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Abstract This paper presents the Particle Finite Element Method (PFEM) and its
application to multi-fluid flows. Key features of the method are the use of a Lag-
rangian description to model the motion of the fluid particles (nodes) and that all
the information is associated to the particles. A mesh connects the nodes defin-
ing the discretized domain where the governing equations, expressed in an integral
form, are solved as in the standard FEM. We have extended the method to problems
involving several different fluids with the aim of exploiting the fact that Lagrangian
methods are specially well suited for tracking any kind of interfaces.

1 Introduction

Particle methods aim to represent the behavior of a physical problem by a collec-
tion of particles, where each particle moves accordingly to its own mass and the
internal and external forces applied on it. All physical and mathematical properties
are attached to the particle itself and not to the elements as in finite element methods
(FEM). For instance, physical properties like viscosity or density, physical variables
like velocity, temperature or pressure and also mathematical variables like gradi-
ents or volumetric deformations are assigned to each particle and they represent an
average of the property around the particle position.

Particle methods are advantageous to treat discrete problems such as granular
materials but also to treat continuous problems with internal interfaces in multi-fluid
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waves. Particles are associated the different materials and thus the interfaces can be
easily followed.

The most relevant characteristic of particle methods is that there is not a spe-
cified solution domain. The problem domain is defined by the particle positions. In
order to evaluate the interacting forces between particles any classical approxima-
tion method may be used, including FEM, finite difference, meshless methods, etc.
This means that a particle method may be used with or without a mesh, depending
on the method chosen to evaluate the interacting forces.

Particle methods can be roughly classified in two types: (a) those based on prob-
abilistic models, such as molecular dynamics, direct simulation Monte Carlo and
lattice-gas automata; and (b) those based on deterministic models, such as SPH or
other meshless methods, particle-mesh hybrid methods and the Particle Finite Ele-
ment Method. The first class of methods represents macroscopic properties as stat-
istical behavior of microscopic particles, so that a huge number of particles should
be simulated for a long time to obtain accurate average values, while the second
class of methods relies on the macroscopic Navier–Stokes equations.

This contribution is devoted to the Particle Finite Element Method and its ap-
plication to multi-fluid flows. We introduce the basics of the method in Section 2,
present the multi-fluid flow governing equations and their treatment with PFEM in
Section 3, and illustrate the capabilities of the method in several examples in Sec-
tion 4.

2 Particle Finite Element Method

The Particle Finite Element Method (PFEM) [20, 29] is a numerical technique for
modeling and analysis of complex multidisciplinary problems in fluid and solid
mechanics involving thermal effects, interfacial and free-surface flows, and fluid-
structure interaction, among others.

PFEM is a particle method in the sense that the domain is defined by a collection
of particles that move in a Lagrangian manner according to the calculated velocity
field, transporting their momentum and physical properties (e.g. density, viscosity).
The interacting forces between particles are evaluated with the help of a mesh. Mesh
nodes coincide with the particles, so that when the particles move so does the mesh.
On this moving mesh, the governing equations are discretized using the standard
finite element method. The possible large distortion of the mesh is avoided through
remeshing of the computational domain. Due to the fact that all the hydrodynamical
information is stored in the nodes, remeshing does not introduce numerical diffu-
sion. A robust and efficient Delaunay triangulation algorithm [13] (see Figure 1)
allows frequent remeshing. This gives the method excellent capabilities for model-
ing large displacement and large deformation problems.

The particles are used to generate a discrete domain within which the integral
form of the governing differential equations are solved. An algorithm is needed to
define the boundary contours from the collection of particles. PFEM uses the alpha-
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Fig. 1 Delaunay triangulation of a cloud of nodes

(a) (b) (c)

Fig. 2 Alpha-shape: (a) collection of nodes, (b) Delaunay triangulation of the convex hull, (c)
mesh after alpha-shape

shape technique [6] to recognize the external boundary after the Delaunay triangu-
lation of the domain convex hull (see Figure 2): All nodes defining an empty sphere
with a radius r(x) larger than αh(x) are considered to be boundary nodes. h(x) is
the distance between two neighboring nodes and the parameter α is chosen so that
α � 1. Large values of α result in the convex hull of the collection, while small
values return a boundary constituted just by the nodes. The error in the boundary
surface definition is proportional to h. One of the advantages of the alpha-shape
technique is the easy way to determine when particles separate from the fluid do-
main, as may happen in free surface problems (e.g. splashing).

