Chapter 1
Einstein Gyrogroups

Abstract Einstein’s addition law of three-dimensional relativistically admissible
velocities is the corner stone of Einstein’s three-vector formalism of the special
theory of relativity that he founded in 1905. In this chapter, we present Einstein
addition along with its role in nonassociative algebra and hyperbolic geometry. We
make no demands upon readers of this book as to a prior acquaintance with either
special relativity, nonassociative algebra or hyperbolic geometry.

1.1 Introduction

Einstein’s addition law of three-dimensional relativistically admissible velocities
appears in [58, 60, 63, 64] as the corner stone of Einstein’s three-vector formalism
of the special theory of relativity that he founded in 1905 [12, 34]. Einstein addition
is presented in this chapter, along with the nonassociative algebraic structures that
it encodes. These are the gyrocommutative gyrogroup structure and the gyrovector
space structure that form a natural generalization of the common commutative group
structure and vector space structure from associative algebra into nonassociative
algebra.

It will turn out that the resulting Einstein gyrovector spaces, studied in Chap. 2,
form the setting for the Cartesian—Beltrami—Klein ball model of hyperbolic geom-
etry just as vector spaces form the setting for the standard Cartesian model of Eu-
clidean geometry.

We make no demands upon readers of this book as to a prior acquaintance with
either the hyperbolic geometry of Bolyai and Lobachevsky or the special theory of
relativity of Einstein. Rather, we will present the modern and unknown in terms of
analogies that they share with the classical and familiar. Accordingly, as a math-
ematical prerequisite for a fruitful reading of this book, familiarity with Euclidean
geometry from the point of view of vectors and with basic elements of linear algebra
and classical mechanics is assumed.
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4 1 Einstein Gyrogroups
1.2 Einstein Velocity Addition

Let ¢ be any positive constant and let (R”, 4, -) be the Euclidean n-space, n =
1,2,3,..., equipped with the common vector addition, +, and inner product, -.
Furthermore, let

R ={veR":|v| <c} (1.1)

be the c-ball of all relativistically admissible velocities of material particles. It is the
open ball of radius ¢, centered at the origin of R”, consisting of all vectors v in R”
with magnitude ||v|| smaller than c.

Einstein velocity addition is a binary operation, @, in the c-ball R of all relativis-
tically admissible velocities, given by the equation [58], [49, (2.9.2)], [40, p. 55],
(18],

1 I

= ———Fju+ —V+ —
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udv (u-v)u} (1.2)

for all u, v € R, where y, is the gamma factor given by the equation

1 _ 1

Here u-v and ||v|| are the inner product and the norm in the ball, which the ball R}
inherits from its space R”, ||v||> = v-v = v. A nonempty set with a binary operation
is called a groupoid so that, accordingly, the pair (R, @) is an Einstein groupoid.

In the Newtonian limit of large ¢, ¢ — o0, the ball R? expands to the whole of
its space R", as we see from (1.1), and Einstein addition & in R reduces to the
ordinary vector addition 4+ in R”, as we see from (1.2) and (1.3).

In physical applications, R” = R is the Euclidean 3-space, which is the space
of all classical, Newtonian velocities, and R} = Rg C R? is the c-ball of R3 of all
relativistically admissible, Einsteinian velocities. Furthermore, the constant ¢ repre-
sents in physical applications the vacuum speed of light. Since we are interested in
applications to geometry, we allow n to be any positive integer.

Einstein addition (1.2) of relativistically admissible velocities, with n = 3, was
introduced by Einstein in his 1905 paper [12], [13, p. 141] that founded the special
theory of relativity, where the magnitudes of the two sides of Einstein addition (1.2)
are presented. One has to remember here that the Euclidean 3-vector algebra was
not so widely known in 1905 and, consequently, was not used by Einstein. Einstein
calculated in [12] the behavior of the velocity components parallel and orthogonal
to the relative velocity between inertial systems, which is as close as one can get
without vectors to the vectorial version (1.2) of Einstein addition.

We naturally use the abbreviation u&v = ud(—v) for Einstein subtraction, so
that, for instance, vov = 0, ©v = 06v = —v and, in particular,

(1.3)

W =

O (udv) = cuov (1.4)
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and
oud(udv) =v (1.5)

for all u, v in the ball R, in full analogy with vector addition and subtraction in R".
Identity (1.4) is known as the automorphic inverse property, and Identity (1.5) is
known as the left cancellation law of Einstein addition [63]. We may note that Ein-
stein addition does not obey the naive right counterpart of the left cancellation law
(1.5) since, in general,

(udvV)Ov#u (1.6)

However, this seemingly lack of a right cancellation law of Einstein addition is
repaired in Sect. 1.9, p. 21.
Einstein addition and the gamma factor are related by the gamma identity,

u-v
n@=nm1+§— (1.7)

which can be equivalently written as

u-v
Yougv = Ya¥y |1 — 2 (1.8)

for all u, v € R?. Here, (1.8) is obtained from (1.7) by replacing u by Su = —u
in (1.7).
A frequently used identity that follows immediately from (1.3) is

2 2 2
-1
vVo_IvIE _w (1.9
2 2 V2
and, similarly, a useful identity that follows immediately from (1.8) is
S = Touew (1.10)
¢ YuVy

It is the gamma identity (1.7) that signaled the emergence of hyperbolic geom-
etry in special relativity when it was first studied by Sommerfeld [51] and Vari¢ak
[66, 67] in terms of rapidities, a term coined by Robb [47]. In fact, the gamma iden-
tity plays a role in hyperbolic geometry, analogous to the law of cosines in Euclidean
geometry, as we will see in Sect. 6.3, p. 132. Historically, it formed the first link be-
tween special relativity and the hyperbolic geometry of Bolyai and Lobachevsky, re-
cently leading to the novel trigonometry in hyperbolic geometry that became known
as gyrotrigonometry, developed in [63, Chap. 12], [64, Chap. 4], [57, 62] and in
Part II of this book.

Einstein addition is noncommutative. Indeed, while Einstein addition is commu-
tative under the norm,

[udv| = [|[vul| (1.11)
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we have, in general,
udv # vibu (1.12)

for u, v e R”. Moreover, Einstein addition is also nonassociative since, in general,
(ubVv)DW # udb(vew) (1.13)

foru, v,we RZ.

It seems that following the breakdown of commutativity and associativity in Ein-
stein addition some mathematical regularity has been lost in the transition from
Newton’s velocity vector addition in R" to Einstein’s velocity addition (1.2) in RZ.
This is, however, not the case since Thomas gyration comes to the rescue, as we
will see in Sect. 1.4. Owing to the presence of Thomas gyration, the Einstein
groupoid (R, @) has a grouplike structure [56] that we naturally call the Einstein
gyrogroup [58]. The formal definition of the resulting abstract gyrogroup will be
presented in Definition 1.5, p. 12.

1.3 Einstein Addition With Respect to Cartesian Coordinates

Like any physical law, Einstein velocity addition law (1.2) is coordinate indepen-
dent. Indeed, it is presented in (1.2) in terms of vectors, noting that one of the great
advantages of vectors is their ability to express results independent of any coordinate
system.

However, in order to generate numerical and graphical demonstrations of phys-
ical laws, we need coordinates. Accordingly, we introduce Cartesian coordinates
into the Euclidean n-space R" and its ball R, with respect to which we generate
the graphs of this book. Introducing the Cartesian coordinate system X' into R” and
R?”, each point P € R" is given by an n-tuple

P=(x1,X2,...,%),  xi+x3+---+x2<o00 (1.14)

of real numbers, which are the coordinates, or components, of P with respect to X.
Similarly, each point P € R is given by an n-tuple

P=(x1,x2,...,%xn), )clz—i-x%—i—-u—i—x,%<c2 (1.15)

of real numbers, which are the coordinates, or components of P with respect to X'.

Equipped with a Cartesian coordinate system X and its standard vector addi-
tion given by component addition, along with its resulting scalar multiplication, R”
forms the standard Cartesian model of n-dimensional Euclidean geometry. In full
analogy, equipped with a Cartesian coordinate system X' and its Einstein addition,
along with its resulting scalar multiplication (to be studied in Sect. 2.1), the ball
R? forms in this book the Cartesian-Beltrami—Klein ball model of n-dimensional
hyperbolic geometry.
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As an illustrative example, we present below the Einstein velocity addition law
(1.2) in ]Rg with respect to a Cartesian coordinate system.

Let ]Rg be the c-ball of the Euclidean 3-space, equipped with a Cartesian coordi-
nate system X. Accordingly, each point of the ball is represented by its coordinates
(x1,x2,x3)" (exponent ¢ denotes transposition) with respect to X, satisfying the
condition xl2 + x% + x32 <2

Furthermore, let u, v, w € Rg be three points in Rg Cc R3 given by their coordi-
nates with respect to X,

ui U1 wi
u=\|u |, v=|wuv]l, w=| wy (1.16)
us v3 w3
where
w=udv (1.17)

The dot product of u and v is given in X' by the equation
WV =uv + upvy +u3vs (1.18)
and the squared norm ||v||?> = v-v of v is given by the equation
V2 = v? + 03 + 03 (1.19)
Hence, it follows from the coordinate independent vector representation (1.2) of

Einstein addition that the coordinate dependent Einstein addition (1.17) with respect
to the Cartesian coordinate system X takes the form

w1 1
wy | = UV +upv+u3v
ws 1+ 1V1 iZZ 303
1y Ui Il
x [1+ a1 +uzvz+u3v3)} up | +— vz | (1.20)
C +}/u u3 Vu V3
where
1
Vo= —— (1.21)
1 — u%+u%+u§
2

The three components of Einstein addition (1.17) are wy, wy and w3 in (1.20).
For a two-dimensional illustration of Einstein addition (1.20) one may impose the
condition u3 = v3 =0, implying w3 = 0.
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In the Newtonian—Euclidean limit, ¢ — oo, the ball Rg expands to the Euclidean
3-space R3, and Einstein addition (1.20) reduces to the common vector addition
in R3,

w1 ui V1
wry | =ux | +1v (1.22)
w3 us U3

1.4 Einstein Addition vs. Vector Addition

Vector addition, +, in R" is both commutative and associative, satisfying

ut+v=v+u, (Commutative Law)

u+ (v+w)=(@m+v)+w (Associative Law) (123)
for all u, v, w € R”. In contrast, Einstein addition, @, in R/ is neither commutative
nor associative.

