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Abstract

In India, the science of prosody, had its beginnings in the Vedic
period and has been held in high esteem, being regarded as a
vedanga or a limb of the Veda. The earliest work on prosody was
by Pingala which is generic and on which all the subsequent works
are based. It is an amazing fact that this early work already deals
with matters relating to problems of combinatorics. The main aim
of this paper is to give a brief description of this work of Pingala
and discuss in detail the mathematics arising out of it.

§1. Introduction

Classical Sanskrit composition is of two kinds: gadya (prose) and padya
(poetry). Sanskrit prosody, the study of the metrical scanning of San-
skrit poetry, called chandas Sastra, has its beginnings already in the
vedic times. In his classic work, Vedic Metre in its Historical develop-
ment, first published in 1905, E. V. Arnold ([3]) begins with high praise
for the Rgveda by remarking that The Rigveda is not a book, but a
library and a literature. At the end of the first chapter, he adds: To
whatever conclusions we may be further led in detail, it must be plain
that as works of mechanical art, the metres of Rigveda stand high above
those of modern Europe in variety of motive and in flexibility of form.
They seem indeed to bear the same relation to them as the rich har-
monies of classical music to the simple melodies of the peasant. And in
proportion as modern students come to appreciate the skill displayed by
the Vedic poets, they will be glad to abandon the easy but untenable
theory that the variety of form employed by them is due to chance, or
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the purely personal bias of individuals; and to recognize instead that we
find all the signs of a genuine historical development, that is of united
efforts in which a whole society of men have taken part, creating an
inheritance which has passed through generations from father to son,
and holding up an ideal which has led in turn to seek rather to enrich
his successors than to grasp at his own immediate enjoyment. If this
was so, then the vedic bards are also to be counted amongst ‘great men
and.....such as sought out musical tunes and set forth verses in writing’.

To quote another great British Indologist on the Indian contributions
to metres, here is what H. D. Colebrooke has to say in his essay entitled
On Sanscrit and Prakrit poetry, published in “Asiatic Researches” in
1808:xxx (and reprinted in FEssays on History, Literature and Religion
of Ancient India ([9])): The prosody of Sanskrit is found to be richer
than that of any other known language, in the variations of the metre,
regulated, either by quantity, or by the number of syllables both with
or without rhyme and subject to laws imposing in some instances rigid
restrictions, in others, allowing ample latitude.

A few words about the arrangement of the article: Since a general
reader, (for instance a mathematician) to whom this article is addressed,
may not be familiar with principles of prosody in general and Sanskrit
prosody in particular, this article begins with a rather discursive account
of some aspects of vedic prosody and also introduces some basic facts on
the rules of Sanskrit prosody in the first few preliminary sections. The
main theme of the paper which is the discussion of the classical work
of Pingala on prosody is taken up, beginning §5. The crucial section is
§8 , from the point of view of a mathematician, which deals with the
combinatorial aspects of Pingala’s work.

§2. The beginnings of prosody

As we said earlier, the beginnings of Sanskrit prosody go back to the
vedic times. The Brahmanas speak eloquently of the origins of metres,
colouring them with mysticism. The study of prosody has been held,
right from the early times, with the greatest of esteem; At the end of
section 7 of prapathaka 1 of the Nidana Sutra ([16]), we have for instance
the following stanza:

chandasam vicayam janan yah Sariradvimucyate
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chandasameti salokyamanantyayasnute sriyam

<t fa=a q== T watgg=a |
ST ATATEAT-ETgd FEaa

Translated roughly into English the above stanza reads:

One who a has deep knowledge of Chandas, shares, after liberation
from his body, the same abode of the Chandas, acquiring eternity, glory
and beatitude

Prosody has been described as the feet of the Vedas; it is thus one
of the limbs of the Veda - a vedanga. In Paniniya $iksa, we have the
following verse:

Chandah padantu vedasya hastau kalpo’tha pathyate
Jyotisamayanam caksurniruktam srotramucyate

Tea: U] 9999 =T HicdIsy qard |
sofasTaa Tfaes Tag=ad |

Chandas are the feet of the Vedas, Kalpa the hands, Astronomy the
eyes and Nirukta the ears.

The importance of the knowledge of chandas for understanding the
Vedas is emphasised in Brhaddevata (a text dealing with the gods of
the Rgveda, supposedly written by that ancient venerable vedic seer
Saunaka, verse 136, VIII, ([5]) as follows:

aviditva rsim chando daivatam yogameva ca
yo’dhyapayejjapedvapi papiyanjayate tu sah
wfafeaT =¥ =T &7 IHT T |
TS ATIASIGIT TTE=Ed g 9@ |

One who teaches or recites the Veda without having proper knowl-
edge of the applications, the seers, metres and Gods, becomes indeed a
sinner.
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As one of the earliest references to prosody, we have a verse (1.1.5) in
the Mundakopanisad ([10]), which lists chandas as essential for attaining
the “lower knowledge”, the higher one being that of the Brahman.

tatrapara rgvedo yajurvedo samavedo atharvavedah
Siksa kalpo vyakaranam niruktam chando jyotisamiti

dATI{] Ridqa] q\{lchl SIREEE 3]"4'&%3’2 |
foraT 9T TR faew g sfasfafa

The six vedangas which were considered essential for the understand-
ing of the Vedas are as mentioned above: $iksa, phonetics; kalpa, the
knowledge of the sacrificial rites; vyakarana, grammar; nirukta, etymol-
ogy; chandas, prosody; and jyotisa, astronomy.

