Chapter 7
Dual Tableaux for Classical Modal Logics

7.1 Introduction

In a narrow sense, modal logic is a logic obtained from the classical logic by
endowing it with unary propositional operations intuitively corresponding to ‘it is
necessary that’ and ‘it is possible that’. These operations are intensional, i.e., the
truth of a formula built with the operation does not depend only on the truth of the
subformula to which the operation is applied but also on a relevant state or a sit-
uation in which the truth is considered. A development of the semantics of modal
logics in terms of a relational structure of states is due to Stig Kanger [Kan57] and
Saul Kripke [Kri63]. Algebraic semantics of these standard modal logics is provided
by Boolean algebras with normal and additive operations [JT52]. Since the origin
of Kripke semantics, intensional logics have been introduced to computer science
as an important tool for its formal methods.

In a broad sense modal logic is a field of studies of logics with intensional opera-
tions. The operations may have various intuitive interpretations and are relevant in a
variety of fields. In logical theories intensional operations enable us to express qual-
itative degrees of truth, belief, knowledge, obligation, permission, etc. Elements of
the relevant relational structures are then interpreted as possible worlds, situations,
instants of time, etc. In computer science intensional operations serve as formal
tools for expressing dynamic aspects of physical or cognitive processes. In these
cases elements of the relational structures are interpreted as the states of a computer
program, the tuples of a relational database, the objects of an information system
with incomplete information, the agents of multiagents systems, etc.

The basic systems of modal logic in a modern form are due to Clarence Irving
Lewis (see [Lew20, LL59, Zem73]). They evolved from his treatment of impli-
cation in search for elimination of the paradoxes of the classical implication of
Frege—Russell. A development and broad range of research in modal logic and its
applications can be traced through an extensive literature of the subject, see e.g.,
[Fey65, HC68, Seg71, Gal75, Gab76, Boo79, Che80, HC84, vB85, Boo93, Gol93,
vB96, CZ97, HKT00, BARVO1, BvBWO06].
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In this chapter we present a relational formalization of modal logics which
originated in [Or191]. Given a modal logic L, we show how one can construct
a relational logic, RL, and a dual tableau for RL_ so that it provides a validity
checker for the logic L. We show that in fact the RL, -dual tableau does more: it
can be used for proving entailment of an L-formula from a finite set of L-formulas,
model checking of L-formulas in finite L-models, and verification of satisfaction
of L-formulas in finite L-models. The relational formalization of modal logics pre-
sented in this chapter provides a paradigm for all the relational formalisms and dual
tableaux considered in Parts III, IV, and V of the book.

7.2 Classical Propositional Logic

The vocabulary of the language of the classical propositional logic, PC, consists of
the following pairwise disjoint sets:

e V —acountable set of propositional variables;
e {—,V, A} —the set of propositional operations of negation —, disjunction Vv, and
conjunction A.

The set of PC-formulas is the smallest set including V and closed with respect
to the propositional operations. We admit the operations of implication, —, and
equivalence, <>, as the standard abbreviations, that is for all PC-formulas ¢ and :

o ¢—>W§wvw;
e 0> Y =(9VY)AEY V).

Let {0, 1} be a two-element Boolean algebra whose elements represent truth-values
‘false’ and ‘true’, respectively. A PC-model is a structure M = ({0, 1}, v), where
v:V — {0, 1} is a valuation of propositional variables in {0, 1}. A PC-formula ¢ is
said to be true in a PC-model M = ({0, 1}, v) whenever the following conditions
hold:

M E piffv(p) = 1, for every propositional variable p;
M E =g iff M £ ¢;

MEeVvYiff MEg@or ME y;

MEeAYIff MEg@and M E ¢.

A PC-formula ¢ is PC-valid whenever it is true in all PC-models.

7.3 Propositional Modal Logics

The vocabulary of a modal language consists of the following pairwise disjoint sets:

e V —a countable set of propositional variables and/or constants;
e A set of relational constants;
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e {—,V, A} —aset of classical propositional operations;
e A set of modal propositional operations is included in the set:

{[R], (R),[[R]], {R)) : R is arelational constant}.

The modal operations (R) and {(R)) are definable in terms of [R] and [[R]], respec-
tively, as follows:

(R)p & =[R]-¢p, (R) = =[[R]]-¢.

The propositional operations [R], (R), [[R]], and {(R)) are referred to as necessity,
possibility, sufficiency, and dual sufficiency, respectively.

The set of modal formulas is the smallest set including the set V and closed with
respect to the propositional operations.

If the set of relational constants is a singleton set, say { R}, then the modal propo-
sitional operations [R], (R), [[R]], and {(R)) are often written as (I, <, [[]], and
{()), respectively. Some modal languages include propositional constants which are
interpreted as singletons; they are referred to as nominals. If the cardinality of the set
of relational constants is at least 2 or the language includes at least two different and
not mutually definable modal operations, then the logic is referred to as multimodal.

