
Chapter 10
The Linear-Eddy Model

Suresh Menon and Alan R. Kerstein

Abstract Regime-independent modeling is important for accurate simulation of
the complex combustor designs needed to meet increasingly stringent performance
requirements. One strategy for achieving robust yet affordable predictive capability
is to resolve, in space and time, the relevant advection-diffusion-reaction couplings
using a low-dimensional representation of turbulent advection. In the linear-eddy
model (LEM), this is accomplished in one spatial dimension by introducing an in-
stantaneous map, the ‘triplet map,’ that emulates the effect of an eddy turnover on
property profiles along a notional line of sight. The map preserves the continuity
of these profiles and obeys applicable conservation laws. Details and representative
applications of the model are presented for passive and reactive scalar mixing, with
emphasis on its use as a mixing-reaction closure for large-eddy simulation (LES)
based on the embedding of an LEM domain in each LES control volume.

10.1 Motivation

Regime-independent modeling is a widely recognized goal of turbulent combus-
tion modeling. This goal is driven by the need to model configurations involving
various combinations of regimes such as partial premixing, extinction, re-ignition,
recirculation, stratified premixed combustion, compression ignition, multi-stage ig-
nition, and transition to detonation. Techniques involving coarse-graining, ensem-
ble averaging, or state-space modeling face difficulties in this regard due to the lack
of detailed representation of regime-specific advective-diffusive-reactive couplings.
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Although progress in addressing these difficulties can be anticipated, the challenge
of regime-independent modeling suggests the concurrent pursuit of an alternative
approach, namely, the development of a conceptually and computationally minimal
model that resolves, in space and time, some plausible representation of the coupled
advancement of advection, diffusion, and reaction in turbulent reacting flow. The
potential advantages of this strategy motivated the formulation, two decades ago, of
the linear-eddy model (LEM) [28].

A useful starting point for introducing LEM is the numerical advancement of
equations governing a 1D unsteady opposed-flow flame. This formulation can cap-
ture some but not all of the salient features of turbulent combustion. One important
feature that it does not capture is the effect of rotational folding of the flame by
turbulent eddy motions. Successive folding and compressive motions can cause an
initially monotonic profile of, say, mixture fraction to develop multiple extrema with
stoichiometric points in between, each corresponding to a flame location. At high
turbulence intensity, the time scale of folding, compression, and diffusive mixing
might become short enough relative to chemical time scales so that broad reaction
zones, stirred internally by small eddies, are formed.

The impossibility of representing these effects in 1D by continuous-in-time mo-
tions while obeying the applicable conservation laws motivated the introduction, in
LEM, of instantaneous maps. Each map can be conceptualized as representing the
outcome of an individual eddy motion, although such a literal connection between
maps and eddies is not required.

An LEM simulation time advances the 1D unsteady diffusion-reaction equations,
including associated dilatations along the 1D domain. This advancement is punctu-
ated by instantaneous rearrangements of property profiles by mapping operations of
a specified form (see Sec. 10.2). In effect, the outcome of each map constitutes a
new initial condition for further time advancement.

A numerical consequence of this procedure is that a time of map occurrence
cannot be contained within a time step for advancement of the governing equations.
This limits the potential advantage of implicit diffusion, so in LEM, diffusion is
typically implemented explicitly, possibly with implicit chemistry depending on the
stiffness of the kinetics.

Implementation of LEM as a subgrid model for large-eddy simulation (LES) has
also been accomplished with the goal of applying it to more complex high Reynolds
number flows. In this approach the LEM is coupled with a large-scale scalar trans-
port method to capture both large-scale flame structures and subgrid wrinkling ef-
fects.

10.2 Triplet Map

It is convenient to define a map symbolically using the notation

s(y) → s(M(y)), (10.1)
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where s(y) is any property profile, y is the 1D spatial coordinate, and M is the inverse
of the map, i.e., the property value at M(y) is mapped to location y. The map used
in LEM, termed the triplet map, has the form

M(y) = y0 +

⎧
⎪⎪⎨

⎪⎪⎩

3(y− y0) if y0 ≤ y ≤ y0 + 1
3 l,

2l −3(y− y0) if y0 + 1
3 l ≤ y ≤ y0 + 2

3 l,
3(y− y0)−2l if y0 + 2

3 l ≤ y ≤ y0 + l,
y− y0 otherwise.

(10.2)

This map shrinks property profiles within an interval [y0,y0 + l] to a third of their
original extent, and then fills the interval with three compressed copies of the pro-
files. The middle copy is reversed, which maintains the continuity of mapped prop-
erties and introduces the rotational folding effect of turbulent eddy motion (see
Sec. 10.1). Property fields outside the size-l interval are unaffected.

On an unstructured adaptive 1D mesh, this spatial continuum definition of the
triplet map can be implemented numerically as stated, as in an ODT adaptive-mesh
implementation described in Chapter 11. Published LEM studies to date use a fixed
uniform mesh, on which the triplet map is approximated as a permutation of mesh
cells. It is convenient to focus on this implementation because its consistency with
property conservation laws is self-evident.

Spatially discrete implementation of the triplet map is illustrated in Fig. 10.1,
involving a permutation of cell indices j through j + l −1. Taking the map range l
to be a multiple of 3 cells, the triplet map permutes the cell indices into the new order
j, j + 3, j + 6, . . . , j + l −3, j + l −2, j + l −5, j + l −8, . . . , j + 4, j + 1, j +
2, j+5, j+8, . . . , j+ l−4, j+ l−1. This operation reduces the separation of any
pair of cells by no more than a factor of three, consistent with the scale locality of
length-scale reduction by eddy motions in the turbulent cascade (see Chapter 11).

