Chapter 22
Dual Tableaux for First-Order Post Logics

22.1 Introduction

Emil Post’s doctoral dissertation [Pos21] included a description of an n-valued,
functionally complete algebra, for a finite n > 2. The notion of Post algebra was
introduced in [Ros42]. The first algebraic formulation of Post algebras with a family
of unary disjoint operations was presented in [Eps60]. In [Rou69, Rou70] an equiva-
lent formulation of the class of Post algebras was given where monotone operations
instead of disjoint operations were used. It became a starting point of extensive
research and since then various generalizations of Post algebras have been devel-
oped, see e.g., [Ras73, Ras85, ER90, ER91]. Post algebras were also applied to a
multiple-valued formalization of some logics of programs, see [Ras94].

In this chapter we present a dual tableau for the class of first-order Post logics
based on Post algebras of order n > 2, along the lines of [Sal72, Ort85b].

22.2 Post Algebras of Order n

A Post algebra of order n > 2 is a structure of the form:
mn == (Ps_svv/\s_>sd17"'7dn—lve()9-"sen—1)7

where for all @, b € P the following conditions are satisfied:

(P1) (P,V,A)is adistributive lattice;

(P2) eop,...,ep—1 are distinguished elements of P such that ey is the smallest
element and e, —; is the greatest element of the lattice;

(P3) (P,—,V,A,—,ep,e,—1) is a Heyting algebra;

(P4) di(aVb) =d;aVv d;b;

(PS) di(a/\b) :d,-a/\dib;

(P6) di(a — b) = (dia — dib) A... A (d;ja — d;b);

(P7)  di(—a) = —dia;

(PS) didja = dja;
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(P9) diejzen_lifi§j,anddiej=eoifi>j;
(P10) a = (dianer) V...V (dy—1a Aey_1);
(P11) dla\/—dla = €éy—1.

Proposition 22.2.1. Let < be the ordering in the lattice (P, V, A). Then in any Post
algebra of order n, the following hold for all i,j € {1,...,n — 1} and for all
a,beP:

1. eg<er <...<ey_1;

dia < dja,forj <iy,

Operations d; are monotone, i.e., ifa < b, then d;a < d;b;

The set Bp of elements of the form d;a is closed with respect to operations —, V,
and A and the algebra Bz, = (Bp,—,V, A) is a Boolean algebra;

A

5. dila > b) = |\ (~dra v dib);

k=1
i—1

6. —di(a — b) = dia A J\ (dks1a vV —dib) A —d;b.

k=1
Infinite meets and joins in ‘3, are denoted by ﬂm” and Um”, respectively. Sim-
ilarly, ﬂ%’”” and U%m” denote the infinite meet and join, respectively, in the
Boolean algebra By, determined by 3. In [Eps60] the following was proved:

Proposition 22.2.2. For every element a € B, and for any indexed family {a; }seT
of elements of ‘B, the infinite meets and joins satisfy the following conditions:

1. a= Umnat iffdia = U%w dias;

teT teT
Pn . (333
2. a:ﬂ a; lﬂfd,-a:ﬂ "dia;.
teT teT

The disjoint operations ¢;, i € {0, ...,n — 1}, introduced in [Eps60], can be defined
in terms of the monotone operations d; as:

df
coa = —dia = —a,
df .
cia = dja N —diyra,fori € {1,...,n —2};

df
Cp—14d = dn_la.

Then, c;a A cja = eg, foralli, j € {0,...,n — 1} such that i # j. Furthermore,
ci(ej) = eyp—1 ifi = j, and otherwise ¢; (e;) = eg.

22.3 First-Order n-Valued Post Logic

The language of an n-valued Post logic, P,, is a first-order language whose formulas
are constructed with the symbols from the following pairwise disjoint sets:

e OVp, —acountable infinite set of individual (object) variables;
e {Ey,..., E,—_1} —the set of propositional constants;
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Pé,‘n — a countable set of predicate symbols, where k > 1;

{—=, D1,..., Dy_1} — the set of unary propositional operations;
{V, A, —} — the set of binary propositional operations;

{V, 3} — the set of quantifiers.