Let a modal language be given. A model for the modal language is a structure
M = (U, m) such that U is a non-empty set, whose elements are referred to as
states, and m is a meaning function such that the following conditions are satisfied:

e m(p) CU,forevery p e V;
e m(R) C U x U, for every relational constant R.

The relations m(R) are referred to as the accessibility relations.

A frame is a structure F = (U, m) such that U is a non-empty set and m is a map
which assigns binary relations on U to relational constants. If there are finitely many
relational constants in a modal language, then in the frames we often list explicitly
all the corresponding relations and usually we denote them with the same symbols
as the corresponding constants in the language. A model M = (U, m’) is said to
be based on a frame F = (U, m) whenever m is the restriction of m’ to the set of
relational constants.

A formula ¢ is said to be satisfied in a model M by a state s € U, M, s | ¢,
whenever the following conditions are satisfied:

M,s = piffs e m(p) for p e V,;

M,sEpVvyiff M,sEgporM,s = y;

M,s EpAyiff M,s |E g and M, s = ¢;

M, s = - iff M, s F ¢,

M, s | [R]y iff forevery s’ € U, if (s,s”) € m(R), then M, s’ = ¢;
M, s = (R)g iff there is s’ € U such that (s,s’) € m(R) and M, s’ = ¢;
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o M,s E [[R]]g iff forevery s’ € U, if M, s’ |E ¢, then (s, s") € m(R);
e M,s E {(R)g iff there is s’ € U such that (s,s") € m(R) and M, s’ t£ ¢.

As usual, given a model M and a state s, ‘M, s F£ ¢’ is an abbreviation of ‘not
M, s = ¢’. Throughout the book, by a modal logic we mean the pair L = (a modal
language, a class of models of the language). Given a modal logic L, we write
L-language and L-model for the relevant components of L. Formulas of the
L-language are referred to as L-formulas.

An L-formula ¢ is said to be true in an L-model M = (U, m), M = ¢, whenever
for every s € U, M,s | ¢, and it is L-valid whenever it is true in all L-models.
An L-formula ¢ is said to be true in the L-frame F, F |= ¢ for short, whenever ¢
is true in all the L-models based on F. Note that in every L-model the propositional
operations —, V, and A receive their standard meaning as classical operations of
negation, disjunction, and conjunction of PC, respectively.

Standard Modal Logics

The standard modal logics are K, T, B, S4, and S5. Their common language is a
modal language with a single relational constant R and with the modal operations
[R] and (R).

The models of these logics are of the form M = (U, R, m) where:

e M is a K-model iff R is a binary relation on U;

e M is a T-model iff R is a reflexive relation on U (i.e., 1’ C R);

e M is aB-modeliffitis a T-model such that R is a symmetric relation on U (i.e.,
R C R);

e M is an S4-model iff it is a T-model such that R is a transitive relation on U
(ie.,R;R C R),

e M is a S5-model iff it is a B-model and S4-model (i.e., R is an equivalence
relation on U).

All the standard modal logics are decidable. For details of the proof see e.g.,
[BVBWOG6].

7.4 Relational Formalization of Modal Logics

The logic RL(1, 1’) serves as a basis for the relational formalisms for modal log-
ics whose Kripke-style semantics is determined by frames with binary accessibility
relations (see [Ort97b]). Let L be a modal logic. The relational logic RL appropri-
ate for expressing L-formulas is obtained from RL(1, 1") by endowing its language
with relational constants representing the accessibility relations from the models of
L-language and with propositional constants of L (if there are any) which will be
interpreted appropriately as relations.
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The vocabulary of the relational logic RLL consists of the symbols from the
following pairwise disjoint sets:

OVRgL, — acountable infinite set of object variables;

OCRrL, — a countable (possibly empty) set of object constants;

RVRgy, —acountable infinite set of relational variables;

RCg, = {1,1'} U{R : R is arelational constant of L} U {C, : ¢ is a proposi-
tional constant of L} — a set of relational constants;

o {— U,N,; 1 } — the set of relational operations.

Object symbols, relational terms, and RL| -formulas are defined as in RL(1, 1’)-logic
(see Sect. 2.3).
An RL -structure is an RL(1, 1’)-model M = (U, m) (see Sect. 2.7) such that:

e m(R) C U x U, for every relational constant R of L;
e m(C.) € U x U, for every propositional constant ¢ of L.

An RL_-model is an RL(1, 1")-model M = (U, m) such that:

e m(C.) = X xU, where X C U, for any propositional constant ¢ of L; it follows
that propositional constants of L are represented in RL as right ideal relations;

e The domains of relations m(C,) satisfy the constraints posed on propositional
constants ¢ in L-models; examples of such constants can be found in Sects. 11.3,
15.2,and 16.5;

e For all relational constants representing the accessibility relations of L, all the
properties of these relations from L-models are assumed in RL -models; many
examples of such properties can be found in Sects. 7.5, 11.4, and 16.3.

If in a modal logic L there are finitely many accessibility relations, then in the RL -
models we list explicitly these relations and we denote them with the same symbols
as the corresponding constants in the language.