In order to measure the extent to which Einstein addition deviates from as-
sociativity we introduce gyrations, which are maps that are trivial in the spe-
cial cases when the application of @ is associative. For any u,v € RY, the gy-
ration gyr[u, v] is a map of the Einstein groupoid (R, @) onto itself. Gyrations
gyr[u, v] € Aut(}Rg, ®),u,ve Rg, are defined in terms of Einstein addition by the
equation

gyr[u, viw = S(udv)d{ud(véw) } (1.24)

forallu,v,we Rg, and they turn out to be automorphisms of the Einstein groupoid
R, @).

We recall that an automorphism of a groupoid (S, @) is a one-to-one map f of §
onto itself that respects the binary operation, that is, f(a®b) = f(a)® f (b) for all
a,b € S. The set of all automorphisms of a groupoid (S, @) forms a group, denoted
Aut(S, @). To emphasize that the gyrations of an Einstein gyrogroup (Rg, @) are
automorphisms of the gyrogroup, gyrations are also called gyroautomorphisms.

A gyration gyr[u,v], u,v € Rg, is trivial if gyr[u, vlw = w for all w € Rg.
Thus, for instance, the gyrations gyr[0, v], gyr[v, v] and gyr[v, ©v] are trivial for
allve Rg, as we see from (1.24).

Einstein gyrations, which possess their own rich structure, measure the extent
to which Einstein addition deviates from commutativity and associativity as we see
from the gyrocommutative and the gyroassociative laws of Einstein addition in the
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following identities [58, 60, 63]:
u®v = gyr[u, v](véu), (Gyrocommutative Law)

u®(vew) = (udv)® gyr[u, viw, (Left Gyroassociative Law)
(udv)dW = ud(vé gyr[v, ulw), (Right Gyroassociative Law)

gyr[u®v, v] = gyr[u, v], (Gyration Left Loop Property) (1.25)
gyr[u, vépu] = gyr[u, v], (Gyration Right Loop Property)

gyr[©u, ©v] = gyr[u, v], (Gyration Even Property)

(gyr[u, V])_1 = gyr[v, u], (Gyration Inversion Law)

forallu,v,we R},

Einstein addition is thus regulated by gyrations to which it gives rise owing to its
nonassociativity, so that Einstein addition and its gyrations are inextricably linked.
The resulting gyrocommutative gyrogroup structure of Einstein addition was dis-
covered in 1988 [55]. Interestingly, (Thomas) gyrations are the mathematical ab-
straction of the relativistic effect known as Thomas precession [63, Sect. 10.3].

The loop properties in (1.25) present important gyration identities. These two
gyration identities are, however, just the tip of a giant iceberg. Many other useful
gyration identities are studied in [58, 60, 63] and will be studied in the sequel.

1.5 Gyrations

Owing to its nonassociativity, Einstein addition gives rise in (1.24) to gyrations
gyr[u, v] : R — R (1.26)

for any u, v € R? in an Einstein groupoid (R, @). Gyrations, in turn, regulate Ein-
stein addition, endowing it with the rich structure of a gyrocommutative gyrogroup,
as we will see in Sect. 1.6, and a gyrovector space, as we will see in Sect. 2.1.
Clearly, gyrations measure the extent to which Einstein addition is nonassociative,
where associativity corresponds to trivial gyrations.

An explicit presentation of the gyrations of Einstein groupoids (Rf, @) is, there-
fore, desirable. Indeed, the gyration equation (1.24) can be manipulated into the
equation

Au+ Bv

gyr[u, viw =w + —D (1.27)
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where
1y 1
IR 1)( v = D@w) + Sy (vw)
34 % (u-v)(v-w)
At +D +D (128)
B=—- )/V)/Jrl{yu(yV + D(w) + (v, — Dyy (v-w)}

D:yuyv<l+ >+1_yu@v+1>l

forallu,v,we R!. Allowing w € R* D R” in (1.27)—(1.28), gyrations gyr[u, v] are
expendable from maps of R/ to linear maps of R” for all u, v e R”.

In each of the three special cases when (i) u =0, or (ii) v =0, or (iii) u and v are
parallel in R", u||v, we have Au+ Bv = 0 so that gyr[u, v] is trivial. Thus, we have

gyr[0, vlw =w
gyr[u, Olw =w (1.29)
gyrlu, viw=w, u|v

forallu,ve R%, and all w e R”.
It follows from (1.27) that

gyr[v, u](gyr[u, viw) =w (1.30)

for all u, ve R?, w e R”, so that gyrations are invertible linear maps of R”", the in-
verse, gyr~![u, v], of gyr[u, v] being gyr[v, u]. We thus have the gyration inversion
property
yr ' [u, vl = gyrlv, u] (1.31)
for allu, ve R..
Gyrations keep the inner product of elements of the ball R invariant, that is,

gyr[u, v]a- gyr[u, vlb =a-b (1.32)

for all a, b, u, v e RZ. Hence, gyr[u, v] is an isometry of R, keeping the norm of
elements of the ball R invariant,

lgyrlu, viw| = [lwll (1.33)
Accordingly, gyr[u, v] represents a rotation of the ball R about its origin for any
u,veRl

The invertible self-map gyr[u, v] of R? respects Einstein addition in R,

gyr[u, v](a®b) = gyr[u, vlad gyr[u, vlb (1.34)
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for all a, b, u, v e R?, so that gyr[u, v] is an automorphism of the Einstein groupoid
RE, ®).

1.6 From Einstein Velocity Addition to Gyrogroups

Taking the key features of the Einstein groupoid (R, &) as axioms, and guided
by analogies with groups, we are led to the formal gyrogroup definition in which
gyrogroups turn out to form a most natural generalization of groups. Definitions
related to groups and gyrogroups thus follow.

Definition 1.1 (Groups) A groupoid (G, +) is a group if its binary operation satis-
fies the following axioms. In G there is at least one element, 0, called a left identity,
satisfying

(GD
O+a=a

for all a € G. There is an element 0 € G satisfying Axiom (G1) such that for
each a € G there is an element —a € G, called a left inverse of a, satisfying
(G2)

—a+a=0

Moreover, the binary operation obeys the associative law
(G3)

(a@+b)+c=a+b+c)
foralla,b,ceG.
Groups are classified into commutative and noncommutative groups.
Definition 1.2 (Commutative Groups) A group (G, +) is commutative if its binary
operation obeys the commutative law
(G6)
a+b=b+a

foralla,beG.

Definition 1.3 (Subgroups) A subset H of a subgroup (G, +) is a subgroup of G

if it is nonempty, and H is closed under group compositions and inverses in G, that
is,x,y € H impliesx +ye€ H and —x € H.

Theorem 1.4 (The Subgroup Criterion) A subset H of a group G is a subgroup if
and only if (i) H is nonempty, and (ii) x,y € H impliesx —y € H.
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For a proof of the Subgroup Criterion see any book on group theory.

Definition 1.5 (Gyrogroups) A groupoid (G, @) is a gyrogroup if its binary oper-
ation satisfies the following axioms. In G there is at least one element, 0, called a
left identity, satisfying

(GD
0ha =a

for all @ € G. There is an element 0 € G satisfying Axiom (G1) such that for
each a € G there is an element ©a € G, called a left inverse of a, satisfying
(G2)

Oa®a =0

Moreover, for any a, b, c € G there exists a unique element gyrla, blc € G
such that the binary operation obeys the left gyroassociative law
(G3)

a®(bdc) = (adb)d gyrla, blc

The map gyrla, b] : G — G given by ¢ > gyr[a, b]c is an automorphism of
the groupoid (G, @), that is,
(G4

gyrla, b] € Aut(G, ®)

and the automorphism gyr[a, b] of G is called the gyroautomorphism, or the
gyration, of G generated by a, b € G. The operator gyr: G x G — Aut(G, @)
is called the gyrator of G. Finally, the gyroautomorphism gyr[a, b] generated
by any a, b € G possesses the left loop property

(G5)

gyrla, b] = gyrla®b, b]

The gyrogroup axioms (G1)—(G5) in Definition 1.5 are classified into three
classes:

1. The first pair of axioms, (G1) and (G2), is a reminiscent of the group axioms.

2. The last pair of axioms, (G4) and (G5), presents the gyrator axioms.

3. The middle axiom, (G3), is a hybrid axiom linking the two pairs of axioms in (1)
and (2).

As in group theory, we use the notation a©b = a®(6b) in gyrogroup theory as
well.

