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PREFACE:
WHAT IS ALL THIS ABOUT?

This book grew out of lectures given by the authors — over various semesters
spanning the last decade — at the Indian Statistical Institute, in a course with
the same name for students at Masters’ level in Statistics. The main aim of
the book is to illustrate some applications of elementary theory of Stochastic
Processes in various applied fields. We emphasize that this book is only an
introduction to applications in certain fields and by no means an extensive
account of all possible applications. There are many areas where theory of
Stochastic Processes finds important applications that have been left out of
the purview of this book. It is only hoped that this book will be able to cre-
ate the right initiation so that an interested reader may move on to learning
applications in his/her field of interest.

This book is intended for both undergraduate as well as graduate students
in Statistics. This may be particularly useful for those who are interested in
pursuing further studies in applications of Probability Theory. As a further
justification, if one is needed, we would like to add the following. Several
interesting and deep applications of elementary theory of Stochastic Processes
in many different fields have been known for a long time. In fact, it is such
applications that have driven much of the research of many eminent probabilists
like W. Feller, A. N. Kolmogorov and B. V. Gnedenko, and more recently,
S. Karlin, U. Grenander, P. Diaconis and M. Talagrand. Demands of such
applications, in turn, have enriched the theory of Stochastic Processes. One
case in point is the beautiful application of the theory of Finite Markov Chains
in Genetics.

Unfortunately, this applied aspect of Probability Theory, in general, and
Theory of Stochastic Processes, in particular, seem to have been largely ig-
nored in the Statistics curriculum of Indian universities. This is evidenced
by the lack of any specific course — at either the undergraduate or the mas-
ters’ level — meant exclusively for such applications. This is despite the fact
that the necessary theory of Stochastic Processes is covered in any standard
masters’ course in Statistics. Part of the reason could be the lack of easily
available text books primarily devoted to such applications. We hope that the
present book will help remove that void and provide an impetus for people to
seriously think of having a course based on such beautiful applications. Even
otherwise, this can be used as a supplementary book in any regular course
on Stochastic Processes. Here is another way in which we believe the present
book may be useful. Imagine a fresh Ph.D. student who wants to carry out
research in Applied Stochastic Processes. Where does she start from? The
current literature is filled with diverse applications at equally diverse levels —
Finite Markov Chains in Learning Models to Diffusion Processes in Population
Genetics to Infinite-Dimensional Stochastic Calculus in Mathematical Finance
to Large Deviation Methods in Spin Glass Theory — making it difficult to
choose a starting point. Hopefully the present book will provide one.

ix



< PREFACE

In terms of pre-requisites, the book does not demand much. Although an
exposure to elementary Probability Theory would help, it is by no means es-
sential. Chapter 0 is meant to supply the necessary background in Probability.
The only real pre-requisite is an exposure to undergraduate Linear Algebra and
Calculus, and of course, the necessary motivation.

We would like to highlight one interesting feature of the present book.
A substantial amount of basic Martingale Theory and Theory of Diffusion
Processes have been presented in this book and we have been able to do this
without resorting to any measure- theoretic framework. We have not just
‘conveyed the idea without rigour’ — in most cases, we have given completely
rigorous proofs.

Here is a brief summary of what the reader is in for. Chapter 0 gives a brief
introduction to the necessary background in Probability. It almost starts from
scratch and takes the reader through to Martingale Theory, Markov Chains,
and a little of Diffusion Processes. Chapter 1 discusses the elementary theory
of Discrete Time one-dimensional Branching Processes & la Galton-Watson.
Much of the material covered here is available in the books of Harris, Feller
and Karlin, as referred to at the end of the chapter. Chapter 2 is preparatory
to Chapter 3. It contains the necessary introduction to Mathematical Genetics
and the relevent Probability Models. An important topic here is the Hardy-
Wienberg Laws. Some of the basic concepts in Population Genetics like Selfing,
Sibmating, Gene Identity are elaborately discussed in this chapter and some
related mathematical analyses are presented. Chapter 3 contains one of the
most important and interesting topics of this book. We mainly discuss various
Markov Chain models in Population Genetics. Of course the classical Wright-
Fisher Model is the starting point. But many other models, not easily available
in standard texts, are discussed at length. Towards the end, some nice Diffusion
approximations to these Markov Chains are also discussed. Chapter 4 discusses
Stochastic models in the spread of Epidemics. Some non-Stochastic models are
discussed first to create motivation for their Stochastic counterparts. It is only
in this chapter that we use some Continuous Time Markov Chain models. The
most important topic in this chapter — at least in our opinion — consists of
the Threshold Theorems. These theorems are believed to depict, in a nut shell,
the temporal spread of Epidemics. At the end of each chapter, we have given a
list of references as suggested supplementary readings. This is primarily aimed
at readers who might take an active interest in pursuing further studies in
these areas. Each of the chapters contain a fairly large number of exercises and
except in Chapter 0, these exercises are given at the end of the chapters. In
Chapter 0, the exercises are spread out over various sections. Sometimes the
exercises are accompanied by enough hints, whenever deemed necessary. It is
advisable for a serious reader to attempt the exercises as far as possible. Many
of the exercises are taken from the various sources referred to throughout the
book. For the sake of brevity we refrain from specific acknowledgements. The
index at the end should be of help for a quick reference to important concepts
and definitions. With a few exceptions, items are listed only according to their
first appearance.



PREFACE xi

We usually cover chapters 1 through 4, in a one-semester M.Stat. course
in our Institute. Most of Chapter 0 is not necessary in that course, because
the students come with a fairly extensive exposure to basic Probability Theory
and the theory of Markov Chains. It may be a little too tight to cover all this
material in one semester, if one also has to do a substantial part from Chapter
0. In such cases, one of the following two options may be tried: Chapter 0 plus
chapters 2 through 4 or Chapter 0 plus chapters 1 through 3. There should be
other meaningful ways of making a coherent one-semester course out of selected
material from this book.

We would like to acknowledge support from our various colleagues at the
Institute. Special thanks are due to Professor T. Krishnan for giving the first
impetus to undertake the work, supporting it throughout and also for his in-
numerable queries ‘Finished?’; usually with a meaningful smile towards the
later stages, as he felt that the end of the project was nowhere in sight. This
book, perhaps, would not have taken shape without him. We thank Professor
K. K. Roy for using a preliminary draft of the book in his course. Professor
Arup Bose patiently went through the first draft of the book and pointed out
a number of typos and mistakes. We thank him for that. We got many valu-
able suggestions and pointers to typos from the anonymous referees. We have
tried to incorporate many of the suggestions. We are indebted to the referees.
Finally we thank Professors R. L. Karandikar and R. Bhatia for making it
possible for the book to be published in the TRIM series.

A. Goswami B. V. Rao



Chapter 0

PROBABILITY TOOLS
AND TECHNIQUES

0.1 Probabilities and Conditional Probabilities

The theory of probability is a mathematical theory to analyze experiments
with multiple outcomes where one does not know a priori which outcome will
actually occur. Such experiments are usually called random experiments. A
natural and accepted way to model such phenomena is to associate a number
called probability to each possible outcome. These numbers are supposed to
reflect the chances of occurrence of the different outcomes. How these numbers
are arrived at (more specifically, the numerical value of these probabilities) is
not the major concern in developing a mathematical model. It must however
be noted that in practical applications of probability models, these numerical
values would matter in determining how close the model is to reality. Before we
go to the axiomatic definition of probability, here are a few simple and familiar
examples.

Example 1: The simplest example of a random experiment is tossing a coin.
Here there are two possible outcomes: either the coin lands Head up or Tail up.
The two possibilities can conveniently be denoted by H and T respectively. A
mathematical model would then associate two numbers p and ¢ which will de-
note the probabilities of H and T respectively. At this point let us agree on the
following convention. First, we want the chances to be non-negative numbers
and second, we want the chances of all possible outcomes to add up to one.
Instead of trying to justify this, let us note that this is consistent with one’s
intuition of ‘chances’. In the absence of a priori knowledge, one is inclined to
believe that p and ¢ should be equal, which according to the above convention
forces p=¢q = 1.

The above model can be thought of as an abstraction of any dichotomous
experiment, that is, an experiment with two possible outcomes. For exam-
ple, consider a machine manufacturing bolts where each bolt produced by the
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machine has a chance of being defective. Here again we have two outcomes:
defective and non-defective. We can still label them as H and T'. Of course, in
this case p = ¢ = % does not appear realistic because any reasonable machine
is expected to produce a much larger proportion of non-defective items than
defective items.

Example 2: Consider a usual six-faced die with faces numbered 1 through 6.
If it is rolled once, any one of the six faces may show up. So there are six
outcomes which could be denoted by the numbers 1 through 6. If nothing else
is known, it seems intuitively clear that each of these outcomes should have
probability 1/6.

Example 3: Pick up a name at random from the telephone directory and con-
sider the first letter. It can be any one of the 26 letters of the alphabet. At
the same time, not all the letters are equally likely to appear. For example,
one certainly does not expect the letter X to occur as frequently as B. Thus it
would not be reasonable to attribute equal probabilities to all the outcomes.

All the above examples show that a random experiment consists of two
ingredients: first, the set of possible outcomes, to be called the sample space
— denoted by €2, and second, an assignment of probabilities to the various
outcomes. Of course, in all the above examples, the set Q is only a finite set,
that is, @ = {w1,...,wn}. In this case probability assignment means assign-
ing non-negative numbers py, ..., p, adding up to unity, where the number p;
denotes the probability of the outcome w;. We write P({w;}) = p;. Often we
will be interested not in individual outcomes but with a certain collection of
outcomes. For example, in rolling of a die we may ask: what is the probability
that an even-numbered face shows up? In the context of a name being selected
from the telephone directory we may ask: what are the chances that the letter
is a vowel? These are called events. In general an event is any subset of the
sample space. The probability of an event A is defined by

P(A) =Y P({w})

wEA
where P({w}) denotes the probability of the outcome w.

Example 4: Suppose we roll a die twice. The sample space is
Q = {();1<1<6;1<j<6}

We assign equal probabilities to all the 36 outcomes, that is, for any w € Q,
P({w}) = 1/36. If A is the event described by “first face is even”, then A
consists of {(i,7) : ¢ =2,4,6;1<j <6} and P(4) = 1/2. If A is described by
“sum of the two faces is 5” then A consists of {(1,4),(2,3),(3,2),(4,1)} and
P(A)=1/9.

As the above example shows, if, in general, we have a finite sample space
with all outcomes equally likely, then for any event A, P(A) = |A|/|Q| where,
for any set B, |B| denotes the number of elements of the set B. In these
situations, probability computations become a combinatorial exercise.
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In any case, equally likely or not, one can easily verify that probabilities of
events satisfy the following properties:

1. 0< P(A) <1, P(Q) = 1.

2. P(AUB) = P(A) + P(B) whenever AN B = 0.
In particular, P(A°) =1 — P(A).

So far we have restricted ourselves only to finite sample spaces but the
same idea as described in the paragraph following Example 3 applies also to
situations where ) is countably infinite. With @ = {w;,ws,...} and non-
negative numbers pi, pa, - . ., adding to unity, one can define P(A) = > p; for

w;€A
A C Q, as probability of the event A. One neecs only to notice that the sum
appearing in the definition of P(A) may now be an infinite series. But with
usual caution as necessary while dealing with infinite sums, one can show that

the above properties hold and one has moreover,
3. P(AiUA2U--+) = P(A1) + P(Ag) +--- if AinA; =0fori#j.
We now give a formal definition of probability.

Definition: Let Q be a countable set. A probability on {1 is a function P defined
on all subsets of {2 satisfying the following conditions.
(0) P@B)=0 and P(N)=1

The next few exercises list some standard properties that are easy conse-
quences of the definition.

Exercise 1: Let P be a probability on Q. Then
(a) 0< P(A) <1; P(A°) =1— P(A); if A C B then P(A) < P(B).
(b) P(AU B) = P(A) + P(B) — P(AN B). More generally,

P(OA,-):Sl—SQ—kSg—--- (1)

1

where S; denotes the sum of probabilities of i-fold intersections.
(c) If A, 1T A then P(A,) 1T P(A). If A, | A then P(4,) | P(A).

Exercise 2: For a sequence (B,) of events, one defines

limsup B, = ﬂ U By.

n k>n

Show that lim sup B,, is the event that B, occurs for infinitely many n (some-

times described as the events B, occurring infinitely often). Show that if
> P(By) < 00, then P(limsup B,) = 0. This is called (the first) Borel-Cantell
n

Lemma.
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Exercise 3: Suppose that p is a non-negative function on Q such that 3  p(w) =
1. Then P(A) =} 4 P(w) defines a probability on (.

From now on, by a random experiment, we mean a pair (2, P) where Q is a
non-empty countable set and P is a probability on . The number P(A) repre-
sents the probability that the event A will occur when the random experiment
is performed. Of course, if the experiment is really performed and we know
the exact outcome, there is no need for probabilities. Probability of an event
is really an assessment of the chance of occurrence of the event irrespective
of whether the experiment is actually conducted and we know the outcome or
not. However, sometimes we may have a situation where a random experiment
is performed and some partial information is available to us about the outcome
and we are to assess the chances of an event taking this additional informa-
tion into account. It is intuitively clear that we should modify probability
assignments of events in the presence of this additional information.

Consider the example of rolling a die twice with all outcomes being equally
likely. The probability that the first face is 3 is already known to be 1/6. But
suppose now we have the additional information that the sum of the two faces
is 5. This information already tells us that the outcome must be among (1,4),
(2,3), (3,2) and (4,1), so that the chance of first face being 3 is now 1/4. Such
probabilities are called conditional probabilities. More precisely, if A is the
event that the first face is 3 and B is the event that the sum of the two faces
is 5, then the unconditional probability of A is 1/6 whereas the conditional
probability of A given that B has occured is 1/4. This later probability is
denoted P(A|B). Here is the general definition.

Definition: Let (2, P) be a random experiment and let B C 2 be an event with
P(B) > 0. Then for any event A, the conditional probability of A given the event
B is defined by

P(ANB)

P(AIB) = —5 0

2)

In the equally likely case (as in the earlier example) this reduces to

ANB
PIB) = IB] l

The following can be easily verified:
Theorem 0.1:

1. Fiz B and let Pg(A) = P(A|B), then Pg is a probability on Q.
2. P(ANBIC) = P(AIBNC)P(BIC). More generally,

P(A1 NN Al Anga) = [] P(A4514501 020 Apya).

=1
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3. If By,...,By, is a partition of ) then for any event A
P(A) =Y P(AlB;) P(By).
More generally,
P(AlIC) = Z P(AIB;nC)P(B;10C).

4. If By,..., By is a partition of Q then for any event A

_ P(AlB;) P(B))
P(B;l1A) = >, P(AlB;) P(B;)’

Exercise 4: P(A|B) < P(4) if and only if P(B|A) < P(B). In particular,
P(AIB) = P(A) if an only if P(BlA) = P(B).

Let us return to the example of rolling a die twice. Let, as earlier, A be the
event that the first face is 3 and B be the event that the sum of the two faces is
5. Then P(AlB) =1/4 > 1/6 = P(A). So here the additional information has
the effect of increasing the chances of A. On the other hand if we consider the
event C that the sum is 11, then clearly P(AlC) = 0, that is, the additional
information reduces the chances of A (to indeed zero!). Does it always happen
this way? That is, will additional information always change the chances one
way or other? The answer is NO. For example if D is the event that the sum
is 7, then P(A|lD) = 1/6 = P(A). That is, the probability of A remains
unchanged even if we are told that D has occured. This situation is described
by saying that A is independent of D. Here is the precise definition.

Definition: Two events A and B are said to be independent if P(AN B) =
P(A)P(B).

Of course when one of the two events, say, B has positive probability then A
and B are independent is the same as saying P(AlB) = P(A).

Exercise 5: If A, B are independent, then A¢, B are independent ; A, B¢ are
independent ; A¢, B¢ are independent.

Definition: Events Ay, As, ..., A, are said to be independent if for any 1 <
i1 <ig<--<ip<n

P(A;, NA;, N---NAg,) = P(Ay,)P(As,) - P(4s,) - (3)

Exercise 6: Let A, Ag, ..., A, be independent.

(i) If for each 4, B; denotes one of the events A; or AS then By, Bs, ..., B, are
independent.

(ii) If 1 < j < n, Ni<;B; is independent of N;»;B;. Ui<;B; is independent of
Ni>;jBi. Ui<;B; is independent of U;~ ;B;. Here B; are as in (i).

The assertions in (ii) above are merely special cases of a more general phe-
nomenon: if 1 < j < n and C is an event “constructed” out of A4;,...,A4; and
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D is an event constructed out of Aj1,...,An, then C and D are independent
events. This is intuitively clear, but a formal proof requires more machinery
than what is available at this level.

Often random experiments can be thought of as composed of simpler ran-
dom experiments in the sense explained below. If you toss a coin twice you can
describe the outcomes of the experiment by Q = {HH,HT,TH,TT}. Notice
that Q = {H,T} x {H,T}, that is, Q is the two-fold product of a single toss
experiment. More generally, the sample space for 10 tosses of a coin (or a toss
of 10 coins) can be thought of as the ten-fold product of {H,T}. But what is
important is that not only the sample space can be thought of as a product,
but the probabilities of the outcomes can also be thought of as products. Here
is the general method.

Let (Q;, P;), for 1 <4 < n, be random experiments. Put
D=0 x Q2 x-+-xQy ={(w1,-.-,wn) : Vi, w;€Q}.

For w = (w1,...,wn) € Q, put P({w}) = Pi({w1}) X -+ x Pp({wn}). One can
now define P(A) for any A C , thus getting a probability P on (2.

Exercise 7: If A = A; X As x --- x A, then P(A) = [] Pi(4;). Conclude
i=1

that if Zi C Q is the set of all points in Q whose i-th coordinate is in A; then
Ai,..., A, are independent.

The exercise above really means that events that depend on different co-
ordinates are independent. This, of course, is a consequence of the way the
probability P has been defined on (2. It is clearly possible to construct other
probabilities P on 2, such that P(4;) = P;(A;) for all 4, but independence fails.
One can easily see that 10 tosses of a coin with all outcomes equally likely is the
same as the ten-fold product of single toss of coin with P(H) = P(T) =1/2.

IfQ =0y =--- =Q,, then we write Q = QF. If further P, =P, =--- =
P,, then we write P = P*. (QF, P*) represents n independent repetitions of
the experiment (1, P;).

0.2 Random Variables and Distributions

In the context of random experiments, the actual outcomes may often be quite
abstract. For example, if you toss a coin 10 times, outcomes will be 10-tuples of
H’s and T’s. Often one is interested not in the exact outcome per se but some
numerical value associated with each outcome. For example, in case of 10 tosses
of a coin, one may be interested in the number of times heads showed up orin
the number of times a tail was immediately followed by a head. Such numerical
values associated with outcomes are what are called random variables. This
section is devoted to a study of random variables and their distributions.
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0.2.1 Distribution of a Random Variable

Definition: A random variable is a real-valued function defined on the sample
space (.

It is customary to denote random variables by X, Y, Z etc. For example, in
10 tosses of a coin, let X denote the total number of heads and Y denote the
number of times a tail is immediately followed by a head. Then for the outcome
w=HTTHTTTHHH, X(w) =5 and Y (w) = 2, while for another outcome
w' =THHTHTHHTH, X(w') =6 and Y(w') = 4.

Given a random variable, we can ask what the possible values of the random
variable are and the chances (probabilities) of it taking each of those values.
This is what is called the distribution of the random variable. Since our sample
space is countable, any random variable can only take countably many values.

Definition: Let X be a random variable on (€2, P). Then by the distribution of
X is meant the set of possible values D = {z1, 2, ...} of the random variable X
and the probabilities {p(z1), p(x2),...} where p(z;) = P(w : X(w) = x;). The
right side is often abbreviated as P(X = z;).

Of course, p can be extended to a function on R by setting p(z) = P(X = z).
However, for any x ¢ D we have p(z) = 0. This p is called the probability mass
function (p.m.f.) of the random variable X.

Once we know the probability mass function of a random variable X, we
can compute for any A C R, the probability P(X € A) by the formula

P(XeA)= Z p(z).

TEA

Example 1: Consider n independent tosses of a coin. Assume that in each
toss the probability of heads is p. Define X to be the total number of heads
obtained. Clearly X is a random variable which can take any integer value
from 0 to n. One might wonder: how do we get a random variable even before
describing the sample space. We concede that we were jumping steps. So
here is our sample space: (Q,P) = (QF, P*) where Q; = {H,T}; P(H) =p
and P;(T) = 1 — p. The definition of the random variable X as a real-valued
function on §2 should now be clear. It is also easy to verify that the probability
mass function of X is given by

plz) = (Mp*(1-p® forze{0,1,...,n}
p(z) = 0 forz ¢ {0,1,2,...,n}

This random variable is called the Binomial random variable with parameters
n and p, in short, a B(n,p) random variable. We write X ~ B(n,p) for this.
The distribution is called the Binomial distribution.

Almost all the information about the random variable X is contained in
its distribution (or its p.m.f.) — the underlying sample space or the precise
definition of X as a function on the sample space is of no additional importance.
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Therefore it is often customary to describe random variables simply by their
distributions without any reference to any underlying sample space.

Example 2: Fix a number p with 0 < p < 1. A random variable X is said
to have G(p) distribution — geometric distribution with parameter p — if X
takes value z with probability p(1 — p)® for z € {0,1,...}. In other words, X
has p.m.f.

p(z) =p(1—p)* for =x€{0,1,...}

It is to be understood here and elsewhere that p(z) = 0 for all other z. Suppose
you have a coin with chance of heads p. If the coin is tossed repeatedly until a
head shows up, then the number of tails preceeding the head has this geometric
distribution.

Example 3: Here is a generalization of the above example. Again we have a
coin for which the chance of a head in each toss is p. Fix an integer m > 1. Toss
the coin until a total of m heads show up. (What is the sample space?) The
random variable X is the total number of tails obtained. Clearly X takes values
x=0,1,2,... as earlier. A simple combinatorial argument shows that P(X =
z) = (*T™ 1) (1 — p)*p™. This random variable is called a negative binomial
random variable with parameters (m, p) — in short, N B(m, p) random variable
— and the distribution is called the negative binomial distribution (why?).

Clearly when m = 1, we get the geometric random variable of Example 2.

Example 4: Fix integers N, n < N and N; < N. A random variable X is said
to be Hyp(N, Ny;n) — hypergeometric with parameters N, Ny and n — if it
takes value x with probability

_ (N1 (N -N, N
= (7))
Of course you have to interpret (‘;) = 0 unless b is an integer with 0 < b < a.
This arises if you have a bunch of N items of which N; are good, the remaining

are defective and you select a random sample of size n without replacement.
The random variable in question is the number of good items in the sample.

Example 5: Fix a number A > 0. A random variable X is said to be P(}\),
written X ~ P(\) — Poisson with parameter A\ — if it takes value z with
probability e™*X*/z! for z = 0,1,2,.... This random variable arises as a
limiting case of the number of heads when you toss a coin a large number of
times and the chance of heads in each toss is very small. For details see Section
0.3.

Example 6: Roll a fair die twice and let X be the sum of the two numbers
obtained. Then X takes values

2, 3,..., 7, 8..., 12
with probabilities given respectively by

1/36,2/36,...,6/36,5/36,...,1/36.
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Suppose that a fair coin is tossed ten times and X is the number of heads.
Clearly X can take any one of the values 0,1,2,...,10 with different proba-
bilities, the actual value depending on the outcome of the ten tosses. But if
we were to choose one “representative value” of X without knowing the actual
outcome, what would be a good candidate? One possibility is to consider the
most probable value, which in this case is 5. However a commonly used and
mathematically more tractable quantity is what is known as the ezpected value.
As the next definition shows, this is weighted average of the possible values.

Definition: Let X be a random variable with set of values D and p.m.f. p(z) for

zeD. If Y .plz|p(r) < oo (automatically true if D is finite), then X is said
to have a finite expectation and the expected value of X is defined to be

E(X) =) ap(). (4)

z€D

Thus, expected value of a random variable, when it exists, is the weighted
average of its values, weighted by their probabilities. Expected value or ezpec-
tation is also called the mean value or the mean.

If X is arandom variable and g : R — R is a function then clearly g(X) is
again a random variable. It is not difficult to check that g(X) has finite expec-

tation iff ) . |g(z)| p(z) < co and in that case E(9(X)) = Y cp 9(z) p(z).
This is a very useful formula because we can compute E(g(X)) straight from
the p.m.f. of X rather than having to go to the p.m.f. of the random variable

9(Xx).

Definition: A random variable X with E(X™) finite is said to have a finite m-th
moment, given by E(X™). For X with a finite second moment, the variance of
X, denoted V(X), is defined by

V(X) = B[(X - BX)?). (5)

The quantity V(X)) measures the spread of the distribution of X. For example,
V(X) = 0 iff the distribution of X is concentrated at one point (that is, X is
a constant random variable).

Indicator random variables as defined below form a very simple, yet useful,
class of random variables.

Definition: For any event A the Indicator random variable of the event is defined

as
1 if ze€Ad

IA(‘*’):{ 0 if zgA
Clearly the expectation of 14 is P(A).
Exercise 1: If the m-th moment is finite, then so is the n-th, for any n < m.

Exercise 2. For a random variable X on a probability space (2, P), E(X) ex-
istsiff }° cq [X(w)| P({w}) < co and in that case E(X) =} g X (w) P({w}).

Exercise 3. If P(X = ¢) = 1 for some real number ¢, then E(X) = c.
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Exercise 4. If X is a random variable with finite expectation, then |E(X)| <
E(1X]).
Exercise 5. If X and Y are two random variables defined on the same space
and having finite expectations, then

(a) X <Y implies E(X) < E(Y).

(b) E(aX +bY) =aE(X)+bE(Y) for any two real numbers a and b. In
particular, E(aX +b) = a E(X) + b.
Exercise 6. If P(X > 0) = 1 and E(X) = 0, then P(X = 0) = 1. More
generally, if P(X >Y)=1and E(X)=E(Y), then P(X=Y) = 1.
Exercise 7. If X,, and X are non-negative random variables defined on the
same space and X,, 1 X, then E(X,) 1 E(X). In case X has infinite expecta-
tion, this should be read as E(X,,) 1 co. This is known as Lebesgue’s Monotone
Convergence Theorem.

Exercise 8. Supose that X,, and X are random variables defined on the
same space such that X,, — X. Suppose also that there is a random variable
Y with finite expectation such that |X,| < Y for all n, that is, all the ran-
dom variables X,, are dominated in modulus by the random variable Y. Then
E|X, — X| — 0. In particular E(X,) — E(X). This is called Lebesgue’s
Dominated Convergence Theorem.

Exercise 9. If X and Y are two random variables on the same space such that
E(X -I4) > E(Y - 14) for every event A then P(X > Y) = 1. In particular,
E(XIs)=E(YIa) forevery Aifand only if P(X =Y) = 1.

Exercise 10. V(X) = E(X?) — (EX)2.

Exercise 11. V(X) =0 iff P(X = ¢) = 1 for some constant c.

Exercise 12. V(aX + b) = a2V (X).

Exercise 13. V(I4) = P(A)[1 — P(A)].

Exercise 14. If X has finite variance and E(X) = p, then E(X —a)? > V(X)
for every real a. Thus E(X — a)? is minimized when a = p.

Exercise 15. For each of the random variables in Examples 1 through 6, find
its expected value and variance.

0.2.2 Joint Distributions

Suppose that X and Y are two random variables defined on the same space.
As mentioned earlier, probabilities of events concerning the random variable X
(respectively, Y) can be computed from the distribution of X (respectively, of
Y). However we may often be interested in probabilities of events that concern
both X and Y. For example, ‘what is P(X =Y)? or ‘what is P(X +Y =7)?’
etc. For such probabilities individual distributions of X and Y alone would not
suffice. We need to know what is called the joint distribution of X and Y.

Definition: Let X and Y be two random variables defined on the same space.
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Let Dx and Dy denote the set of possible values of the random variables X and
Y respectively. The set of possible values of the pair (X,Y") are clearly contained
in Dx x Dy. The joint distribution of (X,Y) is given by the joint probability
mass function defined as p(z,y) = P(X = z,Y =y) for (z,y) € Dx x Dy.

Consider, for example, tossing a coin 15 times, with the chance of a head
in each toss being p. Let X be the number of heads in the first ten tosses
and Y be the number of heads in the last ten tosses. Clearly both X and Y
are B(10,p) random variables. Here Dx = Dy = {0,1,...,10}. The joint
distribution of (X,Y") would be given by the mass function p on Dx x Dy. For
example, p(10,10) = p'®. In general,

=5 (, Q) (-

k=0
Z) = 0 unless b is integer with 0 < b < a.

From the joint p.m.f. of (X,Y), the individual (marginal) p.m.f. of X and
Y can be obtained as follows:

p(@E)=P(X =z)= Y p(z,y) for z€Dx
yEDy

with the usual convention that (

p2(y) =P(Y =y)= > p(z,y) for yeDy
z€Dx

In an analogous way the joint distribution of n random variables (defined
on the same space) is given by their joint p.m.f.

p(x17x27"'7$n) :P(Xl ::E17X2 :-'1727---7Xn :xn)

Example 7: Consider an n faced die with pq, ps, ..., pn denoting the probabil-
ities of different faces in a single throw. Roll the die r times and let X; be the

number of times face ¢ shows up. The joint p.m.f. of (X1, Xs,...,X,) is given
by
p($1’$2,-~-,xn): T! pi?lpg2...pitn
Iﬂﬂ:g'l‘n' "
for x1, s, ..., T, non-negative integers adding to r. This distribution is called
the multinomial distribution with parameters (7;p1,02,-..,Dn) -

Definition: For a pair of random variables X and Y defined on the same space,
the covariance between X and Y is defined as

Cov(X,Y) = E[(X — EX) (Y — EY)]. (6)

Further, E(X™Y™), for positive integers m and n, are called the various cross-
product moments of the pair (X,Y).

Exercise 16. Cov(X,Y) = E(XY) — E(X)E(Y).
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Exercise 17. Cov(}_; ai X, ) b;Y;) = 32,37, aibjCou(X;,Yj).
Exercise 18. Cov(X,X) = V(X).

Exercise 19. Cov(X,a) = 0 for any constant random variable a.

Exercise 20. Cov(X,Y) < /V(X)/V(Y).
Exercise 21. V(3 , X;) = 32, V(Xi) + 23, Cov(X;, X;). In particular, if
Cov(X;,X;) =0 for all i # j, then V (3, Xi) = 3, V(X5).

0.2.3 Conditional Distributions and Conditional
Expectations

Let X be a random variable. For any event A with P(A) > 0, the conditional
distribution of X given A simply means the conditional probabilities for X
taking various values given the event A. Thus the conditional distribution is
given by the (conditional) p.m.f. p(zlA4) = P(X = z|A). It is, of course,
immediate that this is indeed a probability mass function. The conditional
expectation and conditional variance of X given A are just the expectation
and variance of this conditional distribution. Clearly all the properties listed
in Exercises 4,5,7,8 and 10 through 14 can be formulated and shown to hold
with conditional expectation and conditional variance.

Next, let X and Y be two random variables defined on the same space. For
y with P(Y = y) > 0, we can talk about the conditional distribution of X given
Y =y. This is given by the conditional mass function

p(z,y)
plzly) =P(X =z|Y =y) = —2~. 7
(zly) = P( ) 22) (7)
Here p is the joint p.m.f. of (X,Y) and p, is the (marginal) p.m.f. of Y. It is
clear that for each y with pa(y) > 0, the function p(- | y) is a probability mass
function — called the conditional p.m.f. of X given Y = y.

If X has finite expectation, then the conditional expectation of X given
Y =y is defined to be

EXIY =y) =) eply). (8)

The assumption of finite expectation ensures the convergence of the right hand
side of Equation (8). Thus, the conditional expectation of X given Y = y is just
the expectation of X under the conditional distribution given Y = y. Clearly
E(X|Y =y) is a function of y, say ¢(y). The random variable ¢(Y") is denoted
by E(X1Y). We do this because, in many contexts it is convenient to think
of the conditional expectation itself as a random variable. One can similarly
define the conditional distribution of ¥ given X = z and also E(Y | X).

It may be noted that if Y is a constant random variable, say, Y = ¢, then
the conditional distribution as well as the conditional expectation of X given
Y = c reduce to the unconditional distribution and unconditional expectation
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of X. The following facts on conditional expectation are easy to verify, and
left as exercises.

Exercise 22. E(E(X1Y)) = E(X).

Exercise 23. If X has finite expectation and if g is a function such that X g(Y)
also has finite expectation, then show that E(X g(Y)|Y) = E(X1Y)g(Y).
Exercise 24. E(X — g(Y))? > E(X — E(X1Y))? for any X and g such that

X? and (g(Y))? have finite expectations. (Exercise 14 in 0.2.1 is easily seen to
be a special case of the above.)

Exercise 25. For any function g such that g(X) has finite expectation,
E(g(X)1Y =y) =3 g(x) p(zly).
Exercise 26.|E(X1Y)| < E(|X|1Y).

The above notions of conditional distribution and conditional expectation
naturally extend to the case of more then two random variables. To be pre-
cise, if X7, X>s,..., X, are random variables on the same space, one can, in a
natural way, talk about the conditional joint distribution of & of these random
variables given the others. For instance, the conditional joint distribution of
(Xy,...,Xg), given Xgy1 = Tgs1,...,Xn = Ty, is defined by

P(X1 :Jtl,...,XnZIIn)

p( 1 axklxk-i-l; ,Z‘n) P(Xk—i-l:xk,—{—l,---,Xn:xn)
provided, of course, P(Xy11 = Tg41,---,Xn = T,) > 0, and for each such
(Tk+1,--->Zn), the function p(- | g41,...,2y) is a p.m.f. — called the condi-

tional joint p.m.f. of (X1, -+, Xg), given Xg11 = Tht1,---, Xn = Tn-

If g is a k-variable function such that Y = g(X;,..., X) has finite expecta-
tion, then the conditional expectation of Y given Xy11 = zp41,...,Xpn = Zn,
has a natural definition, namely

EY 1 Xtr1 = Thy1,. .-, Xn = Tn)
= Z g1, yzi)p(@1, o e g1, oo T0) .

L1y Tk

In particular, one can talk about the conditional expectation of X; given

Xs,..., X, or conditional expectation of XZ + X2 given X3, X5, and so on.

Exercise 27. E(E(X1Y,2)|Y) = E(X1Y). More generally
EEXIXy,..., X)I1X1,..., Xno1) = EX |1 Xq,..., Xn-1).-

Here E(Y| Xg11,...,Xn) denotes the random variable ¢(Xg41, ..., X,) where
¢ is the (n — k)-variable function defined by

O(Tpr1,- -y Zn) = EV 1 Xpy1 = Tpp1,- -, Xn = Tpy) -

If these things look a little abstract there is no cause for alarm. Sim-
ply try to understand the meaning of the conditional expectation of X; given
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Xa,..., X, or the conditional expectation of X7 + X2 given X3 and X4. Here
is a useful exercise left to be proved by the reader. This is often referred to as
the smoothing property of conditional expectation.

E(E(gX,V)I1Z,W)|Z) = E(9(X,Y)|Z2).
Or more generally, if U = g(X3,..., X,,) then
E(EUIYL,..., Y)Y, ..., Yoot) = EUIYL,..., Ve 1). (9)

Indeed, one may think of (9) as equivalent to Exercise 27 above. What this says
is the following. In order to get the conditional expectation of a random variable

given Y7,Y5,...,Y,_1, one may first calculate its conditional expectation given
Y1, Ys,...,Y, and then take the conditional expectation of this random variable
given Y7,Y5,..., Y,,_1. Here is an application.

Example 8: Toss a fair coin a Poisson number of times. Find the conditional
expectation of the time of occurrence of the first Head, given the total number
of Heads. More precisely, let N be a random variable having the Poisson
distribution with parameter A. Suppose that a fair coin is tossed N times. Let
X be the number of Heads obtained and T be the time of occurrence of the
first Head. In case there are no Heads, T is defined to be one plus the number
of tosses, that is to say, T =1+ N in case X = 0. Of course, if N = 0, then
X = 0 automatically so that T = 1. We want E(T|X = z) for each z > 0.

The plan is the following. We first compute E(T| X, N) and then compute
its conditional expectation given X. By the smoothing propertry this will be
the same as E(T| X).

For integers 0 < z < n, let f(n,z) = E(TIN =n,X = z). In case z = 0,
by our convention made above, f(n,0) =1+ n clearly. For 1 <z < n, f(n,z)
is simply the expected waiting time till the first head, given that n tosses of a
fair coin has resulted in a total of z heads. For the sake of completeness, we
set f(n,z) = 0 (or any other value, for that matter) for z > n > 0. We now
proceed to obtain a recurrence relation among the f(n,z). For 1 <z < n, we
obtain, by conditioning on the outcome of the first toss,

fln,z)=a+p,

where
a = E(T |z heads in n tosses, first is heads) - P(first heads I[N =n, X =z),

B8 = E(T |z heads in n tosses, first is tails) - P(first tails [N =n, X = z).
A routine calulation now shows that
(eo) _ =
G n
(";) _n-s

ﬂ:[l—l—f(n-—l,x)] (n) = n [1+f(n—1,x)],

a= and
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giving us the recurrence relation

n—=x

f(n,z) =1+ fln—1,2).

n

Since f(z,x) = 1, we get by induction on n, that for n > z,

n+1
f(n7 "I‘.) - T+ 1 .
(Try to directly compute the conditional expectation E(TIN =n, X = z).)
Thus E(T|X,N) = (N +1)/(X +1). To calculate the conditional expectation
of this given X = x we calculate the conditional distribution of N given X = z.
Clearly, P(N <zl X =) =0 and for n > z,

—x/2 n—z 1
As a consequence for z > 1,
T+3+1 A
E(TlX—.’L‘)—E[(N—I—l)/(X—I-l)IX—IL‘]——;}_I—— +_2(33T1)

Even though given X = 0, T equals 1 + N and E(N) = J, it does not mean
that E(T1X =0) = 1+ ; indeed E(T|X =0) =1+ 3 (why?).

0.2.4 Independence

Definition: Random variables X7, X»,..., X, are said to be independent if for
any 1,x2,...,Tn,
P(X1 :ilZl,...,Xn :xn) :P(Xl :Zl','l)P(Xn :Il','n) (10)

Thus independence requires that the joint p.m.f. is just the product of the
marginal probability mass functions. Moreover (10) is clearly equivalent to
saying that for sets By, Bs, ..., By, the events {(X; € B;),1 < i < n} are inde-
pendent. Also, independence of Xy, X5,..., X, clearly implies independence
of X;,,Xj,,...,X;, forany 1 < ji < ja2 < -+ < jmm < n. With some work,
one can also show the following. Let 1 < i3 < i3 < --- < ix—; < n and consider
the random variables Y7,Y3,---, Y} defined as Y71 = ¢1(X1, Xs,...,X;,), Y2 =
92(Xizt1s-- -5 Xig) s oo Yo = gk(Xiy_y41,- - -, Xn), for functions ¢1, go,. .., gk-
Then independence of X;, Xs,..., X, implies that of Y;,Ys,...,Ys. Here are
some more consequences of the definition of independence that the reader
should work out.

Exercise 28. If X, X5,...,X, are independent, then the conditional joint
distribution of any subset of them, given the others, is the same as the uncon-
ditional joint distribution.

Exercise 29. A constant random variable is independent of any random vari-
able. Moreover, a random variable is independent of itself if and only if it is a
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constant random variable.

Exercise 30. If X3, Xs,,...,X,, are independent random variables with fi-
nite expectations, then the product II*;X; also has finite expectation and
Exercise 31. If X and Y are independent with finite expectations, then
Cov(X,Y) = 0. In particular, if X and Y have finite variances, then V(X +
Y)=V(X)+ V().

Exercise 32. Give an example of random variables X and Y such that
Cou(X,Y) =0, but X and Y are not independent.

Exercise 33. Suppose that X and Y are independent random variables and
suppose that g is a function such that Z = g(X,Y") has finite expectation, then
E(Z1Y =y) = E(9(X,y)). More generally, if X1, X,,...,X,, are independent,
random variables and g is a function such that Z = ¢(X, Xa,...,X,) has
finite expectation, then

E(ZIXk+1 :xk-i-la"')Xn =$n) = E(g(Xl,"‘,Xk,xk+1,---,-’L'n))-

Exercise 34. In fifteen tosses of a fair coin, let X; be the number of heads in
the first three tosses, Xs be the number of tails in the next six tosses, and X3
be the number of heads minus the number of tails in the last six tosses. Show
that X3, Xy , X3 are independent. Find E(X; X2 X3).

0.3 Generating Functions

Let (ax)r>o0 be a sequence of numbers with 0 < a; <1 for all k. Then clearly
for any ¢ € (—1,1) the series > 7o axt* converges absolutely. The function
A(t) = Yopo, axtt defined for ¢t € (—1,1) is called the generating function of
the sequence (ax)x>0. By the uniqueness of the Taylor expansion, the function
A(t) determines the sequence (ai) completely. Indeed, the function A(t) is
infinitely differentiable on (—1,1) and a; = A*)(0)/k! where A®)(0) is the k-
th derivative of the function A(t) at t = 0. Moreover as ¢ 1 1, A(t) also increases
and the limit lti%? A(t) is finite iff Y ay converges. In fact ltlgl A(t) = > ag. We

denote this limit by A(1). It should however be noted that in case Y aj does
not converge, then A(t) increases to co. In this latter case also, we say that
the limit A(1) = ltlTnla A(t) exists and equals infinity. It is known from calculus

that the derivative of the function A(¢) also has a power series expansion in the

interval (—1,1) given by A'(t) = Y ro, kaxt*~1. In fact, one can similarly get

power series expansions for higher order derivatives. Once again as t 11, A'(t)

has a finite limit iff Y kaj converges and ltlTr{l A(t) = kg kag. This equality
1

remains valid even if the right-hand side does not converge. We denote this

limit by A’(1). In general we will always use the notation A®)(1) for the limit

lim A%)(t), finite or not.
11
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By the convolution of two sequences (ax)r>0 and (bx)k>0 is meant the new
sequence ¢, = (a * b)y, defined by ¢;, = Zf:o arbg—;. It is easy to see that the
generating function of the convolution of two sequences equals the product of
the corresponding generating functions. That is, C(t) = A(t)B(?).

A particularly interesting case arises when the sequence (ax)x>o is the prob-
ability mass function of a non-negative integer-valued random variable X. In
that case, A(t) is denoted by ¢ x (t) and is called the probability generating func-
tion (p.g.f.) or generating function (g.f.) of X. From our earlier discussion, it
follows that the distribution of a non-negative integer valued random variable
is completely determined by its p.g.f. Indeed, for such a random variable X,

P(X=k)= Lp()?)(O)/k:!. Clearly px (1) = 1. Also

Px (1) =lim gk () = B(X), (11)

whether this expectation is finite or not. It is left as an exercise to show that,
in case X has finite variance,

V(X) = % (1) + ¢k (1) - [Px (D] (12)

Exercise 1. (i) If X ~ B(n,p), then show that its p.g.fis px (t) = (1—p+pt)".
(ii) If X ~ P()), then show that px (t) = e *(~?) . (iii) If X ~ NB(k,p), then
show that px(t) = p*(1 — ¢gs)~*.

Exercise 2. If X and Y are independent non-negative integer valued random
variables, then show that ¢ x4y () = px (t)ey (t).

Exercise 3. Show that (i) the sum of independent B(n,p) and B(m,p) ran-
dom variables is B(n + m, p); (ii) the sum of two independent Poisson random
variables is again Poisson; (iii) the sum of independent N B(k,p) and NB(l,p)
random variables is again N B.

Exercise 4. Let X;,Xs,... and N be non-negative integer-valued random
variables. Suppose that, for every k > 1, the (k+1) random variables X7, X5, ...
and N are independent. Suppose further that the X; have a common distribu-
tion with p.g.f. 9(t). Define Z = 3, Xj, with the convention that if N =0,
then this sum is zero. Show that the p.g.f. of Z is on(1(t)), where @y is the
p.g.f. of N. In particular, show that if each X; ~ B(1,p) and N ~ P(}), then
Z ~ P(\p).

Exercise 5. Let ¢(s) be the p.g.f. of a random variable X. Let g, = P(X > k)

1-P

for k > 0. Then the function Q(s) = -1—?

the sequence (gx)r>0-

is the generating function of

Suppose that X,, ~ B(n,p,), and denote np, by A,. Then the p.g.f. of X,
is
A n
‘pn(t) =1 =pn+put)" =1 +pa(t-1))" = |:1 + #(t - 1)] .
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If we assume that A, — A then clearly
on(t) = o(t) = X
which is the p.g.f. of P(\) random variable. From this it looks plausible that
the distribution of X,, converges to a P(A) distribution. That is, for k£ > 0,
P(X,=k) = e X /R!
This is indeed true and is actually a consequence of the next theorem.

Theorem: For each n > 1, let o, be the generating function of a sequence
of numbers (ank)k>0- In order that lim an i = ax exists for each k, it is
- n—oo

necessary and sufficient that Um ¢n(s) = @(s) exists for each s € (0,1). In
n—>o0
that case, @ is actually the generating function of the sequence (ak)r>0-

Remark: It may be noted that even when the ¢, are p.g.f. of a sequence of
random variables, the limit function ¢ need not be a p.g.f. — that is, even if
>k an,x = 1 for each n, the sequence a; may not be a probability distribution
(consider @, (s) = s™). Of course Y a; < 1 will always hold.

Proof of Theorem: Let ¢,(s) = Y., ans*. First assume that for each k,
ank —> ar as n — oo. Clearly 0 < a; < 1 for each k. Let ¢(s) be the
generating function of the sequence (ag). Fix s € (0,1) and € > 0 be given.
Choose ko large enough so that s* < 1e(1 — s). Since lim,, an,x = ay, for each
k, we choose ng so that for n > ng, |anr — ag| < ﬁ Then

ko—1

lon(s) —p(s)] < Z |an .k — akls® + Z |ank — ak|s® .
k=1 E>ko

By choice of kg, the second term is smaller than ¢/2 and, for all n > ng, the
first term is smaller than €/2. Thus |¢n(s) — ¢(s)| < € for all n > ng, showing
that @, (s) — ¢(s) for each s € (0,1).

Conversely, suppose that ¢, (s) = ¢(s) for each s with 0 < s < 1. Clearly
0 < ¢(s) <1 and ¢(s) is non-decreasing in s. In particular liﬁ)l ©(s) = ag (say)
S

exists. Further,
|an,0 — ao| < lano — @n(s) +[@n(s) — @(s)] + |o(s) — aol, (13)

and

o0
S
ano = en(s)l = 3 anss* < 775

Therefore, given € > 0, we can choose s close enough to zero so that the first
and third terms of the right side of (13) are each less than ¢/3. Now choose n
large enough so that the second term is smaller than €/3. Thus we conclude
that an 0 — ag. Now note that

Son(s) — Gn0 w(s) —ag

— for0<s<1.
S S
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It is easy to see that g,(s) = #nls) = ano is the generating function of the

sequence (an,k+1)k>0 S0 that by the same argument as above we can conclude
that
s)—a
lim M =a;, say
sl0 S

exists and moreover lima, ; exists and equals a;. One can use induction to
n

show that for each k, lim a, = ap (say) exists.
n—oo

Referring now to the only if part of the theorem we conclude that ¢, (s)
must converge, for each s € (0,1), to the generating function of the sequence
(ax), which therefore has to be the function ¢(s). This completes the proof of
the theorem. |

The concept of a generating function as discussed above extends naturally
to higher dimensions. We will briefly outline the definition and basic facts.
Also for the sake of simplicity we confine ourselves to the case of multivariate
probability generating functions.

Let X1, X5,...,X4 be random variables, defined on the same space, each
taking non-negative integer values. Let their joint probability mass function
be p(k1,ka,...,kq). The joint probability generating function (joint p.g.f.) of
(X1,Xa,...,Xq) is the function ¢ defined on [—1,1]¢ defined by

Ot1, ... ta) = B -t = > plky,... kot - tht . (14)
kl,...,kd

It is not difficult to see that the series above converges absolutely. The function
¢ can also be shown to have partial derivatives of all orders and

1
p(kis- o ka) = ™0, 0), (15)

where (k1-+%a) denotes D¥ ... D% with the usual notation that for i =
1,...,d and k > 0, D¥ is the k-th order partial derivative with respect to the
i-th variable. Thus for example, with d = 3,

21(0,0,0) = igii‘ﬂ(h t2,t3)|(t1=0,t5=0,t5=0) -
" Bty 02 Bty * ~ 172 3/ 1(1=0,t2=0,ta=0)

Equation (15) shows that, as in the case of one dimension, the joint distribu-
tion of (Xj,...,Xy) is completely determined by the joint p.g.f. ¢. Note that
¢(1,...,1) = 1 by definition. One can also find all the moments, including
cross-product moments of (X, X, ..., Xy) from . For example,

E(X%XQ) — (p(2,1,0,...,0)(17 - 1) 4 SO(],I,O,...,O) (1, e, 1) .

Also for any ¢, 1 < i < d, ¢(t1,...,ti—1,1,ti41,...,tq) is precisely the joint
p.g.f. of the random variables (X1,...,X;—1, Xsy1,-.-, X4)-
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In case X1, Xs,..., X4 are independent with p.g.f.s 1,p2,..., @q respec-
tively, then the joint p.g.f. of (Xi,...,Xy) is easily seen to be

w(ts,t2,- . ta) = @1(t1)pa(tz) - - - wa(ta) - (16)

In fact the condition (16) is also sufficient for independence. More generally,
one can factor ¢, the joint p.g.f of (X1,...,X4), as

(p(tl,...,td) = @’(tla"-ati)a(ti-l-la--'ytd)

if and only if (X3,...,X;) is independent of (X;i1,...,X4). Moreover, the
functions ¢ and @ in the above factorization are the joint p.g.f.s of (X1,...,X;)
and (Xt1,-..,Xq4) respectively except possibly for some multiplicative con-
stants. For example, the functions 3¢ and $/3 would also give a factorization.

The continuity theorem proved for one dimension has the following multi-
variate analogue.

Theorem: For each n > 1, let ¢, be the joint p.g.f. of (X{*,...,X7}). In order
that lim P(X] = ki,..., X} = kq) exists for all d-tuples (ki,...,kq) it is
n—roo

necesary and sufficient that for all (t1,...,tq) € (0,1)¢, the limit
lim @n(tl,...,td) :Qo(tla-“,td)a (Sa’y)
n—ro0

exists. In this case, ¢ is actually the function

Ot ta) = D alky,... ko)t - the,
k1,...,kd

where
a(ki,...,kq) = lim P(XT =ki,...,X] =ka).

n—oo
Barring complications arising out of d-dimensional variables, the idea of proof
is no different from the one dimensional case. We omit the proof. In general
the limit function ¢ = lim ¢, need not be a joint p.g.f.

Exercise 6. Show that the p.g.f. of the d-dimensional multinomial distribution
with parameters n, p1,ps,...,pq is (p1t1 + - - - + Data)™.

Exercise 7. If for each n > 1, (Xp1,...,Xn,q) is multinomial with param-
eters (n,Pni,-.-,Pnd) and if np,; = A; for 1 < ¢ < d — 1, then show that
(Xni1,---,Xnd—1) has a limiting distribution as n — oo and find the limiting
distribution.

0.4 Continuous Random Variables

So far we have considered random variables with values in a finite or a countably
infinite set. But in many applications it is necessary to go beyond that. For
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example, consider picking a point at random from the interval (0, 1]. Here by
picking a point at random we mean that any point “is as likely” to be picked
as any other. The selected point X would then represent a random variable
whose possible value can be any real number in (0, 1]. How do we describe the
distribution of such a random variable? First of all, since any point is as likely
to be picked as any other point, P(X = z) should be the same for all z. Noting
that there are infinitely many points z, one can easily argue that P(X =z) =0
for all z € [0,1]. Thus, if we wanted to define the probability mass function
p of the random variable X, the only candidate would be p(z) = 0 for all z.
Certainly the distribution of the random variable X cannot be captured by
such a function.

So, instead of prescribing probabilities of events through probabilities of
individual outcomes that constitute an event, one may hope to prescribe prob-
abilities of all events at one go. In other words, one may think of directly
specifying P(X € A) for various subsets A C [0,1]. But clearly, that is a
tall task! However, there is a general theory — known as measure theory —
which says that it is sufficient to specify P(X € A) only for intervals A C [0, 1]
which, in turn, uniquely determine P(X € A) for a large class of sets 4, known
as measurable sets. One may still wonder what if we want P(X € A) for a
non-measurable set A. However, there is no real need to worry! The class of
measurable sets is really huge — almost any set A one is likely to come across
for the purpose of computing P(X € A) is going to be a measurable set. Hav-
ing said all these let us add that mere recognition and acceptance of this fact
will do for the rest of this book. We do not make any explicit use of measure
theory.

Continuing with our example and again noting that the point is selected
at random, one can easily deduce for any 0 < a < b < 1, we must have
P(a < X < b) = b—a. In fact, the above is just a consequence of the fact that
P(X € 1) equals P(X € J) whenever I and J are intervals of same length.

Of course, for any random variable X, prescribing the probabilities P(X €
A) for intervals A and hence prescribing the distribution of X could also be
done by simply specifying the function

F(z) = P(X < z) (17)

for all x € R. This function F is called the probability distribution function of
the random variable X and has the following properties:

(i) 0 < F(z) < 1for all z and F(z) < F(y) whenever z <y,
(i) lim F(z)=0, lim F(z)=1, and
T——00 T—r+00
(iii) F is right-continuous, that is, li\{n F(y) = F(x).
ylz
It may be noted that li%nF(y) = P(X < z), so that P(X = z) = F(z) —
ytz

liF F(y). From all these it should be clear that F(z) determines P(X € A) for
ytz

every interval A (and hence for all measurable sets A).
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In the example of picking a point at random, the corresponding distribution
function is

0 if <0
Fz)=¢ =z if 0<z<1
1 if z>1

A continuous random variable is one whose distribution function is contin-
uous. From the properties of F listed above, it follows that a random variable
X is continuous if and only if P(X = z) = 0 for all z € R. It is in this
sense that continuous random variables are diametrically opposite to discrete
random variables.

0.4.1 Probability Density Function

One special class of continuous random variables are those for which the dis-
tribution function is given by

F(z) = / f(w) dy (18)

where f is a non-negative funcion with ffooo f(y)dy = 1. Such a function f is
called a probability density function (p.d.f., in short). Probabilities involving
X can be calculated from its density function by the formula P(X € A) =
1) '+ f(y) dy. Such probability distributions are called absolutely continuous dis-
tributions and the corresponding random variable is also called absolutely con-
tinuous. It may be noted that probability density function of a distribution (or,
of a random variable) is not unique. (Changing the value of f at a finite num-
ber of points would not change the integrals appearing in (18) and therefore,
would give the same F')

Unlike probability mass function, the probability density function does not
represent any probability. However, it has the approximate interpretation

P(X € (z,z + 6z)) ~ f(z)oz.

This should explain why f is called the density function as opposed to mass
function of the discrete case. For a random variable X with density function
f the expected value is defined by the formula

B0 = [ 2f@)d, (19)
provided the integral exists. We allow the integral to equal +oo or —oo. But
there is a caveat! Two infinities cannot be added unless they have the same
sign. We define, more generally,

o
B = [ 9(o) fa)da, (20)

—00
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provided the integral exists. The expected value so defined can be shown
to satisfy all the properties that were proved to be true for discrete random
variables. As in the discrete case, the m-th moment of X is defined to be
E(X™) and the variance is defined as V(X) = E(X?) — (EX)2.