As established in Sect. 2.7, the models of RL with 1’ interpreted as the identity
are referred to as standard RL_-models.

Translation

The translation of modal formulas into relational terms starts with a one-to-one
assignment of relational variables to the propositional variables. Let t/ be such an
assignment. Then the translation 7 of formulas is defined inductively:

7(p) = ©/(p); 1, for any propositional variable p € V;
7(c) = C.; 1, for any propositional constant ¢ € V;
t(mg) = —(9);

tpVvy) =) U(y);

o ny) =tlp) Ne(¥);

and for every relational constant R of L:

e T((R)p) = R;1(p);
e 7([Rlp) = —(R:—7(9));
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e T((R)p) = —R;—1(p);
e ([[R]lp) = —(—=R;7(p)).

It follows that translation of defined propositional operations — and < is:

o (¢ —>Y)=—1(p) Ut(¥);
o (¢ < ¥) = (—t(p) Ut(¥)) N (=1(¥) U z(9))).

Hence, when passing from modal formulas to relational terms we replace propo-
sitional variables and constants by relational variables and relational constants,
respectively, and propositional operations by relational operations. The crucial point
here is that the accessibility relation is ‘taken out’ of the modal operation and it be-
comes an argument of an appropriate relational operation. In particular, possibility
operation is replaced by the relational composition of two relations: the relation rep-
resenting an accessibility relation and the relation resulting from the translation of
the formula which is in the scope of the possibility operation. In this way to any
formula ¢ of a modal logic there is associated a relational term 7(¢). The above
translation assigns to any modal formula a right ideal relation i.e., a relation Q that
satisfies Q = Q ; 1. It follows from the following proposition:

Proposition 7.4.1. For every set U, the following conditions are satisfied:

1. The family of right ideal relations on U is closed on —, U, and N;

2. For any relation R on U and any right ideal relation P on U, R ; P is a right
ideal relation;

3. If P is a right ideal relation on U, then for all s,s' € U: (s,s") € P iff for every
teU,(s,t) e P.

Proof. 1. and 3. follow directly from the definition of right ideal relations. For 2.,
note that since P = P;1,R; P = R;(P;1)=(R; P);l. O

In some examples of dual tableaux proofs presented in the book a simpler trans-
lation of the formula to be proved is sufficient such that t(p) = t/(p) for every
propositional variable p appearing in the formula.

The translation t is defined so that it preserves validity of formulas.

Proposition 7.4.2. Let L be a modal logic and let ¢ be an L-formula. Then, for
every L-model M = (U, m) there exists an RL_-model M’ = (U, m’) with the same
universe as that of M such that for all s,s' € U, M,s | ¢ iff (s,5") € m'(z(p)).

Proof. Let ¢ be an L-formula and let M = (U, m) be an L-model. We define an
RL.-model M’ = (U, m’) as follows:

m'(1)=U x U,

m'(1’) is the identity on U;

m'(z(p)) = m(p) x U, for every propositional variable p;
m'(z(c)) = m(c) x U, for any propositional constant ¢ € V;
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e m'(R) = m(R);
e m’ extends to all the compound terms as in RL(1, 1’)-models.

Now, we prove the proposition by induction on the complexity of formulas. Let
s,s’ eU.

Leto = p, p € V.Then M,s | piff s € m(p) iff (s,s’) € m’'(z(p)), since
m'(z(p)) is a right ideal relation.

Letop = ¥ v §. Then M,s E ¢ v iff M,s E ¢ or M,s E 9§ iff, by
the induction hypothesis, (s,s’) € m'(z(¥)) or (s,s") € m'(z(?)) iff (s,5") €
m'(t(Y)) Um'(z(9)) iff (s,5) € m'(z (¥ Vv D).

Let ¢ = (R)y. By the induction hypothesis, for all z,s' € U, we have
M,t E yiff (¢,s") € m'(z(y)). Therefore, M, s = ¢ iff there exists t € U
such that (s,7) € m(R) and M, t |= ¥ iff, by the induction hypothesis, there exists
t € U such that (s,1) € m'(R) and (¢, s") € m'(z(¥)) iff (s,5") € m'(R; t(y)) iff
(s.5") € m'(z(p)).

Let ¢ = [[R]]Y¥. Then M, s = ¢ iff forevery t € U, if M,t |= i, then (s,t) €
m(R) iff, by the induction hypothesis, for every ¢t € U, if (¢,5’) € m'(z(y¥)), then
(s,t) €e m'(R) iff (s,5") € m'(—R ; T (y)) iff (s,5") € m'(z(p)).

In the remaining cases the proofs are similar. O

Proposition 7.4.3. Let L be a modal logic and let ¢ be an L-formula. Then, for
every standard BL-model M’ = (U, m’) there exists an L-model M = (U, m)
with the same universe as that of M’ such that for all s,s’ € U, the condition of
Proposition 7.4.2 holds.

