Chapter 0

PROBABILITY TOOLS
AND TECHNIQUES

0.1 Probabilities and Conditional Probabilities

The theory of probability is a mathematical theory to analyze experiments
with multiple outcomes where one does not know a priori which outcome will
actually occur. Such experiments are usually called random experiments. A
natural and accepted way to model such phenomena is to associate a number
called probability to each possible outcome. These numbers are supposed to
reflect the chances of occurrence of the different outcomes. How these numbers
are arrived at (more specifically, the numerical value of these probabilities) is
not the major concern in developing a mathematical model. It must however
be noted that in practical applications of probability models, these numerical
values would matter in determining how close the model is to reality. Before we
go to the axiomatic definition of probability, here are a few simple and familiar
examples.

Example 1: The simplest example of a random experiment is tossing a coin.
Here there are two possible outcomes: either the coin lands Head up or Tail up.
The two possibilities can conveniently be denoted by H and T respectively. A
mathematical model would then associate two numbers p and ¢ which will de-
note the probabilities of H and T respectively. At this point let us agree on the
following convention. First, we want the chances to be non-negative numbers
and second, we want the chances of all possible outcomes to add up to one.
Instead of trying to justify this, let us note that this is consistent with one’s
intuition of ‘chances’. In the absence of a priori knowledge, one is inclined to
believe that p and ¢ should be equal, which according to the above convention
forces p=gq = 1.

The above model can be thought of as an abstraction of any dichotomous
experiment, that is, an experiment with two possible outcomes. For exam-
ple, consider a machine manufacturing bolts where each bolt produced by the
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machine has a chance of being defective. Here again we have two outcomes:
defective and non-defective. We can still label them as H and T'. Of course, in
this case p = ¢ = % does not appear realistic because any reasonable machine
is expected to produce a much larger proportion of non-defective items than
defective items.

Example 2: Consider a usual six-faced die with faces numbered 1 through 6.
If it is rolled once, any one of the six faces may show up. So there are six
outcomes which could be denoted by the numbers 1 through 6. If nothing else
is known, it seems intuitively clear that each of these outcomes should have
probability 1/6.

Example 3: Pick up a name at random from the telephone directory and con-
sider the first letter. It can be any one of the 26 letters of the alphabet. At
the same time, not all the letters are equally likely to appear. For example,
one certainly does not expect the letter X to occur as frequently as B. Thus it
would not be reasonable to attribute equal probabilities to all the outcomes.

All the above examples show that a random experiment consists of two
ingredients: first, the set of possible outcomes, to be called the sample space
— denoted by €2, and second, an assignment of probabilities to the various
outcomes. Of course, in all the above examples, the set Q is only a finite set,
that is, @ = {w1,...,wn}. In this case probability assignment means assign-
ing non-negative numbers py, ..., p, adding up to unity, where the number p;
denotes the probability of the outcome w;. We write P({w;}) = p;. Often we
will be interested not in individual outcomes but with a certain collection of
outcomes. For example, in rolling of a die we may ask: what is the probability
that an even-numbered face shows up? In the context of a name being selected
from the telephone directory we may ask: what are the chances that the letter
is a vowel? These are called events. In general an event is any subset of the
sample space. The probability of an event A is defined by

P(A) =Y P({w})

wEA
where P({w}) denotes the probability of the outcome w.

Example 4: Suppose we roll a die twice. The sample space is
Q = {();1<1<6;1<j<6}

We assign equal probabilities to all the 36 outcomes, that is, for any w € Q,
P({w}) = 1/36. If A is the event described by “first face is even”, then A
consists of {(i,7) : ¢ =2,4,6;1<j <6} and P(4) = 1/2. If A is described by
“sum of the two faces is 5” then A consists of {(1,4),(2,3),(3,2),(4,1)} and
P(A)=1/9.

As the above example shows, if, in general, we have a finite sample space
with all outcomes equally likely, then for any event A, P(A) = |A|/|Q| where,
for any set B, |B| denotes the number of elements of the set B. In these
situations, probability computations become a combinatorial exercise.
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In any case, equally likely or not, one can easily verify that probabilities of
events satisfy the following properties:

1. 0< P(A) <1, P(Q) = 1.

2. P(AUB) = P(A) + P(B) whenever AN B = 0.
In particular, P(A°) =1 — P(A).

So far we have restricted ourselves only to finite sample spaces but the
same idea as described in the paragraph following Example 3 applies also to
situations where ) is countably infinite. With @ = {w;,ws,...} and non-
negative numbers pi, pa, - . ., adding to unity, one can define P(A) = > p; for

w;€A
A C Q, as probability of the event A. One neecs only to notice that the sum
appearing in the definition of P(A) may now be an infinite series. But with
usual caution as necessary while dealing with infinite sums, one can show that

the above properties hold and one has moreover,
3. P(AiUA2U--+) = P(A1) + P(Ag) +--- if AinA; =0fori#j.
We now give a formal definition of probability.

Definition: Let Q be a countable set. A probability on {1 is a function P defined
on all subsets of {2 satisfying the following conditions.
(0) P@B)=0 and P(N)=1

The next few exercises list some standard properties that are easy conse-
quences of the definition.

Exercise 1: Let P be a probability on Q. Then
(a) 0< P(A) <1; P(A°) =1— P(A); if A C B then P(A) < P(B).
(b) P(AU B) = P(A) + P(B) — P(AN B). More generally,

P(OA,-):Sl—SQ—kSg—--- (1)

1

where S; denotes the sum of probabilities of i-fold intersections.
(c) If A, 1T A then P(A,) 1T P(A). If A, | A then P(4,) | P(A).

Exercise 2: For a sequence (B,) of events, one defines

limsup B, = ﬂ U By.

n k>n

Show that lim sup B,, is the event that B, occurs for infinitely many n (some-

times described as the events B, occurring infinitely often). Show that if
> P(By) < 00, then P(limsup B,) = 0. This is called (the first) Borel-Cantell
n

Lemma.
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Exercise 3: Suppose that p is a non-negative function on Q such that 3  p(w) =
1. Then P(A) =} 4 P(w) defines a probability on (.

From now on, by a random experiment, we mean a pair (2, P) where Q is a
non-empty countable set and P is a probability on . The number P(A) repre-
sents the probability that the event A will occur when the random experiment
is performed. Of course, if the experiment is really performed and we know
the exact outcome, there is no need for probabilities. Probability of an event
is really an assessment of the chance of occurrence of the event irrespective
of whether the experiment is actually conducted and we know the outcome or
not. However, sometimes we may have a situation where a random experiment
is performed and some partial information is available to us about the outcome
and we are to assess the chances of an event taking this additional informa-
tion into account. It is intuitively clear that we should modify probability
assignments of events in the presence of this additional information.

Consider the example of rolling a die twice with all outcomes being equally
likely. The probability that the first face is 3 is already known to be 1/6. But
suppose now we have the additional information that the sum of the two faces
is 5. This information already tells us that the outcome must be among (1,4),
(2,3), (3,2) and (4,1), so that the chance of first face being 3 is now 1/4. Such
probabilities are called conditional probabilities. More precisely, if A is the
event that the first face is 3 and B is the event that the sum of the two faces
is 5, then the unconditional probability of A is 1/6 whereas the conditional
probability of A given that B has occured is 1/4. This later probability is
denoted P(A|B). Here is the general definition.

Definition: Let (2, P) be a random experiment and let B C 2 be an event with
P(B) > 0. Then for any event A, the conditional probability of A given the event
B is defined by

P(ANB)

P(AIB) = —5 0

2)

In the equally likely case (as in the earlier example) this reduces to

ANB
PIB) = IB] l

The following can be easily verified:
Theorem 0.1:

1. Fiz B and let Pg(A) = P(A|B), then Pg is a probability on Q.
2. P(ANBIC) = P(AIBNC)P(BIC). More generally,

P(A1 NN Al Anga) = [] P(A4514501 020 Apya).

=1
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3. If By,...,By, is a partition of ) then for any event A
P(A) =Y P(AlB;) P(By).
More generally,
P(AlIC) = Z P(AIB;nC)P(B;10C).

4. If By,..., By is a partition of Q then for any event A

_ P(AlB;) P(B))
P(B;l1A) = >, P(AlB;) P(B;)’

Exercise 4: P(A|B) < P(4) if and only if P(B|A) < P(B). In particular,
P(AIB) = P(A) if an only if P(BlA) = P(B).

Let us return to the example of rolling a die twice. Let, as earlier, A be the
event that the first face is 3 and B be the event that the sum of the two faces is
5. Then P(AlB) =1/4 > 1/6 = P(A). So here the additional information has
the effect of increasing the chances of A. On the other hand if we consider the
event C that the sum is 11, then clearly P(AlC) = 0, that is, the additional
information reduces the chances of A (to indeed zero!). Does it always happen
this way? That is, will additional information always change the chances one
way or other? The answer is NO. For example if D is the event that the sum
is 7, then P(A|lD) = 1/6 = P(A). That is, the probability of A remains
unchanged even if we are told that D has occured. This situation is described
by saying that A is independent of D. Here is the precise definition.

Definition: Two events A and B are said to be independent if P(AN B) =
P(A)P(B).

Of course when one of the two events, say, B has positive probability then A
and B are independent is the same as saying P(AlB) = P(A).

Exercise 5: If A, B are independent, then A¢, B are independent ; A, B¢ are
independent ; A¢, B¢ are independent.

Definition: Events Ay, As, ..., A, are said to be independent if for any 1 <
i1 <ig<--<ip<n

P(A;, NA;, N---NAg,) = P(Ay,)P(As,) - P(4s,) - (3)

Exercise 6: Let A, Ag, ..., A, be independent.

(i) If for each 4, B; denotes one of the events A; or AS then By, Bs, ..., B, are
independent.

(ii) If 1 < j < n, Ni<;B; is independent of N;»;B;. Ui<;B; is independent of
Ni>;jBi. Ui<;B; is independent of U;~ ;B;. Here B; are as in (i).

The assertions in (ii) above are merely special cases of a more general phe-
nomenon: if 1 < j < n and C is an event “constructed” out of A4;,...,A4; and
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D is an event constructed out of Aj1,...,An, then C and D are independent
events. This is intuitively clear, but a formal proof requires more machinery
than what is available at this level.

Often random experiments can be thought of as composed of simpler ran-
dom experiments in the sense explained below. If you toss a coin twice you can
describe the outcomes of the experiment by Q = {HH,HT,TH,TT}. Notice
that Q = {H,T} x {H,T}, that is, Q is the two-fold product of a single toss
experiment. More generally, the sample space for 10 tosses of a coin (or a toss
of 10 coins) can be thought of as the ten-fold product of {H,T}. But what is
important is that not only the sample space can be thought of as a product,
but the probabilities of the outcomes can also be thought of as products. Here
is the general method.

Let (Q;, P;), for 1 <4 < n, be random experiments. Put
D=0 x Q2 x-+-xQy ={(w1,-.-,wn) : Vi, w;€Q}.

For w = (w1,...,wn) € Q, put P({w}) = Pi({w1}) X -+ x Pp({wn}). One can
now define P(A) for any A C , thus getting a probability P on (2.

Exercise 7: If A = A; X As x --- x A, then P(A) = [] Pi(4;). Conclude
i=1

that if Zi C Q is the set of all points in Q whose i-th coordinate is in A; then
Ai,..., A, are independent.

The exercise above really means that events that depend on different co-
ordinates are independent. This, of course, is a consequence of the way the
probability P has been defined on (2. It is clearly possible to construct other
probabilities P on 2, such that P(4;) = P;(A;) for all 4, but independence fails.
One can easily see that 10 tosses of a coin with all outcomes equally likely is the
same as the ten-fold product of single toss of coin with P(H) = P(T) =1/2.

IfQ =0y =--- =Q,, then we write Q = QF. If further P, =P, =--- =
P,, then we write P = P*. (QF, P*) represents n independent repetitions of
the experiment (1, P;).

0.2 Random Variables and Distributions

In the context of random experiments, the actual outcomes may often be quite
abstract. For example, if you toss a coin 10 times, outcomes will be 10-tuples of
H’s and T’s. Often one is interested not in the exact outcome per se but some
numerical value associated with each outcome. For example, in case of 10 tosses
of a coin, one may be interested in the number of times heads showed up orin
the number of times a tail was immediately followed by a head. Such numerical
values associated with outcomes are what are called random variables. This
section is devoted to a study of random variables and their distributions.
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0.2.1 Distribution of a Random Variable

Definition: A random variable is a real-valued function defined on the sample
space (.

It is customary to denote random variables by X, Y, Z etc. For example, in
10 tosses of a coin, let X denote the total number of heads and Y denote the
number of times a tail is immediately followed by a head. Then for the outcome
w=HTTHTTTHHH, X(w) =5 and Y (w) = 2, while for another outcome
w' =THHTHTHHTH, X(w') =6 and Y(w') = 4.

Given a random variable, we can ask what the possible values of the random
variable are and the chances (probabilities) of it taking each of those values.
This is what is called the distribution of the random variable. Since our sample
space is countable, any random variable can only take countably many values.

Definition: Let X be a random variable on (€2, P). Then by the distribution of
X is meant the set of possible values D = {z1, 2, ...} of the random variable X
and the probabilities {p(z1), p(x2),...} where p(z;) = P(w : X(w) = x;). The
right side is often abbreviated as P(X = z;).

Of course, p can be extended to a function on R by setting p(z) = P(X = z).
However, for any x ¢ D we have p(z) = 0. This p is called the probability mass
function (p.m.f.) of the random variable X.

Once we know the probability mass function of a random variable X, we
can compute for any A C R, the probability P(X € A) by the formula

P(XeA)= Z p(z).

TEA

Example 1: Consider n independent tosses of a coin. Assume that in each
toss the probability of heads is p. Define X to be the total number of heads
obtained. Clearly X is a random variable which can take any integer value
from 0 to n. One might wonder: how do we get a random variable even before
describing the sample space. We concede that we were jumping steps. So
here is our sample space: (Q,P) = (QF, P*) where Q; = {H,T}; P(H) =p
and P;(T) = 1 — p. The definition of the random variable X as a real-valued
function on §2 should now be clear. It is also easy to verify that the probability
mass function of X is given by

plz) = (Mp*(1-p® forze{0,1,...,n}
p(z) = 0 forz ¢ {0,1,2,...,n}

This random variable is called the Binomial random variable with parameters
n and p, in short, a B(n,p) random variable. We write X ~ B(n,p) for this.
The distribution is called the Binomial distribution.

Almost all the information about the random variable X is contained in
its distribution (or its p.m.f.) — the underlying sample space or the precise
definition of X as a function on the sample space is of no additional importance.
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Therefore it is often customary to describe random variables simply by their
distributions without any reference to any underlying sample space.

Example 2: Fix a number p with 0 < p < 1. A random variable X is said
to have G(p) distribution — geometric distribution with parameter p — if X
takes value z with probability p(1 — p)® for z € {0,1,...}. In other words, X
has p.m.f.

p(z) =p(1—p)* for =x€{0,1,...}

It is to be understood here and elsewhere that p(z) = 0 for all other z. Suppose
you have a coin with chance of heads p. If the coin is tossed repeatedly until a
head shows up, then the number of tails preceeding the head has this geometric
distribution.

Example 3: Here is a generalization of the above example. Again we have a
coin for which the chance of a head in each toss is p. Fix an integer m > 1. Toss
the coin until a total of m heads show up. (What is the sample space?) The
random variable X is the total number of tails obtained. Clearly X takes values
x=0,1,2,... as earlier. A simple combinatorial argument shows that P(X =
z) = (*T™ 1) (1 — p)*p™. This random variable is called a negative binomial
random variable with parameters (m, p) — in short, N B(m, p) random variable
— and the distribution is called the negative binomial distribution (why?).

Clearly when m = 1, we get the geometric random variable of Example 2.

Example 4: Fix integers N, n < N and N; < N. A random variable X is said
to be Hyp(N, Ny;n) — hypergeometric with parameters N, Ny and n — if it
takes value x with probability

_ (N1 (N -N, N
= (7))
Of course you have to interpret (‘;) = 0 unless b is an integer with 0 < b < a.
This arises if you have a bunch of N items of which N; are good, the remaining

are defective and you select a random sample of size n without replacement.
The random variable in question is the number of good items in the sample.

Example 5: Fix a number A > 0. A random variable X is said to be P(}\),
written X ~ P(\) — Poisson with parameter A\ — if it takes value z with
probability e™*X*/z! for z = 0,1,2,.... This random variable arises as a
limiting case of the number of heads when you toss a coin a large number of
times and the chance of heads in each toss is very small. For details see Section
0.3.

Example 6: Roll a fair die twice and let X be the sum of the two numbers
obtained. Then X takes values

2, 3,..., 7, 8..., 12
with probabilities given respectively by

1/36,2/36,...,6/36,5/36,...,1/36.
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Suppose that a fair coin is tossed ten times and X is the number of heads.
Clearly X can take any one of the values 0,1,2,...,10 with different proba-
bilities, the actual value depending on the outcome of the ten tosses. But if
we were to choose one “representative value” of X without knowing the actual
outcome, what would be a good candidate? One possibility is to consider the
most probable value, which in this case is 5. However a commonly used and
mathematically more tractable quantity is what is known as the ezpected value.
As the next definition shows, this is weighted average of the possible values.

Definition: Let X be a random variable with set of values D and p.m.f. p(z) for

zeD. If Y .plz|p(r) < oo (automatically true if D is finite), then X is said
to have a finite expectation and the expected value of X is defined to be

E(X) =) ap(). (4)

z€D

Thus, expected value of a random variable, when it exists, is the weighted
average of its values, weighted by their probabilities. Expected value or ezpec-
tation is also called the mean value or the mean.

If X is arandom variable and g : R — R is a function then clearly g(X) is
again a random variable. It is not difficult to check that g(X) has finite expec-

tation iff ) . |g(z)| p(z) < co and in that case E(9(X)) = Y cp 9(z) p(z).
This is a very useful formula because we can compute E(g(X)) straight from
the p.m.f. of X rather than having to go to the p.m.f. of the random variable

9(Xx).

Definition: A random variable X with E(X™) finite is said to have a finite m-th
moment, given by E(X™). For X with a finite second moment, the variance of
X, denoted V(X), is defined by

V(X) = B[(X - BX)?). (5)

The quantity V(X)) measures the spread of the distribution of X. For example,
V(X) = 0 iff the distribution of X is concentrated at one point (that is, X is
a constant random variable).

Indicator random variables as defined below form a very simple, yet useful,
class of random variables.

Definition: For any event A the Indicator random variable of the event is defined

as
1 if ze€Ad

IA(‘*’):{ 0 if zgA
Clearly the expectation of 14 is P(A).
Exercise 1: If the m-th moment is finite, then so is the n-th, for any n < m.