The method is based on the following features:

• the information is particle-based, i.e. all the geometrical and mechanical inform-
ation is attached to the nodes,

• the Lagrangian point of view for describing the motion,
• the equations are discretized and solved on a finite element mesh that is construc-

ted at each time step,
• the boundaries of the domain are defined via the alpha-shape technique.

The use of a Lagrangian formulation eliminates the standard convection terms
present in Eulerian formulations. These convection terms are responsible for non-
linearity, non-symmetry and non-self-adjoin operators, which require the introduc-
tion of stabilization terms to avoid numerical oscillations. All these problems are
absent in the Lagrangian formulation. Only the nonlinearity due to the unknown of
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Fig. 3 PFEM solution steps illustrated in a simple dam break example. As the gate of the dam is
removed the water begins to flow. (a) Continuous problem (b) Step 1, discretization in cloud of
nodes at time tn; (c) Step 2, boundary and interface recognition; (d) Step 3, mesh generation; (e)
Step 4, resolution of the discrete governing equations; (f) Step 5, nodes moved to new position for
time tn+1

the final particle position remains. The resulting systems of equations are solved
with a symmetric iterative scheme, such as the conjugate gradient method. Linear
shape functions (P1/P1) are used for all unknowns. This equal order approximation
for both the velocity and the pressure variables does not satisfy the inf-sup condition
and therefore pressure stabilization is required.

A typical solution with the PFEM involves the following steps (illustrated in
Figure 3):

1. The starting point at each timestep is the cloud of nodes in the fluid and solid
domains.

2. Identification of the external boundary and the internal interfaces. The alpha-
shape method is used for boundary definition.

3. Discretization of the domain with a finite element mesh generated by Delaunay
triangulation.

4. Solution of the Lagrangian governing equations of motion for the fluid domain
together with the boundary and interface conditions. Computing the relevant state
variables at each timestep: velocities, pressure, temperature, and concentration.

5. Moving the mesh nodes to a new position in terms of the time increment and the
velocity field computed in step (4).

6. Back to step (1) and repeat the solution process for the next timestep.

Thus PFEM combines the advantages of particle methods (namely only the “wet”
domain considered, it is appropriate for changing domains, allows fluid fragmenta-
tion, tracks interfaces accurately, and does not introduce numerical diffusion when
solving convection) with the accuracy of the finite element method.
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Up to now, the method has been successfully applied to naval and coastal en-
gineering [4, 20, 23, 28, 29], fluid-structure interaction [14–16, 21, 35], melting of
polymers in fire [30], excavation problems [3], forming processes [8,27] and multi-
fluid flows [17, 18].

3 Multi-Fluid Flows

The simultaneous presence of multiple fluids with different properties in external or
internal flows is found in daily life, environmental problems, and numerous indus-
trial processes. Examples are fluid-fuel interaction in enhanced oil recovery, blend-
ing of polymers, emulsions in food manufacturing, rain droplet formation in clouds,
fuel injection in engines, and bubble column reactors, to name only a few. Although
multi-fluid flows occur frequently in nature and engineering practice, they still pose
a major research challenge from both theoretical and computational points of view.

In the case of immiscible fluids, the dynamics of the interface between fluids
plays a dominant role. The success of the simulation of such flows will depend
on the ability of the numerical method to model accurately the interface and the
phenomena taking place on it, such as the surface tension. The origin of the surface
tension force lies in the different intermolecular attractive forces that act in the two
fluids, and the result is an interfacial energy per area that acts to resist the creation
of new interface, so that the interface behaves like a stretched membrane trying to
minimize its area.

The main difference between a single-fluid (homogeneous) flow and a multi-fluid
(heterogeneous) one is the presence of internal interfaces. In addition to the well-
known difficulties in the simulation of homogeneous flows (namely the coupling
of pressure and velocity through the incompressibility constraint, the need of the
discretization spaces to satisfy the inf-sup condition, and the non-linearity of the
governing equations), numerical methods for multi-fluid flows face the following
challenges:

1. Accurate definition of the interface position.
The interface separating the fluids needs to be tracked accurately without intro-
ducing excessive numerical smoothing.