Proof. Let ¢ be an L-formula and let M’ = (U, m’) be a standard RL -model. We
define an L-model M = (U, m) as follows:

o m(p) = {x € U : thereexists y € U, (x,y) € m'(z(p))}, for every proposi-
tional variable p;

o For every propositional constant ¢, s € m(c) iff there is s’ € U such that (s, s”) €
m’(z(c));

e m(R) = m'(R).

We can prove that M,s | ¢ iff (s,5’) € m'(z(¢)) in a similar way as in
Proposition 7.4.2. O

Proposition 7.4.4. Let L be a modal logic and let ¢ be an L-formula. Then, for
every L-model M there exists an RL-model M’ such that for all object variables

xandy, M= ¢ iff M' | xt(p)y.

Proof. Let ¢ be an L-formula, let M = (U, m) be an L-model. We construct a
standard RL;-model M’ = (U, m’) as in the proof of Proposition 7.4.2. Let x
and y be any object variables. Assume M = ¢. Suppose there exists a valua-
tion v in M’ such that M’, v F£ xt(¢)y. Then (v(x),v(y)) &€ m'(z(¢)). However,
by Proposition 7.4.2, models M and M’ satisfy M, v(x) | ¢ iff (v(x),v(y)) €
m’(t(@)). Therefore, M, v(x) £ ¢, and hence M }£ ¢, a contradiction. Now, as-
sume M’ = xt(¢)y. Suppose there is s € U such that M, s £ ¢. Let s’ be any
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element of U. By Proposition 7.4.2, M, s |= ¢ if and only if (s, s") € m'(z(¢)). Let
v be a valuation in M’ such that v(x) = s and v(y) = s'. Since M,s £ o,

v(x),v(y)) & m'(z(p)), so M',v ¥ xt(¢)y, and hence M’ F£ xt(p)y, a
contradiction. O

Due to Proposition 7.4.3, the following can be proved:

Proposition 7.4.5. Let L be a modal logic and let ¢ be an L-formula. Then, for
every standard RL_-model M’ there exists an L-model M such that for all object
variables x and y, the condition of Proposition 7.4.4 holds.

From Theorem 2.7.2, Propositions 7.4.4, and 7.4.5, we get:

Theorem 7.4.1. Let L be a modal logic. Then, for every L-formula ¢ and for all
object variables x and y, the following conditions are equivalent:

1. ¢ is L-valid;
2. xt(p)y is RL_-valid.

Proof. (1. — 2.) Let ¢ be L-valid. Suppose xt(¢)y is not RL_-valid. Then, there
exists a standard RL; -model M such that M F xt(¢)y. By Proposition 7.4.5,
there is an L-model M’ such that M’ F£ @, which contradicts the assumption of
L-validity of ¢.

(2. — 1.) Let ¢ be an L-formula such that x7(¢) y is RL_-valid. Suppose ¢ is not
L-valid. Then there exists an L-model M such that M }£ ¢. By Proposition 7.4.4,
there exists an RL| -model M’ such that M’ £ x7(¢)y, a contradiction. O

Relational dual tableaux for modal logics are extensions of RL(1, 1’)-dual tableau.
We add to the RL(1,” 1)-system the specific rules and/or axiomatic sets that reflect
properties of the specific relational constants corresponding to accessibility relations
and propositional constants (if there are any) of the logic in question. Given a logic
L, a relational dual tableau for L, RL| -dual tableau, enables us to prove facts about
the relations from the models of L expressed in the language of L or in the language
of RLL.

Given a modal logic L, an RL_ -set is a finite set of RL| -formulas such that the
first-order disjunction of its members is true in all RL_-models. Correctness of a
rule is defined in a similar way as in the relational logics of classical algebras of
binary relations (see Sect.2.4).

Following the method of proving soundness and completeness of RL-dual
tableau described in Sect.2.6, we can prove soundness and completeness of the
RL_ -dual tableau in a similar way. To prove soundness, it suffices to show that
all the rules are RL-correct and all the axiomatic sets are RL|-sets (see Propo-
sition 7.5.1). In order to prove completeness we need to prove the closed branch
property, the branch model property, and the satisfaction in branch model property.
Then the completeness proof is the same as the completeness proof of RL(1, 1')-
dual tableau (see Sects. 2.5 and 2.7). In Table 7.1 we recall the main facts that have
to be proved.
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Table 7.1 The key steps in the completeness proof of relational dual
tableaux
(1) Closed Branch Property:
For any branch of an RL -proof tree, if xRy € b and x—Ry € b
for an atomic term R, then the branch can be closed;
(2) Branch Model Property:
Define the branch model M? determined by an open branch b of
an RL-proof tree and prove that it is an RL| -model;
(3) Satisfaction in Branch Model Property:
For every branch b of an RL_ -proof tree and for every RL -formula ¢,
the branch model M? and the identity valuation v* in M satisfy:

It MP WP = g, then ¢ & b.