As usual, we slightly abuse the notation using the symbols —, Vv, A, — both for the
operations in Post algebras and in the language of the logic.

Atomic P, -formulas are of the form E;, fori € {0,...,n—1},or R(x1,..., xx),
where x1,...,xx € OVp, and R is a k-ary predicate symbol, k > 1. The set of
P,,-formulas is the smallest set including the set of atomic formulas and closed with
respect to propositional operations and quantifiers.

Algebraic semantics of P,-language is provided by the class of complete Post
algebras of order n, B, = (P,—,V,A,—>,d1,...,dn—1,€0,...,e5—1). Elements
€o, - . . , en—1 of P, play the role of truth values. Propositional operations correspond
to the respective algebraic operations, and quantifiers V and 3 correspond to infinite
meet and join in B, respectively. Intuitively, a formula D; ¢ says that the value of
@ is not less than e;. A P,-model is a structure M = (U, *B,, m), where U is a non-
empty set, I3, is a complete Post algebra of order n, and m is a meaning function
such that:

e m(E;) =e¢;,fori €{0,...,n—1};
e m(R) € {ey,... ,en_l}Uk, for every k-ary predicate symbol R € Pp,,, k > 1.

Thus, m assigns functions from U¥ into {eo, ..., e,_1} to k-ary predicate symbols.
It follows that the meaning of a k-ary predicate is an n-ary characteristic function
of a k-ary relation.

Let M be a P,-model. A valuation in M is a functionv: OVp, — U assigning
elements of the universe to individual variables. Given a P,-model M and a val-
uation v in M, we define function vala,,, that assigns elements of algebra 3,, to
formulas:

o valp(E;) =e;, foreveryi € {0,...,n —1};
valpy(R(x1, ..., xk)) = m(R)(v(x1),...,v(xg)), for every k-ary predicate
symbol R € Pp,, k > 1,andforall x;,...,xx € OVp,;
valp(—¢) = —valp,(@);
valpmy (@ vV ¥) = val (@) V valp (¥);
ValM,v(q) A W) = Val./\/l,v((p) A Val./\/l,v(w);
valp (@ = ) = valp, (@) = valp,,(¥);
valpy(Dig) = divalpm,(9);
o valp, (Vxp() = () valag, (0());
uelU

o valp, @) = | valu, (0x);
uelU

where v, is the valuation in M such that v,(x) = u and v,(z) = v(z), for all z # x.
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The function vala,,, extends to finite sets of formulas. Let X = {¢1,..., ¢/},
[ < 1, be a finite set of P, -formulas. We define:

df
valp (X)) = valpv(o1 V...V ¢y).

A P,-formula ¢ is said to be true in a model M whenever for every valuation v in
M, valp,(¢) = en—1, and it is said to be es-valid, s € {1,...,n — 1}, if for every
P,-model M and for every valuation v in M, valaq,,(¢) > es. A formula ¢ is P,-
valid whenever it is e,—1-valid. The definition of semantics leads to the following
observation:

Proposition 22.3.1. For every P, -formula ¢ and for every s € {1,...,n — 1}, the
following conditions are equivalent:

1. @ is eg-valid;
2. Dy is Py-valid.