2. Modeling the jumps in the fluid properties across the interface.
Large jumps of fluid density and viscosity across the interface need to be properly
taken into account in order to satisfy the momentum balance at the vicinity of the
interface.

3. Modeling the discontinuities of the flow variables across the interface.
Velocity and pressure may be discontinuous across the interface under certain
conditions.

4. Modeling the surface tension.
Since surface tension plays a very important role in the immiscible interface dy-
namics, this force needs to be accurately evaluated and incorporated into the
model.
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Fig. 4 Two-fluid flow config-
uration

The computation of multi-fluid flows requires to solve, besides the governing equa-
tions in each fluid, all the physical phenomena the interface may be subject to, such
as surface tension, thermal diffusion, chemical diffusion, phase change or chemical
reactions, and to model interface topology changes like breakup or coalescence.

3.1 Governing Equations

Let � ⊂ Rd , d ∈ {2, 3}, be a bounded domain containing two different fluids (see
Figure 4). We denote time by t , the Cartesian spatial coordinates by x = {xi}di=1, and
the vectorial operator of spatial derivatives by ∇ = {∂xi }di=1. The evolution of the
velocity u = u(x, t) and the pressure p = p(x, t) is governed by the Navier–Stokes
equations:

ρ
du
dt
= ∇ · σ + ρg in �× (0, T ) (1a)

dρ

dt
+ ρ∇ · u = 0 in �× (0, T ) (1b)

where ρ is the density, σ the Cauchy stress tensor, g the vector of gravity accel-
eration, and dφ/dt represents the total or material derivative of a function φ. The
constitutive equation for a Newtonian and isotropic fluid takes the form

σ = −pI+ 2µ

(
D− 1

3
εV I
)

(2)

with I the identity tensor, µ the dynamic viscosity, D = 1
2 (∇u + ∇T u) the strain

rate tensor, and εV = ∇ · u the volumetric strain rate.
Let 
int(t) be the interface that cuts the domain � in two open subdomains,

�+(t) and �−(t), which satisfy: �+ ∩ �− = ∅, � = �̄+ ∪ �̄−, and 
int =
�̄+ ∩ �̄− = ∂�+ ∩ ∂�−. In each subdomain, the physical properties are defined
as:

ρ = ρ(x, t) =
{
ρ+ if x ∈ �+(t)
ρ− if x ∈ �−(t) , µ = µ(x, t) =

{
µ+ if x ∈ �+(t)
µ− if x ∈ �−(t) (3)
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If density and viscosity are assumed to remain constant in each fluid (i.e. flu-
ids are incompressible, immiscible, and isothermal), we have that dρ/dt = 0 and
dµ/dt = 0. Consequently, we have on the one side that εV = ∇ · u = 0, this is
the mass conservation equation for incompressible flows; and on the other side, that
(d/dt) 
int = 0. This latter consequence means that interfaces are material surfaces,
which move with the fluid velocity u, and therefore, they are naturally tracked in
Lagrangian formulations.

Boundary and interface conditions

In order for the Navier–Stokes problem (1) to be well posed, suitable boundary
conditions need to be specified. On the external boundary ∂� = 
D ∪
N , such that

D ∩ 
N = ∅, we consider the following:

u = ū on 
D (4)

σ · n = σ̄n on 
N (5)

ū is the prescribed velocity, n the outer unit normal to 
N , and σ̄n the prescribed
traction vector. A Neumann boundary 
N with σ̄n = 0 is called free surface.

On the internal interfaces 
int, the coupling conditions are [1]:

[[u]] = 0 on 
int (6)

[[σ ]] · n = γ κn on 
int (7)

with n now the unit normal to 
int, γ the surface tension coefficient, κ the interface
curvature, and [[φ]] = φ+ − φ− represents the jump of a quantity φ across the
interface.

Equation (6) expresses the continuity of all velocity components. The normal
component has to be continuous when there is no mass flow through the interface,
and the tangential components have to be continuous when both fluids are viscous
(µ+, µ− > 0), similar to a no-slip condition.