In full analogy with groups, gyrogroups are classified into gyrocommutative and
non-gyrocommutative gyrogroups.

Definition 1.6 (Gyrocommutative Gyrogroups) A gyrogroup (G, @) is gyrocom-
mutative if its binary operation obeys the gyrocommutative law
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(G6)
a®b=gyrla,b](b®a)
foralla,beG.
In order to capture analogies with groups, we introduce into the abstract gy-

rogroup (G, @) a second binary operation, H, called the gyrogroup cooperation, or
coaddition.

Definition 1.7 (The Gyrogroup Cooperation (Coaddition)) Let (G, ®) be a gy-
rogroup. The gyrogroup cooperation (or, coaddition), H, is a second binary opera-
tion in G related to the gyrogroup operation (or, addition), &, by the equation

aBb=a®gyrla, &b]b (1.35)
foralla,beG.

Naturally, we use the notation a H b = a H (6b) where ©b = —b, so that
aBb=a6gyrla, blb (1.36)

The gyrogroup cooperation is commutative if and only if the gyrogroup operation is
gyrocommutative, as we will see in Theorem 1.33, p. 35.

Hence, in particular, Einstein coaddition B = H; is commutative since Einstein
addition @ = @;, is gyrocommutative. Indeed, Einstein coaddition B = H; is com-
mutative, given explicitly by the equation [63, pp. 92-93]

Yu T W
vi W Hrar (45 -

YuU+ WV
Ya+ 7y

uHlHv= 1(yuu+yvv)=2® (1.37)

for all u, v € R? where, by scalar multiplication definition, 2Qv = v@v.

While it is clear how to define a right identity and a right inverse in a gyrogroup,
the existence of such elements is not presumed. Indeed, the existence of a unique
identity and a unique inverse, both left and right, is a consequence of the gyrogroup
axioms, as the following theorem shows, along with other immediate results.

Theorem 1.8 (First Gyrogroup Properties) Let (G, @) be a gyrogroup. For any
elements a, b, c, x € G we have:

. If a®b = a®c, then b = c (general left cancellation law; see item (9) below).
. gyr[0, a] = I for any left identity O in G.

. gyrlx, al = I for any left inverse x of a in G.

. gyrla,al=1.

. There is a left identity which is a right identity.

. There is only one left identity.

. Every left inverse is a right inverse.

. There is only one left inverse, ©a, of a, and S(Sa) = a.

0NN AW
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9. The Left Cancellation Law:
©ad(adb) =b. (1.38)

10. The Gyrator Identity:

gytla, blx = ©(a®b)®{a® (b®x)}. (1.39)
11. gyr[a, b]0=0.
12. gyrla, b](&x) = © gyr[a, b]x.
13. gyr[a,0] = 1.
Proof

1. Let x be a left inverse of a corresponding to a left identity, 0, in G. We have
x®(adb) = xD(abc), implying (xBa)® gyr[x, alb = (xDa)® gyr[x, alc by
left gyroassociativity. Since 0 is a left identity, gyr[x, alb = gyr[x, a]c. Since
automorphisms are bijective, b = c.

2. By left gyroassociativity we have for any left identity 0 of G, a®x =
0b(adx) = (0ba)® gyr[0, alx = a® gyr[0, alx. Hence, by Item 1 above we
have x = gyr[0, alx for all x € G so that gyr[0,a] = 1.

3. By the left loop property and by Item 2 above we have gyr[x, a] = gyr[x®a, a]
=gyr[0,a]=1.

4. Follows from an application of the left loop property and Item 2 above.

5. Let x be a left inverse of a corresponding to a left identity, O, of G. Then by left
gyroassociativity and Item 3 above, x®(a®0) = (xPa)® gyr[x, a]0 = 000 =
0 =x®a. Hence, by (1), a®0 =a for all a € G so that O is a right identity.

6. Suppose 0 and 0* are two left identities, one of which, say 0, is also a right
identity. Then 0 = 0*@0 = 0*.

7. Let x be a left inverse of a. Then x®(adbx) = (xBa)d gyr[x, alx = 0bx =
x = x®0, by left gyroassociativity, (G2) of Definition 1.5 and Items 3, 5, 6
above. By Item 1, we have a®x = 0 so that x is a right inverse of a.

8. Suppose x and y are left inverses of a. By Item 7 above, they are also right
inverses, so a®x =0 =a®y. By Item 1, x = y. Let ©a be the resulting unique
inverse of a. Then ©&a®a = 0 so that the inverse ©(6a) of Sa is a.

9. By left gyroassociativity and by Item 3, we have

©a®(adb) = (©a®a)® gyr[©a,alb=b (1.40)
10. By an application of the left cancellation law in Item 9 to the left gyroassociative
law (G3) in Definition 1.5, we obtain the result in Item 10.
11. We obtain Item 11 from Item 10 with x = 0.
12. Since gyr|a, b] is an automorphism of (G, @), we have from Item 11
gyrla, b](6x)® gyrla, blx = gyrla, b](©x®x) = gyrla,b]0=0  (1.41)
and hence the result.
13. We obtain Item 13 from Item 10 with b = 0, and a left cancellation, Item 9. [
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1.7 Elements of Gyrogroup Theory

Einstein gyrogroups (G, @) possess the gyroautomorphic inverse property, accord-
ing to which ©(a®b) = ©a6b for all a,b € G. In general, however, S(adb) #

©aOb in other gyrogroups. Hence, the following theorem is interesting.

Theorem 1.9 (Gyrosum Inversion Law) For any two elements a, b of a gyrogroup
(G, ®) we have the gyrosum inversion law

©(a®b) = gyrla, b](©bSa) (1.42)

Proof By the gyrator identity in Theorem 1.8(10) and a left cancellation, Theo-
rem 1.8(9), we have

gyrla, bl(©b6a) = ©(a®b)®(ad(bd(©bSa)))

=©S(adb)d(aSa)
=O(adb) (1.43)
O
Theorem 1.10 For any two elements, a and b, of a gyrogroup (G, @), we have
gyrla, blb = ©{S(a®b)®a}
(1.44)

gyrla, ©b]b = 6(acb)®a

Proof The first identity in (1.44) follows from Theorem 1.8(10) with x = &b, and
Theorem 1.8(12), and the second part of Theorem 1.8(8). The second identity in
(1.44) follows from the first one by replacing b by ©b. O

A nested gyroautomorphism is a gyration generated by points that depend on an-
other gyration. Thus, for instance, some gyrations in (1.45)—(1.47) below are nested.

Theorem 1.11 Any three elements a, b, ¢ of a gyrogroup (G, ®) satisfy the nested
gyroautomorphism identities

gyrla, bdc] gyrlb, c] = gyr[a®b, gyrla, b]c] gyrla, b] (1.45)
gyr[a®b, © gyrla, b)b] gyrla, bl =1 (1.46)
gyr[a, © gyrla, blb] gyrla, b1 = I (1.47)

and the gyroautomorphism product identities

gyr[©a, a®bl gyrla,b] =1 (1.48)
gyrlb, adb] gyrla, bl =1 (1.49)
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Proof By two successive applications of the left gyroassociative law in two different
ways, we obtain the following two chains of equations for all a, b, ¢, x € G,

a®(bd(chx)) = ad®((bdc)® gyrlb, c]x)
= (a®(bdc))® gyrla, bdc] gyrlb, clx (1.50)
and
a®(b®(cdx)) = (adb)® gyrla, b](cHx)
= (a®b)®(gyrla, blc® gyrla, blx)
= ((a®b)® gyrla, blc)® gyr[a®b, gyr[a, b]c] gyrla, blx
= (a®d(b®c))® gyr[a®b, gyrla, blc] gyrla, blx (1.51)

By comparing the extreme right-hand sides of these two chains of equations, and by
employing the left cancellation law, Theorem 1.8(1), we obtain the identity

gyrla, bdcl gyrlb, clx = gyr[a®b, gyrla, blc] gyrla, b]x (1.52)

for all x € G, thus verifying (1.45).
In the special case when ¢ = ©b, (1.45) reduces to (1.46), noting that the left-
hand side of (1.45) becomes trivial owing to Items (2) and (3) of Theorem 1.8.
Identity (1.47) results from the following chain of equations, which are numbered
for subsequent derivation:

(M
1= gyr[a@b, O gyr|a, b]b] gyrla, b]

)
= gyr[(a®b)O gyrla, b]b, © gyrla, b]b] gyrla, b]

3
== gyr[a®(bODb), © gyrla, blb] gyrla, b]

@
== gyr[a, © gyrla, b1b] gyrla, b] (1.53)

Derivation of the numbered equalities in (1.53) follows:

1. Follows from (1.46).

2. Follows from Item 1 by the left loop property.

3. Follows from Item 2 by the left gyroassociative law. Indeed, an application of the
left gyroassociative law to the first entry of the left gyration in (3) gives the first
entry of the left gyration in (2), that is, a®(b&b) = (a®b)S gyrla, b1b.

4. Follows from Item 3 immediately, since b&b = 0.
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To verify (1.48), we consider the special case of (1.45) when b = ©a, obtaining
gyrla, ©adcl gyr[©a, c] = gyr[0, gyrla, ©alc] gyrla, ©a] = I (1.54)

where the second identity in (1.54) follows from Items (2) and (3) of Theorem 1.8.
Replacing a by ©a and ¢ by b in (1.54), we obtain (1.48).