These wedargas, whose beginnings can be traced already to the
Brahmanas and the Aranyakas, did not originally refer to independent
branches of knowledge but were only indicated as fields of study, essen-
tial for the understanding of the Vedas. As time went by, it was realised
that there was a real need to develop them as auxiliary subjects associ-
ated with the study of the Vedas. Hence, independent texts were written
in the (mnemonic) sitra style to expound these subjects. ([28]) . It is
perhaps worthwhile to mention, by the way, that the sutra style of writ-
ing is something unique to Indian literature. A very succinct definition
of a satra is found ([14]) in the Visnudharmottara purana and runs thus:

alpaksaram asandigdham saravat visvatomukham
astobham anavadyam ca sutram suatravido viduh

AT FET qaq faadga |
FENH A9 T g5 gAraar fag:
A sutra should have the least number of syllables, should contain

no doubtful words, no redundancy of words, should have unrestricted
validity, should contain no meaningless words and should be faultless!

The study of prosody which began in the vedic period evolved to
apply to classical Sanskrit and to the Prakrit poetry as well and had its
continued impact on the poetry of the later ages too.
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To quote an example, the slokas of the epics like the Ramayana and
the Mahabharata are derived by and large from the vedic metre anustup.
Indeed the vedic metre anustup came to be monopolised by the poets
of the classical age. On the other hand, the vedic metres tristup and
jagati led to metres used by poets and bards at the courts of various
kings.

In this connection, it is amusing to note, parenthetically, that the
great poet Kalidasa (who himself is probably the author of a work enti-
tled Srutabodha [21] on classical metres - though this work is attributed
by some to Vararuci) employs a vedic metre in a very appropriate con-
text in his great play Abhijnana Sakuntalam.

When Sakuntala is about to leave the hermitage of the sage Kanva
to go to meet her husband Dusyanta, Kanva offers a benediction, which
is set in the following beautiful stanza in the vedic metre tristup, with
11 syllables in each of its four padas.

ami vedim paritah klrptadhisnyah
samidvantah pranta samstirna darbhah
apaghnanto duritam havyagandhaih
vaitanastvam vahnayah pavayantu

Translated in to English, the stanza reads:

May these sacrificial fires, fixed in their places around the altar,
nourished by holy wood, with the darbha grass strewn around their
boundaries, removing sin by the fragrance of the oblations, purify thee!

srfafe afva: et
afage: gV FFr T |
Iqg=ar gha g
IqTTET IR IEId=g |
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§3. Units of prosody, the syllables

The etymology of the Sanskrit word for prosody chandas traces it to
various roots, for instance, it can de derived from the root chad, which
means “to cover”; incidentally, this is not the only possible etymological
derivation; there are several other possibilities too! Whatever be the
etymology of chandas and the consequent derived meanings, it denotes
the science of syllables in verses.

A syllable (aksara in Sanskrit) is a vowel with or without one or
more consonants. A syllable is called a laghu (short), (denoted by [), if
it consists of a short vowel followed by at most one consonant. A syllable
which is not a laghu is called a guru (long), (denoted by g). But there
is a proviso by which even a short syllable will be treated as long while
scanning, when it is followed by a conjunct consonant, an anusvara (a
nasal) or a visarga (an aspirant). Unlike in classical Sanskrit prosody,
where the nature of the syllables is also an important aspect of prosody,
vedic metre is governed solely by the number of syllables in a verse,
called the length of the metre. (a verse is called a pada in Sanskrit),
which forms the basic unit of Sanskrit poetry. Verses combine to form
a rk, or a stanza, which is a unit of a vedic hymn.

A stanza consists, generally, of not less than three and not more
than fifteen verses. A stanza may consist of metrically identical (sama)
or metrically different (visama) verses. Two or three stanzas combine
to form a strophe.

The following is an example of a rk in gayatri metre (a stanza with
three verses each of which has 8 syllables):

agnim ile | purdhitam |
yajridsya de | vam rtvijam |
hétaram ra | tnadhatamam |

which has the following arrangement of 8 syllables in each of its verses:
gd 1 g gt g L}
§ 9 L g 1 g L ]
4§ 9 9 gl g U [}

(According to one of the rules of prosody, the first and the last syllables
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.of a verse are ignored for scanning purposes.)
§4. Some works on prosody other than Pingala’s

As we shall notice presently, Pingala wrote a definitive work (in satra
style) on prosody, probably around the middle of the third century B.C.
As is the case with such definitive works, (for example the Astadhyayr
of Panini), Pingala’s work systematises and improves upon the work
of many earlier authors on the subject. The names of Yaska and the
otherwise unknown prosodists like Saitava, Rata, Mandavya, Tandi,
Kraustiki and Kasyapa are mentioned as some of those who preceded
him. Like Panini once again, who dealt with classical Sanskrit gram-
mar rather than vedic grammar, Pingala, though he begins his work
with vedic metres, deals for a substantial part with classical metres.
It should be remarked that works like the Chando viciti (called Tatva
subodhini), which is a part of the Nidana Sutra (which is a $rautae
satra of the Samaveda, and is supposed, according to some, to have
been written by the great Patanjali, who wrote the Mahabhasya - the
“great commentary” - on Panini’s Astadhyayi), Rkpratisakhya (written
by the venerable Saunaka), Sankhyayana Brahmana, associated to the
Rgveda and Rksarvanukramant, also deal with various aspects of vedic
metres. The Agni purana, Narada purapa, Garuda purana, and the
Vispudharmottara purana, Natya Sastra by Bharata, and Varahamihira’s
Brhat samhita are some of the fairly old texts which have separate sec-
tions dealing with Sanskrit prosody. Subsequent to the classic work of
Pingala, apart from commentaries on it, like that of Halayudha (called
Mrta sanjwant ([11]), that of Yadava Prakasa ([19]), there have been
many authors like Kedara Bhatta ([25]), Svayambhi (847 A.D.),
Ksemendra (1100 A.D.) and Gangadasa (1500 A.D.)([6]) and others
([26]), who have written texts on prosody. As we mentioned earlier,
even Kalidasa is said to be the author of the text Srutabodha, dealing
with classical Sanskrit prosody. All of these are heavily influenced by
the monumental work of Pingala. There have also been many Jain au-
thors who have written on prosody, like the author of Janasrayt (6th to
the 7th century A.D)([12]), Jayakirti (1000 A.D.) Jayadeva (1000 A.D.)
and that polymath from Gujarat, Hemacandra (1088-1172 A.D.)([7]).