Equation (7) expresses that the jump in the normal stresses is balanced with the
surface tension force. This force is proportional to the interface curvature and points
to the center of the osculating circle that approximates 
int. The surface tension
coefficient γ is assumed constant and its value depends on the two fluids at the
interface.

3.2 Discontinuities at the Interface

Discontinuities at the interface can be of two types:

• C0 discontinuity, when the flow variable has a kink (i.e. the gradient has a jump),
and
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(a)

(b)

(c)

Fig. 5 Flow discontinuities for: (a) density jump, (b) viscosity jump, and (c) surface tension

• C−1 discontinuity, when the flow variable itself has a jump.

Differences in density at the interface cause a kink in the hydrostatic pressure
profile, leading to a jump in the pressure gradient, and then to a C0 discontinuity in
the pressure field (Figure 5a).

Differences in viscosity lead to discontinuous components of the strain rate
tensor D, and therefore to a C0 discontinuity of the velocity field at the interface
(Figure 5b):

t · [[σ ]] · n = 0 =⇒ µ+
(
∂ut

∂n
+ ∂un
∂s

)+
− µ−

(
∂ut

∂n
+ ∂un
∂s

)−
= 0 (8)

with ∂s = t ·∇ the tangential derivative.
Both differences in viscosity and the presence of surface tension cause a C−1

discontinuity in the pressure field (Figures 5b and 5c), as shown in [17]:

n · [[σ ]] · n = γ κ =⇒ p+ − p− = 2(µ+ − µ−)∂un
∂n
− γ κ (9)

Notice that even in the case of γ = 0, pressure is discontinuous when µ+ �= µ−.
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(a) (b)

Fig. 6 (a) Moving mesh adapted to the interface, and (b) fixed mesh, where interface moves
through the elements

3.3 Interface Description

A major challenge in the simulation of interfaces between different fluids is the
accurate description of the interface evolution. The location of the interface is in
general unknown and coupled to the local flow field which transports the interface.
It is essential that the interface remains sharp along time and is able to fold, break
and merge. In the past decades a number of techniques have been developed to
model interfaces in multi-fluid flow problems, each technique with its own particular
advantages and disadvantages. Comprehensive reviews can be found in e.g. [2, 36,
37, 40].

The main classification of interface descriptions is regarding the reference frame
adopted (see Figure 6). In the moving mesh methods, the mesh is deformable and
adapted to the interface, which is explicitly tracked along the trajectories of the
fluid particles. Examples are methods based on the Arbitrary Lagrangian-Eulerian
(ALE) formulation [12, 33], the deformable-spatial-domain/stabilized space-time
deformation (DSD/SST) method [38, 39], or the fully Lagrangian formulation such
as in [10, 34] and the Particle Finite Element Method [4, 19, 20, 22].

On the other hand, fixed mesh methods use a separate procedure to describe the
position of the interface. They can be further grouped in front-tracking methods,
which use massless marker points to follow the fluid interface while the Navier–
Stokes equations are solved on a fixed mesh [9, 41], and front-capturing methods,
which introduce a new variable ψ in the model to describe the presence or not of
a fluid in a position of the domain. The most extended front-capturing methods are
the Volume-of-Fluid, originally developed by Hirt [11], and the Level Set method
by Osher et al. [31].
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(a) Interface across elements (b) Nodal interface

Fig. 7 Possible interface representations in PFEM: (a) interface across elements for miscible fluids,
(b) nodal interface (with interfacial nodes in black) for immiscible fluids

3.4 PFEM for Multi-Fluid Flows

One of the features of particle methods is that all the physical properties are attached
to the nodes instead of to the elements. The mesh is frequently updated and hence,
it is difficult to keep physical properties at the element level. Multi-fluid flows can
have a jump in the fluid properties of several orders of magnitude. One must decide
where does the internal interface between two different fluids occur. The typical
solution for a particle method would be to have the interface inside the elements
sharing particles with different densities so that, at the element integration point k,
density takes the mean value

ρk = 1

nv

nv∑
a=1

ρa

(where nv is the number of nodes of the element). We call this possibility inter-
face across elements (Figure 7a). Another possibility is to impose that the interface
between different materials is described by element edges. This is called nodal in-
terface (Figure 7b). For the nodal interface one must accept that elements sharing
particles with two different densities have one or the other particular density value.
Now, the density at the element integration point k takes the value