Exercise 1. Fix numbers a < b. Let f be the function which is 1/(b — a) for
points in the interval (a,b) and zero for points outside the interval. Show that
this is a probability density function. Calculate the corresponding distribution
function. This is called the Uniform distribution on (a,b), denoted U (a,b) and
a random variable with this distribution is called a U(a,b) random variable.
Find the expected value and variance of such a random variable.

Exercise 2. Fix any number A > 0. Consider the function f which is zero for
negative numbers and is Aexp(—Az) for non-negative numbers z. Show that
this is a probability density function. Calculate the corresponding distribution
function. This is called the Ezponential distribution with parameter A, written
Exp(A). For a Exp(N) random variable X, find (i) P(X > 10.25), (ii)) P((X —
3)2 > 1). Also find E(X), V(X) and E(etX) for t € R.

Exercise 3. Fix any real number p and any strictly positive number o. Let

1

— ~ 55 (z—p)?
f(@) py

for —oo < x < 4o00. This is a probability density function (not easy to show
this fact). Corresponding distribution is called the Normal distribution with
parameters u and o2, written A'(u,02). The distribution function cannot be
calculated explicitly. Show that a N (u,0?) random variable X has mean u
and variance 2. Also show that E(e*X) = exp [ut + $0°t?] for t € R.

In case p = 0, 0 = 1 in Exercise 3 above, the distribution is called Standard
Normal Distribution. In this case, the distribution function is usually denoted
by ®(z) and the density function is denoted by ¢(z).

Exercise 4. Repeat Exercises 4-14 of Section 0.2.1, assuming that all the
random variables are absolutely continuous.

0.4.2 Joint Density Function

For two continuous random variables X and Y defined on the same space, we
may be interested in probabilities of events that concern both X and Y. For
computing such probabilities, knowing the individual density functions of X
and Y alone would not suffice. We need to know what is called the joint density
function of X and Y.

Definition: Let X and Y be two random variables defined on the same space.
The pair (X,Y) is said to have a joint density function f(x,y) if f is a non-negative
function such that for any z,y € R,
Yy T
PX<z,Y<y)= / / f(u,v) dudv.

—00 —00
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[e.olNe o)
Clearly such an f satisfies [ [ f(u,v)dudv = 1. Probabilities involving the

pair (X,Y) can be computed from the formula P((X,Y) € A) = [ [ f(z,y)dz dy.
A

From the joint density of (X,Y") the individual (marginal) densities of X
and Y can be recovered as follows:

fi(@) = / fay)dy, foly) = / f(z,y)da.

In an analogous way the joint density of n random variables (defined on the
same space) is defined to be a non-negative function f of n variables such that

Tn I
P(Xl le,...,Xnan)zf---/f(ul,...,un)dul---dun.
—00 —00

Here also the individual density of each X; can be obtained from the joint
density f by a formula analogous to the bivariate case. An important point to
note in this connection is that the existence of a joint density for (X7,...,X,)
implies that each X; has a density; however the converse is not true. For
example, if X has U(0,1) distribution and ¥ = X, then both X and Y have
densities, but the pair (X,Y) does not have a joint density (why?).

For (X3,...,X,) with joint density f, the expected value of any function
of (Xi,...,Xy) can be computed by the formula,

Bo(r, o X)) = [+ [ glonseeon)fonse . sma)don - don,

provided, of course, that the integral exists.

For a pair (X,Y) with joint density f, the covariance between X and Y is
defined by the same formula (21) of Section 0.2.2 and all the properties listed
in Exercises 16-21 there remain valid.

0.4.3 Conditional Density

For a pair (X,Y") with joint density f the conditional density of X givenY =y
is defined to be
_ f=y)

hlely) =70

For y with fa(y) = 0, one may define fi(zly) to equal any density function,
for example, one may put fi(zly) = fi(z). Here fi and fy are the marginal
densities as defined in the previous section. One can easily check that f;(zly)
is a density (in z) for every y. The distribution given by this density is called
the conditional distribution of X given Y = y. One can similarly define the
conditional distribution of Y given X = z. It is also not difficult to extend this
concept to the case of n random variables with a joint density.

if fa(y) > 0.



0.5. SEQUENCES OF RANDOM VARIABLES 25

For a random variable X with density f and for any event A with P(A4) > 0,
one can define the conditional density of X given A. However, there is no
explicit formula for this density in general. One is only guaranteed of the
existence of this density by a result known as Radon-Nikodym Theorem which is
beyond the scope of this book. However, in the special case when A = {X € B}
the conditional density of X given A is given by f(zlA) = f(z)/P(A) ifz € B
and equals zero otherwise.

As in Section 0.2.3, expectation and variance of the conditional distribution
are known as conditional expectation and conditional variance respectively. As
before, it is sometimes convenient to think of conditional expectation itself as
a random variable, denoted by E(X|Y"), which has the same interpretation as
in Section 0.2.3. Also, all the properties in Exercises 4,5,7,8, 10-14 and 22-26
go through.

0.4.4 Independence

Definition: Random variables (X3, ..., X,,) with a joint density f are said to be
independent if for any x1,xs,..., 2y,

f(@1, .. mp) = fi(z1) - folzn)

Thus the random variables are independent if the joint density factors into
product of the marginal probability densities fi,..., f,. This can be shown
to be equivalent to the condition that for sets By, Bs,...,B,, the n events
(X; € B;), 1 <i < n are independent. Also independence of X1, Xs,..., X,
clearly implies independence of X ,Xj,,...,X;, for 1 < j; < jo < -+ <
Jm < n. With some work one can also show the following. Consider k in-
dices 1 < 4 < iy < +++ < ig—1 < n and let Y1,Y5,...,Y; be random vari-
ables defined as follows: Y1 = ¢1(X1,...,Xi,),Y2 = ¢2(Xij41,---,Xin) 5+
Yi = gx(Xip_,+1,---,Xn), for functions g1,g2,...,9%. Then independence of
X, Xs,...,X, implies that of Y1,Y2,...,Y}.

It is left as an exercise to verify that properties 28-33 of Section 0.2.4 remain
valid here also.

0.5 Sequences of Random Variables

Let Y be a random variable with finite mean u. Let Y7,Y5,... be indepen-
dent observations on the variable Y, that is, for each n, the random variables
Yi,...,Y, are independent each having the same distribution as Y. One says
that Y7,Y5,... is a sequence of independent and identically distributed, abbre-
viated as i.i.d., random variables. Let X,, denote the average of the first n ob-
servations, that is, X, = (Y1 +---+Y,)/n. This X,, is also called the observed
mean or the sample mean, based on n observations. An important question is
: what happens to these observed means as n, the sample size, becomes large?
A classical result in probability (known as the law of large numbers) is that
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the observed means converge to the common population mean u. It should
be noted that the observed means X, are random variables. Thus, one has to
know what is meant by the convergence of a sequence of random variables. In
this section, we discuss some of the various concepts of convergence that are
used in probability.

In what follows, (X,)n>1 will stand for a sequence of random variables
defined on the same space.

Definition: We say that X, converges in probability to a random variable X,
and write X,, — X, if for each € > 0, P(|X,—X|>¢) = 0asn— 0.
That is, given any € > 0 however small, the chances that X, deviates from X

by more than € become smaller and smaller as n gets larger and larger. However
this should not be misinterpreted as X,, remaining close to X eventually for

almost all sample points. One can construct an example where X, £ x
but X,(w) /= X(w) for any sample point w! [see Exercise 5 below]. This
motivates the next definition.

Definition: We say that X,, converges with probability one to X, and write
X, — X w.p.l, if for all sample points w, outside a set of zero probability,
Xn(w) = X(w) as n — oo.

Another mode of convergence that will be useful for us, is the following.
Definition: Let p > 1 be a number. We say that X,, converges in p-th mean to

L . .
X, written X,, - X, if E|X,, — X|P — 0 as n — co. This mode of convergence
is also referred to as convergence in L.
We shall now see the relationships between these three modes of conver-
gence. The last two modes of convergence are stronger than the first one.
Indeed if X, - X then for any € > 0,

P(|X, — X|>¢) = P(|X,, — X|P > €) = E (Iyjx, - x[r>er})

(}Xn - X|P E|X, - X|P
o —
€

I{IXn—X|”>6P}> < —a 0,

by hypothesis. Note that here € is fixed and n becomes large.

<E

Hidden in the above argument is the fact that for any random variable Z

and any € > 0
E|Z
Pz 0 < 22 21)

a useful inequality, known as Markov’s inequality. This inequality can be easily
proved using Exercise 5(a) of Section 0.2.1.

Next suppose that X,, — X w.p.1; that is, there is a set A of probability
zero such that for w € A, X,,(w) = X(w). Let € > 0. Then for any n,

{{Xp@) - X@)] > < |JXelw) = X W)l >e)
k>n
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and the set on the right side decreases as n increases and the limiting set is
contained in A (because for any w in the limiting set X, (w) 4= X (w)). Since
P(A) =0 it follows that

Tim_ P(|Xn(w) = X(w)| > €) = 0.

Convergence with probability 1 and conve:gence in L, are, in general, not
comparable. However, here is a useful result.

If X, — X wpl and E(sup|X,[’) <co, then X, I x.
n

Indeed one can replace X,, — X w.p.1 by the weaker hypothesis X, 2 x.
So we will assume only this. Denote the random variable sup,, | X,|? by Z.
It is not difficult to see that X, = X yields that P(|X|P < Z) = 1. [Show
that for any € > 0, P(|X|? > Z +¢) = 0]. Thus |X,, — X|? < 2PZ Note
that the hypothesis says that Z has finite expectation. Therefore given § > 0,
we can choose A > 0 so that E(ZIz-y) < 27P§/3. We can also choose
e > 0 so that € < §/3. Now choose ng such that for n > ng we have,
P(|X, — X|>¢€) <827P/3). Now for n > ng,

BlXy ~XIP < B(|Xn— XPoix,_xj<o) + B(Xn — XPLix, _xj5.)

eP + 2pE(ZIan_X|>E)
eP + QPE(ZIZS,\I|XH_X|>6) + 2pE(ZIZ>,\)
€+ PAP(| X, — X| > €) + 2°E(ZIz5)) -

VAN VAN VAN VAN

Each term on the right side is at most /3, completing the proof.

The reader must have already realized that Lebesgue’s Dominated Conver-
gence Theorem as given in Exercise 8, Section 0.2.1, is just a special case of
the above.

Exercise 1. If X, — X, then show that X1° -2+ X19 More generally,

if f is a continuous function, then f(X,) N F(X). What if, convergence in
probability is replaced by convergence in L, or by convergence with probability
one?

L
Exercise 2. If X,, —% X then X, =% X,for1<r<p.

Exercise 3. If X, = X and Y, Y, then show that X, + Y, -+ X +Y
and XY, — XY. What if — is replaced by Lryo

Exercise 4. Let X, 2, X. Show that there is a subsequence (ng) such that
Xp, — X w.p.1. (Choose ny so that P(|X,, — X| >27F) <27*)

Exercise 5. Consider a U(0,1) variable X. Consider the following sequence
of random variables: Z; = Ix<1/2); Z2 = I(x>1/2); 23 = I(x<1/4); 24 =
Injacx<1/2); Zs = Injacx<s/ay; Z6 = Iisja<x<1); ete. It should be clear(?)
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how the subsequent Z,, are defined. Show that Z, does not converge with
probability one, but converges in probability to zero.

In conclusion, let us go back to the convergence of observed means to the
population mean. Classical Laws of Large Numbers say that convergence here
takes place with probability one. In other words, if Y7,Ys,... are i.i.d with
common finite mean pu, then X, = (Y1 +---+Y,)/n — p w.p.1. In fact, this
result remains valid even without the assumption of finiteness of the mean, as
long as the Y; are non-negative. The proof of this result is quite involved for
presenting here. Instead, we show that convergence in probability holds. For
this, let us further assume that V(Y) < co. In this case, by Markov inequality

%Y—(Y—)—m.
n

1
P(1Xp = p| > €) = P(1Xn — pl” > €) < 5 B|Xn — pf* =

In the above, we have used the fact that V (Y1+- - -+Y,) = nV(Y') because of the
i.i.d. hypothesis. It is possible to do away with the finite variance assumption,
but the argument becomes a little more complicated. As a special case of the

above, if X, is B(n,p) then X, /n £ p.

Exercise 6. If X,, ~ B(n,p) show that > E(X, — np)*/n* < co and hence
conclude, using Borel-Cantelli lemma that X,,/n — p w.p.1.

Another important mode of convergence is convergence in distribution.
Since we do not need it for our applications, we do not discuss it. However in
Section 0.3, we had an illustration of this kind of convergence. To be specific,
what was shown there is that if X,, ~ B(n, p,) where np, — X as n — oo, then
X, converges ‘in distribution’ to a P(\) random variable. A classical result in
probability, involving the notion of convergence in distribution is what is known
as Central Limit Theorem. Here is what it says. If Y7, Y3, ... are i.i.d. random
variables with mean y and finite variance o2, then X,, = (Y1 +Ya+---+Y,)/v/n
converges in distribution to a N(u,0?) random variable, that is, for any real

a

number a, P(X, <a) — [ f(u)du, where f is the density function given in
—00

Exercise 3 of Section 0.4.1.

0.6 Characterstic Functions

Definition: For any random variable X, the function px(t) = E(e*X) defined
for —o00 < t < 400 is called the characterstic function of X.

To make sense of this definition, one needs to extend the notion of expec-
tation to a complex-valued random variable. If Z = U 4 ¢V where U and V
are real random variables with finite expectations, one defines E(Z) to be the
complex number E(U) +{E(V). With this definition, it is easy to see that the
property

E(a1Z1 + a2Z2) = alE(Zl) + OZQE(Zg)
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holds, where a;, as are complex numbers and Z;, Z, are complex random
variables. The property |E(Z)| < E(|Z]) also holds where, as usual, for a
complex number z, |z| = /(Rez)2 + (Imz)2. Here is a quick proof of the
above inequality. It is easy to see that E(Z) = a|E(Z)| for some complex
number « with |a| = 1. Thus

|E(2)| = aE(Z) = E(@Z) = E(Re (02)) < E([aZ|) = E(|2)
One can use this to show that the Lebesgue’s Dominated Convergence Theorem
(see Section 0.2) holds for complex random variables as well.
Returning to characterstic functions it may be noted that ¢x is a complex-
valued function of a real variable ¢, given by the formula

px(t) = E(cos(tX)) + i E(sin(tX)) . (22)

Clearly, the real random variables cos(tX) and sin(¢X) are bounded and hence
have finite expectations for all ¢. From (22) it follows that

(1) x(0) =1 and pax15(t) = eex (at).

(2) px(—t) = px(t) = p—x(t). In particular, px (t) is a real-valued func-
tion if X has a symmetric distribution, that is, X and —X have the same
distribution.

Using |E(eX)| < E(|e*X|) one also gets
(3) lex (t)] <1 for all £.

For any real ¢ and h,
lox (t+h) = px (B)] < E(le™* ("X ~1)|) = E(le"* —1])

and by the Dominated Convergence Theorem the last expression goes to zero
as h = 0. Thus we have proved

(4) ¢x (¢) is a continuous function — in fact, it is uniformly continuous.

One of the important features of the characterstic function of a random variable
X is that the distribution of X is completely determined by its characterstic
function px. In other words, two random variables with different distributions
cannot have the same characterstic function. We give below the formula, known
as the Inversion formula, that determines the distribution function F' of a
random variable X from its characterstic function @x.

(5) For any two continuity points @ < b of F,
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(6) Moreover, if [|px(t)|dt < oo, then the random variable X has a
bounded continuous density function given by

fngi/fmwwm

The proof of (5) is somewhat involved and hence omitted here. Interested

reader may consult Chung [2005]. Here is a sketch of a proof of (6). Using an
analogue of the Dominated Convergence Theorem valid for general integrals,
one can show that if |px| has finite integral then the inversion formula can be
written as

e—zta _ ,—ith

TR (t)dt

1
2

F(b) — F(a)

l=\
83

b

/ e~ dy | px(t)dt.

a

1
21

I
—3

8

Interchanging the order of integration now (which can again be justified in view
of [|ex(t)|dt < o0), one gets

b 00
F(b)—F(a):/f(m)dx where f(z) = % / " px (t)dt.

Thus X has density f(z) which is bounded because

1@< 55 [ lex®ldt < o

Continuity of f follows from the Dominated Convergence Theorem alluded to
above.

One consequence of the one-one correspondence between characterstic functions
and distributions is that the converse of (2) holds. In other words

(7) px(t) is real-valued function if and only if X has a symmetric distribu-
tion, that is, X and —X have the same distribution.

(8) Of course, for independent random variables X and Y, we have o x 1y =
X - PY.

It is easy to see that if X ~ B(n,p) then px(t) = (¢ + pe")™. Now if X and
Y are independent random variables and X ~ B(n,p) and Y ~ B(m,p) then
the characterstic function of X + Y turns out to be

x4y (t) = ox(t) - oy (t) = (¢ + pe't)™ "
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from which we can immediately conclude that X + Y must have B(m + n, p)
distribution.

Similarly one can show that if X ~ N(0,1), then ¢x (t) = E(cos tX) = e~t'/2.
From this one can deduce that if X ~ N(g,02), then px(t) = eith—3t"0"
Therefore, if X ~ N (pu;0?) and Y ~ N (v,7?) are independent then by com-
puting ¢xtv, one can conclude that X + Y is N'(u + v,0% + 72).

Characterstic functions can also be used to compute moments of the distri-
bution, when they exist. Here is how the method works. Using the power se-
ries expansion e®*X = "% (lt%,) and taking expectations, one gets px (t) =
EGX %) Assume for the time being that the expectation and the infinite
sum could be interchanged. That would give

(e.0] tn
_ ) ny’
px(t) = "B
that is, wx(¢) has a power series expansion in ¢ in which, the coefficient of

n

t" is L E(X™). From the general theory of power series it would follow that

E(X™) = <pg?) (0)/i™. It is possible to justify the above formal calculations
(using simply Dominated Convergence Theorem and appropriate Mean Value
Theorem) and here is the precise result.

(9) If X has finite n-th moment then px has derivatives of orders upto and
including n everywhere and, for every k < n, E(X*) = wg)(O) /i*.

A very important use of characterstic functions consists of proving con-
vergence in distribution. This is achieved through, what is known as, Lévy’s
Continuity Theorem. The theorem asserts the equivalence of convergence in
distribution and pointwise convergence of characterstic functions. Since we
have not formally defined the notion of convergence in distribution, we would
not go into the details of this result. The interested reader may consult Chung
[2005].

Exercise 1. Calculate the characterstic functions of the following random
variables: P()\), U[0,1], Ezp()\) and N (p,0?).

Exercise 2. If X has the double exponential density

f(iv):%@-lxl, -0 <z < 00,

find the characterstic function of X. Use this and property (6) to find the
characterstic function of Cauchy distribution given by the density

1 1
f(m):;—_l-ka:?’ —00 <z < 00.

Exercise 3. Show that px (tg) = 1 for some ¢, > 0 if and only if X is discrete
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with values in the set {2mn/to : n = 0,%1,+2,...}. More generally, show that
lox (to)] = 1 for some ¢y > 0 if and only if X is discrete with values in the set
{@27n +0)/to : n = 0,£1,£2,...} for some real number 6.

Exercise 4. If ¢ is a characterstic function, show that both |¢|? and Re ¢ are
characterstic functions.

Exercise 5. Let (X,)n>1 be asequence of i.i.d. random variables with common
characterstic function ¢. Let N be a P()\) random variable independent of the
sequence (X,,). Find the characterstic functionof Y = X1 +-- -+ Xny. If N =0,
we define Y to be zero.

0.7 Martingales

In this section we discuss a special class of sequences of random variables known
as martingales. Martingales constitute a very important and widely useful class
of processes. We do not intend to present here an extensive coverage of this
topic. Instead we only list a few basic properties of martingales which will be
needed for our purposes. A reader interested to learn more can see the book
of Leo Breiman.

Consider a sequence of independent tosses of a fair coin. Before each toss
you are allowed a bet. If the toss results in heads then you win the amount
you wagered; otherwise you loose the same amount. Note that you are allowed
to change your wagers at each toss and moreover, your decision is allowed
to be based on the outcomes of previous tosses. This can be mathematically
formalized by means of a sequence €;,¢€s,... of random variables where ¢,
denotes your wager amount for the n-th toss. If we denote the outcomes of the
tosses themselves by a sequence 71,72, . .. , where each 7; can be +1 or —1, then
the actual amount you win at the n-th toss is n,€,. Clearly n, are i.i.d. random
variables. The condition on the €, is that €; is a constant and, for n > 2, €,
is a random variable that is allowed to depend only on 11,7m2,...,9,—1. As
an additional technical condition, we shall also assume that each ¢, has finite
expected value. One of the interesting features of the game is that if the coin
is fair, then the game is also fair in the following sense. Denote by X,,, your

n

accumulated fortune upto and including the n-th toss, that is, X, = Y €;n;.

Define Xy = 0. One can easily deduce that, at any stage if you wantz ti) find
the conditional expectation of your accumulated fortune after the next toss,
given all the information upto and including the present time, it equals your
present accumulated fortune. That is to say that if you play one more game,
it would, on the average, make you neither better off nor worse off. The word
‘on an average’ is important here, because in the actual play you would really
either win or loose. The point is that you cannot be certain of either and the
mean change in fortune, based on available information, is zero. This is the
mathematical formulation of fairness in the game. This leads to the following
formal definition.
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All the random variables that we consider below are defined on the same
space. Also they are all assumed to be discrete and to have finite expectations.
Although the condition that they are discrete is not necessary in general, how-
ever it allows us to avoid some technicalities.

Definition: A sequence (X,),>0 of random variables is said to be a martingale

if, for every n,
E(X'nIX07X1"'-7Xn—1) =Xp-1. (23)

In particular E(X,,) is same for all n.

We will see plenty of examples of martingales in our applications in the
subsequent chapters. However, here are some simple examples.

Example 1: Let (7;);>1 be a sequence of independent random variables with
n
zero means. Set, Xo =0, and for n > 1, X;, = 3" ;. Then (X,,)n>0 is easily

i=1
seen to be a martingale. We could easily replace each X,, by X,, + Z where Z
is a random variable with finite mean, independent of (7;);>1, and still have a
martingale.

Example 2: Let (7;)i>1 and Z be as above. Let (e;)i>1 be a sequence of
bounded random variables with €, depending only on {Z,m,...,9n—1} for
each n. Set X,, = Z + Z €, n > 0. Then (X,)n>o is a martingale. The

=1
condition that €; are bounded is just to ensure that €;7; has finite expectation

and can be relaxed by the latter. The example given at the beginning of this
section with the 7; representing the outcomes of succesive tosses of a coin is
just a special case.

Example 3: Let (1;);>1 be as in Example 1, with the additional assumption
n n

that V(n;) = 02 < co. Then Xo =0 and X, = (3 m:)% — Y. 02, n > 1, defines
1 1

a martingale. In particular, if each n; takes the values +1 with probability 1/2

n
each, then (3" 7;)? — n is a martingale.
1

Example 4: Here is the famous Polya Urn Scheme. Start with an urn contain-
ing b black balls and r red balls. A ball is drawn at random, its colour noted
and then the ball is replaced along with an additional ball of the same colour.
This process is repeated. Note that, at each stage the total number of balls in
the urn increases by one so that after n turns, the urn will have b+ r +n balls.
Denoting X, to be the proportion of red balls in the urn after n turns, with,
of course, Xo = r/(b+r), it is not difficult to check that we get a martingale.

Example 5: Let (7;);>1 be an i.i.d sequence, taking the values 1 with proba-

bilities 1/2 each. Denote S, = . ;. Then for any 6 € (0, 1), the sequence
1<i<n

(Xn)n>o defined as Xo =1 and forn > 1, X, = ong(n+5n)/2(1 — 9)("‘5")/2,
defines a martingale. Indeed this is a special case of the next Example.

Example 6: Let (n;);>1 be a sequence of discrete random variables and for each
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n > 1, let py(ug,...,u,) be the (true) joint p.m.f. of (m1,...,7m,). Suppose

that pn(u1,...,us), n > 1, be a sequence of joint p.m.f.s satisfying
(1) > Pa+1(u1,.--,Un,Unt1) = Pn(ua,...,up) and

Un+1
(i) pn(u1,...,un) = 0 whenever pp(u1,...,u,) = 0.

Then Xo =1 and forn > 1, X,, = (M1, .-, 1n)/Pn(M1, - - -, M) can be seen to
define a martingale (taking the ratio 0/0 to be 0). Complicated though this ex-
ample looks, here is the context in which it arises. The p, can be thought of as
the joint p.m.f.s under some proposed alternative distribution of the sequence
(7:)i>1. A statistician wants to test the validity of this alternative. Standard
tools of statistics often use the X, (known as likelihood ratio in statistical
parlance) to test such hypotheses.

Most of the basic theory of martingales is due to J. L. Doob. We proceed to
present some of the basic results on martingales, which we need in the sequel.
The first result is about convergence with probability one for a martingale.
One of the main tools for the proof of this result is an inequality known as
Doob’s upcrossing inequality.

Let zo, 21, - - - , T, be a finite sequence of real numbers. For a < b, let u,(a,b)
denote the number of ‘upcrossings’ of the interval (a,b) by the sequence. For
example, suppose n = 7 and 29 < a,a < 21 < b,z2 > b,xz3 > b,a < x4 <
b,zs < a,z6 < a and z7 > b. Then there are exactly two upcrossings. More
generally, u,(a,b) = k if there exist exactly k pairs (and no more) of indices
0<m; <m <--- <my <ng, <n such that z,,,, < a and z,, > bfori =
1,...,k. Here is a convenient formula for counting the number of upcrossings.

Define vg = 1 and for 0 < ¢ < n, v;41 = 0 or v; or 1 according as z; < a or
n

a < z; < borz; >b. It is then easy to see that u,(a,b) = > (vi41 —v;)T. The
=

i=
reader can easily verify the inequality (b — a)(vir1 —vi)t < (z; — a)(Vir1 — v;)

n

for i = 1,...,n. This immediately gives (b—a)un(a,b) < > (; —a)(Vit1 —v;).
=1

In the above, we have used the notation ¢ to denote max{c,0} — known as

‘the positive part’ of a real number c.

Suppose now Xg, X1,...,X, are random variables and denote the corre-
sponding number of upcrossings by U, (a,b), which is also a random variable
now. Further the corresponding v; are now denoted by V;. For each i > 1, V;
is also a random variable and depends only on X, ..., X;_1. From the above
inequality it follows that, if the X; have finite means, then (b— a)E[U,(a,b)] <

;1 E[(X; —a)(Viyr — Vi)] = ; E[(X; — a)Visa] - ; E[(X; — a)Vi].
Assume now that we have a martingale (X;);>0 and apply the above to the

random variables Xo,...,X,. Foreach i =1,...,n, we have

E[(X, - O,)V;J] = E[E{(Xl e a)V“Xo,‘ . ';Xi-—l}]
E[V; E{(Xz — a) IX(), .. -;Xi—l}] = E[(Xz_l - a)Vl]

I
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In the above we have used properties of conditional expectations stated in
Exercises 22 and 23 of Section 0.2.3 and the martingale property. Using this
we get

(b —a)E[Un(a,b)] < aE[(X —a)Vipa] - Z E[(Xi1 — a)Vi]

= E[(X — (1) n+1] - E[(XO - a)Vi]

Since the second term in the final expression is easily seen to be non-negative
and the first term is < E(| X, — a|) < E|X,| + |a|, we have proved

Theorem (Doob’s Upcrossing Inequality): For any martingale (X;);>0
and for any a < b, E[Up(a,b)] < (E|X,| + |a|)/(b—a), for all n.

We are now ready to prove the convergence theorem known as Doob’s Mar-
tingale Convergence Theorem. We need the following simple observation whose
proof is left as an exercise. Given any sequence (z;);>o of real numbers, the
sequence converges if and only if for every pair of rational numbers a < b,

ef

u(a, b) < supu, (a,b) < co. Here by the convergence of a sequence we mean
n
that it either converges to a real number or diverges to +o0o or diverges to —oo.

Suppose now that (X;);>o is a martingale and let a < b be a pair of ra-
tional numbers. Consider the sequence of random variables (Uy,(a,b))n>1 as
defined earlier. Clearly this is a non-decreasing sequence of random variables
taking non-negative integer values. Thus U(a,b) = nlgr;o Uy(a,b) is well de-
fined (possibly taking the value +00). Moreover by the Monotone Conver-
gence Theorem, E[U(a,b)] = hm E[Upn(a,b)] < (sup E\X,| + |a))/(b — a),

where the last inequality uses the upcrossing 1nequahty Therefore if the
martingale (X;);>0 is assumed to satisfy the condition sup E|X,| < oo, we

will get E[U(a,b)] < co. This will of course imply P[U(a,b) = +oo] = 0;
equivalently, P[U(a,b) < oo] = 1. Since this is true for every pair of ra-
tional numbers @ < b (and there are only countably many such pairs), we
have P[U(a,b) < oo for every pair of rationals a < b] = 1. But this will im-
ply by the earlier observation that P{X; converges } = 1. Further, denoting

= lim inf [ X;|, an easy application of the Monotone Convergence Theorem

(and the definition of liminf) gives E(Z) < hm inf |1 X;| < sup E|X,| < 0.

This would imply that if X; converges to X w1th probability 1 then X has
finite mean. We have thus proved

Theorem (Doob’s Martingale Convergence Theorem): If (X,)n>0 is
a martingale with sup E|X,| < oo, then X,, converges with probability 1 to a

n
random variable X which has finite expectation.
We are now going to prove that if moreover, sup E|X,|?> < oo then the

n
convergence takes place also in Lo, that is, E(X?) < oo and E(X, — X)? = 0
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as n — co. An immediate consequence of this, which will be used by us, is the
following: if (Xy)n>0 is a martingale such that |X,| < ¢ for all n, where c is
a finite constant, then X, converges to X with probability 1 as well as in Ly
(hence in L') and, in particular, EX = EX,.

For the proof, we first need the following basic result on the expectation of
non-negative random variables.

Lemma: For any non-negative random variable X with finite expectation, one

has E(X) = [ P(X > \)d\.
0

Proof: In case X has a density, say f(z), then by an interchange of integrals,

O/P(X>)\)d)\zO/A/f(a:)dzd/\:o/f(x)o/d)\dx=0/xf(x)dx.

which equals E(X) as stated. Next let us consider a discrete random variable
X taking finitely many values say, 1 < -+ < xp with probabilities p1,...,px
respectively. In this case, it is easy to see that

TP(X >Nd\ = =z + (z2 —21)(1 —p1) + (23 — 22)(1 — p1 — p2)+
0
“o+ (Tn — Tn-1)Pn,

and the right hand side clearly simplifies to Y z;p; = E(X).

If X is a non-negative discrete random variable taking an infinite number of
values, say 1,2, ..., then we can define a sequence (X,,) of non-negative ran-
dom variables increasing to X with each X, taking only finitely many values.
To be precise, for each n, X, is defined to be equal to X whenever X takes

values from {z1,...,z,}, and is defined to be zero otherwise. An application
of the earlier case and Monotone Convergence Theorem completes the proof.
|

Suppose that p > 1 and E(|X|P) < co. Then by the above Lemma applied
to the non-negative random variable | X|P, we get

o0 o
B(X[?) = / P(XJP > Nd\ = / P(X| > A/P)d).
0 0
An easy change of variable now leads to

Corollary: For any p > 1 and any random variable X with E(|X|P) < oo,
B(X[P) = p [ WLP(|X] > A)dA.
0

Now let (X,)n>0 be a martingale. For each n, let M, = m<a,x|Xl| Fix
- <N

A > 0 and consider the event A = {M,, > A}. An upper bound for P(A) is



0.8. MARKOV CHAINS 37

provided by what is known as Doob’s Mazimal Inequality given below.
Lemma (Doob’s Maximal Inequality): P(A) < E(|X,|-14)/\

Proof: Let Ag = {lXol > /\} and A4; = {|X0] < )\,...,IX,;_ll < A, lel > /\},
for 1 < i < n. Then Ay,..., A, are disjoint and A = J, A;, so that, P(4) =
> P(4A;) < 5 Y E(]Xilla;). An easy consequence of the martingale property
of (X,) is that, for any i <n, X; = E(X, | Xq,...,X;). This would therefore
give

P(4)

IN

S BB Ko, .., X))
Z E(E(| X1 Xo,...,Xi)14;)

S B(Xalla) = 3 B(Xalla)

(VAN
S| bty -

Il

Sl | =

Applying now the Corollary above with p = 2 and X = M, followed by the
Lemma, we get

IN

E(M2) < 2 [ B(Xallipgony) dA = 28 (an| [ oo dx)
0

2E(| X, M.,) < 2/ E(X2)\/EZ).

This leads to E(M?2) < 4E(X?2). If now (X,) is an Ly-bounded martingale,
that is, sup E(X2) < oo, then it follows that
n

E (supan|2> <4sup E(X?) < o0,

whence by Dominated Convergence Theorem we get

Theorem: If (Xp)n>0 is an La-bounded martingale, then it converges with
probability one to a random variable X having finite second moment and more-
over, the convergence is also in Lo, that is, lim E(X, — X)? = 0.

n

0.8 Markov Chains

Consider a system which evolves with time in a random way. For the sake of
simplicity, let us consider the set of times to be discrete. Let us also assume that
the set S of possible states of the system is countable. S will be called the state
space of the system and the individual states (i.e. elements of S) will be denoted
by i, j, k etc. Let X,, denote the (random) state of the system at time n,
n=20,1,2,.... We are assuming that each X, is an S-valued random variable
and the entire evolution of the system is described by the sequence (X,)n>0. In
particular, Xy is the initial state of the system. Study of such systems in this
generality, without any further assumptions, will not lead to any interesting
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theory. Usually one imposes additional restrictions on the joint distribution
of the sequence to get different kinds of “stochastic processes”. One such
condition, studied in the last section, is that E(X,1Xo, X1,...,Xn-1) = Xpn-1
for all n, which gave rise to what are called martingales. In this section, we
study one other extremely important and useful condition that leads to a class
of processes known as Markov chains.

0.8.1 Markov Chains: Transition Probabilities

The property that is imposed can be briefly referred to as ‘lack of memory’, by
which we mean that given the present state of the system the ‘future’ evolution
does not depend on the ‘past’ history. In mathematical terms, this means that
for any two non-negative integers n and m, the conditional distribution of
Xn+m given Xo, Xy, ..., X, depends only on X,,. It turns out that one needs
only to assume this for m = 1. Thus we have the following definition.

Definition: A sequence (X,)n>0 of random variables taking values in a countable
set S is aclled a Markov chain on the state space S if, for any n > 0 and any
iOailw' ‘)in—1,i7j € S;

P(Xn+1 :leO =140,..., Xn_1 =ip_1,Xn :i) = P(Xn+1 :JIXn :i)-

Further, the chain is called time homogeneous, if the above conditional probabilities
do not depend on n and hence are also equal to P(X; = j | Xo =1).

Markov chains appearing in most applications also happen to be time ho-
mogeneous. A rich theory exists for such chains. We shall restrict ourselves
to only Markov chains which are time homogeneous. We will denote, for any
i,7 € S, the probability P(X; = jlXo = ¢) by p;;. Writing the distribution
of Xy as {u;,% € S}, it is not difficult to see that all the finite dimensional
joint distributions for (X,)n>0 are completely determined by the quantities
Wi, ¢ € S and p;j, 4,j € S. Specifically, for any n and any collection of states

iOaila"'ﬂ:na
P(XO = i07X1 = ila LIRS 7Xn = Il’n) = /inopio’il  Din_1in -

{pi,i € S} is called the initial distribution and {p;;,i,j € S} are called the
transition probabilities or one-step transition probabilities, to be exact. From
the definition it is clear that,

(1) s > 0for all i and Y p; =1,
(2) pij >0foralli,jeSand) pjj=1forallies.
J

It is often convenient to represent the initial distribution by a row vector
1= (us;1 € S) and the transition probabilities by the transition matriz P =
((pij))i,jes- The property (2) above simply says that P has non-negative entries
with each row sum equal to one. Such matrices are called stochastic matrices.
Much of the theory of Markov chains rests on an analysis of its transition
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matrix P and not so much on p. The matrix P™, the n-th power (in the sense
of matrix multiplication) of the matrix P, is called the n-step transition matriz
simply because its (z, j)-th element p( ) gives the probability of transition from
i to j in n steps, that is,

P = P(Xpim = 1 Xm =) = P(X, = j1 Xo = 1).

One can easily verify this for n = 2 and then use induction to complete the
proof.

One useful consequence, known as the Chapman-Kolmogorov equations, is

pit = Z P (24)

This can of course be verified directly from Markov property. For the sake
of completeness we need to set PO = I, the identity matrix which is also
consistent with the notion of zero-step transition.

A simple yet useful property of a Markov chain (X,)n>0 is that if f is any
real function on the state space S satisfying ) p;; f(j) = f(¢) for all 4, then the

J
sequence (f(Xy))n>o0 is a martingale, provided, of course, the sum > f(i)u; is
convergent. Functions f satisfying > ; Pij f(3) = f@@) for all 4, are known as
harmonic functions for the transition matrix P.

Example 1: Let &,&,,... be i.i.d. integer-valued random variables with com-
mon distribution P(§& = j) = a;. Let Xy be any integer valued random
n
variable independent of the ¢ sequence. For n > 1, let X, = Xo+ )_ &. Then
=1
(X,,) is a Markov chain with state space S = the set of integers and transition
probabilities p;; = aj—;. The n-step transition probabilities are also not diffi-
cult to get. An elegant formula for these can be obtained using the following
notation. For any two probability distributions a = (e;) and 8 = (8;) on
integers, let o * 8 denote the distribution defined by (a * 8); =3, aifj—;. In
particular, a*" is defined recursively by a*”* = a*(®~1) x a. With this nota-
tion the n-step transition probabilities of the chain (X,,) above are given by

) — *N
pm =Gy

It may be noted that here p;; as well as p;; (n) depend on ¢ and j only through
j —i. In fact, these are the only Markov chams with this property. In other
words, if (X, )n>0 is a Markov chain whose transition probabilities p;; depend
only on ¢ — 7, then the random variables &, = X, — X,,_1, n > 1, are i.i.d.
The proof is easy. Such Markov chains are called random walks. A special
case is when the random variables §; take only two values +1 and —1. This
gives what is known as simple random walk. A further special case when
P& = +1) = p(§ = —1) = 1/2, is called simple symmetric random walk.
Feller’s book (vol.1) gives an extensive and interesting account of such random
walks. His analysis is based entirely on what is known as ‘path counting’ and
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is therefore easily accessible. Interested reader should consult this book. We
will include parts of this material at the end of this section.

Example 2: Consider an urn with a total of D tokens — some numbered +1
and some —1. The composition of the urn changes over time as follows. At
each turn, a token is picked at random from the urn and its sign changed and
put back in the urn. Denote by X, the number of +1 at time n. It is clear
that X,, is a Markov chain with state space S = {0,1,...,D} and transition
probabilities
i
Diji+1 =1— o= 1—pii-1.
Thus, from a state i, transitions are possible only to states ¢ — 1 or ¢ + 1 in
one step. Of course if ¢ = 0 (respectively D) then the system moves surely to
1 (respectively D — 1). It is not difficult to see that the two-step transition
probabilities are given by:
i+ 1 (2) 1 1—1

@ 1 Sy 2) _
pi,i—l—?—(l D)(l D )7 pz,z—2 D D )

o _,_ili=1) _ (D-)D-i-1)
Pym =4 D2 D2
Exercise 1. Suppose Xy is uniformly distributed on the state space S in

the above example. Calculate the distributions of X;, X, and also the joint
distribution of (X1, X2). Do the same when Xo ~ B(D,1/2).

Example 3 (0 — 1 chain): Consider a machine which can be in two states, ‘on’
and ‘off’. Also if the machine is ‘on’ today, then the probability is a that it will
be ‘off’ tomorrow. Similarly, 3 is the probability of transition from ‘off’ state
to ‘on’ state in one day. Denote the ‘on’ and ‘off’ states by 0 and 1 respectively.
Denoting by X, the state of the machine on day n, (X,)n>0 is a Markov chain
with state space S = {0, 1} and transition matrix

P:(Poo Po1) _ (1—01 a )

Pio Pu1 g 1-8

We assume that o + 8 > 0 (what happens if a + 8 = 07). A trite calculation
gives

o) = ol Vatpli (1= =a+pf N (1-a-8),

from which one deduces

) = gl (-a-p).

Similar calculation shows that

=

Py = 1-(1-a-p8)".

Q
+
=
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If one further assumes that a + 8 < 2 (what happens if a + 8 = 27), so

and p{V — ﬁﬁ' Since

that |1 — a — B| < 1, then one gets p{™ — @
| B 8E€LS Po1 atp
(n

P =1 —p{ we deduce that p{) — ;]ﬂ-—ﬂ' Similarly p{% — &i—ﬂ.

From all these, one can deduce that, if 0 < a + 8 < 2, then the Markov
chain has the limiting distribution = = (7o, m;) = <E§-_B’ 5375/, Whatever be the
initial distribution of the chain. This distribution represents what is called the
‘equilibrium’ or ‘steady-state’ distribution of the chain. It is so called because
7 also happens to be the only distribution on S with the property that if X,
has distribution =, then for every n, X, has the same distribution 7. This
conclusion also follows from the equations describing pg’).

This example leads one to the natural question. Is the above kind of phe-
nomenon true for all Markov chains? That is, does every Markov chain have
a limiting distribution? Is the limiting distribution unique (i.e. independent
of initial conditions)? Are these limiting distributions, if any, also steady-state
distributions in the above sense? The cases a + 8 = 0 and a 4+ § = 2 should
convince the reader that the answers to the above questions cannot always be
in the affirmative.

To better understand the nature of problems and to identify some of the
cases where we do have affirmative answer, we first need to discuss ‘classifica-
tion’ of the states. This will be done in the next section. But let us now make
a little digression to discuss some interesting properties of simple random walk
as described in Example 1.

Simple Random Walk: Recall simple random walk as discussed in Ex-
ample 1. Here is an illustration of the path-counting argument and the final
result will be used in Chapter 4.

In the context of random walks, a path from (0,0) to (n,a) is a polygonal
line with vertices (i, s;) for 0 < i < n, with sg =0, s, =a and s; — s;_1 = £1
for 1 < i < n. It is clear that a has to be an integer between —n and +n.
Similarly one can talk about paths from (m,a) to (m + n,b), for integers m
and n with n > 0. Such paths are called paths of length n. It is clear that the
total number of paths of length n starting from a given point is 2™. Also the

number of paths from (0,0) to (n,a) is | ,,, |-
2

A fact, often called the reflection principle is that, for integers a,b > 0,

the number of paths from (0,a) to (n,b) that touch or cross the X-axis is
the same as the total number of paths from (0, —a) to (n,b) and hence equals

n .
(n tasp |- This is done by establishing a one-one correspondence between the

2
two sets of paths. From this one can easily deduce that for any integer a > 0,

the number of paths from (0,0) to (n,a) that do not hit the X-axis equals

n—1 -1
( nta _ 1) - (nn_ﬂ ) Incidentally, this formula also gives a solution to what
2
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is known as the ballot problem.

We now turn to an important property of simple, but not necessarily sym-
metric, random walk. In other words, we consider the Markov chain on the
set of integers with transition probabilities p; ;1 = p = 1 — p;;—1. For any
integer a, let T, = inf{n > 1: X,, = a}, that is, T, is the hitting time of a.
Fix integers a < ¢ < b. Let

p(A) =P(T, <TplXo=1i) for a<i<b
and p(a) =1 and ¢(b) = 0.
Exercise 2.
(i) Show that for a < i < b, (i) = pe(i + 1) + (1 — p)e(i — 1)
(ii) Denoting d; = (i) — ¢(i — 1), show that for a +1 < i < b,

pd; = (1 —p)di_1,

1— p i—a—1
dz' = (T) da+1 .

and hence that

(iii) Assume that p = 1/2 and show that ¢(i) = 1+ (1 —a)da4q for a < i < b,
and hence deduce that ¢(i) = (b —1)/(b— a).

(iv) Assume that p # 1/2 and denote (1 — p)/p by a. Show that

. p i
p(i) =1+ -2 datr [0 —1]

for a <7 < b and hence deduce that

b_ o
pli) =
(v) If p > 1/2 then show that
P(T,<xlXo=i) = o *<1.
(vi) If p < 1/2 then show that
P(T, < olXo=i) = 1.

0.8.2 Classification of States: Recurrence and Transience

For any state i, let us define two random variables, possibly taking value +oo,
as follows:

T; = min(n > 1: X,, = 1), Ni=#n>1:X, =1).
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In the definition of Tj, if there is no n > 1 such that X,, = i we take T; = +00.
If there are infinitely many such n, then of course, N; = +oo. T; represents
the time of the first visit to 7 and N; represents the total number of visits to
1. In both of these, the time point 0 is not counted. It is clear that the events
(T; < o) and (N; > 1) are same.

For i and j in S, let
S =P(Tj=nlXo=i) = P(Xn=j; Xi #4,1 <1 <nlXo=14), (25)

Z ™ = P(T; < ool Xo =4). (26)

It is clear from the definitions that pl") > fi (") In fact one has the following
identity often known as the renewal equatzon

MOR o el (27)

m=1
To prove the equation, one has to simply write the event (X, = j) as the

n
disjoint union of events |J (T} = m,X, = j) and calculate the probabilities

m=1
of these events by applying the Markov property.

All the states of the Markov chain are classified into two kinds as defined
below.

Definition: A state i is called recurrent if f;; = 1 and is called transient other-
wise. A state i is called absorbing if p;; = 1.

Thus a state 4 is recurrent if the chain starting from 1 is sure to return to 2
at some future (possibly random) time. Naturally, for a transient state 7 there
is a positive probability of never returning to . Clearly every absorbing state
is recurrent.

Since the two events (T; < oo) and (N; > 1) are identical, it follows that a
state 7 is recurrent iff P(IV; > 1] Xy = i) = 1, that is, the chain starting from
the recurrent state i is sure to make at least one visit to . We will, in fact,
show that starting from a recurrent state ¢, the chain actually makes infinitely
many visits to ¢ with probability one. Intuitively, this should be obvious from
the Markov property. To do this rigorously and get some other results we need
the following identity:

For states 7 and j and any m > 1,
P(N; >mlXo=1) = fi - f[3 . (28)

For m = 1, this is just the definition of f;;. Let us prove it for m = 2. Clearly,

oo o0

P(N;j>2IXo=1i)=Y > P(Anw|Xo=1i),

n=1n'=1
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_ Xn:Xn+n’:j;
where An,n’_{ Xp#jforl<p<nandforn+l1<p<n+n' [’

By using the properties of conditional probability and the Markov property,
each summand reduces to the product
P(Xn :.77Xp #]71 §p<n|X0 =7’) ) P(X'n’ =.77Xp #]71 SP <nI|XO :.7)7
so that
o0 0 ,
P(N; 2 21X0=d) =Y > fiV £ = fisfis-
n=1n'=1

The proof for a general m is similar. Do it for m = 3 to make sure that you
understand.

Notice that the events (IN; > m) are decreasing as m increases with limit
being the event (IN; = 0o0). If j is a transient state then f;; < 1, so that for
every i, P(N; = oo| Xy = i) = 0. That is, a transient state can be visited
at most a finite number of times, no matter where the chain starts. On the
other hand, if j is recurrent, then P(N; = oo | Xy = i) = f;;. In particular
P(Nj = ool Xo = j) =1, as stated earlier.

It also follows that if j is a recurrent state, then E(N; | X, =14) =0 or oo
according as f;; = 0 or fi; > 0. In particular, E(N; | Xo = j) = oo if j is
recurrent. On the other hand, if j is transient then

P(Nj =mlXo=1i) = fi;(1—- fi))fiy~"  form=12,....

Since fj; < 1, we have E(N; | Xo = 1) = fi;/(1 — f;;). In particular, it follows
that E(N; 1 Xo = i) < c0.
The above analysis leads to another characterization of transience and re-
currence, namely, a state j is recurrent if and only if the series pg-?) diverges.
n

To see this, one defines random variables (Y,,, n > 1) as Y, =1if X,, = j and
oo

Y, = 0 otherwise. Then N; = ) Y, so that, for any ¢,
n=1

E(N;1Xo=0) =Y EY,lXo=4)=Y p™.
J
n=1

The above-stated characterization of recurrence follows now by taking i = j.

fij

Further, for a transient state j, the series > pg-L) converges to for

every state . In particular, pgl)
This last observation can be used to deduce that if the state space is finite

then there has to be at least one recurrent state. This is clear since ) pg') =
J€S

always for every n. Therefore if S is finite, lim pg;z) =1 also. This makes
—00 jeg

ij
— 0 asn — 0.

it impossible that p{™

i 0 for all 3.



0.8. MARKOV CHAINS 45

Given states ¢ and j we say that ¢ leads to j, in symbols i — j, if f;; > 0.

This can be seen to be equivalent to requiring that f-(-") > 0 for somen > 1,

ij
which in turn is the same as requiring pgl) > 0 for some n > 1. It is a simple

consequence of the Chapman-Kolmogorov equations that if 7 < j and j < k,
then ¢ — k.

An important result is that a recurrent state does not lead to a transient
state. More specifically, if ¢ is recurrent and ¢ < j then j is recurrent and
fij = fis = 1. We only need to prove the result when ¢ # j. We first prove

that f;; = 1. Since i < j, pg.’) > 0 for some n > 1. Let m be the smallest
such n. Then we can get states 41,42,...,%m—1, all different from 7, such that
Dii1Dirig ** " Pim_1j = & > 0. Suppose, if possible, f;; < 1, that is, P(X, #
i YnlXog=37)=8>0. But P(X, #¢ VYnl|Xo=1) is at least as much as

P(Xl =41, Xm—1 = Im-1,Xm =J and Xm+n752\7’n2 11X, :i)-

By Markov property, it is easy to see that the right hand side equals af > 0,
contradicting the recurrence of . Thus we must have f;; = 1. In particular,
j < i. Now the recurrence of j is derived as follows. Let m' > 1 be such that

p%n’) > 0. Then
i m S i (m), (), (m)
Py = Dji "Pii Pij
n=1 n=1

and the right hand side diverges because both pg.;"l) and pg") are strictly posi-
tive and ¢ is recurrent. This implies divergence of the left hand side and hence
recurrence of j. That f;; = 1 is obtained now by reversing the roles of ¢ and j.

Results of Exercise 2 in the previous section really tell us that for a simple
random walk with p > 1/2, f;; < 1 for all ¢ > j. Using the fact that ¢ — j for
any two states ¢ and j, we deduce that all states are transient in case p > 1/2.
One can similarly show that the same is true if p < 1/2. It would be an
interesting exercise to go back to the formula for d; and examine what happens
in case p = 1/2. The reader should be able to show that now f;; = 1 for all
i # 7 and deduce from this that all states are recurrent.

0.8.3 Decomposition of the State Space: Irreducible
Closed Classes

The limiting and steady state behaviour of a Markov chain is intimately con-
nected with a partition of the state space. One way to get the decomposition
is to define an equivalence relation between states. Given states ¢ and j, we
will say that they are communicating if either (i = j) or (i = j and j — ). It
is easy to see that this is an equivalence relation so that the whole state space
S is partitioned as a disjoint union of equivalence classes. These equivalence
classes are called communicating classes.
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From the earlier result it is clear that in a communicating class either all
states are recurrent or all states are transient. A communicating class is called
recurrent (respectively, transient) if all states in the class are recurrent (respec-
tively, transient). It is natural to ask how to interpret these equivalence classes
in terms of the behaviour of the chain. Let us make a definition first.

Definition: A set C C S is said to be closed or stochastically closed if p;; = 0
fori € C and j ¢ C or equivalently, fori € C, 3 p;; = 1.
jec

The condition in the definition above can easily be seen to be equivalent to
3 pgl) = 1for all ¢ € C and for all n > 1. This really means that if the chain
jec
starts from 7 € C, then with probability one it remains in C for ever. More
precisely,

PX,eC ¥n>1lXo€C)=1.

The state space S is trivially a closed set. A singleton set C' = {i} is closed iff
1 is an absorbing state. It is also easy to see that any recurrent communicating
class is closed and moreover it does not have a proper subset which is closed.
It is therefore natural to ask “what are the minimal closed subsets of S?7”

A closed set C is called irreducible if i — j for every ¢ and j in C. It
is easy to see that a closed irreducible set C is minimal in the sense that no
proper subset of C' is closed. A closed communicating class is irreducible. In
particular, any recurrent communicating class is closed and hence irreducible.
One can not say the same thing about transient classes simply because they
may not be closed. In fact, as already remarked, a finite transient class can
never be closed. An infinite transient class may or may not be closed.

Exercise 3. Let the state space S be the set of all integers. The transition
matrix is given by P, ;41 = 3/4 and p;;—1 = 1/4. (This is just the simple
random walk with p = 3/4.) Show that the chain is transient, S is a transient
class and S is closed.

Exercise 4. Let the state space S be the set of all non-negative integers. The
transition matrix is given by: poo = 1 and, for ¢ > 1, p; j11 = 3/4, psi—1 = 1/4.
Then the set of strictly positive integers is a transient class, but not closed.

In passing let us also note that there may not be any closed irreducible set.
For example, let S ={0,1,...} and p; ;+1 = 1. One can easily see that sets of
the form {k,k+1,...} C S are all closed and these are the only closed sets.
Thus no closed set is irreducible. Of course, such a behaviour is impossible
for a finite state space Markov chain. In fact, for a finite state space Markov
chain, the structure is fairly simple. Since finite state space chains are all that
we will be needing for our applications, from now on

let us specialize to the case where the state space is ﬁnite.J

In this case, we have a unique decomposition of the state space S as follows.
S = Sr U St, where Sg is the set of recurrent states (necessarily non-empty)
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and St those of transient states (possibly empty). Further Sg = U C; where

each Cj is an 1rreduc1ble closed set. If the chain starts in Cj it remams there
forever visiting each state an infinite number of times with probability one.
Thus if ST = (), we may, depending on the initial state of the chain, study the
chain only on a reduced state space, namely, one of the Cj.

In fact, even if Sy # (), a chain starting in St will, after a finite (random)
number of steps, has to enter one of the C; — and, of course, will remain
there from then on. The long-term behaviour of the chain will therefore be
still determined by the analysis of the chain on the restricted state space C;.
The only other things that are pertinent in this case are: How long does it
take to enter one of the classes C; and what are the probabilites of entering
the different classes? We address these questions first.

Leti€ Spand 1 <I<k. Let

ag = P(X, € C for some n| Xy =1)
= P(X, € C for all large nl Xy = 7).

k
From what has been said above Y a; = 1. Let us also denote for i € St and
=1
for 1 <<k,
Ba = Zpij =P(X; € ClXy=1).
JEC!

