
Chapter 23
Dual Tableau for Propositional Logic
with Identity

23.1 Introduction

In this chapter we consider propositional logic with identity, referred to as SCI
(Sentential Calculus with Identity) introduced in [Sus68]. It is two-valued as the
classical logic, but it rejects the main assumption of Frege’s philosophy that the
meaning of a sentence is its logical value. Non-fregean logics are based on the prin-
ciple that denotations of sentences of a given language are different from their truth
values. SCI is obtained from the classical propositional logic by endowing its lan-
guage with an operation of identity, �, and the axioms which say that formula
' �  is interpreted as ‘' has the same denotation as  ’. Identity axioms together
with two-valuedness imply that the set of denotations of sentences has at least two
elements. Any other assumptions about the range of sentences or properties of the
identity operation lead to axiomatic extensions of SCI. In general, the identity op-
eration is different from the equivalence operation, that is two sentences with the
same truth values may have different denotations. If we add .' $  / � .' �  /

to the set of SCI axioms, then we obtain the classical propositional logic, where the
identity and equivalence operations are indistinguishable. In this way the Fregean
axiom can be formulated in SCI. Some extensions of SCI are known to correspond
to modal logics S4 and S5 and to the three-valued Łukasiewicz logic (see [Sus71a]).
Decidability of the logic SCI is proved in [Sus71c].

Non-fregean logics were an inspiration for some other logical systems. In the
paper [BS73] it is indicated that Lindenbaum algebras, obtained by the Tarski–
Lindenbaum method and further developed by Rasiowa and Sikorski, are too weak
for studying some logical systems. For example, propositional logics with identity
and the first-order non-fregean logics are not algebraizable in the Rasiowa–Sikorski
style. This fact inspired an introduction of abstract logics in [BS73], aimed at gener-
alizing of the concept of a logical system. Many ideas from the paper [BS73] have
been studied within the theory of abstract algebraic logics.

Basic definitions and main results concerning non-fregean logics can be found in
[Sus71b, Sus71c, BS72, Sus73, Sus72, GPH05], among others.
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23.2 A Propositional Logic with Identity

The vocabulary of the language of the non-fregean propositional logic, SCI, consists
of the symbols from the following pairwise disjoint sets:

� V – a countable infinite set of propositional variables;
� f:;_;^;!;$;�g – the set of propositional operations of negation :, disjunc-

tion _, conjunction ^, implication !, equivalence $, and identity �.

The set of SCI-formulas is the smallest set including V and closed with respect to
all the propositional operations.

An SCI-model is a structure M D .U;�;t;u;);,; ı;D/, where U is a non-
empty set, D is any non-empty subset of U , and �;t;u;);,; ı are operations
on U with arities 1, 2, 2, 2, 2, 2, respectively, such that:

For all a; b 2 U ,

(SCI1) �a 2 D iff a 62 D;
(SCI2) a t b 2 D iff a 2 D or b 2 D;
(SCI3) a u b 2 D iff a 2 D and b 2 D;
(SCI4) a ) b 2 D iff a 62 D or b 2 D;
(SCI5) a , b 2 D iff a 2 D iff b 2 D;
(SCI6) a ı b 2 D iff a D b.

Let M be an SCI-model. A valuation in M is any mapping vW V ! U . A valuation
v extends homomorphically to all the formulas:

v.:'/ D �v.'/;
v.' _  / D v.'/ t v. /;
v.' ^  / D v.'/ u v. /;
v.' !  / D v.'/ ) v. /;
v.' $  / D v.'/ , v. /;
v.' �  / D v.'/ ı v. /.

Let v be a valuation in an SCI-model M. An SCI-formula ' is satisfied by v in M,
M; v ˆ ', whenever v.'/ 2 D. An SCI-formula ' is true in M if it is satisfied by
all valuations in M. A formula is SCI-valid if it is true in all SCI-models.

The logic SCI is two valued. We may define the logical value of a formula ' in
a model M as:

valM.'/
dfD

�
true if for every v in M; v.'/ 2 D
false otherwise.