ρk =
{
ρ+ if k ∈ �+
ρ− if k ∈ �− (10)

Both possibilities have advantages and disadvantages. Interfaces across elements
are more stable as they do not change much when remeshing is performed but on
the other hand, nodal interfaces are more accurate because they allow to repres-
ent exactly the jumps in the physical properties and the discontinuities of the flow
variables, as illustrated in Figure 8.
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(a) Interface across elements

(b) Nodal interface

Fig. 8 Density and pressure representations for the different interface definitions: in the interface
across elements (a), standard linear elements cannot represent accurately the pressure weak dis-
continuity; while in the nodal interface (b) the representation is exact

We mainly focus on immiscible multi-fluid flows to exploit the fact that Lag-
rangian methods are able to track interfaces in a natural and accurate way. For this
purpose, we use the nodal interface, and since in this representation the interface
is described by mesh nodes and element edges, it is a well-defined curve and the
information regarding its location and curvature is readily available. The interface
nodes carry the jump of properties (e.g. density, viscosity), maintaining the interface
sharp without diffusion along time. Furthermore, it is straightforward to impose the
on the interface and to treat any number of fluids. Therefore in PFEM the interface
is tracked accurately without introducing numerical smoothing (challenge 1).

Regarding the modeling of the jumps in the fluid properties across the interface
(challenge 2), while in fixed mesh methods typically the interface is considered to
have a finite thickness and the fluid properties change smoothly and continuously
from the value on the one side of the interface to the value on the other side, PFEM
treats the interface in a sharp manner, so that it is clear which property value is valid
at each point.

Regarding the modeling of the discontinuities in the flow variables across the
interface (challenge 3), in fixed mesh methods where the physical properties have
been smoothed, functions are continuous across the interface and thus not appropri-
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Fig. 9 Pressure profiles when
using continuous and discon-
tinuous representations

ate for the approximation of discontinuous variables. When the physical properties
are modeled sharp, the elements cut by the interface require a special treatment in
order to be able to represent the discontinuities. Gravity dominated flows will re-
quire “enrichment” of the pressure approximation, and viscosity dominated flows
will require “enrichment” of the velocity approximation. On the contrary, C0 dis-
continuities need no special attention when the interface is aligned with the mesh,
as the kinks in the solution are automatically represented. Only C−1 discontinuit-
ies need some attention in PFEM. In particular, the pressure field has been made
double-valued at the interface, i.e. pressure degrees of freedom have been duplic-
ated (p+, p−) in the interface nodes [17]. The pressure discontinuity caused by the
jump in viscosity and/or surface tension (Eq. (9)) is thus optimally approximated.
Figure 9 shows that the use of continuous pressure representations may introduce
errors in the incompressibility condition.

Moreover, stabilization is needed in incompressible flows when interpolation
spaces for velocity and pressure do not satisfy the inf-sup condition. Many sta-
bilization procedures have been proposed in the literature, such as the Streamline-
Upwind/Petrov-Galerkin, Galerkin Least-Squares, Finite Calculus, or Orthogonal
Sub-Scale methods. Those that include the projection of the pressure gradient need
to be modified when density changes at the interface to take into account the vari-
ation of the hydrostatic pressure gradient. In PFEM the pressure gradient projection
is modeled discontinuous to take into account the jump in density. For details, refer
to [18, 24].

Regarding the modeling of the surface tension force fst = γ κn at immiscible
interfaces (challenge 4), this force is naturally incorporated in the weak form of
the momentum equation in the finite element method. There are several ways to
calculate the curvature κ from the information of the interface location. The one we
follow in PFEM is based on the osculating circle of a curve, which is defined as
the circle that approaches the curve most tightly among all tangent circles at a given
point. From the radius of the osculating circle, the quantity κn required for fst is
calculated as (see Figure 10):

n = R
|R| , κn = R

|R|2 (11)

Details on the accuracy of the surface tension computation have been given in [26].
The accuracy of the curvature calculation is improved by refining the mesh close

to the interface. By means of a distance function, we prescribe an element size
which is fine at the interface and coarse far away. This allows us to use arbitrarily
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Fig. 10 Calculation of the
osculating circle at node x

fine meshes without increasing the total number of elements to impractical values
as it would be the case with a uniform mesh.