It is now easy to see from the Markov property that

an = Bu+ Y, pija. (29)

JjEST

In other words, for each I, the numbers (aj;)ics, satisfy the system of linear
equations given by (29). In fact, one can show that it is the unique solution. It
is convenient to write this system of equations in matrix form. Let @) denote
the submatrix of P of order St x St defined as @ = (p;;)s,jes,. It is convenient
to think of the rows and columns of ) indexed by states in St. For fixed I,
1 <1<k, let &y and B; be the column vectors of size St with entries a; and
Bi respectively for 7 € Sp. Then a; is the unique solution of the equation

o = B+ Qo.

The uniqueness is a consequence of invertibility of the matrix (I — @), which
in turn follows from the fact that the series I + Q@ + Q2 + - - - is convergent and
is indeed the inverse of I — ) (finiteness of St plays a role here). Here I is the
identity matrix. As a consequence

a = (-Q7'A.



48 CHAPTER 0. PROBABILITY TOOLS AND TECHNIQUES

The duration of time that a chain takes, before it enters Sg, is
7 =min{n >1: X, € Sg}.

We want to get a formula for the expected value of 7 starting from different
transient states. For i € S, let

m; = E(TIX() = 'i),

and let m be the column vector of size St with entries m;. Denoting € to be
the column vector of size Sy with all entries 1, it is eagy to see that m satisfies
the equation

m = €+ Qm,
from which the unique solution for m emerges as
m=(—-Q)'e.

From the above analysis, it is clear that the matrix (I — Q)™ plays a fun-
damental role and is appropriately called the fundamental matriz of the chain,
denoted by V. The above method is often referred to as the fundamental matriz
method. A particularly useful special case — which would also be singularly
relevant for applications in Markov models in genetics — is what are known as
absorbing chains.

Definition: A Markov chain on a finite state space, for which all the recurrent
states are absorbing, is called an absorbing chain. '

For an absorbing chain, each C; obtained in the decomposition of Sg, con-
sists of a single absorbing state. Entering the different C; really means getting
absorbed in one of the absorbing states. For each i € St, the numbers «y;, for
1 <1<k, are called the absorption probabilities starting from 1.

As seen earlier, we can only solve for ay; simultaneously for all i € St with
[ held fixed. In other words each vector @; is supposed to be solved separately
for each I. However, in case there are only two absorbing states — that is k = 2
— then solving for one [ is enough (why?).

In case of absorbing chains, it is notationally convenient to list the states so
that the absorbing states come before the transient states. To avoid triviality,
we assume that there is at least one transient state. With this ordering of
states, the transition matrix P takes the form

I O
P= (ra)
where @) is as before. The entries of N R are precisely the absorption probabil-

ities ay for i € ST and 1 <1 < k. Entries of Ne are precisely the mean times
till absorption.
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Exercise 5. Consider a chain with four states and transition matrix

1 0 0 0
0 1 0 0
1/4 0 1/2 1/4
1/4 1/4 1/4 1/4

Calculate the fundamental matrix, the absorption probabilities and mean times
till absorption.

Exercise 6. For an absorbing chain, show that the vector of variances of
the time till absorption starting from different transient states is given by
V = (2N — I)m — m? where m? denotes the vector whose entries are the
squares of the entries of m.

0.8.4 Ergodic Chains: Limiting Behaviour and
Stationary Distributions

We go back to a general finite state space Markov chain and recall the decom-
position of the state space

S = Sp U Sr
k

= UC[ U Sr
=1

where St and Sg are the sets of transient and recurrent states respectively and
C;, 1 <1<k, are the closed irreducible subsets of Sg.

As noted already, the long-term behaviour of the chain is determined by
the analysis of the chain on the restricted state spaces C;. This is what we
want to pursue now. Accordingly, let us assume that the whole state space S
of the chain is one single closed irreducible class of recurrent states. Such a
chain is called an irreducible recurrent chain, also sometimes referred to as an
ergodic chain. For such a chain, we are going to show that there exists a unique
7w = {m, 1 € S} with m; > 0 and > m; = 1 such that 7P = 7 or equivalently,
there is a unique probability = on S such that if Xg ~ 7 then X; ~ 7 (in
fact, X,, ~ 7 for all n). It is this property that is described by saying that
m is an invariant distribution for the chain — also called a steady-state or an
equilibrium or a stationary distribution. Formally,

Definition: By an invariant distribution of a Markov chain is meant a probability
distribution 7 on the state space S for which the equality 7P = 7 holds.

Exercise 7. If Xg ~ 7 where 7 is an invariant distribution, show that the joint
distribution of (X, X,+1) is same for all n. Generalize from pairs to triplets
etc.

A Markov chain may not have any invariant distribution. In case it has,

it may have more than one invariant distributions. It is not difficult to show
that symmetric simple random walk has no invariant distribution. On the
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other extreme, the Markov chain on S = {0,1}, with pgp = p13 = 1, is an
easy example of a chain with plenty of invariant distributions! Our following
analysis will show, among other things, that a finite state space Markov chain
will always have at least one invariant distribution.

Indeed, we will show that for an ergodic chain with finitely many states
there is one and only one invariant distribution. This invariant distribution 7
will also turn out to be the limiting distribution of the chain in the following
sense:

.. s )
forall 4,j5€8, 1171211 le; pi = . (30)
It may be noted that the above limit does not depend on ¢. In other words,
the effect of the initial distribution wears off in the long run.

We first prove that the limits in the left-hand side of (30) exist and are
free of i. We start with some notations. For any state ¢, P;(A) will denote
the conditional probability of the event A, given Xo = ¢. Thus P;(A) can be
thought of as the probability of the event A when the initial distribution is
concentrated at i. Expectation wih respect to this probability will be denoted
by E;. Let us, from now on, fix a state j. Let T7,T5,... be the times of
successive visits to the state j. Only times greater than or equal to one are
considered for these visits. That is,

77 = min{n>1:X,=j},

and for r > 2,
T. = min{n>T,_1:X,=j}.

Since S is a closed irreducible recurrent class, P;(T, < oo for all r) = 1. Set
Zo=T) and forr > 1, Z, = T,41 — T-. We claim that the Markov property of
(X,,) implies that for any 4, the random variables Z;, Zs, . .. are i.i.d. under P;.
Moreover, the common distribution is that of 77 under P; (and hence does not
depend on the initial state 7). To see this, note first that P;(Z, =11 Zp = lo)
equals the conditional probability of (Xjy4+m # 5,0 < m < l1; Xig4t;, = 7),
given (Xo = 4; X # j,0 < m < lop; X;, = j) which by Markov property at
time [y equals

P(Xm #5,0<m <l Xy, =jlXo=j)=F(Th =h).

Next, P;(Zs = lo1 Zy = 1o, Z1 = 1) equals the conditional probability of the
event A given the event B, where

A= {Xlo—l—l1+m # .770 <m< l2)Xlo+l1+12 = J})
and

B = oniaXl():Xlo—i-ll:jme?éj)0<m<l0a
Xlo+m7éj70<m<l1 '
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Once again, by the Markov property at time [y + I3, the above conditional
probability equals

P(Xm # 3,0 <m <lp; Xy, = jl Xo = j) = Pj(T1 = o).
One can use similar technique to show that for any r > 1,
Pi(Zri1 =1l Zo =lo,..., Zr = 1;) = Pj(Ty = l41) -
From this, our claim about the P; distribution of the sequence (Z,),>1 can
easily be proved.
Now an application of the strong law of large numbers yields

Zi4-+ 2,
_—

" Ei(Ty) asr—o

with P;-probability one, for any ¢. It should be remarked that the strong law
of large numbers used here does not need any apriori assumption on finiteness
of the expectation E;(T7). This is because the random variables Z; are all
non-negative. (See the paragraph following Exercise 5 in Section 0.5.) By the
definition of the sequence Z1, Zs, ... , we have

Zi+ A Zp =T —Ti.

Thus

T, - T
% — E;j(Th) asrt — oo,

with P;-probability one. But then

T, =T, T, —T, -1
r—ar _ At 71T — E;(Th) asr — oo,
T r—1 T

with P;-probability one. Since P;(T; < 00) =1 and hence & — 0 as 7 — oo,
we have with P;-probability one

T, T,
—L:—l—>Ej(T1) as well as TT—>EJ-(T1) as T — 0.

For each n > 1, let us consider the random variable
N, = #{1<i<n:X, =j}.

Since we have an ergodic chain, N,, = oo as n — oo with P;-probability one,
for any i, so that

T T
Metl L B(Ty) and X S Ei(Ty) as n— oo.
N, Nn
But by definition of N, one clearly has T, < n < Tn, 41 so that
TN, < < TN, +1 ‘

U
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. n
Thus we have, for every 1, N, — E;(T1) as n — oo or, equivalently,

No , 1

n E;(Th)

as n — 0o,

with P;-probability one. Since 0 < J—Vn— < 1 for all n, we have by the dominated
convergence theorem that

1
;Ez(Nn) — as n—oo.

E;(Th)

n
It is easy to identify E;(N,) as E p . This proves that li_)m % > pg-) exists
n—=oo =1

for all 7 and j, and equals 1/E; (Tl) Denote this quantity by m;. It is clear
that m; > 0 for each j. Of course, m; = 0 is not yet ruled out but will be ruled
out soon. Also, since each P” is a stochastic matrix of finite order one gets
Y mj =1. Thus 7 = (m; : j € S) is a probability on the state space. We next
show that 7P = m, or in other words, (7P); = =; for each j. Fix any arbitrary
state k.

(rP); = Eﬂ'zpz] = th Zpkz pi; = hm ZZPk,Pu

Z O —p) | =

Il
=
S|
HM:
3
=
+
=
I
B

This shows that our 7 is indeed an invariant distribution. To show uniqueness,
let ¥ = (7;) be any invariant distribution. From 7P™ = 7, one easily gets that

for each j,
— Z Z W,p(l) = 7.

Letting n — oo, the left-hand side equals ), T;m; = 7; showing that 7 = 7.
It is only appropriate to draw the attention of the reader to an important fact
lest it be overlooked. In our analysis above, we have repeatedly taken the
liberty of interchanging sum and limits at our will. This was sponsored by the
assumption of finiteness of the state space. The case of infinite state space
could be a very different ball game.

Thus we have proved that for an ergodic finite state Markov chain, there is
a unique invariant distribution 7 which is also the limiting distribution in the
sense of (30). Indeed our proof also shows that for each j, 1/7; is nothing but
the expected time to return to j, given that the chain started at j. As noted
already, this expected value could potentially be infinite for some j, leading to
Ty = 0.

We now go a step further and show that for ergodic finite state Markov
chains, w; > 0 for all j which, in turn, would also imply that, starting from any
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state j, the expected time to return is finite. Indeed, suppose that for some j,
7m; = 0. Fix any ¢ # j and an ! > 1 such that pg.) > 0. Since 7P! = 7, we have

T =Yk ﬂkpff} > m-pg.), so that m; = 0. Thus 7; = 0 for some j implies that
m; = 0 for all ¢ which contradicts ) m; = 1.

For an irreducible recurrent chain we already knew that starting from a
state j, we are sure to return to j sometime or the other. What we have
just shown is that if the state space is moreover finite then the expected time
to return is also finite. This property is often referred to in the literature as
positive recurrence. This is not true in general, that is, a recurrent state may
fail to be positive recurrent, if the state space is infinite. Such recurrent states

are called null recurrent.

Another natural question that arises out of (30) is : why do we not consider

simply the lim,, pgl) instead of the averages L 3~ pg.) as was done above? It is
not difficult to see that lim,, pg-L) may fail to exist, in general. In fact, a two
state chain with transition matrix

01
P - (1)
will illustrate this. What is happening in this example is that, for any ¢ and j,
exactly one of pl(m and pglﬂ) is positive for each n. In fact, for i = j, pl(;l) is
positive (indeed, equals 1) if and only if n is even, while for ¢ # 7, this happens
if and only if n is odd.
Usually, it is only such periodic behaviour of the chain, as illustrated in the
example above, that prevents the existence of lim pgl). We are not going to
n
pursue the periodicity properties and their consequences here. However, for
subsequent applications, we are going to describe now (without proofs) what
happens if such periodic behaviour is ruled out.

For a Markov chain, a state j is said to be aperiodic if {n > 1: p;?) > 0}
has greatest common divisor 1. It is immediate that none of the two states in
the above example are aperiodic — the g.c.d is 2 for both. It can be shown
that in an irreducible Markov chain, either all states are aperiodic or none are
and, in the first case, the chain is said to be aperiodic. Now we can state the
main result without proof.

Theorem: If an ergodic finite state chain is aperiodic, then for all states i and
(n)
i
invariant distribution.

J, the limit lim p;.” exists and equals w; where m = (m;,j € S) is the unique
n— o0
In effect what it says is that for an aperiodic ergodic chain, 7 is the limiting
distribution of the chain, irrespective of how it starts.

Exercise 8. Consider a Markov chain with r states. Suppose that the tran-
sition matrix has the property that each column sum is one (remember that
for a transition matrix each row sum is one). If the chain is irreducible then
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show that the uniform distribution on the state space is the unique stationary
distribution. What do you infer about the expected times to return in this
case? What if it is not irreducible?

Exercise 9. Let a be a probability vector with strictly positive entries and
length 10. Consider a Markov chain with 10 states. Let the transition matrix
have identical rows, each row being a. What is the stationary distribution?
What chain are we talking about? What if the vector is not strictly positive?

Exercise 10. Consider a chain with 4 states and the following transition
matrix.

1/2 1/2 0 0

1/3 1/3 1/3 0

1/4 1/4 1/4 1/4

0 0 1/2 1/2

Denoting by 7 the time (> 1) of the first visit to the state 2, calculate E;(7)
for each state i. Suppose that p is an initial distribution on the state space.
Calculate E,, (7).

0.8.5 Absorbing Chains: Limiting Behaviour, Rate of
Convergence

Recall that an absorbing chain is a finite state Markov chain consisting only
of absorbing and transient states. Since the state space is finite, there is at
least one absorbing state. To avoid trivialities, we assume that there is at least
one transient state also. Specifically, let us assume that there are m states,

{1,2,...,m}, of which the first k are absorbing and the remaining transient.
As already seen, the transition matrix has the structure
I O
= (rao)

where I is the identity matrix of order k and R and @ are of orders (m — k) x k
and (m — k) x (m — k) respectively. As already observed, the fundamental
matrix N = (I — @)~! plays an important role. For example, the matrix NR
equals ((a;;)) where a;; for k+1 < ¢ <mand 1 <j <k are the absorption
probabilities. For an absorbing state j, it follows from the continuity property
of probability that

aij = lim Pi(X, = j) :1171311)('.”. (31)

n—00 R

Recall that, for k+1 < j < m, lim pg.l) = 0 for all 5. All of these can be stated
n

. I 0
P H(AO)

in matrix form as

where A = NR = ((a5))-
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We now want to show that the convergence in (31) happens geometrically
fast and also calculate the exact rate of convergence. Interest in the rate of
convergence lies in the fact that just like the expected time till absorption, this
rate also gives another indication as to how fast the chain gets trapped in one
of the absorbing states.

To begin with, let us recall that a number A (possibly complex) is called an
eigenvalue of P if there is a non-null vector @& (with possibly complex entries)
such that uP = Au. Such a non-null vector @ is called a left eigenvector
corresponding to the eigenvalue A. Recall also that the set of all vectors & with
uP = Au is a vector space, called the left eigenspace associated to A.

Let us now observe that a transition matrix P cannot have an eigenvalue A
with || > 1. If possible, suppose |A| > 1 and @ = (u1, uz,. .., Un) is a non-null
vector with P = Au. Then clearly, uP™ = A\"u for all n > 1. Let j be such
that u; # 0. We then get a contradiction from the fact that

> uply =",
%

where the left-hand-side remains bounded by ) |u;| for all n, while the right-
hand-side is unbounded.

We next show that if P is the transition matrix of an absorbing chain with
k absorbing states, then the dimension of the eigenspace associated to A = 1 is
exactly k. Indeed, let w be any vector with wP = 4 which, of course, implies
uP™ = 4y for all n. Then, for any j > k+ 1, u; = Eungy) —0asn =
showing that ugy1 = --- = uy, = 0. Thus, the dimension of the eigenspace
is at most k. On the other hand, for each i, 1 < i < k, the vector u’ with
i-th coordinate equal to 1 and other coordinates 0, can easily seen to be a left
eigenvector corresponding to A = 1. So there are exactly & linearly independent

left eigenvectors for A = 1.

Finally, for P as above, we show that A = —1 cannot be an eigenvalue.
Suppose that u satisfies wP = —u and hence wP™ = (—1)"u for all n. For

J>2k+1, (-1)"u; = Zuipg.l) again yields that u; = 0. For j <k,

m k
—uj = E WiPij = E UiPij = Uj
=1 =1

implying again that u; = 0. Thus any u satisfying %P = —% must be null.

To continue with our discussion of the rate of convergence, let us assume

that there are m real eigenvalues A1,..., A, (not necessarily distinct) of P,
with associated left eigenvectors @',...,u™, which are linearly independent.
As shown earlier, we can and dotake \; = Ag = --- = Ay =land 4!, 1 <i <k,

as defined above. If the remaining eigenvalues are listed in decreasing order of
magnitude, we will clearly get

L= ==X > Mg 2 [Aega| 2+ 2 A
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Denote by L the m x m matrix whose i-th row is %*. The above equations can
be reformulated as

LP = DL
where D = Diag (A1,...,\n). Since the vectors %¢ are linearly independent,
the matrix L is invertible and therefore
P = L7'DL. (32)

Readers initiated to linear algebra would quickly recognize the above as the
spectral representation of P. Our assumption therefore really amounts to P
having a spectral representation. It follows from (32) that

p* = L7'D"L,

where clearly D™ = Diag (A7,...,A"). In particular, for any 1 <1, j < m,

P = S AL Ly
r=1
Since A\; = -+ = A = 1, we have
k m
P = S Ll <% NPT i L]

r=1 r=k+1

< el X (LY L]
r=k+1

Of course, |A;+1| < 1 implies that the left side goes to zero as n — co and the
convergence is geometrically fast with rate not larger than |Ag+1]|. Incidentally
this argument also shows that

k
- o (n)
D> (L VirLyj = lim pi}
r=1
for all 7 and j. Of course, if ¢ is a transient state (that is, ¢ > k + 1) and j
is an absorbing state (that is, j < k), then this quantity is precisely «;;, the
probability of absorption in j starting from i. We leave it as an exercise to
k
verify that (i) if i is absorbing, then 3 (L7');-Ly; equals d;; and (ii) if j is
r=1
transient then this is zero.
Exercise 11. In the above discussion of convergence rate for absorbing chain,
we assumed spectral representation for the transition matrix. However, a tran-
sition matrix need not always admit a spectral representation (32). Show that
the following transition matrices do not admit spectral representation. For
chains with these transition matrices, find the rates of convergence.

1 0 0 0 1 0 0 0
2/3 0 1/3 0 p_| 12 0 12 0
2/3 0 0 1/3 |’ 112 o o0 172
2/3 1/3 0 0 2/3 1/3 0 0

P =
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0.9 Continuous Time Processes

Discrete time stochastic processes are used to describe evolution of systems
that change only at discrete instants of time. The relevant time set is the
set of time points at which changes may take place, and, is usually taken as
{0,1,2,...}. In the earlier two sections, we discussed some special types of
such processes, namely, martingales and Markov chains.

In this section, we discuss stochastic processes evolving over a continuum
of time or in other words, continuous time stochastic processes. Even though
the process evolves over a continuous time, distinction would be made as to
the nature of the evolution. Let us consider two simple examples to make the
distinction clear.

Imagine a telephone exchange through which calls pass at random instants
of time. If we consider the number of calls passing through upto time ¢, then
we have a stochastic process (X;) over time set ¢t € [0, 00). However, the state
space of the process is {0,1,2,...}, which is a discrete set and the process
evolves only through jumps.

A different example would be the kinetic movement of a gas molecule where
the position of the particle changes continuously with time and not through
jumps. In other words, here the state space is also a continuum.

In the first subsection, we will discuss a special class of processes of the first
type, namely Markov chains in continuous time. Such processes will be used
in connection with temporal spread of epidemics in Chapter 4.

The second subsection would be devoted to a special class of processes
of the second type — known as diffusion processes. It is worth noting here
that a diffusion process may sometimes serve also as an approximation to a
discrete time Markov chain and often allows us to get good approximations
to quantities of interest, related to the original discrete chain. Indeed, it is
mainly this application of diffusion processes which will be used in connection
with Markov models in genetics in Chapter 3.

The interval [0,00) is usually taken as the time set for a continuous time
process. Thus, we consider a family of random variables X;, indexed by all real
numbers ¢ > 0, each taking values in a set S. This constitutes a continuous time
process and, in analogy with discrete time processes, is denoted (X¢)¢>o. The
set S is called the state space of the process. The notion of Markov property
for stochastic processes has been already encountered in the discrete set-up. It
simply means that at any point of time, given the present state of the process,
the future evolution is (conditionally) independent of the history of the past.
A simple formulation of this idea in the continuous time case is as follows.

Definition: A process (X;)¢>o with state space S is said to be a Markov process
if, for any choice 0 < s1 < 82 < -+ < 8, < § < t + s of time points, the
conditional distribution of the random variable X;,, given (X;,,..., X, ,Xs),
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depends only on X, that is, for B C S,
P(Xt-l-s € BI_X'S1 =$1,...,Xsn an,Xs :.’E) :P(Xt+s S BIXS :.’E)

If, furthermore, these conditional distributions are the same for all s, that is, the
right side of the above equation depends only on ¢ and not on s, then the process
(X¢)t>o is said to be time-homogeneous.

In the above definition, the set B can be any subset of S in case S is a countable
set. However, as discussed in Section 0.4, one has to be more selective, in case
S is not countable. Of course, for almost any conceivable B, the above property
has to hold.

We will consider here only time-homogeneous Markov processes. Thus, for
allt > 0 and s > 0, we have

P(Xt+3EBIXS‘—‘:U):P(X,:EBIX():.’L').

Let us denote this by P;(z,B). Clearly, for each ¢ > 0 and each point z in
the state space S, Pi(z,-) is a probability distribution on S. This family of
distributions, as t and z vary — called the family of transition probabilities —
play the same role as that of the transition matrix and its powers for a Markov
chain in capturing the evolutionary mechanism of the whole process (X¢)¢>o-

Just like in the case of discrete Markov chains, the family of transition prob-
abilities P;(z,-) here also satisfy the Chapman-Kolmogorov equations, which
now reads as :

Piys(z,B) = /Ps(y,B)Pt(m,dy) forall t>0,s>0.

The interpretation of the integral is not difficult. It is simply a notation for
E(Ps;(Xy, B)| Xo = ). We will return to this in the next two subsections and
see that the equations take on simpler forms under special assumptions.

0.9.1 Continuous Time Markov Chains

In this section, we assume that the state space is countable, that is, each X;
is a discrete random variable taking values in a countable set S. The time-
homogeneous Markov property reduces to

P(Xt+s :jIXS1 :il,...,Xsn :in,Xs =’L)—':P”(t) =P(Xt :le():Z)

forall0 < 851 < 89 < - < 8, < s<t+sandi,j€S. It can be shown
that the above equation actually implies that for any s > 0, the conditional
distribution of (Xt4s)t>0, given (Xy)u<s and X = i, is the same as that of
(X¢)¢>0, given Xo = 1. In particular,

P(Xt+s :jIXu,u< S;Xs :Z) =P,](t)

If P(t) denotes the S x S matrix whose (%, j)-th entry is P;;(t), then each P(t)
is clearly a stochastic matrix. Thus we have a family {P(t),t > 0} of stochastic
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matrices. Here P(0) is the identity matrix of size S. The Chapman-Kolmogorov
equations are easily seen to correspond to the semigroup property

P(t+s) = P(t)- P(s).

As mentioned earlier, the family (P(t)):>0 plays the same role as the sequence
(P™)n>0 of the n-step transition matrices in case of discrete Markov chains.
The notable difference is that while the P™ are all determined by the one-
step transition matrix P, it is not clear how to get one single matrix that will
determine all the P(t) for ¢ > 0. We are now going to show how to do this.

One may recall that if P : [0,00) — R is a continuous function with
P(t+s) = P(t)- P(s) and P(0) = 1, then P'(0) exists and determines P(t) for
all values of t. Indeed if P'(0) = @, then P(t) = €9 for all . In particular
P'(t) = P(t)-Q = Q- P(t) for all t. Indeed this differential equation along
with the initial condition P(0) = 1 also characterizes the function P(t) = e%?.

Our present situation is quite similar to this except that, instead of real-
valued functions, we are dealing with an S x S matrix-valued function P(t).
We want to show that under certain conditions, P(t) also satisfies the matrix
differential equations .

P't)=Q-Pt)=P(t)-Q
for some matrix @ = (g;;). In other words, we have the following two systems
of equations

Pj(t) = aqnPe(t) 4,5€S (33)
k

Pj(t) = Zpik(t)ij i,j€S (34)
k

Unlike in the real-valued case, the two systems are not identical. System (33)
is always true and is known as Kolmogorov’s Backward Equations. System
(34) which is true under some additional regularity conditions, is known as
Kolmogorov’s Forward Equations, also known as Fokker-Planck equations. We
proceed to give a derivation of the above equations, assuming that the state
space is finite. Indeed, it is only in the proof of the forward equations that the
finiteness of the state space will be used. Our derivation will also identify the
matrix @, frequently known as the @Q-matriz of the chain.

We first prove two basic lemmas which will give us a description of how the
chain evolves with time. Let

T =inf{t > 0: X, # Xo} .

In other words, T is the first time the system leaves the initial state.

Lemma 1: For any s,t > 0,

P(T>t+slXo=14)=P(T >tl1Xo=i))P(T > slXo=1).
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Proof: First assume that s > 0 and ¢t > 0.

PT>t+slXo=1) = PT>t+sT>slXy=1)
PT>t+s8X,=4,T>slXo=1)
= P(T>sX,=ilXo=1)

XxP(T >t+slXg=14,T>s,Xs=1)
= P(T>slXo=14) -P(T>tlXe=14),

where the equality P(T > t+ sl Xo =1, T > 5,Xs = 1) = P(T > tl1Xo = i)
follows from the assumed Markov property. The case s = 0 and/or ¢t = 0
follows by taking limits. |

A consequence of the above is that, for any ¢ € S, there is a A; € [0, o] such
that, P(T > t] Xo = i) = e~ for all ¢ > 0. In particular, P(T > 0] X, = i)
is either one or zero (according as ); is finite or not). Also, the case \; =0
corresponds to P(T = ool Xy = i) = 1. Clearly, 0 < A\; < oo refers to an
exponential distribution as encountered in Section 0.4. However, we agree here
to use the term exponential distribution in a broad sense even when A; equals
0 or co.

Lemma 2: For any i, j with i # j and any s > 0,
PT>s,Xr=jlXo=9)=PT >slXo=0)P(Xr=jlXo=1).

Proof: This is clearly true if P(T > 01Xy = 1) = 0. We assume therefore that
P(T>01Xe=1)=1.

P(T >s,Xr=jlXo=1)=P(T >sXr=7jXs =il Xo =1)
=PX;=1,T>slXo=0)x PXr=jlXo=0,X;=4T > s)
=P(T>slXo=9)P(Xr =jlXo=14T>0)
=P(T>slXg=0)P(Xr=jl1Xo=1).

|

The content of the two lemmas is the following. For every state ¢, there is a
number A; € [0, co] and transition probabilities p;; for j # 4. If the chain starts
in the state 1, it remains there for an exponentially distributed random time 7T}
with mean 1/); and then moves to state j with probability p;;, independently
of T7. Subsequently, the chain behaves as if started from state j. It may be
pointed out that A; = oo corresponds to P(T} = 0| Xy = i) = 1, meaning
that the chain instantaneously jumps from the state ¢. Such states are called
instantaneous states. It can be shown that this contingency is not possible in
a finite state chain. In general, we assume that there are no such states. It
may also be pointed out that A\; = 0 corresponds to P(T; = oo | Xo = i) =
1, meaning that the chain starting at ¢ remains there forever. That is, ¢ is
absorbing. Thus only \; > 0 corresponds to the case when the waiting time in
state i is a proper exponential random variable. In any case, from the above
description it is clear that the evolution of the chain is completely captured
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by the parameters (\;,7 € S) and the stochastic matrix ((pi;))s,jes with zero
diagonal entries.

From the above description, it should also be clear that if Ty, 75, ... repre-
sent the successive (random) times of jumps of the chain then the sequence of
random variables defined as

Yo=Xo, Yn=Xg, forn>1

would form a discrete time Markov chain with state space S. The one-step
transition probabilities of the Markov chain are given by p;;, if A; > 0. For 4
such that \; = 0, we have p;; = 1.

The chain (Y3,)n>0 is usually called the embedded chain. For many of the
properties of the continuous time chain, like classification of states, asymptotic
behaviour and existence of invariant distributions, it suffices to examine only
the embedded chain. Of course, some important features that explicitly make
use of the waiting times at various states would not be captured by the em-
bedded chain. For more on embedded chains, the reader may look at the book
of Bhattacharya and Waymire.

We now proceed towards proving Kolmogorov’s backward equations (33).
Let i € S be such that A\; > 0. Then for any j € S and any ¢t > 0, we have by
conditioning on the time of the first jump from 4,

t
f’,’j (t) = Z f)\ie_’\ispikpkj (t — S)dS + e“"itéij
k#i O
#1 .
= Y e Ntpy f/\l-e*i“ij (u)du + e‘*itéij.
ki 0

Note that, in case j = 4, the process starting from ¢ may be in state j (= 7) at
time ¢ by simply waiting at the initial state at least till time ¢. The term e‘*itéij
occurs to take care of this contingency. Of course, for j # i, this contingecy
does not arise and therefore the term has no contribution. Here d;; is the usual
Kronecker delta, that is, d;; equals 1 or 0 according as ¢ = j or ¢ # j. The above
equation shows that P;;(t) is continuous in ¢. In case the state space is finite,
this is immediate because each summand is continuous in ¢. In general, one
needs to use the Dominated Convergence Theorem. The continuity of P;;(t),
in turn, gives differentiability also and indeed, the sum on the right side can be
differentiated term by term. This requires the fundamental theorem of calculus
as well as the Dominated Convergence Theorem. The upshot is

t
P = -\ (gﬁ: e Nlpy ‘Of/\ie’\"“ij(u)du + e"\"téij>

+ Y e Mipg Xeit Py (t)
k#i
= =NPii(t)+ Y Aipir Prj(t)
ki
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In other words, denoting

gk = Nipir for k#4; and g = —A\;, (35)

(1) = Z ik Prj (t)
%

Clearly the same equation also holds in case A; = 0 because in that case
Pij(t) = d;5 so that Pj;(t) = 0. Thus we have proved the backward equations
(33) with g¢;; for 7, j € S defined by (35).

we get

We now proceed to derive the forward equations (34). Let us first observe
that a consequence of the Equations (33) is that

13;](0) = Q5 foralli,j€S.
Of course the derivative at zero is only the derivative from the right, that is,
. Pii(h) =6y

By the Chapman-Kolmogorov equations P;;(t + h) Z P (t)Prj(h) so that,

”(t-l‘h ZP Ijij(t)ij(h)_l
k#j

Now letting h | 0 and using (36), one obtains the forward equations. It is in
the last step — interchanging the limit and sum — that finiteness of the state
space is used. It should be noted that because of the differentiability of P;;(¢),
the limit 1}5% i(—t—%_—ﬂjﬁ equals Pj;(¢) for all ¢ > 0.

The matrix @ = ((g;5)) is often called the infinitesimal matriz or rate ma-
triz or QQ-matriz of the chain. This @-matrix has the property that all the
off-diagonal entries are non-negative and each row sum equals zero. Accord-
ingly the diagonal entries must be non-positive and are determined by the
off-diagonal entries. The equation (35) shows that the @-matrix is determined
by the parameters (X\;,i € S) and (psj,i,j € S,i # j). What is more im-
portant is that the @-matrix, in turn, determines these parameters. Indeed
N = i = ¥4 ij, and, for any i, with j # 1, pij = —qij/qi. Of course, if
gii = 0, then clearly for each j, ¢;; is also zero and the above ratio should be
interpreted as zero. In a nutshell, the @Q-matrix of a chain completely captures
the evolution of the chain. The elements of the ()-matrix are often called the
transition rates, not to be confused with transition probabilities.

A simple but important class of continuous time Markov chains are what
are known as Birth and Death chains. The state space is {0,1,2,...}. The
transition rates are given as follows: :

¢i,; =0 forall ¢,j with |i — j| > 1;
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qo,1 = bo; QGiiv1 =bi, Qi1 =d; fori>1.

It is clear that A; = b; + d;, so that the chain starting at i, waits there for an
exponential time with mean 1/(b; + d;), at the end of which it jumps to 7 — 1
or ¢ + 1 with probabilities d;/(b; + d;) and b;/(b; + d;) respectively. If we think
of 7 as population size, then a jump to (¢ — 1) can be treated as death whereas
a jump to (¢ + 1) can be regarded as birth. So the population evolves only
through a death or a birth. Obviously from size 0, there can only be a birth.
The parameters b; (respectively, d;) are called the birth rates (respectively,
death rates). The Kolmogorov equations take on a simple form and are often
not too difficult to solve. For example, the forward equations will now read

Pj;(t) = bj—1P;j1(t) + djy1 Py jy1(t) — (bj + dj) Py (t) .

If furthermore b; = 0 for all 4, that is, there are no births, the underlying chain
is called a pure death chain. Clearly, 0 would always be an absorbing state for
such a chain. For some special forms of the birth and death rates, the reader
may consult the book of Karlin.

0.9.2 Diffusion Processes

To simplify matters, we will assume that the state space of the process is a
bounded interval I and, more importantly, that for each ¢ and z, the distri-
bution Py(z,-) is absolutely continuous with density p(t,z,-). The probability
density functions p(t, z, -) — known as the transition densities —are then easily
seen to satisfy an equation similar to (24) of Section 0.8, namely, that for all
t,s >0,

pt+s,z,y) = /Ip(t,x,z)p(s,z,y)dz. (37)

These are the Chapman-Kolmogorov equations for transition densities in the
continuous time case.

Suppose now that we have a process (X;);>o that satisfies, in addition to
the above, the following properties:

E(Xipn — Xl Xy =2) = a(z)h+o(h), (38)
E(|Xern — Xo’1X; =2) = b(z)h+o(h), (39)
E(|Xeyn — XelF1Xs=2) = o(h), fork>3. (40)

Recall that a function g(h) is said to be of smaller order than h, written o(h),
if g(h)/h — 0 as h — 0. For subsequent use, let us also recall that g(h) is said
to be at most of the order of h, written O(h), if g(h)/h remains bounded as
h — 0. In both places we are only considering the behaviour near zero.

That the left sides of the equations (38) through (40) are independent of ¢
is, of course, a consequence of the time-homogeneity property. Here a(-) and
b(-) are two functions on the state space I and are known as the drift coefficient
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and diffusion coefficient respectively. The equations (38)—(40) can equivalently
be expressed in terms of the transition densities as:

/ -op(hz,y)dy = a@h+oh), (41)
/ ly —alPp(hz,y)dy = b@)h+ o(h), (42)
/ y—al*p(h,z,g)dy = ofh), fork>3. (43)

Definition: By a diffusion process, we will simply mean a time homogeneous
Markov process (X;);>o with transtion density p(t, z,y) that satisfies the properties
(37) and (41)—(43).

A substantial and mathematically deep theory of diffusion processes exists.
See, for example, the book of Bhattacharya and Waymire. One of the major
concerns of the theory is to show that, under suitable conditions on the func-
tions a(-) and b(-), a unique diffusion process with required properties exists
which, moreover, has nice additional features like, for example, having ‘contin-
uous paths’. Further, by imposing suitable conditions on a(-) and b(-), one can
also ensure that the transition density of the resulting diffusion is sufficiently
smooth in the state variables z and y. However, the mathematical depth of
formal diffusion theory is inappropriate at this level, and also, high techni-
cal rigour is somewhat unnecessary for our present purposes. Accordingly, we
choose not to get into the theory here. We will assume much of what we need
and, instead, try to focus on how to apply it. In particular, we assume without
question that a unique diffusion process with given drift and diffusion coeffi-
cients does exist and that its transtion density p(t,z,y) is twice continuously
differentiable in both the state variables z and y.

Before proceeding any further, let us also assume that the state space [
of the diffusion process is the unit interval [0,1]. Now let g be any twice
continuously differentiable function on [0, 1] with g(0) = g(1) = ¢'(0) = ¢'(1) =
0. Using (37) we have

[s@mernadz = [ [septovphyadde. @)
Using the Taylor expansion of g around y, namely,
1
9(z) = 9(¥) + (z = v)g'®) + 5(z = v)°¢" W) + Oz — ")

on the right side of (44), we get

Jawptz,9)dy + [9 @ (z—y)p(h,y,z)dz]dy
+ 59"t z,y)f (z — y)?p(h,y, 2) dz] dy
+ ot z,9)[f Oz —y*)p(h,y, 2) dz] dy .
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Making use of (41)—(43), equation (44) can now be rewritten as

= | [dwwtamatids+ g [ 4" Gpte,.00000) o | 5+oth).

Dividing both sides by h and taking limits as h | 0, we obtain
0
—[p(t d
[ sw otz dy
1
= / 9 ®)a)p(t, 2, y)dy + 5 / 9" (byp(t,z,y) dy.-

Applying integration by parts once on the first term of the right side and twice
on the second term, and, using the assumed boundary conditions satisfied by
g, we get

/ g(y)%p(t, z,y)dy
— _Q_ t 16_ b ) (t d
= [ 9)i-5 (@@t 2.6) + 5505 0P,z 0)} do.

Since this equation is valid for all functions g satisfying the assumed conditions,
we must have

2Pl,0) = — o @Wplt,70) + s (plts). (49

This partial differential equation (45) for the transition density function is
known as the Kolmogorov’s Forward Equation or the Fokker-Planck Equation
and is of fundamental importance in diffusion theory and its applications. A
similar equation, called the Kolmogorov’s Backward Equation for the transition
density, can be derived much more easily as follows.

From (37), we have

p(t+h,z,y) = / p(h,z, 2)p(t, 2,y) dy (46)

Using the Taylor expansion of p(t,z,y) as a function of z around the point
z = x, that is, the expansion

_ op(t,z,y) 1 2 0%p(t, 7, y) B
p(tazay)—p(taway)+(z—x)T+§(z_$) B2 +0(|Z (L'I )
on the right side of (46), we get

t
oo+ ho9) = plt,0) + ZEED [ 2oz, 2)

lé)p(txy

+2 /( —2)%p(h,z z)dz—i—/O(lZ—iUI )p(h,z, 2) dz
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Using properties (41)—(43) again, we obtain

op(t,z, 19%p(t, z,
o+ 12,p) ~p(0,8,) = {alo) PG 4 STPLEDN b o).

Dividing both sides by h and taking limits as h | 0 leads finally to

pt,z,y) _  Op(tz,y) 1. 8%p(tz,y)
ot = alz) Or 2b(x) Oz

which is the so called backward equation and will be more useful in the sequel.

(47)

We now proceed to show some examples as to how the equation (47) can
be used to evaluate certain quantities of interest related to the underlying
diffusion. Let us consider, for example, the function

y
F(t,x,y):/p(t,m,z)dz, 0<z<l1.
0

Clearly F(t,z,y) = P(X; < ylXo = z). It follows easily from (47) that the
function F' satisfies the differential equation

OF(t,z,y) _ oz )BF(t z,7y) + bz )62F(t z,Y)
ot oz 2 Ox? ’
This, of course, involves several interchanges of differentiation and integration.

But, as mentioned earlier, we will not worry about such technical issues. We
will simply put it on record that they can all be justified with some work.

(48)

Suppose now that for the diffusion process under study, both the states 0
and 1 are absorbing states. For ¢ = 0,1, let A;(t,z) denote the probability that
the diffusion process starting at state x gets absorbed in state ¢ at or before
time t. It is clear then that

Ao(t,z) =lim F(t,z,y) and Ai(t,z)=1-limF(t,z,y).
yd0 yt1

By passing to the limits in (65) as y | 0 or as y T 1 we obtain,

. X 2
8Ala(:,x) :a(x)aAg(;, z) _b( 2t 2) A(t 7).

It should be noted that though both Ag(¢,z) and A; (t, x) satisfy the same
partial differential equation, the solutions would be different (as they should
be) because they satisfy different boundary conditions, namely, Aq(¢,0) = 1
and Ag(t,1) = 0 whereas A;(¢,0) =0 and A;(¢,1) = 1.

Let us denote by A;(z), for ¢ = 0, 1, the probability that the process starting
at the state z ever gets absorbed in the state i. Clearly

(49)

Ai(z) = grono Ai(t, ).
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aAi(t’ '77)
ot

t — oo. It thus follows, by letting ¢ — oo in (49), that A;(z) satisfies the

differential equation

By a standard result of calculus, since gm A;i(t,x) exists, — 0 as
o0

a(x) e 5 (x) pr 0. (50)
It should again be noted that, although Ag(z) and A;(z) satisfy the same
differential equation, the boundary conditions are different for the two. For
Ao(z), for example, the boundary conditions are Ag(0) = 1 and Ag(1) = 0.
Using these, one can easily solve (50) explicitly to get

fl Y(y) dy
Aol) = E—— (51)
[¥(y)dy
0
where
Yly) = exp{—Q/%dz} . (52)
0

Similarly, for A;(x), using the boundary conditions 4;(0) = 0 and A;(1) =1,
one gets

f Y(y) dy
Az = +— . (53)

jwm@

Of course, 4;(z) =1 — Ag(z), as it should be.

Having thus obtained simple formulae for the absorption probabilities, let
us next turn to the time until absorption. Let 7 denote the random variable
representing the time until absorption. Let us write

Alt,z) = Ao(t,z) + Ai(t,z)

where A;(t, ) are as defined earlier. Then A(t, x) also satisfies the same partial
differential equation (49). Notice, however, that A(¢,z) is just the probability
that 7 <t given Xy = z; in other words, A(t, z) is the probability distribution
function (in ¢) of 7, conditional on the initial state being . Suppose now that
for each z € (0,1), this conditional distribution is absolutely continuous with
density function ¢(t,z), t > 0. Since A(t, z) satisfies the equation (49) we will
then have

2
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so that

¢ , ¢
p(t,z) = a(x)a—aﬂc {/(p(s,w)ds} + %b(x)%z— {/go(s,x)ds} .

0 0

On differentiating with respect to ¢ (and, of course, assuming again that in-
tegration with respect to s and differentiation with respect to = in the above
equation can be interchanged) one obtains that
dp(t, ) Op(t, x) 8¢(t, )
—_— = b(z) ————=. 54
ot a(z) =5 +2(x) B2 (54)
Suppose now that we are interested in the mean time till absorption, that is,
in -
T(z) = E(rtlXo=2z) = /tgo(t, x)dt. (55)
0
Let us assume that ty(t,z) — 0 as ¢ = co. One then has

o0

1= / ot z)dt = [to(t, )] ‘::O / a(‘og ) gt = / agogt ) g

0 0 0

Now using (54) we have
1 = / { (@ )a‘o(t .7 4 b( )32‘p(t “’)} dt.
0

Assuming once again that the t-integration and z-differentiation can be inter-
changed, one obtains T'(z) to satisfy the ordinary differential equation

a(z) dj(;g(:) + %b(w) dc;‘;(f) =-1.

The obvious boundary conditions now are T'(0) = T'(1) = 0. Using the standard
method of integrating factors, one obtains the solution to be

z fll)(z) dz 1 z
T(x) = — f (2) (({ )dy> dz + 2 % [ ¥(2) (f TOLIO) dy) dz,

[ewad N\
0

(56)
or equivalently

x z flp(z) dz 1 1
T(x) =-2f b(y)lw(y) <yf¢(z) dz) dy + 2 }M y f b(yw(y) (f (2) dz> dy,

(57)
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where v is as defined in (52). After some algebra, this solution can equivalently
be expressed in the form

1
T@ = [tey)dy (58)
/
where
240(2) [b(y)w(y)ofyw(z)dz]_ i 0<y<a
t(x,y) = (59)

24 () lb(y)lﬁ(y) f1¢(2) dZ] if z<y<l1
Yy

where A;(z) are as defined earlier. The above representation is not fortuitous.
It can be shown, although we skip it here, that the function #(z,y) has the

Y2

following interpretation. For 0 < y; < y» < 1, the integral [ t(z,y)dy is
Y1

the mean time that the diffusion process starting at x spends in the interval

(y1,y2). In particular, if g is a well-behaved function on the state space, then

E (/g(Xs)ds I Xo :w) = /g(y)t(x,y) dy.

0 0

For each fixed non-absorbing state z, the function t(z,-) is what is called the
sojourn time density of the diffusion starting at the state x.

We end this section here by simply mentioning that it is possible to derive
T
the higher moments of the absorption time — more generally, of [ g(X;)ds

0
— by proceeding in exactly the same way, except that the formulae become
complicated.
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Chapter 1

BRANCHING
PROCESSES

1.1 Introduction: Background and Definitions

Historically, it was in 1874 that Sir Francis Galton and H.W.Watson, while
investigating the problem of “the extinction of family names” in England, for-
mulated a simple but elegant mathematical model for the evolution of a family
over successive generations. This was the first significant attempt to apply
probability theory in order to study the effects of random fluctuations on the
development of families or populations. It is this model that later came to be
known as the Galton- Watson Branching Process and formed the basis of many
subsequent extensions and generalizations.

Let us imagine objects that give birth to objects of the same kind; they may
be men or bacteria reproducing by the usual biological methods, or neutrons
in a chain reaction, and so on. We start with an initial set of objects, to
be called the zeroth generation. Each member of this generation produces a
certain number of offsprings and the aggregate of all these offsprings constitute
the first generation. Each member of the first generation, in turn, produces
offsprings, giving rise to the second gemeration. This is how the process of
evolution continues — from one generation to the next. One can visualise this
as a “tree” where each generation “branches off” to the next generation.

Formulating a stochastic model for this process of evolution simply means
introducing a specific chance mechanism to govern the branchings that take
place at different stages. Galton and Watson proposed the following model.

Any member of a generation produces offsprings according to some fixed
distribution p. Here p = (po, p1,p2,--.) is a probability distribution on the set
of non-negative integers {0, 1,2,...}. This distribution remains the same over
generations. Further, different members produce offsprings independently of
one another.

71
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Figure 1.1: Successive Generations

In other words, the number of offsprings produced by different members
(belonging to different or the same generation) are independent non-negative
integer-valued random variables with a common distribution p.

Denoting, for each n > 0, the total number of objects in the n-th generation
by X,, we get a sequence (X,)n>0 of non-negative integer valued random
variables. This discrete time stochastic process is what is called the Galton-
Watson Branching Process. One is interested in various probabilistic questions
about this process, concerning both finite-time as well as asymptotic behaviour.
For example, on one hand, one may be interested in the probability distribution
of X, for fixed n. In particular, one may ask what is F(X,,), the expected size
of the n-th generation, or, what is V(X,,), the variance. On the other hand,
the singlemost important question about the process (X,) is: what is the
probability that X, tends to 0 as n tends to infinity. Since the X,, take only
non-negative integer values, the above probability is same as the probability
that the X,, become all zero after some stage. Thus, it is the probability of
eventual extinction of the family.

Before we begin a systematic analysis of the above and other questions,
let us understand the probabilistic mechanism described above a little more
clearly and convince ourselves that it completely determines the stochastic
process (X,)n>0 without any ambiguity. First of all, the initial set of objects
is assumed to be fixed, so that, X, is a degenerate random variable, say, Xo =
ko, a positive integer. (This assumption can be dispensed with and one can
take Xo to be a random variable with some distribution.) Each of these kg
objects produce offsprings according to the distribution p, independently of
one another. Denoting by Y, the number of offsprings produced by the i-th
individual of the initial population, Y, ... ,Yko0 are i.i.d. random variables with
common distribution p. The total number of objects in the first generation is
then the random variable X; = Y +--- + Ykoo. If X; = 0, which happens if
and only if all the Y equal zero, evolution stops there and the family becomes
extinct at the first generation; all the subsequent X,, are defined to be zero
in this case. On the other hand, if X; takes a positive value, say, X; = ki,
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then, conditional on this event the (distribution of the) random variable X,
equals (that of) the random variable Y + --- + Y}} where Y}, 1 < i < ky,
are i.i.d. random variables with common distribution p and are independent
of the random variables Y. In other words, given X; = k; > 0, the random
variables Y}, 1 < i < k, represent the number of offsprings produced by the
k1 individuals of the first generation, so that Xs = Yl1 +-- -+Yk11 represents the
size of the second generation. Once again, if Xo = 0, all the subsequent X,, are
defined to be zero and the family becomes extinct at the second generation.
Otherwise, if Xy = ks > 0, say, then conditional on the values of X; and
X, the random variable X3 is distributed simply as Y2 + --- + Yki, where
Y2, 1 < i < ke are again i.i.d. random variables with common distribution
p and are also independent of all the Y as well as the Y;'. In general, for
any n > 1, the distribution of X,,;;, conditional on the evolution upto the
n-th generation, is as follows. If X,, = 0, then X, is defined to be equal to
zero, while if X,, = k, > 0, then X, is distributed as Y* +--- + Y” where
Y™ 1 < i< ky are ii.d. random variables with common d1str1but10n p and
are independent of all the Y;] ,0<j<n-1,1<14<k;. Thus, for every
n > 0, we do have the conditional distribution of X, ;, given (Xo,...,Xn).
Noting that Xo = ko, this completely determines (at least in principle) the
joint distribution of (Xo, X1,...,X,), for every n, and hence the probability
distribution of the entire proces (X,)n>o0. In practice, however, it may be quite
complicated to write down these joint distributions. The reader may try her
hand with (Xo, X1, X3), for example, to get a feel for the computations.

In the above, we described the conditional distributions, at every stage, of
the size of the next generation, given the entire history of the evolution upto
the present generation. However, one could not have failed to notice that these
conditional distributions depend only on the size of the present generation, and
that the basic rule remains the same for all the different generations. So, here
we are ! Our branching process (X,)n>0 is indeed a time-homogeneous Markov
chain as discussed in Section 0.8. A formal proof of the following proposition
(if still needed) is left to the reader.

Proposition 1.1: The branching process (X,)n>0 s a time-homogeneous
Markov chain with the set of non-negative integers as state space. The initial
state is ko and the transition probability matriz P = ((pi;)) given by poo = 1,
and fori >0, p;j = P(Y1 +---+Y; = j), where Y1,...,Y; are i.i.d. random
variables with common distribution p.

One could have, as well, started by defining the branching process as simply
a Markov chain with transition probabilities as in Proposition 1.1. But our
way of defining it seems to give a clear picture of the model. Moreover, even
though our process turns out to be a Markov chain, the standard Markov chain
techniques do not seem to be of much help in the study of this process. This
is primarily because those techniques rest heavily on analyzing the structure
of the transition matrix, while for the present process, entries of the transition
matrix are almost impossible to write down explicitly.
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1.2 Method of Probability Generating
Functions

An elegant analysis of branching processes is obtained through an ingeneous
use of the good old probability generating functions. The definition and an
account of the properties of probability generating functions (p.g.f.’s, in short)
were given in Section 0.3. From the definition of the process (X,)n>0, as given
in Section 1, it is clear that the entire distribution of the process is completely
determined by two quantities — the initial size kg and the underlying proba-
bility distribution p for producing offsprings. Henceforth, we will often refer
to p as the “progeny distribution” or the “offspring distribution”. Let ¢ denote
the p.g.f. of the progeny distribution

$(s) = pis’, for0<s<1 (1)
i>0
The function ¢ turns out to be of central importance in the analysis of the
process (X,), as we shall see. For this reason, the function ¢ is referred to as
the ‘progeny generating function’ of the process.

We shall begin with a basic result. For each n > 1, let the joint p.g.f. of
(Xo, X1,...,X,) be denoted by g(k") The dependence on ky is made explicit
for reasons to be clear. However, we have chosen to suppress the dependence on
P (equivalently, on ¢) for the simple reason that throughout our entire analysis,
the progeny distribution will be assumed to be some fixed p.

Theorem 1.2: For any n > 1 and any (So, S1,.-.,8,) with 0 <s; <1,
gr(sz)(SOa 815,445 Sn) - gn—l(soa » Sn—2, Sn_1¢(8n)) . (2)

Proof: By the definition of g(k") and the properties of conditional expectation,

0)(80a517"'78n) :E(onsffl,_,sfn)
= E Sgoslfl "‘Sf,’n__llE(Sﬁ"lX() =ko,...,Xn-1 an—l)
kl,...,k,,_ 1
- P(Xo=ko,... Xn-1 =kn_1).
Since the conditional distribution of X,, given Xo = ko,...,Xn-1 = kn—1,

is the distribution of the sum of k,_; ii.d. random variables with common
distribution p (this is valid even if k,—; = 0), the above expression equals

3 sgosk 53 (@(sn)) o P(Xo = Koy Xt = Ka1)

=FE (sXO ~--sfﬁ§2(8n—1¢(8n))xn_l)
= gglkoi(s(], ey Sp—-2, 5n—1¢’(3n))

completing the proof of the theorem. [ |
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To understand the implications of the above theorem, let us consider géko) ,

the joint p.g.f. of (Xo, X1, X2). By the above theorem, one has gék")(so, 81, 82)
= g§k°)(so, s19(s2)). For g?(,k"), repeated application of the theorem would give

98" (50,51, 52,55) = 9§ (s0, 81, 526(52)) = g{*”)(s0, 818(s26(55))). The next
corollary seeks to generalize this.

Corollary 1.3: For any n > 1, and for any sg,...,8n, with 0 <s; <1,

919) (0,51, - 8n) = 91" (50, 518(s26(- - (sn-19(s0)) ). (3)
[Do not get intimidated by too many brackets and dots; if you have understood
it for n = 2, 3,4, you have understood it for general n.]

The corollary above shows that the joint p.g.f. of (Xo,...,X,) is known
for any n, once we have an expression for the joint p.g.f. of (Xo, X1), which is
what comes next.

Theorem 1.4: For any so, s1 with 0 < sg,s1 < 1,
(ko) — ko 4
g1 (80, 81) = (s09(51))"™ . (4)

Proof: By definition, g§k°)(so,51) = E(s3°sf). But Xo = ko and X is

distributed as the sum of ky many i.i.d. random variables with common p.g.f.
¢. Therefore,

E(s3°51") = 85" E(s7") = 55° (#(s1))* = (s0¢(s1))"

In particular, with kg = 1, we have g( )(so,sl) = so0¢(s1), so that, for any
ko > 1,

91" (s0,81) = (91" (s0,81)* = (s00(s1))"" . (5)

| |

Now appealing to Corollary 1.3 and Equation (5), it follows that, for every
n>1,

g% (s0,51,...,80) = [¢ (50,81, -, 8n)]F0 . (6)
What (6) means is that if we consider ko independent branching processes
(X n>0,-- -5 (Xk0)y>0, each with initial size 1 and common progeny distri-

bution p, then the process ()N(n)nzo defined by X, = Zfil Xi n>0is,in
distribution, the same as the branching process (X,)n>o0 with initial size ko
and progeny distribution p. In other words, a branching process with initial
population size ky and progeny distribution p is just the “sum” of ko inde-
pendent branching processes, each with initial population size 1 and progeny
distribution p. This should be intuitively clear. After all, if we fix attention on
any one of the kg individuals of the O-th generation and consider the succes-
sive generations originating from the offsprings of that individual only, we will
clearly get a branching process with initial size 1 and progeny distribution p.
So the overall scenario would be that of kg such branching processes evolving
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simultaneously. Moreover, since the ky members of the 0-th generation act
independently, the corresponding branching processes would be independent.
And, of course, the n-th generation of the whole family would simply be the
aggregate of the n-th generation of the ko subfamilies. It all sounds very simple
and logical, so much so as to make the dry mathematics done above appear
uncalled for. Well, if you had known and believed it all along, you may still
find the mathematical argument useful (at least in drawing a non-believer into
your camp!).

