Chapter 10
Dual Tableaux for Many-Valued Logics

10.1 Introduction

The development of multiple-valued logic in its modern form began with the work
of Jan Lukasiewicz [Luk20] and Emil Post [Pos20, Pos21]. Since the emergence
of computer science as an independent discipline, there have been an extensive in-
terplay and mutual inspiration between the two fields. Apart from its logical and
philosophical motivation, multiple-valued logic has applications, among others, in
hardware design and artificial intelligence. In the field of hardware design classi-
cal propositional logic is used as a tool for specification and analysis of electrical
switching circuits with two stable voltage levels. A generalization to a finitely-
valued logic allows the analogous applications with possibly many stable states.
In artificial intelligence multiple-valued logic provides models of vagueness or un-
certainty of information and contributes to the development of formal methods
simulating commonsense reasoning. Some recent developments and applications
of multiple-valued logics can be found e.g., in [Mal93, Got00, HihO1, FOO03].

In this chapter we develop a method of designing a dual tableau for an arbitrary
finite-valued propositional logic. We follow a relational approach, however, in this
case the relational logic appropriate for the translation of formulas of an n-valued
logic is not RL(1, 1’), a logic of n-ary relations is employed, where n > 2. The rela-
tional operations of the logic include n specific unary relational operators such that
kth operator, k < n, applied to a relation selects, in a sense, the kth components of
the n-tuples belonging to that relation and represents them as an n-ary relation. We
apply the method to three multiple-valued logics: Rosser and Turquette logic, RT
[RT52], symmetric Heyting logic of order n, n > 2, SH,, [Itu83, I006], and a finite
poset-based generalization of Post logic, Lt [Ras91]. Decidability of the logic RT
follows from the developments in [Got00, H&h03]. Decidability of the logic SH,
follows from the results presented in [Itu82]. Decidability of logic Lt is proved
in [Nou99]. The present chapter is based on the developments in [KMO98]. Dual
tableaux for many-valued modal logics can be found in [KOO1].
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10.2 Finitely Many-Valued Logics

In this chapter we consider n| -valued, n| > 2, propositional logics, L, whose lan-
guages are built from the following pairwise disjoint sets of symbols:

e V —acountable infinite set of propositional variables;
e {o;:1<j < jL}—asetof propositional operations where j_ > 1 and the arity
ofojisa(j) > 1.

The set of L-formulas is generated from the propositional variables with the proposi-
tional operations. The standard many-valued semantics for L is based on a semantic
range SR = {0,1,...,s,...,n_— 1} consisting of n logical values indexed by
integers, where 0 < s < n_ — 1. We assume that the values {s,...,n_— 1} are
designated, and all the other ones undesignated. Though in notation we identify the
values with their natural number indices, in general we do not assume any kind
of ordering, in particular, any linear ordering corresponding to that of the natural
indices is not necessarily assumed in the set of the logical values.

With the family of propositional operations {01, ..., 0;_}, we associate a family
of semantic functions { f,, : j = 1,...,iL}, where f,, maps SRf(J) into SRL.

An L-model is a structure of the form M = (U, m, {my : k € SRL}), where U
is a non-empty set of states, m: V. x U — SR, and {my : k € SR} is a family of
meaning functions such that:

o mp(p) ={weU:m(p,w) =k}, forpeV,
° mk(Oj (P1,..., (pa(j))) = Ufu_,— (kl,...,kg(_,-))=k(mk1 (p)N...N mka(j)(q)a(j))).

Intuitively, mg (@) is the set of states at which formula ¢ takes value k.

The standard notions of satisfaction of a formula at a state in a model, truth in a
model, and validity are defined as follows. An L-formula ¢ is satisfied in a model M
at a state w, written M, w = ¢, whenever w € mg (¢) for some k € {s,...,n_—1};
@ is true in a model M, written M = ¢, if and only if M,w = ¢, forallw € U,
and it is L-valid whenever it is true in all L-models.

Along these lines we present three examples of multiple-valued logics.

Rosser-Turquette Logic

Rosser-Turquette logic RT is an ngy-valued logic with SRt = {0,...,n — 1},
designated values are s,...,n — 1, where 0 < s < n — 1, and the logical values
are linearly ordered consistently with the order of their natural indices. The propo-
sitional operations of RT include the family {J; : k € SRgr} of unary operations.
The operations Ji play a special role. Namely, J; is a unary operation ‘selecting’
the logical value k. Other propositional operations are V, A, and —.