3.5 Combustion Problem

Within the flows labeled as multi-fluid there are the fluid-combustible interaction
problems mentioned before. These problems are important for materials such as the
polymers, which are characterized by their strength, low cost, and easy process-
ability, with applications ranging from packaging to injection of molded parts or
structural components. The behavior of polymers in fire is therefore of great interest
due to their role in the ignition and stages of fire growth. of these problems is due
some materials with characteris as the strength, low cost, and easy processability
has been used as polymers, with applications ranging from packaging to injection
of molded parts to structural components. Their behaviour in fire is therefore of con-
siderable interest because they play an important role in the ignition and stages of
fire growth.

When a polymer is heated, it starts to be pyrolysed while ejecting volatile gases
[5]. The fluid above the solid fuel provides a region where the combustion reaction
can take place. Once the pyrolysis products are released from the surface, they are
able to mix with the surrounding air while being heated from the nearby flame. The
rate of fuel consumption depends on both the reaction rate and the speed at which
fuel and oxidized are mixed. Once heated to ignition, oxidation of the gaseous fuel
leads to the generation of combustion products. The intermediates and final products
of the combustion are a complex function of the reaction rates and local conditions.

Solving the combustion problem means to solve for the flow together with the
chemical species. Therefore the Navier–Stokes equations (1) apply for the multi-
species multi-reaction gas but they require the following additional equations:

ρC
dT

dt
= ∇ · (κ∇T ) in �× (0, T ) (12)
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ρ
dYk
dt
= wk +∇ · (Dρ∇Yk) in �+ × (0, T ) (13)

where T = T (x, t) is the temperature, Yk = Yk(x, t) the mass fraction of species k,
C the heat capacity, κ the thermal conductivity, wk the source term of specie k and
D the diffusion coefficient.

The coupling between temperature and velocity will be considered by introdu-
cing the Boussinesq approximation.

The mass fractions Yk are defined by

Yk = mk
m

(14)

where mk is the mass of species k present in a given volume �+ and m is the total
mass of gas for this volume. Obviously, the sum of mass fractions must be

∑
Yk = 1 (15)

for k = 1 to N , where N is the number of species in the reacting mixture.
Let�+(t) represent the fluid and�−(t) the combustible. In each subdomain, the

physical properties are defined as

C(x, t) =
{
C+ if x ∈ �+(t)
C− if x ∈ �−(t) , κ(x, t) =

{
κ+ if x ∈ �+(t)
κ− if x ∈ �−(t) ,

D(x, t) =
{

D+ if x ∈ �+(t)
0 if x ∈ �−(t) (16)

and the boundary condition at the interface is the following:

−ρD ∂YF

∂n
= f (T )(1− YF ) (17)

In the present study, the polymer/air reactive system is modeled as a simplified
one-step chemical reaction between the fuel (F ) and the oxidizer (O)

F + sO → (1+ s) Products (18)

where s is the stoichiometric ratio [32]. These species are identified by their mass
fractions YF , YO and YP . Species reaction rates wk are all related to the single-step
reaction rate [42]

wm = −B 1

T 2 YFYOe
−(E/R T ) (19)

where B, E and R are appropiate constants and the temperature T . So the oxidizer
and product reaction rates are linked to the fuel reaction rate

wO = (s)wm (20)

wP = (1+ s)wm (21)
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and the heat realease per unit of volume from combustion is therefore scaled ac-
cording to

Q = −wm�H in �+ (22)

where�H is the heat of combustion. The value ofQ is introduced as a source term
in Eq. (12).

The effect of gasification can be introduced by adding a (nonlinear) energy loss
term in Eq. (12). This term represents the energy that migrates from the system to
the gas due to the gasification of a part of the material during the heating process.
The gasification heat flux has the following form:

qgas = Hεv in �− (23)

with H being the heat of degradation and εv = f (T ), where f (T ) expresses the
relation between the volume variation due to the temperature εv and the temperature
itself. In our work the following Arrhenius function has been chosen [7]:

f (T ) = −ρAe−E/RT (24)

The computed mass loss has to be included in the problem to ensure that the
volume variation of the sample is correctly modeled. This term is positive in �+
because it represents the conversion rate from solid to gases due to evaporation,
devolatization and heterogeneous reactions, and thus negative in �−.