Exercise 2. For a random variable X on a probability space (2, P), E(X) ex-
istsiff }° cq [X(w)| P({w}) < co and in that case E(X) =} g X (w) P({w}).

Exercise 3. If P(X = ¢) = 1 for some real number ¢, then E(X) = c.
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Exercise 4. If X is a random variable with finite expectation, then |E(X)| <
E(1X]).
Exercise 5. If X and Y are two random variables defined on the same space
and having finite expectations, then

(a) X <Y implies E(X) < E(Y).

(b) E(aX +bY) =aE(X)+bE(Y) for any two real numbers a and b. In
particular, E(aX +b) = a E(X) + b.
Exercise 6. If P(X > 0) = 1 and E(X) = 0, then P(X = 0) = 1. More
generally, if P(X >Y)=1and E(X)=E(Y), then P(X=Y) = 1.
Exercise 7. If X,, and X are non-negative random variables defined on the
same space and X,, 1 X, then E(X,) 1 E(X). In case X has infinite expecta-
tion, this should be read as E(X,,) 1 co. This is known as Lebesgue’s Monotone
Convergence Theorem.

Exercise 8. Supose that X,, and X are random variables defined on the
same space such that X,, — X. Suppose also that there is a random variable
Y with finite expectation such that |X,| < Y for all n, that is, all the ran-
dom variables X,, are dominated in modulus by the random variable Y. Then
E|X, — X| — 0. In particular E(X,) — E(X). This is called Lebesgue’s
Dominated Convergence Theorem.

Exercise 9. If X and Y are two random variables on the same space such that
E(X -I4) > E(Y - 14) for every event A then P(X > Y) = 1. In particular,
E(XIs)=E(YIa) forevery Aifand only if P(X =Y) = 1.

Exercise 10. V(X) = E(X?) — (EX)2.

Exercise 11. V(X) =0 iff P(X = ¢) = 1 for some constant c.

Exercise 12. V(aX + b) = a2V (X).

Exercise 13. V(I4) = P(A)[1 — P(A)].

Exercise 14. If X has finite variance and E(X) = p, then E(X —a)? > V(X)
for every real a. Thus E(X — a)? is minimized when a = p.

Exercise 15. For each of the random variables in Examples 1 through 6, find
its expected value and variance.

0.2.2 Joint Distributions

Suppose that X and Y are two random variables defined on the same space.
As mentioned earlier, probabilities of events concerning the random variable X
(respectively, Y) can be computed from the distribution of X (respectively, of
Y). However we may often be interested in probabilities of events that concern
both X and Y. For example, ‘what is P(X =Y)? or ‘what is P(X +Y =7)?’
etc. For such probabilities individual distributions of X and Y alone would not
suffice. We need to know what is called the joint distribution of X and Y.

Definition: Let X and Y be two random variables defined on the same space.
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Let Dx and Dy denote the set of possible values of the random variables X and
Y respectively. The set of possible values of the pair (X,Y") are clearly contained
in Dx x Dy. The joint distribution of (X,Y) is given by the joint probability
mass function defined as p(z,y) = P(X = z,Y =y) for (z,y) € Dx x Dy.

Consider, for example, tossing a coin 15 times, with the chance of a head
in each toss being p. Let X be the number of heads in the first ten tosses
and Y be the number of heads in the last ten tosses. Clearly both X and Y
are B(10,p) random variables. Here Dx = Dy = {0,1,...,10}. The joint
distribution of (X,Y") would be given by the mass function p on Dx x Dy. For
example, p(10,10) = p'®. In general,

=5 (, Q) (-

k=0
Z) = 0 unless b is integer with 0 < b < a.

From the joint p.m.f. of (X,Y), the individual (marginal) p.m.f. of X and
Y can be obtained as follows:

p(@E)=P(X =z)= Y p(z,y) for z€Dx
yEDy

with the usual convention that (

p2(y) =P(Y =y)= > p(z,y) for yeDy
z€Dx

In an analogous way the joint distribution of n random variables (defined
on the same space) is given by their joint p.m.f.

p(x17x27"'7$n) :P(Xl ::E17X2 :-'1727---7Xn :xn)

Example 7: Consider an n faced die with pq, ps, ..., pn denoting the probabil-
ities of different faces in a single throw. Roll the die r times and let X; be the

number of times face ¢ shows up. The joint p.m.f. of (X1, Xs,...,X,) is given
by
p($1’$2,-~-,xn): T! pi?lpg2...pitn
Iﬂﬂ:g'l‘n' "
for x1, s, ..., T, non-negative integers adding to r. This distribution is called
the multinomial distribution with parameters (7;p1,02,-..,Dn) -

Definition: For a pair of random variables X and Y defined on the same space,
the covariance between X and Y is defined as

Cov(X,Y) = E[(X — EX) (Y — EY)]. (6)

Further, E(X™Y™), for positive integers m and n, are called the various cross-
product moments of the pair (X,Y).

Exercise 16. Cov(X,Y) = E(XY) — E(X)E(Y).
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Exercise 17. Cov(}_; ai X, ) b;Y;) = 32,37, aibjCou(X;,Yj).
Exercise 18. Cov(X,X) = V(X).

Exercise 19. Cov(X,a) = 0 for any constant random variable a.

Exercise 20. Cov(X,Y) < /V(X)/V(Y).
Exercise 21. V(3 , X;) = 32, V(Xi) + 23, Cov(X;, X;). In particular, if
Cov(X;,X;) =0 for all i # j, then V (3, Xi) = 3, V(X5).

0.2.3 Conditional Distributions and Conditional
Expectations

Let X be a random variable. For any event A with P(A) > 0, the conditional
distribution of X given A simply means the conditional probabilities for X
taking various values given the event A. Thus the conditional distribution is
given by the (conditional) p.m.f. p(zlA4) = P(X = z|A). It is, of course,
immediate that this is indeed a probability mass function. The conditional
expectation and conditional variance of X given A are just the expectation
and variance of this conditional distribution. Clearly all the properties listed
in Exercises 4,5,7,8 and 10 through 14 can be formulated and shown to hold
with conditional expectation and conditional variance.

Next, let X and Y be two random variables defined on the same space. For
y with P(Y = y) > 0, we can talk about the conditional distribution of X given
Y =y. This is given by the conditional mass function

p(z,y)
plzly) =P(X =z|Y =y) = —2~. 7
(zly) = P( ) 22) (7)
Here p is the joint p.m.f. of (X,Y) and p, is the (marginal) p.m.f. of Y. It is
clear that for each y with pa(y) > 0, the function p(- | y) is a probability mass
function — called the conditional p.m.f. of X given Y = y.

If X has finite expectation, then the conditional expectation of X given
Y =y is defined to be

EXIY =y) =) eply). (8)

The assumption of finite expectation ensures the convergence of the right hand
side of Equation (8). Thus, the conditional expectation of X given Y = y is just
the expectation of X under the conditional distribution given Y = y. Clearly
E(X|Y =y) is a function of y, say ¢(y). The random variable ¢(Y") is denoted
by E(X1Y). We do this because, in many contexts it is convenient to think
of the conditional expectation itself as a random variable. One can similarly
define the conditional distribution of ¥ given X = z and also E(Y | X).

It may be noted that if Y is a constant random variable, say, Y = ¢, then
the conditional distribution as well as the conditional expectation of X given
Y = c reduce to the unconditional distribution and unconditional expectation
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of X. The following facts on conditional expectation are easy to verify, and
left as exercises.

Exercise 22. E(E(X1Y)) = E(X).

Exercise 23. If X has finite expectation and if g is a function such that X g(Y)
also has finite expectation, then show that E(X g(Y)|Y) = E(X1Y)g(Y).
Exercise 24. E(X — g(Y))? > E(X — E(X1Y))? for any X and g such that

X? and (g(Y))? have finite expectations. (Exercise 14 in 0.2.1 is easily seen to
be a special case of the above.)

Exercise 25. For any function g such that g(X) has finite expectation,
E(g(X)1Y =y) =3 g(x) p(zly).
Exercise 26.|E(X1Y)| < E(|X|1Y).

The above notions of conditional distribution and conditional expectation
naturally extend to the case of more then two random variables. To be pre-
cise, if X7, X>s,..., X, are random variables on the same space, one can, in a
natural way, talk about the conditional joint distribution of & of these random
variables given the others. For instance, the conditional joint distribution of
(Xy,...,Xg), given Xgy1 = Tgs1,...,Xn = Ty, is defined by

P(X1 :Jtl,...,XnZIIn)

p( 1 axklxk-i-l; ,Z‘n) P(Xk—i-l:xk,—{—l,---,Xn:xn)
provided, of course, P(Xy11 = Tg41,---,Xn = T,) > 0, and for each such
(Tk+1,--->Zn), the function p(- | g41,...,2y) is a p.m.f. — called the condi-

tional joint p.m.f. of (X1, -+, Xg), given Xg11 = Tht1,---, Xn = Tn-

If g is a k-variable function such that Y = g(X;,..., X) has finite expecta-
tion, then the conditional expectation of Y given Xy11 = zp41,...,Xpn = Zn,
has a natural definition, namely

EY 1 Xtr1 = Thy1,. .-, Xn = Tn)
= Z g1, yzi)p(@1, o e g1, oo T0) .

L1y Tk

In particular, one can talk about the conditional expectation of X; given

Xs,..., X, or conditional expectation of XZ + X2 given X3, X5, and so on.

Exercise 27. E(E(X1Y,2)|Y) = E(X1Y). More generally
EEXIXy,..., X)I1X1,..., Xno1) = EX |1 Xq,..., Xn-1).-

Here E(Y| Xg11,...,Xn) denotes the random variable ¢(Xg41, ..., X,) where
¢ is the (n — k)-variable function defined by

O(Tpr1,- -y Zn) = EV 1 Xpy1 = Tpp1,- -, Xn = Tpy) -

If these things look a little abstract there is no cause for alarm. Sim-
ply try to understand the meaning of the conditional expectation of X; given
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Xa,..., X, or the conditional expectation of X7 + X2 given X3 and X4. Here
is a useful exercise left to be proved by the reader. This is often referred to as
the smoothing property of conditional expectation.

E(E(gX,V)I1Z,W)|Z) = E(9(X,Y)|Z2).
Or more generally, if U = g(X3,..., X,,) then
E(EUIYL,..., Y)Y, ..., Yoot) = EUIYL,..., Ve 1). (9)

Indeed, one may think of (9) as equivalent to Exercise 27 above. What this says
is the following. In order to get the conditional expectation of a random variable

given Y7,Y5,...,Y,_1, one may first calculate its conditional expectation given
Y1, Ys,...,Y, and then take the conditional expectation of this random variable
given Y7,Y5,..., Y,,_1. Here is an application.

Example 8: Toss a fair coin a Poisson number of times. Find the conditional
expectation of the time of occurrence of the first Head, given the total number
of Heads. More precisely, let N be a random variable having the Poisson
distribution with parameter A. Suppose that a fair coin is tossed N times. Let
X be the number of Heads obtained and T be the time of occurrence of the
first Head. In case there are no Heads, T is defined to be one plus the number
of tosses, that is to say, T =1+ N in case X = 0. Of course, if N = 0, then
X = 0 automatically so that T = 1. We want E(T|X = z) for each z > 0.

The plan is the following. We first compute E(T| X, N) and then compute
its conditional expectation given X. By the smoothing propertry this will be
the same as E(T| X).

For integers 0 < z < n, let f(n,z) = E(TIN =n,X = z). In case z = 0,
by our convention made above, f(n,0) =1+ n clearly. For 1 <z < n, f(n,z)
is simply the expected waiting time till the first head, given that n tosses of a
fair coin has resulted in a total of z heads. For the sake of completeness, we
set f(n,z) = 0 (or any other value, for that matter) for z > n > 0. We now
proceed to obtain a recurrence relation among the f(n,z). For 1 <z < n, we
obtain, by conditioning on the outcome of the first toss,

fln,z)=a+p,

where
a = E(T |z heads in n tosses, first is heads) - P(first heads I[N =n, X =z),

B8 = E(T |z heads in n tosses, first is tails) - P(first tails [N =n, X = z).
A routine calulation now shows that
(eo) _ =
G n
(";) _n-s

ﬂ:[l—l—f(n-—l,x)] (n) = n [1+f(n—1,x)],

a= and
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giving us the recurrence relation

n—=x

f(n,z) =1+ fln—1,2).

n

Since f(z,x) = 1, we get by induction on n, that for n > z,

n+1
f(n7 "I‘.) - T+ 1 .
(Try to directly compute the conditional expectation E(TIN =n, X = z).)
Thus E(T|X,N) = (N +1)/(X +1). To calculate the conditional expectation
of this given X = x we calculate the conditional distribution of N given X = z.
Clearly, P(N <zl X =) =0 and for n > z,

—x/2 n—z 1
As a consequence for z > 1,
T+3+1 A
E(TlX—.’L‘)—E[(N—I—l)/(X—I-l)IX—IL‘]——;}_I—— +_2(33T1)

Even though given X = 0, T equals 1 + N and E(N) = J, it does not mean
that E(T1X =0) = 1+ ; indeed E(T|X =0) =1+ 3 (why?).

0.2.4 Independence

Definition: Random variables X7, X»,..., X, are said to be independent if for
any 1,x2,...,Tn,
P(X1 :ilZl,...,Xn :xn) :P(Xl :Zl','l)P(Xn :Il','n) (10)

Thus independence requires that the joint p.m.f. is just the product of the
marginal probability mass functions. Moreover (10) is clearly equivalent to
saying that for sets By, Bs, ..., By, the events {(X; € B;),1 < i < n} are inde-
pendent. Also, independence of Xy, X5,..., X, clearly implies independence
of X;,,Xj,,...,X;, forany 1 < ji < ja2 < -+ < jmm < n. With some work,
one can also show the following. Let 1 < i3 < i3 < --- < ix—; < n and consider
the random variables Y7,Y3,---, Y} defined as Y71 = ¢1(X1, Xs,...,X;,), Y2 =
92(Xizt1s-- -5 Xig) s oo Yo = gk(Xiy_y41,- - -, Xn), for functions ¢1, go,. .., gk-
Then independence of X;, Xs,..., X, implies that of Y;,Ys,...,Ys. Here are
some more consequences of the definition of independence that the reader
should work out.

Exercise 28. If X, X5,...,X, are independent, then the conditional joint
distribution of any subset of them, given the others, is the same as the uncon-
ditional joint distribution.

Exercise 29. A constant random variable is independent of any random vari-
able. Moreover, a random variable is independent of itself if and only if it is a
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constant random variable.

Exercise 30. If X3, Xs,,...,X,, are independent random variables with fi-
nite expectations, then the product II*;X; also has finite expectation and
Exercise 31. If X and Y are independent with finite expectations, then
Cov(X,Y) = 0. In particular, if X and Y have finite variances, then V(X +
Y)=V(X)+ V().

Exercise 32. Give an example of random variables X and Y such that
Cou(X,Y) =0, but X and Y are not independent.

Exercise 33. Suppose that X and Y are independent random variables and
suppose that g is a function such that Z = g(X,Y") has finite expectation, then
E(Z1Y =y) = E(9(X,y)). More generally, if X1, X,,...,X,, are independent,
random variables and g is a function such that Z = ¢(X, Xa,...,X,) has
finite expectation, then

E(ZIXk+1 :xk-i-la"')Xn =$n) = E(g(Xl,"‘,Xk,xk+1,---,-’L'n))-

Exercise 34. In fifteen tosses of a fair coin, let X; be the number of heads in
the first three tosses, Xs be the number of tails in the next six tosses, and X3
be the number of heads minus the number of tails in the last six tosses. Show
that X3, Xy , X3 are independent. Find E(X; X2 X3).

0.3 Generating Functions

Let (ax)r>o0 be a sequence of numbers with 0 < a; <1 for all k. Then clearly
for any ¢ € (—1,1) the series > 7o axt* converges absolutely. The function
A(t) = Yopo, axtt defined for ¢t € (—1,1) is called the generating function of
the sequence (ax)x>0. By the uniqueness of the Taylor expansion, the function
A(t) determines the sequence (ai) completely. Indeed, the function A(t) is
infinitely differentiable on (—1,1) and a; = A*)(0)/k! where A®)(0) is the k-
th derivative of the function A(t) at t = 0. Moreover as ¢ 1 1, A(t) also increases
and the limit lti%? A(t) is finite iff Y ay converges. In fact ltlgl A(t) = > ag. We

denote this limit by A(1). It should however be noted that in case Y aj does
not converge, then A(t) increases to co. In this latter case also, we say that
the limit A(1) = ltlTnla A(t) exists and equals infinity. It is known from calculus

that the derivative of the function A(¢) also has a power series expansion in the

interval (—1,1) given by A'(t) = Y ro, kaxt*~1. In fact, one can similarly get

power series expansions for higher order derivatives. Once again as t 11, A'(t)

has a finite limit iff Y kaj converges and ltlTr{l A(t) = kg kag. This equality
1

remains valid even if the right-hand side does not converge. We denote this

limit by A’(1). In general we will always use the notation A®)(1) for the limit

lim A%)(t), finite or not.
11
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By the convolution of two sequences (ax)r>0 and (bx)k>0 is meant the new
sequence ¢, = (a * b)y, defined by ¢;, = Zf:o arbg—;. It is easy to see that the
generating function of the convolution of two sequences equals the product of
the corresponding generating functions. That is, C(t) = A(t)B(?).

A particularly interesting case arises when the sequence (ax)x>o is the prob-
ability mass function of a non-negative integer-valued random variable X. In
that case, A(t) is denoted by ¢ x (t) and is called the probability generating func-
tion (p.g.f.) or generating function (g.f.) of X. From our earlier discussion, it
follows that the distribution of a non-negative integer valued random variable
is completely determined by its p.g.f. Indeed, for such a random variable X,

P(X=k)= Lp()?)(O)/k:!. Clearly px (1) = 1. Also

Px (1) =lim gk () = B(X), (11)

whether this expectation is finite or not. It is left as an exercise to show that,
in case X has finite variance,

V(X) = % (1) + ¢k (1) - [Px (D] (12)

Exercise 1. (i) If X ~ B(n,p), then show that its p.g.fis px (t) = (1—p+pt)".
(ii) If X ~ P()), then show that px (t) = e *(~?) . (iii) If X ~ NB(k,p), then
show that px(t) = p*(1 — ¢gs)~*.

Exercise 2. If X and Y are independent non-negative integer valued random
variables, then show that ¢ x4y () = px (t)ey (t).

Exercise 3. Show that (i) the sum of independent B(n,p) and B(m,p) ran-
dom variables is B(n + m, p); (ii) the sum of two independent Poisson random
variables is again Poisson; (iii) the sum of independent N B(k,p) and NB(l,p)
random variables is again N B.