The respective semantic functions are defined as follows:

o fu(k,l) = max(k,1);
o falk,l) = min(k,1);
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fr.(k)y=n—1,andforl #k, f,.(I) = 0;
f=() = max(fr, (1), ..., f1,_, (1))

An RT-model is a structure of the form M = (U, m,{my : k € SRgr}), where U
is a non-empty set of states, m: V x U — SRpgr, and {my, : k € SRgr} is a family
of meaning functions such that:

mr(p) ={we U :m(p,w) = k}, forevery k € SRRrT;

mi(p v ) = U Lo ((ma (@) N mi()) U (mi(9) N my()));

mi(p A V) = UIZE ((me(9) Nmi(¥) U (mi () N mi(¥)));

mu1(J1(@)) = my(@), mo(Ji(9)) = Uz mi(@). and me(Ji(9)) = 9, for
k#0,n—1,

Mu-1(—@) = UIZomi(@), mo(=g) = U/} mi(p), and mx(—p) = @, for
k#0,n—1.

Symmetric Heyting Logic of Order n, SH,

The formulas of logic SH,,, n > 2, are constructed from propositional variables with

the operations A, V, —, =, ~, and with a family {07 }; =1

n—1 of unary operations.

.....

The semantic range for logic SH,, is:

We can treat the set {0,

SRSan%(x,y):x,ye%O, ! 2 1}}

1 2
n—1’ n—1

ey 1} as a symmetric Heyting algebra

((n),v,n,—,—,~,0,1),

where (n) = {0, ﬁ, %, ....1},and
x VvV y =max(x,y) X Ay = min(x, y) ~x=1-x
= 1 ifx=<y ‘= 1 ifx=0

= y  otherwise 0 ifx>0

We define the unary operations {o; }; =1

n—1 in this algebra by:

.....

a~< X )_ 1 ifx>n—i
"\n—1/ " 10 otherwise

Then the semantic functions for the propositional operations in SRsH,, are given by:

Sl p), (. y) = (x v X',y v y');
fA((xv y)s (X/, y/)) = (X /\X/,y /\y/);
f—>((xv y)s (X/, y/)) = (X - )C/,y - y/);
S~ ((x.y)) = (x = 0.y = 0);
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° f’v((xsy)) = (1 =) 1 —)C);
° fO‘,’ ((X, y)) = (Ui(x),ffi(J’))-

An SH,-model is a structure of the form M = (U, m,{my 1y : (k.]) € SRsH,}),
where U is a non-empty set of states, m: V x U — SRsh,, and {m ) : (k,]) €
SRsH, } is a family of meaning functions reflecting the intended interpretation of
the operations. For example, the functions for the implication and negation ~ are
defined as follows:

m(l,l)(@ —->Y) = stx/, ygy’(m(x,y)(q)) N m(x’,y’)(W))?

m(l’l)(¢ —>Y) = stx/, y>1 (m(x,y)((p) N me ¥));

m(k,l)((p - W) = Ux>k, ysy/(m(x,y) ((P) n Wl(k’y/)(l/f));

M@ = V) = Ussk, yo1 Mx,) (9) DMy (¥)), where k, 1 # 1;
M1 (~ @) = ma—1,1-k)(¢)-

The Logic Lt

The logic Lt is a certain version of the logics introduced in [CH73], see also
[Ras91]. The logic is based on a generalization of Post algebras investigated in
[CHR89] where a chain of Post constants is replaced by a finite partially ordered
set. The elements of this set are the indices of the unary Post operations but, in
contrast with the classical Post logic, they do not have syntactic counterparts in the
language.

Lt is a propositional logic whose formulas are built from propositional variables
with the operations Vv, A, —, —, and a family {d; };eT of unary operations, where T
is a finite set partially ordered by a relation <. The semantic range for the logic Lt
is the set of all the increasing subsets of T, that is:

SR, ={s CT: forallx,y, x e sand x <y imply y € s} U {0}.

The semantic functions providing meaning of the propositional operations are
defined as follows:

o fu(s,s")=sUs;
o fals,s))=sNys';
o f(s,s)=J{ueSR :sNucs'};
o fL(s)=5—>0;
T iftes,
* Ja(s) = @  otherwise.

The only distinguished element of SR is the set T.
In an Ly-model M = (U,m,{my : k € SRi;}), the meaning functions for
operations d; are defined as follows, for / € SR;:

o mr(di(p)) = U mu(9);
o my(di(9)) = U mi(9);
e my(di(¢)) =0, forl #@,T.
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10.3 Relational Formalization of Finitely Many-Valued Logics

In the relational formalization of many-valued logics we apply the standard method
of interpreting formulas of an n -valued logic L as n|_-ary relations. The vocabulary
of the language of relational logic RL_ adequate for logic L consists of symbols
from the following pairwise disjoint sets:

e RVRgy, —acountable infinite set of relational variables representing | -ary rela-
tions;

e {0;:1=<j=<i}U{J;:0=<1t <nL— 1} - the set of relational operations,
where 0 is of the arity a(j), for j = 1,...,i., and every J; is unary.

