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PREFACE

The butterfly counts not months but moments, and has time
enough.
Rabindranath Tagore

The concept of a graph is fundamental in mathematics since it con-
veniently encodes diverse relations and facilitates combinatorial anal-
ysis of many complicated counting problems. In this book, we have
traced the origins of graph theory from its humble beginnings of recre-
ational mathematics to its modern setting for modeling communication
networks as is evidenced by the world wide web graph used by many
internet search engines.

This book is an introduction to graph theory and combinatorial
analysis. It is based on courses given by the second author at Queen’s
University at Kingston, Canada between 2002 and 2008. The courses
were aimed at students in their final year of their undergraduate pro-
gram. As such, we believe this text is very suitable for a first course on
this topic.

Graph theory and combinatorics interact well with other branches
of mathematics like number theory, algebraic topology, algebraic geom-
etry and representation theory as well as other sciences. For instance,
Ramanujan graphs and expander graphs have gained prominence with
applications to the construction of optimal communication networks.
Thus, we have included a chapter on this important emerging theme at
the end of the book.

There are many books on graph theory and combinatorics. What
makes this book unique is that we have tried to make it suitable for
self-study. Students and non-experts should be able to work through
the book at their own pace without an instructor. Hints to the exercises
have also been provided to facilitate this study.

The book can also be used for a course at the college level. The
material can easily be covered in two semesters. Instructors may find
it easy to highlight the graph-theoretic aspects in one course, and the
combinatorial aspects in another. For instance, Chapters 1, 3, 4, 5, 6,
8, 10, 11, 12 can be used for a one semester course in graph theory.
Chapters 2, 3, 6, 7, and 9 can comprise a short semester course in
combinatorics.

At the end of this book, we present a brief list of books and papers
that give more details about some of the topics discussed here.

S.M. Cioaba and M. Ram Murty
April 2009
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CHAPTER 1

Basic Notions of Graph Theory

1.1. The Konigsberg Bridges Problem

Graph theory may be said to have begun in the 1736 paper by
Leonhard Euler (1707-1783) devoted to the Konigsberg bridge problem.
In the town of Konigsberg (now Kaliningrad in western Russia), there
were two islands and seven bridges connected as shown in the figure
below. The challenge was to leave home and to traverse each bridge
exactly once and return home.

FiGURE 1.1. The bridges of Konigsberg

Euler constructs a graph corresponding to the problem as follows
(see Figure 1.2). The two sides of the river and the two islands are
represented by vertices or points in the plane. They are joined if there
is a bridge between them.

The resulting graph has multiedges according as the number of
bridges between the two points. The Konigsberg bridge problem re-
duces to a circuit through the graph which traverses each edge only
once. Euler reasoned that if there is such a circuit in the graph, the
valence of each vertex, or the number of edges coming out of any vertex
must be even (see Figure 1.3).

In the Konigsberg bridge graph, the valence of each vertex is odd
and hence, no such circuit exists. This example illustrates many of the
basic notions of graph theory which we take up in the next section.
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FIGURE 1.2. A graph representation of the bridges of Koénigsberg

FIGURE 1.3. A vertex in an Eulerian cycle

1.2. What is a Graph?

A graph X is a pair (V, E) consisting of a set of vertices V = V(X))
and edges E = E(X) that associates with each edge two vertices (not
necessarily distinct) called its endpoints. A loop is an edge whose
endpoints are equal. Multiple edges are edges having the same pair
of endpoints. A graph is called simple if it has no loops or multiple
edges. When u and v are endpoints of an edge, we say they are adjacent
or are neighbours. The valence or degree of a vertex is the number
of edges coming out of it. We denote the valence or the degree of the
vertex = by d(z). A vertex is said to be odd or even according as d(z)
is odd or even. A graph is said to be finite if the vertex and edge sets
are finite. We will be treating only finite graphs here.
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The graph in Figure 1.2 has multiple edges and thus, is not a simple
graph. It has one vertex of valence 5 and three of valence 3. All of its
vertices are odd. It has no loops. Our first theorem of graph theory is
obvious.

THEOREM 1.2.1. For a finite graph X,
Y d(z) = 2|E(X)).

eV

COROLLARY 1.2.2. In any finite graph, the number of odd vertices
1S even.

An independent set or stable set in a graph is a subset of vertices
no two of which are adjacent. The complete graph on n vertices is a
simple graph in which any two distinct vertices are adjacent. We denote
this graph by the notation K. A graph is called bipartite if the vertex
set can be written as the union of two disjoint independent sets. The
bipartite graph K, ; is the simple bipartite graph whose vertex set is a
disjoint union of two independent sets of size r and s with every element
in the first set adjacent to every element in the second set. The n-cycle
denoted C,, is the graph on n vertices vy, ..., v, with only the adjacency
relation (v;,vi41) € E(Cy,) for 1 < i < n where we interpret v, as v;.

FIGURE 1.4. K3 =C3 and K4

Until 1976, one of the most famous unsolved problems of mathemat-
ics was the four colour conjecture. This conjecture says that every map
can be properly coloured using only four colours, where a proper colour-
ing means that no two adjacent regions should be coloured the same. It
was finally solved in 1976 by Kenneth Appel and Wolfgang Haken using
extensive computer verification. For some, this is not satisfying and so
the search is still on for a more conceptual and clearer solution.

The problem has a long history. It was first posed in a letter of
October 23, 1852 from Augustus de Morgan (1806-1871) to William
Rowan Hamilton (1805-1865). It was asked by one of de Morgan’s
students Frederick Guthrie who later attributed to his brother Francis
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Guthrie. In 1878, Arthur Cayley (1821-1895) announced the problem to
the London Mathematical Society and Alfred Bray Kempe (1849-1922)
published a “proof” in 1879. In 1890, Percy John Heawood (1861-1955)
indicated there was a gap in Kempe’s proof and gave a simple proof that
“five colours suffice”. This is called the Five Colour Theorem which we
will prove later in the book.

Graphs arise in diverse contexts and many of the “real world” prob-
lems can be formulated graph-theoretically. An important problem that
arises in practice is the following scheduling one. Suppose we have n
timetable slots in which to schedule r classes. We want a timetabling so
that no student has a conflict. We can create a graph on r vertices, each
vertex denoting a class. We join two vertices if they have a common
student. We want to “colour” the graph using n colours so that no two
adjacent vertices have the same colour. The chromatic number of
a graph X, written x(X), is the minimum number of colours needed
to colour the vertices so that no two adjacent vertices have the same
colour.

Bipartite graphs arise in job assignment questions. Suppose we have
m jobs and n people, but not all people are qualified to do the job. Can
we make job assignments so that all the jobs are done? Each job is filled
by one person and each person can hold at most one job. Thus, we can
create a bipartite graph consisting of n people and m jobs and join a
person to a job if the person can do the respective job.

Sometimes, we can assign “weights” to edges and this facilitates
discussion of “routing problems”. Suppose we have a road network.
The edges will correspond to road segments and the weights can be the
distances between various points of the network. Questions concerning
the shortest path from point a to point b can be formulated in terms of
finding the graph geodesic between vertex a and vertex b.

1.3. Mathematical Induction and Graph Theory Proofs

In many proofs of theorems in graph theory and combinatorics, we
will require the principle of mathematical induction which we recall
below. Suppose we have a sequence of propositions {P,} indexed by
the natural numbers that we would like to prove. We begin by verifying
that P; is true. If we can prove that Py for k¥ < n implies P, for every
n, then all of the propositions are established.

The simplest illustration of this is the following. Notice that

1¥+28=9=232

13+ 2% +3%°=36=06"
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13+ 23 +3% 4+ 43 =100 = 102

a pattern first noticed by Aryabhata in 5th century India. He showed
that in general that

e 1Y’

sn:=13+23+-~+n3=( 5

and he did this essentially by the principle of mathematical induction.
So the proposition P, is that s, is given by the formula above. For
n =1 it is clear. Assume we have proved it for each k < n. Then,

Sn+1 = 8n + (n+1)°

and by the induction hypothesis,

so that we obtain
2

Smp1 = (n—(%t—llf F(n+1)®=(n+1)? (?4— +(n+ 1))

— (n+1)? (ﬁitiﬁié) _ (QU_U_Q(EF_?))Q

as required.

We derive two important theorems below by the method of math-
ematical induction. The first concerns parity of cycles in graphs. The
second characterizes Eulerian graphs. ’

A walk in a graph is a sequence vg, €1, v, ..., €, Vx Of vertices v; and
edges e; such that for 1 < i < k, the edge e; has endpoints v;_1 and v;.
We sometimes refer to the walk as a vy, vy walk to indicate the initial
and final points of the walk. The length of a walk is the number of
edges in it. We say a walk is odd or even according as the length of
the walk is odd or even respectively. A trail is a walk with no repeated
edge. A path is a walk with no repeated vertex. Thus, a path is also a
trail. The distance d(u,v) between vertices u and v equals the shortest
length of a u,v path. A circuit is a closed trail. A cycle is a closed
path. We speak of odd or even paths, trails, cycles, circuits according
as their lengths are odd or even respectively.

A graph is said to be connected if any two of its vertices are joined
by a path. Any graph can be partitioned into its connected components.

LEMMA 1.3.1. Every closed odd walk contains an odd cycle.
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PROOF. We use induction on the length £ of the closed walk W. For
¢ =1, a closed walk of length one clearly is also a cycle of length one.
So there is nothing to prove. Now suppose that the assertion has been
established for odd walks of length < ¢. If W has no repeated vertices,
then W itself is a closed cycle. Otherwise, we may suppose that a vertex
v is repeated in W. We can think of the walk as starting from v and
view W as two v, v walks W and W5 (say). The length of W is the sum
of the lengths of W7 and Ws. As the length of W is odd, one of W; or
Wy must have odd length which is necessarily smaller than the length
of W. By induction, this odd walk must have an odd cycle. =

1.4. Eulerian Graphs

A graph is called Eulerian if it has a closed trail containing all
edges. A beautiful theorem of Leonhard Euler is the following result.

THEOREM 1.4.1. A graph is Eulerian if and only if it is connected
and all vertices have even degree.

REMARK 1.4.2. It seems that Euler did not give a complete proof
in his 1741 paper. The first complete published proof was given by Karl
Hierholzer (1840-1871) in a posthumous article in 1873. The graph we
drew to model the problem did not appear in print until 1894.

Before we prove the previous theorem, we need the following lemma.

LEMMA 1.4.3. If every vertex of a graph X has degree at least 2,
then X contains a cycle.

PRrROOF. Let P be a maximal path in X. Let u be an endpoint of
P. Since P is maximal, every neighbour of u must already be a vertex
of P otherwise, P can be extended. Since u has degree at least 2, it has
a neighbour v in V(P) via an edge not in P (see Figure 1.5). The edge
uv completes a cycle with the portion of P from v to u. =

FIGURE 1.5
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PROOF. (Theorem 1.4.1) The necessity is clear from what we have
said before. We prove sufficiency by induction on the number of edges
m of X. If m = 0, there is nothing to prove. Since X has even degrees,
every vertex of X has degree at least 2. By Lemma 1.4.3, X contains a
cycle C. Let X' be the graph obtained from X by deleting the edges of
the cycle C. Since C has 0 or 2 edges at each vertex, each component of
X' is a connected graph whose degrees are all even. By induction, each
component of X’ has an Eulerian circuit. We combine these circuits
with C to get an Eulerian circuit of X as follows. We travel along C'
and when we encounter a component of X’ for the first time, we go
through the Eulerian circuit of that component. This completes the
proof. =

This theorem can be generalized to directed graphs (or digraphs).
In this context, the theorem on the existence of an Eulerian circuit can
be suitably generalized and has interesting algebraic and combinatorial
applications (see Exercise 4.5.8).

1.5. Bipartite Graphs

We will use Lemma 1.3.1 to prove the following theorem of Konig
(1936). Dénes Konig (1884-1944) studied at Budapest and Gottingen.
His book Theorie der endlichen und unendlichen Graphen - “Theory
of finite and infinite graphs” which appeared in 1936 is considered to
be the first monograph in graph theory and contributed greatly to the
growing interest in this subject.

THEOREM 1.5.1. A graph X is bipartite if and only if it has no odd
cycle.

PRrROOF. We first show necessity. Every walk alternates between the
two sets of a bipartition. So every return to the original partite set
happens after an even number of steps. Hence, X has no odd cycle. For
the converse, let X be a graph with no odd cycle. Let U be a non-trivial
component of X and u a vertex in it. For each v € V(U) let f(v) be the
minimum length of a u, v-path. Since U is connected, f(v) is defined of
every v € V(U). Let

A={veV({U): f(v)iseven}
and
B={veV(U): f(v)isodd}.
An edge v, v’ within A or B would create a closed odd walk. By Lemma

1.3.1, X would contain an odd cycle, contrary to assumption. Thus, A
and B are independent sets. Clearly, X = AU B so X is bipartite. =
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We conclude this section with a simple result concerning the degrees
of the vertices of a bipartite graph. The bipartite version of the Theorem
1.2.1 is the following result.

THEOREM 1.5.2. If X is a bipartite graph with colour sets A and B,

then
S d(a) = 3 d(b) = |B(X)].

acA beB

PROOF. By counting the number of edges of X in two different ways,
the result follows immediately. m

1.6. Exercises

EXERCISE 1.6.1. Is there a simple graph of 9 vertices with degree
sequence
3,3,3,3,5,6,6,6,67

EXERCISE 1.6.2. Is there a bipartite graph of 8 vertices with degrees
3,3,3,5,6,6,6,67

EXERCISE 1.6.3. In a simple graph with at least two vertices, show
that there are at least two vertices with the same degree.

EXERCISE 1.6.4. Show that

1)(2n + 1
121924 pn2 o MUOE )6<"+ )

and
1434+ (2n—1)=n2%

EXERCISE 1.6.5. A directed graph (or digraph) is a graph X
together with a function assigning to each edge, an ordered pair of
vertices. The first vertex is called the tail of the edge and the second is
called the head. To each vertex v, we let d*(v) be the number of edges
for which v is the tail and d™(v) the number for which it is the head.
We call d*(v) the outdegree and d~(v) the indegree of v. Prove that

D dt(v) =) d (v) = #E(X)
v v
where the sum is over the vertex set of X.
EXERCISE 1.6.6. In any digraph, we define a walk as a sequence

Vo, €1, V1, €2, ..y €k, Vk

with v;_; the tail of e; and v; its head. The analogous notions of trail,
path, circuit and cycle are easily extended to digraphs in the obvious
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way. If X is a digraph such that the outdegree of every vertex is at least
one, show that X contains a cycle.

EXERCISE 1.6.7. An Eulerian trail in a digraph is a trail containing
all the edges. An Eulerian circuit is a closed trail containing all the
edges. Show that a digraph X contains an Eulerian circuit if and only if
d* (v) = d~(v) for every vertex v and the underlying graph has at most
one component.

EXERCISE 1.6.8. Determine for what values of m > 1 and n > 1 is
K, Eulerian.

EXERCISE 1.6.9. What is the maximum number of edges in a con-
nected, bipartite graph of order n ?

EXERCISE 1.6.10. How many 4-cycles are in K, , 7

EXERCISE 1.6.11. Let @, be the n-dimensional cube graph. Its
vertices are all the n-tuples of 0 and 1 with two vertices being adjacent
if they differ in precisely one position. Show that @, is connected and
bipartite.

EXERCISE 1.6.12. Show that Q,, has 2" vertices and n2"~! edges.
EXERCISE 1.6.13. How many 4-cycles are in Q,, ?
EXERCISE 1.6.14. Does Q,, contain any copies of K3 7

EXERCISE 1.6.15. Show that every graph X contains a bipartite
subgraph with at least half the number of edges of X.

EXERCISE 1.6.16. Let X be a graph in which every vertex has even
degree. Show that it is possible to orient the edges of X such that the
indegree equals the outdegree for each vertex.

EXERCISE 1.6.17. Show that a graph X is connected if and only if
for any partition of its vertex set into two non-empty sets, there exists
at least one edge between the two sets.

EXERCISE 1.6.18. Show that in a connected graph any two paths of
maximum length have at least one common vertex.

EXERCISE 1.6.19. Let X be a graph with n vertices and e edges.
Show that there exists at least one edge uv such that
4
d(u) + d(v) > =<
n
EXERCISE 1.6.20. If X is a graph on n vertices containing no K3'’s,
then the number of edges of X is less than or equal to |_"T2J edges. Give

an example of a graph on n vertices containing no K3’s with L”TQ | edges.



CHAPTER 2

Recurrence Relations

2.1. Binomial Coeflicients

Combinatorics is the study of finite sets. To define finite sets, we
need the notion of bijective function. Given two sets X and Y, a function
f: X — Y is injective or one-to-one if f(a) # f(b) for any a,b € X
with @ # b. A function f : X — Y is surjective or onto if for any
y € Y, there exist x € X such that f(zr) = y. A function is bijective
if it is injective and surjective. A function f : X — Y is invertible
if there exists a function g : ¥ — X such that f(z) = y if and only
if g(y) = z. If g exists, it is called the inverse of f and it is usually
denoted by f~!. We leave as an exercise the fact that a function is
bijective if and only if it is invertible.

We say that a set X is finite if there exists an positive integer n and
a bijective function f: X — {1,...,n}. In this case, we say that X has
n elements or it has cardinality n. Also, the empty set @ is the finite set
of cardinality O.

We usually denote a set with n elements by [n] = {1,2,...,n}. To
a subset A of [n], one can associate its characteristic vector x4 €
{0,1}", where x4(i) = 1 if i € A and 0, otherwise.

PROPOSITION 2.1.1. The number of subsets of a set with n elements
s 2™,

PROOF. The correspondence A — x4 is a bijection between the
subsets of [n] and the vectors in {0,1}". The result follows easily since
there are 2" vectors in {0,1}". =

One can also use induction on n to prove the previous proposition
(see Exercise 2.7.2).

A permutation of [n] is a bijective function f : [n] — [n]. The
set of all permutations of [n] is denoted by S,. It is a group called the
symmetric group. Since f(1) can be chosen in n ways, f(2) in (n—1)
ways, ..., f(n—2) in 2 ways and f(n — 1) in one way, it follows that the
number of permutations is n(n —1)...2-1 which will be denoted by n!.
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We call i € [n] a fixed point for a permutation o if o(i) = i. For

k > 2, the cycle (i1, ..., i) is the permutation 7 € S, with 7(i;) = ;41
for j € [k] (here ig4q = i1) and any other [ # ij,...,i is a fixed point
of .

Note that (i1,...,%) = (45,441, - -0k, 01, ...,4j—1) for each j € [K].

The length of the cycle 7 is k. A cycle of length 2 is also known as
a transposition. The parity of a permutation o € S, equals parity
of the number of pairs 1 < ¢ < j < n such that o(i) > o(j). The
signature of ¢ is 1 if the parity of ¢ is even and —1 otherwise.

THEOREM 2.1.2. Every permutation can be written as a product of
disjoint cycles. The representation is unique modulo the order of the
factors and the starting points of the cycles.

Proor. Let ¢ € S,. We prove the theorem by induction on the
number k of points that are not fixed by the permutation o.

If £ = 2, then ¢ is a transposition which is a cycle of length 2 and
we are done.

Assume that k& > 3. Let ¢ € [n] such that o(i) # i. Denote by !
the smallest integer such that o'(i) = i. Then, 7 = (i,0(3),...,0 (i)
is a cycle of length I. We leave as an exercise for the reader to prove
that the number of points that are not fixed by o7 ~! is less than k. By
applying the induction hypothesis to cm~!, the theorem follows. =

For any integer k£ with 0 < k£ < n, define the binomial coefficient
(%) as the number of subsets with k elements (or k-subsets) of [n].

ProprosITION 2.1.3.

(Z) :n(n—l)..l.c!(n—k+1)'

PRrOOF. It is obvious that (’f) =n for each n > 1. Let us count the
number of pairs (A, z), where A C [n],|A] = k and x € A. There are
(Z) such A’s and each has k elements. Thus, the answer is k(Z) On
the other hand, if we count the z’s first, we have n choices. For each
x, there are (Zj) subsets A such that A C [n],z € A. This is because
each such A is of the form BU{z}, where B C [n]\{z} and |B| = k—1.
Thus, the answer we get now is n(Z:}) Hence, (}) = %(Z:})

Replacing n by n — 1,n — 2,...,n — k + 2, we obtain

n—1 __n~z' n—1i—1
k—i)] k—i\k—i—1



12 2. RECURRENCE RELATIONS
fori=0,1,...,k — 2. Multiplying all these equations together, we get

(Z)’“ﬂ?@:z) :n(n—l)..l.d(n—k—#l):i;[—j(?]::z)

i=1

Simplifying the previous equality, we obtain

<Z> :n(n~1)..l.€!(n—k+1)

as claimed. =

When n is an integer, an easy to remember formula, for (Z) is #l—k)—,

One can use these results to determine which binomial coefficient (z) is
the largest when 0 < k < n (see Exercise 2.7.1).

The originators of combinatorics came from the East and the main
stimulus came from the Hindus. The formulae for the number of per-
mutations on n elements and the number of k-subsets of [n] were known
to Bhaskara around 1150. Special cases of these formulae were found in
texts dating back to the second century BC.

The following theorem is often attributed to Blaise Pascal (1623-
1662) who knew this result as it appeared in a posthumous pamphlet
published in 1665. It appears that the result was known to various
mathematicians preceding Pascal such as the 3rd century Indian math-
ematician Pingala.

THEOREM 2.1.4 (Binomial Theorem). For any positive integer n,

n
n _ n k_n—k
(x +a) Z ( k)x a™ ",
k=0
ProOOF. Writing (z+a)" as (z+a)(z+a)...(x+a), we notice that
the number of times the term z¥a"~* appears, equals the number of
ways of choosing k brackets (for z) from the n factors of the product.

That is exactly (7).

Sir Isaac Newton (1643-1727) was one of the greatest mathemati-
cians of the world. His contributions in mathematics, physics and as-
tronomy are deep and numerous. In 1676, Newton showed that a similar
formula holds for real n. Newton’s formula involves infinite series and
it will be discussed in the Catalan number section.

If f,g: N> R, wesay f(n) ~ g(n) if lim fn) = 1. James Stirling
n—oo

g(n)

(1692-1770) was a Scottish mathematician who showed that

n! ~V2rn (E)n.
e
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This is usually called Stirling’s formula. It appears in Methodus Differ-
entialis which Stirling published in 1730. Abraham de Moivre (1667-
1754) also knew this result around 1730.

2.2. Derangements

The term reccurence is due to Abraham de Moivre (1722). A se-
quence satisfies a recurrence relation when each term of the sequence is
defined as a function of the preceding terms. In many counting ques-
tions, it is more expedient to obtain a recurrence relation for the com-
binatorial quantity in question. Depending on the nature of this recur-
rence, one is then able to determine in some cases, an explicit formula,
and in other cases, where explicit formulas are lacking, some idea of the
growth of the function. We will give several examples in this chapter.

We begin with the problem of counting the number of permutations
o of S, without any fixed points. These are permutations with the
property that o(i) # ¢ for all 1 <4 < n. Such permutations are called
derangements. The first appearance of this problem is in 1708 in a
book on games of chance Fssay d’Analyse sur les Jeur de Hazard by
Pierre Rémond de Montmort (1678-1719).

Let d,, be the number of derangements on [n]. We will obtain a
recurrence relation for it as follows. For such a derangement, we know
that o(n) = i for some 1 < i < n — 1. We fix such an ¢ and count the
number of derangements with o(n) = ¢. Since there are n — 1 choices
for i, the final tally is obtained by multiplying this number by n — 1. If
o is a derangement with o(n) = i, we consider two cases. If o(i) = n,
then o restricted to

{1,2,...,n}\{3,n}
is a derangement on n — 2 letters and the number of such is d,,_5. If
o(i) # n, let j be such that o(j) = n, with ¢ # j. Thus, if we define ¢’
by setting
o'(k)=o(k), forl<k<n-1k#j
and o'(j) = 1, we see that ¢’ is a derangement on n — 1 letters. Con-
versely, if ¢’ is a derangement on n — 1 letters and ¢’(j) = i, we can

extend it to a derangement on n letters by setting o(j) = n and o(n) = 1.
Thus, we get the recurrence

THEOREM 2.2.1.
d, = (n — 1)(dn_1 + dn_z).

Now we will prove by induction that:
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THEOREM 2.2.2. Forn > 1,

d, =n!

3

j=0

PROOF. Indeed, if n = 1, it is clear that dy = 0 and for n = 2,

dy = 1. If we let f(n) denote the right hand side of the above equation,

we will show that f(n) satisfies the same recursion as d,, with the same

initial conditions, thereby establishing the result. Thus, (n — 1)(f(n —
1) + f(n —2)) equals

08 (o (14 G2 1)

j=0
n—2 i
(1Y (D!
:n'jZ:;) 7 + (n—l)'(n 1)
= f(n

as desired. =

Let us observe that

In fact, we can make this more precise. As the series is alternating
we begin by noting that if a, is a decreasing sequence of positive real
numbers tending to zero, then,

o0 n
1> (—1a; =Y (—1Ya;] < |ans1 = (ant2 — anys) =+ < angr.
i=0 =0
Thus,
d 1
1 n
— — < —_—
© n! (n+1)!

Denoting by |z| the largest integer less than or equal to z, the
previous equation implies the following result.

THEOREM 2.2.3. Forn > 1,
d, = |nl/e+1/2].

PROOF. By our remarks above,
1 1
dn—nle] < —— < =
|dn Je| < ntl 2
for n > 1. As d,, is a non-negative integer, it is uniquely determined by

this inequality as the nearest integer to n!/e.
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We leave as an easy exercise for the reader to show that the nearest
integer to x is [z + 1/2]. =

This result means that the probability that a random permutation
in S, is a derangement is about —i; We give a different proof of the
formula for the number of derangements using inclusion and exclusion
in Chapter 3.

2.3. Involutions

We now want to count the number of elements of order 2 in the
symmetric group S,. Such an element is called an involution. Recall
that any permutation is a product of disjoint cycles and the order of the
permutation is the least common multiple of the cycle lengths. Thus,
if the permutation has order 2, then all the cycles must be of length 1
or 2. Let s(n) be the number of such involutions. We partition these
involutions into two groups: those that fix n and those that do not. The
number fixing n is clearly s(n—1). If o is an involution not fixing n, then
o(n) =1 (say) for some 1 < i < n — 1. But then we must necessarily
have o(i) = n as o is a product of 1-cycles or 2-cycles (transpositions).
Thus, o restricted to

{1,2,..,n — 1M\ {3}

is an involution on n — 1 letters. There are s(n — 2) such elements and
n — 1 choices for i, so we get the recurrence

THEOREM 2.3.1. Let s(n) be the number of involutions in S,,. Then
s(n)=s(n—=1)+ (n—1)s(n — 2).

We can derive a modest amount of information from this recurrence,
though our results will not be as sharp as what we obtained for d,,, the
number of derangements in S,,. We have:

THEOREM 2.3.2. (1) s(n) is even for alln > 1.
(2) s(n) > Vn! for all n > 1.

PRrOOF. Clearly, s(1) = 1 and s(2) = 2 and the assertion is true
for n = 2. From the recurrence (or directly) we see that s(3) = 4.
Consequently, applying induction to the recurrence, one can show easily
that s(n) is even. We will also apply induction to prove the second part
of the theorem. Again, for n = 2 and n = 3, the inequality is clear.
Suppose we have established the inequality for numbers < n. Then, by
induction,

s(n)>V/n=11+n-1v(n=-2)!'>(H/(n—1)N1+vn-1).
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To complete the proof, we need to show
14++vn—1>+/n.

But this is clear by squaring both sides of the inequality. =

2.4. Fibonacci Numbers

The Fibonacci numbers are defined recursively as follows. Fy = 1,
Fy=1,and F,, = F,,_1 + F,,_o for n > 2. The following problem led
Fibonacci to consider these numbers. Suppose we start with a pair of
rabbits, one male and one female. At the end of each month, every
female produces one new pair of rabbits (one male and one female).
The question that Leonardo Pisano Fibonacci (1170-1250) asked was:
how many pairs will there be in one year 7 This problem appears in
1202 in his book Liber abaci which also introduced the use of Arabic
numerals into Europe.

It is easy to see that the number of pairs after n months will be
exactly F,. How can we find a formula for F,, 7

The Fibonacci numbers satisfy a linear recurrence relation with
constant coefficients. These are recurrence relations of the following
form:

Yn = Q1Yn—1 + A2Yn—2 + - + QkYn—k
where k > 1 is a fixed integer and aj,aq,...,a; are all constant (they
do not depend on n).

To find a general formula for y,, we must solve the characteristic

equation

ok = alask"l + agxk_2 + -+ ag.

If this equation has distinct solutions, then y, is going to be a linear
combination of the n-th powers of these solutions. Using the initial &
values of the sequence (yn,)n, one can find the exact formula for yy,.

If the previous equation has multiple solutions, a formula for y, can
be determined as follows. If « is a solution with multiplicity r, then
one can check o, na™,...,n"~la™ are all solutions of the characteristic
equation. We can write y, as a linear combination of such solutions
and use the initial values of the sequence (y,), to determine a precise
formula.

Let us try to use this method to find a formula for F,,. Since the

recurrence relation is F,, = F,,_1+F,,_2, it follows that the characteristic
equation is 2 = £+ 1. The solutions of this equation are o = 1—+2L5 and

B = 132——‘/—5_ We obtain that F,, = ca™+d3"™, where c and d are constants
to be determined.
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Since 1 = Fy = c+d and 1 = F| = ca+df, we obtain that ¢ = 25+1

and d = ‘/75:/_?1 We deduce that

o L ((B+1 SR AT S
n*—% —5_—— - 2

2.5. Catalan Numbers

Eugéne Charles Catalan (1814-1894) was born in Bruges, Belgium.
He defined the numbers which bear his name today, while counting the
number of ways of decomposing a convex n-gon into triangles by n — 2
non-intersecting diagonals. Around the same time, the Catalan numbers
were also studied by Johann Andreas von Segner (1704-1777), Leonhard
Euler (1707-1783) and Jacques Binet (1786-1856).

The Catalan numbers have many combinatorial interpretations and
arise in branches of mathematics and computer science. There are at
least 66 combinatorial interpretations of Catalan numbers (see Exercise
6.19 in Richard Stanley’s Enumerative Combinatorics, Volume 2).

Here we will define the Catalan number C,, as the number of ways
we can bracket a sum of n elements so that it can be calculated by
adding two terms at a time. For example, for n = 3, we have

((a+b)+¢) and (a+ (b+c)).

Thus, 03 =2.
For n = 4, we have C; = b since there are five ways of bracketing a
sum with 4 terms:
(((a+b)+c)+d),
((a+ (b+¢) +d),
(a+((b+c)+d)),
(a+ (b+ (c+4d))),
((@+b) + (c+d)).
We can obtain a recurrence for C,, as follows. Any bracketed expression

is of the form
Ey + By

where E; is a bracketed expression containing i terms (say) and Fj is
a bracketed expression containing n — ¢ terms. By our definition, there
are C; choices for Ey and C,,_; choices for E5, so we get

n—1
C, = Zl C;Cpi.
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It may be that Segner was the first to notice this recurrence relation
and Euler was the first to solve it (see Chapter 6 in Enumerative Com-
binatorics, Volume 2 by Richard Stanley). Notice that this recurrence
is more complicated than the one for d,, or s(n) derived in the previ-
ous sections in that the recurrence uses all of the previous C;’s for its
determination.

In order to determine a nice formula for the Catalan numbers, we
use the theory of generating functions. To an infinite sequence (an)n>0
we associate the following formal power series:

Z ant™.
n>0

We regard such series as algebraic objects without any interest in their
convergence. We say two series are equal if their coefficient sequences
are identical. We define addition and subtraction as follows

Z(an + by )" = Z ant" + Z bt™.

n>0 n>0 n>0
The multiplication is defined similarly to the one for polynomials.
S0t b= Y
n>0 n>0 n>0

where ¢, = ZZ:O arbn,_r. We can also differentiate formal power series
the same way as one would do for polynomials.

/
Z ant™ | = Z na,t" .

n>0 n>1

The standard functions of analysis are defined as formal power series by
their usual Taylor series. For example,

t t"
e = Z E
n>0
The following equation is a definition of (1 + ¢)“

1+t =3" (Z)t”

n>0

where () = &_1)”—(,0‘—*7&—1) for any real number . If o is a non-
negative integer, then this is just Theorem 2.1.4 since (z) = 0forn > a.
For « real, the equation above will be regarded here as a definition. An

alternative approach would be to define (1 + ¢)* for any rational a by
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using the exponent laws (which hold for power series) and then prove
that its Taylor series has the claimed form. This was done by Newton.

We encode the recurrence for the Catalan numbers in a generating
function as follows. Let

FO =3 Gt
n=0 .

where we set Cy = 0 and C; = 1. Let us compute the coefficient of ™
in F(t)? for n > 2. It is equal to

n—1
Z Cicn—i = Cn
i=1

since Cy = 0. Thus,

Ft)!=F() -t
This is a quadratic equation in F'(t) which we can solve using the familiar
formula for solving quadratic equations:

1k V1—4t

=

We must determine which “sign” will give us the correct solution for
F(t). We choose the minus sign because F'(0) = 0. Thus,

114t

S —

We can use the binomial theorem to determine the C,’s explicitly. In-
deed, the coefficient of " on the right hand side of the above expression
for F(t) is easily seen to be

S0y

which simplifies to the following result.

1 (/2n-2
Cp =~ ( " ) .
n\n—1
We can use Stirling’s formula to determine the asymptotic behaviour

of Cy+1. Indeed, by Stirling’s formula,

n! ~ V2mn(n/e)",

F(t)

F(t)

THEOREM 2.5.1.

so that
22n

(n+ 1)/mn’

from which we see that it has exponential growth.

Cn+1 ~
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2.6. Bell Numbers

Eric Temple Bell (1883-1960) was born in Aberdeen, Scotland. He
was the president of the Mathematical Association of America between
1931 and 1933.

The n-th Bell number, denoted by B,,, is the number of partitions
of an n-element set. A partition of [n] is a collection of pairwise disjoint
non-empty subsets By, ..., By (called blocks) whose union is [n]. By
convention, By = 1. The partitions of [2] are {1} U {2} and {1,2}. The
partitions of [3] are {1} U{2}U{3},{1,2}U{3},{1,3}U{2},{2,3}u{1}
and {1,2,3}. Thus, By = 1, B, = 2 and B3 = 5. We will derive a
recurrence relation for the Bell numbers. Of the partitions of [n], we
consider the block to which n belongs. Clearly, such a block can be
written as {n} UY for some subset Y of {1,2,...,(n —1)}. If this block
has k elements, then Y is a subset of k¥ — 1 elements. The number of
ways of choosing Y is (z:i) The remaining elements can be partitioned
in B, _j ways. Thus, we obtain

= n—1
Bn_I;(k_l)Bn“k.

We can use this recurrence to write down an exponential generating
function:

Git)=> I—i!ﬁt".

n=0

Then,

00 © n k-1 n—k
G=2 (n%n!tn_l = n; 2 (kt— D! lz::tk)! ‘
The sum on the right hand side is easily seen to be

e'G(t).
Thus,
t

G(t) = Aef

for some constant A. Since G(0) = 1, we must have A = e~!. This
proves:

THEOREM 2.6.1.
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We can use this theorem to derive an explicit formula for B, as
follows. The right hand side of the above equation can be expanded as

o o2 o]

and on comparing the coefficients of t” we obtain:

THEOREM 2.6.2.

2.7. Exercises

EXERCISE 2.7.1. If 0 < k < [ §], show that

n n
< .
()= (h)
EXERCISE 2.7.2. Prove by induction on n that [n] has 2™ subsets.
EXERCISE 2.7.3. Show that
1-11+2-21+...n-nl=(n+1)!-1.
EXERCISE 2.7.4. Show that
n\ [k _[(n\(n—1
kJ\1)  \U k—1
foreachn>k>1>0.
EXERCISE 2.7.5. Show that
n\y [(n-— 1 N n—1
k) k k—-1/)
EXERCISE 2.7.6. Show that

n+k+1\ -~ (n+i
k =\ i)

1=

EXERCISE 2.7.7. Show that

(") =506

(3
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EXERCISE 2.7.8. Show that
92n n
< < 2%
2n+1 ( n )

and use Stirling’s formula to prove that

2n 2%n
n N
EXERCISE 2.7.9. Give a solution using binomial coefficients and a

direct combinatorial solution to the following question: How many pairs
(A, B) of subsets of [n] are there such that ANB =07

EXERCISE 2.7.10. Show that the number of even subsets of [n] equals
the number of odd subsets of [n]. Give two proofs, one using binomial
formula, and one using a direct bijection. Calculate the sum of the sizes
of all even (odd) subsets of [n].