Finally, (1.49) is derived from (1.48) by an application of the left loop prop-
erty to the first gyroautomorphism in (1.48) followed by a left cancellation, Theo-
rem 1.8(9). Accordingly,

I = gyr[©a, a®b] gyr|a, b]
= gyr[©a®(a®b), adb] gyrla, b]
= gyr[b, a®b] gyrla, b] (1.55)
O

The nested gyroautomorphism identity (1.47) in Theorem 1.11 allows the equa-
tion that defines the coaddition H to be dualized with its corresponding equation in
which the roles of the binary operations B and @ are interchanged, as shown in the
following theorem:

Theorem 1.12 Let (G, ®) be a gyrogroup with cooperation B given in Defini-
tion 1.7, p. 13, by the equation

a®Bb=a®gyrla, ©b]b (1.56)
Then
a®b = a B gyr[a, b]b (1.57)
Proof Let a and b be any two elements of G. By (1.56) and (1.47), we have

a B gyrla, blb = a® gyr[a, © gyrla, blb] gyrla, blb
— a®b (1.58)

thus verifying (1.57). 0
We naturally use the notation
aBb=aHlH(6)) (1.59)
in a gyrogroup (G, @), so that, by (1.59), (1.56) and Theorem 1.8(12),

aBHb=aH (Sb)
= a® gyrla, b](SD)
=aogyrla, b]b (1.60)
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and hence
aHa=a6a=0 (1.61)

as it should be. Identity (1.61), in turn, implies the equality between the inverses of
a € G with respect to ¢ and H,

Ha =Ga (1.62)

foralla € G.
Theorem 1.13 Let (G, @) be a gyrogroup. Then

(6a®b)® gyr[©a, b]l(6bDc) = Gadc (1.63)
foralla,b,ceG.

Proof By the left gyroassociative law and the left cancellation law, and using the
notation d = ©b®c, we have

(©a®b)® gyr[©a, b](©bDc) = (©adb)® gyr[Sa, bld
=0ad(bdd)
= Sa® (bd(6b®C))
=0Badc (1.64)

O

Theorem 1.14 (The Gyrotranslation Theorem, I) Let (G, ®) be a gyrogroup. Then
S(Cadb)®(©adc) = gyr[©a, bl(©b®c) (1.65)

foralla,b,ceG.

Proof Identity (1.65) is a rearrangement of Identity (1.63) obtained by a left cancel-
lation. M

The importance of Identity (1.65) lies in the analogy it shares with its group
counterpart, —(—a + b) + (—a + ¢) = —b + ¢ in any group (Group, +).

The identity of Theorem 1.13 can readily be generalized to any number of terms,
for instance,

(6adb)® gyr[©a, b]{(ebeac)@ gyr[eb, c](&cdd) } =6add (1.66)

which generalizes the obvious group identity (—a + b) + (—b +c¢) + (—c+d) =
—a + d in any group (Group, +).
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1.8 The Two Basic Equations of Gyrogroups

The two basic equations of gyrogroup theory are
adx =>b (1.67)

and
x®a=>b (1.68)

for a, b, x € G, each for the unknown x in a gyrogroup (G, ).
Let x be a solution of the first basic equation, (1.67). Then we have by (1.67) and
the left cancellation law, Theorem 1.8(9),

Sa®b =6a®(ad®x) =x (1.69)

Hence, if a solution x of (1.67) exists then it must be given by x = Sa®b, as we
see from (1.69).

Conversely, x = ©a®b is, indeed, a solution of (1.67) as wee see by substituting
x = 6a®b into (1.67) and applying the left cancellation law in Theorem 1.8(9).
Hence, the gyrogroup equation (1.67) possesses the unique solution x = Sa®b.

The solution of the second basic gyrogroup equation, (1.68), is quiet different
from that of the first, (1.67), owing to the noncommutativity of the gyrogroup oper-
ation. Let x be a solution of (1.68). Then we have the following chain of equations,
which are numbered for subsequent derivation:

1)
x == x®0
2)
— x®(aSa)
3)
= (x®a)® gyr[x, al(a)

@
— (x®a)O gyrlx, ala

)
— (x®a)O gyr[xPa, ala

6) 7
=—bogyr[b,ala=—bHa (1.70)

Derivation of the numbered equalities in (1.70) follows:

1. Follows from the existence of a unique identity element, 0, in the gyrogroup
(G, ®) by Theorem 1.8.

2. Follows from the existence of a unique inverse element ©a of a in the gyrogroup
(G, ®) by Theorem 1.8.

3. Follows from Item 2 by the left gyroassociative law in Axiom (G3) of gyrogroups
in Definition 1.5, p. 12.
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4. Follows from Item 3 by Theorem 1.8(12).

5. Follows from Item 4 by the left loop property (G5) of gyrogroups in Defini-
tion 1.5.

6. Follows from Item 5 by the assumption that x is a solution of (1.68).

7. Follows from Item 6 by (1.60).

Hence, if a solution x of (1.68) exists then it must be given by x = b Ha, as we
see from (1.70).
Conversely, x = bHa is, indeed, a solution of (1.68), as we see from the follow-
ing chain of equations:
(D
xPa — (bHa)Pa
2
= (bo gyrlb, ala)®a
(3)

(be gyr[b, a]a)@ gyr[b, o gyr[b, a]] gyr[b, ala

b&®(© gyrlb, ala® gyr(b, ala)

b0

= [}= 1= I

b (1.71)

Derivation of the numbered equalities in (1.71) follows:

1. Follows from the assumption that x = b Ha.

2. Follows from Item 1 by (1.60).

3. Follows from Item 2 by Identity (1.47) of Theorem 1.11, according to which the
gyration product applied to a in (3) is trivial.

4. Follows from Item 3 by the left gyroassociative law. Indeed, an application of the

left gyroassociative law to (4) results in (3).

. Follows from Item 4 since & gyr[b, aJa is the unique inverse of gyr[b, ala.

6. Follows from Item 5 since 0 is the unique identity element of the gyrogroup
(G, ®).

Formalizing the results of this section, we have the following theorem:

|91

Theorem 1.15 (The Two Basic Gyrogroup Equations) Let (G, @) be a gyrogroup,
and let a, b € G. The unique solution of the equation

a®x =>b (1.72)

in G for the unknown x is

x =6adb (1.73)
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and the unique solution of the equation
x®a=>b (1.74)

in G for the unknown x is

x=bHa (1.75)

Let (G, @) be a gyrogroup, and let a € G. The maps A, and p, of G, given by

ot G— G, Aq: g > adbg
(1.76)
Pa: G— G, Pa: 8> gBa

are called, respectively, a left gyrotranslation of G by a and a right gyrotranslation
of G by a. Theorem 1.15 asserts that each of these transformations of G is bijective,
that is, it maps G onto itself in a one-to-one manner.

1.9 The Basic Gyrogroup Cancellation Laws

The basic cancellation laws of gyrogroup theory are obtained in this section from the
basic equations of gyrogroups solved in Sect. 1.8. Substituting the solution (1.73)
into its equation (1.72), we obtain the left cancellation law

a®(©a®b) =b (1.77)

for all a, b € G, already verified in Theorem 1.8(9).
Similarly, substituting the solution (1.75) into its equation (1.74), we obtain the
first right cancellation law

bBa)®a=>b (1.78)

for all a, b € G. The latter can be dualized, obtaining the second right cancellation
law

(boa)Ba=>b (1.79)
for all a, b € G. Indeed, (1.79) results from the following chain of equations
b=>b30
=bd(Sada)
= (bea)® gyr[b, Sala
= (bSa)® gyr[bSa, Sala
= (bSa)HBa (1.80)
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where we employ the left gyroassociative law, the left loop property, and the def-
inition of the gyrogroup cooperation. Identities (1.77)—(1.79) form the three basic
cancellation laws of gyrogroup theory.

1.10 Commuting Automorphisms with Gyroautomorphisms

In this section, we will find that automorphisms of a gyrogroup commute with its
gyroautomorphisms in a special, interesting way.

Theorem 1.16 For any two elements a, b of a gyrogroup (G, ®) and any automor-
phism A of (G, ®), A € Aut(G, D),

Agyrla, b] = gyr[Aa, AD]A (1.81)

Proof For any three elements a,b,x € (G,®) and any automorphism A €
Aut(G, @), we have, by the left gyroassociative law,

(Aa®Ab)®A gyrla, blx = A((a®b)® gyrla, blx)
= A(a® (&)
= Aa®(AbDAx)
= (Aa®Ab)® gyr[Aa, AD]Ax (1.82)
Hence, by a left cancellation, Theorem 1.8(1),
Agyrla, blx = gyr[Aa, Ab]Ax
for all x € G, implying (1.81). g

Theorem 1.17 Let a, b be any two elements of a gyrogroup (G, ®) and let A €
Aut(G) be an automorphism of G. Then

gyrla, b] = gyr[Aa, Ab] (1.83)
if and only if the automorphisms A and gyr[a, b] are commutative.