It is interesting to note that the triplet map and its uses for turbulence simulation
were discussed in a recent paper by authors who developed this concept without
knowledge of prior work on LEM [27]. This is perhaps indicative of the degree
to which map-based advection using the triplet map is a uniquely advantageous
approach for economical turbulent-mixing simulation.

10.3 Map Sizes and Frequency of Occurrence

As explained in Sec. 10.1, LEM is intended to be an alternative to models involving
coarse-grained constructs such as eddy diffusivity DT . Although eddy diffusivity
is not the modality of turbulent transport implementation in LEM, it is central to
LEM formulation. Eddy diffusivity parameterizes the aggregate turbulent transport
induced by an ensemble of turbulent eddies. Accordingly, the ensemble of triplet
maps during an LEM simulation induce aggregate transport that is quantifiable as an
eddy diffusivity, here denoted DT . Based on the triplet-map property that it induces
a mean-square displacement 4

27 l2 within the mapped interval, random-walk theory
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Fig. 10.1: Application of a triplet map with l = 9, formulated as a permutation matrix
multiplying a vector representing a flow state. Here, the map is applied to a column
vector with vertically increasing cell indices. For clarity, unity matrix elements are
boldface and cells are shifted horizontally in proportion to their index values. The
shifts are intended to suggest the 1D profile of a mapped variable.

Fig. 10.2: Scalar field evolution with LEM. (a) initial field, (b) after triplet map and
(c) after diffusion-reaction equation.

allows DT to be expressed as

DT =
2

27
Λ

∫ ∞

0
l3 f (l) dl, (10.3)

where f (l) is the probability density function (PDF) of map sizes (a model input)
and Λ is the frequency of map occurrences per unit domain length, so that Λ times
the domain size is the rate of map occurrence on a notional spatially homogeneous
domain [32]. (In previous model descriptions, the notation λ rather that Λ was used
in Eq. 10.3. Here, the notation is changed for consistency with Chapter 11.) Equa-
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tion 10.3 is used to solve for Λ given a DT value and a size distribution f (l) that
correspond to the turbulent flow that is being simulated.

The functional form of f (l) is based on the following familiar consequence of
internal-range turbulence scaling. The eddy diffusivity DT (l) associated with turbu-
lent motions of size l or less scales as lv(l), where the eddy velocity v(l) scales as
l1/3, so DT (l)∼ l4/3. The LEM analog of DT (l) is obtained by taking l to be the up-
per bound of the integral in Eq. 10.3 (to be distinguished from the dummy variable
l in the integrand). The map-size PDF that yields this scaling is f (l) ∼ l−8/3.

The inertial range extends from the Kolmogorov microscale η to the inte-
gral scale L, which obey the scaling L/η ∼ Re3/4, where Re is the integral-scale
Reynolds number, Re = u′L/ν , and u′ is the turbulence intensity. Therefore, the
stated scaling of f extends from η to L, and f = 0 outside this range. This deter-
mines the prefactor of f by the requirement that its integral over l is unity.

Here, η and L do not have precisely the same meanings in LEM as in turbulent
flow, so strictly speaking these LEM quantities are related to their physical counter-
parts by empirical coefficients. Likewise, turbulent diffusivity values inferred from
flow data typically do not precisely conform to the mathematical definition of a dif-
fusivity, so an empirical coefficient may be needed to relate these values to the LEM
parameter DT , which has a precise definition within the model.

10.4 Application to Passive Mixing

For passive mixing involving a single scalar property s with constant molecular
diffusivity κ , time advancement between map occurrences is governed by the heat
equation,

∂ s
∂ t

= κ
∂ 2s
∂y2 . (10.4)

The equation set for combustion is shown in Sec. 10.5.
For passive mixing, the family of scalar power spectra parameterized by the

Schmidt number Sc is a useful comparison data set for LEM because the spectra
exhibit universal behaviors with a sufficient number of features to overdetermine
the model and test its performance. Spectrum comparisons have been used to set the
free parameters in LEM and to demonstrate that LEM captures the salient features
of turbulent mixing [5, 32]. Figure 10.2 shows a typical implementation and com-
petition between molecular diffusion and turbulent stirring by the triplet mapping.
Turbulent stirring on an initial scalar gradient mimics the folding effect of an eddy
of size l with the subsequent molecular diffusion smoothing the gradient. These
processes interact over a range of eddy sizes in a high Re flow resulting in statisti-
cal features of scalar mixing in excellent agreement with classical scaling laws and
experimental observations.

For example, LEM as described above has been applied to mixing in grid tur-
bulence (including three-stream mixing) [28, 33], in planar mixing layers (focusing
on Sc dependence) [29], and in multi-scalar jet and homogeneous flows that exhibit
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differential molecular diffusion effects [5, 30, 35]. An application to mixing in ho-
mogeneous turbulence [37] revealed unexpected large-scale mixing behaviors that
were subsequently verified by a pipe-flow experiment motivated by the LEM results
[21–23]. Other homogeneous-turbulence studies compared scalar fluctuation decay
in LEM and direct numerical simulations (DNS) [6, 43] and used LEM to study
fractal scaling properties [31] and other intermittency properties [26, 32] of scalar
fields mixed by turbulence.