EXERCISE 2.7.11. Let n be an integer, n > 1. Let s; denote the
number of subsets of [n] whose order is congruent to ¢ (mod 3) for ¢ €
{0,1,2}. Determine sg, s1, 2 in terms of n.

EXERCISE 2.7.12. Prove by mathematical induction that

VBE, = (_1_+_¢5>"“ _ <1_¢5)"“
2

2

for n > 0.

EXERCISE 2.7.13. Show that the number of distinct ways of trian-
gulating a convex n-gon by n — 2 nonintersecting diagonals equals Cj,_1.

EXERCISE 2.7.14. Show that the number of solutions of the equation
xl + P + "L‘k =N
in positive integers (x; > 0 for each 1) is (Z:})

EXERCISE 2.7.15. Show that for each n and k,1 <k <n
() <)< ()
k) —\k k/ -
EXERCISE 2.7.16. Calculate

> AP

ACIn]
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EXERCISE 2.7.17. Calculate

lim
n-—00

when t is a real number.

EXERCISE 2.7.18. Let k£ be a non-negative integer number. Show
that any non-negative integer number n can be written uniquely as

e Tg—1 ) z1
= () () e () ()
where 0 < a1 < 29 < -+ < 7.

EXERCISE 2.7.19. Let B,, denote the n-th Bell number. Show that
B,, < n! for each n > 3.

EXERCISE 2.7.20. Determine the number of ways of writing a posi-
tive integer n as a sum of ones and twos.



CHAPTER 3

The Principle of Inclusion and Exclusion

3.1. The Main Theorem

The principle of inclusion-exclusion was used by De Moivre in 1718
to calculate the number of derangements on n elements.

Let A be a finite set and for each i € {1,2,...,n}, let A; be a subset
of A. We would like to know how many elements there are in the set

A\ UL, A;.
That is, we would like to know the number of elements remaining in A
after we have removed the elements of A; for each i = 1,2, ...,n. To this
end, we define for each subset I of [n] ={1,2,...,n},

Ar = Nier4;.

That is, A; consists of elements belonging to all A;, ¢ € I. If I is the
empty set ), we make the convention Ay = A. The principle of inclusion
and exclusion is contained in the following theorem.

THEOREM 3.1.1. The number of elements not belonging to any A;,

1<i<n is given by
> (=)l
IC[n]
PROOF. The sum is equal to
DTS DD SN
IC[n] acAr a€A I:IC[n],acAr

Let S, be the set of indices 7 such that a € A;. Then, the inner sum is
over all subsets of S,. If S, is empty, this sum is 1. Otherwise, by the
Binomial Theorem, it is equal to
|Sal

(S
>0 (%) —a- <o
i=0 J
when S, is non-empty. Hence, the sum is equal to the number of el-
ements a for which S, is empty. Since the number of elements not



3.3. COUNTING SURJECTIVE MAPS 25

belonging to any A, is precisely the number of elements a for which S,
is empty, this completes the proof. =

This simple principle is one of the most powerful in all of mathemat-
ics and has important consequences which we will present in the next
sections.

3.2. Derangements Revisited

It will be recalled that in Chapter 2, we derived a recurrence re-
lation for the number of derangements of a set with n elements. We
then “guessed” a formula and proved it by induction. We now give
a more credible approach to the derivation of this formula. Let A be
the set {1,2,...,n}. The number d,, counts the number of permutations
without any fixed points. For each i, 1 < i < n, let A; be the subset of
permutations fixing ¢. Then, the number of derangements is the number
of permutations not belonging to any of the A;, 1 < i < n. For each
subset I of {1,2,..,n}, the number of elements of A; is clearly (n— |I|)!.
By the inclusion-exclusion principle, we obtain the following result.

THEOREM 3.2.1.

n
dn =317 (1) (a0
j=0

This is precisely the formula we established by induction in the pre-
vious chapter. As noted earlier, this result has the curious consequence
that if a group of 100 people each wrote their names on a card and
these cards were then collected and shuffied and a card is handed back
to each person, then the probability that a person would receive their
own original card back is very close to 1 — 1/e.

3.3. Counting Surjective Maps

Let us now count the number of surjective functions from an n-set
to a k-set. The total number of functions from [n] to [k] is clearly k™.

THEOREM 3.3.1. The number of surjective functions f : [n] — [k] is

k
> (M) -
j=0

PROOF. For each 1 < i < k, let A; be the set of functions from
an n-set to a k-set that do not have i in their range. Then, A; has
cardinality (k — |I])™. By the inclusion-exclusion principle, the result is
now immediate. w
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COROLLARY 3.3.2. If k and n are nonnegative integers, then

k .
(-1 (’“) (h—jyr={0 Hk<m
= ] n! ifk=n.

PRrROOF. If n < k, there are no surjective functions from an n-set to
a k-set. The number of surjective maps from an n-set to another n-set
is clearly n!. The result now follows from the previous theorem. =

3.4. Stirling Numbers of the First Kind

We now introduce Stirling numbers of the first kind, denoted
s(n, k). The Stirling numbers of first kind and of second kind (which will
be defined in the next section) are named after James Stirling whose for-
mula for n! is contained in the previous chapter. Recall that every per-
mutation has a unique decomposition (up to rearrangement) as a prod-
uct of disjoint cycles. We define s(n, k) by the rule that (—1)"*s(n, k)
is the number of permutations of S;, which can be written as a product
of k-disjoint cycles. Clearly, s(n,n) = 1 since the only permutation that
has n disjoint cycles in its cycle decomposition is the identity permuta-

tion. It is also clear that
n

> (=) Fs(n, k) = Is(n, k)| = nl.
k=1 k=1

We now establish a recurrence for s(n, k).

THEOREM 3.4.1.
s(n+1,k) = —ns(n, k) + s(n, k — 1).

PrOOF. Of the permutations of S,11 with k disjoint cycles, we con-
sider those in which (n+ 1) appears as a one cycle and those in which it
does not. The number in the first group is clearly (—1)*~*~Ds(n, k—1).
For the number in the second group, we may view the elements as per-
mutations of S, with k disjoint cycles into which we have inserted (n+1).
For a cycle of S, of length j, there are j places into which we can insert
(n + 1) giving j new permutations. Now if ¢ is a permutation of Sy,
with k-cycles of lengths ji,...,jx, we can interpolate (n + 1) into this
in j1 + -+ + jx = n ways. Thus, the number of elements in the second
group is n(—1)""*s(n, k).

Thus,

(=)™ Fs(n+1,k) = (=1)""*Vs(n, k — 1) + n(=1)""*s(n, k).

This simplifies to give the stated recurrence. »
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For t € R, we denote (t),, = t(t—1)...(t--n+1). Using the previous
result, we can prove the following:

THEOREM 3.4.2.

n

(= _ s(n, k)t*.

k=1

PROOF. Again, we use induction on n. For n = 1, the result is clear.
Assume that the result is established for n < m. Then,

(Oms1 = (m(t —m) = (Z s(m,mt’f) (¢ —m).

k=1
The coefficient of t* on the right is
s(m,k — 1) — ms(m, k)

which is precisely s(m + 1, k) by the previous theorem. This completes
the proof. =

3.5. Stirling Numbers of the Second Kind

We denote by S(n, k) the number of partitions of an n-set into k-
blocks. These numbers are called the Stirling numbers of the second
kind. We will try to relate these numbers to the discussion of the
surjective functions. Observe that if we have a surjective map f from
an n-set to a k-set, the “fibers”, namely f~1(j) := {i : i € [n], (i) = j},
for 1 < 5 < k form a partition of the n-set into k-blocks. Conversely,
given a partition of a n-set into k-blocks, there are clearly k!S(n,k)
ways of defining a surjective map from the n-set to a k-set because we
can view each block as the fiber of the image of such a map and there
are k! ways of assigning the image. Putting this together with Theorem
3.3.1 gives the following result.

THEOREM 3.5.1.
k
ks =317 (1) -
7=0 J

We again see how one can deduce Corollary 3.3.2. Indeed, if k > n,
there are no ways of partitioning an n-set into k-blocks as each block
must contain at least one element. For k = n, we clearly have S(n,n) =
1.

This formula also allows us in yet another way to deduce the gener-
ating function for the Bell numbers B,, which we derived in the previous
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chapter. Indeed, we clearly have

On the other hand, notice that
X S(n k)t 1 St -k -
YT =g Y ) (k=)
n=0 ’ ‘n=0""" j=0 J

Upon interchanging the summation, we get that this equals

k
1 [k .
_2 :(_1)] < ) k=it
k! = j

Using the binomial theorem, we can simplify the right hand side and
deduce:

THEOREM 3.5.2.

ZS(n,k)tn _ i( t l)k

] ]
= n! k!

Combining this fact with the formula relating B,, with the Stirling
numbers of the second kind easily gives us again the generating function

o0

Z Bul® _ e 1,
n!

n=0

Even though we have an explicit formula for the S(n,k)’s, it will be
useful to derive the following recurrence relation.

THEOREM 3.5.3.
S(n,k)=8n—1,k—1)+kS(n - 1,k).

PROOF. In partitioning the n-set {1,2,...,n} into k blocks, we have
two possibilities. Either n is in a singleton block by itself or it is not.
In the first case, the number of such decompositions clearly corresponds
to S(n — 1,k — 1). In the second case, we take the decomposition of an
(n — 1)-set into k-blocks, and we now have k choices into which we may
place n. This gives the recursion. =

We may use this recursion to give another ‘generating form’ for the
numbers S(n, k) for n fixed and varying k. To this end, we recall the
notation (t), = t(t — 1)(t — 2)...(t —n +1).



3.5. STIRLING NUMBERS OF THE SECOND KIND 29

THEOREM 3.5.4.

t" =Y " S(n,k)(t)k.
k=1

PROOF. The proof is by induction on n. For n = 1, the result is
clear. Suppose that we have proved the formula for n < m. Then, we
write

tmrl —m = i S(m, k) () ((t — k) + k)
k=1

by the induction hypothesis. Because (¢)i(t — k) = (t)x+1, we deduce
that

£ = S(m, k) (ke + D kS(m, k) (0
k=1 k=1
By changing variables on the first sum, and noting that S(m,m+1) = 0,
we may write the right hand side as

m+1 m+1
> {S(m k= 1)+ kS(m, k)}(t)e = Y S(m+1,k)(t)
k=1 k=1

by the recursion of Theorem 3.5.3. This completes the proof. m

COROLLARY 3.5.5. If A and B are the n x n matrices whose (i, j)-th
entries are given by s(i,j) and S(i,j) respectively, then B = A~L.

PROOF. Let V be the vector space of polynomials of degree < n,
with constant term zero. Then A and B are the transition matrices
from the two bases:

(1) t,£2, ..., t";
(2) (t)la (t)2’ H) (t)n

The result now follows from linear algebra. =

COROLLARY 3.5.6. The following are equivalent:

(1) gn = 2 p=1 S(n, k) fi;
(2) frn=22k=15(n k).

PRroOF. This is immediate from matrix inversion. =

If we define fy and gg so that fy = go, and

F(ty =Y
n=0 :

and
s gnt”

G(t) =

n!
n=0
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where g, and f, are related as in Corollary 3.5.6, then we can determine
the relationship between these two generating functions as follows.

Gt = fo+ 3 D S K fk .

n=1k=1
Interchanging summation, we deduce

(et

S - !
G(t) = fo+ ) fr—rpp = F(e' = 1),
k=1 '

which implies the following result.

COROLLARY 3.5.7. If f, and g, are related as in Corollary 3.5.6,
then
G(t) = F(e! —1).

This allows us to deduce the generating function for Stirling numbers
of the first kind. Let g = 1 and g, = 0 for n # k. Then, f, = s(n, k).
By Corollary 3.5.7, we get

tk .
Putting z = e — 1 gives
2. s(n, k)zk ~ (log(1 + 1))k
Z Ko k! ‘
n=0

3.6. Exercises

EXERCISE 3.6.1. There are 13 students taking math, 17 students
taking physics and 18 students taking chemistry. We know there are 5
students taking both math and physics, 6 students taking physics and
chemistry and 4 students taking chemistry and math. Only 2 students
out of the total of 50 students are taking math, physics and chemistry.
How many students are not taking any courses at all ?

EXERCISE 3.6.2. The greatest common divisor gcd(a,b) of two
natural number a and b is the largest natural number that divides both
a and b. If n is a natural number, denote by ¢(n) the number of integers
k with 1 < k < n and ged(n, k) = 1. Show that if p is a prime, then
#(p) = p—1 and that if p # q are two primes, then ¢(pq) = (p—1)(¢—1).

EXERCISE 3.6.3. If n = p{* ... p% with p; distinct primes, then show

that ) 1
o(n) :ng (1 - E) .
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EXERCISE 3.6.4. How many integers less than n are not divisible by
any of 2,3 and 5 7

EXERCISE 3.6.5. How many 7 digit phone numbers contain at least
3 odd digits ?

EXERCISE 3.6.6. If Ay, As,..., A, are finite sets, show that

n n

Yol =) AN A < ULy Al < DAL
i=1 i#j i=1

When does equality happen ?

EXERCISE 3.6.7. If n and r are non-negative integers with 0 < r < n,
denote by f(n,r) the number of permutations of S,, with exactly r fixed
points. Show that

fln,r) 1

lim = —,
n—oo ! er!

EXERCISE 3. 6 8. Show that

Sen(g)e-se- (1)

EXERCISE 3.6.9. Let s(n, k) denote the Stirling numbers of the first
kind. Show that

zz+1)...(x+n-1) Z]snk

EXERCISE 3.6.10. Using the previous 1dent1ty, prove that the num-
ber of permutations with an even number of cycles (in their decompo-
sition as a product of disjoint cycles) is equal to the number of permu-
tations with an odd number of cycles.

EXERCISE 3.6.11. Let S(n, k) denote the Stirling numbers of second

kind. Show that
" /n
Sn+1,k) = ()S ,k—1).
( )=> ; (j )

Jj=1
EXERCISE 3.6.12. Prove that
(7,?) iftm >k

i fn\ /m+n—1 i
—1)¢ — =
Z( ) <1)( k—i ) {0 if m < k.
=0
EXERCISE 3.6.13. Show that

ls(n,1)] = (n — L.

Give two proofs.
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EXERCISE 3.6.14. Prove that S(n,1) = S(n,n) = 1 and S(n,2) =
2nt— 1.
EXERCISE 3.6.15. Show that S(n,n —1) = (3).

EXERCISE 3.6.16. Let s(n) be the number of involutions in the sym-
metric group S,. Show that

HOESY st _ et

n>0

EXERCISE 3.6.17. The Bernoulli numbers b,, are defined by the re-

currence relation "
n+1
by =0
> (")

k=0
for n > 1 and by = 1. Prove that

b,t" 1
g(t) ZZZ nl et—1
n>0

These numbers were first studied by Jakob Bernoulli (1654-1705) in
1713.

EXERCISE 3.6.18. Show that g(t) + £ is an even function of ¢, where
g(t) is defined in the previous exercise.

EXERCISE 3.6.19. Show that b,, = 0 for each odd number n > 3.

EXERCISE 3.6.20. Let (fn)n>0 and (gn)n>0 be sequences, with expo-
nential generating functions F'(X) and G(X). Show that the following

the statements .

gn = Z (Z) fr
k=0
and

G(X) = X f(X)
are equivalent.



CHAPTER 4

Matrices and Graphs

4.1. Adjacency and Incidence Matrices

Given a graph X, we associate two matrices to encode its informa-
tion. The first is the adjacency matrix A or sometimes denoted Ax
or A(X). If n is the number of vertices of X, then A is an n x n matrix
whose (i, j)-th entry is the number of edges between i and j. In case X
is a simple graph, this is simply a (0, 1) matrix whose i, j-th entry is 1
or 0 according as ¢ is joined to j.

THEOREM 4.1.1. The (i,7)-th entry of A™ is the number of walks
of length m from i to j.

PROOF. We prove this by induction. For m = 1, this is clear from

the definition. Suppose we have proved it for A7 for j < m — 1. Write
A" = (agrj)) Since A™ = A™"1. A, we have

Za(m g,

Clearly, the number of paths from i to j of length m is

Z (#of paths from i to k of length m—1) a;.
k=1

By induction, the number of paths from i to k of length m — 1 is al(.;n_l)

which proves the theorem. =

There is another matrix M called the incidence matrix of the
graph. If X has n vertices and e edges, then M is a an n X e matrix
defined as follows. The (i, j)-th entry is 1 if the vertex v; is incident to
the edge e;, and 0 otherwise. The relationship between this matrix and
the adjacency matrix is given by the easily verified equation

MM!=D+ A

where D is the diagonal matrix consisting of the vertex degrees.
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4.2. Graph Isomorphism

An isomorphism between two graphs X and Y is a bijection f
between the vertex set of X and the vertex set of Y such that uv is an
edge of X if and only if f(u)f(v) is an edge of Y. The reader is invited to
show that the graphs in Figure 4.1 are isomorphic. We will usually study
isomorphism in the context of simple graphs. A moment’s reflection
shows that applying a permutation to both the rows and columns of the
adjacency matrix of a graph X has the effect of reordering the vertices of
X. A permutation matrix is a square 0, 1 matrix which has precisely
one entry 1 in each row and each column and 0’s elsewhere.

THEOREM 4.2.1. The graphs X and Y are isomorphic if and only if
there is a permutation matriz P such that

PAXP_l = Ay.

We begin by reviewing some elementary facts from linear algebra
about matrices and their characteristic polynomials. Given a square
matrix A, its characteristic polynomial is det(A] — A). The roots
of this polynomial are called eigenvalues of A. If X is an eigenvalue
and v is an eigenvector so that Av = Av, then v is called an eigen-
vector corresponding to A. Thus, for two graphs to be isomorphic, it

K3 Xa

FIGURE 4.1

is necessary that their adjacency matrices have the same eigenvalues.
However, this is not a sufficient condition for isomorphism. Consider
the graph obtained from Cy4 by adding an isolated vertex. This graph
has the same eigenvalues as K 4, but it is obviously not isomorphic to
K1,4. See also Exercise 4.5.15 and Exercise 4.5.16.

EXAMPLE 4.2.2. Let us compute the characteristic polynomial of the
n by n matrix J whose 4, j-th entry is 1 for all 1 < 4,j < n. Clearly, it is
a singular matrix (that is, its determinant is zero because the rows are
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linearly dependent). Any eigenvector v = (1, ..., z,) With eigenvalue A
satisfies Jv = Av so that

T+ + Ty = ATy,
for all 1 < ¢ < n. Clearly, A = n is an eigenvalue and v = (1,1,...,1) is a

corresponding eigenvector. On the other hand, the subspace of vectors
v = (1, ..., zn) satisfying the equation

1+ -+, =0

has dimension n — 1 and these vectors correspond to eigenvalue zero.
Thus, the characteristic polynomial is (A — n)A" L.

EXAMPLE 4.2.3. Let us determine the characteristic polynomial of
the complete graph K,,. The adjacency matrix of K, is J — I with J
as in Example 4.2.2 and [ is the identity matrix of order n. Now let us
recall that if A has eigenvalue p then u + c is an eigenvalue of A 4 ¢l
because det(A] — (A + cI)) = det((A — ¢)I — A). Thus, the eigenvalues
of J—1I are n — 1 and —1 with multiplicity 1 and n — 1 respectively.
Therefore, the characteristic polynomial of the complete graph on n
vertices is [A — (n — 1)](A + 1)L,

EXAMPLE 4.2.4. Let us determine the characteristic polynomial of
the bipartite graph K, ;. Since the adjacency matrix has form

00 --- 011 --- 1
00 --- 011 --- 1
o0 --- 011 --- 1
A= 11 --- 1 00 --- 0
11 -- 100 --- 0
11 --- 100 --- 0

it has rank 2. Recall now that the rank of a square matrix is equal to
the number of non-zero eigenvalues counted with multiplicity. As our
matrix has trace zero and this is also equal to the sum of the eigenvalues,
we deduce that A, ,, has only two non-zero eigenvalues A1, Ay with \; =
—X2 = b (say). Moreover, each of these has multiplicity 1. Thus, the
characteristic polynomial is (with n =17 + s)

ATT2(0Z — p).
We can actually determine b more precisely. If we look at the defini-
tion of the characteristic polynomial as det(\ — A, ), we see that the

coefficient of A\”»~2 can be arrived at as follows. From the determinant
expression, we must choose (n — 2) diagonal entries and the other two
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entries must come from non-zero entries in order to contribute to the
coefficient. This can also be seen from the formula for the determinant.
The permutations that contribute must necessarily fix (n—2) letters and
thus correspond to transpositions. The remaining positions contribute
—a;; and —a;; for some i,j. Since the graph is bipartite, there are rs
non-zero contributions of this form. This means b must be rs. Thus,
the characteristic polynomial is

X200 — V7S)(A + V75).

This can also be deduced in another (simpler) way. As we observed, the
number of closed walks of length 2 is equal to the trace of the square of
the adjacency matrix. In our bipartite case, this is clearly 2rs, which
must necessarily equal the sum of the squares of the eigenvalues, which
is 2b%. Thus, b2 = rs.

4.3. Bipartite Graphs and Matrices

The eigenvalues of bipartite graphs have the following interesting
property.

THEOREM 4.3.1. If X is bipartite, and A is an eigenvalue with mul-
tiplicity m, then — X is also an eigenvalue of multiplicity m.

PROOF. Since X is bipartite, we may arrange our rows and columns
of A = Ax according to the partite sets so that A has the following form

O B
(5 0)

where B is a 0,1 matrix. If A is an eigenvalue with eigenvector

~(3)

partitioned according to the partite sets. We have

_ _ By _ T
weo=( B)=a(7)

so that By = Az and B'z = \y. Let

Then
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Thus, v’ is an eigenvector with eigenvalue —\. Also, m independent
eigenvectors corresponding to A give m independent eigenvectors corre-
sponding to —A. This completes the proof. =

We can now characterize bipartite graphs by the shape of the char-
acteristic polynomial.

THEOREM 4.3.2. The following statements are equivalent.
(1) X s bipartite;
(2) The eigenvalues of X occur in pairs Aj, Aj such that A\; = —\;;
(3) The characteristic polynomial of X is a polynomial in N?;
(4) for any positive integer t, > 7 | )\?t_l = 0 where the sum is
over the eigenvalues (with multiplicity) of Ax.

PrOOF. The fact that (1) implies (2) was done in the previous the-
orem. The equivalence of (2) and (3) is clear since (A — A\;)(A — Aj) =
(A2 —a) with a = A?. It is also clear that (2) implies (4) since the eigen-
values occur in pairs with opposite signs and so they cancel each other
in the sum in (4). To see that (4) implies (1), we recall that the (7, j)-th
entry of A?,g_l counts the number of paths of length 2t — 1 from vertex
i to vertex j. In particular, the diagonal entries count the number of
closed walks of this length. But the sum of the diagonal entries is the
total number of closed paths of this length and (4) says this sum is zero.
Thus, X has no closed paths of odd length. By Theorem 1.5.1, X is
bipartite. =

4.4. Diameter and Eigenvalues

Recall from linear algebra the notion of a minimal polynomial
of a matrix. By the Cayley-Hamilton theorem (or by the fact that
1,A, A%, ...,A”2 are linearly dependent via dimension considerations)
we deduce that A satisfies some monic polynomial equation. Among
all, there is one of minimal degree which is necessarily unique (by the
division algorithm). The degree of this minimal polynomial is equal to
the number of distinct eigenvalues of A.

Indeed, this is easy to see in the case of real symmetric matrices
that we are dealing with. By the spectral theorem all the eigenvalues
of a real symmetric matrix are real and there is a basis of eigenvectors.
If we let

,
g(A) = H()\ - i)
i=1
where the \; range over the distinct eigenvalues of A, then g(A) = 0.
To see this, it suffices to see how g(A) operates on set of basis vectors.
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We take the basis of eigenvectors and see that this is immediate (as the
various factors commute) and we may write

T
g(4) = [[(A - xD).
i=1

If there were a polynomial h of smaller degree with h(A) = 0, we see
that it must divide the polynomial g(A) and must consist of a product of
terms of the form X\ — A; for some proper subset of subscripts. But then,
the eigenvector v; corresponding to an eigenvalue \; that is omitted in
the product will not be annihilated by h(A).

Recall that the distance d(u,v) between vertices u,v equals the
shortest length of a path connecting v and v. Now we define the diam-
eter of a graph X as

diam(X) = d(u,
iam(X) u,qu\%)(ix) (u,v)

where the maximum is over all possible pairs of vertices.

THEOREM 4.4.1. If diam(X) < oo, then the diameter is strictly less
than the number of distinct eigenvalues of X.

PROOF. Let A be the adjacency matrix of X. Then A satisfies a
polynomial of degree r if and only if some non-zero linear combination
of AY Al .. A" is zero. Since the number of distinct eigenvalues is
equal to the degree of the minimal polynomial, we need only show that
A0 Al .. AF are linearly independent when k£ < diam(X). Let k =
diam(X) and choose v;, v; so that the distance between v; and v; equals
k. By counting walks from v; to v; we see that the 4, j-th entry of
AF is not zero. But the (i,7)-th entry of A! for t < k is zero because
d(v;,vj) = k. Therefore, AF is not a linear combination of A? for t < k.
Hence, the degree of the minimal polynomial is strictly greater than
diam(X). =

The examples of previous section show that this result is sharp. For
instance, in the case of the complete graph K, the diameter is equal to
1 and the number of distinct eigenvalues is 2. In the case of the bipartite
graph K, ;, we have diameter 2 and the number of distinct eigenvalues
is 3. There are many other classes of graphs X whose number of distinct
eigenvalues equals 1 + diam(X).

4.5. Exercises

EXERCISE 4.5.1. Determine the eigenvalues of Py and Cs.



4.5. EXERCISES 39

EXERCISE 4.5.2. Show that a graph X with n vertices is connected
if and only if (A + I,)”"! has no zero entries, where A is the adjacency
matrix of X.

EXERCISE 4.5.3. For a simple graph X with e edges, t3 triangles
and adjacency matrix A, show that

tr(A) =0, tr(A%) =2, tr(43) = 6ts.

EXERCISE 4.5.4. If X is a bipartite graph with e edges and A is an
eigenvalue of X, show that

Al < Ve.
EXERCISE 4.5.5. Let X be a simple graph with n vertices and e
edges. If A is an eigenvalue of the adjacency matrix A of X, show that

2e(n — 1)
—

EXERCISE 4.5.6. If two non-adjacent vertices of a graph X are ad-
jacent to the same set of vertices, show that its adjacency matrix has
eigenvalue 0.

A <

EXERCISE 4.5.7. The eccentricity of a vertex w in a graph X is the
maximum of d(u,v) as v ranges over the vertices of X. The minimum
of all the possible eccentricities is called the radius, denoted rad(X),
of the graph X. Show that if X is connected, then

rad(X) < diam(X) < 2rad(X).

EXERCISE 4.5.8. Let R be a commutative ring and Aq,..., A; be
n X n matrices. We define a generalized commutator as

[Al, ey Ak] = Z (sgn U)Aa(1)~~-Aa(k)~
oc€Sk
When k = 2n, show that
[A1, ..., A] = 0.
This is a classical theorem of Shimson Avraham Amitsur (1921-1994)
that can be proved using Euler circuits in digraphs.

EXERCISE 4.5.9. Show that the graphs in Figure 4.1 are isomorphic
by presenting an explicit isomorphism.

EXERCISE 4.5.10. Let M be the incidence matrix of a simple graph
X. Prove that
MM'=D+ A
where A is the adjacency matrix of X and D is a diagonal matrix con-
sisting of the degrees of the vertices of X.
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EXERCISE 4.5.11. In a simple graph X, we choose an orientation
by assigning a direction to each edge. The modified incidence matrix N
is defined as follows. Its rows are parameterized by the vertices v; and
the columns by the edges e;, as before. The i, j-th entry of N is +1 if
v; is the tail of e;, —1 if it is the head and zero otherwise. Prove that

NN'= D — Ay.

EXERCISE 4.5.12. The Laplacian matrix of a graph X is D —
A. Show that the smallest eigenvalue of the Laplacian is 0. If X is
connected, then 0 has multiplicity 1 for the Laplacian.

EXERCISE 4.5.13. If X is k-regular, then A is an eigenvalue of the
its adjacency matrix if and only if £ — ) is an eigenvalue of its Laplacian
matrix.

EXERCISE 4.5.14. Prove that A\* + A3 4+ 2)\% + X + 1 cannot be the
characteristic polynomial of an adjacency matrix of any graph.

EXERCISE 4.5.15. Determine the characteristic polynomial of the
cycle Cy.

EXERCISE 4.5.16. Let Y denote the graph obtained from a graph X
by adding an isolated vertex. Show that Py (\) = APx()). If X = Cy,
compare Py with Pk, ,.

EXERCISE 4.5.17. The odd girth of a graph X is the shortest length
of an odd cycle. If X and Y have the same eigenvalues, then they have
the same odd girth.

EXERCISE 4.5.18. The line graph L(X) (see also Chapter 11)of
a graph X the edges of X as vertices, two edges e and f of X being
adjacent in L(X) if they have common endpoint in X. Show that if
N is the incidence matrix of X, then the adjacency matrix of L(X) is
N!N — 2I,,,, where m is the number of edges of X.

EXERCISE 4.5.19. If X is k-regular and A is an eigenvalue of the
adjacency matrix of X, then £+ A — 2 is an eigenvalue of the line graph
of X.

EXERCISE 4.5.20. Any eigenvalue of a line graph is greater than or
equal to —2.



CHAPTER 5

Trees

5.1. Forests, Trees and Leaves

A forest is an acyclic graph (that is, a graph with no cycles). The
connected components of a forest are called trees. Therefore, a tree is
a connected acyclic graph. In particular, any tree is a bipartite graph.
A leaf is a vertex of degree one. In the figure below, we have a tree
with seven leaves. '

o\'/o

FIGURE 5.1

Given a graph X and a vertex v, we denote by X — v the graph
obtained by deleting the vertex v and any edges incident with v. We
begin by proving the following;:

LEMMA 5.1.1. Every tree with n > 2 vertices has at least two leaves.
Deleting a leaf from an n-vertex tree gives a tree with n — 1 vertices.

PROOF. A connected graph with at least two vertices has at least
one edge. Let us consider a maximal path in the graph joining u and
v (say). Every neighbour of u or v must be member of the path for
otherwise, this would violate maximality of the path. If u or v had two
neighbours, we would get cycle. Thus, u and v must be leaves. Now let
v be a leaf. We will show that X’ = X — v is a tree. Clearly, X — v
is acyclic because deleting a vertex is not going to increase the number
of cycles. We must show it is connected. Given two vertices in X, let
P be a path joining them in X which exists because X is connected.
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This path cannot involve v for otherwise v will have degree at least two.
Therefore, X’ is connected. »

We now give the following characterization of trees.

THEOREM 5.1.2. Let X be a graph on n vertices. The following are
equivalent.

(1) X is a tree.

(2) X is connected and has n — 1 edges.

(3) X has n —1 edges and no cycles.

(4) For any u,v € V(X), there is a unique path joining them.

PRrROOF. To prove (1) implies (2), we use induction. By the previous
lemma, let v be a leaf and consider the tree X’ = X — v with n — 1
vertices. By induction, it has n — 2 edges and together with the edge
joining X' to v, we get a total of n—1 edges. The same argument shows
that (1) implies (3). To prove that (2) implies (3), let us suppose X
has a cycle. We may delete edges from any cycle until we get a graph
X'’ which is acyclic and has n vertices. But then, X’ is a tree and so
has n — 1 edges. Thus, no edges were deleted from X and X has no
cycles. We can also show that (3) implies (1) as follows. Let X7, ..., Xj
be the connected components of X. Since every vertex appears in one
component, we have that

k

i=1
As X has no cycles, each component is a tree so that |[E(X;)| = |V(X;)|—
1 for each 3. Thus, the number of edges of X isn—k. But as X hasn—1
edges, £k = 1 and so X has only one connected component. Therefore, X
is a tree. Finally, we must show the equivalence of (1) and (4). Clearly,
(1) implies (4) for otherwise X would have a cycle. Conversely, if any
two points have a unique path joining them, there are no cycles in the
graph and moreover, X is connected. This completes the proof. =

V(X,)| = n.

5.2, Counting Labeled Trees

Arthur Cayley (1821-1895) spent 14 years as a lawyer during which
he published 250 mathematical papers. In total, he published over 900
papers and notes covering almost every aspect of mathematics.

A classical result of Cayley states that the number of labeled trees
on n vertices is n” 2. Despite its simplicity, it is remarkable that there
is no simple proof of this formula. We apply an inductive argument to
deduce it.
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Let G(n, m) be the number of connected graphs on n labeled vertices
and m edges. Let F(n,m) denote the number of such graphs that have
no vertices of degree 1. Let A be the set of connected graphs on n
labeled vertices having m edges. Let A; be the subset of A of connected
graphs with vertex v; of degree 1. Thus,

F(n,m) = |A\ U; 4;].
Let us observe that |A;| = G(n — 1,m — 1)(n — 1) and generally
|Ar] = G(n = |1},m — |I})(n — |T)"I,
Then, by the inclusion-exclusion principle, we have
F(n,m) =Y (-)VG(n = |1},m = |1})(n — |I)!"".
Icv
By collecting subsets of the same cardinality in the sum on the right,

we obtain the following result.

THEOREM 5.2.1.
n
. /mn .
P N 2( ) e D)
(n,m) Z( 1) . G(n—i,m—1)(n —1)
1=0
Theorem 5.1.2 tells us that any connected graph on n vertices and
n — 1 edges is necessarily a tree. Thus, G(n,n — 1) is the number of

labeled trees on n vertices. Since every tree has a leaf, we have that
F(n,n—-1)=0.

THEOREM 5.2.2. If T,, denotes the number of labeled trees on n

vertices, then
n

S0 () Taein = i) =0,

i=0
Now we are ready to prove Cayley’s formula.
THEOREM 5.2.3 (Cayley, 1889). For n > 2,
T, = n""2.
PRrROOF. We prove the theorem by induction on n. For n = 2, the

formula is clear. By induction, T,,_; = (n — i)"""2 for 4 > 1. Using
Theorem 5.2.2, we obtain that

T, + i(—ni (7;) (n—i)"2 = 0.
i=1

By Theorem 3.3.1, the latter sum is —n”~2 from which we deduce the
theorem. u
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5.3. Spanning Subgraphs

A spanning subgraph of a graph X is a subgraph with vertex set
V(X). A spanning tree is a spanning subgraph which is a tree. Given
a graph X, we let 7(X) denote the number of spanning trees of X.

In a graph X, the graph obtained by deleting an edge e is denoted
X —e. In this case, let us note that the vertices of e still belong to X —e.
It may happen that this process increases the number of components
of the graph, in which case we call e a cut edge or a bridge. The
contraction of X by an edge e with endpoints # and v is the graph
obtained by replacing u and v by a single vertex whose incident edges
are the edges other than e that were incident to u or v. The resulting
graph, denoted X /e has one less edge than X.

THEOREM 5.3.1. If 7(X) is the number of spanning trees in X and
e € E(X) is not a loop, then

7(X)=7(X —e) + 7(X/e).

PROOF. The spanning trees of X that omit e are counted by 7(X —
e). The spanning trees that contain e are in one-to-one correspondence
with the spanning trees of X/e. To see this, note that when we contract
e in a spanning tree that contains e, we obtain a spanning tree of X/e
because the resulting subgraph of X/e is spanning, connected and has
the right number of edges. Since the other edges maintain their identity
under contraction, no two trees are mapped to the same spanning tree
of X/e by this operation. Also, each spanning tree of X arises in this
way and so the function is a bijection. =

Recall that the Laplacian of a graph X is the matrix
L=D-A,

where A is the adjacency matrix of X and D is the diagonal matrix
whose (7,7)-th entry equals the degree of vertex i.

