Chapter 8
Gyrotriangle Exgyrocircles

Abstract Hyperbolic triangle excircles are called, in gyrolanguage, gyrotriangle
exgyrocircles. These are determined in this chapter in terms of their gyrocenters and
gyroradii. Their gyrocenters, in turn, are determined in terms of their gyrobarycen-
tric coordinate representations with respect to the reference gyrotriangle. Moreover,
relationships between the exgyroradii of a gyrotriangle exgyrocircles, and the gyro-
triangle ingyroradius and circumgyroradius are obtained.

8.1 Introduction

Each gyrotriangle has an ingyrocircle, defined in Definition 7.11, p. 171, and up to
three exgyrocircles the definition of which follows.

Definition 8.1 An exgyrocircle of a gyrotriangle is a gyrocircle lying outside the
gyrotriangle, tangent to one of its sides and tangent to the extensions of the other
two, see Figs. 8.1-8.2. The gyrocenter and the gyroradius of an exgyrocircle of a
gyrotriangle are called the gyrotriangle exgyrocenter and exgyroradius.

Two additional gyrotriangle gyrocenters that are associated with ingyrocircles
and exgyrocircles are the Nagel gyropoint and the Gergonne gyropoint, which are
studied in this chapter.

8.2 Gyrotriangle Exgyrocircles and Ingyrocircles

In this section, we obtain gyrobarycentric coordinates for gyrotriangle exgyrocen-
ters. Strikingly, as a byproduct we obtain gyrobarycentric coordinates for gyrotrian-
gle ingyrocenters as well.
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E;: e :=—cos 3 +sin % +sin G =0.1320
E,: e :=—cos%+sin%i+sin%:0.ll76
E;: e3:= fcos%+sin% +sin% = 0.0626

Fig. 8.1 The gyrotriangle exgyrocircles, and exgyrocenters Ey, k =1, 2, 3, in an Einstein gyrovec-
tor space (R}, @, ®). Exgyrocircle with exgyrocenter Ey exists if and only if ¢x >0, k =1,2,3.
When e, tends to 0, Ej approaches the boundary of the ball R, as shown here for n =2

Let E be a generic exgyrocenter or ingyrocenter of a gyrotriangle Aj A2 A3 in an
Einstein gyrovector space (R?, @, ®), shown in Figs. 8.1-8.3. Furthermore, let

. myy, Av+moy, As+m3y, As S0
miy, +my, +msy,

be the gyrobarycentric coordinate representation of E with respect to the set
S = {A1, Ay, A3} of the gyrotriangle vertices, where the gyrobarycentric coordi-
nates (mj : mp : m3) of E in (8.2) are to be determined in (8.13a), (8.13b), (8.13c),
(8.13d), p. 224.

By Identity (4.29¢), p. 91, with X = ©A; k =1, 2, 3, we have, respectively,

MiYoA @A, T M2YoA @A, T M3VeA @Ay M1 T M2Y, +m3Y;

v, = = 7
OAIBE mo mo
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E : e :=7cos% +sin%+sin%= 0.1084
Ey:  ep:=—cos 2 +sin S +sin G = —0.0091
Ey: e :=7cos%+sin%+sin%= 0.1583

Fig. 8.2 Exgyrocircle with exgyrocenter Ej exists if and only if ey > 0, k = 1,2, 3. When ¢;
tends to 0, Ey approaches the boundary of the ball R, as shown here for n = 2. Indeed, e, <0
and, accordingly, exgyrocircle with exgyrocenter E does not exist

MiYoA,@A, T M2Vor,@A, T M3Vor@A;  MIViy M2+ M3y,

Yomer = p- = p :

M1YoA;@A, T M2VoA @A, T M3VoAs@A;  MLVi3 T M2y, + M3

Y = = ,
OABE mo mo

(8.2)

where we use the standard gyrotriangle index notation, shown in Fig. 6.1, p. 128,
and in (6.1), p. 127, and where m is the constant of the gyrobarycentric coordi-
nate representation of E in (8.1) which, according to (4.29d), p. 91, is given by the
equation

m% = m% + m% + m% +2mimay|y +2mimzy 5 + 2momsy,s. (8.3)
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E: e :=7cos%+sin% +sin%=0.1502
Ey: e :=—cos % +sin 3 +sin § = 0.0003
Ey: e :=fcos% +sin% +sin%:0.0694

Fig. 8.3 Exgyrocircle with exgyrocenter Ej exists if and only if ey > 0, k = 1,2, 3. When ¢;
tends to 0, Ey approaches the boundary of the ball R, as shown here for n = 2. Indeed, e, ~ 0

and

, accordingly, exgyrocenter E» lies close to the boundary of the disk

. The gyrodistance of E (note that E represents each of Er, k =0,1,2,3, in

Fig. 8.1) from the gyroline that passes through points A; and A, Fig. 8.1, is
the gyroaltitude 1> of gyrotriangle Aj A E drawn from base A1 A;. Hence, by
Theorem 7.17, p. 184, rq2 is given by the equation

2 2
»  2YYeseEYemer ~ YoreE ~ VoreE g4
[SV 2 ' (8.42)
vip— 1
The gyrodistance of E from the gyroline that passes through points A and A3,
Fig. 8.1, is the gyroaltitude ri3 of gyrotriangle A; A3 E drawn from base A1 A3.
Hence, by Theorem 7.17, p. 184, r13 is given by the equation

2 2
2 2Vi3VeaeEVerseE ~ VoaeE ~ YoaeE

_ (8.4b)
" 7/123 -1
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3. The gyrodistance of E from the gyroline that passes through points A> and A3z,
Fig. 8.1, is the gyroaltitude rp3 of gyrotriangle Ay A3 E drawn from base A As3.
Hence, by Theorem 7.17, p. 184, r»3 is given by the equation

2 2
2 2YnYomerYeaer ~ YomeE ~ VoAeE

= (8.4¢)
723 2
23 723 -1

The gyrodistances from E to each of the three gyrolines A1 A, A1A3 and Ay A3
are equal, implying

2 2
yrlz = J/r13 °

, s (8.5)
Vria = Vs

Substituting successively (8.4a), (8.4b), (8.4c) and (8.2) into (8.5), along with the
convenient normalization condition

m3+ms+m3 =1, (8.6)

we obtain from (8.5)—(8.6) the following system of three equations for the three

unknowns m%, m% and m%:

i
m3(yh — 1) —mi(yE —1) =0, 8.7)
m% + m% + m% =1

The system (8.7) can be written as a matrix equation,

1 1 1 m? 1
vh—=1 0 —(h-D]||mi|=]0 (8.8)
0 yh—-1-(i—-1/) \m} 0
so that
m? 1 1 1 o
myl=|vi-1 0 —-@4-D| =]0
m3 0 yh—1-(—1D 0
| Gh—Ds-Doh-Di-1)  —(i-1 1
=5 |0h-Dei-D  -ei-D  eh-DeB-D]|0],
(vh—1? —(vh—1 -1 0

(8.9)
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where D is the determinant of the coefficient matrix in (8.8), given by
D={(rh-1)+(rz—1)+ -}z -1)>0. (8.10)

Hence, by (8.9),

1
m%=5(3/122—1)(7/223_1)’
1
m%:B(y122—1)(y123—1), (8.11)
2 L. 2
m3:5(y12—]) s

where the gyrobarycentric coordinates are normalized by (8.6).

However, while the normalization (8.6) was temporarily convenient, it is ir-
relevant since gyrobarycentric coordinates are homogeneous by definition, Defi-
nition 4.2, p. 86. Hence, for the sake of simplicity, we drop the common factor
()/122 —1)/D in (8.11), obtaining the following equations for gyrobarycentric coor-
dinates my, k =1,2,3, of E in (8.1) in which we employ Identity (1.9), p. 5, and
introduce the common factor s? for convenience:

my = 52(7/223 - 1) = 7/223‘1%3’

m3 =s*(v — 1) = yhats, (8.12)

m% = 52(7/122 —1)= vbats.

Finally, in order to determine gyrobarycentric coordinates for the exgyrocenter
E in (8.1) it remains to determine the signs of the gyrobarycentric coordinates my,
k=1,2,3,in (8.12). Being homogeneous, the two selections of a positive sign for
each my and a negative sign for each my are indistinguishable. Similarly, the two
selections of one positive and two negative signs for the my’s and two positive and
one negative signs for the my’s are indistinguishable.

Hence, there are precisely four distinct sign selections for the my’s, which turn
out to correspond to the three exgyrocenters and the ingyrocenter of gyrotriangle
A1AAjz. These are:

Ey: (my:mp:m3) = (—yy3a23 1 Y3013 : Y[2012), (8.13a)
Ey: (myimpim3) = (yYp3a23 1 — Y3413 1 V12412), (8.13b)
E3: (my:impim3) = (Y3023 y13413 1 —Y2412), (8.13¢)

Eo:  (my:imp:im3) = (Y3023 3413 V12412)- (8.13d)
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1. Substituting (8.13a) into (8.1), the point E of (8.1) becomes E{, E = E, where

—V3a237, A1+ y3a137, Ar+ypany, As

= (8.14a)

—V23423Y, T V13413V, T Vpa12Y,
The point E is the exgyrocenter of gyrotriangle Aj Ay A3 opposite to vertex Ap,
as shown in Fig. 8.1.

2. Substituting (8.13b) into (8.1), the point E of (8.1) becomes E;, E = E», where

¥23023Y, Al = y3a13y,, A2 +ypany, As

) = (8.14b)

V23(123VA1 - V13a13VA2 + V]zaIZVA3

The point E, is the exgyrocenter of gyrotriangle A Ay A3 opposite to vertex A,
as shown in Fig. 8.1.
3. Substituting (8.13c¢) into (8.1), the point E of (8.1) becomes E3, E = E3, where

Y234237 A+ V13413V, Ar — V128127, A3
3= -

(8.14¢)
V23423V, T V134137, ~ Y1pd12Y

The point E3 is the exgyrocenter of gyrotriangle A Ay A3 opposite to vertex As,
as shown into Fig. 8.1.
4. Substituting (8.13d) into (8.1), the point E of (8.1) becomes Eq, E = E, where

Y3023y, A1t ypza13y, A2+ ypany, As
Ey= 4 42 N (8.14d)
V23423V, T V134137, +Ypa12y,,

The point Ey is the ingyrocenter of gyrotriangle A; A A3, shown in Fig. 8.1.

The gyrobarycentric coordinates of E( with respect to the set S = {Ay,..., Ay}
in (8.14d) are all positive, so that m% in (8.3) is positive. Hence, by Corollary 4.9,
p- 93, the point Ej lies on the interior of gyrotriangle A1 A2A3. Accordingly, Ey is
the ingyrocenter of gyrotriangle A1 A A3z.

The gyrobarycentric coordinate representation (8.14d) of the ingyrocenter of gy-
rotriangle AjA>A3 is obtained in (7.103), p. 178, by a different method. Here, in
contrast, it is obtained as a byproduct of the exgyrocenters determination.

8.3 Existence of Gyrotriangle Exgyrocircles

According to Corollary 4.9, p. 93, a point with a gyrobarycentric coordinate repre-
sentation exists if and only if its constant my is real, that is, if and only if m% > 0.
Let us, therefore, calculate the constant m% of the gyrobarycentric coordinate repre-
sentation of each of the gyrotriangle exgyrocenters and its ingyrocenter.
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Following (4.27), p. 90, of Definition 4.5, the constant m of the gyrobarycentric
coordinate representation of the exgyrocenter E in (8.1), p. 220, is given by the
equation

m% =m% +m% +m% +2mimay|y +2mimsy 3 + 2momsyss. (8.15)

1. Substituting the gyrobarycentric coordinates (m : mo : m3) from (8.13a) into
(8.15), we obtain the constant m(z) of exgyrocenter E; in (8.14a),

m(z) = ()/122 — 1) + ()/123 — 1) + ()/223 — 1) +2y12 V13 Va3 (@12a13 — apaiz — apais).