The mixing of dry and moist air in clouds has been simulated using LEM in
order to study temperature changes induced by cloud droplet evaporation and con-
densation and associated dynamical consequences [41, 42]. These studies, which
were extended to simulate the evolution of droplet-size distributions [75], did not
incorporate buoyancy effects but provided indications of larger-scale consequences
of buoyancy changes during the simulations. It has been shown mathematically that
triplet maps, in conjunction with a simple represention of eddy-induced motion of
inertial particles, capture clustering effects thought to be crucial to the process of
cloud-droplet coagulation to form raindrops [36].

10.5 Application to Reacting Flows

For reacting flows, the LEM employs more general equations for the species and
temperature within the 1D context. An extension of the LEM to multi-component
reacting flows can be written as [52, 53, 71, 74, 78]:

ρ
∂Yk

∂ t
= − ∂

∂y
(ρYkVk)+ ω̇k

ρCpmix
∂T
∂ t

= −ρ
∂T
∂y

(
Ns

∑
k=1

Cp,kYkVk

)

+
∂
∂y

(

κ
∂T
∂y

)

+ ω̇T . (10.5)

Here, Yk is the k−th species mass fraction, ω̇k is the reaction rate, and Vk is the k−th
species diffusion velocity.

Any type of kinetics (global or multi-step) can be included within this approach.
Heat release related effects such as thermal expansion and mass transport to main-
tain global conservation have to be included but their specific implementation issues
depend on the problem of interest [1, 47, 71, 78]. An example of the advantages of
LEM reactive-flow simulation relative to other approaches is an application [13]
to two simple reaction mechanisms that are widely used as test cases for closure
models. LEM was shown to be in agreement with DNS of these reactions in a non-
premixed configuration. LEM was then used to investigate a much wider parameter
range than DNS can access affordability, yielding a data set suitable for stringent
tests of proposed closures. None of the tested closures reproduced LEM product-
selectivity results.
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LEM has likewise been used to evaluate proposed nonpremixed-combustion clo-
sures [7, 8]. A priori analysis of the LEM-predicted PDF of the scalar properties has
been shown to agree very well with experimental PDFs for jet diffusion flames [19].
It has also been used to explore regimes that closure models cannot yet address ade-
quately, such as soot-radiation-turbulence coupling [79], and in applied studies such
as NOx prediction in dual-stage combustion [51], jet flames [1, 47], aerosol mixing
in engine exhaust [52, 78], and transient behaviors during incineration [65].

More recent studies include the study of extinction/re-ignition for a non-premixed
syngas flame [67–70] for a test case simulated earlier by DNS [24, 25] using the
same 21-step, 11-species skeletal syngas mechanism. Results showed the LEM can
capture both the extinction and re-ignition process at approximately the same turbu-
lent Reynolds number with the scalar dissipation rate at the stoichiometric surface
predicted to be 2394 1/s, which is very close to the DNS value of 2100 1/s.

Many canonical premixed flames have also been investigated using the LEM.
Freely propagating turbulent premixed flames in the flamelet regime [48, 71, 72]
and in the thin-reaction-zone regime [60] have demonstrated that the changes in the
flame structure can be captured without any change to the LEM. Recent stand-alone
premixed LEM studies have focused on premixed combustion far from the flamelet
regime. LEM has been applied to regimes of hydrogen [55] and hydrocarbon com-
bustion relevant to homogeneous-charge compression-ignition (HCCI) combustion.
An application to astrophysical flames [77] validated LEM using DNS of the well-
stirred-reactor regime, then explored the more challenging ‘stirred-flame’ regime
[34] to identify possible mechanisms for transition to detonation resulting in super-
nova explosions. Additionally, this study showed that the LEM turbulent burning
velocity in the flamelet regime is 18DT /L for high Re, a result that is useful for
detecting departures from flamelet or high-Re scaling.

Recent studies employed the LEM to investigate flame-turbulence interactions
for a range of conditions and fuel mixture with relatively detailed reduced kinet-
ics [69, 70]. We use some results from this study to highlight key features of the
LEM when implemented for reacting flows. For this study, the LEM scalar fields
are initialized by the steady, laminar, 1D flame solution obtained for a CH4/Air
mixture at an equivalence ratio of 0.6, and a 12-step, 16-species reduced methane/air
mechanism is used for the calculations. Thermally perfect gas with detailed multi-
component transport properties is employed for these simulations.

Figure 10.3 compares a typical H2 mass fraction profile that has evolved from the
initial laminar profile with stirring alone (Fig. 10.3, top left), with profiles evolved
by stirring and diffusion (Fig. 10.3, top right) together, and with stirring, diffusion
and reactions interacting (Fig. 10.3, bottom), which is the full LEM. It can be seen
that the profile is wrinkled and exhibits high level of scalar gradients as a result of the
turbulent stirring (Fig. 10.3, top left) but once the diffusion is included the gradients
created by the triplet-maps are smoothed out (Fig. 10.3, top right). The peak value
for the H2 intermediate species decreases as well, which indicates that the flame is
extinguishing, since reaction rates are not computed and the combined action of the
turbulent stirring and diffusion pushes the flame towards extinction. However, when
kinetics is also included (Fig. 10.3, bottom) the flame maintains its peak value while



228 Suresh Menon and Alan R. Kerstein

Fig. 10.3: Evolution of a scalar field (H2) by simulating the effect of stirring (top
left), stirring and diffusion (top right), and stirring, diffusion and reaction (bottom).

also showing the effect of stirring and diffusion. Thus, turbulent stirring, molecular
diffusion and reaction kinetics can interact at their respective time scales in the LEM
in a consistent manner. This is the unique nature of the LEM.