We slightly abuse the notation here by denoting the relational operations of RL,
with the same symbols as the operations of L.

The set RT g, of relational terms is the smallest set that includes RV g, and
is closed with respect to all the relational operations. The set of formulas is simply
the set of relational terms RT gy, . An RL_-formula is said to be indecomposable
whenever it is of the form J;(P), for some t € {0,...,n_. — 1} and P € RVpy,.
A finite set of RL|-formulas is indecomposable whenever all of its formulas are
indecomposable.

An RL_-model is a structure M = (U U {@},m,{my : k € SR.}) such that
U is a non-empty set, m: RTg, — P((U U {#})"~1) and for every k € SRy,
my:RTR, — P(UU{@}) are meaning functions such that the following conditions
are satisfied:

o mp(P)CUU{B}and m(P) =mo(P)x---xXmp _1(P),for P € RVp;
o Iftm(P)= Pox--x Py 1, then:

(1) Foranyi, 0 <i <n_—1, P; € P(UU{@}) \ {@},i.e., P; is a non-empty
subset of U U {0},
(2) Ifi # j,then P, N P; € {@,{0}},i.e., P; N P; is either empty or equals {@},

3) U c Uiy P

e Forany j and ¢ the operations o; and J; are interpreted as functions on relations
on (U U {@})" ! such that:

(i) Forallterms P',..., P4U) suchthatm(P?) = (mo (P')x -+ x mu —1(P')),
we have:

m(oj (Pl,...,P“(j))) = Qo XX Qn -1,

where

Qk = U Mg, (Pl) NN Mg, (Pa(j))

Jo; (815m8a())=k

if the above union is non-empty, and Qy = {0} otherwise;
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(ii) For any relational term P such that m(P) = mo(P) X -++ X my _1(P) we
have:

m(Ji(P)) = Qo XX Qn -1,

where

On—1 =mi(P), Qo = Uml(P), and Q; = {@} fori # 0,n_ — 1.
1#t

Note that m(J;(P)) partitions the set U into the sets m;(P) and U — m,(P).
An RL|-formula P is said to be true in an RL_-model M, written M = P,
whenever U;’;;l (m;(P)) = U U{@}. A formula P is RL_-valid whenever it is true

in all RL| -models.
Proposition 10.3.1. RL-models are well-defined.

Proof. We have to show that P((U U {@#})"-~!) is closed under the interpretations
of operations o; and J;, that is for all relational terms P, Pl ..., pal ), the
relations m (oj (Pl, . ..,P“(j))) and m(J;(P)) satisfy the conditions (1), (2),
and (3). The preservation of condition (1) is quite obvious, so we concentrate on
conditions (2) and (3).

Assume m(P") = mo(P") x---xmy —1(P") satisfy the conditions (1), (2), and
(3),forr =1,...,a(j).Let Q =m (oj (Pl,...,P“(j))),where 0 =0Qpx--X%X
On—1-Let0 <[,k <n_—1,and ! # k. Then either at least one of Q, Q; is {0},
and then obviously Qx N Q; is either @ or {@} or

O = U Mg, (Pl)ﬂ...ﬂmga(j) (Pa(j))’
foj (&158a())=k
Q1= U mu, (PY) N Nmpy (Pa(j)),
fz)j (hl,...,ha(j))=]
hence
Ok 0= U U Mg, (Pl)m...ﬂmga(j) (PG(J))O

Jo; (8158a(i))=k fo; (&1:-8a(j))=]

Amy, (PY)N..0my,, (P“(f)) )

By our assumption about m(P")’s we have ms(P")Nm(P") = @ or {@}, fors # ¢.
On the other hand, in each of the summands above g, = h,, forr = 1,...,a(j)
would imply

k= fo,(81,---:8a(j)) = Jo,(h1,... . ha()) =1
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which is a contradiction. Thus g, # h,, for some r, so mg, (P") N my, (P") €
{@,{@}}. Obviously, this means that the same holds for each summand in Q; N Qy,
and in consequence for the latter intersection, therefore Q satisfies the condition (2).