7.5 Dual Tableaux for Standard Modal Logics

Let L be a standard modal logic as presented in Sect. 7.3 (see p. 146). The relational
logic appropriate for expressing L-formulas, RL;, is obtained from logic RL(1, 1)
by expanding its language with a relational constant R representing the accessibility
relation from the models of L-language. If a relation R in the models of logic L is
assumed to satisfy some conditions, e.g., reflexivity (logic T), symmetry (logic B),
transitivity (logic S4) etc., then in the corresponding logic RL| we add the respec-
tive conditions as the axioms of its models. The translation of a modal formula of L
into a relational term of RL is defined as in Sect. 7.4.
By Theorem 7.4.1 the following holds:

Theorem 7.5.1. For every formula ¢ of a standard modal logic L and for all object
variables x and y, the following conditions are equivalent:

1. ¢ is L-valid;
2. xt(p)y is RL_-valid.

Dual tableaux for standard modal logics in their relational formalizations are con-
structed as follows. We add to the RL(1, 1’)-dual tableau the following rules:

e LogicT: (ref R),

e Logic B: (ref R) and (sym R),

e Logic S4: (ref R) and (tran R),

e Logic S5: (ref R), (sym R), and (tran R).

We recall that these rules are of the form (see Sect. 6.6):
For all object symbols x and y,

R R
(ref R) XY (sym R) xRy
xl'y, xRy YyRx
R
(tran R) ey z is any object symbol

xRz, xRy |zRy, xRy
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As defined in Sect. 7.4, given a standard modal logic L, an RL, -structure is of the
form M = (U, R, m), where (U, m) is an RL(1, 1")-model and R is a binary re-
lation on U. An RL|-model is an RL_-structure such that relation R satisfies the
constraints posed in L-models.

Theorem 7.5.2 (Correspondence). Let L be a standard modal logic and let K be
a class of RL-structures. Relation R is reflexive (resp. symmetric, transitive) in all
structures of IC iff the rule (ref R), (resp. (sym R), (tran R)) is K-correct.

For the proof see Theorem 6.6.1. Theorem 7.5.2 leads to:
Proposition 7.5.1. Let L be a standard modal logic. Then:

1. The RL-rules are RL|-correct;
2. The RL-axiomatic sets are RL -sets.

The notions of an RL -proof tree, a closed branch of such a tree, a closed RL__-proof
tree, and RL -provability are defined as in Sect. 2.4.

We recall that the completion conditions determined by the rules (ref R),
(sym R), and (tran R) are:

For all object symbols x and y,

Cpl(ref R) If xRy € b, then x1'y € b;
Cpl(sym R) If xRy € b, then yRx € b;
Cpl(tran R) If xRy € b, then for every object symbol z, either xRz € b orzRy € b.

The notions of a complete branch of an RL -proof tree, a complete RL, -proof tree,
and an open branch of an RL_ -proof tree are defined as in RL-logic (see Sect. 2.5).
In order to prove completeness, we need to define a branch model and to show the
three theorems of Table 7.1.

The branch model is defined as in the completeness proof of RL(1, 1’)-dual
tableau, that is R® =m?(R) = {(x,y) e U? x U? : xRy &b}. Using the completion
conditions, it is easy to show that R? satisfies the conditions assumed in the corre-
sponding L-models (see the proof of Proposition 6.6.3). Hence, the branch model
property is satisfied. In similar way as in RL(1, 1’)-dual tableau (see also RLgq-dual
tableau in Sect. 6.6), we can prove the closed branch property and the satisfaction in
branch model property:

Proposition 7.5.2 (Satisfaction in Branch Model Property). For every open
branch b of an RLL-proof tree and for every RL_-formula ¢, if M® VP = @, then

¢ &b

Then, completeness can be proved as for RL(1, 1’)-dual tableau.

Theorem 7.5.3 (Soundness and Completeness of Relational Logics for Stan-
dard Modal Logics). Let L be a standard modal logic and let ¢ be an RL -formula.
Then, the following conditions are equivalent:
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1. ¢ is RLy-valid;
2. @ is true in all standard RL| -models;
3. ¢ is RL_-provable.

Finally, by Theorem 7.5.1 and Theorem 7.5.3, we obtain:

Theorem 7.5.4 (Relational Soundness and Completeness of Standard Modal
Logics). Let L be a standard modal logic and let ¢ be an L-formula. Then for all
object variables x and y, the following conditions are equivalent:

1. @ is L-valid;

2. xt(p)y is RLL-provable.

Example. We present a translation and a relational proof of a formula of logic K.
Note that RLg-proof system is exactly the same as RL(1, 1’)-system, because in

K-models the accessibility relation is an arbitrary binary relation. Consider the fol-
lowing K-formula:

¢ = ([Rlp A [R]g) — [R](p A q).

For reasons of simplicity, let t(p) = P and 7(¢) = Q. The translation 7(¢) of the
formula ¢ into a relational term of logic Rl is:

—[=(R;=P)N—=(R;=0)]U—(R;—=(P N Q)).