Anyway, the point we sought to make is that, in the study of branching
processes, it is alright to limit ourselves to the case kg = 1. This is what we
shall do from now on. Thus in what follows,

| (Xr) denotes a branching process with Xy = 1 and progeny distribution p.

Having decided this, there is no need to hang on to the superscripts in the
gn defined earlier. We will simply write g,, (instead of gfbl) ) for the joint p.g.f.
of (Xo,X1,...,Xn). Our earlier results, when specialized to this case, can be

summarized as

Theorem 1.5: For everyn > 1,

gn(30,317-~-73n—173n) = gn-1(50,51,--+,5n-2,Sn—10(5n))

= g1(50,510(520(- - - Sp—16(5p) - - -))) @)
s0B(s10(s2 -+ Sn—10(sn) **))

and consequently,

9n (80,515 --,8n) = 800(gn-1(51,...,5n)) - (8)

The recurrence relations (7) and (8) between the successive g, capture the
essence of the evolution mechanism of a branching process. Let us denote, for
every n > 0, the p.g.f. of X,, by ¢,. Since Xy = 1, one of course has ¢o(s) = s.
For any n > 1, clearly ¢,(s) = g,(1,1,...,1,5). Relations (7) and (8) now
yield

Theorem 1.6: For everyn > 1,

Pn(s) = Ppn-1((s)) = (¢n-1(s)). 9)

Thus the ¢,, n > 0 are simply the successive iterates of the function ¢,
that is, do(s) = s, d1(s) = @(s), d2(s) = ¢(&(s)), and so on. It is, however not
always possible to get simple explicit expressions for the successive iterates of a
given p.g.f. ¢. Examples of a situation where it is possible are given in Exercise
9. Nevertheless, the relations (9) can be used very fruitfully to answer a number
of important theoretical questions about the process, as we will presently see.
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1.3 Moments of the Successive Generation Sizes

To start with, let us ask how the expected population size changes from gener-
ation to generation. We will assume, henceforth, that the underlying progeny
distribution p has a finite mean m, that is, > ;o kpr = m < oo. This, of
course, implies that ¢'(1) = m. B

Since Xy = 1, we have E(X,) = 1. Also, X; is clearly a random variable
with distribution p, so E(X;) = m. Thus, the first generation will have ex-
pected size m. Again, each of these m individuals produce offsprings according
to the distribution p, so each is expected to produce m offsprings. The expected
size of the second generation should, therefore, be m?. Proceeding in this way,
in general, the expected size of the n-th generation should be m™. That this
is indeed the case will now be proved using (9). Since ¢ is assumed to have a
finite derivative at 1, it is easy to show, by induction and by using (9), that ¢,
for each n, has a finite derivative at 1. Indeed, simple chain rule applied to (9)
gives ¢, (1) = &, _1(0(1)).¢' (1) = ¢, _1(1).¢'(1), since ¢(1) = 1. This means
that each X, has finite expectation, and, that for each n, E(X,) = mE(X,_1).
Since E(X1) = m, it follows that for each n,

E(X,) =m". (10)

We will now employ similar methods to get a formula for the variance of
Xn, namely V(X,). For this, we assume that the distribution p has a finite
second moment and denote its variance by 0. This of course means that ¢
has a second derivative which at the point 1 is given by ¢"(1) = 02 + m2 —m.
Using (9) again, it follows that each ¢, has a finite second derivative and one
has

n(8) = dn_1($(s)1P' ()1 + D1 (¢(5))9" (5).-

In particular, at s = 1, using ¢(1) = 1, ¢'(1) = m, ¢/,_;(1) = m™! and
¢"(1) = 6% + m? — m, one obtains

H1) = FOm?+m (0% + m? —m)
= [¢!_,(1)m? +m" %(0? + m? — m)jm? + m" (02 + m% —m)
= ¢p_a(Im* + (62 + m? —m)(m" +m")
— d)lll(l)m2n—2 + (02 + m2 _ m)(m2n-3 4+t m" + mn—l)
= (@2+m?—m)(m* 2 4.4+ m"1).
Thus

V(Xn) = ¢n(1)+¢n(1) — (¢,(1)°
= (2+m?-—m)(m*> 2+ +m" 1)+ m" —m®"
= 2m»Imm 14 tm+ D) +mt(m—-1)(m" 4 +m+ 1)
+m™(1 —m™)
— O.Zmn—l(mn—l +--+m+1),



78 CHAPTER 1. BRANCHING PROCESSES

giving us

V(Xn) =

no? if m=1
(11)

2, n—1mt=1 :
o‘m = if m#l

We have thus proved

Theorem 1.7: If the progeny distribution p has a finite mean m, then, for
alln > 1, E(X,) =m". Moreover if p has a finite second moment also, then
V(X,) = no? or a?m™ 1 (m™ — 1)(m — 1)7! according asm =1 or m # 1,
where o? is the variance of p.

Higher order moments can also be obtained in a similar fashion, provided
we assume the existence of such moments for p.

1.4 Extinction Probability

The singlemost important question, at least historically, about the branching
process (X,,) is what was posed originally by F.Galton: to find the probability
of extinction of the family. Extinction here means the event that at some gener-
ation no further offsprings are produced, so that none of the future generations
ever come to exist. Analytically, it is the event

A= J{Xn=Xnp1=---=0}.
n>1

Since the X, take only integer values, A also equals the event { lim X, = 0}.
n—oo

We shall denote the probability of this event by ¢. This is what is called the
extinction probability. Our question is: how to find ¢ for a branching process
with a given progeny distribution p (equivalently, for a given p.g.f. ¢)?

Observe that, by the definition of the process (X,), the event {X,, = 0}
is the same as the event {X,, = X,41 = --- = 0}, so that ¢ is simply the
probability of the event that X,, = 0 for some n. Moreover, the events {X,, = 0}
are monotone increasing with n, so that P(X,, = 0) also increases with n. An
alternative analytical way to argue this is as follows. Denote ¢, = P(X,, = 0).
Clearly, g, = ¢,(0) for each n. Now, Xy = 1, so that go = 0. Next, ¢, =
P(X1=0)=po > 0=qo. Again, g2 = ¢2(0) = ¢(¢(0)) = #(po) > ¢(0) = qu,
using the fact that ¢(s) = Y 5o Pks® is a non-decreasing function of s on
[0,1]. In general, having proved that g, > ¢n—1, one obtains similarly that
Gnt1 = Ont1(0) = ¢(#n(0)) = B(gn) > d(gn-1) = ¢(¢n-1(0)) = ¢4(0) = gn.

Induction completes the proof.

It is now clear from above that ¢ = lim, 00 P(X, = 0) = limp 00 ¢ In
fact ¢, T ¢ as n T co. Moreover, for each n, ¢, = ¢(gn—1). Letting n — oo on
both sides and using continuity of ¢, it follows that ¢ must satisfy ¢ = ¢(q).
Since 0 < ¢ <1, in order to find g, one must solve the equation

o(s)=s for0<s<1. (12)
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Since ¢(1) = 1, s = 1 is always a solution of (12). Galton observed this
and unfortunately, made the mistake of concluding that ¢ is always equal to
1. The point he missed is that the Equation (12) may have other solutions in
the interval [0,1], and, all that one can say at this stage is that one of these
solutions is ¢ — but which one among these solutions is ¢, remains open.

As a step towards further identification of ¢, we now show that ¢ is the
smallest solution of (12) in the interval [0,1]. In other words, if 7 is any solution
of (12) in [0,1], then ¢ < w. To prove this, it sufficies to show that g, < 7 for
each n (since q = nlglgo grn). We use induction and the fact that ¢ is non-

decreasing on [0,1]. First of all, go = 0 < 7, and, ¢1 = ¢(0) < ¢(7) = w. To
complete induction, assume that ¢, < 7 and we have gp+1 = ¢(gn) < ¢(n) = 7.
Thus we have proved

Theorem 1.8: For a branching process with ¢ as the p.g.f. of the progeny
distribution, the extinction probability q is the smallest solution of the equation
¢(s) = s in [0,1].

Before proceeding any further, let us see some examples of simple applica-
tions of the above. Consider a society that follows the policy of “two children
per family”. We want to examine the chances of survival of a family name in
such a society. To bring a branching process into the scene, we make the fol-
lowing assumptions: (1) Family names are carried only by the male offsprings.
(We do not mean to preach patriarchy — this is, after all, a reality in most so-
cieties.) (2) Each couple gives birth to exactly two children. This may perhaps
seem unrealistic. Our rationale is that we basically want our family names to
survive and, therefore, given the stipulation of the society, each couple will try
to produce two offsprings. Fertility and related issues are ignored. (3) The
probabilities of an offspring being a male or a female are equal. (4) Sexes of
different offsprings are determined independently. The assumptions (3) and (4)
are the standard rules of genetics, as we shall see in the next chapter.

If we start with one male member of a family and concentrate on his male
offsprings, then their male offsprings and so on, we get a branching process
with its progeny distribution given by py = 1/4, p1 = 1/2, po = 1/4 and
p3 = pg = --- = 0. This has p.gf. ¢(s) = i + %s + isQ. It is easy to
see that s = 1 is the only solution of (12) in [0,1], and, therefore ¢ = 1 in
this case. Thus, among the descendents of any one particular male member
of a family, it is with probability one that sooner or later there would not be
anyone left to carry his family name. Since the same fate awaits the family
name of every member of the society, each family name is sure to be wiped out
eventually. (Have we proved that our family planning programme, if strictly
followed, spells doom for our society?)

If instead, the society followed a policy of “three children per family”, then

1
we would have ¢(s) = 3 + 38 + -Z—sz + %83. One can check that now (12)

has two roots in [0,1], namely, s = 1 and s = v/5 — 2. By Theorem 1.8, the
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extinction probability equals v/5 — 2 (~ 0.234, approximately). Thus, there is
a positive probability for a family name to survive. For example, if there are k
male members in a family now, the reader should have no difficulty in deducing
from (12) and the remark thereafter, that the probability of survival of that
family name is approximately 1 — (0.234)%.

It is clear from the above examples that in order to get g by appealing to
Theorem 1.8, we have to somehow know what are all the solutions of equation
(12) in [0,1]. However, except in some very simple cases as above, it is almost
always impossible to explicitly solve equation (12). This is a serious limitation
of Theorem 1.8, from the point of view of applicability. It would be very nice
if we could come up with a simpler criterion which would enable us at least to
tell whether g equals 0 or 1 or whether ¢ lies strictly in between (even though
the exact value may not be known). This is what we take up next.

We begin by eliminating a trivial (and, hence uninteresting) case, namely,
when pg = 0. In this case, any individual in any generation produces at least
one offspring, so that the extinction is completely ruled out. Analytically
speaking, po = 0 implies that P(X; > 1) = 1, and, also P(X,11 > X,) =1,
for all n. Therefore P(X,, = 0) = 0 for each n, and, hence ¢ = 0. In fact, since
q satisfies (12) so that ¢ = 0 if and only if ¢(0) = 0, that is, pp = 0. In what
follows, we assume, therefore that py > 0.

Theorem 1.9: Assume py > 0. Then s = 0 is never a solution of (12) and
s = 1 is always a solution. If m < 1, then (12) has no solution in the open
interval (0,1), while if m > 1, then there is one and exactly one such solution.
Consequently, if m < 1, then the extinction probability equals 1, while if m > 1,
the extinction probability is strictly between 0 and 1.

Proof: That s = 0 is not a solution of (12) if po > 0 and that s = 1 is always a
solution has been already seen. To prove the other assertions, we consider two
cases separately.

Case 1: pg+p; = 1.

In this case, ¢(s) = po+p1 8, so that its graph is a straight line L;, say, as shown.
Since ¢(0) = po > 0 and ¢(1) = 1, the line L; meets the line L : ¢(s) = s at
exactly one point, namely, when s = 1. Thus, the only solution of the equation
(12) in the interval [0,1] is s = 1. Note that, in this case, m = p; < 1, and, the
extinction probability is 1 as asserted.

Case 2: pg+p1 < 1.

We first show that, whatever be m, the equation (12) has at most one solution
in the open interval (0,1). Note that ¢ has derivatives of all orders in the open
interval (0,1) and, in particular, ¢"(s) = 3,5, k(k — 1)prs*2, for s € (0,1).
Since this power series in s has all coefficients non-negative and at least one
coefficient strictly positive, it follows that ¢ (s) > Ofor all s € (0,1). Therefore,
@'(s) is strictly increasing on the open interval (0,1). Now, suppose, if possible,
equation (12) has two distinct roots, say, @ and £, with @ < f, in the open
interval (0,1). Then a, 8 and 1 are three distinct zeros of the function ¢(s) — s
and a < 8 < 1. By the mean value theorem, there must exist points v and
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(1,1

L1

Figure 1.2: L1:p(s) =po +p1s; L:v(s) =s

0 with @ < v < B and B < § < 1, such that ¢'(y) = ¢'(6) = 1. But this is
impossible since ¢'(s) is strictly increasing on the interval (0,1).

We now complete the proof of the theorem by showing that if the function
¢(s) — s has no zeros in the open interval (0,1), then m must be < 1, whereas,
if ¢(s) — s has a zero in (0,1), then we must have m > 1.

So, suppose first that the function ¢(s) — s has no zeros in the open interval

(0,1). It then follows that ¢(s) —s > 0 for all s € (0,1). This is because ¢(0) —
0 = po > 0. So, if for some sg € (0,1), ¢(sg) — so < 0, then the intermediate
value theorem applied to the continuous function ¢(s) — s would assert that
@(s) — s must have a zero inside the interval (0, so], thereby contradicting our
hypothesis. Now, since ¢(s) > sforall s € (0,1), we have (1—¢(s)) / (1—-s) < 1
for all s € (0,1). Taking limit as s 1 1, we obtain ¢'(1) < 1, that is m < 1.
If, on the other hand, ¢(s) — s has a zero, say at sg, in the open interval (0,1),
then, in view of the fact that s = 1 is always a zero of the function ¢(s) — s,
mean value theorem will assert the existence of a point s; in the open interval
(s0,1), such that ¢'(s1) = 1. Since ¢'(s) is strictly increasing on (0,1), we
immediately have ¢'(1) = 131%111 @'(s) > ¢'(s1) =1, that is m > 1. [

Remarks:

1. Note that in the examples discussed above m equals 1 in the first case
and equals % (>1) in the second case.
2. We know that ¢ = lim P(X, = 0) = lim ¢,(0), by definition. But,
n—roo n—oo
as a matter of fact, if po > 0, then for every s € [0,1), ¢n(s) = g as n — oo.
This can be seen as follows. First of all, since Equation (12) does not have
a solution in [0, ¢) and since ¢(0) > 0, it follows from the intermediate value

theorem and the monotonicity of the function ¢, that, for every s € [0, q], one
has s < ¢(s) < #(q) = ¢. Using induction, one gets the string of inequalities
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Figure 1.3: m > 1

Figure 1.4: m < 1
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5 < 6(s) < $a(5) < Ba(s) < -+ < Bq) = g for every s € [0,g]. But, at the
same time ¢,(0) = ¢ as n — o0, and ¢n(s) > ¢,(0) for all s > 0. All these
would imply that, for each s € [0,q], ¢»(s) T ¢ as n T co. In particular, when
g = 1 (which happens if and only if m < 1), we have ¢,(s) T ¢ =1 asn 1 oo,
for every s € [0,1]. When ¢ < 1 (equivalently m > 1), the convexity of the
function ¢ implies that, for every s € (¢,1), 1 > s > ¢(s) > ¢(q) = ¢, and by
induction, 1 > s > @(s) > ¢a2(s) > ¢3(s) > ---é(q) = g. It follows that for
every s € (q,1), nh_)ngo ¢n(s) exists. Clearly the limit satisfies Equation (12).

However, it is strictly less than one and hence must equal g. Thus ¢,(s) 4 q as
n 1 oo, for each s € (g,1) also.

So far we have focussed our attention entirely on the methods of finding the
probability of extinction. Its complementary event is the event of “survival”.
By definition, this is simply the event that all the X,, are different from zero.
It turns out, however, that in case this event occurs, the X,, actually have to
grow indefinitely large. One has to, of course, set aside one trivial exceptional
case, namely, when p; = 1, in which case P(X,, = 1 for all n) = 1. We will now
show that, if p; < 1, then, with probability one, the sequence (X,,) either goes
to zero or diverges to infinity as n — oo; it is not possible for the successive
generation sizes to remain positive and at the same time bounded.

Theorem 1.10: Assume that pr < 1. Then for every k > 1, P(X, = k) - 0
as n — 00. Moreover, P(X,, > 0)=1-¢=1- P(X, = 0).

Proof: We are going to use standard Markov chain terminology and nota-
tions. We show that for the chain (X,), each of the states {1,2,...} is a
transient state. For this, we simply have to show that fy; < 1 for each
k € {1,2,...}, where, following the Markov chain theory of Section 0.8, fi
denotes the conditional probability P(X,4; = k for some j > 11X, = k).
This probability, of course, does not depend on n because of time homogene-
ity. If po = 0, then noting that p;z = 0 for any 7 > k, one gets frr =
P(X,+1 = klX,, = k) = p¥ < 1. On the other hand, if py > 0, that is,
1-pk <1, weget fix < 1—P(Xpp1 = 01X, = k) < 1. Noting that
Xo = 1, it now follows from the general theory that, for k € {1,2,...},
lim P(X, = k) = lim P(X,, = klXo = 1) = 0, and also that, P(X, =
n—>00 n—oo

k for infinitely many n) = P(X, = k for infinitely many n | Xy = 1) = 0.
From this last assertion, one easily deduces that, for any positive integer L,
however large, P(X,, € {1,2,...L} for infinitely many n) = 0. This, of course,
means that, with probability one, either X,, — 0 or X,, = oo as n — oo. The
proof is complete. ]

1.5 Asymptotic Behaviour
In the last section, we saw that, when m > 1, a family starting with one

ancestor has a positive probability of surviving (Theorem 1.9), and moreover,
if it does survive, then the generation sizes grow indefinitely large (Theorem
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1.10). The so called Malthusian Law then expects the sizes to grow eventually
at a geometric rate. We now show mathematically that this is indeed the case.
One actually has X,, ~ Wm™ for large n, where W is a random variable which
is zero only when X,, — 0.

X
Theorem 1.11: Assume that m # 0, and, let W,, = —"ﬁ, forn > 0.
m

(a) The sequence (W,) of random variables converges to a random variable W
with probability one. If moreover, m > 1 and E(X?) < oo, then the convergence
takes place in Ly also, and E(W) =1 and V(W) = V(X1)(m? —m)~ 1.

(b) If X, is non-degenerate with E(X?) < oo, then the random variable W of
(a) takes the value zero only when (X)) converges to zero.

Proof: From definition, the conditional distribution of X,,4+1, given Xy = zo,
X1 =z, ..., Xn = Ty, is just that of the sum of z,-many i.i.d. random
variables with common mean m. It follows that

E(XTL+1IXO ::EOyXl :xlr"',Xn ’—""L‘n) =m: Ty,

that is,
Tn

n+1
E( n+1|Xo—l‘0,X1—$1, Xn=fl7n)=E,;-

Since the events (Xo = z9,X1 = Z1,...,Xn = ) and (Wy = o, W1 =

z1/m, ..., W, = z,/m") are identical, the above equality is same as
T x x
E (Wnﬂlw0 =g, Wi =2 W, = —'Z) = In
m m m

In the notation of Section 0.2.3, this amounts to
E(Wn.H IW(),Wl, .. ,Wn) =W,

Thus (Wy)n>0 is a non-negative martingale. By Doob’s martingale convergence
theorem of Section 0.7, the sequence (W,,) converges, with probability one, to
a random variable W with E(W) < co. In case m > 1 and E(X?) < oo, we
have from (11), that

EW)H =14V (%) =1+V(X).1=m™™)(m? —m)™},

so that
sup EW?2) =14+ V(X1)(m? —m)™! < co.
n

This implies that (W,) converges to W in L also. Moreover, in this case,
E(W) = lim E(W,) =1 (since E(W,) = 1foralln) and V(W) = nlgnéo V(Wy)
n—roo
= lim V(X;)(1=m™™)(m? —m)~! = V(X;)(m? —m)~t.
n—o0

For part (b), observe first that X,, — 0 (equivalently, X,, = 0 for all large n) im-
plies that W = 0. Thus, in case m < 1, one has P(W =0) = P(X, =+ 0) = 1.
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We now show that in the case m > 1 also, P(W = 0) equals the extinction
probability ¢. First of all, it is a consequence of (8) that

E(s{Qs‘QX2 ---sff") = <,z$(31E(s§1 ---sf"‘l)).

Observe that by the smoothing property of conditional expectation, as in Sec-
tion 0.2.3, the left-hand side of the above equation equals

> sEE(sy? - sX0 1 Xy = k)pr,
k>0

while, by the definition of the function ¢, the right-hand side equals
D isols B2 s )

Thus, we have

D SFE(sg® - sXm 1 Xy = k)pe = ) _[s1E(s3 " - 55 )y
£>0 £>0

Therefore, for each k > 0, B(sX?---sX» | X3 = k) = (B(s3* ---spm ")k,
that is, the joint p.g.f. of the conditional distribution of (Xs,...,X,) given
X1 = k, equals the k-th power of the joint p.g.f. of the unconditional joint
distribution of (Xi,...,Xp—1). This means that, given X; = k, the random
vector (Xg,...,X,) is conditionally distributed as the sum of k independent
random vectors, each distributed like the vector (X1, ..., X,~1). One concludes
that P(W,, — 01X, = k) = [P(W,, — 0)]*. Since

P(Wy —0)=>_ P(W, — 01X, =k) - ps,
k

it follows that the probability ¢* = P(W,, — 0) is a solution of the equation
(12). But, since under the hypothesis, V(W) = V(X;)(m? —m)~! > 0, ¢* can
not be equal to 1. This forces ¢* to be equal to q. [}

X
Thus, we see that —Z converges with probability one to a random variable

W. Also, if the progeny distribution p has a strictly positive finite variance,
then W = 0 only when X,, — 0. Thus, in this last case, we indeed have
X, ~ W -m"™ asymptotically as asserted earlier. In case m < 1 of course, the
statement X,, ~ W - m™ holds irrespective of whether p has finite variance or
not. Thus the condition that EX? is finite, becomes important really in the
case m > 1 only. Levinson (see Harris for details) has given an example with
EX? = oo, where W = 0 even though m > 1 (and, hence P(X,, — 0) < 1).
Under the condition 0 < V(X;) < oo, we know that if m > 1, then on the
set where X,, /4 0 (which has positive probability), the random variable W
takes strictly positive values. Our next result shows that W is actually non-
degenerate on this set.
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Theorem 1.12: Under the condition m > 1 and 0 < V(X;) < oo, the condi-
tional variance of W, given W > 0, is strictly positive.

Proof: We want to show that E(W2|W > 0) — (E(W |W > 0))2 > 0. Ob-
serve first that the function ¥(s) = (1 — ¢)~*{¢(s(1 — q) + q) — ¢} is a p.g.f.
with 4(0) = 0 and % (0) = (1 — q)" 1¢((g) for r > 1. It is also easy
to verify that 9" (1) < oo and that the variance of the underlying distribu-
tion, namely, 4" (1) +9'(1) — ('(1))? is strictly positive, or equivalently, that
(1-¢q)¢"(1) —m?+m > 0. Since P(W > 0) = 1 — g, the assertion is proved.

In view of Theorem 1.11(a), the distribution of the random variable W
would be of interest in order to study the distribution of X,, for large n. The
next result gives one preliminary fact about the distribution of W.

Theorem 1.13: Under the conditions of Theorem 1.11, the characteristic
function of W, namely, the function f(t) = E(e®*V), —co < t < oo, satisfies

the relation
f(mt) = ¢(f(2)). (13)

Moreover, if m > 1, then this is the only characteristic function satisfying (13)
corresponding to a distribution with mean 1.

Perhaps, we have got a little explaining to do regarding the right side of (13).
Usually when we talk of the p.g.f. of a distribution, we think of it as a function
defined on the interval [0,1]. But it should be clear that ¢(z) makes perfect
sense also for complex numbers z with |z| < 1. The recurrence relation (9)
remains intact even if we allow such complex variables for the function ¢.

Proof: In view of the remark made in the above paragraph, the relations (9)
yield ‘ . . .

E(e*") = ¢n(e”) = ¢p(dn-1(e™)) = ¢(BE(e* 1)),
for allm > 1 and all ¢ € (—o0, 00). Denoting the characteristic function of W,
by fa, it follows that

fa(mt) = B [e@Xn/m" ] = ¢ (B [eiXn/m" ] ) = g fos (1)) -

But W,, converges to W with probability one, and hence, by the dominated
convergence theorem, f,(t) converges to f(t) for each ¢. Since ¢ is continuous,
the relation (13) follows.

To prove the other part, let f and g be two characteristic functions satisfying

f'(0) = ¢'(0) =1, and,
f(mt) = ¢(f(t)) and g(mt) = (g(t)), forallte (—o0,00).

From the first condition, one clearly has f(t) — g(¢) = th(t) where h is a
continuous function with h(0) = 0. Now,

Imt h(mt)| = | f(mt) — g(mt)| = |$(f(t)) — $(g(t))| < m|f(t) - g(¥)| = m|th(t)],
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the inequality following from the fact that |¢'(2)] < m for all |z| < 1. Thus
we have |h(mt)| < |h(t)|, or, by induction, for any fixed #, |h(t)] < |[h(t/m™)|
for all n > 1. By continuity of h, we get, for all ¢, |h(¢)| < |h(0)] = 0. Thus,
F () = g(¢) for all ¢. ]

Using Theorem 1.13, it is possible to derive a lot of information about the
distribution of W. Among many other things one can show, for example, that
the distribution of W is absolutely continuous except for a point mass at zero.
For this and other things the book of Harris is the best source.

1.6 The Total Progeny of a Branching Process

The material in this section is also available in Feller, who attributes it to a
paper of I. J. Good and gives the exact reference. Here the objects of interest
are the random variables Z,,, defined for n > 1, as

Zpn=14+X1 +Xo+---+ X, (14)

where (X,,) is a branching process as defined in the previous sections with
Xo = 1. Z,, denotes the total number of descendants upto and including the n-
th generation. Note that the original ancestor (forming the zeroth generation)
is also included in Z,. Clearly, the Z,, are non-decreasing with n. Letting
n — 00, we get the size of the total progeny, Z = 1+ X1 + Xs + ---, which
may or may not be finite. Let v,, denote the p.g.f. of Z,. Since Z; = 1+ X,
and X; has p.g.f. ¢, we have v4(s) = s¢(s). In general, by conditioning on X;
and observing that, given X; = k, the random variable X; + X5 + --- + X,
is (conditionally) distributed as the sum of k£ many i.i.d. copies of the random
variable Z,_1, one obtains the recurrence relation

Vn(s) = s¢(Vn-1(s)) - (15)

From (15), it is easy to see by induction that, for any s with 0 < s < 1, the
sequence {v,(s)} is monotone non-increasing and therefore, v(s) = lim v,(s)
n—o0

exists. By the Theorem discussed in Section 0.3, we know that v(s) is the

generating function of a sequence {pg,k > 1} of non-negative numbers with

> pr < 1. Indeed, p, = lim P(Z, = k) = P(Z =k) for k =1,2,3,.... It
n—00

also follows from (15) that v(s) satisfies
v(s) =sp(v(s)) for 0<s<1, (16)
so that, for fixed s € (0, 1), the value of v(s) is a root of the equation (in t)
t=sé(t). (17)

We now show that (17) has a unique root for every fixed s in (0,1) and,
moreover, that this root v(s) is such that li%lll v(s) = q, where g is the extinction
)

probability of the branching process (X,).
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Let us now dispose of the two extreme cases, namely, pp = 0 and py = 1.
When po = 0, we know that ¢(¢t) < ¢ for all ¢ € [0,1], so that so(t) < st < ¢
for 0 < t < 1. Therefore, t = 0 is the only solution of (17). Thus v(s) = 0 for
all s € (0,1) and »(1) = lg%rll v(s) = 0. Of course, we know that if py = 0, then

g = 0. When py = 1, one has ¢(¢t) = 1, so that t = s is the only solution of the
equation (17). Thus v(s) = s for every s € (0,1) and therefore, ligl v(s) =1
8§

which is, indeed, the extinction probability ¢ in this case.

Now, let us consider the case 0 < pg < 1. In this case, the function
g(t) = s¢(t) is strictly increasing and convex (not necessarily strictly convex)
with g(0) = spp > 0 and ¢g(1) = s < 1. Thus the function f(¢) = g(t) —tisa
continuous function on [0,1] with f(0) > 0 and f(1) < 0, so that there is at
least one zero of f(t) in (0,1). Suppose, if possible, 0 < t; < t2 < 1 are two
zeros of f. Then for some g € (t1,12), we have f'(to) = 0, that is, ¢'(t0) = 1,
which, by convexity, implies that ¢g'(t) > 1 for ¢ > ;. By the Mean Value
Theorem, g(1) — g(t2) = (1 —t2)g'(€) for some £ € (t2,1). But this, along with
g'(&) > 1, will imply g(1) — 1 > g(¢2) — t2 = 0, a contradiction.

Thus (17) has a unique solution in (0,1) for each s € (0,1). Since f(q) =
sd(q) —q = (s — 1)g < 0, it also follows that the solution above lies in (0, q).
In view of (16), this unique solution is v(s). In particular, for each s € (0,1),
we have 0 < v(s) < g, so that v(1) = lgrll v(s) < q. But, on the other hand,

by letting s 1 1 in equation (16), we observe that v(1) = 111{{1 v(s) satisfies the

relation v(1) = ¢(v(1)). By Theorem 1.8, it follows that v(1) > ¢q. Thus, we
have (1) = q.

In particular, v(s) is a probability generating function if and only if the
extinction probability equals 1. Our findings can thus be summarized as

Theorem 1.14: Let p; be the probability that the total progeny consists of k
elements, that is, pr = P(Z = k), for k=1,2,.... Then

(a) > ,>1 Pk equals the extinction probability q and 1 — q is the probability of
an infinite progeny.

(b) The generating function v(s) = Y .5, prs*, 0 < s < 1, is given by the
unique positive root of (17) and v(s) < q.

We next turn towards the expected total progeny. Of course, since the total
progeny is given by Z = 1+ X1+ Xo+- - - and E(X,,) = m", one could argue that
E(Z) =%, m" which is finite if and only if m < 1 and, in that case, it equals
(1 —m)~'. This, however, requires the use of E(}" 5o Xn) = 3,50 E(Xn)
which needs monotone convergence theorem of Section 0.2.1. It is possible to
bypass it using the generating function v(s) as follows. First of all, if m > 1, we
know that ¢ < 1, so that there is positive probability for the total progeny to
be infinite and therefore, it can not have finite expectation. In case m < 1, the
special case p; = 1 is again trivial, because in that case X, = 1foralln > 1, so
that the total progeny is infinite with probability one and hence can not have
finite expectation. So, we finally consider the case when m < 1 and p; < 1.
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Since ¢ = 1 in this case, the total progeny is finite with probability one and v(s)

is indeed its p.g.f. Now from (16), one gets v'(s) = ¢(v(s))[1 — s¢'(v(s))] ! for

0 < s < 1. Letting s 1 1, one obtains that v'(1) = li{rll v'(s) is finite and equals
S

(1 —m)~ ! if and only if m = ¢'(1) = 111{111 @'(s) is strictly less than 1. Thus we
have proved

Theorem 1.15: The total progeny of a branching process has finite expectation
if and only if the mean m of the progeny distribution is strictly smaller than 1
and, in that case, the expected total progeny equals (1 —m)~!.

1.7 Some Examples and Diverse Applications

In this section, we give some illustrations of how the theoretical model of
branching process as described in the previous sections finds applications in
a number of widely diverse situations.

(a) Survival of Family Names: Special cases of this application have already
been discussed in detail following Theorem 1.8. As argued there, for this ap-
plication, only male descendants count; they play the role of the objects and
Pk is the probability for a newborn boy to become the progenitor of exactly &
boys. Our scheme introduces two artificial simplifications. Fertility may not
remain constant over generations and so the progeny distribution p changes, in
reality, from generation to generation (see Section 1.8 (a)). Secondly, common
inheritance and common environment are bound to produce similarities among
brothers which is contrary to our assumption of stochastic independence. Our
model can be refined to take care of these limitations, but the essential features
remain unaffected. Our theory allows us to derive the probability of finding
k carriers of the family name in the n-th generation, and, in particular, the
probability of extinction of the family line. As noted before, survival of fam-
ily names seems to have been the first chain reaction studied by probabilistic
methods.

(b) Nuclear Chain Reactions: This application came into being in connec-
tion with the atomic bomb. The following description, as given in Feller, is
supposed to be due to E. Schroedinger (1945). The objects here are neutrons,
which are subject to chance hits by other particles. Once hit, a neutron cre-
ates k new neutrons. Denoting by «, the probability that a particle scores a
hit sooner or later, we have a branching process with progeny distribution p
given by po =1 -, pr = o and p; = 0 for all j # 0,k. At worst, the first
particle remains inactive and the process never takes off. At best, there will be
k particles of the first generation, k? particles of the second generation, and so
on. If a is near one, the number of particles is likely to increase very rapidly.
Of course, this model is simplistic. From the point of view of physical reality,
for a very large number of particles, the probability of fission can not remain
constant, and also, stochastic independence is impossible.

(c) Electron Multipliers: This is a variant of the above example and the
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early treatments were given by Shockley and Pierce (1938) and Woodward
(1948). For detailed reference, see the book of Harris. An electron multiplier is
a device for amplifying a weak current of electrons. Each electron, as it strikes
the first of a series of plates, gives rise to a random number of electrons, which
strike the next plate and produce more electrons, and, so on. The number of
electrons produced at successive plates have been treated as a Galton-Watson
branching process. The complications due to random noise in the instrument
can also incorporated in the model.

(d) Genes and Mutations: This application can perhaps be better under-
stood after the reader has gone through Chapter 2 on general genetics. Every
gene of a given organism has a chance to reappear in 1,2,3... direct descen-
dants and our scheme describes the process, neglecting, of course, variations
within the population and with time. Following R. A. Fisher, consider a corn
plant which is father to some 100 seeds and mother to an equal number. Sup-
pose that a spontaneous mutation in the plant had produced a single gene of a
new kind, which plays the role of a 0-th generation object. We want to study
the chances of survival and spread of this mutant gene. Now, if the population
size remains constant, an average of 2 among the 200 seeds will develop to a
plant, that is, each seed has a chance of 1/100 to develop to a plant. Also, each
seed has probability 1/2 of receiving a particular gene. Thus the probability of
the mutant gene being represented in exactly k new plants is the same as that of
k successes in 200 independent Bernoulli trials with success probability 1/200.
it appears reasonable to assume the progeny distribution p is approximately a
Poisson distribution with parameter 1.

(e) Waiting Lines: Interesting applications of branching proceses occur in
queuing theory. The following is motivated by D. G. Kendall (see Feller for
exact reference). Imagine a counter where customers arrive to get some kind
of service. A customer arriving when the server is free, is attended to im-
mediately; otherwise, he joins the queue (waiting line). The server continues
service without interruption as long as there are customers in the queue re-
quiring service. Let us assume for simplicity that customers can arrive only
at integer time points and only one at a time. Suppose that the arrivals are
regulated by Bernoulli trials, so that at any time point n, the probability that
a customer arrives is p, while 1 — p is the probability that no arrival takes
place. On the other hand, let us assume that the successive service times are
independent integer-valued random variables with common distribution {fx}
and p.g.f. b(s) = Y 51 Bes”.

Suppose that a customer arrives at time 0 and finds the server free. His
service time starts immediately. If it has duration k, the counter becomes free
at time k, provided that no new customers have arrived at times 1,2,... k.
Otherwise, the service continues without interruption. By “busy period” is
meant the duration of uninterrupted service commencing at time 0. We show
how the theory of branching processes may be used to analyze the duration of
the busy period.

The customer arriving at time 0 initiates the busy period and will be called
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the ancestor. The first generation consists of the customers arriving prior to or
at the time of termination of the ancestor’s service time. If there are no such
direct descendants, then the process stops. Otherwise, the direct descendants
are served successively, and during their service times, their direct descendants,
if any, join the queue. We thus have a branching process such that the proba-
bility ¢ of extinction equals the probability of termination of the busy period
and the total progeny consists of all the customers (including the ancestor)
served during the busy period. Needless to say, only queues with ¢ = 1 are
desirable in practice.

(f) Duration of the Busy Period: The preceeding example treats the num-
ber of customers during a busy period, but the actual duration of the busy
period is of greater practical interest. This can be obtained by the elegant de-
vice, due to L. J. Good (see Feller for exact reference), of considering time units
as elements of a branching process. We say that the time point n has no descen-
dants if no new service starts at time n, where as, if a new service starts at time
n and if this service lasts r time units, then the time points n+1,n4+2,...,n+r
are counted as direct descendants of time point n. Suppose that at time 0, the
server is free. A little reflection shows that the branching process originated
by the time point 0 (the ancestor) either does not come off at all or else lasts
exactly for the duration of the uninterrupted service time initiated by a new
customer; thus, the total progeny equals 1 with probability 1 — p, while with
probability p, it equals the duration of the busy period commencing at time 0.

1.8 Possible Generalizations and Extensions

(a) Variable Generating Functions: In our branching process model, it was
assumed that all the objects always produce offsprings according to the same
distribution. In particular, the offspring distribution remained the same over
generations. To bring our model closer to reality, in some situations, we may
instead allow generational variations and suppose that an object in the n-th
generation produces offsprings according to the progeny generating function
#(™ (s). In this case, the p.g.f. of X,, would be

Pn(s) = ¢V (W (- gD (p("D(s)) -+ 4)). (18)

The formulae (7) and (8) can be generalized in a similar way. The details can
be found in the book of Harris.

(b) Family Trees: In our branching process as described in the previous
sections, the sole consideration was the total number of objects in the successive
generations. It does not distinguish between the different family trees, as long
as the numbers in the various generations are the same. Consider, for example,
the three families shown in the figure.

In all the three cases, X; = 3 and X> = 2. However, if we stipulate, regarding
two dots linked to the same vertex, that the higher one corresponds to the
older child, then (i), (ii) and (iii) represent three different family structures. It
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Figure 1.5: (i) (i) (i)

is possible to modify the definition of the branching process so as to keep track
of the family trees. The book of Harris (pages 122-125) contains a detailed
discussion.

(¢) Multi-type Galton-Watson Process: Certain applications — for exam-
ple, in cosmic ray cascade experiments, in reproduction of certain bacteria,
etc. — require consideration of processes involving several type of objects.
A Galton-Watson process with k£ types of objects, where k is a fixed posi-
tive integer, models a process of evolution where in each generation, objects
of k different types may be present. Each object produces a certain number
of offsprings of each type, thus giving rise to a k-dimensional random vector.
Offspring distributions are therefore given by the joint p.g.f. of these random
vectors. Denoting by ¢;(s1, s2,...,8k), 1 = 1,2,...,k the p.g.f. of the offspring
distribution of an object of type i, one can now define a Galton-Watson pro-
cess (Xn)n>o0, where, for each n > 0, X,, is the k-dimensional random vector
representing the total number of objects of the & different types in the n-th gen-
eration. As before, it is again easy to see that (X, )n>0 is a time-homogeneous
Markov chain whose transition probabilities are completely determined by the
functions ¢;. Once the initial confusion, if any, arising out of the simultane-
ous evolution of multiple types of objects disappears, the analysis can easily
be seen to proceed in a manner analogous to the previous sections, and, one
obtains generalizations of all the earlier results. Just to mention one, note
that here, instead of a single mean m of the offspring distribution, we have
a mean matrix M = ((m;)) of order k x k, where m;; denotes the expected
number of offspring of type j produced by an object of type i. From the usual
theory of matrices, one knows that if M is positively regular — that is, if for
some integer N, M has all its entries strictly positive — then it has a strictly
positive eigenvalue p, which is simple and greater in absolute value than any
other eigenvalue. This eigenvalue p plays a role similar to that of m of previous
sections, in determining extinction probabilities. The book of Harris (pages 34-
49) contains a good account of such multi-type branching processes. A deeper
analysis can be found in the book of C. J. Mode.
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(d) Continuous Time, Age-dependent Branching Process: There are vari-
ous possible formulations of branching processes in continuous time, some of
which require rather involved analysis. We mention here the simplest one,
namely, the age-dependent branching process. An object born at time 0 has
a random life length L which has a distribution G. At the end of its life, it
is replaced by a random number of similar objects of age 0, the probability
being py that the number of new objects is k. The probabilities pg, k > 0 are
assumed not to depend either on the age of the object when it is replaced or
on the number and ages of the other objects present. The process continues as
long as a non-zero number of objects are present. Let X; denote the number of
objects present at time ¢. This will give us a continuous time process (X;):>o0.
In general, the process (X;) is not markovian. However if the lifetime distribu-
tion G is exponential, then it does become a continuous time Markov process.
It turns out that the p.g.f. ¢ of the distribution {px} again plays a crucial role
in the analysis of this process. Denoting the p.g.f. of X; by ¢, one can, for
instance deduce the following analogue of (9)

¢i(s) = s(1-G(1) + : $(Pr—u(s5))dG (u) . (19)

(0,

For this and a detailed analysis of the process (X;)¢>0, we refer the reader to
the book of Harris.

1.9 Exercises

1. Let (X,)n>0 be a branching process with X, = 1. For an arbitrary but
fixed positive integer k, define the sequence Y, = Xy¢,r = 0,1,2,... .
Show that Y, is a branching process. If ¢ is the p.g.f. of X;, then show
that ¢, the k-th iterate of ¢, is the p.g.f. of ¥7.

2. Let f(s) = 1—p(1—s)? where p, B are constants and 0 < p, 8 < 1. Show
that f is a p.g.f. and its iterates are given by

fa(s) =1— pl+ﬂ+ﬁ2+m+ﬁ"‘1 (1- S)B"_
forn=1,2,3,....

3. Suppose that f is a p.g.f. Suppose that h is a function such that g(s) =
h=1(f(h(s))) is well defined and is a p.g.f. Show that the n-th iterate of
g is given by gn(s) = h7(fn(h(s))). Verify that you can take f(s) =

————— and h(s) = s*. Here k is a positive integer and m > 1.

m—(m—1)s

Show that s

gn(s) = [mn — (mn — 1)sk]1/k

4. Recall that Z is the size of the total progeny (including the ancestor) in a
o0

branching process. Assuming only that EZ < oo, show that E(} X;) =
1

EX,.EZ. Conclude that EX; <1and EZ = (1 - EX;)™L.
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. In a branching process assume that the progeny distribution satisfies

p; = 0 for ¢ > 2. Assume also that ps > 0. Show that the probability of
extinction equals min(pg/p2, 1).

. At time 0, a blood culture starts with one red cell. At the end of one

minute the red cell dies and is replaced by 2 red cells or 1 red and 1 white
cell or 2 white cells with probabilities 1/4, 2/3 and 1/12 respectively.
Each red cell lives for one minute and gives birth to offspring in the
same way while each white cell lives for one minute and dies without
reproducing. Assume that individual cells behave independently. What
is the expected number of white cells that have appeared (and died) by
the end of 10 minutes. Show that the probability that the entire culture
dies eventually is 1/3.

(a) A mature individual produces offspring according to the p.g.f. ¢(s).
Suppose that we have a population of k¥ immature individuals each
of which grows to maturity with probability p and then reproduces
independently of other individuals. Show that the p.g.f. of the total
number (immature) of individuals at the beginning of next genera-
tion is (1 — p + po(s))*.

(b) Given that there are k£ mature individuals in the parent generation
show that the p.g.f. of the mature individuals in the next generation
is given by [¢(1 — p + ps)]*.

(c) Show that the two p.g.f. in (a) and (b) have the same mean but not
necessarily the same variance. Can you explain the discrepancy in
the variance?

. Consider a branching process with initial size N and p.g.f. ¢(s) = g+ ps,

where 0 < p< 1, ¢ =1—p. If T is the first time when the population
becomes extinct then show that

P(T=n)=(1-p")" - (1-p"H".

. Fixb>0, ¢c>0, b+c < 1. Consider the branching process with Xg =1

and progeny distribution given by p; = bci™! for i = 1,2,3,..., py =
1- 221 Di-

1-b-—
(a) Show that py = 2

1-c¢c
1-(b+¢) bs

how th = ‘
(b) Show that the p.g.f. is ¢(s) 1—¢ 1—cs

(C) ShOW that m = a—:—C?.

. 1-b-c
(d) Show that if S = m

, then ¢(so) = so.
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From now on assume that m # 1.
#(s) —so _ s—s50

$(s) =1  m(s—1)

(e) Show that
(f) Show that

s s— 8o " 1-—35p <
0 — ——0 — 0
_ mn(s—1) n 1—350 mn" — s
nls) = —F 5 =1-m m"—50+1 mro1y,
mn(s_l) - m" — sg 5
n 1-— So
(g) Show that P(X, =0)=1-m"— .
m™ — 8o
(h) If T is the time of extinction, then show that
—1)(1 -
P(T =n) = mi—tgg— M= DA=50) 4 1o

(m™ — sp)(m"~! — s0)
From now on assume that m = 1.

. _ne—[(n+1)c—1]s
(i) Show that ¢n(s) = 1+ (n = 1)c —nes

ne
j) Show that P(X,, =0) = ———— .
() Show that P(X, =0) = -
c(l—c)
I+ n—Dl+(n—-2)] °
10. Suppose that a society adopts the following policy. Allow each couple to
have two children. If both children are girls, then allow them to have a

third child. Find the probability of survival of a given family name under
the usual assumptions.

(k) Show that P(T =n) =

11. A man founds a society for the upholding of moral standards. Each
year with probability p, he admits one person of sufficient high moral
standard as a member. The probability is 1 — p, that no new members
are admitted in a year. At the same time, any existing member who is
guilty of moral lapse must resign. The probability of this happening to a
member in a year is A\. The founder himself is not considered a member of
the society. Let ¢, denote the p.g.f. of the (random) number of members
of the society at the end of n-th year. Show that

Pnt1(s) = (ps+1=p)dn((1 = A)s + A).
Calculate ¢1(0) and ¢2(0).

12. Consider a queueing system as discussed in Example (e) of Section 7
and the branching process defined there. Find the progeny generating
function ¢(s) for this process. Deduce that m = pu where y is the
expected duration of service for a customer. Find conditions for (a) the
busy period to terminate with probability one and (b) the expected total
number of customers during a busy period to be finite.
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13. Consider the same set-up as in the above exercise, but now consider the
branching process as discussed in Example (f) of Section 7. Find the
progeny generating function. Hence find the generating function of the
duration of the busy period.
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Chapter 2

BASIC MATHEMATICAL
GENETICS

In this chapter, we start with a brief review of a few relevant facts from genet-
ics, which is done in Section 1. We shall only recall just enough genetics that
is needed in order to form an idea of the phenomena to be modelled in the sub-
sequent sections. In Section 2, we proceed to the mathematical analysis of the
variations in gene frequencies in a population. This includes, in particular, the
Hardy- Wienberg Laws. Section 3 is devoted to a discussion of the phenomenon
of inbreeding and the concept of gene identity. Malecot’s models on random
mating are taken up in the last section.

2.1 Basic Genetics

Interestingly, the first studies as to how traits or characterstics are passed on
from parents to offsprings, were carried out by a saint in a monastery in Austria
around the time 1860-1870; his name was Gregor Mendel. While experimenting
with pea plants, he was intrigued by the following questions. How does a plant
know whether it should be tall or dwarf, whether it should produce green seeds
or yellow seeds, whether its seed coat should be grey or white? After a series
of experiments, he arrived at the following conclusions. For each trait, there
are what are called “determiners” — chemicals which make the plant exhibit
that trait — and these determiners occur in pairs. During the formation of the
reproductive cells, these pairs segregate or seperate out (Law of segregation),
while during the fertilization process, one determiner from each parent join
together, and it is this newly formed pair that is passed on to the offspring.
This joining together does not take place according to any fixed preassigned
plan; instead, one determiner from the father and one determiner from the
mother join at random (Law of Random Assortment). Further the determiners
for different characterstics are passed on independently (Law of Independent
Assortment). This last speculation is, however, not entirely true.

97
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Before going into the pertinent features of the offspring formation that are
relevant for the mathematical analysis, we take a glimpse into cell biology and
cell division. Human cell can be thought of as a miniature factory, where the
raw material (food supply) is in the cytoplasm and the executives (that give
instructions) are in the “air-conditioned” room called the nucleus. The nucleus
is separated from the cytoplasm by a nuclear membrane. The nucleus contains,
among other things, certain thread-like substances called Chromosomes. The
chromosomes consist of what is known as Chromatin (“chroma” means colour;
when a particular dye is applied, these threads pickup red colour and become
visible in a microscope). In normal human cell, there are 23 pairs of such chro-
mosomes in each cell nucleus, that is, 46 chromosomes arranged in pairs. Each
pair is called a homologous pair. The chromosomes in each pair have the same
physical appearance but not necessarily the same chemical composition. Dur-
ing the reproductive stage, a cell division called Meiosis takes place (“meioo”
means reduction and “osis” means execessive growth, so that meiosis literally
means reduction growth). This happens as follows. Firstly, the chromatin con-
tent doubles. This is called interphase I. Thus; 46 sister pairs of chromosomes
appear. Then, in what is called interphase II, some fibres also start appearing.
Then two sister pairs get attached to each fibre; this is called metaphase I
Then in anaphase I, the fibres break, leaving one sister pair attached to one
part of the fibre. This is followed by telephase I, when constrictions appear
in the cell and the cell slowly breaks into two cells. Now each of the cells has
23 sister pairs. Indeed, each has 23 of the original 46 chromosomes, but each
in double dose. Then again metaphase II occurs, when each sister pair gets
attached to a fibre. Anaphase II comes next, when each fibre breaks, leaving
one of the chromosomes of the sister pair attached to one part of the fibre.
Finally, in telephase II, each cell breaks into two, each having 23 chromosomes.
Thus, starting from one original cell having 23 pairs of chromosomes, we finally
have four cells, each having just 23 chromosomes. These are called Gametes.

Figure 1 illustrates the process of formation of gametes, starting from one
original cell containing two pairs of chromosomes, namely the (1a, 1b) pair and
the (2a,2b) pair. It should be pointed out that the assortment taking place
during anaphase I and telephase I is really random. Thus, starting with the
same cell, as in Figure 2.1, the two cells obtained after telephase I could have
been different as shown in Figure 2.2.

Though there are some structural differences between the male cell division
and the female cell division at the reproductive stage, these differences do not
concern our analysis. When a male gamete joins a female gamete, we get what
is called a Zygote. Thus a zygote has 23 pairs of chromosomes. This zygote
now divides and multiplies by the usual cell division process, called Mitosis, to
form the offspring.

After this brief digression into cell biology and cell division, we now go on
to discuss the salient features of basic genetics that are going to be relevant for
us.
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(1) The nucleus of a living cell contains a certain number of chromosomes.
The number is the same for all individuals in a given species. In some species,
they occur in pairs. Such species are called Diploid Species. But there are
also species which are Haploids (chromosomes occuring singly), or Triploids
(chromosomes occuring in triplets) and, more generally, Polyploids. We mostly
consider diploid species. Among the different diploid species, the number of
chromosome pairs vary widely. For example, human cells have 23 pairs, dogs
have 39 pairs, fruitfly (Drasophila Melanogaster) has 4 pairs, pea plants have
7 pairs and so on.

(2) It is the chromosomes that govern the hereditary characterstics of the
species. The quantity that governs a particular characterstic is called a ‘Gene’
and the position on a chromososme where the gene is located is called the Locus
of the gene. For example, in Drasophila, which has 4 pairs of chromosomes, a
part of the third chromosome is the locus for ‘hairy body’ gene. This means
that if a particular chemical is present at this locus, the fly will have hairy
body. Loci appear in pairs on homologous chromosomes (an exception will
appear later). In Drasophila, for example, consider the third homologous pair.
The same position on each of the chromosomes of this pair is the locus for the
‘hairy body’ gene. The natural question that arises is that, if one chemical in
one locus says ‘yes hairy body’ and the other one says ‘no hairy body’, then
what happens? It depends on which is dominant. This is clarified next.

(8) The various forms in which a gene can occur are called Alleles. The
different combinations of alleles that can occur for a particular gene on the
homologous pair of chromosomes are known as the different Genotypes. The
different ways in which the genotypes manifest themselves physically are called
the different Phenotypes. Thus genotypes refer to the actual combinations of
alleles of a gene, while phenotypes reflect their outward expressions. Let us
look at some examples.

Example 1: For pea plants, consider the characterstic of height. The gene that
determines this particular trait has two alleles. We denote them by T and t.
The allele T dictates the plant to be ‘tall’, while the command of ¢ is ‘dwarf’.
Now a plant can have any one of the three combinations — T'T or T't or tt
— on its homologous pair. We are not distinguishing 7't from ¢T" here. These
are the three genotypes. Physically, however, it is found that both the 7T and
Tt combinations result in tall plants, whereas only the t¢ combination gives
dwarfs. Thus there are only two phenotypes, namely, ‘tall’ and ‘dwarf’. It is
as if, the command of the allele T dominates over that of the allele . Quite
naturally therefore, in this case, the allele T is said to be dominant and the
allele ¢t is called recessive.

Example 2: The gene that determines the colour in snapdragon flowers has
two alleles R (for ‘red’) and r (for ‘no red’). As in Example 1, there are three
genotypes, namely RR, Rr and rr. Plants which have RR produce red flowers,
whereas plants that have rr produce white flowers. Plants of the genotype
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Rr are found to produce pink flowers, intermediate to red and white. Thus,
the three genotypes give rise to three different phenotypes also. So, here is a
situation where out of the two alleles, no one seems to dominate over the other.
In this case, we say that the alleles R and r are codominant.

Example 3: As a final example, we consider the Landsteiner blood group sys-
tem. The gene that determines the blood group has three alleles, called O, A
and B. So we have six different genotypes, namely, OO, OA, OB, AA, AB,
BB. There are four phenotypes, namely, the L group (genotype OO), the L4
group (genotypes OA and AA), the L? group (genotypes OB and BB) and the
LAB group (genotype AB). Here the alleles A and B are codominant whereas
the allele O is recessive with respect to both A and B. Thus, genotypes OA
and OB manifest in the same phenotypes as AA and BB respectively (namely,
LA and L® groups respectively), but the genotype AB manifests in a different
(intermediate?) phenotype, namely, the L4Z group. Of course, the phenotypic
classification here is not as transparent as in the earlier examples. For example,
pink is evidently intermediate to white and red, as in Example 2, but here what
is LAB group? Here is a brief description of the basis of this classification. In
immunology one encounters two terms, antigens and aentibodies. Antibodies
are protiens in blood plasma manufactured to fight antigens, while antigens
are those chemicals whose presence forces the body to manufacture antibodies
to fight against these antigens (is it circular?). There are two different kinds of
antigens called A and B that may or may not be present in blood. The basic
rule is that, you will not manufacture antibodies to fight your own antigens.
These four types of phenotypes described above correspond to blood having no
antigens at all or having only antigen A or having only antigen B or having
both A and B.