22.4 Dual Tableaux for Post Logics

Dual tableaux for Post logics consist of the decomposition rules of the following
forms:

For all P,-formulas ¢ and ¥, for every individual variable x, and for all i, j €
{1,...,n—1},

Decomposition Rules for Propositional Operations

) Di.(w M .1#) (=v) _‘D.i (o v Ik)
Dip,Diy =Dip|=D;y
(o DOADY L Dilg A )
Dig | D;iy =Dip,—D;iy
(> Di(p — ¥)
_'Dl(valw||_'Dl¢lew
—Di(p - V)
=) > D ,
19| D2g, =Dy |...|=Dig,—~Di_1y | =D; ¥
Di(=p) ~Di(=p)
(=) —Dry (=) Dig
D;D; ... mD;D;

Djy —Dj¢
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Decomposition Rules for Quantifiers

D;V
(v) ﬂ z is a new individual variable
Di¢(z)
-D;V
(=V) iYxo(x) z is any individual variable
—Dip(2). ~DiVxp(x)
D;3
E)) i3x¢(x) z is any individual variable
Dip(z), Di3xp(x)
-D;3
(=3 w z is a new individual variable
—Di¢(2)

We observe that any application of the rules of P, -dual tableau preserves the atomic
formulas and their negations.

A set of P, -formulas is said to be P,-axiomatic whenever it includes either of
the following sets of formulas:

For every P, -formula ¢,

(Ax1) {D;(E;)},for1 <i < j;
(Ax2) {—=D;(Ej)}, fori > j = 0;
(Ax3) {Digp,—=Djgp},forl <i < j.

Proposition 22.4.1. Let X = {¢1,...,¢1}, | = 1, be a finite set of P,-formulas, let
M be a P,,-model, and let v be a valuation in M. Then, for every P,-decomposition
rule for a propositional operation of the form ﬁ’ t > 1, the following holds:

valp (X)) Vvalp (@) =\ Galao(X) V valp o (@;)).

i=1
Proof. By way of example, we prove the statement for the rules (—V), (—), (—ij).

(—V) By axioms (P1) and (P4) of Post algebras and since By, is a Boolean algebra,
we obtain:

(valp(X) Vv valpy(=Dig)) A (valp(X) V val (= Di )
=valp,(X) vV (valp, (= Dig) Avalp,(=Divr))
=valp(X) V (=dival p,, (@) A —divalaq,, (V)
= valp(X) vV —(dival pm (@) V dival py ()
=valpy(X) V —divalp, (@ V )
=valp,(X) Vvalpy(=Di(e vV ¥)).
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(—) By the axiom (P1) and the condition 5. of Proposition 22.2.1, we have:
val (X)) V valp(Di(e — ¥))

= valpm(X)V )\ (=dxval (@) V divala,u(9))
k=1

= )\ valpg, (X) v —dgvalp,(@) V dgval v (§)).
k=1

(—ij) By axiom (P8) we have:

valpmy(X) Vvalp,(=Di D jo) = valpo(X) Vv —d jvalp . (¢)
= valM,v(X) Vv valM,v(—-quJ).

The proofs for the remaining rules are similar. O
Proposition 22.2.1 (1.) and (4.) imply:

Proposition 22.4.2. Let ¢ and v be P, -formulas and let i,j € {1,...,n — 1}.
Then, for every P,-model M and for every valuation v in M, the following hold:

1. valp,(Di9V Diy) = en—1 iff valaq,(Di@) = en—1 orvalpg, (D) = ep—1;
2. Ifi < j, thenvalpg(Di@) vV valp(—=Djp) = eni.

Proof. For 1., note that for every i € {1,...,n — 1} and for every formula ¢, either
valp,y(Dip) = ep—1 or valpa,,(D;@) = e, hence by the definition of semantics,
1. follows.

For 2., observe that:

valp,y(Dig) v valpg, (=D ) = di(vala, () Vv —dj(val p,,(9)).