To prove that Q satisfies condition (3), consider any u € U. Since all the P"’s
satisfy condition (3), then foreach r, 1 < r < a(j), there exists k,, 0 < k, < n_—1
such that u € my, (P"). Obviously, u € mg, (P*)N...Nmy, ; (P*Y)). Therefore,
fork = fo,(k1,...,ka(j), we obtain:

“e U mgl(Pl)m...ﬂmga(j) (Pa(f)).
foj (81:8a()=k

Since u is in the above union, the union is non-empty. Thus, by the definition it
equals Q. Therefore, u € U;’L—Ol Q. Since u is an arbitrary element of U, Q
satisfies condition (3).

Assume that m(P) = mo(P) x --+ x my, _1(P) satisfies conditions (1), (2),
and (3). Let Q = m(J;P), where Q = Q¢ X -+ X Qg —1. Then obviously, O
satisfies condition (2), because Q1 = {@} for/ # O,n. — 1 and Q9 N @, =
(Ul#t my(P)) Nm;(P). Since for [ # t the intersection m;(P) N m,(P) is either
@ or {@} by the assumption on m(P), the same holds for the union representing
Qo N Qy, . Finally, Q satisfies also condition (3), since:

nL nL—1
o =Um@yuigyump)c | mp)20,
i=0 1k i=0
by the assumption on m(P). O

The translation of L-formulas into relational terms starts with a one-to-one assign-
ment 7":V — RVp, of relational variables to the propositional variables. Then,
the translation 7 of formulas is defined by:

(0 (@1, -+ Pa()) = 0 (T(@1), - ... T(@a())))-

Proposition 10.3.2. For every L-formula ¢ and for every L-model M there exists
an RL_-model M’ such that M = ¢ iff M E ().

Proof. Let ¢ be an L-formulaand let M = (U, m, {my, : k € SRL}) be an L-model.
We define the corresponding RL_-model M’ = (U' U {@},m’,{m} : k € SRL}) as
follows:

o U' =VU;

e Forarelational variable P such that 7’(p) = P we define m) (P) = my(p)U{d}
andm'(P) = my(P) x -+~ xmy _(P);

e m’ extends to all the compound relational terms as in RL -models.

We show that for every L-formula ¢, condition (1) m} (z(¢)) = my () U {@} holds.
Then, models M and M’ clearly satisfy the proposition.
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We prove (1) by induction on the complexity of formulas. If ¢ = p, forp eV,
then (1) holds by the definition of m (z(p)). Let ¢ = o, (p'..... p*Y)). Then

m (t(p)) = m}{(oj(t(gl), ..., T(p?))). By the definition of the model M’,
m (0j(x(ph),....1(p*Y)))) equals:

U el cen..am, cp )
Joj kiseskaci))=k

if the union is non-empty, otherwise it equals {@}. If the latter holds, then
my(¢) =@, hence m) (t(p)) = {8} = my () U {0}.If the union is non-empty, then
by the induction hypothesis, we obtain:

U (mpe, (P N O, ((p*D)))
fo; (k1,ka(j))=k

B U ((me, (PHY UG N ... N (me,,, (p*)) U {0))
f()j (k1 ,...,ka(j))=k

= U (i, (p1) N O, (pO) | UABY = mi(p) U {0},
Joj (kiska(jy)=k

Therefore m; ((p)) = mi(p) U {0}. O
In a similar way we can prove:

Proposition 10.3.3. For every L-formula ¢ and for every RL|-model M there exists
an L-model M’ such that M = ¢ iff M = t(p).

The above two propositions lead to:

Theorem 10.3.1. Let ¢ be an L-formula. Then the following conditions are
equivalent:

1. ¢ is L-valid;
2. t(p) is RL_-valid.

Relational Formalization of Rosser—Turquette Logic RT

The vocabulary of the language of the relational logic RLgt consists of the set of
relational variables, two binary operations V and A, and unary operations — and J;,
fort =0,...,ng7T — 1.

In RLgr-models we define the meaning functions in a standard way with the
following clauses for the compound terms:

e mp(Pv Q) = U;;O(mk(P) N my(Q) N my(P) N my(Q)) if this union is
non-empty, and my (P v Q) = {@} otherwise;

o m(P AQ) = ;ﬁTk_l(mk(P) Nm;(Q) Nm;(P) N my(Q)) if this union is
non-empty, and my (P A Q) = {@} otherwise;
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o mo(=P) = T my(P), maugg—1(=P) = Uj_ymi(P), and for | # 0,

ngr — 1, m;(=P) = {0};
e For any relational term P such that m(P) = mo(P) X+ -+ X Mpgr—1(P) we have:

m(Jk(P)) = QO X X QnRT—ls

where

Onpr—1 = mi(P), Qo = U my(P), and Q; = {@} fori # 0,ngr — 1.
14k

Relational Formalization of Symmetric Heyting Logics SH,,

The vocabulary of the relational logic RLsH, consists of relational variables and the
relational operations which are the direct counterparts to the propositional opera-
tions of the SH,, logics. RLgn,, -models are defined so that the meaning of compound
relational terms reflects properties of the corresponding propositional operations.
For example, for any relational term P such that:

m(P) = X,nesrgpn, M) (P)

we have
m(0;(P)) = Xk.nesrsn, Ry

where X; A; denotes the direct product of sets 4; and:

R,y = {9} ifeitherk #0,10rl #0,1,
R(171) = szn—i, y>n—i M(X ,,,yTl)(P)

n—1

if the above union is non-empty, and R(; ;) = {0} otherwise,

R0 = szn—i, y<n—i M= ,,,yTl)(P)

n—1

if the above union is non-empty, and R(; o) = {@} otherwise,

R(OJ) = Ux<n—i, y>n—i m(nXTl,nyTl)(P)
if the above union is non-empty, and R(g,1) = {@} otherwise,

R0,0) = Uxcn—i, y<n—i M2, -2 (P)
if the above union is non-empty, and Rg,0) = {@} otherwise.
Relational Formalization of the Logic Lt

The formulas of relational logic RL|; are built from relational variables with
the relational operations which are the direct counterparts of the propositional
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operations of the logic Lt. RL_;-models are defined in a standard way, so that
the meaning of compound relational terms reflects properties of the correspond-
ing propositional operations. For example, if R = P — Q, and m(Z) =
XkeSRLka(Z), for Z = P, Q, R, then we have:

mi(R) = U mi(P) N mi(Q).
U{uESRLT INuCt}=k

if the above union is non-empty, and my (R) = {@} otherwise.

10.4 Dual Tableaux for Finitely Many-Valued Logics

Let L be a finitely many-valued logic. A relational dual tableau for L consist of
axiomatic sets of formulas and decomposition rules that apply to finite sets of for-
mulas. The notion of a rule is defined as in Sect.2.4.

Decomposition rules have the following forms:

R

(J —in)
Js(R), ..., Jn—1(R)
where R is not of the form J;(Q)
for any / € SR and for any RL -formula Q

(0')1 K, Jt(Oj(Rl,...,R[))

/ K, H, J;(R1)| ... | K, H, Jy(R;)

forall #1, ..., t; such that foj(ll,...,li) = t, where
i=a(j),H=J(o;(Ri,...,R;)),and
for some / € {1,...,i} sequence K of formulas
does not contain Jy, (R;)
K, Ji(0;j(R1,...,R;

(Oj)z t( J(K} 1))
where K = J; (R1), ..., J; (R;) and fo, (11, ..., ;) =1

Jo(J1(R))

(Jo(J1)) 3
JO(R)5 LR JI—I(R)a Jl-‘rl(R)’ cr J}’LL—I(R)
forany / € SR such that/ # 0

Jo(Jo(R
(Jo(Jo) 0(Jo(R))

Ji(R), ..., Ju —1(R)
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Jni—1(J1(R))
Ji(R)

K. Ji(Ji(R))
K
forany / € SRy and forany ¢ # 0,n_ — 1,

(Jn=1(J1)) ,forany/ € SRL

(J:(J1)

and for any sequence K of RL| -formulas.

A set of RL|-formulas is said to be an RL_-axiomatic set whenever it includes
either of the following sets:
For any relational term R,

L] {J()(R), ey JnL_l(R)};
o {Jo(J:(Ji(R)))}, fort # 0,n. — 1.

A finite set X = {P1,..., Py} of RL_-formulas is said to be RL| -set whenever for
every RL_-model M, |J}_, U;’;;l m;(P;) = U U {@}. Correctness of a rule is
defined in a similar way as in the relational logics of classical algebras of binary

relations (see Sect. 2.4).
Proposition 10.4.1.

1. The RL-rules are RL-correct;
2. The RL-axiomatic sets are RL-sets.

Proof. By way of example, we prove RL| -correctness of the rule (J, —1(J;)). First,
note that by the definition of RL_-models we have:

Mp —1(Jn —1(J1(R))) = mp —1(J1(R)) = m;(R),

m; (Jp —1(J1(R))) = m;(J;(R)) = {0}, foranyi # 0,n_ — 1.

Therefore, | ;<" mi(Ju —1(J1(R))) = Up,' me(J1(R)) = {8} Um;(R). Thus,
for every RL_-model M, M = J,, —1(J;(R)) ifft M = J;(R). Hence, the correct-

ness follows. O

The notions of an RL, -proof tree and RL, -provability of an RL| -formula are defined
as in Sect. 2.4.