Proof If gyr[Aa, Ab] = gyr[a, b] then by Theorem 1.16 the automorphisms
gyrla, b] and A commute, A gyr[a, b] = gyr[Aa, Ab]A = gyr[a, b]A. Conversely, if
gyrla, b] and A commute then by Theorem 1.16 gyr[Aa, Ab] = A gyt[a, b]A™! =
gyrla, PJAA~! = gyr[a, b]. U

As a simple, but useful, consequence of Theorem 1.17 we note the elegant iden-
tity

gyr[gyrla, bla, gyrla, blb] = gyrla, b] (1.84)



1.11 The Gyrosemidirect Product 23
1.11 The Gyrosemidirect Product

Definition 1.18 (Gyroautomorphism Groups, Gyrosemidirect Product) Let G =
(G, ®) be a gyrogroup, and let Aut(G) = Aut(G, @) be the automorphism group
of G. A gyroautomorphism group, Auty(G), of G is any subgroup of Aut(G) con-
taining all the gyroautomorphisms gyrla, b] of G, a,b € G. The gyrosemidirect
product group

G x Auty(G) (1.85)

of a gyrogroup G and any gyroautomorphism group, Auty(G) of G, is a group
of pairs (x, X), where x € G and X € Autyg(G), with operation given by the gy-
rosemidirect product

(x,X)(y,Y)=(x@Xy,gyr[x,Xy]XY) (1.86)

It is anticipated in Definition 1.18 that the gyrosemidirect product set (1.85) of a
gyrogroup and any one of its gyroautomorphism groups is a set that forms a group
with group operation given by the gyrosemidirect product (1.86). The following
theorem shows that this is indeed the case.

Theorem 1.19 Let (G, ®) be a gyrogroup, and let Auty(G, @) be a gyroautomor-
phism group of G. Then the gyrosemidirect product G x Auty(G) is a group, with
group operation given by the gyrosemidirect product (1.86).

Proof We will show that the set G x Auty(G) with its binary operation (1.86) sat-
isfies the group axioms.

(i) Existence of a left identity: A left identity element of G x Auty(G) is the pair
(0, I), where O € G is the identity element of G, and I € Auty(G) is the identity
automorphism of G. Indeed,

0, D(a, A) = (0®1a, gyt[0, [all A) = (a, A) (1.87)

noting that the gyration in (1.87) is trivial by Theorem 1.8(2).
(i) Existence of a left inverse: Let A~! € Auto(G) be the inverse automorphism of
A € Auty(G). Then, by the gyrosemidirect product (1.86) we have

(ea7'a, A7) (@, A) = (647 "a®A™ a, gyr[©A™ 'a, A7 a]ATTA) = (0, 1)
(1.88)
Hence, a left inverse of (a, A) € G x Autg(G) is the pair (A 'a, A7),

@A) '=(eAa7la, a7 (1.89)

(iii) Validity of the associative law: We have to show that the successive products
in (1.90) and in (1.91) below are equal.
On the one hand, we have
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(a1, A1)((a2, A2)(a3, A3))
= (a1, A1) (a2®Ara3, gyrlaz, Araz]ArA3)
= (a1®A1(a2®A2a3), gyr[a1, A1 (axDAra3) | Ay gyrlas, Araz]ArA3)

= (a1®(A1a2®A1 Ara3),
gyrlar, A1ax®A1 Aras] gyr[Ajaa, A1 Araz] A1 A A3) (1.90)
where we employ the gyrosemidirect product (1.86) and the commuting law

(1.81).
On the other hand, we have

(a1, A1) (a2, A2)) (a3, A3)
= (a1®A a2, gyrla1, A1aa] A1 A2) (a3, A3)
= ((@1®A1a2)@ gyrlar1, A1az] A1 Azas,
gyrfai®A1az, gytlar, A1a2]A1 Araz] gytlar, Aiaa] A1 A2A3)  (1.91)
where we employ (1.86).

In order to show that the gyrosemidirect products in (1.90) and (1.91) are
equal, using the notation

a)=da
A1a2=b (1.92)
A1A2A3 =cC

we have to establish the identity

(a®(bd0), gyrla, bdc] gyr[b, c]A1 A2A3)

= ((a®b)® gyrla, blc, gyr[a®b, gyrla, blc| gyrla, b]A1 A2A3)  (1.93)

This identity between two pairs is equivalent to the two identities between their
corresponding entries,

a®(b®c) = (a®b)® gyrla, blc
(1.94)
gyrla, bdc] gyr[b, c] = gyr[a®b, gyrla, blc] gyrla, b]

The first identity is valid, being the left gyroassociative law, and the second
identity is valid by (1.45), p. 15. O
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Instructively, a second proof of Theorem 1.19 is given below.

Proof A one-to-one map of a set Q| onto a set Q> is said to be bijective and,
accordingly, the map is called a bijection. The set of all bijections of a set Q onto
itself forms a group under bijection composition. Let S be the group of all bijections
of the set G onto itself under bijection composition. Let each element

(a, A) € So:=G x Autp(G) (1.95)
act bijectively on the gyrogroup (G, @) according to the equation
(a,A)g =adAg (1.96)
the unique inverse of (a, A) in Sy = G x Auty(G) being, by (1.89),
@A) '=(eAa, A7) (1.97)

Being a set of special bijections of G onto itself, given by (1.96), Sy is a subset
of the group S, Sp C S. Employing the subgroup criterion in Theorem 1.4, p. 11, we
will show that, under bijection composition, Sy is a subgroup of the group S.

Two successive bijections (a, A), (b, B) € Sy of G are equivalent to a single bi-
jection (¢, C) € Sp according to the following chain of equations. Employing suc-
cessively the bijection (1.96) along with the left gyroassociative law we have

(a,A)(, B)g = (a, A)(b®Bg)
=adAbDBg)
= a®(AbDABY)
= (a®Ab)D gyrla, Ab]ABg
= (a®Ab, gyrla, Ab]AB)g
=:(c,C)g (1.98)

forall g € G, (a, A), (b, B) € Sp.
It follows from (1.98) that bijection composition in S is given by the gyrosemidi-
rect product, (1.86),
(a, A)(b, B) = (a®Ab, gyrla, Ab]AB) (1.99)
Finally, for any (a, A), (b, B) € Sp we have by (1.97) and (1.99),
(a, A)(b, B)™" = (a, A)(©B~'b, B")
= (a©AB™'b, gyr[a. 6AB~'b]AB™")
€ So (1.100)
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Hence, by the subgroup criterion in Theorem 1.4, p. 11, the subset Sp of the group
S of all bijections of G onto itself is a subgroup under bijection composition. But,
bijection composition in Sy is given by the gyrosemidirect product (1.99). Hence,
as desired, the set So = G x Auty(G) with composition given by the gyrosemidirect
product (1.99) forms a group. O

The gyrosemidirect product group enables problems in gyrogroups to be con-
verted to the group setting thus gaining access to the powerful group theoretic tech-
niques. I[llustrative examples for the use of gyrosemidirect product groups are pro-
vided by the proof of the following two Theorems 1.20 and 1.21.

Theorem 1.20 Let (G, @) be a gyrogroup, let a,b € G be any two elements of G,
and let Y € Aut(G) be any automorphism of (G, ®). Then, the unique solution of
the automorphism equation

Y =ogyrlb, XalX (1.101)
for the unknown automorphism X € Aut(G) is
X =0ogyr[b,YalY (1.102)
Proof Let X be a solution of (1.101), and let x € G be given by the equation
x=bHXa (1.103)

so that, by a right cancellation, (1.78), b = x® Xa.
Then we have the following gyrosemidirect product

(x, X)(a,I) = (x®Xa, gyr[x, XalX)

= (xEBXa, gyr[x®Xa, Xa]X)

= (b, gyrlb, Xa]X)

=(b,0Y) (1.104)
so that

x, X)=b,eY)a D!

= (b,0Y)(6a,I)

= (b®dYa, © gyr[b, YalY) (1.105)
Comparing the second entries of the extreme sides of (1.105) we have

X =0ogyrlb,YalY (1.106)

Hence, if a solution X of (1.101) exists, then it must be given by (1.102).
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Conversely, the automorphism X in (1.1006) is, indeed, a solution of (1.101) as
we see by substituting X from (1.106) into the right-hand side of (1.101), and em-
ploying the nested gyration identity (1.47), p. 15. Indeed,

o gyr[b, XalX = gyr[b, o gyr[b, Ya]Ya] gyrlb, YalY =Y (1.107)

as desired. O

1.12 Basic Gyration Properties

The most important basic gyration properties that we establish in this section are the
gyration even property

gyr[©a, ©b] = gyrla, b] (1.108)
and the gyroautomorphism inversion law

gyr'[a, b] = gyrlb, a] (1.109)

for any two elements a and b of a gyrogroup (G,®), where gyr—'[a,b] =
(gyr[a, b])~! is the inverse of the gyration gyr[a, b].

Theorem 1.21 (Gyrosum Inversion, Gyroautomorphism Inversion) For any two
elements a, b of a gyrogroup (G, ®) we have the gyrosum inversion law

©(a®b) = gyr[a, b](©hSa) (1.110)
and the gyroautomorphism inversion law
gyr'[a. b] = gyr[©b, ©a] (1.111)

Proof Let Auty(G) be any gyroautomorphism group of (G, @), and let G x
Auty(G) be the gyrosemidirect product of the gyrogroup G and the group Auty(G)
according to Definition 1.18. Being a group, the product of two elements of the gy-
rosemidirect product group G x Auty(G) has a unique inverse. This inverse can be
calculated in two different ways.