The following proposition shows that SCI is extensional in the sense that any sub-
formula  of an SCI-formula ' can be replaced with another formula # such that
its denotation is the same as  without affecting the denotation of '.
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Proposition 23.2.1. Let M be an SCI-model, let v be a valuation in M, let ' be
an SCI-formula containing a subformula  , and let ' 0 be the result of replac-
ing some occurrences of  in ' by a formula # . Then, M; v ˆ  � # implies
M; v ˆ ' � ' 0.

Proof. The proof is by induction on the complexity of formulas. Let ' be a propo-
sitional variable p and let # be an SCI-formula. Then p is the only subformula
of ' and, clearly, if v.p/ D v.#/, then the proposition holds. In what follows
'. / denotes a formula ' with a subformula  , # denotes any formula such
that v. / D v.#/, and ' 0 denotes a formula resulting from ' by replacing some
occurrences of  with # .

Let '. / D :�. Then  is a subformula of � and v.:�. // D �v.�. //.
By the induction hypothesis, v.�. // D v.�.#//, hence �v.�. // D �v.�.#//.
Therefore v.'/ D v.' 0/.

Let '. / D .�1 _ �2/. Then  is a subformula of �1 or �2. Without loss of
generality, we may assume that  is a subformula of �1. Then, v.�1. / _ �2/ D
v.�1. // t v.�2/. By the induction hypothesis, v.�1. // D v.�1.#//, hence
v.�1. // t v.�2/ D v.�1.#// t v.�2/. Therefore, v.'/ D v.' 0/.

Let '. / D .�1 � �2/. Then,  is a subformula of �1 or �2. Without loss
of generality, we may assume that  is a subformula of �1. Then, v.�1. / �
�2/ D v.�1. //ı v.�2/. By the induction hypothesis, v.�1. // D v.�1.#//, hence
v.�1. // ı v.�2/ D v.�1.#// ı v.�2/ D v.�1.#/ � �2/. Therefore v.'/ D v.' 0/.

The proofs of the remaining cases are similar. ut
A Hilbert-style axiomatization of SCI consists of the axioms of the classical
propositional logic PC, which characterize the operations :;_;^;!;$, and the
following axioms for the identity operation �:

(�1) ' � ';
(�2) .' �  / ! .:' � : /;
(�3) .' �  / ! .' !  /;
(�4) Œ.' �  / ^ .# � �/� ! Œ.'##/ � . #�/�, for # 2 f_;^;!;$;�g.

The only rule of inference is modus ponens. It can be shown that all the SCI-axioms
are true in every SCI-model. It is known that they provide a complete axiomatization
of logic SCI.

Fact 23.2.1. For every PC-formula ', the following conditions are equivalent:

1. ' is PC-valid;
2. ' is SCI-valid.

Note also that the reduct .U;�;t;u/ of an SCI-model is not necessarily a Boolean
algebra, for example au b D b u a is not true in all SCI-models. Consider an SCI-
model M D .U;�;t;u;);,; ı;D/, where U D f0; 1; 2g, D D f1; 2g, and the
operations �;t;u;);,; ı are defined by:
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� a
dfD

�
0 if a ¤ 0

1 otherwise

a t b dfD
�
0 if a D 0 and b D 0

1 otherwise

a u b dfD
8<
:
0 if a D 0 or b D 0

1 if b D 2 and a ¤ 0

2 otherwise

a ) b
dfD

�
0 if a ¤ 0 and b D 0

1 otherwise

a , b
dfD

�
0 if a ¤ 0; b D 0 or a D 0; b ¤ 0

1 otherwise

a ı b dfD
8<
:
0 if a ¤ b

a if a D b and a ¤ 0

1 otherwise.

This structure is an SCI-model. Indeed, the following hold:

� a 2 D iff a D 0 iff a 62 DI
a t b 2 D iff a ¤ 0 or b ¤ 0 iff a 2 D or b 2 DI
a u b 2 D iff a ¤ 0 and b ¤ 0 iff a 2 D and b 2 DI
a ) b 2 D iff a D 0 or b ¤ 0 iff a 62 D or b 2 DI

a , b 2 D iff either a D b D 0 or a ¤ 0 ¤ b iff a 2 D iff b 2 DI
a ı b 2 D iff a D b:

However, we have 2 u 1 D 2, while 1 u 2 D 1. Hence, a u b D b u a is not true in
this model.