§5. Pingala, the author of Chandas Sitra

As is the case with many of the ancient personages in India, very little
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is known about Pingala himself except that he was highly venerated
and referred to as Pingalacarya or Pingala Naga. (Naga in Sanskrit
means a serpent and serpents are supposed to be endowed with great
wisdom). Some think that he was identical with Patanjali the author
of the Mahabhasya. Sadgurusisya in his commentary (1187 A.D.) on
Rganukramant refers to Pingala as paniniyanuja which can be inter-
preted to mean that Pingala was a younger contemporary of Panini
or even that he was the younger brother of Panini. Though, conjec-
turally, it is thought that Pingala lived in the middle of the third century
B.C.,the precise period of Pingala is hard to determine. Most probably,
Pingala was a younger contemporary of Panini and belonged to the third
century B.C. With reference to his place of birth, we are equally igno-
rant, though it is surmised that he might have been born somewhere on
the west coast of India. That he lived near a coast is perhaps obliquely
corroborated by the statement in the Paricatantra (2,36) (cf. [18], p.
255) about the manner in which Pingala met his death. Stressing the
theme that even the meritorious ones can not take it for granted that
they are safe from assault, it is mentioned there

chandojniananidhim jaghana makaro velatate pingalam

Translated into English, it reads Pingala, the repository of the knowledge
of metres was killed by a crocodile on the sea shore. The full verse in
fact says that Panini was killed by a lion, Jaimini by an elephant and
Pingala by a crocodile. Albrecht Weber in his book, “Uber die Metrik
der Inder” ([27]), guesses that this enumeration is perhaps in the order
of time and therefore Pingala probably was later in time than Panini
and Jaimini.

§6. Pingala’s Chandas Sttra

However uncertain one is about Pingala as a man and his life history, his
work on chandas (in eight chapters, containing 315 satras) is very much
extant and has been commented upon, as we said earlier, by several dis-
tinguished authors including Halayudha (11th century), Yadava Prakasa
(11th century), the latter being the well known teacher of Ramanuja.
As we also mentioned, there are several later texts on Sanskrit prosody
based on Pingala’s work, one of the most important one being by Kedara
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Bhatta (12-13th Century). We note also that in the Agni purana ([1]),
chapters 327-334 give a summary of the Chandas Sastra as expounded
by Pingala, beginning with a description of prosody thus:

chando vaksye mulajaistaih pingaloktam yathakramam

GaT Te goAured: fagers T |

In Varahamihira’s Brhatsamhita ([23]) in section 104, which deals
with grahagocaradhyaya (movements of planets), verse 58, emphasising
the rule of prosody (already found in the first chapter of Pingala’s Chan-
das Sutra), reads:

prakrtyapi laghuryasca vrttabahye vyavasthitah
sa yati gurutam loke yada syuh susthita grahah

THATT A99S Jaqrey Aareda: |
| IqTfq Tear Ar@ &7 & grerar ugr: |

Very much like the final syllable in a verse which is deemed long by
the rules of prosody even if it is short, a person though of mean birth,
and reprehensible in character, becomes respectable in this world, if the
planets are favourable. '

87. A brief discussion of Pingala’s Chandas Siitra

As we said earlier, Pingala’s Chandas Sutra contains 315 sutras dis-
tributed over eight chapters. Among these, the satras of the first three
chapters and the first seven sutras of the fourth are devoted to vedic
metres. As mentioned before, the two basic building blocks of Sanskrit
prosody are the guru (g) and the laghu (I). These correspond to the
Greek syllables: thesis and arsis. From these, the following groups of
disyllables can be built:

"

— pyrrhic

g g — which in Greek is the disyllable spondee

Il g — " iambic

g | - " trochaeus
I 1
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Obviously, the number of trisyllables is eight and are as written
below:

Trisyllable Greek name Sanskrit name

gg9 molossus magana
lgg bacchius yagana
glg amphimacer ragana
llg anapaestus sagana
ggl antibacchius tagana
lgl amphibrachys  jagana
gll dactylus bhagana
111 tribrachys nagana

In the first chapter of his work, Pingala gives the mnemonics ma, ya,
ra, sa, ta, ja, bha, na to the set of trisyllables written above. Any trisyl-
lable is called a gana, so that the trisyllables are denoted, respectively
by magana, yagana, ragana, sagana, tagana, jagana, bhagana, nagana.
These are referred to in the Pingala’s Chandas Satra as astau vasava iti.
Pingala remarks that these ganas along with the guru and laghu form
the basis of all prosody.

Many works on prosody, like Vrtta Ratnakara of Kedara Bhatta
(1150 A.D.), the commentary of Yadava Prakasa (circa 1050 A.D.) and
many other commentators of Pingala’s work have the following couplet
which expresses poetically the pre-eminence of the above ten units of
prosody:

myarastajabhnagairlantaih ebhirdasabhiraksaraih
samastam vanmayam vyaptam trailokyamiva visnuna

e AT ghdwhireat: |
QU I STH AT Ha fawEr
The world of speech is enveloped by the ten units ma, ya, ra, sa, ta,

ja, bha, na, g and l, like Lord Visnu permeating the three worlds.

(The same statement is also made by Sadgurusisya in his commentary
of Rksarvanukramani.) We quote another sloka given by Kedara Bhatta
in his Vrtta Ratnakara, which gives a mnemonic for the eight ganas:

adimadhyavasanesu bhajasa yanti gauravam
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yarata laghavam yanti manau tu guru laghavam

ATFETATIETY JSTET i~ T |
IqT ATHE AT 74T g [edrEa |
A rough translation in to English of the above $loka reads:

The guru moves into the first, middle and the last position in bha,
ja and sa. The laghu moves into the first, middle and the last positions
in ya, ra and ta. ma and na represent all gurus and all laghus.

