) exist. This is what we called
before the semi group property. This is important and not enjoyed by other
derivatives.

In particular we can put b = n [ Z+ and e = n - a[ 0 and we are led to the
following expressions

Da
hf ðzÞ ¼ Dn ejhe lim

hj j!0

X1

k¼0

ð�1Þk k
�e� �

f ðz� khÞ hj je
" #

ð3:59Þ

and

Da
hf ðzÞ ¼ ejhe lim

hj j!0

X1

k¼0

ð�1Þk k
�e� �

f ðnÞðz� khÞ hj je ð3:60Þ

60 3 Integral Representations

http://dx.doi.org/10.1007/978-94-007-0747-4_2
http://dx.doi.org/10.1007/978-94-007-0747-4_2
http://dx.doi.org/10.1007/978-94-007-0747-4_2


that we can call mix GL-RL and GL-C.
According to what we showed in Sect. 3.3 the GL derivative leads to the

generalised Cauchy for analytic functions that obviously verify also the semi group
property. So, we can write:

Da
hf ðzÞ ¼ Cða� bþ 1Þ

2pj

Z

C

f ðbÞðwþ zÞ 1
wa�bþ1

dw ð3:61Þ

Let us choose again, b = n [ Z+ and e = n - a[ 0. We obtain:

Da
hf ðzÞ ¼ Cð�eþ 1Þ

2pj

Z

C

f ðnÞðwþ zÞwe�1dw ð3:62Þ

or

Da
hf ðzÞ ¼ Cð�eþ 1Þ

2pj

Z

Cd

f ðnÞðwÞðw� zÞe�1dw ð3:63Þ

that can be considered as a Caputo-Cauchy derivative, provided the integral exists.
The integration paths C and Cd are U-shaped lines as shown in Fig. 3.2. The
representation (3.60) is valid because f(z) is analytic and we assumed that the GL
derivative exists. So (3.61) and (3.62) too.

Consider again the integration path in Fig. 3.3. As before, we can decompose (3.61)
into three integrals along the two half-straight lines and the circle. We have, then:

Da
hf ðzÞ ¼ Cð�eþ 1Þ

2pj

Z

C1

þ
Z

C2

þ
Z

C3

2

6
4

3

7
5f ðnÞðwþ zÞwe�1dw

We do not need to continue because we can use (3.36). This is valid because
f(z) being analytic its nth order derivative is also. However it is interesting to
pursue due to some interesting details. Thus we continue.

Over C1 we have w = x�ej(h-p), while over C3 we have w = x�ej(h+p), with
x [ R+, over C2 we have w = qeju, with u [ (h - p,h ? p). We can write, at last:

Da
hf ðzÞ ¼ Cð�eþ 1Þ

2pj
¼
Zq

1

f ðnÞð�x � ejh þ zÞejeðh�pÞxe�1dx

þ Cð�eþ 1Þ
2pj

Zq

1

f ðnÞð�x � ejh þ zÞejeðhþpÞxe�1dx

þ Cð�eþ 1Þ
2pj

¼ qe
Zhþp

h�p

f ðnÞðq � eju þ zÞejeuj du
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For the first and second terms, we have:

Zq

1

f ðnÞð�x � ejh þ zÞejeðh�pÞ:xe�1dxþ
Z1

q

f ðnÞð�x � ejh þ zÞejeðhþpÞxe�1dx

¼ ejeh � 2j � sinðepÞ
Z1

q

f ðnÞð�x � ejh þ zÞxe�1dx

For the third term, we begin by noting that the analyticity of the function
f(z) allows us to write:

f ðnÞð�x � ejh þ zÞ ¼
X1

n

ð�1Þnð�kÞnf ðkÞðzÞ
k!

ð�1Þkxk�nejkh ð3:64Þ

for x \ r [ R+. We have then

jqe
Zhþp

h�p

f ðnÞðq �ejuþzÞejeu du¼ jqe
X1

n

ð�1Þnð�kÞnf ðkÞðzÞ
k!