23.3 Axiomatic Extensions of the Propositional Logic
with Identity

The class of all different SCI-theories is uncountable. Therefore, the question of
natural extensions of SCI arises. Let X be a set of SCI-formulas. The axiomatic
extension of SCI, SCIX , is the logic obtained from SCI by adding formulas ofX to
SCI-axioms. There are three natural and extensively studied axiomatic extensions
of SCI, the logics SCIB, SCIT, and SCIH.
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Logic SCIB

The specific axioms of this logic are:

(B1) Œ.' ^  / _ #� � Œ. _ #/ ^ .' _ #/�;
(B2) Œ.' _  / ^ #� � Œ. ^ #/ _ .' ^ #/�;
(B3) Œ' _ . ^ : /� � ';
(B4) Œ' ^ . _ : /� � ';
(B5) .' !  / � .:' _  /;
(B6) .' $  / � Œ.' !  / ^ . ! '/�.

An SCIB-model is an SCI-model M D .U;�;t;u;);,; ı;D/ such thatD is an
ultrafilter on .U;�;t;u/ and for all a; b 2 U , a ı b 2 D iff a D b. Any axiomatic
extension of SCI which includes SCIB is referred to as a Boolean SCI-logic.

In [Sus71a] the following was proved:

Theorem 23.3.1. For every SCI-formula', the following conditions are equivalent:

1. ' is true in all SCIB-models;
2. ' is provable in SCIB.

Logic SCIT

The logic SCIT is an extension of SCIB with the following axiom:

(T) ' �  , for all formulas ' and  such that ' $  is provable in SCI.

This logic has many interesting properties (see [Sus71a]). Below we list some of
them:

Proposition 23.3.1.

1. The set of all SCIT-provable formulas is the smallest set of SCIB-provable
formulas closed on the Gödel rule:

.G/
';  

' �  

2. The set of all SCIT-provable formulas is the smallest set of SCI-provable
formulas closed on the quasi-Fregean rule:

.QF /
.' $  /

' �  
:

An SCIT-model is an SCIB-model M D .U;�;t;u;);,; ı;D/ such that:
For all a; b; c; d; e 2 U ,

� a ı a D et � e;
� Œ.a ı b/ ) .a , b/� D et � e;
� ŒŒ.a ı b/ u .c ı d/� ) Œ.a#c/ ı .b#d/�� D et � e, for # 2 ft;u; ıg.
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In [Sus71c] the following was proved:

Theorem 23.3.2. For every SCI-formula ', the following conditions are equivalent:

1. ' is true in all SCIT-models;
2. ' is provable in SCIT.

Furthermore, the following was observed:

Theorem 23.3.3.

1. Let M D .U;�;t;u;);,; ı;D/ be an SCIT -model. Then, the structure

.U;�;t;u; I /, where a unary operation I on U is defined as I.a/
dfD a ı

.at � a/, for every a 2 U , is a topological Boolean algebra, i.e., I is an
interior operation;

2. Let T D .U;�;t;u; I / be a topological Boolean algebra. Then, the struc-
ture M D .U;�;t;u;);,; ı;D/ such that ) and , are operations on
U satisfying the conditions of SCI-models and, in addition, for all a; b 2 U ,

a ı b dfD I.a , b/ andD is an ultrafilter on U such that a ı b 2 D iff a D b, is
an SCIT -model.

Logic SCIH

The logic SCIH is an extension of SCIB with the following axioms:

(H1) 1 � .' _ :'/;
(H2) 0 � .' ^ :'/;
(H3) .' �  / � Œ.' �  / � 1�;
(H4) :.' �  / � Œ.' �  / � 0�,

where 1 and 0 are propositional constants defined as p _ :p and p ^ :p,
respectively.