There are many features of Sanskrit prosody which distinguish it
from the Greek. Greek prosody had its origin in music and dance,
whereas in India, prosody began with the vedic chants. Also, whereas
in Greek prosody, scanning is achieved though the analysis of the posi-
tion and nature of disyllables, in Sanskrit, it is through the analysis of
trisyllables and the two single syllables g and [.

We include at this point a few facts on vedic as well as classical
prosody. In general, metrical music deals with three factors: the sound
value of a syllable, syllabic quantity and the time taken for the utterence
of a syllable. In vedic metres, the music depends only on the modulation
of the voice in the pronunciation of the syllables; the essential features of
the syllables, namely whether they are short or long do not matter. On
the other hand, the music of classical metres depends on the essential
features of the syllables, their variations and their order of succession.
Hence, in classical prosody, a single letter could not be the unit of a
metrical line as in vedic metres. A mere mention of the number of syl-
lables which are all independent units sufficed to give an idea of the
metrical line in the vedic metre and there was no need to give the es-
sential features of the letters nor was it necessary to say how they were
related to each other. But both these points required to be stated in the
case of classical metres. Hence a method had to be found for scanning
classical metres. Units of two syllables and their fourfold combinations
are a choice and such a choice was indeed tried out by a Jain prosodist,
as has been pointed out by H. D. Velankar in his book Jayadaman([13]).
But these were found to be inadequate to express the basic constituents
of the music of a metre, especially in the case of longer verses. So a
new unit had to be found by the classical prosodists, which was neither
too long nor too short. In ancient India, the number 3 was the least
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number which denoted multiplicity; the number 2 did not really signify
plurality and indeed enjoyed too special a status. This is perhaps one
of the reasons why, as H. D. Velankar suggests in his Jayadaman([13]),
groups of three syllables were chosen by the ancient prosodists of India
for scanning classical metres.

The second chapter of Pingala’s Chandas Sutra introduces and dis-
cusses various aspects of the seven basic vedic metres: gayatri, usnik,
anustup, brhatz, pankti, tristup and jagati. Gayatri consists generally
of three padas of eight syllables each and hence has 24 syllables in all,
and from then on, the number of syllables in these metres increases by 4
at a time, so that usnik has 28 syllables, anustup has 32, brhat? has 36,
pankti has 40, tristup has 44 and jagati has 48. Eight different varieties
of these metres, are also discussed. Thus the seven basic vedic metres
are divided into eight forms each, and totally there are 56 different kinds
of metres.

In the third chapter, the notion of a pada (foot) in Sanskrit prosody
(which is very different from the notion of a ‘foot’ in Greek prosody)
is discussed. Rules regarding filling of a pada are also discussed. For
example, in the gayatri when the number of syllables falls short of the
required number of eight syllables, as in the following:

tatsaviturvarenyam

geafaga v

where there are only seven syllables, one should scan it as:

tatsaviturvareniyam

changing y to iy.

In this chapter, nine forms of the gayatri metre in terms of the
number of padas are described. To give an example, one could have
a gayatri stanza containing four padas with six syllables each, which is

called catuspada gayatri. Halayudha, in his commentary gives such an
example from the Atharvaveda, Kanda 6, Sakta 1.1 ([4]).
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It is interesting to note that a non vedic catuspada gayatri stanza
(attributing it to the Paricalas) is also quoted in the Nidana Sutra
(prapathaka 1, Chando viciti)([16]), whose meaning is unclear.

It is also interesting to note that in §16 of the Rkpratisakhya ([20]),
there is an example of such a stanza (stanza 7), which is given by
Saunaka. The stanza runs as follows:

indrah Sacipatir balena vilitah
duscyavano vrsa samatsu sasahih

T AT AT Jifea: |
FATAT INT gHeq qrafg: |

This stanza is also found in the Nidana Siatra (prapathaka 1, Chando
viciti)([16]). A small part of this stanza occurs in the Rgveda (Eighth
Mandala, 19;20) namely:

yena samatsu sasahah

9T HHCY A@TEE:
(Yadava Prakasa in his commentary of Pingala Chandas Sutra notices
this fact).

Similar forms of other metres are also discussed in this chapter. Men-
tion is made of a class of those metres whose first and last verses have
correct number of syllables, but whose middle verses have smaller num-
ber of syllables. Such metres are called pipilika madhya that is, with
a middle like that of an ant! For example, there are gayatrs stanzas in
which the first and the last padas have eight syllables but whose middle
pada has only three syllables. A general rule states that the number of
syllables in the first pada determines the metre.

To the seven basic metres are sometimes associated the seven svaras
of music : namely sadja, rsabha, gandhara, madhyama, panicama, dhai-
vata and nisada (respectively); also the following colours: sita (silvery),
saranga (variegated), pisanga (brown), krsna (black), nila (blue), lohita
(red) and gaura (white); and to the seven rishis: Agnivesya, Kasyapa,
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Gautama, Angirasa, Bharadvaje,Kausika and Vasistha. These identifi-
cations are intended as alternate methods to identify these metres, in
case there is a confusion!

In chapter 4, after discussing fifteen kinds of vedic metres from utkrti
to jagati, Pingala introduces the cryptic statement ‘from now on classical
metres’ and from then on, he deals only with classical metres till the end
of the book. He in fact deals in the rest of this chapter with the so called
matra vrttas, that is those metres of classical Sanskrit based on the
syllabic instants (a syllabic instant being the time taken to pronounce a
short syllable: a long syllable takes twice as much time and is therefore
said to constitute two syllabic instants). He discusses, in particular,
the Arya and the Vaitalzya metres. (We note, incidentally, that the
Aryabhattya of Aryabhata is written in the Arya metre.)

In the fifth chapter, Pingala discusses the so called vrtta chandas.
He classifies stanzas with four padas into three types: sama, ardhasama
and visama. Samavrttaes are those which consist of the same number of
syllables in each pada, while ardhasamavrttas have the same number of
syllables in the first and the third padas, as well as in the second and
the fourth padas. visama vrttes are those in which all the padas have
unequal number syllables.