Gustav Robert Kirchhoff (1824-1887) is perhaps best known for the
Kirchhoft’s laws in electrical circuits. These were announced in 1845
and extended previous work of Georg Simon Ohm (1789-1854).

A celebrated theorem of Kirchhoff from 1847 gives the number 7(X)
via a determinant formula. This results is also known as the Matrix-Tree
Theorem.

THEOREM 5.3.2 (Matrix-Tree Theorem). For any loopless graph X,
the number of spanning trees T(X) equals (—1)**7 times the determinant
of the matriz obtained by deleting the i-th row and j-th column of the
Laplacian matrix L.
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We will not prove this theorem since it involves detailed linear alge-
bra. We pause to remark that Cayley’s theorem can be deduced easily
from this more general result as follows. The number of trees on a ver-
tex set vi,...,v, is the number spanning trees of the complete graph
K,,. The adjacency matrix of K, is J — I with notation of the previous
chapter. Thus, the Laplacian of the complete graph is

(n—1)I~(J—1I)

and any cofactor is the determinant of (n — 1)[,—1 — (Jp—1 — In—1)
where we have written the subscript to indicate the size of our matrix.
By Example 4.2.3 in Chapter 4, we see that this determinant is the
characteristic polynomial of the graph K,_; evaluated at A = n — 1
which is

A=(n—=2]A+1)"2=p"2
and thus, we recover Cayley’s formula.

Theorem 5.3.2 can be stated in more succinct terms. Recall that
the classical adjoint of a matrix A, denoted adj(A), is the transpose
of the matrix whose i, j-th entry is (—1)"*7 times the determinant of
the matrix obtained from A by deleting the i-th row and j-th column.
If J denotes (as before) the matrix all of whose entries are equal to 1,
then Theorem 5.3.2 is equivalent to the assertion that

adj(L) = 7(X)J.
For example, Cayley’s formula can be restated as
adj(nI — J) = n""2J.
It is not hard to see that
J =nJ,  JL=LJ=0.
These equations imply that (nl —J)(J+L) =nJ—J?+nL—JL =nL.
Thus,
adj(J + L)adj(nl — J) = adj((nl — J)(J + L)) = adj(nL).
Cayley’s formula implies adj(nl—J) = n"~2J. Also, adj(nL) = n" adj(L
because in the adjoint the entries are formed by taking (n—1) x (n—1)
determinants. We therefore deduce that
[adj(J + L)]J = nadj(L).
By Theorem 5.3.2,
adj(L) = 7(X)J
so we obtain
[adj(J + L)]J = n7(X)J.
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Multiplying both sides of the equation by (J + L) on the left gives
[det(J + L)]J = nr(X)(J + L)J.
Because (J + L)J = J?+ LJ = nJ, we therefore deduce the next result.

THEOREM 5.3.3. Let X be a simple graph whose Laplacian matriz
is L. The number of spanning trees in X is given by

7(X) = n"2det(J + L).

In the case X is a connected k-regular graph, we can derive a nicer
formula. Recall that the adjacency matrix of X has eigenvalue k. Since
X is connected, the multiplicity of this eigenvalue is 1. To see this, let
v = (z1,...,2,) be an eigenvector corresponding to the eigenvalue k.
The equation

Axv=kv

n
E ;T3 = kxl
7=1

Without any loss of generality suppose that x; > 0 and that z; =
maxi<;<n &;. If for some %, x; < z1, then

implies that

n
kr, = Zalj:cj < k1
j=1
which is a contradiction. Thus, all the z; are equal and so every eigen-
vector must be a multiple of (1,1,...,1). If X is not connected, the mul-
tiplicity of the eigenvalue is easily seen to be the number of connected
components. By Theorem 5.3.3, we must compute the determinant

det(J + kI — A)

which is just the characteristic polynomial of A — J evaluated at k. The
eigenvalues of A —J are easily determined. Let vy, ..., v, be a orthogonal
basis of eigenvectors of A, with v; a multiple of (1,1, ..., 1) corresponding
to the eigenvalue k. Then, for 2 <1 < n,

(A - J)Uz = )\ivi
as Jv; = 0. This is true because v; is orthogonal to the v;. Also,
(A—J)vy = (k—n)u

so this determines all the eigenvalues of A — J and their multiplicity.

The characteristic polynomial of A — J is
n

A= (k=n) A=)

1=2
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Putting this together with Theorem 5.3.3 gives

THEOREM 5.3.4. If X is a connected k-regular graph, then the num-
ber of spanning trees of X is given by

[Tia(k — )

)
n
where the product is over the eigenvalues unequal to k.

This theorem can, for instance, be used to compute the number of
spanning trees of the bipartite graph K, , (see Exercise 5.5.11).

5.4. Minimum Spanning Trees and Kruskal’s Algorithm

In many contexts in which graph theory is applied, we consider
weighted graphs. That is, we suppose we have a graph X together
with a “weight” function w : F(X)—R, that assigns to each edge a
positive weight. For example, our graph could be a network of cities,
and the weight function could be the cost of putting a communication
network between the two cities. We will be interested in finding a con-
nected subgraph so that its total “cost”, i.e., the sum of the weights of
the edges in the subgraph, is minimal. Clearly, if there is a cycle, we can
delete a ‘costly’ edge from the cycle and so, what we are searching is a
spanning tree whose ‘cost’ is minimal. We call such a tree a minimum
spanning tree. Of course, it need not be unique.

There is a fundamental algorithm, called Kruskal’s algorithm
which determines a minimum spanning tree of any connected graph
in a ‘greedy’ fashion. It can be described as follows. Choose an edge e;
of X with w(e;) minimal. Eliminate it from the list. Inductively choose
€2, ...,en—1 in the same manner subject to the constraint that the newly
chosen edge does not form a cycle with previously chosen edges. The re-
quired spanning tree is the subgraph with these edges. Before we prove
that this greedy algorithm actually works, we illustrate this with an
example.

Consider the following weighted adjacency matrix giving the cost
of building a road from one city to another. An infinite entry indicates
there is a mountain in the way and a road cannot be built. The question
is to determine the least cost of making all the cities reachable from each
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other. This amounts to finding a spanning tree with minimum “length”.

A B C D FE

A0 3 5 11 9
B3 0 3 9 8
Cl5 3 0 oo 10
D|11 9 oo 0 7
E\N9 8 10 7 0

The algorithm proceeds first by finding an edge of minimum weight,
AB say. It then deletes this edge. In the next step, the algorithm finds
the next smallest entry, BC say. The algorithm continues in this way
and whenever an edge is chosen which produces a cycle, the algorithm
does not select it. Thus, in the example below, AC is the next smallest
entry but we would not choose it for it produces a cycle with AB and
BC.

Thus the next entry to choose is DE followed by BE. Thus the
minimum spanning tree is given in Figure 5.2. The minimum ‘cost’ is
21.

D
A B c
[ °
E

FIGURE 5.2. A minimum spanning tree of weight 21

THEOREM 5.4.1. In a weighted connected graph X, Kruskal’s algo-
rithm constructs a minimum weight spanning tree.

ProoF. Kruskal’s algorithm produces a tree since it selects n — 1
edges which do not form cycles from a connected graph on n vertices.
Let T be the tree produced by the algorithm and let T* be a minimum
weight spanning tree. If T'= T™*, we are done. If not, let e be the first
edge chosen for T that is not in 7*. Adding e to T™* creates a cycle C
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since T™ is a spanning tree. Because T contains no cycles, we deduce
that the cycle C' must contain at least one edge €’ not in E(T). Now
consider the subgraph T* + e — ¢’ of X obtained from T* by adding the
edge e and removing the edge ¢/. The subgraph T* + e — €’ is actually
a spanning tree of X because it has n — 1 edges and contains no cycles.
Since T* contains €’ and all the edges of T chosen before e, it means that
both €’ and e are available when the algorithm chooses e and therefore,
w(e) < w(e'). Thus, T* + e — €’ is a spanning tree with weight at most
that of T* (actually with the same weight as T™ since 7™ is a minimum
weight spanning tree) that agrees with T for a longer initial list of edges
than T™ does. Repeating this process, we deduce that the tree created
by Kruksal’s algorithm has the same weight as 7™ which finishes the
proof. =

5.5. Exercises
EXERCISE 5.5.1. Prove that in any tree, every edge is a bridge.

EXERCISE 5.5.2. Let X be a connected graph on n vertices. Show
that X has exactly one cycle if and only if X has n edges. Prove that
a graph with n vertices and e edges contains at least e — n + 1 cycles.

EXERCISE 5.5.3. Let di,ds,...,d, be positive integers. Show that
there exists a tree on n vertices with vertex degrees dy,ds, ..., d, if and

only if
n
> di=2n-2.
i=1

EXERCISE 5.5.4. The number of trees with degree sequence dy,...,d,
withdi+---+d,=2n—21s

n—2 _ (n —2)!
di—1,....d,—1)  (di = D!...(d, — 1)
EXERCISE 5.5.5. Show that if X is a tree on n labeled vertices, then
each element of {X —e:e € E(X)} is a forest of two trees.

EXERCISE 5.5.6. Let T and T" be two distinct trees on the same set
of n vertices. Show that for each edge e € E(T) \ E(T"), there exists
¢ € E(T") \ E(T) such that T'\ {e} U {€e'} is a tree.

EXERCISE 5.5.7. Let T;, be the number of trees on n labeled vertices.
Prove that

2(n —1)T, = ni (TZL) Ty Tsi(n — ).

=1
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EXERCISE 5.5.8. Show that

§ (?) i =" =2 = 1)

i=1
EXERCISE 5.5.9. Let G(r, s; m) be the number of connected bipartite
graphs with partite sets of size r and s having m edges, and let F'(r, s;m)

be the number of such graphs not containing any vertices of degree 1.
Prove that

F(r,5m) =3 () (5.)<—1)”+-7'G(r—z',s—j;mwi—ﬁ(s—j)"(r—wﬂl
— \! J
17]
EXERCISE 5.5.10. Putting m = r + s — 1 in the previous exercise,
notice that G(r, s;r+s— 1) counts the number T'(r, s) (say) of spanning
trees in the bipartite graph K, ;. Deduce that

0= 37 () 0T —e = o=

and that T'(r,s) = rs~1s" 1.

EXERCISE 5.5.11. Show that the number of spanning trees of the
bipartite graph K, ,, is n?n=2,

EXERCISE 5.5.12. The Wiener index of a graph X is W(X) =
> uwev(x) 4(u, v), where d(u, v) denotes the distance from u to v. Show
that if X is a tree on n vertices, then

W(Kl,n~1) < W(X) < W(Pn)

EXERCISE 5.5.13. A communication link is desired between five uni-
versities in Canada: Queen’s, Toronto, Waterloo, McGill and UBC.
With obvious notation, the matrix below gives the cost (in thousands
of dollars) of building such a connection between any two of the univer-
sities.

Q T w M U

Q - 350 400 300 1200
T | 350 — 100 600 1300
W 400 100 - 700 1400

M1 300 600 700 — 1600
U \ 1200 1300 1400 1600 —

Use the greedy algorithm to determine the minimal cost so that all
universities are connected.
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EXERCISE 5.5.14. Every tree with maximum degree d has at least
d leaves. Construct a tree with n vertices and maximum degree d for
each n >d > 2.

EXERCISE 5.5.15. Let X be a graph on n > 3 vertices such that by
deleting any vertex of X, we obtain a tree. Find X.

EXERCISE 5.5.16. Show that every connected graph X contains at
least two vertices w with the property that X \ {u} is connected. What
are the trees on n vertices that contain exactly two vertices with this
property ?

EXERCISE 5.5.17. Show that the graph obtained from K,, by remov-

ing one edge has (n — 2)n"~3 spanning trees.

EXERCISE 5.5.18. Let G, be the graph obtained from the path P, by
adding one vertex adjacent to all the vertices of the path P,,. Determine
the number of spanning trees of G,,.

EXERCISE 5.5.19. If G is a graph on n vertices having maximum
degree k > 2 and diameter D, show that

2D +1,ifk =2
n
E[(_kz_l__);_‘ﬂ + 1, otherwise.

EXERCISE 5.5.20. The center of a graph X is the subgraph induced
by the vertices of minimum eccentricity. Show that the center of a tree
is a vertex or an edge.



CHAPTER 6

Mobius Inversion and Graph Colouring

6.1. Posets and Mobius Functions

August Ferdinand Mébius (1790-1868) introduced the function which
bears his name in 1831 and proved the well-known inversion formula.
He was an assistant to Carl Friedrich Gauss (1777-1855) and made im-
portant contributions in geometry and topology. The Mobius function
is very important tool not only in combinatorics, but also in algebra
and number theory.

A poset is a pair (P, <) with P a set and < a relation on P (that
is, a subset of P x P) satisfying

(1) z < z for all x € P (reflexive property);
(2) z <y and y < z implies z = y (antisymmetric property);
(3) z <y, y < z implies x < z (transitive property).

We call < a partial order on P. If x < y and x # y, we sometimes
write z < y. An interval [z, 2] consists of elements of y € P satisfying
z <y <z A poset P is called locally finite if every interval is finite.
We say y covers z if £ < y and the interval [z, y] consists of only two
elements, namely,  and y. The Hasse diagram of (P, <) is given by
representing elements of P as points in the Euclidean plane, joining x
and y by a line whenever y covers z and putting y “higher” than z on
the plane.

Here are some examples of posets.

(1) If S is a finite set and we consider the collection P(S) of all
subsets of S, partially ordered by set inclusion, is a locally finite
poset.

(2) If N is the set of natural numbers, we can definite a partial
order by divisibility. Thus, a < b if and only if a|b. It is easily
verified that this is a partial order.

(3) If S is a finite set we consider II(S), the collection of partitions
of S. Given two partitions « and 3 we say a < (3, if every
block of « is contained in a block of 3. We sometimes refer to
« as a refinement of 3.
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(4) If V(n,q) is the n-dimensional vector space over the finite field
of order ¢, we can consider the poset of its subspaces partially
ordered by inclusion.

(5) We can define a partial order on the elements of the symmetric
groups S, as follows. Let o € S,. A permutation 7 € S, is
said to be a reduction of ¢ if 7(k) = o(k) for all k except for
k = i,j where we have o(i) > o(j) with ¢ < j. We will write
n < o if we can obtain 1 by a sequence of reductions from
o. This is called the Bruhat order on the symmetric group
which makes S,, into a poset.

Given two posets (P, <;) and (P», <3), we can define their direct
product as (P, x P», <), with partial order

(z1,91) < (z2,y2) i z1 <y a2, and y1 <o yo.

If z and y are not comparable in P, we sometimes write £ y. Let
F be a field and denote by I(P) the set of intervals of P. The incidence
algebra I(P, F') is the F-algebra of functions

f:I(P)—F

where we define multiplication (or convolution) by

(fo)y) = > fl=,2)g(zy).

r<z<ly

Here we are writing f(z, z) for f([z,2]). Given a locally finite poset P,
its Mobius function u is a map

p:PxP—12Z

defined recursively as follows. We set u(z,y) = 0 if x € y. Otherwise,
we define it by the recursion

Z N('T’Z) = 6(z,y)

z<z<y

where 6(z,y) =1 if z = y and 0 otherwise. Observe that this equation
can be written in “matrix form” as follows.

Define the zeta function of P by ((z,y) = 1 if z < y and zero
otherwise. If for the moment, we assume P is finite, and we list our
elements in some sequence z1,...,2, say. The matrix Z whose (i, j)-
th entry is ((2;,2;) and the matrix M whose (i, 7)-th entry is p(z;, 2;)
satisfy M Z = I. This follows from the above recursion for p. Thus, M
is the inverse of the matrix Z. Since the inverse is both a left inverse as
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well as a right inverse, we deduce that ZM = I which means

> ulz,y) = 6(z,y).

z<z<y

THEOREM 6.1.1 (M&bius Inversion for Posets, Version 1). Let (P, <)
be a locally finite poset and suppose that f : P — R is given by

f@)=> g

Then
g(z) = uly. ) f(y),

y<z
and conversely.

ProoOF. We have that
douwa)d gz)=> g(z) > uly.z)=g()
y<z z<y z<z z2<y<z

as required. The converse is left as an exercise. m

THEOREM 6.1.2 (Md&bius Inversion for Posets, Version 2). Let (P, <)
be a locally finite poset and suppose that

f@)=>" gy

y>x
Then,

g(@) =Y wz,y)f(y),

y2>x
and conversely.

PROOF. As before,

oul@y)Y gz =Y 9(z) > wulzy) =g(x),

y2z 22y 22w z<y<z

as required. The converse is left as an exercise. »

6.2. Lattices

Given a poset (P, <), we say z is a lower bound of z and y if
z <z and z < y. Any maximal element of the set of lower bounds for
z and y is called a greatest lower bound. Such elements need not
be unique as simple examples can show. The notions of upper bound
and least upper bound are similarly defined. A lattice L is a pair
(L,<) such that (L,<) is a poset and the greatest lower bound and
least upper bound exist for any pair of elements z and y. We denote
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the greatest lower bound of z and y by = A y and least upper bound by
x V y. For example, in the poset of the reals with the usual ordering,
x Ay is min(z,y) and x V y is max(x,y). In the poset of the natural
numbers partially ordered by divisibility, Ay is ged(z, y), the greatest
common divisor of z and y and z V y is lem(z,y), the least common
multiple of  and y. In the poset of subsets of a set S partially ordered
by set inclusion, zx Ay isx Ny and x Vyis x Uy.

Two posets (P1,<;1) and (Py, <) are said to be isomorphic if there
is a one-to-one and onto map f : P, — P, such that z <y y if and only
if f(z) <> ().

Let S be a set of n elements and consider the poset P(S) of subsets
of S. Let I = {0,1} be the two element poset defined by 0 < 1. One
can show easily that P(S) and I"™ are isomorphic. For each subset A of
S we define f(A) to be the characteristic vector of A. It is then easily
verified that this is the required isomorphism.

This observation allows us to compute the Mébius function of P(S)
very easily. Indeed, it is not hard to verify that if (P, <;) and (P, <9)
are two locally finite posets, then the Mébius function of Py x P; is given
by ‘

(1, 22), (Y1,92)) = plz1, y1)u(x2, ya)-

Now, the Mo6bius function for [ is easily seen to be given by

p(z,y) = (17"

Thus, the Md&bius function for I™ is given by

p((Z1, -, Z0), (Y1, Yn)) = (_1)21'(1/1'—&')7

and using the isomorphism between P(S) and I™ given above, we deduce
that

#(A, B) = (~1)/B1-141
The Mobius inversion formula for sets now reads as:

THEOREM 6.2.1. If
F(A)= ) G(B),
ACB
then

G(A) =Y (-1)B-AF(B),

ACB

and conversely.
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We can specialize this to deduce the inclusion-exclusion principle.
Indeed, suppose we have a set A with subsets A; with ¢ € I. We would
like to derive a formula. for the size of

For each subset J of I, we let F/(J) be the number of elements of A
which belong to every A; for i € J. Let G(J) be those elements which
belong to every A; for i € J and to no other A; for i ¢ J. Clearly,

F(K)=>_ G(J).

JOK

By Mobius inversion, we obtain

G(K) = ) w(K,J)F(J).
JOK
What we seek is G(0). Because F(J) = | Nies A;|, we retrieve the
principle of inclusion and exclusion. Thus, the Moébius inversion formula
is a vast generalization of this important principle.

6.3. The Classical Mobius Function

Let us consider the lattice D(n) of divisors of a natural number n.
By the unique factorization theorem, we see that if

n :p?l o pgka
with p;’s being distinct primes, then
D(n) ~ D(pi") -+ D(p*)-

Thus, in order to determine the Mébius function of D(n), it suffices to
determine for D(p®) for primes p. We observe that u(p?,p’) is 1 if i = j,
is —1if i = j — 1 and 0 otherwise. By the product theorem, the Mébius
function for D(n) is easily computed: p(a,b) = 0 unless a|b in which
case it is the classical Mobius function p(b/a) defined as follows: u(n)
is zero unless n is square-free in which case it is (—1)F, where k is the
number of prime factors of n. The Mobius inversion formula for the
lattice of natural numbers partially ordered by divisibility is now seen
as an immediate consequence of the general inversion formula.

One immediate application of the Mé&bius inversion formula is to
count the number ¢(n) of natural numbers less than n which are coprime
to n. We see immediately that

o(n) = 3 u(dn/d.

din
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There are many applications of the inversion formula in counting prob-
lems. For instance, let us look at the following celebrated example. If
we have an infinite supply of beads of A colours, in how many ways can
we make a necklace of n beads? Clearly, any necklace can be thought
of as a sequence (ay,...,a,), where we identify any cyclic permutation
of the sequence as giving rise to the same necklace. We will say that a
necklace is primitive of length n if for no divisor d < n it is not ob-
tained by repeating n/d times a necklace of length d. We say a necklace
has period d if it is obtained by repeating % times a primitive neck-
lace of length d. With these notions, we can count first the number of
sequences to be A". On the other hand, each sequence corresponds to
some primitive necklace of period d which must necessarily divide n. If
we let M(d) be the number of primitive necklaces of length d, we have
d places from which to start the sequence and so we obtain

At =" dM(d).
din
By Moébius inversion, we get
1
M(n) =~ > u(d)ame,
din
Now the total number of necklaces is
> M(d).
din
This can be simplified further. We have

1 b AP p(a) b
>N SHa)A” = . > m > wa)/a.
de=n ab=d abe=n bln ae=n/b
The inner sum is easily seen to be ¢(n/b)/(n/b). Thus, the final formula
is
1
— b)A.
~>_é(n/b)

bin

6.4. The Lattice of Partitions

Let S be a finite set and II(.S) the collection of its partitions. We
make II(S) into a poset as follows. Recall that the components of a
partition are called blocks (or equivalence classes). We say o < 3 if
refines the a. That is, each block of « is a union of blocks of 3. For
example,

a = {1’2}{374’ 5} < {1}{2}{375}{4} =p.
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It is easy to verify that this poset is a lattice with minimal element 0
given by the partition consisting of one block containing all the elements
of §. The maximal element 1 is given by the partition consisting of
singleton sets. Thus, the “greater” the partition, the larger the number
of blocks.

We would like to determine the Mobius function of this lattice. To
this end, let us define b(«) to be the number of blocks of the partition
a. Let us fix a partition 8 with m blocks. If a < 3, then every block
of o is a union of blocks of 8 and it is then clear that if we view 3 as a
set of its blocks, then

0, 8] ~ TI(B),
which will be useful in the computation of the Moébius function.

Let x be an indeterminate. For each partition « define g(a) to be

the polynomial (z)y(,). Then,

D gla) =) (@) = Y Sim, k) (@), = 2™ = 2"
a<B a<B k=1
by a calculation from Chapter 2. By M6bius inversion,

m

9(8) = @)m =D nla, Bz =3 " s(m, k)a¥,
a<p k=1
by a calculation done (again) in the Chapter 2. Identifying the coeffi-
cients of z* of both sides of the identity above gives

S(mv k) = Z :U'(avﬂ)'
a<p.bla)=k
Taking k = 1 gives
s(m, 1) = u(0, B).

Thus, the value of the Mobius function p(0, 3) depends only the number
of blocks in 3, namely b(3). But recall that (—1)™"'s(m,1) is the
number of permutations of S, with exactly one cycle in their disjoint
cycle decomposition. The number of such permutations is (m — 1)!.
Thus, we have proved that:

THEOREM 6.4.1. For the lattice of partitions I1(S) of an n element
set, we have

p(0,1) = (=1)" " (n - 1)L

We will now count the number of connected labeled graphs on n
vertices. To this end, let us observe that any graph induces partition
on the vertices given by its connected components. For each partition
3 of the n vertices, let g(5) be the number of graphs whose partition
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of connected components is finer than 5. Let f(3) be the number of
graphs whose partition of connected components is equal to 5. Clearly,

93 = f(a).
a8

By Mobius inversion, we get

FB) =" u(B,a)g(a).

azf

What we want to determine is f(0). But this is
F(0)=>" p(0,0)g(cx).
If « ={By,..., By}, then clearly

g(a) = (-1 (o) — 1'% o ("),

«

6.5. Colouring Graphs

Graph colouring is one of the main topics in graph theory. We de-
scribe here some connections between this subject and Mobius inversion.
More details regarding graph colouring will appear in Chapter 10 and
Chapter 11.

Given a map M in the plane, let pps(A) be the number of ways of
colouring M properly using A colours. We say that a colouring is proper
if no two adjacent regions receive the same colouring. If (M) is the
number of regions of the map, then the number of arbitrary colourings
using A\ colours is clearly A"™). Given any such colouring, we may
“refine” it to get a proper colouring of a unique “submap” obtained
by deleting the common boundary between the regions with the same
colour. It is also clear that we may define a partial ordering on the set
of “submaps” of M in the obvious way. Thus, we obtain

AN(M) Z pa(N).
ACM
By applying Mdobius inversion on this poset of submaps, we obtain
pr(N) =Y p(A, M)NA,
ACM

This remarkable formula also shows that the number of ways of colour-
ing the map M using only A colours is given by a polynomial in A of
degree equal to the number of regions. This is not at all an obvious fact
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and yet by the theory of Mobius inversion, we were able to deduce it
immediately.

The same result can be derived for colouring graphs. If X is a graph
and px(A) is the number of properly colouring the vertices of X using
A colours, then we may derive a similar formula as follows. If X has
n(X) vertices, the number of arbitrary colourings of X using A colours
is A*X)_ Any such colouring can be refined to give a proper colouring
of a subgraph obtained by contracting any two adjacent vertices that
received the same colouring. The collection of subgraphs is a poset in
the obvious way and thus, by Mébius inversion we see that

px(N) = > u(A, X))\,
ACX
which is again a polynomial in A of degree equal to the number of vertices
of the graph.

The scheduling problem is really a colouring problem. Suppose
in a university we are to schedule exams so that no student has a time
conflict. We construct a graph whose vertices are the courses for which
we must schedule an exam. We join two vertices if the corresponding
courses have a common student. The colours correspond to time slots
and a proper colouring of the graph means that we assign time slots so
that no student has a conflict.

Recall that given a graph X and an edge e by X/e we mean the
contraction of X by e which means we create a new graph where the
two vertices of e are identified.

THEOREM 6.5.1. Let X be a simple graph and let px (\) be the num-
ber of ways of properly colouring X using A colours. Ife is an edge, then

Px(A) = px—e(A) — Px/e(N).

PROOF. Clearly, any proper colouring of X is also a proper colouring
of X —e. Thus, we look at all proper colourings of X — e and remove
from this number those which are not proper colourings of X. This
latter number corresponds to the situation where the two vertices of e
get the same colour in X —e. But this corresponds to a proper colouring

ofX/e. ]

Since X — e and X/e have at least one less edge than X, we see
immediately by induction that px(A) is a polynomial in A\. However, a
more precise theorem can be derived.

THEOREM 6.5.2. The polynomial px(\) has degree n = |V(X)| and
integer coefficients alternating in sign and beginning as

px(A) = A" = [E(X)A" 4o
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where |FE(X)| is the cardinality of the edge set.

PrROOF. We prove this by induction on the number of edges of X.
The claim holds trivially if |F(X)| = 0 for then px(\) = A". By induc-
tion, we may write

Px—e(N) = A" = (|B(X) = D" 4 apx"2 ..

and
“pxpeN) = AT BT

where ag,... and b;,... are non-negative integers by the induction hy-
pothesis. Adding these two equations gives

px(A) = A" — [B(X)IA" ' + (a2 + b)A" 2 + - ..
and the theorem is proved.

Based on this result, we call px(A) the chromatic polynomial of
X. This polynomial was introduced by George David Birkhoff (1884-
1944) in 1912 as an attempt to attack the four-colour conjecture (now
theorem). Showing that px(4) > 0 for any planar graph X is equivalent
to the four-colour theorem.

For the complete graph K,,, the chromatic polynomial is easily seen
to be

AA-1DA-2)---(A=(n—-1)).
When we expand this as a polynomial in A, we obtain

n

Z s(n, k)AF

k=0

and the numbers s(n,k) are the Stirling numbers of the first kind.
From our theorem, we see that the s(n,k) alternate in sign. Recall
that |s(n, k)| is the number of permutations of the symmetric group S,
with exactly k cycles in its unique factorization as a product of disjoint
cycles.

The chromatic number x(X) of the graph X is the smallest positive
integer m so that px(m) > 0. The chromatic number of the complete
graph K, is clearly n. For the cycle graph C,, the chromatic number
is 2 or 3 according as n is even or odd. The four colour theorem is
the assertion that the chromatic number of any graph obtained from a
planar map is 4.

One can get a trivial bound for the chromatic number which is easily
seen to be sharp in the cases of the complete graph and the odd cycles.
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THEOREM 6.5.3. Let A(X) denote the maximum degree of any ver-
tex in a simple graph X. Then

x(X) <1+ A(X).

PROOF. We use a greedy colouring by colouring the vertices in the
order 1,2,...,n assigning to ¢ the smallest-indexed colour not already
used by its neighbours j < .

Each vertex ¢ will have at most A neighbours j < ¢ so this colouring
will not use more than A + 1 colours. =

As our remarks indicate, this theorem is sharp. However, a famous
theorem of Brooks, proved in 1941, states that these are the only two
counterexamples and if we exclude them, we have a sharper bound.

THEOREM 6.5.4 (Brooks, 1941). If X is connected and not a com-
plete graph or an odd cycle, then

x(X) < A(X).

The proof of this theorem is rather complicated and we will skip it
here.

6.6. Colouring Trees and Cycles

Theorem 6.5.1 can be used to determine the chromatic polynomial
of trees. In fact, any tree T" has a leaf v (say). Let e be the unique edge
containing vertex v. We have that

pr(A) = P7—e(A) — Pr/e(A).

Since T — e has two connected components, namely an isolated vertex
and a tree with one less edge than T, we see that an inductive argument
easily shows:

THEOREM 6.6.1. Let T be a tree with n vertices. Then
pr(A) = A(A = 1)L,

PRrROOF. We apply induction on n and note that in the remark pre-
ceding the statement of the theorem, T'/e is a tree on n — 1 vertices.
Thus, induction gives

px(AN) =AM AA=1D)" 2} - AxA - 2= (A -1 L

COROLLARY 6.6.2. The chromatic number of a tree is 2.



6.6. COLOURING TREES AND CYCLES 63

Theorems 6.5.1 and 6.6.1 can be used to determine the chromatic
polynomial of the cycle C,, on n vertices. Deleting an edge from the
cycle gives a tree on n vertices and contracting an edge gives a cycle on
n — 1 vertices. Thus, by an inductive argument we deduce:

THEOREM 6.6.3. The chromatic polynomial of the cycle Cy, is
A=D"+(-1)"(A-1).

In particular, the chromatic number of C,, is 2 or 3 according as n 1s
even or odd.

PROOF. For n = 3, we verify the theorem directly:
AA=DA=2)=A=-1>=(\-1).

For the general case, by the remark preceding the theorem and the
induction hypothesis, we get

AA=D =AD"+ ()M - 1))
which is easily seen to be the stated expression. =

It is rather remarkable that the converse of Theorem 6.6.1 also holds.
That is, if X is a graph with chromatic polynomial px (A) = A(A—1)""1,
then X is a tree. To see this, first note that if X consists of connected
components X7, Xa,... then the chromatic polynomial of X is just the
product of the chromatic polynomials of the connected components.
Secondly, any chromatic polynomial has A = 0 as a root. This can be
seen in several ways. An immediate way to see it is to say that the num-
ber of ways of colouring a map using zero colours is zero. Another way
is to see it is via an inductive argument from the contraction deletion
Theorem 6.5.1. Thus, the order of the zero at A = 0 is at least equal to
the number of connected components. Since the zero is of order 1 in our
case, the graph is connected. In addition, the number of edges is n — 1
which can be seen from computing the coefficient of the second term.
Thus, X is connected and has exactly n — 1 edges and so by Theorem
5.1.2, X is a tree. This proves:

THEOREM 6.6.4. If X has chromatic polynomial A\(A — 1)1, then
X is a tree on n vertices.

There are other classes of graphs except trees that are not isomor-
phic but share the same chromatic polynomial. An easy way to con-
struct such graphs is by using the following theorem.
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THEOREM 6.6.5. Let X and Y be two graphs whose intersection is
a complete graph K,. Then

x(A) - py(N)
AA=1) ... —r+1)

We leave the proof of this theorem as an exercise.

pxuy(A) =

6.7. Sharper Bounds for the Chromatic Number

We will now connect eigenvalues of the adjacency matrix of a graph
with its chromatic number. As preparation to this end, we will review
the notion of Rayleigh-Ritz quotient or ratio from linear algebra.

Let A be a real symmetric matrix. If z = (z1,...,7,)! and y =
(y1,...,yn)t are two n by 1 column vectors, then the inner product
(z,y) is defined as z1y1 + - - - + ZpYpn. For any non-zero column vector v,
we call (Av,v)/(v,v) the Rayleigh-Ritz quotient of v and denote it by
R(A,v). Denote by Amax and Apin the largest and smallest eigenvalues
of A respectively. Then

_ (Av, v)

/\max—fgiai (v,v)

and (Av.)
v,V

o =Gy

To see this, observe that if U denotes the matrix whose columns form
an orthonormal basis of eigenvectors of A, then we may write

A=UDU",

where D is a diagonal matrix whose diagonal entries are the eigenvalues
of A. Thus,

(Av,v) = v' Av = v'UDU = Z/\A(Utv)ilz.

As each of the terms |(U?v);|? is non-negative,
Amin 3 [(U)if? < v Av < Amax Y [(U'0)s]?
i i
Since U is an orthogonal matrix, we have
Z [ Ut '2 Z |Uz‘2 vt

Thus, if v # 0,
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The inequalities are easily seen to be sharp by considering the eigen-
vectors corresponding to Apax and Ani, respectively, which proves our
assertion. This result is usually referred to as the Rayleigh-Ritz theorem
in the literature.

-If X is a graph, let us denote Apax(X) and Apin (X) to be the largest
and smallest eigenvalues of the adjacency matrix Ax of X. We also say
that X’ is a subgraph of X if V(X’) C V(X) and E(X') C E(X). We
begin by proving:

THEOREM 6.7.1. If X’ is a subgraph of X, then

Amax(-X,) < /\max(X); )\min(X/) Z /\min(X)~
If A(X) and §(X) denotes the mazimal and minimal degrees of X, then
5(X) < Amax(X) < A(X).

PROOF. The first part of the theorem is proved as follows. By rela-
beling the vertices, we may assume that the adjacency matrix A of X
has a leading principal submatrix Ag which is the adjacency matrix of
X'. Let zy be chosen so that Agzg = Amax(Ao)z0 and (zg,29) = 1. Let

z be the column vector with |V(X)| rows formed by adjoining zero to
entries of z5. Then,

/\max(AO) = R(Ao, 20) = R(A, Z) S /\ma.x(A)

Thus, Amax(A40) < Amax(A). The other inequality is proved in a similar
way. For the second part, let u be a column vector each of whose entries
is 1. Then, if n = |V(X)| and d; is the degree of vertex v;, we have

R(Au) = za” Zdi > 6(X

But the Rayleigh quotient R(A,u) is at most Amax(A) and so
Amax(X) > 6(X).
For the other inequality, let v be an eigenvector corresponding to the

eigenvalue \g = Amax(X). Let x; be the largest positive entry of v.
Then, .

)\()LEJ' )\()U Z xI; S A
where the * on the summation means we sum over the vertices adjacent
to v;. This proves the theorem. =

We will now relate the chromatic number to the largest eigenvalue
of the adjacency matrix of X. To this end, we say a graph is t-critical if
x(X) = t and for all proper vertex subgraphs U of X, we have x(U) < t.
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LEMMA 6.7.2. Suppose X has chromatic number t > 2. Then X has
a t-critical subgraph U such that every vertex of U has degree at least
t—1inU.