Exercise 4. Let X;,Xs,... and N be non-negative integer-valued random
variables. Suppose that, for every k > 1, the (k+1) random variables X7, X5, ...
and N are independent. Suppose further that the X; have a common distribu-
tion with p.g.f. 9(t). Define Z = 3, Xj, with the convention that if N =0,
then this sum is zero. Show that the p.g.f. of Z is on(1(t)), where @y is the
p.g.f. of N. In particular, show that if each X; ~ B(1,p) and N ~ P(}), then
Z ~ P(\p).

Exercise 5. Let ¢(s) be the p.g.f. of a random variable X. Let g, = P(X > k)

1-P

for k > 0. Then the function Q(s) = -1—?

the sequence (gx)r>0-

is the generating function of

Suppose that X,, ~ B(n,p,), and denote np, by A,. Then the p.g.f. of X,
is
A n
‘pn(t) =1 =pn+put)" =1 +pa(t-1))" = |:1 + #(t - 1)] .
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If we assume that A, — A then clearly
on(t) = o(t) = X
which is the p.g.f. of P(\) random variable. From this it looks plausible that
the distribution of X,, converges to a P(A) distribution. That is, for k£ > 0,
P(X,=k) = e X /R!
This is indeed true and is actually a consequence of the next theorem.

Theorem: For each n > 1, let o, be the generating function of a sequence
of numbers (ank)k>0- In order that lim an i = ax exists for each k, it is
- n—oo

necessary and sufficient that Um ¢n(s) = @(s) exists for each s € (0,1). In
n—>o0
that case, @ is actually the generating function of the sequence (ak)r>0-

Remark: It may be noted that even when the ¢, are p.g.f. of a sequence of
random variables, the limit function ¢ need not be a p.g.f. — that is, even if
>k an,x = 1 for each n, the sequence a; may not be a probability distribution
(consider @, (s) = s™). Of course Y a; < 1 will always hold.

Proof of Theorem: Let ¢,(s) = Y., ans*. First assume that for each k,
ank —> ar as n — oo. Clearly 0 < a; < 1 for each k. Let ¢(s) be the
generating function of the sequence (ag). Fix s € (0,1) and € > 0 be given.
Choose ko large enough so that s* < 1e(1 — s). Since lim,, an,x = ay, for each
k, we choose ng so that for n > ng, |anr — ag| < ﬁ Then

ko—1

lon(s) —p(s)] < Z |an .k — akls® + Z |ank — ak|s® .
k=1 E>ko

By choice of kg, the second term is smaller than ¢/2 and, for all n > ng, the
first term is smaller than €/2. Thus |¢n(s) — ¢(s)| < € for all n > ng, showing
that @, (s) — ¢(s) for each s € (0,1).

Conversely, suppose that ¢, (s) = ¢(s) for each s with 0 < s < 1. Clearly
0 < ¢(s) <1 and ¢(s) is non-decreasing in s. In particular liﬁ)l ©(s) = ag (say)
S

exists. Further,
|an,0 — ao| < lano — @n(s) +[@n(s) — @(s)] + |o(s) — aol, (13)

and

o0
S
ano = en(s)l = 3 anss* < 775

Therefore, given € > 0, we can choose s close enough to zero so that the first
and third terms of the right side of (13) are each less than ¢/3. Now choose n
large enough so that the second term is smaller than €/3. Thus we conclude
that an 0 — ag. Now note that

Son(s) — Gn0 w(s) —ag

— for0<s<1.
S S
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It is easy to see that g,(s) = #nls) = ano is the generating function of the

sequence (an,k+1)k>0 S0 that by the same argument as above we can conclude
that
s)—a
lim M =a;, say
sl0 S

exists and moreover lima, ; exists and equals a;. One can use induction to
n

show that for each k, lim a, = ap (say) exists.
n—oo

Referring now to the only if part of the theorem we conclude that ¢, (s)
must converge, for each s € (0,1), to the generating function of the sequence
(ax), which therefore has to be the function ¢(s). This completes the proof of
the theorem. |

The concept of a generating function as discussed above extends naturally
to higher dimensions. We will briefly outline the definition and basic facts.
Also for the sake of simplicity we confine ourselves to the case of multivariate
probability generating functions.

Let X1, X5,...,X4 be random variables, defined on the same space, each
taking non-negative integer values. Let their joint probability mass function
be p(k1,ka,...,kq). The joint probability generating function (joint p.g.f.) of
(X1,Xa,...,Xq) is the function ¢ defined on [—1,1]¢ defined by

Ot1, ... ta) = B -t = > plky,... kot - tht . (14)
kl,...,kd

It is not difficult to see that the series above converges absolutely. The function
¢ can also be shown to have partial derivatives of all orders and

1
p(kis- o ka) = ™0, 0), (15)

where (k1-+%a) denotes D¥ ... D% with the usual notation that for i =
1,...,d and k > 0, D¥ is the k-th order partial derivative with respect to the
i-th variable. Thus for example, with d = 3,

21(0,0,0) = igii‘ﬂ(h t2,t3)|(t1=0,t5=0,t5=0) -
" Bty 02 Bty * ~ 172 3/ 1(1=0,t2=0,ta=0)

Equation (15) shows that, as in the case of one dimension, the joint distribu-
tion of (Xj,...,Xy) is completely determined by the joint p.g.f. ¢. Note that
¢(1,...,1) = 1 by definition. One can also find all the moments, including
cross-product moments of (X, X, ..., Xy) from . For example,

E(X%XQ) — (p(2,1,0,...,0)(17 - 1) 4 SO(],I,O,...,O) (1, e, 1) .

Also for any ¢, 1 < i < d, ¢(t1,...,ti—1,1,ti41,...,tq) is precisely the joint
p.g.f. of the random variables (X1,...,X;—1, Xsy1,-.-, X4)-
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In case X1, Xs,..., X4 are independent with p.g.f.s 1,p2,..., @q respec-
tively, then the joint p.g.f. of (Xi,...,Xy) is easily seen to be

w(ts,t2,- . ta) = @1(t1)pa(tz) - - - wa(ta) - (16)

In fact the condition (16) is also sufficient for independence. More generally,
one can factor ¢, the joint p.g.f of (X1,...,X4), as

(p(tl,...,td) = @’(tla"-ati)a(ti-l-la--'ytd)

if and only if (X3,...,X;) is independent of (X;i1,...,X4). Moreover, the
functions ¢ and @ in the above factorization are the joint p.g.f.s of (X1,...,X;)
and (Xt1,-..,Xq4) respectively except possibly for some multiplicative con-
stants. For example, the functions 3¢ and $/3 would also give a factorization.

The continuity theorem proved for one dimension has the following multi-
variate analogue.

Theorem: For each n > 1, let ¢, be the joint p.g.f. of (X{*,...,X7}). In order
that lim P(X] = ki,..., X} = kq) exists for all d-tuples (ki,...,kq) it is
n—roo

necesary and sufficient that for all (t1,...,tq) € (0,1)¢, the limit
lim @n(tl,...,td) :Qo(tla-“,td)a (Sa’y)
n—ro0

exists. In this case, ¢ is actually the function

Ot ta) = D alky,... ko)t - the,
k1,...,kd

where
a(ki,...,kq) = lim P(XT =ki,...,X] =ka).

n—oo
Barring complications arising out of d-dimensional variables, the idea of proof
is no different from the one dimensional case. We omit the proof. In general
the limit function ¢ = lim ¢, need not be a joint p.g.f.

Exercise 6. Show that the p.g.f. of the d-dimensional multinomial distribution
with parameters n, p1,ps,...,pq is (p1t1 + - - - + Data)™.

Exercise 7. If for each n > 1, (Xp1,...,Xn,q) is multinomial with param-
eters (n,Pni,-.-,Pnd) and if np,; = A; for 1 < ¢ < d — 1, then show that
(Xni1,---,Xnd—1) has a limiting distribution as n — oo and find the limiting
distribution.

0.4 Continuous Random Variables

So far we have considered random variables with values in a finite or a countably
infinite set. But in many applications it is necessary to go beyond that. For



0.4. CONTINUOUS RANDOM VARIABLES 21

example, consider picking a point at random from the interval (0, 1]. Here by
picking a point at random we mean that any point “is as likely” to be picked
as any other. The selected point X would then represent a random variable
whose possible value can be any real number in (0, 1]. How do we describe the
distribution of such a random variable? First of all, since any point is as likely
to be picked as any other point, P(X = z) should be the same for all z. Noting
that there are infinitely many points z, one can easily argue that P(X =z) =0
for all z € [0,1]. Thus, if we wanted to define the probability mass function
p of the random variable X, the only candidate would be p(z) = 0 for all z.
Certainly the distribution of the random variable X cannot be captured by
such a function.

So, instead of prescribing probabilities of events through probabilities of
individual outcomes that constitute an event, one may hope to prescribe prob-
abilities of all events at one go. In other words, one may think of directly
specifying P(X € A) for various subsets A C [0,1]. But clearly, that is a
tall task! However, there is a general theory — known as measure theory —
which says that it is sufficient to specify P(X € A) only for intervals A C [0, 1]
which, in turn, uniquely determine P(X € A) for a large class of sets 4, known
as measurable sets. One may still wonder what if we want P(X € A) for a
non-measurable set A. However, there is no real need to worry! The class of
measurable sets is really huge — almost any set A one is likely to come across
for the purpose of computing P(X € A) is going to be a measurable set. Hav-
ing said all these let us add that mere recognition and acceptance of this fact
will do for the rest of this book. We do not make any explicit use of measure
theory.

Continuing with our example and again noting that the point is selected
at random, one can easily deduce for any 0 < a < b < 1, we must have
P(a < X < b) = b—a. In fact, the above is just a consequence of the fact that
P(X € 1) equals P(X € J) whenever I and J are intervals of same length.

Of course, for any random variable X, prescribing the probabilities P(X €
A) for intervals A and hence prescribing the distribution of X could also be
done by simply specifying the function

F(z) = P(X < z) (17)

for all x € R. This function F is called the probability distribution function of
the random variable X and has the following properties:

(i) 0 < F(z) < 1for all z and F(z) < F(y) whenever z <y,
(i) lim F(z)=0, lim F(z)=1, and
T——00 T—r+00
(iii) F is right-continuous, that is, li\{n F(y) = F(x).
ylz
It may be noted that li%nF(y) = P(X < z), so that P(X = z) = F(z) —
ytz

liF F(y). From all these it should be clear that F(z) determines P(X € A) for
ytz

every interval A (and hence for all measurable sets A).
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In the example of picking a point at random, the corresponding distribution
function is

0 if <0
Fz)=¢ =z if 0<z<1
1 if z>1

A continuous random variable is one whose distribution function is contin-
uous. From the properties of F listed above, it follows that a random variable
X is continuous if and only if P(X = z) = 0 for all z € R. It is in this
sense that continuous random variables are diametrically opposite to discrete
random variables.

0.4.1 Probability Density Function

One special class of continuous random variables are those for which the dis-
tribution function is given by

F(z) = / f(w) dy (18)

where f is a non-negative funcion with ffooo f(y)dy = 1. Such a function f is
called a probability density function (p.d.f., in short). Probabilities involving
X can be calculated from its density function by the formula P(X € A) =
1) '+ f(y) dy. Such probability distributions are called absolutely continuous dis-
tributions and the corresponding random variable is also called absolutely con-
tinuous. It may be noted that probability density function of a distribution (or,
of a random variable) is not unique. (Changing the value of f at a finite num-
ber of points would not change the integrals appearing in (18) and therefore,
would give the same F')

Unlike probability mass function, the probability density function does not
represent any probability. However, it has the approximate interpretation

P(X € (z,z + 6z)) ~ f(z)oz.

This should explain why f is called the density function as opposed to mass
function of the discrete case. For a random variable X with density function
f the expected value is defined by the formula

B0 = [ 2f@)d, (19)
provided the integral exists. We allow the integral to equal +oo or —oo. But
there is a caveat! Two infinities cannot be added unless they have the same
sign. We define, more generally,

o
B = [ 9(o) fa)da, (20)

—00
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provided the integral exists. The expected value so defined can be shown
to satisfy all the properties that were proved to be true for discrete random
variables. As in the discrete case, the m-th moment of X is defined to be
E(X™) and the variance is defined as V(X) = E(X?) — (EX)2.

Exercise 1. Fix numbers a < b. Let f be the function which is 1/(b — a) for
points in the interval (a,b) and zero for points outside the interval. Show that
this is a probability density function. Calculate the corresponding distribution
function. This is called the Uniform distribution on (a,b), denoted U (a,b) and
a random variable with this distribution is called a U(a,b) random variable.
Find the expected value and variance of such a random variable.

Exercise 2. Fix any number A > 0. Consider the function f which is zero for
negative numbers and is Aexp(—Az) for non-negative numbers z. Show that
this is a probability density function. Calculate the corresponding distribution
function. This is called the Ezponential distribution with parameter A, written
Exp(A). For a Exp(N) random variable X, find (i) P(X > 10.25), (ii)) P((X —
3)2 > 1). Also find E(X), V(X) and E(etX) for t € R.

Exercise 3. Fix any real number p and any strictly positive number o. Let

1

— ~ 55 (z—p)?
f(@) py

for —oo < x < 4o00. This is a probability density function (not easy to show
this fact). Corresponding distribution is called the Normal distribution with
parameters u and o2, written A'(u,02). The distribution function cannot be
calculated explicitly. Show that a N (u,0?) random variable X has mean u
and variance 2. Also show that E(e*X) = exp [ut + $0°t?] for t € R.

In case p = 0, 0 = 1 in Exercise 3 above, the distribution is called Standard
Normal Distribution. In this case, the distribution function is usually denoted
by ®(z) and the density function is denoted by ¢(z).

Exercise 4. Repeat Exercises 4-14 of Section 0.2.1, assuming that all the
random variables are absolutely continuous.

0.4.2 Joint Density Function

For two continuous random variables X and Y defined on the same space, we
may be interested in probabilities of events that concern both X and Y. For
computing such probabilities, knowing the individual density functions of X
and Y alone would not suffice. We need to know what is called the joint density
function of X and Y.

Definition: Let X and Y be two random variables defined on the same space.
The pair (X,Y) is said to have a joint density function f(x,y) if f is a non-negative
function such that for any z,y € R,
Yy T
PX<z,Y<y)= / / f(u,v) dudv.

—00 —00



24 CHAPTER 0. PROBABILITY TOOLS AND TECHNIQUES

[e.olNe o)
Clearly such an f satisfies [ [ f(u,v)dudv = 1. Probabilities involving the

pair (X,Y) can be computed from the formula P((X,Y) € A) = [ [ f(z,y)dz dy.
A

From the joint density of (X,Y") the individual (marginal) densities of X
and Y can be recovered as follows:

fi(@) = / fay)dy, foly) = / f(z,y)da.

In an analogous way the joint density of n random variables (defined on the
same space) is defined to be a non-negative function f of n variables such that

Tn I
P(Xl le,...,Xnan)zf---/f(ul,...,un)dul---dun.
—00 —00

Here also the individual density of each X; can be obtained from the joint
density f by a formula analogous to the bivariate case. An important point to
note in this connection is that the existence of a joint density for (X7,...,X,)
implies that each X; has a density; however the converse is not true. For
example, if X has U(0,1) distribution and ¥ = X, then both X and Y have
densities, but the pair (X,Y) does not have a joint density (why?).

For (X3,...,X,) with joint density f, the expected value of any function
of (Xi,...,Xy) can be computed by the formula,

Bo(r, o X)) = [+ [ glonseeon)fonse . sma)don - don,

provided, of course, that the integral exists.

For a pair (X,Y) with joint density f, the covariance between X and Y is
defined by the same formula (21) of Section 0.2.2 and all the properties listed
in Exercises 16-21 there remain valid.

0.4.3 Conditional Density

For a pair (X,Y") with joint density f the conditional density of X givenY =y
is defined to be
_ f=y)

hlely) =70

For y with fa(y) = 0, one may define fi(zly) to equal any density function,
for example, one may put fi(zly) = fi(z). Here fi and fy are the marginal
densities as defined in the previous section. One can easily check that f;(zly)
is a density (in z) for every y. The distribution given by this density is called
the conditional distribution of X given Y = y. One can similarly define the
conditional distribution of Y given X = z. It is also not difficult to extend this
concept to the case of n random variables with a joint density.

if fa(y) > 0.
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For a random variable X with density f and for any event A with P(A4) > 0,
one can define the conditional density of X given A. However, there is no
explicit formula for this density in general. One is only guaranteed of the
existence of this density by a result known as Radon-Nikodym Theorem which is
beyond the scope of this book. However, in the special case when A = {X € B}
the conditional density of X given A is given by f(zlA) = f(z)/P(A) ifz € B
and equals zero otherwise.

As in Section 0.2.3, expectation and variance of the conditional distribution
are known as conditional expectation and conditional variance respectively. As
before, it is sometimes convenient to think of conditional expectation itself as
a random variable, denoted by E(X|Y"), which has the same interpretation as
in Section 0.2.3. Also, all the properties in Exercises 4,5,7,8, 10-14 and 22-26
go through.

0.4.4 Independence

Definition: Random variables (X3, ..., X,,) with a joint density f are said to be
independent if for any x1,xs,..., 2y,

f(@1, .. mp) = fi(z1) - folzn)

Thus the random variables are independent if the joint density factors into
product of the marginal probability densities fi,..., f,. This can be shown
to be equivalent to the condition that for sets By, Bs,...,B,, the n events
(X; € B;), 1 <i < n are independent. Also independence of X1, Xs,..., X,
clearly implies independence of X ,Xj,,...,X;, for 1 < j; < jo < -+ <
Jm < n. With some work one can also show the following. Consider k in-
dices 1 < 4 < iy < +++ < ig—1 < n and let Y1,Y5,...,Y; be random vari-
ables defined as follows: Y1 = ¢1(X1,...,Xi,),Y2 = ¢2(Xij41,---,Xin) 5+
Yi = gx(Xip_,+1,---,Xn), for functions g1,g2,...,9%. Then independence of
X, Xs,...,X, implies that of Y1,Y2,...,Y}.

It is left as an exercise to verify that properties 28-33 of Section 0.2.4 remain
valid here also.

0.5 Sequences of Random Variables

Let Y be a random variable with finite mean u. Let Y7,Y5,... be indepen-
dent observations on the variable Y, that is, for each n, the random variables
Yi,...,Y, are independent each having the same distribution as Y. One says
that Y7,Y5,... is a sequence of independent and identically distributed, abbre-
viated as i.i.d., random variables. Let X,, denote the average of the first n ob-
servations, that is, X, = (Y1 +---+Y,)/n. This X,, is also called the observed
mean or the sample mean, based on n observations. An important question is
: what happens to these observed means as n, the sample size, becomes large?
A classical result in probability (known as the law of large numbers) is that
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the observed means converge to the common population mean u. It should
be noted that the observed means X, are random variables. Thus, one has to
know what is meant by the convergence of a sequence of random variables. In
this section, we discuss some of the various concepts of convergence that are
used in probability.