The aim of the sixth chapter of Pingala’s Chandas Sutra is principally
to define the notion of yati (caesura). The satra which describes yati
is yati vicchedah. The word vicchedah signifies ‘resting place’. It is the
mechanical pause introduced in the middle of the verse. As against the
irregular pauses in the vedic metres like tristup and jagati, it is regularly
admitted in classical metres. While the origin of yati can be traced to the
need for the ease of recitation, it evolved into an art and ornamentation
in classical poetry. The concept of yati has been discussed at length
by all the later prosodists and has become a regular feature of classical
vrttas. The effectiveness of yati in classical Sanskrit poetry, is best
illustrated in the beautiful verses of the exquisite Meghaduta of Kalidasa
(in the slow-moving, majestic metre of mandakranta, a classical metre,
with seventeen syllables, with pauses at the end of the fourth and tenth
syllables in each pada).

In the seventh chapter, Pingala describes and discusses metres ati-
jagatr, Sakvari, atisakvari, asti, atyasti, dhrti, atidhrti, krti, prakrti,
akrti, vikrti, samkrti, abhikrti and utkrti which are the so called atichan-
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das (hyper metres) containing 52, 56, 60, 64, 68, 72, 76, 80, 84, 88, 92,
96, 100 and 104 syllables respectively. At the end of the chapter, he also
explains the metre dandaka.

The eighth chapter which is the concluding chapter of Pingala’s book
begins with the satra, atranuktam gatha, Pingala’s idea is to include in
this chapter those metres which had not been mentioned in the earlier
chapters.

The last fifteen satras of this chapter (sutras 20 till 35) are the most
interesting ones from the point of view of mathematics and deal with
binary arithmetic and combinatorial questions arising out of the study
of prosody. We shall discuss these in the next section.

§8. Pingala’s stitras and binary arithmetic

Since prosody deals with two symbols [ and g and their repetitions, it is
rather an easy miatter for us (who live in this computer age) to guess!
that the study of prosody should naturally lead to questions on binary
arithmetic. Indeed, the study of prosody did lead the ancient Indian
mathematicians to binary arithmetic and combinatorics, as is evidenced
by the sutras 20-35 in the eighth chapter. As is usual with Pingala,
these satras are cryptic to the point of being obscure. However, as
is customary with the ancient Indian system of preserving knowledge,
the later commentators of Pingala’s Chandas sutra have provided ample
explanations of the sutras ([17], [22]).

The sutras 20-23 deal with the construction of the so called prastara
of a metre, which can be translated roughly into English as a matrix or
an array of syllables. The laghus and gurus in a metre of a given length
are listed horizontally as rows (or lines) in a prastara. This device of
a prastara can be thought of as a table written either on the ground
or on a board. The rules for the construction of a prastara, for metres
of length one, two or three are given in these sutras. For example, the
prastara for a metre of length 1 is obtained by first writing the symbol
g (for guru) and beneath it the symbol [ (for laghu). The prastara for

'One remembers the words of Schiaparelli, the Italian historian of Early Greek
Astronomy who wrote in the introductory section of his paper on the work of Eudoxus
on Astronomy: “Tutto il nostro merito sta nell’esser venuti al mondo piu tardi”: ‘Our
sole merit consists in having come to the world a little later’.
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a metre of length 2 starts with a horizontal row with two gurus: g g.
We begin the next row , by writing ! (for a laghu) below the first entry
g of the first row and write g below the second entry g of the first row,
so that this row reads I g. In the third row, we begin with a g and
write a [ beneath the next entry g of the second row so that, the third
row reads g [. We begin the fourth row with an [ and write a [ below
the the next entry [ of the third row. The prastara for a metre with two
syllables is now complete and is the array of four horizontal rows

~
~ ~ O v

1
2
3
4

~

consisting of two syllables each. The general rules for constructing the
prastaras of metres of a given length n are similar and explained by
the sutras. Namely, we start with a horizontal row consisting entirely
of n gurus. The rest of the rows of the prastara are constructed by
using the following rule: Start any row and continue filling the row with
gurus until we see for the first time a guru in the previous row. Then
write a laghu as the entry for this row below this guru and from then
on, copy the rest of the syllables from the previous row. We continue
filling rows this way until we reach a row consisting of all laghus, where
we stop. 2 This method applied to two syllables gives obviously the
prastara of two syllables we have written above. The prastarae for a
metre of three syllables, using the rule described above gives the table
for the eight ganas (trisyllables) we wrote down in the beginning of the
previous section.

The sutra 23 reads vasavastrikah, which simply enumerates the num-
ber of trisyllables as eight! (there are eight vasus according to the vedic
lore!)

2As has been kindly pointed out by Professor M.G. Nadkarni, this rule applied
to infinite sequences of zeros and ones (g = 0, [ = 1) gives rise to a transformation
on the space of sequences of zeros and ones. It is a very basic object in ergodic
theory called dyadic adding machine or odometer transformation, and when viewed
as a transformation of the unit interval, it is called von Neumann transformation, a
name given by Kakutani. This transformation plays a very important role in orbit-
equivalance theory and related areas.
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Let us also add one more fact regarding the construction of the
prastara. We number the rows of a prastara serially with the first row
of the prastara consisting of all gurus being numbered as 1.

Before discussing the rest of the sutras, it is perhaps convenient to in-
troduce a stanza which lists the various techniques, termed as pratyayas,
by which some arithmetic questions related to metres can be analysed.
This stanza is found in text books on prosody subsequent to Pingala’s
work. For instance, it is found in Kedara Bhatta’s vrtta ratnakara, ([25])
Yadava Prakasa’s commentary of Pingala’s Chandas Sutra, Hemacan-
dra’s chandonusasana, and in many other works on prosody. The stanza
in question ([25], p. 187) reads as follows:

prastaro nastamuddistam ekadvayadi lagakriya
sankhya caivadhvayogasca sadete pratyayah smrtah

TS TEgfEy THgdTe dr=har |

AT TN Y YT SaT:

As we said, the above stanza enumerates the various components of
some of the arithmetic aspects of prosody, namely: (i) prastara (whose
meaning we just now explained), (ii) nastam, (iii) uddistam, (iv) ekad-
vayadilagakriya, (v) sankhya, (vi) adhva yoga.