4 Numerical Examples

The Particle Finite Element Method described here has been tested in several multi-
fluid flow problems (such as the two-fluid sloshing [18], extrusion of viscous flu-
ids [17] and bubble rise [26]), and fluid-structure interaction problems where the
structure is modeled as a viscous fluid [15, 16]. In this section we show the cap-
ability of PFEM to handle interfaces with changing topology in flows with surface
tension and to model combustion flows.

Topology changes in multi-fluid flows can be divided into two classes:

(a) Films that fragment. If a bubble approaches a flat surface or another bubble, the
fluid in between must be squeezed out before the bubbles are sufficiently close
so that the film becomes unstable to attractive forces and fragment.

(b) Threads that break. A long and thin cylinder of fluid will generally break by
the Plateau–Rayleigh instability in the region where the cylinder becomes suffi-
ciently thin so that surface tension pinches it into two.

We have simulated an example of each class: (a) the breakup of a bubble in Sec-
tion 4.1 and (b) the breakup of an injected fluid in Section 4.2. The last numerical
example deals about melting and combustion of a candle (Section 4.3).
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(a) t = 0 s (b) t = 1.5 s (c) t = 2.5 s (d) t = 3.5 s

(e) t = 4.5 s (f) t = 5.5 s (g) t = 6.0 s (h) t = 6.5 s

Fig. 11 Bubble breakup

4.1 Bubble Breakup

The problem consists in a bubble rising in a liquid column as illustrated in Figure
11a [26]. We consider a rectangular domain (0, 1) × (0, 2) with a flat interface at
y = 1 and a circular bubble centered at (0.5, 0.5) and radius equal to 0.25. The
physical properties of the fluids are: ρ1 = 1000, ρ2 = 100, µ1 = 10, µ2 = 1,
g = 0.98, and γ = 24.5.

The bubble rises due to buoyancy, approaching the flat interface. The film of
heavy fluid that separates the two regions of light fluid becomes thinner and thinner
until it fragments and the regions fuse (Figure 11). Whereas in the physical reality
the fragmentation of the film is caused by attractive forces at the microscopic scale
(forces which are usually not included in the continuum description), in our simula-
tions fragmentation is caused by a connectivity change at the interface, as illustrated
in Figure 12.

One of the main difficulties we face in our Lagrangian approach is the connectiv-
ity changes introduced by the remeshing process. In general, these reconnections
may alter the equilibrium at the interface, slow down convergence and affect mass
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(a) tn (b) tn+1

Fig. 12 Connectivity change that produces breakup at fluid films spanned by just one mesh element

(a) t = 5.965 s (b) t = 5.98 s

(c) t = 6.0 s (d) t = 6.125 s

Fig. 13 Pressure field at breakup (variable scale ranges in legend)

conservation. Thus, in interfacial flows it is essential to avoid them. We are using
an unconstrained Delaunay triangulator which does not allow to fix connectivities.
Therefore, to ensure that a specific connectivity remains, we refine long interfacial
edges and remove nodes too close to the interface. Unfortunately, this strategy would
preclude the possibility of breakup, as the interface could elongate endlessly. In the
way PFEM defines interfaces, it is possible to have fluid regions spanned by just one
element layer (Figure 12). The breakup criterium we have implemented in PFEM
is to permit connectivity changes in elements where all nodes lie at the interface.
In this way, a thin fluid thread can stop elongating and fragment. Breakup is then
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Fig. 14 Flow evolution for uj = 0.025 m s−1 (Fr = 0.6, Re = 44)

dependent on the mesh resolution, that is, it happens when the thickness of the film
is similar to the mesh resolution of the interface. This is not a drawback specific of
PFEM, breakup is mesh dependent in front-capturing methods as well. For example,
in the level set method, two interfaces are described as two different zero contours
of the same level set function, and these interfaces will automatically merge once
they get close enough, relative to the spatial resolution of the mesh where the level
set function is defined.

