Chapter 23
Dual Tableau for Propositional Logic
with Identity

23.1 Introduction

In this chapter we consider propositional logic with identity, referred to as SCI
(Sentential Calculus with Identity) introduced in [Sus68]. It is two-valued as the
classical logic, but it rejects the main assumption of Frege’s philosophy that the
meaning of a sentence is its logical value. Non-fregean logics are based on the prin-
ciple that denotations of sentences of a given language are different from their truth
values. SCI is obtained from the classical propositional logic by endowing its lan-
guage with an operation of identity, =, and the axioms which say that formula
¢ = ¥ is interpreted as ‘g has the same denotation as ¥’. Identity axioms together
with two-valuedness imply that the set of denotations of sentences has at least two
elements. Any other assumptions about the range of sentences or properties of the
identity operation lead to axiomatic extensions of SCI. In general, the identity op-
eration is different from the equivalence operation, that is two sentences with the
same truth values may have different denotations. If we add (¢ < V) = (¢ = V)
to the set of SCI axioms, then we obtain the classical propositional logic, where the
identity and equivalence operations are indistinguishable. In this way the Fregean
axiom can be formulated in SCI. Some extensions of SCI are known to correspond
to modal logics S4 and S5 and to the three-valued F.ukasiewicz logic (see [Sus71a]).
Decidability of the logic SCl is proved in [Sus71c].

Non-fregean logics were an inspiration for some other logical systems. In the
paper [BS73] it is indicated that Lindenbaum algebras, obtained by the Tarski—
Lindenbaum method and further developed by Rasiowa and Sikorski, are too weak
for studying some logical systems. For example, propositional logics with identity
and the first-order non-fregean logics are not algebraizable in the Rasiowa—Sikorski
style. This fact inspired an introduction of abstract logics in [BS73], aimed at gener-
alizing of the concept of a logical system. Many ideas from the paper [BS73] have
been studied within the theory of abstract algebraic logics.

Basic definitions and main results concerning non-fregean logics can be found in
[Sus71b, Sus71c, BS72, Sus73, Sus72, GPHOS5], among others.
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23.2 A Propositional Logic with Identity

The vocabulary of the language of the non-fregean propositional logic, SCI, consists
of the symbols from the following pairwise disjoint sets:

e V —a countable infinite set of propositional variables;
e {—,V, A, —, <>, =} the set of propositional operations of negation —, disjunc-
tion V, conjunction A, implication —, equivalence <>, and identity =.

The set of SCl-formulas is the smallest set including V and closed with respect to
all the propositional operations.

An SCl-model is a structure M = (U, ~, U, N, =, <, 0, D), where U is a non-
empty set, D is any non-empty subset of U, and ~, LI, M, =, <, o are operations
on U with arities 1, 2, 2, 2, 2, 2, respectively, such that:

Foralla,b € U,

(SCI1) ~a € Diffa & D;
(SCI2) aub e Diffae Dorb € D;
(SCI3) anbe Diffae Dandb € D;
(SCI14) a=be DiffagDorb e D;
(SCI5) a & be Diffae Diffb e D;
(SCI6) aob € D iffa =b.

Let M be an SCl-model. A valuation in M is any mapping v: V. — U. A valuation
v extends homomorphically to all the formulas:

v(—g) = ~v(p);

v(p V) = v(p) Uv(¥);
v AY) = v(p) Nv(Y);
v = V) = v(p) = v(¥);
V(g < ¥) =v(p) & v(Y);
v(p =¥) = v(p) ov(Y).

Let v be a valuation in an SCl-model M. An SCl-formula ¢ is satisfied by v in M,
M, v = ¢, whenever v(p) € D. An SCl-formula ¢ is true in M if it is satisfied by
all valuations in M. A formula is SCl-valid if it is true in all SCl-models.

The logic SCl is two valued. We may define the logical value of a formula ¢ in
a model M as:

df | true  if forevery vin M, v(p) € D

l
valam(gp) false  otherwise.

