Chapter 15
Dual Tableaux for Logics of Order of Magnitude
Reasoning

15.1 Introduction

Order of magnitude reasoning is a reasoning in terms of qualitative ranges of
variables instead of their precise values. More precisely, the order of magnitude ap-
proach enables us the reasoning in terms of relative magnitudes of variables obtained
by comparisons of the sizes of quantities. In a sense, order of magnitude methods
of reasoning are situated midway between numerical methods and qualitative for-
malisms.

The logical approaches to order of magnitude reasoning can be found in [BOO04,
BOAOS, BMVOAO6]. These approaches are based on a system with two landmarks
and with relations of comparability and negligibility. The intuitive representation
of the underlying models can be illustrated with the linearly ordered set of real
numbers, where two landmarks —« and 4+« are considered.

OBS™ INF OBs™

—Q +o

In the picture, —o and 4« represent the greatest negative observable and the least
positive observable, respectively, partitioning the real line into classes of positive ob-
servable numbers, OBS ™, negative observable numbers, OBS™, and non-observable
(also called infinitesimal) numbers, INF. This choice makes sense, in particular,
when considering physical metric spaces in which we always have a smallest unit
which can be measured; however, it is not possible to identify a least or a greatest
non-observable number.

Consider the following example which illustrates a concept of comparability.
Assume one aims at specifying the behavior of a device for automatic control of the
speed of a car; assume the system has to maintain the speed close to some speed
limit v. For practical purposes, any value in an interval [v — g, v + ¢] for small ¢ is
admissible. The extreme points of this interval can then be considered as the land-
marks —a and +o; furthermore, the sets OBS ™, INF, and OBS™ can be interpreted
as SLOW, ADEQUATE, and HIGH speed.
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Regarding negligibility, the representation capabilities of a pocket calculator
provide an illustrative example of a relation of that kind. In such a device, it is not
possible to present any number whose absolute value is less than 107°°. Therefore,
it makes sense to consider —o = —107°% and +a = +107°? since any number
between —107°° and 107°° cannot be observed or presented. On the other hand,
a number x can be said to be negligible with respect to y provided that the differ-
ence y — x cannot be distinguished from y. Numerically, and assuming 842 (digits
and mantissa) display, this amounts to stating that x is negligible with respect to y
if and only if y — x > 10%. Furthermore, this example suggests a real-life model
in which, for instance, —1000 is negligible with respect to —1. This is even more
suggestive if we interpret the numbers as exponents, since 1071900 certainly can be
considered negligible with respect to 107!,

In this chapter we consider a logic OMR of order of magnitude reasoning intro-
duced in [BOOO04] and we present a relational dual tableau for this logic based on
the developments in [BMVOAO6]. In the logic we deal with the comparability and
negligibility relations. They determine modal operators which enable us to specify
statements about properties of physical systems within the ranges of values of vari-
ables. The deduction tool of dual tableau for OMR provides a means for verifying
these statements. Decidability of the logic OMR is an open problem.

15.2 A Multimodal Logic of Order of Magnitude Reasoning

The language of the logic OMR of order of magnitude reasoning is a multimodal
propositional language with three types of modal operations, each of which is asso-
ciated with a certain relation: [<] and [<™!] to deal with an ordering of the elements
of a system, the operations [] and [C~!] to deal with a comparability relation C,
and the operations [<] and [<~!] to deal with a negligibility relation <.

The intuitive meaning of the modal operations is as follows:

[<]¢ — @ is true for all numbers which are greater than the current one;

(<7 Y@ — @ is true for all numbers which are less than the current one;

[Cle — ¢ is true for all numbers which are greater than and comparable with the
current one;

[C~Ye - ¢ is true for all numbers which are less than and comparable with the
current one;

[<]¢ — @ is true for all numbers with respect to which the current one is negligible;

[<~Y]¢ — @ is true for all numbers which are negligible with respect to the current
one.