If valpq,0(p) = eg, for some k € {1,...,n}suchthat 1 < k < i < j, then
di(valpm, (@) vV —dj(valp (@) = diep vV (—djer) = eoV (—eo) = e Vey—1 =
en—1. If valpq,,(¢) = ex forsome k € {1,...,n} suchthat 1 <i <k < j, then
di(valp (@) vV —d;(valpmn(9)) = diex V (—djex) = en—1 V (—e0) = ep—1 V
en—1 = ep—1.Ifvalp,(¢) = eg forsomek € {1,...,n}suchthatl <i < j <k,
then d; (valpm, (@) vV —dj(valpm (@) = diex V (—djex) = ep—1 V (—en—1) =
en—1Vey=eéeu—1. O

As usual, a P,-set is a finite set of P,-formulas such that the disjunction of its
members is true in all P,-models. P, -correctness of a rule is defined in a similar
way as in the logic F (see Sect. 1.3), i.e., a rule is P,-correct whenever it preserves
and reflects P, -validity.
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Proposition 22.4.3.

1. The P,,-rules are P,,-correct;
2. The P, -axiomatic sets are P,,-sets.

Proof. For 1., observe that correctness of decomposition rules for propositional op-
erations follows from Proposition 22.4.1. Correctness of decomposition rules for
quantifiers follows from Proposition 22.2.2 and Proposition 22.4.2(1.).

2. follows from Proposition 22.4.2(2.). O

In order to prove es-validity of a P,-formula ¢, we built a P,,-decomposition tree
for the formula Ds¢. As usual, each node of the tree includes all the formulas of its
predecessor node, possibly except for those which have been transformed by a rule.
A node of the tree does not have successors whenever its set of formulas includes a
P,,-axiomatic subset or none of the rules is applicable to it. The notions of a closed
branch of a P,-proof tree, a closed P, -proof tree, and P,,-provability are defined as
in Sect. 1.3.

Proposition 22.4.4 (Closed Branch Property). Let ¢ be an atomic P, -formula
andlet1 <i < j. For every branch b of a Py,-proof'tree, if Digp € band D jp € b,
then b is closed.

Proof. Let ¢ be an atomic P,-formula, let 1 < i < j, and let b be a branch of a
P..-proof tree. Observe that the rules of P,-dual tableau, in particular the specific
rules, guarantee that if formulas D;¢ and D ;¢ belong to the branch b, then there
is a node of that branch which includes both of them. Thus, branch b contains an
axiomatic set of formulas, hence it is closed. O

A branch b of a P,-proof tree is complete whenever it is closed or it satisfies the
following completion conditions:

For all P, -formulas ¢ and , for every individual variable x, and for all i, j €
{1,...,n—1},

Cpl(V) (resp. Cpl(—V)) If D;i(¢ Vv ¥) € b (resp. =D;(¢ VvV ¥) € b), then both
Dip € band D;yy € b (resp. =D;p € b and —D;y € b), obtained by an
application of the rule (V) (resp. (—V));

Cpl(A) (resp. Cpl(—=A)) If Di(p A ) € b (resp. =Di(¢ A W) € b), then either
Dip € bor Diyy € b (resp. =D;p € b or =D; € b), obtained by an applica-
tion of the rule (A) (resp. (—A));

Cpl(—) If Di(p — ) € b, then there exists k € {l,...,i} such that both
=Dy € b and Diy € b, obtained by an application of the rule (—);

Cpl(— =) If =Di(¢ — V) € b, then either D¢ € b or =D;yy € b or there
exists k € {2,...,i} such that both Dg¢ € b and —=Dy_1y € b, obtained by an
application of the rule (— —);

Cpl(—) If D; (—¢) € b, then =D ¢ € b, obtained by an application of the rule (—);

Cpl(——) If =D;(—~¢) € b, then D1¢ € b, obtained by an application of the
rule (——);
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Cpl(ij) If D; D j(¢) € b, then D ;¢ € b, obtained by an application of the rule (i} );

Cpl(—ij) If =D;D;(¢) € b, then =D ;¢ € b, obtained by an application of the
rule (—ij);

Cpl(V) (resp. Cpl(—3)) If D;Vxep(x) € b (resp. =D;Ax¢(x) € b), then for some
individual variable z, D;¢(z) € b (resp. =D;¢(z) € b), obtained by an applica-
tion of the rule (V) (resp. —3));

Cpl(3) (resp. Cpl(—V)) If D;Axp(x) € b (resp. ~D;Vxp(x) € b), then for every
individual variable z, D;¢(z) € b (resp. ~D;¢(z) € b), obtained by an applica-
tion of the rule (3) (resp. (—V)).