(8.16a)

2. Substituting the gyrobarycentric coordinates (m1 : my : m3) from (8.13b) into
(8.15), we obtain the constant m(z) of exgyrocenter E; in (8.14b),

my = (viz=1)+(ris = 1)+ (v —1) 212 ¥13¥p3 (—anaiz +anaz —ana).

(8.16b)

3. Substituting the gyrobarycentric coordinates (m : my : m3) from (8.13c) into
(8.15), we obtain the constant m(z) of exgyrocenter E3 in (8.14c),

my=(via— 1)+ (r5—1)+(r53— 1) +2y12 113 Va3 (—apaz —anaiz+anas).

(8.16¢)

4. Substituting the gyrobarycentric coordinates (m : my : m3) from (8.13d) into
(8.15), we obtain the constant m% of ingyrocenter Ey in (8.14d),

m(z) = (V122 - 1) + (7/123 - 1) + (7/223 - 1) +2y1, Y13V23 (ajpa13 +apaiz +anaiz).
(8.16d)
Hence,

1. The exgyrocircle with exgyrocenter E1 of gyrotriangle Aj A> A3, opposite to ver-
tex A1, Fig. 8.1, exists if and only if

(ria = 1)+ (ris — 1) + (v33 — 1) > 2v1p¥13 73 (—annais + anaiz + anais),
(8.17a)
as we see from (8.16a).
2. The exgyrocircle with exgyrocenter E; of gyrotriangle A A A3z, opposite to ver-
tex Ap, Fig. 8.1, exists if and only if

(vl = 1)+ (rE — 1) + (v3 — 1) > 212713 Va3 (@i2a13 — arpais + aans),
(8.17b)
as we see from (8.16b).
3. The exgyrocircle with exgyrocenter E3 of gyrotriangle Aj; Ay A3z, opposite to ver-
tex A3z, Fig. 8.1, exists if and only if

(vl = 1)+ (v — 1) + (v3 — 1) > 2712713 Va3 (@i2a13 + anaiz — ainans),
(8.17¢)
as we see from (8.16c¢).
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4,

The ingyrocircle with ingyrocenter Eq of gyrotriangle A A A3, Fig. 8.1, exists
if and only if

(}/122 )+ E-1)+ (- 1) > 2y, V13 Va3 (—an2aiz — aipaiz — anais),

(8.17d)
as we see from (8.16d). But, Inequality (8.17d) is valid for any gyrotriangle
A1A2A3z. Hence, the ingyrocenter Eq exists for any gyrotriangle AjAzAs3, as
expected.

8.4 Exgyroradius and Ingyroradius

Following (8.4a) and (1.9), p. 5, we have

2
-1
=2l (8.18)
y}’]z

. Substituting, successively, (8.4a), (8.2), and (8.13a) into (8.18), r12 becomes r1,

r12 = r1, where rj is given by the equation

) 2 .2 2
s- 1+ 27/123/13 Y23 —Vio — Vi3 — V23

ke
2 D

(8.192)

where

2 2 2 2
Dy =ypvizvs —1— 7/12\/V13 - 1\/V23 - 1= \/7/12 - 17/13\/7/23 -1

+y 7’122 - 1\/ 7’123 — lyys.

Substituting, successively, (8.4a), (8.2), and (8.13b) into (8.18), r12 becomes r7,
r12 = rp, where r; is given by the equation

) 2 _ .2 2
s- 1+ 27/123/13 Y23 —Vio — Vi3 — V23
2 D; ’

= (8.19b)

where
2 2 2 2
Dy =ypvi3vs —1— 7/12\/7’13 - 1\/V23 -1 +\/7/12 - 17/13\/7’23 -1

— Yh— 1y Vi3 — a3

. Substituting, successively, (8.4a), (8.2), and (8.13c) into (8.18), r12 becomes r3,

ri2 = r3, where r3 is given by the equation

2 2 _ .2 .2
sT142y1,V13Y03 — Vi — Vi3 — V53
2 Ds

ri= : (8.19¢)
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where

2 2 2 2
D3 =ypyizvs — 1+ 7/12\/7’13 - 1\/V23 - 1= \/7/12 - 17/13\/7/23 -1

/ 2 / 2
=i = Wiz =13

4. Substituting, successively, (8.4a), (8.2), and (8.13d) into (8.18), r12 becomes ry,
r12 = rg, where ry is given by the equation

) 2 .2 2
S_1+27/12V13V23 — Yo Viz V3
2 Doy

o= , (8.19d)

where

Do =vy15713723 — 1 +712\/V123 - 1\/3’223 —1 +\/7122_ 13/13\/)’223 -1

+VV122_ 1y Vi3 — 1yas-

Formalizing the results of Sects. 8.2-8.4, we have the following theorem:

Theorem 8.2 (The Gyrotriangle Ingyrocircle and Exgyrocircles Theorem) Let
A1A2Aj3 be a gyrotriangle in an Einstein gyrovector space (R}, @, ®), let Ey and
ro be the gyrotriangle ingyrocenter and ingyroradius, and let Ey and ry be the gy-
rotriangle exgyrocenter and exgyroradius of the exgyrocircle opposite to vertex Ay,
k=1,2,3.

Then, in the standard gyrotriangle index notation, shown in Fig. 6.1, p. 128, and
in (6.1), p. 127,

0. Ingyrocenter E of gyrotriangle A1A2 A3 always exists. Equivalently, ingyrocen-
ter Eg of gyrotriangle A1 Ay A3z exists if and only if

(via = 1)+ (ri3 = 1) + (53 — 1) > 2¥pa¥13 793 (—anais — anais — anais).
1. Exgyrocenter E| of gyrotriangle A1 A2 A3 exists if and only if
(V122 -1)+ ()/123 -1)+ (7/22; —1) > 2y, V13 Va3 (—ai2a13 + appais + apams).
2. Exgyrocenter Ey of gyrotriangle Ay A, A3 exists if and only if
(v = 1)+ (v — 1)+ (v53 — 1) > 2¥a¥13 703 (@n2a13 — anais + anais).
3. Exgyrocenter E3 of gyrotriangle A1 Az A3 exists if and only if

(7/122 -1)+ ()/123 -1)+ ()/223 —1) > 2y, V13 Va3 (@213 + apaiz — aipans).
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The ingyrocenter Eq, and each exgyrocenter Ey, when exists, k = 1,2, 3, are
given by

_ vpany, Ait+ypany, A2 +ypany, As

0 - 9
V230237, + V134137, + Yad12y,,
—V3023Y,, A+ V13413V, Ay + ylzalzyA3A3
1= ,
—Va3a23Y, T V13413V, T V12012V,
(8.20)
Y230237, Al = y3a3y,, A2 +ypany, A
2= ,

V234237, — V13413V, + V120127,

V230237, At typaizy, Ax—ypaiy, As
3= —.

V23023VA1 + 7/13013)/A2 - 712a12VA3
The ingyroradius ro, and each exgyroradius ry that exists, k = 1,2, 3, are given by

2 2 2 2
s=142 “Yi2 " Vi3 T
2 S I 2iatiavs T Via TV T Vs (8.21)

2 Yi2Vi3Vas — 1+ G

r

k=0,1,2,3, where

Go=yi2¥ = 1k =1+ v = rs v = 1 o = 1 = s
Gr=—vioyvh = Wrh =1 =\ — nayvh — 1 yJrh = 1yvh = s,
G2 =—riayfvE — W¥h = 1+ \vh — rsyfvd — 1= v — 1Yvh - 1,

G3= J’lz\/V123 - 1\/V223 - 1= \/V122 - 1V13\/V223 -1 \/7’122 - 1\/)’123 — lyy3.
(8.22)

Clearly,

3
Z Gy =0, (8.23)
k=0

as we see from (8.22) of Theorem 8.2.
Hence, by (8.21), and by (7.148) and (7.152), p. 188, and by (7.35), p. 163,
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1 1 1 1

+tS+5+5
rg rl2 r22 r32
8 Yi2V13Va3 — |

-2 2 2 2
ST+ 2y, V13Y3 = Via = Vi3 — V33

1 4 cos oy cosan cos s
s2F

1 + cosaq cosan cosas
o] —0p—03

=2
s2cos

o) tor+as —ajt+ap—a3 —a]—ap+a3
2 2 2

Cos Ccos Ccos

, 1 + cosaq cosap cos oz (8.24)

R? cos? =24 cos? _“’+gz_“3 cos? _“]_gﬁ‘”

where F' is given by (7.144), p. 187.

8.5 In-Exgyroradii Relations

By substituting gyrotriangle gyrotrigonometric identities from Sect. 7.12, p. 187,
into (8.21)—(8.22) and employing the result of Theorem 7.4, p. 163, we obtain
gyrotrigonometric relations for the gyrotriangle ingyroradius rg, exgyroradii rg,
k=1, 2,3, and circumradius R, which are presented in the following theorem:

Theorem 8.3 (The In-Exgyroradii Theorem) Let A1A2A3 be a gyrotriangle in
an Einstein gyrovector space (R}, ®, ®) with ingyroradius ry, exgyroradii ry,

k =1,2,3, and circumgyroradius R. Then in the gyrotriangle index notation in

Fig. 6.1, p. 128,
1 _cos =25 cos _““ng_‘“ cos _“1_32“[3
ro==R
2 cos G cos 3 cos 5 ’
1 _cos =25 cos _“1+§‘2_°‘3 cos _“1_5‘”“3
rp=-R - -
2 cos 5 sin % sin % ’
(8.25)
1 cos o] —0p—03 cos —o|+ar—a3 cos —o|—a+03
2 2 2
rp=x=R - -
2 sin & cos % sin % ’
1 cos o] —0p—03 cos —o+ar—u3 cos —o—ap+03
i R 2 2 2
3= ,

in & in %2 a3
2 sin > sin = cos
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and
1 111 2 cos HFetes 026
o n * r * r3 ]~ Rcos 22— cos _“‘+§‘2_“3 cos _“'_g2+“3 (8:26)
and

ri+r+r3— @R +ry)

COSW L aptaytoaz . 3ap—oay—a3
= R-—; - - 3sin sin
sin o Sin oo Sin o3 2 2
. —a1+ 302 — a3 . —oyp —op+3a3
+ sin > + sin > . (8.27)

Proof The results of the theorem follow straightforwardly by substitutions of gyro-
triangle gyrotrigonometric identities from Sect. 7.12, p. 187, into (8.21)—(8.22) and
employing the result of Theorem 7.4, p. 163.

Equation (8.26) follows from (8.25) straightforwardly owing to the elegant
trigonometric/gyrotrigonometric identity

g (2%) o3 Q) . oy . 03
COS — COS — COS — — COS — SIn — S1n —
2 2 2 2 2 2

. 0] oy . 03 %2 R 5] a3

— SIn — COS — SIn — — SIn — S1n — COS —

2 2 2 2 2 2

o] +ay + o3
= cos —————. (8.28)

Similarly, (8.27) follows from (8.25) straightforwardly; see Problem 8.6, p. 266. [

In the Euclidean limit, s — oo, gyrolengths and gyroangles tend to correspond-
ing lengths and angles. Accordingly, gyroangle gyrotriangle sum tends to angle tri-
angle sum, r, so that the gyrocosine function of a gyroangle,

o] +ay + a3
oS —mMm—@@@

) 8.29
> (8.29a)
tends to the corresponding cosine function of an angle,
b4
cos 3 =0. (8.29b)

Hence, the elegant relations (8.26)—(8.27) for gyrotriangles reduce in that limit
to the familiar relations

1
— 4+ — 4+ — = — (Euclidean Geometry) (8.30)
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and
ri+r+r3=4R+ry (Euclidean Geometry) (8.31)

for triangles in Euclidean geometry.