Formulas of the language are constructed with symbols from the following pairwise
disjoint sets:

e V —aset of propositional variables;
e {c™,cT} —the set of object constants representing the landmarks;



15.2 A Multimodal Logic of Order of Magnitude Reasoning 279

e {<,L, <} — the set of relational constants representing ordering, comparability,
and negligibility, respectively;

e {—,V, A} —the set of classical propositional operations;

e {[<].[<71.[c]. [=7 1. [<]. [x 1]} - the set of unary modal operations.

OMR-formulas are generated from the elements of V U {¢™, ¢} with the proposi-
tional operations.

An OMR-model is a structure M = (U, <,C, <,c¢~, ¢, m), where U is a non-
empty set, ¢~ and ¢ T are designated elements of U which, for the sake of simplicity,
are denoted with the same symbols as the constants of the language, and m is a
meaning function satisfying the following conditions:

e m(p) CU,forevery p e V;
e < isastrict linear ordering on U, that is for all x, y, z € U, the following condi-
tions are satisfied:

(irref <) (x,x) € <,
(tran <) If (x,y) € <and (y,z) € <,then (x,z) € <,
(con<) (x,y)e<or(y,x)e<orx =y;

e m(c”) =c ,m(ct) = ¢t and (¢, ct) € <; then the sets OBS™, INF, and
OBS™ are defined by:

OBs" L{xelU:(x.cT)e<orx=c},
INFE (x e U:(c™,x) € <and (x,c+) € <},
oBst L{xeU:(ct.x) e <orct =x};

e [ is a binary relation on U called the comparability relation:

cf<n ((OBs™ x OBs™) U (INF x INF) U (OBs* x OBs™)), that is for any
x,y € U, (x,y) € C iff either of the following conditions is satisfied:

() (x,y) e <,((x,c7)e<orx =c7),and((y,cT)e<ory =c),
(GC) (x,y) €<, (cT,x) e <, (x,cH) e<,(c7,y) € <,and (y,c*) € <,
G(ic) (x,y) e <,(ct,x) e <oret =x),and (cT,y) € <oret = y);

e < is a binary relation on U called the negligibility relation and satisfying the
following conditions:

(i<) <<c<

(ii<) If (x,y) € <and (y,2) € <, then (x,2) € <,
(ili<) If (x,y) € <and (y,z) € <, then (x,z) € <,
(iv<) If (x,y) € <, then either x ¢ INF or y ¢ INF.

Note that as a consequence of items (ii<) and (iii<), the relation < is transitive;
item (iv<) states that two non-observable elements cannot be compared by the neg-
ligibility relation.
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Let ¢ be an OMR-formula and let M = (U, <,C, <, m) be an OMR-model.
The satisfaction of ¢ in M by a state s € U, M,s = ¢ for short, is defined as
follows:

M, s = piffs e m(p), forevery p € V,;
M, s ctiffs =, for# e {7, 7}

M, s = —giff not M, s E ¢;
M,sE=E(@Vvy)iff M,s =por M,s = y;
M,sE (@ AY)Iff M,s E ¢ and M, s E ;

ForT € {<,C, <},

o M,sE[T]yiffforalls’ € U, (s,s’) € T implies M, s’ = ¢,
e M,sk [TV giffforalls’ € U, (s,s") € T~! implies M, s’ = ¢.

15.3 Dual Tableau for the Logic of Order of Magnitude
Reasoning

A relational logic for representation of OMR-formulas, RLoyg, is an instance of
the relational logic RL4(C) presented in Sect. 3.3. The vocabulary of its language
consists of symbols from the following pairwise disjoint sets:

OVRLoyr — a set of object variables;
OChrigys = {¢7,cT} — the set of object constants corresponding to the distin-
guished elements from the OMR-models;

e RVRiys — a set of binary relational variables;

e RCpigm ={1.1,<,C,<,C™, C T} — the set of relational constants where C ~
and C T are intended to be point relations representing the landmarks;

e {— U,N,;, _1} — the set of relational operations.

The set of RLomr-relational terms and the set of RLoyg-formulas are defined in a
standard way (see Sect. 3.3).