PRroOF. The set of all vertex subgraphs of X is non-empty and con-
tains some graphs (for instance, X itself) that have chromatic number ¢.
Let U be a vertex subgraph of X whose chromatic number is ¢t which is
minimal with respect to the number of vertices. Clearly, U is t-critical.
Moreover, if v € V(U), then the vertex subgraph whose vertex set is
V(U)\v is a vertex subgraph of U and has a vertex colouring with ¢ — 1
colours. If the valency of v in U were less than ¢t — 1, then, we could
have extended this vertex colouring to U contradicting x(U) =¢. =

The previous lemma has the following important consequences.
THEOREM 6.7.3 (Szekeres-Wilf 1968). If X is a graph, then
X)<1 Y).
X(X) = 1+ max(Y)
Proor. By Lemma 6.7.2, there is a vertex subgraph U of X whose
chromatic number is x(X) and 6(U) > x(X) — 1. Thus, we have
< < Y).
x(X)<1+6(U) <1 +)r;1ga§5( )

By a slight modification of the previous proof, we also get the fol-
lowing result.

THEOREM 6.7.4 (Wilf, 1967). For any graph X, we have
X(X) <1+ Aax(X).

PROOF. As before, there is a vertex subgraph U of X whose chro-
matic number is x(X) and 6(U) > x(X) — 1. Thus, by Theorem 6.7.1,
we have

X(X) £146(U) €14 Amax(U) < 1+ Amax(X),

as desired. =

6.8. Sudoku Puzzles and Chromatic Polynomials

The Sudoku puzzle has become a very popular puzzle that many
newspapers carry as a daily feature. The puzzle consists of a 9 x 9
square grid in which some of the entries of the grid have a number from
1 to 9. One is then required to complete the grid in such a way that
every row, every column, and every one of the nine 3 x 3 sub-grids
contain the digits from 1 to 9 exactly once. The sub-grids are shown
below.
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For anyone trying to solve a Sudoku puzzle, several questions arise nat-
urally. For a given puzzle, does a solution exist 7 If the solution exists,
is it unique ? If it is not unique, how many solutions are there 7 More-
over, is there a systematic way of determining all the solutions ? How
many puzzles are there with a unique solution 7 What is the minimum
number of entries that can be specified in a single puzzle to ensure a
unique solution 7 For instance, the next figure shows that the minimum
is at most 17. We leave it to the reader to show that the puzzle below
has a unique solution. It is unknown if a puzzle with 16 specified entries
exists that yields a unique solution.

1
4
2
) 4 7
8 3
1 9
3 4 2
) 1
8 6

We reinterpret the Sudoku puzzle as a vertex colouring problem in
graph theory. We associate a graph with the 9 x 9 Sudoku grid as
follows. The graph will have 81 vertices with each vertex corresponding
to a cell in a grid. Two distinct vertices will be adjacent if and only if
the corresponding cells in the grid are either in the same row, or same
column, or the same sub-grid. Each completed Sudoku square then
corresponds to a proper colouring of this graph. We put this problem in
a more general and formal context. Consider an n? x n? grid. To each
cell in a grid, we associate a vertex labeled (i, j) with 0 < i,5 < n? —1.
We will say that (4,5) and (¢/,5') are adjacent if i = ¢/ or j = j' or
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L] = L% | and L%J = L%J Recall that |z| is the largest integer less
than or equal to a. We will denote this graph by X, and call it the
Sudoku graph of rank n. An easy computation shows that X, is a
regular graph having degree 3n? — 2n — 1. In the case n = 3, X3 is
20-regular and in case n = 2, Xy is 7-regular.

A Sudoku square of rank n will be a proper coloring of this graph
using n? colours.

THEOREM 6.8.1. For every natural number n, the chromatic number
of the Sudoku square X, is n?.

PROOF. It is easy to see that we need at least n? colours because
the n? vertices of the same row or column create a complete subgraph
of order n2. For 0 < i < n?—1, write i = t;n+d;, where 0 < t; <n—1
and 0 < d; < n — 1. Colour the vertex corresponding to the cell (i, 7) of
the Sudoku square by the colour d;n +t; +nt; + d;, reduced modulo n?.
We leave it as an exercise for the reader to show that this is a proper
colouring of X,, with n? colours. =

A Sudoku puzzle corresponds to a partial colouring of X,, and the
question is whether this partial colouring can be completed to a total
proper colouring of the Sudoku graph X, with n? colours. Given a
partial proper colouring C of a graph G), one can show that the number
of ways of completing this colouring to obtain a proper colouring with
A colours, is a polynomial in A, provided that A is greater than or equal
to the number of colours used in C. We leave this as an exercise. ,

It is not obvious at the outset if a given puzzle has a solution. Also,
it is always clear whether or not a puzzle has a unique solution. An
obvious necessary condition to have a unique solution is that the partial
Sudoku square must contain at least 8 distinct numbers from {1,...,9}.
This is not sufficient as the square below has exactly two solutions. The
proof of this fact is left as an exercise.

9 6 7 4 3
4 2
7 2|3 1
5 1
4 2 8 6
3 5
3 7 )
7 )
4 5 1 7 8
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6.9. Exercises

EXERCISE 6.9.1. Show that the five examples from the first are ac-
tually posets.

EXERCISE 6.9.2. Draw the Hasse diagram for S3 with the Bruhat
order and determine completely the Mdbius function of this poset.

EXERCISE 6.9.3. If

n<x

prove that

Zu G(z/n).

n<x

EXERCISE 6.9.4. Show that

Zu z/n] =1

n<lx
where [z] denotes the greatest integer less than x.

EXERCISE 6.9.5. Let (P1,<;) and (P»,<2) be two locally finite
posets. Show that

p((z1,91), (z2,92)) = (@1, y1)u(z2, yo).

EXERCISE 6.9.6. Let (P, <) be a finite poset. For a € P, we will
denote by | a the set {x € P: z < a} and 1 a theset {z € P :a <
x}. We say that P is linearly ordered if any two elements of P are
comparable. Show that any partial ordering of P can be extended to a
linear ordering as follows. View the poset (P, <) as a subset R of P x P
satisfying the axioms: (1) (a,a) € R, (2) (a,b) € R and (b,a) € R
implies @ = b and (3) (a,b) € R, (b,c) € R implies (a,c) € R. A linear
order can be regarded as a subset R’ of P x P which has the additional
property that for any a,b € P either (a,b) € R’ or (b,a) € R'. Let now
a,b be incomparable in (P,<). Put R = RU(| ax 1 b). Verify that
R' is a partial order of P in which (a,b) € R'. Deduce that any partial
ordering of P can be extended to a linear ordering.

EXERCISE 6.9.7. Six different television stations are applying for
channel frequencies and no two stations can use the same frequency if
they are within 150 miles of each other. If the distances between the
stations A,B,C,D,E and F are given by the matrix below, find the
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minimal number of frequencies needed.

A B C D FE F

Af — 8 175 200 50 100
B| 8 — 125 175 100 160
C| 175 125 — 100 200 250
D] 200 175 100 - 210 220

E{ 50 100 200 210 — 100
F \ 100 160 250 220 100 —

EXERCISE 6.9.8. Prove that the sum of the coefficients of the chro-
matic polynomial of a graph X is zero unless X has no edges. Show
that the coefficients of px () alternate in sign.

EXERCISE 6.9.9. If Xj,...,X; are the components of X, then

t

px(N) =[] px.(V.

i=1

If px(A) is the chromatic polynomial of a graph X, show that we can
write it as A°f(\) where f(0) # 0 and c is the number of connected
components of X.

EXERCISE 6.9.10. The join of two graphs X and Y is defined as the

graph obtained by joining every vertex of X to every vertex of Y. We
denote this graph by X VY. Show that x(X VY) = x(X) + x(Y).

EXERCISE 6.9.11. The wheel graph is K; V C,. That is, the wheel
graph is the cycle graph together with a vertex at the ‘center’ which is
connected to all the vertices of C,. Determine the chromatic polynomial
of the wheel graph. Show also that

P, (A) = AA=1A=2)" + XA =1)"™

EXERCISE 6.9.12. Let px(\) be the chromatic polynomial of a con-
nected graph X of order n. Show that

Ipx(N)] < A =177
if n> 3.
EXERCISE 6.9.13. Compute the chromatic polynomial of the graph

in Figure 6.1.

EXERCISE 6.9.14. Prove Theorem 6.6.5.
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FIGURE 6.1

EXERCISE 6.9.15. Let X be a graph with n vertices, e edges and
maximum degree A. Show that

Anaz = INAxX <%, \/Z) .

n

When does equality occur 7

EXERCISE 6.9.16. Let G be a graph with n vertices and let C be a
partial proper colouring of ¢ vertices of G using k colours. If pg c(A)
denotes the number of ways of completing this colouring using A colours
to a proper colouring of G, then prove that pg c()) is a polynomial in
A with integer coefficients of degree n —t for A > k.

EXERCISE 6.9.17. Show that the chromatic number of a graph X

satisfies
14++8e+1
x(X) < 5

EXERCISE 6.9.18. Let G,, be the graph whose vertex set is [2n] =
{1,2,...,2n} and where (4,7) is an edge if and only if ¢ and j have a
common prime divisor. Show that the chromatic number of X, is at
least n.

EXERCISE 6.9.19. The Kneser graph K(n,k) is the graph whose
vertices are all the k-element subsets of [n]. Two k-subsets are adjacent
in K(n, k) if and only if they are disjoint. Show that the Petersen graph
(Figure 10.2) is isomorphic to K (5,2) and that x(K(n,k)) <n—2k+2.
The chromatic number of K (n, k) actually equals n — 2k + 2 as proved
by Laszl6é Lovasz in 1978, but this is a more difficult result.

EXERCISE 6.9.20. Let ¢(X) denote the number of components of the
graph X and for F' C E(X), denote by X[F] the spanning subgraph of
X with edge set F. Show that

px(N = 3 (—1)IFlyexie),
FCE(X)



CHAPTER 7

Enumeration under Group Action

7.1. The Orbit-Stabilizer Formula

Let G be a group and X a set. We say G acts on X if there is
a map G x X — X (usually denoted by (g,x) — g - x) satisfying the
following axioms for all z € X:
(1) 1-z = x, where 1 denotes the identity of G;
(2) (gh)-z=g-(h-z) forall g,h€qG.

Here are a few examples.

(1) If G is a group and H is a subgroup, let X be the set of left
cosets of H in G. Then G acts on X via g(aH) = (ga)H.

(2) If G is a group and we let X be G itself, then G acts on itself
via conjugation: ¢ -z = grg~!.

(3) Let p be prime and G = Z/pZ be the additive group of residue
classes [a] mod p. Let X be the set of all p-tuples (z1, z2, ..., zp)
where z; € {1,2,...,n}. Since G is cyclic, it suffices to define

how [1] acts on X. We put

1] (z1,22, ..., Tp) = (Tp, T1, oy Tp—1)-

In other words, [1] acts like a shift operator, shifting the co-
ordinates by one component.

(4) Let n be a natural number and G = Z/nZ. Let X be the set
of all n-tuples (z1, ..., z,) where z; € {1,2,..., A\}. We define

[1] : (.771,1172, “wxn) = (l'n,xl, ...,.’L‘n_l).

We can view the set X as all the possible “necklaces” formed
by using beads of A colours. This perspective will be useful in
later applications.

It will be convenient to simplify our notation slightly. Instead of
writing ¢ - , we will simply write gz, when it is clear that ¢ € G and
z € X. An action of G on X determines an equivalence relation on X
as follows. Namely, we will write z ~ y if there is an element g € G
such that gz = y. Thus, if gz = y then z = g~ !y and y ~ z. Since
1z = z, this means that x ~ z. Also, it is easy to check that x ~ y and
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y ~ z implies x ~ z. Therefore, ~ defines an equivalence relation on
X. Consequently, we can partition X into equivalence classes, which we
call orbits. More precisely, if we use the notation Gx to signify the set

{9z : g€ G}

then it is clear that the equivalence classes consist of sets of the form
Gz; for various x;’s.

If G and X are finite, it is natural to ask how many elements are
there in each orbit and how many equivalence classes there are. We
begin with the first question. We begin by listing the |G| elements

(7.1.1) gr: g€G

and ask how many times an element gets repeated. Indeed, gxr = hx if
and only if h~'gx = z, that is if and only if A~ 1g fixes z.

This leads to the notion of the stabilizer of z, denoted G, and
defined as the set of elements of G fixing x. It is easy to see that the
stabilizer of z is a subgroup of G for any € X. In the context above,
we see that gz = hz if and only if h~1g lies in G;. In other words,
gz = hx if and only if gG, = hG,. Thus, in the listing (7.1.1), each
element is repeated the same number of times, namely |G| times so that
the number of distinct elements is [G : G,]. As the set X is partitioned
into its orbits, we see that there are elements x;’s so that

X = nglez

For each subgroup H of G we define fix(H) to be the set of H-fixed
points of X. That is

fix Hy={zeX: hzx=z VheH}

If g € G, we simply write fix(g) for the set of elements fixed by the
subgroup generated by g. From the above relation, we separate those
x;’s for which Gz; consists of singleton sets. In other words, we obtain:

THEOREM 7.1.1 (Orbit-Stabilizer formula). If G is a finite group
acting on a finite set X, we have

X| = |fix(G)| + D [G: Gyl
Gq,#G

This formula is of central importance in mathematics and has nu-
merous applications. For instance, in the case a group G acts on itself
via conjugation, we get:



74 7. ENUMERATION UNDER GROUP ACTION

COROLLARY 7.1.2 (The class equation). Let G act on itself via con-
jugation. Let Z(G) = {g : gr = zg,Yz € G} denote its center and
C(z) ={g € G : gz = zg} be the centralizer of z in G. Then,

Gl =1Z2(G)|+ Y [G:C()].

z¢Z(G)

PROOF. We see immediately that z is a G-fixed point if and only
if £ € Z(G). Moreover, the stabilizer of any element z is C(z). The
formula is now immediate from the orbit-stabilizer formula applied to
this specific case. »

If we apply the orbit-stabilizer formula to Example 3 above, we see
that on one hand, we have n? elements in X and on the other, the set
of fixed elements is easily seen to be of size n. Now every summand in
the sum is p since Z/pZ has no non-trivial subgroups. We recover the
following result:

THEOREM 7.1.3 (Fermat’s little theorem). If p is a prime number,
then p divides n? —n for each integer n.

A less trivial application by considering the following situation. Let
G be a group of order n and consider

X ={(z1,...,zp): x1--x2p=1, z;€G}
The size of X is nP~! since we may choose each of z1, ..., Tp—1 in 1 ways,
then z, is uniquely determined by the equation
T xp =1
We let the additive group Z/pZ act on X by setting

[1] ’ (xh ooy 3317) = ($P7 L1y eeey ill'p—l).
Note that the set of fixed points consists of elements (z,z,...,x) with
zP = 1. If p is a prime divisor of n, the orbit-stabilizer formula imme-
diately gives that the number of fixed points is divisible by p. Since
fix(G) # 0 (why?), it follows that G has an element of order p. This is
usually referred to as Cauchy’s theorem. We record this as:

COROLLARY 7.1.4 (Cauchy, 1845). If G is a group of order n and p
is a prime dividing n, then G has an element of order p.

However, much more is true. Cauchy’s theorem was generalized by
Peter Ludwig Sylow (1832-1918) in 1872. Almost all work on finite
groups use Sylow’s theorems. The class equation enables us to deduce
the first Sylow theorem, namely:
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COROLLARY 7.1.5 (Sylow’s First Theorem). If G is a group of order

n and p* is a prime power dividing n, then G has a subgroup of order

P~

PROOF. We proceed by induction on |G|. If |G| = 2, the theorem
is true.

Let |G| = p"m, where r > k and m and p are coprime. If x € G and
p* divides |C(x)|, then we are done by induction.

Otherwise, because every summand in the sum occurring in the
class equation is divisible by p, we deduce that p divides the order of
the center Z(G). By Cauchy’s theorem, Z(G) has an element = of
order p. The subgroup generated by x in G is normal since z € Z(G).
The quotient G/(z) has order divisible by p*~! and by induction has a
subgroup H/(z) of order p*~!. By the correspondence theorem, H is a
subgroup of G of order p*, as desired. =

We remark that all of the Sylow theorems can be derived by consid-
ering appropriate group action. Recall the notion of a p-Sylow subgroup.
If p* is the largest power of a prime number p dividing the order of G,
and P is a subgroup of order p*, we call P a p-Sylow subgroup of G.
The normalizer of a subgroup H of Gis N(H) ={g:g9€ G,gHg ! =

COROLLARY 7.1.6 (Sylow’s Second Theorem). Let G be a finite
group of order n and P a p-Sylow subgroup of G. Let X be the set
of p-Sylow subgroups of G and let P act on X wvia conjugation. Then,
P is the only fired point under this action. Thus, the number of p-
Sylow subgroups is = 1( mod p) and all of the p-Sylow subgroups are
conjugates of P. Moreover, any p-subgroup of G is contained in some
conjugate of P.

PROOF. Suppose @ is another p-Sylow subgroup fixed by P. Then,
gQg~! = Q for all g € P. Take € P\Q. Then, z is in the normalizer
N(Q). But N(Q) contains @ and the coset xQ is not Q. As the quotient
N(Q)/Q has order coprime to p, the coset @ has order k coprime to
p. Thus, for some k, ¥ € Q with (k,p) = 1. But z has order equal
to some prime power p® (say). So we can find integers u,v so that
ku + pPv = 1. Hence, z = ghute’ ¢ @, contrary to hypothesis. As
the set X is partitioned into orbits under the action of P, we deduce
immediately that the number of elements of X is = 1 (mod p). Now let
Y be the set of conjugates of P. Let H be a p-subgroup of G. Then H
acts on Y. If H fixes an element @ of Y, then H is in the normalizer
of Q. If H is not contained in @, then the argument above gives us a
contradiction. Thus every p-subgroup H is contained in some conjugate
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of P. In particular, if H is another p-Sylow subgroup, this means that
it is conjugate to P. This completes the proof. m

A p-group is a group whose order is a power of p where p is a prime
number. We remark that any p-group G has subgroups of all orders
dividing |G|. Indeed, the class equation implies the non-triviality of
the center. By Cauchy’s theorem, we may take an element z in the
center of order p and consider the quotient G/(z). By induction, this
has subgroups of all orders dividing |G|/p which by the correspondence
theorem give subgroups of the required order in G. For an arbitrary
group G, and any prime power p' dividing |G|, we deduce that G has
subgroups of order pt. Moreover, one can show that the number of these
subgroups is = 1( mod p), but we leave this as an exercise.

Given a finite group G of order n, and a subgroup H of G, we
can partition G into the cosets of H from which we see Lagrange’s
theorem, namely that the order of any subgroup is a divisor of the
order of G. The converse is not true, as is seen by considering the
alternating group A4 on 4 letters. These are the even permutations of
S4 and one can list the elements:

(1),(12)(34),(13)(24),(14)(23),(123),(132),(124),(142)

(234),(243),(341),(314).

If A4 had a subgroup H of order 6, then this subgroup is necessarily
normal which means that the square of any element of A4 lies in H. In
particular, the square of any 3-cycle g is in H. But g = (¢?)? lies in
H so that all 3-cycles must lie in H, a contradiction since there are 8
3-cycles. The virtue of Sylow theory is that it shows that the converse
of Lagrange’s theorem holds for prime powers dividing the order of the

group.

7.2. Burnside’s Lemma

It is possible to derive a formula for the number of equivalence classes
under a group action. This is called Burnside’s lemma as William Burn-
side (1852-1927) wrote about it in 1900. The result was known before
Burnside mentioned it as it appears in the works of Augustin Louis
Cauchy (1789-1857) in 1845 and of Ferdinand Georg Frobenius (1849-
1917) in 1887.

We will apply the next result to the problem of counting necklaces
encountered in the previous chapter.
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THEOREM 7.2.1 (Burnside’s lemma). If G is a finite group acting
on a set X, the number of equivalence classes is

LS
geG’
In other words, the number of equivalence classes is the average number

of fixed points.

Proor. The equivalence class of an element x of X is the orbit of x.
Thus, if w(z) is 1/|Gz|, we see that the number of equivalence classes

is
Z w(z).
reX

On the other hand, this is

TSI o I

z€X geGy zEX g€G: gz=r
By interchanging the sum, we find this is
Z >, 1= €] Z [fix(g)]-
geG zeX:gx=x geG
This completes the proof. =

COROLLARY 7.2.2. The number of conjugacy classes in a group is

EpIEl

geG
PROOF. The number of fixed points of g € G is precisely |C(g)|. =

Let us apply this to the problem of counting necklaces. Each neck-
lace of length n formed out of beads of A colours can be viewed as a
sequence (a1, ..., a,) with a; € {1,2,...A}. Two necklaces are considered
the same if the two sequences representing them are the same after a
shift. In other words, Z/nZ acts on the sequences and the number of
necklaces is precisely the number of equivalence classes under this ac-
tion. Now, how many fixed points does an element r of Z/nZ have? A
sequence (aj, ..., a,) is fixed r if and only if

Ait+tr = Q4
for all ¢ and all 7. In other words,
Aty = Q4

for all ¢ and all u lying in the subgroup generated by r in Z/nZ. Since
Z/nZ is cyclic, any subgroup is also cyclic so the number of fixed points
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of 7 is A*/°(") where o(r) is the order of 7 mod n. Recall that in any
cyclic group of order n, the number of elements of order d|n is precisely
¢(d). Thus, the number of necklaces is

_71; Z \n/o(r) — % Z ¢(d)/\"/d = % Z qS(n/d))\d

d|n din

7.3. Pélya Theory

George Pdlya (1887-1985) was one of the most influential mathe-
maticians of the 20th century.
The action of a group GG on a set X can be viewed as a map

G — Sym(X)

where we send each element g € G to the permutation = — gx since
gr = gy implies x = y by the axioms of action. In this way, we may
view each element of G as a permutation and so we can consider its
cycle decomposition as a product of disjoint cycles. Suppose g has ¢;
cycles of length 1, ¢ cycles of length 2 ..., ¢, cycles of length n where
n = |X|. The cycle index of g is defined to be the monomial

€1,.C2 . .Cn
Ty Ty Xy,

which we symbolically denote by z9. The cycle index of G is defined
to be the polynomial

Pg(z) = @ ng

geG

The situation can be looked at in another way. If G acts on X and we
have amap f: X — Y, we may view Y as a set of colours. Then, the
action of G on X induces an action of G on Map(X;Y"), the set of maps
from X to Y as follows:

(9- f)@) = flg~ ).
It is important to check that this is indeed an action: we have for x € X,
[(gh) fl(x) = f((gh)~'z) = f(h~' g a).
On the other hand,
[g(hf))(x) = (hf) (g 'z) = f(h g z),

as desired. Burnside’s lemma immediately implies the following.
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THEOREM 7.3.1 (Pélya). Let X and Y be finite sets and G act on
X. The number of orbits of G on Map(X;Y) is

ﬁzcm)w,
k=1

where c,(G) is the number of elements of G with exactly k disjoint cycles
in their cycle decomposition.

REMARK 7.3.2. Notice that this number is simply Pg(|Y|,|Y],...).

ProOOF. To apply Burnside’s lemma, we must count the number of
fixed points of an element g on Map(X;Y). That is, we must count
the number of maps f : X — Y such that gf = f. This means that f
is constant on each orbit of g. The number of orbits is the number of
disjoint cycles in the cycle decomposition of g. We may assign values of
f arbitrarily on each orbit, so the final count is given as stated in the
theorem. m

If we let Y denote the set of A colours of beads, and X denotes
the set {1,2,...,n}, then a sequence (aq,...,a,) of length n can then
be viewed as a map f from X to Y. As the group Z/nZ acts on the
co-ordinates in the obvious way by shifting, this induces an action on
Map(X;Y). We see then that the maps that correspond to distinct
necklaces are equivalence classes of maps under this induced action.

We can retrieve our result about the necklace count from the pre-
vious section in the following way. First, we must determine the cycle
structure of a residue class r viewed as a permutation. Clearly, all orbits
have the same length and if o(r) denotes the order of 7, then each orbit
has size o(r) and the number of disjoint cycles is n/o(r). Hence, the
number of elements of Z/nZ with exactly k cycles is zero unless k|n, in
which case it is the number of elements of order n/k. The number of
such elements is ¢(n/k), as we saw before.

Now suppose we have the dihedral group D,, acting on the necklace
sequences. Thus, if we present D,, as

<raf it = 17f2 = lvfrf:T_l>‘
We could try to count the number of equivalence classes by using Burn-
side’s formula. To use Burnside’s formula, we have to count the number
of fixed points of each element of D,. It is better to use the cycle in-
dex polynomial to determine the number of equivalence classes. We
illustrate this as follows.

Firstly, let us have a geometric view of the dihedral group. It is
to be viewed as the group of symmetries of a regular n-gon. If we fix
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any vertex, and bisect the interior angle subtended at that vertex, we
can view the element f as the flip of the polygon about this axis. We
can view the elements fr’ as flips about the axis determined by the
other points. If n is odd, each of these elements fixes one vertex and
transposes pairs of vertices which are mirror images about that axis.
Thus, the cycle structure of fr? is that it is a product of one one-cycle
and (n—1)/2 transpositions. Thus, in the case of n odd, the cycle index
polynomial is easily seen to be

S od)e* + naga
n dm

Now we consider the case n even. As noted above, there are two axes of
symmetry. The elements fr/ with j odd correspond to flipping through
an axis through a vertex. In this case, it is seen that the opposite vertex
is also fixed. In this way, we see the cycle decomposition is a product of
(n — 2)/2 transpositions and 2 1-cycles. If j is even, there are no fixed
points and the cycle decomposition of fr’ is simply a product of n/2
transpositions. In this case, the cycle index polynomial is

n/d (n 2)/2 n/2
2n ;qﬁ + xl _2—9':2
n

Pélya’s theorem now tells us that the number of equivalence classes of
maps is Pg(\, A, ...) where ) is the number of elements of Y. This shows:

THEOREM 7.3.3. Under the action of the dihedral group, the number
of distinct necklaces of length n formed using beads of A colours is

Z ¢(n/d))\d + )\(n+1)/2
dln

if n is odd and

1
> p(n/d)A? + %A(WW + §A"/2
dln

if n is even.

We conclude this section with one application of Pélya theory to
chemistry. It seems that the historic origins of the theory are rooted in
problems arising in chemistry.

The methane molecule has chemical composition C Hy where C de-
notes a carbon atom and H is a hydrogen atom. This molecule has
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tetrahedral shape and the H, indicates that there are 4 atoms of hy-
drogen in the molecule positioned at the vertices of the tetrahedron,
with the carbon atom at the centroid. The problem is to determine
how many different molecules can be formed by replacing the hydrogen
atoms with one of bromine, chlorine or fluorine. This question can be
re-interpreted in the context of the colouring problems considered by
Pélya theory.

Indeed, the group of symmetries of the regular tetrahedron is Ay,
the alternating group on 4 letters. To see this, observe that we can
rotate the tetrahedron about the center of any face and each of these
correspond to 3-cycles, one for each face. This gives us a total of 8 3-
cycles in the group of symmetries. There is one more symmetry given by
a rotation by 180 degrees about the axis joining the center of opposite
sides. This is easily seen to be a product of two transpositions and there
are 3 such permutations. Together with the identity, we have the full
group of symmetries.

It is now straightforward to write down the cycle index polynomial
of the action of A4 on the vertices of the regular tetrahedron. From the
discussion above, we have

Py, (x1,29,23,24) = % ($411 + 813 + 3$%) .

The number of different molecules is then seen to be Py4,(3,3,3,3) =
15. If the group of symmetries are not taken into account, we have
3% = 81 ways of placing the atoms of bromine, chlorine or fluorine at
the vertices of the tetrahedron. However, many of them clearly give the
same molecule.

We make a few additional remarks concerning Pélya’s theorem. In
the special case that G = S,, acting on the set {1,2,...,n} in the usual
way, the cycle index polynomial Pg, (},...A) is

n

=S s, A

T k=0

where the s(n, k)’s denote the Stirling numbers of the first kind. This
represents the number of ways of colouring n indistinguishable objects
(or balls) using A colours. This is related to a problem treated earlier by
simpler methods. Indeed, this is the same as asking in how many ways
we may put n indistinguishable balls into A boxes. This is the same as
the number of solutions of

X1+To+ - +xT)H=n
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with the z;’s non-negative integers. In either interpretation, it is easily
seen that the number of ways is

n+A—1
A—1 '

Indeed, if we first consider a collection of n distinguishable balls and
we throw into this collection A — 1 indistinguishable “sticks”, then the
number ways we can arrange these objects is clearly

(n+A—-1)L

However, A — 1 of these objects are identical and can be permuted in
(A — 1)! ways and so we get our result. Now if we say the balls are also
indistinguishable, then we can permute these among themselves in n!
ways. In this way, we retrieve an earlier formula, namely,

()\—l-n—1)()\+n—2)~--)\:Zn:|s(n,k')\)\k.
k=0

If we change A to — A\, we get

n

Mn = }: s(n, k)AF,

k=0

Two further applications of the Pélya theory are amusing. The game
of tic-tac-toe involves a 3 x 3 grid in which the players place alternately
x or o until a row, column or diagonal of the same symbols are placed
and the game is over. It is interesting to consider how many possible
configurations can be seen at any given moment during a game. Or
even, one may ask how many possible outcomes are there. This in its
generality is too difficult to answer. We will consider a simpler problem.
Namely, in how many ways can we colour a 3 x 3 grid using three colours.
We can see that the cyclic group of order 4 operates by rotation on such
a grid. If we label the grid as

1(213
6154
71819

then a clockwise rotation r is represented by the permutation
(1397)(2486)(5)
whereas 72 is given by

(19)(28)(37)(64)(5).
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Note that r3 has the same cycle structure as r and so we easily see that
the cycle index polynomial is

1
P(zy,...,x9) = i (a:gl’ + 2z, 22 + x1x4) .

A simple calculation shows that the number of colourings with three
colours is 4995. Of course, some of these never can represent the final
outcome or the shape of the grid during the game. For such a compu-
tation, one needs a finer Pdlya theory with weights, which we do not
consider here.

Let us now consider the problem of colouring the faces of the cube
using A colours. To do this, we begin by considering the group of sym-
metries of the cube. These can be classified as follows.

(1) the identity element;

(2) rotation by 90 degrees about the axis joining the center of two
opposite faces;

(3) rotation by 180 degrees about the same axis;

(4) rotation by 180 degrees about the axis joining the midpoints
of two diagonally opposite edges;

(5) rotation by 120 degrees about the axis determined by the di-
agonal of the cube.

If we think of these symmetries as acting on the faces, and write down
the cycle structure, we obtain the following;:

(1) 1 element of type 15;
(2) 6 elements of type 124!;
(3) 3 elements of type 1222
(4) 6 elements of type 23;
(5) 8 elements of type 32.

Thus, we see the group of symmetries has order 24. One can easily see
that this group is isomorphic to S;. We can immediately write down
the cycle index polynomial for S4 acting on the faces of the cube from
the above analysis:

Pg,(x1,...,x6) 8 + 62iz4 + 32123 + 623 + 823) .

1
=5 (
By Pélya’s theorem, the number of ways of colouring the faces of the
cube using A colours is

1
24

In particular, there are 10 ways of colouring the faces of the cube using
2 colours.

(A% + 1203 + 30* 4 8)%) .
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7.4. Exercises

EXERCISE 7.4.1. Show that the examples from the first section are
actions of groups.

EXERCISE 7.4.2. Let G be a finite group acting on a finite set X.
For each g € G, define o4(x) = g - x for each € X. Show that oy is a
permutation of X.

EXERCISE 7.4.3. Show that the map
g 0g

is a group homomorphism from G into Sym(X) which is the group of
permutations of the set X.

EXERCISE 7.4.4. Let G be a group acting on a set X and H a group
acting on a set Y. Assume that X and Y are disjoint and let U = X UY'.
For g € G,h € H, define

(g,h) - z:=g-zifreX

and
(9,h) -y:=h-yify €Y.
Show that this defines an action of G x H on U.

EXERCISE 7.4.5. Determine the number of ways in which four cor-
ners of a square can be coloured using two colours. It is permissible to
use single colour on all four corners.

EXERCISE 7.4.6. In how many ways can you colour the four corners
of a square using three colours ?

EXERCISE 7.4.7. If X = [3], define an action of S3 on X by 0-¢ =
o(i) for © € X and o € S3. Calculate the cycle index polynomial

PSg (Ila x2, :U3)'

EXERCISE 7.4.8. In how many ways can you colour the vertices of
an equilateral triangle so that at least two colours are used 7

EXERCISE 7.4.9. What is the number of graphs on 4 vertices 7 What
is the number of nonisomorphic graphs on 4 vertices 7

EXERCISE 7.4.10. Let G and H be finite groups acting on finite sets
X and Y. Assume that X and Y are disjoint. By Exercise 7.4.3, we can
define an action of G x H on X UY. If P; and Py indicate the cycle
index polynomials of G acting on X and H acting on Y respectively,
show that the cycle index polynomial of G x H acting on XUY is PgPy.
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EXERCISE 7.4.11. How many striped flags are there having six stripes
(of equal width) each of which can be coloured red, white or blue ?

EXERCISE 7.4.12. What if we change the number of stripes to n and
the number of colours to g 7

EXERCISE 7.4.13. Let S,, acting on the set X = [n] in the usual way
(as in Exercise 7.4.1). Let Ps, be the cycle index polynomial. Prove
that Pg,_ is the coefficient of 2™ in the power series expansion of

exp(zzy + 2%29/2 + 2223/3 4+ ...).

EXERCISE 7.4.14. We say that ¢ € S, has cycle type (c1,...,¢pn)
if o has precisely ¢; cycles of length i in its unique decomposition as
a product of disjoint cycles. Show that the number of permutations of
type (Chc?a v 7C’n) is

n!

1¢1¢q12¢2¢y! .. . nlncy,!
EXERCISE 7.4.15. Let P, denote the path on n vertices. What is
the automorphism group Aut(P,) of P, ?

EXERCISE 7.4.16. What is the cycle index polynomial of Aut(P,)
acting on the vertex set of P, 7

EXERCISE 7.4.17. In how many ways can we colour the vertices of
P, using A colours, up to the symmetry of Aut(P,) ?

EXERCISE 7.4.18. Consider the graph X on 5 vertices obtained from
the complete graph K5 by deleting two edges incident to the same ver-
tex. What is the automorphism group Aut(X) of X ?

EXERCISE 7.4.19. Let X be the graph from Exercise 7.4.18. What
is the cycle index polynomial of Aut(X) acting on the vertex set of X 7

EXERCISE 7.4.20. In how many ways can we colour the vertices of
X using A colours, up to the symmetry of Aut(X) ?



CHAPTER 8

Matching Theory

8.1. The Marriage Theorem

A matching of a graph X is a collection of edges of X which are
pairwise disjoint. The vertices incident to the edges of a matching M are
saturated by M. A perfect matching is a matching that saturates
all the vertices of X.

Given a bipartite graph X with bipartite sets A and B, we would
like to know when there is a matching such that each element of A is
matched to an element of B uniquely, i.e., a matching that saturates A.
Thus, a matching is a one-to-one map f : A—B such that (a, f(a)) is
an edge of the bipartite graph X.

This question arises in many “real life” contexts: A could be a set
of jobs a company would like to fill and B could be a set of candidates
applying for the jobs. We would join a € A to b € B if b is qualified
to do job a. Then the matching question is whether all the jobs can be
filled. In another example, A could be a set of patients and B could be
a set of drugs. Some patients being allergic to certain drugs, one would
like to match each patient to a drug the patient is not allergic to such
that each drug is taken by at most one subject.

This question was formulated in “matrimonial terms” and solved by
Philip Hall (1904-1982) in 1935. His theorem goes under the appellation
of the ‘marriage theorem’. Suppose we have a set of n girls and n
boys. We would like to match each girl to a boy she likes. Under what
conditions can we match all the girls? We can encode this information
as a bipartite graph X, with A being the set of girls, B the set of boys.
We join vertex a € A to b € B if a likes b. Clearly, for a matching to
be possible, each girl must like at least one boy. If we have a situation
where two girls like only one boy, then we have a problem and the
matching question cannot be solved.

More generally, a necessary condition is that for any subset S of A,
if we let N(S) be the set of boys liked by some girl in S, then we need
|IN(S)| > |S|. Hall’s theorem is that this obvious necessary condition
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is also sufficient. This is one of the simplest, yet powerful, theorems in
mathematics with far-reaching applications.

THEOREM 8.1.1 (Marriage Theorem). Let X be a bipartite graph
with partite sets A and B. There exists a matching that saturates A if
and only if for every subset S of A, we have

IN(S)| = |S]
where N(S) is the set of neighbours of S.