10.6 Application to Reacting Flows as a Subgrid Model

Extension of the LEM as a subgrid model requires some rethinking of the turbulent
stirring approach described above. In the classical LES methodology large scale
structures are fully resolved whereas small scale structures (subgrid-scale) are mod-
eled by using appropriate subgrid momentum and combustion models. Thus, clo-
sures for momentum, energy and scalar transport at the resolved scales are required.
This requirement is no different from the closure requirement for RANS modeling,
and an earlier effort [17, 18] demonstrated a LEM based approach for RANS ap-
plication. In the following, we focus primarily on the LES implementation of LEM
(called LEMLES hereafter).
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For LES of reacting flows, both low-Mach number [2, 3] and fully compress-
ible approaches have been used in the past. Closure for the momentum and en-
ergy equations is achieved using a localized dynamic subgrid kinetic energy ksgs

model (LDKM) [16, 38–40, 49, 53, 54] in most of the studies discussed here. In
addition to allowing for non-equilibrium between production and dissipation at the
subgrid scales, the LDKM offers two unique advantages for LEMLES that is ab-
sent in the classical Smagorinsky type algebraic eddy viscosity mode: (a) the ksgs

distribution can be used to provide an estimate of the subgrid turbulence intensity
u′ ≈

√
2ksgs/3, which can then be used for estimating turbulent stirring time scale

and frequency in the subgrid LEM, and (b) for two-phase modeling of spray com-
bustion, a stochastic component to the particle motion can be included to account
for the effect of subgrid turbulence on particle transport [45, 53, 57]. The govern-
ing LES equations for mass, momentum and energy are obtained by using density-
weighted Favre-filtering and the following discussion, although restricted to com-
pressible flows is equally applicable in low-Mach number flows [3, 4].

The LEM-based subgrid closure for mixing and chemistry was developed [44,
50] for both premixed and non-premixed applications, and has been used for LES
closure in many subsequent studies, e.g., scalar mixing [5, 46], non-premixed com-
bustion [10, 46, 67, 69], premixed combustion [3, 4, 60, 62, 73, 76], two-phase com-
bustion [53, 56, 57], soot formation [11, 12] and supersonic mixing and combus-
tion [61]. This closure introduces an LEM domain in each control volume of the
3D mesh. The LEM domain size is of the order of the resolution scale of the 3D
mesh, and evolves a 1D profile of the thermochemical state that serves as a repre-
sentative sample of evolution within the control volume that contains it. Special-
izing to LES closure, the LES time-advancement cycle begins with an update of
the coarse-grained LES flow state, consisting of velocity components and density.
(All thermochemical information resides solely within the LEM domains.) Next,
diffusive transport, chemistry, and triplet maps representing subgrid advection are
implemented within each subgrid LEM domain for a time interval equal to the LES
time step. Then the LEM domains communicate with each other by means of a
‘splicing’ procedure (see Fig. 10.6). The mass transfer across each LES mesh face
during the LES time step is computed based on the LES-resolved velocity and den-
sity. The prescribed transfer is applied to the affected LEM domains by excising a
piece of the domain that is upwind of the LES face and inserting it into the LEM do-
main that is downwind of the LES face. These processes are schematically shown in
Fig. 10.4 and indicate that the LEM subgrid model can be implemented within any
flow solver without any major revision to the original structure of the fluid dynamics
solver.

To describe this model mathematically, we split the velocity field as: ui = ũi +
(u′i)

R + (u′i)
S. Here, ũi is the LES-resolved velocity field, (u′i)

R is the LES-resolved
subgrid fluctuation (obtained from ksgs) and (u′i)

S is the unresolved subgrid fluc-
tuation. Then, consider the exact species equation (i.e., without any explicit LES
filtering) for the k−th scalar Yk written in a slightly different form as:
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Fig. 10.4: Schematic of the LEMLES approach.

ρ
∂Yk

∂ t
= −ρ[ũi +(u′i)

R +(u′i)
S]

∂Yk

∂xi
− ∂

∂xi
(ρYkVi,k)+ ẇk + Ṡk. (10.6)

Here, Vi,k are the k−th species diffusion velocity and Ṡk is a source term if there
is phase change as in vaporization of liquid fuel. In LEMLES, the above equation is
rewritten in a two-step process as:

Yk
∗ −Yk

n =
∫ t+Δ tLES

t
− 1

ρ
[ρ(u′i)

S ∂Yk
n

∂xi
+

∂
∂xi

(ρYkVi,k)n − ẇn
k − Ṡn

k ]dt ′ (10.7)

Yk
n+1 −Yk

∗

Δ tLES
= −[ũi +(u′i)

R]
∂Yk

n

∂xi
. (10.8)

Here, Δ tLES is the LES time-step. Equation 10.7 describes the subgrid LEM model,
as viewed at the LES space and time scales. The integrand includes four processes
that occur within each LES grid cell, and represent, respectively, (i) subgrid molec-
ular diffusion, (ii) reaction kinetics, (iii) subgrid stirring, and (iv) phase change of
the liquid fuel. These processes are modeled on a 1D domain embedded inside each
LES grid where the integrand is rewritten in terms of the subgrid time and space
scales. Equation 10.8 describes the large-scale 3D LES-resolved convection of the
scalar field, and is implemented by a Lagrangian transfer of mass across the finite-
volume cell surfaces [3, 46]. Descriptions for the subgrid processes (in Eq. 10.7) and
the 3D advection process (in Eq. 10.8) are presented elsewhere [53] but are repeated
here for completeness.