An RLoyRr-model s a structure M = (U, <,C, <,c¢~,c™,m), where U is anon-
empty set, ¢~ and ¢ are designated elements of U, and m is a meaning function
satisfying the following conditions:

m(c™) =c ,m(ct) =ct;

m(R) C U x U, forevery R € RARL yg;

m(1’) and m(1) are defined as in RL(1, 1’)-models;

m(<) = < isirreflexive, transitive, and it satisfies the following condition for all
x,yeU:

(con’) Either (x,y) € <or(y,x) € <or (x,y) € m(l');
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e (¢, ch) € <; as in OMR-models, the linearity of < enables us to partition U
into the classes OBS™, OBS™, and INF which are defined as in OMR-models
with a difference that equality is replaced by m(1’) that may not be the identity
(for a discussion of that issue see Sect.2.7);

e m(C) =C = <N((OBS™ xOBS™) U(INF x INF) U(OBS™ x OBS")), that
is forany x,y € U, (x, y) € CC iff either of the following conditions is satisfied:

G’c) (x,y) € <, ((x,¢7) € <or (x,c7) € m(1")), and ((y,¢c™) € < or
(y.c7) e m(1')),

(’'C) (x,y) € <, (c7,x) € <, (x,ct)e<,(c7,y) € <,and (y,cT) € <,

(i'C) (x,y) € <, ((c*,x) € <or (cT,x) € m(l"), and (ct,y) € < or
(¢, y) e m(1));

e m(<) = < satisfies all the constraints posed on the relation < in OMR-models;
e m(CH={xelU:(x,cyem()yxU,for#e {7}
e m extends to all the compound relational terms as in RL(1, 1")-logic.

As in RL(1, 1")-logic, an RLomg-model in which m(1’) is interpreted as the identity
is called a standard RLomg-model. Note that if m(1’) is the identity on U, then
m(C*) = {c*yx U, # € {7, }, that is it is a point relation whose domain represents
a landmark.

The validity preserving translation assigning relational terms to modal formulas
is defined as in the classical modal logic (see Sect. 7.4) with the following additional
clauses:

For# e {77},

o (¢ =C*;1.

For T € {<,C, <},

o ([Tle) = —(T;—1(p));

o t([T7'p) = —(T7":—2(p)).

By Theorem 7.4.1, in a similar way as in the classical modal logics, we obtain:

Theorem 15.3.1. For every OMR-formula ¢ and for all object symbols x and y,
the following conditions are equivalent:

e ¢ is OMR-valid;
e x7(p)y is RLomg-valid.

A relational dual tableau for RLopg consists of axiomatic sets and decomposition
and specific rules of RL(1, 1’)-dual tableau adjusted to the language of RLomg and
the rules specific for RLomg listed below.

The rule that reflects irreflexivity of < is an instance of the rule (irref R) pre-
sented in Sect. 12.6. The rule reflecting transitivity of < is presented in Sect. 6.6
(see also Sect. 7.4). Recall that these rules have the following forms:
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For all object symbols x and y,

(irref <) x=y

(tran <)
X <X X<z, x<ylz<y,x<y

for every object symbol z

The rules for the comparability relation C that express its properties have the fol-
lowing forms:
For all object symbols x and y,

xCy

-
@) x<yxCylx<c,xl'e",xCyly<c ,yl'¢c",xCy

((i'C)) xCy

x<y,xCyle <x,xCylx<ct,xCylc <y, xCyly<ct.xCy

xCy

e
(r(iii )) x<y7x|:y|c+<x7c+1/x,xEy|C+<ysc+1/y7XEy
x—Cy

———— where:
Hy|H,| H3

(-0
Ho = {y <x,xl'y};

Hi=HyU{c <x,c <y, x—Cy};

Hy=HoU{x <c™,xl'c”,ct<x,cTlx,y <c™,yl'c™,cT<y,ct 'y, x—Cy}h
Hiy=HyU{x <ct, y <ct,x—Cy}.