An SCIH-model is an SCIB-model MD .U;�;t;u;);,; ı;D/ such that
1 and 0 are the greatest and the smallest element, respectively, of the Boolean alge-
bra .U;�;t;u/, and the following is satisfied:

a ı b D
(
1 if a D b

0 otherwise.

It is easy to see that the operation I defined as I.a/
dfD a ı 1 has the property:

I.a/ D
(
1 if a D 1

0 otherwise.
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Theorem 23.3.4.

1. Let M D .U;�;t;u;);,; ı;D/ be an SCIH-model. Then, the structure
.U;�;t;u; I /, where I is an interior operation on U defined as above, is a
topological Boolean algebra with only two open elements;

2. Let H D .U;�;t;u; I / be a topological Boolean algebra with only two open
elements. Then, the structure M D .U;�;t;u;);,; ı;D/ such that ) and
, are operations on U satisfying the conditions of SCI-models and, in addition,

for all a; b 2 U , a ı b dfD
�
1 if I.a/ D I.b/

0 otherwise
, and D is an ultrafilter on U

such that a ı b 2 D iff a D b, is an SCIH-model.

Theorem 23.3.5. For every SCI-formula ', the following conditions are equivalent:

1. ' is true in all SCIH-models;
2. ' is provable in SCIH.

There are some relationships between logics SCIT and SCIH and the modal logics
S4 and S5, respectively (see Sect. 7.3).

Let � be a mapping from the set of SCI-formulas into the set of modal formulas
defined inductively as follows:

� �.p/ D p, for every propositional variable p;
� �.'/ D ', if � does not occur in ';
� �.' �  / D ŒR�.�.'/ $ �. //, where R is an accessibility relation of modal

logics.

The following is known (see [Sus71a]):

Proposition 23.3.2. For every SCI-formula ', the following hold:

1. ' is true in all SCIT-models iff �.'/ is S4-valid;
2. ' is true in all SCIH-models iff �.'/ is S5-valid.

Now, consider a mapping � 0 from the set of modal formulas into the set of SCI-
formulas. The function � 0 is defined inductively as follows:

� � 0.p/ D p, for every propositional variable p;
� � 0.'/ D ', if ŒR� does not occur in ';
� � 0.ŒR�'/ D .� 0.'/ � .� 0.'/ _ :� 0.'///.

The following was proved in [Sus71a]:

Proposition 23.3.3. For every modal formula ', the following hold:

1. ' is S4-valid iff � 0.'/ is true in all SCIT-models;
2. ' is S5-valid iff � 0.'/ is true in all SCIH-models.



424 23 Dual Tableau for Propositional Logic with Identity

23.4 Dual Tableau for the Propositional Logic with Identity

A dual tableau for the logic SCI, developed in [GP07], consists of decomposition
rules ._/, .^/, .:_/, .:^/, .!/, .: !/, .$/, .: $/, .:/ of F-dual tableau (see
Sect. 1.3) adjusted to the SCI-language and, in addition, the specific rule:

.�/ '. /

 � #; '. / j '.#/; '. /
where ' and # are SCI-formulas, is a subformula of ', and '.#/ is obtained from
'. / by replacing some occurrences of  with # .

Observe that any application of the rules of SCI-dual tableau, in particular an
application of the specific rule (�), preserves atomic formulas and their negations.
Thus, the closed branch property holds.

A finite set of formulas is SCI-axiomatic whenever it includes either of the sets
of the following forms:

For any SCI-formula ',

(Ax1) f' � 'g;
(Ax2) f';:'g.

A finite set X of SCI-formulas is said to be an SCI-set whenever for every SCI-
model M and for every valuation v in M there exists ' 2 X such that M; v ˆ '.
Correctness of a rule is defined in a similar way as in F-logic in Sect. 1.3.

Proposition 23.4.1.