In what follows, (X,)n>1 will stand for a sequence of random variables
defined on the same space.

Definition: We say that X, converges in probability to a random variable X,
and write X,, — X, if for each € > 0, P(|X,—X|>¢) = 0asn— 0.
That is, given any € > 0 however small, the chances that X, deviates from X

by more than € become smaller and smaller as n gets larger and larger. However
this should not be misinterpreted as X,, remaining close to X eventually for

almost all sample points. One can construct an example where X, £ x
but X,(w) /= X(w) for any sample point w! [see Exercise 5 below]. This
motivates the next definition.

Definition: We say that X,, converges with probability one to X, and write
X, — X w.p.l, if for all sample points w, outside a set of zero probability,
Xn(w) = X(w) as n — oo.

Another mode of convergence that will be useful for us, is the following.
Definition: Let p > 1 be a number. We say that X,, converges in p-th mean to

L . .
X, written X,, - X, if E|X,, — X|P — 0 as n — co. This mode of convergence
is also referred to as convergence in L.
We shall now see the relationships between these three modes of conver-
gence. The last two modes of convergence are stronger than the first one.
Indeed if X, - X then for any € > 0,

P(|X, — X|>¢) = P(|X,, — X|P > €) = E (Iyjx, - x[r>er})

(}Xn - X|P E|X, - X|P
o —
€

I{IXn—X|”>6P}> < —a 0,

by hypothesis. Note that here € is fixed and n becomes large.

<E

Hidden in the above argument is the fact that for any random variable Z

and any € > 0
E|Z
Pz 0 < 22 21)

a useful inequality, known as Markov’s inequality. This inequality can be easily
proved using Exercise 5(a) of Section 0.2.1.

Next suppose that X,, — X w.p.1; that is, there is a set A of probability
zero such that for w € A, X,,(w) = X(w). Let € > 0. Then for any n,

{{Xp@) - X@)] > < |JXelw) = X W)l >e)
k>n
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and the set on the right side decreases as n increases and the limiting set is
contained in A (because for any w in the limiting set X, (w) 4= X (w)). Since
P(A) =0 it follows that

Tim_ P(|Xn(w) = X(w)| > €) = 0.

Convergence with probability 1 and conve:gence in L, are, in general, not
comparable. However, here is a useful result.

If X, — X wpl and E(sup|X,[’) <co, then X, I x.
n

Indeed one can replace X,, — X w.p.1 by the weaker hypothesis X, 2 x.
So we will assume only this. Denote the random variable sup,, | X,|? by Z.
It is not difficult to see that X, = X yields that P(|X|P < Z) = 1. [Show
that for any € > 0, P(|X|? > Z +¢) = 0]. Thus |X,, — X|? < 2PZ Note
that the hypothesis says that Z has finite expectation. Therefore given § > 0,
we can choose A > 0 so that E(ZIz-y) < 27P§/3. We can also choose
e > 0 so that € < §/3. Now choose ng such that for n > ng we have,
P(|X, — X|>¢€) <827P/3). Now for n > ng,

BlXy ~XIP < B(|Xn— XPoix,_xj<o) + B(Xn — XPLix, _xj5.)

eP + 2pE(ZIan_X|>E)
eP + QPE(ZIZS,\I|XH_X|>6) + 2pE(ZIZ>,\)
€+ PAP(| X, — X| > €) + 2°E(ZIz5)) -

VAN VAN VAN VAN

Each term on the right side is at most /3, completing the proof.

The reader must have already realized that Lebesgue’s Dominated Conver-
gence Theorem as given in Exercise 8, Section 0.2.1, is just a special case of
the above.

Exercise 1. If X, — X, then show that X1° -2+ X19 More generally,

if f is a continuous function, then f(X,) N F(X). What if, convergence in
probability is replaced by convergence in L, or by convergence with probability
one?

L
Exercise 2. If X,, —% X then X, =% X,for1<r<p.

Exercise 3. If X, = X and Y, Y, then show that X, + Y, -+ X +Y
and XY, — XY. What if — is replaced by Lryo

Exercise 4. Let X, 2, X. Show that there is a subsequence (ng) such that
Xp, — X w.p.1. (Choose ny so that P(|X,, — X| >27F) <27*)

Exercise 5. Consider a U(0,1) variable X. Consider the following sequence
of random variables: Z; = Ix<1/2); Z2 = I(x>1/2); 23 = I(x<1/4); 24 =
Injacx<1/2); Zs = Injacx<s/ay; Z6 = Iisja<x<1); ete. It should be clear(?)
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how the subsequent Z,, are defined. Show that Z, does not converge with
probability one, but converges in probability to zero.

In conclusion, let us go back to the convergence of observed means to the
population mean. Classical Laws of Large Numbers say that convergence here
takes place with probability one. In other words, if Y7,Ys,... are i.i.d with
common finite mean pu, then X, = (Y1 +---+Y,)/n — p w.p.1. In fact, this
result remains valid even without the assumption of finiteness of the mean, as
long as the Y; are non-negative. The proof of this result is quite involved for
presenting here. Instead, we show that convergence in probability holds. For
this, let us further assume that V(Y) < co. In this case, by Markov inequality

%Y—(Y—)—m.
n

1
P(1Xp = p| > €) = P(1Xn — pl” > €) < 5 B|Xn — pf* =

In the above, we have used the fact that V (Y1+- - -+Y,) = nV(Y') because of the
i.i.d. hypothesis. It is possible to do away with the finite variance assumption,
but the argument becomes a little more complicated. As a special case of the

above, if X, is B(n,p) then X, /n £ p.

Exercise 6. If X,, ~ B(n,p) show that > E(X, — np)*/n* < co and hence
conclude, using Borel-Cantelli lemma that X,,/n — p w.p.1.

Another important mode of convergence is convergence in distribution.
Since we do not need it for our applications, we do not discuss it. However in
Section 0.3, we had an illustration of this kind of convergence. To be specific,
what was shown there is that if X,, ~ B(n, p,) where np, — X as n — oo, then
X, converges ‘in distribution’ to a P(\) random variable. A classical result in
probability, involving the notion of convergence in distribution is what is known
as Central Limit Theorem. Here is what it says. If Y7, Y3, ... are i.i.d. random
variables with mean y and finite variance o2, then X,, = (Y1 +Ya+---+Y,)/v/n
converges in distribution to a N(u,0?) random variable, that is, for any real

a

number a, P(X, <a) — [ f(u)du, where f is the density function given in
—00

Exercise 3 of Section 0.4.1.

0.6 Characterstic Functions

Definition: For any random variable X, the function px(t) = E(e*X) defined
for —o00 < t < 400 is called the characterstic function of X.

To make sense of this definition, one needs to extend the notion of expec-
tation to a complex-valued random variable. If Z = U 4 ¢V where U and V
are real random variables with finite expectations, one defines E(Z) to be the
complex number E(U) +{E(V). With this definition, it is easy to see that the
property

E(a1Z1 + a2Z2) = alE(Zl) + OZQE(Zg)
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holds, where a;, as are complex numbers and Z;, Z, are complex random
variables. The property |E(Z)| < E(|Z]) also holds where, as usual, for a
complex number z, |z| = /(Rez)2 + (Imz)2. Here is a quick proof of the
above inequality. It is easy to see that E(Z) = a|E(Z)| for some complex
number « with |a| = 1. Thus

|E(2)| = aE(Z) = E(@Z) = E(Re (02)) < E([aZ|) = E(|2)
One can use this to show that the Lebesgue’s Dominated Convergence Theorem
(see Section 0.2) holds for complex random variables as well.
Returning to characterstic functions it may be noted that ¢x is a complex-
valued function of a real variable ¢, given by the formula

px(t) = E(cos(tX)) + i E(sin(tX)) . (22)

Clearly, the real random variables cos(tX) and sin(¢X) are bounded and hence
have finite expectations for all ¢. From (22) it follows that

(1) x(0) =1 and pax15(t) = eex (at).

(2) px(—t) = px(t) = p—x(t). In particular, px (t) is a real-valued func-
tion if X has a symmetric distribution, that is, X and —X have the same
distribution.

Using |E(eX)| < E(|e*X|) one also gets
(3) lex (t)] <1 for all £.

For any real ¢ and h,
lox (t+h) = px (B)] < E(le™* ("X ~1)|) = E(le"* —1])

and by the Dominated Convergence Theorem the last expression goes to zero
as h = 0. Thus we have proved

(4) ¢x (¢) is a continuous function — in fact, it is uniformly continuous.

One of the important features of the characterstic function of a random variable
X is that the distribution of X is completely determined by its characterstic
function px. In other words, two random variables with different distributions
cannot have the same characterstic function. We give below the formula, known
as the Inversion formula, that determines the distribution function F' of a
random variable X from its characterstic function @x.

(5) For any two continuity points @ < b of F,
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(6) Moreover, if [|px(t)|dt < oo, then the random variable X has a
bounded continuous density function given by

fngi/fmwwm

The proof of (5) is somewhat involved and hence omitted here. Interested

reader may consult Chung [2005]. Here is a sketch of a proof of (6). Using an
analogue of the Dominated Convergence Theorem valid for general integrals,
one can show that if |px| has finite integral then the inversion formula can be
written as

e—zta _ ,—ith

TR (t)dt

1
2

F(b) — F(a)

l=\
83

b

/ e~ dy | px(t)dt.

a

1
21

I
—3

8

Interchanging the order of integration now (which can again be justified in view
of [|ex(t)|dt < o0), one gets

b 00
F(b)—F(a):/f(m)dx where f(z) = % / " px (t)dt.

Thus X has density f(z) which is bounded because

1@< 55 [ lex®ldt < o

Continuity of f follows from the Dominated Convergence Theorem alluded to
above.

One consequence of the one-one correspondence between characterstic functions
and distributions is that the converse of (2) holds. In other words

(7) px(t) is real-valued function if and only if X has a symmetric distribu-
tion, that is, X and —X have the same distribution.

(8) Of course, for independent random variables X and Y, we have o x 1y =
X - PY.

It is easy to see that if X ~ B(n,p) then px(t) = (¢ + pe")™. Now if X and
Y are independent random variables and X ~ B(n,p) and Y ~ B(m,p) then
the characterstic function of X + Y turns out to be

x4y (t) = ox(t) - oy (t) = (¢ + pe't)™ "
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from which we can immediately conclude that X + Y must have B(m + n, p)
distribution.

Similarly one can show that if X ~ N(0,1), then ¢x (t) = E(cos tX) = e~t'/2.
From this one can deduce that if X ~ N(g,02), then px(t) = eith—3t"0"
Therefore, if X ~ N (pu;0?) and Y ~ N (v,7?) are independent then by com-
puting ¢xtv, one can conclude that X + Y is N'(u + v,0% + 72).

Characterstic functions can also be used to compute moments of the distri-
bution, when they exist. Here is how the method works. Using the power se-
ries expansion e®*X = "% (lt%,) and taking expectations, one gets px (t) =
EGX %) Assume for the time being that the expectation and the infinite
sum could be interchanged. That would give

(e.0] tn
_ ) ny’
px(t) = "B
that is, wx(¢) has a power series expansion in ¢ in which, the coefficient of

n

t" is L E(X™). From the general theory of power series it would follow that

E(X™) = <pg?) (0)/i™. It is possible to justify the above formal calculations
(using simply Dominated Convergence Theorem and appropriate Mean Value
Theorem) and here is the precise result.

(9) If X has finite n-th moment then px has derivatives of orders upto and
including n everywhere and, for every k < n, E(X*) = wg)(O) /i*.

A very important use of characterstic functions consists of proving con-
vergence in distribution. This is achieved through, what is known as, Lévy’s
Continuity Theorem. The theorem asserts the equivalence of convergence in
distribution and pointwise convergence of characterstic functions. Since we
have not formally defined the notion of convergence in distribution, we would
not go into the details of this result. The interested reader may consult Chung
[2005].

Exercise 1. Calculate the characterstic functions of the following random
variables: P()\), U[0,1], Ezp()\) and N (p,0?).

Exercise 2. If X has the double exponential density

f(iv):%@-lxl, -0 <z < 00,

find the characterstic function of X. Use this and property (6) to find the
characterstic function of Cauchy distribution given by the density

1 1
f(m):;—_l-ka:?’ —00 <z < 00.

Exercise 3. Show that px (tg) = 1 for some ¢, > 0 if and only if X is discrete
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with values in the set {2mn/to : n = 0,%1,+2,...}. More generally, show that
lox (to)] = 1 for some ¢y > 0 if and only if X is discrete with values in the set
{@27n +0)/to : n = 0,£1,£2,...} for some real number 6.

Exercise 4. If ¢ is a characterstic function, show that both |¢|? and Re ¢ are
characterstic functions.

Exercise 5. Let (X,)n>1 be asequence of i.i.d. random variables with common
characterstic function ¢. Let N be a P()\) random variable independent of the
sequence (X,,). Find the characterstic functionof Y = X1 +-- -+ Xny. If N =0,
we define Y to be zero.

0.7 Martingales

In this section we discuss a special class of sequences of random variables known
as martingales. Martingales constitute a very important and widely useful class
of processes. We do not intend to present here an extensive coverage of this
topic. Instead we only list a few basic properties of martingales which will be
needed for our purposes. A reader interested to learn more can see the book
of Leo Breiman.

Consider a sequence of independent tosses of a fair coin. Before each toss
you are allowed a bet. If the toss results in heads then you win the amount
you wagered; otherwise you loose the same amount. Note that you are allowed
to change your wagers at each toss and moreover, your decision is allowed
to be based on the outcomes of previous tosses. This can be mathematically
formalized by means of a sequence €;,¢€s,... of random variables where ¢,
denotes your wager amount for the n-th toss. If we denote the outcomes of the
tosses themselves by a sequence 71,72, . .. , where each 7; can be +1 or —1, then
the actual amount you win at the n-th toss is n,€,. Clearly n, are i.i.d. random
variables. The condition on the €, is that €; is a constant and, for n > 2, €,
is a random variable that is allowed to depend only on 11,7m2,...,9,—1. As
an additional technical condition, we shall also assume that each ¢, has finite
expected value. One of the interesting features of the game is that if the coin
is fair, then the game is also fair in the following sense. Denote by X,,, your

n

accumulated fortune upto and including the n-th toss, that is, X, = Y €;n;.

Define Xy = 0. One can easily deduce that, at any stage if you wantz ti) find
the conditional expectation of your accumulated fortune after the next toss,
given all the information upto and including the present time, it equals your
present accumulated fortune. That is to say that if you play one more game,
it would, on the average, make you neither better off nor worse off. The word
‘on an average’ is important here, because in the actual play you would really
either win or loose. The point is that you cannot be certain of either and the
mean change in fortune, based on available information, is zero. This is the
mathematical formulation of fairness in the game. This leads to the following
formal definition.
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All the random variables that we consider below are defined on the same
space. Also they are all assumed to be discrete and to have finite expectations.
Although the condition that they are discrete is not necessary in general, how-
ever it allows us to avoid some technicalities.

Definition: A sequence (X,),>0 of random variables is said to be a martingale

if, for every n,
E(X'nIX07X1"'-7Xn—1) =Xp-1. (23)

In particular E(X,,) is same for all n.

We will see plenty of examples of martingales in our applications in the
subsequent chapters. However, here are some simple examples.

Example 1: Let (7;);>1 be a sequence of independent random variables with
n
zero means. Set, Xo =0, and for n > 1, X;, = 3" ;. Then (X,,)n>0 is easily

i=1
seen to be a martingale. We could easily replace each X,, by X,, + Z where Z
is a random variable with finite mean, independent of (7;);>1, and still have a
martingale.

Example 2: Let (7;)i>1 and Z be as above. Let (e;)i>1 be a sequence of
bounded random variables with €, depending only on {Z,m,...,9n—1} for
each n. Set X,, = Z + Z €, n > 0. Then (X,)n>o is a martingale. The

=1
condition that €; are bounded is just to ensure that €;7; has finite expectation

and can be relaxed by the latter. The example given at the beginning of this
section with the 7; representing the outcomes of succesive tosses of a coin is
just a special case.

Example 3: Let (1;);>1 be as in Example 1, with the additional assumption
n n

that V(n;) = 02 < co. Then Xo =0 and X, = (3 m:)% — Y. 02, n > 1, defines
1 1

a martingale. In particular, if each n; takes the values +1 with probability 1/2

n
each, then (3" 7;)? — n is a martingale.
1

Example 4: Here is the famous Polya Urn Scheme. Start with an urn contain-
ing b black balls and r red balls. A ball is drawn at random, its colour noted
and then the ball is replaced along with an additional ball of the same colour.
This process is repeated. Note that, at each stage the total number of balls in
the urn increases by one so that after n turns, the urn will have b+ r +n balls.
Denoting X, to be the proportion of red balls in the urn after n turns, with,
of course, Xo = r/(b+r), it is not difficult to check that we get a martingale.

Example 5: Let (7;);>1 be an i.i.d sequence, taking the values 1 with proba-

bilities 1/2 each. Denote S, = . ;. Then for any 6 € (0, 1), the sequence
1<i<n

(Xn)n>o defined as Xo =1 and forn > 1, X, = ong(n+5n)/2(1 — 9)("‘5")/2,
defines a martingale. Indeed this is a special case of the next Example.

Example 6: Let (n;);>1 be a sequence of discrete random variables and for each
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n > 1, let py(ug,...,u,) be the (true) joint p.m.f. of (m1,...,7m,). Suppose

that pn(u1,...,us), n > 1, be a sequence of joint p.m.f.s satisfying
(1) > Pa+1(u1,.--,Un,Unt1) = Pn(ua,...,up) and

Un+1
(i) pn(u1,...,un) = 0 whenever pp(u1,...,u,) = 0.

Then Xo =1 and forn > 1, X,, = (M1, .-, 1n)/Pn(M1, - - -, M) can be seen to
define a martingale (taking the ratio 0/0 to be 0). Complicated though this ex-
ample looks, here is the context in which it arises. The p, can be thought of as
the joint p.m.f.s under some proposed alternative distribution of the sequence
(7:)i>1. A statistician wants to test the validity of this alternative. Standard
tools of statistics often use the X, (known as likelihood ratio in statistical
parlance) to test such hypotheses.

Most of the basic theory of martingales is due to J. L. Doob. We proceed to
present some of the basic results on martingales, which we need in the sequel.
The first result is about convergence with probability one for a martingale.
One of the main tools for the proof of this result is an inequality known as
Doob’s upcrossing inequality.

Let zo, 21, - - - , T, be a finite sequence of real numbers. For a < b, let u,(a,b)
denote the number of ‘upcrossings’ of the interval (a,b) by the sequence. For
example, suppose n = 7 and 29 < a,a < 21 < b,z2 > b,xz3 > b,a < x4 <
b,zs < a,z6 < a and z7 > b. Then there are exactly two upcrossings. More
generally, u,(a,b) = k if there exist exactly k pairs (and no more) of indices
0<m; <m <--- <my <ng, <n such that z,,,, < a and z,, > bfori =
1,...,k. Here is a convenient formula for counting the number of upcrossings.