We show that the formula ¢ is K-valid, by showing that xt(¢)y is RLk-valid.
Figure 7.1 presents its RLg-proof.

7.6 Entailment in Modal Logics

The logic RL(1, 1’) can be used to verify entailment of formulas of non-classical
logics, provided that they can be translated into binary relations. Let L be a modal
logic. In order to verify the entailment we apply the method presented in Sect. 2.11.
We translate L-formulas in question into relational terms of the logic RL| and then
we use the method of verification of entailment for RL|_-logic as shown in Sect. 2.11.

For example, in every model M of K-logic the truth of the formula p — ¢ in
M implies the truth of [R]p — [R]q in M. The translation of these formulas to
RLk-terms is:

(p—>q)=—-PUQ,
t([Rlp — [Rlg) = —(R;—=P) U—(R;-0),

where for simplicity 7(p) = P and t(g¢) = Q. To verify the entailment we need
to show that —P U Q = 1 implies —(R;—P) U —(R;—Q) = 1. According to
Proposition 2.2.1(7.), we need to show that the formula:

x[(1;=(=PUQ);HU——(R;=P)U—(R;=0)]y

is RLk-provable. Figure 7.2 presents an RLk-proof of this formula.
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X=[=(R;=P) N =(R; =) U —(R; =(P N Q))y
)

X—[=(R;=P) N =(R; =Dy, x=(R; =(P N Q))y

(—n)
x——(R;—=P)y,x——(R;=0)y.x—(R;—(P N Q))y

(=) x2

X(R;—=P)y.x(R;—Q)y, x—(R;—=(P.N Q))y

(—;) with a new variable z and (—)

X(R;—=P)y, x(R;—=Q)y, x—Rz,z(P N Q)y

/ (;) with z \

xRz, x—Rz, ... z—Py,x(R;—0)y.x—Rz,z(P N Q)y, ...
closed
/(;)Wilhz \
xRz, x—Rz, ... 7—Py,z—0y,z(PN Q)y,...
closed
/ (n) \
7z—Py,zPy,... 7—0y,20y,...

closed closed

Fig. 7.1 An RLk-proof of K-formula ([R]p A [R]lg) = [R](p A q)

Furthermore, observe that in every model M of K-logic the truthof R; R C R in
M implies the truth of [R]p — [R][R]p in M. The translation of the latter formula
to RLk-term is:

——(R:=P)U—(R:=—(R:=P)),
where for simplicity t(p) = P. To verify the entailment we need to show that
—(R;R)UR = 1 implies —(R;—P) U —(R;——(R;—P)) = 1. According to
Proposition 2.2.1(7.), we need to show that the formula:

x[(1:=(—=(R;:R)UR); 1) U——(R;—=P)U—(R;—(R;—-P))]y

is RLk-provable. Figure 7.3 presents its RLk-proof.
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(A3 =(=PUQ); DU —=(R;=P)U—=(R; =O)ly
l (U) twice and ()
x(I;=(=PUQ); Dy, x(R;=P)y,x—(R;—0Q)y
l (—;) with a new variable z and (—)

x(13=(=P U Q); )y, x(R;—P)y, x—Rz,2Qy

/(;)wilhz \

XRz,x—Rz, ... X1, —(PUQ) Dy 2= Py.20y....
closed / (;) twice with z, y \
xlz, ... ...
closed closed

z—(—=PUQ);1)y,z—Py,z0y,...
D)

zPy,z—Py,... z—Qy,z0y,...

closed closed

Fig. 7.2 An RLg-proof showing that p — ¢ entails [R]p — [R]q

x[(1;—(—(R;RM)UR); ) U——(R;—P)U—(R;——(R;—P))]y
(V) twice and (—)

/ () with x
xlx, ... x(=(=(R;R)UR); 1)y, x(R;—P)y, x—(R;——(R;—P))y, ...
closed ‘

(—;) with a new z and (—)

X(—(—(R;R)UR); 1)y, x(R;—P)y,x—Rz,z—(R;—P)y,...

(—;) with anew ¢ and (—)

x(—(=(R;R)UR); 1)y, x(R;—P)y,x—Rz,z—Rt,tPy,...

/ (;) with ¢ \

X(=(=(R;R)UR); 1)y, xRt,x—Rz,z—Rt,... t—Py,tPy,...
/ (;) with ¢ \ closed
x—(—(R;R)U R)t,xRt,x—Rz,z—Rt, ... tly, ...
/(—U) and () \ closed
x(R; R)t,x—Rz,z—Rt, ... x—Rt,xRt,...
/(;) with z \ closed
XRz,x—Rz, ... zRt,z—Rt, ...
closed closed

Fig. 7.3 An RLg-proof showing that R ; R C R entails [R]p — [R][R]p
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7.7 Model Checking in Modal Logics

The method presented in Sect. 3.4 can be used for model checking in finite models
of modal logics. The general idea is as follows. Let M be a finite model of a modal
logic L and let ¢ be an L-formula. In order to verify whether ¢ is true in M, we con-
struct a relational logic RL and an RL_ -model M’ such that for all object variables
x and y, the problem ‘M [ ¢? is equivalent to the problem ‘M’ = x1(p)y?.
Then, we apply the method of model checking for the relational logic RL, the
model M’, and the formula xt(p)y as presented in Sect. 3.4. For that purpose, we
consider an instance RL oq/ x7(p), of the logic RLL. Then, we obtain:

Theorem 7.7.1 (Relational Model Checking in Modal Logics). For every
L-formula ¢, for every finite L-model M, and for all object variables x and y,
the following statements are equivalent:

]' M ': (p;
2. xt(@)y is RLpy xz(p)y-provable.