The following stanza ([25], p. 188) summarises what we said already
about the way a prastara is constructed:

pade sarvaguravadyallaghum nyasya guroradhah
yathopari tathasesam bhuyah kuryadamum vidhim
dane dadyad guraneva yavat sarvalaghurbhavet
prastaro’yam samakhyatah chandovicitivedibhih

T GEETETEY e U |

T Uy 37 Fgteq fafaT

FA AT TEAT JTaHITgHaq |

TETUST qHTEATT: Grarararaatan: |

We shall describe now each of the other aspects listed above re-

lated to the arithmetic of prosody. Sutras 24 and 25 of chapter eight of
Pingala’s Chandas Sutra, which read:
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(24) Uardhe
and
(25) saike g

refer to the process of nastam and this word means ‘vanishing’ or ‘dis-
appearance’. Suppose that the prastara of the metre (which is usually
written on the sand) has been erased by mistake. The process described
shows how to recover the metre only through the knowledge of the num-
ber of the row in which the particular metre had appeared. This process
is illustrated by the following example: Suppose that we know that a
certain metre with a fixed number of syllables say 6, occurs as the 44th
row in the prastara, how does one write down the corresponding me-
tre? The answer is given by the two sutras above as elaborated further
by the following stanza in Vrtta ratnakara ([25], p.192), which explains
the process nastam. (There are similar explanations of these satras in
Halayudha’s and Yadava Prakasa’s commentaries.)

nastasya yo bhavedankastasyardhe’rdhe same ca lah
visame catkamadaya tasyardhe’rdhe gururbhavet

TEE g Yasgeaardasy g9 T o |
favr ITamaT Femdsd wiET

The procedure indicated is best explained by applying it to the ex-
ample mentioned above: the number 44 being divisible by 2, we write
an | (for laghu) and divide 44 by 2 to get 22. The number 22 being
still divisible by 2, we append an [ to the earlier laghu and divide 22 by
2, to get 11. Up to this point, the procedure is indicated by sitra 24
which says if it is possible to halve, then an . When we, however, hit
the number 11 which is odd, satra 25 takes over and it says otherwise
add 1 and a g. Now add 1 to 11 and write a g (a guru). The number
now is 12, which is divisible by 2; and we divide by 2 to get 6. Now 6
being divisible by 2, sutra 24 applies, we write an [ and divide 6 by 2.
We get 3 which is odd. Sutra 25 tells us that we should add 1 and write
a g. We now get 4, which we divide by 2 to get 2. We write an [ and
divide 2 by 2 to get 1 as quotient and we stop here (since the metre has
6 syllables) and the metre we are looking for is
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This is also the general rule given in the sutras 24 and 25 (and
explained in the stanza) for writing down a metre, given the number of
its row in the prastara.

The process uddistam is indicated by two satras of the Chapter 8 of
Pingala’s Chandas Sutra which read:

(26) pratilomaganam dvirladyam
and

(27) tatogyekam jahyat

and expanded upon in the following couplet of Kedara Bhatta ([25],
p.194):

uddistam dvigunadyadyuparyankansamalikhet
laghustha ye tu tatrankastaih saikairmisritairbhavet

3fee fapumerrdgTEETfeEe |
TAYRIT ¥ T TATGTR: FRfATIRET |

These sutras, as interpreted by the couplet above, answer the follow-
ing question: Suppose that one is given a metre with a certain number
of syllables what is the number of the row representing this metre in the
prastara?

The process uddistam is thus the converse of nastam and can be
translated as ‘determination’; it gives a method of determining the num-
ber of the row representing a metre with a certain number of syllables.

The answer, as given by the couplet is the following: We make the
number 1 correspond to the first syllable from the left and from then
on, make powers of 2, namely 2,4,8, ... correspond to each succeeding
syllable. Ignoring the powers of 2 corresponding to the gurus of the
metre and adding the powers of 2 corresponding only to the laghus of
the metre and increasing this sum by 1 gives the requisite number of
the line in the prastara. (Put in the mathematical language, one thinks
of the metre as a mnemonic for a dyadic expansion by thinking of the
laghus as representing 1 and the gurus as representlng 0!) Let us consider
as an example, the metre
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as above. Then the number in question is 1 + 2 + 8 + 32 = 43 increased
by 1, that is 44.

It should be remarked at this point that the satras 26 and 27 as stated
by Pingala do not suggest the above procedure outlined by the couplet.
The satras themselves have been interpreted by Halayudha in a different
way and this interpretation is also found in the commentary of Pingala’s
Chandas sutra by Yadava Prakasa. We shall discuss this presently. But
before doing this, let us note that the processes of uddistam and nastam
described above, together give a one to one correspondence between
non-negative integers and their dyadic expansions, via, metres. In fact,
given any metre we get an integer by the process described above, (by
assigning the value 1 to a laghu and 0 to a guru and assigning the
value 271 to the syllable which occurs at the ith position from the left;
summing these numbers and adding 1 to it we get the number of the row
corresponding to this metre in the prastara). Conversely, sutras 24 and
25 (explained further by the process of nastam) assign to every integer
a metre. These two processes are obviously inverses of each other. We
further note that the metre which consists only of gurus corresponds to
the dyadic expansion of 0 and since this is the first row of the prastara,
the number of the row corresponding to any metre is one more than the
number given by the corresponding dyadic expansion.