The rules for the negligibility relation < reflecting its properties have the following
forms:
For all object symbols x and y,

. X<y
(<) —————
X<y,x<y
.. X <Yy .
(r(ii<)) for every object symbol z
X<zx<ylz<y,x=<y
X <Yy .
(r(iii<)) for every object symbol z
X<z, x<yl|lz=<y,x=<y
x<c,xVe,ct<x,ctUx,y<c,yl'c ,ct<y,ctl’
(r(iv<)) Y Y ALERS

x<y,x<c,xl'cm,ct<x,ctl'x,y <c ,ylc—,ct<y,ctly

The rules for the relational constants C*, # € {~,* } are:
For all object symbols x and y,
xC#y
xl/c*, xC#y

x—C*y
x—1'c* x—Cty

(€% (=C%
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Note that applications of the rules of RLomr-dual tableau, in particular applications
of the specific rules listed above, preserve the formulas built with atomic terms or
their complements. Thus, the closed branch property holds.

The specific RLovr-axiomatic sets are those including either of the following
sets:

(Ax]) {c~<cT)
(Ax2) {x < y,y < x,x1l'y}, for any object symbols x and y.

An alternative representation of the connectivity condition from the OMR-models
can be provided by a rule in the RLoyg-dual tableau. This issue is discussed in
Sect.25.9, see also Sect. 25.6.

The notions of an RLomr-set and RLomr-correctness of a rule are defined as in
Sect.2.4.

Proposition 15.3.1.

1. The RLomg-decomposition rules are RLoyg-correct;
2. The RLomg-specific rules are RLomg-correct;
3. The RLomr-axiomatic sets are RLomr-sets.

Proof. The proof of 1. follows the proof of RL-correctness of the decomposition
rules (see Proposition 2.5.1).

For 2., by way of example, we prove RLomg-correctness of the rule (r(iv<)). Let
X be a finite set of RLoyr-formulas.

(r(iv<)) Assume that X U{x<y,x <c ,x1'c”,ct <x,ctl'x,y<c™,yl'c™,
¢t <y,ct1'y}isan RLovr-set. Suppose X U{x < ¢, x1'c™,ct<x,cTl'x,y <
c”.yl'c™, ¢t <y, ct 1y} is not an RLoyr-set. Then there exist an RLoyr-model
M and valuation v in M such that for every ¢ € X, M,v £ ¢. Hence, by linear-
ity of <, all the following conditions are satisfied: (¢, v(x)) € <, (v(x),cT) € <,
(c™,v(y)) €<, and (v(y),ct) € <. These conditions imply that v(x), v(y) € INF,
thus by the condition (iv<), (v(x),v(y)) ¢ <. However, by the assumption,
(v(x),v(y)) € <, a contradiction. Preservation of validity from the upper set to
the lower set is obvious.

Correctness of the remaining specific rules follows from the corresponding as-
sumption in the RLomg-models.

For 3., note that for every RLoyr-model M, (¢~,c¢™) € <, thus the sets in-
cluding {¢~ < ¢ ™} are RLour-sets. Similarly, by connectivity of <, sets of the form
X U{x < y,x—<y,xl'y} are RLomg-sets. ]

The notions of an RLopg-prooftree, a closed branch of such a tree, a closed RLomg-
proof tree, and RLomg-provability are defined as in Sect. 2.4.

The completion conditions determined by the rules (irref <) and (tran <) are the
instances of the completion conditions presented in Sects. 12.6 and 6.6, respectively.
The completion conditions determined by the rules that are specific for RLoyg-dual
tableau have the following forms:
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For all object symbols x and y,

Cpl(r(’C)) If x C y € b, theneitherx <y € bor(x <c¢~ € band x1'c” € b) or
(y < ¢~ € band yl'c™ € b), obtained by an application of the rule (r(i’C));
Cpl(r(ii’C)) If x C y € b, theneitherx <y € borc <x eborx <ct €bor

c"<ye€bory <cT € b, obtained by an application of the rule (r(ii’C));
Cpl(r(iii’C)) If x C y € b, theneither x < y € bor (ct<x € band cT1'x € b)

or(ct<y ebandct1l'y € b), obtained by an application of the rule (r(iii’C));
Cpl(—C) If x—C y € b, then either of the following conditions is satisfied:

o y<xeb,xl'yeb,cT<xeb,andc™<y €b,

e y<xebxl'yeb,x <c e€b,xl/c” €eb,ct<x € b, ctl'x €b,
y<c eb,yllc- eb,ct<yeb,andct 1y €b,

e y<xebxl'yeb,x<cteb,andy <cT €b,

obtained by an application of the rule (—[C);