(4) A normal human cell contains 23 pairs of chromosomes. The chro-
mosome pairs 1,2,...,22 are called autosomes (the chromosome pairs can be
arranged and numbered). The 23rd pair is called the sez-chromosome pair.
This pair consists of either two long ones or one long and one short. In par-
ticular, the two chromosomes in this pair may not even physically look alike.
The long chromosome is called X and the short one is called Y. This pair
determines the sex of a person in the following way: XX persons are females
and XY persons are males. Thus, during reproduction, a mother always passes
on an X chromosome to the offspring whereas the father may pass on either an
X or aY chromosome, thus determining the sex of the offspring. A gene that
has its locus on one of the autosomes is called an autosomal gene. On the other
hand, a gene that has its locus on the sex chromosome is called a sez-linked
gene. More precisely, if a gene has its locus on the X chromosome, then it
is called an X -linked gene, whereas genes having locus on the Y chromosome
are called Y-linked genes. For example, the gene that determines the trait of
colour blindness is an X-linked gene. This gene has two alleles, namely, C
(normal vision) and ¢ (colourblind). Thus males have two possible genotypes,
namely, C'Y and c¢Y, while females have three genotypes, namely, CC, Cc and
cc. Between the two alleles C is found to be dominant and ¢ recessive. Thus
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CY, CC and Cc are the combinations that correspond to normal vision, while
persons with genotypes cY and cc are colourblind. The gene that is responsible
for what is known as Haemophilia (failure of blood-clotting mechanism), is also
X-linked with two alleles, namely, H (normal) and A (haemophilic), of which
H is dominant. On the other hand, traits like hairy ears, bald head, etc., are
believed to be caused by Y-linked genes.

(5) We must immediately point out that every rule has exceptions. For
example, sometimes a man may have what is called ‘Trisomy 21’ or ‘Down’s
syndrome’; such a person has three chromosomes numbered 21, thus having
a total of 47 chromosomes in all. Sometimes a female may have ‘superfemale
syndrome’; having three X chromosomes. Similarly a man may have ‘Klinefel-
ter’s syndrome’, having X XY . Also, it is not always true that the minimum
number of chromosomes is 46. For example, a female may have ‘monosomy
X’ or ‘Turner’s syndrome’; this means having only one X chromosome, thus
having 45 chromosomes in all. Sometimes, all the 46 chromosomes may be
there, but some of them may be partly missing. Sometimes, for example, the
long arm of the 22-nd pair may be missing; this situation leads to a kind of
cancerous Leukemia. Of course, all these are some sort of aberrations and will
be excluded from consideration in the sequel.

(6) If parents pass on exact replica of what they have to the offspring, as
enunciated earlier, then we will have an immediate contradiction to the evo-
lutionary theory of Charles Darwin. In reality, there are sometimes misprints
in passing on the message coded in a gene to an offspring. This phenomenon
is called Mutation. For example, consider an autosomal gene with two alleles
A and a. Suppose the father is (of genotype) AA and mother is (of genotype)
aa. Then, if we strictly adhere to the theory laid down earlier, every offspring
must receive an allele A from the father, and an allele a from the mother and
consequently will be (of the genotype) Aa always. In practice, however, it is
quite likely that during the gamete or zygote formation stage, the allele A may
be ‘converted’ (with a very small but non-zero chance) to a. Such a conversion
will result in the offspring being aa.

To understand the phenomenon of mutation a little better, let us consider
the gene that controls the manufacture of haemoglobin. First of all, the chro-
mosome has, besides sugar, nitrogen, etc., a sequence of chemicals acting as
symbols for a code of instructions. The chemicals are Adenine symbolized as
A, Guanine as G, Uracil or Thiamine as U and Cytosine as C. There are twenty
basic amino acids used in the manufacture of proteins and other compounds. It
will be helpful to think of a chromosome as a piece of paper with instructions
written on it. In reality, these instructions are in the form of a sequence of
symbols. Each triplet of these symbols A, G, U, C codes an amino acid (or
does not code anything at all). Also, more than one triplet may code the same
amino acid; this is called the degeneracy of the genetic code. For example, CAA
and CAG both code the amino acid Glutamine, while GUC, GUA and GUG all
code the amino acid Valine. When it is time to manufacture haemoglobin, the
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relevant gene sends a message (actually, replica of itself) into the protoplasm,
where the message is read tripletwise and the corresponding amino acids are
brought and arranged. The gene that controls the manufacture of haemoglobin
has many alleles, of which S (normal) and s (sickle) are two. The only differ-
ence between them is that, at a particular location in the string of triplets, the
allele S has the code for glutamine, whereas s has the code for valine. Thus, a
change of just one triplet would result in a change of an allele S into s (or of s
into S). All this discussion is just to impress upon the reader that a mutation
of one allele into another may often be accomplished by just a change of one
single triplet in a string of thousands. Such a misprint is, of course, not hard
to conceive. For example, it is found that radiation, an overdose of harmful
chemicals, etc., are capable of causing this. When we talk of radiation, we do
not necessarily mean being directly exposed to it. There are indirect ways of
being affected by radiation. This could, for instance, be caused by drinking
the milk of a cow which ate grass that somehow got contaminated by radiation
fallout.

Thus, an allele A can mutate to an allele a and an allele a can mutate to
A. In fact, mutation is the main source for genetic diversity. Sometimes, an
allele mutates to something new giving rise to a slight variation. This leads to
interesting theoretical possibilities as discussed in the next paragraph. If this
new allele is ‘good’, the offspring and their progeny propogate this new allele
in the population. If the new allele is deleterious, then it will disappear sooner
or later from the population. Sometimes, this new allele may not only be good,
but also advantageous for survival, in which case this new variation takes over.
This is what is really behind the phenomenon of “survival of the fittest” in the
context of evolutionary theory.

(7) As mentioned in the last paragraph, it is quite possible for an allele of
a gene to mutate into a form that is not existing at present in the population.
This means that the possible number of alleles for a gene may potentially be
infinite (very very large), but only finitely many (in fact, only a few) show up
(because we have a finite population). We shall not discuss this possibility of
infinitely many alleles, though it is an exciting idea. We refer the interested
reader to the book of Kingman.

This is all the basic genetics that will be needed to get the motivation and
understand the mathematics that follows. If one is interested to know more
on genetics, there are a number of good books, some of which are listed in the
references at the end of this chapter.

We conclude this section with a simple illustration of how the above ideas
work. Suppose that a woman has normal vision, but we are told that her father
was colourblind. From this, can we say what the genotype of the woman is?
First of all, since she has normal vision, her genotype must be either CC or
Cc. But the fact that her father was colourblind, tells us that his genotype
must have been cY. He must have passed on X (and not Y) to the daughter
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and so must have passed on ¢. So the woman must have genotype Cec.

2.2 Random Mating: Hardy-Weinberg Laws

We shall now proceed towards some mathematical analysis. They concern
the variations in gene frequencies from generation to generation, and are of
theoretical interest.

2.2.1 Autosomal Genes

Let us consider a bisexual diploid population (like humans) and an autosomal
gene with two alleles A and a. Suppose that, initially in both males as well
as females in the populaion, the relative frequencies of the various genotypes
are AA : Aa : a0 = u : 2v : w with u+ 2v + w = 1. Such a population
structure is sometimes denoted as u AA + 2v Aa + w aa. The question that we
ask is: what will be the relative frequencies of various genotypes (genotypic
frequencies, in short) in the next generation? Obviously, the genotypes of the
offsprings of a mating depend on the specific genotypes of the parents. Thus,
the relative frequencies of various mating types (mating frequencies, in short)
are necessary. Let us assume that the population is paired into couples to
act as parents of the next generation. The mechanism of the pairing is called
a mating system. Thus an important constituent of any mathematical model
would be a stipulation of the proportions of different mating couples. One such
simple stipulation is that, for every choice of genotypes « and 3, the proportion
of mating couples with « type males and § type females — to be symbolically
denoted as aM x BF (a x 3, in short) — equals the proportion of a type
males in the population multiplied by the proportion of 5 type females in the
population. Such a mating system is called random mating. The idea is that, if
one male and one female are selected at random from the population for mating,
then the chance of getting a X 8 mating is given precisely by the product above.
Since the two parents play symmetric role (autosomal gene!), there is no need
to distinguish between the mating types aM x SF and M x aF. The two
together will be denoted by a x 3. Table 2.1 below lists the various mating
types with their relative frequencies and the offspring genotype frequencies for
each mating type.

Table 2.1

mating type  mating frequency  offspring genotypic frequency

AA x AA u? 144

aa X aa w? laa

AA x Aa 4uv %AA + %Aa
aa X Aa dvw %Aa + %aa
AA x aa 2uw 1Aa

Aa X Aa 42 LAA+ JAa+ faa
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By the rule of total probability, the genotypic frequencies in the offspring
population are (u+v)24A +2(u+v)(v+w)Aa+ (v+w)2aa. Denoting (u +v)
by p and (v + w) by g, these genotypic frequencies may be written as p?AA4 +
2pq Aa + q*aa. Now, if the same process is repeated to this population (to be
called the first generation), then the second generation will consist of p?AA +
2pGAa + G*aa where p = p?> + pg and § = pq + ¢>. But, of course, since
p+q =1, we have p = p and ¢ = ¢q. Thus, from the first generation onwards,
all the subsequent generations will have composition p?AA + 2pq Aa + ¢%aa.
In other words, the genotypic frequencies achieve stability right from the first
generation, irrespective of what the composition of the initial population was.

Of course, in what we did above, random mating was the basic assumption.
But, there were some other implicit assumptions too, which we now describe.

Firstly, the possibility of mutation was ruled out. For a given parental
type, we simply followed the Mendelian rule to derive the offspring genotypic
frequencies. If mutation is to be allowed, this has to be appropriately modified,
resulting in a change in the third column of Table 2.1. An illustration of how
to handle mutations in this set-up will be given later.

Secondly, Natural Selection was also ruled out. This means that we im-
plicitly assumed all the genotypes to be equally fit to survive and reproduce.
This, however, may not be true in reality. Consider, for example, a situation
where the genotypes aa are sterile. Then, obviously, the mating types Aa X aa,
AA x aa and aa x aa do not produce any offsprings. Therefore, as far as next
generation is concerned, we may as well pretend as if the aa genotype is dead
from the parental population. So it will be just a matter of restricting oneself to
a parental population with only two genotypes AA and Aa (with their relative
frequencies appropriately normalized), and proceeding exactly as above. But
this is only an extreme illustration. In general, we may only know that the aa
genotypes are less fit than the AA. The main problem then is how to quantify
the notion of “less fit”. One way to do this is to say that only a proportion
of the aa genotypes survive to maturity and reproduce. Naturally therefore,
before discussing the mating types, we must first re-evaluate the relative fre-
quencies of the different genotypes in the matured population. This is, for
example, the case for sickle cell haemoglobin discussed in the earlier section.
It is found that the fitness of the ss genotypes is much less compared to that
of the SS genotypes. This is due to the fact that if the haemoglobin changes
shape, then it cannot carry enough oxygen and, as a result, makes the per-
son weak and intrinsically tired. Certain tribes in Africa are found to contain
a considerable proportion of ss genotypes. In this context, we should warn
the reader that reality is often much more complex than simple mathematical
models. For instance, with sickle cell, the genotype SS is also “less fit” in the
sense that it is more susceptible to certain kinds of malarial parasites.

Thirdly, we have implicitly assumed the population to be closed, that
is, there is neither migration from the population nor any immigration from
outside into the population. But, for our purposes, migration of a part of the
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population can be thought of as death and brought under fitness assumptions.
Similarly, immigration can also be handled via fitness.

Finally, we assumed that the different generations are non-overlapping. To
be precise, we are trying to evaluate the frequencies of the various genotypes
in the different generations. But, what is a generation? To start with, we
assumed that there is a generation Gy, who produce the next generation Gj.
Then matings from only Gy produce the next generation G3, and so on. In
reality, however, this may not be the case. In certain societies, a man getting
married to his sister’s daughter is quite customary. Such systems do not fit
into our model.

To make sense of random mating we must really assume that the male-
female ratio in the population is 1:1. Also, the population must be potentially
infinite. To see what happens otherwise, let us think of an extreme case.
Suppose a population has 3 males and 3 females, each consisting of 144 +
1Aa + laa. Clearly all the six possible mating types listed in our Table 2.1, do
not arise in reality. Our model of random mating precludes such possibilities.
We do not need to make any additional explicit assumptions to this effect,
because the notion of random mating itself takes care of it. Whatever be the
underlying mechanism involved, the assumption of random mating describes
to us the relative frequencies of various mating types, and, that is all that we
need for our calculations. Thus, the notion of random mating is not really as
simple as it appears to be. Later, we will see that, if the population is finite,
then this kind of stationarity of genotypic frequencies cannot arise.

The assumption made about both sexes having the same genotypic frequen-
cies to start with, is not essential. One can do away with it and proceed in
exactly the same way as above to arrive at the following general result.

Theorem 2.1 (Hardy-Weinberg Law for Autosomal Genes): Consider
a diploid bisexual closed population and an autosomal gene with two alleles A
and a. Assume that there is no mutation and that all genotypes are equally fit.
Suppose that initially we have the genotypic frequencies uAA + 2vAa + waa in
males and TAA+20Aa+waa in females. Then under random mating, the first
generation consists of pp AA + (pg +Pg)Aa + qq aa in both males and females,
where p =u+v,p=u+7,¢q=1—pand § = 1—7p. From the second
generation onwards, the population consists of p2AA + 2pogoAa + giaa in both
males and females, where po = (p+D) and go = %(q—i—q). Thus, the genotypic
frequencies remain stationary from the second generation onwards.

To prove the above theorem, we may proceed as earlier, preparing a table
giving offspring types. This method is called the ‘random mating method’
in the literature. There is another method of calculations, known as random
union of gametes, which leads to the same final result. We shall illustrate this
method now. Males consist of uAA + 2vAa + waa. Each AA male produces
two A genes; each Aa male produces one A gene and one a gene; and each aa
male produces two a genes. Thus, if you think of a male gene pool, then it
consists of A genes and a genes in the proportion pA + ga, where p = v +v and
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g = 1 —p. Similarly, the female gene pool consists of PA + Ga, where p=u +7v
and g =7+ W = 1 — p. The principle of random union of gametes says that,
the offspring genotype is obtained by selecting at random one gene from the
male gene pool and one from the female gene pool. If we do this, then clearly
the offspring population will consist of ppAA + (pg + Pg)Aa + qgaa for both
sexes. Of course, it is legitimate to ask whether the model of random mating
is equivalent to the principle of random union of gametes. This is, indeed, the
case. The equivalence is discussed in detail in the book of Edwards.

2.2.2 X-linked Genes

Let us now consider an X-linked gene with two alleles A and a. As dis-
cussed earlier, the females, in this case, have three possible genotypes as
usual, whereas the males have only two genotypes AY and aY (A4 and a,
for short). Suppose that, initially females have the genotypic composition
uAA + 2vAa + waa and males have ppA + goa. Assuming random mating,
calculations similar to Table 2.1 show that, the first generation will have the
genotypic compositions pop1 AA + (pog1 + qop1)Aa + gogiaa in females and
p1A + qra in males, where py = u+ v and ¢t = 1 — p;. One can deduce, in
general, that the nth generation will consist of p,A + g,a among males and
PnPr-1AA + (Pndn—1 + @nPn—1)Aa + qngn—10a among females. This leads to
the recurrence relation

’ 1 1
Pn+l = PnPn—-1 + §(ann—1 + ann—l) = §(pn +pn—1) .

Thus, to see what happens eventually, we should solve the difference equation
above and find the limit as n — oo. Denoting a, = pnry1 — Pn, the above
equation reduces to a, = —%an_l. It follows that o, = (—%)”ao, for all

n
n > 1, yielding pny1 = po + ao Y (—3)*. Taking limit as n — oo, we get
k=0

o0
. _ 2 2 1
lim p, = po + ao ;(—2) ¥ =po+ 300 =3P+ 3P0

We have thus proved

Theorem 2.2 (Hardy-Weinberg Law for X-linked Genes): Consider
a diploid bisezual closed population and an X -linked gene with two alleles A
and a. Assume that there is no mutation and that all genotypes are equally
fit. Suppose that the population initially consists of poA + goa males and
u AA+2vAa+w aa females. Then, under random mating, the population would
eventually consist of @ A+ (1—a) a males and o> AA+2a(1—a)Aa+(1—a)?aa
females, where @ = Z(u +v) + $po.

To see a concrete application of this theorem, suppose, for instance, that
A is for normal vision and a for colourblindness. In the limiting population, if
the proportion of colourblind males is 3, then only a proportion 32 of females
are expected to be colourblind.
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2.3 Random Mating with Mutations

Let us now turn to situations involving mutations. To make calculations sim-
pler, we will work with the gamete pools and use the method of random union
of gametes. Suppose that we have an initial population of gametes with the
composition pg A+¢oa and that, in every generation, a proportion u (0 < p < 1)
of a genes mutate to A. If the nth generation consists of p, A + ¢na, then by
assumption, gnp4+1 = (1 — p)gn. Thus, ¢, = (1 — p)™qo — 0 as n — oo, so that
pn — 1. Thus, as expected, the population eventually consists entirely of A
genes alone.

Let us now consider two-way mutations. Assume that, in each generation, a
proportion u (0 < p < 1) of a genes mutate to A and a proportiony (0 < vy < 1)
of A genes mutate to a. Of course, this raises the question as to whether it is
possible for an a gene to mutate to A which again mutates immediately to a.
Since the chances of mutation are usually very small, we assume that this does
not happen. The second question that arises is about the order in which the
two kinds of mutations take place. We assume both types of mutations to take
place simultaneously, that is, a proportion of a genes mutate to A, and at the
same time, a proportion of A genes mutate to a. As before, we start initially
with a gene pool consisting of pgA + goa. Now, if the nth generation consists
of ppA + gna, then clearly, pni1 = (1 — ¥)pn + pgn = (1 — g — ¥)pn + p, or

equivalently, pp11 — EJ% =1—-p—7)(pn~— EJ%) This gives

M M
Pn=——-+ 1—#—7)"(19 ———)-
Bty ( Bty

Since 0 < p,v < 1, so that |[1 — u— 7| < 1, wehavepn%;_’:—yasn—)oo.

Thus, the population will eventually stabilize at —%A + l—;}ﬁ;a, a configuration
that does not depend on the initial structure. As a theoretical curiosity the

reader may ask what happens if p =~y =17

2.3.1 Fitness Coeflicient

We conclude this section with an illustration of how to take fitness constraints
into account. Let us consider a diploid bisexual population and an autosomal
gene with two alleles A and a. As usual, there are three genotypes in both
males and females. Individuals with genotype AA or aa are referred in the
literature as Homozygotes, while individuals with genotype Aa are referred
as Heterozygotes. To start with, suppose that both males and females have
genotypic frequencies p2 AA + 2pogo Aa + ¢2aa.

Let us now bring in a fitness assumption. We assume that the heterozygotes
are more fit to survive than the homozygotes. More specifically, suppose that
only a proportion o of the AA genotypes and a proportion 7 of aa genotypes
survive upto maturity. There is no restriction on the Aa genotypes, that is,
they all survive. In the literature, this situation is referred to as heterozy-
gotic advantage. Roughly speaking, the explanation is that if you have two
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different alleles present, then you are fit to survive in any environment where
any one of the alleles can survive; so you are better off than a homozygote.
Thus, we assume that the “fitness coefficients” of the zygotes AA, Aa and
aa are g, 1 and 7 respectively with, of course, 0 < ¢ < land 0 < 5 < 1.
Unlike mutation, where the total population remains the same, fitness con-

straints bring in deaths, so that the population has to be renormalized. Thus,

2 2
the matured initial population consists of 222 AA + %’uj’oﬂAa + Thaq, where

wo = 0P + 2pogo + ng3. Thus the gene pool in the matured initial population

consists of Z& 3:5 080 4 4 P Oq‘::r"qéa = p1 A+ qia, say. Then under random mat-
ing (equivalently, random union of gametes) and the usual conditions, the first
generation would consist of p? A4 + 2p1q1 Aa + g?aa, and the process repeats.
Thus, if the nth generation initially consists of p2 AA + 2pnq,Aa + ¢%aa, then
the genotypic frequency of the (n + 1)th generation, before maturity, would be

Pat1AA + 2pny1Gni14a + q5 1 aa, where

oD% + Prdn

and ¢ =1—ppt1- 1
0P + 2Pntn + 162 e " M

Pnt+1 =
To understand what happens eventually to the population, we have to know
the dynamics of the map

or? +z(1—1x)
ox2+2z(1—x) +n(l-1z)2’

f(z) = for 0<z<1,
because Equation (1) simply says that pp4+1 = f(pn). Routine algebra shows

that
2(1-2)2—0 —n)(" —2)

ox? +2z(1—z) +n(l —z)2’ @)

where z* = 210217, from which it follows that the solutions of the equation

f)— =

f(z) = z are precisely
z=1, =0 and z==z".

Thus, the only equilibrium states of the population are 144, laa and o AA+
2¢*(1 — 2*)Aa + (1 — z*)%aa. That is, if the population is in any one of these
states, then it remains so forever. In other words, if pg takes any one of the
three values 1 or 0 or z*, then p,, = pg for all n. We shall now show that for any
value of pg with 0 < py < 1, the population reaches the third equilibrium state
eventually, that is, p, — z* as n = 0o. Thus the first two equilibrium states,
namely, po = 1 and py = 0, are unstable equilibria, meaning that a slight
perturbation from these equilibria causes the population to drift away from
them. The third equilibrium state is, of course, a (global) stable equilibrium,
meaning that starting from any other non-equilibrium state, the population
gets drawn to this state eventually. Note that the third equilibrium state is
one in which both genes are present, that is, a polymorphic state.

To prove the result claimed above, first note that (2) implies that for all
with 0 < z < z*, f(z)—z > 0, so that f(z) > z. Moreover, since 2—o —n < 2,
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we have z(1 —2)(2— o0 —n) < 2z(1 — ), whereas, oz +2z(1 —z) +n(1 —z)% >
2z(1 — z). Thus, the coeflicient of (z* — z) on the right hand side of (2) is
strictly smaller than 1, giving us f(z) —z < z* —z, and hence f(z) < z*. Thus
we have, for all z with 0 < z < z*, z < f(z) < z*. Now, let pg = z for any
z with 0 < z < z*, and define p, = f(pp—1) for n > 1. Then {p,} forms an
increasing sequence and hence has a limit P, say. Since p, = f(pn—1) for all n,
and f is continuous, this limit P must satisfy p = f(p). Of course, D > po > 0.
Also p, < z* for all n, so that p < z*. All these imply that p must equal z*.
A similar argument can be used for the case when z* < pg < 1. Of course, if
po = z*, then p, = z* for all n, so that p, — z* trivially. This completes the
proof.

It is possible to treat mutation and fitness constraints simultaneously. Most
of what has been discussed in this section may also be found in the books of
Feller, Karlin, Edwards and Jacquard. Incidentally, Jacquard’s book considers
other mating systems also.

2.4 Inbreeding — Autozygosity

So far, we have been preoccupied with random mating. It is time that we
discussed some other mating systems and try to see what happens with such
systems. In particular, we now consider populations that are inbred. We would
somehow try to measure the extent of inbreeding. In this context, we now
introduce an important concept, namely, that of genes identical by descent.

2.4.1 Genes Identical by Descent

If a system is inbred, then the same genes should keep on appearing over
generations. After all, offsprings get their genes from their parents, who in
turn get theirs from their parents, and so on. Inbreeding roughly means mating
between close relatives. Thus, if you take a mating couple, they have some
common ancestor, whose gene they are both likely to be carrying and are likely
to pass on that common gene to an offspring. In that case, the two genes the
offspring receives are just two copies of the same gene of an ancestor in the
family. We say that this offspring has genes identical by descent. Thus, an
individual of genotype af is said to have genes identical by descent if, o and
are just replicas of the same single gene passed on by an ancestor. Note that
this is much more than saying that af is a homozygote. To clarify ideas, let
us look at an example illustrated in Figure 2.3.

Consider a parent F' (father) having a8 as a homologous pair of genes on
chromosome 1 and its homologue 1. Suppose that he has three offsprings named
I, IT and IIT; and that they had their genotypes formed as follows. The gene
a from F’s chromosome 1 is passed on to the chromosome 1 of the offsprings
I and IIT while the offspring II, on its chromosome 1 gets the gene 8 from
F’s chromosome 1. For all three of them, mother’s gene gets passed on to
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Figure 2.3: Genes Identical by Descent
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chromosome 1. Suppose now, that a mating of I and III produces S;, and
that, to this offspring, both I and III pass on their a gene from chromosome
1. Thus S; will have genotype (Fla, Fla). If, on the other hand, II and III
mate to produce Sz and if again, to this offspring, both pass on genes from
their chromosome 1, then S, has genotype (F18, Fla). By the definition given
above, S; clearly has genes identical by descent. The ancestor F' is a proof of
this. On the other hand, S2 does not have genes identical by descent unless F
has so. Of course, S, is always a homozygote if F' is.

Let us now try to understand why this concept of ‘genes identical by descent’
is important. So far we have distinguished different alleles of a gene, by using
different names, for example, A and a, but have not distinguished one A from
another. This may have seemed alright so far. After all, are all the A not
the same? Strictly speaking, the answer is NO. To understand this, consider
the gene responsible for the manufacture of haemoglobin. The allele A causes
manufacture of normal haemoglobin. So A actually consists of a sequence of
triplets of A, G, U and C. As we already know, triplets code amino acids, but
for many amino acids, there are different codes. Because of this, there can
be two entirely different sequences of triplets, which have the same functional
property, that is, they decode to the same sequence of amino acids. Thus,
when we talk of genes identical by descent, we demand that, in particular,
they carry the same sequence of triplets. Another reason for considering this
concept is that this is one method of investigating the extent of inbreeding in
a population. This point will be explored shortly. You may, of course ask:
how does one find out, for a given individual, whether genes are identical by
descent? How does one go back in his family line and produce proof for such
identicality? Well, we do not. This is not a laboratory concept. We make some
assumptions and proceed. The end results turn out to be appealing.

2.4.2 Coeflicient of Parentage and Inbreeding Coefficient

Following Malecot and Wright, we now define the concept of coefficient of
parentage between two individuals. If I and J are two individuals of type af
and 4 respectively, then we define the coefficient of parentage between I and
J to be

b1y = i[P(aEfy)+P(aE 5) + P(B =) + P(8 = 5)].

Here ‘a = «’ means that a and « are identical by descent. In other words, if
you select at random one from the two genes of I and one from the two genes
of J, then ¢y is precisely the chance that the selected genes are identical by
descent. Note that if the individuals I and J mate to produce an offspring,
then the possible genotypes of the offspring are ary, ad, 8y and 3J, each with
probability %. Therefore ¢r; equals the probability that this offspring has
genes identical by descent. This leads us to make the following definition. If S
is an individual with parents I and J, then the coefficient of inbreeding of S,
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denoted by Fg, is defined to be the coefficient of parentage between its parents
I and J, that is,

Fs =¢r1;.

Of course, as noted already, Fs gives the chances that S has genes identical by
descent. We shall now put these ideas to work through some examples.

Example 1: Consider a plant F' of type af. Suppose we do selfing, that is,
mate the plant with itself. This is possible with plants. What is ¢pp? To
apply the definition, it should first be noted that, here 7 is same as « and ¢ is
same as 3, that is, v = o and é = 8. Suppose first that o and § are identical by
descent. Then, clearly, ¢pp = 2(1+1+ 1+ 1) = L. If, on the contrary, o and
B are known to be not identical by descent, then ¢rr = i(l +0+0+1)= %
On the other hand, if instead of having any definite information about « and
3, we only knew that the chances of their being identical by descent is p, then
by the rule of total probability, one obtains ¢pr = 1.p+ 3.(1 —p) = 3(1 +p).

Example 2: Let us consider a father F' and his daughter D as illustrated in
Figure 2.4. We wish to calculate ¢ p. Let the father be of type af, the mother
of the type ab and the daughter of the type 4, with v being obtained from the
father and é from the mother. Let an offspring of F' and D be denoted by S.
If, to start with, we know that all the four genes a, 8, a, and b are identical by
descent, then it is clear that ¢rp = 1. However, we may not have any definite
information to start with. In such situations, the convention will be to assume
that the genes are not identical by descent. Thus, we assume here that no two
of the genes «, £, a and b are identical by descent. You will, of course, agree
that it makes no sense to make the same assumption about, say, the genes a,
B, v and 6. After all, we do know that one of ¢, 8 is definitely identical to 7.
In view of this last fact, we have P(a =) + P(8 =) = 1, and, of course, by
our assumption P(a = ) + P(8 = &) = 0. This gives ¢rp = +. Note that, in



114 CHAPTER 2. BASIC MATHEMATICAL GENETICS

this calculation, the genotype of the mother turns out to be of no relevance at
all.

2.4.3 Selfing

As explained earlier, Selfing means mating a plant with itself. You may wonder
why we are considering populations other than human, and, even if we do, why
we are interested in such mating systems. Well, this is the simplest kind of in-
breeding and is of theoretical interest. An understanding of simple phenomenon
leads to some grasp and control on the more complicated phenomena.

So, let us start with a plant population. In the absence of any prior infor-
mation, we assume that Fpy, the inbreeding coefficient of any individual in the
initial population, is zero; that is, no plant in the initial population has genes
identical by descent. Do selfing and get generation 1; do selfing of plants of
generation 1 and get generation 2, and so on. Let Fj, denote the inbreeding
coefficient of generation n. This makes sense, because whatever individual you
take in the nth generation, its inbreeding coefficient is the same; it depends
only on n and not on the individual. This is so, because we are following
a regular pattern. If you do not agree now, just wait and convince yourself
that, in our calculation of F},, the individual is irrelevant. We first claim that
Fy = % Indeed, take any individual S of the first generation, whose parent in
generation 0 is of type af, say. By assumption, a and § are not identical by
descent. Therefore, the only way S can have genes identical by descent is by
being aax or 53, and the probability of this is % In general, by the last remark
in Example 1 of the previous section, it follows that

1+ F,

Fo = , forn>0.

Using Fp = 0, the unique solution of the above equation is given by

Fn:%—i—...—}-%:l—%, forn >0.

Thus, in particular, as n — oo, Fj, — 1, at a geometric rate. Often, one talks
about what is called the panmictic index, denoted by P,, which is defined as
1 — F,,. ‘Pan’ means ‘all’ and ‘mictic’ means ‘mixing’; thus ‘panmictic’ means
‘all mixing’. This is an index that tells us how much the population is mixing.
Clearly, in this case, P, — 0 asn — 0o0. Thus, the net result is that eventually
all the genes will be identical by descent in each individual; in particular, the
population will become homozygous.

2.4.4 Sibmating

SIB is an abbreviation for siblings, brothers and sisters. So the mating system
to be considered now is one in which only brothers and sisters mate. Such a
mating system is known as Sibmating. Start with a population, to be called
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Figure 2.5: Sibmating

generation 0. Assume that, initially no two genes in the entire population
are identical by descent. In particular, Fy = 0. Here F, for n > 0, as in
Section 2.4.3, stands for the inbreeding coefficient for the nth generation. Apply
sibmating on generation 0 to get generation 1. Of course, you may say that, if
we know nothing about generation 0, then how do we know who the sibs are.
Well, our answer is that in that case, use any mating system (other than selfing)
to get generation 1. Convince yourself that in any case F; = 0 and hence does
not make any difference in the sequel. Now mate siblings in generation 1 to
get generation 2, and so on. Thus, for all n > 2, generation n is obtained by
mating of siblings of generation (n—1). We now proceed to obtain a recurrence
relation between the successive F,,. We start with a few observations.

Fact 1: For any individual K,

PKK = %(1 + Fk). (3)

This is just what was observed in Example 1 of Section 2.4.2; the p there is
precisely Fx by definition.

Fact 2: Let (K'L) denote an offspring of K and L. Then for any individual
M,

dxLym = %(¢K,M +or.m)- (4)

The proof of this is left as an exercise. One has to just apply the definition
and simplify. It should be noted that M in (4) can be any individual, possibly
even K or (KL).

Let us now go back to our problem. Fix n > 2, and let I be an individual
in generation n with parents J; and Js in generation (n —1). Note that J; and
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Jo are sibs, so that they have common parents, say, K; and K, in generation
(n —2). Then, F, = Ff = ¢51, = Skikayds = 3(0K:0, + 9K2J2) by (4)
above. Now write Jo as (K7 K5) and apply (3) and (4) to get

1 1+ Fg,
4 2

14+ F
+ 20K, K, + K2>.

1
Fy = (0 k H 1 o H O, T 0K ) = 2

Now, both K; and K3 are from generation (n—2), so that Fg, = Fk, = F,_s.
Also ¢, k, = Fik K,y = Fn—1. These give us the recurrence relation

1
F, = Z(1+Fn—2 +2Fn—1)7

or
4F, —2F,_1 —F,_o=1.
This (non-homogeneous) difference equation can be solved as follows. We first

make the substitution F,, = 1 + a, to convert this into the homogeneous

equation
1 1
Qpn — Ean—l - Zan—2 =0.
2 1

The characterstic polynomial of this equation is z° — Sz — %, whose two roots
are given by %(1 ++/5). So the general solution of the above difference equation

is
<1+\/5> (1—\/5)
Qn = C1 1 + Co 1

Now note that the panmictic index P, = 1 — F,, = —aq,,. So writing d; and d5
for —¢; and —co respectively, we obtain

4 4
Now, we apply the initial condtions Fy = F; = 0 (equivalently, Py = P, = 1)
to get dy + d» =1 and (1 4+ v/5)d; + (1 — v/5)dy = 4. These yield

V5+3 V5-3
= and dy = ———.
2\/5 2\/5

Thus, P, (and hence, F;,) is completely determined. Note that, just like in
the case of selfing, here also P, — 0 as n — oo and the convergence is still
geometric, though now at the rate (#)", as compared to 2™ in selfing.
Thus, eventually each individual in the population will have genes identical by
descent. In fact, eventually all the genes (at that locus) in the population will
be identical by descent (why?). In particular, the population would become
homozygous.

dy

Thus, in both selfing as well as sibmating systems, the panmictic index
P, goes to 0, as n tends to co, at a geometrically fast rate, but the rate of
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convergence is 5= in the case of selfing and (%)" in the case of sibmating.
Since 1+4—‘/§ > 1, we conclude that in the latter case, the convergence of P, to

0 is slower. This phenomenon has an interesting extension.

Let us call two individuals to be 0th order cousins, if they have the same
parents. Thus sibs are Oth order cousins. In general, mth order cousins can be
defined as follows. Individuals A and B are mth order cousins, if one parent
of A and one parent of B are (m — 1)th order cousins. One can then show
that, in a system where only mth order cousins mate, the panmictic index P,
goes to zero as n goes to infinity and the convergence is geometric; however,
the rate becomes slower with increasing m. Thus, for example, in a first order
cousin mating system, P, goes to zero at a rate slower than that in sibmating
and, in a 7th order cousin mating system, the rate is much much slower. It
is, therefore, no wonder why in some societies, mth order cousins with m < 6,
are forbidden to marry. The idea is to delay the process of homozygosity or
equivalently, (as explained earlier) to increase the fitness of the offspring.

2.5 Random Mating in a Finite Population

The above discussions underline the fact that in regular inbreeding systems, the
population will eventually consist of autozygous individuals, that is, individuals
carrying genes identical by descent. In a sense, this feature persists even under
random mating as long as we are dealing with finite populations. This striking
observation was made by R.A.Fisher, S.Wright and G.Malecot. We shall follow
Malecot.

2.5.1 Constant Population Size Model

Imagine a diploid bisexual population, where the number of males and the
number of females, M and M respectively, remain constant over generations.
The mating system we consider is as follows. The genotype of an individual
in any generation is determined by taking one gene at random from each of
a randomly chosen male and a randomly chosen female of the previous gen-
eration. (M + M) such independent choices, with replacement, create the M
males and the M females of the next generation. Equivalently, in any gen-
eration, consider the 2M male genes and the 2M female genes. Independent
random selection of one gene from each of the two gene pools determines the
genotype of an individual in the next generation. M such independent choices,
with replacement, create the M males of the next generation and M selections
create the M females. We shall refer to this mating system as random mating
for finite populations.

Denote by F},, the inbreeding coefficient for generation n. We now proceed
to obtain a recurrence relation for the F),. Let us consider an individual in the
nth generation, say, A with parents B and C in the (n — 1)th generation. We
claim that the chances of A getting both his genes from one single person of the
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1 1
(n—2)th generation is N + ——. To prove this, we argue as follows. Let us fix

an individual, say L, in the (n—2)th generation and ask, what the probability is

for A to get both his genes from L? If L is a male, then this happens if and only

if L is the father of both B and C' and both pass on to A the genes they received
1 1 1

1
f L. Clearly, the ch — X — X =X == ——.
Tom Clearly, the chance of this happening is M X i X 5 X 5 = 1012

’1"2 . Since the (n—2)th

Similarly, if L is a female, the chance would simply be

generation consists of M males and M females, we conclude that the probability

of A getting both his genes from the same individual in the (n—2)th generation

~ 1 1 1
tobeM><4]VI2 ngﬁ; 4M+ ]\77 as asserted.

Given that A gets his genes from the same individual in the (n — 2)th gen-
eration, the chances of A having genes identical by descent is (1 + Fj,_3)/2, by
Example 1 of Section 2.4.2. In case A got his genes from two different indi-
viduals of the (n — 2)th generation, the chances of A having genes identical by
descent would just be equal to the coefficient of parentage of those individuals
(in the (n — 2)th generation), which, in turn, is same as the inbreeding coeffi-
cient of their offspring (in the (n — 1)th generation), namely F,,_;. Thus, we

obtain
1 1 1+ F, o 1 1
Fb=—+— || ——— 1-——— | Fh1.
" (4M+4M)< 2 ) ( aM 4M> T
1 1 1 . . .
Let us denote ~ =7 + ——, that is, N is the harmonic mean of 2M and

2M. N is usually called the effective sample size in this context. Thus the
above equation can be written as

1 1

Letting P, = 1 — F, as usual, we have

1 1
Pn: (1_W)Pn_l+2—ﬁpn_2

This homogeneous linear difference equation is solved by using the standard
method of characterstic polynomial. The roots of the characterstic polynomial
— (1 — %)z — 5% in this case are given by

1 1 1 1 1 1
=_|1-= — == |1-=—4/1+ =
x 2[1 N+ 1+N2} and 22 2[ N +N2],
and therefore the general solution of the difference equation is given by

P, = ozt + fzy .
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The coefficients a and 8 are determined by the initial conditions. For example,
if we assume that, to start with, no two genes in the initial population are
identical by descent, that is, Py = P, = 1, then we get a« + 8 = 1 and az +
Bxo =1, determining « and .

In any case, since both z; and z, are (in absolute value) strictly less than
one, it is clear that P, — 0 asn — oo. Thus, eventually the population consists
only of autozygotes, that is, individuals carrying genes identical by descent. In
fact, something much stronger is true, namely, that eventually only one of the
initial genes survives and appears in all individuals. But this requires Markov
chain methods, which will be taken up in the next chapter. Needless to say that
this is interesting because, at each stage, we are selecting at random from the
existing genes. It is the finiteness of the population which somehow forces it to
proceed towards autozygosity. Again, from the view point of Markov chains,
this is not all that surprising.

2.5.2 Varying Population Size Model

Even though we agree to work with finite populations only, the assumption in
Section 2.5.1, that is, the number of males and females remain constant from
generation to generation, undoubtedly looks artificial. Let us, therefore, relax
this assumption, and, let these numbers vary with generation, with M,, and M,
denoting the number of males and females respectively for the nth generation.
We consider the same mating system as in the previous section and, denote by
F,, and P,, the inbreeding coefficient and the panmictic index respectively, for
the nth generation. Then, by the same argument as before, we obtain here

1 1
Ppio = (1 - N_n) Poy + mpm (5)

1,1
4M,  4M,,

-1
where N,, = ( ) denotes the effective population size of the

nth generation.

As usual, we assume that P, = P; = 1. It now follows from (5), by
induction, that P, > 0 for all n. Of course, we cannot explicitly hope to solve
for P, any longer. Let us put P, =ag-ay - --- - ay,, that is, we put a, = PI -

for n > 2 and ag = a1 = 1. We then claim that, for each n, 5 < an <1. This
is, of course, true for n = 0,1. Now by Equation (5),

P 1 P 1 Ll
= =(1—- — 1 - — > =
nt2=p ( Nn> * B 2N, Nn

M

the last inequality being a consequence of the fact that N, > 2. Also

a—1—i+11 1 1) it g
n2 = Np) " ans1 2N, = N, 2N, 7

thus proving the claim.
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In view of the inequality a,, < 1, the sequence (P,),>0 is non-increasing in

n, and, therefore has a limit, say, P,,. Moreover, noting that ag = a; = 1, we

have
Pw:,ﬁ“”“:g[l‘%(“ ! )] (6)

2ap41

By the standard theory of infinite products,

o0
1
Py >0 if and only if E——(l— L ><oo.
n=0 2an+1

We now claim that

21 1 <1
— (1= < oo if and only if — < .
> (m) it S

Denote the two series by S; and Ss respectively. Since 1 — 2—a1—+1

convergence of the series S clearly implies that of S;. Towards the other part,

< 1ilforalln,

(e
we have already noted that, convergence of the series S; implies [] ant2 > 0;

n=0
in particular, we will have a,, — 1 as n = c0. As a consequence, for all suf-
ficiently large n, a, > 3/4 and hence 1 — —1; > 1/3. The proof can now be

2a
completed easily. Thus, we have

Theorem 2.3: Suppose that we have o finite bisexual diploid population evolv-

ing through random mating. Let N, denote the effective population size and

P, the panmictic index for the nth generation. Then, lim P, always ezxists.
n—roo

Further,

n

. _ L, == 1
Jl)rrgoPn>0 if and only if T;JN—<00.

The moral of the story is that if the population size does not grow indef-
initely large or if it grows indefinitely large but not at a sufficiently fast rate,
then the entire population will eventually become autozygous. Clearly, the con-
stant population size discussed in Section 2.5.1 is an extreme example of this.
Other examples of asymptotic autozygosity would be (i) when the population
size grows at a linear rate, that is, N, ~ an + b, (ii) when N, ~ n log n. On
the other hand, if the population explodes sufficiently fast, for instance when
N,, ~ n't€ for some € > 0, the theorem says that, with positive probability,
the eventual population will not be autozygous. The reader should contrast
this with the Hardy-Weinberg law (Theorem 2.1), where the population is the-
oretically infinite. In the next chapter, we shall treat a more general situation
when the population sizes are allowed to be random.
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2.6 Exercises

1. A woman has a rare abnormality of the eyelids called Ptosis which makes
it impossible for her to open her eyes completely. This condition has
been found to depend on a single dominant gene P. The woman’s father
has ptosis but her mother has normal eyelids. Her father’s mother had
normal eyelids.

(a) What are the probable genotypes of the woman, her father and her
mother ?

(b) What proportion of her children are expected to have ptosis if she
marries a man with normal eyelids ?

2. In humans a type of myopia (an eye abnormality) is dependent on a
dominant gene M. Summarize the expected results from a cross between
a woman with myopia but heterozygous and a normal man.

3. In humans an abnormality of the intestines called polyposis is dependent
on a dominant gene A and a nervous disorder called Huttington’s Chorea
is determined by a dominant gene H. Assume that these two genes have
loci on different chromosomes. A man with genotype Aahh married a
woman with genotype aaHh. Indicate the proportion of their children
that might be expected to have (i) each abnormality, (ii) neither, (iii)
both ?

4. Dark hair (M) in humans is dominant over blonde hair (m). Freckles
(F) are dominant over no freckles (f). If a blonde freckled man whose
mother had no freckles marries a dark haired non-freckled woman whose
mother was blonde, what proportion of their children will be dark haired
and freckled? blonde and non-freckled?

If the woman in this problem were homozygous recessive for both genes,
how would this change the answer?

If the parents were both dyhybrids MmF f, how would this change the
answer? If the parents were also heterozygous for brachydactly (short
fingers) caused by a dominant gene B with recessive allele b (on a differ-
ent chromosome), what proportions of their children will be (i) blonde,
freckled and short fingered, (ii) blonde, non-freckled with normal fingers?

5. A man known to be a victim of haemophilia — a blood disease caused by
an X-linked recessive gene h — marries a normal woman whose father
was known to be a haemophilic. What proportion of their sons may
be expected to be haemophilic? What proportion of their children are
expected to be haemophilic?

If the man in the above problem were normal, how would this affect the
answers to these two questions?

6. In humans two abnormal conditions — cataract in the eyes and excessive
fragility in the bones — seem to depend on separate dominant genes
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located on different autosomes. A man with cataract and normal bones
whose father had normal eyes maries a woman free from cataract but with
fragile bones. Her father had normal bones. What is the probability
that their first child (i) will be free from both abnormalities? (ii) will
have cataract but not fragile bones? (iii) will have fragile bones but no
cataracts? (iv) will have both the abnormalities?

. Suppose a man is colourblind — determined by an X-linked recessive

gene ¢ and has blonde hair (see Exercise 4). His wife has normal vision
and dark hair but her father is colourblind and has blonde hair. What
proportion of their children will have the same phenotype as the man?
What proportion will have the genotype MmCc?

In short-horn cattles, the gene R for red coat colour is co-dominant with
its allele r for white coat colour. The heterozygous are roans. A breeder
has white, red and roan cows and bulls. What phenotypes might be
expected from the following matings and in what proportions: Red ®
Red, Red ® White, Red ® Roan, Roan ® Roan, Roan ® White, White
® White?

The coloured grain, purple or red, in maize is due to the presence of
aleurone and it is suggested that it is controlled by four independent loci.
The dominant genes at each locus are defined as follows.

C is the gene for colour and must be present for any colour to develop;
R is the gene for red aleurone and presence of C'R exhibits red color;

P is the gene for purple and is effective only in the presence of C'R;

(CRP exhibits purple , CRp exhibits red, others give white grain)
I is the gene which inhibits colour development.

(only CRPi gives purple, CRpi gives red and others give white)
Show that the offsprings of CcRrPpli ® CcRrPpli have the phenotypic
ratio 27 purple : 9 red : 220 white. Find the phenotypic ratios in the
offsprings of (i) CcRRPpii ® CcRRPpii, (ii) CcRRPpli @ CcRRPpli
and (iii) CCRrPpli @ CCRrPpli.

Suppose that a certain trait is controlled by one gene with two alleles A,
a with A dominant and a recessive. Suppose that a is lethal recessive and
that the survival ratio of the genotypes are AA : Aa:aa =1:«a: 0 where
0 < a < 1. Suppose that initially AA : Aa := hy : he where hy + hy = 1.
Assume random mating.

(a) Find the frequencies in the first generation .

(b) What is the probability of occurrence of aa zygote in the first gen-
eration?

(c) Suppose that the surviving individuals of the first generation are
again subjected to random mating. Find the distribution of geno-
types in the seond generation.
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11.

12.

13.

14.

15.

16.

17.

18.

Two parents are selected from the population uAA + 2vAa + waa at
random. From their progeny two parents are selected and this process is
repeated (sibmating). Find the probability that both parents of the k-th
filial generation are of genotypes AA, for k =1,2,3.

Let a be a recessive X-linked gene and suppose that a selection process
makes mating of a males impossible. If the genotypic composition of
females is AA : Aa : aa = u : 2v : w, show that for female descendents of
the next generation the genotypic composition is AA : Aa : aa = (u+v) :
(v + w) : 0. Conclude that the frequency of a genes among females is
reduced by a factor of 1.

Suppose that AA : Aa : aa = u : 2v : w and by the time they become
mature and become parents a fraction A , 0 < A < 1 of aa is eliminated
by a selection process. Show that for parents of the next generation, the
proportions of A and a gametes are given respectively by

_u+tvw v+ (1=-Nw
‘p_l—)\w’ =71 w

If p, and ¢,, denote the proportions of A and a gametes in the parents of
the n-th generation, then show that

P Gy = LA

In problems 14-21, random mating is assumed and in both males and
females the genotypic ratios are AA : Aa:aa = p? : 2pq : ¢°.

Given that a man is of genotype Aa, show that the probability that his
brother is of the same genotype is 3(1 + pq).

Number the genotypes AA, Aa,aa as 1,2,3. Let p;; be the conditional
probability that an offspring is of genotype k, given that the father is of
genotype i. Here the mother is assumed to be 1 or 2 or 3 with probabilities
p?, 2pq, q° respectively. Calculate this matrix denoted by P.

Show that the conditional probability that the father is of genotype k
given that the first offspring is of genotype %, is also pig.

Show that the conditional probability of a grandson (resp. grandfather)
to be of genotype k, if it is known that the grandfather (resp. grandson)

is of genotype i, is the (i, k)-th entry of the matrix P2, denoted by pgi).

Show that pgi) is also the conditional probability that a man is of genotype
k if it is known that a specified half-brother is of genotype +.
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Let pgg) be the probability that a descendant of the n-th generation is of
genotype k, if a specified ancestor is of genotype i. Show by induction
on n, that this matrix is given by

2

Pt 2pg+ G - 5

on~1 on—1

p?+ P(%:P) 2pq + 1—2qu ¢+ q(g;q)

2

P 0+ HER @ g

Consider Exercise 18 for a full brother instead of a half-brother. Show
that the corresponding matrix is

1+p®  g(l+p) '
4 2 4

p(1+p)  1+pg q(1+q)
1 2 1

P> p(+q) (1+g)®
1 2 1

Show that the degree of relationship between uncle and nephew is the
same as that between grandfather and grandson, that is, the correspond-
ing transition matrices are same.

Derive the following expressions for the coefficient of parentage.

Father ® Daughter = Brother ® Sister = .

Uncle ® Niece = Double first-cousins = %.

First-cousins = %. First-cousins once-removed = %

Second-cousins = é. Second-cousins once-removed = ﬁ.
Third-cousins = 2;—6‘

What is the formula for mth cousins n-removed 7

Recall that A and B are sibs, to be called Oth order cousins, if they have
the same parents. A and B are mth order cousins if one parent of A
and one parent of B are (m — 1)th order cousins. Sometimes mth order
cousins are also called mth order cousins O-removed. A and B are called
mth order cousins l-removed if EITHER B and a parent of A are mth
order cousins OR A and a parent of B are mth order cousins. In general,
A and B are mth order cousins n-removed in case, EITHER B and an
nth ancestor of A are mth order cousins OR A and an nth ancestor of B

are mth order cousins.

(Parent-Offspring Mating) Consider the system where to get the n-th
generation an individual of the (n — 1)-th generation is mated with its
parent in the (n — 2)-th generation. Show that the Panmictic index P,
satisfies P, o2 — %Pn_i,.]_ - %Pn = 0, just as in the sibmating.

(Positive Assortative Mating) Consider a population dg AA+hg Aa+ropaa.
Assume that A is dominant over a so that there are only two phenotypes.
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25.

26.

27.

Consider the system where the same phenotypes mate. Show that the
first generation is d; AA + hi Aa + r1aa where

_ (d() + %ho)2

d _ ho(do + %ho)
| = 20 20
do + ho

-
! do + ho

>

. hZ + 4ro(do + ho)
T T 4(do + ho)

If p, and g, are the frequencies of A and a genes in the n-th generation
so that po = do + $ho and qo = 1hg + ro, show that p, = po for all n.
Denote this by p . If h,, is the proportion of heterozygotes in the n-th
generation, then show that

_ _2pho _ _2pho
2+ hy’ " 2p+nh,

hy

Assuming that the initial population is p?AA + 2pgAa + ¢?aa, show that
the limiting population is pAA + gaa.

Consider an autosomal gene with two alleles A and a. Assume zygotic
selection to operate with fitness coefficients o, v and 7 for AA, Aa and
aa respectively. This means a proportion o of AA zygotes survive to
maturity and participate in producing offsprings of the next generation
and similarly for other coefficients. Show that you can always take v = 1,
allowing the possibility of one or both of the other coefficients to be larger
than one. This means the following. Consider the system with the above
coefficients and the system with coefficients o /7, 1, and 5/v. Of course,
random mating of the matured population is assumed for obtaining the
next generation. Show that these two systems are equivalent for our
purposes. Incidentally, you can start with initial (unmatured) population
to be p2AA + 2pogoAa + q2aa.

In Section 2.4, we considered the above problem when both ¢ and 7 are
smaller than one (heterozygotic advantage). As stated there, anything is
theoretically possible. Some of our calculations do not really depend on
the assumption of the two fitness coefficients being smaller than one. Do
the analysis. First find out the equilibrium states. See if there are stable
equilibria and if so, how many and which initial positions lead where.

An interesting situation arises when ¢ -1 = 1. (This means, in the unnor-
malized notation, 42 = ¢ - 5 or, in other words, v is the geometric mean
of the other two.) Of course, if both o and 7 are one, then fitness is same
for all and the Hardy-Wienberg equilibrium persists. Assume therefore,
that one of them is smaller than 1 and naturally, the other is larger than
1. In this case, show that zygotic selection acts just like the gametic
selection with fitness coefficients /o and /7 for the gametes A and a
respectively. This means the following. Consider the present gene pool,
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take fitness into account and look at the normalized matured genepool
and use random union of gametes to arrive at the initial genotypic fre-
quencies of the next generation. This will be the same as what you arrive
at, if instead, you normalized the matured zygotic pool, as we did and
proceed. Discuss this situation.

Now, do not normalize but keep the fitness coeflicients as o, v and 7 as in
problem 27. And initial population as p2 AA+2pogoAa+g2aa. The mean
viability for the population is defined to be opZ + 2vpogo + ng3. If you
selected one person at random and asked about his fitness then this is the
answer you get (convince yourself). There is a theorem of P.A.G.Scheur
and S.P.H.Mandel which says that the mean viability can not decrease
from one generation to the next. Show this.

There is a general theorem due to L.E.Baum and J.A.Eagon. Let W be
a symmetric k x k matrix with non-negative entries (like fitness matrix).
Consider the quadratic form @Q(z) = z'Wz, a homogeneous polynomial
of degree 2 in the variables z,zs,...,z. Consider any point p in the
gene-frequency space (corresponding to k alleles). Let p* denote the point
whose i-th coordinate is

0
P} =p¢§—§(p)/ zpia—g(p)-

Then show that Q(p*) > Q(p) unless p* = p. Assuming this, deduce the
result of the previous problem. (These and many other interesting results
are in the book of A. W. F. Edwards.)

Describe Hardy-Wienberg equilibria for an autosomal gene with k alleles.
Describe Hardy-Wienberg equilibria for an X-linked gene with k alleles.