1. The SCI-rules are SCI-correct;
2. The SCI-axiomatic sets are SCI-sets.

Proof. By way of example, we prove correctness of the rule (�). Let X be a finite
set of SCI-formulas and let '. / be an SCI-formula. Clearly, if X [ f'. /g is
an SCI-set, then so are X [ f � #; '. /g and X [ f'.#/; '. /g. Assume that
X[f � #; '. /g andX[f'.#/; '. /g are SCI-sets. SupposeX[f'. /g is not
an SCI-set. Then there exist an SCI-model M and a valuation v in M such that for
every formula � 2 X [f'. /g, M; v 6ˆ �. By the assumption, M; v ˆ  � # and
M; v ˆ '.#/, that is v. / D v.#/ and v.'.#// 2 D. Hence, by Proposition 23.2.1,
v.'. // 2 D. Thus M; v ˆ '. /, a contradiction. ut
The notions of an SCI-proof tree, a closed branch of such a tree, a closed SCI-proof
tree, and SCI-provability are defined in a similar way as in Sect. 1.3.

A branch b of an SCI-proof tree is complete whenever it satisfies the completion
conditions that correspond to decomposition rules (see Sect. 1.3) and the completion
condition that correspond to the rule (�) specific for SCI-dual tableau:

Cpl(�) If ' 2 b and  is a subformula of ', then for every SCI-formula # , either
 � # 2 b or '.#/ 2 b, obtained by an application of the rule .�/.
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The notions of a complete SCI-proof tree and an open branch of an SCI-proof tree
are defined as in Sect. 1.3.

We define inductively a depth of SCI-formulas as:
For all SCI-formulas ' and  ,

� d.p/ D d.' �  / D 0, for every p 2 V ;
� d.:'/ D d.'/C 1;
� d.' _  / D d.' ^  / D d.' !  / D d.' $  / D max.d.'/; d. //C 1.

Let FRSCI be a set of all SCI-formulas and let n � 0. By FRn
SCI we denote the set

of all SCI-formulas of the depth n.
Let b be an open branch of an SCI-proof tree. We define a branch structure

Mb D .U b;�b;tb;ub;)b ;,b; ıb;Db/ as:

� U b D FRSCI;
� Db D S

n2! D
b
n , where:

Db
0 D f 2 FR0

SCI W  62 bg,

Db
nC1 D X1 [ : : : [X5, where:

X1 D f: 2 FRnC1
SCI W  62 Db

ng,
X2 D f _ � 2 FRnC1

SCI W  2 S
k�nD

b
k

or � 2 S
k�nD

b
k
g,

X3 D f ^ � 2 FRnC1
SCI W  ; � 2 S

k�nD
b
k
g;

X4 D f ! � 2 FRnC1
SCI W  62 S

k<nD
b
k

or � 2 S
k�nD

b
k
g;

X5 D f $ � 2 FRnC1
SCI W  ; � 2 S

k�nD
b
k

or  ; � 62 S
k�nD

b
k
g;

� �b D : ;
�  tb � D . _ �/;
�  ub � D . ^ �/;
�  )b � D . ! �/;
�  ,b � D . $ �/;
�  ıb � D . � �/.

Fact 23.4.1. Let  be an SCI-formula and let d. / D n, for some n � 0. Then,
 2 Db iff  2 Db

n .

Let vb be a valuation in Mb such that vb.p/ D p, for all p 2 V . By the definition
of Mb , vb.'/ D ', for every SCI-formula '.

Proposition 23.4.2. Let b be an open branch of an SCI-proof tree. Then, for every
SCI-formula  , if  2 Db , then  62 b.

Proof. The proof is by induction on the depth of formulas. For formulas of the
depth 0, the proposition holds by the definition of the set Db . Let  D :� , for
some formula � such that d.�/ D 0. Assume  2 Db

1 . By the definition of Db ,
� 62 Db

0 , thus � 2 b. Hence, :� 62 b, and so  62 b.
Suppose the proposition holds for all formulas of depth not greater than n and

their negations. Assume d. / D nC 1 and  2 Db
nC1.
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Let D �_� for some formulas � and � such that max.d.�/; d.�// D n. Since
 2 Db

nC1, � 2 S
k�nD

b
k

or � 2 S
k�nD

b
k

. By the induction hypothesis, � 62 b or
� 62 b. Suppose  2 b. The completion condition Cpl(_) implies both  2 b and
� 2 b, a contradiction.