As shown in Eqs. 10.7 and 10.8, and in Fig. 10.4, there are two different elements
to the LEMLES. We will consider the subgrid LEM (the integrand in Eq. 10.7) and
the resolved-scale transport (Eq. 10.8) separately.
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Fig. 10.5: Schematic representation of the LEM domain and the flame for (a) stand-
alone LEM, (b) LEMLES.

10.6.1 The LEM Subgrid Model

The LEM is implemented within the LES cells as a subgrid model and Eqs. 10.5 are
solved within each LES cell. In stand-alone LEM simulations the one-dimensional
domain extends across the flame, whereas in the LEMLES approach they are embed-
ded within each LES cell. This is schematically shown in Figs. 10.5a-b. The LEM
domains are independent from each other and the 1D line is notionally aligned in the
flame normal or the maximum scalar gradient direction and thus, does not represent
any physical Cartesian direction.

Since all the turbulent scales below the grid are resolved in this approach, both
molecular diffusion and chemical kinetics are closed in an exact manner. As a result,
scalar ‘subgrid’ terms do not have to be closed or modeled. The subgrid pressure,
pLEM is assumed constant over the LEM domain, and equal to the LES value, p,
which is a valid assumption in the absence of strong pressure gradients. Hence, the
subgrid density is computed from the equation of state at the subgrid level:

pLEM = ρLEMT LEM
Nspecies

∑
k=1

Y LEM
k

Ru

Wk
. (10.9)

Here, Wk is the k−th species molecular weight. Conservation of mass, momen-
tum and energy (at the LES level) and conservation of mass, energy and species (at
the LEM level) are fully coupled. Chemical reaction at the LEM level determines
heat release and thermal expansion at the LEM level, which at the LES level gen-
erates flow motion that, in turn, transports the species field at the LEM level. Full
coupling is maintained in the LEMLES to ensure local mass conservation.

The reaction-diffusion equation on the LEM domain is solved within each LES
cell with an explicit scheme. The time integration is achieved by using an operator
splitting technique to account for four distinct physical processes and time scales in
the LEM (molecular diffusion, chemistry, turbulent stirring and thermal expansion).
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The diffusion time step is calculated as: Δ tdi f f =Cdi f f
Δs2

max(Dk)
. The maximum of Dk

is used for Δ tdi f f in order to maintain the stability of the diffusion of the lightest
species. The Cdi f f in the equation is a model constant, set here to 0.25 for numer-
ical stability [63]. The chemical time step size is determined by the stiffness of the
reaction mechanism. The stiffness increases as the number of radical species in a
chemical kinetics mechanism increases. The chemistry is integrated for the given
diffusion time step size (Δ tdi f f ). A stiff ODE solver which uses adaptive time step
size is employed for the integration process so that the chemical processes are re-
solved in their respective time scales. This approach, nevertheless, is very time con-
suming, and therefore, novel methods such as in-situ adaptive tabulation [11, 12]
and artificial neural network [67, 69, 70] have been implemented within LEM to
achieve speed-up.

The thermal expansion time scale is associated with the volumetric expansion
induced by the increase in temperature through chemical heat release. In the current
implementation Δ texpansion ≈ Δ tdi f f , and turbulent stirring is implemented as dis-
crete time events during the reaction-diffusion time integration. The time interval
between each stirring event is: τstir(x) = 1/ΛΔ , where Λ is the stirring frequency
described earlier, and Δ is the LES grid filter size. Overall, for the given LES time
step, the number of stirring events is equal to Nstir ≈ Δ tLES/Δ tstir.

In different implementations of this closure strategy, LEM domains can have
either periodic [50] or Neumann boundary conditions [53]. In the former method
the spliced pieces can be excised and inserted at arbitrary locations or a type of first-
in-first-out criterion can be applied. In the latter approach the LEM domain has an
input side and an output side. A common characteristic of these implementations is
that the LEM domains are Lagrangian objects that have no unique spatial location
or orientation within the LES control volume that contains them.

10.6.2 Large-Scale Advection of the Subgrid Field

The large scale advection is implemented in LEMLES to account for the advec-
tion of the scalar field on the resolved level between the LES cells according to Eq.
10.8. This process accounts for species transport in the 3D domain due to both the
resolved LES velocity field ũi and the resolved subgrid kinetic energy ksgs. Since
the scalar structure is inherent in the subgrid LEM cells, they are transported across
the LES fields by a Lagrangian transport process. This is in contrast to a conven-
tional finite-volume or finite-difference approximation of the filtered scalar gradi-
ents across LES cells. Thus, the right hand side of Eq. 10.8 is not discretized using
a conventional difference operator but rather, the convection of the subgrid scalar
field (and hence the subgrid scalar gradient, ∂Yk/∂ s) is explicitly carried out by the
Lagrangian splicing approach.

The advection process is implemented once the subgrid evolution of the scalar
field as a result of the turbulent stirring, diffusion, reaction and thermal expansion
are completed at their respective time steps. The large scale advection is a result of



Linear-eddy model 233

Fig. 10.6: Illustration of the splicing strategy, in which thermochemical information
resides solely within LEM domains (tilted line segments) contained with control
volumes of the 3D solver, but flow evolves on the coarse 3D mesh. Solid lines with
arrows are flow velocities, evolved on the coarse mesh, that determine volume trans-
fers between 1D subgrid domains. The splicing mechanism that implements these
transfers is illustrated. Each LEM domain has an input end (circle) and an output
end (square). Open and filled symbols demarcate the LEM domains before and after
splicing. Portions transferred during splicing are separated by tick marks. Dashed
curves with arrows indicate transfers between 1D domains in different control vol-
umes. An alternative to specified input and output locations is to use periodic LEM
domains. Then there are no preferred locations at which to remove and insert do-
main segments unless a first-in-first-out type of criterion is introduced.

both the resolved large scale (ũi) and the modeled subgrid scale velocities ((u′i)R).
In the current implementation, based on the assumption that the velocity field is

isotropic on the small scales, (u′i)R is estimated: (u′i)R =
√

2
3 ksgs. However, if ksgs

is not available this additional flux cannot be included. Regardless, this contribution
is very small and in most cases can be neglected.