The following proposition shows that SCI is extensional in the sense that any sub-
formula ¥ of an SCl-formula ¢ can be replaced with another formula © such that
its denotation is the same as y without affecting the denotation of ¢.
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Proposition 23.2.1. Let M be an SCl-model, let v be a valuation in M, let ¢ be
an SCl-formula containing a subformula v, and let ¢’ be the result of replac-
ing some occurrences of ¥ in ¢ by a formula §. Then, M,v = = O implies

MyviEgp=9.

Proof. The proof is by induction on the complexity of formulas. Let ¢ be a propo-
sitional variable p and let ¥ be an SCl-formula. Then p is the only subformula
of ¢ and, clearly, if v(p) = v(?), then the proposition holds. In what follows
¢(¢) denotes a formula ¢ with a subformula v, ¥ denotes any formula such
that v(y) = v(}), and ¢’ denotes a formula resulting from ¢ by replacing some
occurrences of ¢ with 9.

Let ¢(¢) = —¢. Then ¢ is a subformula of ¢ and v(—=¢ (V) = ~v(p(¥)).

By the induction hypothesis, v(¢ (¥)) = v(¢ (1)), hence ~v(¢(¥)) = ~v(p(D)).
Therefore v(p) = v(¢’).

Let o(¥) = (¢1 V ¢2). Then ¢ is a subformula of ¢; or ¢,. Without loss of
generality, we may assume that v is a subformula of ¢;. Then, v(¢1 (V) V ¢2) =
v(¢1(¥)) U v(¢2). By the induction hypothesis, v(¢1(¥)) = v(¢1(F)), hence
v($1(¥)) U v(d2) = v($1 (D)) U v(¢2). Therefore, v(p) = v(g").

Let o(¥) = (¢1 = ¢2). Then, ¥ is a subformula of ¢, or ¢,. Without loss
of generality, we may assume that ¥ is a subformula of ¢;. Then, v(¢,(¥) =
@2) = v(¢1(¥)) o v(¢h2). By the induction hypothesis, v(¢1(¥)) = v(¢1()), hence
v($1(¥)) 0 v(¢2) = v(p1(D)) 0 v(¢h2) = v(¢1(F) = ¢2). Therefore v(p) = v(¢").

The proofs of the remaining cases are similar. O

A Hilbert-style axiomatization of SCI consists of the axioms of the classical
propositional logic PC, which characterize the operations —, Vv, A, —, <>, and the
following axioms for the identity operation =:

(=1) ¢ =9;

(=2) (p=V) > (—p =—Y);

(=3) (p=v) —> (¢ > ¥);

(54) [(§0 = 1//) A (l9 = S)] - [(@#19) = (1//#5)]’ for # € {V’ N, =, <>, E}

The only rule of inference is modus ponens. It can be shown that all the SCl-axioms
are true in every SCl-model. It is known that they provide a complete axiomatization
of logic SCI.

Fact 23.2.1. For every PC-formula ¢, the following conditions are equivalent:

1. ¢ is PC-valid;
2. ¢ is SCl-valid.

Note also that the reduct (U, ~, LI, M) of an SCl-model is not necessarily a Boolean
algebra, for example a Mb = b Ma is not true in all SCl-models. Consider an SCI-
model M = (U, ~,U, 1M, =, <,0,D), where U = {0,1,2}, D = {1,2}, and the
operations ~, LI, N, =, <, o are defined by:
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a (0 ifa#0
~a = .
1  otherwise

a (0 ifa=0andb =0
alb= .
1  otherwise

0 ifa=0o0rb=0
anbE 1 ifb=2anda #0
2 otherwise

a (0 ifa#0andb =0
1  otherwise

ad ({0 ifa#0,b=00ra=0,b#0
"1 otherwise

ifa #b
aob ! ifa=banda # 0
1 otherwise.