Let  D ::�. Then :� 62 Db
n . Suppose  2 b. By the completion condition

Cpl(:), � 2 b. By the induction hypothesis, � 62 Db
n�1. By the definition of the

set Db , if a formula � of the depth n � 1 satisfies � 62 Db
n�1, then :� 2 Db

n , a
contradiction.

Let D :.�_�/. Then .�_�/ 62 Db
n . Suppose :.�_�/ 2 b. By the completion

condition Cpl(:_), either :� 2 b or :� 2 b. By the induction hypothesis, either
:� 62 Db or :� 62 Db . Therefore, either � 2 Db or � 2 Db . So by the construction
of the set Db , we have .� _ �/ 2 Db

n , a contradiction.

The proofs of the remaining cases are similar. ut
Let us define the relation Rı on the set of SCI-formulas as:

. ; �/ 2 Rı
df” . ı �/ 2 Db :

Proposition 23.4.3. For every open branch b of an SCI-proof tree, Rı is an
equivalence relation on the set U b .

Proof. If for some 2 U b , . ; / 62 Rı, then  �  2 b, which would mean that
b is closed, a contradiction. Let . ; �/ 2 Rı and suppose that .�;  / 62 Rı. Then
. � �/ 62 b and .� �  / 2 b. By the completion condition Cpl(�), . � �/ 2 b
or .� � �/ 2 b. The first case contradicts . � �/ 62 b, the second one implies that
the branch is closed, a contradiction. Let . ; �/ 2 Rı, .�; �/ 2 Rı, and suppose
that . ; �/ 62 Rı. Then, . � �/ 62 b, .� � �/ 62 b, and . � �/ 2 b. By the
completion condition Cpl(�), either . � �/ 2 b or .� � �/ 2 b, a contradiction.

ut
Let b be an open branch of an SCI-proof tree. We define the quotient structure
Mb

q D .U b
q ;�b

q ;tb
q;ub

q ; ıb
q;D

b
q / as:

� U b
q D fk k W  2 U bg, where k k is the equivalence class of Rı generated

by  ;
� Db

q D fk k W  2 Dbg;

� �b
qk k D k�b k;

� k k tb
q k�k D k tb �k;

� k k ub
q k�k D k ub �k;

� k k )b
q k�k D k )b �k;

� k k ,b
q k�k D k ,b �k;

� k k ıb
q k�k D k ıb �k.

Let vb
q be a valuation such that vb

q.p/ D kpk, for every p 2 V .
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Proposition 23.4.4 (Branch Model Property).

1. The structure Mb
q is an SCI-model;

2. For every SCI-formula ', vb.'/ 2 Db iff vb
q.'/ 2 Db

q .

Proof. We show that the model Mb
q satisfies all the conditions of SCI-models.

Db
q is a non-empty subset of U b

q , since Db is a non-empty subset of U b . Indeed,

Db is non-empty, since for every SCI-formula  , a formula  �  62 b, hence
 �  2 Db .

Let  ; � 2 U b and let max.d. /; d.'// D n, n � 0. Then, the following hold:

�b 2 Db iff : 2 Db iff for some n; 62 Db
n iff  62 Db;

 tb � 2 Db iff . _ �/ 2 Db iff  2 S
k�nD

b
k

or � 2 S
k�nD

b
k

iff  2
Db or � 2 Db;

 ub � 2 Db iff . ^ �/ 2 Db iff  ; � 2 S
k�nD

b
k

iff  2 Db and � 2 Db;
 )b � 2 Db iff . ! �/ 2 Db iff  62 S

k<nD
b
k

or � 2 S
k�nD

b
k

iff  62
Db or � 2 Db;

 ,b � 2 Db iff . $ �/ 2 Db iff  ; � 2 S
k�nD

b
k

or  ; � 62 S
k�nD

b
k

iff  2 Db iff � 2 Db .