Equation (8.30) is found, for instance, in [9, p. 13], and (8.31) is found, for in-
stance, in [8, p. 13].

The incircle and the three excircles, each touching all the three sides of their
reference triangle, are called the four tritangent circles of the triangle.

8.6 In-Exradii Relations

Interestingly, the elegant relations (8.25) remain invariant in form under the Eu-
clidean limit s — oo, so that they are valid in Euclidean geometry as well. However,
for application in Euclidean geometry the relations (8.25) can be simplified owing
to the fact that triangle angle sum in 7.

Indeed, under the condition

ol +ta+oy=m, (8.32a)

we have the following trigonometric identities for triangle angles:

o] —o— Qa3 . . o]
coOs ————— =sina| = 2sin — cos —,

2 2 2

—o] + a2 — o3 . . o2 (0%)

c0§ ————————= =sinap = 2sin — cos —, (8.32b)

2 2 2

—ap —oy+ a3 . . o3 o3
coOs ———————— =sina3 = 2sin — cos —.
2 2 2

Substituting the simplifications offered by (8.32a), (8.32b) into (8.25) we obtain
the following corollary of Theorem 8.3:

Corollary 8.4 Let A1 A>A3 be a triangle with angles oy, exradii ry, k = 1,2, 3,
inradius ro and circumradius R in a Euclidean space R". Then,

%2 B o A o &
ro = 4R sin — sin — sin —,
2 2 2
4 [0%] o3
r1 = 4R sin — cos — cos —,
2 2 2
(8.33)
(02 %) a3
rp =4R cos — sin — cos —,
2 2 2
241 oy . O3
r3 =4R cos — cos > sin ER

r1+ry+r3=4R +ry, (8.34)
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and

T (8.35)

Proof Substituting the simplifications offered by (8.32a), (8.32b) into (8.25) we
obtain (8.33).

Equation (8.34) follows from (8.33) straightforwardly by means of the elegant
trigonometric/gyrotrigonometric identity

.o oy 03 .o o2 o3
$in — sin — Sin — — $in — COS —- COS —
2 2 2 2 2 2

ap . o a3 aq ay . O3
— COS — Sin — C0S — — COS — COS — Sin —
2 2 2 2 2 2
—gin m’ (8.36)
2
and (8.35) is established in (8.30). O

8.7 In-Exgyrocenter Gyrotrigonometric Gyrobarycentric
Representations

It is useful to express the gyrobarycentric coordinate representations of the ingy-
rocenter and the exgyrocenters of a gyrotriangle A; A A3 in an Einstein gyrovec-
tor space (RY, @, ®) gyrotrigonometrically. Being homogeneous, and following the
law of gyrosines (6.44), p. 140, the gyrobarycentric coordinates in (8.13a), (8.13b),
(8.13¢), (8.13d), p. 224, are, respectively, equivalent to

V3023 V(3413 sino sin o)
Ey: (ml:mz:m3)=(L:L:l == : § 21,
Y2412 V12412 SIn o3 SIn o3

Vp3a23 V13413 sina] sinog
E;: (m1:m2:m3)=(—L:L:1>:<—_ R :1),
Y1p@12 V2412 Sino3  SInao3

V3023 V13413 sin o/ sin oy
E>: (ml:m2:m3)=<L:—L:l>=<, T —— :l),
Y2412 V12412 sSimnos SImaos

V3023 V(3413 sino sin oy
Ej: (ml:mg:m3):<L:L:—l>:(, D= :—1).
y12a12 ylzalz SIn o3 SIn o3

These, in turn, give rise to the following gyrotrigonometric gyrobarycentric coordi-
nates for the exgyrocenters Ex, k = 1, 2, 3, and the ingyrocenter E( of gyrotriangle
A1A2Aj in an Einstein gyrovector space (RY, @, ®):

Eo: (my:mp:m3)=(sinap :sinwy : sinas), (8.37a)
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Ei: (mp:mo:m3)=(—sina :sinay : sinay), (8.37b)
Ey: (my:mp:m3)=(sina; : —sinay : sinaj), (8.37¢)
E3: (my:mp:m3)=(sinap :sinay : —sina3). (8.37d)

We have thus obtained the following theorem:

Theorem 8.5 (In-Exgyrocenters) Let S = {A1, A2, A3} be a pointwise independent
set of three points in an Einstein gyrovector space (R}, @, ®). The ingyrocenter E
and the exgyrocenters Er, k = 1,2, 3, of gyrotriangle A1A2 A3 have the following
gyrotrigonometric gyrobarycentric coordinate representations:

sinozlyAl A+ Sin()lz)/Az Ay + sinot3yA2 Az

Eo= . . . (8.38a)
smoz]yAl + sm(xzyAz + Sanl3)/A3
—sina 1y, Ap+sinayy, Az +sinazy, Aj
E = — . s (8.38b)
—sinoj yAl + smotzyA2 + s1not3)/A2
sinozlyA Al — sinotgyA Ao —l—sinot3yA Ajz
Ey = — = i, (8.38¢)
smozlyAl — s1na2yA2 + s1noz3yA2
sinayy, A|+sinary, A —sinazy, A3
E;= 4 - e M (8.38d)

sinotlyAl + sinotgyAz - sinot3yAS

Following (8.15), p. 226, and the gyrotrigonometric gyrobarycentric coordinates
my, k=1,2,3,in (8.37a), (8.37b), (8.37¢), (8.37d), the constant m% of each of the
gyrotrigonometric gyrobarycentric coordinate representations of Ey, k =1, 2,3, 0,
in (8.38a), (8.38b), (8.38¢), (8.38d) is, respectively,

Eo: m(z) = sin® & + sin® & + sin® o3
+ 2(cos ] cosap + cosa| cosasz + COS oy COS 3)

+ 2(cosaq + cosap + cosaz)

2
=4 cosza—l— cos%—cosﬁ
2 2 2

2
X {—cos2 % + (cos %2 + cos %) } (8.39a)

2 2

Eq: mg = sin® &) + sin® o + sin® o3
+ 2(—cosaj cosay — COS (| COS ™3 + COS @) COS(3)

+ 2(cosa] — cosay — cos3)
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2
=4 coszﬂ— sinO[—2—sinE
2 2 2

2
X {—cos2 % + (sin% + sin %) } (8.39b)

E;: m% = sin2a1 + sin? oy + sin? o3
X 4+ 2(—cosajcosar + coSa| COS®3 — COSAp COS (3)

+ 2(—cosaj + cosay — cosa3)

2
=4 cosza—2— sin&—sin%
2 2 2

2
X {—cos2 % + (sin % + sin %) }, (8.39¢)

2 2

Es: mg = sin® &) + sin® o + sin® o3

+ 2(cos o cosay — COS| COSQ3 — COS () COS (X3)

+ 2(—cosa| — cosap + cos3)

2
=4 0052%— sina—l—sin%
2 2 2

2
x {—0052 “—23 + (sin % +sin %) } (8.39d)

The ingyrocenter E( of any gyrotriangle Aj;A> Az exists. Hence, its constant m%
must be positive. Hence, by the extreme right-hand side of the fourth equation in
(8.39a), (8.39Db), (8.39c¢), (8.39d), we have the inequality

% 22 4 cos 22 (8.40)
< —_— << — — .
COS 2 COS 2 COS 2

o2 o3
COS — — COS —

2 2

for the gyroangles oy, k = 1,2, 3, of any gyrotriangle A;A>A3 in an Einstein gy-
rovector space.

It can be shown that in addition to (8.40), gyroangles ax, k = 1, 2,3, of any
gyrotriangle A1 A, Az satisfy the inequality

. 02 . o3
sin — — sin —
2 2

< Cos %. (8.41)

Inequality (8.41), along with the identities in (8.39a), (8.39b), (8.39¢), (8.39d) for
the constant m% of each of the gyrotriangle incenter and excenters E, k =0, 1, 2, 3,
imply the following existence conditions for Ej:
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0. Ingyrocenter E( of gyrotriangle A Ay Az always exists. Equivalently, ingyrocen-
ter Ep of gyrotriangle A1 A Aj3 exists if and only if

2 2 s Z (8.42)
COS — < COS — COS —. .
2 2 2

1. Exgyrocenter E| of gyrotriangle A| A A3 exists if and only if
o] . 02 . Qa3
— —= —. 8.43
cosz<s1n2—|-s1n2 (8.43)

2. Exgyrocenter E, of gyrotriangle A1 A A3 exists if and only if

o2 . ] . Qa3
— — —. 8.44
cosz<sm2—|—sm2 ( )
3. Exgyrocenter E3 of gyrotriangle A1 A A3 exists if and only if
o3 .o . a2
— — —. 8.45
c0s2<sm2-|-sm2 ( )

8.8 In-Excenter Trigonometric Barycentric Representations

The gyrotrigonometric gyrobarycentric coordinates (8.37a), (8.37b), (8.37¢c) (8.37d)
remain invariant in form under the Euclidean limit s — oo, resulting in the following
corollary of Theorem 8.5:

Corollary 8.6 (In-Excenters) Let S ={A;, Ay, A3} be a pointwise independent set
of three points in a Euclidean vector space R". The incenter Ey and the excenters
Er, k=1,2,3, of triangle A1A2A3 have the following trigonometric barycentric
coordinate representations:

sinaj A +sinawp Ay + sinaz Az

Eo= - - . , (8.46a)
sinoq + sinoy + Sin o3

E = — sinallAl + sin.agAz +.sinot3A37 (8.46b)
—sino + sinwy + Sin o3

sinaj Ay —sinap Ay + sinaz Az
E; = . - . , (8.46¢)
Sino| — SNy + sinaj

sinaj A +sinap Ay — sinaz Az

A (8.46d)

sinaq + sinay — sinag

8.9 Exgyrocircle Points of Tangency, Part I

The exgyrocircle points of tangency where the Ax-excircle of the gyrotriangle meets
the opposite side of Ay, Fig. 8.4, are associated with the gyrotriangle gyrocenter
called Nagel gyropoint, N,, shown in Fig. 8.4, and studied in Sect. 8.12



8.9 Exgyrocircle Points of Tangency, Part I 237

Fig. 8.4 Nagel Gyropoint, N,, of a gyrotriangle in an Einstein gyrovector space. The point Ej,
k=1,2,3, is the Ax-exgyrocenter of gyrotriangle A A2 A3 opposite to Ay, and the point T} is the
point in which the Aj-excircle of the gyrotriangle meets the gyrotriangle side opposite to Ai. The
Nagel gyropoint of gyrotriangle Aj A A3 is the point of concurrency of the three gyrolines Ay Tk,
determined in (8.69), p. 245. The points of tangency Ti, etc., are given by Theorem 8.7, p. 239,
and the points of tangency 712, etc., are given by Theorem 8.12, p. 247

Let us consider the point of tangency 73 where the A3 excircle of a gyrotrian-
gle A1A»A3 meets the gyrotriangle side opposite to A3, shown in Fig. 8.4. It is the
perpendicular foot of the gyrotriangle exgyrocenter E3 on the gyroline AjA>. Ac-
cordingly, T3 is the gyroaltitude foot of gyrotriangle A A>E3, drawn from E3, as
shown in Fig. 8.4.