The notions of a complete P,,-proof tree and an open branch of a P, -proof tree are
defined as in F-logic (see Sect. 1.3).

Let b be an open branch of a P,,-proof tree. We define a branch structure M? =
(UP, B, mP) as follows:

e Ub=0Vp,;

o mP(E) = e

e Forall xq,...,xx € OVp, and for every k-ary predicate symbol R € Pp,,,
k>1:

ej—1 if i isthe smallest element of {1,...,n — 1}
such that D; R(x1,...,x,) € b
mb(R)(xi. .. x0) = PR - )

en—1 ifforalli <mn, D;iR(xy,...,xx) €b.

Clearly, a branch structure M? is a P,,-model. Therefore, the branch model property
holds. Let v* be the identity valuation in M?. Now, we show the satisfaction in
branch model property:

Proposition 22.4.5 (Satisfaction in Branch Model Property). Let b be an
open branch of a Py-proof tree. Then, for every P,-formula ¢ and for every
ie{l,...,n—1}, the following hold:

1. If Dig € b, thenval \» »(Dip) < en—1;
2. If =Di¢ € b, thenval yp » (—D;¢) < ep—1.

Proof. The proof is by induction on the complexity of formulas. First, we prove that
1. and 2. hold for atomic P,,-formulas.

If D;(Ej)eb, then i>j, since otherwise b would be closed. Thus,
valyw »(Di(Ej)) = eg<ey—1. Assume that D;R(xy,...,x;) €b, for some
predicate symbol R and for some individual variables xi,...,x;. Then, we
have valy »(DiR(x1,...,x¢)) =divalyp o (R(x1,...,x¢)) and, by the
definition of m®(R), val g » (R(X1, ..., X)) = ej;, for some j <i. Thus,
dival i b (R(X1,...,x;)) = die; = ep < ep—1.

If =D;(E;)eb, then i <j, since otherwise b would be closed. Thus,
valyp »(=Di(Ej)) = —ep—1 = e < ey—1. Assume =D;R(x1,...,Xx) € b,
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for some predicate symbol R and for some individual variables xq, ..., xg. Then,
by the closed branch property, for all j <i, D;R(xy,...,xx) /€b. Thus, by
the definition of m?(R), valyp » (R(x1,...,Xk)) = e;, for some j >i. Hence,
valyp b (=Di R(x1,...,xk)) = —die; = —ep—1 = €o < ep—_1.

Now, we prove that 1. and 2. hold for negations of atomic P,-formulas. Let ¢ be
an atomic P,-formula.

Observe that valyp »(Di(—¢)) = —dvalyp »(9) = valyw »(—D19),
due to axiom (P7). Assume that D;(—¢) € b. Then, by the completion condition
Cpl(—), =D1¢ € b. By the induction hypothesis, val y» ,»(=D1¢) < en—1, there-
fore val yp b (Di(—¢)) < en—1. The statement 2. can be proved in a similar way.

Now, we prove that 1. and 2. hold for compound P, -formulas. Assume that 1.
and 2. hold for formulas V¥, ¥, ¥», and their negations.

Letg = D ;. Assume D; D ;{ € b. Then, by the completion condition Cpl(ij ),
Dy € b. By the induction hypothesis, val \» » (D ;) < en—1. By axiom (P8) of
Post algebras, val o o (Di Djr) = val yi p (DY) < en—1.