This structure is an SCl-model. Indeed, the following hold:

~ae€Diffa=0iffa ¢ D;
alUbeDiffa#0orb #0iffae Dorb e D;
anbeDiffa#0andb #0iffa € D and b € D;
a=beDiffa=0o0rb#0iffa g D orb e D;

a << beDiffeithera =b=0o0ra#0#biffae Diff b € D;
aobe Diffa=h.

However, we have 211 = 2, while 1 M2 = 1. Hence, a M b = b M a is not true in
this model.

23.3 Axiomatic Extensions of the Propositional Logic
with Identity

The class of all different SCl-theories is uncountable. Therefore, the question of
natural extensions of SCI arises. Let X be a set of SCl-formulas. The axiomatic
extension of SCI, SCI¥ , is the logic obtained from SCI by adding formulas of X to
SCl-axioms. There are three natural and extensively studied axiomatic extensions
of SCI, the logics SCIB, SCIT, and SCIM.
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Logic Sci®

The specific axioms of this logic are:

BD[(eAY) VI =[(¥ V) Alp VD)
B [(p V) A =[(¥ AD) V(e AD)]:
B3 [p VW A—yY)] =g
BH AWV =Y =g
BS) (¢ = ¥) = (—p V),
B6) (¢ < V) =[(¢ > ¥Y) AW — 9)].
An SCI®-model is an SCl-model M = (U,~,u,n, =, <, 0, D)suchthat D is an
ultrafilter on (U, ~, LI, M) and for alla,b € U,a o b € D iff a = b. Any axiomatic
extension of SCI which includes SCI is referred to as a Boolean SCl-logic.
In [Sus71a] the following was proved:

Theorem 23.3.1. For every SCl-formula ¢, the following conditions are equivalent:

1. @ is true in all SCIB-models;
2. @ is provable in SCIB.

Logic SCIT
The logic SCI is an extension of SCI® with the following axiom:
(T) ¢ =, for all formulas ¢ and ¥ such that ¢ <> v is provable in SCI.

This logic has many interesting properties (see [Sus71a]). Below we list some of
them:

Proposition 23.3.1.

1. The set of all SCIT-provable formulas is the smallest set of SClB-provable
formulas closed on the Gadel rule:

o,y

G .
()¢sw

2. The set of all SClT-provable formulas is the smallest set of SCl-provable
formulas closed on the quasi-Fregean rule:

(p < V)
(QF) ———.
o=y
An SCI"-model is an SCIB-model M = (U, ~,Uu,n, =, <, o0, D) such that:
Foralla,b,c,d,e € U,

e goa =-¢ell~e;
e [(aoh)= (a & b)] =el ~e;
e [[(@aob)n(cod)] = [(a#c) o (b#d)]] = el ~ e, for# € {LI, M, 0}.
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In [Sus71c] the following was proved:
Theorem 23.3.2. For every SCl-formula ¢, the following conditions are equivalent:

1. @ is true in all SClT-models;
2. @ is provable in scl'.

Furthermore, the following was observed:

Theorem 23.3.3.

1. Let M = (U,~,U,N,=,<,0,D) be an SCIT -model. Then, the structure

(U,~,U,n, I), where a unary operation I on U is defined as 1(a) L ao
(aU ~ a), for every a € U, is a topological Boolean algebra, i.e., I is an
interior operation;

2. Let T = (U,~,U,m, 1) be a topological Boolean algebra. Then, the struc-
ture M = (U,~,U,MN, =, <, 0, D) such that = and < are operations on
U satisfying the conditions of SCl-models and, in addition, for all a,b € U,

aobhZ I(a < b) and D is an ultrafilter on U suchthataob € D iffa = b, is
an SCIT -model.

Logic scit

The logic SCI" is an extension of SCI® with the following axioms:

HD 1= (¢ V—9);

(H2) 0 = (¢ A —9);

M) (p=yv)=[p=y)=1];
HA) =(p =) =[(p=v) =0],

where 1 and O are propositional constants defined as p v —p and p A —p,
respectively.