Hence, by Theorem 7.16, p. 183, the gyroaltitude foot 73 possesses the gyro-
barycentric coordinate representation

T Yy, At ey, A2 (8.47a)
3 = . a.
myy, tmy,

with respect to the set {A1, A»}, with gyrobarycentric coordinates

M1 =Yoa @a,YoreE ~ VoA ok = V12VoAeE; — VoA ®F; (8.47b)

M2 =Yea @A, Yor 0k ~ Yook = V12VoA 0E; — Yea®F;:
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The gyrobarycentric coordinates m1 and m> in (8.47b) involve the gamma factors
YoA &E; and y Ar®Es> which we calculate below.

Being the Asz-exgyrocenter of gyrotriangle AjAyAs3, E3 is given by, (8.14c¢),
p- 225,

Y3023y, A1+ y;za13y, A2 — yppany, As
Es= A - R (8.48)
Y2323y, T Vi3413Y,, — Ypdi2y,,

Hence, by Theorem 4.6, p. 90,

Y23923Vxga, T V13413V xgA, — V12412V X045
mo

VxoE, = (8.49)

for all X € R, where m( > 0 is the constant of the gyrobarycentric coordinate
representation of E3 in (8.48). This constant need not be specified as we will see
below in the transition from (8.51) to (8.52).

Following (8.49) with X = 6Ag, k=1, 2, 3, we have, respectively,

V23023 + Y13413V15 — V12412Y13

Yoai@Es = mo ’
y _ Y3a23¥pp + Y1313 — V[2412Y>3 (8.50)
OALBE3 mo ’
_ Y23a23V13 + V13013Y53 — V2412
V9A3®E3 - :

mo

Substituting from (8.50) into (8.47b), we have

my = (V122 - 1))/23023 - (712]/23 - V13)712f112
mo

3

5 (8.51)
My = (V12 - 1)7/13“13 - (7/12V13 - 7/23))’12“12
m

Being homogeneous, a common nonzero factor of gyrobarycentric coordinates
is irrelevant, so that convenient gyrobarycentric coordinates m and m» of the point
T3 in (8.47a) are obtained from (8.51):

mp = (V122 - 1)?’23“23 = (V12Y23 = V13) V12412, (8.52)

ma = (V122 - 1))’13“13 — (Y12V13 — V23) V12412
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Substituting from (7.143)—(7.147) into (8.52), along with the abbreviation F =
F(ay, a2, a3), we have

gF3/2 1 —cosan gF3/2 o)

mp=-—-"- ) B - =" ) - tan —,

sIn“ o) SIn“ op sSingz  S1NMQ) SIN” &1 SIN” &/ SIN ('3 2
(8.53)

§F3/2 1 —cosa; §F3/2 o

my = — 2 ) R . =" ) X tan —.

SIN“ o) SIN” o SIngyz  SINKY] SIN“ o1 SIN” & SIN ('3 2

Since gyrobarycentric coordinates are homogeneous, a nonzero common fac-
tor of a system of gyrobarycentric coordinates is irrelevant. Hence, it follows from
(8.53) that convenient gyrobarycentric coordinates for the point 73 in (8.47a) are

(%)
mp =tan —,

2
(8.54)

myp =tan ﬂ

2 2

so that, by (8.47a), we have
tan 2y, A;+tanSly, A;

ST 2 7 (8.55)

tan 2 7/ +tan & 2 Yy 4y
We have thus obtained the following theorem:

Theorem 8.7 Let A1 AxA3 be a gyrotriangle in an Einstein gyrovector space R}
and let Ty, k = 1,2, 3, be the point where the Ay-exgyrocircle of the gyrotriangle
meets the opposite side of Ag, Fig. 8.4. Gyrotrigonometric gyrobarycentric coordi-
nate representations of the points Ty are:

tana—fyA Ay +tan Y, A

tan %} yA + tan % yA

tanZy Aj+tanSy, Az

2 2

T = l = R (8.56)
tan & 2 y + tan & 2 yA

tan“—zzyA A4 +tan°‘71yA Ar

tan £ y + tan 27/

Proof The proof of the third equation in (8.56) is given by (8.47a)—(8.55). The proof
of the first and the second equation in (8.56) is obtained from the first by vertex
permutations. g

The three points Ty, k = 1,2, 3, of Theorem 8.7 are shown in Fig. 8.4, where
they are determined by the results of the Theorem. As Fig. 8.4 indicates, the three
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gyrolines ATy, ApT» and A3T3 are concurrent. We show in Sect. 8.12 that this is
indeed the case, giving rise to the Nagel gyropoint.

8.10 Excircle Points of Tangency, Part I

The gyrotrigonometric gyrobarycentric coordinates in (8.56) remain invariant in
form under the Euclidean limit s — oo, resulting in the following corollary of The-
orem 8.7:

Corollary 8.8 Let AjAyAz be a triangle in a Euclidean vector space R" and let
Tr, k = 1,2, 3, be the point where the Ay-excircle of the triangle meets the opposite
side of Ay. Trigonometric barycentric coordinate representations of the points T
are:

- tan 5 Ao + tan 3 A3
1:

’

a3 @
tan > —+ tan )

_ tan %A] + tan %A3

a3 ap
tan 5 4+ tan 5

) (8.57)

_ tan %A] + tan %Az

o op
tan 5 + tan 3

8.11 Left Gyrotranslated Exgyrocircles

Left gyrotranslating gyrotriangle A; A2 Az by &A1, the gyrotriangle becomes gyro-
triangle O (6A1DA2)(©A1PA3), where O = ©A1® A is the arbitrarily selected
origin of the Einstein gyrovector space (R}, ®, ®), O = (0,0,...,0). The gyrotri-
angle exgyrocenters Ej and tangent points Ty, k = 1, 2, 3, are left gyrotranslated as
well, becoming, respectively, OA|BE; and OA|DTx.

Applying to (8.20), p. 229, the Gyrobarycentric Coordinate Representation Gyro-
covariance Theorem 4.6, p. 90, we have from Identity (4.29a), p. 91, with X = 64,
using the standard gyrotriangle index notation, shown in Fig. 8.4, in Fig. 6.1, p. 128,
and in (6.1), p. 127:

OAI1BE]

V23237, AL V130137, Az + V12412V, A3
=0A1®

_V23023VA1 + V13a13VA2 + V]z“lZVA,S

_ “V23923Y5 4,04, (©A18A)) + 713013V9A1@A2(9A1®A2) + Y1202V, 04,4 (6A18A3)

TY23923Ypa04; TYV13%3Y04 04, T V12912Y0 A 045
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Y13413Y12212 + V2412713213
—V53023 T Y3813V, t V12012V13

sinayy;,a12 +sinazy ;a)
- 12 3713713 (8.58a)

—sinaj +sinagy, +sinazy;; ’

The last equation in (8.58a) is obtained by substitutions from (7.143).
Similarly,

V230237, A1 = y3a137, A2+ yppany, As

OAIDE, =0A 10
V23423V, T V134137, + ylzaIZVA3

_ TV3a13Ypa12 + vp a2y 3213
V23023 — V13413V 12 T V2412Y13

_ —sinopy,an +sinazy;ans (8.58b)
sinay — sinazy,, +sinazy 3 |

and

V230237, A1+ ¥13a137, A2 — yppany, As

OAIOE; =0A10
V230237, + Y1313V, — V12912V,

Y13413V12312 — Y2 412Y13213
V23023 + V13413V15 — V12912Y13

sinany,a12 — sinazy;;a13

sina) + sinazy,;, — sinazy;3 '

(8.58¢)

Note that, by Definition 4.5, p. 89, the set of points § = {A1, A2, A3} is pointwise
independent in the Einstein gyrovector space (R, @, ®). Hence, the two gyrovec-
tors aj2 = SA1PA, and a;3 = ©A 1P A3 in R C R” in (8.58a), (8.58b), (8.58c)
are linearly independent in R".

Similarly, under a left gyrotranslation by © A1, the tangent points Ty, k = 1, 2, 3,
in Fig. 8.4 and in (8.56) become:

tan¥y A +tan®Ly A
2V, 2+ 2 Va3

A10T) =6A
cAeh =o® tan%yAz—i—tan"l—fyA3

_tanFypan +tan Fyan (8.59a)
tan §y,, +tan Ly,
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o o
tan 73)/A1A1 + tan 71yA3A3

0A18T, =0A1®
! tan%yA1 +tan%yA3

tan 5 y,;a13

- (8.59b)
tan 5 + tan G-y,
and
tanZy, A|+tanZy, A,
_ 2 Aq 2 Ay
CAI®T3 =0A|® %, rand
2 yAl 2 VAZ
tan &Ly, apo
2 Vio® (8.59¢)

T an® a,,
tan 5= + tan 5-y,,

8.12 Nagel Gyropoint

Definition 8.9 (Nagel Gyropoint) Let Aj A A3 be a gyrotriangle in an Einstein gy-
rovector space (R}, @, ®) and let Ty, k =1, 2, 3, be the tangent point in which the
Ag-excircle of the gyrotriangle meets the gyrotriangle side opposite to Ay, Fig. 8.4,
p. 237. The gyrotriangle vertices Ay and the gyrotriangle points of tangency T
form the three gyrolines Ay T} that are concurrent. Owing to analogies with Eu-
clidean geometry, this point of concurrency is called the Nagel gyropoint, N, of the
gyrotriangle.

Let the Nagel gyropoint N of gyrotriangle AjA>A3 in an Einstein gyrovector
space (R}, @, ®), Fig. 8.4, be given by its gyrobarycentric coordinate representation
with respect to the set S = {A1, Az, A3z} of the gyrotriangle,

N myy, Ar+may, As+m3y, As (5.60)
miy, +tmy, +my, ’ '

where the gyrobarycentric coordinates (1 : my : m3) of N in (8.60) are to be deter-
mined.

Left gyrotranslating gyrotriangle AjA2A3z by ©Aj, the gyrotriangle becomes
gyrotriangle O (©A1BA2)(6A1DA3), where O = ©A1 DA is the arbitrarily se-
lected origin of the Einstein gyrovector space (R}, @, ®), O = (0,0, ...,0). The
gyrotriangle tangent points Ty, k = 1,2, 3, are left gyrotranslated as well, becom-
ing, respectively, © A1 T, which are given by (8.59a), (8.59b), (8.59c¢).
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Similarly, the gyrotriangle Nagel gyropoint of the left gyrotranslated gyrotriangle
becomes P = SA|®N, given by

P=6A1&N
MY s ony (BA1DA) +M3Y04 045

mi M2Yen 04, + M3V a 045

(8A19A3)

M2y +msy 323

(8.61)
my +may;, +m3y5

1. The tangent point ©SA1PT; and the vertex O = 6A1®A; = (0,0,...,0) of
the left gyrotranslated gyrotriangle O (©A 1B A2)(©A 1P A3) form the Euclidean
line

tan 5 a +tanﬂ as
Li=(0A®T)H = —2 Yip812 3 Y1381 .

(8.62a)
tan 0173)/12 -+ tan %)/13

as we see from (8.59a), where 71 € R is the line parameter.