PRrROOF. The proof is by induction on the number of vertices in A.
The base case |A] = 1 is trivial since a matching that saturates A
consists of one edge in this case. Assume now that |A] > 2.

First suppose that

IN(S) = 18] +1

for every proper subset S of A, i.e., a subset S C A with S # 0 and
S # A. By deleting one edge ab of X with a € A,b € B (together
with the incident vertices a and b) we obtain a bipartite graph Y with
parts A’ = A\ {a} and B’ = B\ {b}. In this graph, our partite set
A" = A\ {a} has fewer elements than A. Every subset S of A’ satisfies
Hall’s condition |N(S)| > |S| and by induction there is a matching that
saturates A" in Y. Together with the deleted edge xy, we obtain a
matching in X that saturates A. This finishes the proof of this case.

If the condition

IN(S)| > S|+ 1
is not satisfied for all proper subsets of A, then for some proper subset
So of A, we have

[N (So)| = [Sol-
The subgraph X; with partite sets Sy and N(Sp) satisfies Hall’s con-
dition and so by induction, we have a matching M; that saturates Sy

in X;. The subgraph X, with partite sets A\ Sy and B\ N(Sp) also
satisfies Hall’s condition for if some subset C' C A\ Sy is such that

[Nx, (C)] < |C,
(where the notation Nx,(C) refers to the neighbours of C in X3) then
[Nx (So U C)| < [Nx(So)l + [Nx,(C)| < |So| +|C|

contrary to Hall’s condition. It follows that there is a matching M, that
saturates A \ Sp in X3. We deduce that M; U My is a matching of X
that saturates A. This completes the proof. =
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8.2. Systems of Distinct Representatives

Suppose S is a finite set and Aj,..., A, are subsets. When is it
possible to choose n distinct elements aq,...,a, with a; € A;? The
marriage theorem answers this question.

THEOREM 8.2.1. A system of distinct representatives aq, ..., a, with
a; € A; can be chosen from a collection Ay, ..., A, of subsets of a set S
iof and only if
|Uier Ai| > |1
for every subset I of {1,...,n}.

PRrOOF. Consider the bipartite graph X with partite sets A and B.
The vertices of A correspond to the subsets A; (1 < i < n) and the
vertices of B are the elements of S. We join A; in A to a vertex a; € B
if and only if a; € A;. Choosing a set of distinct representatives is
equivalent to finding a matching in X and the condition of the theorem
is precisely Hall’s condition. =

COROLLARY 8.2.2. In a bipartite graph X with partite sets A and
B there is a matching of A if for some k, we have deg (a) > k for all
a € A and deg (b) < k for allb € B.

PROOF. We verify Hall’s condition. For any subset S of A, at least
k|S| edges emanate from S. Since deg (b) < k for all b € B, these edges
must be incident with at least

1

— k =

= (kIS)) =18
vertices of B. =

EXAMPLE 8.2.3. At a party, if every boy knows at least k girls and
every girl knows at most k boys, then it is possible to match every boy
with a girl he knows.

EXAMPLE 8.2.4. A Latin square is an n X n array on n symbols
such that every symbol appears in each row and each column exactly
once. For instance, the multiplication table for a finite group of order
n would be an example of a Latin square. A r x n Latin rectangle
is a 7 X n matrix on n symbols such that every symbol appears once in
each row and at most once in each column. The first r rows of a Latin
square form a r x n Latin rectangle.

A classical question is to determine if given a r x n Latin rectangle
that uses the symbols {1,2,...,n}, it is possible to complete it to give
a Latin square. The marriage theorem allows us to deduce that we
can always do this. We construct a bipartite graph as follows. Let A;
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be the set of elements of [n] not used in the i-th column. Choosing a
system of distinct representatives for the A;’s would allow us to add one
more row that can be inductively completed to produce a Latin square.
This can be done if Hall’s condition is satisfied. However, the bipartite
graph with partite sets A consisting of the A;’s and B consisting of the
elements of [n] and we join A; to b € B if and only if b € A; has the
property that deg (A;) = n—r for all ¢. Clearly, deg (b) = n—r because
each entry has been used exactly once for each row. By Corollary 8.2.2,
we are done.

A pair of Latin squares (a;;) and (b;;) are called orthogonal if the
n? pairs (aij,bi;) are all distinct. For example, the two Latin squares

on two elements
1 2 2 1
2 1 1 2

are not orthogonal since the pair matrix

(&) &)

is not a matrix of distinct entries.

In the 1780’s, Euler showed how to construct n x n orthogonal
Latin squares when n is odd or divisible by 4. He also conjectured that
one cannot construct a pair of orthogonal Latin squares for all n = 2
(mod 4). The case n = 6 is also known as the thirty-six officers
problem. It asks if it is possible to arrange 6 regiments of 6 officers
each of different ranks in 6 x 6 square so that no rank or regiment will
be repeated in a row or column. In 1900, Gaston Tarry (1843-1913)
proved that this problem has no solution by checking all the possible
arrangements of symbols.

In 1960, Raj Chandra Bose (1901-1987), Sharadchandra Shankar
Shrikhande and Ernest Tilden Parker (1926-1991) showed that Euler’s
conjecture is false for n > 6. This means that n x n orthogonal Latin
squares exist for all n > 3 except n = 6.

8.3. Systems of Common Representatives

Suppose we are given two collections of subsets Ay, ..., A, and By, .., B,
of aset S. A set of elements ay, ..., a, is said to be a system of common
representatives if {a1, ..., a, } is a system of distinct representatives for
both Ay, ..., A, and By, ..., B,. We consider the problem of when we can
find a system of common representatives. In case one of the collections
is a partition of S (or even a disjoint collection) this is an immediate
consequence of the marriage theorem.
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THEOREM 8.3.1. A system of common representatives exists if and
only if the union of any k of the sets A; is not contained in the union
of any k — 1 of the sets B;.

PROOF. We construct a bipartite graph X in which the partite set A
corresponds to the sets A; and the set B correspond to the sets B;. We
join A; to B; if A;,NB; # 0. Clearly the existence of a complete matching
is equivalent to the existence of a system of common representatives.
The condition of the theorem is precisely Hall’s condition. =

THEOREM 8.3.2. Let G be a finite group, H and K subgroups of the
same order. Then we can find elements 1, ...,z in G such that

G=Hx1UHxU---UHz, =2: KUz KU-- 2. K.

PROOF. We apply Theorem 8.3.1 with the A;’s being the right cosets
of H and the B;’s being the left cosets of K. Since these cosets are
disjoint, the condition of Theorem 8.3.1 is clearly satisfied simply by a
cardinality count. Thus, it is possible to choose a system of common
representatives and this is precisely the statement of the Theorem. =

COROLLARY 8.3.3. If G is a finite group and H a subgroup, then it
is possible to choose x1,...,x, so that x1H,...x. H is a complete set of
left cosets of H and Hxq, ..., Hx, is a complete set of right cosets of H.

8.4. Doubly Stochastic Matrices

We now prove a famous theorem in the theory of doubly stochastic
matrices using the marriage theorem. This result is the Birkhoff-von
Neumann theorem that states that every doubly stochastic matrix is
a convex combination of permutation matrices. Recall that a matrix
A = (a4) is called doubly stochastic if every row sums to 1 and every
column sums to 1. Such matrices arise naturally in probability theory.
A permutation matrix is a doubly stochastic matrix in which a;; is
0 or 1. Thus, every row and every column of a permutation matrix
contains a single 1 and the rest of the entries are zero. The set of n x n
permutation matrices forms a group isomorphic to the symmetric group
on permutations on n letters.

THEOREM 8.4.1 (Birkhoff 1946, von Neumann 1953). Every doubly
stochastic matriz can be written as a linear combination of permutation
matrices.

PROOF. Let M = (a;j) be a doubly stochastic matrix. We define a
bipartite graph X with partite sets A and B. The vertices of A will be
the rows R; of A and the vertices of B will be the columns C; of A. We
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join a row R; to a column Cj if a;; # 0. We claim that this bipartite
graph satisfies Hall’s condition. Indeed, suppose that |N(S)| < |S] for
some subset S of A. Let |S| = s. The previous inequality implies
that there are s rows R; with fewer than s neighbours. If we list our
rows horizontally, the neighbours are precisely the columns in which
the rows have non-zero entries. Adding up all the entries of each row
gives a total of s. Doing the same column-wise gives us a sum of < s,
which is a contradiction. Thus, Hall’s condition is satisfied and there is
a matching. The existence of a matching means we may select n non-
zero entries of M in such a way that each row and each column contains
exactly one of them. Of all these non-zero entries, let ¢; be one of least
value. Thus, we can write

M=cuP,+R

where Py is a permutation matrix. Moreover, (1 — ¢;)"!R is again a
doubly stochastic matrix but with one less non-zero entry. Thus, the
proof is completed by inducting on the number of non-zero entries. =

8.5. Weighted Bipartite Matching

We now consider a weighted bipartite graph K, , with non-negative
weights w;; corresponding to the edge (7,7). Our goal is to find a max-
imal transversal, that is, a matching so that the sum of the weights
of the edges in the matching is maximal among all matchings. For the
sake of simplicity, we assume that the weights are non-negative integers
(which is usually not a restriction in practice). Let W = (w;;) be the
weight matrix.

The algorithm to find a maximal matching that we now describe is
called the Hungarian algorithm. It was first discovered by Harold
Kuhn in 1955 and later revised by James Munkres in 1957. The al-
gorithm is based on the work of two Hungarian mathematicians Denes
Konig (1884-1944) and Jend Egervéary (1891-1958) and Kuhn named it
the Hungarian algorithm in their honour.

The goal of finding a maximal matching is facilitated by supple-
mentary “weights”. We say a collection of numbers u = (uq, ..., u,) and
v = (vy,...,vp,) is a weighted cover for W if

wijgui—kvj V1 <i,j <n.

The cost of a cover is defined as

c(u,v) = Zul + Zvj.



92 8. MATCHING THEORY

LEMMA 8.5.1. For any matching M and any weighted cover, we have
c(u,v) > w(M)

where w(M) is defined as the sum of the weights of the edges in M.
Moreover, c(u,v) = w(M) if and only if M is a matching with mazimal
weight.

PRrROOF. The first part of the lemma is clear simply by summing
over all the edges of the matching the inequality

wi; < u; + vj.
Thus, there is no matching with weight greater than c(u,v) for any

cover and the maximal weight is at most the minimal cost of a cover. If
c(u,v) = w(M), then we must have the equality

Wij = Uy +Uj

for all edges of the matching and this must be a matching of maximal
weight. m

This lemma is the basis of the Hungarian algorithm. As we men-
tioned before, we suppose w;; are non-negative integers and this is not
any stringent restriction. We begin by choosing an arbitrary cover,
which can easily be done simply by choosing u; to be the largest weight
in the ¢-th row and v; to be zero. Clearly,

wij < U + vy
is satisfied with this choice. Next, we form a bipartite graph X, , =
(A, B) where the vertices of A are the rows of the matrix W and the
vertices of B are the columns. We join row ¢ to column j if and only if
w;j = u; + vj. If we have a perfect matching in this graph, we are done
by the lemma. Otherwise, Hall’s condition is not satisfied and so there
is a set of m rows “adjacent” to fewer than m columns. If for each of
these rows, we decrease u; by 1 and increase v; by 1, and thus get a new
sequence uf, ...,u,, and v}, ..., v}, the inequality

wij < uf + vj
is satisfied. To see this, note that if ¢, j are not related this is clear since
we have the strict inequality w;; < u; +v;. If ¢,j are related then the
sum u; +v; has not changed. We have thus obtained a new cover whose
cost is smaller than the earlier one simply because Hall’s condition is
violated. The claim is that this converges to the minimal cost and thus
the maximal weight transversal. This is clear since we must arrive at
a matching for otherwise, we can lower the cost of the cover and this
cannot go on endlessly.
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To see how to work this algorithm in practice, it is best to use
matrices. We illustrate this to determine a maximal transversal in the

matrix

W N O

4

> w o

6

SR WO

5

W Ut N

8

S 00O W

We will write the cost covers above the columns and along the rows.
The initial cost cover is obtained by simply taking the largest weight in
each row. We write the matrix whose entries are u; +v; — w;; alongside:

0

[0 o @r N0 ol N N e)]
WO NN

e

0

DN N Ot - Ot

0

W O = = O

0

W W O =

0

NN O =W

This gives rise to the “equality subgraph” :

FIGURE 8.1

Rows

Columns

We can decrease u;’s by 1 and increase vs, v4,v5 by 1 and re-write
the matrix whose entries are u; + v; — w;; given by this new cover:

~N Ot O Ot

0

W DN Ut = =

0

k= S O

WO O -

O W WOk =

1

NN O =W

and we draw the equality subgraph again getting the same graph as
before. Thus, we can reduce all the u;’s by 1 and increase the vz, v4, vs
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by 1. Repeating the process once more gives:

0 3 0x 4 3
O« 5 4 0 1
4 3 4 3 O«
1 0x 0 3 2
2 0 3 0x 2

where we have indicated a transversal by an asterisk. Since we have
found a transversal, we can determine the cost as the sum of the u;’s
and v;’s which we see to be 31.

If we were interested in a minimal transversal, all we need to do is
to take the maximum M of all the entries and replace our weights wj;
by M — w;; and repeat the above algorithm.

8.6. Matchings in General Graphs

In a bipartite graph X with bipartite sets A and B, the marriage
theorem gives a necessary and sufficient condition for the existence of a
matching that saturates A. For general graphs, the following theorem
gives a necessary and sufficient condition for the existence of a perfect
matching. It was proved by William Tutte (1917-2002) in 1947. Tutte
was one of the leading mathematicians in graph theory and combina-
torics. In 1935, he began his studies at Cambridge in chemistry, but
soon after he became interested in mathematics. During World War
II, he worked at Bletchley Park as a code breaker and he was able to
deduce the structure of a German encryption machine using only some
intercepted encrypted messages.

An odd component of a graph H is a component of H with an odd
number of vertices. Let odd(H) denote the number of odd components
of H.

THEOREM 8.6.1 (Tutte 1947). A graph X contains a perfect match-
ing if and only if

(8.6.1) odd(X \ S) < |5|
for each S C V(X).

PRrROOF. If X has a perfect matching and S is a subset of vertices of
X, then each odd component of X \ S has a vertex adjacent to a vertex
in S. This means odd(X \ S) < |S|.

The proof of sufficiency is more complicated. We start it here and
invite the reader to complete it.

Assume that condition (8.6.1) is satisfied for all S C V(X). Note
that by adding edges to X, condition (8.6.1) is preserved (Prove this).
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The theorem is true unless there exists a graph X that has no perfect
matchings and adding any missing edges would create a graph with a
perfect matching.

Let X be such a graph. We will obtain a contradiction by showing
that X actually contains a perfect matching.

Let C denote the set of vertices whose degree is |V(X)| — 1. If
X\ C is formed by disjoint complete graphs, then one can find a perfect
matching easily. The case when X \ C is not a union of disjoint cliques
is left as an exercise. m

Tutte’s theorem was later extended by Claude Berge (1926-2002) in
1958. Berge was one of the leading mathematicians in graph theory and
combinatorics in the last century. His result gives a formula for v(X)
which is the size of a largest matching of a general graph. By size we
mean the number of edges in the matching.

THEOREM 8.6.2 (Berge 1958). For a graph X,

V(X) = % (n — s (odd(X \ 5) - \5|)) .

8.7. Connectivity

Recall that a graph X is called connected if any two of its vertices are
connected by a path. A graph is disconnected if it is not connected.
A component of X is a maximal connected subgraph of X. This no-
tions can be extended as follows. The vertex-connectivity «(X) of
X equals the minimum size of a subset of vertices of X whose deletion
disconnects X. The edge-connectivity «’'(X) of X equals the mini-
mum size of a subset of edges of X whose deletion disconnects X. Thus,
a graph is connected if and only if its (vertex- or edge-)connectivity is
non-zero. By convention, k(K,) = k'(K,) = n — 1. In general, the
following inequalities hold in any connected graph.

LEMMA 8.7.1. If X is a connected graph, then
1 < k(X) < K'(X) <(X)
where 6(X) denotes the minimum degree of X.

PRroOF. If X is connected, then obviously x(X) > 1. Also, if z is
a vertex of X whose degree equals 4(X), then deleting the 6(X) edges
incident to x disconnects the graph X. Thus, «/'(X) < §(X).

If X = K, or if ¥'(X) = 1, then the inequality x(X) < #/(X) holds
as well. Assume that X is not a complete graph and x(X) > 2. Let
Z1Y1,-- -, TkYk be a set of k = k’(X) edges whose removal disconnects
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X. If removing {z1,...,x} disconnects X, then k(X) < k = x/(X)
and we are done. Otherwise, it means that the degree of each z; is at
most k£ which implies that £(X) < k. =

FIGURE 8.2. A 4-regular graph with xk =1 and &' = 2

A graph X is called k-connected if k(X) > k. This means that the
deletion of any k — 1 vertices of X will not disconnect X. Similarly, X
is called k-edge-connected if x’(X) > k. Thus, a graph is 1-connected
if and only if it is connected. The following result provides a necessary
and sufficient condition 2-connectivity. We leave its proof as an exercise.

THEOREM 8.7.2. A graph X is 2-connected if and only if any two
vertices of X lie on a common cycle.

The fundamental result involving graph connectivity was proved by
Karl Menger (1902-1985) in 1927. Menger’s theorem is an example of
a min-max theorem. Given a graph X and two vertices x # y of X,
let k(z,y) denote thé minimum number of vertices of X whose removal
separates x from y. Also, two paths from z to y are called independent
if they have only z and y in common.

THEOREM 8.7.3. (a) Let x and y be two distinct nonadjacent vertices
of a graph X. Then k(zx,y) equals the minimum number of independent
paths from x to y.

(b) Let x and y be two vertices of X. Then the minimal number of
edges whose removal separates x from y equals the minimum number of
edge-disjoint paths from z to y.

PROOF. One inequality is obvious. If there are r independent paths
from x to y, then deleting exactly one internal vertex from each path
will separate x from y. The other inequality is left as an exercise. »

Menger’s theorem gives the following necessary and sufficient for a
graph to be k-connected or k-edge-connected.
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COROLLARY 8.7.4. (a) For k > 2, a graph X is k-connected if and
only if it has at least two vertices and there are k independent paths
between any two vertices.

(b) For k > 2, a graph X is k-edge-connected if and only if it has at
least two vertices and there are k edge-disjoint paths between any two
vertices.

Menger’s theorem is a very powerful result with many consequences
in discrete mathematics. The interested reader may try to apply it to
prove the Marriage Theorem for example.

8.8. Exercises

EXERCISE 8.8.1. A building contractor advertises for a bricklayer, a
carpenter, a plumber and a toolmaker; he has five applicants - one for
the job of bricklayer, one for the job of carpenter, one for the jobs of
bricklayer and plumber, and two for the jobs of plumber and toolmaker.
Can the jobs be filled? In how many ways?

EXERCISE 8.8.2. If in a party, every male knows at least k females
and every female knows at most k£ males, show that it is possible to
match every male with a female he knows.

EXERCISE 8.8.3. A permutation matrix is a 0,1 matrix having
exactly one 1 in each row and column. Prove that a square matrix
of non-negative integers can be expressed as a sum of k permutation
matrices if and only if all row sums and column sums are equal to k.

EXERCISE 8.8.4. Let X = (A, B) be a bipartite graph and suppose
that A satisfies Hall’s condition. Suppose further that each vertex of A
is joined to at least ¢t elements of B. Show that the number of matchings
that saturate A is at least ¢! if t < |A|.

EXERCISE 8.8.5. Show that there are at least nl(n—1)!---2!1! Latin

squares of order n. Show that this quantity is larger than 2(=1)? for
n > 5.

EXERCISE 8.8.6. There are rs couples in a party. The men are
divided into r age groups with s men in each group. The women are
divided into r height groups with s women in each group. Show that
it is possible to select r couples so that all age groups and all height
groups are represented.
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EXERCISE 8.8.7. Find a minimum weight transversal in the matrix
below.

4 5 8 10 11
76 5 7 4
8§ 5 12 9 6
6 6 13 10 7
4 5 7 9 8

EXERCISE 8.8.8. Determine whether or not the graph in Figure 8.3
has a perfect matching. If not, what is the size of a largest matching 7

FIGURE 8.3

EXERCISE 8.8.9. For each k > 2, construct a k-regular graph on an
even number vertices containing no perfect matchings. For each k£ > 3,
construct k-regular graphs X such that 1 < x(X) < £/(X) < k.

EXERCISE 8.8.10. Show that in the complete graph Ks, the number
of perfect matchings is (2n)!/2"n!.

EXERCISE 8.8.11. Let W = (w;;) an n X n matrix of non-negative
weights. Define a function f on the set of n x n doubly stochastic
matrices by setting for A = (a;;),

F(A) =) aiuy
inj

where the summation is over all indices 4,7. Show that f attains its
maximum value at a permutation matrix.

EXERCISE 8.8.12. Let ¢ > 0 be an integer. If X is bipartite graph
with bipartite sets A and B such that [N(S)| > |S| —t for each S C A4,
then X contains a matching that saturates |A| — ¢ vertices of A.



8.8. EXERCISES 99

EXERCISE 8.8.13. Let t > 1 be an integer. If X is bipartite graph
with bipartite sets A and B such that |[N(S)| >t - |S| for each S C A,
then each a € A has a set S, of t neighbours in B with S, NS, = 0 for
each a # a’ € A.

EXERCISE 8.8.14. Let A be a matrix with entries 0 or 1. Show that
the minimum number of rows and columns that contain all the 1’s of
A equals the maximum number of 1’s in A, no two on the same row or
column.

EXERCISE 8.8.15. Finish the proof of Theorem 8.6.1.

EXERCISE 8.8.16. Show that any 3-regular graph with no bridges
contains a perfect matching.

EXERCISE 8.8.17. Prove that every tree has at most one perfect
matching.

EXERCISE 8.8.18. Show that a tree T" has a perfect matching if and
only if odd(T" \ z) = 1 for any vertex x of T.

EXERCISE 8.8.19. Let X be a bipartite graph with bipartite sets A
and B such that |[N(S)| > |S]| for each S C A. Show that for any edge
e of X, there exists a matching that contains e and saturates A.

EXERCISE 8.8.20. Let Vi,...,V, be subsets of a vector space V.
Then V1,...,V, has a linearly independent system of distinct represen-
tatives if and only if

dim(U;er Vi) > |1
for each I C [n].



CHAPTER 9

Block Designs

9.1. Gaussian Binomial Coefficients

Let V be an n-dimensional vector space over the finite field F, of
g elements. We would like to determine the number of subspaces of
dimension k. For example, the number of 1-dimensional subspaces is
easily found as these are subspaces spanned by one element. Such an
element must be non-zero and there are ¢" — 1 ways of choosing such
an element. But for each choice, any non-zero scalar multiple of it will
generate the same subspace as there are ¢ — 1 such multiples for any
fixed vector, we get a final tally of

" —1
qg—1

for the number of 1-dimensional subspaces of V. This gives us a clue of
how to determine the general formula.

Each subspace of dimension k has a basis of k£ elements. Let us first
count in how many ways we can write down a basis for a k-dimensional
subspace of V. For the first vector, we have ¢" — 1 choices. For the
second, we have ¢™ — g choices since we must not pick any scalar multiple
of the first vector chosen. For the third vector, we have ¢" — ¢ such
vectors since we should not pick any linear combination of the first two
chosen. In this way, we see that the number of ways of writing down a
basis for a k-dimensional subspace is

(@" = 1("—q)- (" —¢").

On the other hand, any k-dimensional subspace is isomorphic to F’;
and the number of bases it has correspond to the number of k x k
non-singular matrices over F,. This number is easily seen to be

@ -1 —q) (" —¢" ).

Therefore, we obtain:
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THEOREM 9.1.1. Let V be a vector space of dimension n over F.
The number of k-dimensional subspaces in V is

(n> _ -G ~a) (" —d")
k/¢" (" =1(¢*F—q)--(¢F—d" 1)

REMARK 9.1.2. We refer to the numbers enumerated in the theorem
as the g-binomial coefficients or sometimes as the Gaussian binomial
coefficients. The reason for this will become apparent as we proceed.
But for now, let us observe that if we think of ¢ as a real number and
take limits as ¢ — 1", we obtain by ’Hospital’s rule that

Jm (), = (o)

and for this reason (and others), these numbers have properties similar
to the binomial coefficients. This perspective has proved useful in trying
to obtain g-analogs of classical binomial identities and to understand
their meaning from the standpoint of these subspaces.

Let us observe that we could have done this count in another way.
Indeed, to any ordered basis, we can associate a k X n matrix with the
basis vectors being the rows. We can view our subspace of dimension
k as the row span of this matrix. The row span is unchanged if we
perform “row operations” on it as follows. We can multiply any row by
a non-zero scalar. We can add one row to another. We can interchange
rows. This allows us to speak about the reduced row echelon form of
a matrix. This form is characterized by the fact that the first non-zero
entry of each row is a 1. For any row, all the entries preceding the
leading 1 are zero. If a column contains a leading 1, then all its other
entries are zero. For example, if n = 4 and k = 2, the possible echelon
forms are given by

)
1 ?

1 0 * = 1 x 0 1
01 = %) \0 0 1 %)’ \O
01 0 =« 01 x O 0 0
001 /) \0 OO0 1/ \0 O 0 1)’

where * denotes any element of F,. It is clear that every subspace of
dimension k has a unique echelon form. Thus, the number of subspaces

of dimension k is equal to the number of echelon forms for a k x n matrix
over F,. In the above example, this number is easily seen to be

(¢* - 1" - 9q)
(¢* - 1)(¢* - q)
We now establish the g-analog of Pascal’s triangle.

S O *
=

¢+ +2 +q+1=
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THEOREM 9.1.3.

("0), = (), e ),

PROOF. We prove this by counting the number of reduced row ech-
elon forms. The left hand side is the number of reduced row echelon
forms of a k x (n + 1) matrix over F;. Such an echelon form either has
a leading 1 in the (k,n + 1)-entry or it does not. For those that do, we
see that the (k — 1) x n matrix formed by the first £ — 1 rows and first
n columns is in echelon form and their number is

(24),

If the (k,n + 1) entry is not a leading 1, then the last column of such
a reduced row echelon form has arbitrary entries. The k& x n subma-
trix obtained by taking the first n columns is in reduced row echelon
form and thus counts the number of subspaces of dimension k£ in an
n-dimensional vector space. This number is

(&),

As we have ¢* choices for the last column, we obtain

k), k—1)/, k/q
This completes the proof. =

Note that this reduces to the usual recurrence relation for binomial
coefficients when ¢ = 1.

THEOREM 9.1.4.
(0,= (")
k q n—=k q
PRroOF. This follows by observing that there is a bijection between

the k-dimensional subspaces and the n — k-dimensional subspaces of the
dual space. This can also be verified directly as follows. Note that

(n) _ (@" -1 =1)--(g—1)
k/q (" =1) (g1 —1)---(g—1)(g"*F=1)(¢g"*'-1)---(¢— 1)

which is clearly symmetric under the map k+—n — k. =

By applying Theorem 9.1.3, we deduce another recurrence:

("5, - @),
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We will use this to prove:

THEOREM 9.1.5 (The g-binomial theorem). Forn > 1,

n—1 n
[Ta+an=> () a2
i=0 k=0 a

PROOF. We use induction on n. For n = 1, both sides of the equa-
tion at 1 + ¢t. Suppose that the result is true for n. Then,

[Ja+dt)=01+q") (Z (Z)qq@)tk) .

=0
)7
)

The coefficient of t* on the right is
> (k (n + 1)
q\? . )
ko /q

(3) (") (
q\? k q+q
9.2. Introduction to Designs

which is equal to

o5 ((Z)q+qn—k+l (kn

as desired. =

n
k-1

;1)(
N}

Design theory has its origin in statistics where one must set up
experiments or “clinical trials” to test the reliability of a product. Con-
sider the following problem. Suppose that we have 7 volunteers to test
7 products. Each person is willing to test 3 products and each prod-
uct should be tested by 3 people to ensure objectivity. Can we arrange
the experiment so that any two people would have tested precisely one
product in common?

Surprisingly, a solution is provided to this problem by the Fano
plane (see Figure 9.1). This name honors Gino Fano (1871-1952) who
was one of the pioneers of projective geometry. Consider the triangle
of three points; we join each vertex to midpoint of the opposite side.
The three midpoints are then joined by a circle. In this way, we have 7
points and 7 “lines”. Each line would represent a product and the three
vertices on a line would mark out three volunteers to test that partic-
ular product. Since any two points determine a unique line, we deduce
that any two people test precisely one product in common. Observe
that in this situation, we have by “duality” that any two products are
simultaneously tested by precisely one person.
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FiGURE 9.1. The Fano plane

Here is another famous problem, called Kirkman’s schoolgirls prob-
lem. Thomas Kirkman (1806-1895) published this problem in Lady’s
and Gentleman’s Diary in 1850. Fifteen schoolgirls walk home each
day in five groups of three. Is it possible to arrange the walks over a
one week period so that any two girls walk precisely once together in
a group. Here is a solution. Consider the vector space F% and remove
the zero vector. We then have 15 vectors. Consider triples of vectors
{z,y,z} such that £ + y + z = 0. The number of such vectors is 35
since we have 15 choices for z, 14 choices for y and then z is uniquely
determined. Note that necessarily, these are distinct triples since if two
of them were equal, we get the other vector must be zero, which we
have removed. The number of ordered triples is 15 x 14 and we must
divide this number by 3! = 6 to get 35. Each triple corresponds to
a 2-dimensional vector space of F3. It is now possible to arrange the
solution vectors in 7 groups so that in each group, we have 5 triples and
the union of the triples is the set of fifteen vectors. Thus, if we think
each schoolgirl corresponding to a vector, this configuration gives us the
solution.

To understand precisely what is behind this solution, we must under-
stand the theory of combinatorial designs. It might be more illuminating
to consider the following set up. Let X be a set of v volunteers, B a set
of b products or “blocks” as they are called in the theory. We require
that each volunteer test r products and each product should be tested
by k people. In addition, we require that any pair of people together
test precisely A products. Can such an experiment be arranged?

We can represent this situation by a bipartite graph (X, B), where
X vconsists of the set of v volunteers, B the set of b blocks. We join
a vertex of X to a vertex of B if the corresponding person is to test
that particular product. The conditions tell us that the degree of every
vertex in X is r, and the degree of every vertex in B is k. The final
condition tells us that any pair of vertices of X have precisely A common
neighbors. We can get immediately some necessary conditions for such
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a configuration to exist. Indeed, we can count the number of edges by
going through the vertices of X or by going through the vertices of B.
We deduce that

vr = bk.

Now let us construct another bipartite graph in which the vertices
are pairs of vertices. We join a pair to a block if they occur in that
block. This gives v(v —1)A/2 edges. Since each block has k elements in
it, there are k(k — 1)/2 pairs that each block will be joined to and so
we get

v(v — DA =k(k —1)b.
Since vr = bk, we obtain
(v—=DA=(k—=1r.

These are obviously necessary conditions, but they are not sufficient, as
we shall see. If there is a bipartite graph satisfying these properties, we
call it a 2 — (v, k, \) design. Sometimes, the more cumbersome notation
of a (b,v,r, k,\) design is used, but since v, A and k give us r and then
b by the above relations, it is prudent to drop the extra parameters.
Thus, we have proved:

THEOREM 9.2.1. In any 2 — (v,k,\) design, with b blocks and each
object appearing in r blocks, we must have

vr = bk, and (v—-=DA=(k—-1Dr

These conditions are necessary, but as we shall see below, they are
not sufficient. For instance, it will be seen that there is no way to
arrange 22 objects into 22 blocks with each object occurring in precisely
7 blocks and each block containing 7 objects so that any two distinct
objects occur in precisely 2 blocks. This corresponds to (v,b,r, k,\) =
(22,22,7,7,2) or a 2 — (22,7,2) design.

More generally, one speaks of a t — (v, k, \¢) design if we insist that
any t points are contained in precisely A blocks. For example, in the
design of statistical experiments, we may want any collection t people
to simultaneously test precisely A; products. A 2 — (v,3,1) design is
often called a Steiner triple system. We present examples of designs in
the following sections.

9.3. Incidence Matrices

A convenient way of encoding the information in a block design
(X, B) is by the use of the incidence matrix. This is a v X b matrix
A whose rows index the objects and the columns index the blocks. The
(¢,7)-th entry of A is 1 if the i-th object occurs in block j. Otherwise,



106 9. BLOCK DESIGNS

it is zero. We immediately see that every row adds up to r and every
column adds up to k. Also note that if we look at the v X v matrix
AA!, the (i, 7)-th entry is precisely the number of common neighbors of
objects i and j. By the conditions for the block design, this number is
Aif i # j and r if ¢ = j. This we record as:

THEOREM 9.3.1. Let A be the incidence matriz of the 2 — (v, k, \)
block design (X, B). Let J be the v x v matriz all of whose entries are
1. Then,

AA* = \J + (r — ML
This relation allows us to obtain further necessary conditions for the

existence of block designs. Indeed, we can compute the determinant of
AA? as

roA e A r+w—1DX r+@w-1A -+ r+(v=1)A
Aroe A A r A
A A o A A r

where we have simply added to the first row the sum of all the other
rows. We can now factor (r + (v — 1)A) from the determinant. Thus,
the determinant is

11 - 1 1 1 1
Aro oo A 0 r—x .- 0
(r+@-1N]| . . . =1k
A A T 0 0 S T — A
=rk(r — A",

where we have used Theorem 9.2.1 to replace r + (v — 1)\ with rk and

in the determinant we have multiplied the first row by —A and added
it to each of the other rows. This gives rk(r — A\)""! as the value of the
determinant.

COROLLARY 9.3.2 (Fisher’s inequality). In any 2 — (v, k, \) design,
we must have b > v. That is, there must be at least as many blocks as
points.

PROOF. By the theorem, we see that the matrix AA? is non-singular
and thus has rank v. If b < v, then as the row rank of A is equal to the
column rank of A, we see that A has rank at most b. Recall that for
any two matrices A and B for which AB is defined, the row space of
AB is contained in the row space of A. Thus, rank of AB is less than
or equal to the rank of A. In our situation, we deduce that rank of AA*
is less than or equal to b which is strictly less than v, contradiction. =
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Designs in which b = v are called symmetric designs. In that case,
we immediately deduce:

COROLLARY 9.3.3. If in a symmetric 2 — (v, k, \) design, v is even,
then k — X is a perfect square.

PROOF. If b = v, the incidence matrix is a square matrix and from
the theorem, we deduce that

(det A)2 = r2(r — A)*"L,
The left hand side is a perfect square and so (r — A\)V"1 = (k — A)v~!

must also be a perfect square. As v — 1 is odd, this forces k — A to be a
perfect square. =

Thus, in the example above, we see that there is no 2 — (22,7, 2)
design because 7 — 2 is not a perfect square. We will prove later the
following important theorem in the theory of designs. This was proved
in 1951 by Richard Hubert Bruck (1914-1991), Sarvadaman Chowla
(1907-1995) and Herbert John Ryser (1923-1985).

THEOREM 9.3.4 (Bruck-Ryser-Chowla). If (X, B) is a symmetric
2 — (v, k, A) design, and v is odd, then the equation
(k — A)z? + (=) 1/2 32 = ;2
has a non-zero solution in integers.
As an application of this theorem, consider the existence of a 2 —
(29,8,2) design. That is, can we arrange 29 objects into 29 blocks with
each object occurring in 8 blocks and any two objects occur in precisely

2 blocks. The theorem implies that if such a design exists then we can
solve the diophantine equation

622 + 2y* = 2°
with (z,y, z) # (0,0,0). We may assume that ged(z, y, 2)=1, for other-
wise, we can cancel the common factor. From the equation, we see that

2 divides the left hand side and hence must divide the right hand side.
So write z = 22z;. We get

322 +y® = 227
has a non-trivial solution. If we reduce this mod 3, we get
222 =% (mod 3).