An SCIM-model is an SCIB-model M =(U,~,U,Mn,=,<,0,D) such that
1 and O are the greatest and the smallest element, respectively, of the Boolean alge-
bra (U, ~, U, M), and the following is satisfied:

1 ifa=5>b
aob =
0 otherwise.

It is easy to see that the operation / defined as /(a) & 401 has the property:

{1 ifa=1
I(a) =

0 otherwise.



23.3 Axiomatic Extensions of the Propositional Logic with Identity 423

Theorem 23.3.4.

1. Let M = (U,~,U,M,=,<,0,D) be an SCI"-model. Then, the structure
(U, ~,u,n, 1), where I is an interior operation on U defined as above, is a
topological Boolean algebra with only two open elements;

2. Let H = (U,~,U,Mn, 1) be a topological Boolean algebra with only two open
elements. Then, the structure M = (U, ~,U, N, =, <, 0, D) such that = and
& are operations on U satisfying the conditions of SCl-models and, in addition,

foralla,b € U,aob a L if Ia) : I(b), and D is an ultrafilter on U
0  otherwise

suchthataob € D iffa = b, is an SCIM-model.

Theorem 23.3.5. For every SCl-formula ¢, the following conditions are equivalent:

1. @ istrue in all SCIM-models;
2. ¢ is provable in SCI™.

There are some relationships between logics SCI' and SCI™ and the modal logics
S4 and S5, respectively (see Sect. 7.3).

Let o be a mapping from the set of SCl-formulas into the set of modal formulas
defined inductively as follows:

e o(p) = p, for every propositional variable p;

o o(p) = @, if = does not occur in ¢;

e o(p =) =[R](c(p) <> a(y¥)), where R is an accessibility relation of modal
logics.

The following is known (see [Sus71a]):
Proposition 23.3.2. For every SCl-formula ¢, the following hold:

1. @ is true in all SCI"-models iff o (¢) is S4-valid;
2. @ is true in all SC\"-models iff o (¢) is S5-valid.

Now, consider a mapping ¢’ from the set of modal formulas into the set of SCI-

formulas. The function ¢’ is defined inductively as follows:

e o’(p) = p, for every propositional variable p;
e 0'(¢) = ¢, if [R] does not occur in ¢;
e d'([Rlp) = (0'(p) = (0(p) vV —0'(9))).

The following was proved in [Sus71a]:

Proposition 23.3.3. For every modal formula ¢, the following hold:

1. ¢ is S4-valid iff o' (¢) is true in all SCI"-models;
2. ¢ is S5-valid iff o' (¢) is true in all SCI"-models.
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23.4 Dual Tableau for the Propositional Logic with Identity

A dual tableau for the logic SCI, developed in [GP07], consists of decomposition
rules (V), (A), (=V), (=A), (=), (= =), (=), (= <), (—) of F-dual tableau (see
Sect. 1.3) adjusted to the SCl-language and, in addition, the specific rule:

(V)

& T =500 | 0@ 0

where ¢ and ¢ are SCl-formulas, ¥ is a subformula of ¢, and ¢(##) is obtained from
¢ (¥) by replacing some occurrences of ¥ with 9.

Observe that any application of the rules of SCl-dual tableau, in particular an
application of the specific rule (=), preserves atomic formulas and their negations.
Thus, the closed branch property holds.

A finite set of formulas is SCl-axiomatic whenever it includes either of the sets
of the following forms:

For any SCl-formula ¢,

(Ax1) {¢ = o};
(Ax2) {¢,—¢}.

A finite set X of SCl-formulas is said to be an SCl-set whenever for every SCI-
model M and for every valuation v in M there exists ¢ € X such that M,v = ¢.
Correctness of a rule is defined in a similar way as in F-logic in Sect. 1.3.

Proposition 23.4.1.