By way of example, consider modal logic K. Let M = (U,R,m) be a
K-model such that U = {a,b,c}, m(p) = {a}, and the accessibility relation
is R = {(a,b), (b, c), (a, c)}. Let ¢ be the formula of the form —(R)(R) p. Let us
consider the problem: ‘is ¢ true in M?’. The translation of the formula ¢ is:

(@) = —(R:(R;(P;1))),

where t'(p) = P. Using the construction from the proof of Proposition 7.4.2 it is
easy to prove that there exists an RLx-model M’ such that for all object variables x
and y, M E ¢ iff M' E xt(¢)y.

The model M’ = (U’, R’, m’) is an RLg-model such that U’ = U, R’ = R, and
m' is the meaning function satisfying:

m'(P) = {(a, a), (a,b), (a, c)}.

Let x and y be any object variables. The model checking problem ‘is ¢ true in M?’
is equivalent to the problem ‘is the formula x7(¢)y true in M’?". For the latter we
apply the method presented in Sect. 3.4. The vocabulary of the language adequate
for testing whether M’ = x1(¢p)y consists of the following pairwise disjoint sets
of symbols:

°
©
<
Pl

<

- a countable infinite set of object variables;

XT(@)y
* OCRL,y (r(y)y = 1€a: b, Cc} — the set of object constants;
® RCRL,y 1r(my = IR, P,1,1"} —the set of relational constants;

{—,U,N,;,” !} —the set of relational operations.

An RL oy xz(p)y-model is the structure N = (W, R, n), where:

o W={ab,c};
e n(cy) = a,n(cp) =b,and n(ce) = c;
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n(l)y =W x W,

n(l') = {(a,a), (b,b), (c,c)};

n(P) ={(a,a),(a,b),(a,0)};

R =n(R) ={(a,b),(b,c),(a,c)};

n extends to all the compound terms as in RL-models.

The rules of RL vy x7(p)y-dual tableau which are specific for the model checking
problem in question have the following forms:

x—Ry

_R' 1
(=Ri3) xl'cs, x—=Ry|yl'cs,x—Ry
for every (i, 9) € {(a, a), (b, a), (b,b), (c,a), (c,b), (c,c)};

x—Py

_Pi-
(=Pi3) x1l'cs, x—=Py|ylc5,x—Py

forevery (1, 3) € {(b, a), (b,b), (b, c), (c,a),(c,b), (c,c)};

(1"

x—1cy | x—1Vep | x—1ce

1 #3)

forany i,j € {a,b,c},i # j
Cil/Cj

The RL vy x7(p)y-axiomatic sets are:

{ciRcy}, forevery (1,3) € {(a,b), (b,c),(a,c)};
{ci—Rcy}, forevery(i, j) € {(a,a), (b, a), (b,b), (c,a),(c,b), (c,)};
{ci Pcy}, forevery (1,7) € {(a.a),(a.b),(a,o)};
{ci—Pcy}, forevery (i, 3) € {(b,a), (b,b), (b, c),(c,a),(c,b), (c,0)}.

Let x and y be object variables. The truth of ¢ in model M is equivalent to
RL At xz(p)y-provability of xt(¢)y. Figure 7.4 presents an RL vy x(p)y-proof of
xt(¢)y. The subtree I1; is presented in Fig.7.5. The subtrees I1, and I13 are
presented in Figs. 7.6 and 7.7, respectively. Observe that in a diagram of Fig.7.7
the applications of the rules (—Pca), (—Pcb), and (—Pcc) result in the nodes
with formulas v1’c,, v1'cy, and v1’c.. Therefore, in the picture we identify all these
nodes.

7.8 Verification of Satisfaction in Modal Logics

The method of verification of satisfaction in finite models presented in Sect. 3.5 can
be also used in the case of standard modal logics. Let M = (U, R, m) be a finite
model of a modal logic L, let ¢ be an L-formula, and let a € U be a state. In order
to verify whether ¢ is satisfied in M by the state a, we construct a relational logic
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x—(R;(R;(P;1))y

(—;) twice with new variables z, v

x—Rz,z—Rv,v—(P ; 1)y
/ (1/)1 \

x—1"cy, x—Rz, x—1"cp, x—Rz, x—1"ce,x—Rz,
z—Rv,v—(P;1)y,. z—Rv,v—(P;1)y,... z—Rv,v—(P;1)y,...