Define vg = 1 and for 0 < ¢ < n, v;41 = 0 or v; or 1 according as z; < a or
n

a < z; < borz; >b. It is then easy to see that u,(a,b) = > (vi41 —v;)T. The
=

i=
reader can easily verify the inequality (b — a)(vir1 —vi)t < (z; — a)(Vir1 — v;)

n

for i = 1,...,n. This immediately gives (b—a)un(a,b) < > (; —a)(Vit1 —v;).
=1

In the above, we have used the notation ¢ to denote max{c,0} — known as

‘the positive part’ of a real number c.

Suppose now Xg, X1,...,X, are random variables and denote the corre-
sponding number of upcrossings by U, (a,b), which is also a random variable
now. Further the corresponding v; are now denoted by V;. For each i > 1, V;
is also a random variable and depends only on X, ..., X;_1. From the above
inequality it follows that, if the X; have finite means, then (b— a)E[U,(a,b)] <

;1 E[(X; —a)(Viyr — Vi)] = ; E[(X; — a)Visa] - ; E[(X; — a)Vi].
Assume now that we have a martingale (X;);>0 and apply the above to the

random variables Xo,...,X,. Foreach i =1,...,n, we have

E[(X, - O,)V;J] = E[E{(Xl e a)V“Xo,‘ . ';Xi-—l}]
E[V; E{(Xz — a) IX(), .. -;Xi—l}] = E[(Xz_l - a)Vl]

I
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In the above we have used properties of conditional expectations stated in
Exercises 22 and 23 of Section 0.2.3 and the martingale property. Using this
we get

(b —a)E[Un(a,b)] < aE[(X —a)Vipa] - Z E[(Xi1 — a)Vi]

= E[(X — (1) n+1] - E[(XO - a)Vi]

Since the second term in the final expression is easily seen to be non-negative
and the first term is < E(| X, — a|) < E|X,| + |a|, we have proved

Theorem (Doob’s Upcrossing Inequality): For any martingale (X;);>0
and for any a < b, E[Up(a,b)] < (E|X,| + |a|)/(b—a), for all n.

We are now ready to prove the convergence theorem known as Doob’s Mar-
tingale Convergence Theorem. We need the following simple observation whose
proof is left as an exercise. Given any sequence (z;);>o of real numbers, the
sequence converges if and only if for every pair of rational numbers a < b,

ef

u(a, b) < supu, (a,b) < co. Here by the convergence of a sequence we mean
n
that it either converges to a real number or diverges to +o0o or diverges to —oo.

Suppose now that (X;);>o is a martingale and let a < b be a pair of ra-
tional numbers. Consider the sequence of random variables (Uy,(a,b))n>1 as
defined earlier. Clearly this is a non-decreasing sequence of random variables
taking non-negative integer values. Thus U(a,b) = nlgr;o Uy(a,b) is well de-
fined (possibly taking the value +00). Moreover by the Monotone Conver-
gence Theorem, E[U(a,b)] = hm E[Upn(a,b)] < (sup E\X,| + |a))/(b — a),

where the last inequality uses the upcrossing 1nequahty Therefore if the
martingale (X;);>0 is assumed to satisfy the condition sup E|X,| < oo, we

will get E[U(a,b)] < co. This will of course imply P[U(a,b) = +oo] = 0;
equivalently, P[U(a,b) < oo] = 1. Since this is true for every pair of ra-
tional numbers @ < b (and there are only countably many such pairs), we
have P[U(a,b) < oo for every pair of rationals a < b] = 1. But this will im-
ply by the earlier observation that P{X; converges } = 1. Further, denoting

= lim inf [ X;|, an easy application of the Monotone Convergence Theorem

(and the definition of liminf) gives E(Z) < hm inf |1 X;| < sup E|X,| < 0.

This would imply that if X; converges to X w1th probability 1 then X has
finite mean. We have thus proved

Theorem (Doob’s Martingale Convergence Theorem): If (X,)n>0 is
a martingale with sup E|X,| < oo, then X,, converges with probability 1 to a

n
random variable X which has finite expectation.
We are now going to prove that if moreover, sup E|X,|?> < oo then the

n
convergence takes place also in Lo, that is, E(X?) < oo and E(X, — X)? = 0
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as n — co. An immediate consequence of this, which will be used by us, is the
following: if (Xy)n>0 is a martingale such that |X,| < ¢ for all n, where c is
a finite constant, then X, converges to X with probability 1 as well as in Ly
(hence in L') and, in particular, EX = EX,.

For the proof, we first need the following basic result on the expectation of
non-negative random variables.

Lemma: For any non-negative random variable X with finite expectation, one

has E(X) = [ P(X > \)d\.
0

Proof: In case X has a density, say f(z), then by an interchange of integrals,

O/P(X>)\)d)\zO/A/f(a:)dzd/\:o/f(x)o/d)\dx=0/xf(x)dx.

which equals E(X) as stated. Next let us consider a discrete random variable
X taking finitely many values say, 1 < -+ < xp with probabilities p1,...,px
respectively. In this case, it is easy to see that

TP(X >Nd\ = =z + (z2 —21)(1 —p1) + (23 — 22)(1 — p1 — p2)+
0
“o+ (Tn — Tn-1)Pn,

and the right hand side clearly simplifies to Y z;p; = E(X).

If X is a non-negative discrete random variable taking an infinite number of
values, say 1,2, ..., then we can define a sequence (X,,) of non-negative ran-
dom variables increasing to X with each X, taking only finitely many values.
To be precise, for each n, X, is defined to be equal to X whenever X takes

values from {z1,...,z,}, and is defined to be zero otherwise. An application
of the earlier case and Monotone Convergence Theorem completes the proof.
|

Suppose that p > 1 and E(|X|P) < co. Then by the above Lemma applied
to the non-negative random variable | X|P, we get

o0 o
B(X[?) = / P(XJP > Nd\ = / P(X| > A/P)d).
0 0
An easy change of variable now leads to

Corollary: For any p > 1 and any random variable X with E(|X|P) < oo,
B(X[P) = p [ WLP(|X] > A)dA.
0

Now let (X,)n>0 be a martingale. For each n, let M, = m<a,x|Xl| Fix
- <N

A > 0 and consider the event A = {M,, > A}. An upper bound for P(A) is
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provided by what is known as Doob’s Mazimal Inequality given below.
Lemma (Doob’s Maximal Inequality): P(A) < E(|X,|-14)/\

Proof: Let Ag = {lXol > /\} and A4; = {|X0] < )\,...,IX,;_ll < A, lel > /\},
for 1 < i < n. Then Ay,..., A, are disjoint and A = J, A;, so that, P(4) =
> P(4A;) < 5 Y E(]Xilla;). An easy consequence of the martingale property
of (X,) is that, for any i <n, X; = E(X, | Xq,...,X;). This would therefore
give

P(4)

IN

S BB Ko, .., X))
Z E(E(| X1 Xo,...,Xi)14;)

S B(Xalla) = 3 B(Xalla)

(VAN
S| bty -

Il

Sl | =

Applying now the Corollary above with p = 2 and X = M, followed by the
Lemma, we get

IN

E(M2) < 2 [ B(Xallipgony) dA = 28 (an| [ oo dx)
0

2E(| X, M.,) < 2/ E(X2)\/EZ).

This leads to E(M?2) < 4E(X?2). If now (X,) is an Ly-bounded martingale,
that is, sup E(X2) < oo, then it follows that
n

E (supan|2> <4sup E(X?) < o0,

whence by Dominated Convergence Theorem we get

Theorem: If (Xp)n>0 is an La-bounded martingale, then it converges with
probability one to a random variable X having finite second moment and more-
over, the convergence is also in Lo, that is, lim E(X, — X)? = 0.

n

0.8 Markov Chains

Consider a system which evolves with time in a random way. For the sake of
simplicity, let us consider the set of times to be discrete. Let us also assume that
the set S of possible states of the system is countable. S will be called the state
space of the system and the individual states (i.e. elements of S) will be denoted
by i, j, k etc. Let X,, denote the (random) state of the system at time n,
n=20,1,2,.... We are assuming that each X, is an S-valued random variable
and the entire evolution of the system is described by the sequence (X,)n>0. In
particular, Xy is the initial state of the system. Study of such systems in this
generality, without any further assumptions, will not lead to any interesting
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theory. Usually one imposes additional restrictions on the joint distribution
of the sequence to get different kinds of “stochastic processes”. One such
condition, studied in the last section, is that E(X,1Xo, X1,...,Xn-1) = Xpn-1
for all n, which gave rise to what are called martingales. In this section, we
study one other extremely important and useful condition that leads to a class
of processes known as Markov chains.

0.8.1 Markov Chains: Transition Probabilities

The property that is imposed can be briefly referred to as ‘lack of memory’, by
which we mean that given the present state of the system the ‘future’ evolution
does not depend on the ‘past’ history. In mathematical terms, this means that
for any two non-negative integers n and m, the conditional distribution of
Xn+m given Xo, Xy, ..., X, depends only on X,,. It turns out that one needs
only to assume this for m = 1. Thus we have the following definition.

Definition: A sequence (X,)n>0 of random variables taking values in a countable
set S is aclled a Markov chain on the state space S if, for any n > 0 and any
iOailw' ‘)in—1,i7j € S;

P(Xn+1 :leO =140,..., Xn_1 =ip_1,Xn :i) = P(Xn+1 :JIXn :i)-

Further, the chain is called time homogeneous, if the above conditional probabilities
do not depend on n and hence are also equal to P(X; = j | Xo =1).

Markov chains appearing in most applications also happen to be time ho-
mogeneous. A rich theory exists for such chains. We shall restrict ourselves
to only Markov chains which are time homogeneous. We will denote, for any
i,7 € S, the probability P(X; = jlXo = ¢) by p;;. Writing the distribution
of Xy as {u;,% € S}, it is not difficult to see that all the finite dimensional
joint distributions for (X,)n>0 are completely determined by the quantities
Wi, ¢ € S and p;j, 4,j € S. Specifically, for any n and any collection of states

iOaila"'ﬂ:na
P(XO = i07X1 = ila LIRS 7Xn = Il’n) = /inopio’il  Din_1in -

{pi,i € S} is called the initial distribution and {p;;,i,j € S} are called the
transition probabilities or one-step transition probabilities, to be exact. From
the definition it is clear that,

(1) s > 0for all i and Y p; =1,
(2) pij >0foralli,jeSand) pjj=1forallies.
J

It is often convenient to represent the initial distribution by a row vector
1= (us;1 € S) and the transition probabilities by the transition matriz P =
((pij))i,jes- The property (2) above simply says that P has non-negative entries
with each row sum equal to one. Such matrices are called stochastic matrices.
Much of the theory of Markov chains rests on an analysis of its transition
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matrix P and not so much on p. The matrix P™, the n-th power (in the sense
of matrix multiplication) of the matrix P, is called the n-step transition matriz
simply because its (z, j)-th element p( ) gives the probability of transition from
i to j in n steps, that is,

P = P(Xpim = 1 Xm =) = P(X, = j1 Xo = 1).

One can easily verify this for n = 2 and then use induction to complete the
proof.

One useful consequence, known as the Chapman-Kolmogorov equations, is

pit = Z P (24)

This can of course be verified directly from Markov property. For the sake
of completeness we need to set PO = I, the identity matrix which is also
consistent with the notion of zero-step transition.

A simple yet useful property of a Markov chain (X,)n>0 is that if f is any
real function on the state space S satisfying ) p;; f(j) = f(¢) for all 4, then the

J
sequence (f(Xy))n>o0 is a martingale, provided, of course, the sum > f(i)u; is
convergent. Functions f satisfying > ; Pij f(3) = f@@) for all 4, are known as
harmonic functions for the transition matrix P.

Example 1: Let &,&,,... be i.i.d. integer-valued random variables with com-
mon distribution P(§& = j) = a;. Let Xy be any integer valued random
n
variable independent of the ¢ sequence. For n > 1, let X, = Xo+ )_ &. Then
=1
(X,,) is a Markov chain with state space S = the set of integers and transition
probabilities p;; = aj—;. The n-step transition probabilities are also not diffi-
cult to get. An elegant formula for these can be obtained using the following
notation. For any two probability distributions a = (e;) and 8 = (8;) on
integers, let o * 8 denote the distribution defined by (a * 8); =3, aifj—;. In
particular, a*" is defined recursively by a*”* = a*(®~1) x a. With this nota-
tion the n-step transition probabilities of the chain (X,,) above are given by

) — *N
pm =Gy

It may be noted that here p;; as well as p;; (n) depend on ¢ and j only through
j —i. In fact, these are the only Markov chams with this property. In other
words, if (X, )n>0 is a Markov chain whose transition probabilities p;; depend
only on ¢ — 7, then the random variables &, = X, — X,,_1, n > 1, are i.i.d.
The proof is easy. Such Markov chains are called random walks. A special
case is when the random variables §; take only two values +1 and —1. This
gives what is known as simple random walk. A further special case when
P& = +1) = p(§ = —1) = 1/2, is called simple symmetric random walk.
Feller’s book (vol.1) gives an extensive and interesting account of such random
walks. His analysis is based entirely on what is known as ‘path counting’ and
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is therefore easily accessible. Interested reader should consult this book. We
will include parts of this material at the end of this section.

Example 2: Consider an urn with a total of D tokens — some numbered +1
and some —1. The composition of the urn changes over time as follows. At
each turn, a token is picked at random from the urn and its sign changed and
put back in the urn. Denote by X, the number of +1 at time n. It is clear
that X,, is a Markov chain with state space S = {0,1,...,D} and transition
probabilities
i
Diji+1 =1— o= 1—pii-1.
Thus, from a state i, transitions are possible only to states ¢ — 1 or ¢ + 1 in
one step. Of course if ¢ = 0 (respectively D) then the system moves surely to
1 (respectively D — 1). It is not difficult to see that the two-step transition
probabilities are given by:
i+ 1 (2) 1 1—1

@ 1 Sy 2) _
pi,i—l—?—(l D)(l D )7 pz,z—2 D D )

o _,_ili=1) _ (D-)D-i-1)
Pym =4 D2 D2
Exercise 1. Suppose Xy is uniformly distributed on the state space S in

the above example. Calculate the distributions of X;, X, and also the joint
distribution of (X1, X2). Do the same when Xo ~ B(D,1/2).

Example 3 (0 — 1 chain): Consider a machine which can be in two states, ‘on’
and ‘off’. Also if the machine is ‘on’ today, then the probability is a that it will
be ‘off’ tomorrow. Similarly, 3 is the probability of transition from ‘off’ state
to ‘on’ state in one day. Denote the ‘on’ and ‘off’ states by 0 and 1 respectively.
Denoting by X, the state of the machine on day n, (X,)n>0 is a Markov chain
with state space S = {0, 1} and transition matrix

P:(Poo Po1) _ (1—01 a )

Pio Pu1 g 1-8

We assume that o + 8 > 0 (what happens if a + 8 = 07). A trite calculation
gives

o) = ol Vatpli (1= =a+pf N (1-a-8),

from which one deduces

) = gl (-a-p).

Similar calculation shows that

=

Py = 1-(1-a-p8)".

Q
+
=
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If one further assumes that a + 8 < 2 (what happens if a + 8 = 27), so

and p{V — ﬁﬁ' Since

that |1 — a — B| < 1, then one gets p{™ — @
| B 8E€LS Po1 atp
(n

P =1 —p{ we deduce that p{) — ;]ﬂ-—ﬂ' Similarly p{% — &i—ﬂ.

From all these, one can deduce that, if 0 < a + 8 < 2, then the Markov
chain has the limiting distribution = = (7o, m;) = <E§-_B’ 5375/, Whatever be the
initial distribution of the chain. This distribution represents what is called the
‘equilibrium’ or ‘steady-state’ distribution of the chain. It is so called because
7 also happens to be the only distribution on S with the property that if X,
has distribution =, then for every n, X, has the same distribution 7. This
conclusion also follows from the equations describing pg’).

This example leads one to the natural question. Is the above kind of phe-
nomenon true for all Markov chains? That is, does every Markov chain have
a limiting distribution? Is the limiting distribution unique (i.e. independent
of initial conditions)? Are these limiting distributions, if any, also steady-state
distributions in the above sense? The cases a + 8 = 0 and a 4+ § = 2 should
convince the reader that the answers to the above questions cannot always be
in the affirmative.

To better understand the nature of problems and to identify some of the
cases where we do have affirmative answer, we first need to discuss ‘classifica-
tion’ of the states. This will be done in the next section. But let us now make
a little digression to discuss some interesting properties of simple random walk
as described in Example 1.

Simple Random Walk: Recall simple random walk as discussed in Ex-
ample 1. Here is an illustration of the path-counting argument and the final
result will be used in Chapter 4.

In the context of random walks, a path from (0,0) to (n,a) is a polygonal
line with vertices (i, s;) for 0 < i < n, with sg =0, s, =a and s; — s;_1 = £1
for 1 < i < n. It is clear that a has to be an integer between —n and +n.
Similarly one can talk about paths from (m,a) to (m + n,b), for integers m
and n with n > 0. Such paths are called paths of length n. It is clear that the
total number of paths of length n starting from a given point is 2™. Also the

number of paths from (0,0) to (n,a) is | ,,, |-
2

A fact, often called the reflection principle is that, for integers a,b > 0,

the number of paths from (0,a) to (n,b) that touch or cross the X-axis is
the same as the total number of paths from (0, —a) to (n,b) and hence equals

n .
(n tasp |- This is done by establishing a one-one correspondence between the

2
two sets of paths. From this one can easily deduce that for any integer a > 0,

the number of paths from (0,0) to (n,a) that do not hit the X-axis equals

n—1 -1
( nta _ 1) - (nn_ﬂ ) Incidentally, this formula also gives a solution to what
2
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is known as the ballot problem.

We now turn to an important property of simple, but not necessarily sym-
metric, random walk. In other words, we consider the Markov chain on the
set of integers with transition probabilities p; ;1 = p = 1 — p;;—1. For any
integer a, let T, = inf{n > 1: X,, = a}, that is, T, is the hitting time of a.
Fix integers a < ¢ < b. Let

p(A) =P(T, <TplXo=1i) for a<i<b
and p(a) =1 and ¢(b) = 0.
Exercise 2.
(i) Show that for a < i < b, (i) = pe(i + 1) + (1 — p)e(i — 1)
(ii) Denoting d; = (i) — ¢(i — 1), show that for a +1 < i < b,

pd; = (1 —p)di_1,

1— p i—a—1
dz' = (T) da+1 .

and hence that

(iii) Assume that p = 1/2 and show that ¢(i) = 1+ (1 —a)da4q for a < i < b,
and hence deduce that ¢(i) = (b —1)/(b— a).