Let ¢ = VY1 A Yo Assume D;(Y1 A ¥) € b. Then, by the comple-
tion condition Cpl(A), either D;y; € b or D;y, € b. By the induction
hypothesis, valy »(Di(Y1)) < en—1 or valyw »(Di2) < ep—1. Suppose
that valyp »(Di(Y1 A ¥2)) = ey—1. Then, valyw »(Di1) = en—1 and
val yp v (DiY2) = en—1, a contradiction.

Let ¢ = W1 — VYp. Assume D;(y¥; —,) € b. Then, by the completion
condition Cpl(—), there exists k € {1,...,i} such that both =Dgy; € b
and Dgy, € b. By the induction hypothesis, —dgval» »(¥1) < ey—1 and
dival g o (V2) < en—1. Thus, —dgval \io » (V1) V dival pp p (V2) < en—1.
Suppose that valy» »(Di(Y1 — V¥2)) = en—1. Note that the following holds:
val o b (Di(Y1 = ¥2)) = Nj—y (dival po o (W1) = dival y o (V2)) = en—i
iff for every k € {l,....i}, dxvalyp o (Y1) — divalyp b (Y2) = en—1.
Hence, by Proposition 22.2.1(5.), —dgval yqp o (Y1) V dival pgp o (V2) = en—1, 2
contradiction.

Let ¢ = Vxy(x). Assume D;(Vxy(x)) € b. Then, by the completion condi-
tion Cpl(V), for some individual variable z, D;{(z) € b. Thus, by the induction
hypothesis, djval b b (¥ (2)) < en—1. Suppose val y» b (Di (VXY (X)) = en—1.
Then, by the axiom (P9) and Proposition 22.2.2, for every individual variable z,
dival \q» b (¥ (2)) = en—1, a contradiction.

The proofs of the remaining cases are similar. O

Theorem 22.4.1 (Soundness and Completeness of P,,). For every P, -formula ¢
and for every s € {1,...,n — 1}, the following conditions are equivalent:

1. @ ises-valid;
2. Dyg is Pp-provable.

Proof. Assume ¢ is es-valid. Thus, by Proposition 22.3.1, D¢ is P,-valid. Then,
it must exist a closed P,-decomposition tree for D¢, since otherwise there is a tree
with an open branch, and then, by Proposition 22.4.5(1.), Ds¢ would not be P, -
valid. Hence, D;¢ is P,-provable. Now, assume that D¢ is P,-provable, that is
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there exists a closed P,-decomposition tree for Ds¢. Then, Proposition 22.4.3,
enables us to prove that Dsp is P,-valid. Thus, by Proposition 22.3.1, ¢ is
eg-valid. O

Observe that the reduct of P, -dual tableau consisting of the decomposition rules for
propositional operations is a decision procedure for the propositional Post logic.

Example. Consider the following P, -formula:

1=©@—=>v)V¥ -0

In order to prove P, -validity of y, we show that D,_; y is P,-provable. Figure 22.1
presents its P,-proof. In this tree all branches end with the sets of the following
form: H(i, j) = {—=Dip, Diy,—~D;y, D¢}, fori,j e{l,...,n—1}.Itis easy
to prove that H(i, j) is a P,-axiomatic set, for all i, j € {1,...,n — 1}. Indeed,
if i < j,then {D;¥,—D;y} is axiomatic, and if i > j, then {D;p,—D;¢} is
axiomatic.

anl[((p e W) Vv (W - §0)]

|

Dy—1(¢ = V), Dyri (¥ = )

4// (»)l \ }Hapn,lw,

—Dip, D1y, —Digp, Dy,
D =g Dy (¥ = ¢) Bily 2 9)
('—'>')\ / =)
HALY) ... HOn—1) ... ) : H(”l_vlc’ll) H(’ifdl’”_l)
closed closed HG@,1) ... Hi,n—1) close close
closed . closed

H(i.j) <L =D;p. Diy.—=D,;y. D¢, fori,j €{l.....n—1}

Fig. 22.1 A P,-proof of the formula (¢ — ¥) V (¥ — @)
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