2. The tangent point AT, and the vertex ajo = ©A DA, of the left gyrotrans-
lated gyrotriangle O (6 A1 A>)(6A1®A3) form the Euclidean line

Ly =(0A1842) + (—(0A10A2) + (0A18T))12

tan 4y, ,a
2 V13313 )l‘z (8.62b)

=ap+|—an+
! ( ! tan 5 + tan G-y,
as we see from (8.59b), where 1, € R is the line parameter.
3. The tangent point A1 T3 and the vertex aj3 = ©A 1D A3 of the left gyrotrans-
lated gyrotriangle O (©A1®A2)(©A1PA3) form the Euclidean line

L3 = (©A18A43) + (—(0A10A3) + (0A18T3))13

tan 4y, ,a
2 V312 >z3 (8.62¢)

=a;+ (—313 +—
2 o]
tan 3 +tan 5y,

as we see from (8.59c), where 73 € R is the line parameter.
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Since the point P lies on each of the three lines Ly, k = 1, 2, 3, there exist values
10 of the line parameters #;, k = 1, 2, 3, respectively, such that

03 o
tan 3 y,,a12 +tan 5y 3213

P t1,0=0,
tan 5 y;, +tan $ 5
tan %Ly .ag3
P—ap— (—312 + @ 2713 1 )Q,O =0, (8.63)
tan 5+ + tan 5-y,5

)
P—aj;— (—alz + tzrzl 2 )/122;112 >t3,0 =0,
tan 5= +tan 5-y,,

where P is given by (8.61).

The system of equations (8.63) was obtained by methods of gyroalgebra, and
will be solved below by a common method of linear algebra.

Substituting P from (8.61) into (8.63), and rewriting each equation in (8.63) as
a linear combination of aj; and a3 equals zero, we obtain the following homoge-
neous linear system of three gyrovector equations

criap +cpap =0,
c21a12 +cpapy =0, (8.64)

c31a12 +c3pa;z =0,

where each coefficient ¢;;, i =1,2,3, j = 1,2, is a function of the gyrotriangle
parameters y,,, ;3 Va3 and o, and the six unknowns #; o and my, k=1, 2, 3.

Since the set S = {A1, A2, A3} is pointwise independent, the two gyrovectors
a; =0A1®Aranda;3 = ©A DAz in R}, considered as vectors in R”, are linearly
independent in R”. Hence, each coefficient ¢;; in (8.64) equals zero. Accordingly,
the three gyrovector equations in (8.64) are equivalent to the following six scalar
equations,

clri=cp=c1=cp=c1=c3=0 (8.65)

for the six unknowns f; o and my, k =1, 2, 3.

An explicit presentation of the resulting system (8.65) reveals that it is slightly
nonlinear. Like the system (7.221), p. 208, however, it is linear in the unknowns
11,0, 12,0, 13,0. Solving three equations of the system for #1 g, #2,0, #3,0, and substi-
tuting these into the remaining equations of the system we obtain a system that
determines the ratios m1/m3 and my/ms3 uniquely, from which convenient (homo-
geneous) gyrobarycentric coordinates (m : m, : m3) are obtained.
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The unique determination of m/m3 and m,/m3 turns out to be

my tan°’23
_ 3

ms tan
(8.66)
my _ tan %3
m3  tan %
from which two convenient gyrobarycentric coordinates result. These are:
a3 a3 aj a
my: =t—t—t—t—t—t— 8.67
(my:my:m3) (anzan2 anzan2 anzan2> ( )
and, equivalently,
o (6%) o3
tmy: = t — :cot— :cot— |. 8.68
(my:mp :m3) (co > co > co 2) ( )

Formalizing the main result of this section, we have the following theorem:

Theorem 8.10 (Nagel Gyropoint) Let A1A2A3 be a gyrotriangle in an Einstein
gyrovector space (R}, ®, ®). A gyrotrigonometric gyrobarycentric coordinate rep-
resentation of the gyrotriangle Nagel gyropoint N,, Fig. 8.4, p. 237, is given by

cot 2‘)/ A1+cot Y, A2+cot Y, A3

N, = . (8.69)
cot & y +cot% y +cot® ) y

Proof The proof follows immediately from (8.60) and (8.68). O

The gyrotrigonometric gyrobarycentric coordinates of Nagel gyropoint in (8.69)
remain invariant in form under the Euclidean limit s — oo, resulting in the following
corollary of Theorem 8.10:

Corollary 8.11 (Nagel Point) Let A1AA3 be a triangle in a Euclidean vector
space R". A trigonometric barycentric coordinate representation of the triangle
Nagel point N, is given by

cot 3L Ay + cot 5 As + cot 5 A3
= o] o) a3
cot 5 +cot5 +cot 3

(8.70)

The remarkable similarity in form between the trigonometric barycentric coor-
dinate representation (8.70) of Nagel point and the gyrotrigonometric gyrobarycen-
tric coordinate representation (8.69) of Nagel gyropoint demonstrates the way gy-
rotrigonometric gyrobarycentric coordinate representations capture analogies that
Euclidean and hyperbolic geometry share.
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8.13 Exgyrocircle Points of Tangency, Part I1

Let us consider the point of tangency 71, where the A excircle of a gyrotriangle
A1As Az meets the gyrotriangle side Aj A, shown in Fig. 8.4. It is the perpendicular
foot of the gyrotriangle exgyrocenter £ on the gyroline A A;. Accordingly, 777 is
the gyroaltitude foot of gyrotriangle Aj A, E1, drawn from Ej, as shown in Fig. 8.4.

Hence, by Theorem 7.16, p. 183, the gyroaltitude foot 77, possesses the gyro-
barycentric coordinate representation

T, = ! 2 (8.71a)

with respect to the set {A1, A»}, with gyrobarycentric coordinates

M1 =Yosea,YoreE ~ Yor ok = V12VeaeE, — Yoa 0k 8.71b)

M2 =VYea @a,Yor 0k ~ YoreE = V12VeA 0E, — Yerr®E:-

The gyrobarycentric coordinates m1 and m in (8.47b) involve the gamma factors
YoA 0, and y, ArBE) > which we calculate below.

Being the Aj-exgyrocenter of gyrotriangle AjAA3, Ep is given by, (8.14a),
p. 225,

—Vpasy, At typasy, A2 typany, As

1= (8.72)
V30237, + V134137, + V126127,
Hence, by Theorem 4.6, p. 90,
~Y23823Yxga, T V13913V xqpa, T V12012V x0A
VxoE = 1 2 3 (8.73)

mo

for all X € R}, where mo > 0 is the constant of the gyrobarycentric coordinate
representation of E; in (8.72). This constant need not be specified as we will see
below in the transition from (8.75) to (8.76).

Following (8.73) with X = ©Ag, k=1, 2, 3, we have, respectively,

—V23023 + V13413V15 T V12412Y13
YoaoE, = ,

mo
_ TV3a23Yp + V13813 + V201203
Yod,oE, = o , (8.74)
_ TY23G23Y13 T V13013Va3 T V2412
YoAs@E, = :

mo
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Substituting from (8.74) into (8.71b), we have

my = — (v = D¥a3023 + (15733 = V13)¥1p02
mo

5 (8.75)
(Vlz - 1)y13a13 + (V12V13 = V23) V10412
mo

my =

Being homogeneous, a common nonzero factor of gyrobarycentric coordinates
is irrelevant, so that convenient gyrobarycentric coordinates m and m, of the point
T3 in (8.71a) are obtained from (8.75):

m Z_(VIZZ_ 1))/23a23+(y12y23 —Y13)¥V12012, (8.76)

my = (V122 — Dyiza13 + (Yipv13 — v23) V1412

Substituting from (7.143)—(7.147), p. 187, into (8.76), along with the abbrevia-
tion F = F(ay, an, a3), we have

gF3/2 cosap — 1 8F3/2 o
mp=—> ) 3 - =5 ) - tan —,
SIN” o1 SIN” o Singyz SN SIN” o1 SIN“ o SIN 3
(8.77)
gF3/2 cosaq + 1 gF3/2 o
m;=-—"> ) : : =— — - cot —.
sin“ o1 SIn“ oy siny SN SIN” o1 SIN” & SIN K3 2

Since gyrobarycentric coordinates are homogeneous, a nonzero common fac-
tor of a system of gyrobarycentric coordinates is irrelevant. Hence, it follows from
(8.77) that convenient gyrobarycentric coordinates for the point 777 in (8.71a) are

(%)
m1 = tan 7,

(8.78)

my = —cot ﬂ

2 2

so that, by (8.71a), we have
tan Ly A;—cot%y A;

Ty = ——2 2 Ay (8.79)

tan ‘%yAl — cot %yAz
We have thus obtained the following theorem:

Theorem 8.12 (The Exgyrocircle Points of Tangency Theorem) Let A1AyA3 be
a gyrotriangle in an Einstein gyrovector space (RY, ®, ®), let T;; be the point of
tangency where the A;-exgyrocircle meets the extension of the gyrotriangle side
A;iAj, and let T; be the point where the A;-exgyrocircle of the gyrotriangle meets
the opposite side of A;, Fig. 8.4, p. 237.

Then, the gyrotrigonometric gyrobarycentric coordinate representations of the
points of tangency on the Ag-exgyrocircle, k = 1,2, 3, with respect to the set S =
{A1, Az, A3z} are given by the equations listed below.
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Fork=1,
, tan%yA Ay —cot%yA Ar
12= )
tan & 5 y —cot 4l 2 y
tan Ly, A —cotSly, Az
2 2
Ti3 = A SR (8.80a)
tan & 2 yA —cot% 2 )/A
. tan 2)/A Ay +tan & 2VA Az
1= .
tan & 2 yA + tan % > )/A
Fork=2,
. —cotzyA A1+tan2yA
A= T ot 22)/ +tan2y ’
tan By, Ay —cot Ly, Aj
2 2
T3 = 22 i M (8.80b)
tan & 2 yA —cot% > )/A
. tan & 3 Va, Ay +tan 3 Vas Az
2= .
tan % 2 yA + tan % 2 yA
And for k =3,
—cot% 3 Va, Ay +tan 3t yA
I3 =

—cot% 2 Va, + tan % 2 Vay

—cotLy, Ay +tanLy, Ajz
Ty = 2 "4 27" (8.80¢)
—cot% 2 Vs, + tan % 5 yA

tan Gy, A1+tan 2 Az

tan 2VA + tan 2)/

Proof The proof of the first equation in (8.80a) is established in (8.79). The proof
of the second equation in (8.80a) is obtained from the first by interchanging vertices
Aj and A,. The third equation in (8.80a) is the result (8.56) of Theorem 8.7, p. 239.
Finally, (8.80b) and (8.80c) are obtained from (8.80a) by cyclic permutations of the
gyrotriangle vertices. 0
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Fig. 8.5 Excircle points of tangency. The points of tangency 71, etc., are given by Corollary 8.8,
p. 240, of Theorem 8.7, and the points of tangency T, etc., are given by Corollary 8.13, p. 249,
of Theorem 8.12. The triangle circumcenter is O, so that its circumradius is R = || — A + O||,
k=1,2,3

8.14 Excircle Points of Tangency, Part 11

The way gyrotrigonometric gyrobarycentric coordinate representations in Einstein
gyrovector spaces capture analogies between Euclidean and hyperbolic geometry,
shown in Fig. 8.4, p. 237, and in Fig. 8.5, is now demonstrated.

The gyrotrigonometric gyrobarycentric coordinates of tangency points in Theo-
rem 8.12 remain invariant in form under the Euclidean limit s — oo, resulting in the
following corollary of Theorem 8.12:

Corollary 8.13 (The Excircle Points of Tangency Theorem) Let A{AA3 be a
triangle in a Euclidean vector space R", let T;; be the point of tangency where the
Aj-excircle meets the extension of the triangle side A;Aj, and let T; be the point
where the A;-excircle of the triangle meets the opposite side of A;. 8.4, p. 237, as
shown in Fig. 8.5.