Cpl(r(i<)) If x < y € b, then x < y € b, obtained by an application of the rule
(r(i=<));

Cpl(r(ii<)) If x < y € b, then for every object symbol z, either x < z € b or
7z < y € b, obtained by an application of the rule (r(ii<));

Cpl(r(iii<)) If x < y € b, then for every object symbol z, either x < z € b or
7 < y € b, obtained by an application of the rule (r(iii<));

Cpl(r(iv<)) If x < ¢~ € b,xl'c” € b,ct<x € b,ctl'x € b,y < ¢~ € b,
yl'¢c™ € b,ct<y € b,and ct1'y € b, then x < y € b, obtained by an
application of the rule (r(iv<));

Cpl(C*) If xC*y € b, then x1’c* € b, obtained by an application of the rule (C*);

Cpl(—C*) If x—C*y € b, then x—1'c* € b, obtained by an application of the rule
(—=CH.

The notions of a complete branch of an RLoymg-proof tree, a complete RLomg-proof
tree, and an open branch of an RLoyg-proof tree are defined as in RL-logic (see
Sect. 2.5).

Let b be an open branch of an RLoymg-proof tree. A branch structure M? =
(U, <b, b, <P (¢7)b, (¢ )P, mP) is defined as follows:

Ub = OVRigys Uic, et}

(")l = mP(c*) = c* for#t e {~, T}

mP(R) = {(x,y) € UP x U? : xRy ¢ b}, for R € RARig,s \ {C,C~,CH};
<b=mb(<) and <0 = mb(<);

c2= m?(C), mb(C ™), and m?(C*) are defined as in RLomg-models;

m? extends to all the relational terms as in RL(1, 1’)-models.

Proposition 15.3.2 (Branch Model Property). Let b be an open branch of an
RLowmg-prooftree. The branch structure M? = (U?, <P b <P (c™)?, (c )P, mb)
is an RLomr-model.
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Proof. Obviously, ¢* € U?, for # € {~,%}. Moreover, since {¢c"<c*} is an
axiomatic set, c”< ¢t & b, hence ((c7)?, (c*)?) e <P.

Now, it suffices to show that <b satisfies all the conditions assumed in RLowmR-
models.

By Cpl(irref <), for every x € Ub, x < x € b, that is (x,x) ¢ <b. Hence, <
is irreflexive. Assume that for some x, y,z € U?, (x,y) € <b, (y,2) € <b. but
(x,2) ¢ <P. Thenx < y ¢ b,y <z ¢ b,and x < z € b. By Cpl(tran <) and
since x < z € b, either x < y € bor y < z € b, a contradiction. Therefore, < is
transitive. Since {x < y,y < x,x1’y} is an axiomatic set, for all x, y € U, either
x<ydbory<x¢gborxl'y &b. Thus, forall x, y € U?, either (x, y) € <?
or (y,x) € <b or (x, y) € mP(1"). Hence, <? is linear.

The linearity of <? enables us to partition U? into classes (OBS™)?, (OBS™)?,
and INF? as defined on p- 279. Then, conditions (i<), (ii<), and (iii<) follow
directly from the completion conditions Cpl(r(i<)), Cpl(r(ii<)), and Cpl(r(iii<)),
respectively.

Now, we prove that <) satisfies the condition (iv=<). Assume that for some x, y €
Ub, (x,y) € <P, but x € INF® and y € INF®. Due to irreflexivity and transitivity
of < and extensionality property of m?(1) (see the proof of Proposition 2.7.5) it
is easy to prove that for all x, y € U?, if (x,y) € <?, then (y,x) & <? UmP(1").
Thus, since x € INF? and y € INF?, we obtain (x,c¢”) & <? Um?(1’), (ct,x) &
<L umb)), (y.c7) & <P Umb(1’), and (¢, y) & <? U mP(1’). Thus all the
following formulas belong to b: x < ¢, x1'c™, ¢t <x, ctl'x,y < ¢7, yl'c™,
¢t <y, and ¢*t1’y. Then, by the completion condition Cpl(r(iv<)), x < y € b, s0
(x,y) & <, a contradiction. Therefore, the condition (iv<) is satisfied. O

b

A valuation v? in M? is defined in a standard way, that is v?(x) = x, for every
b
xeU”°.