1. The SCl-rules are SCl-correct;
2. The SCl-axiomatic sets are SCl-sets.

Proof. By way of example, we prove correctness of the rule (=). Let X be a finite
set of SCl-formulas and let ¢ () be an SCl-formula. Clearly, if X U {¢p(y)} is
an SCl-set, then so are X U {¢ = &, ¢(¥)} and X U {@(}), (¥)}. Assume that
XU{y =9, ()} and X U{p(?), p(¥)} are SCl-sets. Suppose X U{p ()} is not
an SCl-set. Then there exist an SCl-model M and a valuation v in M such that for
every formula y € X U{p(¥)}, M, v [£ y. By the assumption, M, v |= ¥ = 9 and
M, v E (1), thatis v(yy) = v(¢) and v(p(9)) € D. Hence, by Proposition 23.2.1,
v(p(¥)) € D. Thus M, v = ¢(¥), a contradiction. O

The notions of an SCl-proof tree, a closed branch of such a tree, a closed SCl-proof
tree, and SCl-provability are defined in a similar way as in Sect. 1.3.

A branch b of an SCl-proof tree is complete whenever it satisfies the completion
conditions that correspond to decomposition rules (see Sect. 1.3) and the completion
condition that correspond to the rule (=) specific for SCI-dual tableau:

Cpl(=) If ¢ € b and ¥ is a subformula of ¢, then for every SCl-formula ¥, either
Y = € bor p(}) € b, obtained by an application of the rule (=).
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The notions of a complete SCl-proof tree and an open branch of an SCl-proof tree
are defined as in Sect. 1.3.

We define inductively a depth of SCl-formulas as:

For all SCl-formulas ¢ and v,

e d(p)=d(p =) =0,forevery p e V;
o d(—p)=d(p)+ 1
o dlpvy) =dlpry)=d(p— V) =dle < y) =max(d(p).d)) + 1.
Let FRscy be a set of all SCl-formulas and let n > 0. By FRgg, we denote the set
of all SCl-formulas of the depth n.

Let b be an open branch of an SCl-proof tree. We define a branch structure
Mb = Ul ~ 1l b b &b ob DY) as:
o Ul =TFRgg;
o D?=J,c, DL, where:

Dy ={y e FRg : ¥ &b},

DS_H = X1 U...U X5, where:
X, = {—y e FRE! 1y ¢ D},
Xo={yvOeFRE v € Uro, DY or6 € Uz, DY}
Xs={y A0 eFREL :v.0 € U, DI}
Xo={y > 0 cFREY 1 ¥ ¢ Upep D or 0 € Up<, D2V
Xs={y < 0 e FREL 1 9.0 € Upzy D2 or v,0 & U, D2V

~y ==y
Y b6 =(y Vo)
Yo =y Ab);

v =0 0= —0)
v b 0= <o)
Yol o= =0).

Fact 23.4.1. Let  be an SCl-formula and let d(y) = n, for some n > 0. Then,
v e D? iffy € DL.

Let v be a valuation in M? such that v?(p) = p, forall p € V. By the definition
of M® V2 (p) = ¢, for every SCl-formula ¢.

Proposition 23.4.2. Let b be an open branch of an SCl-proof tree. Then, for every
SCl-formula W, if y € D®, then ¥ & b.

Proof. The proof is by induction on the depth of formulas. For formulas of the
depth 0, the proposition holds by the definition of the set D?. Let v = —#@, for
some formula 6 such that d(6) = 0. Assume ¥ € Df . By the definition of D?,
6 ¢ Dt thus 6 € b. Hence, —6 ¢ b, and so ¢ ¢ b.

Suppose the proposition holds for all formulas of depth not greater than n and
their negations. Assume d(y) =n + 1 and ¢ € DSH.
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Let = 0V x for some formulas 6 and y such that max(d(6), d(x)) = n. Since
Y e DS_H, 0 € Uk<n D]f or y € Uk<n D]l;. By the induction hypothesis, 6 & b or
x € b. Suppose ¥ € b. The completion condition Cpl(V) implies both ¥ € b and
6 € b, a contradiction.