We shall now give the interpretations of Halayudha and Yadava
Prakasa of the sutras 26 and 27 of Pingala, which give a very interesting
method of computing the number represented by a dyadic expansion.

We shall explain this principle now, mainly through examples, and
then state the general principle without proof (the proof is easy to es-
tablish).

Consider for example the string of syllables:

I g |1

The rule given by the sitras (and explained by Halayudha and Yadava
Prakasa in their commentaries), applied to the above metre says that we
first look at the syllable on the extreme right. Noting that this syllable
is a laghu, we attach the value 2 to it. We next look at the syllable to
its immediate left. Noting that this is a guru, we attach to it the value
3 which is one less than twice the number 2, attached to the previous
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syllable. We then look at the next syllable to the left which is a laghu.
To this we attach twice the value attached to the previous syllable and
this is 6. The number of the row representing this metre in the prastara
is 6!

We note that according to our earlier computation, the above row of
syllables represents the number 1 + 4 increased by 1 which is 6 again!

As we shall remark presently, the above process applies, in general,
to all metres of a given length n and the number associated to the
first syllable is indeed the number of the row of the given metre in the
prastara of metres of length n.

We look at the gayatrz metre, considered earlier, as another example.
I I g 1 g 1

We assign the value 2 for the laghu on the extreme right, the value
4 — 1 = 3, for the next syllable on its left which is a guru and then 6 for
the next which is a laghu, then 11 for the next syllable which is a guru
and 22 for the next syllable which is a laghu and finally 44 for the first
syllable on the extreme left which is a laghu. This is the number for the
gayatri row in the prastara for a metre of six syllables!

The general rule can now be formulated: If we take a metre of any
length, and wish to find out what its number is as a row in the prastara
of metres of this length, we start by giving the value 2 or 2—1 = 1 to the
syllable on the extreme right, according as it is a laghu or a guru. We
multiply this number by 2 and attach this number to the next syllable
on its left, if it happens to be a laghu or attach this number decreased by
1 if this syllable happens to be a guru. Keep on repeating this procedure
till we reach the beginning syllable of the metre. The number attached
to this syllable is the number of the row in the prastara.

It is easily verified that the number obtained by the procedure indi-
cated above coincides with the number given by the dyadic expansion
(by assigning the value 1 to a laghu, 0 to a guru, increased by 1).

Thus, the above is another method of finding a number through its
dyadic expansion and this does not use addition of terms (as the earlier
one did) and is more algorithmic, suited to the computer. In this sense,
this ancient method is as modern as that of the computer! Actually, the
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sutra 26 says that we first reverse the metre and carry the process from
left to right.

We now turn to the sutras 28 to 32 and 34, 35 of Pingala, which deal
with the combinatorics given rise to by the study of metres. The satras
in question are:

(28) dvirardhe;
(29) rupe Sanyam;
(80) dvi sanye;
(31) tavadardhe tadgunitam;
(82) dvirdyanam tadantanam;
(34) pare parnam;

and

(35) pareparnamiti.

The questions asked and answered are: How many metres with a
given length have gurus ocurring once, twice etc? How many metres
are there with a given length? These questions which naturally arise in
the study of prosody, obviously deal with the theory of permutations
and combinations. We shall see that in this connection, the so called
Pascal triangle, from which one can read off the binomial coeflicients
was already constructed by the ancient prosodists of India.

These topics are covered under the headings ekadvayadilagakriya and
sanikhya by the later prosodists like Kedara Bhatta and others. (As a
matter of fact, Pingala’s Chandas Sutra deals with these topics in the
reverse order.) Pingala’s sutras 28-32 treat sankhya and 34 and 35 with
the computation of number of metres of a given length with prescribed
number of gurus and laghus in it, through the combinatorics of what is
now known as the Pascal triangle.) The two verses in Kedara Bhatta’s
work ([25], p.196) which describe the first process is the following:

varnan vrttabhavan saikan auttaradharyae tah sthitan
ekadikramatas$caitanuparyupari niksipet

upantyato nivarteta tyajennekaikamurdhvatah
uparyadyat gurorevamekadvayadilagakriya
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U FEIAT & Arada: fear |
THIeRAaEargegate i

IqT=Tar fada aerATaEd: |
I TR SgAT AT HAT |

The method to find the number of metres of length n in which gurus
and laghus occur once, twice etc, as suggested in the above verse, is the
following;:

We start with a row of length n + 1 consisting of the number 1. (In
what follows we assume for simplicity that n = 6 and the next figure
illustrates the procedure for n = 6.)

11 1 1 1 11
12 3 4 5 6
1 3 6 10 15
1 4 10 20

1 5 15

1 6

1

We start the second row with a 1. For the next position we take
the sum of the number which precedes it in the row (which is 1 in our
example) and the number of the previous row in the position above it
(which is 1 again in our example), and the sum here is 2. We choose the
next number of the row to be once again the sum of the two numbers,
one which is in the preceding position in the row and the number in the
position above it in the previous row.

Hence, in this case, we take 241=3 as the next number in the second
row. The third number in the second row is chosen similarly and we
continue this procedure, and end the second row with the number of
entries one less than that of the first row. In our example, the second
row has therefore 6 entries, the last entry being 5+ 1 = 6. We start
the third row once again with a 1; choose the number for the second
position of the row the sum of the number in the row in the position
preceding it which is 1 in our case and the number in the position above
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it in the second row which is 2 so that we take 1+2=3 as the second
number of the third row. We stop this row once again with the number
of its entries one less than the second row, which is five in our example,
the last entry being 104+-5=15. We continue this process until we stop
with the (n + 1)th row which has just one entry namely 1.