ﬁ RaaN ﬁ RbaN / Rcax
xlcy, xlcy, xlce,
x—1'c,, ... x—1"cy, ... x—1'cg,...
closed closed closed

Fig. 7.4 An RL vy y¢(p)y-proof of the truth of K-formula (R){R)p — (R) p in the model M

zl'ca, z—=Rv,v—(P ; 1)y,.

/ Crom

vl Ca, Z— RV

HZA/(—Rbb\ 1,

Rv,v—(P;1)y,.

Fig. 7.5 The subtree I1;

/

zlcq,
z—1'c,, ...
closed

zlcq, 2l ¢y, z—=Rv,v—(P ; 1)y, ...

(—Rca)\

7zlcq, 7zl ey, 2

GRS

2ca, 2l cp, 2lce, ...

ol T

zlcy, zlce,
z—1cp, ... —1ce, ...
closed closed

—Rv,vl/cg,v—(P;1)y,...

I1;

Fig. 7.6 The subtree I1,

RL., an RL_-model M’ = (U’, R/,

m’), and a valuation v, in M’ such that for all

object variables x and y, the problem ‘M, a = ¢?’ is equivalent to the problem
‘M',va E xt(9)y?. Then, we apply the method of verification of satisfaction
as presented in Sect. 3.5 to the relational logic RL,, the model M’, the formula
x1(¢)y, and elements v, (x) and v, (y) of U’. We construct an instance RL ¢/ xz () y
of the logic RL|_ and we obtain:
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vl’ca, vl/cy, v=(P 5 Dy, ...
l (—;) with a new variable ¢

vl’cg,vl/cy, v=Pt, ...

(-P ca)\

vl'cg,vl/cy, v=Pt, t1'c,, .

(- Pch
vl/eq, vl/cp,v—=Pt,t1'ca, t1cy, .
(—Pcc) \
tl’ ca ey, tlce, .
| (1
t ca ¢y, ¢,
t—1c,,. t—1cp,... t—1cq,...

vl‘ey, vlep, vl’ CC closed closed closed
oy
vl’cy, vl‘ey, vl Ce,
v—1cq,... v—1cp, ... v—1lcq,...
closed closed closed

Fig. 7.7 The subtree I1;

Theorem 7.8.1 (Relational Satisfaction in Standard Modal Logics). For every
L-formula ¢, for every finite L-model M = (U, R, m), and for every state a € U,
the following statements are equivalent:

1. M,akE¢;
2. ¢y, ()T (@)va(y) is RLay xo(g)y-provable.

As an example of an application of the method, consider the modal logic K. Let
M = (U, R,m) be a K-model such that U = {a,b}, m(p) = {a} and the ac-
cessibility relation is R = {(b, a)}. Let ¢ be the formula (R)p. Let us consider
the problem: ‘is ¢ satisfied in M by state b?” The translation of the formula ¢ is
7(¢) = (R; (P ; 1)), where t(p) = P. By Proposition 7.4.2, there exist a standard
RLk-model M’ and a valuation v, in M’ such that for all object variables x and y,
M,b E @iff M vy E x1(0)y.

The RLk-model M’ = (U’, R’,m’) is such that U" = U, R’ = R, and m’ is the
meaning function satisfying:

m'(P) ={(a,a).(a.D)}.

Let vy, be a valuation such that vy (x) = b and v,(y) = a. Then M’ and vy, satisfy
the condition: M, b [ ¢ iff M’, vy, = x1(0)y.

Therefore the satisfaction problem ‘is ¢ satisfied in M by state b?’ is equivalent
to the problem ‘(b,a) € m’(z(¢))?’. By Proposition 3.5.1 this is equivalent to
RL At xz(p)y-provability of c,7(¢)ca.
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(R (P D)ea

A with ca\‘

cpRea, ... ca(P 3 Deg, ...
closed
AWﬂm
caPca, ... calca, ...
closed closed

Fig. 7.8 An RL v ¢ y¢(y)y-proof showing that (R) p is satisfied in M by state b

RL At xz(p)y-dual tableau contains the rules and axiomatic sets of RL(1, 1’)-dual
tableau adjusted to RL o/ x7(¢)y-language and the rules and axiomatic sets specific
for the satisfaction problem as presented in Sect. 3.5:

e The rules are: (—Raa), (—Rab), (—Rbb), (—Pbb), (—Pba), (1), and
(a # b);

e The axiomatic sets are those that include either of the following subsets:
{epRea}, {caPca}, {caPcp}, {ca—Rca}, {cp—Rep}, {ca—Rep}, {cp—Pceyp},
and {cp,—Pc,}.

It is easy to see that the formula xt(¢)y is satisfied in M’ by valuation vy, though it
is not true in M’. Therefore, the formula (R) p is satisfied in M by state b, while
it is not true in M. Figure 7.8 presents an RL vy xr(¢),-proof of ¢, 7(¢)c,, which
shows that the formula (R) p is satisfied in M by state b.
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