ð�1Þkqk�n
Zhþp

h�p

ejðkþeÞudu

Performing the integration, we have:

jqe
Zhþp

h�p

f ðnÞðq � eju þ zÞejeudu ¼ 2j � ejehsinðepÞ

�
X1

n

ð�1Þnð�kÞnf ðkÞðzÞ
k!

ð�1Þkejkhqk�nþe

ðk þ eÞ

As q decreases to zero, the summation in the last expression goes to zero. This
means that when q ? 0

Da
hf ðzÞ ¼ ejeh 1

CðeÞ

Z1

0

f ðnÞð�x � ejh þ zÞxe�1dx ð3:65Þ

This can be considered as a generalised Caputo derivative. In fact, with h = 0,
we obtain:

Da
f f ðzÞ ¼ 1

CðeÞ

Z1

0

f ðnÞðz� xÞ xe�1dx ¼ 1
CðeÞ

Zz

�1

f ðnÞðsÞ ðz� sÞe�1ds ð3:66Þ

that is the forward Caputo derivative in R.
Now, return to (3.61) and put b = 0 and a = n - e, with e[ 0, again:
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Da
hf ðzÞ ¼ Cðaþ 1Þ

2pj

Z

Cd

f ðwÞ 1

ðw� zÞn�eþ1 dw

¼ Cðaþ 1Þ
2pj

Z

C

f ðwÞðw� zÞe�n�1dw ð3:67Þ

But, as

ðw� zÞe�n�1 ¼ 1
ð1� eÞn

Dn
z ðw� zÞe�1 ð3:68Þ

we obtain, by commuting the operations of derivative and integration

Da
h f ðzÞ ¼ Dn Cð�eþ 1Þ

2pj

Z

C

f ðwÞ ðw� zÞe�1dw

2

4

3

5 ð3:69Þ

We may wander about the validity of the above commutation. We remark that
the resulting integrand function has a better behaviour than the original, ensuring
that we gain something on doing such operation. The formula (3.69) is the com-
plex version of the Riemann–Liouville derivative that we can write in the format

Da
hf ðzÞ ¼ Dn Cð�eþ 1Þ

2pj

Z

C

f ðwþ zÞwe�1dw

2

4

3

5 ð3:70Þ

Using again the Hankel integration path, we obtain easily:

Da
h f ðzÞ ¼ ejehDn 1

CðeÞ

Z1

0

f ð�x � ejh þ zÞxe�1dx

2

4

3

5 ð3:71Þ

that is a generalised RL derivative. With h = 0, we can obtain the usual ‘‘left’’
formulation of the RL in R. With h = p, we obtain aside a factor the ‘‘right’’ RL
derivative.

3.7.2 Half Plane Derivatives

Let us assume that f(z) : 0 for Re(z) \ 0. In this case, the summation in (2.32)
{see (3.59) and (3.60)} goes only to K = bRe(z)/Re(h)c and the integration path in
(3.27) is finite, closed and completely in the right half complex plane. In Fig. 3.4
we assumed that z and h are real.

Consider a sequence hn (n = 1, 2, 3, …) going to zero. The number of poles
inside the integration path is K, but in the limit, the quotient of two gamma
functions will give rise to a multivalue expression that forces us to insert a branch
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cut line that starts at z and ends at -?. Over this line the integrand is not
continuous. So, we obtain:

Da
hf ðzÞ ¼ Cðaþ 1Þ

2pj

Z

C

f ðwÞ 1

ðw� zÞaþ1 dw

þ Cðaþ 1Þ
2pj

Z

c

f ðwÞ 1

ðw� zÞaþ1 dw ð3:72Þ

where C is an open contour that encircles the branch cut line and c is a small line
passing at w = 0 whose length we will reduce to zero {see Fig. 3.5}. However, we
prefer to use the analogue to the Hankel contour. The contour c is a short straight
line over the imaginary axis. Although the integrand is not continuous, the phase
has a 2p(a ? 1) jump, the second integral above is zero. To compute the others,
we are going to do a translation to obtain an integral similar to the used above.