If 2; is coprime to 3, we deduce that 2 is a square mod 3, which is not
the case. Thus, 3 divides 21, so write z; = 329 to deduce that

322 +y? = 1822
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has a non-trivial solution. But now, 3 divides y and 9|3z? implies 3|z,
contrary to the coprimality assumption at the outset. Hence, there is
no such design.

9.4. Examples of Designs

If we consider a v element set X and consider the collection B of all
k-element subsets of X, we see that any t-element set with 0 < ¢ < k,

is contained in precisely
v—t
k—t

elements of B. This is an example of a

v—t
t— vk
(“’ ’(k—t))
design.

We will now consider g-analogs of this construction. We begin with
an important class of examples known as projective planes. For the

elements of X we take all the 1-dimensional subspaces of V' = Fg.
There are 3

3 -1

1 g 94— 1

such subspaces. For B we take the 2-dimensional subspaces and we
will say a 1-dimensional subspace U is incident with a two dimensional
subspace W if U C W. By the correspondence theorem, the number of
such subspaces is the same as the number of 1-dimensional subspaces of
the quotient V/U. As this quotient is isomorphic to Fg, the number of
times a subspace is replicated in the blocks is (¢> —1)/(¢ — 1) = ¢+ 1.
Moreover, any two distinct one-dimensional subspaces generate a unique
two dimensional subspace so that this gives us 2 — (¢? + ¢+ 1,¢ +1,1)
design for any prime power q. This is called a projective plane of order
g. This has a visual metaphor. A projective plane of order n is a
collection X of n? + n + 1 elements called “points” and a collection B
of n?2 + n + 1 blocks called “lines”. We require that each point is on
precisely n + 1 lines and each line has precisely n + 1 points, and any
two distinct points determine a unique line. Thus, a projective plane of
order nis a2 — (n2+n+1,n+1,1) design. It is unknown if there are
any projective planes of order n when n is not a prime power. We will
address this question below using the Bruck-Ryser-Chowla theorem.
The Fano plane consisting of seven points and seven lines is the 2 —
(7,3,1) design constructed above using the finite field of two elements.
This is usually represented by a triangle along with the midpoints of
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the three sides together with the centroid. The lines are the sides of
the triangle, the lines joining the midpoints of the sides and finally the
“line” joining the three midpoints usually drawn as a circle. This has
the amusing application to the following problem. Arrange the luncheon
engagements of seven people over a week long period in such a way that
each day three people have lunch together and by the end of the week,
any two of the people would have had lunch together precisely once.
If we think of the Fano plane and view the vertices as the people, the
lines representing the days of the week, the points on the line determine
which of the three people should lunch together, then we have a visual
resolution of the required arrangement.

We now prove the only non-existence theorem known in the theory
of projective planes.

THEOREM 9.4.1. If a projective plane of order n exists and n = 1
or 2 (mod 4), then n can be expressed as a sum of two squares.

PROOF. As observed earlier, we are asking for the existence of a
2 — (n? +n+ 1,n+ 1,1) design. Notice that v = n(n + 1) + 1 is
odd. Applying the Bruck-Ryser-Chowla theorem, we deduce that the
Diophantine equation

nr? + (_1)n(n+1)/2y2 - 52

has a non-trivial integral solution. If n =1 (mod 4), then n(n+1)/2 is
odd so the theorem says that we can solve

na? = 22 4+ y?
in non-zero integers. The same implication occurs when n = 2 (mod 4).
Thus n.is the sum of two rational squares. To complete the proof, we
need to show that n is in fact the sum of two integral squares. Now
we need to use one more fact from number theory. Recall that an odd
prime number p can be written as a sum of two squares if and only if
p =1 (mod 4). From this, one can deduce that the numbers that can
be expressed as a sum of two integer squares are precisely the numbers
whose unique factorization into distinct prime powers does not admit
a prime = 3 (mod 4) to an odd power. Thus, if n cannot be written
as a sum of two squares, then there is a prime p = 3 (mod 4) an odd
power p??*! (say) of which divides n exactly. Reducing the equation
mod p?*t1, we get

y¥»+22=0 (mod p¥t!).

If y, z are coprime to p, this is already a contradiction for it says that
—1 is a perfect square mod p. If 4y and z are not coprime to p, only an
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even power of p can divide each of them and hence both of them and
after canceling it, we get a contradiction that completes the proof. =

We can apply this result to show that there is no projective plane of
order 6. Indeed, if there is, by the previous theorem, 6 can be written
as a sum of two integral squares, which is clearly not the case. Thus,
there is no 2— (43,7, 1) design. In particular, there is no way to arrange
43 objects into 43 blocks such that each block contains 7 objects and
any two objects occurring together in precisely one block.

For a long time, the first unresolved case was n = 10. The above
theorem does not exclude this possibility as 10 can be written as 1 + 9.
In 1991, Clement Lam of Concordia University, Canada using the Cray
1 computer showed that there is no projective plane of order 10. Thus,
we still have no conceptual proof of this fact. It is generally believed
that projective planes can only exist when n is a prime power, but this
has not yet been proved.

9.5. Proof of the Bruck-Ryser-Chowla Theorem

The proof of Theorem 9.3.4 requires the use of Lagrange’s four
square theorem. This theorem says that every natural number can be
written as a sum of four squares of natural numbers. We prove it in
four steps. As the identity

(122 + [wH)(|ul® + |w|?) = |uz — @v|2 + |wu + Zv|?
is easy to verify directly for all complex numbers u, v, w, z, we deduce
from it, by putting z = x1 +ixo, w = T3+1ix4, u = Y1 +iyo, W = Y3+ 1Yy
that
@ +a3+ai+a) i+l + v +ud) =2+ 23+ 23+ 2
where
21 = Z1Y1 + Toy2 + T3Y3 + T4y

29 = T1Y2 — ToY1 + T3Y4 — T4Y3
23 = X1Y3 — TeY4 — T3Y1 + T4y

24 = T1Y4 + T2Y3 — T3Y2 — T4Y1.

This means that if @ can be written as a sum of four integral squares,
and b can be written as a sum of four integral squares, so can ab and
we have an explicit recipe for determining these squares if we know the
ones for a and b respectively. As every number is a product of prime
numbers, it therefore suffices to prove Lagrange’s theorem for prime
numbers.
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The next step is to see that for any odd prime p, we can solve the

congruence

2 4+y2+1=0 (mod p).
To see this, we consider the set of squares mod p, which has size 1+ (p —
1)/2 = (p+ 1)/2. The same is true of the set of elements of the form
—1 — y2. If these sets were disjoint, we would get at least p + 1 residue
classes mod p, a contradiction. Hence, there is a common element and
this gives a solution to the congruence. Since the integers in the interval
[-(p—1)/2,(p—1)/2] forms a complete set of residue classes mod p, we
may choose [z| < p/2 and |y| < p/2, we deduce that there are integers
x,y so that
> +y* +1=mp

with m < p.

The third step is to consider the smallest natural number m such
that mp can be written as a sum of four squares. By the previous
paragraph, the set is non-empty. Call the smallest such m, mg. Then,
my < p. If mg = 1, we are done so let us suppose that 1 < mg < p.
Hence, we can write

2 2
mop:m1+w2+x§+xi.

If mg were even, then either all of the x;’s are even or all of them are
odd, or precisely two of them, say, z1,z2 (without loss of generality) are
even. In any of the cases, x| — xo, T1 + X2, 23 — L4, X3 + 24 are even and
we have

2 2 2 2
my (X1 — T2 X1 + X2 xr3 — T4 3+ x4
o () () () < ()

Thus (mo/2)p can be written as a sum of four squares and this is a
contradiction to the minimality of mg. So we may suppose my is odd.

The final step involves choosing y1, y2, y3, ya so that y; = x; (mod myg)
with |y;| < (mg — 1)/2. Then,

m0m1=y%+y§+y§+yz

with my < mg. By step 1, we see that (mgp)(mem;) can be written as
a sum of four squares:
P R

with the z;’s being given explicitly in terms of z;’s and the y;’s. From
this explicit description, we see directly that z; = 0 (mod mg). Thus,
we may divide out by m% and deduce that mp can be written as a sum
of four squares. But this contradicts the minimality of mg as m; < my.
This completes the proof of Lagrange’s theorem.
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Now we will sketch the proof of the Bruck-Ryser-Chowla theorem.
Suppose that we have a symmetric (v,k,\) design with v odd. Let
n =k — A and suppose that v =3 (mod 4). We want to show that

nr? = 22 + \y?

has a non-trivial integral solution. It suffices to show that this has a
non-trivial rational solution, since we can always clear denominators.

By Lagrange’s theorem, we may write n = a® 4+ b® + ¢ + d? and so
let H be the 4 x 4 matrix:

—a b c d
b a d -—c
c —d a b
d c —-b a

Then, HH! = H'H = nl. Now let A be the incidence matrix of the
symmetric block design. This is a v x v matrix. Now look at the
(v+1) x (v+ 1) matrix B obtained by adding a 1 in the (v +1,v + 1)-
th position and zeros everywhere else in the last row and last column.

Then,
AtA 0
tp
BB—( 0 1).

As 4|v + 1, we may create the (v + 1) x (v + 1) matrix K which has
(v + 1)/4 diagonal blocks of the matrix H. Then, K'K = KK*' = nl.
Consider the quadratic form

x'B'Bx = k(z?+ - +22) + 22, + A Z TiZj.
1#j<v

If we put z = Bx, then this is
>
i
We may “complete squares” and re-write this as
Mz + -+ z)? + 22 +n(@d + -+ 22).
Consider another change of co-ordinates: z = Ky. Then
7'z = y'K'Ky

i

7

which is

Thus, x = (B"'K)y so that
n(yf 4 yie) = Man o 20) Fagg S £+ ).
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The idea now is to choose the x; and y; suitably so as to obtain the
statement of the theorem. As the matrix B~1K is a rational matrix,
we may write
Ty = aiyi
i>1

with a; rational. If a; # 1, choose x1 = yi; otherwise, choose 1 =
—y1. In either case, 72 = y? and y; is a rational linear combination of
Y2, s Yp+1. Thus, zo is a rational linear combination of yo, ..., Ypt1:

Ty = Z biy;
i>2
with b; rational. If by # 1, choose z2 = yo; otherwise, choose x9 = —ys.
In either case 73 = y2 and y; is now a rational linear combination of
Y3, .-, Yu+1. We continue in this way for each ¢ < v so that 3312 = yi2
for each ¢ < v and ¥, is a rational multiple of y,+1 and z,41 is a
rational multiple of ¥, 1. Put y,41 = 1. Then, z,; and y, are uniquely
determined rational numbers and working backwards, so are all the x;’s
and the y;’s. Since 22 = y? for 1 < i < v, we get

n= ny12;+1 = ANz1+ -+ a,)? + 3512;+1

has a solution in rational numbers. Moreover, the solution is non-trivial
since Z,+1 and y,+1 are non-zero. This completes the proof in this case.
The case v = 1 (mod 4) is similar and we leave it as an exercise to
the reader. The essential change in the above proof is that we use the
matrix A instead of the matrix B and replace K by the v x v matrix
obtained by putting H on the diagonal and adding a 1 in the (v,v)
position and zeros elsewhere in the last row and column. Then, the
proof proceeds as before and we leave it as an exercise to the reader.

9.6. Codes and Designs

The fundamental paper A mathematical theory of communications
from 1948 of Claude Shannon (1916-2001) is considered to be the start-
ing point of coding theory. Around the same time, Richard Wesley Ham-
ming (1915-1998) and Marcel J.E. Golay (1902-1989) also contributed
to the beginning of this subject.

A code is a subset of Fjj. A code is called linear if it is a subspace of
Fg. It is binary if ¢ = 2. The vectors in the code are called codewords.
The weight of a vector v, denoted wt(v), is the number of non-zero co-
ordinates of v. The Hamming distance between two vectors v and w is
the weight of v —w, and is denoted d(v,w). If C is a code, the minimum
distance d(C) is the minimum of d(v, w) for v, w distinct elements of C.
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A code is said to be e-error correcting if d(C) > 2e + 1. The reason
for this definition is given by the following theorem.

THEOREM 9.6.1. A code is e-error correcting if and only if the Ham-
ming spheres:
Be(e) = {v: d(v,¢) < ¢}
are disjoint for all c € C.

PRrROOF. If B.(c;) and B.(c2) are not disjoint for two distinct codes
1,2, then let v be a-common element of these two Hamming spheres.
Then, .

d(c1,c2) < d(cy,v) + d(v,co) < 2e.

But d(c1,¢2) > 2e + 1 for any two distinct code words, so this is a
contradiction.

Conversely, if all the Hamming spheres are disjoint, and C is not e-
error correcting, then there are two codewords ¢y, ca such that d(c;, ¢2) =
f £ 2e. This means that ¢; and ¢y do not agree in f positions. Now
change the co-ordinates of ¢; in | f/2] of these positions.to agree with
c2 and call this changed vector b. Because f < 2e, we have that

d(c1,b) = [f/2] <e, d(ca,b)=f—[f/2] <e
so that b is an element of Be(c;) and Be(c) which is a contradiction. m

The application of these ideas in communication networks is as fol-
lows. If C is an e-error correcting code, then these codewords are used
to send signals over a “noisy channel”. If a code word c is received as
¢’ and e errors are made in the transmission, then d(c,c¢’) < e. Thus ¢
lies in the Hamming sphere Be(c). By Theorem 9.6.1, this is the unique
code word satisfying this inequality.

We can construct error correcting codes by taking the rows of the
incidence matrix of a symmetric (v, k, A)-design as code words. Any two
words have A 1’s together in precisely A places. Each code has precisely
k I’sand v — k 0’s. If R; and Ry are distinct rows, then the number of
co-ordinates with entry 1 at which Ry and Ry agree is the dot product
Ry - Ry and this is A. If J is the vector consisting of all 1’s, then the
number of co-ordinates with entry 0 at which Ry and Ry agree is the
dot product (J — R;) - (J — Rg) which is v — 2k + A. By the definition
of the Hamming distance, we deduce that

d(Ry, Ry) = 2(k — A).

Thus, the rows of a symmetric (v, k, \) design give us a (k— A — 1)-error
correcting code.
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In 1971, the Mars Mariner spacecraft used the rows of a (31,15,7)
design as codewords to send back photographs of Mars back to Earth.
This code corrects 7 errors. In later space missions, more sophisticated
codes called Reed-Solomon codes have been used and these codes are
capable of correcting a larger number of errors. They are based on the
following simple idea. Given a code word (ag, a1, ..., am—1), construct a
polynomial

flx)=ap+az+ -+ am_z™ L.
Fix a primitive root g of F;. Instead of trying to send the code word, the
spacecraft transmits the sequence f(0), f(9),..., f(g") where N > m.
Since a polynomial of degree m is determined by m + 1 values, this is
sufficient information to retrieve the original code word (ag, ..., am—1)
and this can be done algorithmically in an efficient way. One can prove
that this method gives rise to a (¢ + m)/2-error correcting code.

9.7. Exercises

EXERCISE 9.7.1. Prove that

=) =@ -n(37y).

EXERCISE 9.7.2. Prove that

(5,762, (), o0 Go),

EXERCISE 9.7.3. Let f;(n) be the number of subspaces of Fy;. Show
that
Faln+ 1) = 2£4(n) + (@" = 1) fo(n — 1),

EXERCISE 9.7.4. Let L be the lattice of subspaces of Iy partially
ordered by inclusion. If W is a subspace of dimension k&, show that

(0, W) = (—1)kq(2).

EXERCISE 9.7.5. 16 students decide to sign up for three fields each.
Each trip accommodates precisely 6 students. The students would like
to sign up in such a way that any two of them would be together on
precisely one of the trips. Is such arrangement possible ? Explain.

EXERCISE 9.7.6. Construct explicitly a 2—(31,3,1) design. For any
natural number n > 1, show that there exists a 2 — (2" — 1, 3,1) design.

EXERCISE 9.7.7. If A is a v X b matrix and B is a b x v matrix, show
that
rank(AB) < min(rank(A), rank(B)).
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EXERCISE 9.7.8. In a symmetric 2 — (v, k, A) design with incidence

matrix A, show that
1 A
()

at—[2g
v

is the inverse of

Deduce that
AtA = \J + (r—A)I.

Use this equation to prove that in any symmetric design, every pair of
blocks has precisely A elements in common.

EXERCISE 9.7.9. Show that there is no projective plane of order 14.

EXERCISE 9.7.10. If p = 3 (mod 4) is a prime, show that there is
no 2 — (v,p+1,1) design with v =3 (mod 4).

EXERCISE 9.7.11. If C' is a code in Fy with distance d(C) > 2e + 1,

then .
o3 (M- e

i=0
EXERCISE 9.7.12. If C is a code in Fy with distance d(C) = d, then
|C| < qn—d—l—l.

EXERCISE 9.7.13. Label the points of the Fano plane by the elements
of Z7 such that each block of the Fano plane has the form {z,z+1, z+3}
for x € Z~.

EXERCISE 9.7.14. Consider the following incidence structure: the
points are the edges of the complete graph Kg and the blocks are all
the sets of three edges that form a perfect matching or a triangle in K.
Show that this is a Steiner triple system on 15 points.

EXERCISE 9.7.15. Show that if z,y, 2 € Iy, then
d(z,z) < d(z,y) + d(y, 2).

EXERCISE 9.7.16. Show that if a 2 — (v,3,1) design exists, then
v=1,3 (mod 6).

EXERCISE 9.7.17. Consider the design whose point set is Z, x Zg.
The blocks are the triples

{(2,0),(z,1),(,2)}
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L@, (Z2i+1))

for x # y € Zy, and i € Z3. Show that this is a 2 — (6t 4 3,3, 1)-design.

EXERCISE 9.7.18. Show that the number of blocks in a ¢t — (v, k, A)
design is

for x € Z,, and

EXERCISE 9.7.19. Show that in any ¢ — (v, k, 1) design
v>(t+1)(k—t+1).

EXERCISE 9.7.20. Show that there are at most two disjoint Steiner
triple systems on a set of 7 points.



CHAPTER 10

Planar Graphs

10.1. Euler’s Formula

A graph is said to be embedded in the plane if it can be drawn
on the plane so that no two edges intersect. Such a graph is called a
planar graph. Graphs arising from maps are clearly planar. In fact,
planar maps can be characterized as such. Any planar map cuts out the
plane into faces. To be precise, a maximal region of the plane which
does not contain in its interior a vertex of the graph is called a face. A
finite plane graph has also one unbounded face called the outer face.
The faces are pairwise disjoint. The basic relation for planar graphs is
the following theorem due to Euler.

THEOREM 10.1.1 (Euler, 1758). If X is a connected planar graph
with v vertices, e edges and f faces, then

v—e+ f=2.

PRrROOF. The proof will be by induction on the number of vertices.
If v =1, then X is a “bouquet” of loops. If in addition e = 0, then
f =1 and the formula is true in this case. Each added loop cuts the
face into two faces and so increases the face count by 1. So the formula
holds in case v = 1. For v > 1 and X connected, take an edge ey which
is not a loop and the contraction of X by ey gives X/eg. Contraction
does not reduce the number of faces so X/e has v — 1 vertices, e — 1
edges, and f faces. Since X/e has fewer number of vertices, we can
apply the induction hypothesis to get

(v—1)—(e=-1)+f=2=v—-e+f=2
which is what we want to prove. =

If X is not connected, then Euler’s formula fails. If X is a planar
graph with ¢ connected components, then

v—e+f=c+1.

This is easily seen be adding c—1 edges (or “bridges”) and then applying
Euler’s formula to this connected graph. Adding the bridges does not
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alter the face count. Thus, we get
v—(e+c—1)+f=2

from which the formula follows. Euler’s formula has many applications.
The first is that we can derive some necessary conditions for a graph to
be planar.

THEOREM 10.1.2. If X is a simple planar graph with at least 3
vertices, then e < 3v — 6. If X is triangle-free, then e < 2v — 4.

PROOF. It suffices to prove this for connected graphs. Every face
must contribute at least three edges. But each edge appears in two
faces. Thus, 3f < 2e and putting this into Euler’s formula gives us

2
2:v—e+f§v—e+§e
which gives the inequality
e<3v—6.

If X is triangle-free, then, each face contributes at least four edges.
Since each edge appears in two faces, we get 2e > 4f. Putting this back
into Euler’s formula gives the second inequality. =

Ks3 K

FiGure 10.1

COROLLARY 10.1.3. The graphs, K5 and K33 are non-planar.

ProoOF. If K5 were planar, then applying the theorem givesl0 <
15 — 6 = 9, a contradiction. For K33, we get 9 < 18 — 6 = 12 which
does not give a contradiction if we use the first inequality. However, the
bipartite graph has no triangles and so, by the second inequality, we get
9 < 8, which is a contradiction. =
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A famous theorem of Kazimierz Kuratowski (1896-1980) proved in
1930 states that a graph is planar if and only if it can be (edge)-
contracted to either K5 or K33. Thus, for example, as the Petersen
graph (shown in Figure 10.2) can be contracted to K5 by collapsing
the edges connecting the “inside” cycle of 5 vertices to the outer five
vertices, it is not planar.

FI1GURE 10.2. Petersen graph

THEOREM 10.1.4. Every simple planar graph X contains a vertex
of degree at most five.

PROOF. If every vertex has degree at least six, then 2e > 6v which
implies e > 3v. However, Theorem 10.1.2 implies e < 3v — 6 which is a
contradiction. =

Now, we can prove the six-colour theorem:

THEOREM 10.1.5 (The six colour theorem). Every map can be prop-
erly coloured using siz colours.

PROOF. We proceed by induction on the number of vertices (or
regions) of the planar graph associated with the map. Suppose that
all planar graphs with fewer than n — 1 vertices are 6-colourable. By
Theorem 10.1.4, X contains a vertex of degree 5 or less. By induction,
X —wv is 6-colourable and as v has degree 5 or less, we can colour it with
one of the six colours not used on any of its adjacent vertices. m
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10.2. The Five Colour Theorem

The four colour theorem has a colourful history! It states that any
planar graph can be coloured using four colours. Since K4 is planar,
and has chromatic number 4, we see that four colours are necessary. To
prove that this is sufficient is more difficult. The four colour conjecture
was first formulated by Francis Guthrie on October 23, 1852. Guthrie
was a student at University College London where he studied under
Augustus de Morgan (1806-1871). When Guthrie asked de Morgan, he
did not know how to prove it and wrote to Sir William Rowan Hamilton
(1805-1865) in Dublin if he knew. It seems that Guthrie graduated and
then studied law. After practicing as a barrister, he went to South
Africa in 1861 as a professor of mathematics. After a few mathematical
papers, he switched to the field of botany.

In the meanwhile, de Morgan circulated Guthrie’s question to many
mathematicians. Arthur Cayley, who learned of the question from de
Morgan in 1878, posed it as a formal unsolved problem to the London
Mathematical Society on 13 June, 1878. On 17 July 1879, Alfred Kempe
(1849-1922), a London barrister and amateur mathematician announced
in Nature that he had a proof. Kempe had studied under Cayley, and
at Cayley’s suggestion, submitted his paper to the American Journal of
Mathematics in 1879. We will discuss Kempe’s “proof” below. Appar-
ently, Kempe received great acclaim for his work. He was elected Fellow
of the Royal Society and served as its treasurer for many years. In 1912,
he was knighted. The error in his “proof” was discovered in 1890 by
Percy John Heawood (1861-1955), a lecturer in Durham, England. In
his paper, Heawood showed how to salvage the proof and prove that
every map is 5-colourable. We will now prove the following theorem
due to Heawood.

THEOREM 10.2.1 (Heawood, 1890). Any planar graph is 5-colourable.

ProOF. We will prove the theorem by induction on the number of
vertices. Let X be a planar graph on n vertices. The base case n = 1
is obvious. Assume n > 2. By Theorem 10.1.4, there is a vertex x
of degree at most 5. The graph Y = X \ {z} is also planar and by
induction, Y can be coloured using at most 5 colours. If the degree of
z is 4 or less, then z an be coloured with a colour not used for any of
its adjacent vertices. This way, we can obtain a proper colouring of X
with at most 5 colours. So we may suppose that z has degree 5. If
any two of the neighbours of x get the same colour, then the previous
argument shows how one can colour X with at most 5 colours. Let us
label the neighbours of x as p, q,r, s,t and say that they are coloured in
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Y with 1,2, 3,4, 5 respectively, by the induction hypothesis. Denote by
X; ; the subgraph of Y whose vertices are coloured with colour with
and j. Now consider X; 3. Both p and r belong to X; 3. If they lie in
two distinct components, then, we may interchange colours 1 and 3 in
the component containing r with the result that p and r are coloured
using colour 1. Then, we can colour x using colour 3. If however, p and
r lie in the same connected component of X 3, then this means there
is a chain of vertices with alternating colours 1 and 3 from p to r. Now
consider X7 4. Both ¢ and s belong to this subgraph. Again, if ¢ and
s lie in distinct connected components, we may interchange colours 2
and 4 in one of the components and free up one colour and use that to
colour z. If ¢ and s do not lie in the same connected component, then
there is a path of alternating colours from ¢ to s. But this path must
cross the path from p to r and this would violate planarity. Thus, the
second possibility cannot arise which means that we can use the same
colour on ¢ and s and thus, colour X with 5 colours. This finishes the
proof. =

Kempe’s “proof” performed this colour reversal technique twice and
this leads to difficulties as Heawood pointed out. Here is Kempe’s ar-
gument. As before, we proceed by induction on the number of vertices.
Let x be a vertex of degree at most 5. If the degree of x is at most 4,
then an argument as in Heawood’s proof can be applied (and we leave
this as an exercise to the reader). However, the proof breaks down when
degree of x is 5 for the following reasons. Label the vertices adjacent to
T as p,q,7,s,t and let us suppose that induction gave the colouring of
vertices as shown in Figure 10.3. If there is no 2, 3 colour chain between

T
P q r S t
1 2 1 3 4

FiGUuRE 10.3

g and s, we can carry a colour reversal to free the colour 2 (say) for
vertex x. If there is no 2,4 colour chain between ¢ and ¢, we can carry
out a colour reversal to free the colour 2 for vertex x. It looks as if we
therefore have a situation indicated in Figure 10.4. Since there cannot
be a 1,3 colour chain between p and s, a colour reversal can paint the
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X

FiGURE 10.4

vertex p with colour 3. Since there cannot be a 1,4 colour chain be-
tween 1 and t a colour reversal will paint the vertex r with colour 4. So
it looks as if colour 1 is freed and we can use it to colour x. However,
there is a gap in the reasoning. In the figure below, carrying out the
reversals as indicated above will paint p and r with colour 1. Indeed,

, T
P q T S t
1 2 1 3 4

FiGURE 10.5

the colour reversal argument is valid for changing the colour of p and
the colour of r. However, simultaneously changing the colour of p and
r leads to difficulties. This is essentially what Heawood observed as the
gap in Kempe’s proof. He was able to salvage the argument to deduce
the five colour theorem as we indicated above.

10.3. Colouring Maps on Surfaces of Higher Genus

As we mentioned earlier, K3 3 is not a planar graph since we cannot
draw it on the plane without intersecting edges. If however, we tried to
draw it on a torus, then it is possible to draw the graph without crossing
of edges as it can be verified easily. A celebrated theorem of Mobius
(1870) is that any compact (orientable) surface is homeomorphic to a
sphere with g handles. The genus of the surface is denoted g. A torus,
for example, has genus one since it is homeomorphic to a sphere with
one handle.

One can show that any graph X can be embedded in some compact
orientable surface. The minimal genus of the surface for which this can
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be done is called the genus of the graph. For example, the genus of
K3’3 is 1.

For graphs embedded on a surface of genus g, Euler’s formula gen-
eralizes as follows. A face is defined as before, as a maximal region cut
out by the graph which contains no vertex of the graph in its interior.
We state without proof the following result.

THEOREM 10.3.1 (Euler’s formula). If G is a connected graph of
genus g, then
v—e+ f=2-2g.

Using Euler’s formula, we can prove as before that any simple graph
of genus g has at most 3(v — 2 + 2g) edges. This is the analogue that
a planar graph has at most 3(v — 2) edges. As before, summing up the
degrees gives

2e < 6(v — 2+ 2g)
so that there has to be at least one vertex of degree
< 6(v — 2+ 29)
v
This is the analog of the result for planar graphs which says there is at
least one vertex of degree at most five. Now we can prove:

THEOREM 10.3.2 (Heawood, 1890). Any graph X of genus g can be

coloured with
[7 ++/14+ 489‘,
2

colours provided g > 0. Here [x] denotes the smallest integer larger
than or equal to x.

REMARK 10.3.3. Notice that if ¢ = 0 were allowed in the formula,
then we deduce the four colour theorem.

PROOF. Let

[T+ VT+48g

-7
If X has at most ¢ vertices, we are done. So suppose that v > ¢. If we
can show that every simple graph of genus g has a vertex of degree at
most ¢c—1, then we can use an induction argument as before to complete
the proof. Notice that

A —Tc+(12-129) >0

so that 1o )
c—126+ﬁ.
c
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Thus, from the remark before the statement of the theorem, we have
that X has a vertex of degree at most

12(g — 1) 12(g — 1) <e
v C -

6 + <6+ -1

as desired. =

REMARK 10.3.4. Notice that g > 1 is used in a crucial way in the
‘inequalities at the end of the proof.

For a long time, it was an outstanding problem to determine the
genus of the complete graph. The complete graph conjecture, proved
in 1968 by Gerhard Ringel and J.W.T. Youngs, states that the genus of

o (R
— |

10.4. Exercises

EXERCISE 10.4.1. The girth of a graph is the length of its shortest
cycle (that is, closed path). Use Euler’s formula to show that if X is a
planar graph with girth v, and v vertices, then the number of edges e
of X satisfies the inequality

e < v
=23

EXERCISE 10.4.2. Determine the girth of the Petersen graph (Figure
10.2) and use the previous question to deduce that it is not a planar
graph.

(v —2).

EXERCISE 10.4.3. Let X be a graph with chromatic number x(X) >
3. Show that the genus g(X) of a graph X satisfies the inequality

9(X) = % (X(X)? — Tx(X) + 12) .

Deduce that for n > 5, the genus of the complete graph K, is at least

[(n— :?én _4)] |

EXERCISE 10.4.4. Determine all 7, s such that K, ; is a planar graph.
EXERCISE 10.4.5. Show that Kj \ e is planar for any edge e of K.

EXERCISE 10.4.6. Show that K33 \ f is planar for any edge f of
K33\ f.

EXERCISE 10.4.7. Let G be the graph obtained from K4 4 by deleting
a perfect matching. Is G planar ?
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EXERCISE 10.4.8. Let S be a set of n points in the plane such that
the distance between any two of them is at least 1. Show that there are
at most 3n — 6 pairs x,y such that the distance between z and y is 1.

EXERCISE 10.4.9. The crossing number of a graph X is the min-
imum number of crossings in a drawing of X in the plane. What are
the crossing numbers of K5 and K33 7

EXERCISE 10.4.10. Let X be a graph with n vertices and e edges.
If k is the maximum number of edges in a planar subgraph of X, show
that the crossing number of X is at least e — k. Prove that the crossing
number of X is at least e — 3n + 6. If X has no triangles, then the
crossing number is at least e — 2n + 4.

EXERCISE 10.4.11. Show that the crossing number of Kg is 3.

EXERCISE 10.4.12. A planar graph X is outerplanar if it has a
drawing with every vertex on the boundary of the unbounded face.
Show that any cycle is outerplanar. Show that K4 is planar, but not
outerplanar.

EXERCISE 10.4.13. Show that K3 3 is planar, but not outerplanar.
EXERCISE 10.4.14. Any outerplanar graph is 3-colourable.

EXERCISE 10.4.15. An art gallery is represented by a polygon with n
sides. Show that it is possible to place | % | guards such that every point
interior to the polygon is visible to some guard. Construct a polygon
that can be guarded by precisely | 5] guards.

EXERCISE 10.4.16. What is the crossing number of the Petersen
graph ?

EXERCISE 10.4.17. Prove that every outerplanar graph has a vertex
of degree at most 2.

EXERCISE 10.4.18. Show that every planar graph decomposes into
two bipartite graphs.

EXERCISE 10.4.19. For any n > 4, construct a planar graph with n
vertices and chromatic number 4.

EXERCISE 10.4.20. Let X be a planar graph with a Hamiltonian
cycle C. If X has f] faces of length ¢ inside C and f]’ faces of length ¢
outside C, then

> G —-2)(f - fi) =0

7



CHAPTER 11

Edges and Cycles

11.1. Edge Colourings

In the previous chapters, we have been considering vertex colour-
ings. Now we will look at edge colourings of a graph. We will say that
two edges are adjacent if they have a common vertex. We would like
to colour the edges “properly” in the sense that no two adjacent edges
receive the same colour. Given a graph X, we define the edge chro-
matic number denoted y.(X) to be the minimum number of colours
needed to properly colour the edges.

The question of edge colourings occurs in many contexts. Sup-
pose that in a school we have n teachers T1,...,T, to teach m classes
Ci,...,Cp, and teacher T; must teach class C; for p;; class periods. Is
it possible to schedule this in such a way that a minimum number of
time slots are used? To study this question, we would construct a bi-
partite graph whose vertices consist of vertices T; and the classes Cj.
We will join T; to C; with p;; edges and an edge colouring of this graph
corresponds to a timetabling for the school. It will turn out that the
edge chromatic number for this graph is p which is the maximum of the
values of p;;.

Clearly, if X is a graph whose maximal vertex degree is A(X), then
we will need at least A(X) colours to properly edge colour X. It is a
remarkable theorem proved independently by Gupta and Vizing, that in
fact xe(X) < A(X)+1. Thus, the edge chromatic number of a graph is
either A(X) or A(X)+1 and at present, there is no convenient criterion
to determine which one occurs.

In some cases, it is possible to determine which one of these occurs
as the edge chromatic number. For instance, we have the following:

THEOREM 11.1.1. Let X be a graph with an odd number of vertices
n. Suppose further that X is k-regular, that is, the degree of each vertex
is k. Then, xe(X) > k.

REMARK 11.1.2. By the theorem of Gupta-Vizing, we can conclude
that x.(X) =k + 1.
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PROOF. In any proper edge colouring, no two edges meeting at the
same vertex can be coloured the same colour. Thus, if we partition
the edges according to colour, each vertex is incident with at most one
element from each class. Thus, the number of vertices gives an upper
bound for the number of edges in each colour class. But taking into
account that an edge joins two vertices, we see that the number of edges
in a colour class is at most n/2. Since n is odd, this can be sharpened to
(n —1)/2. As our graph is regular, it has a total of kn/2 edges. Hence,
the number of colours is at least

kn/2
(n—1)/2

This completes the proof. =

> k.

We can apply this result to determine the edge chromatic number
of the complete graph.

THEOREM 11.1.3. The edge chromatic number of K, isn —1 ifn
is even and n if n is odd.

PROOF. First suppose n is odd. As K, is (n — 1)-regular, we can
apply the previous theorem, to deduce that we will need at least n
colours. We can represent K, as follows. Draw the regular n-gon in
the plane and use the vertices of the n-gon as the vertices of K,. This
is best visualized in the complex plane where we identify the vertices
of the n-gon with the n roots of unity. If 8 denotes the interior angle
subtended at each vertex, then one can easily determine 6 as follows. By
connecting that particular vertex to every other vertex, we decompose
the n-gon into n — 2 triangles. Each triangle contributes m radians, and
so nf = (n—2)m implying 6 = (n— 2)m/n. To form the complete graph,
we simply rotate by 7 /n the line determined by the edge at the vertex
of the n-gon. This shows that each of the edges of the complete graph
is parallel to one of the sides of the n-gon. Now, draw in the edges as
indicated above. First colour each of the edges of the n-gon a different
colour. It is not difficult to see that any remaining edge is parallel to
one of the outer edges. Then colour the remaining edges the colour of
the edge of the m-gon which is parallel to it. This gives the desired
colouring. In the case n is even, observe that K, = K; V K,_1. As
n — 1 is odd, we can properly edge colour K,_; using n — 1 colours. In
this colouring, one colour is missing at each vertex of K,_;. Use that
colour to colour the edge joining it to K. This completes the proof. =

Thus, K, with n odd requires one more colour than the maximal
degree. Another class of graphs with this property is the cycle graph
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C, whose edge chromatic number is easily seen to be 3 if n is odd and
2 if n is even.