There seems to be more symmetry in the genetic code than what meets
the eye. A. J. Koch and J. Lehmann, based on suggestions of previ-
ous researchers, analyzed a particular DNA data sequence. Recall that
there are four nucleotides A,T,C,G and each trinucleotide (triplet of nu-
cleotides) codes an aminoacid or * . For each nucleotide, the data showed
the following probabilities of its occurrence in the first or second or third
place in the trinucleotide

base a pi(a) p2(a) ps(a)
A 0276 0315 0.222
T  0.166 0.285 0.268
C 0204 0.228 0.268
G 0354 0172 0.242

For a trinucleotide a8~y define P(afBv) = p1(«) - p2(8) - p3(7y)-
All the sixty trinucleotides — AAA, TTT, CCC, GGG are excluded —
are decomposed into three classes Cy, C; and Cs as follows. Put a8y in
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Co iff the chances of its occurrence are larger compared to its other two
circular permutations, namely Sya and yaf. That is, a7y € Cqy iff

P(aBy) > P(Bya) as well as P(afy) > P(yaf)

If afBv € Cy then put Bya € C; and vyaf € Cs.

Show that Cqy consists of

AAT,AAC,ATT,ATC,ACT,CAC,CTT,
CTC,GAA,GAT,GAC,GAG,GTA,GTT,
GTC,GTG,GCA,GCT,GCC,GCG.

Show that these classes Cy, C; and Cs are disjoint.

Show that Cy is self-complementary whereas C; and Cs are complementary
to each other. Here complement means the following. For nucleotides,
A and T are complementary, whereas C and G are complementary. For
trinucleotides, RST is complementary to XYZ iff R and Z are comple-
mentary, S and Y are complementary and T and X are complementary.
Note carefully the order used here in the definition.
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Chapter 3

MARKOV MODELS IN
GENETICS

3.1 Introduction

Markov chain models have been the most widely used ones in the study of ran-
dom fluctuations in the genetic compositions of populations over generations.
Besides being a convenient theoretical tool, Markov chains have provided rather
satisfactory theoretical explanations to some observed long-run phenomena re-
lated to the genetic structure of populations.

In the previous chapter, we had already set the stage for discussing the
fluctuations of genotypic frequencies over generations under various mating
systems. For instance, under selfing and sibmating, we concluded that indi-
viduals become eventually homozygous (in fact, autozygous, even though that
feature is not going to be highlighted in the sequel). However, the methods
used there were not powerful enough and leave many questions unanswered.
For instance, what will be the average number of generations needed to make
the population homozygous? Also, if the alleles under consideration are A and
a, say, then what are the chances of the population being eventually stabilized
or fized at the particular homozygous state, say, AA? It is precisely in this
context, that Markov chain methods will be helpful. We shall be discussing an
autosomal gene with two alleles A, a throughout. As was already evident, once
the mating system is fixed, the structure of a generation depends entirely on
the previous generation. In other words, the future evolution of the population
depends only on the composition of the present generation and the past history
is irrelevant. Mathematically speaking, this precisely is the same as saying that
the evolution is markovian.

In this chapter, we discuss, in full detail, some of the fundamental and
classical research done in this area. The most pioneering is, of course, the
classical work of S. Wright and R. A. Fisher, now known as the Wright-Fisher
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model. This is taken up in Section 3.4. This is preceeded by a discussion of
two relatively simpler models, namely, selfing and sibmating, in Sections 3.2
and 3.3. Section 3.5 is entirely devoted to three models proposed by Moran
— one for the haploids and two for diploids. This is followed, in Section 3.6,
by a discussion of an interesting classical model due to Kimura for ageing.
In Section 3.7, we return to the Wright-Fisher model and present some more
recent ramifications of the model, allowing the population size to change from
generation to generation. The final section, Section 3.8, contains an outline of
the diffusion approximations for the Wright-Fisher and Moran models.

3.2 Selfing

For an autosomal gene with two alleles A and a, we have three genotypes AA,
Aa and aa. Let us name them as the three states 1, 2 and 3. Let us consider
selfing and follow a line of descent. Thus, if an individual is in state 1 or 3,
then all its descendents will be in the same state. If, on the other hand, an
individual is in state 2, then its descendent in the next generation will be in the
states 1, 2 or 3 with probabilities 1/4, 1/2 and 1/4 respectively. In other words,
we have a Markov chain (X,),>¢ with states 1, 2, 3 and transition matrix

1 0 0
P=| 1/4 1/2 1/4
0 0 1

In this entire analysis, we assume, of course, that there are no mutations
or fitness constraints. The states 1 and 3 are absorbing, whereas state 2 is
transient. This matrix is simple enough to allow a complete analysis as follows.
The matrix has eigen values 1, 1/2, and 1. The corresponding right eigen
vectors are (1,1,1)', (0,1,0)" and (1,2,3)', while the left eigen vectors are
(3/2,0,-1/2),(-1/2,1,-1/2) and (—1/2,0,1/2). Thus, P can be diagonalised
as

101 1 0 0 3/2 0 —1/2
P=|11 2 0 1/2 0 -1/2 1 -1/2 | = ADA™'.
10 3 0 0 1 -1/2 0 1/2

This makes it possible to explicitly calculate the n-step transition matrix P™ =
AD™A~1, from which it easily follows that
1 _ _ 1 _

P = =1 pyy) = 1-27, p) =27 ) = S -2
From the above one easily gets ag; = P(X, is eventually 11X, = 2) = 1/2 and
a3 = P(X,, is eventually 3] Xy = 2) = 1/2. One can of course get all these by
direct probabilistic calculations without bringing in the matrix P or P™ — the
reader should do this as an exercise.

Thus starting from state 2, the absorption probabilities to the two states
1 and 3 are 1/2 each, as is expected from symmetry. Let T be the time till
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absorption, that is, T' = n iff X, = 1 or 3 but X,,_; = 2. Then we have
P(T =nlXy=2)=(1/2)"1 - (1/2)" = (1/2)", so that E(T'| X, = 2) = 2.
This says that, starting from state 2, the system takes two generations on
an average to get absorbed in one of the two states 1 or 3. For the sake of
completeness, we advise the reader to calculate the variance of T'. The whole
situation here is unusually simple and we actually have the exact distribution
of T.

In the above, the Markov chain (X,,) models the genotype sequence of a line
of descent under selfing. One can also get the structure of the population in
the nth generation as follows. Suppose initially we have p = (p1,p2, p3) as the
proportions of various genotypes in the population. Clearly, the proportions in
the nth generation are given by pP™ which is simple to explicitly evaluate in
this case. Indeed, since B

1 0 0
pr=| (1-2m)/2 27 (1-27m)/2 |,
0 0 1

one gets pP™ = (p1 + (1 —27")p2/2, 27"y, p3 + (1 — 27")p2/2).

3.3 Sibmating

In case of selfing, an individual has only one parent and the transition from the
genotype of the father to the genotype of the offspring is modelled by a Markov
chain. But in sibmating, each offspring has two parents and hence the genotype
of an individual depends on those of both its parents. It is therefore evident
that simply the individual genotypic changes from generation to generation
cannot form a Markov chain. To build a markovian model, we consider the
evolution of genotypic pairs of sibs. In other words, we look at a line of descent
of sibs as follows. Consider two sibs of a generation; from their offsprings, select
two sibs at random; from their offsprings again select two at random and so
on. For instance, if the present sibs are (Aa, Aa), then their offsprings consist
of iAA + %Aa + %aa in both males and females, so that if two independent
choices are made — one from males and one from females — then the sibs
so formed will be of type (A4, AA) with chance 1/16, of type (AA, Aa) with
chance 1/4, etc. While considering genotypic pairs of sibs, we do not attach any
importance to which one of the pairs is a male member and which is female. In
other words, genotypic pair (A4, Aa) means that one of the sibs is A4 and the
other is Aa and do not ask which is which. Thus the state space of our Markov
chain (X,) is (A4, AA), (aa,aa), (AA, Aa), (aa, Aa), (AA,aa) and (Aa, Aa)
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— numbered as 1,2,3,4,5 and 6 respectively. The transition matrix is

1 0 0 0 0 0
O 1 0 0 0 0

1/4 0 1/2 0 0 1/4 | [ Lys Oaxs
0 1/4 0 1/2 0 1/4 |~ ( Rixs Quxa ) > S8y
o 0 0 0 o0 1

1/16 1/16 1/4 1/4 1/8 1/4

States 1 and 2 are absorbing and the others are transient. We shall apply the
fundamental matrix method to analyze this Markov chain. One can verify that
the fundamental matrix, in the terminology of Section 0.8.3, is

8/3 2/3 1/6 4/3
2/3 8/3 1/6 4/3
4/3 4/3 4/3 8/3 |’
4/3 4/3 1/3 8/3

so that the vector of mean times till absorption is

29/6
29/6
20/3 |’
17/3

and the absorption probabilities, in the terminology of Section 0.8.5, are

3/4 1/4
1/4 3/4
1/2 1/2
1/2 1/2

Thus, if we start with sibs (AA, Aa), that is in state 3, then in their progeny,
sibs will eventually be of types (AA, AA) or (aa,aa) with chances 3/4 and
1/4 respectively. Moreover it takes 29/6 (approximately 5) generations on an
average, for this eventual fixation. Using Exercise 6, Section 0.8.3, the vector
of variances of the absorption time in this case turns out to be

P=

N=(I-@ "=

m = Ne=

A=NR=

769/36
7= 769/36
~ | 816/36
816/36
A direct calculation shows that P has eigenvalues A\; = Ay =1, A3 = 1"’4‘/5,

M =3 X =1/4and k¢ = %5. Thus, following the general theory as
discussed in Section 0.8.5, we conclude that the rate of absorption is given by
#. Of course this was already observed in Section 2.4.4 of the previous
chapter.

We leave it to the reader to make a similar analysis with X-linked gene
with two alleles A and a. The state space now consists of (A4, AY), (aa,aY),
(AA,aY), (aa, AY), (Aa, AY) and (Aa,aY).
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3.4 The Wright-Fisher Model

The Hardy-Wienberg law and its ramifications as discussed in the previous
chapter have some serious limitations, namely, that the stochastic content in
them is limited only to the randomness in the matings in a given generation.
This stems from the tacit assumption of the population being potentially in-
finite. Such analysis, therefore, fails to capture the phenomenon of genetic
evolution in finite populations, where the sampling fluctuations play a central
role. This suggests adopting models that capture this component of random-
ness in evolution. This was already realized by Pearson (1904), Yule (1906)
and Fisher (1911). The first such model was proposed by Fisher (1930) and
Wright (1931). Since then this model, known as the Wright-Fisher model, has
occupied the centre stage in mathematical models of genetics. We proceed to
describe this model.

Let us consider, as usual, an autosomal gene with two alleles A and a, so
that, there are three genotypes AA, Aa and aa. We wish to study the evolution
of genotypic frequencies in a given population. Ideally what we wish to do is
the following. Suppose that initially there are N; males with composition
N11AA+ NisAa+ Nisaa and N> females with composition Noj AA 4+ Noo Aa +
Nyszaa. Let us assume random mating. For the kth generation we want to
know the data N = N}, AA + N, Aa + Nfaa and N = N¥ AA + N Aa +
NXaa. The problem in this generality is complicated and first we affect some
simplifications.

Let us assume that for all k, N, = NE for i = 1,2, 3, that is, in all genera-
tions the genotypic frequencies are the same for both the sexes. Of course, this
will imply that Nf = NF = N*, say. To put it differently, we consider unisex
population, as for example, plants. Then the problem simplifies to describing
the 3-tuple (Nf, N¥, N¥). As a further simplification, we assume that N¥ = N
for all k, that is, variation in the total population size is also ruled out. This
may look like a gross over-simplification, far removed from reality. However, it
can be given the following interpretation. Imagine a ‘real’ population evolving
in time with possibly changing size. But to facilitate calculations, we concen-
trate on NV individuals randomly chosen from each generation. The cautious
reader would of course realize that this is not a completely truthful interpre-
tation. Truly speaking, the population is constrained to have N individuals
— neither more nor less — in each generation, where N is fixed in advance.
Under this simplification, it suffices to know how many AA and how many aa
are there. Thus, the problem is reduced to describing the evolution of the pair
(N, Ng) only.

Even after all these simplifications, the problem still remains quite in-
tractable. Therefore, we are going to simplify it further. However, in the
subsequent sections, we shall return to the problems described above. For the
time being we decide to concentrate only on the variations in the gene frequen-
cies rather than the genotypic frequencies. In any generation, the N individuals
carry a total of 2V genes, some of which are A and the rest are a. Let X} be
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the number of A genes in the kth generation so that 2N — X} is the number
of a genes. We are going to study the evolution of X. Of course, this would
have been perfectly alright if, to start with, we had a haploid population of 2V
individuals, in which case there are only two genotypes A and a.

We now come to the specific hypothesis concerning how a generation gives
rise to the next generation. We assume that the 2N genes of a generation
are obtained by simply taking a random sample of size 2N with replacement
from the 2N genes of the parent generation. This is the classical Wright-
Fisher model. It is clear that for each n, X,, the number of A genes in the
nth generation, is a random variable taking values 0,1,...,2N. The above
assumption really means firstly, that the conditional distribution of X, 11 given
Xo,X1,...,X, depends only on X, and secondly, that given X,, = j, Xp41 is
distributed as the binomial variable B(2N, 5]%) In other words, the process
(Xn)n>o forms a Markov chain with state space {0,1,...,2N} and transition
probabilities

Dik = (2]]: ) 0¥ (1—-6;)°N"% for 0<j, k<2N,

J_
2N’
For this chain, it is clear that the states 0 and 2V are absorbing while others are

transient. Thus, no matter where we start, the chain eventually gets absorbed

in one of the two absorbing states. Thus X, = lim X, exists and takes the
n—oo

where 6; =

two values 0 and 2N with probability one.

The first important question that we would like to address is the following.
Given that the number of A genes is 4 to start with (that is X = ), what are
the probabilities bo(7) and by (¢) of the chain to be absorbed in the states 0
and 2N respectively. Actually, bo(z) and by (7) are nothing but a0 and ;2N
in the notation of Section 0.8.3. Note that bp(i) = P(Xe = 01Xo = %) and
ban (i) = P(Xoo = 2N | Xy = 1). The usual fundamental matrix method is not
of much help here (try and get convinced). Here is a beautiful alternative due
to Feller.

Observe that the process (X, )n>0 has the property that
E(Xp11X,) =X, foreveryn.

Indeed, since the conditional distribution of X, 11, given X,, = j, is B(2N, 51%)
we have E(Xp411 X, = j) = 2N - 5% = j. Because of the Markov property,
the above equation is the same as

E(Xp+11Xo,X1,...,Xn) =X, foreveryn.

Thus (X,)n>0 is a martingale in the sense discussed in Section 0.7. In par-
ticular, for all n, E(X,|Xo = i) = i. Since the martingale is uniformly
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bounded, it follows that E(Xe | Xo = ¢) = i. But of course, E(XolXo = 1) =
0-bo(i) + 2N - ban(¢). This yields

ban(i) = ——  and  bo(i) = 1— —

2NV = ARG W =T o
Thus, if initially there are ¢ many A genes, then eventually the number of A
genes will be 0 or 2N with probabilities 1 — 5% and 55 respectively.

Having thus obtained the absorption probabilities, we now turn to the rate
at which absorption takes place. One simple-minded way to get this would
be to evaluate pgf)) and pEZ)N explicitly. Khazanie and McKean have done
this, but unfortunately their analysis is complicated. Instead, we recall that it
suffices to know the largest (in modulus) eigenvalue of the transition matrix,
which is smaller than one in modulus. S. Wright and G. Malecot obtained
approximations for this eigenvalue. But later, Feller gave an elegant method to
get the exact expression for all the eigenvalues, which is what we discuss now.

Define

1 r—1
= < < = —_——] ... —
AM=1 and, for1<r<2N, A =1 (1 2N> (1 N ),

or equivalently

2N\ 7!
)\r=(r>m for OSTSQN (].)
Note that, A\g = A1 =1 > A2 > A3 > -+ > Aon. We shall now show that these
are precisely the eigenvalues of P from which it would follow that convergence
takes place geometrically at the rate A = (1 — 5%).

Consider the two linearly independent vectors vg = (1,1,...,1)" and v; =
(0,1,...,2N)’; each of order 2N + 1. Since P is stochastic matrix, Pvy = vg.
Also, since for each j, the j-th row of P is the probability mass function of
B(2N, 5717) distribution, one sees that Pv; = v;. Since there are two absorbing
states, by the general theory of Section 0.8.5, P has 1 as an eigenvalue and the
dimension of the eigenspace associated to this eigenvalue is 2. This takes care
of Ao and A; of Equation (1). To complete the proof we shall now exhibit, for

each r = 2,...,2N, a non-null vector v, such that Pv, = A.v,.. To this end,
we fix some notation. For any real number z and any integer ¢ > 1, let (z);
denote the i-th factorial power of z, that is, z(z — 1) - --- - (x — i+ 1). We

define (z)o = 1. We first make the following observation.

Lemma 3.1: Let 2 < r < 2N and ag, ay,...,a, be numbers with a, # 0. Then
the vector v = (xg,1,...,2T2N) With T = Z::O a;(k); is non-null.

Proof: P(z) = }.[_, a;(z); is a polynomial in z of degree exactly r < 2N, and
has at most r real zeros. Noting that =, = P(k), for k =0,1,...,2N, it follows
that not all the z; can be zero. [}

Our proposed v,. is going to be of the same form as v of the lemma. Note that
the vector of the lemma is completely determined by the numbers aq, ..., a,.
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For a vector v of this type to satisfy Pv = Aqv it is necessary and sufficient to
have, for j =0, 1, ..., 2N,

2N
Arzj = DjkTh
k=0

2N r
= 3 pik y_ a(k)
k=0 =0
r 2N

= Y > a(k)y (2}:’)9}“(1 —§,)2Nk
1=0 k=l

= ¥ a(2N)6;,

=0

~

the last two equalities being consequences of the facts that (k); = 0 for k < I

and -
2N =1\ pk ON—k
Z( r )oj (1—0;)*N k=1
k=l
Thus Pv = A,.v becomes equivalent to having

S har(=Y a(2N) 6, for j=0,1,...,2N. (2)
1=0 1=0
To proceed with the choice of the numbers ay, .. ., a., so that the above holds,

we need the following basic fact.

Lemma 3.2: For any integer k > 0, the polynomials {(z); , 0 < i < k} form
a basis for the vector space of all polynomials in = of degree less than or equal
to k.

The proof of Lemma, 3.2 is easy and hence omitted. From this lemma, one
obtains that for each m, 0 < m < 2N, there exist constants Crm,0, Crm1, ---

z™ i . .
Cmn,m 90 that W = Z Cin,v(2)y. In particular, 0;? = Eg:o Chv(j)v, for
v=0

every j. Comparing the coefficients of j» on both sides we get Ch 5 = (711,7,
so that (2N),Ch r = An. Using this, Equation (2) is equivalent to

r T l
MY a(@=> a@N) Y Ciu(i,
1=0 1=0 v=0

or to
Z Ar Gy (])V = Z l:z aj (2N)l Cl,V} (])V .
v=0 v=0 Li=v

For this to hold, it suffices to ensure that

/\ra,,:Zal@N)lC’l,,, for v=0,1,...,r. (3)

l=v
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For v = r, this equation is trivially satisfied by any a, in view of the fact that
(2N); Cpr = Ar. We can and do take a, = 1. For v < r, (3) is equivalent to

r

(/\r - )\u) ay = Z (2N)l Cl,l/ ’

l=v+1

that is,

1

a, = m l:;H a; (2N)l Cl,,, .

Note that A. # A,, since r > 2 and v < r. This last equation is an equation
prescribing a, in terms of a,41, ...,a,. Having chosen a, = 1, all the a, for
v < r can now be automatically determined. Thus we have proved the following
theorem.

Theorem 3.3: The numbers {\, : 0 <r < 2N} as given in (1) are precisely
the eigenvalues of the Wright-Fisher matriz P.

In the terminology of genetics, absorption is called fization or homozygosity
and the rates of absorption are called the rates of fization. In the Wright-Fisher
model, we are selecting each generation as a random sample from the previous
generation, but yet ultimately one gene is being fixed. This is what is called
genetic drift and is attributed to the finiteness of the population and the con-
sequential sampling fluctuations. To understand this statement, suppose we
have a sequence s; = (%1, Z2,...,Znp) of length M where each z; is an integer
from {1,2,...,N}. One may think of s; as a sample (with replacement) of
size M from a population having N distinct elements. Treating now s; as a
population of size M, a simple random sample of size M is drawn to obtain
another sequence s;. With s, as the population of size M, we again draw
a simple random sample of size M to get s3. We continue this process. It
should be emphasized here that at each stage of our sampling scheme, the M
population units need not be distinct, since our samples are always drawn with
replacement. As a consequence, if a particular symbol, say ¢, occurs n; times
in s then the chance of ¢ being excluded from sjy; can easily be seen to be
[1- ”V]M . Thus a symbol with less number of repetitions in sj is more likely to
be excluded from si41. The reader can convince himself that even if the orig-
inal sequence s; consisted of M distinct symbols, sampling fluctuations force
repetitions to occur sooner or later. This along with the previous observation
explains why in the long run the process will stabilize at one symbol being
repeated M times. A more precise formulation and justification of this phe-
nomenon can be given using Markov chain terminology. It will be instructive
for the reader to try.

We have discussed the simplest case of the Wright-Fisher model. The most
important thing that happens in nature all the time is mutation. A realistic
model should take this into account. Suppose we assume that there is a chance
a; of A mutating to a and a chance a2 of @ mutating to A. Any particular gene
can mutate at most once in passing from one generation to the next. Suppose
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that there are j many A genes and 2N — j many a genes now. Select one of
them at random and allow for possible mutation. What is the chance that it
is A 7 This can happen only when A is selected and mutation did not take
place or a is selected and mutation did take place. The selection probabilities
should thus be modified as,

ejzgﬁ(l_am(l_gﬁ)%

One can now discuss the model incorporating mutation as follows. Fix
mutation probabilities 0 < a3 < 1 and 0 < as < 1. Then (Xp)n>o is a
Markov chain with the conditional distribution of X, 1, given X,, = j, being
B(2N, ;) where 6; now is as above. In practice, only small values of oy and
ay are relevant. Let us assume therefore that 0 < a3 + as < 1. Then the
chain is irreducible and hence necessarily recurrent. One would like to know
the stationary distribution. Also recall that since the chain is clearly aperiodic,
the distribution of X, is eventually going to be this stationary distribution, no
matter how the chain started initially. If we derive the stationary distribution,
this will give us the long-run proportion of A and a genes in the population,
without any need for the knowledge of the origins of the population(!).

We end this section by pointing out a limitation of the discrete model of
Wright-Fisher. For example, going back to the Wright-Fisher model without
mutation, one quantity of interest would be the average time needed for fixa-
tion. In other words, denoting by T' the first time the chain is absorbed, T is
clearly a random variable. We would like to know the distribution of 7', or at
least, the expected value of T'. Clearly

P(T=nlXg=1i) = P(X,€{0,2N},Xn_1¢ {0,2N}| X, =1)

= @ +py) — @ +pia)).

The above equation gives the exact distribution of T', given Xy = ¢, from which
it is theoretically possible to calculate its expected value. However the formulae
for pg’".) are complicated and do not yield a tractable and easily understandable
expression for E(T | Xy = 7). An alternative would be to look for at least an
approximate expression for E(T1Xo = 1), which is simple enough to understand.
Such an approximation was indeed given by Feller and subsequently studied

by Kimura. We will take a brief look of these developments in Section 3.8.

3.5 Moran’s Models

In this section we consider what seems to be the second most significant work
on Markov chain modelling in population genetics. The following models were
proposed by P. A. P. Moran in 1958.
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3.5.1 Haploid Model

The set-up is the same as in the Wright-Fisher model. We consider a haploid
population with two genotypes A and a. Instead of forming new generation by
sampling from the previous one, this model envisages to follow the population
through its birth-death events. More precisely, a new generation is formed
from the old one in the following way. One individual chosen at random from
the existing population gives birth to an individual (naturally of the same
genotype) and, at the same time, one randomly chosen individual of the old
population dies. Note that this keeps the population size fixed. We denote it by
M. As before, we denote by X,,, the number of A genes in the nth generation.
Here, the nth generation means the population after n birth-death events. We
want to study the Markov chain (X,)n>0, which has state space {0,1,...,M}.
If the present population has composition 1A + (M — i)a, then the individual
who dies is A with probability & and is a with probability 1 — . At the
same time, a new born is of type A with probability ﬁ and a with probability
1- ﬁ So the transition probabilities of the chain are given by
Diji—1 = Dijit1 = -]\%(l - %),

i i .
(L - M.
Dii (M) +(1 M) for 0<i<

Of course, poo = pm,m = 1. Note that p; ; =01if j & {i — 1,4,i + 1}.

Here again, 0 and M are the absorbing states and all others are transient.
Also, from the transition probabilities, it is clear that E(Xp1 | X, = i) = i.
Thus, as in the Wright-Fisher model, (X, )n>0 is a martingale and, as earlier,
given X9 = 4, the chain will be absorbed in 0 with probability 1 — ﬁ and
absorbed in M with probability ﬁ

In this case again, we can write down all the eigenvalues of the transition
matrix P. In fact, this matrix is much simpler than the Wright-Fisher matrix.
We follow the method given in Watterson (1961) and prove the following two
lemmas (attributed to E. J. Hannan). In the first lemma we use the usual
convention that (;) is zero for § > i.

Lemma 3.4: Let R be the matriz with entries R;; = (;) for 0 <i,j7 < M.
Then R~ is the matriz S with entries S;; = (—1)+7 (;)
Proof: The (i, j)-th entry of RSis 3, (})(=1)*+ (’;) Note that, if i < j, then

(1) (5) = 0 for all k, while if i = j, then (;) (%) = 0 for all k # i (why?). This

proves that (RS);; = 0if i < j and (RS);; = 1if i = j. Finally for i > j,

(RS):; equals .
(v 2 (TR o

j<k<i

This completes the proof. |
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Lemma 3.5: The matriz R~'PR has non-zero entries only at the diagonal
and the first super diagonal. More precisely, the matric R-'PR = A, say, has
entries a; ; given by

i(i—1 (M —1 L
(Mz)’ ai,i-}—l:(—w_) and a;; =0 forj#i,i+1

ai; =1-

Once this lemma is proved, it follows that the eigenvalues of the matrix P,
same as those of R~'PR, are given by

i(i—1 .
/\121—(—]\4'2—) ’L:O,].,‘..,M.
Note that A\g = A\; = 1. Thus, the second largest (in modulus) eigenvalue after
11is given by Ao =1 — # This gives the rate of approach to homozygosity,
or fixation rate, in the same sense as before.

Proof of lemma 3.5: Since Py; =0 for I ¢ {k —1,k,k + 1}, it is clear that the
(1, 7)-th element of SPR, with S as in Lemma 3.4, is

M
> Sik(Pep-1Ri-1 + PuiRi + Pejr1 Res1,g)
k=0

Since S;; = 0 for k > ¢, and R ; = 0 for j > I, the above sum actually extends
from k = j — 1 to k = ¢. In particular, when j —1 > 4, it is zero. Thus a; ; =0
for j > i+ 1. In case j = i + 1, there is only one term in the sum. In case
j = 1, the sum consists of two terms only. These easily reduce to the stated
expressions for a; j. The only thing to be shown now is that for j < i, the
sum above reduces to zero. If we substitute the values and use the fact that
> Sk Rk,; is zero for j < i, then we have to show that

Z“) () =2 () -2 )+ (5] o

This easily follows from the following three equations whose verification is left
to the reader.

(7)) (1) = mrmao -

i—j+1 . .
—j+1
-1 k(= —
i—j+1

ey (LY g
I;)(1) ( 9 )(k 1)=0.

This completes the proof. [ |
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Next, we wish to know the time taken for absorption. The exact distribu-
tion, though complicated, has been evaluated by Watterson. Here we present
his method to find the expected time for absorption. The fundamental matrix
method applies here beautifully.

From the transition matrix P, we omit the rows and columns corresponding
to the two absorbing states and get the (M — 1) x (M — 1) matrix @ and
the objective is to find the matrix N = (I — Q)™ !. It is easy to see that
I — @Q = DB, where D is the diagonal matrix with diagonal entries k—(%[;—k) for
1<k < (M -1), and the matrix B = ((b;;)) is given by

bi; = 2 if i=7,
= -1 if 1=j—Llorj+1,
= 0 otherwise.

Moreover the rows of the matrix B~! are given by
(M —14) 2(M—1) i(M—14) i(M—-i—-1) -2 1-1
M b M EERAR R M K M LR M 7 M b
for 1 < i < M — 1. Thus, the fundamental matrix N, which equals B~!D!,

can be explicitly computed. In particular, m; = E(T | Xy = i), which is the
i-th row sum of N, turns out to be

mi:(M—')i(l—%)_IAw'Mi_l (1—%)_1.

Jj=1 J=1

However this expression does not admit a nice closed form. In particular, its
dependence on i is not very clearly revealed from the above expression. We
now proceed to obtain a neater expression which approximates m;. Rewrite
the above expression as

iYe= 1 1 i Mt 1
mi=M2(1——>z————A + M?— Z — .
M j:1M(1_'j\%) M j=1 M(l_i%)

We observe that the two sums appearing above can be viewed as appropriate
Riemann sums and it is natural to approximate them by the corresponding
Riemann integrals. Denoting the initial proportion (/M) of A genes by p we
thus obtain that m; can be approximated, at least for large M, by

2 Pl o [P 1
M(l—p)/1 d:c+Mp/ 7
0 0

dz = M? log[p™? (1 —p)~(1=P)].
— —de oglp™? (1 -p) ]
We can evaluate it for special values of p and in Section 3.8, we will use this to
compare this model with the Wright-Fisher model. Note that the fundamental
matrix method further enables us to evaluate the variance of the absorption
time.

In this model also, we can incorporate mutation. This gives an ergodic ape-
riodic chain, whose stationary distribution can be explicitly evaluated. Some
of these aspects are discussed in the exercises.
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3.5.2 Diploid Unisex Model

We shall discuss diploid unisex population. As usual, we consider a gene with
two alleles A and a. We fix the population size at N. At each instant, we should
know the number of various genotypes present. Of course, the population
size being fixed, it suffices to know the number of any two of the genotypes.
Thus, if the population has the composition AA : Aa : aa = k : (N —k —
1) : 1, it is enough to know k and [. In other words, this is essentially a
bivariate process. How does this process evolve? One individual is born whose
genotype is determined by two independent choices made from the existing
gamete pool and simultaneously one randomly selected individual from the
existing population dies.

More precisely, let us denote by Y, and Z,, the number of AA and aa
individuals respectively, in the nth generation. Clearly Y;, and Z,, are random
variables. We are interested in the bivariate process X,, = (Y,,Z,). The
model simply says that (X,)n>0 is a Markov chain with state space {(k,1) :
k> 0,1l >0,k+1! < N} and transition probabilities to be described shortly.
Meanwhile, observe that the total number of states is (N + 1)(N +2). Also,
when the process is in the state (k,l), the gamete pool has the composition
A:a=(N+k—-1): (N —k+1). The transition probabilities from the state
(k,1) to the various states are given in the following table:

State Probability
(k+1,0) (N—k—=0)(N+Ek=1)*

4N3

(k+1,1—1) UN+E=1)?

4N3

(k0 — 1) UN?—(k—1)?]

2N3
E[N?—(k—1)?
(k—1,0) _[%W_Ll
k(N+1—k)?
(k—1,1+1) k)
N—k—1)(N+Il—k)?
(k,1+1) S

(k, 1) E(N+k—=0)2+UN+H—k)2+2(N—k=D) (N> = (k—1)?)
b 4N3

The reader can easily verify that from the state (k,1), transitions can occur
only to the states listed above. As expected therefore, the second column
of the above table adds to one. Note that for some boundary states like,
(k,1) = (N,0), ordered pairs such as (N + 1,0) appear in the above list even
though they are not elements of the state space. However, this poses no serious
problem, because the corresponding entries for probabilities of such ‘non-states’
reduce to zero.

There are two absorbing states, namely, (N,0) and (0, N), while the other

states are all transient. However, application of the fundamental matrix method
does not turn out to be convenient for this absorbing chain. Here is what
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we do to evaluate the absorption probabilities. Set W, = Y, — Z,, and
AWpy1 = Wpyr — Wy, for n > 0. Then from the above table of transition
probabilities, it can be easily seen that, given X,, = (k,1), the random variable
AWy 41 takes on the values —2,—1,1,2 and 0 with (conditional) probabilities

_R(N 41— k)2 (N — k4 D)(N? 4 3k2 — 12 — 2kl)
Pa=7yNs > P T AN3 ’

N+k—1)(N?+31% — k? — 2kl (N +k—1)>
p = ¥ ™

po=1—(p2+p_2+p1+p_1)

respectively. A trite algebra shows that py + 2ps = p_1 + 2p_s. It follows that
E(AW,111X,) = 0, and consequently, E(W,11 |1 X,,) = W,. By the Markov
property and the smoothing property of conditional expectations (Section 0.2),
(Wn)n>0 is a bounded martingale.

Let b(x,0)(k,1) be the probability of eventual absorption in the state (iV,0)
starting from (k,1). Then, conditional on Xy = (k,l), W, = lim W,, takes the

values N and —N with probabilities by 0y (k,1) and 1—b(n,0)(k, 1) respectively.
But E(Wx | Xo = (k,1)) = Wy = k —l. One easily deduces that

bovoy(k, 1) = % and b,y (k, 1) = Nﬁ’f]ﬂ

We shall now proceed to obtain the absorption rate or the rate of homozy-
gosity. Unlike in the previous cases, the eigenvalues of the transition matrix are
almost impossible to find (at least, they have not been found so far). In par-
ticular, we do not even know whether the transition matrix admits a spectral
representation (in the sense discussed in Section 0.8.5). Therefore, we are not
in a position to apply the method of identifying the second largest eigenvalue
as the fixation rate. Moran solved the problem by an ingeneous method which
we now present. In the sequel we exclude the trivial case N = 1 and assume
that N > 2.

To motivate the idea, let us recall that if P admits a spectral representation,
that is, P = L1 DL as in Equation (32) of Section 0.8.5, then for any function
f on the state space

Ei(f(Xn)) = aip + @iz + »_ ai AT, (4)

r>2

where 1 = Mg = Ay > Ay > A3 > --- are the eigenvalues of P and, for r >
0, a;r = Ej(L_l)irLrjf(j). If f could be so chosen that a;s # 0, then
from the above equation itself, we could have got hold of the absorption rate.
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Moran turned the tables around. By purely probabilistic arguments, he found
a relation of the form (4) for a suitably chosen function f and was able to derive
the absorption rate directly from that relation. One of the crucial advantages
of his method is that one has to only find the eigenvalues of a 2 x 2 matrix
rather than the huge matrix P.

1— L1 L
Let us consider the 2 x 2 matrix B = ( N N, ) , which has
el 1 — 552
1 3 1 1
two distinct eigenvalues given by u; =1 — oN " ANZ T aN 1- N + 4—]%
and —1—i—i+ ! 1——l+i From N > 2, one gets that
B2= 275N 4Nz T aN N TNt =S ones

O<pu <pe <l

Consider now the function g on our state space S = {(k,1) : 0 < k,l,k+1 <
N}, defined as g(k,l) = (k +1)/N. Then we have

Theorem 3.6: For any transient state i, there exist numbers a; and b; with
b; > 0 such that
Ei(9(Xn)) =1 —a;p} — bipy . (5)

To get on with the main idea, we shall postpone the proof of this theorem.
Instead, let us now show that us is the rate of absorption. Following the general
theory, we continue to denote the set of transient states by Sr. Noting that
g(s) = 1 for any absorbing state s, it follows that

1- Ei(g(Xn) = > [1-g(s)pi7 .

sEST

Thus from Equation (5) we have

ST - g = ad + bing

SEST
so that -
nll)ngo ZseST DM;LQ(S)]pis —b;. (6)
We shall now show that
0< lirrlri)sotép _Zs_ejgl_pgg < 00, (7

which, by definition, implies that w9 is the rate of homozygosity. We first claim
that

_ (n)
[_1—9(‘2)_]1)&_ < oo forevery s€Sr. ®)

0 < limsup
n 125)
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Indeed, the first inequality follows from the fact that g(s) < 1 for each s. On
the other hand, if for some sp € St the limsup in (8) equals co, then

S ees L= 9@

lim sup
n %)

3’

by the non-negativity of the summands above, thus contradicting (6). Our
next claim is that

lim sup >0 forsome sé€Sr. 9)

n

[1— g(s)]p
ny

Indeed, if this were zero for all s € St, then

(n)
1-— :
fmaup szl =90 _
on Ha

0,

contradicting (6) again. Clearly, for any s as in (9), we must have g(s) < 1,
whence it follows that for such an s

P
0 < limsup =~ < co. (10)

n Ha

The first inequality of (7) is an immediate consequence of the first inequality of
(10). To prove the other inequality of (7), we show now that for every s € S,

(n)
lim sup =2
n Hy

< 00.

If g(s) < 1, then this follows directly from the second inequality of (8). Suppose
now that s € St and g(s) = 1. For any such s, there is a ¢t € St with g(t) < 1,

such that ps; > 0. Since
(n+1) > p(n)

Dt is Dsts
one obtains - (ni)
n n+1
Pis Pt _F2 g0 cachn.

By T ,Uf;H_l Pst

The previous case now gives the desired inequality. The proof of (7) is now
complete.

We now return to proving the theorem. Fixing i € St, we denote E;(g(X5))
by u,. The idea behind getting the relation (5) is as follows. We introduce an
‘auxiliary’ sequence v, and get a recurrence relation for the vector sequence
(un,vn)- The Equation (5) is obtained simply by solving this recurrence rela-
tion.

Proof of Theorem 3.6: Fix 7 € St and denote by u, the quantity E;(g(X,))
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as above. Define v, = [E;(Y, — Z,)?]/N?. A direct computation using the
transition matrix now shows that

Unt1 \ _ Up, 1/2N
(ot ) =2 (0 )+ (e )
Using the above equation recursively one obtains
Un —_ pn Uo n—1 n—2 , .. 1/2N
(vn)_B (U0)+[B + B + +_I](1/2N2 .

Noting that both the eigenvalues of B are different from one, so that I — B is
invertible, it follows that

(;‘: ) :B"( " )+(I—B”)(I—B)—1(ig%2 ) .

Thus, if we denote,
v | u _1( 1/2N ~_ 1 m—1( 1/2N
b_(v())_(I_B) (1/2N2 76_(‘[ B) 1/2N2 ’

then, we have
( tin ) =B"b+¢.
Un

Since p; and o are distinct eigenvalues of B, we can diagonalize B as

B:L(Hl O )R7
0 pe

with LR = RL = I. Observe that

B“:L(“1 On)R.
0 py

(“n ) :L( w0 )RZ+5.
Un 0 pj

Considering the first row of this equation one obtains

Using this, one gets

Up =a+ﬂﬂ?+7ﬂg, (11)
for appropriate constants a, § and . Since both p; and po are less than one
it follows that « is actually lim u,. Recall however that the chain being ab-

n—o0

sorbing, g(X,) — 1 with probability one, so that by the bounded convergence

theorem, lim w, = 1. Thus
n—oo

a=1 and wu,=1+Bu]+yus.
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We now show that v < 0. As a first step, we argue that v can not be strictly
positive. Indeed, if v > 0, then yul = [yu3| > |Bu}|, for all sufficiently large
n. Here we are making use of the fact that 0 < u; < ps. From (11), this
will imply that u,, > 1 for suficiently large n, which contradicts the fact that
un = Ei(9(X,)) <1 for all n.

Next we argue that v = 0 is impossible. Indeed, if v were zero, then u, =
1+ Bu?, where of course B # 0, because u,, cannot be identically 1. Observe
also that u, is a rational number, because it is the expectation of a random
variable which takes finitely many rational values with rational probabilities.
Since ug = 1 + 3, it follows that § is also rational. Since u; = 1+ Sy, it
would follow that p; has to be a rational number. However, since for every
N >2,4N? — 4N +9 is not a perfect square (left as an exercise), u; can not
be rational.

Having thus proved that « of (11) is strictly negative, the proof is now complete
in view of the fact that (5) is the same as (11) after making appropriate changes
in the notation and making the dependence of § and + on 7 explicit. |

3.5.3 Diploid Bisexual Model

We shall now briefly explain the diploid bisexual model of Moran. We shall fix
the population size at V1 for males and at N, for females in each generation.
As earlier, we consider an autosomal gene with two alleles A and a. If the
population structure is A4 : Aa : aa = k : (Ny — k — 1) : | in males and
AA:Aa:aa = r: (N2 —7 —s): s in females, then the state of the system is
specified by 4-tuples (k,I,r, s). In other words, the state space is

{(k,1,r,8) : k,l,r,s >0; k+1< Ny;7r+s< No}.

When the population is in the state (k,l,r,s), then the proportion of A ga-
Ny +k~—1 N. —
metes is Mtk—e in males and orr-s in females. The system evolves
2N 1 2N. 2

as follows. A new individual is born. Simultaneously, a randomly selected
individual from the old population dies. To preserve the population sizes in
males as well as in females, we assume that the sex of the new born is the
same as that of the deceased. The genotype of the new born is determined by
choosing at random one gamete from the male population and one from the
female population. There are again two fixation states, namely, (N, 0, N3, 0)
and (0, N1,0, N3). All other states are transient.

The detailed analysis of this chain is slightly complicated and hence not
included here. However, it is worth noting that the rate of fixation has been

1
analysed by Moran. He showed that it is approximately [ 1 — for
4Ny No

large values of Ny and N.
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3.6 Kimura’s Model

The model to be considered in this section is different from the earlier ones,
both in its objective and in its analysis. The previous models aimed at studying
the evolution of the aggregate population with respect to a fixed locus. In other
words, it was a macro analysis. By contrast, the present model is going to be a
micro-model. We still concentrate on one locus, but instead of considering the
entire population, we focus our attention on one particular cell and study its
evolution through cell divisions. More precisely, if an aberration enters the cell
at some stage, a natural question is how this aberration propagates through
subsequent generations via cell divisions. An understanding of such a question
requires a little digression into cell mechanics.

To fix ideas, let us consider the locus responsible for the manufacture of
haemoglobin. The message to manufacture haemoglobin is stored like a tele-
graphic code at this locus. However, nature tries to be cautious rather than
economical. So the same code is stored in various subparts at this locus. In
other words, the gene has certain subparts each having the same code. This is
to ensure that the proper transmission of the code from any one part is enough
to do the job. Let us assume that the gene has N subparts, say, P, Ps,..., PN,
where the same code is stored.

From now on, we shall think of Py, Ps, ..., Py themselves as IV repetitions of
the same code. Suppose that for some reason, one of them, say P;, suddenly ap-
pears in a mutant form, that is, as a useless code, say B. These N parts now are
B, P,,..., Py. Suppose that the cell now undergoes the process of cell division.
Recall that during the cell division, it is not the chromosome, but the chromatin
content that duplicates and goes on to form sister chromatids. The chromatin
content corresponding to our locus is now B, P, ..., Py, so that when it dou-
bles we have B, B, P5, Ps, ..., Py, Pn. According to Mendelian hypothesis, the
two sister chromatids should contain B, P,,..., Py each. However, all these
take place in the miniature factory of the cell. Moreover, even though we are
focussing our attention on one single locus of one chromosome, it should be
borne in mind that during the actual cell division the entire chromatin con-
tent gets doubled and subsequently gets realigned to form sister chromosomes.
Strict obeyance of the Mendelian hypothesis means that each daughter cell is a
true replica of the mother cell even upto the subpart levels. As a consequence,
the level of functioning of the different genes at the different loci would remain
unaltered. In other words, each daughter cell would be functionally as efficient
as the mother cell. However real life experience seems to contradict it. For
example, with ageing, a definite deterioration in the functioning of the cells is
observed. Kimura looked for an explanation of this phenomenon by suggesting
a slight deviation from the Mendelian hypothesis. More precisely, returning to
the particular locus considered earlier, his suggestion is that the 2N subparts
B,B,P,,P,..., Py, Py are distributed at random into two subgroups of N
parts each to form the sister chromosomes, rather than realigning in such a
way as to form exact replicas (B, Py, ..., Py) in each sister chromosome.
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Assuming this model for cell division, what we wish to study can be precisely
stated as follows. We start with a cell with configuration (B, P, ..., Py) at a
locus as before. This B, as explained earlier, appeared as a mutant and useless
subpart. We allow cell divisions to take place to form successive generations.
Let X, denote the number of subparts with the label B, in a typical nth
generation cell. Clearly (X, )n>0 is a stochastic process and this is the subject of
our study. Of course, X = 1 and the state space of the process is {0,1,..., N}.
It is left to the reader to convince herself that (X,,),>0 is a Markov chain with
transition probabilities

2i\ (2N — 2i 2N
= . i <i,j <N .
ro=(G)(525) [ (5) o osis

It is also clear that the states 0 and IV are absorbing and the remaining states
are all transient. To calculate the absorption probabilities, once again observe
that (X, )n>0 is a martingale and hence the absorption probabilities are o v =
— and a;0 =1 — —. Since we have started with one mutant subpart, that is
Xo = 1, the probability that eventually the cell has all subparts consisting of
B and hence ceases to function altogether is 1/N.

The present transition matrix is simple and all the eigenvalues can be eval-
uated by the same Fellerian argument used in the Wright-Fisher model. The
eigenvalues are

(2N —r1 2N
)\r_2(N—r)/(N)’ forr=0,1,....N .

To see this, first observe the following. If (z), denotes, as earlier, the factorial
power, namely, z(z — 1) --- (z —r + 1), then we know from the hypergeometric
probabilities, that

St = (7)) /() =

Consider now the basis of RV*! given by

eo=(1,1,...,1) and e =(0,1%,2%...,N% for1<i<N.

Then for the transition matrix P, Pe, is a linear combination of e,, e,_1,

.., eg. Further, the coeflicient of e, in that linear combination is A,.. Thus,
with respect to the above basis, P is lower triangular with diagonal entries
Ao, A1, ..., An. Since the eigenvalues do not depend on the choice of the basis,
this shows that A., 0 < r < N, are the eigenvalues.

Noting that Ao = A\; =1and As = (2N —2)/2N —=1) > A3 > --- > Ay, it
follows that the rate of absorption is 1 — 2N—1~T However, in this case, the two

absorbing states are not on an equal footing. The state NV corresponds to death
of the cell as far as this locus is concerned, while state 0 corresponds to the
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complete disappearance of the mutant subpart. The quantity of real interest,
therefore, is the probability of getting absorbed in the state N at time n, that
is,

v =P(X,=Nand X, 1 #N|Xy=1).

The values of d; can be evaluated for small values of N (see Exercise 8).
Kimura has given continuous approximations for large values of N using hy-
pergeometric functions. An extension of the above idea for n-ploid organisms
with NV sets of chromosomes has also been considered by Kimura.

3.7 W-F Model with Varying Generation Sizes

In this section, we shall discuss a modification of the Wright-Fisher model which
allows the population size to change from generation to generation. As in the
classical Wright-Fisher model, we still consider a haploid population with two
alleles A and a. However unlike in the classical case, here we will allow the
size of the nth generation, 2N, to possibly depend on n. But of course, the
stochastic mechanism of formation of new generation from the previous one is
still the same, namely, by drawing a simple random sample, with replacement,
of an appropriate size.

3.7.1 Deterministic Generation Sizes

Let (Nn)n>o0 be a fixed sequence of positive integers with N, denoting the size
of the n-th generation. As before, denote by X,, the number of A genes in
the n-th generation. The conditional distribution of X, 1, given X,, = 7, is
assumed to be Binomial with parameters (2Np 41, EJJ\T—,.) irrespective of the past
history of the evolution. Thus the sequence (X,)n>0 is assumed to have the
Markov property. However, we cannot call it a Markov chain in our sense,
because the transition probabilities depend also on n. Of course if N,, = N
for each m, as in the classical case, then we have a traditional Markov chain.
In this special case, (Xp)n>0 was indeed seen to be an absorbing chain so that
fixation occurs with probability one.

The question that we address here is what happens in the case of varying
population sizes. Our previous experience with a similar situation, namely,
Malecot’s Theorem of Chapter 2, tempts us to conjecture that probability of
eventual fixation is one if and only if 3 NLH = 00. We show that this is indeed
the case.

At this point, of course, the notion of fixation should be clearly understood.
We do not have an absorbing chain in the usual sense. Indeed, the process here
is not even a time-homogeneous Markov chain, as in Section 0.8. In other words,
although markovian property holds, but the transition probabilities are not
the same over generations. Therefore, we cannot as such use the terminology
and theory of absorption as discussed in Section 0.8. The usual and natural
interpretation of fixation is that of reaching a stage where an entire generation
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consists of only one kind of individuals, say, either all a or all A. This is
the same as saying that for some n, X,, becomes equal to 0 or 2/N,,. Notice
that if this actually happens in some generation, then the same phenomenon
persists with probability one in all subsequent generations. It turns out to be
convenient to work with the proportion rather than the absolute number of A
genes, that is, to work with the random variables Y,, = 2)1(\,1 rathr than X,,.
Fixation in the above sense then reduces to Y, becoming 0 or 1 eventually.
This being too stringent in the context of varying sizes, we will take a broader
view of fixation. Instead of requiring that Y, = 0 or 1 for some n, we would
simply ask whether Y, — 0 or 1. Of course, a pertinent question is whether
Y, converges at all. We will argue that Y = lim Y}, exists with probability one.

n
The precise meaning of fixation that we use is in terms of this random variable
Y as stated above. We say that fization occurs if and only if Y =0 or 1.

Theorem 3.7:
(@) (Yn)n>o is a martingale and Y = hmY exists with probability one.

(b) Assume that P(0 <Yp < 1) > 0. ThenP( =0 orl):lzﬁz—m:oo

Proof: (a) Since the conditional distribution of X1, given Xo,X1,...,X,,1s
B(2Npy1, 53-), we have E(Xpy11Xo,..., Xp) = 2Npp1 5= It follows that
(Y,) is a martingale. Since 0 < Y,, < 1, the martingale convergence theorem
implies that ¥ = lifrln Y, exists with probability one.

(b) It is easy to see that for Z ~ B(m,p), E (£ (1- £)) =p1-p)(1-21).
Therefore,

1
E(Yn+1(1—Yn+1)|Xo,...,Xn) =Yn(1—Yn) 1-— 5
2-Z\'/vn+1

and hence by smoothing property

E(Yi1(1 = Y1) = (1 - 2Ni+1) E(Yo(1-1,)).

It follows that

E(Ya(1-Y,)) = E(Yo(1-Y)) [[ (1 - m)

1

By the Dominated Convergence Theorem now, one gets

O 1
EY(Q1-Y)) =EX,1-Y .
-1 =050 -3 T (1- 57
The hypothesis implies that E(Yp(1 — ¥p)) > 0. Therefore E(Y(l -Y) =0
if and only if [J(1 — 5 N 5a—) = 0, or equivalently, if and only if ) - = 0o. The
proof is completed by noting that, since 0 <Y < 1 with probablhty one, the
condition E(Y(1-Y)) =01is equlvalent toPY =0o0rl)=1. [ ]
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The hypothesis P(0 < Yy < 1) > 0 simply means that the initial state is
‘transient’ with positive probability. In the classical case, namely, N, = N
for each n, the infinite series of Theorem 3.7(b) is clearly divergent and hence
P(Y =0or 1) = 1. Of course, in this special case Y = 0 or 1 if and only if
the Y, are eventually 0 or 1. Thus P(Y,, = 0 or 1 eventually ) = 1. This is
consistent with what we otherwise derived earlier for the fixed generation size
model. The main contention of (b) is that for polymorphism to occur with
positive probability in the ‘limiting’ population, it is necessary and sufficient
for the generation sizes to explode at a sufficiently fast rate. The remarks made
after Malecot’s Theorem in Chapter 2 are equally relevant here.

3.7.2 Random Generation Sizes

One can get a little more ambitious and consider the case when the N,, are
themselves random rather than a fixed sequence of numbers. Thus now the X,
as well as the NV,, are random variables. We shall prove results analogous to the
previous section. The main ideas are borrowed from C. C. Heyde and E. Seneta.
Even though the N,, are random, our results do not require any stipulation on
the distribution of these random variables. However the evolution of the process
(Xn)n>o is driven by a stochastic mechanism analogous to that of the previous
section. To be precise, we assume that given (Xo, No), (X1,N1),...,(Xn, Nyn)
and N,1, the conditional distribution of X, 11 is again B(2Np41, %V":) As
before, denoting Y,, = gf;, it follows that

and,

E(Ynt(1=Yo) | Xii<nj Niyi <n+1)

_ (1 _ ﬁ) Y,(1-Y,). (13)

Thus (Y,)n>o0 is a martingale and by the martingale convergence theorem,
Y =1limY,, exists with probability one. We continue to say that fization occurs

n
if and only if Y = 1 or 0 with probability one, or equivalently E(Y (1-Y)) = 0.
A possible generalization of Theorem 3.7(b) would say that P(Y =0or 1) =1
if and only if P(Y N%L = 00) = 1. We first show that the if part of the statement
is indeed correct.
Theorem 3.8:

n—1
(a) Let Uy, = Y, (1-Y,)+ 3 W}:}—Yk(l —Y%). Then (Uy)n>o is a martingale.
k=0

(b) The series 5. N—1+—1Yn(1 —Y,) converges with probability one.
0 n
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Proof: (a) Using Equation (13),
EUalX;yi<n—1LNyi<n) = (1- ﬁ) Yoa(l=Yn)
+Zk 0 2N,ch Yi(1-Y%)
= Yoo 1(1_ n— 1)+Zk 02N+1Yk(1_Yk)
= Up_1.
This shows that (Uy,)n>0 is a martingale.

(b) Since the U,, are all non-negative, by the martingale convergence theorem,
U,, converges with probability one. Since Y, (1 —Y;,) also converges with prob-

oo
ability one, we conclude that the series > #:;Yn(l —Y,) converges with
k=0 """

probability one. [ |
Theorem 3.9: If P} NL,, =) =1, then PY =0 0or1) =1.

Proof: Theorem 3.8(b) implies that whenever lim Y, (1 — Y;,) > 0, the series
>_ 5 has to converge. Thus, if P(3_ 5~ = o0) Z 1, then im ¥y, (1 - ¥;) = 0
with probability one, completing the proof. |

Remark: The proof of Theorem 3.9 shows something stronger. It actually
shows that with probability one the occurrence of the event (3 NL,, = 00)
implies the occurrence of the event (Y =0 or 1). More precisely,

1
P<ZN_n:OO and0<Y<1)=O.

Whether the converse holds is not known. Here are however a couple of
results in that direction.

Theorem 3.10: Assume that P(0 < Yy < 1) >0.

(a) If for each N, i~ < a, where () is a sequence of real numbers with
> ay, < oo, thenP(0<Y<1)>O

(b) If for each n, Np1 is independent of (Xn, Ny) and > 5 E(N%L) < 00, then
PO<Y<1)>0.