(iv) Assume that p # 1/2 and denote (1 — p)/p by a. Show that

. p i
p(i) =1+ -2 datr [0 —1]

for a <7 < b and hence deduce that

b_ o
pli) =
(v) If p > 1/2 then show that
P(T,<xlXo=i) = o *<1.
(vi) If p < 1/2 then show that
P(T, < olXo=i) = 1.

0.8.2 Classification of States: Recurrence and Transience

For any state i, let us define two random variables, possibly taking value +oo,
as follows:

T; = min(n > 1: X,, = 1), Ni=#n>1:X, =1).
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In the definition of Tj, if there is no n > 1 such that X,, = i we take T; = +00.
If there are infinitely many such n, then of course, N; = +oo. T; represents
the time of the first visit to 7 and N; represents the total number of visits to
1. In both of these, the time point 0 is not counted. It is clear that the events
(T; < o) and (N; > 1) are same.

For i and j in S, let
S =P(Tj=nlXo=i) = P(Xn=j; Xi #4,1 <1 <nlXo=14), (25)

Z ™ = P(T; < ool Xo =4). (26)

It is clear from the definitions that pl") > fi (") In fact one has the following
identity often known as the renewal equatzon

MOR o el (27)

m=1
To prove the equation, one has to simply write the event (X, = j) as the

n
disjoint union of events |J (T} = m,X, = j) and calculate the probabilities

m=1
of these events by applying the Markov property.

All the states of the Markov chain are classified into two kinds as defined
below.

Definition: A state i is called recurrent if f;; = 1 and is called transient other-
wise. A state i is called absorbing if p;; = 1.

Thus a state 4 is recurrent if the chain starting from 1 is sure to return to 2
at some future (possibly random) time. Naturally, for a transient state 7 there
is a positive probability of never returning to . Clearly every absorbing state
is recurrent.

Since the two events (T; < oo) and (N; > 1) are identical, it follows that a
state 7 is recurrent iff P(IV; > 1] Xy = i) = 1, that is, the chain starting from
the recurrent state i is sure to make at least one visit to . We will, in fact,
show that starting from a recurrent state ¢, the chain actually makes infinitely
many visits to ¢ with probability one. Intuitively, this should be obvious from
the Markov property. To do this rigorously and get some other results we need
the following identity:

For states 7 and j and any m > 1,
P(N; >mlXo=1) = fi - f[3 . (28)

For m = 1, this is just the definition of f;;. Let us prove it for m = 2. Clearly,

oo o0

P(N;j>2IXo=1i)=Y > P(Anw|Xo=1i),

n=1n'=1
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_ Xn:Xn+n’:j;
where An,n’_{ Xp#jforl<p<nandforn+l1<p<n+n' [’

By using the properties of conditional probability and the Markov property,
each summand reduces to the product
P(Xn :.77Xp #]71 §p<n|X0 =7’) ) P(X'n’ =.77Xp #]71 SP <nI|XO :.7)7
so that
o0 0 ,
P(N; 2 21X0=d) =Y > fiV £ = fisfis-
n=1n'=1

The proof for a general m is similar. Do it for m = 3 to make sure that you
understand.

Notice that the events (IN; > m) are decreasing as m increases with limit
being the event (IN; = 0o0). If j is a transient state then f;; < 1, so that for
every i, P(N; = oo| Xy = i) = 0. That is, a transient state can be visited
at most a finite number of times, no matter where the chain starts. On the
other hand, if j is recurrent, then P(N; = oo | Xy = i) = f;;. In particular
P(Nj = ool Xo = j) =1, as stated earlier.

It also follows that if j is a recurrent state, then E(N; | X, =14) =0 or oo
according as f;; = 0 or fi; > 0. In particular, E(N; | Xo = j) = oo if j is
recurrent. On the other hand, if j is transient then

P(Nj =mlXo=1i) = fi;(1—- fi))fiy~"  form=12,....

Since fj; < 1, we have E(N; | Xo = 1) = fi;/(1 — f;;). In particular, it follows
that E(N; 1 Xo = i) < c0.
The above analysis leads to another characterization of transience and re-
currence, namely, a state j is recurrent if and only if the series pg-?) diverges.
n

To see this, one defines random variables (Y,,, n > 1) as Y, =1if X,, = j and
oo

Y, = 0 otherwise. Then N; = ) Y, so that, for any ¢,
n=1

E(N;1Xo=0) =Y EY,lXo=4)=Y p™.
J
n=1

The above-stated characterization of recurrence follows now by taking i = j.

fij

Further, for a transient state j, the series > pg-L) converges to for

every state . In particular, pgl)
This last observation can be used to deduce that if the state space is finite

then there has to be at least one recurrent state. This is clear since ) pg') =
J€S

always for every n. Therefore if S is finite, lim pg;z) =1 also. This makes
—00 jeg

ij
— 0 asn — 0.

it impossible that p{™

i 0 for all 3.
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Given states ¢ and j we say that ¢ leads to j, in symbols i — j, if f;; > 0.

This can be seen to be equivalent to requiring that f-(-") > 0 for somen > 1,

ij
which in turn is the same as requiring pgl) > 0 for some n > 1. It is a simple

consequence of the Chapman-Kolmogorov equations that if 7 < j and j < k,
then ¢ — k.

An important result is that a recurrent state does not lead to a transient
state. More specifically, if ¢ is recurrent and ¢ < j then j is recurrent and
fij = fis = 1. We only need to prove the result when ¢ # j. We first prove

that f;; = 1. Since i < j, pg.’) > 0 for some n > 1. Let m be the smallest
such n. Then we can get states 41,42,...,%m—1, all different from 7, such that
Dii1Dirig ** " Pim_1j = & > 0. Suppose, if possible, f;; < 1, that is, P(X, #
i YnlXog=37)=8>0. But P(X, #¢ VYnl|Xo=1) is at least as much as

P(Xl =41, Xm—1 = Im-1,Xm =J and Xm+n752\7’n2 11X, :i)-

By Markov property, it is easy to see that the right hand side equals af > 0,
contradicting the recurrence of . Thus we must have f;; = 1. In particular,
j < i. Now the recurrence of j is derived as follows. Let m' > 1 be such that

p%n’) > 0. Then
i m S i (m), (), (m)
Py = Dji "Pii Pij
n=1 n=1

and the right hand side diverges because both pg.;"l) and pg") are strictly posi-
tive and ¢ is recurrent. This implies divergence of the left hand side and hence
recurrence of j. That f;; = 1 is obtained now by reversing the roles of ¢ and j.

Results of Exercise 2 in the previous section really tell us that for a simple
random walk with p > 1/2, f;; < 1 for all ¢ > j. Using the fact that ¢ — j for
any two states ¢ and j, we deduce that all states are transient in case p > 1/2.
One can similarly show that the same is true if p < 1/2. It would be an
interesting exercise to go back to the formula for d; and examine what happens
in case p = 1/2. The reader should be able to show that now f;; = 1 for all
i # 7 and deduce from this that all states are recurrent.

0.8.3 Decomposition of the State Space: Irreducible
Closed Classes

The limiting and steady state behaviour of a Markov chain is intimately con-
nected with a partition of the state space. One way to get the decomposition
is to define an equivalence relation between states. Given states ¢ and j, we
will say that they are communicating if either (i = j) or (i = j and j — ). It
is easy to see that this is an equivalence relation so that the whole state space
S is partitioned as a disjoint union of equivalence classes. These equivalence
classes are called communicating classes.
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From the earlier result it is clear that in a communicating class either all
states are recurrent or all states are transient. A communicating class is called
recurrent (respectively, transient) if all states in the class are recurrent (respec-
tively, transient). It is natural to ask how to interpret these equivalence classes
in terms of the behaviour of the chain. Let us make a definition first.

Definition: A set C C S is said to be closed or stochastically closed if p;; = 0
fori € C and j ¢ C or equivalently, fori € C, 3 p;; = 1.
jec

The condition in the definition above can easily be seen to be equivalent to
3 pgl) = 1for all ¢ € C and for all n > 1. This really means that if the chain
jec
starts from 7 € C, then with probability one it remains in C for ever. More
precisely,

PX,eC ¥n>1lXo€C)=1.

The state space S is trivially a closed set. A singleton set C' = {i} is closed iff
1 is an absorbing state. It is also easy to see that any recurrent communicating
class is closed and moreover it does not have a proper subset which is closed.
It is therefore natural to ask “what are the minimal closed subsets of S?7”

A closed set C is called irreducible if i — j for every ¢ and j in C. It
is easy to see that a closed irreducible set C is minimal in the sense that no
proper subset of C' is closed. A closed communicating class is irreducible. In
particular, any recurrent communicating class is closed and hence irreducible.
One can not say the same thing about transient classes simply because they
may not be closed. In fact, as already remarked, a finite transient class can
never be closed. An infinite transient class may or may not be closed.

Exercise 3. Let the state space S be the set of all integers. The transition
matrix is given by P, ;41 = 3/4 and p;;—1 = 1/4. (This is just the simple
random walk with p = 3/4.) Show that the chain is transient, S is a transient
class and S is closed.

Exercise 4. Let the state space S be the set of all non-negative integers. The
transition matrix is given by: poo = 1 and, for ¢ > 1, p; j11 = 3/4, psi—1 = 1/4.
Then the set of strictly positive integers is a transient class, but not closed.

In passing let us also note that there may not be any closed irreducible set.
For example, let S ={0,1,...} and p; ;+1 = 1. One can easily see that sets of
the form {k,k+1,...} C S are all closed and these are the only closed sets.
Thus no closed set is irreducible. Of course, such a behaviour is impossible
for a finite state space Markov chain. In fact, for a finite state space Markov
chain, the structure is fairly simple. Since finite state space chains are all that
we will be needing for our applications, from now on

let us specialize to the case where the state space is ﬁnite.J

In this case, we have a unique decomposition of the state space S as follows.
S = Sr U St, where Sg is the set of recurrent states (necessarily non-empty)
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and St those of transient states (possibly empty). Further Sg = U C; where

each Cj is an 1rreduc1ble closed set. If the chain starts in Cj it remams there
forever visiting each state an infinite number of times with probability one.
Thus if ST = (), we may, depending on the initial state of the chain, study the
chain only on a reduced state space, namely, one of the Cj.

In fact, even if Sy # (), a chain starting in St will, after a finite (random)
number of steps, has to enter one of the C; — and, of course, will remain
there from then on. The long-term behaviour of the chain will therefore be
still determined by the analysis of the chain on the restricted state space C;.
The only other things that are pertinent in this case are: How long does it
take to enter one of the classes C; and what are the probabilites of entering
the different classes? We address these questions first.

Leti€ Spand 1 <I<k. Let

ag = P(X, € C for some n| Xy =1)
= P(X, € C for all large nl Xy = 7).

k
From what has been said above Y a; = 1. Let us also denote for i € St and
=1
for 1 <<k,
Ba = Zpij =P(X; € ClXy=1).
JEC!

It is now easy to see from the Markov property that

an = Bu+ Y, pija. (29)

JjEST

In other words, for each I, the numbers (aj;)ics, satisfy the system of linear
equations given by (29). In fact, one can show that it is the unique solution. It
is convenient to write this system of equations in matrix form. Let @) denote
the submatrix of P of order St x St defined as @ = (p;;)s,jes,. It is convenient
to think of the rows and columns of ) indexed by states in St. For fixed I,
1 <1<k, let &y and B; be the column vectors of size St with entries a; and
Bi respectively for 7 € Sp. Then a; is the unique solution of the equation

o = B+ Qo.

The uniqueness is a consequence of invertibility of the matrix (I — @), which
in turn follows from the fact that the series I + Q@ + Q2 + - - - is convergent and
is indeed the inverse of I — ) (finiteness of St plays a role here). Here I is the
identity matrix. As a consequence

a = (-Q7'A.
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The duration of time that a chain takes, before it enters Sg, is
7 =min{n >1: X, € Sg}.

We want to get a formula for the expected value of 7 starting from different
transient states. For i € S, let

m; = E(TIX() = 'i),

and let m be the column vector of size St with entries m;. Denoting € to be
the column vector of size Sy with all entries 1, it is eagy to see that m satisfies
the equation

m = €+ Qm,
from which the unique solution for m emerges as
m=(—-Q)'e.

From the above analysis, it is clear that the matrix (I — Q)™ plays a fun-
damental role and is appropriately called the fundamental matriz of the chain,
denoted by V. The above method is often referred to as the fundamental matriz
method. A particularly useful special case — which would also be singularly
relevant for applications in Markov models in genetics — is what are known as
absorbing chains.

Definition: A Markov chain on a finite state space, for which all the recurrent
states are absorbing, is called an absorbing chain. '

For an absorbing chain, each C; obtained in the decomposition of Sg, con-
sists of a single absorbing state. Entering the different C; really means getting
absorbed in one of the absorbing states. For each i € St, the numbers «y;, for
1 <1<k, are called the absorption probabilities starting from 1.

As seen earlier, we can only solve for ay; simultaneously for all i € St with
[ held fixed. In other words each vector @; is supposed to be solved separately
for each I. However, in case there are only two absorbing states — that is k = 2
— then solving for one [ is enough (why?).

In case of absorbing chains, it is notationally convenient to list the states so
that the absorbing states come before the transient states. To avoid triviality,
we assume that there is at least one transient state. With this ordering of
states, the transition matrix P takes the form

I O
P= (ra)
where @) is as before. The entries of N R are precisely the absorption probabil-

ities ay for i € ST and 1 <1 < k. Entries of Ne are precisely the mean times
till absorption.
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Exercise 5. Consider a chain with four states and transition matrix

1 0 0 0
0 1 0 0
1/4 0 1/2 1/4
1/4 1/4 1/4 1/4

Calculate the fundamental matrix, the absorption probabilities and mean times
till absorption.

Exercise 6. For an absorbing chain, show that the vector of variances of
the time till absorption starting from different transient states is given by
V = (2N — I)m — m? where m? denotes the vector whose entries are the
squares of the entries of m.

0.8.4 Ergodic Chains: Limiting Behaviour and
Stationary Distributions

We go back to a general finite state space Markov chain and recall the decom-
position of the state space

S = Sp U Sr
k

= UC[ U Sr
=1

where St and Sg are the sets of transient and recurrent states respectively and
C;, 1 <1<k, are the closed irreducible subsets of Sg.

As noted already, the long-term behaviour of the chain is determined by
the analysis of the chain on the restricted state spaces C;. This is what we
want to pursue now. Accordingly, let us assume that the whole state space S
of the chain is one single closed irreducible class of recurrent states. Such a
chain is called an irreducible recurrent chain, also sometimes referred to as an
ergodic chain. For such a chain, we are going to show that there exists a unique
7w = {m, 1 € S} with m; > 0 and > m; = 1 such that 7P = 7 or equivalently,
there is a unique probability = on S such that if Xg ~ 7 then X; ~ 7 (in
fact, X,, ~ 7 for all n). It is this property that is described by saying that
m is an invariant distribution for the chain — also called a steady-state or an
equilibrium or a stationary distribution. Formally,

Definition: By an invariant distribution of a Markov chain is meant a probability
distribution 7 on the state space S for which the equality 7P = 7 holds.

Exercise 7. If Xg ~ 7 where 7 is an invariant distribution, show that the joint
distribution of (X, X,+1) is same for all n. Generalize from pairs to triplets
etc.

A Markov chain may not have any invariant distribution. In case it has,

it may have more than one invariant distributions. It is not difficult to show
that symmetric simple random walk has no invariant distribution. On the
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other extreme, the Markov chain on S = {0,1}, with pgp = p13 = 1, is an
easy example of a chain with plenty of invariant distributions! Our following
analysis will show, among other things, that a finite state space Markov chain
will always have at least one invariant distribution.

Indeed, we will show that for an ergodic chain with finitely many states
there is one and only one invariant distribution. This invariant distribution 7
will also turn out to be the limiting distribution of the chain in the following
sense:

.. s )
forall 4,j5€8, 1171211 le; pi = . (30)
It may be noted that the above limit does not depend on ¢. In other words,
the effect of the initial distribution wears off in the long run.

We first prove that the limits in the left-hand side of (30) exist and are
free of i. We start with some notations. For any state ¢, P;(A) will denote
the conditional probability of the event A, given Xo = ¢. Thus P;(A) can be
thought of as the probability of the event A when the initial distribution is
concentrated at i. Expectation wih respect to this probability will be denoted
by E;. Let us, from now on, fix a state j. Let T7,T5,... be the times of
successive visits to the state j. Only times greater than or equal to one are
considered for these visits. That is,

77 = min{n>1:X,=j},

and for r > 2,
T. = min{n>T,_1:X,=j}.

Since S is a closed irreducible recurrent class, P;(T, < oo for all r) = 1. Set
Zo=T) and forr > 1, Z, = T,41 — T-. We claim that the Markov property of
(X,,) implies that for any 4, the random variables Z;, Zs, . .. are i.i.d. under P;.
Moreover, the common distribution is that of 77 under P; (and hence does not
depend on the initial state 7). To see this, note first that P;(Z, =11 Zp = lo)
equals the conditional probability of (Xjy4+m # 5,0 < m < l1; Xig4t;, = 7),
given (Xo = 4; X # j,0 < m < lop; X;, = j) which by Markov property at
time [y equals

P(Xm #5,0<m <l Xy, =jlXo=j)=F(Th =h).

Next, P;(Zs = lo1 Zy = 1o, Z1 = 1) equals the conditional probability of the
event A given the event B, where

A= {Xlo—l—l1+m # .770 <m< l2)Xlo+l1+12 = J})
and

B = oniaXl():Xlo—i-ll:jme?éj)0<m<l0a
Xlo+m7éj70<m<l1 '



0.8. MARKOV CHAINS 51

Once again, by the Markov property at time [y + I3, the above conditional
probability equals

P(Xm # 3,0 <m <lp; Xy, = jl Xo = j) = Pj(T1 = o).
One can use similar technique to show that for any r > 1,
Pi(Zri1 =1l Zo =lo,..., Zr = 1;) = Pj(Ty = l41) -
From this, our claim about the P; distribution of the sequence (Z,),>1 can
easily be proved.
Now an application of the strong law of large numbers yields

Zi4-+ 2,
_—

" Ei(Ty) asr—o

with P;-probability one, for any ¢. It should be remarked that the strong law
of large numbers used here does not need any apriori assumption on finiteness
of the expectation E;(T7). This is because the random variables Z; are all
non-negative. (See the paragraph following Exercise 5 in Section 0.5.) By the
definition of the sequence Z1, Zs, ... , we have

Zi+ A Zp =T —Ti.