Theorem 10.4.1 (Soundness and Completeness of RL.). Let ¢ be an RL_-
formula. Then, the following conditions are equivalent:

1. ¢ is RL_-valid;
2. ¢ is RLy-provable.

Proof. The implication 2. — 1. follows from Proposition 10.4.1, hence RL_-dual
tableau is sound. Moreover, it can be easily proved that every RL_-proof tree is
finite. Assume that ¢ is RL -valid. Suppose ¢ does not have a closed RL -proof tree.
Let us consider a non-closed RL -proof tree for ¢. This tree has to contain a branch
b which ends with a non-axiomatic set A of RL_-formulas. By the construction
of the tree, each element of A is of the form J;(P), for some P € RVp, and
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t € {0,...,n_— 1}, since otherwise we could apply to A one of the rules. Define
the branch structure M? = (U? U {@}, m?, {mz tk € SRL}) as follows:
o UP={wh

e For any relational variable P,

b {w) ifk = min{l : J;(P) & A},
m(P) = {@} otherwise;

. mz extends to all compound relational terms as in RL -models.

Since A is not an axiomatic set, {{ : J;(P) & A} # @. Therefore, for every P €
R Vg, , there exists exactly one i € {0, ...,n_— 1} such thatm; (P) = {w}. Hence,
it can be easily proved that M? is an RL -model. Moreover, if J;(P) € A for some
[ € {0,...,n_— 1}, then by the definition of the branch structure m;(P) = {@}.
Therefore, if J;(P) € A, then UZL;SI my(J;(P)) = {@}, so MP B J;(P). Hence,
A is not RL -valid. Since every node of the branch b is obtained from its predecessor
node by means of some RL-rule, and the rule preserves and reflects validity, and
since A is not RL -valid, the formula ¢ € b is not RL_ -valid, a contradiction. O

Finally, by the above theorem and Theorem 10.3.1, we obtain:

Theorem 10.4.2 (Relational Soundness and Completeness of L). Letr ¢ be an
L-formula. Then, the following conditions are equivalent:

1. ¢ is L-valid;

2. t(p) is RLL-provable.

Dual Tableaux for Rosser—Turquette Logics

RLgr-dual tableau consists of the rules (J-in), (Jo(J7)), (Jugr—1(J1)), (Jx(J1)),
and the rules of introduction and elimination of disjunction, conjunction, and
negation:

(v—in), Ji(P Vv Q)
Je(PV Q) J(P)| Je(P Vv Q), Ji1(Q)
forO0</ <t
(V—in)s Ji(P Vv Q)
Je(PV Q) Ji(P)| Je(PV Q),Ji(Q)
forO0</ <t
(v—el) K, Jz(li v 0)
K = JO(P)’JO(Q)”Jt(P)’Jt(Q)
(A—in); Ji(P A Q)

Ji(P A Q) Ji(P)[Ji(P A Q). Ji(Q)

fort <l <ngr—1
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J:(P A Q)

(A—in), Ji(PANQ),Ji(P)|J:(P AQ),J (Q)

fort </ <npr—1
(n—el) W

K =Ji(P),J:(Q)..... Jngr—1(P), Jngr—1(Q)
(in) Ji(=R)

Ji (R)’ ceey J}’LRT—I—I(R)

S, ift =0

fort =0, — 1, wherei = .
or nRT where i s 1. ifr = npr— 1

K, J:(—R)

(——el) X

any set of RLgr-formulas, if ¢ # 0,ngr — 1
K =1 Jo(R),...,Js—1(R), ift =ngr—1
Js(R), ..., Jnpr—1(R), ift =0

Dual Tableaux for Symmetric Heyting Logics SH,

We present RLgh, -rules for the operations o;,i = 1,...,n — 1:
For any sequence K of RLsp, -formulas,

K, Jy(0i (R))
K

K, Ja,1)(0i(R))
K, J(l,l)(ai (R)), J(nle,nYTl)(R)