The pressure field at breakup is shown in Figure 13. The different pressure values
inside and outside the bubble equilibrate after breakup, what occurs at t = 5.97 s.

4.2 Negatively Buoyant Jet

Negatively buoyant jets consist in a dense fluid injected vertically upward into a
lighter fluid. The jet momentum is continually being decreased by buoyancy forces
until the vertical velocity becomes zero. The jet then reaches its maximum penetra-
tion height, reverses direction and flows back. This problem has been experimentally
and numerically studied in [25].

We consider the injection of water (ρw = 1000 kg m−3, µw = 10−3 Pa s)
through a nozzle in the base of a tank containing oil (ρo = 900 kg m−3, µo =
200× 10−3 Pa s).
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Fig. 15 Flow evolution for uj = 1 m s−1 (Fr = 28, Re = 1310)

For negatively buoyant jet flows with very low Froude (Fr , inertia vs. buoy-
ancy) and Reynolds (Re, inertia vs. viscosity) numbers, the injected fluid reaches
an almost constant maximum height, as shown in Figure 14. At higher velocities at
the nozzle (i.e. higher Fr and Re numbers), the jet begins to oscillate between a
maximum and a minimum height, and over a certain threshold, instabilities at the
interface cause the jet to break into droplets (see Figure 15).

4.3 Candle Combustion

The problem considered here is a two-dimensional burning rod inside a closed con-
tanier, as illustred in Figure 16a. For simplicity, we will refer to this object as a
“candle". The dimensions of the candle are 50 cm high by 5 cm thick. From time
t = 0 to t = 10 s, the temperature at the candle top is set to 950 K. In the solid
phase, the processes of heating and gasification take place. Simultaneously, in the
gas phase chemical processes are initiated, and temperature, fuel and oxidizer con-
centration gradients develop. The pysical properties are ρ1 = 1 kg m−3, ρ2 = 1170
kg m−3, µ1 = 0.001 Pa s, µ2 = 106 Pa s, D = 10−5 m2 s−1. Figures 16 to 18 show
snapshots of the temperature evolution and the flame zone in time for all configura-
tions. Notice that as the flame grows (see Figures 17 and 18) the combustion takes
place in a larger area. Finally, the flame is extinguished, first in the configuration in
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(a) t = 0 s (b) t = 3 s

(c) t = 10 s (d) t = 63 s

Fig. 16 Temperature evolution in the combustion of a vertical (bottom-up) candle

Figure 16 and later in the other examples, when reactions stop due to the particles
of non-oxygenated air returning to the combustion zone.

In the next example, the material properties for the candle are the same as in
the previous example. The temperature increases in the candle due to heat of com-
bustion, and the viscosity decreases by several orders of magnitude as a function
of temperature [30]. This induces the melting and flow of the candle material in the
heated zone. The melt flows down along the heated face of the sample and drips onto
the surface below. Figures 19 and 20 show the progressive melting of the candle ex-
posed to the heat from combustion, along with the change of the flame shape. The
dripping material transports the flame (see Figure 19c) and continues burning on
the surface below. After some seconds, the candle falls down and the flame is extin-
guished.
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(a) t = 12 s (b) t = 75 s

Fig. 17 Temperature evolution in the combustion of a vertical (top-down) candle

(a) t = 7 s (b) t = 41 s

Fig. 18 Temperature evolution in the combustion of a horizontal candle

5 Summary and Conclusions

The Particle Finite Element Method (PFEM) has been used to solve the incom-
pressible Navier–Stokes equations for heterogeneous fluid flows (such as the rising
bubble, extrusion of materials with different viscosity and candle combustion with
melting and dripping). The results show the ability of the method to deal with prob-
lems from the simple case of fluids with a single interface to the case of strong
mixed fluids with multiple interfaces. Problems with a big difference between the
two materials were also performed without showing any instability.
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(a) t = 5 s (b) t = 10 s

(c) t = 12 s (d) t = 25 s

Fig. 19 Melting and dripping of a candle: temperature evolution

(a) t = 28 s (b) t = 57 s (c) t = 105 s

Fig. 20 Melting and dripping of a candle: viscosity evolution
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