Thus

T, - T
% — E;j(Th) asrt — oo,

with P;-probability one. But then

T, =T, T, —T, -1
r—ar _ At 71T — E;(Th) asr — oo,
T r—1 T

with P;-probability one. Since P;(T; < 00) =1 and hence & — 0 as 7 — oo,
we have with P;-probability one

T, T,
—L:—l—>Ej(T1) as well as TT—>EJ-(T1) as T — 0.

For each n > 1, let us consider the random variable
N, = #{1<i<n:X, =j}.

Since we have an ergodic chain, N,, = oo as n — oo with P;-probability one,
for any i, so that

T T
Metl L B(Ty) and X S Ei(Ty) as n— oo.
N, Nn
But by definition of N, one clearly has T, < n < Tn, 41 so that
TN, < < TN, +1 ‘

U
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. n
Thus we have, for every 1, N, — E;(T1) as n — oo or, equivalently,

No , 1

n E;(Th)

as n — 0o,

with P;-probability one. Since 0 < J—Vn— < 1 for all n, we have by the dominated
convergence theorem that

1
;Ez(Nn) — as n—oo.

E;(Th)

n
It is easy to identify E;(N,) as E p . This proves that li_)m % > pg-) exists
n—=oo =1

for all 7 and j, and equals 1/E; (Tl) Denote this quantity by m;. It is clear
that m; > 0 for each j. Of course, m; = 0 is not yet ruled out but will be ruled
out soon. Also, since each P” is a stochastic matrix of finite order one gets
Y mj =1. Thus 7 = (m; : j € S) is a probability on the state space. We next
show that 7P = m, or in other words, (7P); = =; for each j. Fix any arbitrary
state k.

(rP); = Eﬂ'zpz] = th Zpkz pi; = hm ZZPk,Pu

Z O —p) | =

Il
=
S|
HM:
3
=
+
=
I
B

This shows that our 7 is indeed an invariant distribution. To show uniqueness,
let ¥ = (7;) be any invariant distribution. From 7P™ = 7, one easily gets that

for each j,
— Z Z W,p(l) = 7.

Letting n — oo, the left-hand side equals ), T;m; = 7; showing that 7 = 7.
It is only appropriate to draw the attention of the reader to an important fact
lest it be overlooked. In our analysis above, we have repeatedly taken the
liberty of interchanging sum and limits at our will. This was sponsored by the
assumption of finiteness of the state space. The case of infinite state space
could be a very different ball game.

Thus we have proved that for an ergodic finite state Markov chain, there is
a unique invariant distribution 7 which is also the limiting distribution in the
sense of (30). Indeed our proof also shows that for each j, 1/7; is nothing but
the expected time to return to j, given that the chain started at j. As noted
already, this expected value could potentially be infinite for some j, leading to
Ty = 0.

We now go a step further and show that for ergodic finite state Markov
chains, w; > 0 for all j which, in turn, would also imply that, starting from any
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state j, the expected time to return is finite. Indeed, suppose that for some j,
7m; = 0. Fix any ¢ # j and an ! > 1 such that pg.) > 0. Since 7P! = 7, we have

T =Yk ﬂkpff} > m-pg.), so that m; = 0. Thus 7; = 0 for some j implies that
m; = 0 for all ¢ which contradicts ) m; = 1.

For an irreducible recurrent chain we already knew that starting from a
state j, we are sure to return to j sometime or the other. What we have
just shown is that if the state space is moreover finite then the expected time
to return is also finite. This property is often referred to in the literature as
positive recurrence. This is not true in general, that is, a recurrent state may
fail to be positive recurrent, if the state space is infinite. Such recurrent states

are called null recurrent.

Another natural question that arises out of (30) is : why do we not consider

simply the lim,, pgl) instead of the averages L 3~ pg.) as was done above? It is
not difficult to see that lim,, pg-L) may fail to exist, in general. In fact, a two
state chain with transition matrix

01
P - (1)
will illustrate this. What is happening in this example is that, for any ¢ and j,
exactly one of pl(m and pglﬂ) is positive for each n. In fact, for i = j, pl(;l) is
positive (indeed, equals 1) if and only if n is even, while for ¢ # 7, this happens
if and only if n is odd.
Usually, it is only such periodic behaviour of the chain, as illustrated in the
example above, that prevents the existence of lim pgl). We are not going to
n
pursue the periodicity properties and their consequences here. However, for
subsequent applications, we are going to describe now (without proofs) what
happens if such periodic behaviour is ruled out.

For a Markov chain, a state j is said to be aperiodic if {n > 1: p;?) > 0}
has greatest common divisor 1. It is immediate that none of the two states in
the above example are aperiodic — the g.c.d is 2 for both. It can be shown
that in an irreducible Markov chain, either all states are aperiodic or none are
and, in the first case, the chain is said to be aperiodic. Now we can state the
main result without proof.

Theorem: If an ergodic finite state chain is aperiodic, then for all states i and
(n)
i
invariant distribution.

J, the limit lim p;.” exists and equals w; where m = (m;,j € S) is the unique
n— o0
In effect what it says is that for an aperiodic ergodic chain, 7 is the limiting
distribution of the chain, irrespective of how it starts.

Exercise 8. Consider a Markov chain with r states. Suppose that the tran-
sition matrix has the property that each column sum is one (remember that
for a transition matrix each row sum is one). If the chain is irreducible then
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show that the uniform distribution on the state space is the unique stationary
distribution. What do you infer about the expected times to return in this
case? What if it is not irreducible?

Exercise 9. Let a be a probability vector with strictly positive entries and
length 10. Consider a Markov chain with 10 states. Let the transition matrix
have identical rows, each row being a. What is the stationary distribution?
What chain are we talking about? What if the vector is not strictly positive?

Exercise 10. Consider a chain with 4 states and the following transition
matrix.

1/2 1/2 0 0

1/3 1/3 1/3 0

1/4 1/4 1/4 1/4

0 0 1/2 1/2

Denoting by 7 the time (> 1) of the first visit to the state 2, calculate E;(7)
for each state i. Suppose that p is an initial distribution on the state space.
Calculate E,, (7).

0.8.5 Absorbing Chains: Limiting Behaviour, Rate of
Convergence

Recall that an absorbing chain is a finite state Markov chain consisting only
of absorbing and transient states. Since the state space is finite, there is at
least one absorbing state. To avoid trivialities, we assume that there is at least
one transient state also. Specifically, let us assume that there are m states,

{1,2,...,m}, of which the first k are absorbing and the remaining transient.
As already seen, the transition matrix has the structure
I O
= (rao)

where I is the identity matrix of order k and R and @ are of orders (m — k) x k
and (m — k) x (m — k) respectively. As already observed, the fundamental
matrix N = (I — @)~! plays an important role. For example, the matrix NR
equals ((a;;)) where a;; for k+1 < ¢ <mand 1 <j <k are the absorption
probabilities. For an absorbing state j, it follows from the continuity property
of probability that

aij = lim Pi(X, = j) :1171311)('.”. (31)

n—00 R

Recall that, for k+1 < j < m, lim pg.l) = 0 for all 5. All of these can be stated
n

. I 0
P H(AO)

in matrix form as

where A = NR = ((a5))-
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We now want to show that the convergence in (31) happens geometrically
fast and also calculate the exact rate of convergence. Interest in the rate of
convergence lies in the fact that just like the expected time till absorption, this
rate also gives another indication as to how fast the chain gets trapped in one
of the absorbing states.

To begin with, let us recall that a number A (possibly complex) is called an
eigenvalue of P if there is a non-null vector @& (with possibly complex entries)
such that uP = Au. Such a non-null vector @ is called a left eigenvector
corresponding to the eigenvalue A. Recall also that the set of all vectors & with
uP = Au is a vector space, called the left eigenspace associated to A.

Let us now observe that a transition matrix P cannot have an eigenvalue A
with || > 1. If possible, suppose |A| > 1 and @ = (u1, uz,. .., Un) is a non-null
vector with P = Au. Then clearly, uP™ = A\"u for all n > 1. Let j be such
that u; # 0. We then get a contradiction from the fact that

> uply =",
%

where the left-hand-side remains bounded by ) |u;| for all n, while the right-
hand-side is unbounded.

We next show that if P is the transition matrix of an absorbing chain with
k absorbing states, then the dimension of the eigenspace associated to A = 1 is
exactly k. Indeed, let w be any vector with wP = 4 which, of course, implies
uP™ = 4y for all n. Then, for any j > k+ 1, u; = Eungy) —0asn =
showing that ugy1 = --- = uy, = 0. Thus, the dimension of the eigenspace
is at most k. On the other hand, for each i, 1 < i < k, the vector u’ with
i-th coordinate equal to 1 and other coordinates 0, can easily seen to be a left
eigenvector corresponding to A = 1. So there are exactly & linearly independent

left eigenvectors for A = 1.

Finally, for P as above, we show that A = —1 cannot be an eigenvalue.
Suppose that u satisfies wP = —u and hence wP™ = (—1)"u for all n. For

J>2k+1, (-1)"u; = Zuipg.l) again yields that u; = 0. For j <k,

m k
—uj = E WiPij = E UiPij = Uj
=1 =1

implying again that u; = 0. Thus any u satisfying %P = —% must be null.

To continue with our discussion of the rate of convergence, let us assume

that there are m real eigenvalues A1,..., A, (not necessarily distinct) of P,
with associated left eigenvectors @',...,u™, which are linearly independent.
As shown earlier, we can and dotake \; = Ag = --- = Ay =land 4!, 1 <i <k,

as defined above. If the remaining eigenvalues are listed in decreasing order of
magnitude, we will clearly get

L= ==X > Mg 2 [Aega| 2+ 2 A
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Denote by L the m x m matrix whose i-th row is %*. The above equations can
be reformulated as

LP = DL
where D = Diag (A1,...,\n). Since the vectors %¢ are linearly independent,
the matrix L is invertible and therefore
P = L7'DL. (32)

Readers initiated to linear algebra would quickly recognize the above as the
spectral representation of P. Our assumption therefore really amounts to P
having a spectral representation. It follows from (32) that

p* = L7'D"L,

where clearly D™ = Diag (A7,...,A"). In particular, for any 1 <1, j < m,

P = S AL Ly
r=1
Since A\; = -+ = A = 1, we have
k m
P = S Ll <% NPT i L]

r=1 r=k+1

< el X (LY L]
r=k+1

Of course, |A;+1| < 1 implies that the left side goes to zero as n — co and the
convergence is geometrically fast with rate not larger than |Ag+1]|. Incidentally
this argument also shows that

k
- o (n)
D> (L VirLyj = lim pi}
r=1
for all 7 and j. Of course, if ¢ is a transient state (that is, ¢ > k + 1) and j
is an absorbing state (that is, j < k), then this quantity is precisely «;;, the
probability of absorption in j starting from i. We leave it as an exercise to
k
verify that (i) if i is absorbing, then 3 (L7');-Ly; equals d;; and (ii) if j is
r=1
transient then this is zero.
Exercise 11. In the above discussion of convergence rate for absorbing chain,
we assumed spectral representation for the transition matrix. However, a tran-
sition matrix need not always admit a spectral representation (32). Show that
the following transition matrices do not admit spectral representation. For
chains with these transition matrices, find the rates of convergence.

1 0 0 0 1 0 0 0
2/3 0 1/3 0 p_| 12 0 12 0
2/3 0 0 1/3 |’ 112 o o0 172
2/3 1/3 0 0 2/3 1/3 0 0

P =
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0.9 Continuous Time Processes

Discrete time stochastic processes are used to describe evolution of systems
that change only at discrete instants of time. The relevant time set is the
set of time points at which changes may take place, and, is usually taken as
{0,1,2,...}. In the earlier two sections, we discussed some special types of
such processes, namely, martingales and Markov chains.

In this section, we discuss stochastic processes evolving over a continuum
of time or in other words, continuous time stochastic processes. Even though
the process evolves over a continuous time, distinction would be made as to
the nature of the evolution. Let us consider two simple examples to make the
distinction clear.

Imagine a telephone exchange through which calls pass at random instants
of time. If we consider the number of calls passing through upto time ¢, then
we have a stochastic process (X;) over time set ¢t € [0, 00). However, the state
space of the process is {0,1,2,...}, which is a discrete set and the process
evolves only through jumps.

A different example would be the kinetic movement of a gas molecule where
the position of the particle changes continuously with time and not through
jumps. In other words, here the state space is also a continuum.

In the first subsection, we will discuss a special class of processes of the first
type, namely Markov chains in continuous time. Such processes will be used
in connection with temporal spread of epidemics in Chapter 4.

The second subsection would be devoted to a special class of processes
of the second type — known as diffusion processes. It is worth noting here
that a diffusion process may sometimes serve also as an approximation to a
discrete time Markov chain and often allows us to get good approximations
to quantities of interest, related to the original discrete chain. Indeed, it is
mainly this application of diffusion processes which will be used in connection
with Markov models in genetics in Chapter 3.

The interval [0,00) is usually taken as the time set for a continuous time
process. Thus, we consider a family of random variables X;, indexed by all real
numbers ¢ > 0, each taking values in a set S. This constitutes a continuous time
process and, in analogy with discrete time processes, is denoted (X¢)¢>o. The
set S is called the state space of the process. The notion of Markov property
for stochastic processes has been already encountered in the discrete set-up. It
simply means that at any point of time, given the present state of the process,
the future evolution is (conditionally) independent of the history of the past.
A simple formulation of this idea in the continuous time case is as follows.

Definition: A process (X;)¢>o with state space S is said to be a Markov process
if, for any choice 0 < s1 < 82 < -+ < 8, < § < t + s of time points, the
conditional distribution of the random variable X;,, given (X;,,..., X, ,Xs),
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depends only on X, that is, for B C S,
P(Xt-l-s € BI_X'S1 =$1,...,Xsn an,Xs :.’E) :P(Xt+s S BIXS :.’E)

If, furthermore, these conditional distributions are the same for all s, that is, the
right side of the above equation depends only on ¢ and not on s, then the process
(X¢)t>o is said to be time-homogeneous.

In the above definition, the set B can be any subset of S in case S is a countable
set. However, as discussed in Section 0.4, one has to be more selective, in case
S is not countable. Of course, for almost any conceivable B, the above property
has to hold.

We will consider here only time-homogeneous Markov processes. Thus, for
allt > 0 and s > 0, we have

P(Xt+3EBIXS‘—‘:U):P(X,:EBIX():.’L').

Let us denote this by P;(z,B). Clearly, for each ¢ > 0 and each point z in
the state space S, Pi(z,-) is a probability distribution on S. This family of
distributions, as t and z vary — called the family of transition probabilities —
play the same role as that of the transition matrix and its powers for a Markov
chain in capturing the evolutionary mechanism of the whole process (X¢)¢>o-

Just like in the case of discrete Markov chains, the family of transition prob-
abilities P;(z,-) here also satisfy the Chapman-Kolmogorov equations, which
now reads as :

Piys(z,B) = /Ps(y,B)Pt(m,dy) forall t>0,s>0.

The interpretation of the integral is not difficult. It is simply a notation for
E(Ps;(Xy, B)| Xo = ). We will return to this in the next two subsections and
see that the equations take on simpler forms under special assumptions.

0.9.1 Continuous Time Markov Chains

In this section, we assume that the state space is countable, that is, each X;
is a discrete random variable taking values in a countable set S. The time-
homogeneous Markov property reduces to

P(Xt+s :jIXS1 :il,...,Xsn :in,Xs =’L)—':P”(t) =P(Xt :le():Z)

forall0 < 851 < 89 < - < 8, < s<t+sandi,j€S. It can be shown
that the above equation actually implies that for any s > 0, the conditional
distribution of (Xt4s)t>0, given (Xy)u<s and X = i, is the same as that of
(X¢)¢>0, given Xo = 1. In particular,

P(Xt+s :jIXu,u< S;Xs :Z) =P,](t)

If P(t) denotes the S x S matrix whose (%, j)-th entry is P;;(t), then each P(t)
is clearly a stochastic matrix. Thus we have a family {P(t),t > 0} of stochastic



0.9. CONTINUOUS TIME PROCESSES 59

matrices. Here P(0) is the identity matrix of size S. The Chapman-Kolmogorov
equations are easily seen to correspond to the semigroup property

P(t+s) = P(t)- P(s).

As mentioned earlier, the family (P(t)):>0 plays the same role as the sequence
(P™)n>0 of the n-step transition matrices in case of discrete Markov chains.
The notable difference is that while the P™ are all determined by the one-
step transition matrix P, it is not clear how to get one single matrix that will
determine all the P(t) for ¢ > 0. We are now going to show how to do this.

One may recall that if P : [0,00) — R is a continuous function with
P(t+s) = P(t)- P(s) and P(0) = 1, then P'(0) exists and determines P(t) for
all values of t. Indeed if P'(0) = @, then P(t) = €9 for all . In particular
P'(t) = P(t)-Q = Q- P(t) for all t. Indeed this differential equation along
with the initial condition P(0) = 1 also characterizes the function P(t) = e%?.

Our present situation is quite similar to this except that, instead of real-
valued functions, we are dealing with an S x S matrix-valued function P(t).
We want to show that under certain conditions, P(t) also satisfies the matrix
differential equations .

P't)=Q-Pt)=P(t)-Q
for some matrix @ = (g;;). In other words, we have the following two systems
of equations

Pj(t) = aqnPe(t) 4,5€S (33)
k

Pj(t) = Zpik(t)ij i,j€S (34)
k

Unlike in the real-valued case, the two systems are not identical. System (33)
is always true and is known as Kolmogorov’s Backward Equations. System
(34) which is true under some additional regularity conditions, is known as
Kolmogorov’s Forward Equations, also known as Fokker-Planck equations. We
proceed to give a derivation of the above equations, assuming that the state
space is finite. Indeed, it is only in the proof of the forward equations that the
finiteness of the state space will be used. Our derivation will also identify the
matrix @, frequently known as the @Q-matriz of the chain.

We first prove two basic lemmas which will give us a description of how the
chain evolves with time. Let

T =inf{t > 0: X, # Xo} .

In other words, T is the first time the system leaves the initial state.

Lemma 1: For any s,t > 0,

P(T>t+slXo=14)=P(T >tl1Xo=i))P(T > slXo=1).



60 CHAPTER 0. PROBABILITY TOOLS AND TECHNIQUES

Proof: First assume that s > 0 and ¢t > 0.

PT>t+slXo=1) = PT>t+sT>slXy=1)
PT>t+s8X,=4,T>slXo=1)
= P(T>sX,=ilXo=1)

XxP(T >t+slXg=14,T>s,Xs=1)
= P(T>slXo=14) -P(T>tlXe=14),

where the equality P(T > t+ sl Xo =1, T > 5,Xs = 1) = P(T > tl1Xo = i)
follows from the assumed Markov property. The case s = 0 and/or ¢t = 0
follows by taking limits. |

A consequence of the above is that, for any ¢ € S, there is a A; € [0, o] such
that, P(T > t] Xo = i) = e~ for all ¢ > 0. In particular, P(T > 0] X, = i)
is either one or zero (according as ); is finite or not). Also, the case \; =0
corresponds to P(T = ool Xy = i) = 1. Clearly, 0 < A\; < oo refers to an
exponential distribution as encountered in Section 0.4. However, we agree here
to use the term exponential distribution in a broad sense even when A; equals
0 or co.