(Jke,noi—el) , ifeitherk #0,10rl # 0,1

(J i,y 0i —in)1
forx >n—i,y zn—i,ifJ(%l,%l)(R) K

K. Ja,0)(0i (R))
K. J1,0(0i(R), J(_x. v )(R)

foern—i,y<n—i,ifJ(ﬁ,nyT1)(R)§ZK

(Jk,1y0i —in)2

K, Jo,1)(0i (R))
K, J(O,l)(ai (R)), J(nle,nYTl)(R)

forx<n—i,y2n—i,ifJ(%l,%l)(R)¢K

(J(k,1y0i —in)3
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K. J©,0)(0i (R))
K, J0,0(0i(R)), J_x_ v y(R)

forx<n—i,y<n—i,ifJ(ﬁ,nyT1)(R)§ZK

(Jik,1)0i —in)4

K, Jy(0i (R))
K

for (k1) € {0, 1}, if for any x, y, J(nle,nyTl)(R) e K

(Jik,1yoi—el)2

Dual Tableaux for Logics Lt

We present RL;-rules for the operations d;:
For any sequence K of RL,-formulas,

K. Ji(di(R))
K

K, J1(di(R))
K, Jr(d:(R)). Ji(R)

for!/ € SR, suchthatt € [,if Jj(R) ¢ K

(J1(dr)—el) , forl #0.T

(Ji(dr)—in)y

K. Jg(di(R))
K. Jp(d:(R)). Ji(R)

for/ € SR, suchthatt ¢/, if Jj(R) ¢ K

(Ji(dr)—in)2

K. Ji(di(R))
K
fork € {0, T},if J;(R) € K foreveryl € SR,

(Ji(dr)—el)2

10.5 Three-Valued Logics

In this section we present examples of dual tableau proofs in three-valued instances
of Rosser-Turquette logic, symmetric Heyting logic, and logic L.
Consider a three-valued Rosser-Turquette logic RT3 1) with SRrr g,
{0, 1,2} where 1 and 2 are the designated values. Let ¢ be the following RT3 1)-
formula:
¢ = =J1(=p).

Its translations into RLgr, | -term is:

(@) = =J1(=P),
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—Ji(=P)
l (J—in)
Ji(=J1(=P)), h(=Ji(=P))
l (~—in)
Jo(J1(=PY). ...
l o7

Jo(=P), Jr(=P), ...

l (=—in)

Jo(P), Jr(—P),...

l (=—in)

Jo(P), Jo(P), J1(P),...

closed

Fig. 10.1 An RLRgr ), -proof of RT3 )-formula —J;(—p)

where '(p) = P. RT3 y)-validity of this formula is equivalent with RLgr, , -
provability of its translation. Figure 10.1 presents an RLgr 5 ,,-proof of z(¢).

Now, consider a three-valued Rosser-Turquette logic RT3 ) with SRgr;,, =
{0, 1,2}, where 2 is the only designated value. Let ¥ be the following RT3 2)-
formula:

¥ = Jo(p) v Ji(p)V J2(p).

Its translation into RLgr, ,,-term is:

() = Jo(P) vV Ji(P) Vv Jo(P),

where t'(p) = P. Figure 10.2 presents an RLRgr , , -proof of 7(3) which shows
RT3,2)-validity of the formula .

Now, consider symmetric Heyting logic of order 3, SH3, with (1,1) as the
only designated value. The semantic range for the logic SH3 is SRgn, =
{(x, y):x,y € {0, %, 1}} Among the rules of RLsp,-dual tableau are the rules
of the form:

Ja,n(R — Q)

(—)sH;
S, (R), Ja,n(R = Q) | Vi), (Q). Ja,n(R — Q)
forany t1,12,1],t5 € SRs, such thatt; <] andt, <1,
J, ~R
(~)sH; Jaen~R) for any k, ! € SRgh,

Ja-1,1-1)(R)
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Jo(P)V Ji(P) V Lh(P)
(J—in)

Jr(Jo(P) V Ji(P)V Jr(P))

‘/(v—m)l withl =0 \

L (Jo(P). T Jo(Ji(P)V L(P)).T
l (12(J0) o v=ims TN
Jo(P), T Jo(JL(P)), T, ... Jo(J2(P)), T, ...
l l () l ()
1, Jo(P), T, ... Jo(P),T,. ..
T £ L(Jo(P)V Ji(P)V J>(P)) m, gl

I1; is in Figure 10.3

Fig. 10.2 An RLRgr, -proof of RT3 2)-formula Jo(p) V Ji1(p) V J2(p).

Jo(P), J(Jo(P) V Ji(P)V JL(P)),...

/ (V—in), withl = 0 \

Jo(P), Jo(Jo(P)), ... Jo(P), L(Ji(P) V So(P)), ...

l oo L veimi=2 S

Jo(P), Ji(P), Jo(P),... Jo(P), L(J1(P)). S, ... Jo(P), 2(L2(P)), S, ...
closed () (2(J2)
Jo(P), Ji1(P),S, ... Jo(P), J,(P),S,...
S = L(I(P)V Jo(P)) m, ;

IT, is presented in Figure 10.4

I1; is presented in Figure 10.5

Fig. 10.3 A subtree IT;

Jo(P), J1(P), JL(Ji(P) V JL(P)), ...