Proof: (a) Taking expectations on both sides of Equation (13) and using the
fact that 1 — 55+ — <1, we get

E(Ypi1(1=Ynp1)) < E(Yo(1-Y,)) foralln. (14)

From the definition of U,,, we get that, for any n < m,

m—1

1
Un = Un = [Yn(1=Yp) = Y,(1-Y)] = > 2Nk+1y’“(1 ~Y).
k=n

Taking expectations on both sides and using that (Uy)n>o is a martingale, we
get

E[Ya(l - V)] - ElYm(1 - Y,,)] = kz E [2 ST m] .
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Letting m — oo and using Dominated Convergence Theorem, one obtains

= 1
BIV,(1- Y- EY(-Y) = Y B 5w -%)| . (9
k=n s
Under the hypothesis, the right side of the above equation is

<Z—ak+1E(Yk(1—Yk)) <EY,1-Y, )Z Z0gg1,

k=n k_n

where the second inequality is a consequence of (14). It is easy to see that the
assumption P(0 < Yy < 1) > 0 implies E(Y,(1 —Y,)) > 0 for all n. Since
oo

> ap, < 00, by choosing n so that > ags+1 < 2, one gets that for such n,

k=n
the right side of (15) is strictly smaller than E(Y,(1 — Y,)). It follows that
E(Y(1-Y)) > 0, thus completing the proof of (a).
(b) We notice that the right side of (15) equals

o 1 - 1
S P () BOR0 1) < AGO -V E ()

o0
Again working with an n such that kz E(iﬁﬁ) < 1, the proof can be com-
=n

pleted as before. |

3.8 Diffusion Approximations

We shall return to the Wright-Fisher model of Section 3.4. Recall that the
W-F model is a model for the evolution of gene frequencies for a gene with
two alleles in a haploid population, whose size is constrained to be always 2N.
More precisely, if the two alleles are named as A and a, and if X, denotes the
number of A genes in the nth generation, then X, is a Markov chain with state
space {0,1,...,2N} and transition probabilities

B AN S
Pii =\ i ) \an 2N :

We know that this is an absorbing chain, with 0 and 2N being the absorbing
states. Further we know that given Xy = 4, the probability of eventual absorp-
tion at 2NNV is 5%, while the rate of absorption is 1 — ilﬁ However, we still
do not have any formula for the mean absorption time or the variance of the
absorption time. While in principle these are completely determined from the
transition matrix, in practice it is extremely difficult to find nice formulae. It
turns out however, that one can get relatively simple approximations for these

quantities. The main idea is to approximate the underlying Markov chain with
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an appropriate diffusion on [0,1] and then evaluate these quantities for the
diffusion process by the techniques outlined in Section 0.9.2.

To mimic the Markov chain by a diffusion process on [0, 1], it is first of all
necessary to change the state space of the discrete chain so as to take values
in [0,1] only. This is easily achieved by considering the fraction rather than
the number of A genes. This would give a Markov chain on the state space

{0,5%, 5%, .., 251, 1} and transition probabilities

D

g
2N 2N

=Dij

We shall denote this Markov chain by )?n, which is still a discrete time chain.
To proceed further, we observe a simple lemma.

Lemma 3.11: For each N > 1, let Xy ~ B(2N,0y). Let Yy = 2N — On.
Assume that 6y — 8 (0< 8 < 1), as N = co. Then,

E(Yn) = 0
V(Yn) = 01 —0) + o(5k),
EYn* = o(5y) foranyk>3.

Proof: The first two are simple consequences of the properties of Binomial

distribution. For the third, we first show that for k > 1, E| Xy — 2NOy|*F <
C,N*/2 for some constant C. Denoting (Ui)1<i<2n to be the mean zero i.i.d
random variables taking values 1 — 6y and —fx with probabilities §x and
1 — Oy respectively, it is clear that E(Xy — 2N0x)** = E(3.U;)?*. Using
independence and mean zero property, it is easy to see that the only terms in
the expansion of (3 U;)?* having non-zero expectation are those, where a U;
appears with either power zero or power at least two. Now using the identicality
of distributions, the reader can easily verify that

E(XN - QNHN)Qk < (25)E(U1 +---+ Uk)Qk
2k+4+1
< (QIJCV)k.2k+1E(U12k) < (2N)k k4]:; )
Therefore,
1
E|Xy — 2NOx[* < /E(Xy —2N6y)% < ik E - = GNM2.

It now follows that for & > 3,
INE|YN|F = (2N)"FE| Xy — 2NOy|F < 2'7*C,N'"% 5 0as N = 0.

Getting back to our discrete markov chain Xn, denote the increment in one
step, namely, X,+1 — X, by AXn+1 Let 0 < z < 1. It follows from Lemma
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3.11 that
E (A)AfnJrl 1 X, = EQNT””l) = 0,
V(8% 1B = B) = ei- ol
E(;Ain+1|k I1X, = ng) = o(s) fork>3.

These equations look somewhat similar to the Equations (38)—(40) of Section
0.9.2, of course, with some obvious discrepancies. To remove these discrepancies
and to get an exact match we need to do something more. The idea behind
going from number of A genes to the fraction was to scale the state space of the
chain to bring it down to the unit interval. The next thing we need is to use a
different time scale also. The right scaling of the time that does the job is given
by the following. Roughly what was one unit of time in the original chain will
now become 1/2N units of time in the new time scale, or equivalently, one time
unit in the new scale corresponds to 2V generations for our original population
model. To be precise, we define a new discrete time process X;, indexed not by

integers, but by ¢ of the form %, n > 0 as X'z_nﬁ: X,,. Now denoting t = 3%,

and h = 2—11\7, the above equatic?rjgcan be rewritten as
E(Xi, - Xi1x;=80) = o
E(1X), - X2 1X! = 2) = 2(1-2)h+o(h),
E(|Xipn - XiF1X = B%) = o) fork>3.

These equations suggest that our Markov chain, after appropriate scaling in
both time and space, should approximate — at least for large N — a continuous
time Markov process (Z;) with state space [0,1] satisfying Equations (38)—(40)
of Section 0.9.2, with a(z) = 0 and b(z) = z(1 — z). By this we mean that,
if we consider the diffusion process (Z;);>o with a(z) and b(z) as above and
with 0 and 1 as absorbing states, then the Markov chain )Z'n is approximately
same as the chain obtained by observing this continuous process at time points
{5%,n > 0}. That this is indeed true can be proved rigorously. Interested
reader may look up the book by Ethier & Kurtz.

From the theory outlined in Section 0.9.2, the expected time of absorption
for the diffusion process (Z;) starting from the state z is given by the equation

1

T(z) = —2 / v~ vy + 20 [y,

0

Note that ¥ = 1 here. Trite calculation now yields

T(z) = —2[zlogz + (1 - z)log(1l - z)].
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In view of the fact that (Z;):>0 is continuous time approximation for the
discrete time chain (X]) and that (X}) is nothing but an appropriately scaled
(with regard to time and space) modification of the original chain (X,), we
conclude the following. Wright-Fisher chain starting with ¢ many A genes is
expected to take approximately

i

() = -—4N 2N 1ogﬁ + (1 - 5) log(1 - -2%)
generations for fixation. This is a reasonably good approximation, which is
simple to compute. For example starting with 1 (or 2V — 1) A genes, it is
expected to take approximately 242 log2N generations to get absorbed; while,
if initially half the genes are of one type, it takes approximately 4N log2 ~ 2.8 N
generations. It should not be surprising that, in case of equal initial frequencies,
it takes a very long time for absorption. This is in confirmity with the fact
that the second largest eigenvalue of the transition matrix is 1 — ﬁ which is
very close to unity.

The same technique can be used to get simple approximation to the mean
absorption time in Moran model too. We shall briefly outline the steps. De-

noting by (X,), the Markov chain of the Moran model with 2N haploids and
¥ - X

denoting X, = 5% we obtain
EAX X, =5%) = 0,
VaXanl o =3) = pheavl- k),
E(AX 1M1 X, = 55) = o(5hs) fork>3.

As in the case of the W-F model, we now need to introduce an appropriate
scaling of time. The obvious choice is to consider the process (X;) indexed by

t of the form '—2‘, for n > 0, defined as X "w = X,. It is clear then that the
same diffusion process considered for the erght Fisher model (with a(z) =0
and b(z) = z(1 — z) ) is a continuous time approximation to the discrete time
process (X{) in the sense described earlier.

It follows therefore that the Moran model starting with ¢ many A genes is
expected to take approximately

t**( ) — _4N2 v

) 1
s o8 37 + (- 557 loB(L - m)]

generations for fixation. Comparing the expressions for ¢t*(7) and ¢t**(¢), we see
that

t*™* = Nt* (16)
In other words it takes N times longer in the Moran model to reach fixation
than in the Wright-Fisher model.

Of course in the W-F model, in each generation 2N individuals die and 2N
new individuals are born, whereas in the Moran model, only one individual dies
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and a new one born in passing from one generation to the next. Thus roughly
speaking, 2N birth-death events of the Moran model should correspond to one
generation in the Wright-Fisher model. Thus one would expect t** to equal
2Nt*. The discrepancy between this and Equation (16) is just a factor of 2,
which also can be explained. However this is somewhat involved and hence we
omit here.

3.9 Exercises

1. Verify the details of Selfing model. Show that P has eigenvalues 1 and
1/2. Show that (i) (1,1,1)" and (1,2, 3)" are two right eigenvectors asso-
ciated to the eigenvalue 1 and (0,1,0)’ is a right eigenvector associated
to the eigenvalue 1/2; (ii) (3/2,0,—1/2) and (—1/2,0,1/2) are two left
eigenvectors associated to the eigenvalue 1 and (—1/2,1,—-1/2) is a left
eigenvector associated to the eigenvalue 1/2. Calculate pg? fori =1,2,3
and the absorption probabilities by ; and be 3. Here 1, 2 and 3 represent
the states AA, Aa and aa respectively.

2. Verify the details of Sibmating matrix. Show that the eigenvalues are
givenby At = Ao =1, A3 = 15 3, = 1 A =L and g = =8 Thus
the rate of absorption is given by 1+4‘/5. Show that the fundamental

matrix is given by

8/3 2/3 1/6 4/3
2/3 8/3 1/6 4/3
4/3 4/3 4/3 8/3
4/3 4/3 1/3 8/3

Calculate the absorption times and the absorption probabilities. Can you
give a heuristic justification for your answers?

3. In the usual Sibmating model, two parents are selected at random. Let
us continue sibmating, but, following Kemeny and Snell, change the pro-
cedure as follows. Select one offspring who is then allowed to select a
mate. Assume that A is dominant and a is recessive. In the selection,
assume that the odds ratio is a : 1 for an offspring for picking someone
with a different phenotype to picking someone of the same phenotype.
In other words, an offspring selects someone like itself with probability
1/(a+1). Of course, we also assume that an individual in the phenotype
given by AA or Aa can be any one of the two with equal probabilities.

(a) Show that with appropriate naming of the states the transition ma-
trix takes the form
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1 0 0 0 0 0

0 1 0 0 0 0

T 0 > 0 0 i

O wmm 0 i 0 @

0 0 0 0 0 1

1 1 1 20(a+1) a(a+1) 1
4(a+3) 4(Ba+l) (a+3) (a+3)(3a+l) (a+3)(3a+1) (a+3)

(b) Show that the fundamental matrix N is @—aﬂm x

4(a? + 5a +2) 2a(a 4+ 1)2 ala+1) Ba+1)(a+3)
2(3a +1) (40? +9a + 3)(a + 1) ala+1) Ba+1)(a+3)
4(3a+1) da(a+1)2 40 +9a+3 2(3a+1)(a+3)
4(3a +1) do(a +1)? 2e(a+1)  2(3a+1)(a+3)

(c) Show that the average time for absorption m is given by

20 +12a% 4 33+ 11

1 408 + 1702 + 290 + 8
Q2a+1D(a+3) | 4a®+18a2 + 450 + 13
403 + 1602 + 38a + 10

(d) Show that the absorption probabilities B are given by

40% +23a+9 40® +5a+3

B 1 9a + 3 8a% +19a + 9
T 42a+1D(a+3) 18a + 6 8a +10a + 6
18+ 6 8a2 + 10 + 6

(e) Calculate m for a =0,1,2.

(f) Show that for a > 1, the probability of absorption in aa X aa in-
creases with a. The reason is that a large « favours the recessive
strain a. Explain why this is so.

(g) Show that as a decreases from 1, the probability of absorption in
AA x AA increases until it reaches a maximum at o = 1/3 and then
decreases and at a = 0 the absorption probability is the same as at
a=1.

(h) Deduce that if, mating takes place only between the same pheno-
types, then the probabilities of absorption are the same as for ran-
dom mating. Of course, time for absorption should be much less
here. Show this.
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4. A square matrix A with non-negative entries is called regular if some
power of A has strictly positive entries. Such a matrix A has an eigenvalue
A > 0, which is simple, and all other eigenvalues of A are strictly smaller
than A in modulus. Moreover, associated to A there is a right eigenvector
with strictly positive entries. Also, A is the only eigenvalue which has a
right eigenvector with strictly positive entries. This is known as Perron-
Frobenius Theorem. Read a proof of this.

5. In the Wright-Fisher model for N diploids, show that

1

B( (o)1) = (1= 57 ) SCE)

where f is the function f(k) = k(2N — k) for 0 < k < 2N.
Use this to conclude that 1 — & is the second largest (in modulus)
eigenvalue after 1.

6. Consider the Wright-Fisher model with mutation where A — a with
chance a and a —+ A with chance 8. As usual, X,, denotes the number
of A genes in the n-th generation.

(a) Arguethat (X,)n>0 is a markov chain with state space {0,1,...,2N}
and transition probabilities given by

2N _
Pik = ( L )pqu-N k.

where pj=s(1-a)+(1-55)8 and ¢ =1-p;.
(b) If a + 8 =1 then show that (X,) is an i.i.d. sequence.
(c) If @+ B = 2 then what happens?

Assume from now on that o, 8 >0 and o+ 8 < 1.
(d) Show that the eigenvalues of the transition matrix are

1
2N)—r'— for 0<r<2N.

)‘r:(l_a—ﬂ)r< (2N)T

r

(e) Show that (X,,) is an aperiodic irreducible markov chain.

The stationary distribution is difficult to obtain. But some idea of
it can be got as follows. Let Y, = %(—1\"7 denote the proportion of A
genes in the n-th generation. Assume any initial distribution for the
chain.

(f) Show that E(Yn41) = (1 — @)E(Y,) + B[1 — E(Y,)].
: — _B
Deduce that nlgr;o EYy) =45
(g) Show that

V(Yn—HIYn) = %[(1 _a)Yn +ﬁ(1_Yn)][1 - (1_Q)Yn -ﬂ(l—Yn)] .
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(h) Deduce that
Jim E(Y?) [ (1 - %) 1-a- ﬂ)2} =

2—a—B) Bl-22)(1-a—8)  BL-H)
# (55 e

(i) Conclude that lim V/(Yy) is of the order of T

7. Consider the Haploid model of Moran with mutation, where A — a with
chance o and ¢ — A with chance 5. Assume that, o, > 0and a+5 < 1.
Let X,, denote the number of A genes in the n-th generation.

(a) Show that (X,)n>0 is an aperiodic markov chain with the state
space {0,1,..., M} and transition probabilities given by

J J J J
Pij-1 = 379> Pij+1 = (1 - H) Pjs Pij = 37Pi + (1 - M) js

where p; = (1 - a)—Al;I- + 41— 7\%) and g; =1 — p;
Let m = (mo,...,7ar) be the stationary distribution.
(b) Show that

M-k+1
T = ﬂk“lTpk_l
_ WOM(M—I)"‘(M—’H‘1)P0P1"'Pk—1
kE(k—1)---1 Q192" gk

and hence evaluate 7, 0 < k < M.

(¢) Prove the following by induction on M.
If uj = ¢+ jy, v; = 1 —x — jy for two real numbers z, y and if Sy
is defined by

M-1
Mm(z,y) = Hv@ < )UOHUz ( )UOUIHUz Hui,
0
then show that

Smu(z,y)=Q1-y)(1-2y)---(1-My).
(d) Use the above with z = f and y = I”—J‘f‘[—ﬁ to show that

Hé(ﬂ:)ﬁ;:’_’k-l - S () InTTe

Tk =0 i<t 7>t

(1-55r2) (1= 25) (1 )
(1-p- 12 (1-p- 2B (1 p - Mlze=h)
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(e) Deduce that

(PR r(e)
") ()

(f) Show that

1—a—-p

T(k+1)I(M —k+1)T (1_f‘§fjﬁ) r (1;4_(3__%)) :

DM +1)T (2225 + k) T (442 - )

T = T

(g) Now suppose that M — oo, @ = 0 and 8 = 0 in such a way that
Ma — a and M B — b for some a > 0, b > 0. Then show that

T'(a +b)

M~ T )

(1 _ w)a—lxb—l

where ¢ = k/M. [see Section 4.3.4 for the definition of ‘~’; it is given
just before Lemma 4.5.] Thus for a large population, that is, when
M is large, the stationary distribution for the relative frequency of
the genes can be approximated by a Beta distribution.

8. Consider Kimura’s model for n subunits of which one is in mutant form.
(a) Show that for n=2, 4, the transition matrices are given by

1 0 0
( 1/6 4/6 1/6 )
0 0 1

and
1 0 0 0 0
15/70 40/70 15/70 0 0
1/70 16/70 36/70 16/70 1/70
0 0 15/70 40/70 15/70
0 0 0 0 1

(b) Let dt, be the probability that a gene with all parts mutant appears
for the first time in the ¢-th generation. Show that

1 2 t—1 1 6 t—1 4 t—1 16 t—1
d=2(2 = — -] - - — .
2= 5 (3) , dy 3080 [195 (7) 330 (7) + 135 (7())

9. The idea of this problem is to extend the method of Feller and unify
the techniques of evaluating the eigenvalues. This follows S.Karlin and
J.Mcgregor.

Let f(s) = Y5 a;s' be a p.g.f. Let N > 2 be a fixed integer.
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(a)

(b)

()

(f)

(8)

Define

coefficient of s7tV =7 in fi(s) fN7i(¢)

fi 0<i4,5<N.
coefficient of w® in fV(w) or <1,) <

Py =

Show that P = ((P;;)) is a transition matrix. Here, of course, we
make the assumption that the denominator above is non-zero. What
does this mean in terms of f7

The Markov chain corresponding to P is called the induced Markov
chain of a direct product branching process. The reason is the fol-
lowing. Imagine two independent branching processes corresponding
to two kinds of objects, say A and a, each having p.g.f. f. What is
the conditional probability of having j objects of type A in the next
generation given that there are ¢ objects of type A in the present
generation and in each generation the total number of objects is V.
Verify that the answer is precisely P;;.

Let f(s) = e*~!. Show that you get the Wright-Fisher matrix.

Let f(s) = (q + ps)?, where 0 < p < 1. Show that you get the
Kimura matrix.

Let f(s) =¢%/(1 —ps)*, where 0 < p < 1 and o > 0. Show that

(ia+_j—1) (Na—i(i—'j—l)
Py = : Na+N—A; !
% )

This generating function arises in the growth of heterogeneous pop-
ulations as follows. Suppose that in a large geographical area, the
progeny follows a branching process with progeny distribution P(\).
The parameter A depends on the sub-area and is assumed to have
a distribution with density g(A) = (¢/p)*A*"te~?/? /T(a), A > 0.
Then the compound distribution of the progeny is f. Verify this.

Show that

coefficient of s7w® in fi(sw) Vi (w)
coeflicient of w® in fN(w)

P =

Let G; be the p.g.f. of Pij, 0 < j < N, that is, Gi(s) = Y0 P; js7.
Show that
coefficient of w™ in f(sw)fN*(w)

coefficient of w™v in fN(w)

Gi (S) =

Show that G}(1) = i\, where

coefficient of w™N~1 in fNVN=1(w)f'(w)

A =
! coeflicient of w? in fN(w)

Conclude that A; is an eigenvalue of P with (0,1,...N) as a right
eigenvector.
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(h) Let Aoy =landfor 1<r <N

coefficient of w™ " in VT (w)[f"(w)]"

A =
coefficient of w® in fN¥(w)

By induction, show that for r =0,1,..., N,

N
> PiiiT = A+ upa (i),
=0
where u,_; is a polynomial in i of degree smaller than 7.

(i) Let vo be the vector with all entries 1 and for 1 < k < N, let v, be
the column vector with entries 0%, 1% ..., N*. Show that these form
a basis of RV*! and with respect to this basis, P is upper triangular
with diagonal entries A,, 0 < r < N. [Karlin and Mcgregor also
show that if ag-a;-a2 > 0,then 1 =X =X > A2 >--- > A > 0]

(j) Going to (c) above, deduce that the Wright-Fisher eigenvalues are
Ar = N!/[(N —7)INT].

(k) Going to (d) above, deduce that the Kimura eigenvalues are
F(Na—-r Na
e (W3
(1) Going to (e) above, deduce that the eigenvalues are

N —of aN+N -1 / aN+N -1
rTY\ N-or N ‘

10. The idea is to discuss, following W. J. Ewens, the haploid model of Moran
taking selection into account.
Assume that A and a produce offsprings with relative proportions p; and
o respectively. Thus a randomly chosen individual dies and is replaced
by an individual who is A or a with probabilities p1i/[p1i + p2(M — 7))
and pa(M —3)/[p1i + pa(M — i)] respectively, where ¢ is the number of
A individuals before the death event.

(a) Show that the transition probabilities of the corresponding Markov
chain with state space {0,1,..., M} are

piic1 = poi(M — i)/ M[pi + ps(M —i)] = m;, say,

pijit1 = pi(M —3) [ M[pi + po(M —i)] = m;, say,
and pii=1-—m—n;.
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(b) Show that the probability of absorption in 0 given Xy = k is
(@™* —1)/(a™ ~1)

where o = py /po.
From now on we fix an initial state k. We wish to find the mean
time for absorption given Xy = k.

(c) Define an “amended chain” by putting porx = Pmyr = 1. For
t # 0,M, p;; is the same as p; ;. Thus this amended chain is
like the original one except that whenever the original reaches an
absorbing state then we make it start afresh again from k. Show
that this amended chain is irreducible and aperiodic. Let A =
(Mo, A1, -« -, Anr) be the unique stationary initial distribution.

(d) Show that A\ = )\0/7{'1 and Ay = /\0(1 + Cl)/ﬂ'g .
(e) Show that for 1 <7 < k — 3, \; satisfies

—MiAi + (i1 + Tip1) Aitr — Tigadigz = 0.
Put & = m;\; so that n;A; = a&;. Show that
—adi + (a+ 1)&ir1 — &iy2 = 0,
L=X and & =XM(1+0a).
Deduce that, for 1 <i<k -1, X\ =
(f) Show that Apr—1 = Apr/ma—1 and Ay—2 = Ay (1 + L) /mar—a .
(g) Put & = m;A; and show that, for k+1<i< M —1,
=&+ 1+ é)fi-i-l - é§i+2 =0.

A (@M — o)
(e = a1
(h) There is one more equation from AP = X to be used now. Use it
and show that

of —a aM-1 _ ok
)\0+/\M+/\O(a_1)+)\M (W)

T + Nk

Deduce that, for k+1<i< M -1, X\ =

A =

(i) Show that

ﬁ Probability of absorption at 0 in the original chain

Ay Probability of absorption at M in the original chain

(j) Show that the mean time until absorption, say my, for the original
chain is 271 A/ (Ao + An).
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11.

12.

CHAPTER 3. MARKOV MODELS IN GENETICS

(k) Show that

_ k ; _p M-1 ;
aM—-k _1 al—1 +aM__aMk aM — gt
myg .
M o — M _ Z (oM _ gM—1
aM—1 & mi(a— 1) e 1 el 7 (e aM-1)

(1) If uy approaches ps, so that « approaches 1 — that is, there is no
selective advantage — verify that the above formula does indeed give
the result of Watterson.

Consider as usual an autosomal gene with two alleles A and a. The
genotypes thus are AA, Aa and aa. Define a process as follows. Xy
is arbitrary. X, is genotype of an offspring whose father is X,_1 and
mother is AA, Aa or aa with probabilities p?, 2pq and ¢? respectively.
Show that we have here an aperiodic Markov chain with transition matrix
P having rows (p,q,0); (p/2,1/2,q/2) and (0, p,q) respectively. Show
that the stationary distribution is given by 7= = (p?, 2pq, ¢®). Show that
this chain is reversible, that is, m;P;; = m;FPj; for all ¢ and j. Interpret
reversibility and compare with Exercises 15-18 of Chapter 2. Show that
P™ is given by the following matrix.

Dq a(g —p) —¢*
el + o= | pla—p)/2 (1-4p9)/2 a(p—q)/2
-p? p(p—q) pq

The idea of this problem is to find a formula for the expected absorption
time in the Wright-Fisher model. This follows R. G. Khazanie and H.
E. Mckean. This will also rework some of the other quantities that we
already know. ‘

Notation: M = 2N ; p; =i/M ; p;; = (ﬁl)pf (1 —p;)M=9) ; P is the
transition matrix (p; ;) ; (z)o =1;andforn > 1, (z), =2z (z—1) --- (x—
n+1); Af(z) = flz+1) = f(z) ; crn = A" 2" /n!] ;= also written as
A" [nl.

(a) Show that A (z), =n(2)n-1-
(b) Show that z" = XT: Cron (Z)n-

n=0
(c)Showthm;Anor::é;(—ly(?)@z—jy:

(d) Deduce that " = > arn(Z)n, where, for 0 <n <,

n=0

,(n Nt
arn—z(— ) ]__1)']'

Note that a,, = 1.
These numbers a,.,, are called Stirling numbers of the second kind.
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)

EIa

(e) Show that g‘pk,jj Z ars(M)s(

(f) Show that z PV = 3 a0 E P ke .
s=1

(g) Put
MKn,ri = E(X:; IXO = 'L),

en,; = the column vector (pn,ri)1<r<n -

Let C be the lower triangular matrix

a1,1/\1 0 0 0O --- 0
0@)1)\1 02’2)\2 0 0o --- 0

C=| a1\ az2d2 az3zrz 0 --- O ,
apmidzt amre O 0 - ammAIm

s—1 i r—1
where Xy = (M),/M?, a,s = 3, S for 1<s <7
1=0

'M)I.

)
ey

Show that eg ; is the column vector (4,42,
Show that ent1,; = Cen ;.
Deduce that e,_1,; = C"leg ;.

(h) Show that A;,As,..., A are distinct and they are precisely the
eigenvalues of C.
Show that corresponding to A, there is a right eigenvector of the
form

Rs = (O, 0, “eey ]-’ Us,s4+15Us, 5425+ us,M)l
and a left eigenvector of the form
Ls = (Us,l;vs,Qy ceey Vs 51, 1:07 DR ’0)
and describe an algorithm to obtain these vectors.
Show that Ry = (1, M, M?2,..., MM~1)"
(i) Show that
M

en—1,; = RiLieg; + Z A Ry Lseo,; -

s§=2

(j) Show that
Pn-1,j+ti =1 ifj=¢t=0,

M

£
pnjyti = IMIPE NN ANy, gug i i 4> 0.
§s=2 B:l
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(k) Show that

M—j .
n M\ (M —j ~t—j
Py = D (—l)](j ) ( t ) M~ pn i -

t=0

(1) Show that for 0 < j < M,

M M—j M—] ) M s
iy = (J) ) (‘l)t( t )M_HZZ Ao s pUs ot 1
t=0

s=2 B=1
Show that
i M s
pﬁ’}\),f = +M_MZZ Al vsgustB
s=2 B=1
Show that
i M M M s
oy =1 g+ 2 (I 3 A
t=1 s=2 =1
(m) Show that . )
. i ) )
hénpg%) =1_M—’ llrrglpgf}‘),fz—ﬁ,
limp™ =0 for 1<j<M—1.
1 p;,

(n) Show that p; ; = prp—i,m—j.
(n) (n)

Hence deduce that p; / = pps_; pr—;-
(o) Let T be the time spent before absorption. Clearly
PT=01Xo=0)=1, P(T=01Xo=M)=1.
So from now on 1 <43 < M — 1. Show that
P(T =11 Xo =1) = pi,o + pi,uM;

PT=nlXo=1) = p{"% =" +057 s v — DSp i

M_M Zsﬂ/—iﬂ Zgzl )‘2_20(7:: S, ﬂ)7

where
c(i,8,8) = (As — 1)[iﬁ + (M- i)ﬂ]us,Mvs,g .

(p) Show that G;i(z), the p.g.f. of T when X = ¢, is given by
i i M & 22
CRY SN Vi -M . 7
(= P+ (] 2+ b0 > S elsdi,

for |z] < 324
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(q) Show that E(T'| Xo = 1) is given by

. : A
=0 g G M Y S el
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Chapter 4

MODELS IN EPIDEMICS

4.1 Generalities

One of the important areas of real-life applications of stochastic processes is in
epidemiology, more specifically, in analyzing the spread of epidemics. Roughly
speaking, the situation that we want to look at is as follows. There is a group
of individuals, all mixing homogeneously together. Due to some reason, one or
more of them contracted an infectious disease. They are the individuals initially
infected. After a certain period of time, called the latent period, the infected
become infectious. This means that they are now capable of passing on the
infection to other individuals in the population to be called susceptibles. This
leads to new infections. Thus, some of the susceptibles move to the infected
group and this continues. Simultaneously, as time passes there is also what
is called removal of infectious from circulation. Such removals in reality may
take place by way of death or by way of detection and quarantine. Of course,
removal may not always mean that the concerned individuals are actually taken
out of the population. For example, an infectious person may have been cured
and has become immune. Thus, as far as the epidemic is concerned, they are
as good as removed.

In the next few sections, we shall model such phenomena mathematically. In
the light of the different models, we would like to investigate how the epidemic
progresses in terms of the changes in the number of infected and susceptibles.
A quantity of vital interest is the total size of the epidemic, to be explained
later. The rate at which the infection spreads is called the rate of infection,
whereas the rate at which the infectious individuals get removed is called the
rate of removal. If the infection rate is too small compared to the removal rate,
then one intuitively feels that the epidemic should not build up. An important
class of theorems in epidemiology known as the Threshold Theorems are aimed
at justifying this mathematically. One distinctive feature of this chapter is that
unlike the previous chapters where the models were discrete in time, here we
have an evolution taking place in continuous time. As a result, in Sections 4.2

171
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and 4.3, we will use continuous time Markov chains.

Needless to say that the description given above conforms to the real world
meaning of epidemics. However the same picture obtains if we wish to study
the spread of a disease across the cells of a single individual.

4.2 Simple Epidemic

For the sake of simplicity, we first consider the case when there is no latent
period and also there are no removals. The first assumption means that an
individual becomes infectious as soon as he receives the infection. In the ab-
sence of removals, an infectious individual remains in circulation forever. In
this case, it is intuitively clear that infection would continue to spread until all
are infected.

4.2.1 Deterministic Model

We start with a deterministic model first. We consider a population of n + 1
individuals in which initially, that is, at time ¢ = 0, there are n susceptibles and
1 infectious. We denote by z(t) and y(t), the number of susceptibles and the
number of infected individuals respectively at time t. Of course, it is clear that
for every t, z(t) + y(t) = n+1. Also z(0) = n and y(0) = 1. In view of the fact
that y(t) = n+1—=x(¢), it suffices to describe z(t). The central step in modelling
the process z(t) involves deciding on the mechanism governing the evolution of
z(t). More precisely, suppose that at some time instant, say ¢, we have z(t) = a.
This means that at time ¢ there are a susceptibles and n + 1 — a infected in the
population. The question is how z(¢) should change in a small time interval, say
At. This, of course, means how many new infections take place during the time
period (¢, ¢+ At). This is where we bring in our modelling assumptions. First of
all, the number of new infections should be proportional to the duration of the
interval, namely, Af. Indeed, one does feel that the number of new infections
in a given time interval should be large or small depending on whether the
interval is large or small. Secondly, the number of new infections should be
proportional to the possible number of contacts between the infected and the
susceptibles. Since at time ¢ we have a susceptibles and n + 1 — a infected
the possible number of contacts (that is, pairings) between these two groups
is a(n 4+ 1 — a). Our modelling assumption, therefore, reduces to speculating
that z(t + At) — z(t) ~ —fz(t)[n + 1 — z(t)]At. Here § is a positive constant,
frequently referred to as the infection rate. Dividing by At and taking the limit
as At — 0 the above amounts to

'(t) = —Bz(t)n + 1 - z(t)]. 1)

This is our precise mathematical assumption regarding the evolution of z(t).
An initiated reader would, of course, raise objections at this point. The fact
is that x(t) denotes the number of susceptibles at time ¢ and is hence integer



4.2. SIMPLE EPIDEMIC 173

valued. Let alone being differentiable, z(t) cannot even be continuous unless it
is a constant function of ¢. Here is one way to make sense out of Equation (1).
Assume that the population size (n + 1) is large and consider the proportion
Z(t) = z(t)/(n + 1) of susceptibles rather than z(¢) itself. In that case Z(t) can
be regarded as taking values in the continuum [0, 1] (at least approximately).
Our modelling assumptions can now be summarized in a genuine differential
equation for Z(t), obtained as follows. As seen earlier, for small At,

z(t + At) — z(t)

A~ —Ba(®)(n + 1 - 3(b),

that is, ~ _
w(t_+AAti—_m(t) ~ —B(n + D3(t)(1 - 2(2),

which on taking limit as At | 0 yields
Z'(t) = —B(n+ 1zt)[1 — 2(1)].

Of course, all this is just a matter of mathematical precision and should be
viewed as a way of rationalizing Equation (1). In any case you should remember
that Equation (1) itself reflects only an approximation for the actual state of
affairs.

Returning now to Equation (1), it can be written as

z'(t) z'(t)
z(t) n+l-z(@) —Aln+1).

By integrating and using the initial condition x(0) = n, one obtains

n(n+1)

2l = o A

It follows that
(n + 1)eBn+1)t

vl = s

The rate at which the infections accrue is given by
wt) = y'(t) =—-=z'(})
Bz(t)n + 1 —z(t)]

l

eB(n+1)t

[n + eS(nt1)t)?

Bn(n +1)°

This is of considerable interest in epidemiology and the graph of w(¢) is called
the epidemic curve. The above epidemic curve starts at w(0) = fBn, increases
until it reaches a peak at time to = log n/[8(n + 1)] and then gradually dies
down. The time point tg is usually of some interest. In our model, the number
of susceptibles and the number of infected become almost equal at time .
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The fact that tlim z(t) = 0 is only natural because in this model the entire
—00

population is clearly going to be infected eventually. This completes our dis-
cussion of the deterministic model. After all, the main purpose of this model
is to motivate a more realistic model, namely, a stochastic one.

4.2.2 Simple Stochastic Epidemic

In the stochastic model we do not say that in the small time-interval ¢ to
t + At, a certain number of new infections is sure to take place. Instead, we
introduce a chance mechanism for the number of new infections. As before,
let us imagine a population of size n + 1 with n susceptibles and 1 infected
initially. Let X; and Y; denote the number of susceptibles and the number
of infected, respectively, at time ¢t. Here X; and Y; are going to be random
variables. Of course X; +Y; =n+1,for allt ; Xg =n and Yy = 1. Now we
come to the main assumption. Given that at time ¢, X; =aandY; = n+1—a,
we assume that during the time interval ¢ to ¢+ At, the probability of exactly
one new infection is Ba(n + 1 — a)At + o(At) and that of no new infection is
1—Ba(n+1—a)At+ o(At). This of course implies that the probability of two
or more new infections during the period t to ¢t + At is o(At). Thus (X¢):>0
is a continuous time pure death chain starting at Xo = n (see the concluding
paragraph of Section 0.9.1). The death rates are given by

wi = Biln+1—1), 1=0,1,...,n.
Denoting, p,(t) = P[X; = r], the usual Kolmogorov equations are

p.(t) =—-Br(n+1-=71)p.(t) + B(r+ 1)(n —r)pr1(t) for0<r < m,
and  p,,(t) = —Bnpn(t). (2)

Of course p,(0) =1 where as p,(0) =0 for 0 <r < n.

As we shall see later, it is possible to solve the above equations successively
for pp,pn-1,-.-,p0. But the formulae are too complicated to give an insight
into the phenomenon. Of course, since (X¢), is a pure death chain with death
rates u; given in (1), the general theory tells us that the first new infection takes
place after a random time distributed as Exp(uy,), the next infection occurs
after a further random time with distribution Exp(p,—1), and so on. Finally,
the process comes to a halt when all are infected. This happens in a finite
time with probability one. Denoting by T the total duration, it is clear that
T is the sum of n independent exponential random variables with parameters
Lns---sp1- One can find the exact distribution of T. However, we shall be
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content with noting that

1 1
o= ﬁZm

"I
- ﬂ(n—!—l Zz[z+n+1—z]

1

"1
- n+1 Z;
i=1

But,
"1 " 1 i+1 n i+l q
St=Y1[ w2 [ L= togar
et j — q J; ‘s [ @
i=1 =1 =1
and,
21 N A |
- =1 . de < 1 —dzr =1 .
Zi +Zi/i_1 r < +Z/i~1$ T + logn
=1 =2 =2
Thus,
2log(n+1) < B(T) zl+logn‘
B8 n+1 B8 n+1

That is, E(T) = O(logn/n). Incidentally, this also shows that E(T) | O as
n — 0o. This seems to contradict one’s first intuition that large populations
should take longer to reach complete infection. However, one should not forget
that larger population implies increased death rate also.

Returning to the Kolmogorov Equations (2), we now indicate how one can
go about solving them and also what the nature of the expressions for p,(t) is.
Firstly, it is immediate that

pu(t) = e~ hnt

This can also be directly seen from the fact that p, () is the probability that
upto and including time ¢, no new infection has taken place and that the time
till the first new infection is exponentially distributed with parameter fn.
Next, the Equations (2) can be rewritten as

p;.(t) + ptrpr(t) = plrp1pr4a(t)  for 0 <r <m.
Multiplying both sides by e#rt one obtains

d

dt [or ()] = prr1e’'pria (1) -

Solving this one obtains the recurrence relation

t
po(t) = e He! / ps1€"" Dy 41 (s) ds 3)
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Thus explicit expressions for the p.(t), 0 < r < n can be obtained. Since the
actual formulae are quite complicated and do not seem to reveal much, we shall
be content with giving the following partial result.

" n . . . .
Proposition 4.1: For each r > 5 pr(t) is a linear combination of the func-

tions e Mt r<i<n.

Proof: Clearly the assertion is true for r = n. Let n > r > 2 and p,41(t) =
o1 Cra1,ie” . We shall show that p.(t) = Y7 Crie™#it. This will
complete the proof. Using (3) and our hypothesis concerning p,41 (%),

t n
pr (%) :e’“’t/ Z pry1Cry1; ePrH)3 ds
0 j=rt1

Observe that p; = p, if and only if ¢ = r or ¢ = n + 1 — r. It follows that if
r > n/2, then u; # u, for every i > r. As a consequence,

pr(t) = Y Hr1 L [e—u,t __e—urt]
i=r+1 Hr — Mg
n
= Y Criett
i=r

where

n
/1'7'+IC7'+1,2'
Crp== 3 s
imrp1  Pr T Hi

and for i > r,
Cr,i _ ll'r—i—lcr—i-l,i )
HPr — g
|

Remark: The condition that r > n/2 was crucially used in the above proof.
For r < n/2, p.(t) is not a linear combination of the above type. Extra compli-
cations crop up due to the fact that for any r < n/2 there is indeed an i > r,
namely ¢ = n + 1 —r, such that y; = p,.. This gives rise to terms involving
te#rt also, thus making explicit expression for p,(¢) more complicated.

4.3 General Epidemic

We now consider a slight generalization of the earlier'model in that, we allow
removals. Of course, there is still no latent period. Thus a person infected
becomes infectious instantly and remains so until he is removed from the pop-
ulation. This phenomenon is referred to as General Epidemic. As in the case
of simple epidemic, here also we first consider a deterministic model and then
a stochastic one.
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4.3.1 Deterministic Model

This deterministic model was proposed in 1927 by W. O. Kermack and A.G.
McKendrick. Here is the model. We have a population of n individuals and ini-
tially a certain number of them are infected; the rest are naturally susceptibles.
As time passes, new infections take place and also some infected individuals are
removed. Thus at any point of time, the population consists of three groups of
individuals — susceptibles, infected and removed. Let z(t), y(t) and z(t) denote
the number of individuals in these three groups respectively at time t. Clearly
z(t) + y(t) + z(t) = n, for all t. We assume that z(0) = zo > 0,y(0) = yo > 0
and z(0) = 0. We assume that the number of new infections in time inter-
val (t,t + At) depends only on the number of susceptibles and the number of
infected at time ¢, but not on the number of individuals removed till time ¢.
This stands to reason because new infections arise out of contacts between the
susceptibles and the infected.

As in the simple epidemic model, we postulate that the actual number of
new infections during (¢,¢ + At) is Bz(t)y(t)At. The rationale behind this
postulate has already been explained in Section 4.2.1. Regarding removals, we
assume that the number of individuals removed during (¢,t+ At) depends only
on the number of infected at time ¢ and neither on the number of susceptibles
at time t nor on the number of individuals removed till time ¢. This last
assumption may be a little unrealistic in some situations. For example, one can
very well have a situation where the health authorities have limited resources
and try to put a check on the new removals. However, for the sake of simplicity,
we rule out such a possibility. Following the same idea as in the case of new
infections, we postulate that the number of individuals removed during (¢,¢ +
At) is yy(t)At where vy is again a positive constant like 5. The constant 3 is
still called the infection rate, while «y is called the remowval rate. The quantity
p = v/B will play an important role in our analysis and is usually referred to
as the relative removal rate.

Our postulates above lead to the following differential equations :

'(t) = —Ba(t)y(?),
y't) = Bz)y(t) —vy(@), (4)
2'(t) = (),

with the initial conditions z(0) = zo, ¥(0) = yo, 2(0) = 0.

The Equations (4) are known as the Kermack-McKendrick Equations, or,
simply as KK Equations. The Equations (4) reveal that the functions z(t), y(t)
and z(t) have derivatives upto any order. For example, the differentiability of
z(t) and y(t) implies the differentiability of 2’ in view of the first equation in
(4).

The first equation of (4) implies that z'(¢) < 0 for all ¢, so that z(t) is a
non-increasing function. Similarly, from the third equation, it follows that z(t)
is a non-decreasing function. We shall now solve for z in terms of z. Using the
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third equation of (4) in the first, we get
1
z'(t) = - 2 (t)z(t) .

Let to = sup{t : z(t) > 0}. From the continuity of z(¢) and the fact that
z(0) = zo > 0, we conclude that ¢, > 0. It could however be infinite. We shall
now proceed to argue that g is indeed infinite. First note that, by monotonicity
of z, we have z(t) > 0 for all t < t5. Therefore on the interval (0, tp)

z'(t) 1

d 1
=27 i — 1 E— .
20 pz (t), that is, 7 o8 z(t) pZ (t)

This yields the simple solution
z(t) = zoe*M/?  for t € (0,t).
If ¢ty were finite then the continuity of  and z would imply that
z(to) = zoe *0)/P > goe™™/P > 0.

But by definition of ¢g, we must have x(tg) = 0, if ¢¢ is finite. This contradiction
shows that tg is indeed infinite. Thus we have

z(t) = zoe*®/? forall t>0. (5)

First observe that, z and z being monotone, both the limits zo, = tlim z(t)
—00
and 2o = tgm z(t) exist. Moreover, from (5), we get that o, = zge ?=/F.
o0

Clearly, zoo < m, 80 that, oo > Toe™™? > 0. Since z(t) + y(t) + z(t) = n for
each ¢, it follows that y., = tlim y(t) also exists.
—00

We shall now show that y., = 0. These have the following epidemiological
interpretation. After a sufficiently long time has elapsed and a stable state is
reached no infected individual remains in circulation and the population still
retains a positive number of uninfected people. This, of course, is a consequence
of the dynamics embodied in Equations (4). Reality may not always follow
Equations (4). Turning to the second Equation in (4) let us rewrite it as

y'(t) = By(t) [=(t) — p].

If z(t) > pfor all ¢, then y(t) would be non-decreasing throughout. In particular
y(t) > yo > 0 for all ¢, so that, 2z'(t) > yyo for all t. But this would mean that
z(t) > ~yyot for all ¢, contradicting the fact that z(t) is bounded by n. Thus
there exists a finite time point ¢; > 0, such that on [t;,00), z(t) < p. As a
consequence, y is non-increasing on [t1, 00) and, in particular, y(t) > ys. From
the third Equation in (4), it follows that if ¢ > ¢, then 2(¢) > 2(t1)+YYoo (t—t1)-
Now z(t) < n for all ¢t would force yo, to be zero.

Recalling the definition of ¢; in the above paragraph, it is clear that t; =0
or t; > 0 according as xg < p or g > p. We now bring to the fore the fact that
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these two cases are indeed different in terms of their epidemiological manifes-
tations. Let us first discuss the case zg < p. In this case, as observed above,
y(t) is a non-increasing function throughout. This means that the number of
infected in circulation keeps on decreasing as time passes. In epidemiological
terms, one says that the epidemic never really builds up. This should not how-
ever be construed as saying that there are no new infections. This only means
that the removal rate is sufficiently high compared to the infection rate, so as
to keep the number of infected individuals in circulation going down.

The more interesting case is when xg > p. In this case, as observed above,
y(t) increases upto a positive time instant #; and then decreases. That is,
initially the epidemic does build up and reaches a peak at time instant ¢, after
which it gradually subsides. In this case, it is interesting to get an idea of the
size of the epidemic. A good measure of the size could be (zg — ), which is
precisely the total number of individuals who got infected during the course of
the epidemic. Of course, we know that

Too = Toe /7.

Using the fact that y.o = 0, so that z., = n — £, We obtain

o = 30 e~ ("T)/0

or equivalently,
N—Too =N — Tg e (PT0)/P

Denoting n — o, by u and setting g(u) = n — zoe /P, we get

u=g(u). (6)

Given n,zo and p, the above is an equation in u, whose solution would give us
N — T Or equivalently zo,. Let us first point out that the equation (6) has a
unique positive solution. Indeed, setting h(u) = g(u) — u, we observe that

hMu)=g¢g'(u)—1= %e‘“/” -1.

T
Let ug = plog 2. Since Top > p, we have ug > 0. Further, it is easy to

see that h'(u) >p0 on [0,up) and h'(u) < 0 on (ug,00). Consequently, h is
strictly increasing on [0, uo) and is strictly decreasing on (ug, ). Noting that
h(0) = n—29 = yo > 0 and ulgxgo h(u) = —o0, it can be easily concluded
that h(u) = 0 has a unique positive solution or equivalently that (6) has a
unique positive solution. However, computing the exact value of the solution is
difficult, perhaps impossible. There is no standard method of solving equations
of the form u = g(u), where g is an exponential function. So the next best
thing is to replace g by an approximating polynomial and solve the resulting
equation to get an approximate solution. The classical finite Taylor expansion
of g would be an ideal choice for such an approximation. Following Kermack
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and McKendrick, we use the second order Taylor polynomial. More precisely,
we replace g(u) = n — zoe~(*/#) by

2 2

P u u
n—ao |1-— ;+ﬁ = (n—z0)+m0;—x0%§,
so that Equation (6) takes the form
= (n— v _To,2
u=(n—1xo) +z0p 2p2u
or equivalently,
Lo o Lo _

In view of zy > p, this quadratic equation is easily seen to have only one
positive solution.

However, if we also assume that yo is small enough and can be neglected from
(7), we get a simple formula for this unique positive solution, namely,

2p
u* = —(zg — p).

xo( 0—p)
We can utilize this simple form of u* to get a quantitative idea of the spread
of the epidemic. Noting that u* was obtained as an approximation for n — zs

and that n = z¢ + yo we have

2
Too ~ n—L(zo~p)
To

zo — 2(zo — P)z_po + %o (8)
zo — 2(zo — p) [ since zo > p, yo > 0]
p— (zo — p),

v

that is, approximately, p — o < o — p.

Thus, we are lead to the following conclusion. If the initial number of
susceptibles exceeds p, then the epidemic certainly builds up. However, after
the epidemic has died out, the final number of susceptibles can go only as
far below p as the initial number was above p. Noting that o — zo gives
the total number of new infections during the course of the epidemic, the
above observation really says that this number is approximately no more than
2(zg — p). We summarize our observations in the following theorem:

Theorem 4.2:
(a) We always have,

lim y(t) =0 and lim z(t) > zo e—(/P) 5 (.
t—o00

t—o0

(b) If zo < p, then y(t) continuously decreases in t. Thus, as long as zo < p,
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the epidemic does not build up.

(c) If zo > p, then y(t) initially increases with t, reaches a peak and then
gradually decreases. Thus the epidemic does build up. If it is further assumed
that yo 1is negligible, then 2(zo — p) is an approximate upper bound for the
number of people infected in the course of the epidemic.

Thus, p acts as a threshold value for the initial number of susceptibles in
order for the epidemic to build up or not. For this reason, parts (b) and (c)
of Theorem 4.2 are referred to as the Kermack-McKendrick Threshold Theo-
rem. Going back to (8), it is clear that if yo is negligibly small and z is only

marginally above the threshold value p, so that To 1, then one can safely say

that zoo ~ p — (o — p). Very often the existing literature states this approx-
imate equality as part of the threshold theorem rather than the approximate
inequality we stated in part (c). This is alright as long as the assumptions

yo ~ 0, To o 1 are kept in mind.
p

We now turn to the assumption that yo is small. This amounts to saying
that initially there is only a trace of the infection in the population. This is not
altogether unjustified — and in fact quite natural — for the following reason.
In the study of continuous time epidemic model, it is only natural to take the
time origin as the time point when the infection first surfaced in the population.
Granted that, the assumption of yo being small is only logical because most
infections start by traces.

Before ending the section, we would like to take up a curious point. One of
the key steps in getting an approximate solution of the equation u = g(u) was
to replace g(u) by an appropriate Taylor polynomial. In deriving the Threshold
Theorem, the second order polynomial was used. The natural question is: why
not start with the first order polynomial? Here is an argument. Using the first
order polynomial would lead to the equation u = yg + Epgu. In case yo ~ 0 as

. x
we have been assuming throughout, this equation almost reduces to u = 2.
P

x
This is of course no good. If = #4 1, this equation admits no solution other

than zero, whereas if =~ 1, we end up with too many solutions ! Going in

P
the other direction, it may be worthwhile to try and see what one obtains by
approximating g(u) by a third order polynomial.

4.3.2 General Stochastic Epidemic

We start with a population consisting initially of a susceptibles and b infected
persons. For any time instant ¢, X; will denote the number of susceptibles at
time £, Y; the number of infected in circulation at time ¢ and Z; the number
of persons removed till time . We shall assume now that the spread of the
epidemic is governed by a chance mechanism, so that X;,Y; and Z; are random
variables. Our object of study is the evolution of the process (Xi,Y;, Z¢)>0.
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The initial conditions, as stated already, are Xo = a,Yy = b and Zyg = 0. It is
clear that, for all ¢, X; + Y; + Z; = a + b. Thus, studying the two-dimensional
process (X¢,Y;):>o suffices. We now describe the chance mechanism. The idea
is the same as in the case of simple stochastic epidemic. Given X; = z and
Y; = y, we assume that during a small time interval (¢,¢ 4+ At), there will be
one new infection with probability SzyAt + o(At) and no new infection with
probability 1 — SzyAt + o(At). This, of course, means that the probability of
two or more new infections during (¢, ¢+ At) is 0o(At). Regarding removals, our
assumption is that during the same time interval, there will be one removal with
probability yyAt + o(At) and no removals with probability 1 — yyAt + o(At).
Further, the two events, namely, that of infection and that of a removal during
such small time intervals, are assumed to be independent. This description
clearly entails that (X, Y;):>0 is a bivariate continuous time Markov chain
with state space

S = {(r,s) : r, s non-negative integers, r < a,r +s < a+b}.

It is also clear, by considering the embedded discrete chain, that this is an

absorbing chain with the states {(r,0) : 0 < r < a} being the absorbing states

and all others transient. In particular, Y, = tli)m Y; = 0 with probability 1,
oo

and X = tlim X, exists. In line with the deterministic case, the random
—00
variable (Xo — X ) would denote the size of the epidemic. For (r,s) € S, let

prs(t) =P(Xy=rand ¥; =s).

It is convenient to have p, s defined for (r, s) ¢ S also, by simply adopting the
convention that, for (r,s) ¢ S, pr s(¢) = 0 for all t. We then have

Prs(t+At) = pry1s1(H)B(r +1)(s — DAL - y(s — 1)At]
+prst1(8)7(s + 1)AL[1 — Br(s + 1)At]
+pr,s(t)[1 — BrsAt][1 — ysAt]
+Dr11,5()[B(r + 1)sAt][ysAt] + o(At) .

This gives us the Kolmogorov equations

__dpr(;(t) = B(r+1)(s = 1)pri1,s-1(8) +7(s+ 1)Prs41(t) = s(Br +7)prs(t) - (9)
In particular,
d—p%tl = —b(Ba +7)pas(t) .

Using the initial condition p,(0) = 1, we get

Pap(t) = e—b(Bat7)t

For r = a,s = b— 1, the Equation (9) becomes

dpa,p—1(t)

pra Ybpa,b(t) — (b= 1)(Ba + ¥)Pa,p-1(1),
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or equivalently,

dpa,b—l(t)

dt + (b-1)(Ba+¥)pap-1(t) = ybe~b(BatNt,

Using the initial condition p, p—1(0) = 0, the solution can easily be seen to be

.ﬂ'y__l:__e—(b—l)(ﬂa+7)t[1 _ e~(Batmy
aty

Thus the Kolmogorov equations (9) can be successively solved, using the initial
condition p,5(0) = 0 for (r,s) # (a,b), to get p,s(t) for all r,s. However,
explicit formulae turn out to be extremely complicated and fail to give any
insight into the state of affairs. Nevertheless, several people had attempted
to get prs(t) explicitly by different methods. We briefly illustrate two such
attempts here. For further details the reader may consult the book of Bailey.

Da,b—1 (t) =

The first one, due to Siskind, converts the system of differential equations
(9) to a single partial differential equation. The idea is to look at the joint
p-g.f. of (X;,Y;) defined as

F(t,u,v) = z:pr,s(t)urvs .

The equations (9) lead to the following partial differential equation for F":

OF . ,  OF oF
—dT _IB(U _uv)auav +7(1 _v)%,

with the initial condition
F(0,u,v) = u®’.

Siskind solved this explicitly and derived formulae for the functions p; 4(t).

The second one, due to Gani, looks at the Laplace transforms of the func-
tions p, 5(t). Recall that for any bounded continuous function p(t) on [0, o),
its Laplace Transform is the function g(A) on (0, 00), defined by

a0 = /0 T e Mp() dt

Recall further that ¢ determines p uniquely. The idea of Gani in considering
the Laplace transforms g, s(\) of p, s(t) was to convert the system of equations
(9) into a system of recurrence relations for the functions g, s given by,

(A+Brs +v8)grs = B(r +1)(s = 1)grt1,5-1 + ¥(s + D)grs+1,  (10)
for (r,s) # (a,b), with the initial condition

A+ Bab+vb)gap = 1.
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These recurrence relations may not be difficult to solve. But in order to get
back to the functions p, ;, one still faces the problem of inverting the Laplace
transforms ¢, ¢, which is a difficult one. However, there is one probabilistic
question that can be answered without having to go for inversion. For example,
what is the probability that the total size of the epidemic, not including the
initial number of infected, is &k for a given 0 < k < a? In other words, we are
interested in the quantity P = tliglo Da—#k,0(t). Under suitable conditions, it is

easy to verify that, if ¢(\) is the Laplace transform of p(t), then
Jim p(#) = lim Aq(}).

Thus, P, = )l\irr}) Ada—k,0(A). Using the recurrence relations (10), one can reduce
—

this to
P, =~vlim qu—g1(N).
A—0

Thus, knowledge of g,—,1 would give us P, for each k.