Lemma 2: For any i, j with i # j and any s > 0,
PT>s,Xr=jlXo=9)=PT >slXo=0)P(Xr=jlXo=1).

Proof: This is clearly true if P(T > 01Xy = 1) = 0. We assume therefore that
P(T>01Xe=1)=1.

P(T >s,Xr=jlXo=1)=P(T >sXr=7jXs =il Xo =1)
=PX;=1,T>slXo=0)x PXr=jlXo=0,X;=4T > s)
=P(T>slXo=9)P(Xr =jlXo=14T>0)
=P(T>slXg=0)P(Xr=jl1Xo=1).

|

The content of the two lemmas is the following. For every state ¢, there is a
number A; € [0, co] and transition probabilities p;; for j # 4. If the chain starts
in the state 1, it remains there for an exponentially distributed random time 7T}
with mean 1/); and then moves to state j with probability p;;, independently
of T7. Subsequently, the chain behaves as if started from state j. It may be
pointed out that A; = oo corresponds to P(T} = 0| Xy = i) = 1, meaning
that the chain instantaneously jumps from the state ¢. Such states are called
instantaneous states. It can be shown that this contingency is not possible in
a finite state chain. In general, we assume that there are no such states. It
may also be pointed out that A\; = 0 corresponds to P(T; = oo | Xo = i) =
1, meaning that the chain starting at ¢ remains there forever. That is, ¢ is
absorbing. Thus only \; > 0 corresponds to the case when the waiting time in
state i is a proper exponential random variable. In any case, from the above
description it is clear that the evolution of the chain is completely captured
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by the parameters (\;,7 € S) and the stochastic matrix ((pi;))s,jes with zero
diagonal entries.

From the above description, it should also be clear that if Ty, 75, ... repre-
sent the successive (random) times of jumps of the chain then the sequence of
random variables defined as

Yo=Xo, Yn=Xg, forn>1

would form a discrete time Markov chain with state space S. The one-step
transition probabilities of the Markov chain are given by p;;, if A; > 0. For 4
such that \; = 0, we have p;; = 1.

The chain (Y3,)n>0 is usually called the embedded chain. For many of the
properties of the continuous time chain, like classification of states, asymptotic
behaviour and existence of invariant distributions, it suffices to examine only
the embedded chain. Of course, some important features that explicitly make
use of the waiting times at various states would not be captured by the em-
bedded chain. For more on embedded chains, the reader may look at the book
of Bhattacharya and Waymire.

We now proceed towards proving Kolmogorov’s backward equations (33).
Let i € S be such that A\; > 0. Then for any j € S and any ¢t > 0, we have by
conditioning on the time of the first jump from 4,

t
f’,’j (t) = Z f)\ie_’\ispikpkj (t — S)dS + e“"itéij
k#i O
#1 .
= Y e Ntpy f/\l-e*i“ij (u)du + e‘*itéij.
ki 0

Note that, in case j = 4, the process starting from ¢ may be in state j (= 7) at
time ¢ by simply waiting at the initial state at least till time ¢. The term e‘*itéij
occurs to take care of this contingency. Of course, for j # i, this contingecy
does not arise and therefore the term has no contribution. Here d;; is the usual
Kronecker delta, that is, d;; equals 1 or 0 according as ¢ = j or ¢ # j. The above
equation shows that P;;(t) is continuous in ¢. In case the state space is finite,
this is immediate because each summand is continuous in ¢. In general, one
needs to use the Dominated Convergence Theorem. The continuity of P;;(t),
in turn, gives differentiability also and indeed, the sum on the right side can be
differentiated term by term. This requires the fundamental theorem of calculus
as well as the Dominated Convergence Theorem. The upshot is

t
P = -\ (gﬁ: e Nlpy ‘Of/\ie’\"“ij(u)du + e"\"téij>

+ Y e Mipg Xeit Py (t)
k#i
= =NPii(t)+ Y Aipir Prj(t)
ki
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In other words, denoting

gk = Nipir for k#4; and g = —A\;, (35)

(1) = Z ik Prj (t)
%

Clearly the same equation also holds in case A; = 0 because in that case
Pij(t) = d;5 so that Pj;(t) = 0. Thus we have proved the backward equations
(33) with g¢;; for 7, j € S defined by (35).

we get

We now proceed to derive the forward equations (34). Let us first observe
that a consequence of the Equations (33) is that

13;](0) = Q5 foralli,j€S.
Of course the derivative at zero is only the derivative from the right, that is,
. Pii(h) =6y

By the Chapman-Kolmogorov equations P;;(t + h) Z P (t)Prj(h) so that,

”(t-l‘h ZP Ijij(t)ij(h)_l
k#j

Now letting h | 0 and using (36), one obtains the forward equations. It is in
the last step — interchanging the limit and sum — that finiteness of the state
space is used. It should be noted that because of the differentiability of P;;(¢),
the limit 1}5% i(—t—%_—ﬂjﬁ equals Pj;(¢) for all ¢ > 0.

The matrix @ = ((g;5)) is often called the infinitesimal matriz or rate ma-
triz or QQ-matriz of the chain. This @-matrix has the property that all the
off-diagonal entries are non-negative and each row sum equals zero. Accord-
ingly the diagonal entries must be non-positive and are determined by the
off-diagonal entries. The equation (35) shows that the @-matrix is determined
by the parameters (X\;,i € S) and (psj,i,j € S,i # j). What is more im-
portant is that the @-matrix, in turn, determines these parameters. Indeed
N = i = ¥4 ij, and, for any i, with j # 1, pij = —qij/qi. Of course, if
gii = 0, then clearly for each j, ¢;; is also zero and the above ratio should be
interpreted as zero. In a nutshell, the @Q-matrix of a chain completely captures
the evolution of the chain. The elements of the ()-matrix are often called the
transition rates, not to be confused with transition probabilities.

A simple but important class of continuous time Markov chains are what
are known as Birth and Death chains. The state space is {0,1,2,...}. The
transition rates are given as follows: :

¢i,; =0 forall ¢,j with |i — j| > 1;
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qo,1 = bo; QGiiv1 =bi, Qi1 =d; fori>1.

It is clear that A; = b; + d;, so that the chain starting at i, waits there for an
exponential time with mean 1/(b; + d;), at the end of which it jumps to 7 — 1
or ¢ + 1 with probabilities d;/(b; + d;) and b;/(b; + d;) respectively. If we think
of 7 as population size, then a jump to (¢ — 1) can be treated as death whereas
a jump to (¢ + 1) can be regarded as birth. So the population evolves only
through a death or a birth. Obviously from size 0, there can only be a birth.
The parameters b; (respectively, d;) are called the birth rates (respectively,
death rates). The Kolmogorov equations take on a simple form and are often
not too difficult to solve. For example, the forward equations will now read

Pj;(t) = bj—1P;j1(t) + djy1 Py jy1(t) — (bj + dj) Py (t) .

If furthermore b; = 0 for all 4, that is, there are no births, the underlying chain
is called a pure death chain. Clearly, 0 would always be an absorbing state for
such a chain. For some special forms of the birth and death rates, the reader
may consult the book of Karlin.

0.9.2 Diffusion Processes

To simplify matters, we will assume that the state space of the process is a
bounded interval I and, more importantly, that for each ¢ and z, the distri-
bution Py(z,-) is absolutely continuous with density p(t,z,-). The probability
density functions p(t, z, -) — known as the transition densities —are then easily
seen to satisfy an equation similar to (24) of Section 0.8, namely, that for all
t,s >0,

pt+s,z,y) = /Ip(t,x,z)p(s,z,y)dz. (37)

These are the Chapman-Kolmogorov equations for transition densities in the
continuous time case.

Suppose now that we have a process (X;);>o that satisfies, in addition to
the above, the following properties:

E(Xipn — Xl Xy =2) = a(z)h+o(h), (38)
E(|Xern — Xo’1X; =2) = b(z)h+o(h), (39)
E(|Xeyn — XelF1Xs=2) = o(h), fork>3. (40)

Recall that a function g(h) is said to be of smaller order than h, written o(h),
if g(h)/h — 0 as h — 0. For subsequent use, let us also recall that g(h) is said
to be at most of the order of h, written O(h), if g(h)/h remains bounded as
h — 0. In both places we are only considering the behaviour near zero.

That the left sides of the equations (38) through (40) are independent of ¢
is, of course, a consequence of the time-homogeneity property. Here a(-) and
b(-) are two functions on the state space I and are known as the drift coefficient
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and diffusion coefficient respectively. The equations (38)—(40) can equivalently
be expressed in terms of the transition densities as:

/ -op(hz,y)dy = a@h+oh), (41)
/ ly —alPp(hz,y)dy = b@)h+ o(h), (42)
/ y—al*p(h,z,g)dy = ofh), fork>3. (43)

Definition: By a diffusion process, we will simply mean a time homogeneous
Markov process (X;);>o with transtion density p(t, z,y) that satisfies the properties
(37) and (41)—(43).

A substantial and mathematically deep theory of diffusion processes exists.
See, for example, the book of Bhattacharya and Waymire. One of the major
concerns of the theory is to show that, under suitable conditions on the func-
tions a(-) and b(-), a unique diffusion process with required properties exists
which, moreover, has nice additional features like, for example, having ‘contin-
uous paths’. Further, by imposing suitable conditions on a(-) and b(-), one can
also ensure that the transition density of the resulting diffusion is sufficiently
smooth in the state variables z and y. However, the mathematical depth of
formal diffusion theory is inappropriate at this level, and also, high techni-
cal rigour is somewhat unnecessary for our present purposes. Accordingly, we
choose not to get into the theory here. We will assume much of what we need
and, instead, try to focus on how to apply it. In particular, we assume without
question that a unique diffusion process with given drift and diffusion coeffi-
cients does exist and that its transtion density p(t,z,y) is twice continuously
differentiable in both the state variables z and y.

Before proceeding any further, let us also assume that the state space [
of the diffusion process is the unit interval [0,1]. Now let g be any twice
continuously differentiable function on [0, 1] with g(0) = g(1) = ¢'(0) = ¢'(1) =
0. Using (37) we have

[s@mernadz = [ [septovphyadde. @)
Using the Taylor expansion of g around y, namely,
1
9(z) = 9(¥) + (z = v)g'®) + 5(z = v)°¢" W) + Oz — ")

on the right side of (44), we get

Jawptz,9)dy + [9 @ (z—y)p(h,y,z)dz]dy
+ 59"t z,y)f (z — y)?p(h,y, 2) dz] dy
+ ot z,9)[f Oz —y*)p(h,y, 2) dz] dy .
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Making use of (41)—(43), equation (44) can now be rewritten as

= | [dwwtamatids+ g [ 4" Gpte,.00000) o | 5+oth).

Dividing both sides by h and taking limits as h | 0, we obtain
0
—[p(t d
[ sw otz dy
1
= / 9 ®)a)p(t, 2, y)dy + 5 / 9" (byp(t,z,y) dy.-

Applying integration by parts once on the first term of the right side and twice
on the second term, and, using the assumed boundary conditions satisfied by
g, we get

/ g(y)%p(t, z,y)dy
— _Q_ t 16_ b ) (t d
= [ 9)i-5 (@@t 2.6) + 5505 0P,z 0)} do.

Since this equation is valid for all functions g satisfying the assumed conditions,
we must have

2Pl,0) = — o @Wplt,70) + s (plts). (49

This partial differential equation (45) for the transition density function is
known as the Kolmogorov’s Forward Equation or the Fokker-Planck Equation
and is of fundamental importance in diffusion theory and its applications. A
similar equation, called the Kolmogorov’s Backward Equation for the transition
density, can be derived much more easily as follows.

From (37), we have

p(t+h,z,y) = / p(h,z, 2)p(t, 2,y) dy (46)

Using the Taylor expansion of p(t,z,y) as a function of z around the point
z = x, that is, the expansion

_ op(t,z,y) 1 2 0%p(t, 7, y) B
p(tazay)—p(taway)+(z—x)T+§(z_$) B2 +0(|Z (L'I )
on the right side of (46), we get

t
oo+ ho9) = plt,0) + ZEED [ 2oz, 2)

lé)p(txy

+2 /( —2)%p(h,z z)dz—i—/O(lZ—iUI )p(h,z, 2) dz
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Using properties (41)—(43) again, we obtain

op(t,z, 19%p(t, z,
o+ 12,p) ~p(0,8,) = {alo) PG 4 STPLEDN b o).

Dividing both sides by h and taking limits as h | 0 leads finally to

pt,z,y) _  Op(tz,y) 1. 8%p(tz,y)
ot = alz) Or 2b(x) Oz

which is the so called backward equation and will be more useful in the sequel.

(47)

We now proceed to show some examples as to how the equation (47) can
be used to evaluate certain quantities of interest related to the underlying
diffusion. Let us consider, for example, the function

y
F(t,x,y):/p(t,m,z)dz, 0<z<l1.
0

Clearly F(t,z,y) = P(X; < ylXo = z). It follows easily from (47) that the
function F' satisfies the differential equation

OF(t,z,y) _ oz )BF(t z,7y) + bz )62F(t z,Y)
ot oz 2 Ox? ’
This, of course, involves several interchanges of differentiation and integration.

But, as mentioned earlier, we will not worry about such technical issues. We
will simply put it on record that they can all be justified with some work.

(48)

Suppose now that for the diffusion process under study, both the states 0
and 1 are absorbing states. For ¢ = 0,1, let A;(t,z) denote the probability that
the diffusion process starting at state x gets absorbed in state ¢ at or before
time t. It is clear then that

Ao(t,z) =lim F(t,z,y) and Ai(t,z)=1-limF(t,z,y).
yd0 yt1

By passing to the limits in (65) as y | 0 or as y T 1 we obtain,

. X 2
8Ala(:,x) :a(x)aAg(;, z) _b( 2t 2) A(t 7).

It should be noted that though both Ag(¢,z) and A; (t, x) satisfy the same
partial differential equation, the solutions would be different (as they should
be) because they satisfy different boundary conditions, namely, Aq(¢,0) = 1
and Ag(t,1) = 0 whereas A;(¢,0) =0 and A;(¢,1) = 1.

Let us denote by A;(z), for ¢ = 0, 1, the probability that the process starting
at the state z ever gets absorbed in the state i. Clearly

(49)

Ai(z) = grono Ai(t, ).
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aAi(t’ '77)
ot

t — oo. It thus follows, by letting ¢ — oo in (49), that A;(z) satisfies the

differential equation

By a standard result of calculus, since gm A;i(t,x) exists, — 0 as
o0

a(x) e 5 (x) pr 0. (50)
It should again be noted that, although Ag(z) and A;(z) satisfy the same
differential equation, the boundary conditions are different for the two. For
Ao(z), for example, the boundary conditions are Ag(0) = 1 and Ag(1) = 0.
Using these, one can easily solve (50) explicitly to get

fl Y(y) dy
Aol) = E—— (51)
[¥(y)dy
0
where
Yly) = exp{—Q/%dz} . (52)
0

Similarly, for A;(x), using the boundary conditions 4;(0) = 0 and A;(1) =1,
one gets

f Y(y) dy
Az = +— . (53)

jwm@

Of course, 4;(z) =1 — Ag(z), as it should be.

Having thus obtained simple formulae for the absorption probabilities, let
us next turn to the time until absorption. Let 7 denote the random variable
representing the time until absorption. Let us write

Alt,z) = Ao(t,z) + Ai(t,z)

where A;(t, ) are as defined earlier. Then A(t, x) also satisfies the same partial
differential equation (49). Notice, however, that A(¢,z) is just the probability
that 7 <t given Xy = z; in other words, A(t, z) is the probability distribution
function (in ¢) of 7, conditional on the initial state being . Suppose now that
for each z € (0,1), this conditional distribution is absolutely continuous with
density function ¢(t,z), t > 0. Since A(t, z) satisfies the equation (49) we will
then have

2
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so that

¢ , ¢
p(t,z) = a(x)a—aﬂc {/(p(s,w)ds} + %b(x)%z— {/go(s,x)ds} .

0 0

On differentiating with respect to ¢ (and, of course, assuming again that in-
tegration with respect to s and differentiation with respect to = in the above
equation can be interchanged) one obtains that
dp(t, ) Op(t, x) 8¢(t, )
—_— = b(z) ————=. 54
ot a(z) =5 +2(x) B2 (54)
Suppose now that we are interested in the mean time till absorption, that is,
in -
T(z) = E(rtlXo=2z) = /tgo(t, x)dt. (55)
0
Let us assume that ty(t,z) — 0 as ¢ = co. One then has

o0

1= / ot z)dt = [to(t, )] ‘::O / a(‘og ) gt = / agogt ) g

0 0 0

Now using (54) we have
1 = / { (@ )a‘o(t .7 4 b( )32‘p(t “’)} dt.
0

Assuming once again that the t-integration and z-differentiation can be inter-
changed, one obtains T'(z) to satisfy the ordinary differential equation

a(z) dj(;g(:) + %b(w) dc;‘;(f) =-1.

The obvious boundary conditions now are T'(0) = T'(1) = 0. Using the standard
method of integrating factors, one obtains the solution to be

z fll)(z) dz 1 z
T(x) = — f (2) (({ )dy> dz + 2 % [ ¥(2) (f TOLIO) dy) dz,

[ewad N\
0

(56)
or equivalently

x z flp(z) dz 1 1
T(x) =-2f b(y)lw(y) <yf¢(z) dz) dy + 2 }M y f b(yw(y) (f (2) dz> dy,

(57)
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where v is as defined in (52). After some algebra, this solution can equivalently
be expressed in the form

1
T@ = [tey)dy (58)
/
where
240(2) [b(y)w(y)ofyw(z)dz]_ i 0<y<a
t(x,y) = (59)

24 () lb(y)lﬁ(y) f1¢(2) dZ] if z<y<l1
Yy

where A;(z) are as defined earlier. The above representation is not fortuitous.
It can be shown, although we skip it here, that the function #(z,y) has the

Y2

following interpretation. For 0 < y; < y» < 1, the integral [ t(z,y)dy is
Y1

the mean time that the diffusion process starting at x spends in the interval

(y1,y2). In particular, if g is a well-behaved function on the state space, then

E (/g(Xs)ds I Xo :w) = /g(y)t(x,y) dy.

0 0

For each fixed non-absorbing state z, the function t(z,-) is what is called the
sojourn time density of the diffusion starting at the state x.

We end this section here by simply mentioning that it is possible to derive
T
the higher moments of the absorption time — more generally, of [ g(X;)ds

0
— by proceeding in exactly the same way, except that the formulae become
complicated.
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