/(v—in)z,l =0 \

Jo(P), J1(P), Jo(Ji1(P)), - .. Jo(P), J1(P), J2(2(P)), ...
(Jo(J1) (J2(J2))
Jo(P), Ji(P), J2(P), ... Jo(P), Ji(P), J2(P),...
closed closed

Fig. 10.4 A subtree 1,
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Jo(P), Jo(P), JL(J1(P) V L(P)), ...

/(V—in)l,l =0 \

Jo(P), Jo(P), Jr(Ji(P)),... Jo(P), J2(P), Jo(o(P)),...
(2(J1) (Jo(2)
Jo(P). J2(P), Ji(P), ... Jo(P), Jo(P), J,(P),...
closed closed

Fig. 10.5 A subtree I1;

P —>~~P
(J—in)
Jay(P —~~ P)

\ (I (k, D)) forall (k,1) € SRsh;,

J0.0)(P). J g 1)(P). J0.1)(P). J1 0)(P),
J(%,%)(P)sJ(%vl)(P)sJ(I.O)(P)9J(1v%)(P)sJ(l.l)(P),-u

closed

J1.1y(P—>~~P)
J.y(P).Ja.1)(P—> ~~P)

I'(k, 1) is the derived rule of the form:

The proof of I'(k, ) is presented in Figure 10.7.

Fig. 10.6 An RLsgy,-proof of SH;-formula p —~~ p

These rules are the instances of the scheme (0;); presented in Section 10.4. Note
that the result of an application of the rule (~)sH, to the formula J( ;)(~~ R) is
the formula J(1—;,1—k)(~ R), while the result of an application of the rule (~)sH,
to J(1—1,1—k) (~ R) is the formula J 7y (R). Thus, we can introduce the derived rule
of the form:

Je,n(~~ R)
Jxe,n(R)

Let ¢ be an SH3-formula p —~~ p. The translation of ¢ into RLgn,-term is
1(¢) = P —~~ P, where ©/(p) = P. Figure 10.6 presents an RLgp;,-proof of
7(¢) that shows SH3-validity of ¢.

Observe that in a diagram of Fig. 10.7 an application of a derived rule (~~)sH,
to J(x,1)(~~ P) results in the node which has the same formulas as those obtained
by an application of rule (—)sn; to formula J(; 1)(P —~~ P). Therefore, we
identify the two nodes.

As the last example, consider logic Lt with T = {0, 1}. The semantic range for
this logic is SR, = {0, {1}, {0, 1}}.

(~~)sH; for any k,! € SRsn,
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Fig. 10.7 An RLgy,-proof of a derived rule I"(k, ) =
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J(]\l)(P —> ~r~ P),. .

(—)sH; \

J(k.l)("""" P), J(]\l)(P —> ~r~ P), e

(~~)sH;

J(kyl)(P), J(]vl)(P —>~~P),...

J.y(P—>~~P)
Jey(P),Ja,1y(P—> ~~P)"

di(P)V —d(P)
(J—in)
Jr(di(P) vV —di(P))

Mr Jp(=d(P)), Jr(di(P) vV —=d(P))

=2)ir

J1(d\(P)). J7(d\(P) V —di(P))

(Ji1(d)—in)

Juy(P), Ji(di(P)). J1(di(P) V —d,(P))
(Ji1(d))—in),

Jiy(P), J1(P), Jr(di(P) V —di(P)). ...

/ My \

Ja3(P), Jr(P), Jg(di(P)), . .. Jay(P), J1(P), Jr(—di (P)), ...
(Ji(d)—in)> (GuidI
Ty (P). Jr(P), Jn(P), ... T (P, Jr(P), Jy(di (P)). ..
closed

(J1(d)—in)2
Juy(P), Jr(P). Jp(P). ...

closed

Fig. 10.8 An RL,-proof of Lt-formula d,(p) Vv —d,(p)

Among the rules of RL,-dual tableau are the rules of the form:

(V)LT

(_'I)LT

Ji(RV Q)
Ji (R), Jt(RV Q)| J1,(Q), Jr(R V Q)

forany t,t1,, € SR, suchthatty Ut =¢

KR JR)
Jo(R) YRR
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These rules follow the scheme (o)1 presented in Sect. 10.4.
Let ¢ be the following Ly-formula:

¢ = di(p) v ~di(p).
The translation of ¢ into RL;-term is:
©(p) = di(P) Vv —di(P),

where t/(p) = P. Figure 10.8 presents RLi,-proof of t(y), which proves Lt-
validity of ¢.
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