The edge colouring problem can be transformed into a vertex colour-
ing problem in the following way. Given a graph X, we consider the
line graph of X, denoted L(X) whose vertices represent the edges of X.
Two vertices of L(X) are adjacent if the corresponding edges in X meet
in a vertex. The edge chromatic number of X is then the chromatic
number of L(X). We can therefore apply some of our earlier results
to the question of edge colouring. For example, what is the maximal
degree of a vertex in L(X)? This boils down to asking how many edges
are adjacent to a given edge in X. Since an edge has two endpoints,
we easily find that the maximal degree is < 2(A(X) — 1). Thus, by the
theorem of Brooks on the chromatic number of a graph, we obtain

THEOREM 11.1.4. The edge chromatic number satisfies the inequal-
ities:
A(X) < xo(X) € 2A(X) - 1.
If A(X) > 3, then the upper bound can be sharpened to 2A(X) — 2 by
the theorem of Brooks.

PROOF. We only need to explain the last statement. The theorem
of Brooks tells us that the chromatic number is bounded by the maximal
degree unless the graph is C,, with n odd or the complete graph K,,. If
A(X) > 3, the first case cannot arise. In the second case, the result is
true since the previous theorem determined the edge chromatic number
of the complete graph. =

We can determine the edge chromatic number of bipartite graphs
by a celebrated theorem of Kénig. The method of proof resembles the
five colour theorem.

THEOREM 11.1.5. Let X be a bipartite graph with mazximal degree
A. Then, x.(X) = A.

Proor. We will induct on the number of edges of X. Let U and V
be the partite sets of X. Remove an edge e that joinsu € U andv e V
(say) from X. The resulting graph X' is still bipartite. The highest
vertex degree in X' is still A or less. By induction, we can edge colour
X' using A colours or less. If we used at most A —1 colours, then we can
use the remaining colour for the edge e. So assume we used A colours
to colour the edges of X’. If one of the colours is missing from both the
edges incident to v and the edges incident to v, then we can use that
colour to colour e. So assume otherwise. Since the degree of u in X' is
less than A, there is a colour c¢ (say) missing at « which is used at v and
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similarly, a colour ¢ is missing at v which is used at u. Now consider
the subgraph of X’ which is coloured with either ¢ or ¢’. In particular,
consider the component which contains w. This component consists of a
path of alternating colours, between ¢’ and c. This path cannot end at
v for that would be a path of odd length and the last edge would have
colour ¢ which is not used at v. Now we can perform a colour reversal
in this component and still have a proper edge colouring of X’ with now
c used at u which frees up ¢/. As ¢’ is missing from v, we can use that
colour to colour the edge e. This completes the proof. =

COROLLARY 11.1.6. x¢(Krs) = max(r,s).

A decomposition of a graph is a list of subgraphs such that each
edge appears in exactly one subgraph in the list. An edge colouring of
the graph gives rise to a decomposition of the edges into colour classes.
A k-factor of a graph is a spanning subgraph which is a k-regular graph.
Thus, a 1-factor is a matching. If we edge colour a k-regular graph using
only k colours, then the colour classes give us a decomposition of the.
graph into 1-factors. Thus, for instance, if the Petersen graph were 3-
colourable, removing a colour class leaves us a 2-regular graph which
consists of odd cycles and cannot be decomposed as 1-factors.

An important application of Theorem 11.1.5 is to the problem of
scheduling. Suppose that members of a hiring committee are to in-
terview a number of candidates for a job. If each member interviews
at most m candidates and each candidate is interviewed by at most n
members individually, then Theorem 11.1.5 tells us that max(m,n) time
slots are needed for this purpose. The precise timetabling of the can-
didates corresponds to matchings, which we can effectively determine
using the Hungarian algorithm.

11.2. Hamiltonian Cycles

A Hamiltonian cycle in a graph is a closed path that visits each
vertex exactly once (apart from the initial point and the end point).
This is reminiscent of the Euler cycle discussed in Chapter 2. However,
no simple criterion is known that characterizes graphs that contain a
Hamiltonian cycle. In a practical context, this arises as the famous
traveling salesman problem. The question is to visit each of the cities
in a circuit exactly once and minimizing the cost of such a tour. No
algorithm is known for finding such a tour and it represents one of the
major unsolved problems in graph theory.

Despite being studied first by Kirkman, Hamilton cycles are named
for Sir William Rowan Hamilton (1805-1865). In 1856, Kirkman asked
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if given the graph of a polyhedron, does there exist a cycle passing
through every vertex 7 In 1857, Hamilton invented the Icosian game
which is the problem of finding a Hamilton cycle in a dodecahedron
(seen in the Figure below). The game was actually sold as a pegboard
with holes at the nodes of the dodecahedron. In 1859, Hamilton sold
the game to a London game dealer for 25 pounds who marketed under
the name Around the world.

FiGUurE 11.1. The dodecahedron graph

There is also the famous problem of the ‘knight’s tour’ which asks if
the knight on the chessboard can visit each of the squares exactly once
and return to the starting point. This problem was first solved by Euler
in 1759.

There are many theorems which provide sufficient conditions for
the existence of a Hamiltonian cycle. We give one such theorem, due to
Opystein Ore (1899-1968), below.

THEOREM 11.2.1. Let X be a simple graph with v vertices. Suppose
that v > 3 and that deg (z) + deg (y) > v for any pair of non-adjacent
vertices x and y. Then X has a Hamiltonian cycle.

PROOF. Suppose that the theorem is false for some graph with v > 3
vertices. Add as many edges as possible to this graph without producing
a Hamiltonian cycle. Call this new graph X’. X’ cannot be the complete
graph and so there is a pair of non-adjacent vertices z,y (say). By the
construction of X', any addition of an edge will create a Hamiltonian
cycle. In particular, adding the edge zy will create a Hamiltonian cycle.
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Thus, X’ has a path from z to y which visits all the vertices. Of these
vertices, put a circle around the ones which are adjacent to x and put a
square around the vertices before the adjacent ones in the Hamiltonian
path. A number of deg (x) of the v — 1 vertices are circled and deg ()
of the v — 1 vertices are also squared. Thus, v — 1 — deg (x) are not
squared. Since deg (y) > v—deg (x) > v—1—deg (), there is a vertex
z (say) adjacent (see Figure 11.2) to y which has been squared. Thus,
we have a Hamiltonian cycle from z to the vertex “next” to z and then
moving to y and then to z and back to x. This is a contradiction that
X' has a Hamiltonian cycle. =

—_———n————

T Z Y
FiGURE 11.2

We have the following theorem due to Gabriel Andrew Dirac (1925-
1984).

COROLLARY 11.2.2. If X is a grdph with v vertices such that every
verter has degree > v/2, then X has a Hamiltonian cycle.

The Petersen graph is a 3-regular graph with edge chromatic number
4 (see Exercise 11.4.3). One can show that any 3-regular graph with
a Hamiltonian cycle has edge chromatic number 3 and therefore, we
conclude that the Petersen graph is not Hamiltonian (see Exercise 11.4.2
and Exercise 11.4.4).

The following is a necessary condition for a graph to have a Hamil-
tonian cycle.

THEOREM 11.2.3. If X has a Hamiltonian cycle, then for each S C
V(X), the graph X \ S has at most |S| components.

PROOF. Let C be a Hamiltonian cycle in X and S C V(X) be a
subset of vertices of X. When C leaves a component of X \ S, it must
return to S. These returns to S must use different vertices of S. This
proves the theorem. =

This result can be useful when trying to show that a graph is not
Hamiltonian. The graph below is such an example. The reader can
easily construct examples which show that the above condition is not
sufficient for the existence of a Hamiltonian cycle.
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FIGURE 11.3. A graph that has no Hamiltonian cycle

A directed complete graph is called a tournament since it can be
used to record the outcome of a round robin tournament (where every
contestant is matched against every other contestant). The arrows on
the edges would indicate the win-loss record.

THEOREM 11.2.4. A directed complete graph always contains a Hamil-
tonian path.

ProOOF. Take a path of longest length in which each of the vertices
are visited exactly once. The claim is that all the vertices of the graph
are included. Suppose that (z1, ..., %) is our path and say that zg is
not included in this. If (zg,z;) is an edge, then we can add this to or
path and get a longer path in which all the vertices are distinct. Thus,
(z1,%0) is in the graph. If (xg,z2) were in the graph, we can create
the longer path (z1,zg,x2,...) contrary to our choice. In this way, we
deduce that (z,,xo) is in the graph which means we could have added
it at the end of the path, which is again a contradiction. =

Theorem 11.2.4 has applications to the job-sequencing problem where
we must arrange jobs to be performed in a sequence so as no time is
wasted. For instance, suppose n books are to be printed and then
bound. There is one printing machine and one binding machine. Let
p; denote the printing time of the i-th book and b; the binding time
for the i-th book. For any two books, i and 7, we know that either
pi < bj or p; <b;. Theorem 11.2.4 tells us that it is possible to specify
the order in which the books are printed and then bound so that the
binding machine will be kept busy until all the books are bound once
the first book is printed. Thus, the total time for completing the task

18
n
P+ Y _b;
i=1

for some k. Indeed, we construct a directed complete graph on n ver-
tices; there is a directed edge from i to j if and only if b; > p;. A
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Hamiltonian path is an ordering of the books satisfying the above con-
dition.

11.3. Ramsey Theory

The pigeonhole principle is a fundamental tool in mathematics. It
basically says that if we have n pigeonholes and n + 1 objects are placed
in these pigeonholes, then there is at least one pigeonhole with two ob-
jects. Though this sounds like a simple principle, its mode of application
can be very ingenious at times leading to striking results. For instance,
in any simple graph, there are two vertices of the same degree. To see
this, suppose there are n vertices. Then, the degrees are elements of the
set {0,1,...,n — 1}. If no two vertices have the same degree, then the
vertex degrees must hit every value in this set. In particular, one must
have degree n — 1. But then, this means there is no vertex of degree 0.
This is an instance of the pigeonhole principle. To give another exam-
ple, in any n + 1 numbers chosen from the natural numbers less than or
equal to 2n, two of them must be consecutive. By the same principle,
one can deduce that there are two numbers, one which divides the other.

A generalization of the pigeonhole principle is the averaging argu-
ment. This says that given any numbers x1, ..., ,, one of these numbers
is at least as large as the average (z; + ... + z,)/n. Again, this simple
principle has surprising consequences. For one thing, it generalizes the
pigeonhole principle in the following way. If we put kn+1 objects into n
pigeonholes, then one of the pigeonholes contains at least k + 1 objects.
Indeed, if x; denotes the number of objects in the i-th pigeonhole, then
the average of the x;’s is k + 1/n and so at least one x; is greater than
k +1/n. But as z; is an integer, this must be at least k + 1.

A vast generalization of the pigeonhole principle falls under the name
of Ramsey theory. Frank Plumpton Ramsey (1906-1930) wrote on logic,
mathematics and philosophy. The basic idea of Ramsey theory can be
summarized by the words of Theodore Samuel Motzkin (1908-1970):
“Complete disorder is impossible”.

It can be illustrated by the following amusing fact. In any group
of six people, there are either three mutual friends or three mutual
strangers. This can be stated in graph-theoretic terms as follows. Take
the complete graph Kg whose vertices represent the six people. Colour
the edge red if the two people know each other, otherwise, colour it
blue. We claim that there must be a monochromatic triangle. To see
this, note that each vertex has degree 5 and so there must be three
edges of the same colour emanating from every vertex. Select one, and
suppose without loss of generality, these edges are red connecting these
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vertices. If any one of the edges connecting these three vertices is red,
we are done. If not, then we have a blue triangle and we are done. It
is not hard to see that such a result cannot be inferred if we had K.
Thus, 6 is the minimal number which ensures a monochromatic triangle
from any random colouring of its edges.

Ramsey’s generalization of this fact can be stated as follows:

THEOREM 11.3.1 (Ramsey, 1930). Let a,b > 2 be integers and let

" a+b-2
h a—1 '

Then, any edge colouring of K, with red and blue contains a red K, or
a blue K.

REMARK 11.3.2. The case discussed above is a = b =3 and n = 6.

PROOF. The proof proceeds by induction on a + b. The case a =
b = 2 is trivial. So assume a > 2 and b > 2 and that we have established
the theorem for lower a + b. In particular, if

ny = (a+(2:1)—2>

and the edges of K,, are coloured using red and blue, then there is
bound to be a red K, or a blue Kj_;. Again, by induction, if

()

then, there is bound to be a red K,_1 or a blue K. Now, to deduce the
result for a,b, let n be as stated in the theorem and suppose we have
randomly coloured the edges of K, with red and blue. Consider one
vertex v and look at its incident edges. There are n — 1 of them. By
the recurrence for the binomial coefficients,

n—l:(a+b—2>—1: (a+b—3)+<a+b—3>_1
a—1 a—1 a—2
:n1+n2—1>(n1—1)+(n2—1).

Thus, these n —1 edges incident at v must contain at least n; blue edges
or ny red edges (for otherwise, we would have < n; — 1 blue edges and
< ng — 1 red edges which give us a total of < n — 1 edges incident at
v). We consider only the first case since the other case is similar. In
this case, the complete graph K, vertices formed by the n; vertices
incident with the above blue edges, contains a red K, or a blue Kj;_;.
If the former is the case, we are done. If the latter, then together with
the vertex v, we have the required K}. This completes the proof. =
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If we define the Ramsey number R(a,b) to be the smallest value
of n such that any 2-colouring of K, contains a monochromatic K, or
K, then our remark above shows that R(3,3) < 6. It is not difficult to
see that K5 can be 2-coloured in such a way there is no monochromatic
triangle. Simply colour the ‘outer’ edges of K5 one colour and the ‘inner’
edges another colour. Thus, R(3,3) = 6. Our theorem above shows that
in general

R < (

The precise determination of these numbers is still a major unsolved
problem in this area.

There are several ways in which the theorem has been generalized.
One way is to extend it to more colourings than just 2 colours. Thus,
if K, is edge coloured using r colours, and we specify positive integers
ai,...,ar, then how large must n be so that we are sure to have a sub-
graph K,, with the i-th colour. Does such an n even exist. This is
established by the following:

a+b—2
a—1 '

THEOREM 11.3.3. Let positive integers aq,...,a, be given. Then,
there exists an n such that if K, is edge coloured using r colours, then
there is some K,, with the i-th colour.

PrROOF. We induct on r. We have already proved the case r = 2.
Suppose then r > 2. By induction, there is an mg such that if we
edge colour K, using r — 1 colours, then there is some K, with the
i-th colour. Thus, we have applied the induction process with » — 1 and
ag,...,ar—1. Now let n = R(a1,ng). By Theorem 11.3.1, any 2-colouring
of K, contains either K,, with the first colour or a K, with the other
colour. If the former, we are done. If the latter, by induction, the proof
is complete. =

As can be seen, Ramsey theory is a merging of the induction tech-
nique with the pigeonhole principle. Its application in many problems
can sometimes be quite subtle.

Here are two applications. In any sequence a1, ...,a, of m = R(n+
1,n + 1) distinct numbers, there is a monotonic subsequence of length
n+ 1. Paul Erdés (1913-1996) and George Szekeres (1911-2005) proved
this to hold for any sequence of n?+1 numbers. See also Exercise 11.4.8.
We take m = R(n+ 1,n+ 1) and represent the numbers by the vertices
of K. If a; < aj, we colour the edge i, j red; otherwise we colour it
blue. Then, the result follows from Ramsey’s theorem.

A famous theorem of Robert Palmer Dilworth (1914-1993) from 1955
says that any partial ordering of ab + 1 elements contains a chain of
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length a 4+ 1 or an antichain of length b+ 1 (where by an antichain, we
mean a subset no two of which are comparable). For example, if we
have n + 1 natural numbers partially ordered by divisibility, then either
there are two elements, one which divides the other, or all the numbers
are incomparable. If we replace ab+ 1 by R(a + 1,b + 1), then this
is an immediate consequence of Ramsey’s theorem since again, we can
represent the vertices of K, with n = R(a + 1,b+ 1) by the elements.
We colour a pair z,y red if x and y are comparable and blue otherwise.
Ramsey’s theorem yields a red K 41 or a blue Kpiq from which we
deduce the result. See also Exercise 11.4.20.

In 1916, Issai Schur (1875-1941) applied Theorem to show that for
any prime p sufficiently large, the “Fermat equation” mod p always has
a solution. That is, a™ + b™ = ¢™ (mod p) can be solved provided
p > f(m) for some number f(m). Schur shows that f(m) = mle + 1
works.

In fact, Schur’s theorem is based on the following result.

THEOREM 11.3.4. Suppose m is a positive integer. Then there is an
M such that if the positive integers {1,2,...,M — 1} are partitioned into
m sets, the equation r +y = z has a solution in at least one of the sets.

Proor. By Ramsey’s Theorem 11.3.3, there is an M such that if
the edges of K are coloured using m colours, then there is a monochro-
matic triangle. Let us assign a colour to each block of the given par-
tition of {1,2,..., M — 1}. Now colour the edge (i,j) with the colour
assigned to the block in which |¢— j| appears. Since there is a monochro-
matic triangle, there are elements 1 < ¢ < j < k < M such that
|t —jl=4—1t,|7— k| =k—jand |i — k| = k — ¢ have the same colour,
that is, lie in the same block. Then x = j— i,y =k —j,z =k — i liein
the same block and we have z +y =2. =

COROLLARY 11.3.5. There is an f(m) such that for any prime
p > f(m), the equation a™ + b™ = ¢™ (mod p) always has a non-zero
solution.

PRrROOF. Let f(m) = M as in Theorem 11.3.4. For any prime p >
M, we consider the cosets of F;™ := {u™ : u € F}, \ {0}} in F,. There
are m such cosets. Pick m distinct colours corresponding to each of
the cosets. We now colour the elements of {1,2,..., M — 1} with the m
colours according as the coset they lie in. By Theorem 11.3.4, we can
solve z + y = z in one of the cosets. Since the cosets are of the form
uF ;™ for some u # 0, we may write x = ua™,y = ub™, z = uc™ and the
theorem is now clear after canceling the u, which we can do since u # 0.
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Moreover, a,b, c are all non-zero since they lie in Fj. This completes
the proof. =

We conclude our discussion of Ramsey theory with an exponential
lower bound for the Ramsey number R(a,a). The next theorem uses
the probabilistic method, a very powerful tool in combinatorics.

THEOREM 11.3.6 (Erdos, 1947). The Ramsey number R(a,a) satis-
fies the inequalities
242 < R(a,a) < 2%

PRrROOF. The second inequality follows from Theorem 11.3.1 because

2a -2 < 9202 _ 92

a-1/) 7 '
For the lower bound, we apply a “probabilistic” method as follows. Let
us count the number of colourings on n vertices which contain a “red”

K, or a “blue” K,. From the n vertices, we choose a vertices and make a
“red” complete graph on a vertices. The number of ways of completing

this graph is clearly
2(2) = (5).

Since we can do this construction for either of the two colours, the
number of graphs on n vertices which contain a red K, or a blue K, is

at most
2(™) 2(2) = (3).

a
If this quantity is strictly less than 2(3) then there are graphs on n
vertices whose 2-colouring of the edges do not contain a monochromatic
K,. Thus, we can conclude R(a,a) > n. Now we estimate n. Notice

that we have .
2 (") <2(3).

a
Since
n n®
(o)<
a al
we can ensure this condition if
a a
T _5(3),
al

Taking logarithms, we find upon using the trivial inequality loga! <
aloga, we get

1 log 2
log2 + loga — ——O—cgl—~

a —_—
2
which is satisfied if n = 2¢/2. u

logn <
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11.4. Exercises

EXERCISE 11.4.1. Draw the line graph of K33 and determine its
chromatic number.

EXERCISE 11.4.2. Show that the Petersen graph (Figure 10.2) has
no Hamiltonian cycles.

EXERCISE 11.4.3. Show that the edge-chromatic number of the Pe-
tersen graph is 4.

EXERCISE 11.4.4. If X is a 3-regular graph with a Hamiltonian cycle,
show that x.(X) = 3.

EXERCISE 11.4.5. Show that K, , has no Hamiltonian cycle unless
r=s.

EXERCISE 11.4.6. Show that K, contains s'(s_2—121 Hamiltonian cy-
cles.

EXERCISE 11.4.7. Show that every path of 5 vertices lies in the
dodecahedron lies in a Hamiltonian cycle.

EXERCISE 11.4.8. If X has a Hamiltonian path, then for each S C
V(X), the number of components of X \ S is at most |S| + 1.

EXERCISE 11.4.9. Every set of n integers contains a nonempty sub-
set whose sum is divisible by n. Show that there are sets of n—1 integers
with no such subset.

EXERCISE 11.4.10. Show that every sequence of mn+1 real numbers
contains either an increasing subsequence of length at least m + 1 or a
decreasing subsequence of length at least n + 1. Show that there are
sequences of mn real numbers for which the above conclusion fails.

EXERCISE 11.4.11. Let ay,...,a, be nonnegative integers whose
sum is k. If & < 2n + 1, show that for any m € [k], there exists

I C [n] such that
Z a; =m.

iel
For k = 2n + 2, describe a set of n nonnegative integers for which the
statement above fails.

EXERCISE 11.4.12. Let S be a subset of the set of natural numbers
<2n. If |S| = n+ 1, show that

(1) there are two elements in S which are coprime.
(2) there are two elements in S, one of which divides the other.
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Describe a subset of n natural numbers less than 2n where each of the
previous conclusions does not hold.

EXERCISE 11.4.13. Show that for any red-blue colouring of the edges
of Kg, there exists a monochromatic cycle on 4 vertices. Show that this
is not true for Kjp.

EXERCISE 11.4.14. Show that the maximum number of edges in a
non-Hamiltonian graph on n vertices is ("51) + 1.

EXERCISE 11.4.15. Among five points in plane with no three collinear,
show there are four that determine a convex quadrilateral.

EXERCISE 11.4.16. Among nine points in plane with no three collinear,
show there are five that determine a convex pentagon.

EXERCISE 11.4.17. Let n > 3 be an integer number. Show that every
set of (2:__24) + 1 points in the plane with no three collinear contains an
n-subset forming a convex polygon.

EXERCISE 11.4.18. Consider a cycle on 8 vertices in which we join
the opposite vertices. Show that the 3-regular graph obtained contains
no triangles and its independence number is at most 4.

EXERCISE 11.4.19. Show that R(3,4) = 9.

EXERCISE 11.4.20. Recall that a poset P is a set P and a binary
relation < that is reflexive, transitive and antisymmetric. A chain is
a sequence a; < ag < --- < ag. An anti-chain is a subset of pairwise
incomparable elements. If P is a finite poset, show that the minimum
number of chains that cover P equals the maximum size of an antichain.



CHAPTER 12

Regular Graphs

12.1. Eigenvalues of Regular Graphs

Recall that a k-regular graph is one in which every vertex has degree
k. Thus, every row sum (and hence every column sum) of its adjacency
matrix A is k. We have seen (see Exercise 4.5.1) that k is an eigenvalue
of A. Moreover, it is easy to see that all the eigenvalues A satisfy |A| < k.
Indeed, let v = (z1, ..., 2, ) be an eigenvector with eigenvalue A\. Then

v = Av

AL = Z z;.

(¢,5)€E

implies that

Without loss of generality, we may suppose |z1| = max; |z;|. Then,
| Allzy| < Klzal,

from which we infer |A|] < k. A similar argument shows that if X is
connected, then the multiplicity of Ag = k is one. In fact, the same ar-
gument shows that the multiplicity of Ay = k is the number of connected
components of X. To see this, let v = (x1, ..., 2, ) be an eigenvector cor-
responding to the eigenvalue k£ and without loss of generality, suppose
|z1] is maximal as before. We may also suppose z1 > 0. Then,

k.’l?l = Z .Tj S k‘.’L‘l
(1,5)eE

which means that there is no cancelation in the sum and all the z;’s are
equal to 1.

Thus, if X is a connected k-regular graph, we may arrange the
eigenvalues as ‘

E=MX(X)>M(X)> > AX)> -k

It is not difficult to show that —k is an eigenvalue of X if and only
if X is bipartite, in which case, its multiplicity is again equal to the
number of connected components.
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Indeed, we have already observed (see Theorem 4.3.1) that the eigen-
values of the adjacency matrix of a bipartite graph occur in pairs A;, A;
with A\; = —A;. To show that if —k is an eigenvalue of a connected
k-regular graph X, that X must be bipartite, we let (z1,...,2,) be an
eigenvector corresponding to —k. Then,

n
—k:ciz E aijacj
j=1
implies

n
klzil < agjla;] < Kl

j=1
if ¢ is an index such that |z;| is maximal among the absolute values of the
components of (z1,...,2,). The above inequality implies that we must
have |z;| = |z;| for any j adjacent to ¢. Since the graph is connected,
this must be true of every component. Since the eigenvector is non-zero,
each component must be strictly positive or strictly negative. Now let
A be the vertices 7 such that z; > 0 and B the vertices where z; < 0.
We can now show that A and B are independent sets. Indeed, if x; > 0,

then the relation .
n
-—kl’i = Za,-jxj
Jj=1

shows that if we let a; be the number of vertices in A adjacent to ¢ and
b; the number of vertices adjacent to ¢ in B, then

ai—bi = —k.

But a; + b; = k so we deduce 2a; = 0. Hence, if —k is an eigenvalue of
a k-regular graph, then X is bipartite.

Any eigenvalue \; # £k is referred to as a non-trivial eigenvalue.
We denote by A(X) the maximum of the absolute values of all the non-
trivial eigenvalues. We will see in the next sections that A(X) has closed
connections with the structure of X.

12.2. Diameter of Regular Graphs

Recall that we defined a metric on a connected graph by defining
the distance d(z,y) for z,y € V as the minimal length amongst all
the paths from z to y. The diameter of a connected graph was then
the maximum value of the distance function. We begin by deriving an
estimate for the diameter involving A(X) due to Fan Chung. If A is the
adjacency matrix, then the (z,y)-th entry of A” is the number of paths
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from z to y of length r. Hence, if m is the diameter of X, then every
entry of A™ is strictly positive.

Let n = |V| and wg, u1, ..., un—1 be an orthonormal basis of eigenvec-
tors of A with corresponding eigenvalues A, ..., A,—1 respectively. We
may take ug = u/y/n where u = (1,1,...,1) as defined earlier. We can

write
n—1
t
A= E )\iuiui.
i=0
More generally,
n—1
ro_ § : T, ..t
A = )\z 'U/zuli.
1=0

In particular, we see that the (z,y)-th entry of A™ is

= S AP (e
which is
K™ m
> | A (i )a()y -
1>1

Let us assume that X is not bipartite (so that —k is not an eigenvalue.
Then, by the Cauchy-Schwarz inequality,
1/2 1/2

| oA ey < ACO™ [ D@2 ] @]

i>1 i>1 i>1
which is easily seen to be
<A™ (1 — (u0)2)M3(1 — (u0)2)Y2 < NP (1 — 1/n).
Thus, (z,y)-th entry of A™ is always positive if

m

W >n—1.
If X is bipartite, it is easy to see that we get
2k™
W >n—1.

In other words, we have proved
THEOREM 12.2.1. Let X be a k-regular graph with n vertices and
diameter m. If X is not bipartite, then
< log(n — 1)
log(k/A(X))"



144 12. REGULAR GRAPHS

If X is bipartite, then we have the sharper inequality

_ logl(n— 1)/2]
log(k/A(X))

This inequality also shows that regular graphs with small A(X), have
small diameter. In communication theory, one requires the network to
have small diameter for efficient operation. Note that the diameter of a
log(lf;g Ilc) 2
(see Exercise 5.5.20). The best upper bound obtained from the previous
result is about twice as large as this lower bound.

At this point, a natural question is how small can A(X) be 7 The
following elementary observation about the eigenvalue A(X) is worth
making. Observe that the eigenvalues of A2 are simply the squares of
the eigenvalues of A. On the other hand, the trace of A2 is simply kn

for a k-regular graph X. Thus, if X is not bipartite,
k% + (n — DA(X)? > kn
which gives the inequality

A(X) > (" — ’1“)1/2 V.

connected, k-regular graph X on n vertices is always at least

If X is bipartite, then
2k% + (n — 2A(X)? > nk,

in which case

n — 2k 1/2
X) > k.
AX) > ( — ) vk
If we think of k£ as fixed and n—o0, then we see that

lim A(X) > Vk.
n—oo

An asymptotic version of a theorem of Alon and Bopanna from 1986
asserts that

(12.2.1) Hminf,—oeoA(Xnx) > 2vk — 1

where the limit is taken over k-regular graphs with n going to infinity.
Several proofs of this result exist in the literature. A sharper version
was derived by Nilli in 1991.

THEOREM 12.2.2. Suppose that X is a k-regular graph. Assume that
the diameter of X is > 2b+2 > 4. Then

M(X) > 2VF =1 - 2———”“_()1*1



12.2. DIAMETER OF REGULAR GRAPHS 145

Let us make the following observation. If m = d(u,v) is the diameter
of X, then the number of paths from u of length m is < k™ and as each
such path has m + 1 vertices, we deduce that the number of vertices n
satisfies the inequality

n < (m+ )™

Thus, if k is fixed and n—oo, then the diameter also tends to infinity.
In particular, Theorem 12.2.2 implies inequality (12.2.1) since A\(X) >
A1(X).

We preface our proof of Theorem 12.2.2 by recalling the Rayleigh-
Ritz Theorem from Chapter 6, Section 6.8. Let A be a symmetric matrix
(a similar analysis applies to Hermitian matrices). Let A\pax and A
be the largest and smallest eigenvalues of A respectively. Then, we have

_ (Av,v)
Amax_ril;éo (v,v)
and
T
’\m‘““fﬁig (v,v)

Now let L(X) denote the space of real-valued functions on X. We
can equip the vector space L(X) with an inner product by defining

(f,9) =Y _ f(z)g(x).

z€X

We can view the adjacency matrix as acting on L(X) via the formula

AH@ =D f).

(zy)eE(X)

For a connected k-regular graph, Ag = k is an eigenvalue of multiplicity
1 and the corresponding eigenspace is the set of constant functions.
Hence, we can decompose our space as

L(X) = Rfo ® Lo(X)

where fo = 1 and Lo(X) is the space of functions orthogonal to fo.
Thus, we can consider A as operating on Lo(X). By the Rayleigh-Ritz
theorem,

(A1, 1)

(£, 1)

Since we want a lower bound for A;(X), it is natural to consider the
matrix A = kI — A whose eigenvalues are easily seen to be k — \;

A(X) = F#0
(£,f0)=0




146 12. REGULAR GRAPHS

(0 <i<n-—1). (A is a discrete analogue of the classical Laplace
operator.) Thus,

(Af, f)
(£, f)

The strategy now is to find an appropriate function f, obtain an upper
bound for (f,f) and a lower bound for (Af, f). We can now prove
Theorem 12.2.2.

PROOF. Let u,v € G be such that d(u,v) > 2b+2. For ¢ > 0, define
sets

k—XM(X)= mln
(ff) 0

Ui={ze€G: d(z,u) =1}
={z e G: d(z,v) =1}
Then, the sets Uy, Uy, ..., Uy, Vi, V1, ..., V4 are disjoint, for otherwise, by
the triangle inequality we get d(u,v) < 2b which is a contradiction.
Moreover, no vertex of
U =U,U;
is adjacent to
V =U_V;
for otherwise d(u,v) < 2b+ 1 which is a contradiction. For each vertex
in U;, at least one lies in U;_; and at most ¢ = k — 1 lie in U;;1 (for
1 > 1). Thus,
[Uita| < q|Uil.
By the same logic, |Vi+1] < ¢|Vi|. By induction, we see that |Uy| <
¢OD|U;| and V3] < ¢®D|V;|. We will set f(x) = f; for z € U,
f(x) = g; for z € V; and zero otherwise, with the f; and g; to be chosen
later. Now,

(f,.f)=A+B

where
b
A=Y U
1=0
and
b
B=) gVl
1=0

By the inequalities derived above, we get

b b
H 2 2N+ gia IV

=0 1=0
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We now choose fo = a, go = 0, f; = ag~("Y/2 and g; = B¢~ ~V/2 for
i > 1. Thus,
\Z
(0)> (@4 57) (140552 ).

We choose o and 3 so that (f, fo) = 0.
Now we derive an upper bound for (Af, f). Note that

S Y (@) - F@)P =k )~ (Af.£) = (Aff)
(z,y)€E

by an easy calculation. Let Ay denote the sum

(z,y)EE
zory €U

and let Ay be defined similarly. If we partition according to the con-
tribution from each U; and keep in mind that each z € U; has at most
q = k — 1 neighbours in U, we obtain

b—-1
: . 2
Av <) |Uilq (q_(H)/z - Q“’/2> ® +|Uslg - ¢~ Va?.
i=1

This is easily computed to be

= (Vg — 1)2 <|U1| + !Uzlq_1 44 IUb_1|q‘(b—2) + |Ub|q—(b—1)) o2

+0%(2¢/q — 1)|Up|q= &V,
Consequently,
A—a?
b

Ay < (VG- 12(A - a®) + (2yG - 1)

which is less than

(1+q—2\/‘cj+2‘/€)—1>A.

Similarly,

2,/q-1
Av<<1+q—2\/§+ \/ab )B.
Combining these inequalities gives

2/4—1
k—/\l(X)<1+q—2\/a+—\/a—b—

which proves the theorem. m
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12.3. Ramanujan Graphs

The previous theorem motivates the definition of a Ramanujan
graph. A k-regular graph is said to be Ramanujan if

AX) < 2vEk — 1.

This notion was introduced by Lubotzky, Phillips and Sarnak in a fun-
damental paper from 1986 in which they constructed infinite families
of k-regular Ramanujan graphs whenever k£ — 1 is a prime power. The
graphs were named after Srinivasan Ramanujan (1887-1920) because
the construction obtained by Lubotzky, Phillips and Sarnak and inde-
pendently by Margulis, used deep number theoretic results related a
conjecture of Ramanujan.

In view of the Alon-Bopanna theorem, these graphs are extremal
with respect to the property of trying to minimize A(X) in the class of
all k-regular graphs. Given k > 3, the explicit construction of an infinite
family of k-regular Ramanujan graphs is still a major unsolved problem
for any given k. So far, such constructions have been possible using deep
results from algebraic geometry and number theory and only when k—1
is a prime power. For example, no one has been able to construct an
infinite family of 7-regular Ramanujan graphs.

The complete graph K, is an (n — 1)-regular Ramanujan graph.
Also, the cycle graph C), is a 2-regular Ramanujan graph.

In section 4, we will construct a family of regular graphs using group
theory and determine explicitly the eigenvalues of the adjacency matrix
in terms of group characters. This will allow us to construct some
explicit examples of Ramanujan graphs.

12.4. Basic Facts about Groups and Characters

A group G is a set together with a binary operation * (say) satisfying
the following axioms:

(1) a,b € G implies a * b € G (closure);

(2) a,b,c € G implies (a * b) * ¢ = a x (b * ¢) (associativity);

(3) there is an element called the identity e € G such that axe =
exa = a for all a € G (identity element);

(4) for any a € G, thereisa b € Gsothat axb =bxa = ¢
(inverses); we write a~! to denote the inverse of a.

If in addition to this, a xb = bx*a for all a,b € G, we say that G
is abelian or commutative. When G is finite, we call the size of G the
order of G. Note also that in a group, we have the cancelation law:
a*b = ax*c implies b = ¢ since we can multiply both sides on the left by
a~!. Warning: if axb = cxa, we cannot necessarily conclude that b = c.
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See example 6 below. The cancelation law also shows that the identity
element is unique because if there were two e, e’ say, then a = ae = ae’
and we deduce e = €.

The reason for studying groups in the abstract is that many scien-
tific discoveries can be formulated in the language of group theory. In
addition, the fundamental particles in the heart of the atom seem to
know everything about non-abelian groups! In fact, the character the-
ory of certain subgroups of the group GL2(C) (see example 6 below) led
to the discovery of new sub-atomic particles in the early 20th century.

Here are some examples of groups.