Then, trigonometric barycentric coordinate representations of points of tangency
on the Ag-excircle, k =1, 2,3, are as listed below.
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Fork=1,

tan F A — cot 3L Ay

a aj
tan 5 cot 3

T =

tan 2 A; — cot & A3
2 2
T]3 = I 0t3 oot C(_l y (8813)

tan & > 3 Ay + tan & Ag
- a3 0!2
tan 35 4+ tan 5

Fork =2,

—cot Z Ay +tan 5 Ay

cot 2 | tan “‘

T =

’

tan 2 A, — cot 2 A3
T3 = —2 P 8.81b
3 tan 3 — cot ( )

tan 32 A1 + tan 3 A3
- a3 o]
tan 35 4+ tan 5

And for k =3,

—cot% 5 Aj + tan 1A3

T3 =
—cot 3 +tan 3t

’

—cot“—3A2 + tan 3 A3

— cot 3 4 tan az

T3 = , (8.81c)

tan £ 5 2 A1 + tan 21 Ay
- o [5
tan 5 + tan 35

T3 =

8.15 Gyrodistance Between Gyrotriangle Tangency Points

In subsections of this section, we determine the gyrodistances between various tan-
gency points of exgyrocircles. These, in turn, will be used to calculate the measures
of some gyroangles that exgyrocircles generate.

8.15.1 The Gyrodistance Between Ty and Ty3

Let AjA2A3 be a gyrotriangle in an Einstein gyrovector space (RY, ®, ®), and
let 712 and Tj3 be the tangency points where the gyrotriangle Aj-exgyrocircle
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Fig. 8.6 Exgyrocircle points of tangency. The points of tangency 7}, etc., are given by Theo-
rem 8.7, p. 239, and the points of tangency T2, etc., are given by Theorem 8.12, p. 247. The gy-
roangle B = £T12T; T13 that the tangency points of the Aj-exgyrocircle generates is determined
in terms of the gyroangles oy, kK = 1, 2, 3, of the reference gyrotriangle AjA>A3 in Sect. 8.16,
p- 258

meets the extensions of sides AjA; and AjA», as shown in Fig. 8.6. Their gyro-
barycentric coordinate representations with respect to the pointwise independent set
S ={Aj, As, A3}, as given by Theorem 8.12, are:

T, = ! 2 (8.82a)

m'| = tan %,
(8.82b)
ml, = — cot 2L
2 2 4

and

. miy, Ar+msy, As (8.830
13= , .83a
myy, +msy,
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where the gyrobarycentric coordinates my, k = 1, 3, are given by

as3
my] =tan —,
2
(8.83b)
tal
m3 = —cot —.
: 2
Hence, by (4.121), p. 113,
1 / / / /
YeTpaT = 7 [mimhyyy +mim3yys +mimsyys +mim|}, (8.84)
mom,
where, by (4.118b) and (4.119b), p. 112, mo > 0 and m;, > 0 are given by
m(z) = m% + m% +2mim3y,3,
(8.85)

(mp)* = (m})” + (m})* +2mymby,.

Substituting (8.82b) and (8.83b) into (8.84) (and squaring, but subsequently tak-
ing a square root), we obtain the gamma factor yo 1,07, €xpressed in terms of the
gyrotriangle gyroangles ok, k = 1,2, 3,

THeTis = = 55— 12C08 a1 + 2(cosap + cosaz — 1)
YoT®Tis 16 sin2 a_22 sinZ %3 {

+ cos(oy 4+ o + 03) + cos(—ay +ap + «3)

+ cos(a) — o 4 a3) + cos(ar] + oz — 3)}. (8.86)

Substituting (8.86) into the identity, (1.9), p. 5,

2
y -1
1©T1& T3 =S29T122@—T”, (8.87)

YorneTis

we obtain the desired gyrodistance,

8S2 cos a)tartas cos —ajtaxtas cos aj—ax+az cos o) toar—o3
leTheTs|* = 2 5 — 25
{2(1 —cosay —cosaz)= +2cos“ a1 + E(ay, az, a3)}
X {2 +4(1 —cosay — cosot3)2 + 2(cos2cx1
2 2
—cos”ap — cos” a3) + E (a1, a2, a3)}, (8.88)
where

E(ay, a2, 23) = cos(a) + o2 + a3) + cos(—o + ap + o3)

+ cos(a; — ap + a3) + cos(aq + ap — @3). (8.89)
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Eliminating the factor s cos m between (8.88) and (7.35), p. 163, and
taking a square root of both sides of the resulting equation, we obtain the following
equation:

l©T2®T3l

—a]+oar+o3 o] —op+o3 ajtoar—a3
24/2R cos 5 cos 5 cos 5

- 2(cosay 4 cosaz — 1)2 +2cos2ay + E(ag, oz, a3)

X \/2 +4(1 — cosap — cos a3)2 +2(cos? oy — cos? oy — cos? a3) + E(ay, o, a3),
(8.90)

where R is the circumgyroradius of the reference gyrotriangle A; A>As.

8.15.2 The Gyrodistance Between Ty and Ty, T13

Asin Sect. 8.15.1, we calculate here the gyrodistance between gyrotriangle tangency
points.
Following (8.80a), p. 248, we have

m Vs, Al +m’2yA2A2

T = (8.91a)

/ /
mlyAl + mZVAz

where the gyrobarycentric coordinates ), k = 1,2, are given by

(8.91b)

and

may, Ax+m3y, A3
T = 2 i, (8.92a)
may,, +m3y,,

where the gyrobarycentric coordinates my, k = 2, 3, are given by

—tan —

my = tan —

2 >
(8.92b)

[¢%]
m3 =tan —.
2
Hence, by (4.121), p. 113,

1
Yorer, = mom), {mimay ) +mimsy 3 +mymsy,; +mam}}, (8.93)
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where, by (4.118b) and (4.119b), p. 112, mp > 0 and mE) > (0 are given by

m% = m% + m% +2mim3y,;3,
(8.94)

(m)* = (mh)? + (mh)* + 2m)myyy,.

Substituting (8.91b) and (8.92b) into (8.93), we obtain the gamma factor
YoT,®T, expressed in terms of the gyrotriangle gyroangles oy, k=1,2, 3,

Tor, = ———————1{2cos”ar +2(1 + cosa; — cosaz)
YoT,®Ti, 16 0082 0121 sin2 0!23 {

+ cos(o] + a2 + a3) + cos(—a + o + @3)

+ cos(ar] — oz + a3) + cos(or + az — a3)}. (8.93)
Substituting (8.95) into the identity, (1.9), p. 5,

2
y -1
||9T1€BT12||2=329T122®7T13, (8.96)

y@leéBTlg
we obtain the desired gyrodistance,

cos a1—0t22+a3 cos (11+0t22—0t3

8S2COS a1+0122+a3 cos —a1+§lz+a3

Ti®Th|* =
IeTi® Tl {2(1 4+ cosa] — cosaz)? +2cos?ap + E(ay, ar, a3)}2

X {2 +4(1 4+ cosay — cosoz3)2 + 2(00520{1 — cos? o) + cos® 053)

+ E(ar. 02, a3)}, (8.97)

where E (o1, a2, ®3) is given by (8.89), p. 252.

Eliminating the factor s2cos wf‘“ between (8.97) and (7.35), p. 163, and
taking a square root of both sides of the resulting equation, we obtain the following
equation:

leTi®Tll

—a1tarta3 ap—op+to3 ajtax—o3
2«/§R cos 5 cos 5 cos 5

- 2(1 + cosay —cosaz)? +2cos2ar + E(ay, 2, a3)

x /2 +4(1 +cosay — cosaz)? + 2(—cos ay + cosZay — cos2a3) + E(aq, o2, a3),
(8.98)

where R is the circumgyroradius of the reference gyrotriangle A; A As.
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8.15.3 Resulting Gyrodistances Between Tangency Points

Formalizing the results of Sects. 8.15.1-8.15.2, we obtain the following theorem in
which gyrodistances between various tangency points are related to the gyroangles
of the reference gyrotriangle and its circumgyroradius.

Theorem 8.14 (Gyrodistances Between Exgyrocircle Points of Tangency) Let
A1 A3 A3 be a gyrotriangle in an Einstein gyrovector space (R}, ®, ®), let T;; be the
point of tangency where the A;-exgyrocircle meets the extension of the gyrotriangle
side A;Aj, and let T; be the point where the A;-exgyrocircle of the gyrotriangle
meets the opposite side of A;, Fig. 8.6, p. 251. Furthermore, let ay, k = 1,2, 3, and
R be the gyrotriangle gyroangles and its circumgyroradius.

Then, the gyrodistances between tangency points of the Aj-exgyrocircle are:

leT®T3l|

—otap+a3 o] —a+a3 o] tar—a3
24/2R cos > cos 5 cos 5

T 2costay +2(1 — cosay — cosas)? + E(ay, az, @3)

x /2 + 2(cos2ar; — cosap — cos2a3) +4(1 — cosan — cosaz)? + E(ai, a2, @3),

(8.99a)
leT@Tal

—o)+ap+az o) —op+a3 ajtop—a3
24/2R cos 5 cos o) cos )

~ 2cos? ay +2(1 +cosay —cosaz)? + E(ar, on, a3)

x V2 +2(—cos2a; + cos?ay — cos?a3) + 4(1 + cosa| — cosa3)? + E(ay, a2, a3),
(8.99b)

leTi®Tsll

—a1tarta3 ap—opto3 ajtax—o3
2«/§R cos 5 cos 5 cos 5

~ 2cos? a3 +2(1 +cosay —cosaz)? + E(ay, o, a3)

x V2 +2(—cos2aj — cos2ay + cos?3) + 4(1 + cosa| — cosaa)? + E(ay, aa, a3),
(8.99¢)

where E (o1, ap, a3) is given by (8.89), i.e.,
E(oy, az, a3) = cos(ay + a2 + a3) +cos(—a +az +a3)
+ cos(a; — oy + a3) 4+ cos(ay + o — «3), (8.994d)

and where R is the circumgyroradius of the reference gyrotriangle A1A>As3.
Furthermore, the gamma factors of these gyrodistances are:

1 1

0 r 2 _ _ 2
YorneTs = 1¢ i@ o2 @ {2cos”a; +2(1—cosar —cosaz)”+ E(ay, a2, a3) },
sin® % sin” 4

(8.100a)
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1 1

= 2cosza2+2 1+cosa] —cosas 2—}—E o1, Qp,03)t,

Yeri@T 16 cos? % sin2 a_zz{ ( 1 ) (a1, 0 2)}

(8.100b)

Y = i;{200s2a3—|—2(1—{—c:osoq —cosan)>+ E(a, o az)}.
enelhis — 14 cos2 % sin2 ot_zz , 002,

(8.100c)

Proof Equations (8.99a) and (8.100a) are established in (8.90) and (8.86), respec-
tively. Equations (8.99b) and (8.100b) are established in (8.98) and (8.95), respec-
tively. Finally, (8.99¢) and (8.100c) are obtained, respectively, from (8.99b) and
(8.100b) by interchanging the vertices A, and A3 of the reference gyrotriangle
A1ArA3. O

Interestingly, (8.99a), (8.99b), (8.99¢), (8.99d) remain invariant in form under
the Euclidean limit s — oo, so that the equations are valid in Euclidean geometry
as well. However, for application in Euclidean geometry (8.99a), (8.99b), (8.99¢),
(8.99d) can be simplified owing to the fact that triangle angle sum in 7.