The number of metres with n syllables in which guru appears only
once is given by the last number of the second row, which is n. This
number is obviously also the number of metres of length n, in which the
laghus appear n — 1 times. The number of metres of length n in which
gury appears exactly twice is given by the last number of the third row
which is seen to be n(n —1)/2. More generally, the number of metres of
length n in which the guru appears i-times is given by the last term of

the (¢ + 1)th row, and which is (7;

Thus, the array constructed with the specifications of the two verses
above gives a computation for the binomial coefficients and is the so
called Pascal triangle, (with its base tilted by 45 degrees) which was
constructed by Pascal in 1654. This device had however been used
by the Indian prosodists, under the name meru prastara, at least two
thousand years earlier, in connection with the study of metres.

It is interesting to note that Bhaskaracarya II, the mathematician,
who lived in the 12th century A.D, in his famous book of problems
called Lilavati, has the following verse ([8]) which asks for the number of
metres with a prescribed length and with a specified number of gurus or
laghus (and the commentary provides a very simple algorithm for finding
these.) The verse in question (for the gayatri metre), for example, is the
following;:

prastare mitra gayatryah syuh pade vyaktayah kat:
ekadi guravascasu kathyatam tatprthak prthak?

gy fJ | s o 9 e s |
THITIEETY FAAT qoqud 0% ?

The figure below gives the solution: We begin a row with the length
of the metre as its first entry. The succeeding entries of the row are those
gotten by decreasing this number successively by one at a time, the last
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entry of the row being 1. Below this row, we start a new row beginning
with 1, the succeeding numbers in this row being those obtained by
increasing the numbers successively by one, the last entry of this row
being the length of the metre. We fill in a new row above these two rows
by the following numbers. The first entry in the new row shall be the
number obtained by multiplying the first entries of the two rows below,
so that we get as the first entry of the row above as 1 x 6 = 6. The next
entry of the new row is obtained by multiplying the first two entries of
the first row and dividing it by the product of the first two entries of the
second row, so that we get in our example, the number in the new row
to be %% = 15. The third entry in the new row shall be the product of
the first three entries of the first row divided by the product of the first

three entries of the second row, which for our example is the number

6x5x4 __
1x2x3 — 20.

We continue the process, till we get the last entry of the new row
which is 1.

6 156 20 15 6 1
6 5 4 3 21
1 2 3 4 5 6

More generally, for any metre with length n, we get, as the first

entry of the new row, the number n =n -1 = 7; , the second entry
to be % = ( g) and, more generally, for the ith entry the number

n(n—1)--(n—i+l) [T
193 - il
These, as we know, give the number of metres of length n, in which
the guru (and similarly the laghu) occurs exactly once, twice, ...,i-
times. In particular,in the example of the gayatri metre, the numbers
are 6,15,20,15,15,6.

Lilavati ([8], Appendix p. 48) has another problem on the deter-
mination of the number of sama, ardhasama and visama vrttas in the
metre anustbh, which is preceded by a general rule valid for any metre,
given below.

padaksaramitagacche gunavargaphalanjaye dvigune
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samavrttanam sankhya tadvargo vargavargasca
svasvapadonau syatamardhasamanarnca visamanam

qTRTAHaIT=g, UraiThesa fgaqor |
AT T[T agN ST |
HEIRET SAEEATETE s o

The number of syllables in the four verses of the vrtte in anustup,
being 32 (the anustup, has 8 syllables), the number of arrangements
of the long and short syllables of all the padas is 232 = 4294967296.
Evidently, the number of arrangements where the padas are all alike is
the number of arrangements of the syllables in a single pada and is hence
28 = 256. The number of arrangements occuring as ardhasama vritas
is 216 — 256 = 65280. The number of visama vrttas which is the total
number of all the arrangements ‘minus’ the number of possibilities where
two padas are alike is 232 — 216 = 4294967296 — 65536 = 4294901760.

We discuss finally sankhya. As we remarked earlier, this has been
discussed in the Pingala’s sutras 28-32. Kedara Bhatta ([25], p.201), on
the other hand, has the following verse describing sankhya.

lagakriyankasandohe bhavetsankhya vimisrite
uddistankasamaharah saiko va janayedimam

ATrRaTga=RIg waeaeaT fafafaa
SfEETgaHTETC: &0 a1 FTAATEHATT |

As the verse says, there are two methods of computing the number
of metres of length n. One can either sum up the numbers (obtained
by the process of lagakriya) which count the number of metres in which
the gurus occur once, twice, etc. (These numbers are the entries on the
extreme right in the meru prastara we constructed earlier.) In other

words, one is here summing up all the binomial coefficients of n and
therefore one gets (8) + (?) oot (Z) = 2", which is obviously the
number of metres of length n.

Otherwise, one can use the process of uddistam. We note that the
required number is the number of metres in the prastara of the metre.
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The length of the metre being n, as we have remarked earlier, the last
row of the prastara consists of n laghus, and then we know that it cor-
responds to the dyadic expansion 14+2! 422 ... 427" =27 _1 and
the number of rows of the prastara is gotten by adding 1 to it, so that
one obtains 2”.

Pingala’s sutras, mentioned above, give a somewhat elaborate
method of arriving at this number, which we shall not discuss, since,
in any case, it is simple combinatorics.

The sutra 33 of Pingala reads ekona adhva, which deals with the
space required on the sacrificial ground for writing the prastara of a
metre of a given length. Since there is no mathematics involved in it,
we shall pass over this sutra and its explanation given by Kedara Bhatta
in his Vrtta Ratnakara.

§9. Concluding remarks

To summarise,our aim in this article has been to highlight the con-
tributions of Pingala to Sanskrit prosody with a special emphasis on
the combinatorial aspects. As we mentioned earlier, the influence of
Pingala on the later prosodists has been profound. Particularly inter-
esting is the development of Prakrit prosody with emphasis on matra
vrttas. One of the greatest of the later prosodists is Hemacandra whose
name we already have mentioned. The construction of the prastara and
the other devices mentioned in the earlier section can be extended to
matra vrttas too, as has been explained by Kedara Bhatta [25]. The
work of Hemacandra ([8], [2]) has a complete chapter on the combina-
torics of prosody with special reference to matra vrttas (in particular, to
the Arya metre). We do not discuss these here.
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