Equation 10.8 can be written in a finite volume discrete form as follows,

(ρYk)n+1ΔV − (ρYk)∗ΔV
Δ tLES

= −
Nf

∑
j=1

ρ j
(
ũi +(u′i)

R)

j Yk
∗A j (10.10)

where ΔV is the volume of a finite volume cell, Nf is the number of cell faces, and
A j is the cell face area. The large-scale advection of the subgrid scalar structure, Yk,
is based on the mass flux across each cell face. Therefore, Eq. 10.10 can be rewritten
by defining m = ρΔV and rearranging,

(mYk)n+1 = (mYk)∗ −Δ tLES

Nf

∑
j=1

(δmYk) j (10.11)
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where δm = ρ
(
ũi +(u′i)

R
)

A j, which is the mass flux that crosses a cell face, A j.
The last term in (10.11) is further decomposed into influx and outflux components.
Therefore, Eq. 10.11 becomes,

(mYk)n+1 = (mYk)∗ −Δ tLES

[

−∑
Nin

(δmYk)in + ∑
Nout

(δmYk)out

]

(10.12)

where Nin and Nout are the number of influx and outflux faces surrounding a finite
volume cell. Here, (δmYk)in is computed by taking portions of the mass contained
in LEM cells in the neighboring finite volume cells. The mass in Nsplice LEM cells
is collected based on the net in-flux and added to the LEM cells in the current finite
volume cell. At the same time, (δmYk)out is computed from the mass contained in
LEM cells in the current finite volume cell and distributed to the neighboring LES
cells based on the out-flux. With proper care to advect the total mass based on con-
vective flux, proper mass conservation can be strictly enforced during this process.
Since this process is also in full 3D, the advection of the subgrid scalar gradients by
this Lagrangian process allows transport of both co-gradient and counter-gradient
subgrid structure across LES cell faces. This is a unique strength of this advection
process when compared to conventional gradient diffusion modeled at the LES level
by a standard finite-difference or finite-volume method.

Due to compressibility, volumetric expansion and grid-stretching, Nsplice may be
different than NLEM (the number of LEM cells in each LES grid volume) and this is
included in the formulation. Furthermore, Nsplice need not be an integer and the cur-
rent algorithm allows for fractions of individual subgrid volumes to be transported,
whereas the predetermined NLEM is an integer multiple of 3, and greater than 9 to
accommodate the triplet mapping procedure.

Once all the mass is transferred between the LES cells, the new LEM field can
have more or less cells than that it had before the splicing started, as shown in Fig.
10.7. Also, the volume of the cells can be different from each other based on the
transferred mass. Re-gridding is applied to uniformly divide all the mass between
LEM cells. This process is schematically shown in Fig. 10.8. Re-gridding is strictly
not needed if a variable subgrid domain is employed and is done primarily for nu-
merical expediency. As in any simplification resulting errors have to be considered.
For example, if re-gridding changes the composition in the LEM cells then it is con-
sidered artificial diffusion. This artificial diffusion can be minimized by increasing
the number of LEM cells or by splicing smaller amounts of mass. While the former
is essentially a grid refinement strategy, the latter is constrained by the time-step
of the flow solver and cannot be arbitrarily changed. In compressible explicit flow
solvers, due to the small LES time-step, the numerical diffusion effect is indeed very
small. Nevertheless, this artifact of the LEM implementation should be eliminated
for overall accuracy, and therefore, a more general implementation of the LEM (with
variable subgrid resolution) is being pursued.

The Lagrangian advection process can track interfaces accurately. For example,
Fig. 10.9 shows advection of an annular box without loss of its integrity in a uniform
flow oriented along the diagonal of the simulation domain. The mass-flux based
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Fig. 10.7: Species field before and after the splicing of the cell (i, j).

transport process allows counter-gradient transport of scalars (since subgrid scalar
structures are transported by splicing), enabling the model to avoid the pit-falls of
those based on the gradient-diffusion hypothesis. Figure 10.10 shows the propaga-
tion of a circular burning flame, which includes both subgrid burning and thermal
expansion effects. The circular flame is resolved on a Cartesian grid with reasonable
accuracy [3].

Implementation of splicing is relatively straightforward and visually summarized
in Fig. 10.7. Splicing is composed of the following steps: (1) calculate the LES flux,
ρ(ũi+(u′i)R) on each of the six faces of the volume, (2) determine the amount of
mass to send as well as the amount of mass to receive from the neighboring LES
cells, (3) arrange the LES fluxes with the largest out-flux carried out first in accor-
dance with the premise that the 1D scalar fields are always aligned in the direction
of the maximum scalar gradient, and (4) after the receipt of mass from each face
commensurate with step 2, rearrange the scalar field in each cell accordingly. Re-
gridding then follows, if there are heat release effects. As noted earlier, re-gridding
is a numerical artifact intended for simplicity and can be eliminated with a more
general formulation.