Indeed, under the condition

a)+oy+o3=m, (8.101a)

we have the trigonometric identities similar to (7.22b), p. 159,

—o1+o2+o3 .
cos —————————— =sinay,
2
cos %ﬁ—o& =sinay, (8.101b)
o] +ay —a3 .
coOs ———————— =sinws,
2
and
cos(o] +an + 3) = —1,
cos(—aq + oy + a03) = —cos 2,
(8.101¢)
cos(a] — ap + a3) = —cos 2wy,
cos(ay + oy — a3) = —cos2w3.

Hence, we obtain the following corollary of Theorem 8.14:

Corollary 8.15 (Distances Between Excircle Points of Tangency, I) Let AjAyA3
be a triangle in a Euclidean vector space R", let T;; be the point of tangency where
the A;-excircle meets the extension of the triangle side A; A, and let T; be the point
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where the A;-excircle of the triangle meets the opposite side of A;, Fig. 8.5, p. 249.
Furthermore, let o, k = 1,2, 3, and R be the triangle angles and its circumradius.
Then, the distances between tangency points of the Ai-excircle are:

I = T2 + T3l

2J2R sinqq sin o) sin o3

- 2cos?ay +2(1 — cosar — cosaz)? + E(ay, a2, a3)

x v/2+ 2(cos2 o] — cos? oy — cos? a3) + 4(1 — cosay — cosaz)? + E(ay, a, a3),

(8.102a)

| —T1 + Ti2l

2J/2R sina; sinay sin o3

T 2costas + 2(1 4+ cosay —cosa3)? + E(ay, an, a3)

x V2 +2(—cos?a; + cos?ay — cos?3) + 4(1 + cosa| — cosa3)? + E(ay, a2, a3),
(8.102b)

and
| —T1 + T3l

2J/2R sina sinay sin o3

~ 2cos? a3z +2(1 +cosay —cosaz)? + E(ay, on, a3)

x /2 + 2(—cos2a; — cosZar + cos2az) + 4(1 + cosary — cosaz)? + E(ay, @z, @3),
(8.102¢)

where E (o, ap, ®3) is given by
E (o1, ap, @3) = —(1 4 cos2a; 4 cos2ap + cos 2a3) (8.102d)

and where R is the circumradius of the reference triangle A1 A Asz.

Equations (8.99a), (8.99b), (8.99c¢), (8.99d) of Theorem 8.14 about gyrodistances
in hyperbolic geometry remain valid in Euclidean geometry as well, where they
form equations about corresponding distances in Euclidean geometry, in which Ein-
stein addition becomes vector addition. However, when Theorem 8.14 is considered
in Euclidean geometry, its results can be simplified owing to Condition (8.101a)
that triangle angles obey. The trigonometric simplifications that Condition (8.101a)
offers, (8.101b)—(8.101c), thus give rise to Corollary 8.15.

Interestingly, Corollary 8.15 can be further simplified by employing rather in-
volved trigonometric simplifications that Theorem 8.14 uncovers, as follows:

Theorem 8.14 remains invariant in form under the Euclidean limit, s — oo.
Hence, it survives unimpaired in the transition from hyperbolic to Euclidean geom-
etry. But in that Euclidean limit, gamma factors tend to 1. Hence, in particular, in the
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application of Theorem 8.14 in Euclidean geometry the gamma factors in (8.100a),
(8.100Db), (8.100c) are 1, resulting in the following trigonometric simplifications that
become available under Condition (8.101a):

o o
16 sin> 72 sin? 73 = 2cos2a1 +2(1 —cosay — COSOl3)2 + E(ay, a2, 3),

201 . (3 2 2
16 cos 751n 722005 oy +2(1 +cosa; —cosaz)” + E(ar, az, az),

o o
16 cos? 71 sin’ 72 = 2cos2a3 +2(1 +cosay — cosa2)2 + E(ay, a2, 3),

a1 t+ay+oz=m.
(8.103)

Owing to Identities (8.103) that triangle angles possess, Corollary 8.15 can be
simplified as follows:

Corollary 8.16 (Distances Between Excircle Points of Tangency, II) Ler A1 AA3

be a triangle in a Euclidean vector space R", let T;; be the point of tangency where

the A;-excircle meets the extension of the triangle side A; A j, and let T; be the point

where the A;-excircle of the triangle meets the opposite side of A;, Fig. 8.5, p. 249.
Then, the distances between tangency points of the A1-excircle are:

o o
| = T2 + T3]l = 4R sinwq cos 72 cos 73,
o o
| =Ty + Tial| =4R sin%sinazcos 7’ (8.104)

.o ay .
| = T1 + T13|| = 4R sin — cos — sin a3,
2 2
where R is the circumradius of the reference triangle A1 Ay As.

Distances between tangency points of the A;- and the Az-excircle of triangle
A1A> A3 can be obtained from (8.104) by cyclic vertex permutations.

8.16 Exgyrocircle Gyroangles

Let Aj A2 A3 be a gyrotriangle in an Einstein gyrovector space (R}, @, ®) that pos-
sesses an Aj-exgyrocircle. The gyroangle

B1=2TiuT1 T3 (8.105)

generated by the tangency points 77, T2 and T13 of the Aj-exgyrocircle of the gy-
rotriangle, as shown in Fig. 8.7, is called the A1-exgyrocircle gyroangle.
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Fig. 8.7 Gyroangles B¢, k = 1, 2, 3, generated by exgyrocircle points of tangency

In this section, we face the task of determining exgyrocircle gyroangles Sy, k =
1,2, 3, in terms of the gyroangles of their reference gyrotriangle A; A> A3.

Following the SSS to AAA conversion law in Theorem 6.2, (6.22), p. 135, and
(6.20), p. 134, the gyrosine and gyrocosine of gyroangle 8; are given by the equa-
tions

2 2 2
Sinzﬁl:1+ZVeT.ealeVeT.eaTmVemeam Yener, ~ Yerien; ~ YoemeT;

)

2 2
Vénen, — D0enen; =

_ 2
(yeTl eTnYeTieT; J/6T12€3T13)

2
cos” B = 5 5
(y6T1€BT12 - ])(y6T1€BT13 -1
(8.106a)

Substituting the gamma factors from (8.100a), p. 255, into (8.106a) and simpli-
fying the results gyrotrigonometrically, we obtain the equations

. fs
(8.106b)
cos B = fe
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where
fs = 32cos? % sin % sin 5 > 0,
fe= 2(sin2 o) + cos? ay + cos? a3) — 8cos? %(cos o) + cosaz) (8.106¢)
+ E(ap, 02, 03) <0,
where, as in (8.99d), p. 255,
E(oy,07,a3) =cos(a) + oy + a3) + cos(—ap + o + «3)
+ cos(o; — o + 3) +cos(oy +ap —az).  (8.106d)

Interestingly, the sum fs2 + fc2 of squares can be written as a product,

fE+ 2= fios fiz, (8.107a)
where
123 = 2(cos” a1 + cos” ar + cos” a3) + 32 cos ﬂsin2 s + E(xq, 00, 03) — 2,
2 2 2 2 32 cos? . :
f132 = 2(cos® a1 + cos® &z + cos® a3) + 32 cos? % sin’ % + E(oy, 000, 3) — 2.

(8.107b)

Formalizing the main result of this section, we obtain the following theorem:

Theorem 8.17 (Gyroangles Generated by Exgyrocircle Points of Tangency) Let
A1A2Aj3 be a gyrotriangle in an Einstein gyrovector space (R}, @, ®) with gyroan-
gles oy, k=1,2,3, and let E (a1, a2, a3) be given by the equation

E(ay, 02, a3) = cos(arg + o2 + @3) + cos(—ay + a2 + a3)
+ cos(a; — ap + a3) + cos(ag + ap — @3). (8.108)

Furthermore, let T;; be the point of tangency where the A;-exgyrocircle meets the
extension of the gyrotriangle side A;Aj, and let T; be the point where the A;-
exgyrocircle of the gyrotriangle meets the opposite side of A;, Fig. 8.7. Then, the
measures of gyroangles

B1 = LT T1Th,
B2 = LT T T3, (8.109)
B3 =<~LT31 1> T3

that the exgyrocircle tangency points generate are determined by the following equa-
tions:

fsl fcl

b= k= —
x1+ cl sl+ cl

(8.110a)
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where
o o o
fs1= 32cos’ 71 sin 72 sin73 >0,
fer= 2(Siﬂ2(¥1 + cos? ay + cos? a3)
o
— 8cos? jl(cosozz + cosas) + E(ap, az, a3)
<0,
Sinﬁzzﬂ, COS[BZZL’
| £2 2 [ £2 2
f52+fc2 fS2+f62
where
.o 302 . Q3
= 32sin — cos” — sin — > 0,
fs2 B ) ) >
fe2 = 2(cos? & + sin® @y + cos? a3)
o
— 8cos? 72(003051 + cosa3) + E(ay, an, @3)
<0,
Sinﬂszi’ cosﬁ?’:L’
[ 2 2 /2 2
s2+ c3 s3+ c3
where

2 %] a3
fs3 =32sin < sin = cos’ 5 > 0,

fe3 = 2(cos? ay + cos? az + sin’ a3)

o
— 8cos? g(cosal +cosap) + E(a, az, a3)

< 0.

261

(8.110b)

(8.111a)

(8.111b)

(8.112a)

(8.112b)

Proof The determination of gyroangle B; in (8.110a), (8.110b) is established in
(8.106a), (8.106b), (8.106¢), (8.106d). The determination of gyroangles 8, and 3
follows from that of g in (8.106a), (8.106b), (8.106¢), (8.106d) by cyclic permuta-

tions of the vertices of the reference gyrotriangle A1 Az As3.

8.17 Exgyrocircle Gyroangle Sum

O

Let A1A>Aj3 be a gyrotriangle in an Einstein gyrovector space (R}, @, ®) that pos-
sesses the Ag-exgyrocircle, k = 1, 2, 3. The gyrotriangle exgyrocircles, in turn, gen-
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erate the exgyrocircle gyroangles S, k = 1, 2, 3, the sum of which, 81 + 8 + 83,
is the gyrotriangle exgyrocircle gyroangle sum.

In this section, we face the task of determining the gyrotriangle exgyrocircle
gyroangle sum in terms of the gyroangles of the reference gyrotriangle.

Let A1AA3 be a gyrotriangle in the Einstein gyrovector space that possesses
three exgyrocircles and let Bi, kK = 1, 2, 3, be the resulting gyrotriangle exgyrocircle
gyroangles. The gyrosine and gyrocosine of the gyrotriangle exgyrocircle gyroangle
sum are

sin(B1 + B> + B3) = — sin By sin B, sin B3 + sin B cos B, cos B3
+ cos B sin B, cos B3 + cos B1 cos B sin B3,
cos(B1 + B2 + B3) = cos B cos Ba cos B3 — cos B sin By sin B3
— sin 81 cos B sin 83 — sin By sin B cos B3.

Substituting sin B and cos B, k = 1,2, 3, from (8.110a), (8.110b), (8.111a),
(8.111b), (8.112a), (8.112b) into (8.113), we obtain the equations

(8.113)

a1 +oy+ o3
ffl (ay, a2, a3),
(8.114)

cos(B1 + B2 + B3) = falar, a2, a3),

sin(B1 + B2 + B3) = cos

where the functions f1 and f, of o, k =1, 2, 3, are too involved and hence are not
presented here explicitly.