Proposition 15.3.3 (Satisfaction in Branch Model Property). Let b be an open
branch of an RLomr-proof tree. Then for every RLovr-formula ¢, if M? VP = ¢,
then ¢ € b.

Proof. Let b be an open branch of an RLomg-proof tree. The proof is by induction
on the complexity of formulas. For a formula ¢ of the form xRy or x—RYy, where
R € RAR g \{C.C™, C T}, the proof is as in RL-logic and it uses the closed
branch property (see the proof of Proposition 2.5.5). Now, it suffices to show that
the proposition holds for formulas of the form x Ry and formulas of the form x—R y,
for R € {C, C~, CT}. By way of example, we prove it for R = —[.

Assume M? VP = x—Cy, ie., (x,y) & C°. Suppose x—C y € b. Then by
the completion condition Cpl(—LC) and symmetry of m? (1), either of the following
conditions is satisfied:

o (1.x)g<Pumb(l),(c7,x) ¢ < and (c7,y) & <b;

o (3.x) g <Pumb(l)), (x,c7) & <Lumb (1), (¢t x) ¢ <LUmP(1), (y.c7) ¢
<bUumb(1’),and (c*,y) & <t Umb(1');

o (1,x)d<bumb(), (x,ct) & <b, and (y,ct) & <P.
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Thus, by the linearity of <, either of the following conditions is satisfied:

e (x,y)e<b (x,c7)e<PUumb(l'),and (y,c7) e <P Umb(");
o (x,y)e<b (cm.x)e<?, (x.ct)e<b, (¢c™.y) e <b,and (y,ct) € <b;
o (x,y)e<b (ct.x) e <CUmP(1’),and (ct,y) € <P UmP(1).

Therefore, (x,y) € C?, a contradiction. For the compound relational terms the
proofs are similar to those in RL-logic. O

Finally, we obtain:

Theorem 15.3.2 (Soundness and Completeness of RLowg). For every RLomg-
formula ¢, the following conditions are equivalent:

1. ¢ is RLomg-valid;
2. @ is true in all standard RLomg-models;
3. ¢ is RLomg-provable.

By the above theorem and Theorem 15.3.1, we have:

Theorem 15.3.3 (Relational Soundness and Completeness of OMR). For every
OMR-formula ¢ and for all object symbols x and y, the following conditions are
equivalent:

1. ¢ is OMR-valid;
2. xt(p)y is RLomr-provable.

X[=CTU—(C ;=P)y
)

x=C7y.x—=(C ;—=P)y
(=C7)

x—lVe ,x—(C ;—P)y,...

(—;) with a new variable z and (—)

x—lVe ,x—CzzPy,...

D l ~

x—Vce ,z2<x,x1'z,¢c7<z,... x—1c¢ ,x<ct, ...
1 ,— /7 — . _
(172) with x x=le™, xl'c™, ... /(l’l)wnhc \
closed
x—1'c ,c I'x,... x—=1c¢ ,xl'c™,... c—<ct, ...
x<zz<x,xl'z... closed closed
(1'1) with ¢ ™ closed

c Ve~ x—1'¢c™,xl'c™,
closed closed

Fig. 15.1 An RLowmg-proof of the formula —c™ Vv [C]p
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Example. Consider an OMR-formula:
@ =-c¢” VI[C]p.
The translation of ¢ to an RLomg-relational term is:
t(p) =-C U—(C ;:—P),
where for simplicity of notation, 7(p) = P. By Theorem 15.3.3, for all object

symbols x and y, OMR-validity of ¢ is equivalent to RLomg-provability of the
formula x7(¢)y. Figure 15.1 presents an RLomg-proof of this formula.
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