On the one hand, the inverse of the left-hand side of the gyrosemidirect product

(a,1)(b, 1) = (a®b, gyrla, b)) (1.112)
in G x Auty(G) is
b, 1) Na, D™ = (@b, 1)(©a,I)

= (6b6a, gyr[©b, Sa) (1.113)
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On the other hand, the inverse of the right-hand side of the product (1.112) is, by
(1.97),

(© gyr'[a, bl(a®b), gyr~'[a, b)) (1.114)
for all a, b € G. Comparing corresponding entries in (1.113) and (1.114), we have
©bSa = © gyr'[a, b](a®b) (1.115)
and
gyr[©b, ©al = gyr~![a, b] (1.116)

Eliminating gyr_1 [a, b] between (1.115) and (1.116), we have
©boa = © gyr[©b, ©al(a®b) (1.117)
Replacing (a, b) by (&b, &a), (1.117) becomes
a®b = 6 gyrla, b](6&bSa) (1.118)

Identities (1.118) and (1.116) complete the proof. O

Instructively, the gyrosum inversion law (1.110) is verified here as a by-product
along with the gyroautomorphism inversion law (1.111) in Theorem 1.21 in terms
of the gyrosemidirect product group. A direct proof of (1.110) is, however, simpler
as we see in Theorem 1.9, p. 15.

Theorem 1.22 Let (G, ®) be a gyrogroup. Then for all a,b € G

gyt [a, b] = gyr[a, © gyrla, b1b] (1.119)
gyr~'[a, b] = gyr[©a, a®b] (1.120)
gyr'[a, b] = gyr[b, a®b] (1.121)
gyrla, b] = gyrlb, ©bSa] (1.122)
gyrla, b] = gyr[©a, ©bSa] (1.123)
gyrla, b] = gyr[@(a@b), a] (1.124)

Proof Identity (1.119) follows from (1.47).

Identity (1.120) follows from (1.48).

Identity (1.121) results from an application to (1.120) of the left loop property
followed by a left cancellation.

Identity (1.122) follows from the gyroautomorphism inversion law (1.111) and
from (1.120),

gyrla, b] = gyr'[©b, ©al = gyr{b, ©bSal] (1.125)
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Identity (1.123) follows from an application, to the right-hand side of (1.122), of
the left loop property followed by a left cancellation.

Identity (1.124) follows by inverting (1.120) by means of the gyroautomorphism
inversion law (1.111). 0

Theorem 1.23 (The Gyration Inversion Law; The Gyration Even Property) The
gyroautomorphisms of any gyrogroup (G, @) obey the gyration inversion law

gyr'[a, b] = gyr[b, a] (1.126)
and possess the gyration even property
gyr[©a, ©b] = gyrla, b] (1.127)
satisfying the four mutually equivalent nested gyroautomorphism identities
gyr[b, © gyrlb, ala] = gyrla, b]

gyr[b, gyrlb, Sala] = gyrla, ©b]

1=

(1.128)
gyr[© gyrla, blb, a] = gyrla, b]
gyr[gyrla, ©b1b, a] = gyrla, ©b]

foralla,beG.
Proof By the left loop property and (1.121), we have
gyr*1 [a®b, b] = gyf1 [a, b]
= gyr[b, a®b] (1.129)

for all @, b € G. Let us substitute a = ¢ H b into (1.129), so that by a right cancella-
tion a®b = c, obtaining the identity

gyr~'[e, b] = gyr[b, c] (1.130)

for all ¢, b € G. Renaming c in (1.130) as a, we obtain (1.126), as desired.
Identity (1.127) results from (1.111) and (1.126),

gyr[©a, ©b] = gyrfl[b, al
= gyrla, b] (1.131)

Finally, the first identity in (1.128) follows from (1.119) and (1.126).

By means of the gyroautomorphism inversion law (1.126), the third identity in
(1.128) is equivalent to the first one.

The second (fourth) identity in (1.128) follows from the first (third) by replacing
a by 6a (or, alternatively, by replacing b by ©b), noting that gyrations are even by
(1.127). O
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The left gyroassociative law and the left loop property of gyrogroups admit right
counterparts, as we see from the following theorem.

Theorem 1.24 For any three elements a, b, and ¢ of a gyrogroup (G, ®) we have

(1) (a®b)dc =a®(bd gyr[b, alc) (Right Gyroassociative Law).
(i) gyrla, b] = gyrla, bda] (Right Loop Property).

Proof The right gyroassociative law follows from the left gyroassociative law and
the gyration inversion law (1.126) of gyroautomorphisms,

a@(b@ gyr[b, a]c) = (a®b)P gyrla, b] gyr[b, alc
= (a®b)dc (1.132)

The right loop property results from (1.121) and the gyration inversion law (1.126),

gyrlb, a®b] = gyr'[a, b]
= gyr[b, a] (1.133)

O

The right cancellation law allows the loop property to be dualized in the follow-
ing theorem.

Theorem 1.25 (The Coloop Property—Left and Right) Let (G, @) be a gyrogroup.
Then

gyrla, b] = gyrlaBb,b] (Left Coloop Property)
gyrla, b] = gyrla,bEa] (Right Coloop Property)

foralla,beG.

Proof The proof follows from an application of the left and the right loop property
followed by a right cancellation,

gyrla B b, b] = gyr[(a Bb)®b, b] = gyrla, b]

(1.134)
gyrla,bBal = gyr[a, (=] a)eaa] = gyr|a, b]

O
A right and a left loop give rise to the identities in the following theorem.

Theorem 1.26 Let (G, D) be a gyrogroup. Then

gyrla®b, Sal = gytla, b]
gyr[©a, a®b] = gyr[b, al

(1.135)

foralla,beG.
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Proof By aright loop, a left cancellation and a left loop we have

gyrla®b, Sa] = gyr[a®b, Sa®(a®b)]
= gyrla®b, b]
= gyrla, b] (1.136)

thus verifying the first identity in (1.135). The second identity in (1.135) follows
from the first one by gyroautomorphism inversion, (1.126). g

In general, ©&(a®b) # SaSb in a gyrogroup (G, @). In fact, we have ©(a®b) =
©a6b for all a, b € G if and only if the gyrogroup (G, @) is gyrocommutative, as
we see from Theorem 1.32, p. 34, of Chap. 2 on gyrocommutative gyrogroups.
In this sense, the gyrogroup cooperation B conducts itself more properly than its
associated gyrogroup operation, as we see from the following theorem.

Theorem 1.27 (The Cogyroautomorphic Inverse Property) Any gyrogroup (G, @)
possesses the cogyroautomorphic inverse property,

S(aHb) = (6b) H (©a) (1.137)

foranya,beG.

Proof We verify (1.137) in the following chain of equations, which are numbered
for subsequent derivation:

M
a B b= a®gyrla, &b]b

2)
=6 gyr|a, gyrla, ©blb]{© gyrla, ©b]bSa}

®
== gyr[a. gyrla, ©b1b]{S( gyrla. SblbEa) )

4
== gyr[a, © gyrla, ©b1(©h)] {0 (0 gyrla, ©bIbSa))

©
== gy 'a. ©bl{6(© gyrla. ObIbEA))

©)
= o(ebogyr '[a, Obla)

o{ebo gyrlb, ©ala)

= Ns
2 |}3

of(eb) B (ea)} (1.138)
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Inverting both extreme sides of (1.138) we obtain the desired identity (1.137).
Derivation of the numbered equalities in (1.138) follows:

1. Follows from Definition 1.7, p. 13, of the gyrogroup cooperation H.

2. Follows from Item 1 by the gyrosum inversion, (1.110).

3. Follows from Item 2 by Theorem 1.8(12) applied to the term {...} in (2).

4. Follows from Item 3 by Theorem 1.8(12) applied to b, that is, gyr[a, ©b]b =
O gyrla, ©b)(6b).

5. Follows from Item 4 by Identity (1.119) of Theorem 1.22.

6. Follows from Item 5 by distributing the gyroautomorphism gyr—![a, ©b] over
each of the two terms in {...}.
7. Follows from Item 6 by the gyroautomorphism inversion law (1.111).
8. Follows from Item 7 by Definition 1.7, p. 13, of the gyrogroup cooperation H.
O

Theorem 1.28 Let (G, D) be a gyrogroup. Then
a@{(@a@b)@a}:bEEla (1.139)
foralla,beG.

Proof The proof rests on the following chain of equations, which are numbered for
subsequent explanation:

—~

D

a@{(@a@b)@a} {a@(@a@b)}@ gyrla, ©a®bla

=

b® gyr[b, ©adbla
(3)

I}

b® gyr[b, ©ala

@
==} Ha (1.140)

The derivation of the equalities in (1.140) follows.

1. Follows from the left gyroassociative law.
2. Follows from Item 1 by a left cancellation, and by a left loop followed by a left
cancellation.
3. Follows from Item 2 by a right loop, that is, an application of the right loop
property to (3) gives (2).
4. Follows from Item 3 by Definition 1.7, p. 13, of the gyrogroup cooperation H.
O
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1.13 An Advanced Gyrogroup Equation

As an example, we present in Theorem 1.29 below an advanced gyrogroup equation
and its unique solution. The equation is advanced in the sense that its unknown
appears in the equation both directly, and indirectly in the argument of a gyration.

Theorem 1.29 Let
c = gyr[b, ©x]x (1.141)

be an equation for the unknown x in a gyrogroup (G, ®). The unique solution of
(1.141) is

x=0(ebo(cBb)) (1.142)

Proof If a solution x to the gyrogroup equation (1.141) exists then, by (1.141) and
by the second identity in (1.44), p. 15,

c = gyr[b, Sx]x = S(box)®b (1.143)
Applying a right cancellation to (1.143), we obtain
obox)=c8b (1.144)

or, equivalently, by gyro-sign inversion,

box =6(c8b) (1.145)
so that, by a left cancellation
ox =6bo(cBb) (1.146)
implying, by gyro-sign inversion,
X =9(9be(cEIb)) (1.147)

Hence, if a solution x to (1.141) exists, it must be given by (1.147).