The ability of the Lagrangian advection to capture the flame structure is summa-
rized in Fig. 10.11, which compares a 3D simulation of a turbulent premixed flame
conducted using DNS and LEMDNS [62]. The latter approach implies that the LES
grid is as fine as the DNS grid but the LEM was included within the subgrid. Thus, in
the DNS limit the splicing process occurs only due to the resolved velocity field and
the LEM subgrid processes are reduced to only diffusion and kinetics (i.e., stirring
is turned off). The excellent agreement between a DNS and the LEMDNS shows
the physically consistent and correct implementation of the scalar evolution by the
two-step procedure (Eqs. 10.7 and 10.8).

A recently developed alternative LEM-based subgrid closure called LEM3D [64]
has a well-defined spatial structure. In fact, its structure is the same as in ODTLES
[66], a method for 3D flow advancement involving an array of coupled 1D domains,
using the one-dimensional-turbulence (ODT) model (see Chapter 11).
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Fig. 10.8: Schematic representation of the subgrid scalar field after thermal expan-
sion and re-gridding. Here u and b indicate an unburned and a burned LEM cell,
respectively.

Fig. 10.9: Propagation of an annular box in a velocity field aligned along the diago-
nal.

An advantage of LEM3D relative to the splicing strategy is that it avoids the im-
position of Neumann boundary conditions on LEM within each 3D control volume,
which is the currently preferred splicing formulation. A related advantage is that
a triplet map need not be contained within one 3D control volume, nor need it be
limited in size relative to the control volume. An advantage of the splicing strategy
is that it is readily implemented within an arbitrary structured or unstructured mesh.
LEM3D is most easily implemented on a Cartesian mesh, with some possibility of
generalization to generalized curvilinear coordinates. Owing to the novelty and lim-
ited evaluation of LEM3D to date, further discussion of LEM-based subgrid closure
focuses on the splicing strategy.
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Fig. 10.10: Propagation of a circular flame front. Reprinted from [3] with permission
from Taylor and Francis.

Fig. 10.11: DNS and LEMDNS of premixed flame-turbulence interaction. Reprinted
from [62] with permission from the Combustion Institute.

10.7 LEMLES Applications to Reacting Flows

As cited above, the LEMLES has been used quite extensively for a range of prob-
lems from simple canonical flame-turbulence interactions to complex flows in gas
turbine combustors. In the following we touch upon some key results primarily to
highlight the predictive ability of the LEMLES approach. An underlying theme in
all these comparisons is that the basic LEMLES approach is identical for all cases.
The only changes occurring are the changes in the LES geometry, test conditions
and appropriate boundary conditions. In the following, we summarize some key re-
sults primarily to highlight the capability of the approach. Cited references have
more detailed analysis and interpretations.

We begin with application to premixed combustion behind a triangular bluff body
[59] that has been extensively studied in the past by various LES methods and clo-
sures. Here, we compare a simple subgrid EBU closure with the LEMLES to high-
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Fig. 10.12: Flame structure predicted behind a triangular bluff body. (a) LEMLES
and (b) EBULES. Reprinted from [59].

light some features. EBULES is a very simple closure for the reaction kinetics and
therefore is used extensively in the literature. It strengths and limitations are well
known and it is not the intent here to focus on these issues. Furthermore, other
flame closure methods [14, 15] have also proven quite accurate for this test case
and therefore, the current comparison is primarily to provide a reference. As shown
in Fig. 10.12 and Fig. 10.13 show some key differences between the two predic-
tive methods. The LEMLES flame structure is more wrinkled and its spreading is
increased due to its increase burning rate. This is reflected in the mean tempera-
ture radial profile and the better agreement with the Reynolds stress measurements.
Other premixed studies [3, 4, 9, 60, 62] have demonstrated that LEMLES has the
ability to not only capture the flame propagation speed and structure, it also enables
better prediction of the flame-turbulence interactions.

A more recent study focused on the ability of the LEMLES approach to cap-
ture complex flame structures in both premixed and non-premixed combustion in a
special combustor. The Stagnation Point Reverse Flow (SPRF) is a low NOx com-
bustor [76] that employs exhaust gas recirculation to achieve stable combustion in
lean conditions while minimizing NOx and CO emissions. In this combustor, flame
stabilization is achieved via a high-temperature downstream stagnation region. The
schematic of the device shown in Fig. 10.14 consists of a generic can combustor
with the inlet and the exhaust on the same end of the combustor. This design en-
ables the EGR-preheated air to provide a high temperature and stable combustion
environment. Modeling the flow and flame structure in this device is complicated
by the interaction between various features of flow confinement, stagnation, jet en-
trainment and product preheating and dilution through interaction of the incoming
mixture with reverse co-flow. Experimentally, this combustor was shown to oper-
ate in both premixed and non-premixed combustion mode with low emissions but
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Fig. 10.13: The time-averaged radial profiles behind the bluff body. (a) Reynolds
stress, and (b) mean temperature at three axial locations behind the bluff body.
Reprinted from [59].

with very different flame structures, and therefore, it is a challenge for numerical
prediction.

The recent study [76] simulated both premixed and non-prmeixed combustion
using LEMLES and compared with other subgrid models such as the subgrid eddy
break-up, artificially thickened flame and steady flamelets. Here, only representative
results of the EBULES and LEMLES are discussed, although comparison with other
models were reported earlier. Figure 10.15 compares the predictions with the aver-
aged chemiluminescence field (note that although not clear here, the data does show
that this flame is attached [20]). The EBULES flame structure is not clearly defined
whereas the LEMLES predicts roughly the same flame length and reveals a flame
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Fig. 10.14: Schematic and typical dimensions of the SPRF combustor.

anchored to the injector with heat release along the shear layer and in the down-
stream region of the combustor in agreement with the data. Comparison with data
is reported elsewhere [76] and shows excellent agreement at nearly all locations.