The above properties together with the definition of Mb
q and Proposition 23.4.3

imply:

�b
qk k 2 Db

q iff �b 2 Db iff  62 Db iff k k 62 Db
q ;

k k tb
q k�k 2 Db

q iff  2 Db or � 2 Db iff k k 2 Db
q or k�k 2 Db

q ;

k k ub
q k�k 2 Db

q iff  2 Db and � 2 Db iff k k 2 Db
q and k�k 2 Db

q ;

k k )b
q k�k 2 Db

q iff  62 Db or � 2 Db iff k k 62 Db
q or k�k 2 Db

q ;

k k ,b
q k�k 2 Db

q iff  62 Db iff � 2 Db iff k k 2 Db
q iff k�k 2 Db

q ;

k k ıb
q k�k 2 Db

q iff k ıb �k 2 Db
q iff  ıb � 2 Db iff . ; �/ 2 Rı iff

k k D k�k.

Thus, Mb
q is an SCI-model.

2. follows directly from the definition of Db
q . ut

By Propositions 23.4.2 and 23.4.4, we have:

Proposition 23.4.5. Let b be an open branch of an SCI-proof tree. Then, for every
SCI-formula ', if Mb

q; v
b
q ˆ ', then ' 62 b.

Theorem 23.4.1 (Soundness and Completeness of SCI). Let ' be an SCI-
formula. Then the following conditions are equivalent:

1. ' is SCI-valid;
2. ' is SCI-provable.
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.' �  / ! .:' � : /
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:.' �  /;:' � : 
����

����(�)

:.' �  /; ' �  ; : : :

closed

: � : ; : : :
closed

Fig. 23.1 An SCI-proof of SCI-axiom (�2)
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:.' �  /; ' �  ; : : :

closed

: ; ; : : :
closed

Fig. 23.2 An SCI-proof of SCI-axiom (�3)

Proof. The implication 1: ! 2: holds by Proposition 23.4.1. Now, assume that
' is SCI-valid. Suppose there is no any closed SCI-proof tree for '. Then, there
exists a complete SCI-proof tree for ' with an open branch, say b. Since ' 2 b,
by Proposition 23.4.5, we get Mb

q 6ˆ '. Hence, by Proposition 23.4.4, ' is not
SCI-valid, a contradiction. ut
Example. We show that all SCI-axioms characterizing � are SCI-provable. Clearly,
the axiom .�1/ of the form ' � ' is SCI-provable, since f' � 'g is an SCI-
axiomatic set. In Figs. 23.1 and 23.2 we present SCI-proofs of axiom .�2/ and
axiom .�3/, respectively.

Figure 23.3 presents an SCI-proof of (�4), for any # D f_;^;!;$;�g.

23.5 Dual Tableaux for Axiomatic Extensions
of the Propositional Logic with Identity

In Sect. 23.3 axiomatic extensions SCIT and SCIH of the logic SCI were presented.
By Proposition 23.3.2, an SCI-formula ' is true in all SCIT-models (resp. SCIH-
models) if and only if �.'/ is S4-valid (resp. S5-valid), where � is the translation
of SCI-formulas into modal formulas defined in Sect. 23.3.

On the other hand, in Sects. 7.4 and 7.5 we showed that S4-validity (resp.
S5-validity) of a modal formula  is equivalent to RLS4-provability (resp. RLS5-
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closed

. #�/ � . #�/; : : :
closed

Fig. 23.3 An SCI-proof of SCI-axiom (�4)

provability) of the translation of  , �. /, into a relational formula defined in
Sect. 7.4 (see Theorem 7.4.1, p. 147).

We can define a translation of SCI-formulas into relational terms of standard
modal logics by �.'/

dfD �.�.'//. Let �0 be a one-to-one assignment of relational
variables to the propositional variables. Then, the translation � of SCI-formulas
satisfies:

� �.p/ D �0.p/ I 1, for any propositional variable p 2 V ;
� �.:'/ D ��.'/;
� �.' _  / D �.'/ [ �. /;
� �.' ^  / D �.'/ \ �. /;
� �.' !  / D ��.'/[ �. /;
� �.' $  / D .��.'/[ �. // \ .��. / [ �.'///;
� �.' �  / D �.R I ��.' $  //.