(1) Z under addition.
(2) Z under multiplication is not a group since there are no in-
verses.
(3) R*, non-zero reals under multiplication.
(4) C*, non-zero complex numbers under multiplication.
(5) C and R under addition.
All of these are examples of infinite abelian groups.
(6) GL2(R), or GLy(C) the collection of 2 x 2 invertible matrices
with entries in R or C is a group under multiplication.
These are infinite non-abelian groups. Notice that

0o Ea-Ca)-0 00 )

We cannot cancel the matrix

0 -1
()
from both sides of the equation!
(7) Z/nZ under addition consists of residue classes modulo n. This
is a finite abelian group of order n.
(8) Z/6Z with multiplication is not a group since the residue class
2 does not have an inverse.
(9) (Z/pZ)* is the set of coprime residue classes mod p, with p
prime. This is a finite abelian group of order p — 1.

To indicate a *x b we sometimes drop the * and simply write
ab with no cause for confusion. There is a general tendency
to use the multiplicative notation for writing the group law
although there is non universal convention about this. Part
of the reason for this is to emphasize that the groups we are
dealing with need not be abelian. There is also a tendency to
use the symbol 1 to denote the identity element (and 0 when
we write the group additively).
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(10) The symmetries of the equilateral triangle, namely rotation by
60 degrees denoted r and a flip about the vertical axis f gener-
ates a non-abelian group of order 6. This group is isomorphic
to the group of permutations on 3 letters.

THEOREM 12.4.1. If G is a finite abelian group of order n, then
g" =1 for any element g € G.

PROOF. Let g1, ..., g, be the distinct elements of G. The elements

991,992, .-, 99n

are also distinct and therefore must be all of the elements of the group.
Thus,

g1 gn =991 99n = g" (91" gn)
and canceling by (g1 - - - gn), we deduce the result. =

This theorem can be thought of as a generalization of Fermat’s little
theorem which says that if p is prime and a is coprime to p, then

a?~! = 1( mod p).

Theorem 1 is true for non-abelian groups also and is due to Lagrange.
A group is called cyclic if there is an element gy such that every
element of the group is of the form g{* for some integer m. For instance,
Z is a cyclic group under addition with generator 1. As any cyclic group
is countable, the group of non-zero reals under multiplication and the
group of additive reals are not cyclic groups. The group of residue
classes mod n under addition, is a cyclic group with generator being the
residue class 1. Any coprime residue class will also serve as a generator.
A character x of a group G is a map

x : G—-C*

such that x(ab) = x(a)x(b). It is an example of a homomorphism.
The character that sends every element to the element 1 is called the
trivial character. Notice that any character of a group must take
the identity element to 1 because x(12) = x(1) = x(1)? and the only
non-zero complex number z satisfying 22 = z is 2 = 1. Another thing
to notice is that x(a™!) = x(a)~! since 1 = x(aa™!) = x(a)x(a™!) from
which the result is immediate. By Theorem 1, we deduce that if G is

a finite group of order n,then x(g) must be an n-th root of unity since
n

1=x(g") = x(9)"

The basic idea of character theory is that to understand the abstract
group G, we map into something concrete like the multiplicative group
of complex numbers and see how the image looks like to deduce what G
looks like. It turns out that if G is a finite abelian group of order n, then
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there are exactly n distinct characters that one can construct. The set
of characters in turn forms a group under multiplication of characters.
Indeed, we define for two characters x and v, the product character

(x¥)(a) == x(a)¥(a).
We call this the character group of G and denote it by G. The identity
element of ( is the trivial character. The character inverse to x is x7!
defined by

X" Ha) = x(a)™".

In the case of the additive group of residue classes mod n, all of the
characters are given by

xj(a) = e¥9em 5 =0,1,2,..,(n - 1).

Notice that xq is the trivial character.

12.5. Cayley Graphs

There is a simple procedure to constructing k-regular graphs using
group theory. This can be described as follows. Let G be a finite group
and S a k-element subset of G. We suppose that S is symmetric in the
sense that s € S implies s™! € S. Now construct the graph X (G, S) by
having the vertex set to be the elements of G the (z,y) is an edge if and
only if 2y~ € S.

The eigenvalues of the Cayley graph are easily determined as follows.
The cognoscenti will recognize that it is the classical calculation of the
Dedekind determinant in number theory.

THEOREM 12.5.1. Let G be a finite abelian group and S a symmetric
subset of G of size k. Then the eigenvalues of the adjacency matriz of

X(G,S) are given by
Ax = ZX(S)

sES
as x ranges over all the irreducible characters of G.

REMARK 12.5.2. Notice that for the trivial character, we have A\ =
k. If we have for all x # 1

<k

> x(s)

s€eS

then the graph is connected by our earlier remarks. Thus, to construct
Ramanujan graphs, we require

> x(s)

seS

<2vk -1




152 12. REGULAR GRAPHS

for every non-trivial irreducible character x of G. This is the strategy
employed in many of the explicit construction of Ramanujan graphs.

Proor. For each irreducible character , let v, denote the vector
(x(9) : g € G). Let d5(g) equal 1 if g € S and zero otherwise and denote
by A the adjacency matrix of X(G,S). Then,

Avx)z 255 g Hx

geS

By replacing zg~! by s, and using the fact that S is symmetric, we

obtain
(Avy )y (Z x(s) )

ses
which shows that v, is an eigenvector with eigenvalue

> x(s)

seS
which completes the proof. =

As mentioned above, this calculation is reminiscent of the Dedekind
determinant formula in number theory. Recall that this formula com-
putes det A where A is the matrix whose (3, 5)-th entry is f(ij~!) for
any function f defined on the finite abelian group G of order n. The

determinant is
111> f9x(9

X \geG
The proof is analogous to the calculation in the proof of Theorem 3 and
we leave it to the reader. As an application, it allows us to compute
the determinant of a circulant matrix. For instance, we can compute
the characteristic polynomial of the complete graph. Indeed, it is not
hard to see that by taking the additive cyclic group of order n and
setting f(0) = — A, f(a) =1 for a # 0, we obtain that the characteristic
polynomial is
(-D*"A=(n-1)(A-1)""

by the Dedekind determinant formula. As the complete graph of or-
der n is an (n — 1)-regular graph, we see immediately from the above
calculation that it is a Ramanujan graph.

If G is an abelian group and S is a subset of G, we can define another
set of graphs Y (G, S) called sum graphs as follows. The vertices consist
of elements of G and (z,y) is an edge if zy € S. Arguing as before, we
can show
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THEOREM 12.5.3. Let G be an abelian group. For each character x
of G, the eigenvalues of Y (G, S) are given as follows. Define

€x = Z x(s)-

s€S

If ex =0, then vy and vy 1 are both eigenvectors with eigenvalues zero.
If ey, # 0, then

lex|vy £ exvy—1

are two eigenvectors with eigenvalues *|e, .

Using this theorem, Winnie Li constructed Ramanujan graphs in the
following way. Let F; denote the finite field of g elements. Let G = F 2
and take for S the elements of G of norm 1. This is a symmetric subset
of G and the Cayley graph X (G, S) turns out to be Ramanujan. The
latter is a consequence of a theorem of Deligne estimating Kloosterman
sums.

These results allow us to construct Ramanujan graphs by estimating
character sums.

There is a generalization of these results to the non-abelian context.
This is essentially contained in a paper by Diaconis and Shahshahani.
Using their results, one can easily generalize the Dedekind determinant
formula as follows (and which does not seem to be widely known). Let
G be a finite group and f a class function on G. Then the determinant
of the matrix A whose rows (and columns) are indexed by the elements
of G and whose (i, j)-th entry is f(ij~!) is given by

x(1)

1
];[ o) QEZG f(9)x(g)

with the product over the distinct irreducible characters of G.
The following theorem is due to Diaconis and Shahshahani.

THEOREM 12.5.4. Let G be a finite group and S a subset which is
stable under conjugation. Let A be the adjacency matriz of the graph
X (G, S) (where u,v € G are adjacent if and only if ww=! € S). Then
the eigenvalues of A are given by

1
A= 1D seZsX(S)

as x ranges over all irreducible characters of G. Moreover, the multi-
plicity of Ay is x(1)2.
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We remark that the A, in the above theorem need not be all distinct.
For example, if there is a non-trivial character x which is trivial on S,
then the multiplicity of the eigenvalue |S| is at least 1 4 x(1)2.

PROOF. We essentially modify the proof of Diaconis and Shahsha-
hani to suit our context. We consider the group algebra C[G] with basis
vectors e, with g € G and multiplication defined as usual by eje;, = egp.
We define the linear operator @ by

Q= Zes = 255(9)69

seS geG

which acts on C[G] by left multiplication. The matrix representation
of Q with respect to the basis vectors e, with g € G is precisely the
adjacency matrix of X(G,S) as is easily checked. If r denotes the left
regular representation of G on C[G], we find that the action of

r(A) = Z r(s)

seS
on CJ[G] is identical to Q. Moreover, C[G] decomposes as
C[G} - @pr
where the direct sum is over non-equivalent irreducible representations
of G and the subspace V), is a direct sum of deg p copies of the subspace

W, corresponding to the irreducible representation p. The result is now
clear from basic facts of linear algebra. =

12.6. Expanders

For any subset A of the vertex set of a graph X, we may define the
edge-boundary of A, denoted dA by

OA={zye E(X):xz € A,y ¢ A}.

That is, the edge-boundary of A consists of the edges which are incident
to precisely one vertex of A. The edge-expansion h(X) of X equals
the minimum of %, where the minimum is taken over all subsets A
of the vertex set of X of order at most |‘/—(2X)—| As many combinatorial
invariants, the edge-expansion of a graph is hard to compute.

Let ¢ be positive real number. A k-regular graph X with n vertices

is called a c-expander if
(12.6.1) h(X) >c.
A very important problem is constructing infinite families of k-regular

c-expanders for fixed £ > 3 and some ¢ > 0. Expander graphs play an
important role in computer science and the theory of communication
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networks. These graphs arise in questions about designing networks
that connect many users while using only a small number of switches.
Our interest in them lies in the fact the theory of c-expanders can be
related to the eigenvalue questions of the previous section. This is done
in the next theorem.

THEOREM 12.6.1 (Alon-Milman, Dodziuk). Let X be a k-regular
graph. Then
k— (X
B2 < h(x) < VERGE— M(X).
PRrROOF. We prove only the first inequality, the second inequality is
slightly more complicated.
The idea. is to apply the Rayleigh-Ritz ratio-in the following way. As
observed in the previous section, let f be a function defined on V(X)

that is orthogonal to the constant function fo. If L = kI — A is the
Laplacian matrix of X, then

(LS. f)
(£, f)
by Rayleigh-Ritz inequality.
Let A be a subset of V(X) of size at most |—V—(2§—)—| If we set
[ IV(X)\ 4] ifzeA
f(z) = { Z[A] ifzd A
then it is easily seen that (f,fo) = 0. On the other hand, a direct

calculation shows that

(f, £) = [V(XIIANV (X\A].

>k —M(X)

By using the formula

(Lhf =5 3 (@) - )

(z,y)EE
we easily check that
(Lf, ) = |X[*|o4]|

so that by the previous we obtain

|0A] VX)\Al | k- M(X)
— 2> (k- (X > .
Since this inequality holds for each A C V(X)) of size at most M, it

follows that h(X) > E=4X)
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The previous theorem shows that making A; as small as possible
gives us good expander graphs. By the Alon-Bopanna theorem, we

cannot do better than
AX) <2vE - 1.

Thus, Ramanujan graphs make excellent expanders.

In 1973, Margulis gave the first explicit construction of an infinite
family of 8-regular graphs. Given an nonnegative integer m, consider
the graph G,, whose vertex set is Z,, x Z,,. Each vertex (z,y) of G,
is adjacent exactly to (z +y,y),(z —y,9), (z,y +2),(z,y —z),(z +y +
Ly),(z—y+1,y),(z,y+z+1),(z,y — z+ 1) where all the operations
are done modulo m. Varying m produces an infinite family of 8-regular
graphs. Margulis showed these graphs are expanders by using results
from group representations. In 1981, Gabber and Galil used harmonic
analysis to show that any non-trivial eigenvalue of G,, has absolute
value at most 5v/2 =~ 7.05 < 8.

12.7. Counting Paths in Regular Graphs

If A is the adjacency matrix of X, it is clear that the (x,y)-th co-
ordinate of A" enumerates the number of paths of length r from z to
y. We will be interested in proper paths, that is paths which do not
have back-tracking. We are interested in counting the number of proper’
paths of length r in a k-regular graph. Let A, denote the matrix whose
(z,y)-th entry will be the number of proper paths from = t6 y. Then,

Ag =1 and A; = A and clearly
A? = Ax + kI

since As encodes the number of proper paths of length 2.
Inductively, it is clear that

A1A, = AT;|_1 + (k — 1)A1-_1,

since the left hand side enumerates paths of length r 4+ 1 which are
extended from proper paths of length r and the right side enumerates
first the proper paths of length r + 1 and proper paths of length » — 1
which are extended to ‘improper’ paths of length 7.

This recursion allows us to deduce the following identity of formal
power series:

PRroproOSITION 12.7.1.

(i Art’"> (I-At+(k-1t)=01-*)L
r=0
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12.8. The Ihara Zeta Function of a Graph

Let X be a k-regular graph and set ¢ = k — 1. Motivated by the
theory of the Selberg zeta function, Thara was led to make the following
definitions and construct the graph-theoretic analogue of it as follows.
A proper path whose endpoints are equal is called a closed geodesic. If
v is a closed geodesic, we denote by " the closed geodesic obtained by
repeating the path -+ r times. A closed geodesic which is not the power
of another one is called a prime geodesic. We define an equivalence
relation on the closed geodesics (o, ..., ) and (yo, ..., Ym) if and only if
m = n and there is a d such that y; = z;,4 for all ¢ (and the subscripts
are interpreted modulo n. An equivalence class of a prime geodesic is
called a prime geodesic cycle. Thara then defines the zeta function

Zx(s) =11 (1 - q—sl(p))—l

p

where the product is over all prime geodesic cycles and ¢(p) is the length
of p.
Ihara proves the following theorem:

THEOREM 12.8.1. For g = (¢ — 1)|X|/2, we have
Zx(s) = (1 —u?)9det(l — Au+qu®)™', w=q"
Moreover, Zx(s) satisfies the “Riemann hypothesis” (that is, all the

singular points lie on Re(s) = 1/2 ) if and only if X is a Ramanujan
graph.

PROOF. (Sketch) We assume that the zeta function has the shape
given and show that it satisfies the Riemann hypothesis if and only if X
is Ramanujan. Let ¢(z) = det(zI — A) be the characteristic polynomial
of A. If we set z = (1 + qu?)/u, then the singular points of the Zx(s)
arise from the zeros of ¢(z). Since :

2+ /22 —4q
2q

u =

and any zero of ¢ is real (because A is symmetric), we deduce that

2 (1+qui)u U+ qul’u

U ul lu|?
is also real. Thus, the numerator is real and so, we must have
2 _
QIUI - 13

which is equivalent to the assertion of the theorem. =
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12.9. Exercises

EXERCISE 12.9.1. If X is a k-regular graph with eigenvalues k =
Ao > A1 > -+ > A1, determine the eigenvalues of the complement of
X.

EXERCISE 12.9.2. A graph X is regular and connected if and only
if J is a linear combination of powers of the adjacency matrix A of X.

EXERCISE 12.9.3. Let kK = Ao > A1 > --- > As—1 be the distinct
eigenvalues of the adjacency matrix A of a k-regular connected graph
X with n vertices. Show that

J =
e
EXERCISE 12.9.4. A graph X is strongly regular with parame-
ters (n,k,a,c) if it is k-regular, every pair of adjacent vertices has a
common neighbours and every pair of non-adjacent vertices has ¢ com-
mon neighbours. Show that the adjacency matrix A of a strongly regular
graph X with parameters (n, k, a, ¢) satisfies the equation

A2 —(a—c)A—(k—c) =cJ.

EXERCISE 12.9.5. Calculate the eigenvalues of a strongly regular
graph X with parameters (n, k,a,c).

EXERCISE 12.9.6. Let ¢ = 1 (mod 4) be a power of a prime. The
Paley graph P, has vertices the elements of the field F, with = adjacent
to y if # — y is a square in F,. Show that IP’5 = (5 and that P, is a

strongly regular graph with parameters (q, , %é, 92—1)

EXERCISE 12.9.7. Calculate the eigenvalues of the line graph L(K})
of the complete graph K,,.

EXERCISE 12.9.8. Calculate the eigenvalues of the complement of
the line graph of K.

EXERCISE 12.9.9. An n X n matrix C is called a circulant matrix
if row ¢ of C is obtained from the first row of C by a cyclic shift of i — 1
steps for each i € [n]. Let Z be the nxn circulant matrix whose first row
is [0,1,0,...,0]. Show that the eigenvalues of Z are Lw,w?, ... W

where w = cos( ) + isin (2”)

EXERCISE 12.9.10. Show that the Petersen graph is isomorphic to
the complement of the line graph of K.

EXERCISE 12.9.11. Calculate the eigenvalues of the Petersen graph.
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EXERCISE 12.9.12. Let C be an n x n circulant matrix whose first
row is [c1, ¢, ... ,cp). Show that

n
C = Z CiZi_l,
i=1
where Z is the n x n circulant matrix whose first row is [0,1,0,...,0].

EXERCISE 12.9.13. A circulant graph is a graph X whose ad-
jacency matrix is a circulant matrix. Show that a circulant graph is
regular.

EXERCISE 12.9.14. If [0, ca,...,cy] is the first row of the adjacency
matrix C of a circulant graph X, show that the eigenvalues of C are

n
As = Zaiw(lﬁl)s,
i=2

for s € {0,1,...,n — 1} and w = cos (%’“) -I—isin(%).

n
EXERCISE 12.9.15. Show that the cycle C,, with n vertices is a cir-
culant graph.
EXERCISE 12.9.16. Calculate the eigenvalues of the cycle C,,.

EXERCISE 12.9.17. The Mé&bius ladder My, is the 3-regular graph
on 2n vertices which is obtained from the cycle Cs, by joining each pair
of opposite vertices. Show that the Md6bius ladder is a circulant graph.

EXERCISE 12.9.18. Show that the eigenvalues of the Mobius ladder
My, are

TS s
As = 2cos (;) + (—1)%,
for s € {0,1,...,2n — 1}.

EXERCISE 12.9.19. Determine which of the graphs L(K,), L(K})
and My, are Ramanujan.

EXERCISE 12.9.20. Let X be a graph with n vertices and let w; ;(r)
denote the number of walks of length r between the vertices ¢ and j of
X. If W is the matrix whose (i, j)-th entry is

)
Wi,j = Z wi,j (T)l‘r
r=1
show that

W(I, —zA) = I,
where A is the adjacency matrix of X.



CHAPTER 13

Hints

Chapter 1. Basic Notions of Graph Theory

1.6.1 Use Corollary 1.2.2.

1.6.2 Use Theorem 1.5.2.

1.6.3 The degree of a vertex in a connected graph with n vertices is
between 1 and n — 1.

1.6.4 Use induction on n.

1.6.5 Use the idea from Theorem 1.5.2.

1.6.6 Consider a path of maximum length.

1.6.7 Modify the proof of Theorem 1.4.1.

1.6.8 The endpoints of each edge have different colours.

1.6.9 Find the maximum number of edges in K, 3, when a + b = n.

1.6.10 Each C4 must have two vertices of each colour.

1.6.11 If z,y € {0,1}", show that the distance between z and y
equals the number of positions in which z and y differ. For z € {0,1}",
let w(z) denote the number of 1’s in z. Partition the vertices of Q,
according to the parity of w(x).

1.6.12 Use induction on n to calculate the number of vertices. For
a vertex = € {0,1}", calculate its degree.

1.6.13 Use induction on n or for each = # y € {0,1}", count the
common neighbours of z and y.

1.6.14 Use the previous hint.

1.6.15 Start with an arbitrary bipartite subgraph with two non-
empty colour classes. For each vertex z, if the number of neighbors of
z which are contained in its colour class is greater than the number of
neighbors of  which are contained in the other colour class, then move
x to the other colour class.

1.6.16 Use Theorem 1.4.1.

1.6.17 Prove by contradiction.

1.6.18 Prove by contradiction.

1.6.19 Show first that z (d(u) + d(v)) = Z d?(z) and use
weE(X) ueV(X)
Cauchy-Schwarz inequality.
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1.6.20 Use 1.6.19 to show that if a graph has n vertices and at least
[”—42- | edges, then it contains a Kj.

Chapter 2. Recurrence Relations

2.7.1 Calculate (—’E;Tl)

2.7.2 Count the stsets containing n and the ones not containing n
separately.

2.7.3 Use the relation (k+ 1)! — k! = k! - k

2.7.4 Use the formula (z) = #lk)' or count the number of pairs
{(K,L): K C[n],|K|=k,L C K,|L| =1} in two ways.

2.7.5 Use the formula (Z) = #Lk), or count the number of k-subsets
of [n] depending on whether or not they contain n.

2.7.6 Use 2.7.5.

2.7.7 Count the number of k-subsets of [m + n] in two ways.

2.7.8 Use the formula (2n") = %Ln)—,' and Stirling’s formula for n! and
(2n)!.

2.7.9 With binomial coefficients, if |A| = k, then there are 2"F
subsets B with AN B = . Combinatorially, consider the matrix whose
rows are the characteristic vectors of A and B.

2.7.10 The number of even subsets is (3) + () +... and the number
of odd subsets is (7) + (g) +.... Use Newton’s binomial formula. For a
bijective proof, if n is odd, consider the function A — A€. If n is even,
use the fact that n — 1 is odd.

2711 If w = cos 2?” + isin %’T, calculate (1 + w)™ in two different
ways.

2.7.12 Use F,, = F,,_1 + F,,_».

2.7.13 Label n — 1 sides of a convex n-gon with distinct labels. Con-
struct a bijective function between to the triangulations of the convex
n-gon by n — 2 nonintersecting diagonals and the ways of bracketing the
sum of n — 1 terms corresponding to the labeled sides.

2.7.14 Write n =141+ --- + 1 and construct a bijection between
the solutions of the given equation and the (k — 1)-subsets of a set with
n — 1 elements.

2.7.15 Use the formula of (Z) for the first inequality. Use induction
on n for the second inequality.

2.7.16 Use binomial formula or count in two ways the number of
triples (A, z,y) where A C [n]| and z,y € A.

2.7.17 Use Stirling’s formula.

2.7.18 Let 3 = max{z : (}) < n}.
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2.7.19 Use the recurrence relation for the Bell numbers.
2.7.20 Find a recurrence formula using the fact the last term of the
sum can be 1 or 2.

Chapter 3. The Principle of Inclusion and Exclusion

3.6.1 Use Theorem 3.1.1.

3.6.2 For k < pq, if ged(k, pq) # 1, then ged(k,p) # 1 or
ged(k, q) # 1.

3.6.3 For i € [r], let A; = {z : * < n,p;|lz}. Then use Theorem
3.1.1.

3.6.4 Use Theorem 3.1.1.

3.6.5 Use Theorem 3.1.1.

3.6.6 Use induction on n.

3.6.7 Use Theorem 3.2.1.

3.6.8 Use Theorem 3.3.1.

3.6.9 Use Theorem 3.4.2.

3.6.10 The number of permutations with an even number of cycles
is |s(n,2)| + |s(n,4)| + .... The number of permutations with an odd
number of cycles is |s(n,1)| + |s(n,3)] +....

3.6.11 Use the counting idea from the proof of Theorem 3.5.3.

3.6.12 Use inclusion and exclusion. If you have m red cards and n
blue cards, how many k-elements subsets are there consisting only of
red cards.

3.6.13 |s(n, 1)| equals the number of permutations with exactly one
cycle or use the recurrence relation.

3.6.14 Use the definition of S(n, k).

3.6.15 Use the definition of S(n, k).

3.6.16 Consider f’(t) and use the recurrence relation
s(n)=s(n—1)+ (n—1)s(n —2).

3.6.17 Calculate (¢! — 1)g(t).

3.6.18 Use 3.6.17.

3.6.19 Use 3.6.17 and 3.6.18.

3.6.20 Calculate eX f(X).

Chapter 4. Matrices and Graphs

4.5.1 Determine the characteristic polynomials of P4 and Cj.

4.5.2 Recall that Af’ ; equals the number of walks of length & from ¢
to j and use the binomial theorem.

4.5.3 Use Theorem 4.1.1.

4.5.4 Use Theorem 4.1.1.
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4.5.5 Use Exercise 4.5.3 and the Cauchy-Schwarz inequality.

4.5.6 Consider the rows corresponding to the two vertices.

4.5.7 For any three vertices 1, j, k, d(i,k) < d(i,7) + d(j, k), where
d(z,y) is the length of a shortest path from z to y.

4.5.8 Use the directed version of Theorem 1.4.1 to prove the result
for matrices having all entries equal to 0 except one entry which equals
1.

4.5.9 Use induction on n.

4.5.10 Use the definition of M and A.

4.5.11 Use the definition of N and A.

4.5.12 Multiply the Laplacian matrix by the all one vector and use
4.5.11.

4.5.13 Use the definition of the Laplacian matrix.

4.5.14 Look at the coefficient of A3.

4.5.15 Calculate the eigenvalues of Cy.

4.5.16 Consider the adjacency matrix of Y.

4.5.17 If the odd girth of X is 2r 4+ 1, then calculate in two ways the
number of closed cycles of length 2s + 1 for s <7 — 1.

4.5.18 For any two edges e, f of X, calculate the (e, f)-entry of the
matrix N'N.

4.5.19 If p1 is an eigenvalue of NN¥, then p is an eigenvalue of N'N.

4.5.20 Show that any eigenvalue of NN is positive.

Chapter 5. Trees

5.5.1 A tree has no cycles.

5.5.2 A connected graph has no cycles if and only if it has n — 1
edges.

5.5.3 Use induction on n.

5.5.4 Use induction on n.

5.5.5 Use 5.5.1.

5.5.6 Use 5.5.1.

5.5.7 Use 5.5.6.

5.5.8 Use 5.5.7.

5.5.9 Use the principle of inclusion and exclusion.

5.5.10 Use 5.5.9.

5.5.11 Use the matrix-tree theorem.

5.5.12 Use induction on n.

5.5.13 Use Kruskal’s algorithm.

5.5.14 If ¢ has degree d and j is adjacent to i, consider the furthest
point k from j such that d(i, k) = d(j, k) + 1.

5.5.15 Show that the maximum degree is 2.
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5.5.16 Consider a spanning tree of X.

5.5.17 Use the matrix-tree theorem.

5.5.18 Use the matrix-tree theorem.

5.5.19 The number of vertices is less than the number of vertices of
a k-regular tree of height D.

5.5.20 Consider a path of maximum length in the tree.

Chapter 6. Mébius Inversion and Graph Colouring

6.9.1 Use the definition of a poset.

6.9.2 Use the definition of the Hasse diagram.

6.9.3 Use Theorem 6.1.1.

6.9.4 Use 6.9.1.

6.9.5 Use the definition of the Md&bius function.

6.9.6 Use the definition of a linear ordering.

6.9.7 Construct a graph whose vertices are stations with two stations
adjacent if their distance is less than 150 miles.

6.9.8 The sum of the coefficients is related to the value of the chro-
matic polynomial at 1. Use induction for the second part.

6.9.9 Use the definition of the chromatic polynomial.

6.9.10 Colour X VY using the colourings of X and Y.

6.9.11 Use induction on n and Theorem 6.5.1.

6.9.12 Every connected graph has a spanning tree.

6.9.13 The vertex of degree 3 can be coloured in A ways, then the
vertex of degree 1 can be coloured with A — 1 colours.

6.9.14 Use the definition of the chromatic polynomial.

6.9.15 Use the Rayleigh-Ritz theorem.

6.9.16 Use ideas from the proof of Theorem 6.5.1.

6.9.17 Partition the vertex set into x(X) independent sets and count
the edges between them.

6.9.18 Use the definition of the chromatic number.

6.9.19 Let A; denote the family of k-subsets whose smallest element
is 1.

6.9.20 Use the principle of inclusion and exclusion.

Chapter 7. Enumeration under Group Action

7.4.1 Use the definition of a group action.

7.4.2 Use the definition of a group action.

7.4.3 Use the definition of a group homomorphism.
7.4.4 Use the definition of a group action.

7.4.5 Use Pélya’s Theorem.
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7.4.6 Use Pdlya’s Theorem.

7.4.7 Use the definition of the cycle index polynomial.

7.4.8 Use Pélya’s Theorem.

7.4.9 A graph on n vertices has at most (g) edges.

7.4.10 Use the definition of the cycle index polynomial.

7.4.11 Use the results in the last section.

7.4.12 Use the results in the last section.

7.4.13 Use the definition of the cycle index polynomial.

7.4.14 Use the results in the last section.

7.4.15 Remember that an automorphism of P, is a bijection function
f : V(P,) — V(P,) such that xy € E(P,) if and only if f(z)f(y) €
E(P,).

7.4.16 Use the definition of the cycle index polynomial.

7.4.17 Use Pélya’s Theorem.

7.4.18 Remember that an automorphism of a graph X is a bijec-
tion function f : V(X) — V(X) such that zy € E(X) if and only if
f(2)f(y) € B(X).

7.4.19 Use the definition of the cycle index polynomial.

7.4.20 Use Pdlya’s Theorem.

Chapter 8. Matching Theory

8.8.1 Use Hall’s Theorem 8.1.1.

8.8.2 Use Hall’s Theorem 8.1.1.

8.8.3 Use Hall’s Theorem 8.1.1.

8.8.4 Use induction on t.

8.8.5 Use Exercise 8.8.4 and induction on n.

8.8.6 Use Theorem 8.3.1.

8.8.7 Use the Hungarian algorithm.

8.8.8 Use Tutte’s Theorem 8.6.1.

8.8.9 Use Tutte’s Theorem 8.6.1.

8.8.10 Use induction on n

8.8.11 Use Birkhoff-von Neumann Theorem 8.4.1.

8.8.12 Add a proper number of vertices to A , join them to B and
use Hall’s Theorem 8.1.1.

8.8.13 Replace each vertex in A by an independent set of proper size
and use Hall’s Theorem 8.1.1.

8.8.14 Use Hall’s Theorem 8.1.1.

8.8.15 If X'\ C is not a disjoint union of clique, then there are vertices
z,y, z,w such that zy,zz are edges and yz and zw are not edges of X.
Use the perfect matchings of X Uyz and X Uzw to construct a perfect
matching for X.
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8.8.16 Use Tutte’s Theorem 8.6.1.

8.8.17 Consider the symmetric difference of two perfect matchings.
8.8.18 Use Tutte’s Theorem 8.6.1.

8.8.19 Use Hall’s Theorem 8.1.1.

8.8.20 Follow the proof of Hall’s Theorem 8.1.1.

Chapter 9. Block Designs

9.7.1 Use the results in the first section.

9.7.2 Use the results in the first section.

9.7.3 Use the results in the first section.

9.7.4 Use the definition of the Md&bius function.

9.7.5 Consider a design whose points are the students.

9.7.6 Generalize the construction from the second section.

9.7.7 The rank is the maximum number of independent rows or
columns.

9.7.8 Use Theorem 9.3.1.

9.7.9 Use Theorem 9.4.1.

9.7.10 Use Theorem 9.3.4.

9.7.11 Use Theorem 9.6.1.

9.7.12 Remove the last d — 1 entries from each codeword.

9.7.13 Use the definition of the Fano plane and Figure 9.1.

9.7.14 Use the definition of a Steiner triple system.

9.7.15 Use the definition of d(z, z).

9.7.16 Use Theorem 9.2.1.

9.7.17 Use the definition of a 2 — (v, k, ) design.

9.7.18 Use double counting.

9.7.19 Any two distinct blocks have at most ¢ — 1 points in common.

9.7.20 Prove by contradiction.

Chapter 10. Planar Graphs

10.4.1 If f; is the number of faces of length 7, then
2e =% ;ifi 2/f.
10.4.2 The girth is the length of the shortest cycle.
10.4.3 Use Heawood’s Theorem 10.3.2.
10.4.4 Use Exercise 10.4.1 or Kuratowski’s Theorem.
10.4.5 Find a plane drawing of K33 \ e without any crossings.
10.4.6 Find a plane drawing of K35 \ f without any crossings.
10.4.7 Show that K44 without a perfect matching is isomorphic to
the 3-dimensional cube graph Qs.
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10.4.8 Join any two points by an edge if and only if their distance
in the plane is 1. Show this graph is planar.

10.4.9 A nonplanar graph has crossing at least 1.

10.4.10 Use Exercises 10.4.9 and 10.4.1.

10.4.11 Use Exercise 10.4.10 and find a drawing of K with 3 cross-
ings.

10.4.12 Use the definition of outerplanar graphs. For K4, assume it
is outerplanar and derive a contradiction.

10.4.13 Assume K3 3 is outerplanar and derive a contradiction. Find
a plane drawing of K3 3.

10.4.14 Use a greedy colouring.

10.4.15 Decompose the polygon into triangles using its diagonals
and use Exercise 10.4.14.

10.4.16 Use Exercises 10.4.1 and 10.4.9.

10.4.17 Use induction or the four colour theorem.

10.4.18 The chromatic number of a planar graph is at most 4.

10.4.19 Use induction on n.

10.4.20 Use induction on the number of inside edges to show that
> ;i —2)fl =n —2 and a similar result for the outside edges.

Chapter 11. Edges and Cycles

11.4.1 Use the definition of the line graph.

11.4.2 Show that the Petersen graph without any of its perfect
matchings is formed by two cycles of length 5.

11.4.3 Use Exercise 11.4.2.

11.4.4 Use the greedy colouring.

11.4.5 Use the definition of a Hamiltonian cycle.

11.4.6 Use the definition of a Hamiltonian cycle.

11.4.7 Use the definition of a Hamiltonian cycle.

11.4.8 Follow the proof of Theorem 11.2.3.

11.4.9 Use the pigeonhole principle.

11.4.10 Use the pigeonhole principle.

11.4.11 Use induction and the pigeonhole principle.

11.4.12 Use the pigeonhole principle.

11.4.13 Modify the argument which shows that any red-blue edge-
colouring of Kg results in a monochromatic triangle.

11.4.14 Use induction.



168 13. HINTS

11.4.15 Consider the polygon whose vertices are among the five
points and which contains all of them inside it.

11.4.16 Use 11.4.16.

11.4.17 Use induction.

11.4.18 The vertex set can be partitioned into 4 cliques.

11.4.19 Use 11.4.18 and the pigeonhole principle.

11.4.20 Use induction.

Chapter 12. Regular Graphs

12.9.1 If A is the adjacency matrix of X, then the adjacency matrix
of X is J— I — A.

12.9.2 If J is a linear combination of powers of A, then AJ = JA.
Compare the ij-th entry of AJ and JA. If X is k-regular and connected,
then the minimal polynomial of A has the form (A — k)p(A). This
means each column of p(A) is an eigenvector of A corresponding to the
eigenvalue k.

12.9.3 Use 12.9.2.

12.9.4 Calculate A? in terms of I, A and J.

12.9.5 If z is an eigenvector of an eigenvalue A # k, then Jz = 0.

12.9.6 If a is a non-square in Fy, then x — ax is a bijection between
squares and non-squares in F,.

12.9.7 Use 4.5.19.

12.9.8 Use 12.9.1 and 12.9.7 .

12.9.9 Multiply the matrix C by the column vector
1,0, w?, ... w1t for j € {0,1,...,n — 1}.

12.9.10 Find an isomorphism between L(K’) and the Petersen graph.

12.9.11 Use 12.9.7, 12.9.8 and 12.9.9.

12.9.12 The matrix C can be written as the sum of n circulant
matrices.

12.9.13 Calculate the sum of the elements in each row of the adja-
cency matrix.

12.9.14 Use 12.9.11 and 12.9.12.

12.9.15 Consider the adjacency matrix of Cy,.

12.9.16 Use 12.9.14.

12.9.17 Consider the adjacency matrix of May,.

12.9.18 Use 12.9.14.

12.9.19 Use the definition of a Ramanujan graph.

12.9.20 Use the definition of W.
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cost, 47
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cut edge, 44
cycle, 3, 5
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lattice, 54

leaf, 41

line graph, 40
linear code, 113
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Mobius, 123
Mobius function, 53
marriage theorem, 86
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perfect, 86
matrix-tree theorem, 44
minimal polynomial, 37
multiple edge, 2

neighbour, 2
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Newton, 12
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orbit, 73
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Ore, 131
orientation, 40
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surjective function, 10, 25
Sylow subgroup, 75
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torus, 123
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