Conversely, x given by (1.147) is a solution. Indeed, the substitution of x of
(1.147) into the right-hand side of (1.143) results in ¢, as we see in the following
chain of equations, which are numbered for subsequent derivation:

M
gyilb, ©x1x == o gyr[b, b (c Bb)]|{ebo(c B b))
@
= ofba(cbo(cBb))}@b

-
s

ogyr[e{be(ebe(cB b))}, b](cba{bd(cbo(cBb))})
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“
== o gyi[p@(cbo(cB b)), ob]{cbo(c Bb))

(5)
== oeyi[b, cbS(cBb)|{obo(c B b))

©)
= ogyr[e(cBb), ob]{obo(c B b))

()]
= ogyrlcBb, bl{ebo(c Bb)}

®
== (Bhab

(C)]

I}

c (1.148)

Derivation of the numbered equalities in (1.148) follows:

Follows from the substitution of x from (1.147), and from Theorem 1.8(12).
Follows from Item 1 by the first identity in (1.44), p. 15.

Follows from Item 2 by the gyrosum inversion law (1.42), p. 15.

Follows from Item 3 by the gyration even property and by a left cancellation.
Follows from Item 4 by the first identity in (1.135).

Follows from Item 5 by the second identity in (1.135).

Follows from Item 6 by the gyration even property.

Follows from Item 7 by the gyrosum inversion law (1.42), p. 15.

Follows from Item 8 by a right cancellation. g

WX B WD~

Corollary 1.30 Let (G, @) be a gyrogroup. The map
a > c=gyrlb, Gala (1.149)

of G into itself is bijective so that when a runs over all the elements of G its image,
¢, runs over all the elements of G as well, for any given element b € G.

Proof It follows immediately from Theorem 1.29 that, for any given b € G, the map
(1.149) is bijective and, hence, the result of the corollary. O

1.14 Gyrocommutative Gyrogroups

Definition 1.31 (Gyroautomorphic Inverse Property) A gyrogroup (G, @) pos-
sesses the gyroautomorphic inverse property if for all a, b € G,

©(adb) = ©adbh (1.150)

Theorem 1.32 (The Gyroautomorphic Inverse Property) A gyrogroup is gyrocom-
mutative if and only if it possesses the gyroautomorphic inverse property.
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Proof Let (G, ®) be a gyrogroup possessing the gyroautomorphic inverse prop-
erty. Then the gyrosum inversion law (1.42), p. 15, specializes, by means of Theo-
rem 1.8(12), p. 13, to the gyrocommutative law (G6) in Definition 1.6, p. 12,

a®b = o gyrla, b](6bSa)
= gyrla, b){6(6b6a)}
= gyrla, bl(b®da) (1.151)

foralla,beG.
Conversely, if the gyrocommutative law is valid then by Theorem 1.8(12) and the
gyrosum inversion law, (1.42), p. 15, we have

gyrla, b){©(©b6a)} = © gyrla, b](©bSa) = a®b = gyr[a, b](bda) (1.152)

so that, by eliminating the gyroautomorphism gyr[a, b] on both extreme sides of
(1.152) and inverting the gyro-sign, we recover the gyroautomorphic inverse prop-
erty,

O (b®a) = 6bSa (1.153)
foralla,beG. O

Theorem 1.33 The gyrogroup cooperation H of a gyrogroup (G, @) is commutative
if and only if the gyrogroup (G, ®) is gyrocommutative.

Proof For any a, b € G we have, by Equality (7) of the chain of equations (1.138)
in the proof of Theorem 1.27, p. 31,

alBb= e(ebe gyr[b, @a]a) (1.154)
But by definition,
bHWHa =bd gyr[b, Oala (1.155)
Hence
aBb=>bHa (1.156)

for all a, b € G if and only if
e(6bec) = bdhc (1.157)
for all a, b € G, where

c = gyr[b, &ala (1.158)

as we see from (1.154) and (1.155). But the self-map of G that takes a to ¢ in
(1.158),

a> gyrlb,6ala=c (1.159)
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for any given b € G is bijective, by Corollary 1.30, p. 34. Hence, the commuta-
tive relation (1.156) for H holds for all a, b € G if and only if (1.157) holds for all
b, c € G. The latter, in turn, is the gyroautomorphic inverse property that, by Theo-
rem 1.32, is equivalent to the gyrocommutativity of the gyrogroup (G, @). Hence,
(1.156) holds for all a, b € G if and only if the gyrogroup (G, ®) is gyrocommuta-
tive. 0

Theorem 1.34 Let (G, @) be a gyrocommutative gyrogroup. Then
gyrla, b] gyt[b®a, c] = gyrla, bBc] gyr[b, c] (1.160)

foralla,b,ceG.

Proof Using the notation g, = gyr[a, b] whenever convenient, we have by Theo-
rem 1.16, p. 22, by the gyrocommutative law, and by Identity (1.45), p. 15,

gyrla, b gyr[bda, c] = gyr[ga.»(bDa). ga.pc] gyrla, b]
= gyr[a®b, gyrla, blc] gyrla, b]
= ayrla, bdcl gyrlb. c] (1.161)

O

Theorem 1.35 Let a,b,c € G be any three elements of a gyrocommutative gy-
rogroup (G, ®), and let d € G be determined by the “gyroparallelogram condition”

d=(bHc)6a (1.162)
Then, the elements a, b, c and d satisfy the telescopic gyration identity
gyrla, ©b] gyr[b, ©c] gyrlc, ©d] = gyrla, ©d] (1.163)
foralla,b,ceG.

Proof By Identity (1.160), along with an application of the right and the left loop
property, we have

gyr[a’, b'@a’| gyr[b'®d’, | = gyr[a’, b’ gyr[b' D, '] (1.164)
Let
a=06c
c=6d (1.165)

b=b'®d
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so that, by the third equation in (1.165) and by (1.162), we have
bed =(hBad)acd
=bHc)Sa
=d (1.166)
Then (1.164), expressed in terms of a, b, ¢, d in (1.165)—(1.166), takes the form
gyr[Sc, bl gyr[b, ©al = gyr[Sc, d] gyrld, ©al (1.167)

Inverting both sides of (1.167) by means of the gyration inversion law (1.126),
p. 29, and the gyration even property (1.127), p. 29, we obtain the identity

gyrla, ©b] gyr[b, ©c] = gyrla, &d] gyrld, ©c] (1.168)

from which the telescopic gyration identity (1.163) follows immediately, by a gyra-
tion inversion and the gyration even property. d

Theorem 1.36 The gyroparallelogram condition (1.162),
d=b®Hc)oea (1.169)
in a gyrocommutative gyrogroup (G, @) is equivalent to the identity

Schd = gyr[c, 6b](bSa) (1.170)

Proof In a gyrocommutative gyrogroup (G, @), the gyroparallelogram condition
(1.162) implies the following chain of equations, which are numbered for subse-
quent derivation.

M
d=— (bH()6a
()
= (cHb)O gyrlb, ©¢] gyrlc, Ob]a
3
— (cHD)S gyr[c, gyrlc, eb]b] gyr[c, ©bla

—~
o~
=

== (c® gyrlc, ©b1b)S gyr[c, gyrlc, ©b1b] gyrlc, Sbla

(&)
c®(gyrle, ©b1bE gyrlc, ©bla)

=1}

c® gyrlc, ©b](bSa) (1.171)

for all a, b, c € G. Derivation of the numbered equalities in (1.171) follows:
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. This is the gyroparallelogram condition (1.162).

. Follows from Item 1 (i) since the gyrogroup cooperation H is commutative, by
Theorem 1.33, p. 35, and (ii) since, by gyration inversion along with the gyration
even property in (1.126)—(1.127), p. 29, the gyration product applied to a in (2)
is trivial.

. Follows from Item 2 by the second nested gyration identity in (1.128), p. 29.

. Follows from Item 3 by Definition 1.7, p. 13, of the gyrogroup cooperation H.

5. Follows from Item 4 by the left gyroassociative law. Indeed, an application of the

left gyroassociative law to (5) results in (4).

6. Follows from Item 5 since gyroautomorphisms respect their gyrogroup opera-

tion.

N =

W

Finally, (1.170) follows from (1.171) by a left cancellation, moving ¢ from the
extreme right-hand side of (1.171) to its extreme left-hand side. Il

Theorem 1.37 Let (G, ®) be a gyrocommutative gyrogroup. Then
gyrla, b){b®(adc)} = (a®b)dc (1.172)

foralla,b,ceG.

Proof By the left gyroassociative law and by the gyrocommutative law we have the
chain of equations

b®(a®c) = (bBa)® gyr[b, alc
= gyr[b, al(a®b)® gyr[b, alc
= gyrlb, al{(a®b)®c} (1.173)

from which (1.172) is derived by the gyroautomorphism inversion law (1.111),
p. 27. 0

The special case of Theorem 1.37 corresponding to ¢ = ©a gives rise to a new
cancellation law in gyrocommutative gyrogroups, called the left-right cancellation
law.