As before and again for reducing steps, we will assume already that the straight
lines are infinitely near to each other. We have, then:

Fig. 3.4 The contour used in
computing the half plane
derivatives

Fig. 3.5 The Hankel contour
used in computing the
derivative defined in Eq. 3.73
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Da
hf ðzÞ ¼ Cðaþ 1Þ

2pj

Z

C1

þ
Z

C2

þ
Z

C3

2

6
4

3

7
5f ðwþ zÞ 1

waþ1
dw ð3:73Þ

Over C1 we have w = xej(h-p), while over C3 we have w = x�ej(h+p), with
x [ R+, over C2 we have w = qeju, with u [ (h - p, h ? p).

Let f = |z|. We can write, at last:

Da
hf ðzÞ ¼ Cðaþ 1Þ

2pj

Zq

f

f ð�x � ejh þ zÞe
�jaðh�pÞ

xaþ1
dx

þ Cðaþ 1Þ
2pj

Zf

q

f ð�x � ejh þ zÞe
�jaðhþpÞ

xaþ1
dx

þ Cðaþ 1Þ
2pj

1
qa

Zhþ1

h�p

f ðq � eju þ zÞe�jauj du ð3:74Þ

For the first term, we have:

Zq

f

f ðx � ejðh�pÞ þ zÞe
�jaðh�pÞ

xaþ1
dxþ

Zf

q

f ð�x � ejðhþpÞ þ zÞe
�jah

xaþ1
dx

¼ e�jah � ½ejpa � e�jpa�
Zf

q

f ð�x � ejh þ zÞ 1
xaþ1

dx

¼ e�jah � 2j � sinðapÞ
Zf

q

f ð�x � ejh þ zÞ 1
xaþ1

dx ð3:75Þ

For the second term, we have

j
1
qa

Zhþp

h�p

f ðq � eju þ zÞe�jaudu ¼ j
1
qa

X1

0

f ðnÞðzÞ
n!

qn
Zhþp

h�p

ejðn�aÞudu ð3:76Þ

Performing the integration, we have:

j
1
qa

Zhþp

h�p

f ðq � eju þ zÞe�jaudu ¼ �2j � e�jahsinðapÞ
X1

0

f ðnÞðzÞ
n!

ejðn�aÞhqn�a

ðn� aÞ ð3:77Þ
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As before:

X1

0

f ðnÞðzÞ
n!
� e

jðn�aÞhqn�a

ðn� aÞ ¼ �
X1

0

f ðnÞðzÞ
n!

ejnh
Z1

q

xn�a�1dxþ
X1

Nþ1

f ðnÞðzÞ
n!

ejnhqn�a

ðn� aÞ

2

6
4

3

7
5

Substituting it in (3.77) and joining to (3.75) we can write:

Da
hf ðzÞ ¼ K

Zf

q

f ð�x � ejh þ zÞ �
PN

0
f ðnÞðzÞ

n! ejnhxn
h i

xaþ1
dx

� K �
X1

Nþ1

f ðnÞðzÞ
n!
ð�1Þn qn�a

ðn� aÞ þH ð3:78Þ

with

H ¼ �
XN

0

f ðnÞðzÞ
n!

ejnh
Z1

f

xn�a�1dx ¼ z�a
XN

0

f ðnÞðzÞ
n!

zn

n� a

If a\ 0, we make the three summations equal to zero. Using the reflection
formula of the gamma function we obtain for K

K ¼ �Cðaþ 1Þe�jha

p
sinðapÞ ¼ e�jha

Cð�aÞ ð3:79Þ

Now let q go to zero. The second term on the right hand side in (3.78) goes to
zero and we obtain:

Da
hf ðzÞ ¼ K �

Zf

0

f ð�x � ejh þ zÞ �
PN

0
f ðnÞðzÞ

n! ejnhxn
h i

xaþ1
dxþ

XN

0

f ðnÞðzÞ
n!

zn�a

n� a
ð3:80Þ

This result shows that in this situation and with a[ 0 we have a regularised
integral and an additional term. This means that it is somehow difficult to compute
the fractional derivative by using (3.80): a simple expression obtained from the
general GL derivative

Da
hf ðzÞ ¼ e�jha lim

hj j!0

P f=hb c
k¼0 ð�1Þk a

k

� �

f ðz� khÞ

hj ja ð3:81Þ

leads to a somehow complicated formation in (3.80). However, if a\ 0 we obtain:

Da
hf ðzÞ ¼ K �

Zf

0

f ðx � ejh þ zÞ
xaþ1

dx ð3:82Þ
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So, we must avoid (3.80). To do it, remark first that, from (3.58) we have:

Da
hf ðzÞ ¼ Dn

h D�e
h f ðtÞ

� 	
¼ D�e

h Dn
hf ðtÞ

� 	
ð3:83Þ

This means that we can compute the a order derivative into two steps. As one
step is a fractional anti-derivative, we avoid (3.80) and use (3.82). The order of the
steps: computing the integer order derivative before or after the anti-derivative
leads to

Da
hf ðzÞ ¼ K �

Zf

0

f ðnÞðx � ejh þ zÞ
xaþ1

dx ð3:84Þ

and

Da
hf ðzÞ ¼ K � Dn

Zf

0

f ðx � ejh þ zÞ
xaþ1

dx ð3:85Þ

that are the C and RL formulations in the complex plane. However, from (3.83) we
can write also:

Da
hf ðzÞ ¼ e�jha lim

hj j!0

P f=hb c
k¼0 ð�1Þk �e

k

� �

f ðnÞðz� khÞ

hj ja ð3:86Þ

and

Da
hf ðzÞ ¼ e�jha lim

hj j!0

P f=hb c
k¼0 ð�1Þk �e

k

� �

f ðz� khÞ

hj ja

2

6
6
4

3

7
7
5

ðnÞ

ð3:87Þ

These results mean that: we can easily define C-GL (3.86) and RL-GL (3.87)
derivatives. Attending to the way we followed for going from GL to C and RL,
we can conclude that, in the case of analytic functions, the existence of RL or
C derivatives ensure the existence of the corresponding GL. The reverse may
be not correct, since the commutation of limit and integration in (3.22) and
(3.23) may not be valid. It is a simple task to obtain other decompositions of a,
leading to valid definitions. One possibility is the Miller-Ross sequential dif-
ferintegration [7]:

DaxðtÞ ¼
YN

i¼1

Dri

" #

xðtÞ ð3:88Þ

with a = Nr. This is a special case of multi-step case proposed by Samko et al. [5]
and based on the Riemann–Liouville definition:
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DaxðtÞ ¼
YN

i¼1

Dri

" #

xðtÞ ð3:89Þ

with

a ¼
XN

i¼1

ri

" #

� 1 and 0\ri� 1 ð3:90Þ

These definitions suggest us that, to compute a a derivative, we have infinite
ways, depending on the steps that we follow to go from 0 (or -m) to a, that is we
express a as a summation of N reals ri (i = 0, …, N - 1), with the ri not nec-
essarily less or equal to one.

3.8 Conclusions

We started from the Grünwald–Letnikov derivative, obtained an integral formu-
lation representing the summation. From it and by permuting the limit and the
integration we obtained the general Cauchy derivative. From this and using the
Hankel contour as integration path we arrived at a regularized derivative. This is
similar to Hadamard definition but was obtained without rejecting and infinite part.
With the presented methodology we could also obtain the Riemann–Liouville and
Caputo derivatives and showed also that they can be computed with the Grün-
wald–Letnikov definition.
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