Let ¥ = ——y. Then —y ¢ D,’{. Suppose ¥ € b. By the completion condition
Cpl(—), x € b. By the induction hypothesis, y & D,bl_l. By the definition of the
set D?. if a formula y of the depth n — 1 satisfies y ¢ DZ_I, then —y € D,l;, a
contradiction.

Lety = —=(0Vvy). Then (6vy) & Di’. Suppose —~(6V y) € b. By the completion
condition Cpl(—V), either =0 € b or —y € b. By the induction hypothesis, either
=60 & D? or —y & D?. Therefore, either # € D? or y € D?. So by the construction
of the set D?, we have (8 v x) € D,bl, a contradiction.

The proofs of the remaining cases are similar. O

Let us define the relation R, on the set of SCl-formulas as:

(V,6) € Ro <=5 ( 0 ) € DP.

Proposition 23.4.3. For every open branch b of an SCl-proof tree, R, is an
equivalence relation on the set U?.

Proof. If for some ¢ € U?, (¥, ) € Ro, then ¢ = ¢ € b, which would mean that
b is closed, a contradiction. Let (y,0) € R, and suppose that (6, %) & R.. Then
(¢ =0) €band (0 =) € b. By the completion condition Cpl(=), ( = 0) € b
or (6 = 0) € b. The first case contradicts (¥ = 0) & b, the second one implies that
the branch is closed, a contradiction. Let (¥,60) € R., (0, x) € Ro, and suppose

that (¥, y) &€ Ro. Then, (Y = 0) € b, (0 = y) € b, and (Y = x) € b. By the
completion condition Cpl(=), either (v = 0) € b or (§ = y) € b, a contradiction.
O

Let b be an open branch of an SCl-proof tree. We define the quotient structure

b __ b b b b b b .
./\/lq—(U , q,l_lq,rlq,oq,Dq) as:

o U;’ = {|l¥] : ¥ € U®}, where ||y/] is the equivalence class of R. generated
by ¥;

o Dy ={lyl:y D"

o ~lvl=1~vl:

o lwliug 16l = llv u” ol;

o lwlng ol = Iy ol;

o vl =5 101 =lv =" 0l:

o vl &g 101 =lv «°ol:

o lwlog ol =l o o].

Let vé’ be a valuation such that vZ (p) = |pll, forevery p € V.
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Proposition 23.4.4 (Branch Model Property).

1. The structure ./\/lé’ is an SCl-model;
2. For every SCl-formula ¢, vb (¢) € D? iﬁ‘vZ (p) € D(ZI’.

Proof. We show that the model M’; satisfies all the conditions of SCIl-models.
Dfl’ is a non-empty subset of U2, since D? is a non-empty subset of U”. Indeed,
Db is non-empty, since for every SCl-formula ¥, a formula ¢ = v ¢ b, hence

=y e D?.
Let ¥, 6 € U? and let max(d(), d(¢)) = n, n > 0. Then, the following hold:

~by e DY iff =y € D iff for some n, v ¢ D2 iff y & D?;

Y ub 6 e DViff (y v 0) € Dbiffy € g, D2orf € Upo, DYiffy €
D% or 9 e DY

Y 1P 6 € DY iff (y A0) € DYiff v, 0 € Uy, DL iff € D? and 6 € D?;

Y =P 0 e DViff (y — 6) € DPiffy & Uy, D2 or6 € Uy, DLiffy ¢
Db or 6 e DY,

Y &b 0 e Dbiff(y < 0) € DYiffy,0 € Upo, D2 ory.60 & Uiz, D2
iff v € DPiff @ € D?.