When the combustor is operated in the non-premixed mode (with the fuel injected
through the inner tube) the flame is lifted (Fig. 10.16). The LEMLES prediction is
also a lifted flame whereas the EBULES did not capture this effect. The LEMLES
flame structure and shape is somewhat different from the measurements but this
is attributed to the reduced 1-step kinetics employed [76]. Regardless, the overall
agreement with data is encouraging considering that the same model is employed
for both premixed and non-premixed combustion without any ad hoc adjustments.

Fig. 10.15: Heat release in the premixed SPRF configuration. (a) Experiments, (b)
LEMLES and (c) EBULES. Reprinted from [76] with permission from the Com-
bustion Institute.
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Fig. 10.16: Heat release in the non-premixed SPRF configuration. (a) Experiments,
(b) LEMLES and (c) EBULES. Reprinted from [76] with permission from the Com-
bustion Institute.

Finally, an application in spray combustion is discussed briefly although more de-
tails are given elsewhere [53, 56, 57]. The LDI combustor consists of a 60-degree,
six helical swirl-vaned inlet that leads to a venturi, followed by a short divergent
diffuser section that ends at the dump plane of a square combustion chamber. The
swirler has outer diameter of 22.5 mm with the inner diameter of 8.8 mm. The
calculated swirl number is 1.0 and Fig. 10.17(a) shows the schematic of the swirl
generating blades in this combustor. The entire combustor (including the swirler as-
sembly) is simulated with and without break-up modeling of the kerosene-air com-
bustion system [56, 57]. Figure 10.17(b) shows the spray in the vicinity of the injec-
tor showing the breakup process. Details are in these cited references but here we
focus on the nature of flame holding and the typical characteristics of the flame to
highlight the ability of the LEMLES approach.

Centerline mean streamwise velocity is shown in Fig. 10.18(a). A prominent cen-
tral re-circulation zone (CRZ) along the axis is observed for the non-reacting [56]
(not shown) and reacting cases. This CRZ is created by the swirling inflow due to
a radial pressure gradient caused by the centrifugal effect, which in turn gives rise
to axial (and adverse) pressure gradient. For high swirl numbers, a strong coupling
between axial and tangential velocity occurs and the adverse pressure gradient is
strong enough to overcome the axial motion of the fluid. This establishes a recircu-
lation zone, a form of vortex breakdown in the central region. This is the primary
aerodynamic flame holding and stabilizing mechanism in gas turbine combustors.
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Fig. 10.17: The LDI swirler assembly and an instantaneous view of the droplets in
the near -vicinity of the injector showing breakup. Reprinted from [57] with permis-
sion from the Combustion Institute.

Fig. 10.18: Centerline velocity decay and flame structure in the LDI combustion. (a)
Centerline axial velocity, (b) Flame index contours, with the black lines indicating
the stoichiometric mixture fraction contour. Reprinted from [56] with permission
from the Combustion Institute.

Instantaneous flame structure is analyzed using the flame index, FI=∇YF .∇YO2 .
To determine the flame regime, an indexed reaction rate is defined based on the
flame index as: ω̇∗

F = |ω̇F | FI
|FI| , and is shown in Fig. 10.18(b). Here, ω̇F is the fuel

destruction rate. The stoichiometric equivalence ratio is shown as a thin line in the
same figure. The flame is premixed when the FI (and consequently ω̇∗

F ) is positive
and diffusion when the FI is negative. In the central region, presence of fuel vapor in
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proximity of recirculating hot gases devoid of oxidizer generates a diffusion flame,
as seen by light colored “V” shaped flame surface. This is confirmed by the coinci-
dence between the flame and the stoichiometric line. Further outwards in the radial
direction, significant dark colored contours are seen, indicating a premixed flame.
Along the outer edges there is sufficient time for fuel-air mixing to complete before
ignition, and thus, both non-premixed and premixed flames occur adjacently near
the top half of the combustor with diffusion burning of fuel vapor evaporated from
the particles that have gone through the primary flame without completely losing
their identity. Since the LEMLES approach does not make any a priori assump-
tions regarding the nature of the flame it is able to capture the multi-faceted flame
structure in these combustors.

10.8 Summary and Future Prospects

As summarized here the LEM has been used both as a stand-alone model and as
a subgrid model for LES. Application of LEM as a RANS subgrid model has also
been reported in some earlier and recent studies. The ability of this modeling strat-
egy to study a wide range of reacting flows without any model adjustments (when
combined with the LDKM closure for momentum there are no ad hoc adjustable pa-
rameters in the method) is one of the key strengths of this modeling approach. The
robustness for a wide range of applications comes with an increase in cost. Efficient
parallel implementation (the LEM subgrid model is highly parallel in its nature)
can reduce the cost significantly but it is still expensive when compared to a steady
flamelet or EBULES approach. On the other hand, the LEM-based closure can be
used to go from one simulation regime to another without changing the model and
this is a critical strength essential to study complex flame dynamics as in combus-
tion instability, LBO and extinction-re-ignition processes. More recent successes in
parametrizing the LEM in a neural network [67, 68, 70] offers a new potential for
incorporating this model’s ability in a cost effective LES strategy.
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