The factor cos U213 o the right-hand side of the first equation in (8.114) en-
ables an interesting result of Euclidean geometry to be uncovered. In the Euclidean
limit, s — 00, a gyrotriangle gyroangle sum tends to a corresponding triangle angle
sum, which is 7. Hence, in that limit, the factor tends to cos 7 = 0, implying that
sin(B1 + B2 + B3) = 0 in Euclidean geometry. The latter, in turn, implies that in
Euclidean geometry the excircle angle sum is 81 + 82 + 83 =2x.

8.18 Exgyrocenter-Point-of-Tangency Gyrocenter

Definition 8.18 (Exgyrocenter-Point-of-Tangency Gyrocenter, P) Let AjA2A3 be
a gyrotriangle in an Einstein gyrovector space (R}, @, ®) along with its exgyrocen-
ters Ex and points of tangency Ty, k = 1, 2, 3, Fig. 8.8. The points E} and T; form
the three gyrolines Ej Ty that are concurrent. This point of concurrency is called the
exgyrocenter-point-of-tangency Gyrocenter, P, Fig. 8.8, of the gyrotriangle.

Let the gyrocenter P of gyrotriangle AjA>As3 in an Einstein gyrovector space
(R}, @, ®) be given by its gyrobarycentric coordinate representation with respect
to the set S = {A1, Az, A3} of the gyrotriangle vertices,

szlyAlAl+m2)/A2A2+M3VA3A3 S.115)
myy, +my, +msy,
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Fig. 8.8 The Exgyrocenter-Point-of-Tangency Gyrocenter, P, of a gyrotriangle AjA;As3. This
gyrotriangle gyrocenter, P, is the point of concurrency of the three gyrolines Ex Ty, k =1,2,3,
where Ej are the gyrotriangle exgyrocenters and Ty are the gyrotriangle points of tangency with
its exgyrocircles. Gyrotrigonometric gyrobarycentric coordinates of the gyrotriangle gyrocenter P
are given in Theorem 8.19. Note that the three points Ay, Eg and Ejy for each k, k =1, 2,3, are
gyrocollinear

where the gyrobarycentric coordinates (m : my : m3) of P in (8.115) are to be
determined.

Similarly to (8.58a), (8.58b), (8.58¢), (8.59a), (8.59b) and (8.59c), under the left
gyrotranslation by © A the gyrotriangle gyrocenter P in (8.115) becomes

m2)/eAI$AZ(6A1GBA2)+m3ye 3(@,41@,43)

A1@A

SA1®P =

mi+ M2Yea 04, + M3V 045

_ Moy +m3y;as
mi +may, +m3y;;

(8.116)

1. The exgyrocenter ©A 1 E; and the tangent point ©A ;ST of the left gyrotrans-
lated gyrotriangle O (©A1PA2)(SA1®A3), as calculated in (8.58a) and (8.59a),
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are:

sinazy),a12 +sinazy ;a3

OAIDEI = — ; ; ;
—sinog +sina2y;, +sinou3yy
(8.117a)
tan a—3)/ ajp +tan ﬂ)/ as
omer = Wt I G s
tan 3y, +tan 5y
These points are contained in the Euclidean line
Ly=©A1®0T) + (—(6A1€BT1) + (eAl@El))tl, (8.117b)

where #; € R is the line parameter. This line passes through the point
(8A1@T1) e R} C R" when t; =0, and it passes through the point (A |BE) €
R? C R" when f; = 1.

2. Similarly to (8.117a), (8.117b), The exgyrocenter ©A 1@ E» and the tangent point
O©A 16T, of the left gyrotranslated gyrotriangle O(6A1®A2)(©A1DA3), as
calculated in (8.58b) and (8.59b), are:

—sinazy),a12 + sinazy ;a3

SAIBEy = — ; , ,
sinoy — sy, + SINo3y;
(8.118a)
tan a—l)/ a3
A8 = — 2oL T
tan - +tan 5- 5
These points are contained in the Euclidean line
Ly = (0A10T) + (—(0A18T) + (BAI1BE)))t (8.118b)

where # € R is the line parameter. This line passes through the point
(©A18T>) e R} C R" when t, =0, and it passes through the point (A B E>) €
R? C R" when 1, = 1.

3. Similarly to (8.117a), (8.117b), (8.118a) and (8.118b), The exgyrocenter
©A 1B E3 and the tangent point SA1DT3 of the left gyrotranslated gyrotrian-
gle O(BA19A2)(©A1@A3), as calculated in (8.58¢) and (8.59¢), are:

sinazy),a12 — sinazy ;a3

OAIDE; = — ; , )
sinay + siayy,, — SINa3y;3

(8.119a)
tan %)/12312
tan F +tan 5y, '

OA18T3 =

These points are contained in the Euclidean line

L3 = (0A18T3) + (—(0A180T3) + (OAI1®E3))13, (8.119b)
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where f3 € R is the line parameter. This line passes through the point
(8A18T3) € R} C R" when 13 =0, and it passes through the point (©A|®E3) €
R? C R" when 13 = 1.

If the Euclidean lines L, k =1, 2,3, in (8.117a), (8.117b), (8.118a), (8.118b),
(8.119a), (8.119b) are concurrent, then their concurrency point is the gyrocenter P
of the gyrotranslated gyrotriangle O (6A1DA2)(©A1HA3), given by (8.116).

Asin (7.219), p. 207, and in (8.64), p. 244, the condition that gyrocenter AP P
lies on each of the three Euclidean lines Ly, k = 1, 2, 3, along with the linear inde-
pendence of the gyrovectors aj2 and a3 in R}, when considered as vectors in R”,
gives rise to a system of six homogeneous linear equations for the six unknowns #;
and my, k = 1, 2, 3. Here the three unknowns #; are the line parameters that deter-
mine the gyrocenter P on each of the three lines Ly, and the three unknowns my
are the gyrobarycentric coordinates of the gyrocenter P of gyrotriangle AjA; A3
with respect to the set S = {A1, A>, A3} of the gyrotriangle vertices, in (8.115) and
(8.116).

The resulting six homogeneous linear equations for the six unknowns 71, 2, 13
and m1, my, m3 are not linearly independent. Indeed, they determine uniquely the
five unknowns t1, 12, t3 and m/m3, my/m3, resulting in

mp;  sino(1 +cosay —cosay — cosas)

mz  sinos(l — coso) — cosay + cosez)’
(8.120)
my  sino (1 —cosay + cosay — cosas)

ms sinaz(1 — cosa; — cosap +cosaz)

Gyrobarycentric coordinates are homogeneous, so that a common nonzero factor
is irrelevant. Hence, (8.120) gives rise to the following theorem:

Theorem 8.19 (The Exgyrocenter-Point-of-Tangency Gyrocenter Theorem) Let
A1A2A3 be a gyrotriangle in an Einstein gyrovector space (R}, ®, ®), and let P
be the exgyrocenter-point-of-tangency gyrocenter of the gyrotriangle, Fig. 8.8.

Then, in the standard gyrotriangle index notation, the gyrotriangle gyrocenter P
is given by its gyrobarycentric coordinate representation,

myy, Ay +may, Ay +m3y, Az
p=—" L b (8.121)
myy, +my, +msy,

where gyrotrigonometric gyrobarycentric coordinates (m1 : my : m3) of P in
(8.121) are

my =sina (1 4+ cosa] — cosay — cosas),
my =sinay(l — cosay + cosar — cosas), (8.122)

m3 =sina3(l —cosw; —cosap + cosas).
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8.19 Problems

Problem 8.1 The Gyrotriangle Exgyroradius:
Derive the system (8.7), p. 223, of three equations by substituting successively
(8.4a), (8.4b), (8.4c) and (8.2) into (8.5).

Problem 8.2 The Constant of the Gyrotrigonometric Gyrobarycentric Coordi-
nate Representation of the Gyrotriangle Excenters and Incenter:

Derive the constants m% in (8.39a), (8.39b), (8.39c¢), (8.39d), p. 235, of each of the
gyrotrigonometric gyrobarycentric coordinate representation of E, k =1,2,3,0,
from (8.15), p. 226, and (8.37a), (8.37b), (8.37¢), (8.37d), (8.38a), (8.38b), (8.38c),
(8.38d), p. 234.

Problem 8.3 A Gyrotriangle Gyroangle Inequality:
Prove Inequality (8.41), p. 235, for the gyroangles o, k = 1, 2, 3 of any gyrotriangle
A1A>A3 in an Einstein gyrovector space.

Problem 8.4 A Substitution:
Derive (8.53), p. 239, by substitutions from (7.143) and (7.147) into (8.52).

Problem 8.5 Gyrotriangle Gyrotrigonometric Substitutions:

Complete the proof of Theorem 8.3, p. 230, in detail by substituting gyrotriangle gy-
rotrigonometric identities from Sect. 7.12, p. 187, into (8.21)—(8.22) and employing
the result of Theorem 7.4, p. 163.

Problem 8.6 In-Exgyroradii Relation:

Derive (8.26) and (8.27) from (8.25), p. 230, by using the software Mathematica for
computer algebra to manipulate trigonometric functions by commands like Trig-
ToExp, ExpToTrig, TrigReduce and TrigFactor.

Problem 8.7 Gyrotrigonometric Substitutions:
Derive the gamma factor (8.86), p. 252, by substituting (8.82b) and (8.83b) into
(8.84) (and squaring, but subsequently taking a square root).

Problem 8.8 Gyrotrigonometric Substitutions:
Derive (8.88), p. 252, by substituting (8.86) in Identity (8.87), which is a special
case of Identity (1.9), p. 5.

Problem 8.9 Gyrotrigonometric Substitutions:
Derive the gamma factor (8.95), p. 254, by substituting (8.91b) and (8.92b) into
(8.93).

Problem 8.10 Gyrotrigonometric Substitutions:
Derive (8.97), p. 254, by substituting (8.95) into Identity (8.96), which is a special
case of Identity (1.9), p. 5.
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Problem 8.11 Trigonometric Substitutions:

Simplify the results of Corollary 8.15, p. 256, into those of Corollary 8.16, p. 258,
in Euclidean geometry by substituting Identities (8.103) that triangle angles possess
and employing well-known, elementary trigonometric identities.

Problem 8.12 The SSS to AAA conversion law:
Apply the SSS to AAA conversion law, Theorem 6.2, p. 134, to obtain the equations
in (8.106a), p. 259.

Problem 8.13 Gyrotrigonometric Substitutions:
Substitute the gamma factors from (8.100a), p. 255, into (8.106a), p. 259, and sim-
plify the results gyrotrigonometrically (= trigonometrically) to obtain (8.106b).

Problem 8.14 A Gyrotrigonometric/Trigonometric Identity:
Prove the gyrotrigonometric/trigonometric Identity (8.107a), (8.107b), p. 260.

Problem 8.15 Gyrotrigonometric Substitutions:

Substitute the sinf; and cos Bk, k = 1,2, 3, from (8.110a), (8.110b), (8.111a),
(8.111b), (8.112a), (8.112b) into (8.113) to obtain (8.114), p. 262, explicitly, and
deduce that

Ylggo sin(By + B2 + B3) =0. (8.123)

Furthermore, show that (8.123) implies that in Euclidean geometry, the excircle
angle sum is 81 + B2 + B3 =27.

Problem 8.16 Gyrocollinearity:
Explain why the three points Ay, Eg and Ej for each k, k = 1,2, 3, in Fig. 8.8,
p. 1263, are gyrocollinear.
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