4.3.3 A Closer Analysis: Threshold Theorems

We now turn to what are regarded as two fundamental theorems in Markov
models for epidemics — the so called “Threshold Theorems”. Two quantities
that are of interest in understanding the extent of the epidemic are its duration
and size. To make the definitions of these quantities precise, let us turn to the
Markov process (X, Y;)s>0 and observe the following salient features. Recall
that the process has a finite state space given by

S = {(r,s) : r, s non-negative integers ; 7 < a; r +s < a+ b}.

As mentioned earlier, the states {(r,0) : r < a} are precisely the absorbing
states for the process. Also, the set of states {(0,s) : s < a + b} forms a closed
set and once the process hits this set, it then evolves like a death chain in the
second coordinate, getting ultimately absorbed at (0,0). Let us denote by F
the union of the above two sets of states. Clearly, with probability one, the
chain hits the set F' in a finite amount of time. Once the set F' is entered,
no new infections are possible and therefore the epidemic can be thought of as
having ended for all practical purposes. It is natural therefore, to regard the
time T needed to enter F' as the duration of the epidemic. One would like to
draw conclusions about the distribution, and in particular, the expected value
of 7. To the best of our knowledge, the existing literature does not contain
any non-trivial information on this. On the contrary, much emphasis has been
given to what may be called the size of the epidemic. From the definition of
T, it is clear that X () gives the eventual number of susceptibles left in the
population. In other words, X (1) = tl_lglo X (t). The size of the epidemic is

clearly given by the random variable

W=X(O)—tli)r&X(t):a—X(T).
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One would like to obtain the distribution of the random variable W. Following
the general theory of finite state Markov processes, the process (X¢, Y;) evolves
as follows. Given that at time instant ¢ the process is in a non-absorbing
state, it waits there for an exponential time and then makes a jump. From a
non-absorbing state (r, s), jumps are possible to the states (r — 1,s + 1) and
(r,s —1) with probabilities p, = Brs/(Brs+~s) =r/(r+p) and ¢, = p/(r+p)
respectively. Here, p is as defined in the deterministic case, namely, p = v / 8.
A moment’s reflection shows that while 7 is the sum of all these waiting times
starting from the beginning till the chain hits F, the random variable W has
nothing to do with the waiting times. In order to get the distribution of W, it
is therefore sufficient to keep track of only the states visited by the chain at its
successive jumps. In other words, the distribution of W depends on (X, Y})
only through the embedded Markov chain, as discussed in Section 0.9.1. Let
us note that the embedded chain here can be described as follows.

Let 70 = 0 and (7,,n > 1) be the successive jump times of the process
(X¢,Y;). Forn > 0, let U, = X, and V,, = Y;,. Then (Uy,Vp)n>o is the
embedded chain with state space S. The transition probabilities are as follows.
From a state (r,s) with s # 0, transition can take place to (r — 1,s + 1) with
probability p, = r/(r + p) and to (r,s — 1) with probability ¢, = p/(r + p).
The states (r,0) are absorbing. Now note that, lirrln U, = t{l_}l?(()lo Xy, so that,
W = a —limU,. This is precisely what we meant, when we said earlier that

n
W depends only on the embedded chain. This was observed by Foster [1955]
and was beautifully exploited by him and later, by Rajarshi [1981] to get the
exact distribution of the random variable W.

We start with some notation. For a non-negative integer w let A,, denote
the set of all sequences & = (g, a1, ..., qy) of length w + 1, where the «; are
non-negative integers satisfying
i) ay>1,

i) forj<w, ag+a1+...+a; <b+j,
1) apt+ar+...+ay,=b+w.

Theorem 4.3 (Foster): For 0 < w < a,

w—1 w
P(W:w): Hpa—l Z Hq:ij‘
=0

A€, I=0

Proof: We can view the state space S of the chain (Uy,Vyp)n>0 as the set
of lattice points (r,s) — that is, points with integer coordinates — in the
zy plane. The evolution of the chain can then be regarded as the motion of a
particle through these lattice points. From a point (r, s) with s > 0 the particle
moves either one step vertically downwards to (r, s — 1) or one step diagonally
northwest (that is, up and left) to (r — 1, s+ 1). The probabilities of these two
types of transitions are ¢, and p, respectively. Once the particle hits the z-axis
it halts. On the other hand once it hits the y-axis, then only the vertically
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downward transitions are allowed until it reaches the origin. Viewed this way,
the event (W = w) means that the particle starting from (a, b) hits the z-axis
precisely at the point (a — w,0).

Observe that for this to happen, the particle has to make exactly w many
northwest transitions, with the first coordinate reducing by 1 after each such
transition, until it finally becomes a — w. Note that, each of these transitions
would result in an increase in the second coordinate by 1, so that the particle
has to make b + w many vertically downward transitions in order to reach the
z-axis. Starting from (a, b), denote by g, the number of downward transitions
before the first diagonal transition. In general, for 1 < j < w, let a; be the
number of downward transitions between the j-th and (5 + 1)th diagonal steps.
Finally a,, is the number of downward transitions after the w-th diagonal step.
Clearly o, for 0 < j < w, are non-negative integers. Moreover, their sum is
b+ w. The fact that the particle does not hit z-axis before making the w-th
diagonal transition implies that, for each j < w, ap + 01 +---+ 05 < b+ .
In particular, ag + @1 + -+ + aw—1 < b+ w — 1, implying that o, > 1.
Thus the sequence @ = (ag, a1,...,0y) € Ay. Conversely, any a € A, is
a possible choice for the number of vertical motions in between the successive
diagonal ones, so that the required event (W = w) occurs. For any & € A, the

w—1 w
probability of making the transitions as prescribed by @ is [] pa—i [ ¢o’ i
Jj=0

=0
Here the fact that the transition probabilities from any state (r, s) depend only
on the first coordinate r is important. The proof is now complete. |

For an estimate of the above probability later, we need the following lemma,
as in Rajarshi [1981].

Lemma 4.4: The number of elements in the set A,, is b b+2w .
b+2w\b+w

is precisely the number of paths

2
Proof: From Chapter 0.8.1, b (b +ew

b+2w\b+w
of a random walk starting at (0,0) and ending at (b + 2w, b), which lie strictly
above the horizontal axis. The proof will be completed by establishing a one-
one correspondence between such paths and elements of A,,. Here is the corre-
spondence. Consider such a path of random walk. First of all, the path would
have w many downward steps and b + w many upward steps. Let ag be the
number of upward steps after the w-th, that is, the final downward transition.
Let a; be the number of upward steps between the (w — 1)th and w-th down-
ward motions. In general, a; will denote the number of upward steps between
the (w — j)th and (w — j + 1)th downward motions. Finally, o, is the number
of upward steps before the first downward transition. This defines a sequence
a = (ag,1,...,qy) of non-negative integers of length w + 1. We now show
that @ € A,. Since ag + a1 + -+ + a, gives the total number of upward
movements, it is clear that this sum is b+w. Now let 0 < j < w. To show that
ap+ aj + -+ a; < b+ j, it suffices to prove that a1 + -+ aw > w —j.
From the definition of the «;, it should be clear that a1 + -+ + a is pre-
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cisely the total number of upward motions before the (w — j)th downward
motion. Since the path lies strictly above the horizontal axis we must have
041+ -+ oy > w—j. In particular, j = w — 1 gives a,, > 1. In fact, this is
also directly obvious because «a, is the number of upward steps before the first
downward step. Conversely, given a € A,,, consider the path which makes a,,
many upward transitions starting from (0,0), then makes a downward transi-
tion followed by au,—1 many upward transitions, and so on. It is easy to see
that this gives a path of the required type for the random walk. [ |

The above two results lead to the following simple estimate of the distri-
bution of W, for large values of a. For stating this we need the following
notation. For two functions h(a) and g(a), we will write h(a) ~ g(a) as a = oo
to mean that ali)rgo[h(a)/g(a)] = 1. Tt is easy to see that, hi(a) ~ g1(a) and

ha(a) ~ g2(a) as a = oo imply that hy(a) + h2(a) ~ g1(a) + g2(a) as a — oo.

Lemma 4.5: For each w > 0,

_ b 20+ b\ o prw
P(W—w)~2w+b<w+b)paqa as a—0o.

Proof: For each{ =0,1,...,w —1,

Pa—t _ a—=1 a+p
Da a-l+p a

—1 asa— 0.

For each j =0,1,...,w,

Gouj _ P atp

= " . as a — o00.
Ga a'—.7+p p

It follows that for a fixed w and an & € A,, we have,

w-—1 w
Il pe—i [T 0225 ~ piait.
1=0 j=0

By summing over & € A,, and using Theorem 4.3, we get

PW=w) ~ |Av|pia™ as a— oo,

whence the assertion follows by using Lemma 4.4. | |

We now present two theorems due to Williams (1971) and Whittle (1955),
known as the Threshold Theorems for the General Stochastic Epidemic. The
common theme of both the theorems is to identify p as a threshold quantity
to determine whether the epidemic builds up or not. The following lemma
will play a crucial role in the proofs of the threshold theorems. This is due to
Williams. However, his proof is non-probabilistic and uses certain power series
expansion. We give a probabilistic proof that uses transience of random walk.
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Lemma 4.6: For0<p<1landg=1-p,

b (204D o . | (P
= - 15 .
Z2w+b<w+b>qp S AT

w=0

Proof: It suffices to show that if p > ¢, then

i b (2w+b)qub+w _1
2w+b\w+b ’
w=0

b (211} +b
2w+b\w+b
walk starting at the origin and reaching the state b in (2w + b) many steps
without hitting the z-axis. But by reversing the motion, this would be the
same as the number of paths starting at state b and reaching the origin for
the first time in (2w + b) many steps, or equivalently (by shifting the z-axis),
starting at the origin and reaching state —b for the first time in (2w + b) many
steps. Thus if we consider a random walk with probability g (p respectively)
of upward (downward respectively) transitions, then the summand is just the
probability that such a random walk starting from the origin reaches —b for
the first time in (2w + b) many steps. Since for different w, the above events
are disjoint, summing over w gives us the probability that such a random walk
starting from the origin ever reaches —b. By Exercise 2(vi) of Section 0.8.1, this
probability is one whenever ¢ < p (Do not forget that here ¢ is the probability
of upward transition). [

First recall that ) is precisely the number of paths of a random

Let us now present the two threshold theorems mentioned above in the
way that we understand them. Both the threshold theorems are statements
concerning the extent of the epidemic for large values of the initial number of
susceptibles a. To be precise they both talk about the limiting probabilities as
a — oo. Since we are varying a, it makes sense to allow p also to possibly vary
with a. This dependence is going to be made explicit by using the notation
P In what follows we consider limits of certain probabilites as the pair (a, pg)
varies in such a way that a — oo and p,/a converges to a limit, say, 6. Since
a is varying, the probabilities associated to the corresponding epidemic model
will also vary. We will make it explicit by writing P, for such probabilities.
Note that we are keeping b, the initial number of infected individuals, fixed.

Theorem 4.7 (Williams’ Threshold Theorem): If (a,p,) vary in such a

way that a — oo and e — 4, then
Pa

lim lim P,(W < M) = min(6%1).

M—oo0 a—o0

Proof: By Theorem 4.5, for each w,

_ b [2w+b 1 \¥/ 6 \"™
aIL%P“(W_w)_2w+b(w+b)<1+6> (1+6> ’
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so that for any M,

M w b+w
b 2w+ b 1 é
. < = LN\
dm Fa(W < M) 22w+b(w+b)<1+6) <1+5)

w=0

Lemma 4.6 now completes the proof. [ |

The quantity algrolo P,(W < M) can be interpreted as the probability of
having an epidemic of size at most M, for large values of a. Taking now the
limit of that probability as M — oo could therefore have the interpretation of
being the probability of a finite epidemic for large values of a. Thus, Theorem
4.7 says that, if § > 1 then the epidemic is surely of finite size, while for
§ < 1 the probability of a finite epidemic is §°, which is strictly smaller than
one. Indeed, this is how the Threshold Theorem is stated in the literature.
There is one little subtlety, namely, instead of stating the result in terms of
6= li;n(pa /a), the standard practice is to simply say that for large values of a,

the probability of a finite epidemic equals one if p, > a, while it equals (p,/a)®
if po < a. This is what Theorem 4.7 may be argued to say, provided the
inequalities and equalities are all interpreted properly. For example, p, < a
should be interpreted as lign (pa/a) < 1 (or more generally, for the present

purpose, limsup(p,/a) < 1).
a
We shall now proceed to Whittle’s Threshold Theorem. This deals with
the probability, for large values of a, of the epidemic not exceeding a certain
proportion of the initial number of susceptibles a. More specifically, for fixed
z, 0 < z < 1, we consider the probability P,(W < za). Whittle’s Threshold

Theorem attempts to get two-sided bounds for these probabilities, at least for
large values of a.

Getting an asymptotic lower bound is not difficult. Let us assume as before
that the parameters (a, p,) vary in such a way that a — co and (p,/a) — 4.
Denoting 7% = P, (W < za), we show that

lim 72 > min {6%1}. (11)

a—o0

To see this, fix any n and observe that for large a, we have za > n , so that

n

Ty > zPa(W:w).

w=0

Using Lemma 4.5,

b [(2w+b 1 \Y/ 6 \"™
im 72 > — — — )
Jmome 2 £2w+b<w+b) (1+5> <1+5>

The above inequality being true for all n, Lemma, 4.6 yields the inequality (11).



190 CHAPTER 4. MODELS IN EPIDEMICS

Inequality (11) constitutes only one half of Whittle’s Threshold Theorem
and is often stated as

b
P(W <za) > min {(Z) ,1} for large values of a.

This is true as long as it is properly interpreted as discussed after the statement
of Theorem 4.7 above.

The other half of Whittle’s Theorem, which seeks an upper bound, is based
on the use of a comparison technique which is interesting in its own right and
is described below.

Our epidemic process (X;,Y:) is a Markov process starting from (a,b) and
having transition mechanism determined by the parameters p,.. Consider now
another chain evolving in the same manner, but with a different transition
mechanism determined by parameters pl.. To avoid complication, we use the
same notation (X¢,Y;) for this new process also. The difference in transition
mechanism is indicated by using P’ for probabilities of the new chain. If p, > pl.
for every r, then it is natural (why?) to expect that the random variable X,
is stochastically larger under P’ than under P, that is,

P'(X,>k) > P(X,>k) foreachk. (12)

We shall show that this indeed is the case. But, for the present, we assume
this and proceed to complete the remaining half of Whittle’s theorem.
Recall that the parameters for our epidemic process are defined as

pr = T-:pa for 0<r<a.
Let us define p), for 0 < r < a, as
P = Dr for r<(1—-1)a
Zl(—lx_)—zflt—lp; for r>(1-1)a.

Clearly, for every r, p, > pi., so that by (12)
P(X:>(l-z)a) < P(X;2>(1-2)a).
In view of the fact that W = a — X, the above inequality is the same as
P(W <za) < P/(W<za).

Invoking the arguments of Theorem 4.3 and using Lemma 4.4, the right hand
side can easily be seen to equal

San(eln) @) (i)

w=0
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b
which by Lemma 4.6 is clearly bounded above by min { (%)—) ,1 } We
—)a

P(W <za) < min {((Tﬁ%)b’l} .

We have thus proved

Theorem 4.8 (Whittle’s Threshold Theorem): For any z, 0 < z < 1,
and for large values of a,

min{(’;—")b,l} < P(W < za) < min{((Tf"T)&yJ}.

Although we have stated the result in the way it is usually done, the reader

should note that, the right hand side inequality is actually valid for all a,
whereas the left hand side is valid only in the limit, that is, in the sense
discussed earlier. It may be noted that a comparison technique, similar to
the one used above, can be used also to get a lower bound valid for all a.
Indeed, one can show (left as an exercise) that

<\ b 2w+ b a \Y/( p btw
P < > — a
W <2a) 2 wz::o2w+b(w+b> (a+pa> (a-l—pa)

for all @ and all z, 0 < z < 1. It is tempting to claim that the right hand side

conclude that

b
of the above inequality is approximately min { (p_a) , 1} , for large a, in view
a

b
of Lemma 4.6. One may then erraneously claim that min {(&) , 1} is an
a

actual lower bound for P(W < za) for all large a. In fact, the standard liter-
ature seems to make that claim. We wish we could justify this, thus avoiding
interpretation through limits.

We now get back to our claim (12). Since comparison technique is an
important and useful technique in the context of Markov chains, we will prove
a slightly more general result. First, let us introduce some notation.

For any pair of integers a > 1, b > 1, and any a-tuple 8 = (61, ...,6,), with
0 <6, <1 for all r, let Py denote the probability law of the Markov chain
starting from (a, b) having state space

S = {(r,s) : r, s non-negative integers; r<a; r+s<a-+b}

and evolving in the following manner. State (r,s) is absorbing unless both r
and s are strictly positive. From a non-absorbing state (r, s), the chain moves
to (r — 1,s + 1) with probability 8, and moves to (r,s — 1) with probability
1 — 6,. We will denote this process by (U%?,V,&). Tt is left as an exercise for
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the reader to verify that we have a Markov chain on a finite state space for
which every non-absorbing state is transient and hence it is an absorbing chain.
Let T be the time till absorption. Thus Py(T < 00) = 1. Our objective would
be to get a stochastic comparison of the random variable U%’b, to be denoted
by Z%?, for various a-tuples 6. The relevance of this in our context stems from
the fact that, with 6, = r/(r + p) for 1 < r < @, the chain (Uy,,V},) is just the
embedded chain associated with our epidemic process (X, Y:) stopped at time
7. In particular the random variable X, and Z%® are identical. We want to
prove

Theorem 4.9: If 0 and §' are two a-tuples with 8. > 0, for all v, then Z*® is
stochastically larger under Py than under Py, that is, for oll k,

Py(Z* > k) > Pu(Z* >k).

To prove the theorem, we need a series of lemmas.

Lemma 4.10: Let wy,...,w, and v1,...,v, be non-negative numbers such
that for 1 < j < n, Y. w; < Y v;. Then, for any sequence of numbers
i<j 1<j
cp>ce>-->cp >0, 0ne has Y, cow; < Y ;.
i<n i<n

Proof: Note that the hypothesis implies that for each j = 1,...,n — 1, the

inequality
(ej —cirn) Y wi < (¢ —cip1) D vi
i<y i<y
holds. Putting ¢,+1 = 0, the same inequality is seen to hold for j = n also.
Adding these n inequalities yields the desired result. ']

Lemma 4.11: For any 6, the probability Py(Z*® < k) is non-decreasing in b.

Proof: We shall show that Py(Z%**+! < k) > Py(Z*® < k). Suppose that s < k
and « is a path from (a,b) hitting the z-axis for the first time at (s,0). Let o*
be the path obtained by adding one to the second co-ordinate of all points of
the path a. Clearly o* is a path from (a, b+ 1) and hitting the horizontal line
y = 1 for the first time at the point (s,1). Let 5 be the hitting time of the line
y = 1. The correspondence o +— a* and the fact that the two paths a,a*
have the same probabilities (because the transition probabilities from any state
depend only on the first coordinate of the state and we have not disturbed the
first coordinates of points in « to get a*) can be put together to deduce that
Py(USY < k) = Py(Upb+! < k). However from the dynamics of the process it
is clear that the event (U3**! < k) implies (USPT < k). Tt now follows that
P(;(U{,f’b'k1 <k)> Pg(U%’b < k), as was to be shown. (]

Lemma 4.12: Let 0 and 8' be two a-tuples such that 0], > 6,, while 6. = 0,.,
for all r < a. Then Z%° is stochastically larger under Py than under Py .

Proof: Let £k < a— 1. We prove
Py(Z** <k) < Pp(Z™<k).
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Let n be the hitting time of the vertical line z = a — 1. Note that the event
(Z*? < k) implies that 17 < co. Indeed, n < b and hence

b
Pz <k) = S Py(Z** <kln=1i)Py(n=1).

=1
Using the Markov property, the conditional probability Py(Z%% < kln = i) is
the same as the probability Py(Z2~14~+2 < k), so that

Py(Z°" < k)= Py(Z°7 2 < k)Py(n=1).

Analogously,
Pp(2°" <k)=> Py (2 """ < k)Pp(n=1).

Since 6. = 6,, for r < a — 1, it is clear that for every 1,
Pg(za—l,b—i-i—Z S k) — Pg[(Za—l,b—i—Q—Q S k) =g¢, say.

Lemma 4.11 gives that c¢; is non-increasing in i. Putting w; = Pa(n = 1)
and v; = Py (n = i) for i < b, we complete the proof simply by showing
that the hypothesis of Lemma 4.10 holds. Observe that w; = (1 — 6,)"14,
and v; = (1 - 6,)"716;, so that for any j, 3, ;w; = 1 — (1 — 6,)’"" and
YiciVi=1—(1— 6')7+1. From the hypothesis that 8/ > 6,, it follows that
Yic; Wi < 20, vi holds for all j. ]
Lemma 4.13: Let 1 < m < a. Suppose 8 and 8’ are such that ), > 0,, while
0. =0, for all r # m. Then Z%? is stochastically larger under Py than under
Pgr .

Proof: In view of Lemma, 4.12, we need only consider m < a. Observe that for
k > m, the hitting time 1 of the vertical line z = k has the same distribution
under both Py and Py. In view of

Py(Z** <k) = Pyln<b—a+k—1)
and similar equality under Py, it follows that
Py(Z* <k) = Pp(Z%°<k) forall k>m.
We now consider £ < m — 1 and show
Py(Z**<k) < Pp(Z*°<k).

Let us now denote i to be the hitting time of the vertical line z = m — 1. By
the same argument as used in Lemma 4.12, one sees that

b+2(a—m)
Pzt <k) = Y Py(zmlbmiRcIm < Py (n =)

i=1
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and

b+2(a—m)
Pol (Zab < k) — Z Py (Zm—l,b—i+2a—2m+2 < k)Pg/ (,'7 — Z) .

1=1

Let w; = Py(n = i) and v; = Pyp(n = i) for i < b+ 2(a —m). As in the
proof of Lemma 4.12, we get the desired result once we show that for every
s Yow; < Y vy, that is, Py(n < j) < Py (n < j). This can perhaps be seen
i<j i<j

dire?:{cly but Bi:re is a trite method.

Let 77 be the hitting time of the vertical line x = m. Noting that 7 has the
same distribution under Py and Py, it suffices to show that for every [ < j—1,
Py(n < jli=1) < Py(n < jli =1). Using the Markov property, one sees that
Po(n<jlii=10)=1-(1~6,)"", while Pp(n <jli=10)=1-(1-6pn)""
from which the required inequalities follow. The proof is now complete. [}

Proof of Theorem 4.9: Define a + 1 many a-tuples, §°,6%,...,6% by

or = 6 for i>a-m+1
= 0; for i<a-—m.

Note that for any 0 < m < a — 1, we have 7 < 07! and 6™ = g™+ for
all » # a —m. It follows from Lemma 4.13 that

Ppm(Z%* <k) < Ppmir(Z%° < k)

for all k and all m with 0 < m < a — 1. Noticing that 8° = § and 0% = 6’ the
proof is complete. [}

4.4 Spread in Households: Chain Binomial
Models

The models discussed so far study the spread of an epidemic in a community
at large. In this section, we take up the question of how an infectious disease
spreads in a particular household. We shall discuss two stochastic models to
describe this phenomenon — one is due to M. Greenwood and the other due
to J. Reed and W.H. Frost.

Suppose that in a household, some individuals got infected by a contagious
disease. This puts the other members of the household at the risk of catching
the disease. Of course, in reality there is a fixed period of incubation and it
is only after that period, that the infected individuals become infectious. The
disease now spreads through contacts between the infected and uninfected in-
dividuals. However, not every such contact is likely to result in a new infection.
Thus, there is a chance factor arising out of both the possibility of contact as
well as a contact resulting in an infection. Specification of this chance factor is
what would constitute a stochastic model. Before going into the details of the
models, we describe the common setup.
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We assume that there are K individuals in a household and initially s¢ of
them are infected. We denote by rg the initial number of uninfected individuals,
that is, ro = K —sg. We assume that the incubation period is one time unit. To
simplify matters, we also assume that the infected individuals remain infectious
only for an instant of time at the end of the incubation period. This is indeed
a simplifying assumption. However, in reality the period of infectiousness may
often be very small, for example, they may perhaps be quarantined or even be
cured and become immune. Let s; denote the number of new infections at time
1. The number of uninfected in circulation now is r; = rg — s1. In general, let
$n be the number of persons who got infected at time n and 7, = 7,1 — s,
be the resulting number of uninfected in circulation. It is to be noted that,
at time n, the persons who can pass on the infection are precisely those who
became newly infected at time n — 1. Also, at any point of time the persons
who are susceptible are only those who have not been infected so far. Clearly,
as soon as s, = 0, there will be no more new infections and the epidemic will
come to a halt. Of course r,+; = 0 would also guarantee this (perhaps not in
a desirable way).

4.4.1 Greenwood Model

According to the model proposed by M. Greenwood, the probability of a sus-
ceptible coming in contact with the group of infectious persons and getting
himself infected is assumed to be a constant p, 0 < p < 1. Moreover the fates
of different susceptibles are assumed to be stochastically independent. Clearly,
these assumptions lead to a binomial distribution for the number of new infec-
tions at time n. More precisely, if at time (n—1), there are s,,_; newly-infected
persons (with s,—1 > 0) and if r,_; denotes the number of susceptibles, then
the probability of s, new infections at time n is

Tn—
( ;}, l)ps" (1 _ p)'l"n—l_sn , for Sp = 0, 1, ceep—1-
n

In case s,—; = 0, then s, = 0 and hence r, = r,_;. Note that in case
S$n—1 > 0, its actual value has no relevance in the distribution of the number of
new infections at time n. This is one of the important features of this model.

Denote by S, and R,,, the number of new infections and the number of
susceptibles respectively at time n. Thus S, and R, are random variables.
Also (Ry, Sp)n>0 is a Markov chain. The state space of this process is

{(,j):220,j20,i+j < K}.

This is an absorbing chain and the absorbing states are precisely the states
{(i,0) : ¢ < K}. The transition probabilities are given by

Py = (;,)pf’(l—p)"’ for 0<j' <iandi =i—j if j>0

= (4.5 if j=0.
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Note that, for j > 0, P j) .5 does not depend on j. This enables us to
replace the original bivariate chain by an appropriately stopped univariate
chain as follows.

Consider the Markov chain (X, )n>0 with state space {0,1,..., K}, initial
state Xo = 7o, and transition probabilities

PXnp1=j 1 Xpn=14)= (;.)p"‘j(l —-p) for j=0,1,...,i.
Let T be the stopping time defined by

T=min{n: X, =Xp1},

that is, T' is the first time the chain did not move from its previous state. Let
(Y,) be the process (X,,) stopped at T, that is,

Y, = X, if n<T
= Xpr if n>T.

It is to be noted that (Y,)n>o is no longer a Markov chain, as we are going
to see. A moment’s reflection shows that the process (Yy),>o is precisely
(Rn)n>o0 of the Greenwood Model; just recall that S, = 0 is same as saying
that R, = R,—1. And of course, (Ry)n>o itself is not a Markov chain. In
the new formulation, the random variable T is clearly seen to represent the
duration of the epidemic. The rest of this section is devoted to finding the
distribution of T'.

More generally, let (X7, )n>0 be a Markov chain with state space {0,1,..., K}
and an arbitrary transition matrix P = ((p;;)). We only assume that the di-
agonal entries of P are positive. For this Markov chain, we want to find the
distribution of the stopping time T defined as

T =min{n: X, = Xp_1}.

The analysis that follows is due to J. Gani and M. Jerwood. Let () denote the
diagonal matrix with diagonal entries same as those of P and let R = P — Q).
Clearly, R has all its off-diagonal elements same as those of P, while all its
diagonal entries are zero. Using this notation it is now easy to see that

P(T=n,X,=j | Xo=1) =R} "'p;; foreachj, (13)

so that
P(T=nl Xy =1)=e,R" ' Qe, (14)

where e is the column vector with all entries one and e is the row vector with
i-th entry one and all other entries zero. Recall that R is a matrix with non-
negative entries and having each row sum strictly less than one. Elementary
matrix theory shows that (I — R) is invertible and (I — R)™! = > °  R"
The facts that Q = P — R and Pe = e can now be used to deduce that
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S>> eiR" Qe = 1. In view of (14), we have thus proved that T is finite
with probability one. We now go on to find the p.g.f. of T. Throughout, we
assume that we are starting from a fixed initial state ¢ and denote by g;(#), the

corresponding p.g.f. of T'. Thus

i(8) = i e R" Qe = €,(I — 6R) "1 (8Q)e .

n=1

In view of its similarity with the p.g.f. of the standard geometric distribution,
the distribution of T' has been called a Markov Geometric Distribution by Gani
and Jerwood. The moments of T — in particular its expectation and variance
— can now be easily obtained by successive differentiation of the p.g.f. For
example, it turns out that

E(T1Xo=i)=¢;(I-R) 'e.
Turning back to (13), it can also be written as
P(T =n and Xr = jlXo =i) = R 'pj; -

Thus we actually have the joint distribution of (T', X7). One can use this to find
the marginal distribution of X7, in particular the expected value and variance
of X T

Let us now return to the Greenwood Model. This is a special case where,

1 0 0 .0
P q 0

p=| P 2pqg ¢
pK (Il()pK—lq (I;)pK—2q2 qK

Note that in this case R¥ is the zero matrix, implying that T < K with
probability one. This is understandable, because the longest possible duration
of the epidemic happens when one new person gets infected each day. However
this does not make explicit computations all that easy (compare R? and R3!).

4.4.2 Reed-Frost Model

The model proposed by J. Reed and W.H. Frost differs from the earlier one
in that here the probability of one particular susceptible coming in contact
with one particular infectious person and getting infected is denoted by p. Of
course the usual assumption of independence of interaction between different
individuals is retained. It follows that, with the same notations r,, s,, as in the
Greenwood Model, the probability of any one of the r,_; susceptibles getting
infected at time n is 1 — (1 — p)®=-1, so that the probability of s, many new
infections at time n is given by

(rz_l) [1-(@=p P =p)20m7) for 5, =0,1,...,r1.
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Note that in case s,—1 = 0, the above formula automatically implies that
sp = 0. For detailed analysis of the Reed-Frost Model, interested reader can
consult Von Bahr & Martin Lof (1980) and F. Ball (1983).

4.5 Spatial Spread: Neyman-Scott Model

In the earlier models, the geographic location of the epidemic was fixed and the
temporal spread was under study. In this section, we describe a model proposed
by J. Neyman and E. L. Scott for the spread of epidemic over a geographical
area.

The geographical area under consideration is called the habitat, denoted
by H. Mathematically, H could be any subset of the Euclidean plane RZ,
preferably open. However, to simplify matters, we take our habitat to be all
of R?. As before, the incubation period is assumed to be one time unit and
the period of infectiousness is contracted to a single point. It is reasonable to
assume that an infectious person at a particular location in the habitat infects
only susceptibles at that location. However, it is equally reasonable that an
infectious person at a crowded location is likely to infect more people than at
a desolate location. This dependence of infectivity on the location should be
captured in the model. Another feature of the proposed model is that it tries
to capture the mobility factor also. In other words, it takes into account the
fact that an individual infected at a particular location may move to another
location by the time he becomes infectious. Indeed, that is how the infection
spreads over the habitat. Mathematically, this will involve introducing two
parameters, one for the spread of infection and the other for the mobility of
the infected individual. This is done as follows.

For every u € H, we have a probability distribution -, on non-negative
integers, representing the distribution of the number of individuals infected by
one infectious person at the location u. We denote the p.g.f. of v, by g(- | u).
We emphasize the dependence of v, on u as mentioned earlier. To take care
of the mobility factor we have, for every u € H, a probability density function
fu() on H. This has the following interpretation. A person infected at u at
time k moves to a region S C H at time (k + 1) with probability [¢ fu(z) dz.
Our model assumes that different individuals act independently. That is, first
of all, the number of individuals infected by different infectious persons are
independent random variables, no matter where the infectious persons are lo-
cated. Secondly, given any set of infected individuals at time k, no matter
where they are located, the places where they move to at time k + 1 are inde-
pendent random variables. The dependence of f,(-) on the location u has an
easy explanation. A person infected at home is not very likely to move away
from home by the time he becomes infectious; whereas, if one catches infection
when he is on board a train, he is quite likely to move far away.

We shall now see how to describe mathematically the temporal spread of
the epidemic over the entire habitat. To fix ideas, we start with one infectious
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person at time 0 at location w. This infectious person will infect a certain
number, say X{*, of individuals at location u. From what has been said earlier,
X} is a random variable with distribution «, and p.g.f. g(-lu). By the time
these persons become infectious, they would have moved to various locations
— each person, independently of the others, choosing a random location given
by the probability density f,(-). Each of them would now infect people in their
respective new locations, who would in turn move to different locations by the
time they become infectious, and so on. This is how the infection would spread
over the habitat with time. Let X denote the number of infectious people in
the entire habitat at time n. The dependence on u comes from the fact that we
started initially with one infected person at the location u. We want to study
the distribution of X for n > 1. Let us denote the p.g.f. of X* by Gy (- lu).
Thus clearly

Gi(-lu) = g(-lu). (15)

To get the p.g.f. of X3, we argue as follows. Consider the i-th person infected
by the initial infectious and let Y; denote the number of individuals infected
by him at time 1. It should be clear that Y; has p.g.f. given by

mmm=/wnmwm. (16)

This is because, given that the i-th individual has moved to location z at time
1, the conditional p.g.f. of the number of individuals infected by him is g(-lz),
so that the unconditional p.g.f. would indeed be H; as given. It should be
noted here that to make sense of the integral in (16), some assumptions on g as
a function of z are needed. [For example, assuming that g varies continuously
with  would do. A reader familiar with the Lebesgue Integration Theory would

quickly see that measurability of g in the z variable is all that is needed.]
P
Since the Y; are i.i.d. and X% = Zl Y;, it follows that

=1
Ga(-1u) = g(Hi(-lu) lu) .

Proceeding in an analogous manner we can deduce that, for every n > 1,
(10 = [ Gal-l0) (o) (17)

Gria (1) = g(Hn( lu)lu). (18)

Note that even if we are interested only in G, (- lu) for the specified initial
location u, we have to compute G, (-lz) for all z in order to get H,(-lu), which
is required for the subsequent Gp41(-lu). Having started with one infectious
individual at time 0 at location u, we have obtained the p.g.f. of the number of
infectious individuals in the habitat at time n to be G, (-lu). Along the way,
we came across another sequence of functions which are also p.g.f.s, namely the
Hy,(-lu). The reader would naturally wonder as to which stochastic process they
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correspond to. Well, instead of starting with one infectious person, suppose
we had started with one infected person at time 0 at location u. Let us now
consider the number of infected individuals — say Z, for n > 1 — in the entire
habitat at successive time points. It is then clear that Z¥ has p.g.f. Hp(-lu).
Neyman and Scott describe X% (Z¥ respectively) as the n-th generation of an
epidemic started by an infectious (infected, respectively) at location u at time
0. Let us denote the expected values of X and Z! by oj and S} respectively.
Using Equations (15)—(18) one gets

o = m(u), (19)

g = [ mio)fula)da, (20)
oy, = m(u)B, (21)
1 = /az+1fu(.z‘) dz, (22)

where m(u) denotes the mean of the distribution +,. It is worth noting that,
in order for the above formulae to be true, it is not necessary to assume that
m(z) is finite for each z.

We next discuss the problem of extinction of the epidemic from the habitat.
We say that the epidemic, originating at u, is heading for an extinction, if
X} converges to zero in probability. Since the X! are integer valued, this is
equivalent to saying that P[X* = 0] — 1 as n — co. Here is a first positive
result in this direction.

Theorem 4.14: If sup m(z) < 1, then for every u, the epidemic originating
xz

at u heads for extinction.

Proof: Denote sup m(z) by ¢. Then clearly for any u, a¥ < ¢ by (19) and

T
B¥ < ¢ by (20). Using induction and the relations (21) and (22), one easily
obtains that, for every u in H and every n > 1, o < ¢” and fp < c®. In
particular if ¢ < 1, then o — 0. That is, E(X}*) — 0 as n — oo. Note that

E(X}) =) kP(Xp=k)>> P(Xy=k) =1-P(Xy=0).
k=1 k=1
It follows that P(X}% =0) — 1 as n — oo. []
We admit that the hypothesis that sup m(z) < 1 in the above Theorem

4.14 is a strong one. However, it shouldm be noted that, first of all, nothing
is assumed about the mobility distributions. Secondly, the conclusion of the
theorem is also very strong in the sense that the convergence is uniform over
u, that is, sup P(X* > 0) — 0. The next theorem on extinction has a slightly

u
weaker hypothesis.
Theorem 4.15: If sup ¢ < 1, then for every u, such that m(u) < oo, an
T
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epidemic originating at u heads for extinction.

Proof: Denote sup 87 by c. It is easy to see by induction that, for every n > 1,
T

a¥ < m(u)c™ 1. Therefore, if ¢ < 1 and m(u) < oo, then a¥ — 0. The proof
is now completed as earlier. ]

The reader may note that under the hypothesis of Theorem 4.14, one surely
has sup 8% < 1 and, of course, for every u, m(u) < 1. After the above two

T
theorems, which assert that under certain conditions the epidemic heads for
extinction, we now go to a result describing when an epidemic does not.

Theorem 4.16: If Hi(0lu) = 0 for every u, then for every u such that
7 ({0}) < 1, an epidemic originating at u does not head for extinction.

Proof: We first show that H,(0lu) = 0, for every u and every n. Indeed,
G2(01u) = ¢g(0lu), by Equation(18) and the hypothesis. But this, in turn,
implies that H2(0lw) = 0 for all u, by Equation (17) and the hypothesis.
Induction will now do the job. In particular, for every u and every n, one has
P(X¥ =0) =Gnr(0lu) = g(0lu) = v,({0}), independent of n. It follows that
if 7,({0}) < 1, then X does not converge to zero in probability. ]

We shall discuss one more problem related to this model. Can it so happen
that an epidemic originating at some locations will head for extinction, whereas
an epidemic originating at others will not? We show that this cannot happen
unless there are deserts or unless the mobility is curtailed. A desert means a lo-
cation where an infectious person can not infect anybody else. More precisely,
we say that a point u € H is a desert, if the distribution =, is concentrated on
the singleton {0}. Also we say that there is full mobility in the habitat if for
every u, the density f,(-) is strictly positive everywhere. This means that an
infected person from any location can move to any other location with positive
probability by the time he becomes infectious. We are now ready to state the
main result.

Theorem 4.17: Assume that there are no deserts and that there is full mobil-
ity. Then, an epidemic originating at u will head for extinction, either for all
u € H or for nou € H.

For the proof, we need a little lemma on integrals. We simply state it with-
out proof, just because the proof needs Lebesgue integration theory, something
that we are not assuming from the reader. However, those who are familiar
with this theory will quickly agree that the result is indeed elementary. For
those who are not, here is a motivation: suppose {a,} is a non-negative se-
quence and you are told that for some strictly positive sequence {p,}, the series
> anpn = 0. It trivially follows that a,, must equal zero for all n. Analogously,
suppose that a(z) is a non-negative function of a real variable and you are told
that the integral [ a(z)p(z)dz = 0 for some strictly positive function p. Now
of course we cannot say that a(z) must equal zero for all z. However what the
lemma asserts is that a(z) is almost zero.

Lemma 4.18: Let a(z) be a non-negative function on the real line such that
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for some strictly positive function p(z), [a(z)p(z)dz = 0. Then for every
function q(z), [ a(z)q(z)dz = 0.

Proof of Theorem 4.17: We start by showing that G, (0 | u) increases with
n, for every u. This does not require any of the hypotheses of the theo-

rem. We prove by induction. First note that G1(0 | u) = g(0 | ») and
Hi(0lu) = [g(0]z)fu(z)dz >0, so that

Ga(0lu) = g(H;(0lu)lu) > g(0lu) = G1(0]u).

The inequality is a consequence of the fact that g(-lu) is a p.g.f. and hence
non-decreasing. Assuming now that G,,(0lz) > G,,—1(0lz) for all z, Equations
(17) and (18) can be used to show that Gn+1(0lz) > G,(0lz).

As a consequence, for every ., ligbn G, (0lz) exists, to be denoted by G (0l2).

From Equation (17), it follows that for every z, H,(0lz) is also non-decreasing
with n and hence has a limit, say Hoo(0lz). Further, the Equation (17) and
the Monotone Convergence Theorem [see Exercise 4, Section 0.4] give

Hy (0luw) :/Goo(le)fu(x) dz . (23)

Again Equation (18) and the continuity of g, gives
Goo(0lu) = g(Hoo (01 w) lw) . (24)

To prove the theorem now, suppose that for some ug € H, an epidemic starting
at up heads for extinction, that is G (0lug) = 1. We show that, under the
hypotheses of the theorem, Goo(0 | u) = 1 for all w, that is, an epidemic
starting at any u heads for extinction. First observe that the hypothesis that
there are no deserts, implies in particular, that v,,({0}) < 1. This, in turn,
implies that g(-lug) is strictly increasing and, hence g(tluo) = 1 if and only
if t = 1. Therefore, Equation (24) implies that Hoo(0lug) = 1. In view of
Equation (23), this means that [[1 — Geo(012)]fy,(z)dz = 0. Now invoke
Lemma 4.18, with a(z) = 1 — Goo (0l 2) and p(z) = fu,(x), to deduce that for
any u, [[1 — Goo(012)]fu(z) dz = 0, that is, Hx(0lw) = 1. This implies, by
Equation (24), that G, (0lu) = 1, as was to be proved. []

So far, we have been considering the spread of the epidemic over the entire
habitat. However, in practice one may be more interested in the spread of the
epidemic over certain pockets of the habitat. More precisely, let Ry, Ra, ..., Ry
be k disjoint sub-regions of the habitat. For any u € H, let X" for 1 <i <k,
denote the number of infectious persons in the region R; at time n, for an
epidemic starting at u. Note that we do not demand that Ule R, = H;

also, we allow for the possibility that u ¢ Ule R;. We may be interested in

the distribution of the vector process X* = (X%,..., X% ), in particular its
asymptotic properties. The methods of this section enable us to discuss these
issues as well. We discuss some of them in the exercises.
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4.6 Exercises

1. Consider the simple deterministic epidemic. Sometimes the following
function is interpreted as the frequency function of the time of occurrence
of a new infection.

wt)  1ldz , efntlt

N = = 1.
n n dt Aln+1) [n + eB(n+1)t]2

Show that this is indeed the probability density of a non-negative random
variable with mean log (n + 1)/4n.

2. Consider the simple stochastic epidemic with 8 = 1. Let ¢, be the Laplace
transform of p,, that is ,

qr()\):/ e Mp.(t)dt for X>0.
0

Show that

0= (r+1)(n-r)

= f 0< ,
)\+r(n+1—r)qrJrl or sr<n

gn=1/(A+n).
Hence deduce that

Cnlln—1)! 1
=" EA+j(n—j+1)'

3. Consider the simple stochastic epidemic. Let F(z,t) be the generating
function of p,(t) for 0 < r < n, that is,

F(z,t) = Zpr(t):ET .
=0

Show that F(x,0) = z™ and

oF OF 0*F

4. In the Chain-Binomial models, let P(sg, s1, . .., Sp) denote the probability
P(So = 50,51 = 81, --,5n = 8p)-
Show that in the Greenwood model

n n+1
'I"()! Zsi Z Ti
P(so,sl,...,sn) 1 q !

s1lsal - sulrpgq!
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and in the Reed-Frost model

sirjp1 n—1
7-0! ZO: iTi+

PSO 81...8): q H(l_qsi Sit1
( » 91y ) on 31182!___371!7-”_‘_1! - )

Let P(n, j,a) be the probability that a household of size n will have a total
of j cases when there are a initial cases. Show that for the Greenwood
model

j—a

. n—a n—a— .

P(”a])a):Z( k )pkq kP(TI,—CL,j—a,k)-
k=1

Show that for the Reed-Frost model, P(n,a,a) = ¢*("~% and

j—a

Pl =Y (" )@= P - 0 - ak).
k=1 k
Hence deduce that in the Reed-Frost model,
Pnsia) = (72 2) "9 PGja).

The idea is to describe, following R. Bartoszynski, a branching process
model of epidemics. Here is the set-up.
(i) Every infected individual passes through a period of illness of X +Y
days, that is, a period of incubation of X days followed by a period of in-
fectiousness of Y days. (X,Y’) has joint p.g.f. F(s,t) = > 3 Dmns™t".
m=0n=1
It is to be noted that Y is at least one. (ii) During the illness period of
X +Y days, a person may be detected and automatically isolated. The
probability of getting detected on a day is (1 — «) during the incubation
period and (1 — ) during the infectious period. Here 0 < , 8 < 1. (iii)
During the Y days of infectiousness an undetected individual makes a
certain number of contacts with the susceptibles. The number of con-
tacts for different days are i.i.d with p.g.f. R(t) = Y pe, rit*. (iv) Each
contact of a susceptible with an infectious, independent of other contacts,
leads to infection with probability v where 0 < v < 1. (v) The events
described above are independent for different individuals.
The interpretations of (i)—(v) are as follows. F' describes the nature of the
disease; R describes the social and environmental conditions like mobility
etc.; a and [ describe the efficiency of the health services in detecting the
cases; v measures the individual resistance via immunization programs
of the health services.

oo o0
(@) Put gmn= Y Pmi, Q)= > @mans™t".
k=n+1 m,n=0

Show that > oo gm,0s™ = F(s,1).

Show that for |s|] < 1 and |t| < 1, Q(s,t) = w

1-t¢
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(b)

(c)

(d)

(¢)

Put w,, = the probability that an infected individual remains unde-
tected and infectious for exactly n days. Show that

o0
wn =Y Pmm@™B" + (1= B)gmma™p" for n>1,

m=0

wgzl—anzl—BF(a,l).
1

Show that the p.g.f. of the number of persons infected by a single
individual during one day of his infectiousness (when undetected) is
given by R(1 — v+ ~t).

Let D(s) = 2 F(s,t)ly=1 = X 3 npmns™.

Show that F(a,1) is the probability that an infective remains un-
detected during the whole incubation period.

Show that D(a)/F(e, 1) is the expected length of infectious period
for those who remain undetected during the incubation period.

Let G(t) be the p.g.f. of the number of individuals infected by a
single infective. Show that
Gt) = 3 waRM1-7+70)
n=0

= 1-F(a,1) + F(o, BR(1 = v + 1))
F(a,1) — F(e, BR(1 — v + 1))
1-—
+1-5) 1-BR(1—vy+)
If R'(1) = v with 0 < 4 < 00, then show that G'(1) = yrD(a) in
case 8 =1, and, = fyr—lf—B[F(a, 1) — F(e, B)], in case 8 < 1.

For 0 < z < 1, put hi(z) = F(a,z) and ha(z) = F(a,1)— %1 .
Show that h} >0, h, > 0, kY > 0 and hY < 0.

Show that z = 1 is a root of hy = hs, and, if h1(1) < h5(1), then
this is the only root.

Show that if A} (1) > h%(1) then there is one more root z < 1 of the
equation h; = ho.

T

Consider the n-th generation of infected individuals as follows. Zy =
1 and for n > 1, Z,, = the number of persons infected by the Z,,_;
persons of the (n — 1)-th generation. Show that (Z,) is a branch-
ing process with progeny generating function G(t) as given above.
Define *(a, ) as the smallest positive root of

vyrz|[Fla,z) — F(a,1)]+1 -2z =0.
Show that
PlimZ,=0)=1 iff B<pB*(a,9).
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[There are generalizations to the case when there are N zones and
there is mobility for people from one zone to another.]

7. The idea is to describe a simple mathematical model for muscle move-

ments. This is due to S. W. Greenhouse.

Phenomenon: A muscle fibril consists of alternating thick and thin fil-
aments. During shortening and stretching they slide along each other.
While this happens, certain chemical interactions occur at the molecular
level. There are sites on the thin filament. Concentrate on one site now.
The site may be occupied by a molecule or may be vacant. There are
positions on the thick filament which are alternately ‘release’ and ‘load’
positions. A release position can pick up a molecule and a load posi-
tion can give a molecule. Suppose that 1,3,5,... are release positions and
2,4,6,... are load positions. Imagine a site now at 0 and sliding along the
positions. Wish to know whether a site is filled or vacant at time n, and
time is counted in units of positions crossed by the site. Note that if the
site is filled and arrives at a load position, then nothing happens and it
passes on to the next position. Similarly, if the site is vacant and arrives
at a release position then nothing happens and it passes on to the next
position.

In real life, positions on the thick filament are only release positions and
moreover, a site may pickup a molecule at any point between two release
positions. Further, during muscular contractions, the thin filament — and
hence, the sites — move with varying velocity. The slower the speed, the
greater the interaction and the parameters a and § given below change
with n. This is a simplified treatment.

Mathematically, Xy, Xi,... is a sequence of random variables each taking
values 0 (vacant site) and 1 (filled site). X is the initial position and
X, its state after n interactions. The two matrices A and B given below
represent the probabilities of transition from Xs, to Xs,.4; and from
Xort1 to Xopqo respectively.

1 0 1-8 B
A:(a 1—a> and B:( 0 1).

Here0<a<land0< g < 1.

Fori=0,1andn > 1, let p}, = P(X, =11 Xo =1).

Show that for even integers n,

1-[1 -1 =B~
1-(1-o)(1-8) ~’

(1 - =g

-(1-a)(1-8)

=4

1~
Pi=11-a)1=p"*+5 —
and for odd integers n,

1 [(1 - a)(1 - g1
- -

ph=B(1-a)
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1-[(1—a)(1 - G2
1=(1-a)(1-5)

8. The idea is to discuss a model for Leukemia proposed by I. A. Chow.
Phenomenon: The disease starts with anaemia and thrombocytopenia.
This is followed by the appearance of immature leukemic cells which
replace the normal mature leukocutes. As the disease advances the
number of immature granulocytes increases while the number of normal
cells (called polymorphonuclear granulocytes, abbreviated as PMNG) de-
creases. This is attributed to the fact that the abnormal immature cells
have a long intravascular life and capacity for mitotic subdivision com-
pared with normal cells. The incapability of the abnormal immature cells
in phagocytosis makes the patient very susceptible to infection or haem-
morhage leading to death.

Notation: Let A > 0 and g > 0 be two numbers. m = maximum number
of PMNG one can have. X (t)= Number of PMNG at time ¢t. X(0)=
initial number of PMNG at time 0 , say = ng.

Modelling Assumptions: The probability that PMNG will decrease by 1
during (¢,t + At) given that there are n at time ¢ is nuAt + o(At).
The probability that PMNG will increase by one during (¢, ¢+ At) given
that there are n at time ¢ is (m — n)AAt + o(At).

The probability that PMNG will not undergo any change during (t, t+At)
given that there are n at time ¢t is 1 — [np + (m — n)AJAt + o(At).
Define p,(t) = P(X; = nlXo = ng) for 0 < n < m, and = 0 for other
values of n. Set G(t,s) = Yo, pn(t)s™ , the p.g.f. of X;.

(a) Show that

dpn (t)
dt

(b) Show that

pn = (1-a)[(1-a)(1-)] " V248 (1-a)

=A(m+n—1)pp-1 +p(n+1)ppr1 — [np +(m—n)X pp .

%G(t, s) =(1—38)(u+ As) %G(t, s) — (1—8)AmG(L,s).
G(0,s) = s™.
(c) Show that

—(A+p)t —(Atp)t 70
G(t,s) = 1_/\+ue +)\+ue s
A+ p A+ p
1 — e~ (Atu)t 1 — e—(Atu)t m—no
X [1 - A © + © ]
A+p A+ p

(d) Show that X; is the sum of two independent random variables, say,
X} and X2, where

A+ ue—()d—lt)t

X} ~ B(ng,a) with « N

)
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1 — e~ (A+u)t

A+p
This can be interpreted as follows. The PMNG at time ¢ is made up
of two kinds. First, there are those of the initial ng which are still
surviving. Second, there are those that are liberated at some time
T < t and are still surviving at time ¢.

X2 ~ B(m — ng,B) with g =X

Show that
1— e—()\+u)t
E(X;) = —(Atp)t +mA\—-—
(Xt) = noe m N
I e G C WHR V) B p A
V(Xt) = nou n /\6 [1 € ]
— et —(AFu)t
+m A 1-e¢ ptde .
A+ A4p
Show that
1= e=Obmt 1™ [ 4 e~ Ot ™
po(t) = lu’ —_ A t # .
p+ de=(Atw) A+ p
Show that
_ 1 _(_#\"
po(00) = lim po(t) = (/\ T u) -
Assume that the volume of blood, say v units, is large and also the

PMNG at time ¢ is large. What is usually observed is Y3, the density
of PMNG, that is, the number of PMNG in unit volume of blood,
at time ¢t. Theoretically speaking, any of the X; cells has a chance
1/v of appearing in the unit volume taken for the PMNG count. So
it is believed that, given X; = n, ¥; is Poisson with parameter n/v.
In other words,

(n/v)"'e—(”/”)

P(Y;:TLIIXt:n) = T

for n'>0.

Show that the conditional p.g.f. of Y; given X; = n is e "(1=8)/v,

If H(t,s) is the unconditional p.g.f. of Y;, then show that
H(t,s) = Hyi(t,s) - Ha(t,s),
where
—(Atu)t —(A+n)t o
Hl(t’ S) _ |:1 _ A + He A + ue e—(l—s)/v] ,
A+ At p

_ =)t (At m=—no

1 — e~ (A +n) +/\1 e~ (M) ~(1=9)/u
A+ A+

Conclude that Y, just like X, is the sum of two independent random

variables.

Hy(t,s) = [1 —A
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©)

(k)

O]
(m)

Show that
1 — e~ (A n)t
B(Y) = (nofo) ™" + (mjn) A 5,
— e~ (A+p)t
v = mmoblmmﬁﬁfgr—]
BZ A e=Odmt [1 _ o=t
/o) e [1 e ]
1— e~ (A+mt L+ de~ (A tuit
AR | RIS 79 Falil i
+(m/v) X N a [ + (1/v) T ]
The parts (i) and (j) above are useful in estimating the parameters

and making predictions. Chow considers these also.

In practice (ng/v) and (m/v) are not observable and they are re-
placed by ng, the initial PMNG density, and m’, upper limit of the
observed PMNG density.

If the patient is under treatment then the chances of a PMNG lib-
eration from bone-marrow into the blood stream depends on the
time instant ¢ itself, apart from depending on the actual number at
that time. In other words, A is not a constant but a function of ¢.
Similarly p also is a function of ¢. These are denoted by A(t) and
u(t) respectively.

From now on this is what is assumed and m, Xqo, X;, no, pn and
G(t, s) are as defined earlier.

Argue that G satisfies a similar equation as earlier except that the
numbers A and p are now functions of ¢.

Show that
G(t,s) = [Gi(t,9)]™ [G2(t,9)]" ™,

where
t
Gi(t,s) = 1- {1+/ A7) B dT} e E®)
0
t
+ {1 + / A7) P dr } e ) 5
0

t ¢
Ga(t,s) =1— / A7) e dr e B 4 / A7) e dr e B 5
0 0

and

m&=£um+mmm.
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(n) Show that

t
E(X;) =noe ™0 + me”R(t)/ A(T) R dr
0
and

V(Xt) = noe—R(t) [1 — e—R(t){l + 2f()t )\(7‘) BR(T) d’r}]

+me=FO [EX(r) R dr [1— e RO [Ex(r) R dr] .
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