The above properties together with the definition of MZ and Proposition 23.4.3

imply:

~blwl € DY iff ~Py e DY iff y ¢ DY iff ||y || & D2

Il w2 16] € DS iff v € D® or 0 € DY iff ||| € Db or ||6]| € DE;

Il M2 6] € DS iff v € D® and 6 € DY iff ||| € D} and ||6]| € D?;

lwil =5 161l € D iff v ¢ D? or 6 € DY iff ||y|| ¢ DL or |6 € D;

lvll <L 16|l € Dy iff v ¢ DY iff 6 € DY iff ||y || € DL iff |6]] € D;

Il o5 116l € DEitf ||y o® 6| € Dliffy of 6 € DPiff (y.0) € Roiff
Iyl =101

Thus, M’; is an SCl-model.

2. follows directly from the definition of Dfl’ . O

By Propositions 23.4.2 and 23.4.4, we have:

Proposition 23.4.5. Let b be an open branch of an SCl-proof tree. Then, for every
SCl-formula ¢, if./\/lé’, vé’ E ¢, thenp & b.

Theorem 23.4.1 (Soundness and Completeness of SCI). Let ¢ be an SCI-
formula. Then the following conditions are equivalent:

1. ¢ is SCl-valid;
2. ¢ is SCl-provable.
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(p=9y) = (mp=—Y)
l(—>)
~p=v).mp=—Y
=
—(=v)e=1y,... Y=Y

closed closed

Fig. 23.1 An SCl-proof of SCl-axiom (=;)

p=v)=>(@e—=>¥)

l(—>)
—p=v)eo—=>V

1 (=)

—~p=v).—o. ¥
=
ﬂ((pE'{ﬂ),(pEl//, ﬂ1,//,'(#,...
closed closed

Fig. 23.2 An SCl-proof of SCl-axiom (=3)

Proof. The implication 1. — 2. holds by Proposition 23.4.1. Now, assume that
¢ is SCl-valid. Suppose there is no any closed SCl-proof tree for ¢. Then, there
exists a complete SCl-proof tree for ¢ with an open branch, say b. Since ¢ € b,
by Proposition 23.4.5, we get ./\/12 £ ¢. Hence, by Proposition 23.4.4, ¢ is not
SCl-valid, a contradiction. O

Example. We show that all SCl-axioms characterizing = are SCl-provable. Clearly,
the axiom (=;) of the form ¢ = ¢ is SCl-provable, since {¢ = ¢} is an SCI-
axiomatic set. In Figs.23.1 and 23.2 we present SCl-proofs of axiom (=;) and
axiom (=3), respectively.

Figure 23.3 presents an SCl-proof of (=4), for any # = {V, A, >, <>, =}.

23.5 Dual Tableaux for Axiomatic Extensions
of the Propositional Logic with Identity

In Sect. 23.3 axiomatic extensions SCI™ and SCI" of the logic SCI were presented.
By Proposition 23.3.2, an SCl-formula ¢ is true in all SCI"-models (resp. SCI"-
models) if and only if o (p) is S4-valid (resp. S5-valid), where o is the translation
of SCI-formulas into modal formulas defined in Sect. 23.3.

On the other hand, in Sects.7.4 and 7.5 we showed that S4-validity (resp.
S5-validity) of a modal formula v is equivalent to RLg4-provability (resp. RLgs-
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(o =) A @ =8 = [(p#d) = (Y#E)]
l (=)
~llo =y) A @ =) [(p#0) = (y#5)]
1 (=A)
~(p =9). (0 =§), (p#)) = (Y#)

=
~o=v)re=y.... —(9 = §). (U#9) = (Y#D). ...

closed

=
-~ =§).0=§...  (Y#) = (Y#D), ...

closed closed

Fig. 23.3 An SCl-proof of SCl-axiom (=)

provability) of the translation of v, t(¥), into a relational formula defined in
Sect. 7.4 (see Theorem 7.4.1, p. 147).