By Proposition 23.3.2 and Theorem 7.4.1, an SCI-formula ' is true in all SCIT-
models (resp. SCIH-models) iff �.'/ is RLS4-provable (resp. RLS5-provable).

Theorem 23.5.1. For every SCI-formula ' and for all object variables x and y,
the following conditions are equivalent:

1. ' is true in all SCIT-models (resp. SCIH-models);
2. x�.'/y is RLS4-provable (resp. RLS5-provable).

It follows that RLS4-dual tableau (resp. RLS5-dual tableau) can be used to verify
SCIT-validity (resp. SCIH-validity) of SCI-formulas.

Example. Consider SCI-formulas ' and  :

' D .p _ :p/ � .q _ :q/I  D .p ^ :p/ � .q ^ :q/:
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xŒ�.R I �..�.P [ �P/[ .Q [ �Q//\ .�.Q [ �Q/[ .P [ �P////�y
�(�I) with a new variable z and .�/

x�Rz; zŒ.�.P [ �P/[ .Q [ �Q//\ .�.Q [ �Q/[ .P [ �P//�y
����

����
(\)

z.�.P [ �P/[ .Q [ �Q//y; : : :
�

([)

z.Q [ �Q/y; : : :
�

([)

zQy; z�Qy; : : :
closed

z.�.Q [ �Q/[ .P [ �P//y; : : :
�

([)

z.P [ �P/y; : : :
�

([)

zPy; z�Py; : : :
closed

Fig. 23.4 An RLS5-proof of SCIH-validity of SCI-formula .p _ :p/ � .q _ :q/

xŒ�.R I �..�.P \ �P/[ .Q \ �Q//\ .�.Q \ �Q/[ .P \ �P////�y
�(�I) with a new variable z and .�/

x�Rz; zŒ.�.P \ �P/[ .Q \ �Q//\ .�.Q \ �Q/[ .P \ �P//�y
����

����
(\)

z.�.P \ �P/[ .Q \ �Q//y; : : :
�

([)

z�.P \ �P/y; : : :
�

(�\) and .�/

z�Py; zPy; : : :
closed

z.�.Q \ �Q/[ .P \ �P//y; : : :
�

([)

z�.Q \ �Q/y; : : :
�

(�\) and .�/

z�Qy; zQy; : : :
closed

Fig. 23.5 An RLS5-proof of SCIH-validity of SCI-formula .p ^ :p/ � .q ^ :q/

These formulas are not SCI-valid. Indeed, let MD.U;�;t;u;);,; ı;D/, be
an SCI-model such that UDf0; 1; 2; 3g,DDf2; 3g, and the operations �;t;u;);

,; ı are defined as:

� a
dfD

8̂̂
<
ˆ̂:

0 if a D 2

1 if a D 3

2 if a D 0

3 if a D 1

a ı b dfD
�
0 if a ¤ b

3 otherwise

a t b dfD max.a; b/ a u b dfD min.a; b/

a ) b
dfD max.� a; b/ a , b

dfD min.max.� a; b/;max.� b; a//:
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This structure is an SCI-model. Let v be a valuation in M such that v.p/ D 0 and
v.q/ D 3. Then:

v.p _ :p/ D 2 and v.p ^ :p/ D 0I
v.q _ :q/ D 3 and v.q ^ :q/ D 1:

Therefore, v..p_ :p/ � .q_ :q// D 0 and v..p^ :p/ � .q^ :q// D 0. Hence,
' and are not true in M. However, by Theorem 23.3.4, formulas ' and are true
in all SCIH-models. The translations of these formulas into relational terms are:

�.'/
dfD �.R I �..�.P [ �P/ [ .Q [ �Q//\ .�.Q [ �Q/[ .P [ �P////;

�. /
dfD �.R I �..�.P \ �P/ [ .Q \ �Q//\ .�.Q \ �Q/[ .P \ �P////,

where �0.p/ D P and �0.q/ D Q. Figures 23.4 and 23.5 present an RLS5-proof of
�.'/ and �. /, respectively, which by Theorem 23.5.1 show that ' and  are true

in all SCIH-models.
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