Theorem 1.38 (The Left-Right Cancellation Law) Let (G, ®) be a gyrocommuta-
tive gyrogroup. Then

(ab)Sa = gyrla, blb (1.174)
foralla,b,ceG.
Proof 1dentity (1.174) follows from (1.44), p. 15, and the gyroautomorphic inverse

property (1.150), p. 34. Alternatively, Identity (1.174) is equivalent to the special
case of (1.173) when ¢ = &a. O
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The left-right cancellation law (1.174) is not a complete cancellation since the
echo of the “canceled” a remains in the argument of the involved gyroautomor-
phism.

Theorem 1.39 Let (G, ®) be a gyrocommutative gyrogroup. Then
a®{(©adb)®a} =aBb (1.175)
foralla,beG.
Proof By Theorem 1.28, p. 32, and Theorem 1.33,
a®{(©adb)®a} =bBa=alb (1.176)

O

Theorem 1.40 Let (G, @) be a gyrocommutative gyrogroup. Then
a B (@®b) =a®d(bda) (1.177)

foralla,beG.

Proof By a left cancellation and Theorem 1.39, we have
a®(bba) = a@({@a@(a@b)}@a) =a H (a®db) (1.178)
O

Theorem 1.41 (The Gyrotranslation Theorem, II) Ler (G, ®) be a gyrocommuta-
tive gyrogroup. For all a, b, c € G,

S(adb)D(adc) = gyrla, bl(6bdc) 17
(1.179)
(a®b)S(a®c) = gyrla, b](bSc)

Proof The first identity in (1.179) follows from the Gyrotranslation Theorem 1.14,
p. 18, with a replaced by ©a. Hence, it is valid in nongyrocommutative gyrogroups
as well. The second identity in (1.179) follows from the first by the gyroautomorphic
inverse property of gyrocommutative gyrogroups, Theorem 1.32, p. 34. Hence, it is
valid in gyrocommutative gyrogroups. g

The following theorem gives an elegant gyration identity in which the product of
three telescopic gyrations is equivalent to a single gyration.

Theorem 1.42 Let a,b,c € G be any three elements of a gyrocommutative gy-
rogroup (G, ®). Then,

gyr[©adb, a&c) = gyrla, ©b] gyr[b, &c¢] gyr[c, Oa] (1.180)
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Proof By Theorem 1.16, p. 22, and by the gyrocommutative law, we have
gyrla, b] gyr[b®a, c] = gyr[gyr[a, bl(bba), gyrla, b]c] gyrla, b]
= gyr[a®b, gyrla, b]c] gyrla, b] (1.181)
Hence, Identity (1.45) in Theorem 1.11, p. 15, can be written as
gyrla, b®c] gyr[b, c] = gyrla, b] gyr[b&Ba, c] (1.182)
By gyroautomorphism inversion, the latter can be written as
gyrla, b®c] = gyrla, b] gyr[b®a, c] gyrlc, b] (1.183)

Using the notation b@a = d, which implies a = 6b®d, Identity (1.183) becomes,
by means of Theorem 1.26, p. 30,

gyrlob®d, béc] = gyr[©bdd, bl gyrld, c] gyr]c, b]
= gyr[©b, d] gyrld, c] gyrlc, D] (1.184)
Renaming the elements b, c,d € G, (b, c,d) — (Sa, c, ©b), (1.184) becomes
gyr[a©b, ©a®c] = gyrla, ©b] gyr[6b, c] gyr[c, ©a] (1.185)

By means of the gyroautomorphic inverse property, Theorem 1.32, p. 34, and the gy-
ration even property (1.127) in Theorem 1.23, p. 29, Identity (1.185) can be written,
finally, in the desired form (1.180). O

The special case of Theorem 1.42 when ¢ = ©b is interesting, giving rise to the
following theorem.

Theorem 1.43 Let (G, ®) be a gyrocommutative gyrogroup. Then
aytla, ©b] = gyr[©a®b, a®b] gyrla, b] (1.186)

Proof Owing to the gyration inversion law in Theorem 1.23, p. 29, Identity (1.180)
can be written as

gyr[©a®b, aSc] gyr[©a, c] = gyrla, ©b] gyr[b, Oc] (1.187)

from which the result (1.186) of the theorem follows in the spacial case when
¢ = 6b by applying the gyration even property. 0

Identity (1.186) is interesting since it relates the gyration gyr[a, ©b] to the gy-
ration gyr[a, b]. Furthermore, it gives rise, by gyration inversion and the gyration
even property, to the following elegant gyration identity,

gyr[©a, bl gyr[b, a]l = gyr[©a®b, a®b] (1.188)
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in which the product of two gyrations is equivalent to a single gyration.

As an application of Theorem 1.42, and for later reference, we present the fol-
lowing Theorem 1.44. This theorem, the proof of which involves a long chain of
gyrocommutative gyrogroup identities, will prove crucially important for the in-
troduction of hyperbolic vectors, called gyrovectors, into hyperbolic geometry in
Chap. 3.

Theorem 1.44 Let (G, ®) be a gyrocommutative gyrogroup. Then
(x@a)EEI(xEBb):xéB{(aEEIb)@x} (1.189)
foralla,b,x € G.
Before presenting the proof of Theorem 1.44, it would be instructive to present
an immediate corollary of the theorem. Renaming the elements x, a, b € G of the

identity, (1.189), of Theorem 1.44 as Sa, b, c, respectively, we obtain the parallel-
ogram addition law as a corollary of Theorem 1.44:

Corollary 1.45 (The Gyroparallelogram Addition Law) Let a, b, c be any three
elements of a gyrocommutative gyrogroup (G, ®), and let d € G be given by the
gyroparallelogram condition, (1.162),

d=((bHc)Sa (1.190)
Then, the points a, b, d, c € G satisfy the gyroparallelogram addition law

(©a®b) B (©adc) = (6add) (1.191)

The term gyroparallelogram addition law in Corollary 1.45 will be justified in
Sect. 5.4, p. 123, in terms of analogies it shares with the common parallelogram
addition law of Euclidean geometry.

Proof The proof of Theorem 1.44 is given by the following chain of equations,
which are numbered for subsequent derivation.

(Y]
(x@a) B (x®b) = (xa)® gyr[xBa, ©(x®b) | (x®b)

2
= (xDa)® gyr[xDa, ©xSb](xDb)
3)
— x@{a@ gyrla, x] gyr[x®a, exeb](xeab)}
4)
== x®{a® gyrla, x] gyr[©x, Oal gyrla, ©b] gyr[b, x]1(x®b)}
(©)
= x®{a® gyrla, x] gyrlx, al gyrla, ©b](bdx)}
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©)
= x@{a® gyrla, Ob](b®x)}

(@)
= x®{a®(gyrla, ©b1b® gyrla, Ob]x)}

()]
= x®{(a® gyrla, ©b1b)@® gyr[a, gyrla, ©b1b] gytla, Oblx}

9

— o {(a® gyrla, ©b]b)® gyr[b, ©a] gyrla, ©b]x}
(10)

= x@{ (a@ gyrla, @b]b)@x}

(1)
= o{aBhox} (1.192)

Derivation of the numbered equalities in (1.192) follows:

1.

Follows from Definition 1.7, p. 13, of the gyrogroup cooperation H.

2. Follows from Item 1 by the gyroautomorphic inverse property, Theorem 1.32,

e

11.

© 0 XN

p. 34.

Follows from Item 2 by the right gyroassociative law.

Follows from Item 3 by Identity (1.180) of Theorem 1.42, thus providing an
elegant example for an application of that theorem.

Follows from Item 4 by the gyration even property, and by the gyrocommutative
law.

Follows from item 5 by the gyration inversion law (1.126), p. 29.

Follows from Item 6 by expanding the gyration application term by term.
Follows from Item 7 by the left gyroassociative law.

Follows from item 8 by the second identity in (1.128), p. 29.

Follows from Item 9 by the gyration even property and the gyration inversion
law in Theorem 1.23, p. 29, implying gyr[b, ©a] gyr[a, ©b] = 1.

Follows from Item 10 by Definition 1.7, p. 13, of the gyrogroup coopera-
tion H. O

1.15 Problems

Problem 1.1 The Automorphic Inverse Property:
Verify the automorphic inverse property (1.4), p. 4, of Einstein addition.

Problem 1.2 The Left Cancellation Law:
Verify the left cancellation law of Einstein addition (1.5), p. 5. You may use a com-
puter software for symbolic manipulation, like Mathematica or Maple.
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Problem 1.3 The Gamma Identity:
Verify the gamma identity (1.7), p. 5. You may use a computer software for symbolic
manipulation, like Mathematica or Maple.

Problem 1.4 The Algebra of Einstein Addition:
Verify the algebraic laws of Einstein addition in (1.25), p. 9. You may use a computer
software for symbolic manipulation, like Mathematica or Maple.

Remark Note that in the proof of gyration identities, gyrations must be applied to
a generic element. Thus, for instance, in order to verify the gyration left loop prop-
erty gyr[u®v, v] = gyr[u, v] for all u, v e R? one has to show that gyrfu®v, v]w =
gyr[u, vlw for allu, v, w e RZ.

Problem 1.5 Gyrations in Explicit Form:
Verify identity (1.27), p. 9. You may use a computer software for symbolic manip-
ulation, like Mathematica or Maple.

Problem 1.6 Einstein Coaddition:
Prove that the gyrogroup coaddition definition (1.35), p. 13, specializes to Einstein
coaddition (1.37).
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