We can define a translation of SCI-formulas into relational terms of standard
modal logics by x(¢) g4 7(0(¢)). Let x’ be a one-to-one assignment of relational
variables to the propositional variables. Then, the translation y of SCI-formulas
satisfies:

x(p) = x'(p); 1, for any propositional variable p € V;
x(—¢) = —x(9);

x@Vvy) =@ Ux);

x@ny) = x(e) N x);

X =) =—x(@) U x(¥);

X< ¥) = (—x@ U x@) N(=x®) U x(e));
1@ =v)=—(R;—x(p < ¥)).

By Proposition 23.3.2 and Theorem 7.4.1, an SCl-formula ¢ is true in all SCI-
models (resp. SCIH-models) iff y(¢) is RLga-provable (resp. RLgs-provable).

Theorem 23.5.1. For every SCl-formula ¢ and for all object variables x and y,
the following conditions are equivalent:

1. ¢ is true in all SCI"-models (resp. SCI"-models);
2. xx(p)y is RLsa-provable (resp. RLss-provable).

It follows that RLg4-dual tableau (resp. RLgs-dual tableau) can be used to verify
SCI"-validity (resp. SCI™-validity) of SCI-formulas.

Example. Consider SCl-formulas ¢ and ¥:

p=(pVv-p=@qV—q); ¥ =(pA=p)=(qAr—q).
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YR A(=(PU=P)UQU=-0)N(=(QU=0)U(PU=P))ly
l (—;) with a new variable z and (—)

X=Rz,Z[(=(PU—-P)UQU-0NN(H(QU—-Q)U(PU—=P)y

/ (") \

(=(PU=P)U(QU=0))y,... (=(QU-Q)UPU=P)y,...
l ®) l ®)
Z(QU—=0)y,... Z(PU—P)y,...
l ©) l ®)
z20y,z—0y,... zPy,z—Py,...
closed closed

Fig. 23.4 An RLgs-proof of SCI"-validity of SCl-formula (p V =p) = (¢ V —q)

=R A((=PN=P)U@N=-0NN(=(@N=0)U (P N=P))ly
l (—;) with a new variable z and (—)

X=Rz,Z[(=(PN—-P)U@N—-0NN(H(QN—-Q)U (P N—P)ly

/ @) \

(=(PN=P)U@N=0)y,... A=(@N-0Q)UPN=P)y,...
l ®) l ®)
z—(PN—P)y,... =@ N=0)y,...
l (—M) and () l (=M and ()
z—Py,zPy,... z—0y,20y,...
closed closed

Fig. 23.5 An RLgs-proof of SCI"-validity of SCl-formula (p A =p) = (¢ A —q)

These formulas are not SCl-valid. Indeed, let M=(U, ~,U,MN, =, <, 0, D), be
an SCl-model such that U={0, 1,2, 3}, D={2, 3}, and the operations ~, LI, M, =,
<, o are defined as:

0 ifa=2

g 1 ¥fa=3 op & 0 1fa7é.b
2 ifa=0 3 otherwise
3 ifa=1

aub 2 max(a, b) anb < min(a, b)

a=bZ max(~ a, b) asbl min(max(~ a, b), max(~ b, a)).
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This structure is an SCl-model. Let v be a valuation in M such that v(p) = 0 and
v(g) = 3. Then:

v(pVv-—p)=2andv(p A —p) =0;

vigVv —q)=3andv(g A—q) = 1.

Therefore, v((p vV —p) = (¢ V—q)) = 0Oand v((p A—p) = (¢ A—q)) = 0. Hence,

¢ and ¥ are not true in M. However, by Theorem 23.3.4, formulas ¢ and i are true
in all SCIM-models. The translations of these formulas into relational terms are:

2(@) S —(R;~(=(P U=P)U(Q U=0)) N (—(Q U=0Q) U (P U=P))));

df
xW) =—-R:=((=(PN=P)U(Q N=-0))N(=(QN=-0)U(P N-P)))),
where y'(p) = P and y'(¢) = Q. Figures 23.4 and 23.5 present an RLgs-proof of
x(@) and x(¥), respectively, which by Theorem 23.5.1 show that ¢ and ¥ are true
in all SCI™-models.
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